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Preface

The conference on Infinity in Logic and Computation (ILC) took place at the
University of Cape Town (UCT) in South Africa during November 3-5, 2007. It
was the first conference in South Africa to focus on infinity in automata theory,
logic, computability and verification. One purpose of this conference was to cat-
alyze new interactions among local and international researchers and to expose
postgraduate students to recent research trends in these fields. The topics of
the conference included automata on infinite objects; combinatorics, cryptogra-
phy and complexity; computability and complexity on the real numbers; infinite
games and their connections to logic; logic, computability, and complexity in
finitely presentable infinite structures; randomness and computability; transfi-
nite computation; and verification of infinite state systems.

Fig. 1. The University of Cape Town

The organizers of the conference used the opportunity of this conference to
invite some of the speakers to offer a short course during the Summer School
on Logic and Computation that followed the conference during November 6-9,
2007. This summer school was attended by researchers, but in particular it was a
unique opportunity for local graduate students to become familiar with current
research directions in logic and computation.
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Fig. 2. ILC 2007 Conference Photo

The following courses were offered at the summer school:

Computability on the Reals. Vasco Brattka

The Logic of the Smooth Topos. Willem L. Fouché

Finitely Presentable Infinite Structures. Valentin Goranko
Strategies and Algorithms for Infinite Games. Erich Gradel
Infinite Time Computation (CANCELLED). Joel David Hamkins
Determinacy Axioms and Their Logical Strength. Benedikt Lowe
Effective Randomness. Joseph S. Miller

The conference and summer school were closely related to research activities
of the Laboratory of Foundational Aspects of Computer Science (FACS Lab),
a research unit at the Department of Mathematics and Applied Mathematics.
Both the conference and summer school were co-hosted by the Meraka Institute,
the African Advanced Institute for Information and Communication Technology
(Fig. 3), and sponsored by Dimension Data (Fig. 4). Due to the generous support
of the co-host and the sponsor we were able to attract as invited speakers a num-
ber of leading international experts from the USA, Germany, South Africa and
Switzerland. The invited speakers of ILC 2007 were Willem L. Fouché (Pretoria,
South Africa), Erich Grédel (Aachen, Germany), Thomas A. Henzinger (Lau-
sanne, Switzerland), Peter Hertling (Munich, Germany), Joseph S. Miller (Storrs
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CT, USA), and Helmut Prodinger (Stellenbosch, South Africa). Joel Hamkins
(New York NY, USA) was scheduled to talk, but had to cancel due to visa issues.

The major objective of the Meraka Institute is to facilitate

| J national economic and social development in South Africa

m e ra‘a through human capital development and needs-based re-

i search and innovation, leading to products and services
& Communications Technology based on information and communication technology.

I N5 T 1T ¥ T E

Fig. 3. Meraka Institute — African Advanced Institute for Information and Commu-
nication Technology

‘ Founded in 1983 and headquartered in South Africa,
‘ ‘ Dimension Data is a specialist IT services and solution
SIMENSION provider that helps clients plan, build, support and man-

age their IT infrastructures.
DATA &

Fig. 4. Dimension Data

The conference originally received 27 submissions (from Algeria, China,
France, Germany, Japan, The Netherlands, Norway, Russia, South Africa and
the UK), which were thoroughly reviewed by the Programme Committee. The
authors of accepted presentations were invited after the conference to submit
their paper versions for this proceedings volume. We received 13 submissions for
the volume; 20 external reviewers were involved in the peer-review process; in the
end, the nine papers that are printed in this volume were accepted. Two of them,
the paper by Chatterjee and Henzinger and the paper by Louard and Prodinger,
correspond to invited talks given at ILC 2007; the other seven correspond to
contributed papers (two of which were not presented at the conference due to
travel constraints). We would like to thank the Programme Committee and the
additional 20 external reviewers for their work that was instrumental in pro-
ducing this volume. The members of the Programme Committee were: Ahmed
Bouajjani (Paris, France), Vasco Brattka (Cape Town, South Africa), Valentin
Goranko (Johannesburg, South Africa), Ker-I Ko (Stony Brook NY, USA), Orna
Kupferman (Jerusalem, Israel), Benedikt Lowe (Amsterdam, The Netherlands;
Chair), Elvira Mayordomo (Zaragoza, Spain), Dieter Spreen (Siegen, Germany),
Wolfgang Thomas (Aachen, Germany), Yde Venema (Amsterdam, The Nether-
lands), Klaus Weihrauch (Hagen, Germany), Philip Welch (Bristol, UK), Mariko
Yasugi (Kyoto, Japan), and Jeffery Zucker (Hamilton, Canada).

With profound sadness, we report that one of the authors of a contributed
paper, Nadia Busi, passed away between the time of submission for ILC 2007
and the conference. Her coauthor, Claudia Zandron, was not able to come to
Cape Town and present the paper. Their paper published in this volume is a
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tribute to Nadia, and should be seen as unfinished research, a project started
before Nadia’s untimely death. We also publish an obituary in this volume.

Fig. 5. Fog and clouds enshroud the cable car station at Table Mountain

Last, but not least, the editors would like to thank their co-organizer Hans-
Peter Kiinzi, and the indispensable student assistants Christian Geist, Mashudu
Makananise, and Thyla J. van der Merwe. We should also like to thank the
Editors-in-Chief of the FoLLI subseries of LNAI for supporting the production
of the volume at an early stage.

Conference Schedule

On Sunday, the partipants of ILC 2007 went on a memorable excursion. The
participants from the northern hemisphere, intent on fleeing the cold November
weather were looking forward to the summer of South Africa, only to be greeted
by ice-cold wind and fog (Fig. 5-7).

Saturday, 3 November 2007

08:00 Registration (Hoerikwaggo Building; Upper Campus)

09:20 Opening

09:30 Thomas A. Henzinger (Invited Speaker), Three Sources of Infinity in
Computation: Nontermination, Real Time and Probabilistic Choice

10:30 Coffee Break

11:00 Michael Ummels, The Complexity of Finding Nash Equilibria in In-
finite Multiplayer Games
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Fig. 6. More clouds

11:20 Jacques Duparc and Alessandro Facchini, Complexity of A Sets and
w-Calculus: When Infinite Games Make Modal Logic and Descriptive Set
Theory Meet

11:40 Douadi Mihoubi, On the Sets of Infinite Words Recognized by Deter-
manistic One Turn Pushdown Automata

12:00 Valentin Goranko and Wilmari Bekker, Infinite-State Verification of
the Basic Tense Logic on Rational Kripke Models

12:20 Govert van Drimmelen, Tableauz and Automata for Parikh’s Game
Logic

12:40 Lunch Break

14:30 Erich Grédel (Invited Speaker), Banach-Mazur Games on Graphs

15:30 Coffee Break

15:50 Mark Hogarth, Non-Turing Computers Are the New Non-FEuclidean
Geometries

16:10 Feng Liu, Zhoujun Li and Ti Zhou, Boundary on Agent Number
Needed in Security Protocol Analysis Based on Horn Logic

Sunday, 4 November 2007
09:30 Peter Hertling (Invited Speaker), Topological Complexity and Degrees
of Discontinuity
10:30 Coffee Break
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Fig. 7. A windy view on Hout Bay from the Chapman’s Peak Drive

11:00 Timothy McNicholl, Computational Issues in the Theory of Bounded
Analytic Functions

11:20 Klaus Weihrauch, Computable Elementary Topology

11:40 Vasco Brattka and Mashudu Makananise, Limit Computable Func-
tions and Subsets on Metric Spaces

12:00 Eyvind Martol Briseid, Effective Rates of Convergence for Picard It-
eration Sequences

12:20 Philipp Gerhardy, Proof Mining in Ergodic Theory and Topological
Dynamics

12:40 Lunch Break

14:30 Willem L. Fouché (Invited Speaker), Ramsey Theory and the Sym-
metries of Countably Categorical Structure

15:30 Coffee Break

15:50 Joseph S. Miller (Invited Speaker), Extracting Information Is Hard

16:50 Excursion

19:00 Conference Dinner

Monday, 5 November 2007

09:30 Helmut Prodinger (Invited Speaker), Infinity in Combinatorics: Asymp-
totic Enumeration

10:30 Coffee Break

11:00 Margaret Archibald and Arnold Knopfmacher, The Average Position
of the First Mazximum in a Sample of Geometric Random Variables

11:20 George Davie, Complexity Withholding Strings

11:40 Petrus H. Potgieter and Elemér E. Rosinger, Three Perspectives on
Right-Sizing the Infinite
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12:00 Willem L. Fouché, Fractal Geometry of an Algorithmically Random
Brownian Motion

12:20 Lunch Break

14:30 Yoshiki Tsujii, Takakazu Mori, Mariko Yasugi and Hideki Tsuiki,
Fractals Defined by Infinite Contractions and Mutual-Recursive Sets

14:50 Hideki Tsuiki and Shuji Yamada, On Finite- Time Computable Func-
tions

15:10 Boris Melnikov and Elena Melnikova, Some More on the Billiard Lan-
guages and Corresponding Forbidden Languages

15:30 Alain Finkel, Etienne Lozes and Arnaud Sangnier, Towards Model-
Checking Pointer Systems

15:50 Adrian R. D. Mathias, Fasy Games with Hard Strategies

16:10 Closing

For more information about the conference, please check the website at

http://www.mth.uct.ac.za/FACS-Lab/ILCO7/.

March 2009 Margaret Archibald
Vasco Brattka

Valentin Goranko

Benedikt Lowe
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Nadia Busi (1968-2007)

Claudio Zandron

Dipartimento di Informatica, Sistemistica e Comunicazione, Universita di
Milano-Bicocca, viale Sarca 336, 1-20126, Milano, Italy
zandron@disco.unimib.it

[ &

Nadia Busi obtained a Master in Computer Science in 1993, at the University
of Bologna. In 1997 she obtained a PhD in Theoretical Computer Science at the
University of Siena; her thesis entitled “Petri Nets with Inhibitor and Read Arcs:
Semantics, Analysis and Application to Process Calculi” won the annual prize
of the Italian Chapter of EATCS for the best Italian PhD thesis.

The scientific activity of Nadia was very broad, and covered different aspects
of theoretical computer science. Her first interests concerned the investigation
of expressiveness problems in concurrency theory. In collaboration with Roberto
Gorrieri and Gianluigi Zavattaro, she studied primitive nets, a subclass of Petri
nets with inhibitor arcs, investigating various decidable properties of such nets.
She also studied different properties of various process calculi, by mapping them
on primitive nets.

Other aspects of her scientific activity on this subject, concerned the study of
the relative expressive power of recursion, replication and iteration in basic process
calculi. She also studied some aspects of Petri nets with read and inhibitor arcs as
well as service-oriented computing, security and stochastic Petri nets.

I had the privilege to meet and collaborate with Nadia a few years ago, when
she started the investigation of bio—inspired computational models. In particular,
she studied Cardelli’s brane calculi and Paun’s membrane systems, producing
a number of results concerning the relations between these formalisms, defining
their computational properties, and considering their application in the frame-
work of systems biology. We developed together a new class of computational
models inspired from the functioning of genetic gates, called genetic systems,
and we started the investigation of the properties of such models.

It has been shocking to hear that on September 5, 2007, Nadia passed away
suddenly, after a brief illness; she was only 39 years old. She was able to involve
various colleagues in her work, sharing her enthusiasm, knowledge, and her ideas.
The scientific community lost a prolific and enthusiastic member but, most of
all, Nadia leaves a deep hole in many people who met her, who lost a sincere
friend.

M. Archibald et al. (Eds.): ILC 2007, LNAI 5489, p. 1, 2009.
© Springer-Verlag Berlin Heidelberg 2009



Symbolic Model Checking of Tense Logics on
Rational Kripke Models

Wilmari Bekker®2 and Valentin Goranko®*

! Department of Mathematics, University of Johannesburg, PO Box 524,
Auckland Park, 2006, South Africa
bekkerw@gmail .com
2 School of Mathematics, University of the Witwatersrand, Private Bag 3, Wits 2050,
South Africa
goranko@maths.wits.ac.za

Abstract. We introduce the class of rational Kripke models and study
symbolic model checking of the basic tense logic K; and some extensions
of it on that class. Rational Kripke models are based on (generally infi-
nite) rational graphs, with vertices labeled by the words in some regular
language and transitions recognized by asynchronous two-head finite au-
tomata, also known as rational transducers. Every atomic proposition in
a rational Kripke model is evaluated in a rational set of states. We show
that every formula of K; has an effectively computable rational exten-
sion in every rational Kripke model, and therefore local model checking
and global model checking of K; in rational Kripke models are decidable.
These results are lifted to a number of extensions of K;. We study and
partly determine the complexity of the model checking procedures.

1 Introduction

Verification of models with infinite state spaces using algorithmic symbolic model
checking techniques has been an increasingly active area of research over recent
years. One very successful approach to infinite state verification is based on the
representation of sets of states and transitions by means of automata. It is the
basis of various automata-based techniques for model checking, e.g., of linear
and branching-time temporal logics on finite transition systems [23I17], regular
model checking [7], pushdown systems [8I24I1T], automatic structures [T4G] etc.

* This research has been supported by the National Research Foundation of South
Africa through a research grant and a student bursary. Part of the work of the
second author was done during his visit to the Isaac Newton Institute, Cambridge,
as a participant to the ‘Logic and Algorithms’ programme in 2006. We wish to thank
Arnaud Carayol, Balder ten Cate, Carlos Areces, Christophe Morvan, and Stéphane
Demri, for various useful comments and suggestions. We are also grateful to the
anonymous referee for his/her careful reading of the submitted version and many
remarks and corrections which have helped us improve the content and presentation
of the paper. (Received by the editors. 10 February 2008. Revised. 18 September
2008; 15 October 2008. Accepted. 17 October 2008.)

M. Archibald et al. (Eds.): ILC 2007, LNAI 5489, pp. 2{20,{2009.
© Springer-Verlag Berlin Heidelberg 2009
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In most of the studied cases of infinite-state symbolic model checking (except for
automatic structures), the logical languages are sufficiently expressive for various
reachability properties, but the classes of models are relatively restricted.

In this paper we study a large and natural class of rational Kripke models,
on which global model checking of the basic tensd] logic K; (with forward and
backward one-step modalities) and of some extensions thereof, are decidable. The
language of K, is sufficient for expressing local properties, i.e., those referring to
a bounded width neighborhood of predecessors or successors of the current state.
In particular, pre-conditions and post-conditions are local, but not reachability
properties. Kesten et al. [I5] have formulated the following minimal requirements
for an assertional language L to be adequate for symbolic model checking:

1. The property to be verified and the initial conditions (i.e., the set of initial states)
should be expressible in L.

2. L should be effectively closed under the boolean operations, and should possess
an algorithm for deciding equivalence of two assertions.

3. There should exist an algorithm for constructing the predicate transformer
pred, where pred(¢) is an assertion characterizing the set of states that have a
successor state satisfying ¢.

Assuming that the property to be verified is expressible in Ky, the first condi-
tion above is satisfied in our case. Regarding the set of initial states, it is usually
assumed a singleton, but certainly an effective set, and it can be represented by a
special modal constant S. The second condition is clearly satisfied, assuming the
equivalence is with respect to the model on which the verification is being done.
As for the third condition, pred(¢) = (R) ¢. Thus, the basic modal logic K is the
minimal natural logical language satisfying these requirements, and hence it suffices
for specification of pre-conditions over regular sets of states. The tense extension
K enables specification of post-conditions, as well, thus being the basic adequate
logic for specifying local properties of transition systems and warranting the po-
tential utility of the work done in the present paper. In particular, potential areas
of applications of model checking of the basic tense logic to verification of infinite
state systems are bounded model checking [2], applied to infinite state systems, and
(when extended with reachability) reqular model checking [7] — a framework for al-
gorithmic verification of generally infinite state systems which essentially involves
computing reachability sets in regular Kripke models.

The paper is organized as follows: in Section 2l we introduce K; and rational
transducers. Section Bl introduces and discusses rational Kripke models, and in
Section ] we introduce synchronized products of transducers and automata.
We use them in Section [ to show decidability of global and local symbolic
model checking of K; in rational Kripke models and in Section [0 we discuss its
complexity. The model checking results are strengthened in Section [7 to hybrid
and other extensions of H(U), for which some model checking tasks remain
decidable.

1 'We use the term ‘tense’ rather than ‘temporal’ to emphasize that the accessibility
relation is not assumed transitive, as in a usual flow of time.
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2 Preliminaries

2.1 The Basic Tense Logic K,

We consider transition systems with one transition relation R. The basic tense
logic Ky for such transition systems extends the classical propositional logic with
two unary modalities: one associated with R and the other with its inverse R~!,
respectively denoted by [R] and [R™!]. The generalization of what follows to
the case of languages and models for transition systems with many relations is
straightforward. Note that the relation R is not assumed transitive, and therefore
the language of K; cannot express R-reachability properties.

2.2 Rational Transducers and Rational Relations

Rational transducers, studied by Eilenberg [9], Elgot and Mezei [10], Nivat,
Berstel [1I], etc., are asynchronous automata on pairs of words. Intuitively, these
are finite automata with two autonomous heads that read the input pair of words
asynchronously, i.e. each of them can read arbitrarily farther ahead of the other.
The transitions are determined by a finite set of pairs of (possibly empty) words;
alternatively, a transition can be labeled either by a pair of letters (when both
heads make a move on their respective words) or by (a, €) or (e, a), where a is a
letter, and e is the empty word (when one of the heads reads on, while the other
is waiting). The formal definition follows.

Definition 1. A (rational) transducer is a tuple T = (Q, X, I, ¢;, F, p) where
X and I' are the input and output alphabets respectively, @ a set of states, q; € Q
a unique starting state, F C Q a set of accepting states and p C Q x (X' U{e}) x
(I'u{e}) x Q is the transition relation, consisting of finitely many tuples, each
containing the current state, the pair of letters (or €) triggering the transition,
and the new state. Alternatively, one can take p C Q x X* x '™ x Q.

The language recognized by the transducer T is the set of all pairs of words
for which it has a reading that ends in an accepting state. Thus, the transducer
T recognizes a binary relation R C X* x I'*.

This is the ‘static’ definition of rational transducers; they can also be defined
‘dynamically’, as reading an input word, and transforming it into an output
word, according to the transition relation which is now regarded as a mapping
from words to sets of words (because it can be non-deterministic).

Ezample 1. For T =(Q, X, I, qi, F, p) let: Q = {q1,q2}; ¥ ={0,1} =T ¢; =
q1; F= {C]2} P = {(q1707 qul) ) (qlv ]-7 17(]1) ) (qla 6707 q2) ) (qla € ]-7 QQ)}

Notice that in the representation of 7 there is only one edge between two
states but that an edge may have more than one label.

A relation R C X* x I'* is rational if it is recognizable by a rational transducer.
Equivalently (see [I]), given finite alphabets X, I', a (binary) rational relation
over (X, I') is a rational subset of X* x I'*, i.e., a subset generated by a rational
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1/1

€/0
@

e/1

Fig. 1. The transducer 7 which recognizes pairs of words of the forms (u, u0) or (u,ul)
where u € X*

expression (built up using union, concatenation, and iteration) over a finite sub-
set of X* x I'*. Hereafter, we will assume that the input and output alphabets
) and I" coincide.

Besides the references above, rational relations have also been studied by
Johnson [13], Frougny and Sakarovich [12], and more recently by Morvan [20]. It
is important to note that the class of rational relations is closed under unions,
compositions, and inverses [I]. On the other hand, the class of rational relations
is not closed under intersections, complements, and transitive closure (ibid).

3 Rational Kripke Models

3.1 Rational Graphs

Definition 2. A graph G = (S, E) is rational, if the set of vertices S is a
reqular language in some finite alphabet X and the set of edges E is a rational
relation on .

Ezample 2. The infinite grid. Let X = {0, 1}, then the infinite grid with ver-
tices in X* is given by Figure[2land the edge relation of this graph is recognized
by the transducer given in Figure

Example 3. The complete binary tree A.

Figure[3l contains the complete binary tree with vertices in {0, 1}" and labeled by
I' = {a, b}, as well as the transducer recognizing it, in which the accepting states
are labeled respectively by a and b. The pairs of words for which the transducer
ends in the accepting state g4 belong to the left successor relation in the tree
(labeled by a), and those for which the transducer ends in the accepting state
g5 belong to the right successor relation in the tree (labeled by b).

An important and extensively studied subclass of rational graphs is the class of
automatic graphs [T406]. These are rational graphs whose transition relations are
recognized by synchronized transducers.

As shown by Blumensath [5], the configuration graph of every Turing machine
is an automatic graph. Consequently, important queries, such as reachability,
are generally undecidable on automatic graphs, and hence on rational graphs.
Furthermore, Morvan showed in [20] that the configuration graphs of Petri nets
[21] are rational (in fact, automatic) graphs, too.
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€ 0 00
1[ 01 | o001
11I 011 [ 0011

?

|

I

|

0/0

Fig. 2. The infinite grid with set of vertices S = 0*1* and a transducer that recognizes
the infinite grid

Fig. 3. The complete binary tree A and a labeled transducer recognizing it

Moreover, Johnson [13] proved that even very simple first-order definable prop-
erties of a rational relation, e.g., reflexivity, transitivity, symmetry, turn out to be
undecidable (with an input the transducer recognizing the relation), by reduction
from the Post Correspondence Problem (PCP). Independently, Morvan [20] has
shown that the query dx Rxx on rational frames is undecidable, as well. The re-
duction of PCP here is straightforward: given a PCP {(uy, v1), ..., (tun, vn)}, con-
sider a transducer with only one state, which is both initial and accepting, and
it allows the transitions (u1,v1), ..., (4n, vn). Then, the PCP has a solution pre-
cisely if some pair (w,w) is accepted by the transducer. Inclusion and equality of
rational relations are undecidable, too, [IJ.

Furthermore, in [22] W. Thomas has constructed a single rational graph with
undecidable first-order theory, by encoding the halting problem of a universal
Turing machine.
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0 0
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0 0/0
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1000 001/1 €/000
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Fig.4. A finite presentation M: A1, A2 and As recognize S,V (p) and V (q) respec-
tively, and T recognizes R

3.2 Rational Kripke Models

Rational graphs can be viewed as Kripke frames, hereafter called rational Kripke
frames.

Definition 3. A Kripke model M = (F,V) = (S, R,V) is a rational Kripke
model (RKM) if the frame F is a rational Kripke frame, and the valuation V
assigns a regular language to each propositional variable, i.e., V (p) € REG (X*)
for every p € ®. A valuation satisfying this condition is called a rational valuation.

Ezxample 4. In this example we will present a RKM based on the configuration
graph of a Petri net. To make it self-contained, we give the basic relevant def-
initions here; for more details, cf., e.g., [21]. A Petri net is a tuple (P, T, F, M)
where P and T are disjoint finite sets and their elements are called places and
transitions respectively. F' : (P x T) U (T x P) — N is called a flow function
and is such that if F'(z,y) > 0 then there is an arc from z to y and F (x,y)
is the multiplicity of that arc. Each of the places contain a number of tokens
and a vector of integers M € NPl is called a configuration (or, marking) of the
Petri net if the i* component of M is equal to the number of tokens at the it"
place in the Petri net. The configuration graph of N has as vertices all possible
configurations of N' and the edges represent the possible transitions between
configurations.

Now, let N' = (P, T,F,M) be a Petri net, where P = {p1,p2}, T =
{t}, F(p1,t) =2, F(t,p2) = 3and M = (4,5). Let M = (S,R,V) where
S = 0*10*, R the transition relation of the configuration graph of A" and V the
valuation defined by V (p) = 0010* and V' (¢) = 0*1000. Then M is a RKM and
can be presented by the various machines in Figure @

4 Synchronized Products of Transducers and Automata

In this section € will denote the empty word, but will also be treated as a special
symbol in an extended alphabet.
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Definition 4. Let u be a word in some alphabet I and v € I'. The vy-reduction
of u, denoted uly, is the word obtained from w after deleting all occurrences of
v. Likewise, if Y is a language in the alphabet I', then the y-reduction of Y,
denoted Y|, is the language consisting of all y-reductions of words in Y.

Lemma 1. IfY is a reqular language over an alphabet I' then Y|, is a reqular
language over the alphabet I — {~}.

Proof. (Sketch) An automaton A|, recognizing Y|, called here the y-reduction
of A can be constructed from an automaton A recognizing Y as follows:

1. Remove all y-transitions.

2. Add (¢,v',q") as a transition in Al, whenever (q,7,q’) and (¢',',¢") are
transitions in A and v # v’.

3. Finally, define the accepting states of A|, as all accepting states of A plus

those states ¢ such that (¢ - ¢/) in A and ¢ is an accepting state in A. W

Definition 5. A run of a finite automaton A = <Q,E,qO,F, 6> 18 a sequence
of states and transitions of A: qo D B g B g, such that qo = ¢°,
g €Q,z; € X, and q; € 0 (qj—1,x;) for every j=1,2,...,n.

A run is accepting if it ends in an accepting state.

Run and accepting runs of transducers are defined likewise.

Definition 6. A stuttering run of a finite automaton A = <Q7 X,q", F, 5> 18
a sequence qo — q1 3 qz -+ =3 qn, such that qo = ¢°, qj € Q, and either z; € ¥
and q; € 6 (gj—1,2;), or xj =€ and q; = q;—1 for every j =1,2,...,n.

Thus, a stuttering run of an automaton can be obtained by inserting e-transitions
from a state to itself into a run of that automaton. If the latter run is accepting,
we declare the stuttering run to be an accepting stuttering run.

A stuttering word in an alphabet X is any word in X U {e}.

The stuttering language of the automaton A is the set L¢(A) of all stut-
tering words whose e-reductions are recognized by A; equivalently, all stuttering
words for which there is an accepting stuttering run of the automaton.

Definition 7. Let T = <QT, E,qg—,FT,p7> be a transducer, and let A be a
(non-deterministic) finite automaton given by A = <Q,4, 2,¢%, Fa, 6A>.
The synchronized product of T with A is the finite automaton:

T/<A:<QTXQA727 (Q%aq?c\)vFTXFAvaT/(A>

where o744 : (QT x Qa) X (X U{e}) — P(Qr X Qa) is such that, for any
p%—,p%— €EQr andph,pil € Q7 then (p%—,pil) € 0744 ((p177p}4) ,:r) if and only if

1. either there exists ay € X such that 4 (p}4, y) = pa and (plT, T, y,pQT) € pr,
2. or (p%—,a:,gp%—) € pr and p}4 :pi‘.
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Note that every run Rrca = (pF,p%) = (ph,pY) 3 -+ 2% (p%,p%) of the
automaton 7 £ A can be obtained from a pair:

arun Ry :pOT (ulﬁ)l)l) p%’ (u2i7;02) 27 o (“nﬁvn) pin 7T,

and a stuttering run R% = p% = o s Py 8 pin A,
by pairing the respective states p- and p’; and removing the output symbol w;
for every j =1,2,...,n.

Let the reduction of R% be the run R4 = q94 2 q}4 3 qi s q'%, with
m < n. Then we say that the run Rz <4 is a synchronization of the runs
Ry and Ry4.

Note, that the synchronization of accepting runs of 7 and A is an accepting
run of Ry <. The following lemma is now immediate:

Lemma 2. LetT = <QT, X.q¢y, Fr, p7> be a transducer recognizing the relation
R(T) and let A = <QA,Z,q94,FA,(5A> be a finite automaton recognizing the
language L(A). Then the language recognized by the synchronized product of T
and A is

L(T KA)={u|Fw e L(A)(uR(T)w).}

5 Model Checking of K; in Rational Kripke Models

In this section we will establish decidability of the basic model checking problems
for formulae of K; in rational Kripke models.

Lemma 3. Let X be a finite non-empty alphabet, X C X* a regular subset, and
let R C X* x X* be a rational relation. Then the sets

(R) X ={ue X*Fv e X(uRv)}

and
(R X ={u e X*3v e X(vRu)}

are reqular subsets of X*.

Proof. This claim essentially follows from results of Nivat (see [I]). However,
using Lemmas[land[2] we give a constructive proof, which explicitly produces au-
tomata that recognize the resulting regular languages. Let A be a finite automa-
ton recognizing X and 7 be a transducer recognizing R. Then, the e-reduction
of the synchronized product of 7 with A is an automaton recognizing (R) X;
for <R*1> X we take instead of 7 the transducer for R~! obtained from 7 by
swapping the input and output symbols in the transition relationfd. |

Example 5. Consider the automaton A and transducer 7 in Figure
The language recognized by A is X = 1*(14+07) and the relation
R recognized by T is R = {(170,10"1)™ (1%,10%) | n,m,k € N} U

2 Note that, in general, the resulting automata need not be minimal, because they
may have redundant states and transitions.
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1
Q)

TAA:

T

Fig. 6. The synchronized product 7 < A recognizing (R) X

{(aro,10m1)™ (01%,11%) | n,m, k € N}, where X;X, denotes the component-
wise concatenation of the relations X; and X, i.e., X1Xo = {(ujug,viv2) |
(uy,v1) € X1, (uz,v2) € Xo}. For instance, if we taken = 1, m = 2 and k = 3
we obtain that (10,101)%(1%,10%) = (1010111,1011011000) € R (coming from
the first set of the union) and (10, 101)2(013,113) = (10100111, 1011011111) € R
(coming from the second set of that union).

Then, the synchronized product 7 £ A is the finite automaton given in
Figure [6 recognizing (R) X = 0* + 0*17. Note that it can be simplified by
removing redundant states and edges.

Theorem 1. For every formula ¢ € K; and rational Kripke model M =
(X*,R, V), the set [p]am is a rational language, effectively computable from ¢
and the rational presentation of M.

Proof. We prove the claim by induction on ¢.

1. If ¢ is an atomic proposition, the claim follows from the definition of a
rational model.

2. The boolean cases follow from the effective closure of regular languages under
boolean operations.
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3. If ¢ = (R)®¢ then [o]m = (R)[¥]m, which is regular by the inductive
hypothesis and Lemma Bl Likewise for the case ¢ = (R™') 4. [ ]

We now consider the following algorithmic model checking problems, where the
Kripke model is supposed to be given by some effective presentation:

1. Local model checking: given a Kripke model M, a state s in M, and a formula
¢ of Ky, determine whether M, s = .

2. Global model checking: given a Kripke model M and a formula ¢ of Ky,
determine (effectively) the set [¢]aq of all states in M where ¢ is true.

3. Checking satisfiability in a model: given a Kripke model M and a formula ¢
of K;, determine whether [o]m # @.

Corollary 1. Local model checking, global model checking, and checking satis-
fiability in a model, of formulae in K in rational Kripke models are decidable.

Proof. Decidability of the global model checking follows immediately from Theo-
rem[J] Then, decidability of the local model checking and of checking satisfiability
in a rational model follow respectively from the decidability of membership in a
regular language, and of non-emptiness of a regular language (cf., e.g., [I§]). W

6 Complexity

We will now attempt to analyze the complexity of global model checking a
formula in K; on a rational Kripke model. Depending on which of these is fixed,
we distinguish two complexity measures (cf., e.g., [16]): formula (expression)
complexity (when the model is fixed and the formula is feeded as input) and
structure complexity (when the formula is fixed and the model is feeded as
input).

6.1 Normal Forms and Ranks of Formulae

We will first need to define some standard technical notions.

A formula ¢ € K, is in negation normal form if every occurrence of the
negation immediately precedes a propositional variable. Clearly every formula
p € Ky is equivalent to a formula ¢ € K; in negation normal form, of size linear
in the size ¢. For the remainder of this section, we will assume that a formula ¢
we wish to model check is in a negation normal form.

The modal rank of a formula counts the greatest number of nested modalities
in the formula, while the alternating box (resp., diamond) rank of a formula
counts the greatest number of nested alternations of modalities with an outmost
box (resp., diamond) in that formula. Formally:

Definition 8. The modal rank for a formula ¢ € K, denoted by mr (o) is
defined inductively as follows:

1. if p is an atomic proposition, then mr (p) = 0 and mr (—p) = 0;
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2. mr (¢1 V h2) = mr (¢1 A h2) = max {mr (¢)1) ,mr (¢2)};
3. mr (4 ) = mr () + 1 where a€ {[R],(R), [R7*] ,(R™!)}.

Definition 9. The alternating box rank and alternating diamond rank
of a formula ¢ € Ky, denoted respectively by arg(p) and are(p), are defined by
simultaneous induction as follows, where A€ {0, O}

1. if p is an atomic proposition, then ar, (p) =0 and ar, (—p) = 0;
2. ary (Y1 Vap2) = ary (Y1 Athe) = max{ara (1), ars (¥2)};
3. aro ((R)¢) = arg (¢¥) + 1 and arg ((R) ) = arg (¢).
Likewise for are (<R’1> w) and arg (<R*1> w).
4. aro ([R]) = are (¥) + 1 and aro ([R] ) = are ().
Likewise for are ([Rfl] w) and arp ([Rfl] w).

Finally, the alternation rank of ¢, denoted ar (v) is defined to be

ar (p) = max {arg () ,are ()} -

For instance, arg([R] ((R) [R]p V [R] [R™!] =¢)) = 3 and aro([R] ((R) [R]p V
[R] [R™"] =q)) = 2, hence ar([R] ((R) [R]p V [R] [R~'] ~q)) = 3.

6.2 Formula Complexity

We measure the size of a finite automaton or transducer M by the number of
transition edges in it, denoted |M|.

Proposition 1. If A is an automaton recognizing the reqular language X and
T a transducer recognizing the rational relation R, then the time complexity of
computing an automaton recognizing (R)™ X is in O(|T|™|Al).

Proof. The size of the synchronized product 7 LA of 7 and A is bounded above
by |T||A| and it can be computed in time O(|7||A]). The claim now follows by
iterating that procedure m times. |

However, we are going to show that the time complexity of computing an au-
tomaton recognizing [R] X is far worse.

For a regular language X recognized by an automaton A, we define Rx =
{(u,€) |lu e X}. A transducer 7 recognizing Rx can be constructed from A by
simply replacing every edge (q,z,p) in A with the edge (¢, z,€,p).

Lemma 4. Let X be a reqular language. Then the complementation X of X
equals [Rx] @.

Proof. Routine verification. [ |

Consequently, computing [Rx] & cannot be done in less than exponential time
in the size of the (non-deterministic) automaton A for X. This result suggests
the following conjecture.

Congecture 1. The formula complexity of global model checking of a K;-formula
is non-elementary in terms of the alternating box rank of the formula.
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6.3 Structure Complexity

Next we analyze the structure complexity, i.e. the complexity of global model
checking a fixed formula ¢ € K; on an input rational Kripke model. Here the
input is assumed to be the transducer and automata presenting the model.

Fix a formula ¢ € K; in negation normal form, then for any input rational
Kripke model M there is a fixed number of operations to perform on the input
transducer and automata that can lead to subsequent exponential blowups of
the size of the automaton computing [¢]a¢. That number is bounded by the
modal rank mr () of the formula ¢, and therefore the structure complexity is
bounded above by an exponential tower of a height not exceeding that modal
rank:

2l T1IA|
...(mr(p) times)™™

2

However, using the alternation rank of ¢ and Proposition[I] we can do better.

Proposition 2. The structure complexity of global model checking for a fixed
formula ¢ € Ky on an input rational Kripke model M, presented by the trans-
ducer and automata {T,As,..., An}, is bounded above by

SP(IT])
g (ar() times)”

where P (|T)) is a polynomial in |T| with leading coefficient not greater that n2¢
where ¢ < max{|A4;| | i =1,...n} and degree no greater than mr (p).

Proof. The number of steps in the computation of @], following the struc-
ture of ¢, that produce nested exponential blow-ups can be bounded by the
alternation rank, since nesting of any number of diamonds does not cause an
exponential blow-up, while nesting of any number of boxes can be reduced by
double complementation to nesting of diamonds; e.g., [R] ([R] [R]pV [R™*] =q)
can be equivalently re-written as = (R) ((R) (R) =p A (R™') q). The initial syn-
chronized product construction (when a diamond or box is applied to a boolean
formula) produces an automaton of size at most 2¢/7|, the number of nested
product constructions is bounded above by mr (¢), and each of these multiplies
the size of the current automaton by |7|. In the worst case, all alternations would
take place after all product constructions, hence the upper bound. |

7 Model Checking Extensions of K; on Rational Models

7.1 Model Checking Hybrid Extensions of K,

A major limitation of the basic modal language is its inability to refer explicitly
to states in a Kripke model, although the modal semantics evaluates modal
formulae at states. Hybrid logics provide a remedy for that problem. We will
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only introduce some basic hybrid logics of interest here; for more details consult,
e.g., [314].

The basic hybrid tense logic Hy extends the basic tense logic Ky with a set of
new atomic symbols @ called nominals which syntactically form a second type
of atomic formulae, which are evaluated in Kripke models in singleton sets of
states. The unique state in the valuation of a nominal is called its denotation.
Thus, nominals can be used in H; to refer directly to states.

Here is the formal definition of the set of formulae of H;:

e=plil-pleVel(R)e|(R "),

where i € @ and p € .

The basic hybrid logic H; can be further extended to H; (@) by adding the
satisfaction operator @Q, where the formula @;p means ‘¢ is true at the denotation
of ’. A more expressive extension of H; is H;(U) involving the universal modality
with semantics M, v = [U]p iff M,w |= ¢ for every w € M. The operator @ is
definable in H;(U) by @Q;¢ := [U](i — ¢). Moreover, H, can be extended with
the more expressive difference modality (D) (and its dual [D]), where M, v |
(D) iff there exists a w # v such that M, w |= ¢. Note that [U] is definable in
Hy(D) by [U]e := ¢ A [D]ep.

Yet another extension of H; (@) is H; (@, |) which also involves state variables
and binders that bind these variables to states. Thus, in addition to H; (@),
formulae also include | x.p for x a state variable. For a formula ¢ possibly
containing free occurrences of a state variable x, and w a state in a given model,
let ¢ [z < i, denote the result of substitution of all free occurrences of = by a
nominal 7,, in ¢, where w is the denotation of i,,. Then the semantics of |x.p is
defined by: M, w =lz.¢ ifft M,w = ¢z — iy).

Proposition 3. For every formula ¢ of the hybrid language Hy(D) (and there-
fore, of Hy (Q) and of Hy (U)) and every rational Kripke model M, the set [o] m
s an effectively computable rational language.

Proof. The claim follows from Theorem []since the valuations of nominals, being
singletons, are rational sets, and the difference relation D is a rational relation.
The latter can be shown by explicitly constructing a transducer recognizing D in
a given rational set, or by noting that it is the complement of the automatic rela-
tion of equality, hence it is automatic itself, as the family of automatic relations
is closed under complements (cf., e.g., [I4] or [6]). [ |

Corollary 2. Global and local model checking, as well as satisfiability checking,
of formulae of the hybrid language H,(D) (and therefore, of Hy (Q) and Hy (U),
too) in rational Kripke models are decidable.

Proposition 4. Model checking of the H, (Q, |)-formula |x. (R) x in H; (Q, |)
on a giwen input rational Kripke model is not decidable.

Proof. Tmmediate consequence from Morvan’s earlier mentioned reduction [20]
of the model checking of FxRxx to the Post Correspondence Problem. |
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Proposition 5. There is a rational Kripke model on which model checking for-
mulae from the hybrid language is undecidable.

Proof. (Sketch) The rational graph constructed by Thomas [22] can be used to
prove this undecidability, since the first-order properties queried there are also
expressible in H, (Q, |). [ ]

7.2 Counting Modalities

We now consider extensions of K; with counting (or, graded) modalities:

— ©Zkp with semantics: ‘there exist at least k successors where ¢ holds’;

— O=Fy with semantics: ‘there exist at most k successors where ¢ holds’;
OFp with semantics: ‘there exist exactly k successors where ¢ holds’;

O with semantics: ‘there exist infinitely many successors where ¢ holds’.

Clearly, some of these are inter-definable: OFp = OZFp A OSFyp while
OZkp = 20Sk1p and OSFp = ~OZk+p,

We denote by C; the extension of K; with ¢*°¢ and all counting modalities
for all integers k > 0. Further, we denote by C? the fragment of C; where no
occurrence of a counting modality is in the scope of any modal operator.

Proposition 6. Local model checking of formulae in the language C? in rational
Kripke models is decidable.

Proof. First we note that each of the following problems: ‘ Given an automaton A,
does its language contain at most / at least / exactly k / finitely / infinitely many
words?’ is decidable. Indeed, the case of finite (respectively infinite) language is
well-known (cf., e.g., [I8], pp. 186-189). A decision procedureﬁ for recognizing if
the language of a given automaton .4 contains at least k words can be constructed
recursively on k. When k = 1 that boils down to checking non-emptiness of the
language (ibid). Suppose we have such a procedure Py for a given k. Then, a
procedure for k + 1 can be designed as follows: first, test the language L(.A) of
the given automaton for non-emptiness by looking for any word recognized by
it (by searching for a path from the initial state to any accepting state). If such
a word w is found, modify the current automaton to exclude (only) w from its
language, i.e. construct an automaton for the language L(A) \ {w}, using the
standard automata constructions. Then, apply the procedure P} to the resulting
automaton.

Testing L(A) for having at most k& words is reduced to testing for at least
k + 1 words; likewise, testing for exactly k& words is a combination of these.

Now, the claim follows from Theorem [Il Indeed, given a RKM M and a
formula ¢ € C?, for every subformula &) of ¢, where O is any of the counting

3 The procedure designed here is perhaps not the most efficient one. but, it will not
make the complexity of the model checking worse, given the high overall complexity
of the latter.
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modalities listed above, the subformula ) is in Ky, and therefore an automaton
for the regular language [)] pm is effectively computable, and hence the question
whether &€ is true at the state where the local model checking is performed
can be answered effectively. It remains to note that every formula of CY is a
boolean combination of subformulae &€ where ¥ € K. |

At present, we do not know whether any of the counting modalities preserves
regularity in rational models, and respectively whether global model checking in
rational models of either of these languages is decidable.

7.3 A Presentation Based Extension

Here we consider a ‘presentation-based’ extension of the multi-modal version of
K, where the new modalities are defined in terms of word operations, so they
only have meaning in Kripke models where the states are labeled by words (such
as the rational Kripke models) hereafter called Kripke word-models.

To begin with, for a given alphabet X', with every language X C X* we can
uniformly associate the following binary relations in X*:

X7:={(u,u)lue X};
X = {(uv,v) Ju € X,v € X*}.

Proposition 7. For every regular language X C X* the relations X7 and X
are rational.

Proof. For each of these, there is a simple uniform construction that produces
from the automaton recognizing X a transducer recognizing the respective re-
lation. For instance, the transducer for X is constructed as composition of the
transducers (defined just like the composition of finite automata) for the rational
relations {(u,e) | u € X} and {(v,v) | v € Z*}. The former is constructed from
the automaton A for X by converting every a-transition in A, for a € X, to
(a,e)-transition, and the latter is constructed from an automaton recognizing
X* by converting every a-transition, for a € X; to (a, a)-transition. [ |

This suggests a natural extension of (multi-modal) K; with an infinite family
of new modalities associated with relations as above defined over the extensions
of formulae. The result is a richer, PDL-like language which extends the star-
free fragment of PDL with test and converse by additional program constructions
corresponding to the regularity preserving operations defined above. We call that
language ‘word-based star-free PDL (with test and converse)’, hereafter denoted
WPDL.

Formally, WPDL has two syntactic categories, viz., programs PROG and
formulae FOR, defined over given alphabet X set of atomic propositions AP,
and set of atomic programs (relations) REL, by mutual induction as follows:

Formulae FOR:

pu=plla| @1 V| {a)y



Symbolic Model Checking of Tense Logics on Rational Kripke Models 17

for p € AP, a € X, and o € PROG, where for each a € X we have added a special
new atomic proposition ¢,, used further to translate extended star-free regular
expressions to WPDL-formulae.

Programs PROG:

az=rmla|aUaz[aioa |p? | T

where m € REL and ¢ € FOR.

We note that WPDL is not a purely logical language, as it does not have se-
mantics on abstract models but only on word-models (including rational Kripke
models), defined as follows. Let M = (S, { Ry} rereL, V) be a Kripke word-model
over an alphabet Y, with a set of states S C X*, a family of basic relations in-
dexed with REL, and a valuation V of the atomic propositions from AP. Then
every formula ¢ € FOR is associated with the language [p]a € X%, defined as
before, where [pja := V(p) for every p € AP and [¢(,] := {a} NS for every
a € Y. Respectively, every program « is associated with a binary relation R, in
X* defined inductively as follows (where o is composition of relations):

— Ra/ = R;l,
- Rquag = Ra1 U RO(Q)
- Raloag = Ral © Razu
- Rgo? = H(P ?7

- Rw = [¢].
Lemma 5. For every WPDL-formulae v,v and a Kripke word-model M:

1. [{eN]m = [elm O [
2. [(@&))m = [@]a; [¥]am (where ; denotes concatenation of languages).

Proof. Routine verification:

L () Ulm = {w € Z* | wRyrv for some v € [t aq}
={w e X* | w=v for some v € [p]rp and v € [Y]am} = [@]m N [Y] M-
2. (@)]m = {we X* | wav for some v € [}

={w € " [ u € [plm, v € [Y]nm} = [elm; [¥]m- u

Corollary 3. For every WPDL-formula ¢ and a rational Kripke model M,
the language [©]am is an effectively computable from ¢ regular language.

Corollary 4. Local and global model checking, as well as satisfiability checking,
of WPDL-formulae in rational Kripke models is decidable.

Extended star-free regular expressions over an alphabet X' are defined as follows:
E:=a | -F ‘ E1 UE2 | El;EQ,

where a € X. Every such expression E defines a regular language L(F), where
—,U,; denote respectively complementation, union, and concatenation of lan-
guages. The question whether two extended star-free regular expressions define
the same language has been proved to have a non-elementary complexity in [19].

Every extended star-free regular expression can be linearly translated to an
WPDL-formula:
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— 7—(

— 7—(

- T(E1 UEQ) = T(El) \/7'(£;2)7
(

- T

Lemma 6. Given an alphabet X, consider the rational Kripke model M~ with
set of states X*, over empty sets of basic relations and atomic propositions.
Then, for every extended star-free reqular expression E,

L(E) = [7(E)] p>-

Proof. Straightforward induction on E. The only non-obvious case £ = Ey; Fs
follows from Lemma [l [ |

Consequently, for any extended star-free regular expressions £ and Fs, we have
that L(El) = L(EQ) iff [[T(El)]]ME = [[T(EQ)HME iff MZ ': T(El) — T(EQ).
Thus, we obtain the following.

Corollary 5. Global model checking of WPDL-formulae in rational Kripke
models has non-elementary formula-complexity.

Remark: Since the 7-free fragment of WPDL is expressively equivalent to Ky, a
translation of bounded exponential blow-up from the family of extended star-free
regular expressions to the latter fragment would prove Conjecture [

8 Concluding Remarks

We have introduced the class of rational Kripke models and shown that all for-
mulae of the basic tense logic K, and various extensions of it, have effectively
computable rational extensions in such models, and therefore global model check-
ing and local model checking of such formulae on rational Kripke models are
decidable, albeit probably with non-elementary formula complexity.

Since model checking reachability on such models is generally undecidable, an
important direction for further research would be to identify natural large sub-
classes of rational Kripke models on which model checking of K; extended with
the reachability modality (R)” is decidable. Some such cases, defined in terms
of the presentation, are known, e.g., rational models with length-preserving or
length-monotone transition relation [20]; the problem of finding structurally de-
fined large classes of rational models with decidable reachability is still essentially
open.

Other important questions concern deciding bisimulation equivalence between
rational Kripke models, as that would allow us to transfer model checking of
any property definable in the modal mu-calculus from one to the other. These
questions are studied in a follow-up to the present work.
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Abstract. Genetic Systems are a formalism inspired by genetic regula-
tory networks, suitable for modeling the interactions between genes and
proteins, acting as regulatory products. The evolution is driven by ge-
netic gates: a new object (representing a protein) is produced when all
activator objects are available in the system, and no inhibitor object is
present. Activators are not consumed by the application of such a rule.
Objects disappear because of degradation: each object is equipped with
a lifetime, and the object decays when such a lifetime expires.

It is known that such systems are Turing powerful, either when we
consider interleaving semantics (a single action is executed in each com-
putational step) as well as if we consider maximal parallel semantics (all
the rules that can be applied at a computational step must be applied).
In this paper we investigate the power of inhibiting rules.

1 Introduction

Most biological processes are regulated by networks of interactions between reg-
ulatory products and genes. To investigate the dynamical properties of these
genetic regulatory networks, various formal approaches, ranging from discrete to
stochastic and to continuous models, have been proposed (see [9] for a review).

Genetic Systems have been introduced in [6] as a simple discrete formalism
for the modeling of genetic networks, and we started an investigation of the
ability of such a formalism to act as a computational device. Genetic Systems
are based on genetic gates, that are rules which model the behaviour of genes,
and objects, that represent proteins. Proteins both regulate the activity of a
gene — by activating or inhibiting transcription — and represent the product of
the activity of a gene.

A genetic gate is essentially a contextual rewriting rule consisting of three
components: the set of activators, the set of inhibitors and the transcription
product. A genetic gate is activated if the activator objects are present in the

* (Received by the editors. 1 February 2008. Revised. 17 September 2008. Accepted.
17 September 2008.)
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system, and all inhibitor objects are absent. The result of the application of
a genetic gate rule is the production of a new object (without removing the
activator objects from the system).

In biological systems, proteins can disappear in (at least) two ways (see,
e.g., [1]): a protein can either decay because its lifetime is elapsed, or because it
is neutralized by a repressor protein. To model the decaying process, we equip
objects with a lifetime, which is decremented at each computational step. When
the lifetime of an object becomes zero, the object disappears. In our model we
represent both decaying and persistent objects: while the lifetime of a decaying
object is a natural number, persistent objects are equipped with an infinite life-
time. The behaviour of repressor proteins is modeled through repressor rules,
consisting of two components: the repressor object and the object to be de-
stroyed. When both objects are present in the system, the rule is applied: the
object to be destroyed disappears, while the repressor is not removed.

In [6] we investigated the computational power of Genetic Systems with the
mazimal parallelism semantics: all the rules that can be applied simultaneously,
must be applied in the same computational step. In particular, we proposed an
encoding of Random Access Machines (RAMs) [16], a well-known, deterministic
Turing equivalent formalism.

As the maximal parallelism semantics is a very powerful synchronization
mechanism, we also considered the semantics at the opposite side of the spec-
trum, namely, the interleaving (or sequential) semantics, where a single rule is
applied in each computational step. The biological intuition behind this choice
is that the cell contains a finite number of RNA polymerases, that are the en-
zymes that catalyze the transcription of genes: the case of interleaving semantics
corresponds to the presence of a single RNA polymerase enzyme.

As shown in [B], the power of Genetic systems is not decreased in this way,
as RAMs can still be simulated. Moreover, the encoding turns out to be deter-
ministic, and a RAM terminates if and only if its encoding terminates (i.e. no
additional divergent or failed computations are added in the encoding). Hence,
both existential termination (i.e., the existence of a terminated, or deadlocked,
computation) and universal termination (i.e., all computations terminate) are
undecidable in this case.

Such universality results are obtained by using several ingredients: persis-
tent and decaying objects, repressor rules, positive and negative regulation. For
this reason, in [7] we investigated what happens when some of these ingredients
are removed; we showed that, when we consider interleaving semantics, decay-
ing objects are needed to obtain deterministic encodings of RAMs. Moreover,
we showed that universal termination is decidable for Genetic Systems without
negative regulation.

We continue here along this line, by showing that negative regulation is not
needed when we consider non—deterministic Genetic Systems using maximal par-
allel semantics: such systems remain universal even without such kind of rules.

The paper is organized as follows. In Section 2 we give basic definitions that
will be used throughout the paper. The syntax and the semantics of Genetic
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Systems is presented in Section 3. In Section 4 we recall some results concerning
weaker Genetic Systems using interleaving semantics, and then we consider Ge-
netic systems with maximal parallel semantics without inhibiting rules: we show
that universality can still be obtained even in this case. Section 5 reports some
conclusive remarks.

2 Basic Definitions

In this section we provide some basic definitions that will be used throughout
the paper. With IN we denote the set of natural numbers, whereas IN,, denotes
IN U {oo}. We start with the definition of multisets and multiset operations.

Definition 1. Given a set S, a finite multiset over S is a function m : S — IN
such that the set dom(m) = {s € S|m(s) # 0} is finite. The multiplicity of
an element s in m is given by the natural number m(s). The set of all finite
multisets over S, denoted by Mgy, (S), is ranged over by m. A multiset m such
that dom(m) = & is called empty. The empty multiset is denoted by @. Given
the multiset m and m’, we write m Cm’ if m(s) < m/(s) for all s € S while ®
denotes their multiset union: m ®m/(s) = (s) m/(s). The operator \ denotes
multiset difference: (m \ m’)(s) = if m(s) > m/(s) then m(s) —m/(s) else 0.

The set of parts of a set S is defined as P(S) = {X | X C S}. Given a set
X C S, with abuse of notation we use X to denote also the multiset

1ifseX
mx(s) =

0 otherwise

We provide some basic definitions on strings, cartesian products and relations.

Definition 2. A string over S is a finite (possibly empty) sequence of elements
in S. Given a string uw = x7 ...x,, the length of u is the number of occurrences
of elements contained in w and is defined as follows: |u| = n. The empty string
is denoted by . With S* we denote the set of strings over S, and w,v,w,...
range over S*. Given n > 0, with S™ we denote the set of strings of length n
over S. Given a string u = acl . Ty, the multiset corresponding to u is defined
as follows: for all s € S, my(s ul{}'l | & = s A1 <i<n}. With abuse of
notation, we use u to denote also m

Definition 3. With S x T we denote the cartesian product of sets S and T,
with [],, S, n > 1, we denote the cartesian product of n copies of set S and with
H?:l S; we denote the cartesian product of sets Si,...,Sp, i.e., S1 X ... X S,
The ith projection of x = (x1,...,Ty) € H?:l S; is defined as m;(x) = x;, and
lifted to subsets X C [[1_; Si as follows: mi(X) = {m;(z) | x € X }.

Given a binary relation R over a set S, with R™ we denote the composition of n
instances of R, with R we denote the transitive closure of R, and with R* we
denote the reflexive and transitive closure of R.

! In some cases we denote a multiset by one of its corresponding strings, because this
permits to define functions on multisets in a more insightful way.
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3 Genetic Systems

In this section, we present the definition of Genetic Systems and the definitions
which we need to describe their functioning. To this aim, given a set X, we define
Rx =P(X) x P(X) x (X x INw).

Definition 4. A Genetic System is a tuple G = (V,GR, RR,wy) where

1. 'V is a finite alphabet whose elements are called objects;

2. GR is a finite multisef over Ry of genetic gates over V; these gates are of
the forms wact, “Uinn :— (b, t) where tact NUinh = . Uacy C V' is the positive
regulation (activation)d, ui,, € V' the negative regulation (inhibition), b € V
the transcription of the gatfﬂ and t € INs the duration of object b;

3. RR is a finite sefl of repressor rules of the form (rep : b —) where rep,b € V
and rep # b;

4. wq is a string over V x IN,, representing the multiset of objects contained in
the system at the beginning of the computation. The objects are of the form
(a,t), where a is a symbol of the alphabet V' and t > 0 represents the decay
time of that object.

We say that a gate is unary if |uact @ uinn| = 1. The multiset represented by wy
constitutes the initial state of the system.

A transition between states is governed by an application of the transcrip-
tion rules (specified by the genetic gates) and of the repressor rules. The gate
Uact, Uinh :— (b, 1) can be activated if the current state of the system contains
enough free activators and no free inhibitors. If the gate is activated, the reg-
ulation objects (activators) in the set w,ct are bound to such a gate, and they
cannot be used for activating any other gate in the same maximal parallelism
evolution step. In other words, the gate wact, “uinn :— (b,¢) in a state formed
by a multiset of (not yet bound) objects w can be activated if et is contained
in w and no object in ui,;, appears in w; if the gate performs the transcription,
then a new object (b,t) is produced. Note that the objects in wact and uinn are
not consumed by the transcription operation, but will be released at the end
of the operation and (if they do not disappear because of the decay process)
they can be used in the next evolution step. Each object starts with a decay
number, which specify the number of steps after which this object disappears.
The decay number is decreased after each parallel step; when it reaches the value
zero, the object disappears. If the decay number of an object is equal to oo, then
the object is persistent and it never disappears. The repressor rule (rep : b —)

2 Here we use multisets of rules, instead of sets, for compatibility with the definition
in [6].

3 We consider sets of activators, meaning that a genetic gate is never activated by
more than one instance of the same protein.

4 Usually the expression of a genetic gate consists of a single protein.

5 We use sets of rules, instead of multisets, because each repressor rule denotes a
chemical law; hence, a repressor rule can be applied for an unbounded number of
times in each computational step.
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is activated when both the repressor rep and the object b are present, and the
repressor rep destroys the object b.

We adopt the following notation for gates. The activation and inhibition sets
are denoted by one of the corresponding strings, i,e, a,b, —c¢ :— (c¢,5) denotes
the gate {a, b}, ~{c} :— (¢, 5). If either the activation or the inhibition is empty
then we omit the corresponding set, i.e., a :— (b,3) is a shorthand for the gate
{a}, =@ :— (b,3). The nullary gate &, 2 :— (b,2) is written as :— (b,2). Once
defined Genetic Systems, we are ready to describe their functioning. A tran-
sition between two states of the system is governed by an application of the
transcription rules (specified by the genetic gates) and of the repressor rules.
Different semantics can be adopted, depending on the number of rules that are
applied in each computational step, and on the way in which the set of rules
to be applied is chosen. In [6] we considered the so-called mazimal parallelism
semantics: all the rules that can be applied simultaneously, must be applied in
the same computational step. In [7] we considered the semantics at the oppo-
site side of the spectrum, i.e., the interleaving (or sequential) semantics. In this
case, at each computational step only a single rule is applied. In particular, for
deterministic systems, at each computational step there is at most one rule that
can be applied. For non—deterministic systems, at each computational step one
rule, among all applicable ones, is chosen to be applied.

We give now the definitions for configuration, reaction relation, and heating
and decaying function; then, we will give the definition of computational step,
considering the two possible types of step, according to the considered semantics
for the application of the rules.

A configuration represents the current state of the system, consisting in the
(multi)set of objects currently present in the system.

Definition 5. Let G = (V,GR, RR,wy) be a Genetic System. A configuration
of G is a multiset w € Mgn(V X INs). The initial configuration of G is the
multiset wg.

The activation of a genetic gate is formalized by the notion of reaction relation.
In order to give a formal definition we need the function obj : (V x INy)* — V*,
defined as follows. Assume that (a,t) € (V x (INw)) and w C (V x (INx))*.
Then, obj(A) = A and obj((a, t)w) = a obj(w).

We also need to define a function DecrTime which is used to decrement the
decay time of objects, destroying the objects which reached their time limit.

Definition 6. The function DecrTime : (V x INoo)* — (V' X INoo)* is defined
as follows: DecrTime(\) = X\ and

(a,t — 1)DecrTime(w) ift > 1

DecrTime((a, t)w) = {Dechime(w) ift=1

We are now ready to give the notion of reaction relation.

Definition 7. Let G = (V,GR, RR,wy) be a Genetic System. The reaction re-
lation — over Mg, (V X INo) X Mgn(V X INs) is defined as follows:
w — w' iff one of the following holds:
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— there exist Uact, "Uinh :— (b,1) € GR and waey C w such that
e Uiy Ndom(obj(w)) = &
b mObj(wacc) = Moyt
o w' = DecrTime(w) & {(b,t)}
— there exists (rep : b —) € RR such that
o there exist trep, ty € INoo such that {(rep, trep), (b,tp)} C w
o w' = DecrTime(w) \ {(rep, trep), (b, tp)} & DecrTime((rep, trep))

Now we are ready to define a computational step of a Genetic system. We
first consider an interleaving computational step ~-:

Definition 8. Let G = (V,GR, RR,wy) be a Genetic System. The interleaving
computational step ~» over configurations of G is defined as follows: wy ~ wsy
iff one of the following holds:

— either wy — wy, or
— wy v~ and there exists (a,t) € wy such that t # oo and wy = DecrTime(w; ﬂ

We say that a configuration w is terminated if no interleaving step can be per-
formed, i.e., w +~. The set of configurations reachable from a given configuration
w is defined as Reach(w) = {w' | w ~~* w'}. The set of reachable configurations
in G is Reach(wy).

A mazimal parallelism computational step £ is defined as it follows:

Definition 9. Let G = (V,GR, RR,wy) be a Genetic System.
The maximal parallelism computational step = over (nonpartial) configura-
tions of G is defined as follows: v1 = 2 iff one of the following holds:

— there ewists a partial configuration v s.t. y1 —T o', 4" v/ and
~vo = heat&decay(v’), or

— 71 = (w,R,9,9), exists (a,t) € w s.t. t # o0 and
v2 = (DecrTime(w), R, &, &).

We say that a configuration «y is terminated if no mazimal parallelism step can
be performed, i.e., v .

Note that a computational step can consist either in the application of a rule,
or in the passing of one time unit, in case the system is deadlocked (i.e., no
rule can be applied). Consider, e.g., a system with a negative gate —b :— (a, 3)
and a positive gate a :— (a,3), reaching a configuration containing only the
object (b,2). The system cannot evolve until 2 time units have elapsed; then, an
object (a,3) is produced and, because of the positive gate, the system will never
terminate.

To illustrate the difference between the interleaving and the maximal paral-
lelism semantics, consider a system with gates =d,a :— b and —b,c :— d and

5 We recall that m.,., is the multiset containing exactly one occurrence of each object
in the set uact. Hence, the operator = is intended here to be the equality operator
on multisets.

7 With w; - we denote the fact that there exist no w’ such that wy — w'.
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with initial state ac. According to the maximal parallelism semantics only the
following step can be performed: ac = acbd ¥, where = is a maximal par-
allelism computational step. On the other hand, according to the interleaving
semantics also the following sequence of steps can be performed: ac ~~ acb ~~
acbb ~» acbbb ~ . . ..

4 Computational Power of Genetic Systems

As previously said, in [6] we showed that Genetic Systems with maximal paral-
lelism semantics are Turing powerful, while in [7] we showed that interleaving
semantics is enough to get Turing equivalence.

The result presented in the cited papers are proved by using several ingredi-
ents: persistent and decaying objects, repressor rules, positive and negative reg-
ulation. Are all such ingredients needed in order to obtain such a result? Some
partial answers to this question were given in [7], where it is shown that decaying
objects are needed to obtain universality. Moreover, it is also shown that univer-
sal termination is decidable for Genetic Systems without inhibitors which make
use of interleaving semantics. The decidability proof is based on the theory of
Well-Structured Transition Systems [I0]: the existence of an infinite computation
starting from a given state is decidable for finitely branching transition systems,
provided that the set of states can be equipped with a well-quasi-ordering, i.e.,
a quasi-ordering relation which is compatible with the transition relation and
such that each infinite sequence of states admits an increasing subsequence.

In particular, it is known that:

Theorem 1. Let T'S = (S, —, <) be a finitely branching, well-structured transi-
tion system with decidable < and computable Succ. The existence of an infinite
computation starting from a state s € S is decidable.

Moreover, it is possible to prove the following theorem (see [7] and [10] for
details):

Theorem 2. Let G = (V,GR, RR,wp) be a Genetic System. Then TS(G) is a
finitely branching, well-structured transition system with decidable < and com-
putable Succ.

As a consequence, universal termination is decidable for Genetic Systems without
inhibitors using interleaving semantics, which shows that such systems are not
Turing equivalent.

We show now that when in the case of non—deterministic Genetic Systems
using maximal parallel semantics universality can be obtained even if we do not
use inhibiting rules.

The basic idea follows the one already developed in [6]. The contents of reg-
isters is encoded using sets of copies of persistent objects. If register r; contains
value ¢;, then ¢; copies of object (r;,00) are present in the state of the system.

The fact that the program counter contains the value i (i.e., the next in-
struction to be executed is the ith) is represented by the presence of object p;.
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We start with the decaying object (p1,1). In general, just before starting the
execution of the ith instruction, the system contains the object (p;, 1).

The encoding of a successor instruction ¢ : Succ(r;) produces a new instance
of a persistent object (75, 00), as well as the new program counter (p;41, 1), while
the encoding of a decrement or jump instruction i : DecJump(r;, s) may have
two different behaviours. If no object ; occurs in the system, then the program
counter (ps,1) is produced; otherwise, if there exists an object 7; in the system,
a repressor object (repr;,1) for object r; is produced; the repressor decays just
after destroying a copy of (r;, 00), and the program counter (p;11, 1) is produced.
If the computation stops (no rule can be applied, and no object with decay time
different from oo is present), then we consider the output, which is the number
of occurrences of object (ry, 00).

For the sake of brevity, we consider RAMs that satisfy the following constraint:
if the RAM has m instructions, then all the jumps to addresses higher than m
are jumps to the address m+1. This constraint is not restrictive, as for any RAM
not satisfying the constraint above it is possible to construct an equivalent RAM
(i.e., a RAM computing the same function) which satisfies it. Given a RAM with
m instructions, the first constraint can be easily satisfied by replacing each jump
to an address higher than m by a jump to the address m + 1.

We stress the fact that the simulation we produce here is non—deterministic,
and it introduces some divergent computations. In particular, we consider the use
of a “trap” rule of the type loop :— (loop, 1). Once introduced, the symbol loop
activates such a gate in an infinite loop, thus a non—terminating computation,
which produces no output.

In order to simulate an increment instruction (¢ : Succ(r;)), we consider the
following set of rules. The rule cl is used to induce an infinite loop when “wrong”
rules are applied.

rl: pii— (piv1’,2)
r2:  piy1’ = (pir1”,2)

3:  pip1,pir1” = (r,2)
4 pia = (pi” 1)
th: 1= (rj,00)

6 piv1” = (pir1, 1)
cl:  piy1” :— (loop, 1)

Initially, the system contains only (p;, 1) as nonpersistent object. The only
applicable rule is r1, which produces (p;1+1’,2). The object (p;,1) disappears,
because after applying the rule its decay time reaches the value zero.

Then, using r2 we obtain (p;+1”,2), and the decay time of p; 11’ is decreased,
leading to (pi+1/,1).

If we use this last object again in rule 2, then the object p;+1” must be used
at the same time in rule c1, producing an infinite computation. The only other
possibility is to use both objects at the same time in the rule 3, thus producing
(rj’,2); piv1’ disappears because its decay time reaches the value zero, while
(pi+1"”,2) is replaced by (pi+1”,1).
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r;’ can now be used in rule r5; in this case, p;+1” must be used in rule cl

producing an infinite loop. If, on the contrary, both r;/ and p;41” are used to
activate rule r4, we produce (p;+1"”, 1). Because of decay time, we obtain (r;’, 1)
and, moreover, p;+1” disappears.

At this point the only possibility is to apply, at the same time, rules 5 and 6,
using objects r;" and p; 1", respectively, which then disappear. In this way, we
produce objects (r;,00) and (pit1,1); thus, we correctly simulated an increment
instruction and we are ready to simulate instruction ¢ 4 1.

To simulate a decrement instruction (¢ : DecJump(r;, s)) the following set of
rules is used. In this case, the rules to check "wrong” computations are rules cl,
c2, and c3.

rl: pi :— (Dec; ;',2)

r2: Dec; ;" :— (Dec; ;" 3)

r3: Dec;,;’, Dec;, ;" :— (Dec; ;. 2)
4 : Dec;, ;" , Dec; ;""" :— (Dec; ;""" 1)
5 : Dec; ;" , Dec; ;""" :— (I, 1)

6 : Deci,j"',rj = (Ci+1,2)

T L (1)

8 : I,',Cit1 :— (Repr;,2)

r9: RepI‘j,C7;+1 — (L;+1l, 1)

rl0:  Repr;:rj —
rll: Ii+1/ — (pi+1, 1)

cl: Dec; ;" :— (loop, 1)
c2: Dec; ;""" :— (loop, 1)
c3: Cit1 :— (loop, 1)

Again, the system initially contains only (p;, 1) as nonpersistent object. The
only applicable rule is r1, which produces (Dec; ;’, 2).

We can now apply only rule r2; we obtain objects (Dec; ;’,1) and the new
created one, (Dec; ;”, 3).

If we apply again rule r2 using Dec; ;’, then we also have to use rule cl,
which produces an infinite loop. Instead, if we apply rule r3 we obtain objects
(Dec;,;”,2) and (Dec; ;",2).

If an object (r;, 00) is present, we could apply now rule r6; in this case, Dec; ;"
must be used in rule ¢1, producing an infinite loop. On the contrary, we can apply
rule 74, obtaining the objects (Dec; ;”, 1), (Dec; ;”,1), and (Dec; ;" 1).

We can now apply again r4; in this case, object Dec; ;""" activates rule ¢2,
producing an infinite loop. Another possibility (apart from the activation of ¢l
using Dec; ;") is to apply rule r5, producing (I’,1). In this case, the object
(Dec; ;"",1) has two possibilities to evolve, in this same step: either an object
(rj,o0) is present, and we have to apply r6, or no object (r;,00) is available,
and thus (Dec; ;", 1) disappears.

Let us first consider this last case. The only non—persistent object available at
this moment is (I, 1). The only possible applicable rule is 7, which produces
the objects (ps, 1). We have correctly simulated a jump instruction.
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If we consider the other possibility, by applying at the same time rules r4
and 5 we obtain objects (I',1) and (Ciy1’,2). We could then apply rule r7
but, in this case, (C;+1’,2) must activate rule ¢3 producing an infinite loop. The
other possibility is to apply rule 8, producing (Reprj, 2). The other object still
present is (Cit1’,1).

If we apply rule r10, then we also have to apply rule ¢3, which produces an
infinite loop. On the contrary, if we apply rule 9 we produce the object (I;11',1),
and we still have object (Repr;, 1).

At this moment the only possibility is to apply at the same time rules 10 and
r11. We remove a single copy of object (1}, 00), correctly simulating a decrement
instruction, and we obtain the object (p;+1,1), which can be used to simulate
the next instruction.

Thus, as we have just shown, it is possible to simulate RAMs using non—
deterministic Genetic Systems, without making use of inhibitors.

5 Conclusion

The present paper contains the results obtained from the investigation of the
computational expressiveness of Genetic Systems, a formalism modeling the in-
teractions occurring between genes and regulatory products. In particular, we
considered the use of inhibitors, objects which can prevent the application of a
genetic rule when present. It is known that Genetic Systems without inhibitors
using interleaving semantics are not Turing equivalent. In this paper we showed
that non—deterministic Genetic Systems using maximal parallel semantics are
universal even if we do not use inhibiting rules.

The paper was planned to be extended, by considering the deterministic ver-
sion of Genetic Systems using maximal parallel semantics, in order to determine
their computational power. Moreover, we were also planning to investigate sys-
tems where other ingredients are removed and, in particular, repressor rules. We
conjectured that existential termination is decidable in this last case, and this
can be proved by providing a mapping of Genetic Systems without repressor
rules on safe Contextual Petri Net, which preserves the existence of a deadlock,
using a technique similar to the one employed in [7].

Sadly, on September 5, 2007, Nadia passed away unexpectedly, and the de-
velopment of the paper suddenly stopped. For the final proceedings volume, we
decided to leave the paper as it was at the moment of the departure of Na-
dia, making only some small changes and corrections, but without adding new
sections or results.
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Abstract. We give polynomial-time algorithms for computing the val-
ues of Markov decision processes (MDPs) with limsup and liminf objec-
tives. A real-valued reward is assigned to each state, and the value of
an infinite path in the MDP is the limsup (resp. liminf) of all rewards
along the path. The value of an MDP is the maximal expected value of
an infinite path that can be achieved by resolving the decisions of the
MDP. Using our result on MDPs, we show that turn-based stochastic
games with limsup and liminf objectives can be solved in NP N coNP.

1 Introduction

A turn-based stochastic game is played on a finite graph with three types of
states: in player-1 states, the first player chooses a successor state from a given
set of outgoing edges; in player-2 states, the second player chooses a successor
state from a given set of outgoing edges; and probabilistic states, the successor
state is chosen according to a given probability distribution. The game results in
an infinite path through the graph. Every such path is assigned a real value, and
the objective of player 1 is to resolve her choices so as to maximize the expected
value of the resulting path, while the objective of player 2 is to minimize the
expected value. If the function that assigns values to infinite paths is a Borel
function (in the Cantor topology on infinite paths), then the game is determined
[12]: the maximal expected value achievable by player 1 is equal to the minimal
expected value achievable by player 2, and it is called the value of the game.
There are several canonical functions for assigning values to infinite paths.
If each state is given a reward, then the maz (resp. min) functions choose the
maximum (resp. minimum) of the infinitely many rewards along a path; the
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limsup (resp. liminf) functions choose the limsup (resp. liminf) of the infinitely
many rewards; and the limavg function chooses the long-run average of the
rewards. For the Borel level-1 functions maz and min, as well as for the Borel
level-3 function limavg, computing the value of a game is known to be in NP
N coNP [10]. However, for the Borel level-2 functions limsup and liminf, only
special cases have been considered so far. If there are no probabilistic states (in
this case, the game is called deterministic), then the game value can be computed
in polynomial time using value-iteration algorithms [I; likewise, if all states are
given reward 0 or 1 (in this case, limsup is a Blichi objective, and liminf is a
coBiichi objective), then the game value can be decided in NP N coNP [3]. In
this paper, we show that the values of general turn-based stochastic games with
limsup and liminf objectives can be computed in NP N coNP.

It is known that pure memoryless strategies suffice for achieving the value of
turn-based stochastic games with limsup and liminf objectives [9]. A strategy is
pure if the player always chooses a unique successor state (rather than a proba-
bility distribution of successor states); a pure strategy is memoryless if at every
state, the player always chooses the same successor state. Hence a pure memory-
less strategy for player 1 is a function from player-1 states to outgoing edges (and
similarly for player 2). Since pure memoryless strategies offer polynomial wit-
nesses, our result will follow from polynomial-time algorithms for computing the
values of Markov decision processes (MDPs) with limsup and liminf objectives.
We provide such algorithms.

An MDP is the special case of a turn-based stochastic game which contains no
player-1 (or player-2) states. Using algorithms for solving MDPs with Biichi and
coBiichi objectives, we give polynomial-time reductions from MDPs with limsup
and liminf objectives to MDPs with max objectives. The solution of MDPs with
max objectives is computable by linear programming, and the linear program
for MDPs with max objectives is obtained by generalizing the linear program
for MDPs with reachability objectives. This will conclude our argument.

Related work. Games with limsup and liminf objectives have been widely
studied in game theory; for example, Maitra and Sudderth [I1] present several
results about games with limsup and liminf objectives. In particular, they show
the existence of values in limsup and liminf games that are more general than
turn-based stochastic games, such as concurrent games, where the two players re-
peatedly choose their moves simultaneously and independently, and games with
infinite state spaces. Gimbert and Zielonka have studied the strategy complexity
of games with limsup and liminf objectives: the sufficiency of pure memoryless
strategies for deterministic games was shown in [§], and for turn-based stochas-
tic games, in [9]. Polynomial-time algorithms for MDPs with Biichi and coBiichi
objectives were presented in [5], and the solution turn-based stochastic games
with Biichi and coBiichi objectives was shown to be in NP N coNP in [3]. For
deterministic games with limsup and liminf objectives polynomial-time algo-
rithms have been known, for example, the value-iteration algorithm terminates
in polynomial time [IJ.
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2 Definitions

We consider the class of turn-based probabilistic games and some of its sub-
classes.

Game graphs. A turn-based probabilistic game graph (21/2-player game graph)
G =((S,E),(51,52,5p),0) consists of a directed graph (S, E), a partition (51,
Sa, Sp) of the finite set S of states, and a probabilistic transition function J:
Sp — D(S), where D(S) denotes the set of probability distributions over the
state space S. The states in Sy are the player-1 states, where player 1 decides the
successor state; the states in So are the player-2 states, where player 2 decides
the successor state; and the states in Sp are the probabilistic states, where the
successor state is chosen according to the probabilistic transition function 6. We
assume that for s € Sp and t € S, we have (s,t) € E iff §(s)(t) > 0, and we
often write d(s,t) for d(s)(t). For technical convenience we assume that every
state in the graph (S, E) has at least one outgoing edge. For a state s € S, we
write E(s) to denote the set {t € S| (s,t) € E'} of possible successors. The turn-
based deterministic game graphs (2-player game graphs) are the special case of
the 21/»-player game graphs with Sp = (). The Markov decision processes (11/2-
player game graphs) are the special case of the 21/-player game graphs with
S1 =0 or Sy = ). We refer to the MDPs with So = 0 as player-1 MDPs, and to
the MDPs with S; = ) as player-2 MDPs.

Plays and strategies. An infinite path, or a play, of the game graph G is an
infinite sequence w = (sq, 81, $2,...) of states such that (sg, sxy1) € E for all
k € N. We write (2 for the set of all plays, and for a state s € S, we write
24 C 2 for the set of plays that start from the state s. A strategy for player 1 is
a function o: S* - 57 — D(S) that assigns a probability distribution to all finite
sequences w € S*-S7 of states ending in a player-1 state (the sequence represents
a prefix of a play). Player 1 follows the strategy o if in each player-1 move, given
that the current history of the game is w € S* - S, she chooses the next state
according to the probability distribution o(w). A strategy must prescribe only
available moves, i.e., for all w € S*, s € Sy, and t € S, if o(w - s)(¢t) > 0, then
(s,t) € E. The strategies for player 2 are defined analogously. We denote by X
and IT the set of all strategies for player 1 and player 2, respectively.

Once a starting state s € S and strategies 0 € X and m € II for the two
players are fixed, the outcome of the game is a random walk w?™ for which
the probabilities of events are uniquely defined, where an event A C (2 is a
measurable set of plays. For a state s € S and an event A C {2, we write
Pr?7(A) for the probability that a play belongs to A if the game starts from
the state s and the players follow the strategies ¢ and m, respectively. For a
measurable function f : 2 — IR we denote by EZ™[f] the expectation of the
function f under the probability measure Prl"(-).

Strategies that do not use randomization are called pure. A player-1 strategy o
is pure if for allw € S* and s € Sy, there is a state ¢ € S such that o(w-s)(t) = 1.
A memoryless player-1 strategy does not depend on the history of the play but
only on the current state; i.e., for all w,w’ € S* and for all s € S; we have
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o(w-s) = o(w’ - s). A memoryless strategy can be represented as a function
o: 51 — D(S). A pure memoryless strategy is a strategy that is both pure and
memoryless. A pure memoryless strategy for player 1 can be represented as a
function o: S; — S. We denote by XM the set of pure memoryless strategies for
player 1. The pure memoryless player-2 strategies IT”M are defined analogously.

Given a pure memoryless strategy o € XM let G, be the game graph
obtained from G under the constraint that player 1 follows the strategy o. The
corresponding definition G for a player-2 strategy 7 € IT”M is analogous, and
we write G4, for the game graph obtained from G if both players follow the
pure memoryless strategies o and m, respectively. Observe that given a 21/
player game graph G and a pure memoryless player-1 strategy o, the result G,
is a player-2 MDP. Similarly, for a player-1 MDP G and a pure memoryless
player-1 strategy o, the result G, is a Markov chain. Hence, if G is a 21/>-player
game graph and the two players follow pure memoryless strategies o and 7, the
result G4 is a Markov chain.

Quantitative objectives. A quantitative objective is specified as a measurable
function f : 2 — IR. We consider zero-sum games, i.e., games that are strictly
competitive. In zero-sum games the objectives of the players are functions f
and —f, respectively. We consider quantitative objectives specified as lim sup
and lim inf objectives. These objectives are complete for the second levels of the
Borel hierarchy: limsup objectives are II3 complete, and liminf objectives are
X5 complete. The definitions of lim sup and liminf objectives are as follows.

— Limsup objectives. Let r : S — IR be a real-valued reward function that
assigns to every state s the reward r(s). The limsup objective lim sup assigns
to every play the maximum reward that appears infinitely often in the play.
Formally, for a play w = (s1, s2, s3,...) we have

lim sup(r)(w) = lim sup(r(s;)}i>o-

— Liminf objectives. Let r : S — IR be a real-valued reward function that as-
signs to every state s the reward r(s). The liminf objective lim inf assigns to
every play the maximum reward v such that the rewards that appear even-
tually always in the play is at least v. Formally, for a play w = (s1, $2, 83, .. .)
we have

lim inf(r)(w) = liminf(r(s;))i>o0-
The objectives lim sup and liminf are complementary in the sense that for
all plays w we have lim sup(r)(w) = — liminf(—r)(w).

We also define the max objectives, as it will be useful in study of MDPs with
limsup and liminf objectives. Later we will reduce MDPs with limsup and
lim inf objectives to MDPs with max objectives. For a reward function r : S — IR
the max objective max assigns to every play the maximum reward that appears
in the play. Observe that since S is finite, the number of different rewards ap-
pearing in a play is finite and hence the maximum is defined. Formally, for a
play w = (s1, $2, $3,...) we have

max(r)(w) = max(r(s;))i>o-
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Biichi and coBiichi objectives. We define the qualitative variant of lim sup
and liminf objectives, namely, Biichi and coBiichi objectives. The notion of
qualitative variants of the objectives will be useful in the algorithmic analysis
of 21/>-player games with lim sup and lim inf objectives. For a play w, we define
Inf(w) = { s € S| sy = s for infinitely many k& > 0 } to be the set of states that
occur infinitely often in w.

— Biichi objectives. Given a set B C S of Biichi states, the Biichi objective
Biichi(B) requires that some state in B be visited infinitely often. The set
of winning plays is Biichi(B) = {w € 2 |Inf(w)N B # 0 }.

— co-Biichi objectives. Given a set C' C S of coBiichi states, the co-Biichi
objective coBiichi(C) requires that only states in C' be visited infinitely often.
Thus, the set of winning plays is coBiichi(C) = {w € 2 | Inf(w) C C }.
The Biichi and coBiichi objectives are dual in the sense that Biichi(B) =
2\ coBiichi(S \ B).

Given a set B C S, consider a boolean reward function rp such that for all
s € S we have rg(s) = 1 if s € B, and 0 otherwise. Then for all plays w
we have w € Biichi(B) iff limsup(rg)(w) = 1. Similarly, given a set C' C S,
consider a boolean reward function r¢ such that for all s € S we have ro(s) =1
if s € C, and 0 otherwise. Then for all plays w we have w € coBiichi(C) iff
liminf(r¢)(w) = 1.

Values and optimal strategies. Given a game graph G, qualitative objectives
& C (2 for player 1 and 2\ @ for player 2, and measurable functions f and — f
for player 1 and player 2, respectively, we define the value functions ((1))ya and
{(2)var for the players 1 and 2, respectively, as the following functions from the
state space S to the set IR of reals: for all states s € S, let

(1)Gia(@)(s) = sup inf Pr7(d);

val
cex mell

(1) (f)(s) = sup inf ET7[f];

cexy mell

(2)Va(2\ @)(s) = sup inf PrI7(2\ P);

mell o€

(20 (=F)(s) = sup inf ET"[—f].

rell 7€
In other words, the values {1)&(®)(s) and (1)%,(f)(s) give the maximal prob-

val val
ability and expectation with which player 1 can achieve her objectives @ and f
from state s, and analogously for player 2. The strategies that achieve the values
are called optimal: a strategy o for player 1 is optimal from the state s for the
objective @ if (1)& (®)(s) = infre Pr?7(P); and o is optimal from the state s
for £if (1)<, (f)(s) = infrer EZ™[f]. The optimal strategies for player 2 are de-
fined analogously. We now state the classical determinacy results for 21/>-player

games with limsup and liminf objectives.

Theorem 1 (Quantitative determinacy). For all 21/-player game graphs
G = ((S,E), (S1,52,5p),9), the following assertions hold.
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1. For all reward functions r : S — IR and all states s € S, we have
(1) 5a (timsup(r)) (s) + (2)) G (lim inf (—r))(s) = 0;

(1) (timinf (r))(s) + (2))viy (limsup(=r))(s) = 0.

2. Pure memoryless optimal strategies exist for both players from all states.

The above results can be derived from the results in [11]; a more direct proof
can be obtained as follows: the existence of pure memoryless optimal strategies
for MDPs with limsup and liminf objectives can be proved by extending the re-
sults known for Biichi and coBiichi objectives. The results (Theorem 3.19) of [7]
proved that if for a quantitative objective f and its complement — f pure memo-
ryless optimal strategies exist in MDPs, then pure memoryless optimal strategies
also exist in 21/>-player games. Hence the pure memoryless determinacy follows
for 21/>-player games with limsup and liminf objectives.

3 The Complexity of 21/-Player Games with
Limsup and LimInf Objectives

In this section we study the complexity of MDPs and 21/-player games with
limsup and liminf objectives. We present polynomial time algorithms for MDPs
and show that 21!/-player games can be decided in NP N coNP. In the next
subsections we present polynomial time algorithms for MDPs with limsup and
liminf objectives by reductions to a simple linear-programming formulation, and
then show that 21/>-player games can be decided in NP N coNP. We first present
a remark and then present some basic results on MDPs.

Remark 1. Given a 21/>-player game graph G with a reward function r : S — R
and a real constant ¢, consider the reward function (r +¢) : S — IR defined as
follows: for s € S we have (r 4 ¢)(s) = r(s) + ¢. Then the following assertions
hold: for all s € §

(1) (timsup(r + ¢))(s) = (1) (limsup(r))(s) + ¢;

(V) (timinf (r + ¢))(s) = (L)% (iminf (r))(s) +c.

Hence we can shift a reward function r by a real constant ¢, and from the value
function for the reward function (r+c¢), we can easily compute the value function
for 7. Hence without loss of generality for computational purpose we assume that
we have reward function with positive rewards, i.e., 7 : S — IR™, where R" is
the set of positive reals.

3.1 Basic Results on MDPs

In this section we recall several basic properties on MDPs. We start with the
definition of end components in MDPs [5l4] that play a role equivalent to closed
recurrent sets in Markov chains.
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End components. Given an MDP G = ((S, E), (S1,S5p),0), a set U C S of
states is an end component if U is d-closed (i.e., for all s € U N Sp we have
E(s) C U) and the sub-game graph of G restricted to U (denoted G | U) is
strongly connected. We denote by £(G) the set of end components of an MDP
G. The following lemma states that, given any strategy (memoryless or not),
with probability 1 the set of states visited infinitely often along a play is an end
component. This lemma allows us to derive conclusions on the (infinite) set of
plays in an MDP by analyzing the (finite) set of end components in the MDP.

Lemma 1. [J[]] Given an MDP G, for all states s € S and all strategies o € X,
we have Pr{({w | Inf(w) € £(G) }) = 1.

For an end component U € £(G), consider the memoryless strategy oy that at
a state s in U N Sp plays all edges in F(s) N U uniformly at random. Given the
strategy oy, the end component U is a closed connected recurrent set in the
Markov chain obtained by fixing .

Lemma 2. Given an MDP G and an end component U € E(Q), the strategy
oy ensures that for all states s € U, we have PriY ({ w | Inf(w) =U }) = 1.

Almost-sure winning states. Given an MDP G with a Biichi or a coBiichi
objective @ for player 1, we denote by

WE(@) = {s €S| (1)va(®)(s) =1}

the sets of states such that the values for player 1 is 1. These sets of states are
also referred as the almost-sure winning states for the player and an optimal
strategy from the almost-sure winning states is referred as an almost-sure win-
ning strategy. The set W (&), for Biichi or coBiichi objectives @, for an MDP
G can be computed in O(n?) time, where n is the size of the MDP G [2].

Attractor of probabilistic states. We define a notion of attractor of prob-
abilistic states: given an MDP G and a set U C S of states, we denote by
Attrp(U, G) the set of states from where the probabilistic player has a strategy
(with proper choice of edges) to force the game to reach U. The set Attrp(U, G)
is inductively defined as follows:

To=U; Tip1=T,U{seSp|E)NT;Z0}U{seS1|E(s)CT;}

and Attrp(U,G) = ;> Ti-

We now present a lemma about MDPs with Biichi and coBiichi objectives
and a property of end components and attractors. The first two properties of
Lemma [3] follows from Lemma 2l The last property follows from the fact that
an end component is d-closed (i.e., for an end component U, for all s € U N Sp
we have E(s) C U).

Lemma 3. Let G be an MDP. Given B C S and C C S, the following assertions
hold.
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1. For all U € £(G) such that U N B # (), we have U C W (Biichi(B)).

2. For all U € £(G) such that U C C, we have U C W (coBiichi(C)).

3. For allY C S and all end components U € E(G), if X = Attrp(Y,G), then
either (a) UNY # 0 or (b)) UN X = 0.

3.2 MDPs with Limsup Objectives

In this subsection we present polynomial time algorithm for MDPs with limsup
objectives. For the sake of simplicity we will consider bipartite MDPs.

Bipartite MDPs. An MDP G = ((S, E), (S1,Sp),9) is bipartite if E C Sy x
SpUSp xS;. An MDP G can be converted into a bipartite MDP G’ by adding
dummy states with an unique successor, and G’ is linear in the size of G. In sequel
without loss of generality we will consider bipartite MDPs. The key property
of bipartite MDPs that will be useful is as follows: for a bipartite MDP G =
((S,E),(S1,Sp),d), for all U € £(G) we have U NSy # 0.

Informal description of algorithm. We first present an algorithm that takes
an MDP G with a positive reward function r : § — R™, and computes a set
S* and a function f* : S* — IR™. The output of the algorithm will be useful in
reduction of MDPs with limsup objectives to MDPs with max objectives. Let
the rewards be vg > vy > -+ > vi. The algorithm proceeds in iteration and in
iteration i we denote the MDP as G; and the state space as S°. At iteration i
the algorithm considers the set V; of reward v; in the MDP G;, and computes
the set U; = W (Biichi(V;)), (i.e., the almost-sure winning set in the MDP
G; for Biichi objective with the Biichi set V;). For all u € U; N S; we assign
f*(u) = v; and add the set U; NSy to S*. Then the set Attrp(U;, G;) is removed
from the MDP G; and we proceed to iteration ¢ + 1. In G; all end components
that intersect with reward v; are contained in U; (by Lemma Bl part (1)), and
all end components in S\ U; do not intersect with Attrp(U;, G;) (by Lemma []
part(3)). This gives us the following lemma.

Lemma 4. Let G be an MDP with a positive reward function r : S — R™T.
Let f* be the output of Algorithm[Il For all end components U € E(G) and all
states w € U NSy, we have max(r(U)) < f*(u).

Proof. Let U* = Uf:O U; (as computed in Algorithm [[]). Then it follows from
Lemma [3 that for all A € £(G) we have ANU* # (). Consider A € £(G) and let
v; = max(r(A)). Suppose for some j < i we have AN U; # (). Then there is a
strategy to ensure that U; is reached with probability 1 from all states in A and
then play an almost-sure winning strategy in U; to ensure Biichi(r—*(v;) N S7).
Then A C Uj. Hence for all u € AN S, we have f*(u) = v; > v;. If for all
J < i we have ANU; = 0, then we show that A C U;. The uniform memoryless
strategy o4 (as used in Lemma [2)) in G; is a witness to prove that A C U;. In
this case for all u € AN Sy we have f*(u) = v; = max(r(A)). The desired result
follows. |
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Algorithm 1. MDPLimSup

Input: MDP G = ((S, E), (S1,Sp), ), a positive reward function r : S — IR™.
Output: S* C S and f*:S* - R*
1. Let 7(S) = { vo, v1, ..., vk } with vg > vy > -+ > v;
2. Go :=G; S* =0
3.fori:=0tok do {

3.1 U; := W (Biichi(r— (v:) N 8%));

32for allueU; NSy

f7 () == wis

3358 :=5"U((U;nNSL);

3.4 B; := AttI‘p(Ui,Gz‘);

3.5 G7;+1 = Gl \ Bi, Si+1 = Sz \Bi;

I

. return S* and f~.

Transformation to MDPs with max objective. Given an MDP G = ((S, E),
(S1,8p),d) with a positive reward function r : S — IR™, and let S* and f* be
the output of Algorithm[[] We construct an MDP G = ((S, E), (S1,Sp), ) with
a reward function 7 as follows:

- S=5u §*; i.e., the set of states consists of the state space S and a copy S*
of S*. R R

— E=FEU{(s,5) | s € 5*,5 € S* where 5 is the copy of s }U{(5,5) | € S*};
i.e., along with edges £, for all states s in S* there is an edge to its copy 5
in 5%, and all states in S* are absorbing states.

— gl = S US*.

~3=s. )

— 7(s) =0 for all s € S and 7(s) = f*(s) for 5§ € S*, where § is the copy of s.

We refer to the above construction as limsup conversion. The following lemma
proves the relationship between the value function (1)& (limsup(r)) and

v val

(1) %a (max(7)).

Lemma 5. Let G be an MDP with a positive reward function r : S — R*. Let
G and T be obtained from G and r by the limsup conversion. For all states s € S,
we have

(1) (timsup(r))(s) = (1) G (max())(s).
Proof. The result is obtained from the following two case analysis.

1. Let 0 be a pure memoryless optimal strategy in G for the objective
limsup(r). Let C = { C1,C4,...,Cy, } be the set of closed connected
recurrent sets in the Markov chain obtained from G after fixing the strat-
egy 0. Note that since we consider bipartite MDPs, for all 1 < i < m, we have
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C;iNS1 #0. Let C = .-, C;. We define a pure memoryless strategy @ in

G as follows
(s) = {a(s) s€ S\ C;

s §€§*and5€SlﬂC’.

By Lemma [ it follows that the strategy & ensures that for all C; € C and
all s € C;, the maximal reward reached in G is at least max(r(C;)) with
probability 1. It follows that for all s € S we have

()< (timsup(r))(s) < (1) 5% (max(7))(s)-

2. Let @ be a pure memoryless optimal strategy for the objective max(7) in G.
We fix a strategy o in G as follows: if at a state s € S* the strategy @ chooses
the edge (s,5), then in G on reaching s, the strategy o plays an almost-sure
winning strategy for the objective Biichi(r~1(f*(s))), otherwise o follows 7.
It follows that for all s € S we have

()G (timsup(r))(s) > (1) (max(7))(s)-

Thus we have the desired result. [ |

Linear programming for the max objective in G. The following linear pro-
gram characterizes the value function {(1)& (max(7)). For all s € S we have
a variable z, and the objective function is min ) zs. The set of linear con-

straints are as follows:

s€S

zs >0 Vs € S;
x5 =T(s) Vs € 5% B
T > Xy Vs € S1,(s,t) € E;

Ty = ,.50(s)(t) -2y VseSp.
The correctness proof of the above linear program to characterize the value
function <(1>>§al(max( )) follows by extending the result for reachability objec-
tives [G]. The key property that can be used to prove the correctness of the above
claim is as follows: if a pure memoryless optimal strategy is fixed, then from all
states in S, the set S* of absorbing states is reached with probability 1. The
above property can be proved as follows: since r is a positive reward function,
it follows that for all s € S we have ((1)% (limsup(r))(s) > 0. Moreover, for all

states s € S we have (1)& (max(7))(s) = (1)%,(limsup(r))(s) > 0. Observe
that for all s € S we have 7(s) = 0. Hence if we fix a pure memoryless optimal
strategy o in G, then in the Markov chain G, there is no closed recurrent set
C such that € C S. It follows that for all states s € S, in the Markov G, the
set S is reached with probability 1. Using the above fact and the correctness
of linear-programming for reachability objectives, the correctness proof of the
above linear-program for the objective max(7) in G' can be obtained. This shows
that the value function (1)& (limsup(r)) for MDPs with reward function 7 can

be computed in polynomial time. This gives us the following result.

Theorem 2. Given an MDP G with a reward function r, the value function
()€ (imsup(r)) can be computed in polynomial time.
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Algorithm 2. MDPLimInf

Input: MDP G = ((S, E), (S1, Sp),§), a positive reward function r : § — IR*.
Output: S. C S and f, : S, — IRT.
1. Let (S) = { vo,v1,..., vk } with vo > v1 > -+ > vy;
2. Go = G; S :Q);
3.fori:=0to k do {

3.1 U; := Wi (coBiichi({J,, 7~ (v;) N S"));

32forallueU; NSy N

fe(u) = vi;

3.3 5, :=8S,U (UZ N Sl);

3.4 Bi = AttI‘P(Ui,Gi);

3.5 G7;+1 = Gl \ Bi, Si+1 = SZ \Bi;

S =

. return S, and f,.

3.3 MDPs with Liminf Objectives

In this subsection we present polynomial time algorithms for MDPs with liminf
objectives, and then present the complexity result for 21/-player games with
limsup and liminf objectives.

Informal description of algorithm. We first present an algorithm that takes
an MDP G with a positive reward function r : S — IR", and computes a set
S, and a function f, : S, — IRT. The output of the algorithm will be useful
in reduction of MDPs with liminf objectives to MDPs with max objectives. Let
the rewards be vg > v; > -+ > vi. The algorithm proceeds in iteration and
in iteration i we denote the MDP as G; and the state space as S*. At iteration
1 the algorithm considers the set V; of reward at least v; in the MDP G;, and
computes the set U; = W (coBiichi(V;)), (i.e., the almost-sure winning set in
the MDP G; for coBiichi objective with the coBiichi set V;). For all w € U; N S;
we assign fi(u) = v; and add the set U; N Sy to S,. Then the set Attrp(U;, G;)
is removed from the MDP G; and we proceed to iteration ¢ + 1. In G; all end
components that contain reward at least v; are contained in U; (by Lemma [l
part (2)), and all end components in S*\ U; do not intersect with Attrp(U;, G;)
(by Lemma B part(3)). This gives us the following lemma.

Lemma 6. Let G be an MDP with a positive reward function r: S — IRT. Let
f« be the output of Algorithm[Z] For all end components U € E(G) and all states
we UNSy, we have min(r(U)) < f*(u).

Proof. Let U* = Uf:o U; (as computed in Algorithm [2]). Then it follows from
Lemma [ that for all A € £(G) we have ANU* # ). Consider A € £(G) and
let v; = min(r(A)). Suppose for some j < i we have ANU; # (. Then there is a
strategy to ensure that U; is reached with probability 1 from all states in A and
then play an almost-sure winning strategy in U; to ensure coBiichi(UKj r~(v)N

S7). Then A C Uj. Hence for all u € AN S, we have f,(u) = v; > v;. If for all
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J < i we have ANU; =0, then we show that A C U;. The uniform memoryless
strategy o4 (as used in Lemma [)) in G; is a witness to prove that A C U;. In
this case for all u € AN Sy we have f,(u) = v; = min(r(A4)). The desired result
follows. |

Transformation to MDPs with max objective. Given an MDP G =
((S, E), (S1,Sp),d) with a positive reward function r : S — IR, and let S, and
f+ be the output of AlgorithmZl We construct an MDP G = ((S, E), (S1,5p),9)
with a reward function 7 as follows:

- S=5u §*; i.e., the set of states consists of the state space S and a copy S,
of S.. N N

— E=FEU{(s,3)|s€8,,5€ S, where 5 is the copy of s} U{(5,3) | 5€ S, };
along with edges F, for all states s in S there is an edge to its copy 5 in §*,
and all states in S, are absorbing states.

— gl =S US,.

~ =4 .

— 7(s) =0 for all s € S and 7(s) = f.(s) for § € S,, where § is the copy of s.

We refer to the above construction as liminf conversion. The following lemma

proves the relationship between the value function (1)% (liminf(r)) and

(1)%a1 (max(7)).

Lemma 7. Let G be an MDP with a positive reward function r: S — R". Let
G and T be obtained from G and r by the liminf conversion. For all states s € S,

we have .
(1) timinf (1)) (s) = (1)) (max (7)) (s)-
Proof. The result is obtained from the following two case analysis.

1. Let o be a pure memoryless optimal strategy in G for the objective lim inf(r).
Let C = { C1,C4,...,Cy } be the set of closed connected recurrent sets in
the Markov chain obtained from G after fixing the strategy o. Since G is an
bipartite MDP, it follows that for all 1 < i < m, we have C; N Sy # (). Let
C =U;~, C;. We define a pure memoryless strategy & in G as follows

(s) = {a(s) seS1\C;

s 5€S,andse S, NC.

By Lemma [l it follows that the strategy o ensures that for all C; € C and
all s € C;, the maximal reward reached in G is at least min(r(C;)) with
probability 1. It follows that for all s € S we have

(1) (timsup(r))(s) < (1) (max(7))(s).

2. Let & be a pure memoryless optimal strategy for the objective max(7) in G.
We fix a strategy o in G as follows: if at a state s € S, the strategy @ chooses
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the edge (s,5), then in G on reaching s, the strategy o plays an almost-sure
winning strategy for the objective coBiichi(Uvj> £ (5) r~1(v;)), otherwise o
follows &. It follows that for all s € S we have =

()G (i inf (1) (s) > (1) (max(F))(s).

Thus we have the desired result. |

Linear programming for the max objective in G. The linear program of
subsection 2] characterizes the value function ((1)% (max(7)). This shows that

the value function ((1)%,(liminf(r)) for MDPs with reward function 7 can be

computed in polynomial time. This gives us the following result.

Theorem 3. Given an MDP G with a reward function r, the value function

()G, (liminf(r)) can be computed in polynomial time.

3.4 21/p-player Games with Limsup and Liminf Objectives

We now show that 21/-player games with limsup and liminf objectives can be
decided in NP N coNP. The pure memoryless optimal strategies (existence follows
from Theorem [) provide the polynomial witnesses and to obtain the desired
result we need to present a polynomial time verification procedure. In other
words, we need to present polynomial time algorithms for MDPs with limsup
and liminf objectives. Since the value functions in MDPs with limsup and liminf
objectives can be computed in polynomial time (Theorem [2]and Theorem [3)), we
obtain the following result about the complexity 21/-player games with limsup
and liminf objectives.

Theorem 4. Given a 21j-player game graph G with a reward function T,
a state s and a rational value q, the following assertions hold: (a) whether
(1Y% (limsup(r))(s) > q can be decided in NP N coNP; and (b) whether

val

(& (liminf(r))(s) > q can be decided in NP N coNP.

val
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Abstract. Two-way alternating automata were introduced by Vardi in
order to study the satisfiability problem for the modal p-calculus ex-
tended with backwards modalities. In this paper, we present a very sim-
ple proof by way of Wadge games of the strictness of the hierarchy of
Motowski indices of two-way alternating automata over trees.

1 Introduction

Since the seminal work of Biichi, the idea of translating a logic into appropriate
models of finite-state automata on infinite words or infinite trees has become
a central paradigm in the theory of verification of concurrent systems. One of
the reasons is that this translation reduces the model-checking issue to the non
emptyness problem for automata. Two hiearchies are classically used to measure
the complexity of recognizable sets of infinite words or trees: the Mostowski in-
dex hierarchy, and the Wadge hierarchy. Since it reflects the depth of nesting
of positive and negative conditions, the first hierarchy determines the combina-
torial complexity of the recognizing automaton and therefore is closely related
to the fixpoint alternation hierarchy of the modal p-calculus, unveiling subtle
connections between this logic, (parity) automata and games. The second one
on the other hand captures the topological complexity of the languages accepted
by such machines. Indeed from a topological point of view, an infinite tree is very
similar to an infinite word, which is also very close to a real number. Moreover,
evidences indicate that the two hierarchies are closely related. Thus, as is well
said in [I9], “understanding the structure of these hierarchies helps us to under-
stand the trade-off between expressivness and efficiency in the model-checking
method”.

For w-regular sets of infinite words, Wagner was the first to discover re-
markable relations between the two hierachies and completely describe them
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[22]. The strictness of the Mostowski hierarchy for both deterministic and non-
determinsitic automata on infinite trees was proved by Niwinski [18] in 1986. The
hierarchy problem for the alternating automata was solved by Bradfield [5] in
1996 (ten years after their introduction by Muller and Schupp). This was when
he settled the hierarchy problem for the modal p-calculus. For what concerns
the Wadge hierarchy, Murlak gave in [16] a full description of it for deterministic
tree languages. In addition, he proved in [I7] that for deterministic languages the
Wadge hierarchy is a huge refinement of the weak index hierarchy. It is therefore
not unreasonable to conjecture that the same situation holds for w-regular tree
languages too. A first step in this direction was recently given by a nice work of
Arnold and Niwinski. In [4] they have shown that, if we restrict our attention
to the so-called game languages, the corresponding Wadge hierarchy is strict
and its strictness implies the one of the Mostowski hierarchy of alternating tree
automata. Unfortunately at the moment there is no description of the Wadge
hierarchy for the classe of all recognizable tree languageﬂ.

Standard programming logics use forward modalities, which express weaker
preconditions. However, there is a growing interests in enriching standard lan-
guages by adding backward modalities, expressing stronger postconditions. This
kind of modalities motivates the study of procedures for the satisfiability problem
of this class of languages. This endeavor is not easy. Mainly because the inter-
action between these two kinds of modalities can be quite tricky. For instance,
even if modal p-calculus with backwards modalities preserves the tree-model
property, it loses the finite model one.

Two-way alternating tree automata were introduced by Vardi in [20] in order
to prove the decidability of the satisfiability problem for the extension of the
modal p-calculus with backward modalities. These automata were also used by
Grédel and Walukiewicz to solve the same problem but this time for guarded
fixed point logic in [II]. As for the standard, or “one-way” case, it is natural
to find an answer to the hierarchy problems for the two-way alternating tree
automata. It is not difficult to see that Arnold’s nice alternative proof of the
strictness of Mostowski hierarchy for alternating tree automata can also be ap-
plied to the two-way case. Nevertheless, in this paper we would like to give
another — very simple — solution to this problem. The idea is — following the
approach of Arnold and Niwinski — to use Wadge games and the link between
the Wadge hierarchy of game languages and the Mostowski hierarchy of two-way
alternating automata. More precisely, we first obtain the hierarchy result by giv-
ing a very simple game theoretical proof of the strictness of the Wadge hierarchy
of game languages — a result already proved in [4] — and then we prove that the
strictness of this hierarchy implies the strictness of the Mostowski hierarchy of
two-way alternating automata.

As we said, the main result can be obtained by applying the techniques pre-
sented in Arnold’s proof of the strictness of the fixpoint hierarchy for the modal
p-calculus. Moreover we essentially make use of another already known result:
the strictness of the Wadge hierarchy of game languages []. Nevertheless, this

! Two first very partial attempts in this direction can be found in [8] and in [7].
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work is essentially methodological: it aims at stressing how much the Wadge
games may be used in order to obtain easy proofs in hierarchical questions re-
lated to parity automata over trees.

2 Preliminaries

2.1 Alternating Tree Automata

Let W be a non empty alphabet. A tree over X' is a partial function ¢ : W* — X
with a prefix closed domain. Such trees may have infinite and finite branches. We
call them conciliatory. A tree is said to be finitely branching when W is finite
and binary if W = {1,2}. Moreover, we call a tree full if it has only infinite
branches. The elements of ¢ are called nodes, and the empty word ¢ is the root
of t. Let T's; denote the set of full binary trees over X' and TES‘” denote the set
of full finitely branching trees over X. Given v € dom(t), by t.v we denote the
subtree of ¢ rooted in v. In the sequel we only consider full binary trees over X.
Thus, unless otherwise stated, when we speak of binary (resp. finitely branching)
tree, we mean full binary (resp. finitely branching) tree.

For every v € {1,2}*, v.i, where i € {1,2}, are the successors of v. If i = 0,
then v.i = v, and for every i € {1,2} we have (v.i). —1=v.If v =¢, then v. — 1
is undefined. If v is a node in the binary tree ¢ different from the root, then v. —1
denotes the (unique) ancestor of v.

Throughout the paper we will work with alternating automata running on
full binary trees where the acceptance condition is given by a parity condition.

More precisely, an alternating parity tree automaton A is a tuple
(X,Q,96, (1, k), 2) where

— X is a finite non empty alphabet

— (@ is a finite set of states

— ¢ is the transition function, it associates to every pair (¢,a) € @ x X an
element of the free distributive lattice generated by @ x {1, 2},

— (1,k) is a pairs of natural numbers, called the Mostowski index of the au-
tomata, given as follows: + € {0,1} and ¢ < kK € w,

— 2 is a mapping from @ into {¢,...,k} such that for every n € {i,...,x}
there is a ¢ € @ such that 2(q) = n.

Without loss of generality, we can suppose that for every (¢,a) € Q x X, §(q, a)
is a finite non empty disjunction of finite non empty conjunctions. Thus, § can
be seen as a function from @ x X into p(p(Q x {1,2})).

Let t € Ty, and let A an alternating parity tree automata over the alphabet
X defined as above. We define the parity game P(A,t) as follows:

— the set of player 0’s vertices is V) = @ x {1,2}*

— the set of player 1’s vertices is V] = p(Q x {1,2}) x {1,2}*

the initial position of the game is (gqy, ¢),

there is an edge from a node (¢,v) € Vp to a node (S,w) € Vi iff S €

6(g, t(v)),



A Playful Glance at Hierarchical Questions 49

— there is an edge from a node (S,v) € Vi to anode (q,v.7) € Vp, with i € {1,2}
iff (¢,i) € S,

— a play (q1,v1), (S1,w1), (g2,v2), (S2,ws),... is winning for player 0 iff the
greatest priority occurring infinitely often in the sequence 2(¢1), £2(¢2), . - .
is even.

We say that the automaton A accepts the tree ¢ if player 0 has a winning strategy
in the parity game P(A,t) starting from (gr,¢). The language L(A) accepted by
the alternating parity tree automaton A4 over X is the subset of T’y of binary
trees accepted by A. Note that the arena of P(A,t) is always a full finitely
branching tree.

We consider the following partial order on indices of alternating automata:

(1, k) C (/K
iff
either {¢,...,k} C{/,...,kYor {v+2,....,6+2} C{/,..., K"}

The hierarchy induced by the partial order C on the class of alternating parity
tree automata is called the Mostowski hierarchy of alternating tree automata.

Given the equivalence between formulae of the modal p-calculus and alter-
nating parity tree automata, it is not surprising that the Mostowski hierarchy
corresponds to the fixpoint alternation hierarchy of the modal p-calculus. By a
result of Bradfield [5l6], we know that both hierarchies are strict.

2.2 Playing the Wadge Games

Consider the space TBS“7 equipped with the standard Cantor topology. Then,
if LM C TBS‘”, we say that L is continuously reducible to M, if there exists
a continuous function f such that L = f~1(M). We write L <, M iff L is
continuously reducible to M. This is called the Wadge ordering. If L <,, M and
M <, L, we write L =, M. If L <,, M but not M <,, L, we write L <,, M.
Thus, the Wadge hierarchy is the partial order induced by <,, on the equivalence
classes given by =,,.

Let L and M be two arbitrary sets of full finitely branching trees. The Wadge
game W(L, M) is played by two players, player I and player II. Both players
build a tree, say t; and t;1. At every round, player I plays first, both players
add a level to their corresponding tree: they add children (at least one) to the
terminal nodes of their corresponding tree. Player II is allowed to skip her turn,
but not forever.

We say that player II wins the game iff t; € L < ¢y € M. This game is
designed precisely in order to obtain:

Lemma 1 ([21]). Let L, M C TES“’. Then L <, M iff Player I has a winning
strategy in the game W(L, M).
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2.3 Game Automata and Game Languages

Consider the alphabet X, .y = {0,1} x {¢,...,x} with ¢ € {0,1} and + < k.
Then, to every full tree ¢ over X, ..y, we associate a parity game P(t) as follows:
a node v in the tree is a position for player 0 iff the first component of the node
is 0, and the rank of the node corresponds to its second component.

The set W, ,) corresponds to the class of trees in Ty,  for which Player 0
has a winning strategy in the corresponding parity game P(t). For every index
(¢, k), the set W(, .y is called the the game language of index (i, k).

The languages W, ) are indeed w-regular languages. More precisely, let W, )
be the alternating tree automata AE/KR) = (", QW , W, (1, k), 2" where:

- EW - E(L,n)
- QW = {QL7°"7QN}

— for every ¢ € Q" and every v € dom(t)

Sgo) = {{{(qn, D} A(@n2)}} i Ho) = (0,n),
’ ({(@n 1), (gn,2)}} i () = (L,

- 2% (gn) = n.

Then we have that L(AFZK)) =W )

It is easy to see that every parity game P(A,t) can be effectively encoded
from the root into a full binary tree t" € Wi, ), with (¢, k) being the index of
the automata A, in such a way that Player 0 has a winning strategy in P(A, ) iff
she has a winning strategy in P(t"). Moreover, this “encoding” is continuous.
More precisely, we have the following:

~—

Proposition 1. Let A be any alternating parity tree autormaton of index (i, k)
over X. Then L(A) <u W(, ).

Proof. Let W(’M) be the class of all full finitely branching trees over X, ) for
which Player 0 has a winning strategy in the corresponding parity game P(t)
Then, the winning strategy for Player II in the Wadge Game W(L(A), W(/w)) is
given by just playing at every turn the arena of the parity game P(A,t), where
t is the finite tree precisely played by Player I at that moment. By Lemma [I] we
have that L(A) <, W, .). But clearly W(’L’H) <w W(,x)- Indeed, the winning
strategy for Player II in the Wadge Game W(W(’L’H), Wi,x)) is the following.
First, given the (finite) finitely branching tree ¢ : {¢,0,1,...,n} — X, with
dom(t) = {¢,0,1,...,n},let f(t):{0,1}* — X be the binary encoding of t given
by F(£)(E) = f()(19) = t(e), with 1 < j < n, F(£)(1") = £(n) and f(£)(190) =
t(j), for 0 < j < n. We say that ¢ € dom(f(t)) corresponds to ¢ € dom(t),
1™ € dom(f(t)) corresponds to n € dom(t) and that for every 1 < j < n,
170 € dom(f(t)) corresponds to j € dom(t). We then define inductively for every
finite finitely branching tree ¢t and for every node v € dom(t), the binary encoding
f(t) of t and which is the (unique) node in dom(f(t)) corresponding to v.
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Consider the following strategy for Player II in W(W(’ ’

1. at the first round, copy Player I’s move,

2. for every round n > 2, for every terminal node v of the tree constructed by
Player I after round n — 1, if ¢ is the tree constructed after Player I's turn at
round n, then replace the terminal node corresponding to v with the binary
encoding of t.v.

By definition of the binary encoding, this is a well-defined winning strategy for
Player II. By transitivity of <,, we therefore obtain that L(A) <, W(, .. B

It is worth noticing that the game languages witnesses the strictness of the
Mostowski hierarchy of alternating tree automatad. This result was recently
strengthened by Arnold and Niwinski in [4]. In their paper, the authors show
that the class of game languages form a hierarchy with respect to the Wadge
reducibility. In this section we give a very short proof of the the same results
by exploiting the game-theoretical characterization of Wadge reducibility. But
before this, we explicitely establish the link between the Wadge hierarchy and
the Mostowski hierarchy.

Lemma 2. If the Wadge hierarchy of tree game languages is strict, then the
Mostowski hierarchy of alternating parity tree automata is strict too.

Proof. Suppose that the Wadge hierararchy of for tree game languages is strict,
but that the Mostowski index hierarchy for alternating parity tree automata
collapses. Assume it collapses to the (¢,n) level. Consider the automata recog-
nizing the game tree language W(, ,,11). By hypothesis, there is an alternating
tree automaton A of index (¢,n) recognizing the same language. By Proposition
[[, we are able to construct a winning strategy for Player I in the Wadge Game
W(W(,n+1), W(in))- But this contradicts the strictness of the Wadge hierarchy
of tree game languages. |

We now start to give another proof of Arnold and Niwinski’s result. First, we
have the following lemma:

Lemma 3. For every n, Player I has a winning strategy in both
WWint1), Womy) and WWony, Wi nt1))-

Proof. We only prove that player I has a winning strategy in
WWai nt1), Wion)), the other case being identical. We do this by de-
scribing the winning strategy for player I in this game. As a first move, player I
plays a finite binary tree over {(1,1)}. Then the strategy goes as follows:

1. if player II skips, then for every terminal node add two children labelled by

(1,1)
2. otherwise, at every terminal node, add two dual copies of what Player IT has
already played as successors.

Clearly this is a winning strategy for player I.in W(W( n41), Won))- |

2 Cf. [@.
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Proposition 2 ([4]). The Wadge hierarchy for tree game languages is strict.

Proof. 1t is trivial to verify that, for every n, player II has a winning strat-
egy in both W(Wg ), W(o,nt+1)) and W(Wg ), W1 n42)), and dually in both
WWa g1y, Wins2y) and W(Wi 41y, Wiont1)). Therefore, if we show that
player I has a winning strategy in W(W g ,41), W(0,n)) and W(W(1 42y, Wio,n))
(and in the dual case) we are done. We only prove that player I has a winning
strategy in W(Wo,n+1), Wio,n)), the other cases being identical. We do this by
describing the winning strategy for player I in this game. As a first move, she
plays an finite binary tree over the alphabet {(1,0)}. Then the strategy goes as
follows:

1. if player II skips, then for every terminal node add two nodes labelled by
(1,0).

2. otherwise, by Lemma[3], apply the winning strategy for player I in the Wadge
game W(W1 ni1), Wion))-

Clearly this is a winning strategy for player I in W(W (o 5,41y, Wio,n))- |

By applying Proposition 2l to Lemma [2, we can therefore obtain, as a corollary,
an alternative very easy proof of the strictness of the Mostowski hierarchy for
alternating tree automata.

Corollary 1. The Mostowski hierarchy for alternating parity tree automata is
strict.

Mutatis mutandis, the same argument yields the strictness of the Mostowski
hierarchy of weak alternating parity automata.

2.4 Two-Way Alternating Parity Tree Automata

A two-way alternating parity automaton on binary trees is defined exactly as a
(one-way) alternating atomata, except for the transition function and therefore
for the parity game defining the acceptance condition. The transition function &
associates to every pair (¢,a) € Q x X an element of the free distributive lattice
generated by @ x {—1,0,1,2}. The associated paritiy game is defined as follows.

Let t € T, and let A a two-way alternating parity tree automata over the
alphabet X' defined as above. Then the parity game P(A,t) is defined by the
following conditions:

— the set of player 0 vertices is Vo = Q x {-1,0,1,2}*

— the set of player 1 vertices is V; = p(Q x {-1,0,1,2}) x {-1,0,1,2}*

— the initial position of the game is (¢, ),

— there is an edge from a node (¢,v) € Vp to a node (S,w) € V; iff S €
6(g, t(v)),

— remember that if ¢ = 0, then v.i = v, and that for every ¢ € {1,2} we have
(v.1). —1=w. If v = ¢, then v. — 1 is undefined. Thus, there is an edge from
a node (S,v) € V5 to a node (q,v.i) € Vp, with ¢ € {—1,0,1,2} iff (¢,4) is
defined and is a member of S,
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— a play (q1,v1), (S1,w1), (g2,v2), (S2,ws),... is winning for player 0 iff the
greatest priority occurring infinitely often in the sequence £2(q1), 2(¢2), - -
is even.

As for the “one-way” case, we say that the automaton A accepts the tree t if
player 0 has a winning strategy in the parity game P(A, t) starting from (gr, €).
The language L(A) accepted by the to way alternating parity tree automaton
A over X' is the subset of T's; of binary trees accepted by A. Note also that for
two-way alternating parity automata, the arena of P (A, t) is always a full finitely
branching tree.

The hierarchy induced on the class of two-way alternating parity tree au-
tomata by the partial order C on indices of two-way automata is called the
Mostowski hierarchy of two-way alternating parity tree automata.

This class of automata constitute the natural automata counterpart of the
modal p-calculus with backward modalities, that is the logic resulting from the
addition of a universal backward modality and an existential backward modality
to standard modal p-calculus [20].

3 The Strictness of the Hierarchy

In order to solve the hierarchy problem for two-way alternating automata, we
would like to apply the same argument as the one used in order to establish
the strictness of the Mostowski hierarchy for one-way alternating automata over
trees. Thence, as before we must establish a link between the Wadge hierarchy
of game languages and the Mostowski hierarchy of two-way automata.

Remember that when constructing the parity game associated to the run of
a two-way alternating automaton over a binary trees, the two new “backward”
symbols —1 and 0 behave in fact as the usual “forward” symbols 1 and 2, that
is to say the arena of the parity game a full finitely branching tree. Therefore,
exactly as in the one-way case, we obtain the following proposition, whose proof
is the same as for Proposition [}

Proposition 3. Let A be any two-way alternating parity tree automaton of in-
dex (1, k) over X. Then L(A) <u W(, ).

Everything is now ready to prove the strictness of the Mostowski hierarchy for
two-way alternating parity automata over trees. The remaining short step con-
sists in establishing a relation between the Mostowski hierarchy and the Wadge
hierarchy for game languages in the same way as it was done in the one-way
case.

Lemma 4. If the Wadge hierarchy of tree game languages is strict, then the
Mostowski hierarchy of two-way alternating parity tree automata is strict too.

Proof. Suppose that the Wadge hierararchy of tree game languages is strict,
but that the Mostowski index hierarchy for two-way alternating parity tree au-
tomata collapses. Assume it collapses to the (¢,n) level. Consider the (two-way)
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automaton recognizing the game tree language W(, ,,11). By hypothesis, there is
a two-way alternating tree automaton A of index (¢, n) recognizing the same lan-
guage. By Proposition 3] we are able to construct a winning strategy for Player
I in the Wadge Game W(W(, 5,41y, W(,,»)). But this contradicts the strictness of
the Wadge hierarchy of tree game languages. |

Thus, by Lemma @ and Proposition[2, we obtain the hierarchy result for two-way
alternating parity automata:

Theorem 1. The Mostowski hierarchy of two-way alternating parity tree au-
tomata is strict

The correspondence between formulae of the modal p-calculus with backward
modalities and two-way alternating tree automata, also gives the strictness of
the fixpoint hierarchy for this extension of the modal p-calculus.
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Abstract. We aim at checking safety and temporal properties over
models representing the behavior of programs manipulating dynamic
singly-linked lists. The properties we consider not only allow to perform
a classical shape analysis, but we also want to check quantitative aspect
on the manipulated memory heap. We first explain how a translation
of programs into counter systems can be used to check safety problems
and temporal properties. We then study the decidability of these two
problems considering some restricted classes of programs, namely flat
programs without destructive update. We obtain the following results:
(1) the model-checking problem is decidable if the considered program
works over acyclic lists (2) the safety problem is decidable for programs
without alias test. We finally explain the limit of our decidability re-
sults, showing that relaxing one of the hypothesis leads to undecidability
results.

1 Introduction

Context

The model checking techniques of infinite-state systems are now an active re-
search area. These techniques have been successfully applied to a lot of infinite-
state transition systems like counter systems, lossy channel systems, pushdown
automata, timed automata, hybrid automata, and rewriting systems. For some
of these models, there exist today both an impressive set of theoretical results
and efficient automatic tools for verifying safety properties.

Among the different models, counter systems enjoy a central position for both
theoretical results and maturity of tools like FAST [3], ASPIC [19], LASH [20] and
TREX [I]. Moreover, counter systems, defined by Presburger relations, allow to
model and to verify quantitative properties over various applications such as the
TTP protocol [2] and broadcast protocols [16]. Different acceleration methods
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for computing the reachability relation of such counter systems have been devel-
oped. In particular, an acceleration method (recalled in [I7]) has been completely
implemented in the verification tool FAST [3].

In this work, we study a peculiar class of infinite state systems, called pointer
systems, which allows to model the behavior of programs working over singly-
linked lists. For pointer systems, qualitative properties (absence of memory vi-
olation like invalid pointer dereferencing, memory leak) are difficult to analyze,
and may drastically rely on quantitative properties (lists of equal length, finitely
increasing memory allocation,...). Some recent works illustrate this relation be-
tween quantitative and qualitative aspects in pointer systems for the purpose of
verifying termination [7] or safety [11].

Motivations. Our attempt in this paper is to demonstrate that this relation
between quantitative and qualitative properties is central in many aspects of
pointer systems. Consider for example the following program that allocates a
copy of a list, and then disposes both lists. In this program, the variables x,y,t
and u are pointers to list elements.

1: void copy-and-delete(List x){ 9: y=x;

2: List y,t,u; 10: while (y!=NULL){
3 y = x; t=NULL; u=t; 11: y=y->next;

4: while (y!=NULL){ 12:  u=u->next;

5: y=y->next; 13: free(x); x=y;
6: t=malloc(); 14: free(t) ;t=u;

7 t->next=u; 15: }

8 u=t;}

Such a program cannot be analyzed correctly by tools based on purely qualitative
shape analysis, whereas combining shape analysis and quantitative analysis it
can be automatically established that this program is safe reminding that both
lists are of equal length after the first loop and that the initial list is acyclic. It
is true that this example program seems quite artificial, but it has to be seen
as an abstraction of a more complex program in which all the operations which
had no effect on the shape of the data structure have been removed. In fact, in
this work we consider programs which can only manipulate singly-linked lists
and which have to be considered as an abstraction of real programs.

We believe that situations such as the one we present with the above ex-
ample are not so rare in programs manipulating pointers, and a quantitative
shape analysis could be worth to be considered in several practical cases. More
generally, this is certainly a promising perspective to consider systems that com-
bine pointers and counters operations and design an analysis that relates both
aspects of the computation. Counters could model parameters of list-scanning
algorithms (for instance, a procedure that returns the nth element of a list),
but also concurrency aspects like semaphores, thread identifier, etc. Quantita-
tive shape analysis could be well suited for model-checking temporal proper-
ties relying on the algorithms already proposed for counter systems, such as in
[13]. Previous attempts of model-checking temporal properties on pointer sys-
tems have been mostly based on either over-approximating, or non terminating
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algorithms for which completeness is usually poorly studied. Exact and com-
plete algorithms for rich classes of programs, though less efficient than others in
general, can play a crucial role in practice.

In broad lines, we would like to reuse the principles of standard shape analysis
to define a quantitative shape analysis, and specifically rely on the tool FAST for
the quantitative aspects. FAST implements a loops acceleration that succeeds in
computing the reachability set of any flat counter system; the same acceleration
can be exploited to model-check CTL* properties on these systems [13]. By flat,
we mean that the control flow graph does not contain nested loops. Even if the
class of such systems seems to be quite restricted with respect to usual programs,
several programs transformations can be tried to flatten the system and cover a
much richer class of programs. A flattening procedure is implemented in FAST, and
many classes of programs on which this procedure succeeds have been identified
[21]. Furthermore many case studies have been verified with this approach.

Our research program, in this paper, was to try to follow the same tracks as
for counter systems in the framework of pointer systems. Thus, we and others
considered the class of flat pointer systems and tried to define an acceleration for
them. Unfortunately, it has been shown that for flat pointer systems, and even for
flat pointer systems without destructive update, the problem of reachability of
a control state is undecidable. This result is somehow unsettling and we wanted
to better understand for which classes of pointer systems some CTL* properties
(including reachability and safety) are decidable or not.

Contribution

Our main contribution is to investigate the possibility of a quantitative model-
checker for singly-linked lists manipulating programs. We define a CTL" logic
which is able to express quantitative properties of the memory managed by
pointer systems. For this temporal logic, we show that the model-checking prob-
lem reduces to the one for counter systems developed in [I3], provided an ad-
equate translation from pointers to counters is given. This result is important
for us, since it serves as a foundation for a two-steps analysis of pointer systems
that consists in translating them into counter systems and then, with the help
of FAST, to verify safety properties. It remains to provide a good translation
of pointer systems into counter systems. We obtain three categories of results
concerning the translations:

First, we show that, from the experimental point of view, the translation
defined in [5] allows us to verify all well-known singly-linked lists case studies,
and also some new ones that are not immediately verifiable by the other tools
and methodologies. Most of the case studies yield flat counter systems for which
we know in advance that FAST will terminate.

Second, we propose a new translation of pointer systems into counter systems
and we characterize several classes of pointer systems without destructive update
for which our analysis terminates. The main feature of this new translation is
that it preserves flatness of the systems (unlike the first translation). Using this
new translation, we prove the decidability of the CTL* model-checking for flat
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pointer systems without destructive update and with an acyclic initial configu-
ration and the decidability of safety problems for flat pointer systems without
destructive update and without alias test. In [I1], the authors prove that some
safety problems were decidable when considering flat programs without destruc-
tive update and with an initial configuration containing at most one cyclic list.
We hence extend here these results to the model-checking when the initial config-
uration is acyclic and we propose a new class of flat programs without destructive
update for which the safety problem is decidable.

Third, we explore the limits of our analysis, and of the decidability of CTL"*
model-checking for classes of flat pointer systems. We show that we cannot ex-
tend our analysis of flat pointer systems without destructive update and alias
test if cyclic initial configurations are allowed. Conversely, we show that the
safety problem becomes undecidable for flat pointer systems that keep their
memory configurations acyclic, but can perform destructive update. This last
point answers an open problem asked in [TT].

Related Work

Many tools and techniques to check safety properties on programs manipulat-
ing pointers have been developed recently. PALE [26] verifies safety properties on
programs annotated with loop invariants. TVLA [22] is another tool based on ab-
stract interpretation, where the user has the possibility to refine the abstraction
providing adequate predicates. In [27], the framework of predicate abstraction
is used to manipulate boolean formulae representing the heap. In [I5], the au-
thors present a shape analysis method based on separation logics formulae to an-
alyze programs manipulating singly-linked lists. Their method always terminates
but might yield false alarms due to the over-approximation brought by the ab-
straction. Other methods have been proposed which use already existing model-
checking techniques. For instance, in [9], the authors verify safety properties on
programs manipulating singly-linked lists using abstract regular model-checking.
They have extended their work to programs with more complex data structures
[10]. In [§], the authors also propose a translation towards counter systems very
similar to the one of [5]. In [24], the authors propose to combine shape analysis
and arithmetic analysis using the same kind of techniques. None of these consid-
ers temporal model-checking or state a completeness result for these analysis.

Some efforts have already been made to introduce temporal logic for pointer
verifications as the Evolution Temporal Logic [29], which used techniques similar
to the one presented in TVLA, or the Navigation Temporal Logic presented in
[14]. Recently, in [12], the authors have introduced a temporal logic based on
separation logic. But, to our knowledge, these different logics do not allow to
express quantitative properties of the memory heaps.

2 Preliminaries

In this section, we collect some useful notions about counter and pointer systems.
We assume a set C' of counter variables, and a set V' of pointer variables.
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2.1 Counter Systems

We recall that Presburger arithmetic is the first order theory of the structure
(N, +,=). Given a Presburger formula ¢ with free variables belonging to C' and
a € N we write a = ¢ if ¢ is true for the valuation a. We will denote by [¢]
the set described by the formula ¢. A Presburger-linear function f is a partial
function which can be represented by a tuple (A, b, ¢) where A is a square matrix
in NO*¢ b € Z% and ¢ is a Presburger formula such that f(a) = A.a+ b for
every a = ¢. We denote by X the set of such functions.

Definition 1 (Counter system). A counter system is a graph whose edges are
labeled with Presburger linear functions, that is a tuple C'S = (Q, E) where Q is
a finite set of control states and E C Q X Yo X Q is a finite set of transitions.

To a counter system C'S = (@, E), we associate the transition system T'S(CS) =
(Q xN¢ —) defined by (¢,a) — (¢, a’) if there is a transition (g, f, ¢’) in E with
f = (A,b,¢) such that a = ¢ and a’ = f(a). We see here that when a transition
of the counter system is labelled with a Presburger-linear function (4, b, ¢) the
Presburger formula ¢ plays the role of a guard on the transition and the action of
the transition is represented by the translation which associates to each a € N¢
the vector A.a+ b.

A simple cycle in a graph G = (Q, F) is a closed path (where the ini-
tial and final vertices coincide) with no repeated edge. G is said to be flat if
every ¢ € @ belongs to at most one cycle. Let CS = (Q,E) be a counter
system. We define the monoid of C'S, denoted by (CS), as the multiplicative
monoid generated by the matrices present in the labels of C'S. More formally,
(CS) =U;>0{41-42... .. A; | Vj e {1,...,i} there exists (¢, (4;,b,0),¢') € E}.
A counter system C'S is said to have the finite monoid property if the multi-
plicative monoid (C'S) is finite. Note that since a counter system has a finite
number of control states and of transitions, one can decide whether a counter
system is flat or not. This also holds for the finite monoid property, in fact using
a result of [25], one can prove that the problem of knowing whether the monoid
of a counter system is finite is decidable.

For the following theorem, we use the fact that the control states of a counter
system CS = (@, E) can be encoded into positive integers (ie @ C N) and then
the set of configurations is represented by NI¢I+1,

Theorem 1. [T7] Let CS be a flat counter system (Q, E) with the finite monoid
property and T'S(CS) = (NICIH1 Y its associated transition system. Then the
relation —* is effectively Presburger definable.

Note that as mentioned in [I7], this last result extends and completes previous
results on acceleration techniques for counter systems presented in [28].

Let us recall the syntax of the temporal logic for counter systems, called
FOCTL*(Pr) in [13]:

G u=q|¢|IyP| | PAD|XD | BUD | AD

where ¢ is a control state, y is a variable of a countable set VAR and 7 is a
Presburger formula over C'U VAR.
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We now give the semantics of this temporal logic. We consider a counter system
CS = (Q, E) and its associated transition system T'S(CS) = (Q x N®, —). Let
be a configuration path in 7.S(C'S). For an integer 4, we denote by 7(i) € Q x N¢
the ith configuration of 7, m<; the initial part of 7 up to position ¢ and || the
length of 7. Let p be a variable valuation, that is a partial map from VAR to N. For
i € N and a formula @ of FOCTL"(Pr), the satisfaction relation = is inductively
defined at position ¢ of a configuration path 7 as follows:

— m,i =, q iff 7(i) = (¢,a) for some a € N;

— i =, ¢ iff w(i) = (¢,a) with ¢ € Q and (a,p) |= ¢ in Presburger arith-
metic;

— m,i =, 3y.@ iff there is m € N such that 7,4 =, m @ where ply — m)]
denotes the variable valuation equal to p except that the variable y is mapped
to the integer value m;

— i, P iff w,i = P

- miE, NP iff mil=Pand 7, i k=, P';

- miE,XPiff i < |n| and m,i+ 1 = P;

— 7,1 =, PUP’ iff there is a j such that ¢ < j < |r| and 7,j = @', and for all
k such that i < k < j, m, k = &;

— 7,4 =, AP iff for all configuration path 7’ such that 7<; = 7., we have
i, P -

We denote by CS |= @ the fact that all the configurations paths = in T'S(C'S)
verify 7,0 = &. The next result shows that Theorem [I] can be extended to
temporal properties, in fact:

Theorem 2. [13] For a flat counter system C'S with the finite monoid property,
and a FOCTL*(Pr) formula @, it is decidable whether CS |= &.

2.2 Pointer Systems

We now define the model of pointer systems that will be the core of our study. We
use pointer systems to represent the behavior of programs manipulating singly-
linked lists. The main idea of this model consists in representing the memory
heap as a graph in which each node has at most one successor. In the sequel, we
use the symbol L to express that a function is undefined.

Definition 2 (Memory graph). A memory graph is a labeled graph that can
be represented by a tuple MG = (N, succ, loc) such that:

— N is a finite set of nodes such that {null, L} NN = &;

— succ is a function from N to N U {null, 1} called the successor function;

— loc is a function from V to N U{null, L} which associates a node with each
pointer variable;

— for all nodes n € N, there is v € V and i € N such that n = succ’(loc(v)).

Note that the last condition intuitively expresses that the memory graph rep-
resents a heap without memory leak, i.e., all nodes are reachable in the graph
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from a node pointed to by a variable. We impose that memory graphs do not
contain memory leaks because anyway the nodes not reachable from a variable
in a memory graph that could remain after executing an instruction would not
have any incidence on the behavior of the program. In the sequel, we will see that
if an action performed a memory leak, we consider it as a fault. Remark that we
could also have a semantic with a garbage collector and in this case we would
delete in the graphs the nodes that are not reachable by a pointer variable. We
denote by MGy (MG for short) the set of all memory graphs over V. We will
say that two memory graphs are equal if there exists an isomorphism between
their underlying graphs which respects the positions of the variables. A cyclic
list in a memory graph is a simple cycle in the underlying graph and a memory
graph is said to be acyclic if it does not contain any cyclic list.

We define guarded pointer actions as pairs denoted (g, a) where guards and
actions are defined by the following grammar:

g =True |Isnull(z) |z =y |-g|gAyg
a = x:=e | z.succ:=e | z:=malloc | free(x) | skip
e :=NULL | z | z.succ

where x, y are pointer variables belonging to V' and x.succ represents the succes-
sor node of the cell pointed to by x. We denote by G the set of pointer guards, A
the set of pointer actions and YX'p = G x A. For a memory graph MG € MG and
a pointer guard g € G, we denote by MG = g the fact that MG satisfies g. For
a pointer action a € A, we define the partial function [a]p : MG — MG which
associates to a memory graph MG the memory graph [a] p (M G) obtained after
executing the action a over M G. The function [a]p is defined partially because
there are some situations in which the action a realizes what we call a fault on a
memory graph MG and in this case [a] p(MG) is not defined. In our approach,
we consider as a fault both memory violation and memory leak. Intuitively, a
memory violation occurs when an action tries to move a pointer variable to the
successor of the null node or to the successor of an undefined node; whereas a
memory leak occurs when moving a variable leads to a graph where there exists
a node which is not reachable from a node labeled with a variable. We also be-
lieve it would not change our results to consider garbage-collected programs (ie
programs for which a memory leak is not considered as an error).

Definition 3 (Pointer system). A pointer system is a graph whose edges are
labeled with pairs of pointer guards and actions, that is a tuple PS = (Q, E)
where Q is a finite set of control states and E C Q x Xp X Q.

We then associate a transition system T'S(PS) = (Q x MG, —) with a pointer
system PS = (Q, E). Tts transition relation is defined by: (¢, MG) — (¢, MG")
if there is a transition ¢ 9.0, ¢' in E such that MG |= g and MG’ = [a] p(MG).
A configuration of a pointer system PS = (Q, F) is a pair (¢, MG); for a set
of configurations C, we write Reach(PS,C) to denote the set of configurations
reachable in T'S(PS) from some configuration in C.
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Fig. 1. A memory graph associated with a memory shape and a valuation

2.3 Representing Infinite Sets of Memory Graphs

We introduce now a symbolic representation of memory graphs. Intuitively, a
memory shape is a memory graph where the intermediate nodes of an unshared
list segments are skipped and replaced by a counter recording the length of this
list segment.

Definition 4 (Memory shape). [3[6] A memory shape is a tuple MS =
(N, succ, loc, £) such that:

— (N, succ, loc) is a memory graph verifying:
— for all nodes n € N, either loc™ ' (n) # @, or [succ™' ({n})| > 2;
— 1: N — C is an injective function which associates with each node a counter
variable.

We denote by MS the set of memory shapes. We will write C'ysg for the set of
counters appearing in a memory shape M S (i.e., the image of the function ).
To a pair (MS,a) € MS x NY (such that the values of the counters in Cisgs
are strictly positive), we associate the memory graph M .S(a) obtained from the
memory graph underlying M S by inserting intermediate nodes on list segments
in order to have a list length equal to the value of the counter. As said in
[506], for a fixed set V' there is a finite number of memory shapes and for each
memory graph MG there exists a memory shape M S and a valuation a such
that MG = M S(a). An example is given in Figure[l

To represent infinite sets of memory graphs, we define what we call the sym-
bolic memory shapes. A symbolic memory shape is a pair (M S, ) where MS is
a memory shape and 1) a Presburger formula over Cjss. The interpretation of a
symbolic memory shape is given by [(MS,¢)] = {MS(a) |a | ¢}.
Definition 5 (Symbolic memory state). A symbolic memory state SMS is
a finite set {(MS1,v¢1), ..., (M Sy, ¥.)} of symbolic memory shapes (M.S;, ;).
For a symbolic memory state SMS = {(MS1,¢1), ..., (MS,,¢,)} the concrete
interpretation is given by [SMS] = U,cqq, 4 [(MS;,¢)]. We denote by SMS
the set of symbolic memory states. In [6], the authors have shown that symbolic

memory states enjoy good properties, in particular that it is possible to define
complement and intersection operators for this representation.

3 Model Checking Issues

In this section, we define the safety and temporal properties we consider in this
work. We first formally define the model-checking problems. Then, we recall a
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method, presented in [5], to analyze pointer systems translating them into a
bisimilar counter system.

3.1 Model-Checking Programs with Pointers

We define now the notions of safety and model-checking when the considered
model is a pointer system. A symbolic configuration of a pointer system PS =
(Q, E) is a finite set of pairs (¢, SMS), for ¢ € Q and SM S a symbolic memory
state.

Definition 6 (Safety in pointer systems). The safety problem for a pointer
system is defined by:

— Input: A pointer system PS = (Q,FE), an initial symbolic configuration
INIT and a “bad” symbolic configuration BAD;

— Output: Reach(PS, [INIT]) N [BAD] = @.

Note that the problem of deciding whether a given pointer system may reach a
given control state, may performs a memory violation, or a memory leak, reduce
to this generic safety problem.

We now consider a temporal logic for pointer systems based on the quantita-
tive shape logic of the previous section:

P = q|SMS|~P|DAD| XD | PUD | AD

where ¢ is a control state and SM.S is a symbolic memory state. We denote by
CTL},ey, this logic. We give the semantics of this logic, defined by a relation
7,1 = @ between traces m of a pointer system and a formula ¢ of CTL; .
We consider a pointer system PS = (Q, F) and its associated transition system
TS(PS) = (Q x MG,—). Let m be a configuration path in T'S(PS). For an
integer 7, we denote by 7 (i) € @ x MG the ith configuration of 7, 7<; the initial
part of  up to position ¢ and || the length of w. For ¢ € N and a formula &
of CTL; ..., the satisfaction relation |= is inductively defined at position i of a
configuration path 7 as follows:

—mikEqiff 7(i) = (¢, MG) for some MG € MG;

—miESMSiff 7(i) = (¢, MG) with ¢ € Q and MG € [SMS];

— i iff w,i D

—miE®ANY ff m,i =& and m,i E P

—milE=XPiff i < |r| and m,i+ 1 = &

— m,i = PUP’ iff there is a j such that i < j < |7| and 7, j E @', and for all k
such that i <k < j, m, k E &;

— m,4 = A iff for all configuration path 7’ such that 7<; = 7’,, we have
i = P.

We are then interested in solving the model-checking problem of formulae of
CTL,.,, for pointer systems. We define here this problem.

mem
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Definition 7 (Model-checking). The model-checking problem for pointer sys-
tems is defined by:

— Input: A pointer system PS = (Q,FE), an initial symbolic configuration
INIT and a formula @ of CTL},...;

— Owutput: Do we have w,0 = @ for all traces w of TS(PS) such that w(0) €
[INIT]?

3.2 From Pointer Systems to Counter Systems

Let PS = (Qp, Ep) be a pointer system. In [5], we give an effective algorithm
to build a counter system CS(PS) which is bisimilar to PS. Before to present
this translation, let us recall the definition of a bisimulation:

Definition 8 (Bisimulation). Given two transition systems T'S; = (S1,—1)
and T'So = (S2,—2), a relation R C Sy x Sy is a bisimulation if and only if, for
all (s1,$2) € R:

1. If there is an s) € S1 such that sy —1 s} then there is an sh € Sy such that
Sg —9 sh and (s}, s5) € R;

2. If there is an sh € Sy such that sa —o S5 then there is an sy € Sy such that
s1 —1 s) and (s}, s5) € R.

The translation presented in [5] used the memory shapes and is based on the
following principle: given a memory shape MS € MS and a pointer action
a € A, it is possible to define a set POST(a, M .S) of pairs ((4, b, ¢), M S’) where
(A, b, @) represents a Presburger-linear function and M S’ a memory shape such
that, for all (A4, b, ¢), MS") € POST(a, M S), and for all a,a’ € N, we have:

MS'(a') = [a],(MS(a)) if and only if a|=¢ and a’ = A.a+b
The counter system C'S(PS) is then equal to (Q¢, Ec) where:

~ Qo =Qp x MS,

— E¢ isthetransition relation defined as follows ((q, M S), (A, b, ¢), (¢', M S")) €
E¢ if and only if there exists a transition (¢, (g, a), ¢') € Ep such that MS = g
and ((4,b,¢), MS") € POST(a, MS).

In this definition, we say that a memory shape M .S = (N, succ, loc, £) satisfies
a guard ¢ if its underlying memory graph (NN, succ,loc) satisfies g. Note that
since the sets MS and @ p are finite, the counter system CS(PS) can effectively
be built. Furthermore, using the property of the function POST, we deduce that
the relation:

B={((g: MG),((¢',MS),a)) € (QpxMG)x(QexN) | ¢ = ¢ AMG=MS(a)}

is a bisimulation between the transition systems of P.S and of C'S(PS). We can
hence use the counter system C'S(PS) to analyze the pointer system PS.



66 A. Finkel, E. Lozes, and A. Sangnier

ko > 17
ki1 =k + 1;
ke =17 ko = ko — 1;
k1> 17
k1 :=1;
k’z = k1 — 1;
2
T2 X1
1, 1, ke k1
k1 T1
ko =17
k1 :=ki+1;
ko := 0;

Fig. 2. An example of a counter system C'S(PS) obtained from a pointer system PS

Figure 2] gives an example of a connected component of the counter system
CS(PS) obtained from the pointer system PS = ({1}, {(1,z1.succ = x1,1)})
with V' = {x1, z2}. We see with this example that this translation does not pre-
serve the flatness of systems. Table[dl gives a list of programs working over acyclic
initial configurations (except parse-cyclic-acyclic) which we have translated
into counter systems and successfully analyzed. Some of these programs are de-
scribed in Appendix[Al Most of them are classical programs, except the program
copy-and-delete presented in the introduction, the program split which di-
vides a single list in two lists and is safe only if the input list has an even length,
and the program parse-cyclic-acyclic which parses a cyclic and an acyclic
list in the same time. We remark that in most of the cases the corresponding
counter system is flat (and has always, by definition of the translation, the finite
monoid property) which corresponds to the hypothesis of the theorems [Il and 2
When the system is not flat, it can still be analyzed sometimes, as for the merge
program, using a flattening procedure implemented in the tool FAST. But in other
cases it might not be fully verified, as for the program parse-cyclic-acyclic.

Since the memory shapes appear in the control states of C'S(PS), it is possible
to translate any temporal logic formula over the symbolic configurations of PS
into a temporal logic formula over the configurations of C'S(PS). Hence:

Theorem 3. Let $p be a CTL, ., formula. Then there effectively exists a for-

mula ¢ of FOCTL*(Pr) such that for all pointer systems PS':
PS = &p if and only if CS(PS) = @¢

Furthermore, the counter system C'S(PS) has the finite monoid property. In
fact, in [5], we can see that all the matrices labeling the transitions of C'S(PS)
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Table 1. Examples of programs analyzed by FAST

Program Is PS flat ? | Is CS(PS) flat ? | Analyzed with FAST ?
reverse YES YES YES
delete YES YES YES
deleteALL YES YES YES
merge NO NO YES
copy-and-delete YES YES YES
split YES YES YES
delete(n) YES YES YES
parse-cyclic-acyclic YES NO NO

are composed of columns in which all the elements are equal to 0 except one
which is equal to 1. Using Theorem Pl and the previous result, we hence have the
following result.

Corollary 1. Let PS be a pointer system such that CS(PS) is flat. Then the
model-checking is decidable for PS.

4 Decidability Results for Programs without Destructive
Update

After having seen a general method to analyze pointer systems translating them
into a counter system, we aim in this section at finding some classes of pointer
systems for which the safety and the model-checking problems are decidable. We
know that these problems are undecidable for pointer systems in general because
it is easy to simulate a Minsky machine with a pointer system. Since there is
no obvious notion equivalent to finite monoid property for pointer systems, and
since, as we will see, flatness is in general not sufficient to decide reachability
properties, we define other restrictions on pointer systems. We will say that a
pointer system PS = (Q, E) is:

— without destructive update if the actions in E are all of the form x := e with
x eV,

— without alias test if the guards in F do not contain any test like x = y with
z,y V.

In [I1], the authors have studied whether flat programs without destructive up-
date, working on a given special shape, could fail to satisfy some assert intruc-
tions inserted in the code. This problem reduces to a particular case of safety
problem, which is the reachability of a control state. They proved, that this
problem is undecidable for a flat pointer system without destructive update,
if any initial symbolic configuration is considered, but is decidable for initial
symbolic configurations with at most one cyclic list. Hence this result shows
that even when we take strong restrictions such as flat pointer systems without
destructive update, the problem of reachability of a control state is undecidable.
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The work we present here extends and completes the results presented in [11].
In this section we establish the decidability of the safety and model-checking
problems for two restricted classes of flat pointer systems without destructive
update. It is true that these classes are very restricted, but we should see in the
next section that it is hard to obtain decidability results without considering
such restrictions.

Theorem 4 (Decidability of safety). For flat pointer systems without de-
structive update and without alias test, the safety problem is decidable.

With this theorem, we hence propose a new class of flat pointer systems without
destructive update for which the safety problem is decidable, and for this class
there is no need to put restriction on the initial configuration.

With the second theorem, we extend to general temporal properties the results
expressed in [I1] in the case of programs with an acyclic initial configuration.

Theorem 5 (Decidability of model-checking). For flat pointer systems with-
out destructive update and with an initial acyclic symbolic configuration, the model-
checking is decidable.

The proofs of these theorems rely both on a translation that maps a pointer
system without destructive update to a bisimilar counter system. Moreover, this
translation, unlike the translation presented previously, preserves the flatness
of the systems, and relies on the notion of a new symbolic representation for
memory graphs, called roots memory shapes. We first introduce this notion,
then present the translation and sketch the proofs of the two theorems.

4.1 Roots Memory Shape

The basic ingredient of the new translation is the notion of roots memory shapes,
that are memory shapes in which all the variables appear only on root nodes or
on cyclic lists. They can be formally defined as follows:

Definition 9 (Roots memory shape). A roots memory shape is a memory
shape RM S = (N, succ,loc, ¢) such that for allmn € N:

— either loc™ ' ({n}) # @ and succ™ ({n}) = @ (root node);
— orloc *({n}) = @ and |succ=({n})| > 2 (shared node);
— orloc ' ({n}) # @ and succ=*({n}) = {n} (unshared node on cyclic list).

Note that we do not really need to impose loc™'({n}) = @ in the second con-
dition, but we do it to simplify the definition of the translation we give later.
We suppose that the set of variables is V = {1, ..., 2, } and we associate with
each pointer variable z; a counter ¢;. We define Cy = {ci, ..., } and sup-
pose that Cy C C. By giving a value for the counters labeling the nodes, and
also a value for the counters ¢; associated to pointer variables (which was not
the case with memory shapes), we can obtain a memory graph from a roots
memory shape. Given a roots memory shape RMS and a valuation a € N¢,
we define the memory graph RMS(a) as follows (cf. Figure B for an exam-
ple): first, we consider the memory graph MG = (IV,succ,loc) obtained from
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a(kl) =2 RMS RMS(a)

a(k2) =2

a(cl) =0

a(CQ) =5 T2 k1 K2 T1 2o

X1

c1 and co are respectively associated to x1 and x2

Fig. 3. A memory graph associated with a roots memory shape and a valuation

the interpretation of RM S as a memory shape; then we define RMS(a) to be
the memory graph MG’ = (N’ succ’,loc’) where N’ = N, succ’ = succ and
loc/(x;) = succ?(®)(loc(x;)) for all variables z; (where succ’ represents the jth
successor). Note that some valuations may not be admissible for this definition,
as loc’(z;) may be undefined, or the condition on the absence of memory leaks
in the definition of memory graphs may not be satisfied (if all variables located
on the same node in RM S all have strictly positive values for their counters).
We denote by RMS the set of roots memory shapes. Since for a finite num-
ber of variables the number of memory shapes is finite, we deduce that RMS
is also a finite set. Before to give the definition of the new translation, we de-
fine here some useful notions on memory graphs. We consider a memory graph
MG = (N, succ, loc).

A node n’ € N U {null, L} is said to be reachable in MG from an other
node n € N if there exists a path in the graph from n to n’, i.e., a finite
ordered set of nodes {n1,...,n,} € NU{null, L} such that n; =n, n, =n’ and
Vi € {1,...,7—1},succ(n;) = n;41. Foranode n € N, we denote by List(MG, n)
the set {n’ € N U {null, L} | n’ is reachable from n in MG}.

We introduce then the notion of shared nodes. Given two nodes n,n’ € N,
we define the set Shared(MG,n,n’) = List(MG,n) N List(MG,n’), which
represents the nodes that are shared by the list beginning at the node n and the
one beginning at the node n’.

We propose also a notation to represent the set of nodes which lay between
two nodes. Let n,n’ € N, we define Between(MG,n,n’) such that:

— if n’ ¢ List(MG,n), Between(MG,n,n') = &;

— else if n’ = n, Between(MG,n,n’') = &;

— else (n' € List(MG,n) and n’ # n) Between(MG,n,n’) is the set of nodes
{n1,...,n,} such that ny = succ(n), n’ = succ(n,), Vi € {1,...,7 — 1},
succ(n;) = n;y1 and Vi € {1,...,r}, n; ¢ {n,n'}.

Furthermore, we will say that a variable v € V' is single in MG if:
— loc™*(loc(v)) = {v} (i.e., v is the only variable on the node loc(v)).

We recall that a node n € N is called a root node if succ™ ({n}) = @.
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Table 2. Computation of TEST2(g, RMS)

Hypothesis TEST2(g, RMS)
g = True True
g:=-g —~TESTa(g, RMS)
g=9g Ng" TEST2(g, RMS) A TEST2(g', RMS)

g = Isnull(x;)
and there is an n such that False
n € List(RMS, z;) and n is on a cyclic list

g = Isnull(z;)
and null ¢ List(RM S, loc(zs))
and there is no n such that False
n € List(RMS,z;) and n is on a cyclic list

g = Isnull(z;)
and null € List(RM S, loc(z:))
and there is no n such that ci = ZnEList(RJ\lS,loc(a:i))F]Né(n)
n € List(RM S, z;) and n is on a cyclic list

gi=x; =x;
and RM S is acyclic False
and Shared(RM S,loc(x;),loc(z;)) = &

g =xi =2z, ci > EneList(RIWS‘loc(:nl))\Shared(RIWS‘loc(:ni),loc(zj))g(n) A

and RMS is acyclic cj > Zn'ELjst(R]\JS,loc(z]))\Shared(RJ\lS,loc(z,),loc(zj))‘e(n/) A

and Shared(RMS,loc(z:),1oc(z;)) # @ | ¢i — Znevrist(RMS,loc(x;))\Shared( RMS,loc(x;),loc(; ) £() =
¢j — ol cList(RMS,loc(z ;)\ Shared( RMS, loc(x; ) loc(z ;) £(12)

4.2 From Pointers to Counters

We present now how to define a counter system that faithfully represents a
pointer system without destructive update using a translation which preserves
the flatness of the system. In this manner, we define two functions TEST, and
POSTs2, we will then use to build the counter system.

The partial function TEST: takes as argument a pointer guard g € G and a
roots memory shape RM S and returns a Presburger-formula ¢. This function is
defined such that the following property is verified: if ¢ = TESTs(g, RMS), for
all admissible a € N¢ (according to RM S), we have:

RMS(a) |= g if and only if a |= ¢
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Remark that if RM.S is a roots memory shape with a cyclic list and if g is a
pointer guard of the form x; = z; then the arithmetic formula given by the
function TESTs should use propositions of the form y is divided by x which do
not belong to the Presburger arithmetic. In fact, if #; and x; are two pointer
variables pointing in RM S to the unique node of a cyclic list whose edge is
labeled with the counter k, testing if x; = x; could be done using the formula
(¢ci > ¢ = klei —¢j) V(e > ¢i = kl|e;j — ¢;). To avoid this situation, we
restrict the definition domain of TEST3 such that dom(TEST2) = {(g9, RM S) €
G X RMS | g does not use alias test or RM S is acyclic}. The table [ gives the
formal definition of the function TESTS5.

As it has been done for the first introduced translation, we now define the
partial function POSTy which takes as argument a pointer action a € A
that is not a destructive update and a root memory shape RMJS and re-
turns a pair ((4,b, @), RMS’) such that the following property is satisfied: if
((A,b,¢), RMS") = POSTz(a, RMS), for all admissible a and a’ in N¢ (ac-
cording to RM S and RM S’), we have:

RMS'(a) = [a] p(RMS(a")) if and only if a = ¢ and a’ = A.a+b

Note that whereas the function POST was returning a set of pairs ((4, b, ¢), M S)
the function POST5 returns an unique pair. This feature allows us to define a
translation which preserves the flatness of systems. The table B gives the def-
inition of the function POSTs in the case of actions of the form x; := NULL.

Table 3. Computation of ((4,b, ¢), RMS") = POST2(a, RMS) for the action a of the
form z; := NULL

Hypothesis (A,b) o RMS’

x; is single in RM S

and loc(x;) ¢ {null, L} | (Id, 6)) False RMS
loc(z;) € {null, L} (1d, 0) True loc(z;) = null
x; is not single in RMS |c; :=0 True loc/(z;) = null

and loc(x;) belongs
to a cyclic list

x; is not single in RMS |¢; :=0 VIJ.Ebc—l({mc(zi)})\{xi} ¢;j = 0] loc/(z;) = null
and loc(z;) does not belong
to a cyclic list
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The definition for the others actions is given in Appendix [Bl Note that some-
times the linear function (A,b) is denoted for instance ¢; := ¢; which means
that the function changes only the value of the counter ¢; giving it the value of
¢;. In these tables, in the column describing RM S’, it is sometimes written for
instance loc’(z;) = loc(z;), it means that RM .S’ is obtained by moving in RM S
the variable x; to the node where z; points on.

X2
r1 I3 T4 1 T2 T3 T4
(c1=0Vea=0)ANca <k2? c3:=ca+1
k1 12 k1 12
null null
RM S, RM S5

Fig. 4. Effect of the action x3 := x4.succ over RM S,

Figure Ml presents an example of the results of the computation of POSTs.
Intuitively, the conditions ensuring some action will not yield memory fault can
be defined with a guard on the counter variables, just as in Figure [ where the
guard (¢; = 0V c2 = 0) ensures the absence of memory leak and the guard
(ca < k2) the absence of memory violation. A pointer action z; := z; will
correspond to moving x; to the location of x; and doing the linear transformation
¢i = c¢j on counters. In the case of x; := x;.succ, it is the same, we move z; to
the location of xz; and we update the counter with the operation ¢; := ¢; + 1.
Finally, for the action z; := NULL, we do the following operations, we move z;
to null and we set the counter ¢; to 0.

Using TESTy and POST,, we can associate with a pointer system PS =
(Qp, Ep) the counter system CS3(PS) = (Q¢, Ec) where:

— Qo =Qp xRMS

— FE¢ is the transition relation defined by ((q¢, RMS), (A,b, ), (¢, RMS")) €
Ec¢ if and only if there exists a transition (g, (g,a),q¢’) € Ep and two
Presburger formulae ¢ and ¢o such that ¢; = TESTs(g, RMS) and
((A,b,¢2), RMS") = POST2(a, RMS) and ¢ = ¢1 A ¢o.

Note that since Ep and Qp x RMS are finite, we can effectively build the
counter system CSz(PS).

We will show how PS and C'S3(PS) are related. Let us consider the relation
R7 between the configurations of the pointer system PS and the ones of its
associated counter system CSy(PS) defined by:

Ry —{ (q,MG (q,RMSLa))\MG:RMS(a)}.
and the relation R which is the restriction of Ry to acyclic memory graphs:

={ ((¢,MG), ((g.RMS),a)) | MG = RMS(a) and MG is acyclic}.



Towards Model-Checking Programs with Lists 73

Proposition 1. For any pointer system without destructive update PS,
CSy(PS) enjoys the following properties:

1. CS5(PS) has the finite monoid property.

2. If PS is flat then CS3(PS) is flat.

3. RY° is a bisimulation.

4. If PS is without alias test, Ry is a bisimulation.

Idea of the proof. C'S3(PS) has the finite monoid property because all the matri-
ces given by the function POSTy are composed of lines in which all the elements
are equal to 0 except one which is equal to 1, and the multiplicative monoid of
such a set of matrices is finite. The other points of this proposition are direct
consequences of the way we build C'S2(P.S) and of the properties of the functions
TEST, and POSTs. |

Properties 1 and 2 ensure that we will be able to use theorems[Il and 2] (and also
the tool FAST), and properties 3 and 4 are essential to relate counter properties
to pointer properties.

4.3 Translating the Symbolic Configurations

To conclude the proofs of theorems Ml and Bl we have to extend the translation
to symbolic configurations and temporal formulae. We shall define T(INIT),
T'(BAD) as two symbolic configurations of C'S3(P.S) that correspond to INIT and
BAD in PS, and we must moreover define 7'(¢) € FOCTL*(Pr) that corresponds
to & € CTL},,,. The key of this translation is to find an effective symbolic
representation T'(g, (M .S, 1)) for the set of (counter systems) configurations that
are bisimilar to (pointer systems) configurations in [(g, (M S,))]. That is, for
all roots memory shape, we should represent the set of counters values:

Trus(MS,¢) = {a| RMS(a) € [MS,y]}.

This set is not Presburger definable in general, due to cyclic lists, but, as we will
see with the next proposition, it is definable in the logic EIH = (N, +,|,=)7 of the
existentially quantified formulae of the Presburger arithmetic with divisibilty.
An essential result for our proofs is that the satisfiability problem for this logic
is decidable [23].

Proposition 2. Trys(MS, 1)) is definable in £|3. Moreover, if M S is acyclic,
then it is definable in Presburger arithmetic.

Before to give the proof of this proposition, we introduce some preliminary
notions. We will say that a memory shape MS is compatible with a roots
memory shape RMS (denoted MS C RMS) if and only if [(MS, True)] N
[(RM S, True)] # @. Intuitively a memory shape M S is compatible with a roots
memory shape RM S if it is possible to obtain a graph isomorphic to RM .S from
M S moving the pointer variables to a root node or to a node in a cyclic list
they are connected to in MS. To be more formal, we introduce the notion of
compatibility function.



74 A. Finkel, E. Lozes, and A. Sangnier

Let M S = (N, succ,loc) be a memory shape and RMS = (N, succ’,loc’, ).
We denote by Ng (resp. Nj) the set of root nodes in M S (resp. in RMS), No
(resp. N3) the set of nodes with at least two predecessors in M .S (resp. in RM.S)
and N¢ (resp. N(,) the set of nodes belonging to a cyclic list not reachable from
a root node in MS (resp. in RMS). We say that a function g : N/ — N is a
compatibility function between M S and RMS if g is a total injective function
such that:

9(Ng) = Nrg, g(N3) = N2 and g(N¢) € Ne;

for all nodes n,n’ € N’, n’ € List(RMS,n) if and only if g(n’) €
List(MS, g(n));

for all nodes n € N’, null € List(RMS,n) if and only if null €
List(MS, g(n));

for all nodes n € N’, 1 € List(RMS,n) if and only if | € List(MS, g(n));
for all variables v € V, loc(v) € List(M S, g(loc’ (v)).

We can then deduce the following lemma.

Lemma 1. Let MS be a memory shape and RMS be a roots memory shape.
MS T RMS if and only if there exists a compatibility function between M S and
RMS.

We now give the proof of proposition

Proof. In this proof we associate the set Trars (M S, ¢) with the arithmetic for-
mula that characterizes it. Let (M S, 1) be a symbolic memory shape and RM S
a roots memory shape. We suppose Cprs = {k1, ..., km }, MS = (N, succ,loc, ¢)
and RMS = (N',succ’,loc’,¢"). We build a logic formula Trars(MS,v) over
Crus UCYy as follows:

— If MSZ RMS, Trys(MS, 1) = False;
— Otherwise Let g be a function of compatibility between M S and RM S}

1. Rename in ¢ and in M S all the counters k; with k; Such that for all
i€ {l,..m}, k; ¢ C to obtain a formula 1, and we denote by [ the
function which associates to each node n € N the counter k; such that

2. For each node n in N’, we define the formula ¢,, to ensure that the length
on the graphs correspond:

(bn = l/(n) = Z(g(n)) + Zn’EBetween(]\/[S,g(n),g(succ’(n)) Z(n/)

3. Let Nci € N (resp. N, € N') the set of nodes of MS (resp. of RMS)
which belong to a cyclic list. For each variable z; € V', we define a formula
¢; to ensure the pointer variables are located at the same position.

e If loc(x;) € {null, L}, then

¢i=c; =0
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o If IOC(J,‘Z‘) ¢ NCll

¢i = l(g(lOC/(Il))) + ZnEBetween(MS,g(loc/(wi)),loc(zi)) l(n) =

e Otherwise if loc(x;) € Ngj and loc’(z;) € N{, (in this case, the cyclic
list where x; points to is necessarily not reachable from a root node,

we write L =}, c1ice s oc(a:) I(n) the size of the cyclic list z; is
on then:

¢Z = /\{mh|loc(zh):100(zl)} (Ci'mOd(L) = Ch'mOd(L)) A
_/\{mj|loc(m_j)EList(MS,loc(xi)\loc(zi)} (Cj'mofi(L) =
(Ci + l(loc(xz)) + ZnEBetween(Z\/[S,loc(wi),loc(:z:j)) l(n))mOd(L))

e Otherwise (loc(z;) € Nci and loc'(z;) ¢ N§), and we denote by
L =3, crist(MS,loc(z;)) L(n), intuitively L encodes the size of the

cyclic list pointed to by @; and S = }°, 140w g(10c (@) \War I(n)
represents the length of the segment leaving from g(loc’(x;)) and
finishing on the cyclic list, we then have:

(bi = (Ci >5NA Z_(g(IOC/(Il))) + ZnEBetween(MS,g(loc/(wi)),loc(m)) l_(n) =
S+ (¢; — S)mod(L))

4. Finally we obtain:

Trars(MS,¥) = k1. Fkm b A Npens On N, ey i

Remark that if M S is acyclic, then by construction Trass (M S, 1) is a Presburger
formula. And in the other cases, Trass(MS, 1) can be rewritten into an equiv-
alent formula of the logic EIH. This is due to the fact that a.mod[c] = b.mod|[c]
is equivalent to the formula ¢ | (a — b) and that any Presburger formula can be
rewritten into an equivalent Presburger formula with only existential quantifiers
(by elimination of the quantifiers [I§]). |

When we associate an arithmetic formula ¢ over the counters Crp;s UCy with a
roots memory shape RM S, we denote by [(RM S, )] the set of memory graphs,
{RMS(a) | a = ¢} We have then the following result by construction of Trass:

Lemma 2. Let (MS, 1)) be a symbolic memory shape and RM S a roots memory
shape.

1. If MS T RMS, [(RMS, Tras(MS, w))]] [[( )]

We will now see how we use this different results to prove the theorems [ and [l
The main idea consists in reducing the problems of safety and model-checking
over pointer systems without destructive update to similar problems over counter
systems.
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MS RMS
k4
T 1 T2
T3
24 3 k1 k2 T
T2 k1
k3 k2
null null

TR]yjs(MS, 'lﬁ) = 3];1.3]-62.3]%3.3/;4.121/\
k1l =K1+ k2 A2 = k3 + k4A
a1 =0Ac2=kIA
camod[k2] = (c3 + k3).mod[k2]A
c3mod[k2] = (ca + k4).mod[k2]

Fig.5. An example of the computation of the formula Trars(MS, 1))

4.4 Proof of Theorem [4]

Let (g, (M S,1)) be a symbolic configuration of a pointer system. We define:

T(q, (MS, )= |J (g, RMS), Tras(MS, 1))
RMSERMS

T(q, (MS,v)) represents a symbolic configuration for C'S3(PS) and furthermore
by Lemma 2, we have that [(MS,¢)] = Ugrrserms[(BRMS, Trars(MS,1)))].
The properties of the arithmetic formula Trars(M S, 1) and the fact that the
relation Ry is a bisimulation between the transition system of PS and the one
of C'S3(PS) allows us to state the following lemma.

Lemma 3. Let PS be a pointer system without destructive update and without
alias test, (qo, (M So,v0)) an initial symbolic configuration, and (g, (M Sp,¥R))
a bad symbolic configuration for PS. Then:

Reach(PS, [(qo, (M So,v0))]) N [(gB, (MSB,¥B))] = @
if and only if

Reach(C’Sg(PS), [T(QO, (MS()/(#()))]]) N [[T(qB7 (MSB, 'L/JB))]] =

Using this last lemma and previous results, we can prove Theorem [l

Proof of Theorem [} Let PS be a flat pointer system without destructive up-
date and without alias test, (qo, (M Sp, o)) an initial symbolic configuration,
and (¢p, (M Sp,1¥p)) a bad symbolic configuration for PS. By proposition [
the counter system CS3(PS) is flat and has the finite monoid property. By
Lemma [ the considered safety problem reduces to the safety problem
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for CS9(PS) with T(qo,(MSo,1%0)) as initial symbolic configuration and
T(qp,(MSp,¥p)) as bad symbolic configuration. Furthermore, since for all
memory shapes M S, for all Presburger formula ¢ over Cjss and for all roots
memory shape RMS , Trars(MS, 1)) is a formula of £7, we can deduce from
Theorem[] that this last problem reduces to the satisfiability problem of a formula
of £, which is a decidable problem [23]. |

4.5 Proof of Theorem

We consider then a formula @ of CTL*(MS). We define the formula T'(®) by
induction as follows:

— if @ :=(q,(MS,v)) with M .S acyclic then:

T(?) .=V pamseras (@ RMS), Tras (MS, ¥));

— it @ :=(q,(MS,)) with MS not acyclic then:
T(®P) := \ pprserms (@ RMS), False);

— if @ := @' then T(P) := —T(');

— if @ := &' AP then T(P) := T(P') AT (");

— if @ := X' then T(P) := XT(P');

— if @ := G'UP" then T(P) := T(')UT(D");

— if @ := AP’ then T(P) := AT (P').

Since, for all acyclic memory shapes M S, for all Presburger formulae v over Cyg
and for all roots memory shape RM S, Trars(MS,1) is a Presburger formula,
we deduce that:

Remark 1. For all formulae @ of CTL*(MS), T(®) is a formula of CTL*(Pr).
Moreover, the following lemma holds.

Lemma 4. Let PS be a pointer system without destructive update,
(qo, (M Sp,0)) an initial acyclic symbolic configuration of PS, and ® a for-
mula of CTL*(MS). We have that w,0 | @ for all configurations paths w
of CS3(PS) such that w(0) € [(qo,(MSo,%0))], if and only if #',0 = T(P)
for all configuration paths 7 of the transition system T'S(CS2(PS)) such that
77/(0) € [[T(QO, (MSO/(/)O))]]

Proof. This lemma can be proved by induction on the length of the formula @
using the definition of T'(qo, (M So,%0)). The first case of the induction is when @
is of the form (g, (M S,)), and it is proved using Lemma[2l The other cases are
then proved using that the relation R7° is a bisimulation between the transition
system of PS and the one of CS3(P5S). |

This allows us to conclude Theorem Bl

Proof of Theorem[d. Let PS be a flat pointer system without destructive update,
(o, (M Sp, 1)) an initial acyclic symbolic configuration of PS, and ¢ a formula
of CTL; ... By proposition [l the counter system CSy(PS) is flat and has the
finite monoid property. Besides, by Lemma [ the considered problem reduces to
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the model-checking problem for C'So(PS) with the initial symbolic configuration
T(qo, (M So, o)) and the FOCTL"(Pr) formula T'(®?). Hence using Theorem [2
we can deduce that the model-checking problem for P.S with (qo, (M So, v0)) as
symbolic initial configuration and & as temporal formula is decidable. |

5 Undecidability Results

In this section, we show that the decidability results we obtained for safety
and temporal properties are tight. In particular, these results become false if
one relaxes any hypothesis. For instance, Theorem H does not hold without the
hypothesis of absence of alias test (this is proved in [II]). We list here some
new decidability results for some classes of pointer systems very close to the
ones we studied in the previous section. All our undecidability results are based
on a reduction from satisfiability of Diophantine equations, which is known as
undecidable. Diophantine equations are equations of the form P(k) = 0 where
P is some polynomial over naturals and k a vector of positive integer variables.
As explained in [IT], Diophantine equations can be encoded as a conjunction of
arithmetic formulae of the form k = k' + k" or k = lem(k’, k") or k = j where
k, k', k" are counter variables and j is a positive integer; the satisfiability problem
of such formulae is then undecidable. Below, we use the term of Diophantine
equations to describe such conjunctions of arithmetic formulae. Following [I1],
we now associate with a Diophantine equation £ a pointer system PS¢ for which
a certain safety (resp. temporal) property holds if and only if £ has a solution.
Our first result shows that theorem [ does not extend to model-checking:

Theorem 6. The model-checking problem is undecidable for flat pointer systems
without destructive update and without alias test.

The proof of this result is an adaption of the undecidability proof of [I1]. Let us
consider £ = A &; a Diophantine equation. We define the tuple (M Sg, PSg, Pg)
such that: M S¢ is a memory shape defined by M Se = MS; W.. W MS,, (where
W represents the disjunctive union of memory shapes and n coincides with the
number of conjuncts in &); &¢ = A P; is a temporal property; and PSg is a
flat pointer system without destructive update and without alias test defined by
PSe = PSy;..; PS,,, where ; is the sequential composition and each P.S; is a flat
program (without destructive update and without alias test) that either exits
correctly (exit(0)) and launches the execution of PS;1q or aborts (exit(1)):

— if & isk = k'+k", MS; is the memory shape with three disjoint list segments
of length k, k', k", whose heads are pointed to by some set of fresh variables
{x,%0},{y,v0}, {2, 20} respectively, and whose tails are on null. The pointer
system PS; can be described by the program:

while (y#NULL) do x=x.succ; y=y.succ;end while;

while (z#NULL) do x=x.succ; z=z.succ;end while;

if (x=NULL) then exit(0); else exit(1);
The temporal property ®; expresses that the exit(0) is reached (which
means without error).
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—if & is k = lem(K', k"), we define M S; to be the memory shape with two
disjoint cyclic lists pointed to by sets of fresh variables {y, yo}, {2z, 20} respec-
tively, of lengths k', k", and a single list of length k& whose head is pointed
by some set of fresh variables {x, %o} and ends on null. We moreover define
PS; by the program:

while (x#NULL) do x=x.succ;y=y.succ;z=z.succ;end while;
exit (0);
The temporal property @; expresses that, each state of the loop verifies
(v,2) # (yo,20) until (x,y,z) = (null,yo,zo).

—if & is k = j, M S; is the memory shape with one list segment of length k,
whose head is pointed on by some set of fresh variables {x, xo} and whose tail
is on null. The pointer system PS; can be described by a program without
loop which performs 7 times x:=x.succ and does exit(0) at the end if z
points on null and exit (1) otherwise. The temporal property @; expresses
that the exit (0) is reached (which means without error).

By construction the Diophantine equation represented by the formula £ has a
solution if and only if there exists a configuration path 7 in PS¢ such that
w(0) € [(MSg, True)] and 7,0 = Pg¢, which is true if and only if the answer
to the model-checking problem on the inputs PSg, (M Sg, True) and —®¢ is no.
We deduce from this the result of Theorem [6l This last proof and the proof
of undecidability in [TI] build flat pointer systems working over cyclic lists.
Hence one may think that the key point of these undecidability results is the
use of cyclic lists. We show here that this is not the case. First, we say that
a pointer system PS = (Q, F) associated with an initial symbolic configura-
tion (qo, (M So,v0)) is an acyclic pointer system if the memory shape M Sy is
acyclic and all reachable memory graphs MG (i.e., there is a ¢ € @ such that
(¢, MG) € Reach(PS, [(qo, (M So,10))])) are acyclic.

Theorem 7. The safety problem is undecidable for acyclic flat pointer systems.

Proof. We adapt the previous proof, that works with cyclic lists, to a system that
does not work with cyclic lists but can use destructive updates. Note that we
only need to adapt the program that tests the equation k = lem(%’, k"), the rest
of the proof being then similar. Consider a list segment [ whose head is pointed
to by {h,h'}, whose tail is on null, and whose last node before null is pointed
by t; we thus define the subprogram: rotate(l)=h=h.succ;h’.succ=NULL;
t.succ=h’;t=h’;h’=h;

This program moves the first element of the list at the tail of the list. We
now consider the memory shape with two such disjoint list segments ¢1, 2 with
some pairs of extra variables {y,yo},{z,z0} at some point in the middle of Iy
and [s respectively, and a disjoint standard list segment [ whose head is pointed
by {x, %0} and whose tail is pointed to null. Counters k, k', k" represent the
total length of the lists ¢, ¢1, {5 respectively. Then the following program exits
normally if and only if k& = lem(k’, k”):

while (x#null and not((y=y0) and (z=z0))) do

X=X.SUCC;y=y.SUCC;Z=Z.sSucc;
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rotate(1l1l) ;rotate(12) ;end while;
if (x=null and y=y0 and z=z0) then exit(0) else exit(1);

which ends the proof. |

Note that this last result answers a problem that was stated as open in [11].

6 Conclusion

We have proposed a framework for model-checking pointer systems without de-
structive update. Given any pointer system without destructive update, one may
translate it into a bisimilar counter system having the finite monoid property.
Then a counter model-checker, FAST for instance, may verify it; if the counter
system is flat (or flattable []), then FAST will terminate computing the Pres-
burger representation of the reachability relation.

It was known that safety was undecidable for flat pointer systems without
destructive update. We have completed the classification of flat pointer systems
without destructive update in showing that the model-checking problem becomes
decidable for flat pointer systems without destructive update with an initial
acyclic configuration. We prove that if we replace the acyclic hypothesis by the
hypothesis of absence of alias test, then safety remains decidable but model-
checking becomes undecidable. Moreover, if we remove the hypothesis that the
system is without destructive update, for even acyclic flat pointer systems the
safety problem is undecidable. The table @ contains a summary of the main
decidability results when considering flat pointer systems

Table 4. Summary of main results

Flat pointer Initial symbolic| Safety |Model-checking
systems configuration problem problem
Without destructive Acyclic Decidable Decidable
update
Without destructive No Undecidable| Undecidable
update Restriction

Without destructive
update No Decidable | Undecidable
and without alias test|| Restriction

Acyclic Acyclic Unecidable | Undecidable
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A Examples of Programs

In this section, we give the description of some of the programs which feature in
the table [
The program split:

1: void split(List x){
2 List y,z,t,u;

3 u=NULL;

4: y=x;

5: while(y!=NULL){
6: t=y->next;

7 zZ=t->next;

8 t->next=u;

9: y->next=z;
10: u=t;
11: y=z;}
11: X

This program is safe when the acyclic list given in input (pointed to by z) has
an even length.

The program delete(n):

1: void delete(List x,int n){
2: List y;

3 int i=n;

4: while(i!=0){
5: y=x->next;
6 free(x);
7 X=y;
8 i-—;
9

}

This program is safe when the acyclic list given in input (pointed to by z) has
a length greater than the integer n.

The program parse-cyclic-acyclic:

1: void parse-cyclic-acyclic(List x,List t){
2 List y,u;

3:  y=x;

4: u=t;

5: while(y!=NULL){

6: y=y->next;

7 u=u->next;}

8 u->next=NULL;

9: }

For this last program, we assume that the variable = is pointed to an acyclic
list, and the variable ¢ to a cyclic list. One can check that this program yields a
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memory leak when the number of elements in the list pointed to by ¢ does not
divides the number of elements in the list pointed to by = to which we add 1.

B Description of the Translation POST,

Table 5. Computation of ((A4,b, ¢), RMS") = POST2(a, RMS) for the action a of the

form z; := z;

Hypothesis (A,b) 1) RMS'

x; is single in RM S
and loc(x;) ¢ {null, L} | (Id, 6)) False RMS
and x; # x;

x; is single in RM S
and loc(z;) € {null, L} |c¢i:=¢; True loc’(z;) = loc(x;)
and ; # x;

T =1 (1d, 0) True RMS

x; is not single in RMS | ¢ :=¢; True loc’ () = loc(z;)
and z; # x;

and loc(z;) belongs
to a cyclic list

x; is not single in RMS | ¢i := ¢ |V, cloe—1 (floc(z:)})\ {loc(a)} & = 0| lo¢’(z:) = loc(z;)
and x; # x;

and loc(z;) does not belong
to a cyclic list
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Table 6. Computation of ((4,b, ¢), RMS") = POST2(a, RMS) for the action a of the
form z; := x;.succ (I)

Hypothesis (A, b) ¢ RMS'

loc(x;) € {null, L} (Id, 6) False RMS

x; is single in RM S
and loc(z;) is not on a cyclic list (Id, 6)) False RMS
and loc(z;) ¢ {null, L}

x; is single in RM S
and loc(z;) is on a cyclic list (Id, H) True RMS
and z; = x;

x; is single in RM S
and loc(z;) is on a cyclic list (1d, 6)) False RMS
and z; # x;

loc(z;) € {null, L}
and there is an n such that cii=cj+1 True loc’(z;) = loc(x;)
n € List(RMS,x;) and n is on a cyclic list

loc(z;) € {null, L}
and there is no n such that
n € List(RMS,z;) and n is on a cyclic list|c; := ¢; + 1|c; < ZneList(R,Ms,mJ)mN[(”) loc’(2;) = loc(x;)
and loc(z;) ¢ {null, L}
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Table 7. Computation of ((A, b, ¢), RMS") = POST2(a, RMS) for the action a of the
form z; := xj.succ (II)

Hypothesis (A,b) ¢ RMS'

x; is not single in RM S
and z; does belong to a cyclic list
and there is an n such that ci=cj+1 \/mlElo(:*l({lo(:(:::l))\{lm'(:z,l)}} e = Ofloc’(z;) = loc(;)
n € List(RMS, z;) and n is on a cyclic list

x; is not single in RM S
and x; does not belong to a cyclic list
and there is no n such that cii=cj+1 ¢ < EngLisths.;,;J)mvé(”)/\ loc’(z;) = loc(z;)
n € List(RM S, z;) and n is on a cyclic list V 4, etoe—1 ({loc(z) ]\ floc(z;)} € = 0
and loc(z;) ¢ {null, 1}

x; is not single in RM S
and z; belongs to a cyclic list
and there is an n such that cii=c¢j+1 True loc/(z;) = loc(x;)
n € List(RMS, z;) and n is on a cyclic list

x; is not single in RM S
and x; belongs to a cyclic list
and there is no n such that ci=c+ 1 ¢ < I cList(rms.x,)nnl(n) loc’(z;) = loc(z;)
n € List(RMS, z;) and n is on a cyclic list
and loc(z;) ¢ {null, L}
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Abstract. Using the saddle point method, we obtain from the generat-
ing function of the numbers in the title and Cauchy’s integral formula
asymptotic results of high precision in central and non-central regions.

1 Introduction

We consider the number of representations of m as ZZ:HL ek, where g, €
{0,1}. For m = 0, this is sequence A000980 in Sloane’s encyclopedia. This prob-
lem has a long history: Van Lint [7] found an asymptotic formula for the number
of representations of 0, Entringer [2] did the same for a fixed number m. Clark
[0 allowed m to be o(n?/?).

Here, we extend the range a bit, to O(n®/?). But we improve at the same
time the quality of the approximation. We are doing this using the saddle point
method. Implicitly, in the earlier writings, it was also used, but z = 1 was taken
as an approximative saddle point, whereas we employ better approximations, to
get more precise results.

We are also able to choose m in a non-central region. As a showcase, we
consider m = n™/4, but we could deal with other values as well.

Our main findings are the asymptotic formulae (@) (central range) and ()
(non-central range).

The generating function of the number of representations for fixed n is given by

(1420 +27F)

=

C(2) =2
k

1

and
Cn(l) =2-4".

* (Received by the editors. 24 January 2008. Revised. 17 July 2008; 6 January 2009.
Accepted. 11 February 2009.)

M. Archibald et al. (Eds.): ILC 2007, LNAI 5489, pp. 87 2009.
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By normalisation, we get the probability generating function of a random vari-
able X,;:

n

Fu(z) =4[]+ 250+ 275,
k=1

from which we obtain mean M and variance V:
nn+1)(2n+1)

M(n) =0, o*:=V(n)= 19 .

1
Pi) =P =) = 5 [ Fulo) .
where C is, say, a circle around the origin.

A referee and the editor have asked us to give more background about the
saddle point method that we are going to use in this paper. For this, we borrow
freely from Odlyzko’s excellent treatise [6]:

The saddle point method is based on the freedom to shift contours of in-
tegration when estimating integrals of analytic functions (like the integral just
mentioned). Let us assume that f(z) is analytic in |z| < R < co. Also, we assume
that there is some Rp, such that if Ry < r < R, then max,|—, [f(z)| = f(r).
This is clearly satisfied for generating functions from combinatorics, which have
nonnegative coefficients. Further, it is assumed that z = r is the unique point
with |z| = r where the maximum is attained. (If not, there are usually some
periodicities involved.)

The first step in estimating [2"]f(z) is to find the saddle point. Under our
assumptions, this will be a point r = ry with Ry < r < R which minimizes
r~™f(r). Cauchy’s integral formula is then applied with the contour |z| = rg.
Another circle would give the same result, but the absolute values of the function
would be much larger, so that there must be (huge) cancellations, and they are
not easy to control. The special choice of the path of integration avoids this.

Odlyzko [6] provides the instructive example of estimating 1/n! = [2"]e* that
we reproduce here. We find the minimum of g(x) = 27 ™e® on the positive real
line by ordinary calculus: ¢'(z) = g(x)(1—2) = 0, whence 2 = n. So one chooses
the contour z = ne?, with —r < 6 < 7. Then

11 e T 0o
i IZI_anz:%/ n~ " exp(ne” — nif)do.

—T

Now, ¢ =1 —62/2+i0 + O(|63]). So, for any symmetric interval, we have

0o i 0o
/ n~"exp(ne’’ — nif)dh = / n~"exp(n — nf*/2 + O(n|6°|))do.

—bo —bo

The cancellation of the term nif in ne* —

success of the saddle point method.

nif is primarily responsible for the
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Now, to control the error term O(n|#?|), one chooses, say, §y = n~2/%. One
shows that outside of this range, the integrand is small, and in the approximation

0o
/ n~" exp(n — nb?/2)do
—0o

one can a) pull out the term e™, and b) in the remaining integral replace the
limits of integration by +oo. The survey [6] has all the detailed error calculations.

But then
e 2
/ n~"exp(—n#*/2)do = %,

1 1

n! V2’
which is Stirling’s approximation in its simplest form. (With more precise ex-
pansions, the full form of Stirling’s formula can be derived.)

In this instructive example, the saddle point z = n was easy to compute.
In more complicated situations, as we will encounter in the rest of this paper,
it cannot be exactly computed. But one can work with an approximate saddle
point, if one controls the errors.

A circle as path of integration can be replaced by a straight line. In fact, only
a tiny fraction of the circle is used anyway (think about 6y, which went to 0),
the rest being unimportant. But the small piece of the circle can be replaced by
a straight line, if one controls the error.

whence we have

2 The Gaussian Limit — Approximation near the Mean

We consider values j = xo, for x = O(1) in a neighbourhood of the mean 0.
The Gaussian limit of X,, can be obtained by using the Lindeberg-Lévy con-
ditions, see for instance, Feller [3], but we want more precision.
We know that

1
P.(j) = —/Qes(z)dz

2mi
where
S(z):=In(F,(2))— (G +1)Inz
with
In(F,(2)) = i[ln(l +2) +In(1427%) —In4].
i=1
Since F,,(z) is a (Laurent-)polynomial, the analyticity restriction can be ignored.

We will use as (2 a circle around the origin passing (approximately) through the
saddle point. We split the exponent of the integrand S as
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S:=51+ 95, (1)
Sp= [n(1+z") +In(l+2"") —In4],
i=1

Syi=—=(j+1)Inz.
Set .
as
dzt’
As general references for the application of the saddle point method in enumer-
ation we cite [4l6]. To use this method, we must find the solution of

s (z) =o. (2)

Set Z := z* — &, where, here, z* = 1. (This notation always means that z* is
the approximate saddle point and z is the exact saddle point; they differ by a
quantity that has to be computed to some degree of accuracy.) This leads, to
first order, to

S =

_ n+12 n+12 n 13

s (AL e B
Set j = xo in ([@). This shows that, asymptotically, € is given by a Puiseux
series of powers of n~/2, starting with —v/6x/n3/2. To obtain the next terms,
we compute the following terms in the expansion of (Z). Even powers £2* lead
to a O(n?*1). 2% term and odd powers e2#*1 lead to a O(n?+3) . g2k+1 term.
Now we expand into powers of n~ /2 and equate each coefficient with 0. This
leads successively to a full expansion of €. Note that to obtain a given precision
of e, it is enough to compute a given finite number of terms in the generalization
of [@)). We obtain (here and in the following, we provide only the first terms, but
we computed more with Maple)

e = —V6xn=3? £ V6(-3/102% + 3/42®)n"%/? + (=32% —6)n "> + - -
We have, with 2z := 2* — ¢,
1

P,(j) = 50 Qexp{S() + 5P (z)(z —2)?/ 2‘—|—ZS (z—2 /l']

(note carefully that the linear term vanishes). Set z = Z + i7. This gives

P.(j) = %exp[S( ] /_DO exp [5(2)( iT) /21+ZS (it /ll}dT (4)

Let us first analyze S(Z). We obtain
. x? NG
S1(2) = ?+40n+ Smt
o 2
10n  n3/2
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and so
N x? 3zt V6z
S =3 ~1on e
Also,
3
@ (3 21 3/2
SOE) =% +( e +4)n +O(n%?)
SB)(2) = 0(n/?),
1
(4) (= L5 4
S (2) 5g" T O,
SOz =0m*, 1>5

We can now compute (), for instance by using the classical trick of setting

S@(z 2!+Zs<l> Ul = —u?)2,

computing 7 as a truncated series in u, starting as

V6+ -

3/2

i

Fig.1. P,(j) (circle) and the Gaussian asymptotics (line), n = 60

91

®)



92 G. Louchard and H. Prodinger

i

Fig.2. P,(j) (circle) and the Gaussian asymptotics with the constant term (line),
n = 60

setting dr = 92 du, expanding w.r.t. n and integrating on [u = —o0..00]. (This
amounts to the reversion of a series.) Finally () leads to

Pai) ~ e exp ([ = B gia? = 2at] fn+ O f2mn16)2. (6)

Note that S®)(2) does not contribute to the 1/n correction. Note also that,
unlike in the instance of the number of inversions in permutations (see [5]), we
have an z* term in the first order correction. Let us finally remark that Clark’s
result is just the main term of (@), with 2 = 0, as he chooses m = o(c’) = o(n*/?).

To check the effect of the correction, we first give in Figure [[l for n = 60,
the comparison between P, (j) and the asymptotics (@), without the 1/n term
(i.e. the Gaussian contribution). To get a better quality estimation, Figure
shows P, (j) and the asymptotics (6], with the constant term —39/(40n). Figure
Blshows the quotient Q1 of P, () and the asymptotics (@), without the 1/n term.
The usual “hat” behaviour is apparent.

Figure Ml shows @1 and Q2: the quotient of P,(j) and the asymptotics (@),
with the constant term —39/(40n).

Figure B shows @2 and Q3: the quotient of P,(j) and the asymptotics (@),
with the constant term —39/(40n) and the 22 term 922/(20n).

Finally, Figure Bl shows Q3 and Q4: the quotient of P, (j) and the full asymp-
totics ([B). Q4 gives indeed a good precision on a larger range.
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For the reader’s convenience, here are the quantities that we plot:
@ = Puli) [ [ 2w 10)7
Q2= Po(i) | [ x-Sl (2nn 0)1].

%:mm/}ﬂmemw%+%wMM%#mmy

Qa4 = Pn(j)/ :6_12/2 cexp[(—32 + Za® — f—0m4)/n]/(27m3/6)1/2} .

3 The Case j =n"/* —x

Now we show that our methods are strong enough to deal with probabilities that
are far away from the average; viz. n”/* — z, for fixed z. Of course, they are very
small, but nevertheless we find asymptotic formulae for them. Later on, n”/* — z
will be used as an integer. Equation (@) becomes now

2 (n+1)%* n 13
N 2 (_(”+ _Rr__ 7/4) —o.
n't 4w + 6 + 1 o 12 +r—n €

We have z* = 1 and, as we will see, ¢ is now given by a Puiseux series of
powers of n=1/4. We obtain

e —gn-5/a_ 2% —7a 3T oy
5 175
Again we provide only a few terms, but we mention that more terms than in the
previous section are usually necessary. This leads to

81 1467
SiB) =3Vt 5t g m T
54 3771
()__6\/’;_3_175\/ﬁ+""
and so o7 907
S(E)=-3n—-— - —_
2 Vi1 350/

—5/4

Let us mention that x appears only in the n term and x? appears (first) in

the n™3 term. Also,

1 9 607

@13 _ 9 52, 607 5

SEE =g g e T
3 711

(3) A 15/4 o 13/4

SEE g g

SW(E) =——nd -,

S®)(2) = O(n?3/*).
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6420 6420 6424 6426 6428 6430 6432 6434 6436 6438

Fig.7. P,(j) (circle) and the full asymptotics (@) (line), n = 150, scaling= 10*'

This finally gives

Pp(j) ~e—3n'/?=27/10 [1 +369/175/n'/? + 931359/245000/n + 1256042967 /471625000 /n>/?

4 41042/175/n7/4 — 9521495156603/2145893750000/n2 + T5619172/122500/n%/4 +
(~235074412468129059/341392187500000 + 1822)/n®/2 + -] / (2en® /6)1/2. (7)

Figure [ shows, for n = 150, P,(j) and the full asymptotics (@) up to the

n~5/2 term, both scaled to 102!, The fit is quite satisfactory.
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Abstract. In this paper we consider deterministic pushdown automata
on infinite words with restricted use of the stack. More precisely, this
study concerns: (1) Behavior of deterministic one-turn pushdown au-
tomata using Biichi and Muller modes of acceptance and (2) Closure
properties of these sets by Boolean and limit operators.

1 Introduction

The notion of recognizing infinite words by finite automata was originally due to
Biichi [I], in order to prove the decidability of the monadic second order theory
of natural numbers. The basic result proved by Biichi is:

The behavior of a finite automaton is a finite union of sets of the form
K R® where K and R are regular languages of finite words.

However, deterministic Biichi automata are not able to recognize all w-regular
languages. The solution for this question was given by Muller in [I0]. The ba-
sic result in this perspective was given by McNaughton in [7] who states that
any recognizable set of X* can be recognized by an appropriate deterministic
Muller automaton. This implies in particular that the class Rat (X*) of w-regular
languages is closed under complementation.

A similar theory of sets of infinite words recognized (generated) by pushdown
automata (algebraic grammars) was initially studied by Cohen and Gold in [2/3]
and Nivat in [IT]. Two main characterizations of the family Alg (X*) of algebraic
languages of infinite words were obtained by the authors:

Theorem 1. A set X of infinite words is w-algebraic, i.e., X belongs to Alg (X¢)
if and only if it can be represented in the form X = |J A;BY, where A; and B; are
i=1

1=

algebraic languages of finite words.

Theorem 2. The class Pda (X¥) of sets of infinite words recognized by push-
down automata is equal to the class Alg (X%).

* T would like to express my gratitude to the editors. I especially wish to thank the
anonymous referee for helpful suggestions and corrections. (Received by the editors.
26 January 2008. Revised. 15 September 2008. Accepted. 26 November 2008.)

M. Archibald et al. (Eds.): ILC 2007, LNAI 5489, pp. 97-108,| 2009.
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This paper is the second part of the author’s previous work [8] on w-languages
recognized (generated) by one-turn pushdown automata (linear grammars). In
[8], sub-classes of the family Alg (X*) were studied, viz.

— The class, denoted Pic (X¥), of w-languages accepted by a one-turn push-
down automata, and
— The class Lin (X¢) of w-languages generated by linear w-grammars.

It is shown that no equality between these classes exists. An w-language L in
n

Pic (X¥) takes the form L = |J L;RY¥, where for all integers i = 1,...,n; L; is a
i=1
linear language and R; is a regular language of finite words. However, the class

Lin (X¢) is equal to the class Rat (X¥) of w-regular languages.

This shows in particular that the family Pic (X“) does not respect the defi-
nition of w-Kleene closure, where for any family F of sets over the alphabet X,
the w-Kleene closure of F, denoted w-KC(F), is equal to the set

{L Cx¥|L=|JUiV¥ forsome U;, V; € F i =1,..k; k = 172,...}.
=1

This article is about w-languages recognized by one-turn deterministic push-
down automata with Biichi acceptance conditions for the most part, and with
Muller acceptance conditions for the last part.

The paper is organized as follows: Basic notions and preliminaries on infinite
words are presented in §2l After that, §B] is devoted to give the analysis and
synthesis theorems of behaviors of one-turn deterministic pushdown automaton
using Biichi acceptance conditions. In §M some closure properties of these sets
are studied. Finally, §E is about w-languages recognized by one-turn determin-
istic pushdown automata with Muller acceptance conditions.

2 Preliminaries

Let X be a finite set of symbols which we call an alphabet and the elements of X/
letters. A finite word over X' is a finite sequence w = (a1, asg, ..., a,) of elements
of X denoted by juxtaposition or concatenation by w = ajas...a,. The integer
n = |w| is the length of the word w. The empty sequence () of length 0 is called
the empty word and is denoted by e. The set X* of all words over X' equipped
with the operation of concatenation defined by

a1az...ay O blbg...bm = alag...anblbg...bm

has the structure of a monoid with the empty word ¢ as a neutral element, called
the free monoid on Y. A language over Y is any subset of X*, which permits
naturally the use of boolean operations over the set of languages g (X*). The
concatenation product of X* may be extended to p (X*) by defining AB =
{ab|a€ A, be B} for A, Bin p(X*).
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We write Nt = {1,2,...}. An infinite word over X is an infinite sequence
u: NT — 3. We denote by u[n] the finite word u (1) u (2)...u (n) representing
the initial segment of u of length n. We denote by X the set of infinite words
over the alphabet Y. We let X)°° = X* U X% be the set of finite or infinite words
on Y.

A word € X is a left factor of a word o € X*°, denoted by 3 < «, if there
exists v € X*° such that o = #7y. The relation < is a partial order on X*° called
the prefix ordering. We denote by LF («) the set of finite left factors of o € X°.
Hence,

LF(a)={g|g<a} ifa € ¥, and

LF (o) ={a[n] | ne N} if a € X¢.

We call any subset L of X* a language and any subset L of X* an w-language.
For any L C X*°, we let LF (L) = {LF («) | & € L} denote the set of left factors
of words in L.

Given an increasing prefix ordering sequence vy < u; < ... < u, < ..., of
elements u; € X°°, there exists a unique element o = lim,, .. u, such that:
k = |u,| and a[k] = uy,. Then a = u,, € X* if for all i > n, we have u;j11 = u;
or a € X%, For any language A C X*, we denote the infinite iteration of A by

AY =Sue X | forallieN*,wehaveu:Hui with u; € A — {e}
i>1

If A={e} then A¥ = {e}. We write
A =limA= {u € ¥ | for arbitrarily large n, we have u[n] € A}

for the closure of A. In others words, x € A if there is an increasing prefix
ordering sequence (ay), oy of words in A such that: = lim,, .o an. A set
A C X% is called prefix, if for all words x,y in A, if x <y then z = y. In other
words, the set A satisfies A(X* — {e})NA = 2.

Example 3. For the set X = ba* over X = {a,b}, we have X = (ba*)* and
—
X =0ba”. The set Y = a*b is a prefix, but the set X = ba™ is not.

Proposition 4. Let A, B C X*. Then

e =
1. AUB= AU B,
— — —
2. if A is prefix then AB = AB with A = @, and
— —
3. A¥Y C A* and if A is prefiz then AY = A*.

Example 5. For the sets X and Y in Ezxample [3, we have Y - (because
— — —

Y is a prefiz) and then YX = Y X = a*bba* = a*bba® = a*b*a”. The set

Z = (a+b)*a® is not of the form L .
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3 Infinite Words and Deterministic One-Turn Pushdown
Automata

In this section, we study the behavior of one-turn deterministic pushdown au-
tomaton with Biichi acceptance conditions. At first, we give the definition of a
one-turn deterministic pushdown automaton with Biichi acceptance conditions,
then we establish the theorems of analysis and synthesis for this machine in an
w-computation.

Definition 6. A one-turn pushdown automaton (1PDA) is the 7-tuple
M = (KaH = {K17K2}72apa57q0720)
where

1. K is a finite set of states, I = {K1, K2} is a partition of K, qo € K is the
start state,

2. I' is a finite stack alphabet, Zy € I is the start symbol,

3. X is a finite set of input alphabet,

4. 0 is a transition function defined from K x (X' U{e}) x I' to a finite subset
of K x I'". The function 0 takes as its argument a triple 6 (q,a, Z), where
(a) q is a state in K,

(b) a is an input symbol in X or a =€, the empty string,

(c) Z is a stack symbol.

The output of 0 is a finite set of pairs (p,~) where

(a) p is a new state,

(b) 7 is a string of stack symbols that replaces Z at the top of the stack.

The function § is Kj-increasing and Ks-decreasing:

Ki-increasing: The restriction 6/K; is stack increasing, i.e., for all ¢, p € K7,
a € XYU{el, Z eI, if (p,y) € d(q,b,Z), then |y| > 1. For all ¢ € K,
peKo,ae XU{e}, Ze T if (p,7) €6(q,a,Z) then v =e¢.

Ks-decreasing: The restriction 6/ K5 is stack decreasing, i.e., for all ¢, p € Ko,
a € XU{e}, Z eI if (p,y) € §(q,a,Z) then |y| < 1, where §/K;, for
i = 1,2, denotes the restriction of § at states of K.

A configuration of a 1PDA is a triple (¢, x,7), where ¢ € K is the current
state, x is the unread portion of the input string, and v € I'* is the content of
the stack. At first, the automaton is in the initial configuration (qo, u, Zy) where
wisaword in X°°. For alla € YU{e},vy,8€ ™ and Z € I',if (p,B) €6 (¢,a,Z)
then we write (¢, Z7) —— (p, 37).

The meaning of such a transition is that when the machine is in state g, the
top symbol on the store is Z and the input symbol is a, then the next state is p
and the word 8 € I'* is written on the top of the store instead of Z. We denote
by —— the reflexive and transitive closure of the relation —.

Finally, a IPDA M is said to be deterministic (IDPDA), if and only if the
following conditions are satisfied:
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1. §(q,a,Z) has at most one member for any ¢ in @, a in X or a = ¢, and Z
in I,
2. If 6 (¢, a, Z) is nonempty for some a in X, then 0 (¢,&, Z) must be empty.

Intuitively, the machine is deterministic if there is no choice of moving in any
situation. Consequently there is at most one run of the machine for any word in
2o,

Definition 7. Let M be a 1PDA and let o = Hfil a; € X%, where a; € X
for all i > 1. An infinite sequence of configurations r = {(qi, V) };>, s called a
complete run of M on o, starting in configuration (qo, 0, Zo), iff

1. (q1,m1) = (90, Zo), and
b;

2. for each i > 1, there exists a b; € X U{e} satisfying (¢;,vi) — (¢i+1,Vit1)
such that 1172, by = T2, a;.

Every such run induces a mapping 7 : N* — K such that r (i) = ¢;, where
r (2) indicates the state entered in the step ¢ of the run . We denote by Inf (r)
the set of all states entered infinitely many times in the run r.

Definition 8. A one-turn deterministic pushdown automaton with Biichi’s con-
ditions (1DPDAB) is a couple M = (M', F) where

1. M’ is a 1IDPDA,
2. F C K is a subset of designated final states.

The infinite word o € X% is accepted by M if and only if there exists a
unique infinite run r of M on o starting in configuration (qo, Zo) such that
Inf (r) N F # 0.

We denote by L¥ (M) the set of all infinite words in X accepted by M and by
1DPDAB (X%) the class of w-languages accepted by a IDPDAB.

We give now a sequence of lemmas which leads to the theorem of analysis.
First, we treat the case when all the subsets F' of final states are in Kj.

3.1 The Case When the Subset F' of Final States is in K

Lemma 9. Let M = (M', F) be a IDPDAB. As long as M does not pop out any
letter, it behaves like some finite automaton, consequently L* (M) = |J;_, K;RY,
where K; and R; are reqular languages for all i =1, ..., n.

Proof. Let M = (M', F) be a IDPDAB, where
M/ = (K7H = {K17K2}727F767q07Z0)

is a IDPDA. Since M does not pop out any letter by hypothesis, and the function
of transition 4 is not defined from K5 to K7, then the automaton M = (M’, F)
is equivalent to the automaton M; = (Mj, F'), where M] is the restriction of M’
to the states Ky, i.e., M| = (K, 1T = {K;,0},X,1,6/K1,q0, Z0).
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Since §/K; is always increasing, the automaton M; is equivalent to the au-
tomaton My = (K1,II ={Ky1,0},%, I 02,q0, 2o, F), where dy is defined by
(¢',7') € 62(q,b,2) it (¢, 2'v") € §/ K1 (q,b, 2) for (¢,b,2) € K1 x (X U{e}) x T
(the bottom 7 is not necessary in this case). Finally, the automaton M, is identi-
cal to a finite state automaton A = (Qa, X, 04, qgoa, Fa) with Biichi’s conditions
where

- QA = {(q,Z) /q S Klaz € F}v qdoA = (q0720)~
— 04 is defined by 64 ((q,2),a) = (q1,21) if 02 (¢, a, z) = (g1, z1), and

— Fa= {<sz"zi) € F X F/(SA (quzi)}'

According to the Biichi-Schutzenberger Theorem, we conclude that
LY (A) = | KiRY,
i=1

where n = |F4| and for all i = 1,...,n, K; and R; are regular languages of finite
words, with

Ki = {JZ‘ € E*/ ((QOaZO) 7$) L ((Qfmzz) ’5) and (Qfmzz) S FA}

and
Rz:{(EEE*/((quZz)vl')—)(qf”ZZ),g} ]

Before treating the case where the set of final states is in K5, we recall from [§]
this technical lemma.

Lemma 10. Let M = (M1, F) be an 1IDPDAB. If M starts to pop out any letter
from the stack content, then this stack content will eventually be constant.

In other words, if r = (g;,7i),>( is an infinite run of M which enters states of K»,
and since the restriction §/ K> is decreasing in the domain K3, then necessarily
there is a step ¢ in the run r after which the level of the stack content will be
constant.

3.2 The Case When the Subset of Final States is in Ko

Lemma 11. Let M = (M',F) be a IDPDAB. If M starts to pop out any letter,
then the language it will ultimately recognize is a finite union of languages of
the form ABY where A is a prefix linear language and B is a prefix rational
language.

Proof. Intuitively, if the automaton M starts to pop out any letter, then the
language it will ultimately recognize is a finite union of languages of the form
AB¥ where A is a linear language that leads the machine to some accepting
state from which it will behave like some finite automaton looping on this very
same accepting state, and B is the induced rational language.
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In fact, let L be in IDPDAB(X), then L = L“ (M) for some a 1IDPDAB
M = (K,H: {Kl,Kz},Z],F,é,qO,Z(),F). We set D = {(Qf,Z) | qf € F and
Z eI} =F x1TI.Forall (¢f,Z) € D, we define:

Ai = A, .z)={z € X" | (q,z,Z0) — (qr,¢, Z7) such that C (¢f,z, Z7)}

where C (¢f,x, Z7) denotes that the following condition is satisfied:

(gf, Z7) is the first configuration entered after reading the word x
and satisfying that there is no v/ € I'* a proper suffix of v, ¢ € Ko,
2’ € X* such that ()

(a7, 2, Z7) +— (g,¢,7)}-

Intuitively, the condition C; means that the content of the stack can not
strictly decrease after the configuration (gs, Z7). Such a configuration exists
according to Lemma [[0l We also define

Bi = Bg;,z) = {x € X* | (q7,%,27)} ¥ (qy,¢, Z7) such that Cs (qr,x, Z7)}
where Cs (¢5,x, Z7y) denotes that the following condition is satisfied:
the pair (gf, Z) is entered exactly two times in the run of M on z. (Cs)

So, we obtain:

L¥ (M) = U A;BY = U Aas.)Blas.z)
i=1 (ar,z)eD

where n = |D| is the size of D, A(q;.) 1s a prefix linear language, and B
is a prefix rational language.

In order to prove that for all (g z), A, ,) (vesp. By, ,)) is linear (resp.
rational), since the level of the stack in the automaton M cannot decrease in-
finitely, it is sufficient to simulate M by two automata (M7, Ms) with M; being
a 1IDPDA and M> being a finite state automaton. Intuitively, the first copy M;
operates on a finite word and halts at a configuration where the level of the stack
can not change to let a hand to the second copy Ms for scanning the rest of the
run. We obtain

q5,7)

Awp. B L (M) (L (My))”

a5,z)

where L (M) is a linear language and L (Ms) is a regular language.

Now, let us suppose that Ay, ,) is not a prefix, so, there exists z, y € Ay, ,)

such that @ < y and @ # y. Then z € A, ) if and only if (g0, 2, Z0) —
(gf,€, Z7) such that the condition C4 (qf,z, Zv) is verified. It is also verified
that y € A, ,) if and only if (qo, y, Zo) — (qf,€,Z~") such that the condition
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C1(qf, Z%') holds. Since y = za’ with 2’ # ¢ and M is deterministic, then
necessarily

(q0,y = .2, Zo) = (qp,e.5', Z7) = (q5,¢, Z7)

which contradicts condition C; (the pair (¢y,z) is entered two times in the run
of M on y), so x = y. Thus, A(q;.) is a prefix and linear. For the second
case, in order to prove that B, ,) is rational, it is sufficient to remark that, in
the automaton Ms, only the first symbol of the store can change, then we can
construct a finite automaton M’ from My which accepts the language By, ,)-
The proof that B, ,) is a prefix is similar to the one of Ay, ,) changing the
condition C to the condition C5. Finally, it’s easy to see that

L M)=J Aw.)BG, . u
(qr,z)€D

Theorem 12 (Analysis Theorem). For all w-languages L € 1DPDAB (X¥)
there exist four sequences (K;), (R;), for i = 1,2,...,n, and (A;), (Bj), for
7 =1,2,...,m, where

1. for alli=1,2,...n, K;, R; are reqular languages of finite words,

2. for all j =1.....,m, Aj is a prefix linear language and B; is a prefiz reqular
language, and

3. RY @ U;ﬂ:l A;By.

Proof. Let L € 1IDPDAB (X¥), then there exists a IDPDAB M = (M',F) =
(K, II ={K1,K>},X,T,d,q0, Zo, F) such that L = L* (M). Let F = F} U F3
with Fy C K and Fy C Ky (necessarily Fy N Fy = ). We consider then the
automata M7, My deduced from M with

M1 = (Kvﬂz{Klvm}727F75/K17q07Z07F1)

and My = (M', F,). By Lemma[ we can simulate M; by a Biichi finite automa-
ton A =(Qa,X, 04,904, Fa) and then L* (M) = L* (A) = U, K;R¥, where
K;, R; are regular languages of finite words. The behavior of M, is, accord-
ing to Lemma [0, L¥ (Ms) = UT:1 A;jBy, where A; is a prefix linear language
and Bj is a prefix rational language for all j = 1,...,m. It is clear then that
L¥ (M) = L® (My) U L¥ (My) with L (My) N L (My) = 0. O

In contrary to no deterministic case, where it was established in [§] that the

w-language L is recognized by a Biichi one-turn pushdown automaton if and
n

only if L = |J A;BY¥, where for all i = 1,2, ...,n, 4; is a linear language and B;
i=1

is a rational language, the converse of the theorem [2] is not always true.

Theorem 13 (Synthesis Theorem). Let (4;)

linear languages and (B;)

i=1,..n be a sequence of prefiz

i=1,..n e a sequence of prefix rational languages, the

w-language L = |J A;BY is not necessarily in 1IDPDAB (X%).
i=1

1=
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Proof. Tt is sufficient to consider the language A = {a"b"c:n €N} U
{a"b* : n € N} which is linear and prefix and the rational language B = {a}.
The language L = ABY satisfies the conditions of Theorem [I2 But L is not de-
terministic. |

4 Closure Properties

In this section, we study some closure properties of the class IDPDAB (X¥).
It is shown that this class is not closed under Boolean operations and proper
morphism.

Proposition 14. The family 1IDPDAB (X%) is strictly included in the family
1PDAB (X¥).

Proof. Obvious, since any deterministic one-turn PDA is also a one-turn PDA.
The w-language (a + b)* a¥which is in 1IPDAB (X*) and not in 1DPDAB (X*),
shows that this inclusion is strict. |

We introduce the notion of trim one-turn deterministic pushdown automata
in order to show that LF (L) is a deterministic linear language if L is in
1DPDAB(X¥).

Let M = (K, II ={Ky,Ks},X,T,0,q0, Zo, F) be a IDPDAB. We recall here
that a state ¢ € K is accessible (coaccessible) in M if there exists a run r :
(qo,, Zo) —— (q,¢,7) (arunr : (¢, 2,7) — (t,&,v) with t € F). An automaton
is trim if each state is both accessible and coaccessible. We denote the set of
pairs (state, symbol of push) accessible from (¢, Z) by Acc(q,Z) = {(¢’,Z’) €
KxI'|3ze€ X% (qx,2) — (¢,e,Z'y") with v' € I'*} and those coaccessible
from (g, Z) by Coacc(¢q,Z) = {(¢,Z2') € K xT |3y € ¥* : (¢,y,2') —
(g,e,Zv) with v € I'*}.

Proposition 15. To any Bichi one-turn PDA M, one may associate a trim
Biichi one-turn PDA M’ such that

1. The automata M and M’ recognize the same subset of X, and
2. If M is deterministic, so is M’.

Proof. Let M = (K, II = {Ky, K>}, X, T,0,q0, Zo, F) be a one-turn PDA with
Biichi’s condition. It is sufficient then to take the restriction of M to the set of
pairs A which are accessible and coaccessible where

A = Acc(qo, Zo) N U Coacc (g¢, Z) o . -
(q¢,Z2)eFXT

Proposition 16. For all w-language L in DBPIC (X%), the set LF (L) of left
factors of L is recognized by a deterministic one-turn pushdown automaton.
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Proof. Let L € 1IDPDAB (X%) then L = L¥ (M) with
M = (K7H = {KlaK2}527F76aQOaZO7F)

is a IDPDAB. We suppose that M is trim, then it is sufficient to consider the one-
turn DPDA M’ = (My, K) with M, = (K, Il = {Ky, K2}, X, T,0,q0, Zo), where
all the set K is taken for the set of final states, then we have LF (L) = L (M'). R

Proposition 17. The family IDPDAB (X%) is not closed by intersection.

Proof. 1t is sufficient to consider the following w languages Ly, Lo which are in
1IDPDAB (X¥) with Ly = {a'b'a// i,j > 1} ¢* and Ly = {a'V/a’/ i,j > 1} ¢*.
But, L = L1 N Ly = {a™b"c™;n > 1} ¥ ¢ IDPDAB (X¥), because L ¢ Alg (X%)
and 1DPDAB (X¥) ¢ 1IPDAB (X¥) ¢ Alg (X¥). |

Proposition 18. The family 1IDPDAB (X%) is closed under intersection with
the family Drat (X“) of w-rational languages recognized by deterministic finite
automata with a Bilichi acceptance condition.

Proposition 19. The family IDPDAB (X¥) is not closed under morphism.

Proof. We consider the same examples L1 = {aibiaj/i,j > l}c“ and Lo =
{a'bia? /i, j > 1} ¢* cited in Proposition 5. Let L = cL1UdLy (with c,d ¢ {a,b})
which is in IDPDAB (X). Let h be the morphism from X% to X% defined by:
h(c) = h(d) = ¢ and for x € {a,b} : h(x) = x. Then we have, h(L) =
h (CLl @] dLQ) =h (C) h (Ll) Uh (d) h (LQ) =cliUcly =c (L1 @] LQ) Since L' =
L1 U Ly is ambiguous then also cL' and consequently cL’ is not deterministic. B

Let us now have a look at the subset of X* which can be recognized by a
deterministic one-turn pushdown automaton with a Biichi acceptance condition.

T —
Proposition 20. Let M be a 1IDPDAB. Then L* (M) = L* (M).

Proof. Let M be a 1DPDAB. If w € L¥ (M), then there is a unique infinite
run 7 = {(pi,Vi)}i>o of M on u = agaias..., starting at (qo, Zo) such that
Inf (r) N F # (). Consequently, there exits an infinite subsequence of integers
ng < niy < ng < .., satisfying gn,, ¢nys Qnys-.- € F, then the words uy =
ag...ap, _, for k > 1 are in L™ (M) and are prefixes of u and u = limy—, o ug.

[ —_—

Thus L (M) C LT (M). Conversely, if u € L™ (M) then u has infinitely many
prefixes in Lt (M). Since M is deterministic, there is a unique run r of M on u
such that 7 meets F infinitely often F i.e., Inf (r)NF # (). Thus u € L¥ (M). &

Theorem 21. A part U of X¢ is recognizable by a one-turn deterministic push-
down automata with Biichi acceptance conditions if and only if U is a limit of
deterministic linear language L of finite words.

=
Proof. If U = L¥ (M) for some 1DPDAB M then U = LT (M) by Proposition

Conversely if U = X, where A is a deterministic linear language of finite
words, there exists a deterministic one-turn pushdown automaton M’ such that
L (M') = A ( the acceptance mode is by final states). From Proposition 20 again,
we have U = L* (M). |
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Proposition 22. The classes IDPDAB (X%) and Rat (X%) are incomparable.

Proof. 1t is sufficient to consider the w-languages L1 = {a™b™ | n > 1}a* and
Ly = (a+b)"a* where we have L; in 1DPDAB (X*) and not in Rat (X¥),
however Ly is in Rat (X*) and not in 1IDPDAB (X¥). [ |

Proposition 23. The class 1IDPDAB (X¥) is not closed under complementa-
tion.

Proof. It is sufficient to consider the w-language Lo = (a+b)" a® which is not
in 1DPDAB (X*). On the other hand, Ly = {a,b}* — Ly = (a*b)” + (bTa*)* €
1DPDAB (X¥). |

5 One-Turn PDM with Muller Condition

Muller introduced a more powerful condition of acceptance leading to a model
of deterministic automata, now referred to as Muller automata. The condition
of Muller is just a designated subset T of states, and a run r in an automaton
is successful if it starts at the unique initial state and Inf (r) € T'.

In this section, we study the behaviors of one-turn deterministic pushdown
automata with Muller acceptance conditions and some closure properties of sets
recognized by these automata.

Definition 24. A one-turn deterministic pushdown automaton with a Muller
acceptance condition is a pair M = (My, T) where My is a 1IDPDA and T C 2K,

The infinite word o € X“ is accepted by M in the sense of Muller if and only
if there is a unique infinite run r of M starting at (qo, Zp) and Inf (r) belongs
to T. We denote by IDPDAM (X%) the family of w-languages recognized by a
deterministic one-turn pushdown automaton with a Muller acceptance condition.

Proposition 25. For all w-language L € 1DPDAM (X¥) there exist two se-
quences of languages (A;), (B;), i = 1,...,n where for all i

1. A; is a prefix linear language,
2. B is a prefix rational language, and
n
3. L= A;BY.
i=1
Proof. The proof is similar to the case when the acceptance condition is of Biichi,
i.e, to the proof of Theorem [ |

Proposition 26. The family 1IDPDAB (X¥) is strictly included in the family
IDPDAM (5¥).

Proof. At first, we have IDPDAB (X¢) C 1IDPDAM (X%). In fact, for any one-
turn deterministic pushdown automaton M = (M;, F) with a Biichi accep-
tance condition we construct an equivalent M’ = (M7, T) with a Muller mode
where T = {D C K/DNF # (}. The w-language L = (a + b)" a* which is in
1DPDAM (X*) and not in 1IDPDAB (X“) shows that the inclusion is strict. W
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Proposition 27. The family IDPDAM (X%) is not closed under union, inter-
section and morphism.

Proposition 28. The family IDPDAM (X%) (with no e-transitions) is closed
under complementation.

Proof. Let M = (M, F) be a one-turn deterministic pushdown automaton with
a Muller condition and let L = L* (M). We suppose that M has the continuity
property, i.e., for all ¢ € X¢ there exists an infinite run of M on o. With
this hypothesis, we have L = ¥¥ — L = L¥ (H) with M = (th), where
F = K — F. We then have L* (M) N L* (M) = () and for all ¢ € X*, we have

g€ L¥(M)oroc L¥ (M), ie, 2¢=L*(M)u L (M). ]
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Abstract. Motivated by our study in [I2] of the graph of some Fine-
computable (hence Fine-continuous) but not locally uniformly Fine-con-
tinuous functions defined according to Brattka’s idea in [2], we have
developed a general theory of the fractal defined by an infinite system of
contractions. In our theory, non-compact invariant sets are admitted. We
note also that some of such fractals, including the graph of Brattka’s func-
tion, are also characterized as graph-directed sets. Furthermore, mutual
identity of graph-directed sets and Markov-self-similar sets is established.

1 Introduction

In our study of “Fine-computable” functions in [12], we worked on “Fine-com-
putable” (hence Fine-continuous) but not locally uniformly Fine-continuous func-
tions defined according to Brattka’s idea in [2]. In [I2], we characterized such a
function as the solution of an infinite system of functional equations, and showed
that its graph is a fractal defined by an infinite system of contractions.

As we observed these results, we were led to the general theory of the invariant
set for an infinite system of contractions in which non-compact invariants are
admitted. For some examples which have good symmetric structures, such an
invariant set can also be obtained as a member of a pair of graph-directed sets.
On the other hand, Tsujii in [I3] developed the theory of Markov-self-similar
sets. We can in fact show the equivalence of the theory of graph-directed sets
and the theory of Markov-self-similar sets.

Fine-topology and Brattka’s function as well as the characterization of its
graph in terms of an infinite system of contractions are explained in Section 2l
In Section [B] we review some basics of self-similar sets and their properties. In
Section @l we study the invariant set which is defined in terms of an infinite
system of contractions, and show that some fractal figures such as the graph of
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Brattka’s function is obtained in this manner. In Section [l we present another
characterization of the examples in Section €l in terms of graph-directed sets,
that is the figure G and a part of G are defined as an invariant pair for a finite
system of contractions. From this characterization, we can derive positivity of
the s-dimensional Hausdorff measure H*(G) for s > 0, the dimension of G, from
the general theory of graph-directed sets. The equivalence of this theory and the
theory of Markov-self-similar sets in [I3] is established in Section

Our original purpose was to present a general theory of the invariant set for
an infinite system of contractions in order to apply it to some examples of Fine-
computable functions. A function of this type is the solution of an infinite system
of functional equations, from which some important properties of the function
can be deduced [I2]. The graph of such a function can be characterized as the
invariant set for an infinite system of contractions. In general, the Hausdorff
dimension of the invariant set for an infinite system of contractions can be eval-
uated. For a graph as above, the finiteness of the Hausdorff measure with respect
to the dimension can be established.

The examples we have treated possess, however, some symmetric structures.
This fact led to us to the idea that they can also be characterized as graph-
directed sets. The theory of graph-directed sets has the advantage that it has
been well developed [TIBI59], and that positivity of the Hausdorff measure of a
graph-directed set is a known result. Moreover, this theory concerns only a finite
system of contractions.

Let us note here that the graph of each of our examples is not compact, but
its closure is obtained from the graph by augmenting a countable set of points.

The theory of Markov-self-similar sets has been proposed and studied in [I3]
quite independently of the two theories above. It is of interest that the equiva-
lence of the last two theories holds. Since Markov-self-similar sets can be defined
in terms of a square matrix, they are relatively easy to deal with.

2 Fine-Topology and Brattka’s Function

The Fine-topology on I = [0,1) is generated by the system of fundamental
neighborhoods {U,(z) |z € [0,1),n = 1,2,3,---}, defined as follows [7] (See
also [TOJITII2]). For a positive integer n, let

k k+1
on’ on
Un(z) = the I(n, k) which contains x.

I(n,k) =] ), k=0,1,...,2" 1,

A real function f(z) on I = [0,1) is called Fine-continuous if, for = € [0,1)
and an integer k, there is an integer n(z, k) such that |f(z) — f(y)| < 27F for
Y € Up(a,r) (7). A function f(z) is said to be uniformly Fine-continuous on a set
U if, for k, there is an integer n(k) such that |f(y) — f(2)| < 27 % if y,2 € U
and z € Uyu)(y). f(z) is called uniformly Fine-continuous if it is on the set
I =[0,1). A function f(z) is called locally uniformly Fine-continuous if, for
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x € [0,1), there is an integer n(x) such that f(z) is uniformly Fine-continuous
on Un(w) (x)

Example 1 (Brattka, [2]). Brattka’s function is defined as follows. Let p(x)
denote the dyadic expansion of x with infinitely many 0’s. Define

()= { Dol mod 227 i) () = 0.0701%00M 14207 )
= i—1
S (6 mod 2)27 2= ) (p(z) = 0.0m0 1011402 - - 14m Q)

where x € I, ng >0, n; >0 fori>0 and €; > 0 for all i > 0.

The function v(x) is Fine-continuous (in fact “Fine-computable”) but is not
locally uniformly Fine-continuous [2]. The graph of v(x) is depicted in
Figure 2 (a).

Let us attempt to visualize why v(x) is not locally uniformly Fine-continuous.

Let
1 1

Tl T

Then g~ Iy = I and {I;} are mutually disjoint. Define the function f(z) on
I by

Li=[ ), k=1,2,....

flz) =0 — (=112 for x el k=1,2,....

The function f(x) is locally uniformly Fine-continuous since for any = € I there
exists a unique k such that « € I, = Up(x) and f(z) is constant on Ug(x). The
function f(z) is not uniformly Fine-continuous since for any integer m there are
z € I and k such that U,,(z) D Ix, Ir4+1 and

[f(x) = f(y)|=1 for x €1 and y € Ij41.

This means that, for any ¢ (0 < & < 1), there is no m such that |f(z) — f(y)| <
¢ for any z € I and for any x,y € U,,,(2). The graph of f(x) is drawn in Figure 1.
Brattka’s function v(z) has miniatures of the function f(x) as above every-
where, and this fact ensures that v(z) is not locally uniformly Fine-continuous.
We can see this situation through the equation
i -1
D' o @)

2

21

) is defined by Vi(z) =1 — 541 + 5.
has the following characterization:

1+

—

v(x) for zel; (i=1,2,...),

=N

where V; : [0,1) — [0,
The graph G of v(x

~

G= fj Si(@),
i=1

where S; : R? — R? is defined by

1 (-1)f+1 1 .
_2271+§x7%+§y>7 Z:1a27"'a

Si(z,y) = (1

that is, the graph of the function v(z) is invariant for {S;}5°;.
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1 — A
0.8
0.6
0.4
0.2
0.2 0.4 0.6 0.8 1
Fig. 1. The function f(z)
14 1
1.2 L S2(G)
5:G)
1 o
0.8 0. G
0.6 0.
0.4 0. S1(G)
0.2 0.
S3(G)
. [
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8
(a) Brattka’s function (b) Contractions

Fig. 2. Brattka’s function and contractions

This characterization needs an infinite number of contractions, that is, the
graph of the function v(x) is not invariant for a finite number of contractions.
Notice that, with a finite number of contractions, the corresponding function
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becomes locally uniformly Fine-continuous. The relation between {S;} and Brat-
tka’s function is depicted in Figure 2.

Similar infinite systems of contractions give rise to some other examples of
Fine-continuous functions which are not locally uniformly Fine-continuous [12].

3 Self-similar Sets

We summarize here some known facts of the fractals which are defined to be the
invariant sets for finite systems of contractions.

Definition 2 (Contraction map). A map S : R — R? is called a contraction
map if
|S(x) — S(y)| < ¢ |x—y| forall z,y € R

for some ¢, 0 < ¢ < 1. Such a c is called a contraction ratio for S.

Definition 3 (Invariant sets). Let {Si}7_, be a finite system of contractions.
A set F' is called invariant for {Sy}}_, if it satisfies the equation

F = Sk(F).
k=1

Definition 4 (Hausdorff measure and Hausdorff dimension)

a) The s-dimensional Hausdorff measure H*(F) of a subset F' of R? is defined
by

H* (F) = lim H(F),

H(F) =inf {Z |U;|* : {U;} is a d-cover of F} ,
i=1

where |U;| denotes the diameter of U;, and {U;}52, is a d-cover of F if
F C Uf; U; and 0 < |U1| < 4.
b) The Hausdorff dimension dimy(F) of a subset F' of R? is defined by

dimy (F) =inf {s: H*(F) =0} =sup {s: H*(F) = co}.
Definition 5 (Self-similar set)
(i) A map S:R? — R? is called a contraction similarity if
1S(z) — S(y)| =c |z —y| forall 2,y € RY,

where 0 < ¢ < 1. ¢ is called the contraction similarity ratio of S.

(ii) Let {Sk}y_, be contraction similarities.
A non-empty compact set F is called self-similar for {Si}7_, if it is invariant
for {Sk}i_y, that is, it satisfies

F= U Sk(F)a
k=1
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and, for some s > 0,
0< H¥(F)<oo and H(S;(F)NS;(F))=0 (i#j).

A well known example which is characterized by a finite number of contraction
similarities is the Koch curve (cf. [4] and [5]).

Example 6 (Koch Curve). The Koch curve is invariant for Sy and Sa,

where S; maps the whole triangle to the smaller triangle for i = 1,2. (See
Figure 3.)
S1 Sa
(0,0) (1,0)

Fig. 3. The Koch curve is invariant for S; and Ss

The theorem below concerning the finite contraction system is well known.
Theorem 7 (Hutchinson; [8/4)5]). Let Si,...,Sm be contractions.

(i) There exists a unique non-empty compact set F which is invariant for

{Si}it,
(ii) Assume furthermore that Sy, ..., Sy are contraction similarities with con-
traction similarity ratios ci,ca,...,Cp respectively, which satisfy the open

set condition, that is, there exists a non-empty bounded open set V such
that

holds with the union disjoint. Then the unique compact invariant set F has
the Hausdorff dimension s, where s is determined by

m
S
i=1
Moreover, F' is self-similar for Si,...,Sm, that is,

0< H*(F) < oo and H*(S{(F)NS;(F)) =0 (i # 7).
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4 An Infinite System of Contractions

In this section we investigate the invariant set (a fractal) which is defined in terms
of an infinite system of contractions. Fernau and some others (in [0], for example)
have also treated the invariant set for the infinite system of contractions. They
are mostly concerned with compact invariants, while we do not restrict ourselves
only to compact invariants. This enables us to apply the results to the graphs
such as the one in Example [I, which are not necessarily compact.

In the subsequent discussion, {S;}, {S;}2; or S1,S2,- -+, Sm, - will denote
an infinite system of contractions.

Definition 8 (Invariant set). 4 set F is called invariant for {S;}32, if
F=]sip).
i=1

Note that if F is compact then S;(F) is compact, but [J;2, S;(F) is not nec-
essarily closed. So, we may not have a compact invariant set for the case of an
infinite system of contractions.

However, we have the theorem below which follows from the next proposition.

Proposition 9. Let {S;} be as above. Assume that sup; c; < 1, where ¢; is a
contraction ratio of S;, that is,

1S;(z) — Si(y)| < ¢ |x —y| for all z,y € R,

Assume also that there is a non-empty bounded open set V' such that
Vo Jsiv).
i=1

Then there is a “unique” non-empty {S; }-invariant set H in the following sense.
Suppose that Vi and Vo are non-empty bounded open sets which satisfy the above
condition on V. Let

Hy= () S*Vy), j =12
k=0

where S(A) = U Si(A), and S* denotes the k-th iterate of S. Then Hy and Ho
i=1
are invariant for {S;}5°,, and
H;CV; j=12.
Furthermore, Hy = H>.

Proof. The invariance of H; (also of Hy) for {S;}$2; is obtained by the fact that
{S*(V1)}22, is a decreasing sequence.
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For the rest it suffices to show that for any two non-empty bounded open sets
V and W which satisfy

Vew, volJSiv), wo | Ssiw),
i=1 i=1
it holds that
() S*V) =) S*W).
k=0 k=0
For, if we let W =V, UV, and V = V; (or Va), the equation above induces the
equality
) S*W) = () s*(W) (= () $*(R)).
k=0 k=0 k=0
Recall that the Hausdorff distance d(E, F) between two sets E and F is

defined by
d(E,F)=inf{§ >0: E C F5 and F C Es},

where Fjy is the d-parallel body of F', that is,
Fs={z€R?: |z —a| <4 for some a€ F}.
From the definition, we have
AU, B, U2 Fy) < sup{d(E;, F;) : 1 <i < oo}
It follows that, for any sets A and B,

d(S(A), S(B)) = d(UiZ,5i(A), UZ,5:(B))
sup{d(Si(4),S;(B)) : 1 <i < oo}
(SUP1§i<ooCi) d(A, B).

Let ¢ = sup; <;-,¢i(< 1). Notice that {(),Ly S*(V)}m and {Ly S* (W)}, are
decreasing sequences of sets. So

<
<

d( ﬁ Sk(V), ﬁ SEW)) < c™d(V,W).
k=0 k=0

It then follows that
d(() s*(V), () s*W)) =o.
k=0 k=0

Note also that

ﬁ Sk(W) = ﬁ SE(V) C 7,
k=0 k=0
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and hence -
S™(() S*H(W)) c s™(V).
k=0

Then - - -

) s™([)s*W)) c () S™V).

m=0 k=0 m=0
Recall that (), S*(W) is invariant and so (;— S¥(W) € N_y S™(V). This
implies that (N, S*(W) = Nrey S*(V), because V C W. [ ]

The theorem is stated for contraction similarities (cf. Definition B, Theorem [7).

Theorem 10. Let Si,...,Sm,... be contraction similarities with contraction
similarity ratios ci,...,Cm,... respectively. Suppose they satisfy the open set
condition, that is, there exists a mon-empty bounded open set V' such that

Vo lJsi(v)
i=1
with the union disjoint. Let
F=[)8*V).
k=0

Then the following hold.

(i) F is invariant for {9;}2,.
(ii) F has the Hausdorff dimension s, where s satisfies

o0
E ¢ =1
i=1

(iii) For the s in (ii),
H*(F) < o0

where H*(F') is the s-dimensional Hausdor(f measure of F.

Proof.
(i): The invariance of F is shown in Proposition [0
(ii) and (iii): First notice that > (¢;) < 1, since 0 < ¢; < sup; ¢; < 1
and V O UJ;2, S;(V) with the union disjoint. (d is the Euclidean dimension of
R9.) Tt follows that ¢(t) := Y ;= (c;)! is a continuous and strictly decreasing
function with ¢(0) = oo and ¢(d) < 1. Note that s in (ii) is the unique solution
of ¢(t) = 1.

The fact that H*(F) < oo is proved in a similar way to Theorem 8.6 in [4]
or Theorem 9.3 in [5], and so the Hausdorff dimension of F' is smaller than or
equal to s.
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We claim below that H* (F) > 0 for any s’ such that 0 < s’ < s. This implies
that the Hausdorff dimension of F' is greater than or equal to s. We can thus
conclude that s is the Hausdorff dimension of F'.

As ¢(s) = 1 and ¢(t) is decreasing, Y°° (¢;)* = #(s') > 1. Fix an m so that
S (¢:)*" > 1. Then by the fact that S (¢;)* is decreasing and continuous
in ¢, there exists a real number u (' < w < s) for which Y./" (¢;)* = 1.
The finite system {S;}7, satisfies the open set condition. Let F, be the self-
similar set for {S;}7~,. By virtue of Theorem [l H"(F},) > 0 holds. It also holds
generally that F,, = ;" (Sm))*(V), where S(n)(F) = UL, Si(F). (See []
and [5].) So F,, = MNreo(Sm)*(V) € Nre, S*(V) = F holds, and this implies
that H* (F) > H*(F) > H"(F,,) > 0. [

Note 11. It is not currently known whether 0 < H*(F') holds in general, but it
does hold for our examples.

Ezample [ (continued). {S;}22, denotes the system of contractions for Exam-
ple M in Section @ Let V' = (0,1) x (0,2). The graph G of Brattka’s function
has Hausdorff dimension 1, and the 1-dimensional Hausdorff measure of G is
positive, because the projection of G to the z-axis is the unit interval. This fact
will be reconfirmed in Section [l

We give another example below.

Example 12. Let

1z _(r+2 y+1
571)7 SS(xuy)_( 4 0 4 )v

Y 1 x 1
Son(T,y) = (2n+1 +1—2—n,—W+2—n> forn=2,3,...,

Si(z,y) = (%, g), So(z,y) = (% +

T 1 Y 1
Sgn+1(.73,y) = (ﬁ+1—2—n,—ﬁ+2n+l> forn:2,3,....

The maps {S;} and the invariant set are illustrated in Figure 4. The invariant
set has Hausdorff dimension s = %, and the s-dimensional Hausdorff

measure is positive. The last fact will be seen in Section [1.

5 Graph-Directed Sets

Graph-directed sets are investigated in, for example, Bedford [I], Mauldin and
Williams [9] and Edgar [3]. In this section we discuss the preceding examples in
light of the theory of graph-directed sets. More precisely, the invariant sets of
these examples are characterized in terms of graph-directed sets. The closure of
each example is also a graph-directed set, and is obtained from the original set
by augmenting a countable set of points. Due to this fact, both the Hausdorff
dimension and the Hausdorff measure with respect to the dimension for the
original set are the same as those of its nonrectification.



Fine-Continuous Functions and Fractals Defined by Infinite Systems 119

0.5¢
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0.3;
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0.2 0.4
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)
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&

0.6 0.8 1

oS

0.2 0.4 0.6 0.8 1
Fig. 4. Example

The definition of graph-directed sets is stated below.

(V, E) will denote a finite directed graph, that is, V.= {1,..., K} is a set of
vertices, E; ; is a finite set of edges from vertex i to vertex j and E = {E; ; }i jev.
Some E; ; may be empty.

Definition 13 (Graph-directed sets; [5]). Let (V. E) be a directed graph.
Assume that a contraction, say Se, is associated with each e € E; ;. A K-tuple
of non-empty sets (Fy, Fa,...,Fx) is called a family of graph-directed sets for
(V. E) if

K
FFU U S.(Fy), i=1,....K.
=

j=1e€E;,;

Remark 14. The graph-directed sets in Definition can be reformulated as
follows.
Assume K 2 1, and let

{S}tymy (gl2ymz o fGlR K
S = ... .. DY R
(SKIymg (SKEyup (SR
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where each Sfl is a contraction and ng > 0. A K-tuple of sets (Fy,...,Fk) is
called a family of graph-directed sets for S if

Nkl NkK
Fp=JsSF(r)u--u ] SH(Fk), k=1,....K.
i=1 =1

Note 15. The equivalence of these two definitions follows if we let
{Serec By ={S/:1=1, ....ny}, i,j=1,...,K.

The open set condition for graph-directed sets can be expressed similarly to
that of (ii) in Theorem[7 That is, a family of graph-directed sets is said to satisfy
the open set condition if there exist non-empty bounded open sets {V;}X, such
that

K
violJ U Se(vp), i=1,... K,

j=1e€E;

with the unions disjoint.

Let Elkj be the set of sequences of k edges (e1,ea,...,ex) which is a directed
path from vertex i to vertex j. We say that the directed graph (V, E) is transitive
if, for any i, j, there is a positive integer p such that Efj ; is non-empty.

The following theorem is due to Mauldin and Williams. It claims the unique
existence of a family of compact graph-directed sets.

Theorem 16 ([IJ3549]). Let (V,E) be a directed graph and let S. be a con-
traction for each e € E; j. Then the following hold.

(i) There is a unique family (Fy, Fs, ..., Fx) of non-empty compact sets which
is a family of graph-directed sets for (V, E).

(i1) Assume furthermore that (V, E) is transitive, the contractions are similar-
ities with contraction ratio c. for each e € E; ; (i,j € E), and the open set
condition is satisfied. Let c(s) be a K x K matriz with the (i,)-th entry

c(s)ij= >, ¢

eckE; ;
Let s be the unique real number that satisfies
A(s) =1,

where A(s) is the maximal eigenvalue of c(s). Then the Hausdorff dimen-
sions of the sets Fy, Fy, ... Fx in (i) are all equal to s. Moreover,

0< H(F)<oo, i=1,...K.

The examples below concern non-compact graph-directed sets, which are ob-
tained directly. The Hausdorff dimension and positivity of Hausdorff measure
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of each set can be obtained by compactifying it, as has been remarked at the
beginning of this section.

Ezample [ (continued). The graph of Brattka’s function can also be character-
ized in terms of graph-directed sets as follows. Let

i) = (52) Ble) - (82, e - (52)

Then the graph of Brattka’s function G is characterized by

{G =T\ (B)UB
B = S51(G)UTy(B),

where B=GnN[0,1) x [0,1).
G and B also satisfy

{G =T, 081(G)U S (G)UT) o Ty(B) UT(B)
B = S1(G) UTy(B).

Note that B is invariant for {S;, T, S1 o T} but G is not invariant for any
finite system of contractions. The relation between the system of contractions
{51, T1, Tz} and Brattka’s function is illustrated in Figure 5.

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

Fig. 5. Graph-directed sets and Brattka’s function
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Ezample[I2 (continued). The invariant set for Example [[2] can be characterized
in terms of graph-directed sets as follows. Let

iy = (5.2) By =(Y+5.5) sy = (21200,

272 424 4
s = (L8 -Ee ). e = (0 L) re = (341.8).

Then the closure C' of the graph of Example [[2is characterized by

where D = C' N ([2,1) x [0, 1]).
C and D also satisfy

S;(CYUT(D),

Q
I
Ce

1

.
Il

!
|
e

S;(C) UT(D).

=4

6 Markov Self-similar Sets versus Graph-Directed Sets

Tsujii has defined “Markov-self-similar sets” and investigated their properties in
[13].

Definition 17 (Markov-self-similar sets; [13]). Let 7 be an N-tuple of N
contraction similarities. It can be expressed as a matriz of the form

Ty Tiz ... Tin
To1 Ty ... Ton

TN] TN2 PN TNN

where each Ty is a contraction similarity, and not all of Ty, Tko, ..., TN are
the null map for each k. (Precisely speaking, the null map is not a contraction.
We regard it here, however, as a contraction with the contraction ratio 0. Any
proper contraction should have the positive contraction ratio.)

An N-tuple (K1, Ka,...,KN) of non-empty sets is called Markov-self-similar
for T if it satisfies the following conditions.
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N
Ky = |JThi(K;) for k=1,....N,
i=1
for some s > 0,
0< H(K;) <oo for i=1,...,N,
and, for such an s,

H*(Tyi (K;) N Tij (K;)) =0 (i # §) for k=1,...,N.

For a non-negative number ¢, we define an N x N non-negative matrix R(t) =
((cri)?), where cp; denotes the similarity ratio of Ty, for k,i=1,..., N.
Tsujii has proved the following theorem.

Theorem 18 (Tsujii; [13]). Let 7 be as in Definition [T, satisfying further
the following conditions.

a) There exists a non-empty open set V' for which
Twi(V) CV oand Tyy (V)N Tk; (V) = ¢ if i # j for all ki, j=1,...,N.

b) The matriz R(0) = ((cki)?) is irreducible and the mazimal eigenvalue \(0)
of the matriz R(0) = ((cxi)°) is greater than 1, where 0° = 0.

Then the following hold.

(i) There exists a unique N-tuple (K1, Ko, ..., Kn), called the family of Markov-
self-similar sets for T .
(ii) For any k = 1,...,N, the Hausdorff dimension of Ky, is the s for which
the mazimal eigenvalue \(s) of R(s) is 1.
(iii) Let (z1,...,zN) be the positive eigenvector of R(s). Then there exists a
positive ¢ such that

H*(Ky) =cxy, for k=1,...,N.

Theorem 19. A family of graph-directed sets can be obtained as a family of
Markov-self-similar sets. The converse also holds.

Proof. a) We show that graph-directed sets Fi, Fy,...,Fx for (V,E) form a
subset of a family of Markov-self-similar sets K1, Ks, ..., Ky for some matrix 7
as in Definition [[7l Furthermore, {F;} and {K;} are identical sets.

Let S and Fi,..., Fx be as in Remark [[4] Let

n1 =max(nii, N1, ..., NK1),
ny =max(niz, N2, ... NK2),

ng =max(nig, N2k, .- - NKK),

uj =ni+---+mn;, for j=1,... K.
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In order to transfer graph-directed sets to Markov-self-similar sets, we expand
the index set V' to:
I={1,2,... ug}.
We construct maps {Tj,}, 1 < i,7 < ug from the maps in S in Remark [[4] as
follows. For each i, k, 1 <i,j < uq, define

S]il (k = 1 7?,11)

0 (k—n11+1 u1)
Sk s (k =u; +1,. Ul + n12)
Ty, = 0 (k—u1+n12+1 us)
Sk wr_ 1 (k—uK 1+ 1, uk 1+ k)

(k—uK—l+an+1a"'7uK) .
For each i, u; + 1 <i < usg, define
S,%l (k— 1 7?,21)

0 (k—ﬂ21+1 S, up)
S, (k=ur+1,...,um +n22)
T = 0 (k—ul+n22+1 uz)
S;%KUK ) (k—uK 1+ 1, uk 1+ nak)
1] (k—uK,1+n2K+1,...7uK).
Continue in this way, and finally for 7, ug_1 + 1 < i < ug, define
Slﬁ(l (k=1,...,nK1)
(Z) ( _HK1+1,...,U1)
Sk u ( —U1+1,...,U1+77,K2)
Ti. = ( —U1+77,K2+].,...,'LL2)
S,ﬁ”i}( ) (k—uK_1+1,...,UK—1+nKK)
(k:UK,1+nKK+1,...7UK) .

T = (Ti) is a ug X ug square matrix consisting of contraction similarities
which satisfy the condition in Definition [l It also satisfies the conditions a)
and b) in Theorem [I8 By virtue of (i) and (ii) in Theorem [I] there is a fam-
ily of Markov-self-similar sets (K7, -, K,,) for 7, and it is obvious from the
definition 7 that

Ki :F1 for i= ].,...711,17
Ki:FQ for i=u1+1,...,u2,
K; =Fk for t=ug_1+1,...,uKk.

Now, the family of the graph-directed sets Fy,..., Fx for S is a sub-family of
the family of Markov-self-similar sets K1, Ka, ..., Ky, for 7, and {F,,} = {K; }
b) Markov-self-similar sets are graph- dlrected sets by definition.
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Remark 20. 1) It is self-evident that the Hausdorff dimension of the graph-

directed sets for S (Theorem [I8) is equal to that of the Markov-self-similar
sets for the corresponding T .

2) The matriz (T )ik defined in the proof of Theorem [IAis singular.
3) It is easier to evaluate the eigenvalues with respect to S than with respect to T .
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Is P = PSPACE for Infinite Time Turing
Machines?

Joost Winter*

Bovenover 215, 1025 JN Amsterdam, The Netherlands

1 Introduction

In the existing literature on infinite time Turing machines (ITTM), which were
originally defined in [3], issues of time complexity have been widely considered.

The question P Z NP for Infinite Time Turing Machines, and several variants
on it, are treated in, e.g., [0, [2], and [4].

Besides time complexity, we may also try to look at issues of space complexity
in ITTMs. However, because an ITTM contains tapes of length w, and all non-
trivial ITTM computations will use the entire, w-length tape, simply measuring
the space complexity by counting the portion of the tape used by the computa-
tion is not an option. In [5], therefore, an alternate notion of space complexity is
provided, that is based on looking at the levels of Godel’s constructible hierarchy
where the snapshots of the computation can be found.

With this notion of space complexity of ITTMs, we can consider questions

such of the type P k. PSPACE, analogous to the existing work on the question

P £ NP for ITTMs. In this paper, we will look at some of these questions, in a
manner analogous to the earlier work on ITTM time complexity classes.

2 Definitions

For any infinite time Turing machine computation, we define the following op-
erations:

Definition 1. (1) gL (x) denotes the state a machine T is in at stage o, having
started from the input z; (2) hl(z) denotes the position of the head at stage
«, having started from the input x; and (3) cg:a(x), where i € {1,2,3}, denotes
the content of tape i at stage «, having started from the input x. Also, we will
define another operation, cZTna(x), which will be defined as 1 if n € ¢, (x), and
0 otherwise.

Following [5] and earlier articles such as [6], the ITTM space and time complexity
classes are defined as follows:

* (Received by the editors. 16 February 2008. Revised. 29 April 2008; 29 July 2008.
Accepted. 8 September 2008.)

M. Archibald et al. (Eds.): ILC 2007, LNAI 5489, pp. 126 2009.
© Springer-Verlag Berlin Heidelberg 2009
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Definition 2. IfT is a machine that eventually reaches the halting state g, and
a is the unique ordinal such that gL (x) = q¢, then we say that time(x,T) = a.

Definition 3. For any function f: R — Ord and any ITTM T, we say that T
is a time f machine if time(z,T) is defined for all x and, for all x € R, we
have time(z,T) < f(z). For any ordinal &, we say that T is a time £ machine
if T is a time f machine for the constant function f with f(x) =& for all x.

Definition 4. The family of all sets of reals that are decidable by a time f
machine is denoted by Py. For any ordinal £, P¢ denotes the family of all sets
of reals that are decidable by a time 1 machine for some n < &. The class P is
defined as the class P .

Definition 5. We define: (1) €% (x) := min{n : ¢], € Lyla] fori € {1,2,3}},
and (2) space(z, T') := sup{¢{ : £ < time(z,T)}.

Definition 6. For any ITTM T, we say that T is a space f machine if, for
all x € R, we have space(z,T) < f(x). For any ordinal £, we say that T is a
space £ machine if T is a space f machine for the constant function f such

that f(x) =& for all x.

Definition 7. For any function f, PSPACE; denotes the class of all sets of
reals decidable by a space [ machine. For any ordinal {, PSPACE; denotes the
class of all sets of reals that are decidable by a space 11 machine for some n < €.
PSPACE is defined as the class PSPACE, .

Furthermore, we define the weak halting problem h and its relativized versions
as follows:

Definition 8. We let h denote the set {e: ¢.(e) | 0}. Furthermore, for any «,
we let hy denote the set {e: ¢e(e) | 0 Atime(e,e) < a}

In the remainder of these papers, we will readily use some of the more standard
terminology and definitions in the I'TTM literature, such as clockable ordinals
and writable reals and ordinals. We also will refer to a number of basic or easily
proven results, a few of which will be listed below:

Lemma 1 (Welch). For any real x, the supremum of x-clockable ordinals +*
18 equal to the supremum of x-writable ordinals \*.

We also have the following result about the weak halting problem h, and its
relativized variants hg:

Proposition 1. For every ordinal o, we have hy ¢ Poy1. Moreover, h is un-
decidable.

Regarding the constructible hierarchy L, we have the follwing:

Lemma 2. If a > w, and A C w, and A € Ly[w] for a certain set w, and for a
certain set B, |(A\B) U (B\A)| < w, then B € Ly[w].
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3 P C PSPACE for Infinite Time Turing Machines

First of all, we want to be sure that P is always a subset of PSPACE. Due to
the somewhat unusual definition of PSPACE, however, it is not directly evident
that time(x,T) > space(x,T) for all =, T. It will be shown that this indeed is
the case, by showing that we can represent any ITTM-computation of length «,
starting from a set w, in level Ly [w] of the constructible hierarchy. We will first
define what we mean with a ‘representation’ of an ITTM computation:

Definition 9. We use the notation CL(w) for a representation of an ITTM
computation of a machine T from w in « steps, of the form

O (w) = {(8, 45 (), hs (w), ] s(w), c5.5(2), ¢5 5(w)) : B < a}

where B is an ordinal representing the stage, and qg(w), hg(w), czg(w) are as
they were defined earlier.

Lemma 3. When we have a suitable representation of Turing machines as finite
sets, the notion ‘a one step ITTM computation by a machine T from the state
t = (q,h,c1,ca,c3) results in a state t' = (¢', W, c}, ch, c5) is representable by a
formula of first order logic.

Lemma 4. The notion ‘X = CL(w): X represents an ITTM computation from
w in « steps’ is representable in the language of set theory.

Proof. Note that X represents an ITTM computation from w in « steps, if and
only if all of the following five conditions hold: (1) Every element of X is of
the form (8, q,h,c1,ce,c3) where 8 is an ordinal smaller than or equal to «;
(2) If we have (ﬁ7 q1, h1, C1,1,C2,1, Cg)l) € X and (ﬁ7 q2, ha, C1,2,C2,2, 63)2) € X,
then q1 = Qq2, hl = hg, C1,1 = €C1,2, C2;1 = C22 and €31 = €3,2; (3) We have
(0, gs, ho, €1,0, €2,0, €3,0) where gs is the initial state of the Turing machine, hy = 0,
c10=w, ca0 =c39=@; (4) If § is a successor ordinal v+ 1, and 3 < «, then
there are elements (7, g1, h1,¢1,1,¢2,1,¢3,1) and (53, g2, he, ¢1,2, €2 2, ¢3 2) such that
a one step Turing computation from the snapshot (qi,hi,c11,¢2,1,¢3,1) results
in (g2, h2,c1,2,¢2.2,¢32); (5) If § is a limit ordinal, then there is an element
08,q,h,c1,ca,c3 such that ¢ is the limit state of the Turing machine, h = 0,
and for each of ¢;, we have that € ¢; if and only if for every ordinal v < 3
there is an ordinal d greater than or equal to v and smaller than 3 such that if
(0,¢' ), ch,ch) € X, then z € c].

It should be clear that all of these notions are representable by a formula of
first order logic in the language of set theory. |

Now we will turn to the main theorem. The final aim will be to show, that all
computations starting from an input w of length o can be carried out while only
having tape contents slightly more complicated than in L, [w]. The addition of
‘slightly’ here only signifies that one needs a small finite fixed extra number
of steps—the construction made here assumes gives a crude upper bound of
12, although the precise number might be lower than that. First, we need an
additional auxiliary lemma:
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Lemma 5. If 3,q,h,c1,c2,¢c3 are all in Ly[w], then (8,q,h,c1,c2,c3) is in
La+10[w]-

Proof. We assume that (cz, c3) is defined as {{ca}, {c2,c3}}. If ¢ and ¢3 are in
L., then {c3} and {ca,c3} are definable subsets of L, and are thus in Lg.;.
Consequently, {{ca},{c2,c3}} is a definable subset of L1, and is hence in Ly 2.

Assuming that (0, g, h, c1, 2, ¢3) is defined as (3, (¢, (h, (c1, (c2,¢3))))), it easily
follows by repeating the above procedure that (3, ¢, h, ¢1,¢2,¢3)isin Lot1p. B

Now we will turn to the main theorem, which will be proved using a kind of
simultaneous induction:

Theorem 1. The following propositions are true:

1. For any infinite ordinal a and any input set w C w, we have that c{a(w),
3 o(w), cf (w) are in Loyi[w]. If a is a finite ordinal, however, we can
only be sure that the sets are in Lg o w].

2. If a is a successor ordinal above w and is equal to B + n, where n is a
natural number, then cf ,(w), ¢f ,(w), ¢§ ,(w) are in Lgi[w]. This is a

strengthening of the above property.

3. For any ordinal o > w and any input set w C w, we have (o, gL (w), R (w),

C{a<w)7 C%—:a(w)’ Cga(w)) € LOé+11 [w]

4. For any ordinal o > w and any input set w C w, we have CL (w) € Lyy12[w)].

Proof. The tactic here will be to first show that, for any «, if property (1) holds
for all ordinals smaller than or equal to «, and property (4) holds for all ordinals
strictly smaller than «, then properties (2), (3), and (4) hold for . Then, we
will show that if properties (1), (2), (3), and (4) hold for all ordinals strictly
smaller than «, then property (1) also holds for a.

— 1 — 2: We use here the fact that, assuming o > w, and o« = § 4 n, for each
i in {1,2,3}, cgjﬁ(w) and cga (w) can only differ by finitely many elements.
So it follows from ¢ 5(w) € Lgi1[w] that ¢ ,(w) € Lgy[w].

— 1 — 3: We have that a € L,1[w] for any w. Because ¢ (w) and h(w) are
finite sets, they are also in L, 41 [w] by the assumption that « is infinite, and
the desired result follows from the assumption of (1) and an application of
Lemma Bl

— 1 (+3) — 4 for successor ordinals: If « is a successor ordinal § + 1, then
we have that z is in CF(w) if and only if € Cf(w) or if z is equal
to (a, ¢X (w), hl (w), cf o (w), 3 (w), c3 ,(w)). Because by the inductive hy-
pothesis C’g(w) and hence, by transitivity, every element of it, is in L y12[w],
or Lot11[w], and because by (3)—which was already proven from (1)—
(a,¢X (w), bl (w), cf (), ef ,(w), c] (w)) is in Lo 11, it follows that CF (w)
is a definable subset of L, 11[w], and hence an element of L, 412[w].

— 1 (+3) — 4 for limit ordinals: If « is a limit ordinal, note that, for any 8 < «,
we have by the inductive hypothesis that CﬂT(w) € Lgt12[w], and hence also

that CF (w) € La[w]. Now consider the following set CZ,, (w):

{X € La[w]: IBBEanXeC(w)}
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Note that 0 € « basically just says, ‘G is an ordinal smaller than «’. This
set is clearly a set definable from L,[w], and it is the union of all compu-
tations from w in less than « steps. To obtain CL'(w), we only need to add
(a,¢X (w), bl (w), cf ,(w), ] ,(w),c] (w)) to this set, which can be done
easily like in the above case of successor ordinals.

— Property (1) for finite ordinals: note that, at stage n, because the head starts
at 0 and can only move forward one step at a time, the head can only be at
a location between 0 and n. Because of this, the only positions of cgn that
can have changed by stage n are the positions in the range [0, n — 1]. Because
we have ¢f g = w and ¢f , = ¢y = @, we also have ¢, € Ly [w].

Now, we can define ¢, as (¢[o\{j1,...,ji}) U{k1,. ., kp}, which is a de-
finable subset of L,[w] as a result of the fact that all the j and k are not
larger than n — 1 and are thus elements of L, [w].

— Inductive case for successor ordinals larger than w: If « is a successor ordinal
B+1, for each i € {1,2,3} ¢, (w) and ¢] 5(w) can only differ by one element.
Taking the largest limit ordinal v below «, such that « = v + n, an appeal
to Lemma [2] (and possibly to case (2) for 3, if 3 itself is a successor ordinal)
suffices to show that for each i € {1,2,3}, ¢, is in L1 [w] and hence also
in Ly [w].

— Inductive case for limit ordinals: if « is a limit ordinal, we have, by inductive
assumption, that for all § < a, Cf(w) € Lgiia[w], and hence, also that
C’g(w) € Ly [w].

To start, let us find a way of identifying ordinals smaller than « in Ly [w].
If « ¢ L, [w], the set of ordinals in L, [w] is exactly the set of ordinals smaller
than «: in this case we can identify any ordinal smaller than « in Ly [w] with
the property Ord(x). If somehow we do have a € Ly[w], we can identify
any ordinal smaller than « in L, [w] with the property = € «. Depending on
which case we are in, let us take the appropriate property.

Now note that the definition of cells at limit values implies that x € cga(w)
if and only if for every ordinal 3 < «, there is an ordinal v < o with v > g,
such that € cz;(w) We can now define ¢, (w) in the following way:
CZ:Q (w) is the set of all n € w, such that for every ordinal § < « there is an
ordinal v < o with v > 3, such that n is an element of the ¢ + 3th argument
of CT(w) (ie., n € ¢l (w)).

Although it should be noted that we have proved property (3) and (4) only
for infinite ordinals, this does not pose a problem, because for any finite n, we
have that CT (w) will occur at at least some finite stage of Gédel’s Constructible
hierarchy. As a result, we will have CL(w) € L,[w] for any finite n, and the
inductive steps will still work for the w-case. |

This gives us the following result about P and PSPACE:

Proposition 2. For any ITTM T and any real x, if time(x,T) > w, we have
space(z,T) < time(z,T). Also, if time(z,T) < w, we have space(z,T) < w.
Hence, for any function [ such that f(x) > w for all x, every time [ machine
is a space [ machine, and consequently we have Py C PSPACE; .
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Proof. Assume that o > w and o = time(z,T). For any £ < a with £ > w,
we have, by Theorem [I] cgjg(x) € Lgyi[z] (here we have +1 instead of +2
because £ > w) for i € {1,2,3}, and hence cgjg(x) € Ly[z]. For finite &, we
have ¢f ((x) € Lyfa] for i € {1,2,3}, and again ¢/ (z) € Ly[z]. Finally, we
notice that o must be equal to 3+ 1 for some 3, as ITTMs cannot halt at limit
ordinal stages. It is also immediate from the definition of ITTMs that cgjﬁ(x)
and CZB 41(z) can only differ by one element at most. Because of this, it follows
from ¢ 5(z) € Lalz] that ¢z, (x) € Lofz] using Lemma B and the fact that
a > w. So at all stages of the computations, the content of the tape is inside
Lg[z], so we have space(z,T) < (3, and hence space(z,T) < time(z,T).

If @ <w and a = time(z,T), we have for all £ < a, by Theorem[l ¢].(z) €
L,[z] for i € {1,2,3}, and space(x,T) < w now follows directly.

4 The Question Whether P; = PSPACE¢

Now we have seen that, in all cases where the range of f contains only infinite
ordinals, Py is a subset of PSPACE/, one is inclined to wonder whether this
inclusion can be shown to be proper. In this section, we will show that this,
indeed, is the case at least for a number of functions f.

4.1 P, # PSPACE, for Ordinals Up to w?

For the first result, the idea will be to construct a function that can be shown to
be PSPACE,, 2, but that, at the same time, can also be shown to be not P,
for any a < w?. This will be done using the notion of arithmetical reals, which
are defined more-or-less analogously to arithmetic sets of reals.

First, we observe the following fact about the location of recursive sets in
Godel’s constructible hierarchy:

Lemma 6. For any recursive set w € R, we can write w on the tape in w steps,
and thus we have that w € Ly, 11[@], and thus also w € Ly,41[z] for any x € R.

Proof. Because w is recursive, there is a Turing machine 7' that halts on all
inputs n € N, such that ¢r(n) = 1 if and only if n € w. Now consider an ITTM
that, in turn, for each number n, simulates the machine T, and then writes
the correct number to the nth cell of the output tape. Because every individual
computation will terminate in a finite number of steps, this can be done in w
steps, and we can go directly from the limit state to the halting state. |

We will now consider the notion of arithmetical sets of natural numbers: a set
S C Nis arithmetical if and only if there is a formula ¢ of PA such that ¢(z) <
r e N.

Lemma 7. The set A := {x € R: x is arithmetical}, is not arithmetical.

Proof. This is shown in Example 13.1.9 in [1]. |
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This gives us the following result:

Lemma 8. For any ordinal o < w?, the set A := {x € R : x is arithmetical} is
not in Pg,.

Proof. By Theorem 2.6 in [3], the arithmetic sets are exactly the sets which can
be decided in time w-n for some n € N. Because A is not arithmetical, it cannot
be decided by any algorithm using a bounded finite number of limits, and hence,
it is not in P, for any a < w?. [ |

It turns out, however, that this set A is in PSPACE,, ;:
Theorem 2. The set A:={x € R: x is arithmetical} is in PSPACE, .

Proof. We will make use of an ITTM with three scratch tapes (see [, Propo-
sition 4.28] for a justification why this can be done without affecting the space
complexity): the first is used to enumerate over all possible formulas, the second
is used to enumerate over, and store the choices of the quantifiers occurring in
each formula, and the third is used for the actual evaluation of the resulting,
quantifier-free, formulas.

First, we can note that we can, without any problems, enumerate over all
possible formulae that determine arithmetic sets, on one of the scratch tapes:
every formula can be coded by a set which is finite, and hence in PSPACE,,.
Now, we may also assume that this enumeration only gives formulae in a normal
form, with all quantifiers at the front. By enumerating over the formulas in such
a way that they are enumerated over by increasing length, we can be sure that
no infinite (and hence, no nonrecursive) set will appear on the tape before the
very end of the computation; by switching all cells with content 0 to 1 and back
during the enumeration process, we can furthermore ensure that the tape, at the
very end, will be filled with 1s, and hence again contain a recursive set.

Given a formula ¢, we can also determine for any x whether ¢(x) holds, by
only writing down finite sets on a scratch tape. That this is the case can be shown
by induction: if ¢ is quantifier free, we can simply evaluate the formula; if ¢ has
an existential quantifier at the front and is of the form Jx11, we can write down
every possible value n for z; on the second scratch tape (right after any earlier
quantifiers that may have been written there), coded by n 1s followed by a single
0, recursively evaluate 9[n/x1] (which is possible by the inductive assumption)
using the rest of the second, as well as the third scratch tape; succeed if this is
successful, and fail otherwise; if ¢ has a universal quantifier at the front and is
of the form V¢, we again write down every possible value n for x; at the front
of the scratch tape, recursively evaluate ¢[n/z1], and now fail if this fails, and
continue otherwise.

At limit stages during this process, we will, after a fixed prefix of sequences
of 1s followed by a single 0, end up with an infinite sequence of 1s on the second
scratch tape: this is a set containing only finitely many 0Os, and is, hence, clearly
recursive. During the actual evaluation of formulas, on the third tape, we can
switch every cell that is accessed and that has value 0 to 1 and back again: this
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way, we also easily prevent the accidental occurrence of nonrecursive sets on the
third scratch tape.
Now, the strategy for the whole function will be:

1. enumerate over all possible formulae in the aforementioned normal form;

2. for each such formula, test for each x whether the formula holds for z if and
only if the zth position on the input tape is a 1;

3. succeed if we have found such a formula, and fail otherwise.

This can, as a result of some of the precautions, be done while writing out only
recursive sets. [}

This gives us the following result on P and PSPACE:

Theorem 3. For any « such that a > w + 2 and a < w?, we have that P, C
PSPACE,,. Also, PSPACE, 2 contains elements that are not in Pg.

Proof. This follows directly from Theorem [§ and Theorem 21 |

4.2 The Case of Recursive Ordinals

We will now show that the inequality P, # PSPACE,, holds for much wider
range of ordinals. The strategy in showing this will be to show, that, for all
recursive ordinals, h, € PSPACE,;; which, together with the already known
fact that h, ¢ P41, gives the desired result.

From Proposition[I], we know that for all o, h, ¢ P,41. It turns out, however,
that for all recursive ordinals a, we do have that h, € PSPACE,1:

Proposition 3. For any recursive ordinal o, such that o > w + 1, we have
ho € PSPACE, ;.

Proof. We can compute h,, in the following way, by making use of an I'TTM
with several scratch tapes: to start, we will check whether the input corresponds
to a natural number; if it does not, then we output 0, and if it does, we continue.
Then, we will look if this natural number corresponds to a coding of an ITTMy—
again, we output 0 if this is not the case, and if it is, we continue. Note that the
computation so far can be performed by writing only finite sets on the scratch
tapes.

Now the real work can begin. First we write down the ordinal «, on the first
scratch tape. Because « is recursive, we can do this in w steps, so we are sure
that the content of the first scratch tape, at all times, will be inside Ly, 1 [z] and,
because a > w + 1, also inside L, [z].

Once this is done, we will check for all ordinals  smaller than « (which can
be easily found simply by restricting the ordinal written on the tape to all the
elements smaller than a certain element, without affecting the space complexity
in any way), whether the eth ITTMj has reached the halt state by stage 3. If it
turns out that this is the case, we look at the output: if the output is 0, then we
will finish the computation by writing 1 on the output tape, and otherwise we
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finish by writing 0 on the output tape. If we reach stage § during the simulation
without having halted, we go on checking with the next ordinal. Finally, if we
have exhausted all ordinals § < «, we again finish by writing 0 on the output
tape.

In the case where « is a limit ordinal, we are now done, because we know that
no machine can halt at any limit ordinal stage. In the case where « is a successor
ordinal 17 4+ 1, however, we will additionally check whether the computation has
finished at « itself.

For any (3 < «, we know that ¢ 4[] € Lo[z] for ¢ € {1,2,3}. Furthermore,
in the case where a is a successor ordinal 7+ 1, we know that ¢, [z] and ¢] ,[z]
can only differ by one element at most, and because o and 7 are known to be
infinite, we obtain L, [z] from L, [z] using Lemma

It follows that this computation never writes a set on any of the tapes that is
not in L, [z]. This proves that h, € PSPACE,; indeed holds. [ |

Hence we have:

Theorem 4. For every recursive successor ordinal « > w+1, P, C PSPACE,,
holds.

Unfortunately, however, this process cannot be easily extended to work for limit
ordinals: given a limit ordinal «, we can still compute h, by only writing out
information of space complexity less than « on tape, but it seems hard, if not
impossible, to do this bounded by a specific ordinal 3 below a.

4.3 The Case of Clockable Ordinals

It is, however, possible, to extend the above process to many writable successor
ordinals. The strategy here is essentially the same as in the case of recursive
ordinals: we know that h, cannot be in P,y;, and then we show that h, €
PSPACE, ;. In the case of clockable ordinals, we can make use of the following
theorem due to Philip Welch (Lemma 15 in [2]):

Theorem 5. If a is a clockable ordinal, then every ordinal up to the next ad-
missible beyond o is writable in time o 4 w.

Besides this, we already know that o € L,y1[0]. However, we will also have
aU{{{{o}},n}:n < B} € Lu41[0] for any 8 < w. Because these sets {{{2}},n}
are not ordinals, it is immediate that o and {{{{@}},n} : n < B} are always
disjoint. Thus, we can consider these sets a U{{{{@}},n} : n < [} as alternative
representations for the ordinals up to « + w, that are within L,41[0]. This way,
using this ‘alternative’ representation of the ordinals between « and o + w,
instead of the regular ones, in combination with the fact that the snapshots
¢} o ynlz] can only differ from ¢ ,[2] by finitely many elements, we can represent
computations of length aw+w from x within L, [x] using a construction similar
to that in section 5.1.

This gives us that, for clockable «, every ordinal up to the next admissible
ordinal beyond « can be written on the tape with the content of the tape inside
Lo42[0] at all stages. This gives us the following theorem:
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Theorem 6. If 3 is a clockable ordinal, and a is a successor ordinal between
B+ 3 and the next admissible after (3, then we have P, C PSPACE,,.

Proof. This goes largely analogous to the case of Proposition B with the major
difference that we can now write « on the tape while staying inside Lg12[0]. As
a result from this, if « =7+ 1, we get from n > 5 + 2 that h, € PSPACE, 1,
whereas h, ¢ P, .1, giving the desired result. |

4.4 The Case of Suitable Functions f

We can extend the above results from ordinals to suitable functions as defined
in [2]. There, a suitable function is defined as follows:

Definition 10. A function or a function-like operation f from R to the ordinals
is called suitable whenever, for all reals © and y, x <ty implies f(x) < f(y),
and if we have, for all z, f(x) > w-+ 1. The symbol <t here stands for ordinary
Turing reducibility as defined in, e.g., [1)].

It turns out that some important functions and operations are in fact suitable:

Proposition 4. For any ordinal o > w + 1, the constant function fo(x) = « is
suitable. Furthermore, the functions \*, and (¥, and X% are all suitable.

Proof. For constant functions, we have fo(z) = fo(y), and hence fo(z) < fo(y) in
all cases, so also in the specific case where © <t y. Hence, all constant functions
are suitable.

For the function A*, assume that & <t y, and assume that a < A", or, in
other words, that « is a z-writable ordinal. We can now write « from y, by first
computing x from y, and then going on with the computation that writes o from
z. Hence, a < \Y, and A* < NV follows directly. The cases of the functions (*
and X* go very similarly. |

We have the following results about suitable functions:

Theorem 7. For any suitable function f and any set A of natural numbers,

(i) A€ Py if and only if A € Py
(ii)) A € PSPACEy if and only if A € PSPACE ()41

Proof. (i) was originally proven in [2, Theorem 26]; here we will provide a slightly
modified version of the proof. Because for any natural number n, we have 0 =1 n,
we get f(0) = f(n) by the assumption of suitability; also, we have 0 =1 N, so
f(0) = f(N); moreover, for any real number x, we have 0 <p z, and hence
f(0) < f(z). Now consider the constant function g such that g(x) = f(0) for all
x. As a direct result of the definition, we obtain Py.; = P,. We also have
g(x) < f(x) for all z, so the result P, C Py is immediate.

For the converse, assume that A € Py, and that 7T"is a time f machine deciding
A. We now construct a time g machine 7", which performs the same computation



136 J. Winter

as T', while, during the first w steps of the computation, simultaneously checking
if the input actually codes a natural number or the entire set N. Because a
natural number n, when considered as a real, is equal to the set {0,...,n — 1},
and any such set corresponds to a natural number n, it follows that a real x does
not correspond to a natural number or the complete set N if and only if the string
01 occurs in it. We now ensure that 7", during the first w steps, searches for the
string 01, and halts whenever this string is encountered, while simultaneously
simulating T'. After we first reach the limit state, we know that the input did not
contain the string 01, and we continue the original computation of T. If no 01
is encountered, the input  must be either a natural number n, or the complete
set of natural numbers N, and it will finish within time f(z) = f(0). If a 01
is encountered in the input z, it is encountered within the first w steps, and
hence f(z) < w < f(0). So T" is a time f(0)-machine deciding A, and hence,
A€ Pf(0)+1.

(ii) can be proven similarly. It again follows directly that PSPACE )11 C
PSPACE;/. The converse now is a bit simpler. If 7" is a space f machine deciding
A, consider the following machine T”: on input z, we first check, without making
any modifications (and thus, while staying within Lg[z]), whether z is a natural
number. We output 0 if it does not, and if it does, we continue the computation of
which we now know that space(x,T) < f(z) = f(0). Because at the start of this
computation, the tape is still unchanged, and the algorithm performed after the
check if z is a natural number, is identical, we also obtain space(x,T) < f(0).
It is now clear that space(x,T') < f(0) for all 2, so T” is a space f(0)-machine
deciding A, so A € PSPACE(g)41- [ |

Now, because for any «, the set h, always consists of only natural numbers, we
can directly extend the earlier results about ordinals to results about suitable
functions f:

Theorem 8. If f is a suitable function, and f(0) is either recursive, or a clock-
able ordinal, such that there is an ordinal 3 such that f(0) is between 5+ 2 and
the next admissible ordinal after 3, then we have Py C PSPACE; .

Proof. On one hand, we have hyy11 ¢ P )42 from Proposition [l which, by
Theorem [0 gives us hf)41 ¢ Psy1. On the other hand, we have hyy41 €
PSPACE/ ()42 from either Proposition [ or Proposition B which gives us
hioy+1 € PSPACE;;;. Hence we have Py # PSPACEy;, and the result
follows. |

4.5 However, Py = PSPACE; for ‘Almost All’ f

So far, we have shown that, for certain classes of ‘low’ functions f and ordinals
a, there is a strict inclusion Py C PSPACE;/. This brings us to wonder we can
also find functions and ordinals where this strict inclusion does not hold, and
instead we have an equality Py = PSPACE;/.

It is easy to see that we will have this equality, at least for very high, non-
countable, ordinals and functions: if we have a > wj, then we must have



Is P = PSPACE for Infinite Time Turing Machines? 137

P. = Dec, and because we also have PSPACE,, C Dec and P, C PSPACE,,
we indeed obtain P, = PSPACE,. However, we can generalize this towards a
wider range of functions:

Proposition 5. If f satisfies f(x) > A" for allz, then we have Py = PSPACE;.

Proof. We clearly have P; = Dec because f is, on all x, larger than the supre-
mum of halting times of ITTM computable functions on input x, as a result
of the fact that v* = A* for all x. Also, we have Py C PSPACEy;, as well as
PSPACE; C Dec. Hence, we have P; = Dec = PSPACE ;. |

As this class of functions f is a superset of the class of functions f—called
‘almost all f’ there—for which it is shown, in [4], that Py # NPy, we can, with
a little wink, indeed say that we have Py = PSPACE/ for ‘almost all’ f.
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