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Preface

This book is based on the lecture notes for a one-semester course on statistical
physics at M.L.T., which I have taught to advanced undergraduates. They were
expacted to have taken introductory courses in classical and quantum physics,
including thermodynamics. The object of this book is to guide the reader quickly
but critically through a statistical view of the physical world.

The tour is divided into stages. First we introduce thermodynamics as a phe-
nomenological theory of matter, and eniphasize the power and beanty of such
an approach. We then show how all this can be derived from the laws governing
atoms, with the help of the statistical approach. This is done using the ideal gas,
both classically and quantum mechanically. We show what a wide range of phys-
ical phenomena can be explained by the properties of the Bose gas and the Fermi
gas, Only then do we launch into the formal methods of statistical mechanics, the
canonical ensemble and the grand canounical ensemble.

In the last stage we return io phenomenology, using insight gained from the
microscopic level, The order parameter is introdnced to describe broken symmie-
try, as manifested in superfluidity and superconductvity. We spend quite some
time on noise, beginning with Einstein's description of Brownian mation, through
stochastic processes and time-series analysis, and ending with the Monte-Cario
method.

There is more material in this book than one could comfortably cover in one
semester, perhaps. As arough division, bwvelve chaptersin this book are on “general
topics™ and six on “special applications™. A coirse might cover all of the general
topics, with choices of special applications that vary from year to year. Among the
general topics are Chapters 1-3 on thermodynamics, Chapters 5, 6 and 8§ on the
kinetic theory of the ideal gas, Chapters 9 and 10 on the Bose aud Fermi gases,
Chapters 12 and 13 on formal statistical mechanics, and Chapters 17 and 18 on
stochastic processes. That leaves six chapters on such things as transport phenom-
ena, Bose—Einstein condensation, Josephson junction, and Brownian motion.

The emphasis of this book is on physical understanding rather than calculational
techniques, although Dirac would say that to understand is to know how to calcu-
lare. 1 have included quite a few problems at the end of each chapter for the latier

purpose.
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I would like to thank the M.IT. students who had.endured 8.08, and Aleksey
Lomakin and Patrick Lee, with whom I have enjoyed teaching.that conrse, which
led to the writing of this book.

Kerson Huang
Boston, Massachusetis, 2001




Chapter |

The macroscopic view

. Thermodynamics

The world puts on difterent faces for observers using different scales in the mea-
surement of space and time, The everyday, macroscopic world, as perceived on the
scale of meters and seconds, looks very different from that of the atomic micro-
scopic world, which is seen on scales smaller by sonie ten orders of magnitude,
Different still is the submicroscopic realm of quarks, which is revealed only when
the scale shrinks further by another ten orders of magnitude. With an expanding
scale In the opposite direction, one enters the regime of astronomy, and uitimately
cosmology. These different pictures arise from different ways of organizing data,
while the basic laws of physics remin the same.

The physical laws at the smallest accessible length scale are the most “fin-
damental”, but they are of little use on a larger scale, where we must deal with
different physical variables. A complete kmowledge of quarks tells us nothing
about the structure of nuclei, unless we can define nuclear variables in terms of
quarks, and obtain their equations of motion from those for quarks, Needless to
say, we are unable to do this in detall, although we can see how this could be done
in principle, Therefore, each regime of scales has to be described phenomenolog-
ically, in terms of variables and laws observable in that regime. For example, an
atom is described in terms of electrons and nuctei without reference to quarks, The
subnuclear world enters the aquations only implicitly, through such parameters as
the mass ratio of electron to proton, which we take from experiments in the atomic
regime, Similarly, in the macroscopic domain, where atoms are too small to be
visible, we describes matter in terms of phenomenological variables such as pres-
sure and temperature, The atomic structure of matter enters the picture implicitly,
in terms of properties such as density and heat capacity, which can be measured
by macroscopic instruments,

From experience, we know that'a macroscopic body generally settles down, or
“relaxes™ to a stationary state after a short time, We call this a state of thermal
equilibritan, When the external condition is changed, the existing equilibrium
state will change, and, after a relatively short relaxation time, settles down to
another equilibrium state, Thus, a macroscopic body spends most of the time in
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some state of equilibrium, punctuated by almost sudden transitions, In our study
of macroscopic phenomena, we divide the subject ronghly under the following
headings:

o Thermodynamics is a phenomenological theory of equilibrium states and
transitions among them,

o Statistical mechanics is concerned with deducing the thermodynamic proper-
ties of a macroscopic system from its microscopic structure,

e Kinetic theory aims at a microscopic description of the transition process
between equilibrium states,

This book is concerned mainly with-statistical methods, which provide a bridge
berween the microscopic and the macroscopic world. We begin our study with
thermodynamics, bacause it is a highly successful phenomenological theory, which
identifies the correct macroscopic variables to use, and serves as a guide post for
statistical mechanics.

1.2 Thermodynamic variables

As armle, properties of 2 macroscopic system can be classified as either extensive
or intensive;

e Extensive quantities are proportional io the amount of matter present.
e Infensive quantities are independent of the amount of matter present,

Genemlly, there are only these hwo categories, because we can neglect surface
effects. A macroscopic body is typically of size L ~ | m, while the range of
atomic forces is of order rp ~ 10~1¥ 1. The imacroscopic nature is expressed by
the ratio Lfn ~ 10!%. The surface-to-volume ratio, rendered dimensionless in
terms of the range of atomic forces, is of order ro/L ~ 10~'°, The extensive
property expresses the “saturation property™ of atomic forces, i.e., an atom can
“feel” only as far as the range of the force. The intensive property means that atoins
in the interior of the body do not feel the presence of the surface,

ExcepHions arise when any of the following conditions prevail:

The system is small,
There is a non-uniform extemal potential,
There are long-ranged interparticle forces, such as the Counlomb repulsion
between charges, and the gravitational attraction between mass elemants.
e The geometry is such that the surface is important,

These exceptions occur in important physical systems, For example, the volume
of a star is a non-linear function of its mass, due to the long-ranged gravitational
interaction. We illustrated the different cases in Fig. 1.1,
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Senall system Long-ranged interaction Strange shape
or in external fiald

Not exrensive

Figure 1.1 A body has extensive properties if surface effects can be neglected, so that the
energy Is proporttonal to the number of particles. In these pictures, the surfrce
fayer is indicated by a heavy lne.

1.3 Thermodynamic limit

We consider a material body consisting of & atoms in volume V, with no non-
uniform extemnal potential, in the idealized limit

N — o0, V — 00,
(1.1

N
— = fixed number.
v

This is called the thermodynamic limit, in which the system is translationally
invariant.

The thermodynaniic state is specified by a number of thermodynamic variables,
wlich are assumed to be either extensive (proportional to &), or intensive (inde-
pendent of N). We consider a generic system described by the three variables P,
V'and T, denoting, respectively, the pressure, volume and the temperature:

e The pressure P, an intensive quantity, is the force per unit area that the body
exerts on a wall, which can be that of the container of the system, or it may be
one side of an imaginary surface inside the body. Underequilibrium conditions
in the absence of external potentials, the pressure must be uniform throughout
the body. It is convenient to measure pressure in terms of the atmospheric
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pressure at sea level:
tatm = 1.013 x 10 dyne em ™ = 1103 x 10°Nm™2 (L2)

o The volume V measures the spatial extent of the body, and is an extensive
quantity. A solid body maintains its own characteristic density N/V. A gas,
however, fills the entire volume of its container.

o  The temperature 7, an intensive quantity, is measured by some thermometer.
It is an indicator of thermal equiiibrium. Two bedies in contact with each
other in equilibrium must have the same temperature. Since the two bodies in
question can be different parts of the same body, the temperature of a body in
equilibrium inust be uniform. The temperature is also & measwe of the energy
content of a body, but the notion of energy has yet to be defined, through the
first law of thermodynamics.

In the thermodynamic limit we must use only intensive quantities, mathemat-
ically speaking. Instead of V we should use the specific volume v = V/N, or
the density n = N/V. However, it is convenient to regard V as a Iarge but finite
number, for this corresponds to the everyday experience of seeing the volume of
a macroscopic body expand or contract, while the number of atoms is fixed.

There are systems requiring other variables in addition to, or in place of, P, V
and 7. Common examples are the magnetic field and magnetization for a magnetic
substance, the strain and stress in elastic solids, or the surface area and the surface
tension.

1.4 Thermodynamic transformations

Wlhen a body is in thermal eguilibrium, the thermodynamic variables are not
independent of one another, but are constrained by an eguation of state of the form

f(P,V.T) =0, (1.3)

where the function f is characteristic of the substance. This leaves two inde-
pendent variables out of the original three. Geometrically we can represent the
equation of state by a surface in the state space spanned by P, V, T, as shown in
Hg. 1.2. All equilibrium states must lie on this surface. We ragard f as acontinuous
differentiable function, except possibly at special points.

A change in the extemal condition wiil change the equilibrium state of a system.
For example, application of external pressure will cause the volume of a body to
decrease. Such a change is called a thermodynamic transformation. The initial
and final states are equilibrium states. If the transformation proceeds sufficiently
slowly, the system can be considered to remain in equilibriuny In such a case, we
say that the transformation is guasi-static. This usually means that the transforma-
tion is reversible, in that the systein will retrace the transformation in reverse when
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Equation-of-
-state surfece

irreversible

path

Reversible

T v
Figure 1.2 The state space in thermodynamics.

the extemal change is reversed. A reversible transformation can be represented by
a continuous path on the equation-of-state surface, as illustrated in Fig, 1. 1.

An rreversible transfonmation, on the other hand, cannot be represented by a
path on the equation-of-state space, as indicated by the dashed line in Fg. 1.1,
In fact, we niay not be able to represent it as a path in the state space at all. An
example is the sudden removal of a wall in a container of a gas, so that the gas
expands Into a compartment that was originally vacuous. Although the initial and
final states are equilibrium states, the intermediate states do not have unifom P,
V, T, and hence cannot be represented as points in the state space,

In a reversible transformation, we can consider mathematically infinitesimal
paths. The mechanical work done by the system over an infinitesimal path is
represented by a differential:

dW =PdV. (1.4)

Along a finite reversible path A — B, the work done is given by
B
AW = f PdVv (1.5)
A

which depends on the path connecting A to B. This is the area undemeath the path
in a PV diagram. When the path is a closed cycle, the work done in one cycle is
the area enclosed, as shown in Fig, 1.3. The work done along an irreversible path

is generally not f PdV. For example, in the free expansion of a gas into a vacuum,.

the system does not perform work on any extemal agent, and so AW =0.

A uniquely thermodynamnic process is heat transfer From the atomic point
of view, it represents a transfer of energy in the form of themmal agitation. In
thermodynamics, we define heat phenomenologically, as that imparted by a heating
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Worlk
done

v

Figwre 1.3 The work done In a closed cycle of transformations Is represented by the area
enclosed by tha cycle in a P-V diagram.

element, such as a flame or a heating coil. An amount of heat AQ absorbed by a
body causes a rise AT in its temperature given by

AQ = CAT, (1.6)

where C is the heat capacity of the substance. We imagine the limit in which
AQ and AT become infinitesimal. The hieat capacity s an extensive quantity. The
intensive heat capacity per particle (C/N), per mole (C/n), or per unit volume
(C/V}, are called specific heats.

The fact that heat is a form of energy was established experimentally, by observ-
ing that one can increase the temperature of a body by AT either by transferring
heat to the body, or performing work on it. A practical unit for heat is the calorie,
originally defined as the amount of lieat that will mise the temperature of | g of
water from 14.5°C to 15.5°C at sea level. In current usage, it is defined exactly in
terms of the joule:

teal = 4.184 1. (.7
Another commonly nsed unit is the British thermal unit (Btu):
B =1,0551. (1.8)

The heat absorbed by a body depends on the path of the transformation, as is
true of the mechanical work done by the body. We can speak of the amount of
heat absorbed in a process; but the “heat of a body”, like the “work of a body™, is
meaningless. Commonly encountered transformations are the following:

T = constant (Isothermal process)

P =constant (Isobaric process)

¥ —constant (Constant-volume process)
AQ=0 (Adiabatic process).
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We use a subscript to distinguish the different types of paths, as for example Cy
and Cp, representing, respectively, the heat capacity at constant volume and con-
stant pressure. The heat capacity is only one of many thermodynamic ccefficients
that measure the vesponse of the system to an external source. Other examples are

1A
k= _F_V (Compressibility),
1 AV . .
o= VAT (Coefficient of thermal expansion). (1.9)

These coefficients can be obtained from experimental measurements, In principle,
they can be calculated from1 atomic properties using statistical méchanics,

1.5 Classical ideal gas

The simplest thermodynamic system is the classical ideal gas, which is a gas in
the limit of jow density and high temperature. The equation of state is given by
the ideal-gas law

PV = NiT, (1.10)
where T is the ideal gas temperainre, measured in kelvin (K), and
k= 1381 x 107'6 erg K~! (Boltzmann’s constant). (L11)

As we shall see, the second law of thermodynamics implies T = 0, and the lower
bound is called the absolute zero. For this reason, T is also called the absolute
temperature. The heat capacity of a monatomic ideal gas at constant volume, Cy,
has the value

Cy = 3Nk (1.12)

These properties of the ideal gas were established experimentally, and can be
derived theoretically in statisfical mechanics.
Themmodynamics does not assume the existence of atomns. Instead of the number

of atoms N, we can use tlie number of gram moles , which is a chemical property-

of the substance. The two are related through

Nk =nR,

- (1.13)
R =8314 x 107 erg K~ (Gas constant).
The ratio R/k is Avogadro's number, the number of atoms per mole:
R 23 4o
Ag = — =6.022 x 10-. (1.14)

Indeed, the atomic picture emerged much later and gained acceptance only after a
long historic struggle (see Chapter 16 on Brownian motion).
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Figwe 1.4 lsotherms of an Idez} gas, and varlous paths of transformattons.

The equation of state can be represented graphically in a P-V diagram, as shown
in Fig. 1.4, which displays a family of curves at constant T called isotherms.
Indicated on this graph are the reversible paths corresponding to various types of
transformations:

ab is isothermal

bc proceeds at constant volume
cd is at constant pressure

de is isothermal

abcdea is a closed cycle

df is non-isothermal.

To keep the temperature constant during an isothermal transformation, we keep
the systém in thermal contact with a body so large that its temperature is not
noticeably affected by heat exchange with our system. We call such a body a heat
reservoir, or heat bath.

1.6 Flrst law of thermodynamics

The first law expresses the conservation of energy by including heat as a form of
energy. It asserts that there exists @ function of the state, internal energy U, whose
change In any thermodynamic transformation is given by

AU = AQ — AW, (1.15)

thatis, Al is independent of the path of the transformation, aithough A@and AW
are path-dependent. In a reversible infinitesimal transformation, the infinitesimal
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changes dQ and dW are not exact differentials, in the sense that they do not
represent the changes of definite functions, but their difference

diV =dQ — dW (1.16)

is an exact differential.

1.7 Magnetic systems

For a magnetic substance, the thermodynamic variables are the intensive magnetic
field H and the extensive magnetization M, which are unidirectional and uniform
in space. Tle magnetic field is generated by external real currents (and not induced
currents}, and the magnet work done by the system is given by

dW = —HdM. (L.17)
The first law takes the form
dUV =dQ@+ HdM, (L.18)

which maps into that for a PVT system under the correspondence H  —P,
Mo V.

For a paramagnetic substance, a magnetic field induces a magnetization density
given by

% =yxH. (1.19)
The magnetic susceptibility y obeys Curie’s law:
(3]
= T (1.20)
Thus, we have the equation of state
KH ‘
M =7 (1.21)

where k = V.

An idealized uniform ferromagnetic system has a phase transition at a critical
temperature 7;, and becomes a permanent magnet for T < T in the absence of
extemal field. However, there is no phase transition in the presence of an external
field. The equation of state is illustrated graphicallyin the M—T diagram of Fig. 1.5.

A real ferromagnet is not uniform, but breaks up into domains with different
orientations of the magnetization. The configuration of the domains is such as to
minimize the magnetic energy, by reducing the fringing fields that extend outside of
the bedy. Each domain behaves according to the uniform case depicted in Fig. 1.5.
Atafixed T < T;, the domain walls move in response to a change in H, to either
consolidate old domains or create new ones. This is a dissipative process, and leads
to hysteresis, as shown in the M—H plot of Fig. 1.6
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H=>0

H=l

I

Figure 1.5 Equation of state of a uniform farromagnet. A ferromagneatic transitlon occurs
at a cricleal temperature ar zero field,

M

Y
o/ u

Figwe 1.6 Hysteresis In a ferromagnet is due to tha formation of ferromagnettc domains.

Problems

1.1 Mr Hillary heated 1 m® of water from 20°C to 40°C, in order to take a bath
before climbing Mt. Everest.

(2) How much energy did he use? Give the answer in kwh.

(b) Show that the energy is enough to lift Mr. Hillary's entire party of 14, of
average weight 1501b, fiom sea level to the top of Mt. Everest {elevation
29,000 ft).

1.2 ReferringtoFig. 1.4, find the work done along the various paths on the closed
cycle ab, be, cd, de, ea, and give the total work done in the closed cycle. How
much heat is supplied to the system in one cycle?




Problems }}

1.3 Anideal gas undergoes areversible transformation along the path

v (7Y
Vo \To

where Vg, Tp and b are constants.

(a) Find the coefficient of thermal expansion.
(b) Calculate the work done by the gas when the temperature increases by AT,

1.4 In a non-mniform gas, the equation of state is valid locally, as long as the
density does not change tco rapidly with position. Consider a column of ideal gas
nnder gravity at constant temperature. Find the denslty as-a function of height, by
balancing the forces acting on a voiume element.

1.5 Tivo solid bodies labzied | and 2 are in thermal contact with each other. The
initial temperatures were Ty, 7o, with T} = T5.The heat capacities are, respectively,
€ and Gy, What is the final equilibrium temperature, if the bodies are complately
isolated from the external world?

1.6 A paramagnetic substance is magnetized in an external magnetic field at
constant temperature. How much work is require to attain a magnetization M?7

1.7 A hysteresis curve (see Fig. 1.6) is given by the formula
M = My tanh (H £ Hy),

where the + sign refers to the upper branch, and the — sign refers to the lower
branch. The parameter Hy is called the “coersive force™. Show that the work done
by the systemn In one hysteresis cycle is —4MpHp.

1.8 The atomic nucleas: The atomic nucieus contains typically fewer than 300
protons ‘and neutrons. It is an example of a small system with both short- and
long-ranged forces. The mass is given by the semi-empirical Weizstcker formuia
(deShalit 1994):

z? Z — NY?
M= Zmy +Nmq —a1A + aA™? 932173 + 04% + 8(A),

where Z 1s the number of protons, & is the number of neutrons, and A = Z+4-N. The
masses of protons and neutrons are, respectively, #1p and mg, and gi(i = 1,...,4)
are numerical constants:

volume energy: ay = lﬁMercg,

surface energy: aa = 19,
Coulomb energy: a3 = 0.72,
symmetry energy: a; = 28,

The symumetry energy favors A = Z. The term 8(A) is the “pairing energy” that
gives small fluctuations.
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Take Z =N = A/2, m; % ny, and neglact S(A)_. so that
M=(my—apA+ 02_42}'5 + %Asﬁ.

Make a log plot of M from A = | to A = 10*, and indicate the range in which M
can be considered as extensive.

1.9 The false vacaum: In the theory of the “inflationary universe™, a pin-point

universe was created during the Big Bang in a “false™ vacuum state characterized

by a finite energy density wg. while the true vacuum state should have zero energy

density (Guth 1992).

An ordinary solid, too, has finite characteristic energy per unit volume, but jt
occupies a definite volume, given a tofal number of particles. If we put the solid
in a box larger than that volume, it would not fill the box, but “rattle” in it. Not so
for the false vacuum. It must have the snme energy density whatever its volume,
and this makes it a strange object indeed.

(a) Imagine putting the false vacuum in a cylinder with piston, with a true vacuum
outside. If we pull on the piston to increase the volume of the false vacuum
by dV, show that the false vacuum performs work dW = —updV. Hence the
false vacuum has negative pressure P = —up.

(b) According to general relativity the radius R of the universe obeys the equation

d’R 4
— = ———G(ig — 3P)R,
a7 = 300 — 3R,
where ¢ is the velocity of light, and
G = 6.673 x 10~ 2 em’/gs® = 6.707 x 107 GeV A

is Newton’s constant (gravitational constant). For the falss vacuuni, this
reduces to

&R R

de2 = 72°

3¢?
T = .
8w Gug

Thus, the radius of the universe expands expands exponentially with time
constant 7. According to theory, ng = (10' GeV)d'j(flc)g = 10% erg/eny®.
Show that

T & 1075,




Chapter 2

Heat and entropy

2.1 The heat equations

Themodynamics becomes a mathematical science when we regard the state func-
tions, such as the infermal energy, as confinucus differsntiable fanctions of the
variables P, V and 7. The constraint imposed by the equation of state reduces the
number. of independent variables to two. We may consider the interal energy to
be a function of any two of the variables. Under infinitesimal increments of the
variables, we can write

Y8 Y8
dU(P, V) = (ﬁ)vdP+ (W)p dv,
Y8 au
dU(P,Ty={—) dP+[—) 4T, .
(P.T) (31")1- +(8T)P \ (2.0
Y8 AU
dU(V. Ty = (W rdv+(ﬁ) dT,
¥

where a subscript on a partial derivative denotes the variable being held fixed. For
example, (38U /8 P)y is the derivative with respect to P at constant V. These partial
derivatives are thermodynamic coefficients to be taken from experiments.

The heat absorbed by the system can be obtained from the first law, written in
the form dQ =dU/ + PdV:

aly au

alv alu

={Z = 22
do (aP)TdP+(3T)PdT+PdV, (22)

al aly
dg = [(W)T +P:| dv+ (E)VdT.
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In the second of these equations, we must regard V as a function of P and T, and
rewrite

av 9
av ={2Y ap+(2Y) ar. (2.3)
aP aT /5

The second equation then reads

_[f{eu av 8(U + PV) 1
dQ‘[(aP)r“LP(aP)T]dH( aT )pdT‘ 4

It is convenient to define a state function called the enthalpy:
H=U+4PV. (2.5)

The heat equations in terms of dQ are summarized below:

aly alf
dQ = (ﬁ)vdP+ [(W)P +P] dv,

alf av oH
dQ—[(ﬁ)r“’(ﬁ)J“”(ﬁ)P”’ @9
dQ = il Pld d dT
o=|(5),+7]ov+(5), o

We can immediately read off the heat capacities at constant ¥ and P:

co_ (U oo (2H .
=), =G, @

These are useful because they express the heat capacities as derivatives of state
functions.

2.2 Applications to ideal gas

We now use the first law to deduce some properties of the ideal gas. Joule performed
a classic experiment on free expansion, as illustrated in Fig. 2.1, A thermally
insulated ideal gas was allowed to expand freely into an insulated chamber, which
was initially vacuons . After a new equilibrium was established, in which the gas
fills both compartments, the final temperature was found to be the same as the
initial temperature. We can draw the following conclusions:

s AW =0, since the gas pushes into a vacuun.
s AQ =0, since the temperature was unchanged.
o AU =0, by the first law.
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Insulating walls

|/

Hole with stopper

fic / i O
T ff;{z': o
- Vacuum
o
| /
deal gas
Before Afver

Figure 2.1 Frea expanston of an Ideal gas.

Choosing ¥ and T as independent variables, we conciude that U(V; T) = U(Va,T),
that is, I/ is independent of V:

U = (). (2.8)

Of course, U is proportional to the total number of particles ¥, which has been
kept constant.
The heat capacity at constant volume can now be written as a total derivative:

au du
Cy=|—) =— 2.9
T /y dT

Assuming that Gy is a constant, we can integrate the above to obtain

U(T):vadech, (2.10)

where thé constant of integration has been set to zero by defining U =0at T = 0.
It follows that

aH (U + PV}
CP= _ =]
Gr),= (5 ),

_dU  8(NkT)
—dT aT
= Cy + Nk. (2.11)

Thus, for an ideal gas,
Cp — Cy = Nk. (2.12)

We now work out the equation governing a reversible adiabatic transformation.
Sefting d@ = 0, we have dU7 = —P dV. Since dUV = Cy dT, we obtain

CydT +PdV =0. (2.13)
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Using the equation of state PV — NiT, we cau write

_ d(PV) PdV+VdP

dr =— i (2.14)

Thus,
Cy(PdV + VdP) + NkPdV =0,
CyVdP +(Cy +Nk)PdV =0, (2.15)
CyVdP+ CpPdV =0,

or
g+}!g=0, (2.16)
wlere
Y= g—i, (2.17)

Assuming that ¥ is a constat, an integration yields

InP = —p In V + Constant, (2.18)
or

PVY = Coustant. (2.19)
Using the equation of state, we can rewrite this in the equivalent fom

TVvY~! = Coustant. (2.20)

Since ¥ = | according to (2.12), an adiabatic path has a steeper slope than an
isotherm in a P-V diagram, as depicted in Fig, 2.2.

2.3 Carnot cycle

In a cyclic transformation, the final state is the same as the initial state and, there-
fore, AUV = 0, bacause U/ is a state function. A reversible cyclic process can be
represented by a closed loop in the P-V diagrani. The area of the loop is the total
work done by the system in one cycle. Since AU =0, it is also equal to the heat
absorbed:

AW =A0= deV = Area enclosed. (2.21)
A cyclic process converts work into heat, and retams the system to its original

state. It acts as a heat engine, for the process can be repeated indefinitely. If the
cycle is reversible, it 1ans as a refrigerator in reverse.
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Adiabatic

Isotherm

Figure 2.2 Adiabatic line has 2 steeper slope than an isotherm,

P

v

lsotherm

Qp
T, Adiabatic

Q

14

Figure 2.3 Carnot cycle on P-V diagram of ideal gas.

A Cambot cycle is a reversible cycle bounded by two isotherms and two adiabatic
fines, The working substance is arbitrary, but we ilustrate it for an ideal gas in
Fig. 2.3, where To > Ti. The system absorbs heat (s along the isotherm 75, and
rejects heat ) along Ty, with Q| = 0 and {2 = O, By the first law, the net work

output is

W=0:—-0

(2.22)

In one cycle of operation, the systam receives an amount of heat (9 from a hot
reservoir, performs work W, and rejects “waste heat™ ) to a cold reservoir. The
efficiency of the Carnot engine is defined as

(2.23)
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Q,z
v

_.),w

@
Figure 2.4 Schematic representation of Carnot engine,

which is 100% if there is no waste heat, i.e. @) = 0. But, as we shali see, the
second law of thermodynamics states that this is impossible.

We represent the Camot engine by the schematic diagram sliown in Fig. 2.4,
which emphasizes the fact that the working substance is irrelevant. By reversing
the signs of () and 02, and thus W, we can run the engine in reverse as a Camot
refrigerator.

2.4 Second law of thermodynamics

The second law of thenmod ynamics expresses tlie conumon wisdom that “lieat does
not flow uphill™. It is stated more precisely by Clausius;

There does not exist a thiermod ynamic transformation whose sole etfect is to
deliver heat from a reservoir of lower temperature to a reservoir of liigher
temperature,

An equivalent statement is due to Kelvin:

There does not exist a thermodynamic transformation whose sole effect is to
extract heat from a reservoir and convert it entirely into work

The important word is “sole™. The processes referred to may be possible, but
not without other effects, The logical equivalence of the fivo statements can be
demonstrated by showing that the falsehood of one implies the falsehood of the
other. Consider two heat reservoirs at respective temperatures 75 and Ty, with
= T
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(a) If the Kelvin statement were false, we could extract heat from 7 and convert
it entirely into work. We could then convert the work back to heat entirely, and
deliver it to T3 (there being no law against this). Thus, the Clausius statement
would be negated.

(b) If the Clausius statement were false, we could let an amount of heat Os flow
nphill, from Ty to T5. We could then connect a Carnot engine between T and
Ty, to extract @ from T3, and retum an amount 1 < @ back to T). The net
work output is O3 — @) = 0. Thus, an amoant of heat Oy — () is converted
into work entirely, without any other effect. This would contradict the Kelvin
statement. | |

In the atomic view, heat transfer represents an exchange ol energy residing in
the random meotion of the atoms. In contrast, the performance of work requires
an orgauized action of the atoms. To convert heat entirely into work would mean
that chaos spontanecusly reverts to order. This is extremely improbable, for in
the usual scheme of things, only one configuration corresponds to order, while all
others lend to chaos. The sacond Iaw is the thermodynamic way of expressing this
idea.

2.5 Absolute temperature

The second law immediately implies that a Carnot engine cannot be 100% efficient,
for otherwise all the heat absorbed {rom the upper reservoir would be converted
into work in one cycle of operation. There is no other effect, since the system
retwns to its original state.

We can show that no engines working between two given temperatures can be
more efficient than a Camot engine. Since only two reservoirs are present, aCamot
engine simply means a reversible engine. What we assert then is that an irreversible
engine cannot be more efficient than a reversible one.

Consider a Carnot engine € and an engine X (not necessarily reversible) working
betwaen the reservoirs T3 and Ty, with Ty = T, as shown in Fig. 2.5. We shall
run C in reverse, as a refrigerator €, and feed the work output of X to €. Table 2.1
shows a balance sheet of heat.transfer in one cycle of joint operation.

The total work output is

Wir = (03 —Q)) — (02 — Q1) (2.24)

Now arrange to have Q’2 = (. Then, no net heat was extracted [rom the reservoir
T5, which can be ignored. An amount of heat @) — Q‘; was extracted from the
reservoir 7, and converted entirely into work with no other effect. This would

violate the second law, unless 0y < (). Dividing both sides of this inequality by

03, and using the fact that Q':) = O, we have

o _o

& o (2.25)
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Qli Q2
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Figure 2.5 Driving a Carnot refrigarator C with an engine X.
Table 2.1 Balance sheet of
heat wransfer
Engfhe fromT, TeT;
X & Qi
e —Q —Q;
Therefore, 1 —(Q1/02) = 1 —(Q]/G%), or
nc = nx. (2.26)

As a corollary, a]l Camot engines have the same efficiency, since X may be a
Carnot engine. This shows that the Carnot engine is universal, in that it depends
only on the temperatures involved, and not on the working substance.

We define the absolute temperature @ of a heat reservoir such that the ratio of
the absolute temperatures of fwo reservoirs is given by

& _ O

—===1-p, (2.27

A )
where g is the efficiency of a Camot engine operating between the rwo reser-
voirs. The advantage of this definition is that it is independent of the properties of
any working substance. Since @) = 0 according to the second law, the absolute
temperature is boundad from below:

&= 0. (2.28)

The abselute zero, 8 = 0, is a limiting value which we can never reach, again
according to the second law.

The absolufe temperature coincides with the ideal gas ternperature defined by
T = PV/Nk, as we can show by using an idea] gas as working substance in
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a Carnot engine. Thus, # = T, and we shal] henceforth denote the absolute
temperature by T

The existence of absolute zero does not mean that fhe temperature scale ter-
minates at the low end, for the scale is an open set without boundaries. It is a
matter of convention that we call T the ternperature. We could have used 1/T as
the temperature, and what is now absolute zero would be infinity instead.

2.6 Temperature as integrating factor

We can look upon the absolufe temperature T as the integrating factor that converts
the inexact differential d@ into an exact differential d@/T. In order to show this,
we first prove a theorem due to Clausius:

In an arbitrary cyclic process P, the fellowing ineguality holds:

dg
56; - <0, (2.29)

where the equality holds if P is reversible,

It should be emphasized that the cycle process need not be reversible. In order
to prove the assertion, divide the cycle P into X segments labeled i = 1,..., K.
Let the ith segment be in contact with a reservoir of temperature T, frorn which it
absorbs an amount of heat ;. The total work output of P is, by the first law,

X
W= Z [o]8 (2.30)
=t

Note that not all the @; can be positive, for otherwise heat would have been
converted info work with no other affect. in contradiction to the second law.

Imagine a reservoir at a temperature Ty = T; (all /), with Carnot engines C;
operating between Ty and each of the temperatures T;. The setup is llustrated
schematically in Fig. 2.6. Suppose that, in one cycle of operation, the Carnot
engine C; absorbs heat ng from the Ty reservoir, and rejects (3; to the T reservolr.
By definition of the absolute temperature, we have

20 _n
& I
In one cycle of operation of the joint operations {P 4 Cy + - -+ + Ck},

(2.31)

e the reservoir T; experiences no net change, for it receives (3;, and delivers the
same to the systenn
e the heat extracted frorn the Ty reservoir is given by

K

14
Q=) 0P =T 2, (232)
=t f

i=]




22 Heat and entropy

o thetotal work oufput is

K K
Wa=W+ Y [0 - 0] =30 = 0w (2:33)
=1 i=]

An amount of heat Oy would be entirely converted into work with no otheref¥ect,
and thus violate the second law, unless Oy < 0, or

= o (2.34)

In the limit ¥ — ©<, this becomes
d .
56’ d@ <o, (2.35)
p T

which proves the first part of the theorem.
If P is reversible, we can run the operation {P 4 Cy 4+ - - 4 Cy} in reverse. The
signs for (; are then reversed, and we conclude that deQf T = 0. Combining

oM o

J, Reservolr T,

Closad cycle P

Figwe 2.6 Construction to prove Cluslus’ theorem.
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this with the earlier relation, which still holds, we have
d
ﬁ ?Q — 0 (if P is reversible). (2.36)
P

This completes the proof. [ |

A corollary to the theorem is that, for a reversible open path P, the integral
fP dQ/T depends only on the endpoints, and not on the particular path. In order
to prove this, join the endpoints by a reversible path P/, whose reversal is denoted
by —P'. The cornbined processes P — P' then represents a closed reversible cycle.
Therefore, fP—Pa d@/T =0, or

d d
f € _ f a2 (237
P T Jr T
This shows that d@ divided by the absolute temperature is an exact differential.
|

2.7 Entropy
The exact differential

d
as = 32 (2.38)
T
defines a state function § called the entropy, up to an additive constant. Thé entropy-
difference befiveen any two states B and A is given by

B
S(By — S(A) = L ? (along reversible path), (2.39)

where the integra] extends along any reversible path connecting B to A. The result
is, of course, independent of the path, as long as such a reversible path exists,
What if we integrate along an irreversible path? Let P be an arbitrary path [rorn
A to B, reversible or not, Let R be a reversible path with the same endpoints, The
combined process P — R Is a closed cycle and, therefore, by Clausius’ theoreim,

fP—R dQ/T < 0,0r

d@ dg
L T = T (240)

Since the right-hand side is the definition of the entropy dilference between the
final state B and the inifia] state A, we have

B
S(B) — 5(4) = ﬁ % @2.41)
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where the equality holds if the process is reversible, For an isolated system, which
does not exchange heat with the external world, we have d@ = O and, therefore,

AS = 0. (242)

This means that the entropy of an isolated system never decreases, and it remains
constant during a reversible transformation.
We empliasize the following points:

e  The principle that the entropy never decreases applies to the “universe” con-
sisting of a system and its environments. It does not apply to a non-isolated
system, whose entropy may increase or decrease.

e Since the entropy is a state function, the entropy change of the system in
going from state A to state B is Sp — Sy, regardless of the path, which
may be reversible or imeversible. For an imeversible path, the entropy of
the environment changes, whereas for a reversible path it does not.

o  The entropydifference Sp—S, is not necessarily equal to the integral _&B dQ/T.
It is equal to the infegral only if the path from A to B is reversible. Otherwise,
it is generally larger than the integra).

2.8 Entropy of ideal gas

We can calculate the entropy of an ideal gas as a function of ¥V and T by integrating
dS = d@/T. In Fig. 2.7, we approach point A along two alternative paths, with
V kept fixed along path 1, and T kept fixed along path 2. Along path 1, we have
Jd@/T = Cy fdT/T and, hence,

Tdr T
S(V.T) = 8(V, Tp) + Cy f — =58(V,Tg)+ CyIn—. (243)
i T Ty

Path 2 (isothermal}

e

Figwe 2.7 Caleulating the entropy at point A,
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In order to determine S{V,Ty), we integrate dS = dQ/T along the isothermal
path 2. Since dU7 =0, we have

dv
Thus,
Vav 14
S(V. Ty =58V, T) +Nkf — =SVo. Ty +NkIn —. (2.45)
Jvw V Vo

Comparing the two expressions for S(V, T'), we conclude that

S(V.Tg) =Co+ Nkln 'V, (2.46)
where (y is an arbitrary constant. Absorbing the constant Vy into Cy, e canwrite

S(V.T)=Co+NklnvV 4 CyInT, (2.47)
For a monatommic gas, we have Cy = %Nk and, hence,

S(V,T) = Co+ NkIn (VvT/?), (2.48)

The constant Cy is to be determined, and it could depend on ¥. A problem
arises when N changes, for S behaves like & In V¥, and is not exfensive, unless
somehow Cy contains a term —Nk In M. As we shall see in Section 12.6, quantum

mechanics supplies the remedy by fixing Cp. The comected entropy-is given by~

the Sacker—Tetrode eguation
o |3 3
S =Nk |:§ —In (m'l. ):I . (2.49)

wheren =N/Vandi =,/ 2rh? JmikT . Thelatter is called the thermal wavelength,

which is of order of the deBroglie wavelength of a particle with energy 7.

2.9 The limits of thermodynamics

Thermodynamics is an elegant theory and a very usefu] practical tool. The
self-consistency of the mathematical structure has been demonstrated through
axiomatic formulation. However, confrontation with experiments indicates that
thermodynamics is valid only insofar as the atomic structure of matter can be
ignored.

In the atomic picture, thermodymamic quantities are subject to smal] fluctuations.
The szcond law of thermodynamics is true only on the macroscopic scale, when
such fluctuations can be neglected. It is constanfly being violated on the atomic
scale.

Taking the second law as absolute would lead to the conclusion that the entropy

of the universe must forever increase, leading towards an ultimate “heat death™.
Neadless to say, this ceased to be imperative in fhe atomic picture. We shall discuss
the meaning of macroscopic irreversibility in more detai] in Section 6.9.
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Problems

21  Anideal gas undergoes a reversible transformation along the path P = av?,
where g and b are constants, with @ = 0. Find the heat capacity € along this path.

2.2 The temperature in a lake is 300K at the surface, and 290 K at thé bottom.
What is the maximum energy that can bé extracted thermally from 1 g of water by
exploiting the temperature difference?

2.3 A nuclear power plant generates 1 MW of power at a reactor temperature of
600°F. Tt rejects waste heat into a nearby river, with a flow rate of 6,000t/s, and
an upstream temperature of 70°F. The power plant operates at 60% of maximum
possible efficiency. Find the temiperature rise of the river

2.4 A slow-moving stream carrying hot spring water at émperature T3 joins a
sluggislr stream of glacial water at temperature T}. The water downstream has a
temperature T batwéen T and Ty, and flows much faster, at a velocity v. Assume
that the specific heat of water is a constant, and that the entropy of water has the
same temperature dependence as that of an ideal gas.

(a) Find v, neglecting the velocities of the input streams. (Hint: The net change
in therma) energy was converted to kinetic energy.)

(b) Find the Jower bound on T and the upper bound on v imposed by the second
law of thermodynamics. (Hins: The tota] entropy cannot dacrease.)

2.5 A cylinder of cross-sectional arsa A is divided into two chambers | and 2,
by means ol a frictionless piston. The piston as well as the walls of the chambers
are heat-insulating, and the chambers initially have equal length L. Both chambers
are filled with 1 rnol of helium gas, with initial pressures 2P and Py, respectively.
The.piston is then allowed to slide freely. wherzupon the gas in chamber | pushes
the piston a distance a to equalize the pressures to P.

a

28, P

(2) Find the distance a traveled by the piston.

(b) 1fW is the work done by the gas in chaniber 1, what are the final temperatures
Tt and T3 in the two chambers? What is the final pressure P?

(c) Find W, the work done.
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2.6 The equation of state of radiation is PV = U /3. Stefan’s law gives U/V =

oT?, witho =2 (1587 c3).

(a) Find the entropy of radiation as a function of V and T

(b) During the Big Bang, the radiation, initially confined within a small
region, expands adinbatically and cools down. Find the relation between the
temperature T and the radius of the universe R.

2.7 Put an ideal gas through a Carnot cycle and show that the efficiency is § =
| — Tt /T3, where To and T are the ideal-gas temperatures of the heat reservoirs.
This shows that the ideal-gas temperature coincides with the absolute temperature.
2.8 The Diesel cycle is illustrated in the accompanying diagram. Let r = Vi /v,
{compression ratio) and r; = V3/Va (cutoff ratio). Assuming that the working.
substance is an ideal gas with Cp/Cy = y, find the efficiency of the cycle.

Diesel cycle

Adiabatic

Q

Fuel
Injection

2.9 The Ofto cycle is shown in the accompanying diagram, where r =V /¥, is
the compression ratio, The working substance is an ideal gas, Find the efficiency.

— (-
P 3 Adinbatic
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2.10 Anideal gas undergoes a cyclic transformation abca {see sketch) such that

lsotherm

e @b is at constant pressure, with V3 = 2V,,
e beis at constant volume,
e cais at constant temperature,

Find the efficiency of this cycle, and compare it with that of the Carnot cycle
operating between the highest and lowest available temperatures.

2.11 A monatomic classical ideal gas is taken from point A to point B'in the P—V
diagram shown in the accompanying sketch, along three different reversible paths
ACB,ADB and AB, with P; = 2P, and Vo = 2V}. The thick lines are isotherms:

P
\ ¢ B
Pa "T2
Py A b
Vi v, v

(a) Find the heat supplied to the gas in each of the three transformations, in tanns
of Nk, Py and Ty,

(b) What is the heat capacity along the path AB?

{¢) Find the efficiency of the heat engine based on the closed cycle ACBD.

2.12 Here is a device that allegedly violates the second law of thermodynamics,
Consider the surface of rotation shown in heavy fines in the accompanying sketch,
1t ismade up of parts of the surfaces of two confocal ellipsoids of revolution, and
that of-a sphere. The inside surface is a perfect mirror. The foci are labeled A and B,
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Surface of romton

. . A
A B /
Confocal Sphese
ellipsoids centered
atB

The argument goes as follows: If two black bodies of equal teinperature are
initially placed at A and B, then all the radiation from A will reach B, but not vice
versa, because radiation from B hitting the spherical surface will be reflected back.
Therefore, the temperature of B will increase spontaneously, while that of A will
decrease spontaneously, and this would violate the second law.

(2) Why would a spontaneous divergence of temperatures violate the second law?
{b) Is the assertion true for physical black bodies?
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Using thermodynamics

3.1 The energy equation

In Chapter 2. we cbtained the thermodynamic equations in terms of dQ which
give the amomt of heat absorbed by a system when the independent variables
change. However, the formmlas involve derivatives of the interna] energy, which
is not direct]y measurable, We can obtain more practical results by rewriting the
equations by exploiting the fact that dS = dQ/T is an exact differential. We
llustrate the method using (2.6), with T and V as independent variables:

auv
dQ:TdS:CVdT+|:(—4 +P] dv, 3.1
av Jr
Dividing both sides by T, we obtain an exact differantial:
Cy 1| /aU ‘
ds = T dT + T [(W)T + P] dv, (3.2)

which nust be of the form.
as as

dS = —dT 4+ —dV. 3.3
ar + av @3

Here we have suppressed the subscripts on partia] derivatives, Thus, we can identify

as Oy

3T~ T’

as 18l . p 34

av _Tlav i ]| (3:4)
Since differentiation is a commutative operation, we have

3 as 3 as

— = 3.5

avaT aTav (3)
Hence

acy 8l aU
— = —|={—+P}|. 3.6
av T  oT [T (av + )] (2.6)
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The left-hand side can be written as Tt 3Cy/3V, since T is kept fixed for the
differentiation. Using Cy = 3/ /8T, we can rewrite the last equation in the form

1 3 au 1 [au p i aauv aP 37
Tavar T2 3V+ +T av 3T'+3T ) @
After canceling identical terms on both sides, we obtain the energy eguation
auv T apr P a8
av /gy (ar __ -8)

wlere we have restored the subscripts, The derivative of the internal energy is now
expressed in terms of readily measurable guantities.

In Chapter 2, from Joule'’s free expansion experiment, we deduced that the
internal energy for an ideal gas depends only on the temperature, and not the
volume, i.e, (81//8V)r = D, Now we can show that this is implied by the second
law, through the energy equation, Using the equation of state for the ideal gas, we
have

ap P
(E)v =T (ideal gas). (3.9)

Therefore, by the energy equation,

(E) =0 (ideal gas). (3.10)
T

av
3.2 Some measurable coefficients

The energy equation relates the experimentally inaccessible quantity (3U/3V)r to
(3P /38T )y, The latter, in turn, can be related to other thermodynamic coefficients,
Using the chain rule for partial derivatives (see Appendix), we can write

(ap) _ L _ @V o A1)
v

aT /), (@T/av)p(8V/aP)y —(aV/Pyy &1’

where « and &7 are anong some directly measurable coefficients:

1 faVv
o= v (ﬁ)p (coefficient of thermal expansion),

1 favy N
KT = v (ﬁ)r (isotherma] compressibility), (3.12)

1 /av
Ky =——| — adiabatic comprassibility).
N v (3 P)s( P ty)
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Substituting the new form of (3P /8T )y into (3T /8V)r, and then the latter into
equation (3.1), we obtain

T
TdS:CVdT+%dV. (3.13)

This “T dS equation” gives the beat absorbed in terms of directly measurable
coefficients, Using T and P as independent variables, we have

T dS = CpdT — TV dP. (3.14)

1f ¥V and P are used as independent variables, we rewrite dT in terms of dV and
dP:

aT aT 1
ar={22) av4 () dP=—dv+Zap, (3.15)
av jp aP/jy eV o
In summary, the T dS equations are
T
TdS = CydT+ 2L av,
KT
TdS = CpdT — aTVdP, (3.16)
TdS = %dv+ (CP”T - ozTV)dP.
o

3.3 Entropy and loss

In Chapter 2, we showed that the entropy of an isolated system remains constant
during a reversible process, but it increases during an irreversible process, when
the system goes out of thermal equilibrium, Usefu] energy is lost in the process,
and the increase of entropy measures the loss,

In order to illustrate this point, consider 1 mo] of an ideal gas at temperature
T, expanding from volume Vi to V2. Let us compare the entropy change for a
reversible isotherma) expansion and an iireversible free expansion. The processes
are schematically depicted in Fig. 3.1, They have the same Initial and final states, as
indicated on the P—V diagram in Fig. 3.2. However, the path tor the free expansion
cannot be represented on the diagram, because the pressure is not well defined.

In the reversible isothermal expansion, AL/ = O because UV depends oaly on the
temperature for an idea] gas. By the first law, we have

Y2 RT N
AQ =AW= —dV =RTiInh—. (3.17
v, V Vt
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Hear reservolr T

Isathermal expansion

f
P

Free expansion

Figure 3.1 Reversble isothermal expansion and irreversible free expansion. In the former
case, the temperature 1s maintained by a heat reservoir. and the work done 1s
stored externally.

Free expansion
{ron-equitbrium)

Reversitle
Isothermal expansion

¥ Y,

Figure 3.2 |sothermal exxpansion and free expansion. The latter cannot be represented by
a path, because pressure Is not well defined during the process,

The work done AW isstored in a spring attached to the moving wall, and it can
be used to compress the gas back to the initial state. The entropy change of the gas
is given by

d@ AQ Va
(AS)gM = f ? —T— Rin ﬁ‘ (3.18)
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Since the heat reservoir delivers an amount of heat A Q to the gas at temperature
T, its entropy change is

V:
(AS)eservor = —AQ/T = —RIn Vf (3.19)

Thus, there is no change in the entropy of the “universe” made up of the system
and its environment:

(AS)universe = (AS)gus + (A S)caservolr = 0. (3.20)
In the free expansion, AW = 0 because the gas expands into a vacuuni. Since

the temperature of the gns does not change, according to Joule's experiment, there
is no heat fransfer between the gas and ifs enviromment, Therefore,

(A.S)msemu'xr =0 (3-21)

The entropy change of the gas is the smne as that calculated before, since it depends
only on the initial and fina] states:

Vo
{AS)gas =Rl —, (3.22)
Vi
Therefore,
Va
(AS)universs = R1n VJ- (3.23)

Had the transformation proceeded reversibly, the gas could have performed work
amounting to

Vi
AW =RT Fz — T{AS)urivecser (3.24)
L

The increase in tota] entropy is a reflection of the loss of usefu] energy.
In heat conduction, an amount of heat A@ is direct]y transferred from-a hotter
reservoir T Lo a cooler one Ty, and the entropy change of the universe is

AQ  AQ
A8 =
{AS)univeese T T

=0, (3.25)
This shows that heat conduction is always irreversible. The only reversible way to
transfer heat from 75 to T is to connect a Carnot engine betwezn the two reservoirs,
so that the work oufput can be used to reverse the process,
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3.4 The temperature—entropy diagram

We can use the entropy S as a thermodynamic variable and represent a ther-
modynamic process on a T—S diagram, instead of the P-V diagram, In such a
representation, adiabatic lines are vertical lines, and. the area under a path is the
heat absorbed: f TdS=AQ0.

A Camot cycle is a rectangle, as illustrated in Fig, 3,3. The heat absorbed is
equal to the area A 4 B, The heat rejected is equal to the area B, and the total work
output is A. The efficiency is, therefore,

A

=— 3,26
A+ B (3:26)

n

The T—S diagram is helpful in analyzing non-Carnot cycles, as illustrated in
Fig. 3.4, The cycle in the left pane] is equivalent to two Carnot cycles labeled
1 and. 2 in the right panel, ranning simultaneously. The efficiencies of tiese cycles

;
&
T ‘L
r ! A Y
T, '
M B
Q
5 S §

Figure 3.3 Carnot cycle on a T-S diagram

T T

| 2
\ N i
8 b
s s

Figure 3.4 The non-Carnot cycle on the left panel Is equivalent to the two cycles shown
on the right panel.
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are given by the ratios of the areas indicated in the sketch:

A C
=" - 3,27
n ATE w2 ;) (3.27)

The overall cycle takes in as heat input A + B 4 € 4 D and outputs tota] work
A 4 C. Thus, the overall efficiency is

A4+ C 3,28
T=A+B+rCc+D (3:28)

It is clear that 7 < 71 and 3 < 52, Thus,
n < min(zyy, o) (3.29)

This shows that the largest and smallest aviilable temperatures must be used to
obtain the highest efficiency possible.

3.5 Condition for equilibrium

The first law states AUV = AQ — PAV, Using Clausius’ theorem, AQ =< TAS,
we have

AU = TAS — AW, (3.30)
Thus, AU < O for a system with AS = AW = 0, This means that the internal

energy will seek the lowest possible value, when the system is thermally and
mechanically isolated. For infinitesima) reversible changes, we have

diUf=Tds — Pdv. (3.31)

Thus, the natura] variables for I are § and V., If the function U(S, V) is known,
we can obtain all thermodynamic properties through the formulas

P=— (ﬂ) , T= (E) , (3.32)
av /s as /.y

These are known as Maxwell relations,

3.6 Helmholtz free energy

It is difficult fo manipulate S and ¥ in the laboratory, but it is far easier to change T
and V. Itisthus natural to ask, “What is the equilibrium condition at constant T, v 7"
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In order to answer this question, we go back to the inequality AU < TAS — AW,
If T is kept constant, we can rewrite it in the form

AW < —A{U —TS). (3.33)

If AW =0, then (U — TS) = 0. This motivates us todefine a new thermodynamic
function, the Helmholtz free energy (or simply free encrgy):

A=U-TS, (3.34)
The earlier inequality now reads
AA = —AW. (3.35)

If AW =0, then AA =< 0. The equilibrium condition for a mechanically isolated
body at constant temperature Is that the free energy be minimum,

For infinitesimal reversible transformations, we have dA =dI7 — TdS — §dT.
Using the first law, we can reduce this to

dA = —Pdv — 8dT. (3.36)

If we know the function A(T, V), then all thermodynamic properties can be
obtained through the Maxwell relations

9A 9A
P=- (W)r’ s=_(ﬁ)v. (3.37)

The first of these reduces to the intuitive relation P = —3L7/3V at absolute zero,

In order to illustrate the minimization of {Tee energy, consider the arrangement
shown in Fig, 3.5, An ideal gas is contained in a cylinder-divided into two com-
partiments of volumes V| and V,, respectively, with a dividing wal] that can slide
without friction. The entire system is in thermal contact with a heat reservoir of
temperature T. As the partition slides, the total volume V = ¥; + V, as well as the
temperature 7 remain constant. Intuitively, we know that the partition will slide
to such a position as to equalize the pressures on both sides, How can we show
this purely on themodynamic grounds? The answer is that we must minimize the

Heat reservoir T

Py — |- P

Vi V2

Figure 3.5 The sliding partition will come to rest at such a position as to minimize the free
enargy. This implies equalization of pressure: Py = Pa.
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free energy. This means that, when equilibrium is established, any small displace
of the partition will produce no change in the free energy o first order, ie,

8A ad Vi + a4 8Va =0 {3.38)
BT '
with the constraint § V- + 8 Vo = 0, Thus, the condition for equilibrium is
9A 9A
— ——)8v; =0. (3.39)
avy awva

Since T is constant, the partial derivatives give the prassures; hence, Py = Pa,

3.7 Gibbs potential

We have seen that the thermodynamic properties of a system can be obtained from
the funcion U{S, V) or from A(V,T), depending on the choice of independent
variables, The replacement of I/ by A = U — TS was motivated by the fact that
dU = TdS — PdV, and we want to replace the tenm 7dS by SdT, This is an
example of a Legendre ransformation,

Let us now consider P and T as independent variables. ¥We introduce the Gibbs
potential G, by making a Legendre transformation on A,

G=A+PvV. (340)
Then, dG =dA + PdV + VdP = —SdT — PdV + PdV + VdP, or
dG = —SdT + Vv dP, (3.41)

The condition for equilibrium at constant T, and P is that G be at a minimum, We
now have further Maxwell relations

V= (E) __ sz_(ﬂ) _ (3.42)
aP ), aT )5

The Gibbs potentia) is useful in describing chemical processes, which usually take
place under constant atmospheric prassure,

3.8 Maxwell relations

The following basic functions are related to one another through Legendre
transformations:

U(S,Vy: dU=TdS — Pdv,
A(V, Ty dA = —SdT — Pdv,
G(P,T).dG = —SdT + VdP,
H(S, Py dH = TdS+ V dP,

(3.43)
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Ench function is expressed in terms of its natural variables, When these variables
are held fixed, the comesponding function {s at a minimum in therma) equilib-
rium, Thermodynamic functions can be obtained through the Maxsel] relations
summarized in the diagram in Fig, 3.6,

3.9 Chemical potential

So far, in thermodynamic transformations, we have kept the number of particlas
N constant, When & does change, the first law is generalized to the form

dU =dQ — dW + udN, (3.44)

where p is called the chemical potential, the energy needed to add one paiticle to
a themmally and mechanically isolated system. For a gas—liquid system, we have

dU=TdS— PdV + ud¥. (3.45)
The change in free energy is given by
dA = —SdT — PdV 4 pdN, (3.46)

which gives the Maxwel] relation

JA
(),

Similarly, for processes at constant P and T, we consider the change in the Gibbs
potential;

dG = —SdT —VdP + pdN (3.48)
v oA T
u G
s H p

Figure 3.6 Mnemonic diagram summarizing the Maxwell relations. Each quantity at the
center of a row or column is flankedby its natral vartables. The partial derivative
with respect to one vartable, with the other kept fixed, is arrived at by following
the diagonal line originating from that variable, Attach a minus sign if you go
against the arrow,
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and obtain

G
- (),

Problems

3.1 Woe derive some usefu] thermodynaniic relations in this problem,

(a) The T dS equations reinain valid when dS = 0. Exploiting this fact, express
Cy and Cp in terms of adiabatic derivatives and show that

Cr wr

Cy - Ks

(b} Equate the right-hand side of the two T dS equations, and then use P and V
as independent variables, From this, derive the relation

?TV

Cp—Cy = .
v KT

{c¢) Using the Maxwell relations, show that

a%A 392G
v=(m), =),

3.2 When the number of particles changes in a thermodynamic transformation,

it is important to use the correct form of entropy for an ideal gas, as given by the

SackerTetrode equation {2.49),

(n) Use the Sacker—Tetrode equation to calculate A{V, T} and G{P, T).for anideal
gas, Show, in particular, that

AV, T)= NkT[]n(nl?') — 11,

where 1 is the density, and A =/ 27:7:2/' mkT is the therma)] wavelength,
(b) Obtain the chemica] potentia] for an ideal gas from (3A/8N}y7r and
{8G /8N )pr. Show that you get the same answer

i = kT n(nr3),
3.3 A glass flask with a long narrow neck, of small cross-sectional area A, is

filled with 1 mol of a dilute gas with Cp/Cy = ¥, at temperature T, A glass bead
of mass m fits snugly into the neck, and can slide along the neck without friction,
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Find the frequancy of small oscillations of the bead about its equilibrium position.
This gives a method to measure ¥,

X
¥ Equiilbrium
4 position

Gas

3.4 A cylinder with insulating walls is divided into two equal compartments by
means of an insulating piston of mass M, which can slide without friction, The
cylinder has cross section A, and the compartiuents are of length L. Each compart-
ment contains ] mol of a classical ideal gas with Cp/Cy = y, at temperature Ty
(see sketch).

X

\EI
IE\

A~
o

{a) Suppose the piston is adiabatically displaced a small distance x < L. Calcu-
late, to first order in x, the pressures Py, Py and temperatures Ty, T3 in the rwo
chambers.

(b) Find the frequency of small adiabatic oscillaions of the piston about its
equi librium position.

{c) Now suppose that the piston has a smal] heat conductivity, so that heat flows
from 1 to 2 at the rate d@/dt = KAT, where K is very small, aud AT =
Ty — T». Find the rate of increase of the entropy of the universe.

(d) Entropy generation implies energy dissipation. which damps the oscillation.
Calculate the energy dissipated per cycle.
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3.5 Aliquid has an equilibrium density comesponding to specific volume w(T).
Its free energy can be represented by

A(V.T) = Nag(T)wo(T) — vI®* — NF(T),

where v = V/N.

(a) Find the equation of state P(v. T} of the llquid.

(b) Calculate the isothermal compressibility #r and the coefficient of thenmal
expansion, .

{c) Find the chemical potential,

Note: For v = vp the pressure becomes negative and, therefore, unphysical. See
Problem 4.4 for remedy.

3.6 A mixture of two ideal gases undergoes an adiabatic transformation. The
gases are labeled | and 2 Their densities and specific heats are denoted by 1y, Cyy.
Cpy (j = 1,2). Show that the pressure P and volume V of the system obeys the
constraint PV% = constant. where

_ mCp+mlp
nCyt +n2Cy2

(Hint: The entropy of the system does not change. but those of the components do.
For the entropy change of an idea] gas. use AS = NkIn (Vp/ V) +NCy In (T¢/T)).
where f and / denote fina] and initial values.)

3.7 Tiwo thin disks of metal were at temperatures T3 and T}, respectively, with
T3 = Ti. They are brought into thermal contact on their flat surfaces, and came to
equilibrium under atmospheric pressure, in thermal isolation,

(2) Find the final tamperature.
(b) Find the increase in entropy of the universe.

3.8 The thermodynamic variables for a magnetic system are H, M and T, where
H is the magnetic field, M the magnetization and T the absolute-teamiperature. The
magnetic work is dW = —H dM, and the first law states that dU7 = T dS +H d.
The equation of state is given by Curie’s law, M = «H/T, where & > O isa
constant. This is valid only at small A and high T. The heat capacity at constant
H is denoted by Cy, and that at constant M is Cys. Many thermodynamic relations
ceul be obtained from those of a P-V—T system by the comespondence H « —P,
M« V.

(2) Show that

au
cr=(2YY . ce=(3Y) _u(2M) .
aT Ju aT ) aT Jy
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(b) From the analog of the energy equation and Curie's law, show that

au
— =0.
aM jr
This is the analog.of the statement that the intermal energy of the ideal gas is
independent of the volume.
(c) Show that
M2
Cy—Cy=—.
s

3.9 Define the free energy A(M.T) and Gibbs potential G(H, T} of a magnetic
system by analogy with the P-V-T system.

(a) Show that

dA = —SdT + HdM,
dG = —§dT — M dH.

{(b) Show that (3S/3H)r = (dM /3T )x; hence

asy\ _ «H
8H ). T

{c) With the help of the cltain rale, show that

aT\  «H
3H g CuT’
3.10 Adiabatic demagnetization: A paramagnet cools when the magnetic field

is decreased adiabatically. The path shown in the accompanying diagram can be
used to cool the systam to very low temiperatures.

g H,
A
1 —Hi>H,
8
Co
L ;
0 Tl To

{a) Usingthe properties derived in the last problem, verify the qualitative behavior
of § as a function of T and H .
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(b) Put A5 = 0, H] = H. Assume Cy = aTS, where @ 1s a constant. Find
the heat absorbed by the system along the path of isotherma) magretization
A— B

{c) In the adiabatic demagnetization B — C, calculate T as a function of T
and H.




Chapter 4

Phase transitions

4.1 First-order phase transition

When water boils, it undergoes a phase transition from a liquid to a gas phase.
The equation of state in each of these phases is a regular function, continuous
with continuous derivatives; but in going from one phase to another it abrupHy
changes to a different regular function. The liquid—gas transition is a “first-order
phase transition", in that the first derivative of the Gibbs potential is discontinuous
across the phase boundary. By the Maxwell relations V = — (3G /3P)r and § =
— (BGJBT)P , the density and entropy are discontinuous.

There are second-order phase transitions, in which the first derivatives of G are
contnuous, but the second derivatives change discontinuonsly. Examples include
the gas—liquid transition at the critical point, the ferromagnetic transition, and
the superconducting transition. We shal] discuss the first-order transitlon in more
detail.

An isotllerm exhibiting a first-order gas—iiquid transition is shown in the P-V
diagram of Fig. 4.1. At the point | the system s all liquid, at point 2 it is all gas,
and In betswween the system is a mixture of liquid and gas in the states | and 2,
respectively. They coexist in thermal equilibrium, at a pressure called the vapor
pressure.. Since the rwo phases have different densities, the total volume changes
at constant pressure as the relative proportion is changed, generating the horizontal
portion of the isotherm.

The P-V diagram is a projection of the equation-of-stafe surface shown in
Fig. 4.2, where we have included a first-order iiquid-solid phase transition as
well, The gas—liquid transition region is topped by a critical point, which lies
on the critical isotlterm. The transition regions are ruled surfaces perpendicular
to the pressure axis. When projected onto the P-T plane, they appear as lines
representing phase boundaries. This is depicted in Fig, 4.3.

Following are some important properties:

e Latent heat; Smce the coexisting phases have different entropies, the system
must absorb or release heat during a phase fransition. When a unit amount of
phase 1 is converted into phase 2, an amount of latent heat is liberated:

I = To(s2 — 51), @.1)
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Gas-tiquid

Allliquid mixeure

L. |

All gas

Liquid
phuse
phase

|
|
I Transition region
|
|

¥y Va
Figwe 4.1 An |sotherm exhibiting a first-order phase wransition.

p Cricical
J point

Critical isotherm

; Gastiquid
\ transition

Triple line

— Y

Liquid-salid Gas—solid
tansition transiton

Figure 4.2 Equatlon of state surface, showing gas—jiquid and ||quid—solld phase transitions,
both of first order. (Not to scale.) Isotherms are shown as heavy lines, and the
transition raglons are shaded gray.
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Line of
phase-coexistence

{Phase boundary)

Solid Critical
phase Liquid point
phase

Gas phase
Triple

0 point T

Figure 4.3 The-P-T diagram shows phase boundartes. or lines of phase coexistence.

where T is the absolute temperature at which the two phases can coexist,
and s is the specific entropy of the it phase. The specific enfropy may mean
entropy per particle, per mole, per unit mass, or per unit volume.

s Critical point: At the critical point the gas and the liquid have equal density
and specific entropy. The phase transition becomes second-order at this point.
There is no critical point for the liquid-solid transition.

s Triple point: The line along which gas, liquid, and solid can al] coexist projects
onto the triple point in the P-T diagram.

4.2 Condition for phase coexistence

In a first-order transition, the coexisting phases have the same P and T. The
condition for equilibrium, therefore, is that the total Gibbs potential be minimum.
The relative proportion of the two phases present may vary, but each phase is
characterized by its chemical potential — the Gibbs potential per particle. We use
the equivalent quantity gy(P, T}, the Gibbs potential per unit mass, and represent
the total Gibbs potential in the form '

G =mg) +mizga, (4.2)

where m; is the mass of phase {, with a fixed total mass m = m +-mg. The
contributions from the two phases are additive because we have neglected surface
effects. In equilibrinm, G is at a minimum with respect to mass transfer from one
plase to the other. If we transfer a small amount of mass 8m from one plase tothe
other at constant P and T, the change 8G should vanish, to first order:

8G = g18n + gadma =0, 4.3
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with the constraint dm) = —3dmp — dmi. Therefore, the condition for phase
coexistence is (g — ga)dm = 0. Since 8 is arbitrary, we must have
Ag=ga—pg =0, (d.4)

That is, the coexisting phases must have equal cliemical potential. The derivatives
of g are discontinuous across the phase boundary:

3
(%)p =—s5 (specific entropy).

{4.5)
ag .
— =v ({(specific volume).
aP jy
As the name first-order transition implies, there are finite differences in the specific
entropy and specific volume:

d(Ag
AsEsg—sL:—(a_T):_-.O,
3(Ag) (4.6)
g
Av = y — V| = — 0.
Av =1y — v P =

4.3 Clapeyron equation

Since the three variables Ag, As, Av are functions of P, T, there must exist a
relation among them f(Ag, As, Av) = 0, and we can apply the chain rule in the
form

3(Ag) aT ap B o
( aT )P (ﬁ)m(a(a‘g))r—_" %)

or
mz_(ﬂ) .
@Be)/aPy . \IT )5y’ 48

In equilibrium, Ag =0, and (8P f8T) pg—p glves the slope of the fransition line on
the P-T diagram:

dP oP
—=— . 4.9
dr (3T)ag=n @9

For the gasliquid transition, P is the vapeor pressure. Substituting this definition
into (4.7), and using (4.6), we obtain

dP _ As

& o2f 4.10
ar ~ AV (4.10)
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Figure 4.4 The slope of the llquid-solid boundary can have either sign, depending on
whether the liquid contracts or expands upon freezing,
or

P!
dT ~ TAv

(4.11)

where | = T As isthe latent reat. This is called the Clapeyron equation. Depending
on the sign of Av, the slope dP/dT may be positive or negative, as iilustrated in
Fig. 4.4. The upper panel shows the P—T diagram for a substance like CO;z, which
contracts upon freezing. The Jower pane] shows that for HaO, which expands upon
freezing.

In a second-order phase fransition the first derivatives of g vanish, and the
Clapeyron equation is replaced by a condition involving second derivatives, (See
Problem 4.10.)

4.4 van der Waals equation of state

The gas—liquid phase transition owes its existence to intermolecular interactions.
The potential energy LA r) between two molecules as a function of their separation
r have the qualitative form shown in Fig. 4.5. It has a repulsive core whose radius
m is of the order of a few angsitroms, due to the electrostatic repulsion between the
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utr) o

Atoms

i

Figure 4.5 Intermolecufar potential.

electronclouds. The inset in Fig, 4.5shows why ry can be regarded as te molecular
diameter. Outside the repulsive core is an attractive kil due to mutual electrostatic
polarization. The depth of the attractive part is generally of the order of 1 eV, but
varies widely among molecular species. It gives risé to chemical valence and the
crystal structure of solids, and thus plays an important role in the everyday world.

To take the intermolecular interaction info account in a qualitative fashion, we
separate the effects of the repulsive core and the attractive tail. The hard core
excludes a certain volume around a molecule, so other molecules have less room
in which to move. The effective volume is therefore smaller than the actual volume:

Var =V —b, (4.12)

where V is the total volume of the system, and b is the total excluded volume, of
the order of b ~¢ Nmrg’ /6. For a fixed number of atoms, it is a constant parameter.
The pressure of & gas arises {rom molecules striking the wall of the container.
Compared with the case of the ideal gas, a molecule in a real gas hits the wall with
less kinetic energy, because it is being held back by the attraction of neighboring
molecules. The reduction in the pressure is proportional to the number of pairs of
interacting molecules néar the wall, and thus to the density. Accordingly we put

P = Pyigess — (@.13)

a
vz
where Pyinaric 1s the would-be pressure in the absence of attraction, and @ is a
constant proportlonal to N2 Van der Waals makes the assumption that, for 1 mol
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of gas,
Pyinotic Vorr = RT. (4.14)
This leads to
. a ‘
(V —b) (P+ﬁ) — RT, (4.15)

the van der Waals equation of state. In this simple model, the substance is
characterized by only two parameters « and b.

4.5 Virial expansion

The van der Waals equation of state approacles that of the ideal gas in the low
density limit: ¥V — 00 at fixed N. The successive corrections to tie ideal gas
equation can be obtained by expanding in powers of V. We first solve for the
pressure:

RT
(P+32) =v=n"

: -1
P (-2) v

14 14 Ve’
—t
PV b a
RT (‘ - F) TRV ¢*-18)
Expanding the right-hand side, we obtain

PV ! a ANV AAS
LA LY § . — — — 4.17
RT" +V( RT +(V) +(V) + -1

This is of the form of a virfal expansion:

PV

— 42, 8. :

where ¢, is called the nth virial coefficient. The second virial coefficient

a

=b—— 19

=b—o (419)

can be obtained experimentally by observing deviations from the ideal gas law.

By measuring this as a function of T, we can extract the inolecular parameters
a and b.
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4.6 Critical point

The van der Waals isotherms are sketched in Fig. 4.6. The equation is a cubic
polynomial in V;

(V —b) (PV? +a) =RTV?,
PV® — (bP+RT)V> +aV —ba = 0. (4.20)

There is a region in which the polynomial hias three real roots. As we increase T
these roots move closer together, and merge at T = T, the critical point. For
T = T, one real root remains, while the other two become a complex-conjugate
pair. We can find the crifica] parameters Py, Ve, T, as follows. At the critical point
the equation of state niust be of the form

(V—VoP =0,
VvV +3ViV—Vo =0. (4.21)
P

- ——— ——— =

. Yz 1 4

Figue 4.6 lsotherms of the van der Waals gas. The critical polnt s at C.
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Comparison with (4.20) yields

RT,
3WVe=b+—,
c
a
IvI=—,
V3 A
R ba
¢ iy 27
Ve P, (4.22)

They can be solved to give

_8:‘:

T om
a

=
Ve = 3b, (4.23)

[+

C

4.7 Maxwell construction

The van der Waals isotherm is a monotonic function of ¥ for T = T. Below T,
however, there is a “kink” exhibiting negative compressibility, This is unphysical,
and its origin can be traced to the implicit assumption that the density is always
uniform. Actually; as we shall see, the system prefers to undergo a first-order phase
transition, by breaking up imo a mixture of phases of different densities.

According to the Maxwell relation P = —(8A/dV)r . the free energy can be
obtained as the area under the isotherm:;

AV.Ty=— [ udeV. (4.24)

Let us carry out the integration graphically: as indicated in Fig. 4.7. The volumes
V1, ¥ are defined by the double-tangent construction, At any point along the
tangent, such as X, the free energy is a linear combination of those at 1 and 2, and
thus represents a mixture of two phases. This non-uniform state has the same P
and T as the unifonn state 3, but it has a lower free energy. as is obvious rom
the graphical constraction, Therefore the phase-separated state is the equilibrium
state,
The states | and 2 are defined by the conditions

3A
—— = —— (equal pressure), 4,25
3, v {equal p ): (4.25)
Ax—A 3A

2 L= {common tangent). (4.26)

Va—W; 8V
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Figure 4.7 The Maxwell construction.

Thus,
oA
— (A —A)=——(Va— W) .27
avy

Va
f Pdv = P(Vo — W) (4.28)
¥

1

This means the areas A and B in Fig, 4.7 are equal to each other. The horizontal
line in Fig, 4.7 is known as the Maxwell construction.

4.8 Scaling

The van der Waals equation of state assumes a universal form: if we measure P,V
and T in terms of their critical values, Introducing the dimensionless quantities

P P T T oy {4.29)
Y P T '
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Figure 4.8 The boundary curve of the gas-liquid transition region becomes universal when
the temperature T and the density nare measured in terms of their values at'the
criticat point, After Guggenhelm (1 945).

we can rewrite the equafion of state in the form

_ 1N /- 3\ 8.
(v - g) (P +ﬁ) =3T. (4.30)

This is a universal equation, for the coefficients @ and b have disappeared.

The scaling law is partly borne out by experiments, The critical data for the
elements involved vary widely, as shown in Table 4.1. Yet, the scaled densities of
the fiquid and gas at the phase boundary depend on the scaled temperature in a
universal manner, as shown in Fig, 4.8. The universal behavior can be fif by

_ /3
u;(l_L) , (4.31)
Mg 2 T:

where #y, is the density of the liquid phase and ng, that of the gas phase. The
exponent 1/3 is a “crifical exponent” conventionally denoted by the symbo] B.
Although the van der Waals equation of state predicts the scaling behavior, it gives
B = 1/2 instead of the experimental value. This indicates that the model is not
adequate for quantitative purposes. {Huang 1987, Section 17.5.)
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Toble 4.1 Critical dam
Eement T.(*C} P (mm)

Ne —288.7 269
A —1223 480
Kr —438 543
Xe l6.6 580
Na —l46 580
0, —1i84 501
CcO —1400 345
CH, —821 458
Problems

4.1 Calculate the change in entropy of the “universe” when 10 kg of water, ini-
tially at 20°C, is placed in thermal contact with a heat reservoir at —10°C, unfil i
becomes ice at that temperature, Assume that the entire process takes place under
constant atmospheric pressure. The following data are given:

Cp of water =4,180 J/kg deg,

Cp of ice = 2,000 J/kg deg,

Heat of fusion for ice = 3.34x 10° J/kg.

4.2 Integrafe the Clapeyron equations near a triple point fo obfain tlie equations
forthe three transition lines meeting at that point, Make the following assumptions:

the gas can be treated as ideal,

the latent heats are constanfs,

the molar volumes of solid and liquid are nearty equal constants, negligible

comparead fo that of gas,
4.3 ‘Water expands upon freezing, so dP/dT < 0 on the P-T diagram (see
Fig. 4.4). Calculate the rate of change of the melting temperature of ice with
respect to pressure from the Clapeyron equation, using the following data:

Heat of melting of ice £ =144]J

Molar volume of ice vy = 20em®

Molar votume of water = 18 cm®

4.4 Reconsider tlie mode! of a liquid in Problem 3.5, with free energy
A(V,T) = Nao(T) bvo(T) — vF® — NF(T),

where v= V /N, and vo(T), ao(T), f(T) are functions of the temperature only.

(8) 1f v = w(T), then the pressure would be negative, but this assumes that the
liquid is being stretched uniformly. Actually, the liquid would rather not fill the
entire volume avallable, buf remain af specific volume vy, Thus, the pressure
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would remain zero for v = vp. Show this using an argument similar to that for
the Maxwell construction. (See accompanying sketch.)

AV}

Maxwell
copsoruction

VIN

(bj Suppose the liquid is in thermal equilibrium with its vapor, which can be
treated as an ideal gas of density ». There are two conditions to be fulfilled, the
pressures and chenucal potentials must equalize, Wrife down these conditions.
Showv < w,and v — wonly at T.=0,

(c) FornkT/ap « 1, show ni3 = e VAT where X = (2 h? JmET 2,

4.5 (a) In aliquid—gas transition, the specific volume of the liquid (phase 1) is
usualiy negligible compared with that of the gas (phase 2}, which usualty can
be treated as an ideal gas. Let £ = T(s3 — st) be the latent heat of evaporation
per particle. Under the approximations mentioned, show that

rdp ¢
PAT ~ T
{b) Use this formula to obtain the latent heat per unit niass for liquid 3He,in0.2K

increments of T, from the following table of vapor pressures of >He. The mass
of a *He atont is m = 5,007 x 10% g,

T({K) P{micronsof Hg

0200 00121
0201 00130
0400 28.12
0401 2871
0.600 5445
0.601 5503
0.800 2832
0801 2912
100D 8842
|.005 9053
1200 20163

1205 20529
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4.6 Sketch the Gibbs potential G(P, T) of the van der Whnals gas as a function of
P at constant T. In particular, show the behavior in the transition region, Derive
the Maxwell construction using the principle of minimization of G,

4.7 (a) Calculate the free energy A(V, T) for 1 mol of a van der Waals gas. (Hint:
Integrate — f P dV along an isotherm, Determine the unknown additive func-
tion of T by requiring A(V, T} to approach that of an ideal gas as ¥V — oo,
given in Problem 3,2.)

(b) Show that Cy of a van der Waals gas is a function of T ouly, (Hinhy Use
Cy = —T(3%A/8T?)y (Problem 3.4). Show (3Cy f8V)r =0,)

4.8 Find the relationship between T and V for the reversible adiabatic frans-

formation of a van der Waals gas, assuming that Cy is a constant, Check that it

reduces to the ideal gas resnlf when @ = & = O, (Hint: Use the T'dS equation in

(3.16))

4.9 Form the attached table of the second virial coefficient for 1 mol of Ne, find
the best fits for the coefficients @ and b in the vauwr der Waals equation of state (Data
from Holborm 1925).

TK) < (cm®mol )

60 —20
90 —8
t25 0
75 7
225 9
275 I
375 i2
475 i3
575 4
675 4

4.10 The transition line of a second-order phase transition is shown in the accom-
panying P-T diagrant. The first derivatives of the Gibbs potential, giving specific
density and entropy, are continuous across this line, The second derivatives, suclh
as compressibilities, are discontinuous, Show that theé slope of the transition line
is given by

dP o) — 2

— =t

AT wrt — k2
where ¢ denotes the coefficient of thennal expansion, and &r the isothem:ial
compressibility,
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o

(Hint: Calculate the change of volunie AV along the transition Jine. The results
for phase | and phase 2 must agree.)




Chapter 5

The statistical approach

5.1 The atomlc view

Experiments show that | g mol of any dilute gas occupies the same molar volume
Vo =224 x 10* e (5.1)
at STP (standard femperature and pressure):

To =273.15K,
Py =1 am. (5.2)

Fron: this we can obtain e gas constant R = PyVy /Tp. The ratio of the nwolar
volunie to Avogadro's mimber gives the density of any gas at STP;

Density = 2.70 x 10'® atomsfenr’, (5.3)

This indicates the large number of atoms presenf it a macroscopic volume, We
use the term “atom’” here i a generic sense, to denofe the smallest unit in the gas,
which may in fact be a diafomic molecnle such as Ha.

A gas can approach thermal equilibrium because of atomic collisions. The
scattering cross section between atoms is of the order of

a =:rr%, 5)
(54
ro = 1078 emy, :

where mp is the effective atomic diameter, The average distance traveled by an
atom between two successive collistons is called the mean free path, whose order
of magnitude is given by
PR ! 5.5)
~ ng’ -
where 71 is the particle density. This can be seen as follows. Consider a cylindrical
volume inside the gas, of cross-sectional area A, as depicted in Fig. 5.1. If the
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ole,

Figure 5,1 The atoms in the project view begin to overlap when the length of the cylinder
Is of the order of the mean free path A,

lengtl of the cylinder is simall, if contains few atoms, and in the projected end view
the images of the afoms rarely overlap. As the length of the cylinder increases,
more and more atoms aré included, and the images begin to overlap when the
lengtl of the cylinder is of the order of the mean free path. At that point the area A
is roughly equal to the cross-sectional area of all the atoms: A = (A1) (na), which
gives (5.5). At STP we have

LA 108 cem (5.6)

Thus, on & macroscopic scale, an atom can hardly move without colliding with
another atom.

We have learnt from thermodynamics that the intema) energy per patticle in an
ideal gas is %kT, Equating this to the average kinefic energy of an atom, we obtain

1 5 3
Smv _EkT. (5.7)

Thus, the average velocity is

v=, ELLN (5.8)
m
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For numerical calculations, it is useful to remember that

kT L eV atT =300K,
40 ‘ (5.9)

mec” 72 0.5 MeV,

where m1, is the mass of the electron, and ¢ is the velocify of light. Thus, for Hy
gas at 300 K, we have

max 1071 (5.10)

v2: o 3T 1 1
- =——m3—eV
€2 me? 40 ) 0.5 x 10° x 2 % 2000 eV

Using, ¢ = 3 x 10'0 m/s, we get
vas 10° s, (5.1

This is the speed with which a gas expands info a vacuum in a free expansion, The
average time between successive collisions is called the collision time:

A
=" 1070, (5.12)
v

which is of the order of the relaxation fime towards local thermal equilibrium.

5.2 Phase space

In classical mechanics, the state of an atom af any instant of time is spacified by
its posifion r and momentum p. The six components of these quantities span the
phase space of one atom. For V atoms, the tofal number of degrzes of freedom
is 6V, and the fofal phase space is a 6N-dimensional space. The motions of the
particles are governad by the Hamiltonian

N 2
p; 1
Hip,ry= 4= Ul;y—ry) (5.13)
; 2m 0 2 ;j:
where U(r) is the inferatomic potential. The Hamiltonian equations of motions are

) aH
Pr - 31’;’ 5 14

o (5.14)
f=——

api

In the absence of external Hme-dependent forces, H has no explicit depandence
on the time. The value of the Hamilfonian is the energy, which is a constant of the
motion.




Phase space 63

We use the shorthand (p, r) to denote al] the miomenta and coordinates. The 6-
dimensional space spanned by (p, r) is called the I"-space. A point in this space,
called a representative point, corresponds to a state of the N-body system at a
particular time, As time evolves, the representative point traces out a frajectory. It
never infersects itself, because the solutton fo the equations of motion is unique,
given inifial condifions. Because of energy consarvation, it always Hes on anenergy
surface, a hypersurface in I'-space definad by

H{p,r)=E. (5.15)

Bacause of atomic collisions, the frajectory is jagged, and exceadingly sensifive to
inifia] conditions. It essentially makes n self-avolding random walk on the energy
surface. A symbolic representation of I"-space is indicated in Fig, 5.2,

We can alternatively represent the state of the atomic system by specifying the
states of each atom, in the 6D phase space of a single atom spanned by {p, r). This
space is called the zi-space, and the system is represented by & = 10% points,
as illustrated schemafically in Fig. 5.2. As time evolves, these points move and
collide with one another, and the aggregate billows like a cloud.

We shall confine our discussion to the idea] gas, which is the Jow-density limit
of a real gas, In this limit the atomic interactions make only small contributions to
the total energy, and we can approximate the total energy by the sum of energies
of the individual atoms. However, the interactions cannot be eatirely ignored, for
they are responsible for the establishment of thermal equilibrium. It is important
to realize that the ideal gas is not a gas with no interactions, but corresponds to the
limiting case in which the interaction potential approaches zero.

—
b Energy surface p
e .'.: .
..’v. ,‘n y '.
- ... e =
'f.. . .:""
“: " .0.: .ﬁ
) al'F
/| ISR L
7 r 4 [
Locus of \
representative point Cell valume=At
T'- space Jt- space
{6N-dimeénsicnal) {6-dimensional},

Figure 5.2 In I'-space, the history of an N-particle system |s represented by one trajectory
on a (6N — [)-dimensional energy surface. In. g-space, It Is represented by a
cloud of N points tn a 6D space,
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5.3 Distribution function

We are interested in the statistical properties of the atomic system, rather than the
behavior of the individual afoms. In particular, we wish to calculate the distribution
function f(p.r,t) defined as follows. Divide pi-space into cells, which are 6D
volume elenients

AT = Ap; Apy Ap; Ax Ay Az (5.16)

A cell is assumed to be large enough to contain a large number of atoms and
yet smal] enough to be considered infinitesimal on a macroscopic scale. From a
macroscopic point of view, atoms in the #th oel] have unresolved positions 17, and
momenta p;, and 2 common energy & = pf/2m. The number of atoms in cell i
af time ¢ is called the occupation number n;, and the distribution function is the
occupation numbear per unit volume:

f(pi.ri.NAT =n. (5.17)

Since there are N atoms with total energy E, we have the conditions

Zn;:N,

{

Zn;e; =FE.

{

(5.18)

The. unit for the phase—space volume Ar is so far arbitrary. This does nof lead
to ambiguities when fAr appear together, but when f appears alone, as in the
expression for entropy later, we will have an arbitrary undefermined constant. As
we shall see, quantum mechanics ultimately determines the unit to be 4, where 4
is Planck’s constant.

In the thermodynamic limit, we assume that f(p,1, {) approaches a continuous
function, and regard Ar as mathemafically infinitesimal:

Ar=dpdr. (5.19)
We can then wrife
f dEpdrfp,1,0)=N,
| pz (5.20)
[ Erers@nnt<k.
2m

If the density is uniform, then f(p, r, £} is independent of r. We denofe it by f(p. ().
and write

f Epfip.t) =

3

(5.21)

<|m <=

fd3 1 :)"—2—
P JIPs Ym
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The dishibution function evolves in time according to the microscopic equations
of motion, and we assume that it will eventually approach a tfime-independent
form fy(p, r), which corresponds to themmal equilibrium. Our task Is to find the
equilibrium distribution, and to deduce from it the thermody namics of the ideal gas.

5.4 Ergodlc hypothesls

The representative pointin I'-space, corresponds to a state of the V-particle systemmn,
and traces out a trajectory on an energy surface as fime goes on. After some time,
long compared to the collision time, about 107195 for a gas at STP, the trajectory
should reach some kind of steady state, which correspoads to thermal equilibrium,

We know from mechanics that, for ¥ = 3, the motlon is generally “chaotic™, in
the sense that two points initially close to each other wil] diverge exponentially with
time, At successive time intervals which are large compared to the collision fime,
we expect that the trajectory in I'-space perfonms a random walk over the whole
energy surface, This is the essence of the ergedic fiypothesis, More precisely, one
can prove the following for certain artificial systems:

Given a sufficiently long time, the representative point of an isolated system
will come arbitrarily close to any given point on the energy surface,

Ergodic theory is a rigorous mathematica] discipline that aims to prove state-
ments like the above for various choices of systems, but if does not provide a
criterion for “sufficiently long time™, The question of relaxation time is a dymami-
cal one, while the methods of ergodic theory are based on avoidance of dynamics.
Thus, although the ergodic theorem gives us conceptual understanding, i does not
hold any promise for practical applications.

5.5 Statlstical ensemble

Our measuring instruments have finite resolutions, and they effectively perform
averages over time intervals that are small on a macroscopic scale, but large com-
pared to the collision time. The basis of the statistical method is the assumption
that this ime averaging can be replaced by an average over a suitably chosen col-
lection of systams called a statistical ensemble. This is an infinite collection of
identical copies of the system, characterized by a distribution function g(p,r,t)
in T"-space:

p{p,r, dp dr = Number of systems in dpdr at time r; (5.22)

where

(Ps‘r) =(pl,1111p1\'1~ 1‘19-1-:1.1‘1')3
dpdr = d¥p d¥r. (5.23)
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The probability, per unit phase—space volume, of finding the system in dp dr at
time ¢ is given by

Probability density = __Aprn (5.2
. fderP(Psrrt)’ '
The ersemble average of a physical quantity O(p, r) is defined as
dr rno(p,r
(0) = fdpdro(p,r,t)0(p, 1) (5.25)

fdpdro(p,r. 1)

It is important to keep in mind that members of the ensemible are mental copies of
the system, and do not interact with one another,

As the system approaches therma)] equilibrium, thé ensemble evolves into an
equilibrium ensemble with a Bme-independent distribution function p(p, r). The
ensemble average with respect to p(p, r) then yields thermodynamic quantities. We
assume that p{p, r} depends on(p, r) only through the Hamiltonian, and denote it by
p(H(p, r)). This automatically makes it tinte-indepandent, since the Hamiltonian
is a constant of the motion.

5.6 Microcanonical ensemble

For an isolated systenl, p Is constant over an energy surface, according to the
ergodic hypothesis. This condition is known as the assuniptlon of equal a priord
probability, and defines the microcanenical ensemble:

sl ifE <H(p.r) <E+A,

p(H(p,r))=[ 0 othersise. (5.26)

where A is some fixed number that specifies the tolerance of energy measurenients,
with A <« E. The volume cccupied by the microcanonical ensemble is, in arbitrary
uniits,

T(E,V) = f dpdr p (H(p, 1)) = f dpdr, (5.27)
E<H(pr1<E+A

where the dependence on the spatial volunie ¥ comes from the 1imits of the integra-
tions over dr. This is the volunie of the shell bounded by the two energy surfaces
with respective energies £ 4+ A and E. Since A <« E, it can be obtained by niul-
tiplying the surface area of the energy surface E by the thickness A of the shell.
The surface area, in turn, can be obtained from the volume of the interior of the
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E+A

Votume TIE)

Figure 5.3 The volume T' of the thin shell can be obtained from the volume & of the
interior of the shell: T = (3@ /3E) A,

surface. Thus,
ID(E
‘ (5.28)
E, VY= dpdr,
Hip.y<E

where @(E, V) is the volume of phase space enclosed by the energy surface E, as

llustrated in Fig. 5.3. Ensemble averages are independent of the unit used for I,
The entropy is defined to be proportional to the logarithm of the nuniber of

available states, which is measured by the phase—space volunie in I'-space:

S(E,V)=k In T(E, V). (5.29)

The factor k, which is Boltzmann's constant, establishes the unit. The arbitrariness
of the units for I means that § is defined up to an arbitrary additive constant.
The reason for taking the Jogarithm of I' is to make S additive for independent
systems. Two mdependent non-interacting systems have separate distributions p
and p' respectively, and they occupy volumes I" and I'" in their respective I'-spaces.
The tota] I'-space is the direct product of the two spaces, and the total volunie is the
product T'T". Another way of stating this is that the probability of two independent
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events is the product of the individual probabilities. Thus, the total entropy is
kIn(TT)=&mT+kInT" (5.30)

To obtain thermiodynamic functions through the Maxwe]] relations, we need to
obtain the function E(S, ¥} from S(E, V). Since this is a cumbersome procedurs
in general, we use sinmipler alternative routes whenever possible.

5.7 The most probable distribution

As we have seen, the state of a gas of N atoms is represented by one point in I"-space,
and ¥ points in g-space. If we permute the positions of the N points In y-space,
we will generate a new state of the gas, which corresponds to a different point in
I"-space. Such a permutation, however, does not affect the distribution {n;}, which
counts only the nuniber of points in a given volume element, regardless of which
ones reside in the volume element, Therefore, a given distribution {n;}corresponds
to a collection of states in I'-space; it “occupies™ a volume in I'-space, which we
denote by

Qn} = Q{np.ny, ...} {5.31)
The total volunie in I'-space is

T(E, V)= Zg{m,ng, .} (5.32)
¢

wiliere the sum Z jite) extends over al] possible sets {nz} that satisfy the constraints
{5.18). The ensemble average of the occupation number n can be written as

}:{"‘_} mQo{nt,ng,. ..}

‘ . (5.33)
Doy @{nnano, 0}

{ne) =

On the other hand. we define the mosr probable distribution {n;} as the set of
occupation numbers that raaximizes £{ry} under the constraints (5.18). We shall
calculate 7 rather than {ng). since that presents an easier mathematical task. We
shall show aftersards that iz — {1} in the thermodynamic limit,

To find the most probable distribution, picture the cells of y-space as an array of
boxes with n; 1dentica) balls in the ith box, as iflustrated in Fig, 5.4. The number of

| 1 - k

np m Nk

Figue 5.4 Place m balls in box {, n2 balls in box 2, erc.
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microscoplc states corresponding to this distribution is the number of permutations
of the N balls that leaves the distribution unchanged:

1
Qm} = .'LST' 8K (334)
aylmal. gt
where g; is the intrinsic probability for the ith cell. Actually g; = 1, bur it is
convenient to keep it arbitrary for mathematical purposes.
Since Q{#;} is by definition at a maxiimmmn, its change upon a variation of the set
{n;} must be of second-order smallness. That is, §Q2{m} = 0 under the variation
nj — H; 1 8y with the constraints

Z&?u =0,
{

{5.35)
ZE;&H,‘ =0.
i
We use the equivalent condition
8InQ{n;} =0, {5.36)

since the logarithm is a monotonic function.

5.8 Lagrange multipliers

Because of the constraints, we cannot vary the r; independently. Using the method
of Lagrange multipliers derived in the Appendix, we consider a modified problem

8 [m Qi+ mi—p Ze;n{l =0, (5.37)

where ¢ and 8 are fixed parameters called Lagrange multipliers. We now vary
each ny independently, and after obtaining In Q{#;} as a function of o and B, we
detenmine o and B so as to satisfy the constraints (5.18).

From (5.34) we have

n Q{n;} = InN! — Z]nn;! + ‘Zn; i g; {5.38)
i i

Assuming that ¥ and n; are large compared to unity, we can use the Stirling.

approximation m a! & i lnn — n, which is derived in the Appendix, and write

N NZlnN—N,

1
Z Tnml = Zn; Ina — Zn;.
i i 1

(5.39)
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Setting Y, iz =N, we have

QNN —-N+ Z [—n; Innj+ (1 + o)y — femy+nyln g;] .
]

(5.40)
Varying the n; independently, we obtain
Z[—‘lnn,-+oz—ﬁe,'+lngg] gn; = 0. (541
I
Since the §n; are arbitrary and independent, we must have
lnm;=e — B¢+ Ingy,
n; = giCe P, (542)
where C —e®, We now set g; = | and write
Rj= Ce P, (543)
The Lagrange multipliers are dztermined by the conditions
CY e P =N,
1
(544)
CZE;e_ﬂé" =E.
i
In the limit ¥ — 0, we niake the replacenient
np — f(pr, ) d>pd’r, (5.45)

For a free gas in the absence of external potential, the distribution function is
independent of r;

F(p)= Ce™PP /2, (5.46)

Thus the conditions beconie

f Epfip) = —n»
p2

psz(p)

(547)
H

The distribution function f(p) is called the Maxwell-Beltzmann distribution. It
describes a unifom {Tee gas in thermal equilibrum, with density » and energy per
particle EfN.
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Problems

51 Hydrogen gas is contained in a cylinder at STP, Estimate the number of times
the wall of the cylinder is being hit by atoms per second, per unit area,

5.2 A roomof volume 3x3 x3 m° contains air at STP. Treating the air molecules
as independent objects, estimate the probability that you will find a 1 cmt® volunie
somewhere in the room totally devoid of air, due to statistical fluctuations. Do the
same for a 1 A3 volume.

5.3 In a gas at STP, let p(r) dr be the probability that an atom has a nearest
neighbor between distances r and r 4 dr. Find p(r).

5.4 In an atomic beam experiment a coliimated beam of neutral Na atoms tra-
verses & vacuum chamber for a distance of 10 cin. How good & vacuum is required
for the beamn to remain well-collimated during the transit?

5.5 Neutrinos are the most weakly bnteracting particles we know of, and they

can penetrate the earth with the greatest of ease, This has caused some writer to

worry about neutrinos hitting “a lover and his lass™ from benzath the bed (by way
of Nepal). Is the fear well founded?

(a) Assuming a neutrino cross section of ¢ = 10~ cm? for collision with a
nucleon, estimate Hié neutrino niean free path in water.

(b) Sources for neutrinos include cosmic-ray reactions in the atmosphere, and
astrophysical events. For the sake of argunient, assume there is a neutrino flux
of 50 cm™2 5™!, Show that a person of mass 50 kg sould get hit by a neutrino
about once in a lifetime, (Perhaps that’s what kills the person.)

5.6 To calculate the phase—space volume of an idea] gas in the microcanonical

ensemble, we need the suiface area of an n-dimensional sphere of radius R, The
volunwe of an n-sphere of radius R is of the form

®o(R) = R,
The swface area is
Tu(R) = nCR,
All we néed is the constant Cp. Show that
2:{1!,"2
Co= =,
riz+1)

where I'(z) is the gmuma function.
Suggestion: We know that ff:oclx exp (—J.rz) = /mfi. Thus,

oQ
f dxy ... drg e M) = (g T
—0oG

Now rewrite the integral in spherical coordinates as nC;; ﬁ]w dR Rl exp (—AR?),
which is a gnmma function.
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5.7 The Hamiltonian for a free classical idzal gas of N atoms can be written as
H= p? + p% 4+ 4 P%h‘s wherz we have chiosen nnits such that 2m = |,

() Show that the phase—space volume {s T'(E, V} = KgVNEﬂ(JE)_. where Kj is
aconstant, and n = 3N,

(b) Calculate 3, and obtain the entropy S(E, V}. Verify that it agrees with the
result from thermodynaniics.

5.8 [fweputtheideal gasinan extema) harmonic-oscillator potential, the Hamil-

tonian would become H = (plz +p% + - +p%N) + (rl2 + r’% 4+ 4 !'%N), in

special units.

(2) Show that the phase—space volume is T'(E, V) = Kj EH(JE'L wlhere Ky is a
constant, and » = 6N,

(b) Find the entropy of the systen,

59 Random walk: An atom in a gas experiences frequent and errafic collisions,
A simple way to simulate its motion is to suppose that it execuies a random walk,
In this problem we study a random walk in one dimension,

Consider a particle making successive randoni steps along the x-axis, The steps
are of equal length, and the probability of going forward or backward is % Let
W(k. n) be the probability that the particle is & steps from the starting point, after
taking » random steps, Show the following results;

() The particle made & total of (n 4 k)/2 steps forward, and {(n — k)/2 steps
backward,

(b) The forward steps can be chosen in (:) ways, where r = (v + k)/2. Each
of these choices are mutually exclusive, with intrinsic probability 2. Adding
these probabilities leads to the result

a—n
[+ k)21 (n — K) /21

(¢) Forn 3 1,anda 3 k, use of the Stirling approximation and the powar series
expansion for the logarithm leads to

{2
W(k,.n) ~ —e_‘tlﬂ".
57

The probability of returiing to the origin after a large number of steps n is
therefore W(0,n) = /2/mn.

(d) Define linear distance by x = kxy, where xp is the size of the step in length
units, Define the duration ¢ of a step by t = nfy, where fg is the duration of
a step in seconds, The probability that the particle is Jocated between x and
xdx at time ¢ is W(x, £) dx, where

Wik, n) =

1 a
W(x,t) = ﬁe—” ADr
47T
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with 4
T
21
This is the diffusion law, and D is the diffusion constant,
5.10 Regard atomic motion in a gas as a random walk due to collisions, give an
order-ofnagnitude estimate of the time it would take an air molecule in a room
to fraverse a distance of | cin. What about | m?

5.11 A gas of N atoms can returm to an initia) state after a certain period of tiime,
through random coincidence. For example, in the free.expansion experiment, the
gds escapes into an initially empty compartment, Yon can expect that the genie
will spontaneously retum to the bottle after some Hime,

Based on random walk, give an argumnent to show that this tinme is of the order
of ¥ collision times.




Chapter 6

Maxwell-Boltzmann distribution

6.1 Determining the parameters
The Maxwell-Boltzinann distribution for an idea] gas is
F(p)y=Ce P2, (6.1)

The conditions that determine the parameters € and £ are

f &pf(p)=n,

i 3 p2 E
Z | &= ==,
o] f P 2mf(p) N
where # is the density of the gas, and E/N is the energy per particle,
To explicifly calculate C and £, we need the Gaussian integral

j:: dxe=™" = \/% (6.3)

Related integrals can be obtained by differentiating both sides with respect to i

A DG
2 —ax? ‘\/}?
f_mdxx e =533P

o ) 3Jm
—1x?
f_m dv x'e TS

(6.2)

(6:4)

and so on. Thus,

oc
n— Cf dp; dp dps o ~MPI+HPIHPY)
—0
0 .13
o[[L=]
—0o

c (%)m . (6.5)
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With & = §/2m, we obtain

372
C=n( p ) . (6.6)

2mm

Next we calculate E /N, the energy per particle

= [ dprdpadpa B+ g p3) A

~ (m) f dpldpzdmp o NPT

SO el

32
l) ‘/_ P _3 (6.7)

2)_n - ')J@ﬁ ~ dma 2;3'
Therefore,
3E
=—— 6.8
p 2N (6.8)

We shall show that § = 1 /T,

6.2 Pressure of an ideal gas

The pressure of an ideal gas is the average force per unit area that it exerts on
the wall of its container, Take the wall to be nonmal to the x-axis, and assunie
that the wall is perfectly reflecting. When an atom with x-coniponent velocity w is
reflected by the wall, it will transfer an amount.of monientum 2myy, tothe wall, The
force acting on thé wall is the momentum transfer per unit time, and the pressure
is the force per unit area of the wall:

Pressure — (Momentuin transfer per atom) x (Flux of atoms), (6.9)
The flux is the mumber of atoms crossing unit area per second, and this is equal
to the number of atoms contained in a cylinder of length equal to vy, of unit cross
section. This is [llustrated in Fig. 6.1. Thus,

Flux of atoms = v, f(p) &°p. {6.10)

The pressure is given by

P= &p (2 nf(p) = mf d’p 2 f(p). 6.11)

=0
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Unjtarea

Wall

Figere 6,] In one second. all the atoms with x-component velocity v, would have evacnated
a cylindet of lengeh numericaliy equal to v,

In the integrand, we may replace v2 by 5(1§+ v3+ vg) =p f3m2. Thus,

E
— 2 — 6,172
= f d pfipi= 3 {6.12)

This gives the equation of state of an ideal gas, and relates the energy per particle
to the absolute teniperafure;

& =34 (6.13)

Since we have earlier shown E/N = 3 /(28), this gives 8 = | /KT,
The parameters in the Maxwe]l-Boltzimann distribution are therefore

(6.14)

n
o (2]’!.’??1.‘7]-).3"' T

6.3 Equipartition of energy

The factor 3 in the formula E/N = %—kT represents the number of translational
degrees of freedom, the number of monientuni coniponents appearing in flie energy
of an atom:

L o2, 2, 2
= ﬁ(p%._+py +pyh (6.15)

Each quadratic term in the energy contributes £7/2 to the internal energy per
particle, hence /2 to the specific heat at constant volunie. This is known as the
principle of equipartition of energy.
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1f our “atoms™ are polyatoinic molecules, there will be additional quadratic
terms in the energy, representing rotationa) and vibrational dagrees of freedom.
Each of these temns will contribute &/2 to the specific heat additively, as long
as the thenmal energy KT is sufficient to excite them quantuni-imechanically. For
exaniple, a diatomic molecule such as Hp has two rotational and one vibrational
degrees of freedom. Its energy is of the fonm

! 2 2 2 JJ2_ JI% 1—’2 Lﬁ“’gz
= (P24 P ppy 4L (2 H 2 6.16
gt 3’+*)+21l+21"+(2,u+ 24)' (6.16)

where P-is the total momentumn, and J, and Jy, respectively, denote the angular
momentum perpendicular and parallel to the symmetry axis of the molecule. The
last two temis represent the energy of a harmonic oscillator corresponding to the
vibrational miode, These quantities have to be treated as qunantumn operators, In
particular, the rotational and vibrational energies have discrate eigenvalues, and
have minimal energies Iy, and kT, respactively. Examples of these thrashold
vajues are listed in Table 6.1.

At roorn femperature the thermal energy is not sufficient to excite the vibrational
mode of Ha, and so its specific heat is %k. Figure 6.2 shows the heat capacity of
| mol of molecular hydrogen over a wide range of temperatures on a logarithmic
scale. Thus we see quantum mechanics at work even at high femperatures. (See
Problemn 8.8.)

6.4 Distribution of speed

The distribution function is independent of position for a gas in the absence of
extemal potentials. This nieansthat atonis move with thie same Maxwellian velocity
distribution in every volunie elenieut in Hie air around you. Because of the isotropy

of space, the distribution depends ouly on the magnitude p of the monientuny, Thus,

the components of the velocity average to zero:

_ [ &ppfip)

= T ol 6.17)

Table 6.1 Varlational and rotattonal excitation
temperawres (Wilson |975)

Tm: (K) T\db (K)
H, B5.4 6100
Ny 2.86 3340

0Oy 207 2230
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Figere 6,2 Heat capacity per mola of Hy as funetton of tempaerawre tn log scale. After
Presant ([958).

The mean square velocity is not zero:

2 P2 [dPP) T _
(v} = P i'nzfdgpf(p) =m (6.18)

and leads to'a root-mean-square velocity

T
— 6.19
m (6.19)

Vems =

From this we obtain the mean kinetic energy

Em{v = EkT {6.20)

which agrees with the equipartition priuciple.

The effective volume element in momentum space is 4zp? dp. The quantity
47 p?f(p) is the distribution of speed, the number of atoms per unit volume per
unit interval of p whose magnitude of momentum lies between p and p 4 dp. A
qualitative graph of the speed distribufion is shown in Fig, 6.3. The area under the
entire curve is the particle density n. The area under the curve for p = py is the
density of particles with magnitude of momenta greater than p;. The momentum
at the maximum is pg = +/2mkT, and the corresponding velocity is called the most
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4mp2f(p)

]

]

)
Pa b

Figure 6.3 Muoaowall-Bolzmann distribution of spaad,

probable velocity:

W= ,‘HE (62!)
m

If the gas moves as a whole with uniforni velocity vy, then in maximizing Q{#y}
we must add the constraint that the average niomentun per particle is py = mvg.
This Ieads to a momentmn distribution centered about py:

fp) = Ce @R, (6.22)

6.5 Entropy
In Chapter 5 we lhave defined thie entropy as

S=kInT(E V)= nQm} (6.23)
)

and this yields the correct thermodynamic entropy for an ideal gas. (See Prob-
lem 5.7.) Actually, we can just keep the largest term in the swu, and take
8§ = klIn Q{n;}, for this gives thie same answer iu the thermodynamic lirnit, Let us
calcuiate it:

s
7 =WQff}=NluN - Zi:ﬁ; InF;

=NIhN-V f &pfip) nfip). (6.24)
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Using the Maxwell-Boltzmann distribution, we have

f &Epf(p) nf(py=C f dpeFIn (Ce—zpﬂ)
Cfd e (In C — ip?)

— Q) | Epe ™ —ac | &pple, 6.25
{ ) p Pp {

Noting Hiat
Cf dgp e =n,

o
JLCf,d.gp ple ™ :47rle dppte™F

3/ _ 3
= @rAC) sy = (6.26)
we obtain
f &pf(p) uf(p) =nlnC — gn. (6.27)

Putting all this together, we find
5
— = v’ , 6.28
e = ( y 440 {6:28)

where 5o is an arbitrary constant. This agrees with that obtained in thermodynamics.

This result shows that. in the thermodynamic limit. almost all states in the
microcanonical ensemble have the distribution {n;}. We shall demonstrate this
more directly later.

6.6 Derlvation of thermodynamlcs

We can now derive the thermodynamics of an ideal gas, The equation of state
PV = NAT was obtained earlier. The internal energy is just the total energy of the
system:

U(T)=E = 3NkT. (6.29)

Thus Cy = %Nk, and PV = %U. We have calculated the entropy, which can be
written in the form

S 3
— =¥+ -inT. 6.30
NE > (6.30)
Both U and S are determined only up to an arbitrary additive constant (which may
depend on ).
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Taking the differential of 5, we have
ds dv 34U

M-V iU
Using the equation of state to write dV/V = (P/T) dV, we can rewrite the above
as

(6.31)

ds = %(dU+PdV). {6.32)
The first law of thermodynamics is'a definition of the heat absorbed:

d@ =dU+ PdV. {6.33)
The second law is the stateinent

dQ =TdS, {6.34)

stating that T Is the integrating factor that makes dQ/T an exact difterential.

That the entropy of an isolated system never decreases is implied by the fact that
it is a monotonically increasing function of the volume. For an isolated system,
the only thing that can happen is that the volume increases, as when a wall of the
container of the gas is suddenly withdrawn.

6.7 Fluctuations

We now calculate the mean-square fluctuation about the average occupation {n),
and indicate that it vanishes whenN — 00. This will show that {n;) and n; coincide
in that lirnit.

Starting with

Nl

Q= —————
i} nylpal ooong!

g1t g (6.35)

we now find that the factors g; are useful for

gts%sz{m} = m{n;}. {6.36)

Thus the ensemble average of the occupation number is
gt?:_i Z{ud Q{"i}
Z{ﬂ,] Q{Hl'}

3
=g—In Q{n;
5 {Z}j i

{mg) =

3T
T oawm T

(6.37)
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where
v =lng. (6.38)
The ensemble average of n;::‘ is

Z{m] H%Q{""} _ 1 32F
Yy Qmp T v

_ 8 (1ary 1 sar ?
- dvg \T" By T2 \ 9w

3 f4nT 3inTy?
=— +

dug \ dwg dug

= %{m) + {ng)2 (6.39)

{nk)

Therefore, the mean-square fiuctuation of ng s

a {Ht)
i) — ) = gy (640)
8k
The left-hand side can also be written as {[ng — {nt)]zj.
Assuming for the moment that

{ne) 28 g = gpCe B, (6.41)

we have
3{nx -
a 3( ) = g Ce P = (). (6.42)
Bk

Thus,

{nd) — () = {ng)- (6.43)

In the thermodynamic limit ¥ — 00, the number of cells increase, since they have
fixed sizes. The physically relevent quantify is nof the occupation of a single cell,
but that of a group of cells @ = 3, m, suchi that the fractional occupation a /N
dpproaches a finite limit. We can then show (See prob. 13.3) that

{a/NY) — (g /N = N"Ha Ny, (6.44)

This vanishes like N~! when ¥V — 00, like a “normal fluctuation’.

We conclude that the most probable distribution is almost a certainty, and that
the Maxwell-Boltzmann distribution is the most prevalent condifion. Suppose all
possible states of the gas with given N and E are placed in a jar,. symbolically
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speaking, and you reach in to pick our one state at random, You are almost certain
to pick a state which will have the Maxwell-Boltzmamn distribution.

The fluctuations cannot be ignored on an atomic length scale, however. In par-
ticular, the entropy is subject to fluctuations. The second law of thermodynamics
is valid only when these fluctuations can be neglected.

6.8 The Boltzmann factor

Our derivation of the most probable distribution does not specifically assume that
we are dealing. with a classical gas, It only assumes that we have a collection of
non-interacting units with energy €; for the state {. Thus, we have actually proven
a rnore general result:

If a system has possible states labeled by #, and the energy of the state { is ¢,
then the relative probability for finding the system in state i is given by the

Boltzmann factor e~ %/*T, The absolute probability for the occurrence of the
state i is

i 6.45

T 4

1t should be empliasized that e~%/*T is the relative probability for the occurrence

of the state i. not the energy value . The distinction is important, because differ-
ent states can lave the same energy. and this is called a degeneracy in quantuni
mechanics.

6.9 TIime’s arrow

According to the second law of thermodynamics, the entropy of an isolated system
can never decrease. This seems to be a valid conclusion, for most events on the
macroscopic scale are irreversible. Aswe all know, it is useless o cry over spilled
miik. Therefore, there appears to be an “arrow of time™ that points towards an
incraase of entropy. and distinguishes past fron: future, How is this to be reconciled
with the trime-reversal invariance of the microscopic laws of physics?

Consider Fig, 6.4, which shows two successive frames of a movie of a gas
contained in a partitioned box, with a hole through which the particles can pass.
Comumon sense tells us that frame (a) must precede frame (b). and this establishes
the arrow of time.

The equations of motion have solutions for which (a) evolves into (b) or vice
versa, In fact we can always reverse the history by reversing all the velocities of the
particles instantaneously. However, the situations (a) and (b} are not symmetrical,
As an initial state, almost any state that looks like (a) will evolve into a uniform
state like (b). Bur an initial state (b) will not evolve into (a), unless it is very
carefully prepared to achieve that purpose.
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Figure 6.4 If thase are two succassive framas of a movie, common sense tells us char (2)
must preceda {b), and this establishas “time’s arrow!"

a b

Figure 6,5 In this case, ona cannot tell which frame preoedes which.

The point is that, in the 3N-dimensional phase space of the system, the initial
conditions that will make (b) evolve into (a) have a negligible mensure, when N
is large. On the other hand, most non-uniform states like (a) will develop into a
uniform state like (b), because such evolutions are overwhelmingly favored by
phase space.

If we start with an “average” initlal condition. (b) lias a chance to evolve into
(a) only after the order of e¥ collision times, (See Problem 5.11.) For ¥ a# 100 as
depicted in Fig. 6.4, this Hme is much longer than the age of the universe. which
is a mere 10! s.

If N is small, as illustrated in Fig, 6.5, then the system can evolve from (a) to
(b) or vice versa with equal probability, and there is complefe reversibility, Time's
arrow, therefore, is not inherent in the equation of motion. but is the property of
a large-N system set by the initial condition, The spilling of milk is irreversible,
because someone had preparad the milk in the extremely inrprobable state of being
inside the milk bottle.

In the case of the whole universe. unless the Big Bang was “prepared” in any
special way, we must conclude that time’s arrow signifies the spontaneous breaking
of time-reversal invariance, On the other hand, it is believed that the interaction
of elementary particles contains an extremely weak component that violates fime-
reversal invariance, It is possible that this could have tilted the Big Bang along a
preferred tirne axis,
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Problems

6.1 The energy of individual atoms in a gas fluctuates about an average value

%kT because of collisions.

(a) Verify this by calculating €, the mean of € = p%/2m, with respect to the
Maxwell-Boltzmann distribution.

(b) Show that €2 — €2 = %(kT)z.

6.2 TFind the energy distribution function P(E) for a classical non-relativistic

ideal gas, such that P(E)dE is the density of atoms with energy between E and
E+dE. '

6.3 Ifthere is an external potential U/(r), then the distribution function is non-
uniform in space:
flp.v) = Co— P/ 2O RT .

A column of gas under gravity has a temperature independent of height z. Show
that the density as a function of height is given by

n{z) = n'(O)e_mw kT

where g is the acceleration due to gravity,

6.4 In the atmosphere fhe temperature varies with height. Assunie that there iz a
steady-state adiabatic convection, i.e. no heat transfer in the vertical direction.

(a) Show that the temperature T'(z) changes with height z according to

dT__y—l
P

k

mg.

Find T'(z) and the altitude of the top of the atmosplere where the temperature
becomes zero.
(b) Show that the pressure P(z) changes witl height according to

drP mg

—_ =——dz

P kT(z)
Integrate this to find P(z).

6.5 A gas in equilibrium has a distribution function
f(p,r) = Co(l + yx) (2emkTy 3, exp (—'p2j2ka) .

where x is the distance along an axis with a fixed origin, y is a constant, What is
the nature of the force acting on the gas?

6.6 Molecules in a centrifuge rotate about an axis at constant angular velocity
e, They are at rest in the rotating frame, but experience a centrifugal force mw?r,
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where r is the normal distance from the axis., This is equivalent to an extarnal
potential
= —tmew?
Uir) = —ymew .

Two dilute gases of molecular masses pr) and mp respectively. are placed in
a centrifuge Totating at a circular frequency o. Derive the ratio nyfng of their
densities as a function of the distance r from the axis of rotation,

6.7 The Maxwell-Boltzmann distribution for a relativistic gas is
f(p) = Ce™VPHAT,

where we use units in which the velocity of light is ¢ = 1,

(7) Find the most probable velocity. Obtain its non-relativistic (AT < m) and
ultra-refativistic (kT >3 m) limits, both with first-order correctlons.

(b) Set up an expression for the pressure. Show that PV = U/3 in the ultra-
relativistic lirnit, where L7 is the average ensrgy.

(c) Find the velocity distribution function f(v), such that f(v) d®v is the density
of particles whose velocity lies in the volume element d>v. Find the non-
relativistic lirnit to first order in v/c.

(d) At what temperatures would relativistic effects be important for a gas of Hy
molecules?

6.8 The Doppler formula for the observed frequency f from a source moving
with velocity w, along the line of sight of an observer is

x
f =f0 (1 + _) -
c
where fj is the frequency in the rest frame of the source.
(a) What is the distribution in frequency of a particular spectral line radiated from
a gas at temperature T'7
(b) Find the breadth of the line, defined as the variance (f — fp)°
(c) Atomic hydrogen and atornic oxygen are both present in a hot gas, How much
broader is the hydrogen line compared tothe oxygen line, of rouglily the same
frequency?
6.9 Neutrinos are particles whose energy-momentum relation is given by e(p) =
¢p. where ¢ is the velocity of light. Consider V' peutrinos in a volume V, at a
temperature T snfficiently high that the system can be treated as a classical gas.
() Find the heat capacity Cy of the system.
(b) Find the pressure of the system in terms of the internal energy U, Give it in
tenns of the temperature.

6.10 If we integrate the Maxwell-Boltzmann distribution over from some
momentum up,. we are faced with error functions

2 oc
erfe(y) = ﬁ f dx.
¥
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[See Handbook of Mathematical Functions, M. Abramowitz and LA. Stegun, Eds.
(National Bureau of Standards, 1964).]

(a) Show the following asymptotic behavior for large y;

f‘”d — _a[l 31 ]
xe ) - ]
y Zy 47 8y

(Hint: Transform to new integration variable + = %, The asymptotic behavior
of the integral _f;f dt Y2 ¢~ can be obtained by repeated partial integrations.)

(b) Differentiate _f;m dre™™" with respect to A, and then set A = 1, to obtain the
asymptotic formulas

oo 2 e
f drxe™ ~ —— (¥ +1/2).
¥ 2y

oo . ¥
f dxxte™™ Rﬂ—(_-,f4+y2+3f4),
¥ 2y

6.11 Suppose a surface of the container of a gas absorbs all molecules striking
it with a normal velociry greater than vy, Find the absorption rate W per unit area.

6.12 The atmosphere contains molecules witl high velocities that can escape the
earth’s gravitational field,

(2) What fraction of the Hy gas at sea level. at temperature 300K, can escape
from the earth's gravirational field?

(b) Give an orderof-magnitude estimate of the time nesded for the escape. on the
basis of a random walk.

6.13 A gas of N ntoms was initially in equilibrium in a volume V at temperature
T. In an evaporation process, all atoms with energy greater than gp = P% £2m were
allowed to escape, and the gas eventually reestablishes a new equilibriunm. Assume
y=e kT 3 1.

(a) Find the change AN in the number of atoms, and the change AE in the energy
of the gas, as functions of «p.

{b) Find the fractional change in temperature AT /T as a {unction of AN/N.
(Hint: Find AT via E/N = %kT. Express g in terms of AN using an iterative
process assuming the smallness of the latter.)

6.14 The following exercises illustrate the equipartition of energy,

(2) A long thin neadle floats in a gas at constant temperature. On the average, is
its angular momentum vactor nearly paralle! to or perpendicular to the long
axis of the grain? Explain.

(b) A capacitor, C = I00pF, in a passive circuit (ro driving voltage) is at
temperature T = 300 K. Calculate the rms voltage fluctuation.




a8

Maxwell-Boltzmann distr(bution

6.15 Consider an insulated space ship which is a cylinder of length L and cross
section A filled with air (treated as N gas) at STE. It is brought to a sudden stop
from an initial velocity of 7lkm/s.

(=)

{b)

()

(d

Assuming that a geod fraction of the original translational kinetic energy of
the air was converted to heat, estimate the temperature rise inside the space
ship. Will the astronauts be fried?

Suppose the space ship was stopped by constant deceleration @ paratlel to the
axis of the cylinder. such that the air was in local equilibrium. Show that the
pressure difference between the front and back of the space ship is given by

AP = Py (1 — g ™ATY,

where 1 is the mass of an air molecule.

Assuming maLfkT « 1, find the force F exerted on the space ship by the air
inside, the total work W done by the air, and the temperature rise inside the
space ship.

What condition must be imposed on the deceleration to allow the establishment
of local equilibrium?
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Transport phenomena

7.1 Collisionless and hydrodynamic regimes

A gas tends towards thermal equilibrium through atonic collisions. which can
transport mass, momentum, and energy from one part of the system to another.
On average, thess quantities are transported over a mean fiee path A per collision.
An important parameter in the description of transport phenomena is the ratio
AfL; where L is an extemal length scale. such as the size of the container, or the
wavelength of a density variation. Two extreme limits are amenable to analytical
treatment:

Collisionless regime: AL,
Hydrodynamic regime; A <« L.

We can illustrate the two cases by looking ar how a gas flows through a hole in the
wall, of dimension L, as shown in Fig. 7.1,

When A 33 L, the atom that went through the hole came from a last collision
very far from the hole, and will not collide with another atom again until it gets
very far from the hole. The passage through the liole can bé described by ignoring.
collisions. A practical example is air leaking into a vacuumsystem through a very
small crack

When A « L, an atom makes many collisions during the passage, and thermal-
izes with the lccal atoms during its journey. As a consequence, it moves as part of
a collective flow. This regime is described by liydrodynamics,

In the collisionless regime. atoms escape through a hole in the wall through
effusion. Let us set up the x-axis normal to the area of the liole. The flux of
atoms througl the hole, due to those with momenta lying in the element dgp_. is
given by

dI = f(p)d’p, (7.1)
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Collisienless regime

il

Hydrodynamic regime

Figwe 7.1 Different regimes corresponding to different magnitudes of the mean free path
relative to physical dimensions,

The total flux is then

1= [ wrerds
Y=l
roe . a o a 2
=C f dpx&e_’*"; |: f dpj,e_"‘-";:l R (7.2)
0 m —nc
where
A= (2mkTy™,
C = n QrmkTy™2. (7.3)
We easily obtain the result
kT

I=n y
2mrm

(74)

Since the flux is proportional to w,, fast atoms have a higher flux than'slow ones, and
so the escaped gas ias a higher average energy per paiticle than the gas left behind.
If the original volume contains a mixture of bvo gases at the same temperature,
with atomic masses my.m, and densities ny, na, then they elfuse our of a small
hole at different rates, witl a ratio

I ny [np
—_—= ] 1.5
L mY (7.3)

This formula is the basis for a meathod to separate nuclear isotopes.
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In the hydrodynamic regime, where A <« L, the gas reachies local thermal
equilibrium over a distance small compared to L, but large compared to L. Ir has
wel]l-defined local properties that vary slowly in space and in Hme:

T(r.#); Local temperature
n(r.ty: Local density {7.6)
u(r.t): Local flow velocity

The flow trajectory with u as tangent vector is called a “streamline™, In general the
system settles into Jocal thermodynamic equilibrium rather quickly, in the order of
acollision time, but it takes much longer for the system to approach auniformstate,
The local equilibriam is described by a local Maxwell-Boltzmann distribution

_|p—muo-,:)|2]

2mkT(r.1) 7

J(p.r, 1) = Cn(r.t) exp [

where the local variables are govemed by the equations of hydrodynamics.

7.2 Maxwell’s demon

As we have noted, effusion is a velocity filter, but it acts in the same manner in
both directions. A velocity filter that acts only in one direction would violate the
second law of thenmodynamics,

Maxwell imagined a way to do this by postulating a “demon” who operates a trap
door in a wall separating two gases A and B, which were Wnitially in equilibrium
at the same temperature. The demon opens the door and allows fast atoms to
go from A to B, but not the slow ones, and allows slow atoms to go from B
to A. bur not the fast ones. As fime goes on, the average energy in.A will rise,
while that in B will fall. Thus the temperature of A will rise and that of B will
fall “spontaneonsly”. This fanciful idea has provoked much debate, centering on
whether the demon shonld be considered part of the system, whether he/she/it
has entropy, etc. Szilard (1929) pointed out that the demon needs infonmation
conceming the velocity of the approaching atoms, and that the second law can be
preserved by regarding information as negative entropy. This idea has blossoed
into the field of information theory, with applications to the theory of computation
(L=ff 1990).

7.3 Non-viscous hydrodynamics

The hydrodynamic regime is based on the smallness of A /L, where L refers to the
characteristic wavelength of spatial variations. To the lowest order, we consider
the limit A /L — 0. in which collisions are neglected, and the changes in the local
variables are governed solely by conservation laws. This leads to non-viscous
hydrodynamics. In this limit the local equilibrium persists indefinitely; there is no
damping mechanism for it to decay to a uniform state.
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The relevant conservation laws are those for number of particles, and for
momentum and energy. Because of particle conservation, the mass density

p(r,. 1)y =mn(r, 1) (7.8)

satisfies the equation of confinuity
_‘: + V- -(pu) =0 (Continuity equation), (7.9)

The conservation of momentum is exprassed through Newton’s equation F =
nia in alocad framé co-moving with the gas along astreamliine. Consider an element
ol the gas contained between x and x 4 dx, in a small cylinder of normal cross
section A, In the absence of collisions. the x-component of the force acting on it
due to neighboring gas elements arises purely from hydrostatic pressure:

dFy = [P(x) — P(x +dx)]A = —A%dx, (7.10)

where P(x) is the local pressure. This is the total net force on the element if we
neglect collisions, which can create a shear force that lzads to viscosity.
Newton’s equation now states

P d
A = S g, (T.11)
ox di

where the mass element dmris given by
dm = Apdx, (7.12)

Thus, we have

d
i+—— 0, (1.13)

where dig /df isevaluated in the co-moving frame. In a fixed frame in the laboratory,
it is given by
duJr T a a
— = —t | thy— Ty — + Uz — |t 714
dr  ar ( ax Wy T "Bz) * (719

Generalizing the above considerations to any component of u, and adding an
external force per unit volume £*®, we obtain Euler's equation

p (% +u- V) u+VP=1(" (Euler’s equation). (7.15)

When collisions are ignored, there is no mechanism for energy transfer berween
a gas element and its neighbors. This means a gas element can only undeigo
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adiabatic transformations in a co-moving frame along a streamline. For an ideal
gas we have

(% +u- V) (P,O_Y) =0 (Adiabatic condition), (7.16)

where v = Cp/Cy, and the local equation of state gives P = pkT fm.

To be consistent with the premise A/L — 0, we must assume small deviations
from equilibrium. Accordingly, we retain the local velocity u, and all spatial and
time derivatives, only to first order. Second order quantities, defined as products
of first-order quantities, will be neglected. ln particular we put

Vipu)=pV- -u+tu.Vpoa pV.u, (7.17)
because u . Vp is of second-order smallness. This approximation leads to the
linearized equations of non-viscous hydrodynamics:

3

3_‘? + pV-u=0,

du xt ‘
p—+VP=r1%, (7.18)
at
3
— (Pp7¥) =0,
3 Ee7)

where P = pkT fm.

7.4 Sound waves

Differentiating the first hydrodynamics equation with respect to time and retaining
only first-order terms, we obtain

32,0 du

—L 4+ sV —=0, 7.19

arr 0V % (119
where a term (3p/3£)V -u has béen neglected, because it is the product of
two derivatives, and thus of second order. Substituting du /3¢ from the second
hydrodynamics equation with fory = 0, we have

32,0

1
Y- pv- (;V) P=0, (7.20)

To first order, this is equivalent.to

32
-%—VQP:(). (121)
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To evaluate V2P, we make use of the third hydrodynamics equation:

25 _ ap
VP=V.¥VP=V. || —] Vp
30 /s

aP
o (—) V2 = prsVip, (7.22)
dp/s

where ks is the adiabatic compressibility. Thus we have

1 8%
2
Vip— S3E = 0, (7.23)
where
L
c= (7.24)

Nz

This gives a wave equation for a sound wave of velocity ¢. Taking collisions into
account wiil lead to the damping of sound.

7.5 Diffusion

In the next approximation, we take collisions into account to first order in A/L,
and this leads to transport phenomena. We shall not go into systematic treatments,
but only give hewristic discussions, begiming with diffusion.

Suppose the density of a gas at points | and 2 along the x-axis are #; and na.
respectively. Atonic collisions tend to iron out the density variation; because there
is a higher flux of particles going from the high density to the low density region,
as indicated in Fig. 7.2. This gives rise to diffitsion. This is sometimes called “self-
diffusion”, to distinguish it from “mutual diffusion”, where one atomic species
diffuses in the medium of another species. We assume that the temperature is
uniform, so that the atoms have a most probable velocity ¥ = +/2kT fmT. On
average, 1/6 of the atoms travel along the positive x-axis, and 1/6 along the negative

—t—

Figwe 7.2 Diffusion results from the flux of particles baing mora In one direction than the
other, due to a denslty gradient.
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x-axis, in 3D space. The flux of pauticles from ! to 2 is therefore ny v /6, that from
2to 1 is np¥/6, and the net flux from | to 2 is (n) — nz)¥v /6.

The densities at | and 2 can affect each other only if the separation is larger than
a mean free path. Assume that they are separated by a distance my of the order of
the mean free path. The x-component of the particle current density can be writlen
as

. rov on
Gems =220 (7.25)
6 dx
The minus sign ocenrs because a positive gradient along the x-axis drives particles
in the negative direction. In vector notation, we have

j=—DVn,
D= ":, (7.26)

where D is a transport coefficient called the diffusion constant.
The particle current satisfies thie continuity equation

—+V-j=0 727

o TVl (1.27)
Using j obtained enrlier, we obtain the diffusion equation:

an(r.t) 2

Sy —DVh(r.hy=10. (7.28)
The solution, with the initial condition that there were N particles at 1 =0, is

o /=D

Hr,H = @xDPE P (7.29)
where r = |r|. The initial condition is

ni 1) — N&(). (7.30)

—

Conservation of particles is expressed through the fact

f &ra(r,ty= N. (7.31)

As time goes on. the particles diffuse out from the origin, forming a Gaussian
distribntion with an expanding width +/4s Dx,
Using ¥ = /2kT fm, m = 24 = 2/(na), where g is the collision cross section,
we obtain
1 J2kT

_— . 732
naV m ( )

which is an order-of-magnitude estimate.
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The phenomenon of diffusion can be approached from different perspectives, It
can be treated in terms of random walk (Problem 5:4), Brownian motlon (Section
16.4), and general stochastic processes (Szction 17.5, Problam 18.6).

7.6 Heat conduction

Assume now that the density » is uniform, while the temperature T varies slowly
in space. The flux of particles in Fig. 7.2 is now equal to n¥ /6 in both directions.
The average kinetic energy per particle is /AT /2. where [ is the number of degrees
of freedony. The heat flux from | to 2 is given by the flux of thermal energy

s = %l(kn Y AP _'ﬁ’l';”-‘ g (1.33)
We can write, in vector notation,

q=—«VT,

= éﬂf?mf.‘y, (7.34)

where cy = Ik /2, and « is a transport coefficient called the coefficient of thermal
conductivity. Taking V.= f2kTfm, m = 2, = 2{(nag), we have the order-of-
magnitude estimate

Cy 2kT

3na n

(7.35)

Whean no work is performed, the heat absorbed by an element is equal to the
increase in its internal energy, according to the first law of thermodynamics, This
leads to the conservation law

Vg5 =0 (7.36)

where ¢ .is the internal energy per unit volume. Using (7.34), we have

du 2
——kVT=0. 137
ar (1.37)

For an ideal gas # — neyT, where cy is the specific Leat per particle. Thus we
have a diffusion equation called the keat conduction equation:

— = v’r=o. (7.38)
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7.7 Viscosity

The velocity of a gas flowing past a wall has a profile as illustrated in Fig. 7.3.
Here, the gas is flowing along the x-direction with a non-uniform flow velocity
tx{v). The gas sticks to the wall at y = 0, as expressed by the fact t,(0) = 0. We
asstmne that the density and temperature are uniforni,

Consider a plane normal to the y-axis, shown as the dotted line in Fig. 7.3.
The gas above this plane experiences a frictional force per unit area Fy given
empirically by

i (y)
ay

Fy=—v (7.39)
which defines v, the coefficient of viscosity. This force is caused by a transport of
“x-component momentum” along the y-direction, from { to 2 in Fig. 7.3, We now
calculate v, using the theoretical definition

Fy = Flux of “x-component momentum” along the y-direction. (740)

Note that ze is the avernge collective flow velocity, and the transported momen-
tum is that of the collective flow, The individual molecules, of course, dart about
in all directions with average speed ¥ relative to the flow velocity. Since the
“x-component momentwin’” per particle is nity, and the flux of particles in the
y-direction is nv /6, we have

i
Fy = enimlia(yr) — axfy2)l (7.41)
Choosing the points | and 2 to be separated by a distance ry of the order of a mean
free path, we obtain
1
v= E.’;Ta‘mm. (7.42)

Putting rg = 2A, we have the estimate

v=2 i’:ﬂ. (7.43)

Figure 7.3 Particles sticking to the wall cause viscosity.
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Note that this is independent of the density, a surprising prediction bome out by
experiments on gases.

7.8 Navier-Stokes equation

When viscosity is taken into account, the forces acting on a fluid element are no
longer normal to the surfaces of the element, The hydrostatic pressure P is now
generalized to a pressure tensor Py, which gives the jth component of the force
per unit area acting on the jth face, as illustrated in Fig, 7.4 The vector force F; on
the ith face has the components indicated below:

Fi =A(P11. P12, P13),
Fy = A{P31, Pag, Pa3), (744)
Fs = A(Ps1. P2, Ps3),

where A is the surface area. We can thus split the pressure tensor into fivo termis:
Py = 8;P + P}, (743)

where the off-dlagonal term P% depends on the viscosity, and tums out to have the
form (Huang 1987, Section 5.8)

P du | By 24 7.46)
i"”axj ax; EacAdel b .
The generalization of Euler's equation reads
9 aPy
ol —+u-V)a+ =L ==, (747)
at ax;
F;
z
Fa

/ x
/4

Figwre 7.4 Due to viscosity, forces acting on a liquld element are not normal to the surface
of the element, but have a shear component.

1
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or, more explicitly,

3 . v 2 ext
p(§+m'V)u+V(P—§V40—vVu=f , (7.48)
where £¥*'1s the external force perunit volume, This is known as the Navier—Stokes
equation,

The existence of viscosity furnishes a new scale In hydrodynamics. The
dimensionality of viscosity is

forcefarea nawl  m
v~ ~ ~—_—
velocitylength  #L2u Lt

(7.49)

where mi = mass, # = veloclty, L = length, = time. Using v we can define
a dimensionless quantity characterizing hydrodynamic flow called the Reyiolds
manber:
Ly
R= 220 (7.50)

v

where
p = mass density,

L = characteristic length,
(7.51)
g = flow velocity,

v = viscosity.

For a stationary object of size L, immersed in a fluid of mass density p, and
viscosity v, flowing with velocity ug, this number marks the onset of turbulence.
When R < | the fluid flows past the object in streamline How, and when R 3 |
we have turbulent flow.

Problems

7.1 A high-vacuum chamber develops a small crack of area a, and air from the
outside leaks in by effusion.

(a) Find the rate of air molecules leaking in through the crack.

{b) After a very short time, the leak was discovered, and patched up by diligent
students. The small amount of gas cante to equilibrium inside the chamber.
Show that its absolute temperature is higher than that of the air outside by a
factor 4/3. (Hint; Suppose the leak existed for atime ¥, Calculate the energy £
and number of molecules N that got through during that time, The equilibrium
temperature inside the chamber is determined by the ratio E/N.)

7.2 Natural uranium ore contains isotopes Z3U and 2¥U with abundances
99,27% aad 0.73%, respectively. To increase the relative abundance of U,
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a sample of natural uranium is vaporized. and made to effuse successively into
a series of vacuum chambers, How many stages are required to achieve equal
abundance in the two isotopes?

7.3 Show that the velocity of sound in an ideal gas is

T
e [k y’
7

wlere y» = Cp/Cy. Evaluate this for air (nitrogen) at STP.

7.4 Sound propagates adiabatically because the effect of heat conduction can be
neglected. Verify this in a real gas, as follows,

Consider a sound wave of wavelength L. and period ¥ = L/c, where ¢ is the
sound velocity. Let AT be the variation in temperature over L, Then the magnitnde
of the heat flux is g 7 KAT /L, where X is the coefficient of thermal conductivity.
The amount of heat transfeired by conduction across unit arzsa over the distance
L is, therefore, Q) = gt = KAT fc. The amount of heat needed to equalize the
temperature is O = CpAT. Thus, heat conductivity may be ignored if @1 « Oh.

Test this condition for a sound wave with L = 10ft In air at STP, with the
following data:

p=0081b i3,
c=1088fts!,

Cp =0.24Bu b~! ¢F)~!,
K =0.0157Bwm bhr ' 117! CFYL

7.5 Rederive the equation for a sound wave, using the Navier—Stokes equation
instead of the Euler equation, Find the damping coefficient for sound.

7.6 A long thin tube along the x-axis contains a gas of N particles initially
concentrated at x = 0, A particle detector is placed at x = L. At what time does
the detector register the first signal?

7.7 A gasis sealed befiveen the thermal panes of a window, The insulating power
of the window is taken to be the inverse of the coefficient of thermal conductivity
of the gas, Normally the gas is air, of average molecular weiglt 30, What should
be the molecular weight of the gas, in order to double the nsulating power? Hint:
Consider how the coefficient of thermal conductivity depends on molecular weigly,
through the mass of the molecule and the collision cross section.

7.8 Heat is generated uniformily in the Earth’s interior due to radioactivity, at
the rate W cal g~!s~!. Assume that the Earth is spherically symmetric with radius
R, uniform mass density g, and coefficient of thermial conductivity k. Ignore the
effect of all other heat sources.

Find the temperature T(r), as a function of distance r from the center of Earth.
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7.9 During heat fransfer characterized by the heat flux vector g, there is both
entropy flow and irreversible entropy production.

(a) Show that the entropy density s satisfies the equation

o v q=0
ar T 4=

where T is the absolute temperature,
{b) Show that the rate of entropy production is given by Ry = ¢« V (147}, hence

vTy?
R5=K('—) .
T

7.10 The temperature of a pond is just above freezirig. The temperature of the
air suddenly drops by AT, and a sheet of ice begins to form at the surface of the
pond, and thickens as time goes on, Find the rate at which the thickness of the ice
sheet grows. (Consider only the transition of water to ice and ignore the cooling of
the ice once it Is formed. Let the latent heat of ice be £, the mass density of water
p» and the coefficient of thermial conductivity of ice &.)




Chapter 8

Quantum statistics

8.1 Thermal wavelength

Atoms in a gas are actually wave packets, They can be pictured as billiard balls at
high temperatures, bec ause their size is much sinaller than the average interparticle
distance. Asthe temperature decreases, however, the wave packets begin to spread,
and when they begin to overlap with each other, specific quantum effects must be
taken into account.

The spatial extension of a wave packet is govemed by the de Broglie wavelength
Xo = hjfpy, where py is the average momentum. For a gas in equilibrium at
temperature 7T, it is given through

B3

om = 7 @D
which gives Ag = h/+/3mkT. We can imake a wave packet by superiniposing plane
waves whose wavelengths lie in the neighborhood of Ag. The spatial extension Ax
and the momentuin spread Ap nmst satisfy the uncertainty relation AxAp ~ A
There is freedom to adjust Ax and Ap, but for reasonable choices g serves as an
order-of-magnitude estimate of the degree of spatia] localization.

We define the thermal wavelength by

f 2nh’
A= ka.’ ©2

where the numerical factors are chosen to give a neater appearance to some for-
mulas, For a system to be in the classical regime, A shouid be much smalier than
the average interparticle distance m. Since the latter is proportional to n'/3, where
# is the density, the condition can be stated as

ua’ « 1 (Classical regime), (8.3)

Quantum effects become important at temperatures lower than the “degeneracy
temperature” Ty corresponding to

ni3 & t (Onset of quantum effects). (8.4)
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At this point, the wave functions of different atoms begin to overlap, and we must
treat the system according to quantum mechanics.
The condition nA3 = I, or

352
2w’
=1 8.5
" (ka) (8-2)

defines a line in the T—n plane that serves as a rough division between the classical
and quantun regimes, as indicated in Fig, 8.1,
The degeneracy temiperature Ty is given by

o 2
KT = ( adl ) w3, (8.6)
Hl

Its value varies over a wide range for different physical systems, as indicated
in Table 8,1, For example, at room: temperature, a gas at STP can be described
classically, whereas electrons in a meta] are in the extreme quantum region. Liquid
heliunt has a degeneracy temperature in between, At 2,17 K it makes a transition
to a quantum phase that exhibits superfluidity,

Classical
region =1
T \ -
.-"_"f
l”
-
-
s
o \
s
s
s
, Pl Quan_mrn
/ region
/
i

Figure 8,1 Classica] and quantum teglmes In the temperature—density plane. The rough
dividing line |s n3? = 1, where J, |s the thermal wavelength,

Table 8.1 Quanwm degeneracy temperaturas

System Density (em®) Ty (K)
H; gas 2 10 5 10-2
Liquid *He 2 % 102 2
Elecerons In metal 1022 101




104 Quantum statistics

8.2 ldentical particles

In quantum. mechanics atoms are identical, in the sense that the Hamiltonian is
invariant under a pemiutation of thelr coordinates. This property has no analog in
classical mechanics, but it has far-reaching practical consequences.

To illustrate the concept, lat us considertwo partictes with respective coordinates
11, rp. Interchange of the coordinates can be represented by a permutation operation
P on the wave functlon;

P (ry, ro) = ¥{ra, 1) (8.7)
Clearly P = 1. The Hamiltonian is invariant under the permutation, namely,
PHP~! = H, This means that the operators P and H commute:

[P.HI =0 (8.8)

and we can simultanzously diagonalize them. If ¥ is an eigenfunction of H with
energy eigenvalue E, then so is PW, with the same energy:
HY = EW,
PHY = EPVY,
(PHP~Y\(PW) = E(PW),
H(PWY) = E(PD).

(8.9)

If the energy is not degenerate, then PW and ¥ must describe the same state, and
P can differ from ¥ at most by a normalization factor. Since P = t, we can
choose that factor to be &1, Thus

W (ry,r3) =W (12,11} (8.10)

That is, the wave function must be either symmetric or antisymmetric under the
interchange of particle coordinates. Particles with the symmetric property are said
to obey Bose statistics, and are called bosons, while those with the antisymmetric
property are said to obey Fermi statistics, and are called fermions. The wave
function gives the probability amplitude of finding one particle at 1) and one
particle at 11z, but it cannot tell us which one.

The quantuni-mechanical concept of identical putictes affects the way we count
states. Consider two identical particles localized at separated points A and B.
Let f{x) and g(x) denote the one-pticle wave function localized about A and B,
respectively, with no overlap between the wave functions, as 1llustrated in Fig, 8.2,
If the particles were distinguishable, we would have two possible states f(x;)g(x2)
and f{x0)g(x1), corresponding to particle | at A and particle 2 at B, and vice versa,
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fix) glx)

A B

Figure 8.2 We can place two Identlcal particles at the sites A and B, bue It Is Impossible to
specify which one Is at A and which at B.

For identical particles, however, there is only one state, with wave function

Wixr, x0) = flx)glxe) = fw2)glx), (8.11)

where the + sign corresponds to Bose statistics, and the — sign to Fenwui statistics,
Since indistinguishability affects the counting of states, it has a divect effect on the
entropy of the systeni,

8.3 Occupation numbers

For & identica] particles, the wave function ¥(ri,...,w) must be an even (odd)
function under the interchange of any pair of coordinates for bosons (fermions),
We can construct a complete set of N-body wave functions by first considering a
complete orthonornnal set of single-particle wave functions u,(r), satisfying

f &r 1w (yug(r) = 8ug. (8.12)

where & is a single-particle quantum number. We then form a product of ¥ of these
wave functions, and symmetrize or anfisymumetrize the product with respect to the
coordinates {ry,...,ty}. Equivalently, we can symmetrize (or antisymmetrize)
with respect to the set of single-particle labels {¢),...,ex}. The N-body wave
function so obtained has the form

i
Ty, iN) = W ZSPP [um () l:q.f(rp.r)] , (8.13)
*F

where P is a permutation of the set {ey, ..., en}, and the sum extends over all &'!
permutations. The signature factor 8p is unity for bosons, while for fenmions it is
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given by

3p = | I if Pis an even permutation (for fermions) @.14)

—1 if Pis an odd pennutation

In the fermion case, the wave function is a determinant, called the Slater
determinant:

ap{ry)  wy(ra)  --- uprN)
1 |ee(ry)  wp(rs) - wa(rw)

JNT|:

an(ry)  un(re) -+ un(ry)

W(rgy .o 1N) = (for fermions)

(8.15)

We see immediately that ¥ vanishes whenever two single-particle wave functions
are the same, e.g. if uy(r) = 1(r). This is the statement. of the Pauli exclusion
principle.

Because of indistinguishability; the N-body wave function is labeled by the set
{e!t;++ ey}, in which the ordering of the set is irrelevant. To make this explicit,
we specify the number of particles n, in the state ee. The number #, is called the
occupation number of the single-particle state ¢, with the allowed values

_J0,1.2,-+- ;00 forbosons,
Hee = |O, | for fermions. (8.16)
For an N-particle system, they satisfy the condition
> ne=N. .17

®

A sum over states is a sum over all possible sets {7, } satisfying (8.17).
For free particles, it is convenient to choose the single-particle functions to be
plane waves. The label er corresponds to the wave vector k:

g (r) = L T, (8.18)

Wi

In the thermodynamic limit, we can replace the sum over plane-wave states by an
integral:

14 &Brdd
3 (zm)g'fd3k:f—:l3 2 (8.19)

k

This has the form of a classical phase-space integral, with unit specified to be 43,
the minimum cell size according to the uncertainty principle. In this limit (8.17)
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for a uniform gas can be swritten as

d3
f Tfup =, (8.20)

where np is the number of particles with momentum p, and n = N /V is the density.
In the classical limit, #p is related to the momentum distribution function f(p)
defined in (5.17) through

Hy = h.sf(p). {8.21)

8.4 Spin
For particles with spin, the single-particle states are labeled by wave vector k and
spin state s:

o = {k, s}. (8.22)

The single-particle wave furiction is given by

Hies(1) = %Iem"x,(a ), (8.23)

JV

where & is the spin coordinate. For a spin % patticle such as the electron, both s
and ¢ are two-valued, and

Ks(a) = By (8.24)

Sometimes it is convenient to display the spin components in matrix fornx:

() = (::ti:g; ) (8.25)

In most of our applications, we will not be concerned with the wave functions.
What is important is that we include all quantum numbers in the sum over states.
For particles of spin S. we have

2541

N=3ta=Y > ms (8.26)
-] =1 k

For a free gas in equilibrium, my, is independent of the spin state, and the spin suni
simply gives a factor 2§ 4 1. Thus, the particles with different spin orientations
form independent gases, eacl comtaining ¥ /(28 4- 1) particles. This is why we can
speak of spiniess fermions, from a mathematical point of view.
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8.5 Microcanonical ensemble

The microcanonical ensemble is a collection of states with equal weight. For non-
interacting particles, states specified by the occupations numbers {1, } are equally
probable, as long as they satisfy the constraints

an =N,

®

D et =E, (8.27)

®

where ¢, is the energy of the single-particle state labeled by c.. In the thermo-
dynamic limit, the spectruun of states form a continuum. As an aid to the counting
ol states, we divide the spectrum into discrate cells numbered 7 = , 2,3, ..., with
g¢ states in cell 7, as illustrated schematically in Fig. 8.3. Each cell must contain
a large number of states, but the cell should be small enough that the energies of
the states are unresolved on a macroscopic scale. We denote the cell energy by .
and vefer to g; as the cell degeneracy. The cell occupation numbers #y satisfy the
constraints

Zm =N,
]
Ze;m =FE. (8.28)
]

1t should be noted that the division into cells is an imprecise coarse-graining pro-
cess. The cell degeneracy g; is an interim number that should disappear from the
final expressions of physical quantities.

Because of coarse graining, the cell occupation {z;} corresponds to more than
one quantum-mechanical state. The set {3i;} corresponding to the maximum number
of quantum states is called the most probable set, and we assume that it describes
thermal equilibriuny. The development here bears a formal vesemblance to the
classical ensemble discussed in Section 5.6, but the fact that we have identical
particles changes the rules for counting states; we have to use “quantmm statistics™.

To find the mumnber of ways in which {#;} can be realized, we assign particles
into single-particle quantmm states, without paying attention to which particle goes
into which cell, since the exchange of paurticles in different cells does not produce

Cell degeneracy &5 & g
Cell ocarpation n om n

Figwe 8.3 Grouping the continuum of states into cells, in order to facliitate counting.
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a new state. Thus, we can independently calculate the occupation of each cell, and
maulitiply the results. The number of ways to obtain {#;} is therefore

i} = [ [ witnp), (8.29)
5

where wy(ny) 1s the number of ways to put ; particles into the jth cell, which
contnins g; single-particle states.

The formula (8.29) is very different {rom the comesponding classical formula
(5.34). The classical way of counting in effect accepts all wave functions regardless
of symmetry properties under the interchange of coordinates. The set of acceptable
wave functions is far greater than the union of the two quantum cases. The clas-

sical way of counting is sometimes called “Boltzmann statistics”, but it actually

corresponds to no statistics.

8.6 Fermi statistics

For fermions, each single-particle state can accommodate at most one particle,
and thus each state is either occupied or empty. To place ny fermions into g; states,
we pick the ny occupied states out of a total of gy states. The number of ways to
achieve this is given by the binomial coefficient

gl
win) =—2 8.30)
1) gy — )t (
Therefore
1
o =] —4— (8.31)

f] gy — mp)t’

Assuming that n; and gj are large numbers, we use the Stirling approximation to
obtain

In Q{m} = Z [In gyl — In mp — In(gy — n)!]
!

a8 ; [g,r Ingy — n;inn; — (g; — 2;) Infg; — nj)] . (8.32)

The most probable distribution {#;} is obtained by maximizing this, subject to
constraints. Using Lagrange multipllers, we require

8 [ln Qi+ ‘an —-p Zs_;n_,] =0,
i Jj
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under independent variations of each »;. This leads to

Zanj [—lnn +Inig; —m) + o — Beg] =0. (8.33)
j

Since the 82y are independent and arbitrary, we must have
—lnw+ngg—m)+e—Pg=0, (8.34)
which gives

- &
Hy= —e—“+ﬁff+ T (8.35)

This is the Fermi distribution.

8.7 Bose statistics

The jth cell is subdivided into gy compartments by means of g; — | partitions,
and each compartment can hold any number of bosons. We can vary the particle
numbers in the compartments by repositioning the partitions. The number of ways
to populate the cell with ny bosons is to throw the ny particles into the cell, in
any manner whatsoever, and then count the number of distinct configurations
obtainable, when we permute the 7y particles together with the g; — 1 partitions:

(y+g — 1)}

wy(ay) = g — D1 (8.36)
This gives
oy +g — D
Q{n} = —_
U np(gy — L)}
In Qn} = Z [(.’Ij +g)In(m + g;)— miny — g ln gj] . (8.37)
i

where we have put g;— | 2 g;. The most probable distribution is obtained through
the condition

Zénj[ln(nj +gj—1)—hxrij+cz—ﬁ5j]:0, (8.38)
J

with the result

= _ &7
"J - e—m-[-ggj _ 1.. (8.39)

This is the Bose distribution.
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8.8 Determining the parameters

The Fermi and Bose cases can be discussed together, by writing

&

"= o] +: Fenmi, —: Bose, (8.40)

where we have omitted the bar over »; for simplicity. The total number of particles
is given by

— & 4
N= ;B_mhefji o (8.41)
We may replace the sum overcellsj by a stun overstates k, through the replacement
D=+ L (8.42)
H K
Thus

{
V=2 ezt (&43)

where € = #°k2/2m, with k = [k|. The cell degeneracy, which wasa mathematical
device, has now disappeared from the formula.
In the lhennodynmnic limit, we have

i[> K2
= f o) T g,;—zﬁ e (B44)
where n is the density. Let us make the substitution feg = x%, or k = X, {2mjght.
Then
i am N\ po A2
=57 (W) ﬁ dx e (8.45)

The density should remain finite in the limit § — 0. This requires that the integral
vanish, whicl in turn requires

—a ﬁ_s co. (8.46)
—

Thus the term =1 can be néglected in this limit, and we have

— gt P, 8.47
e e (8.47)
which corresponds to the Maxwell-Boltzmann distribution, Therefore, we define
the temperature T through
l
=—. 8.48
b= (8.48)

Both the Bose and Fenni distributions approach the classical distiibution in the
high-temperature {imit, because at high temperatures the particles tend to populate
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the excited states sparsely, and when there are few particles in a state, it matters
little whether they are bosons or fermions.

The Lagrange multiplier e is determined by the condition (8,45), which can be
rewritien as

wid = —f -—le”':lzl (8.49)

where z = e is called the fugacity. The chemical poiential ji is defined through
z = efi, (8.50)
The occupation number for state k can now be written in the form

i

= 8.51
k= e ] (8.51)

This is the mo’st probable occupation number, which is in principle different from
the ensemble average. As in the classical case, the two coincide in the thermo-
dymnamic limit, but we postpone the proof to Chapter 13, where formal tools wil]
be introduced

8.9 Pressure

The pressure of the quantum idea] gas canbe calculated using {6.11), which isbased
on the particle flux impinging on a wall arising from a momentum distribution f(p i

P= f d3p (2mveyva fip) =m f d&*p V3£ (p). (8.52)
=0

Using f(p) = h—>np, and the fact that v can be replaced by %vz_. We can rewrite

2 &k €k
P==— (2:{)3 —iepa L 1" (8.53)

Changing the varfable of integration such that e = x2, Le,

..ka v‘ T

k= 8.54
I A .54
where A is the thermal wavelength, we obtain
P 1 8 (™ xt
ad (8.55)

£ _ d —
P EEY Y Ry
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The internal energy is given by

&k €
U= =V . 8.56
g Zlef £ 1 (2m)® 2 tefe £ | (8:56)
Comparison with (8.53) yields the relation
PV = %U. (8.57)

This holds for the idea] Fermi and Bose gas, as well as the classical ideal gas. It
depends only on the fact that the particles move in three dimensions with energy—
momentum relation € o (p2 4+ p;+p§).

8.10 Entropy

The entropy can be obtained front S = k1n 2. We use (8.32) for the Fermi case,
and (8.37) for the Bose case, to obtain

5 H £ $ +1

—= +h+——— , 8.58

p Z[Eﬂln(s kT (8.58)
where £ = 7 e #, Using the definition {8.56) for U/, and (8.17) for N, we obtain

5 U

—=—Nlz+_—= ) In(l £z#), 8.59

k * kT K ’ ( * ) ( )

with + for the Fermi case, and — for the Bose case.
In the thermodynamic limit the Jast termy bacomes an integral; and we can make
a partia) integration, We show this explicitly for the Fermi case;

V [e4]
—zf dkkzln(] +ze_35)
0

2
v [ & g™ i _
= F Ii?]l'l(] +ze ﬂf) . —j; k?a—kln(l +ze ﬂf):l

V,B?:zf & it 20U PV
0 3

= = =—. 8.60
T 62 g teBe 4+ | KT kT ( )

The same fina] result holds for the Bose case, Therefore, we have the relation

S:]?(U+PV—N;L), (8.61)

where g is the chemical potential defined in (8.50). This verifies the thermo-
dynamic relation T—! = 3§/8U.
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8.11 Free energy

We can identify the free energy as
A=Ny— PV, (8.62)

for this obeys the Maxwe]l relations

A
(_ __>p,
3V /v

7Y = 8.63
(W)V.T - ( )

Thus {8.61) reduces to the thermodynamic relation
A=U-—T5. (8.64)
From {8.59) we obtain explicitly

A=NkT n z F&T Z In (1 +ze7#¢), (8.65)
k
where + holds for the Fermi case and — for the Bose case.

8.12 Equation of state

The equation of state is no Jonger the simple relation P = #7kT. It can be presented
in parametric form by combining (8,55) and (8,49):

¥p_ 8 (e
A8 e
KT 3w oled £1 o5
1 2 :
"}_3 = _f dx ———.
V7 Jo leX + |
The integrals on the right-hand sides can be expanded in powers of z:
2
3~/— Tl TPE T BE T
2 ) 3
x 7 z
EL S ey T TR T (8.67T)
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It is convenient to introduce a class of Fermi functions fi(z) and Bose functions
8k(2) :

o £
= (=0 g
(8.68)

=L
<

=
oG

gD = P
=1

They obey thé recursion relations

d
ZE’&(Z) = —f—1{2),
(8.69)

d
T3 8K0) = -1 (D),
with integmal representations

Ji;(z) } _ 22.‘&—: F(k _ IE) oo x?k—l

g@]  Jm T@k—DJo Tl (8.70)

where I'(n) is the ganuna function. We can then write the parametric equations of
state for the Fenui case as

A3p
o = fspa(2)s &71)
2n=fiple)

and the Bose case as
¥P»p 3
T~ S (8.72)
2= gy(e).

The Fermi functions have a singularity at z.= —1, which lies outside of the

physical region, The Bose functions have a singularity at z = |, which leads to
Bose—FEinstein condensation, as we shall discuss in a later chapter.

8.13 Classlcal limit

In e high-temperature {imit A — 0 and hence z — 0, both quantum gases
approach the classical behavior P = nkT. As the temperature decreases, their
behaviors begin to diverge from each other, and when we approach the quantum
region nA3 a2 | they become dramatically different. We examine the classical
neighborhood in more detail,
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We want to solve for the fugacity as a function of density and temperature from
the equation

2 3
St 4t ..
A —4123!2+33}.2 - (8.73)
In the first approximation, we take
zrendl, (8.74)

The occupation nunber approaches the Maxwell-Boltzmann distribution;

np = O (p) (8.75)

and, as noted before, we recover the classical equation of state.
The next approximation can be obtained by iteration, Rewrite {8.73) to second
order in the form

2

o 13
.{.—nk :|:23_|”2

(8.76)

and substitute the first approximation z = 123 on the right-hand side. This gives

e — na ‘l:l:ﬁ
Z=H 23f2+"' .

3 na3
M:kT[ln(nJL):l:?—ﬂ+...:|,

The second term is the first quantum correction, which has opposite signs for Fermi
and Bose statistics. The equations of state are

(8.77)

i3p 2 "
)T T @EETT
332 3324 2
A CY AT I AR O AW
= (Hl + 2372 :Fzs—fz ni” 4+ 2372 4 .- (8.78)
which leads to

P
—T = 12273203 4 .. (8.79)

where the upper signs are for Fermi statistics and the lower signs for Bose statistics.

Compared o the classical gas of the same density and temperature, the pressure
is larger for Fermi statistics, and smaller for Bose statistics. This indicates an
effective repulsion between identica] fermions, and attraction between identical
bosons, even though there is no interparticle potential, These effective interactions
arisa [rom the comrelations imposed by the symmetry of the quantum-mechanical
wave function,
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Problems

8.1 The thermal wavelength A-= \/2wh?/mkT applies only to non-relativistic
particles. For an ultra-relativistic particle, or a photon, show that it would be
replaced by

_ ke

- ¥

kT
where ¢ is the velocity of light, What would be the degeneracy temperature 7g?

8.2 Consider the temperature—density (T—#) diagram of a free electron gas. Indi-
cate the regions in whicl the system should be treated (a) relativistically, and (b)
quantum mechanically.

8.3 At high temperatures the heat capacity Cy of a non-relativistic monatomic
gas approaches %Nk Find the first quantum correction for both Fermi and Bose
statistics. Express the comection in terms of T /Ty, where Ty is the degeneracy
tempetature,

8.4 For a gas at very low density or very high temperature, such that >n — 0,
the oocupation number approaches

— BE:
n, = ze F9,

independent of statistics, Although this has classical form, the energy spectrum e
is still quantum mechanical.

{a) Show that z = N/(Q, where

0= et

A

is called the partition function.
{b) Show that the internal energy per particle is given by

U 3
—=——mQ
N 8B

(c) For a polyatomic molecule, the energy has contributions from translational
motion, and internal degrees of freedom such as rotations and vibrations;
€ = €ynns + €rot + Svip. Show that the partition function factorizes, and the
specific heat capacity decomposes into a sum of terms:

Q = QuanstlQﬂbs

Cy = Craps + Crot + Cvibs

where the subscripts refer to contributions from translational, rotational, and
vibrationa] modes,
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8.5 The translational energy is labeled by a wavevector k, with e, = #°k? F2m,
Show that

Vv

Orans = E;
Ctens 3
k2

8.6 A simple mode] for the rotational energy is ez = w2eE + 121, where
£=0,12,...;m=—£,.....¢; and I is the moment of inertia. Thus

4]
Q=322+ 1) e ARLELDAL
=0

{(a) Forkl « W /2I keep only the first two terms in Q. Show that

oo o (B —ﬁfﬂ
k i )
(b) For il 3 #? /2I approximate the sum over £ by an integral. Show that

Crot

—

(c) Make a qualitative sketch of I/ /¥ and ¢, as functions of temperature, Does
ot approach the asymptotic value from above or ifrom below?

8.7 The vibrational energy is €, — hw (n + %), wheren =0, 12,...and wis
the vibrational frequency.

(a) Show that

2
c"i = e_ieha" ﬂ) .
k | —g—Fhe

Make a qualitative sketch of ey as a function of temperature,
(b) Find the mean value ‘n +%} and mean-square fluctuation {(rz +%)2} —-{n+%}2.
8.8 On the basis of the specific heats calculated above, we can now understand
why equipartition works only among degrees of freedom excited, as illustrated in
Fig. 6.2. Reproduce that figure qualitatively, and relate the threshold temperatures
to the parameters in the energy spectrum.
8.9 Consider anharmonic vibrations with energy €, = 71&)[(11 + %) + b(n +%)2],
where b « 1. Find the vibrational specific heat to first order in b, Use the results
of Problem 8.7(b).




Chapter 9

The Fermi gas

9.1 Fermi energy

In the Jow-temperature limit T — 0, the Fermi distribution has the behavior

_ 1 0 ife > g, ,
k= B +1 70 ll ifeg < piu CRY
Using the step function
1 ifx=0,
- 2
8(x) lU fxr=0, (9.2)
we can write
e o B — €g)s (9:3)

This means that all states with energy below the Fermi energy
ep = p(n,0) (9.4)

are occupled.. and al] those above are empty. {n momentum space the occupied
states lie swithin the Fermi sphere of radius pr, as illustrated in Fig. 9.1. Such a
condition is called “quantum degeneracy™.

We can determine the Fermi energy through the condition

N= > L (9.5)
states with
=G

For free fermiions of spin S the condition gives

_ V@ES+hdr

=———— [o. 9.6
(2,,{)3 3 B (9.6)
where kp = pp/f is the Fermi wave number. Thus
98 2
n= ﬂ’ (9_7)

6r?
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bz

b
LI

br

Figwe 9.1 At absolute zero, all states within the Ferm! sphere In momentum ara occupled,
and all others are empty. The radius of the sphere Is the Ferml momentum
pr = hke, where kf 15 the Ferm! wave vector. The Ferml energy Is er = p2/2m.

and

6rZn 3
"F=(as—+1) *
_ #” 7 exla
= om\25+1

9.2 Ground state

23 {9-8)

Atabsolute zero, the system is in its quantum-mechanical ground state. The internal
energy is given by

Ny 2,0
Up = €& = &"‘3) dk(:tm{?-)&
T (2w 0 2m
v {12\ 4w
=7 (z—n) ?kg. {9.9)
On the other hand,

V(25 + 1) 4%
=~ 3 2. (9.10)

Thus, the internal energy per patticle at absolute zero is

Uy 3% 3
el L R 0.1
N S52m 5° 4D

This relation is independent of S,
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We liave shown in Section 8.9 that PV = %U at any temperature. Thus, at
absolute zero

Py = g-nep. (9.12)
5
This zero-point pressure arises from the fact that there must be moving particles at
absolute zero, since the zero-momentum state can hold only one particle of given
spin state. Assuming a meta] to be a Fermi gas of electrons contained in a box,
with a density 1 = 102 cm—3, we find a zero-point pressure

Py =~ 10®%ergem™ = 10t atm., (9.13)

9.3 Fermi temperature

At & finite temperature, the occupation number s{e) as a function of the single-
particle energy e has the qualitative shape shown in the ieft panel in Fig, 9.2, In the
right panel, we show the momentum space, where particles within a tayer beneath
the Fermi surface are excited to a layer above, leaving “holes’ beneath the Fermi
surface.

We define the Fermi temperature T¢ by

ep = kTq. (9.14)

For low temperatures T < Tp, the distribution deviates from that at T = 0 mainly
in the neighborhood of € = ¢, in a layer of the thickness of order k7, That is,
particles at energies of order T below the Fermi energy are excited to energies
of order AT above the Fermi energy. For T 33 T the distribution approaclies the
classical Maxwell-Boltzmamn distribution,

The Fermi energy for electrons in a metal is typically eg = 2eV, which comre-
sponds to Tp = 2 x 10*K. Therefore, at room temperatures electrons are frozen

nlc)
j—h_. T=0
e
| E &
kT Lt VZmkT
. e=kTp
Occupation number Momentum space

Figure 9.2 Left panel: Occupation number of a Fermi gas near absolute zero, Right panel;
A layer beneath the Farml surface Is excited to above the Fermi surface, leaving
holes behind.
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below the Fermi level, except for a fraction T/Tr # 0.015. Since the average
excitation energy per particle is T , the internal euergy is of order (TjTF) NET,
and the specific heat capacity tends to zero:

C T
—_ 0.15
NE  Tm ( )

This is why the elsctronic contributions to the spedific heat of a metal can bé
naglected at room temperature,

9.4 Low-temperature properties

The large z limit corresponds to #i3 > 1. At a fixed density, this corresponds to
T & Tr, the degenerate limit, The condition for z is given in Section 8.12;

n3 = fap(z). (9.16)

In the low-temperature region £ is Jarge, and we cannot use the power series for
Sspa. The relevant asymptotic formula is derived in the Appendix:

4 1
Spa(z) ~ N |:(ln4)3’r2 5 JlT ] . {9.17)

Keeping only the first term above, we obtain from (9.16)
. 25
3./ Ti
Inz = (Tmnlg) = ?F (9.18)

This gives the correct limiting value for the chemical potential j+ = ep.
To the next order, we use the equation

2
i
B [z 9.19
n ;‘\/_ |:( l'1.<.) + 3 ,-_ ( )
and rewrite it in the form.
3 2
(nz)*? = ‘_/’?nf I (9.20)

8 Vinz

Substituting the first approximation Inz = ¢ /T on the right-hand side. we then
obtain

mem Tl 7 (TN
T Z\T) |’
72 [ T\?
1-={=) [.

L 12(?1:)

(9.21)
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=
Density fixed
Er
T
0 T l T
nil= |
Fermi
Maxwell—
Bolzmanp

Figure 9.3 Chemicai potential of the ideal Fermi gas, The Maxwal-Bolzmann case Is shown
for comparison.

Combining this with the high-temperature limit given in Section 8,13, we can
sketch the qualitative behavior of thie chemical potentia] as a function of temper-
ature, as shown in Fig, 9.3, where the Maxwell-Boltzmann curve refers to the
high-temperature Yimit gz = kT In (n]l.g).

The interna) energy is given by

V 4wk B 4 y
U= Zék"k 2 )3 2»11; dk Kk ng. (9.22)

We make a partial integration:

vV  4mh? f'x' i3 ang
U=—
o

(Zx¥ 2m 5 3k
v 47h° B mdkkj lefe 3e
T2 2m 5 [z—le_ae + 1]2 3k

VB [0 gbefles)
= 20wZnl _L [eBle=) 4 1]2-’-

(9.23)

where € = h2k> /2m. At low temperatures the integrand is peaked about £ = kp.
We evaluate it by expanding &% about that point. and use the expansion for g
obtained earlier. The result is

U= Ne|1 47 Ty’ 9.24
= ser 2 \7 + e | (9.24)
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G Nk

mn mee

]
T
0 Tr
Figure 9.4 Specific hear of Ideal Fermi gas.

from which we obtain the equation of state

2U 2 5a2 (T \?
p—2-_= I+ ==} +-.- 1. 9.25
3V 5"EF[ t1 (Tp) ] -29)
The heat capacity is given by
Cv_ ?I'z T 0.26
N 2Tp T (5:26)

A qualitative plot of the specific heat is shown in Fig. 9.4,

9.5 Particles and holes

The absence of a fermion of energy €, momentum p, charge e, corresponds to the
presence of a hole with

Energy = —e,
Momentum = —p,
Charge = —e. (9.27)

Since the number of fermions in a quantum state is 0 or |, the number of holes
is 1 minus the number of fermions. 1t follows that, in a Fermi gas in thermal
equilibrium, the average occupation number for parficles and hioles are given by
1
efle=p) 4 17
l

—Hp = ————

efle=6) |

Particle: np =
(9.28)
Hole: |

where € = p2/2m. As illustrated in Fig. 9.5, the number of excited paticles is
equal to the number of holes. When an excited femion falls into an unoccupied
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Fermi surface

Figure 9.5 Particle excited to above the Ferml surface, eaving a hole beneath the Farml
surface.

state, it appears that a particles and a hole have annihilated each other. In this sense,
a hole is an “antiparticle™.

The concept of holes is usefu] only at low temnperatures T « Tr, when there
are relatively few of them below the Fenmi surface, with the same number of
excited particles above the Fermi surface. Only the holes and excited particles
participate in thermal activities, while the rest of the fermions, which constitute
the overwhelming majority, lie dormant beneath the Fermi surface. When the
temperature is so high that there are a large number of holes, the Fermi surface is
“washed out”, and the systern approaches a Maxwell-Boltzmann distribution of
particles.

9.6 Electrons in sollds

An electron in the fonic lattice of a solid sees a periodic potential, and experiences
partia] transmission and reflection as it travels through the lattice. The reflected
waves can interfere coherently with the original wave to produce comiplete destruc-
tive interference in certain energy ranges. Thus, energy gaps occur in the spectrum
of the electron, and the lattice acts like a band-pass filter. A hvo-band spectrum is
illustrated in Fig. 9.6, with a “valence band” with maximum energy &y, separated
by an energy gap A from the “conduction band” above it. Suppose the energy
bands are filled with electrons. The two spin states of the electron only supply
a factor of 2 in the counting of states. If the density is very low, we lave a free
Fermi gas with e & €, and the band structure has little relevance. Interesting
phenomena happen when the valence band is almost filled, or a bit overfilled.
Suppose at absolute zero the valence band is cornpletely filled, and the conduc-
tion band completely empty. Such a system is called a “natural semiconductor™.
As the temperature increases, thermal excitation will cause some electrons to be
excited across the gap into the conduction band, leaving holes in the valence band.
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Figure 9.6 Band struceure In the energy of an electron In a perlodic potential.

The particles and holes behave like free charge carriers, and the system exhibits
electrical conductivity. As illustrated in Fig. 9.6, the dispersion curve near the
edges of the bands can be locally approximated by parabolas. An excited electron
near the bottom of the conduction band has energy

p2

Ec:EU+A+2m .
c

(9.29)

where p is an effective momentum vector, and m; is an effectlve mass. Similarly,
an empty state, just below the top of the valence band, has energy

2
ev=¢€g— p— (9.30)
¥
The density of particles and holes are thus given by
dp ]
?Ipaﬂ = 2 —.-.T,
B3 efle—m) | ‘
Pp : (9.31)
= 2 T,+n
Aol f 1B efle-ed |
Assuming B(e; — ) 2% 1, and B(ix — &v) 33 1, we have
3 340
Hgagt & 2f%e-ﬂ(6‘-“) = 2eHla+A-w) (Z;c::‘z) !
i
' (9.32)

d*p mkT \ /2
2 | o Be—) _ na—Blu—e) .
Abole f e e i
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Overall electrical neutrallty Tequires g = Hinote, Which determines the chemical
potential:

m=ep +£+—-ET In—. (9.33)

The value at T = O gives the Fermi energy as ep 4+ A /2, which is located in the
middle of the energy gap. The approximations made here are valid if A 3 1.
The particle and holé densities are now given by

S kT 32
Fpese = Hipota =2e" Baf2 ( e ) (9.34)

2wh’

For an estimate, use the typical values A fk = 0.7 eV, and #1; = niy = m, where
m s the free electron mass. At room temperature, T = 300K, we find npq =
1.6 x 10!3 cm~3, which is to be compared with a charge carrier density of 1070
for a metal. The electrical conductivity of a natura] semiconductor is therefore
negligible.

There are, however, gapless natural semicondnctors with A = 0, such as ¢-Sn
and Hg-Te. In these cases the charge carrier densities become large, and the
dependence on temperature goes like T5/2,

9.7 Semiconductors

The electronic energy spectrum in a real solid rarely looks like that shown in
Fig. 9.6, because there always exist impurities in the lattlce that can trap electrons
into bound states. These impurities act as sources or sinks for electrons, and cases
of practlca) interest are depicted in Fig. 9.7.

In n-rype semiconductors (n for negative), the bound levels lie below the bottom
of the conduction band by an energy & « A, and they are filled by electrons at
absolute zero. As the temperature increases, these levels donate electrons to the
originally empty conduction band. For this reason they are called doror levels.

In p-tvpe semiconductors (p for positive], the bound levels lie above the top of
the valence band by 8’ « A, and are empty at absolute zero. As the temperature
increases, they accept electrons excited from the valence band. thereby creat-
ing holes. For this reason they are called acceptor levels. We neglect excitations
between bands.

For the n-type semiconductor, et us measure energy with respect to the bottom
of the conduction band. Suppose there are ap bound states per unit volmmue, of
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— Acceptorfevels

n-typa semiconductor p-type semiconductor

Figwe 9.7 Imputities [n the lartica of the solld can trap electrons Into bound stares, with
energy levals In the band gap.

energy —8. The density of electrons in the donor levels at temperature T is

2np

B 11 (3.33)

Rdopor =

The density of electrons in the conduction band is given by figaq in {9.32), with
€9 + A = 0 in onr convention:

Hpart = 13:
Ve 2
e | TR (9.36)
m kT

wliere z = e is the fugacity, and A is the thermial wavelength with respect to the
effective mass »1;. Since electrons in the conduction band were excited from the
fully occupied donor levels, we must have fipmt + #donor = 21p, OF

2z 2np
Bt z-te=B5

= 2np. (9.37)
To solve for g, rewrite this in the form
M2 pz—nppi=0 (9.38)

The solution is

z=1e# (\;"4?19}.3 +1— 1) . (9.39)
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which leads to

]

-8
Howt = % (\/4;;,3;.3 F1— 1.) . (9.40)

As the temperature rises from absolute zero, the density of particles in the conduc-
tion band initially increases exponentially like T3/4e~i4T | but flattens to # platean
at 2np, when the donor levels are depleted. The particle density can be adjusted
by changing ap. In practice this is done through “doping” — mixing in varying
amounts of impurity material. '

The p-type semiconductors can be discussed in the same manner, with holes
replacing particles:

Bt
13

Hhote =

(v’ a1 1), (9.41)

where 114 is the number of acceptor states per unit volurne and A = / 2k fmkT.

Problems

9.1 A meta] contains a high density of electrons, with interparticle distance of
the order of 1 A. However, the mean Iree path of electrons at room temperature is
very large, of the order of 10* A, This is because only a small fraction of electrons
near the Ferm) surface are excited. How does the mean free path depend on the
temperature?

9.2 Model a heavy nuclens of mass number A as a free Fermi gas of an equal
number of protons and neutrons, contained in a spliere of radius R = pAl3,
where rp = 1.4 x 1073 cm. Calculate the Ferni energy and the average energy
per nucleon in MeV.

9.3 Consider a relativistic gas of N particles of spin 4 obeying Fermi statistics,
enclosed in volume V, at absolute zero. The energy~momentun relation is £ =

J e+ (mc?)?, where m is the rest mass.

{a) Find the Fermi energy at density #.

{(b) Define the internal energy I/ as the average of E — mc”, and the pressure P
as the average force per unit area exerted on a perfectly-reflecting wall of (he
container. Set up expressions for these quantities in the form of integrals, but
you need not evaluate them.

{c) Show that PV = 2U//3 at low densities, and PV = U/3 at high densities,
State the criteria for low and high densities.
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(d) There may exist a gas of neutrinos {and/or antineutrinos) in the cosmos. (Neu-
trinos are massless fermions of spin %.) Calculate the Fermi energy {in e V) of
such a gas, assuming a density of one particle per cin’,

9.4 Consider an ideal gas of non-relativistic atoms at density », with mass m,
spin % and magnetic moment g. The spin-up and spin-down atoms constitute two
independent gases.

(2) In extermnal magnetic field A at absolute zero, the atoms occupy all energy
levelsbelow a certain Fermi energy €(H). Find the number Ny of spin-up and
spin-down atoms. (Hint: The energy of an atom is (p2/2m) T ¢H.)

(b) Find the minimum external field that will completely polarize the gas, as a
function of the tota] density ».

9.5 Model a neutron star as an ideal Fermi gas of neutrons at-absolute zero, in
the gravitational field of a heavy center of mass M.

(a) Show that the pressure P of a gas in the gravitational field of a heavy mass
M obeys the equation dPfdr = —p M, p(r{)f-rz, where j is the gravitational
constant, r is the distance from the mass, and p(r) is the mass density of the
gas.

(b) Showthat P = ap>/>, where aisa constant, and find p as a function of distance
from the center. (Hint: Consider liow P and p depend on the chemical potential
in a Fermi gas.)

9.6 Consider any ideal Fermii gas of N spinless electrons of mass m. In'additiony
to the usual free-particle states, a single electron has N bound states that have the
same energy —e.

(a) Write down expressions for Np and Nf_. the average number of bound and free
particles in the gas.

(b) Write down the condition determining the fugacity z = e##,

(c) Find z as a function of temperature and density, assuming that z < 1. At what
temperatures is this assumption valid?

(d) Find the density of free particles in the low-temperature and high-temperature
limits.

9.7 At room temperature the electron distribution in a metal is close to that at
absolute zero, There are relatively few electrons excited above the Fermi energy,
leaving holes in the Fermi sea. Show that the probability P{A) of finding an etec-
tron with energy A above the Fermi energy is equal to the probability Q(A) of
finding a hole at energy A below the Fermi energy. '

9.8 Consider a 2D Fermi gas consisting of ¥ electrons of spin %, confined in a
box of area A,

(a) What is the density of single-particle states in momentum space?

(b) Calculate the density D(¢) of single particle states in energy space, and sketch
the result,

{c) Find the Fermi energy and Fermi momentum.
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(d) Find the intemal energy at T = O as a function of ¥ and A.

(e) Find the surface tension at T = O as a function of N and A. (Hint:
dE =TdS +dA+ pdV.)

(f) Tn 3D the chemical potential is proportional to T2 near T = 0. Will the
behavior in 2D be stronger, weaker, or the same?
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The Bose gas

10.1 Photons

Photons are the quanta of the electromagnetic field. They are bosons whose number
is not conserved, for they may be created and absorbed singly. The Lagrange
multiplier corresponding to total number is absent, and the chemical potential g
is zero. This means that the particles can disappear into the vacuum.

A photon travels at the speed of light ¢, with energy-momentum reiation

€ =cp. (10.1)

where p is the magnitude of the momentum p. The wave nuimiber k and the frequency
w are defined through

Fiew
p =hk = TJ (10‘2)

Its intrinsic spin is #, but it has only two spin states corresponding to the states of

left and right circular polarization. Any enclosure with walls made of matter must

contain a gas of photons at the same temperature as the walls, due to emission

and absorption of photons by the atoms in the walls. Such a system is called a

“black-body cavity", and the photon it contains is called “black-body radiation™.
The average occupation number of the state with momentum p is

|

m. (10.3)

?ip -

The absence of the chemical potential makes themiodynamic calculations very
simple. The average number of photons is

rdp |
N= 22?113 = 2Vf h—._;;m. “0.4)
P

where V is the volume of the system, and the factor 2 comes from the states of
polarization, The density of photons is

2 o 4w k? i oa w® kT3
) = dk = do—— = —1 ., (10,5
" (2::)3.£ N rr203.£ et | K(Txc) (10
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swith

1 = 2
=— dx- =42(3)~ 023, 10,6
e=oz [ e —aemon (106)

where {(z) is the Riemann zeta function.
The interna] energy Is given by

8meV f™ P
U=ZZEPHP =h—3£ dpm
p

Vi ™ o’
= de ) 10.7
R L g o
which leads to Stefan’s law

U

—_= G'T"t,

v
ol 10.8

where @ Is called Stefan’s constant. The specific heat (per unit volume) is therefore
cy = 4a T3, (10.9)

The energy density can be expressed in the form
U oo
-—:f de w{w. T), (10,10}
vV 0

where t{w, T) is the energy density per unit frequency tnterval:

h P

ww, T) = mm

(10,11
This is the Planck distribution,

The pressure can be obtained Hirough the method described in Section 8.9 mod-
ified for photon kinematics, Consider photons reflecting from n wall normal to the
x-axls, For photons of moinentum p, which make an angle # with the x-axis, the
flux of photons is ¢ cos &, and the moinentum imparted to the wal] per reflection
is 2p cos 8. Therefore the pressure is given by

&p 2
P =2f Dh—32pcnp cos 8, (10,12)
D>

where a factor 2 comes from the two polarizations, The restriction py = 0 means
0 < # < /2, Going to spherical coordinates, we get a factor % from the #
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Figure 10,1 Observed frequency spectrum of cosmic bnckgmund radiation. Soiid line Is a
Pianck distribution with T = 2,73 K. (The unit em Is 5 x [0~'% 5, the time for
light to wravel | cm.). After Mather {(i990).

integration, and obtain

8ze [ P
P=—¥+ dp———, 10,13
3 L PP | (10.13)

Comparison with {10,7) leads to the relation

_u

S
This relation also holds for massive particles at temperatures so high that they
move at close to light speed, 1t is to be compared with the relation P = %U{V for
a nonrelativistic gas of particles.

Our universe is filled uniformly with black-body radiation, as can be inferred
from: the measurements shown in Fig, 10.1, The experimental points fit perfectly a
Planck distribution of temperature 2,73540,05 K, called the “cosmic background
radlation”, which s thought to be a relic of the Big Bang,

(10,14)

10.2 Bose enhancement

We have seen In Section 813 that there is a statistical attraction between free
bosons, even though there s no Interaction potential. The difference betsween the
Planck distribution and the Maxwell-Boltzmann distribution can be attributed to
this attraction, as Elnstein showed, In what has come to be known by the historical
but clumsy name of “theory of A and B coefficients”,

Consider o two-level atom in the wall of a black-body cavity, with level a at a
higher energy than Jevel b, Suppose the energy difference is fiw, so that the popula-
tions of the rwo levels in equilibrium are maintained by emission or absorption of
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Figure 10,2 Population of atomic levels maintinad by photon exchange. The photon
diswribution functton Is denoted by b, and A and B are the Einstein coefficlents,

photons of frequency o in the black-body radiation, “Bose enhancement”™ refers to
the fact that the rates of these processes are enhanced by the presence of photons
of the same frequency.

Letn, and 77y denote, respectively, the number of atoms in levetsa and b, Einstein
postulates the following rate equations!

dn,

d_ = —{A + Bu)n, + Buny,
d}: {10.15)
d_th = (A + Bu) ny — Buny,

where ¥ = u{w, T) is the energy density of photons per unit frequency, The gain
and loss for level a is illustrated in Fig, 10,2, Since atoms leaving a must go to b,
and vice versa, we must have d (#1; + n1p) /dt = 0. The coefficient A is the rate of
spontaneons emission, an intrinsic process independent of the environment, The
coefficient B expresses Bose enhancement. It gives the rate of siimulated emission
induced by the presence of other photons of the same fTequency,

In equilibriuni we must have dn; /dt = dnp/dt = O, which requires

{A 4+ Bu) ny = Bumy. {10.16)

On the other hand, the ratio of the populations should be given by the Boltzmann
factor

L {10,17)
R
Combining the last two equations, we can solve for 4, and obtain
A |
Befha _ |

Comparison with (10.11) givesA/B = fiew® frr203 » 1f we had omitted the stimulated
emission term Bu on the left-hand side of {10.16), we would have obtained the
Maxwell-Boltzmann distribution & = {4 /B) e=#=,

u(w, T) = {10,18)




36 The Bose gas

10.3 Phonons

A solid can be idealized as acrystal lattice of atoms, and the small-amplitude vibra-
tions can be described in terms of normal modes, which are harmonic oscillators,
The quanta of these normal modes are called pfionons, They obey Bose statistics,
and thelr nuniber is not conserved, A phonon of momentum p has energy

€p = cp, (10.19)

where p = |p|, c is the propagation velocity; and w is the frequency. There are
three modes of osclllation: one longitudinal mode corresponding to sound waves,
and two transverse modes, We have taken the velocities of all three niodes to be
equal for simplicity.

The difference between a phonon and a photon, apart from the existence of a
longitudina] mode, is that the frequency spectrum of a phonon has an upper cutoff,
owing to the finite ]attice spacing of the underlying crystal, Consider the simple
examiple of beads ona string, as shown inFig, 10,3, We see that the Iialf- wavelength
of oscillations cannot be less than the lattice spacing,

Debye proposes the following mode] for the normal modes of a solid. Consider
waves in a box of volume V, with periodic boundary conditions. The modes are

3 i v
\\.f ./

Figure 10,3 The collective oscillations of 2 finite number of particies have a minimum
wavelengeh, hence a cutoff frequency
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plane waves labeled by a wavevector k, The number of modes in the element d°k
is Vd’k/(2x)°. The frequency distribution function f{w} is defined by

flew)dow = dmkldk, {10,20)

(2 )3

where 0 = ck and the factor 3 takes into account the longitudinal and transverse
modes, Thus,

3V
flw) = 2:—2& (10:21)

The total number of modes of the system mwust be equal to 3N, where N is the
number of atoms in the lattice, The cutoff frequency wy, or Debye frequency, 1s
defined by the requirement

&g
f Sflo)jde =3N {10,22)
0
which gives

Wy = (61:211)1;3 . {10,23)

where 1 = N /V is the density of atoms, The characteristic energy fiw,; defines the
Debye temperatire Tp:

kTp = hewy, {10.24)

Real solids have a more complicated frequency spectrum due to specifics of the
crystalline structure, but Debye’s simple model reproduces the quadratic behavior
at low frequencles, as shown in Fig, 10,4,

In the Debye model, a.solid at low temperature is represented by a.collection
of phonons, The picture becomes Inaccurate at higher temperatures, when phonon
inferactions bacome important, and breaks down altogether when the solid melts.

10.4 Debye specific heat

In the Debye model the intemal energy per atom is given by

v o1 9. hw
d
N NZE‘"‘ N7 )3f AT
12rf [ '
= 10,25
11(”::)3 f e!m‘" -1 ¢ )
By changing the variable of integration to t = Shew, and introducing the variable
T

W= —D, {10.26)

T
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Figure 10.4 The frequency spectrum of Al The dashed curve Is that of the Debye theory,
and the solid curve Is expertmental, After Walker (1956).

we can rewrite the energy per atom in the form
L =3kT IXu), (10.27)
N
where D{zr) is the Debye function
3 £
DGy = u—3£ dtm. (10,28)
D{(u) has the asymptotic behaviors

D) == 1 —g—u+%u2+nv (zr € 1)

‘ (10.29)
D)~ 2+ 0(e™) (> 1),
S
The specific heat in the Debye model is given by
Cy dXu) ‘
— =13D ir 10,30
Ng =P+ (1020

which is a universal function of T /Tp, The universal character is verified by
experiments, as we can see from the plot in Fig, 10.5, Near absolute zero, the
specific heat behaves like T3, which is a reflection of the linear dispersion law
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Figure 1.5 Universal curve for the specific heat in the Debye model, Data for different
elements are fitted by adjusting the Debye temperature Tp. After Wannier
(1966).

€ = ¢p for phonons, It deviates from this form at higher temperatures, when the
effect of the cutoff becomes important, '

The high-temperature asymptote 3Nk conforms to the law of Dulong and Petit,
This value can be understood in terms of the equipastition of energy among 3N
harmonic oscillators, sach with energy p? + g2 {(in appropriate units), and thus
contributing a term £ to the heat capacity, Of course, the high-temperature limit
here means that all degrees of freedom of the lattice are fully excited, but not so
high that it melts — an effect.that lies outside the scope of this model,

105 Electronic specific heat

There are electrons in the lattice of a solid, aud they contribute to the specific heat
of the solid, How important the contribution is depends on the temperature, and
at roomn temperature it is completely negligible, As we can see from Fig, 10.5,
the Debye specific lieat at T = 300K for common metals is of order 3k, but
the electronic contribution is of order (T/Tr)k, with Tp ~ 40,000 K. Thus the
electronic contribution amounts to less than 1%, As the temperature decreases,
howaever, the electronic contribution becomes more important. If we expand the
specific heat in powers of T, then up to order T° it should have the fonm

Cy 1 T\? T T\’
— o=} + 1 + — ) 10,31
Nk “l (TF) (TF) CB(TF) Ci(?n) ( )
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Figwe 10,6 Specific heat of KCi. Data for differant eiements are firted by adjustng the
Debye temperature Ty, After Wannler (1966).

wliere the first three terms come from the electronic Fermi gas, and the last term
comes from the Debye model, The ¢, are numerical coefficients, Since Tr 3 Tp,
we can neglect the two terms in the middle, and approximate the above by

c
ﬁ'f’ ~ aT + bT°. {10.32)

Thus, at low temperatures, a plot of Cy /T against T2 should give a straight [iue,
This is indeed borne out by experiments, as shown in Fig, 10.6. The density of
electrons can be obtained from the data. (S ee Problem 10.10,)

10.6 Conservation of particle number

Why are some particle numbers conserved and others not? It depends entirely on
their interactions. Phonons in a solid are not “real” particles, for we know thar
they are collective modes of the atoms in the solid, They are created and absorbed
singly, because that is how they interact with the atomic lattice, On the other Hand,
photons and electrons are considersd “real”, because we lhave no evidence to the
contrary,

Photons are created and absorbed singly by charged particles, Electrons can be
created and destroyed only together with its antiparticle, the positron; by emission
of a photon, Thus, the number of electrons minus the number of positrons is
conserved. If there are no positrons present, or if the energy of | MeV requirad
to create an electron—poslron pair is not available, then the electron number is
effectively conserved, Similarly, the number of baryons (of whicli the nucleon is
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the lightest example) minus the number of antibaryons is conserved, The pattern of
fundamental interactions is such that bosons can be created or annihilated singly,
while fermions are created or annthilated only in association with an antlfenmnion,
(See Huang 1992.)

Atoms are stable in the everyday world, because there are no antinucleons
present, It requires at least 2GeV to create a nucleon—antinucleon pair, and this
greatly exceeds the thiermal energy at room temperature. Were it not for the con-
servation of baryons, the bundle of energy locked up in the rest mass of the proton
would prefer to assume otlier forms that give a larger entropy. The hydrogen atom
would quickly disappear in a shower ol mesons and gamma rays. We can use the
Boltzmann factor to-estimate the probability for finding a proton of rest mass M
at room kemperature, if there were no conservation lasw:

e MEMT oy o—3x10% (10,33)

This gives us an appreciation of the importance of baryon conservation,

Problems

10.1 Review of quantum harmonic oscillator; The modes of the electromagnetic
field in a cavity, or the phonon modes in a solid, can be described by quantized
harmonic oscillators. Consider one such mode sith Hamiltonian

1 mwz

gt
2mp+

where p,g are hemmitian operators defined by the commmutation relation
2. ql= —ih,

{a) Make the transformation to annihilation operator a and creation operator at:
Tmm:
(a+a'),
.| R "
=i a—a').
1 21w ( )

Show that
H= ﬁw(afa+%~) .

[aa] 1.

{b) Show that the eigenvalues of a'a are integers 1 =0,1,2,...,
{c) Let|») be an eigenstate of ata belonging to the eigenvalue ». Show that

aln) = /uln—1),
atlg) = 4+ Lln+1),

The factors \/n, +/n+ 1 lead to Bose enhancement.
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102 A black body is an idealized object that absorbs all radiatlon falling upon
it, and emits radiation according to Stefan’s Law,

A star is maintained by internal nuclear burning at an absolute temperature T,
It is surrounded by a dust cloud heated by radiation from the star. Treating both
the star and the dust cloud as black bodies, show that in radiative equilibrium

() the dust cloud reduces the radiative flux {rom the star o the outside world by
halfy
(b) the temperature of the dust cloud is -tHT,

10.3 The Earth’s temperature Is maintained through heating by the Sun, Treating
both Sun and Earth as black bodies, show that.the matio of the Earth’s temperature

to the Sun’s is given by
= _ fRSun
Tsin o 2L’

where Rgyp is the radius of the Sun, and L is the distance betwean the Sun and the
Earth,

10.4 A window pane In a house has reflection coefficlent r, ie. it reflects a
fraction r, and transmits a fraction 1 — r of incident radiation, The temperature
outsidé is Tp, Assume there is no heat source in the house, and neglect heat transfer
inside the house due to conduction and convection. Show that the temperature just

inside the window is
1—r b
T=T; .
° ( - 2r)

10.5 Show that the entropy of a photon gas is given by S = %U[ T, hence the
entropy density is

S P

— =ia T3,

Vv 3
where o = w2k (15(hc)’) is Stefan’s constant.

10.6 The background cosmic radiation has a Planck distribution temperature
with temperature 2.73 K, as shown in Fig, 10. 1.

{(2) What is the photon density in the universe?

(b) What is the entropy per photon?

{c) Suppose the universe expands adiabatically. What would the temperature be
when the volume of the universe doubles?

10.7 Einstein model of solid: The Einstein model is a cruderversion of the Debye
moadel, in which all phonons have the same frequency «y. The simplicity of the
model makes it useful for qualitative understanding,

(#) Give the intemal energy of this model.
(b) Find the heat capacity. How does it behave near absolute zero?
{(c) Show that the free energy is given by

A= 3NkT]n(l —e_ﬂn"’") .
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10.8 A solid exists in equilibrium with its vapor, which is treated as a classical
ideal gas, Assume that the solid has a binding energy € per atonw Use the Einstein
model.

(a) Give the fice energy for the total system consisting of solid and vapor. (For
the classical ideal gas, you must use correct Boltzimann counting.)

{b) What is the condition for equilibrium between vapor and solid?

(c) Find the vapor pressure P{T).

10.9 A model of a solid taking into account the structural energy of the lattice

postulates & free energy of the form

A(V,T) =@(V) 4+ Aphonon»

where ¢(V) is a structural energy, and Aghogoq is the contribution from phonons,
Ar absolute zero, there are no phonons, and the volume of the solid is determined
by minimizing ¢(V}. Near the minimum we may write

X 2
(V)= —do+ 5 (V- V)",

At higher temperatures, there is a shift in the minimun: due to the fact that the
phonon frequency increases when the laftice spacing decreases:

dwtk) , dv
iy v

where ) is known as Gruneisen’s constant.

)

{(a) Neglect the vapor pressure and take the pressure of the solid to be zero. Find the
equilibrium condition using the Einstein mode] for the phonon contribution,

{b) Find the equilibrium volume of the solid as a function of temperature, and
calculate the coefficient of thermal expansion,

10.10 1n the specific heat formula (10.32) for solids Cy /Nk = aT + bT?, the

first term represents the contribution from elecirons in the solid, and the second

from phonons.

{(a) Give a in terms of the electron density n.

(b) Give b in termis of the Debye temperature Tp.

{c) Obtain the numerical values of a and b from the graph in Fig. 10.6 for KCl,
and find n and Tp

10.11 Surface waves on liquid helium have a dispersion relation given by

(k) =h /f
I

where £ is the wavenumber of the surface wave, o the suiface tension, and p
the mass density of the liquid. Treating the excitations as bosons with no number
conservation, find the internal energy per unit area as a function of temperature.
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Bose-Einstein condensation

1.1 Macroscopic occupation

Consider.a gas of bosons whose total number is conserved. The equation for the
fugacity is

m> = ga(z) (1L

and a qualitative plot of the function g3 is shown in Fig.1 1. 1. The function has
infinite slope at z = 1, since

d gy
Z 38 = 8200y = ;% (11.2)
and the series diverges at z = L. It is thus bounded by the value
oG
gy =Y £ =(3/2)=2.612... (11.3)
=l
Eanlz}
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Figure 11.1 This function refers to particles with non-zero momentum, and ts bounded
by g3pa(ly = 2612 When ni? exceeds this value, particles must go into the
zero-momentum stare, leading to Bose—Einstein condensation,
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where {(z) is the Riemann zeta function. Therez is no solution to {11.1) uniess
a2 < gzp(l). (114)

This condition can be violated by increasing the density, or lowering the
temperature. What then would be the value of z7

To answer this question, recal] that in deriving (11.1) in Section-8.12, we have
passed to the infinite-volume limit and replaced the sum over states by an inte-
gration. This assigns zero weight to the state of zero momentum, for the volume
element 47rp” dp vanishes at p = 0, In the formula (11.1), # is actually the den-
sity of particles with non-zero momentum, and this is the quantity bounded by
{11.4). When this bound is exceeded, the excess particles cannot disappear, as
photons would, because their number is conserved. They are forced to go into
the zero-momentum state, and this single quantum state becomes macroscopically
occupied, i.e. occupied by a finite fraction of the particles, This phenomenon is
called Bose—FEinstein condensation.

The fugacity z is stuck at | during the Bose—Einstein condensation, Thus,

= g3/2(2) ifnd® < g3p2(ly (Gas phase), ‘
z= - i %3 ‘ (11.5)
i ifnd® = gaz(l) (Condensed phase).
The critical value #A% = g32(1) comesponds to
32
2nh’

=£(3/2). 11.6

" ( ka) $G3/D (11.6)

This gives the boundary between the gas phase and condensed phase, as shown in
the n-T diagram of Fig. 1 1.2, At fixed density x, the critica] line defines a critical
temperature Tg:

2t o1 n ‘
chzT[{a;’z)] . (1.7

At a given temperature T, it defines a critica] density .3

mkT 32 ‘
{11.8)

ne ={(3/2) (21:?12

Thechemical potential & = kT In zis zeroin the condensed phasz, Its qualitative
behavior in comparison with the Fermi gas and.classical gas is shown in Fig. 11.3.
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Figwe 1.2 Phase diagram of Bose-Einsteln condensation in the density-temperature

plane,
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Figwe 1.3 Qualitacive behavior of the chemical potentlal for the Bose, Fermi and classical
Ideal gases,

11.2 The condensate

The Bose—Einstein condensate consists of particles in the zero-momentum state.
Their number pyp is determined through the relation

Vv ‘
N=Ho+Fg3ﬂ(l). (11.9)
Thus,

m o &spl
N ni3
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=1

n e

312
=1 —(Ti) . (11.10)

This.is illustrated in Fig.]11.4.

The momentum distribution Pznp is shown in Fig. 11.5 forboth T = T; and
T < T.. The area under the curve gives the density of particles 4mrh—3 jbm dppznp.
Above T the graph looks qualitatively Jike the Maxwell-Boltzmann distribution.
Below T; a § function appears at zero momentum, representing the condensate,

3G/ (ka )3?2

N

Figure 1 1.4 Condensate fraction— the fraction of particles with momentum zero,

¢-function
2
by
T<Tc ’,""‘\\\
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Ve l""--.,_
- .
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b

Figure 1 1.5 Area underthe curve Is proportional to the density of particles. Below the tran-
sicion temperature, a delta-funcrion appears atzero momentum, representing
the condensate contribution,
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and its strength increases as T — 0, and at absolute zero only the § function
remains. Bacause we are plotting p? times the occupation number, it has the rather
singuiar form p~28(p).

11.3 Equation of state
The equation of stute as a function of fugacity was derived in Saction 8.12:

P gspi)
[7
This is valid in both the gas and condensed phase, because particles with zero-
momentum do not contribute to the pressure. Since z = ] in the condensed phase,

the pressure becomes independent of density:

(11.11)

P gsp(l)
kT 237
where gspa(1) =3.413...,
In the gas phase we have to solve for z from (11.1), At low densities, wiich
corresponds to small z, the system approaches a classical ideal gas, At higher den-
sities, we have to obtain the solution throngh numerical methods. The qualitative
isotherms are shown in the P—V diagram in Fig. 11.6. The Bose—Einstein conden-
sation appears as a first-order phase transition. The vapor pressure is independent

of the density:
P= C[]To-ﬂ,
302
5 m
Co=£5;2(1)k’ﬂ( ) .

rh?

(11.12)

(11.13)

It can be verified that the vapor pressure satisfies the Clapeyron equation.

TFransition line’

Figwre 116 Qualitative Isotherms of the Ideal Bose gas, The Bose—Einsteln condensation
shows up as a first-order phase transition.
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The horizontal part of an isotherm in Fig. 11.6 represents a mixture of the gas
phase and the pure condensate, and the latter occupies zero volume because thera is
no interparticle interaction. In a real Bose gas, which has non-zero compressibility,
the Bose—Einstein condensation would be a second-order, instead of a first-order
phase transition. Thishas been observed indirectly in liquid helium, which we shali
describe later, and more explicitly in dilute atomic gases trapped in an external
potential, which will be discussed in Chapter 15.

11.4 Specific heat
The intemal energy is given by
U=3pPv. (11.14)

The heat capacity per particle at constant volume is thersfore
C 3 fapP -
-2 (=) . (11.13)
Nk 20k \ 3T jy

We shall calculate this separately in the condensed and gas phase. In the condensed
phase P = CyT*/2. Therefore

Cv _ 15C ap

=k (T < To). (11.16)

The behavior near absolute zero should be compared swith other types of behavior
we know;

o T3, for conserved bosons with € o
o T, for conserved fernvons with € o p?
s T3, for non-conserved bosons with €  p.
In the gas phase we have
ap a kT )+ kT 7 8
ot ), \ar 3 ), 5@ T 1 a5 v

_ Sk gsp(@) | KT gsp() (E)
v

= 117
2 A3 B3z aT (L7

where z must be regarded as a function of T and V: The derivative (3z/3T )y can
be obtained by differentiating both sides of (11.1), with the result

(E) _ 33z (11.18)
T/, 2T gip@) )
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Figwre 1 1.7 Specific heat of ideal Bose gas.
Thus we obtain the resuit

Cv _15g5p@E) _ 983p@)
Ne 4 m@  4dgipE)

(T = To) (11.19)

In the high-temperature limit go(z) & z = #A3, and we recoverthe classical {imit %
The specific heat is continuous at the transition temperature, as we can verify

from (11.16) and (11.19):
Cy |, 1gspll) (11.20)
Nk T-T. 4 gap(l)

However, the slope is disconrinuous. (Ses Probjem 11.4.) A qualitative piot of the
specific hear is shown in Fig. 11.7.

1.5 How a phase is formed

The Bose—Einstein condensation of an idea] gas is one of the few examples of a
phase transition that can be described completely in terms of microscopic physics.
It is interesting to see how the equation of state develops a discontinuous behavior.

To examine the onset of the Bose—Einstein condensation, let us go back to the
condition for z at finite volume:

N 1 |
VYL T T (.20

In taking the imit ¥V — ©0, we make the replacement

1 &p ‘
sz:_} f - (11.22)
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which assigns zero measnre to the state p = 0. In doing so, we have ignored the
density of the particies in the zero-momentum stute:

no 1 z
Vv Vl—

(11.23)

We have a case of non-uniform convergence here, for this quantity approaches
different values depending on the order in which we take the limits ¥V — 00 and
z— i

. ,
lim {im — =0,
=1 ¥—=o0

Tim lim%] _—y (11.24)

Voo i1

Let us separate out this temi in (1 1.21), and replace the rest by its large V |imit:

N

2 1—4+f e ~-1ﬂ=fzm_1

1
=— 11.25
=7 l + 383';2(4) ( )

The fwo terms on the right-hand side are shown in Fig, 11.8, for finite ¥ and for
¥V — ¢o. In the limit ¥V — o0, the term V'lzf(‘l —z)is zero for z < 1, and
indeterminate at z = 1, Thus, the density of zero-inomentum particles rp/V is
zero for z < 1, but assumes whatever value is required to satisfy (1.2 atz = 1.

The fugacity as a function of nA> is shown in Fig, 11.9. Itis a continuous function
for finite ¥, however large. In the limit ¥V — ©0, however, it dpproaclhes different.
functions for nA® = £(3/2), and nA? < £(3/2). In particular, it is a constant
function z = | in the latter region.

2602 fommmmm e 2612 mmmm oo ]

Vil-z)

V finite V—» 0

Figure [ 1.8 Inthe Infinite-volume limit, the condensate occupation number effectively adds
a stralght vertical rise to g3 atz = |,
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Figere 11,9 The fugacityapproaches different limiting functions for different ranges of aX?,
in the infinite-volume limic.

Tn summary, the equation of state is a-regular function of n and T for finite
volunie, llowever large, However, in the limit ¥V — ©0 it can approach different
Timiring fomus for different values of mand T, Although the idealized discontlnuous
phase transition occurs only in the thermodynamic limit, macroscopic systems are
sufficiently close to that limit as to make the idealization useful.

11.6 Llgquld helium

Liquid *He exhibits a second order transition, which can be interpreted as a
Bose-Einstein condensation modified by strong interatomic interactions. The spe-
cific heat has the form shown in Fig, 11.10 and the phase transition is called a
“A-transition”™ after the shape of the curve. Below the critica] temperature the
liquid is a “superfluid”, which appears to have zero viscosity, and manifests
quantum behavior on a macroscopic scale. The data at the transition point are
given by

T.= 2172 K

He = 2.16 x 102 cm3, 11.26
{

v = 46.213;3 Jatom.

Substituting r; into (11.7) yields T &3 3.15 K, which is of the right order of mag-
nitude. Near absolute zero, the specific heat of liquid helium behaves like T3,
instead of T3/2 as in the ideal Bose gas, because interatomic interactions give rise
to phonon excitations.

The low-energy excitations in liquid *He, called “quasiparticles”, can be created
through neutron scattering, The experiinenta] dispersion relation e(k), which gives
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Figure 11.10 Spacific heat of lquid *He. The A-transidon at T = 217K goes between
two liguid phases, both in equilibrlum with a gas phase. The spacific heat Is
measured along the vapor pressure curve. Aftar Hill (1957).
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Figure 11.11 Dispersion curve of quasipartcles in liquid *He obtained through neutron
.scattering. The data points are very dense, with errors about the width of

the line plotted. Afeer Donelly (1981) for 0 < k < 2.5 A", Glyde (1998) for
k> 254"

the energy of the quasiparticle as a function of wave nuber, is shown inFig. 1 1.11.
The phonon branch yields

€phonon — hick,

¢ =239+ 5nvs, (1127
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where ¢ is the sound velocity. Near the “roton™ minimum, the dispersion curve fits

Wk — ko)®
2a ’
A =865+0.04 K, (11.28)

ko= 1.92+0.01 A~}
g =(0.16 £0.01)m,

€oton = A+

where m is the mass of a helium atom.

Problems
ILI Verify the Clapeyron equation for dP/dT for the BoseEinstein
condensation.

11.2 The Bose functions ge(z) = ¥ 3o £%z! have the following expansions
near z = {:

g5p(z) = 2363177 1 1342 — 2,612 — 0.730v% + .-+,
g32(z) = 2,612 — 3.455v!2 | 14600 - 0i,

where v = —in z. They are related through g3 = —dgspa/dv,

Find the fugacity z of an ideal Bose gas of density #. as a function of the
temperature T in the neighborhood of T = T;.. For T < T we have of course
gz = 1. For T = T, obtain the first few terms of a power-serles expansion in
T-T.

113 Show that the equation of state of the ideal Bose gas in the gas phase has
the virial expansion

P ; 2
T I+ ay (nd3) +a3 (W3 0

where

i 12
M=——7Fp =0
w2 078 o3

11.4 Show that the slope of the heat capacity of an ideal Bose gas has a
discontinuity at T = T given by

(_BC") - (_3C") — 386
aT T aT TaTo T

(Hint: Calculate the intemal energy via I = %PV.)
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11.5 Suppose the particle spectrum has a gap A = O

A (k=0),
“MZ[FEpm (k > 0).

Show how this would modify the BoseEinsten condensation,

(a) From the equation determining the fugacity. show that the condensation
happens when z = exp(—fA).

(b) Assuming A /KTy <« 1, where Ty is the transition temperature for A = 0, find
the shift in transition temperature Ty — Tp. Use the expansion of g3yo(z) near
z =1, given in Problem 11.2.

1L6 The heat capacity of liquid *He near absclute zero should be dominated by
contributions from phonons and rotons,

(a) Calculate the contribution Cphonog from a gas of non-conserved bosons, with
dispersion relation

e(k)y = hck.

(b) Calculate the contribution Cgay from a gas of non-conserved bosons with
dispersion relation
Bk — ko)?
ey =ny LE—RT
2a
11.7 Compare € = Cpnonon+Croton to the specific heat data given in the following
table. The phonon and roton data from scattering experiments are given in (1 1.27)

and (11.28), The number density and mass density of liquid *He are respectively
n=216x 102 cwu3, and g = 0,144 g/en?®,

Temp Spedfic heat
(Jgn' K-

0.60 0.0051

0.65 0.0068

0.70 0.0098

0.75 00146

0.80 0.0222

0.85 0.0343

0.90 0.0510

0.95 0.0743

1.00 0.1042

11.8 Consider a box divided into fvo compariments, One compartment contains
an almost degenerate ideal Fermi gas of atoms with mass ) and density ;. The
othef compartment contains an ideal Bose gas of atoms of' mass m; and density
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np below the transition temperature for Bose—Einstein condensation, The divid-
ing wall can slide without friction, and conducts heat, so the two gases come to
equilibrium with the same pressure and temperature.

(a) Show that the pressure of the Fermi gas has the form

i
P[:Cl — Hfﬂg
m

where ¢ is a numerical constant,
(b) Show that the vapor pressure of the Bose gas has the form

3
Py =c3 (%) & (kTY,

where ¢g is a numerical constant,

{c) Give the condition on the temperature for the Fermi gas to be approximately
degenerate,

(d) Give the condition for the pressure to equalize,

(e) Find the condition on ) /m; in order that (c) and (d) are both satisfied.

119 By repeating the argument that leads to Bose—Einstein condensation in
3D, show that the transition temperature approaches zero in an ideal Bose gas of
particles in 2D,

11.10 If the mechanism for photon absorption or emission can be neglected,
as may happen in some cosmological settings, the number of photons would be
conserved. Can a photon gas undergo Bose—Einstein condensation under these
circumstances? If so, give the critical photon density at temperature T,
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Canonical ensemble

12.1 Microcanonical ensemble

The time has come to ook beyond the idea] gas, and consider systems with inter-
actions; a dense gas, a liquid, a solid, We already have the principle for doing
this, for the microcanonical ensemble defined in Chapter 5 can be applied to any
system, not just the ideal gas.

All members of the microcanonical ensemble have the same energy E, to within
a small tolerance, The entropy of the-system is given by

S(E) = kInT(E), (12.1)

where k is Boltzmann’s constant, and I"(E)) is the tota] number of states of the
system at energy E. The dependence on the number of particles and total volume
have been left understood. For themmodynamics, the intemal energy U is given by

U=E (12.2)
and the absolute temperature T by

1 8S(E)

T2 (12.3)
The formulation holds both for classical and quantum physics.

This method is very convenient when we dea] with discrete degreas of iree-
dom, so that calculating T'(E) is a matter of combinatorics, as illustrated by many
problems in this chapter. For systems like a real gas, which is specified by a
Hami]tonian, the microcanonical ensemble is not as easy to use, and we seek a
more convenient ensemble.

12.2 <Classical canonical ensemble

The key to the new method is to relax the requirement that the energy be fixed, by
allowing the systam to exchange energy with a heat reservoir. The reservolrand the
system form an isolated fota] system, which can be treated in the microcanonical
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ensemble, and no new principle is required, What is new is the emphasis. We focus
our altention on tie subsystem we are interested in, and try to find the probability
distribution in its own phase space.

Consider an isolated system divided into wosubsystems: a “large™ one regarded
as a heat reservoir, and a “small"” one on which we focus our attention. In the end,
of course, even the small system is made to approach the thermodynamic limit,
The cancnical ensemble is the ensemble for Hie small system, Let us label the
small system 1, and the heat reservoir 2, as iilustrated schematically in Fig, 12,1,
Neglecting the interactions across the boundary between the two system, we take
the tota] Hamiltonian to be the sum

Hipt,q1,p2,62) = Hi(pt,.q1) + Ha(p, g3}, (12.4)

where {p1, 41}, {p2. g2}, respectively, denote the momenta and coordinates of the
two subsystems, The total number of particles &, and total energy E, are given by

N=N+ N,

(12,
E=E) +Ej %
We keep Nt and V3 separately fixed, but allow Ei and E3 to fluctuate. In other
words, the dividing walls between the subsystem allow energy exchange, but not
particle excliange. We assume that system 1 is infinitesimally small in comparison
with system 2, even though both are macroscopic systems:

Na >>Nh

(12:6)
Es > Ey.

Syseem of interest
ya

2 Heat reseryoir

Figure 2] We focus attention on a “smali” system |, which Is part of a larger system,
The rast of the system 2 acts as a heat reservolr for system |,
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The phase-space volume occupied by system 2 is given by

Fa(Ep) = fE dpz dgs, (12,7

where the subscript Ej is shorthand for the condition
Ey < Ha(p2,q2) < B + A (12.8)

We are interested in the probability of occurrence of the microstate {p;, q;} of
subsystem 1, regardless of the state of system 2;

Probability that 1 is in dp,dg) o< dp)dg;Ta(E — E} ). (12.9)
This gives the distribution function py(py, g1} of system | in its own I" space:

ptpteq1) =T2(E — Ey)
=T (E— Hi(p1.4)). (12.10)

Since E| & E, we expand the above In powers of E| tolowest order, Itis convenient
to expand the logarithm of I'y, which can be expressed in terms of the entropy of
system 23

kinTofE —E\) = So(E — E))

35:(E")

=& —E
UE) —Er — 0 s

mSg(E)—%, (12.11)

where T is the temperature of system 2, This relation becomes exact in the limit
when system 2 becomes a heat reservoir. The temperature of the heat reservoir T
fixes the temperature of system 1,

The density function for system 1 is therefore

p1ipr.gr) = 2Bk BT (12.12)

The first factoris a constant, which can be dropped by redefining the normalization.
In the second factor the energy of the system can be replaced by its Hamiltonian,
Thus

pilpr, g1) = e~ FHPLAD) (12,13
with

1
=

kT
This is the canonical ensemble, appropriate for a system with a fixed number of
particles, in contact with a heat reservoir at temperature 7, Since we shall refer

. (12,14)
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Heat reservoir T

Fixed )
Nand E Fixed N
Micromnonical ‘Canonical

Figure |22 Schematic representations of the microcanonical ensemble and canonical
ensemble,

only to the smal] system {from now on, the subscript 1 is unnecessary, and will be
omitted, Schematic representations of the microcanonica) and canonical ensembles
are given in Fig, 12.2,

12.3 The partition function

The partition function for the canonica) ensemble Is defined by

ON(T, V)= f L -,
T
r=N¥, (12.15)

where dp = d*¥p, dg = d™g, and each d*g integration ranges over the volume
V of the system, The factor ¥ serves two purposes, It makes Oy dimensionless
by supplying the unit A for an elementary cell in phase space, and it supplies
a factor N}, known as “correct Boltzmann counting”, to take into account the
indistinguishability of the particle in quantum mechanics.

As we shall see, all thermodynamic information can be obtained from the parti-
tion function, In particular, the entropy is completely determined, with noarbitrary
constants, and the factor Nl will make it an extensive quantity,

12.4 Connection wlth thermodynamics

The thermodynamic internal energy is the ensemble average of the energy:

_ [ dpdgH e HED
- [ dpdge—PHPO )

U = (H) (12.16)

This can be obtained from the partition function by differentiation with respect to 81

] ‘
U=-—$ln On. (12,17
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The general connection between the canonical ensernble and thermodynamics Is
given by the statement

On(T, V) = e~ AVD, {12,18)

where A(V, T) is the Helmholtz energy,
To show that (12.18) comectly identifies the free energy, let us rewrite it in the
form

f dpdg o—BHOZ) _ o—PAVT),
T
f dpdg _pacv-rea) _ {12.19)
T

Differentiating both sides with respect to 8, we obtain

dnd AA(V, T
f Pr g PV T)-Hip.g)] [A(V T+ ﬁ% —Hip, q)] =0. {12.20)

The first fwo terms are not functions of p, g and can be taken outside of the integral,
which is equal to 1. The second term gives the Internal energy, Thus

AV, T) +ﬁ3A(V D _y—o,
op (12,21
BA(V,T)
AV, T)_TT_ =0,

This is consistent with the thermodynamic relations

BA(V.T)
ar ’ {12.22)
A=U-TS.

Therefore, we liave a cortect definition of A(V, T), from which we can obtain all
thermodynamic functions through the Maxwell relations.

12.5 Energy fluctuations

The systems in the canonical ensemble have ditferent energies, whose values
fluctuate about the mean energy U/ determined by the temperature. To calculate
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the mean-square fluctuation of the energy we start with the expression

3 -
U= ——lnfdpdqe 8 (12.23)
3p
and differentiate with respect to §;

8U  [dpdgile P (fdpdgHeFH)’
3~ [dpdgeFH (f dpdg e_ﬂ")z
= —{H") + {H)". (12.24)

Using themmodynamic definitions, we cnn rewrite

aU AU aT ,8U ) |

5 =ore = o =K Cr (12.25)
Thus

{H) — {H)* =kTCy. (12.26)

For macroscopic systems the lefi-hand side is of order &2, while thie right-hand side
is of order N. Energy fluctuations are therefore “normal™, and become negligible
wlien ¥ — ©0. Tlis is why the results of thie canonical and wicrocanonical
enselnbles coincide in Fhat limit.

12.6 Minimization of free energy

We have learned in thenmodynamics that a system at fixed V, T will seek the state of
minimum free energy. This principle can be derived using the canonical ensemble.

Note that the partition fanction { 12.15) is an integral over states, but the integrand
depends only on the Hawiltonian, whose value is the energy. We can convert the
integral into one over the energy by writing

d
On(V.Ty = f dAEeE f P t1(p,q) ). (12.27)

This is a trivial rewriting, for the dE integration can be done by simply setting
E = H{p, g). The dp dq integral now gives the density of states at energy E:

oE) = f @s (Hp,q)— E), (12.28)

which is related to the entropy by

S(E) = klna(E). (12.29)
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Thus

On(V.Ty= f dE w(E)e #E = f dE o~ #HE-TS(E] {12.30)
or

On(V, T) = f dE e FHME) {1231

where A(E) = E — TS(E).

The domdnant contribution to the infegral will come from the value of E for
which A{E} is minimum, This can be seen as follows, Let the minimum of A{E)
occur at E, which is deterniined by the condition

3A a8
1-T— =40, {12,32)
9E E=E O \pg
This gives
as 1
- =— 12,33
E|gg T ( )

which is just the thenmodymamic relation between entropy and temperature. The
second derivative of A(E) gives

324 a’s

— =—T— 12,34

3E? aE2 t12.34)
From the Maxwell relation 3E/38 = —T, we have 85/8E = —1/T. Hence,

828 | aT 1

— ==, 12.35

8E? T23E Tioy ¢ )
Thus, the second derivative is positive:

%4 |

—_— = {12.36)

8E?  TCy

showing that the free energy at E has a minimum {and not maximum). Now expand
A(E) abowt the minimum:

A(EY= A(E)+ﬁ(}:'.’ EY .. {12.37)

Neglecting the higher-order tenus, we have
On(V, T) = e PAE) f dE e~ (E-E)'/R4T°Cn, {12.38)

In the thermodynamic lirait Cy becomwes infinite, and the integrand is very sharply
peaked at E = E, as illustrated in Fig. 12.3. This is why we can neglect the higher-
order terms, and evaluate the integral by extending the limits of integration from




i64 Canonical ensemble
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Integrand

— &THC"
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Figure 12.3 When the partition function is exprassed as an Integral over energy, the inte-
grand is sharply peaked at E = E corresponding to a minimum In the free
anergy A=E— TS,

—0xX to co, to obtain

QN = ZJIk]-QCV E_ﬂA{E,,

(12.39)
In Qy(V; T) = _@ +5 Lin (2nAT2Cy)

In the thermodynamic {imit, the first term is of order ¥, while the second term is
of order inN, and can be neglected Tlhus, we see that the system seeks a state of
mininwum free energy.

12.7 Classical ideal gas

We illustrate the classical canonical ensemble with the ideal gas. The Hamiltondan
is given by

N p2
H=S"2 (12.40)
ey 2m

The partition function is

a P ¥ q - ‘
T,V)= BB+ Ry 2 1241
On(T. V)= NN { )

LAl O el R L rvy¥
:N_!( ® ﬂpﬁf) :FI(JTB) . (12.42)
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where A = ./ 2h fmkT is the thermal wavelength, Thus, the free energy is
given by

A(V,T) = —kT m Op{T, V)
= N&T [n(n2®) — 1], (12.43)

where 1 = N¥/V, and we have used the Stirling approximationIn ¥! = ¥ InNV —N,
The chemical potential is given by the Maxwell relation

3A s
w= (W) or =kTIn (m'l. ) {12.44)

and the entropy is given by

BA 5
S=-— (ﬁ)v =Nk [5 —1In (n]l.?’):l . {12.45)

More explicitly,

s 5 lV 3l mkl’ 12,46
ﬁ—i-l— n§+§ 1 W a {12, )

This is the Sacher—Tetrode equation, which fixes the defects in the thermodynamic
result in Section 2.8.

12.8 Quantum ensemble

A state of a quantuim-wechantcal system is desecribed by a complex wave function,
which has a phase, for which there is no classical analog. In the definition of a
quantum ensemble, the relative phases of the wave functions are assumed to be
random numbers. [n practice, this means that there is no quantum interference
between rwo different wembers of the ensemble.

Consider a quantum systemi whose instantaneous wave function at time f is
W(x, 1; X}, where x denotes all the coordinates of the system, and X those of
the enviromment, such as a heat reservoir. We can expand the wave function in
terms of the eigenfunctions ¥ of the Hamiltonian H of the system, with energy
eigenvalue E:

Hirg = Egtf. {12.47)
The expansion has the form

V(5 EX) =) calX, Wl
i

Zdec“;c,l =1,
n

The expansion coefficients ¢,4(X, ) contain all the dependences on ¢ and X, [f the
¢y are definite complex numbers, then ¥ corresponds to one pure quantuin state.

{12.48)
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When the relative phases of ¢, are regarded as randont nunbers, then ¥ represents
an incolterent superposition of states — a quantum ensemble,

The phase of ¢, (X, t) is of course a definite number, But, due to the complexity of
the environntent, it is an extrentely sensitive function. It changes by a large multiple
of 2, under even the slightest changes in X and ¢, This is the physical reason why
the pltase is essentially randotn, This idea is implemented in the following manner,

The expectation values of any observable O is given by

(0, 00) =" GO, {12.49)

pv]

where Oy, is the matrix element:

O = f AvE(x)OPix). {12.50)

The thennal average is obtained by integrating this over the coordinates of the
environment, and averaging the result over tinie:

{0y = fdxup ow) = Zo,,,,,f dX ctcy, {12.51)

wliere an overhead bar denoles averaging over a time interval which is large
compared with the relaxation time, but small on a macroscopic scale.
The assumption of random phase is the statement

f dX c5(X, Dea(X, =0 fa£m, (12.52)

That is, the relative phase varies sorapidiy and erratically with tiiue that it averages
to zero. The thennal average now takes the fonu

Zﬂ 240

= (12.53)
gt 491

where gy = [ dX|c,[2

The quanl]ml ensewble is defined by p,,, the relative probabilities for the occur-
rence of the ath energy eigenstate, We can define an operator p, the density matrix,
whicl is diagonal witl respact to energy sigenstates, with eigenvalue gy:

{nlp|m) = Bympn, (12.54)

wliere |n} is an energy eigenstate of the systemi In temus of some other sets of
states, of course, {n|p|m) will not be diagonal, in general. The thermal average
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cau now be written as

T p O
10) = fr(fp)

\ {12.55)

where Tr denotes the sum of diagonal elemients. This formwula is independent of
the mntrix representation. That is, it has the same value in any basis, including
ones in which p is not diagonal.

12.9 Quantum partition function
The canonical ensemblé corresponds to the choice
oy =e P {12,56)

The density matrix is given by

p= ;e_ﬂEﬂn) {n| = e FH ;h:} {n| = e~fH, {12.57)

where we have used the fact that 3, |n) {n| = 1 for a complete set, The thermal
average now takes the form

0y = T (0) 12,58
)= Tre—8H (1258)
The quantum partitfion function can be written in the form

OnlV, Ty =Tre #¥, {12.59)

wliere the frace extends over all states whose wave functions safisfy specified
boundary conditions, with the correct syunuetry as dictated by the statistics of
the particles, The number of particles N enters through the Hamiltonian operator
H, the volume V enters through the boundary condition imiposed on the wave
functions of the system, and of course the temperature suters through g = 1 /kT.
The internal energy is given by

U = (H) =-_%-1HQ {12.60)

and the free energy A(V, T} can be obtained through the formula

oA = Tre—#¥, {12.61)
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12.10 Choice of representation

The quantim partition function is independent of the clhoice of representation.
That is, we can write

Tre ™ = “{u|e ) {12.62)

where |¢} is a wember of any complete orthonornial set of states, as long as it
satisfies the boundary conditions and syrmetries of the system:

{ee|B) = Bap,
> leiel =L {12.63)

®
If we choose e} = |a), then since e ¥ |n) = e~PE|n), we have

Tre # =3 " e, (12.64)
i

From a fonnal point of view this appears to be a.natural choice, In practical
applications, however, the eigenvalues of H are usually unknown. It would then
be more practical to choose a set |«) convenient for making approximations.

Problems

12,1 A perfect crystal has ¥ lattice sites and M interstitial locations, An energy
A is required to remove an atom from a site and place it in an intefstifial, when
the number of displaced atoms, 1, Is much smaller than N or M.

{2) How raany ways are there of removing 1 atoms from V sites?
(b) How raany ways are there of placing # atoms on M interstitials?
{c) Use the microcanonical ensemble to calculate the entropy as a function of
total energy E, and define the temperature.
{d) Show that the average number of displaced atoms n at temperature T is given
by
n _ AT
N—ny(M—n) ’

Obtain z for A 3 kT, and A « kT,
{2) Use this mode! for defects in a solid Set N = M, and A = 1eV. find the
defect concentration at T = 1,000 and 300 K,

12.2 A one-dimensional chain, fixed at one end, is made of ¥ identical eleents
each of length a. The angle between successive elements can be either 0° or 180°,
as shown in the acconipanying sketch., There is no difference in the energles of
these two possibilities. We can think of each element as either pointing right { +)
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or left { — ), Suppose Ny is the number of = elements, and L is the total length of
the chain, We have

N=N,+N_,
L:a(N.‘_—N_),

An Interesting feature of this model is that the intemal energy does not depend on
L, but there is a tension r defined through

dUV =TdS +rdL.

It arises statistically, through the fact that the end wants to be free to sample phase
space.

—

==

“ 3
4 ¥
L

Find the following quantities, using the microcanonical ensemble:

{a) the entropy as a function of & and N
{b) the free energy as.a function of ¥ and ¥
{c) thetension r as a function of T, N, L,

123 A chain made of ¥ segments of equal length @ hangs from the ceifling, A
mass 2 is atfached to the other end under gravity, Each segment can be in either
of two states, up or down, as illustrated in the sketcli.

——

JL,,
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{#) Show that the partition function at temperature T Is given by

Oy = (l —+ e—mga{f:T)N .

(b) Find the entropy of the chain.

{c) Find the intemal energy, and determine the length of the chain,

{d) Show that the chain obeys Hooke"s law, namely, a small force pulling on the
chain increases its length proportionately, Find the proportionality constant,

12,4 The unwinding of a double-stranded DNA molecule is like unzipping a
zipper. The DNA has V links, each of which can be in one of two states: a closed
state with energy O, and an open state with energy A. A link can open only if all
the links to Its lzft are already open, as illustrated in the sketch,

e LT

open closed

{2) Show that the paitition function of the DNA chain is

| — o~ NHIDAKT
=T _e-&pT

{b) Find the average number of open links in the low-temperature limit £7 < A,

12,5 Consider a piece of two-dimensional graphite where & carbon atoms form
a honeycomb laftice, Assume that it costs energy A to remove a carbon atom from
a lattice site and place it in the cenfer of a hexagon to form a vacancy and an
interstifial, as shown in the skatch.

{a) Show that there are /2 possible locations for interstitials,

Yaang

Interstitlal
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{b) Conslder a microcanonical ensembie of the system, at given total energy E.
For A interstitials, find the statistical entropy for large NV and A,

{c) Define the termperature by Tl = a5/8E, and find E as a function of T, for
T—0andT — 00.

12.6 A particle can exist in only three states labeled n = 1, 2, 3. The energies ¢,
of these states depend on a parameter x = 0, with two of the energies degenerata:

€ =€ = ba® — %cx,
€ = ba® + cx,

where b and ¢ are constants.

(2) Find the Helmholiz free energy per patticle a{x,T) = An(x, T)/N for a
collection of N such parficles, assuming that there are no inter-particle
interactions.

{b) lfxisallowed to freely vary at constant T, it will assurae an equilibrium value
X that minimizes the free energy. Find ¥ as a function of T. Show that there is
a phase transitlon, and find the transition temperature. Asstme that X is small,
and expand da{x, T}/dx in a power series in x to ordar 22,

Tliis nodel can be used to describe ions in a crystal subject to a uniforra strain
characterized by the parameter x. The phase fransition is known as the “cooperative
Jahn-Teller” phase transition.

12,7 Setup the partition function of a classical relativistic ideal gas and obtain the
free energy in terms of an integral. In the non-relativistic and the ultra-relativistic
limits, show that the chenucal potentials are given by

Non-relativistic: g = me>+ kT In(ud®) (A= ,f?:r?z.zfnlkT),
Ultrarelativistic: g = &T ln(nL%) (L = m*PhefkT).

12.8 Consider a non-relativistic free quantum gas obeying “Boltzmann statis-
tics.” This means that the paticles are regarded as distinguishable; no particular
symmetry is imposed on the wave function with respect to the exchange of parti-
cles. (It would be niore accurate to refer fo this case as “no stafistice’™.) Calculate
the quantum partition function, and obtain the equation of state.

12,9 Consider a collection of N non-inferacting one-dimensional harmionic
oscillators, with total Hamiltonian

N 2
pi 1 a9
Hip,q)= E |:—+—mw q,].
oy 2m 2

{a) Calculate the classical partifion function, taking the phase-space element to
be dp dg/r, where t is an arbitrary scale factor.
(b) Obtain the entropy, intemal energy, and heat capacity.




172 Canontcal ensemble

12,10 Considerthe ¥ non-interacting harmonic oscillators in quantum statistical
mechanics.

(8) The problein of distinguishable hanmonic oscillators is the Einsteinmodel of a
solid studied in Problem 10.1. Find the frae energy via the partition function.
Go to the high-temperature lumit, compare the resuits with that of the last
problem, and determine the scale factor r in the classical problem.

{b) Write down the quanturn partition function for ¥ indistinguishable harmonic
oscillators, for Bose and Fermi statistics. You need not evaluate them.

12,11 Consider a system of N non-imeracting spins, whose energies in a
magnetic field B are given by £=£¢B. Ignore translational motion.

(2) Calculate the partition function Q.

{b) Calculate the average magnetic moment {).

{c) Find the mean-square fluctuation {Mz) —{M )2.
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Grand canonical ensemble

13.1 The particle reservoir

The grand canonical ensemble is built upon thie canonical ensemble by relaxing
the restriction to a definite number of particles. The relative probability of finding
the system with IV particles at temperature T, in a voluime V, is taken to be

AW, V, Ty =N On(V, T}, (13.1)

where 7 = ef¥ is the fugacity. The chemical potential £ is a given external param-
eter, in addition fo the temperature. The system exchanges energy with a heat
reservoir at temperature T, which defermines the average ensrgy, and it exchanges
particles with a “particle reservoir” of cliemical potential g, which determines the
average number of particles. A schiematic representation of the ensemble is shown
in Fig. 13.1.

The grand canonical ensemble is a more realistic representation of physical
systems than the canonical enseimnble, for we can rarely fix the total number of
particles in a macroscopic system. A typical example is a volume of air in the
atmosphere. The particle reservoir in this case s the rest of the atmosphere. The
number of air molecules in the volume considered fluctuates about a mean value
determined by the rest of the atmosphere.

13.2 Grand partition function

The ensemble average in the grand canonical ensemble is obtained by averaging
the canonical average over the number of particles N. For exantple, the internal
energy is given by
TP ExzOn
T TS Na,
> Non

where Ey is the average energy in the canonical ensemble:

(13.2)

3
Ey = _E in Ox. (13.3)
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Heat reservoir T

Particle reservoir 1

Figure 3.1 Schematic representation of the grand canonical ensemble. The system
exchanges particles with z particle reservolr with fixed chemical potenual,
and exchanges energy with a heat reservoir at fixed temperature.

It is useful to introduce the grand partition function:

o
Q@ V.Ty= Y 2 Ox(V.1) (13.4)
N=0
in terms of which we can write
U= 31Q~VT) 13.5)
E= 38 n&Nz, V,T). (13.

In the thermodynamic limit ¥V — ©0, we expect that

1 .-
len O v, 1) iy Finite limit. {13.6)

13.3 Number fluctuations

The average number of particles is given by
In O, V,T). (13.7)

Specifying & determines the cheinical potential g = kT In z. The mean-square
fluctuation can be obfained by differentiating again with respect to z:

(e, V,T)=
az ag V. T) PR 0'Y

—N_W".

TN%or [z NZNQN]Z
> NoN
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In tenms of the chemical potential we can write

a9 du 8 a9
F— =3—— =kI—. 13.8
“3z oz e 173 (13.8)
Thus
- =2 2 32
N2 —N" = (kT)" — In Q(z, V. T). {(13.9
Bp?

Dividing both sides by V2, we have the density lluctuation

. 2 a2

Assuming (13.6), we see that this vanishes like v~ in the thermodynanic 1init,
and makes the grand canonical ensemble equivalent to the canonical ensemble.

13.4 Connection with thermodynamics

Assuming that the number fluctuation is vanishingly small, we need to keep only
the largest term in the sum over N:

Q@ V. 1y =iy 2 OV, T) = 1n [ 0p(v. 7))
N=0

- N
=Nlnz+InQg(v.T) = ﬁ +in Qg (V. T), (13.10)

where N is the average number of particles. Now put

On(V,T) = e~#4VD),
An(V,T) = Na(w.T),

where a(v, T) is the free energy per particle, and v = ¥ /N. Then we have

nQ{V,T) = % e — a(v, T}z (13.12)

where ¥ = Vfﬁ'.
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The pressure is given by a Maxwell relation:

_ BAN(V,T)] 8
P= [— wr o AV Na(v. Dln

av
da(v, T} da(v.T)
=—N = — . 13,13
v av ( )
The chemical potential is given by
ANV, T) dalv,T) ‘
= [T V.T_a(v_.T)+N aN (13.14)
Since
da(v,T) 3a v V da 13.15
3N T waN N3 (1315
we have
da(v, T
p=av,T)—v at, ) (13.16)
av
Thus we obtain the thermodynamic relation
uw=alv,T)+ Py, (13,17
Using (13.12) we obtain
PV
| V.= —, 13.18
it Oz V. T) T { )

and combining with (13.7) Ieads to the equation of state i parametric form:

P i
k_T — F ll'l Q(-‘-p VsT)
l

v

, (13.19)
z— InQE v, T).

n=

&

For sinplicity in nofation, we e omitted the overhead bar indicating ensemble
average, as in # = N}V, since there is no danger of confusion here.
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13.5 Critical fluctuations

We can now express the density fluctuation tn terms of measurable thenmodynamic
coefficients. From (13.10) and (13.18), we have

— T 3P
w2 — A== k——
V du?
Front (13.16) we obtain

du aza(v) apP

= =y, 13.20
ay v v vﬁv' ( )

where the dependence on T is left understood. Thus

3P 3Pav _ aPfdv |

E_ g.ay. T dufev v

13.21
alp 1 3v  &r ( )
ap? Vidp

wlere
L2 13.22)
=75\, (13
is the isothennal compressibility. Thus we obtain
-7 kTwr
—_— (13.23)
in 14

When V — 00, this vanishes unless &y — ©0, which happens at the critical point.

The strong density fluctuations af the critical point occur on a molecular scale,
where the atoms conte together momentarily to form large clusters, only to break
loose again. The scattering cross section of light is proportional to the mean-square
fluctuation of density, and becomes very large at the critical point. This gives rise
to the phenomenon of critical opalescence. In CO», the intensity of scattered light
increases a million fold at T; = 304 K, P; = 74 atm, and the normally transparent
liquid turns milky white.

During a first-order phase transition, the pressure is independent of volume in
the transifion region, and one might think that #r = o0; but this is not so because
& refers to the compressibility of a pure phase. In the transition region, the system
is a mixture, and the compressibilifies of the components remain finite. It Is frue
that the density of the mixture will fluctuate, if there is no gravity to keep the two
phases apart; but such fluctuations occur on a macroscopic scale, and do not lead
to opalescence. This is illustrated in Fig. 13.2.
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Densiry fluctuates
on molecular sale

Densixy fiucruates
on macroscopic scale

Figure 3.2 Criucal opalescence at the eritical point Is due to the Intense scartertng of
light by density fluctuartons on a molecular scale. Density fluctuations on a
macroscopic scale, such as that in a liquid~ges mixwre, does not scarter light
as strongfy.

13.6 Quantum gases In the grand canonical ensemble

For the quantum ideal gases, we can represent the energy eigenvalues in the form

En} = Z RKER, (13.24)
k

where ny is the occupation number of the single-particle state with wavevector k,
energy €x — ﬁzkzﬁm. The statistics is specified through the range ny = 0,1 for
fermions, and ny = 0, 1, ..., o0 for bosons, The canonical partition function is

On(V.Ty= Y e Fil (13.25)

(m
Fing=N

where the sum is over all possible sefs of occupation numbers {n} subject to the
condition 3 #x = N, This constraint makes i impossible to calculate this sum.
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Consider now the grand partition function:

Q@ v,.Ty=Y N On(V.T)
N=0

o
=Y Y e FMa (13.26)
N=0 [m)

Fire=N

where we have replaced the power N inz¥ by 3 41,. The double summation now
collapses to a single sun over {»} withouf constraint:

oQ
=>. (13.27)
N=D {m [ur}
Epm=N
On the left side we first sum over the set of occupation numbers with a given N,
and then sum over all ¥. On the right we have exactly the same sum, except that
we don't bother to regroup the tenns. We can finther rewiite

e funs = [T [ [ (7)™ = [ [(=)™. (13.28)
q k k
Thus
Q(Z, V. T) = Z zz-?ﬂ'l 3-32%&
(g veusf

= HZ (zeFo)" ; (ze~Pay" ..

(T (1 +ze“ﬂ“=) {Fermt).

= - 13.29
[T (1 —ze=#%)™" (Bose). (12.29)
The average occupation nuntber is given by
1 5 1 3
) = ————— ¥ mpeHReFEEkE — 13 Oz, V, T)
) = BVt & pae
1 ( + : Fermi)
= 13.30
cleBa 1 (—:Bose) (239
We go to the limit ¥ — 00 and obtain the equations of state
P_1, QzvV.T)y== : fmduc?l | £zefa (13.31
—=—InQ(,V.T)=+— tk° In ze . 3.
iV 272 Jo (1 227 )

Making a partial integration using

2 K Lol |
[ ey =00 — [ akszsio, (13.32)
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we obtain
2 f d’k &« _2,
T 3) @Y zlefr ] 3

This agrees with the result obtained in the microcanonical ensemble in Section 8.9.

(13.33)

13.7 Occupation number fluctuations

To calculate the mean-square fluctuation in the average occupation mumber of the
ideal gases, we start with the formula

1
() = — ane‘ﬂz““‘t““”. (13.34)
o}

Differentiating botly sides witl respect to e fork £ 0, we have

3 13
st =B S e 228 S e, (1335)
€K

(Ml QF dex (A}
The last term: on thie right-hand side is of the form
a
_AmG s = Blmy> (13.36)
dey
Thus
3

—{mc) = —Bing) + By (13.37)

deg
or

{rz?:} - {nk}2 = —li{nk)

B deg
_ e~Fe—p) ( — : Fermi) 13.38)
- [1 :I:e‘ﬂ(fi“#?]z { +: Bose) (13-
This can also be rewriften as
— 1 Fermi ‘
{"l%} — {rak}2.= () F {m:}z E +: Bose)) (13.39)

The result for Fermi statistics is obvious, because ni = 5y . The above formulas

are derived assuming k 3 0. This makes little difference in the Fermi case. In the
Bose case, it excludes the fluctuation of the Bose—Einstein condensate.

For a macroscopic systeny, the energy levels form a confinuum in the therniody-
namic 1imit, It is then more relevant to consider a group of states. It can be shown
that the fluctuation in the occupation of a group of states with k £ 0O is always
normal (see Problem 13.11). The fluctuation of a single state is relevant only for
the Bose—Einstein condensate. If can be sliown that the condensate fluctuation is
larger than normal (see Problem 13.12).
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13.8 Photon fluctuations
According to (13.39), the fractional fluctuation in the occupation of a single state
for bosons is given by
(nd) — {(m)? 1
{mc? T i

7+ (13.40)

where k £ 0. This is always greater than 100%, and +was experimentally observed
by Hanbury-Brown and Twiss (Hanbury-Browit 1 957) i an almost monochromatic
beam of photons from: a thermal source.

Their instruntent is schematically illustrated in Fig. 13.3, A half-silvered mirror
splits the light beam in two, and the intensity of one of the beams is measured at
time ¢, and the other is measured af time ¢ + r. The product of the infensities is
then averaged over ¢. This is Equivaleril to measuring the infensity of a single beant

at rwo different points separated by a distance cr sinmltaneously, and averaging.

the product of the intensities over time.

We shall nof go into quantitative details, but just report that phiotons were found
to arrive in bunches. Since the Infensity at a particular location gives the photon
occupation number in the thermal source at an earliertime, the bunching of photons
indicates that the occupation number strongly fluctuates in time.

Purcell (1956) has given an infuitive explanation wliy monochromatic photons
fluctuate in number. Think of a photon beam in a cavity bouncing between walls,
or one that came out of the cavity. In the real world, no beam can be exactiy
monochromatic, for that would comespond to a plane wave that fills all space. The
photon beam therefore consists of a stream of random wave frains, each containing
one photon, with length of order ¢ /A v, where Av is the uncertainty in frequency.
Forsmall Aw the wave train can be very long. QOccasionally two trains will overlap,

]
/

]
Thermal
source
t+7
ﬂ t t
O > O
! €1 H

Figure 13.3 In the experiment of Hanbury-Brown and Twiss, a light beam from a thermal-
tzed source is split, and the intensities are measured at the two ends with time
difference ©. This Is equivalent to taking Instantaneous measurements along an
unsplit beam at a distance ¢ apart, where ¢ Is the velocity of light.
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and when that happens one gets either O or 4 photons. This is why the photons
appear bunched together.

The phenomenon observed can be quantitatively explained in terms of classical
electromagnetic waves, and it has been questioned whether it has anything to do
with Bose statistics. The answer is yes, because the Bose statistlcs allows many
photons to be in the same state, which leads to a classical electromagnetic wave
when the number is large enough.

1t should be mentioned that a laser beam does not show fluctuations in intensity.
That’s because a laser is not in a thermalized stater it is a coherent superposition
of states with different numbers of photons.

13,9 Palr creation

The grand canonical ensemble includes systems with different particle numbers,
with a mean value ¥ determined by the chemical potential. This makes sense only
if N is a conserved quantity, for.otherwise the chemical potential would be zero,
as in the case of photons. In the everyday world, the truly conserved quantity is
N — N. where N and ¥ are, respectively, the nunmber of atoms and antiatoms, 1t
appears that N is conserved only because there are no antiatoins arcund at room
temperature.

We consider an example in which both parficle and antiparticle are important.
This is the case of electrons and positrons in the interior of a star, which can be
pair-created and pair-annihilated through the reaction

et + e~ = radiation, (1341

where the radiation consists of photons with a Planck distribution at a very high
temperature, The reaction establishes an average value for the conservéd quantum
number N — N_, where N is the number of positrons and electrons, respectively.
To find the equilibrium condition, it is not necessary to know the transition rate,
which determines how long it will take to establish equilibrium.

The grand partition function is given by

Q=> > Monon, (13.42)
N, =0N_=0

where Oy is the partition function for a free electron or positron gas. Writing
On = e #4¥ andz = ef*, we have

o .

mQ=1nY > exp|{—plAw +An_ — v —N)]}. (13.43)

N —ON_—0
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Assnming that the fluctuations of Ny are small, we keep only the largest term in
the sum, which is determined by the conditions

ad
'EAN*' =1,

3
— Ay = —v,
aN_ -

(13.44)

Thus, the chemical potentials of the two gases must be equal and opposite:

e+ =0, {13.45)
where @ = Ay /AN, This will detenmine the equilibrium ratio of electrons and
positrons.

Assuming kT « mc2, we nse the non-relativistic 1imit (See Problem 12.7)

u=kT In (HJLS) + mc?, {13.46)

wlere A = .‘szn’ﬁzﬁilch is the thermal wavelength, It is important to keep the rest

energy mc’. because we are considering reactions that convert niass into energy
and vice versa. The condition for equilibrium is then

&T {in (m2°) + 1o (n_2%)] + 2mc® =0, (13.47)
where ny = Ni/V. We can rewrite the formula as

nn_ = A b2/ {13.48)

Assuming the initia] value

H_.— Ry = Hg. {(13.49)
where ng = 0, we obtain

n_zl_ + mgny — A8 ST _ @, {13.50)
For ny fng < 1, the solutions are

e U omepr
e
ny  Ang

3

| {13.51)
H_ "

. .y

ng + 26n3 ¢
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Problems

13.1 A lattice gas consists of My sites, each of which may be occupied by at most
one atom. The energy of a site is € if occupied, and O if empty. The atoms are
indistinguishable.

{(a) Calculate the grand partifion function Q(z, T) at fugacity  and temperature 7.
{b) What fraction of the sites are occupied?
{c) Find the heat capacity as a function of T at fixed z.

13.2 Carbon-monoxide poilsoning happens when CO replaces Oz on Hb
{hemoglobin) molecules in the blood strean. Consider a mode! of Hb consist-
ing of N sites, each of which may be empty {energy 0). occupied by O (energy
€1), or occupied by CO (energy €). At body temperature 37°C, the fugacities of
Q5 and CO are, respectively, 7; = 10~ and z=10""

(a) Consider first the system in the absence of CO. Find €} (in eV) such that 90%

of the Hb sites are occupied by Q.
(b) Now admit CO.Find 3 (in eV) such that 10% of the sites are occupied by Oa.

13.3 Gas molecnles can adsorb on the surface of a solid at ¥ possible
adsorption sites. Each site has binding energy ¢, and can accommodate at
most one molecule. The adsorbed molecules are in equilibrium with a gas
surrounding the solid (see sketch). We can treat the system of adsorbed
molecules in a grand canonical ensemble with temperature T and chemical
potential ft.

Gas of molecules

o ® ®
® o o 9
®

Adsorbed

molecules

{a) If there are M adsorbed molecules, what is the energy E(M) of the system?
What is the degeneracy I'{M) of the energy?

{b) Write down the grand partition Tunction of the systein as a sum over M,
Determine the thermal average # as the value that maximized the summand.

{c) Suppose the gas surrounding the solid has pressure P. Calculate #f using the
ideal-gas expression for ¢

{(d) Find M2 — §f2,
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13.4 {a} Calculate the isothermal compressibility of a van der Waals gas near
the critical volume, with T — T, from above. Use the reduced {formn of the
equation of state, with the critical point locatedat P =V =T = 1.

(b} Describe how the density fluctuation diverges when T — T; from above.

13.5 InSection 13.9 we worked out the equilibrimmn distribution of electrons and

positrons in the low-temperature limit k7 < mc?. Solve the problem in the ultra-

relativistic linit. In the high-temperature limit kT < mc?, The chemical potential

in this limit is given in Problem 12.7;

s kI (nL3) .
7w %%he
kT

13.6 A chemical reaction, such as 2H; 4+ O3 = 2H50, can be denotad in the
form

VXt wXo - = uY i+

Taking us = —w;, we can rewrite this as

Z wX; =0,

?

The numbers v; are called stoichionietric coefficients. Consider a mixture of N
molacules of the type X;.

{a) Show that in a chemical reaction the changes dN; in the numbers satisfy the

relation
8N, 8Ny

vt V2
Thus, &N/ is independent of £, and we can put §N; = 8N, where ¥ is
some constant.
{b) Assume that the total Helmholtz free energy of the mixture is the sum of those
ol the components. Minimize the ree energy by varying Ny at constant volume
and temperature, and show that in thermodynamic equilibrium

Z mivp =0,
T

where p is the chemical potential of the 7th coniponent.

13.7 Apply the results of the last problem to 2H; +02 = 2H50, treating thecom-

ponents as classical ideal gases. Number the components 1, 2, 3. The masses are

my = 2m, mo = 32m,m3 = | 8m, where m is the nucieon mass, The stofchiometric

coefficients are v =2, wm = |, v3 = 2,

{a) Show that there are rwo conservation laws: ny — 2mp = A, and iy +n3 = B,
where A, B are constants.
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{b) Assume that initially there was no HpO, that Hy and O» werve present in the
ration 2:1, and that the density of Ha was np. Find the equation determining
n fnp s a function of temperature, and solve it in the high-temperature and
low-temperature limits. Give the results for ny /ng and n3/ng.

13.8 The equation of state of a P-V-T system can bé wriiten in the parametric
form

where A = / 2k /mkT, and by are coefficients known as “cluster integrals™, with

bi=1.

{a) Find b, for the ideal Bose gas and the ideal Fenni gas.

(b} For low densities, we can expand the pressure in a power series in the density
# =N /V called the virial expansion:

PV ‘ 3 3 42
T = 1-+a2(). n) +as (l n) +--,
where a; is called the £th virial coefficient, They can be expressed in terms

of the cluster integrals by eliminating z from the parametric equation of state.
Show that

@& = _b?..-
ay = 4b% — 2b;y,

13.9 Consider an ideal Fermi gas of & spinless particles, with single-particle

states labeled by a set of quantum nwmnbers {A}. Denote the energy levelsby ¢,

{a) Suppose the energy spectriun consists of a bound state of energy —B that is
g-fold degenerate, plus the usual free-particle energy spectrum e — 122 f2m.
Assume g = aV, where V isthe volume, and a is aconstant. Give the equation
of state in parametric form.

(b} Find z at high temperatures, as a function of temperature T and density #. to
lowest order.,

{c) Inthe same approximation, find the pressure P, and the densities np and 5y of
bound and free particles, raspectively.
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13.10 For an ideal quantum gas show that

1 3
{mcng) — {m) (mp) = —EE("p} (k#ph
Since {np} does not depend on e, this gives

(g — () (mp) =0 (k £ p).

{Hint: Differentinte the grand partition function with respect to e, and then ).

13.11 We have obtained the fiuctuation for the occupation of a single state. For
a macroscopic system, the energy levels fonm a continuum, and it is more relevant.
to consider a group of states. Let o be the occupation number of a group G

ag = Z Hic.
ke

Show, with help from the result of the last probleni,

e — (o) = (U} F Z(’H:}z { — : Fermi} 4 : Bose)
kst

In the imit ¥ — oo, the sum )y approaches an integral v(2r) f k. TIf no
level is macroscopically occupied, then the right-hand side is of order V, while the
left-hand side is of order V2, In that case, the fluctuation is nonmal. This is always
true for the Fermi case, and is also true for the Bose case in the gas phase.

13.12 Condensate fluctuarion: The formulas for occupation-number fluctua-
tions given so far have excluded the zero-momentum state. The missing informa-
tion is relevant for an ideal Bose gas in the region of Bose—Einstein condensation.
Show that the condensate fluctuation is above normal, as follows.

{a) Show that the number of particles in the condeusate has a meon-square

fluctuation
(o) — mo)” =3 [t — (m)”]-
t?éﬂ

(Hint: Use the definition ng =N — 3, 4 ne.)

{b) Show that the fluctuation is proportional to V43 when T' = T,. (Hint: In the

* thermodynamic limit ¥V — 00, the sum on the right-hand side diverges at

z = 1. Keep V large but finite, and estimate thte asymptotic ¥ dependence. To
do this, you must consider how the energy levels merge into a continuum for
large V. Use periodic boundary conditions.)
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The order parameter

14.1 Broken symmetry

Nature does not always favor the most symmetrical arrangement, contrary to meta-
physical expectations. Aristotle held that planetary orbits must be circles because
thiey were “perfect” —apparently ey are not. Another example is given in Problem
4.1,

As a rule, matter at low temperatures goes into a phase that doas not possess
the intrinsic symmetry of the system. Atoms solidify into a crystal lattice, which
violatesthe translational invariance of the Hamiltonian: Tle atomic spins ina ferro-
magnetic material line up along a definite direction, violating rotational invariance.
Wlhen the Hamiltonian is invariant under a certain symmetry operation, and the
ground state is not invariant, that symmetry is said to be “spontaneously broken™.

Suppose Pis a symmetry operation under which the Hamiltonian X is invariant,
and ¥y is a ground state wave function. We liave

HYy = Eg\¥yp,
P'HP=H, (14.1)
This means that

P HPW, = By,
H{PWy) = Eg(PYy). (14.2)

1f Py is a different state from Yy, it is an equally valid ground state, Therefore,
if the symmetry is broken, the ground state must be degenerate.

In the breaking of a continuous symmetry, the ground state must be infinitely
degenerate. For a ferromagnet, the total spin of the system must point along a
definite direction, but it can be any direction in space. A consequence of this
degeneracy is the existence of spin wave excitatlons, in which the spin direction
varies slightly from point to point in space, as ilfustrated in Fig. 14.1. In the long
wavelength limit, the excitation energy is vanishingly small, because locally the
system isin a possible ground state. This is call a “Goldstone mode”, the signature
of a broken continuons symmetry {See Huang 1998, Chapter 15).
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Equivalent ground states

1177/~

Spin wave

Figure 14.] Broken rotational symmaetry: A ferromagnet has an infinite number: of degen-
arate ground states, although the system can be In only one of them,
The symmetry Is exprassed through the existance of spin waves, In which
neighboring points In this system are In slightly different ground states.

The physical origin of spontaneous magnetization is the attraction between par-
allel spins. They prefer to be aligned and rotate as a block. However, this tendency-
towards organization is opposed by random thermal fluctuations, and the bal-
ance between these opposite forces determines thie average block size at a given
temperature. At high temperatures, the block size is small, their random spin ori-
entations cancel each other, and there is no net magnetization. As the tempermture
is decreased, larger blocks become more stable, and it becomes increasingly rare
that the block-spin direction will change as a result of thermal motion. This is
because changing the block-spin direction requires the spontaneous cooperative
rotation of the individual spins, and this is very unlikely for large blocks. Broken
symmefry comes about because the system gets trapped in some configuration for
a very long time. That is, it originates from a failure of ergodicity.

The competition between spin alignment and thermal motion can be seen in the
free energy A = U — TS, where U prefers minimization through spin alignment,
whereas § seeks maximization by randomizing the spin orientations. When T is
decreased, the forces of alignment gain favor, and win at T = T;, where U/ —
TS = 0. The emergence of spontanzous magnetization gives rise to a sharp phase
transition in the thermodynamic limit. The rotational symmetry is broken in the
low-temperature phase, and “restored” in the high-temperature phase. The main
subject of this chapter is a phenomenological theory of such a phase transition,
which is generally of second order.

From the spontaneous magnetization we abstract the notion of an “order parani-
eter”, whose emergence below a critical temperature marks a symunetry-breaking
phase transition. Some physical examiples of the order parameter aré given in
Table 14.1.

14.2 Ising spin model

We illustrate spontaneous symmetry breaking in a simple mode! of {erromag-
netism, the Ising spin model, It consists of a lattice of two-valued spins s; = &1
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Table 14.] Order parameters

System Order parameter Symmetry broken
Ferromagnet Magnetizatlon Rotational Invarfance
Antiferromagnet Staggered magnetization Rotatlonal Invarfance
Coexlsting liquid-gas  Density difference Spatial homogenalty
Superfluld Condeansare wave function  Global gauge Invarfance
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Figure 14.2 EBxamples of lsing spin model, In 2D. % denotes the number of nearest
ne{ghbors,

in a D-dimensional space. The number of nearest neighbors to any given site is
denoted by x. Some 2D examples are shown in Fig. 14.2. We assume that the total
numiber of sites &V is so large that physical results are independent of the boundary
conditions,

A spin configuration is denoted by {5} = {1,352, ..., 55}, with energy given by

Efsf=—€) sis—h) s, (14.3)
@ :

where {ff) denotes a nearest-neighbor pair of sites, and A Is a unifonn external
magnetic field, The magnetic moment of a spin is unity in ourunits, The constant €
is positive for a ferromagnet, and negative foran antiferromagnet, We shall assume
€ = 0, The canonical ensemble average of the total spin Is the magnetization

P e FER 5
Z{s} e_ﬂE{S} ?

where f =. 1 /kT. We call this the order parameter.

Mh) = (14.4)
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When h = O there Is up-down invariance: E{s} = E{—s}. Thus, it szems
that spontaneous magnetization is impossible, for, by changing the variable of
surnmation from {s} to {—s}, we find M{0} = — M(0}, and therefore M(0) = 0.
The resolution of the paradox Nes in the argument we gave earlier: in the limit
N — 00, at sufficlently low temperatures, the system cannot sample all available
configurations in finite time. Mathematically, this is expressed through the fact
that, at sufficiently low temperatures, the limits A — 0, and N — 00 do not
commute:

llm Ym M(hy =0,
N—oo i—0

lim lim M(h)#0. (14.5)
Ii—0 N—o0

The second limit corresponds to spontaneous symmetry breaking,
We shall find M(h) using an approximate method. The energy of a particular
spin 5 is given by
w(s) = —sth —es Z 5, (14.6)
on

where un means “nearest-neighbor to™. The mean-field approximation consists of
replacing each nearest-neighbor spin by the average spin per particle, denoted by

ni(hy = Mk (147
Thus, the sum over nearest-neighbor spins yields a factor xm:

wis)) = —[h+ exm] s;. (14.8)
The spin s; sees an effective magnetic field

hof = h+ xem. (14.9)

1n thermal equilibrium, let there be N, up spins, and N_ down spins in the system.,
Their probabilities must be given by

Ny e:‘:ﬁhd‘é

N = Fha - oFler (14.10)
Thus, the average spin is
Ny —N_  ePlar _o—Phs
METN = Pl + o Pha
= tanh (Bher) . (14.1D
Using (14.9), we obtain the seli-consistency condition
m = tanh (B (h + xem)), (14.12)

which can be solved graphically, by plotting the left-hand sides and right-hand
sides on a graph, and finding their intersections,
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Figwe 143 Graphical solution for the magnetic moment per particle, m. In the mean-
field theory for nonzerc external field. Thera Is always one root representing
Induced magnetization.

G (b)

[=]
-

Figure 14,4 For zero external field, spontaneous magnetization occurs when the slope of
the curva at the origin exceeds unity,

In Fig. 14.3, we show the graphical solution for the case h 3£ 0, The plot of the
right-hand slde does not vanish at the origin, and there Is always one and only one
root, glving an induced magnetic moment.

1n Fig. 144, we illustrate the case i = 0. The plot of the right-hand side is
symmetric under a reflection about the origin. 1f the slope at the origin is less
than unity, as shown in panel (), there Is no root other than m = 0, and hence no
spontaneous magnetization. When the slope is graater than unity, as shown in panel
{b), there are two equal and opposite roots Zm. There is still an intersection at
m = 0, but that gives a higherenergy. We must choose one of the two roots, thereby
breaking the up—down symmetry. The condition for this to happen is Sye = 1.
and the critical temperature T; is given by

kT, = xe, (14.13)

The magnetization as a function of temperature locks like that in Fig, 1.5 in
Chapter |, There is no spin wave in this modzl, because the broken symmefry
is discrete instead of continuous.
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Spacific heat

0 T.
Figure 14.5 Specific heat of [sing spin mode! In the mean-field approximation.

11 the mean-field approximation, the Intemal energy of the particle s
U = —Mhegr = —Nmi(h + ETgm). (14.14)
The specific heat at constant external field at =0 is given by

WY a
C==— (— = —2kTym—, (14.15)
N-\aT h=0 aT

lts qualitative behavior is depicted in Fig. 14.5,

The nmean-field approximatlon is not correct in details, 1t predicts a phase tran-
sition independent of D, but actually there is no phase transition for D = 1,
Nevertheless, it illustrates in a simple way how spontaneous magnetization can
suddenly arise, in a theory dealing only with continuous functions. This idea
inspires a more elaborate theory of the order parameéter, which we discuss next,

14.3 Ginsburg-Landau theory

The Ginsburg-Landau theory is based on the view that second-order phase transi-
tions have universal properties, in that they depend only on the nature of the order
parameter, independent of the finer details of the system,

We ignore all the microscopic details of the system, and describe it only through
a field ¢(x) in D-dimensional space, which is modeled after the magnetization
density. The statistical ensemble describing the system is the collection of all
possible functional forms ¢, welghted according to a Boltzmann factor o~ PEI#]
where E[¢] Is a functional of ¢, called the Landau free energy, postulated to have
the form

El¢] = f dPx B V()2 + QUP(x)) — h(x)ti’(x)] . (14.16)

Note that there is a kinefic term |V¢|2, a potential (¢}, and an extemal field
h(x}. The kinetic tenn imposes an energy cost for a gradient in ¢, and drives the
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system towards uniformity. The potential is chosen as a power series in ¢ with
2vell powers:

QPE)) = rod*(x) + Hod*(x) + - - (14.17)

This gives the system an “up—down” symmetry, with respect to ¢ — —¢. The
parameters rg and ug are functions of the temperature, We require g > 0, so that
E[¢]has alowerbound:, but rg can have either sign. Infact, a phase transition occurs
when ry changes sign. In ainore general model, we can consider a multi-component
¢, for example a complex number, or a vector quantity.

Note that a functional such as E[@] is a number whose value depends on the
functional form of ¢. In contrast, a function such as Q(@(x)) is a. number whose
value depends on the value of ¢ at x,

Ourobjectisto describe the phase fransition corresponding to the breaking of the
up—down symmefry, The symmefry-breaking phase transition happens when the
ensemble average of ¢ becomes nonzero. Thus, the important configurations for
¢ are small near the transition point, and we keep only the first two non-vanishing
terms in the potential.

The partition function is obtained by integrating over all possible functional
forms of ¢:

O[h] = f (D) e~ PEL), (14.18)

where 8 = 1/kT, and f (D¢) denotes functional integration. We imagine that this
formuln is the result of summing over microscopic configurations with the same
¢, and that the entropy factor arising from this process has been incorporated into
the definition of E]¢] — hence the name “free energy”. The thermodynamic free
energy is given by

A[R] = —kT in O[K] (14.19)

and the ensemble avernge of a quantity O is given by

f (D¢)O e—PE4]

The functional integration can be perfonned as follows. We replace the continu-
ous space of x by a discrete lattice of points {x},x2,...}. Let us denote ¢ = ¢(x;).
A functional integral over ¢ can be approximated by the multiple integral over the
independent values {¢1. ¢n,...}:

f(D¢) f de¢ j;m degpa - -- (14.2DH

This is illustrated in Fig. 14.6. We approach the continuum [imit by making the
lattice spacing smailer and smaller with respect to some fixed scale. In the Hmit,
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lx)

-

Figure 14.6 The funcrional Intagral over ¢ can be approximared by Integrating over the
values of ¢(x)). Independently at a discrete set of x. The continuum limit Is
tajen after a physlcarqunntlty Is caleulated with this method.

the functional integration includes continuous as well as discontinuous functions.
1n fact, the vast majority of the functions are discontinuous, but because of their
large kinetic contribution, they give small contributions to the partition function.
The continuum fimit of the functional integral itself may be ambiguous, but it
usually exists for an ensemble average.

The order paraineter is taken to be

M= ( f dnx¢(x)>+ (14.22)

which is analogous to magnetization. For a uniform external field 2 we can obtain
M through

M=-" (14.23)

The susceptibility is

1 aM

X
where V is the total volume of the system. The heat capacity at constant external
field is given by

8%A
C=-T—, 14.25
272 (14.25)
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14.4 Mean-field theory

We shall not discuss the full theory involving [unctional integrals, but go straight to
the mean-field approximation. In a uniform external field #, the field ¢ fluctuates
about a constant. In the mean-field approximation we ignore the fluctuations and
put

@(x) =n, (14.26)

which is the order parameter deusity. The Landau free energy now becomies a
function E(m), which is also the thermodynamic {ree energy, and will be denoted
by A(m):

Amy=V (rgm.2' + ugmt — Izm) . (14.27)
Minimizing this leads to the equation
2rom + dugm® —h = 0. (14.28)

For h = 0 we have

(m + —) =0 (14.29)

2ug

with the possible roots 0, ./—rg/2ug . Since m mwust be real, the second pair of
roots is acceptable only if rp = 0. The potential ©2(?») has the behavior shown in
Fig. 14.7, which exhibits minima at

(ro = 0). .
m= [im (ro < 0). (14.30)

For rg = 0. the root s = 0 is a inaximum, and the system must choose between
the pwo degenerate minima, thus breaking the symmetry,

Qm Q(m)

A
° VOV

rg>0 rg=0

Figure {47 Model of a second-order symmetry-breaking phase transition. The potential
develops two equivalent minima when the parameter ry changes sign.




Critlcal exponents 197

To model a second-order synunetry-breaking phase transition, we choose
r =bt, (1430
where b 1s a positive real constant, and

T

==
T

—L (14.32)
The paraimeter #g is chosen to be independent of +. Then we have

0 it = 0), :
m= [?Hm/; ¢ <0), (14.33)

where nig = 4/b/2up. This behavior agrees with the mean-field theory of the 1sing
spin model, in the neighborhood of ¢ = 0 (see Problem 14.2), We have assumed
that the system chooses the positive minimum instead of the negative one. We can
tilt the system in favor of this choice by keeping an infinitesimally small positive
extemal field while approaching + — 0~ .

Note that the model works with continuous functions, and yet we get a second-
order phase transition with discontinuous properties such as the specific heat. This
comes about bacause the mininmum point of a smooth curve can jump to a new
value discontinuously, when the curve is continuously deformed. This s the insight
nnderlying “catastrophe theory™ (Thom 1972, Zeeman 1977,

14.5 Critical exponents

At the critical point, a thermedynamic function generally contains a term regular
in ¢, plus a singular part that behaves like a power of 1. The power is called
the crifical exponeni. The following exponents ¢, B,y are defined at A = 0
ast— O:

M ~ |¢|# (Order parameter),

%~ [f|7" (Susceptibility), {14.34)

C ~ |¢|™® (Heat capacity),
where ~ means “singular part is proportional to”. (Note that 8 here is not 1 /£T.)
These exponents should be the same whether we approach the crifical point 'rom

above or below; but the proportionality constant can be different. and may be zero
on one side. Another exponent § is defined at t =0 ash — 0*:

M~ pt#t (Equation of state). (14.35)

Critical exponents are Inferesting because they are universal, being shared by a

class of systems. An indication of this is the fact that the Ginsburg-Landau theory-
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can describe a wide class of physical systems, but has set of critical exponents
dependent only on the dimensionality of space, the number of components of the
order parameter {which is one in the mode!l we are considering) and the number
of termis in the potential,

Let us calculate the critical exponents in the mean-field theory. From (14.33)
we Immediately obtain

g = (14.36)

i
5"
At = 0 and h = 0, we substitute the value r =.0 into (}4.28), and obtain
dugm® — h = 0, Therefore

§=3, (14.37)

To calculate the susceptibility y, we differentiate both sides of {14.28) with respect
to &, obtaining

= 14.38
X 2bt + 12ugm® (14.38)
Substituting (14.33)} into the right-hand side, we have
_[emyt @ =0, ‘
= [(sbr)—‘ (t <0). (1439)
Hence
¥ =L (14.40)
Forh =0 and ¢t — 0, we have fromn (14.27) and (14.33)
A Jo (= 0), .,
v [(—b2f4llg)t2 (t <0), (141)
from which we obtain
C 0 (t = 0), ‘
v [bﬁzrc; Qug) (¢ <0). (1442)
This gives
¢ =0. (14,43)

For comparison, we list the critical exponents for various systemis in Table 14.2.
The exponent v is to be defined in a later next section. As we suspect, the mean-
field approximation is deficient, as evidenced by the fact that its critical exponents
are independent of D.
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Table 14.2 Experimental values of critical exponents from varlous systems

System o B ¥ 8 v
Maan-field theory 0 + ! 3 +

20 Ising model {exact} 0 i1 z 15

30 Ising mode! (approx} 0.12 03! 125 5 064
Experiments (D = 3) 0-0.14 032039 [3-14 45 0607

14.6 Fluctuation-dissipation theorem

We define the correlation function by

G(x,y) = {#0)e(¥)} — (@) (14.44)

1f there is no corralation between the values of the field atx and y, then the joint
average {¢{x)¢(¥}) would be the samie as the product of the individual averages, and
we would have G(x,¥) = 0. In general, the correlation is not zero, but approaches
zero with increasing distance |x — ¥|.

1na uniform external fizld, the systen is transtationally invariant, and G depends
only on x — y. For the same reason, {¢(x)} = {¢(0}}. Thus we consider

G(x) = (ple)p(0)} — {$(O)). (14.45)

According to (i4.22), the order parameter is given by

_ V [(Dg)=FE¥g(0)

] (Dg)ePEE] (1340

where we have replaced f d? x¢(x) by V$(0). Differentiating both sides with
respect to &, we obtain

L 3M B [ (Dg)e PERIp(0) [ dPx p(x)

= . 14.47
V ok T (D) e—PEIS] (14.47)
which can be rewritten as
1
= — | dPxG). 14.48
X=17 x G(x) (14.48)

This is the fluctuation—dissipaiion theorem. The dissipation refers to the suscep-
tibility on the left-hand side, and the fluctuation refers to the correlation function
on the right-hand side. This theorem occurs in various forms in different contexts.
We shall discuss its imicroscopic basis in Section 16.8,
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14.7 Correlation length

To get an idea of how correlations decay with distance, we calculate the mean field
ri{x) in the presence of an external field concentrated at one poini:

h(x) = ho8D(x). (14.49)
We can find an equation for m(x) by mininnizing the Landau {ree energy
1
El¢]= f d’x [5 VI + 1067 (6) + 0 () — hn¢<x)81’<x)] - (14.50)
The term |V"¢o(}:)|2 inay be replaced by —%¢(x)vi¢(x), by performing a partial
integration, Put
¢(x) = m(x) + 8¢ (x), (14.51)

where 8¢ is considered {o be small. The mean field is defined by the fact that the
first-order variation of E[¢] should vanish:

0 = 8E[¢] = f P [~V m(x) + 2rom™(x) + dugm’ (x) — hod(x)] S(x).
(14.52)
Since 8¢ 1s arbitrary, we must have
—Vzm(x) + 2rgm(x) 4 4Hgm.3(x) =hg Sn(x). (14.53)

This is an inhomogenous nonfinear Schridinger equation (NLSE), which occurs
in such diverse fields as plasma physics. quanium optics, superfiuidity, and. in a
relativistic version, theory of elementary particies. '

To get a solvable equation, we drop the nonlinear =’ term, arguing that m is
small for ¢ = 0. The equation becomes

—VIn(xy + 2romix) = hp8P(x). (14.54)
Taking the Fourier transform of both sides we obtain
(K* + 2m0) (k) = ho. (14.55)

where (k) is the Fourier transform of m(x) :

niky = f dPx e ® ¥ mia),

mix)y = f

k

dD
P X ink). (14.56)
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Thus

. ho ‘

Hl(k) = m, (14.57)
and the inverse transform gives

d?k T
rixy=ho |- —_—— (14.58)
) (2mP 12 + 2m
For large |x| for D = 2 we have
e— bl

ni{x} "z Cglxlﬂ (14-59)
where Cg is a constant, and

&= (2r)72 = (2by~ 12 (14.60)

is called the correlation length. lts behavior at the critical point defines the critical
exponent v:

E~t". (14.61)
According to our calculation
v=1. (14.62)

This is a mean-field value, since we have ignored fluctuations,

The correlation length £ is finite at temperatures aboye the critical point, and
sets a scale for the exponential decay of corrzlations with distance. At the critical
point £ diverges. There s no length scale at this point, and the exponential law is
replaced by a power law. According to (14.59), the power law has the form |x|>2,
but this 1s not reliable, because we have neglected the ¢* term in the potential. A
more careful analysis gives

m(x) ~ 22277 (1 = 0). (14.63)

The dimension of space seemsto havechanged to D45, which is a critical exponent
called the “anomalous diniension™.

14.8 Universality

We cannot resolve spatial structures smaller than £, because the field organizes
itgelf into uniform blocks of approximately that size. As we approach the critical
point, £ increases, and we lose resolution. At the critical point, when & diverges,
we cannot see any details at all. Only global properties, such as the dimension of
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space, or the number of degrees of freedom, distinguishes one system from another.
That is why systems at the critical point fall into universality classes characterized
by their critical exponents.

Imagine that you are blind-folded in a room, which you can probe only with
a very long pole. You can find out whether the room is 1D, 2D or 3D by frying
to move the pole. but you can leam little else. Similarly, if you put on very dark
eyeglasses, you would conclude that all places on Earth are the same, characterized
by a 24-hour light-dark cycle. To experieuce something new, you would have to
go to IMars. (Or take those glassas off.)

Problems

14.1 A highway systen is proposed to counect four cities located at the corners
of a unit square, as shown in the upper panel of the accompanying sketch. Show
that the total length of the system can be reduced by adopting either of the schemes
in the lower panel. Find the distance a that mintinizes the length.

X X

This is an example of broken synimetry. Thé invariance of the square under a
90° rotation is expressed through the fact that there are two minimal schemes that
go into each other under the rotation.

142 In the mean-field treatment of the Ising model, find the magnetic moment
M from (14.12) at 2 = 0 in the neighborhood of the transition temperaturs T,
where M is small. Show M # /3¢, hence g = %

14,3  Check the fluctuation—dissipation theorem { 14.48) in mean-field theory, by
verifying that f dp.wn(x) and y have the same critical exponent.
14,4 Verify (14.59) for D =3, i.e.

Pk KT i
m(x) = = g—venixl

2z k2 4+ 2ry T dmx|
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14.5 ‘Todeseribe a structural phase transition, for example the cubic-to-tetragonal
transition of barium titanate (BaTiQ3), it is necessary to include a strain parameter
£ in the free energy as well as the order parameter 5. Take the Landau free energy
in the mean-field approximation to be

E(n,e)= amz + brﬁ +ced nga,

where ¢t = T — T;;, and @, b, ¢, g are positive constants. In particular, g is called the
coupling constant.

(a) Minimmize the free energy with respect to £ for fixed #, to detennine 2 as a
function of #.

(b) Obtain the effective free energy for # alone. What is the new “renormalized"
value, b, of b7 _

(c) What happens to & as a function of g7 What happens to the phase transition
as a function of g7

14.6 The nematic liquid crystal used in displays can be described by an order
parameter S corresponding to the degree of alignment of molecular directions. In
the ordinary fluid phase S = 0. The transition befween the ordinary fiuid phase
and a nematic phase can be modaled via the mean-field Landau free energy

E(S) = atS® + bS> +cS*

where ¢ = T — Ty, and 4, b, ¢ are positive constants. The third-order coefficient &

is usually small.

{a) Sketch E(S) for arunge of T, from T 3> Ty, through T = Ty to T « To.
Comment on the value of § at the minimum of E(S) at each value of T
considered.

(b) What are the conditions for E{(S} to be minimum?

(c)} Find the transition temperature T;. (It is not T.)

(d) Is there alatent heat associated with the phase transition? If so, what is it?

(e} How does the order parameter vary below T;7

14.7 A system has a two-component order parameter: {gy, ¢2}. The mean-field
Landau {ree energy is

Epr, ¢2) = Eo+ at (¢} +83) + b (8} + 63)° + ¢ (6 + 63)

where ¢t = T — T, and 4, b are positive constanis.

(a) Represent the order parameter as a vector on a plane, Use polar coordinates
to write ¢y = ¢cosd, Py = ¢sind, where ¢ = ,fqbf + qb% Minimize the free
energy with respect to ¢. and showthat its minimum occurs at the minimum of

b=b+c (cos4ﬂ+sin‘t9)
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{b) Find the values of the order parameter in the ordered phase for the three
possibilitiesc = 0,¢ =0,¢ = 0.

(¢} Forc = 0, suppose the order parameter is parallel to the x-axis. Calculate the
susceptibility yy swith respect to an extemal field applied in the x-direction,
and yy in the y-direction,




Chapter 15

Superfluidity

15.1 Condensate wave function

In the ideal Bose gas, a finite fraction of the particles occupy the same single-
particle state below a critical temperature, forming a Bose—Einstein condensate.
When the particles have mutual interactions, howeaver, single-particle states are no
longer meaningful. Nevertheless, we can still define a condensaie wave function
(1), as the quantum amplitude for removing a particle from the condensate at
position 1~. Its complex conjugate y¥*(r) is the amplitude for creating a particle.

We can imagine creating a particle in the condensate by inducing a transition
into i{. As we saw in Section [0.2, Bose enhancement makes the rate proportional
to the existing density of bosons. Thus, the creation amplitude gf’-‘(l‘) should be
proportional to the square root of the density. We define |y (r, 1)|2 &’ r as the number
of condensate particles in the volume element dr, so that the total number of
particles in the condensate is

fd3r|:;:(l-) 2=N,. (15.1)

As we shail see, ¥ satisfies a nonlinéar Schrédinger equation, and differs from an

ordinary wave function in that the normalization cannot be changed arbitrarily.
We take y to be the field whose ensemble average gives the order-parameter

density for Bose—Einstein condensation. The Landau {Tee energy is taken to be

7.2
E[y,¢"] =fd3r|:ﬁ va|2+(U—u)w*w+§(w*w)2], (15.2)

where |V"1,£r|2 = Vy* - Vi, i is the mass of the particles, U(19) is an external
potential, and gt is the chemical potential that determines Np. Because of the
presence of the term (\lr*tfr)z, the normalization of ¥ cannot be changed without
changing g.

In the Ginsburg-Landau philosophy, (15.2) is to be used near the critical tein-
perature Tg, where v — O. On the other hand, (15.2) can be derived from a
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microscopic point of view (Huang | 987, Section 3.8}, as an effective Hamiltonian
for a dilute Bose gas at low temperatures, with

darah’®

ni

. (15.3)

where a is the “scattering length,” the dianieter of the hard-sphere equivalent of
an atom, The conditions for the validity of this picture are

e g1,

T <1 (154)

wheren = Np/V, and A = f 2::71?;’ mkT is the thermal wavelength, Therefore, we
can use {15.2) either in the neighborhood of T = T; or T = 0.
The grand partition function of the condensate is given by

0= [ DpxDyretH, (15.5)

where f (DY )}(Dv¥*) denotes functional integrations over the real and imaginary
parts of y independently. Being a complex number, the order parameter ¥ has
both a modulus and a phase. The Landau free energy is invariant under the phase
change

¥ — e¥y,
P¥ — e XY, (15.6)
where y is a constant, This symmetry is known as global gauge invariance, and

implies the conservation of particles, It is spontaneousty broken when the ensemble
average

(W) =g [ DRHDYH Iy (157

does not vanish, since this quantity must have a definite phase, Just as spontaneous
magnefization breaks rotational invariance, Bose—Einstein condensation breaks
global gauge invariance.

15.2 Mean-field theory

We shall use the mean-field approximation, and take {i} to be the {unction that
mininizes the Landau free energy, neglecting all fluctuations. From now on, we
write yr in place of (¥} to simplify the notation. and call it the order parameter.
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Re
Re ¢

Figure 15,1 The potential plotted over the complex y-plane, For ¢ = 0 the ground state
corresponds to some polint A, with a definize phase, thus breaking global gauge
Invariznce, The Goldstone mode corresponds to A running along the dashed
drele as the spatlal location changes.

In the absence of an external field (/' = 0), v is uniforn, and the kinetic term in
the Landau free energy vanishes:

ELy "] = V(Y. ¥ (15.8)
The potential
Qo(f, ¥*) = %I\Irl“ — |y (15.9)

is plotted in Fig. 15.1 over the complex yr-plane. For ¢ -z O the only minimum
occurs at i = 0. For i = Othe potential has a wine-bottle shape, with a continuous
distribution of minima along a trough, shown as a dashed circle in Fig. 15,1,

In the ground state r(x) is at the some point A for all space. Since it has a
fixed phase, gauge invariance is spontaneously broken. It is re-expressed through
the existence of the Goldstone mode, which comesponds to choosing a slightiy
different A for a slightly different x (see Problem 15.9),

Carrying out the minimization of £2p, we obtain

_ 0 (=0,
¥ = [ Jidg (> 0y, (15.10)

When j& = 0, there is no condensate, When z¢ > 0 the normalization condition
{15.1}) gives

_ M

v (1510
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This 1s the value of the chemical potential in the neighborhood of T =0, where
there is practically no thermal cloud, and Mg is essentlally the number of particles
in the system, In the ideal Bose gas, we have ;2 — 0 in the condensed phase, This
is no longer frue in this model, owing to the interparticle interactions represented
by g. The chemlcal potential now depends on the condensate density, giving the
condensate a finite compressibility,

We can use our model in the neighborhood of T = T, where p changes sign.
We assume as usual

1= b, (15.12)

where t = 1 — (T/T;), By comparison with (15,1 I}, we obtain

Np [ 0 (=0 (15.13)

V | brg =0

In this approximatlon, of course, all the critical exponents are mean-field
exponents,

15.3 Gross-Pitaevsky equation

From now on, we concentrate on the low-temperature aspect of the model, When
thers is & non-uniform extermal potential U(r), the order parameter is no longer
constant, Minlmization of the Landau firee energy (15,2) leads to a nonlinear
Schrddinger equation (NLSE):

n 9 2 _ :
[—Z—HV +U+gl¥l ] ¥ = uy, (15.14)

which is knoivn as the Gross—Phiaevsky equation in the present context. This can
be generalized to a time-dependent equation

n'zvi" U 2 —“fa“l' 15.15
“om? T +gly¥| ‘!’-—”a—ra (15.15)

which reduces to the previous equation if we put yr(r, £) = ¥(r.Oyexp (—itp/h).
The normalization [ d3r |t§.r|2 is a constant of the motion. The time-depandent
equation not only describes the condensate, but also the Goldstone mode (see
Problem 15.9).

Bose—Einstein condensation has been experimentally achieved in dilute gases
of bosonic alkali atoms confined in an extemal potential (Ketterle 1999}, The
condensate typically contains the order of 10% particles, with a spatial extension
of order 10~2cm. The average density is of order 102 cm—3, and the transition
temperature is of order 10~7 K. Compared with liquid *He, the density is smaller
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by ten orders of magnitude, and the transition temperature lower by seven orders
of magnitude.

At finite temperatures, a condensate is in equilibrium with a thermal cloud of
non-condensed particles. In a uniform system there is no spatial separation betwaen
condensed and non-condensed particles, and the Bose—Einstein condensation is a
condensation in momentum space. In a non-uniform potential, however, the con-
densation happens in real space, because the condensate wave function is peaked
about the lowest point in the potential, and stands above the thermal cloud. Near
the center, where the gradient of the wave function iz small, we can neglect the
kinetic term in {15,14), and obtain

P ~ é[u — U@ (15.16)

This is called the *Thonas—Fermi approximation” after anapproximation in atomic
physics,

The spatial condensation is experimentally demonstrated in Fig. 15.2, in a gas
of Na atonis confined in a harmonic optical potential formed by laser beams. The
density profiles of the gas at successively lower temperatures show the onset of

T=L7K

L2RK

0.7LK

=05 1HK

=05 UK

I I I I [
—400 0 400

Position {jtm}

Figure 15.2 Density profile of 2 gas of Na atoms confined in a harmonic optical poten-
tial, at successively lower temperaturas. Bose-Einsteln condensation occurs
at 1.7 gk, when a central peak emerges, representing the condensate wave
funcrion. The width of the peak Is 0.03 em, which Is to be comparad with a
wideh of 0.005 em of the harmonic-osallator wave function In the absence of
interparticle Interactions, After Stanger {1998).
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Bose—Einstein condensation at about 1.7 x107% K, when a peak representing the
condensate wave function begins to emerge from the background, With decreasing
temperature, the condensate grows at the expense of the thenmal cloud. Below
0.5 107 K almost all atoms are in the condensate. The condensate wave function
fits { 15:16}, with a width of about 0.03 cm. This is to be compared with 0.005 cm,
the width of the haimonic oscillator wave function for non-interacting atoms. We
see that the repulsion befween atoms broadens the peak considerably.

15.4 Quantum phase coherence

The order parameter embodies the idea of the macroscopic occupation of a single
mode, and this implies quantum phase coherence. If you pull patticles out of the
condensate one by one, conceptually speaking, you would find that theirwave func-
tions all have the same phase. This coherence is the true essence of Bose—Einstein
condensation, and can be demonstrated experimentally. The wave function of a
condensate moving as a whole can be represented by a plane wave, except near
the edges. Consider two separate condensates moving towards each other, and
eventuaily overlapping, as illustrated in Fig, 15.3. The total wave function is the
swim of the fwo wave lunctions, for an atom can be in either condensate:

Yira)y = ol 4 gpeftkar—ont) (15.17)

where C;are constants, and fiew; = ?zzkiz /2M;, where M; is the mass of the jth
condensate (§ =1,2). The density of the total system is given by

. s 3 g
Iw(’.’ r.)l2 — |Cler[k1.r—m|rj + C2er[k2-r_m20|_

= |C1I*+ | Cof* 4 2Re [} Gpe®taRidt-llwameni (15.18)

The last tem exhibits interference fringes. Fig. 15.4 shows a photograph of the
fringes produced by interference between two Na condensates.

<«
«/iw

Figure 153 Two condensates approach each other. overlap, and exhibic interferance
fringes.
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Figure 15.4 Photograph of interferance fringes produced by two overlapping condensates
of Na atoms. The separation between fringes Is 1.5 x 10~ em. Courtesy W.
Ketterle,

The ideal Bose gas has no phase colierence, unless we define it as the limit of
an interacting gas. The ground state wave function of the ideal gas is a product of
single-particle wave functions:

Wy = uglry) - -H(}(I‘N_). {15.19)

We can change the phase of eacli factor #g independently, for that merely changes
the overall phiase factor, which is arbitrary. However, if there are interactions, no
matter how weak, then the wave function acquires a correction:

W = [uo(ry) -~ o{ew)] + T (15.20)

and we can no longer change the phase of the first factor relative o the second in an
arbitrary manner. Thus, phase coherence relies on interactions, just as spontaneous
magnetization relies on spin—spin aitractions,

15,5 Superfluid flow

The time-dependent NLSE (15.15) conserves the number of particles in the
condensate. We have a continuity equation

—+V-j=0, 1521
5 TV I=0 ( )
where n is the particle density, and j is the particle current density:

jry= % (P*Vy — V). (15.22)

Putting

¥ = /ne¥, {1523
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we have

J‘=ﬂV¢=, (15.24)

m

from which we identify the superfluid velocity

v =2y, (15.25)
m

which describes a flow of the condensate without dissipation.
The circulation of the superfluid velocity field around a closed path C is

‘ y
fds.v,=ij£ds.v¢. (15.26)
C [H

m

The integral on the right-hand side is the change of the phase angle upon traversing
the loop C, and must be an integer multiple of 2:r, by continuity of the condensate
wave function. Therefore the circulation is quantized:.

;
5{ ds - vg= — (x =0,£1,22,...). (15.27)
c m

A vortex is a flow pattern with a non-vanishing vorticity concentrated along a
directed line called the vortex core. In Fig. 15.5 we show a vortex line, in which
the vorticity is contained in a linear core, and a vortex ring, whose core is.a closed
curve. The circulation is zzro around any closed loop not enclosing the voriex core.
and non-zero otherwise, as illustrated by the loop C in the figure.

A/ Vortex core

&y

Vortex line Vortex ring

Figure 5.5 Yortex line and vortex ring.
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For the vortex line, cylinderical symmetry dictates that the velocity field vs(r)
depend only on the normal distance r {Ton the voitex core. Using { 15.27), we have

2= ki
f df rve(ry = —. {15.28)
0 m
Thus
h
velr) = —, (15.29)
mr

which, according to (15.25), gives
o = b, (15.30)

where 8 is the angle around the vortex core. This phase is defined only mod(2r),
but the superfiuid velocity is unique, When r — 0, the continuum picture breaks
down at some atomic distance, which provides a cutoff to (15.29), and gives a
finite radius to the vortex core,

15.6 Superconductivity

The Ginsburg-Landau theory was originally designed to describe superconductiv-
ity. Physically, the condensate is made up of Cooper pairs, which are tvo-electron
bound states with spin zero. The order parameter satisfies an NLSE called the
Ginsburg-Landau equation:

2
[ A (V_@A) +aw+b|w|2]g}=o, (1531)

2m

where 4 and b are constants. This equation contains coupling {o a vector potentia
A, which gives an external magnetic field B = V x A. The coupling coistant ¢
is the magnitude of the electron’s charge. That is, the charge of the electron is —e
and the charge of a Cooper pair is —2e. This equation is invariant under the local
gauge transformation

A— A—Vy,
¥ — e 2efMox (15.32)

where x(r} is an arbitrary function. We shall impose the Coulomb gange condition
V- A =0. The conserved current density is given by

V= AT le2 (15.33)

As we can verify by direct calculﬂnon_. it satisfies V » j = 0. We have included an
overall factor of 2e by convention. The Ginsburg—Landau equation accounts for
all the salient manifestations of superconductivity, including the Meissner effect
and magnetic flux quantization (De Genne 1966, Chapter 6),
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15.7 Meissner effect

In a uniform magnetic field, the order parameter is uniform, and the current density
becomes

462

mc

A, (15.34)

i=-

where # = Iw,{f]2 is the density of the condensate. This is known as the London
equation. It is not explicitly gauge invariant, because we are using the Coulomb
gauge. The vector potential must of course satisfy Maxwell's equation

4o |

VxVxA=—i] (15.35)
c

Using VxVxA=V(V. A)—V2A'and V + A =0, we obtain

167¢?
(V2 - “"’2") A=0, (15.36)
e

For unifonn A, the solution is A = 0. This means that the magnetic fizld must
vanish inside a superconductor, and so should the current density, This is the
Meissner effect.

If the superconductor is imimersed in a uniform magpetic field, then the field
can penetrate into the superconductor only within a layer of thickness calied the
peneiration depth:

3

| mc
d=,———. 15.37
16men ¢ )

A current density exists in this layerto shield the interior from the extemal magnetic
field, and this makes up the superconducting current,

15.8 Magnetic flux quantum

Consider a hollow pipe made of a superconducting material like lead, with a
total magnetic fhux ¢ inside the hollow pipe, as shown in Fig. 15.6. Inside the
superconducting material the magnetic field Is zero, and hence the vector potential
has “pure gauge” form

A=Vy. (15.38)

On the other hand, its line integral along the closed loop € must give the {otal flux;

fﬁds A=, (15.39)
C
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Superconducting
pipe

Magnetic flux

Figure {5.6 Magnetic flux inside the superconducting pipe Is quantized In units of
@p/2 = hef2e.

For a circular loop C, this can be satisfied by choosing

_ 80
S m
where & is an angle aronnd the loop. However, the vector potential must be remov-
able through a gauge transformation, for otherwise there wiil be a current inside

the superconductor according to {15.34). In this gauge transformation, the order
parameter undergoes the phase change

x= (1540)

“b, — we—fﬂe}'ﬂf)x — we—f[ﬂzéﬂlc)ﬂ.

Since Y mwst be periodic in & with period 2, we have

2ed
22k, (15.41)
he

where x is an integer. This quantization condition can be rewritten as:

m:%%, (15.42)
where
h
Oy = E A 10~ Gauss cm?, {15.43})

£
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is the magneric flux quantum. 1f the quantizatlon condition is violated, then
transient currents will be induced to bring the flux to a quantized value.

15.2 Josephson junction

Writing the order parameter in the form (15.23), we can rawrite the current density
(15.33) as

2ehn Voo 4en
m mc

A. (15.44)

The first tern is a supercurrent density driven by a spatial variation of the phase @,
Counsider two separate siperconductors | and 2, with respactive order parameters

Wi = e,
i = e (15.45)

If @1 = ¢, then current will flow from | to 2, provided there is an electrical
link. We can provide a weak link by sandwiching betiveen | and 2 a thin wafer of
insulator, so that the Cooper pairs can pass through via quantum tunneling. This is
called a Josephson junction. In a typical arrangement, the assembly is maintained
at a temperature of 1.5 K. The sandwich has an area 0.025 x 0.065 cn12_. with an
insulating layer of thickness 2000 A.

As illustrated in Fig. 15.7, we apply a voltage difference V between the super-
conductors, so that a current I flows across the junction. The reference point for

Superconductors

|

™

Insulator

Voltage Current |

()
\J

Figure |5.7 A Josephson juncrion.
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voltage is so chosen that the voltage is —V /2 at |, and V /2 at 2. Smce the tunneling
link is very weak, we couple the two systems linearly. We model the equatlons for
the order pareuneters atter-the NLSE, but neglect the nonlinear self-interactions:

d,
m% — eV + Ky,
[
d
m,% — —eViyn + Ky, (15.46)
i

where K is a conpllng constant. The charge carriers are Cooper pairs with charge
—2¢. Onr object is to study the current—voltage characteristic of the Josephson
Junction.

We now go to the representation (15.45). The first of the coupled equations
becomes

h d -
Z:ﬁ_d—:’—n‘/ﬁ@:evﬁw e PP, (15.47)

where dots denote time derivatives. Equating real and imaginary parts on both
sides, and putting

P =@ — @t (15.48)
we obfain the equations

dny 2K

a = T.\f’mug sing,

dgy, eV K

—_——=—— = — . 15.49
d¢ /4 /4 cosq.u (1549

The second set of equations can be obtained by interchanging the indices | and 2,
and reversing the sign of V:

dip 2K .
— = ——/mmsing,
& 2 M2 5in @
dgy, &V K fm

— = . 15.50
de¢ i i ngcossp (15.50)

From these we obtain

d 2eV K
L _ i——(! an)ooaqp {15.51)
dr Ny, n

Assuming #y /& m, we neglect the second term on the right-hand side and get

dp  2eV

L 15.52
di h ¢ )
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The Josephson current is defined by
ds
I =2 — Jysing, (15.53)
di
where Iy is a constant;

2eK
Ip= T,ﬂnng. (15.54y

The cuirent—voltage characteristic is therefore given by

I =Ijsing,

t de
= 15.55
v 2¢ di ¢ )

As we shall see, the behavior of this system is most peculiar. If we apply a DC
voltage, we get an AC current of such high frequency that it averages to zero. On
the other hand, if we apply an AC voltage, we get a DC current,

15.9.1 DC Josephson effect
Let us apply a constant voltage

V =Vo (15.56}
We can integrate dg /dr = 2&Vp /A to obtain

eVt
o) = go+ ';“. (15.57)

The current is given by

) = Ipsin (gﬂo +'2'3:°') ) (15.58)

For a typical voltage V5 = 1073 V, we have

2eVp

- =32 =101 571, (15.59)
T

Therefors the current oscillates with a very high frequency and averages to zero;

Iy =0. (15.60)
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15.9.2 AC Josephson effect

Consider an AC voltage
V()= Vo+ Vi coswt. (15.61)

We can write

d
d—‘;: = ey + ) cos of, {15.62)
where
2y, 2y 15.63
wy = 3~ Vo, =2V (13.63)
Thus
),
() = ¢+ apt + - sin wt,
oy {15.64)
I =Isin (9‘.713 + amit + ;sinwr) .
To simiplify the notation, put
) W), ‘
A= ¢+ o, B=_"sinot. {15.65)
@
Suppose @) & oy, then
Kty =Iysin{A 4+ B} = Iy (sinA cos B + sin B cosA)
7z Iy (sin A + Bcos A)
=l [sin (g0 + wot) + ot sin ot cos (¢o + mot)]
w
= Iy sin (g + ewpt)
+h%mu@+@+mqﬂmm+w—mmL (15.66)

Upon time-averaging, all oscillating terms go to zzro, and only the last term
swvives:

0 (o # o),
Iy = \ 15.67
b [ Iysingy (o7& ). ( )
The average current as a function of frequency has a sharp peak at
_ 2eVy
Tk

Using the AC Josephson effect, the value of ¢/ can be measured to very high
ACCUrACY.

(15.68)




220 Superfluidicy

15.10 The SQUID

Cousider the presence of a vector potential A, which gives rise to a magnetic fizld
and electric field given by

B=VxA,

E= -—Vv——"", 15.69
v ¢ ar ( )

We generalize (15.55) by making the replacement

1d
Vo V+ ——fdr-A, {15.70}
cdi

where the integral 1s taken along some path in space. Thus, the voltage equation
in (15.55) becomes

dep 2e 2e d
do _2ey, 29 [ a 15.71
dr h hic dt ' ( )

Integrating this gives

2e 2e
H= — JdiV4+— [ dr- Al 15.72
P} =@+ ﬁf Wt { )

The cunent is given by (15,55):

2 2
I =Iysin [ggg +ijdﬂ/+ﬁ—2fdr-A]. (15.73)

All this is preparation for describing the SQUID (superconducting quantum
interference device), a device to measure magnetic flux, with enough sensitivity to
detect one flux quantum. The arrangement is shown in Fig, 15.8. Two Josephson
junctions @ and b are connected in parallel. The cwrents flowing through the
junctions are respectively

. 2e
In:Igsm(g?g+Fc£dr-A),

i 2e
Ib:Inbm(m-l_Fcfbdr'A)'

If there is a magnetic field V x A through the loop, then

fdr-A—fdr-A:ﬁds-A:tD, {15.75)}
a b

(15.74)
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JI

—1

Magnetic flux

Figure 5.8 A SQUID conslsts of two Josephson [unctions connected In parallel, forming
2 loop. Magnetic fiux through the loop Induces currents in the loop.

where I is the total magnetic flux going through the loop. We can put

I
fdl‘~A=—(D—|—Cg,
a 2

| {15.76)
fdlh A=——=a4+ Cy,
B 2
where (g is a constant that can be absorbed into ¢g. Thus
D
I, =Issin (990 +8_) s
he
D
L=I sin( - e—) (15.77)
he
Adding these, we obtain the total current
71 |si 4 e tsi ed
=1Iy|sin —_— sin -
0 o ke he
] ed ] 2x D
= 2lgsinggcos | -—— | = 2l sin gy cos y {15.78)
he by

where ®g is the elementary flux quantum given in {15.43). As @ changes, the
current oscillates with a period ®©g as illustrated in Fig, 5.9,
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d’0=bCfe
-

VAANL,
TRVAVAY

Figure 5.9 Current response to magnetc fiux in a SQUID. The oscillation period ks one
fiux quantum. This gives the device great sensitivity.

Problems

15.1 Inthe photograph in Fig. [5.4, the interference fringes between two Bose—
Einstein condensates have a spacing of 1.5x 107> cm, Find the relative velocity
between the two condensates.

15.2 Estimatethe scattering length a of sodium atoms from the data contained i
Fig. 15,2, as follows, Use the Thomas—Fermi approximation {15.16) for the con-
densate profile. Use (15.11) for the chemical potential, with Np/V ~ 10 em—3.
The oscillator potential has a characteristic length rg = fijniw = 5 x 10~3 cm.
The half width of the condensate is 3> 10~2 em.

15.3 Cold irapped aioms: Consider a gas of N non-interacting non-relativistic
bosons of mass m in an external harmonic-oscillator potential in 3D, The
Hamiltonian of a parficle is

2
P2
- + 2mw y

where p? = pi +p_% +p§ and 2 = x? +y* +z°. Let [n} be an eigenstate of H.
where n = {nx, ny, n;_} ywithry, =0, 1,2,.. ., etc, The energy eigenvalues are

En =t (ng +ny +n; + %) .

The fugacity z is determined through

|
V= Zu:z-l exp (En/kT) — 1’

The chemical potential is ¢ = &T Inz.
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{a) Show that
(|r*|n} =rg (m +ny+m + %) .

where rg = /fifmo. (Hine: Write x° in terms of creation and annihifation
operators (see Problem 10.1).)
(b_) Prove the virial theorem

1?1&)2

I 2 a I
— = = —FEj.
7o Bl 27m) WlrZm} = ZEn

(c) Show that the thermal average of 72 is

2 |
2, _ "o 3 !
roy= Nzn:(n;+ny+nz+2) Top Bk 1"

15,4 Continuing with the previous problem, estimate the transifion tempera-
ture of the Bose—Einstein condensation, as follows, For AT 3 he, it is a good
approximation to replace the swu over the quantunm numbers by an integral.

1] 5 10

10 ! ' :

Condensate fraction

Temperatura N3{nK]

Calculate the temperature Tg at which ¢t = %?Icu. Show that
kT = boN tf 3,
where b is a numerical constant. This is not intensive because of the exter-

nal potential. The N1/3 dependence is verified by experiments, as shown in the
accomipanying figure (after Mewes 1966).
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15,5 Continuing with the previous problem,

(a) Evaluate g as a function of N and T in the classical limit, when the tenu —1
in the Bose distribution may be dropped. Show that

3 o+ 3T In {2
B=50 "\ )

{b) Ewvaliate the mean-square radins {r’z} of the trapped gas in the classical limit,
Show that

() =3br3 ( ) NI,

{c) Make qualitative plots of y and (rz} as functions of T, extrapolate down to
Tp. and comment on what happens below Tj.

15,6 Consider a non-magnetic superconductiig medium filling the lilf space
x = 0. Suppose at x. = 0 there is a unifom magnetic field normal to the r-axis.
Find the magnetic field B(x) in the medium,

15,7 The state of a Josesphson junction is specified by the superfluid phase
difference ¢ between two superconducting wafers, coupled through quantum-
mechanical tunnellng. The current—voltage characteristic is given through

I =Ijsing,
I dq.u
" 2e dr

where [ is the cumrent flowing through the junction and V the voltage drop across

the junction. The constant Iy characterizes the coupling strength.

{a) Consider a circuit, in which a Josephson junction is connected in series
with a resistor R, and a voltage source Lf. Set up the equation for the time
development of ¢.

(b} Forx = IR/Ug = 1,.show that the current approaches a limiting value oy,
while V— 0

15,8 Soliion: Show that the | D NLSE has a soliton solution, as follows. From
(15.15)

oy _ T 9y 2
e = amaxe TEYIY

with g = 4:m7z?fm. Rewrite thé equation in the form

2
2= 2 gy,

where t = (i/2Zm), and L = 8xa.




Problems 225

Show that the following is a solition for A = 0:

Pen, 7) = @) VI,

whered = x—vr, b= v?'fS_. and

f(6) = by/2/X tanh (b6) .

Note: The solution is a “dark soliton™ propagating with velocity v. The case A < 0
supporis a “bright soliton™. Both dark and bright solitons have been created in an
optical fiber, which is governed by a NLSE.

159 Bogolubov spectnirm: The Goldstone mode in the condensate is the long-
wavelength limit of a phonon mode described by the time-depandent NLSE
{15.15).

(a)
(b)

(<)

(d)

Take U = 0. Show that the uniform solution is yn = /mexp (—ipt/h), where
n is the condensate density, and ¢t = gn.

Perturb the uniform solution by putting yr(x, 1} = o + f(x, £ exp (—ipi/h),
where f{x, 1} is small, and to be kept only to first order. Show that

ar 8
lﬁa—t——ﬁm+gn(f+f“).

Solve the equation by putting.
f(.‘lf, 1= Ue_i(“'_h') + wei(m—b:)’

where U and V* are complex constants. Show that
ik 2 L 16mran.
o= E\ k + l6.?l'£_l?l.

This is called the Bogolubov spectrun.
What is the sound velocity?
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Noise

16.1 Thermal fluctuations

Thermodynamic quantities are supposed to be constant when the system is in ther-
mal equilibrium, If we measure them with higher and higher precision, however,
there will come a point when we will notice that their values undergo small fluc-
tuations. For example, the pressure is the force per unit area exerted by atoms ona
boundary surface, and it fluctuates because of the randoniness of atomic impacts.
The internal energy fluctuates because of energy exchange with a heat reservoir,
which proceeds via atomic collisions, These fluctuations appear as thennal noise,
and indicate the granular structure of matter,

We have calculated mean-square fiuctuations in statistical mechanics, such as
those for energy and density. We can usually ignore them, because they are van-
ishingly small in the thermodynamic limit. For example, according to (13,23}, the
mean-square fluctuation in the number of particies in a volume V is

NkT
Wn‘f T

where 1 is the density and #r is the isothermal compressibility. For an ideal gas
this gives

(V) — = (16.1)

o I A N
m>  WN

Numerically, this is utterly insignificant for a macroscopic volunie of gas. However,
in a volune of dimension 4000 A, of the order of the wavelength of visible fight,
the number of atoms at STP is about §.8 x 105, and the fractional rms fAluctuation
becomes 0,07%, This can be perceived indirectly through the scattering of light,
as for examiple in the blue of the sky.

Whether thermal noise is significant, therefore, depends on the length scale we
use, In this chapter, we study two types of noise accessible to direct observation,
the Nyquist noise in an electrical resistor, and the Brownian nmiotion of colloidal
particles in suspension.

(16.2)
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16.2 Nyquist noise

The thermal motion of electrons in metals produces electrical noise, which is
audible when amplified, as in a radio signal. The spontaneons fluctuations in the
voltage V(r) or current I{f) average to zzro, but the rms fluctuations are not zero.
In circuit elements that store energy, such as a capacitor C or inductance L, these
fluctuations can beobtained through the equipartition of energy (see Problem 6. 14):

tov? — L
1CvE = LT,
AT = LT, (163)

For a dissipative element such as a resistor, however, the fluctuations depend on
its environment in a circuit.

For the spontaneous voltage fluctuation across the frree ends of an open resistor,
Nyquist (Nyquist 1928} derived the result

V2 =4RKT Av, (16.4)

where R'is the resistance of the resistor, T the absolute temperature, and Av is
the band width — the frequency range of the fluctuations, This result relates the
voltage fluctuation to the resistance, and is an example of a [luctnation—dissipation
theoreni.

An intuitive argument for the result is as follows. The resistor at temperature
T exchanges energy with a heat reservoir, and the average heat dissipation in the
frequency range Av is

I?R < kT Av. (16.5)
Using Ohmi's law I = V /R, we obtain

V2 & RKT Av, (16.6)

For quantitative results, consider a transmission line of length L and impedance

R. We terminate the transmission line at both ends with resistances R, so that

traveling waves along the line are totally absorbed at the ends with no reflection.

Let V(1) be the voltage and I{t} the current in one of the resistors. The frequency
of the fundamental mode is

=— 16.7
Yo =op (16.7)

At a finite temperature T all higher modes are excited, with [requencies

w=nyp n=1273,... (16.8)
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The occupation number of the nth mode is [exp (P fRT) — l]_t where w, =
27 vy, Hence the energy residing in the nth mode is

E,= aaaj:% {16.9)
For fuw, /KT < 1; we can use the approximation
E, = kT, (16.10}
In the baad width Aw there are Av/w 1odes, and the total energy is
p=fTAv %, (16.11)
1 <

The energy can be regarded as residing in two fraveling waves in opposite
directions, and the tima it takes to traverse the line is

==, (16.12)

Thus the energy absorbed per second by each resistor is

E
W =— =kTAv {16.13}
2t

and the power delivered to each resistor is
PR = kTAv (16.14)

As indicated in the lumped-circuit diagram of Fig. 16.1, the voltage across a
resistor is V = 2JR. Therefore I = V/2R. Multiplying both sides by I, we obtain

V2

I’R= R (16.15)
Hence
V2 = 4kTRAv, (16.16)

This is known as the Nygquist theorem, and predicts a universal linear relation
between V2 and R, true for all materials. Numerically the voltage fluctuation is of

VI—:I—iR

| —

Figure 16.1 Lumped circuit diagram used In deriving the Nyquist theorem,
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Figure 16,2 Nyquist or Johnson nolse: mean-square voltage fluctuation across the open
ends of a resistor, as a function of temperature. The Nyquist theorem predicts
the straight line, with a universal slope.

the order of microvolts, but Johnson (Johnson 1928} measured it, and verified the
Nyquist relation, as shown in Fig. 16.2. He obtamed Boltzmann’s constant to an
accuracy of 8%,

16.3 Brownian motion

In Brownian motion, we cansee with our own eyes the manifestations of molecular
thermal motion. This was unsettling to the nineteenth-century mind, which would
rather stick to classical mechanics and thermodynamics, However, the experients
of Perrin on this subject, which won him the physics Nobel prize in 1926, demon-
strated that matter is not the pristine continuum of classical thermodymamics, but
made up of noisy atoms. In his words (Perrin 1909}

When we consider a fiuld mass in equilibrium, for example some water in a
glass, all the parts of the mass appear completely motionless to us. If we put
into it an object of greater density it falls and, if it is spherical, it falls exactly
vertically, The fall, it is true, is the slower the smaller the object; but, so fong
as it is visible, it falls and always ends by reaching the bottom: of the vessel,
When at the bottom, as is well known, it does not tend again to rise, and this is
onte way of enunciating Carmot’s principle (impossibility of perpetual motion
of the second sort!),

These familiar ideas, however, only hold good for the scale of size to which
our organism is accustomed, and the simple use of the wicroscope suffices to
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impress on us new ones which substitnte a kinetic for the old static conception
of the fiuid state.

Indeed it would be difficult to examine for long preparations in a liquid
ntedium without observing thiat all the particles situated in the Hquid, instead
of assuming a regular movement of fall or ascent, according to their density,
are, on the contrary, animated with a perfectly irregular movement, They go
and come, stop, start again, mount, descend, remount again, without in the
least tending toward immobility, This is the Brownian movement, so named in
memory of the naturalist Brown, who described it in 1827 {very shortly after
the discovery of the achrontatic objective), then proved that the movement was
not due to living animalculae, and recognized that the particles In suspension
are agitated the more briskly the smaller they are, . ..

The figure reproduced here (Fig, 16,3} shows three drawings obtained by
tracing the segments which join the consecutive positions of the same granules
of mastic? at intervals of 30 seconds. ... They only give a very feeble idea of
the prodigiously entangled character of the real trajectory. If the positions were
indicated from second to second, each of these rectilinear segments would be
replaced by a polygonal contour of 30 sides, relatively as complicated as the
drawing here reproduced, and so on,

Over a vast range of the size of time steps, the Brownian path Is a fractal, and a
precise local velocity cannot be defined. In general, the path length L and the step

.
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Figure 16.3 Brownlan motion as sketched by Perrin, at thirty-second Intervals. The grid
stze Is 3.2 ., and radius of the particle Is 0.53 p.,
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size t are related through a power law:
L=atr'?, (16.17)

where a is a constant, and D defines the fractal dimension of the path, A smooth
curve has alength independent of the step size, and therefore correspondsto D = 1,
It turns out that the Brownian path has D = 2. Thus, as we make the step size
smaller and smaller, the path length increases inversely {that is, untll we reach the
molecular collision time). '

16.4 Einstein’s theory

Einsteinthought of Brownian motion as a possible means to deinonstrate the atomic
nature of matter, without being aware of Broivn's early observations, 1n his 1905
theory (Einstein 1905, 1906}, a Brownian path is divided into finite steps of equai
length, which eventually tends to zero, 1t is assumed that such a step, regardless of
size, is the result of a large number of smaller steps, This is the idea of a “stochastic
variable™, a more complete discussion of which will be given in the next chapter,

Consider a particle moving in one dimension, with coordinate x{r}, which we
know only through a distribution of probable values, Duripg the time interval
between ¢ and ¢ + T, suppose x undergoes the changs

Xx—=>x4+A (—0o0 <A <o) {16.18)

The probability distribution for A juay be obtainéd as follows, Consider ¥ such
particles, and let dV be the number of particles displaced by a distance between
A and A 4 dA, during the time interval between i and ¢ + 7. The probability for
the displacement to occur s given by the fraction of particles so displaced:

(A)dA v
f =5
which defines the probability per unit displacement f.{ A}, a non-negative function
with the properties

fHA)=Ffi(—A),
f N fir) =1, (16,20)

—0a

(16,19)

The second condition means that f;( A) should vanish faster than A~! as A — oo,
Let n(x,¢) be the density of particles, The number of particles being displaced
out of the interval dx during the time interval 7 is given by

—dx oo
[ngx, ) dx] [ f + f ] dA fi(A), (16.21)
dx

—Da

where the first factor is the number originally in dx, and the second factor is the
probability of outfiow. As dx — 0, the gap between —dx and dx in the range
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of integration becomes Insignificant, and the outilow is 1009, Therefore, all the
particles found in dx at time ¢ 4 v arrived during the time interval =, That is,

alx,t +1yde = fm dAf{ — Ayn{x + A, dx, {16.22)

—02

Since f{ — A} = f.{ A} we have
n(x,t+7) = f dA fi(AYn(x+ A, 1), (16.23)

This is an expression of the conservation of particles,
We now expand n(x, 1 + 7) in powers of 7, and n{x + A, #) In powers of A;

.anx, ny

nx,t)+ a7 4+

an(x,t)  A?3%n(x.t)

ax T2 a2 T

=f dA f.(A) [n(.x:.r)+A ] (16.24)

The integral in the first term on the right is upity, and that in the second term
vanishes because fi(A) is an even function, Successive terms on the right-hand
side should rapidly become smaller, as T — 0, Thus, we have

anix, nix L [
. (w0 _ 8%y, r)_f dA A2f(A), (16.25)
at ax? 20 o

which becomes exact in the limit T — 0, Assuming the existence of the limit
=027

l [aa]
D=lim— [ dA AZfE(A), (16,26}
—Da

we obtain the diffusion equation

an(x, 1) 3n(x, 1)
=D
ot ax?

(16,27)

The diffusion constant D, which depends only on the second mioment of the
probability distribution f;( A}, can be taken from experiments,
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16.5 Diffusion

The solution to the diffusjon equation is

i .
nix, ) = ——e % DN (16.28)

IVES 703

which is nommalized such that

fm den(x.ny=1, (16.29)

—oC

and n(x, #} satisfies the initial condition
n(x, i) r—_g 8(x). (16,30)

It gives the probability density of finding a particie at x at time ¢, knowing that it
was at x = 0 at ¢ = 0, The generalization of the diffusion equation to 3D is

an(r, ¢
- "g;’ Y DVnte.n), (16.31)
with solution
1 n
—_ " a—rfidbn
M) = e X (16.32)

To verify the diffusion law experimentally, Perrin translated each sketched
Brownian path pavallel to itself, so that they have a common origin in the plane of
the paper, The theoretical distribution is thus

rdr oo 12 Ydr 2.0
— —a—lr D —rifp |
(n DI f_ & =z " (16.33)

where r iz the radial distance in the plane, and p = +/4Dt, For Perrin’s experi-
ments p = 7+16 (. The distribution of 365 events is shown in Fig, 16,4, and the
cojuparison with theory is shown in Fig, 16,5.

Einstein's siniple and physical theory lald the foundation for a fonmal theory of
stochastic processes, The important points are the following;

s The diffusion law ls Insensitive to the form of f(A). We can arrive at the
same law by assuming that, at some small scale, a Brownian particle executes
a random: walk of equal step size (see Problem 5,9},

s The Brownian displacement, which is a sum of a large number of random
steps, has a Gausstan distribution, This is the ceniral limii theorem,
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Figure 16,4 Parrin translated 365 projected Brownlan paths to a common orlgin. In order

to check the diffusion law,

100 —
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Figwe 16,5 Verification of the diffusion law In Brownlan motion, Solld curve Is theory and

the dots represent data from Fig. 164,

16.6 Einstein’s relation

The conservation of the number of Brownlan particles is expressed by the

continujty aquation

an
V.j+—=0,
'|+3;. ,

(16.34)
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where j Is the particle current density, Combining this with the diffusion equation
dnfdt = DVzn, we obtain V. (H+-DVn} =0, or

j=—DVn, (16.35)

This shows that a density gradizant produces a particle current {see Problem 16.8).
Consider particles moving through a medium under an externai force field

Fex(t) = —VU{r). (16,36)
The particles eventually reach a terminpal drift velocity proportional to the force;

u = jFgy, (16,37}
which defines the mobility 7. The drift current density »u produces a gradient in
n, which in tum produces a counteracting diffusion current j, In equilibriumn these
currents must balance each other, and hence

JHru =0, {16,38)
or

—DVn—naVU =0. (16,39)
On the other hand, in equilibrium we must have the Boltzmann distribution

n(r) = JI(O)E_Um" kT’ {1640}
which gives

aVU(r)

= 16.41
n e { )

Substituting this into (16.39), we obtain

Dn

—VU— U=0, 16.42

kT myv (16.42)
and hence

D=kTy. (16,43}

This is Einsiein’s relation, historically the first fuctuation—dissipation theorem,
We shall return to this at the end of the chapter,
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16.7 Molecular reality

At the end of the nineteenth century, three physical constants remained poorly
known: Avogedro's number Ap, Bolizmam's constant &; and the fundamental
charge ¢, Einstein's relation provides a way to experimentally measure Avogadro's
number

According to Stokes’ law, a sphere moving at a teruinal velocity u in a liquid
experiences a frictional force

F = 6ravu, (16.44)

where q is the radius of the sphere, and v is the coefficient of viscosity of the liquid.
The mobility is therefore

n = 6maw, (1645}

By Einstein’s relation we have
D
brav = —. 16,46
) T ( }

Using the relation & = R/4p, where R is the gas constant and Ag is Avogadro's
number , we have

6ravRT 1647
g = D * ( v )
Perrin obtained Avogadro's nuniber from this relation, among others, and arrived
at a weighted average:

Ag =7.05 x 10®  (Modern value: 6,02 x 105, (16.48)

Using this, Perrin was able to obtain &£ and e {see Problem 16,7},
Finally, we quote Perrin (Perrin }909) on molecular reality and the second law
of thermodynamics:

It is clear that this agitation (the Brownian motion) is not contradictory to the
principle of the conservation of epergy,.. But it should be noticed, that it is
not reconcilable with the rigid enunciations too frequently given to Camot's
principle! ., .One mustsay: “Onthe scale of size which interests us practicaily.
perpetual motion of the second sort is in general so insignificant that it would
be absurd to take it into account.”.. .

On the other hand, the practical importance of Camot’s principle is not
attacked, and I hardly need state at length that it would be jimprudent to count
upon the Brownjan movement to lift the stones intended for the building of a
house., ..

I thipk that it will hencelorth be diffienlt to defend by rational arguments
a hostile atfitude to molecular hypotheses, which, one after another, carry
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conviction, and to which at least as mmuch confidence will be accorded as
to the principles of energetics, As is well understood, there is no need to
oppose these two great principles, the one against the other, and the union of
Atomistics and Energetics will perpetuate their dual triumph.

16.8 Fluctuation and dissipation

The atomicity of matter not only gives rise to fluctuations of thermodynamic vari-

ables, it also explains why there is {Tiction. As Einstein's relation D /AT = 5 shows,

fluctuations and dissipations are different aspects of the same physics:

e Fluctuation: In the absence of external force, the path of a Brownian particle
fluctuates because of random molecular impacts, This is manifested thiough
diffusion, characterized by the diffusion constant D,

s Dissipation: An external force is neaded to drag a Brownian particle through

the medium, because there is friction created by random molecular impacts,,

characterized by the mobility #.

These two aspects are JHustrated in Fig, 16,6, The general pattem of the
fluctuation—dissipation theorem is best exeniplified by that fron1 Ginsburg—Landau
theory in Section 14,6:

B f d2x {p(x)p(0)) = x- (16.49)

where we can regard ¢(x} as the magnetic moment density, and § = | /AT, The
integrand on the left-hand side is a correlation function in the absence of external
magnetic field, The susceptibility on the right-hand side is defined by the linear
response {¢}, = xh, where (¢}, is the average inngnetic moment density in the
presence of a small uniform external magnetic field &,

(2} Flucouation (b) Dissipation

Figure 16.6 Two aspacts of the motlon of a body In a grainy medium: fluctuation {diffusion}
and dissipation {mobllity). They are untted through Einsteln’s relation,
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Table 16,1 Varlous forms. of the fluctuation—dissipation
theorem '

Quantity Fluctvation—dissipation theorem  Reference

Voltage g Vi ?2) =4RAv Sectlon 162
Energy A({B—-B\ =TG Saction 12,4
Density 8 nt— Y= V- Section 13.4

In the case of Brownian motion, a more explicit form of the Einstein relation,
derived later in Section [8.8, fits the pattern:

B fo de (0N = 3. (16,50)

On the left-hand side we have the velocity correlation function in the absence of
an external field, and on the right-hand side we have the susceptibility 7 from the
linear response (v} = pF, where (v}F isthe average velocity inthe presence of the
external force F. In Table 16.1, we list the other fluctuation—dissipation theorems
encountared in our studies,

It should be emphasized that these relations are valid only if

o the fluctuations represent small deviations from the state of thermodynamic
equilibrium;
e the system responds in a linear manner to a smali disturbance.

In view of these conditions, we would not be swprised if the fluctuation—
dissipation theoram fails in highly nonlinear systemis. or in systems that take years
to reach thermal equilibrium, such as glasses.

Problems

16,1 The Nyquist theoram holds at high temperatures. Find the first quantum
cormraction to it. At what temperature would it be necessmy to take this correction
into account, for a resistor of length | mm?

16.2 Model a Brownian displacement as a path of {ractal dimension 2. Start with
astraight fine of unit length between two fixed points. Draw a new path connecting
the same endpoints with twice the length, and repeat this procedure as often as
you can manage to do.

16.3 Show that Browmian particles in suspension form an ideal gas, with equation
of state PV = NET, where P is the partial pressure of the suspended particles.

16.4 Verify the solution (16.28) to the diffusion equation, in particular, the
normalization (16,29} and the inifial condition (}6.30).
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16.5 (a) Perrin cited p = /4Dt = 7-16p, and ¢+ = 30s. Find the diffusion
constant D forthe Brownian particles, and compare it with that for the self-diftfusion
constant of O molecules at STP, which can be estimated {tom Section 7.5. How
far would an O; molecule travel in the same time?

{b) Find the 1nobility of a Brownian particle at a termperature 7 = 300 K, What
force is required to drag the particle at a velocity of 1 cm/s?

16.6 Calculate the Boltzmann's constant £ = R fAg, and the electronic charge
e = FfAp, using Perrin’s value of Avogadro’s number Ag = 7.05 x 103, Here,
R =832 107 erg K™ is the gas constant and F = 2.9 x 10*4 esu is the Faraday,
the amount of charge dissociated in | g mol of substance through electrolysis.

16.7 The diffusion equation can be derived in many different ways. Apart from
Einstein's derivation discussed in this chapter (which was historically one of the
first) it can also be derived from the random walk, as shown in Problem 5.9. Here,
we give another derivation, and some generalizations.

{a) Startwith (16.35), j = —DVn, as an empirical “constitutive relation’ between
the diffusion cuirent j and the gradient of the density. Combining it with the
continuity equation, obtain the diffusion equation in the absence of external
force

T DV

(b} When there is an extemal force Feg, the total particle cirrrent is the sum of the
diffusion current —DVr and the drift current n¥ o /31, where 7 is the mobility.
Show that the diffusion equation is generalized to

]

o =DV — HFaxt - Vi

ar
This is a special case of the Fokker-Planck equation.

(c) If the diffusing patticle can be absorbed by the medium with an absorption
probability per second V(r}, show that the diffusion equation is generalized

to 3
n
— =DV —Vn
at
In pure-imaginary time, this becomes the Schrddinger equation, with

D =%f2m.
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Stochastic processes

17.1 Randomness and probability

In physics, the term sto chastic! refersto probabilistic considerations and the notion
of probability is based on the frequency of occurrence of random events. From a
physical polnt of view, therefore, the central questions are

o What is meant by randomness?
o How can we decide whether a process is random?

According to our intuitive notions, a random event is one whose outcome is uncer-
tain and unpredictable, More specifically, it is an event for which an infinitesimai
change in the initial conditions could radically affect the outcome.

The flipping of a “true’™ coin has 50% chance of being heads or tails, That is to
say, the outcome is random, Actually, this defines what we miean by a true coin,
If we toss a particular coin a million times, and heads turned up 49.9% of the
time, we would conclude that either the coin is biased, or we have not tossed it
enough times. For us to revise our notion of a true coin will require the shock of
monumental failures. From this point of view, probability is a physical concept no
different from any other. (For general reference on probability see Feller 1968.)

We now formulate these ideas more precisely. Intagine that rn independent exper-
iments are performed under identical conditions. If outcomie A is obtained in ny
of the experiments, then the probability that A occurs is

Py = lim &, (17.1)

n—0C M

The following basic properties of probability follows from this definition:

o Iftwoevents A and B are mutually exclusive, then the probability that either
A or B occurs is the sumn of their probabilities P4 + Ppg.

o [Iitwo events A and B are independent of each other, then the probability for
their simultaneous occurrence is the product of their probabilities P4 Pp.
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In an experiment whose outcome must be one of a number of mutnally exclusive
avents labeled 1,..., K, the probability P; associated with the 7th event is a real
number satisfying

P;=0,

X
ZP;: i, (17.2)

=t

"

There are practical difficnlties in using this definition to experimentally measure
probability. First, we do not have infinite time at our disposal: secondly no two
actual experiments con be completely identical. Thus, the true function of this
definition is to gnide us in assigning a priori probabilities to events. Whether or
not the assignmént is appropriate is determined by confronting our theory with
reality.

A stochastic variable is a quantity whose possible values occir with a certain
probability distribution. It is defined when we give

e the range of its possible values y;
e the probability P(y) for the occurrence of y.

The sum of two stochastic variables is a stochastic variable,

The simplest stochastic variable is the outcome y for tossing a coin. Suppose
the coin is biased, so that the probability for heads is p and that for tails (1 — p).
The possible values may be taken to be

_ |1 (heads},
y= [0 (tails), (17.3)
with probability
PY=p. (17.4)
POY=1—p. '

In Einstein's theory of Brownian motion discussed in the last chapter, the dis-
placement A over a time interval 7 is a continuous stochastic variable, with range
—00 = A = 00. The probability that it hias a valus between A and A+ dA is
Je(A)A, In this theory in the limit © — O, only the second moment of f,(A) is
relevant,

17.2 Binomial distribution

To put our notion of stochastic variables to use, we derive some probability
distributions that can serve as tests for randomness,
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Consider first the sum of a number of stochastic variables, for example, the
result of tossing a coin z times independently:

k=w+---+w. (17.5)
The possible values are
k=0,1I....n (17.6)

The probability P{k) can be obtained through the binomial theorem, which states
that, in the expansion of (} +x)* in powers of x, the coefficient of x* is the binoiial
coefficient

R nl
(k) - kn— By urn
Let us write
+xy'=d+x)---( +x). (17.8)
L‘—W‘_-’
1l factors.

To obtain x*, we pick one x 2ach from £ of the factors on the right-hand side, The
coefficient of ¥ is the number of ways we can choose & factors out of the n factors,
Therefore, (’k') is the number of ways to choose & things out of n things,

Now, iinngine 1 identical coins being tossed simultaneously, Therz are (2) ways
of choosing the k coins that turn up heads, The probability for each of the choices
is pf(1 — p)*%, where p is the probability for heads, The probability P(k), which
we redesignate as B(k; n, p), is thus given by

nt
Bk; n, py = ————p(1 —py**. 17.9
) = o k)!p‘( Py (17.9)
This is called the binowiial distribution, the probability for getting & heads in
n tosses of a coin, with p the intrinsic probability for heads. For a true coin

p=12
The first few moments of the distribution are

1
E Blk;n,py =1,
k=0

1
k) = ZkB(k; n,p) = np, (17,10
k=0
n
(kz} = Z: K2Bk;n, py = 2p° +np(l — p).
£=0

The variance, or mean-square fluctuation, is
) — k) =np(l —p). (17.11)

A plot of the distribution is shown in Fig, 17.1.
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B{icn.p)

Figure [ 7.1 The binomial distribution gives the probability of gatting k heads in n tosses of
a biased coin, with p the intrinsic probability for heads.

17.3 Poisson distribution
The Poisson distribution is the limit of the binomial distribution when p — 0 and
H— 00_,_with fixednp =0
Plk;5) = lim B (k;n, E) . {17.12)
f—D0 . n
It is known as the “lnw of small probabilities™ for this reason. Wlth the help of
Stirling's formula, it is straightforward to obtain
o*
Plk; o) =F].e_°. {17.13)

The first few moments are

iP(k;cr) =1
k=0

k) = EkP(k;cr) =a, (17.1:)
=0

tkz} = ZkgP(k;a) =g{g+ 1
£E=0

Thus the variance is
(&) — &y = 0. (17.15)

A 3D representation of the Poisson distribution is shown in Fig. 17.2.
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P(ka)

o 2 4 6

Figwe 1 7.2 The Poisson distribution (17.13), The variable k Is discrete, while & is
continuous. Curvas at constant large ¢ approach a Gaussian distributon in k.

As.an example of the Poisson distribution, suppose you try to sell walrus
whiskers on the telephone. The demand for the ‘product is essentially zero, but
you make a thousand phone calls. What is the chance that you will make ten sales?
Twenty sales? If you know the probability of a sale, you can calculate the chances
via the Poisson distribution.

If you do not know the probability; and want to find out, you can make a thousand
phone calls everyday for a year. At the end of the period you tally up the number
of days N(k} in which you made £ =0, 1,2, ... sales. If there is enough data, the
histogram of N (k) should resemble a Poisson distribution. You can then normalize
it so the total area is |, and try to ft it with a Poisson distribution by adjusting &.
The probability of a sale is then p = o /1000.

17.4 Gaussian distribution

The Poisson distribution gives the probability for discrete counts £. It is peaked
about & = o, with width +/o. For sufficiently large o, the values of k in the
neighborhood of the peak can be treated as continuous, and the Poisson distribution
goes over to the Gaussian distribuiion, also known as the normal distribution.

In the neighborhood of & = o, for ¢ 3 1, we can use.the Stirling formula to
write

i
Plk; o) = ﬂek-m'ﬂfﬂfﬂ. (17.16)
2 27
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Using the approximation

i (7) =t [1+ (% -1)]

“(G-)-3-1)
we obtain

Plk; o) = etk /2 (17.18)

Iwk

Since k & o, we can replace £ by & everywhere, except in the quantity (k — o)?
in the exponent. Putting x =k — o, we obtain the result

I 7

G(x; 0) = ———e* i, (17.19)
+2ro

where x is regarded as a continuous variable. The moments are

f deG{k;o)=1

oo

{ky = f dexGlk; o) =0, {17.20)

tk2>= f_m d.rsz(k;U) =a,

oo

Clearly, the variance is o, Plots of the Gaussian distribution for ditferent o, are
shown in Fig. 17.3.

17.5 Central limit theorem

We often work with the sum of a large number of stochastic variables. For example,
to test the “trueness” ol a coin, we make a large number » of tosses, with outcomes
yi: ({ = I,...,n), and consider the probability distribution of & = » ;3 For
sufficiently large n, we should have the Gaussian distribution (17.19), which is
centered at ¢ = np, with width /o, Changing the variable to

1 1
==Y (17.21)
RO

we obtain the Gaussian distribution
I -Gpti2e (17.22)
2o

The coin is rue if p = %
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Gixe}
™
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Figwe 17.3 The Gaussian distribution (17.19). The central limit theorem states that
the sum of a large number of stochastic variables obeys this distribution,
independent of the probability distributions of the summands.

As another example, let yt, ¥, - . . represent the displacements in the coordinate
of a Brownian particle at successive time intervals v ~10~195, on a molecular
scale, If we make observations at one-second intervals, we are measuripg the sum

x=At+ A4+ Ay (17.23)

where n is of the order 10', We learned in the last chapter that, regardless of the
detailed form of the probability P(A), the distribution of x is a Gaussian

1
R (17.24)

where D is proportional to the second moment of P{A}, and ¢ is the observation
time in seconds.

Sunmmarizing these results, we can assert: The sum of a large number of
stochastic variables obeys the Gaussian disiribution, regardiess of the probability
distributions of the individual stochastc variables.

This is the central limit theorem. The important property of the Gaussian dis-
tributjon is its uversality, which makes its “bell curve” so ubiquitous, from error
analysis in laboratory experiments to the forecast of longevity in a population.
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17.6 Shot noise

Shot noise consists of a series of events randomly distributed over a long period
of time, Practical examples abound:

raindrops impinging on a window pane during a rainstorm,
electrons arriving at the anode of a vacuum tube,

cars crossing an intersection during rush hour,

customers going up to a service counter,

In reality, of course, these events are subject to modulations, But, during a stretch
of time when they appear to be in a steady state, we model them as a random
strean:.

We can map this problem into the coin-tossing problem discussed earlier. Let
us divide the time axis into bins, each of duration T, and let K; be the number of
events in the fth bin, as shown in Fig, 17.4. We regard the collection of bins as
a statistical ensemble describing the process. The average frequency of events is
defined by

i K+ ---+Ky
] = —_—
il 7

Let the unit of time be Aj. The probability of a hit during At is p = vAL We
consider At — 0,so p becomes vanishingly smail, Then, getting a hitis like gatting
heads in tossing a biased coin, with intriusic probabillty p, Thére are n = T fAq
intervals in the bin, and we can think of them as n tosses of the coin, Thus, the
probability of getting & hits in n tries is given by the binomial distribution B¢k; n, p}.
Now going to the limit n — 00, p — 0, with fixed np = o, where o is given by

(17.25)

o =T, (17.26)
the probability of getting & hits in time T is given by the Poisson distribution
¥ __
Plyoy=—=e"", (17.27)

The average number of lits is {k} = o. The distribution depends on T only
through o.

K events

¥
I N 1 SR [ R

«~—r
T

Figure 1 7.4 Shot noise consists of a stream of events distributed randomly over a long
period of time. Here, the time axis is divided Into periods of equal durations,
and the collection of these periods form a statistical ensemble,
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Suppose an event happening at fime ¢+ = O produces a measurable effect f(1),
such as the sound of a rain drop, or a current triggered by an electron. The output
from the streams ol random events is represented by the function

I = E fi— ). (17.28)
k=—00

Generally, f(t) makes a “plop™ that is zero before ¢ = 0, and is significant only
for a finite time A. Thus, at any given ¢, only a finite number of events contribute
significantly to the output function, namely, those that lie within the width A, As
an jllustration, let us represent the sound of a mindrop arriving at time ¢ =0 by

0 0),
fin= le_u Eﬁ : o;, (17.29)

where A is a constant. Then I{z) has the form shown in Fig. 17.5.
Campbell’s theorem states the simple results

)] =vf di fi),
= {17.30)

v ]
() — gy =v f dif*(),
—0o
where ((¢)} denotes the average over an ensemble of time periods of duration T,

with ¢ hald fixed in that period. The average fums out to be independent of 1. in
the limit T — o<.

e

t

0 10 20

Figure 1 7.5 The sound of raindrops. A drop arrlving at t = 0 produces sound represented
by f(ty =a(tye".
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fie—t1)

| A—p/ |+— |

0 t- T

k]

Figure 17.6 The integral of the function over 1 is the area under the curve, except when
t is within a width A of the boundaries.

To prove the first statement of Campbell’s theorem, we first copsider the cases
where exactly £ events amrive In the period T, and average over the arrival times
f1s. . ., &k We then average over the Poisson distribution for :

(I(t))—EP(k-a)fTﬂ-'--fT%[f(r—n)+---f(t—r )]
T T G T, T *

Tdtt T
=) kP(k:c) f —ft—n)y=v f duf(r — #t), (1731
T o T 0

where we have used the fact that the average of & over the Poisson distribution
gives g, and o/T = v. Suppose the width of f(r) is A, Then, as longas T A,
the integral over ¢t is essentially the area under f(#), except when 7 lies within A
of the endpoints of the time period. This is illustrated in Fig. 17.6. Since the latter
cases are insignificant when T — oo, we have proved the first part of the theorem.
The second part takes longer to prove, but the methed is the same (see Problem
1.7

Let P(I}dl be the probability that the value of I{1} lies between 7 ++ df and 7.
For large frequency v of the events, I(#} is a sum of a large number of stochastic
variables, and thérefore obeys a Gaussian distribution by the central linit theoremm.
Thus we have

Py = —zln ~ g~/ (17.32)
where

a = (I,

b= (I} — e~ (17.33)
Problems

17.1 There were twelve rain showers last week, but none happened on Tuesday.
Is it safe {o leave the umbrella home this Tuesday?
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172  AnMIT student drivesto school and parks illegally on the sfreet. One week
she received 12 parking tickets, all on either Monday or Wednesday. Would you
advise her to park in a pay lot on Mondays and Wednesdays?

17.3 A man in Hong Kong gets off work at approximately 5 PM every day,
and walks to the Mong Kok subway station, where he could take a northbound
or southbound train {rom the same platfonn. The man takes the first train that
comes. (Need we explain? He has a house in Lowu and a condo in Wanchai.) The
trains ren on a strict schedule: a porthbound train leaves every five minutes, and a
southbound train leaves every five minutes. Over the years he wound up north in
Lowu 70% of the time. Why?

17.4 Describe a procedure to test the quality of a random-pumber generator,
based on the Poisson distribution. Carry it out in your personal computer.

17.5 The behavior of a certain type of semiconductor diode can be inodealed by
the current-voltage characteristic

0 (V < 0)
Io[exp(V/Vo) — 1] (V Z0).

Find the probability density for the current in terms of the probability dansity for
the voltage.

17.6 A device sqitares the input: y = x’. Suppose the input x has a Rayleigh
probability density

_ [(xfa)exp —.x:gj2a) {(x=0)
Plx) = [o ( (x = 0)

Find the probability density for y.

17.7 The sound of mindrops is represented by the output function
F(#)=>_ f(t — &), as defined in (17.28). Follow the step outlined below to show
that its correlation function is given by

Gny={mIt+ o= vf

—Da

oo 2
dtf(tlf(t+r)+(v f dtf(r)) ,

where v is avernge frequency of raindrops. The symbol { - -} denotes an average

over an ensemble of time periods of duratiop T, with fixed ¢ and 7, in the limit

T — 00. For t = 0, this is the secopd part of Campbell’s theorem.

(7) Consider first exactly K raindrops falling during the period T; average over
the times at which they fall, then average over a Polsson distribution P, (K}
of values of K. Show that

G(r)= EP (K)ZZ[ dn, f dtxf(r—t.rlf(t+r — )

=1 =1

where ¢ = vT, and the times T, ¢, 7, ; are all intégers in appropriate units.
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(b} Consider separately the contribution from terms with = j, and those with
i £ j. Show that

oo K T
G(T)=2Pcr(K) [?f du fit — ¥+t —n)
K=a 0

K(K—1 T T
+(T)j{; dtlf(i‘—tl)fg dtzf(;+-;_;z):|_

(¢} Since f(#) has a finite width, and T — o0, show that for al} valuesof ¢t 4+ *
except for a negligible set within a width of the boundaries of [0, T, we have

G(r) = Z}Pauc)[ f dufef( + 1)

K=0
K(K D U dtf(:)”

Obtain the final form by summing over K.
(dy For f(1) = 8(z}e=>, sliow that

o= ) + ().
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Time-series analysis

18.1 Ensemble of paths

A time-series is a stochastic variable v(7) that depends on time. We have seen an
example of this in the output of shot noise, Here, we study its time-dependent
aspects in graater depth. (For reference see Wang 1945, Wax 1954.) For concrete-
ness we can think of v(#} as the velocity of a Brownian particle: It does not have a
definite fonmn, but is a member of an ensemble of paths, as {Hustrated in Fig.18.1.
The various records of w(#} describe the fime evolution of identically constituted
systems under the action of random forces in the environment.

As we can see in Fig. I8, |, there is a distribution of v-values at-each time, but that
does not describe the fime-series completely, We need to specify the correlations

Figwe 18.1 An ensemble of paths.reprasanting a stochastic process,
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in time, and this is done by specifying a hierarchy of probability distributions,
Using the abbreviation 1 for {¥},#}, we list them as follows:

Wi,
'“!’2( I s 2):
Wi(L.2,3)

: (18.1)

Here, Wi(l,....k}dvy, ..., dw isthe joint probability of finding that v has a value
between v{ and w + dv; at time ¢, between v3 and v + dwy at time #, ..., and
between v and vg 4 dw; at fime fg.

Clearly, Wi mwust be positive-definite, and symmetric uuder the interchange of
{¥r, 7} with {vy, 7}. The nth joint probability must imply all the lower ones Wy with
k=m

[aa] oc
Wk(l,..,,k):f dvm...f dvaWil, ..., n) (18.2)

—0oc —oC

In principle, we can measure thesa distributions from records like those in Fig. 18.1,
given a sufficiently Iarge sample. To find Wa(l, 2}, for example, we follow the
dotted lines at 1; and & in Fig. 8.1, and find the i{raction of records for which
¥(t1} = v-and Wiz) = wp, to within specified tolerances.

We shall limit our attention to starionary ensembles, for which the probability
distribufions are invariant under time translation. This means that Wi{vi, 1) is
independent of ¢, and Wy depends only on the relative times 1) — 12 etc.

Many physical processes approach a steady state after the transients liave died
downmn. In these cases, we admit only the time records taken during the steady state.
In Brownian motion, the path of a single particle never reaches a steady state, but
the velocity does.

For a stationary ensemble, time average is equivalent to ensemble average. The
collection of time records, say from ¢ = 0 to 1 = T, can be obtained from one time
record, say the first one, by cutting out successive blocks of length T.

We can of course think of situations where time average is different fron: ensem-
ble average, even in a stationary situation, Suppose we toss a coin N times in
succession, Is the pumber of heads the same as those obtained by tossing N
coins simultaneously as N — ©60? The answer is obviously no, even in the
large N limit, for there is a possibility that in the first experiment we will gat
all heads. Such a sequence, however, is very unlikely for large N, and in the
limit ¥ — 00 they have measure zero, The equivalence between the time aver-
age and ensemble average is conditioned upon the neglect of such zzro-measurs
cases.
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18.2 Power spectrum and correlation function

There is an intujtive relation between spectrum and correlation, as G.I. Taylor
explains so well (Taylor 1938):
When a prism is set up in the path of a beam of white light it analyses the
time variation of electric intensity at a point into its harmonic components and
separates them into a spectrum. Since the velocity of light for all wavelengths
is the same, the time variation analysis is exactly equivalent to a harmonic
analysis of the space variation of electric intensity along the beam.
This idea is illustrated in Fig. 18.2. To formulate it mathematically, we begin with
the Fourier expansion

oo

de _;
¥y = — e, 183
[ (183)

with inverse transform
oo
py = f dr eiy(e), (18.4)
—pa

Since Wi} is real, we must have
vy =W, (18.5)

The correlation function {(v(11)v(12)} depends only on 1| — # for a statiopary
ensemble. Let us see what this implies for the Fourier transfornn

% dewyde;

M'W(‘Pmlvmz} EXp (— iwtl[ — iwztz). (l 3.6)

{Wrv(e:)) = f

Putting 1y =T + /2, tp = T — /2, we can write the exponent as

T
it + enty = (@) + w3)}T 4 (o} —wz); (18.7)
——,
—
Correlation Fourier Spectrum
analyzar

Figure 18.2 Spectral analysis of a stream of events can reveal the correlations along the
stream. For a seationary process, correlation at two different locations at the
same time s equivalent to that at the same location at different tmes.
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Thus

dwidw;

()} = f S vt} exp =it + )T — i1 — 02)7).

(18.8)

The right-hand side should be independent of T, and that means (v, ¥.,,} must be
zero, unless w) + w3 = 0. That is, it must have the form

(Vo Ve, } = 21 S(w1)8(001 + w32). (18.9)

The coefficient S{w)} is called the power spectrum, which we assmne to be real,
with S(w} = S{— ®). When §{w) is independent of w, we have white nojse.
We can now write

oo

(M)} = f ;—zsw)e-i”fft-ﬂ? (18.10)

—o

or
% dew
(M0 = f_ _ ELs"(.:u)e-,‘*"*”
oo
d
=f 22 S w) cos (1) . (18.11)
0o
The imverse Fourier transform gives

Stw) = f dr (w(ryw(0))e'=

=2 f dt (v(£)v(0)} cos (wt) . (18.12)
0

As expected on intuitive grounds, the power spectrium and the correfation function
are Fourier rransforms of each other. This relation. discovered by Wiener (Wiener
1930}, and rediscovered by Kintchine (Kintchine 1934), is sometimes called the
Wiener—Kinichine theorem. It appears to be trivial in our derivation, but not so to
mathematicians who would not use the Dirac delta function.

Putting 1 =0, we have

)= f 5w, (18.13)
0 X

If we think of v(t} as a current, then the above equation represents the power
dissipated in a unit resistance. The power dissipated in the frequency interval
between w and @ 4+ dw is :r_tS(cu).
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O Comrdations

Figue 183 The power spacerum of turbulence in awind tunnel, with average wind speed u,
“Correlations” refer to the right-hand side of {18.14). which should be equal to
the power spectrum by the Wiener—Kinechine theorem. After {Taylor 1938.

An experimental verification of the Wiener—Kinichine theorem was obtained by
G.I. Taylor from measurements of local velocities v in turbulence in a wind tunnel
(Taylor 1938). To verify (18.12}, S{(e} and {¥(¢}»{0}} should be measurad at the
same location in the wind tunnel. Equivalently, ona can measure (W(x/u}w(0)} for
different distances x from the fixed location, where  is the average velocity of the
wind. Thus, the relation to be tested can be cast in the form

“S(“’) = f dx(v 17(0)>cos (18.14)

In Fig. 18.3, the two sides of the above equation are obtained through independent
measurements, and plotted as functions of w fu, for a series of u's. As we can see,
they are in excellent agreement.

18.3 Signal and noise

From our perspective, noise is defined by the fact that all its Fourier components
are stochastic variables with zero mean, i.e. (v,} = 0. A signal, therefore, is any
definite additive periodic companent,
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G

St

|
0 7 @

Figure 18.4 The corralation function G{t) and power spectrum S{e} for a stochastic pro-
cesz withour periodic components. White nolse corrasponds to the limic
¥ — co. '

If W1} does not contain periodic components, then the correlation function
approaches zero when 1 — ©0. As an illustrative example, let us assuimne that
it decays exponentially:

G(1) = (Wtw(0)) = Ce M, (18.15)
The corresponding power spectium is easily found to be

Ch

S(ﬂ)) = ma

(18.16)

This is known as a Lorentzian distribution. Qualitative plots of Gt} and S{w)
are shown in Fig. [8.4. The power spectrum approaches white noise in the limit
¥ — 00

Suppose there is a periodic component, so that ¥t} has the form

¥(t} = u(t) + A sin (wot} . {18.17)
where 1(#} has no periodic component, Assmining

{u(Du(0)) = Ce™7¥, (18.18)
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Git)

DC signed AC signal

S

Figwe [8.5 Periodic components show up as spikes In the power spectrum.

0

we obtain

G(2) = Ce ¥ 1 A%sin {wt).,

Ch . (18.1%)
S{w) = m + 27A“8 (w —wp).

An ac signal of frequency ey will show up as a spike in the power spectrum at
@ = ey, A de signal will give a spike at @ = 0. This Is illustrated in Fig. 18.5.

18.4 Transition probabilities

We can describe the enseinble in tenns of transition probabilities, whichare condi-
tioned probabilities that give the probability for an event when certain conditions
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are specified. We introduce the notation

P{1| 2} = Probability density of finding 2, when | is given
P(%, 2| 3) = Probability density of finding 3, when 1,2 are given
P(1,2,3|4) = Probability densiry of finding 4, whén I, 2 .3 are given

(18.20)

where 1 stands for {v|, 4}, etc, and probability density means probability per unit
interval of v. The given variables are listed to thé lelt of the vertical bar, and
the variable to be found is to the right. They are related to the joint probability-
distributions as follows:

Wa(l,2) = Wi(1)YP(1 | 2)
Wi(l,2,3) = Wa(l, 2)P(1. 2| 3)
Wi(l,2, 3~4) = 11J-Z(l-: 293)P(1~29 3 |4)

{18.21)

The fransition probabilities must be positive-definite, and should satisfy the
normalization condition

f dvy P(1]2) = L. (18.22)

Since W(2) = [ dv) Wa(1,2), we have

Wi(2) =f dw W (1YP(1] 2). {18.23)

This is an integral equation for W) with P(1 | 2} as the kernel.
Unlike Wo(l,2), P(1|2) is not symmetric in 1, 2. Using the symmetry of
Wa(l, 2}, we obtain from (18.21} the relation

WiLE( | 2) = Wi(DP2| D). (18.24)

That is, the transition probability weighted by the probability of the initial state is
symmetric. This property is known as detailed balance.
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18.5 Markov process
The simplest stochastic process is a “purely random” process, in which there are
no correlations. All distributions are then determined by W ;

Wa(l, 2} = Wi (1YW1(2),

(18.25)
Ws(L,2,3) = Wi (W ((2)W(3),

and so on. Such would be the case for the successive tossing of a coin. However,
a continuous physical variable 1(¢) cannot be purely random, because w(#} and
v(¢ 4 dr) must be correlated. for suificiently smail di.

Next in complexity comes the Markov precess, which is defined by the property

PL2,....n—=1|my=Prn—1|n) (= tg—1>=+>=1) (18.26)

That is, the system: has no memory beyond the last transition. All information
about the process is contained in P(! | 2) or equivalently Wi(l, 2). For example,
from (18.21) we obrain
Wi, 2, 3) = Wa(L, 2)P¢12 | 3) = Wa(l, 2)P(2|3)
= Wi()P(l | 2)P(2 |3} (18.27)

The basic transition probability P(1 |2} cannot be arbitrary, but must satisfy the
condition

o
P(1]3) =f dva P(1 | 2)P(2 | 3). (18,28}
—0G
More explicitly,
o
Py, ¢t | vs, t3)=f dwaP(v, 11 | v2, 12)P(V2, 12 | 3,130 (18.29)
— 0o

This is called the Smoluchowski equation, or Chapman—Kolmogorav equaiion.
Given that P{{ | j} are the only independent transition probabilities, this is obvious
from the law of composition of probabilities implied by (18.2).

Markov processes are important, because most physical processes are of this
type. Brownian motion falls into this category, and so do quantum mechanical
transitious, where the transition probability per unit time is given by “Fermi’s
golden 1ule™

] 2
—P(1 |2} = == |H,|%02, 18.30
Bt(l) ﬁllzlpz { }

where 1 = #| — #, H{, is the matrix element of the interaction Hamiltonian, and
P2 is the density of final states.
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18.6 Fokker-Planck equation

We now derive an equation for P(1 | 2) in a Markov process, under the assumption
that siall displacements occur over small time intervals, First, let us make explicit
the inveriance under tine translation by writing

P12y =P(vi.n1 | v 12) = P(v1 | va. 2 — 1) (1831

The Smoluchowski equation can be written in the form
]
Plv|u, i+ Ay = f dw P(v| w, HP{w | &, Az). {18.32)
—oC
For a small Hme interval A¢, we assume that the following limits exist:

1 o
A(y= lim — d — W)P(v| w, Ar),
(v} Jom Y f_m w(w — )Py | w, Ar)

oo

. 2 ‘
Btvy = alllﬂlo AL f_m dw (w — v) P(v | w, Af). (18.33)

The higher moments of P(v|w, Az} are assumed to be O(A1)2. These functions can
be rewritten as

1
Avy= Allin']D Z{Av},
=~ 1‘ (18.34)
— lim — 2
Bv) = Jim ——((An’),
where v is an initial value that chariges to v + Av in the time interval Ay, and we

average Av over the ensemble.
Coisider the integral

i 3PB(v | u, 1 =
f_m d:aR(u)% = Ali_n.]o A ./;m du Riay [P(v | u, ¢ + Ae) — P(v| u,1)] .

(18.35)

where R{x)} is an arbitrary function, Use the Smoluchowski equation to rewrite the
first term on the right-hand side as

f du R(u)f dw P{v|w. )P w|u, A, {18.36)

Now interchange the order of the integrations, and expand R(} about &« = w ina
Taylor series;

R(u) = R{w) + (u — w)R'(w) + El(u — wPR W)y 4.+ {18.37)
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Substituting these results into (18,35), we obtain

f ® du R(M)MD(;;[:‘M) = f ® dw P{v|w, 1} [R’(W)A(w) + ;lR"(M?)B(W)] R

oo

(18.38)

On the right-hand side, we make partial integrations, and change the integration
variable from w to u, to rewrite it in the fonn

oo 3 i a2 ‘
f_ du [—R(M)E(AP)+§R(M)W (BP)] R (18.39)

oo

where A = A(u), B = B(u), P = P{v|u, ). Thus,
ch}c‘l R iP+i AP —ii BPy| =0 18.40
AR 5 Pt g AP — 5 5a BP) | =0 (18.40)

Since R is arbitrary, we have the Fokker-Planck equation

3P 3 i 8?

Z L lap—-—2_(BP=0. 1841
2+ 50 AP) — 555 (BPY =0 (18.41)

Here, P = P(v|w. £} is a function of & and 1, with v as the initial condition, The
functions A(#) and B(u) depend on the dynamics of the system.

18.7 Langevin equation

To illustrate how we may incorporate dynamics into the discussion of a stochastic
process, let v be the velocity of a particle. The Newtonian equation of motion is

dv F

— = —, 18.42
di A m ( )

where y iz a damping coefficient, and F(i} is a randomly fluctuating external foroe.
This is cafled the Langevin equation,

The same equation holds for the current in a RL circuit, if we identify s = L
and my = R, where L is the inductance and R is the resistance. In this case, F is
a fluctnating voltage due to thermal noise.
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We specify the random force through the properties

(Fu) =0, ‘
(18.43)
{FoFu) = 2n K(0)8(w + o),
where F,, = F*,, is the Fourier ransform of F(#). The correlation function
associated with the force is
d .
{(Fi)F()) = f %K(w)e ek {18.44)
For a white-noise spectrum, K(®} is independent of o, and we have
{F(N)F{12)y = 2x K& (4y — 12) (white noise), {18.45)

This means that the correlation time is zero, i,e. much shorter than any other
physical time scale in the problem. In Brownian motion, the correlation time for the
force is of order 10~2° 5, the molecular collision time, It is certainly much smailer
than the observational time scale of seconds. Thus, for all practical purposes, a
Brownian particle is driven by white noise.

Taking the Fourier transform of both sides of {18.42), we obtain

a

—lewvy, + YV, = —, (18.46)
m
F, 1
Vo = — —, (18.47)
my—iw

The power spectium of v can be obtained by calculating

1 F*F,
(V) = 5 ( oFu) .
m? (y + o}y —iw)
- RO o w 18.48
= W—+m2) (0) —w ). ( . )
Therefore the power spectrum of v is
K{w)
Sloy= ——F"—+—. 18.49
(@) w2074 o) ( )
By the Wiener-Kintchine theorem, we-have
i ) K{w)
dte ™ ({0} = ————5- 18.50
f_m e (Wry(0}) W2 + b ( )

In the Langevin equation, the force acting on a parficle due to its environment is
divided into a deterministic friction }v and a stochastic component F. The method
works for linear systems. For nonlinear systems, the distinction between friction
and random force can be ambiguous and can lead to inconsistencies {Van Kampan
1982},
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18.8 Brownian motion revisited

We return to Brownian motion as an illustration of the more formal approach
discussed in this chapter, We regard v as the velocity, but our discussion applies
equally well to Nyquist noise, or any system driven by white-noise force (18.45).
We begin by calculating the functions (18.34) for the Fokker-Planck equation.
Integrating.the Langevin equation (18.42) from a fixed initial value v, we have

I A
Ay = —pvAf+ — f df F(t). (18.51)
m

It is necessary to integrate over F, even though Ajp is small, because F fluctuates
extremely rapidly, Using {(F} = 0, we obtain

A(vy = —pu (18.52)
Next we need
) S r+AS
(AP =y AN +— f dn f do (FUOF().  (18.53)
t t
Using (18,45}, the double integral above can be shown to be 2w KpAs, Thus
2
B(vy= fo . {18.54)
m
The Fokker-Planck equation now reads
8P B wKp 3°P
— Y — (P —— 5= 18.55
a Vav (vF) n? G2 ! ( )

where P(v,1}dv is the probability of finding v within dv, at time , when an initial
value vy was specified at ¢ = 0. The solution is

I a
Plv, )y = ——o~("—7/2, (18.56)
~2ru
where

a=1we ",

K, {18.57)
b= 20 - (1 _e—yl‘)‘

m?y

This is a Gaussian distribution, as expected, since v is the sum of a large number of
Fowrier components, which are stochastic variables. When t — ©¢, it approaclies
a stationary Gaussian with variance

Ky

2y —
o) miy’

(18.58)

This shows that the velocities of Brownian particles eventually attain a Maxwell-
Boltzmam: distribution.
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We can obtain the coordinate distribution of Brownian particles {from the veloc-
ity distribution. Chandrasekhar (Chandrasekhar 1943) has done this by a direct
method, We follow an indirect but simpler route.

The ccordinate x must have a Gaussian distribution, because v = & does.
Therefore all we have to do is find ifs vartance. The Langevin equation is

d>x  dv F
a " Yar Tw
Multiply both sides by x and take the ensembie average:

2
( Z:Z)J” ( cL’:)=0, (18.60)

where we have used {(xF} = 0, because, while x changes sign under reflection, F
does not. The above can be rewritten in the form

(18.59)

dx? o ¥ [d?
U e i 0, 18.61
2dr(dr) (} (dt) ¢ )
where (vz} = g, The solution for t — co is
dx? 2u Ky
—_— ) =—=— 18.62
( dt ) y o omiyt (18:62)
or
{ )= 2 {18.63)
mly
The diffusion constant is defined such that the above is 2D¢. Therefore
‘ Ky
D=—_—"_, 18.64
2y {18.64)

Einstein’s relation can be obtained by noting that (vz} = kT /m by the equi-
partition of energy. Comparison with (18.58) gives K = mykT, and this leads
to

kT

= . 18.65
2my ¢ )
Thus, the mobility is
I
= . 18.66
g 2my ¢ )
Going back to (18.50) and putting & = 0, we obtain
v ]
ﬁfo de{u()w(0)y = 7, (18.67)
where f# = 1/kT. This is a more explicit form of the [luctiation—dissipation

theoren.
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18.9 The Monte-Carlo method

The Monte-Carlo method is a computer algorithm to simulate a thermal ensem-
ble. An ideal statistical ensemble consists of an infinite number of copies of
the system, for the purpose of taking thermal averages. No computer has a
large enough memory for that. So we generate the members of the ensemble
one at a time, and replace the ensemble average by a time average. The accu-
racy of a computation would be limited by computing time instead of computer
menory-.

Consider a system whose state is denoted by €, and the energy of the state
by E(C). In the canonical ensemble with temperature T, with § = 1 /AT, the
relative probability for the occurrence of C in the ensemble is @ #EQ) and the
thermodynamic average of any quantity Q(C) is given by

e e_ﬁE(C}O(C')

(O = > e FEC)

(18.68)

Our object is to instruct the computer {o generate a sequence of states with the
canonical distribution, i.e. states should be output with relative probability e =),

Let f(C) be the probability distribution of a given ensemble. The equilibrium
ensemble comresponds to

o~ BEC)

JeglCY = Wa {18.69)

We want to generate a sequence of states €y — C7 — -Gy + Gy = ---,
which starts with an arbitrary initial state Ct, and, after a “warm up” period of
steps, reaches a steady sequence of equilibriwn states. From the nth step on, the
“time average” with respect {o the sequence should be equivalent to an ensemble
average over a canonical ensemble.

The objective is achieved through a Markov process with transition probability
P(C4|Ca) for Cy — Ca. It is the conditioned probability of finding the system in
5, when it Is initiaily in Ct. We impose the following conditions:

PG| G} =0,
Y PG| Gy =1,
G

e_‘gE(Cl)P(C; | G) = e_ﬁE(ClJP(Cz | Cy). (18.70}

The first two are necessary properties of any probability. The last is the statement
of detailed balance, when the system is in contact with a heat reservoir.

Theovein: The Markov process defined by (I18.70) eventually leads 1o the
equilibrium ensemble.
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Proof: Summing the detailed balance statement over states Cy, we obtain
D e FEOIPC | Gy =) e FEOP(G | Cy). (18.71)
[»} (51

O the riglt-hand side we note Ecl P{C7| Cy)=1.Thus

Z oa—PEEY) P(Cy| G} = o—BECS) (18.72)
[

This showsthat the equilibrium distribution is an eigenstate of the transition matrix.
The “distance™ betwaen two ensembles f1(C) and £{C} may be measured by

d (fi.fo) = Y _IfilC) —fAC)|- (18.73)
C

Suppose f5 is obtained from fi through a transition: fH(C} = ¥ .o A(CYP(C'| C).
The distance between f and the equilibrium ensemble is given by

Z [ C) — fent O] = ‘
¢ T

= ;; A1t €Y — fel €Y PCT| ©, (18.74)

where we have used (18.72) in the second step. Putting 3 P(C’| C) = | in the
last step, we obtain the inequality

Z[fz(C) —falO)] = Zf:(C) — (O] (18.75)

This shows that the distance from the equilibrium cannot decrease as the result of
a transition. |

The Metropolis algorithm gives a recipe in conformity with the rules (18.70),
as follows:

Suppose the state is C.

Make a trial change to C".

If H{C"} = H(C}, accept the change.

If H(C'Y = H(C), accept the change conditionally, with probability
e~ B[HC-H(CY]
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The conditional change in the last statement simulates thermal fluctuations. The
relative transition probability corresponding to this algorithm is

-1 if E(C') < E(C),
T(C|CY= [e_ﬁ[E(C,)_E(C,] £ E(Ch : B (18.76)

The transition probability is obtained by properly normalizing the above:
T(C|Ch

(18.77)

18.10 Simulation of the Ising model

We illustrate the Monte-Carlo method with the lsing model, which we discussed
in Chapter 14. Consider a 2D square lattice. The ith lattice site has a spin s; = +1,
with nearest-neighbor interaction energy —e. A siate is specified by all the spins:

C ={s1,....5x}, (18.78)
The energy of the state is
E(Cy=—€) sis—hY s, (18.79)
i i

where h is the external magnetic fisld, and where € = 0 for ferromaguetism, and
€ = 0 for antiferromagnetism, and {ij) denotes a nearest-neighbor pair of sites.
We shall cousider the ferromagunetic case. The niagnetization is given by

M(Cy=) si (18.80)

A nonzero snsemble avernge for i = 0 indicates sponianeous magnetization.

We set up the lattice Tn the coinputer by assigning imemory locations to the
sites, and choose a definite boundary condition. 1t is simplest to choose periodic
boundary conditions. After initializing the lattice spins, say all spins up fora “cold”™
start, or random assignments for a “hot™ start, we are ready to begin, We update
the lattice by going through the spins oue by one, and decide whether or not o flip
it, This is called “one sweep” of the lattice. When examining s, we only need to
know its four nearest.neighbor spins. The interaction energy of s; is given by

W) = —€S; Zs] — hs;, (18.8Y)
o {
where nn stands for “nearest.neighbor to”. If we flip s;, then wy changes sign. The
Metropolis algorithm says:

fw;= 0, flips

] 2
ifwy <0, flips with probability a=26%, (18.82)

After this is done, we go {o the next spin and repeat the algorithm, until we have
done this for ail the spins in the lattice. This completes one sweep of the lattice,
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and produces a transition € — €. We keep making sweeps, winil we think the
lattice is *warined up'’”. Then we can start taking data.

For the lsing 1nodel, or auy niode! in which the site variable s has a limited tunge
of possible values, there is a 1nore efficient algorithm called the heat bath method,
which amounts to “touching™ the fth spin with a heat bath. The interaction energy
of a spin s is

w=s(Z + k), (18.83)
where ¥ is the sun1 of nearest.neighbor spins. We take the probability of fiipping
to be

ef¥ |

It is easily seen that this is a probability that satisfies detailed balance. Thus, if
s =1 the flip probability is

1

= m (18.85)
If s = —1, the ilip probability is
1 —T:;; (18.86)
I + e2BE+H
The sum of nearest-neighbor spins has the possible values
X =4,2,0,—2,—4. (18.87)

We can calculate the values of T and ! — T for ench of the values of %, and store
then1 as a lookup table. This is done only once to initialize the program. During
runtime, we decide whether or not to flip the spin s by lookingup T if s = 1, and
| — T if s = —1. lt can be shown that one step in the heat bath method is equivalent
to an infinite number of Metropolis steps. However, the heat bath method becomes
unwieldy if 5 has a large number of possible values.

Having given possible recipes for the transition probability, let us now describe
the overall implementation of the simulation. We generate a sequence of states,
with the first block of states regarded as warnwps. The states afier that in the
sequence should have a canonical distribution, and are taken to be meinbers of the
equilibrium ensemble. The sequence as illustrated in the {ollowing scheme:

(c;—>.-.A—>c;‘.)—>(cl—>cz—>m). (18.88)
—
he vups ol The ecsemblz

A member of the ensemble ¢ is kept in niemory only for as long as needed to
perform measurements, and is overwiitien by the nextinember, In the measurement
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process, we calculate the energy E(Cy), the square of the energy EXC)), and the
magnetization M{C}). These quantities are accumulates additively as C; is replaced
by Ciy1, so that as the program proceeds, we keep mming totals

E=E(C)+E(C)+---
E? = EXC)) +EXCa) + -~ (18.89)
M = M(Cy)+ M(C2) + ---

If desired, we can calculate and accumulate other quantities.
Suppose at the end of the run we generated a total of K states in the ensemble.
We then calculate the following ensemble averages

(Ey = E;E(c,-),
(E%y = e > ENCY, (18.90)
=1

, K
1
My = 73 L_S__L M(Ca).
The heat capacity is given by

1
c = ((E%) — (B)9). (18.91)

These numbers constitute the output of the program in one complete mn.

To calculate the statistical errors in the output, we have o make a large number
of independent mns. The results for a measured quantity should have a Gaussian
distribution, from which we can find the mean and variance.

Problems
18.1 The correlation function for “the sound of raindrops™ is given in Problem

7.7,
(a) Show that the power spectrumiis given by

S(w) = u|f,, |2 + H(1)) 2w 8(w),

where f;, is the Fourier ransform of f{1}, the sound of a single raindrop, and
I =Y f{t — &) is the output stream.

{b) Obtain S(ew} for f(1) = B()e™ ond interpret the result. Is there a white-noise
componem?

18.2 The shot noise in a diode is described by the voltage V(#) = R Y ; @t — i),
where ¢(f)} represents a pulse of current. The arrival times ix are random, with an
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average rate v. The outpui is put through a low-pass filter, so only low frequencies
are observed. Find the power spectrum in the low-frequency limit .

18.3 Random ielegraph sighals: A stream of random telegraph signals J{1) in
a time interval [0, T] is illustrated in the accompanying figure, where T — occ
avenmaily. The signals have values sither # or —a, and are of rmandom length. The
zeros on the time axis are distributed according 1o n Poisson distribution, with
average rate v. We consider an ensemble of time intervals. Find the comrelation
function and power spectrum, by going through the following steps.

fix)

T 1
—_—
1

| AL

—ad

|

|

1

1

1

I
t+1

(a) The correlation function {f(}I(f + )} is obtained by averaging the product
over the ensemble, with fixed ¢ and v. It is independent of ¢ because the
ensemble is stationary. Referring to the illustration, we see that the product
is @ if the factors have the same sign, and —a? if they have opposite signs.
Thus show that

I + 1)} = 0 Peven — a*Podds

where Pgyeq, Pogs are, respectively, the probability that there are an even and
odd number of sign changes in the time interval .
{b) Show that

(I(t)l(’ + T)) = a23_2” t -'l‘

(¢} Find the power spactrum,

18.4 Show that the Smoluchowski equation (18.28) follows from the basic prop-

erty of probabilities (18.2) and the definitions.of transition probabilities (18.21).

Hint: Start with the equation W3(3,1,2) = f dxy W,(3. 1.4, 2) from (18.2), with

the variables in the order shown. Express W3 and Wy in terms of P(i | j} with the

help of (18.21) and (18.26).

18.5 Probability of a pail: If we consider an ensemble of paths x(#}, we should

be able to assign a probability P[x] that is a functional of the path. We do this in

this problem for the case of Brownian motion.

(a) For Brownian motion, generalize the results in Section 16.5 to show that the
transition probability density of finding x at 1ime 1, given that i had the value
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xg at ime Iy, is

Plx,t| xg.fp) =

1 o (x — x)
JAeDi—1p) P ( 4D(t — m)) '

(b) Let a Brownian path x(f) be specified by the positions x; at time # (i =
O, 1,....0), withtg =< # = ++» = Iy, as illusirated in the accompanying

figure, The probability density for the path is given by

PLa] = PXn, tg | a1, bu—t) - - - Pl #2 | 21, 8 }P(x1 1t | X, 0o

1y

- x{f)

That is, when multiplied by dp dy - - - dxy, this gives the probability that the
Brownian particle is found between x;+dx; and xy, attime 5, fori = 0, 1,....n.
Show that it satisfies the law of composition of probabilities, i:e, if we sum
this probability density over all possible paths having the same endpoints, we
obtain the transition probability density to go from the injtial point to the final
point:

oo oc
P(xy, by | X0, 40) = f dxy_y -« f dxy Pl
—0a —oC

Hint: Prove the relation for n = ! and n = 2 by direct integration. Prove the
general result by induction.

18.6 Paih-iniegral represeniation; The probability for a Brownian path x(t) can
be represented by a Feynman path integral, as follows.

(a) Choose an equal time interval r between the time steps. Using the explicit
form of P(x, t | xy, f)..show that

- l e Xa—| — Xa 2
J 12
Plx] = (4 D1y exp [ 3 _S_ ( - ) r] .

i=0
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(b)

Take the llmit 1 — 00, T — 0 to obtain

r
Plx] =N exp ( —4%_ ,[o d:ﬁe?) \

where i is the velocity of the path x(r';), and A is a normalization constant.
Show that the transition probability can be written as the Feynman path

integral; ,
| :
P(x,;lxa_.m)sz(d.x’)exp (_4_D,/n; dt’i:?‘),

where the integral extends over all paths x(¢) with the conditions x(1g) = xq,
x(t) = x. This result gives a path-integral representation of the solution to the
diffusion equation.

18.7 'Write and min a compuier program to obtain the transition temperature T
of the 2D Ising model using the Monte-Carlo method. The exact value of T'; is
given by tanh® (2¢/kT;) = 1/2, or

E:- = 2.269185.
€
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Mathematical reference

A.l Stirling’s approximation

In statistical analyses we frequently encounter the factorial

al=1.2...n (A1}

For large n, Stirling’s approximation gives

nl & pie™ 2, (A.2)
or
ln! fzplnn —n+ /2 (A.3)

Usually the first two terms suffice. The relative error of this formula is abouy
(lZn)_t, which is about 2% for n = 4,
To derive Stirling's approximation, start with the reprasentation

n=Tw+1)= f di e, (A4)
0

The integrand has a maximum at ¢ = n. The value at the maximum gives n! =
nz™", Expanding the integrand about the maximum yields the corrections.

A.2 The delta function

The Dirac delta function 8{(x} is zero if x 3£ 0, and infinite if x = 0, such that

f drd(x) = 1, (A5)

where the range of integration includes x.= 0, It is not a function in the ordinary
sense, since it's value is not defined where it is non-zero. We use it with the
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understanding that eventually it will find its way into an integral. Mathematicians
call it a “distribution.™
Some useful properties of the delta function are

8(x) = 8(—x),

S(ax) = —— 8(x). (A.6)
la

For any given {unction f(x}, we have

f dx f(x) 8(x — @) =f(a). (AT)

Its integral is the step function
[l =0,

=10 @=o0). (A-8)

The derivative of the delta function is the e-function
N [ | (=>0),

€M=1_-1 <0. (A.9)

The Fourier analysis is given by
dk |
sy = | —e*. A.10
= [ 322 (A10)

In higher dimensions the delta {function iz defined as the product of 1D delta
functions. For example,

3 Pk {kx !
A.3 Exact differential
The differential
df = A%, y) dx + B(x, y) dy (A.12)

issaid to be an “exact differential™ if there exists a fumction f{x, y} which changes
according to the above when its independent variables are changed. We must have

3
A(x, ¥} = é,

af (A.13)
dy

Blx,y)=—.
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Since differentintion is commutative, we have

3A B

—_—=— A4
dy dx ( )

This is the condition for an exact differential.

A.4 Partial derivatives

Suppose three real variables x, y and 7 are constrained by one condition f{x, y,z} =
0, where f is a regular function. Partial devivatives have thé properties

axy () _ (o

w) (%), G2),
(ax) o (A.15)
Wie (&),

where w, the quantity being held fixed, is some function of the variables,

A.5 Chaln rule

The chain rule states
ox ay 9z
— — — | =- A.l6
(). (&), (&), = 10
This follows from:
! 3 3
df:—fdx+—fdy+—fdz:0, (A.17)
ax dy ° 9z

where 3f /dx denotes the pariial derivative with respect to x, with the other two
variables kept fixed. Fron this we get

axr\ _ af/ay
(ﬁ) ~affex’

3y\ _  8ffdz
(9_Z)x = T af ey’ (A.18)

Az _  affax
(ax)y_ affaz’

The desired relation is obtained by multiplying the above together.
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A6 Lagrange multipllers

Consider a function of i variables f{x), where x represents an n-colnponent vector.
An extremun of f{x) is detenmined by

df(x) = dx « Vf(x) =0, (A.19)

where dx represents an arbitrary tnfinitesiinal change in x, If, however, there exists
a coustraint

g(x} =0, (A.20)
then dx camot be completely arbitrary, but must be such as to maintaindg = O or

dg =dx-Vg=0. (A.21)
This requires dx to be tangent to the surface g = 0, as represented schematically
in Fig, A.1. We have to find the extreniuni of f(x) on the surface g(x) = 0.

An arbitrary differential dx can be resolved into transverse (orthogonal) and

longitudinal {tangential) components with respect to the given surface:

dx = dxy + dxz. (A.22)
The condition for an extrenmn is

dxg - Vf =0, (A23)

Since dxg - Vg = 0 by definition, the above can be gensmalized to

dxg - V{f + 28y =0, (A.24)
Consuraint Absolute
maximum maximum

Figure Al lllustrating the method of Lagrange multipliers to find a constraint maximum.
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where A is an arbitrary number. Let us choose A such that it satisfies
dxr - V(f +Ag)=0. (A.25)
Then, by adding this equation to the previous one, we have dx - V{f +Ag) = 0. or
df(x) + Ag(x)] =0, (A.26)

without any constraint, The parameter A is called a Lagrange nwultiplier. To solve
the probleny, we can first find x for arbitrary A. Denoting the result by x(A}, we
determine 3 by requiring g{x(A)) = 0. This determines the location of the desired
extreniuni x(A),

To summarize: the extremum of f subject to the coustraint g = 0 can be found
by finding the extrenium of f 4+ Ag, and then detemmining A so as to satisfy the
constraint.

A7 Counting quantum states

A free particle in quantum mechanics is described by the wave function

o (1) = V%e““.. (A.27)

where the wave vector k labels the state. This is normalizad to one particle in the
volunie V, Periodic boundary conditions require

gllr — gllortikml (A.28)
where m is a vector whose components have possible values 0,41, +2,..., Thus
k -mf, = 0 miod(2}, and the spectrum of k is given by;

2mrn
k= . AZ29
7" ( }

where n is a vector whose components have possible values 0,+1,42,....
Since the spacing between successive values is 2 /L, the spectrum approaches
a continuum as L — co,

A sum over states is denoted by:

> 3 3. (a3

H=—00 2l2=—00 3=—00
In the limit I. — oo, this approaches a multiple integral. The spacing between

values of k) is given by

2m
Ak'_ = TA.PI[, (Aqu)
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and Any = 1, Thus

oo oo oo L oo
o= Ay _-,)— Z k1—>§f dk;. (A.32)
L7 = —0a

h=—0c I =—0C

Therefore
> = 4 f d*k (A.33)
T (2ny

In terms of the momentum p = #ik, we have

d3r d3
> oy [ 7= [ (a3

This shows that the volume of a basic cell in phase space is

= h, (A.35)

A.8 Fermi functions

The Fenmni functions have the power series expansions
o0 tzl
=y (-t A36
fae) Z_l:( i (A.36)

We illustrate the large z behavior by calculating that for f3;2(z). Go back to the
integral representation (9.xx), and put y =z, z ==2":

2 oo Nl
_ﬁ;‘z(&) = ﬁ j(; d}‘m- (A37)

For v, the factor (&¥—¥ + 1y, which is the occupation number, is nearly a step
function, whose derivative is nearly a delta function, If we can rework the inte-
grand into something involving that derivative, then most of the contribution to
the integral would come from the neighborhood of the Fermi surface ¥ = With
this goal in mind, we make a partial integration;

2 1% g 3 1
Sald) = I [ 3’3 ] -= f dyyt————
vz |3l +1 3 ) ay o+ 1

4 et~
— R Y (A.38
37 fo By (@ + 1% ‘
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The integrand is now peaked at y = v, We puty = v +¢ and obtain

W32 Lt 32 g
fayalz) = 3 J_ B dt ( +1T) e (A.39)

We are interested in large v, so the lower Hmit is near —00. Accordingly, we write

432 poo NP e —
Sapalz) = ﬁ » di (1 + ;) = 1)2 + O{e™). (A0}

The asymptotic expansmn is obtained by neglecting @{e™")}, and expanding the
factor (1 + rfv) in inverse powers of v = Inz:

Ta 142 +“2+ _° (AdD)
f ( 82 )(e'+n" '

In the power series, only tenms of even power in ¢ survive the integration. Thus

432 3
Sopalz) = —— \/— (Io + -’2 +- ) (A42)
where
oo Haf
I, =2 dt———=,
! fo (ef + 1)
=1, (A43)
2
T
h= KR

It is interesting to note
L = (n—102nx1 — 2" (n)  (neven), (Ad4)

where {(z) = E::l £7% is the Riemann zeta {unction, a celebrated Iunction of
number theory,
For our purpose we only need the first few terms in the asymptotic expansion;

4 ‘ ;2
Sopalz) = ——= It(lnz)s’rz + %

W +] (Ad5)

Inz




Notes

16 Noise

1 Camot’s principle is what we call the second law of thermodynamics,
2 ‘Mastic’ is an ingredient used in the preparation of varmnish, from the bark of
Pisiacia lentiscis from Chios Isfand,

i7 Stochastic processes

1 From the Oxford English Dictionary; Stochastic, a, Now rare or obs, Pertaining
to conjecture, 1720 Swift, Right of Preced. betw. Physicians & Civilians 11, 1
am Master of the Stochastik Art, and by Virtue of that, [ divine, that those Greek
Words have crept from the Margin into the Text. 1688 Cudworth, Freewill (I838)
40 There is need and use of this stochastical judging and opining conceming
truth and falsehood in human life.




References

Chandrasskhar, S. Rew Mod, Phys., 15, | {1943), see eq. (172},

De Gennes, P.G. Superconductivity of Metals and Alloys. W.A. Benjamin, New York (1966).

deShalit, A, and Feshbach, H. Theoretical Naclear Physics, Vol 1, p. 11, John Wiley,
New York (1974).

Donelly, R, et al. J. Low Temp. Phys., 44, 471 (1981).

Einstein, A. Ann. d. Phys., 17, 549 (1905}, 19, 371 (1906).

Feller, W. An Introducition o Probability Theory and its Applications, 3rd edn, John Wiley,
New York (1968),

Glyde, H.R. et al, Europhys. Lei., 43, 422 (1998).

Guggenheim, E.A. J. Chen. Pltys.. 13, 253 (1945).

Guth, A.In The Oskar Kleln Memorial Lecrares (ed. G, Ekspong}. Yol, 2. World Scientific
Publishing, Singapore (1952). ‘

Hotborn, L. and Otto, K. Z. Physik, 33, 1 (1925).

Hill. R.W. and Lounasmaa, O,V. Piril, Mag., 2, 143 (1957).

Hanbury-Brown, R. and Twiss, RO, Natare, 177, 27 {1957),

Huang, K. Siatistical Mechanics., 2nd edn. John Wiley, New York (1987).

Huang, K. Quedrks, Leptons, and Gauge Fields, 2nd edn. World Scientific Publishing,
Singapore (1992).

Huang, K. Quantumi Field Theory, from Operaiors fo Patli Integrals, John Wiley,
New York (1998).

Johnson, LB. Pliys. Rev., 32, 97 {1928).

Keesom, PH. and Peariman, N. Plrys. Rew, 91, 1354 {1953).

Ketterle, W., Durfee, D.S, and Stamper-Kurn, D.M. In Base—Einstein Condensation in
Atoniic Gases, Proceedings of the International School of Pliysics “Enrico Fermi™,
Course CXL (eds, M. Inguscio, S. Stringari and C.E, Wieman) pp, 67—176. IOS Press,
Amsierdam (1999).

Kintchiae, A, Maill. Ann., 109, 604 (1934), ]

Leff, H.S. Maxwell’s Demon: Eniropy, Information, Comptiting (2ds. H.S, Leff and
A.F Rex). Princeton University Press, Princeton (1990},

Mather, L.C, et gl, Ap. J., 354, L37 (1950},

Mewes, M.-O. et al, Phys, Rew Left., 77, 416 (1996).

Nyquist, H. Pliys. Rev., 32, 110 (1928).




References 283

Perrin, M.J. Ann. Cheni. et Pliys., 8me series (September, 1909) (transtated from the French
by E. Soddy), reprinted in MJ, Nye, The Question of the Alom: From the Karlsnihe
Congresstothe Solvay Conference, 18601911, Tomash Publishers, Los Angeles { 1984),

Present, R.D. Kinetic Theory of Gases. McGraw-Hlll, New York (1958),

Purcall, E. Matture, 178, 1449 (1956).

Stenger, J. et.al. J, Low Temp. Phys., 113, 167 (1998).

Szilard, L. Z f. Pliysik, 53, 840 (1929).

Taylor, G.L Proc. Roy. Soc., A 164 (1938), included in The Scientific Papers of Sir Geoffiey
mgrant Tavlor, Vol. I (2d. G.K. Batchelor), Cambridge University Press, Cambridge,
England (1960},

Thom, R, Sirtictural Stability and Morphogenesis. Benjamin, New York, in Freach 1972,
English translation by D.H, Fowler 1975,

Van Kampen, N.G, Stochastic Processes In Phvsics and Chemisiry, p. 246. North-Holland,
Amsterdam (}981),

Walker, C.B, Pliys. Rev., 103, 547 (1956).

Wang, M.C. and Uhlznbeck, G.E. Rev Mod. Pliys., 17, 113 (1943),

Wannier, G.H. Siatistical Physics. John Wilsy, New York (1966).

Wax, N. {ed.). Selecied Papers on Noise and Stochastic Processes. Dover Publications,
New York (1954).

Wiener, N. Acia Math., 55, 117 (1930). )

Wilson, A.H. Thermodyaamics and Stalistical Mechanics. Cambrldge University Press,
Cambridge {1957).

Zzeman, E.C. (ed) Catastrophe Theory, Selecied Papers I972-1977. Addison-Wesley.
Reading, MA (1977).




Index

Absolule zero 20

Acceplor level 127

Adiabatic demagnetization 43
Adiabatic process 6, 16
Annihilation operator 141
Anomalous dimension 20}
Avogadro's number 7

Binomial distribution 242

Blnomial theorem 242

Black-body;.cavity 133; radiation
132

Bogolubov specteum 225

Boltzmann factor 83

Boltzmann's constant 7

Bose; distribution 110, 112; enhancement
135, i41; function 115, 154; statistics
104, 110, 171

Bose—Einstein condensate 146, 205;
fluctuations of 187

Bose-Einstein condaasation 145

Boson 104

British tllermal unit (BTU) 6

Brownian motion 264

Calorie 6

Camgbell’s iheorem 248

Canoatcal ensemble 159; encegy
fluctuations In 162; and
thermodynamics 16}

Caraot; cycle 7. engine 18: refriperator
18

Catastrophe theory 197

Cantral Hmit theorem 233, 246

Chainrale 276

Chapman—Kolmogorov equation 260

Chemical potential 39, 47, 112; of ideal gas
40, 171

Clapeyron equailon 48

Clauslus theorem 21

Cluster integral 186

Coersive force 11}

Collision time 62

Collistonless regime 89

Compressibility 7; adiabatic 31, 94
isothermal 31, 177

Condensate wave function 205, 209

Conduction band 125

Constituiive relation 239

Cooper pair 213

Correct Boltzmana countlng 160

Correlation length 201

Cosmic background radiation 134

Creation operator 141

Critical: data 56; exponent 55. 197:
opalescence 177:point 47

Debye; function 138; model of solid 136;
specific heat 137; temperature }37

Degeneracy temperature 103

Density flucination 175, 177,226

Density matrix 166

Detalled balance 259, 266

Diesal cycle 27

Diffusion; from atomic collisions 95; from
Brownian motion . 233; from constitutiva
relation 239; from random waltk 7t
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Dlffusion constant 232

Dirac delta-function 274

Distribution fiinction; of momantum 64;
of speed 77

Donor level 127

Doppler effect 86

d@ equatioas 15

Efficiency 17

Effusion 89

Einstein's; model of solid. 142;
refation - 235, 238; theory of A and B
coefficients 134; theory of Brownian
motion 23}

Energy equation 31

Energy surface 63

Ensemble average 66, 194

Ensemble of patbs 253

Enthalpy 14 .

Entropy; in free expansion 34; and lost
work 34; statistical definition 67;
thermodynamic definition 23

Entropy of ideal gas; from statistical
definition 81;from thermodynamics 24:
quanium mechanical 113

Equal a priori probability, assumptlon
of 66

Equation of continuity 92

Equation of state 3; of quantum gases
115

Equilibrium conditions; at constant P, T
38; at constant V¥, T 37; for isolated
system 36

Equipartition of anergy 76, 87,
139,227

Ergodic hypothesis 65

Ergodicity faflure of 189

Error function 86

Eutler’s equation 92

Exact differential 275

Extensive property 2

False vacuum 12

Fermi; distribution 110, 112; energy 120;
function 115, 279; statistics 104, 109;
temperature 121

Fermion 104

Fermi’s golden rute 260

Ferromagnet 9

First law of thermodynamics 8; statistical
derivation of 8}

Fluciuation-dissipation theorem 199, 227.
235,238,265

Flux of particles 73, 90

Fokker—Planck equation 239, 262

Fourier expansion 254

Fractal dimension 231

Free energy 37; of ideal gas 40;
minimization 38, 54, 164

Free expansion 14

Fugacity 112

Functional integral 194

I" space 63
Gas constant 7
Gauge invariance, global 206
Gaussian; distribution 244; integral 74
Gibbs potential 38
Ginsburg-Landau theory 193, 205,213
Goldstone mode 188, 207, 225
Grand canonical ensemble 173:

and thermodynamics 175
Grand partition function 174
Gravitational constant 12
Gross—Pitaevsky equation 208
Gruneisen’s constant 143

Hanbury-Brown and Twiss, experiment
of 181

Harmonic oscillator, quantsm-mechanical
141

Heat bath 8

Heat bath method 269

Heat capacity 6, at constant pressure
15, 40; at constant volume 7, 15, 40, 80;
of magnetic systems 42, 43

Heat conduction 96

Heat equations 14

Heat reservoir §

Heat transfer 5

Helmiioltz free energy (s=e free energy)
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Hole 124

Hydrodynamic equations, non-viscous
93

Hydrodynamic regimea 89, 91

Hysterésis 9

Ideal-gas law 7: derived in grand
canonical ensemble 178: derived via
atomic colllsions 76

Inflationary universe 11

Lotensive property 2

Internal enarpy 8; of ideal pas 31, 80

Ising model 189; computer simalation
268, transltion temperature 273

Isobaric process 6

Isothermal procass 6

Jahn-Teller phase transition 171
Josephson juaction 216
Joule’s free expansion experiment 14

Lagrange muttiptier 69,277

Lambda transition 152

Landau free energy 193, 205

Langevin equation 262

Latent heat 46. 49; of iquid He 3.57

Law of Dulong and Petit 139

Legendre transformation 38

Liquid helium 152;specific heat data
155

Loventzian distribution 257

Macroscopic occupation 145

Magnetic field 9

Magnetic fiux quantum 215

Markoy process 260

Maxwell; construction 54, 57, demon 91;
relations 39

Maxwell-Boltzmann distribution 70: local
91 for relativistic gas 86; with exteraal
potential 85

Mean free path 60

Mean-field approximation 191, 196

Meissner effect 214

Metropolis algorithm 267

Microcanonlcal ensemble 66, 108, 158;
and thermodynamics 158

Mobility 235

Most probable; distribution 68;
velocity 79

p-space 63

Navler—Stokes equation 99

Newton's constant 12

NLSE (see nontinear Schridinger aquation)

Nonlinear Schirddinger equation 200, 208,
224

Normal distribution 244

n-sphere; surface area of TE:
volume of 71

Nyquist theorem 228

Occupation number; for classical gas 64,
180. 187, for quantum gas 106t
fluctuations of 82

Order parameter 189, 190, 195

Otto cycle 27

Pair creation 182

Paramagnet 9

Particle raservoir 174

Partition function 160; for atom 117;
and thermodynamles 161;
quantum-machanical 167

Pauli excluston principle 106

Penetration depth 214 -

Periodic boundary condition 278

Phase space 62

Phase transition; firstorder 45;
second-order 45,58

Plionon 136

Photon 132

Planck distribution 133

Poisson distribution 243

Power spactrum 255
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Pressure 3: from atomic collisions 75
of quanium gases }12, 116

Pressuve tensor 98

Probability 241; joint 253; of a path
271; patii-integral vepressntation
272

P-T diagram of phase boundaries
47,49

Purely random process 260

P-V diagram; of first-order transition 46,
for ideal gas §

Quantum degeneracy }19
Quasiparticle 152

Random phase, assumption of 166
Raadom telegraph signals 271
Random walk 32

Randomness 241

Rayleigh probabllity density” 250
Relaxation time |

Represzntative point 63

Reynolds number 99

Rms velocity 78

Roton 154

Sacker—Tetrode equation 25, 165

Secattering length 206

Second law of thermodynamics 18; alleged
violation of 28; Clansius statement of
18; Kelvin statement of 18; statistical
derivation of 81

Second virial coefiiclent 5}; of Ne 58

Semiconductor; natural 125; n-type 127;
p-type 127

Shot noise 247 .

Slater determinant 106

Smoluchowski equation 260

Soliton 224

Sound velocity 95; of ideal gas 100

Sound wave 93, 100

Spectfic heat 6

Spin 107

Spin wave 189

Spontaneous emission 135

Spontaneous symmetry bresking
188, 191

SQUID (superconducting quantum
interference devicey 220

Stationary ensemble 253

Statistical ensemble 63;
quantum-mechanical 166

Stefan's constant 133

Stimulated emission 135

Stirling approximation 69, 275

Stochastic variable 241

Stoichiometric coefficient 185

STP (standard temperature and pressurs)
60

Streamline 91

Superconductivity 213

Supercurrent 216

Superfluid 152: flow 212; velocity 212

Tds equations 32

Temperature 3; absolute 7, 20; ideal gas
7

Thermal: conductivity, coefficient of 96;
equilibrinm 13 expansion, coefficient
of 7,31; wavelength 25, {03

Thermodynamic; limit 3: stare 3:
transformation 4

Thomas—Fermi approximation 209

Time’s arrow 83

Transformation; irreversible 5;
quasi-static 4; reversible 4

Transition probability 258

Tripte point 47

TS diagram 35

Universality 201

Valence band 125

Van der Waal equation of state 51;
critical parameters 53; universal
form 55

Vapor pressure 49; of Bose—Einstein
condeasate 148




288 Index

Virial; coefficient 51, 186; expansion 51;
theorem 223

Viscosity 97

Volume 4

Vortzx 212

‘Weizacker nuclear mass formula 11
‘White noise 255, 263
Wieper—Kintchine thaorem 255
Work; magnetic 9; mechanical 5







Physicai constants

Planck’s constant h=6,626 x 107 ergs
h=h{2r = 1054 x 107 ergs
Velocity of light e=3x 10%cms!
Proton charge e =4.803 x 107 esu = 1,602 x 1071%C
Proton mass My = 1673 x 1024 ¢
Electron nmass te=9.110x 1078¢
Avogadro’s number Ag = 6,022 x 108
Boltzman's constant k=1381x 10~ % erg K-!
Gas constant R =8314 x 107 erg K~linol™!
Density of water at STP Tgem™

Specific heat capacity (Cp) | calg 'K~
of water at STP

Conversions
Length, weight, temperature

1 titre = L0 cm?

lin =25 cm

1'lb =0453kg
XC=273.154+ OHK
X°F = 3(X — 32°C

Energy

17=10"erg

1 eV = 1.602 x 10~ Zerg
leVik = 1.160 x 1A K
1 cal =4.1847

| Btu = 10557

1 felb=1.3567

I kwh = 3.6 x 10%7]

Power

Iw=1Js"!
1hp=550ftlbs~t = 746 W

Pressure

I atm = 1.013 x 10fdyncm™2 =760 mm Hg
I bar = 750 mg Hg = 105 dyncm™—2

1 torr = 1 mm Hg = 1333 dynem™2

1 Pa= 1073 bar = 10 dyncm™2




