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Introduction

Today, the subject of Functional Analysis is more active than ever. Celebrating the
contributions of one of the leading scientists in this field, Professor Victor Shulman,
has given us the opportunity to present in this volume a number of aspects of the
area that are closely related to his work. His contributions to Functional Analysis
are explained in greater detail in the article by E. Kissin, M. Lomonosov and Yu.
Turovskii, included in the present volume.

Algebraic methods have been used with great success in Functional Analysis
since its very beginnings. In the 1930s, F. Murray and J. von Neumann introduced
what is known today as von Neumann algebras with the aim of formulating a
suitable mathematical language for Quantum Physics. A decade later, .M. Gelfand
and M. Naimark developed the theory of C*-algebras. These two complementary
and symbiotic contexts have provided the ground for many of the algebraic aspects
of Operator Theory in later years. They have been the starting point for the
development of hugely successful theories, such as Operator Space Theory in the
1980s and the Theory of Locally Compact Quantum Groups in the past decade.
Motivation for their development has come simultaneously from “single operator
theory”, that is, from the study of the properties of individual operators acting on
Hilbert space.

The more general setting of Banach spaces has been, both directly and in-
directly, essential for the development of many new ideas in Operator Theory;
indeed, it has been a motivating force in Operator Space Theory, serving at the
same time as the “right” context, in terms of generality, for studying various oper-
ator theoretic questions. Large parts of Harmonic Analysis have enriched, and have
benefited from, Functional Analysis; one example is the study of various classes of
operators arising directly from the context of topological groups, such as Toeplitz
operators, while another one is Invariant Subspace Theory for non-selfadjoint op-
erator algebras, which has been influenced by Beurling’s theorem. The successful
functional analytic formulation of Non-commutative Harmonic Analysis by P. Ey-
mard in the mid 1960s has had a decisive impact on the research in the field,
and has provided the base for the aforementioned developments in the theory of
locally compact quantum groups. Banach algebras, developed simultaneously with
C*-algebras, have, on the other hand, provided a simple algebraic setting for the
study of a great number of analytical problems.

The present volume reflects, to a significant extent, all of the above settings
and presents the state-of-the-art of a number of subareas of Operator Theory. It
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is comprised of comprehensive survey articles and original research papers that
concern, among others, the following domains: the theory of C*-correspondences,
non-selfadjoint operator algebras and masa-bimodules, local multiplier algebras,
operator ideals, Banach space geometry, the theory of linear preserves, lifting prop-
erties in C*-algebras, the theory of topological algebras and the theory of locally
compact quantum groups. It also includes an article on topological radicals, which
is of a larger size than the rest of the contributions due to the vast scope of its
subject. The topics presented in the volume are currently undergoing intensive
development, and further progress on them is expected in the future.

The papers were refereed by qualified experts in the field. The Editors would
like to thank all referees for their prompt advice, which helped improve the volume.

We wish to take the opportunity to thank all participants of the conference
and, in particular, the authors of the articles of these proceedings. Last, but not
least, we would like to thank the Swedish Research Council and the Wenner-Gren
Foundation for providing the financial support, without which the meeting would
never have materialised.

8 December 2012 Ivan Todorov, Belfast
Lyudmila Turowska, Gothenburg
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Victor Shulman:
The Gentle Art of Mathematics

E. Kissin, V. Lomonosov and Yu. Turovskii

It came as a bit of a shock to all of us:
Victor (or Vitya, as we affectionately call
him in Russian) is 65. Hold on, this can’t be
true! We just played football with him and
he scored a few goals. He was all over the
field — full of drive and the desire to win.
No, he cannot be 65! Don’t tell us about
his date of birth or the age of his children.
It just doesn’t make sense!

It all started with an email from Ivan
Todorov and Lyudmila Turowska. They in-
formed us that they were going to orga-
nize a mathematical conference in Gothen-
burg, Sweden in honour of the 65th an-
niversary of Professor Victor Shulman, and
asked whether we would like to participate.
Who could refuse?! Thanks to Lyudmila’s
and Ivan’s energy, devotion and organiza-
tional skills, the conference sprang into be-
ing, the money for it materialized thanks
to some magic tricks (and to the generosity of the Swedish Research Council and
Wenner—Gren Foundations and to the help of the research network for Operator
algebras and Dynamics supported by NordForsk), mathematicians from all over
the world were invited, the topics and schedule of the talks were agreed, accom-
modation was found, and, most importantly, the time and place for the football
match of the year was arranged.

The conference went very smoothly: the weather was nicely arranged — sunny
and warm, but not too hot; the speakers delivered their talks with great gusto;
the audience listened enthusiastically, asked respectful and clever questions and
applauded at the end. Finally, the organizers laid on a delicious dinner for the
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participants and, in the intervals between courses, we listened to speeches and
watched a very witty film about Victor, directed by his devoted brother Boris and
Lyudmila’s husband, Slava Turovski.

The conference came to an end and the participants went back to their coun-
tries, but they all took with them some particles of Victor’s warmth, his gentle
smile, and an indefinable sense of his inspiring presence and personality.

Let us start with some words about Victor, written by the second author of
this preface, one of Victor’s oldest friends and collaborators, and delivered at the
conference:

I have known Victor Shulman for almost forty years and have admired
him all that long period of time. He is a great man in all respects. He has
been working successfully in many different areas of Functional Analysis
and his citation index is “above the clouds”. He has collaborators all over
the world, some of whom he has never even met. He has an amazing
feeling for the right direction in mathematics. For twenty years he and
his former student Yurii Turovskii have been developing the theory of
the joint spectral radius of a family of operators. Eventually two long-
standing problems were solved. In particular, they proved that Volterra
Lie algebras have non-trivial invariant subspaces.

Victor is a very courageous man. In 1968 after the Soviet invasion
of Czechoslovakia he distributed a letter of protest written by Czechoslo-
vakian intellectuals. The consequences could have been severe. Fortu-
nately, he was ‘only’ expelled from graduate school and kept under KGB
close surveillance.

Victor is a devoted husband and the father of three lovely children.
Two of them — his daughters — are productive mathematicians in their
own right. With the youngest of them — Tatyana — he has written two
joint papers (2009, 2011) “On Lie submodules and tensor algebras” and
“On algebras generated by inner derivations”. Victor is also quite an
expert on modern and classical Russian literature, and I have learned a
lot from him on this subject. And what a fantastic football player he is
— even better than his brother, who played in his youth for the Dinamo-
Kiev junior football team! Apart from all this, Victor is a very kind
man with a charming smile, always ready to help anybody who needs it.
Everybody likes him and this is why all of you are here.

Victor Semyonovich Shulman was born on 8 October 1945 in Odessa, into the
family of a military officer, Semyon Moiseyevich Shulman, and his wife, Anna
Yakovlevna Gutvah. Later Semyon Moiseyevich became a school teacher of math-
ematics and infused his sons with enthusiasm for the subject. Victor went to school
in Kiev, where he not only developed his love for mathematics and Russian litera-
ture, but also learned to play football so well that he even played for the Ukrainian
national youth team.



Victor Shulman: The Gentle Art of Mathematics 3

After winning a school Olympiad in physics and mathematics organized by
the Moscow Institute of Physics and Technology (MFTI), Victor decided to study
Theoretical Physics at MFTI. Later he started to attend the lectures of Mark
Aronovich Naimark on Functional Analysis and Normed Algebras. He also at-
tended Naimark’s research seminar at the Steklov Institute of Mathematics and
became his student. Even at this busy time he did not forget football and played
in MFTT’s football team. After graduating in 1967, he continued to study mathe-
matics at Graduate School under Naimark’s supervision. However, more important
things deflected his attention from mathematics for some period of time. First was
his marriage to his wife Natalia in 1965 and the birth of their daughter Ekaterina
in 1966. Another distracting factor was his troubles with the KGB for distribut-
ing forbidden materials in 1968. As a result Victor was expelled from Graduate
School and forced to leave Moscow in 1970. Naimark, who had a great influence on
Victor and whom Victor respected very much, advised him to continue to study
mathematics, commenting: “You will have to make a choice. If you want to be a
mathematician, we will continue solving mathematical problems together; other-
wise you will have to be prepared for various troubles for your family and forget
about mathematics”. Victor made his choice. He moved to Baku in Azerbaijan in
1970 and stayed there until 1975 publishing fifteen mathematical papers during
those six years. In 1972 he defended his Ph.D. at the Institute of Mathematics and
Mechanics in Baku.

In 1975 Victor moved to Vologda — a town situated 500 kilometres to the
North-East of Moscow — and began lecturing at Vologda State Technical Uni-
versity. Some years later he defended his Doctor of Science (Doctor Habilitatus)
dissertation on “Invariant subspaces and linear operator equations” at the People’s
Friendship University in Moscow. In 1995 he also started teaching at Vologda State
Science and Mathematical Lyceum — a school for mathematically gifted children —
where he delivers popular classes on various topics of contemporary mathematics
and the methods of solving non-standard mathematical problems. Many of his
pupils went on to win mathematical Olympiads at various levels. He imbues his
students with an understanding and love of mathematics, passing on to them his
enthusiasm and knowledge. He also befriends them and helps them to find their
own way not just in mathematics but also in life; Victor enables his students to
become better, decent people with integrity and high human values. And what
could be better for developing friendship than a good football game? So almost
every week Victor plays football with his students, and looking at the game you
would never believe that he is four times older than them.

Victor’s collaborative work with Edward Kissin started in 1991-1992 (al-
though they first met in 1962 while studying at the MFTT) and kept bringing Victor
to London twice a year. In 2000-2003 and 2007-2008 he was appointed a Research
Fellow at London Metropolitan University. Later he became a frequent guest of the
Chalmers University of Technology, Gothenburg, Sweden, where he collaborated
with Lyudmila Turowska. All these travels opened challenging new horizons for
Victor: improving his command of English and scoring fresh football victories in
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foreign lands. He learned to appreciate the writings of Dickens and Sterne more
deeply, and met many different people, some of whom became good friends.

Victor is a very talented and distinguished mathematician. He is extremely
active in mathematics and mathematically “sociable”; the fact that he has 28 dif-
ferent co-authors demonstrates his intellectual openness and ability to establish sci-
entific and personal contacts. He combines his awesome erudition in different areas
of mathematics with an amazing intuition for forming mathematical hypotheses,
often proving them himself. And alongside all this he remains a very unassuming
person with remarkable human qualities. His acute feeling for injustice and desire
to help others draw people to him. In his cordial, sympathetic manner he is al-
ways the first to inquire about other people’s health and circumstances, to find out
whether they need any assistance. Being himself modest and tactful, he appreciates
these qualities in others. At the same time, he is someone with whom it is great
fun to converse and correspond. All his friends keep his witty, remarkable, long
letters — full of great mathematics and funny stories, warmth and thoughtfulness.

Victor’s interests in mathematics are unusually wide and varied. He developed
work in a number of different directions, discussed below. In the early period of his
mathematical life the deep ideas of Victor’s teacher M.A. Naimark and of his fa-
vorite mathematician W. Arveson had a significant influence on him. Victor worked
on various conjectures of Arveson and proved some of them. One of the topics that
always attracted Victor was the structure of invariant subspaces of operator alge-
braic systems. The importance of this issue stems from the possibility of its use
for the analysis of the essential properties (spectral characteristics of geometric
invariants, irreducible representations) of these systems. Of particular significance
is the opportunity to use these results in the study of linear operator equations
and, in turn, to apply them to differential equations and pseudo-differential oper-
ators. Victor was also fascinated by the fruitful relationship between the theory of
invariant subspaces and Banach algebras, spectral theory of operators, the infinite-
dimensional geometry, the measure and approximation theories, harmonic analysis
(in particular, the spectral synthesis), the asymptotic behaviour of operator semi-
groups, structural theory of infinite-dimensional Lie algebras etc. Thanks to his
erudition, he succeeded in bringing all these areas of mathematics into the orbit
of his research.

In his late years M.A. Naimark worked on developing the theory of group
representations and the theory of J-symmetric operator algebras on Pontryagin
II,.-spaces, kK < 0o, with indefinite metric. Therefore it is natural that Victor’s first
published paper (1971) was devoted to the study of the structure of J-symmetric
operator algebras on Il;-spaces. In a further eleven papers Victor returned again
to this subject, either by himself or with different co-authors. In 1972 he con-
structed six canonical models of uniformly closed J-symmetric operator algebras
on II;-spaces that exhaust the variety of all such operator algebra on II;-spaces.
Using these models, he established that if A has a separating vector then A = A",
and if A has a bicyclic vector, then there is an antilinear J-involution j such that

A =jAj.
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Victor devoted several papers to the problem of similarity of J-symmetric
representations of *-algebras on Il.-spaces to *-representations and J-unitary
representations of groups to unitary representations. In 1977 he proved that J-
symmetric representations of C*-algebras on Il,-spaces are similar to *-representa-
tions. In 1978 he and A. Loginov used the brilliant theorem of J. Cuntz on locally
C*-equivalent Banach *-algebras to show that any norm-closed J-symmetric op-
erator algebra on a Il,-space either has an invariant subspace or is isomorphic to
a C*-algebra. This result was later extended in his joint paper with E. Kissin and
A. Loginov (1996), where it was established that all J-symmetric representations
of almost Hermitian algebras on Il;-spaces have invariant subspaces.

In 1980 Victor showed that bounded J-unitary representations of groups on
I1;-spaces are similar to unitary representations. Some 29 years later in his joint
paper with M. Ostrovskii and L. Turowska, this result was extended to bounded
J-unitary representations of groups on Il;-spaces, for all K < co. The approach of
this paper was based on the study of fixed points for families of operator fractional
linear transformations.

Victor told the following anecdote about his work on the fixed-point theorem.
In one of his conversations with his uncle in Australia, he was asked what problems
he had been working on. When the uncle heard that it was the problem of a fixed
point, he was perplexed and remarked: “This is what I always suspected about
mathematicians. They can study just one point which does not even move”.

In 1997 Addison Wesley Longman Publishing house published a book by E.
Kissin and V. Shulman “Representations on Krein spaces and derivations of C*-
algebras”, summarizing the material on representations of algebras and groups on
Krein and II,-spaces and their applications to derivations of C*-algebras.

In 1972-1988, together with A. Loginov, Victor studied reflexive operator
algebras, hereditary and intermediate reflexivity, reductive operator algebras and
the invariant subspace problem. They wrote papers on the Sarason theorem and
Radjavi-Rosenthal hypothesis and on transitive operator spaces. In 1974, together
with A. Loginov and M.A. Naimark, Victor published a survey “Non-selfadjoint
algebras of operators on Hilbert spaces”, and in 1988, together with A. Loginov, a
survey “Invariant subspaces of operator algebras”. These surveys were very impor-
tant for mathematicians working in this area and initiated much new research, as
they reviewed and summarized all known results on the subject and posed many
important questions for further investigation.

In 1980 and 1982 Victor wrote two joint papers with his former student A.
Fainstein on stability of Fredholm complexes of Banach spaces. Together with
V. Khatskevich and Yu. Shmulian, he also wrote two papers (1984 and 1991) on
hierarchy of preorders and equivalences in operator ball that arise in various op-
erator problems. Two papers co-authored with his former student G. Mustafaev
appeared in 1985 and 1989, investigating the density of vector functionals and the
norms of inner derivations of operator algebras. Operator algebras with commuta-
tive symmetric lattices of invariant subspaces were explored in a joint paper with
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S. Rosenoer in 1986. Operator semigroups with quasinilpotent commutators were
studied by Victor in 2000, together with H. Radjavi and P. Rosenthal.

Victor’s interest in theory of linear operator equations arose as early as 1973
when he wrote a joint paper with A. Loginov about the Fuglede-Putnam theorem
and reflexivity. He noticed a close relationship between this theorem, operator syn-
thesis, fine spectral structure of multiplication operators with normal coefficients
and invariant subspace theory. In 1984 and 1988 Victor developed the method
of approximate inverse intertwinings. In his papers of 1983 and 1990 and in his
joint paper of 2004 with L. Turowska he proved a non—commutative version of
the Fuglede theorem and simplified the proof of the Fuglede—Weiss theorem ob-
tained earlier by G. Weiss. In this last paper his previous results (1983, 1988,
1996) about the fine spectral structure of multiplication operators also obtained
their final form. As a corollary of a general theorem about the kernels of fam-
ilies of operators which he proved in 1990, Victor transferred his results about
equivalence of linear operator equations with normal coefficients to the equations
with quasi-nilpotent coefficients. Some applications to Varopoulos algebras and
to differential operators with constant coefficients were obtained in his paper of
1990. In 1996 Victor extended the Fuglede—Weiss theorem to the Schatten ideals
Sy, p € (1,2), of compact operators on a Hilbert space and showed that there
are constants ¢, such that |[[A*, X]||, < ¢, [|[4, X]||, for all normal operators A
and bounded operators X. Further extensions of this results were obtained in a
series of joint papers with E. Kissin (2001-2005). Results on representations of
relations of the form i[A, B] = f(A) + f(B) were obtained in 1991 in his paper
with Yu. Samoilenko. Semilinear relations and their representations were studied
in his article of 1996, co-authored with Yu. Samoilenko and L. Turowska.

An important role in Victor’s research is played by the question of triangular-
ization — finding the maximal chains of invariant subspaces of operator algebras,
Lie algebras and semigroups, and, as the first step, finding the criteria of the exis-
tence of non-trivial invariant subspaces. This question is of paramount importance
for the classification of representations of these algebraic structures and for the in-
vestigation of the structure of their ideals and factors. The first infinite-dimensional
results in this area are connected with the names of Hilbert, Schmidt, Weyl, von
Neumann, Stone, Halmos, Pontryagin, Krein. The paper by V. Lomonosov in 1973
was a crucial step in the development of this area of research. It was followed by
the work of D. Gurarie and L. Waksman, W. Wojtynski, H. Radjavi, P. Rosenthal
and many other mathematicians.

To develop further the theory of invariant subspaces Victor made use of the
notion of the joint spectral radius, introduced by G.-C. Rota and W.G. Strang in
1960. Using the spectral radius technique, he established in 1984 the existence of
a hyperinvariant subspace for an operator algebra that has compact operators in
its Jacobson radical. Later in 1999-2002 in a series of papers he and his former
student Yu.V. Turovskii studied fundamental analytical properties of the joint
spectral radius and applied this concept to the study of representations of infinite-
dimensional Lie algebras and operator semigroups. They obtained various criteria
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for the existence of invariant subspaces and the triangularization of these systems.
One of the first joint results they obtained was an unexpected one (that later
had far-reaching generalizations) on the triangularization of infinite-dimensional
solvable Lie algebras of compact operators. They also established, in particular, the
existence of invariant subspaces for any Lie algebra of Volterra operators and its
triangularization. Recently, together with M. Kennedy and Yu. Turovskii, Victor
proved the same result for Jordan algebras of Volterra operators.

Another interesting research direction that Victor is vigorously pursuing is
to determine the conditions of continuity of the map A — Lat A (the main map
in the theory of invariant subspaces) that associates with each operator algebra
A its lattice of invariant subspaces. The interest to the continuity of Lat is due
to the fact that it makes it possible to apply the “approximation” method to the
description of the lattices of invariant subspaces. Criteria of continuity are also
useful in the study of reflexive lattices of subspaces, i.e., the lattices of the form
Lat M, for some set of operators M, and in determining suitable conditions for
the reflexivity of lattices of subspaces. This shows the topological underpinnings of
some fundamental results in the theory of operator algebras such as the Arveson
theorem on reflexivity commutative lattices. The question of the continuity of Lat
leads to the study of the geometry of subspace lattices and of the spatial tensor
product of such lattices. In particular, it leads to the study of the Hopenwasser—
Kraus problem of finding conditions on operator algebras A and B, in which the
lattice of invariant subspaces of their tensor product is the same as the tensor
product of their lattices.

The first time the study of the continuity of Lat implicitly emerged in the
work of von Neumann. Later it was developed in the writings of Apostol, Foias,
Voiculescu, Halmos, Conway, Hadwin, Davidson and others. They mainly focused
their research on algebras with one generator. Victor in 1989 and 1994 and in his
joint papers with I. Todorov (2004, 2005) considered a much more general approach
to the continuity of the map that required different and new techniques. This
approach was based on the study of geometric properties of lattices of projections.
They proved that

Lat(lim({Ax})) = lim Lat({A.\}),

for all nets of weakly * closed algebras {A,} such that all Ay are either W*-
algebras, or contain masa, or are subalgebras of a W*-algebra with properly infinite
commutant. Using this result, they obtained a general approximate criterion of
reflexivity of subspace lattices that allowed them to solve the reflexivity problem
for a wide class of lattices. As a corollary, they obtained a positive solution of the
Hopenwasser—Kraus problem for a pair of von Neumann algebras one of which is
injective.

One of the focal points of Victor’s work is the study of the structure of opera-
tor bimodules over maximal selfadjoint commutative operator algebras (masa) and
of the corresponding bilattices of projections. The problems he has investigated
can be divided into two classes: those that use purely operator technique in the
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study of the theory of bilattices, and those that occur when a coordinate approach
is used. The investigation of the second class of problems involves the theories
of measure, of capacity, of spectral analysis—synthesis and other classical areas of
analysis. The coordinate approach first arose in the works of Arveson, who studied
a special class of bimodules — CSL-algebras — and posed many problems, some of
which have been solved by Victor. The need to study the general situation was
revealed in the last decade, in response to the needs of the theory of linear opera-
tor equations that arise in the representation theory of quantum groups, integral
equations and linear partial differential equations. To address this issue, Victor
created and developed new means and methods: the theory of operator synthesis,
the theory of approximate inverse intertwinings and the theory of pseudo topo-
logical spaces associated with the direct products of two measure spaces. These
new approaches allowed him to construct subtle examples that show the difference
between masa-bimodules and CSL-algebras in geometrical properties. They also
allowed him to characterize the support of masa-bimodules that contain opera-
tors from Schatten ideals and to identify criteria of density of masa-bimodules.
In particular, Victor has shown that transitive masa-bimodules are ultra weakly
dense in the algebra of all operators — the solution of a K. Davidson’s problem.
The relationship between spectral and operator syntheses is itself a fruitful area of
research in which Victor was able to establish a number of results that are useful
for both operator theory and harmonic analysis. He started his work in this area in
1973 with A. Loginov and continued to develop it through the years involving nu-
merous collaborators: Yu. Samoilenko and L. Turowska (1996), R. Haydon (1996),
J. Erdos and A. Katavolos (1998), E. Kissin (2006) and L. Turowska (2004).

Victor’s interest in the structure of differential subalgebras and unbounded
derivations of Banach and C*-algebras goes back to 1993 when he published a
joint paper with E. Kissin on this subject. In a subsequent series of papers (1994,
1998, 1999, 2001, 2002) they investigated various properties of differential Ba-
nach *-algebras of compact operators, their dual spaces and isomorphisms, and
approximation property of differential Schatten *-algebras. Some of these results
were published in their book “Representations on Krein spaces and derivations
of C*-algebras” (Addison Wesley Longman, 1997). Victor’s paper with E. Kissin
and V. Lomonosov (2003) was also devoted to the problem of implementation of
derivations and invariant subspaces.

In 2001 Victor published a paper with Yu. Turovskii about topological radi-
cals in Banach algebras. It was the beginning of a series of papers (2005, 2011, and
at least one more in preparation), where they studied radical normed algebras,
their tensor products, the joint quasi-nilpotence and applications to the spectral
theory of multiplication operators. They also obtained the generalized Berger—
Wang formulae for calculation of the joint spectral radius.

Non-associative operator algebras also constitute a substantial part of Vic-
tor’s interests. In 2005 Victor and Yu. Turovskii proved that a Lie algebra of
compact operators with a non-zero Volterra Lie ideal has a non-trivial invariant
subspace and applied the related results to the structure theory of Lie algebras
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of compact operators and normed Lie algebras with compact adjoint action. In
2009 he published two papers with M. Bresar and E. Kissin about the structure
of Jordan and Lie ideals of Banach and C*-algebras. In the same year he wrote
a paper with his daughter Tatyana “On Lie submodules and tensor algebras”.
With M. Kennedy and Yu. Turovskii in 2009 he investigated the structure and
invariant subspace problem for subgraded Lie algebras of compact operators and,
together with M. Bresar and Yu. Turovskii in 2010, the tractability and the ideal
problem in non-associative operator algebras. In two papers with E. Kissin and
Yu. Turovskii in 2009 Victor studied Banach Lie algebras with Lie subalgebras
of finite codimension and proved that these Lie algebras always have closed Lie
ideals. Using this as a springboard, they developed a theory of topological radicals
in Banach Lie algebras and described Banach Lie algebras with sufficiently many
Lie subalgebras of finite codimension.

Let B(H) be the algebra of all bounded operators on a Hilbert space H and
let & be either a Schatten ideal of B(H), or B(H) itself. A continuous function f
on R is an &-Lipschitz function, if there is c¢g > 0 such that

1F(A) = F(B)lls < cs A~ Bllg

for all selfadjoint operators A, B in &. It is Gateaux or Fréchet &-differentiable,
if the map A — f(A) is Gateaux or Fréchet differentiable in ||-|| 5. Much work has
been done on the theory of these classes of functions by Birman and Solomyak,
Davies, Farforovskaya, Johnson and Williams, Peller, Aleksandrov, Arazy, Bar-
ton, Friedman, Pedersen and others. In their first paper on this subject, published
in 1996, Victor and E. Kissin proved that the classes of Gateaux and Fréchet
B(H)-differentiable functions coincide and that the functions from these classes
(operator differentiable functions) act on the domains of closed derivations of C*-
algebras. This work was followed by several other joint papers (2001-2007) in
which the authors studied the hierarchy of the mentioned functional classes, con-
sidered the smoothness properties of the action of analytic functions on non-self-
adjoint operators, introduced C*-analogues of Schur multipliers and studied many
other questions on operator smoothness. In particular, it was shown that the space
of operator differentiable functions coincides with the closure of the subspace of
polynomials in the space of B(H )-Lipschitz functions and that the latter space is
non-separable. For the proof of the second statement, they constructed a large va-
riety of B(H)-Lipschitz functions which were not continuously differentiable (the
existence of such functions was questioned by Williams). Recently, together with
D. Potapov and F. Sukochev they proved for & # B(H) that a function of many
variables is an &-Lipschitz function if and only if it is a Lipschitz function in the
usual sense. They also proved that any Lipschitz function f acts on the domains
of all closed *-derivations on & and that f is Gateaux (respectively, Fréchet) &-
differentiable if and only if f is differentiable and its derivative is bounded on all
compacts (respectively, is continuous).

Well, Victor has achieved a great deal in mathematics and in life in general.
Due to his talent, enthusiasm, energy and appetite for discovering mathematical
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mysteries and laws, he has published a book and at least 119 papers (we suspect
rather more, in fact). He has brought up a wonderful family. He has helped many
people to understand and enjoy mathematics. He has acquired a multitude of
friends — mathematical and non-mathematical — all over the world. He has shared
his warmth, his smile and good humour with many people around him, and has
always stretched out a helping hand to anyone in need. We all — friends, students
and colleagues — wish him “till 120” in good health and clear mind, to enjoy and
appreciate life, to climb many more mathematical mountains successfully, and to
continue to enrich our lives with his friendship and support.

List of publications by V.S. Shulman
Book

1. (with E. Kissin) Representations on Krein Spaces and Derivations of C*-
algebras, Addison Wesley Longman (600 pp.), 1997.

Papers
Papers marked with an asterisk * were written in Russian.
1. Operator algebras in a space with indefinite metric of 11;-type, DAN SSSR
201 (1971) 44-47*.
2. Relations between the classes of Lebesgue and Denjoi integrable functions,
Math. Notes 10 (1971) 219-28*.

3. (with V. Liberson) Operator-irreducible symmetric operator algebras on the
Pontryagin spaces, Izv. AN SSSR 35 (1971) 1159-70*.

4. An example of a Denjoi integrable function which is not integrable in Khin-
tchin’s sense, Math. Notes 10 (1971) 295-300*.

5. Symmetric Banach algebras of operators in 1l;-space, Matem. Sbornik 89
(1971) 264-79*.

6. (with A. Loginov) On Saroson Theorem and Radjavi-Rosenthal hypothesis,
DAN SSSR 205 (1972) 284-85%*.

7. On reflexive operator algebras, Matem. Sbornik 87 (1972), 179-87*.

8. (with A. Loginov) Fuglede—Putnam Theorem and reflexivity, DAN SSSR 210
(1973) 543—-44*.

9. (with A. Loginov) Heredity and intermediate reflexivity of W*-algebras, DAN
SSSR 212 (1973) 810-12*.

10. (with V. Liberson) Non-degenerate operator algebras in indefinite metric
spaces, Izv. AN SSSR, 37 (1973) 533-38*.

11. (with M.A. Naimark and A. Loginov) Non-selfadjoint algebras of operators
on Hilbert spaces, “Math. Analysis”, AN SSSR, VINITI, Moscow 12 (1974)
413-65*.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Victor Shulman: The Gentle Art of Mathematics 11

Multiplication operators on C*-algebras and the reflexivity problem for al-
gebras containing masa, Functional Analysis and its Applications 8 (1974)
92-93*.

Operator algebras with strictly cyclic vectors, Math. Notes 17 (1974) 253-57*.

(with A. Loginov) Reductive operator algebras and the invariant subspace
problem, DAN SSSR 216 (1974) 36-38*.

Linear operator equations with generalized scalar coefficients, DAN SSSR, 225
(1975) 56-58*.

(with A. Loginov) Heredity and intermediate reflexivity, Izv. AN SSSR, 39
(1975) 1260-73*.

(with A. Loginov) Reductive operators and operator algebras, Izv. AN SSSR
40 (1976) 845-54*.

Representations of C*-algebras on the spaces with indefinite metric, Math.
Notes 22(1977) 583-92*.

(with A. Loginov) Irreducible J-symmetric operator algebras on the spaces
with indefinite metric, DAN SSSR 240 (1978) 21-23%*.

A fized-point theorem, Functional Analysis and its Applications 13 (1979)
88-89*.

On fized-points of fractional linear transformations, Functional Analysis and
its Applications 14 (1980) 93-94*.

(with A. Fainstein) Fredholm complezes of Banach spaces, Functional Anal-
ysis and its Applications 14 (1980) 87-88*.

(with A. Fainstein) Stability of index for a short Fredholm complex with re-
spect to perturbations which have small measure of non-compactness, Spectral
Theory of Operators and Applications, Baku, “Elm” 4 (1982) 189-98*.

On transitive operator spaces, Functional Analysis and its Applications 16
(1982) 91-92%*.

(with B.P. Osilenker) On lattices of invariant subspaces of some operators,
Functional Analysis and its Applications 17:1 (1983) 81-82*.

Modules over operator algebras, Functional Analysis and its Applications 17
(1983) 94-95%*.

Linear operator equations with normal coefficients, DAN SSSR 270 (1983),
1070-73%.

On vector functionals and approximation in operator spaces, Spectral Theory
of Operators and Applications, Baku, “Elm” 5 (1984) 192-225*.

On invariant subspaces for Volterra operators, Functional Analysis and its
Applications 18 (1984) 85-86*.

Multiplication operators and traces of commutators, Research on linear op-
erators and the function theory, XIII, Notes of LOMI seminars 135 (1984)
182-94%*.



12

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

E. Kissin, V. Lomonosov and Yu. Turovskii

(with A. Loginov) On invariant subspace lattices of some operators, Research
on theory of functions of one or several real variables, Yaroslavl University
16 (1984) 105-13*.

(with V. Khatskevich and Yu. Shmulian) On equivalent contractions, DAN
SSSR 278 (1984) 47-49*.

(with G. Mustafaev) On density of vector functionals, DAN SSSR 280 (1985)
804-06*.

On mutual disposition of some subspaces in C*-algebras, Spectral Theory of
Operators and Applications, Baku, “Elm” 6 (1986) 196-216*.

(with S. Rosenoer) Operator algebras with commutative symmetric lattices of
invariant subspaces, Izv. of AN Azerb. SSR 7 (1986) 21-26*.

(with Yu. Turovskii) Conditions of massiveness of the image for a derivation
of a Banach algebra, and related differential operators, Math. Notes 42 (1987)
305-14*.

(with A. Loginov) Invariant subspaces of operator algebras, “Mathematical
Analysis”, Itogi Nauki (VINITI) 26 (1988) 65-145%.

Intertwinings and linear operator equations, DAN SSSR 301 (1988) 57—61*.
Lattices of projections in Hilbert space, Functional Analysis and its Applica-
tions 23 (1989) 86-87*.

(with G. Mustafaev) Estimates of the norms for inner derivations of some
operator algebras, Math. Notes 45 (1989) 105-10*.

Multiplication operators and spectral synthesis, DAN SSSR 313 (1990), 1047—
51°%*.

Spectral synthesis and the Fuglede—Putnam—Rosenblum theorem, Function
Theory and Functional Analysis 54 (1990) 25-36*.

“K.R. Davidson. Nest Algebras. Longman Sci. and Techn. Pitman Research
Notes Math. 1988, 411 pp.”, Algebra and Analysis 2:3 (1990) 236-55%*.

(with Yu. Bespalov and Yu. Samoilenko) Families of operators related by
semilinear relations, Applications of Methods of Functional Analysis in Math-
ematical Physics, 1 (1991) 28-51*.

(with Yu. Samoilenko) Representations of relations of the form i[A, B] =
f(A) + ¢g(B), Ukrainian Math. Journal 43 (1991) 110-14*.

(with V. Khatskevich and Yu. Shmulian) Preorders and equivalence in oper-
ator ball, Siberian Math. J. 32 (1991) 172-83*.

(with O.Yu. Borenshtein) One theorem on minimaz, Math. Notes 50:1 (1991)
139-41%*.

(with E. Kissin) Dense Q-subalgebras of Banach and C*-algebras and un-
bounded derivations of Banach and C*-algebras, Proc. Edinburgh Math. Soc.
36 (1993) 261-76.

(with A. Loginov) Vector-valued duality for modules over Banach algebras,
Izv. RAN 57:4 (1993) 3—-35%*.



50.

o1.

92.
53.

54.

95.

96.

o7.

98.

99.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Victor Shulman: The Gentle Art of Mathematics 13

(with E. Kissin) Differential Properties of Some Dense Subalgebras of Banach
and C*-algebras, Proc. Edinburgh Math. Soc. 37 (1994) 399-422.

Invariant subspaces and spectral mapping theorems, Functional analysis and
operator theory, Banach Centre Publications 30 (1994) 313-25.

Operator preserving ideals in C*-algebras, Studia Math. 109:1 (1994) 67-72.
(with V. Khatskevich) Operator fractional-linear transformations: convezity
and compactness of image, Studia Math. 116:2 (1995) 189-95.

(with E. Kissin and A. Loginov) Derivations of C*-algebras and almost Her-
mitian representations on II,.-spaces, Pacific J. Math. 174 (1996) 411-30.
(with V. Senderov) Operators that are not J-normal, Proceedings of 26th
Voronezh Math. School (1996) 85.

(with Yu. Samoilenko and L. Turowska) Semilinear relations and their repre-
sentations, Methods of Functional Analysis and Topology 2:1 (1996) 55-111.
(with E. Kissin) Operator differentiable functions and derivations of operator
algebras, Functional Analysis and its Applications 30:4 (1996) 75-77*.
Some remarks on the Fuglede—Weiss Theorem, Bull. London Math. Soc. 28
(1996) 385-92.

(with R. Haydon) On a measure-theoretic problem of Arveson, Proc. Ameri-
can Math. Soc. 124:2 (1996) 497-503.

Quasivectors and Tomita—Takesaki theory for operator algebras on Il -spaces,
Reviews of Math. Physics 31:6 (1997) 749-83.

Factorization of completely positive cocycles and GNS-construction for rep-
resentations on Pontryagin spaces, Functional Analysis and its Applications
31:3 (1997) 91-94*.

(with E. Kissin) Differential Banach *-algebras of compact operators associ-
ated with symmetric operators, J. Functional Analysis 156 (1998) 1-29.
(with E. Kissin) Dual spaces and isomorphisms of some differential Banach
*_algebras of operators, Pacific J. Math. 100:2 (1999) 329-60.

(with E. Kissin) On the range inclusion of normal derivations: variations on
a theme by Johnson, Williams and Fong, Proc. London Math. Soc. 83 (2001)
176-98.

(with J. Erdos and A. Katavolos) Rank one subspaces of Bimodules over
Mazimal Abelian Selfadjoint Algebras, J. Functional Analysis, 157 (1998),
554-87.

(with Yu. Turovskii) Solvable Lie algebras of compact operators have invariant
subspaces, Spectral and Evolutionary Problems, Simferopol 9 (1999) 38—44.
(with H. Radjavi and P. Rosenthal) Operator semigroups and quasinilpotent
commutators, Proc. American Math. Soc. 128:8 (2000) 2413-20.

(with Yu. Turovskii) Joint spectral radius and invariant subspaces, Functional
Analysis and its Applications, 34:2 (2000) 91-94*.

(with Yu. Turovskii) Joint spectral radius, operator semigroups and a problem
of W. Wojtynski, J. Functional Analysis, 176 (2000) 383—441.



14

70.

71.

72.

73.

4.

75.

76.

e

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

E. Kissin, V. Lomonosov and Yu. Turovskii

(with E. Kissin) Differential Schatten®-algebras. Approzimation property and
approzimate identities, J. Operator Theory, 45 (2001) 303-34.

(with E. Kissin) Some Classes of Positive Functionals on Banach *-algebras,
Proc. Conf. on Modelling and Optimization, Vologda (2001) 221-23.

(with L. Turowska) On operator synthesis, Proc. Conf. on Modelling and
Optimization, Vologda (2001) 224-29.

On vector functionals and minimaz inequalities, Spectral and Evolutionary
Problems, Simferopol 11 (2001) 56-61.

On representations of limit relations, Methods of Functional Analysis and
Topology 6:3 (2001) 73-76.

(with Yu. Turovskii) Radicals in Banach algebras and some problems on rad-
ical Banach algebras, Functional Analysis and its Applications 35:4 (2001)
95-98*.

(with E. Kissin) On a Problem of J.P. Williams, Proc. American Math. Soc.
130:12 (2002) 3605-08.

(with E. Kissin) Range-inclusive maps from subspaces of C*—algebras, Quart.
Journal of Mathematics Oxford, 53 (2002), no. 4, 455-65.

(with Yu. Turovskii) Invariant subspaces of operator Lie algebras, and the
theory of K-algebras, Functional Analysis and its Applications 36 (2002) 88—
91%*; (Trans. in Funct. Anal. Appl. 36 (2002) 328-30).

(with Yu. Turovskii) Formulae for joint spectral radii of sets of operators,
Studia Math. 149 (2002) 23-37.

(with Yu. Turovskii) On the Kleinecke—Shirokov theorem for families of deriv-
ations, Studia Math. 149:2 (2002) 185-90.

(with E. Kissin and V. Lomonosov) Implementation of derivations and in-
variant subspaces, Israel J. Math. 134 (2003) 1-28.

(with V. Khatskevich) On linear operator pencils and inclusions of images
of balls, Trends in Banach spaces and operator theory (Memphis, TN, 2001),
Contemp. Math., Amer. Math. Soc., Providence, RI 321 (2003) 115-24.

(with E. Kissin) Classes of operator-smooth functions II: Operator-different-
iable functions, Integral Equations and Operator theory 49:2 (2004) 165-210.

(with L. Turowska). Operator synthesis 1: Synthetic sets, bilattices and tensor
algebras, J. Functional Analysis 209 (2004) 293-331.

(with I. Todorov) On subspace lattices. II. Continuity of Lat, J. Operator
Theory, 52:2 (2004) 371-84.

(with M. Ostrovskii and V. Khatskevich) On operator matrices generating
linear fractional maps of operator balls, Complex Analysis and Dynamical
Systems, Contemp. Math., Amer. Math. Soc., Providence, RI 364 (2004) 93—
102.

(with I. Todorov) On subspace lattices. 1. Closedness type properties and ten-
sor products, Integral Equations Operator Theory 52:4 (2005) 561-79.



88.

89.

90.

91.

92.

93.

94.
95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

Victor Shulman: The Gentle Art of Mathematics 15

(with E. Kissin) Classes of operator-smooth functions. 1. Operator-Lipschitz
functions, Proc. Edinburgh Math. Soc. 48 (2005) 151-73.

(with E. Kissin) Classes of operator-smooth functions. III. Stable functions
and Fuglede ideals, Proc. Edinburgh Math. Soc. 48 (2005) 175-97.

(with Yu. Turovskii) Topological radicals, 1. Basic properties, tensor prod-
ucts and joint quasinilpotence, Topological Algebras, their Applications, and
Related Topics, Banach Center Publ., Polish Acad. Sci., Warsaw, 67 (2005)
293-333.

(with Yu. Turovskii) Invariant subspaces of operator Lie algebras and Lie
algebras with compact adjoint action, J. Functional Analysis 223:2 (2005)
425-508.

(with M. Ostrovskii and V. Khatskevich) Extremal problems for operators in
Banach spaces arising in the study of linear operator pencils, Integral Equa-
tions Operator Theory 51:1 (2005) 109-19.

Various aspects of Fuglede’s theorem, Spectral and evolutional problems, Sim-
feropol 16 (2005) 192-203.

(with E. Kissin) Operator multipliers, Pacific J. Math. 227:1 (2006) 109-41.
(with E. Kissin) Lipschitz functions on Hermitian Banach *-algebras, Quar-
terly J. Math. (Oxford), 57:2 (2006) 215-39.

(with E. Kissin and L. Turowska) Eztension of operator Lipschitz and com-
mutator bounded functions, Oper. Theory Adv. Appl., Birkh&user, Basel 171
(2006) 225-44.

(with V. Khatskevich and M. Ostrovskii) Quadratic operator inequalities and
fractional linear relations, Functional Analysis and its Applications 41 (2007)
83-87*.

(with E. Kissin) On fully operator Lipschitz functions, J. Functional Analysis
253:2 (2007) 711-28.

(with M. Ostrovskii and V. Khatskevich) Quadratic inequalities for Hilbert
space operators, Integral Equations and Operator Theory 59:1 (2007) 19-34.
(with E. Kissin) Functions acting on symmetrically normed ideals and on
the domains of derivations on these ideals, J. Operator Theory 58:1 (2007)
63-82.

(with M. Bresar and E. Kissin) When Jordan submodules are bimodules,
Quarterly J. Mathem. (Oxford) 59:4 (2008) 409-40.

(with M. Bresar and E. Kissin) Lie ideals: from pure algebras to C*-algebras,
J. Reine angew Math. 623 (2008), 73-121.

(with M. Kennedy and Yu. Turovskii) Invariant subspaces of subgraded Lie
algebras of compact operators, Integral Equations and Operator Theory, 63
(2009), no. 1, 47-93.

(with E. Kissin and Yu. Turovskii) Banach Lie algebras with Lie subalge-
bras of finite codimension; their invariant subspaces and ideals, J. Functional
Analysis 256:2 (2009) 323-51.



16

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

E. Kissin, V. Lomonosov and Yu. Turovskii

(with M. Ostrovskii and L. Turowska) Unitarizable representations and fized
points of groups of biholomorphic transformations of operator balls, J. Func-
tional Analysis 257:8 (2009) 2476-96.

(with T. Shulman) On Lie submodules and tensor algebras, Functional Anal-
ysis and its Applications 43 (2009) 91-96*.

(with M. Ostrovskii) Weak operator topologies, operator ranges and operator
equations via Kolmogorov’s widths, Integral Equations and Operator Theory
65 (2009) 551-72.

(with E. Kissin and Yu. Turovskii) Banach Lie algebras with Lie subalgebras
of finite codimension have Lie ideals, J. London Math. Soc. (2) 80 (2009),
603-26.

(with A. Bouhrim and M. Burgos) Linear maps preserving the minimum and
reduced minimum modulus, J. Functional Analysis 258 (2010), 50-66.

(with M. Bresar and Yu. Turovskii), On tractability and Ideal Problem in
non-associative operator algebras, Integral Equations and Operator Theory
67 (2010) 279-300.

(with I. Todorov and L. Turowska) Closable multipliers, Integral Equations
and Operator Theory 69 (2011) 29-62.

(with Yu. Turovskii) Topological radicals, 11. Applications to spectral theory
of multiplication operators, in book “Elementary operators and their appli-
cations”, Operator Theory Advances and Applications 212 (2011) 45-114.
(with L. Turowska) An elementary approach to elementary operators, in book
“Elementary operators and their applications”, Operator Theory Advances
and Applications 212 (2011), 115-32.

(with M. Ostrovskii and L. Turowska) Fized points of holomorphic transfor-
mations of operator balls, Quarterly J. Math. (Oxford) 62 (2011), 173-87.
(with T. Shulman) On algebras generated by inner derivations, J. Operator
Theory 65 (2011), 101-25.

(with E. Kissin, D. Potapov and F. Sukochev), Lipschitz functions, Schatten
ideals and unbounded derivations, Functional Analysis and its Applications
45:2 (2011) 93-96*.

(with E. Kissin, D. Potapov and F. Sukochev), Operator smoothness in Schat-
ten norms for functions of several variables: Lipschitz conditions, differen-
tiability and unbounded derivations, Proc. London Math. Soc. 105 (2012),
661-702.

(with Yu. Turovskii) Topological radicals and joint spectral radius, Functional
Analysis and its Applications, 46:4 (2012), 287-304.*

(with E. Kissin and Yu. Turovskii) Topological radicals and Frattini theory for
Banach Lie algebras, Integral Equations and Operator Theory, 74:1 (2012),
51-121.



Operator Theory:
Advances and Applications, Vol. 233, 17-32
(© 2014 Springer Basel

Operators Splitting the Arveson Spectrum

J. Alaminos, J. Extremera and A.R. Villena

Abstract. Let 01 and o2 be commuting representations of a locally compact
abelian group G on a complex Banach space X and let 7 be a representation
of G on another complex Banach space Y. This paper is devoted to study the
continuous linear operators A: X — Y with the property that sp(r, Az) C
sp(o1, x)Usp(oz,z) (x € X). We are also concerned with those operators that
satisfy the preceding property only approximately.
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1. Introduction and preliminaries

1.1. Introduction

It is well known that local spectral inclusions can be used for analysing the link
between two given operators S and T, defined on Banach spaces X and Y, re-
spectively (see [8, Chapter 3]). Through a series of papers [1-4] we have pointed
out that the analysis of operators preserving zero products may be reduced to the
analysis of bilinear maps on the weighted Fourier algebra on the circle group which
have the property of taking functions with disjoint support into zero. Further, we
realised in [5] that the above-mentioned reduction still works for analysing the be-
haviour of operators A: X — Y between Banach spaces, which have the property
of shrinking the Arveson spectrum with respect to appropriate actions of a locally
compact abelian group G on X and Y. This means that there exist representations
o and 7 of G on X and Y, respectively, such that sp(7, Az) C sp(o, ) for each
x € X. Moreover we used this analysis for exploring the intertwining condition
AS = TA of the operators S € B(X) and T € B(Y) by A € B(X,Y) through the
spectral inclusions sp(T, Az) C sp(S,z) (z € X). Here and subsequently, sp(R, z)

The authors were supported by MICINN Grant MTM2012-31755 and Junta de Andalucia Grants
FQM-185 and FQM-4911.
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stands for the local spectrum of the operator R at the point z (see Example 1.1
for the definition).

It soon became evident that the methods involved in [5] could be applied to a
variety of problems concerning operators which are well behaved with the Arveson
spectrum. This paper is devoted to study the case when the operator A splits the
Arveson spectrum in the sense that

sp(T,Ax) C sp(al,m) Usp(ag,x) (x € X), (1.1)
where o1 and 09 are commuting representations of G on X and 7 is a representation

of G on Y. In Section 2 we show that if A satisfies (1.1) and the representations
have polynomial growth of degree «, then

for each N > 2a. We apply the preceding result to the problem of finding the
intertwining link of some operators Sy, 52 € B(X) and T' € B(Y) in the case when

sp(T, Az) C sp(S1,x) Usp(S2,z) (€ X) (1.3)

for some operator A € B(X,Y'). As a matter of fact, we show that if the operators
51,59, and T are invertible and have polynomial growth of degree «a, then

N
N\ (N
> i () ()T as sy <o (1.4)
nl,n2:0 nl n2
for each N > 2a.

In Section 3 we provide a quantitative estimate of the above-mentioned result

that (1.1) implies (1.2) by considering the perturbed spectral inclusion
sp(7, Az) C sp(o1,2)U(K,e1) Usp(oz,2)U(K,e2) (x € X), (1.5)
for some K C G compact neighbourhood of the identity and some e1,e2 > 0,

where U(K,&;) = {y € G: v(K) C {¢: 0] < &;}} (i = 1,2). We show that if
(1.5) holds and the representations have polynomial growth of degree o € Z, then

S (e () ()t ey

ni n2

(1.6)

’I’Ll,’I’Lz:O
< <2tan (§e1) +2tan (§es) + 4tan (§eq) tan (%52))&(15)||A||C(N -1)
for each t € K, where N = 3+ 1,

() = s lon RO lloa(kO)I [T (Rt)]|

= sup sup sup te G
B U ) D (ke S R 5

and

C(N)=3""taN +1)N-! nzN_:l nio (Z) (i\DnlN—l(ng +1)N-L
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We then apply this result for giving a quantitative estimate of the property that
(1.3) implies (1.4).

Finally, we emphasize that the method we are using throughout this pa-
per still goes when we consider (1.1) or (1.5) for finitely many representations
o1,...,0, instead of just two of them. Nevertheless, we leave it to the reader to
obtain the analogous to (1.2) and (1.6) in such a case.

1.2. Preliminaries

All Banach spaces and Banach algebras which we consider throughout this paper
are assumed to be complex.

Let X be a non-zero complex Banach space. Let X* denote the topological
dual space of X. We write (-,-) for the dual pairing of X and X*. If X, is any
linear subspace of X*, then o(X, X.) stands for the coarsest topology on X for
which each of the functionals in X, are continuous. For a Banach space Y, let
B(X,Y) denote the space of all continuous linear operators from X into Y. As
usual, we write B(X) instead of B(X, X).

We are given, along with a complex Banach space X, a linear subspace X,
of the dual X™* of X. Assume further

2]l = sup{|(z, 9)|: ¢ € X, [lgl <1} (z € X), (L.7)

and

the o(X, X.)-closed convex hull of every o(X, X,)-compact set in X (18)

is 0(X, X, )-compact.
For example, if we take X, = X*, then (1.7) holds by the Hahn-Banach theorem
and (1.8) follows from the Krein—-Smulian theorem on weak compactness. For a
second example, if X is the dual of a Banach space X, then (1.7) holds by defini-
tion and (1.8) holds by the Banach—Alaoglu theorem. In [6] there are some other
examples.

Throughout this paper, G stands for a locally compact abelian group with
dual group G. By a representation of G on X we mean a group homomorphism 7
from G into the group of all invertible o (X, X, )-continuous linear operators on X
such that

the map t — (7(t)x, ) is continuous for all x € X and ¢ € X,. (1.9)

We will restrict our attention to those representations with polynomial growth.
This means that

Im(kt)|| = O(|k]*) as |k] = oo (t € G) for some o > 0. (1.10)

Let us also recall that 7 is said to be bounded if sup,cq [|7(t)]| < oo.

Let 7 be a representation of G on X satisfying all the preceding requirements
(1.7)-(1.10). Then the map w: G — R defined by w(t) = ||[7(¢)|| (t € G) gives
a non-quasianalytic weight on G. The corresponding Beurling algebra consists of
the Banach space L'(G,w) of those (equivalence classes of) Borel functions on G
for which ||| := [ |f(t)lw(t)dt < oo endowed with convolution as multiplication.
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This Banach algebra can be thought of as a closed ideal of the Banach algebra
M(G,w) of all locally finite regular Borel measures p on G for which the weighted
measure wy is of finite variation. Moreover, the representation 7 gives rise to a
norm-decreasing algebra homomorphism 7: M (G,w) — B(X) which is defined by

(T(w)w, ) = /G<T(t)w> du(t) (n € M(G,w), ©€ X, p € X,)

(see [8, pp. 446-448]). For every x € X, the Arveson spectrum of T at x is defined as
sp(T, ) {766’ f()—OforeachfeL( w) such that 7(f)z =0}.

The basics of the theory of the Arveson spectrum may be found in [6], [7,
Section 3.2.3], and [8, Section 4.12].

Ezample 1.1. Let X be a complex Banach space. Given T' € B(X) and = € X,
the local resolvent of T at x € X is the union of all open subsets U of C for which
there is an analytic function f: U — X satisfying (T'— 2) f(z) = « for each z € U.
The local spectrum of T at x, from now denoted by sp(T,x), is defined as the
complement of the local resolvent of T" at x. We refer the reader to [8] for a full
account of the local spectral theory.

We now assume that 7" € B(X) is an invertible operator with polynomial
growth, in the sense that ||T%|| = O(|k|) as |k| — oo for some @ > 0. Then the
map 7r: Z — B(X) defined by 77(k) = T* (k € Z) is a representation of Z on X
and [8, Example 4.12.7] shows that sp(rr,z) = sp(T, x) for each z € X.

2. Exact splitting

In this section we are concerned with the question of showing that (1.1) implies
(1.2). Our method consists in giving rise in a natural way to a trilinear map
 on the weighted Fourier algebra A, (T) on the circle group T which encodes
the personality of the operator A. Specifically, the map ¢ has the property that
©(f,g,h) =0 whenever f,g,h € Ay(T) are such that supp(f) Nsupp(g) = 0 and
supp(f) Nsupp(h) = 0.

For n € N and o > 0, let A, (T™) denote the weighted Fourier algebra con-
sisting of all functions f € C(T™) such that

1 llauimey = D2 [T (14 1K) < oo,
kezZn
where for k € Z" we write |k| = |ki|+ - - + |kn|. We abbreviate Ag(T™) to A(T™).
From now on, z stands for the function in A(T) defined by z(z) = z (2 € T). For
n € Nand j € {1,...,n} we will denote by z; the function in A(T") given by
zj(z) = z; (z € T").
Given f € C(T™) and g € C(T™) we define f @ g € C(T™*") by

(fo9)(2)=f(z1,-- s 2m)9(Zmats - - s Zman) (z2€ T™T™).
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It is straightforward to check that, if f € A,(T™) and g € A,(T"), then f® g €
Ay (T™*7) with
1f ® gll aa(rmeny < Nflaacrmlgllaq -
In order to address the problem of describing the operators shrinking the
Arveson spectrum we involved in [5] the following key result.

Theorem 2.1 ([4, Theorem 2.2]). Let o« > 0 and let ¢: An(T) X Ao (T) = X be a
continuous bilinear map into some Banach space X with the property that

f.9 € Aa(T), supp(f) Nsupp(g) =0 = »(f,g9) =0. (2.1)
Then

for each N > 2a.

We now introduce a trilinear version of Theorem 2.1 which can be immedi-
ately applied for analysing the operators satisfying (1.1).

Theorem 2.2. Let o > 0 and let ¢: Ay (T) X Ax(T) x Ap(T) — X be a continuous
trilinear map into some Banach space X with the property that

f7g7h e AQ(T)7

supp(f) N supp(g) = supp(f) Nsupp(h) =0 = @(fg.h) =0. =)

Then
N
> o (M) (Mo 0 @)

ny1 no
n1,n2=0

for each N > 2q.

Proof. Pick u,v € A, (T) such that supp(u) Nsupp(v) = (). We define a continuous
bilinear map @y, Aa(T) x Ao (T) — X by

(pu,v(fvg) = @(fu,g,’l)) (f»g € Aa(T))

Taking into account (2.2), we see immediately that ¢, , satisfies (2.1). Theorem
2.1 now gives

Y N Y N

0= Z(_l)n<n>%7v(zN”,z”) - Z(_m( >¢(anu,z”,v) (2.4)
n=0 n=0

for each N > 2a. We now consider the continuous bilinear map : A, (T) X

Aq(T) — X defined by

N
0(9) = 30" (N)ela¥ " 120) (g € Aa(T)
n=0

On account of (2.4), the map ¢ satisfies (2.1) and Theorem 2.1 finally gives (2.3).
O
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Theorem 2.3. Let G be a locally compact abelian group. Let X and Y be Banach
spaces and let X, and Y, be linear subspaces of the duals X* and Y™, respectively,
satisfying (1.7) and (1.8). Suppose that o1 and oo are commuting representations
of G on X and T is a representation of G on'Y such that

s (), (kD) (k) | = O(IKI) as k] = oo (¢ € G)
for some a > 0. If A € B(X,Y) is such that

sp(7, Az) C sp(o1,x) Usp(oz,z) (x € X),
then

i (—1)matne (N) <N>T(t)2N(”1+”2)Aal(t)”102(t)”2 =0 (teG)

ni/ \nz
ni,n2 =0

for each N > 2a.

Proof. Let t € G. We consider the continuous linear map ®;: A,(T) - M (G, w)
and the continuous trilinear map ¢: A, (T) x A4 (T) x Ax(T) — B(X,Y) defined
by

“+oo
= Y J(k)sF (f € Au(T))
k=—o

and

‘pt(fvgv h) = ?((Dt(f)) oAo EI(Cbt(g)) o &E((I)t(h)) (fagv h e Aa(T))v
respectively.
It is immediate to check that

Su(f)(7) = f(1(t) (f € Aa(T), 7€ G)
and so
supp(@t ) C {7 €G- ~y(t) € supp(f)}. (2.5)
Let f,g,h € Ao(T) and x € X. On account of [8, Lemma 4.12.6] and (2.5),
we have

sp(T,cpt(f,g,h)x))C Supp(q)t(f) ﬂsp<7 A(al(@t ) ( ) ))

Nsp(o1,01(24(9)) 2 (L:(h)) )
)ﬂsp(ag,al(q)t g )Ug(@t )x)

N upp(‘bt( )) Nsp(a1, 72(P:(h))x)
)) N bupp(q’t(h)) N sp(o2, a1 (Pi(g))z).

U Supp(
- Supp(q)t(f
U bupp((I)t

Hence,

sp(7, i(f, 9, h)x)
C {7 €G: A(t) € (Supp (fHn Supp(g)) U (Supp(f) N Supp(h))}~
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Accordingly, if f,g,h € A(T) are such that supp(f) N supp(g) = supp(f) N
supp(h) = 0, then we see that sp(7, . (f, g, h)z) = 0 and [8, Proposition 4.12.4]
now yields ¢.(f, g, h)xz = 0 for each z € X. Theorem 2.2 then gives

N
Z (_1)n1+n2 <N> <‘]\]>90t(z21\/(7l1+’n2)7 an’zn2) =0.

n1,n2=0 /M
for each N > 2a. On the other hand, it is easily seen that
oi(z',27,2") = (1) Aoy (t) oo (1)* (t € G, 0,4,k € Z),
which completes the proof. O

Our next goal consists in applying Theorem 2.3 to derive some intertwining
link of three given operators S1,S2 € B(X) and T € B(Y) from its local spectral
properties.

Let X and Y be complex Banach spaces. Given operators S € B(X) and
T € B(Y), the commutator C(T,S) is defined as the mapping

C(T,S): B(X,Y) = B(X,Y), C(T,S)=TA—AS, (AecB(X,Y)).

The iterates C(T,S)™ are often called higher-order commutators and it is easily
seen that

C(T,8)"(A) = > (-1)F (:) T FAS*, (A€ B(X,Y)).
k=0
If S, T, and A are pairwise commuting operators on X, then
C(T,S)"(A) = (T —S)"A, (neN).

Corollary 2.4. Let X and Y be complex Banach spaces and let S1,S2 € B(X) and
T € B(Y) be invertible operators with S1 and Sa commuting and
ISTIL 11831, IT*| = O(Ik|*) as [k] = oo
for some a > 0. If A € B(X,Y) is such that
sp(T, Az) C sp(S1,x) Usp(Sz,x) Vo € X,
then C (T, S2)NC(T, S1)N(A) = 0 for each N > 2a. Consequently,

1. If S1, S2, and T are doubly power bounded, then C(T,S2)C(T,S1)(A) = 0.
2.If X =Y, and if S1, So, T, and A are pairwise commuting, then (T —
So)N(T — S1)NA =0.

Proof. 1t is sufficient to apply Theorem 2.3 by taking the representations 7 = 7,
01 =Ts,, and o2 = Tg,, which are given in Example 1.1. O

Corollary 2.5. Let X be a complex Banach space and let S1,S:, T € B(X) be
pairwise commuting invertible operators with | ST, || S5, | T*|| = O(|k|*) as |k| —
oo for some o > 0. If sp(T,x) C sp(Si,x) Usp(Sa,x) for each x € X, then
(T — So)N(T — S1)N =0 for each N > 2a.
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Proof. We are reduced to apply Corollary 2.4 with X = Y and A being the identity
operator on X. O

Corollary 2.6. Let X be a complex Banach space and let T € B(X) invertible and
such that |T*|| = O(|k|*) as |k| — oo for some a > 0. If sp(T) C {\1, \a} for
some A\, Ay € C, then (T — M Ix)N(T — XoIx)N =0 for each N > 2a.

Proof. Since sp(T,z) C sp(T) for each x € X, it suffices to apply Corollary 2.5
with S1 = )\1]){ and Sg = /\QI)(. O

3. Approximate splitting

The purpose of this section consists in providing quantitative estimates of the
results given in the preceding section in the same vein as in [5]. The key result for
the approach given in [5] is the following lemma, which requires to introduce some
notation. Throughout this section we shall consider sets of the form

E.={e": |0 <e},
where 0 < ¢ < 7. Given a nonempty closed set S C T" we define

Tanm)(8) = {f € Aa(T"): f(S) = {0}}.
Then 4 (1n)(S) is a closed ideal of A, (T").

Lemma 3.1 ([5, Lemma 3.1]). Let N € Z with N >0 and 0 < e < Then

N+1
diSt((Z — 1)N+1,IAN(T)(E )) < 2tan( )01( )

where, here and subsequently,

N+1
N+1
N N
Ci(N)=3 nE_1< " )n

By using Lemma 3.1 together with some more preliminary lemmas we shall
obtain a quantitative estimate of Theorem 2.2 and then of Theorem 2.3.

Lemma 3.2. Let N € Z with N >0 and 0 < e1,e9 < Then

Nyl
dist((zl — 1) (2 — )N I oy (Bey x TUT x E52))
< (2 tan (N;rlm) + 2tan (%52) + 4 tan (%51) tan (%52))CQ(N).

Here and subsequently,

N+1

Co(N) = i (V) Y (N; 1) (n+ 1)

n=0
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Proof. Let a; > 2tan (%51) C1(N) and ag > 2tan (%52) C1(N). According
to Lemma 3.1, there are functions f € I4 (1) (E:,) and g € T4, (r)(E:,) such that
[(z — )N — fllaym < eq and [[(z — )N — gllayr) < az. Since f® g €
IAN(’]I‘Z)(Esl x TUT x Egz),

(21 =)V 2 — )" — fRg=(z-1D) @ (z- 1) —g)
+ ((z _ 1)N+1 _ f) ® ( )N+1
—(z-D)"' =)o (-1 —yg),
and

N+1
N+1
(2 — I)NHHAN(T) <2 ( n >(n+1)N

n=0

it follows that
dist((zl — 1)V (g — DN I ey (Bey x TUT x EEQ))
< H(Zl - 1)N+1(Z2 - 1)N+1 - f ®gHAN(’]I‘2)

[ e N PR Vi

+ H(Z o 1)N+1

gHAN(T)

_fHAN(T) (= NHHAN

+[|(z - )N - f”AN(’JT) (2 — IDRRRES 9||AN(T)

< (NZH (N:L_ 1) (n+ 1)N> (01 + g + aran).

n=0
By taking a; — 2tan (Msl) C1(N) and o — 2tan (Msg) C1(N) in the pre-
ceding inequality we arrive at the inequality claimed in the lemma. O

Lemma 3.3. Let N € Z with N >0 and 0 < e1,e9 < NL_H Then

dist (71— 72) " (22 = 7)1, L o) (B2, L) ) <
(2tan (Y5 er) + 2tan (Vo) + dtan (Ve tan (Y5 es) ) Ga(N),
where
ESI,EZ = {(Zl,ZQ,Zg) e T3: zlzgl S Esl} U {(21,Z2,23) eT3: 21251 IS E51}~

Here and subsequently,
C3(N) = Co(N)(2N +3)~
Proof. We begin by defining a continuous linear operator
U: An(T?) — An(T?),

(W) (21,20, 23) = fzaz3 'y 2125 )z g™ (21,20, 23 € T).
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We now proceed to estimate the norm of W. Let f € Ayx(T?). Then

1O fLayry= > |Fkiko)| (L ks +Eal + = k1 + N 41+ | =k + N +1])"
k1,k2€Z
< 3 | Flhika)| 242001 |+ 20+ 2N + 1)
k1,k2€Z
~ N N
= > f(kl,kz)z< )(1+k1|+|k2)"2"(2N+1)N—"
n
k1,k2€Z n=0
N /N
<|f|AN(T2)Z<n>2n(2N+1)N_"=|f|AN(Tz)(2N+3)N,
n=0

Consequently, [|[¥] < (2N + 3)". On the other hand, we check at once that
U (Iay(r2)(Eey x TUT x E.,)) C Layrsy(E2 .,)
and that
U((z1 — DV (2 — DVHY) = (21 — 22)V (21 — 23) VL
Hence
dist (21— 22) " (22— 7)1, L ooy (2, L))
< dist (\Il((zl — )N (2 — )N W (I r) (Bey x TUT x EEZ)))
< (2N +3)N dist((zl — 1) (23 — )N T ey (B, x TUT x Egz))

and finally Lemma 3.2 establishes the result. O

Theorem 3.4. Let o € Z with o > 0, and let ¢: Ao (T) x Aa(T) x Ap(T) = X be
a continuous trilinear map into some Banach space X with the property that

f,9,h € Au(T),
-1 —1
supp(f) (supp(g)) N Ez, = supp(f)(supp(h)) N E., =0 (3.1)
for some 0 < e1,e9 < 5755 Then
N
Z (_1)n1+n2 <N> <N> @(Z2N_(n1+n2)v an’znz)
’I’Ll,’I’Lz:O nl n2 (32)

< <2tan (Ze1) +2tan (§es) + 4tan (Seq) tan (%52))||@||03(N -1)

for N =3a+ 1.
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Proof. The map ¢ gives rise to a continuous linear operator ®: Az, (T?) — X by
defining

®(f)= D flhi ko ks)p(z™, 2", 2") (f € Asa(T?)).

k1,k2,ks€Z

If f € A3q(T?), then

[N < 2 [F ko, ks)| ol 2, 2))

k1,k2,ks€Z
< |k ko k)| Il + TR )+ Bral) (1 s
k1,k2,ks€Z
< H 7 3a
< lell Z f(ks ko, ks) | (L4 |Ka| + k| + [ks)
kl,kz,kgez
= [|olll| fl a0 (r2)

and therefore ||®]| < ||¢]|.
We now claim that

(I)(f®g®h):§0(fvgvh) (fvgvheASCz(T))' (33)

Indeed, on account of the continuity of , we have

(fogoh) = > [(k)g(ka)h(ks)p(z" 2", 2")

k1,k2,ks€Z
_<P<ka1 Z (k2) kQthg )
k1€Z 2 EZL k3€Z
=¢(f,9.h)

for all f,g,h € A3, (T).
Our next claim is that ® has the following property

§>0, f€ln, 19)(E2 5.005) = ®(f)=0. (3.4)

Let § > 0and f € Ia,, () (E2 | 5.,45) Foreach z € Tlet U, = {ze': |0 < 5/4}.
By compactness, there exist z1,...,2,, € T such that T = U *,U,;. There are
functions wy, ...,w, € C>(T) Wlth wi + - +wy =1and bupp(wp) Cc U, for
p=1,...,m. Since

Z Wp; ® Wp, @ wp; =1,

P1,p2,p3=1
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it follows that

f = Z f (wpl & Wp, ®wp3)

p1,p2,p3=1
= Z ! (wpl ® wp, © on3)
Uspy Uy NEey =Us,, Uzl NE.,=0
+ Z / (wpl & Wp, @ wps)'
Uspy Uz NEey #0 or U, Uz (B, #0
Assume that UzplU;p2 NE., #0andlet 29 € U, , wo € U, with ZO’U)O_l €E.,.
If z € U.,, and w e U, , then
2wl = (zzo_l)(wwo_l)(zowo_l) € Es)oFEs/9F:, C Ee, 5.
This entails that
Z f (wpl @ Wy, ®UJP3) =0.
Uspy Uzpy NEe; #0
In the same manner we can see that
Z [ (wp, ® wp, @ wpy) = 0.
Uspy Uzl NE2, 20
We thus get
f = Z f (wpl ®wp2 ®w113)'
Uspy Uspy NEe; =Uz, Uz L NE, =0
On the other hand, we have
f = Z f(kl,kg,kg)zkl ®Zk2 ®Zk3.
k1,ko,k3s€Z
Hence
f= 2 S Pk ke ks) (2 wy,) @ (2720y,) @ (250wy,)
U., U NE:, =0 ki,k2,k3€Z
1 ng
U

Zp1 Uzp3 NE:,=0

and therefore

°H= 3 S Tl ke k)@ (2 wp,) © (250p) © (250,) )

Usp, Uz, NEe; =0 kiska2 ks €7

Usp, U L NE.,=0

- Z Z f(kl’kQ’k3) (Z wPUZk wpzvzk wps)

Usz o, =0 ki,k2,ksel

Uy Uz mEEr@
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Since
supp (2" wy, ) (supp(2™wy,)) ' NE., C U, U N B, =0
and
supp(z" wp, ) (supp(2™wy,)) N E., C U, UL N B, =0
for all the terms appearing in the preceding identity for ®(f), it follows that
®(f) =0, as claimed.
Since 14, (13) (E§1+6,52+6) C ker @, we conclude that ® drops to a continuous
linear operator on the quotient Aza(T?)/Ia,, (13)(E2 1 5.,45)

O Asa(T°)/Lago (19) (B2, 46,0048) = Xo @s(f) = @(f), (f € A3a(T?)),
with the property that ||®s|| < [|®]| < [|¢]|. This implies that

1R < llll dist(f, Lag, (r5) (B2 15,0045)), (f € Asa(T?)). (3.5)
‘We check at once that

ol N\ /N
D ((z1 — 22)" (21 — 22)V) = Z (—1)rtme <n1> <n2>s0(z2N_("1+"2),z"1,zm).
’I’L],’I’Lzzo

On account of (3.5) and Lemma 3.3, we have

N
N\ (N
> (Y () )t e )

ni,n2 =0

< <2tan (& (c1+9)) +2tan (£ (e2 4 9))

(3.6)

+atan (¥ (21 +)) tan (3 (22 +8)) ) Co(V — ],

whenever § > 0 is such that €1 + 0,62 + J < &. Finally, taking § — 0 in (3.6) we
arrive at (3.2). O

In order to introduce a quantitative version of Theorem 2.3 we are required
to consider the sets of the form
U(K,e) = {y € G: +(K)C E.},
where 0 < € < 7 and K is a compact neighbourhood of the identity in G. It is

worth pointing out that the family consisting of all those U(K,¢) is a basis of
neighbourhoods of the identity in G.

Theorem 3.5. Let G be a locally compact abelian group. Let X and Y be Banach
spaces and let X, and Y, be linear subspaces of the duals X* and Y™, respectively,
satisfying (1.7) and (1.8). Suppose that o1 and oo are commuting representations
of G on X and T is a representation of G on'Y such that

o (B, llo2 (B, I (k)| = O(Ik[*) as |k| = oo (t € G)
for some o € Z with o > 0. If A € B(X,Y) is such that
sp(r, Ax) C sp(o1,2)U(K,e1) Usp(oz,2)U(K,e2) (v € X),
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for some 0 < €1,69 < and some K C G compact neighbourhood of the

identity in G, then

S e (V) () e-uens s o

ni n2

™
3a+1

mni, ’I’L2:0
<2tan( e1) +2tan (§er) +4tan (e )tan(gsg))m(t)HAHCg(N— 1) (teK)
for N =3a+ 1, where
o1 (kL) loa (k)| (I (k)|
Kk(t) = sup sup sup
0= 228 (ot k) 22 (4 kD) 222 (1 + ke
Proof. This follows by the same method as in the proofs of Theorem 2.3. Pick

t € K. We define a continuous linear map ®;: A,(T) - M(G,w) and a continuous
trilinear map ¢: Ay (T) x Ao (T) x Ay (T) — B(X,Y) by

(t € G).

+oo
> FR)SF (f € Aa(T))

k=—00

and

(pt(fvgvh) = 7A:((I)t(f)) © Aoa\l/(q)t(g)) OEQ/(th(h)) (f?gvh S AQ(T))a

respectively. It is immediate to check that [|¢:]| < k(2)]|A]l.
By using [8, Lemma 4.12.6] and (2.5), we can prove as in the proof of Theorem
2.3 that, if f,g,h € A,(T) and = € X, then

Sp(Ta (pt(fv 9, h)l‘))
< {veG: (1) € (supp(f) N (supp(9) Ex,)) U (supp(f) N (supp(h) Ex, ) }
Accordingly, ¢ satisfies (3.1) and therefore Theorem 3.4 completes the proof. O

We can now apply Theorem 3.5 to obtain a quantitative estimate of Corollary
2.4 and then we can derive quantitative estimates of Corollaries 2.5 and 2.6.

Corollary 3.6. Let X and Y be complex Banach spaces and let Sq,S2 € B(X) and
T € B(Y) be invertible operators with S1 and Sa commuting and

ISTIL IS5 1T = O(1k[*) as |k| = oo
for some a € Z with a > 0. If A € B(X,Y) is such that
sp(T, Ax) C sp(S1,x)E:, Usp(Se,z)E., Va € X,

for some 0 < e1,e9 < then

3a+1 +1’

|c(T So)No(T, 8N Al < <2tan( e1) +2tan(§ez) +4tan (5 e )tan(%ag))

[EA] [E4]
SUD 4Tk SUP Tk S“p<1+\k\ =Cs(N —1)[|4]]

for N =3a+1.
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Consequently,

1. If 51,55, T are doubly power bounded, then
< (2tan(e1/2) + 2 tan(e2/2) + 4 tan(e1/2) tan(e2/2))
sup [|ST | sup [|:S3 || sup | T*[[|A]|-
kEZ kez kez
2. If X =Y, and if S1, 52, T, A are pairwise commuting, then
(T = So)M(T — S1)N A
< (2tan (§er) + 2tan (§e2) + 4tan (Yer) tan (Y 22))

su ISt su (3] sup L il ~C3(N —1)||A]
SUD Ty SUP ke SUP TR ‘

Proof. Take the representations 7 = 7, 01 = 7g,, and 03 = 7g, introduced in
Example 1.1 and take K = {0,1}. Then U(K,e) = E. for each ¢ > 0 and the
requirements in Theorem 3.5 are satisfied. Consequently, the inequality stated in
the corollary follows from Theorem 3.5 taking into account that

S s (M) (V) rtp-nens o i

n n
ni,n2 =0 1 2

= C(T, So)NC(T, S1)N (A). O

Corollary 3.7. Let X be a complex Banach space and let S1,S2, T € B(X) be
pairwise commuting invertible operators with | S|, [|S5||, | T*|| = O(|k|*) as |k| —
oo for some o € 7, with o > 0. If

sp(T, z) C sp(S1,z)Ee, Usp(St,2)E., Vz e X,

for some 0 < e1,e9 < then

3a+1’
(T = S2)M (T — 1)V
(2tan( ) +2tan( ) + 4 tan (%51) tan (%52))

sup S qup S g T o (v — 1)
SUD Ty SUP ke SUP (T :

for N =3a+1.

Proof. 1t suffices to apply Corollary 3.6 with X =Y and A = Ix. O

Corollary 3.8. Let X be a complex Banach space and let T € B(X) be invertible
and such that | T*|| = O(|k|*) as |k| — oo for some a € Z with a > 0. If
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sp(T) C ME;, UXE,,, for some A\, 2 € C and 0 < eq,e9 < then

(T = NaZx)™(T — M Ix)V||

_m
3a+1’

< (2 tan (%51) + 2tan (%52) + 4 tan (%51) tan (%52))
‘ k

. ™|
sup WC{;(N— 1)

kEZ
for N =3a+ 1.
Proof. Apply Corollary 3.7 with S; = A\ Ix and So = \olx. O
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Abstract. We construct a singly generated subalgebra of X(#) which is non-
amenable, yet is boundedly approximately contractible. The example embeds
into a homogeneous von Neumann algebra. We also observe that there are
singly generated, biflat subalgebras of finite Type I von Neumann algebras,
which are not amenable (and hence are not isomorphic to C*-algebras). Such
an example can be used to show that a certain extension property for com-
mutative operator algebras, which is shown in [3] to follow from amenability,
does not necessarily imply amenability.

Mathematics Subject Classification (2010). 47L75 (primary);
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Keywords. Approximate amenability, biflatness, compact operators, finite von
Neumann algebra, monogenic Banach algebra, Type I von Neumann algebra.

1. Introduction

In his pioneering 1972 monograph [14], which formally introduced the notion of
amenability for Banach algebras, Johnson observed that commutative C*-algebras
are amenable. The problem of characterizing the commutative, amenable opera-
tor algebras — that is, the norm-closed subalgebras of B(H), H a Hilbert space,
which are amenable as Banach algebras — remains unsolved, even in the commu-
tative case. There are some partial results which suggest that every commutative,
amenable operator algebra is isomorphic as a Banach algebra to a commutative
C~-algebra: see recent work of Marcoux [15] and the present author [3].

Like many other concepts which have been much studied, amenability has
spawned several weaker versions, some studied in more depth than others. In try-
ing to assess the relative worth, importance or interest of these notions, there
are two natural criteria to consider. Firstly, if a Banach algebra satisfies one of
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these weaker versions of amenability, does that tell us something about its in-
ternal structure (e.g., properties of its closed ideals) or about the behaviour of
modules/representations of the algebra? Secondly, is there a good supply of exam-
ples which are non-amenable yet satisfy the weaker version?

It is this second question, in the context of operator algebras, which motivates
the present note. We consider two of these weaker versions of amenability, namely
bounded approximate contractibility and biflatness, in the context of commutative
operator algebras. In each case, we construct an explicit example which satisfies
that property, and is singly generated and semisimple, but is non-amenable; the
boundedly approximately contractible example is contained in IC(H).

Our examples can be embedded inside finite von Neumann algebras of Type I
(more precisely, inside countable products of matrix algebras). This shows that in
the results of [3], one cannot replace amenability with biflatness, nor with bounded
approximate contractibility. In passing, we take the opportunity to show that
certain technical arguments from [3] have rather sensitive hypotheses. We remark
that these examples therefore embed inside Type II; algebras, since any finite
Type I algebra with separable predual can be embedded into the hyperfinite 11y
factor (J. Peterson, personal communication, [16]).

2. General preliminaries

We refer the reader to [2] for basics on Banach algebras, and to [2, §43] in particular
for the basic definitions and characterizations of amenable Banach algebras.

The examples we will construct in this article are each generated by a count-
able set of pairwise-orthogonal idempotents. We note that this ensures they are
singly generated as Banach algebras; this is a general fact, which is not restricted
to the setting of subalgebras of B(H).

Lemma 2.1. Let A be a commutative Banach algebra generated by a countable set of
pairwise-orthogonal idempotents. Then A is singly generated as a Banach algebra.

This is presumably a standard result, but for convenience, we provide a full
proof, inspired by a similar argument in [1, Proposition 1.1] for certain subalgebras

of B(H).

Proof. Enumerate the given set of idempotents as (ej);>1, and fix a strictly de-
creasing sequence of strictly positive reals A\; > Ay > --- with the property that
>_js1Aillejll < oo Set b= 3.5, Ajej, and let B be the norm-closed subalgebra
of A generated by b. We claim that e,, € B for all n > 1, which will clearly imply
B = A since A is generated by the set {e; : j € N}.

The proof is by strong induction on n. We start by noting that for all r € N,
we have b" = 2121 /\gej, the sum converging absolutely. As 0 < A; < Xy < Ay for
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all j > 2, it follows that

B - )\ r 1 )\2 r—1
ler — (ATD)7)| < Z (/\_j1> lejll < N <)\—1> Z)\jHejH —0 asrT— oo.

Jj=2 Jj=2

Thus e; € B, and so the claim holds for n = 1.
Now suppose the claim holds for all n € {1,...,m — 1} for some m > 2. Let

m—1
bm =b— Z /\jej = Z /\jej;
j=1

jzm

by the inductive hypothesis, b,, € B. For all r € N we have b}, = ZjZm Asej, the
sum converging absolutely. As 0 < Aj < A\jpq1 < Ay, for all j > m + 1, a similar
argument to the one used above shows that e,, = lim,.(\;,'b,,)" € B. So the claim
holds for n = m, and this completes the inductive step. O

If 2 is a Banach algebra, isomorphic to a C*-algebra, then the set of central
idempotents in 2 will be a bounded subset of . (This is because the centre of a
C*-algebra is itself a commutative C*-algebra, and hence all its non-zero idempo-
tent elements have norm 1.) In particular, a commutative operator algebra which
is isomorphic to a C*-algebra will have uniformly bounded idempotents. Gifford
observed that the same will be true for any amenable, commutative operator al-
gebra. More precisely, we have the following result (in whose statement the prime
denotes the commutant of a subset of B(H)).

Theorem 2.2 (Gifford, [12]). If 2l is an amenable operator algebra, then the set of
idempotents in A" NA' is norm-bounded.

Gifford actually proved something more general, namely that the conclusion
of Theorem 2.2 holds whenever 2l is an operator algebra with the so-called total
reduction property. Since we shall not discuss the total reduction property in this
article, we refer the reader to [12] for further details, and provide a more direct
proof of Theorem 2.2 as follows.

Proof. Regard 2 as a closed subalgebra of some B(#). Since the unitization of an
amenable Banach algebra is amenable, we may assume without loss of generality
that 2 contains the identity operator I.

Let (A,) be a bounded approximate diagonal for 2. Define T : AR A —
B(B(H)) by T(c®d)(z) = cxd, and let E be a point-to-weak* cluster point of
the net T(A,) C B(B(H)). As (A,) is a bounded approximate diagonal for 2,
it follows from routine estimates and convergence arguments that the following
properties hold:

(i) E(x) € A for all x € B(H);
(ii) E(u) =u for all u € A;
(i) E(uzv) = uE(x)v for all u,v € A" and all = € B(H).
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Let e € A” NA’ be an idempotent, and let p be the orthogonal projection
from H onto the closed subspace eH. We have ep = p and pe = e. Therefore,

E(p) = E(ep)
=eE(p) (by (iii) and e € 2A’)
=E(p)e (by (i) and e € A")
= E(pe) (by (iii) and e € )
= E(e)
=e (by (ii) and e € ).

In particular, |le|| = |[E(p)|| < || E||- Since E is independent of the choice of e, we
are done. g

Remark 2.3. The proof just given requires little background from the theory of
amenability, but may seem somewhat unmotivated. For a more conceptual but
less self-contained approach, the reader is encouraged to consult Gifford’s original
article [12].

Corollary 2.4. Let A be a commutative operator algebra which contains an un-
bounded family of idempotents. Then 2 is not amenable.

3. Bounded approximate contractibility

In [9], Ghahramani and Loy began the systematic study of certain “approximate”
versions of amenability. These have since been pursued in various directions by
several different groups of authors; see [20] for an overview of some of the results
to date.

In this article, we are only concerned with one such variant, which we now
briefly describe. Given a Banach algebra A and a Banach A-bimodule X and
& € X, we denote by ad £ the inner derivation a — a - & — £ - a.

Definition 3.1. A Banach algebra A is boundedly approximately contractible if for
each Banach A-bimodule X and each continuous derivation D : A — X, there
exists a net (§;) C X, not necessarily bounded, such that the net (ad¢;) is norm
bounded (as a subset of B(A, X)) and converges in the strong operator topology
of B(A,X) to D.

Note that since there are no non-zero, inner derivations from a Banach algebra
A into a symmetric A-bimodule, every commutative, boundedly approximately
contractible Banach algebra is weakly amenable.

Definition 3.2. Let A be a Banach algebra, and let 7 : AR A — A denote the
linearized multiplication map. A multiplier-bounded approximate diagonal for A is
a net (M;) C A® A such that

(i) for each a € A, lim; ||aw(A;) — al| = 0;

(ii) for each a € A, lim; |la-A; — A; - al = 0;
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(iii) there exists a constant C' > 0 such that sup, [la - A; — A; - a|| < CJla]| for all
a€ A

Lemma 3.3. Let A be a Banach algebra. Suppose there exists a net (A;) C A® A
with the following properties:

(a) m(A,;) is a central, bounded approzimate identity for A;
(b) (A;) is a multiplier-bounded approzimate diagonal for A.

Then A is boundedly approzimately contractible.

(One can weaken condition (a), but the proof becomes technically more de-
manding, and the version given here will be enough for our purposes.)

Proof. As observed in [4, Proposition 2.2], it suffices to show that the unitization
A* has a multiplier-bounded approximate diagonal. Let u; = 7(4;), and define
M; =20, —u; - A; + (1 — ’LLZ) ®(1 — ’LLZ)

We claim that (M;) is a multiplier-bounded approximate diagonal for A*.

Firstly, let 7f : A*® A* — A? be the product map, which clearly satisfies
Wﬁ\A@)A = 7. Then, using the identity 7(u-2) = un(z) forallu € Aandz € A® A,
a direct calculation yields 7#(M;) = 1 for all 4. So condition (i) of Definition 3.2 is
satisfied.

Secondly, let K = sup, ||u;|| < oo, and observe that as (u;) lies in the centre
of A, we have for each a € A

a-Mi—Mi-a:2(a-Ai—Ai~a)—ui-(a-Ai—Ai~a)
+ (a —au;) (1 —us) — (1 —w;) ®(a — au;).
Hence for each a € A and \ € C,
<2+ EK)a-A;—A;-all +2(1+ K)|la — aug|.
Thus condition (ii) of Definition 3.2 is satisfied. Finally: by assumption, there
exists C' > 0 such that ||a-A; — A; - al| < CJla| for all a € A. Hence,

sup [|(a+ A1) - M; = M; - (a + A1)|| < 2+ K)Clla]| +2(1 + K)?|lal|

< ((2+ K)C +2(1 + K)?) ||a+ A1].

Thus condition (iii) of Definition 3.2 is satisfied. This completes the proof of the
claim, and hence of the lemma. O

To construct explicit examples, we use the following result. It is a slightly
more abstract version of known results for Banach sequence algebras (cf. [10,
Theorem 4.4] or [5, Corollary 3.5]), and it extends [10, Example 4.6], although
our approach is slightly different from the argument there.

Proposition 3.4. Let A be a Banach algebra, containing a sequence (ep)n>1 with
the following properties:



38 Y. Choi

(i) emen = €min(m,n) = €nem for all m,n € N;
(i) the set {e, : n € N} has dense linear span in A;
(iii) there is a subsequence n(1) < n(2) < --- such that (e,(;));j>1 is a bounded
approzimate identity for A.

Then A is boundedly approzimately contractible.
Proof. This is similar to the proof of [4, Theorem 6.1]. For n > 2, define

Ay, =e1®er + Z(ej — €j_1) ®(€j — €j_1).
j=2

We then have the following identities:
m(A,) = e, for all n; (1)
a-Ap=A,-a forallnandallacA. (2)

The identity (1) can be shown by direct calculation, using property (i). The identity
(2) is true for a = e,, (m arbitrary); this is another direct calculation using (i),
which is most easily done by treating the cases m < n and m > n separately.
Hence, by linearity and continuity (using property (ii)), this identity holds for all
a € A, as claimed.

It follows immediately from (1), (2) and property (iii) that:

(a) m(Ay(j)) is a bounded approximate identity for A; and
(b) the sequence (A,,(;y) is a multiplier-bounded approximate diagonal for A.

Therefore A is boundedly approximately contractible, by Lemma 3.3. O

Remark 3.5. The proof of Proposition 3.4 shows slightly more, namely that A
is not only boundedly approximately contractible, but also pseudo-contractible in
the sense of [11]. (There are pseudo-contractible Banach algebras which are not
boundedly approximately contractible, and vice versa.)

Now, fix a Hilbert space ‘H and a strictly ascending chain of non-zero sub-
spaces H1 C Ho C Hg C ---; for each n € N, let p,, be the orthogonal projection of
‘H onto H,,. For each k € N, choose a bounded operator by, € B(Hak+1OHak, Hor©
Hok—1), such that ||bog|| — 0o as k — oo, and define a sequence (e,,)n>1 C B(H)
by

eak—1 1 =Dokr—1 and eap = pap + bor(Port1 —par) fork=1,2,...

Thus, in block matrix form,

I 0 0 O Hop—1 I 0 0 O Hop_1
_ |0 0 0 0] Hor©Hor q _ |0 I bor 0| Hor © Hak—1
C1T0 0 0 0| Hopr©Hoe CPRPT 0 00 00 0] Mok © Hox'
0 0 0 0] HoHops 00 0 0| HoHoun

It is easily checked that for each n, we have e% = e, and epepq41 = €, =

ént1€n (consider the cases of odd and even n separately). The latter property
implies, by induction, that ene, = emin(mn) = enem for all m,n € N. Since
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|eak—1]| = 1 for all k, we see that the algebra 2 = lin{e,, : n € N} satisfies the
conditions of Proposition 3.4. Hence it is a boundedly approximately contractible
Banach algebra. It is also singly generated, by Lemma 2.1. On the other hand,
since

leaell > lloaill = o0 as k — oo,
2l is non-amenable, by Corollary 2.4.

In particular, suppose that we take H = ¢2(Z, ), with its standard o.n. basis
(0n)n>0, and define Hy, = lin(do, ..., 0x), so that each by; is a scalar. Then since
each idempotent e, has finite rank, 2 C K(#H); and 2 is singly generated, by
Lemma 2.1. Using that lemma, we thus obtain an example of a compact opera-
tor on Hilbert space which generates a non-amenable, boundedly approximately
contractible algebra. (We recall that by [19], a compact operator on Hilbert space
generates an amenable algebra if and only if it is similar to a normal compact
operator.)

Furthermore, it is clear that 2l is contained in the subalgebra of B((*(Z))
formed by the block-diagonal matrices of block size 2, i.e., it embeds into the finite,
homogeneous von Neumann algebra (*°(Z, ) @ M. We finish this section by noting
that one can obtain many examples with the same properties, by choosing different
sequences (H,) and (bay). It may be interesting to study how these different exam-
ples might differ in their finer structure, or share other common features beyond
being boundedly approximately contractible, singly and compactly generated, etc.

4. Biflatness

The notion of a biflat Banach algebra is due to Helemskii. It should be emphasized
that it is not an ad hoc weakening of amenability, obtained by randomly omitting
certain conditions and “seeing what happens”. Rather, it is linked to the notion of
(homologically) flat Banach modules over a given Banach algebra, which is itself a
key concept in Helemskii’s versions of Ext and Tor in the Banach algebraic setting.

That said, we shall not concern ourselves with the deeper homological impli-
cations of biflatness, and we will not give the original homological definition. For
that, the reader should consult [13]. Instead, we take the following, well-known
characterization of biflatness as a working definition.

Lemma 4.1 (see [13, Exercise VIL.2.8]). A Banach algebra A is biflat if and only
if there exists a continuous, linear A-bimodule map o : A — (A® A)** such that
%0 = K4, the natural embeddding A — A**.

It is easy to see, from this characterization, that:

(i) every amenable Banach algebra is biflat (if M C (A® A)** is a virtual diag-
onal for A, define o(a) =a-M);

(ii) a biflat Banach algebra with a bounded approximate identity is amenable (if
(u;) is a BAI for A, let M be any w*-cluster point in (A® A)** of the net

o(ug)).
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Remark 4.2. Biflat Banach algebras are simplicially trivial, i.e., if A is biflat then
the continuous Hochschild cohomology groups H™(A, A*) vanish for all n > 1. In
particular, biflat algebras are weakly amenable.

Let A denote the Banach algebra obtained by equipping ¢' with pointwise
multiplication. A is a standard example of a commutative, semisimple, biflat
Banach algebra that has no bounded approximate identity, and hence is non-
amenable. Moreover, by Lemma 2.1, it is singly generated as a Banach algebra.

It turns out that there is a continuous algebra homomorphism 6 : A — B(H)
whose range is closed, so that §(A) is a singly generated, biflat operator algebra.
Moreover, given such an embedding 6, one can construct an embedding of A as a
closed subalgebra of a finite, Type I von Neumann algebra. (The basic idea is as
follows. If (e,,) denotes the standard unit basis of A = £1, let A,, = lin(ey,...,e,),
observe that 0|4, can be viewed as a representation of A,, on a finite-dimensional
Hilbert space, and then take the direct product of the representations 6, where
mn + A — A, is the obvious truncation homomorphism.)

The existence of a map 6 with these properties can be shown by combining
the following two results: A is a Q-algebra in the sense of Varopoulos (proved
independently by Davie [6] and Varopoulos [18], see also Example 18.3 and The-
orem 18.7 in [8]); and every @Q-algebra is isomorphic to some closed subalgebra
of B(H) (this is a theorem of Cole; see [2, §50] or [8, Theorem 18.8]). This ap-
proach is somewhat indirect, and does not seem to give an explicit description
of an embedding. It is therefore desirable to have an explicit construction of an
embedding of A as a closed subalgebra of a product of matrix algebras. This can
be done with the following construction, which was shown to me by M. de la Salle
[7], and is included here with his kind permission. The presentation here is para-
phrased slightly from his original wording. It seems likely that similar embeddings
were known previously, but I was unable to find an explicit description in the
literature.

Lemma 4.3. Consider the Hilbert space (*(NU {a,w}), where a and w are formal
symbols. There exists a sequence of rank-one idempotents (Ey)p>1 C B({*(N U
{a,w})), with the following properties:

(i) |1En]l <3 for all n;

(ii) EjEy =0 whenever j # k;

(iii) for each n, ran(E,) and ran(E}) are both contained in lin(ey, ey, en);

(iv) 1225 a;E5ll = 1325 ajl for any a € coo.-

Proof (de la Salle, personal communication). Let e, e, €1, ea,... denote the
standard basis vectors, and for each n € N put x,, = e, +eq+€n, Yn = € —€a+eén.
Define E,, by taking F,,(§) = y, (&, z,). Clearly each E,, is a rank-one operator;
direct calculation shows that E2 = E,,. Properties (i)-(iii) are also easily verified,
and (iv) follows from observing that (E,e,,,e,) = 1. O

Constructing the desired embedding. Let F denote the family of finite, non-empty
subsets of N. For each F' € F let Mpyq,,) be the algebra of square matrices
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indexed by F U {a,w}, given the usual (C*-algebra) norm; then if j € F we can
identify £; and E% with elements of Mpyfa,wy-

Let M be the finite, Type I von Neumann algebra []pcrMpyugawy — we
remark that this has separable predual, since F is countable — and define ¢ : A —
M by

5 0 ifj¢F ;
YONF=\ g ijer. )
Clearly ¢ is bounded linear with ||¢[| < sup; [|E;|| < 3, and since
o(d;) ifj =k,
$(0;)rd(0k)F = { 0 it £k,

it follows by continuity that ¢ is an algebra homomorphism. To see that ¢ is
bounded below, we use the estimate

1
sup ail > —|lall1. 4
3 e > ol (1)
(This can be found as [17, Lemma 6.3]. An earlier version of this paper had a

weaker estimate, with 4 instead of 7; my thanks to the referee for providing a
reference for the sharper estimate.) We then have, for each a € A,

I6(a)ll = sup é(a)rll = sup [y a;6(6;)r|
FeF FeF

jEN

= sup a;F;
Fe]—'HZ i Ejll

JEF
> sup |Z a;| (by Proposition 4.3(iv))
FEF [ h
1
> ;||a||1 (by the inequality (4)).

Thus ¢ has closed range, as required.

5. An extension result

As previously mentioned: it has been asked if every amenable commutative subal-
gebra 2L C B(H) is isomorphic to a commutative C*-algebra, which is equivalent
to asking if the Gelfand transform Gg : 2 — Cp(Py) is an isomorphism of Ba-
nach algebras. The answer is positive if 2 is contained in a finite von Neumann
algebra M. A key part of the proof of this in [3] is the following technical result.

Proposition 5.1. Let M be a von Neumann algebra with a faithful, finite, normal
trace T, and let A C M be a closed subalgebra which is commutative and amenable.
Let ®g denote the character space of 2, and let Gy : A — Co(Py) denote the
Gelfand transform. Then Gy is injective with dense range, and there is a bounded
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linear map 0 : Co(®gy) — L(M,7) which extends the inclusion A — M, in the
sense that the diagram

inclusion
A LT M

Ga l linclusion (5)

Co(®y) —2— LYM,7)
commutes. Here, L'(M,T) denotes the completion of M with respect to the norm
2]l L1 (ry = sup{|T(zy)| : y € M, [ly|| < 1}.
One might wonder if the converse of this proposition holds, perhaps with the
addition of some side-conditions on 2. More precisely:

Question. Let M be as in Proposition 5.1, and let 2l C M be a closed subalgebra,
such that
(i) Gg : A — Co(Pg) is injective with dense range;
(i) there exists a bounded linear map @ : Co(®g) — L'(M,7) making the dia-
gram (5) commute.
If A furthermore satisfies some weak version of amenability, must it automatically
be amenable?

If we take “weak version of amenability” to be biflatness (and therefore,
anything strictly weaker than biflatness), then the answer is negative. Our example
will be the algebra 2 obtained as an embedding of ¢!. Let ¢ be the embedding
constructed in (3), and let G4 : A — ¢p(N) be the Gelfand transform (which is
just the usual injection from ¢!(N) into co(N).)

Proposition 5.2. Let 7 be a faithful, normal, finite, tracial state T on M. Then
16(0)l1¢r) < 3llalloe for all a € £(N). (6)
Hence there is a bounded linear map 0 : co(N) — LY(7) which makes the diagram

(5) commute.

Proof. By normality, any such trace 7 is determined by its values on each summand
Mpu{a,wy, and therefore must have the form

7(r) = Z Ar Tr(zp) (x e M),
FeF
where the family (Ap)per is strictly positive and absolutely summable with
Z Ap =1,
FeF
and where Tr denotes the normalized trace on Mp 4 .,y Hence

AF
Yl er) —FZ WHZJFH(U (yeM),
cF

where [|-|(1) denotes the usual, unnormalized Schatten 1-norm on matrices.
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It suffices to prove the inequality (6); the rest is routine. So, let a € coo(N).
Then

@l = ¥ g lo@rla < sup sl

FeF

= su a~E~H
FGF])."F‘+2HZJEF 7 (1)

IN

Since each Ej is a rank-one operator, ||Ej||1) = |[E;| < 3, and the desired in-
equality (6) now follows. O
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Introduction

Traditionally, the theory of C*-correspondences has been used to generalize con-
crete results either from the theory of Cuntz—Krieger C*-algebras or from the
theory of crossed product C*-algebras. Our goal in this project has been to dis-
cover a path in the opposite direction: to use the theory of C*-correspondences in
order to obtain results which are new even for the Cuntz—Krieger or the crossed
product C*-algebras. For instance in Theorem 2.1 we describe a general process
for adding tails to a C*-correspondence that has lead to new results in the theory
of crossed product C*-algebras and Cuntz’s twisted crossed products. In the same
spirit, our Theorem 3.8 on the concept of shift equivalence of C*-correspondences
leads to a new result regarding the strong Morita equivalence of Cuntz—Krieger
C*-algebras (Theorem 3.10(4)). Therefore, even though the next few pages may
seem rather abstract or encyclopedic, we believe that this abstraction will benefit
even the reader who is interested only in the special classes of operator algebras
mentioned above.

1. Preliminaries

Let A be a C*-algebra. An inner-product right A-module is a linear space X which
is a right A-module together with a map

()= ox X xX = A
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such that
<£7)‘y+n>x :)‘<x7y>x+<xan>x (gvyvner)‘eC)v
<£7na>X:<£vn>Xa (gvneraeA)v
(n,6)x = (&Mx (&neX),
(€& x = 0;if (£,£) x =0 then £ =0.

A compatibility relation for the scalar multiplication is required, that is A(§a) =
(A)a = &(Aa), forall A € C,€ € X,a € A. For § € X we write [|£]| y := [[(€,£) 4ll 4
and one can deduce that [|-|| y is actually a norm. X equipped with that norm will
be called right Hilbert A-module if it is complete and will be denoted as X 4.

For X,Y Hilbert A-modules we define the set £(X,Y) of the adjointable
maps that consists of all maps s : X — Y for which there is a map s* : Y — X
such that

<5§7y>y = <£’S*y>Y’ (JZ S va S Y)

Every element of £(X,Y) is automatically a bounded A-linear map. An element
u € L(X,Y) is called unitary if it is onto Y and (u§, u()y = (£,()y, for all
£,¢eX.

In particular, for £ € X and y € Y we define ©,¢ : X — Y such that
04,60 =y (& )y, for all € X. It is easy to check that ©,¢ € L(X,Y) with
O, ¢ = O¢y. We denote by L(X,Y) the closed linear space of £(X,Y) spanned
by {Oy¢:£€ X,y e Y} If X =Y then K(X, X) = K(X) is a closed ideal of the
C*-algebra L(X, X) = L(X).

In a dual way we call X a left Hilbert A-module if it is complete with respect
to the norm induced by an inner-product left A-module [-,-]. The term Hilbert
module is reserved for the right Hilbert modules, whereas the left case will be
clearly stated.

Given a Hilbert A-module X over A, let X* = {£* € L(X,A) : £€(¢) =
(€,C) x } be the dual left Hilbert A-module, with

a~§*:(§a*)*, (§€X,GEA),
[g*vc*]X* :<§7<>X’ (§,C€X)

A Hilbert A-module X is called self-dual when X* coincides with the set of
bounded (not necessarily adjointable) A-linear mappings from X to A, hence a
Riesz—Fréchet Theorem is valid.

Example 1.1. A C*-algebra A is a (trivial) Hilbert A-module, when it is viewed
as a Banach space with a - b := ab and (a,b) , := a*b for all a,b € A. It is a left
Hilbert A-module when it is endowed with the left inner product [a,b] , := ab*,
for all a,b € A. Finally K(A) ~ A and L(A4) >~ M(A), i.e., the multiplier algebra
of A.
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1.1. C*-correspondences

Even though the class of C*-correspondences has been thoroughly investigated for
the last 25 years, the terminology still differs from author to author. We therefore
present the terminology that we will be using in this paper.

Definition 1.2. An A-B-correspondence X is a right Hilbert B-module together
with a s-homomorphism @x: A — £(X). We will denote this by 4Xp. When
A = B we will simply refer to X as C*-correspondence over A.

A subspace Y of X is a subcorrespondence of 4 Xp, if it is a C-D-correspond-
ence for some C*-subalgebras C' and D of A and B, respectively.

A C*-correspondence over A is called non-degenerate if the closed linear span
of px(A)X is dense in X. Moreover, X is called full if (X,X) is dense in A.
Also, X is called regular if it is injective, i.e., ¢ x is injective, and @ x (A4) C K(X).

Two A-B-correspondences X and Y are called unitarily equivalent, if there
is a unitary u € L(X,Y) such that u(px(a)éb) = ¢y (a)(u(£))d, for all a € A, b €
B,¢ € X. In that case we write X ~ Y. We write X <Y when X =~ Y} for a
subcorrespondence Yy of Y.

Example 1.3. Every Hilbert A-module X is a K(X)-A-correspondence when en-
dowed with the left multiplication ¢x = idk(x) : K(X) — L(X). A left inner
product over K(X) can be defined by [£,n]y = O¢,y, for all £, € X. Also X* is
an A-K(X)-correspondence, when endowed with the following operations

€ x- = [6nx =Ocy (& n" e X7),
& k= (k"¢)" (& € X", k € K(X)),
px-(a)f* =a- & =(£-a")" (£ e€XacA).

Example 1.4. For Hilbert A-modules X and Y, £(X,Y) becomes L(Y)-L(X)-
correspondence by defining (s,t) := s*t, t - a := ta and b -t := bt, for every
s,t € L(X,Y),ae L(X)and be L(Y).

Trivially, (X, Y) is a K£(Y')-K(X)-subcorrespondence of £(X,Y"). Note that,
when a c.a.i. in (X, X) y is aright c.a.i. for Y, then IC(Y) acts faithfully on K(X,Y").
When X =Y this is automatically true.

1.2. Interior tensor product

The interior tensor product of two Hilbert modules plays the role of a generalized
multiplication, stabilized by the elements of a common C*-algebra (see [38] for
more details). Let the C*-correspondences 4 Xp and gY¢; the interior or stabilized
tensor product, denoted by X ®p Y or simply by X ® Y, is the quotient of the
vector space tensor product X ®a,1, ¥ by the subspace generated by the elements
of the form

bey—E@pb)y, forall € X,yeY,be B.
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It becomes a Hilbert C-module when equipped with
(€@ y)e:=E @ (yo), ((eX,yeY,cel),

<§1 & ylv£2 ® y2>X®Y = <y17 @(<£17£2>X)y2>y ) (51762 € X7 Y1,Y2 € Y)
For s € L(X) we define s ® idy € L(X ® Y') as the mapping { @ y — s(§) ® y.
Clearly, (s ® idy)* = s* ® idy; hence X ® Y becomes an A-C-correspondence by
defining pxgy (a) := px(a) ®idy. One can prove that the interior tensor product
is associative, that is if Z is a C-D-correspondence, then (X ®pY) Q¢ Z =
X ®p (Y ®c2).
Example 1.5. When a Hilbert A-module X is considered as the IC(X)-A-corre-
spondence, then X ®4 X* =~ K(X) as C*-correspondences over K(X), via the

mapping
U1:X®AX* —>]C(X)§®C* Hef,{v

and X* @x(x) X = (X, X) y, as C*-correspondences over A via the mapping
uz : X* Qpxy X = (X, X)x 1 & @ (§,0)

In particular X* ®@xx) X ~ A, when X is full.

1.3. Hilbert bimodules

There are 4 Xp C*-correspondences that are both left and right Hilbert modules.
If a compatibility relation is satisfied between the two inner products then 4 Xp
is called Hilbert bimodule.

Definition 1.6. A Hilbert A-B-bimodule 4 Xp is a C*-correspondence X together
with a left inner product [, -] : X x X — A, which satisfy:

[px(a)én]x = al,nly . (§meX,ac A,
(& nlx = 0, €]x (&neX)
[€,&]x > 0;if [£,€]x = 0 then £ =0,

ex([§&nx)C=EMm: ) x s (& n,¢ € X).

The last equation implies that ¢x([£,7]y) = @én. It is clear that Hilbert
bimodules are a special case of C*-correspondences. Let Ix be the ideal,

IX = Span{[fﬂ?]x : 5777 € X}a
in A. Using the very definitions, one can prove that a € ker ¢px, if and only if
a € Ix. Hence, px is xinjective, if and only if, the Hilbert A-bimodule X is
essential, i.e., when the ideal Ix is essential in A.

Definition 1.7. An A-B-imprimitivity bimodule or equivalence bimodule is an A-B-
bimodule M which is simultaneously a full left and a full right Hilbert A-module.
That is [M, M],, is dense in A and (M, M),, is dense in B.

It is easy to see that when X is an A-B-imprimitivity bimodule then A ~%
K(M). Thus imprimitivity bimodules are automatically non-degenerate and regu-
lar.
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1.4. Matrix C*-correspondences

There is a number of ways of considering a direct sum of C*-correspondences.
They are contained (as subcorrespondences) in the notion of the matriz C*-

correspondence that is presented below. For the C*-correspondences s F 4, pFp,

ARp and gSa the matriz C*-correspondence X = { g

?] over A @ B is the

Hilbert (A @ B)-module of the linear space of the matrices [
R,s€ S, f € F, with

rb

fo ]’

ol Jen= [

<{ Zi 2 ] ’ { Z ;‘z ]>X = ({ere2)p + (s1,82)55 (r1,r2) g + (1, F2) ),

e|r
S‘f],eeE,re

such that the x-homomorphism ¢: A® B — L ({ g J; }) is defined as follows
elr vr(a)e | pr(a)r ]
b = .
#la-t) { s|f } { ws(B)s | or(v)f

The careful reader can see that this is exactly the exterior direct sum C*-
correspondence of the two interior direct sum C*-correspondences agp(E + S)a

and agp(R + F)p. Hence, the linear space of the matrices

f

E;r e Rs € S,f € F, is complete with respect to the induced norm, thus a
Hilbert (A & B)-module. Moreover E, F, R, S imbed naturally as subcorrespon-

R
5| A
correspondence, as tensoring corresponds to “multiplying” the matrices.

T},withee

dences in { } The following lemma explains the terminology matriz C*-

Lemma 1.8. Let E, F, R, S be C*-correspondences as above. Then

{E R]@ {E R}N{(EQ@AEH(R@BS) (E®aR)+ (Rop F)
S|F |48 8| F |7 | (SeaE)+(FopS)| (S®@aR)+(FeopF) |’

(unitarily equivalent) as C*-correspondences.

1.5. Representations of C*-correspondences

Let us make a brief presentation on the representation theory of C*-correspond-
ences. Let X be a C*-correspondence over A. A (Toeplitz) representation (m,t) of
X into a C*-algebra B, is a pair of a x-homomorphism 7: A — B and a linear
map t: X — B, such that

(1) m(a)t(§) = t(px(a)(§)),

(2) t(&)"t(n) = m((&m)x),
for a € A and &n € X. An easy application of the C*-identity shows that
t(§)m(a) = t(€a) is also valid. A representation (m,t) is said to be injective if
7 is injective; in that case t is an isometry.
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The C*-algebra generated by a representation (7,t) equals the closed linear
span of t”(ﬁ)tm( )*, where for simplicity we used the notation £ = ¢, ®---® ¢, €
X@ and t"(€) = t(&1)...t(&,). For any representation (7,t) there exists a -
homomorphism v : K(X) — B, such that wt(@gn) =t(&)t(n)*.

Let J be an ideal in ¢3! (K(X)); we say that a representation (7,t) is J-
coisometric if

Yi(px(a)) = w(a), for any a € J.
The representations (m,¢) that are Jx-coisometric, where

Jx = ker px Ny (K(X)),

are called covariant representations [33]. The ideal Jx is the largest ideal on which
the restriction of px is injective.

We define the Toeplitz—Cuntz—Pimsner algebra Tx as the universal C*-alge-
bra for all Toeplitz representations of X. Similarly, the Cuntz—Pimsner algebra
Ox is the universal C*-algebra for all covariant representations of X.

A concrete presentation of both 7x and Ox can be given in terms of the
generalized Fock space Fx which we now describe. The Fock space Fx over the
correspondence X is the interior direct sum of the X®" with the structure of a
direct sum of C*-correspondences over A,

Fx=AoXa X%
Given € € X | the (left) creation operator to(§) € L(Fx) is defined as

()( 17C27"'):(0754075(8(175@(27"‘)7

05
where ¢, € X®" n > 0 and ¢y € A. (Here X®° = A, X®! = X and X®" =
X @ X®=1 for n > 2.) For any a € A, we define 7'('00(&) € L(Fx) to be the
diagonal operator with px(c) ® id,_1 at its X®"th entry. It is easy to verify
that (7eo, teo) is a representation of X which is called the Fock representation of
X . Fowler and Raeburn [20] (resp. Katsura [33]) have shown that the C*-algebra
C* (oo, too) (resp C* (Moo, too)/K(Fx)Jx ) is *-isomorphic to Tx (resp. Ox).

Definition 1.9. The tensor algebra T)}" of a C*-correspondence 4 X 4 is the norm-
closed subalgebra of Tx generated by all elements of the form 7, (a), 5, (£), a € A,
Ee X", nelN.

The tensor algebras for C*-correspondences were pioneered by Muhly and
Solel in [41]. They form a broad class of non-selfadjoint operator algebras which
includes as special cases Peters’ semicrossed products [46], Popescu’s non-commu-
tative disc algebras [48], the tensor algebras of graphs (introduced in [41] and
further studied in [30]) and the tensor algebras for multivariable dynamics [13], to
mention but a few. For more examples, see [32].

There is an important connection between Ty and Ox given in the following
Theorem of Katsoulis and Kribs [31]. Recall that, for an operator algebra 20 and
a completely isometric representation ¢: A — A, where A = C*(¢«(2()), the pair
(4,1) is called a C*-cover for 2. The C*-envelope of the operator algebra 2 is the
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universal C*-cover (A, ¢) such that, if (B, ') is any other C*-cover for 2, then there
exists a (unique) #-epimorphism ® : B — A, such that ®(://(a)) = ¢(a), for any
a € 2. For the existence of the C*-envelope see [21, 17, 2, 6, 25].

Theorem 1.10 ([31, Theorem 3.7]). The C*-envelope of the tensor algebra Ty
18 Ox.

As a consequence the Toeplitz—Cuntz—Pimsner algebra is the extension of the
Cuntz-Pimsner algebra by the Silov ideal. (Any ideal J C C, for a C*-cover (C,¢)
of an operator algebra 2, with the property that the restriction of the natural
projection C' — C'/J on 2 is a complete isometry, is called a boundary ideal and
the Silov ideal is the largest such ideal.)

Now, let us see how we can generalize the previous facts in the case of ar-
bitrary C*-correspondences by using the notion of matrix C*-correspondences. A
representation of an A-B-correspondence X should be a triplet (wa,7p,t) such
that m4 and 7w are *-homomorphisms, ¢ is a linear mapping of X and

(1) ma(a)t(§)mp(b) = t(px(a)(§)b),
(2) &) t(n) =ma((&m) x),
for all € € X,a € A,b € B. If that is the case then one could define £ : X —

B(H(Q)) such that f(g) = [ 8 t(g) } Then (74 ® 7rB,£) defines a representation

of the (A@ B)-correspondence { 8 ‘ %( ] . Conversely, if (7, t) is a representation of

[ 8 )0( } , then (7|4, 7|p,t) defines a representation of X . Hence, we can identify
Tl x . . .
X with 0 ‘ 0 and define the Toeplitz—Cuntz—Pimsner, the Cuntz—Pimsner

and the tensor algebra of the A-B-correspondence X as the corresponding algebras

of the (A @ B)-correspondence { 0 . However, note that most of the results

0|0
known for C*-correspondences over the same C*-algebra must be verified, basically
because X®" is absurd for all n > 2.

Remark 1.11. We already gave a brief description of X* of the Hilbert A-module
X. When X is a correspondence over A this can be simplified. Let (m,,t,,) be the
universal representation of 4 X 4; then X* is the closed linear span of ¢,,(§)*, £ € X
with the left multiplication and inner product inherited by the trivial correspon-
dence C*(my, t,,). Via this identification one can produce a theory for the left ana-
logue of C*-correspondences (that means also, to start with left Hilbert modules),
but in most of the cases it can be recovered.

1.6. Examples

One of the fundamental examples in the theory of C*-correspondences are the
C*-algebras of directed graphs. (For more details see [49].)
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Let G be a countable directed graph with vertex set G(©, edge set G()
and range and source maps r and s respectively. A family of partial isometries
{Le}eegm and projections {L,},cgw is said to obey the Cuntz-Krieger relations
associated with G if and only if they satisfy

(1) LyLy=0 Vp.geG® p#gq
(2) L:L;=0 Ve,feGW, e f
()3 ) LiLe= Ly Veegh
(4) LoL: < Ly Vee g
(5) Srierey Lol = Ly ¥p € GO with [ (p)] £ 0, 0.
The relations (f) have been refined in a series of papers by the Australian school

and reached the above form in [5, 50]. All refinements involved condition (5) and
as it stands now, condition (5) gives the equality requirement for projections L,
such that p is not a source and receives finitely many edges. (Indeed, otherwise
condition (5) would not be a C*-condition.)

It can been shown that there exists a universal C*-algebra, denoted as Og,
associated with the relations (t). Indeed, one constructs a single family of par-
tial isometries and projections obeying (f). Then, Og is the C*-algebra generated
by a ‘maximal’ direct sum of such families. It turns out that there Og is the
Cuntz-Pimsner algebra of a certain C*-correspondence [41]. The associated Cuntz—
Pimsner—Toeplitz algebra is the universal algebra for the first four relations in (})
and is denoted as Tg.

Example 1.12. Let G, G’ be two graphs with adjacent matrices Ag and Ag. If X¢

and X are the corresponding C*-correspondences, then X¢ ® X is unitarily

equivalent to the C*-correspondence that comes from the adjacent matrix Ag-Agr.
Let X be an imprimitivity bimodule that comes from a graph

G = (G W rs)

(we follow the notation in [49]); then G is either a cycle or a double infinite path.
Pick your favorite completely isometric representation of T; ; for us it is a Cuntz—
Krieger family {P,, S. : v € G e € G} (because of [30]). Apart from the usual
relations, due to the form of the graph we have the simplified relation S..S; = P,.(c),
for all e € G, Therefore {P,,S* :v € GO e e g<1>} defines a Cuntz—Krieger
family of the graph G* = (G(®),GM 7* s*) where the arrows are reversed, i.e.,
r* = s and s* = r, thus X* is the C*-correspondence coming from this graph G*.

A second example comes from the class of dynamical systems. Let 5: A — B
be a *-homomorphism of C*-algebras. The trivial Hilbert module Bg becomes a
A-B-correspondence, denoted by (Xg, A), when endowed with the left action ¢p
such that pp(a)b = f(a)b for all a € A and b € B.

Example 1.13. If (X,, C) is a C-A-correspondence via a *-homomorphism a: C' —
A, and (Xg, A) is a A-B-correspondence via a *-homomorphism 5: A — B, then
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A®4 B is unitarily equivalent to the C-B-correspondence (Xgoq, C') associated to
the x-homomorphism foa: C — B.

Moreover, (Xg, A) is an imprimitivity bimodule if and only if 8 is a *-
isomorphism. In this case (X3, A)* ~ (X,-1,B). In particular, when A = B,
then Ox, is the usual crossed product B xp Z and the tensor algebra T;ﬂ is Pe-
ter’s semicrossed product [46] (for this and various types of semicrossed products
see also [23, 24, 27]).

2. Adding tails

In [28] the authors developed a method of “adding tails” that extends the one
developed by Muhly and Tomforde in [44].

Let G be a connected, directed graph with a distinguished sink py € G(©) and
no sources. We assume that G is contractible at po, i.e., the subalgebra CL,, is a
full corner of the Cuntz—Krieger algebra Og. So there exists a unique infinite path
wp = ejeges ... ending at po, i.e., r(wg) = po. Let p, = s(en), n > 1.

Let (Ap)pego be a family of C*-algebras parameterized by the vertices of
G so that A, = A. For each e € GV, we now consider a full, right Hilbert
Age)-module X, and a *-homomorphism

Qe : Ar(e) — [:(Xe)

satisfying the following requirements.

For e # e1, the homomorphism ¢, are required to be injective and map onto
K(Xe), ie., ve(Are)) = K(Xc). Therefore, each X, e # e1, is an A, (o)-Ag(e)-
equivalence bimodule, in the language of Rieffel.

For e = e1, we require K(Xe,) C ¢, (A) and

Jx C kerye, C (kerch)J‘. (1)
In addition, there is also a linking condition

v (K(Xey)) € o' (K(X) (2)
required between the maps ¢x and e, .
Let Ty = cof (Ap)pegw)) denote the cp-sum of the family (Ap)pegw),

g(_o) = Q’(O)\{po}. Consider the set coo((Xe)eeg) € co((Xe)eega ), consisting
of sequences which are zero everywhere but on a finite number of entries. Equip
co0((Xe)ecgy) with a Tp-valued inner product defined by

(wo)(p) = > uve, peg?,
s(e)=p

where

for any w,v € coo((Xe)eeg). Let T1 be the completion of coo((Xe)eegay) with
respect to that inner product. Equip now T} with a right Ty-action, so that

(Ul’)e = uexs(e)v ec g(l)’
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for any x € Tp, so that the pair (73, 7y) becomes a right To-Hilbert module. The
pair (Tp,T1) is the tail for 4 X 4.
To the C*-correspondence 4 X 4 and the data

T= (g, (Xe)eeg(l) 5 (Ap)peg(o) s (@e)eeg(l))v

we now associate
A=A T,
X, =XoT;. (3)

Using the above, we view X, as a A,-Hilbert module with the standard right
action and inner product for direct sums of Hilbert modules. We also define a left
Ar-action ¢, : A; — L(X;) on X, by setting

pr(a, ) (& u) = (px(a)é;v),

where
Pey (a’)(um)a ife= €1
Ve = .
©e(Tr(e))ute, otherwise
forac A, € X, xe€Tyand u € Ty.

Theorem 2.1 ([28, Theorem 3.10]). Let 4 X 4 be a non-injective C*-correspondence
and let X, be the graph C*-correspondence over A, defined above. Then X, is an
injective C*-correspondence and the Cuntz—Pimsner algebra Ox is a full corner
Of OX.,--

Regarding Theorem 2.1 and the conditions imposed on the graph G and
the maps (¢e).cga), we have asked that the graph G be contractible. We cannot
weaken this assumption to include more general graphs. Indeed, we want the tail
associated with the data

T = (ga (XE)eeg(l) ’ (Ap)peg(o) ) (@e)eeg(l))v

to work with any possible Cuntz—Pimsner algebra Ox that can be “added on”.
This should apply in particular to the Cuntz—Krieger algebra Og, ~of the (trivial)
graph G,, consisting only of one vertex py. By taking 7 to be the “usual” tail
associated with G, i.e., X, = A. = CL,, and ¢, left multiplication for all e, we
see that Og,,, is a full corner of Ox, if and only if G is contractible at po.
Conditions (1) and (2) are also necessary, as the following result suggests.

Proposition 2.2. Let 4 X 4 be a non-injective C*-correspondence and let X be the
C*-correspondence over A, associated with the data

T = (Q, (Xe)ecg)s (Ap)peg© s (we)eegu))»

as defined at the beginning of the section. If X, is injective,
(1 " (K(X1)) + Jx) ®0 C Jx,,
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and the covariant representations of X, restrict to covariant representations of

px, then
Jx Ckeryp; C (kerng)J‘

)

and the linking condition
e (K(X1)) € o' (K(X))
holds.

Lets see now how the work of Muhly and Tomforde fits in our theory.

Example 2.3 (The Muhly-Tomforde tail [44]). Given a (non-injective) correspon-
dence (X, A, ¢x), Muhly and Tomforde construct in [44] the tail that results from
the previous construction, with respect to data

T = <g7 (Xe)eeg<1> ) (Ap)peg<0> ) (‘Pe)eegU))

defined as follows. The graph G is illustrated in the figure below.

oPo oP1 oP2 oP3 )
€1 €2 €3

A, =X, =kerpx, forall p € Q’(_O) and e € G, Finally,
Ye(a)ue = aue,
for all e € GV, u, € X, and a € Ao

2.1. Applications

2.1.1. Semicrossed products. The tail of Muhly and Tomforde has had significant
applications in the theory of C*-correspondences, including a characterization for
the C*-envelope of the tensor algebra of a non-injective correspondence [31]. How-
ever, it also has its limitations, as we are about to see.

Example 2.4. Let (X,, A) be the C*-correspondence canonically associated with
a dynamical system (A, ) and let O o) be the associated Cuntz-Pimsner C*-
algebra. If « is not injective, then by using the Muhly—Tomforde tail we obtain
an injective C*-correspondence (Y, B, ¢y) so that O4 4 is a full corner of Oy-.
Remarkably, (Y, B,py) may not come from any dynamical system in general.
Assume that ker o C A is an essential ideal of A; then the Muhly—Tomforde tail
produces an injective correspondence (Y, B, py ) with

Y = A® ¢olkera), B =A® cy(ker )
and ¢y defined by
2% (Cl, (Cl)l> (Cl/, (c;)l> = (a(a)a’, O‘(a)cllv Clcl2v CQCgv .. ')7

where a,a’ € A and (¢;);, (¢}); € co(ker o).
If there was a *-homomorphism [ satisfying

ey (b)(¥') = B, (4)
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then by equating second coordinates in the equation
oy (1, (ci)i) (d', (¢))i) = B(1, (ci)i) (a', (¢)))
we would obtain,
¢y = B(1, (e)i),¢1,
for all ¢] € ker a. Since ker a is an essential ideal, we have ker o > 6(1, (Ci)i)2 =1,
a contradiction.

Therefore, the Muhly—Tomforde tail produces an injective correspondence
but not necessarily an injective dynamical system. Nevertheless, there exists a tail
that can be added to (X,, A) and produce an injective correspondence that comes
from a dynamical system.

Example 2.5. If (X,, A) is the C*-correspondence canonically associated with a
dynamical system (A, «), then the appropriate tail for (X, A) comes from the
data

T = <g7 (Xe)eeg(l) 5 (Ap)peg(o) 5 (@e)eeg(l))
where G is as in Example 2.4 but for any p € Q(,O) and e € GOV,
Ap =X, =0(A4),

where 6: A — M (ker ) is the map that extends the natural inclusion ker o C
M (ker @)) in the multiplier algebra. Finally

ve(a)ue = aue,

foralle e GM, u, € X, and a € Ay (e)- Then the correspondence X is canonically
associated to the dynamical system (B, /3), where

B = A®c(0(A) and B(a, (¢;);) = (ala),b(a), (c:)i)-

2.1.2. Multivariable dynamical systems. We now apply the method of adding tails
to C*-dynamics. Apart from their own merit, this application will also address the
necessity of using more elaborate tails than that of Muhly and Tomforde in the
process of adding tails to C*-correspondences. This necessity has been already
noted in the one-variable case.

A multivariable C*-dynamical system is a pair (A,«a) consisting of a C*-
algebra A along with a tuple a = (a1, o, ...,a,), n € N, of s-endomorphisms of
A. The dynamical system is called injective if NI, ker a;; = {0}.

In the C*-algebra literature, the algebras O o) are denoted as A x, O,
and go by the name “twisted tensor products by O,,”. They were first introduced
and studied by Cuntz [8] in 1981. In the non-selfadjoint literature, these algebras
are much more recent. In [13] Davidson and the second named author introduced
the tensor algebra T(j\,a) for a multivariable dynamical system (A, «). It turns

out that T(jg ) is completely isometrically isomorphic to the tensor algebra for
the C*-correspondence (X, 4, 9o). As such, Oy 4 is the C*-envelope of 7'(2 )
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Therefore, O4 ) provides a very important invariant for the study of isomor-
phisms between the tensor algebras ’T(; )

To the multivariable system (A, a) we associate a C*-correspondence (X4, 4, ¢q)
as follows. Let X, = A" = @] ; A be the usual right A-module. That is

(1) (a1y...,ap) - a=(a1a,...,ana),
(2) ((a1,---san), (b1,...,by)) = Z?:l (@i b;) = Z?:l a;bi.

Also, by defining the *-homomorphism
Va: A— L(X4): a— B ai(a),

X becomes a C*-correspondence over A, with ker p, = N7 ker o; and ¢(A) C
K(X,). It is easy to check that in the case where A and all «; are unital, X, is
finitely generated as an A-module by the elements

e1:=(1,0,...,0),ea:=(0,1,...,0),...,e, := (0,0,...,1),

where 1 = 14. In that case, (m,t) is a representation of this C*-correspondence if
and only if ¢(§;) are isometries with pairwise orthogonal ranges and

m(e)t(§) = t(E)m(ei(c)), i=1,...,n

Definition 2.6. The Cuntz—Pimsner algebra O(4 o) of a multivariable C*-dynamical
system (A, «) is the Cuntz—Pimsner algebra of the C*-correspondence (X, A, pq)
constructed as above.

The graph G that we associate with (X,, 4, ¢,) has no loop edges and a
single sink pg. All vertices in G(O\{py} emit n edges, i.c., as many as the maps
involved in the multivariable system, and receive exactly one. In the case where
n = 2, the following figure illustrates G.

\
\/ T~

\
/
—

Clearly, G is pp-accessible. There is also a unique infinite path w ending at pg and
so G is contractible at pg.
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Let J = N, kera; and let M(J) be the multiplier algebra of J. Let
0: A — M(J) the map that extends the natural inclusion J C M(J)). Let
Xe = Ay = 0(A), for all e € G, and consider (Xe, Ag(ey) with the natural
structure that makes it into a right Hilbert module.

For e € GM\{e1} we define ¢, (a) as left multiplication by a. With that left
action, clearly X, becomes an A, (.)-Ay)-equivalence bimodule. For e = ey, it is
easy to see that

e, (@)(0(D)) = 0(ad), a,be A
defines a left action on X., = 6(A), which satisfies both (1) and (2).

Theorem 2.7 ([28, Theorem 4.2]). If (A, «) is a non-injective multivariable C*-
dynamical system, then there exists an injective multivariable C*-dynamical system
(B, B) so that the associated Cuntz-Pimsner algebras O(4.q) s a full corner of
O(B,p)- Moreover, if A belongs to a class C of C*-algebras which is invariant
under quotients and co-sums, then B € C as well. Furthermore, if (A, ) is non-
degenerate, then so is (B, ).

The reader familiar with the work of Davidson and Roydor may have noticed
that the arguments in the proof of Theorem 2.7, when applied to multivariable
systems over commutative C*-algebras produce a tail which is different from that
of Davidson and Roydor in [14, Theorem 4.1]. It turns out that the proof of [14,
Theorem 4.1] contains an error and the technique of Davidson and Roydor does
not produce a full corner, as claimed in [14]. Nevertheless, [14, Theorem 4.1] is
valid as Theorem 2.7 demonstrates (a fact also mentioned in [14, Corrigendum]).
We illustrate this by examining their arguments in the following simple case.

Example 2.8 (The Davidson-Roydor tail [14]). Let X = {u,v} and consider the
maps 0;: X = X, i = 1,2, with o;(u) = v and o;(v) = v. Set 0 = (01,02) and
let O(x,s) be the Cuntz—Pimsner algebra associated with the multivariable system
(X, o), which by [13] is the C*-envelope of the associate tensor algebra.

We now follow the arguments of [14]. In order to obtain Oy ) as a full
corner of an injective Cuntz—Pimsner algebra, Davidson and Roydor add a tail to
the multivariable system. They define

T={(u,k) | k<0}and XT =X UT.
For each 1 <i < 2, they extend o; to a map o : X7 — X7T by
ol (u, k) = (u, k + 1) for k < —1 and o (u, —1) = u.

They then consider the new multivariable system (X7, 07) and its associated
Cuntz-Pimsner algebra O(X7,o7T).

It is easy to see that the Cuntz—Pimsner algebra O(x ) for the multivariable
system (X, o) is the Cuntz—Krieger algebra Og of the graph G illustrated below,
while the Cuntz—Pimsner algebra O(X7, o7 is isomorphic to the Cuntz—Krieger
algebra Ogr of the following graph GT, where for simplicity we write uj instead
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of (u,k), k <0,
G: Qo”/_/_\o“, gT;Qo“A/_\.”‘/i\.ul T T eu2 T
g g T

In [14, page 344], it is claimed that the projection P associated with the
characteristic function of X C X7 satisfies POxr o7\P = Oy o) and 50 O(x o) is
a corner of Oy ;7). In our setting, this claim translates as follows: if P = Ly, + Ly,
then POgTP = Og.

However this is not true. For instance, P(LyL%)P = L¢L} ¢ Og.

2.1.3. Multivariable dynamical systems and crossed products by endomorphism.
We can describe the Cuntz—Pimsner algebra of an injective and non-degenerate
multivariable system as a crossed product of a C*-algebra B by an endomorphism
B. This idea appears first in [14] for a different crossed product than the one
presented here. We start with the pertinent definitions.

Definition 2.9. Let B be a (not necessary unital) C*-algebra and let 5 be an
injective endomorphism of B. A covariant representation (m,v) of the dynamical
system (B, ) consists of a non-degenerate x-representation 7 of B and an isometry
v satisfying

(i) m(B(b)) = vmw(b)v*,Vb € B, i.e., v implements 3,

(ii) v*m(B ) 7r( ), i.e., v is normalzzzng for m(B),

(iii) v*(v*)* ( ) C7w(B),VkeN.

The crossed product B x g N is the universal C*-algebra associated with this
concept of a covariant representation for (B, ). Specifically, B x5 N is generated
by B and BV, where V is an isometry satisfying (i), (ii) and (iii) in Definition
2.9 with 7 = id. Furthermore, for any covariant representation (m,v) of (B, ),
there exists a *-homomorphism 7: B xg N — B(H) extending 7 and satisfying
w(bV) = w(b)v, for all b € B.

In the case where B is unital, condition (iii) is redundant and this version
of a crossed product by an endomorphism was introduced by Paschke [45]; in the
generality presented here, it is new. It has the advantage that for any covariant
representation of (w,v) of (B, 8) admitting a gauge action, the fixed point algebra
of (m,v) equals 7(B) (see Remark 2.10 below). This allows us to claim a gauge
invariance uniqueness theorem for B x g N: if (7, v) is a faithful covariant represen-
tation of (B, 8) admitting a gauge action, then the C*-algebra generated by 7(B)
and 7(B)v is isomorphic to B xg N.

Remark 2.10. Observe that conditions (i), (ii) and (iii) in Definition 2.9 imply
that # (B x4 N) is generated by polynomials of the form 7(by) + >, m(bx)v* +
>, ()w(by), bo,bg, b € B. Indeed, item (i) implies that vr(b) = 7(8(b))v, thus
m(b)v* = v*n(5(b)), for all b € B (since B is self-adjoint). With this in hand and
item (ii) of the definition we can see that the product (v*)*m(by)7(b;)v! can be
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written as a trigonometric polynomial of the above form, for all k,{ > 0. Item (iii)
is used to show the same thing for the products m(by)v"*(v*)!7(b;), when k > I.
Finally, for k£ < [ we use the fact that v is an isometry and item (iii) so that

(b )o® () m(br) = m(br) (")~ 0! (v*) ' (br)
m(b) (") (b)) = () ("),

which completes the argument.

There is a related concept of a crossed product by an endomorphism which
we now discuss. For a C*-algebra B and an injective endomorphism 3, Stacey
[561] imposes on a covariant representation (m,v) of (B, ) only condition (i) from
Definition 2.9. He then defines the crossed product B xg N to be the universal
C*-algebra associated with his concept of a covariant representation for (B, ().
Muhly and Solel have shown [42] that in the case where B is unital, Stacey’s
crossed product is the Cuntz—Pimsner algebra of a certain correspondence. Using
a gauge invariance uniqueness theorem one can prove that if the isometry V in
B x5 N satisfies condition (ii) in Definition 2.9, then B xg N~ B x 3 N.

Theorem 2.11. [28, Theorem 4.6] If (A, ) is an injective multivariable system, then
there exists a C*-algebra B and an injective endomorphism 8 of B so that O 4 q)
is isomorphic to the crossed product algebra B x g N. Furthermore, if A belongs to
a class C which is invariant under direct limits and tensoring by My(C), k € N,
then B also belongs to C.

Combining Theorem 2.11 with Theorem 2.7 we obtain the following.

Corollary 2.12. If (A, «) is a multivariable system, then there exists a C*-algebra
B and an injective endomorphism B of B so that O(4 4y is isomorphic to a full
corner of the crossed product algebra B x g N. Furthermore, if A belongs to a class
C which is invariant under direct limits, quotients and tensoring by My (C), k € N,
then B also belongs to C.

Finally, let us give a quick application of Theorem 2.11, that readily follows
from Paschke’s result [45] on the simplicity of B xg N.

Corollary 2.13. Let A be a UHF C*-algebra and let a = (aq,...,a,) be a mul-
tivariable system with n > 2. If a;(1) = 1, for all i = 1,2,...,n, then O4.q) is
simple.

2.2. Graph C*-correspondences
Graph C*-correspondences can be used to summarize in a very delicate way prop-
erties and constructions of C*-correspondences [15].

Let G = (G'9,GM 7, s) be a directed graph. Let (4,),cgw be a family of
C*-algebras parameterized by the vertices of G and for each e € G(), we consider
Xe be a A,()-Ag(e)-correspondences Xe.
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Let Ag = co((Ap)ycg) denote the co-sum of the family (Ay),cgwo . Also,
let Yo = coo((Xe)eegy) which is equipped with a Ag-valued inner product

<’LL, U> (p) = Z <uea U6>AP b p e g(O)
s(e)=p
If X¢ is the completion of Y with respect to the inner product, then Xg is a
Ag-Hilbert module when equipped with the right action

(Ul’)e = uexs(e)v ec g(l)

It becomes a C*-correspondence, when equipped with the x-homomorphism ¢g :
Ag — L(Xg), such that

(pg()u)e = @e(@r(e))(ue),e € GW,

for v € Ag and u € Xg. The C*-correspondence Xg over Ag is called the graph
C*-correspondence with respect to the data

{g’ {Ap}peg(o) ) {Xe}eeg(l) }

In other words, a graph C*-correspondence can be viewed as a graph G such that
on every vertex sits a C*-algebra, on each edge sits a C*-correspondence and the
actions and the inner product are defined via the information provided by the
graph (they “remember” the form of the graph) as in the following image

Y‘\ ~
AN e
N X. 7
— < <
“ oAr(e) oBs(e)
Example 2.14. Every C*-correspondence X over A can be visualized in the lan-

guage of graph C*-correspondences trivially as

Y

X

Moreover, every 4 Xp C*-correspondence can be visualized as

The Fock space of a graph C*-correspondence contains the path C*-corre-
spondences X,,, for some path p. That is if u = ze,, ...e1y is a path of the graph
G then X, := X, ®4 (c,) "+ ®a X, is a Az-Ay-correspondence.

r(e2)

Definition 2.15. A graph C*-correspondence is called commutative if for any two
paths p = ze, ...e1y and v = xfy ... f1y, that have the same range and source,
the corresponding path C*-correspondences X, @ ---® X, and Xy, ®... Xy, are
unitarily equivalent.
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For example if £ ~ R ®p S for some C*-correspondences s E4, aRp and

BS54, then one can form the commutative graph C*-correspondence

E

- .B 7

Note that the graph C*-correspondence that comes from this graph does not con-
tain 4 F4 as a subcorrespondence, though. A graph C*-correspondence that has
additionally that property is the following

E
Q=
—
o4 o5
~—
R

Example 2.16. Let X, be the correspondence that occurs from the adding-tail
construction established in [28]. It can be visualized in the language of graph
C*-correspondences as follows

Xc2 Xe,
X
0
k/\
o4ro / / A2
where A, = A.

Example 2.17. (Muhly—Tomforde tail [44]) When X is visualized on a cycle graph,
then Muhly-Tomforde tail produces the following graph C*-correspondence

O ker p x ker o x ker o x
oA eker vx eker px D

X

Example 2.18. If (X,, A) is the C*-correspondence canonically associated with
a dynamical system (A, «), then the tail produced by Muhly and Tomforde for
(Xa, A) comes from the graph

X
ker o ker o ker o
A

° .kera .kera

Example 2.19. If (X,, A) is the C*-correspondence canonically associated with
a dynamical system (A, «), then the appropriate tail for (X,,A) comes from
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the graph

0(A) 0(A) 0(A)
L - <~

A 0(A) 0(A)

where 0: A — M (ker a) is the map that extends the natural inclusion ker o C
M (ker «)) in the multiplier algebra. Therefore, the C*-correspondence (Y, ¢y, B)
is the C*-correspondence canonically associated with a dynamical system (B, (),
where B = A ® ¢o(0(A)) and B(a, (x,)) = (ala),0(a), (z,)).

Example 2.20. If (X, A) is the C*-correspondence canonically associated with a
C*-dynamical system (A, a1, aq), then the appropriate tail for (X, A) comes from
the graph

X

O 0(A) 0(A) 0(A)
A /(A T e .

where J = ker oy Nker ay and §: A — M (J) is the map that extends the natural
inclusion J C M (J) in the multiplier algebra.

3. Shift Equivalence Problem

In his pioneering paper [53] Williams studied certain notions of relations for the
class of matrices with non-negative integer entries. We say that two such matrices
E and F are elementary strong shift equivalent, and write E ~ F, if there are
two matrices R and S such that £ = RS and F = SR. Whereas this relation is
symmetric, it may not be transitive. In [53, Example 2] Williams gives the following

counterexample; let
10 21 s |5 6]s |9 4
2 1 4 6 3 2|

1 . . .
0 ] is not elementary strong shift equivalent to [

but[ 9 1

4 ..
3 9 } . The transitive

closure ~, denoted by Sf%E, implies that E°RUF if there is a sequence of matrices
T, i=0,...,n, such that E = Tp, F = T}, and T,°% T}, . Williams also defined
a third relation, which is proved to be transitive. We say that F is shift equivalent

to F, and write F X F, if there are R, S such that E™ = RS, F" = SR and
ER=SF, FR = SF for some n € N.

A purpose of [53] was to prove that the relations %" and ¥ are equivalent.
Unfortunately, an error in [53] made invalid the proof of a key lemma, and this
task remained unsolved for over than 20 years, known as Williams’ Conjecture. The
research interest in this area contributed to the growth of symbolic dynamics and
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to the search of (complete) invariants for both the equivalence relations. A major
change was made by Kim and Roush in [35], where they proved that Williams’
Conjecture was false for the class of non-negative integral matrices. Their work
suggests that Williams’ Conjecture can be renamed as Shift Equivalence Problem;

ie., is SRE equivalent to % for a class &. This formulation is a little vague as one
has to extend the definition of the relations described above to a class &.

The notion of elementary and strong shift equivalence for C*-correspondences
was studied by Muhly, Tomforde and Pask [40]. In addition they prove that strong
shift equivalence of C*-correspondences implies the Morita equivalence of the as-
sociated Cuntz—Pimsner algebras, thus extending classical results of Cuntz and
Krieger [9], Bates [4] and Drinen and Sieben [16] for graph C*-algebras. The con-
cept of shift equivalence has been studied extensively from both the dynamical
and the ring theoretic viewpoint. (See [52] for a comprehensive exposition.) In
general, shift equivalence has been recognized to be a more manageable invari-
ant than strong shift equivalence, as it is decidable over certain rings [34]. Unlike
strong shift equivalence, the study of shift equivalence, from the viewpoint of C*-
correspondences, has been met with limited success [39]. (Other operator theoretic
viewpoints however have been quite successful [37].) The concept of strong Morita
equivalence for C*-correspondences was first developed and studied by Abadie,
Eilers and Exel [1] and Muhly and Solel [43], and plays the role of a generalized
Conjugacy (see Example 3.2 below). Among others these authors show that if
two C*-correspondences are strong Morita equivalent then the associated Cuntz—
Pimsner algebras O and Op are (strong) Morita equivalent as well. Let us give
the definitions.

Definition 3.1. Let the C*-correspondences 4 F4 and gFp. Then we say that

(1) E is Morita equivalent to F', and we write F SKE F, if there is an imprimi-
tivity bimodule g4 Mp such that E @4 M = M ®p F.

(2) E is elementary strong shift equivalent to F, and we write E X~ F, if there
are oRp and Sy such that E = R®4 S and FF =S ®p R,

(3) E is strong shift equivalent to F', and we write ESEEF, if there are T;, ¢ =
0,...n, such that Tp = E,T},, = F and T; ~ T4,

(4) E is shift equivalent to F with lag m, and we write E X F, if there are o Rp
and pSp such that E®™ = Rp S, F¥" =S@s Rand EQq R= R®pF,
SR FE=F®pAs.

Example 3.2. Let 4 F4 and pFp be C*-correspondences arising from two dynam-
ical systems (A4, «) and (B, ) and assume that E SXE F via an imprimitivity
bimodule M. If we wish M to arise in a similar way then it should be the C*-
correspondence associated to a x-isomorphism v: A — B. As showed in Exam-
ple 1.13, E ®4 M is the C*-correspondence associated to v o a: A — B and
M ®p B is the C*-correspondence associated to 5 oy: A — B. Therefore the
unitary equivalence E ® 4 M ~ M ®p B induces a unitary u € L(B) = B, such
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that a - u(1g) = u(a - 1), for all a € A; equivalently that 8 o y(a)u = uy o a(a),
for all @ € A, hence that the systems (A, «) and (B, 5) are (outer) conjugate.
In [29] we studied these relations and the interaction between them. Note that
SME SSE SE . . N
~ ,"~ and ~ are equivalence relations for non-degenerate C*-correspondences.
One of our main result is the following.
Theorem 3.3. [29] The Shift Equivalence Problem Problem is true for the class of

SME s SSE SE
~ ’N ~Y 5

imprimitivity bimodules. In particular, the relations ~' coincide.

b

A weaker version of the previous theorem holds in general.
Theorem 3.4. [29] Let the C*-correspondences sE4 and pFp; then

In [40] Muhly, Pask and Tomforde have provided a number of counterex-
amples showing that Morita equivalence of C*-correspondences differs from the
elementary strong shift equivalence. The previous result shows that it is in fact
stronger.

One of the basic tools we use in [29] is the Pimsner dilation of an injective
C*-correspondence X to a Hilbert bimodule X. This construction was first in-
troduced by Pimsner in [47]. In [28, Appendix A] we revisited this construction
by using direct limits. Assume first that X is non-degenerate and consider the
directed system

AL L(X) 25 L(Xx®?)
where
po=px: A= L(A) — L(X),
pn: LX) — LX) r— r@idx, n > 1,

and let Ay be the C*-subalgebra of B = lig(ﬁ(X(@”),pn) that is generated by
the copies of K(X®"), for n € Z.. Consider also the directed system of Banach
spaces
L(AX) 2% L(X, X% 2 oo

where

Ot L(XO, XOMTL) o p(XO T XO2): 51 s@idx, n > 1,
and let X, be the Banach subalgebra of Y = li_n>1([,(X®”, X@ntl) 5,) generated
by the copies of K(X®" X®"*1) for n € Z, . Note that the map

0: X — LA X): £ — O,

where 0¢(a) = €a, £ € X, maps a copy of X isometrically into (A4, X) C X. In
particular, if px (A) C (X)), then one can verify that

Xoo = @(K(X(@",X@"'H), on) and Ay = @(K(X®"),pn).
Thus, in this case, X, is a full left Hilbert bimodule.



66 E.T.A. Kakariadis and E.G. Katsoulis

If r € L(X®"), s € L(X®, X®"H1) and [r],[s] are their equivalence classes
in B and Y respectively, then we define [s]-[r] := [sr]. From this, it is easy to define
a right B-action on Y. Similarly, we may define a B-valued right inner product on
Y by setting

(['],[s])y = [(s")"s] € B.

for s,s' € L(X®", X®"t1) n € N, and then extending to Y x Y. Finally we define
a #-homomorphism ¢y : B — L(Y") by setting

oy ([F)([s]) = [rs], reL(X®),s€ L(XEL X®) n>0

and extending to all of B by continuity. We therefore have a left B-action on Y
and thus Y becomes a C*-correspondence over B.

The following diagrams depict the above construction in a heuristic way: the
right action is “defined” through the diagram

P3

A PX=po ,C(X) P2 E(X®2) l

| | |

- N O |

\i - \i - Y . ‘|/
[,(A,X) — 0; ﬁ(X, X®2) 1 [,(X®2,X®3) H‘"’ L

B
\

|
v

Y

while the left action is “defined” through the diagram

Y xX=po P2 P3
®2 S
A L(X) L(XT7) g B
-~ - 7 ‘
id- -~ id-_ ~ id- ~
- P e Py |
2~ e g y

L(A,X) l>L(X,X®2) i>£(X®2,X®3) ey

More generally one can use the mapping 7: X — L£(X, X®?), with 7(&)n = £ ® 1,
instead of 0g, so as to encounter degenerate cases.

For a proof of the following Theorem see [47, Theorem 2.5] or [28, Theorem
6.6], and [29, Section 3]. The main difference between the two approaches is that in
[28] we have represented X ® 4 A as the direct limit X, thus having no concern
in checking the form of the tensor product. Moreover, it appears that “tensoring”
X with Ay is equivalent to multiplying X with A, in li%m(ﬁ(X@”, Xenth) o).

Theorem 3.5. [47, Theorem 2.5] [28, Theorem 6.6] Let 4 X4 be an injective C*-
correspondence and let X o, be the A -correspondence defined above. Then X, is
an essential Hilbert bimodule and its Cuntz—Pimsner algebra Ox__ is x-isomorphic
to Ox.

The idea of using direct limits for Pimsner dilation is in complete analogy to
the direct limit process for dynamical systems (see [27]).

Example 3.6. Let (A,«) denote a dynamical system where « is a x-inject-
ive endomorphism of A. We can define the direct limit dynamical system
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(Ao, 0tss) by
A=A Ao
A=A Ao

The limit map a«, is an automorphism of A, and extends « (note that A imbeds
in A since « is injective). Then the A-Aso-correspondence X, __, is the Pimsner
dilation of X,.

The main question examined in [29] was the following: is it true that E. ~

F (where ~ may be SE & 5% SéE) if B ~ F' (in the same way)? When F and F

are regular C*-correspondences we get the following result, by making use of the
generalized notion of dilations.

Theorem 3.7. [29] Let 4E4 and pFp be regular C*-correspondences. If E ~ F
SME s SSE SE

(where ~ may be "~ ~, "~ X)), then Ex ~ Fy (in the same way).
For full right, non-degenerate, regular C*-correspondences we have the fol-
lowing.

Theorem 3.8. [29] Let sE4 and pFp be full right, non-degenerate, regular C*-
correspondences. Then:

ERPp=——>EiF——>pRFr——>p%F

ﬂ ﬂ ﬂ ﬂ

ME E E
B, —E AF,<—E YV <—8 %Y,

The vertical arrows in Theorem 3.8 are not equivalences in general. Indeed,

if B ~ F implied FE ~ F' then, in particular F g F. The following Theorem
shows that this happens only trivially, i.e., when F = F.

Theorem 3.9. [29] Let aE4 be a full, non-degenerate and regular C*-correspond-

ence. If £ & E then E is an imprimitivity bimodule.

It would be interesting if we could prove the validity of the Shift Equivalence
Problem for this class of C*-correspondences (as, after imprimitivity bimodules, it
is the next best thing). An obstacle that prevents the construction of counterex-
amples that would give a negative answer to the Shift Equivalence Problem for
non-degenerate and regular correspondences is that the theory of invariants of cor-
respondences is rather poor. The best results (to our opinion) obtained so far are
those appearing in [43, 40]. In particular [40, Theorem 3.14] holds for degenerate
cases also, as proved in [29]. Note that the additional item (3) below is an imme-
diate consequence of item (2) and item (4) below is an immediate consequence of
Theorem 3.5 and Theorem 3.8.
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Theorem 3.10.

(1) [43, Theorem 3.2] Let sE4 and pFp be non-degenerate, injective C*-cor-

respondences. If E SME B then the corresponding Toeplitz—Cuntz—Pimsner

algebras and Cuntz—Pimsner algebras are strong Morita equivalent as C*-
algebras, and the corresponding tensor algebras are strong Morita equivalent
in the sense of [7].

(2) [40, Theorem 3.14], [29] Let sE4 and gFp be regular C*-correspondences. If

E A F, then Og “RP Op.

(3) [29] Let AE4 and gFp be reqular C*-correspondences. IfESEJEF, then Og SE
Op.

(4) [29] Let sE4 and pFp be full right, non-degenerate, reqular C*-correspond-

ences. If E & F, then Og SME OF.
In particular we obtain the following result for Cuntz—Krieger C*-algebras.

Corollary 3.11. Let G and G’ be finite graphs with no sinks or sources and let Ag

and Ag be their adjacent matrices. If Ag & Ag, in the sense of Williams, then
the Cuntz—Krieger C*-algebras Og and Og: are strong Morita equivalent.

There is also a direct application to unital injective dynamical systems.

Corollary 3.12. Let (A,«) and (B,[) be unital injective dynamical systems. If

Xo L X3, then Xq_, L Ys.. and the crossed products Asc Na., Z and B xg_ Z
are strong Morita equivalent.

Theorem 3.10 shows that Cuntz—Pimsner algebras is a rather coarse invari-

ant. After all, Cuntz—Pimsner algebras are not a complete invariant for the re-

. . SME s SSE _ SE
striction of the relations "~ , ~, "~ or =~ to subclasses of C*-correspondences.

For example, let (A, «) be the dynamical system constructed by Hoare and Parry
in [22]. Then « is a *-isomorphism and « is not conjugate to its inverse. If F
is the C*-correspondence of (A, ) and F is the C*-correspondence of (A,a~1t),
then there is not a C*-correspondence M of a dynamical system (B, /) such that
EFE® M ~ M ® F, because then the two dynamical systems would be conjugate.
But O4 = A x, Z is always *-isomorphic to Og = A X4-1 Z.

On the other hand the tensor algebras of C*-correspondences may be more

eligible. They were used in [40] to show that ~ does not imply SX¥ and they provide
a complete invariant for the conjugacy problem for dynamical systems in various
cases, as shown by Davidson and Katsoulis [11, 12], and recently by Davidson and
Kakariadis [10]. Moreover, for aperiodic C*-correspondences, Muhly and Solel [43]

prove that SN s equivalent to strong Morita equivalence of the tensor algebras in
the sense of [7]. Along with the further investigation of tensor algebras, it is natural
to suggest to work on the development of other invariants such as periodicity,
existence of cycles, saturated and/or hereditary submodules etc.
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4. Hilbert bimodules
Recall that if X is a Hilbert bimodule then
Ix =span{[¢,n] : {,n € X}.

If a Hilbert A-bimodule X is considered as a C*-correspondence over A, then
Jx = Ix. Hence, for £, € X, the element [¢,7] € A is identified with the unique
element a € Jx such that px(a) = @én. The converse is also true.

The following result is well known.

Proposition 4.1. Let X be a C*-correspondence over A. Then the following are
equivalent

(1) X is a bimodule,
(2) K(X)C px(4) and px' (K(X)) = kerpx @ Jx,
(3) the restriction of ox to Jx is a x-isomorphism onto K(X).

In particular, if px is injective then X is a Hilbert bimodule if and only if IC(X) C
px(A4).

It turns out that the property of a C*-correspondence being a Hilbert bimod-
ule has an important non-selfadjoint operator algebra manifestation. We remind
that an operator algebra 2 is called Dirichlet if 2+ 21* is dense (via a completely
isometric homomorphism) in CJ ., (2().

Theorem 4.2. [26] Let X be a C*-correspondence over A. Then the following are
equivalent:

(1) X is a Hilbert bimodule,

(2) Y (K(X)) C w(A), for any injective covariant representation (m,t) that ad-
mits a gauge action,

(3) the tensor algebra Ty has the Dirichlet property.

The above result allows us to correct a misconception regarding semicrossed
products and Dirichlet algebras.

Corollary 4.3. Let (A,«) be a dynamical system. Then the semicrossed product
A Xo Zy has the Dirichlet property if and only if « is surjective and ker « is
orthocomplemented in A.

In particular, when « is injective we deduce that the semi-crossed product
has the Dirichlet property if and only if « is onto (thus a #-isomorphism). Thus
[18, Proposition 3] is false. Nevertheless the main results of [18] are correct since
they do not require that Proposition. It remains of interest though to determine
whether a semi-crossed product has the unique extension property, since this would
allow us to extend Duncan’s results to non-commutative dynamics.

Recall that an operator algebra 2l is said to have the the unique extension
property if the restriction of every faithful representation of C7 () to A is max-
imal, i.e., it has no non-trivial dilations.
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Theorem 4.4 ([26]). Let (A4, a) be a unital injective dynamical system of a C*-
algebra. Then the semicrossed product A X o Z4 has the unique extension property.

The unique extension property of an operator algebra (or in general an oper-
ator space) implies the existence of the Choquet boundary in the sense of Arveson
[3], i.e., the existence of sufficiently many irreducible representations such that
their restriction is maximal. Indeed, let PS(C%,,(2()) be the set of the pure states
of C,y (™), and let Il = @ cps(cs ()7~ be the free atomic representation of
Cl.o(2). Then II is faithful on C{ (), hence by the unique extension property
its restriction to 2 is maximal. Moreover, every 7 is maximal as a direct summand

of a maximal representation. Hence,
lzigl[| = (2]l = sup{[|[mr (2ij)][| : 7 € PS(CEe ()}
for all [z;;] € M, () and v € N.

The existence of the Choquet boundary for separable operator systems (or
operator spaces) was proved by Arveson in [3] and it is still an open problem
for the non-separable cases. Recently it was proved by Kleski in [36] that the
supremum above can be replaced by a maximum, at least for the separable cases,
where Arveson’s Theorem applies. Note that the semicrossed products can give
examples of non-separable operator algebras that have a Choquet boundary.

Finally, we have a result that relates our adding of a tail process to the
concept of a Hilbert bimodule.

Theorem 4.5 ([26]). Let X be a non-injective C*-correspondence. Then the graph
C*-correspondence X, as defined in Section 2, is an (essential) Hilbert bimodule
if and only if X is a Hilbert bimodule and |s~(p)| = |r~1(p)| = 1 for every p # po.
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Some Operator Algebras from Semigroups
A. Katavolos

Abstract. This is a study of reflexivity and structure properties of operator
algebras generated by representations of the Heisenberg semigroup. We briefly
revise earlier joint work with S.C. Power [14] on the continuous Heisenberg
semigroup. We then show that the (restricted) left regular representation of
the discrete Heisenberg semigroup gives rise to a reflexive operator algebra,
which is semisimple. An example of a representation giving rise to a non-
reflexive algebra is presented.

Report on joint work with M. Anoussis (Aegean) and I.G. Todorov
(Belfast) [2].
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1. Introduction: From semigroups to operator algebras

The theory of unitary representations of groups on Hilbert space has been a mo-
tivating force in the development of operator algebra theory since the early years
of its history.

Unitary representations of groups very often arise from the dynamics of
physical systems; for example, the time evolution might be represented by a one-
parameter group {U; : t € R} of unitary operators on a Hilbert space H. In case
the dynamical system is irreversible, often the operators U; are only defined for
t > 0; this leads to a unitary representation of the semigroup R;. On the other
hand, often there are subspaces M C H which are invariant under the semigroup
{U; : t > 0}, but not under the whole group {U; : ¢ € R}. In such cases, it is of
interest to analyse the semigroup {Uy|as : t > 0}. The operators U]y, are usually
non-unitary isometries; as is well known, these are very different objects.

Presented at the conference “Operator Theory and its Applications” in honour of Victor Shul-
man, Gothenburg, April 2011.
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We are thus led to the following

Definition 1.1. Let G be a group and S C G a (unital) semigroup. A representation
of S on a Hilbert space H is a unital morphism

0:S—B(H): g— S,
such that each S, is an isometry.

Unitary representations of groups give rise to operator algebras that are self-
adjoint: C*-algebras or von Neumann algebras. By contrast, representations of
semigroups typically (but not always, see case (3) in Section 5) generate nonselfad-
joint operator algebras. Both the norm closed and the weak-* closed algebras are
of interest. In the present work, we concentrate mainly on the weak-* closed case.

Notation We denote by W (o, S) C B(H) the w*-closed algebra generated by {5, :
g € S}.

The symbol Lat(W (o,S)) denotes the set of all closed invariant subspaces of
the representation, namely, all closed subspaces M C H such that Sy(M) C M
for all g € S.

2. Some examples

2.1. The analytic Toeplitz algebra
The simplest semigroup is Z ; it acts on £2(Z. ) by the left regular representation:

n— A\, =5" where S:ep— egi1,

the unilateral shift. In this case, we have an explicit characterisation of the invari-
ant subspace lattice: if we identify ¢2(Z. ) with the usual Hardy space H? C L?(T)
by Fourier transform, S corresponds to the operator T, given by (I.f)(z) =
2f(2) (f € H?). The classical result of Beurling provides a complete character-
isation of the invariant subspaces of T; in terms of unimodular inner functions:

Theorem 2.1 (Beurling [8], 1949). If M € Lat(W (X, Z4)) (i.e., S(M) C M), there
exists ¢ € H? with |¢(z)| = 1 for almost all z € T so that (after Fourier transform)

M = ¢H?.

In the case of the semigroup Zi, although there are partial results for the
invariant subspaces of two commuting shifts, an analogous parametrisation of all
invariant subspaces is not available: In particular, the two-variable analogue of
Beurling’s theorem does not hold [21, Theorem 4.4.1]. Some partial results may
be found in [1, 10, 11, 13, 15, 18, 19] and their references.

Let us move on to the dual question: Which operators on H? leave invariant
all shift-invariant subspaces? Obviously, all analytic Toeplitz operators Ty (f €
H®) have this property (they are w*-limits of polynomials in the shift 7¢). The
fact that there are no others was settled in a paper that could be considered the
first publication in non-selfadjoint operator algebra theory:
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Theorem 2.2 (Sarason [22], 1966). If T € B((*(Z.)) satisfies T(M) C M for
all M € Lat(A(Z4)) then T is in the w*-closed algebra W(X,Z.) generated by
{)\n ne Z+}

In the terminology introduced by Halmos [12], Sarason’s result says that the
algebra W(\,Z,) acting on ¢%(Z) is reflexive. Halmos’ definition was extended
by Loginov and Shulman as follows.

Definition 2.1 (Loginov—Shulman [17], 1975). The reflexive cover of a subspace W
of B(H) is defined to be

RefW:={T € B(H) : Tz € Wx forall =€ H}.
A subspace W of B(H) is called reflexive if VW = Ref W.

Contrary to the failure of a ‘multidimensional Beurling theorem’, Sarason’s
result has wide-ranging generalisations. In the abelian case, not only the regular
representation, any representation gives a reflexive algebra:

Theorem 2.3 (Commuting isometries; Bercovici [5], 1994/Li-McCarthy [16], 1997).
For all d € N and any representation 7 of Zi, the algebra W (m, Zi) 1s reflexive.

2.2. The free semigroup algebra

Let us now move to the ‘extreme non-abelian situation’: consider the free semigroup
F,, in n generators ay,. .., a, and its semigroup F; consisting of all words w in the
generators (and the identity). The semigroup F; acts naturally on itself by left
multiplication (concatenation) and hence on the Hilbert space £2(F;) by the left
reqular representation: ¢2(F}) has an orthonormal basis {e, : w € F,"} indexed
by the elements of ;' and we define

Aot P(F) = (FD) 0 Ayt ewr = ewur
With this terminology, the generalisation of Beurling’s theorem is

Proposition 2.4 (Popescu [20], 1989). Every M € Lat(W (\,F,})) is a direct sum
of cyclic subspaces, each of the form M, = U({*(F})) where U is an isometry
commuting with all A, .

To see that this is the natural generalisation of Beurling’s theorem, notice
that each subspace of H? of the form ¢H? is cyclic (¢ is the cyclic vector) and
is the range of the isometry T}; moreover these Ty are the only isometries on H>
that commute with the shift.

On the operator algebra side (which is nearer to the topic of our work) we
have a generalisation of Sarason’s result:

Proposition 2.5 (Arias—Popescu, [3], 1995). The algebra W (A,S) is reflexive.

In fact W (A, S) is hyper-reflexive (Davidson—Pitts [9]) with constant at most
3 (Bercovici [6]). Hyper-reflexivity is a property much stronger and rarer than
reflexivity, which need not concern us here.
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3. The Heisenberg semigroup

We shall now focus on an intermediate situation between abelian groups and free
groups: the Heisenberg group. This is important both for its historical roots in
quantum mechanics (recall the ‘Heisenberg commutation relations’ or its inte-
grated form the ‘Weyl relations’ — see below), but also for producing interesting
operator algebras. We will consider the discrete case (based on Z) as well as the
continuous case (based on R).

Definition 3.1. The Heisenberg group H consists of all matrices

1 =z =z
[z,y,2]= |0 1 y
0 0 1

where if x, y, z are allowed to vary over R we call H continuous, while if x,y,z € Z
we call H discrete.
The semigroup Hy consists of all [x,y, z] with 2,y > 0 (but z free).

Note that [0, 0, 1] generates the centre of H.
The continuous Heisenberg semigroup
For ¢, s € R consider the operators on L?(R) given by:
(Dif)(x) = f(z—1t) Translations
(M, f)(x) = e f(x) Multiplications (f € L*(R)).

These give rise to the representation o of the continuous semigroup H; = {[s, ¢, u| :
s,t € Ry, € R} on L3(R) as follows:

1 s p ‘
o: [s,t,pl=10 1 t | —e* D M.
0 0 1

The operators My and D; satisfy the famous
Weyl relations :  M,D; = e*'D,M,.

The weak*-closed algebra W(o,H,) is the weak-* closed linear span of
{MsD, : s,t > 0}. When looking for common invariant subspaces of these two
one-parameter families, one immediately notices two chains of subspaces: (i) the
Volterra nest N, consisting of all subspaces of L?(R) of the form L?([a,0)) =
D.(L*(Ry)), a € R together with the ‘endpoints’ 0 and L?(R) and (i7) its
Fourier transform, the analytic nest N, = {My(H*(R)) : b € R} U {0, L*(R)}.
Let us picture these as two semicircles meeting only at the endpoints: the South
pole 0 and the North pole L?(R). Are there any other invariant subspaces? Yes!
For any ¢ > 0, if we let ¢o(z) = e~ the subspace ¢.H2(R) is also invariant un-
der both families; thus we get another ‘intermediate’ chain N, = {¢.K : K € N, }
of common invariant subspaces. We may picture N, as a semicircle between N,
and N, meeting them only at the poles. Now, we have found all common invariant
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L*(R)

{0}

FIGURE 1. The onion (picture several N.’s)

subspaces; and not only that, but the picture of the two ‘boundary’ semicircles IV,
and N, together with the intermediate longitudinal semicircles N, (the onion!)
turns out to be ‘topologically correct’:

Theorem 3.1 (A.K. & S.C. Power, [14]).

(i) The set Lat{M,, Dy : s,t > 0} equals the union | o NeUN,UN,. Considered
as a set of projections in the strong operator topology, it is a topological
manifold homeomorphic to the closed disc.

(ii) The w*-closed algebra W (o, Hy) generated by {Ms, Dy : s,t > 0} is reflexive.
In fact, it consists of all operators leaving invariant both chains (or nests)
N, and N,: the Fourier binest algebra.

For part (ii), one should notice that W (o, H;) contains no non-trivial self-
adjoint or finite rank operators. In order to prove reflexivity, one first obtains a
complete characterisation of Hilbert Schmidt operators in W (o,H,) as having
‘bianalytic’ kernels in a certain sense, and then one constructs an approximate
identity consisting of such bi-analytic integral operators. Thus W (o, H ) is gener-
ated, as a w*-closed linear space, by two non-commuting copies of H*(R).

4. The discrete Heisenberg semigroup

Henceforth the symbol H will stand for the discrete Heisenberg semigroup; it has
three generators u = [1,0,0],v = [0,1,0] and w = [0, 0, 1] satisfying the relation
UV = Wou.

4.1. The restricted left regular representation 77, (H ): Algebraic properties.

This representation is defined by the left action of Hy on ¢2(H ) ~ (*(Z)®/?(Z1)®
(*(Z.) given by

Lw(wn ® uk ® ,Um) _ ,wn—l-l ® uk ® ,Um
L,(w" ® u® ® ™) =w"® uF @ o™

Ly(w" @u* @v™) =w" " @ur @™t (n,k,m) €Z X Zy X Ly
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Here we have identified the elements of the group with the elements of the canon-
ical basis of (2(Z) ® (*(Zy) ® (*(Z); thus w"uFv™ € HY is identified with the
elementary tensor w” ® u* @ v™.

It is convenient, in this subsection, to make a Fourier transform in the first
variable (corresponding to w). Thus H is considered as acting on L?(T)®/(?(Z4)®
(*(Z4) and the operator L, is identified with Mg ® 1 ® 1, where M¢h(z) =
zh(2), h € L*(T). More generally, for f € L>(T), we write L;(w" @ u* @ v™) =
fu™ @ ukF @ v™.

We define 77, (H,) to be the weak-* closed algebra of bounded operators on
L*(T) ® (?(Zy) @ £%(Zy) generated by Ly, L, and L,; it is unitarily equivalent to
the algebra W (A, Hy ).

The main properties of the algebra 77, (H,) are the following:

Fourier expansion A basic tool in our analysis is a ‘two-dimensional Fourier ex-
pansion’ of each element A € Tr,(Hy):

A ~ Z LfknlLZLZL
k>0,m>0

with centre-valued coefficients Ly, . . This expansion is Abel — summable to A in
the weak-* topology.

Proposition 4.1. The diagonal Tr,(Hy) N 7L (H4)* and the centre of Tr,(Hy) are
both equal to M ® 1 ® 1 where M s the multiplication algebra of L>°(T) acting
on L?(T).

By comparison, the Fourier binest algebra defined in the previous section has
trivial diagonal.

Proposition 4.2. The algebra T, (Hy) contains no compact operators.

Compare this with the fact that the Fourier binest algebra has an approxi-
mate identity consisting of Hilbert-Schmidt operators.

Theorem 4.3. The algebra Tr,(HT) contains no nonzero quasinilpotent operators.
In particular, it is semi-simple.

Theorem 4.4. The algebra Tr,(H1) has the bicommutant property
Tr(HY)" = T (HT).

It follows that 77, (H™) is inverse closed: if A € T, (H™) is a bijective operator,
then A=! € T, (HT).

It also follows that 77, (H™) is closed in the weak operator topology (a neces-
sary — but far from sufficient — condition for reflexivity).
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4.2. The restricted left regular representation 7z (Hy ): Reflexivity

Let us now make a Fourier transform in all three variables;
C(HL) ~ 3(Z) @ 12(Zy) @ (3(Zy) ~ L*(T) ® H?> ® H? ~ L*(T, K),

where K = H? ® H? ~ H?(T x T). We consider L?(T, K) as a direct integral over
(T, u) of the constant field £ — K(£) = K of Hilbert spaces.

Let W,U,V € B(L*(T,K)) be the images of the generators L., Ly, L, of
Tr(Hy) after this unitary equivalence. Thus W is diagonalised as My ® I ® I and
so on each “fiber” (&), £ € T the three generators become:

(Wef)(21,22) = (21, 22),
(Uef) (21, 22) = 21 f (21, 22), (21,22) €T x T
(Vef)(z1,22) = 2o f(E21, 22), f e H*T xT)

Theorem 4.5. The w*-closed algebra We generated by Ue, Ve € B(K) is reflexive
for each &.

Using this, together with the fact that the direct integral of reflexive algebras
is reflexive [4], we are able to show

Theorem 4.6. The w*-closed algebra Tr,(Hy) is reflexive.

4.3. Reflexivity: proof of Theorem 4.5 (sketch)

It is convenient to use the (unitarily equivalent) representation K ~ H? ® H?2.
Thus the algebra Wk is generated by

Ug(uk ® ,Um) _ uk—H ®v™ and Vg(uk ® Um) — (gu)k ® pmtl
(here u(z1) = 21, v(z2) = 22). Thus
Us=8S®1 and Ve=D®S

where S is the unilateral shift and (D f)(z1) = f(£z1) acting on H?2.

To prove that W is reflexive, let T' be in Ref WW,. This has a formal ‘Fourier
series’

T~y T,@8"
n>0

where the ‘Fourier coefficients’ T,, are in B(H?). Averaging over the dual action
{R; : ' € T} given by Ry(u*®@v™) = uk¥®(e**v)™, we show that T,,®S™ € Ref W.

The next step is to show that D~™T,, is in fact an analytic Toeplitz operator
Ty, = fn(S) (where f, € H*®). Thus we may write T}, @ S™=D"f,(S)® 8" =
V" fn(U), a function of U and V, and so T,, ® S™ € W.

But now as in the classical Féjer theorem, the Fourier series of T" is Cesaro —
summable to T in the weak-* topology. Therefore T € W.
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5. A class of representations for the discrete Heisenberg semigroup

We now proceed to study a class of representations of H* which arise from repre-
sentations of the irrational rotation algebra studied by Brenken [7].

Fix A\ = €27 where 0 is irrational. Given a Borel probability measure v on T
which is quasi-invariant and ergodic under ‘irrational rotations’ z — Az we define
a representation 7, of H; on L?(T,v) by

1 k& n
k,m,n]=1{ 0 1 m | 25 \x"vmyk
00 1

where

(VIH)(z) = Vra(z)f(Az) Rotation
UNH(z)=2f(z) Multiplication  (f € L*(T,v))

where r) is a Radon—Nikodym factor that makes V isometric. The generators U, V'
satisfy the Weyl relations UV = AV U.

We show that the weak-* closed algebras W (mr,, H") generated by these rep-
resentations are always reflexive and we describe them completely. Because of
ergodicity, there are three cases for the measure v:

(1) v is equivalent to Lebesgue measure. In this case m,(u) generates (in the
weak-* topology) an algebra unitarily equivalent to the diagonal operators
on ¢%(Z), while 7, (v) decomes the bilateral shift; thus W(m,, H") is unitarily
equivalent to the lower triangular operators on ¢?(Z).

(2) v is singular to Lebesgue measure and not continuous. Now 7, (u) turns out
equivalent to the bilateral shift while 7, (v) generates the diagonal operators;
thus again one obtains the algebra of lower triangular operators, but with
the generators reversed.

(3) v is singular to Lebesgue measure and is continuous. In this case W(m,, H™)
is, surprisingly, selfadjoint: it equals all of B(L*(T,v)).

It is interesting to observe that, although the representations of H in cases
(1) and (2) generate unitarily equivalent weak-* closed algebras, the corresponding
representations of the irrational rotation C*-algebra are inequivalent, since the
measures are inequivalent [7].

Recall that any family of commuting isometries generates a reflexive alge-
bra. We conclude with an example showing that even a ‘small’ departure from
commutativity may destroy reflexivity:

Example 5.1. A non-reflexive representation: For a fixed irrational rotation A,
consider the representation of Hy on H?(T) generated by

Uf)(z)=2f(z) and (Vf)(2) ==2f(\2) (f € H*(T)).
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Here we have two isometries which ‘almost commute’, in the sense that UV =
AV U. However, they do not generate a reflexive algebra, even in the weak operator
topology. Indeed, we show that the weakly closed algebra they generate is lower
triangular, but with finite-dimensional diagonals (with respect to the basis {( :
k € Zy} of H?), while its reflexive hull contains all lower triangular matrices.
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Lifting Algebraic Contractions in C*-algebras

Terry Loring and Tatiana Shulman

Abstract. Let p be a polynomial in one variable. It is shown that the universal
C~-algebra of the relation p(x) = 0, |lz|| < C is semiprojective, residually
finite dimensional and has trivial extension group.
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Introduction

The notions of projectivity and semiprojectivity for C*-algebras were introduced
by Effros and Kaminker [3] and, in its modern form, by Blackadar [1] as non-
commutative analogues of absolute retract and absolute neighborhood retract in
topology.

A C*-algebra D is projective if for any C*-algebra A, its ideal I and every
*-homomorphism ¢ : D — A/I, there exists a x-homomorphism ¢ such that the
diagram

A
e
¢
D—— A/I
commutes.
A C*-algebra D is semiprojective if for any C*-algebra A, any increasing chain
of ideals I; € I C --- in A and for every *-homomorphism ¢ : D — A/ |J, I,

This work was partially supported by a grant from the Simons Foundation (208723 to Loring)
and by the NordForsk Research Network “Operator Algebras and Dynamics” (grant 11580).
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there exist n and a *-homomorphism (;3 : D — A/, such that the diagram
A/l
e
¢ J—
D— A/ U, Ik
commutes.
The notion of weak semiprojectiivty was introduced by Eilers and Loring [4].
A C*-algebra D is weakly semiprojective if for any sequence of C*-algebras A;

a~nd any *-homomorphism ¢ : D — [[ 4;/ @ A;, there exists a *-homomorphism
¢ : D — ] A; such that the diagram

[TA
S
®
D——[[A4:/ D A;
commutes.

Examples and basic properties of projective and (weakly) semiprojective C*-
algebras can be found in [7].

The notion of (weak) (semi)projectivity provides an algebraic setting of lift-
ing and perturbation problems for relations in C*-algebras. Namely a relation is
liftable (which means that in any quotient C*-algebra A/I any elements satisfying
the relation have preimages in A also satisfying the relation) if and only if the
universal C*-algebra of the relation is projective.

Similarly a relation is stable under small perturbations if and only if the
universal C*-algebra of the relation is weakly semiprojective.

The only problem is that not all relations have the universal C*-algebras.
However if relations are noncommutative x-polynomial equations combined with
norm restrictions on generators

zill < e
then such system of relations defines a universal C*-algebra. That is why in (weak)
(semi)projectivity questions it is important to solve lifting problems for relations
combined with norm restrictions on generators.

It is not easy for a polynomial relation to be liftable. For example, let us
consider a polynomial in one variable. Suppose in a C*-quotient we have an element
x satisfying p(xz) = 0. If p has a non-zero root, the spectral idempotent of = on
this root also belongs to the quotient. But idempotents are not liftable: consider
for example the unit of C = Cy(0,1]/Cy(0,1). It has no idempotent lift because
Cy(0, 1] contains no non-zero idempotents. Thus only monomials ” = 0 have a
chance to be liftable. And they indeed are liftable by deep result of Olsen and
Pedersen [10]. Immediately there arises a question ([7]) of whether the universal
C*-algebra of 2™ = 0, ||z|| < C is projective. It was answered positively in [12]
and in this paper we will give a short proof of that (Corollary 3).
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As to non-monomial relations p(z) = 0, they are known to be stable under
small perturbations [5]. Moreover the proof in [5] can be generalized to show that
relations p(x) = 0 are liftable from quotients of the form A/ (J I, arising in the
definition of semiprojectivity, and one is led to ask if the universal C*-algebra of
p(z) =0, ||z|| < C is semiprojective. In [13] this was proved for the case where all
roots of the polynomial have multiplicity more than 1. In this paper we prove it
for arbitrary polynomial (Theorem 9).

We also show that these universal C*-algebras are RFD (Theorem 10) and
that x-homomorphisms from these C*-algebras to the Calkin algebra lift to *-
homomorphisms to B(H) (Theorem 11). The last result is a generalization of
Olsen’s structure theorem for polynomially compact operators [11].

Our main technical tool is a generalized spectral radius formula we introduced
in [9] in connection with question of Olsen about best approximation of operators
by compacts. It turns out to be a useful tool also for lifting polynomial relations
combined with restrictions on norms of generators.

A generalized spectral radius formula

For x € A, we denote by % its image in A/I and by p(x) its spectral radius.

The following theorem is a generalization of spectral radius formula of Mur-
phy and West [8]. The spectral radius formula is a particular case of the generalized
spectral radius formula when I = A.

Theorem 1 ([9]). Let A be a C*-algebra, I its ideal, x € A. Then
max{p(z), ||Z[} = inf [|(1 +d)z(1+0) 7"

(here inf is taken over all i € I such that 1+ 14 is invertible). If ||| > p(x) then
the infimum in the right-hand side is attained.

Lemma 2. Let p be a polynomial in one variable and t1,. ..ty its roots. Let A be
a C*-algebra, 1 its ideal, v € A/I, p(x) =0 and ||z|| > max{t }. Suppose x_has a
lift X € A such that p(X) = 0. Then there is a lift X € A of x such that p(X) =0
and | X|| = |z[.

Proof. Since p(X) =0,

p(X) = max{t;} < o]
By the generalized spectral radius formula there exists i € I such that

11+ )X+ )7 = ]
Let X = (14i)X(1+4)"!. Then X is a lift of z, | X| = ||| and
p(X) =p(L+)X(1+4) ") =1+)p(X)1+i)" ' =0. O

Corollary 3 ([12]). The universal C*-algebra

C*x|a" =0,z < C)

18 projective.
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Proof. For C = 0 the statement obviously holds. So let C' > 0 and let z € A/I,
2" = 0, ||z|| < C. We need to show that there is a lift of z with the same
properties. If z = 0 then it is obvious, so let us assume x # 0. By [10] there is a lift
X of x such that X = 0. By Lemma 2 there is a lift X of 2 such that (X)" =0
and [|X|| = [|z]| < C. O

Semiprojectivity of the universal C*-algebra
C*(x | p(x) =0, |z|| < C)

Lemma 4. Let T € B(H) and (T —tn)*™ (T —tn_1)-1 .. (T —t1)% = 0. Let
H1 = ker(T — t1)
Hy = ker(T — t,)? © H;

Hkl = ker(T — t1)k1 ) Hk1_1
Hp, 41 = ker(T — t)(T — t1)" © Hy,

Hi oohbeny = ker(T — tN)kN_l(T - tN_l)kN_l L. (T - tl)kl S Hpyqoghiy—1-

Then with respect to the decomposition H = Hy @ ...® Hy,+...4ky the operator T
s uppertriangular with t11,... t11, ..., tn1,... tNy]1 on the diagonal, where each
t;1 is repeated k; times.

Proof. If x € Hy, then Ta = t1x. If © € Hy, then Ta = (T — t1)x + t1z, where
(T —t1)x € Hy. And so on. O

Lemma 5. Let B C B(H) be a C*-algebra, b € B an idempotent. Then the projec-
tion onto the range of b also belongs to B.

Proof. By Lemma 4, b can be written as

b:(é)o() (1)

1+XX* 0) (1 X 10N .
( 0 0)‘(0 0><X* 0>_bb€B'

Let f be a continuous function on R which vanishes at 0 and equal 1 at [1, 00).

Then
1 0 1+XX* 0
(6 0)=((1707 3))en

From (1) it is seen that < (1) 8 > is exactly the projection onto the range of b. [

Hence
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Let Ly be the direct sum of first k; summands in the decomposition H =
Hy @@ Hyp,t...ipy—1 (that is ker(T — t1)"), Ly be the direct sum of next ko
summands, and so on. For any m, let M,,, = HOS (L1 ® - ® L,).

Corollary 6. Let T € B(H),

(T —tn)* (T —ty_ )= (T =) =0
and subspaces L; be as above. Then the projections onto L; belong to C*(T,1).
Proof. By transposing factors in the product (T — tn ) (T — ty_1)*v-1 .. (T —
t1)*1 the general case can be reduced to the case i = 1. So let us prove that the

projection onto Ly belongs to C*(T,1). Since t; is an isolated point of o(7"), there
exists the spectral idempotent ) corresponding to ¢1, that is

Q= x(T),
where y is equal to 1 in a neighborhood of ¢; and is equal to zero in a neighborhood
of o(T) \ {t1}. By Lemma 5, it is sufficient to prove that Ran Q = L;.
With respect to the decomposition H = L; @ M; the operator T is of the

form p
B
(5 ¢).

where 0(A) = {t1}, o(C) = o(T) \ {t1}. Hence

B ~{ x(4) * (1 %
Q—X(T)_< 0 X(C)>_<0 0 N

Hence Ran@Q = L;. O
Lemma 7. Let A € B(H) be given by A = (A;j) with respect to some orthonormal
basis {e;} in H. If |A11| = ||A]|, then A1; = Aj1 =0, when j # 1.
Proof. We have

(AA ) =Y Ay = |4+ A%

i>1 i>1

Since

(AA" )11 = (Ad%er, 1) < [[AA™[| = || A,
we get A1;=0, when j > 1. Applying this to A*, we get A;3 =0, when j > 1. O

In what follows we will assume |¢;| > [t2| > - -+ which always can be done by

transposition of factors in the product.

Corollary 8. Suppose T € B(H) and
(T —tN)™ (T =ty )™= .. (T — )" =0.

Then there exists 0 < m < N such that with respect to the decomposition H =
Li& - &Ly, ® M,

T=t1¢--t,1®8S,
where S is such that (S — ty41)¥+1 .. (S —tn)* = 0 and ||S|| > |ti], for all
1 >m—+ 1.
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Proof. We write T in upper-triangular form as in Lemma 4 and then use Lemma 7.
O

Let p be a polynomial in one variable, C' > 0. Below the universal C*-algebra
A=C"(p(z) =0, [lz] <C)
is denoted by A.
Theorem 9. A is semiprojective.
Proof. Write p as p(x) = (z —tn)* ... (x —t))" = 0. Let b€ A/I, I =1,
b—ty)*™ . (b—t) =0, b <C.

Embed A/I into B(H) and write b as in Corollary 8. Let p1, ..., p., be the projec-
tions onto L1, ..., L, and p,,+1 be the projection onto M,,. By Corollary 6, they

all belong to A/I. Then
b= Z tzpz + s,
i=1

where s € p11A/Ipm+1 satisfies the equation

(8 = tme1)™ (s —tn)™ =0 (2)
and

Isfl > ma i 3)
By [1] there exists n such that p;’s can be lifted to projections P;’s in A/I, with
S P = 1. Since A/I = (A/I,)/(I/1,,), we have
Pm+1 A/I Pm4+1 = (Pm+1 A/In Pm+1)/(Pm+1 I/In Pm+1)
and, by (2), (3) and Lemma 2 we can lift s to S € P41 A/L, Py41 with
(S = tmpr) (S —tn)™ =0, S| = sl <C.

Let

a=)Y t;P+85. (4)
i=1

It is a lift of b, [|a|| < C and (a — t§)* ... (a — t1)** = 0. The last equality can
be checked by direct calculations, but it is easier to say that (4) corresponds to
upper-triangular form of a as in Corollary 8 and then the last equality follows
instantly. O

Theorem 10. A is RFD.
Proof. Let H = [?(N). We will identify the algebra M,, of n-by-n matrices with
B(I*{1,...,n}) C B(H).

Let B C [[ M,, be the C*-algebra of all x-strongly convergent sequences and let Z
be the ideal of all sequences *-strongly convergent to zero. Then we can identify
B/Z with B(H) by sending each sequence to its *-strong limit.
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We claim that any family p1,...,p, of projections with sum 1 in B(H) lifts
to a family of projections P, ..., P, with sum 1 in B. One way to prove this is to
modify the argument of Choi, used in the proof of Theorem 7 of [2]. A more modern
approach is to use Hadwin’s [6] characterization of separable RFD C*-algebras:
in the unital separable case, D is RFD if and only if we can lift all elements of
hom; (D, B(H)) to hom; (D, B). Clearly C" is RFD and this lifting problem for
C™ is equivalent to the needed lift of n projections that sum to the identity.

Let 7 : A — B(H) be the universal representation. Arguments from the
proof of Theorem 9 can be repeated without any change to show that 7 lifts to a *-
homomorphism 7 : A — B. This lift gives a separating family of finite-dimensional
representations. O

Theorem 11. Any *x-homomorphism from A to the Calkin algebra lifts to a *-homo-
morphism to B(H). In particular, Ext(A) = 0.

Proof. Tt is well known, orthogonal projections (with sum 1) in the Calkin algebra
can be lifted to orthogonal projections (with sum 1) in B(H). Now we can repeat
the arguments from the proof of Theorem 9. O

Remark 12. To each z in any C*-algebra with p(z) = 0 we can assign in a canonical
and functorial way a collection of projections that are orthogonal and sum to one.
See Corollary 6, or [5]. If z € A/I and these projections lift, then z lifts, preserving
the relation p(z) = 0 and the norm. In formal terms,

CN' S O (@ | plz) =0, ||z <C)

is conditionally projective. Thus we have improved upon Theorem 2 in [5] by
incorporating the norm condition.
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Abstract. Several examples of (separable) C*algebras with the property that
their second (iterated) local multiplier algebra is strictly larger than the first
have been found by various groups of authors over the past few years, thus
answering a question originally posed by G.K. Pedersen in 1978. This survey
discusses a systematic approach by P. Ara and the author to produce such
examples on the one hand; on the other hand, we present new criteria guar-
anteeing that the second and the first local multiplier algebra of a separable
C*algebra agree. For this class of C*-algebras, each derivation of the local
multiplier algebra is inner.
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1. Introduction

In 1978 the late G.K. Pedersen introduced an algebra extension of a general C*-
algebra A which he called the “C*-algebra of essential multipliers”. His interest
in this C*-algebra was stipulated by possible applications in operator theory on
C*-algebras as was the interest of the authors of the few papers that appeared on
this topic around the same time; see [15] and [16]. Having lain dormant for a good
while, this theme was taken up again by P. Ara and the present author who re-
discovered the same C*-algebra independently of Pedersen’s work in the late 1980s
and coined the terminology “local multiplier algebra”, introducing, accordingly,
the notation Mj,.(A). An important connection with the symmetric algebra of
quotients in noncommutative ring theory was subsequently made, which led to a
fuller understanding of the structure of Mj,.(A). For a discussion of this interplay,
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see [19]. A comprehensive account can be found in our monograph [2], which also
contains a wealth of applications to a number of classes of operators between
C* algebras, thus continuing Pedersen’s ideas.

In his seminal paper [21], Pedersen asked two questions which spurred quite
some research in the past decades. Iterating the construction of the local multiplier
algebra (see the definition in the subsequent section) one obtains the following
tower of C*algebras which, a priori, does not have a largest element.

A C Mioe(A) € Mige(Mioe(A)) S - (1.1)
This led Pedersen to ask
Question 1. Is Mioe(Mioc(A)) = Mioe(A) for every C*-algebra A?
The main result in [21] is the following.

Theorem 1.1. Let A be a separable C*-algebra. Every derivation d: A — A extends
uniquely to a derivation d: Moc(A) — Mioc(A) and there is y € Mioc(A) such that
d=ady (that is, de = [z,y] = zy — yx for all x € Mioc(A)).

A derivation of M),.(A) may or may not leave A invariant; thus Pedersen’s
second question reads:

Question 2. Is every derivation d: Mioe(A) = Mioe(A) inner in Mo.(A), provided
A is a separable C*-algebra?

It appears that the answer to Question 2 is still not known in full generality.
However, a negative answer to Question 1 was provided in [3]. Since then, several
other examples of C*-algebras with the property that the second local multiplier
algebra is strictly larger than the first have surfaced [4], [9]. Some of them are
separable C*-algebras, others are not. On the other hand, Somerset, in [24], gave
fairly general conditions on a separable C*-algebra A implying that both Ques-
tions 1 and 2 have positive answers. Until recently, it was not understood how
these two different directions could fit into a more comprehensive framework. This
is now achieved in our paper [6], and the aim of the present survey is to explain
the historical development that led to this more detailed analysis of the differences
between the first and the second local multiplier algebra of a separable C*-algebra.

2. The history

Let I be a closed, two-sided ideal of a C*-algebra A which is essential (that is,
al = 0 for some a € A implies that a = 0). If J is another such essential ideal of A
which is contained in I, then the multiplier algebra M (I) is canonically embedded
as a C*-subalgebra into M (J) by restriction of multipliers to the smaller ideal.
In this way, we obtain a directed system of C*-algebras with isometric connecting
morphisms, where I runs through the directed set Z.(A) of all closed, two-sided,
essential ideals of A. The direct limit of this system is Mjo.(A4) = 11}1(1]08(14)M(I)7
the local multiplier algebra of A.
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There are several other very useful descriptions of the local multiplier algebra,
which are all discussed in detail in our monograph [2]. These lead, e.g., to a rep-
resentation of the centre Z = Z(Mioc(A)) of Mioc(A) as Z = lim , 4 Z(M(I))
[2, Section 3.1] which cannot be deduced directly from the defining formula for
Moe(A) above.

Another important characterisation of M,.(A4), which we will rely on heavily
in the following, was first obtained by Frank and Paulsen in [17]; see also [4,
Section 4.3]. For a C*-algebra A, let us denote by I(A) its injective envelope as
introduced by Hamana in [18]; see also [20]. We emphasise that I(A) is not an
injective object in the category of C*algebras and *-homomorphisms but in the
category of operator spaces and complete contractions. However, it turns out that,
nevertheless, I(A) is a C*algebra canonically containing A as a C*subalgebra.
For a concise discussion of these facts suited for our purposes, see [4].

Under this embedding of A into I(A), the local multiplier algebra Mjoc(A)
is nothing but the completion of the set of all y € I(A4) which act as a multiplier
on some I € Z(A). Since I(Moc(A)) = I(A) [4, Proposition 2.14], we see that
all higher local multiplier algebras of A are contained in I(A) wherefore (1.1)
improves to

A - MIOC(A) - MlOC(Mloc(A)) c.--C I(A) (21)

As a result, we can use the injective envelope to study Question 1. For instance, if
A is commutative, then Mj,.(A) is a commutative AW*-algebra, hence injective. It
follows that Mjo.(A) = I(A) and, since the local multiplier algebra of every AW*-
algebra is the algebra itself [2, Theorem 2.3.8], we find that Moe(Mioc(A)) =
Moe(I(A)) = I(A) = Mioc(A), one of the possible ways to affirm Pedersen’s
question in the commutative case.

Evidently, Mo.(A) = M(A) for each simple C*-algebra A. Since

Mloc(M(A)) - MIOC(A)?

it follows that Moec(Mioc(A)) = Mioc(A) in this case too. (We note in passing that
Mioc(A) itself can be simple without A being simple unital, see [1], in which case we
also have Moc(Mioc(A)) = Mioe(A).) On the basis of these two positive answers,
it appears to be close at hand to investigate a C*-algebra A which is the tensor
product of a commutative and a simple one: A = C® B with C' commutative (and,
without loss of generality, unital) and B simple. The surprise comes in Section 3
below where we shall pin down the properties of C' and B determining whether
the answer to Question 1 is negative or positive.

Another important contribution is due to Somerset who proved in [24] that
the answer to both Question 1 and Question 2 is positive for every unital, separable
C*algebra A which contains sufficiently many maximal ideals; to be precise, he
assumed that the primitive ideal space Prim(A) contains a dense G5 subset con-
sisting of closed points. This topological condition will feature again in Section 3
below.
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The first class of examples of C*-algebras for which Question 1 has a neg-
ative answer was found in [3]. These are certain unital separable approximately
finite-dimensional C*-algebras which are primitive and (necessarily) anti-liminal.
We employed non-stable K-theory to describe these C*-algebras. A very different
method, the theory of Hilbert modules over commutative AW* algebras, was ap-
plied in [4] to prove that algebras of the form C(X)® B(H ), where H is a separable
Hilbert space and X is a Stonean space with additional properties, also provide
a negative answer to Question 1. From this it is easy to see that some separable,
liminal C*-algebras such as C[0,1] ® K(H) have the same property. The latter
example was independently found by Argerami, Farenick and Massey in [9]. Both
approaches make use of the injective envelope as well as of formulas for M,.(A)
and I(A) which are (fortunately) available in these special cases. The same three
authors recently studied the local multiplier algebra of certain continuous trace
C*-algebras with similar techniques [10], [11] leading to the general result that the
second local multiplier algebra of those C*-algebras is injective [11, Theorem 6.7].

3. The results

In this section, we shall explain how the following dichotomy arises. Let X be a
compact metric space which is perfect (that is, contains no isolated points). Let
B be any separable simple C*-algebra. Then we have the following alternative.

A=C(X)® B

B unital B non-unital

MIOC(MIOC(A)) = MIOC(A) MIOC(MIOC(A)) 7& Mloc(A)

Consequently, there is a plethora of examples of C*-algebras for which Question 1
has a negative answer!

The first of the two main results below explains the non-unital case.

Theorem 3.1 ([6, Corollary 3.8]). Let B and C' be separable C*-algebras and sup-
pose that at least one of them is nuclear. Suppose further that B is simple and non-
unital and that Prim(C) contains a dense G5 subset consisting of closed points.
Let A=C® B. Then Mioe(A) = Mioe(Moc(A)) if and only if Prim(A) contains
a dense subset of isolated points.

The sufficient condition in this theorem applies to any C*-algebra A: Let X =
Prim(A), X; the set of isolated points in X and X; = X \ X;. Then X; and
X, are disjoint open subsets of X with corresponding orthogonal closed ideals
I = A(X7) and Ir = A(X3) of A. If X; is dense, [; is the minimal essential closed
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ideal of A so Myoc(A) = M(I7). It follows that
Mloc(Mloc(A)) - Mloc(M(Il)) - Mloc(Il) - MIOC(A)-

It is thus surprising that this very general condition is indeed necessary for C*-
algebras of the above type — and therefore provides us with an easy, systematic way
of producing counterexamples. Note that, since B or C'is nuclear, the tensor prod-
uct is unambiguous and Prim(C' ® B) = Prim(C) x Prim(B) [23, Theorem B.45].
We shall indicate in Section 4 how to obtain Theorem 3.1.

The unital case in the above alternative fits into the following more general
result which applies to C(X)® B since this C*-algebra is quasicentral if and only if
B is unital (the following formula for the centres applies: Z(C® B) = Z(C)® Z(B)
[8, Theorem 3]).

Theorem 3.2 ([6, Theorem 4.7]). Let A be a quasicentral separable C*-algebra
such that Prim(A) contains a dense G subset consisting of closed points. If B is
a C*-subalgebra of Myoc(A) containing A then Moe(B) C Mioc(A). In particular,
MlOC(Mloc(A)) = MlOC(A)'

Therefore, for every unital separable C*algebra with Hausdorff primitive spec-
trum, the first and the second local multiplier algebras agree; this was already
observed in [24].

Recall that A is said to be quasicentral if no primitive ideal of A contains the
centre Z(A) of A. This class of C*-algebras was introduced and studied initially
by Delaroche in the late 1960s [12], [13] and has turned out to be useful on various
occasions. Another “classical” notion that arises when dealing with topological
spaces associated to a C*-algebra is the one of a separated point. A point ¢ in a
topological space X is called separated if t and every point ¢’ outside the closure
of {t} can be separated by disjoint open neighbourhoods. The set Sep(A) of all
separated points in a separable C*-algebra A is a dense G subset of Prim(A4) and
consists precisely of those ¢t € Prim(A) for which the norm function ¢ — ||a + ¢|| is
continuous for every a € A [14]. We shall soon make good use of Sep(A) when we
outline the arguments for Theorem 3.2 in Section 4 below.

But first let us draw an immediate consequence of Theorem 3.2 for Question 2.

Corollary 3.3 ([6, Corollary 4.9]). Let A be a quasicentral separable C*-algebra
such that Prim(A) contains a dense G5 subset consisting of closed points. Then
every derivation of Moc(A) is inner.

The argument is in fact a reduction to Pedersen’s theorem, Theorem 1.1 above.
Starting with a derivation d: Mjoc(4) — Mioc(A) one can construct a separable
C*-subalgebra B of M,.(A) containing A which is d-invariant. By Theorem 1.1,
d is inner in M,.(B) which, however, is contained in Mj,.(A) by Theorem 3.2.
For the details of the proof, see [6]. Note that the same argument applies to every
separable C*-algebra A with the property that any separable C*-subalgebra B
of Mjo.(A) that contains A has its local multiplier algebra M,.(B) contained
in Mloc(A)~
Corollary 3.3 was obtained in the unital case in [24].
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4. Proofs

We will first attend to the proof of Theorem 3.2. The key tool are two formulas,
valid for an arbitrary C*algebra A, that describe both Mij..(A) and I(A) in a
compatible way. They rest on our sheaf theory for C*-algebras which was developed
in [5].

Rather than giving the formal definition of a sheaf of a C*-algebra [5, Defini-
tion 3.1], we shall content ourselves here with two examples. It is straightforward
that both constitute contravariant functors from the category Op,im(a) of open
subsets of the primitive ideal space of the C*algebra A with inclusions as arrows
into the category Cj of unital C*-algebras with unital *-homomorphisms as ar-
rows, that is, presheaves of unital C*-algebras over the base space Opyim(a)- It
takes a bit more work to verify the unique gluing property for the multiplier sheaf
[5, Proposition 3.4] whereas it is fairly easy to establish this in the case of the
injective envelope sheaf.

Example 4.1 (The multiplier sheaf). Let A be a C*-algebra with primitive ideal
space Prim(A). We define

Ma: OPrim(A) — Cfa SInA((]) = M(A(U))a

where M(A(U)) denotes the multiplier algebra of the closed ideal A(U) of
associated to the open subset U C Prim(A) and M (A(U)) - M(A(V)), V C
are the restriction homomorphisms.

This is the multiplier sheaf of A over Opyim(a)-

A
U,

Example 4.2 (The injective envelope sheaf). Let I(B) denote the injective envelope
of a C*algebra B. We define

Ja: Oprima) = Ci,  Ja(U) =pul(A) = I(A(U)),

where py denotes the unique central open projection in I(A) such that pyI(A) is
the injective envelope of A(U). The mappings I[(A(U)) — I(A(V)), V C U, are
given by multiplication by py .

This is the injective envelope sheaf of A over Opyim(a)-

To every presheaf we can associate in a canonical way an upper semicon-
tinuous C*bundle [5, Theorem 5.6]. Let 2 be a presheaf of C*-algebras over the
topological space X. For t € X, we define the stalk at ¢ by A; := tht UQ[(U)

€

as the direct limit of C*-algebras of the directed family {2((U)}, where U ranges
over the family of all open neighbourhoods of ¢ in X. Take A := [ |, v A; and let
m(a) =tifa € Ay. For s € 2A(U) and t € U, we have a canonical *-homomorphism
A(U) — A; and we denote by s(t) the image of s under this mapping. There is a
canonical topology on the total space A (which is uniquely determined in case X
is Hausdorff) turning (A, 7, X) into an upper semicontinuous C*bundle over X.

Let us denote by Agn, and Aj,, respectively, the C*bundles associated in
this way to 914 and J4, respectively.
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For any upper semicontinuous C*bundle (A, m, X) and a subset Y C X, we
shall write I'y (Y, A) for the C*-algebra of bounded continuous local sections on Y
[5, Lemma 5.2]. Moreover, T stands for the downwards directed family of dense
Gs subsets of X.

The following two formulas are the main results, Theorem 7.6 and Theo-
rem 7.7, in [5]. They require the additional concept of the derived sheaf of a sheaf
of C*-algebras [5, Proposition 7.4):

M]OC(A) = alg_h)m TeT Fb(T, AgmA)

I(A) = alg hmTGT Fb(T, AjA). (41)
—

The algebraic direct limit, that is, the limit before completion to a C*-algebra, is
already complete since Prim(A) is a Baire space and hence countable intersections
of dense G5 subsets remain within 7. As Aoy, is a sub-bundle of A5 ,, the above
formulas (4.1) open up a new way to compare the second local multiplier algebra
with the first. Indeed, if we take y € Mioe(Mioc(A)) C I(A), by (4.1), y is contained
in some C*-subalgebra I'y(T, A5, ) and will belong to Mj,.(A) once we find 7" C T,
T’ € T such that y € Tp(T7, Ao, ).

We shall now outline how to use this approach to prove Theorem 3.2 for
the case B = Mjoc(A) (the general case only requires small modifications). Take
y € M(J) for some closed essential ideal J of Mjoc(A). There is T € T such
that y € Tp(T,A5,). By our assumption on Prim(A) and the remarks before
Corollary 3.3 we can assume, without restricting the generality, that T consists
of closed separated points of Prim(A). By the results in [6], there is an element
h € J such that h(t) # 0 for all ¢ € T when viewed as a section on 7', and
there is a separable C*subalgebra B C J with the properties AhA C B and
y € M(B). Now take a countable dense subset {b, | n € N} in B and T,, € T
such that b,, € T'y(T},, Ao, ) for each n € N. In order to simplify the notation, let
us put A = Agy, for the rest of the proof. Setting 7" = (1, T, N T € T, we have
B CT%(T',A) and hence

B, ={b(t) | be B} C A (teT.

In a next step, we aim to describe the fibres A; in more detail. In general, there
is a homomorphism ¢;: Ay — Mioc(A/t) [5, Section 6]; however, this need neither
be injective nor surjective. From our hypotheses, we can conclude for each ¢t € T”:

A quasicentral = A/t unital

My (AJt) = A/t
t closed = A/t simple }:> loc(A/1) /

and, moreover, that ¢; is an isomorphism. The surjectivity of ¢; rests on the
existence of local identities in quasicentral C*-algebras:
vVt € Prim(A) 3 U; C Prim(A) open,t € Uy,
FzeZ(A)y, |2l =1: 2+ A(U2) = 1ajawn),



100 M. Mathieu

where Us = Prim(A) \ U; [6, Lemma 4.3]. As a result, A; is a simple, unital
C*-algebra for each t € T” and thus,

Av=Ach(t) Ay = (A/M(E)(A/t) = (AhA), € B, C A (tET).
t)

Taking b; € B with b:(t) = 1a, we obtain y(t) = y(t) 1a, = (yb:)(t) € A; for all
t € T'. This entails that y € Tp(T", Agn,,) with 7" C T, proving that y € Mjo.(4),
as desired.

In the proof of the “only if”-part in Theorem 3.1, the sheaf theoretic concepts
can be pushed to the background, and we will merely roughly indicate the main
argument in the following. It is easy to reduce the general case to the case when
Prim(A) is perfect (i.e., has no isolated points) using the direct sum decomposition
Mioe(A) = Mioe(I1) ® Mioe(I2) (in the notation of the argument for the “if”-part
directly after the statement of Theorem 3.1 above).

The strategy now is the following: to show that Moe(Mioc(A)) # Mioe(A) un-
der the hypothesis that Prim(A) is perfect (and all the other assumptions in Theo-
rem 3.1) we aim to identify a closed essential ideal K of M),.(A) with the property
that Mio.(A) & M(K). The following C*subalgebra K4 of Mj,.(A) was already
introduced by Somerset in [24]: K 4 is the closure of the set of all elements of the
form )y anzn, where {a,} C A is a bounded family and {z,} C Z(Moc(4))
consists of mutually orthogonal projections. (These infinite sums exist in Mjoc(A)
by [2, Lemma 3.3.6], for example. Note also that Z(Mec(A)) is countably decom-
posable since A is separable.)

For a separable C*algebra A with the property that Prim(A) contains a
dense G5 subset of closed points, the following statements hold (see [6, Section 2]).

(i) K4 is an essential ideal in M), (A).
(ii) If Ky = K4 for all I € Z(A) then Mjoo(K4) = M(Ka4).
(iil) Let y € I(A). If ya € K4 for all a € A then y € M(K4).

Combining these we obtain the following result.

Proposition 4.3 ([6, Theorem 3.2]). Ml(g)(A) = M(Z)(A) = M(Ka4), where

oc loc

M (A) = MlOC(M("_l)(A)), n > 2 denotes the n-fold iterated local multiplier

loc loc

algebra of A.

The main work in the proof of Theorem 3.1 consists in constructing an
element ¢ € M(K4) \ Mioc(A). This uses the special tensor product structure
A = C ® B. The topological assumptions on X = Prim(A4) = Prim(C) lead us
to a dense G subset S of X consisting of closed separated points which is a Pol-
ish space (using [14]). Since S itself is perfect, every non-empty open subset of S
contains an open subset which has non-empty boundary. This allows us to choose
a suitable sequence (z,)nen of projections in Z(M(K,, ® B)) C M..(A), where
K, € Z.(C). As B is simple and non-unital, there is a strictly increasing approx-
imate identity (e, )nen of B with epeni1 = e, and |le,t1 — e,]] = 1 for all n. Put
p1 = €1, Ppnp = €y — €,_1 for n > 2 and set ¢, = Z;LZI zj @ p2j, n € N. We thus
obtain an increasing sequence (¢n)nen in Mioe(A)+ bounded by 1. Since I(A) is
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monotone complete, ¢ = sup,, ¢, = >, Zn ®pay exists in [(A4)4 and has norm 1.
It remains to show

(a) g € M(Ka);

(b) q ¢ Mioc(A).
The first assertion is established by using that the bounded central closure A =
AZ is o-unital (as A is separable) together with approximation in the strict topol-
ogy of M (K 4). For (b), we use special properties of the sequence (2, )nen chosen
above relying on the topological properties of S indicated above. It is shown that,
if ¢ were in Mj.(A), this would lead to a contradiction.

This completes the proof of Theorem 3.1.

It is clear from Proposition 4.3, which holds for every separable C*-algebra A
with the property that Prim(A) contains a dense G subset of closed points, that
the methods discussed above cannot create an example of a C*-algebra A with
the property that M(2)(A) =+ MI(OSC) (A); in fact, it appears that no such concrete

loc
example is known at present.
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Test-space Characterizations of
Some Classes of Banach Spaces

M.I. Ostrovskii

Abstract. Let P be a class of Banach spaces and let T = {Ta}aca be a set
of metric spaces. We say that T is a set of test-spaces for P if the following
two conditions are equivalent: (1) X ¢ P; (2) The spaces {Tn}aca admit
uniformly bilipschitz embeddings into X.

The first part of the paper is devoted to a simplification of the proof of
the following test-space characterization obtained in M.I. Ostrovskii [Different
forms of metric characterizations of classes of Banach spaces, Houston J.
Math., 39 (2013), 889-906]:

For each sequence {X,, }5—; of finite-dimensional Banach spaces there
is a sequence {Hpy }n; of finite connected unweighted graphs with maximum
degree 3 such that the following conditions on a Banach space Y are equiv-
alent: (A) Y admits uniformly isomorphic embeddings of { X, }m—1; (B) Y
admits uniformly bilipschitz embeddings of {Hy }r—1.

The second part of the paper is devoted to the case where {X,, }ov_;
is an increasing sequence of spaces. It is shown that in this case the class of
spaces given by (A) can be characterized using one test-space, which can be
chosen to be an infinite graph with maximum degree 3.

Mathematics Subject Classification (2010). Primary: 46B07; Secondary: 05C12,
46B85, 54E35.

Keywords. Banach space, Bourgain discretization theorem, Lipschitz map,
metric characterization, test-space.

1. Introduction

Embeddings of metric spaces into Banach spaces play an important role in Com-
puter Science (see, for example, [WS11, Chapter 15]) and in Topology (see [Yu06]).
In connection with problems of embeddability of metric spaces into Banach spaces
it would be interesting to find metric characterizations of well-known classes of
Banach spaces. By metric characterizations we mean characterizations which can
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be tested on an arbitrary metric space. So, in a metric characterization only dis-
tances between elements of the space are involved, and no linear combinations of
any kind can be used. At this point it seems to be unclear: how to define the notion
of a metric characterization which would be the most useful for applications in the
theory of metric embeddings? One can try to define a metric characterization in
the following way: a metric characterization is a set of formulas understood as in
logic (see [Han77, p. 19] for a definition of a first-order formula). Some of the vari-
ables in the formulas are elements in an unknown metric space X (so the formulas
make sense for an arbitrary metric space X). We say that such set of formulas
characterizes a class P of Banach spaces if the following conditions are equivalent
for a Banach space X:

e XecP

e All of the formulas of the set hold for X.

Metric characterizations which we are going to study in this paper use the
following definition.

Definition 1.1. Let 0 < C' < co. A map [ : (A,da) — (Y,dy) between two metric
spaces is called C-Lipschitz if

Yu,v € A dy(f(u), f(v)) < Cda(u,v).

A map f is called Lipschitz if it is C-Lipschitz for some 0 < C' < oo. For a Lipschitz
map f we define its Lipschitz constant by

Liof e sy O ULI@)
da(u,v)#0 da (’LL, U)
Let 1 <C <oo. Amap f: A —Y is called a C-bilipschitz embedding if there
exists r > 0 such that

Vu,v € A rda(u,v) <dy(f(u), f(v)) <rCda(u,v). (1)

A bilipschitz embedding is an embedding which is C-bilipschitz for some 1 < C' <
00. The smallest constant C' for which there exist r > 0 such that (1) is satisfied
is called the distortion of f. A family of embeddings is called uniformly bilipschitz
if they have uniformly bounded distortions.

Remark 1.2. Linear embeddings T; : A; — Y of Banach (or normed) spaces into
a Banach (normed) space are uniformly bilipschitz if and only if

sup (||Z]] - [|T; "y anll) < oo
Such embeddings T; are called uniformly isomorphic.

Remark 1.3. The definition of a metric characterization suggested above does not
seem to be completely satisfactory. It includes trivial (in a certain sense) charac-
terizations of the type: A Banach space is nonreflexive if and only if it contains
a (separable) subset which is bilipschitz equivalent to a nonreflexive separable
Banach space. (The validity of this characterization is a consequence of the fol-
lowing well-known facts: (1) Each nonreflexive Banach space contains a separable
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nonreflexive subspace. This fact follows, for example, from the Eberlein—-Smulian
theorem [DS58, Theorem V.6.1]; (2) If a Banach space Y admits a bilipschitz em-
bedding of a (separable) nonreflexive Banach space X, then Y is nonreflexive, see
[BLOO, Theorem 6.42].)

At this point it is not clear how to define a metric characterization in such
a way that, on one hand, all interesting examples are included, but, on the other
hand, characterizations like the trivial characterization of nonreflexivity mentioned
in Remark 1.3 are excluded. We shall focus on one of the classes of metric charac-
terizations which is known to be interesting (see [Bau07, Baul2, Bou86, BMW8G6,
JS09, MNO8, Ostlla, Ostllc, Pis86]). We mean metric characterizations of the
following type.

Definition 1.4. Let P be a class of Banach spaces and let T = {T,}aeca be a set
of metric spaces. We say that T is a set of test-spaces for P if the following two
conditions are equivalent

1. X ¢P.
2. The spaces {Tn}aca admit uniformly bilipschitz embeddings into X.

Remark 1.5. We use X ¢ P in condition 1 of Definition 1.4 rather than X € P for
terminological reasons: we would like to use terms “test-spaces for reflexivity, su-
perreflexivity, etc.” rather than “test-spaces for nonreflexivity, nonsuperreflexivity,
etc.”

Remark 1.6. One can introduce the notion of test-spaces differently, requiring, for
example: “at least one of the spaces {T,}oca admits a bilipschitz embedding into
X7. However, this version of test-space characterizations includes the trivial char-
acterization of reflexivity mentioned in Remark 1.3. Another reason why we have
chosen the introduced in Definition 1.4 notion of test-spaces is: many important
known characterizations are of this form (see [Bau07, Baul2, Bou86, BMWS&6,
JS09, MNO08, Ostlla, Ostllc, Pis86]).

2. Simplification of the proof of metric characterizations
of classes with excluded subspaces

The main purpose of this section is to give a simpler proof of the following result
of [Ostllc]:

Theorem 2.1 ([Ostllc]). For each sequence { X, }0_4 of finite-dimensional Banach
spaces there exists a sequence {Hp}S2  of finite connected unweighted graphs with
mazximum degree 3 such that the following conditions on a Banach space Y are
equivalent:

e Y admits uniformly isomorphic embeddings of {Xm}oo_;.
o Y admits uniformly bilipschitz embeddings of {Hp}52 .
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Everywhere in this paper we consider graphs as metric spaces with their
shortest path metric: the distance between two vertices is the length of the shortest
path between them. In some cases we consider weighted graphs with some positive
weights assigned to their edges. In such a case the length of the path is the sum
of weights of edges included in it. For graphs with no weights (sometimes we
emphasize this by calling them wnweighted graphs) the length of a path is the
number of edges in it (this corresponds to the case when all weights are equal to 1).

Remark 2.2. For the reasons explained in [Ost11c] we restrict our attention to the
case sup,,, dim X,,, = oco.

Our purpose is to simplify the proof of the step which has the longest proof
in [Ost11c]. We shall also present other steps of the proof, in a more general form
than in [Ostllc]. The reason for doing so is that we need these steps in the more
general form later in the paper. Recall some standard definitions.

Definition 2.3. Let o > 0. We say that a subset A in a metric space (X,d) is
a-dense in a subset B C X if A C B and

Ve e B Iy e Ad(z,y) < a.

A subset D in a metric space (X,d) is called a-separated if d(x,y) > « for
each z,y € D, z # y.
If A and B are subsets in a metric space (X, d), we let

d(A, B) = inf{d(z,y): € A, y € B}.

First we introduce an approximate description of convex sets in Banach spaces
using unweighted graphs. Let C' be a convex set in a Banach space X, o, 8 > 0,
and let V' be an a-separated (-dense subset of C'.

Remark 2.4. It is easy to see that such subset V' does not exist if 3 < § and
diamC' > B. In this paper only the case where § > « is considered. In this case

the existence is immediate from Zorn’s lemma.

Definition 2.5. Let G be the graph whose vertex set is V' and whose edge set is
defined in the following way: vertices u,v € V are joined by an edge if and only
if ||u — v|| < 38. The graph G is called a (C, «, B)-graph. It o = B, G is called a
(C, a)-graph.

It is easy to check that G is not uniquely determined by C, «, and 3, but for
our purposes it does not matter which of (C, a, §)-graphs we pick. We endow the
vertex set V of G with its shortest path metric dg.

Lemma 2.6. The natural embedding f : (V,dg) — (X,]|| - ||) is bilipschitz with
distortion < max {3, %} More precisely,

Lip(f) <38 and Lip(f~'[;v)) < maX{;7 ;}
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Proof. The inequality Lip(f) < 37 follows immediately from the fact that adjacent
vertices in G are at distance < 38 in X, and the definition of the shortest path
metric.

To prove the inequality for Lip(f~!) we consider two distinct vertices u,v €
V, write ||u — v|| = df for some d > 0, and consider two cases:

Case A. d < 3. In such a case dg(u,v) = 1. Since ||u — v|| > «, we have
dG(U, U) l
ho—oll = a
Case B. d > 3. In this case, and even in a wider case d > 2, we show that
de(u,v) < |d] -1 (2)
and therefore
de(u,v) < ld] —1 < l
|lu — ]| dp B

We prove the inequality (2) by induction starting with 2 < d < 3. In this
case dg(u,v) = 1 and so it is clear that (2) is satisfied.

Suppose that we have proved the inequality (2) for 2 < d < n. Let us show
that this implies the inequality for n < d < n + 1. We do this as follows:

Consider the vertex u lying on the line segment joining v and v at distance
23 from w. Since u € C' (this is the point where we use the convexity of C'), there
is w € V satisfying ||w — u|| < 8.

By the triangle inequality, we have ||w — u|| < 38 and ||w — v|| < (d — 1)6.
The first inequality implies dg(w, w) = 1. Applying the triangle inequality and the
Induction Hypothesis, we get dg(u,v) < dg(w,v)+1 < (|d—1]-1)+1=|d|—1.
(We cannot apply the Induction Hypothesis if ||w — v|| < 23, but in this case the
result is also easy to verify.) O

If X is a Banach space, we use the notation Bx (r), >0, for {z € X : ||z||<r}.
The unit ball Bx (1) is also denoted by Bx. Observe that if X is finite dimensional
(and 8 > «), (Bx(r), a, 5)-graphs are finite.

The next step in the proof of Theorem 2.1 in [Ostllc] is the following lemma
(in [Ostllc] the lemma is stated in slightly less general form).

Lemma 2.7. If {X,,}5°_, are finite dimensional Banach spaces, and a Banach

space Y admits uniformly bilipschitz embeddings of a collection of (BXm (n), a(n),

B(n))-gmphs m,n € N, where a(n) < f(n), lim, - a(n) =0, lim,_, B(n) =0,

and sup,, % < 00, then { X }5o_, are uniformly isomorphic to subspaces of Y.
Lemma 2.7 can be derived from the following discretization result.

Theorem 2.8. For each finite-dimensional Banach space X and each v > 0 there
exists € > 0 such that for each bilipschitz embedding L of an e-dense subset of
Bx, with the metric inherited from X, into a Banach space Y there is a linear
embedding T : X — Y such that (1 —~)||T|| - ||T~Y|| < Lip(L) - Lip(L™1).
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This theorem goes back to Ribe [Rib76], a new proof of the essential ingre-
dients was found by Heinrich-Mankiewicz [HM82], versions of these proofs are
presented in [BLOO]. The first explicit bound on e was found by Bourgain [Bou87].
Bourgain’s proof was simplified and explained by Begun [Beg99] and Giladi-Naor—
Schechtman [GNS11]. We recommend everyone who would like to study this result
to start by reading [GNS11].

It is clear that the fact that the ball in Theorem 2.8 has radius 1 plays no
role. To derive Lemma 2.7 from Theorem 2.8 we observe that the vertex set of
a (Bx,, (n),a(n), 8(n))-graph is a B(n)-dense subset of By, (n). Furthermore, by
38(n)

a(n)

Lemma 2.6, the graph distance on this set is max {3, }—equivalent to the

metric inherited from X. This proves Lemma 2.7.

Lemmas 2.6 and 2.7 show that a Banach space Y admits uniformly isomorphic
embeddings of X, if and only if Y admits uniformly bilipschitz embeddings of some
(or any) collection of (Bx,, (n), a(n), 5(n))-graphs m,n € N, where a(n) < 8(n),
lim,, oo @(n) =0, lim,,—,~ B(n) = 0, and sup,, % < oo. This statement does not
complete the proof of Theorem 2.1 (even of a weaker version of it, with 3 replaced
by any other uniform bound on degrees of {H,}5° ;). In fact, it is easy to see
that if sup,, dim X,,, = oo, the degrees of any collection of (Bx,, (n),a(n), 8(n))-
graphs, m,n € N, where a(n) < B(n), lim,, a(n) = 0, lim,,_,~ 5(n) = 0, and
sup,, % < 00, are unbounded.

Observation 2.9. Since we assumed sup,, dim X,, = oo, each Banach space ad-
mitting uniformly isomorphic embeddings of X,, has to be infinite-dimensional.
For this reason, in order to prove Theorem 2.1 it suffices to show that for each
finite-dimensional Banach space X, each (Bx(r),d)-graph G (0 < § < r < 00),
and each infinite-dimensional Banach space Z containing X as a subspace, there
exist a graph H and bilipschitz embeddings ¥ : G — H and ¢ : H — Z, such
that distortions of 1 and ¢ are bounded from above by absolute constants and the

mazximum degree of H is 3. It is clear that it is enough to consider the case § = 1.

Remark 2.10. Observation 2.9 is the main step towards simplification of the proof
of Theorem 2.1 given in [Ostllc]: in [Ostllc] the graph H was embedded into X
(if dim X > 3). This is substantially more difficult and, as we see from Observation
2.9, is not needed to prove Theorem 2.1. However, the proof of [Ostlle, Section 4]
could be of independent interest, see Remark 2.12 below.

The construction of H which we use is the same as in [Ost11lc]: We introduce
the graph MG as the following “expansion” of G: we replace each edge in G by a
path of length M. It is clear that the graph MG is well defined for each M € N.
In our construction of H the number M will be chosen to be much larger than
the number of edges of G. We use the term long paths for the paths of length M
which replace edges of G. Next step in the construction of H: For each vertex v
of G, we introduce a path p, in the graph H whose length is equal to the number
of edges of G, we call each such path a short path. At the moment these paths do
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not interact. We continue our construction of H in the following way. We label
vertices of short paths in a monotone way by long paths. “In a monotone way”
means that the first vertex of each short path corresponds to the long path p;, the
second vertex of each short path corresponds to the long path p, etc. We complete
our construction of H introducing, for a long path p in MG corresponding to an
edge uv in G, a path of the same length in H (we also call it long) which joins
those vertices of the short paths p, and p, which have label p. There is no further
interaction between short and long paths in H. It is obvious that the maximum
degree of H is 3.

It remains to define embeddings 1) and ¢ and to estimate their distortions.

To define ¥ we pick a long path p in MG (in an arbitrary way) and map
each vertex u of G onto the vertex in H having label p in the short path p,
corresponding to u. The estimates for Lip(t) and Lip()~!) given below are taken
from [Ostllc]. We reproduce them because they do not take much space.

We have Lip(¢) < 2e(G) + M, where e(G) is the number of edges of G. In
fact, to estimate the Lipschitz constant it suffices to find an estimate from above
for the distances in H between ¥ (u) and ¢ (v) where u and v are adjacent vertices
of G. To see that 2e(G)+ M provides the desired estimate we consider the following
three-stage walk from ¢ (u) from ¢ (v):

e We walk from v (u) along the short path p, to the vertex labelled by the long

path corresponding to the edge uv in G.

e Then we walk along the corresponding long path to its end in p,,.
e We conclude the walk with the piece of the short path p, which we need to

traverse in order to reach 1(v).

We claim that Lip(¢~1) < M ~!. This gives an absolute upper bound for the
distortion of 1 provided the quantity e(G) is controlled by M, we need M to be
much larger than e(G) only if we would like to make the distortion close to 1. To
prove Lip(y~1) < M~! we let 1/(u) and 9(v) be two vertices of 1)(V(G)). We need
to estimate dg(u,v) from below in terms of dg (¢ (u), (v)). Let

P= w(u)vwlv R wn—lvw(v)
be one of the shortest 1 (u)y(v)-paths in H. Let u,uq, ..., ur—1,v be those vertices

of G for which the path P visits the corresponding short paths p., Puys - -+ Pup_ys
Py. We list uq, ..., ug—1 in the order of visits. It is clear that in such a case the
sequence u, U1, . .., ug—1,v is a uv-walk in G. Therefore dg(u,v) < k. On the other

hand, in H, to move from one short path to another, one has to traverse at least
M edges, therefore dg (1 (u),v(v)) > kM. This implies Lip(¢~!) < M1

Our next purpose is to introduce ¢ : H — Z. First we prove (Lemma 2.11
below) that there is a bilipschitz embedding of MG into some finite-dimensional
subspace W of Z with distortion bounded by an absolute constant.

It is convenient to handle all M € N simultaneously by considering the fol-
lowing thickening of the graph G (see [Gro93, Section 1.B] for the general notion
of thickening). For each edge uv in G we join u and v with a set isometric to [0, 1],
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we denote this set t(uv). The thickening TG of G is the union of all sets t(uv)
(such sets can intersect at their ends only) with the distance between two points
defined as the length of the shortest curve joining the points.

Lemma 2.11. If a finite unweighted graph G endowed with its graph distance admits
a bilipschitz embedding T into a finite-dimensional Banach space X, then the graph
TG admits a bilipschitz embedding f into any infinite-dimensional Banach space
Z containing X as a subspace, and the distortion of f is bounded in terms of the
distortion of T and some absolute constants.

Remark 2.12. In [Ostllc, Section 4] a stronger result was proved, namely, it was
proved that in the case where dim X > 3, the bilipschitz embedding f whose
existence is claimed in Lemma 2.11 can be required to map T'G into X. As we shall
see, this result is not needed for Theorem 2.1. However, it could be of independent
interest.

Proof of Lemma 2.11. We may assume without loss of generality that Lip(7—!) =
1, that is, ||7(u) — 7(v)|| > dg(u,v). We construct a bilipschitz embedding of TG
into an (arbitrary) Banach space W containing X as a subspace and satisfying
dim(W/X) = e(G), where e(G) is the number of edges in G and W/X is the
quotient space.

We find an Auerbach basis in W/X. Recall the definition. Let {x;}? , be a
basis in an n-dimensional Banach space Y, its biorthogonal functionals are defined
by z}(x;) = 6;; (Kronecker delta). The basis {z;}!", is called an Auerbach basis
if ||z;]| = ||=f|] = 1 for all 4 € {1,...,n}. This notion goes back to [Aue30]. See
[Ost11lb, Section 2] and [P1i95] for historical comments and proofs.

Since the cardinality of the Auerbach basis is equal to the number of edges
in G, we label its elements by edges. Also we lift the elements of this Auerbach
basis into W. Since W is finite dimensional, we may assume that the norms of the
lifted elements are also equal to 1. We use the notation {eu, }yve p(q) for the lifted
elements of the Auerbach basis and the notation {e}, },ocr () for its biorthogonal
system. It is clear that {e}, },ocp(e) may be regarded as elements of W*.

If wv is an edge in G, we map ¢(uv) onto the concatenation of two line

segments in W C Z, namely, onto the concatenation of [T(u), M + eun

and [w + eup, T(’U)] . More precisely, we map the point in ¢(uv) which is at
distance « € [0, 1] from « onto the point

at(v) + (1 — a)7(u) + min{2a, 2(1 — @) }eyy. (3)
It is easy to check that such points cover the concatenation of the line segments
{T(u), w + euv} and [w +euv,7(v)}. We denote this map by f :
TG = W.

We claim that f is a bilipschitz embedding and its distortion is bounded in
terms of distortion of 7 and some absolute constant. To estimate Lip(f) observe
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that the derivative of the function in (3) with respect to « is 7(v) — 7(u) % 2ey,
(at points where the derivative is defined). Hence Lip(f) < Lip(7) + 2.
To estimate the Lipschitz constant of f~', we need to estimate from above
the quotient
dTG (.’E, y)
7@ — T
where x,y € TG. Let « be the distance in TG from x € t(uv) to u and let 8 be
the distance from y € t(wz) to w. We may choose our notation in such a way that
a,f < % Let D = dpg(z,y).

First we consider the case when the edges uv and wz are different. We have
drc(u,w) > D —a — B. Thus [|f(w) — f(w)]| = ||r(w) — 7(w)|| > D - a - 3
and ||f(x) = f(y)|| > D — (Lip(7) + 3)(ae + 3). Here we use the fact that, since
Lip(f) < Lip(r) +2, we have ||f(z) — f(u)]| < (Lip(r) +2)a and ||f(y) — f(w)]| <
(Lip(r) +2)8. On the other hand [|f(z) — F(5)]] = 5, (f () — F()) = €5 (f (x) -
fw)+ei, (f(u)—f(y) =€k, (f(z)— f(u)) = 2 (we use uv # wz, the definition
of o and the fact that {e,,} is a lifted Auerbach basis in W/X). Similarly we get
[|f(z) = f(y)|| > 2B. Therefore

dra(z,y) . D D D
7 < min ; STy (-
1f () = fW)Il {max{oa D — (Lip(7) +3)(a + B)}  2a 25}
It is easy to see that the minimum in this inequality is bounded from above in
terms of Lip(7) and an absolute constant. If &« = 0, or 8 = 0, or both, we modify
this argument in a straightforward way.

It remains to consider the case where z,y € t(uv). Let drg(z,u) = « and

dra(y,u) = B, so drg(x,y) = |a — B|. Tt is easy to see that

2a—pf| if & and $3 are on the same side of 3

2|1 —a—pB| otherwise.

leao (f(2) = F(y)) = {

In the former case we get
dTG (Jf, y)
1f () = Wl

1
< —.
-2
If the latter case we use

f(@) = fly) = (a=B)((v) —7(u) £2(1 — a — B)eys.
We get from here that

1f(x) = F)l] = max{2|1 — o = B, la = Bl||7(u) = 7(v)[| = 2[1 — o = B]}.

The desired estimate follows. O

This proof shows that there exists an embedding ¢y : MG — W such that
Lip(po) < 1 and Lip(py*') is bounded from above by an absolute constant. The
rest of the proof is quite similar to the proof in [Ostllc], we only replace the
embedding ¢ : MG — X constructed in [Ostllc] by the embedding ¢o : MG —
W constructed in Lemma 2.11. For convenience of the reader we reproduce this
part of the proof with necessary modifications. We number vertices along short
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paths using numbers from 1 to e(G) in such a way that vertices numbered 1
correspond to the same long path in the correspondence described above.

At this point we are ready to describe the action of the map ¢ on vertices
of short paths. We construct the map ¢ as a map into the Banach space W @1 R.
This is enough because W &1 R admits a linear bilipschitz embedding into Z with
distortion bounded by an absolute constant.

For vertex w of H having number ¢ on the short path p, the image of w in
W @1 R is p(w) = po(u) i (here we use the same notation u both for a vertex of
G and the corresponding vertex in MG).

To map vertices of long paths of H into W@, R we observe that the numbering
of vertices of short paths leads to a one-to-one correspondence between long paths
and numbers {1,...,e(G)}. We define the map ¢ on a long path corresponding to
i by p(w) = po(w') &4, where w’ is the uniquely determined vertex in a long path
of MG corresponding to a vertex w in a long path of H.

The fact that Lip(p) < 1 follows immediately from the easily verified claim
that the distance between p-images of adjacent vertices of H is at most 1 (here
we use Lip(pg) < 1).

We turn to an estimate of Lip(¢~1). In this part of the proof we assume that
M > 2e(G). Let w and z be two vertices of H. As we have already mentioned our
construction implies that there are uniquely determined corresponding vertices w’
and 2z’ in MG.

Obviously there are two possibilities:

(1) due(w',2') > 4 dg(w,z). In this case we observe that the definitions of ¢
and of the norm on W @1 R imply that

llp(w) — (2)]| > lleo(w’) = o(2')]| > dma(w’, 2')/Lip(gy ')
> 2du(w, )/ Lip(eq ).

(2) dyg(w',2') < % dpg (w, z). This inequality implies that there is a path joining
w and z for which the naturally defined short-paths-portion is longer than
the long-paths-portion. The inequality M > 2e(G) implies that the short-
paths-portion of this path consists of one path of length > %dH (w, z). This
implies that the difference between the second coordinates of w and z in the
decomposition W &1 R is > Jdg (w,z). Thus [|p(w) — ¢(2)|| > 2du(w, 2).

Since Lip(py ') > 1 (this follows from the assumption Lip(pg) < 1), we get
Lip(¢p~') < 2Lip(¢, ') in each of the cases (1) and (2). The proof of Theorem 2.1
is completed.

3. Metric characterization with one test-space

Bourgain [Bou86] proved that a Banach space is nonsuperreflexive if and only
if it admits uniformly bilipschitz embeddings of binary trees of all finite depths
(see [BLOO, pp. 412, 436] for the definition and equivalent characterizations of
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superreflexivity). Baudier [Bau07] strengthened the “only if” part of this result by
proving that each nonsuperreflexive Banach space admits a bilipschitz embedding
of an infinite binary tree.

Our purpose in this section is to find similar one-test-space-characterizations
for classes of Banach spaces defined in terms of excluded finite-dimensional sub-
spaces. At this moment we do not know how to do this for an arbitrary sequence of
finite-dimensional subspaces, we found such a characterization only for increasing
sequences of finite-dimensional subspaces.

Theorem 3.1. Let {X,,}22, be an increasing sequence of finite-dimensional Banach
spaces with dimensions going to co. Then there exists an infinite graph G such that
the following conditions are equivalent:

o (G admits a bilipschitz embedding into a Banach space X .
e The spaces { X, } admit uniformly isomorphic embeddings into X .

Remark 3.2. Theorem 3.1 is obviously weaker that Theorem 4.1 proved in Section
4. We give an independent proof of Theorem 3.1 because it is substantially simpler.

Proof of Theorem 3.1. Our proof is based on the construction of graphs providing
approximate descriptions of convex sets, see Definition 2.5. We use the following
immediate consequence of Theorem 2.8:

Lemma 3.3. Let X be a finite-dimensional Banach space, Y be a Banach space
admitting uniformly bilipschitz embeddings of some (Bx(n),1)-graphs, and C €
[1,00) be an upper bound for distortions of these embeddings. Then for each &€ > 0
there is a linear embedding T : X — 'Y satisfying ||T|| - [|T71|| < 3(1 +¢)C.

Let L be the inductive limit of the sequence {X,}, that is, L = [J;2; X,,
with its natural vector operations and the norm whose restriction to each of X, is
the norm of X,,. So L is an incomplete normed space (we can, of course, consider
its completion, but for our purposes completeness is not needed). We construct G
as a graph whose vertex set V' is a countable infinite subset of L &1 R. (We fix the
l1-sum because it is convenient to have a precise formula for the norm, of course
in the bilipschitz category all direct sums are equivalent.) The main features of
the construction are:

(1) The graph G with its shortest path metric is a locally finite metric space.
(Recall that a metric space is called locally finite if all balls of finite radius
in it have finite cardinality.)

(2) We have V = J;_, V,,, where V,, are finite and there exist uniformly bilips-
chitz embeddings f,, : V,, — (X,, ®1 R), where we assume that the distance
in V,, is inherited from G.

(3) The set V endowed with its shortest path metric de contains images of bilip-
schitz embeddings of some (Bx, (m),1,2)-graphs (with their shortest path
metrics), m,n € N, with uniformly bounded distortions.

First let us explain why such graph G satisfies the conclusion of Theorem
3.1. Suppose that X is such that the spaces {X,,} admit uniformly isomorphic
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embeddings into X . Then condition (2) implies that V,, admit uniformly bilipschitz
embeddings into X. Since G is locally finite, by the main result of [Ost12], we get
that G’ admits a bilipschitz embedding into X.

Now suppose that G admits a bilipschitz embedding into X. By (3) we
get that X admits uniformly bilipschitz embeddings of some (Bx, (m), 1)-graphs,
m,n € N. Applying Lemma 3.3, we get that the spaces {X,} admit uniformly
isomorphic embeddings into X.

We construct V' as an infinite union Uf;l V., where each V,, is a finite sub-
set of

Cy, := conv (U (Bx, (k), sk)> C LR,
k=1
where s, € R, the pairs (z, si) are in the sense of the decomposition L ®; R, and
(Bx, (k),sk) = {(z,s) : z € Bx,(k)}. Recall that By, (k) is the centered at 0
ball of X}, of radius k.
Now we describe our choice of V,, and s, such that the conditions (1)—(3)
above are satisfied. One of the requirements is

Sp41 — Sp > 1. (4)

We let s1 = 0 and let V; to be a 1-separated 1-dense subset of (Bx, (1), s1)
(see Definition 2.3).

The choice of s5 is less restrictive than further choices. We let so = 2 and let
V5 be the extension of V; to a 1-separated 1-dense subset of

2
Cy = conv (U (Bx, (n), Sn)>

n=1
satisfying the condition: some part of V5 is a 1-dense in (Bx, (2), s2), and some
part of it is a 1-dense in (Bx,(2), s2) (we use sa —s1 > 1).
We use the following notation for a subsets A of L &1 R:

Ala,b] = AN (L @1 [a, b)), (5)

where [a,b] is an interval in R. We use similar notation for open and half-open
intervals.

Now we turn to the choice of s3. We choose s3 to satisfy (4) and to be so
large that V3 is (14 §)-dense in Cs[s1, so. It is easy to see that sufficiently large
s3 satisfy these conditions. Then we extend V5 to a 1-separated (1 + %)—dense in
C3 subset V3 in such a way that
(Va\V2) C C3(s2, s3]

Some parts of V3 are (1 + })-dense in the sets (Bx, (3), s3), (Bx,(3), s3), and
(Bx,(3), s3), respectively (here we use (4)).

We continue in the following way. We pick s4 in such a way that
Vs is (1 + % + i)—dense in Cy[s1, s2].
V3 is (1 + % + i)—dense in Cy[sy, s3]
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Now we extend V3 to a 1-separated (1 + % + %)—dense subset V4 of Cy in such
a way that
o (Vi\V3) C Cu(s3, 4]
e Some parts of Vj are (1+ 3 + 1)-dense subsets in (Bx, (4), s4), (Bx,(4), s4),
(Bx,(4),s4), and (Bx,(4), s4), respectively (here we use (4)).
We continue in an obvious way: In step n we pick s,, s, —sp,—1 > 1, in such
a way that for each m =2,...,n — 1 we have:

Vi 1s a (1 + % + % + et (%)nfz)—dense subset of Cy,[s1, Sm].

We extend V,,_1 to a 1-separated (1 + % 4+ -4 (%)nfz)—dense subset V,, of
C,, in such a way that
o (Vi\Vi1) C Cr(Sn—1,8n]
e Some parts of V,, are (1 + 54t (%)n_Q)—dense subsets in

(BX1 (’I’L), Sn)v sty (BXn (n)7 Sn),
respectively (here we use (4)).
Let V = _, V, and

C = conv (U (Bx, (n), sn)> CL®R.
n=1
Our construction implies that V is a 1-separated 2-dense subset of C'. We let
G be the corresponding (C, 1,2)-graph (see Definition 2.5). It remains to verify
that G satisfies the conditions (1)—(3) above.

Condition (1). The set V is a locally finite subset of L @ R because it is
contained in L @1 [s1,00) and its intersection with each subset of the form L @
[s1, 5] is a finite set V,,. The graph G is locally finite because, by Lemma 2.6, its
natural embedding into L @4 R is bilipschitz.

Condition (2). We apply Lemma 2.6 to V, the corresponding (C, 1, 2)-graph,
and LHR. We get that the natural embedding of V' with the metric inherited from
G into L @ R is bilipschitz. Hence its restrictions to V,, are uniformly bilipschitz.
The fact that the restriction of this map to V,, maps V,, into X,, ® R follows from
the definitions.

Condition (3). Our construction of set V is such that it contains subsets
which are 1-separated 2-dense subsets in shifted Bx  (n). We apply Lemma 2.6
twice. First time to V, the corresponding (C, 1, 2)-graph, and L & R. Second time
we apply it to the set (Bx,, (n), sy), the corresponding ((Bx,, (n), sn), 1,2)-graph
(vertex set of this graph is the intersection of V' with (Bx,, (n), sn)). We get that
embeddings of all of these graphs into L &1 R have uniformly bounded distortions.
Therefore the metrics of these ((Bx,, (n), $n), 1,2)-graphs are bilipschitz equivalent
to the metrics inherited from G. Hence the condition (3) is also satisfied. O
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4. Characterization in terms of an infinite graph
with maximum degree 3

Our next purpose is to show that the test-space for Theorem 3.1 can be chosen to
have maximum degree 3:

Theorem 4.1. Let {X,,}52; be an increasing sequence of finite-dimensional Banach
spaces with dimensions going to oo. Then there exists an infinite graph H with
mazximum degree 3 such that the following conditions are equivalent:

e H admits a bilipschitz embedding into a Banach space X .
e The spaces { X, } admit uniformly isomorphic embeddings into X .

Proof. Our proof uses some of the ideas of the proof of Theorem 3.1. For this
reason we keep the same notation for some of the objects, although now they
are somewhat different. We use Definition 2.3 and the notation introduced in
formula (5).

We may assume without loss of generality that dim X,, = n. We introduce
convex sets C,, and C in L @ R of the form

C), := conv (U(BXM) (4k),sk)> and C = U Ch,
k=1 n=1
where {i(k)}72, is a sequence of natural numbers satisfying i(1) = 1, i(k) <
i(k+1) <i(k)+1, and such that the equality i(k+ 1) = i(k) + 1 holds rarely (the
exact condition will be described later), so the dimension of the sets (), increases
slowly.
Let {s,,}22; be a sequence of real numbers, such that s; = 0 and the following

two conditions are satisfied:

Gap condition:
Sp — Sp_q > 671 (6)
Density condition:
1\"2
Chn-1la, sn—1] 1is <2> —dense in Cyla, s,—1] for every a € [s1,8,-1]. (7)
Remark 4.2. It is easy to verify that condition (7) is satisfied for each sufficiently
rapidly increasing sequence {s, }>2 ;.

We construct two sequences of finite subsets in LOR, {A,}52, and {B,,}22,.
The desired properties of these sequences of sets are the following:

1. A, is 2™-separated 2"-dense subset in Cy,[sp—1 + 2", s,]. If n = 1, this con-
dition is replaced by: A; is a 2-separated 2-dense set in Cfj.

2. A, contains 2"-separated 2"-dense subsets in {(Bx,, (4"),sn)}7—1-

3. B,, n > 2is a 2"-separated subset of C,,(s5,—1, $n—1 + 2") such d(A,,, B,) >
2" d(A,_1,B,) > 2" and A,_1 U B, U A, is a 2" l-separated 2"-dense
subset in Cp[s,_2 + 2" 1, 5,]. If n = 2, the last condition is replaced by:
2-separated and 22-dense in Ca[sy, s2] = Cs.
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We construct such sets in steps. First we construct A, then B,, (for n > 2).
We start by letting A; to be any 2-separated 2-dense subset of (Bx, (4), s1).

The construction of A,, (n > 2) starts with picking a 2™-separated 2"-dense
subset of

(BX1 (471)7 Sn)'

Then we gradually extend this subset to 2"-separated 2™-dense subsets of
(BXi(Q) (471)78“)7 s (BXi(n)(4n)7S’ﬂ)' (8)

Observe that our description of the sequence {i(n)} implies that many sets in the
sequence (8) are the same.

We complete the construction of A, extending the obtained set to a 2"-
separated 2"-dense subset of Cy,[s,—1 + 27, s5,].

To construct B,, we remove from Cy,($,—1, Sn—1 + 2") all elements which are
covered by 2™-balls centered in A,,_1 U A,,. If the obtained set R is empty, we let
B,, = . Otherwise we let B,, be a 2"-separated 2"-dense subset of R.

The only condition which has to be verified is the condition that A,_; U
B, U A, is 2"-dense in Cy[s,—2 + 2" 1, s,] (and its version for n = 2). Here we
use the condition (7). By this condition, since A,,_1 is 2"~ 1 dense in Cn-1[$n—2+

2n=L s, 1], it is (2"‘1 + (%)n_2)—dense in Cy,[s5,—2+2""1 5,_1]. The conclusion

follows from the construction of A,, and B,, since (2”’1 + (%)n_2) < om,

T e (@e)e(n)

We create a weighted graph with the vertex set V by joining a vertex v €
(A, U By), n > 2, to all vertices of

WORCD

which are within distance 3 - 2" to v in the normed space L @1 R. (Also we join
each vertex v € Ay to all vertices of A; which are within distance 6 to v.) The
inequality (6) implies that in this way vertices of A,, U B,, are joined only to some
of the vertices in A,,_1 U By, 1, A, UB,,, and A, ;1 U By, 1. The vertex v is joined
to some vertices in A,, ;1 U B,, ;1 if v is within distance 3-2"*! in L ®; R to those
vertices.

We assign weight (length) 2" to all edges joining v € (A,, U B,,) with vertices
of (Ap—1UBy—1)U(A, U By,). Thus we assign weight (length) 271 to the edges
joining v € (A, U B,,) with vertices of (A,4+1 U B,,11). It is clear that we get a
well-defined weighted graph. We denote the obtained weighted graph by W and
endow it with its (weighted) shortest path metric.

We estimate the number of edges incident to v € (4, U By,) in the following
way. All vertices joined to v by edges are in a ball of radius 3 - 2"*! centered at v.
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The distance between two vertices joined to v is at least 2! because all such
vertices are in the set A, 1 UB,_1UA, UB, UA,+1UB,+1, and it is clear from
the conditions on A,, and B,, that the set A,,_ 1 UB,_1UA,UB,UA,+1UB,41
is 27 lseparated. All of the elements of this set are in Xi(n+1) ® R, and the
dimension of this space is d(n) = i(n+ 1) + 1. Therefore X, 1) ® R-balls of radii
2"~2 centered at points joined to v with an edge have disjoint interiors and are
contained in a ball of radius 3 - 27! 4 2"~2 centered at v. Comparing the volumes
of the union of the 2"~ 2-balls and the (3 - 2"+ +27"~2)-ball containing them (it is
the standard volumetric argument, see, e.g., [MS86, Lemma 2.6]), we get that the
number of vertices adjacent to v is at most

n+1 n—2\ 4(n)

Lemma 4.3. The natural embedding of W into the normed space L ®1R has distor-
tion < 3. More precisely, its Lipschitz constant is < 3, and the Lipschitz constant
of the inverse map is < 1.

Proof. The statement about the Lipschitz constant of the natural embedding is
immediate. In fact, ends of an edge of length 2™ in W correspond to a vector in
L ®1 R whose length is < 3-27".

The fact that the Lipschitz constant of the inverse map is < 1 can be proved
as follows:

Let a and b be vertices of W. We may assume that b € (A, U B,) and
a € (A UBy) for some k < n. We use double induction. This means the following:
First we prove the result for n = 1 using induction on |||a — b||/2] (here we use
Lemma 2.6).

Next, we assume that the result holds for n = m and any & < m. We show
that this assumption can be used to prove the result for n = m + 1 using the
induction on ||la — b[|/(2™F1)].

So let us follow the described program. If we divide all distances by 2, the
desired inequality for a,b € A; is a special case of Lemma 2.6 for « = § = 1.

Assumption: Now we assume that we have proved the statement for all pairs
be (A, UBp), a€ (AxUBg), k<m.

We show that this assumption can be used to prove the statement for b €
(Api1U Bpy1), a € (Ap UBy), k < m+ 1, using induction on |||a — b||/(2™*1)].

If [|la —b||/(2™F1)| <2, then a and b are joined by an edge of length 2m+1.
In addition, ||a — b|| > 2™+ (see the conditions 1 and 3 in the description of A,
and B,,). So in this case we get the desired dw (a,b) < ||a — b|].

Induction Hypothesis: Suppose that the statement has been proved for all pairs
be (Apt1UBpy1), a € (Ay UBg), k<m+ 1, and

[[la = bll/2™*)] < D. 9)
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We show that this implies the same conclusion for pairs b € (Ap+1 U Bmt1),
a € (A U By), k <m + 1, satisfying [||a — b[|/(2™T1)| < D + 1.

We need to consider the case where the inequality (D +2)-2m" > |ja—b|| >
(D +1) -2+ is satisfied, D > 2, D € N. In such a case let b be the vector on the
line segment joining b to a at distance 2 - 2™+ from b.

It is clear from the construction that b € Cn+t1. Therefore (see condition 3 in
the list of conditions on A,, and B,,) there is a point b € V such that HZ—ZH < gm+l,
We have |[b — b|| < 3-2m+! and

[b—all < [|b—al| — 27+, (10)

Also we have b € Ay, U By U Aty U Bpyy. Therefore dyy (b, b) < 2m+1,
In the case when b € A,,+1 U Byq1, we get the desired conclusion using

the Induction Hypothesis as follows: The inequality (10) implies that the pair a, b
satisfies the inequality (9). By the Induction Hypothesis,

lla — bl > dw (a,b).
Therefore
lla —bl| > 2+ + |la — ]| > 2" + dy (a,b) > dw (a,b).

It remains to consider the case b € A,, U B,,. This case is to be divided into
two subcases: kK = m+1 and k < m. In the latter case we use the assumption that
we have proved the statement for points in (J;~; 4;) U (U:~, B;). In the former
case we use the Induction Hypothesis. O

The graph W contains (Bx, (2"),1)-graphs (in the sense of Definition 2.5)
as subgraphs for all k,n € N, with all edges having the same weight of 2”. This
follows from the choice of 4™ as the diameter of the ball used in the construction
of C), and the fact that A, contains subsets which are 2"-separated and 2"-dense
in the ball (B(Xy(4")), s,) for k <i(n) (by combining these facts with our defini-
tions). We claim that these (B(X(2")), 1)-graphs embed in a uniformly bilipschitz
way into W. This claim can be proved in the following way: Applying Lemma 2.6
we get that the natural embeddings of the (B(Xj(4")),2")-graphs (constructed
using the 2"-separated and 2"-dense in the ball (B(Xy(4™)), sp)) into L &1 R are
uniformly bilipschitz. By Lemma 4.3, the natural embedding of W into L ®&; R
is also bilipschitz. The conclusion on uniformity of bilipschitz embeddings of the
(B(Xk(2™)),1)-graphs into W follows. Thus, by Lemma 2.7, bilipschitz embed-
dability of the graph W into a Banach space X implies that X admits uniformly
isomorphic embeddings of the spaces {X;}52;,.

Now we construct an unweighted graph H with maximum degree 3 whose
existence is claimed in Theorem 4.1. The graph H will admit a bilipschitz embed-
ding into (L @1 R) @1 R. The graph H will be a modification of the weighted graph
W. As in the construction of Section 2, the graph H consists of long paths and
short paths. Short paths correspond to vertices of W, long paths correspond to
(weighted) edges of W. The length of a short path corresponding to a vertex in
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A, UB,, is 2-25%"+1)  These lengths of short paths are chosen because they provide
a sufficient number of colors for the coloring introduced in the next paragraph.

We are going to color edges of W. For our purposes we need a proper edge col-
oring (that is, edges having a common end should have different colors). Of course,
since the degrees of W are unbounded, we need infinitely many colors. Our purpose
is to bound from above the number of colors used for edges incident with a vertex
v € A, UB, by 2-25%"*+1_To achieve this goal we order vertices in V according
to the magnitude of their R-coordinate in the decomposition L @R (starting with
those for which the R-coordinate is 0), resolving ties in an arbitrary way.

We color edges incident with the first vertex arbitrarily (there are at most
2521 of such edges). For each of the further vertices in our list we need to color
all uncolored edges incident with them. We do this according to the following pro-
cedure. Let v € A,, U B,, be the next vertex in our list. We pick an uncolored edge
incident with v, let u be the other end of this edge. We cannot use for the edge
vu the colors which have already been used for other edges incident to v and to u.
There are at most 25%™ —1 colors already used for edges incident with v. As for u,
we know that (see the construction of W) u € A,,_1UB,,_1UA,UB,UA,,+1UBy+1,
therefore the degree of u is < 254"+, Therefore among 2 - 254" +1) colors there
should be an available color for the edge vu.

Now we create a graph as in Section 2. The only difference is that we paste
a long path to the level corresponding to its color (rather than to the level corre-
sponding to the path itself as we did in Section 2). The length of the long path
corresponding to an edge of W of weight 2™ is M -2"™, where M is a positive integer
which we are going to select now, together with the sequence {i(n)}5; (which, as
we have already mentioned, is a slowly increasing sequence). The main condition
describing our choice of both objects is

M -2" > 4. 254+, (11)

(Recall that d(n) = i(n+ 1)+ 1.) This condition ensures that the length of a long
path is larger than the sum of the lengths of the short paths at its ends.

We get an unweighted graph, let us denote it H. The maximum degree of
H is 3 because we use a proper edge coloring. The graph W admits a bilipschitz
embedding into H: consider the map which maps each vertex of W to the vertex of
level 1 on the corresponding short path. The Lipschitz constant of this embedding
is < 2-M by (11). The Lipschitz constant of the inverse map is < M ~!. In fact, if
we consider two vertices in the image of W, and join them by a shortest path in H,
the path goes through some collection of short paths (possibly at the end vertices
only). The vertices in W corresponding to these short paths form a path in W.
Each time the weight of the edge in W is M ~! x (the length of the corresponding
path in H). The conclusion about the Lipschitz constant of the inverse map follows.

Observe that the graph H is locally finite because its maximum degree is
3. It remains to show that the graph H admits a bilipschitz embedding into any
Banach space X containing uniformly isomorphic { X;}. We do this by proving the
fact that the graph H admits a bilipschitz embedding into (L @1 R) @1 R. By the
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finite determination result of [Ost12] this is enough because it is easy to see that
finite-dimensional subspaces of the space (L @1 R) @1 R are uniformly isomorphic
to subspaces in {X;}.

Lemma 4.4. The graph H admits a bilipschitz embedding into (L 1 R) &1 R.

Proof. Vertices of W are in L &; R. We map the short path corresponding to a
vertex v € A, U B,, onto those points of the line segment joining (Mwv,1) with
(Mw,2-25%"+1) whose second coordinate is an integer. (The number M is intro-
duced by (11). In a pair (Mwv,a) the first component is in L & R and the second
component is in the second R-summand.)

Now we describe our map for long paths of H. For each long path of H, or,
what is the same, for each edge uv of W we pick a vector x,, € L (the space L is
identified with the corresponding summand in (L @1 R) @1 R). Suppose that the
edge uv has weight 2™ and color 7 in the coloring above. We number vertices of the

long path corresponding to uv as ug, u1,...,uyn, where N = M - 2™, u corresponds
to ug and v corresponds to uy. The image of u,, (m =0,1,..., N) under the map
which we are constructing is given by
T ((1—%)Mu+%Mv+mxw,i) ifmﬁ% (12)
Uy =
(1—=2)Mu+ 2 Mo+ (N —m)zy,i) ifm>Z.

So we map vertices of the long path in H corresponding to an edge uv of W onto
a sequence of evenly distributed points in the union of two line segments joining
(Mu,i) and (Mw,i). We introduce also a map O given by Oup, = (1 — %) Mu +
N Muv.

The map T introduced by (12) is a Lipschitz map of the vertex set of H into
(L &1 R) @1 R for an arbitrary uniformly bounded set of vectors {z,} in L. To
show this it suffices to find a bound for the distances between images of ends of
an edge of H. For short-path-edges the distances are equal to 1 because their ends
are mapped onto pairs of the form (Mwv, i), (Mwv,i+ 1). For a long-path-edge, the
distance between the ends is

1
MU—NMuj:x,w

1

I~

This norm can be estimated from above by 3 + sup,,,, ||Zus|| (We use the estimate
for the Lipschitz constant of Lemma 4.3).

Therefore the purpose of a suitable selection of the set {w,,} is to ensure
that 7! is Lipschitz. In a similar situation in Section 2 we used Auerbach bases.
For this construction we use a somewhat different type of biorthogonal sequences.
We use systems whose existence was shown by Ovsepian-Pelczynski [OP75]. We
mean the following result proved in [OP75] (see also [LT77, p. 44]):

Theorem 4.5. There is an absolute constant C' > 0 such that for each separable
Banach space Z, each sequence {fF} C Z*, and each sequence {f;} C Z there
exists a biorthogonal sequence {z;, 2z}, in Z such that ||z|| < C, ||zF]| < C, the
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linear span of {z;} contains the sequence {f;}, and the linear span of {z}} contains
the sequence {f}}.

Remark 4.6. Pelczyniski [Pel76] and Plichko [Pli76] proved that the constant C
can be chosen to be an arbitrary number > 1.

We apply Theorem 4.5 to Z = L in the following situation. We form the
sequence {f/} in the following way. We denote by P : L ® R — L the natural
projection. For any two edges uv and wz in W we consider all vectors of the form

Pr,(Oty, — Owp) (13)

for all admissible values of m and p. The map O was defined after formula (12)
and Ow,, is the image of a vertex w,, of a long path corresponding to wz.

For each vector of the form (13) we pick a supporting functional f* € L*,
that is, a functional f* satisfying

[T (PL(Oum — Owp)) = [[PL(Oum — Owy )|

and || f*|| = 1. There are countably many such functionals, so we can form a se-
quence {7} containing all of them. Also we form a sequence {f;} containing all
of the vectors of the form (13).

Now we describe a suitable choice of the vectors x,, for (12). We enumerate
edges of W in the non-decreasing order of the larger R-coordinates of their ends,
resolving ties arbitrarily. Let uv be the first edge in the ordering. We pick as xy,
an element of the sequence {z;} satisfying the following two conditions:

e z; is annihilated by all functionals f7 of the sequence {f#} supporting vec-
tors Pr(Ouy,, — Ow,), where u, is in the long path corresponding to uv and
wp is in the long path corresponding to an edge wz for which the smaller
R-coordinate of its ends is < s3.

e 1 := z annihilates all vectors f; of the sequence { f;} of the form Pr(Ou,,—
Ow, ), where u,, is in the long path corresponding to uv and wy, is in the long
path corresponding to an edge wz for which the smaller R-coordinate of its

ends is < s3.

Such pair z;, 2] exists because there are finitely many f; and f satisfying
the conditions. (Here we use the following conditions of Theorem 4.5: the linear
span of {z;} contains the sequence {f;}, and the linear span of {z} contains the
sequence {f;}.)

We make a similar choice of x,, for all further edges in the ordering. More
details: If we consider an edge for which the larger R-coordinate of an end is in
the interval (s,,—1, s»], we replace s3 by s,12 in the conditions above. Also we pick
different pairs z;, 2} for different edges uv.

With this choice of vectors ., let us estimate from above the Lipschitz
constant of the inverse of T'. Let z,y be two vertices of H. Let x be on a long
path joining u and v and y be on a long path joining w and z (this is a generic
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description because z and y are allowed to be the end vertices of the long paths).
We need to estimate from above the quotient

dH('ray)
T2 — Tyl|

We consider a shortest xy-path in H. It has naturally defined short-path por-
tion and long-path portion. There are two cases: (1) The length of the short-path
portion of this path has length > %dH(:E, y); The length of the long-path portion
of this path has length > tdpy(z,y).

The construction of the graph H (see inequality (11)) is such that in the case
(1) the short-path portion consists of just one piece. Let the short path portion
start at level (color) ¢ and end at level j. Then |i — j| > 1du(x,y). On the other
hand, since the sum (L&1R)®1 R is direct, we have [|Tz—Ty|| > |i—j| > Ldu(z,y).

In the case (2) we ignore the difference in the second R-coordinate (caused
by the different colors of the edges uv and wz). There are two subcases: Subcase
(A): The vertices z and y are on the same long path; Subcase (B): The vertices x
and y are on different long paths.

(14)

Subcase (A): Observe that our construction is such that there is a functional sup-
porting Pr,(u —v) (let us denote it f; ) which annihilates z,, (because u—wv is of
the form Ou,, — Owy). Let = u,p, y = us, we have dy(x,y) = |s — p| and

. Ml|s—p
Ty~ Tl = 153, POy — Ou)| = =Py
If || Py (u — v)|| = ||PLu — Ppo|| is a nontrivially large part of |lu — v|| > 17,

we get the desired estimate.

If ||PLu — Prvl| is only a small part of ||u — v||, then the difference between
the R-coordinates of u and v is the large part of ||u — v||. Denoting the projection
of L& R to R by Pg, we use Pr(xy,) =0 and get
M|

.
| Tuy — Tus|| > Tp‘wﬂw 0

so we get the estimate in this case, too.

Subcase (B): Let x be on a long path corresponding to an edge wv in W, and y
be on a long path corresponding to wz. Then there are two possibilities:

(i) One of the edges uv and wz has the largest R-coordinate of its ends in the
interval (s,_1, s,], and the other edge has the least R-coordinate of its ends
in the interval [s,,, $;m41), where m > n + 2

(ii) It is not the case.

Subsubcase (i): Let © = u,, and y = w,. Ignoring the second R-coordinate (in the
sum L ® R @ R) and using Prxy, = Pray. = 0 we get

[|Tax — Ty|| > M|Pru — Prw| > M (8 — Sn), (15)
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where u and w are the corresponding vertices picked in such a way that u has larger
R-coordinate than v and w has smaller R-coordinate than w. On the other hand

dp(x,y) < dg(u,w) + M2™ 4 M2m™+!
< M|lu — w|| + M2" + M2
< M|Pru — Ppw| + M2™ + M2™H 4 M4™ + M4™F!
< M|Pru — Prw| + M (Sm — Sn)
< 2M|Pru — Pruw|.
To get these inequalities we use

e The triangle inequality in H for the first inequality.

e Lemma 4.3 for the second inequality.

e The observation that ||Ppz|| < 4™ if z € C,, for the third inequality (see the
definition of C,,).

e The gap condition (6) for the fourth inequality.

e The second inequality in (15) for the fifth inequality.

The conclusion follows.

Subsubcase (ii): We may assume without loss of generality that x is closer (in H)
to the short path corresponding to w than to the short path corresponding to v
and that y is closer to the short path corresponding to w rather than to the short
path corresponding to z. We have

HT:E—TyHZH(l—%)Mu—i—%Mv—l—mxw— (1—%)Mw—%Mz—pxwz

(16)
where N’ is the length of the long path corresponding to wz. Let us denote the
vector whose norm is taken in the right-hand side of (16) by B. We get

1Tz — Tyl > |7, (B)| = m.
1Tz — Tyl = |a,.(B)| = p.

Writing z%,(B), 2%, (B) we mean that the functionals =7, , z¥ € L* act on a vec-

tor t € L®R by acting on Prt. We use the fact that the difference (1 — %) Mu+
™ Mv— (1 - %) Mw— % Mz is of the from Ou,, — Ow, for edges satisfying the
conditions above. Thus this difference is annihilated by «7, and z, ..

We apply the triangle inequality to (16) and get

mM
170~ Tyl > Ml = wll "l — o] -

M M
= Mllu = ull = m (Tl vl + €)= (§lhw 211+ ©)

N/
M M
> dy(u,w) —m <N|u —v| —|—C’> -p <N/|w —z|| —|—C’> ,
where C' = sup; |[2i|| = sup, , |[Tus||- (We used Lemma 4.3 to get the last in-

equality.) Observe that the numbers in brackets in the last line are bounded by an
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absolute constant, let us denote it by D. We also have dg (z,y) < du(u, w)+m-+p.
Therefore

du(zy) { dy(ww)+m+p  du(uw)+m+p dH(u,w)+m+p}

———= - <min ,
|| Tz —Ty|| — dp (u,w) — D(m~+p) m ’ D

It is easy to see that the minimum in the last formula is bounded from above by

an absolute constant. oo
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Splittings of Masa-bimodules

S. Papapanayides and 1.G. Todorov

Abstract. We study masa-bimodules whose support is an amplification of a
given w-closed set k, showing that its corresponding minimal and maximal
masa-bimodules are amplifications of the minimal and the maximal masa-
bimodules of k. We provide a description of the convex hull of an amplification
of a commutative bilattice.
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1. Introduction and preliminaries

Tomita’s Commutation Theorem states that if M and A are von Neumann alge-
bras then the commutant (M®AN)" of the (spatial weak* closed) tensor product
of M and N coincides with the tensor product M’@AN" of the commutants of M
and N in particular, it splits as a tensor product of two von Neumann algebras.
In the Theory of Non-selfadjoint Operator Algebras, the role of the commutant is
often played by the invariant subspace lattice Lat A of the corresponding algebra
A. Tt is thus natural to consider the following question: given subspace lattices £1
and L2 and a weak™® closed unital operator algebra with Lat A = £; ® L5, when
can one conclude that A splits as a tensor product of the form A;®A4s, where A;
and As are operator algebras with Lat. 4; = £; and Lat Ay = £57 In this note, we
initiate the study of this general question by considering the simplest case, namely
the case where one of the subspace lattices is trivial. More precisely, we obtain an
affirmative answer to this question in case £1 is a commutative subspace lattice,
while Lo = {0, I} is the subspace lattice with two elements. It is convenient to work
in the more general setting of operator subspaces rather than algebras; the absence
of the notion of a unit imposes in this case additional restrictions on the results
we obtain. Our splitting result for amplifications of masa-bimodules, Theorem 2.6,
relies on a characterisation of splitting for weak* closed subspaces (Theorem 2.1),
which can be viewed as a subspace version of a special case of, and can be obtained
from, a result due to Kraus [8, Theorem 3]. Here we provide an alternative proof
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which, we believe, may be interesting in its own right. We show that the minimal
(resp. maximal) masa-bimodule corresponding to the amplification of a set « is
the amplification of the minimal (resp. maximal) masa-bimodule corresponding
to k. We also obtain characterisations of the convex hull of an amplification of a
commutative bilattice (see the second part of this section for the definitions), an
object which plays an important role in the theory of masa-bimodules [11].

In the rest of this section, we collect some preliminary notions, notation and
results. Throughout the note, all Hilbert spaces will be assumed to be complex and
separable. If H, H; and H, are Hilbert spaces, we denote as usual by B(H;, Hz) the
space of all bounded linear operators from H; into Ha, and set B(H) = B(H, H).
The identity operator on a Hilbert space will be denoted by I. We denote by
B(H){ the positive part of the unit ball of B(H). For a set of operators M, we let
P be the set of all projections contained in M, and we write P(H) = Pp(g)-

Let (X, 1;) be a standard measure space, set H; = L?(X;, j1;) and let D; be
the multiplication masa of L™ (X, u;), i = 1,2. A Dy, Di-bimodule (or, simply, a
masa-bimodule) is a subspace U C B(H;, Hz) such that DoUdDy C U.

We will need several facts and notions from the theory of masa-bimodules
[1], [5], [11]. Given a masa-bimodule U C B(Hy, Hz), we let

Billd = {(P,Q) € D1 x D : P,Q projections with QUP = {0}}
be its bilattice and define, following [9], the reflexive hull of U by
RefU = {T € B(H,, H) : T¢ € UE, for all € € Hy ). (1)

We note that RefUd = {T € B(Hi,Hsz) : QTP = 0, for all (P,Q) € Bili/}. The
space U is called reflexive [9] if U = RefU.

We equip the direct product X; x X5 with the product measure (defined
on the o-algebra generated by the rectangles o x 8, where a« C X7 and g C Xo
are measurable). A subset E C X7 x X5 is called marginally null if E C (M x
Xo)U (X1 X N), where p1 (M) = pa2(N) = 0. We call two subsets E, F C X; x X,
marginally equivalent (and write E ~ F) if the symmetric difference of E and F is
marginally null. A set kK C X; x X» is called w-open if it is marginally equivalent
to a (countable) union of the form U, a; x B;, where oy € X; and §; C X,
are measurable, i € N. The complements of w-open sets are called w-closed. An
operator T' € B(Hy, Hs) is said to be supported on k if, for all rectangles a x /3
with (a x 8) Nk ~ 0, we have that P(8)TP(«) = 0. (Here P(y) stands for the
projection of multiplication by the characteristic function of the measurable subset
v.) If k is an w-closed set, let

Mumax (k) = {T € B(Hy, Hz) : T is supported on k}.

The space Muax (k) is a reflexive masa-bimodule; conversely, every reflexive masa-
bimodule is of this form, for a unique, up to marginal equivalence, w-closed set &
[5]. Given a masa-bimodule U, its support is the w-closed set k such that Ref U =
Mumax (k). Given an w-closed subset kK C X; x X,, there exists a weak* closed
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masa-bimodule My (k) such that supp Mmin(k) = k and that if U is any weak™
closed masa-bimodule whose support is x then

mmin("f) g u g SInmax(/"f)

For all such U, we have that
Bilt = S(x) Y {(P(a), P(8)) : (o x B) Nk ~ O}

The reflexive masa-bimodules in B(H) which are at the same time subalgebras
of B(H) are precisely the CSL algebras introduced by Arveson in [1]. We recall
that a commutative subspace lattice (CSL) is a lattice of projections £ acting on a
Hilbert space H, closed in the strong operator topology and such that LM = ML
forall L, M € L. A CSL algebra is the algebra A,.x (L) of all operators which leave
invariant the range of every projection belonging to a given CSL L; we have that
Lat Ayax(£) = L. Given a CSL £, Arveson showed in [1] that there exist smallest
weak™ closed algebra Apin(£) containing a masa such that Lat Ay, (£) = L.

Given Hilbert spaces H and K, we denote by H ® K their Hilbertian tensor
product. If Hy, Ho, K;, Ko are Hilbert spaces and U; C B(H;, K;), i = 1,2, we
denote by Ui QUs the weak* closed subspace of B(H; ® K1, Ha ® K3) generated
by the elementary tensors 71 ® T, where Ty € Uy and Ty € Us.

2. The results

Throughout this note, we will make the natural identification
B(Hl 024 Kl, Ho® Kg) = B(Hl, ]:1'2)®B(.K'17 Kg)

The following fact can be obtained from a special case of a result of Kraus’ [8,
Theorem 3]. Below we provide an alternative, operator space theoretic, proof.

Theorem 2.1. Let Hy, Ho, K1, Ko be Hilbert spaces and V C B(H1 ® K1, Ha® K3)
be a weak* closed subspace. The following are equivalent:

(i) there exists a weak* closed subspace U C B(Hy, Hy) such that
V =URB(K1, Ka);
(i) Vis a 1 ® B(K3),1® B(K;)-bimodule.

Proof. (1)=-(ii) is trivial.

(ii)=(i) For eachw € B(K1, K2)., let R, : B(H1® K1, Ho® Ko) — B(H1, Hs)
be the corresponding right Tomiyama slice map, i.e., the (unique) weak™ con-
tinuous linear mapping from B(H; ® K1, Hy ® Ks) into B(Hi, Hy) satisfying
R,(X®Y)=wlY)X, X € B(Hi,Hs), Y € B(K, K3). Fix a non-zero operator
S € B(Ki, K») and let & : B(K1, K2) — B(K1, K2) be the map w(Y) = w(Y)S,
Y € B(K1, K2). Since bounded functionals on B(K1, K2) are completely bounded
[4, p.26], the map w is completely bounded. Let Ew be the (linear) map on
B(H1 ® K1,Hs ® Ks) given by ﬁw(T) = R,(T) ® S; it is easy to see that ﬁw
is weak* continuous. Note that, if T = X @ Y then

R,(T)=R,(X®Y)®S=w(V)X®S=X@uwl)S = (ide)(T).
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The maps id and @ are weak* continuous. It follows from [2, p. 40] that id ®w is
weak* continuous and thus we have that R, = id ®&.

Since W is a weak® continuous completely bounded map, it follows from [3,
Theorem 2.2] that there exist sequences (Ag)ren C B(K1) and (Bg)ren C B(K?)
such that > 72 | BiBj and Y ;- Af Aj, are weak*® convergent and

= BpY A, Y €B(Ki, Ka).
k=1

Hence

Ry X®Y)=) X®(BYA) =Y (I®Bp)(X@Y)I® A).
k=1 k=1

Since the maps R,, and e (I® By)(-)(I @ Ai) agree on elementary tensors and
they are linear and weak* continuous, it follows that
Ry(T)® S =Ry(T) =) (I®B)T(I®Ay), T€B(H @Ky, Hy®Ks). (2)
k=1

U:{XGB(Hl,Hg):X®S€V};

clearly, U®S C V. Since V is a 1 ® B(K3),1 ® B(K;)-bimodule, we have that
URB(K1,K3) CV. Let T € V and w € B(K1, Ka)s. Since V is weak™ closed and
isa 1® B(K3),1® B(K;)-bimodule, it follows by (2) that R, (T)® S € V. Hence,
R, (T) € U for every w € B(Ky, K3).. Since B(Ky, K3) possesses (the subspace
version of) Kraus’ property S, [7], we conclude that T' € URB(K1, Ka). O

Corollary 2.2. Let H and K be Hilbert spaces and B C B(H® K) be a weak™ closed
unital algebra. The following are equivalent:

(i) there exists a weak™ closed unital algebra A C B(H) such that B = AQB(K);
(i) 1® B(K) C B.

Proof. (1)=-(ii) is trivial. Assuming (ii), the fact that B is an algebra implies that
it is a 1 ® B(K)-bimodule. By Theorem 2.1, there exists a weak* closed subspace
A C B(H) with B = ARB(H). The fact that B is a unital algebra now easily
implies that A is a unital algebra. O

In the remainder of this note, we fix standard measure spaces (X;, u;), (Yi, vi),
and let H; = L*(X;, 1), Ki = L2(Yi,v;), i = 1,2. We let D; (resp. C;) be the
multiplication masa of L™ (X, p;) (resp. L*>°(Y;,v;)) acting on H; (resp. K;), i =
1,2. It will be convenient to introduce the notation & = D;®C;; we have that &;
is the multiplication masa of L>(X; X Y, u; X v4), i =1,2.

If kK € X1 x X5 is an w-closed set, we let

k={(r1,y1,22,92) : (x1,22) € K, (Y1,y2) € Y1 x Ya}.
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If H and H" are Hilbert spaces and S C B(H') x B(H") then, following [11],
we denote by S the set

S={(P,Q) eP(*@H') x P(* @ H") : (Ly(P), Ls(Q)) € Conv S,
for every state ¢ € B(£?).}.

Here, Conv S is the weakly closed convex hull of the set S and Ly is the left
Tomiyama slice map corresponding to the functional ¢. In the sequel, we will use
the above construction in the cases where H' = Hy, H” = Hy, or H' = H; ® K1,
H" = Hy ® Ko. We note that if S = S(k) C Dy x Dy is the bilattice corresponding
to an w-closed set k C X7 x X5 then, as was shown in [11],

Monin (k) = {T € B(L*(X1), L*(X2)) : QU T)P =0, ¥ (P,Q) € S}.
Given a weakly closed set S C Pp, X Pp,, we let
S®1={(P,Q) €EPg, xPs,: I (p,q) eSwith P<p®Iand Q<qxI}.

Lemma 2.3. Let k C X7 x X3 be an w-closed set. The following hold:

(1) E):nma»x(%) - mmax(ﬁ)(gB(Kla KQ);
(i) S(R) = S(x) @ 1.

Proof. (i) By [10], supp(Mmax(k)RB(K1, K2)) = K. Since Mpax(K) is the unique
reflexive masa-bimodule with support k, the proof of part (i) will be completed if
we show that Myax(k)RB(K7, K3) is reflexive. To this end, we will establish the
identity

mmax(ﬁ)®B(K1, Kg) = {T S B(H1 ® K1, Hy ® Kg) :

(qe@T(p®I)=0,V (p,q) € S(r)}

It is clear that the left-hand side is a subset of the right-hand side; let, therefore,
T be an operator with (¢ ® I)T(p® I) = 0 whenever (p,q) € S(x). Then, for each
w € B(Ky, K3)., we have that ¢R,,(T)p = R,((¢1)T(p®1)) = 0. It follows that
R, (T) € Muax(k); since this holds for all normal functionals w, we conclude by
[7] that T € Mypax(k)RB(K1, Ka).

(i) By (i), S(&) is the bilattice of the amplification M.y (k)RB(K1, Ko). It
is trivial to check that it contains S(k)® 1. Conversely, suppose that (P, Q) € S(k),
and let p and ¢ be the projections defined by

pHy @ K1 = (D1®@B(K1))P(H, ® K1)

and

gHy ® Ky = (Dy®B(K2))Q(Ha ® Ko).

Since Muax(k) is a Do, Di-bimodule, we can easily verify that p € Pp, and ¢ €
Pp,. Moreover, (p ® I,q ® I) is by its definition an element of the bilattice of
Mmax(k)RB(K1, K2) and P <p® I, Q < q® I; thus, S(k) C S(k) ® 1 and the
proof is complete. U
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Lemma 2.4. If S C Dy x Dy is a bilattice then
Conv(S®1)={(A,B) e & x & -
there exists (a,b) € ConvS with A<a®1,B<b®1}.

Proof. Let V denote the right-hand side of the above equality. Since Conv S is
convex, V is convex, too. Suppose that ((P;,Q;))ier € V is a net, weakly con-
vergent to the pair (P, Q). Let (p;,¢;) € ConvS be such that P; < p; ® I and
Q; < ¢; ® I. By the uniform boundedness of ((p:, ¢;))ien, there exists a subnet
((pj,q5))jer of ((pi»qi))ier such that p; — p and ¢; — ¢ in the weak operator
topology; since Conv S is weakly closed, we have that (p,q) € ConvS. Passing to
a limit along J, we conclude that P <p® 1T and Q < ¢® I, and so (P,Q) € V.
We thus showed that V is weakly closed and convex. Since it contains S ® 1, we
have that Conv(S ® 1) C V.

We next note that Conv(S ® 1) is hereditary in the sense that if (A4, B) €
Conv(S ® 1) and Ag € & and By € & are positive operators with 4y < A and
By < B then (Ag, By) € Conv(S ® 1). Fix (4, B) € Conv(S ® 1). By [11, Lemma
3.2], (Ea[s, 1], Eglt,1]) € S®1 whenever s+t > 1. Since A9 < A and By < B, we
have that E4,[s,1] < Eals,1] and Ep,[t,1] < Eglt,1]; thus, (Ea,[s, 1], Ep,[t,1]) €
S ® 1 whenever s + ¢ > 1 and hence (A4, By) € Conv(S ® 1).

If (a,b) € ConvS then clearly (e ® I,b® I) € Conv(S ® 1); by the previous
paragraph, V C Conv(S ® 1) and the proof is complete. O

Lemma 2.5. Let S C Dy x Dy be a bilattice. Then
S®1={(E,F)e (Pp@Pe)x (PproPe,):
there exists (P,Q) € S with E<P®I and F < Q® I}.

Proof. Let k C X1 x X5 be the w-closed set with & = S(). Denote by S @ 1 the
right-hand side of the displayed equality in the statement of Lemma 2.5, and by
V' the right-hand side of the displayed equality in the statement of Lemma 2.4.
Let (P,Q) € S. By definition, (Ls(P), Ls(Q)) € Conv S for every state ¢ € B(¢?),
and thus
(LolP &1, LoQ@ 1)) = (LolP) @ 1,Lo(@) 1) € V.

for every state ¢ € B((?).. It follows from Lemma 2.4 that (Ls(P®1), Ls(Q®1)) €
Conv(S ® 1) for every state ¢ € B(£?).. Hence, (P ® I,Q ® I) € S ® 1. Now, if
(E,F) e S®1then E<P®I and F < Q® I for some (P,Q) € S. By Lemma
2.4, § ® 1 is hereditary, and the previous arguments imply that (E, F) € S ® 1.

Conversely, suppose that (E, F) € g_é/l By [11, Lemma 4.1],
E(z1,y1)F(x2,y2) =0 whenever (z1,22) € k and (y1,y2) € Y1 X Ya.

(Here we identify a projection in B(¢?)®E; with a measurable function X; x Y; —
P(£?) in the natural way.) Let P(z1) = Vy,ev, E(z1,11), 21 € X1, and Q(z2) =
Vysevs F(22,y2), 2 € Xo. We have that P(z1)Q(z2) = 0 whenever (z1,22) € &,
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and so, by [11, Lemma 4.1], (P,Q) € S; moreover, E < PR T and F < Q®1I. It
follows that (E, F') € S ® 1, and the proof is complete. O

Theorem 2.6. Let k C X7 X X9 be an w-closed set. Then

(1) mmin(%) = mmin(ﬁ)®B(K1,K2), and

(i) Mumax (k) = Mmax (k) DB(K1, K2).
Moreover, the following are equivalent for a weak™ closed masa-bimodule V C
B(H, ® Ky, Hs ® K») with suppV = K:

(a) there exists a weak™ closed masa-bimodule U C B(Hy, Ha) with Mypin(k)

U C Myax (k) such that V = URB(K1, K»);
(b) Vis al1l® B(K3),1® B(K;)-bimodule.

Proof. (i) Let S = S(k). By [10], the masa-bimodule My (k)RB(K1, K3) has
support &, and since Myin (k) is the smallest weak* closed masa-bimodule with
support &, we have that Dyin(RK) € Muin(k)RB(K7, K2). To prove the converse
inclusion, let X € Muyin(k) and Y € B(K;, K2). Suppose that (P, Q) is a pair

of projections lying in S(k). By Lemma 2.3, (P,Q) € S® 1, and by Lemma 2.5,
P <Py®I and Q < Qo®I, for some pair (Py, Qo) of projections lying in S. Then

(QoDIeXeY)(Rel)=(Q®X)R)®Y =0.
It follows that QI ® X ® Y)P = 0. By [11], X @ Y € Muin(K), and (i) is proved.
(ii) is Lemma 2.3 (i).

(a)=(b) is trivial.
(b)=(a) By Theorem 2.1, V = URB(K1, K3), and (i) and (ii) imply that

Muin (K)RB(K1, K2) CURB(K1, K2) C Mpax ( )RB(K1, K>).

Now a simple slice map argument implies that DMyin(k) C U C Mpax(k), and the
proof is complete. U

N

Using Corollary 2.2 and arguments similar to the ones used in the proof of
Theorem 2.6, we can establish the following operator algebraic version of Theorem
2.6, whose proof we omit. For a CSL £, we let below L® 1 ={L®1I:L € L}.

Theorem 2.7. Let £ be a CSL acting on a Hilbert space H and K be a Hilbert space.
Suppose that B is a weak™® closed algebra containing a masa such that Lat B = LR1.
Then there erists a weak™® closed algebra containing a masa such that Lat A = L

and B = AQB(K).

For the last corollary, we recall [1], [11] that an w-closed set & is said to satisfy
operator synthesis if Myin(k) = Mmax (k).

Corollary 2.8. An w-closed set k C X1 x Xo satisfies operator synthesis if and only
if the set K satisfies operator synthesis.

Proof. Immediate from Theorem 2.6. O
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Noncommutative Analogues of Stein Spaces
of Finite Embedding Dimension

A Yu. Pirkovskii

Abstract. We introduce and study holomorphically finitely generated (HFG)
Fréchet algebras, which are analytic counterparts of affine (i.e., finitely gener-
ated) C-algebras. Using a theorem of O. Forster, we prove that the category of
commutative HFG algebras is anti-equivalent to the category of Stein spaces
of finite embedding dimension. We also show that the class of HFG algebras
is stable under some standard constructions. This enables us to give a series
of concrete examples of HFG algebras, including Arens—Michael envelopes of
affine algebras (such as the algebras of holomorphic functions on the quantum
affine space and on the quantum torus), the algebras of holomorphic functions
on the free polydisk, on the quantum polydisk, and on the quantum ball. We
further concentrate on the algebras of holomorphic functions on the quan-
tum polydisk and on the quantum ball and show that they are isomorphic,
in contrast to the classical case. Finally, we interpret our algebras as Fréchet
algebra deformations of the classical algebras of holomorphic functions on the
polydisk and on the ball in C".

Mathematics Subject Classification (2010). 46189, 46L52, 46H30, 14A22,
16S38, 46L65, 16S80.

Keywords. Fréchet algebra, noncommutative geometry, Stein space.

1. Introduction

To motivate our constructions, let us start by recalling some basic principles of
noncommutative geometry. For more details, see, e.g., [20].

Noncommutative geometry is based on the observation that, very often, all
essential information about a geometric space (e.g., an affine algebraic variety, or
a smooth manifold, or a topological space, or a measure space) is contained in a
suitably chosen algebra of functions on the space. Sometimes this observation leads
to a theorem which establishes an anti-equivalence between a certain category of
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spaces and the respective category of algebras of functions on such spaces. More-
over, the resulting category of algebras often admits an abstract characterization
not involving any functions on any spaces. So the ideal starting point for any kind
of noncommutative geometry is roughly as follows. Let &/ be a category of asso-
ciative algebras (maybe endowed with an additional structure), and suppose that
the full subcategory of & consisting of commutative algebras is anti-equivalent to
a certain category % of “spaces”. In such a situation we may think of algebras
belonging to &/ as noncommutative analogues of spaces belonging to . Let us
give some concrete illustrations of this phenomenon.

Example 1.1. By the Gelfand—Naimark Theorem, the category of compact Haus-
dorff topological spaces is anti-equivalent to the category of commutative unital
C*-algebras via the functor taking a compact topological space X to the algebra
C(X) of continuous functions on X. This leads to the idea that arbitrary (i.e., not
necessarily commutative) unital C*-algebras may be viewed as “noncommutative
compact topological spaces”. The above point of view has proved to be very pro-
ductive. It gave birth to noncommutative topology, a deep and important subject
having many applications (see, e.g., [5, 6, 15, 20]).

Example 1.2. Hilbert’s Nullstellensatz implies that the category of affine algebraic
varieties (over C) is anti-equivalent to the category of commutative unital finitely
generated algebras without nilpotents. As above, the equivalence takes an affine
variety V' to the algebra &"&(V') of regular functions on V. More generally, the
same functor yields an anti-equivalence between the category of affine schemes
of finite type over C and the category of commutative unital finitely generated
algebras (with nilpotents allowed). Thus unital finitely generated algebras may
be viewed as “noncommutative affine algebraic varieties”, or “noncommutative
affine schemes of finite type”. This point of view leads to noncommutative affine
algebraic geometry, also a challenging and rapidly growing subject (see, e.g., [3,
23, 33, 41, 42]).

Example 1.3. One more illustration is a theorem by O. Forster. Recall (see, e.g.,
[16]) that for each complex space X = (X, 0%!) the algebra ¢"°!(X) has a canon-
ical topology making it into a nuclear Fréchet algebra. If X is reduced (e.g., if X
is a complex manifold), then the elements of ¢"°!(X) are holomorphic functions
on X, and the canonical topology on ¢"°!(X) is the topology of compact conver-
gence. By definition, a Fréchet algebra A is a Stein algebra if it is topologically
isomorphic to 01°!(X) for some Stein space X. Forster’s theorem [13] states that
the functor (X, 0%°!) — O1°Y(X) is an anti-equivalence between the category of
Stein spaces and the category of Stein algebras.

By comparing the above examples, we see that Example 1.3 does not entirely
match the above “ideal” setup for noncommutative geometry. Indeed, in contrast to
Examples 1.1 and 1.2, Forster’s theorem does not give an abstract characterization
of Stein algebras, and so it does not give us any hint of what noncommutative Stein
spaces are.
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Our goal here is to introduce a category & of Fréchet algebras such that the
commutative part of &7 is anti-equivalent to the category of Stein spaces of finite
embedding dimension. We hope that such a category may be useful for developing
noncommutative complex analytic geometry, a field much less investigated than
other types of noncommutative geometry (like, for example, noncommutative alge-
braic geometry, noncommutative differential geometry, noncommutative topology,
and noncommutative measure theory).

This paper is mostly a survey. The proofs are either sketched or omitted. We
plan to present the details elsewhere.

2. Holomorphically finitely generated algebras

We shall work over the field C of complex numbers. All algebras are assumed to be
associative and unital, and all algebra homomorphisms are assumed to be unital
(i.e., to preserve identity elements). By a Fréchet algebra we mean a complete
metrizable locally convex algebra (i.e., a topological algebra whose underlying
space is a Fréchet space). A locally m-convex algebra [25] is a topological algebra
A whose topology can be defined by a family of submultiplicative seminorms (i.e.,
seminorms | - || satisfying [Jab|| < |lal|||b|| for all a,b € A). A complete locally
m-convex algebra is called an Arens-Michael algebra [18].

Recall that for each Arens-Michael algebra A and for each commuting n-
tuple a = (a1, . ..,a,) € A™ there exists an entire functional calculus, i.e., a unique
continuous homomorphism =, from the algebra ¢(C™) of holomorphic functions
on C" to A taking the complex coordinates z1,...,z, to ai,...,a,, respectively.
Explicitly, v, is given by

’Ya(f) = f(a) = Z cqa® for f = Z caz® € ﬁ((cn)v

€Ll Q€L

where we use the standard notation a®* = af" ---ap" for a = (a1,...,a,) € Z7.
Below we will need a noncommutative (or, more exactly, free) version of the entire
functional calculus due to J.L. Taylor [35].

Let F,, = C{(¢1,...,(,) be the free algebra with generators (i, ..., (,. For
each k € Z,, let W, = {1,...,n}*, and let W,, = |—|k€Z+ Wi k. Thus a typical

element of W, is a k-tuple @ = (au,...,ax) of arbitrary length k € Z,, where
a; € {1,...,n} for all j. The only element of W,, o will be denoted by 0. For each
a=(ag,...,ar) € W, welet (o = (o, -+ Cap € F if k> 0; it is also convenient
toset (p =1 € F,. Theset {(, : a € W, } of all words in (3, ..., (, is the standard

vector space basis of F,.
For each o € W, C Wy, let |a| = k. The algebra of free entire functions
[35, 36] is defined to be

Fo={a=Y calaillally= 3 leald® <00 vp>0}. (1)

acW, aeEW,



138 A .Yu. Pirkovskii

The topology on .%, is given by the seminorms || - ||, (p > 0), and the product
is given by concatenation (like on F,). Each seminorm || - ||, is easily seen to be
submultiplicative, so .%,, is a Fréchet—Arens—Michael algebra containing F,, as a
dense subalgebra. As was observed by D. Luminet [24], ., is nuclear. Note also
that % is topologically isomorphic to &(C).

Taylor [35] observed that for each Arens-Michael algebra A and for each
n-tuple a = (a1,...,a,) € A™ there exists a free entire functional calculus, i.e.,

a unique continuous homomorphism ~™¢: %, — A taking the free generators

Cly-o oy Cn to ay,. .., an, respectively. Explicitly, 4 is given by
7£ree(f) = f(a’) = Z Calq for f = Z CaCa € Fns (2)
acW, aeEW,
where ay = Gq, -+ g, € A for a = (aq,...,a) € Wy, and ag =1 € A.

From now on, we assume that A is a Fréchet—Arens—Michael algebra.

Definition 2.1. We say that a subalgebra B C A is holomorphically closed if for
each n € N, each b € B™, and each f € %, we have f(b) € B.

In the commutative case, we may use €(C") instead of .%,:

Proposition 2.2. Let A be a commutative Fréchet—Arens—Michael algebra. Then a
subalgebra B C A is holomorphically closed if and only if for each n € N, each
be B™, and each f € O(C™) we have f(b) € B.

Examples. Of course, if B is closed in A, then it is holomorphically closed. More
generally, if B is an Arens—Michael algebra under a topology stronger than the
topology inherited from A, then B is holomorphically closed in A. For example, the
algebra C*° (M) of smooth functions on a compact manifold M is holomorphically
closed in C'(M).

Remark 2.3. Our notion of a holomorphically closed subalgebra should not be con-
fused with the more common notion of a subalgebra stable under the holomorphic
functional calculus (see, e.g., [5, 15]). Recall that a subalgebra B C A is stable
under the holomorphic functional calculus if for each b € B, each neighbourhood U
of the spectrum o 4(b), and each f € ¢(U) we have f(b) € B. Such a subalgebra is
necessarily spectrally invariant in A, i.e., o0p(b) = 04(b) for all b € B. In contrast,
a holomorphically closed subalgebra need not be spectrally invariant. For example,
for each domain D C C the algebra ¢(C) may be viewed (via the restriction map)
as a holomorphically closed subalgebra of (D), but it is not spectrally invariant
in (D) unless D = C.

It is clear from the definition that the intersection of any family of holomor-
phically closed subalgebras of A is holomorphically closed. This leads naturally to
the following definition.

Definition 2.4. The holomorphic closure, Hol(S), of a subset S C A is the inter-
section of all holomorphically closed subalgebras of A containing S.
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Clearly, Hol(S) is the smallest holomorphically closed subalgebra of A con-
taining S. It can also be described more explicitly as follows.

Proposition 2.5. For each subset S C A we have
Hol(S) ={f(a): f € Fn, a € S™, n€Zy}.
If, in addition, A is commutative, then
Hol(S) ={f(a): f€ O(C"), a€ 8™, n€Z4}.
Now we are ready to introduce our main objects of study.

Definition 2.6. We say that A is holomorphically generated by a subset S C A if
Hol(S) = A. We say that A is holomorphically finitely generated (HFG for short)
if A is holomorphically generated by a finite subset.

Proposition 2.5, together with the Open Mapping Theorem, implies the fol-
lowing characterization of HFG algebras.

Proposition 2.7. Let A be a Fréchet—Arens—Michael algebra.

(i) A is holomorphically finitely generated if and only if A is topologically isomor-
phic to F#, /1 for some n € Zy and for some closed two-sided ideal I C Z,.

(ii) If A is commutative, then A is holomorphically finitely generated if and only
if A is topologically isomorphic to O(C™)/I for some n € Z4 and for some
closed two-sided ideal I C O(C™).

Corollary 2.8. Fach HFG algebra is nuclear.

Combining Proposition 2.7 with the Remmert—Bishop—Narasimhan—Wieg-
mann Embedding Theorem for Stein spaces [44] and with Forster’s theorem (see
Example 1.3), we obtain the following.

Theorem 2.9. A commutative Fréchet—Arens—Michael algebra is holomorphically
finitely generated if and only if it is topologically isomorphic to O(X) for
some Stein space (X, Ox) of finite embedding dimension. Moreover, the functor
(X,0x) — O(X) is an anti-equivalence between the category of Stein spaces of
finite embedding dimension and the category of commutative HFG algebras.

Theorem 2.9 looks similar to the Gelfand-Naimark Theorem (Example 1.1)
and to the categorical consequence of the Nullstellensatz (Example 1.2). Thus
HFG algebras may be considered as candidates for “noncommutative Stein spaces
of finite embedding dimension”. Of course, this naive point of view needs a solid
justification, and it is perhaps too early to say whether it will lead to an interesting
theory. As a first step towards this goal, we will give some concrete examples of
HFG algebras below, showing that the class of HFG algebras is rather large.
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3. Arens—Michael envelopes

Many natural examples of HFG algebras can be obtained from the following general
construction.

Definition 3.1. Let A be an algebra. A pair (A 14) consisting of an Arens—Michael
algebra Aand a homomorphism i4: A — A is called the Arens—Michael envelope
of A if for each Arens-Michael algebra B and for each homomorphism ¢: A — B
there exists a unique continuous homomorphism @: A B making the following
diagram commute:

i-<=B.
A

Arens—Michael envelopes were introduced by J.L. Taylor [34] under the name
of “completed locally m-convex envelopes”. Now it is customary to call them
“Arens—Michael envelopes”, following the terminology suggested by A.Ya. Helem-
skii [18]. For a more detailed study of Arens—Michael envelopes we refer to [8-12,
27-29].

It is clear from the definition that if A exists, then it is unique up to a unique
topological isomorphism over A. In fact, A always exists, and it can be obtained as
the completion of A with respect to the family of all submultiplicative seminorms
on A. Obviously, the correspondence A — A is a functor from the category of
algebras to the category of Arens—Michael algebras, and this functor is the left
adjoint to the forgetful functor acting in the opposite direction. In what follows,
the functor A — A will be called the Arens—Michael functor.

Here are some basic examples of Arens—Michael envelopes.

Example 3.2 ([35]). If A = C[zy,...,x,] is the polynomial algebra, then A=
O(C™), the Fréchet algebra of entire functions on C™.

Example 3.3 ([29]). If X is an affine algebraic variety and A is the algebra &"°8(X)
of regular functions on X, then A'is the algebra 0"°'(X) of holomorphic functions
on X. More generally, if (X , 0¢*®) is an affine scheme of finite type over C, and if
A= 0"5(X), then A = ﬁhOI(X), where (X, 0%") is the Stein space associated to
(X, 0%®) (cf. [17, Appendix B]).

Example 3.4 ([35]). The Arens-Michael envelope of the free algebra F), is the
algebra %, of free entire functions (1).

By combining Example 3.4 with Proposition 2.7, and by using the fact that
the Arens—Michael functor commutes with quotients [29], we obtain the following.

Corollary 3.5. If A is a finitely generated algebra, then Ais holomorphically finitely
generated.
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Thus we may interpret the Arens—Michael functor as a “noncommutative
analytization functor” acting from the category of noncommutative affine schemes
of finite type to the category of noncommutative Stein spaces of finite embedding
dimension. Example 3.3 shows that, in the commutative case, the Arens—Michael
functor reduces to the classical analytization functor (X, 0%®) — (X, 0%,

Here are some more examples of Arens—Michael envelopes.

3.1. Quantum affine space

Let C* = C\{0}, and let ¢ € C*. Recall that the algebra ¢;°¢(C") of regular func-
tions on the quantum affine n-space is generated by n elements x1, ..., x, subject
to the relations z;z; = qv;z; for all i < j (see, e.g., [2]). If ¢ = 1, then O;%(C") is
nothing but the polynomial algebra Clz1, ..., z,] = 6*¢(C"). Of course, 0;°¢(C")

Qn

is noncommutative unless ¢ = 1, but the monomials 2 = 27" - 23" (o € Z7)
still form a basis of €;°¢(C"). Thus 0;°¢(C") may be viewed as a “deformed”
polynomial algebra.

Taking into account Example 3.2, it is natural to give the following definition.

Definition 3.6. The Arens-Michael envelope of &;¢(C") is denoted by ﬁ;wl((C”)
and is called the algebra of holomorphic functions on the quantum affine n-space.

The algebra &2°!(C™) has the following explicit description. Define a weight
function wg: Z} — Ry by

1 if |[¢q] > 1,
= 3
wa(@) {|qzi<j @i qf |q] < 1. )

Theorem 3.7 ([29]). For each g € C* we have
ﬁ’;“’l((C") = {a = Z cox® : |all, = Z |ca|wy()pl®! < 0o Vp > O}

€L’ Q€L

(where || = oy + -+ + oy for o= (aq,...,a,) € ZT). The topology on ﬁ;wl((C”)
is gien by the seminorms || - ||, (p > 0).

3.2. Quantum torus

Let ¢ € C*. Recall that the algebra @;°¢((C*)") of regular functions on the
quantum n-torus is generated by 2n elements x1, ..., z,, xl_l, ...,x; ! subject to
the relations x;lxi = xixfl =1 for all 4, and z;z; = qxjx; for all ¢ < j (see, e.g.,
[2]). If ¢ = 1, then G;°¢((C*)") is nothing but the Laurent polynomial algebra
Clah, ..., aF] = 078((C*)™). Of course, 0.°8((C*)") is noncommutative unless
q =1, but the monomials z® = 27" - -z (o € Z") still form a basis of 0;°%(C").
Thus ;¢ ((C*)") may be viewed as a “deformed” Laurent polynomial algebra.

Definition 3.8. If |g| = 1, then the Arens-Michael envelope of &,°((C*)") is

denoted by ﬁ};‘)l((CX)”) and is called the algebra of holomorphic functions on the
quantum affine n-torus.
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Theorem 3.9 ([29]). If |q| = 1, then
o3 ((C)™) = {a =Y caz®:lall, = Y |calpl®l < 00 Vp > 0}

agZ™
The topology on Op°'((C*)") is given by the seminorms | - ||, (p > 0).

Remark 3.10. If [¢ # 1, then the only submultiplicative seminorm on &;°&((C*)™)
is identically zero [29], and so the Arens-Michael envelope of €} ((C*)") is trivial.
Another example of an algebra with trivial Arens—Michael envelope is the Weyl
algebra generated by two elements x,y subject to the relation [z,y] = 1.

We refer to [10, 12, 29] for explicit descriptions of Arens—Michael envelopes
of some other algebras, including quantum Weyl algebras, the algebra of quantum
2 x 2-matrices, and universal enveloping algebras.

4. Free products and free polydisk

To construct more examples of HFG algebras (not necessarily related to Arens—
Michael envelopes), we need the simple fact that the category of HFG algebras is
stable under the analytic free product.

Definition 4.1 (cf. [7]). Let A; and Ay be Arens—Michael algebras. The analytic
free product of A; and As is the coproduct of A; and As in the category of Arens—
Michael algebras. More explicitly, the analytic free product of A; and As is a triple
(A1% Aa, j1,72) consisting of an Arens-Michael algebra A;* Ay and continuous
homomorphisms jj: Ay — A; ¥ As (k = 1,2) such that for each Arens—Michael
algebra B and each pair ¢i: Ay — B (k = 1,2) of continuous homomorphisms
there exists a unique continuous homomorphism A; ¥ A — B making the following
diagram commute:
Arx Ay

LTS,
\/

Clearly, if Ay ¥ Ay exists, then it is unique up to a unique topological algebra
isomorphism over A; and As. To show that A % A, exists, recall the definition (due
to J. Cuntz [7]; cf. also [29]) of an analytic tensor algebra. Let E be a complete
locally convex space, and let {|| - || : A € A} be a directed family of seminorms

generating the topology on E. For each A € A and each n € Z, let || - HE\") denote
the nth projective tensor power of || - ||x (we let || - HE\O) = |- | by definition). The
analytic tensor algebra T'(E) is defined by

_ {a =S anan € B Jlala, = 3 flanl (V0" < 00 VA € A, ¥p > o}
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The topology on T/(E) is defined by the seminorms || - Iap (A €A, p>0),and the
product on T(E) is given by concatenation, like on the usual tensor algebra T'(E).
Each seminorm || - ||, is easily seen to be submultiplicative, and so T(E) is an
Arens-Michael algebra containing T'(E) as a dense subalgebra. As was observed by
Cuntz [7], f(E) has the universal property that, for every Arens—Michael algebra
A, each continuous linear map F — A uniquely extends to a continuous homo-
morphism f(E) — A. Note that f((C”) = .7,, and that the free entire functional
calculus (2) is a special case of the universal property of T(E)

Now let A; % Ay be the completion of the quotient of T = f(Al @ Ay) by the
two-sided closed ideal generated by all elements of the form

a; ®b; — a;b;, l,f—lAi (ai,biEAi, i=1,2).

The canonical homomorphisms j;: Ar — Ay ¥ Ay are defined in the obvious way.
Using the universal property of f, it is easy to show that A; ¥ Ay is indeed the
analytic free product of A; and As.

A more explicit construction of A; % Ay (in the nonunital category) was given
by Cuntz [7]. We adapt the construction to the unital case below, assuming that for
each i = 1,2 there exists a closed two-sided ideal A; C A; such that 4; = ZiEB(ClAi
as locally convex spaces.

For each k > 2, let

W2/7k:{a:(al,...,ak)GWg,k:ai;«éaHlVi:l,...,k—l}.

Let also
Wi, =Wy, Who=Wao and Wi= | | W,
kEZy
Given a = (av1,...,ag) € Wi let Ay = Ay, @@ Ay, For k = 0, we let Ay = C.
Choose directed defining families {|| - ||x, : As € A;} (i = 1,2) of submultiplicative
seminorms on A; and As, respectively. Let A = A; X Ag, and, for each A =
(A,X2) € A and each a = (a1,...,a;) € W, let | - ||E\a) denote the projective

tensor product of the seminorms || - [|x, ..., [l - [\, . For k& =0, it is convenient
to set | - ||E\®) =|-|. We have
a = Z aa3aaezo¢a
AT Ay = G . (4)

lallx,, = Z ||aa\|g\°‘)p|0“ <ooVAEA Vp>0

The topology on A; % Ay is defined by the seminorms || - |[x,, (A € A, p > 0). The
product on Alj?Ag _is given by concatenation composed (if necessary) with the
product maps 4; @ A; — A; (i=1,2).

Example 4.2. If F and F are complete locally convex spaces, then we have a topo-
logical algebra isomorphism T(E)*T(F) = T(E @ F). In particular, .%,, ¥ %, =
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Fntn, and
Fn 2 O0C)%---%x0(C). (5)

The next result easily follows from Example 4.2 and Proposition 2.7.
Proposition 4.3. If Ay and As are HFG algebras, then so is A% As.

Using Proposition 4.3, we can construct more examples of HFG algebras. Let
r >0, and let D, = {z € C: |z] < r} denote the open disk of radius r. The
following definition is motivated by (5).

Definition 4.4. We define the algebra of holomorphic functions on the free n-
dimensional polydisk of radius r to be

F(D}) = 6(D,)3---6(D,). (6)

By Proposition 4.3, .# (D7) is an HFG algebra. Note that replacing in (5)
and (6) the analytic free product % by the projective tensor product & yields the
algebras of holomorphic functions on C" and D}, respectively.

We have a canonical “restriction” map .%, — % (D}) defined to be the nth
free power of the restriction map &(C) — &(D,). For each i = 1,...,n, the
canonical image of the free generator (; € %, in % (D) will also be denoted by
i It is easy to see that . (D)) has the following universal property.

Proposition 4.5. Let A be an Arens—Michael algebra, and let a = (a1, ...,ay) be
an n-tuple in A™ such that oa(a;) C D, for all i = 1,...,n. Then there exists a
unique continuous homomorphism y¥e¢: F(D") — A such that v¥°¢(¢;) = a; for
alli=1,...,n.

The algebra % (D}) can also be described more explicitly as follows. Given
k>2and a = (aq,...,a1) € Wy, let d(a) denote the cardinality of the set

{Z € {1,...,]{1—1}20@ #O‘i-‘rl}'
If |a| € {0,1}, we set d(a) = |a| — 1. The next result follows from (4).

Proposition 4.6. We have
al d(a)+1
a= Z C‘lca : HaHPhPZ = Z |Ca|p|1 ‘p2( )
F(Dr) = aEW, aEW,
<ooV0<pr <r, Vp2 >0

The topology on F (D7) is given by the seminorms || - |[p, p, (0 < p1 <7, p2 >0),
and the product is given by concatenation.

Remark 4.7. It is instructive to compare .# (D)) with Taylor’s “free power series
algebras” %, (r) [35, 36]. By definition,

Fn(r) = {a = Z caCa : llall, = Z \ca\p‘al <ooV0 < p< 7‘}.
acW, acW,

Comparing (1), (5), and (6), we see that %, (r) = .%, = .F(D}) if r = co. However,
if r < oo, then .#(D}) differs from %, (r). Indeed, %, (r) is not nuclear [24], and
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so it is not even an HFG algebra. Although such algebras fall outside the scope of
this paper, we would like to make a short digression and to show that .%, (r) has
a remarkable universal property, similar in spirit to Proposition 4.5.

Recall that, for a Banach algebra A and an n-tuple a = (aq,...,a,) € A™,
the joint spectral radius ro(a) is given by

1/k
roo(a) zlimsup< sup Haa“) .
k—oo NaeW,
If now A is an Arens—Michael algebra, we say that an n-tuple a € A" is strictly
r-contractive if, for each Banach algebra B and each continuous homomorphism
p: A — B, we have ro (p*™(a)) < r. An equivalent, but more handy definition is
as follows. Let {|| - ||» : A € A} be a directed defining family of submultiplicative
seminorms on A. For each A € A, let Ay denote the completion of A with respect

to || - ||a, and let ay denote the canonical image of @ in AY. Then it is easy to show
that a is strictly r-contractive if and only if ro(ay) < r for all A € A. For example,
if ( =(¢,-..,¢n) € Zpn(r)” is the canonical system of free generators, then ( is

strictly r-contractive, but is not strictly p-contractive for p < r.

Now it is easy to show that %, (r) has the following universal property. Given
an Arens—Michael algebra A and a strictly r-contractive n-tuple a = (a1, ..., a,) €
A" there exists a unique continuous homomorphism ~¢: Z, (r) — A such that
yfree(¢) = a; for alli=1,...,n.

To complete our discussion of .%, (r) and .# (D]'), let us note that the n-tuple
(C1,- .., Cn) is not strictly R-contractive in .# (D)™ for any R > 0.

5. Quantum polydisk and quantum ball

Definition 5.1. Let ¢ € C*, and let » > 0. We define the algebra of holomorphic
functions on the quantum n-polydisk of radius r by

ﬁ;wl(]])f) = {a = Z cax® : all, = Z |ca|wy(@)pl® < 00 V0 < p < 7"},
€z Q€L
where the function wy: Z — Ry is given by (3). The topology on ﬁ;‘(’l(D?) is
defined by the seminorms || - ||, (0 < p < r), and the product on &2 (D7) is
uniquely determined by z;z; = qx;z; for all i < j.

In other words, ¢2°'(D?") is the completion of ¢:°&(C™) (see Section 3) with
respect to the family {|| - ||, : 0 < p < r} of submultiplicative seminorms. Clearly,
if ¢ = 1, then /(D)) is topologically isomorphic to the algebra ¢"'(D}) of
holomorphic functions on the polydisk D}

Proposition 5.2. For each q € C*, ﬁ(};‘)l(D?) is topologically isomorphic to the
quotient of F(DI') by the two-sided closed ideal generated by the elements (;(; —
q¢;G for alli < j. As a corollary, ﬁ};OI(Df) is an HFG algebra.
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Note that .# (D7) can be replaced by %, (r) in the above proposition.

Our last example is the algebra of holomorphic functions on the quantum
ball. The construction below is a slight modification of L.L. Vaksman’s g-analogue
of A(B™), the algebra of functions continuous on the closed ball and holomorphic
on the open ball [39]. In order to motivate the construction, let us start from the
classical situation. Let z1,. .., 2z, be the complex coordinates on C™, and let B}’ =
{z € C" : 3", |2i]* < r?} denote the open ball of radius r. For brevity, we write
B™ for BY. Denote by Pol(C") the algebra of polynomials in z1,..., 2, and their
complex conjugates Z1,...,2n. There is a natural involution on Pol(C™) uniquely
determined by zf = z; (1 = 1,...,n). By the Stone-Weierstrass Theorem, the
completion of Pol((C”) with rebpect to the uniform norm || f|| = sup,cg~ |f(2)] is
the algebra C(B™) of continuous functions on the closed ball B". For each r € (0,1)
and each f € Clzq,..., 2], let

£l = sup [f(2)] = [l (O],

z€BT
where v, is the automorphism of C[zy,...,2z,] uniquely determined by ~,.(z;) =
rz; (1 =1,...,n). It is easy to see that the completion of C[z1, ..., z,] with respect

to the family {|| - || : 0 < r < 1} of seminorms is topologically isomorphic to the
algebra ¢'(B™) of holomorphic functions on B™.

Now let us “quantize” the above data. Fix ¢ € (0, 1), and denote by Pol,(C™)
the #-algebra generated (as a *-algebra) by n elements z1, ..., z, subject to the
relations

zizj = qzjzi (1< ]);

Z*Zj =qzz; (1#7);

i =q° zizg + ( 1—q (1—szzk)
k>i

Clearly, for ¢ = 1 we have Pol,(C") = Pol(C"). The algebra Pol,(C") was in-
troduced by W. Pusz and S.L. Woronowicz [32], although they used different x-
generators aj, ..., a, given by a; = (1 —¢%)~%/22¢. Relations (7) divided by 1 — ¢?
and written in terms of the a;’s are called the “twisted canonical commutation
relations”, and the algebra A, = Pol,(C™) defined in terms of the a;’s is some-
times called the “quantum Weyl algebra” (see, e.g., [1, 19, 22, 43]). Note that,
while Pol,(C™) becomes Pol(C™) for ¢ = 1, A; becomes the Weyl algebra. The
idea to use the generators z; instead of the a;’s and to consider Pol,(C") as a
g-analogue of Pol(C™) is probably due to Vaksman [37]; the one-dimensional case
was considered in [21]. The algebra Pol,(C™) serves as a basic example in the
general theory of “quantum bounded symmetric domains” developed by Vaksman
and his collaborators (see [38, 40] and references therein).

The g-analogue of the algebra C(B") is defined as follows. For each k € N,
let [k], = Zf 01 ¢*'. Fix a separable Hilbert space H with an orthonormal basis
{ea : a € Z71}. Following [32], for each o = (av1,..., ) € Z7 we will write
lag, ..., ) for eo. As was proved by Pusz and Woronowicz [32], there exists a

(7)
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faithful irreducible *-representation w: Pol,(C") — #(H) uniquely determined by

=vV1-q¢*\/lo; +1] Jg2=r>i Flag, .05+ 1,000 an)
G=1,....n, a=(a1,...,an) €ZY).

The completion of Pol,(C™) with respect to the operator norm ||a|op = ||7(a)|| is
denoted by C,(B") and is called the algebra of continuous functions on the closed
quantum ball [39]; see also [31, 32].

Now we are ready to define the algebra of holomorphic functions on the
quantum ball. Observe that the subalgebra of Pol,(C") generated by zi,..., 2,
is exactly 0;°%(C"). For each r € (0,1), let v, be the automorphism of &;°¢(C")
uniquely determined by v, (2;) = 72; (i = 1,...,n). Define a norm ||| on €;°¢(C")
by [lall» = llvr(@)llop-

Definition 5.3. The completion of ¢,°¢(C") with respect to the family {|| - |,
0 < r < 1} of seminorms is denoted by ﬁ;‘OI(B”) and is called the algebra of
holomorphic functions on the quantum ball.

It follows from the above discussion that, if we replace C,(B") by C(B") in
the above construction, then the result will be the algebra ¢"°!(B") of holomor-
phic functions on B™. In Section 6, we will study relations between ﬁ;‘OI(B") and
0" (B") in more detail.

At the moment, it is not obvious whether ¢2°!(B") is an HFG algebra. The
positive answer follows from the next result. Let D" = D} denote the open unit
polydisk in C™.

Theorem 5.4. For each 0 < q < 1 the algebras ﬁ;‘OI(B”) and ﬁ;‘(’l(ﬂ)”) are topo-
logically isomorphic.

Of course, Theorem 5.4 is a “purely quantum” phenomenon. Indeed, the
classical function algebras ¢"°!(B") and ¢"°!(D") are not isomorphic (unless n =
1) because B™ and D™ are not biholomorphically equivalent.

Let us briefly discuss the idea of the proof. Consider the following families of
seminorms on &;°4(C"):

lall = 37 lealwg(@)rl®! (0 <7 <1); (8)
Q€L
(2) 2,2 2| 1/2
lal® = (37 lealPud(@)r®™) " (0 <r< 1) (9)
a€Zl
lall>) = sup [ealuwg(@)r® (0 < <1); (10)
Q€L
lally = v(a)llop (0 <7 <1). (11)

Recall that the completion of #2°¢(C") w.r.t. the seminorms (8) is #2°!(D"), while
the completion of @3°(C") w.r.t. the seminorms (11) is @p°/(B"). A standard
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argument shows that the families (8)—(10) are equivalent. The following lemma
gives a less obvious estimate.

Lemma 5.5. We have

) 2 2 1
(TT=a*) " 112 < 0 llop < 1 15V (12)
j=1
The first inequality in (12) follows from the estimate ||a|lop > ||7(a)eo||, where
€0 =10,...,0) € H is the “vacuum vector”. The second inequality in (12) follows
from the fact that || - \|§1) is the largest submultiplicative seminorm on &;°(C")
such that ||zz||§1) =1lforalli=1,...,n [29, 5.10].
Combining Lemma 5.5 with the equivalence of the families (8) and (9), we
obtain the following.

Corollary 5.6. For each 0 < p <1 <1 we have

n

- 7 25\ 2 1 1
(“ 2 TIO=) 11D < -l < 110, (13)
j=1

r

Thus the families (8) and (11) of seminorms are equivalent, and so ﬁ;‘OI(B”) =
0P (D"), as required.

Note that, while the second inequality in (13) holds in the classical case ¢ = 1
as well, the first inequality in (13) has no classical counterpart. Indeed, if we fix
r and take p < r close enough to r, then the polydisk of radius p will not be
contained in the ball of radius r, and so the supremum over the polydisk will not
be dominated by the supremum over the ball.

6. Relation to Fréchet algebra bundles

In this section we discuss in which sense 0;°!(B") and €;°(D") are deformations
of the function algebras ¢"°!(B"™) and ¢"°!(D"), respectively.

Recall some definitions from [14]. Let X and E be sets, and let p: E — X be
a surjective map. Suppose that for each x € X the fiber E, = p~!(z) is endowed
with the structure of a vector space. A function || - ||: £ — [0, +00) is a seminorm
if its restriction to each E, is a seminorm in the usual sense. Let

Exx E={(z,y) € ExE:p(x) =py)}

Suppose now that X is a locally compact, Hausdorff topological space, A is a
topological space, and p: A — X is a continuous, open surjection. Suppose also
that each fiber A, = p~!(z) is endowed with the structure of an algebra in such a
way that the operations

Axx A— A, (a,b)—a+bd,
CxA—=A, (A\a)— Aa,
Axx A— A, (a,b)— ab,
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are continuous. Let A" = {|| - ||; : ¢ € I} be a directed family of seminorms on A
having an at most countable cofinal subfamily. Assume that for each € X the
sets

{a € A:p(a) €U, |a|l; <&} (iel, e>0, UC X is a neighbourhood of z)

form a neighbourhood base of 0 € A, (this implies, in particular, that the topology
on A, inherited from A is determined by the seminorms || - ||;, and that each
seminorm | - ||; is an upper semicontinuous function on A). Finally, assume that
each fiber A, is complete (so, according to the above remarks, A, is a Fréchet
algebra). Under the above assumptions, the pair (A, p) together with the family
A is called a Fréchet algebra bundle over X.

Theorem 6.1.

(i) For each r € (0,+0o0] there exists a Fréchet algebra bundle (D,p) over C*
such that for each g € C* we have Dy = ﬁ};‘)l (D).

(ii) There exists a Fréchet algebra bundle (B,p) over C* such that By = 6" (B")
and such that for each q € (0,1) we have By = 02 (B™).

We will not give a detailed proof here for lack of space. Let us only explain
how the bundles (D, p) and (B, p) are constructed. By a Fréchet & (C*)-algebra
we mean a Fréchet algebra R together with the structure of a left Fréchet ¢(C*)-
module such that the multiplication R x R — R is ¢(C*)-bilinear. For each
qgeC* let M, ={f € 0(C*): f(q) =0}. It is easy to see that, if R is a Fréchet
O (C*)-algebra, then M, - R is a closed two-sided ideal of R. The Fréchet algebra
R, = R/M, - R is called the fiber of R over ¢q. The following lemma explains the
terminology.

Lemma 6.2. Let R be a Fréchet 0(C*)-algebra, and let A = || ccx Rq. Define the
projection p: A — C* by p(a) = q if a € R,. Let also {|| - ||[F : i € I} be a directed
defining family of seminorms on R. For each ¢ € C* and each i € I, let || - ||iq
denote the corresponding quotient seminorm on Ry, and let || - ||; be the seminorm
on A whose restriction to Ry is || - ||liq- Then there is a unique topology on A
making (A,p) into a Fréchet algebra bundle over C* with respect to the family
{l- i : 7 € I} of seminorms.

Now, in order to prove part (i) (respectively, (ii)) of Theorem 6.1, we need to
construct a Fréchet &(C*)-algebra R whose fiber over each ¢ € C* (respectively,
over each ¢ € (0,1]) is isomorphic to @}°/(D}}) (respectively, to @F°(B™)). This
can be done as follows. Let z denote the complex coordinate on C*, and let I be
the closed two-sided ideal of 0(C*,.# (7)) generated by the elements (;(; —2(;(;
(i < j). The quotient R = O(C*,.#(D}))/I is a Fréchet 0(C*)-algebra in a
natural way, and Proposition 5.2 easily implies that R, = ﬁ(};‘)l(D?) for each ¢ €
C*. We can also use Taylor’s .%, (r) instead of .% (D7); the algebra R will then be
the same.
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To prove part (ii), we have to replace .# (D) by the algebra .% (B") of “holo-
morphic functions on the free ball” introduced by G. Popescu [30]!. By definition,

F(B") = {a = Z cala : 11&3&13( Z ‘ca‘g)l/Qk - 1}.

aeW, |a|=Fk

As was observed by Popescu [30], % (B") is indeed an algebra with respect to the
concatenation product.

Similarly to .#(D?) and .%,(r), the algebra .#(B™) can be used to con-
struct a kind of “free holomorphic functional calculus” (cf. Proposition 4.5 and
Remark 4.7). Let H be a Hilbert space, and let T = (T3, ...,T,) be an n-tuple
in #(H)". Following [30], we identify 7" with the “row” operator acting from the
Hilbert direct sum H" = H@®---® H to H. Thus we have ||T| = || Y1, TiT;||*/2.
If |T) < 1, then for each f = " caCa € F(B") the series > coTn con-
verges in B(H) to an operator f(T) [30], and we have an algebra homomorphism
yree: Z(B") — B(H), f + f(T). In fact, vi°° exists under the weaker assump-
tion that Bunce’s “hilbertian” joint spectral radius [4] of T is less than 1 (see
[30, 4.1]), but we will not use this fact in the sequel.

There is a canonical topology on % (B™) defined as follows. Fix an infinite-
dimensional Hilbert space H, and, for each r € (0,1) and each f € .Z(B"), let

IFIE7 = sup{|I£(T)|| : T € B(H)", |T| <7}

By [30, 5.6], .#(B") is a Fréchet space with respect to the family {|| - ng) (0 <
r < 1} of seminorms. Clearly, for each T' € Z(H)™ with ||T|| < 1 the functional
calculus & (see above) is continuous.

In fact, it easily follows from the results of [30] that .7 (B") admits the fol-

lowing simpler characterization.

Proposition 6.3. We have

F(B") = {a =Y cala:llall = f:( 3 |ca|2)1/2rk <oV <1< 1}.

acW, k=0 |o|=k

The famdlies {|| - || : 0 < r < 1} and {|| - ng) : 0 < r < 1} of seminorms are
equivalent.

Proposition 6.3 can also be interpreted as follows. Let £} (respectively, £3)
denote the n-dimensional version of ¢; (respectively, of ¢2). Then Taylor’s polydisk
algebra .#, (1) is a weighted ¢1-sum of the projective tensor powers £ ® - - - @ (7,
while . (B™) is a weighted ¢1-sum of the Hilbert tensor powers 5 @pip - - - Qnilb €5 -

Using Proposition 6.3, one can easily show that .#(B") is a Schwartz space,
but is not a nuclear space (cf. Remark 4.7). Thus .# (B") is not an HFG algebra.
For our purposes, % (B") is useful because of the following fact.

!Note that our .Z(B") is Popescu’s Hol(B(H)7}); we have changed the notation in order to
emphasize the similarity between Popescu’s algebras, our .7 (D}}), and Taylor’s %, (r).
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Proposition 6.4.

(i) For each q € (0,1), O} B") is topologically isomorphic to the quotient of
F(B™) by the two-sided closed ideal generated by the elements (;(; —q(;¢ for
all i < j.

(ii) OM°Y(B™) is topologically isomorphic to the quotient of .F(B™) by the two-
sided closed ideal generated by the elements (;(; — ;¢ for all i < j.

Proposition 6.4 looks similar to Proposition 5.2, but its proof is less elemen-
tary. The proof of part (ii) involves, in particular, V. Miiller’s characterizations [26]
of the joint spectral radius in commutative Banach algebras, as well as J.L. Tay-
lor’s holomorphic functional calculus on B™. The proof of part (i) is based on
Theorem 5.4.

Repeating now the construction of the bundle (D,p) with .# (D) replaced
by . (B"), and using Proposition 6.4 instead of Proposition 5.2, we obtain the
bundle (B, p) whose existence was stated in part (ii) of Theorem 6.1.
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This is a short survey on idempotent states on locally compact groups and, more
generally, on locally compact quantum groups. Idempotent states arise for example
as limits of random walks (as we shall see in Section 1) and as limits in ergodic
theorems for random walks [8]. Idempotent states are also connected to the con-
struction of the Haar measure of a compact group: taking the Cesaro limit of
convolution powers of a probability measure gives an idempotent probability mea-
sure, which is the Haar measure if the original measure is suitably chosen. The
same process works in the case of compact quantum groups: this is the construc-
tion of Haar state due to Woronowicz [42, 45]. Very recently, idempotent states
on locally compact quantum groups have also turned up in connection with Hopf
images [3] and Poisson boundaries [16].

As we shall see, idempotent states are inherently related to subgroups. How-
ever, there is some evidence against the preceding claim, such as Pal’s example
of an idempotent state on the Kac—Paljutkin quantum group that does not arise
from the Haar state of a subgroup [24]. In this paper we shall see that in fact also
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Pal’s example is associated with a subgroup (in a different way), and so perhaps
there is still hope to connect all idempotent states to subgroups, quotient groups
or combinations of these. There are not many new things in this survey article:
only a cute new proof to a known result and the already-mentioned insight to
the example of Pal. Many of the results, and much more, can be found in the
recent papers due to (combinations of) Franz, Skalski, Tomatsu and the author
[9, 10, 11, 31, 33].

1. Random walks and idempotent probability measures

Every probability measure p on a discrete group G determines a random walk: if
we start from point s € G, then the probability for taking a step to t € G is
P(S = t) = His—1,

where 151 = pu({ts7'}). Suppose that we start from the identity e and X} is
the random variable denoting the position after k steps. We can use convolution
to describe the random walk:

P(Xy=1)=u
P(Xy=1)=> P(X1=8)P(s+>t) = Y pafizs— = (15 1)
seG seG

P(Xp=1t) = (™).
In general the convolution of measures 1 and v on a locally compact group G is
defined by

(uxv,f) = / f(st)du(s)du(t)  (f € Co(G))

here, and throughout the paper, we consider measures on G as functionals on
the C*-algebra Co(G) of continuous functions on G vanishing at infinity. In the
discrete case the convolution boils down to

Lxv = Z UsVlsy = Z (Z Mst—th) Os

s,teG seG MeG

where ¢, denotes the Dirac measure at s.

More generally, a probability measure on a locally compact group deter-
mines a random walk on that group. From this point of view, we shall see that
random walks give rise to idempotent probability measures. An idempotent proba-
bility measure on a locally compact group G is a probability measure p on G that
is an idempotent under the convolution product:

[ L= p.

Now suppose that G is a compact group and v is a probability measure on G.
If the sequence of convolution powers of v converges in the weak* topology, then
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the limit is an idempotent probability measure, which embodies the limit of the
random walk. The convergence of such a sequence of convolution powers is widely
studied in probability theory (see for example [12, 13]).

Taking a slightly different approach, consider the Cesaro averages

The sequence of these averages always converges in the weak* topology. Moreover,
the limit p is an idempotent probability measure. This gives a useful way to gener-
ate idempotent probability measures: for example, the Haar measure of a compact
group may be constructed this way. (In the case of non-compact groups the situ-
ation is more complicated and to make sure that the limit is non-zero, some form
of tightness needs to be assumed for the sequence of convolution powers of v.)

2. Kawada-Ito theorem

Now that we have seen how idempotent probability measures may arise in practice,
a natural question is how to characterise these measures. In the case of locally
compact abelian groups, we may use the Fourier—Stieltjes transform to convert an
idempotent measure to a characteristic function on the dual group. This trivialises
the algebraic side of things, but now the positivity and the normalisation condition
become non-trivial. Still, this is a useful approach and, as we shall see in the next
section, leads to a simple characterisation. But let us first review the history of
the general problem.

Already in 1940 Kawada and It6 [17] characterised idempotent probability
measures on compact groups as the normalised Haar measures of compact sub-
groups. It seems that harmonic analysts were unaware of this paper, and Wendel
[41] rediscovered the result in 1954 (truth be told, Wendel’s main result is an inter-
esting new proof for the existence of Haar measure on a compact group G, using
idempotents in the compact semigroup formed by the probability measures on G).
Trying to characterise all idempotent measures on a locally compact abelian group,
Rudin [29, 30] showed that any idempotent measure is concentrated on a compact
subgroup, thereby extending Wendel’s result — or that of Kawada—It6 — to locally
compact abelian groups. (The full description of idempotent measures on locally
compact abelian groups is due to Cohen [4]; the non-abelian case is open.) Indepen-
dently, Pym [28] and Loynes [23] characterised idempotent probability measures
on locally compact groups (not necessarily abelian) as the normalised Haar mea-
sures of compact subgroups. However, since the problem took two separate paths,
one starting from Kawada—It6 and another one from Wendel, it is perhaps not
that surprising that the problem was solved already in 1954, by Kelley [18]. The
three approaches, due to Kelley, Pym and Loynes, are all quite different: Kelley
studies operators on Co(G), Pym idempotent measures on semigroups and Loynes
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operator-valued Fourier transform. There are also other generalisations, for exam-
ple one due to Parthasarathy [25] to complete separable metric groups, which need
not be locally compact.

Theorem 1 (Kawada-It6). Let u be an idempotent probability measure on a locally
compact group G. Then there is a compact subgroup H of G such that p is the
normalised Haar measure of H (considered as a measure on G).

The Kawada—Ito theorem gives a procedure to construct the Haar measure
of a compact group. Start with a probability measure v whose support generates
the compact group G. As mentioned in the preceding section, the Cesaro aver-
ages of convolution powers of v converge in the weak* topology to an idempotent
probability measure. It follows from the Kawada—It6 theorem, that the limit is the
normalised Haar measure of G due to the choice of v.

As another example, consider the circle group T and the Dirac measure 4,
at some z € T. Then there is an idempotent probability measure p such that
%Zz:l 5tk — p weak*. If z is a rational multiple of 7, then p is the counting
measure of the finite subgroup of T generated by z. On the other hand, if z is
an irrational multiple of 7, then pu is the normalised Lebesgue measure on T. The
latter statement amounts to the Weyl equidistribution theorem.

3. Idempotent states in the Fourier—Stieltjes algebra

Let G be a locally compact group. The Fourier—Stieltjes algebra B(G) is the col-
lection of all coefficient functions (7(-)¢ | ¢) of strongly continuous unitary rep-
resentations m of G (here £ and ¢ are elements of the representation space H).
The Fourier—Stieltjes algebra is the dual space of the universal group C*-algebra
C*(@) (this determines the norm of B(G)), and B(G) is a Banach algebra under
the pointwise multiplication of functions. If G is abelian, B(G) is isomorphic, via
Fourier—Stieltjes transform, to the measure algebra M(a) of Radon measures on
the dual group G.
An idempotent state in B(G) is a state on C*(G) that is an idempotent:

U2:’LL.

That u is a state means that u is a positive definite function with u(e) = 1,
where e denotes the identity of G. In the case of abelian G, the Fourier—Stieltjes
transform takes an idempotent probability measure on G to an idempotent state in
B(G). This explains why the characterisation of idempotent states in B(G) may be
viewed as the dual version of the Kawada—It6 theorem. In fact, many early studies
on idempotents in M(G), with G abelian, used the Fourier—Stieltjes transform to
translate the problem to the dual setting.

Continuing from the work of Cohen [4], mentioned in the previous section,
Host [14] characterised all idempotents in B(G) as characteristic functions of sets
in the open coset ring of G. However, his characterisation does not immediately
lead to the following characterisation of idempotent states, which is due to Ilie and
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Spronk [15]. The short proof presented here is new (Ilie and Spronk obtained their
result as a corollary of a more general characterisation of contractive idempotents).

Theorem 2. Every idempotent state in B(G) is the characteristic function of an
open subgroup of G.

Proof. First of all, every idempotent in B(G) is a characteristic function of some
open (and closed) set H, because B(G) consists of continuous functions. Denote
the universal representation of G by w. If s € H, then
u(s™) = (uw,w(s7)) = (u,w(s)*) = (u,@(s)) = 1,

so s~ ! is also in H. Moreover,

(u,@(s)"w(s)) = ule) =1,
because u is a state, and

(u,w(s)" Wu,w(s)y=1-1=1.
It follows from Choi’s theorem on multiplicative domains (see [26, Theorem 3.19])
that u is multiplicative at w(s). So for every t € G,
u(ts) = u(t)u(s)

which implies that H is closed under multiplication. Hence H is an open subgroup

and u = 1g. O

The fact that compact subgroups in the Kawada—It6 theorem have changed
to open ones in the preceding result reflects subgroup duality. Suppose that G is
abelian and H is a closed subgroup of G. Then the continuous characters on G
that are constant 1 on H form a closed subgroup H+ of G. Now H is compact if
and only if H+ is open, and vice versa. Moreover, the Fourier-Stieltjes transform
maps a measure on G supported by H to a function on G that is constant on the
cosets of H+.

4. Locally compact quantum groups

Locally compact quantum groups provide a natural context to discuss the results
in the previous sections in a unified manner. We shall walk through the definition
due to Kustermans and Vaes [21]. Let G denote a locally compact quantum group.
This means that we have a C*-algebra Cy(G), a nondegenerate *x-homomorphism
A: Co(G) — M(Co(G) ® Co(G)) (where the tensor product is the minimal C*-
algebraic tensor product and M( - ) denotes the multiplier algebra) such that

(id® A)A = (A®id)A (coassociativity);
and
span A(Co(G))(Co(G) ® 1) = span A(Co(G))(1 ® Co(G)) = Co(G) ® Co(G).

The map A is called the comultiplication of G. We also need to assume that there
exist left and right Haar weights on Cy(G), denoted by ¢ and 1w, respectively.
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These are so-called KMS-weights, which are densely defined, faithful and lower
semicontinuous. The important invariance properties, as with Haar measures, are
that

¢((w@id)A(a)) = w(1)¢(a)
and

P((id ®w)A(D)) = w(1)y(b)
whenever w € Co(G)* and a,b € Co(G)4 are such that ¢(a) < oo and 9 (b) <
00. So a locally compact quantum group is given by a C*-algebra that has a
suitable comultiplication and left and right Haar weights. It is convenient to use
the suggestive notation Cy(G) for the C*-algebra because in the commutative
case the C*-algebra is Cy(G) for some locally compact group G. In this case the
comultiplication is given by dualised group multiplication:

A(f)(s,t) = f(st)  (f € Co(G),s,t € G).

Note that A(f) € Cp(G x G) = M(Co(G) @ Co(G)) but A(f) ¢ Co(G) @ Co(G)
unless G is compact or f = 0. Of course the left and right Haar weights are given
by integration against the left and right Haar measures, respectively. Whenever G
is a locally compact quantum group such that Co(G) is commutative, it is of this
form.

Next we consider the dual of the commutative case, which is known as the co-
commutative case. Let A be the left regular representation of G. Then the reduced
group C*-algebra C;(G) is generated by A(L'(G)) in B(L*(G)). (Hopefully the
reader is not confused by the two uses of ‘B’ as both the Fourier—Stieltjes algebra
and the algebra of bounded operators; the distinction should be clear from the
context.) We define a comultiplication on C}(G) by putting

A(X(3)) = A(s) @ A(s) (s € G).

Note that actually A(s) is in M(C}(G)) but the above does define a unique comulti-
plication on C¥(G), because the linear span of A(G) is strictly dense in M(C(Q)).
In this case the left and right Haar weights coincide and are the so-called Plancherel
weight. The construction of this weight uses Tomita—Takesaki theory [34, Sec-
tion VIL.3] (for discrete G, ¢(a) = (ade | d. ) is the usual tracial state).

Both these examples may be considered as Kac algebras [7]. Every Kac al-
gebra determines a locally compact quantum group, so the latter notion is more
general. For an example of a locally compact quantum group that is not a Kac
algebra, see Section 7, which includes the description of the quantum deforma-
tion of SU(2) defined by Woronowicz. For a more thorough introduction to locally
compact quantum groups, see for example the survey by Kustermans and Tuset
[19, 20] or the book by Timmermann [36].

From now on we shall concentrate on locally compact quantum groups G that
are coamenable. That means that there is a state ¢ on Cy(G), called the counit of
G, such that

([d®e)Aa) = (e®id)A(a) = a
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for every a € Co(G). In the commutative case coamenability is a vacuous condi-
tion (every commutative quantum group is coamenable), but a co-commutative
quantum group G = G is coamenable if and only if the locally compact group G
is amenable.

5. Classical cases as instances of idempotent states on locally
compact quantum groups

The notion of idempotent state from the two classical cases — idempotent proba-
bility measures on groups and idempotent states in the Fourier—Stieltjes algebra
— is easily generalised to the language of locally compact quantum groups. The
dual space of the C*-algebra Co(G) carries a natural Banach algebra structure:
the multiplication is defined by

wxo(a) = (w®o)Aa) (w,0 € Co(G)*,a € Cy(G)).

An idempotent state on a locally compact quantum group G is a state w on the C*-
algebra Co(G) that is an idempotent under the product defined above: wxw = w.

A much more difficult task than the definition is to unify the results from the
classical cases to general results on locally compact quantum groups. Indeed, it is
perhaps not even possible to do so. To even bring forth this discussion we need
some further terminology.

A locally compact quantum group H is compact if Co(H) is unital, in which
case we write C(H) for Co(H). A compact quantum subgroup of a coamenable
locally compact quantum group G is a compact quantum group H such that there
exists a surjective x-homomorphism

m: Co(G) — C(H) (r @ m)Ag = Agm.

(The reader is warned that there are other definitions of closed quantum subgroup
[38, 39], and it is not clear whether they are all equivalent. In our situation, all the
definitions coincide as they do in many other cases; see [5].) A compact quantum
subgroup of G always gives rise to an idempotent state on G. Indeed, when a
locally compact quantum group H is compact, the left and right Haar weights are
actually bounded functionals and coincide. By normalisation, there exists a unique
state — the Haar state — ¢y on C(H) that is both left and right invariant. Using
the subgroup morphism 7, we may pull back ¢g to obtain an idempotent state
w = ¢gm on G. Obviously w is a state and it is an idempotent due to invariance
of ¢H:
wHrw = ((¢am) @ (¢um))Ac = (¢u @ ¢u)(T @ T)Ag
= (¢u ® ¢u)Anm = ¢u(l)pum = w.

It should be noted that in the case of compact quantum groups, the existence of
Haar state follows from the other axioms as shown by Woronowicz [42, 45]. Indeed,
this may be done with a similar process of using Cesaro averages as mentioned
after the Kawada—It6 theorem: the Cesaro averages of convolution powers of a
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faithful state converge to the Haar state (however, the resulting Haar state is
not necessarily faithful). The assumption that there is a faithful state on the C*-
algebra, which is true in the separable case, may be dropped, as shown by Van
Daele [40].

Now it is possible to at least formulate the statement of the Kawada-Ito
theorem: every idempotent state on a locally compact quantum group G is a Haar
idempotent, that is, of the form w = ¢ym where ¢y is the Haar state of a compact
quantum subgroup H of G and 7: Co(G) — C(H) is the associated morphism. The
problem is that this statement is false. It is, moreover, easily seen to be false. Let
G be an amenable locally compact group with a non-normal open subgroup H.
Then 1y is an idempotent state on C*(G). If 15 were a pullback of the Haar state
of a compact quantum subgroup of C}(G), then the compact quantum subgroup
would necessarily be of the form C:(G/H). But H not being normal, this is not
possible (see [10, Theorem 6.2] for the finite case and [31, Section 7] for a related
discussion on left invariant C*-subalgebras in C*(G)).

Although this example, obtainable with finite groups, certainly seems to be
the most straightforward counterexample of the Kawada—It6 theorem for quantum
groups, it was not the first one. The first counterexample is due to Pal [24] and
it comes from a genuine quantum group: the Kac—Paljutkin quantum group. We
shall next describe this quantum group and Pal’s example as well as provide a new
insight to this example.

6. Pal’s counterexample
The underlying C*-algebra of the Kac—Paljutkin quantum group G is
CeCaCoCoM(C),

the basis of which is given by the vectors

0 0,
er =01k BOop B3 BOsp® (0F BF
67,k 66,k

k=1,2,...,8. The comultiplication of G is defined by
Aler) =e1®e1+ea®ex+e3®es +e4 ey
+%(65@65+66®66+67®67+e8®68)
Ales) =e1®@ea+ea®@er +e3@eq+eq e
+%(€5®€6+€6®€5+i67®€8—i€8®€7)
Ales) =e1®@ez+e3@er +ea@eq+eq® e

1 . .
+§(€5®€6+€6®€5_Ze7®€8+168®e7)
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A(64):el®e4+€4®61+62®63+63®62

1
+§(€5®€5+€6®€6_€7®€7_€8®€8)

Ales) =e1®e5+e5@e1 +e2®es + e ® e
+e3Rest+eg®es+es®es+e5 ey
Aleg) =e1® e+ e e +e2®es + e5 ® e
+es®es+es®es+es®@es+eg ey
Aler) =e1®er+er ®ep —iea ®eg +ies ® ey
+ie3 Reg —iegRes —egRer —er R ey
Ales) =e1 ®eg+es® ey +iea ® ey —ier ® ey
—tesRer+ier ez —es ®eg —eg X ey.

Pal’s idempotent state is defined by

s 1 1 1
w(kz_l akek> = Zal + 1044 + 5&6.

As we shall see in Section 9, we can always associate a certain C*-subalgebra to
an idempotent state. For Pal’s idempotent state w, the associated C*-subalgebra
(id ® w)A(C(G)) is spanned by the elements

a=e1+es+testes+es+eg and b=e; —ey —e3+eq4 —e5+ €.
Moreover, one can calculate that
Ala)=a®a and A(D)=0RDb. (1)

Now consider the quantum group Zos given by the group C*-algebra C*(Zz) (of
course Zy = Z, but the chosen viewpoint suits us better). Then C*(Zy) is spanned
by A(0) and A(1l), where A denotes the left regular representation of Zy. Define
m: C*(Zg) — C(G) by m(A(0)) = e and w(A(1)) = b. By (1), we see that 7 preserves
the quantum group structure of 22. There is also a conditional expectation E onto
m(C*(Z2)) defined by

Bler) = Bles) = gla+)  Bles) = Bles) = J(a—b)

E(es) = i(a -b) E(eg) = i(a +b) E(e7) = E(eg) = 0.
The counit €5 of Zs is the constant function 1 (considered as an element of B(Zy)).
Finally, note that w = €5, © 7~ o E. What this shows is that Pal’s idempotent
state is of the similar form as the idempotent states 1y on group C*-algebras:
1y = eom toE where € is the counit of H (i.e., constant 1 on H), w: C:(H) —
C*(G) is the natural embedding (i.e., zero extension), and E: C*(G) — 7(C}(H))
is the natural conditional expectation (i.e., restriction to H). So although Pal’s
idempotent is not like the idempotent states in the commutative case (i.e., not a
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Haar idempotent), it is similar to the idempotent states in the co-commutative
case. Thus it is associated with a subgroup but in a different way.

These examples of idempotent states that are not Haar idempotents show
that a new approach is needed for general locally compact quantum groups. In
Section 8 we consider another notion, that of left invariant C*-subalgebras, that
is closely tied with idempotent states as we shall see. There is also the approach
of Franz and Skalski, who show in [10] that every idempotent state on a finite
quantum group arises from the Haar state of a so-called quantum subhypergroup.
On a related note, Franz and Skalski [9] also show that idempotent states on a
finite quantum group correspond to quantum pre-subgroups in the sense of [1]. In
all these approaches one associates idempotent states with structures more general
than subgroups, and that is what we shall do with left invariant C*-subalgebras
in Section 9.

7. Positive examples from deformation quantum groups

In this section we shall consider idempotent states on some important examples
of compact quantum groups, in particular on the quantum deformation of SU(2)
introduced by Woronowicz [43, 42]. It turns out that on these deformations of
classical groups, SU4(2), Uy(2) and SO4(3), all idempotent states are Haar idem-
potents. The results in this section are due to Franz, Skalski and Tomatsu [11].

Define C(SU,4(2)) as the universal unital C*-algebra generated by elements a
and c such that

is formally a unitary matrix (a 2 x 2 matrix with entries in C(SU4(2))). The
comultiplication of SU,(2) is determined by the identity

o0 F)=C ) )
C a C a C a

This identity is to be read as follows: on the left-hand side we apply A to each
entry and on the right-hand side we take a formal matrix multiplication where we
use the tensor product when ‘multiplying’ entries; then we just equate the entries
of the two 2 x 2 matrices. Although the relations given above fully determine the
structure of SU,(2), to prove that we actually get a compact quantum group takes
some work. Recall however that the existence of the Haar state follows from the
general theory of compact quantum groups.

Using the representation theory of SU,(2), Franz, Skalski and Tomatsu [11]
calculated all the idempotent states on SU,(2) for ¢ € (—1,0)U(0,1). It turns out
that these are all Haar idempotents. Namely, the idempotent states on SU4(2) are
the Haar state and the Haar idempotents coming from the subgroups T and Z,,, 1 <
n < oo. We see that T is a subgroup of SU,(2) by mapping the generator a to the
generator z of C(T) and ¢ to 0. Moreover, Z,,’s are subgroups of T. Already Podles
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[27] showed that these are all the closed quantum subgroups of SU,(2). This result
follows also from [11], but of course it takes more work to show that all idempotent
states actually arise from these subgroups. Franz, Skalski and Tomatsu also give
the complete list of idempotent states for the related deformation quantum groups
Uy(2) and SO4(3). Also in these cases all idempotent states are Haar idempotents.

8. Left invariant C*-subalgebras

In this section we shall consider another notion related to idempotent states besides
subgroups. The notion is that of left invariant C*-subalgebra (here we could use
alternative terminology and call these coideals or homogeneous spaces).

Let G be a coamenable locally compact quantum group. For w € Cy(G)*,
define the left and right convolution operators on Cy(G) by

L,(a) = (w®id)A(a)

Ro(a) = (dow)a@ @€ @)

A C*-subalgebra X C Cy(G) is said to be left invariant if L,(X) C X for all
w € Co(G)*. A nondegenerate C*-subalgebra X of Cy(G) is left invariant if and
only if A: X — M(Co(G) ® X). (A C*-subalgebra is nondegenerate if it contains
a bounded approximate identity for the ambient C*-algebra.)

Consider the commutative case when G is a locally compact group. Then
a C*-subalgebra X of Cy(G) is left invariant if and only if it is left translation
invariant; that is, the function Lsf(¢) = f(st) is in X whenever f € X and s € G.
Lau and Losert [22] have characterised left invariant C*-subalgebras of Co(G):
a C*-subalgebra X C Cy(G) is left invariant if and only if there is a compact
subgroup H of G such that X consists of all the functions in Co(G) that are
constant on left cosets of H. The latter statement means that X is %-isomorphic
to Co(G/H). Earlier, de Leeuw and Mirkil [6] gave this characterisation in the
case of locally compact abelian groups. Moreover, Takesaki and Tatsuuma [35]
produced several related results, characterising closed (left) invariant self-adjoint
subalgebras of L*°(G), the Fourier algebra A(G), the group von Neumann algebra
VN(G) and the L' group algebra (here the meaning of ‘closed’ depends on the
context: with A(G) and L!(G) it means norm-closed and with L>°(G) and VN(G)
it means weak*-closed). The dual version of the Lau-Losert characterisation for a
locally compact amenable group G is given in [31]: a C*-subalgebra X C CX(G)
is invariant if and only if X = C*(H) for some open subgroup H. One can also
consider strictly closed left invariant C*-subalgebras of Cy(G) and M(C(G)) and
obtain in both cases a one-to-one correspondence with closed subgroups of G [32].

Finally, we also have the following result from [31], concerning left invariant
C*-subalgebras of coamenable locally compact quantum groups. Recall that a
conditional expectation on a C*-algebra A is a norm 1 projection from A onto
a C*-subalgebra of A. The following result also employs a symmetry condition
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that is related to the problem brought out by Pal’s counterexample. We postpone
the formulation of this symmetry condition until after the theorem.

Theorem 3. There is a one-to-one correspondence between compact quantum sub-
groups of G and symmetric, left invariant C*-subalgebras X of Co(G) with a con-
ditional expectation P from Co(G) onto X such that (id @ P)A = AP.

Let G be an amenable locally compact group and H an open subgroup of G.
As noted above, C:(H) is an invariant C*-subalgebra of C*(G). However, C:(H) is
not associated with a compact quantum subgroup unless H is normal, in which case
Ci(H) is associated with C:(G/H). We shall need an analogue of this normality
condition for more general quantum groups. This can be done through the so-called
multiplicative unitary of a locally compact quantum group G. There is a canonical
way to define a unitary operator W on L?(G) ® L?(G) such that W determines the
quantum group G [21, Proposition 3.17]. Here L?(G) denotes the Hilbert space
obtained by applying the GNS-construction to the left Haar weight of G. The
C*-algebra Co(G) is faithfully represented on L?(G) and it is natural to identify
Co(G) with its image in B(L?(G)). The multiplicative unitary W determines the
comultiplication via

Ala) =W*(1®a)W (a € Co(G)).

The notion of multiplicative unitary is central in the theory of locally compact
quantum groups; seminal work in this area is due to Baaj and Skandalis [2] and
Woronowicz [44].

We say that a C*-subalgebra X of Co(G) is symmetric if

W(z®1)W* € M(X @ By(L3(G)))

whenever z € X (here By denotes the compact operators). Tomatsu [37] intro-
duced this type of condition, calling it coaction symmetry (due to the fact that
X is symmetric if and only if it is closed under the natural action of the dual
quantum group of G). Returning to the co-commutative case, the left invariant
C*-subalgebra CZ(H) associated with an open subgroup H of G is symmetric if
and only if H is normal [31].

9. Idempotent states and left invariant C*-subalgebras

Although Pal’s counterexample showed that we cannot associate all idempotent
states to compact quantum subgroups, we may still have a chance of associating
idempotent states to suitable left invariant C*-subalgebras. The results in this
section are from [33], many of them generalisations from [9] or [11].

Let G be a coamenable locally compact quantum group. If w is an idempotent
state on G, then R, (Co(G)) is a left invariant C*-subalgebra of Co(G) and R,, is a
conditional expectation onto this C*-subalgebra. The following result generalises
an earlier result due to Franz and Skalski [9] concerning compact quantum groups.
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Theorem 4. Suppose that G is unimodular (i.e., ¢ = ). There is a one-to-one
correspondence between idempotent states w on G and left invariant C*-subalgebras
X of Co(G) with a conditional expectation P from Co(G) onto X such that poP =
¢. The correspondence is given by

Xw:Rw(Co(G)), u)XZEP)(.
where € is the counit of G.

The preceding result leaves room for improvement: one would like to remove
the unimodularity assumption in which case the conditional expectation should
preserve both left and right Haar weights.

The following result characterises those idempotent states that arise from
compact quantum subgroups. It also brings together the symmetry condition from
the preceding section. The equivalence between the first and the third condition
is proved for compact quantum groups in [11].

Theorem 5. Let w be an idempotent state on G and let X, = R, (Co(G)). The
following are equivalent:

1. w is a Haar idempotent;
2. X, is symmetric;
3. N, :={a € Cy(G); w(a*a) =0} is an ideal.

The set N, in the third condition of the preceding result is always a left ideal,
so the condition is automatically satisfied if Co(G) is commutative. Consequently,
we get the Kawada—Ito theorem from Section 2 as a corollary.

Corollary 6 (Kawada—Itd). If Co(G) is commutative, then all idempotent states on
G are Haar idempotents.

Finally, we have the following correspondence result, which does not assume
unimodularity, but works only for Haar idempotents.

Theorem 7. There is a one-to-one correspondence between Haar idempotents w
on G and symmetric, left invariant C*-subalgebras X of Co(G) with a conditional
expectation P from Co(G) onto X such that o P = ¢ and ) o P = 1.

Note that the preceding theorem improves Theorem 3 in the sense that the
condition that (id ® P)A = AP may be replaced by the more natural condition
that P preserves both left and right Haar weights.
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Abstract. We introduce and study procedures and constructions of the the-
ory of general topological radicals that are related to the spectral theory —
the centralization, primitivity and socle procedures, the scattered radical, the
radicals related to the continuity of the usual, joint and tensor radii. Among
other applications we find some sufficient conditions of continuity of the spec-
trum and spectral radii of different types, and in particular prove that in a
GCR C*-algebra the joint spectral radius is continuous on precompact sets
and coincides with the Berger—-Wang radius.
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1. Introduction and preliminaries

1.1. Introduction

The general theory of radicals can be considered as a global structure theory of
algebras which is aimed at the study of ideals and quotients simultaneously defined
for a large class of algebras and related to some general properties of algebras.

Briefly speaking, a map P defined on some class 4 of algebras and sending
each algebra A € 4 to its ideal P(A) is called a radical if it satisfies some natural
conditions of covariance and stability (see Section 2.1). The most popular example
of a radical is the Jacobson radical rad defined on the class of all algebras; its
restriction to the class of all Banach algebras is denoted by Rad. The importance
of this map for the theory of Banach algebras cannot be overestimated.
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The first significant achievements of the theory of radicals were related to
the nilpotency and some close properties, and obtained by Baer, Levitzki, Kothe,
Amitsur, Kurosh and others prominent algebraists. The functional analytic coun-
terpart of this theory was initiated by Peter Dixon in his paper [D3], which con-
tained basic definitions and presented first applications. Since then the theory was
developed and applied to different problems of operator theory and Banach alge-
bras in [ST2, ST5, ST6, ST7, KST]. The problems that turned out to be “solvable
in radicals” had their origin in the theory of invariant subspaces, irreducible rep-
resentations, semigroups of operators, tensor products, linear operator equations,
joint spectral radius, Banach Lie algebras and other topics. They lead to introduc-
ing and study of corresponding radicals — the (closed-) hypofinite radical Ry, the
hypocompact radical Ry, the tensor radical Ry, the compactly quasinilpotent rad-
ical Rcq and others (see Section 2 for definitions and discussion of these and other
examples). It can be said that the essence of the radical approach to a problem
(a property, a phenomenon) is to single out an ideal that accumulates elements
related to this problem, and study the dependence of this ideal on the algebra. The
construction of the corresponding radical is a typical result in the theory, and this
is reasonable because all “well-behaved” radicals in their time find applications.

For functional analysts, the radicals on Banach algebras are most interesting.
However, to have a more flexible technique, one has to consider topological radicals
defined on non-complete normed algebras and also algebraic radicals defined on
algebras without topology. For instance, the study of non-closed ideals of a Banach
algebra ideals which are complete in a larger norm (we call them Banach ideals)
turns out to be very useful. This is a reason to consider radicals in the wider
context. So we outline three levels of consideration of radicals: algebraic, normed
and Banach. The relations between these three theories are quite complicated.
For example, the restriction of rad to the class of all normed algebras cannot be
considered as a topological radical, because rad (A) can be non-closed in A if A is
not complete.

In this paper our main objects are spectral characteristics — spectrum, prim-
itive ideals, spectral radii of different nature, socle, nilpotency, spectral continuity
etc — and we construct special radicals and general procedures of the theory of rad-
icals aiming at applications to the spectral theory in its algebraic and functional
analytic aspects. The interplay between algebraic and functional analytic sides of
the spectral theory forces us to devote a large part of the paper to understanding
the links between algebraic and topological theories of radicals.

All main objects and constructions are related, to a greater or lesser extent,
to the scattered radical Rs.This radical associates with any Banach algebra the
largest ideal whose elements have at most countable spectrum. From the viewpoint
of the hierarchy of radicals the formulas

Ps = Rur A Rad, (1.1)
Rs = Rur V Rad (1.2)
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exactly determine the place of the signed radicals in Banach algebras: (1.1) and
(1.2) mean that the closed-Baer radical Pg is the infimum of Rys and Rad, and
Rs is the supremum of the same pair of radicals. All these radicals are topological,
but R, and Rad are the restrictions of some algebraic radicals to Banach algebras
while Pz and Rys have algebraic analogs.

The paper is organized as follows. In the first section we gather the necessary
preliminary information. The second section contains the basic definitions of the
radical theory and the discussion of additional properties of radical-like maps. We
present here also the basic examples of topological radicals. We introduce also
radicals defined on the class of C*-algebras.

We call by a procedure any rule that transforms ideal maps. The simplest
one which we use by default is the restriction of radicals to a subclass of algebras.
Section 3 is devoted to the study of several important procedures. The first two of
them (the convolution procedure P —— P* and superposition procedure P — P°)
were introduced by Baer in the purely algebraic context, and by Dixon in the
topological one. They produce a radical from an ideal map that lacks some stability
property — an under radical and an over radical; we complement Dixon’s results
for the case of normed algebras. The third one (the closure) is very simple —
from a map A — P(A) with non-necessarily closed ideals P(A) it makes the map
A +—— P(A) which can be a topological radical or be transformed into a topological
radical by means of the convolution procedure. Thus by means of the closure one
can obtain a topological radical from an algebraic one. The fourth procedure is
the regularization P —— PT"; it allows one to extend a radical from the class of all
Banach algebras to a class of normed algebras by taking the completion.

In Section 4 we study some operations (multiplace procedures), that produce
new radicals or radical-like maps from given families of radicals: supremum, infi-
mum and two-place procedures — the convolution operation * and superposition
operation o. One of our aims here is to show that they all are closely related. For in-
stance, the convolution and superposition procedures are the results of transfinite
applications of the convolution and superposition operations. Supremum is reached
by the convolution procedure; respectively, infimum is reached by the superposi-
tion procedure. We also study conditions which imply that a class of algebras is
radical or semisimple.

We consider the problem of heredity of a radical that is obtained by closure
and convolution procedures. A radical P is called hereditary if P(J) = J N P(A)
for any appropriate ideal J of an algebra. This property is very convenient for the
study and use of a radical. Since many (almost all) important radicals are con-
structed by means of the closure and convolution, the heredity problem is one of the
main inner problems of the theory. We give a criterion of heredity for the resulting
radical which works for almost all known examples. In particular this approach al-
lows us to answer in affirmative the question of Dixon [D3] about the heredity of the
closed-Baer radical Pg. This radical is the smallest one among topological radicals
on Banach algebras for which all algebras with trivial multiplication are radical.
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In Section 5 we deal with the property of commutativity modulo a radical.
Namely, starting with a radical P we define an under radical P%, such that P¢-
radical algebras are precisely those algebras that are commutative modulo P:

(A, A] € P(A).

We find the conditions on P under which P® is a radical, and check that they are
fulfilled for our main examples. For instance, this is true for all algebraic hereditary
radicals and their topological analogs obtained by the closure and convolution
procedures. In particular, rad?, R%, P&, Rie: Req and R are radicals. While the
first four radicals satisfy our criterion, the last two need a separate consideration
(the result for R, was proved in [ST7]). This underlines the advantage of the joint
consideration of algebraic and topological radicals. As the commutativity modulo
rad, Req and R; is often used in the theory of spectral radii of different types,
some important applications to spectral theory are indicated at the end of the
section and also in Section 9. In particular, we consider the sufficient conditions
for a Banach algebra to be Engel.

The subject of Section 6 is the very popular in the theory of algebras and
Banach algebras notion of the socle of an algebra. We consider the ideal map
soc : A — socle(A) and define a new procedure that transforms each radical P
into the convolution soc *P (“the socle modulo P”). By means of this procedure we
establish some relations between, for example, hypofinite radical and Baer radical.
Main applications of this construction will be given in Section 8 where we introduce
the scattered radical.

Our object in Section 7 is more spectral: we study procedures related to the
space Prim(A) of all primitive ideals of an algebra A. All of them begin with a
choice of a subset (A) C Prim(A), but such a choice (a primitive map) must be
done simultaneously for all algebras A in the given class, and subjected to some
natural restrictions. For example one can choose for 2(A) all the space Prim(A4),
or &, or the set of primitive ideals of finite codimension. If a primitive map is fixed
then the procedures we deal with are

e The Q-hull-kernel closure P<"® of a preradical P which sends A to the inter-
section of those ideals I € 2(A) that contain P(A);

o The Q-primitivity extension PP2 of P that sends A to the ideal of all elements
a € A such that a/I € P(A/I), for all I € Q(A).

Our main aims here are to study the interrelations between these procedures and
to find the conditions on P under which the produced maps have sufficiently
convenient properties. Note that the primitivity extension of the scattered radical
take a central place in applications to the spectral continuity.

Section 8 which can be considered central in this paper, is devoted to the
theory of the scattered radical Rs. Almost all constructions of the previous sections
find a reflection in or application to the theory of Rs. We introduce and study R
in its algebraic and Banach algebraic versions. The algebraic version of Ry is
defined via the socle and convolution procedure: it equals (soc*rad)*. We show,
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using the connection between both versions, that R is a hereditary topological
radical satisfying some additional flexibility conditions which allow one to use its
centralization and primitivity extensions.

Another important fact is that the structure space of an R,-radical algebra
is dispersed and that (the classes of the equivalence of) strictly irreducible repre-
sentations of such algebras are uniquely determined by their kernels (= primitive
ideals). We show that in hereditarily semisimple Banach algebras (in particular,
in C*-algebras) R, coincides with the hypocompact radical and that scattered
C*-algebras can be characterized by many other equivalent conditions.

The subject of Section 9 is the continuity of spectral characteristics of an
element or a family of elements of a Banach algebra. We show that the map
a — o(a) is continuous at points a € RP(A) where RP is the primitivity extension
of the scattered radical, and that this property is not fulfilled for elements of
RE*(A) and of R%. Among other results we obtain that if A is a C*-algebra then
RE*(A) is the largest GCR-ideal of A (so the radical RE* extends the GCR-radical
from C*-algebras to Banach algebras).

We construct topological radicals R, Rz and Rz that have the properties
that elements, compact subsets and summable families in R (A4), R (A4) and
R5:(A), respectively, are the continuity points for spectral radius, joint spectral
radius and tensor spectral radius, respectively. It is shown that R > RL*. Thus
the spectral radius, unlike the spectrum, is continuous at all elements of R2*(A).
In particular, p is continuous on any GCR C*-algebra.

In Section 10 we apply some of the listed results to the problem of recovering
the spectral characteristics of an element or a family of elements of an algebra
A from the corresponding information about its images in some quotients A/I,
where I belong to a fixed family F of ideals in A with trivial intersection. Our
main interest is in the joint spectral radius p(M) of a precompact set M C A — a
characteristic that attracts much interest not only in operator theory but in such
branches of mathematics as the topological dynamics and fractal theory. We show
that

p(M) = sup p(M/I) (1.3)

IeF

if F is finite, and extend this equality to the case of infinite family F for al-
gebras that have non-zero compact elements. An especially interesting case is
F = Prim(A4). We relate (1.3) to the equality p(M) = r(M), where r(M) is
a spectral characteristic introduced by Berger and Wang [BW]; in the algebras
where this equality holds for all precompact subsets (the Berger—Wang algebras)
the analysis of many spectral problem becomes much easier.

We show that in the R?*-radical Berger-Wang algebras the joint spectral
radius is continuous and find some criteria for (1.3) to hold. Then we study the
case of C*-algebras and show that each GCR-algebra is a Berger—-Wang algebra
and therefore (if one takes into account that GCR-algebras are RE*-radical) the
joint spectral radius is continuous on GCR-algebras.
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It is natural that simultaneous consideration of various kinds of radicals —
the algebraic ones, the radicals on Banach algebras, normed algebras, (Q-algebras,
C*-algebras and so on — can be difficult for the first acquaintance with the topic.
However, apart from the reasons above, it gives the possibility not to repeat similar
arguments many times. Anyway for the first reading it seems to be reasonable to
restrict oneself to a concrete type of radicals and consider only Banach or C*-
algebras. We can say that we did our best to simplify the text and, in particular,
following the advice of Laurence Sterne, generously lighted up the dark places by
stars.

1.2. Preliminaries

1.2.1. Spaces. Let X, U be linear spaces, and let Y and Z be subspaces of X. If
Z CY then (X/2)/(Y/Z)= X/Y. If (Yo)aea is a family of subspaces of X and
7 C maeAYa then

(NaeaYa)/Z = Naer (Yo /Z). (1.4)

If X is normed, let Y, or more exactly Y(X), denote the closure of Y in X, and X
denote the completion of X. If Z C Y is a closed subspace of Y then Y/Z 2 ¢ (Y),
where ¢ : X — X/Z(X) is the standard quotient map x —— the coset of x.

Let f: X — U be a linear map. If M C U then

M) ={zecX: f(x)e M}.

Clearly N C f=' (f(N)) for every N C X; N = f~' (f(N)) & N = f~1 (M) for
some M C U; in particular this holds if f is invertible. If X, U are normed, and f
is open and continuous, then

fTHM) = fH(M). (1.5)

If X is a linear space then L (X) is the algebra of all linear operators on X,
F (X) the ideal of finite rank operators. If X is normed then B (X) is the algebra
of all bounded operators, K (X) is the ideal of compact operators.

1.2.2. Algebras. Let A be an associative complex algebra; then A! equals A if A
is unital, and is the algebra obtained from A by adjoining the identity element
otherwise. In what follows, an ideal of an algebra means a two-sided ideal. If I is
an ideal of A then ¢; denotes the standard quotient map A — A/I by default;
we also write a/I instead of gr (a) for any a € A. Respectively, if M = (aq), is
a family in A then M/I denotes the family (an/I), in A/I. Define operators L,
R, and W, on A by

Loz = az, Ryx = za and W, = L Ry;

again Ly is a family (L, ), of operators. Such rules act for sets by default.
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1.2.3. Representations. A representation 7w of an algebra A on a linear space X
is called strictly irreducible if w(A)§ := {n(a)§ : a € A} = X, for every & # 0.
Representations 7 and 7, acting on the spaces X and Y, respectively, are equivalent
(write m ~ 7) if there is a linear bijective operator T : X — Y satisfying the
condition T'r(a) = 7(a)T for all a € A. The direct sum @, 7; of representations
T, ..., Ty, acting on the spaces X, ..., X, is the representation 7 on X = @], X;
defined by the formula

m(a)(®imi &) = Ditami(a)és.

It is well known (see for example [Ln, Chapter 17]) that if strictly irreducible
representations 71, ..., T, are pairwise nonequivalent and 0 # 7; € X;, 1 <1i <mn,
then the vector n = @ n; is cyclic for the representation m: w(A)n = X.

Lemma 1.1. Let {m; : 1 < i < n} be pairwise non equivalent strictly irreducible
representations. Then Y ., rank(m;(a)) < dimaAa for any a € A.

Proof. Fix a € A. We may suppose that dim aAa < oo and that m;(a) # 0 for all 4.
Let 7 = @} m and X = ®]_; X;. Clearly

dim 7(aAa)¢ < dimada

for each £ € X. Let us choose vectors & € X; such that 7; := m;(a)§; # 0,
1 <i < n.Let & = @ &; then the vector n = m(a) = @& mi(a)&; is cyclic for
m(A). Therefore W(aAa)f m(a)m(A)n = m(a)X = &7 m;(a)X; whence

dim7(aAa)§ Z dim7;(a;) X; = Z rank(m; (a O

Let Irr (A) be the set of all strictly irreducible representations of A, Prim (A)
the set of all primitive ideals, i.e., the kernels of all © € Irr (A). For any subset
E of A, let h(E; A) be the set of all I € Prim (A) with £ C I and kh(E;A) =
Nren(e;a)L-

If 7 € TIrr (A) then let X, be the space on which 7 acts (the representation
space). It is well known that if A is not unital then

Irr (AY) = {mpiv : A' — AV /A2 ClU{r' i 7 elir (4)}, (1.6)
Prim (A') = {4} UPrim (A) and rad (4") = rad (A) (1.7)

where every 7 € Irr (A) extends to 7' € Irr (A') by setting ! (141) = 1x, .
If J is a proper ideal of A then

Irr (J) = {n|y:m e lir (A4), 7 (J) #0}, .
Prim (J)={INJ:1€Prim(A),INJ#J}. (1.9)
Every m € Irr (J) can be uniquely extended to a representation 7 € Irr (4). To

construct the extension it suffices to choose a non-zero vector ¢ € X, and, for each
a € A, toset 7(a)& =m(ab)( for every b € J such that & = 7 (b) (.



178 V.S. Shulman and Y.V. Turovskii

Every m € Irr (A/J) induces w4 € Irr (A) by setting m4 (a) = 7w (a/J) for
every a € A. Every m € Irr (A) with 7 (J) = 0 induces m,, € Irr (A/J) by setting
mq, (q7 (a)) = 7 (a) for every a € A. Hence

Prim (A/J)={I/J:1 € Prim(A),J C I}. (1.10)

Note that A/J can be unital for an non-unital algebra A.
If f : A — B is a homomorphism onto then 7 € Irr (B) induces 7/ € Irr (A)
by setting ©f (a) = 7 (f (a)) for every a € A. So

{f~'(I):1€Prim(B)} C Prim(A). (1.11)

Let A be a normed algebra, let Irr, (A) (respectively, Irry, (A)) be the set of all
continuous strictly irreducible representations of A by bounded operators on a
normed (respectively, Banach) space, and let Prim, (4) = {kernw : 7 € Irr,, (A)}
and Primy, (4) = {kerw : 7 € I}, (A) }.

It should be noted that for a C*-algebra, a primitive ideal is defined as the
kernel of an irreducible *-representation on a Hilbert space. The fact that this
definition is equivalent to the general one, is proved in [Dm, Corollary 2.9.6].

1.2.4. Q-algebras. A normed algebra A is called a Q-algebra if the set of all in-
vertible elements of A' is open. A normed algebra A is a Q-algebra < Y [ a”
converges for any a € A with |la|| < 1 & every strictly irreducible representa-
tion of A is equivalent to a continuous representation by bounded operators on a
normed space [ST5, Theorem 2.1]. A normed algebra A is called a Qy,-algebra if
every strictly irreducible representation of A is equivalent to a continuous repre-
sentation by bounded operators on a Banach space.

Let A be an algebra and a € A. The spectrum o (a), or more exactly o4 (a),
is the set of all A € C such that a — ) is not invertible in A'; this is related to the
definition in [BD]. So 04 (a) and 041 (a) determine the same set, but sometimes
we prefer to write o 41 (a) for exactness.

Let B be a subalgebra of A; it is called a spectral subalgebra of A if

op (a)\{0} = 04 (a) \ {0}
for every a € B. Every ideal of A is a spectral subalgebra of A; a normed algebra

A is a Q-algebra < A is a spectral subalgebra of /T, see [P, Theorem 4.2.10] and
[KS, Lemma 20.9].

1.2.5. The joint spectrum. For the joint spectral theory in Banach algebras we
refer to [H, M. If M = (an), C A is a family in A then the left spectrum o' (M)
is the set of all families A = (A\), C C such that the family M — X := (aq — Aa),
generates the proper left ideal of A'. The right spectrum o” (M) is defined similarly
by replacing ‘left’ by ‘right’; o (M) = o' (M)Uo™ (M) is called the Harte spectrum,
or simply the spectrum. We write ¢! (a) and o” (a) if M = {a}. Let A be unital.
A subalgebra B of A is called unital if it contains the identity element of A, and
inverse-closed if B contains 2! for every x € B which is invertible in A. If B is
inverse-closed then op (a) = 04 (a) for every a € B.
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The following folklore lemma determines the operational possibilities of the
joint spectra.

Lemma 1.2. Let A be an algebra and M = (aq), be a family in A. Then
(1) X ¢ oYy (M) if and only if \|§ & o4 (N) for some ﬁm'te subfamily N C M;
(2) If B is a unital subalgebra of A* and M C B then O'A (M) C oy (M);

(3) Iff A — C' is a surjective homomorphism then o, (f (M)) C o'y (M);
) o

(4) o' (M) =o' (M/rad (A)).

Proof. (1), (2) and (4) are standard and trivial.

(3) Consider only the case when C' is unital and A is not. One can extend f
up to f': AL — C by setting f’(14) = 1¢, whence ol (f' (M)) C ol (M), but
[T (M) = f(M). 0

If N = (Tp) is a family in L (X) then o% (N), or simply o? (N), is a point
spectrum of N, i.e., the set of all A = (A\g) C C such that there is a non-zero
vector ¢ € X and Tg¢ = Ag(; A is called the eigenvalue of N corresponding to
the eigenvector (. If X is normed then it is useful to use the approximate point
spectrum o% (N), or simply o® (INV); it is the set of all A = (Ag) C C such that
there is a net ¢ = ({,) C X with lim, ||(,]] > 0 and lim, [[(Ts — Ag) 4] = O
for every (; X is called the approzimate eigenvalue of N corresponding to the
approzimate eigenvector (. If A is a normed algebra and M is a family in A then
set 0% (M) =% (Lar).

If T'e L (X) then put ox (T) := or(x) (T). If T is one-to-one and onto then
T is invertible in L (X) whence ox (T') = ok (T) U TL(x) (T). If X is a Banach
space, T' is bounded and the kernel and the image of T satisfy the mentioned
conditions then T is invertible in B (X) by Banach’s theorem, whence

opx) (T) = 0% (T)Uopx) (T) = o (T) U oy x) (T) = ox (T) (1.12)
Theorem 1.3. Let A be an algebra and M be a family in A. Then

(1) O'f4 (M) = UTrEIrr(Al)O-A];(7r (71' (M))7

(2) If 7 is a representation of A' by bounded operators on a normed space X
then 0% (m (M)) C ol (M);

(3) If A is a Q-algebra then o'y (M) = Urcryy, (anyo%. (m (M)).

Proof. (1) For A € o4 (M), there is a maximal left ideal .J of A' such that M —\ =
(aq — Aa) C J # Al. The representation m of A! defined by 7 (b) = Ly|x is strictly
irreducible where X = Al/.J. For £ = 1/J € X we obtain that 7 (a,) & = A& for
every a. Therefore A € o (7 (M)). We proved the inclusion C.

Conversely, let A € 0% (7 (M)) for some 7 € Irr (A'). Then 7 (aa — Aa) € =
0 for some non-zero vector £ € X, and each a. But {z € A : 7 (2)£ =0} is a
proper left ideal of A'. Therefore A € !y (M).

(2) Let 0 € 0%_ ( (M)) \o'y (M). By Lemma 1.2, there is a finite subfamily
N = (aa)y C M with 0 ¢ o' (N). So there are b, € A for « € A’ such that
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> oarbata =1.1f ¢ = ({y) C X is an approximate eigenvector related to 0 then
0 <lim||¢, | < lim Z 7 (bata) Gy < Z [ (bo) [ 1im [|7 (@) Gy (| = O,
K K aEN acEN’ K
a contradiction. Therefore 0% (m (M)) C oy (M).
(3) follows from (1) and (2). O

One can obtain the related statements for o, (M) if we pass to the opposite
algebra.

1.2.6. Spectrum and primitive ideals. If an algebra A is normed then o (a) is not
empty by the Gelfand—Mazur theorem; if A is a Q-algebra then o (a) is a compact
subset of C.
Theorem 1.4. Let A be an algebra and a € A. Then

(1) 04 (a)\0'y (@) € Unermgan oy, (7 (@));

(2) The following chain of equalities holds:

o (a) = Ureprim(ar)0ar /1 (a/I) = Urene(ar)on(ar) (7 (a))
= Urenr(a1)0x, (7 (a)) = Urenr(ar) (0%, (7 (a)) Ud (7 (a)));
(3) If A is a Q-algebra then
04 (a) = Urerm, (4105 4y (7 (@) = Urenr,(a)08(x,) (7 () ;

(4) If A is a Qp-algebra then
74/(2) = Unetun, (a1) (0%, (7 (@) Uafxy (7 (@) -

Proof. (1) Let A € 04 (a)\oY (a); then there is b € A’ such that b(a —\) = 1.
Assume, to the contrary, that A ¢ o7 v (7 (a)) for every m € Irr (A): there is
an operator T on X, such that (7 (a) = A\) T = 1. As 7 (b) (7 (a) — A) = 1 then
Ty = (b) for every m € Irr (A'). Hence (a — X) b—1 € Nyepe(an) ker m = rad (A*)
and (a—A)b = 1+ ¢ for some ¢ € rad (A'). So (a—XNb(1+¢)"" =1 and
A ¢ 04 (a), a contradiction.

(2) By Lemma 1.2(2-3),

OA (a) D0ALT (a/I) = Or(Al) (’/T (a)) D OL(X,) (’7‘(’ (a))
= o, (m(a)) Uopx, (7 (a))

where 7 € Irr (A') and I = ker 7. The result follows from (1) and Theorem 1.3(1).

(3) If Ais a Q-algebra then every 7 € Irr (A') is equivalent to a (bounded)

strictly irreducible representation by bounded operators on a normed space X.
Asm(A) Cc7m(A) C B(X,;)C L(X,) then

oLx,) (m(a)) = op(x,) (7 (@) C oy (7 (a)) C on(a) (7 (a))

for every m € Irr (A'), and the result follows from (2).
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(4) If A is a Qp-algebra then every 7 € Irr (A') is equivalent to a (bounded)
strictly irreducible representation by bounded operators on a Banach space X.
Then the result follows from (3) and (1.12). O

The first equality in Theorem 1.4(2) was proved in [Z2, Proposition 1] (for
Banach algebras).

Corollary 1.5. Let A be an algebra, and let I be an ideal of A and a € A. Then
(1) If (A/1)' =2 AY/T then
oay1(a/1) = a1 jkn(rany (a/kh (1;AY)) = Ujenianoa g (a)J);
(2) If (A/1)' 2 AY/T then
oasr(a/l) =0apn;a) (a/kh(I; A)) = Ujena)0a,5 (a/J)
(3) If Ais a Q-algebra then oa/y (a/I) =047 (a/1).
Proof. (1) As kh (I; AY) = ¢; ' (rad (A'/I)) then
AY/kh (I; AY) = (AY/1) /rad (AY/1) = ((A/T) [ vad (A/1))" (1.13)
The first equality follows from Lemma 1.2(4). As
Prim (A'/I) ={J/I:Jeh([;A")}
by (1.10) and (A'/I) /(J/I) = A'/J then, by Theorem 1.4(2),

oasr(a/I) =Usen;anoar/ny oy (@ (J/1) = Usen;anyoar g (a/J) .

(2) This is the case when A/I is unital and A is not unital. We see as in (1.13)
that A/kh(I;A) = ((A/I)/rad(A/I))" is unital and the first equality follows.
Furthermore, Prim (A/I) = {J/I:J € h(I;A)} by (1.10). If J € h(I;A) then
A/J is also unital, whence as in (1) we have 04,5 (a/I) = Ujen(r;a)04,5 (a/J).

(3) Consider only the case (A/I )' = AL /T because the other case is similar.
As primitive ideals are closed, I C J for every J € Prim (A') with I C J. Then
IcIckh (I; Al) implies a1 /in(r;41) (a/kh (I;Al)) Coar (a/T) Coayr(a/l)
and the result follows from (1). O

Remark 1.6. As a consequence of Corollary 1.5, the spectrum of a/I in the quotient
A/I of a Q-algebra A by a possibly unclosed ideal I is a compact set in C.

1.2.7. Banach ideals. Let A be a normed algebra with norm |[-||; we write also
(A;[]]))- An ideal I of A is called normed if there are a norm |-, on I and ¢ >0
such that
lall <t 2],

for every x € I; the norm ||-||, is called flexible if t = 1. A normed ideal I with
a flexible norm is also called a flexible ideal; I is called a Banach ideal if it is
complete with respect to [|-|;.

An ideal of A with the norm inherited from A is of course flexible. We will
describe now a more interesting class of examples.
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It is well known that the sum of two closed ideals I and J of a Banach algebra
A may be non-closed, see an excellent discussion in [D4]. One can consider this
sum as a Banach ideal with the norm

lallpyy =it {{lzll + Iyl : a =z +y, et yecl}

for every a € J+ I. If J NI = 0 then there is only one pair z € J, y € I with
a=z+yand |lall;,; = [|=|| + [[y|l. So we have in general for z € J, y € I that

[z +yll gy =inf{llz =z +lly+ =l : z€ JNT}.

It is clear that if @ lies in I or J then [la|| = [|al[; ;. Therefore J NI is a closed
ideal of K := (J +I;||-l;,.;)- Then K/ (J N 1) is a Banach algebra with the norm

la/ (N Dlleseson = le/ (T AD] +lly/ (TN D]

fora/(JNI) =a/(JNI)+y/(JNI) with z € J, y € I. Also, I/(JNI)is a
closed ideal of K/ (J N I), whence clearly

(a/ (D) /(L) (T OD) re/rnm))/ 100

inf {|lz/ (SN + Ity —2)/(JNI)|:z €I}

[/ (J NI (1.14)

On the other hand, as I is a closed ideal of K then

la/lg/r = inf{lla—z2[l;,,:2€1}
=inf{|jz|| +|yl|l:a=2x+y+z,z€J,y,z€I}.

la/Illx s

So we obtain the following
Lemma 1.7. Let (A, || - ||) be a normed algebra, and let I,J be closed ideals of A.
Then

(1) J/(JN1I) is isometrically isomorphic to (J + I) /I with the norm

o/ gqryyr = E{llzll + llyll e =2 +y+2,2€J,y,z€1}.
(2) (J+1) /1 with norm |||, 1y, s a flexible ideal of A/I.

Proof. (1) There is a bounded isomorphism ¢ from J/ (JNI) onto (J + 1) /I, so
for every x/ (J NI) with z € J there is only one a/I with a € J 4 I. The above
argument clearly works if A is a normed algebra, and (1.14) shows that ¢ is an
isometry.

(2) is obvious. O

Remark 1.8. It follows from the lemma that if A is a Banach algebra then the
ideal (J + 1) /I with norm ||-[| ;) ,; is a Banach ideal of A/I. Indeed, J/ (J N 1)

is complete whence (J + I) /I with norm ||-[| ;. ), is complete.
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2. Radicals and other ideal maps

2.1. Definitions

Radicals are defined on classes of algebras satisfying some natural conditions (see
[ST5]). For our aims it is sufficient to assume as a rule that each of these classes,
31, is either the class i, of all associative complex algebras for the algebraic case
or one of the classes U}, and I, of all Banach and all normed associative complex
algebras, respectively, for the topological case. We consider also radicals defined
on subclasses of these classes, for example on the subclass of 4, consisting of all
Q-algebras and the subclass of i, consisting of all C*-algebras.

We use the term morphism for a surjective homomorphism in the algebraic
case and an open continuous surjective homomorphism in the topological case. In
what follows, unless necessity for clarity we omit words ‘algebraic’ or ‘topological’
for notions of the radical theory in statements valid in both the algebraic and
topological contexts. Sometimes we add necessary topological or algebraic speci-
fications in square brackets. For instance, the expression “a [closed] ideal” means
that the ideal in the proposition must be closed when we consider the proposition
in the topological context.

A map P on i is called a [closed] ideal map if P(A) is a [closed] ideal of
A for each [normed] A € 4. An algebraic (respectively, topological) radical is a
(respectively, closed) ideal map P that satisfies the following axioms:

Axiom 1. f (P (A)) C P(B) for every morphism f: A — B of algebras from $;
Axiom 2. P(A/P (A)) =0;

Axiom 3. P (P (A)) =P (4);

Axiom 4. P (I) is an ideal of A contained in P (A), for each ideal I € 81 of A.

It is assumed in Axiom 4 that if A is normed then the norm on I is inherited
from A. If a (closed) ideal map P satisfies Axiom 1 on 4 then P is called a pre-
radical on 4; P is called pliant if Axiom 1 on 4 holds with algebraic morphisms.
A (non-necessarily closed) ideal map P is a preradical with topological morphisms
if it defined on a class of normed algebras and satisfies Axiom 1 with topologi-
cal morphisms (this class of maps contains the restrictions of arbitrary algebraic
preradicals to classes of normed algebras). Algebraic preradicals are always pliant.

Lemma 2.1. Let P be a pliant preradical, and let A be an algebra with two norms
I-lly and ||-[ly- Then P (A;[|-[l,) = P (A; [|]]5)-

Proof. Indeed, the identity map (A;|-|;) — (4;]-||5) is an algebraic isomor-
phism. O

Sometimes the intermediate definitions are useful: a preradical P on 4 C i,
is called strict if

f(P(A)) = P(B) (2.1)
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for any continuous isomorphism f : A — B of algebras from &I, and called strong
if P satisfies Axiom 1 with respect to the continuous surjective homomorphisms
of algebras from . It is clear that every strict preradical is strong.

Remark 2.2. For radicals on 4, or i, our definition coincides with Dixon’s one,
but for normed algebras the definitions differ:

(1) We do not assume that ideals in Axiom 4 are closed;
(2) In [D3] the morphisms are not necessarily open.

A preradical P is called hereditary if
P(I)=INnP(A)

for every ideal I of an algebra A € {l. The class of hereditary radicals is especially
important; the heredity of a preradical P implies the fulfillment of Axioms 3 and
4 for P. So one can define hereditary radicals as hereditary preradicals satisfying
Axiom 2.

In several cases we will impose on a preradical P, defined on i}, a more
strong condition — the condition of Banach heredity:

P(L,|||,) = LN P(A) for any Banach ideal (L, |||,) C A4, (2.2)

where A is a Banach algebra. One can introduce similarly the condition of flexible
heredity, for normed algebras.

An algebra A € il is called P-radical it A = P(A) and P-semisimple if
P (A) = 0. Let Rad (P) denote the class of all P-radical algebras and Sem (P)
the class of all P-semisimple algebras. A preradical P is called uniform if every
subalgebra B € il of a P-radical algebra is P-radical. It is clear that uniform
radicals are hereditary.

By definition [D3], an under radical is a preradical which satisfies all axioms
besides, possibly, Axiom 2. For instance, any hereditary preradical is an under
radical; moreover, restrictions of algebraic radicals to appropriate classes of normed
algebras are algebraic under radicals in general. The dual notion for under radicals
is the notion of over radical. By definition [D3], an over radical is a preradical which
satisfies all axioms besides, possibly, Axiom 3.

In the class of preradicals on il there is a natural order: Py < Py if P; (4) C
Py (A) for each A € il. We write Py < Py if P; < Py and Py # P». It is easy to see
that

P, <P, — Rad (Pl) C Rad (Pg) and Sem (PQ) C Sem (P1) . (23)
The following theorem is useful for comparing radicals.

Theorem 2.3. Let P, and P be over radicals on U, and let Ry and Ry be under
radicals on . Then

(1) Sem (P;) C Sem (Py) if and only if Py < Ps;

(2) Rad (R;) C Rad (R2) if and only if R1 < Rs.
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Proof. Let A be an algebra. Then Ry (A) € Rad (R;) by Axiom 3 and A/P5 (A) €
Sem (P,) by Axiom 2.
(1) If Sem (P;) C Sem (P;) then A/P5 (A) € Sem (P;). As P, is a preradical,

q(P1(A) C PL(A/P(A4))=0

for the standard quotient map ¢ : A — A/P>(A). Therefore P, (A) C P (A),
ie., P < Py, and (2.3) completes the proof.
(2) If Rad (Ry) C Rad (R2) then Ry (A) € Rad (R2). As R; (A) is an ideal
of A,
Ry (A) = Ry (R1 (A)) C Rz (4)
by Axiom 4, i.e., Ry < R, and the converse follows by (2.3). O

Corollary 2.4. Let Py and P> be radicals on L. If Sem (P;) = Sem (P) or
Rad (Pl) = Rad(Pg) then P1 = Pg.

2.2. Classes of algebras

2.2.1. Base classes of algebras. Let us say more about classes of algebras on which
the radicals are defined. It is convenient to assume by default that a class of
algebras contains all appropriate [topologically] isomorphic images of its elements.

A class 4 of algebras is called algebraically universal if it contains quotients
and ideals of algebras from 4. A class U of normed algebras is called universal if
it contains quotients by closed ideals and ideals of algebras from 4, and ground if
it contains quotients by closed ideals and closed ideals of algebras from 41.

For instance, i, is algebraically universal, il,, is universal, and 4l is ground.
These classes are main in this paper. We also use the following classes of algebras:

(1) Uy and g, are the class of all Q-algebras and Qn-algebras, respectively. These
classes are universal [ST5].

(2) #4 is the smallest universal class containing all Banach algebras. An algebra
A is called a subideal of an algebra B if there is a finite series of algebras
A=1yC---C I, =B such that I;_; is an ideal of I; for i = 1,...,n; in
such a case A is called an n-subideal of B. By [ST5, Theorem 2.24], 4" is the
class of all subideals of Banach algebras.

(3) U+ is the class of all C*-algebras. Recall that every closed ideal of a C*-
algebra is automatically self-adjoint [Dm, Proposition 1.8.2]. So this class is
ground.

2.2.2. About the definition of radicals in C*-algebras. We will also consider the
restrictions of radicals of Banach algebras to .. The work with C*-algebra has
several advantages:

(1) The sum of two closed ideals of a C*-algebra is closed [Dv, Corollary 1.5.6];

(2) Each irreducible *-representation of a C*-algebra is strictly irreducible [Dm,
Theorem 2.8.3];

(3) A closed ideal of a closed ideal of a C*-algebra is an ideal of the algebra [Dm,
Proposition 1.8.5].
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So Axiom 4 for radicals on C*-algebras is equivalent to the following:
Axiom 4 for H.«. P(I) C P(A) for any closed ideal I of A.

As C*-algebras are semisimple, every morphism in .« is automatically con-
tinuous by Johnson’s theorem [J]. It seems to be natural to consider all *-epi-
morphisms (i.e., *-morphisms) as morphisms in i.+. The following result shows
that this does not change the class of preradicals.

Theorem 2.5. Let P be a closed ideal map on Ue-. If f(P(A)) C P(B) for each
*-morphism f : A — B then the same is true for all morphisms.

Proof. Let f : A — B be an epimorphism, J = ker f and C = A/J. Then
f = g oqy, where g is an isomorphism of C' onto B. So it suffices to show that
qs(P(A)) C P(C) and g(P(C)) C P(B). The first inclusion is evident because ¢
is a *-epimorphism.

One can consider B as an operator C*-algebra, that is, a closed *-subalgebra
of B(H) where H is a Hilbert space. It was proved by T. Gardner [Gr] that
g = g1 © g2 where go is a *-isomorphism of C' onto B, and ¢g; : B — B acts
by the rule

g1(x) = vav™?

where v is an invertible positive operator on H. So, to prove that g(P(C)) C P(B),
it suffices to show that g; preserves closed ideals of B.

Let S be the operator on B(H) defined by Sz = vzv~! for all z € B(H).
By the assumption, S preserves B and g; = S|p. Clearly S is a product of two
commuting operators: S = L,R,-1. Since L, and R,-1 have positive spectra on
B(H), the same is true for S on B(H).

Let us denote by log the holomorphic extension of the function

00 NE—1
o2 =3 Ty

k=1

from the disk D = {z : |z — 1| < 1 to C\ (—00,0]. By the functional calculus,
this function can be applied to every element of a Banach algebra whose spectrum
does not intersect (—oo,0] C R. As E:={K € B(B(H))): KB C B} is a Banach
algebra and S € E has spectrum outside of (—o0,0] C R then the operator T' =
log S preserves B.

Moreover, T' = log L, + log R,,—1. Indeed, to prove that

log(14+A(L,—1)) 1+ A(Ry-1 — 1))
=log(14+ A (L, = 1)) +log(1+ A (R,-1 —1))
for A\ = 1, it suffices to show that the equality holds for sufficiently small |A|.

Clearly the equality ¢(KL) = ¢(K) + ¢(L) is checked for commuting operators
K, L having spectra in D by the calculation as in the case of numerical series.
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Let u = logv. As 0 = logl = logv + logv™! and logL, = Liogv then
logL, = L, and logR,-:1 = —R,. We proved that the operator T" acts by the
formula
Tr =uxr —zu
for x € B(H) and preserves B.

The restriction of T to B is a derivation of B and therefore preserves closed
ideals of B. Indeed, if I is a closed ideal of B then it is a C*-algebra, so it has a
bounded approximate identity whence, by [BD, Theorem 11.10], each a € J can
be written in the form a = be for a,b € J, and

T(a) =bT(c)+T(b)ce I
Therefore S = exp(T) also preserves all closed ideals of B. O

As aresult, Axiom 1 for radicals on C*-algebras is equivalent to the following:
Axiom 1 for U«. f (P (A)) C P(B) for any *-morphism f: A — B.

2.3. Some important examples
2.3.1. The Jacobson radical. The most famous radical on 4, is the Jacobson rad-
ical rad which is defined by

rad(A) = ker Prim(A') := N{I : I € Prim(A")}

for every algebra A; rad is an algebraic hereditary radical. As usual, A is called
radical if A =rad(A), and semisimple if rad (A) = 0. By Johnson’s theorem [J],
the topology of a complete norm in a semisimple Banach algebra is unique.

Theorem 2.6. Let A, B be Banach algebras, and let P be a topological over radical
such that rad < P on Banach algebras. Then

(1) If f : A— B is an algebraic morphism then f (P (A)) C P(B);
(2) If f: A— B is an algebraic isomorphism then f (P (A)) = P (B).
Proof. (1) Let B' = B/rad (B) and ¢ : B — B’ be the standard quotient map.
Then go f : A — B’ is a topological morphism by Johnson’s result [A, Corollary
5.5.3]. Therefore (qo f) (P (A)) C P(B’), whence f (P (A)) C ¢~ (P (B")).
Let g : B/rad(B) — B/P(B) be the natural morphism, then
g(P(B/rad(B))) C P(B/P(B)) =0
whence P (B’) = P(B/rad(B)) C kerg = P(B)/rad(B) = ¢(P(B)). Thus
F(P(A)) Cq ' (¢(P(B))) = P(B).
(2) follows from (1) since f~!: B — A is also an algebraic morphism. [J

As a consequence, topological radicals larger than (or equal to) rad on Banach
algebras do not depend on the complete norm topology.

Let Rad be the restriction of rad to Banach algebras: Rad = rad |y, . Then
Rad is a pliant hereditary topological radical, while the restriction rad |y, is not
even a topological radical [D3]. The reason was already discussed: a normed algebra
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can have nonclosed primitive ideals. It is clear that Rad has a unique hereditary ex-
tension to L, namely rad [yx. The hereditary extension of Rad to normed algebras
is given by the reqular Jacobson radical Rad” (see Section 3.3):

Rad’ (A) = {a €A:plab)=0Vbe 2} (2.4)

1/n

where p (a) is a (geometric) spectral radius inf,, ||a™|"". Below we consider the

other topological hereditary extensions of Rad to .

2.3.2. Primitive maps and related radicals. Let il be a base class of algebras. A
rule that indicates, for each algebra A € 4, a subset Q2 (A) of Prim (A) is called a
primitive map on U if

(Ipm) Q(B) ={f{I):Ie€Q(A)} for an injective morphism f : A — B of
algebras from 4;

(2pm) QJ)={IJNI:T€Q(A),JNIF#J} for every ideal J € i of A;

Bpm) QA/T)={J/I:1€Q(A),J C I} for every [closed] ideal J € Ll of A.

If (1p,) holds for arbitrary isomorphisms of algebras A, B € 4, then we say
that Q is pliant; in other words, a primitive map 2 on il is pliant if the following
condition holds:

(4pm) € (A) does not depend on the choice of a norm in A, for every A from 4
(in short: on the choice of 4-norm).

Clearly all primitive maps on 4, and on 4.« are pliant.
Proposition 2.7. All primitive maps defined on Banach algebras are pliant.

Proof. Let A be a Banach algebra. It follows from (3,,,) that € (A) is uniquely de-
termined by Q (A/ Rad (A)), but A/ Rad (A) has only one complete norm topology
by Johnson’s theorem. O

The following proposition is straightforward.

Proposition 2.8. A primitive map defined on some class 34 of normed algebras is
pliant if and only if it does not depend on the choice of a -norm on semisimple
algebras from L.

It is easy to see from the results of Section 1.2.3 that setting 2(A) = Prim(A)
for each A, we obtain a primitive map on ,; it will be denoted by Prim.

Theorem 2.9. Let F = () be a family of (pliant) primitive maps. Then
(1) Qar : A — NaQa (A) and Qur : A — UaQq (A) are (pliant) primitive
maps;
(2) If Q; is a (pliant) primitive map for i = 1,2 then so is Q1\Q2 : A —
0 (A)\Q2 (4).



Topological Radicals, V 189

Proof. (1) Since

UaQa (J) = Ua {JNT:T€Q,(A), NI+ J}
= {JNT:T€UQ0(A),JNT+J}

we obtain (2,,,) for Quzr. The remaining assertions can be proved similarly.
(2) Since

(Q\Q) (A)J) = {J/T:T € (A),J CII\{J/I:T€Qy(A),JCI}
= {J/I:T€ Qi (A)\Q2(A),J C T}

we get (3pm ) for 1\Qs. The other conditions can be checked in a similar way. O

As usual for subsets of Prim (A), ker Q (A4) is simply N{I: I € Q(A)}. We
define an ideal map Il by

Il (A) =kerQ (A)

for every A € 4, meaning that Il (A) = A if Q(A) = &, or, more formally, by
IIn (A) = AnkerQ (A). Not all primitive maps determine radicals (see Example
2.14). The obstacle is that the ideals Il (A) can be non-closed.

Theorem 2.10. Let Q be a primitive map on . Then

(1) If (2 is pliant and) & C Ly then g is a (pliant) topological hereditary radical;
(2) If Q is pliant and g C h C Uy, then Il is a pliant hereditary preradical;
(3) If b =L, then Ig is an algebraic hereditary radical.

Proof. (3) Let A € il be an algebra, and let J € U be an ideal of A. It follows from
(2pm) that g (J) = J N1Ig (A). So IIg is hereditary.
Let J =TIg (A). Then J C I for every I € Q(A). By (1.4),

T (A/J) = ker Q(A) /J =TI (A) /J = J/J = 0.

As every morphism is represented as the superposition of a standard quotient map
and an injective morphism, (1,,,) and (3,,,) imply that Il is a pliant radical on 4l.
(1) Indeed, every strictly irreducible representation of a normed @Q-algebra
A is equivalent to a bounded representation by bounded operators on a normed
space [ST5, Theorem 2.1]. So Prim (A) consists of closed ideals and Ilg, is a closed
ideal map on normed Q-algebras. As in (3), Ilg is a hereditary radical.
(2) is evident. O

Remark 2.11. An algebra A € 4 is Ig-radical if and only if Q(A) = @, and A
is IIg-semisimple if and only if N{I:I € Q(A)} = 0; it is clear that every Ilo-
semisimple algebra is rad-semisimple, i.e., rad < IIg on 4. In particular, Theorem
2.6 holds for P = Ilq.
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The following statement is obvious.

Corollary 2.12. Let Q) be a pliant primitive map on a universal class 4 of normed
algebras. Then g satisfies the condition of flexible heredity (in particular, the
condition of Banach heredity) and f (P (A)) = P(B) for an algebraic injective
morphism f: A — B of any algebras A, B € il.

See the definitions of Primy (A) and Primy (A) for a normed algebra A in
Section 1.2.3.

Example 2.13. Prim,, and Primy, are primitive maps on .

Proof. In virtue of Section 1.2.3, it is sufficient to check that the declared properties
of representations from Irr, (A) or Irry, (A) are preserved under passing to an ideals,
quotients, actions of isomorphisms and taking the converse manipulations. But this
is straightforward in virtue of [ST5, Lemmas 2.3 and 2.4]. O

The topological radicals Ilpyim, and Ilpy,, coincide with the introduced
in [D3, ST5] extensions rad;, and rad, of Rad to normed algebras. On the base
of Prim,, and Primy, one can construct other useful primitive maps by imposing
additional requirements on representations 7 from Irr, (A) or Irry, (A4).

Example 2.14. By Theorem 2.9, Q,, := Prim \ Prim, and Qy, := Prim\ Primy, are
primitive maps on i,, but Ilo, and Ilg, are not closed ideal maps on i,; Q-
algebras are Il -radical, and Il (A) is a Q-algebra for every normed algebra A.

The simplest characteristic of a representation is its dimension. Recall that
the dimension of w € It (A) is the dimension of X. Let N be a subset of N U {co},
and let IrrY™SY (A) be the set of all representations m € Irr (A) such that dim X, €

N. Respectively, let Prim®™&V (4) = {kerw s € IrpdimeN (A)} The simplest
special cases of the relation dim € N are dim = 1, dim > 1, dim < oo.
Theorem 2.15. Let N C N U{oo}. Then Prim™™ N is a pliant hereditary primitive

map.

Proof. Tt suffices to note that the representation spaces are not changed when we
extend a representation from an ideal to the algebra, restrict to an ideal or induce
the strictly irreducible representations from a quotient. O

Corollary 2.16. Let N C NU{oo}. Then the map
I‘addimeN A — HprimdimEN (A)
s a hereditary radical on A,.

Note that rad™€V is a pliant hereditary topological radical on @Q-algebras.

Example 2.17. An algebra A is rad¥™>!-radical < A admits only one-dimensional

strictly irreducible representations, and A is raddim:l—semisimple &> the intersec-
tion of kernels of one-dimensional strictly irreducible representations is trivial.
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Respectively, A is rad™=>_radical < A admits only finite-dimensional

strictly irreducible representations, and A is raddim<°°—semisimple &> the intersec-
tion of kernels of finite-dimensional strictly irreducible representations is trivial.

Let us finish by showing that in terms of primitive maps one can define one of
the most important objects of the theory of C*-algebras — the largest GCR-ideal.

Recall that a C*-algebra A is called elementary if it is isomorphic to the
algebra IC(H) of all compact operators on some Hilbert space H. Furthermore, A
is a CCR-algebra (a GCR-algebra) if for every irreducible representation m of A,
the image, m(A), consists of compact operators (respectively, contains a non-zero
compact operator, or, equivalently, all compact operators). A simplest example of
a CCR-algebra is K(H).

For A € -, let Qg (A) denote the set of all I € Prim(A) such that A/I has
no elementary ideals.

Theorem 2.18. Ilq  is a topological radical on Ue-; g, (A) is the largest GCR-
ideal for every A € .

Proof. 1t is easy to check that Q4. is a primitive map whence Ilq ., is a topological
radical on U.«.

Let A be a C*-algebra and Jy = Il .. (A) = N{I € Qg(A)}. To show
that Jy is a GCR-algebra, take an irreducible representation 7 of Jy on a Hilbert
space H and extend it to an irreducible representation (again 7) of A on H. Then
kerm ¢ Qgcc(A), so m(A) contains an elementary ideal K. Since K is irreducible
and K(H) is a CCR-algebra, K = IC(H). Then

0 # 7(Jo)K(H) C m(Jo)w(A) C 7(Jo),

so m(Jy) contains a non-zero compact operator. This means that Jy is a GCR-
algebra.

Let now J be a GCR-ideal of A. If I € Qg (A) then I = kern for an
irreducible representation 7 of A such that w(A) has no elementary ideals. But the
restriction of 7 to J is also irreducible (if non-zero), so 7(J) must contain K(H).
Therefore K(H) C w(A), a contradiction. Thus 7(J) = 0 and then J C I. So

JC I T € Qge(A)} = Jo. O

Another way to establish that the map sending each C*-algebra A to its
largest GCR-ideal is a hereditary topological radical, will be considered in Section
2.3.7.

2.3.3. The tensor Jacobson radical R;. It is defined via the tensor spectral radius.
Let A be a normed algebra, M = (a;);° and N = (b;)]" be summable families in
A i, [[M]|, =3, [lail] < oo and [N, := >, [|bi]| < co. The norm of a family
does not depend on the order, so one can consider the corresponding equivalence
relation ~ between families (see details in [ST6]). Define the product M N within
up to ~ as a family H = (c;)]" where ¢, = a;b; for k = ¢(i, j) and ¢ is an arbitrary
bijection of NxN onto N. Then the power M"™*! is defined by M"* ~ M M™ for



192 V.S. Shulman and Y.V. Turovskii

every n > 0 and the tensor (spectral) radius p; (M) is defined by
. nnl/n . nnl/n
pu (M) = inf [ M = T M

Let us define by N U M the disjunct union of families M = (a;) and N = (b;)
(that is a family equivalent to (b1, a1, ba,as,...)); then Ry (A) is defined as the set
of all a € A such that p, ({a} U M) = p; (M) for every summable family M in A;
R is a uniform topological radical [ST5, ST6].

The term tensor is justified by the fact that a € Ry (A) if and only if a® b €
Rad (A@B) for every normed algebra B and b € B [ST6, Theorem 3.36]. By [ST®6,
Theorem 3.29],

pe (M) = pe (M/R (A)). (255)

There is a problem whether R; = Rad on Banach algebras. In the algebraic
case it is known that the tensor product of a radical algebra and the other algebra
can be not radical.

Problem 2.19. Is there an algebraic radical P on 1, such that P = R; on i, 7

2.3.4. The compactly quasinilpotent radical R.q. Let A be a normed algebra, and
let M C A be bounded. Define the norm ||M|| = sup,¢y, ||a|| and the joint spectral
radius
s n l/n . . n l/n
p (M) = inf [|M™|77 = Tim ||

where M™ = {a1---a, :a; € M} [RS]. Let €(A) be the set of all precompact
subsets of A. Then Rcq (A) is the set of all @ € A such that p({a} UM) = p (M)
for every M € £ (A); Req is a uniform topological radical [ST5].

A normed algebra A is called compactly quasinilpotent if p (M) = 0 for every
M € £(A); the completion of compactly quasinilpotent algebra is again compactly
quasinilpotent [ST5, Lemma 4.11]. Note that Rcq (A4) is the largest compactly
quasinilpotent ideal [ST5, Corollary 4.21].

An important fact related to this radical is that every compact operator
a in the Jacobson radical of a closed operator algebra A generates a compactly
quasinilpotent ideal of A; a close argument was a key in the proof that A has a
hyperinvariant subspace if a # 0 [S]. The other invariant subspace results [T2, ST1]
are connected with the calculation of the joint spectral radius. It was established
in [ST1] that for a precompact set M of compact operators on a Banach space X

p(M)=r(M) (2.6)
where the Berger—-Wang radius r (M) is defined by [BW]:
r (M) =limsupsup{p(a):a € M"}l/".
n—roo

We call (2.6) the Berger-Wang formula because the matrix version of (2.6), for
dim X < oo, was established in [BW]. A useful contribution in the calculation of
p is the equality

p (M) =p(M/Req (A)) (2.7)
for every M € €(A) [ST5, Theorem 4.18].
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There is a version of the joint spectral radius for bounded countable families
M = (a,)]" in A, where M™ is calculated by rules of families [ST6].

2.3.5. The hypocompact radical Ry.. Let A be a normed algebra. An element
a € A is called compact if W, := L,R, (see Section 1.2.3) is a compact operator
on A; A is compact if it consists of compact elements, bicompact if L Ry is a
compact operator on A for every a,b € A, and hypocompact if every non-zero
quotient of A by a closed ideal has a non-zero compact element. Then Ry (A) is
defined as the largest hypocompact ideal of A (equivalently, as the smallest closed
ideal J of A such that A/J has no non-zero compact elements); Ry, is a hereditary
topological radical [ST7].

This radical plays an important role in the theory of the joint spectral radius.
It was proved in [ST7] that the following equality (an algebra version of the joint
spectral radius formula):

p (M) = max{p (M/Ruc (A)) ,r (M)} (2.8)

holds for every normed algebra A and M € €(A). In particular, it follows from
(2.8) that

Rie (A) NRad” (A) C Req (A) (2.9)
for every normed algebra A. It should be noted that A — Ry (4) NRad" (A4) is
also a hereditary topological radical on normed algebras. This radical is called the
Jacobson hypocompact radical and is denoted by Rjpc.

If A= B(X) for a Banach space X, then Ry (A) D K (X), so that (2.8)
implies (2.6) and a stronger result, the operator version of the joint spectral radius
formula:

p (M) = max{p. (M), r (M)} (2.10)
that holds for every M € ¢ (B (X)), where the essential spectral radius pe (M) is de-
fined as the joint spectral radius p (M /K (X)) in the Calkin algebra B (X) /K (X)
(see details in [ST7]).

There is the largest of topological radicals P which can change Ry, in (2.8)
[ST7]; it is denoted by Rpyw and called the Berger—Wang radical.

A normed algebra A is called a Berger—Wang algebra if (2.6) holds for every
Met(A).

2.3.6. The hypofinite radicals Ryr and PRyr. We begin with the algebraic hypofi-
nite radical Ry and describe its construction more transparently because of the
lack of references. An element a of an algebra A is called a finite rank element if
dimaAa < co. An algebra A is called finite if it consists of finite rank elements,
bifinite if dimaAb < oo for every a,b € A, and hypofinite if A/I contains a non-
zero finite rank element for every ideal I # A. We transfer these notions to ideals.
Let F (A) be the set of all finite rank elements of A.

Theorem 2.20. Let A be an algebra, and let J be an ideal of A. Then
(1) f(F(A)) C F(B) for every morphism f: A — B;
(2) If F(J) #0 then JNF (A) #0;
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(3) If x € F(A) and I is an ideal generated by x then LRy is a finite rank
operator on A for every a,b € I;
(4) If A is hypofinite and I a non-zero (one-sided) ideal then I N F (A) # 0;
(5) The following conditions are equivalent:
(a) J is a hypofinite ideal of A;
(b) for every morphism f: A — B, either f(J)=0 or f(J)NF (B) #0;
(c) there is an increasing transfinite sequence (Ja)a<’y of ideals of A such
that Jo =0, J, =J, Jo =Uqy <ado for every limit ordinal o, and all
Jot1/Ja are bifinite.
(6) The following conditions are equivalent:
(a) A is hypofinite;
(b) all ideals and quotients of A are hypofinite;
(¢) A/I and I are hypofinite for some ideal I of A.
(7) There is a largest hypofinite ideal of A (which is denoted by Ry (A));
(8) Rne (J) = J N Rt (A);
(9) A/Rur (A) has no non-zero hypofinite ideals and finite rank elements.
Proof. (1) Wy(qyB = f(W,A) is finite dimensional if a € F (A).
(2) Tt is clear that

Wio = Le W, Ry = R, WL, (2.11)

for every a,b € A. If a € F (J) then Wy, € F (A), whence JF (J) C JNF(A). If
JF (J) = 0 then clearly F(J) C JNF (A).

(3) follows from (2.11).

(4) Assume that I is a left ideal. Let K = {a € A: al =0}; K is an ideal of
A.If K = A then I C F(A), otherwise A/K has a non-zero finite rank element b.
Let gk : A — A/K be the standard quotient map and gk (a) = b. Clearly there
is € J such that ax # 0, it is easy to check that az € F (4).

(5a) = (bb) Let I = ker f and K = I N J. Assume that f(J) # 0; then
there is a non-zero a € J/K N F (A/K) by (2). Let b € A be such that a = gk ();
then 0 # f (b) € F(B).

(5b) = (bc) Assume that we already have built Jg by transfinite induction.
If J # Jg then J/Jg has a non-zero finite rank element by definition, and contains
a non-zero finite rank element a of A by (2). Then .J/Jg contains a non-zero
bifinite ideal I of A by (3). Take the preimage of I in A as Jg41. This proves the
implication.

(5¢) = (ba) Let I be an ideal of J and I # J. Then there is the first ordinal
a such that J, does not lie in 1. Then ¢; (Jo) C F (J/I).

(6a) = (6Db) It is clear that the quotients of a hypofinite algebra are hypofi-
nite. Let K be an ideal of A, f : A — B a morphism and I = ker f. Assume
that f (K) # 0; then g (K) # 0. As A is hypofinite then there is a € K such
that 0 # ¢y (a) € F(A/I) by (4). Then 0 # f (a) € F (B) by (1). Therefore K is
hypofinite by (5).

(6b) = (6¢) is obvious, and (6¢) = (6a) follows by (5): one can build a
sequence of ideals for A as in (5¢) having such sequences for I and A/I.
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(7) Let K be the sum of all hypofinite ideals of A. Then an arbitrary mor-
phism f : A — B vanishes on K if and only if it vanishes on each hypofinite ideal
of A. Therefore K is hypofinite by (5).

(8) As J N Ayt (A) is a hypofinite ideal of J, we obtain that J N MRy (A) C
Rut (J). Let I be the ideal of A generated by PRy¢ (J). Then clearly I3 C Ry (J) is
hypofinite and /I3 is bifinite, whence I is hypofinite by (6). Therefore Ry (J) C
I C Ry (A)

(9) If I is a non-zero hypofinite ideal of A/t (A) then its preimage K in
A is hypofinite by (6), whence Rys (A) G I, a contradiction. Therefore A/Ry¢ (A)
has no non-zero finite rank elements. O

Corollary 2.21. Ryt is a hereditary radical.

Proof. By Theorem 2.20(8-9), it suffices to show that PRy¢ is an algebraic pre-
radical. Let f : A — B be a morphism, and let ¢ : B — B/Rys (B) be the
standard quotient map. Then ¢ o f is a morphism A — B/%Ry¢ (B) and it fol-
lows from Theorem 2.20(5b) that either (qo f) (Rue (A)) = 0 or B/Rys (B) has a
non-zero finite rank element which is impossible by Theorem 2.20(9). Therefore
(go f) (Mns (A)) =0 and f (Rue (4)) C Rue (B). O

The radical Ry is called an (algebraic) hypofinite radical.

The radical Ryt is a topological hereditary radical and can be defined as the
largest closed-hypofinite ideal: a normed algebra (or ideal) A is called (closed-)
hypofinite if every non-zero quotient of A by a closed ideal has a non-zero finite
rank element of A, and approzimable [ST6] if A = F (A). Elements of F (A) are
called approzimable elements of A. Theorem 2.20 and Corollary 2.21 hold for Ryt
if one replaces the terms for PRy¢ by appropriate terms for Ry;.

2.3.7. Radicals on C*-algebras. Let P be a radical. It is known ([ST5, Theorems
2.9 and 2.10]) that the class Rad(P) is stable under extensions and quotients,
and that the [closure of] the union of an up-directed net of ideals Iy € Rad(P)
of some algebra also belongs to Rad(P). Moreover, if P is hereditary then each
ideal of A € Rad(P) clearly belongs to Rad(P). The following result shows that
the converse holds for C*-algebras: a class of C*-algebras with the listed above
properties is Rad(P) for some (hereditary) radical P.

Theorem 2.22. Let € be a class of C*-algebras containing *-isomorphic images of
its elements and having the following properties:
(a) If A€ € then A/J € € for every closed ideal J of A;
(b) If J € € is an ideal of a C*-algebra A and A/J € € then A € &;
(¢) If (Ja), C € is an up-directed net of ideals of a C*-algebra A then
Uado € €.

Then

(1) Each C*-algebra A has a largest ideal Re(A)
(2) Re is a radical on - such that Rad(Re) =

SN
¢,
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(3) The radical Re is hereditary if and only if € satisfies the condition
(d) Any closed ideal of an algebra A € € belongs to €;
(4) Re is uniform if and only if B € € for any C*-subalgebra B of every A € €.

Proof. (1) If ideals I, J of A belong to € then
I+ 0/ I=J/(InJ)ec

whence I + J € € by (a).

Let A be the set of all finite families of ideals of A that belong to €; it is
ordered by the inclusion. For w € A, let J, be the sum of all ideals in w. Then
(1) ,ea C € is an up-directed net of ideals of A, whence the closure of their sum
is also in € by (c). Clearly it is a largest ideal in A that belongs to €.

(2) If f: A— Bis a *morphism and J € € is a ideal of A then f(J) is an
ideal of B *-isomorphic to a quotient of J. Hence f(J) € € is an ideal of B and
therefore f(J) C Re(B).

In particular, f(Re¢(A)) C Re(B). We proved that the map A — Re(A) is a
preradical.

As R@(A) € ¢ then RQ(R@(A)) = RQ(A)

If I is a closed ideal of A then R¢(I) belongs to €, whence Re(A) C INRe(A).

Let N = Re(A/Re(A)) and q = gy (a). Setting J = ¢~ *(N), we have that
J is a closed ideal of A and J/R¢(A) = ¢(J) = N whence J € € by (b). Therefore
J C Rg(A) and N =0.

We proved that the map Re is a radical on i.+; the equality Rad(R¢) = €
is obvious.

(3) If Re is hereditary then for each closed ideal I of an algebra A € €, we
have that Re(I) = I N Re(A) =INA=1, whence I € €.

Conversely, let € contain all closed ideals of all algebras in €. Since R¢(A) € €
then the ideal I N Re(A) of Re(A) belongs to € whence I N Re(A) C Re(I). We
proved that R is hereditary.

(4) obviously follows from (2). O

The above theorem permits to construct important examples of C*-radicals.
Recall that a C*-algebra A is called a GCR-algebra (or C*-algebra of type I) if
m(A) contains a non-zero compact operator for any irreducible representation
of A. Furthermore A is nuclear if, for each C*-algebra B, there is only one C*-
norm on the algebraic tensor product A ® B. If A contains an up-directed net of
finite-dimensional *-subalgebras with dense union then A is called an AF-algebra.

Corollary 2.23. Each C*-algebra A has the largest GCR-ideal Ryc(A), the largest
nuclear ideal Rnc(A) and the largest AF-ideal Ras(A). The maps Rgee, Rac and
Ras are hereditary topological radicals on U.«.

Proof. We should check the properties (a)—(d) for the corresponding classes. For
GCR-algebras they are well known, as well as the existence of the largest GCR-
ideal (see [Dm, Section 4.3]).
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Clearly a quotient of an AF-algebra is an AF-algebra. The proof of the fact
that a closed ideal of an AF-algebra is an AF-algebra see in [Dv, Lemma III.4.1].
The property (b) for AF-algebras was established by Brown [Br]. The property (c)
for AF-algebras is obvious.

For nuclear algebras, the proof of (a), (b) and (d) can be found in [Tk2,
Corollary 15.3.4]. The property (c) follows immediately from the fact that an
inductive limit of nuclear C*-algebras is nuclear; it was established in the first
paper on the subject [Tk1]. O

The radical Ry, is uniform, this follows from [Dm, Proposition 4.3.5]. The
radicals Ryc and Rq; are not uniform; the construction of a non-nuclear C*-
subalgebra of a nuclear C*-algebra can be found in [Ws, Example 2.4]; for an
example of a non-AF C*-subalgebra of AF-algebra one can take an irrational ro-
tation algebra (see [Dv, Theorem 6.5.2]).

3. Procedures

We understand procedures in the theory of radicals as transforms of ideal maps.
In other words, a procedure is a mapping P — P’ from a class of ideal maps that
act on a class 4 of algebras, into another class of ideal maps acting on a possibly
different class 4’ of algebras.

3.1. The convolution and superposition procedures
Let A be a [normed] algebra. Increasing and decreasing transfinite sequences (1)
and (J,), respectively, of [closed] ideals of A are called transfinite chains if

Ia = Ua/<aIa’ [Ia = Uoc’<a-[a}v (31)

Ja = mo/<oz<]oc’
for every limit ordinal .. The quotients Iny1/I, and J,/Jayt1 are called the gap-
quotients of (I,) and (Jg), respectively.

Let P and R be preradicals satisfying Axiom 4. For each A €il, we define

transfinite chains of ideals (I,) and (J,) by the conditions

Ip=0, Inp1=gq; (R(A/L)),

Jo=A, Jay1="P(Ja),
respectively, for every ordinal «, where ¢q;, : A — A/I, is the standard quotient
map.

Let R, (A) = I, and P, (A) = J, for every a. Transfinite sequences (R,,) and
(P,) of ideal maps are called the convolution and superposition chains for R and
P, respectively. The transfinite chains of ideals stabilize at some steps § = ¢ (A)
and v = y(A):
Lg = Lg+1 and ']’Y = Jy+1-
It was proved in [D3, Theorem 6.6 and Theorem 6.10] that the map R* defined by
R*(A) =15
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satisfies Axiom 2, and the map P° defined by
P°(A) :=J,

satisfies Axiom 3.

The maps R — R* and P —— P° are called the convolution and super-
position procedures, respectively. We underline that the convolution procedure for
algebraic preradicals on i, differs from the one for topological preradicals on
because the latter includes the operation of the closure. So we have two different
— algebraic and topological — convolution procedures.

The following theorem was proved by Dixon [D3, Corollary 6.12] for algebraic
(over/under) radicals and for topological (over/under) radicals on normed algebras
in assumption that ideals in Axiom 4 are closed, in particular for (over/under)
radicals on Banach algebras. We extend the Dixon results to preradicals of normed
algebras satisfying Axiom 4 without any restrictions.

Theorem 3.1. Let R, P be preradicals satisfying Aziom 4. Then

(1) R* is a smallest over radical larger than or equal to R.
If R is an under radical then R* is a radical;

(2) P° is a largest under radical smaller than or equal to P.
If P is an over radical then P° is a radical.

Proof. Using the transfinite induction, Dixon proved [D3] that if R is an under
radical and P is an over radical then all R, and P, are under and over radicals,
respectively, under his assumption on ideals. It is easy to see from Dixon’s proof
that if R and P are preradicals satisfying Axiom 4 restricted to closed ideals then
so are R, and P, for every a.

Now let R and P satisfy Axiom 4. We have to check Axiom 4 for all maps
from (R, ) and (P,); then R* and P° will also satisfy Axiom 4. For other assertions
of this theorem we refer to [D3].

Let A be a normed algebra, and let K be an ideal of A. Using the transfinite
induction, we fix an ordinal a and assume that (R./), ., and (Pa) consist
of preradicals satisfying Axiom 4.

If v is a limit ordinal then all Ry (K) C Ry (A) and Py (K) C Py (A) are
ideals of A for o’ < «, whence

o' <«

(K) (4)

Ra (K) - Ua’<aRa’ (K) C Ua’<aR(x’ (A)
P, (K) = Na<aPao (K) C N <aPea (A) =P, (A)

R, (A), (3.2)

are ideals of A. Indeed, to check this for R, (K) note that I := Uy «qRo (K) is
an ideal of A, and for every © € R, (K) there is a sequence (y,) C I such that
Yn — T as n — oo. For every a € A, one has ay,,,yna € I for each n, whence

am,maeKﬂT(A) — 7" =R, (K).

Therefore R, (K) is an ideal of A; the same assertion for P, is trivial.
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Let now o = o/ + 1, for some ordinal . Since P, (K) C P, (4) is an ideal
of A then P, (K) = P (P, (K)) is an ideal of A. As P, (K) is an ideal of P,/ (4),
we obtain that

Po (K) = P (Par (K)) C P (Par (A)) = Pa (4).

By the hypothesis of induction (valid for any A), J := Ry (K) C Ry (A) is
an ideal of A. Then, as K is an ideal of K,

J C Ry (K) (3.3)

is an ideal of K. Since J = K N J, the map z/J — ¢ () is an injective map
from K/J onto the ideal ¢ (K) of A/J. So

Ry (K) = {z € K : g7 (x) € R (7 (K))} (3.4)
whence R, (K) is an ideal of A. As ¢7 (K) is an ideal of K /.J, we obtain that
R(g; (K)) € R (K/T). (35)
Since J C Ry (K) is an ideal of K by (3.3), it follows that
¢ (R(E/T)) C R (K/Rar (K)) = Ra (K) /Ror (K). (3.6)
for the natural map ¢ : K/J — K /R (K). It follows from (3.4), (3.5) and (3.6)

that Ry (K) C Rq (K). As K is a closed ideal of A then R, (K) C Ra (A) by
[D3, Theorem 6.6]. Therefore R, (K) C R, (A). This completes the proof. O

We outline a part of the proof of Theorem 3.1 in the form of a separate
statement.

Proposition 3.2. Let R, Ry, P, Py be preradicals satisfying Aziom 4. Then
(1) If Ry is defined on H by Ry (A) = qéll(A) (R(A/R1 (A))) then Ry is a prerad-
ical satisfying Axiom 4;
(a) If R, Ry are under radicals then Ry is an under radical;
(2) If Py is defined on U by Py (A) = P (P (A)) then Py is a preradical satisfying
Aziom 4;
(a) If P, Py are over radicals then Py is an over radical.

Proof. This is the step a — « 4+ 1 of the transfinite induction applied in Theorem
3.1. O

Theorem 3.3. Let R be an under radical, and let P be an over radical. Then
(1) Sem (R*) = Sem (R);
(2) Rad (P°) = Rad (P).

Proof. Let A be an algebra, and let (R,) and (P,) be the convolution and super-
position chains of R and P, respectively.

(1) If R(A) =0 then R; (A) = R(A) =0, whence R* (A) = 0.

(2) If A= P(A) then P, (A) = P(A) = A, whence P°(A) = A. O
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Theorem 3.4. Let R, Ry be under radicals, and let P, P, be over radicals. Then
(1) If Ry < R then R} < R*;
(2) If P, < P then P} < P°;
(3) If R < P then R* < P°;
(4) If P < R then P° < R*.

Proof. (1) R* is a radical and Ry < R < R*. As R7 is the smallest radical among
radicals R’ such that Ry < R’ then R} < R*.

(2) is similar to (1): Py is a radical and PP < P; < P. As P° is the largest
radical among radicals P’ such that P’ < P then P < P°.

(3) This is [D3, Theorem 6.11], but the following simple observation somewhat
shortens the proof: as R < P, we have that

Sem (P) C Sem (R) = Sem (R").

Since R* is an over radical then R* < P by Theorem 2.3. As R* is a radical and
P° is a largest radical smaller than or equal to P then R* < P°.
(4) is trivial. O

In other words, (1) and (2) of Proposition 3.4 state that the convolution and
superposition procedures are isotone.

3.2. The closure procedure

The closure procedure P |—>ZD makes a preradical P on a class 4 (containing $1,,)
into a topological preradical P on &I, by the rule

P(A)=P(4)
for every A € i,; P is called the closure of P. Dixon pointed out in [D3, Example
6.4] that if P is a radical then the closure P may be not a topological radical,
but always is a topological under radical. Recall that the restrictions of algebraic

radicals from i, to a class of normed algebras are algebraic under radicals. One
can state Dixon’s result [D3, Theorem 6.3] in the following stronger form.

Theorem 3.5. The closure of the restriction of an algebraic under radical to a class
of normed algebras is a strict topological under radical.

Proof. We only prove the strictness for P. Let f : A — B be a continuous
isomorphism of normed algebras. Then f (P (A)) = P (B) by definition whence

f (m) is dense in P (B). Therefore f (P (A)) = P (B). O

Starting with a (restricted) algebraic radical P, one can take its closure and
then apply the topological convolution procedure. The following theorem shows
that the result will not change if we do the same with the algebraic convolu-
tion of P.

Theorem 3.6. Let P be an algebraic under radical. Then P =P and P isa
strong topological radical.
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Proof. By Theorem 3.3, Sem (P) = Sem (P*). Then
Sem (ﬁ*) = Sem (P) = U, N Sem (P) = U, N Sem (P*)
= Sem (ﬁ) = Sem (F*) .
As P and P*" are radicals, P = P* by Corollary 2.4.
Let f: A — B be a continuous surjective homomorphism of normed alge-
bras, and let (P, ) be the convolution series of P. As P, = P is strict by Theorem

3.5, it is strong. Let us prove by transfinite induction that every P, is strong.
Let « be a limit ordinal, and let all P, be strong for o/ < «. Then

§ (Pa(4)) = f (VarcaPar (A)) © F(Uar <o Par ()
= U <af (Pa/ (A)) C Uo <aPur (B) =P, (B) :

The step a — a + 1 of the induction is reduced to the consideration of P: it
suffices to check that

flar (P(A/D)) € a5t (P(B/T)) 3.7)

whenever f(I) C J where I = P, (A) and J = P, (B). As P is strong, (3.7) is
easily checked. Indeed, f induces a continuous homomorphism f’ from A/I onto
B/J such that ' oqr = qyo f; then

flart (P(A/D)) € a5 (ar (f (ar" (P (A/D)))))
=q;' (f'(P(A/D))) Cq;' (P(B/T)).

e
As a consequence, P is strong. O

We apply the above theorem to classical algebraic radicals related to the
property of nilpotency. An algebra A is called nilpotent if there is an integer n > 0
such that ay ---a, = 0 for every ay,...,a, € A, locally nilpotent if every finite
subset of A generates a nilpotent subalgebra, nil if every element of A is nilpotent.
All these notions transfer to ideals.

An algebra A is called semiprime if it has no non-zero ideals with zero square.
Each semiprime algebra has no non-zero one-sided ideals with zero square [BD,
Lemma 30.4].

One can define the Baer (prime or lower nil-) radical Bg (A) of A as the
smallest ideal I of A with semiprime quotient A/I; the Levitzki (or locally nilpo-
tent) and Kdte (or upper nil-) radicals B (A) and B, (A) are defined as the largest
locally nilpotent and nil ideals of A, respectively. They all are hereditary radicals
and

PBs < Pa < Be. (3.8)
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Let Pg = %*, Pr = ‘JT,\* and P, = ‘JTH* They are strong topological
radicals by Theorems 3.5 and 3.1, and are called the closed-Baer, closed-Levitzki
and closed-Kote radical, respectively.

Let A be an algebra in 4, and let X5 (A) be the sum of all nilpotent ideals
of A. It is clear that Xz is an algebraic under radical on il,; by construction, the
(algebraic) Baer radical g is equal to Xj.

Theorem 3.6 yields

Corollary 3.7. Ps =35 .
Theorem 3.8. Pg < Py < P, on Uy, and Pz =Py = Py, on iUy

Proof. As all procedures are isotone, the non-strict inequalities follows from (3.8).
Also, Pg < Py follows from [D3, Proposition 3.3 and Corollary 9.4], and for the
proof of Py < P, it is sufficient to point out a normed nil algebra with zero Levitzki
radical; it was done in [T1] basing on Golod’s solution of the Bernside problem.

By [D1],
P =Pxr =Pr =23
on ily,. Therefore Pg = Py = P, on Uy,. O

The common radical on 4}, is denoted by Py and called the closed-nil radical.
One can consider Pg, Py, P, as topological extensions of Pyj to normed algebras.

Let A be an algebra, and let Xy (A) be the sum of all bifinite ideals of A. If
A is normed, let ¥y, (A) be the closure of sum of all bicompact ideals of A. It is
easy to see that Xy and Xy are under radicals.

In the following theorem we apply the typical method of comparing radicals.

Theorem 3.9. Ryr = X5, and R = Rur = Sonr. < Rue = Of.

Proof. Let B be an algebra. As every bifinite ideal is hypofinite, X (B) C Rus.
Since Myr is a radical, Xy < Mpr. As every Xj,-semisimple algebra is PRyg-
semisimple, Ryr < Xf;. One can show similarly that Ry = 2.

Let A be a normed algebra and J = Rp¢ (4). Let (Ja), be the increasing
transfinite chain of ideals of A constructed in Theorem 2.20(5) with Jo = 0 and
J, = J. As each J,11/J, is bifinite, J,41/J, is approximable, so J is closed-
hypofinite (see [ST6, Proposition 3.48]). As Ry (A) is the largest closed-hypofinite
ideal of A then J C Ryt (A). Therefore Ry¢ < Ryf, whence 9%7“* < Rut. But every
‘ﬁihf*—semisimple algebra has no non-zero finite rank elements and is therefore Ry;-
semisimple, whence Rys < Rnr by Theorem 2.3.

By Theorem 3.6, Rut = St - As Tpr < Sye then Rys = Spr < Bf. = Rpe
by Theorem 3.4. (]
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3.3. The regularization procedure

Let P be a hereditary topological radical defined on some class { of normed alge-
bras such that Uy C i By [ST5, Theorem 2.21], the map P" defined by

Pr(A)=ANP (ﬁ) (3.9)

for each A € 4, where Aisa completion of A, is a hereditary topological radical
on 4. The map P — P" is called the regularization procedure; it is clear that

P =P
A hereditary topological radical P on i, is called regular if P = P". One of
the important reasons for the consideration of over radicals is the fact [ST5] that

preradicals obtained from topological radicals by the regular procedure are over
radicals.

Theorem 3.10. The radicals Req and Ry are reqular.

Proof. Let A be a normed algebra. By definition, AN Rcq (2) C Req (A). On the
other hand, the completion of a compactly quasinilpotent algebra is again com-

— (4
pactly quasinilpotent [ST5, Lemma 4.11]. So Req (A) ) is compactly quasinilpo-
tent, and as it is an ideal of A then Req (A) (4) C Req (/T) But ANRcq (A)(A) =

Req (A) because Req (A) is a closed ideal of A. Thus R.q is regular.
The proof for R; is similar. For the other proof we refer to Proposition 5.17.
O

Theorem 3.11. The radicals Rg and Rus are not reqular.

Proof. Let B be the Banach space L'[0,1] considered as a Banach algebra with
multiplication (fx*g)( fo g(t—s)ds. It can be shown that nilpotent elements
are dense in B (and therefore all elements of B are quasinilpotent since B is com-
mutative): indeed, it follows from the Titchmarsh convolution theorem that a func-
tion f € B is nilpotent if and only if it vanishes a.e. on some interval (0, a). There-
fore Rg(B) = B. Moreover, f is an element of finite rank if it is nilpotent of index
2 (equivalently if f(¢t) =0 for t € (0,1/2)), so Ru(B) # 0. In fact, Rue(B) = B.
Let A be the subalgebra of B that consists of polynomials. It is dense in B
so B can be considered as the completion of A. Clearly A has no nilpotent ele-
ments (a non-zero polynomial cannot vanish on an interval), so Rg(A4) = 0. As a

quasinilpotent finite rank element is nilpotent, A has no finite rank elements and
Rye(A) = 0. O

Problem 3.12. Is the hypocompact radical Ry reqular?

It is clear that the regular Jacobson radical Rad” defined by (2.4) is a regular
radical. Note that
Req < Ri < Rad” < rad, < rady; (3.10)
also rad = rad, on $, and rad = rady, on i, [ST5, Theorem 2.18].
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Consider the closed-Jacobson radical ﬁ*; then rtad = Rad on y,. Define
also the map II,; on normed algebras by

I, (A) =N {I € Prim (A") : I is closed in A} . (3.11)

Remark 3.13. The map A — {I € Prim (Al) : I is closed in A} is not a primitive
map because, for an ideal J of a normed algebra A, there can exist a non-closed
primitive ideal I of A such that I N J is a closed primitive ideal of J.

Lemma 3.14. II,. is a topological over radical on normed algebras, and rad < IT,e.

Proof. Let A be a normed algebra, and let I be an ideal of A. If J € Prim (A') is
closed then I NJ € Prim (I') is closed in I, whence Il (I) C 1L, (A) is an ideal
of A by (1.9).

Let B be a normed algebra, and let f : A — B be a morphism. Let 7 €
Irr (B') and K :=ker 7 is closed. Then 7o f € Irr (A') and ker (7o f) = f~! (K)
is closed.

Let F4 be the set of all closed primitive ideals of A'. Assume that I C I, (A)
is closed. Then I C J for every J € F4 and

Mo (A) JI=n{J:JeFa} /IT=n{J/I:J € Fa}
=N{J/T:J/T1 € Fayr} =1 (A/I)

by (1.9) and (1.10). Hence II, is an over radical.
Furthermore, rad (A) = Nreprim(anyd C e (A) in virtue of (3.11). O

As a consequence, 17 is a topological radical which also extends Rad to
normed algebras; it is called the primitively closed Jacobson radical.

Theorem 3.15. rad < ch <rady; rad and Rad” are not comparable.

Proof. Indeed, it is clear that rad(A4) C I, (A4) C rad, (A) for every normed
algebra A. Then rad’ < HI"JC < rad, by Theorems 2.3 and 3.4.

Let a be a quasinilpotent element of a Banach algebra and a™ # 0 for every
n > 0. Let A be the algebra generated by a, and B = A. Then rad (A4) = 0, but
rad (B) = B. Hence rad" (A) = rad (4) = 0, but Rad” (A) = ANrad (B) = A.

Also, A has no closed primitive ideals in Prim (A') besides of A. Indeed, a
primitive ideal I is the kernel of multiplicative functional f on A'. If I # A is closed
then f (a) # 0, f is continuous and f (a) in the spectrum o (a), a contradiction.
Therefore 117 . (A) = Il (A) = A and rad < 5.

By [D3, Example 9.3], there are Banach algebras C', D and an injective
embedding ¢ : C' — D with the dense image such that rad (C') = C' and rad (D) =
0. Let E=¢(C). As ¢ and ¢~ ! are algebraic morphisms for appropriate algebras
then rad (E) = E and rad (E) = E, but Rad” (E) = E Nrad (D) = 0. So the
observations with algebras A and E show that rad and Rad” are not comparable.

O

As we will see in Theorem 4.31, the closed-Jacobson radical rad’ is hereditary.
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4. Operations with radicals
Operations are multiplace procedures that act on a class of ideal maps.

4.1. Supremum and infimum

Let F be a non-empty family (set, class) of radicals. Then the maps Hx and Bz
defined by

Hr(A) =) P(4)  [Hr(A)=)_ P(A)

PeF PeF
Br (A) =NperP (4)

are the under and over radicals, respectively (see [ST7, Lemma 3.2]). We extend
the statement to under/over radicals as follows.

Theorem 4.1. (1) IfF, is a family of under radicals then Hr, is an under radical,
and
Sem (Hr,) = Npecr,Sem (P).
(2) If Fo is a family of over radicals then Bx, is an over radical, and
Rad (B}'n) = Nper,Rad (P) .

Proof. The equalities for radical and semisimple classes follow from the definitions
of Hr, and Bx,. It is clear that Hx, and Br, satisfy Axioms 1 and 4.
Let A be an algebra. If P € F,, then P (A) is an ideal in Hz, (A) and therefore

P(A)=P(P(A)) C P(HrF, (A)) CHF, (HF, (4))
whence Hr, (A) C Hy, (Hz, (A)). This proves that Hr, is an under radical.

Let I = Bz, (A) and J = ¢; ' (B, (A/I)) where qr : A — A/I is the stan-
dard quotient map. Let R € F,; then R (A) C I and there is an [open continuous]
epimorphism p : A/T — A/R(A) such that ¢ = po gy where g : A — A/R(A)
is the standard quotient map. Then

q(J) = (poar) (J) =p(Br, (A/I)) Cp(R(A/I)) C R(A/R(A)) =0,
whence J C R(A) for every R € F,. Then J C I and Bg, (A/I) = ¢q; (J) = 0.
This means that Br, is an over radical. O

From the viewpoint of the order, Hx, is the supremum of F,, in the class of
under radicals and Bz, is the infimum of F, in the class of over radicals.

In general, for a family F of preradicals satisfying Axiom 4, let us define the
ideal maps VJF and AF by

VF =H% and AF =B%,
respectively; if F is { Py, P>} then instead we write P,V P, or Py A Py, respectively.

Remark 4.2. Tt is easy to check (arguing as in Theorems 4.1 and 3.1) that, for
a family F of preradicals satisfying Axiom 4, VF determines the smallest over
radical larger than or equal to each R € F and AF determines the largest under
radical smaller than or equal to each P € F.
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Corollary 4.3. The operations V and A produce supremum and infimum of a family
of radicals in the class of radicals.

Proof. Let F be a family of radicals. Let P be a radical such that R < P for every
R € F. Then Hr < P, whence VF < P by Theorem 4.1 and Proposition 3.4. As
R < VF for every R € F, we conclude that V.F is the supremum of F.

Similarly, A F is the infimum of F. (]

Taking into account Theorems 2.3 and 3.3, one can reformulate Theorem 3.1
as follows.
Theorem 4.4. Let R be an under radical, and let P be an over radical. Then
(1) R* is the only radical S such that Sem (S) = Sem (R);
(2) P° is the only radical T such that Rad (T") = Rad (P).
In assumptions of Theorem 4.4, we also recall that
Rad (R) C Rad (R*) and Sem (P) C Sem (P°).
Corollary 4.5. Let V be a class of algebras. Then there exist the largest radical S
such that Sem (S) DV, and the smallest radical T such that Rad (T)) D V.
(1) V.= Sem (S) if and only if there is a family F1 of under radicals such that

Sem (Hr, ) =V;
(2) V.= Rad (T) if and only if there is a family Fa of over radicals such that
Rad (Bx,) = V.

Proof. Let F1 be the family of all under radicals P such that Sem (P) D V, and
let F» be the family of all over radicals P such that Rad (P) D V. By Theorems
4.4 and 4.1, there exist radicals S and T such that Sem (S) = Nper, Sem (P) DV
and Rad (T') = Nper,Rad (P) D V. O

For instance, let W, be the class of all normed algebras on which the usual
spectral radius a — p(a) is continuous; this class contains all commutative
normed algebras and Banach algebras whose elements have at most countable spec-
trum. Then there exists a largest topological radical S, such that W, C Sem (S,),
but it is a problem whether there is a largest topological radical T" for which every
T-radical normed algebra has the property of spectral radius continuity, i.e., lies
in W,.

Let V be a class of algebras. For being a semisimple or radical class it is
necessary that V is stable under extensions.

Theorem 4.6. Let A be an algebra, and let I be a [closed] ideal of A. Then
(1) If P is an under radical and I, A/I are P-semisimple then A is P-semisimple;
(2) If P is an over radical and I, A/I are P-radical then A is P-radical.

Proof. (1) As qr (P (A)) C P(A/I) =0 then P (A) C I, whence P (A) is an ideal
of I and P(A)=P(P(A)) c P(I)=0.
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(2) As I C P(A) then there is a morphism p : A/I — A/P (A) such that
qp(a) = p o qr where gp(4) and g; are standard quotient maps. Then

A/P(A) =p(A/I) =p(P(A/I)) C P(A/P(A)) =0,
whence A = P (A). O

In other words, the class Rad(P) (respectively, Sem(P)) is stable under
extensions if P is an over radical (respectively, under radical). We will need also
partially converse statements.

Lemma 4.7. Let R be an under radical, and let P be an over radical. Then

(1) If Rad(R) is stable under extensions then R is a radical;
(2) If Sem(P) is stable under extensions then P is a radical.

Proof. (1) Let J = qlg(lA)(R(A/R(A))). Then the ideal J is an extension of R(A)
by R(A/R(A)): both algebras are R-radical because R is an under radical. By our
assumption, J is a R-radical ideal of A. Therefore J C R(A) which means that
R(A/R(A)) =0, ie., R is a radical.

(2) Let J = P(P(A)). Then the algebra A/J is an extension of P(A)/J by
(A/J)/(P(A)/J) = A/P(A). Both algebras are P-semisimple because P is an over
radical. By our assumption, A/J is P-semisimple. Then

P(A)/J = q;(P(A)) C P(A/J) =0,
whence J = P(A), i.e., P is a radical. O

We apply this result to preradicals 11, and Ilg,, generated by the primitive
maps 2, := Prim \ Prim,, and Qy, := Prim \ Prim;, on ,, (see Example 2.14).

Theorem 4.8. Ilo, and llg, are radicals on Uy,; for every normed algebra A,
I, (A) is the largest Q-ideal of A and Ilg, (A) is the largest Qyn-ideal of A.

Proof. As Ilg, is a hereditary preradical with topological morphisms then Ilg, is
an under radical by Theorem 3.5. Since g, (A) is a Q-algebra, Ilg, (A) := Ilg, (A)
is a Q-algebra. Taking into account that every @Q-algebra is a Il -radical algebra
by definition, and the class of all @Q-algebras is stable under extensions (see for
instance [ST5, Theorem 2.5]), we conclude that Il is a radical, by Lemma 4.7.
It is clear that Il (A) is the largest Q-ideal of A.

A similar argument gives the result for Ilg, . O

4.2. Superposition and convolution operations
The superposition of preradicals P and R satisfying Axiom 4 is defined by the
usual rule:

(PoR)(A)=P(R(A)
for each algebra A. This map is a preradical satisfying Axiom 4 by Proposition
3.2. The superposition operation is clearly associative.
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Let A be an algebra, and let P and R be ideal maps. For a [closed] ideal I of
A, define the ideal P x I of A by
P li=q; ' (P(A/D)),
where q; : A — A/I is the standard quotient map; in particular P x 0 = P (A),
PxP(A) = q};(lA) (P(A/P(A))) and PxA = A. Sometimes we will write (P I; A)
instead of P * I to avoid a misunderstanding.
Define the convolution PxR of ideal maps P, R by

(P+R)(A) := P+ R(A) = gty P (A/R(A)). (4.1)

Proposition 3.2 shows that if P and R are preradicals satisfying Axiom 4 then
PxR is a preradical satisfying Axiom 4.

The operations of superposition and convolution are related by the dual pro-
cedure P — PT, where P! is a quotient-valued map corresponding to P:

Pt (A) = A/P(A)
for every algebra A. This relation reflected in Proposition 4.9 below reminds the

Fourier transform which relates convolution and product of functions. Rewrite
(4.1) as
(PxR)(A) = q;z(lA) (P (RT(A)))
for every A.
Let S be a quotient-valued map, i.e., let S send every algebra A to A/I for
some ideal I. The dependence of I on A can be written as I = ST(A), so we have
an ideal-valued map ST such that

S(A) = A/ST (A) = qst(A) (A)
for every algebra A. If T, S are quotient-valued maps then their superposition T oS
is defined by

(T 0 S)(A) = A/agi 4 (T (S (4))) = 5 (4) /T (S (A)) =T (S (4))
for every algebra A.
Proposition 4.9. Let P, R be ideal-valued maps. Then
(R+P)! = R o PT.

Proof. If J is a [closed] ideal of A and I is a [closed] ideal of A/J then one identifies
in a standard way the algebras (4/.J)/I and A/q;"(I). Therefore

R o P1(A) = (A/P(A))/R(A/P(A)) = Aldp( 4 (R(A/P(A)))
= A/(R* P)(A) = (R P)T(A). O

Lemma 4.10. Let P and R be preradicals. Then

(1) P*R is a preradical;
(2) The convolution operation is associative.
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Proof. (1) Let f : A — B be a morphism. Then f (P (A)) C P (B), so there
is a morphism g : gp(a) (A) — qp(p) (B) such that g o gp(a)y = qp(p) © f; then
9 (R (apca)(A))) C R(app) (B)). Let a € (PR) (A); then

(90apa)) (a) € R(qpm) (B))

whence (gp(p) o f) (a) € R (qp(p) (B)) and f (a) € (P*R) (B).
(2) Let K be a preradical. We have that

(R+K) P (A)=q" (R K (A/I) = ay," (a7, (R((A/11) /I2)))
where Iy = P (A), I = K (A/I;). Also, R+ (K %« P)(A) = q1_31 (R(A/I3)) where
Iy = K+ P (A) = q;,' (K (A/1)) = q1," (I2) .
It remains to note that g, = qr, o q, and (A4/I) /I & A/ql_l1 (o) = A/Is. O
The following result is a direct consequence of Proposition 3.2.

Corollary 4.11.
(1) If P and R are under radicals then PxR is an under radical.
(2) If P and R are over radicals then PoR is an over radical.

Theorem 4.12. If P and R are hereditary under radicals defined on a universal
class 4, and P is pliant then PxR is a hereditary under radical.

Proof. Let A be an algebra, J an ideal of A. As P and R are under radicals then
PxR is also an under radical by Corollary 4.11. Therefore
(P+R)(J) C JN(P+R) (A).

We have to prove the converse inclusion.

Since R(J) = J N R(A), setting f(z/R(J)) = qr(a)(x) we obtain an isomor-
phism f of the algebra J/R(J) onto the ideal qg(a)(J) of A/R(A). Since P is
pliant, f(P(J/R(J))) = P(qrca)(J))-

If v € JN (P+R)(A) then

qr(a)(x) € P(A/R(A)) N qra)(J) = Plarea)(J)) = F(P(J/R(J])).
Thus f(z/R(J)) € f(P(J/R(J)), whence z/R(J)e P(J/R(J)) and z € (P*R)(J).
Therefore J N (P*R)(A) C (P+R)(J) and the proof is complete. O

Remark 4.13. The proof of Theorem 4.12 shows that it remains true if P, Q are
topological radicals on Banach algebras and P satisfies the condition of Banach
heredity (2.2).

For brevity, let
P =+ R = H{P,R} and P . R = B{P,R}
for preradicals P and R.
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Lemma 4.14.
(1) Let P and R be under radicals. Then

P+R<P+R<(P+R)*(P+R).
(2) Let P and R be over radicals. Then
(P-R)o(P-R)<PoR<P-R.
Proof. (1) Let A be an arbitrary algebra, I = P (A), J = (P + R) (A), and let
qr: A— A/I and q; : A — A/J be standard quotient maps. As
ar (R(A)) € R(A/T) = g (PR) (4)

then P+ R < PxR. As I C J, there is a morphism ¢ : A/I — A/J such that
q o qr = qy.. Therefore

91 (P+R) (A)) = ¢ (R(A/I)) € R(A/J) C (P + R)(A/J)

) =
whence (P*R) (A)Cc ((P+R)x(P+R))(A).
(2) Clearly

(PoR)(A)=P(R(A))CP(A)NR(A)=(P-R)(A).
Let I = P(A)NR(A). As I is an ideal of R (A) then
(P-R)Y(I)cP(I)c P(R(A)). O
Corollary 4.15.
(1) Let P and R be under radicals. Then
(P+R)" = (R*P)" =PV R=P*VR".
(2) Let P and R be over radicals. Then
(PoR)’=(RoP)°=PAR=P°AR°.
Proof. (1) follows from Lemma 4.14 if one takes into account that
(P+R)*(P+R)"=PVR

by associativity of the convolution.
(2) follows from Lemma 4.14 if one takes into account that

(P-R)o(P-R)°=PAR
by associativity of the superposition. O

This corollary can be easily extended to finite and even transfinite “products”
of corresponding maps.

It is straightforward that if P and R are hereditary radicals then P - R is a
hereditary radical. As a consequence of this, Lemma 4.14(2) and Corollary 4.15,
we obtain the following

Corollary 4.16. Let P and R be the hereditary radicals. Then Po R is a hereditary
radical and
PoR=RoP=PAR=R-P.
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4.3. Transfinite chains of ideals and radicals

We start with a simple observation on the quotient algebras related to preradicals.

Proposition 4.17. Let A be an algebra, and let I be an ideal of A. Then
(1) If P is an over radical and
(a) P(A) C I then I/P (A) is P-semisimple;
(b) I C P(A) [for closed I] then P(A/I)= P (A)/I.
(2) If P is a hereditary preradical and I C P (A) [for closed 1] then P (A) /I is
P-radical.

Proof. (1la) P(I/P(A)) C P(A/P(A))=0.
(1b) There is a morphism p : A/I — A/P(A) such that gpa) = poqs
where gp(4), g1 are the corresponding standard quotient maps. Then

p(P(A/I)) C P(A/P(A)) =0

whence P (A/I) Ckerp= P (A)/I=q; (P(A)) C P(A/I).
(2) Indeed, P (A) /I =q; (P (A)) C P(A/I). Hence, by heredity of P,

P(P(A)/I) = (P(A) /1)N P (A/I) = P(4) /I O

Let P be a preradical, and let A be an algebra. A [closed] ideal I of A is
called P-absorbing if A/I is P-semisimple.

Theorem 4.18. Let A be an algebra, P an over radical, R an under radical. Then

(1) [The closure of] the sum of any family of R-radical ideals is R-radical;

(2) If (Ja)(x<'y is an increasing transfinite chain of ideals of A with Jo = 0 and
all gap-quotients are R-radical then J., is R-radical;

(3) The intersection of any number of P-absorbing ideals is P-absorbing;

(4) If (Ia) o <5 is a decreasing transfinite chain (Ia), <., of ideals of A with Iy = A
and all I /141 are P-semisimple then I5 is P-absorbing.

Proof. (1) Let I be the [closure of the] sum of a family (J,)aea of P-radical ideals
of A. Then J, = R(J,) C R(I) C I for every «, whence I = R (I).

(2) follows by transfinite induction. The step a — «+1 follows from Theorem
4.6, and the case of limit ordinals follows from (1).

(3) Let I = Naeadn be the intersection of P-absorbing ideals of A. As T C
Jo for every «, then, for the standard morphism ¢, : A/I — A/J,, we have
ga (P(A/I)) C P(A/Js) = 0. Therefore P(A/I) C Nakerqa = Naerdo/I =
(Naeada) /I =0.

(4) follows by transfinite induction. The step o — «+1 follows from Theorem
4.6, and the case of limit ordinals follows from (3). O

Theorem 4.19. Let F, be a family of under radicals, let F, be a family of over
radicals, and let A be a [normed) algebra. Then
(1) There is an increasing transfinite chain (Ia),<. of [closed| ideals of A such
that Iy = 0, I, = (VF.) (A) and every gap-quotient Ioy1/1, of the chain is
P-radical and is equal to P (A/l,) for some P € F;
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(2) There is an increasing transfinite chain (Ja),<;s of [closed] ideals of A such
that Jo = A, Js = (AF,) (A) and every gap-quotient of the chain is P-
semisimple for some P € F,.

Proof. (1) Let I = (VF,) (A). Arguing by transfinite induction, assume that we
already have the required chain (I,/), ., but with the only distinction I, C I.
If I, # I then I/I, is a non-zero V.F,-radical algebra by Proposition 4.17(1b),
because V.F, is a radical. Therefore Hr, (I/1,) # 0. Then Hr, (A/1,) # 0, and
there is some P € F, such that P (A/I,) # 0. Let Io41 = qfal (P (A/1,)). Then
Io41/1, is P-radical and
Lt /o = P(A/L) © (VF.) (A/1) = (VF.) (A) /o = 1/1,

by Proposition 4.17(1b). So In4+1 C 1.

(2) Let J = (AF,) (A). Assume, by induction, that we already have the
required chain (Ju/), ., but with J C J,. If Jo # J then J,/J is a non-zero
AF,-semisimple algebra by Proposition 4.17(1a). Then Hz, (J,/J) = 0, and there
is some P € F such that P ((Jo/J)) # Ja/J. Let Jot1 = q;" (P ((Ja/J))). Then
Jo/Ja+1 = (Jo/J) /P (Jo/J) is P-semisimple. O

Let # be a base class, and let V be a class of [normed] algebras from 4. We
say that V' is closed under increasing transfinite chains if V' contains any [normed]
algebra A for which there is an increasing transfinite chain (Is),., of [closed]
ideals A such that Iy =0, I, = A and all gap-quotients of the chain are algebras
from V; we say that V is closed under decreasing transfinite chains if V' contains
any [normed| algebra A for which there is a decreasing transfinite chain (J,),<s
of [closed] ideals of A such that Jy = A, J; = 0 and all gap-quotients of the chain
are algebras from V.

Corollary 4.20. Let V' be a class of [normed| algebras from . Then
(1) If V is closed under increasing transfinite chains then there is the largest
radical on 3 whose radical algebras lie in V;
(2) If V is closed under decreasing transfinite chains then there is the smallest
radical on 3 whose semisimple algebras lie in V.

Proof. (1) Let F be the family of all radicals P on il with Rad (P) C V. Let
R = VF,and let A be an R-radical algebra. By Theorem 4.19, there is an increasing
transfinite chain (1a), ., of [closed] ideals of A such that Iy = 0, I, = A and every
gap-quotient of the chain is P-radical for some P € F. Then all gap-quotients of
the chain lie in V', and R € F.

(2) The proof is similar to the proof of (1). O

A transfinite sequence (S, ), <4 of over radicals is called a decreasing transfi-
nite chain of over radicals if (S, (A)),<; is a decreasing transfinite chain of ideals
of A for every algebra A; similarly, a transfinite sequence (T,),, <., of under radi-
cals is called an increasing transfinite chain of under radicals if (T, (A)) is an
increasing transfinite chain of ideals of A for every algebra A.

a<y
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Examples:

(1) A convolution chain (T,),<., obtained from family F, of under radicals by
the rule Ty := Py : A — 0, the zero radical, and Tyo11 = P x T, for some
P e Fy;

(2) A superposition chain (Sa),<s obtained from a family F, of over radicals by
the rule Sy := Py : A — A, the identity radical, and S, = Ro S, for some
ReF,.

Theorem 4.1 and Corollary 4.11 guarantee that (7%),. consists of over
radicals and (Sy), <5 consists of under radicals. N

Theorem 4.21. Let F;; be the family of all convolution chains of a family F, of
under radicals, and let F; be the family of all superposition chains of a family F,
of over radicals. Then
(1) Ty < VFy for every (Ta) <., € Fy, and S5 > NF, for every (Sa),<5 € Fy-
(2) For any algebras Ay, ..., A,, there exist
(@) (Ta)o<, € Fu such that T, (A;) = (VFu) (Ai), for i <m;
(b) (Sa)yes € FS such that S5 (A;) = (AF,) (Ai), fori <n.

Proof. (1) follows by transfinite induction: the step o+ « + 1 follows by Lemma
4.14 and the case of limit ordinals is obvious.

(2a) Construct (Ty,) € F;f taking Tpy1 = P % T, for some P € F, with
P (A1/T, (A1) # 0. The chain (T, (A1)) of ideals of A; must be stabilized: there is
T,, such that P (A;/T,, (A1)) = 0 for every P € F,. Continuing the construction
of (Ta)ag~,l first for As,..., A, and then for every other algebra B in such a
way if necessary, one can find (7u),<,, with 1 < 72 < -+ < 7, = 7 such
that P (A;/T,, (A;)) = 0 for every P € F,, and define a preradical T such that
T (A4;) = T, (A;) for i = 1,...,n. By Theorem 4.1 and Corollary 4.11, T is an
under radical and T' < VF, by (1). It is clear that T (B/T (B)) = 0, i.e., T is a
radical. As

qr(s) (P (B)) C P(B/T(B)) =0
for every P € F,, then P (B) C T (B), for every algebra B. Hence VF, <T.

(2b) Construct (S,) € FJ taking Sa+1 (A1) = R(Sq (A1) # Sa (A1) for
some R € F,. The chain (S, (A1)) of ideals must be stabilized: there is S5, such
that R (Ss, (A1)) = S5, (A1) for every R € F,. Continuing the construction of (S,)
first for As, ..., A, and then for every other algebra B in such a way if necessary,
one can find (Sa),<s, With 61 <dy <--- <4, = § such that R(4;/Ss, (A;)) =0
for every R € F,, and define a preradical S such that S (A;) = S5 (A;) for i =
1,...,n. By Theorem 4.1 and Corollary 4.11, S is an over radical and S > AF, by
(1). It is clear that S (S (B)) = S (B), i.e., S is aradical. As S(B) = R(S(B)) C
R (B) for every R € F, and every algebra B, then S < AF,. O

4.4. The heredity problem

The closure procedure does not preserve the class of hereditary radicals: P can
be non-hereditary when P is a hereditary preradical (see [D3, Example 7.1]). The
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operation of the closure (of an ideal) is involved also in the construction of P*; this
leads to a possible loss of heredity. The following lemma shows that it is not the
case for the convolution chains in 4, (in particular, for the algebraic convolution
procedure) and for the superposition chains in general.

Lemma 4.22. Let § be a limit ordinal. Then

(1) If (Pa),<s is a decreasing transfinite chain of preradicals and P, is hereditary
for a < 6, then Pj is hereditary.

(2) If (Pa),<g s an increasing transfinite chain of algebraic preradicals and P,
is hereditary for o < &, then Ps is hereditary.

Proof. (1) Let A be an algebra, and let J be an ideal of A. By definition, the chain
(P (A)) 4<5 is a decreasing transfinite chain of [closed] ideals. Then
Ps (A) = Na<sPa (A)
by (3.1), and P5 (J) = J N Ps (4).
(2) By definition, (P, (A))a§5 is an increasing transfinite chain of ideals. So
Ps (J) = Uq<s Py (J) = Uq<s (J NPk, (A)) =JnN (Ua<5Pa (A))
=JNPs(A). O

Corollary 4.23. If P is an algebraic hereditary preradical then P* is a hereditary
radical.

Proof. Tt follows from Theorem 4.11 and Lemma 4.22 that the convolution chain
generated by P consists of hereditary preradicals. Therefore P* is hereditary. [

Let F be a family of hereditary radicals. Then AF is a hereditary radical and
therefore is the infimum of F in the class of hereditary radicals. Besides of this
AF satisfies the following equality [ST7, Lemma 3.2]

AF = B. (4.2)

Theorem 4.24. The operations V and A restricted to the class of algebraic hered-
itary radicals produce supremum and infimum in this class; moreover N\ produces
nfimum in the class of topological hereditary radicals.

Proof. Let F be a family of algebraic hereditary radicals, A an algebra, and let J
be an ideal of A. By Theorem 4.21, there is a convolution chain (%), ., obtained
from F such that (V.F) (4) = T, (A) and (V.F) (J) = T, (J). By Theorem 4.11 and
Lemma 4.22, (T,),<., consists of hereditary preradicals. Therefore T, (J) = J N
T, (A). This shows that VF is a hereditary radical. Therefore V.F is the supremum
of F in the class of algebraic hereditary radicals.

The assertion about the infimum is evident. (]

Theorem 4.25. Let F be a family of hereditary radicals and V' = UpcrRad (P).
Let F' be the family of all hereditary radicals R such that Rad (R) D V. Then the
supremum of F in the class of hereditary radicals is equal to

AF =Bz
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Proof. Let T = AF'. Then T is a hereditary radical by [ST7, Lemma 3.2], and
T < R, for every R € F', by definition. As AF" = Bz then, for every P € F, we
obtain that

Rad (T) = NgerRad (R) DV O Rad (P)

and therefore T > P. So T is the supremum of F in the class of hereditary
radicals. 0

Now we consider a way to show heredity of some radicals that are constructed
via the closure procedure and the topological convolution procedure.

Let A be an algebra, and let I be an ideal of A. Let I+ = {z € A: xI = 0},
the left annihilator of I in A. A preradical P is called nil-ezact if

It (PxI)c P(A)

for every [closed] ideal I of any algebra A.

A preradical P is called weakly hereditary if, for any P-radical algebra A,
P (I) # 0 for every non-zero ideal I of A.

Recall that Y5 (A) means the sum of all nilpotent ideals of A; if P is a
topological preradical then ¥3 < P means that the inequality holds for normed
algebras on which P is defined.

Lemma 4.26. Let P be an algebraic under radical. Then

(1) If P is nil-exact then P is nil-evact; B
(2) If P is weakly hereditary and Xg < P then P is weakly hereditary.

Proof. (1) Let A be a normed algebra, and let I be a closed ideal of A. We have
that I+ (P I) C P(A), ie., I*q;' (P(A/I)) C P(A). By (1.5),

ar' (P(4/D) = qi* (P(A/D) = a7 (P (4/ D)),

SO

Iqp ' (P(A/D) = I*qr ' (P(A/D) € Itq; " (P (A/D)) € P(A) = P(A),

e, I© (P+ 1) C P(A).

(2) Let A be a P-radical algebra, and let I be a non-zero ideal of A. Set
J=1TIA.

If J # 0 then P(J) # 0 by the weak heredity of P. As J is an ideal of I, it
follows that P(I) # 0, whence P(I) # 0.

If TA = 0 then I2 = 0, whence I = X45(I) C P (I) and P(I) = I # 0. O

Lemma 4.27. Let P be a weakly hereditary under radical, and let A be an algebra
and I an ideal of A. Then

(1) IFINP(A) #0 then P (I) % 0;
(2) If I C P(A) then I is P*-radical.
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Proof. (1) Let J = I N P(A) # 0. Then J is a non-zero ideal of the P-radical
algebra P (A), whence P (J) # 0 by weak heredity. As J is an ideal of I then
P(J)yc P(I)#0.

(2) Let A be an algebra, and let I be a non-zero ideal of A and I C P (A).
Then [ is an ideal of the P-radical algebra By := P (A). Let I; = P %0 = P (I)
with respect to the algebra I; then I; # 0 is an ideal of By. Let I] be I; for the
algebraic case and the closure of I in Bj for the topological case. Then By /I] =
ar (P (A)) C By = P(A/Ii) and I/Il = qr; (I)

If I/1 # 0 then g, () is a non-zero ideal of the P-radical algebra Bs. Let
Iy = PxI; with respect to the algebra I: I, = ¢~ ' (P (I/I)) where g : [ — I/ is
the standard quotient map. If g7, (1) # 0 then P (qI{ (I)) # 0 by the assumptions
and therefore I # I.

Using transfinite induction, we can build the increasing transfinite chain of
ideals (I,) of ideals of A such that all I, C T and I,+1 = Px1, # 1, if I # I, and
also the corresponding transfinite chain (/) (consisting of closures of I,,’s for the
topological case) such that g, (I) is an ideal of the P-radical algebra P (A/I},).
The chain (I,) must be stabilized: there is an ordinal v such that I = I,. By
construction, I is P*-radical. O

Lemma 4.28. Let P be a nil-exact and weakly hereditary under radical, and let I
be an ideal of an algebra A. If IP*(A) # 0 then P (I) # 0.

Proof. If IP (A) # 0 then P (I) # 0 by Lemma 4.27(1). So one may assume that
IP(A) = 0. For the convolution chain (P, ) (with Py = Py and P,y = P x P, for
all &), one can find the first ordinal v such that I (P x P, (A)) # 0 (this is possible
because it is clear that if TP, (A) = 0 for o/ < a and « is a limit ordinal then
IP, (A) =0). Let J = P, (A). Then Iq;' (P (A/J)) # 0 and I.J = 0 by the choice
of 7. By nil-exactness of P, Iq;* (P (A/J)) C P(A). As Iq;" (P (A/J)) C I then
INP(A) #0, whence P (I) # 0 by Lemma 4.27(1). O

Lemma 4.29. Let P be a weakly hereditary and nil-exact under radical, and ¥g <
P. Then P* is weakly hereditary.

Proof. Let A be a P*-radical algebra, and let I be a non-zero ideal of A. If I? = 0
then I =Xz (I) C P(I) C P*(I) and P*(I) =1 # 0. If I? # 0 then IP* (A) #0
and P (I) # 0 by Lemma 4.28. Therefore P (I) C P*(I) # 0. O

Theorem 4.30. Let P be a weakly hereditary and nil-exact under radical, and ¥g <
P. Then P* is hereditary.

Proof. Let A be an algebra, and let I be an ideal of A. By Lemma 4.29, P* is

weakly hereditary. We apply Lemma 4.27(2) to P* instead of P. As P* is a radical

(in particular, P** = P*), every ideal J of A with J C P* (A) is P*-radical. Then

J:=1NP*(A)is P*-radical; as J is an ideal of I, it follows that
J=P(J)ycP*(I)cInP*(A) =,

ie, P*(I)=1NP*(A). Therefore P* is hereditary. O
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As is well known (see for instance [AR]), the radicals Pg, P, P, and rad
are hereditary.

Theorem 4.31. Pg, Py, P.. and rad are hereditary.

Proof. To apply Lemma 4.26 and Theorem 4.30, one has to show that the algebraic
under radicals ¥ (see Corollary 3.7), P, B, and rad are weakly hereditary and
nil exact. Since any ideal of a ¥g-radical, locally nilpotent, nil or Jacobson-radical
algebra have the same structure, all the under radicals are weakly hereditary. It
remains to establish nil exactness. Let A be an algebra, and let I be an ideal of
A, B=A/Iand a € I+,

Let z € ¢; " (X5 (B)); then g; (x) = by + ... + by, where b; is in a nilpotent
ideal of B, for each i. We take x; € A such that b; = ¢y (x;). Then ¢ (az;) lies in
a nilpotent ideal of B for every i: there is n; > 0 such that q; (ax;A)"" = 0, i.e.,
(az; A)* C 1. As az; A € I+ = 0 then (az;A)™ " = 0. Hence az; € X (A) for
every ¢ and therefore ax = ax; + - - + ax, € g (A4).

Let N C ¢; ' (B (B)) be finite, and let A,x be the subalgebra generated by
aN. Then gy (aN) C B (B) generates the nilpotent subalgebra: there is m > 0
such that g7 (Agn)™ = 0, i.e., (Aan)™ C 1. But Aqn C I+, whence (Aqn)™ T = 0.
As N is arbitrary, we conclude that aq; ' (B (B)) C P (4).

Let € ¢;' (Bx (B)), and let J be the ideal of A generated by az. Then
qr (J) consists of nilpotents. In particular, if b € J is arbitrary then there is k > 0
such that b* € I. As b € I+ then b**! = 0. This means that ax € L, (A).

Let z € ¢; ' (rad (B)), and let 7 € Trr (A) be arbitrary. If 7 (I) # 0 then 7 (I)
is a strictly irreducible algebra of operators and 7(a)7(I) = w(al) = 0 implies that
m(a) = 0, whence w(ax) = 0. If 7 (I) = 0 then there exists 7 € Irr (B) such that
m=7ogqr; as 7(q (ax)) = 0 then 7 (ax) = 0. Therefore ax € rad (A).

All under radicals in consideration are nil exact. By Lemma 4.26 and Theorem
4.30, Pg, Py, P, and rad are hereditary. O

Establishing heredity of the radical Pg, Theorem 4.31 answers a question
posed by Dixon [D3, Page 188].
Recall that, for any algebra A, F (A) is the set of all finite rank elements of A.

Lemma 4.32. Let A be a semiprime algebra. Then
(1) F(A)nrad(A) =0.
(2) If A is normed then F (A) Nrad (A) = 0.

Proof. (1) Assume that © € F (A) Nrad (A4) is nonzero, and let n be the rank of
W,. Then zAz is n-dimensional and the subalgebra generated by z in A' is at
most (n + 2)-dimensional. So x is an algebraic element in rad (A), whence there
is a minimal polynomial p (z) on = with degree at most n + 2. The roots of p lie
in the spectrum of z with respect to A* by [Bo, Section 1.1.2]. As x is in rad (4),
these roots are equal to 0, whence 2”2 = 0.

Let a € A' be arbitrary. As Wy, = LoW,R,, the rank of W, is at most
n. As az € rad (A), it follows that (az)"™® = 0 by above. Since Az consists
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of nilpotents of fixed degree, A'x is a nilpotent algebra by the Nagata—Higman
theorem (in fact, Dubnov—Nagata—Higman theorem, see [Fr]). As A'x is a non-
zero left nilpotent ideal of A, we obtain that A is not semiprime, a contradiction.
Therefore F (A) Nrad (A) = 0.

(2) Let z,y € I := F(A) Nrad(A) be arbitrary. Let (a,) C F(A) and
(by) C rad(A) be such that a, — = and b, — y as n — oo. Then a,b, = 0
for all n by (1), but a,b, — 2y as n — oo, whence zy = 0 and I> = 0. As [ is an

ideal of A and A is semiprime, I = 0. g

Let us, for brevity, call a subset M of an algebra A square zero if ab = 0 for
all a,be M.

Theorem 4.33. Pz = Rur Arad and Rg = Rur A rad < Rine = Rie A Req-

Proof. Let A be an algebra, and let ¥y (A) denote the sum of all square zero left
ideals of A. If L is a square zero left ideal of A then La is also a square zero left
ideal of A: L(aL)a C (LL)a = 0. So ¥ (A) is an ideal of A. It is easy to check
that ¢ is an under radical. If I is a nilpotent ideal of A then it is obvious that
I C X5 (A). Therefore X5 (A) C X (A4). As X§ is a radical then g = Xj C 5.
On the other hand, every semiprime algebra is ¥§-semisimple, whence
Pp = o

Note that every square zero left ideal consists of zero rank elements of A. So £ (A)
is an ideal of A consisting of finite rank elements. Therefore X9 < fRyf, whence

Ps = Xg < Rus-
It is well known that g < rad. Thus

mg < Rpur Arad.

Let now A be semiprime. We must to prove that A is (Rys A rad)-semisimple.
Assume, to the contrary, that
1= (mhf AN rad) (A) = Rur (A) Nrad (A) #£0

by (4.2). By heredity of Ry, I is an Ry¢-radical ideal of A. By Theorem 2.20(5),
there is a non-zero finite rank element x of A such that « € rad (A), a contradiction
to Lemma 4.32. So A is (s A rad)-semisimple, whence

Ane Arad < Pg.
It is clear that fg* < Qe Arad’, whence Ps < Rut A rad .
Let A be a Pg-semisimple normed algebra; then A is semiprime. Assume, to
the contrary, that I:= (Rhf /\m*) (A)#£0. By Corollary 4.16, I =tad (Rus(A)).

Therefore J := rad (Rus (4)) # 0. Arguing as above, one has that there is a non-
zero element = € f (A) such that x € J C rad (A), whence 2 = 0 by Lemma 4.32,

a contradiction. Hence A is (Rhf A @*)—Semisimple. Therefore

Ps < Rt Arad” < Pg.
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By definition, Rjnc = Rnc A Rad”. By (2.9), Rnc A Rad” < Req, whence
thc = (Rhc A Radr) A ch = Rhe A ch.

As every nilpotent ideal of A lies in Req (A) then Pz < Ry, whence also Pg <
Req. Taking into consideration that Pg = Rys A rad” < Rue, we obtain that
Ps < Rjne- U

5. Centralization

5.1. Commutative ideals and centralization of radicals

Let A € Y, be an algebra, and let Z (A) be the center of A. An ideal J of A is
called central if J C Z (A). Let X, (A) be the sum of all commutative ideals of A.

Lemma 5.1.
(1) X, is a preradical.
(2) If A is a semiprime algebra then ¥, (A) is the largest central ideal of A and
(a) 2o (A) ={x € A:x[a,b] =0 Va,bec A};
(b) Xo (J) =JNX, (A) for every ideal J of A.

Proof. (1) is straightforward.

(2) Let J be a commutative ideal of A, and let ,y € J, a,b € A be arbitrary.
Then

[z,a]y =z (ay) — axy = (ay) ¥ — azy = afy,z] = 0.

As bz,a] € J, it follows that [z,a]b[z,a] = 0, ie., [x,a]Alx,a] = 0. As A is
semiprime, [z,a] = 0, i.e., J C Z(A), whence X, (A) C Z(A). So ¥, (A) is a
commutative ideal of A. Then, by definition, 3, (A) is the largest ideal that lies
in Z(A).

(a) Let K ={r € A:2[a,b] =0Va,be A}. Let z € K, a,b,c € A be arbi-
trary. It is clear that K is an ideal of A: indeed, one has

za[b,c] = zalb,c] + x[a,c]b =z [ab,c] = 0.

Then [z,a]b € K, whence [z,a]b[z,a] = 0. Since A is semiprime, [z,a] = 0, i.e.,
x € Z (A). Therefore K C 3, (A).
Let y € 3, (A) be arbitrary. As y,ya € Z (A), we obtain that

Y [avb} = [yavb] - [yvb]a =0.

Thus ¥, (4) C K.

(b) Obviously J N3, (A) C 3, (J). As J is a semiprime algebra, ¥, (J) is
described as in (a) for A = J. Then X, (J) is a left ideal of A that lies in the center
of J. By symmetry, 3, (J) is a commutative ideal of A and so X, (J) C X, (4) by
definition. O

Remark 5.2. It follows from Lemma 5.1 (2) that if A is a semiprime normed algebra
then ¥, (A) is closed.
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Let P be a preradical and let
P =%, % P;

P is called the centralization of P. The map P — P is called the centralization
procedure.

Let P be a radical such that P > Bg. If P is topological on ,, or &y, the
inequality P > Pz is assumed to keep on i, or &y, respectively; in such a case
the inequality P > Pg also holds.

Theorem 5.3. Let P be a radical such that P > Bg. Then
(1) P* is an under radical;

(2) If P is hereditary then P® is hereditary.

Proof. Note that P is a preradical by Lemma 4.10. Remark 5.2 guarantees that
P® is a topological preradical in the topological case.
Let A be an algebra, and let J be an ideal of A. We claim that A/P (A)
is semiprime: indeed, Pg (A/P (A)) C P (A/P(A)) = 0. Similarly, J/P (J) is a
semiprime algebra. It follows from Lemma 5.1(2a) that
P*(A)={zxe€ A:x]a,b] € P(A) Va,be A},
P*(J)y={zeJ:z[y,z] € P(J) Vy,z€ J}.
Let © € P*(J) be arbitrary, and let ¢ : A/P (J) — A/P (A) be the standard
quotient map. Then

(q°ap(n) (z) € Za (¢ (J/P (J))) C Za (A/P (4))
by Lemma 5.1(2b), whence x € P*(A). So
Pe(J)c P*(A).

(2) Let z € JNP (A). Then z [a,b] € JNP (A) for every a,b € A, in particular
for every a,b € J. As JN P (A) = P(J), it follows that € P (J). Therefore,
P*(J) = JnNP*(A). Thus P* is a hereditary preradical, in particular, it is an
under radical. This completes the proof of (2).

(1) Tt follows from (5.1) applied to the opposite algebra of A that P (.J) is
an ideal of A. It is clear that P (P?(A)) C P(A) C P%(A), and then we obtain
that P(A) = P (P (A)) C P(P*(A)), whence

P(A)=P(P*(A)). (5.2)
It follows from Lemma 5.1(2) that [a,b] € P (A) for every a,b € P*(A), and from
(5.1) for J = P®(A) and (5.2) that

P*(P*(A) ={zeP*(A):x[a,b] € P(A) Va,be P*(A)} = P*(A).

This completes the proof of (1). O

(5.1)

We see from Theorem 5.3 that in general P? is an under radical (if P > 93),
and one can apply the convolution procedure to obtain the corresponding radical
P (the centralized P radical). But P** has a much more complicated description
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than P* which can be transparently defined by the condition: P%(A) is the largest
ideal of A commutative modulo P(A).

Below we study the question: when P® itself is a radical? Earlier the answer
was obtained in the case of the compactly quasinilpotent radical R.q — it was
proved in [ST7] that R¢, is a topological radical on i,,.

Theorem 5.3 and Lemma 4.7 immediately imply the following result.

Lemma 5.4. Let P be a radical such that P > Bz. Then P® is a radical if and
only if, for every [closed] ideal J of an algebra A such that the algebras A/J and
J are P®-radical, the algebra A is P®-radical.

In the following proposition we obtain a tool for the proof that P® is a radical,
which turns out to be convenient for many important examples of radicals.

Proposition 5.5. Let P be a radical such that P > Pz. Then P® is a radical if and
only if
(x) any P-semisimple algebra B with P*-radical B/%, (B), is commutative.

Proof. Suppose that (*) is true. By Lemma 5.4, it suffices to show that if a [closed]
ideal J of an algebra A and the quotient A/J are P*-radical then A is P%-radical.

Let B= A/P (A) and I be the [closure of the] image of J under the standard
map A — A/P (A). Then B is P-semisimple, in particular semiprime. Since J is
commutative modulo P(J) C P(A) then I is a commutative ideal of B. Therefore
I C ¥, (B) and, using the standard quotient map ¢ : A/J — B/I — B/, (B),
we get

B/S4(B) = q(A/J) = q(P* (4/)) C P* (B[S, (B))

i.e., B/%, (B) is P%radical.

By (%), B is commutative whence B = ¥,(B) and

A= qply (Sa (A/P () = P*(A),

i.e., A is P%radical. By Proposition 5.4, P® is a radical.

Conversely, let P® be a radical, and let A be a P-semisimple algebra such
that A/¥, (A) is P*-radical. Let now ¢ : A/¥,(A) — A/P*(A) be the natural
morphism. Since the first algebra is P%-radical then its image is contained in
P*(A/P*(A)) = 0. Therefore A/P*(A) = 0, whence A = P%(A). Since P(A) =0,
we get that P%(A) = 3¥,(A). Thus A = X,(A), i.e., A is commutative. We proved
(). 0

Lemma 5.6. Let A be an algebra, and let J be an ideal of A such that Lq (A) C J.
If A is semiprime and J/X (A) is commutative or nilpotent then J = %, (A).

Proof. Let ¥, (A) # 0. Suppose, to the contrary, that J # %, (4). If J/X,(4)
is nilpotent then there exists an ideal K of A such that ¥,(A) G K C J and
K? C %, (A). Therefore [K, K] C %, (A). This is also true in the case when
J/Eq (A) is commutative: in this case we can take K = J.

Let x,y € K be arbitrary. Then z := [z,y] € ¥, (4). By Lemma 5.1,

2% = z[z,y] = 0.
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If z # 0 then Pg (3, (A)) # 0, whence B (A) # 0, a contradiction to the assump-
tion that A is semiprime. Therefore z = 0, whence K is a commutative ideal of A.
By definition, K C ¥, (A4), a contradiction. Therefore J = £, (A). O

Theorem 5.7. Let P > By be a weakly hereditary under radical. If one of the
following conditions holds:
(1) s is [algebraically] universal and P is pliant or strict;
(2) P is defined on Banach algebras and satisfies the condition
of Banach heredity;

then P** is a radical.

Proof. First we prove the following statement:

() Let A be a P*-semisimple algebra and B = A/¥,(A). If B is commutative
modulo P(B) then A =X, (A).

Indeed, A is P-semisimple and semiprime. Let J := ¥,(A), I = J* (the left
annihilator of J). Then [A, A] C I by Lemma 5.1, hence either A is commutative
or I #0.

So we assume, to the contrary, that I # 0. If I N J # 0 then it is a nilpotent
ideal of A, a contradiction to semiprimeness of A.

Therefore I N J = 0, and the restriction f of g5 : A — B to I is one-to-one
onto K := q;(I) =2 (I+.J)/J. If K is commutative then I + J is commutative
modulo J, whence I 4+ J is commutative by Lemma 5.6, because A is semiprime.
This contradicts to the maximality of 3,(A). So K is not commutative. Since
[K, K] C P(B), we see that

KN P(B)#0.

In the case when A is a Banach algebra, K is a Banach ideal of B (see Section

1.2.7). If P satisfies the condition of Banach heredity then

P (K| x) = KN P(B) #0.

Taking the norm ||-|| ; as in Section 1.2.7, we have that f is an isometric isomor-
phism between I and (K; ||-|| ;). Then P(I) # 0 whence P(A) # 0, a contradiction.

Let P be pliant or strict, and let L = K N P(B). As L is a non-zero ideal of
the P-radical algebra P (B) then

P(L)#0
by the weak heredity of P.

Since f is a [bounded] isomorphism I — K, then f (P (f~'(L))) = P(L)
whenever P is pliant, or f (P(f~1(L))) = P(L) whenever P is strict. In any case
P(f~1(L)) #0.

As f7Y(L) is an ideal of I, this implies that
0# P (f71(L) c P(I) C P(A),

a contradiction. The proof of the statement (x) is completed.
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Let now B be commutative modulo P* (B), and let (P,) be the convolution
chain of P; then P, = P. Let Ay ={x € A:z/J € P(B)}. Then A; is an ideal of
Aj; therefore A; is P*-semisimple, and J C ¥, (41) = J N A; by Lemma 5.1. So

Yo (A1) = J.

Let By = A1/%X,(A41). As By = P(B) then By = P(By), in particular By is
commutative modulo P (Bj). Then A; is commutative by (x). Therefore 41 = J
and P (B) = 0. Then P*(B) = 0, B is commutative and A is commutative by
Lemma 5.6. As P* is a radical, P** is a radical by Proposition 5.5. (]

Remark 5.8. In the assumptions of Theorem 5.7, if P* is hereditary then P*® is
hereditary by Theorem 5.3. If P is an algebraic hereditary radical and P > ‘Bg,
then P is a strict and weakly hereditary under radical by Theorem 3.5 and Lemma
4.26, whence P is a radical.

5.2. Centralization of classical radicals
Now we apply Proposition 5.7 and Remark 5.8 to the classical radicals.

Corollary 5.9. rad®, rad™* and Rad® are hereditary radicals.

Proof. The radical Rad satisfies the condition of Banach heredity, rad is pliant and
rad is weakly hereditary. By Theorem 5.7, the centralizations of them are radicals.
Astad is hereditary, rad is a hereditary radical. O

Theorem 5.10. Rad” (4) = rad™>! (4) = {x € A: p(x[a,b]) = 0 Ya,b € A} for
every Banach algebra A.

Proof. Set J = Rad® (A). As rad®™>! (4) admits only one-dimensional strictly ir-
reducible representations, rad™>! (4) ¢ J. If w (J) # 0 for some 7 € Trr™™>* (A)
then dim 7 (A) = dim« (J) = 1 by Jacobson’s density theorem and commutativity
of J modulo Rad (A4), a contradiction. So J C rad®™>* (A).

Set I ={x e A:p(zfa,b]) =0Va,be A}. Then J C I by (5.1) for P = Rad.

Let & € I be arbitrary. Assume that m () £ = ¢ # 0 for some 7 € Irr¥™>1 (A4).
Taking a vector 1 such that ¢ and 7 are linearly independent, one can find a,b € A
by Jacobson’s density theorem such that 7 (a)n =&, 7(a){ =0 and 7 (b) ( = 7.
Then 7 ([a,b]) ¢ = &, whence

7T(£U [avb]) ¢=¢
a contradiction with p (z [a, b]) = 0. Therefore 7 (z) = 0 for every € Irrdm>1 (4).
This means that z € rad™>* (A) and I c J. O

Remark 5.11. Rad®” (A) = Rad"™ (A) = {x € A:p(zfa,b]) =0 Va,be ;1\} for

every normed algebra A.

Now we turn to the radicals of Baer, Levitzki, Kéthe, to the hypofinite radical,
and to their topological counterparts.

Corollary 5.12. PF, P, B, Rip, P, PR, Pr and Ry are hereditary radicals.
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Proof. Follows from Theorem 5.7 and Remark 5.8 because all radicals are heredi-
tary, and the closures of Pg, P, P, Rnr are strict and weakly hereditary. (]

Recall that the closed-nil radical Py is the restriction of Pz to Banach alge-
bras.

Corollary 5.13. P, is a hereditary radical.

1

Lemma 5.14. Let P, and P, be radicals such that Pg < P < Pa. If P, = P> on
commutative algebras then P{* < P3'.

Proof. Let A be an algebra such that Py (A) # P> (A). Assume, to the contrary,
that P (A) = P¢ (A). Let B = A/P; (A). Then B is semiprime and therefore com-
mutative by Lemma 5.1. On the other hand, B is P;-semisimple and therefore Ps-
semisimple by our assumption. But B is not Ps-semisimple because P» (A) /P; (A)
is Py-radical, non-zero and lies in P (B), a contradiction.

Corollary 5.15. rad; < rady < Rad™, g <P§ < PL and P§ < P§ < Pg.

Proof. The result follows from Lemma 5.14, (3.10), (3.8), Theorem 3.8, the coin-
cidence of Rad"™ with rad; on commutative algebras (by Theorem 5.10), and also
the coincidence of PBji with PF on commutative algebras. (]

Problem 5.16. Is R{_  a radical?

5.3. The centralization of the tensor Jacobson radical

It is not clear if R.q and R; are strict, so we cannot apply Theorem 5.7 to them.

However, R, is a radical by [ST7], and it will be proved that R is a radical.
First we note that the maps R; and R{ are regular.

Theorem 5.17. Let A be a normed algebra. Then Ry (B) = BNR: (A) and RY (B) =
BNRYE(A) for every dense subalgebra B of A.

Proof. As Ry (B) is the set of all @ € B such that a ® ¢ € Rad (B®C) =
Rad (A®C) for every normed algebra C' and every ¢ € C [ST6], then clearly

By (5.1), R¢ (B) ={x € B : z[a,b] € Rt (B) Va,b € B}, whence we obtain that
R (B)=BNR{(A). O

We need here and will use also in the further sections a result on tensor
radius of operator families, analogous to the result about the joint spectral radius
established in [ST1, Lemma 4.2]. If T' is an operator on a space X and Y is an
invariant subspace for 7' then T'|y denotes the restriction of T to Y, and T'|x/y
— the operator induced by 7" on X/Y. If Y is invariant for a set M of operators
then M|y = {T|y : T € M} and M|x/y = {T|x/y : T € M}; this is transferred
similarly to families of operators.
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Recall that the tensor spectral radius p; is defined in Section 2.3.3 and
pr (M™) = py (M)™
for every m > 0 and every summable family M in a normed algebra.

Theorem 5.18. Let M = (a;)7" be a summable family of operators in B(X), and
let Y be an invariant closed subspace for M. Then

pe (M) = max {p (M|xv),pe (Mly)} .

Proof. It is clear that max {p; (M|x/y).pt (M|y)} < pi(M). Let us prove the
converse inequality. Let ¢ : X — V := X/Y be the standard quotient map. Note

that
177 =7 byl

i=1 j=1

where M™ = (b;)]". For every ¢ > 0, there is z;; € X with ||z;;|| = 1 such that
160511 < [1bibjis || + . Clearly [[bibjzisl| < [|biyl| + [[bs]l [|bj2i; — y| for any y € Y.
Take y = y;; such that ||bjz;; — yi;]| < [lg (bjzi;)|| + &. Then

lyiill < Nbjzizll + 105255 — vizll < bj@izl| + g (@) + e
Hence
10b;]] < N|bibjas|| 4 € < bayis || + [1bal| [[bjzi5 — yizll + €
< bily || (1o || + Nl (bjzij)ll +€) + [|bill (g (bjzi)l| +¢€) + ¢
Taking the limit for ¢ — 0, we get
(00511 < bily | (oI + (105w 1) =+ [1Ball 1wl -
Therefore

a2z < 2D Wbl 1o |+ Wealy 111831 1+ el 1051v 1)

i
<Myl M+ My M v ]+ M M v
Let n = 2k in this inequality; as |[M"|| | < ||M’“||2+ and
(L7 g .7 117 1 [ 8
[RL70 g .7 1 I 117 1 1 (R (R [
then

n 2 2 2
a2, < g (a2t 1+ (a2 | 125 v |+ 12241 | )
9 2

<A (Il + 12241 )

2
< a gt | max {|| 24y |, a4, }
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Taking roots and setting k — oo, we obtain

pe (M) = py (M) max {p, (Mly), pe (M[v)}'/?,
ie., pr (M) < max{p, (M]y), p; (M|y)}. O

Let A be a normed algebra. Recall that, for every element a € A, L, and R,
are defined as operators  — az and z — za on A, respectively. If M = (a,,)]"
is a family in A, let Lys and Ry denote the operator families (L, )}" and (R,, )",
respectively.

Theorem 5.19. Let A be a normed algebra, and let M = (a,)]" be a summable
family in A. Then py (M) = p; (Las) = pe (Rar) and pr (LagRag) = pr (M)

Proof. Tt is clear that p; (Las) < pe (M), and pr (LysRar) < pr (Lng) pe Rar) <
pi (M)? by [ST6, Proposition 3.4]. Further,

SIS IED SR DD i (R

i1=1 in=1%n41=1

oo

) o]
<22 Z Loy, L,
i1=1 n=1

Hain+1 H = HLT4||+ HM||+

for every m > 0; this implies p; ( < pt (Lpg). Similarly,

) <
([ M2 | < (L Ran)™ (|4 1M
for every m > 0, implies p; (M)* = p; (M?) < py (LpRa). O
Recall that M/I is the image of M in A/I.

Corollary 5.20. Let A be a normed algebra, and let I be a closed ideal of A. Then
pr (M) = max {p; (M/I),p: (Las|r)} for every summable family M = (a,);" in A.

Proof. Indeed, it follows from Theorems 5.19 and 5.18 that
pi (M) = py (Lar) = max {p; (Larlayr) » pe (Larlr) }
= max {p; (Lar/r) , pe (Laa|1)} = max{p, (M/I),ps (Lns|1)}. O

For a summable family M = (a,,)]" in A, let

oo

M[F = (an), Mlisr = (an)y, and py (M) = p(an).
1

As p(an) < |lan|| for every n > 0, then p4 (M) < oo for every summable family M.

Remark 5.21. The inequality p4 (M ) < pi (M) does not hold even for commutative
Banach algebra. Indeed, if M = (p,1 — p,0,...) for a non-trivial idempotent p then
pr (M) =1 while py (M ) = 2. See the calculation of py (M) for commutative finite
families M via joint spectra in [M].
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Lemma 5.22. Let M = (a,)]° be a commutative summable family in A. Then
pe (M) < py (M).

Proof. As M|*¥ and M|y, ; commute for every k > 0, and M = M ¥ U M|, we
obtain that

pe (M) < pi (M) + pe (M[141) < pi (M[*) + pr (M]g41)

by [ST6, Proposition 3.4]. For every ¢ > 0 there is n > 0 such that p; (M|,41) <
Ml < 2. whence
pi (M) < sup py (M\’“)=Sllipp+ (M[*) = py (M). O

Corollary 5.23. Let A be a normed algebra, I a closed ideal of A, and let M
(an)]” be a summable family in A. Then

(1) If A/T is commutative then py (M) < max{py (M), p: (Larlr)};
(2) If I is central then, for every k > 0,

pr (M) < max {p; (M/I), pr (M|*) + p (M]g11)} -
Proof. (1) It follows from Lemma 5.22 and Corollary 5.20 that

pr (M) < max {p (M/I), pt (La|1)} < max{py (M), pr (Lar[1)}

since p (an/I) < p(a,) for every n.
(2) Tt is easy to check that Lps|r is commutative. Then

pe (Laelr) < pr (Lngpilr) + pr (Lgg, 1) < e (MI*/T) + py (M j41/1)
< pi (M%) + pi (M]g41)
by Lemma 5.22, and
pt (M) = max{p; (M/I), pr (Lns|1)}
< max {p, (M/I),pr (M[*) + pi (M[41)} - O

Corollary 5.24. Let A be a normed algebra. If A/R;(A) is commutative then
pr (M) < py (M|*) + py (M|pq1) for every summable family M = (a,)]" in A
and every k > 0.

Proof. By (2.5) and Lemma 5.22,
pi (M) = pi (M/Ry (A)) < pi (M[*) + pi (M 141) - O

Lemma 5.25. Let A be an Ry-semisimple algebra, and let I be a closed commutative
ideal of A. If AJI is commutative modulo Ry (A/I) then p, ({a} U M) < p(a) +
pi (M) for every a € A and every summable family M = (a,)]" in A.

Proof. As A is a semiprime algebra, I is a central ideal of A by Lemma 5.1. By
Corollary 5.23,

pi ({a} UM) < max {p, ({a} UM) /T),p(a) + pi (M)}
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By Corollary 5.24,

pi (({a} U M) /1) < p(a/I) + pe (M/T) < p(a) + pi (M).
Therefore p; ({a} UM) < p(a)+ p: (M). O
In the following theorem we will use the inequality
pr({a+0} U M) < p; ({a} U{b} U M) (5:3)

for every a,b € A and every summable family M in A; this is a special case of
[ST6, Proposition 3.3].

Theorem 5.26. R{ is a uniform regular topological radical on i,.

Proof. Let A be an R;-semisimple algebra, and let I be a closed commutative
ideal of A such that A/T is commutative modulo R; (A/I). By Proposition 5.5, to
prove that R{ is a topological radical, it suffices to show that A is commutative.

Assume that A is a Banach algebra. Let M = (a,,)]° be a summable family in
A, and a,b € A be arbitrary. Put ¢y = exp (Aad (b)) (a) for every A € C, and put
f(A) = (cx —a) /X; then A — f (A) is an analytic function in A and f (0) = [b, a].
As p(cn) = p(a) then, by (5.3) and Lemma 5.25,

pr({ex —a} UM) < p ({ea} U{a} U M) < 2p(a) + pi (M)
for every A € C. Replace a by a/\ for A # 0; we obtain that

pe ({f (N} U M) < 2p(a) /A+ pi (M) (5-4)
The function A — p; ({f (A)} U M) is subharmonic by [ST6, Theorem 3.16] and
bounded on C by (5.4); therefore it is constant and
pr({lb,aly UM) = pe ({F (OO M) = Lim pr (1f (A} D M) < p (M)

Al =00

As M is an arbitrary summable family in A then [b,a] € R, (A) = 0, therefore A
is commutative.

As R; is hereditary, it follows from Theorem 5.3 and Proposition 5.5 that R¢
is a hereditary topological radical on ;. As R{ is regular by Theorem 5.17, R
is a hereditary topological radical on &l,.

Let A be an R{¢-radical algebra, and let B be a subalgebra of A. If a,b € B
then p: ({[b,a]} U M) = p; (M) for every summable family in B. Therefore B is
R¢-radical and R{ is uniform. O

5.4. Spectral applications

Let 4l be a class of algebras. A property of algebras from 4l is called radical (respec-
tively, semisimple) in 4L if algebras with this property form the radical (respectively,
semisimple) class for some radical.

We start with Rad®-radical algebras. It is well known that Banach algebras
commutative modulo the Jacobson radical share with the commutative ones the
advantages of easy calculation of spectra and the continuity of the functions a —
o(a) and a — p(a). Moreover, it was shown in [PZ, Z1] that a Banach algebra is
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commutative modulo radical if and only if one (or all) of the following conditions
holds:
(1,) The function a — p(a) is submultiplicative;
(2,) The function a — p(a) is subadditive;
(34) The function a — p(a) is uniformly continuous.

Using the fact that Rad® is a radical (Corollary 5.9), we obtain the following
result:

Corollary 5.27. Let A be a Banach algebra, let I be a closed ideal of A and let
F be a family of closed ideals of A with dense sum in A. If either I and A/I, or
all ideals from F have one of the properties (15), (24), (34) then A has the same
property.

In other words, the uniform continuity of @ — p(a) is a radical property of
Banach algebras.

Problem 5.28. Will the statement of Corollary 5.27 stay true if one replaces the
uniform continuity of a — p(a) by the continuity of this map?

Some results related to this problem can be found in Section 9.

In the theory of joint spectra and spectral radii the commutativity modulo

the radical R¢q or R; plays a role which is at least partially similar to the role of
commutativity modulo Rad in the “individual” spectral theory.

Theorem 5.29. Let A be a normed algebra. Then
(1) If M = {aq : @ € A} is a family in A which is precompact and commu-
tative modulo Req (A) then p (M) = sup{\)\| NS a%(M)}; (Here [N =
sup,, [Aal.)
(2) If M = (an)]" is a summable family which is commutative modulo Ry (A)
then py (M) = sup{|/\\Jr NS a%(M)} = sup{\)\|+ tAE a%(M)}. (Here
AL =227 (Al )

Proof. As Req (A) = AN Req (2), Ri(A) = ANTR, (//1\) and the values of the
joint spectral and tensor radii do not change under taking the completion of A,
one may assume that A is a Banach algebra.

(1) As p(M) = p(M/Req (A)) by [ST6, Theorem 3.29], one may assume that
M is commutative. By [ST7, Theorem 6.3], the joint spectral radius is continuous
at M and

p(M)=sup{p(N): N is a finite subfamily of M} . (5.5)
The first equality below holds by [M, Theorem 35.5] while the other relations are
obvious:
p(N) =sup {\)\| Y= 0'54 (N)}

Ssup{\)\|:/\EUf4 (M)} = sup p(aa) < p(M).

an €M

(5.6)

The result follows from (5.5) and (5.6).
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(2) As p(M) = p(M/R¢ (A)) by [ST5, Theorem 4.18], one may assume that
M is commutative. As M is summable then for every € > 0 there is n > 0 such
that Y- |lax|| < e. By Corollary 5.24,

p(M[") < p(M) < p(M|") +p(Mlnt1) < p(M[") + > llaxll < p(M]") +&
n+1

whence p (M) = limy, 00 p (M|™). By [M, Theorem 35.6],
p(M|") =sup {|N|, : X e o (M)},
whence the result follows. O

It should be noted that the results of Miiller, used in the above proof, were
formulated in [M] for finite families in Banach algebras and for the Harte spectrum,
but they hold also for the left and right spectra due to [M, Proposition 35.2].

It follows from Theorem 5.29(1) that p (M) = sup,_cs p(aq) under the
posed conditions (this was proved also in [ST7]). As a consequence, we obtain
that each R -radical algebra is a Berger-Wang algebra (i.e., p(M) = r(M) for
all precompact sets M in A). By [ST7, Corollary 5.15], Ruc V Re, < Riw and in
particular for every normed algebra A the following algebra version of the joint
spectral radius formula

p (M) = max {p (M/ (Rue VRE,) (4)) . (M)}

holds for every precompact set M in A. We do not know however whether every
Berger-Wang algebra is Ry -radical.

Proposition 5.30. Let A be a normed algebra. If A/Ruy (A) is a Berger—-Wang
algebra then A is a Berger—Wang algebra.

Proof. Indeed,
p (M) = max{p (M/Ruw (A)) ,r (M)} = max {r (M/Ruw (A)) ;7 (M)} =r (M)
for every precompact set M in A. Therefore A is a Berger—Wang algebra. (]

The following theorem supplies us with a class of examples of Banach algebras
which are R¢,-radical (and therefore Rf-radical); these algebras hold an important
place in the theory of joint spectra of Lie representations (see for instance [F, BS,
Ds)).

Recall that algebras can be considered as Lie algebras with respect to the
Lie bracket [a,b] = ab— ba. A Lie subalgebra of an algebra A is a subspace L C A
with the property that [a,b] € L for all a,b € L.

Operators ady, (a) : © — [a,z] on a Lie algebra L, for a € L, are called
adjoint operators of L.

For a Lie algebra L, one defines the upper (lower) central series L™ (respec-
tively Ly,)) by setting Ly = LU = L, Ly, = [L, L] and L+ = [LI7] LT
L is called nilpotent (solvable) if L, = 0 (respectively LM = 0), for some n.
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Theorem 5.31. Let A be a normed algebra and let L be a Lie subalgebra of A. If
one of the following conditions holds:

(1) L is a nilpotent Lie algebra, and the inverse-closed subalgebra generated by L
is dense in Al;
(2) L is a finite-dimensional solvable Lie algebra, and the subalgebra generated
by L is dense in A;
then A is commutative modulo Req (A), i.e., A=TR¢, (A).

Proof. Let A’ = A/R¢q (A), and let L’ be the image of L in A’.

(1) If L' is not commutative then, by the Kleinecke-Shirokov theorem, there
is a non-zero quasinilpotent element = € [L’, L'] in the center of L’. Let By be the
subalgebra of A’ generated by L’. Then clearly z is in the center of By. Let B
be the subalgebra generated by By and all inverses of elements from By. Then x
is again in the center of Bj. If we have already built B,, and proved that x is in
the center of B,,, then B, is defined as a subalgebra generated by B,, and all
inverses of elements from B,,, and it is clear that x is in the center of B, 4.

Let C' = U2 (By. Then C is an inverse-closed subalgebra of A’; indeed, if
a € B, has an inverse a~' in A’ then a~! € B, 41. It is clear that C' is dense in A’.
Thus z is in the center of A’. As x commutes with elements of each M € ¢(A’) then

p({z} UM) <max{p(z),p (M)} =p(M)
since x is a quasinilpotent element. Therefore x € Req (A’) = 0 (see Section 2.3.4),
a contradiction.

So L' is commutative, whence A is commutative modulo R4 (4).

(2) Let I be the set of nilpotents in L'. By [BS, Proposition 24.1], I is a Lie
ideal of L’. As I is finite dimensional, the nilpotency indexes of elements of I are
uniformly bounded, so I is a nilpotent Lie algebra (by the algebraic Engel condi-
tion) and, moreover, generates nilpotent subalgebra in A, whence I"™ = 0 for some
n>0.As L'T C IL'+1, it follows that I generates a nilpotent ideal in the subalge-
bra generated by L’ and generates therefore a closed nilpotent ideal in A’. But every
nilpotent ideal lies in Req (A') = Req (A/Req (A)) = 0, whence I = 0. This implies
that L’ is a nilpotent Lie algebra; indeed, every eigenvector x of an adjoint operator
ady (a) corresponding to a non-zero eigenvalue is nilpotent which is impossible.
By (1), A" =R, (A"), whence A’ is commutative and then A = R, (A). O

Now we will discuss conditions under which the algebras generated (in the
above sense) by nilpotent Lie subalgebras belong to a special subclass of the class
of Rad®-radical algebras; this subclass occupies an important place in the theory
of linear operator equations and, more generally, in the study of multiplication
operators on Banach algebras (see [ST6]).

A normed algebra A is called an Engel algebra if all operators ada (a), a € A,
are quasinilpotent. It was proved in [ST4] (and can be deduced from earlier results
of [AM]) that each Engel Banach algebra A is commutative modulo Rad(A). The
converse is not true even for finite-dimensional algebras, for instance for the algebra
of all upper-triangular matrices. Clearly the class of all Engel algebras is stable
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under taking closed ideals and quotients; it evidently contains all commutative
and all radical Banach algebras; as a consequence, this class is not stable under
extensions.

An operator T on an algebra A is call elementary if T =", Ly, Ry, for some
ai,bi,...,an,b, € A'. For instance, the identity operator on A is also elementary.
Let & (A) be the algebra of all elementary operators on A.

Lemma 5.32. Let A be a Banach algebra, L be a nilpotent Lie subalgebra of A.
Then the closed, inverse-closed subalgebra B of B (Al) generated by Ly + Ry, is
commutative modulo Req (B).

Proof. Since the closure of an inverse-closed subalgebra of a Banach algebra is
inverse-closed and L + Ry, is a nilpotent Lie algebra, we obtain that B is com-
mutative modulo Ry (B) by Theorem 5.31. O

Theorem 5.33. Let A be a Banach algebra, and let L be a nilpotent Lie subalgebra
of A such that the inverse-closed subalgebra generated by L is dense in A'. Then
the following statements are equivalent:

(1) A is an Engel algebra;

(2) For every elementary operator Y La, Ry, ,

OB(AY) (i Laini> =op (i aibi>§
1 1

(3) The closed subalgebra generated by ada (A) is compactly quasinilpotent;
(4) ada (a) is quasinilpotent for every a € L\ [L, L].

Proof. (2) = (1) = (4) and (3) = (1) are obvious; (1) = (3) follows from Theorem
5.31 and Lemma 5.32.

(1) = (2) Let B be the closed, inverse-closed subalgebra of B (A') generated
by Ly + Ry, and let T = 37 Lo, (Ry, — Lp,) and ¢ = > ] a;b;. As B is inverse-

closed,
oB(AY) (Z Laini> —op (Z Laini> =op(T+L,).
1 1

By Lemma 5.32, B is commutative modulo Req (B). As Req (B) C Rad (B) then
B is commutative modulo Rad (B), whence the set of all quasinilpotent elements
of B coincides with Rad (B). Then, as A is Engel, it follows that T' € Rad (B) and
op (T +L.) = o (L¢). But 0 (Le) = og(ar) (Le) = 01 (c) by [BD, Proposition
3.19], and the result follows.

(4) = (1) As [L, L] consists of quasinilpotents, it follows that ad 4 (L) consists
of quasinilpotents. Let £ = {a € A' : p(ad: (a)) = 0}. It is easy to see that E is
an algebra by using Lemma 5.32. If € E is invertible in A then

p(ada (z71)) = p(Ly-radar (z) Ry-1) < p(Ly—1) p(adar (z)) p (Re-1) =0
by Lemma 5.32, whence F is an inverse-closed subalgebra of A. As L C E then E
is dense in A.
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Let B be defined as in Lemma 5.32; as B is commutative modulo Rad (B)
then the spectral radius is continuous on B. Then E is closed and A = E. O

Corollary 5.34. Let A be a Banach algebra, and let L be a nilpotent Lie subalgebra
of A such that the inverse-closed subalgebra generated by L is dense in A'. If
oar (a) is at most countable for every a € L\ [L, L], then A is an Engel algebra.

Proof. Let Ag be the subalgebra of A! generated by L and the identity element 1
of A It follows that o(41) (ad.a: (a)) is at most countable for every a € L\ [L, L].
As ad 41 (a) is nilpotent on L, it is locally nilpotent on Ay and is quasinilpotent on
the closure B of Ay by [ST4, Corollary 3.7]. To apply Theorem 5.33, it is sufficient
to show B is an inverse-closed subalgebra of A.

Let € B and 2~! € A. Then there is a sequence z,, of elements of Ay such
that , — = as n — oco. As the map a — a~! is continuous on the set of all
invertible elements of A and this set is open, one can assume that for every n there
is x,,1 € A and the sequence z,;! — 271 as n — co.

Note that, for every n, there is a polynomial p,, such that z,, = p, (a1, ..., ar)
for some ay,...,a; € L\ [L, L]. By the spectral mapping theorem [T1], we obtain
that

oar (pn(ar,...,ax)) = pp (0ar (a1,...,ak)) C pn (a1 (a1) X -+ x oar (ag)).

As 041 (a1) X -+ X 041 (ag) is at most countable, it follows that the spectrum
o a1 () is also at most countable. By [BD, Theorem 5.11], 2, ! lies in the closed
subalgebra of Al generated by x,, and 1. As z,,,1 € B then z,! € B for every n.
Therefore 27! € B.

We showed that B is inverse-closed. Therefore B = A!. As ad4 (a) is quasi-
nilpotent for every a € L\ [L, L], it follows that A is an Engel algebra by Theo-
rem 5.33. U

Some related results are obtained in [C].

Problem 5.35. Does every Banach algebra have the largest Engel ideal?

6. Socle procedure and radicals

6.1. Socle

Let A € 4, be an algebra. The (left) socle soc(A) of A is the sum of all minimal
left ideals of A. If A has no minimal left ideals then soc(A) = 0; soc(A) is an ideal
of A [BD, Lemma 30.9]. If I is a minimal left ideal of A and I? # 0 then there
is a projection p € I such that I = Ap, and every such projection p is minimal
[BD, Lemma 30.2]. Recall that a non-zero projection p of A is minimal if pAp is
a division algebra.

Let Min(A) be the set of minimal projections of A. If A is semiprime then
soc(A) equals the sum of all minimal right ideals of A (i.e., the right socle) [BD,
Proposition 30.10] and L is a left (right) minimal ideal of A if and only if L = Ap
(respectively, L = pA) for some p € Min(A).
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Remark 6.1. If B € 4l is a division algebra then B is isomorphic to C by the
Gelfand-Mazur theorem. If A is a semiprime Banach algebra then soc(A) is closed
if and only if A is finite dimensional [T], soc(A) N Rad (4) = 0 [GR, Lemma 4]
and soc(A) is the largest ideal of algebraic elements of A [GR, Theorem 5].

Proposition 6.2.
(1) The map soc is a preradical on LU,.
(2) If A € 8, is semiprime then soc (J) = J Nsoc(A) for each ideal J of A; in
particular, rad (A) Nsoc (A) = 0.

Proof. (1) is straightforward.

(2) Let E = {p € Min(A4) : Jp # 0}. Clearly J is a semiprime algebra, so the
minimal left ideals of J are determined by Min(.J). Let p € Min(J) and L = Jp.
Then L = Jp C Ap C L because p = pp € Jp = L. Hence Jp = Ap is a left ideal
of A and p € Min(A) because pJp = pAp is a division algebra. So Jp is a minimal
left ideal of A. This proves that soc(J) C J Nsoc(A) and Min(J) C E. Let us
prove the converse inclusions.

If p € E then Ap is a minimal left ideal of A. As Jp C Ap is a non-zero
left ideal of A, it follows that Jp = Ap, whence pJp = pAp is a division algebra.
Therefore £ C Min(J). We proved that

Min(J) = {p € Min(A) : Jp # 0}. (6.1)

Let a € J Nsoc(A) be arbitrary. Then a = > bip; + > ¢;p; (both sums are
finite) for all b;,¢; € A, where all p; € Min(J) and all p}; € Min(A) with Jp} = 0.
In other words, a = b+ ¢, where

b:= Zbipi = Z (bipi) pi € soc (J)
and c:= ) ¢;pj = a—b € J. By condition, Jp’ = 0 for all j, so one has Jc = 0.
But the set K = {d € J: Jd =0} is an ideal of A with K? = 0, whence K = 0
and therefore ¢ = 0 and a = b € soc (J). Thus J Nsoc (A) C soc (J).
If rad (A) N'soc(A) # 0 then rad (A) has a non-zero socle and there is a
non-zero projection p in rad (A); this is impossible. O
Let P be a preradical. Define the map P*°¢ by
P®°¢ = soc P,
so P®°¢ is the preimage of soc (A/P (A)) in A, for each algebra A. Let
Minp(A) = {z € A: gp(a) (z) € Min(4/P (4))}
where gp(a) : A — A/P (A) is the standard quotient map.
Theorem 6.3. Let P be a radical such that P > Pg. Then
(1) Ps°c¢ is a topological under radical;
(2) If P is topological then Ps°¢ = P°°;
(3) If P is algebraic then P°¢ is an algebraic under radical, and if P is hereditary
then PS°°* is hereditary.
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Proof. In (2) the equality Psc¢ = P is evident; (1) is a consequence of (3) and
Theorem 3.5 in the algebraic case and is proved similarly to (3) otherwise. So we
will prove only (3).

(3) P®°¢ is a preradical by Lemma 4.10. Let A be an algebra, and let J be an
ideal of A. Since A/P (A) and J/P (J) are semiprime then, to prove the inclusion
Psec (J) € Pso¢ (A), it suffices to show that

Minp(.J) € Minp(A) U{0}. (6.2)

Let ¢ : J — J/P(J) be the quotient map, ¢ = gpa) (as above), and let
g : J/P(J) — A/P(A) be the homomorphism ¢ (a) — ¢ (a) for a € J.
Let ¢ € Minp(J) be arbitrary. Then ¢’ (eJe) is a division algebra. If q(e) # 0
then ¢ (eJe) = g (¢ (eJe)) is also a division algebra and ¢(e) € Min (¢ (J)) C
Min (A/P (A)) by (6.1). In all cases e € Minp(A) U{0}. This completes the proof
of (6.2), so the inclusion P°¢ (J) C P%°¢(A) holds.

If a € A is arbitrary, then ¢ (a) g (Je) C q(Je) and ¢ (Je)q(a) C q(Jea) =
q (Jeea). As g (ea) € ¢(J) then, by [BD, Lemma 30.7], ¢ (Je (ea)) is a minimal left
ideal of ¢ (J) or zero. So P%°°(J) is an ideal of A.

Let B = P%°°(A). Then P(B) C P(A). But P(A) is a P-radical ideal of
B; so P(B) = P (A). Hence soc(B/P(B)) = soc(A/P(A)). This shows that
Psec (Psec (A)) = Ps°¢ (A). We proved that P5°¢ is an under radical.

Let now P be hereditary. Since P (J) = JN P (A) then g: ¢’ (x) — q(z) is
an isomorphism of J/P (J) onto the ideal ¢ (J) of A/P (A). Therefore

g (Min (J/ P (J))) = Min (¢ (J)) = {q(y) € Min (A4/P (4)) : ¢ (Jy) # 0}

by (6.1). So if y € J and ¢(y) € Min(A/P (A)) then ¢’ (y) € Min (J/P (J)). It
follows that J N P%°¢(A) C P°°(J). Then P%° is hereditary. By Corollary 4.23,
P3°¢* is hereditary. O

As a consequence of Theorem 6.3, P%°¢* and Psoc” are (algebraic and, re-
spectively, topological) radicals.

6.2. Some applications
Lemma 6.4. Let A be an algebra, and let I be a one-sided ideal of A. Then
(1) rad (I) = I Nnrad (A).
(2) If J is a one-sided ideal of I then rad (J) = J Nrad(A).
Proof. (1) Let I be a left ideal of A. As rad (A) is the largest left ideal consisting
of left quasi-invertible elements of A [BD, Proposition 24.16], rad (I) C rad(A)

and also I Nrad (A) C rad (I).
(2) By (1), we have that rad (J) = J Nrad (I). Then

rad(J) =JNrad(I) =JNINrad(A) = JNrad(A). O

Proposition 6.5. Let A be an algebra, and let J be a one-sided ideal of A. Then
rad®*°(J) C rad®°(A).
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Proof. Let J be a left ideal. As rad (J) = JN rad (A) by Lemma 6.4, the standard
map g : J/rad(J) — B := A/rad (A) defined by ¢ : z/rad (J) — z/rad (4) is
one-to-one. Let I = g (J/rad (J)). Then I is a left ideal of B and one may identify
the socle of J/rad (J) with the socle of I (because g and g~! are morphisms).

If L is a minimal left ideal of I there is p € Min (I) such that L = Ip. Then
p € L, BL is a left ideal of B and BL C L. So either BL = 0 or BL = L. But the
equality BL = 0 is impossible since B is semisimple. So L is a minimal left ideal
of B. This proves soc(I) C soc(B) and the result follows. O

Recall that f (A) is the set of all finite rank elements of A.

Lemma 6.6. Let A be a semiprime normed algebra. Then
(1) soc(A) = F (A);
(2) soc(A)Nrad(A4) =0;
(3) If a,b € F(A) then L Ry is a finite rank operator on A.

Proof. (1) Let p € Min (A) be arbitrary. As pAp is a division normed algebra,
pAp is one-dimensional by the Gelfand-Masur theorem, so p € F (A), whence
Ap C F (A) and soc (A) C F (A).

Let 2 € F (A). Then the algebra zA'z is finite dimensional. As Alz is a left
ideal of A' then rad (A'z) = A'z Nrad (A) by Lemma 6.4. Let B = zA'z + Ca.
Then B is a finite-dimensional algebra and B C F (A).

As B is a right ideal of A'x, it follows that

rad (B) = BNrad (4) C F(A)Nrad(A) =0

by Lemmas 6.4 and 4.32. As B is a finite-dimensional semisimple algebra then
B =soc(B). Therefore x € L1 +---+ L,, where L; is a minimal left ideal of B for
every i. Then there is p; € Min (B), for every i, such that L, = Bp;. As

piA'pi = pi (piA'pi) pi C piBp; C piA'p;

and p;Bp; = Cp; then p; € Min (Al) and Alp; is a minimal left ideal of A!,
whence = € soc (A'). It remains to note that if A is infinite-dimensional then
clearly soc (A') = soc (A), and if A is finite dimensional then A is semisimple and
A = Al by the classical Wedderburn results.

(2) Follows from (1) and Lemma 4.32.

(3) One may assume that A is unital. Let p;,ps € Min (A) be arbitrary. As
p1 + p2 € soc(A) then Ly, 1,,Rp, 4p, is a finite rank operator, whence L,, R, +
Ly, R, is a finite rank operator on A. Then

Ll—pz (Llepz + Lszpl) = Llepz - Lszlepg

is a finite rank operator. As Ly, Ly, Ry, = (Lp,Rp,) Lp, is a finite rank operator,
L,, Ry, is a finite rank operator.
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Let a,b € soc (A). Then there are p1,...,p, € Min (A), 21,y1,...,Zn,yn € A
such that a = ), x;p; and b = Zj y;p;. Then

L.Rp = Z ZinpiRyij = Z ZLIi (LPiRPj> Ry,

i=1 j=1 i=1 j=1

is a finite rank operator. O

Remark 6.7. (1) and (3) of Lemma 6.6 were proved for not necessary normed,
semiprime algebras with lower socle instead of socle in [BE, Lemma 3.1 and The-
orem 3.3]; the lower socle of A is defined as the ideal generated by all minimal
projections p with pAp < oo. It should be noted that our proofs are completely
different from ones in [BE].

Lemma 6.6(3) yields
Corollary 6.8. Every finite semiprime normed algebra is bifinite.

It follows that if A is a semiprime normed algebra and Rys (A) # 0 then
&l (A) has nonzero finite rank operators. The converse is also true.

Theorem 6.9. Let A be an algebra. If there is a finite rank elementary operator T
on A then the image of T is contained in Ry (A).

Proof. Let T = Y7 Ly, Ry, I = Rue(A) and B = A/I. Then the operator
S = Z?:l La,/1Rs, /1 is a finite rank elementary operator on B. By [BT, Lemma
7.1], if S # 0 then there is a non-zero finite rank element of B which is impossible.
Therefore S = 0 and the image of T is contained in Ry (A). O

In particular, if A is normed then PRpt (A) C Ru (A) and the image of T lies
in Rhf (A)

Remark 6.10. By [BT, Theorem 8.4], if A is a Banach algebra and T is a compact
elementary operator on A then the image of 7' is contained in Ry (A). It should
be noted that this result holds also for normed algebras, with the same proof.

Problem 6.11. Let A be a Banach algebra, and let T =" Ly, Ry, be a compact
operator on A with 7" |lai| ||bi]| < oo for some a;, b; € A. Is the image of T
contained in Ryc (A)?

Theorem 6.12. Rys = ?307*

Proof. Let A be a normed algebra. If A is Pgoic*—semisimple then A is semiprime
and soc (A) = 0. By Lemma 6.6, A has no non-zero finite rank elements, whence
A is Ry¢-semisimple. Therefore Ry < Pf?* by Theorem 2.3.

Conversely, if A has no non-zero finite rank elements then A is semisimple
and soc (A) = 0. Therefore P;°** < Ry by Theorem 2.3. O

Theorem 6.13. Riuc = Rit V Rijne = ;th* < ’Rf* on Banach algebras.
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Proof. Let A be a Banach algebra. If A is stth*—semisimple then A has no non-zero
compact elements which lie in Rad (A), and soc (A) = 0. Hence A is semiprime,
so A has no non-zero finite rank elements by Lemma 6.6. Thus A is (Rut V Rjhe)-
semisimple.

It follows that A has no non-zero compact elements. Indeed, if a € A is a
compact element then every spectral projection of a corresponding to a non-zero
eigenvalue is clearly a finite rank element. So a is quasinilpotent. But A'a consists
of compact elements, whence A'a C Rad (A). By the assumption, a = 0. Thus A
is Ruc-semisimple.

By Theorem 2.3,

e < Rt V Rjhe < Rhe
on Banach algebras. Assume now that A has no non-zero compact elements. Then
it is clear that A is semiprime, has no non-zero finite rank elements and soc (A) = 0.
This proves the converse.

Let now A be R *-semisimple. As Req (A) = 0 then A is semiprime, and as
soc (A) = 0 then A has no non-zero finite rank elements by Lemma 6.6. As above,
if a € A is a compact element then a € Rad (A). But

Rhe (A) NRad (A) C Req(A) =0
by (2.9) (the inclusion follows by the algebraic version of the joint spectral radius

formula (2.8)), whence a = 0. Therefore A has no non-zero compact elements, i.e.,
A is Ryc-semisimple. By Theorem 2.3, Ry, < Rf* on Banach algebras. O

7. The kernel-hull closures of radicals and
the primitivity procedure

7.1. The kernel-hull closures of radicals

Let A be an algebra; Prim (A) is called the structure space of A. For any subset F
of A, let hull (F; A) or simply h(FE; A) be the set of all I € Prim (A) with E C I;
this set is called a hull of E. For any set W C Prim (A), let ker(W; A) or k(W; A)
be defined by k(W; A) = Nyew I; this ideal is called a kernel of W. Note that the
Jacobson radical rad coincides with the kernel-hull closure (briefly, kh-closure) of
Zero:
rad (A) := NPrim (4) = kh ({0}; 4") :=k (b ({0}; A"); A")
for each A € il,. The operation of the hull-kernel closure
M +—hk(M;A) :=h(k(M;A);A),

for M C Prim (A), determines the Jacobson topology on Prim (A) [Bo, Section
1.1]: closed sets are the sets of form hk (M; A'). As is known, this topology is not
Hausdorff in general.

Let Q be a primitive map, and let I, be the related ideal map on 4 (Section
2.3.2). Let A be an algebra, and let

Irrg (A) ={melir(A) :kerm € Q(4)}.
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For every ideal J of A, put
ho (J;A) =h(J; A)NQ(A).

Lemma 7.1. Let A be an algebra and I,J be ideals of A. Then
(1) If I C J then khq (I; A) C khg (J;A);
(2) kho (INJ;J) = JNkhg (I; A);
(3) kho (J;A) = ¢; " (Ila (A/J));
(4) If A is a Q-algebra then I C I C khg (I; A) = khg (I; A).

Proof. (1) Tt is clear that kh (I; A) C kh (J; A), whence khq (I; A) C khg (J; 4).

(2) Let K =1NJ, and let 7 € Irrq(J) be arbitrary with 7(K) = 0. Then, for
any representation 7 € Irrg(A) extending 7 (on the same representation space),
we have that

w()7(J) =n(IJ)=7(I1J)=0.
It follows that w(I) = 0. Conversely, the restriction 7 of each 7w € Irrq (A) with
m(I) =0 to J vanishes on K and if 7 # 0 then 7 € Irrg(J).

If a € J Nkhqo(I; A) then 7(a) = 0 for every m € Irrq(A) with = (I) =
7 € Irrq(J) corresponding to 7, we have that 7 (K) = 0 and 7(a) = 7(a ) =
whence a € khq (K;J).

If a € khq (K; J) then 7 (a) = 0 for every 7 € Irrq(J) with 7(K) = 0. For w €
Irrg(A) corresponding to 7, we have that 7(I) = 0 and either 7(J) = 0 (whence
w(a) =0) or 7|y € Irrq(J) with 7(a) = 7 (a) = 0, whence a € J Nkhq (I; A).

(3) is obvious.

(4) As each J € hq (I; A) is closed then I C J, whence I C khq (I;A). O

Let © be a primitive map, and let P be a preradical. Define the map P¥Pe by
P (A) = khq (P (A); A)
for every algebra A. It follows from Lemma 7.1(3) that
Pk (4) = (g * P) (A) = qp 4 (g (4/P (4))) (7.1)

for every algebra A.

In the following theorem and corollary we assume that €2 is a primitive map
defined on a base class 4, and one of the following conditions, listed in Theorem
2.10, holds:

(1gp) € is pliant and either 4 = &, or 4y C U C 4, (correspondingly, Ilg is
either a hereditary radical or a hereditary preradical);
(2kn) U C Uy (I is a hereditary topological radical).

Theorem 7.2. Let 2 be a primitive map satisfying (1xn) or (2xn), and let P be a
preradical. Then

(1) Pkhe s g preradical, and Phe = P on Q-algebras;
(2) If P is an under radical then P<"¢ is an under radical;
(3) If P is hereditary then P"¢ is hereditary;
(4) If Q and P are pliant then P is pliant.
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Proof. (1) If f : A — B is a morphism then f (P (A4)) C P(B) and f (P (4)) is
an ideal of B. We will show that

[ (kha (P (A);A)) C kho (f

(
Indeed, let m € Irrq(B) be arbitrary and =(P (B)
and 7(P (A)) = 0. Then 7(a) = 0 for any a € khg
Therefore f(a) € kho(P (B),B).

As khg (f (P (A)); B) C khq (P (B); B) by Lemma 7.1 then

f (P (4)) = f (kha (P (4); 4)) C kho (P (B); B) = P (B)

P(A));B).

)=0. Then T =mo f € Irrq(A)
(P(A);A), whence 7(f(a)) =0.

and P*e is a preradical.
If A is a Q-algebra then

kho

by Lemma 7.1(4).

It remains to note that primitive ideals of a Q-algebra are closed. Hence Pkhe
is topological on Q-algebras.

(2) follows from (7.1) and Theorem 4.11.

(3) Let A be an algebra, and let J be an ideal of A. If P (J) = JNP (A) then

PEbe (J) = khg (P (J);J) = J Nkhq (P (A); A) = J N Pe (4)
by Lemma 7.1, whence P is hereditary.

(4) is obvious. O
Corollary 7.3. Let Q be a primitive map satisfying (1xn) or (2xkn), and let P be an
under radical. Then

(1) Pkher —IIo v P =1If v P*;

(2) Pkhe* s g radical, and P<he* = P
(3) If P is a hereditary preradical then Fkhﬂ* is hereditary on Q-algebras.
(4) If Q and P are pliant then P<"e* is pliant.

Proof. (1) is clear.
(2) Assume that P is an (algebraic/topological) under radical. It is clear that

khq *
on Q-algebras;

Pkhex — rad VP = (rad VP) Vrad = (th“ * rad)* .

Let (Ry) and (S,) be the algebraic and topological convolution chains of under
radicals generated by Pk % II and by }_th“ x I, respectively.
Let A be a Q-algebra. By Theorem 7.2(1),

—khgq

Pkhe w1 (A) = P “ x Ig (A).

We prove by transfinite induction that Rq41 (A) = Say1 (A) for every ordinal «,
and REkbe (A) = Skbe (A) for a limit ordinal a. Indeed, the step o+ a + 1 is easy
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if Ry (A) = S, (A). Assume that RPe (4) = Skhe (A) for some limit ordinal a.
Then

Rai1 (A) = P «1lg (Ra (A)) = P+ 1 (RE" (A))
=P 4 1lq (55 (4)) = P % g (Sa (A))
= Sar1 (A).
So we proved the step a — « + 1.

So it remains to show that RXBe (A) = Skbe (A) for each limit ordinal a.
Assume by induction, that Rr41 (A) = Sar41 (A) for every ordinal o’ < «. Then

R (A) = khg (Uar<aRar 41 (A); A) = kho (UarcaSari1 (A)5 A)
= kho (Uov<aSars1 (4); 4) = S5 (4)
by Lemma 7.1(4). Therefore there is an ordinal v such that
PR () = Ryt (A) = Rysz (A) = Sy (A) = Sy (4) = P27 (4).

(3) follows from (2) and Corollary 4.23.
(4) follows from Theorem 7.2(4). O

Remark 7.4. In (3) of Corollary 7.3 we state the equality of two radicals on Q-
algebras if one of them is obtained by application of the algebraic convolution
procedure while the other one is obtained by application of the topological convo-
lution procedure. So the resulting radical can be considered as an algebraic radical
as well as a topological radical, simultaneously. This gathers all advantages of both
classes of radicals.

7.2. Primitivity procedure

Let € be a primitive map, and let R be a preradical. Define RP2 by
R (A)=n{(RxI;A): 1€ Q(A)U{A}}
for every algebra A; we recall that
(R 13 4) = q7* (P (A/D)).

In other words, RP%(A) consists of all elements @ € A such that a/I € P(A/I) for
all I € Q(A).

If Q(A) = Prim (A) then we write RP instead of RP2. The procedure R —
RP¢ is called the Q-primitivity procedure.

Remark 7.5. If R < Il then A/I is IIg-semisimple and therefore R-semisimple,
whence (R*I;A) = I for every I € Q(A) U {A}; thus RP (4) = Tl (4). In
particular this is the case for R < rad.

For RP2 to have sufficiently convenient properties, one has to impose addi-
tional requirements on R. One of possible approaches is to require that R well
behaves on Banach ideals. We mean the condition of Banach heredity (see (2.2)).
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Lemma 7.6. Let R be a preradical on Ay, satisfying the condition of Banach hered-
ity. If A is a Banach algebra, I and J are closed ideals of A, then

(Rx(JNI);J)y=JNn(R=«1;A).

Proof. Let K = (J +I) /I with the norm ||| defined in Lemma 1.7. Then the
natural map ¢ : J/ (JNI) — (K; ||| 5) is an isometry. Let ¢ : J — J/(J N1I)
and qr : A — A/I be standard quotient maps. Considering ¢ as an algebraic
morphism, one may write that qr|; = ¢ o ¢. By the assumption,

¢ (R((J/(JN1D)))) = R(K; || ) = KN R(A/)
As qr|; = ¢ o g then
g (R((J/(JN1))) = (arl)) ™" (KN R(A/T)).
It is clear that (¢;|,) " (K) = (J+1)NJ = J. Then
TN (arl) " (R(A/D)) = T ngr (R(A/T))

and the result follows. O

Another way to investigate the primitivity procedure is connected with mod-
ifications of Axiom 1. Namely, we may require that R be either pliant or strict
(i.e., satisfies (2.1)); clearly if &l = y, then this holds for all preradicals.

In the following theorem and corollary we join both approaches.

Theorem 7.7. Let Q be a primitive map on U satisfying (1) or (2xp), and let R
be a preradical on Y. Then

(1) If Q and R are pliant then
(a) RP2 s a pliant preradical;
(b) If R is a radical then RP satisfies Aziom 4;
(¢) If R is a hereditary preradical then RP® is a hereditary preradical.
(2) If R is strict, 8 is universal and contained in LUy then
(a) RP2 is a strict preradical;
(b) If R is a topological radical then RP2 satisfies Axiom 4;
(¢) If R is a hereditary topological preradical then RP® is a hereditary topo-
logical preradical.
(3) If R is defined on i, and satisfies the condition of Banach heredity then RP®
is a hereditary preradical on UUy.

Proof. (1a) and (2a) Let f : A — B be an algebraic morphism [bounded epimor-
phism]. As (7o f) € Irrq (A) for every 7 € Irrq (B), then J := f~1 (1) € Q(A) for
every I € Q(B). Then f induces an algebraic morphism [bounded epimorphism]
fo : A/J — B/I such that fo oqy =4(qr Of. Hence

F(R=J)=[(a;" (R(A)T)) Car' (fo(R(A/T)))
Cq ' (R(B/I)=Rx*1I (7.2)
for every I € Q(B). So f (RP? (A)) C RP2 (B).
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Assume that 4l is universal and R satisfies (2.1) for continuous isomorphisms.
Let f : A — B be a continuous isomorphism. Then f~! : B — A is an algebraic
morphism and fy : A/J — B/I is a continuous isomorphism, where J = =1 (I).
Then

FRxJ)=f((fooan) " (fo(R(A/)))) = a; ' (R(A)J))) = R+ 1.
AsQA) ={ft():1€eQ(B }then
f(RP (A) = Nreasyuisyf (R= 1 (1) A)
= Nreap)u{n} (R*1;B) = R™ (B).

Therefore RP? satisfies (2.1) for continuous isomorphisms.
(1b) and (2b) If K is an ideal of A then

QE)U{K}={KNI:TeQ(A)U{A}}.

As KNI is an ideal of A then (R« (K N1I);K) is an ideal of A. Therefore RP® (K)
is an ideal of A.

Let ¢f : K — K/ (K NI) and qr : A — A/I be standard quotient maps.
There is a [bounded] injective imbedding g; of K/ (K NI) onto an ideal ¢; (K) of
A/I, whence

gr (R(K/(KN1))) C R(qr(K)) C R(A/T). (7.3)
As qr|k = gr o ¢} then
BP9 (K) = Nreauiay (47) " (R(K/ (K N1)
= Nrea(yuay (91047) " (91 (R(E/ (K 1)) (7.4)
C Niea(ayuiaygr | (R(A/D)) = RP2 (A).
Therefore RP® satisfies Axiom 4.

(1c) and (2¢) As R is hereditary, and also is algebraic or satisfies (2.1) for
continuous isomorphisms, then we rewrite (7.3) as follows:

91 (R(K/(KN1))) = R(q (K)) =q (K)NR(A/I)
for every I € Q(A) U {A}. It follows from (7.4) that
RP? (K) = Nreaayugay (@rlx) ™ (a1 (K) N R(A/T))

= Nreaayuiay (K Ngrt (R(A/T)))

= KN (Nreamuiaygr | (R(A/T))) = KN R (A).
Therefore RP2 is a hereditary preradical.

(3) Let f : A — B be a topological morphism of Banach algebras. Then

(mo f) € Irrq (A) for every 7 € Trrg (B), whence J := f~1(I) € Q(A) U {A} for

every I € Q(B)U{B}. Then f induces a topological morphism fy: A/J — B/I
such that fooqy = gy o f. Hence

f(RxJ)C R«1
as in (7.2), for every I € Q(B) U{B}. So f (RP* (A)) C RP* (B).
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By our assumption, for a closed ideal K of A,
RP? (K) = Nreqayuiay (R (KN1I);K)
= Nreayuia K N (R*1; A)
= K N (Nreaayugay (R+ I; A)) = K N R (A)
by Lemma 7.6. O

Now we apply the convolution procedure to obtain a radical.

Corollary 7.8. Let §2 be a primitive map on 3 satisfying (1xn) or (2kn), and let R
be a preradical. Then

(1) If Q and R are pliant then RP2* is a pliant hereditary radical;

(2) If R is a closed ideal map satisfying (2.1) (i.e., R is strict), $4 is universal
and contained in ty then RP?* is a topological radical on i;

(3) If R is defined on Uy, and satisfies the condition of Banach heredity then RP®*
is a radical on Banach algebras;

(4) Iq V R =1I§ V R* < RPo*,

Proof. (1)—(3) follow from the properties of convolution procedure.
(4) Tt is clear that

Mo (A) = Nreaayugaydr ' (0) C Nreacayugaydr | (R(A/D)) = R (A)
for an algebra A, and every R-radical algebra is RP2-radical. This implies the
result. (]

8. Scattered algebras

Our aim in this section is to give a consistent exposition of the theory of scattered
radical. This radical was announced in [ST2] and already applied in [BT, ST6].

8.1. Thin ideals

Let K C C be a bounded set. Recall that the polynomially convex hull pc(K) of
K is the set of all z € C such that

Ip(2)] < sup |p (w)]
weK

for every polynomial p, and K is polynomially convez if K = pc(K). By [G, Lemma
3.1.3], a compact subset K C C is polynomially convex if and only if the comple-
ment of K is connected. We say that H is a polynomially convex neighborhood of
K if K is contained in the interior of H and H = pc(H) (hence H is a compact
subset of C).

An algebra A is called inessential (or Riesz [BMS]) if o (a) is finite or count-
able with the only one limit point at 0 for every a € A; A is scattered if o (a) is at
most countable for every a € A. These notions are transferred to ideals. As ideals
are spectral subalgebras, it is not important with respect to what — the algebra
or the ideal — the spectrum of an element of the ideal is considered. The algebras
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F (X) of finite rank operators and K (X) of compact operators on a Banach space
X are inessential, and they are inessential ideals of B (X).

By [A, Corollary 5.7.6], if I is an inessential ideal of a Banach algebra A then
I and kh (I; A) are also inessential ideals of A and have the same set of projections
as I.

Lemma 8.1. Let A be a Banach algebra, and let I be an inessential ideal of A. If
a € A andV is a polynomially convex neighborhood of o(a/I) then there is a finite
set Z such that o(a) C VU Z.

Proof. Let A be the set of all isolated points in o(a) with Riesz (spectral) projec-
tions in I, and D = o(a) \ A. By [A, Theorem 5.7.4] and Corollary 1.5,

D C pe (o (a/I)) = pe(o (a/I)).

Then D C V, and only a finite number of points in o(a) can be outside of V
because otherwise o(a) would have a limit point outside of D which contradicts
the definition of D. Therefore

ola)CVUZ
for some finite set Z C C. O

Let us say that an ideal I of an algebra A is thin if for each a € A there is a
countable set Z C C such that

o(a) C pe(o(a/I)) U Z. (8.1)

Lemma 8.2. Let A be an algebra, and let J C I be ideals of A. If I is a thin ideal
of A then J is a thin ideal of A.

Proof. Tt is sufficient to note that o(a/I) C o(a/J) for every a € A. O

If I is a thin ideal of a Q-algebra then I is also thin by Corollary 1.5. Recall
that the spectrum of each element of a @Q-algebra is a compact set in C.

Lemma 8.3. Let A be a Q-algebra. An ideal I of A is thin if and only if for each
a € A and for every polynomially convex neighborhood V' of o(a/I), there is a
countable set Z C C such that o(a) CV U Z.

Proof. = is obvious.
< Let a € A, and let Zy := o(a) \ V be countable for each polynomially
convex neighborhood V of o(a/I). Let D C C be an open disk with

Dnpc(o(a/)) = 2.

As pe(o(a/I)) is polynomially convex, its complement C' is connected, so it con-
tains By = {z : |z| > t} for sufficiently large ¢ > 0, and a curve L C C' connecting
D with E;. Let U C C be a connected neighborhood of E; U L U D. Then the
complement V of U is a compact neighborhood of ¢(a/I). Since the complement
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of V' is connected then V is polynomially convex. By the assumption,
o(a) CVUZy

where Zy is countable (or finite) by assumption.

The set C\pc(o(a/I)) is open and has therefore an inscribed covering by open
disks. Taking an inscribed subcovering by disks with rational radii and coordinates
of centers one can find a sequence (Dy){° of open disks such that

U2, Dy = C\ pc(a(a/I)) and all Dy Npc(o(a/l)) = @;

let Vi, be compact neighborhoods of pc(o(a/I)) non-intersecting Dy. Then, as each
Vi lies in the complement Df of Dy,

pe(o(a/1)) € M Vi € MRZ D) € (URZy Di)” = pe(o(a/1)),
and
o(a) € MRy (Ve U Zv) € (02 Vi) U (UR2y Zug) = pe(o(a/T)) U Z
where Z = U2, Zy, is a countable set. O

Taking into account Lemma 8.1, we see that inessential ideals of Banach
algebras are thin ideals.

Corollary 8.4. Let A be a Q-algebra. Then each thin ideal J is a scattered algebra.
Proof. Indeed, if a € J then o(a/J) = {0}, whence, by (8.1), o(a) C {0} U Z is
countable. 0

Lemma 8.5. Let A be a Q-algebra, and let I C J be closed ideals of A. If I and
J/I are thin ideals of A and A/I, respectively, then J is a thin ideal of A.

Proof. Let a € A be arbitrary. Since the standard morphism 7 : A/I — A/J has
the kernel J/I then, by Lemma 8.3,

o(a/I) C pc(o(a/T))UZ

where Z is a countable set. As the union of a polynomially convex set and a
(bounded) countable set in C is polynomially convex then

pe(o(a/I)) C pe(o(a/J)) U Z.
Since I is thin then
o(a) C pe(o(a/I ))UZ’
where Z’ is countable. Thus
o(a) C pe(o(a/J))UZUZ. O
The following quite general result establishes a kind of spectral continuity.

Lemma 8.6. Let A be a Q-algebra, let (J,)

of Aand J =, cp Jo- Then
1) o(af) =), 0a/Tu): (5.2
(2) If all ideals Jo are thin then J is thin.

aca be an up-directed net of closed ideals
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Proof. (1) It A ¢ o(a/J) then there are b € A and « € J with (a — A\)b =1+ =.
Hence one can find « € A and y € J, with ||z — y|| < 1. By [P, Proposition 2.2.7],
> nso (y — )" converges in A. Therefore 1 — (y — ) is invertible and 14 (z —y) =
2=t for some z € A, whence (a — \)b=2z"! +y and

(a—MNbz=1+yz.

Therefore A\ ¢ o'(a/J,). Similarly, there is 6 € A with A\ ¢ 0" (a/Js). So \ ¢
o(a/Jy) for v > a and v > (. Hence

ﬂ ola/Jy) Cola/J).
acA
The converse inclusion is evident.

(2) Let V be a polynomially convex neighborhood of ¢(a/J) then, by (8.2)
and compactness of o(a/J), there is a € A with o(a/J,) C V. Since J, is thin
there is a countable set Z C C such that o(a) C V U Z. It remains to apply
Lemma 8.3. O

Theorem 8.7. Let A be a Q-algebra, and let (Ja)ag, be an increasing transfinite
chain of closed ideals of A with Jo = 0. If each ideal Jot1/Ja is a thin ideal of
A/ J, then all ideals J, are thin ideals of A and therefore scattered algebras.

Proof. Using transfinite induction, assume that all J, with o/ < « are thin ideals.
If « is a limit ordinal then the result follows from Lemma 8.6(2). Otherwise a@ =
o’ + 1 for some o/ and the result follows from Lemma 8.5 applied to ideals J, C
Jor+1- Therefore all ideals J,, are thin. By Corollary 8.4, they are also scattered.

O

8.2. Scattered radical
Recall that the algebraic under radical rad®*¢ = soc*rad sends each algebra A
to the ideal {z € A : z/rad(A) € soc(A/rad(A))}. This ideal, the socle modulo
radical, was called in [BMS, Definition F.3.1] by the presocle of A and denoted by
psoc(A). We preserve this notation for the map itself: psoc := soc x rad.

Now we can apply the algebraic convolution procedure and obtain the hered-
itary algebraic radical psoc* on il,.

Theorem 8.8. The restriction of psoc* to i, is a hereditary topological radical on
Q-algebras.

Proof. As rad < psoc then
rad V psoc = psoc” .

(Recall that rad V psoc is the smallest radical that is larger than or equal to rad
and psoc.) One can realize rad V psoc as the action of the algebraic convolution
procedure, namely

rad V psoc = (rad x psoc)” .
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But rad * psoc = psock?. So
psoc* = psockh* .

hx

By Corollary 7.3, psock"™ is a hereditary topological radical on Q-algebras. O

Define map R, by
Rs = psoc” on Banach algebras;

this map is a hereditary topological radical on iy; it is called the scattered radical.

Lemma 8.9. Let A be a Banach algebra. Then Rs(A) is a thin ideal of A and a
scattered algebra.

Proof. Let (R,), be the convolution chain of under radicals generated by psoc.
As psoc” = R by Corollary 7.3, then there is v such that R, (A) = Rs(A) and
all gap-quotients Rq41 (A) /Rq (A) = psoc (A/R, (A)) are inessential ideals by
[BMS, Section R], and therefore thin ideals by Lemmas 8.1 and 8.3. By Theorem
8.7, Rs(A) is a thin ideal of A and a scattered algebra. O

Let S (A) be the set of all elements of A with (finite or) countable spectrum.

Theorem 8.10. Let A be a Banach algebra. Then

()(
) R

) contains all one-sided, non-necessarily closed, scattered ideals of A;
(2 ) is the largest thin ideal and the largest scattered ideal of A;

(3) Rs(A) ={a € A:o(ax) is countable for each x € A};

(4) Rs(A) is the largest ideal of A contained in S (A);

(5) Rs(A)+S(4) Cc S(A).

Proof. (1) Let J be a scattered left ideal in A. Let B = A/Rs(A), and let I be
the image of J in B. Then B is semisimple and I is a scattered left ideal of B. If
it is non-zero then it contains an element a with non-zero spectrum and therefore
there is an isolated non-zero point A in its spectrum. As op (a) C o7 (a) and
A €0 (a) C 0% (a), Ais an isolated point of o (a). As A # 0, the corresponding
Riesz projection p of a belongs to Ba C I (see for instance the proof of Lemma
5.7.1 of [A]). As p # 0 then Bp is a closed non-zero scattered left ideal of B.
By Barnes’ Theorem [B], psoc(Bp) # 0. By Proposition 6.5, psoc(B) # 0. Thus
Rs(B) # 0, a contradiction. Therefore I = 0, whence J C R;(A4).

(2) It follows from (1) that Rs(A) is the largest scattered ideal of A. Let I
be a thin ideal of A. Then it is a scattered ideal of A by Corollary 8.4, and so
I CRs(A).

(3) Let a € Aand J = Aa. If a € R5(A) then J is contained in R4(A) and its
elements have countable spectra. Conversely, if J is scattered then it is contained
in R4(A) by Proposition 8.10.

(4) If I is an ideal of A contained in S (A) then it is a scattered ideal of A.
By (2), I C Rs(A).

(5) Let a € S(A) and b € R5(A). As Rs(A) is a thin ideal of A then

o(a+b) Cpc(o(a/Rs(A)))UN

s(A
(A
(A
(A

S
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for some countable set N C C. But o (a/Rs(A)) is countable, whence
pe (0 (a/Rs(4))) = o (a/Rs(A))
is countable and a + b € S (A). O

Corollary 8.11. R is a uniform radical on y,.

Proof. Indeed, every closed subalgebra of a scattered Banach algebra is scattered.
O

Corollary 8.12. The radical Rs satisfy the condition of Banach heredity (2.2).

Proof. Let L be a Banach ideal of a Banach algebra A. This means that L is
an ideal of A and there is an injective continuous homomorphism f of a Banach
algebra B to A with f(B) = L. Since f is an isomorphism of algebras B and L,
and psoc® is a hereditary radical on i,, we have that

Rs((L, [ IB)) = f(Rs(B)) = f(psoc®(B)) = psoc™ (L)
= LNpsoc*(A) = LNRs(A). O

Corollary 8.13. Let A be a Banach algebra, and let I be a (non-necessarily closed)
ideal of A. Then

(1) If I is scattered then I is a thin ideal of A;
(2) If I and A/I are scattered then A is scaltered;
(3) If f : A— B is an algebraic morphism of Banach algebras then

f(Rs(A)) € Rs(B).

Proof. (1) Indeed, I C R4(A) by Theorem 8.10. As R is hereditary, I = R4(I).
Taking (R, ) as in Lemma 8.9 we see that all R, (I) are thin ideals of A. Therefore
R4(I) is a thin ideal of A, hence I and I are also thin.

(2) Tt follows that I and A/T are also scattered. Then I = R4(I) and A/T =
R (A/I). By Theorem 4.6, A = R, (A). Therefore A is scattered.

(3) Indeed, R inherits the algebraic properties of psoc*. O

Theorem 8.14. If an algebra A is a subideal of a Banach algebra (see Section 2.2)
or is algebraically isomorphic to the quotient of a subideal of a Banach algebra by
a non-necessarily closed ideal then
(1) psoc* (A) = I4 where L4 :={a € A:oa(ax) is countable for each x € A};
(2) Every scattered ideal of A is a thin ideal of A.

Proof. Note that every subideal of a Banach algebra is a normed @Q-algebra.

Let C be a Q-algebra for which (1) and (2) hold (under the substitution
A = C; for instance these conditions hold for Banach algebras), and let A be an
ideal of C. Then psoc* (A) = AN I¢ by heredity of psoc*. As clearly Iy = AN o
then psoc* (A) = I4.

Let K be a scattered ideal of A, and let J be the ideal of C generated by K.
Then

JPCKCJ
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by [AR, Lemma 1.1.5], whence J3 is a scattered ideal of C. Then J? is a thin ideal
of C by (2) and therefore a thin ideal of A. As K* € J3 then K and K3 are thin
ideals of A by Lemma 8.2. As K /K3 is nilpotent then it is a thin ideal of A/ K3.
By Lemma 8.5, K is a thin ideal of A, so K is also a thin ideal of A.

Thus (1) and (2) hold for A: therefore the steps 0 — 1 and n +— n + 1 of
induction for n-subideals of Banach algebras are valid, for every n. Then the proof
is completed for subideals of Banach algebras.

Let now f: A — B/J be an algebraic isomorphism of A onto B/J, where
B is a subideal of a Banach algebra and .J is an ideal of B. If a € A and b € B is
any element such that f (a) = b/J, then clearly o (a) = o (b/J) and it suffices to
check (1) and (2) for B/J. As o (b/J) = o (b/J) for every b € B by Lemma 1.5,
the proof is reduced to the case of B/.J. But B/.J is a subideal of a Banach algebra
(see for instance [ST5, Theorem 2.24]), and the result follows from the above. [

Theorem 8.14 extends the main properties of the scattered radical from Ba-
nach algebras to subideals of Banach algebras. Recall that subideals of Banach
algebras form the smallest universal class 4! generated by Banach algebras. Thus
we extend the denotation R for psoc* on subideals of Banach algebras.

The regular scattered radical R, obtained from R by the regular procedure,
extends R, to normed algebras, and it is determined as

RL(A) = {J: € A: o3 (ar) is at most countable V a € 2} .
Theorem 8.15. Ry < Rs = Rypr V Rad = Ry V Rad on Banach algebras.

Proof. Let A be a Banach algebra. Any compact element of a Banach algebra
A has countable spectrum [Al] and any bicompact Banach algebra is scattered.
Then any closed bicompact ideal of A is scattered and contained in R4(A), whence
Yhe (A) € Rs(A) and X < Ry in general. As Ry is a radical, it follows that
Rt < Riue = 2, < Rs by Theorems 3.1 and 3.9.

It is clear that Rad < Ry, so Ryr V Rad < R.

Let A be (Ry¢ V Rad)-semisimple, and let I = R, (A). As A is semisimple
and has no non-zero finite rank elements, I is also semisimple and has no non-zero
finite rank elements. However, if I # 0 then I has a non-zero socle by Barnes’
theorem [B]. Thus, by Lemma 6.6, I has non-zero finite rank elements, and so A
has such elements, a contradiction. Therefore I = 0, and A is Rs-semisimple. By
Theorem 2.3, Rs < Ry¢ V Rad.

Furthermore,

Rs =RiecVRs = Riec VRus VRad = Ry V Rad. O

Let A be an algebra, and let Irr (A) be the set of classes of equivalent strictly
irreducible representations of A. Then m —— ker7 is a map from Ir/\r(A) onto
Prim(A), so Irr (A) inherits the Jacobson topology from Prim(A): the preimages
of closed sets in Prim(A) determine closed sets in Irr (A). The following statement
says that one can identify these topological spaces for scattered Banach algebras.
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Theorem 8.16. Let A be a Banach algebra. If A is scattered then for any primitive
ideal I, there is only one, up to the equivalence, strictly irreducible representation
with kernel I.

Proof. Any representation with kernel I defines a faithful representation of A/I.
Since A/I is a primitive Banach algebra, we have only to prove that a faithful
representation of a primitive scattered algebra B is unique (up to the equivalence).

Since B is scattered and semisimple, the socle of B is non-zero. So it contains a
minimal projection p. Taking into account that dim pBp = 1 and applying Lemma
1.1, we have that there is only one strictly irreducible representation 7 with m(p) #
0. But the last condition holds for each faithful representation. O

A topological space is called dispersed if it does not contain perfect subspaces,
i.e., closed subsets without isolated points.

Theorem 8.17. If a Banach algebra A is scattered then the space Prim(A) of its
primitive ideals is dispersed.

Proof. Let E be a closed subset in Prim(A), J = Niepl and B = A/J. All
primitive ideals of B are of the form I/J, I € E (because E is closed) and their
intersection is trivial. Thus B is a semisimple scattered algebra, whence it contains
a minimal projection p. Since dimpBp = 1, there is, by Lemma 1.1, only one
primitive ideal Iy = Iy/J of B that does not contain p. It follows that Iy does not
contain the intersection of all I # Iy in E. Hence I is an isolated point in E and
E is not perfect. U

Corollary 8.18. If A is a separable scattered Banach algebra then the spaces
Prim(A) and Irr (A) are countable.

Proof. Tt follows from Theorem 8.16 that if Prim(A) is countable then I/r\r(A) is
countable.

In any topological space X there is a decreasing transfinite chain of sets: let
Xo = X, Xa41 be the set of all non-isolated points in X, for every ordinal «,
and let X, = Np<caXa if a is a limit ordinal. If X is dispersed then X5 = @
for some 4.

Let X = Prim(A4). As X is dispersed by Theorem 8.17, let (X,),«4 be the
chain of the above sets of X, with X5 = &. Choose I, € X,\Xa11 for every
ordinal a < §. By the construction, I, ¢ {I, : o/ > a} in the Jacobson topology.
Hence there are x4, € (Nar>alar) \ In. Multiplying by a constant, we can have

dist(zq, o) > 1.
Let now o > «. Then z, € I, and
|zar — 2ol > dist(xgr, Io) > 1.

So the last inequality holds for all ordinals «, o’ with « # . Since A is separable,
we obtain that § is a countable ordinal.
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Now it suffices to show that each set X, \ X441 is countable. This can be
done by the same trick because each ideal in X, \ Xo+1 is not contained in the
closure of the set of the others. O

As an example let us look at the algebras C(X) where X is a compact set.
Corollary 8.19. An algebra C(X) is scattered if and only if X is dispersed.

Proof. Tt follows from Theorem 8.17 that if C'(X) is scattered then X is dispersed.
Conversely, let X be dispersed. Any quotient of C'(X) by a closed ideal is isomor-
phic to C(Y'), where Y is a compact subset of X. Since Y is not perfect, there is
an isolated point z € Y. The ideal of all functions in C(Y") that vanish outside
z is one-dimensional, hence it is thin. This allows us to construct a transfinite
chain (I4),<., of closed ideals of C'(X), such that Iy =0, I, = C(X) and all gap-
quotients of the chain are thin ideals. By Theorem 8.7, C(X) is scattered. O

Remark 8.20. The above corollary gives a proof of the fact that the image of a
dispersed space under a continuous map is dispersed. Indeed, if Y = f(X) then
C(Y) is isomorphic to a closed subalgebra B of C'(X). If X is dispersed then C'(X)
is scattered. Then B is scattered, so C'(Y) is scattered. Hence Y is dispersed.

8.3. Scattered radical on hereditarily semisimple Banach algebras

By Theorem 8.15, all hypocompact Banach algebras are scattered. The converse
is not true in general because all Jacobson radical algebras are scattered. We will
show here that if the radicals of an algebra and all its quotients are trivial that
these conditions are equivalent.

Let A be a [normed] algebra. Let us call A hereditarily semisimple if all
its quotients by [closed] ideals are semisimple. It is obvious that the class of all
hereditarily semisimple [normed] algebras has the following properties:

(1) All quotients by [closed] ideals are in this class;
(2) If a [closed] ideal I of a [normed] algebra A and the quotient A/I are in this

class then so is A.

Proposition 8.21. A Banach algebra A is hereditarily semisimple if and only if
each closed ideal of A is the intersection of a family of primitive ideals.

Proof. Let J be a closed ideal of A and let K = kh(.J). Then K/J = Rad(A/J).
Indeed, if I € Prim(A/J) then there is I’ € Prim(A) with J C I’ and I = I'/J.
Since K C I', we have that K/J C I. Thus

K/J C mIePrim(A/J)ll = Rad(A/J)

Conversely, if K’ = ¢;' (Rad(A/J)) then K’ C I’ for any primitive ideal I’ > I.
Hence K’ C K and Rad(A/J) C ¢;(K) = K/J.

Now if A is hereditarily semisimple then K/J = 0, whence J = K, the inter-
section of primitive ideals. Conversely, if kh(J) = J for all .J, then Rad(A4/J) =0,
whence A is hereditarily semisimple. O
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In commutative case the condition that each closed ideal of a Banach algebra
A is the intersection of primitive ideals, is sometimes formulated as A possesses
the spectral synthesis. Among group algebras L!(G), only the algebras of compact
groups have this property (Malliavin’s Theorem, see [Rd]).

Theorem 8.22. Let A be a hereditarily semisimple Banach algebra. Then the fol-
lowing conditions are equivalent:

(1) A is scattered;

(2) A is hypocompact;

(3) A is a closed-hypofinite algebra;

(4) FEvery non-zero quotient of A has a minimal left ideal.

Proof. (1) = (4) Let A be scattered, and let .J be a closed ideal of A. Then A/J
is also scattered. So it suffices to show that a scattered semisimple Banach algebra
A has non-zero socle. But if soc(A) = 0 then psoc(A) = 0, whence psoc*(A) = 0,
e, Rs(A) =0 while Rs(A) = A, a contradiction.

(4) = (3) follows from the fact that each minimal projection is a finite rank
element.

(3) = (2) is evident.

(2) = (1) follows from Theorem 8.15. O

An example of a hereditarily semisimple algebra is the algebra C'(X) of all
continuous functions on a compact space X. We saw that it is scattered if and only
if X does not contain perfect subsets. Hence it is hypocompact under the same
condition.

Since all C*-algebras are semisimple and their quotients are again C*-alge-
bras, we have that C*-algebras are hereditarily semisimple.

Note that in the theory of C*-algebras the term “scattered” is used for a class
of C*-algebras A satisfying the following equivalent conditions:

(1s) Each positive functional on A is the sum of a sequence of pure functionals;

(25) Ais a type I C*-algebra (= GCR C*-algebra) and Prim(A) is dispersed in
the hull-kernel topology;

(35) Ais of type I and the maximal ideal space of its center is dispersed;

(45) A admits a superposition series (I,) of closed ideals and each gap-quotient
I,11/1, is isomorphic to IC(H) for some Hilbert space H.;

(5s) Each self-adjoint element of A has countable spectrum;

65) Each C*-subalgebra of A is AF (approximately finite dimensional);

7s) The dual space A* of A has the Radon-Nikodym property.
For the proof of the equivalence see [Ks| and the references therein. We will

show that this class of algebras are exactly the scattered C*-algebras.

Theorem 8.23. A C*-algebra A satisfies the equivalent conditions (15)—~(7s) if and
only if it is scattered.

Proof. Clearly each scattered C*-algebra satisfies (6) and (55). On the other hand,
if A satisfies (45) then A is hypocompact, so it is scattered by Theorem 8.15. [
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Thus taking into account that C*-algebras are hereditary semisimple and
using Theorem 8.22 one can add to the above list of the equivalent properties of a
C*-algebra the following ones:

(8s) All elements of A have countable spectra;

(9s) Each non-zero quotient of A has a non-zero compact element;
(105) Each non-zero quotient of A has a non-zero finite element;
(115) Every non-zero quotient of A has a minimal projection.

It was shown in [AW] that an element a of a C*-algebra is compact if it is
weakly compact, that is the map x —— axa is weakly compact. So one can add
also the condition:

(125) Each non-zero quotient of A has a non-zero weakly compact element.

9. Spectral continuity and radicals

Spectral continuity, that is the continuity of such functions of an operator (or an
element of Banach algebra) as spectrum, special parts of spectrum, spectral radius
and so on, is a very convenient property when it holds. For the information on this
subject see for example [Bu] and the references therein. We consider it from the
viewpoint of theory of topological radicals. An important role here is played by the
scattered radical R, its primitivity extension R? and the radical RE* obtained
from R? by the convolution procedure. So we begin with a study of these ideal
maps.

9.1. Ry, R?, RP* and continuity of the spectrum

Proposition 9.1. RY is a hereditary topological radical.

Proof. Since the radical Ry satisfies the condition of Banach heredity (Corollary
8.12), its centralization R? is a hereditary topological radical on i;, by Theorem
5.7 and Remark 5.8. (]

The Banach heredity implies, by Theorem 7.7(3), that the primitivity exten-
sion R? of R is a hereditary preradical on iy,. Recall that a Banach algebra A is
RP-radical if A/I is R¢-radical (= scattered), for each primitive ideal I of A.

Theorem 9.2. The classes Rad(R?)\Rad(R?) and Rad(R?)\Rad(R?) are non-
empty.

Proof. Let A = C([0,1], C(H)) be the C*-algebra of all norm-continuous K(H)-
valued functions on [0, 1]. It is well known that Prim(A) is isomorphic to [0, 1] via
the map ¢ — I; where I; is the ideal of all functions equal 0 at t. Since A/I; = K(H)
then A is RE2-radical. On the other hand, A has no ideals J with commutative A/.J,
so it is not R¢-radical.

To show the non-voidness of Rad(R%)\Rad(R?), let us consider the Toeplitz
algebra A; that is the C*-algebra generated by the unilateral shift V' in the space
H = [3(N), acting by the rule Ve, = e,4+1, where (e,)>2, is the standard basis



Topological Radicals, V 255

in [5(N). It is known [Dv, Theorem 5.1.5] that A; contains the ideal K(H) and
that A;/K(H) is isomorphic to the algebra C(T) of all continuous functions on the
unit circle. Since IC(H) C Rs(A¢), we get that Ay € Rad(R%). On the other hand,
the identity representation of A; is irreducible, while A; is not scattered, because
o(V) =D, the unit disk. Therefore A; is not RE-radical. O

Now let us consider the radical R2* which is obtained from R? by the con-
volution procedure. We will see later that this radical plays a very important role
in continuity of the spectral radius.

Lemma 9.3. R < RE* on il,.

Proof. All commutative Banach algebras belong to Rad(RP) because their strictly
irreducible representations are one-dimensional. The quotient R?(A)/Rs(A) is a
commutative algebra, for every Banach algebra A. Thus we have that R%(A) is
an extension of an RE*-radical algebra by an RE*-radical algebra. Since RE* is a
radical, R?(A) is RP*-radical. By Theorems 2.3 and 9.2, R? < RE*. O

Since A; is in Rad(R%) \ Rad(RP), we conclude that RP # RP*. In other
words, we obtain the following:

Corollary 9.4. The under radical RY is not a radical.

Recall some facts about continuity of the spectrum.

Let A be a Banach algebra. It is well known that o is upper continuous, i.e.,
if a,, — a then for every open neighborhood V of o (a) there is m > 0 such that
o (an) C V for every n > m. Moreover, Newburgh’s theorem [Sn, Lemma 6.15]
says that for every clopen subset og of o (a) and every open neighborhood Vj of
09, there is mg such that o, C Vj for n > my and some clopen subsets o,, of
o (ap).

In particular, if o (a) is at most countable then the spectrum o is continuous
at a, i.e., o(a,) = o(a) by the Hausdorfl metric. For continuity of o at a it is
sufficient to have that for every A € o (a) there is a sequence A, € o (a,) such that
An —> A asn — oo.

We need the following result of Zemanek [Z2, Remark 1].

Lemma 9.5. Let A be a Banach algebra, and let a,a, € A, a, = a as n — oo. If
oa/r(an/I) — oayr(a/l), for every I € Prim (A), then o4 (an) — 0a (a).

It is convenient to use a more general result of this type.

Lemma 9.6. Let {fo : a € A} be a set of homomorphisms of a Banach algebra A
to some Q-algebras A,. Let a € A be such that

o(a) = Uaeno(fa(a)). (9-1)
If ap, — a and o(fa(an)) = o(fa(a)), for each o € A, then o(ayn) — o(a).

Proof. Let G = liminf, ;o o(a,) = {A € C: XA = lim, 00 Ay, for some \,, €
o(ay)}. By the upper continuity, it suffices to show that o(a) C G. But G is closed
and contains all o(fq(a)). So the result follows from (9.1). O
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Note that apart from the case fo = qr,, Io € Prim (A), the condition (9.1)
holds in many other situations, for example when A is finite and Npepl, C Rad(A)
(see Theorem 10.1).

Theorem 9.7. Let A be a Banach algebra. Then each element a € RE (A) is a point
of the spectrum continuity.

Proof. Let a € RE(A), a, € A, a, — a; by Lemma 9.5, it suffices to show that
o(an/I) — o(a/I), for each I € Prim(A). Since o(a/I) is countable of finite, the
fact follows from the Newburgh theorem. O

We show now that Theorem 9.7 does not transfer to R¢ and therefore to R2*.
Theorem 9.8. The spectrum in an R%-radical Banach algebra can be discontinuous.

Proof. We use the example of spectral discontinuity proposed by G. Lumer (see
[H, Problem 86]). Let H = [*(Z), and let {e,, : n € Z} be the natural orthonormal
basis in H. Let us denote by W the shift operator W on H (We,, = e,41). For each
k € N, let W}, be the operator acting on the basis by the formulas Wye,, = e, 41, for
n # 0, Wieg = %el. Then Wy — Wy, where Weoe, = ep41 for n £ 0, Weoeq = 0.
It is easy to check that o(W}) = T while 0(Wy) = D, the unit disk.

Since Wy — W is a rank one operator, for each k, all operators Wy, k =
1,2,...,00, belong to the C*-algebra A generated by W and the ideal K(H) of all
compact operators. Then A/K(H) is commutative (it is generated by the image
of the normal operator W in the Calkin algebra B(H)/K(H)). Therefore A €
Rad (R?) since it is commutative modulo the scattered ideal IC(H). O

Corollary 9.9. The spectrum continuily is not a radical/semisimple property, even
in Banach algebras.

Proof. Indeed, assume, to the contrary, that there is a radical P on Banach alge-
bras such that Rad (P) or Sem (P) coincides with the class of algebras with the
property of the spectrum continuity. Then this class contains commutative alge-
bras and scattered algebras. As Rad (P) or Sem (P) is stable under extensions,
then it contains the algebra constructed in Theorem 9.8, a contradiction. (]

In the same time, Rad (raddim:OO | uq) is contained in the class of algebras
with the property of the spectrum continuity.

Problem 9.10. Is there the largest radical P such that Rad (P) is contained in the
class of Banach algebras with the property of the spectrum continuity?

At the moment, the largest radical P about which we know that P-radical
algebras enjoy the property of spectral continuity, is rad®™=>° (which is clearly
majorized by RE).

We finish by a discussion of the restrictions of the ideal maps RE, R and
RE* to the class L.

It was already mentioned that an irreducible *-representation of a C*-algebra
is strictly irreducible and that for each primitive ideal I of a C*-algebra A, the
quotient A/I is isometrically isomorphic to the image of A in an irreducible
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*_representation. These facts will be repeatedly used below. Moreover, dealing
with C*-algebra we usually write representation meaning *-representation.

Theorem 9.11. Let A be a C*-algebra. Then RY*(A) = Rgee(A).

Proof. Since RE* and Rg.. are radicals, it suffices to show (taking into account
Corollary 2.4) that Rad(Rg4..) = Rad(RE*) N Us,.

Let A be a CCR~algebra; then its image in each irreducible representation
m coincides with K(H,), for some Hilbert space H.; so 7 (A) is scattered and
therefore Rs-radical. Hence A is R2*-radical. Since each GCR-algebra B admits an
increasing transfinite chain (Ia)a<’y with CCR gap-quotients and Iy =0, I, = B,
then Rad(R?*) contains all GCR C*-algebras.

Conversely, each Rs-radical C*-algebra is a GCR-algebra by Theorem 8.23. If
a C*-algebra A is RP-radical, then, by definition, for each irreducible representation
m, m(A) is Rs-radical, so it is a GCR-algebra. It follows that m(A) contains a non-
zero compact operator. Thus A is a GCR-algebra.

Since each R2*-radical C*-algebra C' admits an increasing transfinite chain
(J) 4<s With RE-radical gap-quotients and Jy = 0, Js = C, then Rad(RZ*) N U~
consists of GCR C*-algebras. O

It follows from Theorem 9.11 that RE* can be considered as a natural exten-
sion of the GCR-radical from the class .+ to all Banach algebras.

We saw in the proof of Theorem 9.11 that the class of all R?-radical C*-
algebras contains the class of all CCR-algebras. The inclusion is strict: for example
it is not difficult to construct a C*-algebra A C B(H) that contains K(H) and such
that A/K(H) = K(H) — it is scattered but not CCR.

The examples in Theorem 9.2 show that CCR-algebras need not be R¢-
radical, and that R%radical C*-algebras are not necessarily CCR. The full de-
scription of R¢-radical C*-algebras is very non-trivial: the famous work [BDF]
shows that even the classification of commutative extensions of the algebra IC(H)
is related to deep homological constructions.

Concluding this subsection let us show that spectrum is continuous at normal
elements in a wide class of C*-algebras that are far from being GCR — for example,
in C*-algebras of free groups.

A C*-algebra A is called residually finite-dimensional (RFD, for short) if
there is a family {m, : @ € A} of finite-dimensional representations of A with
Naca ker o = 0. Such algebras are rad™m<®

Theorem 9.12. Let A be an RFD C*-algebra. Then every normal element a of A
s a point of continuity of the spectrum o 4.

Proof. Let (ma),cp be a family of finite-dimensional representations of A with
Naea kerm, = 0. Let (a,) be a sequence of elements of A tending to a. Since
o(mo(an)) = o(ma(a)) for each a, it is sufficient to show that

-semisimple.

O'(Cl) - UaGAU(ﬂ-a(a))
and apply Proposition 9.6.
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Let Ao € o(a)\Uaenro(ma(a)), then there is a disk D.(Ag) = {A: [A=Xo| < e}
which does not intersect Ugeao(mq(a)). Therefore for each o there is an element
bo € mo(A) which is inverse to m, (@ — Ao) and

el = (o (a = 2o)) 7| = p (7o (a = 2o)) 7 <7

since a is normal.

Let H = ®oecaHo and m = Baeama, the direct sum of representations m,,.
Then ker(w) = 0 and B = m(A) is a C*-algebra isomorphic to A. The element
b = @aecaba belongs to B(H), because sup,ep [[ba| < 0o. It follows easily from
the definition of b, that

br(a— Xo) =m(a— Aog)b=1.

Therefore Ao ¢ op(m)(m(a)); since m(A) is a C*-algebra then it is an inverse-closed
subalgebra of B (H) and

Ao & Or(ay(m(a)) = o(a),

a contradiction. O

9.2. Continuity of the spectral radius

It turns out that the situation with the continuity of the spectral radii is different.

Let A be a Banach algebra. Recall that the function p : @ — p (a) is upper
continuous because it is the infimum of continuous functions a — ||a”\|1/ .

Let V, be the class of all Banach algebras A satisfying the following condition
(1,) For every Banach algebra B containing A as a closed ideal, any element b € B

with p (b) > p(b/A) is a point of continuity of the function p in B.

Theorem 9.13. Let B be a Banach algebra, and let A € V, be its closed ideal. Then
A consists of points of continuity of p in B.

Proof. Let a € A. If p(a) > 0 then a is a point of continuity of p in B by (1,). If
p(a) =0 then continuity of p at a follows from the upper continuity. O

Lemma 9.14. Let A be a normed algebra, and let (Ju),cp be an up-directed net of

closed ideals of A, J = U,ep Jo- Then
1M/ J|| = lim ||M/Jo|| = inf [ M/ Jall,
p(M/J) =limp(M/Js) = inf p (M/Ja)
for every precompact set M in A.

Proof. This is [ST7, Lemma 4.10]. O

Let Fy, be the family of all under radicals whose radical classes are contained
in V,.

Theorem 9.15. V.Fy, is a radical and VFy, € Fy,.
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Proof. Indeed, H}-Vp is an under radical by Theorem 4.1. As V.Fy, :H}‘_-vp then
VFy, is a radical by Theorem 3.1.

Let A be a (\/}"vp)—radical Banach algebra. By Theorem 4.19, there is an
increasing transfinite chain (1), of closed ideals of A such that Iy =0, I, = A
and for each o < 7y there is P € ]?v,, with Iny1/In = P (A/I,).

Let B be a Banach algebra for which A is an ideal. It follows that I = P; (A)
for some Py € Fy,. So I, is an ideal of B. Similarly, Ir/I; = P, (A/I;) for some
P, € Fy, and therefore I /I, is an ideal of B/I;. As I = ql_l1 (P2 (A/I)) then I
is an ideal of B. Applying the transfinite induction, it is easy to check that all I,
are ideals of B.

Assume, to the contrary, that A ¢ V,. Then there are a Banach algebra B,
containing A as an ideal, and an element b € B with p(b) > p(b/A) which is a
point of discontinuity of p. So there is a sequence (b,) C B such that b, — b as
n — oo, but limsup p (b,) < p ().

Take the first ordinal o’ for which p (b) # p(b/I, ). By Lemma 9.14, o' is
not a limit ordinal. So there is an ordinal a < 7y such that

p(b) =p(b/1a) > p(b/Ia1)- (9.2)
Let C = B/1,, J =In+1/1y and © = b/1,. Then one can rewrite (9.2) as
p(x)>p(x/J).
As J €V, is a closed ideal of C' then x is a point of continuity of p. Then
liminf p (b,) > liminf p (b, /1) = p (b/1s) = p (b) > limsup p (by,),
a contradiction. O

The radical VFy, is denoted by R and is called the p-continuity radical.
Now we extend our knowledge about Rad (R7)

Theorem 9.16. RE* < Rﬁ.

Proof. Let B be a Banach algebra, let A be a closed R2-radical ideal of B, and
let b € B be such that p (b) > p (b/A). Let a sequence b,, tend to b as n — oc.
Assume, to the contrary, that limsup p(b,) < p(b). Choose € > 0 such that

p(b) —e > max {p(b/A),limsup p(b,)} . (9.3)
As p(b) = Suprepyim(pr) P(b/I) then there is a primitive ideal I of B such that

p(b/1) > p(b) —e.
Thus

p(b/I) > p(b/A) = p(qr(b)/qi(A)).

Since ¢y (A) is an Rs-radical ideal of B/I then so is g7 (A)). It follows from Theorem
9.13 that b/I is a point of continuity of p. In particular,

liminf (p (b,)) > liminf (p (b,/1) = p(b/I),

a contradiction with (9.3).



260 V.S. Shulman and Y.V. Turovskii

We proved that any RE-radical algebra lies in V,. So R € Fy,and RE <
R4. As RE* is the smallest radical that is larger than or equal to RE then
REF <R. O
Corollary 9.17. RS < R ; in particular, all R¢-radical ideals of a Banach algebra
consist of the points of continuity for p in the algebra.

Proof. 1t follows from Lemma 9.3 and Theorem 9.16. (]

Corollary 9.18. Let A be a C*-algebra, J = Ryee(A), the largest GCR-ideal of A.
Then the spectral radius is continuous at every point a € J.

Proof. 1t follows from Theorem 9.11 and Theorem 9.16. (]

Problem 9.19. Is R the largest radical among all radicals P for which P-radical
ideals consist of the points of continuity for the spectral radius?

Problem 9.20. If the spectral radius is continuous on a C*-algebra A, is A a GCR-
algebra?

9.3. Continuity of the joint spectral radius
Let A be a normed algebra. Here it will be convenient to denote by p; (instead of
p) the function M — p (M) defined on bounded sets of A. It is upper continuous
with respect to Hausdorf’s distance [ST1, Proposition 3.1], that is
limsup p (M) < p (M)
k—o0

if My, — M in the sense that dist (M, M) — 0 as k — oo. If klgrgop (My) = p (M)
for each sequence My — M then we say that M is a point of continuity for the
joint spectral radius.

Let V,, be the class of all normed algebras A satisfying the following condition
(1;) For every normed algebra B containing A as a closed ideal, any precompact

set M C B with p (M) > p(M/A) is a point of continuity of the function p;.

Let Fy 0 be the family of all topological under radicals whose radical classes
are contained in V, .

Theorem 9.21. Let Rp—; = \/}-Vp,» . Then
(1) Rg; is a radical and Rp € Fy, ;
(2) For every normed algebra A, every precompact subset M of Ry (A) is a point
of continuity of p;;
(3) For every normed algebra A, p (M) = sup{p (K) : K C M is finite} for every
precompact set M in Ry (A);
(4) Ri. VR < R

Proof. (1) and (4) Using Lemma 9.14 and repeating the argument in Theorem
9.15, we obtain that Rz is a radical and all Rj-radical algebras lie in V. It was
proved in [ST7, Theorem 6.3] that for R} .V 72“ -radical ideals the condltlon (1)
holds. Therefore (4) is valid.
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(2) is similar to the proof of Theorem 9.15.
(3) follows from (2). O

We call R the pj;-continuity radical.

Corollary 9.22. The joint spectral radius is continuous on precompact subsets of
any scattered C*-algebra.

In Section 10 this result will be extended to all GCR-algebras.

9.4. Continuity of the tensor radius

o0

The function p; : N —— p¢ (V) defined on summable families N = (am),

of elements of A is upper continuous with respect to the metric d (N',N) =
Y1 llan, — am|| where N” = (al,)7° (see [ST6, Proposition 3.12]). We say that
a family N is a point of continuity of the tensor spectral radius if p(N,,) — pe(IN),

for any sequence N,, of summable families in A that tends to N with respect to
the metric d.

Let V,, be the class of all normed algebras A satisfying the following condition

(1;) For every normed algebra B containing A as a closed ideal, any summable
family N in B with p; (N) > p: (N/A) is a point of continuity of the function
Pt

Lemma 9.23. Let A be a normed algebra, let (Jy)
closed ideals of A and J = UaeA Jo. Then

IN/J|l = lim [N/ Jo|l, = nf[[N/Jal; (9.4)
pt (N/J) = lim p; (N/Jo) = inf py (N/Ja)

aca be an up-directed net of

for every summable family N = (an,)] in A.
Proof. As |[N/J||, < |IN/Ja|, then
pr(N/J) = inf N7/} < infinf N7/ J||Y" = inf p(N/ Ja)
and
IN/J| < inf [N/ Joll ¢ < lminf [N/ o], -
By our assumption, for every a,, and &, > 0 there exists & = a(am,em) such that
lam/Jall < llam/J|| + €m. (9.6)

For ¢ > 0, take k > 0 such that d (N |}, N) <e. Let Nj, = N|}. Take £, > 0 such
that Y% e, < . Then d (Ny/J,, N/.J,) < d(Ng, N) < ¢, and

IN/ Tyl < d(Nk/Jy, NJJy) + [INk/ Iyl < INk/J|l +€ < INJTN +e
for v > max {a(am,em) :m=1,...,k} by (9.6). Therefore
mf [|N/Jall. < limsup [N/ Jall, < [IN/J], (9-7)
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that implies (9.4). Take n > 0 such that |[N"/J||}/" < p(N/J) +e. It follows from
(9.7) applied to N™ that

inf ps(N/Jo) < limsup pi(N/Jo) < limsup \|N"/Ja||1+/n < HN"/JHH”
< pe(N/J) +e.
This implies (9.5). O

Lemma 9.24. Let A be a commutative Banach algebra. Then py is uniformly con-
tinuous on B with respect to the metric d.

Proof. One can assume that A is unital. Let M = (a,)]" and N = (b,)]" be
summable families in A, and let F be the set of all multiplicative functionals f on
A with || f]| = f (1) = 1. By Theorem 5.29,

pu (M) = sup{fjj f )l f e f}

and, by [ST6, Propositions 3.3 and 3.4], p; is subadditive on A, whence

o0 (1) = 01 ()] < s (01 = N) =sup{ 311 (0 = )] ] € 7}

1

< llan = bl = d(M,N). O
1

Let Fy,, be the family of all topological under radicals whose radical classes
are contained in V,,.

Theorem 9.25. Let R = V.Fy, . Then

(1) Ry is a radical and Ry € Fy,, ;

(2) For every normed algebra A, every summable family N of R4 (A) is a point
of continuity of py;

(3) For every normed algebra A, py (N) = supy p; (N|f) for every summable
family N in Rz (A);

(4) R <Ry

Proof. (1) Using Lemma 9.23 and repeating the argument in Theorem 9.15, we
obtain that R is a radical and all Rz -radical algebras lie in V,,.

(2) is similar to Theorem 9.15.

(3) follows from (2).

(4) It is sufficient to check the condition (1¢) for any R;-semisimple Banach
algebra B. Let A be a closed R¢-radical ideal of B. As A is R;-semisimple, it is a
central ideal. By Theorem 5.19,

pt (N) = pt (Ln) (9-8)
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for every summable family N = (a,,)]" in B. As A is a closed invariant subspace
for L then

pi (L) = max {p; (Lv|/a) , pr (Ln|a)} (9.9)
by Theorem 5.18. It is clear that
pi (Lnlsya) = pi (Livja) = pie (N/A). (9.10)

Let now pt (N) > py (N/A). Tt follows from (9.8), (9.9) and (9.10) that
pe(N) = pi (Ln[a)

Let (NV,,) be a sequence of summable families of B such that N,, — N in the metric
dasn — co. Then Ly, |a — Ln|a. It is easy to check that the algebra Lg|a is
commutative. By Lemma 9.24, p; is continuous on Lg|4, whence

liminf p; (Nn) = liminf p¢ (L, [4) = pt (Liv[a) = pe (V)

and lim p; (N,,) = p (N).
This implies that Rad (Rf) C V,,. As R is the largest radical with such
property, Rf < R;. (]

We call Ry the pi-continuity radical.

10. Estimations of the joint spectral radius

In this section we study how various spectral characteristics of an element or a
subset of a Banach algebra can be expressed via its images in quotients of the
algebra, and how the characteristics of these images depend on the corresponding
ideals. The main attention is devoted to the joint spectral radius.

For example, it is well known that for each element a of any Banach algebra A

p(a) =sup{p(a/I): I € Prim(A)}. (10.1)

Can Prim(A) be changed here by arbitrary family of (primitive or not) ideals
whose intersection is contained in Rad(A)? Is it possible to extend (10.1) to p(M),
where M is a precompact subset of A? How in general depend p(a/I) and p(M/I)
on I? Questions of this type often arise in the spectral theory.

In what follows by an operator we mean a bounded linear operator.

10.1. Finite families of ideals with trivial intersection
We begin with the spectrum.
Theorem 10.1. Let A be a Banach algebra, Iy, ..., I, be closed ideals of A, and let
Np_1Ir C Rad(A). Then
o(a) =Up_io(a/I}),

for any element a € A.
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Proof. Let I,J be ideals of A. Assuming that 0 ¢ o(a/I)Uo(a/J), we prove that
0 ¢ o(a/K) where K = I N J. Indeed, since a is invertible in A/I and A/J then
there are b,c € A with ba =1+ and ca =1+ j where i € I, j € J. Therefore
(ba —1)(ca—1) =1ij € K.

It follows that (bac — ¢ — b)a € 1+ K that is a is left invertible in A/K. Similarly,
a is right invertible in A/ K. Thus a is invertible in A/K.

Now using induction, we obtain that

ola/ Ni_q Iy) C UL_ o(a/I}).
In our assumptions this implies that
o(a) = o(a/Rad(A)) C Ug_ 0(a/Ix);

the converse inclusion is evident. O

Theorem 10.1 implies that if F is a finite set of closed ideals with intersection
in Rad(A) then
p(a) = sup p(a/J) for each a € A. (10.2)
JeF

Our next aim is to establish a similar result for the joint spectral radius.
We use the following statement proved in [ST1, Corollary 4.3].

Lemma 10.2. Let M be a bounded set of operators on a Banach space X, and let
X DZ1 DD Zy be a chain of closed subspaces invariant for all operators in
M. Then

p(M) = max {p <M|X/Z1) P (M‘zl/zz) IREEEN (M|Zn,1/z,,) 7p(M‘Zn)}’

where by M\Zk/zk+1 we mean the family of operators induced by M in the quotient
Banach space Zy/Zy11.

Let A be a Banach algebra. Recall (cf. Section 1.2.7) that by a Banach ideal
of A we call any ideal I of A which is complete with respect to a norm || - ||; such
that

zllr = Iz
for all x € I; recall also that W, := LyR,, for a € A, and Wy, := {W, :a € M},
for M C A. Tt is clear that all ideals of A are invariant subspaces for the opera-
tors W.
Let p(a;).))(M) denote the joint spectral radius of a bounded set M in the
algebra (4; || - ).
Lemma 10.3. Let A be a Banach algebra, and let I be a Banach ideal of A. Then

(1) All operators Wy|r, a € A, are bounded in the norm || - ||1;
(2) For each bounded subset M of A,

st (Warlr) < peagy (M)?. (10.3)
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Proof. (1) It was proved in [B] that there is a constant C' > 0 such that
llazbllr < Cllal|all2[l][b]] 4
for all a,b € A, z € I. Therefore |[W,|/||; < C|la]|?> which proves (1).

(2) As [Wapn |1 < C (|M"]|4)? then [[Wagn|[}™ < CV/7 (|| M7]]4)*/", and
taking n — oo we obtain (2). O

Proposition 10.4. Let A be a Banach algebra, let Iy, ..., I, be closed ideals of A,
and let J =07 ,1;. Then

p(M)* = max{ max p(M/I;)*, p(Warl)}, (10.4)
for each bounded subset M of A.

Proof. We will prove < because the converse inequality is trivial.

For k < mn,let Jy = I NIs N--- N 1. Applying Lemma 10.2 to the family
W = W, of operators on A and the chain A D J; D Jy D --- D J,, we obtain
that

p(M)? = p(War)
= maXx {p(WM|A/J1)7p(W]W‘Jl/Jz)a N ap(WM|Jn,1/Jn)ap(WM
So it suffices to show that

7}

p(Warl g, 1 y00) < p(M/I;)? (10.5)

for each k (assuming Jo = A).
For k = 1, the inequality (10.5) is in fact an equality:

p(Warlasr,) = p(M/11)?.
For a fixed k with 1 < k < n, let B = A/I; and ¢ = q1, : A — B. Then
the algebraic isomorphism ¢ of I := q(Jx—1) = (Jp—1 + Ix)/Ix onto the Banach
algebra C := Jip_1 /(I N Jk—1) = Jx—1/Jx allows us to supply I with a new norm

Izl = lle(@)lle,

and it is easy to check that I is a Banach ideal of B in this norm. It follows from the
definition of the norm || - || that [[Wals,_, /s, [ = [Wy(a)lzll1, for @ € A. Therefore

PWatlsa/5) = Py ) Waan | 1)- (10.6)
Applying Lemma 10.3 to the subset ¢(M) of B we get:
P(r,) (Waanr) < p(a(M))* = p(M/I;,)*.
By (10.6), this is a reformulation of (10.5). O

Corollary 10.5. Let A be a Banach algebra, let F ={I1,...,I,} be a finite family
of closed ideals of A, such that N[_,I; C Req(A). Then

p(M) = max {p(M/ 1), ..., p(M/1,)}, (10.7)
for each precompact subset M of A.
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Proof. The equality (10.7) is a consequence of Theorem 10.4, if N, I; = 0. It
follows that in general

p(M/ (P 1)) = max {p(M/T,), .., p(M]/ 1)} (10.8)
Indeed, setting J =N, I;, J; = I;/J and M = M/J, we have that

whence p(M) = max; p(M/Ji), and it suffices to note that M/JZ corresponds to
M /1; with respect to the standard isomorphism of A/I; onto (A/J)/J;.
Now, since NI, I; C Req(A) and (2.7) holds for precompact sets, we obtain
that
p(M) = p(M/Req(A)) < p(M/ (M1 1i)) = max {p(M/ L), ..., p(M/I)} .

The converse inequality is evident. O

10.2. Arbitrary families of ideals with trivial intersection
The result of Theorem 10.1 does not extend to arbitrary families of ideals. It
suffices to show that the equality (10.2) fails in general.

Example 10.6. Let {e, : 1 < n < oo} be an orthonormal basis in a Hilbert
space H, and let A be the algebra of all operators on H preserving the subspaces
H, = span(e1,...,e,). Let K,, = {T' € A: T|g, = 0}. Then all K,, are closed
ideals of A, and

ﬂZO:lKn = 0.
Let S be the backward shift: Se, = e,_1, Se; = 0. Then S € A and all elements
S/K,, are nilpotent,

p(S/Kn) =0
while o(S) ={A € C: |\ <1} and

p(S) = 1.
Let us first of all give a slight extension of Theorem 10.1.

Proposition 10.7. Let A be an algebra, and let F = (Ia),cp be a family of ideals
of A. For each o € A, set Jo = Ngalp. If Naeals C rad (A) then

0 (@) = (Unen? (/1) U (Naca (a/Ja))

for each a € A

Proof. For each « € A, I, N J, C rad (A), whence
o(a)=o0(a/ln)Uo(a/Ja)

by Theorem 10.1. Now if A € ¢ (a) and A ¢ Uqepo (a/1,) then X € o (a/Jy) for
every a. Therefore A € Naeno (a/Jy). O

The following result shows that for scattered Banach algebras the situation
is sufficiently satisfactory.
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Theorem 10.8. Let A be a Banach algebra. If the spectrum of an element a of
A is the closure of its isolated points then o (a) = Useno (a/ly) for each family

F = (Ia)gen of closed ideals with Naeals C Rad(A).

Proof. Tt suffices to show that A € Uaepo (a/1,) for each isolated point A € o(a).
Assume, to the contrary, that

A¢o(a/l)
for each a. Let p be the Riesz projection of a corresponding to A\. Then (a — \)p
is quasinilpotent whence (a — \)p/I,, is quasinilpotent for each . But (a — \)/I,,
is an invertible element of the algebra A/I, that commutes with p/I,. Therefore
p/1, is quasinilpotent. As it is idempotent, p/I, = 0 whence p € I,. Then

P € Naeala C Rad(A),

a contradiction. O

Let us now come to consideration of the joint spectral characteristics of sub-
sets in A. Recall that the Berger—Wang spectral radius r(M) of a bounded family

M C A is defined by

r(M) = limsup sup p(a)*/".

n—oo acMn

Proposition 10.9. Let A be a Banach algebra, and let F be a family of closed ideals
such that

p(a) = sup p(a/J)
JeF

for each a € A. Then

r(M) = supr(M/I) (10.9)
IeF

for each bounded set M C A.

Proof. By [ST7, (2.1)],
r(M) = sup sup p(a)"/".
n acMm
Hence by (10.2),

r(M) = sup sup sup p(a/I)"/" = supsup sup p(a/I)"" =supr(M/I). O
n aeMn IEF IEF n aeMn IeF

Corollary 10.10. Let A be a Banach algebra, and let F be a finite family of closed
ideals. If N"{I : I € F} C Rad(A) then

r(M) =supr(M/I)
IeF

for each bounded set M C A.

Now we consider the joint spectral radius p(M).
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Proposition 10.11. Let A be a Banach algebra, let F be a family of closed ideals
of A, and let £ be the set of all finite intersections of ideals from F. Then

2 2
P12 = s {01/ 1.t Wi}

for every bounded set M in A.

Proof. Only the inequality < should be proved. If inf jeg p(Was|s) < p(M)? then
there are ideals I, ..., I, € F with

p(Watls) < p(M)?
where J =1 NIs N---N1I,. By Proposition 10.4,

2 _ N2 _ N2 < 2
P12 = { s (M), Wit |9) } = ma: p(M1/1)° < e (01/1)

and we are done. O

Now we shall estimate the number inf jeg p(War|J)}. Let € be a family of
closed subspaces of a Banach space X, and let

Alg(&) ={T eB(X):TY CY forall Y € &},
|T||e =inf{||T|y| : Y € £} for any T € Alg(€),
ker& ={T € Alg(€) : |T||¢ = 0}.
For a bounded set N C Alg(€), we write
INllg = sup [|IT¢ -
TeN

Lemma 10.12. Let X be a Banach space, and let £ be a family of closed subspaces
of X, closed under finite intersections and satisfying the condition NycgY = 0.
Then

(Ie) |Illg s a seminorm on Alg(E);

(2e) ITSlle <N Tl lISlg for any T, S € Alg(€);

(3e) 1T]lg < T[] for all T € Alg(£);

(4e) [|T||¢ = O for each operator T € Alg(E) which is compact on some Y € £.

Proof. (1.) and (2.) follow from the fact that | T|yv,nys || < min{||T|v; [, |T v, |l},

(3¢) is evident.

(4¢) Let T € Alg(€) be compact on Y € €. Let Z be the closed unit ball of
Ze& and Kz =T(Zy). If |T||¢ > 0, choose a number ¢ such that 0 < ¢ < ||T'||.
For each Z € &, let Dz = {¢ € Kz : |[¢]| > t}. Then (Dzny), ¢ is a centered
family of compact sets, so there is an element z in their intersection. It is non-zero
and belongs to "{Y NZ:Z € £} =0, a contradiction. O

It follows from (3.) that ||-||¢ is continuous with respect to || - || on Alg(&).
This together with (2.) yield that ker & is a closed ideal of Alg(E).

We return to the conditions of Proposition 10.11. Let A be a Banach algebra,
and let J be a closed ideal of A. Let K; (A) be the set of all closed ideals I of A
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such that I is generated by a compact element of J. (Recall that a is a compact
element of A if W, is a compact operator on A.) Set
Ke (4) = UseeKy (4) .

Lemma 10.13. Let A be a Banach algebra, let F be a family of closed ideals of A
with zero intersection, and let € be the set of all finite intersections of ideals from
F. If K € Kg (A) then LRk Cker& and

. _ .
inf p(Warls) < p(M) Kelﬂggf(A) p(M/K)

for every bounded set M in A.

Proof. Let L € £, let a be a compact element of L, I the ideal of A generated
by a, and K = I. Then W, € Alg(£) and it is compact on L. By Lemma 10.12,
|Wql||¢ = 0. Note that the operator L, R, for any x,y € I is represented as a finite
sum > Ly, Ry, WoLs, Ry, for some u;,v;, s;,t; € A whence

”Lny”g = ZLuiRviWaLSiR‘ti c < Z ||LuiR'Ui||8 ”WaH5 ||LSiRti||£ =0.

So LRk C keré.
Let M be a bounded set in A. Denote ||M/K]|| by d. For a,b € M and £ > 0
choose u,v € K with

la —ul| <d+eand ||[b—v| <d+e.
Then ||L,R,||¢ = 0 whence
|LaRs|l¢ = |[LuRy + LuRp—y + La—uRo + La—uRo—o | ¢
< |LuRo—vlg + [La—uRollg + |La—uRo—o ¢
< Jlull(d+e) + [jvll(d + &) + (d +¢)*
< (lla]| +d+e)(d+e)+ (bl + d+e)(d+e) + (d+e)>
Taking ¢ — 0 we get that |L,Rs| o < d(||al|+|b]|+3d) < 5||M/K]||||M]|. Therefore
IWarllg < 5l M/K|[|M]. (10.10)

Changing M by M™ in (10.10) we have ||[Wasn||g < 5| M™/K]||||M™||. Therefore,
there is J € £ with

W[ ]| < 6[M" /K[| M"]
whence p(Warly) < [Waga |/ [/ < 6/ M /K| V7| M7 /7, Thus

inf p(Wal) < inf (61707 /K[|Y/"| M7/ ) = p(M/K)p(M)

for any K € K (A). This is what we need. O

Theorem 10.14. Let A be a Banach algebra, let F be a family of closed ideals of A
such that Nrerl = 0, and let € be the set of all finite intersections of ideals from
F. Then, for any bounded subset M of A,

p0r) =mx{ . | o0/ )01/} (10.11)
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Proof. Using the result of Lemma 10.13, we get from Proposition 10.11 that

p00? < max{ (M) int - p(01/K) 01/

Ke(A)

- .
< p(M) max {Kelnf

ut | o0/ s o0/ |

whence we obtain the inequality <. The opposite inequality is trivial. O

10.3. The joint spectral radius and primitive ideals

We already mentioned and used the fact that the equality (10.2) holds for F =
Prim(A). Since N{I : I € Prim(A4)} = Rad(A), it follows from Proposition 10.9
that

r(M)= sup r(M/I) for each bounded M C A. (10.12)
IePrim(A)

Since p(m(a)) < p(a/ker) the following well-known equality extends (10.2), for
the case F = Prim(A):

pla) = sup p(w(a)), for each a € A. (10.13)
welrr(A)

Arguing as in the proof of Proposition 10.9 we obtain a more strong version of
(10.12):
Proposition 10.15. Let A be a Banach algebra. Then

r(M) = sup r(m(M))
melrr(A)

for each bounded subset M of A.

We are looking for the conditions that provide the validity of similar state-
ments for the joint spectral radius:

p(M)= sup p(M/I) for each precompact M C A, (10.14)
IePrim(A)

p(M)= sup p(w(M)) for each precompact M C A. (10.15)
welrr(A)

Recall that a bounded subset M of a normed algebra A is a point of continuity
of the joint spectral radius if p(M,,) — p(M), for each sequence of bounded subsets
M,, C A that tends to M in the Hausdorff metric.

Lemma 10.16. Let A be a normed algebra, and let M be a bounded set of A such
that p(M) = r(M). If M consists of the points of continuity of the (usual) spectral
radius then M is a point of continuity of the joint spectral radius.

Proof. Let M,, — M. Since the joint spectral radius is upper semicontinuous [ST1,
Proposition 3.1], we have only to show that liminf, . p(M,) > p(M).
Assume, to the contrary, that
lim p(M,) <1< p(M).

n—oo
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Since p(M) = r(M), there are k € N and T € MP* such that p(T) > 1. Clearly
there are T,, € M}* with T}, — T since p is continuous at T then p(T},) — p(T).
But

p(Ty) < p(M}) = p(M,)* <1

for sufficiently big n, a contradiction. O

Recall that a normed algebra A is a Berger—Wang algebra if p(M) = r(M),
for each precompact subset M of A. It follows immediately from Proposition 10.15
that (10.14) and (10.15) hold for every Berger-Wang algebra.

Theorem 10.17. Let A be a Berger—Wang Banach algebra. Then every precompact
subset of RE*(A) is a point of continuity of the joint spectral radius.

Proof. Follows from Theorem 9.16 and Lemma 10.16. (]

Recall that a non-necessarily Hausdorff topological space T is called qua-
sicompact if each its open covering contains a finite subcovering. A function
¢ : T — R is lower (upper) semicontinuous if for each A € R, the set {t €
T : ¢(t) < A} (respectively {t € T : ¢(t) > A}) is closed.

The following result is a variation of the classical Dini Theorem:

Theorem 10.18. Let f,, be a decreasing sequence of functions on a quasicompact
space T pointwise converging to a function f. If all f, are upper semicontinuous
then

sup fn(t) — sup f(t) as n — oc.

teT teT
Proof. Choose a number d > sup,cp f(t). If sup,cp fn(t) > d, for all n, then the
sets B, = {t € T : f,(t) > d} are non-empty and closed. Since E,, C E,_; and
T is quasicompact, there is a point tg € N, E,. Thus f,(top) > d for all n, and
therefore

f(to) = lim fo(to) = d > sup f(t),
n—roo teT
a contradiction.
It follows that

lim sup f,,(t) = inf sup f,,(t) < sup f(¢).
N0 teT N0 teT teT

On the other hand,

lim sup f,,(t) > sup f(t)
n—0o0 tcT teT

because f,(t) > f(t) for all ¢t. O

We consider the following properties which a Banach algebra A can have:

(1.) For each a € A, ||a]| = sup{|la/I]| : I € Prim(A)};
(2,) For each a € A, the map I — ||a/I|| is upper semicontinuous on Prim(A).
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Lemma 10.19. Let A be a Banach algebra, and let M be a precompact subset of A.
Then

(1) If A has the property (1) then | M| = sup;epyim(a) [|1M/1]];
(2) If A has the property (2.) then the map I — ||M/I|| is upper semicontinuous
on Prim(A).
Proof. (1) For each € > 0, choose a € M with ||a|| > || M|| — €. Using (1.), choose
Iy € Prim(A) with |la/Io|| > ||a|]| — . Then
IM]| < lla/Iol| + 2& < [|M/Io|| + 2& < supy | M/1| + 2.
Taking e — 0 we get that ||M]| < sup; |[M/I||, the converse is evident.
(2) If N C M is finite then I — |[N/I|| is upper semicontinuous because
the set
{I € Prim(A) : ||N/I|| > A} = Ugen{I € Prim(A) : ||a/I|| > A}
is closed being a finite union of closed sets. Now, for each € > 0, let N, be a finite
e-net in M. Then E. := {I € Prim(A) : ||N./I|| > XA — €} is closed and therefore
{I € Prim(A) : ||M/I|| > A} = NesoEx
is closed. 0

Theorem 10.20. Let A be a Banach algebra satisfying (1.) and (2.), and let M be
a precompact subset of A. If p(M/I) =r(M/I) for all I € Prim(A), then

p(M)= sup p(M/I)=r(M). (10.16)
IePrim(A)

Proof. The functions I — f,(I) := ||[M?" /I||'/?" are upper semicontinuous by
Lemma 10.19(2). Moreover, they decrease (fn+1(I) < fn(I)) and

lim £,,(I) = p(M/1) = r(M/1).

Thus by Theorem 10.18, sup; f,(I) — sup; p(M/I). Using Lemma 10.19(1), one
gets
sup fo(1) = sup | M*"/I|['/2" = | M| V/2" — p(M).
I I

We proved that
p(M)= sup p(M/I);
IePrim(A)
the second equality follows from Theorem 10.15. (]

It is convenient to formulate an analogue of Theorem 10.20 for algebras of
vector-valued functions on arbitrary compacts.

Theorem 10.21. Let B be a Berger—Wang Banach algebra, and A = C(T, B), the
algebra of all continuous B-valued functions from a quasicompact space T to B,
supplied with the sup-norm. Then A is a Berger—Wang algebra.

If the spectral radius function x — p(x) is continuous on B then the same
is true for A, and moreover, the joint spectral radius is continuous on B.
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Proof. We argue as in the proof of Theorem 10.20 with the change of Prim(A) by
T'. The analogue of (1) follows from the definition of the norm in A. The analogue
of (2.) holds by definition (functions are continuous, so the norms are continuous).

Let M be a precompact subset of A; for each ¢ € T, let M(t) = {a(t) : a €
M}, Arguing as above, we prove that

p(M) = fggp(M(t)) =r(M). (10.17)

Let x — p(z) be continuous on B. To check the continuity of p on A, note
that for a € A
p(a) = sup p(a(t))
teT

(a special case of (10.17)). Now if ay — a in A then ax(t) — a(t) in B, for each
t € T, whence

pla(t)) = liin plax(t)) < limAinfp(aA).

Therefore p(a) < lim/\inf p(ay). Since upper semicontinuity holds in general, we get

the continuity of a — p(a) on A.
The continuity of the joint spectral radius follows from Lemma 10.16. (]

One can take for B an arbitrary algebra of compact operators on a Banach
space X (for this case, the equality p(M) = (M) was established in [ST1]).

10.4. A C*-algebra version of the joint spectral radius formula

In [ST7] it was shown that for each Banach algebra A and each precompact set
M C A,

p(M) = max{r(M), p(M/Ruc(A))}. (10.18)

It is an interesting and important question if dealing with C*-algebras one can
change in (10.18) the ideal Ryc(A) by the much larger ideal Ryc(A4). In other
words, we study the validity of the equality

p(M) = max{r(M), p(M/Rger(A))}. (10.19)

Our approach is based on the consideration of primitive ideals; in particular we
study C*-algebras for which the equality (10.16) holds.

The results of previous sections give some valuable information on this ques-
tion. Note that the condition (1.) holds for each C*-algebra. The condition (2.)
holds for C*-algebras with Hausdorff spectra. Indeed, it is proved in [Dm, Propo-
sition 3.3.7] that for each element a € A, the set {I € Prim(A) : ||a/I| > A}
is quasicompact; thus if Prim(A) is Hausdorff then this set is closed, whence the
function I — ||a/I|| is upper semicontinuous (in fact, continuous because it is al-
ways lower semicontinuous [Dm, Proposition 3.3.2]). Thus we obtain from Theorem
10.20 that the equality (10.16) holds for each CCR C*-algebra A with Hausdorff
Prim(A).
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We will obtain much more general results here. Let us say that a topological
space has the property (QC) if the intersection of any down-directed net of non-
empty quasicompact subsets is non-empty. Of course, each Hausdorff space has
this property.

Lemma 10.22. Let T be a topological space. Then
(1) If T = UxeaUy, where the net {Ux : A € A} is up-directed, all Uy are open
and have property (QC), then T has property (QC);
(2) If T = FUU, where F is closed and Hausdorff, U is open and has property
(QC), then T has property (QC);
(3) If T has the property (QC) then each subset of T has this property.

Proof. Let {E,, : w € 0} be a down-directed set of quasicompact subsets.
(1) For some wq € Q, let A1,..., A\, € A be such that E,, C Uy_,U,,. Since
the net {Uy : A € A} is up-directed,

E,, CUy,

for some \g € A. Then all E,, with w > w; are contained in the space Uy, which has
the property (QC). By definition, their intersection is non-empty whence Ny,eqF,,
is non-empty.

(2) Let us check firstly that the intersection of a quasicompact set K with a
closed set W is quasicompact. Indeed, if {Uy : A € A} is a family of open subsets
in T with KNW C UxeaU) then

K C (UxeaUx) U (T \ W);

choosing a finite subcovering and removing 7'\ W we obtain a finite subcovering
of KNW.

Now in assumptions of (2) all sets E, N F are quasicompact subsets of a
Hausdorff space, so they are compact. Hence if all E, N F' are non-empty then
they have non-empty intersection.

On the other hand, if E,, N F = @, for some wy € €, then E,, C U, and
the same is true for all w > wg, so the intersection is non-empty because U has
property (QC).

(3) Let W be an arbitrary subset of T. It follows easily from the definition
that if £ C W is quasicompact in W then it is quasicompact in 7. Thus a down-
directed net of quasicompact subsets of W is a down-directed net of quasicompact
subsets of T'; by the assumptions, the intersection is non-void. O

Let €4 denote the class of all C*-algebras A for which Prim(A4) has the
property (QC).
Corollary 10.23. Let A be a C*-algebra. Then

(1) If (Jx)ren 15 an up-directed net of closed ideals of A such that UxenJx is
dense in A and Jy € Cqc for all A, then A € Cy;

(2) If A has an ideal J € €4 such that Prim(A/J) is Hausdorff, then A € €y;

(3) If A € &y then all closed ideals and all quotients of A belong to Cq..
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Proof. (1) One has that
Prim(A) = Uyea Prim(Jy),

if Prim(.Jy) is identified with the set of all I € Prim(A) that do not contain J.
All Prim(J)y) are open and have the property (QC). Using Lemma 10.22(1) we get
that Prim(A) has property (QC). So A € &,.

(2) In this case Prim(A) = Prim(J) U Prim(A/.J) and it remains to apply
Lemma 10.22(2).

(3) Follows from Lemma 10.22(3) because, for each closed ideal J of A, the
space Prim(J) (respectively, Prim(A/J)) is homeomorphic to an open (respec-
tively, closed) subset of Prim(A). O

Corollary 10.24. All GCR C*-algebras belong to €.

Proof. Tt is known [Dm, Proposition 4.5.3 and Theorem 4.5.5] that if A is a GCR
algebra then there is an increasing transfinite chain (Jy ), of closed ideals such
that Jo = 0, Js = A and all gap-quotients Ju11/J, have Hausdorff space of
primitive ideals.

Assume, to the contrary, that there is a smallest ordinal v for which J, ¢ €q..
If v is limit then J, € €4 by Lemma 10.23(1); if not, then v = a + 1 for some
ordinal ¢, whence J, € &, by Lemma 10.23(2), a contradiction. O

At the moment we do not know an example of a C*-algebra which does not
belong to €.

Lemma 10.25. Let A be a C*-algebra, and let M be a precompact subset of A.
Then, for any t > 0, the set {I € Prim(A) : | M/I|| > t} is quasicompact.

Proof. We may argue as in [Dm, Proposition 3.3.7], where the statement is proved
for one-element sets, if we establish that for each closed ideal J of A, there is
a primitive ideal I D J with ||[M/I|| = |[|M/J||. To show the existence of I, let
x, € M be such that

1M/ T] = tim [, /7]

By precompactness of M we may assume that z,, — = € A, and it remains to take
I with [|z/I| = ||z/J]|| ([Dm, Lemma 3.3.6]). O

Theorem 10.26. Let A be a C*-algebra. If A € €4 then

p(M)= sup p(M/I)
IePrim(A)

for each precompact subset M of A.
Proof. For each n, let K,, = {I € Prim(A) : |[M?"/I|| > p(M)*" }. Since
M| > p(M)*",

all K,, are non-zero, and they are quasicompact by Lemma 10.25. Since the se-
quence || M?" /I||'/?" decreases, the inclusion

K, D Kn+1
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holds for each n. It follows that there is a primitive ideal I € N2, K,,. Thus
1M /1) > p(M)
for all n. Taking the limit we get that p(M/I) > p(M). O

Corollary 10.27. Let A be a C*-algebra, and let M be a precompact subset of A. If
Ae &y and p(M/I) =r(M/I) for all I € Prim(A) then

p(M) = r(M).
Proof. By Theorem 10.26, we obtain that
p(M)= swp p(M/I)= sup r(M/I)<r(M). O
IePrim(A) IePrim(A)

The following result establishes a C*-version of the joint spectral radius for-
mula for algebras satisfying the condition (10.14) with all their quotients.

Proposition 10.28. Let A be a C*-algebra. If, for any closed ideal K of A,

p(N)=  sup  p(N/I)
IePrim(A/K)

for every precompact subset N of A/K then
p(M) = max{r(M), p(M/Rge:(A))}
for every precompact subset M of A.
Proof. We show that
p(M) = max{r(M), p(M/J)} (10.20)
for each closed GCR ideal J of A.

Let us firstly prove (10.20) for the case that J is a CCR-ideal (assuming only
that (10.14) is true for A). By (10.14), it suffices to show that

p(M/I) < max{p(M/J),r(M)}

for each I € Prim(A). Let m be an irreducible representation of A on a Hilbert
space H, with kerm = I. Then

p(M/TI) = p(m(M)).
If w(J) = 0 then 7 is a representation of A/.J and the inequality

p(r(M)) < p(M/J)
is evident. Otherwise 7(J) = K(H) and

pe(m(M)) = p(x(M)/m(J)) < p(M/J).
Applying the operator version of the joint spectral radius formula (2.10) to 7(M)
we obtain the needed inequality.
In general, we have an increasing transfinite chain (J,),<s such that Jo =0,

Js = J and all gap-quotients J,41/J, are CCR-algebras.
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Assume, to the contrary, that there is an ordinal « which is the smallest one
among ordinals « for which (10.20) is not true with J = J,. If v is not limit then
v=a+1 for some . As M/J, = (M/Ja)/(Jy/Ja) then

p(MJa) = masc{r(M/Ja), p(M/,)}.
Since also p(M) = max{r(M), p(M/J,)} then
p(M) = max{r(M), p(M/Jy)},

a contradiction.
Let now v be a limit ordinal. By Lemma 9.14,

max{r(M), p(M/J,)} = max{r(M), inf p(M/Jur)}
— inf max{r(M), p(M/Jur)} = p(M),

al <y
a contradiction, so the equality holds for all ordinals. O
Corollary 10.29. Let A be a C*-algebra. If A € 4. then
p(M) = max{r(M), p(M/Rge:(A))}
for every precompact subset M of A.
Proof. Indeed, any quotient of a C*-algebra from €4, belongs to €4, (see Corollary

10.23(3)). So the result follows from Theorems 10.28 and 10.26. O
Corollary 10.30. Each GCR C*-algebra is a Berger—Wang algebra.
Proof. Follows from Corollary 10.29. O

Corollary 10.31. Let A be a C*-algebra. Then any precompact subset of Rger (A)
s a point of continuity of the joint spectral radius.

Proof. Note that Rgc: (A) is the largest GCR-ideal of A by Theorem 2.23. So the
result follows from Corollary 10.30 and Theorems 9.11 and 10.17. (]
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A Brief Survey on

1. Infinite-dimensional Schur—Horn Theorems
and Infinite Majorization Theory with
Applications to Operator Ideals

2. B(H)-subideals of Operators

Gary Weiss

Abstract. This paper surveys the study of diagonals of operators, particu-
larly strictly positive compact operators, in various kinds of orbits like uni-
tary orbits, and its interplay with the development of infinite majorization
theory, stochastic matrices and arithmetic mean ideals of operators. It in-
cludes a description of the author’s main results joint with V. Kaftal in [13]
and [14] and a brief description of the history including contributions from
Hardy—Littlewood—Pdlya, Schur and Horn, Gohberg and Markus, A. Neu-
mann, Antezana—Massey—Ruiz-Stojanoff, and Arveson and Kadison. For a
more extensive list of historical and related references, see [13] and [14].

This survey on B(H)-subideals [22], which paper is joint with S. Pat-
naik, is a brief description of the 1983 Fong—Radjavi characterization of those
principal ideals in K (H) that are also B(H) ideals and our recent general-
ization of this to arbitrary B(H)-ideals along with characterization of their
structure. Central to this is a notion of soft ideals.
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47B10, 47B07; Secondary: 47B47, 47B37, 13C05, 13C12.

Keywords. Schur—Horn theorem, majorization, stochastic matrices, operator
ideals, principal ideals, subideals.

1. Infinite-dimensional Schur—-Horn theorems, majorization
and applications to ideals

A main result of [13] is the extension of the Schur—Horn Theorem [24], [10] to
infinite sequences:

For two nonincreasing nonsummable strictly positive sequences £ and n that
converge to 0, there exists a positive compact operator A with eigenvalues 1 and
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diagonal sequence ¢ (i.e., £ appears as the diagonal of an operator in the unitary
orbit of A) if and only if 377, & < 377, 1 for every n if and only if £ = Qn for
some orthostochastic matrix ). When £, n are summable sequences, requiring also
equality of their sums yields the same conclusion, extending a theorem of Arveson
and Kadison [2] (see also [11], [12]).

Our proof depends on the construction and analysis of an infinite product of
T-transform matrices. Further results on majorization for infinite sequences [14]
providing “intermediate” sequences generalize known results from the finite case.
Majorization properties and invariance under various classes of stochastic matrices
are then used to characterize arithmetic mean closed operator ideals.

The Schur-Horn Theorem, Theorem 1.1 below, characterizes the diagonals of
(finite) selfadjoint matrices via sequence majorization. Finite sequence majoriza-
tion (order relation & < n) for &, n € RY is:

n n
Exn: Y & <> m;for 1 <n < N with equality at the end.
j=1 j=1

&*,n* denotes their decreasing rearrangement.

For nonsummable (so infinite) monotone decreasing sequences, the general-
ized £ < n condition we call “strong majorization,” li_mz;l:l(nj —¢;) =0, retains
many of the key properties of “equality at the end” for finite and for summable
sequences and is essential for our extension of the Schur—Horn Theorem. So also
is £ < 1, majorization applied in the same way to infinite sequences but without
requiring any kind of end condition like “equality at the end.”

Majorization theory evolved in the early 1900s from seemingly unrelated
topics including wealth distribution (Lorenz [18]), convex inequalities (Hardy, Lit-
tlewood and Pdlya [9]) (e.g., characterizing when ¢(§) < ¢(n) for all convex ¢),
and Birkoff’s Theorem that doubly stochastic matrices are convex combinations
of permutation matrices [3], to the more recent work (and central to [13]) on dou-
bly stochastic matrices with relations between eigenvalue lists and diagonals of
selfadjoint matrices, to [14] on relationships between convex combinations, sto-
chastic matrices, diagonal invariance of B(H )-ideals (diagI C I) and arithmetic
mean closed ideals (,(I,) = I from general commutator theory), and to infinite-
dimensional extensions to c,, of “density” facts from Hardy Littlewood and Pélya
[9): ¢ <n = 3¢, pfor which & < ¢ <7, € < p <n. Recall that ¢, denotes the cone
of nonnegative sequences tending to zero which is (K (H)), Calkin’s characteristic
set of the ideal of compact operators; the arithmetic mean ideal I, is characterized
by its characteristic set $(I,) := {z € ¢, | 2 = O(y,) for some y € %(I)} where y,
denotes the arithmetic mean sequence (¥**F¥») and ,I is characterized by its
characteristic set ¥(,1) = {x € ¢, | 2, € ¥(I)}}; and for Theorem 1.1 below E(A)
denotes the traditional conditional expectation for a fixed basis, i.e., it denotes the
diagonal operator taking the diagonal entries from the diagonal of the matrix A.
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History
Theorem 1.1. Let £, € RV,
(i) Hardy, Littlewood and Pélya Theorem [9].

Exn ifand only &£ = Pn for some doubly stochastic matriz P.
(ii) Horn Theorem [10, Theorem 4].
EXn ifand only if £ = Qn for some orthostochastic matriz @,

e., the Schur-square of an orthogonal matriz (Qi; = (Ui;)? V i,j for some

real entried unitary matriz U).
(iii) Schur-Horn Theorem [24], [10]. For a selfadjoint N x N matriz A having
eigenvalue list 1), (when A is positive this is merely the s-number sequence for

A, s(A) =),
there is a basis in which A has diagonal entries & if and only if &< n

Linking orthostochasticity with how basis change impacts the diagonal is the
following lemma.

Lemma 1.2. Let &1 € c. and let Qij = |Lij|* for all i,j for some contraction
L € B(H). Then

diag ¢ = E(L diagn L*) if and only if &= Qn.

Proof. (Ldiag nL*); = (Ldiag nL*e;,e;) = >, LikneLi = Y., | Lik|*ne = (Qn);.
O

One important class of stochastic matrices come from “Schur-squares” (Q;; =
|L;j]?) of contractions L. Another is the orthostochastic matrices @, Schur-squares
of unitaries, in which case £ = @n if and only if diagé € E(U diagnU™*) for
some unitary U (i.e., the diagonal from a unitary orbit). Other larger more well-
known related classes of stochastic matrices (by definition positive entried) are
substochastic (row and column sums < 1; column (row)-stochastic (substochastic
with column (row) sums = 1; doubly stochastic (column & row stochastic; and
block stochastic (direct sums of finite doubly stochastic matrices).

For infinite majorization it is nontrivial to extend the fact that Qn < n for
substochastic Q. It was proved by A. Markus [19] using Ostrowski identity:

> (i = (@n)i) = Z(l—Z%) mi—m)+ >, > Qin

i=1 j=1 j=n+1i=1

i —1n) >0 foralln > j.

i M: : MS

Z ng Tn

vV
/_\



284 G. Weiss

In recent years infinite majorization arose in the study of commutator ideals of
compact operators [I, B(H)] [6] and in outgrowths of this. From [17]: [[, B(H)]" =
(oI)" when diag <%> € I (when not contained, then a slightly more complicated
equality), and from [6]: [/, B(H)] = I which is equivalent to I possessing no traces
(unitary invariant linear functionals) and to the arithmetic mean ideal condition
I, = I. Hence the birth of arithmetic mean ideals: I, = I (am-stability, that
is, regularity of sequence generators in the principal ideal case), the arithmetic
mean closed property ,(I,) = I (am-closed) and a host of others with relations.
In comparing two arithmetic mean ideals, that is, determining when I, C J,, one
needs to know if every diag & € I has its arithmetic mean &, = O(7,) for some
diag n € J, that is, whether or not

Gt b gt
n n

for every n, i.e., £ < Mn.
(Voila, majorization.)

Also invariance under various classes of stochastic matrices of the diagonals of
diagonal operators in an ideal provides equivalences to the ideal being am-closed
[14, Section 4, esp., Theorem 4.5-Theorem 4.9].

Historical stochasticity

In 1964, two less-known papers with two almost disjoint approaches, Markus [19]
and Gohberg-Markus [8] found infinite-dimensional versions of the Hardy, Little-
wood and Pélya Theorem 1.1(i) and an extension to the summable case of Horn’s
Theorem [10, Theorem 4], (Theorem 1.1(ii)). More recently, Arveson and Kadison
obtained other characterizations in [2] by different methods.Summarizing,

If £,m € c,, then

& < n <= £ = Qn for some substochastic @
(@ row-stochastic if &, > 0 Vn) [Markus]

& = n < &= Qn with Q;; = |W;;|? for some co-isometry W (1)
[Gohberg—Markus]

& < n <= &= Qn with Q;; = |L;;|? for some contraction L
[Arveson—Kadison|

If ¢&,n € (£1)F, then

£ < ne &= Qnwith Q;; = |U;;|* for some unitary U
[Gohberg—-Markus]

Exne &= Qn with Q;; = |[W;;|? for some isometry W
[Arveson-Kadison]

(2)

In [13] we modify slightly-then matrix model-the Markus construction [19, Lemma
3.1] he used to prove £ < n < & = Pp for some substochastic P. Our analy-
sis, after modification, identifies a distinguished sequence of orthogonal matrices
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(T-transforms) underlying the construction. An analysis of their properties and
infinite products permits us to obtain:

(i) Ifg,n e cz, &, > 0Vn, and £ < n, then there is a canonical co-isometry with
real entries W (€, 7) for which & = Q(&,m)n with Q(&,n)i; = (W(&,1)7)* 13,
Theorem 3.7].

(i) If &,n € ¢, then & < n < & = Qn with orthostochastic Q;; = |U;;|? for some
orthogonal matrix U [ibid, Theorem 3.9].

This construction applied to finite sequences provides another proof of the (finite)
Horn Theorem.

Historical study of diagonals of operators in unitary orbits

[13] extends some of the results of Gohberg and Marcus in [8] and Arveson and
Kadison in [2]. It has limited overlaps with A. Neumann [21] and Antezana—
Massey—Ruiz—Stojanoff [1] as these authors characterize the closures of the ex-
pectation of the unitary orbit of a selfadjoint not necessarily compact operator
— we do not take closures. For sequences &,n € CZ, the following is a compar-
ison of these different results. Here the unitary orbit of an operator is denoted
U(A) := {U*AU | U is a unitary operator} and for below its partial isometry
orbit is denoted V(A) := {V*AV | V is a partial isometry}.

If £ & (¢1)*, then
I1-11

E(U(diagn)) [A. Neumann]
§ <n<diagf e ( B{LdiagnL* | L € B(H)1} [Arveson—Kadison]
E(U(diagn)) [13, Proposition 6.6(ii)]
If £ € (£1)*, then
E(U(diagn)) [l [Antezana—Massey-Ruiz-Stojanoff]
£ s n e diagé € ¢ B(U(diag n)H'Hl) [Arveson—Kadison]
E(U(diagn)) [Gohberg—Markus]

Diagonals of operators in unitary orbits/partial isometry orbits, proof descriptions
and open question

For the rest of Part I, we list some of the main results of [13] with a brief indication
of their proofs and an open question.

Theorem ([13, Theorem 3.9]). If £,1 € c, and & < 7, then € = Qn for some
orthostochastic matriz ().

Theorem ([13, Theorem 5.3]). If £,n € c,, and & & (£1)*, then € <1 if and only if
& = Qn for some orthostochastic matriz Q.
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Applying these to Lemma 1.2 obtains directly the infinite dimension extension
of the Schur-Horn Theorem for positive compact operators A, [13, Theorem 6.4]
and [13, Proposition 6.6]:

Theorem ([13, Theorem 6.4]). Partial isometry orbits

BOV(A)) {{B e DNK(H)" | s(B) <s(A)}\ £y z:f Tr(A) = oo
{BeDNK(H)"|s(B)=<s(A)} if Tr(A) < oo
Theorem ([13, Proposition 6.6]). If A€ K(H)" then
() EQUA) © E(V(A) N {B €D | Tr(RE) < Tr(RL)}.
(ii) If additionally R4 = I then
E(U(4)) = EOW(A) N {B €D | Ry = I}
_J{B€ DNK(H) |s(B)<s(A),Rg=1}\L1 if Tr(A) =
- {BeDNK(H)*|s(B) < s(A),Rp = I} if Tr(A) < oo.

(iil) The inclusion in (i) is proper unless Ra = I or A has finite rank.

Open problem for positive compact operators

What is F(U(A)) when range projection R4 # I nor finite, that is, when A =
diagn ® 0, (1 <n < o0)?

We know E(U(diagn)) # E(U(0 @ diagn)) [13, Proposition 6.6(iii)] so ma-
jorization as we know it, i.e., the partial isometry orbit conditions, do not suffice
to characterize it.

Idea of proofs of [13, Theorems 3.9, 5.3]

[13, Theorem 5.3]: For & < 7, £ # n and nonsummable: with care one can
split N disjointly so that restricted to each piece, one has the summable case
(€ne) = (M), then direct sum the unitaries provided by [13, Theorem 3.9].

For the case £ < n, use [13, Theorem 3.9]: Infinite products of T-transforms
described next. Fortunately these T-transforms are real unitaries so their Schur-
squares are orthostochastic.

As mentioned above, we modify slightly then model the Markus construction
used to prove £ < n < £ = P for some substochastic P. See [13, Section 3, §2] for
a detailed comparative discussion to Markus’s construction. How does this work?

The first step suffices to explain the process. Because

E=<n=& <,
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s0 & € (Mg, Mk+1] hence & = tnp + (1 — )1 for 0 < ¢ < 1. For this to make
sense one needs to choose n, = 0. Then this choice of ¢, k is unique and canonical,
unlike Markus, and is the slight modification we indicated.

It yields:

and better

m
2

tne + (1 — t)nkt1
(I =tk + tnr+1

n

&1
&= 62 <

m
72

&

n

&1
m
12

(1 =) + te+a

n

= A=) + e

=N

<.

Notice density at play, although the middle vector lost monotonicity, its trun-
cation remains monotone:

Now iterate.

(5)-

m
12

(1 =) + te+1

n

This process for every & uniquely determines its associated (my, ;) and the
7 related vectors just described.
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For every integer m > 1 and 0 < ¢ < 1, define the (m+1) x (m+1) orthogonal
matrix @I and hence its Schur-square

00 0 Vvt —J1-t
1 0 ... 0 0 0
01 ... 0 0 0
Vim,t):=|. . . . ) . &1,
0 0 1 0 0
0 0 0 1—1¢ Vit
0 0 0 t 1-—1¢
1 0 0 0 0
01 ... 0 0 0
Q(m,1) = R : : 1.
0 0 1 0 0
0 0 0 1—¢ t

Infinite products of T-transforms
W ({mu, ti}) : H (I ® V (my, tr,) © 1)

for use in
diag & = E(W({mg,t})" (diag n) W({mx, tx}))
or, equivalently for its Schur-square,

§ = Q({mu, tr})n.

Example. The case my = 1 is simplest for determining matrices W ({my, t}) and
Schur-square Q({my,tx}). Infinite product

o0

WL t}) = [[de @ V(L t) @ 1)

k=1

and Q (modeling the modified Markus construction):

W({lvtk})
Vi V11—t 0 0
ta(1 —tl) t2t —V1—ty 0
Vis(1—t2)(1—t1) +/ts(1 Vit —V1—t3

i=2 =3 =4

k*]t k—1 kf.l k—1
tr 1:[1(1 - ti) \/tkt1 H (1 — ti)\/tktg H (1 — ti)\/tktg H (1 — ti) -
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Q({lvtk})
tq 1—t 0 0
t2(1 — t1) toty 1—1to 0
t3(1 —tg)(l —tl) t3(1 —tg)t1 tsto 1—1t3
B k—1 . kfl. krfl. kfl.
te [T (1 —t:)  tetr T (X —t;) twta [T (1 —t:) tuts J] (1 —t;)
=1 =2 =3 =4

Analysis of the infinite products for the W’s and Q’s.
When is W unitary, i.e., when is its Schur-square Q orthostochastic?

Theorem ([13, Theorem 4.7]). Let £ < n for some £,n € CZ with &, > 0 for every
n. Then TFAE.

(i) £
(i) > {tx | mr =1} = c0.
(iil) Q(&,n) is orthostochastic.

Which is what happens when 1 = s(A) is strictly positive, i.e., the range projection
of A is identity (recall the condition Ry = I).

2. B(H)-subideals of operators

A B(H)-subideal is an ideal of an ideal of B(H) and a principal subideal is a
principal ideal of an ideal of B(H). In [22] we determine necessary and sufficient
conditions for a principal subideal to be an ideal of B(H). This generalizes to
arbitrary ideals the 1983 work of Fong and Radjavi [7] characterizing principal
subideals of the ideal of compact operators that are also ideals of B(H). We then
provide a characterization of all principal subideals of B(H). We also investigate
the lattice structure of subideals as part of the general study of ideal lattices such
as the often studied lattice structure of ideals of B(H). The study of subideals is
closely related to the study of elementary operators with constraints.

For a short survey on subideals we reproduce here [22, Introduction] without
proofs. And for a discussion of lattice properties, see [22, Remark 2.2, esp. (iv)
and Sections 3-5].

[22] investigates the subideal structure of B(H ) following the spirit of Calkin’s
well-known singular number characterization of ideals of B(H) [4]. A subideal is
an ideal of an ideal J (henceforth called a J-ideal) for the B(H)-ideal J. Recall
for general rings, an ideal is an additive commutative subgroup which is closed un-
der left and right multiplication by elements of the ring. Ideals in the ring B(H)
are ubiquitous throughout operator theory. Some well-known B(H )-ideals are the
compact operators, K (H), the finite rank operators, F/(H), principal ideals, Ba-
nach ideals, the Hilbert—Schmidt class, the trace class, Orlicz ideals, Marcinkiewicz
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ideals and Lorentz ideals, to name a few. Definitions of these ideals may be found
in [6]. Here and throughout this paper H denotes a separable infinite-dimensional
complex Hilbert space, B(H) the algebra of all bounded linear operators on H,
and C, R, N, Z, respectively, the classes of complex numbers, real numbers, positive
integers and integers.

There are three natural kinds of principal J-ideals: classical principal J-ideals
(S).; which we call principal linear J-ideals, principal J-ideals (S) ;, and principal
real linear J-ideals (9)% (22, Definition 2.1]). Standard notation then dictates that
we denote (S) = (S)p(m). It is immediate that B(H)-ideals are always J-ideals
but, as we shall see later, often not conversely ([7], see also Example 2.3 below).

The main results of this paper, generalizing the 1983 work of Fong and Rad-
javi [7] and characterizing the principal subideals of B(H), are summarized in the
following two theorems.

For S,T € J, s(S) denotes the sequence of singular numbers (s-numbers) for
S, and the product s(S)s(T) denote their pointwise product.

Theorem 2.1. For S € J, the following are equivalent.
(i) Any of the three types of principal J-ideals generated by S, (S);, (S), or
(S)% is a B(H)-ideal.
(ii) The principal B(H)-ideal (S) is J-soft, i.e., (S) = J(S) (equivalently, (S) =
(5)]).

(i) S=AS+SB+ > A;SB; for some A;, Bi, A, B € J, m€N.

(iv) s(S) = O(Dy(s(S))s(T)) for someT € J and k € N.
Denoting JS+SJ+J(S)J :={AS+SB+CS'D| A, B,C,D € J, 5" € (9)},

Theorem 2.2. The principal J-ideal, the principal linear J-ideal and the principal
real linear J-ideal generated by S € J are respectively given by

(S);, =2ZS+JS+SJ+J(S)J

(S)y=CS+JS+ ST+ J(S)J

(S)B=RS+JS + ST+ J(S)J.

Also
J(S)J C IS+ ST+ J(S)J C(S),;N(S); N (95

which first two are respectively a B(H )-ideal and a J-ideal, so visually each of these
kinds of principal ideals have the common B(H)-ideal “nucleus” J(S)J, with the
common J-ideal JS + SJ + J(S)J containing it.

All these principal ideals, (S); C ()5 C (S),, are distinct except under the
following equivalent conditions. They all collapse to merely

J(8) = (8) = (S),; = ()1 = (9);

o if and only if the principal B(H)-ideal (S) is J-soft, i.e., (S) = J(S)
e if and only if any, and hence all of them, is a B(H )-ideal.
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This extension of the ideal notion called soft-edged is essential for our gener-
alization of Fong-Radjavi’s work [7]. Soft-edged ideals (soft ideals for short), that
is, ideals I for which IK(H) = I, were first introduced in [15] and [17, Section
3, esp., Definition 3.1] and studied further in [16] as part of a study on traces
motivated in part by Dixmier’s implicit use of softness to construct the so-called
Dixmier trace [5]. However, these softness notions involving K (H) appeared some
years earlier with different terminology in works of Mityagin focusing on Hilbert
space and Pietsch in Banach spaces [20], [23].

Background

In 1941, Calkin [4] characterized B(H)-ideals via his lattice preserving isomor-
phism between ideals of B(H) and characteristic sets 3 C ¢fy: I — X(I) induced
by I 5 X — s(X) € X(I). Here ¢ denotes the cone of non-negative sequences
decreasing to zero; characteristic sets ¥ are those subsets of ¢jj that are additive,
hereditary (solid) and ampliation invariant (invariant under each m-fold amplia-
tion D¢ := (&1,...,&1,&2,...,&,...) with each entry & repeated m times); the
characteristic set 3(I) := {n € ¢} | diagn € I'}; and s(X) denotes the c¢j-sequence
of s-numbers of compact operator X.

Motivated by this characterization, a natural question to ask and the subject
of this paper is:

What can be said about subideals, i.e., is
it possible to classify them in some way?

In 1983, Fong and Radjavi [7] investigated those subideals that are principal
K (H)-ideals, perhaps in part because of the distinguished role K (H) plays as the
unique norm closed proper ideal of B(H). They considered only principal linear
K (H)-ideals. Though unstated in [7], this was recently clarified to us (private com-
munications). They found principal linear K (H )-ideals that are not B(H)-ideals
(Example 2.3) by determining necessary and sufficient conditions for a principal
linear K (H )-ideal to be a B(H)-ideal [7, Theorem 2]. And in doing so, at least for
the authors of this paper, they initiated the study of subideals.

Theorem ([7, Theorem 2]). Let T be a compact operator of infinite rank and let P =
(T*T)z. Let T and P be the ideals in K(H) generated by T and P, respectively.
Then the following are mutually equivalent.

(i) T is an ideal in B(H).

(ii) P is an ideal in B(H).
(iii) T = ATB1 + - -+ AT By, for some k and some A; € K(H), B; € B(H).
(iv) T=ATBy + -+ AT By, for some k and some A; € K(H), B, € K(H).

Fong and Radjavi proved this via the positive case employing the Lie ideal
condition (ii) below.
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Theorem ([7, Theorem 1]). Let P be a positive compact operator of infinite rank,
and let T be the ideal in K(H) generated by P. Then the following are equivalent.
(i) Z is an ideal in B(H).
(ii) Z is a Lie ideal in B(H).
(i) P =A1PA; +---+ ApPA; for some k and some compact operators A;.
(iv) P = AiPB1 + -+ + ApPBy for some k and some compact operators A;
and B;.
(v) P=A1PBy+---+ ApPBy for some k, where A;, B; € B(H) and either the
A; or the B; are compact.
(vi) For some integer k > 1, spi(P) = o(sp(P)) as n — oo.

Example 2.3. Condition (vi) of [7, Theorem 1] shows by direct computation that if
the singular number sequence of the operator P is given by s(P) = <2%>, then the
principal linear K (H)-ideal generated by P is a B(H)-ideal. But if s(P) = (1),
then the principal linear K (H )-ideal generated by P is not a B(H)-ideal.

In summary

[22] fully generalizes [7, Theorem 2| to arbitrary ideals and all but the Lie ideal
condition in [7, Theorem 1]. We investigate all three types of principal J-ideals,
whereas Fong—Radjavi considered only the principal linear J-ideals for the case
J = K(H) [7]. We determine necessary and sufficient conditions for when a prin-
cipal J-ideal is a B(H)-ideal and we employ these conditions to characterize them
(Theorems 2.1-2.2). We also investigate the lattice structure of subideals and prin-
cipal subideals (building blocks of subideals just as principal ideals are building
blocks for ideals in all rings (see [22, Remark 2.2(iv)]). Our methods are largely
purely algebraic.

Motivated by the advances on ideals of the last decade (for example the
semiring structure of the lattice of B(H )-ideals, esp. their additive and multiplica-
tive structure, see [ibid]), we found that bypassing the Lie ideal considerations of
Fong—Radjavi [7, Theorem 1], the positive operator case, we can prove the main
theorem [7, Theorem 2] more generally, and we believe more simply and directly.
These advances, to be sure, evolved from works such as [7]. Indeed, the proof of
[6, Lemma 6.3] shares some of the attributes of the proof of [7, Theorem 1], in
particular, the use of a unitary from H — H®™, and their use of [22, Proposition
2.3(1)] for principal K (H)-ideals is implicit in their proofs.
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