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FOREWORD

This book contains the Proceedings of the International Sympo-
sium on Approximation Theory held at the Universidade Estadual de
Campinas (UNICAMP), Brazil, during August 1 -5, 1977. Besides the
texts of lectures delivered at the Symposium, it contains some papers
by invited lecturers who were unable to attend the meeting.

The Symposium was supported by the International Mathematical
Union, by the Fundagao de Amparo & Pesquisa do Estado de Sao Paulo
(FAPESP), by German and Spanish government agencies, and by UNICAMP
itself.

The organizing committee was constituted by Professors Silvio
Machado, Leopoldo Nachbin, Joac B. Prolla ({(chairman), and Guido
Zapata.

We would like to thank Professor Ubiratan D'Ambrosio, director
of the Institute of Mathematics of UNICAMP, whose support made the

meeting possible., Our special thanks are extended to Miss EldaMortari

who typed this volume.

Joao B. Prolla
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POLYNOMIAL APPROXIMATION AND A QUESTION OF G. E. SHILOV

RICHARD M. ARON
Instituto de Matematica
Universidade Federal do Rio de Janeiro
Caixa Postal 1835, zc-00
20.000 Rio de Janeiro, Brazil
and
School of Mathematics
University of Dublin
39 Trinity College
Dublin 2, Ireland

ABSTRACT Let E be an infinite dimensional real or complex Banach
space. For n=0,1,2,..., », let an(E) be the algebra generated by
all continuous polynomials on E which are homogeneous of degree < n.
We discuss the completion of an(E) with respect to several natural
topologies, in the real and complex case. In particular, we prove that
when E is a complex Banach space whose dual has the approximatiocn
property, then the Tw-completion of al(E) can be identified with
those holomorphic functions f :E - € whose derivative d4f :E -~E'is

compact.

Let E be a Banach space over IX= IR or (, with closed unit

ball Bl' For each n € IWN, let P(nE,F) be the space of n-hamwgeneous

n _
continuous polynomials P :E + F, normed by P € P(E,F) +— [ PI =

sup {IIP(x)II : x € Bl} (P(OE,F) F). dn(E,F) is the space of mcon-
tinuously Fréchet differentiable functions from E to F and H(E,F)
is the space of holomorphic mappings from E to F, where E and F

are complex Banach spaces. Throughout, if the range space F 1is
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suppressed, then F = IX is understood; thus for example H(E)= H(E,L).

In this paper, we consider variations on the following problem
posed by G. E. Shilov [8]. For each n=0,1,2,...,*, let a™ (E)
be the algebra generated by the collection of functions P(jE),j € N,
j < n; thus a"(E) = ng: P("E) = P(E). Then, what is the completion
(an(E),T)A of a™(E) with respect to some specified locally convex
topoclogy T ©n a™(E) ? In the real case, this problem has been con-
sidered by many authors. In Section 1, we briefly outline some recent
results in this case. When E is a complex Banach space, the above
problem has apparently not been studied. In Section 2, we discuss the
completion of al(E) and am(E) for several common topologies on the
space H(E). [(Related results will also appear in [1 ] .) In particu-
lar, we characterize the Tw-completion of al(E) as a space of ana-
lytic functions having weakly uniformly continucus derivatives, and
in terms of compact holomorphic mappings.

Some of the results in this paper were obtained while the au-
thor was a visitor at the Instituto de Matematica, Universidade Fe-
deral do Rio de Janeiro, supported in part by the CNPq and FINEP, to

which the author expresses his gratitude.

SECTION 1. BAmong the most natural, and so far unsolved, versions of
the question of Shilov is the following. Given E, a real infinite

dimensional Banach space, let TO denote the topology on dnﬁn = P(E)

b
generated by the family of norms

P € P(E) + sup {|P(x)] : x € Bm}'
where B = {x ¢ E : ||x]| <m . Then, characterize the completion
[+] A‘[o [o+] n
a (E) b of a ({E). We recall that to each polynomial P & P( E)

corresponds a unique symmetric continuous n-linear mapping A :

ExEXx.,. X E~> X, via the transformation P(x) = A(x, ..., X)

= Axn. Thus, since
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P(x) = P(y)| = |A(x,...,x) - Ay, ...y ]
< AR, o %, X)) - A(X, ..., X, Y) |
+ A%, 0o, X,y) = ARy ..o, y,y) ]+ oL

cee t [A(XIYI“'IY) -A(YI"'IY)‘

| A

Ch lx = vyl

for p € P("E) ;s X, ¥ € Bm , and a constant Cm , wWe conclude that every
element in P(E), and hence every element in (P(E) ,Tg) " is uniformly
continuous on bounded subsets of E . However, it has been shown by
NemirovskiI and Semenov [6 ] that for any infinite dimensional Banach
space E, there always exists a uniformly continuous function on Bl
which cannot be approximated uniformly on By by polynomials. In con-
nection with this, we remark that in many Banach spaces E, the norm
function (which is obviously uniformly continuous on bounded sets) is
not the uniform limit of polynomials on bounded sets. This was ob-
served by Kurzweil [4] who showed that, for example in E =c[O0,1]
(resp. QP + 1L < p, p not even), the norm is not the uniform limit of
1 - (resp. [p]-) differentiable functions. In particular, as Kurzweil
noted, if inf {|P(x)] : x|l =1} = 0 for every P € P("E) and n€ N,
then, the norm cannot be uniformly approximated by polyncmials on balls;
this condition is closely connected with the uniform convexity of the
space [5] .

Tlo) - completion of

al(E) was discussed in [2] . We briefly sketch the proof of a gener-

For arbitrary real Banach spaces E , the

alization of this result. Given a family P C P(E), we say that a func-

tion f :E + F 1is P -uniformly continuous on bounded subsets of E
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{abbreviated "P-continuous”) if for each ¢ > 0 and bounded set B CE,
there is & > 0 and a finite subcollection {Pl,...,Pk}'C P such that
if X%, y € B satisfy ]Pi(x) - Pyly)| <8 (i=1,...,k), then
l£(x) - £(y)l < . It is interesting to note that if P("E) ¢ P for
some n, then P € P(nE,F) is P-continucus if and only if P is com-
pact. Indeed, if P is compact and ¢ > 0, then since K= WBT_P_('B_I)
is compact in F, there are unit vectors spl,...,spk in F' such that

for any y € K, llyl < ¢ + sup [sai(y)]. Therefore, for any x,y € B

l<i<k 1
which satisfy Iqai o P(x) - v, 0 Ply)| < ¢ (1 =1,...,k), we have
P(x) = P(y)ll < 2. The converse implication follows because P 1is

then totally bounded. The case in which P = E' was discussed in[2])

PROPOSITION 1: The space of P -continuous functions £ :E -+ F 45
the Tg - completion of A 8 E, where A {s the algebra generated by
P and {11}. (The rg topology 44 defdined in & mannen completely

anafogous to the case F = IR).

PROOF: It is easy to see that every element of A @ F is P-continuous,

and that the space of P -continuous functions is Tg - complete. To

show density, let f :E - F be P -continuous, £ > 0 and B CE
bounded, and let & > 0 and {Pl,...,Pk} C P be selected as in the
above definition. Define ¢ :E ~» RS by ¢(x) = (Pl(x) ,...,Pk(x) ), and

choose xl,...,xme B such that for any x € B, ll¢(x) -¢(xi)ll < 8/2

for some i =1,...,m {(where IRk is given the sup-norm). There exist

non-negative continuous functions h "'hm : JRk -+ TR such that

1

1 for all y € IRk ’

|~

m
Z h.(y)
i=1 *

1
=

m
z
l=

m
L hi(y) for y € j: B k(d)(xj), 8/2) ,and

spt hiCBIRk(ct(xi),G) for i=1,...,m.
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Choose polynomials Qyre--sqd :I§< + IR such that for 1i=1,...,m,

m
sup {|q;(y) - hy{y)| : v € Y Bk (elxg) 8 <
=l m

e/(m »max (1, | f(xi)ll)).

m
Then, the function g :E + F defined by g(x) = Z qio¢(x) 'f(xi) €
i=1
A®F and, for all x € B,

m
lg(x) = £(x) < Z |qg.(¢(x)) - h, (¢(x))] IE(x)I +
=1 1 i i
m
+ I % hi(¢(x))(f(x‘) - £
i=1 *
< 2¢ ,
m
since z hi(¢(x)) =1 for x € B. Q.E.D.
i=1
When E 1is a separable Hilbert space with orthonormal basis

{ei}, NemirovskiY and Semenov [6 1 have proved that the Tﬁ - comple-

tion of P(E) contains the regular functions on E, ®(E). A mapping
f : E~>F, where F is a Banach space, is said to be regufar if for
any bounded set B C E and ¢ > O, there is a finite set {A,,...,A }C

P(lE,E) = L(E,E) and 8 > O such that if x,y ¢ B satisfy[(Ajhc- y),e)

<& (j=1,...,k, 1+ € W), then ||f(x) - £(y)]|| < e. &(E,F) denotes the
space of regular mappings from E to F, which is a Fré&chet space with
respect to the topology of uniform convergence on bounded subsets of
E. Nemirovskil and Semenov found that every f € ®(E) is contained in

the 12 - completion of P(E).

b
Since regular functions are bounded on bounded sets, &(E) 1is

an algebra. It is not difficult to show that al(E) C &(E) and that
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® n,
all functions £ of the form £(x) = ,Zl a; (x,e;) * are in R(E)
l:
. 2 2
provided igl la;[® < = and n, >3 for all i. On the other hand,

az(E) Z Q(E) since f(x) = (x,x) ¢ R(E). Indeed, suppose f € &(E),
let vy > 0, and let g :E » IR be any function which is uniformly con-
tinuous on bounded subsets of E. For appropriate ¢ > 0, there are
Al,...,Ak € L(E,E) and & > 0 such that if x, y € Bl satisfy

!(Aj(x - y),ei)[ < &, then lx -yl < e, and so llg(x) - g(y)ll < v.

O-
b

contradicts the previously mentioned result of Nemirovski¥ and Semenov.

Thus any such ¢, being reqular, is a T limit of polynomials,which

It is trivial that ®&(E,E) is closed under composition on the
left by elements of £L(E,E). It is also closed under composition on
the right by elements of JL(E,E) since, if Ays..e,By € L(E,E) cor-
respond to a given f € ®(E,E) and ¢ > 0, then A, oT,...,A

1 k
L(E,E) will correspond to f o T, for T € L(E,E). In particular, the

oT €

space ®(E,E) N L(E,E) is a closed 2-sided ideal in £(E,E) which con-
tains the finite rank operators. Hence, either GNE,E)0£(E,E)==£K(E,E),
the compact operators, or id € ®(E,E). In the second case, it fol-
lows that for ¢ > 0, there are A

4v--,A, € L(E,E) and & > 0 such

1 k
that if x,y € B; satisfy [(Aj(x - y),ei)[ < 8§ (j=1,...,k, i€ D),

then |[x -yl < . But then

2 2, _ | - 2 _ .2 - _
[Ihxns =N yll® = I_E (x] yi)l < '§ £ yillxi +y;l <
i=1 i=1
< (2 (x, -y)HYx + gl < 26
- . i i
i=1
However, since || I|2 is not regqular, id ¢ &(E,E).

Finally, we briefly review the case of differentiable approxi-
mation by polynomials. In [7 ], the authors examined al(E) with
respect to the topologies 12 for n=0,1,..., ». Here, T: is the

locally convex topology generated by all seminorms of the form
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£fe gl 37
a’(E) » sup{[df(x)(y)] : x€ x, y € L},

where K and L are compact subsets of E, € N, j < n, and ajfbd
.th j

denotes the j - Taylor coefficient of f at x, an element of P@EL

It was found that if E has the approximation property, then

1 n, ~ n
(a (E),Tc) =C (E), for n=1,2,..., ». One notés that in this case,

1 ~ ~
(a (E),Tz) (P(E),TZ) . The completion of al(E) with respect to

n n
T, (resp. T,) was studied in [2], where these locally convex topo —

logies are defined by the generating family of seminorms of the form
1 L
f€a () » sup {|AEX(y)] :x€ X, yeE, Iyl <1},

where X C E varies among the compact (resp. bounded) subsets of E

and j € N, j < n. (Of course, since E is real, (at () ,1)" = C(E)
by the Stone-Weierstrass theorem for 1 = ri = rg). For n > 1, let
P.("E) = the closure in P("E) of span { wn:WEE'}=(al(E),Tg)A n pPE).

In the case of TE r it was shown that if E' has the bounded ap —

proximation property, then (al(E),TE)A = {f € c™E) :ajf(x)GEPf(JE)
for all x€ E, j € IN, j < n}. Let Cwu(E,F) be the space of func-
tions f :E > F which are weakly uniformly continuous on bounded
subsets of E . That is, Cwu(E,F) = {£f:E +~ F: for all bounded sets
BCE and all ¢ > 0, there is a finite set {wl,...,wk} C E' and
§ >0 such that if x,y € B satisfy !wi(x -y <8 (i =1,...,k),
then [l£(x) - £(y)ll < €}. Then, if E' has the bounded approximation
property, (al(E),TE)A = {fec™E) : for all x€ E, j € IN, j £n,

(1) ajf(x) € Pf(jE)— and (ii) ale ecwu(E,P(jE))}.

SECTION 2. 1In this section, E and F are complex Banach spaces. We
first recall some of the usual topologies on H(E,F). T, is the ocom-

pact-open topology on H(E,F). t_ 1is the compact-open topology of
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infinite order, generated by seminorms of the form
£ € H(E,F) » sup {|AVE(x)(y)l : x €K, yeE, Iyl < 1},

where K C E 1is compact and j € IN. We will consider locally con=
vex topologies 1 between 1t_ and Tst where Ts is the bornological
togolopgy associated to T, in particular, our results are valid for

the Nachbin ported topology Ty In this section, we study the com-

, 1 ©
pletion of a (E) and a (E) with respect to these topologies. In
[1], this study is continued for the topology TE.
Of course, H(E) = P(E)” for Tgr and hence for all weaker to-

pologies, via the Taylor series eXpansion. Alsc, if E has the ap—
proximation property, then given a compact set K C€ E, e > 0, and
f € H(E), we can select T &€ E ® E such that if=-fo0oTl; =
sup { |[f(x) - £ o T(x)| : x € K } < g. Then, since T(E) is finite di-
mensional, we can find a complex polynomial P :T(E) - € such that

- Pj €. Thus, If - P o THK < 2¢. Since P o T € al(E),

el (g) T(K) ©
we have shown that (al(E),TO)A = H(E). The converse implication, 1if
(al(E),TO)A = H(E} then E has the approximation property, is ap-
parently unknown.

To study (al(E),T)A, we first remark that { al(E),T)A =
{f € H(B) : &"f(x) € ;EYHET for all x € E (equivalently, for x =0)
and all n € IN} . Now we consider holomorphic mappings f : E~+F
which are also in the space Cwu(E,F) defined at the end of Section
1. We denote by P_ ("E,F) the intersection of P("E,F) and C_ (E,F);
Pwu(lE,F) is also denoted £Wu(E,F). In [2 ], the following properties

of spaces of functions which are weakly uniformly continuous on bounded

sets were proved.

PROPOSITION 2: (a) I4 f € Cwu(E,F), then £(B) 4is compact in F for

alf bounded sefs B C E.
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(b) P.("E) @ F ¢ Poot"E,F)  fon all n € N,
(c) Pwu(nE,F) is a closed subspace of P("E,F).

(@) Let P € P("E,F) with associated symmetric n-Linear mapping

A, Then P€ I;Ju(nE,F) Aig and only Li§ the mapping CE.CWU(E,P(n_lE,F)),

whene C(x) (y) = Axyn-l. In this case, the nange of C 44 4in

. . n-1
gact contained Ain Pwu( E,F).

(e) E' has the approximation property {4 and only if fon every

Banach space F and every n, Pf(nE) @ F = Pwu(nE,F).

Let PK(nE,F) denote the closed subspace of P(nE,F) consisting
of all those polynomials P such that ETEIT is compact in F. The
space of compact holomorphic mappings from E to F, HK(E,F), is the
set of holomorphic mappings f : E + F such that for each X € E

(equivalently, for x = 0) there is a neighborhood U of x such that

f(U) is compact in F. In [3 ], the following is proved.

PROPOSITION 3: Let f € H(E,F). Then f£ € HK(E,F) L4 and only 4§

for every x € E [equivalently, for x=0) and n€ W, df(x) € PK(nE,F).

PROPOSITION 4: Let P € P(nE). Then the following conditions anre

equivalent,
n
(a) p€ P (E),

n-1

3 '
(b) dP € pwu( E,E'),

n-1

(c) dp € P "E,E').

PROOF: (a) = (b): Let e > 0 and (without loss of generality) let

B =B and choose &8 > 0 and {¢l,...,¢k} C E' as in the defini-

l r
tion of Cwu(E). By the polarization formula, if x,y € Bl satisfy
lo; (x = y)| <6 (i=1,...,k) and if A is the symmetric n - linear

mapping corresponding to P,



10 ARON

Iasx® L - ay? Y = sup ( |ax™ Lz -ay""1z] : z € B

= sup{]2 . §+1P(slx+...+sn_lx+snz) -P(sly+...+sn_ly+e:nz] :zEBl}
=t
1<i<n
. o P(slx~+... +sn_lx-+snz) P(ely-+... +en_ly +snz)
< -n'—|- sup{] -
‘ n n
z€By,e;, =t1, 1<1i<n}.
Since §=i(sx+ + € X +e z)and§=—l(s + + g + g 2z)
n ' 1 te n-1 n n 1Y T n-1Y n
are in B, and Iwi(i -y)| <6 (i=1,...,k), we conclude that
n
lax™ L_ Ayn l|| < g {%T . Since dr(x) = nAxn-l, we conclude that
= n-1 '
ar € P o, "E/E').

(b) = (c): This implication follows from Proposition 2(a).

(c) = (a): Assume dJP € PK(n-lE,E'), so that the mapping

n-1 c

X €E E »> i% dP(x) = Ax E' 1is compact. By the polarization for —

mula, it follows that the n -1 linear mapping

n-1
(xl,...,xn_l) € E > A(xl,...,xn_l) € E'

is compact. Hence, given £ >0, there is a finite set {vl,._,wk} CE!
n-1

such that for any (xl,...,xn_l) € By HA(xl,...,xn_l) wiH <e for

some i =1,...,k. Assume now that x,y € B; satisfy ]wi(x -y)| < e

(i=1,...,k). Then by the symmetry of A,

[p(x) - P(y)| = |ax""1x - Ayn-ly] <

< IAxn_lx - Axn-lyl + ]Ayxn-zx - Ayxn-zy] + e

+ay" k- ay™ Ty
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T'or an arbitrary term above,

jon-j-1

AR Ay-x vl <

| Ay
- -I-l 2 -.-
< [aydxTIT0 - e ) ()] + e k=) |+ | ey -aydx™ Iy gy <
< 3e,

so that |P(x) - P(y)| < 3en. Q.E.D.

Note that in (¢) = (b) above, it is essential that the polyno-
mial be a derivative since, in general, Pwu(nE,F) is properly con-
tained in PK(nE,F). For example, if E' has the approXimation prop-

gy = Pf(“E) C PK(nE) = P("E) , and the

erty and F = €, then Pwu(
inclusion is proper in general.

Combining the above results, we get the following.
THEOREM 5: Let f € H(E). Then 4f € H (E,E') if and onty if for
alf n€ W and all x € E, &£(x) € P_ ("B). Funthenmone, if E' has

the approximation property, then £ € (al(E),T)A if and only Aif

af € Hy (E,E') .

PROOF: We only prove the second part of the theorem. f € (al(E),T)A
if and only if for any n € IN and x € E, a"f(x) e Pf(nE) = Pwu(nE)

by Proposition 2(e). By Proposition 4, a"f(x) € Pwu(nE) if and only

o . an
if 3(d"£(x)) € %<(n lg,e'). since af = n§1 d(g—géﬁl), the result
follows by Proposition 3. Q.E.D.
Finally, we remark that in [1 ], we show that for any complex

Banach space E, given f € H(E), df € H K(E,E‘) if and only if f is

locally weakly uniformly continuous.
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ANALYTIC HYPOELLIPTICITY OF OPERATORS OF PRINCIPAL TYPE

J. BARROS NETO
Mathematics Department
Rutgers University
New Brunswick, New Jersey 08903, USA

Let

(1) P(x,D) =P (x,D) +P__,(x,D) + ...

be a differential operator with analytic coefficients in an open set
Q of IRN. Suppose that P 1s of principal type and, in addition, sat-
isfies the hypoellipticity condition: along the null bicharacteristic
strip of Re(Pm), the function Im(Pm) has only zeros of even order.
It follows from [ 2] that the differential operator P is analytic
hypoelliptic. Indeed, in his paper [2] , Treves proves that, for dif-
ferential operators of principal type, the following properties are
equivalent: hypoellipticity; analytic-hypoellipticity; sub-ellipticity
and the above condition on the zeros of the imaginary part of Pm.

Our aim is to present another proof of the fact that, for op-
erators of principal type, the hypoellipticity condition above implies
analytic-hypoellipticity. By using the factorization formula for
pseudodifferential operators, we can replace, modulc analytic regu —
larizing operators, the differential operator P by an analytic
pseudodifferential operator L = Dt - A(x,t,Dx) of order 1, where

A(x,t,Dx) is an analytic pseudodifferential operator of order 1, with

respect to the variable x, only, and analytic coefficients depending on

13



14 BARROS NETO

(x,t).

Let, then,

(2) L =D, - A(x,t,Dx)

be a first order analytic pseudodifferential operator defined in Q
an open set in ‘Rn+l which we can assume, without loss of generality,

to contain the origin. Let

(3) o(L) = (1 - Ax,t,8)) + Ap(x,t,8) + A_;(x,8,8) + ..

be the symbol of L, where the principal symbol 1 - A{x,t,£) 1is an
analytic function of all its variables on @ x Rn+l\ {0}, homoge-
neocus of degree 1 with respect to (§,71), while each A~j(x,t,§) is
an analytic function in @ XIRn\{ 0 }, homogeneous of degree -j with

respect to £ . We shall reason in a conic neighborhood of the point

0,0,£9,7%) such that 1% = 2(0,0,£%) with (£2,7% # (0,0). If we
write A(x,t,§) = a(x,t,§) + ib(x,t,£) our basic assumption will be
the following one:

(4) the function b(x,t,E) has only zenos 04 finite even crder

< 2k along the integral curves of the differential system

dx

T - - graga(x,t,8), S = gradaix,t,§)

contained in W x T', where T' is the projection of a

sudtable cone Ain Rh containding (gO,T )

+1

THEOREM: Unden the above asdumptions, the cperator L  has a Local

parametnix. Mone precdisely, thene is a continuous 4Linear operaton
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K :C‘:(U) > D'(U), where U s a suitable neighborhood of the onigin

in R™1L, whose distribution kernel K (x,t,v,s), defined in U x U,
satisfies
(5) LXK (x,t,y,8) = §(x~-y,t-s8) + R(xX,t,y,s)

with the gollowing additional propenties:

a) X 4is a negulfar hernnel with nespect to the varniables (x,t)

and (y:s), 4{.e., the mappings
u(y,s) > (X (x,t,y,s),u(y,s)) and v(x,t)>{(K (x,t,y,s),v(x,t)

thansform C:(U) into ce(uy;

b) the keanet X (X,t,y,s) s an analytic function whenevenr

(x,t) # (y,s);

t

c) the operaton K and its transpose K ane analytic - pseudo

Local in the following sense: Let w be any nelatively com-

pact open subset of U and et u € E'(U); if u 48 analytic

in  w, then Ku and Ry are also analytic in w;

d) TR (x,t,y,s) 44 an analytic function in U x U,

PROOF: Assuming that the conic neighborhood W x T 1s connected
(which is always possible), then condition (4) implies that b(x,t,£§)
never changes sign in W x I''. Moreover, in what follows we are going
to assume that b > 0. The case b < 0 is treated in a similar way.

Define the Fourier integral operator

(6)  Ru(x,t) = (2n)‘“‘lf j el XD H+ET) ey ¢ £, 1) G (E, 1) AEAT

with
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(7) K(x,t,E,1) = Jt olo(x,t ", E)-1(t-t")1

-T

k(x,t,t',g)dt’

where T is a small number greater than 0 to be chosen later and
where the phase function ¢ and the amplfitude functicn k are to be

determined in such a way that
(8) LKu = u + Ru, for all u € C:(U),

with R an analytic regularizing operator.

We choose the phase function ¢(x,t,t',£) as the solution of

Cbt - A(x,t, 8 + ¢X) =0

(9)

¢it=t' =0,

with t and t' belonging to the interval [~-T,T]. Since A(X,t,8)
is an analytic function of all its variables, there is a unique so-
lution ¢ of (9), analytic with respect to all its wvariables and hamo-
geneous of degree 1 with respect to &.

As for the amplitude function, write

(10) k(x,t,t',8) = ku(xltlt'rg)

Il ™M 8

v=0

as a formal sum where each term kv is homogeneous of degree -v with
respect to £ . The functions kv, v=290,1,2,..., are obtained as so—-

lutions of the following transport equations:

A

. Ej(x,t,g + ¢X) ij kO + Ck, =0

0

@)
~
[
s

(11)

=
o
1
[N
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and
n v=-1
Dk - Z i, (x,t,&+ ¢_)D_j k + Ck_ + b)) ko, =0
t v j=1 Ej X % v v v'=0 Qv—v v
(12)
k =0,
Vig=t!

with v =1,2,... .

Setting
b oio(x,t,t',E) -1 (e-t") T
(13) Ky (0,8,1) =[ O E TN ke g g
=T

it can be proved, using suitable estimates for ¢ and kj' that

(14) k = ; k. (%x,t,t',£)

j=o
is an analytic symbol [1 ] and that K defined by (6) is a
pseudodifferential operator. Finally, one can show that its distri -
bution kernel IK satisfies (5) and properties a), b), c¢) and d) of
the theorem.

The existence of such a kernel implies then the analytic hy -

poellipticity of P.
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INTRODUCTION

The starting point of this survey lecture is Korovkin approxi-
mation for a linear space ¥ of continuous real-valued functions on
a compact metrizable space X where the approximating operators are
defined on the total space C((X) of continuous real-valued functions
on X. This type of setting is called here absolute Korovkin approxi-
mation. Chapter I recalls the main results, in particular the charac-
terization of the Korovkin closure of the given function space ¥ .
Motivations, details and references to the relevant literature canbe
found in the author's survey article [3].

Chapter II is devoted to the problem of determining the Korovkin
closure in cases where it is not all of € (X). The main tools arethe
introduction of the state space of ¥ and the use of convexity argu-
ments. The results of this Chapter arose from discussions with G.
Leha. Details will be published elsewhere,

Chapter III studies problems of the so—called theory cof rela-
tive Korovkin approximation. Here the approximating operators are no
longer defined on all of C(X) but rather on a fixed closed linear
subspace £ of C((X) containing #. Most of the results of this Chap-

ter are due to Leha [7].
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I. ABSOLUTE KOROVKIN APPROXIMATION

We shall treat here absolute Korovkin approximation only for
spaces of continucus functions on a compact, even metrizable space
though the main results essentially remain true for locally compact
spaces [41].

Consequently, let X be a compact metrni{zable space, denote by
C(X) the linear space of all continuous real-valued functions on X
and by ¥ a gunction space (on X), i.e. a point separating, linear
subspace of C(X) containing the constant function 1. Thespace C((X)
will be considered as a normed space equipped with the usual norm
=<l of uniform convergence (sup—norm).

A segquence of positive linear operators

(Tn)nGJN

Tn : C(X) » C(X)

will be called (¥ -) admissible if

lim T h - hll = 0 for all h € .
n->w n
A function £ € C(X) satisfying
=0

lim T £ - £l
n
n-+c

for all admissible seguences will be called a Korovkin gunction (with
respect to K ). The set of all these functions is the Konovkin closure

Kor () of ¥. Obviously, it is a linear space satisfying

# C Kor (i) C C(X).

H is called a Korovkin space if Kor(¥) = C(X).



KOROVKIN APPROXIMATION IN FUNCTION SPACES 21

The Korovkin closure can be characterized by means of the fol-
lowing envelope technique: For anarbitrary £ € ((X) two envelopesare

defined:

>

inf {h € ¥ : h > f}

and

f sup {h€ ¥ : h < f}.
v =z

Fal
Functions f € C(X) for which f = f(= f) are called ¥-affdine.
v
A
The set X of these functions is a linear subspace of C(X) contain-

ing ¥ . It turns out to coincide with the Korovkin closure:
A
THEOREM 1: Kor () = ¥ .

Another characterization of the Korovkin closure is obtainedby
means of the representing measures. A positive Radon measure u on X

is a nepresenting measurne for a point x € X (with respect to ¥) if

J hdy = h(x) for all h € XK.

The set of these measures will be denoted by MX(M). It always con-—
tains the Dirac measure €y defined by the unit mass in x.

The set MX(M) is then described by the following key lemma:

LEMMA 1: Forn f € C(X) and x € X, we have

{ J fau :w e M GO = [£(x), £0601.

Fa)
This leads to a new description of the functions in ¥, and hence of
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the Korovkin closure: A function f € C(X) 1s #H-affine if and only

if

J £fdy = f(x)

for all x € X and all representing measures u € MX(JC) .

As a consequence of this and Theorem 1, we obtain a character-
ization of Korovkin spaces. It uses the notion of the Choquet boundawiy
axx of X with respect to ¥ which by definition is the set of points
X € X permitting only ¢ as a representing measure:

X

BJ{X={x€X:Mx(J€)={E 1.

X

THEOREM 2: The given function space ¥ is a Korovkin space if and only

if X = X.

It is this result which allows in many concrete examples a quick
proof of a Korovkin-type theorem. In particular, Korovkin's classical
result follows almost immediately. It states that, for a compact in-
terval X = [a,b]l on the real line 1R, the linear hull of the three

functions 1, id, :Ld2 (id = identity map x »> x) is a Korovkin space.

II. DETERMINATION AND GEOMETRICAL INTERPRETATION

OF THE KOROVKIN CLOSURE

In the existing literature few attention has been given to the
determination of Kor(¥) for the case where ¥ 1is not a Korovkin
space, hence where aMx # X. We shall have a closer leook at this prab-
lem in particular for the case X = [a,b] where ¥ is the linear hull
of 1, id and a third function u € C(X). A direct application of
Theorem 1 in connection with the characterization of ¥-affine func-

tions by means of representing measures turns out to bedifficult, in
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general. However, ideas from the theory of integral representationin

convex compact sets lead to a satisfactory method.

cal

the

Continuing in the general situation of Chapter I, we denote by
S@#) the state space of ¥ consisting of all positive linear forms
¥ > IR which are normalized, i.e. ¢(l) = 1. § 1is a convexsub-
of the topological dual ¥'; it is compact metrizabfe in the space
¥' equipped with the weak topology o¢(X',¥). There is a canoni-
continuous embedding j : X » S, namely Jj(x) = Gx where 6x is

evaluation functional for x € X. The following properties are

well-known ([11],pp. 79 -82; [2], pp. 121 -125).

j(qux) = ex 8§ (the set of extreme points);

 ={lo0oj : 1€ r'};
in particular,
S=ESI_1-\_fj(X)r

and

h=109 >1]5s

is an order and norm preserving bijection of ¥ onto adense subspace

of

For

A(S), the space of all continuous affine functions a: 8-> 1R.

the case dim X < + ©® or, more generally, for ¥ closed in C(X)

this is a bijection of ¥ onto A(S).

Let us consider now a compact set Y such that ex S CyYcCs

(lLike Y = j(X)) and let us define for g € C(¥Y) the '"geometrical"

envelopes

g, = inf {a € A(S) : a > g on Y}
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and

gy = Sup {a € A(S) : a<g on Y}.
By A(Y,S) we denote the space

A(Y,s) = {g € C(Y) : 9y = ay on Y}.

As a consequence of the above properties of Jj : X > S(X) we obtain

the canonical isomorphism

6+ A(I(X),8) » I

g>geoj
N
of A(j(X),S) onto «.
E xampde: Consider X = [a,b] a compact interval in IR and
the function space Mu = lin {1, id, u} with a given function
u € C{[a,b]). Since 3J(X) = {1} x G, where G  is the graph of u,

the state space S can be identified with the closed convex hull of

G .
u

Suppose that u is nedither convex norn concave. Then there ex-
ists a point y € Gu such that S 1is the f{ace Fy of 8 generated by
y € S. Consequently, for every g € A(Gu,S) the concave function

gG - gG . defined on 8, vanishes at y and hence at every point of

u u

Fy = 8. This proves that aG = is affine on S, Hence the re-
u

9y

striction of functions of A(8) to Gu defines a canonical isomor-—

A
phism between A(S) and A(Gu,S). Consequently, ¥, =¥, .
N
Therefore, we can only expect to have ﬂh = Kor(ﬂﬁ) E: Ku if u

Fa)
is concave or convex. If follows from Theorem 2 that Mu = C(X) is
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equivalent to the strict concavity or convexity of u. Since 1id € Mu
one only has to observe that every representing measure u € Mx(uu)
has x as barycenter.

So let us assume that u is an element of the set K of all
concave functions in C([a,b]). In what follows we shall get addi-

tional information about the behaviour of the map
A
u > Kor(X ) =X
u u

defined on K. We can introduce a pre-order relation on K by defin-
ing u<€ v (u,v € K) |if MX(MQ) C Mx(Mu) holds for all X € [a,b].
Then the relation u < v expresses that v is more concave than u.
As consequence of the characterization of ¥ -affine functions by means

of representing measures and of Theorem 1 we obtain the implication

u <v = Kor(:'K'u) C Kor(va) (u,v € K)
There are two extreme cases: the affine functions on J[a,b] are the
minimal, the strictly convex continuous functions on [a,b] are the

maximal elements of K. The corresponding Korovkin closures are

lin {1, id} = A([a,b]l) and C(la,bl), respectively.

Much better results can be obtained by making use of Alfsens's
notion of boundary {(affine) dependencies [1] . We return to the gen-
eral framework of this Chapter. For a point y € S the set By of
all boundanry dependencies is, by definition, the linear space of all
signed Radon measures v on S which are supported by the Gs—set(acs

and which annihilate all affine continuous functions on S:

J adv = 0 for all ae A(s).
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As a consequence of the minimum principle for lower semicontin-
uous concave functions, a function g € A(Y,S) is uniquely determined
by its restriction to ex S, hence in particular to ex S. Therefore,
g-+g IE§—§ defines an order and norm preserving isamorphism of A(Y,S)
onto a certain linear subspace of C(5§—§). This subspace and,c0nse—

quently, A(Y,S) can be described as follows:

PROPOSITION l: A function g € C(ex S) {4 the restnleilion ofa func-
tion in  A(Y,S) A4 and only if the following two conditions are satis-
gled:

(a) gq € A(ex 5, 9);

(b) J gqdv = 0 pon all v € By and afl y € Y\ ex S,

Condition (b) is still redundant. By using the face Fy of §,

generated by a point y € S, it can be improved:

PROPOSITION 2: For eveny function q € C(ex S) and every point y € S

the folLowing twe conditions are equivafent:

(a) f gqdv = 0 don all v E By;
(b) j gdv = 0 for ale veEeE U B .,
2€F, z

We return now to the discussion of the

Exampde: We choose for u a concave polygon on [a,b] with

n proper vertices. This means that u is of the form

)

u = inf (al,...,an+l

where

ajreveray  are affine functions on [a,b] such that ajziak
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holds only in the trivial case j =k (n=1,2,,.,). For an arbitrary
point y in the interior of 8 = conv Gu = conv Gu we have Fy = 8,
Furthermore ex S 1is the set of the n +2 vertices of §S. Therefore
it follows from the two preceding propositions that A(S) = A(S,8)
and hence Mu is canonically isomorphic to the linear space of all

q € A(ex 8,8) satisfying

[qdv =0 for all v € B_ .

A
Furthermore we know that Mu is (by means of ¢) canonically isomor-

phic to A(Gu,s) and hence to the linear space of all g € A(ex S,8)

satisfying

Jqdv =0 for all v € B and all z € Gu\ ex S.

The latter condition is empty since B, = {0} for all z € G .
Indeed, every z € Gu has a unique representation as barycenter of
a probability measure on ex S since FZ is a segment or reduces to
an extreme point. Consequently, ﬁu is canonically isomorphic to
A(ex §,8). It is easy to check that y lies in exactly n triangles
with vertices in ex S. These produce n -1 1linear independent vec-
tors of By. Since By is determined by a system of 3 linear equa-

tions in n+2 wvariables, we obtain dim By = n=-1, This proves our

final result, namely
~
dim ¥ = dim ¥_ + n-1 = n + 2.
u u

Formally, this equality also holds for n =0.

Pal
The canonical isomorphism between ¥ and A(ex S,8) makes at

>cE

the same time clear that the elements of Mu are plecewise affine.
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More precisely: Let X; < ... < X~ be those points in [a,b] where
~
u has proper vertices. Then qu is the space of functions in

C(la,b]) which are affine on every interval [ x.,

i Xi+l]' i=0,¢¢-'nr

where X, = a and x 1= b, This can be seen also directly by means

n+
~
of the representing measures. This description of qu makes the num

ber n+2 of its dimension evident.

III. RELATIVE KOROVKIN APPROXIMATION

We return now to the situation studied in Chapter I. Hence ¥
is a function space on a compact metrizable space X. We shall speak
of refative Korovkin approximation if the role of C((X) in absolute
Korovkin approximation is taken over by a cfosed funciion space L

containing ¥ as linear subspace:

HXclL = LcCC(X).

Consequently, a sequence (Tn)nGIN of positive linear maps is called
(,L)-admissible if
lim |l T h - hil = 0 for all h € ¥ .

n-><

A functicn f € £ is called a xrefative Korovkin function (with re-

spect to ¥ and L) if

lim || T_£ - £l = 0
n

n->w

holds for all (¥,L)-admissible sequences. The set of these functions
is the relative Korovkin closure Kor(¥,L) of ¥ with respect to L.

Kor (¥, L) is a function space satisfying
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I C Kor (i, L) € £ .

X is called a Korovkin space with nespect to £ if Kor(¥,L) = L. As

in the absolute case the main problems are to characterize Kor (¥,L)

and to decide whether ¥ is a Korovkin space with respect to £.

Let us consider first three

Exampeles: 1) X=[-1,+1], ¥ = lin {1, id, 1d%} and

2)

3)

£ = 1lin {1, id, id?, 1d°}. It follows from the considera —
tions in Chapter II that
“X

=[—1,-%]U[%,1] and  3,X = X.

We shall see that Xor(¥,L) = L .
1

X =[0,11, £=1{f€C(x) : jr £(x)dx = £(0)},

0
x={tef :— (f(—é) + £(1)) = £(0)} . It is easy to check
that

axx = a£x =10,1].

We shall see that Kor(i,L) = ¥ .

Let X be the closed unit disk in :mz, # the space A(X)

of all affine functions on X, and let £ be the space of
all functions in C(X) which are harmonic in the open disk.
Then axx = QEX is the unit circle, i.e. the topological

boundary of X . We shall see that Ror(i(,L) = £ .

Saskin [ 9 ] announced a result that - at least for the case of a

finite dimensional space ¥ -the condition axx = 3£X is necessary

and sufficient for Xor(¥,L) = £ . The first two examples show that
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this is not true. However, we shall see that the equality of the
Choquet boundaries &,.X and 6£X is sufficient for ¥ to be a Korovkin
space with respect to £ if in addition the common boundary axx==a£x
is closed. This additional condition is fulfilled in the third ex-
ample.

Crucial for the relative theory is the notion of the #xelfaftive

Choquet boundany qﬁx which by definition is the set
X = {x € X« M (30) =M (L)}

For L = C(X) this is exactly the definition of the Choquet boundary

%X, hence 8,X = %S(X)X. Immediate consequences of the definition

are the following two remarks:

= L
axXﬁ— 3£X = 3£X c %KX H

L L

Accordingly, we have in the above Examples:

1) alx

2 2. X

i

I
I

1 1 ]
['lr- TIU[_Z' 1];

L, _ _ -
2) axx—aHX—aL,x—]o,l]

(since MX(H) $ Mx(£) for the origin x = 0);

3) 4.X =3,.X = 8,X = topological boundary
(since Mx(ﬂ) 4 Mx(ﬂ) for all interior points of X).

Also the notion of ¥ -affine functions will be generalized. For
~
a function f € C(X) the definition of the envelopes f and 5 is

the one given in Chapter I. A function f willbecalled (i, L)-a4fine
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if £ € £ and if

”~
f(x) = £(x) for all X € 3£X.
v

AL
The set X of these functions is a linear subspace of L

A
¥c - c .

:?(.C(X) - J,E.

Obviocusly, for L = C(X) we have
The (¥,f)-affine functions do not play the same role as in the
absolute theory. The following result generalizes only one part of

Theorem 1.

PROPOSITION 3: Every (¥,L)-affine function {s a nefative Kohrovhkin

function:

~L
™ C Kor(¥,L).
AL
We sketch the proof: Let f be a function in ¥~ . Then

~ ——
f(x) = S(X) on the set S = Q£X. Compactness of S then leads, for
a given number & > o, to the existence of finitely many functions
h‘,...,hﬁ and h! h” in ¥ such that the two functions

1 17°""'"'n
h = sup (h',.,.,hﬁ) and h

inf (hi,.,.,h;) satisfy

(f=2
I A
h
1A
ol

and

h(x) - h(x) < ¢ for all x € S,

This implies for an arbitrary (¥,f)-admissible sequence (Tn) that
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(Tnf) converges uniformly on S to f. From this and the maximum
principle follows that (Tnf) converges uniformly to £ even on X.
Indeed, a function g € £ satisfies | gl < ¢ if and only if

lg(x)| < & holds for all x € 3,X.

We obtain two corollaries:

COROLLARY 1: Kor(i(,L) =L 44 3. X C 8£

£ X -

This follows by observing Lemma 1 which implies a characteriza-

tion of the relative Choguet boundary, namely

Ex = n (£ =f),
feLr v

~ “~
where {f = £} stands for the set {x € X : £(x) = f(x)}.

v A4

COROLLARY 2:  Kor(¥,L) =L  if the two Choquet boundanies 3, .X and

3,X ane closed and codincdide.

This follows from the first remark fecllowing the definition of
the relative boundary. Corollary 2 settles Example 3.

It can be seen from Example 1 that one cannot expect to have

~

the equality M£ = Kor ((,£) in Proposition 3 without additional as-

-~

A
sumptions. Indeed, since QEX =X we have ¥~ =¥ N L 1in this ex-

¥ since the func-

ample, However, we know from Chapter II that i
tion id3 is neither convex nor concave on [-1,+11]. Furthermore
Proposition 4 will make clear why Kor (#,L)=L and hence 3?"[: % Kor (¥, L) .

The proof of Proposition 3 uses a property of the closure S of
the Choquet boundary QBX which holds for much smaller closed sets
S in certain cases. It is this observation which leads from Proposi-
tion 3 to Theorem 3.

A set S C X will be called L-deteamining if it is closed and

if a function in £ vanishes identically provided that it vanishes at
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all points of S. A closed set S C X will be called sthongly L-de-
tenmining if for every € > o there exists a § > o such that the

implication
[f(x)] <8 for all xe€ S=| £l < ¢

holds for all f € £. Obviously, strongly L-determining implies {-de-
termining, A closed set S C X 1is strongly L-determining if andonly
if the map pg : £ » L |8, defined by restricting a function fedt
to the set 8, is bijective and open.

We have seen that the closure of q£x is always strongly
L-determining., If S is L-determining and if £ | S 1is closed in C(S)
then, by the open mapping theorem, S is strongly L-determining. If
£ has finite dimension n then there exists astrongly L-determining
set S8 of cardinality n. It suffices to choose a base fl P e ,fn
of £ . A simple induction argument then yields the existence of n

points xl,...xn € X such that
det (fi(xj)) ¥ 0,

Consequently, 8 = {xl,...,xn} is I-determining and by the preced —
ing argument strongly fL-determining. In particular, if £ 1is the set
of real polynomials of degree < n restricted to a compact interval
[a,b] € IR, a # b, every set of n+ 1 different points xl,,,.,xn+16[a,b]

is strongly determining. Therefore,in Example 1 the set S={-1, - —;—, —;—, 1}

is strongly f-determining and contained in @ix.
A simple revision of the proof of Proposition 3 now leads to

the announced improvement:

THEOREM 3: Lei S be a sthongly L-deteamining set. Then eveny gunc-

ton £ € L  satisfying
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fx) = £(x) fon  all x € S

£Ls Ln Kor(¥,L).

£ ~
Since QKX is the intersection of all sets {f =f} with
A2

f € £, we obtain

COROLLARY: Kor(¥,L) =L 4i§ @ﬁx containsg a strongly L -determining

set.

This corollary settles Example 1. It contains the corollaries
of Proposition 3 as special cases.

For the case of absolute Korovkin approximation, that is for
L = C(X), Theorem 1 states that Kor(¥,L) equals ﬁ£ . We have seen
that in the relative theory one cannot expect a similar result with-
out an additional assumption on £. For £ = C(X) the state space
S(C(X)), defined in Chapter II, is the convex compact set Mi(x) of
all (Radon) probability measures on X, hence a simplex (in thesense
of Choquet). It has been proved recently by Leha and Papadopoulou [8]
that the corresponding property for general £ leads to the complete
generalization of Theorem 1.

Continuing the discussion in the general case of the relative
theory, £ is called simpliecial if the state space S{L) is asimplex.

The result then is:

THEOREM 4: Foxr sdmplicdal L a function {s a nelative Korovkin gunc-

tion 41§ and only if it is (H,L)-affine:

The proof given in [B8 ] makes use of the selection theorem of

Lazar [6 ] for (metrizable) simplexes. An immediate consequence is
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then the following result which contains Theorem 2 as a special case:

THEOREM 5: ¥ s a Korovkdn space with nespect to a simplicial space

L 14 and only L4

For the remaining part of the proof we only have to observe
that ?Ei is contained in the intersection of all the sets {E = 5}
with arbitrary f e iL = L,

Since QEX - @ix is eguivalent to %KX = QCX we obtain a

partial converse to Corollary 2 of Proposition 3:

COROLLARY: & X = §£X holds £§ H 4s a Korovkin space with respect

to a sdimplicial space L.

We are now in the position to finish the discussion of Example
2. Here [ is simplicial since every continuous real function on a
compact subset of §£x = 10,1] is the restriction of a function in
£ (cf. [51, p. 169). From 3,X = X = [0,1] it follows that X~ =i N L,
But a function f € L\ ¥ cannot be XH-affine since Mx(ﬁ) = Mx(ﬂ)
for all x € X according to Lemma 1, yu = %%(81/2 + sl)isan H-repre-
senting measure for x = o; however, Jf fdu # f(0) according to the

definition of ¥#. We thus obtain Kor(¥,L) =1,

Example 3 can be generalized as follows. Let X be the closure
of an open, convex, relatively compact set U C ]Rn, n > 2, Define
H = A(X) and L as the set of functions £ € C(X) which are har —
monic in U, Again aix C U* where U* denotes the topological bound-
ary of U (and X). Furthermore QKX = ex X and QEX = U* since all
boundary points of the convex set U are regular (cf. [2], p. 127).

L is simplicial since every function £ € C(U*) is the restriction
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of a function in £. It follows from the preceding Corollary and Cor-

ollary 2 of Proposition 3, or from Theorem 5, that H 1is a Korovkin

space with respect to £ if and only if ex X = U*, i.e. if and only

if U is stndietly convex.
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INTRODUCTION

After Grothendieck [21], a locally convex (£.c.) space E is
said to have the apphroximation propenty (for short, a.p.) if and only
if the identity idE of E can be approximated uniformly on every
precompact subset of E by continuous linear operators from E into
E of finite rank (i.e. with finite dimensional range).Many "concrete"
£.c. spaces are known to have the a.p., but a counterexample of Englo
(1972), with subsequent refinements due to Figiel,Davie, and Szankowski,
shows that there are even closed subspace of 2P without a.p, for
each p > 1, p # 2.

In connection with the a.p., a criterion due to L. Schwartz
[26] is very useful: Schwartz introduces for two {f.c.spaces E and F

their e-product by

where Pé is the dual of F with the topology of uniform convergence

on precompact subsets of F and where the subscript e on the space

37
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£(Fé,E) of all continuous linear operators from Fé intec E indicates
the topology of uniform convergence on the equicontinuous subsets of
F'.

If E and F are gquasi-complete, one can easily show Ec F=F¢E,
and the e-product E eF of two complete spaces E and F is camplete
(cf. [26]). Moreover, the e-tenson product E 88 F of Grothendieck
[2L] is a topological subspace of E €F. We can now formulate Schwartz's
ehitenion for the a.p. ([26], Proposition 11, cf. also [3], I, 3.9,

and [8] ):

THEOREM (L. Schwartz): The quasi-complete £.,c. space E has the a.p.
i§ and only {§ E ® F (s dense in EeF 4or each {quasi-) complete
L.c. space F [or, equivalently, 4or each Banach space F). So {f E
and F are complete L.c. spaces such that E oa F has the a.p., we
get: EecF =E és F, the completion of the e-tensor product E e F
(which we will alsc call, fon shont, complete e-tensor product).

In fact, the applications of this thecorem, say, in the case of
function spaces E derive from the remark that the "abstract" operator
space EecF can usually be identified with a "concrete" space of
F-valued functions "of type E". And E ®. F 1is the space of "cor-
responding” functions with finite dimensional ranges in F. Hence a
proof cof the a.p: of E is then equivalent to the approximation of
certain F-valued functions by functions with values in finite dimen-
sional subspaces of F for every (quasi-) complete £.c., space F or
only for every Banach space F, a result which is of interest in both
directions.

In this article, we will give some (rather simple) new examples
of how to apply Schwartz's theorem to function spaces more general
than, but essentially similar to the well-known uniform algebras H(K)
and A(K) on compact subsets K of d:N (N >1). More precisely, we deal

here with spaces of continuous functions on a compact set K which
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either are uniformly approximable by functions belonging, on open
sets U containing K, to a given asubshead F of the sheaf C of all
continuous functions or have restrictions belonging to F on the in-
terior g of K.

The general situation is the subject of sections 1 and 2. In
section 1, the vector-valued case is considered, while section 2deals
with "slice product" - results (on product sets). Finally, insection
3, we look at some of the motivating examples and survey the known
results (and their relations) in this case.

So, in a sense, this paper is based on a generalization of the
author's old article [2] and motivated, among other things, by the
more recent article [27] of N, Sibony: We show the connection of some
of Sibony's results with topological tensor product theory and with
the a.p. of the spaces of scalar functions in question. The results
of this paper will be combined with the techhique of "localization"
of the a.p. for subspaces of weighted Nachbin spaces (cf.[5] and [10])
in a subsequent paper to yield new examples of function spaces "of
mixed type" with a.p. and to demonstrate applications of the local —

ization procedure in some concrete cases.
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1. THE GENERAL VECTOR-VALUED CASE

Let X be a completely regular (Hausdorff) topological space
and F a closed Locally convex (£.c.) subsheaf of the sheaf CX of all
continuous (real or complex valued) functions on X, i.e., for each
open subset U of X, F(lU) is a closed topological linear subspace of
C(U) with the compact - open topology co. In fact, it would be suf-
ficient to require F to be a preshead only, and we prefer to use
presheaf notation throughout this paper. (For some of our notation
compare [3] and [10]. A sheaf F as above was called "shea§ 0§ F-moaphic
functions" in [9 ].)

Let E always denote a quasi-complete locally convex (Hausdorff)

space (over R or €). We will always assume that X is a k_-space,

R
i.e. that any function f : X + IR (or, equivalently, any function
f: X+ Y, Y any completely regular space) is continuous if and only
if the restriction of £ to each compact subset of X 1is continuous.
(Each locally compact or metrizable space, and, more generally, each
k-space is also a k]R-space.) Then each open Ucx is again a
K]R-space, cf. Blasco [12], and hence the sheaves CX and F are com-
plete, i.e. the spaces (C(U),co) and F(lU) are complete for each open
uc X. 4

Under these assumptions, there exists (cf. [101], 1.5 the "E-valued

sheag FE ¢4 F", namely, for any open U in X,

FE(u) = EcF(U)

= the space of all continuous E-valued functions f on U
which satisfy e'of € F(U) for each e € E', endowed
with the topology co of uniform convergence on campact

subsets of U (cf. [3] and [51),

and the cononical restriction mappings of the sheaf FE are just the
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ordinary restrictions of functions. FE is a closed subsheaf of the
sheaf Ci of all continuous E-valued functions on X.

Inour definition and in some of our results below, it may be
helpful to keep the following motivating examples of sheaves F of
F-morphic functions in mind (cf. also [9 ] and [10] for more examples):

1. EXAMPLES: (i) X = complex monifold or just mN

(N > 1), F=0=sheaf
of holomorphic functions on X,

(1i) X open in R" (n>1), L = P(x,D) a (linear) hypcelliptic
differential operator with Cm-coefficients,and F=NL=sheaf
of null seolutions of L, i.e. NL(U) ={f € Cw(u);u;lu)fao}
for any any open U in X. (The closed graph theorem for
Fréchet spaces implies that, on N (W), the topologies in-

duced by Cm(U) and by co coincide and hence that NL(U)

is a closed topological linear subspace of (C(U),co).)

Especially, the sheaf ¥ of harmonic functions on R" satisfies
all assumptions of 1. (ii) above, and also the "harmonic sheaves" of
abstract potential theory are sheaves of F-morphic functions. All

the sheaves of example 1. are (FN)-sheaves.

2. DEFINITION: For a compact subset K of X, we define:
(i) C(K,E) := the space of all continuous E -valued functions

on K with the topology of uniform convergence on K,
. E,O
(ii) AF(K,E) := {f € C(K,E); f IﬁfiF (K),

0
i.e. e'of |, € F(K) for each e'€ E'}, and
K

(iii) Hp(K,E) := the closure in C(K,E) of
{f € C(K,E); there exists an open neighbourhocod U of K
(depending on £f) and a function g € FE(U) li.e. g: U+E

continuous and e@'o gE€F(U) for any e'€ E'] such that giK =f}.
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HF(K,E) C AF(K,E) holds, and both are cfosed subspaces of C(K,E) which
we endow with the topology of uniform convergence on K (induced by
C(K,E)). If E = IR or €, we write C(K), AF(K)’ and HF(K)’ respec —
tively.

Now, of course, if E is complete, all the spaces C(K,E), AF(K,E),
and HF(K,E) are complete, too. The equation C(K,E) = E e C(K) for
quasi-complete E is well-known f{cf. [31), and, once this equation is
well-understood, the proof of the first part of the following result
is clear (see e.g. [3] or [5] for a description of Ee¢F, F an
arbitrary subspace of C(K), from which our result below is easily

derived, too):

3. THEOREM: (1) AF(K,E) =E EAF(K).

(2) Hence AF(K,E) = E 35 AF(K) hotds forn all complete £L.c.
(on, equivalently, forn afl Banach) spaces E {4 and only

4§ Ap(K) has the a.p.

For the second part of 3,Schwartz's criterion for the a.p. (in
the introduction) is needed. In other words, AF(K) has the a.p. 1if
and only if, for arbitrary Banach space E, each function f € C(K,E)
with e' o f ‘ﬁ € F(;) for any €' € E' may be approximated, uniformly
on K, by continuous functions g on K with values in finite dimen-
sional subspaces of E that satisfy €& og Iﬁ € F(%), too, and hence

have the form

g(x)

3

eigi(x) for all x € K;

i=1

n€ N finite (depending on g), e, € E, and g5 € AF(K)’ i=1,...,n.

(Remark that such an approximation with g, only € C(K) 1is always
v

possible by the a.p. of C(K) and by the equation C(K,E) =E &_ C(K)

for complete £.c. E.)
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As to the a.p. of the corresponding space HF(K),the situation

there is, in some sense, just the opposite:

4. THEOREM: We assume that, 4oxr some basis U of neighbourhoods of
K, F(U) has the a.p. for each U € L. [For [1) below, we could also
assume {nstead that E has the a.p.]

(1) Then E &, HF(K) {5 a dense topofogical Lineaxr subspace

of Hp(K,E), and hence

H_(K,E) = E 55 H. (K)

F F

holds wheneven E {3 complete.
(2) Consequently H(K) has the a.p. 4§ and only i§, for each

complete £.c. lon each Banach) space E,

H_(K,E) = {f € C(K,E); {on each e' € E' and each £ > 0

F
thene exists an open neighbourhood U = U(e',e) of Kand
a gunction g = gle',e) € F(U) such that

sup | (e' o f) (x) - g(x)| < ek
XeK

PROOF: As E 85 C(K) is a topological linear subspace of C(K,E) and
as the ¢ -tensor product preserves topological linear subspaces, only
density of E @ HF(K) in HF(K,E) must be verified for the first as-
sertion. So let p be a continuous seminorm on E, e > 0 and
f € HF(K,E). By definition, there exists an open set U D> K and a
function g € FE(U) such that igg p(f(x) - g(x)) < {%. But, again by
definition, FE(U) = EeF(U) (with the topology of uniform convergence
on compact subsets of U). Without loss of generality, we may assume
U € ®, and hence the a.p. of F(U) or of E and cne direction of

Schwartz's theorem from the introduction imply that E @ F(U) is dense
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£

5

Now h]K € E ® Hp(K) holds and sup p(f(x) - h(x)) <e, which proves
XEK

in FE(U). Therefore we can find h € E & F(U) with sup p(g(x) = h(x) <
X€K

the required density of E & HF(K) in H (K,E).

F
(2) is then clear from Schwartz's criterion because the space
on the right hand side of the equation is nothing but E EHF(K)“ as
a close look will immediately reveal, O
In other words, it is afways true (under the assumption of 4)
that a function f € C(K,E) which can be approximated uniformly on K

by functions extending to elements of FE on open neighbourhoods of

K may also be approximated uniformly on K by functions of the form
eihi(x) for all x € K;

n € I finite (depending on h), e, € E, and 9 e HF(k),i =1,...,N.
But the a.p. of HF(K) is equivalent to the fact that, for arbitrary
Banach space E, each function f € C(K,E) with the property that,
given any e' € E', e' of may be approximated uniformly on K by
(scalar) functions belonging to F on open sets containing K is al-
ready an element of HF(K,E), i.e. can be approximated uniformly on
K by E-valued functions belonging to £ on open sets containing K.
Or, to put it this way, HF(K) has the a.p. if and only if, given any
Banach space E and an arbitrary function £ € C(K,E) as above, there
exists for any ¢ >0, undigoamly for all e' in the unit ball Ei of

E', an open set uO D K and a function 9, :uo + E continuous with

e'og_ € F(uo) for each e' € E] such that

i(e‘of)(x)—(e‘ogo)(x)]<e for all x € X and all e' € Ej .

REMARK: The description of EE:HF(K) as the right side of the equa-

tion in 4.(2) is of course «ndependernt of the hypothesis on F in 4 ,
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and so is the inclusion HF(K,E) C E sHF(K) which follows from this

description. Hence, as obviously E 8. HF(K) is aflways a topological
linear subspace of HF(K,E), we have

E ® K

c H (K)

(K) C HF(K,E) C EeH

F F

whenever E 1is complete. So, by Schwartz's theorem, the a.p. of HF(K)

clearly impfies the equality

v
HF(K,E) = E @E HF(K)

for complete £.c. spaces E, even without the hypothesis of 4.

Let E be complete and let the assumption of 4. (l) be satisfied
[or let HF(K) have the a.p.]. Then the preceding two theorems imply:
K)

H,.(K,E) C E sHF(K) CE EAF(

| !

K)y €A

r

E 85 HF(K) C E @E AF( F(K,E).

So we obtain from Schwartz's theorem:

5. COROLLARY: Lef us agadin assume that, for some basdls UL of nedigh-
bournhoods o4 K, F(U) has the a.p. for each U € U, and Let A (K) =Hg(K)
be vaf.id.

Then Ap(K) = He (K) has the a.p. L4 and only Lf Ap(K/E) =HL(K,E)
hotds for alf complete £.c. (on, equivalently, for all Banach] spaces E.

If, in concrete examples, one examines the methods that lead
to a proof of AF(K) = HF(K)’ it turns out very aften that these
methods also prove AF(K,E) = HF(K,E) for, at least, arbitrary Banach
spaces E. Corollary 5 shows that it suffices to prove the equality

AF(K,E) = H.(K,E) for all Banach spaces E to obtain both the a.p. of

F
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p(K) = Hp(K) and Ap(K,E) = Hp(K,E) even for arbitrary complete £.c.
spaces E. On the other hand, sometimes the methods used in proving
AF(K) = HF(K) may also be adapted to yield a direct proof of the a.p.

of this space, and then AF(K,E) = H.(K,E) holds for all complete L.c.

£
spaces by Corollary 5, too. In fact, Corcllary 5 demonstrates that

the two approaches which we have just outlined are equivafent.

REMARK: Similarly, if E 1is a complete £.c. space and if AF(K) =HF(K)’
then the a.p. of E or of AF(K) = HF(K) alsc implies AF(K,E) =HF(K,E)

in generat.

2. APPROXIMATION ON PRODUCT SETS

Let us now turn to a description of the e-product resp. com-
plete e-tensor product of two (or more) spaces of type AF(K) resp. HF(K)'
Such a description follows easily from the (well-known) generals{ice
product theorem" for subspaces.of, say, C(Kl X K2) . (This slice prod-
uct theorem was first stated in Eifler [17], but he points out that
the result is already implicitly contained in Grothendieck [21]. For
more general slice product theorems, for some ideas connected with
the underlying method, and for more applications compare [4 ] and[5].)

So let X, and X2 be two completely regqular (Hausdorff) spaces

1
such that X; x X, 44 a km-épace. Then both X; and X, must be
k- .
R ~Spaces, and, on the other hand, Xl x X2 is kIR’ if both Xl and

X, are and if at least one of the spaces Xl ' X2 is even locally com

pact (or if both X. and X, are hemicompact k__-spaces)., Let Fq

1 2 IR
resp. F2 denote closed £.c. subsheaves of Cxl resp, sz. Then we

know (by applying Blasco's result on the Xk __-property of open sub-

R
sets of completely regular km-spaces, cf.[121], instead of Arhangel'skil's
proposition on k-spaces in the proof of [10], 1.10) that the "product

sheaf Fl £ F2 on Xl X X2 exists:
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F EFZ is undiquelfy detenmined by the following requirements:

1
For all open subsets Ui c Xi (i=1,2), (Fl £ F2) (le UZ) = Fl(ul) £ FZ(UZ) '

and, for all open Ui o} Vi on Xi (i=1,2),

Fl EFZ Fl F2

r =r £ r ,
Uy x Uy, vy v, vy Uy vy

where rEV denotes the canonical restriction mapping F(uy - F(v)
with respect to the sheaf F and where the e-product of continuous
linear mappings is defined in, say, [7] .

Let us now introduce the following nofation: my is the canoni-

cal projection of Xl x X, onto X, (i=1,2), and, for arbitrary
open subsets U of X, X Xy,
X
UE {x € X5 (t,x) € UF(t € X{), U :={t € X;;(t,x) € U}(x € Xy) .

Then we get a generaf description of Fl EFZ on open sets UC X, x X,

as follows:

(Fl EFZ)(U) :={f € C(W; £(t,*) € Fz(ut) for each t € wl(U) and

f£(e,x) € Fl(ux) for each x € m, (W)},

endowed with the topology co of uniform convergence on compact sub-
sets of U, and the canonical restriction mappings of the sheaf EEFZ
are just the ordinary restrictions of functions. Fl EFZ is a closed
£.c. subsheaf of Cxlxx2 = Cx, £ Cx, - Nuclearity of F and F, is
inherited by Fl EFZ (0], 1.2 c ).

6. THEOREM: Llet K, be a compact subset of X, (i=1,2). Then we

have:



48 BIERSTEDT

(1) AFl(Kl) EAFZ(KZ) = {f € C(Kl XKZ),‘ f(t,*) € AFZ(KZ) and

for all (t,x) € K; x K,}

1 2

o 0

= {f € C(x; *Ky )1 f(t'.)‘ﬁ €F,(Ky) and £(-,x) 0 € F (K
2 1

gon all (£,x) € K

lXKZ},

with the sup -noam of C(Ry xK,),

(2)  Hp (Kp) £Hp (Ky) = {f € C(K) ¥Kp); £(t,7) € Hp (Ky) and

L 2

Fi

f(.,x) € HFl(Kl) fon all (t,x) € leKZ}

= {f € C(K; xK,); £(t,*) may be approximated uniformly on

K, by functions belonging to F, on open sets containing

2 2
Ky and £(+,x) may be approximated uni{formly on Ky

by gunctions betongding to F, on open sets containding

1
Kl dor each (t,x) € Kl XKZ},

again with the sup-noam ¢f C(K, xK,), and:
¢! P 2

1

(3) H, (K) ® H, (K.) C H (K, xK.) € Hy (K,) ¢ H, (K.)
Fl 1 £ F2 2 Fl EFZ 1 2 Fl 1 F2 2

(K, xK

< AFl(Kl) eAp (Ky) C Ap ¢ (R xKy).

2 I 2

PROOF: Parts (1) and (2) follow immediately from the slice product

theorem for subspaces of C(K, x K

1 quoted above. To prove

5

HF (Kl) QE HFZ(Kz) CH

(K; x K,),
1 1 2

Flst

it suffices to verify HFl(Kl) ® HFZ(KZ) C HFl (Kl XKZ), which is

e Fp
immediate, too. The inclusion HFl EF2(K1 xK,) C HFI(KI) EHFZ(K) fol-
lows readily from the previous description of the sheaf Fl EFZ and

from the description of the s-product on the right hand side, cf. (2).
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- O
Finally AFl(Kl) EAF2(K2) C AFl EFZ(Kl xKZ), because K; XK2 =Kl XK2

and hence (by the description of Fl EFZ):

0] O

O O
A (K] xK,) = {f € C(K, xK € (I—‘lr:FZ)(Kl xKZ) =F1(Kl) £ F2(K2)}

;£
FoeF L ¥K) i flo o
172 leK2
(o] o]
= {f € C(Ky xKy)s £(£,°) o € F,(K,) and f(',x)‘OGFl(Kl) (only) for all
K
2 1
0 0
(t,x) € Kl X KZ}.

at the

As 6.(1) (together with the description of Ap (Kl x K

lEFz 2)
end of the preceding proof) shows, AFl(Kl) EAFZ(KZ) will in general

be strnictly contained in AFI.E FZ(K1><K2), and it is easy to construct
examples for this phenomenon. However, a simple topological assump-

tion forces equality here, as part (2) of our next result demonstrates.

7. THEOREM: (1) Let, forn some basdis my of nedighbowthoods of Kl’Fl(uﬁ

have the a.p. for each u, € L, on Let, fon some basdis u,

of nedghbourhoods of K Fo(U,) have the a.p. for each

2 7
U, € Ul,. [ Instead of this, we could alsc require H, (K.)
2 2 Fl 1
on H_ (K,) to have the a.p. 1. Then

Fo'2

H ) = Hp (K)) ® H. (K,) hotds.

(K., xK
Fi st 1 2
o
(2) 1§ K; and K, axre "gat", L.e. satisfy K; =K., (i =1,2),
we get:

(Kl x K

AF (Kl) EAF (K,) = A 2).

1 2 2 FrekFy

PROOF : (1) The remark in brackets is obvious from 6, (3) and Schwartz's

theorem. For the proof of (1) under the assumption on Fl resp. F2,
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it suffices to show density of HFl(Kl) ® HFZ(KZ) in HFl e FZ(Kl *Ky) .

So let f € H'tl EF2(K1 x K2) and € > 0 be given and find an open

set U containing Kl x K, and a function g € (Fl £ F2) (U) such that

sup |£(x) - g(x)]| < % .
xEKl ><K2
Without loss of generality we may assume U = Ul X U2 with U GULl

(i=1,2), and hence

v
(FLe Fp) (W) = Fpup) e Fy(Uy) =Fp(Up) 8 Fyll,)

2(2

by Schwartz's theorem, because Fl(Ul) or F2(U2) has the a.p. Then
there exists h € Fl(Ul) ® FZ(UZ) such that

sup lg(x) - h(x)| < = .

xEEleK2 2
Now h] € H_. (K,) ® H. (K,) and sup [£(x) =h(x)]| <c.
leKZ Fl 1 FZ 2 x €K. xK

1 2

{2) Notice that, by the identity C(lexz) =C(Kl,c(Kz))=c(K2,C(Kl)),
for arbitrary f € AFl e FZ(Kl ><K2) ; Il :t » f(t,) resp. 12 tx + £(,%)
yield continuous linear mappings of Kl resp. K2 into C(K2) resp. C(Kl).
The characterization of AFl e Fz(Kl x KZ) at the end of the proof of

O
K

o]
6 implies Il(Kl) C AFZ(KZ) and Iz( 2) C AFl(Kl) and hence also

)
C .
) and IZ(KZ) AFl(Kl) So, for fat sets K, and K

g C
Il(Kl) AF (K 1 2’

2
2
the assertion follows immediately from 6. (1) .o

8. COROLLARY: (1) I§ Ap (K;) = Hp (K;) (1=1,2) holds and Lf one of
1 1

these spaces has the a.p., then we obtain

H (K; xK,) = A, (K.) eA. (K,)).
FreF, 1 2 Fil Fy'72
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S0 we get even HFler(Kl XKZ) = A (Kl XKZ) gon  fat

sAets Kl and Kz’

18 b

(2) H (K; xK,) has the a.p. wheneven b&ﬂlHF(Kﬁ andHF(K

)
Fl EFZ 1 2 2

have the a.p.

(3) 14 Ky and K, are fat and L4 both AFl(Kl) and AFZ 2

have the a.p., A (K xK,) has the a.p., too.

F 1

18F2

PROOF: (1) is clear from Schwartz's theorem, 6.(3), and 7.(2). (2)
and (3) follow from 7 by aid of the result (Schwartz [26], Proposition
11, Corollaire 2) that the e-product of two compete L.c. spaces with

a.p. also enjoys the a.p. O

Induction on 7 and 8.(1) using, among other (obviocus) things,
that finite e-products are associative and that s—products of camplete

spaces with a.p. are again spaces with a.p. vyields now:

9. COROLLARY: Lef Xj,...,X be completely negulfar [Hausdordd) spaces

wid th X, X ... x X akp-space, Let F .,Fn be etosed £.c. sub-

17
compact subsets of XiveuosX s

dheaves of Cxl,...,cXn , and Kl""'Kn

respectively.

(1) Let, 4or some basia v of nedghbourhoods of K, ., Fi(ui)
have the a.p. for each U, € U, (i=1,...,n except for
at moat one 1) on Let alf but one HF (Ki) (i=1,...,n)

i

have the a.p. Then

HF (K, % 4. XKn) =H, (K,) & ... ® H

1 Fl 1 £ e F

. 9 F
1°¢ E n

44 true, and L4 all Hp (Ki) (1=1,...,n) have thea.p., the
i
same hofds fox HFl — EFn(Kl X eee x K ).

(2) Let afe the sets Kl""'Kn be fat. Then

(K

X .. X Kn) =AF1(K1) €... EAL (K
n

AFl € esas EF 1 n
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hotds thue, and if all AF_(Ki) (1 =1,...,n) have the a.p.,
1

the same hofds for A e F (Ky > ... xK ).

lE-.. n

(3) Let, fon each i=1,...,n, Ki be fat and AFi(Ki) =HFi(Ki).
T4 then all these &paces [except fon at most one) have the a.p.,

A (K, *xo.. XK_)

F (KlX...XKn) =HF 1 n
n n

Fls...s ls...EF

{8 valid, %tco.

For the corresponding spaces of functions with values ina quasi-

complete £.c. space E (see section 1), we get e.g.:

10, COROLLARY: (1) Let KireossK be 4at. Then

A (KlX...XKn,E)= EEAFl(Kl);:...EJ-\F (Kn)

Fls...an n

L5 true.
(2) Let E be complete and Let, for some basis w; of neigh-

bourhoods of K, , F, (u;) have the a.p. fon each ug € o

i i

(i=1,...,n). Then

v W v
HF ... cF (Kl X 4as XKn,E) =E QE HF (Kl) 88 PPN 85 HF (Kn)
1 n 1 n

{5 vafdd,
(3) Let E be complete, fet K, be fat and Ap (K,) = Hp (K ) for
1 i 1. i i

each i =1,...,n, Then if alf the spaces Ag (K.) =H; (K,)

F i

i
have the a.p. (i=1,...,n),

AF (K x...XKn,E) (K x...XKn,E)

= H
ls...an 1 Fls...an 1

holds, tuoo.

PROOF: (1) is a consequence of 3.(1) and 9.(2). Let us remark that,

under the hypothesis of (2), (Fl £ ees £ Fn) () (as e-product of canplete
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spaces with a.p.) satisfies the a.p, for each U in the basis

uP = Uy xoowxl ;U €, (i=1,...,n))

of neighbourhoods of K xK . Hence (2) follows from 4.(1) and

lXQQ!
9.(1). Finally (3) is implied by 9.(2), (3) and by the remark at the

very end of section 1. O

3. DISCUSSION OF THE MOTIVATING EXAMPLES

In this final section, we will look at some of the known results
in the case of our motivating examples of sheaves F (cf. 1 above) and
will point out that, between some theorems in the literature, strong
relations follow from our previous discussion. It is not intended
here to survey aff the relevant articles, but we will rather illus-
trate some of the ideas which might play a rdle, when one tries to

apply the results of sections 1 and 2, by specific examples.

Perhaps the case most people have been interested in is F =0,
the nucfean Fréchet sheaf of holomorphic functions on a complex mani-
fold X. For simpliecity, however, we will only deal with holcomorphic
functions on X = CN (N > 1) here. It is clear that finite e-products
of sheaves (¢ are nothing but the correspending sheaf ¢ on the prod-
uct and that, for any quasi-complete f.c. space E, OE is just the

sheaf of E-valued holomorphic functions. When F =0, we will write,

for short, A(K,E), H(K,E) instead of AF(K,E), HF(K,E),respectively‘

For F =0, some of the results in sections 1 and 2 are appar-
ently part of the "folklore" of the subject, but usually not easily
accessible in the literature: We have already pointed out in the in-
troduction that this paper is based on a generalization of the "old"
article [2]. Later on (in [1], section 1), 0. B. Bekken looked at

closed subspaces of C(K), K compact, with the so-called "slice property”
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and showed that this property implies the a.p. After the proper change
of notation and some identifications (using the fact that each Banach
space 1s a closed subspace of C(K') for some compact K') his results
there are quite similar to our theorem 3 (for Banach spaces E). In
section 3 of [1], (making use of the nuclearity of 0) Bekken obtains
a proposition related to (but somewhat weaker than) our theorem 4,
For a detailed account of the relation of the slice property with the
a.p. and the consequences of a theorem of l!Milne in this connection,
see also [6].

As usual with spaces of holomorphic functions, we must now
split up our discussion for the cases N=1 and N>2. If N=1 i.e.
K is a compact subset of the complex plane, the problem is campletely
solved: A(K) and H(K) have then afways the a.p. (whereas it remains
an open problem whether even the Banach algebra H (D) of all bounded
holomorphic functicons on the open unit disk D enjoys the a.p. Remark
that the a.p. of the disk algebra A(D) = H(D) is really quite triv-
ial !). This interesting result is due to the Jjoint effort of several
people (and also, unfortunately, not easily accessible in the litera-
ture in its full generality): Eifler [17], Gamelin-Garnett [19] section
6 for H(K), and Davie [15] for A(K) (they all use vector - valued
results). More generally, Gamelin [ 18], section 12 has pointed out
that the constructive techniques (and the approximation scheme) of
Mergelyan and Vitushkin show that the so-called "T-.{invardiani"algebras
have the a.p. As to A(K) = H(K) in the case of one variable, a neces-
sarny and sufficient condition (involving continuous analytic capacity)

was given by Vitushkin, see e.g. [19] and [29].

For N >2, there are only paiiiaf results. Remark first that,
by an example of Diederich and Fornaess, there exists a relatively
compact domain G of holomorphy in ll:N with Cw—boundary such that

A(K) ¥ H(K) for K = G. For a survey of some related recent work on
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the question when A(K) = H(K) in several complex variables, we refer
to Birtel [1l], and for results in "finite S. Ps. C. mandifolds” to
Rossi=Taylor [25].

It is known now that A(K) (or H(K)) has the a.p. for the fol-
lowing types of compact sets K C CN:

(1) K 1is the closure of a sirdictly pseudoconvex region with

sufficiently smooth (say, C3 -) boundary, or:

(i1) K 1is the closure of a negular Weif polyeden.

Both conditions imply K fact (trivially), and A(K) =H(K) (in
case (i), this approximation theorem is due to Henkin-Lieb - Kerzman,
in case (ii), it is a result of Petrosjan). (i) was proved e.g. in
Bekken [1], section 2, applying a vector-valued version of Henkin's
separation of singularities result. It also follows from Sibony [27},
Proposition 4 (in view of our Corollary 5). Sibony [27], p. 173 has
also remarked that Petrosjan's arguments may be modified to vyield
A(K,E) = H(K,E) for each Fréchet space E if K is the closure of a
regular Weil polyeder, and hence (ii) follows again from our Corollary

5.

REMARK: The method of "focalization of the a.p." for certain func-
tion spaces (cf. [5] and [10]) may be used to show that A(K') has
the a.p. for compact sets K' that are “'sufficiently well" disjoint
unions of sets K as above and that some related function spaces have
the a.p., too (cf. [51], Corollary 13), but we will not go into de-
tails here.

Let us now explicitly state what we get from the preceding re-

sults by applying our Corollaries 9 and 10:

14. THEOREM: (1) H{(K) has the a.p. {§ K = Ky % ... XK with Ky

(i=1,...,n) edthen
(1) any compact subset of € oz
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(1i) the closure of a stndctly pseudoconvex region with sug-

glcdlently smooth boundary oh of a negular Wedll pofyeden.

(2) A(K) has the a.p. unden the same conditions L§ one requines
in (1) {41]), additionally, K., o be 4at. And A(K) =

= A(Kl) es Cee 85 A(Kn) Ls then true.

(3) H(K) = A(K) holds 4on K =K; x ... xR wbﬂlKi(i =1,...,n)

elther (L) a fat compact sel in € with H(K;) = A(Ki) on
as An (1) {44) above.
Let then E be an arbitrary complete L.c. space.

(4) Under the assumpiions of (2),

A(K,E) = E es A(Kl) 85 .o @E A(Kn) hotlds.

(5) Under the assumptions of [3), we have A(K,E) = H(K ,E),

too.

11.(3) is related to a result of Weinstock [30], p. 812, where,
instead of the assumption of a smooth boundary in 11.(1) (ii), he needs
-only the so-called "segment property" of K. (Weinstock's methods are
quite different, however.) At this point, a few remarks on Sibony's

paper [27] are also in order (in connection with our preceding results):

Proposition 1 of [27] is, in some sense, easy, if not trivial,
as our theorem 4.(1) (and its simple proof) demonstrates: It is not
necessary to invoke Gleason's theorem at this point; the well - known
nuclearity (or even the a.p.) of ( and simple tensor product argu —
ments suffice!. Corollaire 3 of [27] corresponds with 7. (1) and 10.(2)
in this paper. As we have already noted above, however, Sibony's
proposition 4 is really a non-triviaf result based on Henkin's method
and implies the a.p. of A(K) in case (i). Hence, by our Corollary 5,
it is (essentially) equdivafent to theorem 2.4 of Bekken [1l]. Finally,
Corollaire 8 of [27] corresponds with our theorem 11.(5). It should

perhaps be pointed out that, whereas part of Sibony's proofs looks as
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though they are based on theorems and methods which are just true in
his given 4peciaf situation, it turns out from our discussion above
that what is really needed is only a proof of the a.p. of A(K) (=H(K))

to make everything work, even in many cthex cases.

We turn to sheaves F of harmonic functions or, more generally,
of null-solutions of hypoelliptic differential operators with C -coef-
ficlents now. These are again nuclear Fréchet sheaves, and hence our
assumption that F has the a.p. 1s certainly satisfied. For nuclearity
of the sheaves in axiomatic potential theory, cf. Constantinescu-
Cornea [14], § 11.

In this case, we will assume for the moment that the compact
set K 1is the closure of some open subset U of X (and hence fat).
A very nice phenomenon may occur here which yields a completely tnivi-
al solution to the question of the a.p. for AF(K): If we suppose that
U is a regufar set for the Dirndichlet probfem with respect  to the
sheaf Ff, i.e. for each ¢ € C(3U) there exists a unique function

f € A.(U) with f] the continuous linear restriction mapping

F su = 9
L:£f >~ f\au is bijective from AF(K) onto C(3lU) and hence yields a
topological isomorphism of these Banach spaces. (A maximum principle
for functions in AF(K) will imply that L is even an J{4ometry.) Then

A, (K) certainly has the a.p. In fact, it would be enocugh for such a

F
result that L : f - fIK, is bijective from AF(K) onto a closed sub-
space with a.p. of C(K') for some closed subset K' of K (say, a
closed set K' <€ 3l).

Let for instance F be the sheaf ¥ of (real) hanmondic func-
tions on R" (n > 2)., We refer e.g. to Ho-Van-Thi-Si [22], p. 617/8,

621/2, 626, 637 for conditions concerning, say, the equalities

(1) Ax(K) = Hx(K), and

(ii) AM(K)IBK = C(3K) (or, equivalently, by the maximum prin-

ciple, L :AM(K) + C(3K) bijective and isometric).
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Let us only note that in general a suitable (outside) cone con-
dition implies both (i) and (ii) and that, in the case n =2, (i)and
(ii) are valid for a compact set K such that each point x € 3K is
a boundary point of a connected component of the complement of K. So
then AJC(K) = HJC(K) has the a.p.

We also refer to Weinstock [ 31] for results on A_(K) = HF(K)

F
for sheaves F = N_ (on fRn) of null solutions of (linear) elliptic

L
partical differential operators L of order m with constant coeffi-
cients in this connection and to Vincent-~Smith [28] for AFGO =HF00
in the setting of harmonic sheaves F of axiomatic potential theory.
It would lead us too far afield even to give only complete rneferences
for all interesting relevant results in this direction,

Another argument then yields the a.p. of AF(K) and H,. (K)

F
even in a much more general setting:

12, THEOREM: Let agadin ¥ be the sheaf of harmonic dunctions on r"

(n > 2) and K aun arbitrary compact subset of R,
(1) Then both AL(K) and Hy (K) afways have the a.p.

(2) Hence A, (K,E) = E 55 A (K) hotds for each complete L.c.
space E, and, 4orn such an E, AL (K) =Hy(K) always implies

AM(K’E) = HM(K,E).

PROOF: As Ho-Van-Thi-Si [22], p. 621, 634 shows, both A = Hx(K)and
A= AH(K) are sdimplicial spaces, i.e. the null measure is the only
A-maximaf measure (or, equivalently, measure concentrated in the
Choquet boundary of A) orthogonal to A. This means (cf. Effros-Kazdan
(161, p. 99) that the state space S = S(A) is a simpfex and that A
is order isometric to the Banach subspace A(S) of all affine func-
tions in C(S). However, it is well-known that each such si{mplex space

A(S) has the a.p.: In fact, A(S)' is an abstract (L) - 4pace. ( This
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argument can be found e.g. in the proof of Corollary 2.6, p. 477 of

Namioka-Phelps [23].) (2) follows from (1) and 3.(2), 5 above. O

For the connection between simplicial spaces and the solution
of "weak Dirndichiet problfems” see Effros—Kazdan [16]: lAM(K) (say) 1is
simplicial if and only if each continuous function defined on a com-
pact subset of the Choquet boundary of AM(K) may be extended to an
element of AM(K) of the same norm.

But now we get the a.p. of AF(K) and HF(K) for many sheaves
F of axdomatic potential theory and aff sets K = closure of a rela —
tively compact open set U: In fact, under certain axioms on the
underlying harmondic space (X,F), it is known that AF(K) resp. HF(K)
is again simpliciaf, and then we may proceed as in the proof of the-
orem 12 to carry the corresponding results over to this (much more
general) setting. For the relevant axioms needed here and the .

AF(K) resp. HF(K) is a simplicial space, we refer to Effros -Kazu.

[16], Cor. 4.3, p. 108 and Cor. 4.2, p. 112, (For a necessary and
sufficient condition for AF(K) = HF(K) in this setting see [16], the-
orem 4.4). In [16], the axioms still excluded generaf open sets U
for degenerate elliptic equations, but the corresponding problem was
solved affirmatively by Bliedtner-Hansen [13], and we refer to [1l3]

for the most general results on simplicial spaces AF(K)'

In concluding, we should point out that the e-product Hl € Mz
of two sheaves of harmonic functions in axicmatic potential theory
yields nothing but the (multiply resp.) separately harmonic functions
of Gowrisankaran [20] resp. Reay [24]. We leave it to the reader to
combine our preceding remark on the a.p. of AF(K) resp. HF(K) in
axiomatic potential theory with the results in section 2 above to
obtain, say, theorem 11 and lemma 23 of [24] without any effort. Of
course, we could also immediately state results for "mixed® (say)

holomorphic ~harmonic sheaves 0 e¢# etc., but the preceding examples
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and applications may suffice.

K.=D.

K.=-D.
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AND KOROVKIN'S THEOREM
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D-6000 Frankfurt / Main, Germany

In the present paper we will give a new proof of a generaliza-
tion of Korovkin's theorem using the completion of a martially ordered
vector space by Dedekind-cuts. The given proof works not only in the
case of ¢[0,1] but also for certain partially ordered real vector spaces
where a mode of convergence is defined, which is compatible with the
linear structure and the partial ordering of the considered linear
space.

Let X be a real vector space with a partial ordering defined by
a cone KX, the set of all positive elements of X including € . The
space X 1is called Dedekind-complete if every non-—empty subset which
is bounded from above has a supremum and if every non - empty Subset
which is bounded from below has an infimum. In the following we as-

sume that the partial ordering is Archimedean which is defined by

for all elements u,v € X.

Then we have the following
THEOREM: Lei X be a pantiafly orndered neal vector space, which i

63
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Arnchimedean. Then we have:
There (s a undique deteamined Dedekind - complete partially oi-

dened neal vecion space 8X with the following propesaties:

(1) There exiais a aubapace X 0§ 6X asuch that x and X axre
Lsomonphic.
(ii) Every element = ey satisgies
& =sup{l€x|t ;x#}

i

inf {u € x| x# < ul

8X is caffed the Dedekind-completion of X.

If in addition the ordering in X 1is directed i.e.

<
[
O
A
2
A
Q,
Re
Q
({7
o
A
‘.Qa

then §X is also a lattice.

For a proof of the theorem compare LUXEMBURG, ZAANEN [21.

DEFINITICON: A subspace X of a partially ordered R-vector space is
called Dedekind-dense in Y iff X C ¥ C §X.

For stating the generalized Korovkin-thecrem we have to define
the mode of convergence in a partially ordered vector space. We use
some results of BANASCHEWSKI [1]:

A subset E C K\ {0} defines a convergence generating set in X
if £ satisfies the following conditions:

I. v 3 § <e &8 2!
e,c'€EF SE€F

REMARK: Since we assume X to be Archimedean we have

IIT. inf £ = 0.
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Now we define a mode of convergence as follows:

A sequence (z ) C X converges to an element x € x iff

In this case we write z, ; z. This mode of convergence has the fol-
lowing properties:

(a) Constant sequences are convergent.

(b) If (xn) converges to z, then every subsequence of (xn)

converges also to x.

(c) x +x &y *y>x +y Tty
n oz n oo n nog
(d) x, > x = Y axn > ox
E o€ IR E
Further we assume
(e) Let (mn) be a sequence such that
T,z Ty L Ty 2 oees

and such that inf(xn) exists, then

xr - inf(z ).
nE n
(£) Let (xn) be a sequence such that
z S z, < xs < e

and such that sup(mn) exists, then

x, ; sup(xn).

Now we can state the generalization of Korovkin's theorem:

THEOREM 1: Let Y be a partialfy ordened R-vecior Apace and fLel E

be a convergence generating set in ¥ . Funther Let X be an Archimedean
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partially ordered JH-vector apace, which {as Dedekind-dense in Y.

Let (L) be a sequence of monotonic operators

L Y ->Y
n
Auch that
Y Ln(a‘) > Alx)
r€X E
whene

A:Y > Y

is a monotondic opernaton such that the restrniction Ay is a bifective
map o4 X onto X and Ay 45 of monotonic type [L.e. A|X(m1);A|X(x2)=>xZ;x2).
Then we have

'] Ln(y) - A(y) .
YyEY E

PROOF: For the proof let y € Y € §X be given. Then define the sets

Uy ={u€ Xxly g ul,
L = {1 e xl1<yl.
) =¥
For each u € Uy and 1 € Ly we have
1 sy < u

Since Ln and 4 are monotonic we have
L) ¢ L (y) &L ()
and

A(L) £ Aly) < AGw).
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For abbreviation we set

L, s= L (1), g, =L (), u, =1L (.

We now prove: (yn) converges to an element Y, * Since by assumption

Ln(Z) > A(1) and Ln(u) > Au)
E E
we have
Y 3J Y A(1) -e £ 1 <y Su, A +c¢
EEE n EN n>n = on n n
0 =0
or A(l) - g £ Y, < Alu) + €.

From this we conclude that the elements

s, := sup {y, € 6x | & 2 n}
and
i, +=inf {y, € 6x | k > nl}
exist and also satisfy the relation
Y A(l) - & < in S Y, < s, s Alu) + €.
nn
="0
Consequently we have
v A(l) - e <% <5< Alu) + ¢
n>n
= "0
where
i 1= sup {in} and g 1= inf{sn }.

This is true for every ¢ € E; thus we have also

(*) v v A1) £ ¢35 < Aw).
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Now let u € U_ .Then we have < < u and by (%*)
3 =

v A(L) £ % < u
lLEL

Since A4 is of monotonic type and bijective we have
=4t 4y < a7

and consequently A_I(u) € Uy . From this we conclude

aty) < aa ) =

and hence
e U i.e. C .
U Ay)? i.e U UA(y)

Then we have

(S
Now let u UA(y)

and consequently A_l(u) € Uy‘ Using (*) we conclude

T<aa ) =u
and hence u € U_ , i.e. UA(y) c u_ Consequently we have
Z i
U =1U
; Aly)
= L d Uu_ = = L . U
4(y) an - UA(y)’ L5 Aly) sing

Similarly one can prove L_
7

this we conclude: % =35 = A(y).
From the relations

$8, Ay + ¢

1

™
VAN
.
7N
3
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and 7 <y < s, we conclude
Aly) — € £ Y, < Aly) + .
Since € € EF was arbitrary we have

Y, ; Aly).

REMARK: Let C(la,b] be the vector lattice of all real-valued con —
tinuous functions on [a,k] under the ordering defined by "f ¢ g iff
f(t) < g(t) for all ¢t € [q,b]" . Then the set of all polynomials of
degree < 2 is Dedekind-dense in Cl[a,bl. Since the set E:={e*1€(la,b] e > 0}
generates convergence in the sup-norm we can conclude the classical

Korovkin-theorem from theorem 1.
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1. INTRODUCTION AND PRELIMINARY RESULTS

In 1963 one of the authors [7] raised the question*) whether
it is possible to construct a singular convolution integral of a func-
tion f defined on [-1,1], say, which is an algebraic polynomial of
degree n and which approximates f uniformly on [-1, 1] with order

O(n_a), 0 < a <1, provided f belongs to

(1.1) Lip; (0;C) := {f € C; w  (n:£:C) = 0(n%), n » 0+,

where ml(n;f;C) is the modulus of continuity of f (see (7.3)) and
C=cC[-1,1] is the set of all real (or complex)-valued continuous

functions £ on [-1,1] endowed with the usual sup-normll - | The

c -
point is that this integral should not be derived under some (trigonometric)

+) This author was supported by DFG research grant Bu 166 /27 which
is gratefully acknowledged.,

*) This problem has since beenrecalled in some language or other by,
for example, G. Freud [28] and R. DeVore [21, 23].

7t
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substitution from a corresponding integral which is a trigonometric
polynomial of degree n (such as the integral of Fejér-Korovkin; see

e.g. {14] , (9, p. 801).

This problem was solved in some form or other by Freud [ 27]
(1964), Sallay [49] (1964), Saxema [50] (1967), Vértesi [59] (1967),
vVertesi-Kis [ 60] (1967), DeVore [20] (1968), Bojanic-DeVore [ & |
(1969), Bojanic [5] (1969), Chawla [18] (1970), Mathur [41] (1971),
Rodina [46] (1973), Freud-Sharma [29] (1974), Szabados [56] (1976)
and Butzer-Stens [14] (1976). Most of the polynomials constructed by
these authors are of degree 4n -k with k=2 or 4, some approximate f
uniformly only on [-1 + ¢ ,1 - ¢] for each ¢ > 0,

The natural extension of this problem, posed in [8 ] , is whether
an algebraic polynomial of degree n can be constructed which gives
uniform approximation to the associate f on the whole [-1,1] with
order O(n_l_a) provided the derivative f' belongs to Lip, (@ ; C),
0 <o < 1.

In this respect Bavinck [1, p. 691, Lupag |[38, 39 ] and Stens-

-Wehrens [55] considered the integral

1
(J,,8) (%) == %% f £ (u) Xy, (x7u) du

-1

(1.2)
3 z;n 2k +1
Xop (X30) 3= —5————— I -—=5—P (x)P, (u)
2n n2_+3n_+3 k=0 2 k k
ol (2,0) 2

[f o 1% 0 1% ae,

-1
porB) being the Jacobi polynomial. Note that y, (x;u)> O,Il Xa (X;0)du
n 2n - 1 2n

= 2 and, as will be seen below, the kernel can more simply be rewrit-

ten as
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3 (2,0), 2
X, (X2t1) = —5————— ¢ [P °7"7] (x).
2n n2 +3n+ 3 u n
Lupag, for example, showed that
(1.3) 13, f = £llg < (1 + 2¢/3)w, (1/2n5£;0) .

However, (Jan)Dd is a polynomial of degree 2n, and not n.

One purpose of this paper 1s to present a systematic approach
to these two problems, thus to study direct approximation theorems for
algebraic approximation processes that are built up analogously to
well-known trigonometric convolution integrals. Normally one would

expect to examine the convergence of convolution integrals like

(1.4) < [P x x-wEwau
-1

to £(%x) for n -+, The best known examvle of such an integral is that
of Landau-Stieltjes (see e.g. [37, o. 9], [48, p. 147],[22, . 26],
[40]), the kernel of which is given by

x)2]n

Xy (x) := 5 (1 - (5 . A

2n ¢ 2 &) - *
Here it is known (see e.qg. [ 22, p. 221])that £ € Lipl(a;C[—l+s, 1-¢]),
0 <a<l1l, 0< e <1, implies that
(1.5) I fl (x - u)£(w)du - £(x)I = 0(n" %2

: 2 J-1 X 'X cl-1+¢,1 -¢] .
The integral is again an algebraic polynomial of degree 2n, Here,
however, difficulties occur at the end points + 1 of the interval

[-1, 1] since the classical translation operator 1& used, namely

(Tﬁg)(x) t= g(x - u), leads one outside of the interval [-1,1].
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The question now is whether it is possible to employ an alge —
braic convolution concept (which depends on an associated translation
concept) for which these difficulties do not occur and for which there
holds some "convolution thecorem" in the form that if T is a suit-

able transform such as

1
(1.6) 'ﬂﬂm)=%f £(u)9, (ww(u)du (ke =4{0,1,2,.,..1})
-1

for suitable functions @k , orthogonal with respect to the weight

w(x), then

(L.7) TIE* glk) =TIE] (Xx) Tlg] (k) (k € P),

f * g being the suitable convolution of £ and g. This would enable
one to use integral transform methods and, as is well - known, such
methods usually enable ocne to solve a variety of problems by areduc-
tion to a standard procedure (recall the Fourier transform method in
the solution of partial differential equations; see e.g.[9, Chap.VII).

Hereby the aim. is to employ purely algebraic means in the proofs,the

only connection with the periodic theory being of structural nature,
namely an approach via convolution integrals together with transform
methods. Therefore in none of the proofs results of Fourier analysis
will be used, as was the case in a few instances in the Chebyshev trans-

form approach of Butzer-Stens [12,13,14,15,16 ], Stens [54] .

The transform we shall apply is the quite well develcped legendre
transform. Although Fourier-Legendre series have been known for at
least a century, the product formula leading to the translation oper-
ator being already known to Gegenbauer [30] in 1875, the Legendre
transform point of view seems to have been first emphasized by Tranter
[58] only in 1950 (see also [51, p. 423, 454 ] and the literature

cited there). The main results needed here are built up in Stens-
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Wehrens [55], but let us recall some of the basic concepts.

Letting X stand either for the space C [-1,1] or LF(-1,1) =LP,
1l < p < «, of all real (or complex)-valued measurable functions f de-

fined on [-1,1] for which the norm

1
11, = 5 f £ [P aut/P

is finite, the Legendre transform of f € X 4is defined by

1
(1.8) LIET(k) = £7°(k) := L [ f(u)Pk(u)du (k € P).

2 -1

Here Pk(x) is the Legendre polynomial of degree k , namely

k k
p () = S - Gk (x € (-1,11; k € P).
27k dx
In view of the fact that
(1.9) fpk(x)l <P =1 (x € [-1,1]; k € P),
one has
(1.10) |L[f](k)[5||f||x (f € X; kK EP) s

so that (1.8) defines a bounded linear operator mapping X into (co),

the space of all real (or complex)-valued segquences {ak}:=0 such
that limk+m ak =0,
The classical translation operator Tﬂ is here replaced by

1 -1
(L.11) (1, £) (%) ==(l/ﬂ)f £ (xh+ uV1%% /1-h%) /1-v®  adu (x, h €[-1,1])
1

In contrast to Tﬁ ¢ Ty defines for each h € [-1,1] a positive lin-

ear operator from X into itself with lltpll[yx,x]= 1 and the usual
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Lim g "Thf - fo = 0. The associated convolution product f * g is
defined as
1 1
(1.12) (£* 90 =5 | (0,0 wgwau (x € [-1,1]).
-1
If f € X, g€ Ll, the convolution £ * g exists as an element of X

together with

(1.13) HE * ng f_IIfHX g "1
(1.14) LIf * gl(k) = LI£] (k) LIg] (k) (k € P)
which is the form taken on by the convolution theorem (1.7) in the

Legendre case.

The derivative also being defined via translation, it is to be
expected that the derivative in the Legendre frame will be wunusual.
The strong (Legendre) derivative of f € X is the function g € X

for which

f 1. f
lim ”—h— - g” = 0;
h»1- 1-h X

we write le = g. Derivatives " of higher order r = 2,3,... are

defined iteratively. The set of all f € X for which D'f exists is

denoted by W§. Note that the strong derivative le, fe Wl

incides with the pointwise derivative

., co-

= (T3 ax f(x)).

The counterparts of the modulus of continuity and Lipschitz

class here take on the form

(1.15) m?(d:f;x) Em?(d:f) 1= sgp Hrhf - fo -1 < 8 < 1)
§<hel
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, L L o
(1.16) Llpl(a;x) 1= {f € X; wl(é;f) = 0(L-8)"),8>1-} (0< o < 1).

The main purpose of this paper is to give a unified treatment
of algebraic approximation theory via the Legendre transform method,
in particular, to study conditions upon the sequence of functions

1
{Xn}n ep © L (- 1,1) such that

(1.17) lim I £ * Xp = fo =0 (f € xX),
N
and to investigate the rate of convergence in (1.17), expressing it
in terms of the modulus of continuity (1.15). In addition to such
direct approximation theorems, the matching inverse theorems willal-
so be considered, emphasis being placed upon the so-called case of
non-optimal approximation. The case of optimal or saturated approxi-
mation is dealt with briefly. The aim will be to employ elementary
means in establishing the direct theorems (thus without appealing to
the general theorems based upon intermediate space methods of Berens
[ 3] and Butzer-Scherer [10, 11], as was carried out by Bavinck
[1, 2]). Concerning the inverse theorems, they will either be deduced
via the associated theorems of best algebraic approximation (as de —
veloped in Stens-Wehrens [55]) or from a general result based upon a

Bernstein-type inequality. This material is considered in Sec. 2.

One major aspect is to study various examples of suitable ker-
nels that can be classified under the Legendre transform approach.
These are given by various summability methods of the Fourier-Legendre

series of f € X:

(1.18) £~ I (2k + 1)EM(K)P, (x),

namely by the Fejér means of f € X (Sec. 5), by the Fejér-Korovkin

means (Sec. 3), the Rogosinski means (Sec. 6), certain de La Vallée
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Poussin sums (Sec. 5), by the Weierstrass and integral means, as well
as by the Landau-Stieltjes integral in the Legendre frame, all three

treated in Sec. 4,

The Fejér means are defined by

n

(1.19) (o £)(x) :=X _,

k A .
(1 -7k + E7 (k)P (%) (x€[-1,1] ; n€P)

which may be rewritten in the form of an algebraic convolution inte-

gral
1 1
(1.20) (cnf)(x) = [q_ Fn(u)(ruf)(x)du
where
= N _ k ~1 11,
(1.21) Fn(x) g= zk=0 (1 — l)(2k+l)Pk(x) (x €[-1,1]1; n€P).

A particular case of the results to be established asserts that

f € Lip; (a;C) = £ € Lip%(u/Z;C) = Honf - fHC =0m %Y. (0<a<l),

This solves the stated problem in its original form on the whole
[-1,1] for 0 < a <1, cnf being an algebraic polynomial precisely

of degree n.

For the more difficult case o = 1 we proceed as follows. In
Fourier analysis the Fejér-Korovkin kernel may be defined as that even
non-negative trigonometric polynomial tn of the form

n a, cosk®8 (0 €ER; n € P)

£.(8) =1+ 2E a

for which the coefficient a; takes on its largest possible value
{(given by cos(w/(n+2))). In the corresponding algebraic case this

amounts to finding that algebraic polynomial



APPROXIMATION BY ALGEBRAIC CONVOLUTION INTEGRALS 79

pn(x) =1+ E£=l

(2k +1)by P (x) (x €[-1,1]; n€EP),
which is non-negative on [-1, 1] and for which bl attains its maxi-
mum. The solution of this extremal problem is exactly the Fejér —

Korovkin kernel for the Legendre case, defined by

r P__(x) 2
N , x # ;N
) X=Xy

(1.22) K (%) s=(l-xy) <

[ 2 — =
(PN(XX)) ' X = Xy

EN being the largest root of PN(x), and N =[n/2] + 1 ([x] de —

notes the largest integer < x).

Again a special case of our results states that

%) (0 < a<l).

._l._
''e { ) * - =
f Lip, (a;C) = Il £ K f||C 0(n
This shows that the associated Fejér-Korovkin means £ ® Kn solve our
problem even in its extended form on the whole [-1,1], f ® Kn ac-—
tually being a (pure) algebraic polynomial of degree n . Most of the

above results are not only valid in C[-1, 1] but also in Lp(—l,l).

As mentioned, two of the authors set up a Chebyshev transform
method with essentially the same aim in mind, namely to give awnified
approach to as many problems as possible on the approximation of func-
tions f belonging to CI[-1, 1] or La(—l,l), 1 < p < =, byalgebraic
polynomials. The Chebyshev method has the advantage that a greater
variety of problems can be considered, such as all those connected
with moduli of continuity of higher order, including the fractional
case. The disadvantage, however, is that it is not as "purely"” alge-

braic as is the Legendre transform approach, Although the latter is
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more intricate as it is not connected with the periodicFourier theory,
it has the advantage that no "bad-looking" weight factors enter into
the picture as is the case with the weight w(x) = (1 - )'12)'_1/2 in

the Chebyshev theory.

The question of course arises why not treat the matter by the
more general Jaccbi transform approach. The reason is that we first
wanted to present an approach that is not only as uncomplicated but
also as complete as possible. However, much of the material presented
can readily be carried over to the Jacobi frame. As indicated Bavinck
[1, 2] considered more or less some of our results in the latter frame,
But it can perhaps be said that his aim was to generalize #rigonomet —
nic approximation theory to the Jacobi frame without being concerned
with the connections to the problems of afgebraic approximation in

the classical sense.

For a basic unsolved problem in the Legendre approach see [17].

2. GENERAL THEOREMS ON CONVOLUTION INTEGRALS

This section is concerned with theorems on the convergence of

general convolution integrals

1 1
(2.1) (Ipf)(X) = (£ * Xp)(X) == [

(ruf)(x)g(u)du
-1

(fe X; x€[-1,1];p € A)

where {xp }pG A

is a kernel, l.e. x € tl(-1, 1) with

L1
(2.2) < J’_l X, (wdu = 1 (p €R),

p being a parameter ranging over some set A which is either an in-

terval (a,b) with 0 < a < b £ », or the set P. Let Po be one of
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the points a,b or +«.

In the following M denotes a positive constant, the value of
which may be different at each occurrence. M is always independent of
the quantities at the right margin.

PROPOSITION 1l: Let {xp} be a rernel such that

pEA
(2.3) prlllg M (p €4).
The integrals {Ip}p en gorm an approximation process on X, 4L.e.
(2.4) lim ”Ipf - fllx =0
p=>p

o]

gorn each £ € X, if and onby 4i4

(2.5) Lim x7(k) =1 k € N = {1,2,3,...}1).

CRaIN

In this proposition, the proof of which follows by the Banach-
Steinhaus theorem, it may be difficult to verify condition (2.3) 1in
the applications. If the kernel is however positive, i.e. Xp(u) >0
for almost all u € (-<1,1), p € A, then (2.3) is always satisfied with
M=1 1in view of (2.2). This leads to the following Bohman-Xorovkin-
type result:

PROPOSITION 2: 14 the kexnef {xp}p is positive, each of the fol-

EN
Lowing assertions i equivafent to (2.4) and (2.5):

(2.6) lim x°(1) = 1,
D+DO P
8
(2.7) lim [ X, (W)du = 0 (-1 < 6 < 1),

prp, 1
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PROOF: That (2.5) implies (2.6) is obvious. On the other hand, if

(2.6) holds, then by (2.2) and the positivity of the kernel,

1 (S
b1 T 1-6 )1

(1 - u)xp(u)du

< = l(1-) (Wdu=—2 [1-x>(W]=0@) (0+p)
213 uXpu u—l-—G Xp o] DO-

This gives (2.7). Concerning (2,7) = (2.4), one uses the fact that

for f € X

1
L
(2.8) IT,€ = £l < 5 | 1D ) —£)lyx (W du

| A

8 L
£ IIXlep(u)du + uBsse)

which implies (2.4) by standard arguments. O

When dealing with positive kernels, there holds the following
general result on the rate of convergence in (2.4):

PROPOSITION 3: Let {xp} be a positive keanel, and Let ¢ be a

0EA

stnictly positive funciion defined on A Asuch that limp_>p ¢ip) =0.
O

The foffowing assertions are equivafent:

(2.9) (1= x5 (1)) = 0o () (o > p.),

(2.10) “Ipf - fly 5Mm§‘(l - vlp)if:X) (f € X; p €B).

PROOF: Let us first mention the following inequalities needed (see

[55; Sec. 5]),

(2.11) Wl(8:9:%) < 6(L - 8)IDtglly (g € w)l(; -1<§<1)
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(2.12) mL(é 1g:X) < 12(1 + :i-)ml'(é *gs €X; -1<68,,6,¢<
. 1 lrgl = 1-6 1 2.'grx) (g . - 17°2 1).
2
Now if (2.9) holds, then (2.10) follows as in (2.8) by (2.12) and
(2.2) since
lx £- £ <121.0L(l--t10(p)'f)l (l[l+ l-u] (u)du
0 X =¥ el vio) " Xp
_ L 1-X"(1) L
= 12 1 - ;ENLL + < - s e .
wy ( p(p)iE) 1 2 (o) P Mw (L -¢lp);f) (p €8)
To prove the converse, we apply
(2.13) (g * P ) (x) = g (k)P (x) (geX; x€l-1,1]; k €P)
for k=1 and g =Xp to deduce
Ix~(1) =1 =B I3t e, * x =P I, <MwD(1 - ¢(o):P.)
0 1'% 1 p 1'x =""1 U
Since Pl € Wi , (2.9) follows by (2.11).o
The particular case ¢(p) =1 - x;(l) gives, noting that
1 1
(2.14) 1 - x°(1L) = > I (1 -~ u)y_ (u)du > 0 (p € R),
o -1 P
COROLLARY 1: Fox each poaditive keanel {xp}QEA there hotds
L
_ ALY s £s € X; p €EA).
(2.15) IT £ - £y < 24w (x5 (1) £ X) (f € X; p €A)

Inequality (2.15) shows that the approximation error dependson
the smoothness properties of the functions involved. Therefore one
might expect that the rate of convergence in (2.4) could be arbitrari-

ly good if f is sufficiently smooth. Later on it will be seen that
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this situation really takes place for at least one convolution in -
tegral. But for a majority of approximation processes there exists a
critical order which cannot be transpassed unless f is a constant.
This is the familiar saturation phenomenon.

A handy criterion deciding whether the saturation property holds

for a convolution integral '[Ip]'p is given by

EA

PROPOSITION 4: a) 14 the kerned {Xp}p€& of the process {Ip}p ea

satisgies condition

1-x"(kx)
- =3
(2.16) lj.m sup 2 (o) >0 (k €M),
p>p,

where ¢ 4s a funcition as in Prop. 3, then
(2.17) ||Ipf - flly = otelp)) (b >0p.)

)

implies that £ = const. (a.e.)* .

b) 1§ moneovern there exiats some k, €N such that

I-x (k)

(2.18) Iim sup 2 (o)

PO,

<+ e,

then thene exists at feast one non-constant [non-trivial) £ € X such

that

(2.19) Iz € - £lly = 0telo)) (b > 00
In other words, {Ip}QEA L8 satunated in X with onden O0(e(p)), p ~» P, -
*) "(a.e.)" means that an assertion holds for all x € [-1,1] if

X=C[~1,1], and for almost all x € [-1, 1] if X =LFP(-1,1), 1 <p<=.
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PROOF: By (2.17) one has on account of (L.10) and (1.14) that

Ix;(k) -1 £ )| < T £ - £lly = ole(p)) (p > p i KEN).

This means that Lim 1 —Xg(k);if“(k)l /e(p) = 0, kE N. On the
o}

her h . h i Y im, p.=
other hand, by (2.16) there exists a subsequence {93}3=1'lu%+m93 po,

such that limj+m lXp

(k) - 1] /w(pj) =c, >0, each k€ WM. By the
]

uniqueness theorem (see [55, Sec. 2]) this gives f = const. (a.e.).
Concerning part b), one has for f£f =Py by (2.13) and (2.18) that

(o}

"IpP kMg

ko--PkOIIx = |x;(k0)-l| Ilp o|| = 0(v(p)) (e ~e )y

which completes the proof.o

wWhereas Cor. 1 gives a direct approximation result, an inverse

one is given by

PROPOSITION 5: [let {Xn}ne P be a keanel satisfying a Bernstedin-type

inequality of onden y > 0, namely

1 1 Y .
(2.20) f*XnGWx, IID (f*Xn)ngMn ||f||X (f € X; n €P).
14 £ € X can be approximated by the convolution integral £* X
such that
(2.21) Ig * x_ = £, =0m " (n > «)

forn Aome 0 < o < 1, then f € Lip?(a;X).

PROOF: Let us follow the classical arguments using telescoping sums

(cf£. [9, p. 110]. Setting U, = f*x22 PO, = £ ¥ in - f"inul for

n=3,4,,.., then by (2.21)
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“nya
(2.22) lu Il < M2 Y (n =2,3,...),

(2.23) Lim 1%}, U, - £l =0, Il <2

o k=2 "k X k=2 IIUk I

X *

Hence for arbitrary h € (~1,1) and integral m > 2

o0
(2.24) Ny £~ €l < B0, In,u —u i+ 22 ol .
Since Uk belongs to w)l( for every k > 2, one has by (2.11)
1
(2.25) IIThUk U ||X < 6(1L - h)lD Uk”x .

Since the convolution product is commutative and associative, one can
rewrite Uk as
(k=3,4,...).

= - *
Uk (f-£ X

—(f-f* °
2k-—l)*xk (E-ExX 1) ®X v

2 2 2
This implies by (2,25), (2.20) and (2.21) that

M(1-h) 2KV KIva o H(k=1)y,~kya,

I A

I ThUk - U ||X

M(l - h)ZkY(l -a)

A

14
which is also valid for k =2. This yields by (2.24) and (2,22) that

L, .. _ m ky (1-0) @ ~kyao _
(2.26) ml(d,f) < M{(1 G)Ekzz 2 +Ek=m+12 } (=l<8<1).
If one now chooses m such that for § > l—ZHY, Zm—l < (1—6)—1/Yi2m,
then (2.26) gives (as e.g. in [9, p. 101]) that wi’(é;f) < M(L - §)°%.

This is the desired assertion. O
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Finally a result on best approximation by algebraic polynomials
will be stated; it may be used for establishing direct approximation
theorems for certain approximation processes. It also gives another
way in proving inverse theorems for polynomials kernels leading to

optimal approximation. As usual, let

E (£;X) = inf ll£- p_| {n € P)
n pnepn n X

be the best approximation of f € X be algebraic polynomials of de-
gree < n, Pn being the set of such polynomials. Concerning the rate

of convergence in

(2.27) lim En(f:X) =0 (f € X)

n->

we have the following counterpart of the classical Jackson and Bernstein

theorems (see [55, Sec. 51).

PROPOSITION 6: a) For each r € P, there holdas

E_(£;%) <Mn °F w21 - 0 % DYE;x) (f € W; n€N).

b) The {ollowing astatements are equivalent for 0 < o < 1:
(2.28) E_(£:%) = 0(n 2 (X%, (n > @),
(2.29)  Df € Lipl(a:X), d.e. ] (8;DTE;X) = 0((1-86)%) (5 » 1-).

The purpose of the next sections 1s to apply the foregoing

results to several concrete approximation processes.
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3. THE ALGEBRAIC CONVOLUTION INTEGRAL OF FEJER-KOROVKIN

Concerning Cor. 1 it is of interest to search for positive

o . L, .
kernels {Xn}n=l which belong to Pn such that the modulus ml(xn(l),f,x)
is as small as possible. This amounts to determing such kernels for
which X;(l) is asclose to 1 as possible. Note that x;(l) <1 in

view of (2.14)., This will lead to the Fejér—Korovkin kernel of Sec, 1.

Therefore we will now discuss some extremal properties of the

coefficients of the elements of the set

+

(3.1) NPn 1= {pn € Pn ,pn(x) >0 for x€({-1,1], p;ﬂ”=l} (n €1P).

THEOREM 1l: a) Foa all P, € N P; thene hotds

(3.2) lp (| <% g

where m=[(n + 1)/ 21, and x

2 the Largest noot of P

+1°

b) Fen each even n € P there exdsis a unique p, € MP:"1 such

that

(3.3) p;(l) = X -
c) For n € N odd there exists no p € MP:1 such that (3.3) holds,
d) For each P, € NP;r1 and each j € I there holfds

(3.4) A0 Do <1 -pi) £ 725G+ 1) (L-plL),

2(2n + 1)

the night hand inequality being valid forn alf n € P, the Left hand

inequal ity only for n > N, = N (1)

PROOF: First we need the Gauss—-Jaccbi mechanical quadrature formula
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(see e.g. [19, p. 741, 57, p. 47;(15.3.2)]). It states that for all

Doy € P2k—l k¥ € W, there holds

1
(3.5) [

Lk
I R e R B P R P L

where Xj,k r L <j<k, denote the roots of the Legendre polynomial P

k
with _l<xj+l,k <Xj,k<l’ i=1,2,...,k-1, and Aj,k the "Legendre
abscissas"

2 -1 -2
)\- = - . ! . <qj < .
i,k 2(1 xj,k) (Pk(lek)) (1<3<k)

Now let P, € NP:'1 . Choosing m=[(n+1)/2] one has by (3.5)

(3.6) 1 =p2(0) =5 s+l

>‘j,rn+lxj,m+lpn(xj,m+l)‘

Since pn(xj,m+l) >0, Aj,m+l >0, 1<j<m+1, part a) follows imme-
diately by
~ 1 +1 =

1<j<m+l
To prove parts b) and c) we first assume the existence of a
p, € NP! satisfying (3.3). By (3.6) and (3.7) one has

m+1l =
2522 A5, mel Fme1 75, me 1) P (%5 me) -

- ~ ~ —_ i
0 =% +1Pn(®) -p (1) =
Since all terms in this sum are nom-negative and Aj,rml(xm'# 1 _Xj,mkl) #0,

one has by (3.86)

(3.8) =0 (2<j<m+1)

Pp (Xj ,m+l)
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(3.9) .

=2/X

Pn (X1 me1) 1,m+l

Therefore Py is uniquely determined at the points xj L 1< i <m+l.
r

Since the =2,...,m+1 are in (-1,1) and Py is tobe posi-

X, i
i,m+l’

tive, it must have m double roots. This implies that for even n € P

r 2
P (x)
—ml , x AR

X _xm+l

(3.10) p_(x) = (l—;(iﬂ) 4

— 2 _ =
t (PI;1+1(Xrn+l)) ro X T X

is the only polynomial in NP; satisfying (3.3).

For n odd, i.e. m = (n + 1)/2, (3.8) states that Py pos --
sesses (n + 1)/2 double zeros, meaning that pn(x) = 0. But this is

a contradiction to (3.9), proving c).

Concerning part d), the right side of (3.4) follows from

[P (3) - 1]

In

-1 L
* - s ~ .
JIPjIIC Hpj P, 1>j o <24ml(pn(l),pj)

|~

1 ~ N ~
6 +» 24|ID lelc(l—pn(l)) = 723(3 +1) (l‘Pn(l)).
where (2.13), Cor. 1, (2.11) and the equality
(3.11) (Dle) (x) = 1—(312-—1—)- Py (x) (x € [-1,1]: j € P)

{(cE. [55, Sec. 3]) were applied. In order to verify the left side of

(3.4) fix j € W. For n > j + 1 one has by (3.5) that

.~ 1l ¢n
(3.12) Ipp D =5 Ty Ay I Byxyg ) [p (% )
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< max |Pj(x)| = max IPj(x) |

X <X<X 0<x<x
n,n—=—"—"1,n -7 ="1,n

-X

the latter equality being valid as |P,(x)| is even, and x = .
3 1,n n,n

From [57, Sec. 7.21] it now follows that in(x)} attains its maximum
value in [0,1-n] at x=1-n 1if n > 0 is small enough. This
means that max

' , = = . »
0<x<x anj(x)' IPj(xl,n)[ Pj(xl,n) if n 1is
r

chosen large encugh. So (3.12) vields that

(i) < Pylxy p) (n 2 N).
In view of Bruns' inequality (see e.g. [57.(6.21.5)])
(3,13) cos(2m/(2n + 1)) < X p 2 cos(n/(2n + 1)),
we find with a suitable £n € (xl,n , 1) that
L =Py(1) = Pylx) o)+ (1 - xl,n)Pé(En)
L= Pyixy ) 2 IPEE) (L~ cos@mAn +1))) 2 [RI(E )| (—2:—3——1-)—5 )

Since lim__ Pé(&n) = Pé(l) = j(§+1)/2, the proof of d) is com-—

n->
plete. O

The polynomial Pp of (3.10) satisfies for even n € W the
same extremal property as does the trigonometric Fejér-Korovkin ker-
nel. Therefore one may justly call the kernel Kn of (1.22) the
(Legendre—-) Fejér-Korovkin kernel. If n is even, the Kn are pre-—

cisely the polynomials P, of (3.10); if n is odd then Kn(x)=§h_l(x).

Concerning the approximation behaviour of the associated Fejér

-Korovkin convolution integral we have

THEOREM 2. Let {Kn}ntEP be the Legendre-Fejfer-Korovhin kenned degfined
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by (1.22), One has for £ € X

L—
* - W Fe
a) |If Kn fo < 24ml(xN,f,X) (n € P).

b) £€ Lip(a;X) —lIf * K - £l = 0(n %) (ns=; 0<a<l),

c) The convolution integral of Fejen-Korovkin 4{s saturated in

X with onder 0(n ?%).

The proof of part a) follows by Cor., 1, Concerning b), fELﬁ%ﬂa;X)
implies by (3.13) that m%(ﬁN;f)=(ﬂ(l-—§N)u) = O(n_za).Theconverse

can be derived either from Prop. 5 since £ * Kn € Pn c Wl

% and

1 2
(3.14) ID QJX <Mn Hpn”x 138 n
(see [55, Sec. 5]), or from Prop. 6. Part c¢) follows readily by Prop.

4, Thm. 1d) and the fact that 1 - K°(1) = 1 - X = o2y,

Let us remark that Bavinck [2 ] employs this kernel toestablish
a Jackson—type theorem (in the Jacobi frame). In [1] he also treats
the extemal property but does not distinguish between the cases n
being even or odd; for odd n his proof is not quite correct since the
quadrature formula used is no more exact in this case,Newman—-Shapiro
[43] and Feinerman—Newman [ 25, p. 103] handle the extremal problem
for even n in a somewhat more general frame but do not discuss re-

sults of the type of Thm. 2 b), c).

As an immediate consequence of Thm. 1ld) one has that for every

positive kernel {Xn} X, € Pn , there holds

n€P "’

lim sup n2(l - X;(j)) >0 (j € V).,

n->o

An application of Prop. 4 a) then leads to the following alge-

braic counterpart of a result in [9, p. 88] which is related to a
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result of Korovkin [36, p, 128],

COROLLARY 2: 1If X_ € NP; , then

_ -2
| £ * X, - fllX =0(n 7) (n » «)

gon some £ € X implies that £ = const., (a.e.).

In other words, one cannot approximaté a non—constant function
f € X by positive polynomial convolution integrals of degree n with

an order better than O(n_z).

4. THREE FURTER POSITIVE ALGEBRAIC CONVOLUTION INTEGRALS

Whereas the first example below is an algebraic polynomial of

degree 2n, the second and third are non-polynomial.

4,1. THE SINGULAR INTEGRAL OF LANDAU-STIELTJES

As remarked in the introduction, the classical Landau—-Stieltjes
integral approximates functions f € C[-1, 1] uniformly only on
[-1 + ¢, L-¢e] for e € (0,1). Using the kernel of this integral we
now construct a new singular integral by means of the Legendre con —
volution which forms an approximation process in C[-1, 1] aswell as

in LP(-1,1). This kernel is defined by

_ l-x ,2,yn _ .
Ay (x) 2= (l/kzn)[l - (==—) ] (x €[-1,1}; n€ ),
(4.1)
1
_ 1 _ l-u ,.2:n
A2n 1= 5 j_l[l (=5—)" 1" au (n € P).

+ -
The A2n belong to NP2n  and for the AZn one has Ao =1,
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1

- —'1/2 _ n _ 2n(2n—2)o-¢oon02
‘on = (1/2)[01; (I-t)dt = STy (on 1), 0.3 (n € IN)
.20 /tn+ant? <oy < (/e v2)) 12 (n€P).

Let us list the properties of Azn needed for the approximation the-

orem.
LEMMA 1: a) For aff n € P thene holds

(4.3) Aan(l) =1-1/(n + l)AZn.

b) For each k € IN, there exists a constant M > 0 such that

(4.4)  Mn M2 < 1-n3 (0 < 72k(k+1)/(n+1)h,  (£€ X n€P),

c) The following Bernstedin-type inegquality holds:

1 1 1/2
(4.5) £ % A, €W D (f* A, )l < 6n CUE I, (f € X; n € IP).

PROOF: Part a) follows immediately by integrating the identity

(4.6) (L-x)A, (x) = (2/(n+1)A, ) -5‘? [1 - (l—;"—)zlr‘*l )

By applying a) and (3.4) we obtain the right-hand side of inequality
{4.4). Concerning the left side, one has in view of the positivity of

A and (4.6) for each § € (0,2), k € IV,

2n

1 (L
1 - Aan(k) 25 J (l-—Pk(u)Azn(u)du

1-8

1 1-p (1)
_ X d ,,_,l-u  2n+l
= (l/(n-+l)12n)Jl_é B T {753 1 (“—jf——) 1 } du
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1
> (1/(n+1)A, ) inf IP]'((u)IJ {—%[1—(17‘1)2]“”}&1:.
1-6<u<l 1-8
Since Pi(l) = k(k + 1)/2, we may choose some & € (0,2) such that

inf 1 |P£(u)l > 0, Furthermore, the integral can be estimated

1-6<u<

from below by (6/2)2. The desired inequality now follows by (4.2),

To prove part c) we obtain from [55, Sec. 3] and (1.13) that

€ P. C Wk

*
£ A2n 2n X

and

1 1 1
w = w M
D™ (f AZn)”x Il £ * DA < “flliID AZn“ (f € X; n € IP).

2n”X

1
Therefore we have only to show that
Ipt o= A (EoL 4 <602 mem)
(4.7) ID7A, ()l = 3y 3 ax Man 1My .
First let n > 2. By the estimate
2
d (x -1 _d |
Xan dx [ 2 dx A2n(x)]'
_ _n d x 2 n-1 -%,2,3x+1 n-l.. 2
=31 ' {15;- 1- ( =) HIL - 2 )71 5— t 3 (L-x)(x“—1)}]
n d _ol-x 2 _ _ 2
=1 g It (2) Y2+ m-na - 022
one finds that
A, lIDtA, I, < =D ' (-G
ZnID 2n'1 = n-1 1
no [t L-w?2 (L 1-E&%H?21" L rau
Ay .1 (1 =) du 2

"

n/{(n-1) + 1 < 3,



96 BUTZER, STENS and WEHRENS

which yields (4.5) by (4.2), A similar calculation shows that (4.7)

also holds for n=1; the case n=0 is obvious., O

As an application of Cor. 1, Prop. 5 and Prop. 4 we obtain

THEOREM 3. For the sdingular integral of Landau-Stielijes £ * Aopr
f € X, there holds

a) IE* A, — £ll, <24uf(L-[(n+1)A, 1 1;£:%) (n € B)
2n X - 1l 2n P *

b) £ € Lip?(u;x)'=¢ﬂf * Azn-— fHX = O(n_a/z) { n+eo; 0<a<l),

c) The integral of Landau-Stiefijes is saturated in X with on-

der 0(n~ 172y,

4.2. THE INTEGRAL OF WEIERSTRASS

The kernel of Gauss-Welerstrass with respect to the Legendre

system is given by

(4.8)  w_(x) 1= I, g exP{-ﬂkT*L) £) (k+1)B (1) (x€l-1,11; t>0),

LEMMA 2: The kennet W, (%) L8 non-negative for alf x€[-1,1]1, t >0,

and satisfies the Bernatedin-itype Lnequaldily

1

L, oIDh(e *wplly <METIEl,  (EEx 0<t<l).

(4.9) (f * w,) €W

The proof of the first part can be found in Bochner [4, p. 1146]
or Hille-Phillips [33, p. 612], and (4.9) can be deduced from GoSrlich
-Nessel-Trebels [ 31, (3.9)] since the Legendre series of f € X is
(C,1)-summable (see Sec. 5 below).

An application of Cor. 1, Prop. 5 with Xn = wl/n r and Prop. 4
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yields

THEOREM 4, Fox the afgebraic Gauss-Wediernstrass convolution integral

£ > w, £ EX, thene hofds

L, -t
a) If » w, - f“X 5_24ml(e 1£;X) (t > 0).

b) f € LipIi(a;X) =lf *w - £ll, = 0 (t%) (t > 0+; 0<a<1).

c) The Antegral £ * W 4s saturated in X with onden 0(t), t+0+

Concerning the infinitesimal generator of the Weierstrass as

well as Abel method of summation of the Legendre series see e.q.[33,p.610],

4.3. THE INTEGRAL MEANS

In [55, Sec. 3] there had been introduced the (Legendre-) in-
tegral means Ahf' f€ X, h€ (-1,1). They are defined as the convo-
lution integral with kernel

(1+x) (1l -h)

log =5+

log-l(fééﬁ) ' -l <h<x<1
(4.10) K{x:h):=

0 ' otherwise,

the Legendre coefficients of which are given by

(4.11) [k(-;h)]" (k) =<

1 - P, (h)
Kk +Dlog 2/ +m) '

Note that
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(4.12) lig - leCim]7(k) _ k(k+1)
h>1=- l1-nh 8

(k € I),

Since «k(x;h) > 0, x€[-1,1] , h € (-1,1) and limh*l_[K(-;h]“(l) =1,

the .Ahf define an approximation process on X for h -» 1-,

THEOREM 5, For the {nteghaf means Ahf = £ * ¢(-;h), £ € X,one has:

a) A £ - £, <Mwl(h;£;X) (h € (-1,1))4
b) £ € Lipri(a;X) =laf-£ll,=001-m% (h>10<a<l),
c) The integrhal means ane sdturated in X with onder 0(1-h), h +1-,

PROOF: Part a) follows by (4.12), Cor. 1 and (2.12), vielding also
the direct part of b). Concerning the inverse part in b),we make use

of the Bernstein inequality (cf. [55, Sec, 31)

1

Af €W, ID'AEl, <M(1-n Tl

fo (f € X; h € (-1,1)),

and apply Prop. 5, setting Xn(x) =k(x:1-1/n). Finally part c) fol-

lows from Prop. 4 by (4.12).o

5. THE INTEGRALS OF FEJER AND DE LA VALLEE POUSSIN

In analogy to the trigonometric theory, the Fejér kernel with

respect to the Legendre system is defined by

n k _ 1 n
(5.1) Fn(x) ;= Ek___o(l - -n+_l) (2k+l)Pk(X) = 5T Ek=0 Dk(x)

(x € [-1,1]; n € P),

where Dn is the (Legendre-)Dirichlet kernel



APPROXIMATION BY ALGEBRAIC CONVOLUTION INTEGRALS 9

— n - -
(5.2) Dn(x) = Ek=0 (2k +l)Pk(X) (x€ [-1,1] ; n €P),
The associated algebraic Fejér convolution integral (onf) 1= £ % Fn

(recall (1.19), (1.20)) is actually the n-th (C,l)-mean of the partial
sums of the Fourier-Legendre series (1,18) of f € X. The Ll ~ norms
of the E}l are uniformly bounded (see [32]), i.e. there exists 1< Fx<«

such that |[F I, < F, n € P. Since

k
(L - — l) + 0 <k <n
Fn(k) =
0 r k >n,
with limn+m F;(k) =1, k € N, one has by Prop. 1
(5.3) lim II£ * Fn - fHX =0 (f € X).
n->e

Next consider the de La Vallée Poussin kernel

1 n
= €[~ H € '
(5.4) vm,n(X) ] Ek=n-ka(x) (x€[-1,11; m;, n P, m<n)
In view of the identity (F_; = 0)
_ _ m-n m=n
(5.5) ern(x) = (1 mt 1 )Fn (x) + o+ 1 Fn—m-l (%),
it follows that
2(n -m), . e
”vm,n”l 21+ =T )F (mn € P, m < n),

If m depends on n in such a way that

(5.6) sup
n€EIN

n <
m(n) +1 4
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then llvm n”l < M, n € P, In this case Prop, 1 again implies that the

associated integral £ * Voo n forms an approximation process on X,
r

noting that the Legendre coefficients of Voo are given by
14
1 r 0<k<n-m
(5.7) vr“nn(k)r- (n+1l-%kX)/{m+1) , n-m+ 1< k <n
I -_— —
0 r k > n.

In contrast to the trigonometric Fejér kernel and that of
(Legendre-) Fejér-Korovkin treated in Sec. 3, the (Legendre-) Fejér

kernel fails to be positive (e.qg. Fn(-l) = =1/2 if n is odd; see also
[26]). Using (5.5) this enables one to show that the (Legendre-~) de
La Vallée Poussin kernel is not a positive kernel, at least for cer-
tain m,n € P. Hence one cannot apply Cor. 1 in order to obtain direct
approximation theorems., We proceed in another fashion; in the peri —

odic case it is due to Steckin [53].

LEMMA 3, For atf £ € X, n,m € P, m < n <Zhere hotds

_ 2{n+1) .
(5.8) £ * Vin,n fIIX S F=T- FE _(6:X)
- 8F n+l .
(5.9) £ * F_ fllx < 531 Zk=0 Eg(E:X).

PRCOF: From (5.7) and the convolution theorem (l.14) it follows that

for all p € Pn_

n-m m

(5.10) (p * vm'n) (x) =pn_m(x) (x€[-1,1], mn € P; m<n).

n-m

If p;(f) denotes a polynomial of best approximation in Pn to f
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in X, then (5.10) yields

* - * . *
e * v n fHX <lE* v ) v

n * v - £

*
+
n-m m,n“X ”pm~n m,n X

r

- ¥ a ~
vy Iy UE = p¥_ I + lipr_ - £l

r

2(n+1)F

m+1 En-m(f7x)'

I~

The proof of (5.9) being practically the same as in [53], we

will only sketch it. One has by (5.1),(5.4) for all k,n€™, 25 Len+1<2

5 . k-1 ,j-1
f-f*xF = {f-f * v + 25 T 23T (E-Exy . )
n n+1l 0,0 j=1 23 l~l,23~l
+ n+1=-2L(g-f % v k-1 Y-
n-2 ,n
One deduces by (5.8)
2F k-1 .j
- * ——— . . *
Ie-£*F Iy < == {Eo(f,x)+2:j=l 2 Ezj_l(f,x) + 01+1)E2k_l(f,x)}
<« =2E_ (B (£;%) + 2E. (£1X) +4£k'lz:2j-l E (£f:X)
- n+1 o'’ 1! i=2 £=23-2+1 e

n+1 zn+l

+ = - E,(f;X)}
k=2 k-2 B
8F n+l

2 orT Zy=0 ByEiX),

which is the desired inequality for n>1. If n =0 it followsby (5.8)o.

Of course (5.8) gives a usable estimate only in the case when
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limn_+m(n-—m(n)) = +», Choosing e,.g. m = [Bn] for some 0 <B <1, che

has in view of Prop. 6 and La, 3

THEOREM 6. Llet £ * v L EEX be the afgebraic de La Vallee Pousain

convolution {ntegratl with integhat m = [Bnl, 0 <B < 1,defined via (5.4),
One has fon each r € P

-ZrM%

2

a) lg*v, - £ll, <Mn (L-n"%;D ;%) (f € Wg; n €W

r

n—2(r+a))

r . L = .
b) D fGLlpl(a;X) =’Ilf*vm'n— fIIX-O( n+>«;0<a<1),

c) The integhal f * Von {3 not saturated in X, L.e. gor any
r

anbitrary function ¢ as in Prop, 3 there exiats an £ € X, £ #const,

(a.e.)fe.g. £ any polynomial), auch that

I£ * Voo fo = o(p(n)) (n > =),

r

In the case n-m remains bounded, one can proceed similarlyas

for the Fejér means below, noting that £ * F = f » Vn,n (see [ 34]
for the Gegenbauer case).

' Concerning the Fejér means £ * F  we have by (5.9), Prop. 6

and Prop. 4

THEOREM 7: One has for £ * F ,f € X, n>e,

0(n~ %% , 0<a<1/2
L -1 _
a) f e Lipl(a;X)=*Hf * Fn -fHX =¢ 0(n “logn) , 0= 1/2
-1
O(n ™) , 0 > 1/2.

b) £ € Lipll'(a:x) = I *F_- fllx=0(n'2°‘) (0<a<1/2).
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1

c) The integraf £ * F 44 saturated in X with onder 0(n™").

Note that Kallaev [35] not only showed that £ « F  1s satu-
rated in C [-1, 1] with order O(n—l) but actually determined the
saturation class, i. e. the class of functions £ for which
I€ * F_- £li, = 0(n” "), It consists of all £ & C[-1,1] for which

G € Lipl(l;c), where

1

X 2
G(x) == [ (l'EE')l/Z P! (u)du, P(x) 3= £ (u) (u - x) "/ 2au,
Jloy x-u N

In other words, he studied part b) in the case a =1/2. For a point-

wise analogue of part a) see Rafal'son [45].

6. THE ROGOSINSKI SUMMATION METHOD

It is well-known that the convolution integral generated by the
Dirichlet kernel Dn of (5.2) fails to be an approximation processin
X unless X = LP(-1,1), 4/3 < p < 4 (see [44], [42]). Instead of D

we now consider the "shifted" Dirichlet kernel

- . - yh
(6.1) Rn(x;xn) = Rn(x) : (Tann)(X) = Ek=0(2k-+l)Pk(xn)Pk(x)

(n€ ; x€ [-1,11]),

where {xn} is a suitable sequence of reals in (-1,1), This kernel
may by Christoffel's summation formula be rewritten in the closed

form

Pn(x)Pn+l(xn) B Pn+l(x)Pn(xn)

Rn(x;xn) = (n + 1) (x # xn).

- X
n

The construction (6.1) corresponds to the trigonometric Rogosinski
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kernel (see [47] and e.g, [9, p., 56, 106] )

— n .
Bn(g) := 1 + 22k=l cos]cgn cos k (n €P; £ €R)

which forms an approximation process if e,q. Ly = m/(2n + 1) or

Ly = m/(2n). In view of Prop., 1 the x in (6.1) have to be chosen in

such a way that

(6.2) IR I, <M (n € P)

(6.3) l1im Pk(xn) =1 (k € N) respect. limx =1,

n-> <« n-> o
for in this case

(6.4) lim R%(k) = lim Pk(xn) = Pk(l) =1 (k € ),

n-+ ® n> ©

The following lemma gives sufficient conditions for (6.2) and

(6.3) to hold:

LEMMA 4: Let {xn}nGEP c (-1,1) be such that

(6.5) 1% - x| = 0™>/?)

(n > =),

where X ~4s the fargest zeno of P _(x), >_<0 anbitnany, Then  (6,2)

and (6.3) are valdd,
PROOF: By Bruns' inequality (recall (3.13)) we have

(6.6) [1-x| < [1-% !+ [% -x_| =0m"% + 0m™/?) =0m™?
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for n+«, This implies (6,3), Applying Abel's transformation twice
we obtain
n-1

(6.7) SR_o(2k +1)P (% )P, (x) == 2070 D, (x)EB, (x ) + D_()P_(x)

- Ei;g(ki-l)Fk(x)Zsz(xn) -nF,__; (x0)AR__  (x) + D_(X)P_(x ).

- . _ . . -2 _ _
Here APk(xn) = Pk+l(xn) Pk(xn) is the first and A Pk(xn) —Pk+2(xn)

2 (xn) + Pk(xn) the second difference of {Pk(xn)}kE:IP .

Pri1

Making use of the well-known representation (see e.g.[57, p. 88])

VZ Il cos [(k+1/2)arc cos ul 4. (x € (-1,1))
X

P (x) =
k T 172 1 _ 2,172

(u-x)
and the generalized mean value theorem, we obtain with A(u) € (0,1)

-2 _
A Pk(xn) =

ﬁ[l cos[jk+5@érccosu]-zccil(k+3/2)ﬁarcco§u]+cos[(k+Q2Jarccosu]du
X

(u - xn)l/Z(l _ u2)l/2

V2 L. arccoszu cos [(k+1/2 + 2x(u)) arccosul
- 1/2 2. 1/2 du .
X (u - xn) (L - u”)

1 1 1 1 1
0 < J du < j — 11
= (l+xn)l/2 X (u-xn)l/z(l-u)l/2

du=0(l) (n-)ec),

(1 + xn)l/z_ Jo (1 -u) /2,172

one can estimate the second difference using (6.6) by
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IZZPk(xn)| < M arccoszxn = O(n-z) (n > =),

In a similar way one has for the first difference

A -1
IAPn-l(xn)I < M arccos x_ = O(n ™) (n » ®),
and using Markov's inequality (e.g. [36, p. 99]) for A€ (0,1),
IPn(Xn)’ = [Pn(xn) -Pn(Xn)I = Ixn_ xnl ’P;l(xn'*')\(xn-xn))l
< Mlx -x }nz = 0(n l/2) (n > =),

Applying these three inequalities in (6.,7) leads to

< M{n-z En-2

k=0 !

-1/2
IIRn I (k+l)llelll + lan + IIDnIIl n }

1 -1"1

which yields (6.2) since HFkHl <F, k€ P, and (see e.g. [32])

1im n-l/ZHDnH =2/2/7 . ¢

n->« 1

In view of Prop. 1, La. 4 and that (6.3) implies (6.4), there
follows

COROLLARY 3. If {x_} € (-1,1) 4is such that !in-xn[ - on~37?,

n€ P
n->®, then one has for each £ € X

{6.8) lim £ * R - fll, = 0,

n->o

REMARK: Note that the assumptions of La. 4 are fulfilled in the
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particular case xn = xn s SO that one may use in instead of xn in

Cor. 3., The kernel Rn(x;§n) may also be rewritten for x #'§n as

P_(x)P_ .. (%)
n-1 - _ n n+l'"n
Tecg (2k+1)P, (X )P (%) = (n+1) = .
n

(6.9) Rn(x:Xn)

This form shows that the Fejér-Korovkin kernel Kyp-o ©Of (L.22) is

actually the square of Rn(x;in) apart from a normalization factor:

(x) (1-§I21) ( )

K b4 RO(x:x

2n-2 2.2 - "“n
(n+1) Pn+l(xn)

The analogous result in the trigonometric case, namely that this
kernel is essentially the square of a particular Rogosinski kernel,

was first noticed by Stark [52].

Let us finally consider the rate of approximation in (6.8). By

the convelution theorem one has for each P, € Pn

(6.10) (p, * R)(x) = (1, p_) (%) (x € [-1,1]).
n

THEOREM 8. Let Rn(x,-xn) be defined as Ln (6.1) where {xn}nePC(—‘l,l)

-5/2

satisgies |x_ - §n| = 0(n ) 4on n->=, One has fon £ € X

n

L L -2
a) “f*Rn- fllxiMEn(f;X) +wl(xn;f;x)i Mml(l-n 1£:¥) (n€P)

b) £ € Lipl(a;X) = If * R - fll, = 0in™%%)  (n+e; 0<a<l).

c) The integrat £ * R, of Legendre-Rogosinaki £s satunated in

X with onden O(n_z).

PROOF: Let p}"l € P be a polynomial of best approximation to f €x,
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Using Minkowski's inequality and (6.10), one obtains

* - * - p¥ * * -
I£*Rr - £, < If * R n ¥R N+ Ilpf * R - £,

In

o w -
”Rn”l E (£:X) + ”Txnpn Txn f"x + "Txnf f“x

|~

L
(”Rh“l + l)En(f;X) + ml(xn;f:x)

which is the first inequality of part a); the second follows by Prop,
6a), (6.6) and (2.12), Part b) follows by a) and Prop. 6b) or (3.14)

and Prop. 5. Finally the saturation result can be derived from Prop.

4 since
1 =-R" (k) 1-P (x)
1im——n—-=lim———]5—n—=P]'<(l) =£.(-k—+_l.)— (k € W).no
ne 1 - x nse 1 - X 2

Note that Kallaev [ 35] states without proof the saturation class

of a particular Rogosinski-type integral.

7. APPROXIMATION RATES EXPRESSED IN TERMS OF CLASSICAL MODULI OF
CONTINUITY

The reader may object to the fact that the rates of convergence
of the various convolution integrals given by parts b) and a) of Cor.
1 and Thms, 2-8 are expressed in terms of moduli of continuity or
Lipschitz classes which are defined via the Legendre difference

(t,£) (x) - £(x) and not the classical differences (Aif) (x) = £(x+h) - £(x),

(A2£) (x) = £(x+h) +£(x-h) - 2£(x). However, the "Legendre " Lipschitz

classes are actually equivalent to certain pointwise Lipschitz classes
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defined via (A;f)(x), i=1,2, at least for X =C[-1,1] , as was

shown in [55, Sec., 61].

The pointwise moduli of continuity of £ € C [-1,1] for x€ [-1,1]
with respect to the differences Aﬁf(x), i=1,2, and the associated

Lipschitz classes of order o >0 are defined by
@, (nix;£5C) s= sup{‘,Aif(x)l: h€[-nmnlN[-1-%, 1-x]}

(7.1) Q,(n;x;£;C) t=supl|A2£(x)|; h € [n,n1nf1-%,1-x1N[-1+x,1+x])

2
P-Lip, (0;C) t={£€C[-1, 11; o, (nyx:£;C) = 0((—13—2>°‘>, n > 0+}
- X

It was indeed shown that

P-Lipl(a;C) (0 <a<1/2)

(7.2) Lip&(a;c) =

P-Lipz(a;C) (0<a<l).
Using these results we have

THEOREM 9: The {olLlowing assentions are equivalent fon £ € X and O<o<l:

(i) £ e Lipi(u;C),

(ii) £ € p-Lip, (a;C),

(ii1) E_(£;0) = 0(n %% (n + =),
(iv)  IE* K_- £l = 0(n 2% (n > =),
(v) IE * 4, - £l = 0(n”%/?) (n » @),
(vi) e * w - £l = 0(t™) (t + 0+),

(vii) A £- £l =001 - n)%) (h > 1-),
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(viii) If » Vian],n " f||C = 0(n 2%) (n »o; 0<B < 1),
(10 If*R - £l = 0(n %% (n + ),
provided {x } satisfies |xn-—§n| = O(n-s/z).

Funthemwmone, £4 0 <a<1/2, the asserntions {(i)-(ix) are also equiva -

Lent to
(%) £ € P-Lip, (a;C),
(x1) £ *F_- £, = (a7%% (n » =).

If one is only interested in direct approximation theorems, it
is also possible to connect our results on rates of convergence with
the classical moduli of continuity and Lipschitz classes, even in

Lp-spaces. They are given by

1
w,{n;£;X) = sup lA” £ _ _
1 0<h<n h X[=-1,1-nh]
(7.3) wy(ni£;%) = sup WAR €N, (L) p 1o )
0<h<n !
Lip, (a;iX) ={f € X; w,; (n;£;X) = 0m*)y,n = 0+} (i=1,2; a>0),
where || « "X[a b] indicates the X-norm taken over the interval [a,bl

By a well known result on best approximation (cf. [24, p. 145]), namely
(7.4) £ € Lip, (a;%) * E_(£;%) = 0(n" "% (n+=;r €P,a >0),
we find in view of Prop. 6b)

(7.5) £ € Lip, (0;X) = £ € LipX(a/2;X) (0 < a < 1)
1 1 =

(7.6) f € Lip,(a;X) = £ € Lip}(a/2;X) (0 < a < 2).
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The latter three implications will now be used to derive the direct
results. In the case of the integrals of de La Vallée Poussin and
Fejér-Korovkin one obtains by (5.8), and Thm. 2b) together with the

inequality

(7.7) wy(N:£:X) < Mnw, (n;f';X) (f' € X; n>0),

respectively, the following

COROLLARY 4: a) Fon the singulan integrnal f *v fex, 0<g<1,

IBnl,n’
one has fon any r € P
£ € Lip (a;%) = NExvp, - £l = 00T (ns e 0<agl)
£7) e Lip,(a;x) = NE*vig gy = Ely = 0™ %) (> = 0<az2).

b) For the singular integraf £ * Kn , £ € X, one has

0(n %) (n> @3 0<a < 1)

f e Lipl(a;X) = ||f * K, - fo

0(n~ %) (n>w;0<0 < 2)

£ € Lip,(a;X) = lg + x_- £,

-1l-a

f' € Lipl(u:X) = ||[£ * Kn- fHX = 0(n ) (n=+ o 0<a<l).

To extend the last implication tc o =1 we have to restrict

the assertion tothe case X =¢C [-1,1].
COROLLARY 5: For f£f' € Lipl(l;C) there hotds

Ilf*Kn-fIIC=0(n_2) (n > =),
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PROOF: We need the following implications

(7.8) £ ELipl(a;C) =’f€Lip2(l+u;C) =’fEP-Lip2((l+oe)/2,-C) (0<a<l)
(7.9) £&P-Lip,(1;C) = mi(é;f;C) = w (L =8;£;C) +0(1=8) (& » 1-).

(7.8) follows by (7.7) and the definition of Lipz, P—Lipz; (7.9)
can be found in [ 55, Sec. 6]. If f' € Lipl(l;C), then one has by
(7.8) and (7.9) that w-(8:£:C) = O(L - 8), 6§ >1-, yielding the as-

sertion by Thm. 2b).no

Cor. 4b) and Cor. 5 solve the problem posed in the introduction
as well as its extension not only in C([-1,1] -space but also for
Lp(-l,l), 1 <p< o, apart form the case f' € Lipl(l;Lp). The al —
gebraic de La Vallée Poussin sums have a much better approximation
behaviour. According to Cor 4a) they actually approximate any given
f € X with the same order as do the algebraic polynomials of best
approximation.

Let us recall that the integrals considered in this paper are
convelution integrals of the form (2,1) (the convolution being under-
stood in the Legendre sense) and not of the form (1.4). These inte —

grals may, however, readily be rewritten in the form

1
(7.10) L f(u)x (x;u)du (p € &)
2 .1 P
1
with J xp(x;u) du=2,x€[-1, 1]. For example, the Rogosinski. inte-
-1

gral can be written as (7.10) with

xn(X;U) = (TuRn(':xn))(X)
n
= (2k+l)Pk(xn)Pk(x)Pk(u) (x,u € [-1,1]; n € P).

k=0
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Another example of a singular integral written inthe form (7.10)
was the integral Jznf of (1.2). Lupag' result (1.3) for this inte-

gral can also be derived from Cor. 1. Indeed, since

~ 2
3 2,0
T—_(Pr(l, ))2 (1) _—...1'21_’*11'1___ (n €P),
n“ +3n+3 n" +3n +3
one has that for each f € X
L 3
(7.1L) "Jznf- fo 5_24ml(l - ~3——————-;f;x) (n € ).
n +3n+3

If X=C[-1,1], an easy calculation (cf. [55, Sec. 6]) shows that
wl(81£5C) <Mu (/T8 £:C) (fec[-1,1]; -1<6 <1)
which vields

I3, £f- £fllo <Mw, (1/n7£;C) (f€C[-1,1]1; n € WN).

c
This is (1.3) apart from a constant. Using our methods it can even
be shown that J2nf approximates f in C [=1, 1] - space with order
O(n-l-u) provided f' € Lipl(a;C), 0 <a < 1. Moreover, Jan is satu-

rated in X with order 0(n~%). A result of the type of Thm. 2b) also

holds for J., f.
2n

Let us finally conclude with an unsolved problem. Does there

exist a triangular matrix of distinct nodes {xk n}E-O ' n € IpP,
, =
-1 <% <+ 1 and a triangular matrix of fundamental functions
’

{¢k n(x)}]r:_0 n € P, defined on [~1, +1], such that the linear sum-
. =
mator operators (Lnf)(x) = E£=0 f(xk,n)wk,n(x)' fecl[-1,11, are

positive algebraic polynomials of degree n and
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L £ - = 0(n~%

fllor-1,1]

provided f € Lipz(a;c [-1,1]1), 0<ax27?

The point is that the Yk n should be defined as constructive-
r
ly as the corresponding functions in the case of the Bernstein poly-
nomials defined over [=-1, 1], namely
k

b 0 =27 @+ wFa - ",

r

and these are known to approximate only with order O(n_a/z) under
the same hypothesis.
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1. INTRODUCTION

Let F be a non-archimedean, non-trivially valued field, which
is locally compact for its natural topology, X a zero -dimensional
Hausdorff space, E a non-archimedean locally convex Hausdorff space
over F, and T the directed family of all non-archimedean continuous
seminorms on E. (For the definition of these terms, see [1], [2 ]
and [3] .)

C(X,E) denotes the vector space, over F, of all continuwus func-

tions from X to E, and L is a fixed vector subspace of C(X,E).
An L-weight is a function w from X to F such that p o (wf) is
uppersemicontinuous and null at infinity, for every pET and

f € L. If W is a set of L-weights, then the non-archimedean seminorms
fEL > sup[w(x)£(x)], for p €T , w€ W, endow L with a weighted
XeX

topology T under which L is a non-archimedean locally convex

W !
space. In this case, (L,Tw) is called a non-archimedean Nachbin space

If S is a collection of functions from X to E, we set
S(x) = {s(x) € E; s € S}, for each x € X, and we say that S is non-
vanishing on X if for every Xx € X there exists s € S such that
s(x) # 0. W is called directed if, given WyiW, € W, there exists

A >0 and w € W such that |w,| < A|w|, for i=1,2. The following

il
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facts are clear:
(i) If W is non-vanishing on X, then (L,rw) is Hausdorff.
(ii) If W is directed, then the sets {f € L;)s‘gp [Ww(x)EX)] <e},
for p €T, wE€W, ¢ >0, form a basis of 0-neighborhoocds
for (L,TW).
(iii) If W 1is non-vanishing at X, then, for each xEEX,GX:L-+E,

defined by dx(f) = f(x), is continuous and linear.

2. EXAMPLES

(i) If L = C(X,E) and W is the set of F-characteristic func-
tions of compact subsets of X then Ty is the compact-
open topology in C(X,E).

(ii) If L = CO(X,E), the vector space of all continuous func-
tions from X to E which wvanish at infinity, and W=1{1},
then Tw is the uniform topology in CO(E,X).

In particular, if X is compact, we get CO(X,E) =C(X,E).

(iii) If X 1is locally compact, L = Cb(X,E), the wvector space
of all bounded continuous functions from X to E, and
W = CO(X,F), then T is called the strict topology in
Cb(X,E).

We notice that in all these cases W is non-vanishing at X,

and that, in the first two cases, W is directed.

3. THE BOUNDED CASE OF THE NON-ARCHIMEDEAN BERNSTEIN-NACHBIN PROBLEM

Given a subalgebra A of C(X;F) and a Nachbin space (L,Tw),
the non-archimedean Bernstein-Nachbin problem consists in describing
the closure of a vector subspace M C L which is a module over A,
that is, such that AM C M.

For =, vy € X, we say that x =y (mod A) if and  only if

v(x) = ¢(y), for every v € A. We denote by X/A the quotient of X
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by this equivalence relation. Each Y € X/A being a closed subset
of X, one easily sees that W|Y is a set of LIY-weights, and then
(L|Y ,Twly) is a non-~archimedean Nachbin space. M is then said to be
Localizabfe unden A in (L,Tw) if the TW-closure of M in L coin-
cides with (or, equivalently, contains) the set £A(M) = {f € L, such

that f|,, belongs to the TW|Y closure of M|, in L[y}.

Y
The hestricted non-archimedean Bernstein-Nachbin problem con-
sists in asking for conditions under which localizability holds.
The bounded case of the non-archimedean Bernstein-Nachbin prob-
lem occurs when the functions in A are bounded on the support of
every function in W,

We have then the following:

THEOREM 1: In the bounded case, everny A-modufe contained {n L i4

Localizable undern A An (L,rw).

PROOF: The proof is an adaptation of the one given by Nachbin ([4])

in the real case, and is based on the following

LEMMA: Let A be a unitary closed subalgebra of Cp(X/F) equipped
with the supremum noam. 1§, gor every Y € X/A, K, {8 a compact sub-
set 0f X which {4 disfoint from Y, then there exist Zl,“.,anEXZA

and SRR € A such that:

(i) Yk =0 i=1,s.0,n;

7,

1
ij = i * a a a H
(11) lle i sup o, (0] <1, i*1,....n;

n
(iii) 2 wi(x) 1, x € X.

i=1

PROOF OF THE LEMMA: Let BX be the Banaschewskl compactification of

X and B :Cb(X,F) > C(BX,F) the isometry such that B(f) = Bf is the
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only continucus extension of f to BX (see [5] ). Then RA, the image
of A under B, is a unitary closed subalgebra of C(B8X,F). If G 1is
the quotient space RBX/RA and 17 : X *» G the canonical projection,
then G is compact, Hausdorff, and zero-dimensional (see [6] ). Now,
for Y € G, we have that Y N X # ¢ if and only if Y € 7 (X) and, in
this case, Y N X € X/A, Then K is a compact subset of X, which

¥Ynx

- . . 0 =
is disjoint from Y N X. This implies that Y € 1(X) T(Ky A %) ¢. By

the finite intersection property, there exist Yl,...,Yn € m(X) such
n
N = = N = \
that i=lﬂ(KYi”X) ¢. Putting 2z, =Y, 0 X and vy GTT(KZi),
for i =1,...,n, then (Vi)liiin is an open covering of G. By [6],
Lemma 2.1, we can find hl""'hn € C(G,F) such that:
(i) h.l T (K. ) =90 i=1,...4n;
Z
i
(ii) IIhiIIoo <1 i=1,...,n
n
(1ii) Z hi(t) =1 t € G.

i=1

Letting wi = hi o € C(BX,F), then each wi is constant in each
element of RX/BA, sc that, by the non-archimedean Stone-Weierstrass
Theorem for compact Hausdorff zero-dimensional spaces (see [ 6]), each
wi belongs to BA. Putting v, = Vi <! we get the desired result.

Now we go back to the proof of the Theorem. If B is the sub-
algebra of C(X,F) generated by A and the constant function 1, then
it is clear that M is an A-module if and only if it is a B-module,
and that M i1s localizable under A in L if and only if it 1is lo-
calizable under B in L. Thus, we can assume A to be unitary.

Suppose first that A C C,_(X,F) and let A be the closure of A

in C (X,F). Clearly, X/A = X/A. Let then f €L, M, €50, WyreersW €W

and p=1I1 Il €T be given. For each Y € X/A, there exists gy €M
such that, for x € ¥ and j=1,...,m, [wj(x)iﬂf(x) - g (0l < e
m
The set K, = U {x € X; Jwi(x)] If(x) - gy, (x)Il > ¢} 1is com-
Y j=1 J Y -

pact and disjoint from Y. By the Lemma, we can find Biressel € X/A
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€ A =
and 2% (¥, €A such that wi‘KZ, 0, Nwillcc < 1. Letting

g; = gzi , we get, for x€ X, i=1,...,n, J =1,...,m:
ij(x)l Iwi(x)l g, (x) = £(0)ll < slwi(x)l,

as one can see by distinguishing the cases x € Kz and x £ K
1

It follows that, for x € X, j = 1,...,m,

n n
|wj(x)| llizl v, (X g, (x) - £(x)ll = |wj(x)| ”ifl v, lg, (x) - £ <
< |wj(x)l m?x le; () | lg; (x) —£(x)ll < ¢ mix los (x) ] < ¢

Since each Wi € i, there exist a; € A, for each i, such that

Ila.l - wiuw < ﬁ% . where k =1 + max sup |wj(x)| Hgi(x)ﬂ. Then
i.,] XEX
n
|wj(x)f ”ifl [a; (x) -¢, (x0)1g; (O < [wj(x)lmixlai(x) -e () gy (x)
< ﬁ% max |w.(x)| Hg (x)ll < e,
o i
1,3
so that
n
lwy () | I 2 (g0 = 20l =
n n
= |wj(x)| H_§ [ai(x)'-wi(x)]gi(x) + _§ wi(x)gi(x) - £(x)l <¢.
i=1 i=1
As aigi € AM C M, this proves that f belongs to the closure of M
in L.

Finally, in the general case when A C C(X,F) and for each

¢ € A, w € W, ¢ is bounded on the support of w, given f € £A(M),
m
g > 0, LARERRIA EW, PET, we take ¥ = jgl supp wj, which is closed

in X, and get A|Y € C, (Y,F). Replacing X, W, L, A, M, 1, by
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Y, W|Y’ L|Y’ A|Y’ MlY’ TW|Y respectively, we apply the previous re-

sult, obtaining that £ (MlY) is contained in the closure of M\Y

Aly

in L|,, . Since it is easily seen that f|, € £, (M|,), we can find
Y Y~ TAlyU Y

g|Y € M|Y such that p[wj(x)(f(x) - g(x))] < e, for x €Y, j=1,...,m.

But since wj(x) =0 if x € X\ Y, this holds for every X€ X, wvhich

proves that f belongs to the Tw—closure of M in L. So M is 1lo-

calizable under A in (L,Tw).

COROLLARY: I§ A .4 separating and we are Ln the bounded case, then:

(i) Given f € L, then f befongs to the T closune of M 4An
L {4 f£(x) befongs to the cfosure 0§ M(x) 4in E, fon
every x € X.

(ii) M 44 dense in L, if§f M(x) is dense in L(x), {4or every

X € X.

PROOF: (i) Since A 1is separating, the elements of X/A are single-

tons. Given then € > 0, p € T, WireeseWp € W, x € X, there exists,

by hypothesis, g € M such that pl £(x) - g(x)] < ﬁ% . where

k = 1 + max |wj(x)i. Then p[wj(x)(f(x) - g(x))] < e, for j=1,...,m
J

which proves that £ € £A(M). The result follows by Theorem 1.

(ii) Follows from (i).

REMARK: It W is non-vanishing on X, then the converses of (i) and

(ii) in the Corollary hold, even without the hypotheses on A.

4. THE SCALAR CASE

In the scalar case, E = F 1is (non-archimedean) normed by the
absolute value., If the subspace L of ¢C(X,F) is fixed, then every
subalgebra A of C(X,F) contained in L is an A-module. We have

then, as particular case of Theorem 1:



NON—ARCHIMEDEAN WEIGHTEO APPROXIMATION 127

THEOREM 2: [In the bounded case, eveny subafgebra A of C(X,F) con-

tained in L is fLocaflizable unden itself Lin (Loty)

THEOREM 3 (Stone-Weierstrass): Let A be a subafgebra of C(X,F)
contained in the subspace L 04 C(X,F), and assume the bounded case.
Then, in onder that a given £ € L belongs to the Ty~ closure of A
An L, At 48 sufficient that both

(1) g(x) =0, gon every g € A, Amplies f£(x) = 0, and

(ii) g(x) g(y), fon every g € A, implies f£(x) = £(y).

1§ W {5 non-vanishing on X, then these conditions ane also

necessany,

PROOF: For the sufficlency, it is enough, by Theorem 2, to show that
f € IA(A). Given Y € X/A, (ii) implies that f 1is constant in Y.
Let X be this constant wvalue. Fixed X, €Y, if X # 0, (i) implies

that there exists g € A, such that g(xo) # 0, Since g is also

. _ A _ B _
constant in Y, then h = -ETEST g€ A and h|Y = f|Y.(If A=0, h=0
will do). Then, given € > 0. Wys...,w, € W, iwj(x)i |h(x) —f(x)| =0<¢g,

for xe€ ¥, j=1,...,m. So that £ € £A(A).
As to the necessity, assume that W is non-vanishing on X, and

that f belcongs to i, the rw-closure of A in L. Then if x € X is

such that g(x) = 0, for every g € A, take 6x as in §1, and we
get:
£(x) = 5 (£f) € § (A) € §_(M° = [01° = {0}
X X b4 !
since E is Hausdorff, so that £(x) = 0. Similarly, if g(x) =g(y),
for every g € A, the same reasoning with 5x - éy shows that
f{x) = £(y).

COROLLARY: (a) 14§ A 44 a subafgebra of C(X,F) and f € C(X,F),
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then £ belongs fo the compact-open closune of A if and only if

(i) g((x) 0, fon every g € A, implies £(x) =10

(ii) g(x) g(y), for every g € A, implies £(x) = £(y).
(b) I§ A 4{is a subalgebra of CO(X,F) and f € CO(X,F), then £ be-

Longs to the unifonm closune of A A4 and only L4

(1) g(x) =0, for every g € A, implies £(x) =0
(i1) g(x) = g(y), 4or every g € A, implies £(x) = f(y).
(c) 14 X 4is Locallfy compact, A L4 a subafgebra of Cb(x,F) and

fec,x,m, then f befongs to the sitrict closure of A A4 and

only L4
(1) g(x) =0, for every g € A, implies £(x) = 0.
(ii) g(x) = gly}, for every g € A, implies £(x) = £(y).

5. DENSITY IN TENSOR PRODUCTS

If s and T are, respectively, vector subspaces of C(X,F) and
E, then S @ T denotes the set of all finite sums of functions of
the form x > s(x)t, with s € S5, t € T, Similarly, if Xl and X2

are zeéro-dimensional Hausdorff spaces, and S]_ and S are, respec-

2

tively, vector subspaces of C(xl,F) and C(XZ,F), then Sl e 82
denotes the set of all finite sums of the functions o©of the form

(Xl,XZ) > sl(xl)sz(xz), with s; € 5, S, € 82‘

THEOREM 4: 1§ A (s separating and non-vanishing on X, A®@ECL,

and {§ we are in the bounded case, then A ® E .3 TW-dQHAZ in L.

PROOF: A @ E is an A-module, and (A @ E) (x) = E, for every x € X,
since A is non-vanishing at X. It suffices then to apply Theorem 1,

Corollary.
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COROLLARY 1:
(i) C(X,F) @ E {4 dense in C(X.,F), for the compact - open
topology.
(ii) I4 X 44 Locally compact, K(X,F) @ E .4 dense in COUQE),
for the undform Zopology. (K(X,F) A5 the set 0§ atf con-
tinuous scalar functions with compact support) .
(1ii) 14 X 44 Locally compact, Cp(X/F) ® E 44 dense in G, (X/E) ,

forn the sinict topology.

COROLLARY 2 (Dieudonné):
(1) (C(X{,F) ® C(X,,F)) ® E s dense in C(X; x X,,E), fon
the compact-open topology.

(ii) C(Xl,F) ] C(XZ,F) {8 dense 4in C(xl X x2) ® F.

6. EXTENSION THEOREMS

THEOREM 5: I4{ E 4is a non-archimedean Frechet space over F, and Y
{56 a non-empty compact subset of the zero-dimensional Hausdonrff space
X, then every E-vafued continuous function on Y can be extended %o

a bounded continuous function on X.

PROOF: We will employ a technique due to De La Fuente [7] . The
linear mapping Ty :C(X,E) » C(Y,E), defined by T (f) = f|Y . is
clearly continuous for the compact-open topologies in both spaces.
For S C C(X,E), denote TY(S) by S|Y' Then A = Cb(X,F)lY is a
unitary subalgebra of C(Y,F), and M = Cb(X,E)[Y is an A - module.
Since the constant functions belong to M, M(x) = E, for each xX€Y,
By Theorem 1, Corollary, Cb(X,E)]Y is dense in C(Y,E).

Assume first that X is compact. Then C(X,E) is a Fréchet

-1

spaces and so is its quotient by the closed subspace K = Ty (0). Now
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we claim that C(X,E)/K 1is linearly and topologically isomorphic to

C(X,E)|y ., for which it is enough to prove that T, is atopological

Y
homomorphism. Indeed, given U, a basic neighborhood of 0 in C(X,E),

I

then U {fge C(X,E); plg(x)] < e; x € X} for some p€ T, ¢ > 0.

Then V {h € C(Y,E); pl[h(xX)] < €; x € Y} is an open neighborhood
of 0 in C(Y,E). Since it is evident that T (U) € V N [C(X,E)|y I,
it is enough to prove the reverse inclusion. Let then h = le €V,
with g € C(X,E). Then G = {t € X; plg(t)] > ¢} is compact and dis-
joint from Y. By ultra-normality of X, there exists ¢ €C(X,F) such
that ¢ is 0 on G, 1 on Y, and |¢| < 1 on X. Then f=y¢g € C(X,E)
is such that f € U and TY(f) = h, which proves that h € TY(U)'
Therefore, C(X,E)lY = Cb(x,E)|Y is complete, and thus closed in
C(Y,E). Since it is also dense, we get Cy (X/E) |Y = C(Y,E).

Now, in the general case, take BFX the Banaschewski compact-
ification of X. By the previous result, C(Y,E) = C(BFX’E)|Y' Then,
given f € C(Y,E), there exists h € C(BFX,E) such that £ =h|Y.The

function g = h[y 1is the required extension.

THEOREM 6: 14 E 4is a non-archimedean Fréchet space over F, and Y
is a closed subset of the zero-dimensionaf Locally compact Hausdonrg4
space X, then every function Ln CO(Y,E) can be extended to a junc-

tion 4Ln CO(X,E).
PROOF: We omit the proof, which is similar to that of Theorem 5.
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THEORIE SPECTRALE EN UNE INFINITE DE VARIABLES
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1. L'utilité d'une théorie spectrale et d'un calcul fonctionnel holo-
morphe en une infinité de variables a été mise en lumiére par la re-
cherche de conditions d'unicité pour le calcul fonctionnel holomorphe
d'un nombre fini de variables et des algébres a spectres noncompacts
(c£ [2]). Disons, de fagon schématique, que l'unicité est &tablie
pour undomaine spectral pseudoconvexe et en particulier polynomiale-
ment convexe et que, d'autre part, tout domaine de c” peut s'inter-
préter comme laprojection d'un domaine polynomialement convexe, mais
d'un nombre infini de variables.

De fagon classique, étant donnée une algébre A, commutative et
34 elément unité (toutes les algébres seront supposées désormais telles),
on se donne des éléments aj,..-,a  de A et on définit le spectre
c(a) de a = (al,...,an) comme l'ensemble des points s = (sl,.u,sn)

de ¢

tels que 1'idéal engendré par a; ~Sy,-..,8, -8 soit pro -
pre, plus précisément comme le filtre des complémentaires des parties
S, dites spectrales, sur lesquelles on peut trouver des fonctions

s - ui(s) bornées verifiant E(ai - si)ui(s) = 1.

2. Pour décrire une situation semblable en dimension infinie, 1l est
naturel de remplacer ¢ par un espace localement convexe E et la

donnée de ay,...,a, par celle d'une application linéaire bornée a

133
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du dual E' de E dans A.

La notion de spectre correspond alors 3 ce qui suit: pour un
systéme fini ¢ = (wl,...,wn) d'éléments de E', c'est 4 dire uneap-
plication lindaire continue ¢ de E dans €7, on peut considérer
a_ = (a(wl),...,a(¢n)) et son spectre o(a¢), plus précisément un en-

")
semble SW spectral pour aw. On s'inté&resse 3 des familles (s.)

@
vérifiant des conditions d'uniformité: n est fixe (ou majore), et les
fonctions u; exprimant que SW € o(aw) sont bornées indépendamment
de v . Ainsi les ensembles spectraux sont-ils remplacés par des fa-
milles d'ouverts ﬂ¢ = Gl(sw) qui s'ordonnent en un systéme projec-
tif.

Avec les notations qui précédent le calcul fonctionnel classi-
que est un morphisme f > f[a] de l'algébre O(GS) des fonctions ho-
lomorphes 3 croissance polynomiale sur le domaine spectral S dans A,
c'est 3 dire telles que fﬁg soit bornée pour un certain entier N,
ol GS est la distance dans CN au complémentaire de S.

L'algébre A qui intervient en dimension infinie ades éléments

de la forme

(1) f=Zx f
correspondant 3 une famille spectrale (Sw), ol z | Aw| < oa, ol
f € 0(6S¢) et vérifie dans cette algébre des majorations indépendan-

@
tes de ¢ . Le calcul fonctionnel s'obtient en posant

a = XA £ [a].
(2) fla] 0 ¢[ w]
Plus précisément on le définit d'abord pour des sommes telles que (1)

n'ayant gu'un nombre fini de termes, et on le prolonge par passage

au complété, l'algébre A ayant été définie elle-méme de cette fagon.
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3. Un probléme, clef pour l'unicité du calcul fonctionnel en un non-
bre fini de variables, se pose: peut-on considérer 1'algébre u?«xmne
une algébre de fonctions sur un domaine X de E? De fagon évidente

si X est la partie de la limite projective des ﬂb définie par

inf 6S (‘p(s)) > Ol
¥ ¥

on a un morphisme de 04 sur une algébre ¢ez de fonctions sur X, dont
l'injectivité n'est malheureusement pas claire. S'il n'y a pas de
probléme dans le cas d'un produit, la situation n'est pas élucidée
dans le cas d'un produit fibré sur un domaine de ¢, sauf si ce der-

nier est pseudoconvexe (cf [1], [2]).

4. Délaissant ici le probléme de savoir si les fonctions holomorphes
du calcul fonctionnel sont des fonctions, concentrons—nous sur le
spectre et cherchons si on peut remplacer dans certains cas le sys-
téme projectif des G% par un domaine £ de E. Pour cela il faut
pouvoir connalitre des familles (Sw) i partir de la seule donnée de £2.

I1 est naturel de considérer, pour n donné, les familles é&qui-
continues d'applications linéaires ¢ de E dans ¢” etles familles
des parties S de €" telles que Sw contient 1'image par ¢ de {2,

P
ce qui se traduit plus exactement par le fait que

(3) inf (6§g o¢)(s)> 0 pour tout s € o.
v 17
I1 faut noter & ce sujet que la derniére condition rend en
général impossible pour X¢ , avec A parcourant ][0, 1], le choix
o
de AS .
Yo

Llouvert £l sera spectral si pour tout choix (S¢) conforme A&

ce qui précéde on a Sw € c(aw) avec uniformité par rapport & ¢.
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Un cas particuliérement simple est celui d'une suite bornée (an)
de A et d'une suite bornée (s,) telle que S, € o(a,) avec uniformité
par rapport & n; l'espace E est l'espace Kw(d:) et (an) s'identifie
4 une application a de 1’.1 (€) dans A. Peut-on alors affirmer que la
partie X du produit des Sn’ définie par igf Gsn(s) > 0, est spec-
trale pour a ?

If faudrait pour cela que pour un élément ¢ de la sphére unité

de E', c'est 4 dire une suite (7\n) de 1’.1 (C) telle que Z| xn[ =1 on

ait ¢ () € c(a‘p), c’est & dire

(4) i )\n SnE a(i ?\n an) '
et avec uniformité par rapport & ()\n) .

En effet, s'il existe e > 0 tel que GS (zn) > e , alors Sn
n

contient la boule cuverte B(zn,s) et (&) = E?\n Sn contient la

boule ouverte B(Z )\nzn,s) de sorte que G‘P(Q) (z 7\n zn) > e.

5. On peut donc se poser de fagon générale le probléme suivant: étant
donnée une suite bornée (an) de AN et une suite (Sn) de CN telle
que Sn € G(an) avec uniformité par rapport & n, est-ce que l'on a
la relation (4) pour toute suite (7\n) de l’.l((l’) telle que Zi)xn! =1,
avec uniformité par rapport & ()\n) ?

Considérons le cas particulier d'une algébre de Banach. On
verifie tout d’'abord, en prenant des caractéres, l'inclusion suivante,

dans laquelle Sn est remplacé par l'ensemble sp(an) (qui est 1'in-

tersection du filtre a(an))

Z A sp(a ) Dsp(ZX_a ).
n n n o b

Cette méme inclusion montre donc que pour tout choix de SnG o(an),

on a la relation (4). Cependant il resterait 3 é&tablir l'uniformité
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par rapport au choix 4'une suite (Rn) de la sphére unite de ey .

Il n'y a pas de difficulté si on remplace la borne sur les ccef-
ficients u; par le fait que S contienne un e=-voisinage du spectre
avec € > 0 fixe. En effet si A® d&signe l'ensemble des points dont

la distance & A est strictement inférieure & & on a
£ _ £
Zh (sp(a ))” = (ZA sp(a)))” .
On est ainsi conduit 8 étudier la croissance des coefficients

spectraux en fonction de la distance au spectre.

Dans un sens on a l'inégalité:

2 2
\/Iul(s)l + .. + lun(s)l > d(s, sp(a))

qui s'é@tablit facilement en prenant t = x(a) € sp(a) et en sachant
que lx(ui)! < "ui||.

La question fondamentale concerne l'autre sens: peut -on pour
tout € » 0 trouver une borne des coefficients ui(s) avec d(s,sp(a))>e

qui soit indépendante de a, llal < 17?2
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MEROMORPHIC UNIFORM APPROXIMATION
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P. M. GAUTHIER*

Departement de Mathématiques et de Statistique
Université de Montréal, Canada

Dedicated in memory of Alice Roth

1. INTRODUCTION

Let F be a (relatively) closed subset of an open Riemann sur-

face R. Denote by H(F) and M(F) respectively the holomorpnic and

meromorphic functions on (a neighbouvrhood of) F. Let A(F) dencte the
functions continuous on F and holomorphic on the interior F° of F.
Recently, the problem of approximating functions in A(F) uniformly by
functions in H(R) has been considered by Scheinberg [17].In the pres-
ent paper, we consider the problem cof approximating a given function
on F uniformly by functions in M(R) and cbtain, as a corollary, a
result related to Scheinberg's. Our method of approximation is based
on the technique of the late Alice Roth [151}.

We shall rely on Scheinberg [17] for some results on the to-
pology of surfaces. Without loss of generality, we shall assume that
every Riemann surface R 1is connected. A subset is bounded in R 1if
its closure in R is compact. A Riemann surface R' is an extensdion

of R if R is (conformally equivalent to) an open subset of R', If

* Research supported by N.R.C. of Canada and Ministére de 1'Education

du Québec.
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furthermore R # R', R' is an essential extension of R. We shall say
that a closed subset F of R 1is essentially of finite genus if F has
a covering by a family of vairwise disjoint open sets, each of fi-
nite genus. Denote by M(F) the uniform limits on F of functions mero-
morphic on R with poles outside of F and by H(F) the uniform lim-
its on F of functions holomorphic on R. R* will denote the cne point
compactification of R.

The central problem in the qualitative theory of approximation
is that of approximating a given function on a given set. In thisdi-

rection we state our principal theorem.

THEOREM 1: (Localization): Let F be closed and essentially of 44-
nite genus in an open Riemann surgace R. Then, a function £ s 4in

M(F) L4 and onty L4

(L) f1l KNF e MERNTF),

forn every compact set K in R.

If we drop the condition that F be essentially of finite genus,
then the theorem is no longer true [9]. However, we may drop the con-
dition, for R planar, since it is trivially verified by all F. 1In
this situation, Theorem 1 is due to Alice Roth [15].

An immediate consequence of Theorem 1 is the following Walsh-

type theorem, which was first obtained for planar R by Nersesian [14L
THEOREM 2: Let F be cfosed and essentially of findite genus in an
open Riemann surface R. A sufficient condition for A(F) = M(F) 44

that

A(FNV) =M(F NV,
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gon every bounded open set V in R.
By the Bishop-Kodama Localization Theorem [12], we may replace
the open sets V by parametric discs.

The following is a Runge-type theorem.

THEOREM 3: Llet F be closed and essentlally of finite genus d4n an
open Riemann surgace R. Then H(F) C M(F). Moreovexr, H(F) € H(F) L4
and only if R*\ F 44 connected and Locally connected.

Recently, we proved Thecrem 3 for more restricted vairs (F , R)
[71.

From Theorem 2, we have a corollary on Walsh-type approximation

by holomorphic functions.

THEOREM A: (Schedinberg [171): Let F be closed and essentially of
dinite genus in a open Riemann surface R. A sufflcilent condition fon
A(F) = H(F) {4 that R*\F be connected and Locally connected.
Scheinberg actually obtained this result for somewhat more gen-
eral pairs (F,R). For arbitrary pairs (F,R), the condition that R*\F
be connected and locally connected is also necessary but no longer
sufficient [9 1. In fact, Scheinberg has shown that there is no topo-

legical characterization of pairs (F,R) for which A(F) = ﬁ(F) [171].
PROOF OF THEOREM A; Since R*\ F 1is connected, it follows from the
Bishop-Mergelyan Theorem [2 ] that F satisfies the hypotheses of The-
orem 2, when the sets V are parametric discs. Thus, if £ € A(F) and
g > 0, there is a 9y € M(R) with

If(z)-gl(z)|<s/2, zZ €EF .

Now by Theorem 3, there is a g € H(R) such that
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g (z) - g(z2)l <e/2, z€F.

This completes the procf of the corollary,
A closed set F in R 1is called a set of Carleman anoroxima —
tion by meromorphic functions, if for each f € A(F) and each £ posi-

tive and continuous on F, there is a g € M(R) with
l£(z) - g(z)l < (=), z € F.

The next result characterizes such sets completely when FO = . This

result is known for R planar [14].

THEOREM 4: Let F be closed with empty Lintenion in an cpen Riemann Sui-
dace R. Then F 14 a set of Carleman approximation by meromoaphdic

fjunctions Lf and only L4
C(F N K) = M(F N K),

for each compact set K.

2. FUSION LEMMA

Using Behnke-Stein techniques, Gunning and Narasimhan [11 ] have
shown that every open Riemann surface R can be visualized in a very
concrete way. Indeed,they showed that R can be spread (without rami-
fication) above the finite plane (. To be precise, they proved that
R admits a locally injective holomorphic function p . Thus R 7; C
is the spread.

We wish to reconstruct the Cauchy kernel of Behnke-Stein on R,

something resembling (q-p)-l. Conceptually we prefer to think of p
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and gq as both lying on R, however, for proofs, it may be prefera —
ble to think of two copies Rp and Rq of R spread respectively above

the z and ¢ planes:

x :R xR =+ C x @
CTPER T T T e T Ny

(p,a) ~+(z,2).

We construct an oven cover of R x R. If (p,qg) € R x R, let
Dp and Dq be discs about p and q respectively which lie schlicht
over C. Set U(p,q) = D_ x Dq . Consider the Cousin data which is

P
(z - z)-l on U(p,q). Since R x R 1is Stein, the first Cousin prob-
lem can be solved. Hence there is a meromorphic function ¢ on R x R
whose singularities are on the diagonal., In the neighbourhood of a

diagonal point, we have, in local coordinates (forever more given by

p X p), that

1
-2z

@(g lz) -

is holomorphic. #(z , z) means ¢(p,q). where p{(p) = ¢ and p(q) = z.
We shall persist in this abusive notation, since it is invariant un-
der local change of charts within the atlas given by p x p. We call

the function ¢ a Cauchy kernel on R since

Resz¢( +,2) = 1.

We shall now extend to surfaces the powerful Fusion Lemma of

Alice Roth [15].

FUSION LEMMA: Leit K K and K be compact subsets of anopen Rie-

1 "2
mann surgace R, with Ki and Ky disjodnt. There {5 a positive number
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a such that if m; and m, are any two meromorphic functions on R

satisfying, for some e > O,
(1) Im, - m,l, < ¢,
then thene {4 a function m, meromoaphic on R such that gfon j=1,2,

(2) lm - < ae .

m |

KUK,
] .
PROOF: We may assume KZ\ K # ¢. Thus, we can construct open neigh-

bourhoods Ul and 02 of Kl and K2 respectively such that Glnﬁz=¢

and R\ U2 is precompact. Moreover, we may assume that the bound-

aries of Ul and U, consist of finitely many disjoint smooth Jordan

curves. Let E be the compliment of Ul (9] U2 in R. Let G be apre-

compact neighbourhcod of (R UZ) U K2 U K. then
(3) I(z) = j J |¢(z ,¢)| dgdn , £ =& + in ,
E

is uniformly bounded for 2z € G, where ¢ is a Cauchy kernel for R.

We introduce now an auxiliary function ¢ € Cl(R) with values

in [0, 1) such that ¢ 1is 1 on Ul and ¢ is 0 on U, .Then, since

2
(3) is uniformly bounded, there is a constant a > 2 such that

(4) J J |- g(z)|lo(z,z)] dE dn < a-2,
E o

Returning now to our meromorphic my and m, , We put q=m -m,.
By (1) we can find a precompact neighbourhood U of K such that
iq(z)| < e, z € U. we replace gq by a function d; constructed as

follows. First, set



MEROMORPHIC APPROXIMATION ON CLOSED SUBSETS OF RIEMANN SURFACES 146
5 = U. u [-J U [-I .
(5) 9, =9 on U 2

Now set q; = 0 elsewhere. Thus,

(6) ;ql(z)g <eg, 1z EE.

Set

(7) glz) = —TlT-J fql(c) o(z,5) 22 agan .
E N4

From (6) and (4) we have

(8) [g(z)] < (a-2)+¢e , z€G.

Since g 1is a Cauchy integral, g is holomorphic outside of E.

Consequently,

(9) f(z) = d(z)q,(2) + g(z), z ER,
is holomorphic in U, (for ql(z) = «,b set ¢(z)ql(z) =0) . For
z € Ul'

f(z) = ql(Z) + g(z)

is meromorphic and has the same poles as q; « To see that f is also

holemorphic on U, we invoke the formula

1

#(z) = - o | { = $(z,z)ddn , z€R.
E ) aF

Hence
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f(z)

1 0!

T, ) 22 1q,(0) ~q (2)] 0(z,0)dEdn , z € R,
q;(z) # =.

For z € U, ql =q and

[ql(C) - ql(z)]‘?(Z;C)

is holomorphic, Thus f is holomorphic in U, and hence f is mero —

morphic on U, U U, U U with the same pocles as gq. By the Runge —

1 2
Behnke-Stein Theorem [1] there is a meromorphic function m, on R
for which
Imy(z) - £(2)| < e, z €K UK, UK.

Finally we put m=m, +m and we have the following estimates: on

2 3
l

m-m - f| <

< [£ - (rnl - mz)i + [m3 <

| A

@ -1 [al+ gl +|my - £ <
< g+ (a-2)e+ ¢ =ae:

on K, VUK

m-myl < | El+ |my- £ <@ [ql+ (gl +

+ {m3 -fi < e+ (a=-2)e+¢ec =ae.

This completes the proof of the fusion lemma.
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In the fusion lemma, it is clear that if
A(Kj UK) = M(Kj U K) , j=1,2,

we may take mj € A(Kj VK, j=1,2.

Another consequence of the fusion lemma is the following Bishop-

Kodama Localization Lemma.

LOCALIZATION LEMMA (Kodama [12]): Let £ be gdven on a compact sub-
set K of an open Riemann surface, and suppose that forn each z € K

Thene exists a closed parametric disc D, with center z such that
£ (KD D,) € M(K N D,)

Then £ € M(K).

3. PROOFS OF THEOREMS

Consider first Thecrem 1. The necessity is trivial. To prove the
sufficiency, suppose first that R has an essential extension R' 1in
which the R' -closure F of F is compact., We may assume that R #F
and that R' 1is open. Let {Gn } be an exhaustion of R by domains
with

U =
n+l and Gn R.

(2]
N
G

In the Fusion Lemma, let Kl' K, and .K2 be the sets En, FN Gn+l'
F\ Gn+1' and consider these as compact subsets of the Riemann surface
R'. For each n=1,2,3,..., the Fusion Lemma gives us a positive num

ber a r and we may assume that
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1 < a

<
n an+l’

If ¢ is a given positive number, we select the positive numbers

51,52,63,... so that
@
(10) £ < g and LI £ < %%

By the hypotheses there exist functions q, € M(R) such that

£
] - n = =
(11) .qn(Z) f(z)| < 2an , Z € Fn FN Gn+l '
and therefore
£n
(12) a1 (2) - a (2] < ol €F,

By the Behnke-Stein Theorem [l ], we may assume that a, € M(R').Thus,
by the Fusion Lemma, for each n=1,2,3,... , there exists a function

r € M(R'") such that, for n=1,2,3,...

’

(13) |r (2) - q ()| <e, , z€G UF ,
| - i ~ o
(14) Irn(z) qn+l(z)‘ < e, ¢+ 2 & F\ Gn
The inequalities (13) yield
| _ -
I r,(z) q\)(z)l < I e,y z €G, .
n n

Therefore
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o

m{z) = ql(Z) + i (r\)(Z) - q\)(Z))

is meromorphic in

From (11), (13) and (10), there follows for =z € F

l!
[m(z) - f(2)] < [ql(z) - f(z)]| + i [rv(z) - qv(z)f <
E oo
1
< + L e < e
2al 1V
From (11), (13), (14) and (10), we also have
n-1 _
[m(z) - f(z)]| < >£ }r\)(z) =g, (2) ]+ Jq (2) - £(2)] +
o ! | n-1 En o
+ L |r (z) - q {(z), < I g+ + L g <¢g
n v v ' 1V 2an n Vv d
for =z € Fn\ Fn-l , N=2,3,... .

Thus f can be approximated uniformly on F by functions meromorphic
on R, and the proof is complete for the special case that R has an
essential extension in which F 1is bounded.

To prove Theorem 1 in general, we shall invoke the special case
just proved to inductively construct a sequence of meromormhic func-
tions which converces to an approximating function.

Suppose R is an arbitrary open Riemann surface and F 1is a

closed subset of R for which F has a covering { Vj } by pairwise
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disjoint open sets, each of finite genus. We may assume that each Vj
meets F, from which it follows that the family {Vj} is locally fi-

nite, For each j, we triangulate Vj and set

Py = (VU{T:Tn (F(j’)_ Fahn°,

where T represents an arbitrary 2-dimensional closed triangle of the

triangulation, and Fj =F NV We call {Pj} a polygonal cover and

j -
Pj polygonal. It is clear that the segments which make up U 9 Pj

are locally finite. Repeating the same argument, we can find, for each

1 , 4 polygon . with P. C Q. CQ.CV..
Jra polyg Q:J j Q] QJ j

We may construct an exhaustion {Gj} of R by polygonal bound-

ed domains in such a way that

Gj nNv, =¢ , k>3,

k

to each an . That is, BGj N apk and an n BQk are isolated sets.

By a result of Scheinberqg [17, Theorem 3.2], each of the Rie —

We may also assume that each an is transversal to each 3P and

mann surfaces
Gj v Ql U Q2 vo...v Qk

admits a compact essential extension. Thus, by the special case of

Theorem 1, there is a function my € M(G2 v Ql) with

!f(z) - ml(z)! < %% ’ z € F. .

There exists .a function Py € M(R) such that m is

1~ P

holomorphic on G, UP

1 1" Set
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f - P, on F .

By the special case of Theorem 1, there is a functﬂnngZEBuG3UQlUQﬁ

such that

!fz(z) - g2(z)i < T;T ¢ 2 €G U ﬁl U F,
Set m, =g, *+ Py - Then,
Im, (z) - £(2) ] <-§-+—2€3- ; z € F] UF,.
!mz(z) - ml(z)! < 75; , z € al .
Set f. =f. Then, we may proceed inductively to construct a sequence

1

mj € M(Gj+l v Ql v ... VUQ.)

satisfying for j=2,3,... ,

[m, (z) £(z)| g £ € 3
m,(z) - Z < —_— . Z F
J n=1 2" n=1 "
and
E -
imj(Z) mj_l(z)! < Pl z €8 -

It is clear that rnj converges to a function m € M(R) and

Im(z) - £(z)} < e , zZ € F.
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This completes the proof of Theorem 1.

Theorem 3 was proved in [ 7] for the special case that R has an
essential extension in which F 1is bounded. Theorem 3 has two parts,
one on meromorphic approximation and one on holomorphic approximation.
The meromorphic approximation follows from the special case in exactly
the same way as the general form of Theorem 1 followed from the spe-
cial case of Theorem 1.

The proof of the holomorphic part of Theorem 3 alsc follows
from the holomorphic special case, but we must define the sets EH, Q.

J

and Gj more carefully so that

(G UQlU...UQj)*\E UP. U ... UP, . UF

j+1 3-1 1
is connected and locally connected.
First of all the exhaustion {G,} can be (and usually is) con-

J

structed in such a way that G;+l\ Gj is connected, for each j.

For each j, let Kj be the set of bounded components of
R*\ B, , R*\Q,
! Qj ’

*\ ., UP. U ,,. UP,
R (GJ 1 j)

and

R*\ (G, U UL,..uQT

G, v 0 Q)

These are finite in number. Connect each such component to the ideal
boundary of R by a simple path which misses F. We may replace this
path by a connected polygonal neighbourhood with the same property.

Clearly we may assume that the family of all such pathneighbourhoods

over all j is locally finite and transversal to everything we have
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constructed. Let P be the union of all these path neighbourhoods.Set

G! =G.\P ,P' =P . \P 1= Q. \P .
j J "3 ’Qj QJ

Then by construction, R¥*)\ ﬁé , R*\ é%,

R*\ (G! UP' U ... UP!)
( 3 i j)

and

R¥\ (G! Vv Qlu.,,,uol
( 3 Q Q])
are all connected. It is easy to see that these sets are also locally
connected since the boundaries are locally finite and polygonal. It
follows that the covers Gé ,Pé ,Qé have the required properties.,

This completes the proof of Theorem 3.

We now prove Theorem 4. Suppose then, that F° = ¢, and that
C(F N X) = M(F N K) ,

for each compact set K. Let £ € C({(F) and let ¢ be a positive con-
tinuous function on F.

Let {Gn} be an exhaustion of R by polygonal domains, Set

e, = inf {e(z) : z€FN Gn}.

By hypothesis, there is a 9, € M(R) such that

€
2 -
!f(z)-gl(z)i<? , z €F NG,
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Set go = g9, ,GO = @, and suppose, to obtain an induction, that

AL PYRERNE: ] have been found in M(R) with the following three

properties:

€. €.
_ 3 Jtl
(15) lg5(2) - £(2)] < )3 T e e BEED G5\ Gy y)
£+l =
(16) Ig] (z) - gj‘l(z)! < 2j+l ' z € Gj_l .
Ej+l
(17) lgy(z) - £(2)] < 341 ' z € F N 3Gy .
Let us construct g . First set fn = 9g,.7 on Gn—l . Now e:ixtend fn

continuously to G__; VY (F N Gn) in such a way that f =fon Ffwacn

and

£n

[£.(2) - £(z2)| < — , z€FN (G \G

2 n-l)'

Since, by assumption,
C(F NG =MF NG,

and since Gn is a Lyapunov domain, it follows from Lemma 3 in [ 10}

and from the Bishop-Kodama Localization Theorem [12] that

Hence there is a function hn € M(R) such that

En+l
2n+l

|h (z) = (£ (2) - g _;(2))] < , 2 €G] Y(FNG) .
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Set 9, = 9 + hn . Then, for z € F N (Gn\ G ),

n-1 n-1

£
lgp (2) —£(2)| < lg (2) -£ (2)] + [£ (2) ~£(2)] < nT’fl v 2,

and so g, satisfies (15). It is easily verified that g, alsosatis-
fies (16) and (17). Thus, we have constructed inductively a sequence
g, € M(R) having the properties (15), (16), and (17).

From (16), we see that g, converges to a function g € M(R),

From (15) and (16), it follows that if z € F N (Gn\ Gn- ), then for

1

all m > n,

m
[£(z) — g (2)| < [f(2) - g (2)] + & lg (2} =g, _(z)]| <
m n j=n+1 3 J-1
£ £ m € .
2 2 j=n+l 27
As m tends to =, we have
[£(2) - g(z)| < e  <efz), z€FN (6 \G )

This completes the proof.

1f F° = @ and R®"F is connected and locally connected,
Scheinberg [17] has shown that F is a set of Carleman approximation
by functions holomorphic on R (see also [8]). This is implicit in the
proof of Theorem 4. Indeed, we may construct an exhaustion compatible
with F, that is, such that

R*\ (F Y G.)

J

is connected and locally connected for each j. Thus we may choose
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the functions g, from H(R).

4. OPEN PROBLEMS

a)

b)

c)

d)

If R is planar and f is given on F, then it follows from
Theorem 3 that approximation of £f by functions holomorphic
on F or by functions meromorphic on R are essentially
equivalent. However, the example in [9 ] shows that for same
closed sets in some Riemann surfaces, there are functions in
H(F) which cannot be approximated by functions from M(R) .
The problem of approximation by function in H(F) becomes,
then, a separate question which has not been treated on ar-

bitrary open Riemann surfaces.

If R is planar, the condition in Theorem 2 is not only suf-
ficient but also necessary [14]. It would be of interest to

know whether it is also necessary on an open Riemann surface.

There remains the problem of considering arbitrary pairs
(F,R). Only Theorem 4 is complete in this respect. Scheinberg
[17] has shown that there is no topolegical characterization
of pairs (F,R) for which A(F) = H(F). This is not at all
obvious, but it is easy to see that there is alsoc no topo —
logical characterization of pairs (F,R) for which A(F)=FHF)

(see [6]).

Scheinberg [17] has solved the problem of Carleman approxi-
mation by holomorphic functions for the case that rF° =g
(see also [8]). In the case where R 1is planar, necessary
and sufficient conditions are known {(necessity [5] , suffi-
ciency [13]) for Carleman approximation, even when F° # g.

What about Riemann surfaces ?
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31

41

51

6l

71

81

9]

e)
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There is also the question of uniform approximation on un -
bounded sets in several complex variables. This is practi —

cally virgin territory. See, however, [4] and [16].
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WHITNEY'S SPECTRAL SYNTHESIS THEOREM
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*
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Rio de Janeiro, Brazil

0. INTRODUCTION

In 1948 H., Whitney [13], based on a conjecture of L. Schwartz,
proved that,given a non-empty open subset U C R", the closure, with
respect to the compact-open topology of order m, of an ideal I C &m(U)
is determined by its setof local ideals. The original proof was sim-
plified in 1966 by B. Malgrange [5]. The main concern of this paper
is to extend Whitney's theorem to open subsets of infinite dimen -
sional spaces. In finite dimensions there are two equivalent formu =

lations of this theorem:
THEOREM 1: 1§ I C &"(U) 4s an {deal, then I = I, where

I=n{I+1I(ask); a€U, k€N, k <m} and

I(a,k) = {f € &™(W); p'f(a) = 0, 0 < i < k}.

(*) This research was partially supported by FINEP (Brasil) through

a grant to the Instituto de Matemdtica - Universidade Federal do

Rio de Janeiro.

1868
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- v
THEOREM 2: 1§ I C &' (U) 4s an ideal, then I =1, where

<
il

N {I + I(a,k,e);i a €U, k €N, k <m, ¢ > 0} and

I(a,k,e) = {£ € &™W; ID £l < ¢, 0< i<kl

In infinite dimensions, Whitney's theorem is false in formula-
tion 1, even in the case U = H, a real separable Hilbert space, and
m=1. We present an example of this in section 2. In formulation 2
it is true, with respect to the usual compact-open topology, for the
case m=1 with some restrictions. The case m > 2 remains an open
problem and our guess is that the theorem is false in this context.

Two other directions arise naturally in infinite dimensions:the
first one is to consider subspaces of &m(U) which coincide, in finite
dimensicns, with the whole space &m(U); the second is to look for a
new topclogy in &m(U) which coincides, in finite dimensions, with
the usual one.

In section 2 we consider the concept of differentiability type,
which gives us a unified way to deal simultaneously with several
subspaces of &m(U).

In [12] Restrepo studied the closure of the algebra of poly-
nomials of finite type in a Banach space of a certain kind, for the to-
pology of the uniform convergence of the functicon and its derivative
on bounded subsets. In [1] Aron and Prolla extended this result to
a more general class of Banach spaces, considering the case m>2 and
polynomial algebras 6f vector functions weakly uniformly continucus
on bounded subsets. In section 3 we study ideals of functions weakly
uniformly continucus on bounded sets, with respect to the topology of
the uniform convergence of order m on bounded sets.

In section 4, we consider the topology ¢ introduced by Prolla

in [10].
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Finally, in section 5, we use the results of section 4 to es-
tablish some facts about modules.

The results of this paper are taken from the author's Doctoral
Dissertation at the Universidade Federal do Rio de Janeiro, written

under the guidance of Professor J. B. Prolla.

1. PRELIMINARIES

In the sequel N stands for the set of natural integers
{0,1,2,...}, m stands for an element of N U {«} and i, j,k for
elements of NW.

Let E # 0 and F be real normed linear spaces with topologi-
cal duals E' and F' respectively, U C E a non-empty open subset,
E' ® F the linear subspace of £L(E;F) spanned by the applications
Y ® vViXE€EE>p(Xx) VEF, p €EE', v €F.

For X a real Hausdorff locally convex space, a function f£:U-X
is called b-digferentiable if there is Df: U + L(E;X) (necessarily

unique) such that, for x € U, A € R,

DE(x)y = 1im X * Ay = F(x)
A>0 A

uniformly with respect to y on each bounded subset of E.

In the same way, we define c-differentiability Dby replacing
b by ¢ and bounded by compact. We observe that if E is a normed
space, b-differentiability is Fréchet differentiability and c -dif-
ferentiability is Hadamard differentiability (Nashed [91]).

Let £b(E;x) denote the space JL(E;X) endowed with the topolo-
gy Tb of uniform convergence on bounded subsets of E and LC(E;x)
denote the space L(E;X) endowed with the topology 1€ of uniform
convergence on compact subsets of E. By induction we may define

L CE|F) = F and, for k > 1, L2Fe|m = P& L2 1e|m). In the same
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way, replacing b by c¢, we have £c(kEIF). Furthermore, let C(U;X)

denote the vector space of all continuous functions from U to X,
endowed with the compact-open topology °

The space &bm(U;F) and its topology rbm will be defined
inductively as follows:

For m=20, &bO(U;F) = C(U;F), Tbo = TO and we denote Dof =f,
if £ € C(U;F).

For m=1, define 8bl(U;F) as the vector space ofall £ € C(U;F)
which are b-differentiable and such that Df € C(U:£b(E;F)). The to-

pology Tbl is defined as the topology for which the isomorphism
£e &”h (U > (£,Df) € C(U;F) x C(U;£2(B;M)

is a homeomorphism. For uniformity of notation, le = Df,

Suppose we had already defined 8b(k'l)(U;F)' Tb(k-l)

and

pk7L Pk yimy 5 cqu;

gb

EIF)), for some k > 2,

b(k

Define k(U;F) as the vector space of all f € & _l)(U;F)

k“l¢ is b-differentiable and D(DX'f) € c(u; P (¥e|m)).

k k-1

such that D

k

pefine DX : &2X(u3F) » c(u;LP(KE|F)) by DXF = D(DX"1f) and the to-

pology Tbk as being the only one for which the isomorphism

bk i k b i
£ €& (UF) > m:ﬂoiiikeigocuhﬁ( E|F))
is a homeomorphism.
Finally, define &bm(U;F) = N Ebk(U;F) and consider as wa
kEN
the topology for which the isomorphism
b i b,i_ .
£€ & (UF) » (D'E), o€ I CUiL’CE(R)

ieW

is a homeomorphism.
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For the case F = R, we will write &°™(U;F) = &®™(u).

The space ﬁcm(U;F) and its topology Tcm is defined induc -
tively in the same way, by just replacing b by ¢ in the above defi-
nition.

There is a natural identification between £(kE]F) and £(kE;F),
the vector space of continuous k-linear maps from ek to F. In fact,
there is a homeomorphism between £b(kE}F) (respectively _£c(kEiF))
and £b(kE;F) (respectively £c(kEIF)), the space £(kE;F) endowed
with the topology Tb (respectively Tc).

On the other hand, the natural isomorphism between £s(kE;F),
the vector space of continucus symmetric k-linear maps from Ek to
F, and Pk(E;F), the space of continuous k-homogeneous polynemials
from E intec F, 1is, actually, a homeomorphism, if we endow both spaces
with the topology Tb or both with the topology Tc

Moreover, given f belonging to &bm(U;F)or @mnahF),><€ U, k<m,
we may associate Dkf(x) with an element dkf(x) of £s(kE;F) which
may be identified with a polynomial akf(x) of Pk(E;F).

In that case, the Tbm topology may be defined in &bm(U;F)

by the family of seminorms of the form

Pg  (£) = sup {IA"E(x)ll; x € K, 0 < i<k},
f

K € U a compact subset, k < m.
The topology M may be defined in &cm(U;F) by the family

of seminorms:

Per, k(D = sup L&yl (x,y) € K x L, 0 < i <k,

KCU, L CE compact subsets, k < m.

For details, see Nachbin [8] .
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2. IDEALS AND DIFFERENTIABILITY TYPES

The concept of holomorphy type for complex functions is already
well known (Nachbin [7] ). The same definition may be applied to real

spaces (Aron and Prolla [1]).

DEFINITION 2.1: A d.ifferentiability type from E o F 1is asequence
of Banach spaces Pek(E;F) », k € N, the norm on each being denoted

by P > | PIIe ,» which satisfies the following conditions:

i) Peo(E;F) is the normed space of all constant functions from
E to F, identified with F;

- 0k . k

1i) each P " (E;F) is a vector subspace of P (E;F);

iii) there is a real number o > 1 such that Jj, k € N, j< k,

x€E and p e P®(E;F) imply ap(x) € PPI(E;F) and

.i'_‘

1 el < Fupiy 1x %I

J
DEFINITION 2.2: Let 6 be a differentiability type from E to F. We
define the space &em(U;F) as the vector subspace of c‘:bm(U;F) of
all functions f such that, for x € U, k < m, we have akf(x) GPek(E;F)
and the mapping x € U -+ akf(x) € Pek(E;F) is continuocus.
We endow Sem(U;F) with the topology Tem defined by the fam-

ily of seminorms;

Xx €K, 0<1ic<kl,

Py, (£) = sup {Haif(x)ﬂe:

where K C U is a compact subset and k € N, k < m.
In the case F = IR we will write &em(U;F) = &em(U) .
We remark that the space &bm(U;F) is a particular case of this

definition.
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DEFINITION 2.3 (Aron and Prolla [1]): A differentiability type ]
from E to F is called compact if it satisfies the following condi-
tions for each k € WN:

i) P?(E;F), the vector space of continuous k-homogeneous poly-

nomials of finite type, is densely contained in Pek(E;F);

ii) for each v € F the map ¢ -» wk ® v is continuous from
EI 1) to (PEEP, I ) s
iii) if P € E' ® E, then QoP € P¥(E;F) for al1 @ e PP¥@E;m

and

k
HQoPlly < Qg eI~

EXAMPLES 2.4: For each k € N, let Pk

(E;F) be the closure of
P?(E;F) in Pk(E;F) for the usual norm. Then 0 = ¢ is a compact dif-
ferentiability type called current compact type.

If we consider, for each k € N, PNk(E;F), the Banach space
of all nuclear continuous polynomials from E to F, endowed with the

nuclear norm |- |, and if E has the approximation property, then

N
8 = N is a compact differentiability type called nucfear fype (seel2]).

PROPOSITION 2.5: Let F be a Banach space and 6 a differentiabili-

ty type from E to F.

15 P E;m = PNE;P), k€ N, k < m, then &P = &eMusE)

topologically.
PROOF: As we have (Pek(E;F),II-He) a Banach space and the inclusion
map Pek(E;F) C Pk(E;F) is continuous, then | -] and II'He are

equivalent norms. O

COROLLARY 2.6: Let E be a finite dimension normed space and 6 a

compact differentiability type gfaem E to F.
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bm om R
Then & (U;F) = & (U;F) topologically.
prOOF:  PX(E;F) = PR (E;p) = PX(BiP), ke m.o

DEFINITION 2.7: Let 8 be a differentiability type from E to F and
A C Sem(U;F) a non-empty subset.

We define:

A

Nn{a+ I(a,k); a€ U, k <m k € N}

I

(f e & ™w;m; aif(a) k} and:

1
o
~
o
N
o
A

where I(a,k)

>
"

Nn{aA+I(a,ke); a€U,k <m k€ N, € > 0}

where I(a,k,eg) = {f € &em(U;F);Ilaif(a)IIe < g, 0

A

i <kl

PROPOSITION 2.8: 14 0 {4 a differentiability type from E 2o F and

Om Y . om
AC &7 (U;F) a non-empty subset, then A {is T -closed.

PROOF: Fix a € U, k < m and consider
B(a,k) = 0 {A + I(a,k,e); & > 0}.

If f ¢ B(a,k) there is € > 0 such that p(f - g9) > ¢, for

every g € A, where
p(h) = sup {1dh(a)llgs 0 < i <k}, he & Wm.

Consider v = (h € 8°™(U;F); p(f - h) < ¢ /2},  which is a

%™ _ neighborhood of f.

If there exists h € v N B(a,k), we have p(h - g) < g/2 for
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some g € A. Then:
p(f - g <p(f~-nh) +pth=-g <e¢g,

which is a contradiction. So V¥ N B(a,k) = ¢ which proves that

B(a,k) is closed. O

DEFINITION 2.9: Let 06 be a differentiability type from E to F
satisfying condition (iii) of Definition 2.3, GCE'@®E and
AC &em(U;F) non-empty subsets.

We say that (A,G) satisfies condiltion (L) 1if, given g € G
and V C U a non-empty open subset such that g(Vv) C U, we have
At)(giv) C (XTG), the closure being considered in (&em(V;F),Tem).

Similar conditions have been used by Lesmes [3] , Prolla [101,

Llavona [4].

EXAMPLE 2.10: Let E be a space with a Schauder basis {eo,el,...,e sensl

n
and EGI the projection of E on the wvector subspace spanned by
{eo,el,...,en}.

i (S = p = .
Given x E, x - Mien + let gn(x) An Let 0 be a
compact differentiability type from E to R such that &Bm(E) is

an algebra and consider I C Eem(E), the ideal generated by a subse-

guence {gn_ ;i €N}, If G = {Pn ; n€ N} then (I,G) ‘ satisfies
i

condition (L).

This example may be extended to a space with a generalized ba-
sis.

We remark that for the differentiability types introduced in
2.4, aem(U) is an algebra. More generally, if 6 1is a differentia —

bility type from E to R such that given P € P°1(E) and ge PP (g

we have PQ € Pe(k+j)(E) and the mapping (P,Q) -+ PQ is continuous
from Pei(E) X PBJ(E) to Pe(i+3)(E), then &em(U) is an algebra.
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DEFINITION 2.11: We say that E has propenty (B) if there is a se-

guence {Pn;nE]N}CE' ® E such that
i) P x> x, XEE
n
ii) ¢ oPn >y, ¢ EE'.

This definition was used by Restrepo [12] with the additicnal

condition that the Pn are projections.

THEOREM 2.12: Llel O be a compact differentiability type from E Lo
IR such that &em(U) 44 an algebra and Let I C 8em(U) be an ideal.

Suppose that thene {4 a sequence G = {P ; n¢€ N} C E'® E
such that:

i) E has propenty (B) with respect to G;

ii) (I,G) satisgies condition (L).

&em

Then I 4is the rem—cﬂ(mune of I 4n (.

For the proof we need several lemmas.

LEMMA 2.13: Let 6 be a differentiability type from E to IR such

that 8em(U) is an algebra and (E'|U) C 8Gm(U) .

let E. CE be a findite dimensional vectonr subspace, U, CENU

1 1
: om | bm
a non-empty open subset and consdider R:g € & (U) = 9,0y € & (Ul).

I4§ I € &em(U) L4 an Ldeal then the Tbm-ckol.\une 04 R(I) 4is an

bm

Ldeal of & (Ul). Moreovern, {f £ € &em(u), f € I, then Rf belongs

to the rbm-cﬂoame 0fd R(I) 4n &bm(ul).

bm

PROOF: Let A = R(ﬂem(U)). which is a subalgebra of & (Ul)because

R 1is an algebra homomorphism.

Now A satisfies the hypotheses of Nachbin's theorem [6] be-

cause 1l &€ A and (E'|U) C Sem(U) . Therefore A is Tbm—dense in «‘:bm(Ul).

It is clear that R(I) is a vector subspace of ﬁ"-bm(ul) . On the
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other hand, if Rf € R(I) and Rg € A we have R(fg) € R(I), which
implies R(I) + A C R(I). By continuity of multiplication, R(I) - A C R(I) ‘A

and we conclude that R(I) *A C R(I), which completes the proof that

R(I) is an ideal.
v
Let now f €I, a€U;, k<m e>0.1If o>1 is given by

Definition 2.1, there is g € I such that

1adteca) - aig(a)lle <efo®, 0<ic<k
Then
1atre) (a) - a(rg) (@)l < 1ate(a) - dfglall <
ot I1dtt(a) - dlgally <&, 0 <i <k,
STV

So, we have Rf € (R(I))" and, by the classical Whitney's the-

orem, Rf € R(I). D

LEMMA 2.14: Llet E be a space satisfying propenty (B) with nespect
to {Pn ; n € W}, Let 6 be a compact diffenentiability type grem E
to F, € >0, k € N, Ki C Pei(E;F) compact subsets, 1 < i < k.,

Therne L4 n, €N such that
e - Q“Pnlle < €

for atl n > n and for att Q €K, , 1 <1 <k.

PROOF: See Aron and Prolla [11.

LEMMA 2,15: Let E be a space 4atisfying propenty (B) with hrespect

2o {Pn in € N}, Let 6 be a compact differentiabilily type from E
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to m, £€&”™uF), k€ N, k

Ia

m, K€ U a compact subset, ¢ > 0.
Thene are n, € N and V C U, a non-empty open subset, such
that:
i) KCv

i1) P(V) € U, n > ng

iii) pK'k(fIV - fo (PnIV))

A
m
=]
v
=]

PROOF: Let M >1 be such that IIPnII <M, n€ MW, and let 0 < § < dist(X,E\D)
be such that x € K, v € U, lx -yl< § imply Ilaif(x) —aif(y)lle < s:/ZMk,
0 <1ic<k.

By (B) and Lemma 2.14, there is n, € N such that, for n>n_:

lx - anll < §/2, x € K

IQ - Qop lly <e/2, @€ df®, 141k,

Let r = §/2M and, for each x € K, B(x,r) = {t € U;llt - x|l <r}.

By compactness, there are RyrereaXg € K such that

KCU {B(xy,r); 1 <i<sh

Consider the non-empty open subset V = U {B(xi,r); 1 <iz<s}h.
If a€ v, la-xll < r for some i.Then, if n > n_ . hx; - P al <

—xill < IanII la = x, Il + % < &8, and we have

i

< Iana - anill + |IP % 5

P (v) C U.

Finally observe that for x € K, 1 <1 <k, n > ng:

1t sjv 0 - @£ e [v) (g <

~1 ~1 =1 =i
la™£(x) - a"f£(x) oP NI, + lld"f(x) oP - d"(fo (PnIV)) (x)ll g

i

< (es2) + 1300 - dre iy e It < el
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LEMMA 2.16: Let © be a compact differentiability type gfrom E to F,
PEE' ®E, E =P(E).
The space Pk(El;F) endowed with the nomm | Q HP = IJQoPIIe L4 a

Barach space fon each k € W .

PROOF: See Aron and Prolla [1] .

v

PROOF OF THEOREM 2.12: It is clear that I C I. By Proposition 2.8,

- v
ICI.
v
Let £ € I, KCU a compact subset, k € N, k < m, ¢ > 0. By
Lemma 2.15, there are ng € N and Vv C U a non-empty open subset

such that K Cc v, P_(V) € U and

nt

pK,k((fIV) - fo (P [V) <e/3, n>nj.
Fix n > ng and consider P = Pn’ El = P(E), . Ul =qUn El’
Kl = P(K) C Ul.
If we define in Pi(El), 1 <i <k then norm [Ql,= HQ()PHG,
then (Pi(El), I e HP) is a Banach space by Lemma 2.16, and | '"P is
equivalent to the usual norm [+ || in Pi(El).

Hence the topology Tbm may be defined in &bm(Ul) by the

family of seminorms:

Pp,1,;(h) = sup Uatheoll, x e, 0<i <3},

L ¢ Uy, a compact subset, j € W, j < m.

1

By using notation and results from Lemma 2.13, there is g € I

such that

- 3.
pPrKllk(Rf Rg) < e/

Then:
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natex) - at(gop) (0l <
late(x) - ai(fop)(x)ue +1a (fop) () - @t (gop) BN

<P,  ((E|v) - £o0 (P]w)) + |d*E(Px) oP ~ d'g(Px) 0Pl

K,k

< (e/3) + Ilai(Rf) (Px) oP - ai(Rg) (Px) oPIIe =

(e/3) + I1&*(rE) (Px) - &' (Rg) @x)l, < 26 /3,

for all x € K, 0 < i < k.
So we have pp , ((£|V) - go (P|V)) < 2¢/3 and as (I,G) satis-
[4
fies condition (L), it is possible to find h €l such that

P, .(go (P|V) - (h|V)) < €/3. We conclude that p, ,(f - h) < £ and
K,k K,k

the proof is complete. D

COROLLARY 2.17: 1In the same conditions of Theonrem 2.12, 44§ I s

Tem-cﬂerd, then I =1 = I.

bl

COROLLARY 2.18: Llet I C & ~(U) be an Ldeal and suppose there is a

sequence G = {P_;nEe W} CE'@®E such that:
i) E has property (B) with respect to G.
1i) (I,G) satisfies condition (L).

Then I is the °l-closune of I in &2l(u).

PROOF: If 8 1is any compact differentiability type from E to R

°Ligy = plip).

By Proposition 2.5, &el(u) = 8bl(U) topologically, .

we have E' = P%(E) = P

om

EXAMPLE 2,19: If I € & (U) is an ideal and E is infinite dimen —

sional, it is not always true that I is closed. Hence Whitney's
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theorem is false in the formulation I = I. We will give a counter-
example for m = 1, remarking once more that 861(0) = &bl(u) topo-
logically for any compact differentiability type 6 .

Let H be a real separable Hilbert space of infinite dimension
and let {ei ; 1 € N} be an orthonormal basis for H.

Denote by S C H the vector subspace algebraically spanned by

i € N}. Then S = H.
bl

{e

-

Consider I C & ~(H) the ideal generated by {gi ;1 € W} where

gi(x) = (x,ei) , X € H. Explicitly:

2 bl
I={ZX f,9,;f. € 8°(H), n€ IWN}.
) i’i i
i=0
If P, :H>H denotes the projecticn of H on the vector sub-
space spanned by {ei i 0 <1 <mn} then H has property (B) with
respect to G = {Pn ;n € W} and (Example 2.10) (I,G) satisfies con-
dition (L).
Consider the closed ideal I_ = {f € &°1(H); £(0) = 0} and

let us characterize 1I.

For a fixed a € H,

I+1I(a,l)={fecel@;3qge 1, gla)=£(a), dg(a) =af(a)}.

If g€ I, then g(0) =0 and dg(0) € S and, on the other hand,

as 9; € I, i € IN, agi(O) = e; . given u € § there is g € I such

that dg(0) =u. Then, if a=0, I+I(a,1) ={f€ &m); £(0) =0, ar(0) €S},

If a # 0, we claim that I + I(a,l) = &bl(H). In fact, let £ € éﬂTHL
f(a) = A, df(a) = v. There is i € N such that g,(a) # 0, because
-
. bl A - 1 i
(=3 = = - .
a # 0. Consider h &7 (H), h(a) i(a) and dh(a) gi(a)hr gi(a”
Then t =g, h € I, t(a) = and dt(a) = v, which proves that

fE€ I+ I(al).
We conclude that I = I + I(0,1) and we claim that it is not

Tbl-closed. In fact:
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I+1I(0,1) ¢ I, + because for v € H, v £ S,

the function £(x) = (x,y? Dbelongs toc Io but does not belong to
I+1I(0,1).

On the other hand, if g € Io' ag(O) = v, there is a sequence
{si ; 1€ W} C s, such that s; *V as i+ o, Consider
fi(x) = g(x) - (x,v - si) , X € H, Each fi belongs to I+ I(0,1)
and fi + g, for the topology Tbl as 1+, Then f_:_T757T7'=IO,

which establishes the claim.

Furthermore I # I, In fact: f£f(x) = (x,x) belongs to I, but
does not belong to I.

By Corollary 2.18, I-= f. Moreover: I C E =IcCcI_ = (I) im-
plies I =1I_.

Then:

3. IDEALS OF FUNCTIONS WEAKLY UNIFORMLY m-CONTINUOUSLY DIFFERENTIABLE

ON BOUNDED SETS

DEFINITION 3.1: A function f:E » F is called weakly unigomly con-
tinuous on bounded sets (wuebs) if given B C E a bounded subset and
€ > 0, there are § >0 and Vplor e ¥y € E' such that

X,y € B, |¢i(x) - wi(y)] < 6§, 1<1ic<k, imply [f(x) - £(y)ll < €.

DEFINITION 3.2: Let 6 be a differentiability type from E to F.

We define:

g™ E;F) = {f € &% ke e - PP (E;P)

3m( (B;F);

is wucbs, k € N, k < m}.
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We endow &Sm(E;F) with the Tgm-topology, defined by the fam-

ily of seminorms:

Py () = sup {l @ f(llg ix € B, 0 <1<k},

B C E a bounded subset, k € N, k < m.

We remark that &2m(E;F) = &bm(E;F) for any compact type of
differentiability 6, whenever E is a finite dimensional space. No-
tice also that for 86 a compact differentiability type from E to F,

6m

E;F) ¢ & (E;F) (see Aron and Prolla [11).

Pf( W

DEFINITION 3.3: Let © be a differentiability type from E to F and

A C 83m(E;F) a non-empty subset. We define:

\'d
A=ﬁ{A+I(a,k,E);a€U,k_<_m, e > 0}

where

I(ak,e) = (£ € 8EF); Ha (@l < e, 0 <1 <kl

We may define A in a similar way and, by introducting the na-
tural modifications in Example 2.19, we see that A is not always a

~
Tgm-closed supset of &3m(E;F). On the other hand, A is rgm

-closed
for any A C 8£m(E;F) a non-empty subset, The proof of this fact 1is

similar to 2.8.

PROPOSITION 3.4: 14 8 is a differentiability type from E Zto F
satisfying (iiil) of Definition 2.3, then & "(E;F) oP C 2™ (B;F), fon
alf P EE' ®E.

Bm(

PROOF: Let f € Ew E;F) and P € E' @ E. If k € N, k < m, X € E,

then ak(f oP)(x) = akf(Px) cP.
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et B CE be a bounded subset and ¢ > 0. As P(B) C E 1is a
bounded subset, there are § >0 and Ppreee ¥y € E' such that

X,y € B, |¢i(Px) - ¢i(Py)| < 8§, 1<1ic< s, imply

1d%eex) - akf(Py)lle <esl vk,

Then:

1&(£0P) (x) - @(£0P) (g = 18 (px) - &c@y)l 1P IK < ¢
which proves that x € E -+ ak(f oP) (x) € Pek(E;F) is wucbs. O

DEFINITION 3.5: Let 0 be a differentiability type from E to F
satisfying (iii) of Definition 2.3, and let GCE'®E and AC & "(EF)
be non-empty subsets.

We say that (A,G) satisfies condition (L) if given g &€ G we
have Aog C A, the closure being considered with respect to the to-
olo rem
P gy w "

DEFINITION 3.6: We say that E ha4 propenty (B*) if there is a se-

guence {Pn; n€ N} CcE'"®E such that v oP v, for all ¢y €EE"'.

THEOREM 3.7: Let 8 be a compact differentiability type {rom E 2o
IR such that 83m(E) L5 an algebra and Let I C ﬁgm(E) be an ideaf.
Suppose there i& a sequence G = {Pn ;n€ N} CE'®E such
that:
i) E has property (B*) with hespect to G;

ii) (I,G) satisfdies conditlon (L).

Then I 44 the rgm-ctoz,une of I 4in & (E).

For the proof we need the following lemmas:
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LEMMA 3.8: Let 8 be a differentiability type grom E to R such

that ﬂgm(E) 448 an algebra and E' C 82m(E) .
let E; C E be a finite dimensional subspace and considen
R:g € &2m(E) > gl € &bm(El).
I§ 1C agm(E) L5 an Lideal then the Tbm—cEOAune of R(I) 45 an
Ldeal of 8bm(El). Moreover, if £ € &3m(E), and f € I, then RE
b . bm

belongs to the 1T ™-closure o4 R(I) in & (E

l)‘
PROOF: Analogous to 2.13.

LEMMA 3.9: Let E be a space satdisfying propenty (B*) with nespect
to {P,:n € IN}; 8 a compact difgerentiability type from E to F,
f € &Sm(E;F), k € N, k <m, BCE a bounded subset, ¢ > 0.

Thene A& n, € W such that
pB,k(f - £ oPn) < €, n > no.
PROOF: See Aron and Prolla [1] .
PROOF OF THEOREM 3.7: It is clear that I C I.

Conversely, let f € f, B C E a bounded subset, k <m, and

e > 0 be given.

By Lemma 3.9, there is n, € N such that

Iv

n_.

(f = foP,) < /3, n o

Pp x

Fix n > n, and let P = Pn . If El P(E), by using notation

and results from Lemma 3.8, Rf belongs to the Tbm-closure of R(I)

in &bm(El). Furthermore, P(B) C El is a bounded subset, then a rela-
tively compact subset, and the topology rbm may be defined in &bm(El)

by the family of seminorms:
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Y = sup {lld'h(x) 0Pl ; x € L, 0 < 1 < j},

L C E; a compact subset, j € M, J < m.

So, there is g € I such that:

nal(re) (px) 0P - al(rg) (Px) 0B, < &/3,

x€ B, 0 <1<k,

and using the fact that (I,G) satisfies condition (L), there is h €1

such that
Pg,x(90P - h) < /3.
Then:
late (0 - atnoly <

late(x) -at (£ op) (x)lly + lat (£ op) (x) -at(gop) ()l +

lat(gor) (x) - aih(x)ﬂe < €/3 +e/3 +e/3 = ¢,

Xx € B, 0 <1i <k, which concludes the proof. D

4. IDEALS OF &°™(u)

DEFINITION 4.1: For A C &cm(U;F) a non - empty subset we define

v
A=n{A+I(a,k,L,e); a€ U, k <m, L CE compact, € > 0}

where

I(a,k,L,e) = {f € 8™ (u;m; Nalf(avl < e, vEL, 0 < i <k}.
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The definition of A extends naturally and obvious medifica =
tions in 2.19 show that A may be fail to be 1°M-closed. By contrast,
Yo, cm
A 1s always 1t -closed.

The definition of condition (L) for a pair (A,G), GCE'@®E

a non-empty subset, is naturally extended too.

THEOREM 4.2: Let I c &°(U) be an ideal and suppose thene is GC E' @ E
such that
i) ig, the identity of E, belongs to the closure of G 4n
LE(E;E) ;
i1) (I,G) satisfdles condition (L).
Then I 4is the t™™-closune of I in &°(u).
LEMMA 4.3: Let I C &°7(U) be an ideal, E{ C E a f§inite dimensional
vecton subspace, U, CUNE; «a non-empiy open subset.
1§ we considen R:g € &°(U) > glu; € &cmah)thmlthe1mechmune
0§ R(I) 44 an {deal of &cm(ul). Moneover, if fe€ &™w), fel,
then Rf belongs to the 1 M-closune of R(I) 4in &

PROOF: Analogous to 2.13. We just remark that &bm(Ul) & (Ul) to-

pologically because El is a finite dimension vector space.

PROOF OF THEOREM 4.2: It is clear that I c I.

Let fE€ I, KCU and L CE compact subsets, k <m, £ >0,
By Lemma 3.1, Prolla and Guerreiro [11l], there are u € G and v C U
a non-empty open subset such that

pK'L’k((ij) - fo(ujv)) < /3.

i
=
=
w

L

Consider El =u(E), Ul =El O U, Kl = u(K) and Ll
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using notation and results from Lemma 4.3, there is g € I such that

Rf - R < 3,
pKl’Ll'k( g) < e/
On the other hand (I,G) satisfies condition (L) so there 1is
h € I such that

P,k (90 (u[v) - (V) < e/3,

Then:

late (x)v - dthxiv| <
|aif(x)v"aif(u(x))u(v)|‘*|aif(u(x))U(v) -.aig(u(x))u(v)| +
|aig(u(x))u(v) - aih(x)v| <

Pg,p,x (EIV) = £o(uv)) + pKl'Ll'k(Rf - Rg) +

Pg,L,k (90 (u]v) = (h|v)) < ¢,

(x,v) €EK x L, 0 <1 <k,

This shows that f € I, O

5. &°"(u) - SuBMODULES oF &°“™(u;F)

THEOREM 5.1: Let F be a space with the approximation property and
wc 8™ w;F) an &°™(U) -submodule satisfying: (poW) ® v C W, dor
all ¢ €EF', v EF.

Suppose therne i85 G C E' @ E such that:

i) i belongs to the closune of G in L°(EiE);

ii) (W,G) satisfies condition (L).
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A d
Then W 44 the 1°®-closure of W in &M (U;F).
The proof of 5.1 uses the following two lemmas, In both,
W C 8cm(U;F) is an &°™(U)-submodule and ¢ € F',

LEMMA 5.2: The vector subspace vwoW = {pog; g € W} A4 an ddeal of
&cm(U). Morecver, (¢ oW,G) satisfdies condition (L), Lf (W,G) satis-

f§ies condition (L).

PROOF: If h € ﬁcm(U) and g € W, then hg € W and, so ¢ o (gh)

n

= hig o0g) € v oW. Therefore ¢y oW is an ideal.

Suppose now that (W,G) satisfies (L) and let g € G and Vv C U
be a non-empty open subset such that g(V) € U. If we consider K C Vv
and L € E compact subsets, £f € W, k <m, € > 0, there is heWwW

such that

Hai(fog) (x)y = aih(x)yﬂ < e/(1L + Wgl),

{x,y) € K x L, 0<1izx k.

Then:

|at (v ofog) (x)y-at(v oh) (x)y] < el 1& (£ 0 g) (x)y = &h(x)yll < &

(x,y) € K x L, 0<1i<k.
This proves that (v oW) o (g|V) C (poW|V). D

LEMMA 5.3: Suppose that i_ belongs to the closure of G 4in £LS(E;E),

E
§or some G C E* @ E, and that (W,G) satisfies condition (L).

1§ £€ W, then vof belongs to the tM-closurne 0f woW 4n

&M (u).

v
PROOF: Consider f € W, a € U, k < m, € > 0 and L C E a compact
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subset. There is g € W such that

1a e (a)y - algra)yl < e/(1 + o),

latw o) (a)y - altw ng) (a)y| < e il kalf(a)y -dlgaryl < e,

Yy €L, 0 < i<k, which proves that ¢ of € (v oW)" ., Since Lemma 5.2
enables us to apply Theorem 4,2, we conclude that ¢ ¢f belongs to

Miyy. o

the t“"-closure of ¢ bW in &
v
PROOF OF THEOREM 5,1: Let f € W, let K C U, L C E be compact sub-

sets, k <m, € >0 and define for 0 < i < k the set

A = {a*f(x)v; (x,v) € K x L},
Then A =V {A, ;0 < i <k} is a compact subset of F. By the
approximation property, there are n € N, wj € F', vj € F such

that:

n
ly = Z e¢.(y)vil < e/3, y €A,

By Lemma 5,3, each ¢j of belongs to ¢j oW, so there are

gj € W such that

Pg,r, kP50 793095 <&

n
where =¢/3 (L+ Z_| Vj").

€
1 J=l

l(wj ng) ® Vj . By hypothesis, h €& W . Consider

Let h =

0o

]
t € W such that
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h - ¢t) < g/3.
Pk, L,k ( ) /

Then:

. s s ., n
latf (x)v - d*t(x)vll < 13T (x)v - @1( = (by0f) @ vy) (vl +
j=1
-3 n —i -t -
nat( = (b5 00 & vyx)v = &hxvl + 13 h(x)v - atexyvi <
j=1
o |ai
3 z . - v, . , -
e/3 + 2 |d (¢] of v ogj)(x)vi “VJ” + pK’L’k(h t) <
n
e/3+ Z e v Il + /3 < g,
=L+

(x,v) € K x L, 0 <1i <k,

This proves that Pk 1. k(f - t) < g, and so f € W, as desired,o
[ 4 4

In order to drop the approximation property of the space F, we

will introduce a new topology.

DEFINITION 5.4: We will denote by 1%~ the topology defined in

Ecm(U;F) by the family of seminorms:

B> pg,px@of)

where K C U, L C E are compact subsets, and ¢ € F', k < m, k € IN.

Notice that for any subset A C &cm(U;F) it follows from the

above definition that f € &cm(U;F) belongs to the Tcm_* closure of

A if, and only i1if, yof belongs to the tM-closure of Y oA in ﬂcm(U),

for each ¢ € F'.

DEFINITION 5.5: Let A C &°™(U;F) be a non-empty subset.
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We define:
A* =n {A+I(a,k,L,v,e); a€ U, k <m, L CE compact, v € F', ¢ >0},

where

I(a,k,L,p,e) = {£ € e (U;F);|d (wof)(a)v] <e, 0 <1<k, veL.

If A C &cm(U:F) is a non-empty subset, an argument similar to

2.8 shows that A* is 1™ % closed.

DEFINITION 5.6: Let A C 8cm(U;F) and G C E' @ E be non-empty sub-

sets.

We say that (A,G) satisfies condition (L*) if given g € G and

V C U a non-empty open subset suchthat g(Vv) C U, we have Ao(g|Vv) C A,

cm

the closure considered in (&cm(V;F), T —%).

THEOREM 5.7: Let W C 8“™(u;F) be an &°™(U) -submodufe. Suppose
there {5 G CE' @ E such that ip belongs to the closure of G 4Ain
LS(E;E) and (W,G) satisfies condition (L*),

Then W* {8 the 1=+ closure of W.

PROCF: Apply Lemma 5.2 and Theorem 4.2.
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§1. INTRODUCTION

The first paper [ 3] on Birkhoff interpolation is due to G. D.
Birkhoff himself, which he presented to the American Mathematical So-
ciety when he was only 19 years old. Its style is old-fashioned:; the
main interest is in identities, remainder formulas, and mean value
theorems. Birkhoff was interested in the sign of the kernels which
appear in these formulas, and proved the important and deep theorem
about their number of zeros.

In 1955 - 58, Taran and his pupils studied the "0 -2 lacunary
interpolation”, which prescribes the values of P and P; at the
knots. They studied a very special selection of knots - zeros of de-

rivatives of Lagrange polynomials - and obtained many beautiful results

t Supported in part by Grant MCS 77 - 0946 of the National Science

Foundation.

* Research supported by Canadian National Research Council, Grant

A-7687.

187



188 LDRENTZ and RIEMENSCHNEIDER

(see [2]1,145] and [41]).

In 1966, I. J. Schoenberg [39] asked when the interpolation
problem with a given structure is solvable for all possible sets of
knots. This is the problem of regularity or poisedness of the inter-
polation matrix, which has proved to be exceedingly difficult. K.
Atkinson and A. Sharma [1] and D. Ferguson [7] gave the basic the-
orems of regularity, Karlin and Karon [13] contributed the theorem
about coalescence, and Lorentz ([18], [19] ,[22]}), theorems of singu-
larity. Among the applications of Birkhoff interpolation, we mention
the uniqueness problem for monotone approximation (Lorentz - Zeller
[29], R. A. Lorentz [30]), and the Birkhoff quadrature formilas (Lorentz
and Riemenschneider [24]). In recent years several papers have dealt
with the Birkhoff interpolation problem for spline functions (Karlin-
Karon [13] and others).

The present report attempts to give an exposition of this theory
for polynomial interpclation. For the sake of brevity, weomit spline
interpolation, and "lacunary interpolation" with special knots. This
paper 1is based on the 1975 report [20] of one of us to the Centerof
Numerical Analysis, University of Texas in Austin.

A last remark: the name "Birkhoff" interpolation prcblem (rather
than "Hermite-Birkhoff") seems to be completely justified from all
possible mathematical points of view; both historical as well as those

of substance.

§2. BASIC DEFINITIONS AND THEOREMS

2,1, DEFINITIONS Let S = {go,gl,...,gN} be a system of n times

continuously differentiable functions on a set A which is either an

N
interval [a,b}] or the circle T . A linear combination P = I a.gj

: ]
j=0
will be called a pofynomiaf in the system S.

A matrix
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m

(2.1.1) E = )io1, keor ™2 1, n >0

(5%
is an 4nterpolation matrdix fon S if its elements e,y are zero or
one and if the number of ones in E is equal to N+1, |E|=N + 1,
In general we do not allow empty rows, that is an i forwhich eiE:o,
k=0,...,n. A set 0f knots X = {xl,...,xm} consists of m distinct

points of the set A . The elements E, X, S and the data c¢ (de-

ik

fined for €. = 1) determine a Bitkhofg Anteapolation problem which

consists in finding a polynomial P satisfying

(2.1.2) p (k) (%) = c (e.. =1).

ik ik

The system (2.1.2) consists of N + 1 1linear equations with
N + 1 unknowns aj. The pair E, X 1is called regufanr if equations
(2.1.2) have a (unique} solution for each given set of Cix ; otherwise
the pair E, X 1is s{ngular. A pair E, X is reqular if and only 1if
the determinant of the system

(k)

(2.1.3) D(E,X) = {g(k) (xi),...,gN (x.): eik = 1}

o
is different from zero. Formula (2.1.3) gives a row of the determi-
nant corresponding to the entry eik =1 in E; the order of the rows
in (2.1.3) is taken as’'the lexicographical ordering of (i,k), eik=l'
By A(E;X) we denote the (N + 1) x (N + 1) matrix given by (2.1.3).
The basic notion of this report is that of a poised or regular
matrix E. An interpolation matrix E has this property if the pair
E, X is regular for each set of knots X in a given class. One can
consider several types of regularity; oirder regufanadty, if A = la,b]
and the knots must satisfy a < % < ... < X, < b; real regulardity

(complex negufarndity) when the knots are arbitrary distinct real
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(complex) numbers; and, trigonometric negufarity which is order regu

larity on the circle, - 7 < < ... < xm < m. The regularity of E

*1
means that the determinant D(E,X) # 0 for all (admissible) sets of
knots, while singularity means that DI(E,X) wvanishes for some X.We
shall distinguish between strong sdingulardity [6 ], when D(E,X) takes
values of different sign, and weak sdingufarity, when D(E,X)vanishes
without a change of sign.

A matrix is singular if and only if some non-trivial polynomial
P is annihilated by E, X for some admissible X; this means that P

b (k)

satisfies the homogeneocus equations (xi) = 0 for e., = 1. For

ik
a singular matrix we consider r(E), the lowest possible rank of the

matrix A(E,X). Then
(2.1.4) d=d(E) =N+ 1~ r(E)

the defect 04 E, is the largest possible dimension of the subspace

of polynomials P, annihilated by E, X for some X.

EXAMPLES: A Lagrange intearpofation matrix has m =N + 1 and ones
in the column 0. A Taylor inteapolation matnix is an 1 x (N+1) ma—
trix consisting of a single row of ones. A Heamite matrnix has blocks

eiO = ,,. = e = 1 of ones in each row while theremaining entries

i,kj
p (k)

are all zeros. An Abef matrix prescribes each derivative at

exactly one point and thus has only a single one in each column.

2.2. THE ALGEBRAIC CASE Here A = [a,b], S consists of the functions

XN X

(2.2.1) go(x) = R ot ,gN_l(x) =—l,gN(x) =1,

and P are the algebraic polynomials of degree N. Since P(k)E()for

k > N, we may assume that n < N, and by adding columns of zeros to
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E, we may set n = N; such matrices are called noimaf. We shall assume
that N = n in what follows,

Now formula (2.1.3) becomes

n-k n-k—1 -k
X *i !
(2-2.2) D(E,X) (n_k):l (n_k_l):"---p (_k):; eik = l r

if we agree to replace 1/p! by zero if p < O.

PROPOSITION 2.1: The deteaminant D(E,X) 44 a homogeneous polynomial

in Xy peee o X 0f fodn degnee 1+2 + ... + n - Eeikzl k =p which
satisfles
(2.2.3) D(E,aX) = aPD(E,X), D(E,X + o) = D(E,X),
(Xi+d0)n-k (xi+an)_k
(2.2.4) D(E,X) = LR el T Gk T 1y,

dor arbitranry ST 14§ X = {xl P ,xm} , we white
ax = {ax;, ... ,axm}, X+a={x+a,... ,xm-+a}.

In particular, it follows that the regularity (singularity) of
E does not depend on the choice of the interval [a,bl.

For a normal matrix E, let m(k) be the number of ones in
column k and let M(k) = g m(r) be the number of ones in columns
0,...,k . For example, M(nf— n+ 1, while M(0) > 0 means that there

are ones in column 0. The functions m(k), M(k) are called the PoLya

junctions o§ E. The condition

(2.2.5) M(k) > k + 1, K =0,..0 ,1
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is called the Pofya condition, and the corresponding matrix is called
a Polya matrix. Similarly, a B.irnkho44 matrnix is a matrix E whose PSlya

function satisfies the Birkhoff condition

(2.2.6) M(k) >k + 2, k=401,.v./n - 1.

These conditions play the following role. It is difficult to decide
when E is singular, that is when DI(E,X) = 0 for some X, but itis

easy to see when D(E,X) is zero for all X:

THEOREM 2.2: (G. D. Birkhoff, D. Ferguson, and B. Nemeth) The detex-
minant D(E,X) 48 not identicallfy zerc Li§ and onfy L4 E satisfies

the PolLya condition.

If M(k) <k + 1 for some k, then there is a non-trivial poly-
nomial P of degree k which is annihilated by E . This proves the
necessity of the condition. The sufficiency was proved incorrectly by
G. D. Birkhoff [3 ] and later correctly proved independently by Nemeth
[33] and D. Ferguson [7 1] .

For normal matrices, condition (2.2.5) is equivalent to the as-

sumption that any s last columns contain at most s ones:

n
(2.2.7) z m(k) <n-n, + 1, 0 < n, < n.
= 1 2z
k=n
1
It is (2.2.7) that we call the Polya condition for arbitrary (not

normal) matrices. Condition (2.2.7) holds if and only if E can be
made into a normal Pélya matrix by the addition of one or more sup-
plementary rows.

A normal matrix E is decomposable, [1], E = El @ E2 , 1f it

can be split vertically into two normal matrices E; ,E,. Amatrix is

indecomposable if and only if either itsatisfies the Birkhoff condition,
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or it consists of a single column. For each P&lya matrix E, thereis

the maximal canonical decomposition
(2.2.8) E=E &® ...  E ,
where each matrix Ej is either a one column or a Birkhoff matrix.

If E = El ® E,, then the matrix A(E,X) which appears in (2.2,2)

can be written, after a proper rearrangement of rows, as

n-=r r+1
| AaELx) } r+ 1
(2.2.9)  A(E,X) = ‘ :
A(EZ,X) ' 0 } n-r

As a corollary, we obtain

(2.2.10) D(E,X) = % D(El,X)D(EZ,X).
Hence,
THEQREM 2,3: (Atkinson and Sharma [1]) A decomposable mathix E=E; ® E,

L8 negufar A4 and only 4§ both of its compornents are rnegulan,

2.3. REGULAR MATRICES By Theorem 2.2, the POlya condition (2.2.5)
is necessary for regularity. To obtain a workable sufficient condi-
tion, we need the following notion. By a sequence in a row i of the

matrix E, we mean a continuous block of ones
(2,.3.1) €, T 1., = €& =1

which is maximal. Therefore, for a sequence either k =0 or else

= 0, and either £ = n or e g+l 0. A sequence is odd

i, k-1
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(or even) if it has an odd (even) number of ones.

A sequence (2.3.1) is supported if there exist two ones in E
to the NW and SW of i T 1, in other words, if there are ones in
positions (il,kl), (i2,k2) in E with il < i, kl < k; i2 >1i, k2 <k,
Already G. D. Birkhoff [3 ] noticed that odd supported seguences are
not good for regularity; he called a matrix E conservative, if it

has no odd supported sequences.

THEOREM 2.4: (Atkinson and Sharma [11) A normaf Pilya matrnix E 44

onden negulan Lf Lt has no odd supported sequences.

The simplest proof of this theorem depends on an extended form
of Rolle's theorem; another proof is based on the properties of
Birkhoff's kernel, (see Sectioﬁ 7.3).

If f is continuously differentiable on [a,b], then between
any two consecutive zeros a, B of f 1is an cdd (or infinite) number
of zeros of the derivative f' ., Hence, if between o and B some num-
ber of zeros of f' of even muftiplicity are known to exist, then f'
must have an additional zero (with a new value or as an additional

multiplicity of a known zero). Using this and induction, one proves

THEOREM 2.5: 1§ £ {4 an n-times continucusly differentiable punc-
tion annihilated by a Polya interpolation matrix E containing no odd

suppornted sequences and a set of hnots X = {x cix b, then

l,--

(2.3.2) £ (g) =0 gor some  x < £ < x .

Applying this theorem to a polynomial Pn_annihilated by E, X,
we obtain Pn 2 0 and thus prove Theorem 2.4,

Since 2-row matrices have no odd supported sequences, weobtain

THEOREM 2.6 (POlya [36], Whittaker [46]): A 2 x (n +1) inteapolation
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matrnix Ls negular Lf and only Lf Lt satisfies the PéLya condition.

The problem of order-reqularity is much more complicated if the
number of rows is more than two (even if it is only three, see §6).

For complex-negularnity, when the knots x, may be arbitrary complex

i
numbers, the situation is different. D. Ferguson [ 7] characterized
complex-reqular Birkhoff matrices (for another proof see [13]). Com-

bining this with the decomposition formula (2.2.8) one obtains

THEOREM 2.7: A Pofya matrnix E i complfex negufar if and onfy if its
canonical decomposition (2.2.8) consists only of Hermite matrices and

o4 matrnices with at most two non-zero Aows.

Unfortunately, the known proofs are not simple.
If E is not regular, its "distance from regularity" can be
measured by its defect, given by formula (2.1.4). Using an argument

from [5] we can prove

THEOREM 2.8: For a noimaf Polya matrix with exactly p odd supported
sequences,

(2.3.3) a< [R3L7.

This ineguality cannot be improved.

2.4. EXAMPLES, SYMMETRY, AND TRIGONOMETRIC INTERPOLATION Applying
Theorem 2.4, we see that all Hermitian (hence all Lagrange and all
Taylor) matrices are regqgular: they do not have odd supported sequences.
Abel matrices are regular by Theorem 2.3 since they decompose into
one column matrices, each with a single entry equal to one, and these

are regular.

Computing the determinant D(E,X), one sees that in
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1 00 11000 1 10 000
(2.4.1) El= 01 0 E,= 01 0 1 0 Eqy= 01 001 0y,
1 00 1 00 00 110000

the matrix E, is strongly singular, the matrix E2 is weakly singu-
lar, while the matrix E3 is reqular in spite of the fact that it has
(two) odd supported sequences. Thus, Theorem 2.4 of Atkinson - Sharma
cannot be inverted, Nevertheless, this inve;siOn is "usually" true.
Matrices which have exactly one odd supported sequence in one of the
rows (with other sequences of this row being even or not supported)
are necessarily singular (see Theorem 5.1). There are alsc other re-
sults in this direction.

In his "lacunary interpolation", P. Turan has studied symmetric
matrices. A symmetrnic mainix E should have an odd number, 2m+1, of
rows (to assure generality, we allow here a central row consisting
only of zeros). Thematrix E is symmetric if e-i,k =ei,k' i=l,...,m
and all k.

A symmetric matrix E is symmetrically negufarn if the pair E,X
is regular for each symmetric set of knots X = {x_m,...,xo,...,x }

m

with x, =0, x ==X

0
larity [22]: E is symmetrically regular if and only if both El and

_i i- However, this notion can bereduced to regu-
E2 are regular, where El (or E2) consists of row 0 of E in which
all elements in odd (or even) positions have been replaced by ones
while the other elements are left unchanged, and of rows1,...,m of E.
If the matrix E has some measure of symmetry, one can find
some simple necessary conditions for reqularity which complement the
Polya condition. For example, again let the rows of E be numbered
-M;s..,-1,0,...,m, and let qj, j=1,...,m, be the number of k's for
which e-j,k
row 0 of E in even or odd positions.

= ejk = 1. Also, let p, ' Pg be the number of zeros in
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PROPOSITION 2.9 [23): Under the above assumptions, 2zthe foLLowing

inequality 4is a necessary condition for Zhe negufarity of E

(2.4.2) q; * eer tq < min(pe.po).

Only a little is known about Birkhoff trigonometric interpola-

tion. Here the system of functions S is

(2.4.3) S = {1, cos X,8inx,...,coSs NX,sinNx}, x € [-w, w).

The polynomials in S are the trigonometric polynomials

N
= 1 .
TN(x) =5 a  t § (ak cos kx + bk sinkx).

k=1

An interpolation matrix is a mx (n+1) matrix E = (e,,) N with

k" 5=1,%=0
14
2N +1 ones. There is no a4 prloid reason to assume that n = 2N since

ék) of TN of all orders are non-trivial. The deter-

minant D(E,X) for E is translation invariant, D(E,X + a) = D(E,X)

derivatives T

for all o . The Pdlya condition (2.2.5) is replaced here by the con-

dition

(2.4.1%) M(0) > 0.

Also, an Atkinson-Sharma theorem holds for trigonometric in-
terpolation. However, now one should consider cylindrical matrices
(with row m of E proceeding row 1). In this case, when defining the
support for a sequence of row i, one can take supporting ones from

the same row.

THEOREM 2.10: A matadix with m > 2 rows satispying condition (2.4.4)

{8 trhigonometrically regular Lf Lt has no odd sequences except those
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beginning in column Q.

As further examples cof results that hold for trigonometric in-

terpolation, we mention:

PROPOSITION 2,11: (i) Let il,...,ip be different nows o4 E and sup-
pose p 44 prime. Let R, (R,) be the set of even [odd]
k > 0 fon which there are ones in posditions (ij,k), j=1,.0.,p-
Then the following Linequalities are necessary for the negu-

Lanity of E

(2.4.5) max( |[Rji , |Ry|)

< =,

- P

(ii) (Johnson [12]). A one nrow matrix E 4{is regulfar if and only
if 4t has N+1 ones in even posdltions and N ones Ln odd

posdltiona.

§3. COALESCENCE OF MATRICES

3.1. LEVELING FUNCTIONS AND COALESCENCE The important concept of
coalescence for two adjacent rows of a matrix was introduced by Karlin
and Karon [13]. They also gave the Taylor formula, Theorem 3.3, al-
though it was Lorentz and Zeller [29] who firmly established that
C #0 1in that formula. Recently, Lorentz [22] put the method on a
broader basis which allows multiple coalescence. Various applications
of this method can be found in [13], [19] and [22] (see also §3.3, §5
and §6.2).

Let E be an mx (n +1) matrix, not necessarily normal, satis-
fying the POlya condition (2.2.7) (see (3.l1.1) below). We interpret
E as a vertical grid of boxes. If ey = 1, then a ball occupies the

i -th box in the k -th column. We place a tray of n +1 boxes under
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the columns of the grid. Then the balls are permitted to fall from
the grid into the boxes of the tray in such a way that if the boxim-
mediately below is occupied, then the ball rolls to the first avail-
able box on the right. The condition (2.2.7) assures us that no ball
will roll out cof the tray. The distribution of balls in the tray con-
stitutes the one row matrix obtained by coalescence of the m rows of
E. It is to be expected that the final arrangement of the balls 1in
the tray is independent of manner in which the balls were allowed to

fall. Here is an example of coelescence of a two row matrix:

1st row 1 01 1 1 0 0 1 O O O0. ..
2nd row o0 1 1 0 0 0 O 1 1 O O. ..
coalesced row 1 1 1 1 11 0 1 1 1 O0...

pre-coalesced lst row l1 0 0 1 1 1 0o O O 1 O. ..

Fig. 1.

Let m(k) = m. . M(k) = Mk denote the Polya functions of some

interpolation matrix satisfying the PS&lya condition

n
(3.1.1) Z m(k) <n-=-n, +1, 0 < n, < n.
_ - 1 -1 -
k-nl
We shall use capital letters to denote the sum of a function, e. qg.
k
G(k) = ¥ g(r). The Level functions n°, M° of m and M are the larg-

r=_
est functions g , G with integral values which satisfy

(3.1.2) 0<glk) <1, Gk) = % g(r) < M(k), k=0,...,n.

This is eqguivalent to the following: if

(3.1.3) B = Goa(lmg = 1) +my =1) +.. tm -l +tm , k=0,...,n,
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then
1 if uk > 1
(3.1.4) m® (k) =
0 if B < 0.
The coefficient of colfision a«(M) = a(E) of M,orof thematrix

E,; measures the distance of M to the level function M° and is de-

fined by

n
(3.1.5) a(M) =a(E) = T (M) - M°(k)).
k=0

(In the above interpretation of coalescence, this is the distance that

the balls must roll.) A matrix E has collisions if a(E) > 0. The
basic properties of level functions are given in the following theo-

reme.

THEOREM 3.1:

o _ o} o _ (o] 0,0
(1) (Ml + M) = (Ml t M) = (M) M)
. o] o _ 0,0 _ 0
(ii) ((Ml + M)t M3) = (M + (M, + M)7) " = (Ml-+M2-+M3)

(1ii) I4 the {unction M, +M, satisfdées (3.1.1), then a0 does
(o]
Ml + M2.

: _ 0
(iv) oc(Ml + M2) = a(Ml) + oc(Ml + MZ)

a(My) + alM,) + a(M‘f + Mg).

]

The 1 x (n+1) matrix E° with P&lya functions n°, M° iscalled

the coafeascence of the matrnix E to one row. More generally, if

E=E, UE is a decomposition of E into two disjoint sets of rows,

1 2
then the coafescence in E o4 the nowa E, to one now 1is the matrix

°uE . From Theorem 3.1 we have

By 2
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c _ [0} o _ [¢] 0,0
(3.1.6) (B, V E,)” = (Ef VE,)" = (E] V Ej) 7,
0 O_ 0,0 _ 0
((E] VE,) "V Ej) —(El v (E2 YV E;) ) = (E; Y E, Y E3),
and
_ o}
(3.1.7) a(El VE,) ~a(El) + a(El U E2)

o]

= a(El) + a(EZ) + a(El

0
U .
E,)
Moreover, the POlya condition (3.1.1) is passed on to Ei v E2 from
U
El E2.

In particular, we can consider the coalescence of two rows in
the matrix E, say Ei—— the i-th row and Ej—— the J -th row. The
coalescence (Ei v Ej)O replaces these two rows by a single row, and
has collision coefficient aij = cx(Ei v Ej). For a horizontal subma-
trix El of E, we consider the coalescence (El v Eg)0 of El with
one row Eg produced by coalescing a disjoint horizontal submatrix
E2 to one row. The coefficient of collision a(El v Eg) can only in-
crease with the number of ones in E; i.e. as E2 increases in size,
For E, = E\ El‘

O
= v
(3.1.8) Y (Eq) a(E; V E,)

is called the coefficient of maximal collision of E;, in the matrix
E.

We have deliberately not mentioned any ordering of the rows in
E. Indeed, the disjoint sets of rows, El and E2, cculd intertwine.This
is good for considerations involving real (or compleX) regularity, but
we shall need to consider the order of the rows for applications to

order regularity.
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3.2. SHIFTS AND DIFFERENTIATION OF DETERMINANTS: For horizontal sub-

matrices E., and E2 of a matrix E, the row (El Y] Ez)o can be ob-

1

tained in the following way. Let E, be the 1 x (n+1) matrix having

1
the Pdlya function (Ml + MZ)O - M(Z’ . Then the two rows El and Eg

will be without collisions, i.e. al(E, U EO) = 0, and we obtain the

1 2
row (El ] Ez)O from these two by simple addition (see Fig. 1 for an

example) . We call E. the pre-coafesced matrix with respect to E

1 2°
If we denote the positions of the ones in E(l’ and ﬁl by I,l <. .. < £p
and SL]'_ < see < SLI') respectively, then SLj < SL:'.J . J=l,..4,p and
El is formed from Ecl) by shifting the ones from positions 'Q’j to SLJ'..
The coefficient of collision for El ) Eg is

0 o o 14
(3.2.1) o¢(El v EZ) = cx(El) + oa(El v E2) = a(El) + Z (iL:El - Stj).

j=1

Since the order of the rows is important for studying the order
regularity of matrices, we now consider the placement of the coalesced
rows in E and its effect on the determinant. Let Ei = (SLl,...,in)
and Ej be two rows of E, and let ﬁi = (SL'l,...,SLE')) be the pre - co-
alesced row E; with respect to Ej . The new (m-1) x {n+1) matrix
E obtained from E by omitting row E, and replacing row Ej by (EiUEj)O
is the matrix of coafescence of row E; to now Ej in E. If X is
the set of knots X with X5 omitted, we can obtain the determinant
D(ﬁ,i) as follows. The rows of the matrix A(E,X) appearing in(2.1.3)
i l,...fﬂ,p;

we replace these derivatives by derivatives of orders Q,i, ‘e ,Qé and

which correspond to E, are given by derivatives of orders £

replace x, by Xj . The new matrix will have determinant(-l)GD(E:,si) .

i
The .interchange numben o is the number of interchanges required to
bring the rows of A(E:,;() into the lexicographic order of E from the

order inherited from E.

E¥ is the pre-coalescence of

1 w = * *
Similarly, if Ei (.Q,l,...,SLp) i
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E, with respect to E\Ei, then we obtain the matadix E* of maximak
coafescence by omitting row Ei ; selecting some J #i, and replacing
row Ej by E:.| u E; (sometimes referred to as coalescence of row E; Lo now
Ej at ingdinity}. For practical purposes concerning regularity, this ma-
trix is essentially independent of Jj. Indeed, by the nature of the
coalescence, the columns 2{,...,2; in E\ Ei consist only of zeros.
Furthermore, if E satisfies the Pdlya condition then each vertical
submatrix of E\ Ei of columns k, la < k < £;+l’ (26 =-1), is a Polya
matrix. Therefore, E* has a decomposition into POlya matrices having
single column components in positions QI,...,QS . The forrala (2.2.10)

shows that the determinant D(E*,x*) is independent (up to sign) of

the choice of j.

o
1

ﬁl' we define a shift A:k » k + 1 of a submatrix E, of E as fol-

Motivated by the need to bring a row E. to apre-coalesced form

lows: a shift moves a one, eik =1, of some row 1 in El inte the

position ei,k+l = 1. A shift is defined on eix = 1 only if %Lk+lto'

As an example, again let %

q’ 2& represent the positions of ones in

O g » - L ] L3 1 L l
El ,El respectively; if qu is the largest lq with lq # Qq,and
if qu is the first one of the sequence in Ei ending in qu' then
there is a shift in some row of E; with k such that lql <k < lqO

which either increases qu by one unit without changing the remaining
2 or decreases a(El) by one unit with qu""’lqo unchanged. The
new matrix AEl reduces the collision coefficient (3.2.1) when
AEl, (AEl)O replaces E, ,Ei . Such a shift is called areducing shigt

of El.

A mubtiple shift KA = Ay --s AB of order B is a product of B

simple shifts. It transforms El into a matrix KEl.

PROPOSITION 3.2: Llet E; = (£ ..,lp) and E:'l be two rows 0§ E, and

e
,KL')) be the pre-coatescence of E, with neapect %o Ej .

= 1
E, = (Zl,...
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{a) For a muliiple shifi A 04 onden B < a = a(Ei U Ej), the

RLOWA KEi and Ej are 4n collisdon ({.e. a(KEi U Ej) > 0).

(b) There exists only one multiple shift A of onden o forn which

AE; and Ej have no collisdions . The shift A eanries Zl,...,lp

into Ei,...,zé . Afthough K 4is unique, it has C(>1) repre-

sentations by saimple (reducing) aAhifta: A= Ay ven A -

(c) I§ E; {48 a hondlzonial submatrix of E, then for any mul-
tipte shift A of onder B > y = Y(E)) lsee (3.1.8)), the
matrix (KEl) U (ENE)) does not satisfy the PoLya condi-

tion.

For a system S of differentiable functions and the matrix A(E,X)
assoclated with E, X, S, we want to find the partial derivatives of
the determinant D(E,X) of (2.1.3). To differentiate D(E,X) with
respect to one of the parameters Xy, we have to differentiate each

row of (2.1.3) which contains Xy . This leads to

8
(3.2.2) _B_Déﬁ_z.& = T D(A -« A E,X)
A .l‘A B

9%, 1"
(and a similar formula for mixed derivatives), where the sum is taken
over all representations of the rmultiple shifts of order B 1in the
i-th row of E.

We would like to examine the behaviour of D(E,X) as a function

of Xy as x,; approaches another knot xj. This behaviour can be de-
termined through the relationships between shifts, collisions, and
coalescence.

THEOREM 3.3: Forn x, = xj . D(E,X) has the Tayfor expansion

(3.2.3) D(E,X) = =t (= 1F C D(E,X) + ...,
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where C 4s degined in Proposdition 3.2(b), a = a4 = a(E; V Ej), and

o 45 the Ainterchange numben.
For polynomial interpoclation, when S is the system (2.2.1), we

have

THECREM 3.4: (i) 14§ E; 45 a honizontal submatrix of E, then D(E,X)
44 @ polynomial iv the variables x; corresponding to E
o4 foint degree not greaten than y(El).
(ii) In a singfe vardiable X, corresponding Lo a row E; in E,
D(E,X) has the highest team

XI g%
(3.2.4) D(E,X) = —;T—(- 1) C* D(E*,x*) + ...

with y = y(E;) and E* defined by the maximaf coalescence.

3.3. APPLICATIONS OF COALESCENCE For order reqularity or order sin-
gularity, we take rows Ei and Ej to be adjacent in (3.2.3) whereas
for real or complex regularity this is not necessary. This remark ap-

plies throughout this section.

3.3.1. Suppose that E is a normal PSlya matrix. We can give a very
simple proof [19] of Theorem 2.2. If D(E,i) is not identically zero
in (3.2.3), then the same is true of D(E,X). By repeatedcoalescences
of two rows, we finally reduce E to the one row form {1,1,...,1},
for which the determinant is the Vandermonde determinant of the sys-

tem S = {go,...,gn}. Therefore,

THEOREM 3.5: 14§ E 44 a noamaf PoLya matnix and the Vandermonde de-
teaminant of the system S 15 not ldentically zeno, then D(E,X) A4

not {dentically zero.
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3.3.2, If the determinant D(ﬁ,i) or D(E*,X*) in (3.2.3) or (3.2.4)

changes sign, then so does D(E,X). Hence [13], [19]

THEOREM 3.6: 1§ one of the coafesced matrices E ox EY {4 sthongly

singulan, then so s the oniginafl mataix E.

3.3.3. We can expleit the interchange number o occuring in formulas
(3.2,3) (and even in (3.2.4) [22]), by comparing them after coalescence
of several rows in different ways.

THEOREM 3.7: Let gq > 3 4ows F .,Fq 0§ E be coafesced g -1

17"
times, Ln two different ways, to produce the same single row. 14
Gl""'cq—l; ci""’cé-l are the connesponding interchange numbers,
and 4if

[} !
(3.3.1) gt ... Oq-1 % o t ...t Gq-l (mod 2)

then E i strongly neal sdingular for any system S. The aame  con—
cbusion holds for sitrong onder sdingubarndity A4, £Ln addition, <therows
Fl""'Fq are adfacent and afl coafescences are in one direction (dL.e.
Aow i te row 1i+1, on row 1+ 1 to how i),

The last statement is required since the coalescence of row i

to row 1 +1 contributes the sign from (x )&

- X This contribu-

i i+l
tion is the same on both sides if all the coalescences have this same
direction. In general, a less simple statement, taking into account
the collisions for coalescences 1 to 1 +1, is true when the direc-
tions of the g -1 coalescences are free (see §6.2).

We give a more explicit formulation of Theorem 3.7 for three
rows of E; Fl = (1',...,15), F2 = (1{,

mean the positions of the ones of row F pre-coalesced with respect

...,1&) and F3. By (F)s, we
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to row Fs' and by (F)st - the precoalescencevdthrespectto(FSLJFQO.
Further, we adopt the convention that two sequences following each
other mean that their elements should be written ocut in the given
order. By considering the interchange numbers for the coalescences
) ©

)°® and (F, U (F

((F L

U Fz)o UF V] F3)O , we obtain [22]

1 3 2

PROPOSITION 3.8: The matnix E Ais strongly rneaf sdlngulan L{f§ Lt con-

tains three nows for which the two sequences

' ' n n
((21,...,1p)2 ' ll,...,iq)3

and
1 ] n L
(21""'zp)23(£l""’lq)3

betong to diggferent penmutation classes.
Thus, a matrix can have three rows that are so bad that it is
singular for any arrangement of ones in the other rows, and for all

systems S.
3.3.4. By properly selecting knots X Theorem 3.3 and 3.4 give us
PROPOSITION 3.9: 1}

(3.3.2) Y; ~ z o

j# 13

is odd, where y; = y(E;) and a4 = afE; U Ej) are the coefficients
04 collisdion gfor now i in E, then E L5 strongly real singularn fon

polynomial interpofation.
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3.3.5. We have restricted ourselves in (3.2.3) to the expansion of
D(E,X) in one variable for sake of simplicity. If several knots X5
approach xj , we obtain multiple coalescence. The expansion will then
contain, as its main term, a form of order a in several variables. If
this form changes sign, the matrix E must be strongly singular. This

requirement 1s particularly meaningful for real singularity when the

values of the variables of the form are unrestricted.

3.4. EXAMPLES: Let E be obtained from E by coalescence. The ma-
trices E and E can be reqular, weakly singular or strongly singular
in logically nine possible combinations. Theorem 3.6 rules out two
combinations: E strongly singular with E being regular or weakly
singular. All the other combinations can occur. Indeed, by coalescing
the matrices El ’ E2 and Eg of (2.4.1) to two row form, we see that
E may be regular when E is any of the three types. The following

examples of E. Kimchi and N. Richter-Dyn [16] are less trivial.

0 1 1 0 0 O 0 1.1 0 0 0O
_ 0 0o 1 0 1 o0
E= 0 0 1 0 1 o ’ E4 =
1 0 0 0 0 O
1 1 0 0 0 O 1 0 0 0 0 O
(3.4.1)
0 1. 1 0 0 0 0o 1 0 0 0 O
6 0 1 0 1 O 0 01 0 0 0
E5= ’E6=
0 1 0 0 0 o 0 01 0 1 O
1 0 0 0 0 O 1 1 0 0 0 0

The matrices E and E. are weakly singular; the matrix E, is regqu-

lar; and the matrix Eg is strongly singular.
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§4. INDEPENDENT KNOTS

The connection between the concept of an odd supported sequence
and the extended form of Rolle's Theorem was exploited in §2.3 to
obtain a simple proof of the Atkinson-Sharma theorem. This simple con-
nection suggests that a more detailed study of the information gained
from Rolle's theorem is warranted. The method of independent knots
was formulated by Lorentz and Zeller [28] and developed further by
Lorentz ([18], [20]}, in order to study singular interpolation ma-
trices.

Let E be an mxn+1 interpolation matrix, and £ be an n-times
differentiable function on [a,b] which is annihilated by E and

.,xm) C [a,b], that is, let f satisfy

(k) - _ .
(4.1) f (xi) =0, ek 1 in E.
From the zeros of f and its derivatives specified by (4.1), we can
derive further zeros by means of Rolle's theorem. A selection of a
complete set of such zeros is called a "Rolle set" of zeros.
A Rokfe set R for a function £ annihilated by E , X 1isacol-

k=0,1,...,n, of Ro£Le sets of zernos (with multiplici-
k)

lection Rk’

ties specified) 4or each o4 the derdivaiives £ selected inductively

as follows: The set RO consists of the zeros of f as specified in

(4.1). If R ...,Rk have already been selected, then we select Rk+l

OI
according to the following rules:

19 A zero of £'%) in R, of multiplicity greater than one is

f(k+l)

also a zero of with its multiplicity reduced by one.

k+1) (including multiplicities) as specified

29 All zeros of f(
by (4.1) are included in Rk+l'
3¢ For any adjacent zeros a ,pB of f(k) belonging to Rk’ we

select, if possible, a zero of f(k+l) between them subject
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to the restrictions:

(a) If the new zero is one of the x then it is not listed in

i 7
(4.1), or

(b) there is an additional multiplicity of x; as a zero of

£®*1)  hich is not acknowledged by (4.1).

{(c) In the event of (b), if t is the multivlicity of X, as a

zero of f(k+l) given by (4.1), then the rmultiplicity of X
in Rk+l is defined as follows. We add to (4.1) the equa-
tion f(k+t)(xi) = 0, and determine the multiplicity of x;

as a zero of f(k+l)

from these egquations. This may connect
two sequences in E and prescribe a multiplicity larger

than t + 1.

If a zero does not eXist subject to the restrictions in 39, then
we say that a £0ss occurs at step k + 1. A Rolle set constructed
without losses in any of its steps is called maximaf. The function £
may have many Rolle sets, some of them may be maximal, while others
are not maximal.

Some oroverties of Rolle sets are immediate consequences of the
(k+1)

selection procedure. First of all, the only multiple zeros of £

in R are among the points X, in X. Secondly, the extended fom

k+1
of Rolle's theorem shows that a loss will not occur if the rows of E

corresponding to %, between adjacent zeros of Rk contain no odd sup~-

i
ported sequences. (This was the connection used in §2.3.) We have

LEMMA 4.1: 14 the matrix E has no odd auppornted sequences, zthen all

Rollfe asets o4 a funcition £, annihiftated by E , X, are maximaf.

The number of Rolle zeros in a maximal Rolle set can be deter-

mined by induction:

LEMMA 4.2: 14§ £ <is annihilated by E,X, then 4on each k, k=0,1,...,n,
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the numbern of Rofle zeros of £X) in a maximat Rokle set {or the
gunction £ A5 at Least M(k) - k.
Let S = {go,...,gn} be a system of n-times continuously dif-

ferentiable functions which are linearly independent on each open
subinterval of [a,b]. A set of knots X C [a,b] is called {ndependent
with respect to the system S i1f for each interoolation matrix E,
every volynomial P in S annihilated by E,X has a maximalRolle set
of zeros.

Using a weak form of Markov's inequality, which is wvalid for

each system 8, it is possible to show that Rolle zeros for P(k+l)

(k)

can be selected away from the zeros of P . More precisely, (see

[37] for algebraic polynomials)

LEMMA 4.3: There is a monotone increasing function §(2),0 <§(2) < %
(k)

such that if B -oa>2% a<a<g<b and P®(a) =p% (g =0
for some polynomial P Ain S and k, k = 0,...,n-1, then there ex-
ists £, o+ 8(L) < £ < B - 8(L) fon whick PYL () = 0.

For simplicity and without loss of generality, we take [a,b] =[-1,1].

From Lemma 4.3, one derives

THEOREM 4.4: Foxr each p,0 < p < 1, there 44 a sequence {tys}::l
with p < Y] having the following properiy. Lef X be a asubset of
[-p,p] U {2 ys}, and E be an interpolation matrix which has wno odd
suppornted sequences in the rows corresponding to knots X, ~p <X <p-
Then each polynomiaf P in S, annihifated by E, X, has a maximal

Rotle sef.

For the proof, the points y, are chosen inductively very close
to 1 so that the selection of Rolle zeros in step 39 is always pos-
sible. It is essential for the proof of Theorem 5.1 - indeed, it is

the main idea - that the "harmless" knots x; can be made variable in
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an interval (- p,p), arbitrarily close to (-1, 1l). Clearly, anyknot
set X contained in {z ys} is independent with respect to the sys-

tem S.

Theorem 4.4 gives another simple proof of Theorem 2.2 (Windhauer
[47] or [20]). Assuming that E is a normal Pdlya matrix, we take
X C {2 ys} and show that the pair E, X is regular. Indeed, a poly-
nomial Pn annihilated by E, X is identically zero by a standard ap-
plication of Lemma 4.2.

As has been pointed out in [19], Theorems 2.2 and 2.4 extend to
equations of the form
(4.2) D.D; ... D f(xi) = c,

(e;, = 1),

ik
where Dj are certain differential operators of order 1, and S is the
Chebyshev system connected with these operators (for a definition of

S, see [15, p. 9, p. 378—3791]).

§5. CLASSES OF SINGULAR MATRICES

The Atkinson-Sharma theorem provides only a sufficient condi-
tion for the regularity of matrices; the condition is not necessary.
However, a good guiding idea is that.this condition is "normally"”
necessary, or at least necessary under some simple additional condi-
tions. All theorems of this section refer to 4interpofation by alge-

bradic polynomials and crder sdngularily.

THEOREM 5.1: An mx (n+1) noamal Birkhof§ matrix is strongly adingu-
Lan if it contains a row with precdsely one odd supported sequence [all

othen sequences of this now being even ox not supported).

The simplicity of the statement of Theorem 5.1 belies the
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difficulties of its proof. This theorem was first proved in the spe-
cial case when the interior row consists of a single supported oneby
Lorentz and Zeller [28], and in full generality by Lorentz in [18]
and in [20]. The theorem also appears in Karlin and Karon [13] as a
consequence of the method of coalescence, but the proof offered there
contains an essential gap.

A proof may be based [20] on Theorem 4.4 of the method of in-
dependent knots. The row containing a single odd supported sequence
is assigned a wvariable knot y, -p < y < p, while the other knots are

taken among the tyg of Theorem 4.4. It is necessary to study the

zeros of P(k)(x) = akk P(x,y), where P is some polynomial in ¥,
depending on the par;§:ter y, and to show that for some y it has
the root X =y. This is done by examining all zeros of P(k)(x) in
(-1, 1).

The matrix E, in (2.4.1) shows that Theorem 5.1 fails to hold
for matrices with two odd supported sequences in a row. For matrices
with an odd number of odd supported sequences in one row some special
cases are known (see Section 6.2). However, we have the example of

the matrix

(5.1) E, = 0 1.0 1 0o 1 O

which is weakly singular. This example appears in [5] and has maxi-
mal defect, d=2 (see (2.3.3)). It would be interesting to know whether
a three row Birkhoff matrix with an odd number of odd supported se-
quences can be regular.

A second class of singular matrices is found by restricting all
but one row. A row of the interpolation matrix E is sdmpfe if it con-

tains a single entry one and remaining entries zero. The matrix E is
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afmost adimple if all its rows but at most one are simple,

In the canonical decomposition (2.2.8) of an almost simple ma-
trix, each component matrix is almost simple. More interestingly, the
almost simple matrix E 1is strongly singular if (and only if) one of
its component matrices is strongly singular. This observation is used
in two ways. First of all it 1s enough to study the strong singularity
of almost simple Birkhoff matrices. Secondly, oné can assume the ex-
istence of a "smallest” regular or weakly singular almost simple Birkhoff
matrix E0 containing odd supported sequences. Theorem 5.1 and methods
of coalescence are used to obtain a contradiction for the matrix EO.

In this way one obtains (Lorentz [19]):

THEOREM 5.2: An afmost simple Birnkhofd matrnix s negular Lf Lt has

no odd supported sequences and is stnongly sdngufar oiherwdise.

An interesting special case of this was established byK.Zeller
in 1970. Let E be a normal interpolation matrix with at least three
rows and which has non-zero entries only in an interior row J'.o and in
column zero of the other rows. Let 0 < k_ < ... < kp < n be the
positions of all zeros in row io' As a corollary to Theorem 5.3, we

have

THEOREM 5.3: A matrix of the type just descrnibed is regular ALf and

onby 4§ allf differences kj -k =1,...,p are odd.

j-11 4

As long as the guestion of regularity of an interpolation ma-
trix has not been solved, it is natural to ask whether it can be solved
"most"” of the time. That is, what is the probability that anormal in-
terpolation matrix is regular ? A first step in this direction is to
count the number of P&lya matrices, or Birkhoff matrices, among all
mx (n+1) normal interpolation matrices. Let A(m,n), P(m,n) and

B(m,n) denote the number of all mx (n +1) normal interpolation,PSlya
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and Birkhoff matrices respectively. Here we allow some rows of the
matrix toconsist only of zeros, and assume 1 <m <n. We shall outline

the results of Lorentz and Riemenschneider [25].

THEOREM 5.4: One has the equations

m(n+1) 1 m(n + 2) 1 mn
(5.2) A(m,n) = ( ) , P(m,n) = T ( ) y B(m,n) == ) .
n+l n n+1 " \n+1

In particular, one has the strong asymptotic relations

P(m,n) ~

(5.3)

B(m,n) ~ Pm,n), n > =

The first relation (5.3) shows that (for large n) almost all normal
matrices do not satisfy the PSlya condition; the second relation shows
that there is a large proportion of Birkhoff matrices among the PSlya
matrices. Theorem 2.2 implies now that almost all normal matrices are
singular. However, whether a given matrix satisfies the Pblya or
Birkhoff condition is easy to determine. Thus, the proper question
should be: What is the probability that a normal m x (n + 1) P&lya
(or Birkhoff) matrix is regular ?

We assume that our mxn normal matrices satisfy the condition

(5.4) (1 +8)n/logn <m<n,

where § > 0 1is a constant.

THEOREM 5.5 [25): For each € > 0, there is an n, = no(s) with the
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foLlowing propenty. Among alf B(m,n) Birkhoff matrnices  satisfying
(5.4) with n > ng , at moat eB(m,n) are regufarn. What is more, all

but €B(m,n) of them have supponted singfetons.

THEOREM 5.6 [25]: For each ¢ > 0, there s an n, = no(e) 20 that
for n > n,, among ate P(mn) Polya matrices asaiisfying (5.4), at

moat €P(m,n) are hegufar.

§6. THREE ROW MATRICES

6.1. ALMOST HERMITIAN MATRICES It is not clear in what respect the
theory of regularity becomes simpler for three row matrices. The the-
orems on coalescence are not strong enough to reduce the general case
to this one. Furthermore, we shall see that even very simple three row
matrices present considerable difficulties. The results of §6 refer
to order regularity.

We shall study 3 x (n + 1) normal Birkhoff matrices with the

following placement of ones

e = 1, 0 <k < p; e =1, 0 <k < gqg;

(6.1.1)

Then p+q+1=n and k2 < n; without loss of generality, we shall
also assume that kl < k2 - 1l, p < g. For the knot set, we shall take
X =1{-1,x%,1}.

One of the smallest matrices of type (6.1.1), E3 of (2.4.1)has
served to show that regular matrices can have odd supported sequences.
Generalizing this example, several authors (DeVore, Meir and Sharma

[6 ] , Lorentz and Zeller in [19], and Lorentz, Stangler, and Zeller
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[26]) studied matrices of the form (6.1.1). It was hoped that in this
way the problem of regularity could be completely solved for atleast
one nontrivial case. The incomplete success of this attempt leads one
to believe that it is hardly possible to express the property of requ-
larity in terms of simple properties of elements ey of a matrix E.

The method of the paper [6] was to apply known facts about the
classical Jacobi polynomials Péa’B)(x). In [19], the alternation
properties of zeros of derivatives of the polynomial (l-+x)p(l - x)q
were used. The first method gives more detailed information while the

second method is applicable to wider classes of matrices.

THEOREM 6.1 [(26]: 1In order that the mataix (6.1.1) be regufar, Lt is

necessary that

(6.1.2) kl + k2 =p+q+ 1, k2 > q
on
(6.1.3) P <k <k, <gq.

In the case (6.1.2), E {is negular Lf and only {§ p = q. In the case
(6.1.3), the matnix can be edlthern negular on sdngular, but the negu-
Larnity of the matrix (6.1.1) Amplies the regularity o4 a simifar ma-

tnix with parametens ki, ké inatead o4 kl, k2 L4

1
(a) p < kl <ky <ky 2k, c<q

on

() kj =k, + 1, kj =k, +1<aq.

(Note that inequalities (a) have been stated incorrectly in the
paper [26], namely with ki < kg < k2 < ké. This error occured in the

last lines of the proof in [26, p. 435]. The inequality (5.5) should
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be replaced by the reverse one: "(5.5) yj'_+l()\) < y;.:(k) for some 1i.")
The proof of this theorem is by the "chase method". As a can-

didate for the nontrivial polynomial annihilated by E, X, we take
P(x,A) = (x - ) (x + 1)Px - 1T,

We let X change continuocusly from -« to +® and study what happens
(k;) (k,)
to those zeros of P 1 and P 2 whose existence is guaranteed by

Relle's theorem. The matrix is singular exactly whenone of these zercs

(kl) (k2)

overtakes the other at some x for then P (XO’)‘) =P (xo,x) =0,

Ol

The second part of Theorem 6.1 means that in the triangle given
by p< X%, ¥y<d, x+ 2 <y, there exists a monotone increasing curve
y = A(x), with slope at most cne, so that E is singular above and

on the curve, and regular below it. For p = 1, this curve was dis-

covered in [6 ], and was shown to be the upper branch of the ellipse
(6.1.4) (@+2)(x+y-1)2%-a(q+ Lxy = 0;

moreover, E is weakly singular on this curve and strongly singular
above.

For some values of the parameters, the statements of Theorem
6.1 were proved also in [6 ] and [19]; in addition, it was possible
to distinguish between strong and weak singularity. One general case
of weak singularity has been found to date, namely when q=p+ 1,
kl + k2 =p +q + 1. For more details, consult the paper of DeVore,

Meir and Sharma [6 ] .

6.2. CRITERIA BASED ON COALESCENCE Let E be a 3 x(n-+1) normal
P6lya matrix. For the knot set X = {0,x%,1}, the determinant D(E,X)
is a polynomial in x. Clearly, E will be strongly singular .if the

sign of D(E,X) is different in (0,¢) and (n,1) (e, 1-n sufficiently small).
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This simple observation is the essence of several criteria for the
strong order singularity of E, although the statements themselves
appear totally unrelated.

There are several equivalent forms in which this comparison of
signs can be carried out. One of them is given by the special case of
Proposition 3.8 when the matrix E consists just of the three ordered
rows Fl' F2' F3 (of course, the interest of Proposition 3.8 1is not
limited to this case). Another form is one given by Karlin and Karon
([13, Theorem 2.3]): Let (Zl,ﬂz,...,Kq) = F2 be the positions of the
ones in row 2, and let (Ei,...,ﬂé) and (£3,...,£;) be their posi-
tions in the pre-coalescence of row 2 with respect to row 1 and row

3 respectively.

PROPOSITION 6.2 (Karlin and Karon): 14 E 4is a 3 x (n+1) noumal Polya

matnix, then E 45 strongly sdngular when

el 231
(6.2.1) % dme.-1) 42, +2t42ds % 5 1(mod 2)
el , - + L, R 2 S e + e = R
j=1 J i 3 J kz"—j Lik " o gj 3,k

In fact, this aum need only be taken over J for which the Ej are

the finst elements of odd supported sequences of now 2.

The method of Karlin and Karon was to analyze the signs of the
determinants involved by using arguments from the theory of total
positivity due to S. Karlin. For the last statement of the theorem,

one verifies that adjacent ones, £j+l = £j + 1, or unsupported ones,

contribute 0 mod 2 iIn (6.2.1).

Both Proposition 6.2 and Proposition 3.8 are consequences of
coalescence and the use of the Taylor's formula (3.2.3). This can be.
explained best of all if we define "directed coalescence" as follows.

If F F are two adjacent rows of E, we define the directed co-

1" °2

alescence F as the matrix derived from E by replacing row

= F

1 2
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Fl by its pre-coalescence, fl, with respect to F2. The interchange

number, of the coalescence F, = F is the number of inter-

91,2 ¢ 1 2

changes needed to bring the sequence of integers ?l' F2 into natural

order. (Here a row F is represented by the positions of the ones as

in §3.) In a similar way. Fl = F2 replaces row F2 by its pre - co-

alescence with respect to Fl and has the interchange number ¢

-

2,1
Then (by (3.2.3))

(6.2.2) a = + o

1,2 (mod 2),

1,2

where = a(Fl v F2) is the coefficient of collision. For calcu-

%1,2

lating the interchange numbers of further directed ccalescences, the

positions of the ones in F, « F2 and F_ = F are assumed to bain

1 2 1
their natural order; then, for example, 03'(2,1) = 03Kl.2) for the
directed coalescences F, = (Fl - F2) and Fy = (Fl = Fz) respéc-
tively.
Let 6 be the sum of the exponents of powers of (- 1) giving the

signs mentioned at the beginning of this section. We can give sewaral
equivalent expressions for ¢§ (mod 2) by means of directed coales-
cences and Theorem 3.3. For example, to obtain Proposition 3.8, we

estimate the sign of D(E,X) near 0 by means of the coalescences

(Fl = F2) = F3, and near 1 by means of Fl = (F2 => F3) and obtainin
this way
(6.2.3) § = (mod 2).

91,2 Y 91,2y,3 Y 92,3t 91, (2,3

To obtain Proposition 6.2, we consider the cocalescences (Fl¢=F2)= Fy

and Fl - (F2 = F3); this gives

(6.2.4) § 2 a + a

+ +
2,1 a o

2,3 (mod 2).

3,(2,1) 2,37 %2, 1
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(to see the equivalence of (6.2.3) and (6.2.4) directly, one uses
(6.2.2) and an extended form of (3.1.7)). Eguations (6.2.1) and

§

1 (mod 2) can be shown to be equivalent by the careful computa-
tion of the collision and interchange numbers of (6.2.4) by means of
the quantities in (6.2.1).

Similar ideas give a special case of Propositions 3.8 and 6.2
found by Sharma and Tzimbalario [42]. Let E be a 3 x(n+1) normal
Birkhoff matrix with ones in positions Fl=(£."'”££))’ F3=(£'l",...,£;'),

and let kl < ... <k be the positions of the zeros in row 2.

ptr

PROPOSITION 6.3: 14 kl >max(£é - p, K;' - r) and i§

1 (mod 2),

HI|

p
(6.2.5) E o (kpys - ky) o+ opr

then E is astrongly singulanr.

Here we use the coalescences (Fl = F2) - F3 and F& =*(1"2 = F3)

to obtain

(6.2.6) 01,2 + al,Z + 03’(1,2) +03’2 +Ol,(3,2) +ul’(3,2) =§ (mod 2).
Under the assumptions of the theorem, it is easy toverify that (6.2.5)
and § = 1 (mod 2) are equivalent by (6.2.6). Sharma and Tzimbalario
proved Proposition 6.3 by using properties of special determinants.
An interesting special case of Proposition 6.3 is when the first
and last rows of E are Hermitian. If, in addition, there is only one
element in the Hermitian first row, the last row is Hermitian, and
there is an odd number of odd supported sequences in E, then Propo-

sition 6.3 implies that E is strongly singular (see Passow [35]).
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37. BIRKHOFF'S KERNEL

7.1. DEFINITION AND PROPERTIES Birkhoff's kernel, K(t) = KE(X,t) is
a spline function (piecewise polynomial) intimately connected with
Birkhoff interpolation by algebraic polynomials. It appears in the in—
tegral identities (7.1.4) and (7.l1.6); the second of the these gives
a remainder for the interpolation formula. The deepest theorem of
Birkhoff in his famous paper [ 3] was an estimate of the number of ze-
ros of his kernel, It is given here as a theorem about the number of
changes of sign of splines with discontinuities linked to the matrix
E.

As usual, let ui for r > 0 mean ut if u > 0, and 0 |if
u < 0, except that it is not defined if both u=0, r=0. We obtain

the kernel KE(X,t) from the determinant D(E,X) of (2.2.2) by re-
nk-1

placing the elements of the first colum in (2.2.2) by'(xi—t)+ /(n=k-1) !
(x __t)n—k—l xn—k—l x_k
_ i + i i _
(7.1L.1) KW === Thok-D ' 01’ Sk - L[ ¢

If Dik(x) are the algebraic components of the first column elements

of the determinant (2.2.2), defined for eik.= 1, then
(xi-t):_k_l
(7.1.2) KE(x,t) = . E=l Dik(x) m—k-1)¢ .
ik
If the knots are ordered, X < Wee < xm, then the determinant K(t)

is a polynomial in t in each of intervals (==,%;), (X,%5) ,e0u)(X,+=),
hence a spline. One sees that K(t) 1s zero outside of [xl,xm]. {The
same applies to the derivatives ofthe]«nnel.ihus,K(ﬂ(t),;j=0,.",n—1,
is zero outside of [Aj,Bj], where Aj (or Bj) is the smallest (or
the largest) of the Xy with e,, =1 for some k<n-3-1.1}

ik
Integrating (7.1.2), we obtain
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X
(7.1.3) J ™ k(t)dt = D(E,X).

Let An denote the class of all (n-1)-times continuously dif-

ferentiable functions f on [a, b] for which g(n-1) is absolutely

continuous.

THEOREM 7.1 (Birkhoff's Identity [3]): Let E be a nomal matiix with
zernos An the gLast column. For each £ € Al and each set 0§ knots X in

[a,bl,

b
£(n)

(7.1.4) > Dik(X)f(k) (x,) =f (£)K (t)dt.

The simplest special case of (7.1.4) is Taylor's formula with
integral remainder.

From this theorem, we can obtain mean value formulas. Let
f e Cn[a,b]. If K(t) does not change sign, then by using (7.1.4) and
(7.1.3), we can obtain
(k)

1.9 = e ) -t (5pE, 0, x) SE<X (X < <X).

e 1
The same 1s true if K is of arbitrary sign, but f is a polynomial
of degree not exceeding n. In both cases, the relations fUd(xi) =0,

e =1 and D(E,X) #0 imply f(n)(i) =0 for some £, xl < k£ < X

ik
Suppose now that E is a normal POlya matrix without any re-
strictions and X is a set of knots for which D(E,X) # 0. If f€ Ah+l'

there exists a polynomial Pn of degree at most n for which
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We would like to get a formula for the difference £f(x) - Pn(x). We

extend E to E by adding a 0-th row with only a single one, 1,

€00 ~
and by adding an (n + 1l)—-st column of zeros. Let x be different fram
the x

then is the set of knots obtained by adding x to X. The

i 14

X
kernel RK(t) = K=(X,t) is fhe Peano keanel of the interpolation.

E

THEOREM 7.2 (Birkhoff): One has for X C [a,b]

1 Ib (n+1)

(7.1.6) f(x) - Pn(x) = m)— af (£YK(t)dt .
{A similar formula holds for the difference f(k)(x) - Pék)(x),
if we insert the one in the new 0-th row in position k, i.e. e, k=l.}
I

7.2. NUMBER OF ZEROS OF SPLINES The deepest theorem of Birkhoff in
[3] counts the number of changes of sign of a kernel Kg(X,t). This
estimate is also valid for other splines (D. Ferguson [8)). A gen-
eralization by Lorentz [21] concerns the number o4 zernos of splines.
A function 8 on (- ®, +«) is a spline of finite support of degree n
if there are points x, < ... < X, SO that S is a polynomial of de—

1

gree < n on each interval (x ), has exactly degree n for at

i *i+1

least one i, and is zero outside of (xl,xm) . Let [a,b] be the smallest

interval outside of which S8 vanishes.

THEOREM 7.3 [21]: Let S be a spline of deghee n—1 with knots X <... <X..

Let E = (eik)

i=1,...,m, and that

be an mx (n+1) matrix o4 zeros and ones s0 that e ,=0s

M
=1 whenever 83, 5=n-x-1, has a jump

e.
ik
at x;. If p 48 the numben of odd supponted sequences of E, N + 1
{4 the number o4 ones in E, and 2 4is the number of zeros [counting

thein multiplicities) o4 S 4in (a,b), then

(7.2.1) Z<N-n+p.
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An essential part of this theorem is the definition of the mul-
tiplicity o of a zero 2. A zero 2z may be a maximal interval(xiﬁ%)
on which S vanishes, or a point, which may or may not be one of the
knots. The definition of o in [21] is a follows. If 8 is continuous
on 2z, then o = min(B,y), where R and vy are the multiplicities of
S to the right and to the left of 2z. (In [21], max stands erroneously
for min, but this was corrected in [20].) If S is discontinuous on
z, then o =1 if 8 changes sign on 2, a = 0 otherwise.In [11],
Jetter gives another apparently larger count for o . A different ver-
sion of Theorem 7.3 is given in Schumaker [40], with still another
definition of o . But also his p in (7.2.1) is different, so that his
formulation does not contain Theorem 7.4.

Of course, for point zeros 2z of S that are not also knots, a
is the ordinary multiplicity; and each change of sign of S is a zero.

The proof of Theorem 7.3 uses a type of Rolle's theorem for splines.

7.3. APPLICATIONS OF THE BIRKHOFF KERNEL Let E again be a normal

Birkhoff matrix. From Theorem 7.3 we derive

THEOREM 7.4 (Birkhoff): The number o4 changes of s4ign in [a,b] of
the hkernel KE(x,t) does noi exceed the number p 04 odd supported
sequences of E.

Let p=0 and X be given. If K(X,t) is not identically zero,
from (7.1.3) we see that D(E,X) # 0. Thus, the pair E,X is regular.
Since a simple additional argument shows that the case K(t) = 0 is
impossible, this gives a new proof of the Atkinson-Sharma Theoremn,
Theorem 2.4. Thus, this theorem is essentially contained in Birkhoff's
results of 1906.

An interpolation matrix E is called stirongly regufar 1if for
each X, the kernel X(X,t) is of constant sign and does not vanish

identically. We have the implications:



226 LORENTZ and RIEMENSCHNEIDER
E conservative = E strongly regular = E regular,

and they cannot be inverted. For the last two statements, an example
is given by the matrix E3 of (2.4.1), which is regular but not strong-
ly regular. Another example (Jaffe [10]) is the strongly regular ma-

trix

(7.3.1) E = 0 1 0 1 0 0 0

which is not conservative (contains odd supported sequences). See[10]
for other examples.

It should be noted that the strong regularity of E is equiva-
lent to the validity of the extended Rolle's theorem (Theorem 2.5)

for E, for all X, all f£f € C(n)[a,b], and some a < £ < b.

§8. APPLICATIONS OF BIRKHOFF INTERPOLATION

8.1. RESTRICTED RANGE APPROXIMATION In the uniform approximation of
a function f € Cl[a,b] by algebraic polynomials, we may want to re-
strict the approximating polynomials in some way. For example, we may
assume the approximating polynomials Pn are increasing. More gener-—
ally, we may restrict the P to satisfy [27]

(k.)
(8.1.1) ejpn3 (x) >0, a<x<b, 3=1,...,p,

where ey = t1l are given signs, and 1 < k; < ... < kp <n are
given integers. In analogy with the case kp = kl = 1, this is still
called the problem of monotone approximation.

Even more generally, one can restrict the ranges of the derivatives
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by [38]
(kj)
(8.1.2) lj(x) < Pn (x) < uj(x), j=1l,...,py &< x < b.
For the bounding functions lj, uj, it is necessary [38] to assume

that either uj ¥ 4+ «, or that uj is differentiable for a < x < b,
and that either Ej = — =, or that lj is differentiable. Problems
concerning the uniqueness of a best restricted approximating polyno-

mial are intimately related to Birkhoff interpolation.

THEOREM 8.1: Fox each f € C|[ a,bl zthere exists a unique polynomial

0f the class (8.1.1) of best undifjorm approximation to f.

This was proved by Lorentz and Zeller [27] for p =1, and by
R. A. Lorentz [30] for p > 1. For the proof, one first finds a
Kolmogorov-type theorem, characterizing polynomials of best approxi-
mation of the family (8.1.1l). These polynomials possess certain ex-
tremal properties; among them there exist minimal pofynomialstof best
approximation, with the smallest number of extremal properties. For
the proof of Theorem 8.1 it is sufficient to show that the difference,
Q, between any best approximation polynomial and minimal polynomial
is zero. This is achieved by means of the Atkinson-Sharma Theorem if
p = 1, but requires a more sophisticated proof by induction for p>1
[30].

A similar proof can be given [38] to establish the wuniqueness

in case of the more general problem (8.1.2). In [30], some additional

restrictions are required for Qj’ u. 1if k

. = k. + 1. There is an
J j+1 J

indication in [17] that these restrictions can be avoided.

8.2. SIMULTANEOUS APPROXIMATION The simultaneous approximation of

k+1

a function f € C [a,b] and of its derivatives of order kj by a
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polynomial Pn and its respective derivatives means approximation in

the metric

(k)
(8.2.1) Il £ = max max | f J (x) | + max |[£(x)].
1<j<p a<x<b a<x<b
We assume 1 < k; < ... < kp < k. This problem is again related to

Birkhoff interpolation. The set B(f) of the polynomials of best ap-
proximation does not necessarily consist of one point. Using the mini-
mal polynomials of (8.1.1), one can find [31] the dimension of B(f)

(see Chalmers [4 ], R. A, Lorentz [31], and also [17]).

k, k k
8.3, CHEBYSHEV SYSTEMS ON [-1,+ 1] When is the system S ={x l,x 2,...,x p},
a Chebyshev system on [-1, +1]? Using Theorem 5.3, we obtain almost
immediately [18], (see also Passow [34]):

THEOREM 8.2: For iniegers 0 <k, < ... < kp, the system S 4is a
Chebyshev sysitem on [-1, +1] 4§ and only 44 k, =0, and L4 all dig-
ferences kj+1 - kj are odd.

8.4. OTHER TYPES OF INTERPOLATION Among other types of interpolation
which are of considerable interest and should be investigated, we men-
tion Birkhoff interpolation by polynomials of several variables, and
Birkhoff interpolation by integral functions. For the last problemn,

there is the dissertation [9 ] .

8.5. BIRKHOFF QUADRATURE MATRICES Corresponding to every Birkhoff
interpolation problem, there is a quadrature problem formulated as

follows:
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Given the m % (n+1) interpolation matrix E with N +1 ones,
a set of knots X = {xl < ... < xm} C[0,1], and a measure
dg on [0,1], when does there exist a quadrature formula of

(8.5.1) the form

1
I f(x)dg = Z c, f(k)(xi)

_ ik
0 eik—l

which is exact for polynomials of degree n?

The literature on this subject is meagre; besides the inter-—
esting paper of Micchelli and Rivlin [32], which treats some special
cases, we have an attempt of a general theory in Lorentz and
Riemenschneider [24] and Stieglitz [42], [43]. What follows is mainly
based on [24].

A pair E, X is called g-regular with respect to dg if the
1.
problem (8.5.1) is solvable. Let uj =J xJ/jl dg(x), j =0,1,..., n,
0

be the moments of dg, and let B(E,X,dg) be the (N+2) x (n+1) ma-
trix obtained from A(E,X) of (2.2.2) by adding a last rowconsisting
of the moments (pn,...,uo). The following result compares, in par-

ticular, regularity and g-regularity:

PROPOSITION 8.3: A pait E, X 4is g-regular with nespect to dg 4i4

and only L
(8.5,2) rank A(E,X) = rank B(E,X,dg);

in panticular, 4§ E, X 44 negular, then N =n and E, X {8 g-regulan.

A matrix E is g-regular with nespect fo dg if the pair E, X

is g-regular for any set of knots X with 0 =Xy < .. < XS 1. The

restriction X = 0, X, = 1 1is necessary to obtain a new concept;
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without this restriction, g-regularity (at least when N =n) would
be identical with regularity. The regular matrices are strictly con-
tained in the class of gq-regular matrices. Indeed, the following sin-

gular matrices (Theorem 5.1) are g-regular with respect to dx on

[0,1]
0 1 0 0 1 0 1 0 0 0
(8.5.3) Eg = 1 0 1 0], Eg = 1 0 1 0 0 0
0 1 0 0 1 0 1 0 0 0

The emphasis on the measure dg in the definition of a g-regu—
lar normal matrix is essential ([24], [43]). The matrix E is g-regu-
lar with respect to all non-zero measures dg = w(x)dx > 0, w(x) € Ll[O,l]
if and only if E is a regular interpolation matrix.

A pair E, X can be g-regular even if the matrix E contains
less than n+1 o¢ones —it is sufficient to remember Gaussian quadra-
ture formulas. Thus, a pair E, X can be g-regular without the matrix
E satisfying the Pdlya condition — Theorem 2.2 is not valid for

g-regularity. We have, however,

THEOREM 8.4: 14§ dg (Z 0) 44 a non-negative measture on [0,1] which
is not solely supponted on the two point set {0,1}, then any matrix

E, g-regular with nespect to dg, must satisfy the Polya condition.

This was first proved by Stieglitz [42] for dg = dx. The gen-
eral case needs a different proof, which is based, among other things,
on differentiation of determinants similar to D(E,X).

A normal PSlya matrix may be so badly singular that it is not
g-regular for any reasonable measures. For simplicity, we assume that

the measures are of the form

(8.5.4) dg = wi{x)dx, w(x) > 0, w(x) € Ll[O,l].
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THEOREM 8.5 [24]: Let E be a normal Polya matrhix with exactly p odd
sequences Ln the nows cornespondding to X0 0 < xg < 1. 14 there s

an X such that

{8.5.5) rank A(E,X) = n + 1 - [JE%.L]’
d

then E, X 48 not g-regufar with respect to any measure (8.5.4).

If E contains exactly one odd sequence in its interior rOows
which is also supported, then Theorem 8.5 and 5.1 imply that E 1is
not g-regular for any measure (8.5.4). The examples in (8.5.3) show
that the theorem does not hold if E contains other (non - supported)
odd sequences in its interior rows.

A matrix E is called Gaussian if N <n and yet the pair E,X

is g-regular for some set X of knots and some measure dg.

PROPOSITION 8.6 [8 ], [24]: Let E be Gaussdan with knot set X fon

some measure (8.5.4). 14 p additional ones are required s0 that E

would noit have odd sequences Lin rows coanesponding 2o 0 < x, <1,
Zhen
(8.5.6) N>n-p.

In pariiculan, N > f%(n - 1).

A deeper and harder problem is to determine classes of Gaussian
matrices. The known cases involve Hermitian and quasi-Hermitian matrices
(see [32], [14]), when Proposition 8.6 is essentially invertible. The

following interesting theorem is due to Micchelli and Rivlin [32].

THEOREM 8.7: Let I, J be subsets of {0, 1,...,n}t with |I}| =k,

| 3] =2, and k + £ - 2s =n+ 1. 1§ w(x) &8 as in (8.5.4), then
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thene exists a unique Aelection 04 knots 0 < X < ... <x o<l fon

which the formula

1 . . s
(8.5.7) j fxw(x)dx = 2 a.f 0+ Z bty + T o fix)
0 jer * jeg J r=1 * T

i4 luniquely) solvable to be exact fon all polynomialsod deghree at

most n.,
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APPROXIMATION POLYNOMIALE PONDEREE ET PRODUITS CANONIQUES
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Institut Henri Poincaré
Paris, France

Scint E une partie fermée de Rf, p(x) une fonction définie
sur E. On dit que p(x) est un podids de Beanstedin si notmﬁ:parc%(E)

les fonctions continues sur E et tendant vers 2ero 3 1'infini alors
xnp(x) € Co(E) pour tout entier n>0 et
{xnp(x)} est totale dans CO(E).

On note par H(g,E) la classe des fonctions réelles h harmo —

niques dans le complémentaire de E et verifiant

h(z) > 0 pour 2 € C\E

h(x) > q(x) pour X € E.

On sait que [ 3] R(g,E) # @ avec gq = - log p entraine gue

n+2

{x p(x)}n> o ©st non totale dans Co(E)' On se propose d'étudier

le lien entre les poids de Bernstein sur E et la croissance de pro—

duits canoniques de la forme

wH(z) = J log |1 - £ |du(t)
E

237
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-

ou dp est une mesure de Radon sur E. (Cf. [3 | pour une premiére
étude dans cette direction.)

Les deux problémes paraissent differents, ils sont toutefois
assez liés. Il est d'abord évident que wH(z) est une fonction harmo-

nique dans C\E et par suite gu'elle fournit un candidat pour etu-
dier si H(g,E) # @. Les résultats intéressants vont dans l'autre di-

rection. Les Théorémes principaux sont &noncés ci dessous.
On dira qu'un point x  de E est negulien si étant donné une
fonction continue h(x) quelconque définie sur E la solution du pro-

bléme de Dirichlet H(z) pour cette fonction satisfait &

lim BH(z) = h(xo).

=X
z o]

L'ensemble des points irréguliers de E est de capacité nulle. On a

alors 1'énoncé:

1.1 THEOREME: Supposons que E est une partie de L'axe rneel positif,
que L'onigine appantienne a4 E et s0it un point negulien de E, et que
L'intensection de E avec un ouvent 30dt ou bien de capacité positi-
ve ou bien vide. Supposons que q(eo) 404t une fonction copvexe de o.
Alorns EH(g,E) est non vdide 84 et seulement 54 4L exdiste une mesure

n positive supportee par E, telle que

wH (x) > q(x) pour foul X € E,

Le signe d'egaliit ayant Lieu quasi partout sur E,

En approchant u par une mesure somme de masses de Dirac on ob-

tient

1.2 PROPOSITION: Sodini{ E une parntdie de K et supposons que H(-log p,E)
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804t non vide (-log p(e?) etant convexe). Alors il existe une partie
discnete E; C E tefle que p ne 404% pas un poids sur E;.

On considére l'ensemble des fonctions croissantes localement
constantes sur le complémentaire de E; on dira gqu'une telle fonction
m € H+(E) [resp m € H_(E)] si m(x) > 0 pour tout X€E [resp. rﬁ(x)io
pour tout x € E].

On note d4'autre part par g la fonction caracteristique de E,

par

XA
_ 1 dt
XA

oli A désigne une constante fixée. D'autre part on aura & supposer

dans certains cas que

1.3, —Eafg%ng- 0(1) (x,tx € E); |log t| 0(1).

On a les énoncés suivants donnant des conditions nécessaires et

- . . . +
des conditions suffisantes déependant de fonctions arbitraires de H

et H

1.4. Supposons que p dsatisfasse a (1.3) et qu'on pudsse  trouver

me H (E) tel que

J _logp(d) dx ,
E a(x)m(x) X

alons on peut trouver une patie discrete E; C E, felle que W(E ,p,1)

304t non vdide.

1.5. Supposons qu'on poisse trouven m € H (E) tel que

- r-;l(—x)

I.5.1. lim inf Togp (%)
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alons W(E,p,0) est vide.

REMARQUE: On peut remplacer 1.5.1 par la condition

X
. -1 dt _ - .
lim inf o9 0 (X [ 2 Jl m(t) T m(x)] <o,

1.6. Les €noncés 1.4 et 1.5 raménent le probléme A la détermination
. - + - .

de fonctions d'épreuve des classes H et H . Ces fonctions pourront

étre choisies adéquates au cas particulier considé&ré. Donnons quelques

exemples:

D'abord un résultat général.

X
1.6.1. Posons A(x) = 1/2 J eg(t) (at|t), ators X e ut,

1
Ce résultat peut etre précisé moyennant des hypothéses supplé-
mentaires.
1.6.2. Supposons gque 1lim a(x) = 0, posons

X

_ 1 at
M) = Jl a(0) [Tog a(t)| Ye(® %

kA*(x) +

alons quellfe que s0if La constante k, e € H

1.6.3. Supposons que 1lim sup a(x) < 1, alors on peui Zrhouver o > 1

tel que ¥ e gt

Cecl montre gu'un résultat de Katznelson [2 ] ne peut pas é&tre

sensiblement amélioré.

1.6.4. Supposons que E 4s0it La neunion d'intenvalles [a , by 1, tels
que
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log bk-—log a, - o, alonrs esx(x)

X € H (E) pour tout 8 > 1.

Ce résultat est a& rapprocher de (4.1).

2. BALAYAGE AVEC LE NOYAU DE WEIERSTRASS

La théorie de balayage en potentiel logarithmique est dévelop-
pée soit pour des compacts, soit en utilisant les fonctions de Green

par exemple celle du demi-plan. On se propose d'utiliser ici la théo-

rie classique pour un cas non compact le noyau étant log |1 -zt 1

8i u est une mesure, on considérera l'intégrale (que l'on supposera

toujours absolument convergente)

wH(z)

Jf log |1 - zt 1| du(t).

D'autre part si u est & support compact on peut considérer é&galement

1
J]og|z_t|du(ﬂ.

ut (2)

On a alors

w'(z) = vt - tMz).

Nous allons commencer par ecrire la fonction g comme un potentiel.

2.1. LEMME de factorisation: Soit gq(x) une foncition positive, telle
que g(e®) s0it une fonction convexe, d choissance Lineaine pour X
assez grand, et telle que

1

2.1.1. J' q(t) g 3/2
Q

dt < «

alons on peut thouven une fonction g posditive verifiant
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2.1.2. legu-—x{1|auy%§ =q(x), x> 0.

PREUVE: L'hypothése de convexité faite sur g impligue que
X dt
2.1.3 g(x) = J m(t)—;— ol m(t) est croissante.

2.1.1. implique que

j i) .,
1/2

Soit Q(z) la transformée de Mellin de g. Transformons for-

mellement les deux membres de 2.1.2. par Mellin, remarquant gue

j log |1 - u| w¥lqu = - SOELTZ ) (gep <0
(o]

on obtient

Q(z) = z tg(nz)Q(z).

2.1.3. donne, notant par M la transformée de Mellin-Stieljés de dm

Q(z) = > d'on
z
G(z) = - =LT2 . g(z),
Notons par h(x) la fonction ayant pour transformée de Mellin
:—E%EEL, - -% < Rez < -% « h(x) se calcule par résidus et on trouve
h(x) = log|l + xl/2| - log|l - xl/2|

sur cette expression il est &vident que
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2.1.4. h(x) > 0 {Inégalité fondamentale)
1 1
€ - = —_—
2.1.5. h Ll,a 5 <o <3
1 1
e - - _
2.1.6. her, > <a <=
ol Ly o désigne l'espace des fonctions sommables par rapport & la
r
mesure xct_l dx; L_ o l'espace des fonctions bornées par x %, Ceci
r

étant, justifions les opérations formelles effetuées ci-dessus.

Posons:

2.1.7. g = h % dnm

1
Alors dm € M espace des mesures sommables pour % st o > —=;
o
L
2

d'oli d'aprés 2.1.5. @ est bien défini et q € Ly g™ 4+ <a <
14

2.1.8. Comme d'autre part log|l - x| € L r -1 <a <0, le pro-

1l,a

duit de composition k = log |1 - x| * q est bien défini et € Ly g
r

- %% < B < 0. On a enfin

K(z) =.:£¥ﬂ§lﬂ£.. Q(z) si Rez = g, - %% < B <0,

et

Q(z) = H(z)M(z).
D'ou

K(z) =-£L%Q— et

z
t M(x)
kit) = { ——;5— dx presque partout

o

les deux membres etant continus ceci vaut partout d'ou 2.1.2,
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Posons

(% . at
r{x) = LD q(t)-g—

il resulte de 2.1.8. gue

2.1.9. lim r(x) existe
x:m

Nous allons monter un lemme elémentaire sur l1'allure d'un potentiel

d'une mesure portée pour 1l'axe reel,

2.2. LEMME: Sodt du une mesure positive d support compact portee

par £'axe neel, [ log|z - t| du(t) = - UM (2). Supposons que
lim U“(xo + iy) existe el s0it finde .
y=o

Alons on a

H : = 1M
lim U (xO + iy) = U (xo).
y=0

PREUVE: UY(x) est semi-continue inférieurement donc

U“(xo) < 1lim Uu(xo + iy).

D'ou l'intégrale - [ log|l - xot_l| du(t) est convergente. Remarquant

que les points réguliers de E

lim h(x + iy) = g(x)
Y=o

d'oli en utilisant 2.2.

jlog|l - xt_1| du(t) = q(x)
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en tous les points réguliers de E, ceux—ci formant un ensemble par-
tout dense sur E et WHM(x) &tant semi—continue supérieurement, q(x)

continue, on obtieni

(

Jlog|1 - xt_l| du(t) > g(x) pout tout x € E, c.q.f.d,.

3. Nous nous proposcons dans ce paragraphe de démontrer énoncés 1.2.

3.1. THEOREME: S{ H(E, - logp) est non vide, alons on peut Lrouver

une mesune dx ayant pour supporit un ensemble discret E; © E, tel que
n , .
j x p(x)di(x) =20, j jdA | < =,
DEMONSTRATION: Soit H(E, - logp) # @. Il existe d'apres 1l.1.

3.1.1. j log|l - xt_l| du(t) > - log p(x), X € E.

t

Il résulte du fait que cette inté&grale est > — » que J du=u(t) est
o

une fonction continue. Scoit
n(t) = partie entiére de u(t)
et soit

exp [ - j log(l - zt Hyan(e)] = F(z).

F(z) est une fonction méromorphe n'admettant que des pdles simples.

D'autre part, posons
s(t) = p(t) - n(t) 0 < s(t) <1

-1 z dt ® l+it  du
3.1.3. JlOg|l_Zt |dS(t)=ReJ’t-——E S(t)T =REJOS(XU)E_—1T—U-
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ou T = yx_ i soit o tel que p(a) <1, a >0

G./x 1/2 2 +co
STV
o a/x 1/2 2

La premiére intégrale est inférieure &

p(t) = = 0(1).

o X dt
XxX—t t

o

La seconde & log x + (0(1).
La derniere a 0(1).

Reste 4 évaluer la 3éme intégrale on le fera en posant

= L | L lon
s =s; + 5, [Sl' <5, d'od
2 . 2 2
l+it du 1 l+it. 1. l+it
Ref s(xu) =77 & < —f Re —==2—5+(du +—1J Re === du|
12 u-l-it u 2 1/2 u-1l-irt 2 u-l-it

N _ L
+lReJ = (1 - =) dul .

La premiére intégrale < - logrt +(0(1l), la seconde et la troisiéme sont

0(l), d'ou en tenant compte de 3.1.1.

A
IF(x + iy) ]| < Bp(x)iy—, xeE, |yl <5
Soit r un entier > A + 2, bl""’br , r points de E distincts;
alors on peut trouver une fraction rationnelle H(z) ayant les bk

pour pdles simples et telle que

F(z) H(z) vérifiera

!
N
it
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3.1.3. F (2) | <Bp(x) [y T[x % (z =x + iy).
On a
. [ de(t)
FICIR NI
ol p(t) = X Résidus de Fl(x) < t.
Le mS résidu a vérifiant
pla )
[am|-<B ___§EL
a
m
' - 1/2
D'autre part on a n(t) = 0(t ) en vertu de la formule de Carleman
d'ou f Jiﬂ%El < », Par suite si l'on pose
t
-1 {
drx(x) = (p(x)) “dp(x) alors J dlx < = et
n+l
- [ pLt) _ -n -t _
3.1.4. Fy(2) = J-;frz dr(t) =y z @+ J g — p(t)dx(t)

ol Yy, est le premier moment de dp différent de zéro. Prenons z=x+1,

X € E; cette egalité contredirait 3.1.3. c.q.f.d.

4. FACTORISATION DU NOYAU log|l - u|

Nous allons décomposer dans 1'algébre de compositicon sur (0,«)
le noyau log|l - u]| dans le produit d'un noyau posiiif et d'un opé-
rateur différentiel. C'est un fait bien connu que 1l'évaluation des
produits de Weierstrass est compliqué par le fait que le noyau log|l-u|
est (0 si u) positif sinon la répartition des zéros intervenant
localement et globalement : globalement par la foncticn fR —E%El dt
1lié par Nevanlinna 3 la moyenne mo sur le cercle R. localement par

les perturbations au voisinage des zéros & l'évaluation donnée par la

moyenne mR .
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Nous allons donner une famille de telles factorisations du noyau

log|l - u| dépendant d'une fonction arbitraire.

4,1, PROPOSITION: Soit n(t) une fonction a variation Localement bor-

nee, déginie sur [0, +=[, teflfe que n(t) = O(tl/z), t + o, el s04it
X Zel que

_ -1
4.1.1. n(xo + h) - n(xo) = ((log ~h).

Soit s(t) une fonction satisgaisant aux memes conditions. Supposons

de plus que s(t) = + <, gue n(t) s0it nul au voisinage de zerno. Sodlent

p(x) = f log|l - % |dn (t)
@]
Y(x) = J log|l - & |ds(t).
0O
Posons
£ s d
F(x,t)::xf —SE—__E}(- uu ’ 'y 0 < £t < x,
(o]
F(x,t) = x j iﬁﬁ ?F P A4 X < t <+,
t
p(x) = 25:?
Alons
ﬁP(XO) = J’ F(xo,t)dp(t) + Y(xo)p(xo).

PREUVE: L'hypothése 4.1.1. permet d'écrire
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X_ —€

o +
dt
e(x) = lim | + f xn(t) de
© £=o0 ‘o X *E x-t t
[t -1, . s(t) dt +e
x n(t)s (£)>=—= — =F(x,x+¢c)plx+e)+| F(x,t)do(t)
)x+5 X tt Jx+€
d'ou
v(x) = lim[P(X,x+e)p(x+e) ~F(x,x—€)p(x — €)] +
£=0

X—€ + o
1im J + j F(x,t)dp (t)
£=0 Q x+c

p(x) satisfait en xo la condition 4.1.1. ce qui permet d'écrire le

premier crochet

p(x) lim [F(x,x + €) - F(x,x — €)]
g=0
X—€ +oo
= p(x)lim [j + j xstu) du o (4)y(x)
X —u u
o X+e
d'old 4.1.
4.2. COROLLAIRE: On a
_.1/2 X n(t)
et = xM2 [ e a4
(=172 +o -1/2 1/2
P(t) = V.P. | E_ldu=VPJ’ T— du 1og{1tl/2[
o t 1+¢
. - _.1/2
PREUVE: Appliquons la proposition 4.1. avec s{t) =t , 0 <t <+o,
Alors une intégration par résidus donne
+  1/2
- u du _ |
y(x) = V.P.x j <—u u 0, x> 0. D'autre part

o
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t 1/2 X/t 1/2
du 1/2 v dv
F(x,t):xj — _— J -, t < X
o u=-x u o v=1 v
= xl/2P(_)

en tenant compte de la deuxiéme expression donnée de P dans 1'&noncé.
Le fait que +vy(x) = 0 montre gque la deuxiéme expression propesée pour
P est égale 3 la premiére. L'application de 4.1. &tablit alors 4.2.

Nous allons donner une premiére application du résultat de fac-

torisation 4.1.

4.3. THEOREME: Sodit p; une fonction negative deginie sun E et sa-

tisgaisant a 1.9.1. Posons

4.3.1. al(x) = f dt

En(%, 3]

Soit s(t) une fonction croissante satisfaisant 1.9.1, Zelle que ds(t)

ait E poulr support et que
4.3.2. J log|l - %] ds (t) > p; (x) X €E .

Supposons que

P (X)) gy
4.3.3. f TRsm x 0%
E

Alons il existe une fonction ¢(z) < 0, harmonique dans e complémen-

taine de E, tellfe gque

w(x) < pl(x), X € E.

REMARQUE: Si E est composé d'intervalles de longueur logarithmique >a >0,



APPROXIMATION POLYNOMIALE PONDEREE ET PRODUITS CANONIQUES 251

dlors on peut dans 4.3.3, prendre o(x) = 1; de plus 4.3.2 a lieu si

le produit canonique construit avec ds est simplement positif.

PREUVE: Posons

_ ( P8 4
ni(x) = s(x) st s(D) rai
EN[ x;:+ o]
Alors dn a pour support E, et
P, (t)
n 1 dt
= —_— = = —— = €
de = d(5) G(t)s(8) t teE
=0 t € E.
Escrivons 2.1, remarquant p(x) = 0(l) et utilisant 4.3.2,

o) > | Flx,t)dp(e) + 0 (p) ().

F(x,t) = j s(xE) J%; < 8 s(x) log|l - %%|
£E-1

oi 6 > 0, et une évaluation analogue pour ¢t € [x,é% x] d'ol

pl(t)S(x) at

fF(x,t)dp(t) < Blf alt)s(t) t

< ezpl(x)
X
En[?r

3x
2
ou 6, et 6, sont deux constantes numériques positives d'od

¢ (x) < 84p; (%) X > X .

-1

Prenons = 63 n et posons

ny

- -
wl(z) = flog|l T |dn1(t) + A
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- A = supl pl(x) - p(x)], 0<xc< X, -

Le résultat suivant classique pour les fonctions entiéres d'or-
dre %? s'étend & ¢(2): il existe une suite infinie de cercles Ry

tels que

6 . -
xp(Rkel ) + = uniformement en 6 .

Dans f{|z| <« Rk} N CE, ¢(2) est harmonique négative sur la fron-

tiére, donc ¢(z) < 0 quel gque soit =z.

5. Nous allons donner dans ce paragraphe des conditions suffisantes
pour que la suite {xnp(x)} soit non totale dans l'espace CO(E)des
fonctions continues sur E nulles & l'infini.

Etant donné x € E soit I, le plus grand intervalle tel que

x€I , I_CE. Posons
X X

a*(x) = inf {1, j
I
X

dt
!

5.1. PROPOSITION: Les notations etant celles de 4.3, Aupposons que
Les hypotheses de 4.3, sont satisfaites pouk pp(x) = 1log p(x); de

plus supposons ou bien que

- SX(x)
5.1.1. lim inf( pl(x) e ) >0
ou bien que
log a*(x) = 0(pl(x)) et que

5.1.2. <

" pl(x) dx
IE ax(X) (1 - 1log a" (X)) s(x) X



APPROXIMATION POLYNOMIALE PONOEREE ET PRODUITS CANONIQUES 2583

ou bien gue

< o,

- pl(x) dax
E o*(x)s(x) X

ALons La suite {x"p(x)} est non totale dans C_(E).

PREUVE: ©Nous allons construire un produit cononique

p(z) = j log |1 - zt_1| dn(t)

tel que la fonction conjuguée soit uniforme modulo 27 dans le com-

plémentaire de E. Supposons par exemple que 5.1.3, est satisfait.

Posons:
-p, (1)
= -1 gt
5.1.4. n(x) = s(x)[ 2 (C) 5 (0) Al(t) T

EN([x,+«]

ol A(t) sera une fonction positive localement constante sur E c'est
4 dire constante sur chagque I,- On a puisque p; et s satisfont &

1.9.2,

I dn < epl(x)A(x) ol 8 >6_ >0
T o

X

cette quantité tendant vers - = on peut déterminer la fonction ) tel-

le que
I dn = entier, Alx) = 1, X > o,
I
X

Soit g(z) la fonction holomorphe dans le complémentaire de E

telle que log | g(z)]| = v(2).

Alors la formule 4.1, donne
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log [gx) | < = [ st0a(l) < 0,0 ()

lgN(x)| < p(x), pour N entier fixé assez grand, X € E .

Indiquons rapidement comment modifier un raisonnement classi-

que pour conclure

N [ £y
g (z) = J - -t at
ou
£(8) = lim 53— g™ (x + iy) - ¥ (x - iy)].
y=0
D'autre part la formule de Nevanlinna donne
16 2 nit)
Jlog|g(re )|d6=J S dt.
Puisque n(t) + - » cette derniére guantité tend vers - = ,
Soit q le premier entier tel que
a =ff(t)tth;eo;
q
alors

dt

+1
N, _ .—q-1 -q-2 [ £(t)t4
g (2) z aq + z J ~—z-t

i6
e

log | gV (rel?) | < -(g-1)log r+log(l+r_ly_lb) +1og | 3y |

et d'autre part

2T -2 -1
J log(l + r “sin ~86b)de = o (1)
o
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ce qui contredirait la formule de Nevanlinna. f(t)dt est ainsi or-

thogonale & t'(n > 0); d'autre part £(t) < —E%El d'ect " p(t)
est non totale dans C_(E) ol p(t) = t2p(t) ce qui entraine que t''p(t)

est non totale dans CO(E).

Lorsque les hypothéses 5.1.1, et 5.1.2, sont satisfaites on &-
finit encore n(x) avec la méme formule, les hypothéses 5.1.1, et
5.1.2, ayant pour effet gque l'on peut determiner la fonction A(t)
telle que f dn = entier et que X(t) soit bornée sur (0, + =),

On peut d'autre part remarquer que les conditions 5.1.2 et
5.1.3 remplacent la condition 2.3 gqui n'a plus besoin alors d'étre
vérifiée.

Nous allons maintenant donner diverses évaluations de la fonec-
tion s(t) qui combinées avec 5.1, donneront des conditions néces —

saires pour que xnp(x) soilt totale dans CO(E)

5.2. PROPOSITION: Sodt WM (x) = % -‘%-, alors on peut pren-
A
dre dans 5.1. EN [0,x]
s(x) = eU(X).

PREUVE: Soit p(x) = =X) et appliquons 4.2. Alors

xl/2
dp =0 si x€E
dp < 0 x &€ E

d'oa, P < 0, on conclut

P xdp > 0

u(x)

la foncticn e est une fonction s.

COROLLAIRE: Soit E compose d'intervalles de Longueur Logarithmique > h>0;
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alors a4

—u(x) dx
X

< oo

[ -log p(x) e

La suite x"p(x) est non totale dans C, (E).

Nous allons donner sous des hypothéses supplémentaires de meil-
leures évaluations des s(x) possibles.

Posons

5.3. PROPOSITION: S84 1lim a(x) = 0, posons

1 at
a(t) |log a(ty] °F

vix) =
E N[0, x]

alons quelle que s0dit La constfante X on peut dans 5.1 prendre

s{x) = eAV(X).
PREUVE: Posons
p(x) = MV (X) m1/2 alors
dp = two(x)igs ol

1

n=—7 X & E

A
n=-——™=— -~ f% X €E
o|log af

on en déduit que
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-l/2p (x) eb

o(XE) = E of S <Ec<3

0<b< i (-log o)t

Remarquant que le noyau P introduit en 4.2 est croissant sur(l,+«]

et decroissant sur [0, 1), on a

o
Ix/2 xe?2
JS SR T I Ye ST Y Yes)

3/2
t dg
x/2 xe

372 .
J pg™he

e2

IR

e
+ fl P e"3 2351 (1 + o).

NIQ

2
La premiére intégrale est > - p(x)A d'autre part si xn= 3% (n en-

tier positif ou négatif )
n+l

N lw

3x

2 n -

j p(£)ap(t) = - 2% J pe e 323001 + o(1))
311

1 ————

2*n 2

et toutes ces intégrales &tant positives d'oh N désignant un entier

fixe, on a X +

N

3 - -
jP(%)dO(t) > p(X) (- X + (]_+0_(l))f - P( l)E 3/2d£)

-N

3

cette intégrale se calcule et est > N d'ou P(ZX)dp(t) > 0 si x
t

eAV(x) est une fonction poids. c.q.f.d.

assez grand et N > A, d'od
REMARQUE: Au lieu de fixer N et de falre tendre x » « on aurait
pu prendre N = N(x). Ce calcul ne peut &tre mené A bien que moyennant
des hypothéses supplémentaires sur E . On obtient alors des fonctions

poids de la forme ex(x)v(x) o A(x) + = . Quel gue soit E,ce procéde
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de calcul ne permet pas d'obtenir A(x) croissant plus vite que logx.

On aurait pu d'autre part définir o(x) en considé&rant 1'intervalle

1

[xB™~, xB] au lieu [%, %&] ol B désigne un nombre fixé B > 1.

Un cas intéressant est celui ol

limV(X)<co, X + o

cecl est en particulier le cas ou la série

-1
logIn

ol In désigne le n® intervalle de l'ensemble E et

_ 4t
log I = log([ t ) .

I
n

On pourrait comparer cette condition avec la condition de Wiener

d'effilement 8 1'infini. On a 1'amélioration suivante de 5.2.
5.4. PROPOSITION: S4i
5.4.1. 1im sup a(x) = 6 < 1

alors on peui thouver une constante X, A > 1 itelle gque

s(x) = eM¥ verigfie 5.2.
PREUVE:
p(x) = s(x)x /2
alors
A ax
dp = 5 p(x) = Xx € E
A=-1 dx

]
—
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et d'autre part

- £° - L - L
p(x) = £7p(x), 5 < o <A >
Evaluons
3x
2 1 - A
X 1 1
[ P(L)dr(t) > p(x) (— I, + 5 50,
2
{% log 3
choisissant vy vérifiant y < e ol
YX
o X, 4t 172
0<Il<f_l P(t)——-*t
Y "X
et
3/2x I, + I
12 > j —P(%?)i%i ; si X < 1 2
YX 1
1l'intégrale sur [%; ,4%£ sera positive; il en sera de méme pour les
n nt+l
intervalles | 32 ' 3 > I d'oi exu(x) est une fonction s.

5.5. REMARQUE: On dira que l'ensemble E est dense 4 l'infini dans

F si posant

a(x,B,E) = f Etl
[xB™L,xB]NE
on a, B fixe,
5.5.1. lim inf 2(XB.E) pour tout B > 1.
o(x,B,F)
Posons
“ix) = L dt
e (x) 2 €t
FN[o0, x]
*

Alors si 5.5.1. vaut, e Au* (x) est une fonction poids pour E, quelle
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que soit la constante ) , vérifiant X < 1. La démonstration s'ef-

fectue comme en 5.4.

6.1. THEORRME: Supposons que H(E,q) s0it non vide, alonrs quelle que
s0it La fonciion r € R+(E), on a

r

6.1.1. lim W (-X) =+ o ,

1
q(x)

PREUVE: Supposons que 6.1.1. ne soit pas satisfaite la limite infé-
rieure du premier membre de 6.1.1. sera égale &4 b < «, Nous allons
construire une fonction qd; telle que g = O(ql) et H(E,ql) soit non
vide. Soit o0 la mesure harmonique du complémentaire de E dans C ,

alors

[q'(x)(c(m) - o(x)) dx < =,

Soit n(x) une fonction croissante tendant vers l'infini telle que
J nix)g'(x) (g(=) = g(x))dx < = ,

on prendra q; tel que qi = nq' .
Alors

wh (- x)

qy (x)

6.1.2, lim inf = 0.

Soit h(z) une fonction harmonique appartenant a H(E,q)), et u la

mesure associée par. 1.1,

r
lim inf 22X -9
w" (x)
Remarquons que le maximum de W' sur | z| = R est atteint sur 1'axe

X < 0, son minimum sur x > 0, on obtient gu'il existe une suite



APPROXIMATION POL.YNOMIALE PONDEREE ET PRODUITS CANONIQUES 261

Rk + o telle que

D'autre part on a sur E
W ] <0 < W), x€E

d'ol en remarquant que w' et WM sont harmoniques dans {z; |z] <Rk}ﬂd:\E.

On obtient

W (2) ] < £ Wz)

, ezl <R

k &tant arbitrairement grand

Wi(z) <0 .

Appliquons la formule de Nevanlinna

t
0<J r(u)—%g=Moyennede e Sur|zi=t<0
o
contradiction.
On peut remarquer que l'on aurait pu remplacer simplement

1'hypothése H(E,qg) non vide par celle qu'il existe une fonction F(2),
holomorphe dans le complémentaire de E, telle que|F(x)|<Wg(x% X € E,
Il suffisait de remplacer dans le raisonmement ci-dessus W"(z) par
la minorante harmonique de =~ log|F(z) ;.
b

6.2. PROPOSITION: On a Wi(=-x) < 2 I
(o]

DEMONSTRATION :
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4
Ty = Aat
Q
X X 40
T oy _ r(t) - _ 1 X dat
W (-x) f = dt = J ?T?HtMt+J T r(t =
@] O X
= f log(l + e({f))dr(t)
o]
=u, si 0 <uc<l; et 6(u) = {E , si 1l <uc<+ o,

De méme on a

r X dt (e X
Wo(x) - j r(t)“E~ = J log [1 - 6(-E)Idr(t).
o o
L'inégalité = log |1 - v|j > log |1l + v| donne
- j log|l - 6(%§)|dr(t) > [ log|l + 6(%§)|dr(t), d'ol 6.2.
o ‘o
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PREFACE When the author started to deal with the subject of the
present article, he did not know too much of the various ways how one
can do calculus in (real) tovological vector spmaces. He was mainly in-
terested in a generalization of the theory of distributions to infi-
nite dimensional locally convex (l.c) spaces, by means of duality
theory and with relations to infinite dimensional holomormhy. There-
fore he began studying spaces of differentiable functions on 1. c.
spaces by analyzing the definitions of c"-functions used by Arcn [ 31,
Bombal Gorddon and Gonzdlez Llavena [10] and Yamamuro [24 ] .Then he (re-)
invented the notion of n times continuously y-differentiable func —
tions on an open subset  of a l.c. space E (2.4), where y 1s an
arbitrary covering of E by bounded subsets. As he realized later, this
notion had been introduced with a slightly different definition by
Keller [18] already. Further investigations showed that many results
known to be true on open subsets of Ry carry over at least to Fréchet
spaces or strong duals of Fréchet-Montel spaces 1f one takes as vy the
system of all compact subsets of E. In order to be vprecise, we will
now sketch the main results of the article.

In the first section most of the definitions are stated as well

as some results which will be used in the sequel. In the second part

263
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we introduce the l.c. space C?(Q,F) of n times continuously y-dif-
ferentiable functions on an open subset Q of the l.c. space E with
values in the l.c. space F, where n is a natural number or « and
vy 1is a system as introduced above. For open subsets ( in a quasi-
complete l.c. space E, we show that dzo(ﬂ) is a Schwartz space if
and only if Eéo is a schwartz space.

In the third section we give a sufficient condition for the
approximation property of CEO(Q). The proof of the corresponding the-
orem 3.5 is a generalization of the proof given by Bombal Gorddn and
Gonzdlez Llavona [10] inthe case of Banach spaces.(Actually an anal-
ysis of [10] ledto the result presented here.) Since the proof uses
a criterion for the a.p. due to Schwartz [22], we first characterize
C?(Q) E F as a topological subspace of C?(Q,F). The main lemma (3.3)
for theorem 3.5 goes back to [10] as well as to Prolla and Guerreiro
[20] (in the case of Banach spaces). It has also some further appli-
cations which generalize parts of the results of [20] and which may
be of interest inconnecticn with the theorem of Paley-Wiener - Schwartz

for the elements of C: (BE,€)'.

o

In the last section we prove that, for open subsets Ql and 92

in certain l.c. spaces El and E2 respectively, there exists a na-
. . . 0 o )
tural topological isomorphism between Cco(Ql,Cco(Qz))and Cco(ﬂl><92).

By the results on the a.p. of CZO(Q) this also implies a represen-

. o< 0 v [+
tation of CCO(Q x Q,) as e-tensor product Cco(Ql) ®_ CCO(QZ).

1

While finishing his investigations, the author received the
preprint [12] of Colombeau, where spaces of c”-functions on Schwartz
bornological vector spaces are studied. Colombeau has pointed out to
the author that any function in Cgo(Q,F) is a c"-function in silva's
large sense if the gquasi-complete space E is given the compact bor-
nology. For Fréchet spaces and for strong duals of Fréchet - Schwartz

spaces E both notions coincide. This shows that the bornological

setting is more general as far as the Schwartz property of Cgo(ﬂ) is
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concerned. However, it is not known how to prove the results of this
paper with bornological methods if E is the strong dual of a Fréchet-
Montel space only.

Let us come back to distributions again: It should be remarked
that obviously some results in this article can also be regarded as
propositions on the dual of C:O(Q), a space which is a natural gen-
eralization of the distributions with compact support. The results
mentioned in remark 4.8 will be the subject matter of a subsequent

paper.
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1. PRELIMINARIES

In this section we shall fix the notation, recall some defini-
tions and state some results which will be applied later. We shall
use the theory of locally convex (l.c) spaces as it ispresented e.g.
in the books of Horvath [17], Kothe [19] and Schaefer [21].

Throughout this article, a l.c. space always means a #“eaf Haus-

dorff l.c. space, because we only want to deal with real differentia-

ble functions.

1. Let E and F be l.c. spaces and let vy be a system of bounded
subsets of E which cover E. Then, on the space L(E,F) of all con-
tinuous linear maps from E into F one can introduce the correspond-
ing y-topology of uniform convergence on the sets in vy ; the result-
ing l.c. space is denoted by LY(E,F). It is well known that this to-

pology does not change if the system is enlarged in such a way that
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it is directed under inclusion and that any subset of a set in y be-
longs to Y. We shall always assume that vy has these properties.

By Yoo ¥ 1Y and Y, we denote the systems of all finite

co
dimensional bounded, all compact, all precompact and all bounded sub~
sets of E. The corresponding spaces LY(E,F) are denoted by LUELF),
LcO(E,F), LC(E,F) and Ly
and LY(E) instead of LY(E,E).

(E,F). We write E; instead of Ly(E, R)

2. DEFINITION: Let E and F be l.c. spaces, vy a system of bounded
sets which covers E and n € IN.
a) By f(En,F) we denote the linear space of all n-linear map-

pings from E" into F.

b) Assume n > 2; u € L(E™,F) is called y-hypocontinuous, if
for any k with 1 <k <n, any S € vy and any neighbour-

hood W of zero in F there is a neighbourhood V of <zero

in E such that u(s¥ ! x v x s"¥) c w.

c) We define the space £Y(En,F) for n=1 by L(E,F) and for

n > 2 by

£Y(En,F) = {ue £LE"F) |u is vy-hypocontinuous}.

n

Since, obviously, any u € IY(En,F) is bounded on S8 for

any S € y, we can endow £Y(En,F) with the topologyof wni-
form convergence on the system y" = {s"|s € y} . As in
the case of continuous linear mappings we write

L En,F),fco(En,F),... if y = , ... . The elements

o( Yo' Yeo
of .Co(En,F) are called separately continuous n-Linear map-

n

pings. We write LY(En) instead of £Y(E , R) .

d) u € L(E",F) is called symmetric, if for any permutation =

of n elements and any X = (xl P ,xn) e g" we have
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3. LEMMA:

a)

b)
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u(xﬂ(l),...,xn(n)) = u(xl,...,xn). We define

£$(En,F) :={u € fY(En,F)lu is symmetric}.

The closed linear subspace £$(En,F) of £Y(En,F) is en-

dowed with the induced topology.

proof of the following lemma is an easy exercise.

For any u € LY(En,F) the following holds thue:

n

For any S € vy Zthe restriction u | s 44 undiformly con -

inuous .
Fon any k, with 1 < k < n, and any S € y,ujsk_l x E x Sn-k

As conitinuous.

4. DEFINITION: Let 'E and F be l.c. spaces and Yy a systemof bound-

ed subsets of E covering E.

a)

b)

c)

The l.c. spaces Lﬁ(E,F), n € N, are defined inductively

n+l

by Lg(E,F) :=F and LI"T(E,F) := LY(E,Lﬁ(E,F)).

There is a unique sequence (wn)ne:m of linear mappings
n

o L?(E,F) +» L(E",F) satisfying o& = idp and

E,F)

n+l( n

_ n
¥ u) [xl,...,xn+1] = ¢ (ulxy)) [x2,...,xn+l]. Since ¢
is injective for any n € N we may (and shall) regard
LM(E,F) as a linear space of n-linear mappings on E" with

values in F.

Let n € IN be fixed. An element u € L?(E,F) is called
symmetric, if the corresponding n-linear mapping e (u) is

symmetric. We define

L?S(E,F) := {u € L?(E,F) | u is symmetric}
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and endow this linear space with the l.c, topology induced

by LIYI(E,F),

5. PROPOSITION: Let E and F be £.c. spaces and Let vy be acoverning
system of bounded subsets of E. Then the mapping cpn:L;ls(E,F) +£$(EH,F)

45 a topological Lsomorphism,

PROOF: The proof is by induction on n. For n =1 the statement is

obviously true. Hence, let us assume that wj is atopological iso —
morphism for 1 < j < n. We shall prove that ¢n+l:Lr;+l'S(E,F) +£$(En+l,F)
is a topological isomorphism. This will be done in several steps.

nt+l,s

a) For any u € LY n+l(

(E,F) ¢ u) 1is y - hypocontinuous:

Let S € y and a neighbourhood W of zero in F be given.

Then U := {m € fs(En,F) | m(s™) ¢ W} is a neighbourhood

n
S/W

of zero in £$(En.F).By induction hypothesis "

is a to-
pological isomorphism. Since u:E » L?S(E,F) is continwous,

there is a neighbourhood vV of 0 in E, such that

¢hHu(v) ¢ U o, i.e. u(v)[s" ] CW. But this implies
wn+l(u)[V x 8" € W. Since u is symmetric, this shows
¢n+l(u) e £$(En+l,F).

b) ¢™1 is bijective:

The injectivity of wn+1

1

is clear. Let us show the surjec-

n+l

tivity of o™, make any m € fs(E ,F) and define, for

any x| € E, a(x))tE">F by A Kyree X ] 32X e e erX )

Then G(xl) is in £$(En,F), since for any neighbourhood V

of zero in E we have ﬁ(xl)[V x s"7l) = m({x;} x v x s" Ly,

Thus we have defined a mapping Q:E + £$(En,F), which 1is
linear and continuous, because for any neighbourhood W of

0 in F there is a neighbourhood v in E such that

n

aws®] = m(v x s cwW, i.e. uwv) cUg ..
r

By induction
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hypothesis u :=(wn)-loa is in L$+l’s(E,F)and ¢n+l(u)=m_

+1
ol is a topological isomorphism:

This is easy to see, since {Ug+*|E;Ey,WreﬂﬁtnuﬂxndofOinF}
r

n+l

is a fundamental system of neighbourhoods in £$(E F)y

while the sets U u = (ue L2 3@,mluE ¢ M7l )

S,W
describe a fundamental system of neighbourhxﬂsinﬂ?i’s

(E,F)
if S runs through y and W runs through the neighbour-

hoods of 0 in F.

6. DEFINITION: Let E and F be 1l.,c. spaces.

a)

b)

The e-phroduct of E and F is defined as EeF :=Le(Fé,E),

where e dencotes the topology of uniform convergence on the

equicontinuous subsets of F' (cf. Schwartz [22]or Bierstedt
and Meise [5] ).
n n
The mapping j :E@F+EecF, j( Z e, 8Ff,)[y']l:= Z(f, ,y')ve,
i=1 + 1 i=1 * *

is injective, hence E € F induces via j a l.c. topology
on E @ F, called the injective or e-{fopology. The comple-
tion E 56 F of E®_ F is called the injective or e-tenson

product of E and F.

E has the approximation property (a.p.) in the .sense of
Grothendieck, if E' € E is dense in LC(E) (cf. Schaefer

[21], 11X, 9.1).

We shall use the following result of Schwartz [22], Ch. 1, §1,

Prop.

11,

in the form stated in Bierstedt and Meise [6].

7. THEOREM: A quasd{-complete £.c. space E has the a.p. i4§ for every

Banach space F the algebraic tensor product E @ F (s dense in E eF.

8. k and kn{-ApaceA: A completely regular topological space X 1is
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a k-space (kn{—Apaae) if for any topolecgical space Y (Y = IR or
equivalently Y a completely regular topological space) a function
f:X~+Y is continuous iff £ |K is continuous for any compact sub-
set K of X. By Arhangel'skii [1] (Blasco [81]) open subsets of

k - spaces (k., -spaces) are k - spaces (knz—spaces) again.

IR

2. SPACES OF DIFFERENTIABLE FUNCTIONS

In this section we introduce l.c. spaces of n times continu-—
ously y-differentiable functions and investigate their topological
properties. Because of the applications in section 3, we are mainly
interested in the completeness and the Schwartz property of such

spaces. We begin by recalling some definitions.

1. DEFINITION: Let E and F be l.c. spaces, {§ an open subset of E,
f a function on  with values in F and y a system of bounded sets
in E which covers E. f is called y-differeniiable ata point a€Q
if there exists u€L(E,F) such that for every S€vy lim %(f(a+th) =f(a) —u(th))=0
uniformly in h € 5 (i.e. for any S € vy anaEZ;y continuous semi-norm
qon F, there is § > 0 such that for any t € IR, with

0<|t] <8,

sup q(< (£(a+th) -£(a) =u(th)) < 1).
hes

Obviously u is uniquely determined by £ and a; u is called the
vy- denivative 0§ £ 4in a. We write £f'(a) instead of u. If vy is
the system of all bounded (finite) subsets cf E, £ is called Frechet-
(Gateaux-) differentiable at a. f is called y-differentiable on Q,
if £ is y-differentiable at any a € Q.

For GAteaux-differentiable functions there exist several gen —

eralizations of the classical mean value theorem (see e.g. Yamamuro
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[24], 1.3). We shall use the following one, which is a consequence of

the Hahn-Banach theorem and a result of classical calculus.

2. LEMMA: et E and F be £.c. spaces, Q an open subset in E and

Let a,b € ¢ be such that s ={a+ tb-a)|t €[0,11} 4is con-

(a,b]’
tained in Q. Assume furthermore that £ :Q - F 4s Gateaux- differen-

tiable at any x € s and that the mapping g: [0,1] =+ LG(E,F) R

la,b]
g(t) := £'(a + t(b = a)), 44 coniinuous. Then zthe following holds true:

1
f(b) - f(a) = J f'(a + t(b = a))[b - aldt.
0

The following lemma indicates that y-differentiability of a function
f is already implied by Gateaux differentiability and a continuity
property of the derivative (see also Keller [18], 1.2.1 and Yamamuro

[24], 1.4.4).

3. LEMMA: Let E and F be L.c. spaces, Q an open subset of E and
f:Q > F Gateaux differenitiable on Q. If§ £':0 » LY(E'F) {14 eaon-

tinuous, then £ 45 y-differentiable on Q.

PROOF: Let a be any point in @, S any element of the system y of
bounded subsets of E and let g be any continuous semi-norm on F. By
the continuity of £' in a, for € >0 there exists a convex balanced neigh-
bourhood U of zero in E such that a + U € @ and such that for any

XxX€ a+U

sup q((£'(x) - £'(a))fs]) < e.
s€S

Since S is bounded in E, we can find § > 0 with &S € U. By lemma

2 we have for any t with 0 < |t| <8 and any h € s:
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%(f(a+th) -f(a) - £'(a)[th])

1
%(J (£' (a+tth)[th]- £'(a)(th])dx
@

1
= J (f'(a + Tth) - £'(a))(hldr.
o]

This implies

1
sup q(%(f(a+ th) = f(a) = £' (a){th])) < sup Jq((f'(a+"cth) -f'(a)){h] )dT < €.
k€S hes ‘o

Hence f is y-differentiable at a.

4., DEFINITION: Let E and F be l.c. spaces, Q # @ an open subsetof
E and vy a system of bounded subsets of E which covers E. For
n€ N _(:=INU{= }) we define the space of n times continuously

y-differentiable functions on Q with values in F as
C?(Q,F) 1= {£:0 + F| for any j € N with 0<j< n+1l

€ ] = ] €
fj C(Q,LY(E,F)) (fo +=f) and for any j N,
with 0<j<n |is :IEj Gateaux - differentiable

on  and f:'.l=f }.

j+l
The vector space C?(Q,F) is endowed with the topology of uniform
convergence of Zhe derlvatives up Zo the ornder n on the compact sub-
dets o4 Q. This topology is given by the system {pf_,K,s,q} of semi-
norms, where £ is any integer with 0 < £ < n + 1, K is any compact
subset of @, S is any element of y and gq is any continuous semi-

norm on F, and where is defined as

Py.X,s.q9
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(£) := sup sup sup. q(fj(x)[y]).

p
£/K,5,q 0<j<£ x€K y€sS

In the sequel we shall write f(j) instead of fj.

REMARKS: a) By lemma 3, fj is really y-differentiable on  for
0 <j<n.

b) A function f is in C?(Q,F) iff it is of class c$ on @

in the sense of Keller (18], 2.5.0. The advantage of defi-

nition 4, however, will become clear pretty soon (see e.g.

proposition 5).

c) Obviously we have for any semi-Montel space E:

n _ AN _ .h
Cool0/F) = C_(Q,F) = Cp(Q,F).

5. PROPOSITION: Let the open subset Q of the L.c. space E be a kp-dpace
and et n € IN_ be given. Assume zhat Li(E,F) L4 complete for any

j € N, with 0 <3 <n+ 1. Then C?(Q,F) is complete,

PROOF: Let (fu)uéEA be any Cauchy net in C?(Q,F). The definition
of the topology of C$(Q,F) implies that for any compact subset K of
Q,and any j with 0 < j < n+l,(fo(l'j) |K) is a Cauchy netin C(K,Li(E,F)).
Since L3(E,F) is complete by hypothesis and since  1is a kR—space,
for any J with 0 <3 <n+1 there is gy € c(@,L3 (E,F)) such that

(féj))afEA converges to gj uniformly on every compact subset of Q.

Now we shall show that for any j with 0 < j < n  the Gateaux-
derivative of gj equals gj+l : Let a € Q and h € E be given.
Then there exists an open interval I in IR on which the function

Yy I féj)(a + th) is defined for any o € A, Obviously

v, e Cl(I,Li(E,F)) and  vl(t) = fO(Lj+l) (a+th)[h].
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For any two l.c. spaces X and Y the evaluation mape: LY(X,Y) XX-+Y,

e(u,x) = u(x) is separately continuous. Hence (V&) converges

o €A
towards the function w:t -» gj+l(a + th)[h ], uniformly on every

compact subset of I, Thus, v := lim Va is differentiable on I and
u-b
v' = w. Because of v(t) = gj (a + th), this implies

lim %(g.(a+th) -g.(a) = 1im ¥EI=VIO) o Le(0)=w(0) = g, (a + th),
t+o0 ] ] t+0 t 3

L

i.e. lim *

t+o

(gj( a + th) - gj(a) (a)ith]) = 0.

T 9441

This shows g_ = lim £ ec’;(n,F).
a-)-

6. REMARKS: a) Let us recall that any open subset £ of a metrizable

l.c. space or a (DFM)-space is a km—space.

b) Concerning the completeness of Li"{(E,F) the following should
be remarked: If F is complete and E bornological, then
Lg(E,F) is complete for any j € ]No. If F and E(': are com
plete,and E!_ equals E topologically, then Lg(E,F) is
complete for any Jj € ]No. Especially for any (F)=-or (DFM)-
space E and any complete l.c. space F, the space Lg(E,F)

is complete for every J € INj.

7. COROLLARY: Let E be any (DFM)-space, F any (F)-space and Q an

open subset of E. CE(Q,F) = CZO(Q,F) CE(Q,F) 46 an (F)-space for

any n € IN_.

PROOF: As it was shown by Dineen [13], Prop. 1 and Prop. 5, Q is a
hemicompact k-space. Hence CEO(Q,F) is metrizable. By remark 6.b) and

proposition 5, CZO(Q,F) is complete.

The following lemma will be useful in the sequel.
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8. LEMMA: Let E be a £.c. space, vy a system of bounded subsets 04
E which contains the compact sets, Q an open subset 04 E and n€IN_.

Then E; A8 a continuously phojected topological subspace of c?(n).

PROOF: Since c;‘(m is defined only for Q # @, we can choose a € Q.
Then we define A :C?(Q) > C?(Q) by A(f) :x ~ (f'(a),x). Since any

continuous linear map y on E coincides with its own derivative and

since y(J) =0 for Jj > 2, A projects C?(Q) onto E' C C?(Q). As
A(f)(J) =0 for j > 2, the continuity of A follows from the esti=-
mates:

1) su A(f) (x = su {(f'(a Y| <

(1) xe§ | A(£) (%) | xeg I (a),x)| < pl,{a},K(f)

for any compact subset K of Q.

(2) sup sup|A(£)' (x)[h]]| = sup sup|¢f'(a),h) | <P (a} s(f)
XEK hES X€K h€S r1al,

for any compact subset K of Q and any S € y .

Similar arguments show that E; is a topological subspace of

n

9. DEFINITION: Let E be a l.c. space. A subset K of E is called
very compact, if there is a Banach disc B (i.e. a convex balanced
bounded subset B of E for which EB is a Banach space) in E such

that K is contained in E and compact there.

B

10. REMARKS: a) The notion of very compact sets was introduced (with

a different definition) by de Wilde [23],Chap. ITI, 4., Def. .,

b) By a consequence of the Banach-Dieudonné theorem a subset

K of E is very compact iff there exists a convex balanced
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compact subset Q of E such that K is contained in E

and compact there.

11. PROPOSITION: [let E be a £.c. 4pace in which every compact sub-
set {4 verny compact, Then CZO(Q) i4 a Schwartz space for any open

subset Q o4 E.

PROOF: By a well-known characterization of Schwartz spaces, it suf-
fices to show that for any compact subset K of f , any compact sub-
set Q0 of E,and any n € IN there is a compact subset Q of E such

that any lsequence (fi,)ﬂE]N in CCO(Q) with 2161% P

contains a subsequence which is Cauchy with respect to the semi-norm

n+1,K,Qfg) < 1

pn,K,QQ’

Since the closed convex hull of a compact set in E is compact
again, K ¢an be covered by a finite number of compact convex sets.
Hence, w,0.l.g9., we may assume that K is convex. By hypothesis and
by remark 10.b) there is a balanced convex compact subset Q of E,

such that K VU Qo CQ and K as well as Q0 are compact in EQ .

Now take any sequence (f£)£ €W in c‘:’:o(m with sup Pre] K Q(ff,) <1.
2573

{EWN
In order to show that (f£)£ ey Ccontains a subsequence which is Cauchy

with respect to the semi-norm p we proceed as follows: We

n,K,Q '

) .

fix 3 with 0 < j < n and define for any £ € I, 95,0 F K X Q) » mby
e (D) e

9y, p(Xe¥yreearyy) 1= £ (x)[yys++.,¥4] . Then we show that {93-,&“ N}

is an equicontinuous subset of C(XK x Qj), where K x Q:rl is given
E:|+l

the topology induced by Q .

Let (a,y), (b,z) € K x Q7 be given. Then multi - linearity of

féj ) (x) implies
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1gj’£(b,z) - 95, z(a,y)l Ig E(b z) - gjlz(a,z)l
(1) + Igj,z(alz) _gj,z(arY)I < Igj'z(blz) - gjlz(arz)l
+ kil igjlz(a,zl,...,zk, yk+1""’yj) - gjlﬂ(a,z
The general mean value theorem (lemma 2) gives
(3) (3) L o(3+1)
€ - g @nrzr= [ I @rew-airzb-alae.
o
By sup sup. +lIf(3+l)(x)[w] | < p. +1,K, Q(fﬂ) < 1, this implies (ob-
XEK WEQj ]
serve that only for a # b there is something to prove):!
95 g ®,2) =95 oa,2)] = [ (£ ) - @aniz1]<
£ j. L £
- (3+1) - _
< llb aHEJ [ (a+t(b aH[z,“—:—“—-]dtlilw aHEq.
Concerning the other terms in (1), the following holds true for

1 <k < j (observe that only for zy # Y there is something to prove):

gj.ﬂ(a’zl"'"zk’yk+1""’yj) 'gj,ﬂ(a’zl"‘"zk-l’yk""’yj)

Zx T ¥x |
k yk Ig z(a,zl,...,zk_.l,n?ka"E— ,yk+l,...,yj)|i"Zk-yklEQ.
Q

=z
Thus we have shown

J
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j+1

Q L]

, andsince {g., ,|£E€N}
i€

Hence {gj 2 | £ € N} is equicontinuous on K x ol cE Since
’

j+1

Q

is uniformly bounded on K X Qg ,{gj’£{£ € W} is a relatively com-

K x Qg is a compact subset of K x Qj in E

pact subset of C(K x Qg) by the theorem of Arzela - Ascoli. But then
it is possible to choose (inductively) a subsequence of (f£)£.€]N
which is a Cauchy - sequence with respect to the semi-norm pn,K,Qo'
By the considerations at the beginning, the proof is now complete.

REMARK: A similar argument as in the proof of Proposition 11 was
used in the article of Bierstedt and Meise [ 7] , theorem 7. (a), where
it was shown that the space H(K) of holomorphic germs on a compact

subset K of a metrizable Schwartz space is a Schwartz space again,

12, THEOREM: Let E be a quasdi-complete £.c. space. Then zthe follow-
ing anre equivalent:

(1) El i a Schwartz space.
(2) Every compact subset of E is very compact.

(3) Fon any open subset Q of E, CZO(Q) = CZ(Q) 448 a Schwanrtz

space.

(4) Thene exists an open subsetr Q(# @) 0f E fon which C:o(ﬂ)

{4 a Schwarntz space.

PROOF: (1) = (2). Let XK be any compact subset of E. Then K° isa

neighbourhood of zero in Eé and hence K% is equicontinuousin(Eé)H

Since E is quasi-complete, the topology A(E',E) is compatible with

00

the duality between E and E', thus, K is equiconthnbusin(Eé)'=E.

By the dual characterization of Schwartz spaces (see e.g.Horvath [17]

3, §15, Prop. 5), there is a compact subset Q of E such that k°°

is relatively compact in (Ec':)'oo . Since E is quasi-complete, Qoo
Q

is compact by the theorem of bipolars. But then K, being compact in
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E, is compact in the Banach space E oo °
Q

(2) = (3) by proposition 11.
(3) = (4) trivial.

(4) = (1) by lemma 8.

REMARK: Using the concept of bornology and the notion of Silva dif-
ferentiability, Colombeau [12] gives independent proofs of proposi —

tion 5 and theorem 12 in a more general setting.

13. COROLLARY: Let E be any (F)-space or any (DFS)-space and Let Q
be an anbitrany open subset of E. Then c:o(ﬂ) = C2(Q) 44 a Schuartz

space,

PROOF: It is a consequence of the Banach-Dieudonné theorem (see e.g.
Kothe [19]1, §21, 10.(3)) that any compact set in a Fré&chet space is
very compact. Since (DFS)=-spaceS can be represented as compact injec-
tive countable inductive limits of Banach spaces, by Floret - Wloka

(141, §25, 2.2, every compact subset of a (DFS)-space is very campact.

14. REMARK: It would be interesting to know whether, concerning nu-
clearity,-C:o-functions behave similar as holomorphic functions on
complex l.c. spaces (cf. Boland [9]). Since nothing in this direc —
tion seems to be known, let us remark that for any open subset £ of

E= @ 1R the space c. (@) is nuclear.
co
n €N

But this result is essentially finite dimensional: For n € IN

let 3 ®®

+ E denote the canonical embedding. Then Qn :=j;l(9)

is an open subset of D¥1, hence CZO(Qn) is nuclear for any n € IN.

Now it is a consequence of Yamamuro [24](1.6.1),that C. (Q) =proj C. (2.
co en CO

Since the projective limit of nuclear spaces is nuclear, this proves

the nuclearity of C:o(ﬂ)'



260 MEISE

3. THE ROLE OF THE APPROXIMATION PROPERTY

The aim of this section is to derive a sufficient condition for
the a.p. of Cgo ()., This will be done by an application of theorem
1.7. Therefore, we first give (under appropriate hypotheses) a char-

acterization of the g=product of c';(n) and a quasi-camplete l.c.space.

1. THEOREM: lLet E and F be L.c. spaces, Let vy be asystem of bounded
subsets of E which contains the compact sets and Lef 1 <n <. Assume
that B} s a kp-space for 1<3i<n+2 and that c?@) and F ane
quas{-complete. Then C';(Q) eF (s topologically Lsomorphic to ithe to-

pological Einean subspace c?P(Q,F) 04 C?(Q,F) whene

C?p(Q,F)={fEC$(Q,F)| fjon any compact subset K of E, any S € vy,
and 1 < j < n+ 1 the set f(J)(K)[Sjl A4

precompact in F},

PROOF: The proof is similar as in the finite dimensional case, but
becomes more involved, since we have to deal with total derivatives.
The general idea is the following: Define A s Q> C?(Q)é by
Alx) := ch and show that the mapping £ + £04A 1is a topological iso~
morphism between c';(m EF =~ Le(CrYI(Q)(':,F) and c‘;P(sz,F). This will
be done in several steps.

a) For 0 < j<n+ 1 define the mapping ad:q XEj +C$(Q)é by

(A3 (x,y),E) := f(J)(x)[y 1. Then AJ is continuous.

By hypothesis Ej+l is a knz—space, hence by the result of
Blasco [81, Q x £ is a kp-space. Thus, it suffices to show that
A K x @3 is continuous for any compact set K in 9 and any compact
subset Q of E. From the definition of the topology of c';(m it is

obvious that Aj (K ><Qj) is an equicontinuous subset of C?(Q)'. On
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equicontinuous subsets the topology of C?(Q)é coincides with  the
weak topology, hence we only have to show that AjU(XQj:K><Qj+ C?Kné
is continuous. Let f € C?(Q) be arbitrary. Since the j -th deriva-
tive of f is symmetric, by proposition 1.5 we have the continuityof
£03) .k » LIS (2, m) = £$(Ej). For s € v, let ol : £33 + ca(sh)

denote the restriction. Then 03 is continuous, especially

pJ : £$(Ej) > C(Qj) is continuous. This shows that
0d 069 [K) € cx,c@))) = cx x o)

and hence the mapping (x,y) =+ f(j)(x)[y ] = pg O(f(j) | K) (x,y) is

continuous on K x QJ. Thus the continuity of ad is proved.

b) For 1 < j <n + 1 one can define a continuous linear map-

ping 47 :q - £$(EJ,C2(Q))é) by Ad(x) := ad(x, -).

By part a) and by the symmetry of the derivative it is obvious
that Aj(x, +) is a symmetric j-times linear mapping from Ej into
C?(Q)é . Let us prove that Aj(x, * ) is y-hypocontinuous: In part a)
we have shown, that Aj is continuous in (x,0), hence for any neigh-
bourhood W of zero in C?(Q)é there is a neighbourhood U of zero

in E such that
A (x,n) = A (x,u) - a3 (x,0) €W

for any u€ UJ. If S € y is arbitrary, then there is A > 0 such
that S C AU. Hence for V := A" 3*ly one has a3 (x,v x s371) ¢ w. By
the symmetry of Aj(x, + ) this proves Aj(x, =) € £$(Ej,C$(Q)é).

Now let us show the continuity of Ej. First we observe that
for any compact K in Q and any S € y, by the definition of the to-
pology of C?(Q), the set Aj(K xsj) - Aj(K x Sj) is equicontinuous in

03(9)'. By the coincidence of A(c?(g)',cz(a)) and c(C?(Q)',C?(Q))
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on equicontinuous subsets of C?(Q)', for any convex balanced neigh-

bourhcoed W of zero in C?(Q)é there are f f in C?(Q) such

l,---,m
that

(Aj(K xsj) —Aj(K xsj)) NWD>2 (Aj(K xsj) -Aj(K xsj))n {fl,...,fm}°.

Since féj) Q> £$(Ej) is continuous for 1 < k < m, for any x € K
there exists a neighbourhood U of x such that for any x' € U and

any k with 1 <k < m

(3) - g3y
;ggj[fk ly1~- £ x)lyl ] < 1.

Hence we have for any x' € U and any y € Sj
Mx,y) - Mxt,y) € 1£,...,6° .
m
By our first observation this shows for any x' € U N K

sup. q, (A (x)[y) - Adx"lyl) <1,

yes?

where q denotes the gauge of W. Since S € y was arbitrary, A K
is continuous for any compact subset K of Q. But Q is a kIR-space,

hence A is continuous.

'

n = n ! .= ]
c) For any u € F ECY(Q) Le(CY(Q)c,F)theIm#mﬁmgfu. uol : Q~+F

belongs to C?p(Q,F).

It is easy to see that for 0 < j < n + 1 the mapping
uoal : g~ L%S(E,F)

is continuous. Hence we have proved fu € C?(Q,F), if we can show
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féj+l) = quo Zj+l for 0 < j < n. To do this, take j with 0 < j < n,
any h € E, any x € § and an arbitrary S € y with h € 5. Choose
§ >0 such that x + th € @ for t with lt, < & and put

K := {x + th| [t | < 6§}. Then remark that the set
(£@x+ thy) - 8w yead, o<l <6

is equicontinuous in C?(Q)', since by 2.2 we have for any f € C?(Q)

and any y € Sj

(= (a3 (x + th, y) a3k, v, E) | = f—i(f(j)(x+th)[y]- £33 oty 1))

(£) < 8-p ().

j+1,K,8

t .
+1
= | J f(J )(x +th)[h,yldt| < [ t]| p j+1,K,S

0

Since the topology of C?(Q)é coincides with the weak topology on

equicontinuous subsets, we have

lim £ (M (x + th,y) - adex,y) - 83, (e, ) = 0

t+o
in C?(Q)é uniformly in y € sJ if this holds in C?(Q)é uniformly
in y € Sj. But the latter is a consequence of the definitionof CTYI(Q),

since for any f € C?(Q)

(%(Aj (x + th,y) - A3 (x,y) - a3T1(x, (th,y))), £

f(j+1)

=—i(f(j)(x+th) - £y - (x)[th]) [y]

tends to zero uniformly in y € s} it t tends to zero. From this

we get by induction
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1

t(fl(lj’(x + th) - féj)(x) ~ wo ad*l(x)[th]) = 0

lim
t+>o
in £$(EJ,F). Hence féj) is GAteaux-differentiable in x € @ and
flgjﬂ') (x) = uo Zjﬂ'(x) . Since ue Ej+l is continuous, by 2.3 we have

shown f € C?(Q,F).

In order to show that we even have fu € Csp(Q,F), take any
compact K in © and any S € y. Then it follows from the theorem of
Alaoglu-Bourbaki that for 0 < j < n + 1 the set Aj(K b Sj)is rela-
tively compact in C?(Q)é ; hence uo Aj(K X Sj) is relatively com -

pact in F. But we have shown above that
féj)(K)[sjl =uo Al (k x gl).

d) The mapping k :F EC?(Q) + c?P(Q,F) defined by k(u) := £

is an injective topological homomorphism.

Let any compact K in Q, any S € y and £ < n + 1 be given,

For
_ n
Vek,s,1 ° = (£ €C) Ipz,K'S(f) < 1}
we have
. - FA -
(v ad@®xs3)® = n (ad(x x 8d))
j=o =0
2 o , ()
= n {fec™Q |sup sup, £ (x)[y] | < 1}
j=o Y x€K yes]
= Ve,K,8,1°

By the theorem of bipolars this implies
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L . . 2 . -~ °
v = (v AJ(K X SJ))oo =T Vv AJ(K x gy,
£,K,s,1 s .
j=o j=o0

Since any u € F eC?(Q) is‘weakly continuous on equicontinuous sub —

sets, we have for any continuous semi-norm g on F and any

n _ n '
u€Fp ECY(Q) = Le(CY(Q)C , F)

sup g{u(v))
£

ve U aAd(k x 89)
j=o

sup g(u(v))
V&V ,K,s,1

= sup sup sup, qg(u(sd(x,y)))
0<j<€ x€K y€s

(3)

u

= sup sup sup. q(f (X)[y 1)

o<j<t xeK yes)

p@,K,S,q(fu) *

Hence the result claimed under d) is proved.

e) The mapping k defined in d) is surjective, i.e. a topo-

logical isomorphism,

The surjectivity of k will be proved by constructing a right-
inverse j of k. Take any f € C?P(Q,F) and any y' € F', then itis
an easy exercise to show that y'eo f € C?(Q). Hence we can define

up : F' - C?(Q) by uf(y') t=y'o f. Let us assume for a moment that

u. € C?(Q) e holds. Then we can define 3J : C?p(Q,F) + F eC?(Q) by

£
Jj(f) = tuf , since by our hypotheses transposition is a topological

isomorphism between C?(Q) eF and F £C$(Q). The surjectivity of k

is now proved, if we show ko j = id . But this is a consequence
np
CY (Q,F)
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of the following identity which holds for any y' € F, any x € Q, and

any f € c;‘P(Q,F) :

(ko J(ENx1,y"> = (Fuloa®(x),y") = €a%(x) ,up(y")
= (8% x),y'o £) = (£(x),y").
Hence the proof of the theorem is complete, if we show ue EC?(Q) eF.

Let any compact subset K of Q, any S € y, and £ < n + 1 be given.

48 . .

By hypothesis, the set Lp == v f(J) (K)[s?] is precompact in F,
j=o

hence Lz is a neighbourhood of zero in F(': . For any vy' ELE we have

sup Sup sup. qu(y')(j)(x)[yll

P (ug(y"))
Lix,sf o<j<& x€K y€ s

sup sup sup. |y' (£ 0ry1)] < 1,
0<j<d X€K y€ 53

. o v A0
i.e. uf(Lz) C VK,K,S,l . Thus we have shown u_. € L(FC,CY(Q)).

£
2. COROLLARY: 14 the hypotheses of theorem 1 ane satisfied for Zhe

system 0§ all compact subsets of E, then we have for any open

Yeo
subset Q of E:

n

CCO

_ ~h
(@) eF =l (2,F).

This {4 the case for any (F)-space or any (DFM)-space E, any quasdi-

compleZe £.c. space F, and any n € IN_ .

PROOF: The first part of the statement follows from theorem 1, and

n n . . n
ch(Q,F) = C,,(2,F). To prove this identity, let £ € C__(Q,F) be
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given. Then for any j € IN with 1 < j < n + 1, any compact K in @,
and any compact Q in E, by part a) of the proof of theorem 1, we

have

od o (219 | x) e crx,c@d, ).

Now observe that the evaluation map A :C(QJ,F) x QI +F, A(g,x):=g(x),
is continuous. Hence B :K x Qj + F, B(x,y) = A(f(J)(x),y), is con-

tinuous and thus
£03) gyl = Bx x o))

is compact in F.

The second part of the statement follows from remark 2.6.

REMARK: Corollary 2 generalizes a result of Bombal Gordodnand Gonzalez
Llavona [10], who characterized CEO(E) e F for Banach spaces E. Also
for Banach spaces E, Aron [2 ] gave a somewhat different description
of Cb(E) eF.

Now we come to the main lemma for many of the results present-
ed in the sequel. For Banach spaces E it goes back to Bombal Gorddén

and Gonzalez Llavona [10] as well as to Prolla and Guerreiro [20].

3. LEMMA: Llet E be a quasdi-complete banrnelled £.c. space with Zhe

gollowing propentys

(CFA) : For any compact subset K Ln E zthexre exists an (F)-space

X with a.p. and a continuous £€inean 4Anfective mapping
ig :EX 5 E such that K C jK(EK) and j;l(K)aa cmmactiniﬁ.
Funthenmone Let Q be an open subset of E, Let F be a noxamed space,

and Let n € N, and £ € Cgo(Q,F) be glven. Then for any compact
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subset K, o4 Q, any compact Q% in E, any £ < n+ 1, and any
e > 0 there {4 u€ E' @ E and an open neighbourhood w 0§ X, such

that fou € Cgo(w,F) and such that

sup sup sup. Hf(j)(x)[y] - (fo u)(j)(x)[y 1 <e .
XE€K o<j<d yEQg

PROOF: Put K := Ko U Qo and choose - according to (CFA)-an(F)-space

X with a.p. for which there is a continuous embedding jK s X E,

Assume that the topology of X is given by the increasing system

(qs)se N of semi-norms. Since EK has the a.p., for any m € N we
can find W € (EK)' ® X such that

1
sup q_(w_(x) - x) < — .
xEKmm m

By the gquasi-completeness of EN and E it follows from the injecti-

vity of j, that tjK(E') is A ((EX)',EX)-dense in (EX)'. Hence by

approximating W appropriately we can find uy €EE'® EK CE' @ E

such that

2
sup q_{(u_(x) ~ (x))< — .
x€K m-m mn

) in E' @8 EK

ne N such that

Consequently there is a sequence (um

for any s € N

lim sup qs(um(x) - xX) = 0,
m+o XEK

i.e. u. restricted to K tends to idK in C(K,EK). Since the eva —
luation map A :C(K,EK) x K - EK, A(f,x) := £(x), is continuous, the

set
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L:=KU U u(K) =A(({id,} U {u m € IN}) x K)
mne N m K ml

is compact in EK,hence also compact in E. Since KO is acompact sub-

set of K the same arguments show that for any s € IN the set

L :=XK U UV u (X_)
o m>s (o}

is compact in EK and E.
Now let Wo be a convex balanced neighbourhood of zero in E

for which K, + Wo C Q. Since 1lim u. = idK in C(X,E) and since
mc

K, C K, there exists S, € IN such that for any s 28, and any x € Ko

u (x) - x€ wW_.
s o}

Put Lo := L 3 then it follows

s
(o]

L CK +W_Cq.
o o] o

Since L, 1s a compact subset of @ and since for 0<3j<£ the func-
tion f(j) : Q> LgO(E,F) is continuous, there exists a convex bal~
anced neighbourhood U of zero in E with Lo + U € @ such that for
any j with 0 < j < £, any x € L, and any z € E with x=-2z2 €U
the following estimate holds

(1) sup, 1€ ory1- £ @y < 5=

yeL”

For 1 < j < £ the set f(j)(Lo) is compact and hence bounded in
3 - j-1 : . 3
Lco(E,F) Loo(E/Lg  (E,F)). E is barelled by hypothesis, hence £ L)

is equicontinuous in LCO(E,Lg;l(E,F)). This implies that there is a
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neighbourhood Wj of zero in E such that for any x € Lo,any yléEWj

and any y' € 13-l we have

e oty vl < 55 .

Since f(J)(x) is symmetric for any x, this means that we have

(2) e oty 1 2 5=

for any y = (yl,...,y.) € EJ, where Jj -1 of the Yy are in L and

]
one of the Yy is in Wj'
-1 £ K
The set J, (n (Wj N U) is a neighbourhood of zero in E,
j=1
hence there exists s € N with s > s/ such that
K 1 -1,
€ =3} Cc ] n N .
{x € E Iqs(x) Al B (j=l(Wj u))

Now we define u := ug and observe that by the choice of s and by
our construction we get u(x) € KO + UCQ for any x € Ko(from now
on let us omit the map jK s 1.e. we regard u as mapping from E into
E). Then the set w := u-l(Q) is an open neighbourhood of Ko and on
® we can define the mapping fou : w + F. By our definition 2.4 it

is easy to see that fou € Cgo(w,F) and that for any x € s, any 3j

with j<n+1 and any y € EJ  the following holds
(3) tgow M xyty1=£9 wNrumy.

In order to prove the desired estimate, we observe first that we have
u(Ko) € L,, and that for any x € K, yu{x) - x € U. Hence we get fram

(1):

[
(4) I£(x) = £(2)lI< rrah
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Then we observe that for any J with 1<Jj<{ we have u(Qo)J C Lj'

hence for any Xx € Ko and any y € Qg we get from (1), (2) and (3)
1€ oty 1- (gew D eaty 10 < 1e oty 1-£3) e tuw 11

< 1D o1y 1-£9 ety 11+ 123 ooty 1- £3 (i) Luw) 11

(5)

3 .
34?1 + Slef(J)(u(x))[(Yl,...,ys_l;ys—*u(ys),u(ys+l),...,u(yj))]H

| A

(£+1)-zj’—l = g,

| A

By (4) and (5), the proof of the lemma is complete.

4. REMARK: Let us recall from Bierstedt and Meise [6 ] that an in-

ductive injective system {Ed'JuB}u‘EA of 1.c. spaces Ea is called
compactly regular, if E = ind E, is Hausdorff und if for any compact
o r

subset K of E there exists o € A such that K is already a compact
subset of Eu' Then it is obvious that any l.c¢. space E which canbe
represented as an inductive limit of a compactly regular inductive
system {Eu’ JthxEA
(CFA). Hence in any of the following cases E has (CFA):

of (F)-spaces E, with a.p. has the property

i) E is a (F)-space with a.p.

ii) E = ;qg En , where {En,jnm} is a strict inductive system
of (F)~-spaces En with a.p.

iii) E = %qg En ; where {En,jnm} is a compact injective induc-
tive system of (F)-spaces En with a.p. For brevitywe shall

call any space of this type (DFSA)-space.

Using a trick which goes back to Aron and Schottenloher [ 4 ],we

can now prove the desired result on the a.p. of CEO(Q).
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5. THEOREM: Let E be as in Lemma 3 and assume furthermone that for

Y = v and n € IN_ all the hypotheses of theorem | on E and Cgo(ﬂ)

co
n

are satisgdled. Then Ceo

() has the a.p. for any open subset Q 04 E.
PROOF : CEO(Q) is guasi-complete by hypothesis. Hence, by theoreml1.7
the a.p. of Cgo(m can be proved by showing that Cgo(n) ® F is dense
in CEO(Q) eF for any Banach space F., By corollary 2 we mayand shall
identify CEO(Q) eF and CEO(Q,F). Hence we only have to show that

Cgo(ﬂ) ® F is dense in CEO(Q,F) for any Banach space F.

To do this, let any f € CZO(Q,F),any compact subset KO of @,
any compact Qo in E,any {£<n+l,and any € > 0 be given. By lem-
ma 3, there exists u € E' ® E and an open neighbourhood w of Ko
such that fou € Cgo(m,F) satisfies the estimates given in lemma 3.

Let us define Eo t = Im u, Qo : = 0N Eo and fO t= f IQO . Then
fO € CEO(QO,F), and by a classical (finite dimensiocnal) result
n _ N :

Coo (8 /F) = Cq(2) & F. Since it was shown in the proof of lemma 3

- n . n
that u(Ko) can Eo = Qo' and since CCO(EO) is dense in CCO(Q),
there exists h € Cgo(Eo) ® F such that
Prouk),ulg) fo = 0 <€
Then g : = hou € CEO(E) ® F, and for any x € KO
NE(x) - g(x)ll < IE(x) = £ou(x)ll + I£0ou(x) = hou(x)ll <
e+ £ (u(x)) - hiux))ll < 2¢e.
Furthermore we have for any x € K, any j with 1 <3< ¢ and

any y € 0J
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1 oty 1-aP oty 11 <1 oty 1-ow P ory11 +
slEsw N ry1- how Ity
<o+ £ @ tue 1- 0 e tawm i < 26 .

Hence we have shown Pp x (f = g) < 2e , which proves the density
L
o

’Qo
n . n
of Cco(E) ® F in CCO(Q,F).

6. REMARK: All the hypotheses of theorem 6 are satisfied for any
n € IN and any open subset Q@ of E, if E is either an (F) - space
with a.p. or a (DFSA)-space. This follows from 2.5, 2.6 and remark 4.
We shall show now that for Fréchet spaces E with a.p. this result is

optimal.

7. THEOREM: For a Fréichet space E Zhe following are equivalent:

a) CEO(Q) has the a.p. gor any n € IN_ and any open subset
QO #£g@g o0f E.

b) There exist n € IN_ and an open subset Q #¢g of E such

that CZO(Q) has the a.p.

c) E has Zhe a.p.

PROCF: (a) = (b): trivial

(b) = (c): By 2.8, = Eé is a continuously projected topo-

]
Eco
logical linear subspace of Cgo(ﬂ), hence Eé has the a.p. But for a
Fréchet space E the a.p. of Eé is equivalent to the a.p. of E, hence
E has the a.p.

{(c) = (a): This is clear according to the remark 6.

REMARK: For Banach spaces E theorem 7 was shown by Bombal Gorddn
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and Gonzdlez Llavona [10] for Q = E, Again for Banach spaces E a
slightly different version (using CE(Q) endowed with the topology
induced by CEO(Q)) of theorem 7 was presented by Prolla andGuerreiro

[ 20] and also by Aron [3] .

8. COROLLARY: There exists an (FS)-space E such that CJ () does
not have the a.p. 4or any n € WN_ and any non-emply open subset Q

o§ E.

PROCOF: This is a consequence of theorem 7 and the existence of (FS)-
spaces without a.p. The existence of such (FS) -space follows from
Enflo's counterexample, as Hogbe-Nlend proved in [16].

Because of lemma 3, the method applied in the proof of theorem
5 can be used also to derive some further density results just by
"lifting" density relations known in the finite dimensional case. Be-
fore stating them let us recall that a continuous n-homogeneous poly-
nomial p on E is called {inite, if there exist yi,...,yé € E'

such that

n
pix) = M (y!,x) for any x € E.
y=1 J
]
By Pf(E) we denote the linear hull of all continuous n - homogeneous

polynomials on E, n € N . It is easy to see that Pf(E) - C:o( E).

9. THEOREM: Let E be a quasi-complete baralled £.c. space with
(CFA). Then fon any n € IN_ and £.c. space F and any open subset

Q(# @) o4 E the space P.(E) 8 F s dense 4in CEO(Q,F).

PROOF: Let any f € CZO(Q,F), any compact subset K of Q, any com

pact subset Q of E, any £ <n+1, any continuous semi-norm g onF,
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and € > 0 be given. We shall show that there exists g € Pf(E) ® E

with

Pg,x,0,qF 79 £

Let Fq denote the completion of the canonical normed space F/ker q
and let @7 : F + Fq denote the canonical continuous linear map.Since
o f € Cgo(ﬂ,Fq), according to lemma 3 there exists u € E' ® E such

that

sup sup sup Il (7 o f)(J)(x)[y]--(no fo u)(J)[y] Il <e.
X€K 0<j<& yeqQd

Now we proceed as in the proof of theorem 5 and define Eo := Im u,

Qo =N Eo and fo s (mo f)fﬁ - Then f € cco(go Fq) = CO(QO) ® Fq

Since the polynomials on Eo are dense in Cgo(ﬂo),suuﬁ w(F) is dense

in Fq; and since u(K) is contained in Qo (this was shown in the

proof of lemma 3), there exists h, € P(Eo) ® m(F) = Pf(Eo) ® m( F)
such that
Po,uk),ul@),l | fo = Po) < -
m
Assume that h_ = ii p; 8 ﬂ(yi), where p, € Pf(Eo) and y; € F for
m
i=l,...,m, Then h := X p;°u ® Yy is in Pf(E) ® F and as 1in
i_

the proof of theorem 5 it follows

pK,K,Q,q(f - h) < 2e.

Hence we have shown that Pf(E) ® F 1is dense in Cgo(Q,F).

The following corcllary is an immediate consequence of theorem
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10. COROLLARY: Let E be a quasi-complete barrelled L.c. space with
(CFA). Then for any n € WN_, any L.c. space F, and any open subset

=) , , n
Q(# @) of E ifhe space Co(E) 8 F {4 dense An Cop (R, F) .

Looking at theorem 5 and corollary 10 and their proof in the
finite dimensiconal case one has the impression that condition (CFA)
(or more or less the a.p.) together with finite dimensional results
can be used instead of C —functions with compact support. The fol low-
ing theorem is of the same nature. Before we state it, let us remark
that an easy calculation shows the following: Let E be any l.c. space
and let E' denote its (continuous) dual. For any system y of bounded

subsets of E {(covering E) and any y € E', the function

e 1 x -+ e(x,y)
Y

belongs to C?(E). Using this and the c¢lassical theorem of Paley —

Wiener-Schwartz the proof of theorem 9 also gives

11, THEOREM: (et E be a quasi-complete barrnelled £.c. space  with
(CFA). Then gor any n € WN_, any £.c. space F,and any open subset
Q(# @) 0§ E fhe Linearn hull of Zhe sel {ey - £|y€E', £€F} is

. n
dense Ain CCO(Q,F)‘

4., A XKERNEL THEOREM FOR FUNCTIONS OF CLASS CZO

In this section we shall show (under appropriate hypotheses)

that any functions in C__(Q; x 92) can be regarded as an element of

1

Cco(Ql,Cco(Qz)) and vice versa. Using theorem 3.5 this also implies

o0
cO

a tensor product representation for dzo(ﬂl X 92). Before we can prove
our result we need several lemmas. The first lemma is an immediate

consequence of definition 2.4.
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1. LEMMA: Lef E,F and G be £.c. spaces, Let Q be an open subset
of E, Let Yy be a covernding system of bounded subset of E, and Let
u € L(F,G) be given,

a) For any f € c‘;’m,p) the function uo £ belongs to c‘:(n,G).

b) Forn any £ € C?(Q,F) and any Jj € Ng the {function f(j)

belongs Zo C?(Q,Lg(E,F)).

c) 14 G 4is a closed &inear topological subspace of F, then

any £ € CCO(Q,F) with £(Q) C G belongs to CCO(Q,G).

2. LEMMA: Let E, ,E_ and F be £.c, spaces and Lel Q; be an o¢pen

1 2
dubset of E. for i=1,2. Then for any £ € cco(gzl X Q, 4 F), by
x, » £(x;, *), one defines a function g€ C(Ql,CZO(QZ,F)).

PROOF: The mapping 12 :E2 - El b E2 defined by 12(x2) = (0,x2)1s

obviously linear and continuous, hence i% 3 E% > (El X EZ)J is con-

tonuous and j~linear, for any j € IN. Thus i% gives rise to a

continuous linear map (i%)* : .Czo((El x Ez)j,F) - £zo(Eg,F),defined
by (1) *mix)=mnidel). If now £ is anyelement of < (2, x2yF),
then by lemma 1.b), 1.5and lema l.c), £ is in & (a x2,£5_((ExE,) F).
Then it follows from lemma L.a) that (i))*o £9) is in & (ayx a,,£5_ &,m),
hence (ig)*o f(j) € Cco(ﬂl x Qz,Lgo(Ez,F)L Letus denote the function
(1d)*o £(3) by gy - Then it follows from £ € CJ (A% Q,,F) that for
any j € N and any X, € Q, the function gj(xl, £ ) s QZ + Lgo(Ez,F)
is Gateaux~differentiable and that its Gateaux-derivative ng%+lh&,.L

This proves that for any X € Ql the function f(xl, +) belongs to
C:o(QZ,F), hence the function g:Q; » CZO(QZ,F), g(xl) = f(xl,-)can
be defined.

In order to show continuity of g on Ql’ let any Xy € Q, any
€ > 0, and any continuous semi—-norm on CcomZ’F) of the form pz'Kz’Qz’q

be given, Since gj is uniformly continuous on {xl} x K, for any 3j,
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there exists a neighbourhood Vl X V2 of zero in El X E2 such that

for any (xl,xz) € {xl} x K, and any (h;,h,) € vV, x V, we have for

any j with 0 < j < ¢

j Q q(g (x + h ,x -+h ) — gj(xl,xz)) < e

(where 5. denotes the semi-norm u =+ sup gf{u(y)) on L &1Fn
JIQzlq YEQ
This implies for any hl € Vl 2

P‘E’KZ’QZ’q(g(xl + hl) - g(xl)) =
- (3) -
= su sup p ((g(x;, + h.) - g(x.)) (x,))) =
x eg 0<j<f 34Q504 1 1 1 2
2 2 I
= sup sup D, (g (x; +h,x,) ~ gj(xl,xz)) < gy

x,€K, 0<j<t 730,509
hence g is continuous.

3. PROPOSITION: For i=1,2 ZLet E. be a quasi-complefe L.c. 4pace

§on which (Ei)é 44 complete and which equals (E )y

e topologically,

, 44
a kpp~4pace. Then thehe exists a continuous Linear and injective map

and Lel Q4 be an open subset o4 E,. Assume furthermone that E

A c:o(nl X Q) c” (szl,c (R,)), defined by A(£) = x; > £(xy, +)
forn any f € cco(gl X Q).

PROOF: Let us show first that for any f € CZO(Ql X 92) the func —

tion g : X, > f(xl, ) belongs to Cco(ﬂl,cco(nz)).
Let il denote the linear continuous mapping ilel - El b E2,
il(xl) = (x;,0) and let f € Cco(nl x 92) be given. As in the proof

of lemma 2 one shows that for any j € N the mapping wj:=(ii)*of(y



SPACES OF OIFFERENTIABLE FUNCTIONS ANO THE APPROXIMATION PROPERTY 299

belongs to Cco (Q 1

. . ; d ]
gj $X) > wj(xl, ) is in C(Ql,Cco(QZ,LCO(El,D{))). Now observe that

by our hypotheses it follows from 3.2 and general results on the

X QZ,Lgo(El,H{)). Hence, by lemma 2 the mapping

e-product that we have natural isomorphisms

3 - ® 3 R
C o(QZ,LCO(El,]R)) = cco(nz)eLco(El.IR) = Ly ( 1€ (n ).

Using this isomorphism, we get from g the mapping g € C(R (E (9 ))

l’co l'co

for any j € IN . Obviously 9y = A(f), and we shall prove now that

is the Gateaux-derivative of gj. In order to do this, let us
oK) = (1d) %o g (3HK)

94+1

first remark that for any k € IN we have and

that

(k)

J .k * (i?_)*o f(j+k) (xl' . )

(g5 = (s +) = (15)

follows from the proof of lemma 2. Hence we get
j Ny k
@ (g eIy D X ety 1= £ 3 e xp il v 15y

Now let xl € Ql B 17

any compact Q2 of E2, any compact subset Ql of El and e€>0

hl € E any £ € I , any compact subset K, of

QZ'
be given. We have to prove that there exists 4§ > 0, such that for

any t with 0 < [ t]| < 8§

(2) sup p ( (g (x; +th; ) —g.{x;) —g. . (x.[th ])) < e.
YlEQ £, K2,Q 31 J+1°71 1

By (1) and 1.5 we have to estimate for 0 < k < &
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1, (3+k) _ 2(3+k)

t(f (xl + thl,xz) £ (xl,xz)

- g(3+k+1) .5 k
(3) f (xl,xz)[thl])[1l(yl),iz(y2)]
= e om0 = £ G ntn 1 (v ), K Gy a

. 17T % R LR RS SRR A 6 Tl
Since f(3+k+l) is continuous on Ql X QZ + it is uniformly continu-
ous on a suitable neighbourhcod of the compact set {xl} x K, . By

J+k+1)

uniform continuity of f( and (3) it is clear that there exists

§ > 0 satisfying (2). Consequently we have shown that g = 9 isan

O [o+]
element of Cco(Ql,Cco(Qz)).

Linearity and injectivity of A are obvious. Continuity of A
follows immediately from (1) and the definition of the corresponding

topologies.

Now we want to prove that A is surjective if we impose some

further conditions.

4, LEMMA: For 1 =1,2 ULei Ei be a £.c. space and Let Qi be an open
subset o4 E,. Assume that Ei x Elz‘ 44 a kIR-Apace gon any (3 ,k) € m 2.
‘Let g be a any function in Cco(ﬂl,cco(ﬂz)).

a) For any (j,k) € W* the mapping £3%):0) xq, xEd x ES »m

degined by £ (x x vy 1= (a3 iy 1) F (k1)

L4 continuous.

b) For any (3.,k) € IN2, any (hl'hz) € El X E2 one has

1 - {j.k) _e(dsk)
iig 't(f (xl-+thl,x2-+th2,yl,y2) £ (xl,xz,yl,yz)

i+ j k+1
= g{3tLk) (%1:%5,(hy vy )sy,) + g3 )(xl,xz,yl.(hz.yz))
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unigormly in yleQ::Ll and Y, € Q}; §on any compact set

Qi in Ei (i=1,2).

PROOF: a) Observe that for any open subset Q@ of a l.c. space E,any

l.c. space F and any f € C:o(Q,F) the function

(x,y) » £33 (0 (y 1

is continuous on K x Q3 for any compact subset K of Q and any
compact set Q in E and has values in F . Hence for any compact sub-

set Kl of Ql and any compact subset Ql of E the function

l I

(x0vp) » a9 (xp) 1y ]

J o .
belongs to C(Kl x Q ,CCO(QZ)). Since

P S k 5 k -
Py 'CCO(QZ'fco(EZ)) C(K, x Q5) pk(f)(xz,yz) f(xz)[yzl

is linear and continuous for any compact set K, in QZ and any com-

2
pact set Q, in E2 ,we get from lemma 1.b) that pk((g(j)(' )[‘])(k))

! kKyy _ 3 - v k
belongs to C(K, x Q),C(K, x @) = C(x x 0 x K, x @) =C®, x K, x Q) x Q5).

This proves the continuity of f(J'k), since Ei+l X

for any (j,k) € Bﬂz.

+1 _
EE is ::1](1R space

b) The second assertion is a consequence of the following con-

siderations:
1 .(3i,k) _ (i/k)
T.(f (xl+thl,x2+th2.yl,y2) £ (xl,xz.yl.yz))
-1 [(g(j) () +th)lyy 1) o+ ey, 1 - @ oy + ety D ety 1|

v [(g‘j’ (x; +th) Iy 1D ety 1 - @3 ity D % ey 1y, ]

=: A(t) + B(t).
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[+9]

Since g € Cco

(Ql,Cco(Qz)), it is obvious that

Linm B(t) = (g )0y D) ) (x,) 1y, 1= £ BHEK

t+o

(xlile (hllyl) )y2)

uniformly in y, € 0J and vy, € k.

By lemma 2.2 we get

1
Alt) = j (g3 (x +tn )y 1) D)

(o]

(x -+tth2)[h2,y2]dT

2

yydar .

1 ,.
_ (3,k+1)
= J f (xl+thl,x2 + Tthz,yl,(hz,y2

(o]

f(j,k+l)

It follows from a) that is uniformly continuous in a nheigh-

bourhood of the compact set {xl} X{xz} x Qi X Q§ . hence we also have

. (j,k+1)
lim A(t) = f (X1,%,,¥7, (hy,¥,))
o 1°%2:¥1 020 ¥

uniformly in y; € 0} and y, € of.

5. THEOREM: For 1i=1,2 {Let E, be a quasi-complete £.c.space which

i

equatls (E{ éé topologically and Let Q; be an open subset o4 E,
k 2

5 Ls a kg -4pace don any (j,k) € IW°.

Then the mapping A : Cog (8 x 85) » C_(9,C_J(R,)), AMf) : %) +£(x),°)

Assume funthermorne that Ei x E
L4 a topological Lsomorphism,

PROOF: First let us show that A is surjective. Let g be any ele —

ment of C_ (2,0 (R,)). By lemma 4 the function £: (x,%,) *g(x;) (%))

2
is continuous on Ql X 92. We shall prove £ € CCO(Ql X 92). Then it
is obvious that A(f) = g, hence A is surjective.

In order to prove f € C:o(nl X 92) let us remark the following:



SPACES OF DIFFERENTIABLE FUNCTIONS AND THE APPROXIMATION PROPERTY 03

2

Let (j,k) € N® and a surjection ¢ : {1,...,3} v {l',...k'"}+{1,...,5+k}

be given. Then we define a continuous linear map’mJﬂEIXE§j+k->EiXE§

by

“o((ell’eZl)”"’(el,j+k'e2,j+k))

ey gy 781,0(9)) " ooty " 7C20 (k) ) -

By lemma 4.a) the function %éj'k) t= f(J’k) oW, is continuous on

R, x 8, x (B, x 5,)I** ana Eéj’k)(xl,xz,') is (j +k) - linear for
any (xl,xz) € Ql X 92. Because of the continuity of Eéj’k) the map-

ping féj’k) : Ql X 92 -+ Lg;k(El X EZ,HU  defined by

k)
g (x

l,Xz) : [y] + Eéj’ lrxzry)

is continuous. Using the mappings féj’k) it is easy to prove by in-

duction that f belongs to C_ (2, X 9,). Let us show that f is

2
Gateaux-differentiable:

Define oy ¢ {1t vg~+ {1} by ol(l) =1 and define
o, ¢ gu{1'} » {1} by 0,{(1') = 1. Thenwe get from 4.b) that for
X = (xl,xz) € Ql X 92 and h = (hl'hz) € El x E2

Lim = (£(x+th) - £ - £ ooren) -0 (oren)) = 0.

o o
t+o0 1 2
_ e(1,0) (0,1) ' 1

Hence f'(x)[h] = (fol’ (x) + fcz' (x)){h], and £ € Cco(s’zl X 92)
by lemma 2.3. From this and lemmma 4.b) we get by induction that for
any £ € IN the function £ is in Cﬁo(ﬂl X 92) and that f(z) can

be represented as a sum of féj’k) where the sum runs over all j and

k in N, with j+k = £ and over certain o¢. This proves that
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f e CCO(Ql X Qz)-

[s4]

Hence we have shown that A :C (Ql XQZ)-+CCO(91,CCO(92)) is

co
bijective. From the representation of (A‘l(g))(ﬂ)

indicated above it
follows that A_l is continuous. Then A is a topological isomorphism

by proposition 3.

REMARK: Results of the same type as in theorem 5 are also given in
the lecture notes of Frdhlicher and Bucher [15] (with adifferent defi-
nition of differentiability) and in Colombeau [11], [12]. Itseems to
be impossible to get the result on (DFM)-spaces given below by bor-
nological methods.

Concluding this section, let us combine theorem 5 and some of

the results in section 3. Then we get

6. THEOREM: Let Ey and E,

Let a, be an open subset of E{ gorn 1=1,2., Then we have the fol-

be eithen (F)-spaces or (DFM)-4paces and

Lowing topological Ldomorphisms

o0

Coolfly ¥ Q) = C o (07,C,(R,)) =C (2;) € C,(0,).

7. THEOREM: For i =1,2, fet Q. be ar open Aubset of the L.c. space

E; . Assume Lthat eithen

1) E, and E, ate (F)-spaces, one of which has a.p., on

1
2) E, and E, ate (DFM)-spaces, one 04 which 44 a (DFSA) -4pace.
Then the 4o0lLowing holds

Ccoml x 92) = Cco(nl) es Cc (Q

o (8,0 .

8. REMARK: The dual of Czo(n) forms a natural generalization of the

space of distributions with compact support to infinite dimensions.
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It is obvious that many of the results of this article can also be
regarded as results on the dual of c:o(n). E.g. theorem 3.10 is of
importance in connection with the theorem of Paley - Wiener - Schwartz
(in order to see this one has to extend several results to complex
valued functions on #, then (for certain l.c. spaces E) one can de-
fine the Fourier-Laplace transform of any T € c:o(n,c)' as a holo-
morphic function on the complexification of Eé, satisfying acertain
growth condition). Theorem 6 can be used to define a convolution
* :CZO(E)' X C:o(E)' - C:o(E)'. The precise formulation of the results

just mentioned will be contained in a subsequent paper.
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1. INTRODUCTICN

I would like to describe very briefly how I was led to become
seriously interested in Approximation Theory, that is,to indicate the
motivation that I had in my mind.

This field has developed in Brazil in the past ten years or so,
thanks also to the work of Silvio Machado, Joao Bosco Prolla and
Guido Zapata, as well as the research school that they formed.

If I had to reduce bibliographical references to a bare mini-
mum, in what concerns the work of the Brazilian school in Approxima-
tion Theory and its relationship to the research of other groups, I
would quote my monograph Efemenis of Approximation Theory (1967), as
well as Prolla's monograph Approximation of Vecton Valued Functions
(1977) (see [34], [54]). However, the bibliography at the end is
up-to-date and complete with respect to the work by Machado, Prolla,
Zapata and myself. It is extremely incomplete otherwise. Let me

emphasize the following aspects:
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1) I shall restrict myself here to the real valued case. The
vector valued case was treated in a desirable degree of generality
through vector fibrations by Machado [16] and Prolla [40] (see also
(351, [36]).

2) 1In the complex case, I point out the work by Machado on the
Bishop and Weierstrass-Stone theorems [18]. (See also [54]).

3) We call attention to the work by Zapata on Mergelyan's the-
orem and quasi-analytic classes [683] (see also [54]).

4) Weighted approximation in the continuously differentiable
case was studied by Zapata [63], [64].

5) A density theorem for polynomial algebras of continuously
differentiable mappings in infinite dimensions and its relationship
to the Banach-Grothendieck approximation property was investigated by
Prolla and Guerreiro [53] (see also [381]).

6) Nonarchimedean Approximation Theory has been studied by

Prolla [56], and Carneiro (7], [8].

2. APPROXIMATION OF COWNTINUOUSLY DIFFERENTIABLE MAPPINGS

In 1947, Marshall Stone came from the University of Chicago to
lecture at the Universidade Federal do Rio de Janeiro (known then as
Universidade do Brasil) for three months. He offered a beautiful
course on "Rings of Continuous Functions”. Among other things, he
talked about his celebrated paper A Generaldized Weienstrass Approxi-
mation Theorem which he had just written. It was published next year
in volume 21 (1948) of Mathematics Magazine. This is a good example
of an article that became famous in spite of the fact that 'is was
published in an obscure journal.

Stone's course dealt with continuous functions, and was going
to have a lasting influence on me. It was during and shortly after it

that, in 1948, I thought of and proved, but did not Hublish then,
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what I called the Weierstrass-Stone theorem for modules [34). I will
come back to this aspect in a brief while. The reason I did not pub-
lish right a&ay that result for modules was this. It toock me years
until 1960-—%961, while I visited Brandeis University for four months,
to realize the interest for Approximation Theory of modules in place
of algebras, and to get started in weighted approximation proper for
continuous functions.

In 1948, I went to the University of Chicago for a two vyear
visit during 1948 - 1950, at the invitation of Stone. While there, I
had an apportunity, in 1949, of presenting at André Weil's seminar
the then recent article "On ideals of differentiable functions"” by
Hassler Whitney, just published in volume 70 (1948) of the American
Journal of Mathematics. After my lecture, Irving Segal asked me:
how about a similar result for algebras of continuously differentiable
functions, along the lines of the Weierstrass—Stone theorem ? In other
words, the problem was to describe the closure of a subalgebra of
continuously differentiable functions, or equivalently, to describe
the closed subalgebras of continuously differentiable functions, in
the spirit of the Weierstrass-Stone theorem. To the best of my know-
ledge, this problem has remained open so far; see below for the con-
jecture that I have in mind in this respect.

Pressed by Segal's question, I studied immediately in 1949 [ 23]
the noteworthy case of dense subalgebras, to obtain the following re-
sult. Let E be a real m-differentiable (m=0,1,...,®) manifold of
finite dimension. Denote by Cm(E) the algebra of all continuously
m-differentiable real functions on E, endowed with the topology Tm

of uniform convergence on the compact subsets of E of such functions

and all their differentials up to order m.

THEOREM 1l: I§ m>1, a subafgebra A of C™E) is dense in C"(E)

forn Tm A4 and only Lf:
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(N1) Fon every x € E, thene i4 £ € A such that £(x) #0.

(N2) For every x € E,y € E, x # vy, there i» f €A such that
£(x) # £(y).
(N3) Forn every x € E and every tangent vector t # 0 fo E

at x, there {84 £ € A psuch that

of

at(X) = df(x) (t) # 0.

These conditions do not depend on m. The case m=0 excluded
by the above resultlis covered by the Weierstrass-Stone theorem.

Coming back to the question Segal asked me in 1949, bit by bit
I was led to formulate the following conjecture. If it is true, the
Whitney ideal theorem and the above density theorem are subsumed by
it. For the sake of simplicity of terminology and notation only, let
us assume that 1 < m < «» and that E=U 1is a nonvoid open subset
of R" for some n=1,2,..., extension to arbitrary E and to m=«
being easy. If A is a subalgebra of Cm(U) ; consider the equivalence
relation U /A defined by A on U, according to which x, y€U are

equivalent when £f(x) = £(y) for all f € A.

CONJECTURE 2: 14§ £ € C™(U) and A 44 a subafgebra of C™(U) then £
belongs to the clodure of A din c¢™(u) don Tn L4 l(and always only
i4), fon everny compact subset K of U contadined in some equivalence
class modulo U /A and every €>0, there i g € A such that
|ID%g(x) - DUE(x)| < & 4on any x € K and any partial denivative

o

D" o4 order at most equal to m.

Notice that £ belongs to the closure of A in Cm(U) for T
when the above condition holds true for every compact subset X of U,

by definition, not just for those K contained in some equivalence
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class modulo U /A. The above conjecture is an aspect of what I called
Localizability (see below too). If true, the above conjecture has a
natural extension to modules in place of algebras.

There is a more naive conjecture, which is easily seen to be
false. We might indeed conjecture that every subalgebra A of Cm(E)
which is closed for Tm is also closed for the topology Ths of sim-
ple convergence at points of E of functions and all their differen-
tials up to order m. For m=0, this is indeed the case; as a matter
of fact, the statement that Ts and Tos have to same closed subal-

gebras of CO(E) = C(E) is easily seen to be equivalent to the

Weierstrass-Stone theorem.

EXAMPLE 3: Let A be the subafgebra of CL(R) of atf £ € cl (W)

such that £(1/k) = £(0) for all k=L2“..mwrmnqu.ELQF(Lmbm2=m
Then A i4 closed {fon T4 but it {4 not closed fon Tyg-

A few years ago, I asked Jaime Lesmes the question of extending
the above Theorem 1 to infinite dimensions. I also did raise that
question during a lecture I gave at Madrid, where José Llavona got
interested in it. Recent work along this line was done by Lesmes [13]
and Prolla [49], [53] in Brazil, and by Llavona [14], [15] in Spain.
We now summarize that aspect very succintly, along the lines of [38].

Let E, F be Hausdorff real locally convex spaces, E #¥ 0, F#0,
U a nonvoid open subset of E and m=1,2,...,v. We denote by dnﬂhF)
the vector space of all mappings £ :U » F that are continuously m-

differentiable in the following sense:

1) f is finitely m—differentiable; that is, for every finite
dimensional vector subspace § of E with S # 0 and U N 8 nonwid,
we assume that the restriction f](U N 8) is m-differentiable in the
classical sense. Thus we have the differentials

k

. ke,
d°f : U » £as( E;F)
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for k =0,

all symmetric k-linear mappings of E
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1,..., kX <m, with values in the vector space fas(kE;F) of

k to F.

2) The mapping
(x,t) €U *xE + &Hx)ti e F
is continuous of every k=0,1,..., k¥ < m. In particular, dkf(x) be-

longs to the vector subspace fs(kE;F) of all continuous symmetric

k-linear mappings of Ek to F.

We endow C"(U;F) with the topology 1, defined by the family

of seminorms depending on the parameters k, B, K, L

f €

Q;E(f) = sup {Bl&E(x)t

c™(U;F)

kl ;i XEK, t €L} €

for k =0,1,..., k < m B being a continuous seminorm on F and K,L

being nonvoid compact subsets of U, E respectively.

We shall use the notion of polynomial algebra; see the conven-

tion on page 63, [54].

THEOREM 4:

Let m>1 and A be a polynomial subalgebra of cusE) .

Suppose that there L4 a subset G o4 the vector space E' @ E of all

continuous Linear endomonphisms o4 E with findite dimensdional images,

duch thazt:
1)

2)

The identity mapping I belongs o the closure of G for

E
the compact-open topology on the vector space £L(E ;E) of

all continuous Linear endomorphdisms of E.

Forn eveny J € G, every nonvoid open subset V of U such
that J(V) € U and every £ € A, A4t follows that the nre-

stndction (Eo0Jd)|V = £0 (J|V) belongs to the closure in
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C™U;F) for T, of A|V.

Then A 4is dense in C™(U;F) for T 44 and only L4:

(N1) Forn every x € U, there 48 £ € A such that £(x) # 0.

(N2) Forn every x € U, y € U, x # vy, there is £fE€ A such

that £(x) # £(y).

(N3) For every x € U, t € E, t # 0, there is f €A such

that

z
"

df (x) () # 0.

If E is finite dimensional, conditions 1) and 2) of Theorem 4

are satisfied by G reduced to I_ . Hence Theorem 4 implies Theorem

E
1.
Condition 1) of Theorem 4 implies that E has the Banach-
Grothendieck approximation property, that is, I belongs to the

E
closure of E' @ E in £(E;E) for the compact-open topology. Thus

Theorem 4 leads to the following conjecture:

CONJECTURE 5: For every gdven E, the following conditions are equi-

valent:

(Cl) Forn anbditrany U, F, m > 1, then every polynomial sdub-
algebra A is dense in c™(U;F) 4on Th i4 (and always
onky L4) A satisfles (N1), (N2), (N3).

(c2) E has the Banach-Grnothenddieck approximation phoperty.

It is known that (Cl) implies (C2). The conjecture that (C2)

implies (Cl) is an attempt to improve Theorem 4.
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In the direction of research that I just mentioned, there is
more generally the question of studying Approximation Theory for al-
gebras or modules of continuously differentiable vector valued mapp-
ings by using weights. This question however is still wide open, in
spite of the available results. See the next section for the contin-

uous case.

3. WEIGHTED APPROXIMATION FOR MODULES AND ALGEBRAS OF CONTINUQUS FUNC-

TIONS

Let me talk now about the Weiestrass—Stone theorem for modules,
how it led me to the Bernstein approximation problem and what I then
called the weighted approximation problem (or the Bernstein - Nachbin
approximation problem, according to a more recent terminology by other
authors) .

Let E be a completely regular topological space, and C(E) de-
note the algebra of all continuous real functions on E endowed with
the compact-open topology.

There is the ideal theorem for C(E) which reads as follows.

If T is an ideal in C(E) and I 1(0) = n. ¢, £ 7(0), then £€C(E)
belongs to the closure of I in C(E) if and only if £ vanishes on
1)

More generally, there is the Weiestrass-Stone theorem for a sub-
algebra A of C(E) which reads as follows. Let E /A be the equiva-

lence relation on E defined by X X, if X, X, €F and f(xl) =f(x2)

1 - -1 .
(0)= nfEA f ~(0) which either is one

of equivalence classes modulo E/A or else is veoid. Then £ € C(E)

for every f € A. Consider A

belongs to the closure of A in C(E) if and only if f is constant
on every equivalence class modulo E/A and f vanishes on A_l(O) if
A_l(O) is nonvoid.

In the ideal theorem, we have a module I over the algebra A=C(E).
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In the Weierstrass-Stone theorem, we have a module A over the alge-
bra A + IR denerated by A and all constant real functions on E. If
we considered just a vector subspace W of C(E), we would have a
module W over the algebra A of all constant real functions on E. In
the succession of these three cases, the algebra of multipliers var-
ies from the largest to the smallest possibility containing the wit.

More generally, let A be a subalgebra of C(E) which we may now
assume to contain the unit without loss of generality, and let W be
a vector subspace of C(E) which is a module over A so that AW CW.
The Weierstrass-Stone theorem for modules reads as follows. Introduce
as before the equivalence relation E/A on E. Then f€C(E) belongs
to the closure of W in C(E) if,and only if, for every compact sub-
set K of E contained in some equivalence class modulo E/A and every
€ > 0, there is g € W such that |g(x) - £(x)| < & for every x € K.
This is an aspect of what later I called "localizability" (see below).

It is known that a topological vector space (' has some repre-
sentation by continuous real functions, that is W is isomorphic and
homeomorphic to a topological vector subspace W of some C(E), if
and only if W is a Hausdorff locally convex space. Thus the follow-
ing representation theory question arises naturally. Given a topo-
logical vector space W and an algebra A of linear operators of W,
where A contains the identity operator of W, when does the pair A,
 have some representation by continuous real functions ? More ex-
plictly, we want to know when we can find A, W in some C(E) as above,
a surjective vector space isomorphism and homeomorphism im t W+ W
and a surjective algebra isomorphism ia :A + A so that im [T(x)] =
ia(T)im(x) for every T € A and x € W,

We have the following three results that I proved in 1956, but
never published. Let W be a topological vector space, and A be an
algebra of linear operators of . Assume that A contains the iden-

tity operator of W and is commutative (without commutativity of A
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we would below replace ideals by left ideals in A).

For every ideal J in A, let JW denote the A-invariant vector
subspace of W spanned by the T(x) with T € J and x € . We say
that a subset X of W is A-convex if ¥ 1is convex and X=HJ(X + JW)
for all ideals J in A of codimension 1 in A. We say that W is
locally convex under A in case the A-convex neighborhoods of 0 in W
form a basis of neighborhoods at 0. This implies local convexity in
the usual sense, of course. If A is reduced to the scalar operators
of W, then A-convexity and local convexity under A reduce to con-
vexity and local convexity in the usual sense. The above definitions
are subsumed by §3, [24].

A linear operator T on W is said to be "directed" when the
neighborhoods V of 0 in W, for each of which there is A =x(V) > 0
such that T(V) < AV, form a basis of neighborhoods at 0; in equiva-
lent terms, when corresponding to every neighborhood U of 0 in W
we may find another neighborhood Vv of 0 in W and € > 0 such that
Uk=0 Tk(skv) C U. More generally, the members of a collection C of
linear operators on W are said to be "similarly directed” if the
neighborhoods V of 0 in W, for each of which there is A =A(V,T) >0
such that T(V) € AV for every T € C, form a basis of neighborhoods
at 0. Directedness of a linear operator implies its continuity. Both
directedness and similar directedness reduce to continuity when W is
a normed space. These concepts arise only in treating more general
topological vector spaces. Thus the hypothesis in Theorem 6 below

that the operators in A be similarly directed is automatically sat-

isfied when W is a normed space.

THEOREM 6: The pain A, W has some nepresentation by continuous real
functions i§ and only 4§ W L& a Hausdonff space which is Locally convex

unden A, and the operatons in A are similarnly dinected.
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THEOREM 7: 14§ the pain A, W has some representation by continuous
neal gunctions and S 44 a vecton subspace of W which 484 {nvardiant
unden A, then the quotient pain A/S, W/S has some nepresentation

by continuous real functions L4 and only i§ S 4is closed in W.

THEOREM 8: 1§ the pain A, W has some nepresentation by continuousd
neal functiond, Zhen spectral synthesis holds in the §olLlLowing sense.
I§ S 4is a closed proper vector subspace of W which L8 {invariant un-
den A, then S Ais the internsection 04 all closed vector subspaces of
W which are fnvandiant under A, have codimension one in W and con-.

tain S,

The passing to a quotient statement of Theorem 7 implies spec-
tral synthesis in Theorem 8, which may be viewed as an abstract ver-
sion of the Weierstrass-Stone theorem for modules. Let us also point
out that, when A is reduced to the scalar operators of W , then
Theorem 8 becomes the following statement. Every closed proper vec-
tor subspace S of a locally convex space W is the intersection of
all closed vector subspaces of (! which have codimension one in W
and contain $. As it is classical, such a statement is eguivalent
to the Hahn-Banach theorem. Thus Theorem 8 may be locked upon as a
generalization of both the Weierstrass-Stone theorem for modules and
the Hahn-Banach theorem for locally conveX spaces.

We may then ask the following natural question. To what extent
the condition of the operators in A being similarly directed is cru-
cial for the validity of Theorem 6, or Theorem 7, or Thecrem 8 ? Lo-
cal convexity under A is not superfluous. In fact, letting A be
reduced to the scalars operators of W, then it may be false that
every closed proper vector subspace S of W is the intersection of
sll closed vector subspaces of & which have condimension one in w

and contain S, in case W is not assumed to be locally convexX. The
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answer to the above natural question is no. The example that I found
in 1957 led me to the classical Bernstein approximation problem, asI

shall describe next.

EXAMPLE 9: Let W be the Fréchet space of all continuous real func-
tions on R that are rapidly decreasing at infinity. Call A= P(R)
the algebra of all real polynomials on IR. Every a € C(IR) that is
slowly increasing at infinity gives rise to the continuous linear op-
erator T‘,=1 :f €W +» af € W which is directed if and only a is bounded.
Thus A may be viewed as a commutative algebra of continuous linear
operators of W containing the identity operator of W, but each suwh
operator is directed if and only if the corresponding polynomial 1is
constant. It is clear that W is locally convex under A. There 1is
some W € W vanishing nowhere in IR such that Aw is not dense in
W (this is easily seen to be equivalent to existence of some w € W
vanishing nowhere in R that is not a fundamental weight in the sense
of BAP-2 or BAP-1 below). Then the closure Aw in W is a closed
proper vector subspace of W which is invariant under A. Since \
never vanishes in IR, it can be shown that Aw is not contained in
any closed vector subspace of W which is invariant under A, having
condimension one in W. Thus Theorem 8 does not hold in this case due
to lack of directedness. A fortiori Theorem 7 and Theorem 6 do not
held in this case for the same reason.

This counterexample leads us to the classical Beanstein approxi-
mation problem, usually formulated in the following two forms, where
P(IR") is the algebra of all real polynomials on ®R" for n=1,2,... .

BAP-1., Let v :IR"

* R, be an upper semicontinuous "weight”
and Cvm(IRn) be the vector space of all £ € C(IRn) such that vf
tends to 0 at infinity, seminormed byl fll  =sup{v(x)- |£(x) |;x €R"}.

Assume that v 1is rapidly decreasing at infinity, that is P(]Rn) CCVOO(:IRn).
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Wwhen is P(RR") dense in Cvm(]Rn) ? We then say that v is a {unda-
mental weighit. We shall denote by @ the set of all such fundamental
weights in the sense of Bernstein. For technical reasons we also in-
troduce the set 1"n of all such v such that vk € szn for all k > 0.

Clearly ]"n c Qn . This inclusion is proper.

BAP-2. Let Cm(]Rn) be the Banach space of all f € C(]Rn)bend—
ing to 0 at infinity, normed by Il fll= sup{|f(x)|; x € R"}; it is
the special case of Cvm(ﬂfh when v =1. Assume that w € C(IRn) is
rapidly decreasing at infinity, that is P(R™M w C Cm(ﬂgﬁ , and call
w a weight. When is P(IR") w dense in Cw(IRn)? We then say that w
is a fundamental weight.

If w€ C(IR") is rapidly decreasing at infinity, then w is a
fundamental weight in the sense of BAP-2 if and only if w never
vanishes on R" and |w| is a fundamental weight in the sense of
B AP -1. However a fundamental weight v in the sense of BAP-1 my
vanish on R and may fail to be continuous, It is in this sense
that BAP -1 1is a better way of looking at the concept of funda-

mental weights in the sense of Bernstein than BAP -2.

The following are the simplest criteria for an upper semicon —
tinuous function v :IR -+ R, to belong to Pl, thus to Ql ’ by

increasing degree of generality:

BOUNDED CASE: v has a bounded suppont.

ANALYTIC CASE: There ate C > 0 and <c > 0 for which, for any x € R,

we have

v(x) < C cemelxi

© 1

m=1 _
Vi

QUASI-ANALYTIC CASE: We have z =+ » whene, fon
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m=20,1,..., we def

m
X

Mm=sup{v(x)' ; X € IR}.

In BAP-1, the subalgebra P(IR") of C(R") is contained in
Cvm(IRn) , and we have the weight v in the definition of Cvm(]Rn). In
BAP -2, the submodule P(IR")w over the subalgebra P(]Rn) of C(]Rn)
is contained in Cm(IRn) . and we have the weight w in the definition
of P(IRn)w.

Thus I was led to the following general formulation of the
weighted approximation problem. The viewpoint thus adopted embraces the
Weierstrass - Stone theorem for modules, thus for algebras, and the
Bernstein approximation problem. Actually, it is guided by the idea
of extending the classical Bernstein approximation problem in the same
style that the Weierstr;-;.ss - Stone theorem generalizes the classical
Weierstrass theorem (see [34] for details).

Let V be a set of upper semicontinuous positive real functions
on a completely regular topological space E. We assume that V is

dinected in the sense that, if v € V, there are » > 0 and v € V

1’ V2
such that vy £ Av and Vv, < Av. Each element of V is called a
wedight. The vector subspace of C(E) of all f € C(E) such that, for
any v €V and any € > 0, the closed subset {x€E; v(x)+{£(x)]| >}
is compact, will be denoted by CV_(E). Each vEYV determines a
seminorm £ > £l = sup {v(x) * |f£(x)|; x € E} on CV_(E). the
natural topology on the weighted space CV_(E) is defined by the
family of all such seminorms.

Let A C C(E) be a subalgebra containing the unit, and W C CV_(E)
be a vector subspace. Assume that W is a module over A , that 1is
AW C W. The wedghted approximation problem consists of asking for a

description of the closure of W in CV_(E) under such circumstances

We say that W is focafizabfe undenr A in CV_(E) when the following
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condition holds true: if f € CV_(E), then f belongs to the closure
of W in CV_(E) if (and always only if), for any v € V, any € > 0
and any egquivalence class X mecdulo E/A, there is w € W such that
v(x) + |w(x) - f(x)| < € for any X € X. The stndict weighted approxi-
mation probfem consists of asking for necessary and sufficient condi-
tions in order that W be localizable under A in CV_(E).

We denote by G(A) a subset of A which topologically generates
A as an algebra with unit, that is, such that the subalgebra of A
generated by G(A) and one is dense in A for the topology of C(E).
We also introduce a subset G(W) of W which topologically generates
W as a module of A, that is, the submodule over A of W generated
by G(W) is dense in W for the topology of CV_(E).

A basic result is then the following one.

THEOREM 10: Assume that, forn every Vv € V, every a € G(A) and every

w € G(W), thene {6 Y ET such that

1

vix) « jwix)] < yvla(x)]

for any X € E. Then W {4 Localizablfe unden A 4in CV_(E).

We may combine Theorem 10 with the indicated criteria for mem-

bership of T Let us consider explicitly the analytic case.

1

COROLLARY 11: Assume that, for every v € V, every a € G(A) and

every W € G(W), there ane C > 0 and c > 0 Auch that

vix) + |wix)| < C .e‘C'la(x)i

gor any x € E. Then W is Localizable under A 4in CV_(E).

As a particular case of the above results for modules, we have
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the following ones for algebras. For simplicity sake, assume that V
is strictly positive, that is, for every x € E there is v € V such
that wv(x) > 0. Let A be contained in CV_(E). We say that A is fo-
calizablfe in CV_(E) when the following condition holds true: if
f € CV_(E), then f belongs to the closure of A in C(CV_(E) if (and
always only if) f is constant on every equivalence class modulo E/A.
We denote by G(A) a subset of A which topologically generates
A as an algebra with unit, that is such that the subalgebra of A gen-
erated by G(A) and one is dense in A for the topology of CVm(E).

The particular case is then the following one.

THEOREM 12: Assume that, 4on every v € V and every a € G(A), there

Ls vy € Iy such that

vix) < yla(x)]

don any x € E. Then A is Localizable 4An Cv_(E).

We may combine Theorem 12 with the indicated criteria for mem-

bership of T Let us consider explictly the analytic case.

1

COROLLARY 13: Assume that, fon every v € V and every a € G(A), there

are C >0 and ¢ > 0 Auch that

v(x) < C+eC - la(x) |

gon any x € E. Then A 48 Localizable in CV_(E).

We quote [34], [37] for additional details.
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ABSTRACT

By "Gelfand theory" here is meant the study of ths consequences
of topologizing the maximal ideals of a Banach algebra. The theory
is most rich when the underlying field is that of the complex num-—
bers. If the underlying field is R or some other valued field, a
theory can still be develcped however and that is discussed here. First
the Gelfand theory for complex Banach algebras is reviewed briefly;
then the analogous theory for the case when the field carries a non-
archimedean real-valued valuation is presented. In the course of the
latter discussion, a Stone-Weierstrass theorem is needed. In the last
part of the paper some versions of the Stone-Weierstrass theorem which
hold in algebras of continuous functions over fields with nonarchi —

medean valuation are discussed.

1. CLASSICAI, GELFAND THEORY. ([11], [91)

If G is an open subset of €, the complex numbers, and X is

a topological vector space, a map X :G + X 1is analytic {in G if the

333
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difference guotient has a limit at each point in G.

For the vector-valued version of Liouville's theorem to hold,
the vector space must have a good supply of continuous linear func —
tionals. The dual space X' must be fofal in the sense that if every

f € X' vanishes at X, then X must be 0.

1.1. LIOUVILLE'S THEOREM: I{ X is a TVS and X' 44 total then 4§

X:C+X 44 entdine and bounded, Zhen x must be constant. ([1],p.211).

For the remainder of the results in this section we assume that
X is a complex commutative Banach algebra with identity e (lle || =1).
A complex number X is a regufan podunt of x € X if x- Ae is in -—
vertible. The set p(x) of regular points of x is an open set.More-
' 1

over the resolvent map r, :p(x) + X,A » (x-2ie) = is analytic, ([11],

p- 208). An important consequence of these results is:

1.2. GELFAND - MAZUR THEOREM ([ 1], p. 212): (a) Foi every X € X, the
spectrium o(x) of x, those complex numbers X {for which x - e As
not inveniible, {is not empty.

(b) 14 X i3 a division afgebra (alf nonzero elements have Ln-

vehses) then X 48 Asomonphic and Lsomeindc to €.

PROOF: (b) Since o(x) # @, x — e is not invertible for some A € Q.
Since X is a division algebra, x - Ae must be 0, i.e. x = Ae.
The proof of part (a) depends heavily on the Liouville theorem.
Consequently one would suspect that this result would not transfer
easily to Banach algebras over other fields, and indeed this is the
case. Even in real Banach algebras there may be elements with empty
spectrum. As long as the underlying field is ¢, however, we can obtain
versions of the above result for locally convex Hausdorff algebras

and locally m-convex algebras ([1], p. 212 - 3). The only change that
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occurs is that the "isometry" of part (b) is replaced by "homeomor —
phism". For a time it was wondered ([6]) if there were complex topo~
logical division algebras other than €. Williamson ([12],[1, p.214))
showed that there were by providing an algebraically compatible to-
pology for the field €(t) of rational functions in t with complex
coefficients.

An important consequence of (b) above is that X/M is ¢ for any
maximal ideal M of X. We denote the coset (complex number) x +M by
x(M). It now becomes possible to view X as a collection of functions
on the space M of maximal ideals of X. We associate X € X with the
function % which sends M into x(M).Once M has been topologized,
it becomes possible to view X as a collection o¢f continuous func-
tions mapping M into €. Among other things, even without endowing

M with a topology, it now follows that

In algebras of continuous or analytic functicns ([11], p.202-3)
characterizations such as 1.3 are the rule for describing spectra,
i.e., the spectrum of a function x is its range.

We endow M with the weakest topology which will make each of
the maps X continuous and call this the Geffand fopofogy. M then
becomes a compact Hausdorff space.

A B*-algebra is a Banach algebra with involution satisfying the
condition [Ix* x| = I tz. The celebrated representation theorem of

Gelfand and Naimark states:

1.4, REPRESENTATION OF B*-ALGEBRAS ([1], p. 259f.): T4 X L4 a B*-
algebra, then X is Lisometrically isomorphdic to the algebra C(M, C)
04 continuous complex-valued gunctions on the compact space M of

maximal Ldeals of X with sup norm (and pointwise operations).
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2. GELFAND THECORY OVER VALUED FIELDS

Here we assume that X is a commutative Banach algebra with

identity over a field F where the norm on X and the wvaluation on F

each satisfy the strong ("nonarchimedean") triangle inequality:
lx +yll <max (Ix I, Il yll). Among the consequences of this inequali-
ty are that if |Ix |l #llyll , then |x+ vyl =max (Ix||,lly |l ) and that

every point in a sphere is a center. All norms and valuations are as-
sumed real-valued. A detailed discussion of such normed spaces and
algebras can be found in [10], such spaces being called nonarchimedean
dpaces,

The critical result ((l.2)) that each element have nonempty
spectrum fails to hold for nonarchimedean algebras. There may be ele-
ments with empty spectrum ([10], p. 105). The worst consegquence of
this is that we cannot say that X/M is F for each maximal ideal of
X. X/M is merely a superfield of F. If we hypothesize separately
that each element have nonempty spectrum then, exactly as in proofof
(1,2) (b), division algebras are isometrically isomorphic to the un-
derlying field. We define a Gelgand afgebra to be a nonarchimedean
commutative Banach algebra X with identity such that X/M = F for
each maximal ideal M of X.

Although we cannot show that each element has nonempty spectrum
in an arbitrary nonarchimedean Banach algebra, we can show for any x
that o¢(x) is closed and bounded, the proof being about the same as
for the complex case ([10], p. 114), Thus if F is locally compact,
each element has comvact spectrum. Also (cf. (1.3)) it is generally
true that o(x) = Xx(M) N F.

In an attempt to duplicate the complex Gelfand theory, we wish
to introduce a topology to the maximal ideals. Two main choices are
available: Restrict consideration of what elements X are tobe chosen

or consider only certain maximal ideals. More specifically we consider
([10], p. 117£.):
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2,1, THE GELFAND SUBALGEBRA Xg: These x € X such that for every

maximal ideal M, x(M) € F or

2.2, THE GELFAND IDEALS Mg: Those maximal ideals M such that x(M) €EF

for every x.

In the first case we retain all the M's; in the second,all the

It now follows that (a) for each M € M, M N Xg is a Gelfand
maximal) ideal in X i.e., X MNX =TF): X=X iff M =M
( ) a n Xg ( ' g’/ g )i (b) gl g
(X is a Gelfand algebra iff each maximal ideal is a Gelfand ideal or
X coincides with its Gelfand subalgebra); (c) Xg is a closed subal —
gebra of X.

We may now consider the following topologies.

2.3, THE WEAK TOPOLOGY: Define the weak Gelfand topology to be the
weakest topology for M such that each x € Xg is continuous. This
induces the weak Gelfand topology on Mg'

2.4, THE STRONG TOPOLOGY: Define the atrong Gelfand fopology to be
the weakest topology for Mg such that every x€ X iscontinuous. This is

clearly stronger than the weak Gelfand topology.

REMARKS: (a) Strong topologies yield spaces with more structure. (b)

Mg is generally not big enough to yield information about X whereas

the Gelfand ideals Mgg of Xg are rich enough to help describe Xg’

e.g., if x € Xg, then o(x) = ﬁ(Mgg). {c) These topologies are uni-
formities and Mg and Mgg are complete. Thus Mg or Mgg is compact
iff they are totally bounded.

The last remark helps to cbtain the following compactness re-

sult.
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2.5. COMPACTNESS ([10], p. 124): 14 F 4is Locally compact then Mg

and M he stn £ . 3 (
n 99 arne sthongly compact. Conversely L4 Mgg on M N Xg L3

stnongly compact, Zhen edthen F is Locally compact on the spectrum

04 any elemenit in Xg 44 nonempty, compact, and nowhere dense.

2.6. DISCONNECTEDNESS ([10], p. 125): Each of the Gelfand +topologies

A8 O-dimensional and each of the spaces Mg, M MoN Xg in the strong

gg’
topology 4is Zotally disconnected and Hausdorgf.

2.7. SEPARATION ([10], p. 126): The following statemenis are equiva-
Lent,

(a) The [(weak) Gelfand topology on M is Hausdonf4.

(b) The functions 4rom xg sepanate points.

(c) The functions from Xg sepanate points strhongly.

(d) The map M-»Mnxg i 1-1.

Maximal ideals must always be of codimension 1. Conversely, in
[5], Gleason proved that a linear subspace of codimension 1 in a
complex commutative Banach algebra with identity is a maximal ideal
iff it consists of singular elements. Hence,in a nonarchimedean Banach
algebra, one might consider the question: If M is a linear subspace
of codimension 1 consisting solely of singular elements, must M bea
Gelfand ideal ? The fact that Gleason's argument uses deep theorems
from complex variable thecory gives warning that the nonarchimedean
question could be difficult.

_ In [2] the authors considered Gleason's question in the topo-
logical algebra (endowed with the compact-open tovpology) C(T,F) of
continuous function from a topological space T into a topological
field F . It is shown there that Gleascn's result is true if F is the
field of complex numbers, false if F is the reals, and true if F is

an ultraregular field containing at least three points under any of

the following conditions.
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l. F 1is not algebraically closed,

2. F possesses a sequence of distinct elements converging to 0.
3. F 1is discretely valued.

4, The topology of F 1is given by a valuation.

5. T 1is ultranormal.

We say that a Gelfand algebra is #regufar if the functions X

separate points and closed subsets of M strongly.

2.8. REGULAR: X 44 negulan iff the (weak) Gelfand topology on M
coincddes with the hull-kennel topology on M. ([10]1, o. 135).

In the complex case, X is regular iff the hull~kernel topology
is Hausdorff and the vrocf relies heavily on the compactness of M in
the Gelfand topology. By choosing nonarchimedean algebras in which M
is not compact, one obtains counterexamples to "if the hull -Xkernel

topology is Hausdorff, then X is regular”.

Let U be the unit ball in X and let W = {x! x(MlI < 1 for
each maximal ideal M}. Since Ix(M)lI< IIxll for every M, it isclear
that UC W. If U =W, we call X a V*-algebra.As will b2 seen shortly,
the V*-algebras are the nonarchimedean analogs of B*-algebras ( see
{2.10)). It is easy to verify ([10], p. 148) that V*-algebras must be

semisimple.

2.9. 14 T 45 a O-dimensional compact Hausdonff space and F L& com~
plete then T L8 homeomorphic £fo the space M of maximal ddeals o4

C(T,F) under the map t + M_ = {x € C(T,F) | x(t) = 0} when M carnies

t
the Gelgand Zopology. ALso, C(T,F) {4 a V*-algebra ([10], o. 154).1n
addition, 4§ S 44 O0-dimensional, compact and Hausdornd§ Zhen S L5 ho-

meomorphic to T i44 C(S,F) L& 4Lsomorphic to C(T,F).
As a first representation theorem we have

2.10.([10],p. l64) I Xg L4 a V*Gelfand algebra and Mg 44 compact
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then Xg L4 Lsometnically Lsomenphic fo C(Mg  F), frnom which Lt §ol-~
Lows that Lf X 48 a V*-Gelfand algebra in which M Ls compact Zhen
X L6 Lsometrnically Laomonphic to C(M,F).

For the proof of (2.10) one needs a version of a Stone-Weierstarss
theorem for algebras of continuous functions which take values in a
nonarchimedean valued field. Such theorems are the subject of the next

and last part of the paper.

3. STONE-WEIERSTRASS THEOREMS

F denotes a field with nonarchimedean valuation.
Generalizing a result of Dieudonné ([ 4 1),Kaplansky ([7]1) ob-
tained the following analog of the classical Stone-Weierstrass theo-

rem.

3.1. KAPLANSKY-STONE-WEIERSTRASS THEOREM: ([ 71, [10, o, 162]1): 1I4 T
46 a compact Hausdornff space and Y a subalgebra o4 C(T,F) which sepa-
rnates poinits and contains constants them Y L4 dense in C(T,F).

An immediate consequence of this is

3.2, ([71,[10, p. 163]1): 14 T 48 a Locally compact Hausdordf space
and Y a subalgebra of C_(T,F)-continuous functions which vanish ai
Angindty - which separates podints and contains constants then Y in dense
in C_(T,F).

As has been observed by Nachbin ([8]), it is not really neces-
sary to consider subalgebras Y for Stone-Weierstrass type theorems:
sub—modules suffice. Toquote just one of many vossible illustrations

of this viewpoint ([ 31, for example) wehave the following result of

Prolla's.

3.3. ([11], Cor. 2.5): Let T be a compaci Hausdor4g space, X a
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nonaxschimedean noxamed space over F and W an A-submodule o4 C(T,X),

whene A L& a separating subalgebra of C(T,F).

Then W 48 dense in C(T,X) 444 fon each t in T, Vi(t) = {w(t) weEW}

L8 dense in X.

(101
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If U is an open and connected subset of an infinite dimen —
sional locally convex vector space E on €, an application £ :U0U-+¢C
(resp. [-e,+=[ ) is said to be holomorphic (resp. plwrisubharmonic) if

a) f is continuous (resp. upper semicontinuous)

b) the restriction of f to any finite dimensional subspace

is holomorphic (resp. plurisubharmonic).

Let us denote by H(U) (resp. P(U), PC(U)) the set of holomor-
phic (resp. plurisubharmonic, plurisubharmonic and continuous) func-

tions on U. If X is a compact subset of U, let us denote by

-

Kypy = X €U, [£0)] < [£] , VE € H(U))
%P(U) = {x €U, v(x) < supv, ¥v € P(U)}.

K

In ¢%, n > 2, the following results are well known (3):

<

1) Any v in P(U) is the pointwise decreasing limit of C
plurisubharmonic functions in a strictly smaller open set

U' of U (ie 4afu', cU) > 0).

-

2) If U is pseudo-convex (ie KP(U) is compact in U for any

compact X of U) then = X

Ko (U P (U) °

343
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3) If U is pseudo-convex, then for v in PC(U), € > 0 and K

compact subset of U there exist £ ,fj in H(U) and

1ree
al,...,aj positive numbers such that

|v - sup a, log [£,|[p < €,
i
4) If K = RH(U) is compact in a pseudo-convex open set u,

then any holomorphic function in a neighborhood of X can be

approximateduniformly on K by elements of H(U).

J ¥

' - ] 7 —
5) If U and U' are pseudo-convex, U C U' then KH(U)_ H(U')
for any compact subset of U if and only if H(U') is dense

in H(U) for the compact open topology.

Properties 3), 4) and 5) have been generalised to larger clas-
ses of locally convex spaces with Schauder basis including Banach
spaces (6).

We shall investigate conditions 1 and 2. In &7, condition 1)
is obtained by regularisation (ie convolution) of v by a Dirac se-
guence, so it is natural to consider some measure. For the sake of
simplicity we shall consider here only (infinite dimensional) Banach
spaces and Gaussian measures following Gross (5).

It is well known that in a Banach space E there are no sub —
stitute to the Lebesgue measure that means there does not exist a
measure invariant by translations or rotations. A Gaussian measure u
on E can be characterized as follows: there exists an Hilbert space
HU densely and continuously imbeded in E such that u arises from
the cylindrical Gauss measure on the cylindrical sets of Hu . The
triplet (Hu , 1, E) is called an abstract Wiener space, The following
properties hold:

1) Let be T in £L(E,E}, if T restricted to HU ig in £G%,%ﬁ

and is unitary then u is invariant by T (ie uT_l = ).
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2) Let be ux(A) = u(x + A}, A Borel in E, then u and U, are
either equivalent or orthogonal, they are equivalent if and

only if x belongs to Hu .

We have the following Lemma:

LEMMA 1: 14 u 44 a Gaussian measune on E and 4§ v L4 a plurisub-

harmonic function An an open subset U of E we have

viix) < L

< — J vix+y) u(dy)
ulB(O,R)]  Jyl< r

jor r small enough.

PROOF: sSuppose that v is bounded from above in the ball B(x,r), the

, SO u is

mapping x - elex induces a unitary mapping Te on Hu

Te —invariant, and we have

J vix+yet®) uiay =[ vix+y) u(dy),
Iyl <x lyll <r
1 (27 ie
but v(x) < T J vix + ye” " )d8 . The result follows from Fubini
0

theorem.

Let us note A(v,x,r) = S J vix+y) uldy), we have:

W) gy <x

PROPOSITION 1: 1) A(x,v,r) i4 a plunrisubharmonic function o4 =x and

pl(r)A {4 a convex and Ancreasing gunction of Log r.

2) vix) = 1lim A(x,v,r).
r=0

3) A(x,v,r) L& Anfinitely H]_j -~ differentiable,
Let us recall that a function v is Hu—differentiable if for
any %X in E the function y + ¢(x+y), defined on HU , 1s differ —

entiable at y =0.
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PROOF: 1) is a consequence of the fact that plurisubharmeonic func-
tions depending only from | x || are logarithmically convex.
2) S8ince v is upper semicontinuous, for any e > 0 we have

v(ix +y) < v(x) + ¢ for lyll <r hence
< - TX,€

vix) < A(x,v,r) < v(ix) + ¢

3) 1Is a consequence of a result of Gross (5).

Let us notice that, unless v is continuous, A(v,X,r) 1is not
in general a continuous function of x.

As a consequence of 2) and 3) we have:

PROPOSITION 2: A plundsubharmondic gunction v is Locally the point-
wise Limit of a sequence of Anfinitely H-differentiable plurisubharmonic
gunctions.

There is an other way to approximate bounded functions: let He
be a Gaussian measure of parameter t > 0, then ut(E) =1 and
u{lxl >a >0} >0 if t~+ 0 then Gross (5) has proved that the

function Ptf(x) = J f£(x + y)ut(dy) is infinitely Hu—differentiableji
E

f is bounded and measurable. Moreover if f is uniformly continuous

Ptf tends to f uniformly on E.

PROOF: For ¢ < 0, there is n such that lx — y{ < n implies

[£(x) - £(y)| < €.

lPtf(x) - £(x)]

| A

f [£(x + ¥) - £(x)]| p (dy)
E

| A

eu (hyll <m) + 20£0, w lyll > n)

if t <t

| A
N
m
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If £ is only continuous, then the convergence of Ptf to £
is uniform on every compact subset.

It is also well known (1) that there exist several separable
Banach spaces such that the bounded and Cl functions are not dense
in the space of uniformly continuous and bounded functions, The pre-
ceding result gives a uniform approximation by H-infinitely differen-
tiable function. For plurisubharmonic functions this kind of approxi-
mation gives more or less the same result as proposition 2,

Now we shall state the following proposition:

PROPOSITION 3: Let U be a pseudo-convex open subset of aBanach space
E and £et v be a plurdsubharmondic function on U, then v L& Zhe
poiniwise Limit of a decreasing sequence of continuous [in gact Lipschitz)

plunlsubharmonic funciions in U.

COROLLARY: Let U be a pseudo-convex open subset o4 a Banach space
E, then

K = K
P (U) P (U)

for any compact subsetr XK of U.

For the proof we shall follow an unpublised paper of C. Herves
and M. Estevez (2). They first generalize in the Banach case an idea
of (3):Let f be a lower semi-continuous function bounded from above,

then for any integer k define

fk(x) = inf [kllx - vyl + £(y)].
y

It is easy to show that f <f, <f and Ifk(x) —fk(y)l <klx = yl.

k-1-"k

Moreover f is the pointwise limit of the sequence fk'
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If U is pseudo-convex and v is a plurisubharmonic functionin
U we take this approximation sequence of the function f defined by

exp(=v) in U and zero outside U. If we state
U= {(zw €UxaC, |w| < |f(z)]|}
and if we consider the norm kil zl + |w | on E x € , we have
d((z,0), €U) = £, (z).

Since U is a pseudo-convex domain it follows that -1log f, is pluri-

k

subharmenic in U, moreover v = lim [-log £, ] . Proposition 3 is

X k

proved.

PROOF OF THE COROLLARY: It issufficient toprove that K C Ky
. < om

If x & Xy (1) there is v in ©P(U) such that u(xo) > a > s;p v,
Proposition 3 implies that there is a decreasing sequence (vn) in

PC(U), hence:

RKC {x€e U vix) <a} =v {x € U, vn(x) < al.

Since K is compact and v < v, there is an index p such

n+l
that
KC {x €U, vp(x) < al.
We have
vp(xo) 2 vixg) > a > sgp Vo
hence X does not belong to RP ) The corollary is proved.

o]
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THE APPROXIMATION PROPERTY FOR CERTAIN

SPACES OF HOLOMCRPHIC MAPPINGS

OTILIA T. WIERMANN PAQUES
Instituto de Matemidtica
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Campinas, SP, Brazil

§0. INTRODUCTION

If E and F are locally convex complex Hausdorff spaces, let
Hg (EF) be the vector space of all Silva-holomorphic mappings from E
to F. (See Definition 1.13 below).

In section 1, after the preliminary definitions, we study the
space KS(E;F) endowed with the topology of uniform convergence on
strict (see Definition 1.21) compact subsets of E.

In section 2, we prove that for a quasi-complete space E the
following properties are equivalent:

(a) E has the S-approximation property (see Definition 1.31);

(b) KS(E;w) ® F is -dense in the space KS(E;F), for every

's
locally convex space F;

(c) HS(E;C) with the topology 1, , has the approximation prop-

S
erty.
For Banach spaces, Aron and Schottenloher [2] and Aron [ 1]
have some results about this for the space (H(E:C), To), (where

(K(E;¢),To) denotes the vector space of all holomorphic mappings from
E to ¢, endowed with the topology compact-open ro).

I wish to thank Prof. Mario C. Matos for his guidance and

351



352 PAQUES

encouragement during the preparation of this paper.

§1. SILVA-HOLOMORPEIC MAPPINGS.

In this paper E and F are always locally convex complex
Hausdorff spaces and U is a non-void open subset of E. BE will de-
note the set of all closed absolutely convex bounded subsets of E,

If BE BE , E is the vector subspace of E generated by B and

B
normed by the Minkowsky functional Pg determined by B. c¢s(E) is

the set of non-trivial continuous seminorms on E.

l.1 DEFINITICN: Let n=1,2,...: Ib(nE;F) will denote the vector
space of all n-linear mappings from E" =Ex ... xE (n times) to
F, which are bounded on bounded subsets of En, endowed with the lo-

cally convex topology dgenerated by all seminorms of the form:

Il THB = sup {B(T(xl,...,xn)); X; € Bi ,1=1,...,n}

ll"'anlB

n = = =
where T € £b( E;F), Bl,...,Bn e BE and R € cs(F).IfBl—... Bn B,

we denote || T/

Tl

= . Notice that
Bl,...,Bn,B B,B

| A

BAT(Xq,.+esx)) < I Tl

Lr--1By8 PR X1) eee By (Xp)y

for all x, € E i=1,...,n.
i Bil ’ ’

The elements of £b(nE;F) are called S{ifva-bounded (S-bounded)
n-£inear mappings. We will denote by £bs(nE;F) the vector subspace
of £b(nE;F) of all such T that are symmetric, For n =0, we define
°E;F).

£ CEiF) = £ (°E;F) = F and [ Tly . = B(T), forevery T€L

b b

1.2 PROPOSITION: I§ F 4is a complete Locally conveXx space, £b(nE;F)

{8 complete. Fon eveny F, £bs(nE;F) 44 a closed vector subspace 04
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n
£b( E;F).

1.3 DEFINITION: For T € £b(nE;F), we define its symmetrization

n
T, € L ("EiF) by
T (x X ) = . z T(x X )
s'"1l7** " n! c o(L)'*""""g(n)’’
ag Sn

where Sn is the symmetric group of degree n.

1.4 PROPOSITION: The mapping T: L ("E;F) » T € £bs(nE;F) is acon-

tinuous projection of L, ("EiF) onto £ s ("EiF). Funthermore T =T

b s

if and onty i T e £ _("E;F).

bs
1.5 DEFINITION: Let T € £b(nE;F), X€E and n € N.If n=1,2,...,
we write Tx" to denote T(x,...,xX) where x 1s repeated n times.
If n =0, we define x° = T. A mapping P :E + F ig a S{lva-bounded
n-homogeneous polynomial if there is T € £b(nE;F) such that P(x) =Tx",
for every x € E. To denote that T corresponds to P, we write
P =T. Pb(nE;F) denotes the vector space of all Silva-bounded n-ho-
mogeneous polynomials from E to F. Cn Pb(nE;F) we consider the

locally convex topology Tg generated by all seminorms of the form:

Ihelg sup {B(P(x)); x € B},

B

where P € Pb(nE;F), BE B, and B8 € cs(F).

Notice that

B (P(x))

|A

P . (pB(x))", for all x € E

B, R B’

1.6 PROPOSITION: The mapping T € £, ("E;F) »~ T e P_("E:F), 45 a vee-

b
ton space isomorphism and a homeomorphism of the finst onto the second
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space. Moreovexr

T < T < L T 1).
Ty g s 1Ty g o7 Tl . (1)
n
1.7 REMARK: %%r is the best universal constant occurring in (1).

(Nachbin [2]).

1.8 PROPOSITION: I4 F 44 a completfe Locally convex space, beﬁ;F)

L5 complete forn all n=0,1,...

1.9 DEFINITION: A S{lva-bounded polynomial P {from E to F 1is a

mapping P :E + F for which there are n=0,1,..., P € Pb(kE;F)

(k =0,...,n) such that P = Po + ...+ Pn . We will denote by Pb(E;F)

the vector space of all Silva-bounded polynomials from E to F,

1.10 PROPOSITION: 1I§ P € Pb(E;F), P # 0, thexre is one and anly one

way of wrhiting P = Py + +uo + P, with n=0,1,..., P, € Pb(kE;F)
(k = 0,...,n) and P #0.
1.11 DEFINITION: A foxamal powen serndies from E to F about E €E

is a series in x € E of the form

where A_ € £bs(nE;F) (n=0,1,...); or of the form

Z P (x - &)
n=o »

where P = A € Pb(nE;F) (n=0,1,...). A

n and Pn are called the

coefficients of the power series.
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1.12 LEMMA: 1§ the power sendies T P (x = &), about £ € E s such
n=o

that fon all B € BE and B € cs(F), there £{s some og > 0, such
Zhat
m
lim g( X Pn(x - &) =0,
m-c n=o
forn all x € E + pRB, then B(P,(t)) =0, fon n=0,1,..., and t € E.

1.13 DEFINITION: A mapping £:U + F 1is said to be Sifva-holomorphic
(S-hotomorphic) en U if, corresponding to every & € U, there are

P € Pb(mE;F) (m=0,1,...) such that for all B € cs(F) and B € Bg

there is > 0, satisfying £ + pBB C U, such that

)

f(x) = T P _(x-2¢&),
n=o O

o0

uniformly with respect to § on ¢§& + pBB. The sequence (Pn)n=o is

then unique at every point ¢ € E, by Lemma 1.12. We set the nota-

. 1l = 1 . -
tions = hg(e) = P, = §ME(E) = A, if B =P, form=9,1,....
The notation
- l -+m
f(x) = Z Fﬁf(g)(x‘g)p
m=0 '

indicates the Taylor series of f at ¢£. KS(U;F) denotes the vector

space of all S-holomorphic mappings from U to F.

1.14 REMARK: The above concept of holomorphy was introduced by
Sebastiao e Silva [16]. We will denote by ¥(U;F) the vector space of
all holomorphic mappings from U to F. For some basic properties of
this space see Nachbin [8] and [9] and Noverraz [10]., Notice that
a mapping f € MS(U;F) is holomorphic if and only if, f is con—

tinuous. KS(U;F) = K(U;F), for every open non-void subset U of . a
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seminormed or a Silva space E and for every locally convex Hausdorff
space F., In general, JCS(U;F) = H(U;F) if E is a holomorphically

bornological space. (Matos [6] ).

1.15 PROPOSITION: A mapping £ :U > F is S-holomorphic 4§ and only

forn every B € By .

L fIUﬂEB 44 holomonphic on U N Ep,

1.16 COROLLARY: [Let f € H_(U;F), £E€ U, x€ U and p > 1 be such

g
that (1 = X) & + AX € U, 4or every X € C, |\ | <p.Then

£((1=-A)E + Ax)
J Al ax
[A]=p

1.17 COROLLARY: (Cauchy integral formula): Let f€ JCS(U;F), EEU, XEE

and p > 0 be such that &£ + Ax € U, fon every X€ € , | A | < p.Then

1 =n o1 £(£ + \x)
Lo e (0 = 5ir ﬁ | v oliE
Al =p

4on n=0,1,...

1.18 COROLLARY: (Cauchy inequalities): Let f€ JCS(U;F), REcs(F), B € BE
EE€U and p > 0 be such that £ + pB C U. Then
1

I o ey < 7%; sup {B(£(x)); X - £ € pB)

4on n=0,1,...

1.19 DEFINITION: A mapping f :U +~ F is said to be weakly Sitva-

holomorphic if for every ¢ € F' (where F' denotes the topological
dual of F) the function ¢ of is Silva-holomorphic.
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1.20 PROPOSITION: Let F be a space with the property that if X 44
a compact subset of F, then the closed absolutely convex  hull of
K, T(K), 45 a compact subset of F. Then £:U + F L4 a weakly
Silva-holomonphic mapping if and only if £ As Silva-holomorphic.
The proof of this proposition follows from Proposition 1l.15and

Nachbin [ 8]

1.2] DEFINITION: A subset K of E is said to be a staict compact set

if there is B € BE such that X is contained in EB and is com=-

pact in EB . If E is normed, or Fréchet (or LF), then X € E is
strict compact if and only if it is compact in E.

We will denote by 1 the locally convex topology on KS(U;F)

S
of uniform convergence on the strict compact subsets of U,

1.22 PROPOSITION: I§ F is a complete Locally convex s4pace, then

(Hg(U;F), Tg) 48 complele.

PROOF: Let (fOL)

G ET be a Cauchy net in (JCS(UfF) ,TS) and B E€cs(F).

Then if B € B is a Cauchy net in (¥ (U N EB;FLRQ

E'’ “JUOEQaEI

(1, 1is the compact - open topology). We know that (K(U 0 EB;F),TO)

is complete, for F complete. Using this fact, it is easy to see that

there is £ € KS(U;F) such that (fa) converges to £ on

€I

(K, (U;F), TS).

]
We now define the notion of Silva-holomorphic mapping of com-

pact type, which will be needed in the next section.

1.23 DEFINITION: For ¢ € E*, where E* denotes the space of all
linear mappings from E to €, which are bounded on bounded subsets
of E, and b € F, we denote the 8 -bounded linear mapping

X € E +p¢(x) *b€F by ¢ b € £b(nE;F). More dgenerally, for

&1 € E¥, i=1,...,n, n € N and b € F, we denote the S = bounded
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n-linear mapping

n
(Xp,0000%) € D > (xy) ooo¥p(x ) bEF by ¢;X...Xp -be€ .cb(“E;F).

The vector subspace of -L’b(nE;F) generated by all elements of the
form qplx R b, v, € E*¥, i=1,...,n, and b € F, is denoted by

.be(“E;F). We define the vector subspace .Cbc(nE;F) of £ ("E:F), to

B

be the closure of .be(nE;F) in £ (nE;F). The topology on ‘Ebc (nE;F)

b
will always be the induced topology by £b(nE;F) . Hence, if F 1is a

complete space then £bc(nE;F) is a complete space. We define

.L’bfs(nE;F) =L _(PE;F) ﬂ.L’bs(nE;F) and rbcs(“z;p) =.f:bc("E,-F) ne (ME;E).

bf bs ¢

For n=0 we define all these spaces as F.
n _ n, .
1.24 PROPOSITION: 'Ebfs( E;F) = 'Ebcs( E;F).

1.25 DEFINITION: A € £, ("E;F) is said to be a Sifva- bounded n-Lineax
mapping of compact fype if and only if A € .L’bc(nE;F) .

Analogously, for ¢ € E*, b € F, we denote the S8ilva -bounded
n-homogeneous polynomial given by XE€E -+ w(x)n ‘b € F by
Wn *b € Pb(nE;F). The vector subspace of Pb(nE;F) generated by all
elements of the form " +'b, ¢ € E*, b € F is denoted by be(nE:F)-

We define the vector subspace P C(nE,-F) of Pb(nE;F) to be the closure

b

of be(nE;F) in P (nE;F). The topology on Pbc(nE;F) will always

b
be the induced topology by Pb(nE;F) . Hence, if F is a complet space

then Pbc(nE;F) is a complete space.
1.26 PROPOSITION: The natural mapping T € L ("E;F) » T € P, ("E;F)
induces a topological and algebraic isomorphism between “Cbcs ("E;F) and

P nE;F).

bc(

1.27 DEFINITION: P € P, ("E;F) is said to be a Sitva-bounded n-homogeneous
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podynomial of compact type if and only if P € Pbc(nE;F).

1.28 DEFINITION: Let KGC(U;F) be the vector subspace of HS(U;F)
of all silva-holomorphic mappings f : U + F, such that for each x €U
1l %n n . :
and n € IN, ~ §f(x) € Pbc( E;F). An element f € MSC(U,F) will
be called a Sifva-hofLomoaphic mapping o4 compact type o4 U Anto F.

A main tool of this paper is the notion of s-product introduced

by Schwartz [14] which we want to review.

1.29 DEFINITION: Given two locally convex Hausdorff spaces E and
F, we denote by Fé the dual of F endowed with the topology of uni-
form convergence on all balanced convex compact subsets of F, and by
EcF = IE(Fé,E) the space of all linear continuous maps from Fé to
E, endowed with the topology of uniform convergence of all equicon —
tinuous subsets of F'. The topology on £€(Fé,E) is generated by the

seminorms B co defined by:
(Bea)(T) =sup {|(T(w,v)|; ue€F', |uj <8, vEE', |v]| < al,
T € £(Fé,E), B € ¢s(F) and o € ¢cs(E). We have that Ec¢F = F¢E,

1.30 DEFINITION: A locally convex Hausdorff space E is said to have
the approximation propernty, if for every o € cs(E), every e > 0,
and every balanced convex compact subset K of E, there is TE E' @ E,

such that o(T(x) - x) < £, for all x € K.

1.31 DEFINITION: A locally convex Hausdorff space E is said to have
the S-approximatdion propenity (S.a.p.), if given a strict compact sub-
set X of E, there is B € BE such that K C Ep and is compact in
E and given ¢ > 0, there is T € E* ® E, such that pb(Tud- X) <g,

B
for all x € X.
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1l.32 REMARK: If E has the S.a.p., E' = E*, and all compact subsets
of E are strict, then E has the approximation property. Hence, 1if
E is a normed space, or Fréchet, of LF, which has the S.a.p., then
E has the approximation property. If E is an inductive limit of a
seqguence (En):=o of Banach spaces E_ , which have the approximation

property, then E has the S.a.p. . Enflo in [ 3] gives an example of

a Banach space which does not have the S.a.p. .

1.33 PROPOSITION: (Schwartz [14]:

a) Lef E and F be Locally convex Hausdenfd spaces. Then
E® T (lenson product o4 E and F, endowed with Zhe
e-topology) is a topological vector subspace of EcF.

b) A Locally convex Hausdonff space E has Lhe approximaiion
propenity 44 and only 44 EQ®F 4s dense in EcecF , 4or
all Locally convex Hausdorgg spaces F.

c) Let E be a quasi-complete space. Then E has the approxi-
maiion propenty if and only {f E ® F L4 dense in EcF,
gon all Banach spaces F.

d) 14 E and F are Locally convex Hausdorff complete spaces,
and E on F has the approximation property, then E 8 F

is didenticat to Ee F.(E8_F denotes the completion of E ®_F).

§2. THE APPROXIMATICN PROPERTY FOR NS(U;C).

We begin our study with an examination of the closure of the

tensor product ¥

S(U;¢) ® F in (IS(U;F), TS).

2.1 THEOREM: Let E have the S.a.p. and Let U be a balanced open
subset of E. Then JCSC(U;C) ® F U4 TS-dQVlAQ in JCS(U,-F), for eveny

Locally convex space F.

PROOF: Let X C U be a stric compact set. By hypothesis there is
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B € BE such that K C U N E; and is compact in Eg »

every € > 0, there is T € E*¥ ® E such that pp(T(x) - x) < g, for

so that for

all x € K. Let f € KS(U;F),e > 0 and B € cs(F). We first show

that there is § > 0, § < dlstEB(K,CEB(U Tl EB))(where CEB(U n EB)

is the complement of U N EB in EB), such that R(f(x) - £(y)) < ¢,
whenever x € K and pB(x - y) < §. Since flUfﬁEB is continuous
(Proposition 1.15), then for each X € K, there is dx > 0,
8, 2 distEB(K,CEB(U N Eg)), such that B(£(x) - £(y)) < g/ 2, for

n
Pp(x - y) < §,- Since K C U N E; is compact is E ,K(:ing(xi,axiL

for some set {x;,...,x } € K. (B(a,r) = {x € Eg; py(x = a) <r, when
a € Eg and r > 0}). Define
y(x) = sup {Gxi - pg(x - x;); i=1,...,n} for x € K.

Then v :X + R is continuous and y >0. Let § = inf {y(x); x € K}.
Now for any X € K and y € B(x, 8), there is some i with
B(x,8) C B(xi'éx.)’ thus

i
B(E(x) = £(y)) < B(E(x) = £(xy)) +B(£(xy) -£(y)) < e.
Since E has the 8S.a.p., there is T€ E* @ E such that pB(T(x)—x)<6,
for all x € X. By the above, we get that
BIE(T(x) = £(x)) < e,
for all x € K. Let {gl P ,gn} be a basis in T(E) and let

n
T(x) = ifl ¢i(x)gi , where x € E and {¢i}?=l C E*.
Let Uo =qUn EB N T(E), Since f is Silva-holomorphic, £ can be

considered as a holomorphic mapping from the finite dimensional bal-

anced set U, into F,
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0 b
pem”

n ; ;
where (zl,...,zn) eEcC’, fp € F and convergence is uniform on compact

subsets of U, . Since T(K) € UN E; and is compact in U, there
is M € IWN, such that
n
B(E(x) - I zPf ) <e, for all points z = Z ¢, (x)g, € T(K).
st P cq 1 i
P <M i=1
Thus, if x € K,
R(£(x) - z ¢p(x)fp) SBIE(x) = £(T(x))) +B(£(T(x) - Z ¢p(x)fp)<__2€.

fp;<M lp|<M

Since

sC(E;C) ® F,
the proof is complete.
Now, we give an extension of the previous theorem to another

class of subsets of E.

2.2 DEFINITION: Let U be a non-void open subset of E. U 1is said
to be S-Runge in E if Pb(E;C) is dense in (JCS(U;C), TS). U is
said to be {4initely S -Runge in E if for each finite dimensional sub-
space Eo of E, UnN Eo is S-Runge in Eo .

2.3 REMARK: If E is a Banach space, this definition coincides with
the Definition 2.1 of Aron-Schottenloher [2] . If U is a balanced
open subset of E, then U is finitely S5-Runge and S-Runge in E.

(Pagues [11]).

2.4 THEOREM: Let E have the 8S.a.p. and £et U be an open subset
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04 E which 48 §initely S-Runge. Then KS(U;C) @ F A4 ts-denée in

KS(U;F) for eveny Locally convex space F.

For the proof of Theorem 2.4 it will be needed the following

proposition, which has important corollaries.

2.5 PROPOSITION: Let F be a space satisfying the gollowing condi -
tiont 14 K 48 a compact subset of F, then the closed absofutely con-
vex hull o4 X, T(X), 4s a compact subset of F. 14 U 4s a non-void

open subset 04 E, then

(analogous formulas hold also fon (P_(PE;F), rs), dor ne IN).

b

PROOF: Let T :KS(U;F) > WS(U;C) e F be defined by (Tf) (¢) (x)=(¢ 0 £) (x),

for all f € ¥ (U;F), ¢ € F' and x € U. Clearly, (Tf) (¢) belongs

to K ,(U;C)}. for each f € H_(U;F) and $ € F'.

S( S(
We now show that the linear map Tf :Fé - MS(U;C) is continu-

ous. Indeed, let p be a rs—continuOus seminorm on KS(U;C) defined

by p(g) =sup{|g(x)|; x € K}, where K C U 1is a strict compact
set. By hypothesis, the closed absolutely convex hull of £(X) is a

compact subset of F. Call it L. Let g be the seminorm on F' de-

fined by 4g(¢) = sup{ |¢(t)]|; t € L}. It follows that

p((TE) (¢)) = sup{|(pof)(x)|s x € K} < sup{|¢(t)|;t € L} =q(¢)

for all ¢ € F'. Hence Tf € £(Fé; X, (u;c)).

S(
Let now A € KS(U;C) eF = £(Fé, KS(U;C)). For each x € U, de-
fine g(x) € (Fé)' = F by the formula g(x)(¢) = (Ad)(x), for all

¢ € F'. Now g is weakly S-holomorphic, hence § -holomorphic by
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Proposition 1.20. Clearly, Tg = A, and therefore T is onto m%(U;¢)eEH
On the other hand, T is injective by the Hahn-Banach Theorem. It
remains to show that T is a homeomorphism.

Let B € ¢s(F) and K C U be a strict compact subset. Let
m(g) = sup {|g(x)|; x€ K}, g€ KS(U;C). then, for every f(Eﬂé(U;FL

we have by the Hahn-Banach Theorem, that
sup{R(£(x)); x € K} =sup {|¢(£(x)),;7 ¢ €EF', |¢] <B, x € K}

=sup { [{$o0f,y) ; v & (Hy(U;€))", |y[<m, ¢ €F', [¢; < B}

S

= (B em) (TE).
This completes the proof.

2.6 COROLLARIES OF THE PROPOSITION 2.5: If§ U 44 a non -vodd open
subset 04 E, we have:
a) 14§ P 4is a complete space and F o (Hg(U:€), Tg) has the

approximation phopenty, Zthen

@ F = (K

(ﬂé(U;C)'TS) e S(

u;F), TS).

In particular L4 E has {inite dimension and F 4is a com-

plete space, then

(¥

S(U;C),TS) @E F = (HS(U;F), TS).

b) 14 F has the approximation pndpenty and satisgdies the
condition o4 Proposition 2.5, then Kg(UiC) 8 F LATS-dmue
in HS(U;F).

c) (’g (U3 €) , rs) has the approximation property 44 and onty

i, Hg(U;€) 8 F 48 tg-dense in Hg(U;F), for all Banach

sdpaces F,
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The proof of a) follows from Proposition 2.5 and Proposition
1.33 (d). The proof of b) follows from Proposition 2.5 and Proposition
1.33 (b); and c) follows from Proposition 2.5 and Proposition 1.33(c)

and Proposition 1.22.

PROOF OF THEOREM 2.4: Let K C U be a strict compact set, B € cs(F)

and f € KS(U;F). By hypothesis, there is B € By such that X C U N Eg

and is compact in E so that given ¢ > 0, there is T E€ E* @ E

B ’
satisfying pB(T(x) - x) < g, for all x € K,

As in the proof of Theorem 2.1, whenever x € X, there is
§ >0, 6 i-diStEB(K’CEB(U N Eg)), such that if pp(T(x) - x) < &,
then RB(f(x) - £(y)) < e. Let Uo =Un UB N T(E). Since T(E) has

finite dimension (K(Uo;ﬁ),To) = (I(UO;C),TO) ég F (by Corollary 2.6

a)), where F is the completion of F. Thus for there 1is

fon

£, € ®(U,;C) ® F, with B(fIUo(y) - £,(y)) <€, for y € T(K).

m -
= . Ly . E K : .E€F, j=1l...,m.
Let fl jEl ¥ ® zJ where wj (Uo ¢) and zJ , =1 m
There are 2 €F, j=1,...,m, with II\ijIT(K)-B(zj - zj) <g/2m, and
since Uo is S-Runge in T(E), there are ;j € KS(T(E);C) with
- P - B (2 j=1,...,m. £, = 7. z, €
H% w]”T(K) B(zj) <g/2m, j=1, m. Let 2 jgl 5 ® j

JCS(T(E);(I:) ®@ F, it follows that B(fl(y) - fz(y)) < g, for all yET(X.

Thus letting h = f, oTIU € ¥ (U;C) ® F, we get for all x € K,

B(E(x) ~h(x)) < B(£(x) = £]; (T(x)) + B(£] (T(x) = £;(T(x)) +
(o] o

+ BIE (T(X)) = £,(T(x))) < 3¢ .

2.7 THEOREM: Let E be a quasi-complete space and U be a non -vodd
open subset of E. If (JCS(U;C),tS) has Zthe approximation propernty,

then E has The S.a.p. .

PROOF: We show that Ef = (E* 1) is a complemented subspace of

S
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(st(U;C), rs); hence Eg has the approximation property. From this,
we have that, if E is a quasi-complete space, then E has the S.a.p.
For a € U, the mapping %:(%ﬂm@,%)+%,&ﬁdeD£ﬂ=g%mh
for £ € JCS(U;C) , is a continuous projection onto Eg Indeed, it is
clear that Dg = D,. To show continuity, let K be a strict compact
subset of E. Then there is B € BE such that K C Eq and is compact
in EB' Let & > 0, be such that a + K C U N EB. From Cauchy in-

equalities, (Corollary 1.18) it follows that

S up \ﬁlf(a) (x)| < —:(IS'- sup | £(a + 8x) |,
xXEK XEK

for all f € JCS(U;¢). Then Da is continuous.

Now, we show that E has the S.a.p. . Since E§ has the ap-—
proximation property, then for every balanced convex compact subset
X of E§ , for every strict compact subset K of E, and for every
e > 0, there is g € (Eg)' ® E*, such that lg(y) - tPIIK < ¢, for every

¢ € 1. 8ince g € (EE’;‘)‘ ® E,

m
g = § \pi ® xj_ I ‘pi € (E§)': xi € E*, i=1,...,m.

i=1
since, for each i =1,...,m, v, :EX¥ ~ € is continuous Jwi(w)licipi(w),
for ¢ € E*, where p,(y) = el Ly for some strict compact subset L;
of E. Let Bi S BE be such that Li C EBi and are compact in EBi,
for each i =1,...,m.S8ince X is a strict compact subset of E, there
is B € BE such that X C Eg and is compact in EB . Let

m
L=r(VY L

9 by v K). Hence Iwi(w)l < cllell , where ¢ is a constant.

For D € BE so that B C D and BiCD, for i=1l,...,m, L is a

balanced convex compact set in the Banach space E By the Hahn-

D*
Banach Theorem, there are, for each i=1,...,m, ;i : (ED) '+ ¢ linear
extensions of ¥, » SO that Iai(w)l < II\pllL , for ¢ € (ED)'. There-

fore, for i=1,...,m, Gi € ((Ep) L)'
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Let V¥ :EX ~ (Ej), be defined by w(T) = TIED , for T € E*,

S
Y 1is linear and continuous. Hence y(X) = ID is a balanced convex

compact subset of (ED)é ;, and then equicontinuous. Hence, we can

write ID = V°, where V is a closed absolutely 0O-neighborhood in ED'

(v = {ve Ey pD(V) < 8}, for some & > 0). Hence IB = v99 =y, since

we get K C ED,

sup |g(v) (t) = w(t)| = sup |gley) (£) = ()| < e, if  py € X;
tex teEX
- m ~
where g = Z ¢, ® Xx. . Hence,
i=1 % 1
m
sup | Z . (¢ )X, (t) - ¢ (t)]| < ¢ g € X _ .
teg | q-1 1D p(t| ' 'D D
Therefore
o o
sup |¢~( 2 w,x,(t) -t)|] <e, for ¢_ €V ,
S A T P
and then
m
1/e - (151 PyX;(t) = t) €V,
that is,

sup py(g(t) - t) < eb .
teK

Since, g € E* @ E and § is independent of ¢, it follows that E has

the 8.a.p..

2.8 DEFINITION: Let E be a locally convex complex Hausdorff space.
E is said to have the S-holomoaphdic approximation property (S.H.a.p.)
if given K C E, a strict compact set, there is B € BE such that

K CE and is compact in E, and dgiven ¢ > 0, thereis g € JCS(E,-C) ®E

B B
such that pB(g(x) - x) < g, for all x € K.
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It is clear that if E has the S.a.p., then E has the S.H.a.p.
For the converse it is needed that E be a guasi-complete space, that
is, we have the following theorem, which contains the previous theo-

rem for an open subset U of E, which is finitely S-Runge.

2.9 THEOREM: Let E be a quasi-complete space and £et U be an open
subset o4 E, which {5 ginitely S-Runge. Then the folLowing conditions
are equdivatent:

a) E has the S.H.a.p.

b) Forn eveny Locally convex space F, KS(U;C) ® F 4% Tgﬂkﬂbe
An MS(U;F).
c) (#g(U;€),) 1g) has the approximation propenrty.

d) E has the 8.a.p..

REMARK: The assumption of E to be a quasi-complete space is needed

only in ¢) =+ 4).

PROQOF: b) + ©) is part (c) of Corollary 2.6, which is true for any
open subset of E. ¢) + d) is Theorem 2.7. d) + a) is obvious. It
remains only to show that a) » b). This proof is analogous to the
proof of Theorem 2.1, substituting g € KS(E;C) ® E for T € E* @ E

(cf. Definition 2.8).

2.10 COROLLARY: Let E be a quasi-complete space. Then E has the

S.a.p. {4 and only if, for each n € W, (Pb(nE;C),r ) has the ap-

S
proximation property.

PROCF: If E has the S.a.p., it follows by Theorem 2.9, that for
any open subset U of E, which is finitely S-Runge, (xS(U;C),tS)

has the approximation property. Since for each n € N, (Pb(nE;C),TS)
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is a complemented subspace of (WS(U;C),tS), we have that (bei;chts)
has the approximation property.
Conversely, inparticular, E* having the approximation property,

E has the S.a.p. (as in the proof of Theorem 2.7).

2,11 REMARK: By the previous Corollary, we have that if E is a
quasi-complete space and U is an open subset of E, which is finitely
S-Runge, then (KS(U;C),tS) has the approximation property, if and only

if, for each n € NN, (Pb(nE;C),tS) has the approximation property.
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THE APPROXIMATION PROPERTY

FOR NACHBIN SPACES

JOAC B. PROLLA
Departamento de Matematica
Universidade Estadual de Campinas
Campinas, SP, Brazil

1. INTRODUCTION

Throughout this paper X is a Hausdorff space such that Cb(Xﬂo
(IK =IR or ) separates the points of X, and E is a non-zero locally
convex space. Qur aim is to prove that certain function spaces L € C(X;E)
have the approximation property as soon as E has the approximation
property. We show this for the class of all Nachbin spaces CV_(X;E).
Such spaces include C(X;E) with the compact-open topology; cb(X;E)
with the strict topology: CO(X;E) with the uniform topology. When
E = IX, Bierstedt [1] , using the technique of e-products, had proved
that CV_(X;IK) has the approximation property, under the hypothesis
that X 1is a completely regular knz—Space, and that the family V of
weights is such that given a compact subset K C X, one can find a
weight v € V such that v(x) > 1 for all x € K.

The technique we use here was suggested by the paper [5] of
Gierz, who proved the analogue of Theorem 1l below for the case of X
compact and bundles of Banach spaces. This technique of localization"
of the approximation property was used by Bierstedt, in the case of
the partition by antisymmetric sets (Bierstedt [2] ), but the main

idea of representing the space of operators of L as another Nachbin

space of cross sections is due to Gierz., However our presentation is

n
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much simpler, in particular we do not use the concept of a locally
C(X)-convex C(X)-module. In the Introduction to his paper, Gierz said
that his method could be applied to the vector fibrations in the sense
of [8], and this led to our effort at simplifying his proof and

adapting it to our context.

2. THE APPRCXIMATION PROPERTY FOR NACHBIN SPACES

A vecton gibration over a Hausdorff topological space X 1is a

pair (X, (F), oy

IK (where X = IR or €). A cross-section is then any element £ of the

), where each Fx is a vector space over the field

Cartesian product of the spaces F i.e., £ = (£(x))

x! XEX "'

A wedight on X is a function v on X such that v(x) is a semi-

norm over F_ for each x € X. A Nachbin space LV, is avector space

L of cross-sectiong £ such that the mapping

X € X + wv(x)[£(x)]

is upper semicontinuous and null at infinity on X for each weight v
belonging to a dinected set V of weights (directed means that, given
Vi Vg € V, there is some v € V and X > 0 such that vi(x) < Avx)
(L = 1,2) for all x € X); the space L 1is then equipped with the

topology defined by the directed set of seminorms

£ > NEl, =sup {vx)E(x)]: x € X},

and it is denoted by LV_.

Since only the subspace L(x) = {f(x); £ € L} C F_ is relevant,
we may assume that L(x) = Fx for each x € X.

The cartesian product of the spaces F_ has the structure of a

C(X;IX) -module, where C(X;IK) denotes the ring of all continuous
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K-valued functiong on X, if we define the product ¢f for each

$ € C(X;IXK) and each cross-section £ by
(¢ £) (x) = ¢(x)£(x)

for all x € X. If WC L 1is a vector subspace and B C C(X;IK) is a
subalgebra, we say that W is a B-module, if BW={¢£f;9€B,f € W} CW.

We recall that a locally convex space E has the approxdimation
property 1f the identity map e on E can be approximated, uniformly
on every totally bounded set in E, by continuous linear maps of fi-
nite rank. This is equivalent to say that E' & E is dense in QJE),
the space £(E) with the topology of uniform convergence on totally
bounded sets of E. Let c¢s(E) be the set of all continuous seminorms
on E. For each seminorm p € cs(E), let Ep denote the space E semi-
normed by p. If, for each p € cs(E), the space Ep has the approxi-

mation property, then E has the approximation property.

THEOREM 1: Suppose that, fon each x € X, the space F equipped with
the topology defined by the family of seminorns {v(x); v € V} has
the approximation propenty. Let B C Cp (X1 K) be a self-adjoint and
sepanrating sdubalgebra. Then any Nachbin space LV _ which 44 a
B-module has the approximation property.

The idea of the proof is to represent the space L(W), where
W = LV_, as a Nachbin space of cross-sections over X, each fiber
being I(W;Fx), and then apply the solution of the Bernstein—-Nachbin
approximation problem in the separating and self-adjoint bounded case.

Before proving theorem 1 let us state some corollaries.

COROLLARY 1l: Let X be a Hausdongg space, and forn each x € X  Let
F, be a noamed space with the approximation property. Let B C

Cp(XiXK) be a self-adjodint and separating subalgebhra,
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Let L be a vecton space of crossd -sections perntadindng to

(X7 (Fx)xex) duch that

(1) fon every £ € L, the map x » I£(x)Il 458 upper semicontinuous
and null at ingindty;
(2) L 44 a B-module;

(3) L(x) = F, {oxr each x € X.

Then L equipped with norm W£Il = sup {II£(x)ll; x € X} has the

approximation propenty.

PROOF: Consider the weight v on X defined by v(x) = norm of Fx'

for each x € X. Then LV_ is Just L equipped with the norm

I £ = sup {lI£(x}ll; x € X}.
REMARK: From Corollary 1 it follows that all "continuous sums", in
the sense of Godement [6] or [7], of Banach spaces with the approxi-

mation property have the approximation property, if the "base space"
X 1is compact and if such a "continucus sum" is a Cb(XHK) - module.
In particular, all "continuous sums" of Hilbert spaces and of C*-al-
gebras, in the sense of Dixmier and Douady [ 3] have the approxima —
tion property, if X is compact. Indeed, a "continuous sum" in the

sense of [3] is a C(X;IK)-module.

COROLLARY 2: Let X be a Hausdornf4§ space such that cb(x;m) 45 sepa-
nating; £et V be a directed set of neal-valued, non-negative, uppexn
semicontinuous functionsd on X; and Let E be a Locally convex space
with the approximation property. Then CV_(X;E) has the approxdimation

propenty.

PROOF: By definition, CV_(X;E) = {f € C(X;E); v£f vanishes at in-

finity, for all v € V}, equipped with the topology defined by the
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family of seminorms

| fHV'p = sup {v(x) p(f(x)); x € X}
where v € V and p € cs(E).

Let Ly denote CV_(X;E) equipped with the topology defined by
the above seminorms when v € V is kept fixed. Then, for each x€X,
either Lv(x) =0 or L,(x) =E equipped with the topology defined
by the seminorms {v(x)p; p € c¢s(E)}. Hence in both cases, Lv(x) has
the approximation property. It remains to notice that all Nachbin
spaces are Cb(X;BO-—modules. Therefore L, has the approximation
property. Since v € V was arbitrary, CV_(X;E) has the approxima-

tion property.

COROLLARY 3: Let X and E be as 4in Corollary 2. Then
(a) C(X;E) with the compact-open topology has the approxima-
tlon propenty.

(b) CL(X:E) with the unifonm topoLogy has the approximation

propenty.
REMARK: In (a) above, it is sufficient to assume that C(X;IX) is
separating.
COROLLARY 4: (Fontenot [41]) Let X be a Locally compact Hausdorfs

space, and Let E be a Locally convex space with +the approximation
propenty. Then Cp(X;E) with the strnict topology B has the approxi-

mation propenty.

PROOF: Apply Corollary 2, with V = (v € CO(X;IR); v > 0}.

COROLLARY 5: ALL Nachbin spaces of continuous scalar-valued functions
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have the approximation property.

PROOF: In Corollary 2, take E = IK.

3. PROOF OF THEOREM 1

Let W =LV, and let A CW be a totally bounded set.
Let v, € VvV and € > 0 be given.

For each T € L(W) consider the map

for x € X, where ¢ :W > F is the evaluation map, i.e., t—:x(f) = f(x),

for all f € W.
STEP 1: €, © T € .L’(W;Fx) .

PROOF: Just notice that €y € .C(W;Fx) , Since

vix)[£(x)] < | fIIV , for any v € V.

For each T € L(W), consider the cross-section T= (ex oT) xex’

and for each v € V consider the weight ¥ on X defined by
v(x)[U(x)] = sup (v(x)[ (U(x)) (£)]; £ € A)
for every U(x) € .L’(W;Fx) . Then
TR[T(X)] = ¥(x)le 0T = sup {V(X)[(TEN(X)]; £ € A}

for any T € L(W).
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STEP 2: The map x + V(x)[T(x)] {4 upper semicontinuous and vanishes

at infinity on X, for each T € L(W).
PROOF: Let Xy € X and assume
V(xo)[T(xo)] < h.

Choose h" and h' such that

(1) T(x)[T(x)] < h' < h" < h,

Let &6 = 2(h" - h'). Then & > 0. Since T(A) is totally bounded,

there exist fl'fz""'fm € A such that, given f € A, there is
ie {1,2,...,m} such that
(2) T £ =T fi”v < § /4.

Since x » v(x)[ (T fi)(x)] is upper semicontinuous, there are

Vl' V2"“'Vm neighborhoods of X, such that

{3) vix)[ (T fi)(x)] < vix )I(T fi)(xo)] + 8 /4

for all x € Vi (i=1,2,...,m).

Let U = Vl N V2 [ N A | Vm . Then U is a neighborhood of x

in X. Let x€ U and let f£ € A. Choose 1€ {1,2,...,m} such that

o]

(2) is true. Then

vx)[(T £) (x)] < v (T £) (x) = (T £,) (x)] + v(x)[ (T £,) (2]

<lT £-T £, + v(x,)[ (T fi)(xo)] + 8/4

< 872 + vix )T £,) (%))

= h" - h' + vi(xo)[ (T fi) (xo)]’
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On the other hand, by (1), we have

A

vix (T £)] < V(x ) (T(x)] < h' .
Hence v(x)[ (T £)(x)] < h" for all f € A, and x € U.

Therefore ¥ (x)[T(x)] < h" < h, for all x g€ U.

Let us now prove that the mapping x + V(x)[T(x)] vanishes at
infinity.
Let & > 0 be given and define
Kg = {x € X5 ¥(0)[T(x)] > 8} .
Since Ky = @, if sup {II’I‘fIIV ; £ €A} <§, we may assume
sup {IT£ll,; £ € A} > 6.

Since T(A) is totally bounded, there are fl""'fm € A such

that, given f € A, there is i € {1,...,m} such that

(4) T £ - T fi”v < §/4.

m
Let K= U {te X; v(t)[ (T fi)(t)] > §/2}.
i=1

Then K is compact, since each of the functions x+wﬂxH(Tfi)hd]

vanishes at infinity. Let now x € K6 and choose f € A such that

(5) v [ (T £) (0] > 3% .
Choose fi € A satisfying (4). Then

(6) vix)[ (T £)(x)] < v(x)[ (T fi)(X)] + &8/4.

Therefore &/2 < v(x)[ (T fi)(x)] and so x € K, i.e., K6 C K.

Since Kg 1is closed, this ends the proof.
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The above two steps show that the image £ = {T; T € L(W)} of

L£L(W) under the map T -+ T is a Wachbin space LV_ of cross sections

over X, pertaining to the vector fibration (X; (L(W;F ))_ ) if
we take as family UV of weights the family V = {¥; v € v}
STEP 3: Foxr every T e L(W), v E V,
sup IITfIIV < sup T(x)[T(x}].
fea XE€ X
PROOF: Let f € A. Then
[y fIIV = sup v(x)[ (T £)(x)] =
XEX
=sup v(x)[ (e, 0 T) (£)]
X€X
= sup V(X)[T(x)] = HTHQ
XEX
Let now F = {T; TE€ W' 8 W}.
Qur aim is to prove that we can find T € W' ® W such that
sup IT £ -fIIv < g .
fea o
Hence, by Step 3, it is enough to prove that e - i”G < g,
o
where I = (Ex)xEX'

By the bounded case of the Bernstein-Nachbin approximation prob-

lem (Theorem 11, [8], pg. 314) it is enough to prove that

STEP 4: F 44 a B-module.

STEP 5: For each x € X, F(x) 44 dense in L(W;F,), equipped with

the topology defined by the seminonms {¥(x); v € V},
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PROOF: To prove that F is a B-module, it is enough to prove that

(7 (M. o T)" =¢ T

¢

for all T € F, i.e., for all TE W' ® W and for all ¢ € B; and

M¢ :t W > W 1is defined by M¢(f) = ¢ £, for all f € w.

Now to prove (7), one has to prove that

(8) (M, o T) " (x) = (¢ T)(x)

for all x € X. However,

M, o )" (x) = e o (M

‘b x 0 T) r and

¢

(¢ T (x) ¢ {x) T(x)

¢(x) (e, 0 T).

And, for all f € W one has

I

e (M, o T) (£))

e, 0 (M¢ o T)y] (f)

¢

1}

€ (9(T £))

¢ (x) (T £) (x)

¢(x)(ex o T)(f).

This ends the proof of step 4.

To prove step 5, we first notice that, since each Fx equipped
with the topology defined by {v(x); v € V} has the approximation
property, then W' @ F is dense in £C(W;Fx), a fortiori in £ﬁﬂF£

with the topology of the seminorms {V(x); v € V}.
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Hence, all we have to prove is that F(x) contains W' ® Fx‘
for each x € X.
Let then T € W' @ Fx be a continuous linear operator of fi-

nite rank, say

i=1 + 4
where ¢i € W' and v, € F . Since Wix) = F . r choose fi € W such
that
fi(x) = vy
for i=1,2,...,n.
n
Define U= 2 ¢, & £, .
i=1 *+ 1
Then UE W' ®8 W; so U € F. Now
. n
= z
U(x) €y © (i=l ¢i ® fi)
and therefore
_ n n
U(x) (£) = Z ¢i(f)fi(x) = 'E ¢i(f)vi = T(f)
i=1 i=1
for all £ € w.
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ON CARDINAL SPLINE SMOOTHING
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INTRODUCTION

The present paper describes the methods, with some changes to
be mentioned below, whereby I solved the numerical problem assigned
to me at the Ballistics Research Laboratories in Aberdeen, Maryland,
during the second World War (see [4]). The problem was to smooth very
extended equidistant tables of drag functions (or drag coefficients)
by approximating them by very smooth functions that were easily com-
putable with their first and second derivatives.

The first question to be answered was this: When may a “moving
average" opernation Legitimately be called a smoothing formula ? An
answer is given in Section 1 of Part I. That it is a reasonable one
is shown in Section 2 of Part I. These ideas were later greatly gen-
eralized by Fritz John in his important work on parabolic differen —
tial equations (see [3]1). The connection is briefly mentioned in
Section 2 of Part I.

The second essential ingredient of our results of Part II 1is
the process of cardinal spline intenrpolation (see [9]). The required
results are described in Section 3 of Part I.

The changes from my war-time approach are developed completely

in Part II. This is the new contribution of the paper, and it arises

383
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if we adapt the idea of E. T. Whittaker (see {10} and [7]) to the
problem of smoothing a bi-infinite sequence of equidistant data. The
result is the cardinal spline smoothing process.

Let me thank Professor Ilio Galligani for asking me to visit
Rome in May of 1977, where I gave a short l0-hours course onCardinal
Spline Interpolation at his Istituto per le applicazioni del Calcolo

"Mauro Picone".

PART I. PRELIMINARIES

1. WHAT IS A SMOOTHING FORMULA ? The several smocothing (or gradua —
tion) methods discussed in [10] are all of the "moving average" type.
By this we mean that we are given a sequence of real and symmetric
weights

o

(1) (an), a = a_n(—oo <n<®, I a, =1,

-0

which we apply to the data (xn) to produce their smoothedvershml(yn),

by the formula

(2) y,= I a_/x,

Y==c

, n=0, £ 1,...).

In other words, we convolute the sequences (an) and (xn), an opera —

tion symbolically described by

(3) (v ) = (a)) » (x).

By deriving a formula (2) according to a definite idea,such as
a least squares formula, or Whittaker's formulae (see [ 10, Chapter
XI] ), we may reasonably expect that it will transform a given se-
guence (xn) into a smoother segquence (yn). This point becomes doubt-

ful, however, in case the formula (2) was otherwise obtained, e.qg.,



ON CAROINAL SPLINE SMOQTHING 388

by some approximating procedure that is not strictly interpolatory.
An example of such a procedure will be our cardinal spline smoothing
of Part II. A criterion for (2) to be regarded as a smoothing foumula
was proposed by the author in [4, pp. 50- 54] and proceeds as follows.

To begin with, we assume the Laurant series

(4) F(z) = £ a2 (r< |z] <1l
-— GO
to converge in some ring containing the unit circle | z | =1. Setting
z = elu, we call the even function
(5) g(u) = F(eiu) = a, + 2a; cos u + 2a, €os 2u + ...

the charactenistic gunction of the formula (2). The regularity of F(z)
on | z| =1, implies that @(u) is regular in a certain strip

|Im u! < o, whence the valid Taylor expansion

(6) g(u =t b_u’ (|ul < a).
o n

This expansion allows us to express easily an important property of
(2): Its reproduciive powen, or deghee of exaciness.

We say that (2) has the degree of exactness 2m-1, where m
1s a natural number, prbvided that (2) reproduces exactly, i.e.,
Y, = X, for all n, a sequence (xn), if this sequence represents the
values P(n) of a polynomial of degree 2m-1, but does not have
this property for any higher degree. That the degree of exactness is
always odd, follows from the symmetry condition (1). In terms of (6)
we have the following easily established proposition:

The formufa (2) has the degree o4 exactness 2m-1, Lf and only

44 the expansdion (6) Ais of the foam
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(7) g =1 -2u™ 4 ... (1 #0).
An example, Let (1) be the sequence

a, = 5/8, a; = 1/4, a, = - 1/16, a = 0 if n> 2,

when the convolution (2) assumes the form

(8) Y, = (=X o+ 4x o + 10X+ a1 xn+2)/l6.
From (5) we obtain

_ 1 4
(9) g(u) = (5+4 coxu - cos 2u)/8 =1 - S u ot

and (7) is seen to hold with m=2, X = 1/16. It follows that the for-
mula (8) has the deghee o4 exactness 3.
May (8) be regarded as a smoothing formula ? The general cri-

terion is described by the following.

DEFINITION: We day that (2) {4 a smoothing fonmula, provdided that its

charactenistic function ¢@(u) satisfies

(10) -1 < glu) <1 L4 0 < u< 2T.

This condition evidently implies that the ecoeffdicient X, ap-
pearding Ln (7), 44 posiilve. The characteristic function (9) is eas-
ily seen to satisfy (10), and so (8) is a smoothing formula according
to our definition of the term.

The criterion (10) raises the following kind of equation: Do

the numerous smoothing formulae as given in [10] satisfy our criterion
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{10) ? See Greville's paper [l ] where some of these questions are an-
swered affirmatively.

In [4, pp. 50-54] good arguments in support of the criterion
{10} are presented. Even more convincing reasons were given in [5,
Part I]. In the next section we reproduce these arguments as presen-

ted in [6, pp. 200- 204].

2. THE BEEAVIOR OF THE ITERATES OF A MOVING AVERAGE FORMULA : TEE
PROBLEM OF DE FOREST. A conclusive argument in support of the neces-
sity of our condition (1.10) is furnished by the solution of the fol-
lowing problem first stated and attacked by Erasmus L. De Forest
(1834-1888). If we gubject the given sequence (xv) n times in suc —
cession to the same tranformation (1.2), we obtain a linear transfor-

mation

which is the n-fold iterate of (1.2). What {4 the asymptotic behavdion
0§ Zhe coefglcients of (1) as n + = ? This question was answered
by De Forest and by G.B. Dantzig (for references see[5]) for the case
when all coefficients of (1l.2) are non -negative, hence necessarily
that m=1 in (l.?). A dgeneral solution is as follows.

Let (1.2) be suchthat (1.17), (1.10), and (1.7), are satisfied,
hence that X > 0. Let

1 o _V2m

(2) G_(x) = o f e cos vxdv,

m

- O

which is the normal frequency function

""lxm

(3) G
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if m=1, otherwise (m=2,3,...) Gm(x) is an entire function having

infinitely many zeros, all real.

The coefficients of (1) satisfy the asymptotic relatdlons

1 1 1

(4) al™ = 0m) M i) 2™ +om 2™ as n > =,

where the "Little o" symbolf holds uniformly for all integens v.

For a proof see [5, Part I ], where it is also shown by examples
that (4) no londer holds if the equality sign is allowed in (1.10),
and that the coefficient aén) diverges exponentially to + =« , as
n = 2k tends to infinity through even values, if the inequalities
(1.10) are reversed anywhere in the interval 0 < u < 2n.

The following discussion, while not directly related to our
subject of smoothing, will show the connection of the asymptotic re-

lation (4) with the wider field of parabolic differential equations.

Observe that (2) implies that

1 1 .
- -5= 0 2m + ixv
(5) U(x,t) =t Mg (xt ‘M = Tlﬂ- J etV dv, (t > 0).

-0

The function under the integral sign is immediately seen to satisfy

for all v , the differential eguation

2m
(6) B L )™LA U (xeg, t >0,
ot Bx2m

which reduces to the familiar heat equation if m=1.It follows that
also U(x,t), defined by (5), 1s a solution of (6) in the upper half
-plane t > 0. On the other hand, applying to (2) Fourier's inversion

formula and setting v =0, we f£ind that

Lme(x)dx =1.
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These remarks imply the following: If f£(x) {s continuous and o(|x1-2),

say, as |x| - =, then

1 1

[es) ——

(8) u(x,t) = t 2m f Gy {(x - v)t 2m }E(wydv, (t > 0),

[s0]

44 a solution of the differential equation (6) satisfying the boundary

condition

(9) lim u(x,t) = £(x).
t+0+

This particular solution u(x,t) may now also be approximated
by the following numerical procedure: Draw in the (x,t) -plane the

rectangular lattice of points

(VAX, n At) (v=0,21,...; n=20,1,2,...).

Define on it a lattice function u, L by starting with

and computing the values along each horizontal line from those on the
line below it, by means of the transformation (1.2). This evidently

amounts to iterating (1.2), and after n steps we obtain

(10) u, = % a\(:L £(u Ax).

For any given x and t > 0, (10) will go over into (8) if we do the

following: We {414t connect the mesh-sizes Ax and At by the nelation
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(11) At = A(ax) 2™,

14 the integens v and n anre such that

VAX -+ X, and nhAt -t as Ax =+ 0.

then

u, n * u(x,t).
This follows readily from (10) and (8), in view of the asymptotic
relation (4): (10) differs from a Cauchy-Riemann sum for the integral
(8), by a gquantity that tends to zero due to the uniformity in v of
the error term of (4).

It is interesting to note that it does not matter which for-
mula (l.2) we use in this construction, as long as it is of the degree
of exactness 2m-1, i.e., it satisfies (1.7), and above all that it
satisfies the stability condition (1.10), the term "stability"meaning
here stability on iteration. For the general theory of F. John, of
which the equation (6) is a special example, see [3].

In this section we dealt exclusively with formulae (1.2) which
satisfy the symmetry relation. In [2] T. N. E. Greville dealt with

the more difficult case of unsymmetric formulae.

3. CARDINAL SPLINE INTERPOLATION (see [9, Lectures 1 - 4]). The prob-
lem of cardinal inierpolation is to find solutions f£(x) of the in-
terpolation problem

(1) f(v) =y for all integers v,

v I

where (yv) are the data. A formal solution is furnished by the series
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(2) f(x) = 5 y Sinmlx-v)

e TV T(x ~ V)
investigated in 1908 by de la Vallée Poussin, also later by E. T.
Whittaker, who called it the cardinal serdies. The difficulty with (2)

Sin Tx

is the slow decay of the function T X)

as X » «. A much simpler

solution of (1) is the piecewdlse Linear internpolant S;(x) given by
(3) S, (x) = iy\) My (x = V),

where Mz(x) is the roof function defined by
M,(x) =x+1 in [-1,0], Mj(x) =1 -x in [0,1] and M, (x) =0 if [x| >1.

The purpose of cardinal spline Linterpolation is to bridge the gap
between the piecewise linear Sl(x) defined by (3), and the cardinal
series (2). It aims at retaining some of the sturdiness and simplicity
of (3), at the same time capturing some of the smoothness and sophis-
tication of (2).

Let m be a naturnal number, and Lef

(4) S = {5(x)}

2m-1
be Zhe class of cardinal splines S(x) of degree 2m=-1 defined by

the two conditions:

2m

(5) s(x) € ¢2™2(m),

(6) The nesthdlction of S(x) Lo eueﬁy undt intenval (v ,v+1),

whene v 44 an Linteger,dis apolynomial of degree < 2m - 1.
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For m=1 we find Sl to be identical with the class (3) of
continuous piecewise linear functions. Chserve that S2m—l contains
the class of polynomials of degrees not exceeding 2Zm-1.

The role of the roof-function Mz(x), of (3), is taken over by
the so-called central B-spline M2m(x): Waiting X, = max (x,0), 4t
may be defined by

2m
_ 1 2m_2m-1 _ 1 V2 _ oyl
am® = Tm-Dr &% T mmonr Y () m=v) {7

Clearly M2m(x) € SZm_l; we also find that MZm(X) > 0 in its sup-
port -m < x < m, The B-spline should be familiar in view of the fun-

damental identity

(2m)

2m m
§“E(0) = J M2m(x) £ (x)dax ,
-m

which also shows that IMZm(x)dx =1 if we choose f(x) = xzm.

The representation (3) also generalizes, and every S(x) € SZm—l

admils a unique rephesentation

(8) S(x) e, M

-0

zm(x - v) [

where the c, are constants. This is the so-called standard repreden-

taiion. The converse is clear: Every series (8) furnishes an element

of SZm—l . We now try to solve the interpolation problem (1) by ele-
ments of SZm—l' In this direction there are two different kinds of
results.

A. The data (yv) are 04 power growih (See [8 ] . We say that the

sequence (yv) is of power ghowth, and write



provided that

(10) y. =

Similarly, we write

(11)

provided that £ (x)
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(y,) € PG,

0(lv]Y) as v » * », for some vy > 0.

£(x) € PG,

Y
= 0(|x| l) as x » t =, for some vy; 2 0.

383

Below we exclude the trivial case when m=1, since our prob —

lem is solved by (3) without any restriction on the (yv).

THEOREM 1: 1§ the sequence (yv) 44 04 powen growth, then the Linten-

polation problem

(12)

S(v) = Y, don all v,

has a unique so0fution S(x) such that

(13)

S(x) € SZm—l N PG .

The assumption (9) of Theorem 1 is a rough one; it admits,e.q.,

all bounded sequences (yv), with

tion to which we now pass, is much more selective, and takes

account the finer structure of the sequence; in fact it admits

vy =0 in (10). The second assump —
into

only

a narrow subclass of the sequences of PG. As usual, with stronger as-

sumptions, stronger conclusions are possible: The interpolant

will exhibit an important extremum property.

S (x)
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co

B. The case when § |Amyv

-0

]2 < ®» (See [9, Lecture 61 ). We

introduce the classes of sequences and functions as follows:

m m 2
(14) =ty T ATy 1T <= )y
(15) LP=(ex); £,...,£™ 1) are absolutely continuous, £™x) er,m 3.
Of course 13 and Lg are the familiar £2 and L,, respectively.

We may also describe K? as the class of sequences obtained fram ele-

ments of 32 by n successive summation. Similarly the elements of
m

L2 are obtained from those of L2 by n successive integrations.
THEOREM 2. 14
m
(16) (yv) € 22
then Zhe Anteapolaiion problem
(17) s(v) =y, for all v,
has a unique solfutlon such that
m
(18) S(x) € sZm—l N L, .
This soluiion S(x) has fhe following extremum phoperty: 14

f(x) 44 an arbitrany {function such that

(19) f(x) € Ll;

and
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(20) £v) =y, fon all v,

Zhen

(21) J |f(m)(x)|2 dx > J |S(m)(x)|2dx,
unfess £(x) = S(x) 4or all neal x.

In words: If (yv) € 2? , then the spline interpolant S(x) mini-

mizes the integral

(22) I(f) =J £ () |2 ax

—0

among all sufficiently smooth interpolants of (yv).

_ m

If Y, =P(v) for all v, where P(x) € M1 , then P(x)eszm—lnl?'

and therefore S(x) = P(x) by the unicity of the solution in Theorem
2. However, here 1I(S) = 0. In the general case of (yv) € ﬂ? we may

therefore say that S(x) is among all interpolants of (yv), the one
that "is most nearly” a polynomial of degree ¢ m - 1.
but P(x) 1

If y, = P(v), where P(x) € 1 then again

2m-1 "' m-1'
P(x) € SZm—l N PG, and so S(x) = P(x) is the unique solution of The-
orem 1. Theorem 2 does not apply here because (yv) 4 Eg . There is
no interpolant f(x) such that TI(f) < =,

How do we actually construct the solutions S(x) o0f these Ln-

terpolation phoblems? To answer this question let us for the moment

assume that

(23) (y,) € ¢, , hence a fortiori (y,) € 2, .

This insures the continuity of the periodic functicn

(24) T(u) = I yveivu

- 00
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which we call the generating function of the sequence (yv). Here and

below we denote the relationship between a sequence and its generating

function symbolically by writing
(25) (yv) + T(u) .

We also require the generating function of the sequence (M2mhﬂ),which
is

m-1 ivu
(26) g, (u) = ) M, (v)e .
2m v=—(m-1) 2m
This is a cosine polynomial of order m-1, because M, _(x) =0 if

2m
| x | > m. It is readily evaluated by (7), and we find that

¢2(u) =1, ¢4(u) =-%(2-+cos u) , ¢6(u) =g%(33-+26 cos u+ cos2u),...

It also has the property that

(27) 0 < ¢2m(n) < ¢2m(u) < ¢2m(0) =1 for all .
It follows that its reciprocal has an expansion

(28) 1 I ivu

with real ccefficients w_, w_

v v = wv , that decay exponentially. Let

us find the standard representation
j 2m

(29) S(x) = Tc,M (x - 3)
]

of the solution of the interpolation problem (17), which requires that
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(30) ; cj Mzm(v - 3j) = Y, for all wv.

Furthermore let

(31) clu) =2 c,etdY or (c.) -+ c(w,
3 ] ]
be the as yet unknown generating function of the (cj). Since the ocon-

volution of two sequences has a generating function that is the prod-
uct of the generating functions of the two sequences, we see by (24),
(26), and (31), that the relaticns (30) are equivalent to the rela —

tion

= =T
(32) Clu)gy, (u) = T(u), or C(u) HW'

Now (28) shows that (cv) (y.) * (wv) and therefore

\Y

(33) c. =Ly, w, . for all v.

These are the coefficlents of the Intenpolating spline (29).

EXAMPLES: 1. I4 m=1, then ¢2(u) =1, hence W =1, w, =0(v # 0), and

we obtain cv = yv for all v. I§ m=2, we £find (See [ 9, Lecture 4,

Section 51]) that

w, o= /3 AVl where A = -2 + /3 = -.26795.
2. If we choose Y, = 6v , where 60 =1, Sv = 0(v # 0),then (33)
shows that c, =W, . Therefore the spline
(34) Lo 1 (X) = Zw M, (x = v)
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is the solution of the interpolation problem

(35) (v) =6 , for all .
The function (34) is the {fundamental funcilon of the process, and the
s0lution S(x) of the general problem (17) A& gdven by

[o4]

(36) S(x) =v£m vahrlu'—vL
This cardinal interpolation formula bridges the gap between the linear
interpolant (3) and the cardinal series (2). In fact, notice that if

m=1 then (36) reduces to (3), while we have

. _ sin 1mX
(37) lim SZm_l(x) = <
m>
Also every derivative Séizl(x) converdges to the corresponding deriva-

tive of the right side of (37), uniformly for all real x.
In our discussion we have assumed that (23) holds. However,
the halations (33), (29), and (36) axre valdid for both Theonems 1 and

2, unden thein hespective assumpiions.

PART II. THE CARDINAL SMOOTHING SPLINE

1. STATEMENT OF THE PROBLEM: We assume now that
(1) (y) € £4;, hence |y, | <=,

and restrict ourselves to real-valued data and functions. We also

recall the definitions (3.14) and (3.15) of Part I, of the classes Zg

and Lg . In view of the inclusion relations
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1 k k+1
(2) Zl c 22 C £2 c... C ZZ C @2 C e
(See [ 9, p. 104]1), we observe that (1) implies that (yv) satisfies the

assumptions of Theorem 2 for all m.

THE PROBLEM: We ake gdven m and a smoothding paramefer e <0. Among

all functions

(3) £(x) € L}, hence £ (x) e L, (R),

we wisth fo §ind the solution of the problem

s

(4) J(E) = ¢ o j ™ (x))2dx + T (£(v) - y\))2 = minimum.

-0

LEMMA 1: 1In so0lving the mindmum problem (4) we may hestrnict Zhe choice

0f admissdible functions £(x) Lo the elements of

m
(5) Some1 0Ly -

PROOF: If £(x) is such that J(f) < =, then (£(v) - yv) € £2 . We

apply Theorem 2 to the sequence (f(v)), and let

m
(6) s(x) € S, 1 N L,

be such that s{v) = f(v) for all v . But then

J(s) = ¢ f (s ™) 245 + 5(s(v) - yv)2

2

= ¢ J (S(m))de + Z(E(v) - yv) '
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and so

J(s) < e f (£™)%ax + 1£v) -y )% =3,

in view of the extremum property of S(x) as expressed by (3.21) of
Theorem 2. Therefore, for any f£f(x), the spline s(x) that interpolates
f(x), produces a value J(s) g J(f).

Let us Zhenefore find the solution

(7) S(x) = § oy My (x - 3)

04 the minimum problem

(My24% + £ (S(v) - yv)2 = minimum.

-0

(8) 3(8) = ¢ f (s
Here we need another

LEMMA 2: T4 (7) satisfdies S(x) € L2(R), hence afso (cj) €£,, then

(9) me(s(m)(x))de = j?v Tymy S5 €y
whehe
(10) (v,) ~ (2 sin )% 4, _(u).
PROOF: From (7) we find that
(11) [m (s'™ (x))2%ax = J (3 o e ™ - 5™ (x - k) } ax
oo i)
- N Yy S5 %k ¢
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where (Yr) is the even sequence defined by

(12) Y, = J m™® oy M™% - ryax,

where, to simplify notations we dropped the subscript 2m of M, (x).

2m
Integrations by parts show that

(2m-1)

(13) Y. = (-l)m_l J MY (x)M (x - r)dx.

r

M(Zm—l)

Observe that (x) 1is a step function assuming in consecutive

unit intervals the values
(14) ---iolorli'( 1 ): ( 2 )I"'I_llolol"‘

This sequence has the generating function

2m-1 . .. . ~
(15) P (-1)3(2"51) efdu o (1 - gluy2m-l

3=0

?

iuk

except for a shift facter et which we disregard. Now (13) indicates

that (yr) is the convolution of the sequence (14) with the sequence

v+1l -1
J M'(x)dx = M(v + 1) - M(v) +~ (e Y —l)¢2m(u).
VvV

However, in (13) the sequence (yr) appears as a sum of the form

Zv a\)b\)_r . If we pass from (av) to the reversed sequence (a_v),we

obtain a genuine convelution I a /b, . . Let us therefore reverse

the first sequence (l14). As we obtain the generating function of the
reversed sequence by changing u into -u in its original generating

function, we find the generating functicn of (yr) to be (up to a shift

factor eluk) the product
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(—l)m_l(l _‘;iu)Zm—l . (e—iu - 1) ¢2m(u)

m e—iu)Zm é

(-1) (1 -

2m

- eium_pym fu/2 _ -iu/2)2m g, ()
_ —ium ... u,2m
= e (2 sin 2) ¢2m(u).

Since (yr) is an even sequence, its generating function must be even,

and therefore

2
(v,) > (2 sin )" g, (),

establishing (10).

2. SOLUTION OF THE PROBLEM: From (8), (9), and (7) we find that

(1) J(s) = e I +>:{Z_ch(v—j)—y}2.

. vV
J.V v ]

Let us minimize this function of the (¢ ). To obtain the normal equa-

k
tions, we differentiate J(S) obtaining

< J(S) = el vy eyt DLZe M-Iy} Mv-k) =0 (ke

k J v o]

If we sum within the double-sum only with respect to v, we cbtain

(2) 3 My (v = 3IM (v - k) = o4k

where



403

ON CAROINAL SPLINE SMOOTHING

(3) (@) ~+ (B, (w2,
The normal equations thus become

£ g Yj—k cJ + g aj—k Cj = g Y, M2m(v - k) (k € ¥),
or
(4) § (dj~k + € yj_k)cj = 5 Y, My (V- k) (k € 2).
However, by (3) and (1.10) we find
(5) (o, + € v) + (£, (W)2 + (2 sin )%™ g (u).

v v 2m 2 2m

From

(MZm(v)) + ¢2m(u),
and writing

(6) (¢,) » Cla), (y,) =~ T(u),

we find the normal equations (4) to be equivalent to the relation

(dy )2+ 2 sin 2™ g, (w1} cla) =T 4, (),

2m

whence

- T (u)
(7) (Cv) - C(u) - 2 R _u-)zm
¢2m(u) + €(2 sin >

This establishes
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THEOREM 3: In ftenrms of the expansion

[eo]

(8) L - 1w el
Gom (W) + €(2 sin =) V==

where Zhe coefficients w\)(e) = w_v(e) decay exponentially, fhe coef-
ficients (cj) 04 the solution
(9) S(x) = Z‘chZm(x - i)

J
04 the minimum problem, anre
(10) c, = j:z_my'w\"j(E)'

We call the solution (9) the cardinal smooithing spline.

3. A few propenties of the candinal smoothing spline S(x) =s(x;e).

A. We have assumed above that ¢ > 0. However, if we set ¢ =0

in (2.8), it becomes

- ivu
(1) _—¢2m(u) 5 w\)(O) e '

and a comparison with the expansion (3.28) of Part I, shows that
wv(O) =w, for all v: This shows that S(x;0) = S(x) reduces to the

intenpolating cardinal spline S(x) of Theorem 2.

B, What £4 the effect o4 the smoothing spline S(x) = S(x; €)
on the orndiginal data (y\))? This we answer by determining the "smoothed"

sequence (S(v)), to compare it with (yv). By (2.9) and (2.10)we find

(S(v)) = (cv) * (MZm(v));
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and therefore, by (2.7),

(2) (S(v)) ~ Clu) g, (u) = T
(2 sin 75)
1l+e¢
Bom (W)
In terms of the expansion
1 ivua
(3) =% ¢ (e) e
(2 sin 2)%" v oV
1+ ¢ ()
2m

(2) shows that the sequence (S(vie)) axadlses from Zhe data (yv) by zthe

smoothing formula

(4) S(v;e) = Eov_j(e)yj-
]
Observe that by (2.8) and (3) the coefficients ov(e) are expressed
in terms of wv(E) by Ov(E) = g Mzm(v - 3) wj(e).
Is (4) a smoothing formula according to our definition cf Part

I, Section 1 ? That it is one we see if we inspect its characteristic

function

1
(2 sin %%)zm
1+ ¢ g (a)
2m

for it is evident that

(6) 0 < K(uj;e) < K(0;e) =1 for 0 < u< 27 .

C. The smoothing power of Zhe gormula (4) Lncreases with Ln-

crheasding €. In [4, Definition 2, p. 53] we dgave dood reasons for
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the following definition: Of two different smoothing formulae having
the characteristic functions @(u) and &(u), we say that the second

has greater smoothing power, provided that

(7) |#(u)| < |#(u)| for all u, excluding equality for all wu.

A

However, if 0 < ¢ < g, it is clear by (5) that
0 < K(uje) < K(u;e) if 0 < u< 2m,

and the criterion (7) is satisfied.

D. The degree of exactness of the smoothing gfomula (4) 4s =2m- 1.
This follows from (1.7) of Part I, because (5) shows that we have the

expansion in powers of u

(8) K(u;e) =1 - egu + vee

E. If we drop our assumption (1l.1), and assume only that (yv)
L5 04 powen ghowth, then owr construction of the smoothing spline S(x) =S (x;e)
by the gormulae (2.8), (2.10), and (2.9), remains applicable.Of course,
its earlier connection with the funtional J(S), of (1.8), nc longer
holds. In fact we will find that J(S) = » for all splines S . Pre-
sumably, it is still true that our S(x;ec) minimizes J(S), provided

that (yv) satisfies the condition

(y,) € £

of Theorem 2. However, this I was not able to establish.
In any case I recommend the cardinal smoothing spline (S(x;e))

which represents the modification, found more than 30 years later,of

may war-time approach to the problem of cardinal smoothing.
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In [1], A. Grothendieck asks if each quasi-barrelled (DF)-space
is bornological. We gave an answer to this question in [5] by con-
structing a class of quasi-barrelled (DF)-spaces which are neither
bornological nor barrelled. In this paper, in the context of the
Kothe's echelon spaces which are Montel, we characterize the spaces
of schwartz using certain non-bornological barrelled spaces. As a
consequence, we prove the existence of non -bornclogical barrelled
(DF)-spaces.

The vector spaces we use here are defined on the field K of
the realor complex numbers. If (E,F) is a dual pair, we denote by
p(E,F) the Mackey topology on E. If E is a topological vector space,
E' is its topological dual. In the sequel X will be an echelon space
and A* its o~dual. Let us suppose that the steps defining A

a(n) = (a{n)' aén)"..’aén)’...)’ n=1,2,...

are all positive, they form an increasing sequence and, for each
index p, there exists and index g such that aéq) # 0. Let € be
the sequence such that all its terms vanish except n-th whose value
is one. Generally, we follow the terminclogy of [2] for this kind

of spaces. In particular, ¢ is the space generated by the vectors
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En , n=1, 2,... . Here we always consider ¢ as a subspace of
X .

Let P ={I :n=1,2,...} be a partition of the set N of na-
tural numbers, such that I, is infinite, n =1,2,... . Let F be the
filter of all the subsets of N such that, if F € F the complemen-
tary in I_ of F N I is finite, n»=l,2,... . Let {Fj :j € J} be
the set of all the filters on N finer than F so that, if M€ Fj
for some j € J, then M N In #P, n=1,2,... . It follows immedi —

ately that, with the relaticon of inclusion, this set is inductive or-

dered. Using Zorn's lemma, let U be a maximal element.

PROPOSITION 1: Foi each n € N, the nesindction of U io I L5 an

ubtragpiliten,

PROOF: Let Al and A2

U = =
Al A2 In’ and Al n A2 . Therefore, one of these sets, say Al

intersects all the elements of U and then

be two non-empty subsets of In such that

A=A1U[U{Ip:p€N,p#n}]

belongs to U and A N In = Al. This completes the proof.

For each U € N, we denote by Ax(U) the sectional subspace of
AL u(r®,0)] defined by A"(U)={a=(al,a2,...,an,...):u e \5, a =0,¥ne .
If Ul and U2 belong te U it follows that Ul N U2 belongs to U
and

x"(Ul nu, > Ax(Ul) U Ax(UZ)

and, therefore,

L=u{XUm :u e w
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is a subspace of A X containing ¢ . Let us suppose that the topolo-

gy of L is the one induced by p()\x,)\) .

PROPOSITION 2: If A {4 a Montel space and T is a barnel in L, it

absonbs the bounded subsets of ¢ 0 A\ ¥ ~ 1), fon each n € N.

PROOF: Let us suppose that there exists in ¢ N AX(N ~ In) a bounded
normal subset B which is not absorbed by T . We now inductively con-
struct a sequence (yq) in B in the following way: Let us suppose

'Y in B such

that we have already obtained the elements Yl'yz"" q
that

ng T, vy, = rezl:q(p) arer' ar €K, p=1,2,...,9,
where N(1l), N(2),...,N(q) are finite subsets of In’ mutually dis-

joints, such that N(1) contains the first element of I and N(Ip), p>1,
contains the first element of In which does not lie in M(p ~ 1), being
M(r) = N(1) U N(2) U ,.. U N(x).

The space ¢ N AX(N ~ In) is the topological direct sum of

E; =% D A (N ~ M(q)) and E, = ¢ 0 A¥ (N~ (I, ~ M(@)).

Let B, be the projection of B onto E. according to E and let

1

B2 be the projection of B onto E2 1

normal set it follows that Bl U B2 C B. Moreover, Bl + B2 D B. Bl

is a bounded subset of the finite-dimensional space El' hence T ab~

2 ?
Since B is a

1
according to E

sorbs B Since B 1is nct absorbed by T, neither B2. Therefore, we

1-

i c
can find an element yq+l S B2 B such that

Yogep # (2 + DT
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The element yq+l can be written in the form
y = z a e_, a_ €K,
g+l r €N(g+1) rr r

where N(g+1l) is a finite subset of In' disjoint from each set
N(1l), N(2),...,N(g) and that it contains the first element of:%lwhich
is not contained in M(g). The sets of the sequence (N(q)) define a

partition of In . Let

o
]

U {N(2q - 1) :q =1,2,...}

o
i

U {N(2q) : g =1,2,...}

Since the restriction of U on In is an ultrafilter, there exists
an U &€ U such that UNTI coincides with P, or P,, UNI =P_,

n 1 2 n 1
say. Therefore, y2q S AX(U), qg=1,2,... . The space AX(U) is bar-

relled, because is a sectional subspace of )\x[p()\x,)\)]; hence T ab-

sorbs the set {yz.y4,...,y20...} and it contradicts

y2q 4 (Zq)T; q=1,2,...

Since the normal hull of every bounded subset of ¢ N )\x(N ~ In) is

bounded, it follows that T absorbs every bounded subset of ¢ N Ax(1\1~In) .

PROPOSITION 3: I4 X 44 a Montel space and T 44 a barhef in L, A%

absorbs everny bounded subset of ¢ .

PRCOF: Let us suppose that there is in ¢ a bounded and normal sub-
set B not absorbed by T. Let us choose in B an element Y1 which

is not in T . By a recurrent process, let us define a sequence (yq)
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in B. If yl,yz,...,yq are already defined, such that

Y ngty = z a e, a €K, p=1,2,...,9,
p P ren(p F r’ “r

where N(l), N(2),... N(g) are finite subsets of N so that

c U =
N(1l) Il I2U UIn Hl,
1

N(2) C I Ul Uo..,. UI = H,,

n1+l nl+2 n, 2
N(g) €I U I U...UI =H_,

n +1 n +2 n

q- q-1 qg 4

Let Kq = U {Hp :p=1,2,...,9}. Then ¢ is the topological direct sum

of
4 X X
= 3 ~ =
El ¢ N AT(N Kq) and E2 @ N A (Kq)
Let Bl be the projection of B onto El according to E2 and B2 the
projection of B onto E2 according to El. Since B is normal,

U C + B, O B.
Bl B2 B. Moreover, Bl 5 B

From the previous proposition, it follows easily that T absorbs

Bl' Since B is not absorbed by T, neither B2, hence we can . find

an element yq+l € B2 C B such that
Yg+1 £ (q@ + )T,
Then
Yqel = z a e, a €K,
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being N(q + 1) a finite subset of N which not intersects Kq . Since
P = {In tn = 1,2,.,.}

is a partition of N and N(g+1l) is finite, we can find a natural

number n

Q1 larger than nq, such that

C =
N(q +1) Inq+1 v Inq+2 v o,V In H

g+l
Let M=U {N(q) :q=1,2,...}. Then N ~ M intersects each I, in a
set with finite complement in In' Hence N ~M € F C U,

since A¥(N ~ M) is barrelled and vy € AN~ M), g=1,2,...,
it follows that T absorbs the set {yl,yz,...,yq,...} and it con-
tradicts the fact of yq Z qT, 9q=1,2,... . Clearly, T absorbs each

bounded subset of ¢. g.e.d.

Let A[u(k,xx)] a Montel space which is not Schwartz. Therefore,
there exists a positive integer k such that, if M is the ordered

subset of all the natural numbers n so that aék) # 0, the sequence

a (k)
—
)
argp neM
does not converges towards zero, p=k+1l, k+2,..., [2,p.422]. Let us

define an increasing sequence in M

d4; <49, < . <g; <
such that
a(k)
, i 3
}1m TTIN) = cl # 0,
i+e aq
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Since A[u(h,xx)] is a Montel space we can select a subsequence (mi)

of (qi) so that, for a particular number kl >k + 1

a(k)
: i
lim T]-T-'-—-O [2, p. 421].

ire
a
m,
i

Let I, be the set {ml,mz,...}. Obviously, M ~ I, is an in-

finite set. Let us suppose that we have constructed subsets of

N, Il,Iz,...,Iq , SO that Ip MM is an infinite set and

Ip nI. =@, p#r, p,r=1,2,....9.

If Ip = {rl,rz,...,ri,...}. suppose also that there are two natural

numbers kp > k + p, ip ., So that

5 (k) 5 (K)
r; r; .
lim ——— =¢_ #0, 1lim —— =0, i > 1 .
e e T % 70 BT T 0
i a_P
r.
1
Let Hq = U {Ip :p=1,2,...,9}. If we arrange the terms of quﬂM as
a seguence
ng < M, < ...<ny < .

we obtain, for u > kp » p=1l,2,...,9, that

lim

From (1) and the condition of A[p(x,xx)] not being a Schwartz

space, it follows that
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- PR

M ~H = {51,52’--- i

q

is an infinite set and the sequence

a(k)
51
a(k+q+1)

S,
1

does not converges to zero. Therefore, we can select a subseqguence

(ti) of (si) and a positive integer k >k + g+ 1 so that

g+l
aék) aék)
lim ———— =c_.. #0, lim ——t— =0,
i3 g lkta+l) g+l { oo (kq+l)
£y 8
i
Let Iq+l be the set {tl,tz,...,ti,...} together with the first

element of N which does not lie in Hq' In this way we obtain a par-
tition P = {In tn=1,2,...} of N such that In is infinite, whose

properties will be used in the sequel.

THEQREM 1: 14 the Montel space A[u()\,)\x)] {4 not Schwantz, ‘there
i85 in MuX 0] a dense subspace G which 46 barnelled and non box-

nological.

PROOF: Using the number k and the partition P obtained above, we
construct the space L as we did at the beginning of this paper
and the subspace G of Ax[u(kx,A)] which is the linear hull of L

a(k). We will prove that G 1is barrelled and non bor-

and the vector
nological. Let T be a barrel in G. By Proposition 3, T absorbs every
bounded subset of ¢ . On the other hand, vy 1is a bornological space

[3, p. 324], hence T N ¢ is a neighbourhood of the origin in ¢.
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Since ¢ is dense in G, the closure of T N ¢ in G ispontained inT
and it is a neighbourhood of the origin in G. Therefore, G 1is bar-
relled. Since L 1is a subspace of G whose codimension in G is not
larger than one, to see that G is not bornological, according to a
result of Mackey [4 ], it is suffices to prove that a(k) is not the

limit in the sense of Mackey, of a sequence lying in L.

Let us suppose that (B(n)) is a sequence of L which congerges
to a(k) in the sense of Mackey. Consequently, there isa natural numn
ber p such that (B(n)) converges to a(k) in AZ(k + p) for the to-
pology of the norm | - || deduced from the unit ball

| k+
{8 = (bysbyrevesbgenn) ¢ [bo| < aé P, g=1,2,...1
We can find a positive integer r so that
aék) 1
L S —_ €
k) T 2 G M EmEd
m
Given 3™ = (b{n),bén),...,bén),...), we have that
(k) (n)
a '-p |
(k) _ ,(n), _ | (k+p)
I o R I = sup | a(k+p) q € N, aq #01 .
q

(n)

We can find U € U such that B € Ax(U). Since U N Ip is

not finite, we can obtain a positive integer s in Ip, larger than

n)

r, such that bé = 0. Then
(k) _. (n) (k)
0 gy, B TRe T B 1
o z o (K+p) o (k+P) 2 °p !
S S

and we obtain a contradiction. Therefore, G is not bornological.
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PROPOSITION 4: Let E be a Frechet-Schwantz space.l4 F is a barvielled

subspace of E'[u(E',E)], then F 14 bornological,

PROOF: Let (An) be an increasing fundamental sequence of compact sub-
sets of E'[u(E',B)]. Let us suppose first that F is dense in E'[u(E',E)].
Let Bn be the closure of An NF in E'lu(E',E)]. Let Fn be the

closure of the normed space FA n P in the Banach space E'A with
n n

the topology induced by the one associated to E;*n. Since F is a
(DF) ~space, (Bn) is a fundamental sequence of compact sets in E'[u(E',E)],
[2, p. 402]. Given a positive integer p there are two positive in-
tegers g and r such that Ap C Bq and Bq is a compact set in EAr
Then Ap is a compact set in Fr and therefore we can afirm that
E'[p(E',E)] is the inductive limit of the sequence (Fn) of Banach
spaces. Let u be a bounded linear form on F. Since F n Fn is dense
in Fn, the restriction u, of u to Fn Fn can be extended to a
continuous linear form v in Fn' Evidently, there exists a linear
form v on E' which coincides with vy in Fn' n=1,2,... « Then v
is continuous on E'[u(E',E)] and, consequently, its restriction u
to F 1is continuous. Hence, F is bornological. The general case 1is
proved obtaining the closure F of F in E'[u(E',E)] and proving

that F is the dual the Mackey of the Fréchet-Schwartz space E /F -l-,

with F -1 the orthogonal subspace of E to F.

THEOREM 2: A Montel space A[p(k,kx)] 44 Schwantz if, and only 4§,

each barnelled subspace of )\x[u()\x,A)] L4 bornotogical,

PROOF: It follows from Theorem 1 and Proposition 4,
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THE RATIONAL APPROXIMATICN OF REAL. FUNCTIONS
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I. INTRODUCTION

This paper is closely related to the classical theory of best
uniform approximation of continuous functions by quotients of poly-
nomials. That is, let f be a continuous real function on [0,1] and

let

(1.1) Ry = {p/q:p€P , g€ P,
g#0 on [0,1] , and

p/q irreduciblel

where ﬁl denotes the real polynomials of degree less than or equal

n.
It is classically known that there is an r € Rﬁ which 1is a
best approximation to f [see for example Walsh, 1935) . That is,
. m
(1.2) lf - rll = dist (f ,Rn).
Furthermore the approximation is characterized by f - £ nav-

ing the zero function as a best approximation from the linear space
(1.3) qu + an = PN.

where N = max {3g + m, 3p + nl. Hence r is a best approximation to

421
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f if and only if £ -~r has an extremal alternaticn of length N+ 2.
(Achieser [1930]). It follows that best approximations are always
unique. In this setting however the best approximation operator is
not generally continuous. In fact, it is continuous at £ if and only
if f has a normal point p/gq as a best approximation, that is, if

either 8p = m or 39 = n {(Werner [1965] ). The complex rational func-

tions, R$(¢), are defined similarly with ﬂn and Pn replaced with
Pm(¢) and Pn(¢), the polynomials with complex coefficients.

A complex function defined on [0,1] still has exactly one best
approximation from Pn(¢). However approximation from R$(¢) is not as
well understood. It is still true that a best approximations exists
in Rg(¢). but Walsh [1931] has constructed an example to show thatif
the domain of the functions is a particular “crescent moon" shaped
region of the complex plane (instead of the interval [0,1] as in our
setting), then there is a complex function with more than one best
approximation in R$(¢). More recently E. Saff and R. Varga made the
surprising observation that in fact (x - 1/2)2 has nonunique best
approximations from Ri(¢) [1976].

If the function being approximated is the real function f, then
its best approximation in Pn(w) is also real, and the problem is
reduced to the theory of approximation from Pn' But for the ratio —
nal functionsthe Saff-varga example shows that the analogous reduc-
tion is not valid. It appears natural to consider approximations to
f from Re Rg(¢) - the real parts of Rﬁ(c) functions.

This paper is an exposition of part of such a study. The de-
tailed paper will appear elsewhere. As it turns out the theory of ap-
proximation from Re Rg is, an intriguing mix of the regularity of
approximation from Rﬁ with the pathology of that from Rﬁ(¢). There

are also some applications to approximation from Rﬁ(m).
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II. EXISTENCE OF BEST APPROXIMATICNS

In the classical settings, the existence of a best approxima —
tion is easy to establish. The idea is that a minimizing sequence ry for £
(i.e. ||ri -f|| + dist (f ,R;)) has a subsequence with converging nu-
merators and denominators. Cancelling common zeros of the limit nu-
merator and denominator produces a best approximation to f. Here the
problem is that the limit function may not be in Re R§(¢).

For example, for each € > 0

(0) (1) + (ex™) (x™)

m

(2.1) r = € Re R_(C).
£ l2 + (Exn)z n

S0,

(2.2) 1 e care RT(C) -

But, one easily shows that xm+n is not of the form

+ st

(2.3) "E%"“"s_z'rprtEPmrslqun'

q° + s

Hence the theory is actually about approximation from the closure of
Re Rﬁ(m)(denoted herefter by Rﬁ). The first problem, then, is to

. m
characterize Rn'
m - Qm+n

n S 2, ; where

Clearly, R

A O * :
(2.4 ¢ =15 :+p€P,q3€Py iq>00n R, and qg>0on Lo, 11}
In fact:
1. PROPOSITION: If§ n < m + 1, then Rﬁ = Q§+n'

2. PROPOSITION: Foir aff m, and I1,R§ admits best approximaZions to

all fecC [Oil] .



424 WULBERT

IIT. CHARACTERIZATION AND UNICITY OF APPROXIMATIONS FROM QIIT;

As in the characterization of approximation from ﬂg, the idea
is to change the problem to that of approximation from amore comput-—
able set. We will first state a special case so that the general case
will appear less absurd. Suppose that {% € Qﬁ , that a and b have
no common factors and that the degrees of a and b are such that
2n + 3a < 3b + m.

Let

(3.1) H(a,b) = {h € PM tsgn h(x) = - sgn a(x) for x € Z(b)}

where M = 3b + m and 2Z(f) denotes the zero set of a function f.

3. PROPOSITION: —= {4 a best approximation to £ Aif and only A4

b
zeho &8 a best approximation to £ — {% from H(a,b).
. a m .o m
Now in general suppose Y € Qn . From the definition of Qn

we may assume that a and b have no common quadratic factors (i.e.
b > 0). However it may be possible that a and b have some common

real zeros. Let F be the greatest monic common divisor of a and b.

Put
(3.2) %)=a/F and %)=b/F.
Now put
(3.3) M =

max {abo +m, da_ + 2n}

il

dim {boPm + aoPZn} -1,
For {% € QE we now define

Z2(b)) "N if 2n + 3a <3 +m

£3.4) Z(a,b) =
[Z(bo) NR]V {=o}U{=-w} if 2n + 3a > 3b+nm
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For convience we will write

(3.5) f(«) for 1lim f(x) and

X0

f(-=) for 1lim f(x),

X =00
when these limits exists,
Now define:
(3.6) H(a,b) = {Fh :h & P :sgn h(x) = - sgn a_(x)

for x € Z(a,b)}.

4, COMMENT: With the above notation proposition 3 above is still
valid.

Our interest in proposition 3 is that one can compute the num-—
ber of possible sign changes of members of H(a,b) and use this to
derive an extremal alternation tyve of characterization for approxi-
mations from Qg . However the result separates into many cases de —
pending on the number and parity of the points in Z(a,b) N (-«,0]
and in 2(a,b) n[1l, «). Rather than presenting the complicated
statement of the alternation thecrem, we will give some of the con —

Sequences.
5. COROLLARY: Besi approximations §rom err: are unique.,

6. CORCLLARY: Suppose a, and b have no common gactors, m+ 3b > 2n + da

and Z(b) "R = ¢ . Then % i4 a best approximation to £ € C[ 0, 1]

gdrom QI;: A4 and only i§f £ - % has an extremal alternation of Lengith

2 + max {m + 3b, 2n + 3al.

7. COROLLARY: A constant function {8 a best approximaiion, Zo a
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continuous funetion, from Qﬁ L4 and onty if§ the ernon function has

an extrnemal altennation of Length 2+ max {m, 2n}.

8. COROLLARY: I§ n > 1 Zthere {4 a coninuous gunction £ and an
r € Qﬂ such Zhat
(i) r {4 a best approxdimation of £ but

(ii) -r 4is not a best approximation to £ - 2r.

IV. APPROXIMATION FROM RIII:(GZ) :

In some special cases dist (f,Rﬁ) = dist (f,R§(¢)). Although
this phenoménon only occurs in a restricted setting, there are some
applications to the theory for approximation from R2(¢). For example
we can easily produce real functions which have nonunique best ap —

proximations from Rﬁ(¢).

9. THEOREM: LlLet f€ C[0,1] and = € R® , 14 2 is a best ap-

proximation from R§(¢) Zhen
a . m
e~ 5 Il > dist(£,R))

where N = min{n - 3b, m - 3al.

10. COROLLARY: Llet m>n, p € P ,and £ € C[0, 1]; the follow-
ing ane equivalent:

(1) p {4 a best approximation to £ {from RE(G),

(ii) p {4 a best approximaiion to £ from RE.

11. COROLLARY: Llet m>n and £ € C[0,1]. A constant function

. A4 a besl approxdimation from Rﬁ(m) Aif and onty 4§ £ — a has an
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extremal alzennaiion of Length m+ n + 2,

12. EXAMPLE: (Saff -Varga) For every m > n > 1 there are con-
tinuous real functions which have nonunique best approximations from

m
R, (@) .

13. COROLLARY: (Saff -Varga) Let n<m+1. Let% € RrI[;(Z(a) N Z(b) = ¢)
be the best approximation to £ from RI(EC). Then £ - % must have

an extrhemal aliennation of Length azt Least

2+ m+ min{n - 3b, m - dal.
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FUNDAMENTAL SEMINORMS
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Rio de Janeiro, Brazil

1. INTRODUCTION

Here we will consider a general problem of polynomial approxi-
mation in euclidean n—-dimensional space. The subject of polynomial
approximation was iniciated in 1885 with the first version of the
Weierstrass theorem for uniform approximation on compact sets of eu-
clidean space. The non—-uniform approximation problem on the whole
space was iniciated with the Bernstein paper of 1924 [2] and con-—
tinued to be developed in the so called Bernstein problem.Classically
this problem has been studied from the point of view of continuous
and integrable functions in the natural context of weighted spaces.
See, for instance [1], [4], [7], [9] and [12] for related develcpments
and additional references. More recently, Bernstein's problem has
also been considered in the context of weighted spaces of differen —
tiable functions and distributions. See, for instance [10] and [13].

In this approach we use the unifying notion of fundamental
seminorm in considering a polynomial approximation problem which con-
tains all the above mentioned cases of Bernstein's problem. Further,

this apprcach puts in focus the seminorm point of view in approximation

* The author was partially supported by FINEP, Brazil.
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theory which has been undertaken for instance in [3].

The main results are a characterization of fundamental semi-
norms on the real line (Theorem 1), a guasi-analytic criterion for
such semincrms (Theorem 2) and a tensor product criterion for funda-
mental seminorms in the general case (Theorem 3).

We finish by listing some interesting open problems, some of

them unsolved even in the classical case.

2. PRELIMINARIES

In the following, n, m and k will denote elements in IN*,

N U {o} and N" respectively. We put | k| = ki + ... + k and if
k k

t € ®r", tk=tll ‘oLl vt

Cm(IRn) is the algebra of all complex valued m-times continu —

k

n
n

ously differentiable functions on ®’R). If f e Clk| (IRn), then 37f
aIkl_f
k k_°
1 n
(3x;) “... (axn)

algebras of CM(IR?):

means We will consider also the following sub-—

P(R") = {p € cC(R") | p is a polynomial}

{f € C™(®R")| support of f is compact}

L]

i

{f € c™(R")|2¥f vanishes at infinity, for all k€ N}

N we let I£]] denote the

For a bounded complex function £ on IR
number sup {| £(x)|, x € R" }. Also for m € IN we define the norm

[ on c°o°(1Rn) by

m
I£0_ =z nakeu.
|% | <m
The topology defined by the family of norms | ||m , m€ N, will be

denoted by 1. Unless explicitly stated, this is the topology to be
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considered on C:(]Rn) .

REMARK 1: The functions t - 1/(1 + t2) and t » t/(L + t2) belong
to C:(IR). Hence for all p € P(IR") there exists m, € I such that

2, m

p/ (L + x7) ... (1 + xi)m € CZ(IRn) for any m > m_ . From this follows

that the set of all products gp, g € C:(IRn) ; P € P(R"Y) contains

the sum of any two such products and also any polynomial.

DEFINITION l: The Beanstedin aspace on ]‘Rn, denoted by Bn or simply
B when n=1, is the complex vector space of all products gp,
g € CL(R™, p e P(RY,

Let o be a seminorm on Bn’ A C Bn’ Then A% will denote the
closure of A in the seminormed space (Bn,cx) = Bn,u .
DEFINITION 2: A seminorm o on B is polynomially compatible if the

module operations

o0 n
(g,f)eco(m) xBna+gfeBna

are continuous. SPC(]Rn) will denote the (directed) set of all poly-

nomially compatible seminorms on Bn .

EXAMPLE 1: Let o be an {ncreasding seminorm on B =~ that is a(f) <a(g)

when |[f| < |g|. Then o € SPC(IR). In fact, let gec:(]Rn), £€B.

since |gf| < |ligll| £| then o(gf) < lglla(f). Also «(f) = a(f) since

| £ = | £

It is clear that finite positive linear combinations of increas-

ing seminorms are also increasing seminorms.

EXAMPLE 2: Let m€ IN*, a ,| k| <m be a family of increasing
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seminorms on Bn such that O S constant. o when k < k', that is

ki <k;, i=1,...,n. Let

k
o(f) = 2 o (3f), £fE€B_.
kj<m ¥ "

Then o € SPC(R"). In fact, let g € C_(R"), f €B_. Using Leibnitz's
formula, the fact that o is increasing, and the condition on the

family, it follows that

k-k'

i PO | o
z (t.)llgll mcxk(ak k f)< constant - ||g||m e g1 (B f).

k
a, (37 (gf)) <
k T k'<k

Hence o(gf) < constant - g IIma(f). Also, it is clear that a(f) =a(f).

REMARK 2: There exist seminorms a € SPC(IRn) which are not of the
types described in Examples 1 or 2. For instance, this is the case

for the seminorm defined by

a(f) = |£(0)| + sup{ |£'(x)|, x € [0,1]1}, £ € B.

Then for all g € C::(IR) and f € B we have

a(gf) < Il gllja(f), a(f) = a(f).

PROPOSITION 1: Let o € SPC(R™). Then c:(mn) i4 dense in B .
?

PROOF: Let g € Co(R™), P, € P(R") be given. Then the mapping

©, N _ @, _n
g € CO(JR ) > gp, € Bn,a is continuous. For m=1,2,... let @ eCc(R )
1

m
be such that 0 < 6 <1, 6 (x)=1 when fix{l <m and ||akemn <% 1<ik] <m.

©, N ©, _n
Then Bmgo + g in CO(IR ). Hence emgopo € CC(IR )} for all m and

O

emgopo > 95P0 in Bn,cx ‘

n) is dense in

DEFINITION 3: o € SPC(IR") is fundamental when P (IR
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B - We say also that o isaBernstein seminoam on R". Bernstein's
1

n-dimensional problem consists in describing Bernstein seminorms on

r".

REMARK 3: All the cases of Bernstein approximation problem mentioned
at the Instroduction consist in asking for necessary and sufficient
conditions in order that some convenient seminorm o € SPC(R™) be

fundamental, Here is a useful result.

PROPOSITION 2: Let (E,R) be a complex seminoamed space of jfunctions

on disthibutions on TR"

such that B, CE and o =8 |B_¢€ SPC(R").
Assume that there exists m € N U {=} such that CR(R") is dense
in E and the induced topology on C’é‘(IRn) L4 weaken than the inductive
Limit topology.
Then P(R") is dense in E L4 and only 4§ o L& fundamental.
PROCF: Necessity is obvicus. Conversely, since C:(IRn) is dense
in Cg'(IRn) in the inductive limit topolegy [11], then it is also

dense in E. From this it follows that P(]Rn) is dense in E, since

B|Bn is fundamental.

EXAMPLE 3: Let u be m upper—semicontinuous nonnegative function
on IR" such that u(t)tk vanishes at in finity for all k € . (We
say that u is a wedight on R'). Let E =Cum(]Rn) be the vector space

of all complex continuous functions £f on R" such that uf vanishes

at infinity, seminormed by B(f) = llu £fll. Then BIBn is an increas-
ing seminorm. For m=1,2,... let em € Cc( " ) be such that
0<e <1, 6 (x) =1 if lxll <m. Then for any £ € Cu_(R")

B(f = 6 £) » 0 when m-w. Also B(£) < llull I£]l for all £eCR").

Thus the conditions of Proposition 2 are satisfied. When P(]Rn) is

denge in Cum(IRn) ;, Wwe say that u is a fundamental wedght.
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EXAMPLE 4: Let u be a positive Borel measure on R" such that tk
is p-integrable for all k € W", 1 <p < + », Let E= LP(u),
g = LP-seminorm. Then B|Bn is increasing. Also CC(IRn) is dense in
E and B(f) < WEMYPIEl for all f e C.(R"). Thus the condi-

tions of Proposition 2 are satisfied.

EXAMPLE 5: Let m € WN*, u, k| < m, be a family of weights on R"
such that u < constant + u., if k' < k. Let E be the vector space
of all f € cm(nﬁﬁ such that ukakf vanishes at infinity for all k,

k] < m, B(£) lu 3 £l Then B|B_ is of the type described

= z
[k [2m

in Example 2. If Om, m=1,2,... 1s as in the proof of Proposition

1, then R(f - emf) -+ 0, when m-«, for all f € E. Also

B(E) < ( max lu ) {I£1
m "
for all f € CL(IR"). Thus the seminormed space (E,f) satisfies the

hypothesis of Proposition 2.

EXAMPLE 6: Let m and w , (k| < m, be as in Example 5. If d\x de-
notes Lebesgue measure on R, let duk = uk<ik for all (k| < m.
Given p, 1 < p < + », let E be the vector space of all complex dis-
tributions £ on R® such that 3°f € LP(y) for all k, ;k; <m,
B(f) = lkiim (flakflpdpk)l/p. Then BB, is also of the type de-
scribed in Example 2. Furthermore C?(IRn) is dense in E. The proof
of this fact is similar to that used in proving density in Sobolev
spaces [11]. Also RB(f) < (lknTa()Icn uk(mn)l/P) Nl for all £ € clg(mn) .

Once again the hypothesis of Proposition 2 are satisfied.

PROPOSITION 3: Let o be a fundamental semivorm on TR'.
1) 14 B € SPC(IR™) 4is such that B < constant «a, then B 44

fundamental .
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2) lLet c € ®RV{o0}, X, € R" and sp(x)=cx+xo, x € R

1§ B(f) = a(foy) for all £ € B then B A4s fundamental.

PROOF: 1) is an immediate conseguence of Proposition 1. In the case
of 2), observe that P(IR") o v =P(R"),C (RN o ¢ = CL(R") .

3. MAIN RESULTS

In the characterization of dense subalgebras in spaces of dif-

ferentiable functions the following is a crucial result.

LEMMA 1 (Nachbin's Lemma): Let A C Cm(IRn), m>1, be a sel of real
functions satlsfying Lhe followding conditions:
1) Fon any X, y € R such that x #y, thene i8 g € A such
that g(x) # g(y).
2) For any x € R therne 46 g € A such that g(x) # 0.
3) For any X, v € R, v # 0, thene 44 g € A such That %%(X) #0.

Then given any £ € c™®R") and x ¢ ®R" compact Lhene exist

L

9yr-++19, €A and h € c™(®"),h(0) = 0, A4uch that

f=h(gl....,g£) on K.
PROOF: ©See [8].

DEFINITION 4: A set A C C™(R™), m > 1, satisfies conditions (N)

if 1), 2) and 3) above are true.

LEMMA 2: Llet o € SPC(IR"). I§f A C Co(R") {4 a self-adfodnt sub-

algebra that satidfies conditions (N), then A L& dense 4An B, -

PROOF: From Propogsiticn 1 it is enough to show that C:(]Rn) c A%,
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Further, since the topology defined by a« on C:(IRn) is weaker than
1, we need only show that the closure of A in the latter topology
contains C:(IRn).

If C is a subset of Cooo(]Rn) we will denote by C its closure
in the topology 1. Assume also that € is a subalgebra. In this case,
if 9yre-e19, € C are real and h € Cm(IRZ’) is such that h(0) = 0,
then h(gl,...,gz) € C. In fact, it is clear that h(gl,...,gz) € CoooaRn).
Since the set G = {gl(x) ,...,gz(x) , x € R} is bounded in 'Rz,using
the Weierstrass approximation theorem for differentiable functions,

we can approximate h on G by polynomials p € P(]RP') without con-

stant term, since h(0) 0. Furthermore, akgi is bounded for all

k € ]Nn, i=1,...,£. Hence p(gl,...,gﬂ) approximates h(gl,...,gz)
in the topology 7.

Let f € C:(IRn) be given. Assume f # 0 and 1let H be its
support. Let A; be the set of real parts of functions in A. Since

A 1is a self-adjoint algebra, then A, is a subalgebra of A and also

1
satisfies conditions (N). In particular, for any x € H thereexists

g €A such that g(x) # 0. Choose h € c”(R) such that h>0, h(g(x)) >0

1
and h(0) = 0. From the above remark, it follows that h o g € }_\l.
Also hog 1is positive on a neighbourhood of x. Hence by compact-
ness, there exist g, € A; and r >0 such that g >r on H, g(0) =0.
Let hl € C”(IR) be such that hl =1 on [r,+»), hl=0 on a neigh-

bourhood of 0. If fl = hl 0gq. then fl =1 on H and fl € Al

since this is a closed subalgebra. Also, fl has compact support, say

K. Then from Nachbin's Lemma, there exist gy,...,g, € A;, h€ > ®Y, ho) =0
such that £ = h(gl,...,gz) on K. Hence f = f1 -h(gl,...,gﬂ) on

n

IR and from the rematrk on subalgebras it follows that £ € Z\, since

higys...,g,) € A, Now the proof is complete.

DEFINITION 5: For =z € C\VIR, let g, be the complex function on R

defined by
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T e——— e .
gz (x) z ! X IR

It is clear that g, € C;(IR) .

LEMMA 3: Lef o € SPC(IR). I§ g, e pP(m for some z € €\ IR, then

a 44 fundamental.

PROOF: ILet E = P(IR)“

. We claim that gI;P(]R) C E for all mEN.
In fact, for m=0 this is evident. Assume that the proposition is
true for some m € IN. Let p € P(IR).Since q = gz(p - p(2)) €P(IR),

then from the assumpticn it follows that
m+1 m
g, (p - p(2)) =g,9 € E.

Now the mapping £ € B, * gI;f € B, is continuous hence

——_m o
€ g, P(R) CE.

Since E is a complex vector space we have

M p = o0 p - p(2) + pl2)gy € B

is

m
o

8o the claim is proved. Further, the mapping f € Bu > £

>
#
e
N

Ql

continuous, hence E 1is self-adjoint since P(IR) is. So

for all £ € I ; whence

- o
M)t eglEc i P(M CcE forall m neE W,

From this it follows that the complex algebra A denerated by g, and
§Z is contained in E. Also A is self-adjoint and satisfies condi-

tions (N) since {gz} satisfies conditions (N). From Lemma 2 it
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focllows that P(IR) is dense in Bu , that is, o is fundamental.

LEMMA 4: let o € SPC(IR), 2, 2' € €\ IR. Then thehe exdsts a positive

Auch that

constant Cz, 2!

alg,p) < Cz,zv ° alg,,p) for all p € P(IR).

92

PROOF: Let p € P(IR). Since g,p = g

*g,p = (l+(z-2")9,)9,.p

T

N

it follows
a(g,p) < alg,p) + |z - z'|al(g,9,.p).-

From the definition of «, there exists C » 0 and m € IN such that

a(g £) < Cligl_a(f), for all g € C,(R), f € B.
m k!
If r = fymz|, then Il g Il = kfo T = C, and

a(g,p) < (1 + lz-2'| C C,) a(g,.p).

To finish, it is enough to observe that the number C, ,=1+ ]z—z'fccz
1

does not depend on p.

THEOREM 1: Lef o € SPC(IR). 1§ there exisls z € C\ R such that

Zhe set in complex plane
P (2) = {p(2)| p € P(R), alg;p) < 1}

L4 unbounded, then o 44 fundamental. Conversely L4 o L4 4undamental

then P _(2) L4 unbounded for all z € €\ IR.

PROOF: Assume that P (z) is unbounded. Let p € P(IR) be such that
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al(g;p) <1 and p(2) # 0. If

= — 1 -
q = oz 9z(P ~ p(2))
th € P(IR) d 22P i
en g (IR) an q4- 9, =502y * By choosing a constant Cz,i >0
as in Lemma 4 it follows that
C ,
d(q - g ) < _...ﬁ.:l_'.._ .
2 — 1
ip(2)]
Since Pu(z) is unbounded, then g9, € P(]R)o‘ and from Lemma 3 o 1is
fundamental.
Conversely assume that o is fundamental. Let 2z € €\ IR and
n € IN* be given. Since g, € P(IR)GL, there exists p € P(IR) such
that ct(gZ - p) < -rlT . Let g=n(l - (x-2)p). Then g € P(IR) and

cx(gzq) = noa(gz - p) < 1. If Ci,z is a positive constant as is Lem

ma 4 it follows that a(g;q) < C; . To finish we let Py = e
L4 .
n

Then Pr € P(IR), a(gipn) < 1 and pn(z) = = . Hence Pu(Z) is
i,z

unbounded.

THEOREM 2 (quasi-analytic criterion): Let o € SPC(IR). I

then o 44 fundamental.

PROOF: Let T be a continuous linear form on B, such that T vanishes
on P(IR). Let D denote the set of complex numbers 2 such that

Imz <1, Define

h(z) = T(gz), z € D.

It is enough to prove that h =0 on D. In fact assuming this, £from
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Hahn-Banach theorem it follows that g, S P(IR)“ for all z € D. Then
o 1is fundamental from Lemma 3.

Let 2 €D, n€ N, If n > 1 then

n n-1
g =g, X - L . x _ . _ X .
z z zn z z2 zn
Since T vanishes on P(IR) it follows that h(z) = _er T(gzxn) - This
¥4

is also true for n =0. Hence

LTl

In(z) ] < =

u(gzxn) for all =z € D, n € N.
2

From the definition of o, there exist C > 0 and m € IN such that

a(gf) <Clgll_ o(f) for all g € C(R), f € B.

Since |l g, IIm < (m+1)! for all z € D we have that

n
(*) lh(z)| < CIl Tl(m+1)! u—|(§}_ﬁL for all Z €D, n € N.
z

Let =z, z €D, 2 §# z,. Then g, - gzo = (z - zo)gzgz . Hence

h(z) -h(z)

o) 2
—— - T(g, )| = |T((g, - 9, )g, )]
z z, Zg z z,' *2Z,

< fz-zg|lTI a(gzggo) < lz-z | ITH(Cm+1) 1) > a(l).

From this it follows that h is holomorphic on D. Since (*) is true,

h is holomorphic on D and
1

8
il
+
8

n
1 \/ a(xn)

then Denjoy conditions in Watson's problem are satisfied, hence h

vanishes on D ([6]). Now the proof is complete.
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COROLLARY 1: Let A be the set of all semivorms o € SPC(IR) for which
thene anre posditive constants C, ¢ and N, m € IN (all depending on o)

Auch that

a(x’) < C(cnlogn-:..,. -logmn)n gon al€ n > N

whene log, 44 defdned by log,n =n and log n =log(logm__lrﬂ L4
m> 1,

Then A 44 a directed setl 0§ fundamental semdnorms,

PROOF: This is a direct conseguence of Theorem 2 observing that the

"moments" of any two such seminorms have a common estimate of the same

type.

THEOREM 3: Let o € SPC(IR"). 14 there exisi fundamental seminoams

Qprenerly € SPC(IR) such that

O‘(fl @ ... ® fn) < ul(fl) “ e -un(fn) fon atl fl,...,fneB,

Zhen o 44 fundamental.

PROOF: Let ﬂ:BOf.lx..'XB + B o be defined by 7(f fn)=fl®...®fn,

ll.-c,
for fl,...,fn € B. Then

S - ot':|_ Otn o
n(cc(m)x...xcc(m)) Cr(P(IR) ~ x...xP(IR) ") € m(P(IR) X ... xP(IR)

since each oy is fundamental and 7 is continuous. Hence if A 1is

the complex subalgebra generated by

T(Co(R) x.,.. x Co(R)) viz A = Co(R)® ... ® CL(R),

¢

then A C P(IRn) . Since A is a self-adjoint subalgebra of CS(IJU
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and also satisfies conditions (N), from Lemma 2 it follows that A

is dense in Bn o " Hence o 1s fundamental.

r

4. OPEN PROBLEMS

(1]

[ 2]

lI

Give integral criteria like those in [ 7] for characteriz-
ing fundamental seminorms on IR.

Under what conditions on o € SPC(IR) is it true that o is

-]

1

Y —————c f w ?
i=1 9a(xn)
If o € SPC(IR) is not fundamental, describe P(]‘R)d' .

fundamental if and only if

If o € SPC(IR) 1is not fundamental, are there positive con-
stants ¢, C such that for all p € P(IR}), a(p) <1 and
2 € C we have |[p(z)]| < Ceclz, ?

Under what conditions on a € SPC(IR) is it true that a is
fundamental if and only if the set {p € P(IR), a(p) <1} is
unbounded in the space of entire functions on €2

Give a characterization of fundamental seminorms on rR" :
n > 2,

Is the set of all fundamental seminorms on R directed ?

Same ¢©n JRn ?
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