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Introduction

operations research, where graphs play a
crucial role Iin modeling and solving
numerous optimization problems such as
scheduling, routing, transportation, and
network flow problems. It is therefore
Important for these applications to develop
efficient algorithms to manipulate graphs
and answer questions about them. As a
consequence, a large body of literature exists
today on computational graph-theoretic
problems and their solutions.
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GRAPH

A graph [ G ] consists of a finite set of nodes [ Vertices: V ] and a
finite set of [ Edges : E ] connecting pairs of these nodes.

G=(V,E);Vv={vyvy ... Vos}

Undirected Graph _

A graph G1 is undirected if E is a set of edges:

between node (a) and node (b) as (a,b) edge; between node (b) and node (c) as
(b,c) edge; between node (b) and node (e) as (b,e) edge; and so on.

edge (u, v) = (v, u); forall v, (v, v) ¢ E, i.e. No self loops.

Directed Graph g

A graph G2 is directed > E is oriented and one-way connection [arrow heads]
Directed (u, v) is edge from u to v, denoted as u — v and Self loops are allowed.
Node (a) is connected to (b)

Node (b) is connected to (¢) and (d)

Node (d) is connected to (c) But (c) is not connected to any node




Weighted Graph
WogneaUndrecedGrann |

A graph G1 is undirected if E is a set of edges:

between node (V,) and node (V,) as (V,,V,) edge = 6,

between node (V,) and node (V,) as (V,,V,) edge = 1, and so on.

edge (u, v) = (v, u); for all v, (v, v) ¢ E, i.e. No self loops.
each edge has an associated weight, given by a weight function
w: E — R, Ris real number
\Weighted Directed Graph
A graph G2 is directed > E is oriented and one-way connection [arrow heads]
Directed (u, v) is edge from u to v, denoted as u — v and Self loops are allowed.
Node (V,) is connected to (V,) with weight = 7,
Node (V,) is connected to (V,) with weight = 8,
Node (Vg) is connected to (Vg) with weight = 1, and so on.
each edge has an associated weight, given by a weight function

w:E — R, Risreal number




Graph Representation
ooy Usts
a =2 (a,b) - (a,d) - (a,c)

b 2 (b,a) - (b,c)

¢ =2 (c,d) - (c,a) - (c,b)

d = (d,a) - (d,c)

Adjacency MATRIX

_J1 ifv,is connected to vj _
ii =0 otherwise Undirected

Symmetric Matrix
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Graph Representation

Weighted MATRIX

Weight between nodes may represent distance, cost,
time, probability, and so on.

Undirected

Symmetric Matrix

<

(b)

Figure 103 Weighted graph and its weight matrix




COMPUTING procedure CUBE CONNECTIVITY (4, C)
CONNECTIVITY M ATRIX Step 1 {The diagonal clements of the adjacency matrix are made equal to 1}

forj=0ton - 1do in parallel

The connectivity matrix of an n-node graph G is an n x n matrix C whose elements AQ0,j,j) 1
are defined as follows: end for,
C = {1 if there is a path of length 0 or more from vj to vk {The A registers are copied into the B registers}
! 0 otherwise for j=0to n -1 do in parallel

for k=0ton— I doin parallel
B0, ji k)« A, j, k)
end for

(i) the matrices to be multiplied as well as the product matrix are all binary, that is end for,
each of their entries is either 0 or 1;

to compute C. The approach that we take uses Boolean matrix multiplication, which
differs from regular matrix multiplication in that:

{The connectivity matrix is obtained through repeated Boolean multiplication|
(i) the Boolean (or logical) and operation replaces regular multiplication, that is, 0 for i = 1 to [log(n - 1)] do
and0=0,0and1=0,1and0=0,and 1and1=1;and (3) CUBE MATRIX MULTIPLICATION (4, 8, C)
(3.2) for j=0ton — 1 do in parallel
for k =0to n— 1 do in parallel
(i) A, j, k)« C(0, j, k)

(iii) the Boolean (or logical) or operation replaces regular addition, that is, 0 or 0 = 0,
Oorl=11or0=1,andlorl=1.

Thus if X, X, and Z are n x n Boolean matrices where Z is the Boolean product of X (i) BO,j, k)« C(0, j, k)
d x then end for
z; = (x;p and yy;) or (X;; and Yy or . .. or (X, and y,; ) fori, j=0,1, .., n-1 end for _
: _ end for. [ Analysis: It follows that the overall
b = ay (forj #Kk) and by =1 running time of this procedure is:

t(n) = O(log?n), Since p(n) = n3;

0 otherwise c(n) = O(n® log? n)

b — {1 if there is a path of length 0 o more from vj to vk
jk



COM PUTING procedure CUBE CONNECTIVITY (4, C)
CONNECTIVITY M ATRIX Step I: {Thf: diagonal clemerfts of the adjacency matrix are made equal to 1}

forj=0ton - 1do in parallel
A0, j,j)« |

Example 10.1 Consider the adjacency matrix in Fig. 10.2(b). After ond for

steps 1 and 2 of procedure CUBE CONNECTIVITY, we have
computed. Step 2. {The A registers are copied into the B registers}
for j=0to n -1 do in parallel
for k=0ton - I doin parallel
B0, j, k)« A0, j, k)
end for
end for,

Step 3: {The connectivity matrix is obtained through repeated Boolean multiplication}
for i = 1 to [log(n - 1)] do
(3.1) CUBE MATRIX MULTIPLICATION (4, B, C)
(3.2) for j=0ton — 1 do in parallel
fork=0ton—1doinparalll [EelelCEIAROIeISIE o]0k

(i) A0, j, k)« C(0, j, k) X > AND
(i) B0.j, K« C0,j, K + > OR
end for _—
end for
end for. [J Analysis: It follows that the overall
running time of this procedure is:
- 2 8 — n3-
while the second yields B4 = B2 o E((?,));%((Ir?g S;Eil)me AL
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FINDING CONNECTED procedure CUBE COMPONENTS (4, C)
Step 1:  {Compute th tivi j
COMPONENTS N RS CoMNBCTIVITY (4, )
Step 2: {Construct the matrix D}
for j =0 ton — 1 do in parallel

An undirected graph is said to be connected if for every pair v; and v,

of its vertices there Is a path from v; to v;. for k = 0 to n — 1 do in parallel

if C(0, j, k) = 1 then C(0, j, k) = v,
An undirected graph is said to be Fully-connected if: end if
1. Every pair in graph vi and vj of its vertices there is a path from vi to vj. end for

2. Every edge in graph (vi,vj) of its edges, there is a edge (vj, vi). end for.

{Assign a component number to each vertex}

] ' ] for j =0 ton — 1 do in parallel
A connected component of a graph G is a subgraph G' of G that is : .
(3.1) the n processors in row j

connect_ed. The problem we co_nsid_er In th?s sec_tion Is the fgllowing. (forming a log n-dimensional cube) find the smallest
An undirected n-node graph G is given by its adjacency matrix, and it I for which C(0, j, ) # 0

Is required to decompose G into the smallest possible number of (3.2) C(0, ), 0) « 1

connected components. We can solve the problem by first computing end for. []

the connectivity matrix C of G. Using C,
Analysis: As shown, stepl requires O(log?n) time, steps 2 and
we can now construct an n X n matrix D whose entries are defined by: 3.2 take constant time. Step 3.1 can be done in O(log n) time.
. . The overall running time of procedure CUBE COMPONENTS:
d.. = Vk if Cik = 1 t(n) = O(log? n), since p(n) = n3
Jk 0 otherwise c(n) = O(n31og?n).




FINDING CONNECTED RAAAARARY
COMPONENTS 1 IR

Example 10.2 Consider the graph in Fig. 10.5(a) whose adjacency and
connectivity matrices are given Figs. 10.5(b) and (c), respectively.
Matrix D is shown in Fig. 10.5(d). The component assignment is
therefore:

component 0: V, V3, Vg, Vg

Vo ViV, V3V, Vi Vg

component 1: V,, V,, Y, —T T T

component 2: V,, Vg G0 i fod {1
AN M A T

NN RIRNIC TN ARG

Figure 10.5 Computing connected components of graph.



ALL-PAIRS SHORTEST
PATHS

A directed and weighted graph G = (V, E)

For every pair of vertices v, and v; in V it is required to find the
shortest path from v, to v, along edges in E.

ex: the shortest path from v, to v,

An n-vertex graph G is given by its n x n weight matrix W, construct
an n x n matrix D such that dy; is the length of the shortest path
fromv;tov;in G

W has positive, zero, or negative entries as long as there is no cycle
of negative length in G.

we can use a special form of matrix multiplication in which the
standard operations of matrix multiplication, that is, x and + are
replaced by + and min,

procedure CUBE SHORTEST PATHS (4, C)

Step 1: {Construct the matrix D' and store it in registers A and B}
for j =0ton— 1 do in parallel
for k=0to n— 1 do in parallel
(1.1) ifj # k and A(0, j, k) =0
then A(0, j, k) « o0
end if
(1.2) B(0, j, k) « A(0, j, k)
end for
end for.

Step 2. {Construct the matrices D% D*,..., D"~ through repeated matrix multiplication}
for i = 1 to [log(n - 1)] do
(2.1) CUBE MATRIX MULTIPLICATION (4, B, C)
(22) for j=0ton — 1 do in parallel
IS IYERN 31101 Ll Special Operations
(i) A0, j, k)« C(0, j k) X>+
(i) B(O, j, k)« C(0,j, k) + = min of +
end for — —
end for
end for, [

Analysis: Steps 1 and 2.2 take constant time. There are

[log(n - 1)1 iterations of step 2.1 each requiring O(log") time.
The overall running time procedure CUBE SHORTEST PATHS
is therefore t(n) = O(log? n), since p(n) = n3:c(n) = O(n%log?n).




procedure CUBE SHORTEST PATHS (4, C)
ALL- P AI RS SHOR I ES I Step 1: {Construct the matrix D" and store it in registers 4 and B}

for j = 0 ton — 1 do in parallel

for k =0 to n — 1 do in parallel
PATHS (1.1) ifj # k and A0, j, k) =0
then A(0, j, k) « o©
end if
(1.2) B(O, j, k) « A(0, j, k)

end for
end for.

Step 2: {Construct the matrices D2, D*,..., D"~ ! through repeated matrix multiplication}
for i = 1 to [log(n — 1)] do
(2.1) CUBE MATRIX MULTIPLICATION (4, B, C)
(2.2) for j =0 to n — 1 do in parallel
for k = 0to n — 1 do in parallel

(@) AQ, j, l;) - C(g, Js ;3 Special Operations
(i) B(O, j, k) < C(O, j,
end for X 9 +
sied fox + = min of +
end for. O

3 3

(©) (d)

Figure 10.7 Computing all-pairs shortest paths for graph in Fig. 10.6.

Figure 10.6: Directed and Weighted Graph




ALL-PAIRS SHORTEST

Figure 10.6: Directed and Weighted Graph
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ALL-PAIRS SHORTEST
PATHS

Sum =2 Min

(0 +0), (4+x) , (1+0) , (c0+0) , (7+0) , (c0+00) , (co+0)

0 © , o 00 00 00 0

Min of {0, oo, o0, o0, 0, 00, 0} =0

oo | 7/
co | co
2|6
O | oo
oo| 0
211

5|6
co | co
co 1
O |oco
1|0

3188 8 |o|n|+ [N

318188 (8 |8 o)
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ALL-PAIRS SHORTEST
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Figure 10.6: Directed and Weighted Graph
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