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Antiderivatives

1.1 Integration
Integration is a process which is the inverse of differentiation.

In differential calculus, we find the differential coefficient of a
function, while in Integral calculus, we find the function whose
differential coefficient is given.

1.2 Definitions
il F(x)= f(x), we say that F(x) is an integral or a primitive
or anti-derivative of f (x). We write

[fyax = Fx)

Thus _fcos xdx =sin x
because i(sin X) = cos x.
dx
3
x
Similarl xldx ==,
imilarly I 3
Ie‘dx = e%; etc,

The process of finding the integral of a function is called
integration. We are said to integrate f(x) when we find the integral
of f(x). The function to be integrated is called the integrand. Here
f(x) is the integrand.

The symbol “[” denotes integration; dx indicates that the
integration is to be performed w.rt. x; x is called the variable of
integration. Now if C is an arbitrary constant, which may assume
different values, we also have
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%{F(x)+C} =f(x)

= [foyac=Fe+c

It shows that the integral of a function is not unique, because
by assigning different values to C, we will get several integrals of
f (x). It is for this reason that F (x) + C is called the General
Integral or Indefinite Integral of f (x). C is called the constant of
integration.

Note : The constant of integration is usually omitted from the
result but it is always understood to exist with every indefinite
integral.

1.3 Standard Integrals

We can find out the integrals of certain important functions
keeping in mind that integration is a reverse process of
differentiation.

(i) Ixucfx:_x:;nt—] '-'i[xﬂn]:x.

n+l de\n+l
() frde=logx L tog () =1
(i) [e*dx=e ‘.‘de-(e') =e*
) o de=Zss "i[féf‘]‘ o
W _[sin xdx=-cosx %(— cos x) =sin x
(vi)  [eosxdx=sinx —.—%(sin x)=cos x
(vii))  [sec’xdc=tanx ‘.‘%(tﬂn x) =sec’ x

(viii) Icosec’ xde=-cotx % (- cot x) = cosec’x

(ix) Isecxtanxdx=secx '.'%(secx)-—»secxtanx
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x) Icosec x cot x dx % (- cosec x)
= —Cosec x = cosec x cot x
(xi) _[1 dx=x %(x) =1
(i) [odx=C '.'%(C) -0
(i) [ — de=sinx o %(sin" x)= 11x=
(xiv) J‘l +1x2 de=tan” x %(m-l I) - +1x2

| ety AN
o) [ty gl o

1.4 Fundamental Rules for Integration

Rule 1. The integral of the product of a constant and a function
is equal to the product of the constant and the integral of the

function, i.c., Icy"(x)d:=c jf(x)dx.
Rule 2. The integral of the algebraic sum of two or more

functions is equal to the algebraic sum of the integrals of those
functions i.e.

Jutviws. )de= fudcs [vars fwacs..

where u, v w, ... all are functions of x.

ILLUSTRATIVE EXAMPLES
Example 1. Integrate the following functions w.rt. x :

@ x* (i) % (iii) %

X
. 1 COS X - 2\M2
V) —55 W) = o) (1-x7)".
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Solution :
x:n I’
3 8 = = —
O =g
3ot g
(ii) jx’ait=3 =2 x?
=+1 5
2
1 B x—%+] J—
(iii) |-=drx=|x?dx= =24x
I‘/; I —%-i-]

@iv) j ! dx:jsec’xdx=tanx

(COSX , _ [COSX 1

== =)= - dx=Icotxcosecxdr=—msecx
sin’ x sinx sinx

)

(vi) I(l—xz)-%dr=J-Jli7dx=sin"x.

Example 2. Integrate the following functions w.rt. x :

@0 (i) 5 (i) 2 - 2
@ snx-Tee O TG
Solution

@ Io dc=C where C is an arbitrary constant.
(i) [Sdr=5 [dx=5x
Gi) [(2-x")dx = [2ax- [xax

fl

2 _[a&:— [x“afx
a+l

= Zxﬂi—,wherea;e—l
a+l

(If a = — 1, then integral = 2x — log x)
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. . 2,
(iv) ]{smx—;a-e)dr

jsin xdx - I%dx + Ie‘cb:

il

—-cosx—2 Ila!t+e’
X

=—-cosx—2logx+eé

r sinx _ 1 .
®) -'sin(a—ct)dx " sin(a-a) Ismxd.‘r

__—cosx
“sin(a-a)’

Example 3. Find _[,]1 +sin 2x dx.

Solution :

Nl+sin 2x dx = IJcos’x+sin2x+ 2 sin x cos x dx
= H(cos x+sinx)’ dx

= I(cos x +sin x) dx

= Icosx dx + Isin x dx

= sin x — cos x.

4
Example 4. Find L: - dx.
X

Solution :
4 4
[ x di = (x —1+1
N+ x? Yl
4
x* =1 dx
= dx +
Ix2+l Ix’+l

_ r(x’*l)(xzﬂ) ¢ d
s ea e

= I(x’ —-])dx+tan"x
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X -1
= —=X+1lan x.
3

Ixzdx - Idx +tan' x

Integral Calculus

Example 5. If f'(x)=cosx+4 and f(0) = I, then find f (x).
Solution : By definition of integral

[r(x)e =1

1.

11.

Put x =0,
We get
But

f(x)= I(cosx+4)dx+C
= Icosxa‘.n _|'4d;+C
=sinx+4 j'dx+C
=sinx +4x +C
f@©)=C
f@=1
C=1

f(x) =sin x + 4x +1.
EXERCISE 1.1
Find the integrals of the following functions with respect to x.

6x* 2.1
cot? x 4. tan?® x
1
J_H— 6. axt + bx + ¢
Jx
X 1 .
l+x+—+—+.. —+sinx
2B X
2
X7 Lo 10. (x-l)
x x
4-5sinx cos2x
3 12. <
cos® x cos’ x



Antiderivatives

B —L 14, 22X
1 -sinx sin x
s 2 2
15. S"_': CO: ad 16. (tan x +cot x)’
sin® xcos” x
3 2 .
x +3x°+4 2sin?
1. : 18. cos2x+z sin® x
x2 Cos” x
1
19. sin x sec? x 20. :
I+sinx
a1, €os 2x — cos 2a 2. cosx—s!nx(“sinzx)
COS X —Ccos QL COS x + sin x
in x + cos i
2. S 'o x 2. sin x + cosec x
Jl+sm2x tan x
(.\:+a)3
25, 107+ 3"+ x° 26, ———
Jx
2 2
27. 6 +3sec’x 28. _(_:s)_
1-x? x*
22
29, (2x +3x-7)x? X +3a"
( ) 30 1+ 1

31. If %:2):’ +x-1 and y = 0 when x = 0, then find out a
relation in y and x.

32. If %: 1-5x" and y = 3 when x = 1, then express y in terms

of x.
ANSWERS
EXERCISE 1.1
1. x¢ 2, x
3. —cotx-x 4. tanx — x
2 2 : a’  bx?

. = x2-2x? . —+—+
S 3¥ ok 6. e



11.
13.
15.

17.

19.
21.
23.

25.

26.

27.

29.

31.

® x x'
ot —+.. 8.

TR
5+7logx+e 10.
4tan x — 5 sec x 12.
tan x + sec x 14.
tan x + cot x 16.

? 5
22.80,80% 18.
7 5
sec x 20.
‘2 (sin x + x cos @) 22,
x 24

10° +3e" +—x*

log 10 4

? 5 1 3
Zx? +—ax? +2a'x? +2a°x?
7 5
6 sin” x + 3 tan x 28.

10 4 1
3 30.

Zx3 4=x3 =2Ix
5 4

y=%x’+£~—x 32.

Integral Calculus

log x — cos x

¥ 1
3 x
2x — tan x
— COsecC x
tan x — cot x

tan x

tan x — sec x
sin x cos x

. sin x — cosec x

16 64
X-——-—x
x 3
2tan” x + 3a

log, a
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Integration by Substitution Method

2.1 Suppose we are required to integrate /' (x) w.r.t. x. Sometimes its
direct integral is not easy or possible. In such a case we regard x as a
suitable function of  say x = ¢ (¢) so that dx = ¢’ (¢) dt. Now,

[feyde=[flom}e war
Now we evaluate this integal and putting the value of ¢ in terms
of x from x = ¢ (), we express the result in term of x.

Note : There is no hard and fast rule for making suitable
substitutions. It depends upon the nature of the integral. Experience
will enable the students to think out a suitable institution. However,
for the sake of convenience, we can learn certain suitable
substitutions under the following headings :

(i) Function of a linear function of x ;

For evaluating an integral of the type
jf(ax+b)dx, we put ax + b = ¢ so that a dx = df

=2
a

o [f(ax+bydx

dr
Jro=

1
—\f(r)adr
~[r®
which can be easily evaluated.

(ii) Functions involving a* + x%.
In such cases the proper substitution is x = at,



10 Integral Calculus

(iii) Functions of x" :
If we have an integral of the type

I f [x") x"~'dx, then the proper substitution is x* = r.

(iv) Powers of a function :

Any power of a function when multiplied by the differential
coefficient of the function can be immediately integrated by
substituting ¢ for the function.

(v) The integral of a function in which the numerator is the
differential coefficient of the denominator is equal to the logarithm
of the denominator, i.e.,

) a-toe (1)

Note : Sometimes two or more substitutions in succession are
used.

2.2 Remember the following results :

® jsin (ax+b)dx=..w
a
i _sin(ax+)
(ii) Icos (ax+b)dx= =
(i) [sec? (ax+ b)dx = M
. - i
(V) fedr==

™ ! dx=—l~log(ax+b)

ax+b
(ax+b]“'
(n+1)a

(vii)  [sec(ax+b)tan (ax+b)dx =

i) g de = tan” (5]

a +x a a

vi)  [(ax+b) dr= -1

sec (ax + b)

a
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(ix) J‘J__dx sin” (x)
0 Jpree(3)

(xi) Itan x dx = log sec x = - log cos x

(xii)  fcot x dx = log sin x.

ILLUSTRATIVE EXAMPLES

3
X
Example 1. Evaluat dx.
mpie uaie IT_—;T

Solution :
x!
Let I= | —
Then I= j’ x -
l—(x‘)

_le a
= 4'[ 1-7
| P |
= —sin™'t
4
= %sm" (x‘).

Example 2. Evaluate Ib _:ex dx

Solution :
a
= dx
Let ! I b+ ce"
ae™”
Then 1= [——

Put xt =
4:’9&:4;17
it
3 ==
xdx = 2

Dividing the numerator and

denominator of the Integrand
by e
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Now put be* +c =t

—be* dx =dt
et dx = —%
=9
bt
= ~-Elogr
a
= ~—loglbe™ +¢c
7 log(be™ +c)
= —Elog[iw:J
T b e’
_ —glog b+ ce”
b e
= E]og .
) b+ce*
2x:l
Example 3. Evaluate _[m dx.
Solution :
2x°
= dx
Let I I4+x|
xJ
Then I=2[——d« Put  x*=t
4+ (x) 4 dx = di
Xdx = dat
4
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Example 4. Evaluate I " Jl_—

Solution :
1
Let = |——————audr
J.2J;1}I-.t
] dx
Then = = |——— Put =t
2‘[\&‘}1—x J;
1
lx*idr =dt
2
i dx =dt
2Vx
__d_x =2dr
i
1=']'I 2dt
2 :;1—13

= IJ_
sin™ t=sin™' (s/;)

Example 5. Evaluate Il—-j_.
+3sin‘x

Solution :
1
Le I= |——
! I 14 3sin®x
Divide Numerator & Denominator by cos? x, we get
sec’ x
I= [——2%
J sec’ x +3tan’ x
ot sec’ x
N+tan’x+3tan’ x
_ J sec’ xdx
1+4tan’x
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_l_sec’;dx Put tan x = ¢
=2k
E+tanzx ssect x dx =dt
1 ¢ dt
=3
Y
1

1}

tan™' (2tan x).

Example 6. Evaluate I 1+sin x dx.

Solution :
I= I 1 +sin x dx

in? X 2 X L 9sinZcosE dx
L‘sm S e’ S 5 c0s

2
_[ (sin-§+cos§) dx

I}

It
ey
v

&,

=

|

+

]

7]
n | =
S’

&
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n

~2ms£+2sinf
2 2

2(3in£~cos£).
2 2

Example 7. Evaluate j_i“z%‘i{;_
acos” x+ bsin®x

n

Solution :

sin x cos x dx
Let I= Iacoszx+bsin2x
Put a cos® x + b sin* x =t
2 (-~ 2a cos x sin x
+ 2b sin x cos x) dx = dt
o 2(b-a)sinx cos x dx = dt
dt
2(b-a)

", sin x cos x dx =

|
=269 5

1
= ———ogt
2(6-a) °

= E(b-]—-_;) log (a cos® x + bsin’x).

Example 8. Evaluate f—m—lm—
Sin x S X

Solution :

I= I_I_,_
sin x +cos x
1 [ 1

R 1 d

sinx+—cos x
NG V2
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=— | ! dx

LT, n
SIDESIHX'FCOSZCOSX

1
I =— Isectdt
JEI

1 Isecf(sec.'ﬂanl)
" V27 sect+tant
Again, put sec f + tan f = z
1
s (sec ttan t + sec® f) dt = —
z

. sec t (tan t + sec f) dt = dz

Example 9. Evaluate ﬁdx.
1+x

Solution :
I= | Vx

= dx
14 x
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J'\/_(l+x) Put Vx =

N
ik =ar
2
—— = 2dt
Jx
2
I=2 rdt2
1+1
2 +1-1
ﬁz.[l di

H
[
Sy,
—
1 +
+ | =
-\M
——
a

2[t-tan” (]
2 [J; ~tan™ (J;)]

Example 10. Evaluate jsin 2x cos 3x dx.

Solution :

oy
]

lpmnmu¢
2

1}

% I(sin S5x —sin x) dx

2
5cos x — cos 5x
10 )
EXERCISE 2.1

Integrate the following functions with respect to the variable of
integration x :

][ oS 5x ]
- 4008 X

2x+3 1-sinx
Coxt 43 +7 * x+cosx
cos x —sin x sinx

sin x + cos x " 4+5cosx



11.

13.

15.

17.

19.

21.

23.

25.

27.

29,

31

=1

x

I+x"
tan x

logsec x

Sec x COsec x
logtan x

e —e”

e +e”

x

a+ bx"
3x+2

3 +4x+7

1
x log x

x

e
3+

1

o)
cosec x
(a+bx)

cos \,;

NP

b
cos [Sx + Z]

10.

12.

14.

16.

18.

20.

24.

26.

28.

30.

Integral Calculus

xj

1+x'

cot x
log sin x
cosec’x
1+cotx
e +1
e ~1

sin x
a+bcosx

x+1
x*+2x+2

1
x(1+ log x)
et

x +e

1

' ;ll —xsin”'x

1
xlog x [log (log x)]
2x -1
(x+ I)]
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33, efcos e 34. x* 'sinx"
35. tan' x 36. sec’ x
x' sin x
37. T=; ey
39. sin x sin 2x sin 3x 40. cosec (x — a) cosec (x — b).
ANSWERS
EXERCISE 2.1
1. log(x*+3x+7) 2. log (x + cos x)
3. log (sin x + cos x) 4, —%Iog(4+5cosx)
1 1
. —log|l+x" 6. —log(l+x*

5. —log(1+x) 7o (1+x")

7. log [log (sec x)] 8. log [log (sin x)]

9. log [log (tan x)] 10. - log (1 + cot x)
11. log (& + ™) 12. log (& — )
13. b]_" log (a+bx") 14. —%log (a+bcosx)
15. lzlog(3x2 +4x+7) 16. %log(x‘+2x+2)
17. log log x 18. log (1 + log x)

l £ x

19. log 3 + &) 20. —log (x +e7)
21. log tan™ x 22. log sin™ x
23. 2 log (1+x) 24. log [log {log (x)}]

25.

26. —

27.

x
log (cosec x — cot x) or log tan 2

2 3 1
x+1 2(x+i)

%[(0 +bx)-2alog(a+bx)-a’(a+ b")_l]
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28. %tan"x’ 29. sinx
1 sin[3x+%)
30. ——cosx’ 3, — ¥/
3 9% 3

L 5 4 3
32. 2(1-x)2 -Z(1-x)2 +=(1-x)3
5 3
1

33. sin & 34, —;oos x"
3s. —%tan’x—tanx+x 36. tanx+%tan’x

_r
37. 4(I—x‘)
38. x cos a + sin a log sin (x - @)

1 o sin (x - a)
sin(a-5) Csin(z-5)

39. - %[cos x+ % cos SxJ 40.
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Integration by Parts

3.1 Formula of Integration by Parts
If u and v are two functions of x, then

Jurv=u fodc [ fva) s

i.e. integral of the product of two functions = first function x integral
of second function — integral of [differential coefficient of first
function x integral of second function].

Integration with the help of this rule is called integration by
parts. The success of the method depends upon choosing the first
function in such a way that the second term on the right hand side
may be easy to evaluate. There is no general rule for choosing first
and second functions. However, the following points should be kept
in mind while solving the questions by this method :

(M

(i)

(iii)

(iv)

Of the two functions, the one whose integral is not known
should be taken as the first function.

If the integrals of both the functions are known, then the
function which vanishes by successive differentiation be
treated as the first function.

If the integral is a single function, then 1 should be treated
as the second function.

If the integral of neither of the two functions reduces to
zero by differentiating successively, then any of the given
function can be treated as the first function. But if the
integral on the right hand side reverts to the original form,
then the value of the integral can be immediately inferred
by transposing the former to the left hand side.
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32 [ {f()+ S (2} = £ (x)
ILLUSTRATIVE EXAMPLES

Example 1. Evaluate IM‘#
x
Solution : log (1
I= ! Dg( 0g X ) dx
x
I= llllolgtdr Put logx =1t

L=
X
(integrating by parts)
1
= {1 —|--tdt
(log )¢ I i
=tlogt-1t
= log x log (log x) — log x
= log x [log (log x) — 1]
= log x [log (log x) - log e}

Iogxlog( ogx)

Example 2. Evaluate Itan"xdr.
Selution :

I= 1 tan™ xdx
) (O |

= tan"x-x— " - x dx (integrating by parts)
..xtan“'x——
I+x
dll+x
-xm xX- I——(_._...-—.-_)..
2 1+x2

= xtan"x—%log(Hx’).
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Example 3. Evaluate Isin"xdx.

Solution :
= J‘l sin"’ x dx

-xdx

= sin” xx J-l__

= xsin” x - _[ dx (integrating by parts)
JI-x?

Put 1 -x*=p
- 2x dx = 2tdt
x dx =— tdt

- 1 di

= xsin” x+
1

=xsin' x + ¢
= xsin"x+\jl——x’.

Example 4. Evaluate

™

Solution :
xe*
= e

1 . .
= Ixe‘ . (l_'&F dx  (integrating by parts)
|

. 1
xe (—m] I(xe +e’)[ I+x]dx
-xe' x e’
te =¢'|]1-——|= .
l+x [ l+x] I+x
Example 5. Evaluate Ie"‘ sin bx dkx.
Solution :

n

I= je‘" sin bx dx
I n
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Integrating by paris
o cosbx o[ cosbx
I=¢ [— b ]—Iae (— 5 )dt

e“cosbx a e™ cos bxdx
_—— 4=
b R

I

e”cosbx a|a”sinbx sin bx
- +— - |e”a dx
b b [ b I b }
(again integrating by parts)

ax 2
-md-—a{e"sinbx—a—zj‘e"’sinbxdx
b b b
ar 2
= —ﬂ+%e‘“sinbx—a—zl
b b b

2 ax
i+ = -in‘i's—md--c;—e“sinbx
b b
a’+b* e"cosbx ae™sin bx
T - + =
b b
_e“cosbx ae™ sin bx
a’+b a+b

e
a + b

(asin bx — b cosbx),

Example 6. Evaluate je’ (1+ tan x) sec x dkx.
Solution :
I= Je’(lﬂanx)secxdr

e’ sec xdx
m 1

= e'secx— je’secxtanxd.‘r+ fe‘secxtanxdx

+ Ie'secxtanxdx

=¢' 5ec X.



Integration by Parts

X +sinx
1+cosx

Example 7. Evaluate _[ dx.

Solution :

dx

x +sinx
I =
jl+cosx

. X X
x+2sin=cos =
2cos’ =

2

%Ix sec’ %dx+ftan%dx
||

Hy2wan®- [l-zmnfdx]+ J’tanidx
2 2 2 2

xtani—jtanidx+ Itanfdx
2 2 2

x
= xtan—.

2

EXERCISE 3.1
Integrate the following functions :

1. xe* 2. xsinx

3. xcosx 4, x sect x

5. x cosec? x 6. xsin%cos%cosx

7. x sin® x 8. x cos’x

9. x sin’ x 10. x cos® x
11. x tan® x 12, x cot* x
13. x tan x sec’ x 14. x cot x cosec? x
15. x sin x 2x sin 3x 16. x cos x cos 2x cos 3x
17. log x 18. log (1 + x?)

19. log {x +ya' + x’] 20. log x/(1 + x)?

21. (log x) 22. x" log x
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23. x log x 24, 18X
X
log (1+ x?
25, M 26. »* (log x)!
x
27. x tan™' x 28. 2 tan’' x
29, X tan™' x 30. xcot' x
31. ™ cos bx 32. ¢ (sin x + cos x)
3. € 1+x 34 e 41
C (2+x) T (x1)
, 1+sinx ,1=-sinx
35 e — 36. e ——
l1+cosx 1-cosx
1-x)e’ e (1+xlogx
37. —-——-( ,) 38. ————( 8x)
x x
log x x-sinx
39 T 3 40. .
(1+log x) 1-cosx
ANSWERS
EXERCISE 3.1
LLee(x-1) 2, —xcosx+sinx
3. xsinx+cosx 4. x tan x + log cos x
1.
5. —x cot x + log sin x 6. E(S!n 2x - 2x cos 2x)
. x* xsin2x cos2x x* xsin2x+cos2x
"4 4 8 T2 4 8
1 [ . xcos3x sin Sx]
9, —|-3xcosx+3sinx+ -
4 9
1 . xsin3x cos3x
10. —|3xsinx+3cosx+ +
4 9
x2
il. xtan x + log cos x - —

12,

2

2

X
— x cot x + log sin x — -



Integration by Parts

13.

14.

15.

16.

17.
18.

19.

20.

22.

24.

26.

27.

28.

29.

27
%[xtan’x—tanx+x)

—%(xmt’x+cotx+x]

+
4 2 4 6

sin2x sin4x sin 6xJ
+ + -
4 16 36

l[ﬁx(cos 2x  cosdx c036x)

2 . sin4x sin 6x
x° +x|sin2x+ ) + 3

{cos 2x cosdx cos6x ]]
+ + +

o0 | —

2 8 18
xlogx—-x
xlog(l +x)-2x+ 2tan' x

xlog(.vu\/a2 +x’)—Ja’ +x

+Iog—x; 21. x (log x)? — 2x log x + 2x

xnfl l xz I
log x — 23, —|logx-—
| + 2

2

1 1 2 -
- - 21
x(logx+l) 25. xlog(ln: )+21tan'x

x"!
n+l

[ 2 2
log x)* - —— log x + ———
L( gx) - lo (,,H)‘}

%[[x’ +I) tan™ x—x]

3 2
x a x° 1 3
—3"18“ x——6—+glog(x +l)

4 3
Jr—lan“)c—l X o xstanx
4 4{ 3
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30.

31.

32.

34,

36.

38.

%[x +(x* +1)cot™ x]

ar

N (@ cos bx + b sin bx)

e’ sin x

33.

35.

37.

39.

Integral Calculus
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Integration by Trigonometrical

Substitutions
-Ix]
Example 1. Evaluate I_T
Solution : s
tan”
= Iudx Pt X =t
1+x°
I de =dt
dt
x*dx = —
1 rtan” 't 3
=3[ Pt t=tan®
+1
: dt = sec? 8 db
_1 J-tan '(tan 8) sec’© 46
3 1+1tan’0
1
.
T 6
(tan™r)
T
-1
Example 2. Evaluate Ixtan fdx.
(I+.1|:’)i
Solution : .
1= Ixtan fdt Put x =tan

(I + x’)5 dx =sec 8 dO
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(tan @ tan™' (tan 8) sec’ 0 d©
= 3
(I +tan® B)E

tan 0 - 8
Isece

= f?sll[n 046 (integrate by parts)

8 (-cos0) - Il -(-cos8)d6

—~Bcos O +sinb

X
+

1
\’1+x2 1’14»::1
_x-—larl"x
- 'Jl+x2 )

Example 3. Evaluate Itan" ’1_—14&
l+x
Solution :
I= [tan™ J dr  Put x =cos 20

. dx =—2sin 20 do

~tan”' x-

1-cos 20
I= I m( 25|n29)d9
. |2sin?8 .
= —25in 20) 46
Itan TS (—25in 26)

-2 I{-lsm 2040
11

-2[o(=52)- (=5

[—800526 lsin29]
= -2 +—

2 2 2



Integration by Trigonometrical Substitutions

_ —[—Bcos sm2B
0 cos 20 - sin 28 \Ni-
— l -Ix.

%[xcos"x—\fl—xz],

|

g
™
|
0=

l|$|ﬂ Il’

Example 4. Evaluate
p [< —
Solution :
msin~! x
1=Ij/—zdx Put x =sin 0
t=x - dx =cos O db
mB
- j’ cos 0 d6
0s 0
j’e"“de
e
m
msin~'x
- m
sec(tan x)
Example 5. Evaluate I—xz——dx
Solution :
ec tan x
I= I+x Put x =tan 6
dx = sec? 0 aB
sec(tan" tane) , .
= 0do +
I 1rtan’ o é X

= Jsec 0d6
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11.

Integral Calculus

= log (sec 6 + tan 0)

= (log\/r:x_zdrx)_

EXERCISE 4.1

Integrate the following functions with respect to x :

xsin”' x
J1-x

tan™" 2x
1-x

sin”' x

(1-2):

. x—l-x?sin"x

x*tan' x
1+x?
1 2.\‘

4. sin”

10.

12.

xXJxt -1 )

ANSWERS
EXERCISE 4.1

xtan™ x -~ log (1+') - 3 (tan” x)
2xmn"x—2log(\fl +x’)
Z[x tan™' x-%log(lﬁ- x’]}

xsin™ x N log (1-x*)

J1-%

2



Integration by Trigonometrical Substitutions

6.

7.

10.

11.

12.

(a+x)tan™ |= - Jax
a
2xtan” x - log (1 + x°)

- 1
3[xtan 'x—Elog(l+x’)]

1 1 -l 2 X
—|——-tan" x- 2-1 + 3
20 2 l+x l+x

33
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Integration of Hyperbolic Functions

5.1 There are six hyperbolic functions defined as under :

x -x

e —¢e

(i) sinhx=

(ii) coshx=51°

e —e’
(iii) tanh x=——
e +e

e +e"
(iv) cothx=

er _ e-r

(v) sechx=———

e +e

(vi) cosech x=———
e -e

5.2 sinh0 =0
cosh0 =1
cosh?x —sinh?x = 1
sech?x = | —tanh? x
cosech?x =~ 1 +coth®x
sinh 2x = 2 sinh x cosh x
cosh 2x = cosh?x + sinh?x
=1+2sinh?x

=2cosh?x~1.



Integration of Hyperbolic Functions s

2 tanh x
tanh 2x = 1+ tanh® x
53 sinh-' x = log (x+,/x1+1)
cosh” x = log (x+\/x’—])
1 1+ x
-1 = —IO
tanh™' x > glux

54 Isinh x dx =cosh x
jcosh xdx =sinh x
Isech’ x dx = tanh x
_[t:oseu:h2 x dx =-cothx
_[sech x tanh x dx = —sech x

jcosech x coth x dx = — cosech x

ILLUSTRATIVE EXAMPLES

dx
Example 1. Evaluate Isinhx'

Solution :
= [- L &
sinh x
= I x 2 ~-x dx
€ —e
i
=2 dx
Iel _e"l'
=2~ —dx [Dividing M & D by ¢~
—e
Put e* =1t
~e*dx =dt

e*dx =-dit]
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dt
1-¢°

1
2 [a @

_I(J“+¢)d,

I—-t 1+t
—[=log (1 —1)+log (1 +1)]
=log(l1-1)-log(l +1)

I=-2

Il
o
w®

It
g
=

1]
<}
w®

1
=3
0
s
o |m
|
+ |1
o N

Example 2. Evaluate Isinh 3x cosh 3x dx.

Solution :
I = Isinh 3x cosh 3x dx

-1 [sinh 6 de
2

I cosh 6x

2 6

cosh 6x
12
EXERCISE 5.1

Integrate the following functions :

1
1. cosh’x 2.

Y]
(e" +é ’)

Integral Calculus



Integration of Hyperbolic Functions

3.

5.

2

e +e’ 2
— 4 (e -e"
(£25] (¢ -e)
cosh (log x) 6. sinxsinhx

ANSWERS
EXERCISE 5.1

l[x+m] 2. ltanh:c
2 2 4
x—cothx 4. sinh 2x-2x
1 x_z +log x

2{2

% (sin x cosh x - cos x sinh x)

37
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Integration of Rational Functions

dx dx dx
6.1 To evaluate -{x' e Jra’ e and Jra’ "
dx
i = N >
@) 1 j-xz P (x a)

dx
= j'(.vc—la){:cha)

First we shall break the integrand into partial fractions.

R | _A B
t xt-a® (x—a}(x+a)_x—a x+a
= 1=4 (x+a)+B (x-a)

Put x = a, we get
1 =4 (a+a)=A"2a
I

= = —
2a
Then, put x = — a, we get
l=B(-a-a=B(-2a)
= B=~-1-

2a
! _-'_[_I__L
¥ -a®  2a\x x+a
’ Ix -d° [.t -a x+a)

= E[Iog (x-a)-log (x+a)]
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(ii)

(iii)

L log (_x = aJ
T 2a x+a
dx
= |—.(x<
1 _[ & -5 (x a)
First we shall break the integrand into partial fractions.

S U SR B
L Eor " (a-x)(a+x) a-x a+x

= l=A(a@a+x)+B(a-x)
Put x = a, - a, we get

A=—,B=—

dx 1 1 1
] )
= ﬁ[vlog(a—x)+log[a+x)]

I
p| -
5

®
T
8|8
1|+
w I
p—

Put x=qatan 0
so that dx =a sec? 6 40
~ I asec’ 0d0
a’ +a’ tan® 0
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ILLUSTRATIVE EXAMPLES

Example 1. Evaluate Iz_dxﬁ—
X =

Solution :
(_dx I dx
Ix* - 64 —(8)

_.1_10 x—-8
2.8 g x+8
ilo [x—s]
16 8lx+8

Example 2. Evaluate I

1}

9—4x o
Solution :

dx 1 dx
i =7k

Example 3. Evaluate I(_Z-I_‘&
X+

JVixes

Solution :

= Put 4x+3 =2
(@xaVxs3 L0 e 2 ar

2dx =t dt
|

= —tdt
dx >



Integration of Rational Functions

Example 4. Evaluate j-

Solution :

_[ dx

7 +4x°

Integrate :
1

T oox* -4

1=~

I

1 tdt

"
2 [z-' ‘3+1]:
4

dt
2Ji

e 1/4;:+3+]

7+4x

_J'7

—+x

-

!
EIT ﬁ
2

\-_/E_

2

=2J' IG{J

EXERCISE 6.1

T4yt

41
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xl II
3. 4.
X -a 44 %
2x-3 x
S. 6.
x* +4 a*+x*
7 x sec’ x
Ty -4 " tan’x+4
ANSWERS
EXERCISE 6.1
LI y Liogdt2
12 3x+2 12 3-2x
a, x-a x
+—1lo - -12
3. x 2 g“a 4, x-2tan 2

1 - 2
5. lc:ig(m:’+4)——3-tan"52E 6. ——tan '(1;]

24° a
1 ' -d 1 tan x
—1 . —tan™’
7. 1 i 8 2an [ 2 ]
6.2 To evaluate the integrals of the form Im where
ax'+ be + c is such a quadratic expression which cannot be

factorized.

Method. First we transform ax® + bx + ¢ in either of the possible
forms X2 + 4%, X? — A* and A* - X?, where X is one degree expression
of x and A is a constant. Then we use the corresponding formula
and evaluate the integral.

Example 1. Evaluate Im

Solution :



Integration of Rational Functions

1 dx
=51
27, x, 1 11
2 16 16
| dx

l]ct
3 g

{

Example 2. Evaluate I—:—l-
=X

Solution :

!—-—.
.|.

2(x+l)}

Ji 2

43
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£=
1

= ——tan”' 2
N ]
2
=-§-ta.n_' 2x -1
2 V3
EXERCISE 6.2
Integrate :
1 i
] 2. T
x +x+1 3-2x-x
3 l 4 o
Y 2% +4x+3 o x'427 45
5 1 6 1
T 2xt x4l T xP+6x+8
ANSWERS
EXERCISE 6.2
{ itan" 2x +1 2 |t 3+x
3 NE) 4 1-x
1 -1 l afx"+1
3. Zptn [V2(x+1)] 4. Jtan ( > J
5 itaﬂ" 4x +1 6 l[ogx+2
J7 J7 2 Tx+d

+
6.3 To evaluate the integrals of the type J-ar’p:ibxqi-c dx.

Method. We break px + ¢ into two parts in one of which is
there is the differential coefficient of the denominator i.e.
ax® + bx + ¢ and the other is a constant. Let,

px +q = ng-(ax2+bx+c)+N,

where M and N are constants,
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= px+tg=MQax+b)+N

Comparing the coefficients of equal powers of x, M and N can
be determined.

Now the given integral breaks up into two integrals, one of
f'(x)
/(%)

and other is of the form JI' zl zdrorj 2dx
x"ta a -x

which is of the form f dx which on evaluation gives log f'(x)

which can be

2
evaluated by results given in article 6.1.
Hence the given integral can be completely evaluated.

3x+1
Example 1. Evaluate I_2x2 —2x+3

Solution :
i(z:’ -2x+3)=4x-2
dx

Let 3x+1=M@x-2)+N
where M and N are constants.
Comparing the coefficients of equal powers of x, we get

3 =4M = M=-:-
l=-2M+N
= 1=—2-§+N
4
= l=-=+N
3 5
= N=1l+=—==
2
J' 3x+1
T I2x? -2x+3
3 5
Z(4x-2V+2
(a3

T 2y —2x+3
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3 dx -2 5 dx
NN S T -
492x" -2x+3 272x" -2x+3
3 5 dx
=—]og(2x —2x+3)+—J-
4 4 xz_“g
2
3 2 5 dx
=Zl0g(2x ~2x+3)+zf - 3
X -x+—t===
4 2 4
=-3-log[2xz—2x+3)+§j dx
4 IV (5 2
x—-—| +| =
CHEE
X 1
3 5 1 1% 7>
= Zlog(2x* -2x+3)+ = —tan™
2 2
3 . N
= —log(2x" - 2x+3)+—tan” —=
4og(x x ) 5 7
) EXERCISE 6.3
Integrate :
3x+1 x+1
M SR | X +4x+5
x 4 €os x
T o2x 4+ 2x43 * osin® x+4sinx+5
4x+3 p 5x-2
T 2T 4+2x+5 * 1+ 2x 4+ 3x°
ANSWERS
EXERCISE 6.3
3 ) | -.(4”1]
. —log{x" +2x+ 1)+ —=tan™ | ———
4 J ) 27 J7

1 -
. Elog(x’ +4x+5)—tan” (x +2)
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1 ) 1 _.[x+l)
3. —loglx"+2x+3)-—tan™ | —
ad -5\ 5

4, tan™' (sin x + 2)
2x +1
. log(2x® +2x+5)+ tan S
5. log(2x +2x+5) + ! 2£21)
11 _,3x+1

6. —Iog(3x +2x+l)—-§-ﬁt N

6.4 To evaluate the integrals of the type

. dx .
® J-a«I—bcoszx (if) Ia-i-bsinzx
i) Ia sin® x + bcos® x
dx
Jasin? x + b sin x cos x + ¢ cos® x

(iv)

Method. We divide the numerator and denominator of the
integrand by cos’x and then put tan x = 1.

Example 1. Evaluate _[

1+3sin?x’
Solution :

-[ 1+ 35m x
= jsec ze:;an’ dx | Dividing the numerator
and denominator of the

) integrand by cos® x.
B J- sec” xdx
1+4tan’® x
Now put tan x =t
sec’ x dx =dt

j]+4.t
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il

Example 2. Evaluate j-

Solution :

I

Integral Calculus

T
2
tan! (2)

B = B =

tan™ (2 tan x)-

dx
sin® x + 4 cos? x

jlm *x+4cos’x
sec’ x

jlan x+4 Dividing the numerator

and denominator of

integrand by cos? x.
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EXERCISE 6.4
Integrate :
1 1
L cosx 2. a’—bzcoszx’a>b
1 1
3. 4. . 2
(2sin x +cos x) (asin x + b cos x)
5 1 cos x
* a*cos’x+bPsin’x " cos3x
sin x
7. sin 3x
ANSWERS
EXERCISE 6.4

gt (1202
1. Elan (ﬁ]
1 o atanx
% aJa’—b’m [Ja’—b’]

1 -1

2(2tanx +1) a(tan x +b)

1 btanx 1 V3 +tan x
s la(tmn) g L

ab a V3 g(ﬁ—mnx}

7 Llog[‘ﬁﬂa"xJ
" 2y3 T|\VB3-tanx

6.5 To evaluate integrals of the type j——_;—-bl———dx and
atbeosx

1
J'¢l+bsinx

® 1=

a+bcosx
dx

J
a (t;os2 X 4 sin? 5) +b [cos’ X _sin? i)
2 2 2 2
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[ dx
(a+b) cos’l;-+(a—b)sinzg

dx

2 X ]
Acos‘5+Bsm’

[N

where a+ b =4
and a-b=8

sec? X dx
= 2
A+ Btan*Z
2
| sec’-;fdx .
—§I£+t 2 X Put tan—2—=
B
2 " lseczfdr =dt
2 2
)y mc1%¢ = 2dt
1
1=E'[A
e
B
2 dt
3]
2 e
BT
B B
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Gy 1

-2
a

]

51
forp s
a+ bsinx
dx
J
.:J[cos’£+sinzi]+2bsin£cos£
2 2 2 2
sec? X dx
[ 2
a(l-t—tan"’£)+2btanz
2 2
Put Ianﬁ =
2
lseczfabr =dt
2 2
sec’%dx = 2dt
_ j__zf*_
T Ya(1+12)+ 26t
dt
l+r2+édr
a
EI dr
a . 2b B b
I+ +—t+—5-—
a a a
2 dt
_.[ 2 2
Tt
L=+ 1+~
a a
Zf dt
T ety
+|t+—
a a
;g 1+2
=- - = ifa>b
a [a - Ja - b
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2
- tan” [ 22 Vigass
Jai - b Ja -b

x
atan = +b
2 2

B Ja' -b fan Jai -b*

Example 1. Evaluate I 4
cos x

Solution :

J
5(005 §+sm -2-)+4( ; —sin? %)
dx
9cos? X +sin? X
2 2
sec? X dr
2
9+tan? >
2

1 ,x
—sec’—dx =
2 2 at

sec’%dx =24t

24t
- I9+t’

=2 -[3:’::’

()
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Example 2. Evaluate IL
S5+4sinx
Solution :
dx
I= IS +4sinx

dx

5 (u:os2 X 4 sin? 5) +8sin> cos X
2 2 2

sec? X dx
2

IS l+tan’£)+3tzm£
(1) vsian

"

tan = =
Put > t
lso.‘.t:’iti:m =dt
2 2
sec’ X de =2dt
2
dr
Y -
5(1+0%)+ 8
_2qd
5 r’+§:+l
5
2 ¢ dt
=35
5Tp 8,18, 18
5 25 25
e E—
5 4 3

[”ET (5)
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Integrate :
1
4 +5sinx
1
4+5cosx
1

1+2cosx

EXERCISE 6.5

1

2. 2 +sin 2x

i
2+cosx

ANSWERS

EXERCISE 6.5

Integral Calculus
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£

xt+1
6.6 To evaluate the integrals of the t —_—_—
evalua e integrals of the type Ix‘+kx’+l
where k is a constant.

Method. Divide Numerator & Denominator of the integrand

by x* and then put x+l=f0rx—l=r.
X X

x*+1
Example 1. Evaluate I T dx.
X

Solution :

I
—
b
+

x4+
]+~[—2
_J' xldx
2
+_
X x}
I+i2
-
[x2+—2—2)+2
X
]+—]:
= f——a
1Y
(I—;'z') +2
Put x——l- =t
x
1
[]'!-—z)dt =df
X

So, I=

!
—
+ | &
[ ¥}

Sl
]
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Example 2. Evaluate I%-]-
X

Solution :

dx
= -[x‘+l

2 {2
=1j(x +l)4 (x ])dx
2 x'+1

T+l 1 ex?—1
295 41 2% 41
1
_._(!I_Il)

1 mn_,xz——l

where I =—=
NG J2x

and A I

I

2

(by Example 1)
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1 (r—ﬁ]
t+2

( 1
x+-—~s/5
—_—x
x+l+ﬁ
x
| Ith:J—\EJt:-H]

I
2
5
=3
e

|
2
&-
g

I
3
)

R

42 x+1
-1 xz“l

1| 1
= =|—=tan™ T
! 2[\58‘“ V2x
— g X -J2x+1
_ 2V2 ¥ +V2x+1

%
Example 3. Evaluate I\Htane do.
0
Solution :
i/
/= [Jtanodo
1]

Put tan 0 = ¢
sec’ 8 dO =21 dr
2t dr
sec’ @
2t dt
" I+tan’ 0
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_ 2t dt
1+t

When 06=0,r=0

Whene=§.:=1

[}
(8]
—— o
&

N I '
l[f—;] 1 f+;\/5
tan” | —|[| + log
o 22 (+1442
[+]

Sl-

= [ @ - ™ (- )]

] P -J2r+1

1

o
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3l

=E+—l log ———-‘E—l
4 242 T V241
EXERCISE 6.6
Integrate
1 x' -1 x* +1
x4l Toxt x4
x? x*
3. x*+1 *+xt+l
s 1 x
Coxtex? 41 St ext 4l
%
7. [Jeot®de
1]
ANSWERS
EXERCISE 6.6
1 Llog P —xV2+1
"2 X +xy2+1
1—
2. tan”' | X ')
x

_,x x -xy2 +1

1
3. ——=tan —_—
242 xJ_ J_ X +xd2+1
1 ax =1 xt-x+1

tan +lo
4. 23 x\3 gJt:2+):-1-]

1 ax =1 I xt-x+1
tan
5. 23 xJ3 4 T x+l

59
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1 2%+
6. —= tan
NE) NE)
. L 1 o \E—l
© 22 2482 B

6.7 Problems based on a special method.

Example 1. Evaluate jﬁﬁ

Solution :
Let cos x =A (a cos x + b sin x)
+ B = (a cos x + b sin x)
cos x =A4 (a cos x + b sin x)
+ B (~ asin x + b cos x)
= cos x = (da + Bb) cos x + (Ab — Ba) sin x

Comparing the coefficients of sin x and cos x on both sides,
we get

1l =Aa + Bb, 0 =Ab - Ba
Solving these we get

a b
=i B=—5_—3
a+b a+b

Now,
j cos x dx
acos x + bsin x

rA(acosx+bsinx)+(—asinx+bcosx)dx

i

acosx+bsinx

—asinx+bcosx

Afdc+ B |

. acosx+bsinx
=Ax+ Blog(acosx+ bsinx)
ax  blog(acos x+bsinx)
=2 7t 2 2
a +b a +h
ax + b log (a cos x + bsin x)

a® + b
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EXERCISE 6.7
Integrate :
sin x sin x
L. V3 sin x + cos x " sinx-cosx
1 1
3. 4+3tanx 4. a+btanx
2sinx+3cosx
5 3sinx+4cos x
ANSWERS
EXERCISE 6.7

B

1. Tx—;log(ﬁsinx-rcosx)

2. §+ % log (sin x —cos x)

4x 3 .
X og (4
3 25+25 og (4 cos x +3sin x)

ax b .
4. prae +mlog(acosx+bsm x)

5. %+%(35inx+4cosx}
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Integration of Irrational Functions

7.1 Toevaluate the integrals of the
dx e P J\/ +a' IJx -a*
e
dx
@) = f— Put x=atan 0
X ta .. dx=asec’ 0 dd

= ]- asec’ 040

Ja'tan® 0+4’

[secede

log (sec © + tan 6)

log {,}l +tan® 0 + tanB}

2
log{1’l+-2—+£}

a a
log{x+vx* +a* | - loga

log {x+\}xz +a=} leaving - log a, it being
a constant.

(i) lz!J;%:’ Put x=asec8

dx =a sec O tan 6 40

= j- asec O tan 0

Ja sec’ 8-4°

= jsccede
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= log (sec 0+ tan 8)

Iog(sm9+m)

2
Iog[£+ x—z—l]
a ‘Ja
Iog(x+Jx’—a’)—loga

log (x+vx - a’) ; leaving - log a, it being

"

a constant.
dr
iii I= |—/— Put x=asinb
(i) =
.. dx=acos 0do
__acosBdb
Ja*-a*sin’ 0
= [d8=0=sin" =
a
SUITABLE SUBSTITUTIONS
7.2 Form of Expression Suitable Substitution
I. &-x* x=asinB
2, x*-a x=asec®O
at-x?
;. L5 ¥ = cos 20
a‘+x
4. a-x x =a cos 20
a+x
5. J2ax-x* x=a(l -cos8)

dx
Example 1. Evaluate f—\/é__4—=_
+4x

Solution :
dx

I= &
T ovar 2°

L)
2
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,[ dx
0]
2
3 2
{ x+1’x2 +(—] }
2

LN {x+ x2+2}
=37% 4

Example 2. Evaluate _f x dx
Xa . .
V4 -x*

B | —

X
|
= —.lo
P g

Solution :

Solution :

I= |yJ—dx Put x=acosB
y dc =— a sin 6 dB
a+acosB

I= m (— a sin B) 49

- “’I l1+cos@

I~ cos® sin 6 d9
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2 cos® E
2

Zsmﬁcosgde
2 2

0
-2 s’ —de
a jcu 5

-a I(I+0059)d9
= —a (0 +sin 0)

af x at-x x
—alecos” | = |+ +— =cos O
a a a

X .
—[acos ! —+v'a"—x2] --sin

1

a
= VJ1-cos’ @
2
X
—3 ] ——
02
a*-x
= a
dx
Example 4. Evaluate j J——
|
Solution :
dx
1 =
e
I e dx Put e* =
o—efde =dt

- IJ,—_
—log[r+ﬁ]
~Iog[e“ +W]

n
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EXERCISE 7.1
Integrate :
1 2 1
4-9x T Jaxt -1
3x? x+1
—— 4.
v9-16x° x*+1
1-x cos x
I+x 6. 1 ,
——cos’ x
4
sec? x g sin x
tan® x +4 " J4+cos?x
sinx e’
T 10
J4cos® x—1 4+
| 2e”
= 12.
l-¢ 4— e!:
ANSWERS

EXERCISE 7.1

yx* -1 + log [x+v"x’+l]
sin™ x +v1-x?

[. [ 3)
log| sin x +,[sin I_Z

Iog(tan x + \/tan’ x+4)
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8. —log[cosx+‘[4+cos’ x]
9. —%mg[zcos”,hmsu_l]

10. log[e' +J4+e"]
1. 2log[e” + Ve -1]

-
12. 2sin '[?J
7.2 To evaluate the integrals of the form IL
Vax* +bx+c
Method. We express Vax’ +bx+c in the formyX? + 4°

orVX? - 4* orVA*-X* where X is a linear function of x and A
is a constant. Then using cor:esponding formulae derived in article
7.1, we evaluate the given in{=gral.

dx
Example 1. Evaluate _[J=—
1-4x-2x

Solution :
J' dx
V1-4x-2x°

dx

) JJI!—J%—Z\:—J:’

j dx

1/%-(,:: +2x)

dx
Jl+-;—-—(x2+2x+l)

dx
Put x+ 1 =1¢

J[\E] —(x+1)! - dx = dt

I=

n
-

-
b

)
J

-
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|-

% sin”" {(Hl)\g}

+
7.3 To evaluate the integrals of the form I PX79

Jn.x +bx+c

Method. We write,
px+q= M%(ax’ +bx+c)+N

where M and N are constants. Then equating the coefficients of the
equal powers of x on both sides we find M and N. Now the given
integral breaks up into two parts :

f'(x) .
First integral = I J_dx=2 f(x) and second integral

assumes the form J J zd: e or [ = which can be evaluated
X

dx
JJA’ -x

using results derived in article 7.1.

x+8

Ixt +2x+5

Example 1. Evaluate I

Solution :
Here, x +8 =M%(x‘+2x+5)+N

where M and N are constants.
x+8=M(2x+2)+N

Equating the coefficients of equal powers of x on both sides,
we get

1 =2M
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and §=2M+N
| 1
= M=EandN=8—2-‘2‘
re
\}x’ +2x+5
l(2‘.x+ 2)+7
= {2 e di

Vxl+2x+5
I 2x+2 a‘x+?f dx
27 +2x+5 VXt +2x+5
=1 +1
__j' 2x+2

Put ¥»+2x+5=¢
Vx? +2x+5 )

(2x+2)dx=d;

Now,

oy
]

B = b=
-l R

1
=

= Jx' +2x+5

dx
d 1, =7 |—o
o : j\-‘Jc’~r-2x+5

dx
I\](x+l}z+22
= 7log [(:c«rl)+\-"(.vc+l)2 +22}

=17

= ?]og{(x+l)+\-‘x2+2x+5}
[ = Jx?+2r+5§

+7[ Iog{(x+l)+v‘x’+2x+5]]
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EXERCISE 7.2
Integrate :
1 ! 2 ]
© Vi -4x+5 CoVxt+2x
3 1 1
* i -2x+5 N
5 1 x+1
’ :14+8x-5x’ 6 2x* +x-3
. 2x+5 s 3x+1
* P +2x45 " Js-2x-x
9 2x " 4x+5
oyt -x-1 " P +4x+9
ANSWERS
EXERCISE 7.2
1. log[x-2+Vx -ax+5]
2. log[x+l+dx’+2x]
3. Iog[x-vl+ul'x°—2x+5]
1 1 1) [JI_ST
4, —=log|x—=+f[x—=| +| X2
Tz"’g[’ 4+J(I 4J+ 4
5 Lsin"(sa‘:_‘&‘)
N \/5 6
6. %JZ:’H:—B+%log[4x+l+v‘2x’+x—3]
7. 2V +2x+5+3log {x +1+ V¥ +2x+5)

a‘

-3V5-2x—x* -2 sin™ "—;1
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9. 2Vx*-x-1 +log,:x—al-+v'x2 —x-l]
10. 4\}x’+4x+9-—3Iog[(x+2)+yl'x’+4x+9]

7.4 To evaluate the integrals of the type J\Ja’ -x? dx,
IJx’ -a’ dx and VJx* +4’ dx
(i) I= IJa’~x’dx Put x=asin®

S dx=acos 0dd
I= Na’»a2 sin? @ -a cos 0 4O

= a* Icos’ﬁdﬁ
2

- E—_[2::(.15290*9
2

a2
- _[(1+c0529)d9

2 .
- a_[9+5m29]
2 2

a2
= ?[9+sin 6 cos 6]

= %xﬁJr%a’ sin”' =
V¥ —a® dx

IJ"_‘“T I. dx
Integrating by parts

=Vx'-a’-x- Izl(x’ ~a?)" 2% xax

~
(1

(i)
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2
=xe2_—I:?-[Jx_:__azdx
¥ -a
- xV¥-a - ¥ -a &-d’ J’J,;%a_z
=xm—!—azlog[x+m]
2l =x N7 -a —at loglx+ V¥ -]
[:%x\{xz——_a;—%a’ log[x+ Vi —a’ |-
(iii) 1= (¥ +a dx
_ (¥ ra -l ax

I
Integrating by parts

= JxP+a’ x- _[%(x’ +a?)" 2xexdx

_x\-‘x +a —J
x+a
‘—I\‘I‘i—ﬂ'- (x+a) ﬂ'
j\,‘.):+CI -

=x\1'x’+a’~j xX+a* dx+a I\},zﬁx_l
X +a

= xxX'+a’ -1+d° Iog[x+~."x3+a2]
20 = xVx* +a +ad’ log[x+\1'x2 +a"]

I= —;—xv'xz +a’ +%a2 Iog[x+\fxz+az]
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xt+1
Example 1. Evaluate I dx
Vx? +3

Solution :

jx-l'l

\}I +
(x*+3)-2

Jr+3
jﬁd-z}’\/%;
%xm+%log[x+ﬁ]
“2log[x+ v +3]
%x x +3—5]og(x+\[x_+3)
xm—!og(x+M)
2

dx

i

]

Example 2. Evaluate I\J'2~3x’ dx-

Solution :

I= N2*3x2dx
= wﬁj E—x1 dx




74

10.

Integral Calculus
EXERCISE 7.3
Integrate :
Jo—ax 2. J¥-4
m 4. secxtan x\tan’x-4
sec x tan xm 6. sin xm
e Ve +1 10. e ™
ANSWERS
EXERCISE 7.3

L P 2 g
> * 2 4x +4 sin 3
%xdx’-4—2[og(x+\fx’—4)
Lea-2se+ 2 sin"[s—xJ
2 5 2
? sec’x+3+%log[secx+\/sec’x+3]
%secxdsec’xﬂ+%-Iog[secx+Jsec’x+]J
—[% cos xvcos’x -4 -2 log [cosx+ Veos? x-4}]
3 amsint v 2sin (802

3
1[1::’ J4—< +25in”! 5—]
3L2 2
%e'\/e"ﬂ+%]0g[e‘+de”+]]
%e”\-‘e"ﬂ—%log[e'h/e"-l]



Integration of Irrational Functions 75

7.5 To evaluate an integral of the type I ax® +bx +c dx.

Method. We transform /ax” +bx +¢ into either of the possible
forms VA +X? orVA* - X* oryX* - 4* where X is a linear
expression of x and A is a constant.

Example 1. Evaluate [J5—4x—x‘ dx-

Solution :
Here,

S—4x—-x'=5-(4x +x)
=5-(x+x2+4-4)
=5+4-(x*+4x+4)
=9 - (x+ 2§

. IJ5—4x—x2d.‘t

j 9-(x+2) dx Pt x+2=1
: dx = dt

i}

[No-¢ ar
V3 -1 ar

1 o= +1.9.5in" [-‘-)
2 2 3

o ¥*2 9-(x+2) +2 sin"(iz)
2 2

3
= %ZJS—cix—x’ +% sin"(%z]

7.6 To evaluate an integral of the type [(px+gq)

Jax* +bx+c dx.

Method. We break up (px + ¢) into two parts in one of which
there is the differential coefficient of ax? + bx + ¢ and the other a
constant. Then the given integral can be easily evaluated.
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Example 1. Evaluate _[(Zx—SNZ+3x-x’ dr.

Solution :

d
Here —(2+3x-x*)=3-2x
dx

and

1

It

[@x-5)V2+3x-x" dx
~[6-2x) V2 +3x-x" ax
- [G-20)V2+3x- 2" dx

-2 [V2+3x-x" dx

L +1 (say)

[3-2x) 2 +3x-x" dx

Put 2+ 3x-x*=¢

3-2)dx=dt
- [Nrar
Zpn
3
—%(2+3x-x’)m
-2 |W2+3x-x* dx
-2] 2—{x’—3x+——2)dx

4

() (-«

LT
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2x-3 17 2x-3
__,f2_3_1ﬁ"'
[2 +xx+4sm(JﬁH

I=1+1

———(2+3x x’)y 2x- 3\1'2+3x -x!

EXERCISE 7.4
Integrate :
1. -x+l 2. Gx-2DVx +x+1
3. JIs-2x-x 4 Qx+D5-dx-x*
5. 3-2x-2x° 6. (x+DJ2x7+3
7. 5+ax-x 8. Qx+DVx +2x+5
9. V¥ -1 10. (x+DVx* -x+1
ANSWERS
EXERCISE 7.4

1. ZIT-lv'x’ -x+1 +%Iog{2x2_l+ x=~x+1]

2. l(i!x2 6x +1)Vx? +x+l-—log[2f/;l+ [2:_\{;]] +1]

3. %[(Jul)m +16 sin"(xTH)]
4. - -2-(5 —4x-x?)"- 2[(:u: +2)5—4x—x? +9sin™ (:‘_}E)]

5. l[( 2)m+75m_.(2x+lJ:|

6. #(2 +3)% 4= xJ—3+3J-Iog[ J_+J~—x:]
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7. l(::—2)\/S+'rlx—:r2 +9sin"(xT_2)

8. —(x +2x+ 5)“2 x+le +2x+5
-210g[x+l+\|l'xz+2x+5]

9. %[%Jx‘—l—%log{x’-n}x‘—!}]

10. %(312 —10x+1)yx* —x+1

il
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Integration by Partial Fractions

8.1 A fraction of the form

where a, a,,..., a, and b, b,,..., b, are constants and m, n are
positive integers is called a rational algebraic fraction.

To integrate such fractions, we break them into partial fractions,
for which we must remember the following points :

(1) The degree of the numerator of the given fraction should
be less than the degree of the denominator of the given fraction. If
it is not so, then it must be done by division. Such a form of
fraction is called Proper Fraction.

(2) The terms of degree 2 or more in the denominator of the
fraction should be resolved into possible real linear factors.
8.2 Methods of breaking a fraction into partial fraction

(1) When the denominator is the product of only linear factors :
Then

&) __A B _C D

(c+a)x+b)(x+c)Hx+d) x+a x+b x+c x+d

(2) When there is a repetition of a linear factor in the
denominator : Then

/) . TP S S

(x+a) (x+b) x+a (x+a) =~ (x+a) x+b
(3) When the denominator contains a biquadratic factor : Then
f(x) A Bx+C

= +
x+a)(x*+b?) x+a x*+b
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(4) When there is a repetition of a quadratic factor in the
denominator : Then

f(x) Ax+B Cx+D E
2, 2y “Faa 2, 2} * b
(P +a?) (x+b) X +a (P+g?) x+
ILLUSTRATIVE EXAMPLES

Case 1. When the denominator contains non-repeated linear factors
only.

xl

TPy R

Example 1. Evaluate _{ GG
X

Solution :

( x? 4 B C
Ja+DE-2)(x+3) x+1 x-2 x+3
= P=A(x-2)(x+3)+Bx+1)(x+3)

"H+C(x+ 1) (x-2)

Putx=-1,weget A=--—

6

4

Put x = 2, we get B=G
' 9
Put x = -3, we get C=ﬁ

2
X

[
| reowy Yo Yo R
1 ¢ dx 4 dx 9 dx

= +— +—
67x+1 15 7x-2 107x+3

- —-:;Iog(x+I)+~l%log(x—2)+%log(x+3)

x*+1
. dx.
Example 2. Evaluate Ix’ 0
Solution :
X+l x'-1+2 2 2
= =1+

= =1+
-1 x*-1 x* -1 G=-D(x+1)
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—_— 4.8
(x-D0x+1D ~ x-1 x+1

o 2=A(x+1)+B(x-1)
Putx=1,weget 4=1

Put x = -1, wegetB— -1

x°+1
Ixz—]dx I[l+j—m]dl’

=x+tlog(x-1)-log(x+1)

Let

EXERCISE 8.1
Integrate :
q 3x 3 1
" (x-2)(x+1) T @x+D(x+1)
x 1
3 (x-1D(x-2) 4 (x-1(x*-4)
5 | 6 x+1
Cox-xt T ox(x2-1)
x 1
L (x* -a®)(x* - %) 8 (x+1)* -4
x*+x+3 x’
> GoDGaD 0 e
11 % +3 12 """'"'"_x'z_'_
X’ -3x " (2 +DBx+1)
ANSWERS
EXERCISE 8.1

1. 2log(x—2)+log (x + 1)
2. log(2x+ 1)—log(x + 1)
J.log(x-1)+2log (x -2)

4. —%log(x—l)+%log(x—2)+éIog(x—2)
5. log x — log (1 — x)



82 Integral Calculus

N bg(x’-l]

x
7 1 Iogx -a’
T 2(a?-p?) X -b

1
8. Zlog(x-—l)-zlog(x+3)

9. x+3log(x-2)-log(x+1)
10. -;-x’-7x—27log(x+3)+64log(x+4)

1 -3 3, x-8

1. x+— lo +—I
2 5 - x! 2 T x+\3
1 . 1
., —tan~ x——=tan x\ﬁ)
2. 3 7 (
Case II. When there is a repetition of a linear factor in the
denominator.

¥
Example 1. Evaluate I‘”"ETL
(x+1) (x-2)
Solution :

x'+1 A B C
—_—r——t—— t——
(x+1)(x-2) x+1 (x+1) x-2
2+l=Ax+1)(x-2)

+Bx-2)+Cx+17 ..(1)
Put x = -1, we get

=2
3
Put x = 2, we get
=3
o9
Equating the coefficients of x* on both sides, we get
1=4+C
= A=1-C

1 A:]—E:
9

ol &
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Thus,
x*+1
—_—dx
'[(x+l)1(x—l)
41 d.r-3r 1
9%%+1 34 1)?

5 1
dx+3 I(x—Z)dx

4 2 1 5
5 Iog(x—l)+-§ mi—;(log(x—Z))

EXERCISE 8.2
Integrate :
x Ix+1
L -G 2 GG
xt+1 1
3 +1)(x-2) 4 X —x'-x+1
—_ 1
> G- (x+2) 6 G G-
ANSWERS
EXERCISE 8.2
1. L+log X2
x+1 x-1
1 1 1 x+1

2 G 2Goptat o

5 4 | 2 5
-2 2 —(x+1 = -
3. 27lcng(:c+l) 9(J‘:+l) +3(x+) +2?Iog(x 2)

1 1
4. —log(x+1)-=———Llog(x-1
og (x )2 — 4og(x )
1 1 2 x-1
—-——+—log
3 x-1 9 x+2
x-1 1
6 logX L+ 1 _
g1:4-2 2(x+1)

Case Ill. When the denominator contains a non-repeated
quadratic factor.
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dx
Example 1. Evaluate jm
Solution :
r dx [ dx
Nex+xr+x2  Nex+x2(1+x)
&
T+ +x?)
1 A Bx+C

Let +x)(+x*) T+x 148
1=4(1+x)+Bx+C)(1+x) ..(1)
In (1) Put x = -1, we get

=1

T2
Again (1) can be written as

l=x*(A+B)+x(B+C)+(4+C)
Equating the coefficients of equal powers of x on both sides,
we get

A+B=0=>B=—A=—%

B+C=0
1 1
= 2 2
f—&  _lpd 1px-]
+x)0+x3) ~ 291+x 2791447
1 1 2xdx |1 1
= =1 l4x)—— |—4+— |——
AR et e
= %Iog(x+l)--i-log(l+x’)+%tan"x
EXERCISE 8.3
Integrate :

| 5 x-1
L (x-D(x*+4) e+ D(x2+1)
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2

3 —a— 4.
T x+8)(x? +a?) =X
_ X
5 x+17 (2 +1) 6. -1 (x*+1)

1
7. x(x? +1)

ANSWERS
EXERCISE 8.3
1 1 1 X
. =|tog(e=1)-<-log (x* +4) = Ltan"'[ X
1 5[og(x 1) ; og (x* +4) ytan (2)]

2. —log(x+ l)+1l,- log (x* +1)

[Iog(x +b) 1 log(x* +a?) + 5 fan «{:I
2 a a

4. —-%log(l—x)+%log(l+x+x’)+—l-tan"2‘“'1

BB
11

1 1
. =1 _—— 2
5 5 og (x+1) T3 og (x* +1)

at+h

! D-—L 1 (2
6. Elog(x 1) 2G-D 4Iog(x +1)

7. logx —-% log (x* +1)

Case IV. Integration of fractions by partial fractions after using
substitution method.

[ cos x
Example 1. Evaluate J(l +sinx) (255 %) dx.
Solution :
oS x
= dx i =
! ?(1+sin x)(2 +sin x) Put - sinx =1

cos dx =dt

j' dt
I'= G590
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= I[.l———-l—)dr [resolving into partial
1+t 2+t .
fractions]
I 1+t 2+r

=log(1+0)-log2+9

1Dg[l+r)

2+t
1+4sin x

= log (2+sin x)

Example 2. Evaluate I%
X X

Solution :
‘I 1+sin x
sin x(1+cos x)
_ dx +f dx
~ sin x(1+cos x) J+cosx

sin x dx
- Ism x(l+cosx) 2 Isec

Tt sin x dx 1
I(1-cos x)(l+cosx) 2

X
2
tan>
2
1
2

r sin x dx
?(1+cosx)* (1-cos x)

1}

tan >
2

I,+tan£
2

in x dx
Now, I = f smzx
(1+cosx)" (1-cos x)

dt
R v T
dt

- I(:-u(m)’

Put cosx =t
s.—sin x dx =dt
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_ J' -1 + 1 dr
CNAe+D) 2¢041)7 4G+)
[resolving the integrand into partial fractions]

I

1 1
——log (¢t +1) + +—log(r-1)
i Fiat

1
2(¢+1)

—:1- log (cos x + l)+%(cos x+1)"

+-i-log(cosx—l)
1= —% Iog(msx+l)+%(oosx+l)"

+%Iog(msx—l)+tan§

Example 3. Evaluate I
Solution :

x(x +1)

1
I= Ix(;”_])dx
!
x'(x”+l)dr

_ I_f.*_
T ne@e+1)

__Ir(!+l)

A1 1 Lo .
= f(}-—r:l-)dr (breaking into partial
fractions)

—l-[logf—log{nl)]

llct( )
n & t+1

=‘—I0g o
n x"+1

n
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Example 4. Integrate 1 wrl. x.
e -_—
Solution :
dx
I=
Ie' -1
e"dx
e B
e dx =dt
at
1= [——=
L (t-1)
1 1
= I[!——i—;)dx [breaking the integrand
into partial fractions]
= log (¢t —1)-log ¢
- log(ﬂ)
t
- Iog[e :l)
e
EXERCISE 8.4
Integrate :
N S '
- Sin x(3+2cos x) 2. cos x(1+sin x)
sec x ‘ 1-cosx
" 1+cosecx " cos x(1+cos x)
5 1 6 sec’ x
" sinx+sin2x " (tan x+1)(tan x +2)
g — g ——
"G +1) " e )
9 —'l_‘ 10 l
© x(x-1) T+l
11 —l"_ 12 —"—1“_"'
©ox(x*+1) © (2 +a?) (x4 b?)
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10.

11.

12.

ANSWERS
EXERCISE 8.4

—]—Iog(l cosx)———log(l+cosx)+—-log(3+2cosx)
1 o 1+sin x
4 gI-—smx I+1nx

1 1+sinx
- log———+
4 l-sinx 1+smx

Iog(secx+tanx)—2tan-5

%Iog(l+cosx)+%]og(l—cosx)—§Iog(l+2cosx)

(H-tanx)
log
2+tanx

1 1
4(x’+l) 2(1 +1) 2

Iog (%* +1)+log x

—Iog(e’—l)-,——-
€

-1
1 x"-1 .

—log
n

x

e
log —
e +1

4

—I-Iog X
4 Tx'+1

1 1 x 1 x
_— —tal‘l-l—-—tan-l _]
a"'—b’[b b a a

89
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Integration of Transcendental
Functions

9.1 The functions which are not algebraic are called Transcendental
Functions. They include Trigonometric Functions, Exponential
Functions, Logarithmic Functions and Hyperbolic Functions,
etc.

9.2 To evaluate Isin" xdx or Icos" x dx when n is an odd +ve
integer.
Method.
(i) When the index of sin x is an odd +ve integer,
Put cosx =t
(ii) When the index of cos x is an odd +ve integer,
Put sinx=t¢

Example 1. Evaluate J'sin’xdr-
Solution :
I= ! sin’x dx

j sin’x sin x dx

i}

I(l—cos’ x)sin x dx Put cosx =1
. —sin x dx = dt
= hj(l—r’)dt

= [(#-1)ar
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tl
==t

3
3
Cos™ X
= = CO0S Xx
3

Example 2. Evaluate j't:os3 x dx.

Solution :
I= Icos’ xdx

= Icos’x-cosxdr
=I(1—sin2x)cosxa‘x Put sinx=¢
Socos x dx =dt
1= [(-7)ar
!.3

===
3

sin® x

sinx —

9.3 To evaluate jsln' x dx or Icos’ x dx when nis a+ ve even
integer.

Method. We express sin” x or cos” x in a series of cosines of

multiple angles of x by using the formulae
1 - cos 2x 2 1+ cos 2x
T — and cos’ x = —

and then integrate term by term.

sinf x =

Example 3. Evaluate Isin‘ 6de.
Solution :

I= [sin*0d0
[(sin* 0)" o

2
_ ‘{]—wsm] 4o
2
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J%[l—zcos29+cosz29]dx

do

%I{l—2cos29+l+cosw)

%I[S—4cos29+cos4e]d9

%[39—25&129+

sin 49]

9.4 Toevaluate [sin" x cos" x dx
Method.
(i) If m is an odd positive integer, then put cos x = ¢,
(i) If n is an odd positive integer, then put sin x = r.
(iii) If (m + n) is an even negative integer, put tan x = ¢,
Example 4. Evaluate Isin’ x cos® x dx.
Solution :
I= J'sin’xccrs2 xdx
= J'sin’xcos2 x-sin x dx
= j'(l-ms2 x)cos’ xsinxdx Put cosx =t
S—sin x dx = dlt
= - I(I —-lz)l‘z dt

- [(¢* ) ar
[(* - ) at

£ r

5 5
cos’x cos’x

5 3

n
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Example 5. Evaluate Is

93

in® x cos® x°
Solution :
I= %~ =-3
~ Jsin® x cos® x e m=-5
n=-5
m+n=-8,
. an even —ve integer
sec x e g
= I an x [Dividing numerator &
denominator of the
integrand by cos® x]
J» sec® x sec? xdx
- tan’ x
1+ tan? x)’ sec’ x dx
=I(+ x)zsecx Put  fon x =t
tan® x
, | sec’ x dx =dt
2
1= IMd;
t
6 2 4
_ 1+¢ +3: +3f dr
t
= J(l]hr’ +§+3!)df
! !
4 2
= —-2-}5-+%+3Iogr+3%
4 2
= — Iz +——~—-—tan x+3lugta.nx+3 X
2tan” x 4
EXERCISE 9.1
Integrate :
1. sin® x 2. cos’ x
3. cos* x 4. sin®x
5. sin® x cos' x 6. sin? x cos’ x
2
7. sin? xcos’ x 8. sin® x cos® x



11.

13.

15.

11.

Integral Calculus
L]
sin® x cos’x 10. sin® xcos? x
sec x tan’ x 12. sin® x cos?® 2x
1 sin? x
sin’ xcos’ x " cos'x
3 5

SEC: X COSGC; x
ANSWERS
EXERCISE 9.1

2 s 1
+ —cosx+3cos’ x - cos’ x

. L3 3 |
sin x ~sin x+§sm x—; sin’ x

1[3x+2sin2x+"i“4"]
3 2

L[wx B sin 2x + 1sin 4x — 1 sin x]
32 2 2 6

[l s, 2 2 1 ]
—| =cos® x == cos” x +—cos’ x
5 7 9

—l-sin’ Jn:—ésins ch-isin1r x—lsin° x
3 5 7 9
ésin% x—isin%
5 11 -
sin® x _sin® x

6 8

sinx sin®x

4 6

X

~Ecos% x+icos% x-2 ccisl’v1 x
3 7 11

1
Esec’x-secx
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8 4

12. —cosx+§cos’ x -2 cos® x+—cos’ X
: 3 5 7

1
13. —cotx+2tanx+§w.n’x

tan® x
3
1
15. —4dcot* x

14.

95
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Definite Integrals

d
10.1 If o F (x) =f(x), then
If (x)dx=F(x)
_[f (x)dx or F(x) is called an indefinite integral or an
antiderivative of f(x).

Also I: f(x) dbx is called the definite integral of f(x) between
the limits @ and & and is given by

[ 7 de=[F ], =F®)-Fla)

Here a is called the lower limit of integration and & is called
the upper limit of integration. The interval [a, ] is called the range
of integration.

Example 1. Evaluate _L: ! = dx.
x

=

Solution :
(|
I= | ———dx
ID h _x2
= (sin™ x);

=sin" (1) -sin" (0)=2-0=2
2 2

-1 2
Example 2. Evaluate LI(lT:_—):)
x
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Solution :

J- (lan" x)

Put tan' x =t

1+x* i
cdx =dt
I+x
When x = 0, then
t=tan"'0 =0
When x = 1, then
n
—tan! | = —
r=tan' 1 2
/= j:‘:’ dt
f] nl4
-(4)
3
LA
192 192

Example 3. Evaluate _[ 2+x dx.
- X

Solution :
2
I= j' + x

Put x =2 cos 20
dx =—4 sin 28 4o
When x =0, 2 cos 20 = 0

cos 20 =0 = c:osE
20 =

6=
When x = 2, then
2cos20 =2
cos 20 =1 =cos 0
20 =0
6=0

N ENSIE]
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o [2+2cos20
= crerE o (-4sin20)do
! IV\Jz Teos 20\ S )

14+cos26
—4-[5/ —-c—os—— 5|n29d9

]

= I 2c0s’8 251n90059d9
5\ 2sin’ 0
2 _ o 2
= -8 Licos 0do=-4 I%Zws 040

0
= -4 I%(l-rcoszﬁ)dﬁ

_ _4[e+sin228]i“
- _4[(04»0) (2 ‘zﬂ
=4[%+%]=1t+2

Example 4. Evaluate I:mi dx.
X
Solation :
_ r cos log x dx
==
Put logx =t
1 dx =dt
log 3 x
= L cost dt

Whenx=1,r=log1 =0
When x =3, t = log 3

= (sinr)y¥’

=sin log 3 —sin 0

= sin log 3 — 0 = sin log 3
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EXERCISE 10.1
Evaluate :
v vdx
1. [secxtanx 2 [
3. Jféxcosxdx 4. Lyzsin’xdx
5 rcos’xdx 6 I%cos‘xdx
N .
% COSX ar 5,
7 I" ?H»sin.vcd’r 8. J'o(a -x")dx
9. Kﬁ(anzxdx 10. J-:sin’xaﬁt
sec? 2
1. [’;‘,cosec’xdx 12, j%——-——xdx
/]
=sin tan”' x ﬂ -x
.| 14.
B [ et
Y x sin x % cos x dx
15. ) ,‘]_xldx 16. L (1+sin x)(2 +sin x)
% n LTI
17. I cos(x+z)dx 18. Lxsm xdx
. [ 20, [l
' ,}1 - TN (2 a?) (2 +07)
ANSWERS
EXERCISE 10.1
1. J2-1 2. log 3
T 2
. =1 —
3 2 4 3
3
5.0 6. =
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n 2
9 1-— 10. —
4 3
11. -2 12 l
. 2
3. 1 14, &2
4
1 b1 4
15 —-3— o1 -
S > D 16 0&[3)
1 n
17. 1-— 18. —
2 4
5 L
19. ? 20. 2(a+b)
10.2 Properties of Definite Integrals
Property I

[r@a = [r@ar
Proof

Let [ fGdr =F@)+c

Then [ f(x)dx = [F(x)+c]’

= [F(B) +c]-[F(a) + ]
=F(b) - F(a)
Similarly

j:f(r) dt = F(b) - F(a)
Property Il

[reode = - r(ax
Proof

RHS. =-['f(x)dx

= —[F(x)+c]:



Definite Integrals
=F(®)-F(a
= [ f)a

Hence Proved
Property 11T

[r@a < [rea+ [ )

wherea<c<b

Proof
RHS. = [[f(Wdr+ [ f(x)ax
= [F@+cf+[F@+C]
= F(c) - F(a) + F(b) - F(c)
= F(b) - F(a)
= I:f(x)dx
Hence Proved
Property IV
[[7Gds = [} (a-x)d
Proof
Let I= I:f(a—x)dx
Put a-x=1¢
—dx =dt
dx =—at

Whenx=0,r=a-0=a
I=-['f@a
= [f@wa by II

= I:f(x)dr by I
= L.H.S. Hence Proved

101
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Property V
j:f(x) dx =2 _I:'f(x) if f(x) is an even function of x.

ie. fl=x) =f(x)
=0 if f(x) is an odd function of x.

i.e. f=x) == f(x)
Proof
Since—a<0<a
I_’:f(r)dx = j_u“f(x)dx+_[:f(x)ax by 1l
In First integral put x = —¢
dx =—di
whenx =-a, 1 =a,

whenx=0,r=0

= - [ rende+ [ fGodx

= [ fCar+ [ f&x)ax by Il
= [[/xdc+ [/ fx)ax by |
0} = [ £+ [ f(x)dx
when f(x) is an even function of x
=2 [ f(x)ax
and (i) = - I:f(x)dx+ I:f(x)dx
when f(x) is an odd function of x
=0 Hence Proved
Property VI
[ fGdds = 2f f(ax if f(2a - x) = f(x)

if f(2a - x) = - f(x)
=0
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Proof
Since 0 < a < 2a

I:af(x)dx

. Given integral

®

and (ii)

103

= [[fWac+ [ f(D)ax by 11

In second integral,
put x=2a-y
dx =—dy
whenx=a,y=a
when x = 2a,y =0

= [fa- [ f(2a-y)ay
- I:f(x)dx+I:f(2a—y)ajz by I
- J‘:f(x)duf:f(za-x)dx by I

= J:f(x)dr+l:f(x)dx
if f2a - x) =1 (x)
=2[ f()
=[S+ [-f(x)ax
=0 iff2a-x)=-f(x)

Example 1. Prove that

‘L}élogsinxdx = Ij’logcosxdx:—%logﬂ

s

=T oe L
2 53
Solution :
I= _Lyzlogsinxdx e (1)
1= [Plogsin( % -x)ax by IV
OI', - o g 2 y

or, I= Kélogcosxdx . (2)



104 Integral Calculus
Adding (1) and (2), we get
2l = J‘:élogsin xdx+ L%Iog cos x dx

= L%(logsinx+lugcos x)dx

= _[:/’(Iogsinxﬂogcos x + log 2 - log 2) dx
% . %

= juzlog(251nxcosx)dx~ Iozlog2dx

= I:é log sin 2x dx — log ngdx

In first integral,
put 2x =0
2 dx =db
_ do
-2

whenx=0,0=0
whenx:%,ﬁ:n

1 = . %
2] = 3 L log sin 8 49 ~ log 2 (x){2

= %-2!0%]ogsin9d9—(log2)-g by VI
[sin (r -8)=sin 8]
= L%Iogsinxdx—glogz by I
T
2 8

20— 1=-Zlog2
2
n
I=-Ziog, 2
2 Dg'
4
= 5(]03, I-log, 2) [ log, 1 =0]

19
= Z1og (172
5 og, (1/2)
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Example 2. Prove that
I}é \jsin X de= E
o Jsinx +fcos x 4

Solution :
% Jsin x
I = _— _dx . (1
0 ,}sinxhlcosx M
sm(f—x)
or I= j':é 2 dx by (IV)
K T

sin| =—x|+,/cos| ——x

(3] feos (5
or I= [7’/—_— VOOSX e (@

sx+ sin x

Adding (1) and (2), we get

o] = J-V sin x

N I% Jeos x
Fonx ooz
Iyz smx+mdr
JSinx + Joos x

= Illyl (t ={x)u
_T
-2
.
T4
x xsinx
Example 3. Evaluate | —————
P -L' 1+cos’ x
Solution :
_ I: xsinx )
° | +cos’ x v
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Using IV,
«(n - x)sin (n - x) dx
I 1+ cos’ (n - x)
or /- J- «(m - x] sin x L@

14cos? x
Adding (1) and (2), we get

x(x +m - x)sin x
2= L 1+cos® x

_nr sin x
T o4 cos?x
Put cosx =1
—sinx dx =dt
sin x dx =—di
whenx=0,r=cos0=1
whenx=mn,¢t=cosn=-1
-1 df
2= )i
vodt
= LIL_H’ by Il
U odt
B 1r':-L'lﬂz by v
-+ integrand is an even function of ¢
= 21 (tan"' 1),
= 2n(tan™'1-tan™' 0)
2
T n
(i-0)-3
1 E
T4

Example 4. Show that

_L%log(l +1an 0) d6 = % log, 2.
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Solution :
l= jflog(lnane)de - (D
Using IV
1= I:{'log{l+tan(%—9)}d9
= [T10g 1+—34 140
0 T
1+tan—tan©
4
_ j}’ { tanﬁ} 49
0
= [P1og( —— | a0
0 1+tan®
= L"bgzde— jj‘log(umne)de
T
=log2|—=|-1
oe2(3)
or, 2] = %1082
or, I= %Iog,Z
EXERCISE 10.2
Evaluate :
]- smx IV ,}cntx
sin x + cos x \/cot X + ,f
%
3. .[o ]+tanx 4 Iﬂ 1+cotx
5, I:éiogtanxdx 6. I:sin’xdx

1. I:cos’ xdx
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8. _[:sin2 8(1+2cos ) (1+cosb)’ 40

r x tan x dx J;g sin? x dx
9 0 secx + tan x 10. 4 sin x + cos x
= 1) dx 1log (1+ x)
O B e
x x x x dx
3. L a’coszx+bzsin’xdx 1. © ] +cos ¢ sin x
15 j-%xsinxcosxdx
" Jo sin'x+costx
ANSWERS
EXERCISE 10.2
n T
1. a 2. 2
T T
3. 4 © 4
4
5 0 6. 5
8
7. 0 8. 5
T 1
nl—-1 — lo, \61-!
9 (2 J 10. \[5 g( )
T
11. m log, 2 12. —s-Iog‘2
ﬂi
13. 2 ab 14. ™ o cosec o
2
15. ﬁ

10.3 Definition of a definite integral as the limit of a sum
If £ (x) is a continuous and single valued function of x in the
closed interval [a, b] than

Lt*_mh[f(a)+f(a+h) f(a+2h)+...+f(a+mh)]
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where nh = b - a is called the definite integral of f (x) between the
b
limits @ and b and is written as [ f(x)dx.

Note 1. The above method of evaluating I: f(x)ax
ie. [ f()dr= Lt [f(a)+ fa+h)+ f(a+2h)+
ot fla=n=1h)]

where th=b-a

is called the integration by summation or integration from
definition as the limit of a sum or integration from first principles
or integration ab-initio.

Note 2. Proceed to limit as # — 0 only after putting nh =

b-a.

Note 3. Sum of first n natural numbers
n(n+1)

2
Sum of first (n — 1) natural numbers

_n(n-1)
2
Note 4. Sum of the squares of first n natural numbers

=1P4+22+3+ .+
n(n+1)(2n+1)
==
Sum of the squares of first (n - 1) natural numbers
n(n-1)(2n-1)
= 6

=1+2+3+...+n=

=1+2+3+..+(n-1)

Note 5. Sum of the cubes of first » natural numbers

1
ie =P+2+3+ +n"=[——ﬂ—"(n+l)]
L. = 5

Sum of the subes of first (m — 1) natural numbers

i.e. =P+24+F +..+(n-1)= [@T
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Example 1. Evaluate by definition of definite integral as the limit
of a sum
rxzdr.
Solution :
L]
f ¥ [Here £ (x) = ]
Lt, o h[a® +(a=h) +(a+2h)
+(a+3h)2+...+(a+n_—_l'h)2]
where nh = b - a
Lt, o h[na* +2ah{1+243+..+n=1}
+h {l1 +22 43 4.4 (;—_1)2}]
where nh = b - a
2 -
N ahn(n-1)
2
e n(n-1)(2n- I)]
6
where nh = b - a

i}

b

= Llh-.ol:“h a’ +nh(nh-h)a

where nh=b - a
Lty [(b-a)a® +(b-a) (b-a-h)a

+§(b—a)(b~a—h][b_a__gﬂ

(b'-a)a2+(b—a)za+(b_“3“2_

- (b—a)[a’+(b_a}a+(b;3“)i]
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=(b-a) :az +(b—a)@]

=(b-a)

'3a1+b=+2ab-ab-2a=]
L 3
_(b-a)(d +b" +ab)

- 3

¥ -d
3
EXERCISE 10.3

Evaluate the following definite integrals by definition of a
definite integral as the limit of sum :

L [xa 2. [lea

3. I:sinxdx 4, rcosxdr
s 1 b |

. — . —dx

5. [, 6 I«J;

ANSWERS
EXERCISE 10.3

b -a

1. 3 2. &t - ¢

3. cosa—cos b 4. sinb-sina
1 1

5. E_E 6. 2(\/5—\/;)

10.4 Summation of Series

The definition of definite integral as the limit of sum enables
us to express the limits of sums of series of a certain type as
definite integrals and thus evaluate them.
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We have seen that
[ fGde = Lt, o[£ @)+ f(a+h)+ f(a+2h)
-|-...+f(a+ﬁh]]

where nh=b-a

1

Lt, ., Ehf{a +rh)

r=0
where nh = b -a
Now puta=0and b =1

A=
oG = Ly, Zﬂhf(rh)
where nh=1-0=1
=1
=1Lt . lf(i)
r=0M n
nh =1
I
= h=—
n
and h—>0
= n— @

e [ f( =11, z‘%;(i)

r=0 n
Comparing the two sides of the above result we infer that in
order to write down the corresponding definite integral, replace

(i) by x

(ii) — by dx

T|~3|>

and

(iii) Lt, by [sign.
The lower and upper limits of definite integral are the values
r
of - for the first and the last term (when n — =, h — 0).
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Note. In order that a series my be capable of being summed up
by the above formula, it must possess the following
properties :

(i) It must be possible to write the terms in the form 1 f [L) y
n n
so that —, which tends to zero, is a factor of every term

n
and all the terms are the functions of the same variable

r . . L
—, which form an A.P. whose common difference is —.
n n

(ii) The number of terms should be n; but since each term
tends to zero, the additions or omission of any finite
number of terms will not change the required limit.

Example 1. Find the limit when n — o, of the series

1 n nt 1
—t——— Lt —.
n (n+ly (n+2) &n
Solution :
1 n n 1
Lt, , .|—+ Tt——=+..t—
n o (n+1)y (n+2) 8n

=Lt "’ "
o (1'=+0)3 (n+1)] (a':+2}3

+m+(n+n)’]

|
—
-

I
oy
=
+
8
M-
| —
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_[ 2(1+x)’l

10

3
8

Example 2. Find the limit when n —» = of the series

1 1 1 1
-+ + + Fot —

n n+l n+2 n+3 3n’
Solution :
Lt, . l+---l—+ ! + ! +___+J_
n n+l n+2 n+3 3n
=Lt _ . ! +L+ ! ot ! -‘
" n+0 n+l n+2 n+n |

| 1 1 1
+ Lt + + ot
2n+1 2n+2 2n+3 2n+n

L, Y — Ly, S

son+r m2n+r

= L‘n—.: il'—l-—+Ltu_.: i-[;)-
ni2+

Yy ]+£ r=0 :
n n
I dx 1 dx
g
“T+x 24+x
i i
= [log (1+ x)]a +[log (2 + x)]o
=log2-logl +log3 - log2
= log, 3

Example 3. Prove that

: 2 Ve
Lt,.ﬂ,[(l+Lz](l+2—zj(l+3—2}__[1+_”_z]] =2l
n n " n
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o) 2) 002 (2]

n
1 5 2?
log P = Lt,, —|log|1+— [+log I+—
n n n

Solution :
Let,

= J:l ‘log (1+ x*) dx

1l I
=[log(]+x’)x]:~_[: 2 de

14 x°

1
=log2—-2£(1—l+x2de
= log2~2[x—tan"' x],

=log2-2[1 -tan' 1]
=log2-2+2tan’ |

o
=log2-2+2.—=
og n
b1
=log2-2+—
0g 2
n n-4
. — =—=-2=——
slog P —log 2 2 3
= |0g£__15.___4
2 2
P 24
— = 2
= 2 e
x-4
= P=2?
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Example 4. Apply the definition of a definite integral as the limit
!
of a sum to evaluate Ltn_,,b[-"-nl) A
n
Solution :

Let P

I
e
B
+
L]
T
=i.:i.
M
S

[
e
2
4
]
—
»
b
5
~
NS

log P

I
[y
£
i
B
|

L—
[=]

Li =]
= |
+
o
Li =]

E RS
+
=3
[1=]

3|
+
+
S
[ ]

3>

| S

I
c
e
¢
B
| —
-
=3
oS
I~

EXERCISE 10.4
Find the limit when n — oo of the series :

1 1 1 1
1. + + +t—
n+l n+2 n+3 2n

2 1 4 9 16 n’
. —3+—3+—]+—]+...+—3

o on o n
3 n_,.n _,o..n
) (1'1+l)z (n+2)2 (n+r‘.’)z
o n n n
+ 3
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10.

1.

12.

13.

14.

15.

I? 2? n
+ ot
P+nd 2244 n o+
- -
Wi (ne3ft (ne6)t T [n+3(n-1)]?
Lsec’i-kisec’ -4—+15ec’£—+ +-l-s.‘=.'c2—j'Ei
n?. 2 2 "2 2 n‘: b n "2
1 [sm"t +sin? 2n +sin®* ==+ .. +sin® -1-5]
n n 2n
Evaluate
=1 (n+r
Lt —
e 2'1 ~ =
Evaluate
w1 ]
rzu N
Evaluate
n r!
Lt —_—
n=x ; r‘ + n‘
Evaluate
T 2n In nm %
Lt tan — tan — tan — ... tan —
H”I: 2n 2n  2n 2n]
Evaluate
Y
622
n n n n
Evaluate
TN S (-
P [3Vr +4vn]
Evaluate

e[ 2 o o

117



118

13.

15.

ANSWERS
EXERCISE 104

2.

10.

12.

14.

Wl— pla wi—

(2k)!

[2 (&)

Integral Calculus
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Reduction Formulae

11.1 Definition

A formula which connects an integral with another in which
the integrand is of the same type, but is of lower degree or is
otherwise easier to integrate, is called a Reducrion Formula.

Usually the reduction formula has to be used repeated to arrive
at the integral of the given function. This method of integration is
called Integration by successive reduction.

Reduction formulae are usually obtained by the method of
integration by parts and are useful when the integral cannot be
otherwise immediately obtained.

11.2 Reduction formula for jsin"xn&c where n is a positive
integer
Let I

n

Isin" xdx

= Isin""xsin xdx
| i
Taking sin” - ' as the first function and sin x as the second
function and integrating by parts,
= sin""' x (~cos x)

- I(n—l)sin""xcosx(—cosx)dx

1]

—sin""' xcos x +(n-1) fsin""xcos’xdr

i}

-sin" ' xcosx +(n-1)

J-sin"' ?x(1-sin? x) dx
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= —sin" 'xcosx +(n-1) Isin"'zxdx
~-(n-1) Isin’ xdx

= (1+ ﬁ) Isin" xdx

= —sin"'xcosx +(n-1) Jsin""xdx

= n Jsin“xdx

-sin""'xcosx +(n-1) Isin”"xa!t

. sin"'xcosx m-1¢. ..,

= Is:n xdx = - + Ism x dx
n n

This is the required reduction formula.

11.3 Reduction formula for Icos“xdx where n is a positive
integer

Let I = jcos" x dx

= Icos""xcosxd&t
I If
Taking cos"~' x as the first function and cos x as the second

function and integrating by parts,
n-1

= cos"" x-sin x
- f(n—l)cos""x-{—sin x)-sin x -dx

cos" ' -sinx +(n-1) ,lltos”"2 x-sin’ x dx
cos" ' x-sinx+(n-1)
_rcas"'z:t:-(l—r.:q:is2 x) dx

= cos" 'x-sinx+(n-1)
_[cos""’xdx -(n-1) jcos"xdx

= (1+;j) Icos"xdx

= cos" 'xsinx+(n-1) Icos""xdx
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1l

= n |cos" xdx cos"'lxsinx+(n—l)jcos"‘lxdx

n-1

cos” " xsinx

= jcos" xdx + n_;l _[cos"‘z x dx

n
This is the required reduction formula.

11.4 Walli’s Formula
If n is a +ve integer then I?sin"xdx: I:/’cos"xdx has the

value

—————-3 if n is odd
n n-2 n-4 3

n-1 n-3 n-5 31 .. .
———— ——.— if nis even
n n-2 n-4 42 2
Proof
Let I = L%sin"xdx
BT
=jsm—xdt _[f(x}dx
= [[f(a-x)ax
= I:/’ cos” x dx
n-1 H ‘yé -
=[cos xsme Wh lf/’cos"‘lxdx
n o n
| using art. 11.2
-1
= 1"=”Ti,,_1 (1)
Replacing n by n — 2, we get
n-3
[ _=—=1 ()

n-2 n_z -4

Putting the value of / _, from (2) in (1), we get

] =—"

n n n-2

L. ..(3)
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Replace n by n - 4 in (1), we get
n->5
= m!’.-s - (4)

Putting the value of I, _, from (4) in (3), we get

Proceeding in this manner, we see that two cases arise :
Case I. When n is odd, then

n-1 n-3 n-5 2
} =— —
" n n-2 n-4 3
_ [P
Now 1 = L sin x dx
= (- cos x)?
I = n—I'n—3'n—5 3
" n n-2 n-4""3
Case II. When n is even, then
,_n=ln=3n-s 1,
" n n-2n-4""2"7°
Now I, = J-:ésinc'xdx
=
-
2
_n—l'n-—S'n—S _I_E
" n n-2 n-4 2 2

11.5 Reduction formula for Itan'xdx where n is a positive
integer
| Let I,= [tan"xdx
= Itan"’xtan’xdr
! - Imn"zx(sec’x—-l)dx
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= Itan"‘zxsec’xdx— Ilan""xdx

Put tanx =t
ssect x dx =dt
= jr“"dr - Itan""xdx
= :_-Il - Ilan"‘zxdx
= jtan'xd.t = m:':;x—_[tan""xdx

This is the required reduction formula.
11.6 Reduction formula for Icot'xdx where n is a positive
integer
Let I = Icol"x dx
= Icot""x-cotzxdx
= [eot"? x (cosec’x —1) dx
= Icol""x cosec’x dx — Icot“"’ xdx
Put cotx =¢
— cosec® x dx =dt
- fr""dt - Icol"" x dx
mn=1

= _n-l_ Icot"'zxdx

cot" ' x -
— |cot" * x dx

I

:Icu("xdt 1

This is the required reduction formula.
11.7 Reduction formula for Isec'xdx where n is a positive
integer

Let Isec" xdx

—
Il

Isoc"" x - sec® x dx
I I1
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Taking sec” ~?x as the first finction and sec? x as the second
function and integrating by parts,

=sec" *x-tanx
~ f(n-2) sec™* x-sec x tan x - tan x d

sec”" *xtan x - (n-2) Isec"’xtanzxa'x

sec” *x tan x - (n - 2)
Isec"dx+(n—2)jsec“‘1xdx

= (]+n—2)jsec"xdx
=sec“’x(anx+(n—2)lsec"2xdx

= (n—l)j-sec"xdx

sec" *xtan x +(n—2) Isec""xdx

sec" *xtan x

:jsec"xdx +:::: Isec"“xdx

n-1
This is the required reduction formula.

11.8 Reduction formula for Icosec'x dx where n is a positive

integer
Let I

Icosec"x dx

Icosec” “?x-cosec’x dx
1 Il
Taking cosec” -2 x as the first function and cosec? x as the
second function and integrating by parts,

= cosec” *x+(-cot x)
- _[(n - 2) cosec” ’x - {-cosec x cot x} - (~cot x) dx
= —cosec” *xcot x - (n-2) Icusec" “*x cot® x dx

~cosec” *x cot x - (n - 2)

Icosec" “2x (cosec’x — 1) dx
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= —cosec” *xcot x—(n-2) _[cosec"x dx
+(n-2) fmsec”' xdx
= (1+n-2) jccsec"xdx
= —cosec” *xcot x +(n-2) Icosec”"x dx
= (n-1) Icosec"x dx
= —cosec” *x cot x +(n-2) Icusec"' *xdx
= jcosec"xdx

n=-2
cosec” ‘xcotx n-2 .
- + _[cosec" Ty dx
n-1 n-1

This is the required reduction formula.
ILLUSTRATIVE EXAMPLES

Example 1. Evaluate Isin"xdx.
Solution : We know that

o=l

Isin”xa‘.t - Sm xeosy J“"‘:"”+—M_l jsin"‘zxdx
n n
Put n = 6, 4, 2 in succession, we get
-]
_[sin"xa& _ _Sinxcosx 5 Isin‘xdx
6 6
-3
Isin‘xdx _ _Simxcosx 3 Isin’xdx
4 4
Isinzxdr o _Sinxcosx 1 J'sin"xdx
2 2
_ _5inxcosx+l_x
2 2
Hence,
=5
sin"xcosx 5
inxdx = ——————=+= |sin"xdx
Ism x e GI

.5 .3
_ _sin x6cosx +%[_ sin x4cosx +% Isin’xdx]
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5
=_Mﬁisin’xcosx+éjsin’xdx
6 24 8
sinxcosx 5 5[ sin x cos x x]
= - - sin’xcosx + —_— =
5 24 2 2
sinxcosx § 5 5x
= ————— ——sin’ xcos x - — sin x cos x + =
6 24 16 16

Example 2. Evaluate foos“xabc.

Solution : We know that

=1 H —-
Icos"xdx _ cos x5|nx+n chos""xdx
6 n
Put n = 6, 4, 2 in succession, we get
Icos‘xdr = E.% 5 Icos x dx
Icos‘xdfr = E—-’;—s"-'—x 3 Icos xdx
2 _Cosxsinx | o
Icos xdx = ———-2 +2 Icos xdx
_ cosxsinx 1
B 2 2
Hence,
Icos"xd.’x = M 3 Icos xdx
6
5 .
_ cos xsinx E[cos xsmx_'_g.{mzxd_t]
6 6 4 4
5 .
- o5 xsinx Jcsmx+iu:os.’.v:simr+§ fcos’xdx
6 24 8
cos’ xsinx 5 ., .
= ————— +—cos’xsinx
6 24

p fad

S[msxsinx x]
o ==
2 2
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Example 3. Evaluate _[:(a2 +x

Solution :

1= j:(az « x’)% dx

6

127

_cos’xsinx 5

+-—cos’ xsin x

24
5 .5
+—cCcoOsxsinx+—Xx
16 16

Z)de

Put x=gtan 6
dx = a sec* 8 d0

= L%(a’ +a* tan’ B)% -asec’0dO

o

o

o

o

22
3

242
| 3

g
22
| 3

[ 242
N
242

| 3

a® I%sec? 040
0

_ [(sec Otan 6
—a ————

=a{&+q%
3 6

6

12

12
5J_

12

%
) [ H sec? ede]
X sec’BdB]

5 {[
+_

6

+%{&+2 L%sec’GdGH
-g_\/__% 5\/— SIV ’BdB]

}I
+.5_‘/_5.+ 2{(_secetan 9) ) +-;- I:‘sechBH
[1]

sec’ 0 + tan 0

%
] +3 I%sec’ 0 a'GH
4 o 4%

8 2

ﬂ+§{ﬁ !

8

= *3 {log (sec 8 + tan e)}:‘ H

—— -S—J:- %log(ﬁﬂ)]

16
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o[32v2 2042 1542 5
+ + 28 (\EH)]

=a +—log
| 48 48 16
=d° 32J5+22f+15ﬁ+%10g(ﬁ+1)]

o

=a ~61f+%log(ﬁ+l):|

%[67\5 +15 log(\/i + l)]

Example 4. Evaluate I a9 .
- 49
sin’ —
2
Solution :
1 do 6 _
I= j'sm‘9 Pt =t
2 = do = 2dt
dt
= 2
Isin“r

2 stec‘ tdr

*teott 2
o ot 2 o]

3

I

~3coseczrco(:—%colr

.- % cot 1 [ cosec’t + 2]

I

_2 cot 8 |:oz:osec:’l L + 2]
3 2 2

Example 5. Evaluate L% tan® 0 do.
Solution :
I= L%tansﬂdﬁ
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PFRNA
_ (o8 -j’"tan’ede
4 )y b

1]

-L%tan’(-)dﬁ
PR

|| E2 - Panedo
N2 S

- %— (log sec 9)?‘]

L %—Iog'ﬁ]

~%+Iogﬁ

1o
-—+—log2
2778

1

Example 6. Evaluate Icut‘xdx.

Solution :
I= jcot‘x dx

cot’ x

= - T Icot’ xdx
cot’ x

= - 5 I(coseczx—l)aﬁr
cot’

= - 3 X ~(-cot x - x)
cot’ x

= - +cotx+x

Example 7. If ¢ (n) = ju% tan” x dx, show that ¢ (n) + @ (n — 2)

1
= F and deduce the value of ¢ (5).
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Solution :

o(n) = [ tan" x dx

1
=2, tQ, = 7 Proved

Now  ¢(5)

- % + (log sec x)z:

—%+Iog\/§

11
-—+=—log2
4 20g

Example 8. Show that K‘ cos’ 4x dx =%.

Solution :
I= j'o%cos’dxdx Put 4x =1
4dx = dt
%, df dt
= cos’ f — = —
-L 4 & 4

l_[%cos’:dt
4 0



Reduction Formulae 131

It

Using Walli’s formula

W

[N C e - P

Example 9. Evalute j:n X (2a- x)_y; dx.

Solution :
I= I:ﬂx% (2a-x)* dx

Put x =2asin* @
: dx = 4a sin 6 cos 0 db

= _{:4(20)% sin’ 0 (2a - 2a sin? B]% -4a sin 6 cos © 40

I:é(2a)% -sin?0-(2a)™* cos™ 8- 4a sin 6 cos 0 40

4 })2{ . 10
(2a) -4a-jn sin'’ 0 40

= 64 5%%%%%% Using Walli’s formula
_ 63nd’
8

Example 10. If / = I:(az—x’)"dx, and n > 0, prove that

_ 2na’
" 2+l "V
Solution : We have
I = j:(a'2 -x*) ax Put x =asin @

o dx =acos 0 db
= ‘L%(az ~a*5in*0)’ (a cos 0) dO

_ aZuHI:/!cﬁsInrledB

ma o a V2
=a,,ﬂ.{[cos Bsmﬂ) N 2n Kécosz“"(-)dﬁjl

2n+1 2n+1
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13.
15.

17.

19.

21.

23.

25.

27.

29.

31.

W

Integrate :
sin® x 2.
sin® x 4,
sin® x 6.
cos® x 8.
cos® x 10.
tan’ x 12.
tan® x 14.
cos® x 16.
J‘:{' sec’ x dx 18.
‘2
sin® x
jms, —dx 20.
L’é sin® x dx 22.
I:ésin’ 0do 24.
[P2cos*0.d0 26.
K{'sin‘ 040 28.
L% cos® 20 d@ 30.
[sin"2 a6 3.
¢ 2

2n

Integral Calculus

'
= =g o”'cos"'" 640

2n+1
2 f

2n+1 °
2na’

2n+1

n=1

a:n—l I%coslu-] B dB]

EXERCISE 11.1

sin® x
sin® x
cos® x
cost x
cos’ x
tan* x
cot’ x
cosec’ x

f(1+x)" de

IV: sin® x dx

I:ésinwx dx

j:/’sin" 6 do

Kécos"e do

J‘o’{‘sin‘ 20 d0

L%zsin’ 66 do
dx

L (l + x’)‘
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33.

3s.

37.

39.

10.

GL % .4 2

Io (a’ +x,)4 34. L sin .tc:s x dx
’ s Y4

Ic:xﬂ(l—xz)}’zdx 36. j:[;:_xJ dx

r—f dx I e }édx
*Ja' -x S [m]
L% sin® x dx 40, _[:‘—J:?n—-_?

ANSWERS
EXERCISE 11.1

J—x—lsin2x 2 lcosBx—zcosx
4 12 4
1., 7{ 1. 5 .,
——sin’ xcos x +— {——sin’ x cos x - — sin’ x cos x
8 81 6 24
5 . Sx}
——sinxcosx+-—
16 16
., 3. 3
——sin’ xcos x - > sin xcos x + = x
4 8 8
] . 4 4 L §
~—sin*x cos x - — (sin® x + 2) cos x
5 15
I .
lJc+—su'|2x
2 4
3. 1 .
—sin x +—sin 3x
4 12
1 3 . 3 s
e xsmx+§(cosxsm x+x)

I 4 L. 8 .
—cos” x sin x + — cos xsnnx+Bsmx

. L33 s 1.5
sin x —sin x+gsm x—;sm X

OR
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| P 6 cos* x sin x 4{cos’xsinx y }
~—cos® xsinx +— = +=sin x
7 7 5 5 3 3

11. %tan"’xnugcosx
12. %tan’x—(tanx—x)
I 4 l 2
13. a—tan x——z—tan x —log cos x

IR :
14. —Zcot x+5cot x+ logsinx

cot® x cot’ x
15. =1 +cotx+x
1% _cosecxcotx+lln tanf
: 2 7 etany

17. %[wﬁﬂog(nﬁ)]
18. %x(l+x2)% +%¥(]+x2)}5 +%Iog(x+\/l+_x’)

19, %[sec x tan x - log (sec x + tan x)]

5n 35n
20. 2 21. 2%
63n 16
22. m 23. 33‘
{15 3n
2% sersaf B
2. — 27 1[2-2]
© 315 "8\ 4
3n m
28. 2 29, 3
4 32
30. 3. —=

45 35
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5n 5n
2 5 3. 5
34 = 35, %
) " 256
9 Ina'
= 37.
36. 3 16
T 2 [2n =
38. a’(——-) 39. =
43 o (2'1n)" 2
n-a"{1.35...(2n-1
40, { (2n-1)}

246...2n
1.9 Reduction formula for [sin™x cos"x dx
This integral may be connected with any one of the fol lowing :
0] Isin"‘ *xcos"xdx
(ii) [sin"x cos""? x dx
(iii) fsin"* x cos” x dx
(iv) Isin" xcos" ? x dx
) Isin“'zxms'*zxdx
(vi) _I'sin"”2 xcos" *xdx

Proofs
Let I.= Isin"'xcos"xdt - ()

_ ¢sin"'x cos”xsinx
A 7
Taking sin"-' x as the first function and cos” x sin x as the
second function and integrating by parts,

I cos"*' x
=sin" x| -
n+1

dx

m+l

- I(M—l)-sin“'zx-cogx.[“. “fﬂx]dx
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=

(m+n+2)1,.2,

Integral Calculus
sin" 'xcos"'x m-1
n+1 n+l
jsin"‘"xcos"'zxdx - (2)
B sin"'xcos"'x m-1
n+l n+l
Isin""xcos"x[l—sinzx}dr
B sin" 'xcos"'x m-1
n+l n+l
. m=1r.n n
Ism" 2 xcos" x dx — J'sm x cos” x dx
n+l
m-—1
= I,q1+
n+l
B sin” 'xcos"'x m-1
n+l n+l "
m+n
= I,
Tla+l
sin® 'xcos"'x m-—1
n+l n+l "M
! sin""xcos”'x+m—l 3
= = - - .
. m+n m+n "
Writing m + 2 for m in (3), we get
; ~sin"t'xcos"'x  m+]
™2 m+n+2 m+n+2 ™"

=—sinm*'xcos " 'x+(m+ I
= (m+ 1)1,
=sip"*'xcos " 'x+(m+rn+2) 1 .,

Dividing by (m + 1), we get

sin“"xcos“*'x+m+n+2

Im.n =

m+1

(@)

meln

m+1
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(2), (3) and (4) above give the required connections.
Again,

—~
]

Isin"‘ x cos" x dx
~ Isin" xcosx cos” 'x
i 1
Taking cos”~ ' x as the first function, sin” x cos x as the second
function and integrating by parts,

dx

rom]

- sin X
" II'

= COs
m+1 |
- . sin™*' x
—I(n—l)cos *x-(-sinx) - ——a
m+1
_sin""'xcos"'x
m+1
n-1r¢. -
$— Ism’”:xcos” 2xdx . ()
m +l

5in‘”'xoos""x+ n-1

m+1 m+1

jsin" xcos" ? x {1 —cos? x} dx

sin"*'xcos" 'x n-1 ¢, _
= + Ism"xcos" xdx
m+1 m+1

n-1
m+1

J'sin“I x cos" x dx

= I,-= Tl . (6)
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Writing n + 2 for n in (6), we get
sin"*'xcos"*' x n+l

! = + m on

mone? m+n+2 m+n+2 "

n+l
m+n+2 ™"
sin"*'xcos"*'x

= !ﬂ nel
m+n+2 '
sin"*'xcos"'x m4+n+2
=- + I
= 1. il mal mmer @)
(5), (6) and (7) give the required connections.
Alternative Method

To connect Isin" x cos” xdx with any one of the six integrals
given below :

@) [sin""*x cos" xdx
(ii) [sin™x cos""* xdx
(ifi) [sin"*?x cos” xdx
@iv) Isin"'xcos”zxdx
w) Isin""zxcos"”xdr
(vi) J'sin'”zxcos""xdx

We follow the following steps :

Step I. Take P = sin** 'x cos** ' x where A is smaller of the
two indices of sin x and p is smaller of the two indices of cos x in
the two integrals which are to be connected.

Step II. Find ap and express it as a linear function of the two

integrands whose integrals are being connected.

Step 1II. Integrate both sides w:rt. x, transpose and solve for
the given integral.
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ILLUSTRATIVE EXAMPLES

E!ample 1. Connecl Isinm xcos"x dx with Isinn-Z x cosu+1x‘b_ .

Solution :
Let P =sint"-2+1 x cos M* 1 x
= P=sin"'xcos"*'x
dpr
™ =(m-1)sin""?xcosx-cos"*'x
+sin"- ' x - (n+ 1) cos” x (- sin x)

=(m—1)sin"-?xcos"*2x— (n+ 1) sin"x cos" x

Integate both sides w.rt. x, we get
P=(m-1) Isin""xcos””xdx—(nﬂ)
Isin"xcos"xdx

= (n+1) Isin'st"xdx

=-P+(m-1) Isin"'"xcos"*’xdx
= (n+l) Isin"'xcos"xdx

= —sin" ' xcos"* ' x + (m-1) _[sin"’xcos""xdr
= Isin"xcos"xdx

sin"'xcos"'x m-—-1 . _
+ jsm" 2xcos"* ? x dx
n+l n+l

n‘x

si
Example 2. Evaluate Icoszx

dx,

Solution : We shall connect Isin‘xcos'zxdx with Isin"xdx

Let P =sin’ x cos™' x

dP 12 H™ ] 2 H
E;=3 sin® x + sin’ x cos™? x sin x
=3 sin’ x + sin* x cos 2 x
Integrate both sides w.rt. x, we get

P=3 j'sinzxdir+ Isin‘xcos"’xdx
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= jsin‘xcos"xdx
= P-3 [sin*xdx
3
stm X g = sin"x 3 Izsin’xdx
cos’x cos x
sin’ x 3
= l Coszx (t
cos X 2-[( )
sin x_z(x_sian)
~ cosx 2 2
sin’x 3

3
+—=sinxcosx——x
cos x 2

EXERCISE 11.2

Integral Calculus

1. Connect Isin" x cos” x dx with each of the following :

@) Isin""xcos" x dx

(iii) [sin'"‘xcos'xdx

) Isin‘” ?xcos" *xdx

2. Evaluate [sin®x cos* xdx

3. Evaluate Isin‘xcos’xdx

4. Evaluate jsin’ x cos® x dx

5. Evaluate Lﬂ sin’® x cos® x dx

ANSWERS
EXERCISE 11.2

. () _[sin"' xcos" x dx

s w1 n+l
xcos""'x m-1 ¢,
sin jsm

m+n m+n

(ii) Isin"‘ xcos” x dx

sin

.uul -1

s''x n-1 .
X co + jsm
m+n m+n

(ii) fsin' xcos" 2 xdx

(iv) [sin" x cos™** x ax
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(iii) Isin"' x cos” x dx
= m+l n+l
sin” " x cos x m+n+2
= J'sm xcos" x dx
m+1 m+1
(iv) Isin"' xcos" x dx
sin"*'xcos"'x m+n+2 . .
= - + Jsm"'xcos" xdx
n+l n+l
) Isin"‘ xcos" x dx
sin"*'xcos" ' x

5.

= _[sm xcos" *xdx
m+l

m+1

1 s 3 3 ] « 3 l - x
. —sin’ x cos’ x +—sin’ x cos x ~ - sin x €os X + —
6 8 16 16

1. 3 3 1 . 3 1. X
——SIN" XCOS5 X——SINXCOS X+ —5INXCOS X+ —
6 8 6 16

I( , 1 4 5 L 5 ) . 5x
—|—CO8" X+—CO5 X+—COS X+—COSX |[SInX+—
8 6 16 1

24
1287142
1680
11.10 To show that
melfn+l
I:ésin"xcos"xdr=—2 32

[
3
+

(SAE

where m and »n are integers.

Proof

Case I. When n = 0. Then
L"usin" x cos" x dx

= J':ésin" xdx

m

Il

m-1 Iysm " xdx

[_sin”"xcosx:l:/ —IJ-Ysm -2y iy
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Now two cases arise
Case (i) When m is even. Then

Integral Calculus

m-1 m-3 m-5 1 % . o
= . —_— - dx
m m-2 m-4 2-Ll s x
_m—l_m—J_m—S 1'3
T m m-2 m-4"" 2 2
m-1 m-3 m-5 1 IT
={ 2 2 2 T2 24?:
{E.'"_‘Z.E‘_“ _____ z.r,}z
2 2 2 2
.ravrr+l‘/1—r
L2 L
m+2 2
2 2
P+l = plpvp
=1
m+1(0+1
2‘m+0+2
2
m+lin+l
=2 l2 where n = 0
m+n+2
2|___
2
Case (ii) When m is odd. Then
_ m—].m—3_m—5“m2_ fésinxdx
m m-2 m—-4 3
_m-1 m-—3_m—5 3-1
T m m-2 m-4""3
m-1 m-3 m-5 2
RN I
-2 2 2 2(
m m-2 m-4 §.1|1.2
2 2 2 2 212
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= whenn =0
m+n+2
2f__
2

Case- II. When m = 0. Then exactly as case I,

L%sin" xcos” x dx
- %cos"xdx
n+1[0+1
L2 l2

= L2 when m = 0
‘m +n+2
2=
Case IIl. When m and n both are even positive integers. Then
letm=2p,n=2q;p,q €1

L% sin™ x cos” x dx

= Ly’ sin®” x cos™ x dx

s 2p+l 24-1 % —
_ | sin" xcos 4 2g-1 I%sin"‘xcos""zxdx
2p+2q 2p+2q 7
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29-1 J%sin"' x cos™ ? xdx
2p+2q %0

_ (29 -1)(2¢-3)....3.1
" (2p+29)(2p+29-2)....2p+2)
j%sinz"xdx

(]

(29-1)(2¢-3)....3.1
(2p+29)(2p+29-2)....(2p+2)
(2p-1)(2p=3)-.3-1 1
2p(2p-2)...42 2

2g+1[2p+1

1L 2 |
2 2p+2g+2

]

| o

m+1|n+

2

m+n+2

2

Nl

8]

Case 1V. When m is odd and n is an even integer.
Letm=2p+1,n=2q;p,q €1

I% sin™ x cos” x dx

U]

= Iu%sinz’ *'xcos™ xdx
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sin*’*?xcos® ' x %
- 2p+1+2g

O]

_29-1 I%sin’”"xcos"‘zxdr
2p+1+2q P
_ 2g-1 ) I%sinzpnstzq-zxdr
2p+2g+1
2g-1 2g-3 3 1

B 2p+2q+l'2p+2q—l'

2p+5 '2p+3
L%sinz’”'xdx

_ 29-1  _29-3 3 1
T |2p+2g9+1 2p+29-1 2p+5 2p+3
o 22 42)

2p+1 2p-1 775 3
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Case V. When m is even and » is an odd integer.
Proceed exactly as in case IV.
Case VI. When m and n both are odd positive integers.
Letm=2p+1,n=2g+1
_L’ésin"xcos"xdx

= ju%sin”'"xcos"‘"xdx

sin®*? x cos™ x |2

T 2p+1+2g+1

+ 2q I% 2p+l
2p+2g+2 %

R j%sin"’"xcos“"xdt

2p+2q+2 0
_ 2g 29-2  29-4
T 2p+2g+2 2p+29 2p+2g-2

2 .
..... —_— _L%smz"’" X cos x dx

sin*”*' x cos™ ' x dx

2p+4
_ 2g 29-2 2 sin®*? x %
T 2p+2g+2 2p+2q  2p+4 \ 2p+2 )
2q 29-2 2 1

2p+29+2 2p+2q " 2p+4 2p+2

Fgézz _____ ghp@-g@_g ..... 1)

2 2

2{2p+:q+2_2.0;‘2q _____ 2P2+4}(P+|)[p(p—l](p"2)“...l}

_{a(a=D-}{p(p-1)..1)
2{(p+a+1)(p+q)-.1}

3 Iq-+—1|p+l
- 2|p+q+2
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n+llm+1
1212 Proved
m+n+2
2'___
2
ILLUSTRATIVE EXAMPLES

Example 1. Evaluate L% cos® 30sin® 60 40

Solution :
I= L%cos" 30sin’68460  Put 38 =¢

so that 340 =dr
dt

= = —
" 3
= ["cos* 30 (25in 30 cos 30)’ d6
=4 L%sin" 30 cos* 30 40

-4 Ixsinz:cot“fdr
3 o

4J2E1[8+1 2|§g

105 7 _ In
3-16x120 3.128 384
3n
o5

Example 2. Prove that L' xh (1- x)% dx =

Solution :
I= _[:x%(l—x)%dx Put x =sin? @
. dx =2sin0cos 0 dd

= L%sin’ﬂcos’e-ZsinecosBdB
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2 L’ésiﬂ4 0 cos' 040

o[t
2 | 2

44442

(]

5
31 31
_2 I
4-3.2.1
LS
" 12

Example 3. Evaluate I:' 2 (2ax - x)* d.
Solution :

I= I:nx’ (Zax—xz)%dx
= :'x% (2a-xY?dx

Put x =2asin*0
dx =4a sin 0 cos 0 49

- J’o’é(za}% sin® 8 (2a)2 cos’ 8 - 4a sin © cos 6 dO

- (20)° -4a I:ésin'" 0 cos' 0 40

97531 31
—_—.e— — s = — oo e s
=1230722222‘F22‘E
7-6:5:4-3.2.1
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11.

13.

15.

17.

19.

21.

23.

25,

EXERCISE 11.3

Evaluate :

I:ésin‘ﬂcoszedﬁ 2. I:ésinzecos‘ede
I:ésins 6 cos’ 6 d0 4. L%sin‘ 6 cos* 0 d6
[sin* 6 cos* 6 do 6. [/sin*6cos 8o
L}ésin3 0 cos’ 0 do 8. J'ﬂ%sin2 x (1+cos x)’ dx
j':sin‘ x(1+cos x)’ dx 10. _L%cos" 3psin’6pdo
L% sin” (2x) dx 12. J:/’ sin® x dx
[l (1-x)" & 14, [2(-2)
L:x‘(l—xz)%dx 16. I;x%,ﬂl—xdx
J:xz(ax—xz)}gdx 18. I:x‘ a® —x* dx

a x‘ = x‘d‘

dx

ju at — x* 20. Iﬂ (az + xz)

a x‘dx 2 3

u(az+x2)4 22, , * 2ax — x* dx
I:" x%(2a - x) 7 dx 24. I x’ (2ax - x* )% dx
I:‘cos’ 4x dx

ANSWERS
EXERCISE 11.3

I ) =~
32 32

149
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8 8
3 105 35
8 8
5. 3 6. 1287
1 7
7. I} 8. 3
In 5n
9. 6 10. 192
n_+l
LN o Tl 2mo3 31w
© 4 &2 * 2n 2n-2 4 2 2
T 2 5n
13. 2 14. 256
3n n
15. 512 16. 6
5na’ na®
17. 128 18. 3
Ina' n
19. 16 20. 2a
1({n 1)1 Tna
2 E(z‘s)a—s 2. 73
2. Era w (22-2)s
8 " \32 35
1

11.11 Reduction formula for jx'sin mx dx
I = Ix" sin mx dx
11

Taking x" as the first function and sin mx as the second function
and integrating by parts,
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(). o ()

-x"cosmx n -
_—_ T _[x" ' cos mx dx
I il

Again taking x*-! as the first function and cos mx as the second
function and integrating by parts,

I

m

—x"cosmx n| ,_, sinmx

m m m

I(n-l) 2 smmxdx]
- x"cos mx

nooa .
=—-—+—1'I s5In mx
m m

—%I}:"zsinmxdx

This is the required reduction formula.

11.12 Reduction formula for Ix"cos mx dx

Proceeding exactly as in art. 11.11, we can get the required
reduction formula as follows :
x"sinmx nx""'cos mx

Ix"cosmxdx: + >
m m

"("_I) Ix" cos mx dx

11.13  Reduction formula for [xsin”x dx
I= Ix sin” x dx
j-(x sin”""" x)sm_x
1 n
= xsin"'x(~cos x) - I{sin"" x

+x+(n=1)sin""?x-cos x](—wsx)dx



152 Integral Calculus

—-xsin" 'xcosx+ jsin""xcosxcix

+(n—l)Ixsin""xcos‘xdx

Sl
- sin” x
~xsin""" x cos x + +(n-1)
n

[xsin"?x-(1-sin® x) dx

. sin” x
= —xsin" ' x cos x + +(n-1)
n

jxsin"'*xdx~(n—l) Ixsin"xdx

= (l+u—l)_[xsin"xdx
< et sin” x
= —xsin""'xcosx+

+(n-1) I.tsin”"xdr

n

= Ix sin" x dx

» p-1 .. n
—xsin" "xcosx sin"x n-| -
= +— Ixsm“ xdx
n n n

This is the required reduction formula.

11.14 Reduction formula for Ix cos"x dx

Proceeding exactly as in art. 11.13, we can get the required
reduction formula as follows :

Ixcos"xdx: xcos" ' xsinx . cos:x e 1 II cos" 2 x dx
n _ n n
ILLUSTRATIVE EXAMPLES

Example 1. If 4, = L%x" sin mx dx, then prove that

T TG R

L] 2 2 mn

m
where m is of the form 4r + 1.
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Solution :
We know that
_ x"cosmx _nx""'sin mx

Ix"sinrmcdt: + 3
m m

—% Ix"" sin mx dx
= I%x"sinmxd.‘x

[—x”cosmx]% [m""sinm]ﬂ%
+ 2
m o m

nin-1 2 _n-2
- (mz )onx

i

sin mx dx

(ft]’ 1 ( '.'t] (n)"l I . mmn
= u,==|=| —cos|m—|+n|=| —5sin—
" 2/ m 2 2 m 2

Now, cos %E = cos {(4:' H);}

and sin == = sin {(4:- +1) E]
2 2
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Example 2. If u_ Iyesm 6d6 and n > 1, then prove that
1 n-1

u, =—3 +—u,_,
n n
149
H deduce that u, =——
ence deduce ug 2%
Solution :
We know that

san=} s
Iesin“edﬂ _ _Bsm Bcos9+sm26
n n

+"—"jesin"-=ede
n

L’éasin'ﬁde _ (—Bsin""Bc.i:is&}‘]%.*[sin"B)?é

2
n 0 n 0

+21 I%BSin"“‘GdB
n 0

Proved

u,.2

= —+=Uu
s 25 5°

1 4[1 2]
= — +
25 519 3

1 4 8
= —+—+—y,
25 45 15

—L+—+—-Iy05|n8d9
25 45 I

L fo(-cos))?

AR
- L%l-(—cose)de]
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A B rnel®
= 25+45+]5[51n9L

| 4 8
= —t—+—
25 45 15
94204120
225
19
T 225
EXERCISE 11.4
Evaluate :
1. fx’ sin 2x dx 2. [x*cos 2xdx
3 ;xsinzxdt 4. Ix sin’ x dx
5, Ix cos® x dx 6. _L%x’ sin3x dx

7, L"e sin? @ cos 0 d0

8 Ifu = Kéx" sinxdx, and n > 1, prove that

a-|
utnmn-1u, ,= n(g)
Hence evaluate

I:/’x’ sin x dx
9. IfI = L%x" sin (2p +1) x dx, then prove that

_ -2 n=1
I +%=(_I)ﬂ__”__z[.’l)
(2p+1) (2p+1)"\2

where n and p are positive integers. Hence evaluate

L% x*sin 3x dx

" 2 2 (. 2
10. Prove that L Jai -x* {cos" (-:-)} =19 [.’.:;. + 1)

8
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N

8.

Integral Calculus

ANSWERS
EXERCISE 11.4

(i—lx’)cosb:+-l-xsin 2x

4 2 2

lx’ sin 2x+lx0052x—l$in 2x
2 2 4

lx1 —lxsian—looslx
4" g 8

xsinxcosx 1 ., 2, .

- ——————+—sin’ x+ = (sinx - xcos x)
3 9 3

15=% xsinxoos‘x+%cos’x+41,) = etc.

2 =

27 12

_4

9

o{3)-al3) o

11.15 Reduction formula for je"sin"bxdr

I= je‘“sin"&xdx
Imi

= sin"bx S - Insin"'bx-cosbx-be—dx
a a

e” sin" bx

_nb [(sin"~" bx cos bx) e=dx
a 1 I
_ €e"sin"bx _nb |:sin"'1 bx cos bx e™

a a

a

a

_ j{(n =1)sin""? bx -cos’ bx - b

—sin""bxvsinbx-b}-e—dx]
a
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] 2
=e"’sm bx_@ a g "bxcosbx-&"b
a a B

[{(n—1)sin"~2 bx cos® bx — sin" bx} e dx

2
= E-~~51'—1~—m---”—‘“’e“’sm' lb:u‘.‘a::u:u‘»c+g
a a* a

j{(n ~1)sin"~2 bx (1 - sin? bx) - sin” bx} e“dx

e“sin"bx nb nbz

= ——— ——¢“sin"" 'bstbx+
a a’

I{(n ~1)sin""? bx — (n - 1) sin” bx - sin” bx} e™dx
e“sin"bx nb nb’

= ———— —— e“sin" "' bx cos bx + —-
a a a

[{(n=1)sin""2 bx — nsin” bx} x"dx
e“sin"bx nb

_ 2
= - " sin"" 'bxcosbx+M
a a a

IE sin

132
=> [ ”aije“sin"bxdx

~ e“sin"bx nb

a

— € sin" "' bx cos bx

Ju(n—l)b2

a

Ie sin”~? bx dx

= [u) Ie sin” bx dix
a

ar "
= M—"—fc"sin"'bxcosbx
a a
n(ﬂ—!)bz

je sin"~? bx dx
a
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= Ie"' sin” bx dx
™ sin" "' bx {a sin bx - nb cos bx}
a’ +n'b?
W (n-1)8?
a’ +n’b’
This is the required reduction formula. Similarly,
¢ cos""' bx (a cos bx + nb sin bx)
a* +n’b’?
-1) b
s n(n-1)

at +n'b*

Ie"sin""szdx

Ie"'ms"bxtﬁ =

Ie“' cos" 2 bx dx

11.16 Reduction formula for ]’x'e"sin bx dx
We know that

eﬂ'

@ cinbxde = sin(bx-a
J'e sin = ( )

where o =tan™' (é]
a

jx" (e* sin bx) dx
I 1l
-~

Ja* +b

=x"

sin (bx - @)
_ (nx""'e"sin (bx - a) &
J \fa:'ﬂfa2

x"e”sin (bx - a) n
) Ja@ + b ) N
[x"~'e sin (bx — ) dx
This is the required reduction formula. Similarly,
_[x" (e™ cos bx) dx
x"e™ cos (bx - ) n
B Ja’ +b? B Ja’ +b?

Ix" "e* cos (bx — &) dx



Reduction Formulae 159

ILLUSTRATIVE EXAMPLES

Example 1. Integrating by parts twice, or otherwise, obtain a
reduction formula for

I, = [Te*sin" xax

1]
where m=2 in the form

A+m)l, =mm-1)1 _,

Hence evaluate /,

Solution :
I, = J:e"sin"xdx

[ _

[sin" x(- e“)]: - I:m sin""'xcos x (- e ") dx

' x cos x dx

m L e " sin
11 1

m[{sin"'" xcosx (- e")}:

- I:[(m ~1)sin"* x cos x - cos x
+sin" " x (=sin x)} (=) d.r]

m I:{(m ~1)sin™ 2 x (1 - sin® x) - sin" x} edx

m f:{(m ~1)sin™ % x — (m — 1) sin” x - sin” x} ¢ "dx

il

m I:{(m ~1)sin""* x - msin" x} e "dx

1}

m(m—-1) I:e"sin""zxdx -m’ j':e"sin' x dx
= (1+m?) I:e"'sin’xdx
=m(m-1) I:e"sin"'zxdr

= (l+mz)x'm=m(m—l))’m_2



S L

Putm=4
17 1,

Integrate :
e™cos’x
e sin’x

x%e* sin 4x

Integral Calculus

=121,
12
17

12[2
=127
17[5 “]

24
=g h
24
35 o
24

85

£

e "dx

EXERCISE 11.5

*(x cos x +sin x)

e™ cos' x

x’e*sinx

I:x e " cos 2x dx

ANSWERS
EXERCISE 11.5

le" {L cos (Bx —tan™ 3J+ —3—005 (x —tan™ l}

4 |13 2) 5 2

leml 2 _sin (x - cot™ a)- sin (3:1:--(:0!'I E)
4 1+a at+9 3
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3. L [x’e” sin (4: —tan™' i) - —2-x e sin (4x ~2tan™ i]]
5 3/ 5 3

+£-l-e”sin[4x—3mn"i)
25 5 3

4 Lo {x (cos x +sin x) - cos x}

2
s e cos’ x (acos x + 4sin x) _ 12(a cos x + 2 sin x) cos x &
' a* +16 (a* +16)(a* +4)
24 ¢~

* (az+l6)(az+4)a

6 x’—l-e‘sin(x—EJ—Ee‘sin[x—EJ
2 4 2 2

+6x2 /e sin [x - 3%) -627%¢"sin (x -m)

7.'5

11.17 Reduction formula for Isin"x sin nx dx
I= jsin" x sin nx dx
I |

-2

- Imsin"'xcosx(— msm)dr
n

[}

sin"xcosnx m
n n

sin™"' x cos x) cos nx dx
I I

sin’xcosux+m[sin"'xcosxsinnx

n n
sin nx dx]
n

n

- I{(m ~1) sin™ "2 x cos® x - sin" x}
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sin™ x cos nx Wm sin™~' x cos x sin nx

n n*

- nﬂz [{(m —1) sin™*x (1 - sin® x) - sin" x} sin rx dx

sin™ x cos nx . msin™ ' x cos x sin nx
n n

-ﬁ, I{(M— 1)sin™"* x — m sin" x} sin nx dx
n

sin™ x cos nx . m sin™ ' x cos x sin nx
n n’

2
m . g . m
-=(m-1) Ism" ? x sin nx dx + —
n n

Jsin' x -sin nx dx

2
= (I —m—zJ Isin"xsinnxdx
n

m sin™ ™ x cos x sin nx — n sin™ x cos nx
= 2

n
-1
—mz) Isin"zxsin nx dx
n

= Isin'xsin nx dx
nsin™ x cos nx — m sin™ ' x cos x sin nx
mt-n’

m(m=1) ¢ .. .
+——— |sin"™ ™ x sin nx dx
mz —3 I 1 X Sin nx
This is the required reduction formula. Similarly,
jsin"xcos nx dx

nsin™ x sin nx + m sin™ "' x cos x cos nx
m -n’

mm-=1) ¢
+-—2——-—z—)fsm' ? x cos nx dx
m =n
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11.18 Reduction formula for jcos"x sin nx dx

I= Icos"‘xsin nx dx
| 1l

cos™ x [— cos;nx)
- jm cos™ ' x (1-sin x](—fi—nx) dx

cos™ x cos nx m

n n
jcos""xsin x cos nx dx
Now,
sin (n — 1) x = sin #x cos x — cos nx sin x
= sin x cos nx
=sinnxcos x -sin(n-1)x
_cos"xcosnx _m
n n

[eos™ ™" x{sin nx cos x —sin (n 1) x}dx

cos"xcosnx m .
= I:—————Icos"xsmnxdx
n n

+E Icos"'xsin(n—l)xdx
o fie ) o COSTXCOSE L oot (1) x
= jcos"xsinnxd:
cos'xcosnx+ m
m+n m+n
Ims"‘"xsin(n—l)xdr
This is the required reduction formula.
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Similarly,
!cos"' x cos nx dx
o o5 xsimmx Icos"'"xsin (n—1)xdx
m+n m+n
ILLUSTRATIVE EXAMPLES

Example 1. Prove that

2 3 -
L%cos"xsin mdx=¢{2+2—+%+.m.+ 2—}

2n+l 2 m
Solution :

We know that
L%cos"xsinmxdx

_ _cos"xcosmx %_*_ m

B m+m , m+m

L%cos"'xsin(m—l)xdr
1 1

= I--=E+2!""
Put m - 1 for m,

l l!
m-lm-1 z(m_l) 2 m=-1m=-2

1 1 1 1
I---=5;+5[2(m-|)+5f"’-"*]
L.P;.*l!
2m  2*(m-1) 2¢ "R
L+ ! + ! +l!
2m  2(m-1) 2’(m-2) 2 "7

l Proceeding similarly
L+ 1 + 1
2m  2*(m-1) 2’(m—2)

I B B
Sl
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1 1 1
= —+ +
2m  2*(m-1) 2’(1'1'1—2]+

! ! !
= —+ + .
am 2(m-1) 2(m-2)

+——L+J— _‘%odx
2" 2"

Now Kgodx = [c]zé =c-c=0
1 1 1 |

= —+ + F e b
Lo m 2m  2*(m-1) 2’(m-2) 2" .1
Writing the series in the reverse order
1 1 1 1

= + + F rene +—
2.1 2"t.2 M3 2m
l zﬂil 2!001 2~+| 2ﬂ+I
= Tl - + Y + P + e t
2 2.1 2.2 2"*.3 2m
1 |2 22 2 i
== —+—+—+.... + —
2 1 2 3 m
Example 2. Prove that '
I%cos”xcosnxa‘x=il
o 2!|+

Solution :
L, = I:/zws“ X cos hx dx

(cos"xsin MJ% L

n+n

1,

a-l,n-1

n+n

Il
| —
by

k-1
1
=
L

| —
—

n-2n-1

| = D=~
~ ol

nw-1n-2

|
(]
~a
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Proceeding in this manner

oy

—2-;’ H=nn=-n

2_. o0

1
=2—,j0’1m
1

!
S

n
2a+|

75 n-2 H — 1 . .
Example 3. Prove that ID cos xsmnxdx—;—], n being an

integer greater than unity,
Solution :

% 2 .
| = Iozcos" 2 x sin nx dx

= K/‘cos"" xsin{(n—1)x+x}dx

= j:écos"" x {sin (n-1) x cos x

+cos (n—1) xsin x} dx

I:écos"' xsin (n-1) x dx
I Il
}é n=2 A
+ L cos""* x cos (n — 1) x sin x dx
Integrating the first integral only by parts
%
_ {Cost_oos(n—l)x} ?

n-1 0

_ L}é(n—l) 0™ x (- sin x)- {_ cos (n - ])x}d:

n-1

+ L%cos"" x cos (n—1) x sin x dx
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1
n-1

L%cos"'z x cos (n—1) x sin x dx

i _L%cos""zxcos(n—l)xsinxdx

1
“n-1
EXERCISE 11.6
1. Prove that
1 m

r;cos"‘xsinnxdx= +
° m+n m+n

Kécos"“ x-sin(n—1)xdx

Hence evaluate

J-oyzt:crss xsin 3x dx

2. 0f1,,= L% cos™ x cos nx dx, then prove that
m(m-1)

= 2 2
fadel m —n

m-2.n
3. If f(m,n)= L% cos” x cos nx dx, then prove that

m m
m, n) = — -Ln+l)=—— m-1l,n-1
flmmy = ——f(m=-Ln+1)=—— f( )
4. Prove that ‘
m(m=1) = .., .
_‘T:;TLS'“ * x sin nx dx

L] - -
I sin™ x sin rx dx =
0 m

ANSWERS
EXERCISE 11.6

| =
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1119 Reduction formula for [x"(a+bx")" dx

The integral _[x" (a+bx")" dx can be connected with any one
of the following six integrals :

@) fx""(a+bx") dx
(i) [x"*"(a+bx") ax
i) [x" (a+bx")""dx
) o (a+bx)"ax
W [x""(a+bx") "ax
o) [ (a+ )

Proofs
I= j‘x"(a+bx")p - (1)
= Ix"""{[a+bx“)’-x”"]¢r
[ I

_ omeas [r.'+b.r")fHl

- (p+1)nb
wen (a4 b)""
—I(m-n+l)x b
e a+bxt) _m-n+l
(p+1)nd nb(p+1)
[x""(a+bx")(a+bx") ax
x"""(a+bx")ml _a(m-n+1)

(p+1)nb nb(p+1)

_I'x""(a+bx”]ﬂdx—

(2

m-n+1
n(p+1)
jx’(ai-bx")pdx
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H_m—m+l !
= 1 ()

J:"“”'(a+bx")

pl

nb(p+1)
ﬂ'(m—ﬂ"-l) men (g A\
" nb(p+1) Ix (a+bx) e

= IF(a+bf)de

Jr""""(a+l:uc”)'nl

b(np+m+1)
a(m—ﬂ+!) _ »
_— 2 X" bx") dx
b(np+m+!)j (a+&x7) - ()
Writing m + n for m in (2), we get
Ix'“"(a+bx”)pdx
xm'(""'bx")rd mtl Ix"(a+bx")F”dx

(p+1)nb “(p+1)nb

~ Jc"”'(a+b)4:")'“I __m+1
(p+1)nb (p+1)nb
Ix'(a+bx')(a+&“)P¢

a+bx) _(m+1)a
(p+1)nb (p+1)nb

[x" (a+bx')"dx—((?m;% jx"'"(a-i—b):")ﬂdx
e s
s (a+bx")""
- (p+1)nb

_jx~-~(a+bx»)’dx.{1+ m+! }

(p+)n
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- s
"”'(a+b:4:")‘r”I
(p+1)nb
_ —”P(’::;”; L (a s bxr) e

= Ix" (a+bx") dx
a+bx")" (mp+n+m+1)b
(m+1)a (m+1)a

[x"*(a+bx") ax . (4)

Again I= Ix"‘(a+bx")’dx
1

+1 .
—jp(a+bx) bnx m_”dr
(a+bx")’ "' pbn
m+1 Tm+l
feer(@ree) e L)

_ (a-{-bx”)ﬁx'”' __pn
m+1 m+1
[xm —bx" (a+bx")"" dx
(a+bx")’ "' pn
m+1 T m+l
J'.r"(a+bx"-a)(a+b:")'h]dt

n\l +1
_ (a+b6x")" x" __pn jx"(a+b.t")’dx
m+1 +1
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- [1+ i ]jx“'(mbx")”dx

m+1
. x""(a+bx")ﬁ+ anp
- m+1 m+1
= [x"(a+bx") ax

x"! (a + bx" )P anp

[x"(a+ bx")' " e

np+m+l +np+m+l

[ (a+bxn) ™ ax .. (6)
Writing p + 1 for p in (6), we get
fxm(a+bx) " ax
x"'"(a+bx")“l+ an(p+1)
np+m+n+l np+n+m+l1

Ix"(a-!»bx")ﬁdx
_________an(p+l] j):" (a+bx")’dx
np+n+m+l
+1 (] Al
= —M+jx"(a+bx”)’”dx
np+m+n+l

= Ix" (a+bx") dx
_x'”'(a+.th.t:")wI np+n+m+1
an(p+1) an(p+1)
[x"(a+bx")"" de o (D)

Equations (2), (3), (4), (5), (6) and (7) respectively give the

connections of Ix"' (a + bx" )F dx with the integrals (v), (i), (ii), (vi),

(iii) and (iv).

Alternative Method

The integral Ix" (a+bx")" dxcan be connected with any one
of the following six integrals :
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@) [x""(a+bx") dx
(i) [ (a+bx) ax
iy [x"(a+bx")" " e
(iv) Ix" (a + bx")p >
W [rr(aebe)
wi) [x"(a+or) " dx
according to the following rule whose steps are given below :

Stepl. Let P=x**"(a + b x"p*!

where 2 is the smaller of the two indices of x and p is the smaller
of the two indices of (a + bx") in the two integrals which are to be
connected.

Step 2. Find % and express it as a linear function of the two

integrands whose integrals are to be connected.

Step 3. Integrate both sides w.rt. x, transpose and solve for the
given integral.

Example 1. Connect jx"‘ (a+bx")" dx with J‘I”'" (a+bx")""" .

Solution :
Let P =xm-m+1 (g + hxr)o) !
dr
Then — —= =x""""'-(p+ 1) (a+bx") bnx" !

+(m-—n+1)x"-"(a+ bxmr*!
=(p + 1) nb x™ (a + bx")"
+(m-n+1)x""(a+ bx")r*!
Integrate both sides w.rr. x, we get
P=@p+1)nb [x"(a+bx") dx

+(m-n+1) jx"'"’(a+bx”)“ldx
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= x" "*!(ag+ bx"y*!
= (p+1)nb J'x”(a+bx")de
+(m—-n+1) Ix"‘"(a+bx")“ldx
= (p+1)nb jx"'[a+bx")’dx
=x"-"*Ya+bx"y*'-(m-n+1)
Ix'""'(a+bx")’”ldx
= _I-x" (a+bx")rdx
xn—nﬂ(a"_bxa)ﬂ'l ~ m-n+1l
(p+1)nb (p+1)nb
Ix”‘"(a-rbx")'wldx

Example 2. Connect _[1"' (a+bx")" dx with Ix"' "(a+bx" )" dx.

Solution :

Let P=xm-r!(a+ bx"r*!
Differentiating w.r.2. x, we get
ar

o =(m-n+1)x"""(a+bx"y*!

+xm-nt U (p+ 1) (@ + bx") bnx"-!
=(m-n+1)x" "(a+ bx") (@ + bx")’
+(p+ 1) nbx™ (a+ bx"y
=(m-n+1)ax" "(a+ bx")y
+{(m~n+1)bxm (a+ bx")y
+(p+ 1) nbxm(a+ bx™y
=(m-n+1)ax™ " (a+ bx")
+{m-n+1)b+(p+1)nb} x" (a+ bx")
=(m-n+1)ax™ " (a+ bx")
+b(m-n+1+np+n)x"(a+ bx")y
=(m-n+1)ax™ "(a+ bx")r
+b(m+np+1)x”(a+ bx"y
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Integrating both sides w.rt. x, we get
P=(m-n+Da [ "(a+bx") dr
+b(m+mp+1) [x(a+bx") dr
= X" (a+ )t
=(m-n+l)a ‘[x"‘“(a+bx")’dx
+b(m+np+1) _[x"'(a+bx")ﬂdr

= b(m+np+1) jx"(a+bx")’dt
=x" "t @+ bx"yt'-(m-n+1)a
Ix"""(a+bx")ﬁdx
= Ix”‘ (a+bx") de
~ x""‘"(a+bf'}“‘ _a(m-n+1)
b(m+np+1) b(m+np+1)
[ (a+bx")" ax

Example 3. If] = le" (1-x7)" dx where p, g and n are positive,
prove that (ng + p + 1) I =ng I _ . Evaluate I when n is a +ve
integer.

Solution :

Let P=xr*V (1 =x)-'*h=xrt ) (] —x9)"

Differentiating we get

gﬁ " nn
2z =~ DX -x9
+xPtp(l —x9) (- gxt")
=(p+ Dx* (I —x9"—ng xr* 4 (1 —x9)""!
=(p+ Dx (1 -x9
+ngx (1 -x4—1) (1 —x9)"!

=(p+1)xr (1 -x9" -
+ng x* (1 —x9)" — ng x? (1 — x9)"~!

=g +p+1)x" (1 —x9"—ng xr (1 —x9)"-"
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Integrating both sides w.rt. x, we get
P=(ng+p+1) [x"(1-x*) dx
-ng [xr(1-xt)'"" de

= (ng+p+1) Ix"(l—x")'dx

= Peng [x"(1-x*)"" dx
= (ng+p+1) Ix’(l—xq)'dx

= x"'(1-x*) +ng Ix”(l—x")"—ldx
= (ng+p+1) _L:x"(l—x")"dx

=[x (1-x)' ] + g [ar(-x)" ax
= (nq+p+]}j:x"(l-x")"dx

= nq‘[:x"(l—x')"hldx
= (mg+p+ 1)1

=ng i _, Proved
= I = "q =1
" ng+p+l
ng (n-1)q
- : I
= ng+p+i (n=1)g+p+1""
__ng _ (n-1)q (2-1)g
ng+p+l (n-1)g+p+17T(2-1)g+p+1°

= aln I
(p+1+ng)(p+1+n-1g)... (p+1+gq) ’
Now !o=_[:x"'dx

(2]
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L

p+1
q'ln |
(p+1+ng)(p+1+n-1q)...(p+14g) P+]

Example 4. If / = Ix“ (a—x)}éd.‘,t, prove that (2n + 3) I,
= 2an I, _, - 2x" (a - x)** and evaluate I:x’ Jaﬁdx‘
Solution :

I = Ix”(a—x)}é‘dx
1 = jx""(a—x)yldx

n=1

Solet P=x"""(a-x)?"

= P—x"(a—x)%
daP

=1 }/2 }/W
prialiod (a-xy?+= x(a x)2 (=1)

- nx’"’(a—x)(a-—x)y -2 (a-x)"

- nax""(a-—x)";—nx"(a—x))é—ix"(a—x)}é

- ' (a- x)y—(n+ ¥ (a-)"
Integrating, we get

P=na [ (a-x)?de~ [n+ Jj "(a-x)"? dx

= 2P =2nal - @2n+3)1
= @n+3)I =2anl _ -2P
=
=

@n+3)1,=2anl,,-2¢"(a-xY*  Proved
(2n+3) j: x"(a- x)yl dx
= 2an j:x”" (a—x)’v‘dr—z[x“(a —x)%]:
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(2n+3) I:x" (a-x)?ds
= 2an _{:x"" [a—x)};d.'x

[SERA

Put n =
= Sj:x%(a—x]yzdr

= SQI:x% (a—x)y’dx
= j:x% (a- x)yzdx
_ :x%(a—-x)’%dﬁt

8
3
2a—_
Sa T 2¢* MK
=?’—'3—;"'3" ux’(a—-.\‘)}édx

e 2
=16I 2(a-x)?dx

Put x = asin* 0 .
dx =2a sin 0 cos 0

2
= -5]%Lﬁay’sinBayzwse-zasinﬁcosﬁda

4
é?- J%sin?' 0 cos’ 0 do

slifE

8 23
5a4 EJT_;EJE
16 2

5na
128
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Example 5. Connect Ix"‘"(a+bx")rdx with Ix""""
8
(a + bx")" dx and evaluate I—x—y dx.
(1-2)"
Solution :
Let P=xnr(a+ bxr)rt!

ar =(m-n)x" """ (a+ bx"y*!

dx
+xmon (p+ 1) (a + bx")? (nbx""")
=(m-n)x" """ (a+ bx") (a+ bx")"
+x" ' (p+1)nb(a+ bx")
=(m-n)ax" """ (a+ bx")"
+ (m—n)bx""(a+ bx"y
+xm ! (p+ 1) nb (a + bx")y
=(m-n)ax" "' (a+ bx"y
+b(a+ bx"yx" ' {m—n+np+n}
=(m-n)ax""""'(a+ bx")
+b(m+np)yxm-!(a+ bx"y
Integrating, we get
P=(m-n)a Ix""""(a+bx")de
+ b(m+np)jx""(a+bx")rdr
= b(m+np) jx”'"(a«rbx"]pdx
=x"""(a+ bx"y"'-(m-n)a
[ (a+bx")" ax
= Ix'""(a«l—bx")pdr
e (a+ b)) _a(m-n)
b(m + np) b(m + np)
fx ot (a+bx")" dx
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Putm—]=8,a=l,b=—1,n=3.p=—%,weget

Ix‘(l—x’]%dx

i 6(' - jx (l J)-};dx
e

+-35— Ix’ (I-x’)_% dr]
(1 _x:)ii ) 3 (1 _x;)%

8 20
9
+—2~6sz(|
= _M_—I)_L"‘j(lﬂxl)%
8 20
91 (-2
203 2
3
e (=2 5x 46 49
40
EXERCISE 11.7
1. Prove that _
I(a’ +x’)%dx = __x(az 1:2)% +%2] I(a’ +x’)%_ldx
n n

2. Evaluate '[(a2 +x ]% dx

3. IfI = J:(a2 —xz)"dr and n > 0, prove that

2nd’
2n+1

" w=l

it 3
Hence evaluate L (a* —x*) dx
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4. IfU, = Ix"\]a’ - x? dkx, then prove that
n-1 T _ 2 %
U“=“x (a x) 0 IazU,__z
n+2 n+2

Hence evaluate
I:x‘ a -xdx
5. Investigate a formula of reduction applicable to
Ix" (1+x )% dx

where m and n are +ve integers, and complete the integration
ifm=5n=17

6. If m in a +ve integer, find a reduction formula for
Jofrax % ds
Hence obtain the value of
J:a x*2ax - x* dx
7. Prove that

[hli-n5 e = 3 e 2)

0
8. If U,= jx"(l + x‘]-y’ dx, prove that

x""(l+x‘]’v’ _n-3
n-1 n-1

U

n=d4

U, =

9, n‘;:]’L

; — where » is a +ve integer, prove that
(x* +K)

I = x + 2n -3
" (P +k) ' (2n-2)k (n-2)K

n=1

10. Evaluate j N dx where n is a +ve integer.

()
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ANSWERS
EXERCISE 11.7

2. ZIE x[8x* +26a%x* +33a* ] J +a* + % a’sin h“[i]
a

16 ,
T
4 na’
32
- y'al
5 I =x I(] +x2) : _(m_l) [m-z.n

m+n+l
where [ is the given integral.

4 1
f,.,={x _ 4x + 4.2 }(]+X2)%

13 1311 13119
6. m+2)I =Qm+1)al ,-x"""'(2ax - x*)" where

I, = jx"‘ﬁax—xz dx; 7;‘]5
G (L))

2n-1

10.

11.20 Reduction formula for Ie—_— dx, wheren>0
x

l=_[e dx

x
= Ie'"x"'dr

11
Integrate by parts,

-n+l “u+l
X X
=e™ —J'me"
-n+l -n+l
e™ m re™
= _——_n-ﬁ'-'._-_[-_-l
(n-1)x n-17x"

This is the required reduction formula.
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11.21 Reduction formula for Ix"‘ (log x)" dx
I= [x"(logx)"dx
1

Integrating by parts

m o+l moal

n X W=l | x
= (I - |n(l -—
(log x) m+1 jn(ogx] xm+l
x"'(logx)" n net
= - (1 dx
m+1 m+lIx (log x)
This is the required reduction formula.
11.22 Reduction formula for I—x——_
(log x)
xﬂ
1 =
I(Iog x)’
- Ix.+l ___!'___" ‘ix
x (log x)
1 I
x.el

B (n-1)(log x)""'

~Jore 04 e

L metp ¥
(n-1)(logx)"™"  n-1"(logx)""’
ILLUSTRATIVE EXAMPLES

Example 1. Prove that j: e "x"dx =|n
Solution :
L= [lexa
ni
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Integrating by parts
= [x" —e"]: + I:nx""e"dx

= nI:x“"e"dx
lim e"x" _ lim X
i Xy ex
- lim n(nﬁl)(r:—z).....l
I—=x e
= lim L’:=g=0
x—rwe w
By applying De L’
Hospital’s rule n times
=ni _,
=n(n-011I_,

=n(n-1Hn-2)1 _,
=n{n-1)(n-2)...32.1. A
=lnl,
= B I:e-,tﬁ‘
= m-]
~ln
Example 2. Evaluate Ex'(log x)'dx where m 2 0 and n is a

positive integer.
Solution : We know that

Ix"(logx)"dx
x"'"(logx)" n n-1
= - x"(1 dx
m+1 m+1 I (1og x)
[[x" (log x)" ax
|
x"*"(log x)" n o n-i
= - 1 dx
[ m+1 m+lf°x.(ogx)
= I =~ z In-l

" m+1
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_ __"_.'_(n'l)
T om+l m+) .-
__.n _—(n—l)‘-(n—2) -1,
m+l m+l  m+l m+1 "
e,
(m+1)
-1
_ ( )@ j'x"dx
(m+l) °
(m+l)" m+1
=)'l
(m+l)"'I
Example 3. If m and n be positive integers, prove that
L m m ot . -
[~ (log x) dx=—-;Lx "(log x)" ' dx
Hence deduce that
IIX""(!ng)'dr=(#]_)¢.Lﬁ
e n
Solution :
J: x"""(log x)" dx
I 1
Integrate by parts
1
m X" 1 X
=[(lo 1 - lo —dx
(o807 2] - [m w07 1
= Proved

= L =-—1

m, n L RN

m loa -l
-——;_Lx (log x)™  dx
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HARDER SOLVED EXAMPLES

Example 1. Find a reduction formula for ISI‘H d dx and prove

sin x
that [ s;::l’:x de=mor0 according as n is odd or even positive
integer.
Solution :

We know that

sinnmx —sin(n-2)x
=2sinxcos(n-1)x
sinnx  sin(n-2)x
sinx  sinx
=2cos(n-1x

sinmr 2c05[n—l)x+sm(f'_2)x
sin x sin x
sin nx sin (n—2) x
JERR e~ facos(n-t)rdes [FCZDX 4
sin x sin x
rsmm:dx _ 2sin(n—l)x+ rsin(w—z)xdJr M
= Vsinx n-1 7 sinx

This is the required reduction formula.

= sin nmx
Let L= 0 sin x
2sin{n—1)x xsin(n—2 x
then I_—[ { ) ]., I E;mx)
|From(l)
= In_ =2
= Il_ n-4
= n=-6
=1, if nis odd
e =], if niseven
xsin x
Now I = Lsinxdx=n
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e}’[ R b [P E A
= ;D+e)4[|_]x’+|_gf +.....+@x"”] Proved
EXERCISE 11,9

1. Obtain a reduction formula for j(an h"x dx and deduce the

value of Itan W x dx.

2. 1f I = j"tan"eda. prove that

n[hy+1,,,]=1

3. Prove that

I:x’ (2a* - *) " ax =l(log 2 —%) _

2
4. Prove that
r 1 sin 0 n-2 1
) = i b
cos" 0 (n-1)cos"'® n-17cos"?0

5. Prove that

fcosec"‘"@du# = _ZL cot ¢ cosec™ ' ¢
n

+ (l - %] Icosecz“"¢ dé¢

6. Prove that

r du :n—ZJ-w du p>2
o cosh™s n-17% cosh"
1. U, = Smmdx prove that
_25|n(n-l)x+U
n ﬂ—l n=2
Hence evaluate
’,'/sm?xdx

° sinx
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3 -l
20. Evaluate j;i‘L}’fdx
(1=
ANSWERS
EXERCISE 11.9
u=l
1. jtanh”xa'x=-m"h x+Itanh""xdx;
n-1
2
—tanhxﬂugcoshx
n
7. >
16
9. 3
Iz
10. E
{ln_l}z 22#-2
12. —/————
|2n~la
12m+11ta"‘2
B Tame2z
2
N
6 o133
R+1JE
1 2
2n+1
9. [ ____ Xcosx i
" Jsin"x (n=1)sin"'x (n-1)(n-2)sin""*x
L j';
n-17Jsin" *x
7
20, —
9
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Beta and Gamma Functions

12.1 Definitions

Euler, a great mathematician, gave two definite integrals which
after his name are styled as Eulerian integral of first kind (or First
Eulerian Integral) and Eulerian integral of second kind (or Second
Eulerian Integral). These integrals are of fundamental importance in
the theory of definite integrals. They are respectively given as
follows :

(1) Blm)= [ (1-x)"" ax
where /, m are positive numbers, integrals or fractional.
It is read as “Beta I, m”, and
) T'n= I:e"x""dx, where n > 0.
It is read as “Gamma n".
These integrals are known as Beta and Gamma Functions
respectively.
12.2 Evaluation of Beta Function
We know that

B(lm)=[[x"" (1-x)""dr

Case I. Let m be a positive integer, then integrating by parts
taking (1 — x)™ - ! as the first function and x’~ ' as the second
function, we get

Bl m)

[0-972] - -y

T
E'-T'lj:x’(l-x)"’a

n
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Again integrating by parts taking (1 — x)" - as the first function
and x' as the second function, we get

"7l

-L:-(m-z)u-x""ﬁdx

. I+1
l m 2 n -3
1- X'
l+1 I(
Proceeding in thls manner, we obtain
m—]_m—Z m-3 i

I I1+1 1+2 " l+m-2
! kel fem-2
L(I—x) .x dx

m-1 m-2 m-3 ! [ A ]'

/ I+1 1+2 l+m=-2 \I+m-1

m—l.m—l‘m—3 1 1

I+l 142 77 14m=2 l+m-1
(m-1)!

TN 42)(l+m-1)
If / also is a +ve integer, then
(m—1)1(I - 1)
-y +2). (1 +m-1)}
(m=1)1(1=1)!
Case 1. Let | be a positive integer, then integrating by parts

taking x' - ' as the first function and (/ - x)" - ' as the second
function, we get

B (I, m) = [—f“'%];+ _‘:(I-l)x"’(l;;):dx

I-I ,,(1 e
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Again integrating by parts taking x'-? as the first function and
(1 — x)" as the second function, we get

_f—l{ .‘-z(l_x).“}I
T [T T |,

+ j:(rnz)x‘-’—_——(l”)m dx:|

m+1

l—l [—2 I -3 m |
= ——— | x " (l=-x) dx
m m+l'[° ( )
Proceeding in this manner, we get
I-11-2 1-3 1

m m+] m+2 m+i-2
! - LEYE
_Lx“ "(1-x)""" P dx

1-1 1-2 1 [_(i~:)“’"']'

m m+l m+l-2 m+i-1
-1 1-2 | 1
T Tm o mal  mAl-2 mel-1
(1-1)!

If m also is a +ve integer, then

) (L=1)1(m 1)
T (m=1)t{m(m+1)...(m+1-1)}
_(=nYm-1)!

T (f+m-1)

12.3 Transformations of Beta Function

@) BUm=p@ml

We have
B m= Ic:x“'(l —x)"‘dx
= [[0-x" 1= (-x))" " ar
[ [ Fde= " f(a-x)dx]
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=[x (1= x)' " de=p(m, 1)
Aliter. We have

B(hm = [X(1-x) "
[Putx=1-y . de=—dy]
= [0-»)"0-T=)" (- )
= [y -y) "y
=B (m 1)
i) B@m= [ (—If;)w
We have
Bhom = [x(1-x)"" &

Putx=—— -de=c—1 _
l+y (1+y)

L ] y--l ]
- '|-:(I+y)“I (I-|~y)"'I (I+y]]'dJr
VS

= xm“l
= dx
'L' (1 +x)'""

e (1)
[ [:f(x}d: = j:f(:}d:]

f=1

g X
SPB@m D)= L m (@
But
B m=pB(m1)
" x!—l
LB m) = Lmdt



196 Integral Calculus

(iii) B (¢ m) =2 L%sin”"ﬁ cos*™"'0 40
We have

B(hm =[x (1-x)"d
[Put x = sin? @ .. dx = 2 sin 8 cos 0 40]

~B (, m) j‘:ésin”‘lﬁcos"“zﬁ-:!sin 0 cosB8d0

=2 L%sin”" Bcos™'0d0

12.4 Evaluation of Gamma Function
We have

Cn = I:e"x""dx

Integrating by parts taking x"-' as the first function and ¢ as
the second function, we get

rn={e (o)), - [ (1-1) 22 (- e

= (n-1) [[erx" s

= (n-1) [Terxt " ax
(n-1)T(n-1) (D)
Lt,,, (-x""e")

m=l
= Lt,ﬂ[“i—,-)
e

= Lt:-.: _xg
X
l+x+=—+...
2!
=0
In (1) replacing n by (n — 1), we get
Frn-1)=nw-2)T(n-2) . (2)

From (2) putting the value of I'(n — 1) in (1), we get
Tn=m-1Nn-2)T(n-2)
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If n is a +ve integer, then continuing this process, we get
Tn=n-1)n-2)(n-3) ... 1T1

But Il

I:e"x"'dx {putting n = 1 in T'n]

n

I:e"dx
- (-,
=1
Tn=n-1)n-2)... l=(n-1)"!
Thus Tn=n-DIrC(n-1)Vn
and Tn=mn-1)! [if n is a +ve integer]
12.5 Recurrence Formula for Gamma Function
We know that for all values of n,
Tn=(m-1)C{n-1)
Replace n by n + 1, we get

Fn+1)=nln

This is known as recurrence formula for the gamma function.
12.6 Generalization of Gamma Function

Applying the process of analytic continuation, we can generalize
I'n for n < 0 by using recurrence formula in the form

[(n+1
= D2t
n
Two values
(i) Put n=0
ro = D—l:m
0 0
(ii) Let n = — p where p is a positive integer, then
r(-p+1
T (-p) = Lp+l)
-p
-p)!
=% [T(p+1)=pTp¥p]

= o0



Beta and Gamma Functions

Aliter. We know that

n=1

ﬁx .
L lvx sin:rr.-t’mﬂm1
P -
w7
Xx=y+x
x(1-y) =y
y
X = E
(1-y)1-y(-1) 1
dx = = ~dy
(1-y) (1-y)
oy 1 1
- . dy
(- e 2 (1-y)
1-y
1 yu-l
= "afy
Il](l_y)
- -
- [
=B(n1-n)
_ Im[(1-n)
B ]n+l—n
_ InT(1-n)
- Ii
= l"nr'(l—n)

12.10 Duplication Formula

If m is positive, then

I'ml'(m + —I-J =
2

Proof. We know that

201
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% i am- -1 _ M
= 2[sin™ 'O cos""'0d0 = (me )t - (2)
Putting2n -1 =0ie n= 3 in (2), we get
I
I'mI' -
2[Psin* 10 do = ——2<
° (»+3)
Clm+—
2
|y
= ZK;sinz""'BdB = —-—E—J—El— . (3
l"(md-—]
2
Again putting n = m in (2), we get
% el B | 2m-1i _ rmrm
ZL sin®” '@ cos™ ' 0 dB —-——*"—r(m+m)
2 Mntmet i 2w - _ (Fm)z
==»2m_I L 2" 'sin®" "' B cos™ 04O )
2
2 (Y et (T'm)
- [}(2sinBeos0)™ "d = oms
% = im=] — (r‘m)z
= EzT—TL sin™"*!20d0 = s
Put 20 = ¢, so that 240 = d¢
2
1 . mel _ (Tm)
S R
% E U | = (r_’”):_
= YR L sin™ o dy = T Cm)
}’2 s dm- Im-2 (rm)l
_ dp =2 . (4
= L‘ - bdd r(2m) @
From (3) and (4), we obtain
Tmdx 2" (Cm)’
rm)

o)
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Proof. Let

p=rirlrd . rn-!

n n n n
Writing the value of P in the reverse order
p-rilpn=2pn-3 rl
n n n n
Multiplying the two values of P, we obtain

r-phn-in-3

n n n
k3n~qm4r ot
n n n n
_ b1 T . T ™
- n 2n 3n7 . n-1
sm — §in — sin — Ssin——™7
n n n n
n}l-l
S m .2t 3 . n-l - (1)
SII'I - SIFI _— sm — eees SiIn——7
n n n n

Now we know that

Sif] Ll = 2""'sin [B +E)sin (9 + 2—“)
sin @ n n

Taking limit as 8 — 0, we get

LUS. = sin n@
T T 0 6ing
sin n 0
= Lt —_— ——+i=l-n-1=n
°”°{ﬁn9}"{ﬂn9}
In limit
wei s T8 2n 3n . n—1
n = 2""'sin—-sin—-sin—....sin—m
n n n n
.M. 2n . n-1 n
= sin—-sin—...sin—m =

n n n 2"!
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2t (e
n n

From (1) P2 =

an 4
P= _}/_
n 2
12.13 To evaluate the integrals

=

I: e “ cos bx x" 'dx

and I:e"" sin bx x™ " 'dx
We know from [1.7 (i) that
© T'm
~=x _m-| _ -
L e x" dx = "
Putz=a-ib
re-(n-tﬁ]rxu-ldt - I'm
¢ (a-i)"
_ Tm(a+ib)”
(a-ib)" (a+ib)"
_ I'm(a+ib)”
(a®+ bz)'
® . 1—‘ - L
- ,[ e m(a+lb2
0 (a®+ b’)

Puta=rcos 9 b=rsinb

then r= ,/az + b

and 0= tan’(é)
a

Tm(a® + b’)% [cos 8 +i sin O]
(a®+¥ ).

j: e =Xy dy =

= I:e""x""(cosbxﬂsinbx)dx
_ T'm(cos m@ + i sin m0)
(az +bz)7z
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Equating real and imaginary parts, we get
I'm cos m0

““x" 'cos bx dx =
j e cos bx (ai+bl)% . ()
® oot ['m sin mb
and LE X tSII‘bedX =m (2)

where 6 =tan™ [é}
a
Deductions : Put a = 0 so that © = n/2 in (1) and (2), we obtain

I x" 'cosbxdx = —ct:)smTTr

and I:x"" sinbxdx = %?-Sil‘l—?‘-

12.14 To evaluate I:cos (bx%)d-t
are

[Put x = z*
. dx = nz"~ ! dz)

Let I = J': cos (b.t-

= I:cos(bz)nz" dz
an 2" " cos (bz) dz

1

i
3
|
[=]
2
l

1215 To evaluate [, sin (6x*) ax

Let I= J::Siﬂ (bx}f')dx [Put x=2
. . dx = nz"" ! dz]
I= nL sin (bz) 2" 'dz

_ ﬂ& sin nm
b2

= E%%Qsin [%J
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. ILLUSTRATIVE EXAMPLES
Example 1. The value of I'n I'(1 - n) is
OB (i) B(n, 1 -n)
(iii) B (n, 1 - 2n) iVIB(-n1-n).
Solution :
The value of Tn T (1 —n) is B (n, 1 — n)

Example 2. The value of j:e"ﬁdx is

(i) (i) %
(i) v (iv) %
Solution :

The value of Jme'adx is ﬁ
0 2

Example 3. Express j:x"(l—x")pdx in terms of the beta
function, and hence evaluate I:x’(l -x )w dx.
Solution :
.‘:’"("x")ﬂd" [Put x =
X

=

y
»h
o dx=%y’l{'_’dy]
i () "

1 m+l

-»"""ay

1 (m-i-! J
= — yp+l
n n

Putm=15,n=3, p=10, we get

[x(1-x)ax = _[3(5—*-1 |0+1)
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B(211)

ra2rii
3T(2+11)
12711
33

11(10)
= 332)!

!

31211

1

Example 4. Evaluate I‘(—l), F(—EJ. F(—QJ
2 2 2

| = 3| —

[¥8)

Solution : We know that
n
sin nm

rnr(1-n) = « (1)

(i) Putn=- % in (1), we get

D)

U
—
I
L=
n
||
2

- 1'“ =-2yn
EJE

(ii) Putn:—3 in (1), we get
5 g
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Example 7. Prove that j‘:xz(l—x)‘dx=—él-0—.
Solution :
J:xz(l—x)’dx = le"'{l—x)hldx
B34
Irir4
r(3+4)

1]

_@n@2
T (6.5.4.3.2.1)

IZ

Example 8. Evaluate !: dx.

a-x
Solution :

Let I= [ ——dx

‘ya-x [Put x =ay
L dx =ady]
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Example 11. Show that

o (Pgoam-t -1 _ I'mIn
® Io sin 6 cos edaﬁ_zr(mq.n)
()
(i) [Psin? 6 cost0do = ——2 22
° 2r[p+q+2}
2

Solution :

O L%Si“’"" B cos'6.d0

B (m, n)

1 'mIn
T 2T (m+n)

— Mi,_.

(ii) L}ésin’acos"'ade

1, g+,
= I%Siﬂz[’%—]_ cosz[ ) 8do

U]
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Example 12. Show that

2Pr{—p;'J (’”2) Jar(p+1).
Solution : By Duplication Formula, we know that
rpr(p+ 1. JnT (2p)

zip—l

Replacing p by +] , we get

r(P+I)r(p+2] i ‘m[z'(‘pzi)]_

2 2 2(;’_-*-1]_,
2

=J‘El"(p+l)
"
= 2'r[*",:1) [p+2) JET(p+1)

Example 13. Prove that
Bmn=Bm+1,n+p(mn+1)
Solution :
RHS. =B (m+ 1, m+p(mn+l)
C(m+1)Tn l"ml"(n+])
=F(m+]+n) [(m+n+1)
_ mImIn + Tmnln
T (m+n)T(m+n) (m+n)T(m+n)

I'mIn m n
= +
F(m+n)[m+n m+n]
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_ I'mDn
T T(m+n)
=B (m, n)
h J-au xc F(C + I) e>1
Example 14. Prove that | p —(log ),.., .
Solution :
= x*
Let I=} =
= rx c dx
U]
= I:x‘e” log, c dx [ c " =e"log, c]
[Put xlog c =y
dx log, ¢ =dy
o= ]ofc]
I N ’
® (log,c)” log.c
1 = e
=—r ), ¢V
(log, c) ' 'L'

1 ® _y {e4l)-

- G L
C(c+1)

- [log'c)t‘tl

Example 15. Eva]uate

@ r '('

l+x
(i) r (l+ )ls
Solution :
(i) = rx (I_x)d[

T (1+x)®
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Put n = 10, we get
(2n):

rr2ra..ro=
Jio

Example 17. Show that

% dx B

ozﬁxjoz sin x dx =T
Solution :

% dx 8 =

L:Jm—xxl;"}smxdr

= L’ésin')é xdx I:ésiny’ x dx

= j-o%sinzlm_l x coszl};] ' xdx
X I:é sinzml_‘ x ccrs?'{"/z}_1 xdx

J3(33)

-

"
| -

=
—
B | —

-
= =|a—= &=

I
-
-
Lo
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Example 18. Prove that

1oox? I odx T
. dx = .
'L’(l“x")}é “ o(l+x‘)}é 42
Solution : )
X
PR (R
I o(l_x‘ )}4 [Put x* =sin?

= x*=sinb
= x=sin"0

= dx = % sin'? 8 cos 8 4]
sinﬂ-%sin%ﬁcosedﬁ

ﬁf’é

! 0 cos B
_1 I%sinx 0.do
2 0

_1 L%sinz{%]_] 0cos' /9" 0 40

2
1)

al—
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- ! dx
27 D nh
(1+x) [Put x* = tan® ¢
# =1tan ¢
x =tan'? ¢

ode = é tan™'? ¢ sec? ¢ db]

yzlan ’V¢sec odd
= -[El sec¢

J‘% dd

[Put 2=«

2dd = do.

-]
_ L h_da_
T V2% 2 fsina

= — Késin"v2 ada

J'ysma(y] o oS ) ada
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- L1y
2W227\4’2
rirl
R
22 o [1+1)
4 2
rirl
-1 42
22 2[‘2
4
rl
_dx 3
42 3
4
J_ J_r—-
I %1 = l
r- 4J5r—
T
a2
Example 19. Show that
"X
———dx=f(m,n).
Solution :
le"' +x!
° (1+x)""
=1 w=1
= l x. LR II x men &
°(1+x) *(1+x)
In the second integral.
1
Put x=—
y
1
dx = ‘-—2@

y

221

e
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j'%sinz("{*].I 0 t:c:sz(}é}_I 040

]
o
¥}
o<
—
-
1
| e | =
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[}

[3%]
&
i
-

—_—
|

|-
S
=3

O | -
‘ml

Integral Calculus

2%1:

B

2 % ]—x3 .
[Put x* = sin* O
v ox=sin"0

I_

[
S
|

B
.

2
Lode = 3 sin'? 0 cos 9 48]

%-sin%&cosadﬁ

cos©

(%]
&
=1

Ex
-
W | —
NI
o=
&
o
-
| —
\-._.JN

ol P
=1
N |-

[§)
@,
=
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10.

11.

12.

13.

14.

15.

Integral Calculus

Prove that

I{2+x)l'(3—xJ = (l—sznsecm;—l<2xcl
2 2 4

Prove that
B(l, m) B( + m, n) = B(m, n) B(m + n, )
=B, D) B(n + 1, m)

Prove that
B, m) Bl + m, n) B(l + m + n, p) =

Prove that

B, m= % Iol[x"‘(l_x)"" +xa—|(l_x)f-|]dx
Prove that

iy vlv
r(l+m+n+p)

gn+m+l

! ¥ 4 ' m+1
x"(p?-x") dx = -B(n+l, )
, & (p* - x") - :
Prove that
j:(a—x)’"lx""d‘x = am+n-tB(m,n)
Prove that

(- 7 - teren

0

Prove that

I:("'“).-I(b“x)”_ldx = (b-a)""""'B(m,n)
Prove that

® 2, _J;t_
(a) Lxe dx_T

(®) jj%dué,“o



Beta and Gamma Functions

16.

17.

18.

19.

20.

21.

(c) I:t‘l x'e dx= F%

) I: xte ¥dx = %

(e) J':x’e-'dx =120
Prove that
n=1
1 1
Th= L(log ;J de,n>0
Prove that

t 1
dx =
I" J-logx

Prove that

m=1
I
(g ] et
0 x n

Prove that

Prove that
1
.[ dx JEF(;)
i (3
J 2 n
Prove that

(a) I:(4 - xz)% dx=3n

= xdx M
(©) o 1+ x° 3J§

de 2
@) fz - Jr 3

x

3 dx
+b) L_3Jx;~——;_;=

d_[ =T
@ I+x 2\5

® [2(1-x)dc= !

60

227
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22. Prove that

{7 Jian® do = [ Jeot © do
b1

S

23. Prove that

l 2
J'% d _ (FZ)
° Jacos'0+bsin‘® - 4(ap) Ly
4
[Hint: Put tan 6 = x and then bx* = ay]
24. Prove that
m‘l
cos— =1
(a) fu.‘ 2

- P _] E
() | cosx dx== 2

25. Show that if n > -1,

23

[weds - —2
0 za"
Hence or otherwise show that
[ evta L2
- a

26. Prove that

and deduce that
IV, sin*" '@ cos™ "' 0 46 = B (m, n)

° (asin*0+bcos’6)” 247"

[Hin( :B(m,n)= E# dy, puty =%:l
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27. Prove that
IxT"(1-x)=mcosec (mx);0<x <1
and deduce that

! ]
L log I'x dx = 3 log 2n

[Hint: 1= [}log I'x dx, then I = [\log I (1 - x) dx

1 1
.'.I=5L:(logl"xHogl"(]—x))dx:Ej‘:tog L dx]

sin mx
ANSWERS
EXERCISE 12.1
o (o)
1.(3 1
b) =B|=.,—
® 58(33)
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Determination of Areas
(Quadrature)

13.1 Quadrature (Definition)

The process of finding the area bounded by a given curve is
called Quadrature.

13.2 Area Formula for Cartesian Equations

To prove that the area bounded by the curve y = f(x), the x-axis
and ordinates x = a, x = b is

[y

where y = f(x) is a continuous single-valued function and y does
not change sign in the interval a < x < b.

Let y = f(x) be the equation of curve AB. Let CA and CD be
two ordinates at x = a and x = b respectively.

Suppose y is an
increasing function of x
in the interval a< x < b.

Let P (x, y) be any
point on the curve and Q
(x + &x, y + O8y) be a
neighbouring point on it.
Draw their ordinates PM,
ON. As x changes, the
area ACMP also changes
and hence is clearly a
function of x.

Y &
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Let A denote the area ACMP, then the area
ACNQ = A4 + 64
so that area PMNQ = 64.

Complete the rectangle PRQOS. Then the area PROS lies between
the areas of the rectangles PMNR and SMNQ, i.e. 84 lies between

ydx and (y + dy) éx.
84
Dividing throughout by &x, . lies between y and y + &y.
In the limiting position, when Q@ — P, 6x — 0 and &y — 0.

L:‘a-—.u% lies between y and Lt,,_o(y +8y).

% lies between y and a quantity which tends to y.

dA -
& Y
Integrating both sides w.rr. x from x = a to x = b, we have
b b dA
[ya = |2
= [4L
= (value of 4 when x = b)
- (value of 4 when x = a)
= area ACDB - 0
= area ACDB
Hence,

1]
area ACDB = j' ydx

Note 1. The area bounded by the curve 4B, the ordinates at 4
and B, and the x-axis is often called ‘the area under the curve AB’.

Note 2. Sign of the area. We know that if y = f(x) > 0 over
the range a < x < b, then the area I:f(x)dx is +ve and if

y =f(x) <0 in the range a < x < b, then the area j:f(x)dx

is —ve. The curve y = f (x) in this case lies below the x-axis over
the range a < x < b. Thus we consider the areas below the x-axis
as —ve.
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By the area in such cases, we mean the numerical value of the
area.

13.3 To prove that the area of the curve x = f( ) between y-axis
and the lines y = ¢, y = d is given by

rxdy AY

Let x = f () be the equation
of curve AB. Let CA, DB be the  © s By By}
abscissae at y = ¢, y =d s '
respectively. " !P{x "

Let P (x, y) be any pointon R a'
the curve and let Q (x + &x,
y + 8y) be a neighbouring point o >X

on it.
Draw PM, ON 1™ on y-axis from P and Q.

As y changes, the area ACMP also changes and hence is clearly
a function of y. Let A denote the area ACMP and 4 + 84 denote the
area ACNQ, so that

area PMNQ = 64
Complete the rectangle PRQS. Then the area PROS lies between
the areas of the rectangles PMNQ and PMNS, i.c. 84 lies between
xdy and (x + &x) &y.
Dividing throughout by &y, we have

A4
5 lies between x and x + &x.

In the limiting position, when @ — P, then &x — 0, 8y — 0.

= Lt

0y lies between x and Lt, (x + &x).

ie., a“ lies between x and a quantity which tends to x.
ly

—_—=X.

Integrating both sides between the limits ¢ to d, we have
[xay=['% ay=Lat
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= 320° ["sin* 6 cos? 0.d0

r5r§

=32 22
2r4
- 32a=—2 2 T
2321

= na®

Example 2. Find the area of the curve y? (2a - x) = x* between the
curve and its asymptotes.
Solution : The equation of the curve is

Y@a-x)=x w (1)
to trace the curve roughly to find the limits of integration.

(i) The curve is symmetrical about x-axis.

(ii) The curve passes through the origin.

(iii) The tangents at the origin are » =0 ory =0, y =0 i.e.
origin is a cusp.

(iv) The curve meets the x-axis at the origin only.
(v) The equation of asymptote is x = 2a.
(vi) The equation of the curve can be written as

y":

x
2a-x

which shows that for the values of x > 2q, y is imaginary

i.e., the curve does not exist for values of x > 2a.

Similarly the curve does not exist for negative values

of x. v 8
(vii) Alsoas x = a, y - «. o
Thus the shape of the curve is as CE
shown in the figure. ) A
Hence, required area x 0 2a |(2a,0) X
=2 Area OAB
=2 yax v
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Hence the parabola meets the x-axis at O (0, 0) and 4 (2, 0).
Thus the shape of the curve is as shown in the figure.

s

I:(Zx -x?)dx

[2::z x ]2
2 34

3 3
Example 4. Show that the area cut-off a parabola by any double
ordinate is two-thirds of the corresponding rectangle contained by
the double ordinate and its distance from the vertex.

Solution : Let the equation of the parabola be

Required Area

Y =dax . (1)
and that of the double ordinate PP’ be x = c.
The curve is symmetrical Y
about the x-axis and for the F—

part of the curve above the
x-axis (taking +ve sign before
the square root) from (1), we
have X— X
A c M
y = Jdax
Area cut-off the

parabola by the double
ordinate PMP’

<
o

= Area PAP'
=2 Area PAM

=2 yax
= 2| Vaax &
= 2[ 2Va Jx dx
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Now, for the area CAB, x varies from 0 to a and frum (1).
yz e ~ & -x*

- 1-=

¥ a4
b
Y= Ja* —x* [Taking +ve sign before the radical]

.. Area CAB = ]:ydx

I:% a*—x* dx

e e (]

al2 o

L
a

[0+£sin“(l)—0—0]
2

- nab [ sin" (1) = E:\
2

. Whole area of the ellipse
=4 area CAB

= 4(@)
4
= nab

Example 6. Find the whole area of the astroid
X+ P = g
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Solution :
The equation of the astroid is
X + Pt = gt - (1)

to trace the curve roughly to find the limits of integration.
(i) The curve is symmetrical about both the axes.
(ii) The curve does not pass through the origin.

(iii) The curve meets the x-axis where y = 0, hence putting
y =0 in (1), we get

=g
or x: =at
g x=xa

i.e. the points of intersection with x-axis are (a, 0), (- 4, 0).
Similarly the curve meets the y-axis in the points
0, @), 0, -
(iv) from (1)
VW =a? - x" - (2)
Now if [x|>a
yis —ve
)* is also —ve
and hence y is imaginary.
. There lies no portion of the curve beyond the lines x = + a.
Similarly, there lies no portion of the curve beyond the lines
y=+a.
From (2), when x = 0, y = a and as x increases from 0 to a, y
decreases from a to 0.

Hence the shape of the curve is as shown in the figure.
Since the curve is symmetrical about both the axes,
. Whole area of the curve

= 4 x Area under the curve in the first quadrant.
i.e., Area ABCD

=4 x Area OAB.
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Now for the area O4B, i.e., area under the curve in the first
quadrant, x varies from 0 to a.

Y
B(0, a)
a
- C~a A > X
" (-a,0) t:oﬂaL (a, 0
pf(0. -a)
v

Now, from (1), y**? = g** — x¥?
y=(@? - x?y?

- Area OAB = I:ydx'

iz

[ -
[Put x = a sin®
~ dx = 3a sin® 0 cos 0 dO
whenx=0,6=0
when x = g, 6 = /2]

I:é(am - a®”5in?0)"” 3assin? 0 cos § a0

I

I:éa (1-sin?6)"” 3asin? @ cos 0 40

= 34 L%sin2 0 cos* 040
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o sin 0 cos O (1+sin )
% cos @

= 2a’Iaysin9(l+sin9)dB
T2

= 24° ry[sin 6+ﬂ;£-2-9—:| de
s

. ]
= 2a’[—cosB+l(G—M):|
2 2 -%
2

wlfeesjo-o)-{ol)
303252

= 24°

do

n

1
[ ]
)
n
i
—
1
-
1
[
N
-
| WS

2a2[-—l+E]
4

2a* (n - 4)
4

_ a’(4-n)
2

numerically [+n<4]

2
Hence the area of the loop is %(4—‘&).

Example 8. Find the area of the curve
2+ y)=at (- x?)
between the curve and its asymptotes.
Solution : The equation of the curve is
x2(x* +y) =a* (3 - x?) ()]
to trace the curve roughly to find the limits of integration.
(i) The curve is symmetrical about both the axes.
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(ii) The curve passes through the origin and the tangents at the
origin are given by y* — x* = 0 or y = £+ x. The tangents
being real and different, origin is a node.

(1ii) The curve meets the x-axis and y-axis both only at the
origin.

(iv) Equating to zero, the coefficient of )2 in (1), the asymptotes
parallel to y-axis are given by

¥-a=0
or, x=%xa
The curve has no other asymptotes.
(v) From (1),

y(@-x)=x* (¥ +a)

’z 2
a+x
= X [— . (2
y -z @3]

When | x | > a, y is imaginary.

. No portion of the curve lies beyond the lines x =+ a. As x
increases from 0 to a, y increases from 0 to .

Thus the shape of the curve is as shown in the figure.

X=-8
X=a

By symmetry, required area between the curve and its asymptotes

=4 x Area between the curve in first quadrant
and its asymptotes

=4 I:ydx
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(iii) The curve meets x-axis in the point (0, 0) and (34, 0) and
y-axis at (0, 0).
Shifting origin to the point (34, 0), the equation (1)

transforms to
Y(@+3a+x)=(x+3a) (3a-x-3a)
or P(x +4a) =-x (x + 3a)?

.. The tangent at the new origin is x = 0, i.e., the new
y-axis [Equating lowest degree terms to zero].

Hence at the point (3a, 0), the tangent to the curve is
parallel to y-axis.

(iv) Equating to zero the coefficient of »* in (1), the asymptote
parallel to y-axis is given by

x+a=0
There is no other asymptote of the curve.
(v) From (1),
Ja-x

y=x a+x -

[Taking +ve sign before the radical]
When x > 3a or when x < - g, y is imaginary.
Thus the curve does not lie beyond the lines x = — a, x = 3a.

As x increases from 0 to 3g, y first increases and then decreases
to 0.

Thus there is a loop between x = 0, x = 3a.

Again, as x decreases from 0 to g, y also decreases from 0
to — o,

Thus the shape of the curve is as shown in the figure.

For the loop of the curve x varies from 0 to 34 and for the area
of the curve between the curve and the asymptotes, x varies from
—ato0.

- Area of the loop
= 2 x Area of the upper half of the loop

2 fya
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=2 ka 3:;: dx [From (2)]
_ 2rax 2a+(a-x)
o 2a-(a-x)

[Puta -~ x =2acos ©

o dx = 2a sin 6 dO

when x =0, 0 = n/3;

when x = 3a, 8 = 7}

x ’2a+2¢1c056 .
2 I%(G—ZGCOSG) m 2asin 840

140050 6 a0
1-cog6

"

4a’ J-;é(2 ~2cos 0)

sin 0 dO

402.{;5(1__0053) [1+cos® J]-I-COSQ

Y1-cos® \1+cos®

I+cos@

=422 [ (1= s
= 4a J'%(I 2cose)m

= 4d° J';/ (1-2cos 6)(1+cos 6)d6

sin 840
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= 4a’ I;(l - cos 8 - 2cos’ ) dO
3

]

4a’ j;[l - cos 8 — (1 +cos 26)] d6
3

-4a* I;,(cos 20 +cos0) d6
i

- 4q° [sin 20 +sin 0]
2 %

—40’[0—[%sin-2—37£+sin§”
4a [2 V3 J‘] 334 E)

area between the curve and its asymptotes

=2 x area between the curve and its asymptotes
above the x-axis

1§

I

3a- X i
-2 [ x P [From (2)]

2]- Za+(a x)dx
2a-(a-x)
[Put @ — x = 2a cos O
.. dx = 2a sin 6 d&
whenx=-a4 6=10
when x = 0, 6 = /3]

2 J'nx(a—hcosﬁ) ﬁ:—g}%- 2a sin 0 d0

4a’ Iy(l-2c B)JH_ZEZL

= 4d’ j':g(l—chse)(HcosB]de

sin 8 d0
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or y=£v"x’—al w (1)
[Taking +ve sign with the square root]
Now, S = Sectorial Area OPA
= Area OMP - area AMP - (2)
But,
area OMP = %OM - MP
1o
T2
=l-x--2\-‘a’—x’ w (3)
2 a
and,
area AMP = [ ydx
= ré x*—-a® dx [ OA = a]
a a )
= 5 [l xvat-a* - 1 a* cosh™ (E)]
al2 2 all,
= % [x Jx*-a* - a*cosh™ (i)]
[ cosh™ (1) =0]
.. From (2),
= léx x’ —a’ —i
2 2a
[x Jx* - a* - a? cosh™ (i]]
a
= % cosh™ [E)
2 a
. cosh™ [E—J -
a ab
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and from (1),
b
=—yx'-a
y a
b 2( , 28 ]
= —.ja°| cosh® — -1
a ab
= E-asinh[—z-é'-):bsinh§
a a ab
Yh
\ P
% /A’ ofa a& X
Y'e
EXERCISE 13.1

1. Find the area enclosed by the curve y = 3x — x?, x-axis and the
lines x = 0 and x = 3.

2. Find the area enclosed by the curve y? = x and the straight line
x=4,

3. Find the area bounded by the parabola y = 2x — x? and x-axis.

4. Find the area bounded by the curve y = ¢ cosh x/c, x-axis and
the ordinates x = 0, x = a.

5. Find the areas bounded by the x-axis, the following curves and
the specified ordinates:

@ y=e¢,x=c,x=d
b)y=logx;x=a,x=b(b>a>1)
©) y=sintx;x=0,x=n?2
Wxy=kx=cx=d

() y=xe*;x=0,x=a

@M y= 5+%;x=2,x= 10.
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6.
7.
8.
9.
10.
1L

12.

13.

14.

15.

16.

Integral Calculus

Find the whole area of the circle x* + 3 = g%

Find the whole area of the curve y* = x2 (4 - x?).
Find the whole area of the curve a®* = x* (a@* - x%).
Find the whole area of the curve @%? = x* (2a — x).
Find the whole area of the curve &’ = )* (2a - y).

Find the area of the parabola y* = 4ax bounded by its latus
rectum, and find its ratio with the area of the circle of
radius 4. :

Find the area of the loop of the following curves :

(@ y=(x-2)(x-4y

(b) x (Z + ) =a (- ))

©) @y =x(b+x)

d @ =x(a-x)

(€) y=x'(a+x)

) &’ =(x~a) (x - 5a)

®) 3ay’ =x (x - ay

Find the area between the following curves and their
asymptotes :

(@ ¥ =a (/- x)

®) x (@ +y)=a -y

© yY@a-x=x

(d) x* = 4a’ (2a - x)

Trace the curve &%y = x* (2a - x) and prove that its area to
the area of a circle of radius a is 5 : 4.

Show that the ordinate x = g divides the area between
y? (2a — x) = x* and its asymptotes in the ratio 3n—8:3n+8.

. Xy 28
In the ell —+==1, that x = h —,
n the ellipse —+3 prove that x = a cos h —

y=bsin ké where § is the sectorial area bounded by the

a
ellipse, x-axis and the line joining (0, 0) to (x, y).
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ANSWERS
EXERCISE 13.1
L2 32
* 2 * 3
3. % 4. c’sinh(%)
5. (a) ¢ & ®) blog(é)—abg(gJ
€ €
© = @ K'log?
4 c
T _ 1096
© (e -1) M
32
6. na® 7. 3
2
8. 4% 9. na*
8 2% 8 %
10. na? 11. 302 In
3242 a*
2 (a-
12. (@) =3 (b) 2( m)
32 % Y 8a"
© jo587a @75
32 4 256 »
®© 1057 035
sal
® 57

13. @) 4@  (b) "?(zn) © %mz () 4na®

13.4 Area between Two Curves
The area bounded by the curves y = f (x), y = ¢ (x) and the
ordinates x = a, x = b is

I:(y of upper curve — y of lower curve) dx
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Let APB, AQB be the curves
y=r(x)hy=9¢
respectively and MA, NB be the ordinates x = g, x = b.
.. Area APBQ between the two curves
= Area AMNBP - Area AMNBQ

= J:f(x)dx—fdl(x)dt
= I:[f(x)—lb(x)]dr

= I:[ y of upper curve — y of lower curve] dx

Yh
8/
=]
n
>
0~ ™ N X

ILLUSTRATIVE EXAMPLES
Example 1. Prove that the area common to the two parabolas

2
x2 =4ay and y* = 4ax is ]630 .
Solution : The equations of the two parabolas are
xz = 4ay e (I)
and y =dax v (2)

Both the parabolas have their vertices at the origin. Their axes
are along OY and OX respectively.

Solving (1) and (2) [eliminating y from these], we have

Tea = 4ax
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Example 2. Find the area common to the circle x* + * = 4 and the
ellipse x* + 42 = 9.

Solution : Let P be the point of intersection in the first quadrant,
of the circle and the ellipse, as shown in the figure. Draw MP L
x-axis,

,Y
B P
< A .
X o M X
Yy

Eliminating )? from the two equations of the circle x* + )* = 4
and the ellipse x2 + 47 = 9, we have
2*+4@4-x)=9
or, =7
which gives

7
= ,J=for P
x J;

[Rejecting —ve value, as P is in the first quadrant]
Now for the ellipse
y= % 9-x?
and for the circle
y=4Ja-x
Since the ellipse and circle are both symmetrical about both
the axes.

. Required area common to the circle and ellipse

=4 x Area common to circle and ellipse in the
first quadrant

=4 x Area OAPB
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Solution : The equation of the circle is
X+ y? = 64q° . (1)
Its centre is (0, 0) and radius is 8a.
The equations of the parabola is
y: = 12ax . (2)
Its vertex is (0, 0) and latus
rectum is 12a.
To find the points of
intersection of (1) and (2),
eliminating »* from (1) and
(2), we get

x + 12ax = 64a?
or x*+ 12ax — 64a* =0
or (x+16a) (x —4a) =0

or x =- 16a, 4a
But x = — 164 is inadmissible because when x = —16a, from (2),
y is imaginary.

. X = 4a, gives the abscissa of C, the point of intersection.

If the circle meets the x-axis in the points 4 and A4, then these
po:nts are A (8a, 0) and A’ (-84, 0).

" Required shaded area

= Area of circle — Area of COC'A .. (3)
Now, area of circle

= (8a)

= 64na? . (4)

and
area COC'A =2 Area COA
=2 (Area COM + Area MCA)

- z[j:‘(yofparabola)ca
+ L‘:( y of circle) dx]

= Z[I:IJI-Z;dx+ J-h 64a® - x* dx]
da
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4a

%
= 24/12a xT +2[%x\}640"—x2

[ o= ]
(=]
+
53
@
o |
L
| =
| I—
4

2 8a 4a
=223 a% (40)* +2[0+324*sin™ (1)

- 2a+/48a* -324* sin™ ﬂ

64
_ o 3242 -8 - 324
J' [ a5 =834 ~32a GJ
64 32na’
= |2=-163 |a* +32a*n - =2
[51e5] 3
_16 . 0dma
-7 3
- ‘63“ (V3 + 4n) " (5)

Putting the values from (4) and (5) in (3), we get the required
shaded area

64 na’ —l@—(\/_win)
16" 22 (121~ 3 -4n)
]6: (81: \5)

Hence the result.

EXERCISE 13.2
1. Find the area included between the curves y* = 4bx and
x* =vday.
2. Find the area included between the parabola x* = 4ay and the
curve y (x* + 4a%) = 8a°,
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Copsi) e ()

1
9. 25-
25 3

13.5 Area Formula for Parametric Equations
(i) The area bounded by the curve

x=fDy=4¢®),
the x-axis and the ordinates at the points where ¢ = g,

t=bis
s dx
—dt
Ia Y dt
The parametric equations of the curve are
x =f(!).}
y=¢@)
~. Required Area
= [Lya
b dx
— A y.Z &
= o0 rwa

(ii) The area bounded by the curve x = f(1), y = ¢ (1), the y-axis
and the abscissae at the points where t = ¢, 1 = d is given

by

rx & dt

< dt
13.6 Area Formuls for Polar Equations

The area bounded by the curve r = f(8) and the radii vectors

0=a,0=fis

['1rde

«2
where r = f(0) is finite, continuous, and single-valued function of
0 in the interval @ < 0 < p.
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2 2

a“ lies between lr and a quantity which tends to lir- .
do 2 2

a1,
de 2
1, ﬁdﬁ: AP
[i3rde = [Zga0=Cak
= (Value of 4 when 6 = B)
~ (Value of 4 when 6 = a)

= Area O4B - 0
= Area OAB
Hence,

Area OAB = % 1240

Note 1. In some cases, it is more convenient to transform a
given cartesian equation into polars rather than to solve for y. In
such cases the above formula is applied after changing to polars.

Note 2. Determination of the limits of integration.

(i) In case of a loop, the limits of integration for finding its

area are two successive values of 8 which make r = 0.

(ii) If the curve is symmetrical about both the axes, the integral
must be evaluated fom 0 to n/2 and the whole result be
multiplied by 4.

(iii) If the curve is symmetrical about the x-axis, i.e., initial line
only, the integral may be evaluated from 0 to #n and the
whole result multiplied by 2.

13.7 Area between Two Polar Curves

The area bounded by the curve r = f(0) and r = F (8) and the
radii vectors 8 =a, 8 =B is

I:% (52 -r})de

where r, is the ‘r’ of the outer curve and r,, the ‘r’ of the inner
curve.

Let AB, CD be the two given curves r = f(0) and r = F (0)
respectively and OCA, ODB the radii vectors 6 = a, 8 =
respectively.
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Y
0=rB Al=nr

an an
M 0 6=0 L X

The cycloid is symmetrical about the y-axis, and the base is the
line AB parallel to x-axis and at a distance 2a from it.

For the half of cycloid, 8 varies from 0 to m.
The area between the curve and its base

= area BOA

=2 area OCA

= 2] L2 5 4

= 2_[0 a(9+sm 0)(asin 6)do

= 24" [/ (05in 0 +sin’ ) dO

= 24" [[0sin 00 + 2" [ ﬂd&

=2a [{9(—»0059)}0 - L 1(—c059)d9]
a,[sin :!B:I’t

2 5

2a° [(—B cos 8); +(sin 6); |
+a’ [0 -sin 6 cosO];
= 2a°[-n cos ] + a* (n)
=2a’n + a'n
=3a'n
Again, area between the curve and x-axis
=2 area OAL
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il

4 j%b sin’¢-3a cos” 1(-sin ¢) dr
0

= —12ab L% sin* ¢ cos® ¢ dt

|
L
Y
&
[
L]

I

% nab (numerically)

Example 3. Prove that the whole area between the four infinite
branches of the tractrix

1 ! .
x=acost+ Ealogtan2 —,y=asint

2
is na’.
Solution : The equations of the curve are
a '
=acost+ — logtan’ — . (1
x=a 5 log 2 ()
y=asint e (2)

(i) Since x is an even function of ¢ and y is an odd function
of 1, the curve is symmetrical about the x-axis. '

(ii) Putting y = 0, we have gasinz=0or t = 0.
But 7 = 0 does not make x = 0.
Hence the curve does not pass through the origin.
|sint] <1
lyl<a
i.e., the curve lies between the lines y = = a.
(iii) When y = 0, 1 = 0, which makes x iufinite, i.e., if x — o,
y—= 0
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(iii) The curve meets x-axis where putting y = 0, we have
a(l-f=0
o r=0orl, -1
When t =0, x = a;
When ¢ = +1, x = 0.
Thus the curve meets x-axis in the points (0, 0) and (a, 0).
(iv) “he curve has no asymptotes, i.e., for no value of 1, x

(or y) tends to « and y (or x) tends to a finite quantity.
dx

(v) 7 =~ 2at
@ _
& =a(l -3
dy dyldt
dt ~ dx/dt
_ 1-37
T2
3 -1
T
‘ty 2 H l
Now — =0 when3Ff-1=0,ie.,=x—F.
e 5

When!-*:irl— x-za =% 2 a
Ji. 3;)’ m'

2 2
Thus at the points | —a,£——=a | the tangent is || to x-axis.
po [3 3\5 ) g il
dy

Again E:uo, when ¢ = 0.
Now when ¢ = 0, x = a, y = 0. Thus at the points (a, 0), the
tangent is L to x-axis.

Also x < g always. Thus no portion of the curve lies beyond the
line x = a.

As ¢ increases from 0 to 1, x decreases from a to 0 and y first
increases from 0 and then decreases to zero.

Againast — ©, x &> - and y - — o,



Determination of Areas (Quadrature) 271

The shape of the curve is Y4
roughly as shown in the figure and t=1 1=0
for the upper half of the loop, ¢
varies from 0 to 1. A Ly

.. Required area of the loop o

1 dx
= 2 J-ny:def

]

2 _L: at (1-*)(=2at) dt

-4a’ J:(t’ —-1*)dr

1]

I
|
o+
nu
L
G~
1
Mlﬁu
—

]
rS
L]
e
| —
I
w]—
—
I
|
oo
)
L]

15
2
= % (in magnitude)

Example 5. Show that the area bounded by the cissoid
asin’t

x=asinft,y=
24 cos!
2

. . 3ma
and is asymptote is Y

Solution : The equation of the curve are
sin’ ¢
cos¢t
to trace the curve roughly to find the limits of integration.

- (1)

x=asint,y=a

(i) Since x is an even function of +, and y is an odd function
of 1, the curve is symmetrical about the x-axis.

(ii) x = 0 gives sin* = 0 or t = 0 which also makes y = 0.
. The curve passes through the origin.
(iii) The curve meets both the axes only at the origin.

(iv) é =2a sin t cos ¢
dt
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.. Required area between the Y
curve and its asymptote
=2 x Area of the
upper half of the curve

_ V; dx , t=0
-2] y—df X 5 @0 X

t=nf2

2a sintcostdt

J-!/ sin

= 4a° I%sin"f dt

_4023

M| A

A
2

b.l
”-h|

3na”
8
Example 6. Find the area between the curve r = a0 cos © and the
radii vectors 6 =0, 6 = /2.
Solution : The given curve is
r=a6cosb
Required sectorial area

1 I%r’dﬁ
2 L]

1 [’%‘e’ cos? 0 d0
2 (1]

g_’_rée,HcosZBda
2

2 2
=2 j’ée’de + 2 I%B’cos 20d0
4 o 4 Jo

2 (o Vi
a (o sin 20 %, sin 20
-5 *T[(“ 2J [ "*’]

2 3
"—"—+i’i[o-j"4tasinzede]
28 alh
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a‘n’ _f.'_1 L l+l(sin29)%
T 96 4122 2 2 J
3

an’ na'® a

= —— -—-—(sinn-sin 0)
96 16 16

_an

T 9% 16

_ ﬂ_(ﬂ_,]
16 \ 6
Example 7. Find the area of a loop of the curve r* = @* cos 20 and
hence find its total area.
Solution : The curve is
r =a® cos 20 . (1)

Since the equation remains unchanged on changing 0 to - 8 or
n — 0, hence the curve is symmetrical about both the axes.

For the loop putting » = 0, we have

cos 20 =0 = cos (ig)

20 = -

0=-

Hence a loop lies between the radii vectors 8 = -n/4 and
6 = m/4. The curve consists of two equal loops and for half the loop
in the first quadrant, 8 varies from 0 to /4.

[two consecutive values]

ENENSIE
&=la A
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~. Area of a loop

= 2["1 a0
2
= j'% a’cos 2040
. sin 20 g a
= — | ==(1- 0) =—
2 Jo 2 2
", Total area of the curve
2
= Zxa—
=a
m!
Example 8. Show that the area of a loop of r = a cos nb is —
na’®  na’
n being integral. Also prove that the whole area is TOTT
according as »n is odd or even.
Solution : The equation of the curve is
r =a cos no .. (1)
For a loop putting r = 0, we get
cos n6 =0
TN .
ng = - >3 [two consecutive values]
-T T
0= 21 2n
Thus one loop of the curve is obtained as 0 varies from
LI
- to —
2n 2n
*, Area of one loop
%n l 2
= —-r dﬂ
P2
= % P 4 cos? n dB
“n

f_ I» 4a 1 + €Os 2n0
%

do
2
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The curve is symmetrical about the initial line.
Let@ = a when r =0
a+bcosa=0
cosa=-2

b
and the line © = a is the tangent at the pole.

For the larger loop, 6 varies from 0 to a, and for the smaller
loop, 8 varies from a to =, above the initial line.

. Required sum of the areas of the two loops
«l 1
- 2[ l; 270+ Lir’a‘e]
=2 I%lr’dﬁ
° 2
b - .
[+ [r@acs [r@an= [ ra]

n
[ (a+bcose) a0

= I:(a’ +b? cos? 0 + 2ab cos 0) d6

- L‘{f +5? ﬁfﬂ +2ab cos eJde

p). b ’
= [{a’ + ?JB + Tsin 20 + 2ab sin B:L

1
= (a‘ +—]u
2

Example 10. Find the area of the loop of the curve

x' + y =3axy
Solution : The given curve is
X+ 3 =3axy

changing to polars (by putting x = r cos 8, y = r sin 0), we have
r? (cos’ B + sin® 0) = 3ar® sin 6 cos O
_ 3asinBcos 0
~ sin’ 0 +cos’ 0

. (D

or
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For a loop, putting r = 0, we get
sinBcos B =0
i.e., sin® =0 and cos B =0
or 6 =0 and n/2
[two consecutive values]

Hence as 0 varies from 0 to n/2,
we get the loop.

‘. Required area
= P2 rao

9a %, sin’ @ cos’ 0 do

® (sin’ @ + cos’ 9)

23_ Iyi tan’ @ sec’ 040
° (1+tan’0)
[dividing the numerator and
denominator by cos® 6]
[Put ¢ = tan® O
dt = 3 tan® O sec? 6 dB
when 6 =0,7=0,
when 8 = /2, t & ]

_ 9a = l df
°[I+r) 3
3a
= 1+ dt
=L’

_3a (1+1)” )
T2 -1
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3a’

-—(0-1
< (01

3a’

2

Example 11. Show that the area of the region included
between the cardioids r = a (1 + cos 8) and » = a (1 — cos 0) is

2
a
2 (3n-8).
5 (3n-8)

Solution : The equations of the two cardioids are

r=a(l +cos8) w (1)
and r=a(l - cos0) . (2)
0=n/2
P
c(|)s
8=0
A 0 A X
Pi

Solving (1) and (2) to find the points of intersection (eliminating
r), we get

a(l +cosB) =a(l ~-cos B

or 2cos0 =0
cos 8 =0 = cos (x n/2)
0==n72

. For the point of intersection P, 6 = n/2.
Since both the cardioids are symmetrical about the initial line,
- By symmetry
Required area common to two cardioids
=2 Area OBPCO
=4 Area OBPO

where area OBPO is the area of curve (2) between the radii vectors
6=0,0=n2.
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*. Required area
4 j%lr’de
° 2

1]

il

2 [Aa* (1- cos 6)’ db

Integral Calculus

= 2d° L}é(l ~2¢o0s 0+ cos’ 0) dO

- 2*[0-2sin 8] + 20 ["*cos’ 0.4

2 "4
= 2.::’(3—'lt - 2]
4
2
= "?(31: -8)

Example 12. Show that the area common to the ellipses

axt+ by =1and b + ay* = |,
where 0 <a<bis itan"(g].
ab b

Solution : The first ellipse is

@+ by =1 .. (1)

2 2
X
W2

=1

Its major axis lies along x-
axis and minor axis along y-axis F

. I_1
0 b s>
[ <a<b(given) > b]

The second ellipse is
bt + ay* =1 . (2)
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6.

10.

11.
12.

13.

Prove that the area of the curve
x=acos @+ bsinb +ec
y=a'cosO+b'sinh+c'
is equal to &t (ab' — a'b).
Find the area between the following curves and the radii
vectors:

(@ r=a6"2,0=ato0=.
b)r=ae®¢, 0=Bto0=F+y(y<2n)
(c) r=ae™, 06=atob =0

) £=I+c059,0=0t00=a.

Find the whole area of the

(a) circle r = 2a cos ©

(b) cardioid r = a (1 — cos 0)

(c) cardioid r = a (1 + cos 6)

(d) curve r* = a* cos? 8 + b sin* O

(e) curve r =3 + 2 cos 6.

. Find the area of a loop of the curve

(a) r = a sin 30 (three leaved rose)
{(b) r = a cos 26 (four leaved rose)
(c) r=asin® (four leaved rose)

Find also the total area in each case.
Find the area of a loop of the curve
r = a cos 30 + b sin 36.
Find the area of one loop of r = a cos 46.
Find the area of a loop of the curve
r = J3cos 36 + sin 36.

Calculate the ratio of the area of the larger to the area of the
smaller loop of the curve

r=l-l-00529.
2
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

Integral Calculus

Show that the area contained between the circle r = a and the
curve r = a cos 50 is equal to three-fourths of the area of the
circle.

Find the area of the loop of the following curves:
@) &+ = daxy? (b) x* +)f = dd'xy
(©) x* + ) = Sax’y’ (d) x*+ ) = axy?

(e) x* + 3x3)? + 2p* = a¥xy

Prove that the area of the loop of the curve x* + )* = 3axy is
three times the area of a loop of the curve r? = @* cos 26.
Prove that the area of the loop of the curve x* + )° = 5ax??
is five times the area of a loop of the curve r* = a* cos 20.
Prove that the area common to the circles r = g2 and
r=2acosBisa*(m~-1).

Prove that the area common to the circle » = a and the cardioid
r=a(l + cos ) is

a (S—H - 2).
4

Find the area outside the circle r = 2a cos 0 and inside the
cardioid r = a (1 + cos 0).
Find the area inside the circle r = sin © and outside the cardioid
r=1-cos 6.
Find the area common to the ellipses

¥+ 2y =a*and 2x* + y* = @,
Find the ratio of the two parts into which the parabola
2a = r (1 + cos 0) divides the area of the cardioid

r = 2a (1 + cos 0).
Find the area between the curve r = a (sec 8 + cos 0) and its
asymptote.

Show that the area bounded by the curve p = f'(r) and the two
radii vectors r=a, r = b is

1 ¢ pr
E L ﬁ dr.
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Sal mz
(c) 2 (d) 2
a!
e) —log2
(e) 7 o8
na’ n
200 — 21, 1-—
2 4
1 In-16
. 222 tan""| —= .
2 ¢ [ﬁ] T

24. na’
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Determination of Lengths
(Rectification)

14.1 Rectification

Definition. The process of finding the length of an arc of a
curve between the two given points on it is called rectification.
14.2 Arc Formula for Cartesian Equations

To find the length of the arc of the curve y = f(x) between the
points where x = a, y = b.

Or

To show that the length of the arc of the curve y = f(x) between

the points where x = a, y = b is given by

2

]

J' 1+ [i)’_) ax |Y

a dx B
where y and L4 are continuous
and single valued functions in the
interval @ < x < b and the integrand P
does not change sign in the g
interval.

Let AB be the curve y = f(x)
where A, B are the points whose
abscissae are g and b respectively o~ ¢ M D X
and CA, DB are their ordinates.

Let P (x, y) be any point on the curve. Draw PM perpendicular
to x-axis.
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If s denotes the length of the arc AP measured from the fixed
point A to the variable point P, then s is clearly a function of x.

From differential calculus, we know that

s @ o
2 [ !+[%szx - :%dx

il

[sL.
= (value of s at x = b)
~ (value of s at x = a)

=arc AB -0
=arc AB

2
Hence, arc AB = I:,‘l +[%J dx

Note 1. From (1), we have
2
5= l+(£) dx
dx

Note 2. If the equation of the curve is of the form x = f (),
then the length of the arc between the points, where y = ¢, y = d

is given by
¢ | (Y
1+|—| d
I [d.r) Y

14.3 Arc Formula for Parametric Equations

To show that the length of the arc of the curve x = f (1),
¥ = ¢ () between the points where ¢ = a, t = b is given by

2 2
(&) () «
e Y\ dt dt
where x and y are continuous and single-valued functions of 7 in the
interval a € £ < b.
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Let AB be the curve x = (1), |Y
y = ¢ () where 4, B are the two
points ¢ = a, t = b respectively.

Let P (x, y) be any point on
the curve. Draw AC, BD and PM P
perpendicular on OX. s

If s denotes the length of the A
arc from the fixed point 4 to the
variable point P, then s is clearly
a function of «.

From differential calculus, we

know that
HORC)
d ~ Yar dt

b |(deY (dy)’ oo ds
= lar = N2
k (dr) ) = Lz
= (s)

= (value of s when ¢ = b)
— (value of s when ¢ = a)

=arc AB -0
=arc AB
2 2
Hence, arc AB = r (é) +(Q] di - (1)
a Y\ dt dt

Note 1. It has been assumed here that the integration does not
change sign in the range of integration

astsbh
Note 2. From (1),

= (&) (5]

144 Arc Formula for Polar Equations

To show that the length of the arc of the curve r = f(8) between
the points, where 8 = o, 8 = B is



290 Integral Calculus

Ly (%) =

Let AB be the curve r = f(0)
and A4, B the points where 0 = o,

0 = B respectively.

Let P (r, 8) be any point on X
the curve. If s denotes the length
of the arc measured from the fixed
point 4 to the variable point P,
then clearly s is a function of 8.
From Differential Calculus, we know that
ds 2 (dr JI
—_— = | — (1
do de M
2
s |, dr} B ds
+|—| d8 = —do
Ly [dﬁ .7
= (3)5
= (value of s when 6 = )
~ (value of s when 0 = a)
=arc AB -0
= arc AB
dr
Hence, arc AB = | Jr’ + (—
ence. E 20

Note 1. From (1),

s= [y +(:;] de

Note 2. When the equation of the curve is of the form
0 = £ (r), the length of the arc from r, to r, is given by

5 (doY
L 1+r [;J dr
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14.5 Arc Formula for Pedal Equations

To show that the length of the arc of the curve p = f (r)
between the points where r=a,r=»54is

,(,- -

Let 4B be the curve p —f(r)
and 4, B be the points where
r=a,r=5a.

Let P (p, r) be any point on
the curve.

If 5 denotes the length of the
arc AP measured from a fixed
point 4 to the variable point P, then s is clearly a function of r.

From differential calculus, we know that

X

p=rsing¢ . (1)
or sin ¢ = pir
ds 1
Also ol sec¢—cm¢
3 1
1-sin’ ¢
_ 1
- 2
P
I-£
r2
r

r’-p
[ = [2a-w

o r!_pl
= (value of s when r = b)
— (value of s when r = q)
=arc AB-0
= arc AB
rdr

Hence, arc AB = I J—
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14.8 To obtain the intrinsic equation of a curve from the
parametric equations

Let the parametric equations Y

of the curve be
x=f@y=¢@0 ..

Let P (x, y) be any point on
it, such that arc OP = s, O being
a fixed point on the curve. Let
OT, the tangent at O to the curve,
be taken as the x-axis, and O as
the origin. Let the tangent at P s
make an angle PTX = y with hd
x-axis.

From (1),

% - 7', "y_w)

dy _ awd: [10]
i Al A 1))

&) (&) «
E\{mdf

= F (1) say w (3)
Eliminating ¢ from (2) and (3), we get a relation between s and
y, which is the intrinsic equation of the curve.

P(x,y)

. (2)

Also 5

14.9 To obtain the intrinsic equation of a curve from the polar
equation
Let the polar equation of the curve be r = f (8).
Let O be the pole, and the initial line be the tangent to the
curve at the pole from which the arc is measured.

Let P (r, 6) be any point on the curve and PT, the tangent at
P meeting the initial line in T.
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. Required length of arc from x = 1 to x = 2 is

I

(2:

¥+
oy
fe +e’dx

I

el’ _ e—l’

= [Iog (e‘ - .c:“):l]2

=log (e — e?) - log (¢ — ¢™)

(3]«
(@)

]— (ez’ —I) +4e’"

= log (&* — 1/e*) — log (e — 1/e)
=log {(e + l/e) (e — 1/e)} - log (e — /e)
= log (e + l/e) + log (e — 1/e) - log (e — /e)

= log (e + l/e)

[Dividing the numerator
and denominator by e’]

Example 2. Find the length of the arc of the parabola x* = 4ay,
from the vertex to an extremity of the latus rectum.

Solution : Let O be the vertex and Z,
an extremity of the latus rectum of

1
the parabola x2 = 4ay or y = H;x’

For the length of the arc from O
(0, 0) to L (2a, a), x varies from 0
to 2a.

AY
s L (2a, a)
0 X
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". Required length of arc OL

= J:n l-i-(%)2 dx

2

2a X
I I+—1dx
9 a

%I:' x* +4a* dx
a

2 . 2a
ZL I:% xx* +4a® + i;—— sinh™ (in
a .

2a/ly
%[2; m +2a*sinh™ (1) —0]
a
l[a 2J§a+2azlog(l+JlT)]

2
[ sinh™ x =log (x + Jﬁ)]
= a[J5+ log (wﬁ + l)]

Example 3. Show that the whole length of the curve

2 (@* - x*) = 8ah? is ma2.
Solution : To trace the curve roughly to find the limits of integration.
(i) The curve is symmetrical about both the axes.

(ii) The curve passes through the oi-igin and the tangents at the
origin are given by

= 8232

1
=% X,
Y=

showing that origin is a node.

I

<)

or

(iii) The curve meets the x-axis where y = 0, so putting y = 0
in the given equation, we get

X@-2)=0
or x=0,%ta
Hence the curve meets the x-axis at (0, 0), (a, 0), (—aq, 0).
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The curve meets the y-axis where x = 0. So putting x = 0
in the given equation, we get

8a%* =0
ie. y=0
i.e. at the origin (0, 0).
Shifting the origin to (a, 0), the given equation transforms
to

(x + af [@® - (x + a)] = 8a%*
or 8a%® = (x + a) (—x* - 2ax)
=-x(x+2a) (x + a)
and the tangent at the new origin is -2a’x=0orx =0 i.e.
the new y-axis.
Thus the tangent at (a, 0) is || to y-axis.
(iv) The curve has no asymptotes.

(v) The given curve is
1

1= —x*d’-% o (1
Y=gz ¥(at-x) m
When x > a numerically, y? is -ve,

.y is imaginary.

Thus no portion of the curve lies beyond the lines x = a,
x=-a.

The shape of the curve is as shown in the figure. The curve
consists of two symmetrical loops.
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. Whole length of the curve
=2 x length of a loop
=4 x arc of loop in first quadrant
For half the loop in the first quadrant, x varies from 0 to a.

From (1)
l 2 2
= xyJa’ -x
Y 2\(5(1

Q—. 1 az—xz.]+x._.-:-2..{..__.
d = 22a 2a* -x

(a* -2¢)’
8a* (a® - x*)
8a* —8a’x* +a' +4x* —da’x®
8a*(a® - x?)
4x* -12a°x* +9a°
8a*(a* - x*)
(322 -2
" 8a*(a* - %)
. Required whole length of the curve
=4 arc OA

2
4r 1+( 2] a
o dx
a 392_2x2
I____________dr [Put x = a sin O
o 2 _x?
2V2a Ja’ - x . dx =a cos © d6]

4 43d’-24"sin’0
T af2a acos B

1+

B
1}

o

0s 0.d0
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=2a I:é[ii ~(1-cos 26) |40

=2a IO%(Z + cos 20) 46

~ ﬁa[ZB N sin 29]%
- i

= 2a|:rt+lsin1t—0]
2

= a2
Example 4. Show that the length of an arc of the curve
xsin®+ycos 0=/ (0), xcos 8- ysind=;"(0)
is given by
s=f(0)+f"@) +ec
Solution : The curve is given by
xsin® + y cos 6 =f' (0) w (1)
xcos 6 - ysin@ =1"(0) . (2)
Multiplying (1) by sin 8 and (2) by cos 6, and adding,
x (sin? © + cos? 8) =sin 8 f* (8) + cos 8 /" (B)
or x=sinBf (0) +cos B " (@) ..(3)
Again multiplying (1) by cos 6 and (2) by sin 6, and subtracting,
y (cos® 8 + sin® 8) =cos 0 /" (8) — sin 8 /" (0)
or y=cosO/(0)-sin0 O ..4)
From (3)
dx .
Z0 =Sin 87"@) +f (0)cos®
+ cos 0 /" (8) - sin 0 /" (0)
=["(® + " (8)] cos &
From (4)

L4 =cos 0 f"" (8) - sin 8 ' (0)

a® —cos B f (B) — sin 0 /" (0)
=~ [f' (8) + /" ()] sin O
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Example 6. Find the entire length of the cardioid » = a (1 + cos 8)
and show that the arc of the upper half is bisected by 8 = n/3.

Solution : The equation of the curve is
r=a(l + cos 0) w (D

(i) Since the equation remains unchanged on changing 8 to
-0, the curve is symmetrical about the initial line,

(ii) Since |cos 6| <1, .. | r| £ 2a.

Thus the curve lies entirely within the circle r = 2a.
(iii) Putting »r =0, we get 1 + cos 6 = 0

or cosB=-1=cosm

0=n
Hence the curve passes through the pole and the tangent at
the pole is 0 = .
(iv) The various values of r for some particular values of 0
are:
n n 2n
0: 0 3 2 3 n
F. 2 a 2
Thus the shape of the curve Y
is as shown in the figure. For the 8=n/2

upper half of the curve, 0 varies

from 0 to . C\
From (1), T 5 %
ar =-asin@ C_/ '

do

(ﬁ' 2
.'.r’+[£) =a* (1 + cos O) + a* sin* B
=a* (1 + cos? 8 + 2 cos O + sin? 0)
=a* (2 + 2 cos 0)
=2a* (I + cos 0)
=2a* - 2 cos? 0/2
=4a* cos® 0/2
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. Required entire length of the curve

2
2 [ r’+(£) do
o do
x 0
2 ["2acos - d8
o 2

2 b

Now, length of the upper half of the curve = %x 8a =4a.

Also length of the arc from 6 = 0 to 6 = n/3.

Example 7. Prove

P =a? cos 20 is —

|
> x length of the upper half of the curve

that the perimeter of the lemniscate

2n [F%)z'

Solution : Equation of the curve is
r =a* cos 20 - (1)
It is symmetrical about the pole, and the lines 6 = 0 and

0=—.
2
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Y|o=ne
x§_=3"f4 PLESET
B A 8=0
4 X
f N
N
"y,
// “0=-n/d

The curve passes through the pole and the tangents at pole are
given by

cos 20 =0
ie. 2eﬁ§3?“
n 3x
B———
i.e 2

It has no asymptotes.

- Greatest value of cos 20 = 1

~. Greatest value of * = &*

= -asr<a

When 0 =0,r=a

When 6 = /4, r = 0

As 0 increases from 0 to n/4, r is +ve and decreasing.
When n/4 < 8 < n/2, P is —ve.

*. r is imaginary.

Thus the shape of the curve is as shown in the figure.

Taking logarithm, (1) becomes

2 log r =2 log a + log cos 26
Differentiating w.r.t. 6, we get

24 _ g4t _(-2sin20)
rdo cos 26
1

= —ﬂ =— tan 20

r de
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1 1 1

F[l -1) rl
4/ 4
l 2
davn [r‘-)
— 4
T
sinn/4
aﬁ[ l)z
=2ZIr-
w2\ 4
2
- _a__[r'l)
Van\ 4
Example 8. Show that the intrinsic equation of the curve
r=af(l +cos0)is

s =4a sin (-‘E - -EJ
3 6

and hence or otherwise, prove that
s? + 9p? = 164°
where p is the radius of curvature at any point, and s the length of
the arc intercepted between the vertex and the point.
Solution : The equation of the cardioid is

r=a(l + cos 0) Y

dr in 6 0= n/2
25 =-@sin

tan 8 = r d9

o (RN

r O=n

@
do

a(1+cos8)

" —asin®

:

0
2cos? =
COS 2

. 0 0
-2 sin — cos —
2 2
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or 3p = 4acos (%—-2] - (4)

Squaring and adding (3) and (4), we have

$2 + 9p? = 16a° [sin’l [% - %J + cos’ [% _ %]]
= 16a*

EXERCISE 14.1
1. Show that the length of the arc of the curve y = log sec x from
x=0tox=m3is log 2+ V3).
2. Find the length of the arc of the curve y = ae* from the point
(0, a) to the point (x,, y,).
3. Show that the length of an arc of the curve

2=a(l -9
+
measured from (0, 0) to (x, ) is a log :_i - X.
4. Find the length of the catenary y = a cosh (x/a) fromx=0to

x=b.

5. Show that in the catenary y = ¢ cosh [i] the length of the arc
from the vertex (where x = 0) to any point (x, y) is given by

(a)s=csinh[§-) (b) s*=y-c
6. Find the length of the arc of the semi-cubical parabola
ay* = x* from the vertex to the point (a, a).
7. Find the length of the arc of the parabola )? = 4ax.
(a) from the vertex to an extremity of the latus rectum.
(b) cut off by the latus rectum.
(c) cut off by the line 3y = 8x.

2

x
8. Find the arc length of the curve y = 272 log x from x = |

tox =2,
9. Find the perimeter of the loop of the curve
(a) 9ay* = (x - 2a) (x — Sa)?
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18. Show that the arc of the upper half of the curve r =

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

a (1 - cos B) is bisected by 0 = 2n/3.
Show that the length of the arc of the hyperbolic spiral
r0 = a taken from the point r =ator =2a is

a[Jg -2+ log ﬁ:“g}]

Find the perimeter of the curve r = a cos 0.

Find the length of the arc of the parabola 2 =1+cos0 cut
off by its latus rectum. g

Show that the whole length of the limacon r = a + b cos 6
(a> b) is equal to that of an ellipse whose semi-axes are equal
in length to the maximum and minimum radii vectors of the
limacon.

Prove that the perimeter of the limacon r =a + b cos 0, if bla
2
be small, as approximately Zm(l +%b—,].
a

Show that the length of the arc of the hyperbola xy = &
between the limits x = b and x = ¢ is equal to the arc of the
curve p? (a* + r*) = a*r? between the limits r = b, r = c.

If s be the length of the curve r = a tanh 6/2 between the
origin and @ = 2n and A the area between the same points,
then show that

A =a (s - an).
Show that the length of the loop of the curve 3x% — )* =
2+ is P

1 dr

2 et
Show that the intrinsic equation of the semi-cubical parabola
3oy = 2x* is

9s = 4a (sec’ y - 1).
Show that the intrinsic equation of the parabolic y? = 4ax is

s = a cot y cosec y + a log (cot y + cosec y).
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29, For the astroid x?* + y** = g?’, prove that
5= 38 cos?
7SV

30. Prove that the intrinsic equation of the equiangular spiral
r = ae™ when the arc is measured from (a, 0) is

§= a__-ql,:m: [eﬂ(v-ﬂl _ l]

where p = tan™' (:L—)

ANSWERS
EXERCISE 14.1
2. f(v,) - f(a), where

=] ¥ 1 2
f() os(l+m]+\/ +y
4 asinh® 6. o-(1313-3)

7. @ a[r2+log(r2+1)] () 2a[r2+log(r2+ n]

(©) a(—:% +log 2)

301
8. E+z]032
4a 4a
9. (a) 4\3a ® 7 © 5
12. (a) Jl_’(e%—l) (b) %(e‘-l)
(© 4—:sin 30 d) 2a
13. 8a 14. 8a
2 b!
15. 443 i_aaf;_

20. ma 21. 2a[\ﬁ+log(\/§+l):|
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Determination of Volumes and
Surfaces of Solids of Revolution

15.1 Definitions

If a plane area is revolved about a fixed straight line lying in
its own plane, then the body so generated by the plane area is called
the solid of revolution and the surface generated by the boundary of
the plane area is called the surface of revolution.

The fixed line about which the plane area rotates is called the

axis of revolution.

For example, a right angled triangle when revolved about one
of its sides (forming the right angle) generates a right circular cone.

Remember. The section of a solid of revolution by a plane
perpendicular to the axis of revolution is a circle, having its centre
on the axis of revolution.
152 Volume Formulae for Cartesian Equations

To show that the volume of the solid generated by the revolution
about the x-axis, of the area bounded by the curve y = f (x), the
x-axis and the ordinates x =@, x = b is riry’dx. where y = f (x)

is a finite, continuous and single valued function of x in the interval
a<x<h

Let AB be the curve y = f(x) and CA, DB be the coordinates
x = a, x = b respectively.

Let P (x, y) be any point on the curve 4B,

Draw PM 1 OX.

S~ OM=xand PM=y

Let ¥ denote the volume of the solid generated by the revolution
about x-axis of the area ACMP.
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As x increases i.e. MP moves towards the right, ¥ also increases.

Thus the volume ¥ depends on x and is therefore a function
of x.

Let O (x + &x, y + 8y) be a point on the curve. Then the volume
of the solid generated by the revolution about x-axis of the area
ACNQ, will be V + 8V, so that the volume of the solid generated by
the revolution about x-axis of the area PMNQ is 8V

Complete the rectangle PROS.

Then the volume of the solid generated by the revolution about
the x-axis of the area PMNQ lies between the right circular cylinders
generated by the rectangles PMNR and SMNQ i.e., 8V lies between
m?28x and T (y + By) x.

14
or = lies between my° and w (y + &y)%
In the limiting position as

Y4
Q— P, ox—>0and .. &y — 0.
v B
“ Lt g 5 lies between my? /
5.8
and Lty 7 (y + &) pLibin
dv A
or — lies between my* and a s
quantity which approaches to 2.
dv
—_ =T -
dx Y 0 C MN D X

- [ = [
= (volume V when x = b)
— (volume V when x = a)
= volume generated by the area ACDB - 0.

Hence the volume of the solid generated by the revolution of
the area ACDB about the x-axis is

I: ny’dx.

Corollary. Revolution about y-axis.
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The volume of the solid generated by revolution about the
y-axis of the area bounded by the curve x = f(y), the y-axis and the
abscissae y =a, y = b is

[

The result follows immediately on interchanging x and y in the
above proposition.
An Important Advice (Remember)

(i) If the generating curve is
symmetrical about the x-axis and it
is required to find the volume
generated by the revolution of the
area about the x-axis, in such a case
we shall revolve only one of the
symmetrical portions, because the
part of the curve above the x-axis
generates the same volume as the
part of the curve below x-axis when revolved about the
x-axis. Thus the volume generated by the revolution of the
area DCOAB about OX = volume generated by the revaolution
of the area O4ABM or OCDM about OX.

(ii) If the curve is symmetrical Ya
about y-axis and the same
curve be made to revolve about
the x-axis (the curve lying only

Y.

on one side of the x-axis) B

then the volume generated = ¢ A

2 x volume generated by the

portion OAB lying to the right >
of y-axis. o X

15.3 Prolate and Oblate Spheroids Definitions

(i) The solid formed by the revolution of the ellipse about the
major axis is called a prolate spheroid.

(ii) The solid formed by the revolution of the ellipse about the
minor axis is called an oblate spheroid.
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15.4 Revolution about any axis

The volume of the solid generated by the revolution about any
axis CD of the area bounded by the curve 4B, the axis CD and the
perpendiculars AC, BD on the axis, is

[ (PMY d (OM)

where O is a fixed point on the axis CD and PM is the perpendicular
from any point P of the curve 4B on CD.

Take the fixed point O on CD v
as origin and CD, the axis of B
revolution as x-axis.

Let OY 1L to CD be taken as
y-axis.

Let P (x, y) be any point on
the curve referred to OC and OY S
as axes.

Draw PM 1 OC, so that
OM = x and MP = y.

IfOC =aand OD = b, then O c M D X
the required volume

= [[mde=n [ (PM) d (OM)

a

Remember:
Practical Method for Questions
(1) Take any point P (x, y) on the curve.

(2) Draw PM 1 on the line about which the curve is to be
revolved and find the length of PM.

(3) Find the distance OM of the foot of L from a fixed point
O (say) on the line and take its differential.

(4) Then use the formula
[x (PM)' d(OM)
with proper limits for integration.
15.5 Volume Formula for Parametric Equations

(i) The volume of the solid generated by the revolution about
the x-axis, of the area bounded by the curve
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x=f(),y=¢ ),
the x-axis and the ordinates, where r=a, t = b is
rny’ & dt
a dt

(ii) The volume of the solid generated by the revolution about
the y-axis, of the area bounded by the curve

x=f(,y=¢ (@)
the y-axis and the abscissae at the points, where ¢ = q,
t=bis
]
I nx’ﬂdf.
o dt

15.6 Volume between Two Solids

The volume of the solid generated by the revolution about the
x-axis of the area bounded by the curves

y=rxy=9¢Wx

and the ordinates x =g, x = b is
b 2 2
L“(J"l ’”yz)dx

where y, is the ‘y’ of the upper curve and y, that of the lower curve.

15.7 Volume Formula for Polar Curves

The volume of the solid generated by the revolution of the area
bounded by the curve r = f(0) and the radii vectors 6 = o, 0 = .

(i) about the initial line OX (8 = 0) is
I:-;-u r'sin0do

Y4
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2 I:TI: (a-x) dy

1

2n [a— zay ,] dy [From (1))
0 a+y
= ZnI
a+y) [Put y = a tan 6
. dy = asec’ 8 dO
when y=0,0 =0,
when y — @, 8 = /2]
2
rma® IVZ asec” 040

* [a*(1+tan?0)]

2na’ Iyzcoszﬁ do

=2mjl_1£—l 201_
22 2

Example 5. Find the volume of the spindle shaped solid generated
by revolving the astroid x¥* + y** = a** about the x-axis.

Solution : The equation of the curve is
x4y = g¥ . (1)

0 . Y t = “fz
The parametric equation of the B
curve are
x =a cos’ ¢
. 1=0
y=asint ..(2) A 0 A X
The curve is symmetrical about
both the axes and for the portion of
the curve in the first quadrant, ¢ varies B’

from 0 to w/2.
.. Required volume

=2 x volume generated by the arc in the first
quadrant

o [ &
-ZL Ty Edf
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= 2n f’a’ sin® (~3a cos’ sin 1) dt
= —6nd’ J-:ésin?! cos’tdt
r[?+l]r(2+])

2 2

- 6xa’ 7+2+2
zr[-——-]
2

Il

32nd’
105

Example 6. The cardioid r = a (1 + cos 0) revolves about the
initial line, find the volume of the solid generated.

(in magnitude)

Solution : The equation of the cardioid is

r=a(l +cos 0) Y
The cardioid is symmetrical 0=ri2
about the initial line and for the c
upper half of the curve, © varies ( 00

from 0 to m. 5 _\
i =n ) A X
.. Required volume (_/
B

j% 7’ sin 0 d0

2 px 3,
3" ju a’ (1+ cos B) sin 0 dO

4 L3
_ Em,[(HcosB) :L
3 -4
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3
= i% _L'r’(:+2)(r’—2r+l)d:

3
- BS_MJ? L'.'*(r’ -31+2)dt
8nd’ [r‘ r :’]'
L LA S A L
siile a3,

_M[l_l,,i]
T sfsl6 4 3

_8_na’(2-9+8)
EENAUT)
e

TIsYs

Example 8. A basin is formed by the revolution of the curve
x* = 64y (y > 0) about the axis of y. If the depth of the basin is
8 cm, how many cubic centimetres of water will it hold?

Solution : The equation of the generating curve is

X =64y (y > 0)
The curve is symmetrical
in opposite quadrants. The
shape of the curve is as shown

(1

in the figure.

Since the height of the
basin is 8 cm, so when y = 8,
from (1),

X’ =64 x 8 =512

x=8

Thus 4 (8, 8) is the point
on the curve (1) at a height
of 8 cm.

Thus the basin is formed
by the revolution of the arc OA4
about y-axis, where A is the
point (8, 8).
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. Required volume
Jomedy
['x(64)” o
16n J-:ymdy

B
167 @ y’”l
%8- x[(®" -0]

48n _1536n
5

I

=—"-32
5

EXERCISE 15.1
1. Let B be a number > 1. What is the volume of solid generated
by the area under the curve y = e~* between | and B (the axis
of revolution being the x-axis) ? Does the volume approach to
a limit as B becomes large ? If so, what is the limit?

cubic curves.

2. Find the volume generated by rotating about the y-axis the
area bounded by the coordinate axes and the graph of the
curve y = cos x from x = 0 to x = /2.

3. The part of the curve y* = x* (I - x*) between x = 0 and
x = 1 rotates about the x-axis. Obtain the volume of the solid
thus generated.

4. Find the volume of a sphere of radius a.

5. Find the volume of a spherical cap of height & cut off from a
sphere of radius a.

6. Find the volume of the solid generated by the revolution of an
arc of the catenary y = ¢ cosh (x/c) about the x-axis.

7. The area of the parabola )* = 4ax lying between the vertex and
the latus rectum is revolved about the x-axis. Find the volume
generated.

8. A paraboloid of revolution is generated by rotating the parabola
»* = ax about OX. Find the volume generated by that portion
of the curve which lies between x = 0 and x = A. If R is the
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=

10.

12.

13.

14.

15.

16.

17.

18.

19.

Integral Calculus

area of the cross-section at x = A, show that the volume is haif
that of a cylinder of base area R and length A.

. Find the volume of the reel-shaped solid formed by the

revolution about the y-axis of the part of the parabola y* = 4ax
cut off by the latus rectum.

Find the volume of the prolate spheroid generated by an ellipse
whose major and minor axes are (24m)"” and (3w)'°.

Prove that the volume of the solid generated by the revolution
of an ellipse round its minor axis, is a mean proportional
between those generated by the revolution of the ellipse and
of auxilliary circle round the major axis.

Find the volume of the solid generated by revolving
x=acos B, y=>sin0
about the y-axis.

The part of the ellipse
xZ yZ
;i_ +Ei" = 1

cut off by a latus-rectum revolves about the tangent at the
nearer vertex. Find the volume of the reel thus generated.
Find the volume generated by revolving the area bounded by
the curve y = xe', ordinate x = 1 and the x-axis about the
X-axis.

Find the volume of the solid formed by the revolution about
the x-axis, of the loops of the following curves :

@@y @-x)=x*(a+x) (b) y*(@a+x)=x"3a~x)
(©) yi@+x)=x*(a-x) () y' =x(a-x.

Find the volume of the solid generated by the revolution of
the curve y (a@* + x*) = @ about its asymptote.

Find the volume of the solid generated by the revolution of
the area between the curve x)* = 44’ (2a — x) and its asymptote
about the asymptote.

The loop of the curve 2a)* = x (x - a)?* revolves about x-axis,
find the volume of the solid so generated.

Find the volume of the solid obtained by revolving the loop of
the curve a%? = x? (2a — x) (x — a) about y-axis.
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20.

21.

22.

24,

25.

26.

27.

28.

Find the volume of the solid formed by the revolution of the
cissoid )? (2a - x) = x* about its asymptote.

The ellipse b + a%* = a*b* is divided with two points by the
line x = a/2, and the smaller part is rotated through four right
angles about this line. Prove that the volume generated is

Mzb [ﬂ - E} .
4 3
Find the volume of the solid obtained by rotating the area
bounded by the circle x* + )* = a® around the line x = b (b > a).
A quadrant of a circle, of radius a, revolves about its chord.
Show that the volume of the spindle generated is
T 3
—=(10-3n)a".
55 10-3)
Find the volume of the solid generated by revolution of the
tractrix

X = acost+=log tan* L
) 2 2
y=asint
about its asymptote.
Find the volume of the solid generated by the arc of the
cissoid
2asin’t

x =2asin*t, y=
Y cos !

about its asymptote.

Prove that the volume of the solid generated by the revolution
about the x-axis of the loop of the curve
x=£8 y=f—£i53—n-
’ 3 4
Find the volume of the solid formed by revolving the cycloid
x=a(0+sin0),y=a(l -cos @)
(a) about the y-axis and
(b) about its base.

Find the volume of the solid formed by revolving the arc
between the cycloid

x =a (0 -sin8), y=a (1l - cos 0), and its base
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(a) about the y-axis and
(b) about its base.

29. Find the volume of the solid generated by the revolution of
the lemniscate * = &’ cos 20 about

(a) the initial line and
(b) the line 8 = n/2.
30. Show that the volume generated by the revolution of the

limacon
r=a+bcos9 {a>b)
about the initial line is
;m (a® +8%).
ANSWERS
EXERCISE 15.1
L %[e"” -e?], yes, % 2. n(n-2)
2n 4
. T . —Tna
3 15 4 3
5. A [a - ﬁ) 6 < [sinh 25 _ Ginh 2—"]
3 2 c c
7. 2nd’ 8. 2nai’
9, im’ 10. =2
5
4 _,
. —nab
12 3

13. — [ﬁa’b - b -3abJa® - b* -3a’sin™ E]
a
T2
(et -1
4. 5 (e2-1)

15. (@) 2nd’ (Iog 2- %) () a*(8log2-3)

© 2m’(log2—§] «) ’%
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16. %Eza] 17. 4n’ad’
" _3 1o, 23na’
27 60
n 2 3 2
20, 2n’d’ 22, 3-[606 +4d’ ~3a’bn
24, %m’ 25, 2n°d
21. (a) na’(% n’—gﬂ (b) 57°a’
28. (a) 6n'ad’ (b) 5n°a’
na’[ 3
29, | —=log(1+v2 -1]
@ [ % og (1++2)
2.3
by L.
b) a2

158 To show that the curved surface of the solid generated by the
revolution, about the x-axis, of the area bounded by the curve
y =f(x), the x-axis and the ordinates x=a,x=b is

I:j: 2ny ds

where s is the length of the arc of the curve measured from a fixed
point on it to any point (x, ).

Let AB be the curve y = f(x) and 4, B the points corresponding
to x = a, x = b respectively. Draw AC, BD 1 to x-axis.

Let P (x, y) be any point on the curve and let the arc AP be s.
Draw PM 1 OX.

If § denotes the curve surface of the solid generated by the
revolution of the area ACMP aboqt the x-axis, then clearly S is a
function of s.

Let O (x + 8x, y + 8y) be a point on the curve in the
neighourhood of D. Draw ON L OX, and let the arc AQ be s + &s,
so that arc PQ = ds.
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The curved surface of the solid of revolution of the area PMNQ
about the x-axis is 65, Draw PR and QS parallel to x-axis and each
equal in length to the arc PQ = ds.

Now the lines PR and OS generate cylinder, when the arc PQ
revolves about x-axis, whose base radii are PM and NQ. The area
of the curved surface generated by the arc PQ lies between the
areas of the curved surfaces of the cylinders whose base radii are
PM and NQ.

i.e. s lies between 2my &s and 2n (y + &) Os.

% lies between 2my and Y1.

2n (y + &y). Proceeding to limit E
as @ — P,ie as dx —» 0,
[-.8y = 0, 85 — 0]

v3/
88
% lies between 2my and a A A %R
S
quantity which approaches to 2y

das 5
s~V
rmh :-de [o] [+] M N D >
2ny ds = —ds e X
.[r:a v j-x=adg
=[Sk

= (volume of S when x = b)
- (volume of S when x = a)
= area of the surface generated by the revolution
of the arc ACDB - 0

. Surface area of the solid generated by the revolution of the
area ACDB

= j"bZRde.

15.9 Surface Formula for Cartesian Equations
The curved surface of the solid generated by the revolution
about the x-axis, of the area bounded by the curve y = f (x), the
x-axis and the ordinates x = @, x = b is
x=h ds
2y — dx
Jo g

r=q
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2
where % =1+ (g—)

15.10 Surface Formula for Parametric Equations

The curved surface of the solid generated by the revolution
about the x-axis of the area bounded by the curve x = f(1),
¥ = ¢ (1), the x-axis and the ordinates at the points, where ¢ = q,
t=bis

rb 2ny dr

ds | dx dy)z
where dr (df) +(dr

15.11 Surface Formula for Polar Equations

The curved surface of the solid generated by the revolution
about the initial line, of the area bounded by the curve r = f(8) and
the radii vectors 0 = a, 8 =P is

2ny£d{-],
o=a """ 4
ds . [dr)’
Where o =\ *\a
and y =rsin 0.

15.12 Revolution about y-axis

The curved surface of the solid generated by the revolution
about the y-axis of the area bounded by the curve x = f(y), the
y-axis and the abscissae y =a, y = b is

y=b Y
2mx ds.

y=a B

15.13 Revolution about Any Axis

The curved surface of the solid

generated by the revolution, about an axis P

CD, of the area bounded by a curve 4B, A %

the axis CD and the perpendiculars AC,
BD on the axis is

[2r (PM) as 6 6 Vv b x
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Solution : The equation of the catenary is

y=

"

88 &S

At the vertex, x

o)
sinh [{;)

"H(%) =Jl+sinh2~§ = cushi

=da.

335

s = length of the arc from vertex to any point (x, y)

1

]
Il

I

'de
o dx

L’cosh 3 dx

[a sinh E]
ale
a (sinh X {))
a

asinh =
a
surface area generated by the arc
x ds
L 2y o dx
2n ra cosh X . cosh X dx
N a a

2na | cosh’ X dx
o a

na r[l + cosh (2_x):| dx
0 a
na [.r + a sinh (EJ]
2 ally
na [x + a sinh (EI\
2 a

w (1)

. (2)
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Solution : Let the right angled triangle A0B be formed by the line
y = x tan 8, the x-axis and the ordinate x = . Then

Y

Q
q’*w‘

0 Alh0)

OA = h is the height of the cone.
If r = AB is the radius of the base, then

— =—=tanb (D
and if / = OB is the slant side,
then sec 6 = % . (2)
.. Required volume of the cone
= Jl:ﬂyzdx

=1t_|':x’tan’ﬁdx [+ y =x tan 0]

h
nlanzﬁ(x—!]
K

nth* tan’ @
3

= ln},’r_z

3R

= 5“’2’1 [using (1)]

Now since y = x tan 0

a=tan0
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é — ]+(d_yj-
dx dx
1+tan’ 0
=sec O

*. Required surface area of the cone

h

= 2 tan O sec 9(%]

(1]
= h*tan O sec 0
zr‘!

h h

= nrl.

= 1h fusing (1) and (2))

Example 4. The portion between two consecutive cusps of the
cycloid x = a (0 + sin 0), y = a (1 + cos 0) is revolved about the
x-axis. Prove that the area of the surface so formed is to the area
of the cycloid as 64 : 9.

Solution : The equations of the cycloid are
x=a(0+sind
y=al(l+cosB
The cycloid is

symmetrical about the y-axis  -------s—=g-------
and for half of the cycloid, 8
varies from O to n. If A A B

X

denotes the area of the B=-n 0 B=n
cycloid, then

-

=3
i

2jy—de

2[ (1+cosB)a(l+cos0)dd

24° r(2 cos’ —J do
° 2

1
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= R2na* j% cos’ £ dt
2
- 32ng?. 2 - 84ma
3 3
. Required ratio
=3
A
64
3 na
Ind’
_u
=3

Example 5. Find the surface of the solid generated by the revolution
of the lemniscate * = a® cos 20 about the initial line.

Solution : The equation of the lemniscate is

r =a® cos 20 . (1)
Y
_{: Inid ’_-"' 0=n/4
. y
, P
s,
B\ a a Ja X
#0
c""" \‘\—
d N @=-nd

The curve is symmetrical about the initial line and the line
0 = n/2,
For a loop putting » = 0, we get

cos 20 = 0=cos(i g)

= 2‘9=iE
2
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T
= =3 [two consecutive values]

The curve consists of two equal loops and 6 = —m/4, 6 = n/4
are the tangents at the pole. In the first quadrant, for half of the
loop, 6 varies from 0 to n/4.

From (1)
2 & __ 2 sin 20
d0
dr a’sin 20
or — = -

do r
2
ds s f—fi
do dB
Ja cos 20 + M

= [a’cos 20 + Lﬂza
a®cos 20

- ,[cos 20

. Required surface

A ds
=2/ 21'ry—ed9

= 4n Iyr sin @

do

,} cos 20
4n _I':{'a Jcos 20 sin 8

= 4m’jzisin9d9

de

I

a
o3
= 4na’ (- cos 9)0%

- 41:02(-—-\;—_2—+I)
41':&1(] —%]
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Example 6. The part of the parabola y* = 4ax cut-off by the latus
rectum revolves about the segment at the vertex. Find the curved
surface of the real thus generated.

Solution : The equation of the parabola is
y? =dax w (1)
The required curved surface is generated by the revolution of
the arc LAL', cut-off by the latus rectum, about the tangent at the
vertex, i.e., y-axis.
For half of the arc AL, x varies from 0 to a.
From (1), Y

& _Ja
R Wl e
2 AN
é = l"‘[@-) \\
dx dx \
\
= 1+2 X Ay s s X
x '
’
x+a /
= x ,I
.. .Required surface -"< L~
w ds
=2 2mx = d
= 4,:]’",; atx i Y
0 x

41r_[: x? + ax dx
wfy(e-5) (5] «
(2T (2)

2
a—CO‘Sl'I-
4

1}

(2%

a
2

(S
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]

4n

4n

al
-5 (cosh™3 - cosh™ I)]

:% Va2 {iog(3+571)
~log (1+J1=1)}]
[ cosh™ x=log {x + Jzﬁ}]

2
V2 nd —E‘;—log(3+2\5)

na

’[3J_~—%Iog(ﬁ+l)z:|

= na’ [3J§-_—I0g(ﬁ+l)]

Example 7. A quadrant of a circle of radius a revolves about its
chord. Show that the surface of the spindle generated is

21:02\5(!—-%].

Solution : The parametric equations of the circle are
x=acos B, y=asinb

Pta cos 0, asin 0)

6=0

o] A
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3.

10.

1.

12.

The arc AL of a parabola, where 4 and L are respectively the
vertex and an extremity of the latus rectum, is revolved about
its axis. Find the area of the surface generated.

. (a) Find the area of the surface of the solid generated by the

revolution about the x-axis of the area bounded by the
parabola )* = 4ax, the x-axis and the ordinate x = A.

(b) Find the curved surface of the solid generated by the
revolution about the x-axis of the area bounded by the
parabola )? = 4ax, the ordinate x = 34 and the x-axis.

. Find the surface area of the solid formed by the revolution,

about the axis of y, of the part of the curve ay? = x* from
x = 0 to x = 4a which is above the x-axis.

. Find the surface generated by the revolution of the arc of the

catenary y = ¢ cosh x/c about the axis of x.

. Find the surface generated by the revolution of the curve

y = c cosh (x/c) about the x-axis, between the planes x = @ and
x=b.

. Find the surface of the solid generated by the revolution of

the ellipse x> + y* = 16
(a) about its minor axis
(b) about its major axis.
Prove that the surface of the prolate spheroid formed by the
revolution of the ellipse of eccentricity e about its major axis
is equal to

2 x Area of the ellipse x [\}I -é -c--l-sin'l e:!.

e

Find the surface of the solid generated by the revolution of
the astroid x** + " = g* about the x-axis.
Prove that the surface area of the solid generated by the
revolution of the loop of the curve
lrZI

x=0 y=t-—
r=i3

about the x-axis is 3m.

Prove that the surface of the solid generated by the revolution
of the tractrix
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13.

14.

15.

16.

17.

18.

19.

20.
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x=acos:+%alog tan’%,y:asinr
about its asymptote is equal to the surface of a sphere of
adins a.
Find the surface generated by the revolution of the cycloid
(@) x =a (0 —sin 8), y = a (1 — cos 0) about the x-axis.
(b) x =a (0 + sin 8), y = a (1 — cos ) about the tangent at
the vertex.
(¢) x=a (0 +sin 0), y =a (1 + cos 0) about its base.
Find the area of the surface of revolution formed by revolving
the curve r = 2a cos 6 about the initial line.

The curve r = a (1 + cos 0) revolves about the initial line.
Find the surface of the figure so formed.

Find the surface of the solid formed by the revolution of the
cardioid r = a (1 — cos 0) about the initial line.

Find the surface of the solid generated by the revolution of
the ellipse 4x* + 5)7 = 20 about the minor axis.

Prove that the surface of the oblate spheroid formed by the
revolution of the ellipse of semi-major axis @ and eccentricity
eis

_al
2nd? I+I——e—zlog Ite)|.
I+e I-e

The arc of the cardioid » = a (1 + cos 0) included between
—m/2 £ 0 < /2 is rotated about the line 8 = n/2. Find the area
of surface generated.

A circular arc revolves about its chord. Find the area of the
surface generated, when 2 is the angle subtended by the arc
at the centre.

ANSWERS
EXERCISE 15.2

2
2na? 3. %’L(zﬁ—l)
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Integration of Functions of Two and
Three Variables

16.1 Double Integrals

Let f(x, y) be defined for all points in a finite region A4 of the
xy-plane. Let 8x 8y be an elementary area of the region 4 surrounding
the point (x, y). Then

Ltu-»o.ay-,ozz.f(x»)’) &x By

is written as IL £ (x, ¥) dx dy which is called the double integral
of f (x, y) over the region A.
If the region 4 is bounded by the curves

X=X, X=X, Y=Y, V=1,
then [[ f(xy)dxdy = ["["f(y)dedy ()
16.2 Evaluation of Double Integrals

(1) To evaluate (1) we proceeds as follows :

(a) If x,, x,, y,, y, are constants, then the order of integration
is immaterial, provided the limits of integration are changed
accordingly.

Thus ILf(x, y)dxdy
= [ sy ey

= [M )7 7w y)dyax
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(b) If x,, x, are functions of y, let x, = ¢, (»), x, = ¢, (¥) and
let y,, ¥, be constants. Then

[[.7 G y)aedy= [ [ 1 (x.p) ey

() If y,, y, are functions of x, let y, = ¢,(x), y, = ¢,(x) and let
x,, x, be constants. Then

[I,7 Gy deay= [ [ £ (5 ) dy

From (a), (b),"(c) above, we observe that integration is first to
be performed with respect to that variable having variable limits
and finally with respect to the variable with constant limits.

() If £ (x, y) = 1, then the double integral [ dxdy gives the
area of the region A.

(1) To evaluate J:’ I:‘ S(x, y)dedy= I:“:’f(x. ¥) dx]ﬂb’
we integrate f (x, y) wrt x, treating y as a constant, getting a
function of y (or a constant), say F () and then F (p) is integrated
W.ri y.
16.3 Triple Integrals

Let f (x, y, z) be defined for all points in a finite region ¥ of
space. Let dx 3y &z be an elementary volume of the region V
surrounding the point (x, y, z). Then

&Ifozzzf(x’ ¥, z) & 8y 8z

&y =0
b6z =0

is written as m; f(x y,2)dcdydz which is called the triple

integral of f(x, y, z) over the region V. If the region V is bounded
by the surfaces x = x, x = x,, y = y,, ¥y = y,, 2 = 2, z = z, then

M,/ (e y.)axdydz=["[" [* fyp2)dedydz .. (1)

16.4 Evaluation of Triple Integrals

(I) To evaluate (1), we proceed as follows:

(@) If x, x,, ¥, ¥ 2,, 2, are all constants, then the order of
integration is immaterial, provided the limits of integration are
changed accordingly. Thus
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1000 ey drdy de
= [0S ey dedy e
= I: .[: I.-',lf("'y-z)d-’dydr etc.

(b) If z,, z, are functions of x and y; y,, y, are functions of x
while x|, x, are constants then integration is to be performed first
with respect to z, then with respect to y and finally with respect
to x. Thus '

HL f(x,y,2)dxdydz
I I’.” r-h{x'”f(x. y,2)dz dy dx

=h(xy)

(1) If £ (x, y, 2) = 1, then the triple integral HL_dxdydz gives
the volume of the region V.

ILLUSTRATIVE EXAMPLES
Example 1. Choose the correct answer :

0 )y
@i 1 (i) 0 (iii)% @iv) %
Solution :
L ety = [+ 7) ]
(5o
A7)

+

W=
=,

w
+
w|"~'—'

;-—-/

1

wlm""'"“’

I

1]
W= ~

| -

iv)

Hence the correct answer is

f“\.



Integration of Functions of Two and Three Variables

Example 2. Evaluate j: ijy (14 x+y)dxdy.

Solution :
r jsxy(l +x+y)dedy
o JI

= r[rxy (1+x+y) d'x]dy

= [ I(xyu y+xy ]dr]

2 3.2 3
13 y’]
=2 +=y"+
( 37 "3
2 3
_(19y +4L)
3 3/
_ 16,32 198 _s6
3 3 3
Example 3. Evaluate Ir dr dy .
Q 1 xZ 1_y2
Solution :
J' I dxdy
]

351
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T
b

= g (Sil’l‘I y):]

E(E)J_‘
2\2 4

dydx

I

Example 4. Evaluate _[ I
Solution :

Y
Example 5. Evaluate _L _{: eA dy dx.
Solution :

LI ava = [[]] s

4]

= ‘L:(xe% ): dx
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Solution :
[ +y 4 2)dedyax

= [ ey e 2) ey

[ L[eeeres) wa

[ L (e rae )
(o)

[ v e D i

-2f | [ [xawm%]dy]dx

o[ (foreLar ) &

{xab+_a+_’b]

— 2 b! ﬂ']b]}
‘ab-—a -
[ X a a dx

3 3
2_[ (2x ab+i+¥}&

1I

- 2. (2ab)j‘( +i+£;_]dx

208 2b% 2a2c}
—_—+ —_—
3 3 3
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_ 8abe
T3

Example 8. Evaluate |, [\, [~ xdz dvdy.

|:r:2 +b +a*]

Solution :

R W R
= _Llﬂ,(xz):aqudy

= ‘E“;x(l—x)dx}@

|
s
—
N,
|
w|H,
o=
=

|
s
)
|-
|
N |
\c.b
|-
'.‘O
S
&

5 73!
=(1y_z_+y_]
6~ 10 21/,
111 4

+ =
6 10 21 35
& -p
Example 9. Evaluate Eédﬂ _L “dr I,, A" dz.

Solution :
L’éde [ dr f e ds

= _L%de I:'inedr (rz): WA

_ J%ranar(a’—r’)dr

a

= i K/’dﬁ j“;"ma(m2 —r’)dr
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‘ asm @
3
1 j%(a sin B_a s;n‘GJdg

y(ZSm 0 -sin'0)d0

EXERCISE 16.1

Evaluate the following :
Lo [+ y)aeay
I: I:xy(l +x+ y)dxdy
[y

ol

bl

b

L% I;;cos(x +y)dydx
[ [[(o+e)axay

bl

IO

—

L:j;(x2+3y+2)dydx
13 [ 702+ 0) dyax
i [ ey

2 [ L0 3y)deay
4 [y dyas
6 [ [(x+2)axay
8. [ [[(w+e)dyan
to. [ [ dyas

o [

14, .[f [ r dr do

6. [ [fydyae

xydxdy

17. I: Iﬂmq,}a’ —xt—yldydx

s [

x* - y*) dy dx
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. [P da 0 [ aa
2. [ [¥zdeayae 22 [[ [ idedyds
23, [ [ [(z+2x+xy)dedyd

. [ [ (xrye)dyana:

25 [ac[dy [[wzdz

26. f&foﬁxﬂdzayrﬁr

o [ e

28. L'L'”’Il"logzdzdxdy

29. J?éL%I:“x’sinydzdydr

o [LL e

ANSWERS
) EXERCISE 16.1
1. 3 2. 12
3 ab , , 2
3. 30= 4. —(a’+d
303 T (@ +87)
5 loga-logb 6. 5
21,
7. -2 8 —+e' -
2 e
21 ., 9
. —+et 4 , =
9 2 e +e 10 >
7 67
1. T 12. m
8
13. — 14. 2=
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o v
qu% sin’ 0 cos’ 0 cos 0 40

]

1 [sin* 8 cos* 6 d
n

3
= %-
Example 2. Evaluate _Uez“” dx dy over the triangle bounded by
x=0,y=0andx+y=1. Y4

Solution : The region R of
integration is the shaded area
shown in the figure.

Here x varies from 0 to | and
y varies from x-axis upto the
linex+y=1ie. from0 to
1 -x
~ The region R can be
expressed as
Dsx<s1,0y<l—x

oo [l vy
Loy
2x+3y t-x
(&) -

1 ! -x ¥
3-[0(9] —-ez )df

b3

]
Wi | —
|
LS

e
1
— ]
I
b | -
LY
(o]
-
| S—
5 2

Hovdo-ed]
3 2 2

—%[—e’ (e—l)+%(€-1)("+’)J
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e—l[ S e+|]
3 2

‘-’T"(zez-e-l)

I

f;—I(Ze’-Ze+e—-l)

f;—'[ze(e-l)n(e—l)]
_ (e-1) (2e+1)
6
Example 3. Evaluate Hs ydy dx, where R is the region bounded

by the parabolas * = 4x and * = 4y.
Solution : Solving x* = 4y and )* = 4x, we get

=Y Y4
() -

= x(x¥*-64)=0
= x=04

_whenx=0,y=0;

whenx =4, y = 4.

. Coordinate of the point of X
intersection are (4, 4). .

The region R can be expressed as

2
05xs4.szyszJ;

flpdeas = [ yara
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12.

13.

14.

15.
16.

17.

19.

20.

Evaluate nydxdyover the region in the positive quadrant
for which x + y < 1.

Evaluate

(a) _[L (@ +y)dcdy () IL(zx +3y)dxdy

where A is the region bounded by x =0, y =0, x + y = 1.

Prove that the area of the region bounded by the line x = %

and the parabola y? = 4x is %
Find the area between the parabolas y* = 4x and x2 = 4y.

Evaluate [[xy (x+ ) dx dy over the area between y = x* and
y=x
Compute the value of IL y dx dy when R is the region in first

2 2

quadrant bounded by the ellipse x_ + ; =1
a

Evaluate mxyz dx dy dz over the ellipsoid

P
S+ =1

PR
Find the volume of the sphere 2+y+2=a

Evaluate HI

x20,y20,z20,x+y+2z<I

over the region
x+y+z+ﬂ

(i.e. over the region bounded by the coordinate planes and the
plane x + y + z = 1),

ANSWERS
EXERCISE 16.2
63

. mab 2. —

4
2 4. =
4 Y
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5.

12.

13,

15.

17.

19.

0

|- ol

(a) =

mé:b

() =

16.

20.

Integral Calculus

na’
a
8
I( 3 1:]
— —..+—
3W¥2 3
(e’—ge2+lJ
3 2 2
3
56
0

5
Zlog2-=
2 B°7 16
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Change of Order of Integration

17.1 Sometimes it becomes difficult to evaluate double and triple
integrals directly and in such cases, a change in the order of
integration is found useful. In double integration if the limits of
both the variables are constant, then we can always change the
order of integration without any difficulty. But when the limits of
y are functions of x and the limits of x are constant, then for direct
evaluation of the double integral, we shall have to integrate first
with respect to y (treating x as constant) and then with respect
to x. However in case when the direct evaluation is difficult and a
change in the order of integration seems to be desirable, then we
shall have to find the new limits of x as function of y, and the limits
of y as constants, by consideration of geometrical conditions.

ILLUSTRATIVE EXAMPLES
Example 1. Show that

[ fyyacdy=[ [ 1(xy)dy .

Solution :
Y X=a x:béq. Y X=a K:tl‘}
&)
y=b y=b
C (b b) C(b.b)
x=y x=b x=y x=b
y=a y=a
A B{b, a) A B(b, a)

Fig. 1(a) Fig. 1(b)
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In the double integral on the left hand side, we see that y varies
from the line y = a to the line y = x and x varies from the line
x = a to x = b. Thus the region of integration is the triangle ABC
[Refer Fig. 1(a)]. If we reverse the order of integration, then we see
that x varies from the line x = y to the line x = b and then y ranges
from y = a to y = b [Refer Fig. 1(b)].

Hence [\ [1f(xy)dsdy=[ [/ (x.y)dy .

Example 2. Change the order of integration of I: I;V dx dy.

Solution : If we see the given
double integral, we find that Y
the whole region of xza ¢
integration is bounded by the
linesy=mx, y=Ix, x=0 and
x = a. Let us draw a line B (a, ta)
through 4 parallel to OX, y*
dividing the region of
integration OAB into two parts C
OAC and ACB. Let us
consider the strips drawn o
parallel to the axis of x in each X
region. We see that

In the region OAC,

the integral after changing the order of integration becomes
~ 7
.[D .[% Vdydx

and In the region ACB,
the integral after changing the order of integration becomes

ke
Vdydx
L
a plx ma o dt pa
Hence [ [* Vaxdy= |’ jy{' Vydes [ j% V dy d.
Example 3. Change the order of integration in the double integral

[ 17 £ (x, ) e

(]

A (a, ma)
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Solution : The limits of integration in the given double integral
show that the region of integration is bounded by the following
curves

y=xtana,y= a'-x*,x=0,x=a cos a.
y =xtan a is a line passing
through the origin which is
the centre of the circle x* +)?
= &%, and is inclined at an X=acosa
angle a to x-axis. These two gl Y= yr~
intersect at 4 (a cos a, a sin % 3
a). Hence the region of
integration is O4B as shown A (a cos a, a sin a)
in the figure.
Through A draw a line parallel
to x-axis, thus, dividing the o
region of integration into two
parts say OAL and LAB.

In the région OAL

The strip parallel to x-axis has its extremities on x = 0 and
y = x tan a. Hence limits of x are from x = 0 to x = y cot a. Since
Ais

(a cos a, a sin @),
the limits of y are from 0 to a sin a.
In the region LAB
The strip parallel to x-axis has its extremities on x = 0 and the
circle x? + y? = % Hence the limits of x are from 0 to \/a* - y*.
The limits of y are clearly from a sin a to a.

Thus
[ 07
- [ s [ [T ) v

Example 4. Change the order of integration in

j:"ﬂ%ydx@.
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Solution : The limits of integration in the given double integral
show that the region of integration is bounded by
y=J2ax-x*

ie., x+ )2 =2ax

i.e., (x-aP+)y*=aie,
a circle whose centre is (a, 0)
and radius @, y = 2ax ie., B (2a, 2a)
»* = 2ax which is parabola,
x =0 and x = 2a. The parabola
and circle touch each other at O
(0, 0), the common tangent there
at being x = 0. The line x = 2a
meets the parabola y* = 2ax at
y = 2a i.e., at the point B (2a,
2a). Thus the region of | C M
integration is given by OBACO.
Through C, draw a line parallel a
to x-axis. Thus the region of
integration is divided into three © a a A X
parts.
In the region OLC

The extremities of the strip parallel to x-axis lie on y* = 2ax and
x* + y* = 2ax, so that the limits of integration of x are )*/2a to

a- {Ja*-y* because
x? +y? = 2ax

= X-2ax+y =0 .

2a t \J4a’ - 4y’
2

= | x=atya -y
and we have to choose —ve sign because x < a for the region. Also
the constant limits of y are from 0 to a.

Hence the integral in this region after the change of order of
integration becomes

= X =
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