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Indefinite Integral

INDEFINITE INTEGRAL

In many practical problems, the derivative of a function is given and we are required to find the
function which has the given derivative. The process of finding this function is called integration.

Definition: Basic Concept

Let F(x) be a differentiable function of x such thatdi[F(x)] =f(x). Then F(x) is called the
X

integral of f(x). Symbolically, it is written as [ f(x) dx = F(x).

f(x), the function to be integrated, is called the integrand.

F(x) is also called the anti-derivative (or primitive function) of f(x).

Constant of Integration:

As the differential coefficient of a constant is zero, we have
d

(R =1(x)= = [F(x)+ ] =1(x).

Therefore, [f(x)dx = F(x) + c.
The constant c is called the constant of integration and can take any real value. By assigning
different value to c, we obtain different values of the integral.

Basic formulae:

Antiderivatives or integrals of some of the widely used functions (integrands) are given below:

n+1 n+1
m d|x = X" = J.x”dx=x +c,n=x-1
dx{n+1 n+1
1 1
s Smxp= 2 = J.—dx=ln|x|+c
dx X X
[ | i(ex)zex - Iex dx = e* 4c
dx
d X X X aX
s L@)=@a) = ja dx = i (@>0)
dx Ina
d, . .
| d—(smx)z cos X = Icosxdx = SinX +C
X
d . .
m —(cos x) = —sinx = Ismxdx =—COS X +C
dx
d _ 2 2 —
] —(tanx) = sec” x = sec” x dx =tan x +c
dx
d
| d—(cosec X) = (-cot x cosec X) = Icosecx cotx dx =-—cosecx +C
X
d
| —(sec x) =sec x tanx = Isecxtanx dx =secx +c
dx
| di(cotx)z —cosec?x = Icoseczx dx =-cotx+ ¢
X
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" a sintX )= .t = J‘; dx = sin‘l(iJ +C
dx a) a2 _ x2 /az_xz a

1 X
or —cos | — (+Cq
a

d 1 X a dx 1 1 X
™ —|tan" = | = = J. =—tan " —4C
dx a) x?+a® x> +a? a a
d a 1 1 _1
| —(sec " X)= ——— = J.—dx = sec (X)+cC
dx | x| VX% -1 X|Vx* -1

d _ _
n d—(cos ecx) = =—cosecx+c
X

-1 :>J- dx
| x| Vx? -1 | x| Vx? -1

COS X :
m J.cotxdx = I dx = In|sinx|+c
sinx

—sinx
(] Itanxdx:—J‘ dx =-In|cosx|+c=In|secx|+ ¢
COSX

sec x(secx +tanx) X T
m secx dx = dx=In|secx +tanx|+c =Injtan| =+ — |+ C
secx + tanx 2 4
cosecx(cotx — cosec X) X
m cosecx dx = dx = In|(cot X —cosec X) | +c=Injtan—|+ ¢
cotx —cosec x 2

Standard Formulae:

dx
" j—:lnx+\/x2+az +c
Vx? +a?
dx
" j—:lnx+x/x2—a2 +c
2 _ a2

. J. dx 1I X_a+c
2_42 2a |x+a
dx 1 X+a
] J. —Ilog +cC
az_x 2a X—a
2
X a
n J.\/x +a dX—E\/x +a? +?Inx+ x? +a’|+c
X a’
n J. xz—azdx=E x? —a? - S In|x+Vx? -a%|+c

2

X a 1X
] j\/az—xz dx = Z+a® - x? +? sint + C
a

2

Properties of indefinite integration:

Let f (x) and g (x) be two integrable functions. Then the following results hold:
i) Ia f(x)dx = ocj f(x)dx where a is an arbitrary constant.

Proof: We know that i(oc p (X)) =a a (p (X)).
dx dx

Letf (x) = dix (p (X)) =>pX)= If(x) dx
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—a J.f(x) dx = ap(X) = jd—i(a p(x)) dx

= j ocd—dx(p(x)) dx = J' af(x) dx

i) J'[f(x) +g(x)]dx = J‘f(x)dx + If(x) dx .
Proof: From the property of differentiation, we have
2 [P0 900 = (0 - (9()
If < (p(¥) =F (09 and - (q () =g (¥) then
X dx
J' f(x)dx =p (x) and J' g(x)dx =q (x)
so that J.f(x) dx + Ig(x) dx = p(x) = q(x) = J.dix[p(x) + g(x)]dx
- J‘ {d_dx p(x) + dix(q(x))} dx = j [f(x) + 9(x)] dx .

[ ] In general;
J' (0afy () £ 0oy (X) £ . £ 0ty (X)) X

= alj'fl(x)dx - azjfz(x)dx ot anjfn(x)dx

MA-11-3

where fy, Ty, ..., f, are integrable function and o, ay, ..., a, are arbitrary constants.

i) 1g(1(609) 2 (g09)dx = 1(g).

Proof: We know thati(f(g(x))) = d%]f (9(x))g'(x) (Chain rule)

= [l ag (9 ) (909)dx = [ -(F(g0)) dx =1 (g ().

V) If[f(u)du=F(u)+ c, then [f(ax + b) dx = éF(ax +b)+c, axo0.

Proof: Write u = ax + b so that du = a dx. Hence

J'f(u) - aJ'f(ax+b)dx —Flax+b)+c, = If(ax+b)dx =§F(ax+b)+c.

[ Trigonometric identities help in the simplification when the integral involves
trigonometric function.

(1+cos4x)

lllustration 1. Evaluate | = J.—
(cot x —tan x)

J' 2cos? 2x

2

. 1 .
5 : .Sin X.cos X dx=J.20032x—sm2x dx
cos” X —sin“ x 2

Solution: | =

lJ.sin4x dx = —lcos4x+c.
2 8
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lllustration 2.

Solution:

Illustration 3.

Solution:

Illustration 4.

Solution:

Illustration 5.

Solution:

Illustration 6.

Solution:

(i)

(ii)

dx

Evaluate | =I 5 >
X.COS“ X

sin

Transform the integrand in the following way.
1 _sin® x + cos® x

sin® xcos? x  sin® xcos? x

d
= sec® x + cosec?x = d—[tan X — COt x|
X

Hence | = I(secz X + COS eczx)dx = tanx — cotx + c.

Evaluate /e*(cosx — sinx)dx.

Here e*(cosx — sinx) is the derivative of €* cosx.
= | = e"cosx +c.

Evaluate Bx"?(1 + x*?) dx.

Here 3xl’2(1 + x3’2) is the derivative of (1 + x3’2)2

== (1+x3’2)2+c.

Evaluate /cos4x cos7x dx.

When solving such problems it is expedient to use the following trigonometric

identities:

sin(mx) cos(nx) = (1/2) [sin(m — n)x + sin(m + n)x],
sin(mx) sin(nx) = (1/2) [cos(m — n)x — cos(m + n)x],
cos(mx) cos(nx) = (1/2) [cos(m — n)x + cos(m + n)x].
Here cos4x cos7x = (1/2) [cos(3x) + cos 11x]

== %J.(cos3x +c0s11x)dx

1| sin3x sinlix
=—| ———+ +C
2 3 11
. dx . sin X
Evaluate (i) J' i) J' SR gy
1+sinx 1+sinx

J' dx _J'l—sinx
1+sinx 1-sin? x

1-sinx
dx=I SZ dx
COS” X

J.(SEC2 x—secxtanx)dx =tan X —secXx +C.

sinx sinx+1-1
Here J. —dx =J‘ -
1+sinx 1+ sinx

= J‘(l—;J dx
1+sinXx

=X — (tan x — sec x) + c.

dx
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Exercise 1.
Integrate the following functions
) 4 -5sin x i) COS 2X —CO0S 2«
cos? x COS X —COS &
{iii) JX iv) sec X (sec x + tan X)
JIx
2
1
1{v) 2x —3cos x +¢e" Vi) [«/7——]
JIx

Methods of Integration

If the integrand is not a derivative of a known function, then the corresponding integrals cannot be
found directly. In order to find the integrals of complex problems, generally four methods are used
so that the integral is reduced to the standard form.

| Integration by substitution or by change of the independent variable.
Integration by parts.
Integration by using trigonometric identities.
Integration by partial fractions.

Integration By Substitution

Direct Substitutions:
If the integral is of the form | f(g(x)) g'(x) dx, then put g(x) = t, provided Jf(t) dt exists.

dg(x) dt : ,
= — so that the int [ ]f(o(x x) dx
G " gy S° that the integra J (9(x))g'(x)

bammejﬂog%dx=IKOdL

gXx)=t=

The problem of integrating with respect to x is transformed to integrating f (t) with respect to t and
jmmt:km+c:k@a»+o

X.

ja+fxfd

lllustration 7. Evaluate

Solution: Let 1 +Inx =t so that ldx: dt
X
) 1., (1+Inx)3
== Jt dt==t° +c= —+c.
3 3
. sin(ln x)
lllustration 8. Evaluate I—dx.
X
) 1
Solution: Let Inx =t. Then dt = = dx.
X

Hence | = Jsint dt = — cost + ¢ = — cos(Inx) + c.
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(x2 —1)dx

lllustration 9. Evaluate o
(x4 +3x2 +1)tan‘l (x + j
X

Solution: The given integral can be written as

e
/ [(Hif +1]tan-1(x+3

Let(x + lj =t . Differentiating we get (l—izj dx = dt.
X X

_ dt
Hence | _J.—(tz +1) p—p .

Now make one more substitution tan™t = u. Then
dt

2 +1
Returning to t, and then to x, we have

1
tan™t (x + —J
X

=du and I:J.ﬂzln|u|+c
u

Izln‘tan‘lt‘+c=ln +cC.

Illustration 10. Evaluate

0 >0 (i) dx

dx
‘[X(|09X)m,X J'\/X+a+\/x+b

Solution: (i) Letlogx=t= 1dx:dt.
X

Substituting in the given integral, we have

j dx It'mdt
x(log x)"
e 1 1
= +C = logx) ™™
-m+1 1-m (logx)
m Form=1 j dx a =log|t|+c =log |log x| + ¢
xlogx t

- _ dx
(i) Letl= j—x—+a N

:J' {m—ﬁ}
\/x+a+\/x+b Jx+a-x+b

- (a—b) @ _b)jm b )ax

{ (x +a)3? —E(x+b)3’2}+c

1
a-b

3(a2_ 5 [(x+a)3’2 —(x+b)3’2]+c.
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MA-I1-7

Exercise 2.
Integrate the following:

COS X + Sin X

1

COS X —sin x
q iii) x*loge(ex),
cos Vx
V) ,
Jx

1

sin™t x /1 —x2 ,

. 4x +6
iv) ————— |
[x + 3Xx +100]

sec? (log(x))
—

i)

Vi)

Standard Substitutions:

m  For terms of the form x? + a? or v/x? +a? , put x = a tan6 or a coto.

m  For terms of the form x* — a? or Yx? —a? , put x = a seco or a cosec.

m  For terms of the form a® — x? or Ya? — x? , put X = a sind or a coso.
] If bothva+ x , va—x are present, then put x = a cos6.
m  Forthe type,/(x—a)(b-x), putx = a cos’0 + b sin’0.

m  Forthe type(vx? +a® £ x)"or (x £+/x% —a?)", put the expression within the bracket =t.

_1_1 —1+E X+b E_l
m  Forthetype (x+a) n(x+b) 'n or (

X+b

put = t.
X+a

[ For 1

1

X +a)

X+a 2

(x+ a)nl (x+ b)nz

Illustration 11. EvaluateJ.

Solution: | =

Put (X_S
X+1

dx .
(X +1)6/5 (X _3)4/5
dx _ dx
I(x +1)°° (x-3)*° J X

j:t:> dt= 4 de.
(x+1)

X+1

s
Hence | = %J‘ﬂzﬁtus +c=§(x_3j +cC.

Illustration 12. Evaluate

t4/5 4 4

dx
j\/(x—a)(b—x) '

(neN,n>1),

, N1, N e N (and > 1), again put (x + a) = t(x + b).

Solution: Writing x = acos®0 + bsin®0 = a + (b — a) sin0, the given integral becomes

2(b —a) sin6cos 06do

1/2
{(a cos? 0 +bsinf—a) (acos?0+bsin?0-— b}

FIITJEE Ltd., ICES House, Sarvapriya Vihar (Near Hauz Khas Bus Terminal), New Delhi -16, Ph 26515949, 26854102, Fax 26513942
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_ r2(b-a)sin6cosbdd b_aj IZde
_J. - (b—a

(b—a)sinBcos6

MA-11-8

=20+c= 2sin* (X_aj+c.
b-a

Indirect Substitutions:

If the integrand is of the form f(x).g(x), where g(x) is a function of the integral of f(x), then put
integral of f(x) = t.

Illustration 13. Evaluate

Jx
Iﬁdx

3/2
Solution: Integral of the numerator = YER
Put x*? =t.
3
Wegetl— —j— _ES”-] 3t/2 +C=zsin-1(£j2 ic.
a 3 a
i [ X
lllustration 14. Evaluate J.M
9 +16sin2x
Solution: | = J‘ SinX +COS X dx

25-16(sinx — cos x)2
Put t = sinx — cosx = dt = (cosx + sinx)dx

dt 1 5-4t
:I:I—=—In +cC
25_16t2 40 |5+ 4t

|5 4(sinx - cosx)|

40 |5+4 (sinx — cosx)|

Derived Substitutions:

Some times it is useful to write the integral as a sum of two related integrals, which can be
evaluated by making suitable substitutions.
Examples of such integrals are:

A. Algebraic Twins

I 2x* dx:J.X2 +1dx+J.X2 ~Lix

x* +1 x* +1 x* +1
2 2
1 -1
I42 dx=J.X4+dx—J.X4 dx
X" +1 X" +1 X" +1

2x2 2
j(x4 +1+ kxz)dX, J.(x“ +1+ kxz)dx

FIITJEE Ltd., ICES House, Sarvapriya Vihar (Near Hauz Khas Bus Terminal), New Delhi -16, Ph 26515949, 26854102, Fax 26513942
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B. Trigonometric Twins

J.\/tanxdx, J‘de, J.( 1 dx,

sin* x + cos® x)

1 +sin X £ cos X
| . [ESmxcosx o,
( a+bsinxcosx

sin® x + cos® x)

Method of evaluating these integrals are illustrated by mean of the following examples:

2
lllustration 15. Evaluatej%dx .
X" =X +1

x? +1

dx =
-x?+1 J'(Xz 1}

Solution: Let| = j
X4

Put x—1 :t:>(1+ij dx = dt
X x2

2
_ -1
= |:J. dt2 =tan't+c=tan* X +cC.
1+t X

Illustration 16: Evaluate J.;zdx.
x4 +1+5x
Solution: Let | = lJ.;dx
X" +1+5x
j 1+ %2 __J' 1 X
x* +1+5x%2 2 x4+1+5x2

dx - = —dx = (I, — 1,)/2 (say).

__J. 1+(1/%?) 1. 1-(1x)

X +(1/x )+5 2J %2 +(1/x)

. 1 1
For l;, we writex —— =t = (1 +—=)dx =dt
X x2

=X Ilzj L L :itan‘l(—x 1/)(}.
247 7 J7 7 J7
1
X

For 15, we write x +

- @ —iz)dx = dt

jb:jtzd:s \1f _l\tf_\lf n_l[x%/x)

Combining the two results, we get | = (I; — 1,)/2

_ 1 tan_l(x—llxj 1 _1[x+1/xj+c
27 J7 23 J3

MA-11-9

FIITJEE Ltd., ICES House, Sarvapriya Vihar (Near Hauz Khas Bus Terminal), New Delhi -16, Ph 26515949, 26854102, Fax 26513942



FIITJEE Ltd. Material Provided by - Material Point Available on - Learnaf.com
MA-11-10 Pinnacle Study Package-57

Illustration 17. EvaluateJ.\/tan X dx.

. 2tdt
Solution: Put tanx = t* = sec’>x dx = 2t dt = dx = t4
1+t
2
= I:J.\/tanx dx:J.t tdi
1+t
2 2 2
:J'Zt d4t :J't4+1dt+J-t4 1dt.
1+t " +1 " +1

This can be solved by the method used in Illustration -16.

Illustration 19. Evaluatej.;dx .

sin* x + cos* x

dx

Solution: Let| = 4J' _4J'sm X + c0s? X

sin* x + cos* x
(tan X+l)COS X

Sin X+COS X

tan X+ 1)sec X
dax.

dx:4J'

_4".(tan X+l)COS X (tan4x+1)

Now, put tanx =t = sec’x dx = dt
1+t 4j 1/t +1

dt .
1+t t2 +1/t2

:>|_4j

Now, put t—% =z = (1+%Jdt =dz
t

= 1= J.—dz - Lant o L2t
z22+2 2 V2 2 V2
1 1 tanx —1/tanx
= —tan —————+¢

V2 V2

2 cos xdx

lllustration 19. EvaluateJ.—,.
3+4sin2x

Solution: Here

J- 2 cos xdx _J-cosx+sinx Icosx—sinx
3+4sin2x  J 3+4sin2x 3 +4sin2x
I (cosx + sinx)dx J- (cos x —sinx)dx

3+4(1—(sinx—cosx)2 3+4((sinx+cosx)2— )

In the first integral put sinx — cosx =t, in second integral put sinx + cosx =y, and
proceed.
| Similarly, we can solve integrals of the type:

1 1
R S— ox.
asinx + bsecx P COS X + gCcosecx

dx

lllustration 20: Evaluate J.—
2sin X +sec x
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MA-11-11
. dx cos xdx 1 fcosX +SinX +Ccos X —sinx
Solution: Let| = J. - =J. - == - dx
2sinx + sec x sin2x+1 2 sin2x +1
_ J-cosx+smx X+1J-cosx—sinx
1+ sin2x 2J 1+ sin2x
_ J- COS X + Sin X 1 cosx-— sinx
1+1- smx—cosx) smx+cosx)
Let u = sinx — cosx and v = sinx + COSX.
Thenl—lj—du +l d_v_ \/_ u_t
2 2202 4f x/§+u 2v
|\/_ S|nx+cosx| 1
+C
4f " V2 +sinx—cosx|  2(sinx+cosx)
: Exercise 3.
Integrate the following functions:
1 . 1 x? +1
4i) Jcot X i) ———— iii) —_—
i X" +3x°+9 (x2 _1)
1 iv) sin2x V) X vi) 1
: pcos? x +qsin? x Jx +4 1+cot x :

Integrals of trigonometric functions:

(). Itanxdx:loglsecx|+c.

Proof: Write cos x =t so that — sin x dx = dt.
Hence J.tanxdx =ISInXdX =- ﬂ
COS X t
=-log|tf+c=-log |cos x| +C

=log |sec x| + c.

(i) Icotxdx =log|sinx | +c

Proof: Writing sin x =t and cosx dx = dt, we get

J.cotxdx=j%:log [t| + c =log |sin x| + €

(iii) Isecxdx =log |secx + tanx| + c.
sec x(sec x +tanx
Proof: Here J.secxdx=J. ( )dx
secx +tanx

_ J'secxtanx+sec2 X
sec x + tanx
Letsecx+tanx=t= (secxtanx+sec2 X) dx = dt.

dx

Hence J.secxdx=J‘%=log|t|+c

=log [sec x + tan X| + c.
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(iv) Icos ecx dx =log |cosec x — cot x| + c.

cos ecx(CoS ecx + cot x) dx
COSs ecx + cot X '

Letl= J.cosecxdx =J‘

Writing cosec X + cotx =t = — (cosec2 X + cot X cosec x) dx = dt
dt
sothat | = —J.T =—log|t|j+c

1
COS €CX + Cot X
(cosecx —cotX) | e
cosec?x — cot? x|

= log +C

= log

=log |cosec x — cot x| + c.

lllustration 21. Evaluate the following:

() J-sin2x J-l—sinx

- dx (i) dx
sin4x 1-cosx

(i) j sin” xdx (i) J' dx

xcos? (1 +log x)

dx

Solution: (i) We have J-s!n2x dx = I&
sin4x 2sin2x cos 2x

%J.SE‘CZXdX =%J‘sectdt where 2x =t

1 1
2 log|sect+tant|+c= 2 log |sec 2x + tan 2x| + c.

(i) Here J'l—smxdx zj-l—ZsmxéZcosx/ZdX
1-cosx 2sin“ x/2
= 1J.coseczidx—J.cotidx - _lcotx/2 ~_2log|sinZ|+ ¢
2 2 2 2 1/2 2

—cotg—Zlog +cC.

X
sin—
2

(iii) We write Isin7 xdx = Isine x sin x dx
= I(l—cosz x)® sinx dx .
Let cos x =t = —sin x dx = dt.
Hence J.sin7 xdx = —J.(l—tz)3 dt

—I(1—3t2 +3t4 —t8)dt = —(t—r" +gt5 —%t7j+c

3,.3 . .5, 1 7
—| cosx —cos X+gcos X—;COS X |+c.

(iv) Let1+logx:t:>1dxzdt.
X

dx J- dt

Hence I 5
cos“t

- = = Isecz tdt
xcos“(t +logx)

=tant+c=tan (1 +logx) +c.
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MA-11-13
4 Exercise 4. Evaluate the integrals of the following functions with respect to x:

. inx .
i) _smx i) sec? x tan x

sin(x +a)
1 .
iii) _— iv) e* cosec x (1 —cot x)

sin X +cos X

Sec X cos ec x . .
V) _— Vi) sin® x cos? x.

log cot x

Integrals of some particular functions:

Let us now prove some of the results given on page 2.

[ ] | = J‘%;wewritex:ataneandget
a +x
2
| = J-—aszec ezdezlj'd9=9+c=ltan‘li+c.
a“sec6 a a a a
P P =ij( 1, 1jdx
a? - x? (@a-x)(a+x) 2adla-x a+x

1
—[-logla-x|+logla+x|]+c
2a

a+X
a—X

iIog
2a

Alternatively, we may write X = a sin 8 and get

+C.

= lJ.secede=llog|sec6+tan(9|+c
a a

1 1+sin6 1 a+ X
= —log|———|+c =—1log +cC.
2a 1-sin6 2a -
dx .
] I:j—;wewr|tex:atan9andget
Vx? +a?
| = Isecedezloglsec9+tan9|+c =log ‘x/tan29+l+tan9 +C
_Iogx+\/x2+a2 e
a
m = j\/az—xzdx;wewritex:asine, dx = a cos 6 do and get
2 2
| = aZJ'cos2 0do =a7j'(1+ cosze)deza?(9+%sin29j+c
2 2 [n2 2
= a—(9+sin6cose)+c=a— sint X XN& ZX ¢
2 2 a a’
2 [a2 2
=8 gt X xNaox o
2 a 2
] I—IL'wewritex—asece dx = a sec 0 tan 6 do and get
| x | Vx% —a?
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asec6-tan6-do
|asecO|-|atan® |’

Since 0 = sec™* X and its range| O, LAY E, T,
a 2 2
a sec 0 a tan 0 is positive. Hence

1= 1{odo=tsect® +c.
a

a a
Remarks: If f (x) is a differentiable function of x, then
0 j _ 9 gy~ tant (F(x)) +c
(1+ fz(x))

. f! i

(ii) J.ﬁxz)(x)dx =sin™ (f(x)) + ¢
(iii) %dx =log(f(x)) +c

by writing f (x) = t.

lllustration 22. Evaluate the integral with respect to x of the function
1 , 2x2 X

() C () =X i

x* +a? x* +a (9-x2)32"

2 2
Solution: (i) LetI:J. dx =J‘X ta-(x"-a)

x* +a” 2a(x* +a?)
2 2
-1 ﬂdx_ijudx
2aJ x* +a? 2aJ x* +a?
1 l+alx? 1 1-alx?
= = —dx——j—dx
2aY x? +a%/x? 2ad x? +a%/x?
1 1+al/x? 1 1-a/x?

= —|——dx-—| ——dx.
2a a)? 2a a)?
X—-—| +2a X+—| —2a
X X

Writing x—iztandx+E =z, we get
X X

_ 1 dt 1 dz

" 2al2 104 2ad2_2a

-1 1 tan™! t _ 1 |Z ‘/5|

2 " za 2a i vl

_ 1 tan_l(xz—aJ_ 1 |x —\/ﬁx+a|
2a/2a X+/2a 4a\/_ |x +\/_ax+a|

2 —
(il Letl:J' 2 _IX +f++(: 3) 4y

x* +a?
and proceeding as in case (i), we get
1 1 |x —v2ax+ a|

| = tant| 2 Z2 |4
\/5 X</ 2a 2«/5 |x +\/_ax+a|
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(iii) In this case we write x = 3 sin 6, dx = 3 cos 6 d6 and get
I:I X J'gsme'cose'de=1J'sec9-tan9~d9
3

X =
(9 - x?)%'2 27cos® 0
= 1sece+c—;+c —;+c
3 3v1-sin? 0 3V1-x2/9

1

NG

Alternatively, we write 9 — x* = t = — 2x dx = dt and get

+C.

1 1
= -= —S/tz =——jt'3/2dt=t'1/2+c= +C.

27t 2 9 - x?
Exercise 5.
Evaluate the integrals, w.r.t. x, of the functions:

. -1
) 1 i) sm(2tan2 X) ii) a-—Xx
X +/x 1+x a+Xx

) X -1 2 ) X3
iv) a ,(@>0) V) xtan” (x7) Vi)

Integration by Parts

If u and v be two functions of x, then integral of the product of these two functions is given

by:juv dx=ujv dx-ﬂ%jv dx}dx.

This method is mainly used when the integrand is the product of two functions. Let f (x) and g (x)
be two differentiable functions. Then

dix FE)gE)=Ffxg+g X fX
=f(x)g(x)= J' £/(x)g(x) dx + j g'()f(x) dx .
or J' £(x) g'(x)dx = F(x) g(x) — J' £/(x) g(x) dx . (D)

If we write u (x) =f (x) and v (X) = g’ (X), then (1) gives
J.u(x)v(x) dx = u(x)J. v(x)dx — IU v(x)dx}u’(x)dx .

= first function x integral of the second — integral of (product of derivative of the first
function and integral of the second).

Note: In applying the above rule care has to be taken in the selection of the first function(u) and
the second function (v). Normally we use the following methods:

Q) If in the product of the two functions, one of the functions is not directly integrable
(e.g. Inx, sin™x, cos™x, tanx etc.) then we take it as the first function and the remaining function
is taken as the second function. e.g. In the integration of [x tan™x dx, tan™x is taken as the first
function and x as the second function.

(i) If there is no other function, then unity is taken as the second function e.g. In the
integration of ftan™x dx , tan™x is taken as the first function and 1 as the second function.
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(iii) If both of the function are directly integrable then the first function is chosen in such a way
that the derivative of the function thus obtained under integral sign is easily integrable. Usually we

use the following preference order for the first function.
(Inverse, Logarithmic, Algebraic, Trigonometric, Exponent)

In the above stated order, the function on the left is always chosen as the first function. This rule

is called as ILATE e.g. In the integration ofjxsin xdx , x is taken as the first function and sinx is

taken as the second function.

(iv) Sometimes, it may be necessary to integrate by parts more than once to complete the

integration process.

Illustration 23.

Solution: (i)

(ii)

Illustration 24.

Solution:

Illustration 25.

Solution:

Evaluate (i) j Ix% —a%dx, (i) j X +a? dx.

x(2x)

2Ux? —a?

HereI:j\/xz—azdx:\/Xz—azjldx—j dx

2 2 2
= x\/xz—az—j X ~a dx—J. a dx
\/Xz_az \/Xz_az
:>2I:x\/x2—a2—azln(x+\/x2—a2)

2

gxlxz -a? —a?ln(x+\/x2 —az) +C.
Here | = j\/xz +a? dx = VX2 +azjldx—jﬂdx
2Vx% +a?

2 2 2
= X\[X2+a2 _J‘u = X\/X2+a2 _|+a2J‘L
VX2 + @ Vx? +a?

==

= 2l = xJx? +a? —a?log|x + Vx? +a%|+c,
2
X a
== E\/x2 +a® —?Iog X+x% +a’|+c.

Evaluate Isecs 0do .

Let|= Isecs 0 do = secejsec2 0do — Itane(sece tan 0)de

= sech tanf — I(secz 0 —1)sec9 de = seco tand — | + In |seco + tano|

= |= %[sece tane]+%ln|sec6+tan9|+c.

Evaluate Iln (\/1 - X+V1+ x)dx.

Here we have only one function. If we take u = In(\/l— X+ 1+ x) as the first

function and v = 1 as the second function then

| = In(ﬂ+@) Ildx - I(dix(ln(x/l—_x+x/l+_x))J‘1dxjdx

FIITJEE Ltd., ICES House, Sarvapriya Vihar (Near Hauz Khas Bus Terminal), New Delhi -16, Ph 26515949, 26854102, Fax 26513942



FIITJEE Ltd. Material Provided by - Material Point Available on - Learnaf.com
Pinnacle Study Package-57 MA-11-17

1 (— ! + ! jxdx
(Vi—x +41ex)\ 2v1-x  2v1+x

- xIn(+I=x + T7X) _%jxx%;x;ldx

:xln(M+M)—%jdx+

:xln(\/E+x/H)—J'

Ej;dx
2J J1_x2
:xln(\/l—x +1+ x) - §+%sin‘lx+c.

(\/m){ln(x2 +1) ~21n x}

X4

dx .

Illustration 26. Evaluate J.

Solution: First we make the substitution 1 + 1/x* =t

o _

2 . . .
=> ——dx=dt=> —ﬂ, so that we write the given integral as

x3 x3 2
2
|=j e Lo X2 %z—ljx/ﬂntdt.
x? x? )x3 2

Now, this integral can be evaluated by parts, taking Int as the first function and Vt
as the second function.

B t3/2

Hencel = —= zt?‘/2 Int—zjts’z.}dt =-—[2-3Int]+c.
213 3 t 9

ox°® X

| An important result: In the integraljg(x)exdx, if g(x) can be expressed as

2 + 2 + 1
Returning to x, we obtain | = x 1) VX 1 2—3In(1+—2J +C.

g(x) = f(x) + f'(x) thenjex [f(x) +f'(x)Jdx = €*f(x) + c.

X
Examples: (i) jex (1 _izj dx =67+C,
X X

(i) Iex (sin x + cos x) dx =e€* sinx +c,

(iii)jex(cos X —sinx) dx =e*cosx+c.

2
lllustration 27. Evaluate jex (1_)( j dx .

1+ x?
2 2
. - 1-2
Solution: Here Iex ( ! ij dx = J’ex% dx
1+Xx 1+ x%)

:J.ex 1 - 2X dx = e’ +C.
(1+x%) (1+x%)? 1+ x2
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f(x) 5 =I ffx) . p’(x)2 dx and in order to evaluate the integral
P} PO fp(x)

by means of integration by parts, take LX)) as the first function.
X

!

Note: Some times we write J'

X2

Illustration 28. EvaluateJ' > dax.
(xsin x +cos x)

] X2 (xcosx) (xcosx)
Solution: Let | = j } Sdx = j(xsec X) 5 dx
XCOSX (xsinx +cosx) (xsinx + cos x)

:xsecxj (xcosx) 5 dx —J' (i(xsecx)j I XCoSX x| [dx
(xsinx + cosx) dx (xsinx + cos x)

—Xxsec X -1
= - I(secx+xsecxtanx) — = |dx
(xsinx + cosx) X SiN X + COS X

__ -xseex J- sec? x(xsinx + cos X) gy
(xsinx + cosx) (xsinx + cosx)

—Xsec X
= — "7 "  _ +tanx +C.
(xsinx + cosx)

4 Exercise 6.

{ Integrate the following functions:

)) x2. sin x, i) x"l0ge X, N #-1,
lig o =D iv) e secx (1+ tan x),

: (1+x)3

qv) x (log x)?, Vi) log log x + ———-.
: (log x)

Integration by Partial Fractions

A function of the form P(X)/Q(x), where P(x) and Q(x) are polynomials, is called a rational
X+7 1 1

(2x-3) (3x+4) 2x-3 3x+4

The two fractions on the RHS are called partial fractions. To integrate the rational function on the

LHS, it is enough to integrate the two fractions on the RHS, which are easily integrable. This is

known as method of partial fractions. In case the degree of P(x) (numerator) is not less than that

of Q(x) (denominator), we carry out the division of P(x) by Q(x) and reduce the degree of the

numerator.

In order to write P(x)/Q(X) in partial fractions, first of all we write

Q(X) = (x - &)~ (x* + ax + B)" ... where binomials are different, and then set

function. Consider the rational function

+ + M x+ N
PO) _ A | A St t Akk + I\Z/le N MX* N, St X
QX  (x-a) (x-a) x-a)  x*+ox+p (x2 +ax+[3) (x2 +ax+[3)'
where Aj, Ay, ..., Ay, M1, Mo, ...... , M, N, N, ...... ,N; are real constants to be determined. These

are determined by reducing both sides of the above identity to integral form and equating the
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coefficients of equal powers of x, which gives a system of linear equations in the coefficient. (This
method is called the method of comparison of coefficients). The constants can also be obtained
by substituting suitably chosen numerical values of x in both sides of the identity.
Note: Before proceeding to write a rational function as a sum of partial fractions, we should
ascertain that it is either a proper rational fraction or is rewritten as one.
P(x)
Q(x)
the polynomial P(x). In case the degree of P(x) is greater than or equal to the degree of Q(x), we
P(X) . P()
=h(x)+—=,
Q(x) Q(x)

less than the degree of polynomial Q(x). Please go through the Illustration —29 carefully.

A rational function is proper if the degree of polynomial Q(x) is greater than the degree of

first write

where h(x) is a polynomial and p(x) is a polynomial of degree

dx

Illustration 29. Evaluatej.—z.
(x+2)(x° +1)

Solution: we write 1 3 __A + B);+ c (ensure proper substitution)
(X +2) (x* +1) (xX+2) x*+1
or1=AX*+1)+ (Bx + C) (X + 2).
We now take x=-2,x=0,x=1

This gives A = l B= _—1 C= E
5 5 5
et Pt o B
(x +2) (x* +1) X+ 2 X% +1
In|(x 2)|_ J'Zx dx EJ- dx
+1 57 x*41
=—In|(x+2)|——|n ‘(x +1)‘ Ztant(x) +c.
lllustration 30. EvaluateJ' Xt 23X -3X-2 4y
X3 - X2 -2X
Solution: Since the power of the numerator is higher than that of the denominator, i.e., the

fraction is improper, we have to single out the integral part. Dividing the
numerator by the denominator we obtain:

x" -3x% -3x-2 X+ 2
=x+1- ———=
X3 - X2 -2X X(x? -x-2)
4 2
HenceI:jX -8x -3x-2 dx:I(x+l)dx-IM.
X® - X2 -2X X(x-2) (x+1)
Expand the remaining proper fraction into simple ones i.e.
X+ 2 _A, B _C

X(x2) (x+1) x x-2 x+1°
Hence, x + 2 = A(X - 2)(x + 1) + Bx(x + 1) + C(x -2).
Substituting, in turn, the values 0, 2 and -1 of x
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(the roots of the denominator) into both sides of the equality, we obtain
A:-1,B:2/3,C:1/3

jl:I(X+l)dX+ x 3 Jx- 2_§ x+1

X2
=7+x+ In |x| - §In|x—2|—§ln|x+]4+c.

X3 +3x+2

Illustration 31. Evaluate J.#
(x* +1)°(x+1)

X +3x+2  X(P+D)+2(x+1)
2 +D%(x+1) (X2 +1*(x+12)
X 2
= +
2 +D(x+1) (X +1)?
Hence, the given integral

——IX+1 —EJ. 1dx+2J. 21 de
X< +1 2 x+1 (x +1)

——J. = —dx——ln|x+1|+2| (where I:j
x? +1

Solution: Here

dx )
2+
| can be found by putting x = tan 6 = dx = sec’0d®

2
= | = Iwzjcoszedezjwde_g %sze

sec* 0
1 1 2x
= Ztan tx+=
2 41+x2
X3 +3x+2
Hence,J. > >
(X +D)°(x+D
1 1 1
= ZIn(x® +)+=tantx—=In| x+1| +tant x + +cC
4 2 2 X +1
lIn(x +1)+§tan x—lln|x+1|+ +cC.
4 2 x? +1

Note: Sometimes problems involving partial fractions can be easily solved by simple
substitutions. See the following example.

lllustration 32. EvaluateJ. SX -
(x-b)" (x-a)
Solution: Putx —b=t(x-a)
A Lax= 222 g
B (t-1)
_ —b)t
Alsox-a= —— andx-b= (at 1)
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3 a2 B
_ 1 4J't 3t3+3t ly=_ 1 41(1_&32_%}&
(a-b) t (a-b) t oo ot
:—%{t—Sln|t|—§+%} where t= X=B
(a-b) t 2t X—a
4 Exercise 7.
Integrate the following functions:
q. 1 . 1
41 —,X<3 1 "
R 3+2x —x? ) sinx (3 +2cos x)
1 . sin X
A iii) — V) —
: 1+3e* +2e** sin4 x
x? +1 vi) (2x +1)
(x =1)*(x +3) (x +1)(x = 2)
Algebraic Integrals
S B
ax® +bx +c
2 2 b C
Hereax"+bx+c=a | X" +—Xx+—
a a
_ b ) 4ac-b?
zal|Xx+—| +————1.
2a 4a®
2
Substituting x + b iang 22D _ +p?, we have
2a 4a®
1 dt
e

. Using the substitution as above, we have

dx
|l= | —m————
J‘\/ax2 +bx+c

1 dt
| =
ij,/itz +p?
m = j\/axz +bx + ¢ dx is reduced to

E Mj,litz +p2dt.

n J' PX + 9 d I X + 4 dxjpx + q)yjax® +bx+c dx
(ax +bx + c \/m

In these type of integrals we write px + q = /¢ (diff. coefficient of ax® + bx + c)+m.

Find ¢ and m by comparing the coefficient of x and the constant term on both sides of the identity.

In this way the question will reduce to the sum of two integrals which can be integrated easily

(one of these integrals will be of the type given above).

ax? tbx+c ax® +bx +c

PX> +aX+1 Jox® 4 gqx + 1

Integrals of the type
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In this case substitute ax? + bx + ¢ =M (px? + gx + ) + N (2px + g) + R.
Find M, N, & R. The integration reduces to integration of three independent functions.

In case of ZF)# where p () is a polynomial, we divide p (x) by ax’* + bx + ¢ and
ax“ +bx+c
obtain P() =q(x) + Imea; polynomal , Where q (x) is a polynomial in x.
ax“ +bx+c ax“ +bx+c
lllustration 33. Evaluatej 25|n229—cos.9 do.
6 —cos“ 0 —-4sing
Solution: LetI:I 25|n229—cos.9 do
6—-cos“6-4sind

(4sin6—-1)cos6
=[— . do
sin©0-4sin0+5
Putsin0 =t
t° —4t+5
t“ -4t +5 t“ -4t+5

=2log [t? —4t + 5| + 7 tan™* (t —2) + ¢ where t = sin 6.

lllustration 34. Evaluate I (2x —4)V4 +3x — x%dx .

Solution: Write (2x — 4) = ¢ (d.c. of 4 + 3x —x%) + m,
or(2x—-4)=1/¢ (-2x+3)+m.
Comparing the coefficients, we get
20=2,3(+m=-4 = /=-1m=-1.

Hence | = —j(—Zx + 3)\/4 +3x-x2 dx-J. JA+3x-x2 dx

1]
|
|
—_
N
+
w
x
|
>
N
SN—
N
|
C—y
N\
N o
N
N
|
7\
>
|
N | w
N—
N

1]

|

|

—_—

N
+
w
X

|
X

4 Exercise 8.

Evaluate the following:

:.: . 2 . X+1 2x +1 :.
| )) I(x +2)Vx? +1 dx, ii) Iﬁdx , iii) I[W X,
J- (x +2)dx :

V3 +2x + x? .

{iv) vi)

J' dx V) J' dx
9%x2 +6x +10 16 —6x — x2
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Integration of Irrational Algebraic Fractions:

1/n

@i). Irrational functions of (ax+b)™" and x can be easily evaluated by the substitution

n n-1
t" = ax+ b. ThusJ'f(x,(ax+b)1/”)dx =If[t _b, Jnt dt .
a a

(ii). For J' dx , We substitute, x —k = 1/t.

(x —k) vax® +bx +c

r-1
This substitution will reduce the given integral to —J. t dt

VAL? +Bt+C

(iii). To integrate we first put x = 1/t , so that

1
m%+BNcﬁ+D'
J. dx _ J‘ ~1/t?dt J‘
(Ax? + BWCX2 +D (A2 +BWC/t2 +D (A+BFNC+ Dt?

Now the substitution C + Dt? = u? reduces it to the formj

u? +a?
(ax +bx+c)dx

(dx +e)/fx* +gx +h

we write, ax® +bx +c = A; (dx +e) ( 2fx +g) +B1( dx +e) +C;
where A;, B; and C; are constants which can be obtained by comparing the coefficients, of like
terms on both sides. And given integral will reduce to the form

Aj (2fx +g) d+BlJ.

(B2 + gx +h
g

(iv). To evaluate J'

dx

C .
fx? +gx+h+ lJ. (dx +e)/fx* +gx +h
)

Illustration 35. Evaluate

P —
(x-3)v/x+1

Solution: Putx + 1 =t% We get
(F—Dmmzzjﬁ—l
(12 — At t2 -4

2

=2I{1+ 23 }dt =2t+gln:;
_4

+2
VX+1-2
_2vx+1+—m
VX +1+42

| = dt

+C

+C.

Illustration 36. EvaluateJ.

dx
,Xx>1
(X —1Wx? +x +1

Solution: Put x — 1 = 1/t and dx = —1/tdlt.
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We get I= j—z

32 +3t+1 \/—I( 1} 1

2
In|(t+1/2)+ t+l +i +c
2 12

dx

(x —3)3 Vx? —6x +10 .

Illustration 37. Evaluate J.

Solution: Substituting (x —3) = 1/t
= dx=- 1/ dt
dx

~3)°Vx% —-6x+10
B t2dt 2
__J'\/ a j\/“t —j 1+ t2dt

1+t

=In(t+v1+t% ) — \/ In(t+\/1+t )+cC

:% In (t+V1+t2 )-E\/1+t2 +c

2_ 2_
:%{In{l+\/x 6x+1OB_\/x 6x+10

we get, J.
X

|X—3| 2(x—3)2

3 2
. X X Xx-1
Illustration 38. Evaluate J. FX dx.

—1)\/2 - x2

X2 +x2+x-1

Solution: Here ".()(2_1)—2\/_—)(2
j dx+J' J' dx } J- dx
Nk e oo e
\
Put x+1:% Put j—l:%

T st s toq | g %=1 |,¢
e +°ge|2+x+m|+°ge|z Jz—
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(2x2 +5X +9)

lllustration 39. Evaluate I dx .
(x +1)Vx® +x +1
Solution: Let 2x* +5x +9 = A (x+1) (2x+1) + B (x+1) +C

:x2.2A+x(3A+B)+A+B+C
=2A=2, 2A+B=5 A+B+C=9
=A=1,B=2C=6.

(2x2+5x+9)

Thus, J' dx

(x+)Vx® +x+1

J- 2x+1 dx J«

X% +x+1

6J' dx

(x +)Vx* +x+1
=4 \x* +x+1+2.[\/ +ly

X% +x+1

x+1/2 +3/4
WhereI1:6J' dx .
(x +)Vx* +x+1
Put x+1 =1/t
— dx =-1/tdt

B i

=-61In (t—1/2+ (t-1/2)° +3/4j+c

1-X+Vx2 +x+1
= -61In +C
X+1

Hence, | = 44/x? +x+1+2|n(1+x+ N +x+1)—6|n{

t—1/2 2,13/4

1-X+Vx2 +x+1
+C
X+1

Trigonometric Integrals

Integrals of the form /R (sinx, cosx) dx:

Here R is a rational function of sin x and cos x. This can be translated into integrals of a rational
function by the substitution: tan(x/2) =t, This is the so called universal substitution. In this case
1-t 4 2dt
>+ COSX = > x=2tan"t ; dx= -
1+t 1+t 1+t
Sometimes, instead of the substitution tanx/2 = t, it is more advantageous to make the
substitution cot x/2 =t .
Universal substitution often leads to very cumbersome calculations. Indicated below are cases
where the aim can be achieved with the aid of simpler substitutions.
(&) If R(-sin X, cos x) = -R(sin X, cos X), substitute cos x =t.
(b) If R(sin x, -cos x) = -R(sin X, cos X), substitute sin x = t.
(C) If R(-sin x, - cos x) = R(sin X, cos X), substitute tan x =t.

sinx =
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Integrals of the form:

+ inx + +qsi
0 J- p cosx + q s'lnx M dx (i) J-p cosXx +q S|'nx dx
a cosx+ b sinx + ¢ a cosx+ b sinx
Rule for (i) : In this integral express numerator as | (denominator) + m(d.c. of denominator) + n.
Find I, m, n by comparing the coefficients of sinx, cosx and constant term and split the integral
into sum of three integrals
4 dx + m J'd.c. of (Den'omlnator) dx + n_[ dx . .
Denominator a cosx +bsinx+c
Rule for (ii) : Express numerator as | (denominator) + m(d.c. of denominator) and find | and m as
above.

ForI:IL,,wewritea:rcose,b:rsine
acosx +bsinx
dx 1
andgetl= | ——— sec(x — 0)dx
J Ircos(x 0) rj ( )
1

= ~log|sec (x — 6) +tan (x — 0)| + ¢
r
b

where r = Va? +b? and@=tan"5 .

Alternatively, we write tan E =t and get

- 24t -2 dt
e PR
a+ 2bt —at a (t b} [a +b J
a az

_ Iog|at b —+a? +b2|
a +b2 ‘at b++a® +b2‘

X . X .
For | :J. d : , we write tan — =t and follow the procedure given above.
acosx+bsinx +c 2

i 2
lllustration 40. Evaluate J. _ 2+3cosb
sin § +2cos 6 +3

Solution: Write the Numerator = | ( denominator) + m ( d.c.of denominator) + n
=2+3cosO=1(sin6+2cosO0+3)+m(cosb-2sin6)+n.

Comparing the coefficients of sin 6, cos 6 and constant terms, we get

l+n=2 2l+m=3 |-2m =0
= | = 6/5, m = 3/5 and n = -8/5.
Hence | =j§d9+§j .COSO—ZSInO d9—§J. : do
5 5Jsin6 + 2cos06+3 sin® + 2cos0+3

_50 & EIn|sine + 2cos® + 3 - §I3,

5 5 5

where | —j do

37 Jsing + 2cosh+3°
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Solution:

Illustration 42.

Solution:

Illustration 43.

Solution:

Pinnacle Study Package-57 MA-11-27
Puttangzt
2
:>|3=2J. dt =2J. dzt >
t? +2t+5 (t+D)°+2

=21.tan‘l t+1 _tant tan06/2+1 .
2 2 2

Hence | = %+gln|5ine+2cose+ 3|—§tan'l (MJ+C }

2

3sin X +2cos X
Evaluate J. ——————dx
3cos X +2sinx

Write the Numerator = I(denominator) + m(d.c. of denominator).
Therefore, 3 sinx + 2 cos x =1(3 cos x + 2 sin x)+m(-3 sin X + 2 cos X).
Comparing the coefficients of sin x and cos x on both sides, we get
3=21-3m,2=3l+2m =1|=12/13 and m = -5/13.
Hence, I=1 J.dx +m J-—-33|nx b ZCQSX dx
3cosx + 2 sinx

12 5 r-3sinx + 2cosx
12y 5 [3sinxs 2cosx g,

13 137 3cosx + 2 sinx
12 5

=—x——|n|3cosx+25inx|+c.
13 13

dx
sin x(2 cos? x —1) .

Evaluate j

. . 1 . . .
If in the expression we substitute -sinx for sin X, then the

sinx(2cos? x —1)

integrand will change its sign. Hence, we take advantage of the substitution
t = cosx; dt
= —sinx dx. This gives

dt . 1 2 1

=—J'ﬁand since > = N >
@-t9)2t° -1 1-t)(2t°-1) (@-2t°) 1-t
=L 1++/2cosx L1 JL-cosx|
J2 |1-2cosx| 2 |1+cosx

.2

sin“ X cos x
Evaluate j —dx

sin X + €os X

Since the integrand doesn’t change sign when sin x and cos x do change their
signs, we take advantage of the substitution t = tan x,
dt = dx/cos’x.
_ t2dt . . .
Hencel= | ——. Expand into partial fractions and solve.
(t+1)(* +1)
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Integration of the type: fsin"xcos"x)dx

M & N e natural numbers.

| If one of them is odd, then substitute for term of even power.
] If both are odd, substitute either of the term.
] If both are even, use trigonometric identities only.

lllustration 44. Evaluate Isins X cos® x dx

Solution: Let | = Isins x cos® x dx

I=—jp5(l—p2) dp

(if cosx =p, - sinxdx = dp).
_J'p7 dp—J.pS dp - p® p® _ cos®x  cos®x
- 8 6 8 6

+C.

Alternatively:
|=J'R3 (1-R?)? dR (if sinx =R, cosdx = dR)

(4 6 8
=J'R3dR_J'2R5dR +J.R7dR _sin"x _ 2sin X, sin”x

+C.
4 6 8

Note: This problem can also be handled by successive reduction or by Trigonometric Identities.

lllustration 45. Evaluate Isinz xcos? x dx .

2
i : 1- 2
Solution: We have ISInZ xcos? xdx = J‘[ C;S XJ (COS 22X +lj dx

=%I(1— cos 2x) (Cos” 2X +2c0s 2X +1) dx

_ EJ- cos4x+1 dX+J'20032xdx+ % —lj.coss oxdx
8 2 8 8 8

—lj.cos2 2xdx—lJ‘cos 2xdx
4 8

| 1 sin4x X sin2x+§_lj-c056x+30052x
8 8

= +—+ dx
16 4 16 8 4

1 {(cos 4x+1) dx — 1 sin ZX}
8 16

1 . 1 . 3x 1 |sin6x 3sin2x 1 . X
=—5Sin4x + —sSin 2X + — —— + ——sin4x — —
64 16 16 32 6 2 32

sin 6X  sin 4X 1
=—————+—58in2Xx+—+C¢C

192 64
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Exercise 9.

Find the integrals with respect to x, of the following functions:

qiv)

. 1 .. sin X
i) - , i) — i)
3sinx +4cos x sin X —cos X
sin x .
, : V) sec’ x , vi)
sSin 3x

1

3+2cosx '

sin X —cos X

3sinx +4cos x

Miscellaneous Exercise:

Find the integrals of the following functions:

. a+bcosx . l1+cosx
i) —_— i) -
sin® x 1-cosx
iii) XV1+2x2 iv) sec x log (sec x + tan x)
V) eV cose’™ vi) 1
Jx (1+x2)W1-x2
. X cos™ x . 3
vii) —_— viii) sin X cos” X
V1-x?
ix) 1 x) X
X% (14 x*)3* (x =1)(x =2)
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ANSWERS TO EXERCISES
Exercise 1.
. 4tanx -5secx +c (ii). 2(sinx+xcosa)+c
(iii) §x3’2 +2x"+c (iv) tanx+secx+c
v) x>-3sinx+e*+c (vi) %x2—2x+log x| + c.
Exercise 2.
() loge sec(x + EJ +C (ii) loge sin™" x + ¢
4
(iii) X+ (iv)  2In(x*+ 3x +100) +
W) 2 sin (\/;) +cC (vi) tan log |X| + ¢
Exercise 3.
() _itan_l{cotx—l}_ 1 In sin X + cos X — +/sin 2x ‘e
V2 J2cotx | 242 | sinx + cos x + /sin 2x
x=3 x+3_43

; 111, 4 X 1 X
(i) —| =tan - In 3 +C

6|3 3 2J3 X+ +4/3

X

(iii) X > +cC (iv) loglp+(q-p) sin® X|+c

1-x (a-p)
v) %(X—B)\/X+4 +C (vi) g—%log [cos x + sin x| + c.
Exercise 4.
() (x+a)cosa-(sina)log|sin(x+a)+c (ii) %sec2 X+cC
(iii) iIog sec| x-= |+tan| x-Z |+ ¢

V2 4 4
(iv) e“cosec x + ¢ W) —log |log (cot x)| + ¢
(vi) “los?x+ Leost x4

3 5
Exercise 5.
(i) 2 log (1+ x&) +c (ii) —%cos (2tan' x) + ¢
« logla® + V1+a®*
(iii) asint (—j +va? -x? +¢ (iv) +C
a loga

1 1,2\\? - 1 213/2 2\1/2

v) Z(tan (x )) +C (vi) §(1+x ) —-(A+x°)y"“+cC
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Exercise 6.
n+l Xn+1

(i) —x?Cos X+ 2XSiNX+ 2 COSX + C (ii) -+

n+1 (n i 1)
eX
(iii) S+C (iv) e“secx+c
(1+x)
2 2
(v) X7(Iog x)% — X?Iog X+ %xz +C (V) x log (log x) — +cC

Exercise 7.
1 X+1
i —lo — |+cC
0 e 4]
(i) iIog (1—cosx)—llog (1+cosx)+
10 °° 2 ¢
(iii) X + loge(1 + €°) =2 Ioge(l +2e)+c
i) I sinx — 1| |\/_SII’1X 1|
|S|nx+1| 4f |f3|nx+1|
3
\% —log|x-1]- +—I0 X+3]|+C
(V) 3 gl | 2(x—1) 3 gl |
1
Vi —log|x+1|+— Io X—2]|+C
(vi) 3 gl | 3 gl |
Exercise 8.
1 3
0} §(x2+1)2 +[x x2 +1+In{x + x2+1}+c (ii)
«/§ x-1
(iii) _2 Tvex-32 +\/§sin‘1¥ +c
3 J10

(v)

(iv) %tan‘l (3)( - 1} +C

%Ioge (3+2cosx)+c

Available on - Learnaf.com
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—2x —x? + 4sin‘1\/§ +c

. _1(X+3j
sin | ——|+C
5

. 1 2 1 1 X +1
(vi) =log(x© +2x + 3) + —tan (—j +C
2 2oz
Exercise 9.
0] lIothale_l+c (i) i+1Iog|sinx—cosx|+c
5 4-2tanx/2 2 2
Giy  Ztan [i tan (fn e (iv) |J§ +tanx| |
5 V5 2 |f 3 —tan x|
(v) tan 0+ =tan® 0 + ¢ (vi) —ix—lln|35inx+4cosx|+c
3 25 5
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Miscellaneous Exercise:

() —acotx—-bcosecx+c (i) —2cotx—-2cosecx—-x+cC
312
(iii) l(1+ 2¢)" " +c (iv) 1[|og(sec x + tanx]’
6 2
. . 1 1 J2x
v) 25|n(e&)+ c (vi) —tan +C
2 V1-x2
(vii) —J1-x*costx-x+c (viiy  f23(sin x)‘a’/2 - ;(sin x)7/2 +cC
1/4 —2)?
(ix) —1(1+ x4) +C (x) Iogu +C.
X x-1
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Level -0

ASSIGNMENTS PROBLEMS

Find the integrals, with respect to x, of the following functions:

1.

10.

11.

12.

13.

14.

15.

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

(i)

COS X —Ssin X
COS X + Sin X

xsint(x?)

Vvi-x*

1

a® sin? x + b? cos? x

sin2x cos 2x

V9 - cos* 2x

1

XA - 2x)
X
1

V8 + x —x?
x% —

x* +1

X sin”* x
XV1+ X — X2
x3 log 2x

e*(2 + sin2x)
1+ cos2x

tan™' x
x? tan™ X
e* cos (bx + ¢)

X2

(X2 +2)(x? +3)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

1

cos(X + a)cos(x +b)

e -1

e +1

sec?(2tan"! x)
1+ x2

1
x cos? (1+logx)

X+2

x? +2Xx+3

X+ 2

V% +2x-1

X% +1
x* +x2 +1

2C0S2X — COS X

6 — cos? X — 4sinx
(X —BX% + X

e*(1-sinx)
1-cosx

e " sin’ x
sect x

.1( 2% j
sin 5
1+ X

(2x — 1) (2x — 3)"?

X2

(x =D(x-2)(x-3)
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1. 0
2. 0
3. 0
4, 0
5, 0
6. 0
7. 0
8. ()
9. 0
(ii)
10. ()
1. ()
2. ()
13. ()
14. ()
(ii)
15, ()
(ii)
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ANSWERS TO ASSIGNMENT PROBLEMS

log |cos x + sin x| + ¢ (i)

1r . 1, 2\ o

Z[sm (x )] +C (i)

2 tan (3 tan xj ‘e (il

ab b

“Lgin F cos? ZX} +C (ii)
4 3

1 .
—sin"(4x-D+c
V2

1 |cos(x + b)|
sin(a—b) |cos(x + a)|

log |e*-e”|+¢c

1

—tan(2tan‘l x)+ c
2

tan log (1 + Xx)

(ii) llog|x2+2x+3|+itan‘l x+1l, ¢
2 7

NG

lsin‘l[zx_1
2 V33
|x \/_x+1| te (i)
|x +\/_x+1|
2 2
X sty XMEXT Lgnayie (ii)
2 4

J—\/8—x+x2 +c (i) VX2 +2x—1+log‘(x+1)+ X% +2x+1+¢

1. 4(x*-1
—tan +C.
\/§ 3X

—%Iog|1+sinx | +%1log |5+sinx|+c

_§(1+x x2)H2 4 1563in‘1[2X_1j+%(2x—1)\/1+x—x2+c

V5

3/2
%(x2 +x) —%{(2x+1)\/x2 +X —%Iog‘(2x+1)+2x/x2 +X H+c

NG IogZx—ix4 +C (ii) —e*cot| X |+c

4 16 2

X . 1 5 1 .

e'tanx+c (i) ——e " ——e " (2sin2x —cos2x) + ¢

2 10

X tan* x —% log (1L+x3)+c (i) xsectx —log| x+vx2 -1]+c

3 2

%tan‘lx—%+%log(l+x2)+c (ii) 2[xtan‘1x—log\/1+x2}+c
ax

> 2[acos(bx+c)+bsin(bx+c)]+k

a“+b

1 9/2 2 72

—(2x -3 2x -3

L (ax-9"7 + 2(2x-3)

~J2tan™? [IJ+«/—tan [\/§J+C

1/2log |x — 1| — 4 log |x — 2| + 9/2 log |x

-3|+c.
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SOLVED PROBLEMS

Subjective:

Problem 1. Evaluatej sinx dx.
3sin® x + 4cos? x

Solution: Sinx dx

J‘\/:%sin2 X + 4cos® x

j Sinx (for cosx =p, — sinx dx = dp)

V3 +cos? x

- 5

= I(cosx+ cos® X + )+c

Problem 2. Evaluatej

dx
(x - B(x—a)(f-x)

Solution: Put x = a sin?0 + B cos?0. Then dx = 2(o. — B) sin® cosd do
and (x —a) = (B — a) cos?0, and (X —B) = (o —P) sin’ O
4 (a.—p) sin6 cosH do
= I=J. : —
(=) sin26 (sin“ B) (B —a)

= LJ‘coseczede = —Lcot(ﬂc
B-a B

-
2 =)
B-a) V(B-x)
X+2 2 1 V3Ux +1
Problem 3. Prove that =—tan" | ——— |+¢C
J.(x +3x+3)Wx+1 V3 ( —-X J

X+2
(x? +3x+3)\/x+1
Substitutingx+1:p, dx = 2p dp, we get
2
%) :J' (r; +132 |od|02
p{(p” - 1" +3(p)°}
2 2
) o] £
p* +1-2p° +3p (p" +p° +D

ot

p +1+J
p

Solution: Let f(x) = j

it
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—
QD
S

‘{pz _1J+c =itan‘1(—x J+c
3 V3p J3 Bx+1
2

{T} _{T}

sec xd x

Problem 4. Evaluatej .
sin(2x + A) +sin A

Solution: Let|= j sec xdx _ J‘SGCZ—XdX
J2sin(x + A)cos x \/m
COS X
_J‘ J‘ c? x dx
) \/tanx CosA +sinA
_ secAJ' 2pdp

(If tan x cos A + sin A = p?, then cosA sec’ x d x = 2pdp)
ie.l= ﬁsecAIdp

= 2 sec A\tanxcosA +SinA +c¢ .

Problem 5. Evaluatejsin4 x dx.

Solution: Let|= Isins x sinx dx = sin® x (—cosx) + I3sin2 xcos? xdx

—sin® xcos x + IBsinz X (1-sin® x)dx

—sin® xcosx +3 Isinzx dx —BI sin® xdx
41 = —sin® xcosx +3 I(#jdx

1 . 3 3 sin 2x
l==—]-sin® X COSX+— | X — +C

4 2 2
Alternative:

| = J.sin“ x d x =%J‘ (1—c052x)2dx

= %.’.(1—2c052x+cos2 2x) dx
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Problem 6.

Solution:

Problem 7.

Solution:

Problem 8.

Solution:

1 : 1
= Z[X—SInZX]+Z J.(

coS4xX + 1}
"

= —lsin2x+isin4x+3—x+c.
4 32 8
Evaluate j (1+(tan x) {tan (x + A)}) dx.

Letl= | (1+ (tan x) {tan (x + A)}) dx
It )

j {1+ sinxsin(x + A) }dx :J. cos(x+A-x)

CcoSXcos(x + A) cosSXcos(x + A)

COSA sin(x + A — x)

SinA J. cosXxcos(x + A)

sin(x + A)cos X —sinx cos(x + A)
cosxcos(x + A)

dx

:cotAJ.

= cot Ajtan(x + A)dx — cotAItan xdx

= cot A [In |sec(x + A)| — cot A ln |secx]| ]
sec(x + A)
sec A

=cotAln +C

Evaluate J.cos 201n (MJ do

cos O —sin@

Letl= J.c0329ln w do
cosO-sin0

= J.cos 26In(wj do
€c0s 20

1+sin20 sin20 _J~sin29 2c0s20 . 2sin20 40
€c0s 20 2 2 1+sin20 cos20
sinzeln(1+ sin26

=In

2 c0s 20
sin20 In 1+sin26
2 Cc0s 20

j—jtanzede

1
j—EIn|sec26|+c.

1+ x)
X(1+ xe*)?

Let | = j&dx
x(1+ xe*)?

:J- 1+ x)e*

(xe*)(L+ xe*)?

Evaluate | = j

dx (1+ xe* = p, €* (1+x) dx = dp)

:jd_p_

(p - Dp?

Let 1 > = A +E+
(P-Dp* (-1 p

c
3

MA-11-37
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= 1=Ap’+B(p) (p-1) +C (p-1).
Forp=1,p=0,andp=-1,
A=1,C=-1andB=-1.

1 dp dp
=|—dp-|—-|—/—
J‘(|0—1) P I|0 Ip2
X
:Inw+l +c=In xe +( 1 J+c.
p p 1+ xe* 1+ xe*

N owy
XX +1

Problem 9. Evaluate J. dx ,x>0.

Letl—jxm dx—I R
I J' dx

= In(x+ X —1)—sec‘ X+C.

Problem 10. Evaluate J‘«/x +4x% +2 dx.

-1
Solution: (X )dx
-1

Solution: Let x+x2+2 =por x> +2 =p? +x°-2px
2 2
—Z;D = X ordx= P zzdp
2p

1/2

f (p)

3/2
=lp3/2 pY2(-2) = (x+x/x +2) P S S
3 3 X+ X2 +2

(p +2) _1 1/2 -3/2
dp —pr dp +Ip dp
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Objective:
dx .
Problem 1. J‘—IS equal to
\2x—x?
(A)sin (1-x)+c (B)—cos ' (1-x)+c
(C)sint(x-=1)+¢c (D) cos™ (x—1)+¢
. . x=1
Solution: Let I_j J' =sin (—j+c.
\/1 (x? —=2x+1) \/1 1
Hence (C) is the correct answer.
Problem 2. =I(,/tan X +jcotx)d x =f(x)+ cthenf (x)is equal to
(A) ~/2 sin ! (sin x —cos x) (B) % —+/2 cos™* (sin x —cos x)
tan x -1
(C) V2tant| =—2—— (D) none of these
\/Z/tan X
Solution: Let | —J(Jtanx+ cotx) dx —j«f Sinx+cos x dx
\J2sinxcos x
If sinx —cos x = pthen (cosx + sinXx)
dx = dp so that
| =2 J‘iz =J2sintp + c=+/2sin"Ysinx—cosx)+c
1-p
_ T \/_ 1,
= — —4/2c0s " (sinx—cosx)
V2
- J2tan sinXx —cos X _ 2 tan sinX —cos x
\/1—(sinx—cosx)2 v2sinxcosx
tanx -1
2]
2tanx
Hence (A), (B), (C) are correct answers.
Problem 3.  Ifl= j 1 ,p_—l dp =f(p) +c ,thenf(p) is equal to
2p\p+1
1 2 1 -1
(A) EIn(p— p —1) (B) (— cos” p+Esec pj
(C) In \p+4/p? -1 —%sec‘l p (D) none of these
Solution: Letl= ji /p—_ldp I
2p\p+1
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R s
(P+1)(p-1) pyp>-1 27 pp? -1
%Ioge (p+yp? -1) - Esec‘lp.

Hence (C) is the correct answer.

Problem 4. If j /COS x - cos’ Xdx =f (X) + ¢, then f (x) is equal to
(1-cos® x)
3
(A) —sm {cos2 J (B) —sm {cos2 XJ
2 3 2 3
(C) Ecos‘l {cos2 XJ (D) —Esin‘l {cos2 XJ

— cos X — cos> X4 Jcos x (v/1- cos? x)
Solution: Letl—j : ) I
1-cos® x
—{cos2 J

3 1
If cos?2 x=p,then {—%cosz xsindex=dp

3 3
2 dp 2 1 5 2 -1 5
= -= ,= ——=sin""|cosZX|+Cc=—-=CcOoS | COSZ X | +C;
3J. ll—pz 3 { J 3

Hence (C) and (D) are the correct answers.

Problem 5. Id—xis equal to
x(xn +1)
X" 1 x" +1
A lo +C B) -—— lo —— |+cC
() ge[XnHJ (B) ge[XnJ
(C) loge +cC (D) none of these
x" +1
Solution: Letl= I dx :I dx
x(x" +1)

n+1(1+ 1j.
X"

1 n
If (1+X—nj=p, then —Fdx= dp

1¢dp _ -1 1 X" +1
1=—=[ P = Zjog. p=-Zlo .
n.[ p n 0% P=g ge( x" J

Hence (B) is the correct answer.
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Problem 6.

dx .
is equal to
I(1+&) Vx=x?)

1+\/; 1+\/;
(A)—(l_x)2 +C (B) —(1+x)2 +C

1-Jx 2(Vx -1

©) —(1—x)2 +cC (D) —(1—x) +cC

Solution:

Let| = J. dx
@+ Vx) (X —x?)

1
If VX = sin p, then —dx = cosp dp
2x
2sinpcospdp
(1+ sinp)sinpcosp
_ 5 dp P (1—S|n2p)dp
(1+sinp) cos?p

= Z{J‘sec2 pdp—J'(tan psecp)dp}

==

:2(tanp-secp):2( x 1 )J+c

1-x) J@a-x
2 ey
(1-x)

Hence (D) is the correct answer.

4
X" -1 .
Problem 7. J. dxis equal to
X2(X4 +X2 +1)1/2

4 2
(A) X+—X+l+c (B) X2 +1+L+C
X x2

x* +x% +1

X2

©) (D) none of these

. -1
Solution: Let | J. X!
X% (x* +x2 +1)

iy

If x? +i2+1= pz,then(ZX—ijdx =2pdp

X x3

1/2

4 2
= |:J.&=p+c = X+—);-'_l+c_
X

Hence (B) and (C) are correct answers.
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dx .
Problem 8. J’ﬁ is equal to
COS” X +sin” X
(A) loge (tan x — cot X) + ¢ (B) loge (cot x —tan x) + ¢
(C) tan™ (tan x — cot x) +c (D)tan™ (-2 cot 2x) + ¢
6
Solution: LetI:j 5 dx 5 :j sec; dx
€0S” X+sin” X 1+tan” x

(1+tan® x)? sec? xd x

1+tan® x
If tan x = p, then sec® x dx = dp
(1+p*)dp _ I (1+p%) dp
1+p° -p? +1

. 1
p 1+J
:j—[ p*
pz[p2+12—1J
p
=Ii=tan—1(k)+c p-2-k |1+-1 |dp=dk
kK2 +1 p p2

1
tant [p _—j +C = tan™* (tanx — cotx)+c
p

=I|=

dp

=tant (-2 cot2 x)+ C.
Hence (C) and (D) are correct answers.

d x
8 6
(x+a)” (x=hb)?

Problem 9. J. is equal to

1

1
(A)( J(x+a}7 e (B)( 7 J(x—bj7 e
a+b/{x-b a+b/\x+a

1 1
© X_bJ6+c 6 (x+a}e+c
a+b X +a a+b \x-b
I _ dx _ dx
Solution: LetI—J. 0 5 —J. Ok
(x +a)7 (x—b)7 (x +a)? x-b7
X+a

X-b b 1 dp
If =p, then dx =d l= ——

(x+aj P (x + a)? P a+b g

p

1 1
N =( 7 J(X_by
a+b a+b/\x+a

Hence (B) is the correct answer.
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Problem 10.

Solution:

Problem 11.

Solution:

J' 3 +2cos X .
—zdx is equal to
(2 +3cosx)

A) sin X ic ®B) 2.cosx ic
3cosx+2 3sinx+2
©) 2Ccos X ic (D) 2.smx ic
3cosx+2 3sinx+2

3 +2cosx
Lot = [ 342609
(2+3cosx)

Multiplying Nr. & Dr. by cosec®x
= J-(3cosec2x+ 2cot x cosecx)

dx

dx

(2cosecx + 3cot x)?

_ J- —3cosec ?x —2 cot X Cosec X dx
(2cosec x+ 3cot x)?

_ 1 _ sin x ‘e

2cosec x+3cotx 2+ 3cosx
Hence (A) is the correct answer.
Alternative:

= J-3sin2x+3coszx+2005x
(2 + 3cos x)?
_ COS X J-Ssinx-sinx
~J(2+3cosx) (2 + 3cos x)?
:J- COS X - sinx _J' COS X .= sinx
2+ 3cosx 2 +3cosx 2+3cosx 2 +3cosx

n +5 2
J.(x+£J (X z_lexis equal to
X X

dx

1 n +6
(X + Xj X2 1 n+6
(A) e +C (B) (—xz J (n+6)+c
X n+6
© ( > j (n+6)+c (D) none of these.
X< +1
Here | :Ip”+5 dp.
If x+1 =p then, (1—%jdx =dp,
X X
— 1 "o X2 -1 n+5
== J.(x+;j ( ) dx—jp dp
1 n+6
pn+6 (X +XJ
= +C = + ¢ . Hence (A) is the correct answer.

" n+6 n+6

MA-11-43
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Problem 12. j \/7 is equal to
1 X inyx+va2 - x2 +c 12 X pin(xa? —x®)+¢c
(A) sin™ a (B) = sin™ 4
2 2
[ [A2 2
(C) % sin'lan( a+ya® —x“)+c (D) none of these.
Solution: Here Izj.&de (x=asin 6, dx =acos 0 d 0)
sin6 + cos O
_EJ- J'cose sme
2 S|n6+cose
= 16+—In(sin6+cose)
2 2
= %sin‘l§+ln\/x+\/a2 -x® +c.
a
Hence (A) is the correct answer.
dx .
Problem 13. J. Tis equal to
VX +1+ (X +1)5
1
(A) 2p® -3P? +6p-6In(l+p)+c, where p=(x+1)s
1
(B) 2p® +6p-6In(1+p)+c, where  p=(x+1)s
1
(C) 2p® +3p® +6p-6In(L+p)+c, where p=(x+1)s
(D) none of these .
5
Solution: Here | :J. 6p”dp ((x + 1) = p®, then dx = 6p° dp).
p° +p’
= 6| p°dp-6|pdp+6|dp -6 —dp
I I I I|c> 2(p+1)
6p° 6p°

= +6p-6In(p+1)+c
3 2 (P+1)
1

2p® —-3p® +6p-6In(l+p)+c, where p=(x+1)s.

Hence (A) is the correct answer.

2
Problem 14 j&dx is equal to

(x® +1Vx* +1

(A) sec™! [\)/(;+1j+c (B) %sec‘l [—j;+lj+c
X X
(C) % sec! (nglJ +C (D) none of these.
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Solution:

xz(l—ljdx
2
LetI:I 7
2( 1} 2 1
XEIx+= || X2 +—
X x2

Let x+1=p = (l—izjdx=dp
X X

=|= I& = isec‘lizisec_l(xz +1J+C
pqu—z \/5 \/5 \/5 \/EX

Hence (B) is the correct answer.

Problem 15. If J.xeX cos xd x.=f(x)+c, thenf(x)is equal to

X eX

(A) %{(1—x) sinx — X cosx} + C (B) 7{(x—l) sinx+ X CosXx} + ¢

X
()] %{(1+ X) SinX — X COSX} + C (D) none of these

Solution: Here | = Rear part of Ixe(l+i)xdx
Xe(1+i)x e(1+i)x L - Xe(l+i)x ~ e(1+i)x
(1+1) @+ @+ @+i)?

- e(1+i)x X(1+ I) -1
(1+i)?

:ex[cosx+isinx]{

x-D+ix |_ e . ) .
m}—_—z{lcosx—smx} {(x=-D+ix}

X X
e_2 [(2-x) sinx —x cosx] + ¢ = e? [x cosx + (x —1) sinx] + c.

Hence (B) is the correct answer.
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ASSIGNMENT PROBLEMS

Subjective:

Level —1

Integrate the following w. r. t. x

2
1 0 X + X
V2x+1
2 (i) cosvx
3 (i) e cos2x
4 () V1+Inx
xIn x
c 0 sint/x - cos /X
sintx + costVx
6 (i) [(x + a)°(x + b) "]
2X
7.0 -
Yex -1
8 () tan x sec x cosec X
9 () CoSs X
5-4cosx
10. () 1

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

(ii)

X + Sinx
1+ cosx

1-x
cot™ \ 1 x

SIN - Va+x

x

1
VJ1-sin* x

1
(2x+1)(1+ \/2x+1)
cosec X+/1+ cos x

a—X
Xx—b
1
1+ 3sin? x
x3 tant x*
1+ x8
Ja+x3)
5
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Level -1l
1. Evaluate
3/2 2
0 j 1 (ii) j (x + lj (X glj dx
x3x* +1 X X
2. For any natural number m, evaluateJ.(x3m +X2M 4 xM)(2x2M + 3x™ +6)YMdx , x > 0.
Integrate the following w.r.t. x :
3 COS X — COS 2X
' 1-cosx
2
(ax + bx)
4, _
a*b*
5 8x+13
' Vax+7
6. x°
(x+2)
. . X " e*(2-x?)
7 () sm(m In—j (i) _—
K (1- x)V1-x2

8 0 X (ii) J1+cos? x sin2x cos2x

(2 + % )1/3
. '”E .. X In x
9 0 5 (ii) =
(In x) (Xz _1)
2\ 3
10 (i) (2 s ) " (ii) sin x In tan (E + EJ
(1+ x2) 4 2
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Objective:
Level —1

2

| = Je‘a” *x [“X—:XJ dx is equal to
1+x

(A) xel@" X 4¢

1

(C) Loganx ¢
X

COS X+ X SinX .
I:j—dx is equal to
X (X +cosX)
(A) loge| - X5€€X 1, ¢
1+ xsecx
(C)loge (L +xcosx)+c

4/3

| = JsecZ’sx cosec 3 xdx is equal to

A) 3 tan*® x + ¢
(A)
(C)-3 cot Y3 x+c

| = J—4dx is equal to
1-cos™ x
(A) 22 (cotx + /2 tan™ \/2 cotx)

(C) 22 {cot x + tan™ (cos x)}

dx .
| = J is equal to
1+¢e*

(A) loge (“Xe J+c
e

(C) loge (€") (€*+1) +c

| = Jeax cosbxdx is equal to

(A) real part of J e@bxgy

(B) x2 el X 4 ¢

(D) none of these

(B)loge (L +xsecx)+c

(D) loge (xsecx)+c

(B)-3 tanV3 x + ¢
(D)3 cot™¥3 x+c

(B) _i (+/2 cot x+ tan™(+/2 cot x) +c

NG

(D) none of these

(B) imaginary part of Je(a’“bi)xdx

(C) neither real nor Imaginary part of J‘e“"*bi)xdx (D) none of these

| = J‘(Ioge x)? dx is equal to

(A) X loge X (loge X + 2) + C
(C) x [(InX)? = 2(Inx) + 2]+c

(B) xloge X (2loge x +1) + C
(D) x {(loge X)* -2(loge X - 2)} + C
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8. | = Iapxbmxdx is equal to
X mx m Iog apbm
(A) (@ b™loge a®b™) + ¢ (B) [as"TJ +cC
apxbmx
C)| —— |+c (D) none of these
log, aPb™
9. | = J'L is equal to
xlogxlog(logx)
(A) log [log (log x)] + ¢ (B) log (log x) + ¢
(C) log [log (log (1/x))] + ¢ (D) none of these
X
10. | = j()(ewdx is equal to
e’ +
2X —2X 2X —2X
(A) % +c (B) % +c
ex _ e2x
©) — +C (D) none of these .

11. Letf (x) :Iex(x —D(x — 2)dx . Then f (x) decreases in the interval

© 12 (D) (2, »)
12. Iex sin X cos X €0S 2x cos 4x dx.
(A) e’ sin (8x —tan" 8) + ¢ (B) e’ sin (8x —tan" 8) + ¢
4./65 865
(C) €/8 sin (8x —tan™" 8) + ¢ (D) none of these
13. If 1= J' dx =isec‘l(zx+5j+c then
(2X +5)\/4x? +20x +16 M P
(A)m =1/6, p = 1/3 (B)ym=-6, p =3
(Cym=6, p=3 (D)m=-6,p=-3
X2 12
14. | = J‘de is equal to
2x(x? +1)°
xe*’ xe*’
A—— ¢ (B) —— +c
( )(xz +1)? (x* + 1

XZ

e

——5 *¢C (D) none of these
X(X° +1)

15. Forx >1, J'sin‘l( 2x2j dx is equal to

1+x
(A) 2x tan™(x) - IO + 1) + ¢ (B) 2x cot™ x + loge(x> + 1) + ¢
(C) 2 x tan™(x) + loge(x®* + 1) + (D) none of these
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Level-1I
dx .
1. | = I— =f (X) + c then f (x) is equal to
e’ +4e™*
X
(A) 2 tan™ (2 &) ®) L tant| &
2 2
X
(€)2 tant - ©) L tant@2 )
2 2
I log, X .
2. | = jde is equal to
X(log, x)
(A) 1 log, log, x + ¢ (B) 1 (loge loge x)2 +cC
2 e e 2
© %Ioge loge X (D) none of these
10x° +10* log, 10 :
3. | = (10x Jlr e )dx is equal to
(x*° +10%)
(A) 10°+x® + ¢ (B) 10°—x"%+¢
(C) 10" + x™° (D) loge (10" +x™%) + ¢
4, I = |<log, log, X+ ————¢+dx is equal to
j{ © 7 (log, x)z}
(A) x loge loge X + C (B) x loge loge X — +cC
log, X
(C) xlogeloge x + +c (D) none of these
log, X
cos® x+1 .
5. | = j—dx is equal to
cot X —tanx
(A) —3%[c0522x+4c032x+ 10 loge cos 2 x ] + ¢
(B) é[c0522x-4c052x+ 10log. cos 2x ]+ ¢
(©) 3iz[c0522x-4c052x-10Iog.3c052x]+c
(D)none of these
6. | = J.sin3 x cos® xdx =f(x)+ ¢ then f(x) is equal to
(A) i(-4sin6x+ 6 sin* x) (B) i(3sin8x-4sin 6 X+ 6sin4x)
24 24
1 6 4 1 6 8
C) — (4 cos™x + 6c0S X D) — (4 cos” x - 3 cos™ X
©) 4 ( ) (D) 4 ( )
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7. | = J.\/1+2tanx(secx+tanx)dx is equal to
(A) loge |sec2 X +tan xsecx|+c (B) loge |1 +tan x (sec x +tan x| + ¢
(C) loge [sin x (sec x —tan X)| + ¢ (D) none of these.
8. | = - dx - is equal to
(sinx —2cos x) (2cos x +sinx)
(A) loge 4/ BNX =2 @®) Ln[fanx=2 .
2tanx +1 4 tanx + 2
(©) _1 log, 2 SINX +COSX) .smx +C0sX) +c (D) none of these
4 sinX + 2cos X
dx .
9. |= |——— isequalto
I JX(x +9)
(A)ztan‘l(«/;)+c (B) 2 tan Jx +C
3 3 3
(C)tan! [g} +C (D) none of these
10. If Icos ec2x dx = f(g(x)) + ¢, then g (f' (X)) is equal to
1 1
A) =In(tan x B) tan —
(A) 5 (tanx) (B) o
(C) In |sec | (D) none of these

11. | = j(2x—3)§/m +3nx —nx? dx is equal to
-6 6 2N\7 6 2
(A)7— \/(m+3nx—nx) +C (B) m ¥m+3nx —nx~ +c
n

(C) 163/—(nx2 —-3nx-m)’ +c (D) none of these
n
12. IfA:IeXsinx & B=J‘ex cos x dx, then A?+B? isequalto
2X
e 1
A B)—e
(A) 5 ( )2
e3x
©) (D) none of these .

3

13. Ifl= J‘xloge (1+ljdx: p (X)loge (x + 1) + g (X) x*+Lx+c, then
X

W= % (B) g () = loge x

e L=1 (D) none of these
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14, | = J‘,/(1+ sin2x)dx is equal to

(A) cos x + sin x+cin{—%, O} (B) cosx + sinx+cin {37: n}

(C) —cos x —sinx+ ¢ in{—%, 0} (D) none of these

15, If j4e +6e™ 1x = Ax + B log(9e® — 4) + ¢, then

—4e7*
(A)A=3/2,B=35/36,c € R (B) A=-3/2,B=35/36,c € R
(C) A=%,B=35/36,c=3/2 (D) none of these
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ANSWERS TO ASSIGNMENT PROBLEMS

Subjective:
Level - |
1. (i)“2X+1(x2+x—1)+c (i) x tan = + ¢
5 2
2. (i) 2[Vx sin Vx + cosVx] + ¢ (ii) %[nx —XCOSE X +41-x2 } +C
-3x X

3. 0] 61; (2 sin 2x - 3.cos 2x) + ¢ (i) (x+a) tan'l\g —Vax c
4 (i) 241+1n X +1In %:ll:illl (ii)%ln(ﬁ tanx + 1+ 2tan2x)+c
5. () 2e{@x- Dsints Vx—x -2 x+ e (i) In F—“j’:lﬂ ‘e
6 (i)L{ﬂTM c (i) v2 In(tan fj ‘c

' (b-a) x+b ’ 4

7. (i)zil(ex —1)3/4(3ex +4)+c

(i) (a-bytan™ 5 5 + (a-x)(x-b)+c

8. () 2+vtanx +c

9. (i)—5+§tan‘l 3tan> | +c
4 6 2

10, ()— | L[ X=2 ) L[ X284
' a?-p?|l2a (x+a) 2b (x+b

Vx* +1

1 () - ‘e
2x?
1 m+1

2. |:2X3m +3x°™M 4+ xm] m 4c

6(m+1)
3. 2sinx+x+c

1 3 1 1
5. §(4x+7)2 _E(4X+7)2 +c

7. (i)ﬁ{sin(m InEJ—mcos(m Inéﬂ+c

(ii)%tan‘l (2tanx)+c
(ii)%(tan‘l x4 )2 +C

iy ~EX) " ) e

4x*

5/2
(i) %(x + ij ‘e

6@
o3 s 3

X3

6. ?—x2+4x—8ln|x+2|+c

(i) & |2 X 4 ¢
1-x

+2X+C
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8. () 3 (2 + xz)z/a (XZ -3)+c (ii) __1[003 2% + 3]3/2 [cos oy 2] te
10 52
% . -1 Inx
. )—*¢ iiysec™ x — c
Vinx e e
6 4 2
10. (i)x—+3L+X_—1|n(1+x2)+c (i) x - cos x Injtan| =+ X || + ¢
6 4 2 2 42

Subjective:

Level —1
1. A 2. A
3. B 4, B
5. B 6 A
7. C 8. C
9. A 10. D
11. C 12 B
13. C 14. B
15. B

Level -1l
1. B 2. B
3. D 4, B
5. A 6. A
7. D 8. A
9. B 10. B
11. A 12. A
13. D 14. A
15. B
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