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Preface

This volume collects articles from a number of authors who, mostly, met in the
context of the scientific project Lie Groups, Differential Equations, and Geometry,
which was supported by the European Union’s Seventh Framework Programme
(FP7/2007-2013) under grant agreement no. 317721.

Besides the many secondments, it behooves me to mention the exciting atmo-
sphere of the conferences in Batumi (17-22 June 2013), Palermo (30 June-5 July
2014), and Chongqing (12—-18 June 2015). The Georgian and Chinese hospitality
was undoubtedly unrivaled, and while the forthcoming conference in Modica (8—14
June 2016) will be a pale shadow of those in Batumi and Chongqing, it will still be
an occasion for fruitful discussions.

Last but not least, I would like to pay credit to the contributions of mathemati-
cians of excellent caliber who kindly and ardently participated in this task, even if
not supported by the project. It is an honor for me to introduce such a collection and
a pleasure to thank the authors for granting me the privilege of their friendship.

/—.j Palermo, Italy, February 11, 2016
u Giovanni Falcone

A few days before this volume went to the editor, my dearest friend and mentor,
Karl Strambach, passed away. I cannot but dedicate to Karl, who was undoubtedly
a main actor in the project, the small efforts I made in editing this volume.



Introduction

Lie theory takes its name from the Norwegian mathematician Marius Sophus Lie
who, in 1871, at the age of 29, moved to Erlangen and visited Felix Klein to start
a fruitful collaboration that unfortunately ended in reciprocal accusations. Today,
Lie theory finds a major place in many branches of mathematics, both abstract and
applied. It is current not only important in algebra and geometry, but also plays a
significant role in some fields of physics, for example quantum theory, and in control
theory (cf., e.g., [1]). The reason for the wide presence of Lie theory probably lies
in the fact that it links several basic questions in mathematics, that is, linearization
and approximation, exponentiation, differentiation, and nonassociativity.

In Chap. 1, we begin from the very first definitions, giving short surveys of
basic topics in the theory of Lie algebras and in Representation theory, two
essays of which are given in Chaps.2 and 3. In the former, the author deals
with the representation of the Heisenberg Lie algebra in an infinite dimensional
Hilbert space, which, in Quantum Mechanics, describes the commutation relation
between the position Q and the momentum P. In the latter, the author, led by
the most influential Kazhdan—Lusztig conjecture posed in 1979, aims to describe
representation theory from a categorical point of view and shows how this approach
comes to determine irreducible characters, that is, the traces of the images of an
irreducible representation, which are a basic tool that summarizes much information
of the representation itself.

In Chap. 1, Sect. 1.1.3, the connection between Lie algebras and Lie groups
is sketched. After showing that the exponential map transforms the Heisenberg
Lie algebra into the Heisenberg group, we give the first few terms of the Baker—
Campbell-Hausdorff formula, which is applied, in Chap. 4, to the problem of the
computation of order conditions for exponential splitting schemes, together with an
alternative approach for finding the order conditions by inspecting the coefficients
of leading Lyndon—Shirshov words in an exponential function of a sum of Lie
elements. Lyndon—Shirshov words produce a basis of a free Lie algebra (cf. [2, 3]),
and Chibrikov [4] generalized the Shirshov construction of a free basis for a Sabinin
algebra. On the other hand, in the words of Sabinin and Mikheev [5], a “more
natural context for the Baker—Campbell-Hausdorff formula is the completion of the

vii



viii Introduction

universal enveloping algebra of a relatively free Sabinin algebra on two generators,”
thus indicating a connection with the theory of loops. Roughly speaking, a loop
is a group where associativity is, at best, replaced by some weaker algebraic law.
Extending previous results of Malcev and Kuzmin, Sabinin and Mikheev (see also
[6]) showed that the correspondence between Lie algebras and local Lie groups is
valid in the nonassociative case, as well, by defining an algebraic structure on the
tangent space of any analytic loop, which is called, in fact, Sabinin algebra.

In Chap. 1, Sect.1.2.1, we give a short recap of the theory of loops and its
relation to the foundations of Geometry, a connection almost forgotten today.
In Chap. 6, the authors study half-automorphisms of Moufang loops and, more
generally, of dissociative 2-loops, that is, such that any two elements generate a
group, and introduce the well-known Cayley—Dickson construction of a sequence
of algebras of dimension 2n, whose multiplicative loops in dimensions 8 and 16
are the Moufang loop of octonions and the sedenion loop, respectively. Besides Lie
algebras and Cayley (or octonion) algebras, among nonassociative algebras we also
find Jordan algebras and Gerstenhaber algebras, which play an important role in
Mathematical Physics. Gerstenhaber algebras are a main object of Chap. 5, and in
Chap. 1, Sect. 1.2.2, we give their definition.

As among Lie groups one finds all closed subgroups of the Euclidean group of
motions, it is not surprising that Lie theory has found applications in control theory.
Chapter 7 conducts a survey of classic and recent results on left-invariant affine
control systems and the associated Hamilton-Poisson systems, extensively in the
cases of the three-dimensional Lie groups, the (2n 4 1)-dimensional Heisenberg
groups, and the six-dimensional orthogonal group. Chapter 8, on the other hand, is
devoted to optimal control problems whose behavior is described by quasilinear
differential equations of the first order on the plane with nonlocal boundary
conditions, proving an existence and uniqueness theorem of a generalized solution,
and obtaining an a priori estimate.

Chapters 9 and 10 deal with differential equations, a field which has been
motivating for Lie theory since its birth. It is well known that Lie’s original aim was
to develop a theory for ordinary differential equations, equivalent to Galois theory
for algebraic equations, and it must be acknowledged that his approach unifies many
solving techniques and also provides new ones which apply to both ordinary and
partial differential equations. The book by Olver [7] is a recommended source for
all beginners.

Indeed, the composition of differential operators is a nonassociative product; thus
they often produce a Lie algebra of operators. In Chap. 1, Sect. 1.1.3, we give the
definition of the Weyl algebra of differential operators, showing its connections to
the Heisenberg algebra and to the irreducible representations of sl(2;k).

The Lie group symmetry is often also applied to Finsler geometry, where the
computations are usually more difficult than in Riemannian geometry. In Chap. 1,
Sect. 1.3, we give an account of Finsler geometry. By constructing tangent Lie
algebras to the holonomy group of a non-Riemannian Finsler manifold, in Chap. 12
the authors introduce the reader to a method for the investigation of its holonomy
properties, giving a unified treatment of their previous results. Some advances in
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the smooth solutions of Hilbert’s fourth problem in the regular case are presented
in Chap. 11, where the authors give a classification of some families of projectively
flat Finsler metrics.

As a natural environment for Lepage manifolds, Finsler geometry also appears
in Chap. 13, where the author illustrates how the geometric properties of Lepage
manifolds mirror geometrical, topological, and dynamical properties of differential
equations, connecting differential equations with geometry and physics.

Palermo, Italy Giovanni Falcone
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Chapter 1
A Short Survey on Lie Theory and Finsler
Geometry

Giovanni Falcone, Karl Strambach, and Ming Xu

The aim of this chapter is to provide readers with a common thread to the many
topics dealt with in this book, which is intermediate and which aims at postgraduate
students and young researchers, wishing to intrigue those who are not experts in
some of the topics. We also hope that this book will contribute in encouraging new
collaborations among disciplines which have stemmed from related problems. In
this context, we take the opportunity to recommend the book by Hawkins [18]. A
basic bibliography is outlined between the lines.

1.1 Generalities

A Lie algebra over a field K is a k-vector space g, endowed with a non-associative
binary operation [-, -] : gxg — g, called Lie bracket, which is bilinear on each factor
(thatis, [ax+by, z] = a[x, z]+b|y, z], and [z, ax+by| = a[z, X]+b|z, y]), alternating
(that is, [x,x] = 0) and fulfilling the Jacobi identity: [x,[y,z]] + [z,[x.y]] +
[v, [z, x]] = O. If the characteristic of K is not 2, then [x,x] = 0 <— [x,y] =
—[y.x]. The cases where kK = R, C,Q, are of particular interest. A very classic
introductory book is the one by Jacobson [21].

G. Falcone (<)
Dipartimento di Matematica e Informatica, via Archirafi 34, 90123 Palermo, Italy
e-mail: giovanni.falcone@unipa.it

K. Strambach
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M. Xu
College of Mathematics, Tianjin Normal University, 300387 Tianjin, People’s Republic of China
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2 G. Falcone et al.
Any associative algebra over a field k, with the Lie bracket defined by

[x,y] = xy — yx,

is a Lie algebra. In particular, the algebra of endomorphisms of a k-vector space
V, isomorphic to the algebra of n x n matrices with entries in K, is a prototypical
example, denoted by gl(V), or gl(n, K). Another basic example is its Lie subalgebra
of traceless endomorphisms, denoted by sl(V), or sl(n, K) (notice that it is closed
under Lie bracket, but not closed under addition, nor multiplication). Finally, we
want to mention the Heisenberg algebra b3 of strictly upper triangular 3 x 3 matrices,
which is generated by three elements

010 000 001
x=1000), y=|001]), z=]1000 (1.1)
000 000 000

fulfilling the Lie brackets

[x.y] =z,

and which can be generalized, more abstractly, to the Lie algebra 0,,+, generated
by 2n + 1 elements {X,...,X,,¥1,--., Y, 2} and defined by the Lie brackets

[Xn, Y& = Sz, (1.2)

where &y is the Kronecker symbol. We notice, in fact, that, in order to compute the
Lie brackets between vectors of a Lie algebra, it is sufficient to know the nonzero
Lie brackets between the vectors of a basis.

Similarly to the case of associative algebras, one defines and distinguishes the
concept of a Lie subalgebra and the one of a Lie ideal: a Lie subalgebra [ is an ideal
of g, if

[x,y] €1, forallx e [andy € g.

For instance, sl(n, K) is an ideal of gl(n, k).

Two basic ideals are the commutator ideal [g, g, generated by all elements [x, y],
and the center 3, consisting of all elements x such that [x, g] = 0. One says that g is
Abelian, if [g, g] = 0 (or, equivalently, if 3 = g).

As for associative rings, ideals are precisely the kernels of homomorphisms.
Given a Lie algebra b and an ideal [ in it, one constructs the factor Lie algebra
b/I: its elements are the cosets x + 1.

This is probably the right place to mention the following theorem, which was
proved in characteristic zero in 1935 by Ado and in arbitrary characteristic in
1948/1949 by Iwasawa and Harish-Chandra:
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Every finite-dimensional Lie algebra h over a field K is isomorphic to a Lie
subalgebra of gl(n, k) for some integer n, that is, it has a faithful representation,
where a representation of a Lie algebra h on K" is a Lie algebra homomorphism

7 :h— glink),

and a representation is said to be faithful if its kernel is trivial, i.e., it is injective.

In a nutshell, the structure of finite-dimensional Lie algebras can be summarized
as follows. The commutator ideal [g, g] brings on two series of ideals: the derived
series

g(k) — [g(k—l)’g(k—l)]’

and the descending central series

g =[g.g"7"].

where we put g = gl¥! = g. A Lie algebra is called solvable if the derived series
eventually ends to zero, and nilpotent if the descending central series eventually
ends to zero. Inductively, one sees that g® < gl¥, hence nilpotent Lie algebras are
solvable. Moreover, it turns out that g is solvable if and only if [g, g] is nilpotent. In
1876, Sophus Lie proved that a finite-dimensional complex solvable Lie algebra
has a common eigenvector, and, by a recursive argument, this yields a matrix
representation in upper triangular form. Every Lie algebra has a unique maximal
solvable ideal, called the radical.

If the only ideals of a non-Abelian Lie algebra g are zero and g itself, then g
is called simple. The classification of simple complex Lie algebras was essentially
carried out by Wilhelm Killing in the late 1880s and sensibly improved by Elie
Cartan who extended it to the real case in 1914. If the radical is zero, the Lie algebra
is called semisimple. Every semisimple Lie algebra turns to decompose as the direct
sum of simple Lie algebras. Finally, in 1905 Eugenio Elia Levi proved that every
real Lie algebra decomposes as the semidirect sum of its radical with a semisimple
subalgebra, called thereafter a Levi subalgebra of g (which, in general, is not an
ideal of g).

1.1.1 Representations, Derivations, Killing Form

The reader can easily imagine that the same Lie algebra can appear in very different
ways. A representative case is the one of the three-dimensional, simple, Lie algebra
s1(2, k) of traceless 2 x 2 matrices, which is generated by the matrices

Xo = 10 L X, = 01 L Xy = 00
0-1 00 10
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fulfilling
[Xo.X1] = 2X1,  [Xo.Xo] = —2X5,  [X1.Xa] = Xo,

and which has, for every integer n > 2, a unique (up to conjugation) faithful
representation

Y © 51(2,K) —> sl(n.K) < gl(n. k) (1.3)

defined, for 0 < k < n, by the following action on the vectors {ey,...,e,—1} of a
basis:

VuXo)er = (n =2k — Der;  Va(Xi)er = ker—1;  Yn(Xo)er = (n—k — 1)eq1.

Notice that each v, is irreducible, that is, it has no nontrivial invariant subspace.

We mention here a fundamental theorem of Hermann Weyl in the theory
of representations of Lie algebras: any finite-dimensional representation of a
semisimple Lie algebra g is completely reducible, that is, every g-invariant subspace
has a g-invariant complementary subspace. On the contrary, the upper triangular
representation of a solvable Lie algebra g determines a flag of g-invariant subspaces
having no g-invariant complementary subspace.

Physical observables can be represented by operators, acting on the Hilbert space
of the states of the system, whose commutating relations are defined through Lie
brackets. Two examples: first, if O represents the position of a particle and P its
momentum, then the Heisenberg principle states that [P, Q] = —il, where 1 is
the identity operator; second, if the differential operators Ly, Ly, L. represent the
components of the angular momentum, then they satisfy the following commutating
relations:

[Ly.Ly] = ihL., [Ly.L)] = ihL,, [L..L] = ihL,. (1.4)

The three-dimensional real Lie algebra generated by L,, L,, L, is isomorphic
to the Lie algebra denoted by su(2), and is a subalgebra of the complex Lie
algebra s[(2,C) described in (1.3), but in Chap.2 the author looks at these
commutation relations within an infinite-dimensional representation in a Hilbert
space of unbounded operators.

A fundamental, direct representation is obtained when one considers, for a given
x € b, the linear map ady : Hf — b defined by

adx(y) = [x,y],

which is called the adjoint map of x. Notice that the Jacobi identity itself can be
re-written in terms of the adjoint map as

ady([y. z]) = [adx(y). 2] + [y, adx(2)].
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More generally, a map § : h —> b such that §[y,z] = [0y, z] + [y, dz] (and,
recursively, such that Leibniz rule

'ly.z) = (k) [8"y. 8" *2)

0

is fulfilled) is called a derivation, and the derivations of the form ady are called inner
derivations.

A corroboration of the self-consistency of Lie theory comes from the fact that,
whereas the product of two derivations §; and §; is not necessarily a derivation, it is
immediate to see that the Lie bracket

[81,82]

is still a derivation, that is, Der(g) is a Lie subalgebra of the Lie algebra gl(g) of
endomorphisms of the vector space h. Moreover, if § is a derivation of g, then the
vector space generated by g and § becomes a Lie algebra putting [8,y] = §(y).

The map ad : g —> Der(g), X — ady, is called the adjoint representation of
g. Notice that the kernel of ad is precisely the center 3 of g, therefore, if 3 = 0,
the adjoint representation is faithful and represents concretely the Lie algebra g as
a subalgebra of gl(g). This can be seen, but only for Lie algebras with trivial center,
as an alternative proof of Ado’s theorem.

The adjoint representation provides a fundamental tool in Representation theory:
the Killing form

k(x,y) = Tr(ady o ady),

which has the following properties: it is a symmetric bilinear form, which is zero if
and only if g is nilpotent, and which is non-degenerate if and only if g is semisimple
(Cartan criterion). In the latter case, if K = R, then the Killing form will discriminate
the case where the semisimple Lie algebra g is compact (see p. 9). The k-orthogonal
of any ideal I of g is also an ideal, and two ideals with trivial intersection are k-
orthogonal.

For a minimal bibliographical support, we address the reader to one of the most
popular introductory books in Representation theory, that is, the one by Humphreys
[20].

1.1.2 The Weyl Algebra of Differential Operators

As mentioned in the opening, the composition of differential operators is a non-
associative product, thus they often produce a Lie algebra of operators. A good
example to be mentioned here is the Weyl algebra of differential operators with
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polynomial coefficients in n variables. Its generators x; (acting as f(x) —> x; f(x))
and d/dx; satisfy the Lie bracket

[0/ 0xp, x¢] = S,

because

d ad ad )
(8 O Xy — X © 8xh)f(x) = o, (xkf(x)) —xka;cfh(x) =

Xh
d d
8 () + x; ajc; ) — aj; () = 81 (0.

It was introduced by Hermann Weyl in his mathematical formulation of quantum
mechanics, and it is very closed related to the (generalized) Heisenberg algebra
han+1 seen in (1.2). More precisely, the Weyl algebra is a quotient of the universal
enveloping algebra of by, (that is, the free algebra on hy,+; modulo the ideal
generated by the relations xy — yx — [X, y]), obtained by factoring the ideal generated
byz—1.

Notice, in passing, that also each irreducible representation v, of s{(2, k) in (1.3)
can be seen as the action of the differential operators

3, Al =x 3, Ay =X 9

Ay=x2, —xi .
1

0xy axy 0x2

on the algebra of homogeneous polynomial of degree n — 1 in two variables x; and
X2, because they act on the vectors of the basis of the form ¢, = xXx7*~! mapping

Ag(er) = (n—2k —1)ex, Ag(er) = kex—1, Az(exr) = (n—k—1)eg+y.

1.1.3 Lie Groups, Exponential Map

A Lie group is a group defined over a finite-dimensional smooth manifold, such
that the group multiplication and the inversion are smooth maps. The general linear
group GL(n,R) of n x n invertible matrices over R is a n’>-dimensional smooth
manifold where the group operation is differentiable, hence it is a Lie group. This
holds also for its topologically closed subgroups (Cartan’s theorem), also called
linear Lie groups.

Similarly to what one does by taking the linear part of the Maclaurin series of a
function, one can associate to each connected Lie group G, a Lie algebra g whose
underlying vector space is the tangent space to the group in the neutral element
[27]. This Lie algebra g completely captures the local structure of the group G.
There can be several Lie groups with the same Lie algebra, so this is not one-to-one
correspondence, and one says that two Lie groups are locally isomorphic, if their
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Lie algebras are isomorphic. All of them, however, are a quotient of the /largest one,
the so-called (simply connected) universal covering group associated with g. In this
correspondence, subalgebras (resp. ideals) correspond to closed subgroups (resp.
closed normal subgroups).

Two smallest, prototypical examples: first, consider the group SO, (R) of rota-
tions

X = cosf sing ) (10 n 00 n —;92 0 n 0 —é93 n
~\—sinfcosd )] \O1 -6 0 0 —;«92 é¢93 0 ’
with 8 € R, which, by the way, are written in complex form as

1 1
146 — 292— 693+---=exp(i9).

In a neighborhood of the identity, that is, considering the first order approximation,

we see that
1 6 1 6\ (1-6i6, 6+ 6,
-0, 1 -6, 1 —0,—60,1—-0616, )
and, disregarding infinitesimal elements of the second order, this says that the

multiplication of infinitesimal rotations behaves like the addition of arcs in the
tangent space to the circle at the identity, which is

1+0- 389X|9=0:I+(2 09) 6 € R.
This explains also why Sophus Lie called infinitesimal groups what we now call Lie
algebras. Moreover, Lie theory gives a deeper meaning to the concept of exponential
map: the usual one, x > exp(x), transforms the additive group of the reals onto the
multiplicative group of the positive reals. Similarly, the above example of SO, (R)
shows that the exponential map x + exp(ix) transforms the additive group of the
reals onto the group of rotations. Hence, the Lie groups R* (non-connected), R4
(simply connected), and SO,(R) (not simply connected) are locally isomorphic,
with SO, (R) being in fact a homomorphic image of the simply connected group
R+ modulo the lattice of periods generated by 27, and the connected component of
R* being isomorphic to R4 via the exponential map.
The second example is the Heisenberg group

1)61)63
H3 =<<X = 01 X2 L X1,X2,X3 eR
001
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Since for k = 1,2,3 the three derivatives aikX |x=r are, respectively, the three
elements X, y, and z given in (1.1), the tangent space at the identity element / is bs.

On the other hand, as the cube of any element x € b3 is zero, we see that expx =
I +x+ éxz, that is,

Oab 1ab+;ac
Xx=|00c|+r—expx=1+x+ x*=101 c ,
000 00 1
and
1
EXpX - eXpy = exp (X+y+ 2[X,y]). (1.5)

Just in the same way as the exponential map x + exp(ix) transforms the additive
group of the reals onto the group of rotations, the above Eq. (1.5) transforms the
additive group of Lie algebra h3 onto the non-commutative Lie group Hj.

Finally, for a given Lie algebra g and for its Lie algebra of derivations Der g,
one can consider the Lie group exp(Der g) and find out that this is a group of
automorphisms of g, such that

exp(8(x)) = exp(8)(x),

confirming, once again, the self-consistency of Lie theory.

The question which arises after these examples is the following: does the
exponential map always transform the addition of a suitable, but linear, Lie algebra
structure on the tangent space to a Lie group G into the multiplicative structure of the
group G itself? Surprisingly, within a series of circumstances which give an account
of the richness of the theory, the answer is mostly yes. In order to be applied to the
most general case where the group is not commutative, Eq. (1.5) must be completed
to the Baker—Campbell-Hausdorff formula, whose first terms are

exp(x)-exp(y) = exp(x+y+ ! [x,y]+ 112([)(, x.yl]+][y. [y,x]]) +..). (1.6

2

Three-dimensional Lie groups, (2n + 1)-dimensional Heisenberg groups, and
six-dimensional orthogonal groups are extensively investigated in Chap.7 as the
manifolds on which a left-invariant affine control system is defined. A smooth
control system X may be viewed as a family of dynamical systems (or vector fields)
Z, on a manifold, (smoothly) parametrized by control vectors u € R’, and fulfilling

0

98 = Z.(g).
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An integral curve of such a vector field is called a trajectory of the system, and the
main question is whether any two points can be connected by a trajectory, possibly
minimizing some cost function.

A significant subclass of control systems, first considered in 1972 by R. W.
Brockett and by V. Jurdjevic and H.J. Sussmann, is that of left-invariant, affine
control systems, where the manifolds are real, finite-dimensional, connected, linear
Lie groups G, and the dynamics & are invariant under left translations, i.e.,
E,(g) = gE&.(1), and affinely parametrized by control vectors u € R/, i.e.,
Z,(1) = (A+u; By +---+uB;), where A, By, . . ., B; are elements of the Lie algebra
g of G, with By, ..., B linearly independent. Such a system fulfills therefore

0

atg = g(A + LtlBl +---+ Mle),

and for such a system the left translation of any trajectory is a trajectory. Addition-
ally, the subclass of drift-free systems, i.e., systems with A = 0, is reinterpreted in
Chap. 7 as invariant sub-Riemannian structures, and some examples are revisited.

1.1.4 Compact Lie Algebras

If the Lie group G is compact, one says that its Lie algebra g is compact. But a
useful intrinsic criterion for the compactness of g comes from the Killing form «:
the Lie algebra g is compact if and only if « is definite negative , as we illustrate with
the following example, which is the three-dimensional compact real group SU(2) of
special unitary matrices, represented by the compact, simply connected group of
quaternions having the norm equal to one:

X1 X2 X3 X4
—X2 X1 —X4 X3 2 2
X = . ARG =1
—X3 X4 X1 —X2

—X4 —X3 X2 X1

As such, it is the real form of the group of complex matrices

 w . .
( " ) z=x1 iy, w=2x3+ixg, |ZP+[wP=1,
- Z

but, the conjugation being not complex analytic, this is not a complex Lie group
(also, its real dimension is odd!).
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Putting alternatively x3 = x4 = 0, x, = x4 = 0, and x, = x3 = 0, we obtain
three one-dimensional subgroups of matrices of the form

cosf sinf 0 0 cos 6 0 sinf O
—sinf cosf 0 0 0 cosf 0 sinf
0 0 cosf —sinf |’ —sinf 0 cosf O ’
0 0 sinf cosf 0 —sinf 0 cosf

cos 0 0 sinf
0 cosf —sinf O
0 sinf cosf® O ’
—sinf 0 0 cosf

whence one immediately sees that the tangent space at the identity element 7 is
generated by

0100 0 010 0001
—-100 0 0 001 00-10
000-1]" -1 000]° 0100
0010 0 -100 -10 00

These matrices generate the real Lie algebra su(2) given at p. 4, and are the real

forms of the matrices
—i0 01 0 —i
0i)’ -10)° —i 0 )

which in turn generate the complex Lie algebra s, (C) of traceless matrices. Notice
that the same complex Lie algebra is obtained as the complexification sl,(C) =
sl (R)®grC of the real Lie algebra s[, (R). This shows that the Lie algebras g of non-
isomorphic real Lie groups may have isomorphic complexifications gc = g ®g C.

More generally, starting from a real Lie algebra g, one can consider its complex-
ification gc = g ®g C, thus non-isomorphic real Lie groups may have isomorphic
complexifications. Notice that the Killing form

k(x,y) = Tr(ady o ady)

of a semisimple real Lie algebra g determines, by Sylvester’s inertia, an index, which
is the number of positive entries of the diagonal form of «. It turns out that the index
is zero, that is, k is definite negative, if and only if g is the Lie algebra of a compact
real Lie group, and the real Lie algebra g is said a compact real form of gc. In
the opposite case, where k is definite positive, the real Lie algebra g is said a split
real form of gc. The intermediate cases correspond to the Cartan decomposition
g = t @ p in two k-orthogonal subspaces, the former being a maximal compact
subalgebra, the latter being only a complementary subspace. For instance, in the
(not infrequent) case that g has a representation as a real Lie algebra of matrices that
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is closed under transposition, the Cartan decomposition is just the decomposition
into the subalgebra of skew-symmetric part and the complementary subspace of
symmetric matrices, thus gc = (@ ip) ® (P p). Now, €@ ip is a subalgebra which
consists of Hermitian matrices, is a real Lie subalgebra of gc, whose Killing form
is negative definite, hence it is compact. Finally, its complexification is clearly gc.

1.2 Non-associative Structures

1.2.1 Loops and Geometry

As one already could see, the non-associative structures are recharged from many
sources. One of them which today is almost forgotten is the theory of projective
planes. If an affine plane E is non-desarguesian, then E can be coordinatized
only by ternary fields, and the addition and multiplication of them are loops.
In particular, translation planes are coordinatized by quasifields, whose addition
defines an Abelian group but whose multiplication defines a loop such that these two
operations are connected by a distributive law. The whole theory of non-associative
algebras grew out of this basement. Today a loop is defined as a set L with a binary
operation (x, y) + x-y, such that there exists an element e € L withe-x = x-e¢ = x
for all x € L, and the equations @ -y = b and x - a = b have precisely one
solution. The calculations with loops based on this definition are tedious. For this
reason one tried to formulate the theory of loops completely within the theory of
groups. The possibility for this is delivered, for a loop L, by the left translations
Aq iy > a-y: L — L, which are bijections of L for any a € L. Following Cayley,
one can see the loop L as a set of permutations of L acting sharply transitively on L.
If G is the group generated by the left translations of L, and H is the stabilizer of the
identity 1 of L, then the left translations A, : y > a-y form a section o : G/H — G.
If 7 : G — G/H is the natural mapping x — xH, then 7 oo : G/H — G/H is the
identity. The image o (G/H) forms a system of representatives for the left cosets of
H in G. Conversely, let G be a group and H a subgroup of G containing no nontrivial
normal subgroup of G. If ¢ : G/H — G is a section with 6(H/H) = 1 € G such
that o(G/H) generates G and operates sharply transitively on G/H (which means
that to any xH and yH there exists precisely one z € o(G/H) with zxH = yH),
then the multiplication on the factor space G/H given by xH - yH = o(xH)yH,
respectively the multiplication on the set 6(G/H) given by x - y = o (xyH), yields
a loop having G as the group generated by the left translations xH +— o (xH),
respectively x — o(xH). The advantage of this procedure lies in the enormous
power of group theory. Choosing in particular for G a finite group, a Lie group, an
algebraic group, or a p-adic Lie group such that H is a closed subgroup and o is a
map in the corresponding category, then many remarkable classification results can
be obtained, since the simple groups in these categories are known.
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Special classes of loops may be defined by algebraic laws which can be seen as
weakenings of the associativity. For loops which are near to groups the algebraic
expressions for weak associativity and the validity of the configurations in the
corresponding geometries show the same complexity. As an example for this, we
can quote the classes of Moufang loops and Bol loops.

But, in general, nicely algebraically defined loops are rare from a geometrical
point of view. For instance, the multiplicative loops of quasifields, in which only
one distributive law holds, and which coordinatize translation planes, cannot be
described in a simple algebraic way.

The real analytic loops possess tangential objects, Malcev algebras, Bol algebras,
Sabinin algebras, which describe them near to the identity. Using Malcev algebras
it was possible to create, for Moufang loops, a theory having the same level as the
theory of Lie groups and to get a complete classification of analytic Moufang loops.
Any connected analytic Moufang loop is an almost direct product of a Lie group
and of the Moufang loops arising from the multiplicative loop of octonions. The
real octonion algebra satisfies Moufang identities and is the only real composition
non-associative division algebra arising by the Cayley—Dickson process, which, by
the way, is introduced in Chap. 6 to define a sequence of algebras, among which one
finds in particular the octonion and the sedenion loops as the multiplicative loop.

Extensive majority of non-commutative Lie groups can be seen as groups of
left translations of topological loops. For instance, among the three-dimensional
Lie groups, only the group of homotheties of the Euclidean plane R? cannot be
the group topologically generated by the left translations of a three-dimensional
topological loop. The situation changes drastically if one considers Lie groups
G which are generated by left translations together by right translations of loops
homeomorphic to a Lie group. Already any loop L defined on a connected one-
dimensional manifold such that its group generated by the left and right translations
is locally compact must be a group isomorphic either to R or to SO, (R). In the case
of the two-dimensional Lie loop corresponding to the hyperbolic plane and having
the three-dimensional group PSL; (R) as its group generated by the left translations,
it is the group generated by left and right translations of an infinite-dimensional Lie
group. For loops corresponding to higher dimensional hyperbolic spaces one meets
the same situation. This indicates that the simplicity of a Lie group is an obstruction
for being a group generated by the left and right translations of a topological loop.

The compactness of a Lie group G is a serious obstruction even for the case that
G is a group generated by the left translations of a topological loop homeomorphic
to a Lie group. For instance, any 1-dimensional connected topological loop having
a compact Lie group as the group topologically generated by its left translations is
the orthogonal group SO;,(R). Another example showing the restricting power of
compact Lie groups is given by topological loops L homeomorphic to the 7-sphere
or to the 7-dimensional real projective space. Any such loop L having a compact
connected Lie group G as the group topologically generated by the left translations
of L is one of the two 7-dimensional compact Moufang loops, G is locally
isomorphic to PSOg(R) and the stabilizer H of the identity ¢ € L is isomorphic
to SO7(R). Moreover, if the compact Lie group G is topologically generated by
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the left translations of a proper topological loop, then G is homeomorphic to a
connected semisimple Lie group. In a sense, conversely there does not exist any
proper topological loop L which is homeomorphic to a connected quasi-simple
Lie group and has a compact Lie group as the group topologically generated by
its left translations. More generally, if L is homeomorphic to a product of quasi-
simple simply connected compact Lie groups and has a compact Lie group G as
the group topologically generated by its left translations, then G is at least 14-
dimensional. In the case where dim G = 14, the group G is locally isomorphic to
Spin; (R) x SU3(C) x Spin;(R) and L is homeomorphic to a group which is locally
isomorphic to Spin;(R) x SU3(C).

1.2.2 Gerstenhaber Algebras

As mentioned above, among non-associative algebras, that is, k-vector spaces with
anon-associative, k-bilinear product, we also find Jordan algebras and Gerstenhaber
algebras.

In particular, here we limit ourselves to give the definition of a Gerstenhaber
algebra, because they are a main object of Chap. 5, and to address the reader to the
excellent introduction on this topic given in [4].

A K-vector space A with a K-bilinear product - : A x A —> A and associator
(x,¥,2) = (x-y)-z—x-(y-7) is a Gerstenhaber algebra (or right-symmetric algebra), if

(6, y,2) = (x,2,9).

Whilst the exterior algebra of a Lie algebra is a Gerstenhaber algebra, the commu-
tator

x,y]=x-y—y-x

endows a given Gerstenhaber algebra with the structure of a Lie algebra, because
the Jacobi identity can be formally written as

(e, y]. 2l + [lz. 2] 3] + [y, 2l 4] =
(x,y,z) + (vasx) + (vavy) - (y,x,z) - (vasy) - (Zvyvx)'

The latter identity, holding in any two-sided distributive, not necessarily associative,
algebra, shows that Gerstenhaber algebras and left-symmetric algebras deserve the
alternate name of pre-Lie algebras.

Gerstenhaber algebras, and their opposite left-symmetric algebras, appeared,
not surprisingly, in 1896 in a paper by Arthur Cayley. They were revived in the
early 1960s by Vinberg [29], Koszul [24], and Gerstenhaber [17]. More recently,
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homotopy Gerstenhaber algebras found a place in the investigations of Kontsevich
[22], and of Connes and Kreimer [6], among many others.

As pointed out in [23], it was Koszul [25] who realized that an odd Laplacian,
that is, a second-order differential operator A of degree —1 on an associative
commutative graded algebra 21 = | J, 2, such that A> = 0 and A(1) = 0, provides
2A with the structure of a Gerstenhaber algebra, by putting:

(o] = (D (4@ b) = A@) - b= (=Da- A®)).

where x € 20, y € 2. A slight generalization of the operator A defines Batalin—
Vilkovisky algebras, a useful tool in the description of certain Lagrangian gauge
theories [30].

1.3 Finsler Geometry

1.3.1 Finsler Metric and Minkowski Norm

Finsler geometry is more general than Riemannian geometry in the sense that it
does not require the metric to be quadratic for each tangent space. Its definition
was proposed by Riemann in his talk in 1854, and the systematical study on Finsler
geometry was started by the thesis of Finsler in 1918 [16]. This research field has
been quiet for many decades, until its arising in the 1990s, by the full advocation of
S.S. Chern. He, together with D. Bao, Z. Shen, and many other geometers, rebuilt
the foundations for modern Finsler geometry [2]. Nowadays, Finsler geometry has
many applications in biological statistics, electrical science, and general relativity. It
also provides viewpoints for us to understand this geometric world beyond intuition
and imagination.

We start with the concept of Finsler metric, which defines the length of each
tangent vector. A Finsler metric on a smooth manifold M is a continuous function
F :TM — [0, 4+00), satisfying the following conditions:

1. Regularity: F is a positive smooth function on the slit tangent bundle TM\0.

2. Positive homogeneity: F(Ay) = AF(y) for any tangent vector y and A = 0.

3. Strong convexity: For any standard local coordinates on TM, i.e., x = (x') € M
and y = y'd,; € T, M, the Hessian matrix

1
(gi(x,y) = (2 [F?(x, y)]yiyf)

is positive definite.

We call (M, F) a Finsler manifold or Finsler space.
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In each tangent space, the Finsler metric defines a Minkowski norm. Minkowski
norm can be more abstractly defined on any real vector space, satisfying similar
conditions as above (1)—(3).

Well-known examples of Finsler metrics include the following. A Finsler metric
is Riemannian when the Hessian matrix is irrelevant to the y-coordinates for
any standard local coordinates. In this case, it defines a smooth global section
gij(x)dxidx/ of Sym?(T*M) which is usually referred to as the Riemannian metric.
The most simple and important class of non-Riemannian metrics are Randers
metrics, which are of the form F = « + f where « is a Riemannian metric, and
is a 1-form. The («, B)-metrics are generalizations of Randers metrics, which can
be presented as F = a¢(B/a), where o and B are similar as for Randers metrics,
and ¢ is a smooth function. Notice for a Randers metric (or an (&, 8)-metric) F, o
and B (or o, B, and ¢ resp.) must satisfy certain conditions to satisfy the convexity
condition (3) [5, 26].

1.3.2 Geodesic and Curvature

The arc lengths of piecewisely smooth curves can be similarly defined in Finsler
geometry. Their infimum for all curves from one fixed point to another provides a
(possibly irreversible) distance dp(:,-). Using variational method, geodesics can be
defined which satisfies the locally minimizing principle for dr(:, ).

There is another way to describe the geodesics on a Finsler space. The geodesic
spray G is a global smooth tangent vector field on TM\0, which can be presented
as G = y'0y — 2G'0ys, with G' = | g"([F?]1y* — [F*]4), for any standard local
coordinates on 7M. Then a smooth curve ¢(f) with a nonzero constant speed (i.e.,
F(¢(f)) = const > 0) is a geodesic iff its lifting (c(¢), ¢(¢)) in TM is an integration
curve of G.

The geodesic spray G and its coefficients G’ are very useful for presenting other
geometric quantities (curvatures) in Finsler geometry. Curvature is the core concept
of Finsler geometry. Some curvatures are generalized from Riemannian geometry,
which are called Riemannian curvatures. They can help us to detect how a Finsler
space curves. Some others vanish in Riemannian geometry, i.e., they only appear for
non-Riemannian metrics and can be used to measure how these metrics differ with
the Riemannian ones. We call them non-Riemannian curvatures [28].

Let us see some curvatures in Finsler geometry. First we look at the Riemannian
ones.

In the Jacobi field equation for a smooth family of constant speed geodesics, we
can find a linear operator Rf : T:M — TM for any nonzeroy € T,M. We call it the
Riemann curvature. For any standard local coordinates on TM, it can be presented
as R} = Ri(y)d, ® dx*, where

Ri(y) = 204G — /3%, G' 4+ 2G'97,,G' — 9,,G'9 G/
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Using Riemann curvature, we can easily define flag curvature, Ricci curvature,
scalar curvature, etc. For example, flag curvature is a natural generalization of
sectional curvature in Riemannian geometry. For any x € M, nonzeroy € T.M
(the pole), and tangent plane P containing y (the flag), linearly spanned by y and v,
the flag curvature

(Ryv, v)

F F
ey n ) =PI = . - (o
where (-, )5 is the inner product on 7. M defined by the Hessian matrix (g;(x,y)).
The flag curvature does not depend on the choice of v but only on y and P.

Next we look at the non-Riemannian curvatures.

The first degree derivatives of the Hessian matrix (g;(x,y)), i.e., the third
degree derivatives of F2(x,y), define the Cartan tensor, the most fundamental non-
Riemannian curvature in Finsler geometry. In a global fashion, it can be presented as

3

1
Cl (v, w) = F2(x,y + 1t + 5 + )| ==,

4 9rosot

where y, u, v,w € TyM and y # 0.

Notice you may further differentiate the Cartan tensor with respect to the
y-coordinates as many times as you like. Then you get infinitely many non-
Riemannian curvatures from this thought. They provide obstacles for a (non-
compact) Finsler space to be isometrically imbedded in Minkowski spaces. But they
are not very useful most of the time.

S-curvature invented by Z. Shen is another important non-Riemannian curvature,
with a totally different style. It can be described as the derivative of the distortion
function

Vdet(g;i(x.y))

T(x,y) =In ()

in the direction of the geodesic spray G. Here o(x) is the coefficient function in
some canonical volume form. An important case is to take the Busemann-Hausdorff
volume form dVpy = o (x)dx' - - - dx", where

Wy

O'(X) = VO]{(yl) = RnIF(x’yiax,') < 1}

Though the definition of 7(x,y) involves standard local coordinates, it is in fact a
globally defined smooth function on TM\O0. It is crucial that S-curvature has many
important properties which relate it to other curvatures in Finsler geometry.

Why do we need the Lie symmetry for studying Finsler geometry?



1 A Short Survey on Lie Theory and Finsler Geometry 17
1.3.3 Local Homogeneity and Global Homogeneity

There exists a main obstacle for the study of general Finsler geometry. The
calculations and formulas are much more complicated than those in Riemannian
geometry. Thus we need to call Lie theory for help. The Lie group symmetries could
be applied to Finsler geometry in both the local and the global senses.

First look at the Lie symmetries in the local sense. Sometimes we restrict
our interest to some types of Finsler metrics with special importance. For exam-
ple, Riemannian metrics are the most well-known Finsler metrics. In the last
century, Riemannian geometry has become one of the most important mathe-
matical branches. Generally speaking, we concern non-Riemannian metrics and
spaces in Finsler geometry. Randers and (o, 8)-metrics are the most simple and
important non-Riemannian Finsler spaces. The majority of research works on
Finsler geometry are related to Randers metrics and (c, 8)-metrics. The reason
behind this phenomenon is a good “local homogeneity,” which means for each
tangent space T, M, the connected linear isometry group Ly(7. M, F) (preserving the
Minkowski norm F(x,-) on T, M) is relatively big. For example, an n-dimensional
Riemannian manifold (M, F), Ly(T:M, F) is isomorphic to SO(n), which is the
maximum among all possible ones. For a non-Riemannian Randers space or an
(o, B)-space, Lo(T:M, F) is isomorphic to SO(n — 1), which is a maximum among
all non-Riemannian ones. These local homogeneities can significantly reduce the
complexity of calculations in Finsler geometry, i.e., make the research subject much
easier.

Here are two remarks on the local homogeneity.

First, there is another class of Finsler metrics, generalizing Randers metrics and
(o, B)-metrics [15]. Let o be a Riemannian metric on M, with respect to which TM
can be orthogonally decomposed as the sum of two sub-bundles TM = V| & V.
The restrictions o; = «|y, can be naturally regarded as functions on 7M. Then a
Finsler metric F of the form F' = f(o), o) for some positive smooth function f
(which must be positively homogeneous of degree 1) is call an (o, o)-metric.

For an (o, ap)-space (M, F), its connected linear isometry group Lo(T:M, F) is
isomorphic to SO(n;) x SO(n,), where n; is the real dimension of the fibers of V;. It
reaches another maximum among all non-Riemannian metrics [15]. We guess, the
most that works on («, §)-metrics can be generalized to (a1, ap)-metrics.

Second, we may improve the efficiency of the local homogeneities by consider-
ing the whole linear isometry group instead of its identity component. For example,
reversible metrics have slightly better local homogeneities than irreversible metrics,
because of the extra Z,-isometries for the antipodal map.

Next we look at the Lie symmetries in the global sense. That means a Lie
group G acts nontrivially and isometrically on the Finsler space (M, F)). We can
assume G is a closed connected subgroup of the isometry group /(M, F)). Notice the
isometry group /(M, F) itself is a Lie transformation group [9]. One of the most
typical cases is that G acts transitively on the Finsler space (M, F). Then we call
(M, F) ahomogeneous Finsler space [8]. Mostly we assume M is connected. Denote
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M = G/H a homogeneous Finsler space where G is a closed connected subgroup
of Iy(M, F) and H is the compact isotropy subgroup at 0 = eH. Then we have an
Ad(H)-invariant decomposition g = h+m, where g = Lie(G) and h = Lie(H). The
subspace m can be canonically identified with 7,(G/H). A G-homogeneous Finsler
metric F on G/H is one-to-one determined by an Ad(H )-invariant Minkowski norm
on m. The study on homogeneous Finsler spaces is called homogeneous Finsler
geometry.

In homogeneous Finsler geometry, curvatures can be reduced to some tensors
on m, and differential equations are reduced to linear equations. So we may avoid
some extremely complicated calculations, and find the intrinsic nature of curvatures
from the Lie algebra structures. The most successful examples for this approach
include the following. We can use Killing frames (i.e., local frames provided by
Killing vector fields) to present the S-curvature, and use the Finslerian submersion
technique to deduce the flag curvature formula, for a homogeneous Finsler space
[33, 38]. Notice in Finsler geometry, curvatures are mostly defined with standard
local coordinates {x = (x') € M,y = y'd, € T.M}. But in the homogeneous
context, generally speaking, the local coordinates are not compatible with the
homogeneous structure, and invariant frames or Killing frames seem more suitable.
Applying invariant frames, L. Huang provides explicit formulas for all curvatures in
homogeneous Finsler geometry [19].

1.3.4 Some Recent Progress

With the local and global view points, we see an expecting research field in Finsler
geometry for which we have both a good local homogeneity and a good global
homogeneity. For a homogeneous Finsler space (G/H, F), the isotropy subgroup
H is contained in the linear isometry group of 7,(G/H). So (G/H,F) has a
good local homogeneity when H is relatively big. Here are some recent progress
in homogeneous Finsler geometry which uses the local homogeneity directly or
indirectly.

1. The study on the curvatures of homogeneous Randers spaces and homogeneous
(o, B)-spaces [1, 7, 12, 13].

2. The study on the affine Berwald symmetric Finsler spaces [11]. Notice the
Berwald condition implies many properties of these spaces coincide with those
in Riemannian geometry. The Berwald condition can be replaced by assuming
the homogeneous space is symmetric [10], i.e., in the Ad(H)-invariant decompo-
sition g = h 4+ m, we have [m, m] C h. On one hand the symmetric condition
implies the Lie algebra h and thus the isotropy group H be big enough. On the
other hand, using Killing frames, its geodesic spray can be explicitly presented,
which coincides with that for a Riemannian symmetric metric, and proves the
symmetric homogeneous Finsler space G/H is Berwald.
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3. The classification of Clifford-Wolf homogeneous Randers spaces [32], which
generalizes the corresponding work of Berestovskii and Nikonorov in the
Riemannian context [3], and some partial results for left-invariant Clifford-
Wolf homogeneous (o, 8)-metrics and (o, az)-metrics on compact Lie groups
[14, 15].

4. The classification of positively curved homogeneous Finsler spaces [34, 35, 37,
38]. The main tool for this project is the homogeneous flag curvature formula
[19]. To efficiently reduce the classification problem to a solvable algebraic
problem, we need to use the local homogeneity encoded in the rank inequality for
a positively curved homogeneous Finsler space G/H [38], i.e., when assuming
G is compact, tkG < rkH + 1. There exists a sufficiently big torus in H, which
is important for this classification work. In particular, when dim G/H is odd, we
need a slightly better local homogeneity which requires the positively curved
homogeneous metric F on G/H to be reversible.

5. Define the flag-wise positively curved condition and find interesting examples.
In Finsler geometry, we can define a special version of non-negatively curved
condition. First, the metric is non-negatively curved, i.e., the flag curvature is
non-negative everywhere. Second, the metric is flag-wise positively curved, i.e.,
for any tangent plane P C T:M, we can find a suitable pole y € P, such that
K (x,y,P) > 0. Using the Killing navigation process, we can find many compact
coset spaces which admit non-negatively and flag-wise positively curved normal
homogeneous Randers metrics but no positively curved homogeneous metrics
[36]. The flag-wise positively curved condition alone seems to be a much weaker
condition. Perturbing a non-negatively curved homogeneous Riemannian metric
generically, we have a big chance to finding flag-wise positively curved metrics
[31].

Finally, I would like to summarize with our purpose of studying homogeneous
Finsler geometry. The curvatures are still in our main consideration. But now
they can be described by algebraic data and structures for the Lie algebras. So
geometric conditions are translated to algebraic conditions as well. In many cases,
those algebraic conditions can be corresponded with explicit classification lists of
homogeneous Finsler spaces, which provide precise examples for us to understand
the intrinsic nature of Finsler geometry in general.
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Chapter 2
Remarks on Infinite-Dimensional
Representations of the Heisenberg Algebra

Camillo Trapani

Abstract Infinite-dimensional representations of Lie algebras necessarily invoke
the theory of unbounded operator algebras. Starting with the familiar example
of the Heisenberg Lie algebra, we sketch the essential features of this inter-
action, distinguishing in particular the cases of integrable and nonintegrable
representations. While integrable representations are well understood, nonintegrable
representations are quite mysterious objects. We present here a short and didactical-
minded overview of the subject.

2.1 Introduction

The theory of representations of Lie algebras by linear operators in infinite-
dimensional Hilbert spaces is one of the most fascinating branches of modern
mathematics; it involves algebra, topology, functional analysis, operator theory, and
differential manifolds and this fact produces at once its charm and its difficulty.
Motivations for these studies come from several mathematical subjects and also
from physical applications. In analysis, for instance, the theory of representations of
Lie algebras is a fundamental tool for the theory of partial differential equations
(in certain approaches). On the other hand, it provides a precise mathematical
framework for several problems in quantum theory and particle physics. In fact,
physical observables (i.e., measurable quantities) are represented, in general, by
operators acting on the Hilbert space of the states of the system and observables have
a natural structure as Lie algebra whose brackets are realized through commutation
relations of the corresponding operators. In fact, the operators A, B representing two
observables either commute (i.e., [A, B] = 0) or satisfy prescribed commutation
relations.

For instance, if Q represents the position of a particle and P its momentum, the
Heisenberg principle implies that [P, Q] = —il, where 1 stands for the identity
operator.
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Similarly, the differential operators Ly, L,, L, representing the components of the
angular momentum satisfy the following commutation relations:

[Le, L)) =iL,, [Ly,L;] =L, [L;, L] = iL,.

Of course, one can look at these commutation relation as to infinite-dimensional
representations of some Lie algebra.

A representation of a Lie algebra £ is a linear map  from £ into an operator
algebra 2{ acting on some vector space V.

Thus if V is taken to be a Hilbert space 7, the most natural choice would be
taking as 2 the C*-algebra #(7¢) of all bounded operators in 7.

We recall that a linear operator A in Hilbert space .77 is bounded (equivalently,
continuous) if there exists C > 0 such that

lAgll < Cligll. V& e 2.

If the Hilbert space is finite-dimensional, then every linear operator is bounded. If
dim(.#) = oo, unbounded (and hence everywhere discontinuous) operators are
called on the stage.

As we shall see below, the operators involved in representations of Lie algebras
are often unbounded (and for some algebra they need to be unbounded!); the
drawback of involving unbounded operators is that the theory becomes more
complicated since one has to deal with sometimes difficult problems of domains,
extension of operators, self-adjointness problems, and so on.

But this is not the end of the story. In fact, if we want to represent Lie algebras by
unbounded operators we need a precise definition of commutator for two unbounded
operators and this is quite a difficult task!

In this paper, which has mostly didactical purposes, we quickly review the main
features of unbounded representations of Lie algebras, focusing our attentions to the
different (and, unfortunately, inequivalent) notions of commutators for unbounded
operators. In particular we will consider representations of the Heisenberg Lie
algebra b, which describes the commutation rules of the position Q and of the
momentum P in Quantum Mechanics. By the Wiener—Wielandt—von Neumann
theorem (Theorem 2.2.1), the representations of this Lie algebra are necessarily
unbounded and the celebrated Stone—von Neumann theorem (Theorem 2.2.2)
characterizes the so-called integrable representations of b, i.e., representations
obtained by differentiating a unitary representation of a Lie group: they are all
unitarily equivalent to the Schrodinger representation that can be described, as we
shall see below, by the elegant formalism of annihilation and creation operators (see,
e.g., [16]). But, nonintegrable representations of ) can also be easily constructed
and often occur in applications to Physics. Thus, it is worth discussing them and
try to understand what is preserved of the known theory under these very different
circumstances.
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2.2 Representations of the Heisenberg Algebra

As we mentioned in Sect.2.1, some Lie algebras do not allow bounded represen-
tations in infinite-dimensional Hilbert space. A typical example comes from the
so-called canonical commutation relations (CCR, for short) that are nothing but
a special representation 7 of the Heisenberg Lie Algebra ) generated by three
elements a, b, c € h whose Lie brackets are defined by

[a,b]=c [a,c]=[b,c]=0

The carrier space of 7 is a Hilbert space 7.

The algebra #(.7) of bounded operators in 7 can easily be made into a Lie
algebra by defining [A, B] := AB — BA, A, B € B(7).

Thus, as a first step, it is natural to suppose that 7 takes its values in (7). So
we should have

7 —> B(H),
m([x.y]) = w(x)7w(y) —7()n(x), x,y€ia,b,c}.

The structure itself of the Heisenberg algebra b suggests that 7 ([a, b]) must be a
central element of Z(7¢°), which consists of multiples of the identity 1 only. Hence
we require that

7([a,b]) = w(a)n(b) — xw(b)m(a) = 1.

But, unfortunately,

Theorem 2.2.1 (Wiener, Wielandt, von Neumann) There exists no bounded
representation v of the Heisenberg algebra satisfying n([a, b]) = 1.

A very quick proof of this statement can be made by looking at the spectra of the
pretended bounded operators. We recall that, if A € (), the spectrum o (A) of
A is defined as

0(A))={LeC:A—- A1 GL(?)},
where GL(5¢’) denotes the group of invertible elements of Z(7¢). For every A €

HB(H), 0(A) is a nonempty compact subset of the complex plane (see, e.g., [14]).
The familiar rules of the spectra give

o(w(@)m(b)) U {0} = o(x(a)7(b)) U {0}
o(w(@n(b)) =1+ o(w(b)r(a)),

contradicting the compactness of the spectra.
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This is not a case, since as shown by Doebner and Melsheimer [10], representa-
tions of every noncompact Lie algebra are unbounded.

2.2.1 An Unbounded Representation of the Heisenberg
Algebra

We now define the so-called Schrodinger representation of the Heisenberg algebra.
The lesson of Theorem 2.2.1 is that we need to introduce unbounded representations
and, consequently, unbounded operator algebras.

For reader’s convenience we recall some features of unbounded operators. The
first one is that they are not, in general, defined on the whole Hilbert space ¢ a
linear operator A is in fact a linear map defined on a subspace D(A) of .77, called
the domain of A, which one supposes to be dense in . An unbounded operator
is necessarily everywhere discontinuous in its domain. A regularity requirement
for an unbounded operator is its closedness: this means that the graph {(§, Af) €
D(A) x 7} is a closed subspace of .7 x . An operator is called closable if it has
a closed extension.

Now we turn to unbounded operator algebras.

Let 2 be a dense domain in Hilbert space. Then, the family of closable operators

LND) ={A: D - D:A*D C D}

is a *-algebra of (in general) unbounded operators, with the usual operations of
addition, multiplication by scalars, multiplication (i.e., composition) of operators
and involution defined by AT := A* | D, where A* denotes the hilbertian adjoint of
A defined as

D(A*) = {n e 2 :An* € A such that (A& | n) = (§| n*), VE € D}
A*n=n*, n € D(A%)

For reader’s convenience, we recall that an operator A, with domain D(A) is
symmetric if (A& | n) = (&| An) for every &, n € D(A). This means that the adjoint
A* of A extends A. The operator A is called self-adjoint if A = A* and essentially
self-adjoint if its minimal closed extension A is self-adjoint. For more details we
refer to [14, 16].

For the Schrodinger representation of b, we take as domain the Schwartz space
Z(R) (C L*(R), clearly) of C*®-functions f that are rapidly decreasing; i.e.,

sup |A,J‘(D§’f)(x)| <oo, VkmeN,
x€R

where D, denotes the derivation operator with respect to x. Of course, . (R) C
L*(R).
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We then define the annihilation operator A and the creation operator AT as
follows:

1 1
Y Vv

Then, both A and AT are elements of . T(.#(R)) and

Af =, Gf+D:f) and A'f = L0 =Dif). [ eI ®).

AATF —ATAf = f, Vf e ZR).
For a, b, c € b, as above, we put
@) =A wb)=A"

Then [r(a), 7(b)] = 1. The operator ATA, the so-called number operator, is essen-
tially self-adjoint on .(R) and has discrete simple spectrum; in fact, o0 (ATA) = N.
Eigenvectors of ATA are obtained by successive application of AT to the vacuum
vector Yo(x) = e‘i , which is annihilated by A; in other words, an eigenvector
associated to the eigenvalue k € N is given by ¥ = (v/2AT) .

The Schrédinger representation can be, equivalently, defined through the follow-
ing operators:

of =xf  Pf=—if [P,Olf = —if, feSR).
Then, one has

R 1
. J

and A = }(Q* + P? + 1) is essentially self-adjoint on . (R).

The Schrodinger representation of b is of fundamental importance, since it is
essentially the unique integrable and irreducible representation of the Heisenberg
algebra.

Af 2(Qf+in), ATf = 2(Qf—in)

Definition 2.2.1 A representation  of a Lie algebra £ is called integrable if there
exists a connected and simply connected Lie group G and a unitary representation
U of G such that 7 is the differential of U;i.e. 1 = dU.

The integrability of the Schrodinger representation depends clearly from b being
the Lie algebra of a Lie group G. Let us consider, in fact, as G the set of 3 x 3-
matrices of the form

lavy
g(avﬂvy): 01 ,8 s Ol,,BJ/ER
001

Checking that G is a Lie group is a straightforward exercise. Then, if we call
a, b, c the generators of the one-dimensional subgroups, the Lie bracket of a, b, ¢
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are nothing but [a, b] = ¢; [a,c] = [b, c] = 0; that is, the Lie algebra associated to
G is exactly h.

For every A € R\ {0} a unitary representation of G in L?>(R) is obtained by
putting, for every f € L*(R),

(Us(g(e, By NN (x) := exp(iA(Bx + y))f (x + @), x€R.

By differentiating one finds
d . .
w(a)= , wb)=ilx, n(c)=IiA.
dx

It is not difficult to check that this representation is equivalent to that defined above.

The operators (a) and 7 (b) leave . (R) invariant and the operator A = — (jt)2 +
A2t + A% is essentially self-adjoint on . (R).

A fundamental result about representations of b is the following theorem due to
M.H. Stone and J. von Neumann.

Theorem 2.2.2 (Stone, von Neumann) Every integrable irreducible representa-
tion w of the Heisenberg Lie algebra is unitarily equivalent to the Schrodinger
representation.

As a consequence of this theorem, an integrable representation of  decomposes
into the direct sum of (possibly, infinitely many) representations each one of
them being unitarily equivalent to the Schrodinger representation, since every
representation can always be decomposed into irreducible ones.

The example discussed above can be cast into the more general situation
described by the Gdrding theory. This approach to the infinite-dimensional repre-
sentation theory of Lie algebras starts essentially with a work of L. Garding of 1947
[12]. The cornerstone of the theory is the following theorem [9, Chap. 11].

Theorem 2.2.3 Let U be a unitary representation of a d-dimensional Lie group G
in Hilbert space 7€ and w = dU the corresponding representation of the associated
Lie algebra £¢. Then,

(i) there exists a common invariant dense domain D¢ for the operators w(X;),
where X1, ..., Xy € £ are the infinitesimal generators of U;
(ii) the Nelson operator X12 + X% + -4 Xﬁ is essentially self-adjoint on Dg.

It is clear that m is integrable by definition. The proof of Theorem 2.2.3 is
constructive: thus once a unitary representation of the Lie Group G is given, we
can explicitly construct the so-called Gdrding domain. The converse of the previous
theorem also holds, provided that D¢ consists of analytic vectors f for . A vector
f € A is analytic for x if, for some s > 0,

21
Yo 2 ) xXirls' < oo
n=0

Y ISiyin<d
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The notion of analytic vector (that appears first in Harish—Chandra) was intro-
duced, in a slight different context by Nelson [15], but it is with Garding theory that
it develops all its potentiality [13].

2.3 Nonintegrable Representations of the Heisenberg
Algebra

Integrable representations of Lie algebras are, as we have seen, quite well under-
stood. But this kind of well-behavior is not so frequent in practice and it is not
difficult to construct examples where integrability fails (sometimes unexpectedly).

Let us consider the following representation of h in the Hilbert space ¢ :=
L?([0, 1]). Similarly, to what we have done before, we define

QN = (), fet.
D(P) = {f € C'(0.1) : £(0) = (1) = 0.f" € L([0. 1))}
(PH() = —if (x)

Then Q is bounded and self-adjoint, P is neither bounded nor self-self-adjoint.
Performing the same construction as before we put

A= ;Z(Q—iP) and B = \}

Of course [A,B] = 1; B = A but B # A*, the hilbertian adjoint of
A. By Garding theorem the integrability of the representation depends on the
existence of a common invariant dense domain & where the Nelson operator
A = é(P2 + Q?) is essentially self-adjoint. The largest domain invariant for P
and Q is clearly C§°(0, 1); but A is not essentially self-adjoint on C3°(0, 1), since
P is not. Thus this representation is not integrable. This is, in a sense surprising,
since the representation defined in this way can be taken for describing position and
momentum of a particle confined to move in an interval of finite length.

On the other hand, it should be mentioned that for several physical models it
is not possible to find a common invariant dense domain 2 with the prescribed
properties and this fact provides a good motivation for considering nonintegrable
representations.

2(Q + iP)



30 C. Trapani
2.3.1 Commutation Relations of Operators: Usual Approach

At this point, a discussion about the mathematical meaning to give to the commu-
tation relations of two unbounded operators (or even to the fact that they commute)
is in order. In fact, studying operators A, B such that B # AT and [A, B] = €l (in a
sense to be precise) is an unavoidable step (but just the first one) for the analysis
of nonintegrable representations. Of course, the significant cases are ¢ = 0 or
€ = 1. The latter has been analyzed in [7, 8] moving from the idea of pseudo-bosons
discussed at length by Bagarello in several papers [4-0].

Let A, B be two closed operators with dense domains, D(A) and D(B), respec-
tively, in Hilbert space #. In order to give a meaning to the formal commutation
relation [A, B] = €1, we require that the identity AB — BA = €1 holds, at least, on a
dense domain Z of Hilbert space 5. In other words, we assume that there exists a
dense subspace Z of .7 such that

(D.1) 2 C D(AB) N D(BA);

(D.2) ABE — BAE = €&, VE e 9, where, as usual, D(AB) = {§ e D(B) : Bf €
D(A)j.

As in [6], we will suppose that

(D.3) 2 C D(A*) N D(B*).

2.3.1.1 The Casee =0

Let A, B be linear operators in Hilbert space 7. What we mean when we say that
A and B commute? It is clear that, if A, B are both bounded operators, the equation
AB — BA = 0 has a precise meaning; but the same algebraic relation can be very
poor in information if both A and B are unbounded. So, many different mathematical
approaches have been developed for handling this case.

Before going forth, we recall some basic facts about self-adjoint operators.

A spectral family on the real line R is a family {E£(A)} of projection operators,
depending on the real parameter A, satisfying the following conditions:

(a) E(X) < E(u) or, equivalently, E(A)E(u) = E(A),if A < u;
(b) lim+ E(A + €)§ = E(A)x, forevery & € J7;
e—>0

(©) Alim EL)E = OeA liI_P EL)E = &, forevery & € J7.

A crucial result of operator theory is the spectral theorem for self-adjoint operators:

Theorem 2.3.1 To every self-adjoint operator A there corresponds a unique spec-
tral family such that

A = /R AEQE,

for every & € D(A).
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Moreover one has
D(A) = {g ejf:/RAZd(E()L)H £) < o0

A relevant consequence of this theorem is the functional calculus for self-adjoint
operators which allows to define functions of an operator. For instance, if A is self-
adjoint and {E(A)} is its spectral family, then

e = / e*dENE, EeH
R

defines a one-parameter group Uy (f) := €™ of unitary operators in .7#. The operator

A plays the role of infinitesimal generator of U4(2); that is

iar=tim 7 e b,

Let now A and B be two self-adjoint operators in 5#. The notion of strong
commutation of A and B can be expressed by anyone of the following equivalent
statements:

1. the associated spectral families {E4 (A1)}, {Eg(1)}, A, 4 € R commute;

2. the associated unitary groups Uy (f) := €', Up(s) := ¢ commute, for every
s,teR;

3. the resolvent functions (A—AI)~!, (B—ul)~", commute, for every A € p(A), u €
p(B),

p(X) denotes the resolvent set of the operator X; i.e. the complement of the
spectrum. We refer again to [14] or [16] for the basic definitions and for the above
mentioned results.

Also in the case where the operators A, B € .Z7(2) the equation AB = BA is
well defined, since, as we have seen, . T(.@) is a *-algebra. But Nelson’s example
[16] shows that there exist two operators A, B and a dense domain & such that

1. A,B € L7(2):
2. A, B essentially self-adjoint in J7;
3. ABE = BAE, forevery £ € 9

but the spectral families do not commute; in contrast with what happens for bounded
self-adjoint operators.

On the other hand, strong commutation of self-adjoint operators has a precise
meaning when they are supposed to represent physical observables: the two
observables are, in this case, compatible (i.e., they can be measured simultaneously)
and a joint probability distribution for these observables does exist.
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2.3.1.2 TheCasee =1

Parallel to strong commutation is the formulation given by Weyl for the formal
commutation relation [A, B] = 1 through the groups of unitaries they generate (when
they do!).

Thus, if A and B are self-adjoint operators, the equation [A,B] = 1 can be
translated by the celebrated Weyl commutation relations:

Ua(@)Up(B) = e Up(B)Us(e), Vo, B €R.

But for nonself-adjoint operators (excluding trivial cases) this approach is mostly
impossible.

2.3.2 Commutation Relations of Operators: A Different
Approach

Let A, B be two operators satisfying (D.1)—(D.3). Then, the operators S := A | &
and T := B | D are elements of the partial *-algebra .Z7(2, #) and satisfy the
equality

(T€ | STn)—(SE| TTn) = (1 n)., VEne 2. @2.1)

We recall that £ (2, 5#) denotes the set of all (closable) linear operators X such
that D(X) = 2, D(X*) 2 2. Theset £1(2, ) is a partial *-algebra with respect
to the usual sum X; + X>, the scalar multiplication AX, the involution X Xt =
X*[2 and the (weak) partial multiplication X; 0X, = XIT*XZ, defined whenever
X, is a weak right multiplier of X; (we shall write X, € RV(X) or X| € L¥(X»)),
that is, whenever X, 9 C .@(Xﬁ*) and X1*7 C 2(X2%), [2].

The commutation relation (2.1) is the main matter of what follows.

Let us first consider the case where S and/or T are generators of some weakly
continuous semigroup V(#) of bounded operators.

More precisely,

Definition 2.3.1 Let V(¢), t = 0, be a semigroup of bounded operators. We say that
X € £(2, ) is the Z-generator of V(t) if

lim
t—0

<V(t) -1

] SIn>=(Xo§|n), Véne 9.

In [7] the following definitions were given.
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Definition 2.3.2 Let S, T € .Z7(2, 5). We say that

(CR.1) the commutation relation [S,7] = 1 is satisfied (in .£7(2,.#)) if,
whenever SO T is well defined, 7 0 S is well-defined tooand S0 7—-T oS =
1.

(CR.2) the commutation relation [S, 7] = 1 is satisfied in weak sense if

(T€ | STn)—(SE| TTn) = (£1n), VEne 2.

(CR.3) the commutation relation [S, 7] = 1 is satisfied in quasi-strong sense if S is
the Z-generator of a weakly continuous semigroups of bounded operators
Vs(a) and

(Vs(@)TE | n) — (Vs(@)E | TTn) = o (Vs(@)§ | n) . VE.ne Zia = 0.

(CR.4) the commutation relation [S, T] = 1 is satisfied in strong sense if S and T
are Z-generators of weakly continuous semigroups of bounded operators
Vs(a), Vr(B), respectively, satisfying the generalized Weyl commutation
relation

Vs(@)Vr(B) = ¢PVr(B)Vs(), Vo, =0.
The following implications hold [7]:

(CR.4) = (CR.3) = (CR.2) = (CR.1).

Example 1 The implications in the opposite direction do not hold. For instance,
as shown by Fulgede and Schmiidgen [11, 17, 18], there exist two essentially self-
adjoint operators P, Q with common invariant dense domain & such that PQ¢ —
QP¢ = —it, for £ € 2, but the unitary groups Up(r), Up(s) generated by P, Q do
not satisfy the Weyl commutation relation Up(f)Ug(s) = €™ Ug(s)Up(1), 5,1 € R.

2.4 Commutation Relations and Spectral Behavior

It is well known that the traditional commutation relation [A,A] = 1 gives rise
(under some additional conditions) to a rich series of spectral results that have
plenty of applications [Sect.2.1]. Here we will shortly discuss analogous results
(mostly presented in [7, 8]) for two operators S, T satisfying (in one sense or the
other described in Definition 2.3.2) the commutation relation [S, 7] = 1.
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2.4.1 Existence of Eigenvectors

We begin with assuming that S, T € £7(2, ) satisfy the commutation relation
[S,T] = 1 in weak sense. Assume that there exists a vector 0 # & € & such that
S& = 0. Then

(T& | STn) = (&0l n), VYne2. (2.2)
This implies that T&, # 0 (otherwise, & = 0) and
T& € D(S™), ST™*T& =& € 2.
Thus T can be applied once more and we get
(TS™)T& = T(S™ Tko) = Téo. 2.3)

Hence T& is an eigenvector of 7S™* with eigenvalue 1.
Let us now assume that 7§, € Z. Then it is easily seen that

(%6 | S™n) =2(T&% | m), Vne2. 2.4)
This, in turn, implies that 72&, € D(S™) and ST*T2§, = 2T%. and
(TST*)T?Ey = 2T%&.

Iterating this procedure we conclude that

Proposition 2.4.1 Let S, T € £ 7(D, H) satisfy the commutation relation [S, T| =
1 in weak sense. Assume that there exists a nonzero vector & € 9 such that S& = 0
and the vectors T, T*&, ... T""' & all belong to 9. Then

(i) T"&o is an eigenvector of TS™* with eigenvalue n;
(ii) T""'& is eigenvector of S™* T with eigenvalue n.

Proposition 2.4.2 Let S, T € £ 7(9, H) satisfy the commutation relation [S, T| =
1 in weak sense. Let £ € 9 and assume that T*E € 9 fork < n, n € NU {oo}. Then
S& € D(T™)*), k < nand

ST*E — (TT*)kse = kT e, Kk <n.

Remark I In particular if S§ = 0 then ST*§ = kT*'£.

If the assumptions of Proposition 2.4.1 are satisfied one may have that the largest
n for which T"&, € 2 is finite or infinite. As we have seen the point spectrum
0,(TS™) contains all natural numbers up to n. Let us denote by .4 the subspace of
2 spanned by {&,, T&, ... T"&} and by .4 := 4 its closure in 7. Clearly TS™*
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leaves .4 invariant. The restriction of T7S™ to .45, denoted by (75™),, behaves in
quite regular way. We have indeed

Proposition 2.4.3 In the assumptions of Proposition 2.4.1, the point spectrum
UP(TSS*) the operator (TS™*)o, restriction of TS™ to A, consists exactly of the
set {0,1,...,n}, where n € N U {oo} is the largest natural number such that the
vectors T&y, T*E, . .., T" &y all belong to 9. Each eigenvalue is simple (in ;).

Example 2 Let us consider the Hilbert space L?(RR, wdx) where the weight w is a
positive continuously differentiable function with the properties

1. lim w(x) =0;

|x|]—>+00
2. [pwx)dx < oco.
Let

D(p) = {f € L*(R, wdx) : 3g € L*(R, wdx),f(x) = /

—00

g(t)dt} .

For shortness, we adopt the notation f(x) = g(x), for f € D(p).
D(q) = {f € L> (R, wdx) : xf(x) € L*(R, wdx)}.
Put 2 = D(q) N D(p). Then both the operators S, T’ defined by

NH® =f®.  TNHW =xx)., fe?

map 2 into L>(R, wdx).
The operator T is symmetric in 2. As for S, we have g € D(S*) if, and only if
g € D(p) and g” € L*(R, wdx). In this case

w'(x)
w(x)

Hence S € .£7(2, 5¢), with 2 = L*(R, wdx) if, and only if,

/|g()c)|2| Wi )lzdx<oo.

This is certainly satisfied if, for instance, w'/w is a bounded function on R. An easy
computation shows that the commutation relation [S, 7] = 1 is satisfied in weak
sense.

The function uo(x) = 1, for every x € R, is clearly in the kernel of S for every
function w satisfying the assumptions made so far.

($*9)(x) = —¢'(x) — g(x)
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Now we make some particular choice of w.

1. Let us consider w(x) = we(x) = (1 +xH)™%, o > i It is easily seen that wy (x)
satisfies all the conditions we have required (for instance, w,,/wy is bounded).
The function uo(x) = 1, which belongs to L?(R, w,dx) for any a > z, satisfies
Su = 0 and the largest n for which 7"u, belongs to Z satisfies n < 20 — ;
Hence, the dimension of the corresponding subspace .44 is [20{ - 3] + 1.

2. Let us now take w(x) = ¢™'/2 and 9 the subspace consisting of all polynomials
in x. In this case the functions u(x) = *k=1,2,..., belong to & and they
satisfy TS™*u; = kuy for every k € N. The subspace .4 coincides in this case
with 2. One can readily check that every complex number A with RA > —é is
an eigenvalue of TS™; but the corresponding eigenvector is in & if and only if
A is a natural number.

As we have seen with the previous examples the subspace .4 spanned by {T*£, k €
N} can be finite dimensional. Thus N := (TS™*), is a bounded symmetric operator
on Ay = A =~ C", having the numbers 0, 1,...,n as eigenvalues. Hence N
is positive and thus there exists an operator C € Z(4") such that N = C'C.
None of the possible solutions of this operator equation can, however, satisfy the
commutation relation [C, CT] = 1, due to the Wiener—Wielandt—von Neumann
theorem. If .4 is infinite dimensional, then N may fail to be symmetric, as the
last case in Example 2 shows.

2.4.2 Existence of Intertwining Operators

Assume now that the assumptions of Proposition 2.4.1 hold not only for the pair
S, T but also for the pair 7T, S*. This means that we assume that there exists also
a nonzero vector o € & such that Tt no = 0 and the vectors STno, (ST)zno, ..
(87)=1n, all belong to 2, then Proposition 2.4.1 gives that

1) (ST)mno is an eigenvector of STT* with eigenvalue m;
(i) (ST)Y""'ny is eigenvector of T*S' with eigenvalue m.

Let m € N U {oo} be the largest natural number such that the vectors STn,
(5%%n0, ..., ()" all belong to & and .#, the linear span of these vectors.
Then the point spectrum o,((STT*)o), of the operator (STT*)y := STT* |} .,
consists, as before, of the numbers {0, 1, ..., m}.

One may wonder if any relation between the two numbers n and m can be
established. The answer is negative, in general. Indeed, the operators S, T considered
in the second case of Example 2 provide an instance where n = oo and m = 0.
Thus it is apparently impossible to find a relationship between .4 and .#(, without
additional assumptions.

Let us now call § := jk|Tk§0,k =1,...,nand 7y, := jr'(ST)’nO, r=1,...,m.
It is always possible to choose the normalization of & and 7y in such a way that
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(60| mo) = L.Weput F¢ = {§k=1,...,n} F,:={n,;r=1,...,m}. Then, the
sets .#¢ and .%, are biorthogonal; i.e.,

(&1 m) = 83y,

foralli=1,...,nandj=1,...,m.

Assume now that n = m = oo. Thus the subspaces .4 and .# are both infinite
dimensional. Then we can define two operators which obey interesting intertwining
relations. More in detail, let us define K via its action on the basis .%#,: K¢(n;) = &,
J € N. We can also introduce a second operator K, via its action on the second basis
constructed above, %;: K, (&) = n;, j € N. Both the operators K¢ and K, are then
extended by linearity to .#, and .4y, respectively. It is clear that one is the inverse
of the other: K, = K, but in general neither K; nor K, are bounded. A direct
computation shows that they obey the following intertwining relations:

Ky (TS™) ¢ = (S'T*) Ky, Vo € Mo;
Ke (STT*) y = (TS™) Keyr, Yy € A

In particular, if Ay = .#, = ¢ and K¢ and K, are bounded, it is possible to show
that .%; and .%#, are Riesz bases of # and an orthonormal basis e = {e;} can be
defined by, for instance, e¢; = K,l,/ 2§,~ (see [4]).

It is worth mentioning here that the properties discussed in Sects.2.4.1 and 2.4.2
depend in an essential way on the nonzero vectors &, and 7 satisfying, respectively,
S& = 0 and Ty = 0: choosing different elements in the kernels of S and T may
give drastically different results.

2.4.3 Time Operators and Weyl Extensions

In [18] Schmiidgen studied pairs of operators (7, H) with T symmetric and H self-
adjoint such that.

1. e ™ D(T) € D(T):
2. Tem Mg = e7HH(T 4 7)€

The operators T, H are regarded as members of . 1(2, ) with 2 = D(T) N
D(H). and the two conditions above are equivalent to say that the operators 7, S :=
iH satisfy [S, T] = 1 in quasi-strong sense.

Definition 2.4.1 T is time operator for H if (7, H) satisfies the two conditions
above.

In many examples, mostly taken from physics, H is a semibounded operator (this
often happens, for instance, when H is the Hamiltonian of some physical system).
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Theorem 2.4.4 (Arai) Let H be self-adjoint and semibounded. Then no time
operator T of H can be essentially self-adjoint.
Indeed, as shown in [3], the spectrum o (7’) is one of the following sets

1. C, if H is bounded
2. Cor Iy = {z € C: 3z = 0} if H is bounded below
3. Cor[1- = {z € C: Jz < 0} if H is bounded above.

The assumption e D(T) € D(T) is quite strong and weaker conditions should
be analyzed.

Definition 2.4.2 Let S, T be symmetric operators of .2 (2, ). We say that {S, T}
satisfy the weak Weyl commutation relation if there exists a self-adjoint extension H
of S such that

(wwy) D(T) C D(H); ’
(wWwy) (e g | Tn) = (T + 0§ | e™n), V& ne ZireR.

Then H is called the weak Weyl extension of S (with respect to T).

Proposition 2.4.5 Let {S, T} satisfy the weak Weyl commutation relation and let H
be the weak Weyl extension of S. The following statements hold.

(i) Suppose that T is essentially self-adjoint. Then {H, T} satisfy the Weyl commu-
tation relation, that is,

eirHe—isT — e—iz‘se—isTeitH7 VS, teR (25)

(ii) If H is semibounded, then T is not essentially self-adjoint.

Example 3 Let I be an interval of the real line. Denote by g the multiplication
operator on L?(I) by the variable x € [

For every choice of 1, g is a self-adjoint operator.

Let p be the operator on L?(I) defined as follows:

D(p) := C3°(I)

(pg)(x) := —ig'(x). g € D(p)

Case 1 [ = [0,00). In this situation, ¢ is positive (but unbounded); —p is a time
operator of g and o (—p) = 1.

Case2 [=(-£/2,£/2), £ > 0. qis abounded self-adjoint operator and —p is a
time operator of g. But, in this case, o(—p) = C.

2.5 Conclusions

The main lesson one can draw from the previous discussion is that infinite-
dimensional representations of Lie algebras can be reasonably handled only by
invoking the whole apparatus of unbounded operator algebras theory [19]. As
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it was clear from the very first steps of the theory of unbounded algebras, in
the early 1970s, the theory of representations of Lie algebras (or enveloping Lie
algebras) was the natural arena for its applications also for the large number of
applications in Quantum Physics, where the relevance of invariance under Lie
groups of transformations of the dynamical equations was clear all along. This case
(integrable representations) was completely under control by the Gérding theory.

But, even if someone says that “Nature knows groups rather than algebras,”
nonintegrable representations of Lie algebras arise in some recent developments of
quantum theories and this is a good reason for them to deserve a more detailed
study. The weak form (2.1) of the commutation relations involves, as we have
discussed so far, more general structures for operators families: partial *-algebras
provide, in our opinion, the natural framework where studying a generalized form
of the representation theory. The example of nonintegrable representations of the
Heisenberg Lie algebra h that we have discussed in some detail shows that very
few features are preserved in comparison with integrable representations (from the
spectral point of view, for instance). Thus, there is a lot of work to be done. We hope
to have ignited the interest of some young mathematician to this promising research
field.
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Chapter 3

Character, Multiplicity, and Decomposition
Problems in the Representation Theory

of Complex Lie Algebras

Peter Fiebig

Abstract This essay is meant as an introduction to a very successful approach
towards understanding the structure of certain highest weight categories appearing
in algebraic Lie theory. For simplicity, the focus lies on the case of the category
O of representations of a simple complex Lie algebra. We show how the approach
yields a proof of the classical Kazhdan—Lusztig conjectures that avoids the theory
of D-modules on flag varieties.

3.1 Introduction

This expository article is meant to give an overview on a certain approach towards
the representation theory of Lie algebraic structures. This approach is due to
W. Soergel and pieces together a couple of ideas that, in one form or the other,
make sense in various situations. Its main goal is to understand representation theory
from a categorical point of view, i.e. to understand the category of representations
rather than the structure of an individual object. Yet sometimes it is strong enough
to solve questions that can be formulated categorically. An example is the problem
to determine irreducible characters.

For the sake of simplicity only the most classical example of complex semisimple
Lie algebras and their highest weight modules will be considered. The leitmotif
is the famous and most influential Kazhdan—Lusztig conjecture from 1979 on the
irreducible highest weight characters. The category that surrounds this conjecture
is the not less famous category & that was introduced in the early 1970s by J.
Bernstein, I.M. Gelfand, and S.I. Gelfand. We show how one can translate the
character problem into the contexts of Soergel bimodules, of parity sheaves or of
moment graph sheaves, where strong additional methods and results to work with
are present.
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Here is a short summary of this article. After describing the Character Problem
and the Kazhdan—Lusztig Conjecture the first problem is translated into the
Multiplicity Problem I on the Jordan—Holder multiplicities of Verma modules.
Section 3.3 introduces the category &'. The BGG-reciprocity relates Jordan—Holder
multiplicities of Verma modules to Verma module multiplicities in Verma flags of
projective objects in &. Section 3.3 ends with introducing the translation functors
which, together with the BGG-reciprocity, allow to translate the Multiplicity Prob-
lem I into the Decomposition Problem I for Bott-Samelson modules. Section 3.4
describes in more detail the deformed category ¢ and provides proofs of the block
decomposition and the BGG-reciprocity. Section 3.5 is to encounter W. Soergel’s
theory that allows to translate the Decomposition Problem I into the Decomposition
Problem II for a certain iterated tensor product of a commutative algebra 2. In
Sect. 3.6 sketches are given of translations of the Decomposition Problem II into
the language of Soergel bimodules, moment graph sheaves, or parity sheaves. The
article ends with mentioning how one can proceed further: the theory of intersection
cohomology complexes or, alternatively, the work of B. Elias and G. Williamson on
the Hodge theory of Soergel bimodules can be used to solve the remaining problem
and hence to prove the Kazhdan—Lusztig conjecture. In the short epilogue a few
words are said about the modular analogue of Soergel’s theory. As prerequisites we
assume basic knowledge on Lie algebras and, in particular, the structure theory of
semisimple complex Lie algebras. The combinatorial data of the root system, the
Weyl group, etc. will be used throughout the article. Due to limitation of space full
details cannot be given. However, hopefully the reader will find enough citations to
original or review papers and books to be able to delve more deeply into the theory.
Surely, as we move along, the arguments become sketchier and sketchier.

This overview has some overlap with Humphreys’ book [13] on the category
O, but the treatment of the categorical structure deviates at some places from the
theory developed there. In particular, no reference is made to Harish—Chandra’s
work on the center of the universal enveloping algebra. Instead a deformation theory
that goes back at least to Jantzen’s book [14] is used. The advantage is that almost
everything that is developed here can be more or less immediately generalized to
the case of symmetrizable Kac—Moody algebras. There are analogous approaches
for modular Lie algebras or quantum groups as well (cf. [1]). As mentioned before,
the main ideas first appeared in W. Soergel’s fundamental paper [19]. However,
again this paper deviates a little from this classical paper, and the expert will at
certain places see the moment graph theory appear in disguise. There is also some
overlap with the paper [11], yet the present article does not focus on the moment
graph theory or the theory of parity sheaves. One might view it as a significantly
expanded version of Sect. 3 of [11].
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3.2 The Character Problem and the Kazhdan-Lusztig
Conjecture

Our main motivation is to understand the representation theory of a Lie algebra g,
and a decisive first step is to understand the structure of its irreducible modules. For
this, we would first like to have a list of all irreducible modules up to isomorphism.
In general, this already is a quite hopeless task, which forces us to focus on special
cases. For example, we might want to specify the class of Lie algebras that we
consider, or we could restrict our attention to modules that are not only irreducible,
but also satisfy some additional assumptions. We will do both: assume that g is a
simple Lie algebra over the field C of complex numbers, and that the irreducible
modules have a “highest weight.”

3.2.1 Highest Weights

The notion of “highest weight” depends on some choices. Fix a Cartan subalgebra
h C g and a Borel subalgebra b C g that contains . A Cartan subalgebra is a
maximal abelian subalgebra of g such that the adjoint action ad:h — Endc(g),
H +— (X — [H,X]) is semisimple. Then the Lie algebra g decomposes into weight
spaces under this action, i.e.

E=@QA,

Aeh*

where we define for each A € h* = Homc(h, C) the weight space g, == {X € g |
[H,X] = A(H)X VH € b}. The maximality of b implies go = b, and one calls the
set R:={A € h* | aX # 0, g, # {0}} the set of roots of g with respect to h. Hence

=50

o €R

A Borel subalgebra is a maximal solvable subalgebra of g. There always exist
Borel subalgebra containing a given Cartan subalgebra f. Then h acts on b via the
adjoint action as well, and the corresponding weights form a subset R™ of R. Then
R C b* satisfies the axioms of a root system, and RT C R is a choice of a system of
positive roots. Moreover, our choices yield a partial order on the set h*. It is defined
by ;. < A if A — u can be written as a sum of elements in R™.
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3.2.2 Modules with Highest Weight

We call an h-module M a weight module if it is semisimple. As the simple h-modules
are one-dimensional (and given by a character u € h*), semisimplicity means that
M decomposes into a direct sum of its weight spaces, i.e.

M:@M,

HEH*

where for each . € h* we define M, = {me M | Hm = u(H)m VH € b}. Then
W is called a weight of M if M,, # {0} and we call each element of M,, a weight
vector of weight . Let A € h*.

Definition 3.2.1 A g-module M is called a module of highest weight A if the
following holds:

1. M is a weight module,
2. all weights of M are smaller or equal to A, i.e. M,, # {0} implies it < A,
3. M is generated by a non-zero vector of weight A.

(One can show that (3) implies (1).) Here is the classification theorem for the
irreducible highest weight modules:

Theorem 3.2.2 (Sect. 1.3 [13]) Let A € b*. There exists an up to isomorphism
unique irreducible module L(A) of g of highest weight A. Moreover, L(A) = L(u)
implies A = .

Set p := ; Y wcrt @ €h%.
Definition 3.2.3 An element A of h* is called

. integral, if (A,aV) € Zforalla € R,

. dominant, if (A + p,av) £ Oforalla € RT,

. antidominant, if (A + p,av) # Oforalla € RT,
. regular,if (A + p,aV) # 0foralle € RT.

RSN S

3.2.3 The Character

How can we describe the “structure” of L(4)? A precise description could be, at least
in the case that L(1) is finite dimensional, to explicitly write down the representing
matrices for generators of g in terms of a basis of L(A). This might not be very
instructional, though. A first interesting piece of information is the dimension of
L(}). Here one has the following result:

Theorem 3.2.4 ([13, Sect. 1.6]) The g-module L(A) is finite dimensional if and only
if A is integral and dominant.
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A better invariant than the dimension is the character of L(1). We will define the
character for the class of modules M of g that satisfy the following assumptions:

* M is a weight module.
* There exists ii,...,4n € b* such that for any weight v of M there is an i €
{I,...,n} with u < ;.

Obviously each module with highest weight satisfies these assumptions, and so does
each finite direct sum of highest weight modules.

Denote by Z[h*] the group algebra of the abelian group h*. Note that it is the free
abelian group with basis {e’} rep+ and multiplication determined by et et = A H
Then Z[h*] can be viewed as the space of maps h* — 7Z with finite support, in
such a way that the ¢* are the §-functions at the point A. Now we can define the

subspace Z/[h\*] of Map(h*, Z) of maps with “locally bounded support.” It contains
all f € Map(h*, Z) with the property that there exist i1,...,u, € bh*, depending
on f, such that f(u) # O implies that there is i € {1,...,n} with u < ;. It
is not difficult to see that the multiplication on Z[h*] has a smooth extension to a

——

multiplication on Z[h*].

Definition 3.2.5 Suppose that M satisfies the two assumptions above. Denote by

—

ch M the element in Z[h*] that is given by u +— dimc M,.
Here is the main problem that we are concerned with:

Character Problem Calculate the character of L()).
This is a difficult problem.

3.2.4 The Character Formula of Weyl

In the integral dominant case (i.e., for finite dimensional L(A)), the characters have
been known for some time now. In order to state the theorem, we introduce the
Weyl group of g. For each & € R there is a unique element «¥ € [gq, g—q], called
the coroot of «, with the property («") = 2. The homomorphism s,: h* — b*,
w > pw—{u,a¥)a is called the reflection associated with «. Note that it is indeed

a reflection, i.e. s> = idy+ and the fixed points of s, form a complex hyperplane.

o
The group # of linear automorphisms of h* that is generated by the s, with @ € R
is called the Weyl group of g. Let . C # be the set of simple reflections, i.e. the
set of sy, where « € R is a simple root (i.e., & cannot be written as the sum of
at least two positive roots). It turns out that % is already generated by the simple
reflections, and (%, .) is a Coxeter system (cf. [12]). Hence it comes with a length

Sunction I: %/ — N and a Bruhat order < on %/

Theorem 3.2.6 ([13, Sect.2.4]) Let A be an integral and dominant element
in bh*.
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o The element Y., oy (—1)Me" 3P s divisible by Y., <.y (1) ®) in Z[h*].
As Z[h*] contains no zero-divisors, the element

ZWEW (_1)l(w)ew()k+p)

A, =
x(A) Y oy (= 1))

is hence well defined.
e It holds that ch L(A) = y(A).

But what about more general A?

3.2.5 The Hecke Algebra and Kazhdan—Lusztig Polynomials

Before Kazhdan—Lusztig’s generalization of Weyl’s character formula can be stated,
we have to introduce another player, the Hecke algebra associated with g. Let £ =
Z[v, v~ "] be the ring of integral Laurent polynomials in the variable v.

Definition 3.2.7 The Hecke algebra associated with (%, .%) is the £ -algebra with
generators {7, },,ey and relations

T, -Ty =Ty forx,y € W with l(xy) = I(x) + (),
T> = (v* — )T, + v’T, fors € .7

It turns out that {7, },e» is an Z-basis of 7 and T, is the multiplicative unit in
J. Moreover, each Ty is invertible in J#. D. Kazhdan and G. Lusztig defined in
[16] a Z-linear involution - on . as follows: v = v™! and T, = TX__Il and they
proved the following result:

Theorem 3.2.8 For each w € W there exists a unique element C,, € S with the
following properties:

1. C, is self-dual, i.e. C!|, = Cl,.

W
2.C, e v > c<w PewTy, where Py, is a polynomial in v of degree < I(w) —
I(x) — 1.

The polynomials P,, are the famous Kazhdan—Lusztig polynomials that are
ubiquitous in the representation theory and geometry of Lie algebras and Lie groups.

3.2.6 A Generalization of Weyl’s Character Formula:
The Conjecture of Kazhdan and Lusztig

Forallw € # set L, := L(—w(p) — p) and A,, := A(—w(p) — p). The dot-action
of # on h* is defined by setting w.A = w(A + p) — p. Then —w(p) — p = w.(—2p).
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As wy.0 = —2p, where wy € # is the longest element, it holds that L,, = L(wwy.0)
and A,, = A(wwy.0).
In [16] one finds the following conjecture:

Conjecture 3.2.9 Forw € W the character of L,, is given by

ch L, = Y (=1)WHIPp, (1) ch A,.

y<w

This astounding conjecture is most influential and is the starting point of what
sometimes is called Kazhdan—Lusztig theory. From the theory of translation functors
(cf. Sect. 3.3.4) one can deduce that the above formula is equivalent to the analogous
formula where the weight O is replaced by an arbitrary integral, dominant, and
regular A. There are similar formulas for dominant and regular, but not necessarily
integral weights A. For those on should replace % by the so-called integral Weyl
group #jy) of A (cf. Definition 3.3.3).

Conjecture 3.2.9 has been proved by Beilinson and Bernstein in [2] and,
independently and in the same year, by Brylinski and Kashiwara in [4] using
the theory of D-modules. In this paper we sketch a different proof of the above
conjecture that is originally due to Soergel. The first part of this proof is to translate
the conjecture into a conjecture involving Soergel bimodules (or, equivalently,
moment graph sheaves). Already this translation is quite a journey! We start with
rephrasing the character conjecture of Kazhdan and Lusztig as a conjecture on
Jordan—Holder multiplicities of Verma modules.

3.2.7 The Multiplicity Version of the Character Problem

For each A € h* there is a “universal module with highest weight.” It is defined
as follows. Let U(g) and U(b) be the universal enveloping algebras of g and b,
respectively. Let C, be the one-dimensional module of b with weight A, and obtain
by induction (cf. [13, Sect. 1.3]) the Verma module

A(A) == U(g) ®uw) Ci.

The subalgebra n™ := @D, cp+ 9—o Of g is nilpotent, and the Poincaré-Birkhoff—
Witt Theorem implies that U(g) = U(n™) ®c U(b) (as a left U(n~)—and right
U(b)-module). Hence A(X) is free over U(n™) of rank 1. Another application of the
Poincaré-Birkhoff—Witt Theorem yields the following character formula:

Proposition 3.2.10 ([13, Sect.1.16]) The character of a Verma module with high-
est weight A € h* is

ch A = ] (14 +e 4.,

aert
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An easy argument shows that the Character Problem of Sect. 3.2.3 is equivalent
to the following:

Multiplicity Problem I Calculate the Jordan—Hélder multiplicities [A(A) @ L(1)]
forall A, € h*.

The inversion formula in [16] implies that Conjecture 3.2.9 above is equivalent
to the following statement (cf. [13, Sect. 8.4]):

Conjecture 3.2.11 For A € E* all subquotients of A,, are of the form L, for some
x € W, and the multiplicities are

[Aw . Lx] = Pwow,wox(l)-

3.3 Category O

As a next step we introduce an abelian category that contains all the objects that
were relevant for us up to this point.

Definition 3.3.1 Denote by & the full subcategory of the category of all g-modules
that contains all objects that are semisimple for the action of h and locally finite for
the action of b.

Recall that semisimplicity for the action of § is the same as being a weight
module. A g-module M is locally finite for the action of b if every element of
M is contained in a sub-b-module of M of finite dimension. Sometimes one also
requires an object of & to be finitely generated as a g-module. For us, this is
not necessary and it is not a good assumption in the Kac—Moody case, because
the universal enveloping algebra of a Kac—Moody algebra is not Noetherian. All
highest weight modules (in particular, the simple highest weight modules L(A) and
the Verma modules A(1)) belong to category &.

3.3.1 The Block Decomposition of O

We now determine the decomposition of category & into indecomposable block
and the corresponding linkage principle which determines the set of pairs (A, u)
with [A(A) : L()] # 0. We start with an equivalence relation on the set h*.

Definition 3.3.2 Let ~ be the equivalence relation on h* that is generated by A ~ u
if there is @ € R™ and n € Z such that (A + p,a¥) = nand A — u = na.
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We can describe the equivalence classes much more explicitly using the action
of the Weyl group on h*. Let A € h*.

Definition 3.3.3 Define

Ry :={aeR| (A, a") e Z},
Ty = {5 | @ € Ry}
W = (1]t e Fp).
The subgroup #1,; of # is called the integral Weyl group with respect to A.
It is now not difficult to prove the following.
Lemma 3.3.4 Let A, u € h*.

1. Ifl ~ WU, then R[)L] = R[/,_] and hence ﬂk] = «?[/,_] and W[)L] = W[M]'
2. We have A ~  if and only if (v € #jy).A.

Hence the equivalence classes are orbits in h* under certain subgroups of the
Weyl group. We now discuss the block decomposition of &. For any equivalence
class A with respect to ~ let &4 be the full subcategory of & that contains all
objects M such that [M : L(A)] # 0 implies A € A. Note that even though not all
objects in M have a finite Jordan—Holder series, the statement [M : L(1)] # 0 makes
sense and means that there is a submodule N of M that has L(A4) as a quotient.

Theorem 3.3.5 The functor
[ ¢4— 0.
Aeh* [~
Ma} > @ My,

Aeb*r/~

is an equivalence of categories.
Theorem 3.3.5 is a special case of the more general Theorem 3.4.21 that we will
prove using deformation theory.

3.3.2 Objects Admitting a Verma Flag

Here is an important concept for category &.

Definition 3.3.6 Let M be an object in &. We say that M admits a Verma flag if
there exists a finite filtration

O=MyCM,C---CM,=M
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such that M;/M;_; is isomorphic to a Verma module fori = 1, ...n.
It is not difficult to show that if M admits a Verma flag, the corresponding
multiplicities

(M:AN) =#ie{l,... .n} | Mi/Mi_, =~ AL)}

are independent of the chosen filtration.

3.3.3 Projectives in O

The advantage of the categorical framework that & provides is that we can rephrase
the multiplicity problem of Sect.3.2.7 in terms of projective objects in &. In the
following we give an account of the theory of projectives in & that is different from
the one presented in [13], but has the advantage that it can be generalized more
easily to other situations such as the Kac—Moody case.

Definition 3.3.7 A subset _# of h* is called open it A € # and u € bh* with
u < Aimplies 4 € #. An open subset ¢ of h* is called locally bounded if for all
Ae Ztheset{u e #Z | A< pu}isfinite.

It is easy to show that this defines indeed a topology on the set h*. It has the
additional property that arbitrary intersections of open subsets are open again. For
any open subset _# C h* denote by & # the full subcategory of ¢ that contains all
objects M with the property that M, # 0 implies v € _Z. Note that A(4) and L(4)
are contained in 0~ if and only if A € _#.

Theorem 3.3.8 Supposethat # C b* is open and locally bounded and let A € ¢ .
Then there exists a projective cover P# (L) — L(A) of L(A) in 07 . It has the
following properties:

1. P (X) admits a Verma flag.
2. It holds that (P# (L) : A(w)) = [A(w) : L(A)] (BGG-reciprocity) for all 1 €
z.
Recall that we call an object P a projective cover of a simple object L in an abelian
category <7 if P is projective and if there is an epimorphism f: P — L in .o/ that
has the property that for any morphism g:M — P in &/ with the property that
fog:M — Lis an epimorphism, g is an epimorphism.
We will prove the above theorem in Sect. 3.4 in a more general situation, i.e. in
the context of the deformed category €. Using the BGG-reciprocity result we can
rephrase the Multiplicity Problem I as follows:

Multiplicity Problem II Calculate (P (1) : A(w)) for all locally bounded open
subsets ¢ andall A, u € ¢.
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3.3.4 Translation Functors

This section introduces Jantzen’s translation functors. To simplify matters, assume
that A is regular and integral, i.e. #{) = # and Staby = {e}. Suppose also that A
is anti-dominant. Set A = [A].

Theorem 3.3.9 ([14]) Let s € 7. There exists a functor Ty: Op — O with the
following properties:

1. Ty is exact and self-adjoint.
2. Forw € W it holds that T;A(w.A) = TyA(ws.A), and if ws > w, then there is a
short exact sequence

0—> A(ws.A) > T, A(w.d) —> A(w.Ad) — 0.

Lemma 3.3.10
1. If M admits a Verma flag, then so does T;M and for the multiplicities holds

(T;M - A(w.L) = (M : A(w.A)) + (M : A(ws.)).

2. If P is projective in O, then TP is also projective in O 4.

Proof Theorem 3.3.9 implies that 7 maps each Verma module into a module that
admits a Verma flag. As T is also exact, it follows that T preserves the subcategory
in 04 of modules that admit a Verma flag. The formula in (1) is another consequence
of the exactness of T and the short exact sequence in Theorem 3.3.9, (2).

Note that there is a natural isomorphism

Homg (TP, ) = Homg (P, Ty(-)).

for any object P in & 4. If P is projective, then Hom (P, -) is an exact functor, hence
Hom(TP, -) is isomorphic to the composition of the exact functors Homg (P, -) and
T, i.e. T,P is projective as well.

3.3.5 The Decomposition Problem 1

Lets = (s1,...,5,) be a finite sequence of simple reflections. Let Ag € A be
dominant, integral, and regular. Then A(A¢) is projective in &'4. As the translation
functors preserve projectivity, the object BS(s) := T, o --- o T, A(Ao) is projective
in 0 4. Hence there are numbers a}f € N such that

BS(s) = EP P(w.10)®.
weW
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The theory of translation functors can be used to prove that the numbers a¢" do not
depend on the choice dominant integral regular element A.

Decomposition Problem I Determine all numbers ay for all finite sequences s and
allwew.

Our next problem is to translate Conjecture 3.2.11 into a conjecture about the
numbers as(w). Recall from Theorem 3.2.8 the self-dual basis {C,},e» of the
Hecke algebra 7. For any sequence s = (si,...,s,) we consider the element
C, ---C, . There are unique elements b € Z[v,v™"'] such that

C, -+ C =Y blC,.
weW

It is now not difficult to show that Conjecture 3.2.11 is equivalent to the following
Decomposition conjecture:

Conjecture 3.3.11 For each finite sequence s in . and all w € % we have a} =
by(1).

3.4 Deforming the Category &

In this section the proofs of Theorems 3.3.5 and 3.3.8 are given. In contrast to the
proofs in [13], a deformation theory is used. Let S = S(h) = U(h) be the symmetric
algebra of the vector space b.

Definition 3.4.1 A deformation algebra is a commutative, local, Noetherian, and
unital S-algebra.

Remark 3.4.2

1. If A is a deformation algebra with (unique) maximal ideal m, then the residue
field A/m (with the induced S-algebra structure) is a deformation algebra as well.

2. Let S be the localization of S at the maximal ideal generated by f. In geometric
terms, S is the C-algebra of regular functions on the complex affine space h*, and
Sis the localization at the closed point 0 € h*. Then S'is a deformation algebra.
Its residue field is C with the S-algebra structure that is given by evaluating a
local function at the closed point 0.

3.Ifp C Sis any prime ideal, then the localization 3’; of § at p is a deformation
algebra as well. In this way we obtain, for example, the quotient field QuotS =
S 0) of S.

For any deformation algebra A we will now introduce an A-linear version of
category 0. A more detailed account of the deformed category & can be found in
[7]. Let I be a complex Lie algebra. Let M be a [-A-bimodule. Note that this is an A-
module that is endowed with a homomorphism p: [ — Enda (M) of C-Lie algebras.
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Denote by 7: ) — A the structural map, i.e. the composition h C S — A, where the
last homomorphism sends f to f - 14.

Definition 3.4.3
¢ Let M be an h-A-bimodule and A € h*. Define

My:={meM|Hm= A+ rt)(Hm VH € bh}.

Here we consider (A + t)(H) = A(H) - 14 + t(H) as an element in A.

* An h-A-bimodule M is called a weight module if M = @Aeb* M.

e A b-A-bimodule M is called locally finite if for any m € M the set U(b)ym C M
generates a finitely generated A-module.

e The category 0, is the full subcategory of the category of g-A-bimodules that
contains all M that are weight modules for the action of h and that are locally
finite for the action of b.

Remark 3.4.4

1. As A is supposed to be Noetherian one can show that &) is an abelian category.

2. Note that for A = C with the S-algebra structure that comes from evaluating
at 0 € bh*, we have t = 0 and O coincides with the classical category & of
Definition 3.3.1.

3. More generally, if A = K is a field, the deformed category Ok is a full
subcategory of the usual category ¢ over the Lie algebra gx = g ®c K. It
contains all objects M with weights contained in the subset v 4+ h* of hy =
Homg (hk, K).

4. Letf: A — B be a homomorphism of deformation algebras. Then the change of
scalars functor - ®4 A’ induces a functor &4 — Oy.

3.4.1 Deformed Verma Modules and Verma Flags

Let A € h*. Let A, be the b-A-bimodule that is free of rank 1 as an A-module and

. . A+
on which b acts via the character b — b ZA.

Definition 3.4.5 The deformed Verma module with highest weight A is defined as

Ax(A) = U(g) Qu(v) Ax.

It is not difficult to check that A4(A) is contained in &,4. For a homomorphism
f:A — A’ of deformation algebras there is an isomorphism A4(1) @4 A" == Ay (A).

The definition of objects that admit a Verma flag in &, is the same as
Definition 3.3.6 in the case of &. Again, the multiplicity #{i € {1,...,n} | u; = u}
of a subquotient isomorphic to A4 (u) is independent of the particular filtration, and
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is denoted by (M : Aas(w)). Define

suppyM := {p € h* | (M : Aa(w)) # 0},

the support of the Verma flag object M.

For A € h* let us denote by vy = 1 ® 1 € As(A) a generator of the highest
weight space. The following statement is an immediate consequence of the universal
property of induction and the definition of the b-A-bimodule A :

Lemma 3.4.6 Forall A € b* and all objects M € Oy the A-linear homomorphism
Hom,,.» (Ax(A), M) — {m € My | n¥m = 0},
A
= f)

is an isomorphism.
Here, by n* we denote the nilpotent subalgebra D cr+ Ga-

Remark 3.4.7 One can use the above universal property to reorder a Verma flag
0=MyCM C--CM, =M with Miy1/M; =~ Au(u) in such a way that
Wi > pj implies i < j.

3.4.2 Simple Objects in Uy

We can also classify the simple objects in O):

Proposition 3.4.8 ([9, Proposition 2.1]) Let A be a local deformation algebra with
residue field K. Then the functor - @4 K: Oy — Ok induces a bijection on simple
isomorphism classes.

As observed above, Ok is just a direct summand of the usual category & over
the Lie algebra gk that contains all objects with weights of the form A + 7. Hence
the simple objects in Ok are the irreducible highest weight modules corresponding
to these weights. Denote the one corresponding to the highest weight A + © by
Lk (A). Then there is an up to isomorphism unique simple object L4 (1) in &4 with
La(A) @4 K = Lk ().

Our next objective is to study the projective objects in Oy.

3.4.3 Projectives in Uy

Let A be a deformation algebra. Let _# be an open and locally bounded subset of

b*and A € 7. Set 7' = 7 —A ={u—A|pe #} Then ¢’ isan open
and locally bounded subset of h* containing 0. Denote by B = U(b) the universal
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enveloping algebra. Note that it contains S = U(f) and B is a weight module,
ie. B = @Aeh* B, for the adjoint action of ). Moreover, B, # 0 implies (and is
equivalentto) A > 0 and it holds that By = S.So B := @Aeb*\/’ B; is a two-sided

ideal in B (as _#' is open). Define B/ = B/B’ and consider this as a B-module
from the left, and as an S-module from the right. Then B/’ ®s A, is a B-module
(B acting on the first factor) and an A-module (here A acts on the right factor). Both
actions clearly commute, i.e. we have constructed a B-A-bimodule. Now induce:

07 (1) == U(g) ®5 (B ®s4,).

This is a U(g)-A-bimodule.
Proposition 3.4.9 ([9, Lemma 2.3])

1. Q{ (A) is an object in ﬁA/ and it admits a Verma flag with multiplicities
@7 (V) : Aa(w)) = dimc B, /Bo

forallpe 7.

2. Forany M € ﬁAj there is an isomorphism
Homg, (Q4(A), M) — M;,

functorial in M. In particular, Q{ (X) is a projective object in ﬁ{.

By the above proposition, (QAJ (A) : Aa(A)) = dimg By/By = 1 and (ng A):
Ax()) # 0implies u > A. From Remark 3.4.7 we deduce that A4(A), and hence
L4(1), is as a quotient of Q{ L).

Theorem 3.4.10 Let ¢ be an open and locally bounded subset of b*. For any
A € _Z there exists a projective cover PAJ (A) = La(A) in ﬁAj. Moreover, Ly(A) is
the only simple quotient ofPA/ (A).

Proof Let us introduce a convenient notation: write #>, for {u € 7 | n >
A}. We prove the theorem by induction on the number of elements in the finite
set _Z-,. If this set contains only the element A, then A is maximal in _# and
the universal property in Lemma 3.4.6 implies that P{ (A) 1= A4(A) is projective
in ﬁAj. Clearly it admits a surjection f: Apg(A) — Ls(A). If geM — Pzg (A) is
such that f o g: M — L4 (X) is surjective, then im g contains the A-weight space of
Ax(A) (by Nakayama’s lemma). As this weight space generates A,(A) we obtain
img = Au(A), so g is surjective. Hence As(A) — La(A) is a projective cover. As
A4 (L) is a highest weight module of highest weight A, L, (1) is the only simple
quotient.

Now suppose that the statement for all u € _# with | _Z>,| < |_#;| is shown.
Recall from the preceding paragraph that A, (A1) and hence L, () are quotients of
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Q{ (A). As the highest weight space of A4(1) is free of rank 1 over the local ring

A, there must be an indecomposable direct summand of Q/{ (A) that has As(A)
as a quotient. Let us denote one of those by P. We claim that any surjective
homomorphism f: P — L, (1) is in fact a projective cover. First we show that L4 (1)
is the unique simple quotient of P. So suppose that there is a surjectionf: P — Ly (v)
and v # A. As P admits a Verma flag (as a direct summand of an object admitting
a Verma flag) with subquotients with highest weights in _#~,, we deduce v > A.

In particular, by induction there already is a projective cover f: Pzg (v) = Ls(v) in
ﬁf . The projectivity of P implies that there is a homomorphism A: P — P{ v)
such that the diagram

commutes. The projective cover property of P{ (v) then implies that 4 is surjective,
and hence /1 must split. As P is indecomposable, we obtain P = P-* (v) which is
impossible, as it is already shown that P{ (v) has no quotient isomorphic to L, (4).
So L4 (A) is the only simple quotient of P.

It remains to show that f: P — L4 (A) is a projective cover. So let g:M — P be
any homomorphism in & Xq such that f o g is surjective. If g is not surjective, then
P/im g must have a simple quotient (since it has a finite filtration by highest weight
modules). But this simple quotient cannot be isomorphicto L (1) (as (P : As(X)) =
1 and (P : Aa(n)) # 0 implies w > A). But this is a contradiction to what is
shown in the preceding paragraph. Hence g must be surjective, so f: P — La(X) is
a projective cover.

Remarks 1

1. The proof of the Theorem above shows that any indecomposable projective
object in @‘j is a direct summand of Q/{ (A) for some A.
2. In particular, if P is an indecomposable projective object in o7 , then

Homg, (P, M) is a direct summand of Homg, (ng (A),M) for some A € 7.
Now the latter space can be identified with M. So if M, is free as an A-module
of finite rank, then Homg, (P, M) is free of finite rank as an A-module as well.

Proposition 3.4.11 Let A be a local deformation algebra with residue field K. Let
J C b* be open and locally bounded and let A be an element in 7.

1. There is an isomorphism Pzg 1) @4 K = PH{ (A) in ﬁﬂ'{.
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2. If P is projective in ﬁAj and A — A’ is a homomorphism of deformation
algebras, then forany M € O Aj the natural homomorphism

Hom , » (P, M) ®4 A~ Hom , » (P ®4 A M®4A")
A H

is an isomorphism.

Proof We prove part (2) first. Note that for P = Q/{ (4) the statement follows from
the fact that Q/{ (A) represents the functor M — M, and that there is a canonical
identification (M ®7A"), = (M))®4A’. As any indecomposable projective object in
% Xq is a direct summand of some Q{ (1), this also implies that the functor - ®4 A’
preserves projectivity. In order to prove part (1) we check that Lg(A) is the only
irreducible quotient of Pzg (1) ®4 K. Indeed, as there is a surjective homomorphism
PA/ i) — PA/ (A) ®4 K (which can be considered in the category ﬁf D, every
irreducible quotient of P{ (1) ®4 A’ is an irreducible quotient of PA/ (A) as well.

3.4.4 The BGG-Reciprocity

The following result is a cornerstone of our approach towards the character problem.
Let A be a local deformation algebra with residue field K.

Theorem 3.4.12 (BGG-Reciprocity) Let 7 be an open and locally bounded

subset of b*. Then for any A € _¢ the object PA/ (A) admits a Verma flag and
for the multiplicities holds

Oa lfll’gj’

P A =
(P )2 Aali) [Ax(w) : Le(V)]. ifpe 7.

In order to prove the above result, we need some preparation. First, we introduce
the dual Verma modules V4()1). There is a duality functor (-)V: 04 — O, that
is defined as follows. For any A-module M consider the dual A-module M* =
Homy (M, A). If M is a g-A-bimodule, then so is M™*, where the g-action is given
by (x.f)(m) = —f(x.m) form € M, f € M* and x € g. Note that the minus sign is
needed to obtain a left action of g on M*. It turns out that M® := @Aeh' (M))*isa
g-A-submodule of M*, and it is a weight module with weight spaces

(M®), = (M_)*.

Now this is not an object in &4 in general, as b will not act locally finitely in all
cases. But if we finally twist the g-action using the Chevalley involution w: g — ¢
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that interchanges the root spaces g, and g—, and acts as multiplication by —1 on b,
we obtain the dual object MY in 0.

Remark 3.4.13 Note that the duality (-)¥ is involutive only on the subcategory of
O, that contains the objects M which have the property that each weight space M)
is reflexive, the latter considered as an A-module (i.e., the natural homomorphism
M — ((M;)*)* is an isomorphism).

Set Va(A) := Aa(L)V. As every weight space of A4(1) is a free A-module of
finite rank, it follows that As(A) == V4(A1)V.

Lemma 3.4.14 Suppose that M is an object in ﬁAj that admits a Verma flag. Then
EXt;; (M,Va(n)) =0forallpe 7.
A

Proof We prove the statement by induction on the length of a Verma flag of M.
Suppose that M = A4(A) and let

0= Va(u) = N5 As(2) = 0 ()

be a short exact sequence. If & # A, then A is a maximal weight of N and the
universal property of A4 (1) yields a non-zero homomorphism g: A4(A) — N. Then
f o g is an endomorphism of A4(A) that is an automorphism on the highest weight
space. So f o g is an automorphism. This means that the short exact sequence ()
splits. On the other hand, if A # p, then we can consider the dual sequence

0— As(V)Y = NY = Va(u)Y — 0. (%)

This is an exact sequence as well, as all occurring objects are free as A-modules. As
Va(u)Y = As(u) we can argue as before and see that (x)", hence also (x) splits.
Hence Ext%ﬁ; (As(A), Va(r)) = 0in any case.

A

If the length of a Verma flag of M is > 1, then we can choose M’ C M such
that both M’ and M /M’ are non-zero and admit a Verma flag (necessarily of smaller
length). The short exact sequence

0—>M —-M—>M/M —0

yields a long exact sequence of Ext‘;ﬁ (-, Va())-groups. The i = 1 part of this
A

sequence reads
Ext, , (M/M',Va(u)) — Ext (M, Va(w)) — Extl , (M', Va(n)).
A A A

As the groups on the left and on the right are trivial by induction assumption, we
deduce Extfﬁj (M, Va(un)) =0.
A
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Lemma 3.4.15 Suppose that M is an object in ﬁAj that admits a Verma flag. Then
Homﬁgg (M, V() is a free A-module for all p € ¢ and

(M 2 Ag(w)) = tkyHom , » (M, Va (1))

Proof Again we prove this by induction on the length of a Verma flag of M. If
M = Aa(A), thenHom 7 (M, V4(p)) = Ounless A = u (by the universal property

of A4(A) and its dual statement). For A = u we have that Hom , » (A4(1), Va(1))
A
is isomorphic to V4(4),, i.e. it is free of rank 1. Hence the claim for M =

A4 (L) is settled. Now, if the length of M is > 1, then consider the short exact
sequence 0 - M’ — M — M/M’ — 0 as in the proof of Lemma 3.4.14. As
Ext:ﬁ +(M/M',V4(1t)) = 0 we obtain a short exact sequence
A
0— Homﬁ{ M/M ,Va(n) — Homﬁ{ (M, V()

— Hom,, + (M', Va(u)) — 0.

By the induction hypothesis the end terms are free A-modules, hence so is the middle
term. Observing the additivity of the rank with respect to short exact sequences and
the fact that

(M = Ax()) = (M= Aa(w)) + (M/M' 2 Ap(1))

and using the induction hypothesis on M’ and M/M’ yield the claim.
Now we can prove the BGG-reciprocity result.

Proof As P;g (A) is isomorphic to a direct summand of Q/{ (A) and as ng 1)
admits a Verma flag, so does P{ (4). Then

(P{ () : Aa(w)) = rkaHom,, » (PF (A). Va ()

= [Vk(u) : Lx(A)]
= [Ax(p) : Lx(A)].

Here the first equality results from Lemma 3.4.15, the second one from using the

projective cover property of P;g (A), and the last identity is a consequence of the
fact that the characters of Ax(u) and Vi (i) coincide.

3.4.5 Another Result of Bernstein—Gelfand—Gelfand

In this section suppose that A = K is a field.
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Definition 3.4.16 Denote by 1 the partial order on the set h* that is generated by
u T Aif there is @ € RT such that (A + 7 + p,aV) € Z, u = sy A and o < A.
Then the following holds (cf. [13, Sect. 5.1]):
Theorem 3.4.17 For A, € h* we have [Ax(A) : Lx(n)] # O if and only if
w T A
The “if” part was already proven by Verma.

Definition 3.4.18 Let ~,4 be the equivalence on h* that is generated by A ~,4 p if
[Ax () : Lx(w)] # 0.

By definition, ~4 only depends on the residue field K (more precisely, on the
residue field K as an S-algebra). From Theorem 3.4.17 it follows that ~4 is the
equivalence relation generated by the partial order 1. Using this, we can describe
the equivalence classes in more detail.

Definition 3.4.19 For A € h* define

Rapj:={aeR|(A+7+pa’)el}
Tan) = {sa | @ € Rap)}
Wapy = (1€ Tap).

Then the following holds:
Lemma 3.4.20

1. If A ~a 1, then Ra ) = Ra [y and hence T3 = Ta ) and Wa ) = Wau)-
2. For an equivalence class A € b* [ ~4 we have A = Wy [51.A forall A € A.

In particular, [A4(A) : La(u)] # O implies u € #}3;and u < A.

3.4.6 The Block Decomposition of O

Let A be a local deformation algebra with residue field K. Using the BGG-
reciprocity we could replace the condition in the definition of ~4 by (sz (m) :
Ax(A)) # 0 for some open and locally bounded subset ¢ that contains A and p.
In particular, it also follows that A ~4 © whenever [P{ (A) : La(u)] # 0.

Let A € h*/ ~4 be an equivalence class and M an object in &4. Denote by M 4
the submodule of M that is generated by the images imf for all homomorphisms
f: PAJ (A) = M with A € A and all open and locally bounded subsets _# of h* with
A e 7. We also denote by 4 4 the full subcategory of &4 that contains all objects
N with [N : Ly(X)] # O only if A € A.
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Theorem 3.4.21

1. The object M 4 is contained in O .
2. We have M = P , M 4.

Remark 3.4.22 We can also formulate the above result in the following way: The
functor

@ Oap — Oy,
A€h* [~

{Ma}a > @M
A

is an equivalence of categories.

Proof Statement (1) follows from the fact that for A € A we have that [PAJ ) :
La(t)] # O for some # implies o € A. Clearly M is the sum of its submodules
M ,. But this must be a direct sum, as there are no non-zero homomorphisms

PY () > NforAe AandN € Gy if A # A'.

3.4.7 On the Structure of Some Projectives

The following result is one of the reasons why we deform the category &'. Recall
the localization S of the symmetric algebra S (cf. Remark 3.4.2).

Proposition 3.4.23 Letp C Sbea prime ideal and A = §p.

1. Ift(aY) & p for all @ € R, then each equivalence class A with respect 10 ~, is
a singleton, i.e. A = {A} for some A € b*.

2. Ifp = t(aY)S for some o € R, then an equivalence class A with respect to ~
is either a singleton, or contains exactly two elements, i.e. A = {A, u} for some
A, i € b*. In the latter case, L = sy.A.

Proof For A = Ep with residue field K one checks that the condition (A + 7 +
p,a¥) € Z C Kis equivalentto t(«“) = 0,i.e. t(¢¥) € pand (A + p, V) € Z C
C.

In a next step we would like to understand the equivalence relation ~,4. We start
with a definition.

Definition 3.4.24 Let A € h*/ ~4 be an equivalence class.

1. Ais called generic, if A is a singleton, i.e. A = {1} for some A € h*.
2. Ais called subgeneric, if A contains exactly two elements.
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Remark 3.4.25 Suppose that A = {1, u} is subgeneric. One can then show (for
example, using the Jantzen filtration, cf. Sect.5.3 in [13]) that there is a unique
« € Rsuchthat (A + 7t 4+ p,aY) € ZCAand pu = s4.A.

It is now easy to describe the structure of blocks corresponding to a generic
equivalence class.

Proposition 3.4.26 Suppose that A = {A} is generic. Then Ps(A) = As(A) and
Ag(A) = Lx(A). In particular, Endg, (Pa(A)) = A - idp, (3).

Proof As [Ag(A) : Lx(A)] = 1, the second statement follows readily from the
definition of a generic equivalence class. The first statement then is a consequence
of BGG-reciprocity.

Next we consider the structure of subgeneric blocks.

Proposition 3.4.27 Suppose that A = {A, 1} is subgeneric, and suppose that 1 =
Sq.A > A Then Py(n) = As(n) and Ax(A) = Lg(A). There are short exact
sequences

0— Aa(n) = Ps(A) > As(A) =0
and
0 — Lx(A) — Ag(u) — Lx(u) — 0.

Proof Notethat [Ag(A) : Lx ()] = Oas u > A. We can argue as in the generic case
and deduce Ax(A) = Lx(X). So Ak(A) is simple. Clearly [Ax(p) : Lg(A)] > 1.
But the maximal submodule of Ak (u) must be generated by primitive vectors of
weight A. As dimg Hom(Ag (1), Ax(u)) < 1, this yields [Ax(n) : Lx(A)] < 1,
hence [Ax(p) : Lx(A)] = 1. Now the rest of the statements follow from BGG-
reciprocity.

Remark 3.4.28 In the generic and the subgeneric situations we deduce that the
projectives P{ (v) stabilize with respectto ¢, i.e. P{ (v) is isomorphic to P{ /(v)
as long as _# and _#’ contain the generic or subgeneric equivalence class of v.
Hence L, (v) admits a projective cover already in &4. Denote it by P4 (V).

3.4.8 Endomorphism Rings in the Subgeneric Situations

We now study the categorical structure of subgeneric blocks in detail. Let A =
{A, u} and suppose that A < . First assume that A = K is a field. Then [Ag(w) :
Lx(w)] = [Ax(w) : Lx(A)] = 1 and Ag(A) = Lx(A). Moreover, Pg (i) = Ag(1)
and there is a short exact sequence

0 - Ax(n) - Px(A) — Ag(A) — 0.
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For any projective cover P of a simple object L in Oy it is easy to show that
dimg Homg, (P,M) = [M : L]
for all M € Ok. Then

dimg Homg, (Pg(A), Px (1)) = dimg Homg, (Px (), Pr(A))
= dimg Endg, (Px (1)) =1

and
dimg EndﬁK(PK()L)) =2.
Now choose generators

J Pr(p) — Px(R),
i P]K(/X) — P]K(/,L)

of the respective Hom-spaces. Then j is injective, as Px(u) is a Verma module
and Pk () is free over U(n™~). Moreover, i o j = 0, as otherwise it would be an
automorphism of Px (i), hence i would split. Then j o i: Px(1) — Px(A) is non-
zero, but nilpotent. Hence {idpy 1),/ o i} is a basis of Endg, (Px(4)). It is now not
difficult to check that End g, (Px(A) @ Px(u)) is isomorphic to the path algebra of
the quiver

with relationioj = 0.
Now let A be an arbitrary deformation algebra with residue field K.

Proposition 3.4.29 Let A = {A,u} as above. Then Endg, (Pa(it) @ Ps(X)) is
isomorphic to the quiver depicted above with relationioj = t(a").

Proof Recall that there is a positive root « such that A — u € Za. From Remark 1
we know that the Hom-spaces between projectives in & are free A-modules of
finite rank, and the base change result in Proposition 3.4.11 shows that we can lift
the homomorphisms 7 and j from above to homomorphisms] Pa(pt) = P4(1A) and
i:P4(X) = Pa(p) in such a way that they are bases in the respective Hom-spaces.
Using the Jantzen sum formula one can show that joi equals 7(") - idp,(u) up
to an invertible scalar (cf. [6, Proposition 3.4]). Hence Endg, (P4(1) & Pa(1))
is isomorphic to the path algebra of the quiver depicted above, but now with the
relationioj = t(aV).
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3.5 Soergel’s Theory

In his fundamental paper [19], Soergel developed a theory that eventually produced
an alternative proof of the Kazhdan—Lusztig Conjecture 3.2.9. His proof is quite
different from both original proofs of this conjecture, the one given by Beilinson and
Bernstein in [2] and the other one given by Brylinski and Kashiwara in [4]. Indeed,
Soergel’s proofs amounts to a detailed study of the combinatorics of translation
functors. A short review of the main ideas will be included in the sequel.

3.5.1 Endomorphisms of Multiplicity Free Projectives

We start with a result on the endomorphism rings of certain projective objects. Let
A be deformation algebra with residue field K and let A be a ~4-equivalence class
in h*. Let K be a #4-set, i.e. a set with a homomorphism %, — Aut(K). Define
the following commutative algebra

Z(K) =3 @) e PAlz—met(@)A VxeK.te Ty

x€K

Let M be an object in &, 4 that admits a Verma flag. It is called multiplicity free,
if (M : As()) < 1forall u € h*. Now choose an enumeration A = {i1, ..., iy}
of the elements in A in such a way that u; > u; implies i < j.Remark 3.4.7 implies
that there is a Verma flag 0 = My C M, C --- C M, = M in such a way that
M;/M;—, is isomorphic to As(u;). Define M) := M;/M;—,.

For the following result assume that A = S. Recall that an S-module M is
called reflexive if M is torsion free as an S- module and if the natural inclusion
M C ﬂpem My, where ‘P is the set of prlme ideals of height one in S and the
inclusion is taken inside M) = M ®3 Quot (S) is a bijection. Now suppose that M
and N are objects in O% that are reflexive as S-modules. Then

Homg (M, N) = m Homg, (M, Nyp),
peP

where the intersection is taken inside Homﬁ% (M), N©y). In particular,

Homg:(M, N) is a reflexive S-module. If P is projective in 05 4, then P admits
a Verma flag. So it is free as an S-module, in particular reflexive. The following
result generalizes the Endomorphismensatz of [19]:
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Proposition 3.5.1 Suppose that A = S and that P is projective in Os , and
multiplicity free. Then the natural homomorphism

Endﬁ§(P) — @ EndﬁE(P[M]) = @ §

pEsupp, (P) pEsupp, (P)

is injective with image Z5(supp,P). In particular, Endgo(P) is a commutative
algebra.

Proof As P is free over S (in particular reflexive) it follows that P = Upeg Pr C
P() and Endgs(P) = Upep Endgg (Pp) C Endﬁ% (P(0)). By Proposition 3.4.23,
Py, splits into a direct sum of projectives in generic and subgeneric situations, and
so does EndﬁEp (Pp). But in these cases we determined the endomorphism rings
already explicitly in Propositions 3.4.26 and 3.4.29. The result follows.

3.5.2 Big Projectives

A main ingredient for Soergel’s approach is the study of the big projectives in the
category . They correspond to weights A that are anti-dominant. They are called
big because their support is maximal. The following is an important result and one
of the cornerstones of the theory.

Lemma 3.5.2 Suppose that A € A is anti-dominant. Then (Pa(A) : Ax(n)) =1
forall w € A. In particular, the object P4(A) is multiplicity free.

Proof Lets € .. Then it is well known that [Ax(s.A) : Lg(4)] = 1. Using BGG-
reciprocity and the combinatorics of translation functors one shows that T;P4(A)
must contain at least two direct summands isomorphic to P4(4). It follows that
TsPo(A) = P4(A) @ Pa(A), which can only be the case if (P4(4) : Aa(n)) = 1 for
all u € A.

3.5.3 The Strukturfunktor and the Struktursatz

Here is Soergel’s definition:

Definition 3.5.3 Let A € A be antidominant. The functor
V = V4.4 := Homg, ,(Pa(R),"): Os 4 — mod-Endg, ,(Pa(1))
is called the Strukturfunktor associated to A and A.

As seen in Lemma 3.5.2, the object P4 (A) is multiplicity free and supp,Pa(A) =
A. In particular, Endg, ,(P4a(A)) = 2Za(A) is commutative. So there is no
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distinction between left and right 2, (A)-modules, and the functor V is in fact a
functor from 04 4 to Z4(A)-mod.

Assume now that A = S is the localization of S at the maximal ideal generated
by h. We show that V3 , is fully faithful on projective objects. Note that V(P) =
Homg(P3(A), P) is reflexive as a S-module.

Theorem 3.5.4 (Soergel’s Struktursatz) The functor V is fully faithful on
projectives, ie. if P,P' € Us, are projective, then Homg (P,P") =
Hom . (V(P), V(P")).

Proof By what we observed above,

Homg,  (P,P') = ﬂ Homg; (Pp, Pp).
peP

Likewise one shows that

Hom(VP,VP') = (1) Homz (VP,,VP,).
peP

Everything is compatible with localizations, hence we only have to check that the
natural homomorphism Homﬁip L (Py, P;) — Hom %, (VPp,VP;) is a bijection
for all prime ideals of height one. But these cases split into a direct sum of
subgeneric cases, and in the subgeneric case it is an exercise to check the statement
using the categorical structure in Sect. 3.4.8.

3.5.4 The Combinatorics of Translation Functors

As V is a fully faithful functor, the problem of decomposing objects like
Ty, --- Ty, A5(Ao) in 0% , is equivalent to decomposing the object V(Ty, --- Ty, Ay
(X0)) in Z-mod. Fortunately, we can describe this .2”-module quite explicitly.

Proposition 3.5.5 ([9, Theorem 9]) There is a natural isomorphism V o Ty =
Z s - oV of functors from 0% 4 to Z’-mod.

Before the last problem can be stated we have to understand VAz(A¢) as a 2~
module. It is free of rank 1 as an S-module, and from the identification & =~
Endg; , (P3(1)) it follows that an element (z,,) acts on VAz(Ao) as multiplication
with z;,. Denote this 2°-module by Sj,.

As the functor V is fully faithful on projectives, Proposition 3.5.5 implies that
the Decomposition Problem I is equivalent to the following:

Decomposition Problem II Decompose Z ® ops Z Q o1+ -Q ggu:io in the category
of Z-modules for all sequences s,t, . .. ,u of simple reflections.
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3.6 Soergel Bimodules, Parity Sheaves, and Moment Graph
Sheaves

Having started from the Kazhdan—Lusztig Conjecture 3.2.9, through a successive
series of translations we moved first to the equivalent Decomposition Problem I and
from there, using Soergel’s theory, to another equivalent problem, Decomposition
Problem II. The latter problem does not refer to modules over a Lie algebra any
more, it is rather stated in the representation theory of a commutative, associative
algebra 2. The following gives an overview on three approaches to deal with it.

3.6.1 Moment Graph Sheaves

In [8] we studied sheaves on moment graphs that were introduced in [3]. A moment
graph ¢ is a graph with a labeling of its edges by element in a lattice X. For any
field k one can define a commutative algebra Z.(%) over the symmetric algebra S
of the k-vector space X ®z k. One then has the notion of a k-sheaf on this graph. The
space of global sections of every moment graph sheaf gives rise to a module over
2i(9).

To any equivalence class A in h* with respect to ~ one can associate a moment
graph ¢, in such a way that 2¢(¥,) is the algebra Z5(A) that we considered
above. Hence every sheaf on ¢, gives rise to a Z5(A)-module. It is a very nice
feature of the theory that one can describe certain sheaves (i) on ¥, for any
U € A algorithmically that have the property that the global sections yields the
object V(P3(1)) (up to extending scalars from S to S). Hence one can construct
the indecomposable direct summands that occur in the Decomposition Problem II
directly! This gives a way to study the structure of the projectives locally (i.e., on
the vertices of the graph ¢,).

3.6.2 Soergel Bimodules

For an integral and regular equivalence class A one can define a homomorphism
S®S — Z(A) (cf. [9]). Restriction along this homomorphism gives a functor
from Z5(A)-modules to S-bimodules. Using this functor one can show that the
Decomposition Problem II is equivalent to the following:

Decomposition Problem III Decompose S Q@gss S Qs -+ Qsu S in the category of
S-bimodules for all sequences s, t, ..., u of simple reflections.

The indecomposable direct summands that occur are called Soergel bimodules.
They were introduced in [20]. Soergel bimodules recently found applications in
faraway subjects such as knot theory!
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3.6.3 Parity Sheaves

The last and probably most important connection of the above problems is to
geometry. Again suppose that A is integral and regular. Consider the flag variety
G/B associated to the Lie algebra! g, and its T-equivariant derived category
D?,C(X, C) of sheaves of C-vector spaces that are constructible along Schubert
cells. In [15], Juteau et al. described the remarkable additive subcategory of parity
sheaves that are characterized by certain cohomological vanishing properties. For
any w € % there is an up to shift unique parity sheaf &' (w) whose support is the
Schubert variety associated with w inside G/B.

Now there is a hypercohomology functor from D?.C(G/ B, C) into the category
of modules over the equivariant cohomology H;(G/B) of G/B. Again it turns out
that H7(G/B) coincides with Z5(A) (canonically if we replace g by gV)! Hence the
hypercohomology of parity sheaves yields Zs(A)-modules, and again one can show
that

H3(E(W)) ®s S = V(Ps(w.))

for all w € 7. This yields a geometric way to understand the projective objects in

3.6.4 Another Proof of the Kazhdan—Lusztig Conjecture

Apart from the original proofs of Beilinson—Bernstein and Brylinski—Kashiwara,
Soergel’s approach that we reviewed above also yields a proof of Conjecture 3.2.9.
It uses the geometric description of the indecomposable special Z-modules above,
and it amounts to showing (and this is extremely difficult) that the parity sheaves
(with coefficients in C) are in fact the intersection cohomology complexes on the
Schubert varieties in the flag variety. They have some remarkable properties, in
particular, the ranks of their stalk are given by Kazhdan-Lusztig polynomials (cf.
[17]), and this fact implies Conjecture 3.2.9 and hence completes our journey.

There is a new proof due to Ben Elias and Geordie Williamson [5] that directly
solves the Decomposition Problem III. It is geometrically inspired, but does not
use any geometric result at all. It is quite difficult as well, but it has the advantage
that it also works in the more general situation of Coxeter systems, where the
Decomposition Problem III makes perfect sense, although a reformulation in terms
of geometry and parity sheaves is not available in general.

I'To be precise, one should replace g here by its Langlands dual gV
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3.7 An Epilogue: The Modular Case

One can approach the problem of determining the irreducible rational characters
of a reductive algebraic group over a field of positive characteristic in a similar
way. However, the analogous results are much more difficult to obtain. For example,
the analogue of Soergel’s theory, i.e. the translation of the representation theoretic
problem into a combinatorial framework, is the main content of the book [1]. There
the authors define a combinatorial category over an arbitrary field k, that, in the
characteristic zero case, yields Jordan—Ho6lder multiplicities for quantum groups at a
root of unity, and in positive characteristic, Jordan—Ho6lder multiplicities for modular
Lie algebras. In both cases, the multiplicities are encoded in a decomposition
problem that very much resembles the decomposition problems that we encountered
in this overview article. One can approach this problem again by geometric or
moment graph methods (cf. [10]).

A toy example of the modular case is W. Soergel’s modular category €
introduced in [18]. The combinatorial counterpart of this is the category of Soergel
bimodules defined over a field of positive characteristic. It is in this category that
G. Williamson recently found counterexamples to Lusztig’s modular character for-
mular for characteristics above the Coxeter number (cf. [21]). This is a very exciting,
intriguing and challenging result. One might hope that a better understanding of
the interplay between representation theoretic, combinatorial, and geometric ideas
will lead us to a better understanding of what happens in the case of “small”
characteristics.

Acknowledgements The author was partially supported by the DFG grant SP1388.
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Chapter 4
The BCH-Formula and Order Conditions
for Splitting Methods

Winfried Auzinger, Wolfgang Herfort, Othmar Koch,
and Mechthild Thalhammer

Abstract As an application of the BCH-formula, order conditions for split-
ting schemes are derived. The same conditions can be obtained by using non-
commutative power series techniques and inspecting the coefficients of Lyndon—
Shirshov words.

4.1 Introduction

The main purpose of this note is to present a not so well-known application of the
Baker—Campbell-Hausdorff formula (BCH-formula): Computing order conditions
for exponential splitting schemes. There is vast literature, for an overview we
particularly refer to [14] and [12, Chap. III] and see [2—4, 5-7, 9, 13, 15-18].

The topic of splitting is a comparatively young field and it is our intention to
present only facets—with Lie-theoretic background. We shall first recall a few
facts from Lie theory and power series as far as needed. An abstract definition
of splitting is given and the computation of order condition is demonstrated with
examples. The last section is devoted to an alternative approach for finding the order
conditions by inspecting the coefficients of leading Lyndon—Shirshov words in an
exponential function of a sum of Lie elements, as currently used by the authors for
computationally generating order conditions for exponential splitting schemes.

W. Auzinger * W. Herfort (b))
Technische Universitit Wien, Wiedner Hauptstrae 8-10/E101, Vienna, Austria
e-mail: Winfried. Auzinger @tuwien.ac.at; Wolfgang.Herfort@tuwien.ac.at

0. Koch
Fakultit fiir Mathematik, Universitdt Wien, Oskar Morgensternplatz 1, Vienna, Austria
e-mail: othmar@othmar-koch.org

M. Thalhammer
Institut fiir Mathematik, Universitit Innsbruck, Technikerstrasse 13, Innsbruck, Austria
e-mail: Mechthild. Thalhammer @uibk.ac.at

© Springer International Publishing AG 2017 71
G. Falcone (ed.), Lie Groups, Differential Equations, and Geometry,
UNIPA Springer Series, DOI 10.1007/978-3-319-62181-4_4


mailto:Winfried.Auzinger@tuwien.ac.at
mailto:Wolfgang.Herfort@tuwien.ac.at
mailto:othmar@othmar-koch.org
mailto:Mechthild.Thalhammer@uibk.ac.at

72 W. Auzinger et al.
4.2 Formal Power Series

Let k be a field of characteristic zero. Then k((S)) denotes the algebra of formal
power series with coefficients in k and S a set of non-commuting variables. The
natural grading of k((S)) is given as follows: elements in k have degree zero, those
in " :={s1...5, | 5; € S} have degree n, where n > 1. A homogeneous element in
k{(S)) is a k-linear combination of elements of the same degree. Every element f in
k((S)) allows a unique decomposition into homogeneous components

f=Y1
j=0

where for each j the element f; is homogeneous of degree j.
In our context the power series ring R{(z)) in a single variable 7 and with
coefficients in a (not necessarily commutative) ring R will turn out to be useful.
Whenever f = Zj cit' € k((t)) and g € k((S)) and g does not contain constant
terms then one can define the composition

fog:=) ¢g

J

as, for given degree say n, for j > n + 1, the power series gf does not contribute
homogeneous elements of degree n.

o 1

Example 4.2.1 The univariate formal power series f := ) =0 ¥ will be denoted

by ¢'. Hence the composition f o g allows to consider e = Z,ﬁo 1.1! g
The following simple fact will be helpful: o

Lemma 4.2.1 Let h = Zj:l hj be an element in k{(S)), with each h; homogeneous
of degree j. Then " = Z;io ej with homogeneous terms e;, and the following
statements are equivalent:

(i) hj=0forj=1,...,p;
(ii)) e =0forj=1,...,p.

Proof Suppose that (i) holds. Then
1
=1t (o) (g o) o

shows that there cannot exist homogeneous terms e; with 1 < j < p.
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The converse is proved by induction. Suppose for p thate; = -+ = ¢, = 0
implies iy = --- = h,—1 = 0. Suppose next that also e, = 0. Then

1
eh:1+(hp+...)+ (hp+“‘)2+"'=€0+€p+l+"'

2

From this one concludes that 4, = 0 must hold. O

Corollary 4.2.2 Leth = Zf:l hjand k = Zfil k; be elements in k((S)). Set e" =

Zfio ej and ek = Zfio Ji- Then the following statements are equivalent:

(@) hj=kiforj=1,...,p;
(b) e =fiforj=1,...,p.

Proof Certainly (a) implies (b), as for forming the homogeneous terms in e” only
the terms up to order p contribute.

For proving the converse one again uses induction. Having established that h; =
ki for 1 < j < p — 1, one observes that e, = h, + ¢(hy,... . h,—1) = k, +
¢(ky, ..., k,—1) = f,. Here ¢ is a certain multivariate polynomial whose form to
know is not needed. Then, as e, = f,, conclude that 1, = k. |

4.3 Reformulation Using Formal Differentiation

Given the algebra R := k{((S)), one may use it as the set of coefficients and form
the new algebra k((S)) (()). There is a canonical function ¢ : k{(S)) — k{(S))((¢)) that
sends f 1= ) 2 f; to the element ¢ (f) := Y2 fit'. In k((S)) (1)) we define formal
differentiation by means of

o0 ’ o0
dord | = jrad
=0 j=1

Formal derivatives f®) of higher order, for elements f € k((S))((t)), are defined
inductively.
Notation 4.3.1 If an element f = -2 ri# € k{(S){(r)) has ro = ---1, = 0, we
shall denote this by f = O(#*!) orevenby f = O(p + 1).

One proves without difficulty:

Lemma 4.3.2 Forf = Z;io f; the following statements are equivalent:

(W) fo=--=f, =0
(i) $(f) = O@*).
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Next we prove a key lemma:

Lemma 4.3.3 For X € k{(S){(t)) and an element C in k{(S)) of degree 1, the
following statements are equivalent:

(1) X — eCt — O(tp-l-l); .
(i) X(0) =1 and D := X — CX enjoys D = O(#).

Proof Certainly (i) implies (ii), as can be seen by differentiation. Conversely, if (ii)
holds, one only needs to check that X — e vanishes when setting ¢ = 0. But this is
a consequence of the assumption that X (0) = 1. O

Here is the main observation about the different method to be used in Sect. 4.5
on splitting schemes. Namely it will imply that for deriving order conditions it is
equivalent to either consider them as the coefficients of a power series or to pass to
the logarithm and use thereby the BCH-formula and look at the coefficients of the
basic commutators.

Proposition 4.3.4 Suppose that h € k((S)) has the form h = e with Zy = 0. Then
the following statements about h = Z;io hj and €° for an element C homogeneous
of degree 1 are equivalent:

(B) ¢(h) — Cp(h) = O);
(C) Z—C = o@t).

Proof As ¢(h) = Y 2, hi¥, the equivalence of (A) and (B) follows from
Lemma 4.3.3. The equivalence of (B) and (C) is an immediate consequence of
Corollary 4.2.2. O

4.4 The Baker—Campbell-Hausdorff Formula

The Baker—Campbell-Hausdorff formula (BCH-formula, see, for instance, [12])
allows, for given X and Y in k(S) without constant terms, to find Z € k((S)) with
eXe¥ = ¢%. In fact, Z turns out to be a formal infinite sum of X, ¥ and homogeneous
elements from the Lie algebra £(S), generated by the set S and the bracket operation
[11, 12] = lllz — lzll for li (S ,S(S)

Example 4.4.1 The first terms of Z are

1 1
Z=X+Y+ XY+

S (X XY+ [V Y. X))+

As noted, Z with the exception of the terms of first order is an infinite sum of Lie
elements, i.e., homogeneous elements of the Lie algebra generated by X and Y. One
denotes Z by log e¥Xe". Inductively one can derive an analog for log(e*! ... ¢*), for
X; € S.
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4.5 Splitting Schemes

The following abstract definition of a splitting scheme will serve our purpose:

Definition 4.5.1 Given the elements A and B of S and suppose there are, for j =
1,...,s, A; € span{A} and B; € span{B}, i.e., A; = ajA, Bj = b;B with scalar
coefficients a;, b;,j = 1,...,s. Then these data determine a splitting scheme of
order at least p, provided

MBI At Bt eATBI — O(tp_H)

Here is an equivalent formulation of this condition. The proof, in the light of the
BCH-formula, is immediate from the definition:

Proposition 4.5.2 The following statements for given A and B in S and elements
A; € span{A}, B; € span{B}, where i = 1,...,s, are equivalent:

(A) The data yield a splitting scheme of order at least p;
(B) log(e?teBr ... etsePs) — (A + B) has homogeneous terms equal to zero for j =
1,...,p.

Remark 4.5.3 Splitting techniques can also be successfully applied to nonlinear
evolution equations. The order conditions studied here are also valid for this general
case. This follows from an ingenious idea by Grobner [11], namely formally
to express the flow of a nonlinear evolution equation as the exponential of the
corresponding Lie derivative; see [12, Sect. IIL.5].

Let us, as a preparation for Sect. 4.6, compute the logarithm in (A) for s = 2 and
s = 3 up to terms of order p < 3.

The BCH-formula easily yields

1 1
log(eefi) = Aj+B;+ 2[A,-,B,-]+ 1 ([4;. [A;. Bl + [B;, [Bj. Alll) +O(4),  (4.1)

where O(4) stands for all terms in £(S) of degree at least 4.

Example 4.5.1 LetX =X, + X, + Xzand Y = Y| + Y»> + Y3 be a decomposition
into homogeneous elements with all nonlinear terms in £(S). Then log(eXe’) = H
has first homogeneous terms

H =X+
1
H=X+Y + 2[X1,Y1]
1
Hy = X3+ Y3+ 5 ([X1, V2] + [X2, Y1])

L0+ DX
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Lemma 4.5.4 Let X := aA + bB + c[A,B] + d[A, [B, B]] + ¢[B, [B,A]] and X' :=
a'A + b'B + c'[A,B] + d'[A, [B, B]] + €'[B. [B.A]], then H := log(eXe") has first
terms

H = HiA+ H,B + H3[A, B] + H4[A, [A, B]] + Hs([B, [B, A]]
where
H=a+d
H,y=b+7V
Hy=c+cd + é(ab’ —d'b)
Hy=d+d + é(ac’ —dc)+ 112 (ab' —d'b)(a —d')
Hs=e+ée — ;(bc/ —bc) — llz(ab’ —db)(b—-1b)
Proof Using the preceding example for Y := X’ and elementary computation yields

the result. ]
With the aid of Lemma 4.5.4 one finds:

Corollary 4.5.5 The first homogeneous terms of K :=log(e“4 e?18e®4 ¢b28 134 gb38)
are as follows:

Ki=(a +a+ 613)A + (b1 + by + b3)B
1
K, = ) (a1b1 + azby + azb; + a1b;
—asby + ai1bs — azby + axb3 — azb,) [A, B]

and K3 = &[A, [A, B]] + n[B, [B, A]] with
L, 2 3
&= 12(a1bl + a3bs + azbs)
1
+ 4(Cllazbz — ajaxby + ayazbs + arazbs — ayazby — axazb, — ajazby + arazby)

1
+ lz(a%bz — a1a2b1 + a%bl — a1a2b2 + afb3 — a1a3b1 + a1a2b3 — a1a3b2

2
+ a1a2b3 - a2a3b1 + a2b3 - a2a3b2

+ a%bl - a1a3b3 + a%bz - azagbg)
1
n= lz(b%al —+ b%az —+ b§a3)
1
+ 4(blbzdz — bibyay + bibsaz + bybzaz — bibza; — bybzay — bibzay + bybsay)

1
+ lz(b%az —bibra; + b%al — bibyay + b%a3 — b1bsa; + bibyas — bibzar
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+ b1b203 - b2b3a1 + b§a3 - b2b3a2
+ b%bl — bibzaz + b%az — bybsaz).
Proof One first computes 5; := log(e%“e%f) = a;A + bB + LabjlA.B] +
s (a;bj[A, [A, B]) + a;b?[B.[B,A]]) 4+ O(4). Then, using Lemma 4.5.4, compute

first H := log(e''e*?) and, again using the lemma, find the desired expressions by
computing K := log(efe®). O

4.6 Computing Order Conditions in Examples

4.6.1 Schemes of Order At Least 1

It follows right from the definition that in this case

=1 j=1

i.e., for A; = a;A and B; = b;B one obtains

s

ia,:l, > =1
=1

j=1

4.6.2 The Order Conditions fors = 2andp = 3

Elementary computation leads to the following observation:

Lemma 4.6.1 The order conditions for s = 2 and p = 3 are as follows:

l=a +a
1=0b,4+b,
0=aiby + ab, + a1by — ab;

0=1-— 66116121)1
0=1-— 6b1b2a2
Proof The order condition for s = 1 in the first line follows from the previous

subsection. The higher order conditions result from Lemma 4.5.4. O
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4.6.3 The Order Conditions for s = 3andp = 3

Making use of Corollary 4.5.5 the conditions on the coefficients a; and b; for
j = 1,2,3 in order to let A; = a;A and B; = b; determine the necessary and
sufficient conditions for a splitting scheme of order p at least 3 when s = 3.

Lemma 4.6.2 The order conditions for s = p = 3 read as follows:

l=a+a+ a3
1=b1+by+ b3

1
) = a>by + azby + azb,

2 = 3(ay + az) — 6azasb;
2 = 3(by + by) — 6b1bra;

Proof In Corollary 4.5.5, one equates the coefficients of A and B to 1, and those of
[A,B], [A,[A, B]] and [B, [B, A]] to zero. Then, using the third equation, terms a3b,
have been eliminated from the last two equations. O

To conclude this section let us remark that expanding e*! 72 as a Taylor series,
one finds from Lemma 4.2.1 and Proposition 4.3.4:

Proposition 4.6.3 The following statements for an exponential function eX for X
a sum of homogeneous Lie elements with the exception of the linear term are
equivalent:

O Xi=X=-=X,=0
(ii) As a power series in k{(S)) the first nonvanishing homogeneous term is

1
(p+1)!XP+1'

4.7 Alternative Approach via Taylor Expansion
and Computation in the Free Lie Algebra
Generated by A, B

According to the ideas from [1, 3] systems of polynomial equations representing
order conditions for splitting methods are set up in a different way without making
explicit use of the BCH-formula. This is straightforward to implement in computer
algebra. The resulting systems of equations are not identical but equivalent to those
obtained when implementing the BCH-based procedure described above.

This alternative approach described can also easily be adapted and generalized
to cases with various symmetries, pairs of schemes, and more general cases like
splitting involving three operators A, B, C, or more, see [3].
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To find conditions for the coefficients a;, b; such that for A; = a;A, B; = b;B a
scheme of order p is obtained,

L(t AlteBlt eAjtij _ (A+B)t 0(tp+l)

we consider the Taylor expansion of L(¢), the local error of the splitting scheme
applied with stepsize # (satisfying L(0) = 0 by construction),’

P o g4
Ly =Y ;! oL + 0.

q=1

The method is of order p iff L(f) = O(#T'); thus, the conditions for order p are
given by

d L(0) = ¢ L(0)=0 4.2)
dt B de - '

Via successive differentiation of L(r) we obtain the following homogeneous repre-
sentation of 4 L(0) in terms of power products in the non-commuting variables A

dr
and B: With k = (ky,...,k;) € N}, one obtains

s ki
d¢ q A
10 = > (k) 11> (;)Aj.Bj- — (A+B)1, ¢=0,1,2,... (43)

lk|=¢ j=11=0

In a computer algebra system, these symbolic expressions can be generated in a
straightforward way.
If conditions (4.2) are satisfied up to a given order p, then the leading term of

. w1l gt . . .
the local error is given by (p+1)! a1 ;(O). Propo§1t19n 463 s'hows that this lf:admg
local error term is a homogeneous linear combination of Lie elements. With the

terminology
LC(g) := ‘the sum (4.3) is a linear combination of Lie elements of degree ¢’

this amounts to LC(p + 1) being true for a scheme of order p. Exploiting this
statement allows to design a recursive algorithm for generating a set of order
conditions:

@) By construction, LC(1) = 0 holds. But, a priori, for ¢ > 1 the expression (4.3)
dqu(O) does not enjoy LC(g), see Example 4.7.1 below. On the other hand,
from Proposition 4.6.3 we know that

LC(1) A ... ALC(g—1) = LC(q).

1 -
Here, dth(O) = dt,,L(t)|t o
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By induction over g we see that each solution of (4.2) must satisfy LC(g) for
g = 1,...,p. Moreover, for each the resulting solution LC(p + 1) will hold
true.)

Due to (i), for the purpose of solving the system (4.2) we may assume

d4
dth(O) = ijxq,kBq,k, g=1,....p

where the B, of degree ¢ are elements from a basis of the free Lie algebra
generated by A and B. Now the problem is to identify, on the basis of the

expressions (4.3), coefficients A,x = Aqx(aj, bj) such that the polynomial
system
Ak =0, ¢g=1,...,p, krunning over all basis elements of degree g
4.4

will be equivalent to (4.2). To this end we make use of the one-to-one
correspondence between basis elements of degree g represented by non-
associative, bracketed words (commutators) and associative words of length
q over the alphabet {A, B}. The implementation described in [1, 3] relies on the
Lyndon basis, also called Lyndon—Shirshov basis, which can be generated by
an algorithm devised in [10]. With this choice,

each basis element B, is uniquely represented by a
Lyndon word of length q associated with the leading term, 4.5)

in lexicographical order, of the expanded version of Byy.

Identifying the coefficients of these “Lyndon monomials” results in the desired
polynomial system (4.4).

To be more precise we note that, in general, a given Lyndon monomial
shows up in different expanded commutators. Therefore, equating coefficients
of Lyndon monomials will not directly result in the system (4.4) but, as a
consequence of (4.5), in an equivalent system which is obtained from (4.4) by
premultiplication with a regular triangular matrix, see [3].

For the underlying theoretical background concerning Lyndon bases in free Lie
algebras, we refer to [8]. For a detailed illustration of our approach for order p = 5,
see Example 2 from [3]. In the following example we reconsider the case s = p = 3.

Example 4.7.1 For s = 3 we have [see (4.3)]

d
dlL(O) = (611 +a; +az— l)A + (b1 + by + b3 — 1)B,

d2
42 L(0) = ((a1 + a2 + a3)> — 1)A?
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+ (Zal(bl + by + b3) + 2a3(by + b3) + 2azb; — 1)AB
+ (2612[)1 + 2a3(b1 + bz) - 1)BA
+ ((b1 + by + b3)* — 1)B?,

Assume that a; + a, + as = 1 and by + b, 4+ b3 = 1 such that ciL(O) = 0. Then
substituting a; = 1 —ay—az and b3 = 1 —b; —b; into g:z L(0) gives the commutator
expression

d2
dl‘zL(O) = —(Zazbl + 2(13(1)1 + bz) - 1)[A,B].

Therefore the system

ar+ay+a =1
bi+by+b3=1
1

asby + az(by + by) = )

represents a set of conditions for order p = 2.

Extending this computation to p = 3 by hand is already somewhat laborious.
However, from the above considerations we know that assuming the conditions for
order p = 2 are satisfied, then

d2
12 O = AaaslA. (A, BY) + AassA. B]. B)
where

2
Aaap = coefficient of the power product A?B in the expression (4.3) for a2 L(0),

2
Aagp = coefficient of the power product AB* in the expression (4.3) for i L(0).

Here the two independent commutators [A, [A, B]] and [[A, B], B] are represented by
the associative Lyndon words “AAB” and “ABB.” In computer algebra, extraction of
the coefficients A44p and Aspp from the symbolic expression 3,22 L(0) is straightfor-
ward. In this way we end up with the system

ar+a+az=1
bi+b,+b3=1
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ayby + az(by + by) =

ab? + a3 (b + bz)2

W = W = N =

(az + 613)21)1 + a%bz

representing a set of order conditions for order p = 3. The system is equivalent to
the one found in Lemma 4.6.2. We note that there is a one-dimensional zero solution
manifold containing well-known rational solutions, e.g.,

7 3 1
a1:24,612:4, 613—_24,
b1=2,b2=—2,b3=1

3 3
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Chapter 5
Cohomology Operations Defining Cohomology
Algebra of the Loop Space

Tornike Kadeishvili

Abstract According to the minimality theorem (Kadeishvili, Russ Math Surv
35(3):231-238, 1980), on the cohomology H*(X) of a topological space X there
exists a sequence of operations m; : H*(X)® — H*(X),i = 2,3,... which
form a minimal Ax-algebra (H*(X),{m;}). This structure defines on the bar
construction BH*(X) a correct differential d,, so that (BH*(X),d,,) gives coho-
mology modules of the loop space H*(£2X). In this paper we construct algebraic
operations E, , : H*(X)®” ® H*(X)®! — H*(X),p,q = 0,1,2,3,... which turn
(H*(X), {m;},{E, 4}) into a Bo-algebra. This structure defines on BH* (X) a correct
multiplication, thus determines a cohomology algebra H* (§2X).

5.1 Introduction

The Adams’s bar construction BC*(X) of cochain complex (C*(X),d,—) of a
topological space X defines cohomology modules of the loop space H*(£2X) [1],
but not the cohomology algebra H* (£2X).

In [2] Baues constructed a sequence of multioperations

Eix:C*X)® C*(X)® - C*(X), k=1,2,3,...

so that they determine on BC*(X) a correct multiplication. That is, this structure
(C*(X),d, —,{E1 «}), which now is called homotopy Gerstenhaber algebra [6, 20]
(hGa in short) determines a cohomology algebra H* (§2X).

Our aim is to transfer these structures to homology level, i.e. from C*(X) to
H*(X).
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Namely, according to the minimality theorem [9], the differential 4 : C*(X) —
C**1(X) and the multiplication (cup product) —: C*(X) ® C*(X) — C*(X)
determine a sequence of operations

m;  H*(X)® — H*(X),i =2,3,...

which form a minimal A.-algebra (H*(X), {m;}). This structure defines on the
bar construction BH*(X) a correct differential d,, : BH*(X) — BH*(X) so
that (BH*(X),d,) and BC*(X) have isomorphic homology modules, thus this
object (H*(X), {m;}) which is called cohomology As.-algebra of X, determines
cohomology modules of the loop space H* (£2X). But not the cohomology algebra
H*(2X).

In this paper, as the next step, we transport on cohomology level Baues’s
operations

Eii:C*X) @ C*X)® - Cc*(X), k=1,2,3,... ,
so we obtain algebraic operations
E,,: H*X)® ® H*(X)® — H*(X),p,q = 0,1,2,3,....

which turn (H*(X), {m;},{E,,}) into a Boc-algebra. These operations define
on BH*(X) a correct multiplication, which determines the cohomology algebra
H*(£2X).
Now we describe the algebraic framework for the above, where we will work.
For a differential graded algebra (A, d, i) (dg algebra in short) the differential
d : Ax — As—1 and the multiplication n : A, ® A; — Ap+4 define on the bar
construction

o0
BA = ZA@’”, dim(a; ® -+ Qa,) = Zdim ay+n
n=0 k

a differential dp : BA — BA given by (signs are ignored, let us work over Z,)
dp(a1 ® -+ ®ay) = Zal Q@ -« Qday® - ®ay,
k
+Za1 ® - @ular, 1) ® - ®a, (5.1
k
which turns (BA, dg, Vp) into a dg coalgebra with comultiplication

Vg :BA — BA ® BA,

Vb(@ ® - ®a) =Y (1® - ®a) ® (@1 ® - ®ay). (5.2)
k=0
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To catch the multiplicative structure, there exists the notion of homotopy
Gerstenhaber algebra, see [6] and [20] (hGa in short), which we describe below, and
which allows to construct a correct multiplication on the bar construction. This is an
additional structure on a dg algebra (A, d, (1), consisting of a sequence of operations

Eix ARA®Y 5 A k=1,2,3,...

which determine on BA a multiplication ug : BA ® BA — BA turning
(BA, dp, Vg, ug) into a dg bialgebra. In [2] Baues has constructed such a structure
in A = C*(X), so that BC*(X) gives the cohomology algebra H* (£2X).

We are going to transfer this structure to the homology level, i.e. from A to H(A)
aiming BA and BH(A) to carry the same amount of information.

Note that for a dg algebra (A, d, ) its homology H(A) is also a dga with trivial
differential and induced multiplication u* : H(A) ® H(A) — H(A). But generally
the bar constructions BA of dg algebra (A, d, i) and the bar construction BH(A) of
dg algebra (H(A),d = 0, u*) have different homologies. This means that stepping
from (A, d, u) to (H(A),d = 0, u*) we lose part of information.

This lose compensates the minimality theorem from [9] which states that the
homology H(A) of a dg algebra (A,d, u) (all H;(X)-s are assumed free) can be
equipped with a sequence of multioperations

mi: HA)® — H@A), i=1,2,3,...:m =0, my = p*

turning (H(A), {m;}) into a minimal A~o-algebra in the sense of Stasheff [19] which
is weak equivalent to dga (A, d, () in a certain category. These A, operations {m;}
determine on BH(A) a new, perturbed differential d,, : BH(A) — BH(A) by

dp(ar® -+ ®ay) = Za1® o @ar®@mi(ar+1® + - @k4i) ®Ui4i+1® + - ®ay
ki

so that BA and (BH(A), d,;,) have isomorphic homology modules.

The aim of this paper is to construct for a hGa (A, d, i, {Ex}) on its homology
Aso-algebra (H(A), {m;}) a certain additional structure, the so-called Bo, algebra
[8], consisting of multioperations

E,,: HA)® @ HA)®! — H(A), p,q=0,1,2,3,...,

which determines on BH(A) a correct multiplication so that the bar constructions
BH(A) and BA will have isomorphic homology algebras.

Remark This can be summarized as follows: If A is a dg algebra, hGa, or a
commutative dg algebra, then H(A) becomes, respectively, an A [9], Boo (present
paper), or Coo [12] algebra (a commutative version of As).

The plan of the paper is as follows. In the section Preliminaries we present the
notions, facts, and constructions needed for the main goal of the paper. Namely,
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in Sect.5.2.1 we present the notions of As-algebra and Aso-morphisms, their
interpretation in terms of bar construction. Then in Sect.5.2.2 we discuss the
notions of twisting cochains and their equivalence, again with interpretation in
terms of bar construction, and present the Berikashvili’s theorem about the functor
D—the set of equivalence classes of twisting cochains. In the next Sect. 5.2.3 we
generalize all these notions and facts about twisting cochains from dg algebras to
Aso-algebras and prove the lifting theorem for these Ao-twisting cochains, which
is our main technical tool. The next Sect.5.2.4 is dedicated to the notion of Bgo-
algebra, its particular case hGa, to the interpretation of these notions in terms of
twisting cochains; moreover, three remarkable and generic examples of homotopy
Gerstenhaber algebras are given. In Sect. 5.3, using this theorem about the lifting
of Aso-twisting cochains, we transport the hGa structure existing on a dg algebra
A to the Byo-algebra structure on its homology H(A). In the final section we use
the obtained structures in a topological framework, to obtain a Bs-algebra structure
on the cohomology H*(X) which determines the cohomology algebra of the loop
space H*(£2X).

5.2 Preliminaries

In this section we give some notions and constructions needed for the goal of the
paper.

5.2.1 Category of Ao-Algebras

The notion of Ay-algebra was introduced by James Stasheff in [19]. This is a
generalization of the notion of differential graded algebra, where one of the defining
conditions, namely the associativity of the multiplication, is satisfied not strictly but
up to certain higher homotopies.

The notion of Ax.-algebra gave rise to a series of notions of so-called homotopy
algebras, where various axioms are fulfilled not strictly but up to some higher
homotopies, such as: Coo-algebra which is the commutative version of A-algebra;
homotopy Gerstenhaber algebra (hGa) where the commutativity is satisfied up to
homotopys; its generalization Bo,-algebra; Loo-algebra, where the Jacobi identity is
satisfied up to homotopy; Heo, the homotopy version of dg Hopf algebra where the
connection between multiplication and comultiplication is satisfied up to homotopy,
etc.
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5.2.1.1 A-Algebras
An A-algebra [19] is a graded module M with a given sequence of operations
{mi M® =M, i=1,2,..., degm=i—2}
which satisfies the following conditions
n—j
Z Z:tm,-(al ®---®ak®mj(ak+1 ®~--®ak+j)®~~~®a,,) =0. (5.3)
i+j=n+1 k=0

In particular, for the operation m; : M — M we have degm; = —1 and mym; =
0, this m; can be regarded as a differential on M. The operationm, : M @ M — M
has the degree 0 and satisfies

mimy(ar ® az) + ma(mia; ® az) + ma(a) @ myaz) =0,

i.e., my can be regarded as a multiplication on M and m; is a derivation with respect
to it. Thus (M, m;,my) is a sort of (possibly nonassociative) dg algebra. For the
operation mj its degree is 1 and the condition (5.3) gives

ma(ma(ar @ az) ® az) + ma(a; ® may(az @ as))
=mm3(a; ® ar ® a3) + mz(mia; @ ar  az)

+mz(ar ® maz ® az) + mz(a; ® ay ® myas),
this means that the product m, is homotopy associative and the appropriate chain
homotopy is m3.
5.2.1.2 Bar Construction of an A »,-Algebra

The meaning of higher operations m; can be clarified using the notion of bar
construction of an Ay.-algebra (M, {m;}). It is, as above

o0
BM = ZM®k, dim(a; ® - ®a,) = Zdimak +n
k=0 k

but it can also be represented as

BM =T(M)=A+sM+sMQQsM + sM Q sM Q sM + ---
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here A is the ground ring and (sM); = M;—, is the standard suspension operator.
BA is the graded coalgebra with comultiplication Vg, see (5.2). In fact it is the cofree
graded coalgebra cogenerated by M, that is it has the following universal property:

M <L Te(sM)

dN e (5.4)
K

for each graded coalgebra (K, Vg : K ® K) and each homomorphism ¢ : K — M
of degree —1 there exists coextension, the unique graded coalgebra map f; : K —
T¢(sM) such that pfy = ¢ where p : T°(sM) — M is the clear projection. In fact f;
is given by

=Y (8 - ®¢)Vk (5.5)

here V, : K — K® is the iteration of comultiplication V:
Vi = idx, Vi = Vg, Vi=(id® Vg)Vi'

The main meaning of Stashef’s defining condition (5.3) of an As-algebra
(M, {m;}) is the following. The sequence of operations {m;} determines on the bar
construction BM a coderivation

dm(al®“‘®an):Zal®“‘®ak®mj(ak+l®"'®ak+j)®“‘®am
ky

and the Stasheffs condition (5.3) is exactly md,, = 0 where m = Y _,m; : BM —
M, and this, since of cofreeness is equivalent to d,,d,, = 0. Consequently d,, is a
differential and (BM, d,,, V) is a dg coalgebra, which is called bar construction of
Aso-algebra (M, {m;}).

5.2.1.3 Morphisms of A,-Algebras

A morphism of Axo-algebras f : (M. {m;}) — (M’,{m}) can be defined as a dg
coalgebra map of bar constructions

[ BM. {mi}) — B(M' {m;}).

Because of the cofreeness of the tensor coalgebra 7¢(sM), such f is uniquely
determined by the projection

Pf - BOM, (mi}) S BT i) 5
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which, in fact, is a collection of homomorphisms
(i M® > M, i=1.2,..., degfi=i—1}. (5.6)

Such a collection reconstructs a coalgebra map f : T¢(sM) — T¢(M’) by

f(a1®"'®an)=2 Z Ju(@® - Qay) @ fi,(Gi—p+1 @ ® a;).
t=1 ky4-thy=i

If we wish f to be also a chain map f : BM — BM’, that is fd,, = d,/f, again
because of the cofreeness it suffices to check p'fd,, = p’d,/f and this in terms of
components is equivalent to the condition

i—1 i—k

DY i@ ® - @ ar @ miarr1 ® -+ ® i) ® -+ ® )
k=0 j=1

= > mUu@®-®ay) ® 8 fi (@it ® - ® @),

=1 kit-tk=i
(5.7)

see, for example, [9, 12].

So a morphism of A-algebras f : B(M, {m;}) — B(M’', {m}) can be defined as
a collection of homomorphisms { f;} satisfying the condition (5.7).

These conditions particularly imply fim; = mifi, ie. fi : (M,m;) — (M',m})
is a chain map. We define a weak equivalence of Asc-algebras as a morphism { f;}
where f] induces homology isomorphism.

It follows easily from the definitions that an A-algebra (M, {m;}) with m=, = 0
is just a dg algebra, and an A,-algebra morphism

{fi}: M, {m1,m,0,0,...}) > (M, {m},m},0,0,...})
with 51 = 0 is just a multiplicative chain map, thus the category of dg algebras is a
subcategory of Ao-algebras.

Assigning to (M, {m;}) its bar construction (BM, d,,, V) we obtain a functor from
the category of Axc-algebras to the category of dg coalgebras.

5.2.1.4 Minimal A, -Algebras

An Ao-algebra (M, {m;}) we call minimal if m; = 0; in this case, (M, my) is strictly
associative graded algebra, see (5.3) for n = 3. Suppose

[ M Ami}) — (M, {m(})
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is a weak equivalence of minimal A-algebras, thenfi : (M, m; = 0) — (M',m| =
0), which by definition should induce isomorphism of homology, is automatically
an isomorphism. It is not hard to check that, in this case, f is an isomorphism in the
category of Axo-algebras, thus each weak equivalence of minimal Axc-algebras is
an isomorphism. This fact motivates the word minimal in this notion: the Sullivan’s
minimal model has similar property—a weak equivalence of minimal dg algebras is
an isomorphism.
Let us repeat the minimality theorem from [9] mentioned in Introduction.

Theorem 1 Fora dg algebra (A, d, i) its homology H(A) (all H;(X)-s are assumed
free) can be equipped with a sequence of multioperations

mi HA)® — HQA), i=1,2,3,... :m =0, my = pu*

turning (H(A), {m;}) into a minimal Ao-algebra in sense of Stasheff [19] for which
my = (¥ and there exists a weak equivalence of Axo-algebras

{fit : (HQA),{m;}) - A, {my =d,my = pu,mz3 =0,my =0,...}).

This Axo-algebra structure is unique up to isomorphism in the category of Aco-
algebras.
In particular, BA and (BH(A), d,;) have isomorphic homology modules.

5.2.2 Twisting Cochains

Let (K,dg,Vk : K - K ® K) be a dg coalgebra and (A, d4, 1) be a dg algebra.
Consider the cochain complex Hom(K, A) which is a dg algebra with differential
dp = dap + ¢dg, multiplication ¢ — ¥ = pu(p ® ¥)Vg, and grading
Hom?(K,A) = {f : Kx = Axiq}.

A twisting cochain is defined as a homomorphism ¢ : K — A of degree —1 (that
is, ¢ : Kx — Ax—_1) satisfying the Brown’s condition [4]

dp=¢—¢ (5.8)

(Maurer—Cartan equation, master equation in other terms). Let (K, A) be the set of
all twisting cochains.

Bellow assume that (A, dy, i) is connected, that is nonnegative A9 = 0 and
Ap = A, ds|A; = 0. Then a twisting cochain ¢ : K — A can be presented as

p=¢p2+ds+ -+t -, ¢n:¢|Kn:Kn_>An—lv
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and the Brown’s condition for components ¢, means

n—2

dapn = purdi + Y bi — i

i=2

5.2.2.1 Twisting Cochains and the Bar Construction

Because of the universal property (5.4) any homomorphism ¢ : K — A of degree
—1 induces a graded coalgebra map fs : K — T°(sA) by

K=Y (@® - ®¢)Vi.

If, in addition, ¢ : K — A is a twisting cochain, that is satisfies the Brown’s
condition (5.8), then f : K — B(A) is a chain map, i.e. is a map of dg coalgebras:
the projection of the condition dpfy, = fydg on A gives pdrfy = pfsdx and this is

exactly dp = ¢ — ¢.
Conversely, any dg coalgebramapf : K — BAis fy for¢ = pof : K — BA — A.
In fact we have a bijection Morggcoalg (K, BA) <> T(K,A).

5.2.2.2 Equivalence of Twisting Cochains

Two twisting cochains ¢, ¢ : K — A are equivalent [3] if there exists ¢ : K —
A, deg ¢ = 0, such that

YV =¢+cdk+dac+V¥ —c+c— ¢, 5.9

notation ¢ ~. .
This notion of equivalence allows to perturb twisting cochains. Let

p=¢r+¢s+ -+t KA

be a twisting cochain, and let’s take an arbitrary cochain ¢ = ¢, : K,, — A,. Then
there exists a twisting cochain F,,¢ = ¢ : K — A such that ¢ ~., . Actually the
components of the perturbed twisting cochain

Fod =V =v2+VY3+ - + 9+ -

can be solved from (5.9) inductively, and the solution in particular gives that the
perturbation F.,¢ does not change the first components, i.e. {; = ¢; fori < n and

Wn = ¢n + dACn~
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5.2.2.3 Equivalence Twisting Cochains and Homotopy of Induced Maps

In the category of dg coalgebras there is the following notion of homotopy: two dg
coalgebra maps f, g : (K,dg, Vx) — (K',dg, Vi) are homotopic, if there exists
D : K — K’ of degree +1 such that dg’D + Ddj, = f — g, i.e. the chain maps f and g
are chain homotopic, and additionally the homotopy D is a f — g-coderivation, that
is VgD = (f®D+D®g)VK

If ¢ ~c ¥, then f3 and f; are homotopic in this sense: chain homotopy D(c) :
K — BA is given by

D(c)=Z(1//® oo (j-times) - QY RcR®P® - @ P)Vi, (5.10)
ij

it satisfies f — fy = dpD(c) + D(c)dk because the projection of this condition on
A gives pf¢ — pfy = pdpD(c) 4+ pD(c)dk and this is exactly the condition (5.9).
Besides, D(c) is a fy — fy-coderivation, that is

VieD(c) = (fy ® D(c) + D(c) ® fy) V.

this also follows from the universal property of tensor coalgebra and the extension
rule (5.10).

5.2.2.4 Functor D

Berikasvili’s functor D(K,A) is defined as the factorset D(K,A) = M(E’A).
Assigning to a twisting chain ¢ : K — A the dg coalgebra map fy : K — BA
and having in mind that ¢ ~. ¥ implies f; ~p() fy Wwe obtain a bijection
D(K,A) < [K,BA] where [K, BA] denotes the set of chain homotopy classes in
the category of dg coalgebras.

Any dg algebra map f : A — A’ induces the map T(K,A) — T(K,A"): if ¢ :
K — M is a twisting cochain so is the composition f¢ : K — A — A’. Moreover, if
¢ ~c ¢, thenfp ~ f¢'. Thus we have a map D(f) : D(K,A) — D(K.A’).

Theorem 2 (Berikashvili [3]) Letr (K,dk, Vg) be a dg coalgebra with free K;s
and (A, dy, La) be a connected dg algebra. If f : A — A’ is a weak equivalence of
connected dg algebras (i.e., homology isomorphism), then

D(f) : D(K,A) — D(K,A)

is a bijection.
In fact this theorem means that [K, BA] — [K, BA] is a bijection. The theorem
consists of two parts:

Surjectivity Any twisting cochain ¢ : K — A’ can be lifted to a twisting cochain
Y : K — Asothat¢ ~ fi.
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Injectivity If v ~ ¢’ € T(K,A), then fy ~ fy € T(K,A").

5.2.2.5 Lifting of Twisting Cochains

Below we’ll need the surjectivity part of this theorem whose proof we sketch here.

Theorem 3 Let (K,dg,Vk) be a dg coalgebra with free Kis and let f
(A,da, pa) — (A, du, ua) be a weak equivalence of connected dg algebras,
then for an arbitrary twisting cochain

b=t st bt KA
there exists a twisting cochain
V=v+VY3+ - +VYp+ - 1 K—>A

such that ¢ ~ fr.

Proof Start with a twisting cochain ¢ = ¢ + 3+ - + ¢, + - : K — A’. The
condition (5.8) gives dy¢p = 0, and since f : A — A’ is a homology isomorphism
then there exist ¥, : K» — Aj and ¢, : K, — A}, such that day, = 0 and fy, =
¢2 + darcly (we assume all K,,’s are free modules). Perturbing ¢ by this ¢, we obtain
new twisting cochain F,/¢ for which (Fcéqﬁ)z = ¢ + ducy = fi. So we can
assume that ¢, = f.

Assume now that we already have v», V¥s,...,V¥,—; which satisfy (5.8) in
appropriate dimensions and fy = ¢, kK = 2,3,...,n — 1. We need the next
component v, : K, — A,—; such that

n—2

dan = Yurd + Y _ Vi~ Yumi

i=2

and ¢, : K, — A} such that fy,, = ¢, + da’c),. Then perturbing ¢ by ¢, we obtain
new ¢, for which fy,, = ¢,, and this will complete the proof.
Let us denote by

n—2

Un = 1pn—ldK + Zlm ~ 1pn—i : Kn _)An—2a
=2
n—2

U, = ¢n—1dx + Zqﬁi — i Ky > A,
i=2

So we have U, = dua¢, and we want ¥, : K, - A,—1, ¢, : K, — A] such that
Uy = dayr, and f, = ¢y + darc).
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First, it is not hard to check that d, U,, = 0 thatis U,, maps K, to cycles Z(A,—») C
Ao,
Then

n—2 n—2
fUr=f (wn_ldK +Y i — wn_i) = f¥nardk + Y fUi = fYni
i=2 i=2

n—2

= ¢urdx + Y b — ui = U, = dan,

i=2

thus, f U, maps K,, to boundaries B(A,—;) C A,—,. Since f : A — A’ is a homology
isomorphism, there exist ¥, : K;, = A,—; such that day, = U,.

Now we must take care on the condition f,, = ¢,,. [tis clear that dsfy,, = da¢p,.
Let us denote by z, = f¥, — ¢,; this is the homomorphism which maps K, to
cycles Z(A!_,). Again, since f : A — A’ is a homology isomorphism there exist
Zn : Ky > Z(A,—1) and ¢, : K, — A}, such that fz, = z, — darc),. Let us define
Yn = VY — Zn- Then dAWn = dAwn and

S =¥ —fzn = (pn + Z:,) - (Z:, - dA’C;l) = ¢, + dA’C;‘

Perturbing ¢ by this c;, we obtain F./¢ for which (Fe ), = ¢, + djyc;, = [

5.2.3 Ao-Twisting Cochains

Now we want to replace in the definition of a twisting cochain a dg algebra (A, d4, )
with an A-algebra (M, {m;}), see [10, 13].

An Ago-twisting cochain we define as a homomorphism ¢ : K — M of degree
—1 satisfying the condition

Y mi(p® - ®P)VE = . (5.11)
k=1

Let Too (K, M) be the set of all Axo-twisting cochains.
We assume that our Asc-algebras (M, {m;}) are connected, that is M =
{M;,M>, ...} In this case any Ao-twisting cochain ¢ : K — M has components

p=pp+¢ps+-+¢+-- 1 K>M,
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here ¢, : K, — M, is the restriction of ¢ on K,,. The condition (5.11) restricted
on K, gives

int(n/2)
YooY mi¢ ® - ® di) Ve = duidx. (5.12)
i=1 ki+-ki=n

5.2.3.1 A -Twisting Cochains and the Bar Construction

Because of the universal property (5.4) any homomorphism ¢ : K — M of degree
—1 induces a graded coalgebra map, fy : K — T¢(sM) (coextension of ¢) by

H=Y @® - ®¢)Vi.

If, in addition, ¢ : K — M is an Axo-twisting cochain, that is satisfies the
condition (5.11), then f : K — B(M) is a chain map, i.e. is a map of dg coalgebras:
the projection of the condition dgfy = fsdx on M gives pdgfy = pfsdy and this is
exactly (5.11).

Conversely, any dg coalgebramap f : K — BM is f for¢p = pof : K — BM —
M. In fact we have a bijection Morggcoatg (K, BM) < Too (K, M).

5.2.3.2 Equivalence A ,-Twisting Cochains

Two Axo-twisting cochains ¢, ¢ : K — M we call equivalent if there exists ¢ : K —
M, deg ¢ = 0, such that

V—¢ =cdg+Y m(Y® - (jtimes) - @Y Rc®P® - ®P)VE,  (5.13)
kj

notation ¢ ~. .
This notion of equivalence allows us to perturb A-twisting cochains. Let

p=p+p+-+¢+-- :K—>M

be an Ao-twisting cochain and let’s take an arbitrary cochain ¢, : K, — M,,. Then
there exists a twisting cochain F,,¢ = v : K — M such that ¢ ~., . Actually the
components of perturbed twisting cochain

Fcn¢:1/f=1ﬂ2+1ﬂ3+---+1//n+...

can be solved from (5.13) inductively, and the solution in particular gives ¥; = ¢;
fori < nand ¥, = ¢, + mic,.
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5.2.3.3 Equivalence A .-Twisting Cochains and Homotopy of Induced
Maps

If ¢ ~c ¥, then fy and f, are homotopic in the category of dg coalgebras: chain
homotopy D (¢) : K — BM is given by

Doolc) =) (Y ® -+ (j-times) - QY Rc®P® - ®P)Vy,  (5.14)
i

which automatically is a fg — f,,-coderivation, that is
VBDoo () = (fy ® Doo(c) + Doo(c) ® f4) Vi,

and it satisfies f3 — fy = dpDoo(c) + Doo(c)dk since the projection of this
condition on M gives pf¢ — pfy = pdpDoo(c) + pDoo(c)dyk and this is exactly
the condition (5.13).

5.2.3.4 Functor D,

We denote by Do (K, M) the factorset Doo (K, M) = T°°(~K’M). Thus we have a
bijection [K, BM] <> D(K, M).

Assigning to an Aqo-twisting cochain ¢ : K — M the dg coalgebra map fj :
K — BM and having in mind that ¢ ~. ¥ implies fy ~p,, () fy We obtain a
bijection Doo (K, A) <> [K, BM].

Suppose f = {fi} : (M, {m;}) — (M’',{m]}) is a morphism of A.-algebras and
¢ : K — M is an A-twisting cochain. Then it is possible to show that f(¢) : K —
M’ given by

f@) =) fi¢® - ®¢)V (5.15)

is an Ao -twisting cochain too. Actually this follows from bar construction interpre-
tation: the composition of dg coalgebra maps

B(f)ofy : K — BM — BM’

is the coextension of the twisting cochain pB(f) o fy which is exactly f(¢).
Moreover, if ¢ ~. V¥, then f(¢) ~~ f(¥) with ¢’ : K — M’ given by

=) [y ® - (jtimes) - @ YRCR®P ® -+ ® )V
ij

Again this follows from bar construction interpretation: If ¢ ~. v, then fy,fy :
K — BM are homotopic dg coalgebra maps, and the corresponding homotopy
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Doo(c) is given by (5.14). This implies that the compositions B(f) o fs, B(f) o fy :
K — BM'’ are homotopic by homotopy B(f) o Deo(c) : K — M’ and the projection
poB(f) oDsl(c) : K— BM — BM' — M’ is exactly ¢’. This gives

(@) = pB(N)fp ~ PB(N)fy =F(W).

Thus we have a map Doo (f) : Doo(K, M) — Doo (K, M').
The following theorem is an analog of Berikashvilis’s Theorem 2 for Aso-
algebras and was proved in [10].

Theorem 4 Let (K,dg, Vi) be a dg coalgebra with free K;s and (M,{m;}) be a
connected dg algebra. If f = {fi} 1 (M, {m;}) — (M',{m}) is a weak equivalence
of Aso-algebras, then

Do (f) : Doo(K,M) — Doo(K, M/)
is a bijection.

In fact this theorem means that [K, BM| — [K, BM’] is a bijection. The theorem
consists of two parts:

Surjectivity Any Aso-twisting cochain ¢ : K — M’ can be lifted to an A o-twisting
cochain { : K — M so that ¢ ~ fy.

Injectivity If ¢ ~ ¢’ € Too(K, M), then fy ~ fif € Too(K, M’).
5.2.3.5 Lifting of A, -Twisting Cochains

Below we’ll use the surjectivity part of this theorem whose proof we sketch here.

Theorem 5 Let (K, dk, Vi) be a dg coalgebra with free K;s and let f - (M, {m;}) —
(M',{m}}) be a weak equivalence of connected Ax-algebras (that is, My = M{, =
0). Then for an arbitrary Aso-twisting cochain

p=¢pr+¢s+- -+t 1 K>M
there exists an Ao -twisting cochain
V=v2+ Vst tYnt K> M

such that ¢ ~ fr.

Proof Start with an A..-twisting cochain
dp=¢r+¢s+ -4+ K—>M.

The condition (5.11) gives m¢, = 0, and since f : (M, m;) — (M’m)) is homology
isomorphism then there exist ¥, : K» — M and ¢, : K, — M} such that m;y, = 0
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and fY> = ¢» + m|c;. Perturbing ¢ by this ¢, we obtain F; ¢ for which (Fy,¢)> =
$2 + m\cy = [,

Assume now that we already have v, ¥s,...,¥,—; which satisfy (5.11)
and (5.15) in appropriate dimensions, that is

int(k/2)
my = Yr—1dg + Z Z mi(, ® - @Yp)VE, k=2,3,....n—1
=2 kytki=k
(5.16)
and
int(k/2)
$e= > Y fW® @YV k=12...n—1  (517)
i=1 ky+thi=k

We need the next component v, : K, — A,—; satisfying the condition (5.16) for
k=n

int(n/2)
miyn =vYuadg + Y > miY ® - ® Yi) V. (5.18)
i=2 ky+-ki=n

and ¢}, : K, — A/ such that

int(n/2)
mc,+¢u= Y. D fiy® - ®Y)Vi. (5.19)
i=1 kj+-+k=n

Then perturbing ¢ by ¢, we obtain new ¢, for which the condition (5.17) will be
satisfied for k = n and this will complete the proof.

Let us put
int(n/2) .
Ui =Yn1dx + 2 D ppodmn MYy @ -+ & Yi) Vi,
i=2
int(n/2) .
Uy/l = ¢n—1dK + Z Zk1+~~~ki=n mi(¢k1 ® - ¢ki)VK
i=2
int(n/2) )
Vo= > > Sl ® -0 ® Yn) V.
=2 ki+-+ki=n

Then the needed conditions (5.18) and (5.19) look as
U, = mlw}’ls m/IC:, + ¢n :flwn + V.

First, it is possible to check that m U, = 0 and fiU, = U, + m|V,. Having in
mind that U}, = m ¢, the last condition means f, U, = m (¢, + V,,). So U, is a map
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to my-cycles
Un: Ky > Z(My—) C My
and fi U, maps K,, to boundaries
fiUn : Ky = B(M),_,) C M.
Then since fi : (M,m;) — (M’,m}) is a homology isomorphism, there exist ¥, :
K, — M,_; such that m;y, = U,. So our , satisfies (5.18). Now let us perturb

this ¢ in order to catch the condition (5.19) too.
Using the above equality f, U, = m (¢, + V), we have

mfivn = fim i = fiUy = m (g + Vi)
i.c.o (i — (60 + Vi) = 0. Thus

2, = (fivn — ($n + Vi) 1 Ku — Z(M,,_,),
and again, since fi : (M,m;) — (M’,m) is a homology isomorphism there exist
Zn Ky > Z(M,—1) and ¢}, : K, — M), such that z,, = fiz, — m|c),. Let’s define

Y, = ¥, — z,- Then

fivn = fivn = fizn = (@, + $u + Vi) = (2, = mic;) = ¢ + V.

5.2.4 B,-Algebras

The notion of Bso-algebra was introduced in [2, 8] as an additional structure on a
dg module (A, d) which turns the tensor coalgebra 7°(sA) (i.e., the bar construction
BA) into a dg bialgebra. So it requires differential

d: BA — BA,

which should be a coderivation with respect to standard coproduct of BA, and a
(maybe nonassociative) multiplication

T (BA.d) ® (BA.d) — (BA,d)

which should be a map of dg coalgebras, with 14 € A C BA as a unit element.
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It is mentioned above (see also, for example, [9, 12, 18]) that the specification of
such d is equivalent to the specification on A of a structure of As.-algebra, namely
of a sequence of operations {m; : ®A - Ai=1,2,3,..} subject of Stasheff’s
conditions (5.3).

As for the multiplication

1 B(A, {m;}) ® B(A, {m;}) — B(A, {m;})

by definition of a dg bialgebra it must be a map of dg coalgebras. Consequently it is
uniquely determined by an A-twisting cochain, say

E.«x : B(A,{m;}) ® B(A, {m;}) — (A, {m;}). (5.20)
In turn such a twisting cochain is represented by a sequence of operations
{Epy : A®P @ A®1 - A, p,g=0,1,2,3,...}

satisfying certain coherency conditions together with Ao, operations {m;} which
follow from the Brown’s condition (5.11).

So a Bo-algebra is a graded module equipped with two sets of algebraic
multioperations (A, {m;}, {E, 4}).

The particular case of a Byo-algebra of type m>3 = 0 is called a Hirsch
algebra, and the particular case of a Hirsch algebra with E.;, = 0 satisfying
certain additional conditions is called homotopy Gerstenhaber algebra, see below.
We address the reader for more explanations of these structures to [13, 15]. In fact
the present description is enough for this paper.

5.2.4.1 Homotopy G-Algebras

A particular case of Byo-algebra is the homotopy G-algebra (hGa in short), the
notion was introduced in [6, 20] by M. Gerstenhaber and A. Voronov. This is
a dg object whose homology carries a Gerstenhaber algebra structure, that is a
commutative multiplication and a Lie bracket well connected to each other. From
another point of view a hGa is a dg algebra with “good” ~— product. In fact the
mentioned Lie bracket is induced by the commutator of —1.

Definition A homotopy G-algebra is defined as a dg algebra (A, d, -) with a given
sequence of operations

Eii AQ (A% - A, k=0,1,2,3,...
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(the value of the operation Ejy;ona® b1 ® --- Qb € AR (AR --- ® A) we write
as Eyx(a; by, ..., b)) which satisfies the conditions

Eio=id, (5.21)
dEy i(a:by.....be) + Eyx(da:by.....b) + Y Ev(a:by.....dbi.....by)

=by-Ej—1(a;by,....b) + Eip—1(a; by, ... . bx—1) - b
+ ZEl,k—l(a§bls cosbi by, .. by), (5.22)

Eix(ai-ax; by, ..., by)
=ay-Ex(as; by, ....by) + Erx(a; by, ....b) - az

k—1
+ > Eipar:by.....by)  Evwpl@ribpra.... b, (5.23)
p=1

El,n(El,m(a; b17 ... 7bm);cla ey Cn)

>

0<iy <1 <. iy <jm<n

El,n—(j1+~~~+jm)+(i1+~~~+im)+m(a; Cly««»Cips E1~j1—i1 (bl; Cii41se+s le),
Cji+1s -3 Cins E1jo—iy (D2} Ciy 15+ -+, €}y)s Cipt1s -+ -5 Cipy s
El\jm—im(bm; Cipy 415+ ij), Cipt1s-0s Cn). (524)

Let us present these conditions in low dimensions.
The condition (5.22) for k = 1 looks as

dEy (a;b) + Ey 1(da;b) + Ey 1 (a;db) =a-b+b-a. (5.25)
So the operation Ej; is a sort of — product: it is the chain homotopy which
measures the noncommutativity of A. Below we denote E; | (a;b) = a — b.
The condition (5.23) for k = 1 looks as
(a-b)y—1c+a-(b—1¢c)+(a—1¢)-b=0, (5.26)

this means that the operation E; ; =~ satisfies the left Hirsch formula.
The condition (5.22) for k = 2 looks as

dEi»(a;b,c) + E\2(da; b, c) + Eis(a; db, ¢) + Ey2(a; b, dc)
=a—;b-c)+(a@a—1b)-c+b-(a—0), (5.27)
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this means that this - satisfies the right Hirsch formula just up to homotopy and
the appropriate homotopy is the operation E| ».
The condition (5.24) for n = m = 2 looks as

(a—1b)—1c+a—1 (b—1c)=Eiaa;b,c)+ Ei2(a;c,b), (5.28)

this means that the same operation E;, measures also the deviation from the
associativity of the operation £y | =~—1.

5.2.4.2 hGa as a B(oco)-Algebra

Here we show that a hGa structure on A is a particular B(co)-algebra structure: it
induces on B(A) = (T°(sA), dg) an associative multiplication but does not change
the differential dp (see [5, 8, 13, 15]).

Let us extend our sequence {E1 4, k = 0,1,2,...} to the sequence

{Epq: (A®) ® (A®)) > A, p.q=0.1,.. }
adding
Eoy =id, Eog>1 =0, Ero = id, Ep>10 =0, (5.29)

and E,.14 = 0.

This sequence defines a map E : B(A) ® B(A) — A by E([a1,....an] ®
[b1,....bn]) = Epylai, ..., am; b1, ..., by). The conditions (5.22) and (5.23) mean
exactly dE + E(dp ® id + id ® dp) = E — E, i.e. E is a twisting cochain. Thus its
coextension is a dg coalgebra map, i.e. a correct multiplication

We : B(A) ® B(A) — B(A).

The condition (5.24) can be rewritten as E(ug ® id) = E(id ® pug) and the
equality of these twisting cochains implies the equality of their coextensions, that is
pe(pe @ id = pp(id ® pg) so this condition means that the multiplication g is
strictly associative.

And the condition (5.29) implies that [ = 1 € A C B(A) is the unit for this
multiplication.

Finally we obtained that (B(A),dp, A, ug) is a dg bialgebra, thus a hGa is a
B(00)-algebra with strictly associative multiplication.

5.2.4.3 Three Examples of hGa-s

There are three remarkable examples of homotopy G-algebras, see [16].
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The first one is the cochain complex of 1-reduced simplicial set C*(X). The
operations E| ; here are dual to cooperations defined by Baues in [2], and the starting
operation E| ; is the classical Steenrod’s — product.

The second example is the Hochschild cochain complex C*(U, U) of an associa-
tive algebra U. The operations E| ; here were defined in [11] with the purpose of
describing A (oco)-algebras in terms of Hochschild cochains although the properties
of those operations which were used as defining ones for the notion of homotopy
G-algebra in [6] did not appear there. These operations were defined also in [7].
Again the starting operation E|  is the classical Gerstenhaber’s circle product which
is sort of —-product in the Hochschild complex. These operations, denoted as
Eix(a;,by1,...,b) = a{by,..., by} and called braces, were used in [17] in the
proof of Deligne’s hypothesis.

The third example is the cobar construction §2C of a dg-bialgebra C. The cobar
construction 2C of a DG-coalgebra (C,d : C — C,A : C - C ® C) is,
by definition, a DG-algebra. Suppose now that C is additionally equipped with a
multiplication u : C ® C — C turning (C,d, A, i) into a DG-bialgebra. How
this multiplication u reflects on the cobar construction §2C? There arises natural
hGa structure, the operations E| ; are constructed in [14]. And again the starting
operation E| ; is classical, it is Adams’s —-product defined for £2C in [1].

5.3 Bo-Algebra Structure in Homology of a hGa

Here we turn to the problem of determining correct multiplication on the bar
construction B(H(A), {m;}).

Suppose that (A, d, u, {E; x}) is a hGa. Note that by Sect. 5.2.4.2 the sequence of
operations {E| ;} determines a twisting cochain E : BA ® BA — A.

By the Minimality Theorem [9] there exists on H(A) a structure of minimal A -
algebra (H(A), {m;}) and a weak equivalence of A.-algebras

fF={f}:HQA).{m}) > A.{mi =d,my=pu,m3 =0,my =0,...}).
(5.30)

This weak equivalence induces a weak equivalence of dg coalgebras
B(f) : B(H(A),{m:}) — BA.

Composing the tensor product B(f) ® B(f) with the twisting cochain £ : BAQ BA —
A determined by the given hGa structure {E; ;} we obtain a twisting cochain

Eo (B(f) ® B(f)) : BH(A). {m;}) ® B(H(A),{m}}) > BA® BA > A.  (5.31)
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Now, using the lifting Theorem 5, let us lift this twisting cochain along the weak
equivalence of Axc-algebras (5.30). We obtain an As.-twisting cochain

Ewx : B(H(A), {mi}) @ B(H(A), {mi}) — (H(A), {mi})
which in turn defines multiplication on B(H(A), {m;}), a dg coalgebra map
ME. . - B(H(A), {mi}) ® B(H(A). {m;}) — B(H(A), {m;})

i.e., a Boo-algebra structure on (H(A), {m;}).
These twisting cochains can be observed from the diagram

B(H(A). {m3}) ® B(H(A). {m}) —3 (H(A). {m3}))
B(f)® B(f) | f

BA ® BA N A

This diagram does not commute but the twisting cochains f o Ex « and E o (B(f) ®
B(f)) are equivalent. Consequently the following diagram of induced dg coalgebra
maps commutes up to homotopy

B(H(A). {mi}) ® BH(A). {m}) 5 B(H(A). {m3))
B(f) ® B(f) | 1 B(f)

BA ® BA LN BA.

Thus the dg coalgebra weak equivalence

B(f) : B(H(A). {mi}.{Epq}) — B(A.d, . {E\ k})

is multiplicative up to homotopy. Consequently it induces multiplicative isomor-
phism of their homology algebras

H(B(H(A), {mi},{Ep4})) ~ H(B(A.d. jt. {E1t}))-

Finally we have the

Theorem 6 Ler (A,d, u,{E\+}) be a hGa. Then on its homology H(A) there
exists a structure of Boo-algebra (H(A), {mi}, {Ep 4}) such that homology algebras
H(B(H(A), {m;},{E, 4})) and H(B(A, d, u, {E1x})) are isomorphic.

Remark ForahGa (A,d, u,{E+}) the twisting cochain E : BA ® BA — A satisfies
additional conditions (5.24) which guarantee that the induced multiplication on BA
is associative. The twisting cochain E s we have obtained satisfies only Brown’s
condition, but not that condition for associativity, so the obtained multiplication

ME. . - B(H(A), {mi}) ® B(H(A).{m;}) — B(H(A), {m;})
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is a chain map, but nonassociative generally. Thus the bar construction
B(H(A), {m;}) is a nonassociative bialgebra. We expect that this nonassociative
multiplication will be a part of certain A, algebra structure on B(H(A), {m;})
which will allow to iterate the process.

5.4 Cohomology Algebra of the Loop Space

Here we turn to the main goal of this paper, cohomology algebra H* (2X).

Start with a topological space X and take (A, d, u) = (C*(X), d, —), the cochain
complex of X. Then, by Adams [1] we have that H(BA) = H(BC*(X)) and H*(£2X)
are isomorphic as graded modules.

As for the multiplicative structure of H*(§2X), in [2] Baues constructed a
sequence of multioperations

Ei;:C*X)® C*(X)® - C*(X), k=1,2,3,...

turning (C*(X), d, —, {E1x}) into a hGa, which determines on the bar construction
BA = BC*(X) correct multiplication, so that we have isomorphism of graded
algebras

H(B(C*(X).d, — {E14})) ~ H" (22X).

Now we are going to transfer these structures to cohomology level, i.e. from
C*(X) to H*(X).

Firstly, according to minimality theorem [9], on the homology of dg algebra
(C*(X), d, —) appears a structure of minimal Ax-algebra (H*(X), {m;}) and a weak
equivalence of Ao-algebras

{fid s (H*X), imi}) — (C*(X), imy = d, my =—, m3 =0, ... }),

which induces weak equivalences of their bar constructions and isomorphism of
graded modules

H(B(H*(X), {m;})) ~ H(BC*(X)) ~ H*(£2X).

Thus this object (H*(X), {m;}), which is called cohomology Ao -algebra of X, deter-
mines cohomology modules of the loop space H*(§2X). But not the cohomology
algebra H* (£2X).

Now, to obtain correct multiplication on B(H*(X), {m;}) we use the above
theorem, which for (A4, d, u) = (C*(X),d, —) gives

Theorem 7 Let (C*(X),d,—,{Eix}) be a hGa structure on the cochain complex
of a topological space X equipped with Baues’s operations {E\ 1}. Then on there
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ex

ists on H*(X) structure of Boo-algebra (H*(X), {m;},{Ep,}) which determines

cohomology algebra of the loop space, that is there exists isomorphism of graded
algebras

HBH*(X), {mi} {Epq})) ~ H (2X).

Acknowledgements The author was supported by the European Union’s Seventh Framework
Programme (FP7/2007-2013) under grant agreement no. 317721.

R

1

2.
3.

4.

10.
11.

12.

13.

14.

15.

16.

17.
18.
19.

20

eferences

. J. Adams, On the non-existence of elements of Hpof invariant one. Ann. Math. 72, 20-104

(1960)

H. Baues, The double bar and cobar construction. Compos. Math. 43, 331-341 (1981)

N. Berikashvili, On the differentials of spectral sequence. Proc. Tbil. Math. Inst. 51, 1-105

(1976)

E. Brown, Twisted tensor products. Ann. Math. 69, 223-246 (1959)

. M. Franz, Tensor product of homotopy Gerstenhaber algebras (2011). ArXiv:1009.1116v2
[math.AT]

. M. Gerstenhaber, A. Voronov, Higher-order operations on the Hochschild complex. Funct.
Anal. i Prilojen. 29(1), 1-6 (1995)

. E. Getzler, Cartan homotopy formulas and the Gauss-Manin connection in cyclic homology.
Isr. Math. Conf. Proc. 7, 65-78 (1993)

. E. Getzler, J.D. Jones, Operads, homotopy algebra, and iterated integrals for double loop
spaces. Preprint (1994)

. T. Kadeishvili, On the homology theory of fibrations. Russ. Math. Surv. 35(3), 231-238 (1980)

T. Kadeishvili, Predifferential of a fiber bundle. Russ. Math. Surv. 41(6), 135-147 (1986)

T. Kadeishvili, The A(oo)-algebra structure and cohomology of Hochschild and Harrison.

Proc. Tbil. Math. Inst. 91, 19-27 (1988)

T. Kadeishvili, A(co) -algebra structure in cohomology and rational homotopy type. Proc. Tbil.

Mat. Inst. 107, 1-94 (1993)

T. Kadeishvili, Measuring the noncommutativity of DG-algebras. J. Math. Sci. 119(4), 494—

512 (2004)

T. Kadeishvili, On the cobar construction of a bialgebra. Homol. Homotopy Appl. 7(2), 109—

122 (2005). Preprint at math. AT/0406502

T. Kadeishvili, Twisting elements in homotopy G-algebras, in Higher Structures in Geometry

and Physics. Honor of Murray Gerstenhaber and Jim Stasheff. Progress in Mathematics,

vol. 287 (Birkhauser, Boston, 2011), pp. 181-200. arXiv:math/0709.3130

T. Kadeishvili, Homotopy Gerstenhaber algebras: examples and applications. J. Math. Sci.

195(4), 455-459 (2013)

J. McLure, J. Smith, A solution of Deligne’s conjecture. Preprint (1999). math.QA/9910126

V. Smirnov, Homology of fiber spaces. Russ. Math. Surv. 35(3), 294-298 (1980)

J.D. Stasheff, Homotopy associativity of H-spaces. I, II. Trans. Am. Math. Soc. 108, 275-312

(1963)

. A. Voronov, Homotopy Gerstenhaber algebras (1999). QA/9908040



Chapter 6
Half-Automorphisms of Cayley—Dickson Loops

Maria de Lourdes Merlini-Giuliani, Peter Plaumann, and Liudmila Sabinina

To the memory of Karl Strambach

In the year 1957 W.R. Scott introduced in [28] the concept of a half-homomorphism
between semi-groups. He calls a mapping ¢ : S| — S, between semi-groups S; and
S» a half-homomorphism if the alternative

Vx,y € 811 o(xy) = p(x)e(y) or p(xy) = ¢(y)e(x) (6.1

holds and proves the following

Theorem Every half-isomorphism of a cancellation semi-group S, into a cancella-
tion semi-group S is either an isomorphism or an anti-isomorphism.

We call a half-isomorphism proper if it is neither an isomorphism nor an anti-
isomorphism. Then one finds in Scott’s paper the following result which in this
article we call Scott’s Theorem.

Theorem There is no proper half-homomorphism from a group G, into a group G,.
In the article of Scott references are given to Hua’s Theorem [16] and to Jordan
homomorphisms [17] which give a hint where the origins of the notion of a half-
automorphism are to be searched (see also [26]).

At the end of his short article Scott gives an example of a loop S of order 8
which possesses a proper half-automorphism. Recently a systematic research on the
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existence of proper half-automorphisms of Moufang loops has begun (see [9, 10,
12, 13]). In a new manuscript [19] Kinyon et al. have shown that Scott’s Theorem
holds for a class of Moufang loops which contains all automorphic Moufang loops.

Petr Vojtechovsky gave us an example of a loop V in which the inversion map
J satisfying x’x = 1 = xx’ for all x € V exists (Vojtechovsky, July 2015, private
communication). The Cayley table of V is

o[ n| s |wo|=
ool nw| =0
Slo|u|o|—w Alw
W oo = s
W = [h Q| o|w
R W= |s vl
Blulo = o|w|
SN N Y R R RV R N )

It is easy to check that the inversion mapping J is a proper half-automorphism of
the loop V. Note that V is not a diassociative loop since in diassociative loops the
inversion always is an anti-automorphism.

In this note we exclusively study half-automorphisms of diassociative 2-loops.
A special type of half-automorphisms, which we call elementary maps [see (6.5)],
plays a particular role. We will use them as a part of a generating system of the
group of all half-automorphisms of the loops considered, if this is possible.

Sections 6.1 and 6.3 of this article are used to describe topics which are
background knowledge. In Sect. 6.1 we collect fundamentals of the Theory of Loops
which we need. Would this be an article on Group Theory, this part would not be
necessary since these facts belong to common knowledge for the variety of groups.
We try to write there only things which are necessary for our considerations. In
Sect. 6.3 we present the well-known so-called Cayley—Dickson construction of a
sequence of algebras A, of dimension 2",n > 0. We restrict ourselves to the
classical case of algebras over the field of real numbers where the multiplication
is given by (6.9). The well-known generalizations of this definition we do not need
here. The material in Sect. 6.3 is included in our text mostly to fix notations in such
a way that for the iterated doubling process one obtains canonical bases ‘B, for the
algebras A,, which allow to assume that A, < A, 4+ for all n.

In Sect.6.4 we turn our view to the fact that sets C, = B, U (—98,) are
closed under multiplication in A,. Hence they form an infinite sequence of loops
C,, which are called Cayley—Dickson loops. Note that this does not contradict the
fact that Cayley-Dickson algebras of dimension > 2* have zero divisors. Cayley—
Dickson loops in particular the octonion loop C, and the sedenion loop Cs have
been considered by several authors. We mention here publications by Kivunge and
Smith [21], Kinyon et al. [18, Sect. 7], Cawagas et al. [5] and Kirshtein [20].

Already before, in Sect. 6.2, we had presented the octonion loop C,4 of order 16
which is small enough to be treated by direct computation. Theorem 6.2.2, which
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includes the fact that C4 is a Moufang loop, allows us to describe the group of all
half-automorphisms of C4 (Theorem 6.2.5). In the proof of this theorem mappings
C,, — C, which we call elementary mappings play a particular role.

For all Cayley—Dickson loops we have with Theorem 6.4.3 a result analogous
to Theorem 6.2.2. This allowed us to prove the existence of elementary half-
automorphisms for every Cayley—Dickson loop in Theorem 6.4.5. We could,
however, not determine the full structure of the group of half-automorphisms for
all Cayley—Dickson loops.

In Sect. 6.4 we also discuss the existence of proper half-automorphisms of code
loops (see [11]). Since the octonion loop is an example of a code loop (see [14, 15])
the elementary half-automorphisms should play a great role in the class of code
loops.

6.1 Basic Facts About Loops

The fundamental definitions and facts from the Theory of Loops are found in the
monographs of Bruck [4] and of Pflugfelder [23]. We give a short description of
facts that we need. We call a set (S, o) with a multiplication

(a,b)>aob:S5xS—S
a magma. Consider the left translations

Li=(xraox):S—>S
and the right translations

Ry=(xrHx0b):S—S.

Definition 6.1.1 A loop (L, o) is a magma such that

(1) There is an identity element 1 € L suchthat lox =x =xo 1 forallx € L.
(2) All mappings L,, R), are bijections.

Given a loop L put x/y := R;l(x) and y\x := L;l (x). Then one has a universal
algebra (L, 0, /,\, 1) of type (3,0, 1).

Definition 6.1.2 A loop L is a Moufang loop if it satisfies the equivalent identities

((xy)x)z = x(y(xz)) (6.2)
(()2)y = x(y(zy)) (6.3)
() (zx) = (x(yz))x (6.4)
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A loop L is called diassociative if all subloops (x, y) generated by elements x,y € L
are groups. Similarly a loop Q is called power-associative if all subloops of the form
(x), x € Q, are groups. In [23] one finds the

Proposition 6.1.3 All Moufang loops are diassociative.

Let L be a diassociative loop. Then (x) is a group. Hence there is a unique element
x' € L such that xx’ = 1 = x'x. Considering the group (x,y) one sees L;l =Ly
and R;l = Ry. It follows that x/y = xy’ and y\x = y'x. Thus a diassociative loop
can be considered as a universal algebra of type (1, 1, 1) as one usually does with
groups. In this article we shall do this permanently.

Definition 6.1.4 A loop Q is called a C-loop if the identity
x(y-yz) = (xy-y)z

holds in Q.
Information about C-loops one finds in [24] and [18]. Remembering that a loop
is called flexible if the identity x(yx) = (xy)x holds one finds there the

Proposition 6.1.5 A flexible C-loop is diassociative.
For a loop Q one considers the multiplication groups

LMult(Q) = (L, | a € Q) (left multiplication group of Q),
RMult(Q) = (R, | b € Q) (right multiplication group of Q),
Mult(Q) = (LMult(Q) U RMult(Q)) (multiplication group of Q).

These groups act transitively on Q and give us reason to consider the inner
mapping groups

Lint(Q) = {& € LMult(Q) | (1) = 1}  (left inner mapping group of Q),
Rint(Q) = {® € RMult(Q) | (1) = 1} (right inner mapping group of Q),
Int(Q) = {® € Mult(Q) | (1) = 1} (inner mapping group of Q).

Definition 6.1.6 A subloop of a loop Q is normal in Q if and only if it is invariant
under the group Int(Q).
We use the notation N < Q to indicate that N is a normal subloop of Q.

Definition 6.1.7 Let Q be a loop and let 1 be a loop homomorphism defined on Q.
Then the set

kern=1{xeQ|n(x) =1}

is called the kernel of 7.
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Proposition 6.1.8 A subloop of a loop is normal if and only if it is the kernel of a
homomorphism.
Definitions 6.1.6 and 6.1.7 together with Proposition 6.1.8 are the fundament for
the homomorphism theory of loops which resembles the homomorphism theory for
groups (see [1, 3]).

If the loop Q is a group, then the elements of Int(Q) are just the inner
automorphisms of Q. For Moufang loops in general the inner mappings are pseudo-
automorphisms (see [23]).

Definition 6.1.9 Let O be a diassociative loop and let ¢ : Q — Q be a bijective
mapping. If

(SA)  o(yxy) = p(V)e®)e(y)

holds for all x,y € Q, then ¢ is called a semi-automorphism of Q.

All inner mappings of a Moufang loop are semi-automorphisms (see [23]).
It is easy to see that for a diassociative loop all half-automorphisms are semi-
automorphisms as well (see also [9]).

In particular, characteristic subloops, that is subloops which are invariant under
all automorphisms, in general not are normal.

We denote the group of automorphisms of a loop L by Aut(L).

Definition 6.1.10 A loop L is called left (right) automorphic if all left (right)
inner mappings of L are automorphisms. If Int(L) < Aut(L), then L is called
automorphic.

In an automorphic loop all characteristic subloops are normal, a fact which makes
many considerations easier.

We now define some important characteristic respectively normal characteristic
subloops of a given loop L. Detailed information is found in [4] and [23].

1. The commutator subloop of a loop L.
For x,y € L the commutator is [x,y] = xy\yx
[L, Ll—normal subloop generated by all commutators.
Note that [L,L] is the smallest normal subloop N of L such that L/N is a
commutative loop and that xy/yx € [L, L] forall x,y € L.
2. The associator subloop of a loop L.
For x, v,z € L the associator is (x,y, z) = x(yz)\(xy)z
(L, L, L)—normal subloop generated by all associators.
Note that (L, L, L) is the smallest normal subloop N of L such that L/N is a group
and that (xy)z\x(yz) € (L,L,L) forall x,y,z € L.
. We call A(L) = (L,L,L) N [L, L] the radical-defect.
4. The nuclei of a loop.
The left nucleusis Ny = {u € L | (u,x,y) = 1 forall x,y € L}.
Analogously one defines the middle nucleus N,, and the right nucleus N, .
The nucleus of Lis N(L) = N; N N,, N N,
5. The commutant of aloop Lis C(L) = {ce L | (Vx € L)[c,x] = 1}
6. The center of aloop L
3L—normal closure of the subloop C(L) N N(L).

(O8]
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7. The Frattini subloop of a loop L.
@(L)—normal closure of the intersection of all maximal subloops.

Note 1 For a Moufang loop M one can show that the center and N(M) = N;(M) =
N,,(M) = N,(M) are normal [4]. The same holds for the commutant (see [8]).

At the end of this section we cannot resist the temptation to cite R. Baer who
writes in the article [2]: “It is not the object of this address to introduce you to new
theories or to tell of great discoveries.”

6.2 Some Small Moufang Loops

1. Chein Loops In 1974 O. Chein found a construction to obtain from a given group
G a Moufang loop M(G, 2). He used this construction efficiently in the classification
of finite Moufang loops of small order. For a finite group G and a group of order
two (u) such that u ¢ G define on the set M(G,2)) = G x (u) a multiplication by

(g D, 1) = (gh, 1)
(g w)(h, 1) = (gh™",u)
(8. D(h,u) = (hg. u)
(g.w)(h.u) = (h"'g. 1)

Theorem 6.2.1 (O. Chein [6]) If G is a finite group, then M(G,2) is a Moufang

loop and G x (1) is a normal subloop of M(G, 2). Furthermore, M(G, 2) is a group

if and only if the group G is abelian. q.e.d.
In [10] one finds much information about half-automorphisms of Chein loops.

2. Moufang Loops of Order 16 The LOOPS package of GAP! contains a library
of loops of small order. There one finds 5 Moufang loops of order 16 which are not
groups.

MoufangLoop (16,1 - the Chein double of the dihedral group Dg

MoufangLoop (16, 2 - the Chein double of the quaternion group Qg

( )
( )
MoufangLoop (16, 3) - the “octonion loop” o
MoufangLoop (16, 4)
( )

MoufangLoop (16,5

For 4 of these Moufang, the loops MoufangLoop (16, 1), MoufangLoop
(16,2), MoufangLoop (16,4), and MoufangLoop (16,5), we have no
satisfactory theory of the group of half-automorphisms. In [10, Theorem 7] it is

'"The GAP-Groups, Algorithms, and Programming, Version 4.4.10.
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shown that a Moufang loop of even order which admits a proper half-automorphism
contains elements of order 4, but this does not help us. For MoufangLoop (16, 2)
in [10, Example 8] the existence of a proper half-automorphism is shown.

We can, however, easily determine the full group of half-automorphisms of
MoufangLoop (16, 3) in detail.

3. The Octonion Loop o. The octonion loop MoufangLoop (16, 3) carries its
name since it is closely connected with the classical alternative division algebra
O of dimension 8 over the field R of real numbers. To obtain this finite loop one
considers the standard basis B = (1 = by, ..., bg) of the vector space O over R.
Put L = {£b, ..., £bs}. Then L is closed under the octonion multiplication; below
one sees the multiplication table of L in some ordering of ‘8.

Studying Table 6.1 it is easy to get the following

Theorem 6.2.2 [n the octonion loop o the following statements are true:

(1) oisaloop of order 16

(2) o is a Moufang loop.

(3) In o there are one element 7 = —1 of order 2 and 14 elements of order 4.

(4) zx = xzforall x € o.

(5) If H is a subloop of o, then z € H.

(6) Z is a normal subloop of o which coincides with the nucleus, the center, the
associator subloop, the commutator subloop and the Frattini subloop of o.

(7) o/Z is an elementary abelian group of order 8. q.e.d.

Some details of the following construction hold for arbitrary diassociative loops.

Table 6.1 Cayley table of octonion loop

o 1 2 3 4 5 6 7 8 9 10 |11 |12 |13 |14 |15 |16
1 1 2 3 4 5 6 7 8 9 (10 |11 |12 |13 |14 |15 |16
2 2 4 8 6 3 1 5 7 |14 9 |16 |10 |11 |12 |13 |15
3 3 5 4 7 6 8 1 2 |15 |13 9 |11 |14 |16 |12 |10
4 4 6 7 1 8 2 3 5 |12 |14 |15 9 (16 |10 |11 |13
5 5 7 2 8 4 3 6 1 |13 |11 |14 |16 |12 |15 |10 9
6 6 1 5 2 7 4 8 3 /10 (12 |13 |14 |15 9 [16 |11
7 7 8 1 3 2 5 4 6 |11 |16 |12 |15 |10 |13 9 |14
8 8 3 6 5 1 7 2 4 |16 |15 |10 |13 9 |11 |14 |12
9 9 |10 |11 |12 |16 |14 |15 |13 4 6 7 1 5 2 3 8

10 |10 |12 |16 |14 |15 9 |13 |11 2 4 5 6 3 1 8 7

11 |11 |13 |12 |15 |10 |16 9 |14 3 8 4 7 6 5 1 2

12 |12 |14 |15 9 |13 |10 |11 |16 1 2 3 4 8 6 7 5

13 |13 |15 |10 |16 9 (11 |14 |12 8 7 2 5 4 3 6 1

14 |14 9 (13 |10 |11 |12 |16 |15 6 1 8 2 7 4 5 3

15 |15 |16 9 |11 |14 |13 |12 |10 7 5 1 3 2 8 4 6

16 |16 |11 |14 |13 |12 |15 |10 9 5 3 6 8 1 7 2 4
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Definition 6.2.3 Let Q be a diassociative loop and let ¢ be an element of Q. Then
the mapping 7. : Q — Q defined by

xVifxe{c, !}

ifx ¢ {c,c!} (6.5)

T.(x) =

is called an elementary mapping.
Obviously the following proposition holds.

Proposition 6.2.4 For a diassociative loop Q of exponent 4 put

X={xeQ|x#1}.

Then

(1) If c € X, then the mapping t. is an involution.
(2) Fora # b € X one has t, = 1p if and only if ab = 1.
(3) Fora,b € X the group (1,4, tp) is abelian. q.e.d.

In o there are 14 elements of order 4 which give us precisely 7 different sets
{x,x~"} with 2 elements. The set .# of these 2-element sets consists of

(2,6}, {3,7}.{8,5}.{9, 12}, {14, 10}, {15, 11}, {16, 13}. (6.6)

To study one typical example choose the pair {8,5} € . and consider the
transposition T = (5, 8) in the symmetric group S4.

One computes

t2-7)=1t5)=8=t(7)-12) #1(2)-t(7) =5,
13:9)=1t(15=15=73)-t(9) # 1(9) - t(3) = 11.
Thus  is a proper half-automorphism of o.

Because of the symmetry of o every transposition of a pair from the list (6.6)
is a proper half-automorphism. One can verify this fact directly using Table 6.1.
This way one obtains seven commuting proper half-automorphisms of o of order 2.
Denote these seven transpositions by py, ..., p7. They are elementary mappings and
generate a group I" = I"(0) which is an elementary abelian 2-group of order 2.
Thus an inspection of Table 6.1 gives us the

Theorem 6.2.5 Let ¢ be an element of order 4 of the octonion loop o. Then the
elementary map t. is a proper half-automorphism of o. q.e.d.

Theorem 6.2.6 Let o be the octonion loop and I' be the group generated by
all elementary maps. Then every half-automorphism of o is the product of an
automorphism of 0 and an element y € I'.

Proof Suppose that ¢ : 0 — o is a proper half-automorphism. Since o is a Moufang
loop by Gagola III and Merlini Giuliani [9] thus there exists a triple (x,y, z) such
that ¢ restricted to (x,y) is an automorphism, ¢ restricted to {x,z) is an anti-
automorphism, and [x,y] # 1, [x, z] # 1. Since ¢ is proper, the loop (x, y, z) cannot
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be a group by the theorem of Scott. Hence (x,y, z) = 0. In what follows we always
will consider these generators x, y, z of the loop o. In particular yz # zy. In o there
are 16 elements:

{£1, +x, +y, £z, £xy, £z, yz, £x(y2)}.
Note that for any half-automorphism ¥ of o and for any ¢ € o one has:
v =1, Y1) =—-v(@

since —1 is the unique element of order 2 in o and central. Note also that the
following relations hold:

Xy =—yx, xz=-v,  yI= -2,

x(yz) = z(xy) = y(zx) = —(y2)x = —(xy)z = —(2%)y.

In order to understand the behavior of proper half-automorphism ¢ on o it is
enough to consider only the set S = {x,y, z, xy, xz, yz, x(yz)} of seven elements and
to analyze the behavior of ¢ on all possible subgroups generated by two elements of
S. There are 21 different pairs, some of them generate the same subgroups. Indeed:

@ {xy) = (xx) = (.5

() (x,z) = (x,x2) = (xz.2)

(i) (y.z) = (n.y2) = (yz.2)

i) (xyz) = (x,x(y2) = (yz,x(y2))

Wy, x2) = (y,x(y2)) = {xz, x(y2))

o) {z.3x) = (2. x(y2)) = {yx, x(y2))
(i) {xy,yz) = {xp, xz) = {xz,yz)

One obtains (vii) using the fact that u> = [u,v] = (u,v,f) = —1 and the

Moufang identity in o in the following form. For any elements u, v, € S we have:
ut - vt = —tu - vt = —(t(uv)t) = £ - (uv) = —(uv) 6.7)

Thus we get seven different 2-generated subgroup of o, every one of them is
isomorphic to Qg. For example, (x,y) = {1, £x, £y, £xy}.

There are two possibilities: ¢ restricted to (y,z) is an automorphism or ¢
restricted to (y, z) is an antiautomorphism.

Case 1 ¢ restricted to (y, z) is an automorphism.

Consider the mapping ¢ o 7, = ¢;.
We see that ¢; is an automorphism restricted to the following three subgroups:

(x,y) = (x,2) = (z,y)
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Let us analyze the behavior of ¢; restricted to (xy, yz).
By (6.7) one has

e1(xy-yz) = @1(yx-zy) = @1(y(x2)y) = ¢1(x2) = @1 (X)¢1(2).

Suppose that ¢; restricted to (xy, yz) is an anti-automorphism.
Then we get

P1(xy - yz2) = 1(y2) - 1(xy) = (91(»)91(2) - (P1(X)@1(y))
= 0121 (x) # P1(D)e1(2).

This is a contradiction. Thus ¢, is an automorphism restricted to the group (xy, yz).

On the subgroup (x, yz) the map ¢; can behave as an automorphism or as an
anti-automorphism. We will show that in both cases the behavior of ¢; restricted to
subgroup (x,yz) determines the behavior of ¢, restricted to subgroups (y,xz) and
(z, yx) . In other words there are two possibilities: the first one is the case that ¢ is
an automorphism restricted to all three subgroups

(x,yz), (y.xz), (z,yx)

and the second one is the case that ¢ is an anti-automorphism restricted to these
subgroups.
Suppose that ¢; restricted to (x, yz) is an automorphism. Then

P1(x(y2)) = @1 () (@1(»)¢1(2)).-

Let us analyze the behavior of ¢; restricted to (y, xz).

01(y(x2)) = —@1(x(y2)) = —1(x) (@1(Y)¢1(2)).

Assume that ¢; is an anti-automorphism restricted to (y, xz). Then we get

P1(¥(x2)) = @1(x2)91(y) = (P1 (@D @1(2)e1(y) = L1 (P1(Y)¢1(2))-

This is a contradiction. Thus ¢; restricted to (y, xz) is an automorphism too.

By the same arguments one can show that if ¢; is an automorphism restricted to
{x, yz) then it is automorphism restricted to (z, xy) as well.

In the same way one can see that if ¢; is an anti-automorphism restricted to
one of the subgroups of {(x,yz), (y,xz), (z,xy)} then ¢, is an anti-automorphism
restricted to any of two others, too. Hence if ¢, restricted to all of subgroups

{(x,y2), (y,xz), (z,xy)} is an automorphism then ¢; € Aut(o). If ¢; restricted to
all of subgroups {(x, yz), (v,xz), (z,xy)} is an anti-automorphism then ¢, = ¢; o
Tx(yz) € AUt(0).

Therefore our Theorem is proved for Case 1.



6 Half-Automorphisms of Cayley—Dickson Loops 119

Case 2 ¢ restricted to (y, z) is an anti-automorphism.
Now we can introduce the map ¢ = ¢ o 1, o 7,, which is an automorphism on
(x,y) = (x,z) = (z,¥) = QOs and can repeat all considerations from the Case 1.
For a diassociative loop Q the inversion mapping

J:ix—xH:0-0

is an anti-automorphism of Q. Above we had defined seven elementary half-
automorphisms {71, ... 77} which correspond to the set S of the elements of 0. Note
that in the octonion loop o one has

7
l—[‘L'i =J.
i=1

Obviously, if ¢ is an anti-automorphism, then ¢ o J is an automorphism.

Thus we have proved that for any half-automorphism ¢ : 0 — o there exists an
element y € I' such that ¢ = ¢ o y is an automorphism. q.e.d.

Note that the elementary maps of the octonion loop o considered as permutations
of the set of elements of o generate the elementary abelian group I" (o) of order 2.
But not all elements of I" are proper half-automorphisms. Here we do not discuss
the intersection HAut(o) N I"(0).

For a diassociative loop Q we consider the group

SAut(Q) = Aut(Q) x {J)

of all automorphisms and all anti-automorphisms of Q which is a subgroup of
HAut(Q).

Proposition 6.2.7 If Q is a diassociative loop of exponent 4 and I" (Q) is a subgroup
of HAUt(Q), then I'(Q) is normal in HAUt(Q).

Proof For an element ¢ € Q of order 4 and for @ € Aut(Q) one has
ao(c,c oo™ = (a(c),a(c™")). Hence ¢ o 7. 0 ™! = 74). The proposition
follows from Lemma 6.2.6 q.e.d.

6.3 The Cayley-Dickson Extension Process for Algebras

An algebra A with an involution over a field F is a non-associative F-algebra with a
linear mapping a + a* satisfying the identity

(ab)* = b*a*. (6.8)
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In [27, II1.4] for a given algebra A of finite dimension n with an involution it is
described how one can construct F-algebras CD(A) of finite dimension 2n with an
involution which contains an isomorphic image of A. For our purposes it is enough
to have this construction for the field QQ of the rational numbers or the field R of real
numbers.

Consider the vector space CD(A) = A & A with the operations

(1, y1) (%2, y2) = (x1%2 — Y3 y1. y2X1 + ¥1X3), (6.9)
(x,y)* = (@™, —y). (6.10)

Then an elementary computation shows that CD(A) is an algebra with an involution.
Using (6.9) one obtains the identities

(,0)(v,0) = (uv — v*0,0u + v0) = (uv,0), (6.11)
(. 0)(0,v) = (u0 + v*0, vu + 00) = (0, vu). (6.12)
(0, v) (1, 0) = (Ou — v*0,0 + vu*) = (0, vu®), (6.13)
(0,1)(0,v) = (0 — v*u, v0 + u0) = —(v*u,0) (6.14)

and from (6.10) one obtains
(1, 0)* = (*,0), (0,v)* = —(0,v). (6.15)
Consider the linear mappings
u=((ar~(@a0):A—>ADA,
v=(br (0,b):A—>ADA.
Then p : A — CD(A) is an injective homomorphism of algebras with an involution.
If the algebra A has a neutral element e, then ju(e) = (e, 0) is the neutral element of

CD(A).
If (b1, ..., by) is an F-basis of A, then

(11 ... 1 (bu) v (B). ... V(b)) (6.16)

is an F-basis of CD(A).
Given data (A, %), where A is an algebra over F with an involution which has a
neutral element e and

B = (br,....bn)
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is an F-basis of A, we have defined by (6.9) and (6.10) on the vector space A@ A the
structure of a non-associative algebra CD(A) with an involution and injective linear
mappings

wv:A—>AgA

such that

(a) w is a monomorphism of algebras with an involution,
(b) e™") = (uu(e),0) is a neutral element of the algebra A @ A,
(¢) BW = (u(r).... 1(bw), v(b),...,v(by)) in an F-basis of A & A.

In our situation for a given F-algebra A with an involution and x € A we put ga(x) =
|lx|| = xx*. Then

ga(0)* = (x™* = @)% = " = qal») (6.17)

We now specialize F = R and define inductively a sequence (Ak):; of algebras

with an involution of dimension 2~ having bases B8* and neutral elements e¢®
such that

() A =R, B0 = (1),
(i) Ary1 = CD(Ay), B*FHD = (:U«(%(k)), U(%(k))).

Here i and v denote the mappings A — CD(A) defined above. The algebras A;, k =
1 are called Cayley-Dickson algebras. The injective homomorphisms u : A, —
Ai+1 allow to assume that

Al<A < <A<

and to form the infinite-dimensional Cayley—Dickson algebra Ase = |, Ax with
its basis B> = (), BX. Put q(a) = aa* for a € Ax. Equation (6.17) says that
q(a)* = q(a) for all a € A. One shows by induction the

Lemma 6.3.1 In Ay the following statements hold:

(i) 0 <aa® € Aj =Rjforall ) # a € A.
(ii) b*b =1 = bb* forall b € B. q.e.d.

6.4 Half-Automorphisms of Cayley-Dickson Loops
and of Code Loops

We now use the Cayley—Dickson algebra A,, over R of dimension m to construct a
finite loop C,, of order 2. Consider the set

Cp = {£b1,...,£by,},
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where by, ..., b, are the elements of the basis B constructed for A,,. Here we
choose b; = 1, the neutral element of A,,. By the definition of the multiplication of
A, the set C,, is closed under this multiplication.

Proposition 6.4.1 The multiplication of C,, is diassociative.

Proof One can check this easily looking at the multiplication rules (6.11)—(6.14).
q.e.d.

Note 2 Observe that the Cayley—Dickson algebras A,,n = 5 are flexible but not
diassociative.
Now observing that by the conventions made before C,, < C,,41 forall m = 1 we

define Coo = |J,, Cin-

Corollary 6.4.2 With respect to the multiplication in A the set Coo is an infinite
diassociative loop. q.e.d.

Remember that C,, = B U (—%(”’)), where B is the standard basis of the
vector space A,,. Given a half-automorphism 7 of the loop C,, the set n(B™) is a
basis of A,,, too. Hence we have the linear extension 7 : A,, — A,, . Obviously 7 is
a linear map of the algebra A,, such that

Vx,y € Gyt (xy) = (x)7(y) or 7(xy) = 7(y)7(x) (6.18)

is satisfied. However 7 is not a half- automorphism of the algebra A,,.
Let us collect fundamental properties of the loop Cwo, respectively of the loops
C, in analogy to Theorem 6.2.2.

Theorem 6.4.3 In the Cayley—Dickson loops C,,n = 4 and Cy the following
statements are true:

(1) C, is aloop of order 2".

(2) Coo is a diassociative loop.

(3) In C, there are one element 7z = —1 of order 2 and 2" — 2 elements of order 4.

(4) zx = xz for all x € C.

(5) IfH is a subloop of Ceo, then z € H.

(6) Z = (2) is a normal subloop of Co, which coincides with the nucleus, the center,
the associator subloop, the commutator subloop, and the Frattini subloop
of Coo.

(7) C,/Z is an elementary abelian group of order 2" — 1.

Proof The proofis a straightforward induction over n beginning with Theorem 6.2.2
forn = 4. q.e.d.

Furthermore, all the loops C,, are Hamiltonian loops, i.e. they have the property
that all subloops are normal. For o this fact has been discussed in detail by D. Norton
[22] in the year 1951.

We now give a proof that Theorem 6.2.5 holds for arbitrary Cayley—Dickson
loops. Note that in the quaternion group Cs for all ¢ € C; with ¢ # 1 the
elementary mappings 7, are anti-automorphisms. A. Grishkov suggested to study
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the half-automorphisms of the class £ of all loops L satisfying the following
conditions:

(L.1) L is adiassociative loop of exponent 4.
(L.2) In L there is a central subloop Z = (z) of order 2.
(L.3) x> =zforallx & Zand [x,y] = zforally & {1, z, x, xz}.

Lemma 6.4.4 Given aloop L € £ and an element c € L of order 4 the elementary
map t. is a half-automorphism.

Proof Let us show that forall x,y € L

() = xy = () 7(y) or T(xy) = xy = 1(¥)7e(%).

To do this it is sufficient to assume that xy # yx and to consider the following three
cases.

First case: x ¢ {c,c™ '}, y ¢ {c,c™ '} xy ¢ {c.c}

Then by definition of 7, one has 7.(xy) = xy = t.(x)t.(y)
Second case: x ¢ {c,c™'}, y € {c,c™1}

Then xy ¢ {c,c”'} and we get

1

() =xy =y =y oy =y x = (0T ().

and by the same arguments we get

T (yx) = ()7 ().

Third case: x ¢ {c,c™'}, y ¢ {c.c™'}, xy € {c,c7'}
By definition of 7, we have:

() = ()7 = ()’ = W) 2w) = b7 10) = yx = e(3) ).

q.e.d.

Theorem 6.4.5 In a not associative Cayley—Dickson loop all elementary mappings
are proper half-automorphisms.

Proof If C a Cayley—Dickson loop, it follows from Theorem 6.4.3 that C belongs
to .Z. Hence all elementary mappings z.,c € C are half-automorphisms. If C is
not associative for ¢ € C there exist quaternion subgroups Q4 and Q) such that
¢ € Q) and ¢ ¢ Q4. Hence 7, restricted to Q) is an anti-automorphism and .
restricted to Q) is an automorphism. Thus the Theorem is proved. q.e.d.

One can easily show that for the quaternion group Qs = Cj; the equality
HAut(Qs) = SAut(Qs) = I'(Qs)Aut(Qs) holds. For octonion loop 0 = C4 by
our Theorem 6.2.6 we have the factorization HAut(0) = I"(0)Aut(o). For r = 5 one
only knows the inclusion HAut(C,) = I'(C,)Aut(C,). The reason for this lies in
the fact that our proof of Theorem 6.2.6 uses the known subloop structure of o: All



124 M.d.L. Merlini-Giuliani et al.

subloops of o are Cayley—Dickson loops. The sedenion loop Cs of order 32 contains
a subloop o of order 16 which is not a Cayley—Dickson loop (see [5, 21]).

Question Is the statement HAut(C) = I'(C)Aut(C) true for every Cayley—Dickson
loop C?

Turning to code loops (see [11]) and using their description by Chein and
Goodaire [7] and Hsu [14, 15] we note that the unique non-associative code loop
belongs to the class £ is o.

To decide when for an element ¢ of an arbitrary code loop the elementary
mapping 7. is a half-automorphism stays an open question.

In [25] Pires and Grishkov study the variety of loops & generated by all finite
code loops and determine the free elements of &. To us it seems a demanding task
to discuss half-automorphisms of loops in €&.

On page 114 we discussed the five Moufang loops of order 16 which are not
groups, among them the octonion loop. It is known that all these loops are code
loops. Two of these loops are Chein loops. In [10] necessary conditions are given
that for finite group G of even order the Chein loop M(G, 2) admits a proper half-
automorphism and it is shown that on M(Qs, 2) the only three elementary mappings
really are half-automorphisms [10, Example §].

Question For which finite groups G of order 2" there exist elementary mappings of
the Chein loop M(G, 2) such that they are half-automorphisms?
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Chapter 7
Invariant Control Systems on Lie Groups

Rory Biggs and Claudiu C. Remsing

Abstract This is a survey of our research (conducted over the last few years) on
invariant control systems, the associated optimal control problems, and the asso-
ciated Hamilton—Poisson systems. The focus is on equivalence and classification.
State space and detached feedback equivalence of control systems are characterized
in simple algebraic terms; several classes of systems (in three dimensions, on the
Heisenberg groups, and on the six-dimensional orthogonal group) are classified.
Equivalence of cost-extended systems is shown to imply equivalence of the
associated Hamilton—Poisson systems. Cost-extended systems of a certain kind are
reinterpreted as invariant sub-Riemannian structures. A classification of quadratic
Hamilton—Poisson systems in three dimensions is presented. As an illustrative
example, the stability and integration of a typical system is investigated.

7.1 Introduction

Geometric control theory began in the late 1960s with the study of (nonlinear)
control systems by using concepts and methods from differential geometry (cf.
[10, 64, 96]). A smooth control system may be viewed as a family of vector fields (or
dynamical systems) on a manifold, smoothly parametrized by controls. As soon as
a control function is fixed, one has a nonautonomous vector field (or, in coordinates,
a nonautonomous ordinary differential equation). An integral curve of such a vector
field is called a trajectory of the system. The first basic question one asks of a control
system is whether or not any two points can be connected by a trajectory: this is
known as the controllability problem. Once one has established that two points can
be connected by a trajectory, one may wish to find a trajectory that minimizes some
(practical) cost function: this is known as the optimality problem.
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A significant subclass of control systems rich in symmetry are those evolving on
Lie groups and invariant under left translations; for such a system the left translation
of any trajectory is a trajectory. This class of systems was first considered in 1972
by Brockett [43] and by Jurdjevic and Sussmann [68]; it forms a natural geometric
framework for various (variational) problems in mathematical physics, mechanics,
elasticity, and dynamical systems (cf. [10, 40, 64, 66]). In the last few decades
substantial work on applied nonlinear control has drawn attention to invariant
control affine systems evolving on matrix Lie groups of low dimension (see, e.g.,
[67, 89, 92, 93] and the references therein).

This paper serves as a survey of our recent research on left-invariant control affine
systems, the associated optimal control problems, and the associated Hamilton—
Poisson systems. Ideas and key results from several papers published over the
last couple of years are reexamined and restructured; some elements are also
reinterpreted.

The first aspect we address is the equivalence of control systems. Simple
algebraic characterizations of state space equivalence and detached feedback equiv-
alence are presented. Using these characterizations, several classes of systems are
classified. Specifically, classifications (under detached feedback equivalence) of the
full-rank systems on the three-dimensional Lie groups, the (2n 4+ 1)-dimensional
Heisenberg groups, and the six-dimensional orthogonal group are treated.

The second aspect we address is the equivalence of invariant optimal control
problems, or rather, their associated cost-extended systems. If two cost-extended
systems are equivalent, then their optimal trajectories (resp. extremal trajectories)
are related by a Lie group isomorphism. The classification problem is briefly dis-
cussed and a few examples are presented in some detail. One associates to each cost-
extended system, via the Pontryagin Maximum Principle, a quadratic Hamilton—
Poisson system on the associated Lie—Poisson space. It is shown that equivalence
of cost-extended systems implies equivalence of the associated Hamilton—Poisson
systems. Additionally, the subclass of drift-free systems with homogeneous cost are
reinterpreted as invariant sub-Riemannian structures; some examples are revisited.

The third and last aspect we address is the equivalence, stability, and integration
of quadratic Hamilton—Poisson systems. A classification of the homogeneous
systems in three dimensions is presented; a classification of the inhomogeneous
systems on the three-dimensional orthogonal Lie—Poisson space so (3)* is also
exhibited. As an illustrative example, we investigate the stability and the explicit
integration of a typical inhomogeneous system on the Euclidean Lie—Poisson space
se (2)*.

Throughout, we make use of the classification of three-dimensional Lie groups
and Lie algebras; relevant details are given in the Appendix.

7.1.1 Invariant Control Affine Systems

An {-input left-invariant control affine system X on a (real, finite-dimensional,
connected) Lie group G consists of a family of left-invariant vector fields &, on
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G, affinely parametrized by controls u# € R. Such a system is written, in classical
notation, as

=5, =E(gu=gA+wuB;+ -+ wuwbBy), g €G, ueR’,

Here A,Bi,...,B; are elements of the Lie algebra g with Bj,..., B, linearly
independent. The “product” gA denotes the left translation T7L, - A of A € g
by the tangent map of L, : G — G, h + gh; in fact, TG has trivialization
TG = G x g, gA < (g,A). (When G is a matrix Lie group, this product is simply
matrix multiplication.) Note that the “dynamics” Z : G x R — TG are invariant
under left translations, i.e., & (g,u) = g& (1,u). A system X is completely
determined by the specification of its state space G and its parametrization map

Z (1, : RY - g. When G is fixed, we specify ¥ by simply writing
Y A4+ uBy+ -+ uBy.

The trace I' of a system X is the affine subspace I' = A + '’ = A +
(By,....By) of g. (Here I'° = (By,...,By) is the subspace of g spanned by
Bi,...,By.) A system X is called homogeneous if A € I’ 0 and inhomogeneous
otherwise; X' is said to be drift free if A = 0. Also, X is said to have full rank if
its trace generates the whole Lie algebra, i.e., Lie(I") = g.

Remark 1 We have the following characterization of the full-rank condition for
systems on G when dimG = 3. No homogeneous single-input system has full
rank. An inhomogeneous single-input system has full rank if and only if A, B, and
[A, Bi] are linearly independent. A homogeneous two-input system has full rank
if and only if Bj, B,, and [Bj, B,] are linearly independent. Any inhomogeneous
two-input or (homogeneous) three-input system has full rank.

The admissible controls are piecewise continuous maps u(-) : [0,7] — R’ A
trajectory for an admissible control u(-) is an absolutely continuous curve g(-) :
[0,T] — G such that g(r) = g(t) & (1,u(r)) for almost every ¢ € [0, T]. We say
that a system X is controllable if for any go,g1 € @G, there exists a trajectory
g() : [0,T] — G such that g(0) = go and g(T) = g;. The attainable set (from
the identity 1 € G) is the set o/ of all terminal points g(7) of all trajectories
g() : [0, T] — G starting at 1. (A system X' is controllable if and only if &/ = G.)
If X is controllable, then it has full rank.

For more details about invariant control systems, see, e.g., [10, 64, 68, 94].

7.1.2 Examples of Invariant Optimal Control Problems

We present three illustrative examples of optimal control problems. Numerous such
problems have been investigated over the last few decades; these problems include
the dynamic equations of the rigid body, various versions of Euler and Kirchhoff
elastic rod problem, Dubins’ problem, the motion of a particle in a magnetic or
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Yang—Mills field, the control of quantum systems, and the sub-Riemannian geodesic
problem (see, e.g., the monographs [10, 40, 64] as well as [89]).

The Plate-Ball Problem [63] The plate-ball problem consists of the following
kinematic situation: a ball rolls without slipping between two horizontal plates;
the lower plate is fixed and the ball is rolled through the horizontal movement of
the upper plate. The problem is to transfer the ball from a given initial position
and orientation to a prescribed final position and orientation along a path which
minimizes fOT |v(r)||dt. Here v denotes the velocity of the moving plate and T is
the time of transfer.

This problem can be regarded as an invariant optimal control problem on the
five-dimensional Lie group

e 00
R?xSO(3) = 0e20|:x.x€R ReSO3)
0 0R

specified by (the dynamical law)

1000 0 0000 0

0000 0 0100 0
g=g|lu|0000—-1|+u|0000 O ||, g€ R?xS0O(3)

0000 0 0000 —1

0010 0 0001 0

the boundary conditions g(0) = go, g(T) = g1, and the cost functional

T
A (ur1()* + ua(1)?) at

to be minimized.

The Airplane Problem [100] The airplane landing problem consists of finding
a trajectory for an airplane moving—at a constant velocity—f{rom some starting
point and orientation to some final point and orientation; the airplane is constrained
to arrive at the final point and orientation at (some fixed) time 7. A simplified
kinematic model of the airplane entails that it always fly forward and the controls
may yaw, pitch, and roll the aircraft; the cost assigned to a particular solution will
be the sum square of the inputs (this cost encodes the requirement to minimize the
amount of maneuvering an aircraft will do).

Such a problem may be formulated as an optimal control problem on the six-
dimensional Euclidean group

10

SEGy:MxSOG):{hR

} :xeR* ReSO®3)
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specified by (the equations of motion)

g=8 A+ wuB) + uBy + u3Bs), g €SE®3)

with
0000 000 0 0000 000 0
1000 000 0 0001 00-10
A=10000|" B = looo=1|" BT |00 o0l B |01 00
0000 001 0 0-100 0000

the boundary conditions g(0) = go, g(T) = g and the cost functional

1 T
S =, / (cttr () + cowx () + cauz()?) dt. ¢, c2.¢3 > 0.
0

If the cost weights ¢y, ¢z, c3 are equal, then the resulting system of equations is
related to Lagrange’s top (see, e.g., [64]); the Kovalevskaya’s top is obtained for a
different ratio of weights (see, e.g., [65]).

Control of Serret—Frenet Systems [64] A differentiable curve y in the Euclidean
plane E?, parametrized by arc-length, can be lifted to the group of motions of E?
by means of a positively oriented orthonormal moving frame vy, v, defined by

Yy =i, U = K V2, Uy = —K Vg (7.1

where « 1is the signed curvature of y. The moving frame can be expressed by a
rotation matrix R whose columns consist of the coordinates of v; and v, relative to
a fixed orthonormal frame e;, e; € E?. Omitting any notational distinctions between
vectors and their coordinate vectors, then Re; = v;. The curve y along with its
moving frame can be represented as an curve g(-) on the group of motions of E2,
namely

1 00
SE@=1|n , | nrneRReSOQ)
V2

Interpreting the curvature x as a control function, the Serret—Frenet differential
system (7.1) can then be written as an (inhomogeneous) invariant control system

000 00 0
g=g||100]|+x|00-1]]. geSEQ).
000 01 0
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In this way, many classic variational problems in geometry become problems in
optimal control. For example, the problem of finding a curve y that will satisfy
the given boundary conditions y(0) = a, y(0) = a, y(T) = b, y(T) = b, and
will minimize fOT Kk2(t) dt goes back to Euler; its solutions are known as the elastica
(see, e.g., [92, 93]).

7.2 Equivalence of Control Systems

The most natural equivalence relation for control systems is equivalence up to
coordinate changes in the state space. This is called state space equivalence
(see [61]). State space equivalence is well understood; it establishes a one-to-one
correspondence between the trajectories of the equivalent systems. However, this
equivalence relation is very strong. For analytic control systems on manifolds,
Krener characterized local state space equivalence in terms of the existence of a
linear isomorphism preserving iterated Lie brackets of the system’s vector fields
([72], see also [10, 95, 96]).

Another fundamental equivalence relation for control systems is that of feedback
equivalence. Two feedback equivalent control systems have the same set of trajecto-
ries (up to a diffeomorphism in the state space) which are parametrized differently
by admissible controls. Feedback equivalence has been extensively studied in the
last few decades (see [90] and the references therein). There are a few basic methods
used in the study of feedback equivalence. These methods are based either on
(studying invariant properties of) associated distributions or on Cartan’s method
of equivalence [52] or inspired by the Hamiltonian formalism [61]; also, another
fruitful approach is closely related to Poincaré’s technique for linearization of
dynamical systems. Feedback transformations play a crucial role in control theory,
particularly in the important problem of feedback linearization [62]. The study of
feedback equivalence of general control systems can be reduced, by a simple trick,
to the case of control affine systems [61]. For a thorough study of the equivalence
and classification of control affine systems, see [50].

We consider state space equivalence and feedback equivalence in the context
of left-invariant control affine systems ([38], see also [25]). Characterizations of
state space equivalence and (detached) feedback equivalence are obtained in terms
of Lie group isomorphisms. A complete classification of systems on the (simply
connected) three-dimensional Lie groups is discussed; the controllability of these
systems is also briefly treated. Classifications of the systems on the (2n + 1)-
dimensional Heisenberg groups and the six-dimensional orthogonal group are also
covered.
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7.2.1 State Space Equivalence

Two systems X and X’ are called state space equivalent if there exists a
diffeomorphism ¢ : G — G’ such that, for each control value u € R, the vector
fields 5, and &) are ¢-related,ie., T,¢- & (g, u) = &' (¢(g),u) for g € G and
u € RY. We have the following simple algebraic characterization of this equivalence.

Theorem 1 ([38], see also [72]) Two full-rank systems X and X' are state space
equivalent if and only if there exists a Lie group isomorphism ¢ : G — G’ such
that Ty¢ - B (1,u) = &' (1,u) forall u € R’

Proof (Sketch) Suppose that X' and X" are state space equivalent. By composition
with a left translation, we may assume ¢(1) = 1. As the elements Z,(1),
u € R’ generate g and the push-forward ¢4Z, of left-invariant vector fields
&, are left invariant, it follows that ¢ is a Lie group isomorphism satisfying
the requisite property (cf. [25]). Conversely, suppose that ¢ : G — G’ is a Lie
group isomorphism as prescribed. Then To¢p - E(g,u) = Ti(p o L,) - E(A,u) =
Ti(Ly 0 9) - E(Lu) = 5'($(g), u). o

Remark 2 1f ¢ is defined only between some neighbourhoods of identity of G and
G/, then X' and X are said to be locally state space equivalence. A characterization
similar to that given in Theorem 1, in terms of Lie algebra automorphisms, holds. In
the case of simply connected Lie groups, local and global equivalence are the same
(as d Aut(G) = Aut(g)).

State space equivalence is quite a strong equivalence relation. Hence, there are so
many equivalence classes that any general classification appears to be very difficult
if not impossible. However, there is a chance for some reasonable classification in
low dimensions. We give an example to illustrate this point.

Example 1 ([2]) Any two-input inhomogeneous full-rank control affine system on
the Euclidean group SE (2) is state space equivalent to exactly one of the following
systems

Yiagy @ aE3 +ui(Er + y1E2) + uza(BE3)

rapy + BEL + ViE2 + y2E5 + ui(@E3) + wokn

X3apy ¢+ BE + V1E2 + 2E3 + ui(Ex + y3E3) + ua(aks).
Here « > 0,8 # 0 and yi, y2, y3 € R, with different values of these parameters
yielding distinct (non-equivalent) class representatives.
Proof (Sketch) The group of linearized automorphisms of SE (2) is given by

X yv

dAUWt(SE(2)) = { | —cycxw| : x.yv.weR, x> +y* #0, ¢ = 1
0 O0c¢
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Indeed, it is straightforward to show that every automorphism of the simply
connected Lie group SE (2) preserves the kernel of the universal covering ¢ :
SE (2) — SE (2) [33]; hence, d Aut(SE (2)) = Aut(se (2)) (see the Appendix).

Let ¥ = (SE(2).8), E(u) =Y aiEi +u Yo biEi + up Yo, ¢iEy, or
in matrix form

ay by c
DI ar bz 2
az|bz c3

It is then straightforward to show that there exists ¥ € d Aut(SE (2)) such that

_al b1 Cl_ _0 1 0_
V-|labc|=|0yp if b3=0,c3=0
_613]936‘3_ _OlOO_
_al bl Cl_ _,3 00_
W' azszZ = )/101 if b3§'£0,6‘3=0
L as b3C3_ _)/2060_
aq b1 C1 ,3 O O
or w arbycy | = Y1 10 if C37éo.
as|bs c3 V2|V &

Thus X is state space equivalentto X ggy, X24py,0r X34p,. Itis a simple matter
to verify that these class representatives are non-equivalent. O

Note 1 A full classification (under state space equivalence) of systems on SE (2)
appears in [2], whereas a classification of systems on SE (1, 1) appears in [17]. For
a classification of systems on SO (2, 1), see [39].

7.2.2 Detached Feedback Equivalence

We specialize feedback equivalence in the context of invariant systems by requiring
that the feedback transformations are compatible with the Lie group structure.
Two systems X and X’ are called detached feedback equivalent if there exist
diffeomorphisms ¢ : G — G’ and ¢ : R® — R’ such that for each control
value u € R’ the vector fields &, and E;(M) are ¢-related, ie., To¢ - 5 (g, u) =

E' (¢(g). ¢(u)) for g € G and u € R’. We have the following simple algebraic
characterization of this equivalence in terms of the traces I" = im Z(1,-) and
I''=imE’(1,-) of ¥ and X’.
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Theorem 2 ([38]) Two full-rank systems X and X' are detached feedback
equivalent if and only if there exists a Lie group isomorphism ¢ : G — G’ such
that Ty - I’ = I

Proof (Sketch) Suppose X and X’ are detached feedback equivalent. By com-
posing ¢ with an appropriate left translation, we may assume ¢ (1) = 1’. Hence
Ti¢p - EA,u) = E'A',¢(u)) and so Ty¢p - I’ = I'’. Moreover, as the elements
Z,(1), u € R® generate g and the push-forward of the left-invariant vector fields
&, are left invariant, it follows that ¢ is a group isomorphism (cf. [25]). On the
other hand, suppose there exists a group isomorphism ¢ : G — G’ such that
Ti¢p - I' = I''. Then there exists a unique affine isomorphism ¢ : R¢ — RY
such that T1¢ - Z(1,u) = E'(1', ¢(u)). As with state space equivalence, by left-
invariance and the fact that ¢ is a Lie group isomorphism, it then follows that

T - E(g.u) = E'($(8). p(w)). u]

Remark 3 If ¢ is defined only between some neighbourhoods of identity of G
and G, then ¥ and X’ are said to be locally detached feedback equivalent.
A characterization similar to that given in Theorem 2, in terms of Lie algebra
automorphisms, holds. As for state space equivalence, in the case of simply
connected Lie groups local and global equivalence are the same (as d Aut(G) =

Aut(g)).
Detached feedback equivalence is notably weaker than state space equivalence.

To illustrate this point, we give a classification, under detached feedback equiva-
lence, of the same class of systems considered in Example 1.

Example 2 ([29]) Any two-input inhomogeneous full-rank control affine system
on SE (2) is detached feedback equivalent to exactly one of the following systems
Y1 Ev+wmEy + wkEs
Yo 1 0E3 +uEy + urEs.

Here o > 0 parametrizes a family of class representatives, each different value

corresponding to a distinct non-equivalent representative.

Proof (Sketch) As argued in Example 1, we have d Aut(SE (2)) = Aut(se (2)). Let
Y = (SE(2), &) be an inhomogeneous system with trace

3 3 3
I = Z a,-E,- + <Z b,’E,', Z C,'E,'> .
i=1 i=1 i=1

If c3 #0 or by #0,then I' = d\Ey + ayE, + (D\E1 + bLE>, ¢|Ey + ¢bE; + Ej).
Now either b} # 0 or b} # 0, and so

o[ = 1]
by b, | |v a)
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has a unique solution (with v, # 0). Therefore

vably ab} ¢
¥ = | —wb| vab, ¢
0 0 1

is a (Lie algebra) automorphism such that ¥ - It = ¢ - (E; + (E», E3)) = I'. Thus
XY is detached feedback equivalent to Y. On the other hand, suppose b3 = 0
and ¢3 = 0. Then I' = a3E; + (Ej, Ey). Hence ¥ = diag (1, 1, sgn(a3)) is
an automorphism such that ¢ - I’ = o E3 + (E|, E;) with @ > 0. Thus X is
detached feedback equivalent to X, ,. As the subspace (Ej, E) is invariant (under
automorphisms), ¥ and X,, cannot be equivalent. It is easy to show that X, , a
X, are equivalent only if & = o/, a

Remark4 X and X’ are feedback equivalent if there exists a diffeomorphism ¢ :
G — G’ such that (the push-forward) ¢«.% = .%’. Here g +> % (g) = g I is the
field of admissible velocities. The specialization to detached feedback equivalence
corresponds to the existence of a Lie group isomorphism ¢ such that ¢..# =
Z'. Thus feedback equivalence is weaker than detached feedback equivalence. For
example, suppose I' = g, I’ = ¢, and G is diffeomorphic to G’. Then ¥
and X’ are feedback equivalent. However, X~ and X’ will be detached feedback
equivalent only if G and G’ are, in addition, isomorphic as Lie groups.

7.2.3 Classification in Three Dimensions

We exhibit a classification, under detached feedback equivalence, of the full-rank
systems evolving on three-dimensional simply connected Lie groups. A represen-
tative is identified for each equivalence class. Systems on the Euclidean group and
the orthogonal group are discussed as typical examples. The three-dimensional Lie
groups, their Lie algebras, and automorphism groups are listed in the Appendix. For
a classification of invariant control affine systems on all three-dimensional matrix
Lie groups, see [33].

7.2.3.1 Solvable Groups

The classification procedure is as follows. First the group of automorphisms is deter-
mined (see the Appendix). Equivalence class representatives are then constructed by
considering the action of an automorphism on the trace of a typical system. Lastly,
one verifies that none of the representatives are equivalent.
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Theorem 3 ([28, 29], see also [26,31]) Suppose X' is a full-rank system evolving
on a simply connected solvable Lie group G. Then G is isomorphic to one of
the groups listed below and X is detached feedback equivalent to exactly one of
accompanying (full-rank) systems on that group.

1. On R3 we have the systems
yeb. Ei 4+ uiEy 4+ upEs yGOo . i Ey + uyEy + usEs.
2. On Hj; we have the systems

SO B4 uEs 20 By + unEs
21(2’1) By uEy + upEs 22(2’1) D Es+wmE + k),

»G0 . wmE, + urEr + usEs.

3. On Gs, we have the systems

R 33 BEs + uk;

o . urEy + upEs 21(2’1) CEL+umE, + urEs
2.1 . 2.1 .

277 D Ey +uEs + urEy 23,ﬂ : BEs + wmEy + wE;

yGO . u Ey + uyEr + uskEs.

4. On G335 we have the systems
21(2'1) D Er+wEy 4+ wkEs 2D BEs + wE) + wE,
yGO . uEy + uyEr + usEs.

5. On SE(1,1) we have the systems

21(1’1) : E) + uks 22(,1521) DBy +uks
20 By + upEs 21(2’1) B+ nEs 4wk

22(2’1) D Ey+u(E) + Ey) + wEs 23(1;1) By + i Ey + uE,

269y Ey + urEs + usE;.
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6. On Gj, (resp. on Aff (R)y x R) we have the systems

21(1’1) : Ey + uk; 22(,131) : BE3 +uks
TCO s umE, + uyEs IV Bl + By + uyEs
PV B w(Br+ E) +wEs 57V DB+ ui(Er — E) + usE

&b BE; + w Ey + urE» T wEy 4 uzE; + u3Es.

7. On SE (2) we have the systems

21(1,1) . Ey + uks 22(’10’(1) :aF3 +ukE,
@O By + urEs 23V B+ nEs + By
SV aBs + wiEr + B> T E + urEs + usE3.

8. On G§ 5 we have the systems

21(1’1) : Ey +uks 22(}51) : BE3 4+ ukE;
20w Es + upEs 21(2’1) D Ey 4+ wEy + upEs
Ez(,z,él) D BE; + u By + urEp Y60 Bl + urEy + usEs.

Here o > 0 and B # 0 parametrize families of distinct (non-equivalent) class
representatives.

Proof We treat, as typical case, only item (7). The group of linearized automor-
phisms of SE (2) is given by

X yu
d Aut(SE) (2) = —oyoxv | i xyuveR ¥ +y #£0,0 ==+1
0 0o

Let X be a single-input inhomogeneous system with trace I' = A + I'° C
5¢(2). Suppose E¥(I'°) # {0}. (Here EX is the corresponding element of the dual
basis.) Then I' = a1 E + a,E» + (blEl + byE> + E3>. Thus

ay aj by
Y =|—aia b
0 01

is an automorphism such that ¥ - 1"1(1’1) = I'. So X is equivalent to 21(1’1).
On the other hand, suppose E;‘(FO) = {0}. Then I' = a1E| + a;E> + a3E; +
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(b1E + byEy) with az # 0. Hence

by sgn(az) by a

a3 sgn(as)

VY = | —by sgn(as) by , 2

a3 sgn(as)

0 0 sgn(asz)

is an automorphism such that ¥ - Fz(.}x’l) = I', where o = a3 sgn(as).

Let X be a two-input homogeneous system with trace I" = (B, B,). Then
S B+ (By) is a (full-rank) single-input inhomogeneous system. Therefore,
there exists an automorphism ¥ such that v - (B; + (B2)) equals either E, + (E3)
or aEs + (E,). Hence, in either case, we get ¢ - (B1, B2) = (E», E3). Thus X' is
equivalentto X0,

The two-input inhomogeneous systems were covered in Example 2. If ¥ is a
three-input system, then it is equivalent to X0,

Again, most pairs of systems cannot be equivalent due to different homogeneities
or different number of inputs. As the subspace (E, E;) is invariant (under the action
of automorphisms), 21(1’1) is not equivalent to any system 22(}1;1) .For A € 5¢(2)

and ¥ € d Aut(SE) (2), we have that E (¢ - «E3) = £a. Thus 22(}&1) and 22(,1&1)
are equivalent only if & = «'. For the two-input inhomogeneous systems, similar
arguments hold. O

7.2.3.2 Semisimple Groups

The procedure for classification is similar to that of the solvable groups. However,
here we employ an invariant bilinear product @ (the Lorentzian product and the dot
product, respectively); the inhomogeneous systems are (partially) characterized by
the level set {A € g : w(A,A) = «} that their trace is tangent to.

Theorem 4 ([30], see also [26, 31]) Suppose X is a full-rank system evolving
on a simply connected semisimple Lie group G. Then G is isomorphic to one of
the groups listed below and X is detached feedback equivalent to exactly one of
accompanying (full-rank) systems on that group.

1. on SL (2,R) we have the systems

21(1,1) : Es + u(Es + Es) 22(}&1) D aEy +uks
S0 By + uE; Tig t @Fs + uk
21(2,0) - WE) + 1sE> 22(2’0) D uEy + urEs

21(2’1) B3+ uEy + up(Ey + E3) 22(’20’(1) P aE + wEy + wEs

23(121) Pabs +uE +uk, »G0 . wmE, + urEr + usEs.
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2. On SU (2) we have the systems

Eo(tl’l) oEy 4+ uks o . urEr + upEs

Eo(lz’l) caE] + uEy; + upEs 3 G0 i E + up By 4+ uszEs.

Here a > 0 parametrizes families of distinct (non-equivalent) class representatives.

Proof We consider only item (2), i.e., systems on the unitary group SU (2). (The
proof for item (1), although more involved, is similar.) The group of linearized
automorphisms of SU (2) is dAut(SU(2)) = SO(3) = {g € R¥™3 : gg' =
1, detg = 1}. The dot product e on su (2) is givenby AeB = a b +ab, +asb;.
(Here A = Z?:l a;E; and B = Z?Zlb,-E,-.) The level sets %, = {A € su(2) :
A e A = a} are spheres of radius /o (and are preserved by automorphisms). The
group of automorphisms acts transitively on each sphere .7,. The critical point
¢*(I"), at which an affine subspace I" = A + (B) or A + (B, B>) is tangentto a
sphere %, is given by

AeB
ery=a-"""p
BeB

BlOBl Bl.Bz - AOB]
3103232032 AOBZ

¢*(I') =A—[B) B,] [

respectively. Critical points behave well under the action of automorphisms, i.e.,
Y -C*(I') = €*(y - I') for any automorphism .

Let ¥ be a single-input inhomogeneous system with trace I". There exists an
automorphism ¥ such that ¥ - I' = asinf E; + acos 0 E, + (E3), where o =
\/Q'(F) e ¢*(I"). Hence

cosf —sinf 0
Y = |sinf cosf 0
0 0 1

is an automorphism such that ¢ -y - ' = Fofl’l) .

Let X be a two-input homogeneous system with trace I” = (Bj, B,). Then
S B+ (By) is a (full-rank) single-input inhomogeneous system. Therefore,
there exists an automorphism  such that ¥ - (B; + (B2)) = «E» + (E3). Hence,
Y - (B1,B>) = (E», E3). Thus X is equivalent to XZ9,

Let X be a two-input inhomogeneous system with trace I". We have €*(I") o
¢*(I') = a? for some a > 0. As €°(I,) ® €*(I,) = a2, there exists an
automorphism i such that v - €*(I") = €*(/},). Hence ¥ - I" and I, are both
equal to the tangent plane of .%,» at ¥ - €*(I"), and are therefore identical.

If ¥ is a three-input system, then it is equivalent to X9,
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Lastly we note that none of the representatives obtained are equivalent. (Again,
we first distinguish representatives in terms of homogeneity and number of inputs.)
As a? = Qﬁ’(]"ofl’l)) . Qf'(]"a(l’l)) (resp. a® = Qf'(]"ofz’l)) . Qﬁ'([‘ofz’l))) is an invariant
quantity, the systems Eo(ll’l) and 2;}’1) (resp. Eo(lz’l) and Eo(f’l) ) are equivalent

only if o = ¢'. O

7.2.3.3 Controllability

The controllability property is invariant under detached feedback equivalence. The
following results, concerning control systems on Lie groups, are well known. If a
system is controllable, then it has full rank. Moreover, if a system is homogeneous or
if its state space is compact, then the full-rank condition implies controllability. Each
of the following conditions is sufficient for a full-rank system to be controllable
[68]:

* the direction space I'° generates g, i.e., Lie (I'°) = g;
* the identity element 1 is in the interior of the attainable set

o/ ={g(t)) : g(-) is atrajectory such that g(0) =1, #; = 0};

* there exists C € I such that ¢t — exp(tC) is periodic.

If the state space is simply connected and completely solvable, then the condition
Lie (I'°) = g is necessary for controllability [94].

In several cases, these results allow one to immediately determine the controlla-
bility nature of a given system; for instance, for a system on a compact Lie group
one need only check whether or not Lie(I") = g. In some cases determining the
controllability of a system can be much more involved; for instance, we could only
show that the system 21(1’1) on G§; is controllable by explicitly constructing a
family of trajectories showing that 1 € int <.

Theorem 5 ([33], see also [34,42,94]) For full-rank systems on three-dimensional
matrix Lie groups, the following criteria for controllability hold.

1. On each of the groups Aff(R)o x R, Hs, Gs,, Gss, SE(1,1), and G§,, a
system is controllable if and only if Lie (I'°) = g.

2. On each of the groups SE,(2), n € N, SO (3), and SU (2), all systems are
controllable.

3. On each of the groups Aff(R) x T, SL(2,R), and SO (2,1)9, a system is
controllable if and only if it is homogeneous or there exists A € I' such that
t > exp(tA) is periodic. _

4. On each of the groups SE (2) and G, a system is controllable if and only if
E} (I'°) # {0}. (Here EY denotes the corresponding element of the dual basis.)



142 R. Biggs and C.C. Remsing
7.2.4 Classification Beyond Three Dimensions

Detached feedback equivalence has proved useful and feasible not only in three
dimensions, but also in some higher dimensional cases. In this spirit we classify
controllable systems on the Heisenberg groups H,,+; and revisit a classification of
homogeneous systems on the six-dimensional orthogonal group SO (4).

Note 2 Homogeneous systems on four-dimensional Lie groups have been classified
on the oscillator group [a central extension of SE (2)] in [36], and on the four-
dimensional central extension of SE(1,1) in [19]. Recently, subspaces of the
four-dimensional Lie algebras were classified up to automorphism in [37]; from this
classification one can easily derive a classification (under detached feedback equiv-
alence) of the homogeneous systems on the simply connected four-dimensional Lie
groups.

7.2.4.1 The Heisenberg Groups Hj,+1

The (2n + 1)-dimensional Heisenberg group may be realized as a matrix Lie group

1 X] Xp oo Xy 2
00 1 0y,
Hopy1 = ) . | rxiyviezeR
o .- 1y,
UBEEEE 01|

Hy.41 is a simply connected nilpotent Lie group with one-dimensional center; its
Lie algebra

_Oxl X2 Xy Z_
000 0y
000 0y n
haut+1 = ) . ) :ZZ+Z(xiXi+ini):xivthER
: . : i=1
0o ... 0 v,
0 - 00|

has non-zero commutators [X;, ¥;] = §;Z.

The automorphisms of h,4; are exactly those linear isomorphisms that preserve
the centre 3 of hy,4+; and for which the induced map on §,,41/5 preserves an
appropriate symplectic structure (cf. [53]). More precisely, let @ be the skew-
symmetric bilinear form on by, specified by [A,B] = w(A,B)Z for A,B €
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B2n+1- A linear isomorphism ¥ : h, — bo,+; is a Lie algebra automorphism if and
onlyif ¥ -Z = c¢Z and w(y¥ -A, ¥ - B) = cw(A, B) for some ¢ # 0.

We give a matrix representation for the group of automorphisms. Throughout,
we use the ordered basis

(Zles Y15X27 Y25 ss sXVlv YV!)

for H,+1. The bilinear form w takes the form

01 0

-10

a)=|:82:|, where J = .
01
0 -10
We note that the linear map
[—10 -+ 0]
001 0
10
s=|. . (72)
01
| 00 10|

is an automorphism.

Proposition 1 (cf. [24, 91]) The group of automorphisms Aut(ha,+1) is given by

2 2
{|:};) Zg:|,§ |:};) ;:|:r>0,veR2”,gESp(n,R)

where
Sp(n.R) = {g e R*™*" : g'Jg = J}

is the n(2n + 1)-dimensional symplectic group over R.

Theorem 6 (cf. [24]) Every controllable system on Ha, 1 is detached feedback
equivalent to one of the following three systems

3@n0) . wu Xy + o+ unXy + g Y1+ unn Yy
2(211,1) 2+ uXy + o unXy A+ g Y14+ unn Yy

ZCHLD Xy e unX F U1 Yo+ Y+ Uuzni 1 Ze



144 R. Biggs and C.C. Remsing

Proof Let X be a system on Hy,; with trace I' = A + I'°. As Hy,4; is
completely solvable and simply connected, controllability of X' is equivalent to the
condition Lie(I"’) = b,,+1 [94]. We have Lie(I'°) € span(I"°, Z). Therefore, if
Y is controllable, then I'° has codimension zero or one. Moreover, if Lie(I" 0) =
hont1 and I7 0 has codimension one, then

=X +vZ... X+ ,Z. Y1 + 1 Z, ..., Yy + 02,Z)

for some vy,..., vy, € R.

Let ¥ be a homogeneous 2n-input system on H,,y; with trace I" = I'°. As
X is controllable, we have Lie(I") = B,+1. As Ha,y; is simply connected, we
have d Aut(H,+1) = Aut(hz,+1). Hence, it suffices to show that there exists an
(inner) automorphism ¥ € Aut(h,) such that ¥ - '’ = (X|,....X,.Y1,....Y,).
By the above argument

I = (Xl +0nZ,... . X, +v,2Z,Y +Un+1Z,...,Yn+U2nZ>.

Accordingly,
1 —v
v = o 0= [V1 V1 V2 Vg e Uy V2]
0 IZn
is an inner automorphism such that ¢ - I' = (X;,...,X,, Y1,...,Y,).

Let ¥ be a inhomogeneous 2n-input system on Hy,1; with trace I" = A+ I'°.
As X is controllable, we have Lie(I"%) = Bhy,41. By the above argument, there
exists an automorphism ¥ such that ¢ - ro= (X1,.... X0, Y1,...,Y,). Thus ¢ -
' =A+{X,.... X, ",....Yn) =aZ+{X1,..., X, Y1,...,Y,) forsome a # 0.
Accordingly, ¥’ = diag(|¢1¢|* «/llal""’ «/llal) or Yy =¢ diag(|¢1¢|’ «/llal""’ «/llal) is
an automorphism such that ¢ - I' = Z 4+ (Xy,..., X, Y1,...,Yy).

Clearly, any (21 + 1)-input system is equivalent to X @*+1.0), O

7.2.4.2 The Orthogonal Group SO (4)
The orthogonal group
SO4)={geGL4.R) : g'g=1, detg =1}
is a six-dimensional semisimple compact connected Lie group. Its Lie alge-

bra s0(4) = {AeR" : AT + A =0} is isomorphic to so(3) @ so (3). Let
(E1, E», E3) denote the standard (ordered) basis for so (3) (see the Appendix). The
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map ¢ : 50 (3) ® so (3) — so(4), given by

0 X3—Yy3 X2—Y2 X1 =i

0 —x3 x 0 —y; y
32 32 —x3+y3 0 X1ty —x2—»m
X3 0 —x |, y3 0 V1 >
=X+ Y2 —x1 =y 0 X3+ y3
—x x1 0 -y n 0
—x1+y1 2ty —x3—ys 0
is a Lie algebra isomorphism. We define an ordered basis (E1, ..., Es) for so(4)
by
Ei=¢-(E,0, i=1,2,3 Ei=¢-(0,Ei3), j=4,56.

The group of inner automorphisms of so (4) is given by

Int (s0 (4)) = %[V"; :;j 1. v €SO3

The group of automorphisms Aut(so (4)) is generated by Int(so(4)) and the
05
;0
decomposes as a semi-direct product Aut(so (4)) = Int(so(4)) x {1,¢} of the
inner automorphisms (normal) and the two-element subgroup generated by the
involution ¢.

Proposition 2 d Aut(SO (4)) = Aut(so(4)).

Proof As Aut(so (4)) is generated by Int (so (4)) and ¢, and clearly Int (so (4)) €
d Aut(SO (4)), it suffices to show that ¢ € d Aut(SO (4)).
The mapping ¥ : su (2) @ su(2) — so(4) given by

([ ix ;(ix3'+xz):| [ i é(iy3‘+y2):|)
;(Z.X3—XZ) —£X1 ’ ;(iyy,—yz) _éyl

0 X3=Yy3 X2—Yy2 X1 —)I
Lf—x+y; 0 x1+y1 —x2—y
2 —x2+y2 —x1—y1 0 X3+ 3

—X1+y1 Xx2+y2 —x3—y3 0

swap automorphism ¢ = [ :| [3]. Moreover, the group of automorphisms

—>

is a Lie algebra isomorphism. Accordingly, as SU (2)xSU (2) is simply connected,
there exists a unique Lie group homomorphism ¢ : SU (2) xSU (2) — SO (4) with
Tiq = ¥ (see, e.g., [53]). It is not difficult to see that g is in fact an epimorphism
and so ¢ is a universal covering of SO (4). Consequently, kerg is a subgroup
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of the centre Z(SUQ2) x SU(2)) = {(», 1), (I, —L), (L, L), (=, —1,)}. Let

C = [lg —(i)n} € s5u(2). We have exp(C) = —b, exp(¥ - (C,0)) = exp(y -

(0,C)) = —1, and exp(y - (C,C)) = I4. Hence, as g(exp(A)) = exp(y - A)
for A € su(2) & su(2), it follows that kerq = {(I», ), (—I,—I)}. Let ¢ be
the unique automorphism of SU (2) x SU (2) such that Ty¢p = ¥~ o {0 yr. We
have that exp(T1¢ - (C, C)) = exp((C, C)). Hence ¢ (kerg) = kerq. It follows that
¢ € d Aut(SO (4)) (see Proposition 5). O

Theorem 7 ([5], see also [3]) Any homogeneous system on SO (4) is detached
feedback equivalent to exactly one of the following systems

2;1.0) Su(Er+ BEy), 0<pB<1
21(2’0) mE + uEy
220wy (Ey + a1 Ey) + ur(Es + aEs),

(02062$061)\/(1§al2 §Otl)\/(0<0{2$061<1)

21(3%0) s ui(Ey + BEy) + wmE, +uzEg, 0<pB <1
22(,30}0) D w(Er + anEy) + up(Ex + anEs) + u3(E3 + a3 Eg),
O=as<y<a) VO<|s|Somm<lAmm<a) V(ip=1< |al3| <o)
21(4'0) By + By + usEs + usEg
22(?&0) D ul(Ey — o Ey) + ua(Es — aEp) + uzEs + uyEs,
O=a <o)V < alz Sa)vO<ay<a <)
200 1 (B — BE) + 0Es + wEs + usEs + usEg

2(6'0) : u1E1 + u2E2 + M3E3 + u4E4 + M5E5 + M6E6.

Here o and B parametrize families of class representatives.

Remark 5 As SO (4) is compact, a system on SO (4) is controllable if and only
if it has full rank. For the homogeneous systems on SO (4) we have the following.
No single input system has full rank; every five- or six-input system has full rank.

X 1(2’0) does not have full rank; 22(?0;0) does not have full rank exactly when o, = 0

ora; =ap = 1. El(iéo) has full rank exactly when 8 > 0; 22(?&0) does not have full

rank exactly when o) = o, = a3 =1 or ap = 0. 21(4’0) has full rank; 22(’4‘;0) does
not have full rank exactly when o) = o, = 0.
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Proof (Sketch) Any linearized automorphism ¢ € d Aut(SO (4)) preserves the dot
product A e B = Z;;l a;b;. (Here A = Z?=1 a;E; and B = Z?=1 bE;.) Let I't
denote the orthogonal complement of a subspace I C so (4). Itis then easy to show
that, if I, I" are subspaces of so(4) and ¢ € Aut(so (4)), then ¥ - ' = I if
andonlyif ¥ -I't = I'L. The classification of the (6 — £)-input systems therefore
follows from the classification of the £-input systems. Hence, we need only classify
the single-input, two-input, and three-input systems. In order to find normal forms
for the four- and five-input systems we need only take the orthogonal complements
of the traces of the two- and one-input systems, respectively. (The classification for
the six-input systems is trivial.)

We write an {-input homogeneous system X :  u Z?=1 BE; + -+ +
i, 21.6:1 b}E; (in matrix form) as

bi...b,

X [Ml}: : :
M 6 p

by ... b}

Here M, M, € R3**. The evaluation v - Z(1,u) then becomes a matrix multipli-
cation. Accordingly, two £-input homogeneous systems X : [%1} and X' : I:%q
are equivalent if and only if there exist an automorphism ¢ € il Aut(SO (4)) aznd
K € GL(¢,R) such that v - [Zﬂ K = [%ﬂ More precisely, ¥ and X’/ are
equivalent if and only if there exist R, Ry € SO (3) and K € GL (¢, R) such that

(RIM\K = M| and R,M>K = M)
or  (RIMK =M| and R,M\K =M,).

The singular value decomposition (see, e.g., [80]) plays a key role in our
argument. For any matrix M € R"™" of rank r, there exist orthogonal matrices
U e R V e R” and a diagonal matrix D € R™" = diag(oy,...,0,)
DO
00
together with the above characterization of equivalence (in matrix form), it is
fairly straightforward to compute normal forms for the one-, two-, and three-input
homogeneous systems on SO (4). O

such that M = U|: :|VT with o7 = -+ = o, > 0. Using this result,

Note 3 The inhomogeneous systems on SO (4) were also classified in [5]; the
approach is similar though the computations are more involved.
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7.3 Invariant Optimal Control

We consider the class of left-invariant optimal control problems on Lie groups with
fixed terminal time, affine dynamics, and affine quadratic cost. Formally, such a
problem is written as

g=gA@+wB + -+ wBy), g€G, uek’ (7.3)
g(0)=go, g =g (7.4)

T
7= [ -7 0~ ) dt — min .5)

Here G is a (real, finite-dimensional, connected) Lie group with Lie algebra g, A,
By, ..., By € g (with By, ..., By linearly independent), u = (uy,...,u;) € RE,
JS RY, and Q is a positive definite £ x £ matrix. To each such problem, we
associate a cost-extended system (X, x). Here X is the control system (7.3) and
the cost function y : R® — R has the form y(u) = (u— )" Q (u— ). Each cost-
extended system corresponds to a family of invariant optimal control problems; by
specification of the boundary data (go, g1, T), the associated problem is uniquely
determined.

Optimal control problems of this kind have received considerable attention in
the last few decades. Various physical problems have been modelled in this manner
(cf. Sect.7.1.2), such as optimal path planning for airplanes, motion planning for
wheeled mobile robots, spacecraft attitude control, and the control of underactuated
underwater vehicles [77, 89, 100]; also, the control of quantum systems and the
dynamic formation of DNA [48, 54]. Many problems (as well as sub-Riemannian
structures) on various low-dimensional matrix Lie groups have been considered by
a number of authors (see, e.g., [22, 23, 41, 63, 67, 69, 81, 83, 88, 92, 93]).

We introduce a form of equivalence for problems of the form (7.3)—(7.4)-(7.5),
or rather, for the associated cost-extended systems (cf. [27, 35]). Cost equivalence
establishes a one-to-one correspondence between the associated optimal trajecto-
ries, as well as the associated extremal curves. We associate to each cost-extended
system, via the Pontryagin Maximum Principle, a quadratic Hamilton—Poisson
systems on the associated Lie—Poisson space. We show that cost equivalence of cost-
extended systems implies equivalence of the associated Hamiltonian systems. In
addition, we reinterpret drift-free cost-extended systems (with homogeneous cost)
as invariant sub-Riemannian structures.

A number of illustrative examples concerning classification (some quite exten-
sive) are included.
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7.3.1 Pontryagin Maximum Principle

The Pontryagin Maximum Principle provides necessary conditions for optimality
which are naturally expressed in the language of the geometry of the cotangent
bundle T7*G of G (see [10, 51, 64]). The cotangent bundle 7*G can be trivialized
(from the left) such that 7*G = G x g*; here g* is the dual of the Lie algebra g.
To an optimal control problem (7.3)—(7.4)—(7.5) we associate, for each real number
A and each control parameter « € R’ a Hamiltonian function on T*G = G x g*:

HXE) = Ax(u) + £ (8u(g)
= Ax(w) + p(E.(1)). £ =(g.p) e T*G. (7.6)

We denote by H % the corresponding Hamiltonian vector field (with respect to the
symplectic structure on T*G).

Lemma 1 ([64], see also [10]) A curve §(-) = (g(-),p(")) is an integral curve of
(the time varying Hamiltonian vector field) Hi(t) if and only if

§(0) = E(g(1), u(®) p(t) = ad™ (1) - p(®).

Here (ad* A -p)(B) = p([A, B)]) for A,B € g and p € g*.
In terms of the above Hamiltonians, the Maximum Principle can be stated as
follows.

Theorem 8 (Maximum Principle) Suppose the controlled trajectory (g(-), u(-))
defined over the interval [0, T] is a solution for the optimal control problem (7.11).
Then, there exists a curve £(-) : [0,T] — T*G with £(t) € Tg*(t)G, t € [0,7],
and a real number A < 0, such that the following conditions hold for almost every
te[0,T]:

(A, 6@) # (0,0) (7.7)
£(1) = Ha, (1) (7.8)
Hj, (E(1) = max H* (£(1)) = constant, (7.9)

An optimal trajectory, g(-) : [0,7] — G is the projection of an integral curve
&(-) of the (time-varying) Hamiltonian vector field H é(t). A trajectory-control pair
(£(-), u(-)) is said to be an extremal pair if £(-) satisfies the conditions (7.7)—(7.9).
The projection £(-) of an extremal pair is called an extremal. An extremal curve is
called normal if A < 0 and abnormal if A = 0.

For the class of optimal control problems under consideration, the maximum
condition (7.9) eliminates the parameter u from the family of Hamiltonians (H,);
as a result, we obtain a smooth G-invariant function H on T*G = G x g*. This
Hamilton—Poisson system on 7*G can be reduced to a Hamilton—Poisson system
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on the (minus) Lie—Poisson space g*, with Poisson bracket given by

\F, G} = —p([dF (p),dG(p))).

Here F,G € C*(g*) and dF(p),dG(p) are elements of the double dual g**
which is canonically identified with the Lie algebra g.

7.3.2 Equivalence of Cost-Extended Systems

Let (X, ) and (X', ') be two cost-extended systems. (X, y) and (X', y) are
said to be cost equivalent if there exist a Lie group isomorphism ¢ : G — G’ and
an affine isomorphism ¢ : R® — R’ such that

Tep-E(g.u)=E"(p(g).¢w) and  yop=ry

for g € G, u € R® and some r > 0. Equivalently, (X, y) and (X', y’) are cost
equivalent if and only if there exist a Lie group isomorphism ¢ : G — G’ and
an affine isomorphism ¢ : R® — R’ such that Ty¢ - E(1,u) = &'(1', ¢(u)) and
x' o @ = ry forsome r > 0. Accordingly:

e If (¥, ) and (X', y') are cost equivalent, then ¥ and X’ are detached
feedback equivalent.

 If two full-rank systems X and X’ are state space equivalent, then (X, y) and
(X', y) are cost equivalent for any cost y.

e If two full-rank systems X and X’ are detached feedback equivalent with
respect to a feedback transformation ¢, then (X, y o ¢) and (X', y) are cost
equivalent for any cost y.

Remark 6 The cost-preserving condition y' o ¢ = ry is partially motivated by
the following considerations. Each cost y on R’ induces a strict partial ordering
u<v <= yx@ < x(v).It turns out that y and y’ induce the same strict
partial ordering on R’ if and only if y = ry’ for some r > 0. The dynamics-
preserving condition To¢p - Z(g,u) = E'(¢(g),¢(u)) is just that of detached
feedback equivalence (on full-rank systems).

Let (g(-),u(-)) be a controlled trajectory, defined over an interval [0, T], of a
cost-extended system (X, y). We say that (g(-),u(-)) is a virtually optimal con-
trolled trajectory (shortly VOCT) if it is a solution for the associated optimal control
problem with boundary data (g(0), g(7), T). Similarly, we say that (g(-), u(-)) is an
extremal controlled trajectory (shortly ECT) if it satisfies the necessary conditions
of the Pontryagin Maximum Principle (with A < 0). Clearly, any VOCT is an ECT.
A map ¢ x ¢ defining a cost equivalence between two cost-extended systems
establishes a one-to-one correspondence between their respective VOCTs (and
ECTs).
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Theorem 9 ([27, 35]) Suppose ¢ x ¢ defines a cost equivalence between (X, x)
and (X', ). Then

1. (g(-),u(")) is a VOCT if and only if (¢ o g(-), ¢ o u()) is a VOCT;
2. (g(-),u(-)) isan ECT if and only if (¢ o g(-), ¢ o u(-)) is an ECT.

Proof

(1)

(2)

Suppose (g(-), u(-)) is a controlled trajectory of (X, y) and (¢ og(-),pou(-))
is a VOCT of (X', x'). Further suppose (g(-), u(-)) is not a VOCT of (X, ).
Then there exists another controlled trajectory (4(-), v(-)) such that i(0) =
¢(0), h(T) = g(T), and

T

T
S0 = / () dr < / YWy di = 7 w()).
0 0

Hence (¢ oh(-),po v(-)) is a controlled trajectory of (X, x’) such that (for
some r > 0)

T T
Fpov() = /0 (L o @) (D) di = r /0 2 (o(0)) dr

T T
<r /0 2 (u() di = /0 (o)) di = (g ou().

However, this contradicts the fact that (¢pog(-), g ou(-)) isa VOCT of (X', x').
Thus if (¢ o g(-), ¢ o u(-)) is a VOCT, then so is (g(-),u(:)). As ¢~ x ¢!
defines a cost equivalence between (X7, y’) and (X, y), the same argument
can be used to show the converse.

The Hamiltonian functions (7.6), associated to (X, ) and (X', '), are given
by

H,(g.p) = p(E,(1)) + Ax(w) and H,(g".p") =p'(E, 1)) + 1) ()

respectively (for a fixed A). Assume (g(-), u(-)) is a controlled trajectory of X
such that (g'(+), ' (:)) = (¢ o g(-), ¢ o u(-)) is an ECT of (X', x’). Then there
exists p'(-) : [0, T] — g* such that (§'(-),u'(-)), §'(t) = (g'(t),p' (1)) satisfies
(7.7)~(7.8)<(7.9). As §'(r) = I_i;(t) (£'(¢)) (7.8) we have (see Lemma 1)

g0 =8'(g®.u ) Pl = ad” &, (1) - p'(1).

Let p(-) = i (T1p)* - p'(-) and &(r) = (g(1), p(r)). (Here r > 0 is the unique
constant associated to ¢ x ¢.)

We show that (£(-), u(-)) satisfies (7.8)—(7.9). By assumption we have that
&) = E(g(®),u(r)). Thus, in order to satisfy (7.8), we are left to show that
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p(t) = ad® E,4)(1) - p(¢). Indeed, for A € g* we have
P -A= | ((i$)*-p(0)-A
= L (ad* Zy ()P0 - (Trg - A)

=170 [Thi¢- Eun(1), T1ep - A]
(ad* Eu(t) (1) p(t)) -A.

In order to show that (£(-), u(:)) satisfies (7.9), we first show that H,(£(¢)) =

H;(u) (&'(¢)) for u € R¥. Indeed,

1
H,(§@®) = p@) - Eu(1) + Ax(u)

(1) - p' (1) - Eu(1) + Ay (w)

(1) - 8y (D) + A1 (9(u))

H (' ().

Hence, it follows that

Hy(§(1)) = Hyyp (E'()

= I/n'%):/ LH., (§'(n) (= constant)
ue

=max 'H, , (§'(1)

weRk " @(u)

= max H, (§(f)) = constant
u€Rk

It is left to show that (7.7) holds. If (g’(-), #/(-)) is normal, then A < 0 and
so (A,&(-)) # 0. Suppose (g’(-),u'(:)) is abnormal. We have that (T1¢)* is
injective and as (A, £'(:)) # 0, i.e., p'(-) # 0, it follows that p(-) = lr(qu&)* .
p'(®) # 0,1ie., (A, E()) # 0. Again, the converse may be found by a similar
argument (utilizing ¢! x ¢~ 1). o

7.3.2.1 Classification

The classification of a given class of cost-extended systems may be approached
as follows. First, we classify the underlying systems under detached feedback
equivalence and obtain normal forms X;, i € I. Any cost-extended system must
then be equivalent to a cost-extended system (X, y) for some i € I and some
cost y.Note that (X, y) and (X;, ') cannot be equivalent unless i = j. Therefore
the classification problem reduces to finding normal forms of the cost y for each
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;. Accordingly, we wish to characterize cost equivalence between cost-extended
systems for which the underlying system is identical.

Let (X, y) and (X, ') be two cost-extended systems (with identical underlying
systems). Let 75 be the group of feedback transformations leaving X invariant.
More precisely,

Ty ={p € AfF(RY) : Iy e dAWG), v-I' =T, v-E1,u) = EA, p(u))}.

(Here Aff(R?) is the group of affine isomorphisms of R¢.) The following result is
easy to prove.

Proposition 3 (X, y) and (X, x') are cost equivalent if and only if there exists an
element ¢ € Ix suchthat y' = ry o ¢ forsome r > 0.

Four examples of the classification of cost-extended systems (on the Euclidean,
semi-Euclidean and Heisenberg groups) are exhibited. In the first two cases the
classification procedure (as outlined above) is carried out in some detail.

Example 3 ({27]) On SE (2), any full-rank two-input drift-free cost-extended
system (X, y) with homogeneous cost (i.e., y(0) = 0) is cost equivalent to

Y . umE E
(2(2’0)’)((2’0)) : urky + ur k3
x(u) = u% + u%

Proof Let (X, y) be a cost-extended system as prescribed. By Theorem 3 and the
fact that d Aut(SE (2)) = Aut(se (2)) (see Example 1), we have that X' is detached
feedback equivalent to the system X%, Moreover, it turns out that the feedback
transformation ¢ for this equivalence must be linear. Thus (X, ) is cost equivalent
to a cost-extended system (X9 y') forsome y' :ur> u' Q' u.

A straightforward calculation shows that the group Jx0 of feedback transfor-
mations leaving X' ? invariant is given by

Ts00 = {u!—) [(;)x;v}u : x#O,weR,o::l:l}.
Let ¢ = |9 b Now = 1_:1 € Iy, and (¥ o ¢)u) =
- b a . Y1 = 0 1 P} X @1 -

u' diag(a;, ay — Z?)M Let d) = ap — Z? and let ¢, = diag(\/Z%, 1) € Ix,.
Then (' o (g1 0 ¢2))(u) = ayu' u = a, % (u). Consequently, by Proposition 3,
(X, x) is cost equivalent to (X0 520y O
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Example 4 ([21, 35]) Any controllable two-input inhomogeneous cost-extended
system on Hj is cost equivalent to exactly one of

yeh . E, +uEr + upEs

(@D 42ny
X2V ) = () — a)? + 3.

Here o > 0 parametrizes a family of (non-equivalent) class representatives.

Proof Let (X, y) be a cost-extended system as prescribed. By Theorem 6, X' is
detached feedback equivalent to the system X' *:D. Thus, (X, y) is cost equivalent
to (XD, yo) for some cost yo.

As Hj is simply connected, d Aut(H3) = Aut(h3). A simple calculation shows
that Txen = SL(2,R). Now yo : u — (u — )T Q (u— ) for some positive

definite matrix Q = [62 bi| and p € R2. We transform y, into multiple of )((2 D
a»

1 b
by successively composing with elements of Jxe.. We have ¢ = |:O 1“1:| €

92(2,1) and
01 = (oo )W) = (u—p)" diagar, aa— ") (u—p)

. [N
forsome u' € R?. Let d), = 612— - Then ¢, = /aid dlag(Jal, \/a;) € Ixen

and
£ = ) Goe) = - i) - )

for some u” € R There exist & > 0 and 6 € R such that u] = acosf and

cos ) —sin 9i| € Tyon and

” = asin@. Hence @3 =
Ha = ¢3 |:sin9 cos @

;
22D () = (X2o<p3)(u)=(u—m) (u—m)

Therefore )(&2’1) = \/1 oo (¢10¢0¢3). Consequently, by Proposition 3, (X, y)

is cost equivalent to (2(2 D )((2 l)) A simple verification shows that )((2 Do Q0 #
r)(a, Y forany a # o/, r>0,and ¢ € Tsen.

Example 5 ([18]) On SE (1, 1), any controllable drift-free cost-extended system
(¥, y) with homogeneous cost (i.e., x(0) = 0) is cost equivalent to exactly one of
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the systems

>0 ., E E
(20,20 . w Er + usr B3
120w = ui + 13

(3.0) .
(2(3’0) X(3’0)) . ) : mE + uEy + uskEs
AT 250
(u) = “1 + Auz + u3

Here 0 < A < 1 parametrizes a family of cost-extended systems, with each distinct
value corresponding to a distinct (non-equivalent) class representative.

Example 6 ([24]) On H,, 4, any drift-free controllable cost-extended system with
homogeneous cost (i.e., x(0) = 0) is cost-equivalent to exactly one of the following
cost-extended systems:

DOm0 S (X + i Y7)
2,0
( ") = YA (uf )
DEHLO S (WiXi + UngiYi) + w1 Z

(2n+10)( ) =D imiAi (” + ”n+z) + ”2n+1

2n,0)y .
(Dm0 30y

(2(2n+1,0)’ X(an’O)) .

Here 1 = A; = A; = --- = A, > 0 parametrize families of (non-equivalent) class
representatives.

7.3.3 Pontryagin Lift

To any cost-extended system (X, y) on a Lie group G we associate, via the
Pontryagin Maximum Principle, a Hamilton—Poisson system on the associated Lie—
Poisson space g* (cf. [10, 64, 94]). We show that equivalence of cost-extended
systems implies equivalence of the associated Hamilton—Poisson systems.

Note 4 The Pontryagin lift may be realized as a contravariant functor between the
category of cost-extended control systems and the category of Hamilton—Poisson
systems ([35], see also [51]).

A quadratic Hamilton—Poisson system (g*,Hy o) is specified by

Hyio:9" >R, ppA)+ 2(p).
Here A € g and 2 is a quadratic form on g*. If A = 0, then the system is

called homogeneous; otherwise, it is called inhomogeneous. (When g* is fixed, a
system (g*, Ha o) is identified with its Hamiltonian H4 g.) To each function H €
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C*(g*), we associate a Hamiltonian vector field H on g* specified by ﬁ[F] =
{F,H}. A function C € C®(g*) is a Casimir function if {C,F} = 0 forall F €
C*(g™*), or, equivalently C = 0. A linear map ¥ : g* — b* is a linear Poisson
morphism if {F,G}oy = {Foy,Go} forall F,G € C*°(h*). Linear Poisson
morphisms are exactly the dual maps of Lie algebra homomorphisms.

Let (E,...,E,) be a ordered basis for the Lie algebra g and let (ET,... ,E))
denote the corresponding dual basis for g*. We write elements B € g as column
vectors and elements p € g* as row vectors. The equations of motion for the
integral curve p(-) of the Hamiltonian vector field H corresponding to H €
C*(g*) then take the form p; = —p([E;, dH(p)]). Whenever convenient, linear
maps will be identified with their matrices. Writing elements u € R’ as column
vectors as well, we can express &,(1) = A+uB1+---+u/B¢ as E,(1) = A+Bu,
where B = [31 '-'B@] is a n x £ matrix.

Let (X, y) be a cost-extended system with

EQ)=A+Bu,  yw)=wu—pn Ou-p.

By the Pontryagin Maximum Principle we have the following result.

Theorem 10 ([27]) Any normal ECT (g(-), u(-)) of (X, y) is given by
g0 =E@0.u@). u@®=0"BTp®) +u

where p(-) : [0,T] — g* is an integral curve for the Hamilton—Poisson system on
*

g specified by
_ 1 ~1RpT T
H(p)=pA+Bw)+,pBO0" B p . (7.10)

Proof The Hamiltonian (7.6) is given by H,(g,p) = pA+pBu+A (u—p) " Q (u—
). Now, 354“ (g¢.p) = pB +2A(u— )T Q. Hence the maximum max, H,(g,p)
occurs at u' = —21A pB O™ + 1T (for a normal ECT we have A < 0). Therefore
the maximized Hamiltonian is given by

H(g,p) = max H,(g,p)
u€RK

=pA+pB(-50"'B pT+ )+ LpBO QO BT pT
=pA+Bu)— ) pBO'B p'.

As the maximized Hamiltonian H is deﬁneq and smooth, it follows that
if (£(-),u(-)) satisfies (7.7)—(7.8)~(7.9), then £(¢t) = ﬁ(é(z‘)) and u(-) =
:21A O 'BT p(-) + w; moreover, if £() = (g(-),p(-) is an integral curve of
H, then the pair (§(). (), @) = —,, Q7'BT p(-) + p satisfies (7.7)—(7.8)-
(7.9) (see [10]). Accordingly the normal ECTs are the projection (g(-), p(-)) of the
pairs (§(-), u(-)) where u(-) = =, Q7' BT p(-) + p and £(-) = (g(-),p(-)) is an
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integral curve of the Hamiltonian vector field H on T*G = G x g*. However, as
the Hamiltonian H is G-invariant, the integral curves (g(-),p(-)) of H are given
by (see, e.g., [64])

§) =g dH(p(1))  and  p(1) =ad® dH(p(1)) - p(1)

where H is viewed as a function on g* and dH(p) € g** is canonically identified
with an element in g. Accordingly we get g(f) = &(g(f),u(t)) where u(r) =
—211 0 'BT p(t)T + w and p(#) is an integral curve of the Hamiltonian system
(g*, H). Finally, as the pair (A,£(-)) can be multiplied by any positive number
[10], we take A = —; for convenience. |

We say that two quadratic Hamilton—Poisson systems (g*,G) and (h*,H) are
linearly equivalent if there exists a linear isomorphism ¥ : g* — h* such that the
Hamiltonian vector fields G and H are Y-related, i.e., T,¢ - E(p) = ﬁ(lﬂ(p))

for p € g*.

Proposition 4 The following pairs of Hamilton—Poisson systems (on g*, specified
by their Hamiltonians) are linearly equivalent:

1. HypoV and Hy g, where  : g* — g* isa linear Lie—Poisson automorphism;
2. Hyp and Hy g, where r # 0;
3. Hpg and Hy g + C, where C is a Casimir function.

Proof

(1) As ¥ is a (linear) Poisson 1som0rphlsm it follows that Ty o Hygoy =
HA,Qow(see e.g., [79]), i.e., W*HAQolp HAQ

(2) Let p(-) be an integral curve of HA,Q, ie., suppose pi(t) = —p(¥) - [Ei,A +
p(HTQl Let p() = \p(). Then pi(r) = — p(®) - [E. A+ p()T Q] = —p(1) -
[E,,A + p(©)TrQ]. Thus p(-) is an integral curve of Hy ro- Thus, Ha o and
H Haro are compatlble with the map 81/, : p — p (as 81/, maps the flow of
HAQ to the flow of HA rQ)

(3) Wehave {Hy o+C.F} = {Hy.F} for F € C*®(g*). Thus Hyy + C = Hy 0,
i.e., these vector fields are compatible with the identity map. O

Theorem 11 [ftwo cost-extended systems are cost equivalent, then their associated
Hamilton—Poisson systems, given by (7.10), are linearly equivalent.

Proof Let (X, x) and (X7, x') be cost-extended systems with &Z,(1) = A + Bu
and &/(1) = A’ + B’ u/, respectively. The associated Hamilton—Poisson systems
(on g* and (g')*, respectively) are given by

Hizp(p)=pA+Bu)+ ,pBO ' BT pT
Hiy(p)=p@ +B 1)+, pB Q7 'BTpT.
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Suppose ¢ x ¢ defines a cost equivalence between (X, y) and (X', y’), where
@(u) = Ru+ ¢y and R € R™*. We have y’ o ¢ = ry for some r > 0. A simple
calculation yields

Tip- A=A +B gy, Ru+go=u, Tip-B=BR RQ 'R =r(Q)"

Thus (Hes. o (Ti$)*)(p) = p (A'+ B 1) +  pB Q)" BT pT. Here (Ti¢))" :
(g')* — g* is the dual of the linear map T;¢. Hence, the vector fields associated
with H(sr ) and H(x 4 o (Ti¢)*, respectively, are related by the dilation &/, :
@) - @) p - i p (Proposition 4). Moreover, the vector fields associated
with Hs ;) o (T1¢)* and H(sz ), respectively, are related by the linear Poisson
isomorphism (71¢)* (Proposition 4). Consequently i(qub)* defines a linear
equivalence between ((g')*, H(sr,,)) and (g%, H(z ,)). O

Remark 7 The converse of the above statement is not true in general. In fact, one
can construct cost-extended systems with different number of inputs but equivalent
Hamiltonians (cf. [35]).

Accordingly, from a classification of cost-extended systems, one can generally
get a (partial) classification of the corresponding quadratic Hamilton—Poisson
systems. For instance, we have the following result.

Example 7 (cf. Example 6) Any quadratic Hamilton—Poisson systems ((h3)*, H),
where H is a positive definite quadratic form, is linearly equivalent to the system
on (h3)* with Hamiltonian H'(p) = }(p? + p3 + p).

Proof Let ((h3)*,H) be a quadratic Hamilton—Poisson system with Hamiltonian
H(p) = pQp' being a positive-definite quadratic form. For the cost-extended
system (X, y) on Hj specified by
(2/ )(/) . XXy wY +usZ = wiEy + urEs + usEq
T xw) = Ju" 0"'u

we have that the associated Hamiltonian system (7.10) is ((h3)*, H). Furthermore,
by Example 6, we have that (X, y) is cost equivalent to the system

@0 . urYy + ux Xy + us”Z

$@0 (2,0)) .
( 4 X(lz,O) (u) = u? +u3 + u3

which has associated Hamiltonian system ((h3)*,H’). Consequently, by Theo-
rem 11, we have that ((h3)*, H) is L-equivalentto ((h3)*,H’). O

Remark 8 1t is a simple matter to expand the above result to positive definite
quadratic Hamilton—Poisson systems on (5p,+1)*.
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7.3.4 Sub-Riemannian Structures

Left-invariant sub-Riemannian (and, in particular, Riemannian) structures on Lie
groups can naturally be associated to drift-free cost-extended systems with homo-
geneous cost. We show that if two cost-extended systems are cost equivalent, then
the associated sub-Riemannian structures are isometric up to rescaling. At least
for some classes (namely Riemannian structures on nilpotent groups and sub-
Riemannian Carnot groups), the converse holds as well.

A left-invariant sub-Riemannian manifold is a triplet (G, 2, g), where G is a
(real, finite dimensional) connected Lie group, Z is a nonintegrable left-invariant
distribution on G, and g is a left-invariant Riemannian metric on 2. More
precisely, 2(1) is a linear subspace of the Lie algebra g of G and Z(g) =
g2(1); the metric g; is a positive definite symmetric bilinear from on g and
g.(gA, gB) = g1(A,B) for A, B e g, g € G.When 2 = TG (ie., 2(1) = g)
then one has a left-invariant Riemannian structure. An absolutely continuous curve
g() : [0,T] — G is called a horizontal curve if g(t) € 2(g(t)) for almost all
t € [0,T]. We shall assume that & satisfies the bracket generating condition, i.e.,
2(1) has full rank; this condition is necessary and sufficient for any two points in
G to be connected by a horizontal curve. An isometry between two left-invariant
sub-Riemannian manifolds (G, Z,g) and (G', %', g) is a diffeomorphism ¢ :
G — G suchthat ¢+ 2 = 2’ and g = ¢*g',ie., T¢p- P(g) = Z'(¢(g)) and
g,(gA, gB) = g(’p(g)(qub -gA, Ty - gB) for g € G and A, B € g. If the isometry ¢
is a Lie group isomorphism, we shall say it is an £-isometry.

A standard argument shows that the length minimization problem

i) € 260).  g0) =g g =g,
T
/0 Ve(@(0). §(1)) — min

is equivalent to the energy minimization problem, or invariant optimal control
problem:

g=8,), ueR"  g0) =g, g =g
T (7.11)
/ x(u(t)) dt — min.
0

Here Z,(1) = u;By + - -+ + u¢B; where By,..., B, are some linearly independent
elements of the Lie algebra g such that (By,...,B;) = 21); yu(r) =
u@®)TQu(r) = 21(Eu» (1), Eur(1)) for some £ x £ positive definite (symmetric)
matrix Q. More precisely, energy minimizers are exactly those length minimizers
which have constant speed. In other words, the VOCTs of the cost-extended system
(X, y) associated with (7.11) are exactly the (constant speed) minimizing geodesics
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of the sub-Riemannian structure (G, &, g); the normal (resp. abnormal) ECTs of
(X, y) are the normal (resp. abnormal) geodesics of (G, 2, g).
Accordingly, to a (full-rank) cost-extended system (X, ) on G of the form

Y B 4+ uBe,  x(w)=u'Qu
we associate a sub-Riemannian structure (G, 2, g) specified by
(1) =T = (B,....Bu), g1(1By + -+ wBe, By + -+ uBy) = x(u).

Let (G, 2,g) and (G, 2’,g’) be two sub-Riemannian structures associated to
(X, ) and (X, x'), respectively.

Theorem 12 (X, x) and (X', y') are cost equivalent if and only if (G, 2,8) and
(G, 2',g') are L-isometric up to rescaling.

Proof Suppose ¢ X ¢ defines a cost equivalence between (X, y) and (X', '), i.e.,
P« E, = E(;(u) and y o ¢ = ry forsome r > 0. As T1¢ - E,(1) = Eyuw(1), it
follows that Ty¢ - (1) = 2’(1). Hence, as ¢ is a Lie group isomorphism, by left
invariance we have ¢.2 = %'. Furthermore

rx(u) = x'(¢(u))
= rei(E.(1), 8.1) = g(&,, (1), Z,, (1))
— rgi(&.(1), £,(1)) = gi(Th¢ - E.Q1). T1¢ - E,(1)). (7.12)

Hence, as ¢ is a Lie group isomorphism, by left invariance we have rg = ¢*g’.

Conversely, suppose ¢Z = 2’ and g = r¢p*g. We have Th¢p - 2(1) = 2'(1)
andso Ty¢p - I' = I'’. Hence there exists a unique linear map ¢ : R — R’ such
that Ty¢ - £,(1) = & (; (u)(l). Thus ¢ x ¢ defines a detached feedback equivalence
between X and X’. By (7.12), it follows that y’ o ¢ = ry. Thus (X, y) and
(X', x/) are cost equivalent. O

Clearly every £-isometry is an isometry. For some classes of sub-Riemannian
structures, every isometry is the composition of a left translation and an £-
isometry. Hence, for these classes, if (G, Z,g) and (G’, 2’,g’) are isometric (up
to rescaling), then (X, y) and (X, ') are cost equivalent.

Theorem 13 (cf. [102], also [74]) Let (G,g) and (G',g') be two invariant
Riemannian structures on simply connected nilpotent Lie groups G and G/,
respectively. A diffeomorphism ¢ : G — G is an isometry between (G, g) and
(G, g) if and only if ¢ is the composition ¢ = Lgxy o ¢’ of a left translation
Lyy on G' and a Lie group isomorphism ¢’ = Lyq-10¢ : G — G’ such that
g1(A,B) = g},(T1¢' - A, T1¢' - B).
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Corollary 1 Two invariant Riemannian structures on simply connected nilpotent
Lie groups are isometric if and only if they are £-isometric.

A k-step Carnot group G is a simply connected nilpotent Lie group whose Lie
algebra g has stratification g = g1 @ 9> @ --- @ gx with [g1.9;] = givj, j =
1,...,k—1 and [g;, k] = {0}, j = 1,... k. Let & be the left-invariant distribution
on G specified by Z(1) = g;. Once we fix a left-invariant metric g on & we have
a left-invariant structure on G (note that & is bracket generating). We shall refer to
such a structure as a sub-Riemannian Carnot group. We likewise have the following
characterization of the isometries between such structures.

Theorem 14 (cf. [56, 70], see also [44, 76]) Ler (G, 2,g) and (G',2',g') be
two sub-Riemannian Carnot groups. A diffeomorphism ¢ : G — G’ is an isometry
between (G, 2,g) and (G', 7', g') ifand only if ¢ is the composition ¢ = Ly 0
@' of aleft translation Lyay on G’ and a Lie group isomorphism ¢' = Lyqy-10¢ :
G — G suchthat 19" - 2(1) = Z'(1') and g1(A,B) = g}, (T1¢' - A, T1¢' - B).

Corollary 2 Two sub-Riemannian Carnot groups are isometric if and only if they
are L-isometric.

Remark 9 Among the three-dimensional simply connected Lie groups, only the
Abelian R? and Heisenberg H; groups are nilpotent. Among the four-dimensional
simply connected Lie groups, only the Abelian group R*, the trivial extension
H; x R of Hj, and the Engel group are nilpotent (see, e.g., [82, 86, 87]). Except for
the Abelian groups, all these groups admit sub-Riemannian Carnot group structures.

Analogous to Example 3, we have the following classification of sub-Riemannian
structures on the Euclidean group SE (2).

Example 8 On SE (2), any left-invariant sub-Riemannian structure (Z,g) is
isometric (up to rescaling) to the structure (2, g) specified by

2(1) = (E», E3)

{10
g1 = 01

i.e., with orthonormal frame (E», E3).
Analogous to Example 6, we have the following classification of structures on
the Heisenberg groups.

Example 9 ([24]) Any left-invariant sub-Riemannian structure (Z2,g) on Hy,1q
is isometric to exactly one of the structures (Z, g*) specified by

20) = (X1,Y1,.... X, Yy)
gl = A =diag(A, A1, A2, Aa, ooy Ay )
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i.e., with orthonormal frame

1 1 1 1 1 1
(«/MXI’ Y X o Yo o Xne ) Y,).

Here 1 = A1 = A, = --- = 4, > 0 parametrize a family of (non-equivalent) class
representatives.

Example 10 ([24]) Any left-invariant Riemannian structure g on Hy,4; is isomet-
ric to exactly one of the structures

10 .
g% = [0 A} £ A = dlag(klsklkasAQv-" 9Anvkn)

i.e., with orthonormal frame

1 1 1 1 1 1

(Z7 «/A]Xl’ «/Al Y17 JA2X2’ «/12 YZa ceey \/A,IX"’ «/)tn Yn)
Here A; = Ay = --- = A, > 0 parametrize a family of (non-equivalent) class
representatives.

7.4 Quadratic Hamilton—Poisson Systems

The dual space of a Lie algebra admits a natural Poisson structure, namely the
Lie—Poisson structure; these structures are in a one-to-one correspondence with
linear Poisson structures [73]. Lie—Poisson structures arise naturally in a variety of
fields of mathematical physics and engineering such as classical dynamical systems,
robotics, fluid dynamics, and superconductivity, to name but a few. Many interesting
dynamical systems are naturally expressed as quadratic Hamilton—Poisson systems
on Lie—Poisson spaces; prevalent examples are Euler’s classic equations for the rigid
body, its extensions and its generalizations [59, 60, 64, 79, 97].

As described in Sect. 7.3 (Theorem 10), quadratic Hamilton—Poisson systems
arise in the study of invariant optimal control problems. In this vein, a number
of quadratic Hamilton—Poisson systems on lower-dimensional Lie—Poisson spaces
have been considered (see, e.g., [4, 7, 23, 47, 81, 93]). Several classes of quadratic
(and especially homogeneous) systems have also recently been studied in their own
right (see, e.g., [1, 6, 8, 12—15, 20, 32, 97, 98]). Equivalence of quadratic Hamilton—
Poisson systems on Lie—Poisson spaces has been investigated by a few authors
[6, 8, 20, 27, 35, 49, 97]; in these papers, two systems are considered equivalent
if their Hamiltonian vector fields are compatible with either an affine isomorphism,
a linear isomorphism, or a Lie—Poisson isomorphism.
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In this section, we shall give a brief overview of our classification of the
(positive semidefinite) homogeneous systems in three dimensions; a classification
of the inhomogeneous systems on S0 (3)* is also exhibited. Finally, for a typical
inhomogeneous system (on the Euclidean space se (2)* ), we determine the stability
nature of its equilibria and find explicit expressions for some of its integral curves.

7.4.1 Classification in Three Dimensions
7.4.1.1 Homogeneous Systems

We consider those three-dimensional Lie—Poisson spaces that admit global Casimir
functions. Up to linear Poisson isomorphisms, this class is comprised of

(@1 @ o0 (0%, (@505 (0397, (9365, and (g37)%.

We present a classification of the positive semidefinite homogeneous quadratic
Hamilton—Poisson systems on these spaces, i.e., Hamiltonians of the form H(p) =
p' Op with matrix Q positive semidefinite. (The quadratic Hamilton—Poisson
system associated to any cost-extended system is positive semidefinite, see Theo-
rem 10.)

We omit any mention of the Abelian Lie—Poisson space (3g1)* as any system on
(3g1)* has trivial dynamics. We find it convenient here to use a basis for g,.; & g,
different from the one listed in Table 7.1 in the Appendix. More precisely, we use
the basis E] = ;(El - E»), E} = —;E3, E, = ;(El + E); the only non-zero
commutator is then [E/, E}] = E|.

The classification is presented in two stages. First, a classification of the
Hamilton—Poisson systems on each Lie—Poisson space g* is given.

Theorem 15 ([32], see also [6, 8, 20, 27, 35]) Let (g*,Ho) be a homogeneous
positive semidefinite quadratic Hamilton—Poisson system.

L If g* = (g2.1Dg1)*, then (g*,Hyg) is equivalent to exactly one of the following
systems on (g2.1 @ g1)*

Hi(p) =pi. Hi(p)=p5, Hi(p)=pi+ps,
Hiy(p) = (p1 +p3)*,  Hs(p) =p3+ (p1 +p3)*

2. If g° = (g31)%, then (g*,Hg) is equivalent to exactly one of the following
systems on (g3.1)*

Hi(p)=pi,  Hp) =p3+pi
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3. If g* = (83,)%, then (g*,Hg) is equivalent to exactly one of the following
systems on (g3 ,)*

Hi(p)=pi. Hyp)=pi  Hi(p)=p+pi
Hi(p) = (p1 +p2)>.  Hs(p) = (p1 +p2)* +p3

4. If g* = (g35)*, then (g*,Ho) is equivalent to exactly one of the following
systems on (g9 5)*

H((p)=p3.  Hxp)=p3.  Hi(p)=p}+p3

5. If g° = (g36)%, then (9*,Hg) is equivalent to exactly one of the following
systems on (g3.6)*

Hi(p) =pi. Hx(p)=p;,  Hi(p)=p:+p;

Hiy(p) = (p2+p3)*,  Hs(p) =p3+ (p1 +p3)*

6. If g* = (g3.7)*, then (g*,Hs) is equivalent to exactly one of the following
systems on (g37)*

Hi(p)=p}.  Hp)=p}+1p

Proof (Sketch) The classification on each Lie-Poisson space g* may be obtained
as follows. First one calculates the group of linear Poisson automorphisms; these
are exactly the dual maps of the Lie algebra automorphisms. Using Proposition 4,
one then reduces the Hamiltonian H(p) = p' Qp as much as possible, yielding a
collection {H; : i € I} of class representatives. (In many cases, this produces
the given normal forms.) Thereafter additional normalization is performed by
determining whether or not there exists a linear isomorphism ¥ such that ¢ - H; =
Hj for i,j € I. This amounts to solving a system of equations in nine variables; a
computational software program such as Mathematica can be used to facilitate these
computations. A classification is obtained once the indexing set / has been refined
to the extent that there is no solution for any i,j € I, i # j. O

Systems on three-dimensional Lie—Poisson spaces can be partitioned into three
classes based on the geometry of the integral curves. A system (g%, H) is said to
be ruled, if for each integral curve of H there exists a line containing its trace.
Likewise, (g%, H) is called planar if it is not ruled and for each integral curve of
H there exists a plane containing its trace. Otherwise, (g*, H) is called non-planar.
The ruled, planar, and non-planar properties are each invariant under equivalence,
i.e., if two systems are equivalent, then they must belong to the same class.

By determining whether or not any of the normal forms (on distinct Lie—Poisson
space) are equivalent to one another, we then get the following classification of
system in the context of all three-dimensional Lie—Poisson spaces admitting global
Casimirs.
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Theorem 16 ([32]) Let (g*,Ho) be a homogeneous positive semidefinite
quadratic Hamilton—Poisson system.

1. If (g*, H) is linear, then it is equivalent to exactly one of the systems

(021 ® 9D, (D5 (pr+p2)D). (8557 Pd).

2. If (g%, H) is planar, then it is equivalent to exactly one of the systems

(g21 @ 91)11?% +P§)’ ((g21 @ gl)i,Pg +(p1 +P3)2),
(@B05.p). (83950, (836" (p2+13)).

3. If (g*,H) is non-planar, then it is equivalent to exactly one of the systems

(S5 (pr+p)>+03).  (@39)%.03 +Pd).

Remark 10 Any system on (g31)* or (g37)* is equivalent to one on (g)¢)*.
Any system on (g2.1 D g1)* or (gs1)* is a planar (or linear) one. Every system
on (g31)*, (89,)*, (895)*, or (g37)* may be realized on more than one Lie—
Poisson space (for (gs¢)*, the only exceptions are those systems equivalent to

((g3.6)*. (P2 + p3)*).

7.4.1.2 Inhomogeneous Systems

In the context of inhomogeneous systems we find it desirable to weaken the
equivalence relation under consideration. We say that two quadratic Hamilton—
Poisson systems (g*,G) and (hX,H) are affinely equivalent if there exists an
affine isomorphism ¢ : gt — b: such that the Hamiltonian vector fields G
and H are vy-related, i.e., T,¥ - G(p) = H(Y(p)) for p € g*. Clearly, if two
systems are linearly equivalent, then they are affinely equivalent. It turns out that for
homogeneous systems the converse holds as well.

We exhibit a classification of the inhomogeneous systems on the orthogonal Lie—
Poisson space (g3.7)* = s0 (3)*. The classification procedure is very similar to that
used for homogeneous systems.

Theorem 17 ([8]) Any inhomogeneous quadratic system ((g37)*,H) is affinely
equivalent to exactly one of the systems:

H) (p)=api, a>0

Hy(p) = ipi

Hl( ): +l 2
1P P2t ,P1

Hy(p) =pi+ap>+ yp;. a>0
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H,(p) =api+pi+,p;. a>0

H3,(p) = ap>+pi+ sp3. a>0

H3,(p) = aupi + aopa + pt + 3p3. 1,00 >0
H; o (p) = aupy +asps +pi + yp3. a1 =03 >0
H:,(p) = a1p) + aops + a3p3 + pi + 4p3.

a >0, a1 > |az| >00ra; >0, ) =a3 > 0.

Here o, «y, o, a3 parametrize families of class representatives, each different value
corresponding to a distinct (non-equivalent) representative.

7.4.2 On Integration and Stability

Among the three-dimensional Lie—Poisson spaces admitting global Casimirs, most
homogeneous quadratic Hamilton—Poisson systems are integrable by elementary
functions. More precisely, among the normal forms presented in Theorem 16, all
systems are integrable by elementary functions except for ((g3<)*,p3 + p3) which
is integrable by Jacobi elliptic functions. A number of inhomogeneous systems are
also integrable by Jacobi elliptic functions (cf. [7]).

It is generally not difficult to determine the (Lyapunov) stability nature of
the equilibria of the quadratic systems on three-dimensional Lie—Poisson spaces.
Instability usually follows from spectral instability; stability can usually be proved
by using the (extended) energy Casimir method [85].

As an illustrative and typical example, we examine the family of inhomogeneous
systems Hy(p) = p1 + ) (@p3 + p3) on se (2)*. The equations of motion are

P1 = pap3

P2 = —pip3
p3 = (ap1 — 1) pa.

The equilibrium states are
e = (1,0,0), e =(},v,00 and €} =(0,0,v)

where u,v € R, v # 0.
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Theorem 18 (cf. [7]) The equilibrium states have the following behaviour:

The states e’f, 0<pu< ; are spectrally unstable.
The state e’f , U= ; is unstable.

The states €}, pn € (—oo0,0] U (;, 00) are stable.
The states €, are spectrally unstable

The states €3 are stable.

SR BN~

Proof

(1)  The linearization

0 0 0
DHq(€})=]0 0 —i
0—-1+au O

of H, at e| has eigenvalues A, = 0, dy3 = :I:\/p,(l — o). Hence for

O<pu< ; the state e’f is spectrally unstable. Item (4) follows similarly.

(2)  The linearization of H o at ei/ “ has eigenvalues all zero; hence, we resort to
a direct approach to prove instability. We have that

p(t):( ?—a 2t 2Ja)

a(+a) JaP+a) P+a

is an integral curve of H, such that lim—_oo p() = e}/ “ and p(0) =
1/ o
(<00 2) Let U = (¢ lp - el < Vi) Here o]l =

\/ P> + p% + p2.) Hence, for any neighbourhood V C U of e}/*, there exists

to < 0 such that p(p) € V but p(0) ¢ V. Consequently, the state e}/ “ s

unstable.
(3)  Consider the energy function G = A;{H+A,C.Let A; = 2u? and A, = —pu.
We have

—2u 0 0
dGe\)=0 and d*GEl)=| 0 2u(-1+an) O
0 0 212

The restriction of quadratic form dZG(e‘l‘ ) to
kerdH(e)) NkerdC(e)) = {(0,p2,p3) : p2.p3 € R}

is positive definite for © < 0 and p > ; Therefore, by the extended energy
Casimir method, it follows that the states €|, p© € (—00,0) U (;, 00) are
stable. On the other hand, we notice that the intersection C~'(0) N H,'(0)
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2
N

Fig. 7.1 Intersection of C™'(co) and H, '(ho) for some typical values

is a singleton, namely the origin €Y. Thus, by the continuous energy Casimir
method, the origin is stable. Item (5) can likewise be proved by use of the
extended energy Casimir method. O

There are a number of qualitatively different types of integral curves of H,,
each type having a different explicit expression. These qualitative different types
can be characterized in terms of the energy values (co,hy) for the Casimir C
and Hamiltonian H,: we have a change in qualitative behaviour when the surfaces
C~(co) and H'(ho) are tangent to one another. We consider here the case when
co> ) and hy > 1+2°5C° .InFig.7.1 the cylinder C~!(cy), the paraboloid H, ! (h),
and their intersection are graphed some typical values of ¢y, Ao, and « satisfying
co > alz and hy > 1+2";2""; the equilibria are also graphed (the stable equilibria in
blue and the unstable equilibria in red).

Given a modulus k € [0, 1], the basic Jacobi elliptic functions sn(:, k), cn(-, k)
and dn(-, k) can be defined as (see, e.g., [11, 75, 101])

sn(x, k) = sinam(x, k)

cn(x, k) = cos am(x, k)
dn(x, k) = \/1 — k2 sin® am(x, k)

where am(-,k) = F(-,k)~! is the amplitude and F(p,k) = 0<p 1—k2dtsinzz' (For
the degenerate case k = 0 and k = 1, we recover the circular functions and the
hyperbolic functions, respectively.) The number K is defined as K = F(7%, k). The
functions sn(-,k) and cn(-, k) are 4K periodic, whereas dn(-, k) is 2K periodic.

In terms of these functions, the integral curves of H, can be expressed as follows.
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Theorem 19 ([7]) Let p(-) : (—e&,&) — se(2)* be an integral curve of H, and
let ho = H(p(0)), co = C(p(0)). If co > alz and hy > 1+2°:ch°, then there exists
to € R and o € {—1, 1} such that p(t) = p(t + ty) for t € (—¢, ), where

Vhy =8 — Vhy +8 en(2t, k)

pi(t) = Vco Vho + 8 — ho— 8 cn (£21t, k)

) B sn (£2¢, k)

Pa(t) = 0v/2¢08 Vho+ 8 — hg— 8 cn (821, k)
dn (21, k)

p3() =

\/h0+5—\/h0—8 cn (21, k)

Jl%, V/(ho = 8) (ahy + a8 — 1).

Proof (Sketch) We square the equation p; = pop3 both sides to obtain p? = p3p3.
By use of the constants of motion ¢y = p% +p§ and hg = p; + ; (C(p% +p§), we
obtain the separable differential equation

Here § = \/h%—co, 2 =+/28 and k =

dp:

o= +v/(co— p12) (ho — 2p1 — (co — p12) @).

The integral

dp1
V(o= pi2) (ho — 2p1 — (co — p1?) @)

is transformed into a standard form and an elliptic integral formula is applied (see,
e.g., [11,75, 101]) to obtain

- Vho—8 — /ho+ 8 cn (21, k)
p1() = Jco :
Vho + 8 — ho—8 cn(2t, k)
The above step is quite involved computationally. Moreover, the transformation into
standard form is dependent on the inequalities ¢y > alz and hy > 1+2‘22"° ; in general,
more inequalities may arise in the process of integration (than just those obtained by
distinguishing qualitatively different cases) and other elliptic integral formulas may
be applicable. We note that in this computation some translations in the independent
variable ¢ have been discarded.

Once a prospective expression has been found for 131(1‘), the coordinates Dp2(1)
and p3(t) are recovered by means of the identities ¢y = pl + p2 and hy = p1 +

(ap2 + p3) up to some possible changes in sign. By explicitly calculating p(t) -
H (p(?)), we identify for which choices of sign p(f) is an integral curve of H,.
(This step then also ensures that no mistakes were made in computing p(f).)
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Finally, it remains to be shown that p(-) is identical to p(-) up to a translation
in the independent variable. We have that p;(0) = —,/co and 131(2_(1;) = Jco.
As p% +p§ = co, we have that —,/cy < p1(0) < ,/co. Thus there exists #; €
[0, 257 such that pi(11) = pi(0). By choosing 0 € {—1,1} appropriately and

using the constant of motions, we get that p(0) = p(ty) for 1o = t; or tp = —t;.
Consequently the integral curves ¢t +— p(f) and ¢t +— p(t + ty) solve the same
Cauchy problem and therefore are identical. O

Note 5 Inhomogeneous systems on se (2)* were studied in [7] (see also [4])
whereas homogeneous systems were treated in [6]. An extensive investigation
(covering equivalence, stability, and some integration) of systems on so (3)* and
se(1,1)* is carried out in [1, 6] and [16, 20], respectively.

7.5 Conclusion

A central theme of this survey is the equivalence and classification of invariant
control systems, cost-extended systems, and (the associated) Hamilton—Poisson
systems. In Sect.7.2.3, we presented a complete classification of the invariant
control affine systems in three dimensions. There is no complete classification of the
cost-extended systems in three dimensions. However, there are classifications of the
invariant sub-Riemannian structures up to isometry [9] and invariant Riemannian
structures up to L-isometry [55]. It turns out that two sub-Riemannian (but
not Riemannian) structures on the same three-dimensional simply connected Lie
group are isometric up to rescaling if and only if the associated cost-extended
systems are equivalent (cf. [9, 99]). The extent to which this holds true in higher
dimensions is an interesting open problem. Classifications of cost-extended systems
in four dimensions (and beyond) are also topics for future research. Another
avenue of investigation would be to interpret the inhomogeneous cost-extended
systems as invariant affine distributions together with quadratic forms and consider
diffeomorphisms relating such structures (cf. [45, 46]).

In order to find the extremal trajectories for a cost-extended system, one needs
to integrate the associated Hamilton—Poisson system (see Theorem 10). In the
last decade or so several authors have considered quadratic Hamilton—Poisson
systems on low-dimensional Lie—Poisson spaces (see, e.g., [4, 7, 13, 23, 49, 97]).
In Sect.7.4.1, we presented a classification of a subclass of such systems in three
dimensions. As several systems may be equivalently realized on more than one (non-
isomorphic) Lie—Poisson spaces, it is desirable to have a complete classification.
A systematic treatment (involving classification, stability, and integration) of the
homogeneous positive semidefinite quadratic systems is currently in preparation
(for some partial results, see [6, 8, 20, 32]). So far, inhomogeneous systems have
only been studied, in this manner, on some specific spaces [1, 4, 7, 16].
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Appendix: Three-Dimensional Lie Algebras and Groups

There are eleven types of three-dimensional real Lie algebras; in fact, nine algebras
and two parametrized infinite families of algebras (see, e.g., [71, 78, 82]). In terms
of an (appropriate) ordered basis (Ej, E,, E3), the commutation operation is given
by

[Ez,E3] = n1E1 — aEz
[Es, E1] = aE1 + mE,
[E1, E5] = m3E;s.

The structure parameters a, ny, np, n3 for each type are given in Table 7.1.

A classification of the three-dimensional (real connected) Lie groups can be
found in [84]. Let G be a three-dimensional (real connected) Lie group with Lie
algebra g.

1. If g is Abelian, i.e., g = 3¢, then G is isomorphic to R3, R2xT, RxT,or
T3,

2. If g = g2 P g1, then G is isomorphic to Aff (R)g x R or Aff (R) x T.

3. If g = g3, then G is isomorphic to the Heisenberg group Hs or the Lie group
H3 = Hs/ Z(H3(Z)), where Z(H3(Z)) is the group of integer points in the centre
Z(H}) =~ R of Hs.

4.1f g = g32, 933, 0345 054 OF @55, then G is isomorphic to the simply
connected Lie group G, Gs3, G, = SE(1,1), G, or G s, respectively.
(The centres of these groups are trivial.)

5.1f g =~ g, then G is isomorphic to the Euclidean group SE (2), the n-fold
covering SE,(2) of SE;(2) = SE (2), or the universal covering group SE (2).

6. If g = gs, then G is isomorphic to the pseudo-orthogonal group SO (2, 1),
the n-fold covering A, of SO (2, 1)y, or the universal covering group A. Here
A, =~ SL (2, R).

7. If g =~ g37, then G is isomorphic to either the unitary group SU (2) or the
orthogonal group SO (3).

Among these Lie groups, only H}, A,,n > 3, and A are not matrix Lie groups.
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We have the following parametrizations of the solvable three-dimensional matrix
Lie groups and their Lie algebras. (We omit the Abelian groups.)

Aff (R)o xR :

Aff (R)o x T :

H3I

SE(1,1):

a .
3.4 -
a>0

a#l

SE(2) :

SE,(2) :

1 0 O
x—yeX 0
0 0 &ty
1 0 O
x—ye2Z 0
0 0 &ty
1y x
01¢
001
1 0 O
y & 0
X —ze* é*
100
ye 0
x 0 €
1 0 0

x coshz —sinhz

| v —sinhz coshz

1 0 0

x e*coshz —e*sinhz
y —e*sinhz e*coshz

1 0 0 O
xcosz—sinz 0
y sinz cosz 0O
0 0 0 ¢

1 0 0 0

xcosz —sinz O
y sinz cosz O
iz

0 0 0 en

921D g1

g01Do

b3 :

g32:

933

se(l1,1):

a

934 °

a>0

a#l

5¢(2) :

se,(2) :

0 0 0
x—y2z O
| 0 O0x+y

0 0 O
x=y2z 0
| 0 0 ix+Yy)

[0y x
00z
1000

[0 00
y z 0
lx =22

000
yz0
1 x0z
[0 0 0]
x 0 —z
Ly —z 0 _
[0 0 0]
X az —z

LY —Z az |

00 0 0
x0—z0
yz 00
100 0 z

[00 0 0
x0—z0
yz 00
(000 &
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1 0 0 [00 0
SE(2) : | xcosz —sinz se(2) : |x0—z
Ly sinz cosz vz O
1 0 0 [00 0
G5 1 | x e®cosz —e“sinz 055 : | xaz—z
Ly e®sinz e®cosz Ly z az

An appropriate ordered basis for the Lie algebra in each case is given by setting
(x,y,2) = (1,0,0) for E;, (x,y,2) = (0,1,0) for E,, and (x,y,z) = (0,0,1)
for Ej.

Matrix Representations for Semisimple Groups
Matrix Lie Groups with Algebra g3

There are only two connected matrix Lie groups with Lie algebra ¢3¢, namely
the pseudo-orthogonal group SO (2, 1)y and the special linear group SL (2, R);
SL (2, R) is a double cover of SO (2, 1),.

The pseudo-orthogonal group

SO, 1)={geR¥ : gTJg=1J, detg =1}
has two connected components. Here J = diag(1, 1, —1). The identity component
of SO(2,1) is SO(2,1)g = {g€SO((2.1) : g33 > 0} where g = [g;] (for
g € SO (2, 1)). Its Lie algebra is given by

502, 1) ={AecR™ : ATJ+JA =0}

0zy
= —2z0x]| 1 x,y,zeR
y x0

On the other hand, the special linear group is given by
SL(2,R) = {g € R¥? : detg = 1.

Its Lie algebra is given by

s[(2,R) = {[éz y_;ji| DX, ).Z € R} .

2 2
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Matrix Lie Groups with Algebra g3 7

There are exactly two connected Lie groups with Lie algebra g3 7; both are matrix
Lie groups. The special unitary group and its Lie algebra are given by

SUQ)={geC” :gg' =1 detg=1}

5u(2)={|: éx é(iZ+)’):| :x,y,zER}

Miz—y) —lx

SU (2) is a double cover of the orthogonal group SO (3). The orthogonal group
SO (3) and its Lie algebra are given by

SOQ3)={ge RS 1 g =1, detg = 1}

0 —zy
z 0 —x
-y x 0

s0(3) = tx,y,z€R

Note 6 Again, an appropriate ordered basis for the Lie algebra in each case is given
by setting (x,y,z) = (1,0,0) for Ey, (x,y,2) = (0,1,0) for E;, and (x,y,7) =
(0,0,1) for Ej.

Automorphism Groups

A standard computation yields the automorphism group for each three-dimensional
Lie algebra (see, e.g., [57]). With respect to the given ordered basis (Ey, E;, E3),
the automorphism group of each solvable Lie algebra has parametrization:

[yw—vzx u

[xyu
Aut(gs) : 0 yv Aut(g 1 ®g1) : |yxv
L 0 zw 1001
[uxy] [xy z
Aut(gs,) @ |Ouz Aut(gss) @ |uvw
1001] 001
[xy u] Xy u| [xyu
Aut(gg.4) Slyxvf|.|—y—=x v Aut(g§,) @ |y xv
0o1] Lo o —1] 001
(x yu Xy u | [x yu
Aut(gg_s)) =y xv|,|y—=x v Aut(g5 5 —yxv
Loo1] oo —1] (001
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For the semisimple Lie algebras, we have
AUt(g3,6) =80 (2, 1) and AUt(g3,7) =S80 (3)

In several cases, for a connected Lie group G, we wish to find the subgroup of
linearized group automorphisms d Aut(G) = {T1¢ : ¢ € Aut(G)} < Aut(g). If G
is simply connected, then d Aut(G) = Aut(g). If G is not simply connected, then
the subgroup d Aut(G) may be determined by use of the following result.

Proposition 5 (cf. [58]) Let G be a connected Lie group with Lie algebra g and
let q : G — G be a universal covering. If ¥ € Aut(g), then y € d Aut(G) if and
only if ¢ (kerq) = kerg, where ¢ € Aut(Q) is the unique automorphism such that

Tip = (Tig)™" ¥ - Thg.

Casimir Functions for Lie-Poisson Spaces

An exhaustive list of Casimir functions (not necessarily globally defined), for
low-dimensional Lie algebras, was obtained by Patera et al. [86]. For each three-
dimensional Lie-Poisson space g* (associated to the three-dimensional Lie algebra
g) we exhibit its Casimir function:

01®01 : C(p)=p3 g31 : C(p)=p
P2 D2
g32 : C(p) =pien 933 : C(p)=p
1
'p1+ ipa
034 0 C(p) =pi—p) 0, 1 Cp= 2 M
1£a>0 (£,p1 F ,p2)et!
. i
0 2 2 o 2 oy [ P1 — P2
o35 1 C(p)=p1+p g3s - C(p)=(p +p)( ) )
33 b pe PP pr +ips

g6 0 C(p)=pi+pi—p3 @37 : C(p) =pl +p3+p3

On the trivial Lie-Poisson space (3g;)*, every function is a Casimir function. Here
p € g* is written in coordinates as p = p|E} + p,E5 + p3E} where (ET,EJ,E3)
is the dual of the ordered basis (Ej, E», E3). Note that only 3g;, g2.1 @ 91, 93.1,
994 935 036 and g37 admit globally defined Casimir functions.
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Chapter 8
An Optimal Control Problem for a Nonlocal
Problem on the Plane

D. Devadze, Ts. Sarajishvili, and M. Abashidze

Abstract The present paper is dedicated to the investigation of optimal control
problems whose behavior is described by quasilinear differential equations of
first order on the plane with nonlocal Bitsadze—Samarski boundary conditions.
A theorem of the existence and uniqueness of a generalized solution in the space
C.(G) is proved for quasilinear differential equations; necessary conditions of
optimality are obtained in terms of the principle of maximum; the Bitsadze—
Samarski boundary value problem is proved for a linear differential equation of
first order; the existence of a solution in the space C},(G) is proved and an a
priori estimate is derived. A theorem on the necessary and sufficient condition of
optimality is proved for a linear optimal control problem.

Nonlocal boundary value problems are quite an interesting generalization of
classical problems and at the same time they are naturally obtained when construct-
ing mathematical models in physics, engineering, sociology, ecology, and so on
[1-5].

The investigation of nonlocal problems for differential equations originated in
the last century. Here we should in the first place refer to the works of T. Carleman,
R. Beals, F. Browder, and other works. The problems posed in [6-8] are the
problems with nonlocal conditions, which are considered only on the boundary of
the definition domain of a differential operator. In 1963, J. Cannon posed a nonlocal
problem in his work [9] and thus gave an impetus to the development of a new trend
in the investigation of nonlocal boundary value problems [10-13].

In 1969, the work of Bitsadze and Samarskii [14] was published, which was
dedicated to the investigation of a nonlocal problem of a new type. That problem
arose in connection with the mathematical modeling of plasma processes . Intensive
studies of Bitsadze—Samarski nonlocal problems and their various generalizations
began in the 1980s of the last century (see the papers of D.G. Gordeziani,
A.L. Skubachevski, V.P. Paneyakh, V.A. Ilyin, I. Moiseyev, G.V. Meladze,
M.P. Sapagovas, D.V. Kapanadze, V.P. Mikhailov, A.K. Gushchin, G. Avalishvili,
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L. Gurevich [15-26], and other works). The papers of D.G. Sapagovas,
G.K. Berikelashvili are certainly interesting from the standpoint of application
and numerical methods (see, e.g., [11, 17]). The algorithm of reducing nonlocal
problems of the Bitsadze—Samarskii type to an iteration sequence of Dirichlet
problems is investigated in Gordeziani’s papers [15, 16].

Problems of the existence and uniqueness of a generalized analytic function
for the Riemann-Hilbert problem are investigated in Vekua’s monograph [27].
Problems of the existence and uniqueness of a generalized solution for quasilinear
equations of first order on the plane with Riemann—Hilbert boundary conditions
are considered in [28]. In [29, 30] the Bitsadze—Samarskii nonlocal boundary value
problem is considered for quasilinear differential equations.

For many optimization problems in elasticity theory, mechanics, diffusion
processes, the kinetics of chemical reactions, and so on, the state of a system is
described by partial differential equations [31-34]. Therefore control problems for
systems with distributed parameters attract a great deal of attention [33, 35, 36].

The present paper is devoted to optimal control problems whose behavior is
described by quasilinear differential equation of first order on the plane with
nonlocal Bitsadze—Samarski boundary conditions. When dealing with optimization
problems for systems with distributed parameters it is important to investigate the
questions of existence of a generalized solution for discontinuous right-hand parts of
an equation [27]. In the proposed paper, the necessary conditions of optimality are
obtained using the approach elaborated in [37-39] for controlled systems of general
form.

In the paper, the theorem on the existence and uniqueness theorem of a gener-
alized solution in the space C,(G) is proved for quasilinear differential equations
of first order with nonlocal boundary conditions; the Bitsadze—Samarskil boundary
value problem is considered for a linear differential equation of first order. The
existence of a solution in the space CJ,(G) is proved and an a priori estimate
is obtained. An optimal control problem is stated for a nonlocal boundary value
problem with an integral quality criterion. Necessary conditions of optimality are
obtained in terms of the maximum principle when the control domain is an arbitrary
bounded set. An adjoint equation is constructed in the differential form. The optimal
control problem for linear differential equations of first order is considered on the
plane with nonlocal boundary conditions. The theorem on a necessary and sufficient
condition of optimality is proved.

8.1 Existence of a Generalized Solution

Let G be a bounded domain of the complex plane E with boundary I which
is a closed simple Lyapunov curve (i.e. the angle formed between the constant
direction and the tangent to this curve is Holder-continuous). Denote by y the part
of the boundary I', which is an open Lyapunov curve with the parametric equation
z=12z(s), 0 < s < 4. Let yp be the diffeomorphic image zo = I(z) of y, which lies
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in the domain G, with the parametric equation zy = zp(s), 0 < s < §. Assume that
yo intersects with I”, but not tangentially toit, z = x+ iy € G, 0, = é(fx +i 3‘1) is
the generalized Sobolev derivative [27, 40, 41].

Let us consider in the domain G the Bitsadze—Samarski boundary value problem
[14] for quasilinear differential equations of first order

d,w=f(z,w,w), z€G, (8.1)

Rew(@)] = ¢1(z), ze '\, (8.2)

Re [w(z(s))] = o Re [w(zo(s))], 2(s) € ¥ 20(s) € yo, 0 <5 <6, (8.3)
Imw(z*)] =¢, ¥ €T \y, 0 <o =const (8.4)

It is assumed that the following conditions are fulfilled:
(A1) The function f(z, w,w) is defined for z € G, |w| < R, f(z,0,0) € L,(G),
p > 2 and
| f(z.w, w) = f(z. wo, wo)| < L(Iw — wol + |w — wyl).
(A2) ¢i(z) € Cu(I" \ y), 92(z) € Cu(y), 4 > 1/2, and the values of the function
¢1(2), ¢2(z) at the ends of the contours y and yy coincide.

In order to prove the existence of a solution of the problem (8.1)-(8.4), we
consider the following iteration process

Oz Wn = f(2,Wn, W), 2€G, (8.5)
Re[w,(2)] = ¢1(z), z€ "\, (8.6)
Re [w,(2(5))] = o Re [wa—1(z0(s))]. 2(s) € v. 20(s) € y0. (8.7)
Imw,(z*)] =¢c, 2eTl\y, 0<s<o, n=12,..., (8.8)

where wy(z) is any function from C,(y), 4 > 1/2, which continuously adjoins the
values of the function ¢ (z) at the ends of the contour y.

For each n € N the problem (8.5)—(8.8) is the Riemann—Hilbert problem and its
regular generalized solution belongs to the space C,,(G) [27, 28].

Let us consider the function v, = w,4+; — w,. Then from (8.5)—(8.8) it follows
that the function v, is the solution of the following problem

aZ Un :f(zv Wn+1, Wn+1) _f(zv Wn, Wﬂ)

= F(2, Wn, Wp, Wat 1, Wnt1), 2 € G, (8.9)
Re[v,(2)] =0, zeI'\y, (8.10)
Re [v,(z(s))] =0 Re [v,-1(20(5))]. z(s) €y, z0(s) €po, 0<s<S, 8.11)

Im[v,(z*)] =c, 2€lC\y, n=1,2,.... (8.12)
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The solution of the problem (8.9)—(8.12) can be reduced to the following
nonlinear integral equation [28]:

v*(2) =¥u(2) + ¢n(2)

1 F (& wn(8), wa(§), Wnt1(§), wat1(8))
/f . dt dn, (8.13)

where { = £ +in, ¥, (z) is a holomorphic function satisfying the conditions (8.10)—
(8.12), and ¢, (2) is a holomorphic function such that the difference

¢n( ) _ /f F(é‘ Whn, Wn’ Wn+17Wn+1) dé d77

—Z

satisfies the homogeneous boundary conditions; an a priori estimate has the form
||¢"||c o S C1||F||L e Cy; = const > 0.

Denote by T the integral operator in the right-hand side of Eq. (8.13). Note that
the operator T maps the space L,(G) into Cg(G), B = (p —2)/p < u [27].
Consider the following conditions:

(A3) There exists a number R; > 0, R; < R such that the following inequalities are
fulfilled:

”1//"”@(0) + (Cl + ||TG||Lp(G)»C;L(G))(ZLIGII/‘DRI) <R

(A4) 2|G|'PL(Cy + || TGl <1

Lp(G).Cp (G) )
Assume that the conditions (A1)—(A4) are fulfilled, then there exists a unique
solution of the Riemann—Hilbert problem (8.9)—(8.12) in the ball ||v,]| < R
[28].
Let us estimate the function v,(z) from the equality (8.13) in the metric of the
space C(G):

Cu(G)

1ol ey < W¥nlley + 19l ey + [ T6lFI] - (8.14)
Using the previous estimates, from the inequality (8.14) we obtain

Pl < Wille, (€1 + 1761, ) IF I, (8.15)
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By virtue of the condition (A1) we have

|F (2. Was Was Wit 1 Wt 1) |
= \f(z, Wn+lvwn+l) _f(Z7 Wn, Wn)| < 2L|Wn+l _Wnl = 2L|Un|

Due to the condition (A1), from the last inequality it follows that the function
F (2, Wn, W, Wat 1, Wat1) belongs to the space L,(G). Then

1N, o < 2LIvall, o < 2LIG]Y7v,]|

Lp(G Lp(G) cG)”

Thus, by the inequality (8.15) we can write that

1
”v””cw) S ”1//"||C<G> +2L|G] /p(cl + “TG”Lp(m.c(c))”vn”c(c)’

i.e., in view of the condition (A4), we finally obtain

1Wall,,

8.16
1= 2LG|P(Cy + | T (810

|| Un ||C(G) S )
Lp(G).Cu(G)

Note that the function ,(z) is the solution of the following problem

I, Yn(z) =0, z€G,
Re[yu(2)] =0, ze "\,
Re[¥,(2)] = o Re[u—1(20)]. z€y. 20 € y0.
Im[y,(z*)] =0, n=1,2,...,
Vo(z) = wi(2) — wo(2).
Since Re[¥,(z)] is a harmonic function, all the conditions of Schwartz’ lemma

[42] are fulfilled for it and there exists 0 < ¢ < 1 not depending on v, such that
the following inequality [16] holds for it:

Wl < Md".

where M > 0 is a constant depending only on ¢;(z).
Taking this estimate from (8.16) we can write

M

e " 8.17
v ”c(c) 1 —2L|G|'/P(Cy + || TG || ! ( )

Lp(G).C(G))
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o0
Then from (8.17) we can conclude that the series Y vy converges uniformly to
k=1

zero in the domain G. Hence it follows that the sequence {w,(z)} is fundamental in
C(G) and has the limit w(z) € C(G).
Let us consider the integral representation for the function w,(z):

@ =vi@+ a0 - [T dean, 5.19)
G

where v, (z) is a holomorphic function that satisfies the conditions (8.6)—(8.8), and
¢, (2) is a holomorphic function such that the difference

’ 1 S (G wn, wy)
- [[7 "
G

satisfies the homogeneous boundary conditions.

The representation (8.18) implies that w(z) is the solution of the problem (8.1)—
(8.4) and w(z) € C,(G). From the uniqueness of the holomorphic solution and the
integral representation (8.18) we can conclude that this solution is unique in the
class C,(G).

We have thereby proved.

Theorem 1 Let the conditions (A1)—(A4) be fulfilled, then the solution of the
problem (8.1)—(8.4) exists in the space C,,(G) and is unique.

8.2 Linear Problem

Let us consider in the domain G the Bitsadze—Samarski boundary value problem for
a linear differential equation of first order

d,w=A@w+Blxw+d(2), z€G,
Re[w(z)] =0, zeI'\y,

Re[w(z(s))] = o Re [w(zo(s))]. z(s) € y. z0(s) € yo,
Imw(z")]=0, z¥el\y, 0<s<3.

(8.19)

Assume that A(z), B(z),d(z) € L,(G),p > 2, |A|.|B] < N.
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Denote by C,(G) the set of functions w(z) € C,,(G) such that

Re[w(z)] =0, ze '\,
Re[w(z(s))] = o Re [w(z0(5))]. z(s) €y, 20(s) € yo. (8.20)
Imw(z*)] =0, z*el'\y. 0<s<$

and having the finite norm

Wl 6 = IWlle, g + 19z Wl < 00 (8.21)

It is easy to verify that the set C},(G) is a linear normed space over the real
field with norm defined by means of the equality (8.21). If p > g > 2, then
Cl(G) C Cl(G) and ||w| < afwl, . where a is a positive constant and

n

w is any element from C},(G).

cth©

Lemma 8.2.1 For any function d(z) € L,(G), p > 2, the solution w(z) of the
problem (8.19) exists, belongs to the space C,(G) and the following a priori
estimate holds for it

Wllp ¢, < elldll, g (8.22)

where y is a positive constant depending only on p, N and |G| = mes G.

Proof The existence and uniqueness of the problem (8.19) immediately follow from
Theorem 1. It remains for us to prove the validity of the a priori estimate (8.22).

Let us reduce the problem (8.19) to an integral equation. For this we apply the
operator

roefl == [[ 1 dean i=g+m
G

and an operator Sg(z, f] from L,(G) to the set of analytic functions which satisfy the
conditions:

Re {T6lz.f] + Slz.fl} =0, ze '\ y,
Re {Tglz.f] + Sclz. /1)

= o Re {T6[z.f] + Sclzo.f1}. 20 € vo. z€ Y,
Im {Tg[z*.f] + Sclz*.f1} =0,

(8.23)

where z* € I" \ y is a fixed point.
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Using these conditions, the operator S¢[z, f] is defined uniquely. We define the
operators

P(f) = Tglz.f] + Sclz.f1,
Pag(f) = P(Af) + P(Bf),

(8.24)

where the functions A(z) and B(z) are from the right-hand part of Eq. (8.19).
If we now take into account that d, P(f) = f(z), then it can be easily verified
that the solution of the problem (8.19) satisfies the integral equation

It is not difficult to show that the problems (8.19) and (8.25) are equivalent. Using
the properties of the operators Tz, f] and P(f) [27], it can be shown that these
operators are completely continuous over the field of real numbers. It is obvious
that the operator Pag(f) is also completely continuous.

Since for d(z) = 0 Eq.(8.19) has only a trivial solution, the equation w(z) =
P4p(w) will also have only a trivial solution. Hence, due to the complete continuity
of the operator P4p(f), the existence and boundedness of the operator (I — Pup)~!
follow, where is an identical operator.

Let us introduce the notations

17— Pall”! =M

Cu(G).Lp(G) ’ ”P”Lp(c).quc)

= MP’

where M and M, are positive constants. From Eq. (8.25) we immediately obtain

Iw@ll, o < MM,ldll, - (8.26)
From Eq. (8.19) we can immediately obtain
1wl o) < 2Nl + ], o (8.27)
The inequalities (8.26), (8.27) imply the estimate
Wlep ) = IWlle, 6 + 102wl ) < @l g,

where o = MM, (2N + 1) 4 1. The lemma is proved.
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8.3 Statement of an Optimal Control Problem

Let U be some bounded subset from E. Each function w(z) : G — U will be
called a control. The set U is called the control domain. We call the function w(z)
an admissible control if w(z) € L,(G), p > 2. The set of all admissible controls is
denoted by £2.

For each fixed w € £2 in the domain G we consider the following Bitsadze—
Samarski boundary value problem for a system of quasilinear differential equations
of first order

I,w=f(z,ww,w), z€G,

Re[w(z)] = ¢i1(z), z€ T\ y,

(8.28)
Re[w(z(s))] = o Re [w(zo(s)], z(s) € . 20(s) € W,
Imw(z*)] =c, *€l\y, c=const, 0 <o = const,
and the functional
I(u) = /f F(x,y, wi, w2, 01, w2) dxdy, (8.29)
G

where z = x + iy, w = wy + iwa, 0 = w1 + iw;.

Let us pose the following optimal control problem: Find a function wy(z) € §2,
for which the solution of the Bitsadze—Samarski boundary value problem (8.28)
gives the functional (8.29) a minimal value. We call the function wy(z) € £2 an opti-
mal control, and the corresponding generalized solution wy(z) of the problem (8.28)
an optimal solution.

Assume that the conditions (A1)—-(A4) are fulfilled. Then for each fixed w € £2
the solution of the problem (8.1) exists in the space C,,(§2) and is unique.

Furthermore, to obtain optimality conditions, it is additionally assumed that:

(A5) The function f(z, w, g, w) has continuous partial derivatives which are also
continuous with respect to the same arguments as f. The function F is
continuous with respect to wy, wa, @1, ws, continuously differentiable with
respect to wy, w, and belongs to the space L,(G), p > 2.

(A6) For any (w,q) € S’vf.il = {(w,q) : |wl|,|q| < R}, the following estimates hold
in the domain G : | £, [, |f;] < Ni1(R) < +00, [f| < N2(R) < +o0.
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The following theorem is true:

Theorem 8.3.2 Let the conditions (A1)—(A6) be fulfilled, wy(z) be an optimal
control, wy(z) be the corresponding solution if the problem (8.28), p(x) be a weight
function, W (z) be the solution of the adjoint problem

) )
9 v + T paye + T py

= —20,,F(w), z€ G, (8.30)
Re[p(x)¥(2)] =0, z€ T,
Re [p(@)Y () = p)Y (55)] = o Re [p()Y ()] 20 € 0. z€

then the relation
Re [f(Z, wo, Wo, @0) ¥o(z) + F(x,y, wor, woz, @or, woz)]
= ai)felgRe [f(Z, wo, wo, @)¥o(2) + F(x,y, wor, woz, 601,0)2)]

is fulfilled everywhere on G.

Proof Let us construct a variant of the impulse control wy(z) [43]. Choose any finite
set of pairwise different Lebesgue points {z;} from the domain G. For each finite set
of non-negative numbers y = {y;} there exists a positive number &, such that for
0 < & < g the rectangles

nijz{z: z=x+1iy€aq,

J j—1
xi—SZ)/ik<xSxi—SZyik, yi—je<y<yi—(j—1De
k=1 k=1

do not intersect pairwise and all of them belong to the domain G. Let u = {u;;} be
the finite set of points from U. Consider an arbitrary set

{z), {wiy, ). (8.31)

Define the variant w,(z) as follows

Wijj, te JT;;,

@@ =Y wo(r), 1€fab)\| 7. (8.32)

ij
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Assume that the set of parameters (8.31) is fixed. For fixed wg and @, 0 < ¢ < &,
find an increment of the functional I(w). Applying Lagrange’s theorem, we find

Ae = I(w,) — I(wy) = Re // Ve (2) Auf (2, wo, wo, @) dx dy
G

—}—// A F(x,y, wo, wg, w:) dxdy, (8.33)
G

where
AuF(x,y, wo, wo, ) = F(X,y, Wor, Wo2, Wet, We2) — F(X,y, Wor, Woz, Wor, @n2),

and the pulse variant w,(z) is defined by means if the equality (8.28) for an arbitrary
set of parameters

{2}, w={wy}, y=1{}, 2€G, wjeU, y/=0. (8.34)

For an increment of the functional A./, let us construct some integral represen-
tation. For this, in the space Cﬁ (G), for any ¢, 0 < & < g9, we define the following
linear operator

1

1
S.(v) = Bzv—/ af;ZS) dt-v—/ LA (8.35)

ow
0 0

where
Ne = (z,wo + tAw, wo + tAw,u,), 0 <t < 1.

The operator S, maps the space C},(G) onto L,(G). Indeed, on the one hand, the
inclusion S, (v(z)) € L,(G) is valid for any function v(z) € C},(G) and, on the other
hand, by virtue of Lemma 8.2.1 we can conclude that the equation

Se(v) = r(2) (8.36)
has a unique solution for any function r(z) € L,(G). In this case the estimate

0l gy < Ul @ = a(p.Ni,|G|) >0 (8.37)

holds, from which it follows that for the operator S, there exists an inverse operator
S71: L, (G) — C(G) and ||S7Y| < @
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While considering the increment A.l, we observe that the second summand in
the right-hand of equalities (8.33) defines uniquely some linear functional 7, from
the adjoint space (C},(G))*:

(T, Aw) =2 /[ Re [9,,F (1) Aw] dxdy, (8.38)
G

where (T, Aw) denotes a value of the functional T, on an element Aw € C,(G),

n =y wo + 0Aw;, wp + 0Awa, ugr + 0 Auy, upy + 0Au;),0 <6 < 1.
Consider the adjoint operator (S;')* to the operator S;!. This operator maps the

space (C}(G))* onto Ly (G) since, by definition, (T, S;'f) = ((S;")*.f) and

(T, Aw) = (T., 57 (Auf)) = ((ST1)* T, A f). (8.39)

By Riesz’ theorem [44] we can conclude that there exists a function ¥, € L,(G),
1/p + 1/q = 1 such that for A,f € L,(G), p > 2, there hold the following
representations

((S;I)*Tm Awf) = Re // Ve(2)Aw f dxdy. (3.40)
G

Taking into account the equalities (8.38)—(8.40), the increment of the functional
A, (8.23) can be written in the form

A = Re // Ve(2) Auf dxdy + 2 /f Re[3,F(n)A,] dxdy, (8.41)
G G

where the function ¥, € L,(G) is uniquely defined by the relation
Ve = (. T (8.42)

It can be easily shown that 1in}) | — Ip0||Lq(G) —> 0 [29]. Thus the function v
£—>
is defined by means of the equality

Yo = (S;)*To. (8.43)
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Consider the first variation 61 of the functional (8.29):

1 1
§I=lim _ AJ = lim Re // Ay f(z, wo, w0, W) Ve(2) dxdy
e—0 52 e—0 52
G
—1—// AuF(x,y, w, wo, ) dxdy}
G

= lim Z % Re // Ay f(z, wo, wo, ) Ye(2) dxdy
e—0 |<i<s
1</<q (i)

+ // A F(x,y, wo, wo, ) dxdy}.

7(zi)

So, on any variant w,(z), for the finite set (8.41) the variation §/ takes the form
e Z )/,-j% Re [Awf(zl', wo(z:), wo(zi), i j)Yo(z) +AuF (zi, wo(zi), wo (), wi.j)] } .
ij

Therefore the relation
Re [f(Z’ wo, Wo, wo)Yo(z) + F(x,y, wor, woz, wor, 0)02)]
= 6(i)relgRe [f(z, wo, wo, W) ¥o(z) + F(x,y, wor, woz, wl,wz)]

holds almost everywhere on G [29, 43].

8.4 Construction of an Adjoint Equation in the Differential
Form

From the relation (8.41) we obtain the equality
(V. Sow) = (To,w), ¥ € L(G) (8.44)

for any w € C),(G).
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By Riesz’ theorem [44], we can conclude that there exists a unique element from
the space L,(G), which is identified with an element ¢ € L; G),1/p+1/g=1
for which the equality (8.44) has the form

Re/ Y (2)Sow dxdy = (Tp, w). (8.45)

G

Taking into account the form of the operator Sy and also the form of the functional
Ty, the equality (8.45) can be rewritten as follows

Re / IP(Z) 8f(a)0) afa(i()) w] dx dy
=2 // Re [, F(wo)w] dxdy. (8.46)

By Green’s formula [27],

Re// Y(z)d, wdxdy = ;i/WWdZ—//Wazl// dxdy,
G r G

from the relation (8.46), for any function w € C},(G) we obtain the equality

Re [211 / 1//wdz:|
r

_Re// v + af(i“ af( )y 420, F(wo)]w dxdy = 0.

Let the domain G be the rectangle {z = x+iy: 0<x <1, 0<y <1}, b
the boundary of the domain G, and yp = {z0 = xo +iy: 0 <y <1}, y1 ={z =
I+iy: 0y}, pp={z=x+i: 0<x<1l},;3={z=iy: 0<y<1},
ya={z=x: 0<x<1},0 < p <1, p(x) be the real weight function of a real
argument x defined as follows

p1(x), 0 <x < x,

p(x) =
p2(x), xo <x <1,

p1(x) € C,[0,x0],  p2(x) € Cpulxo, 1], hm p1(x) # hm+ p2(x).

X=X,
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Then from the equality (8.47) we obtain for ¥ (z) the following problem

N af (wo) v+ 9f (@o) Y = —20,,F(wy), z € G,
ow ow

Re[py] =0, z€yUya, (8.48)
Re[ipy] =0, ze€ y3 Uy,

Re [p¥(z5) — p¥(z5)] = o Re[py(2)]. 20 € yo. 2 € y1.

Ay

8.5 Necessary and Sufficient Conditions of Optimality

Let the domain G be the rectangle {z = x+iy: 0 <x <1, 0 <y <1}, I be
the boundary of the domain G, and yp = {zo = xo+iy: 0<y <1}, y1 = {z =
Il4+iy: 0sy<s1l},ypo={z=x+i: 0<x<1l},35={z=1iy: 0<y<1},
va={z=x: 0<x<1},2" € I'\ i, c(2),d2).B(2).f(2) € L,(G),p > 2,
g(z) € C(I" \ y1), 0 < u < 1. For each fixed w € £2 in the domain G we consider
the following Bitsadze—Samarski boundary value problem for the system of linear
differential equations of first order

d,w+ Bz)w =f(z)w, z€G,
Re[w(z1)] = g(2), z€ '\ y1,

(8.49)
Re[w(z1)] = o Re[w(z0)], 20 € yo. 21 € y1,
Im[w(z*)] = const, 0 < o = const.
Let us consider the functional
I(w) = Re /f [c(@w(2) + d(2)w(z)] dxdy (8.50)
G

and state the following optimal control problem: Find a function wy(z) € £2, for
which the solution of the Bitsadze—Samarski boundary value problem (8.49) gives
the functional (8.50) a minimal value.

Theorem 8.5.1 Let ¥ (z) be a solution of the adjoint problem

37 (p() Y (2)) — B(2)p(x) ¥ (2) = c(2),
Re[py] =0, z€y2 Uy,
Relipy] =0, z€y3 Uy,
Re[p¥(zf) — p¥(z5)] = o Re[oy (2)]. 20 € yo. Z € y1.

(8.51)
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then for the optimality of wy(z), wo(2) it is necessary and sufficient that the following
equality be fulfilled almost everywhere on G

Re[(d(2) = p()Y @ ) @o(2)]| = inf Re[ () = p@)¥ () @) 0(3) |

Proof Let wy(z) € 2 be an optimal control, w.(z) € §2 be an arbitrary admissible
control, wy(z), we(z) be the solutions of the problem (8.49), which correspond to
the controls wy(z), w,(z). Let us introduce the notations Aw(z) = we(z) — wo(2),
Aw(z) = w.(z) — wo(z). Then we obtain the following problem

0, Aw + B(2) Aw = f(z)w, z € G,
Re[Aw(2)] = g(2), z€ "'\ 1,
Re[Aw(z1)] = o Re[Aw(z0)], 20 € Yo, 21 € Y15

(8.52)
Im[Aw(z*)] = const, 0 < o = const.

Let ¥ (z) = ¥1(x,y) + iva2(x,y) # 0 be an arbitrary integrable function. After
multiplying (8.52) by p(x)v(z), we obtain the equality

Re // p(X)V (2)[9, Aw + B(z) Aw] dxdy = Re // PV (2)f ) Aw dxdy.
G G

(8.53)
For fixed wo(z) and w,(z) let us find an increment of the functional (8.54):

Al = I(w,) — I(wy) = Re /f [c(2) Aw(z) + d(z) Aw(z)] dxdy.
G

In view of (8.53), we obtain the equality

Al =Re // [p(x)w(z)az Aw + (c(z) + p(x)B(z)w(z))Aw] dx dy
G

+Re // Aw(2)(d(z) — p(X) ¥ (2)f (2)) dxdy. (8.54)

G
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Let Aw = u + iv and consider the first summand in the right-hand part of the
equality (8.54):

Re // p(x)¥(2)0, Aw dxdy
G

11
= [ [[pwmen(y - ) -pwmsen(y + ) | asas
0 0

(8.55)

Furthermore, taking into account the boundary conditions from (8.52), we have

1 1
9 9
/ / [p(x)wl (x.y) a“ — PV (x, y) av] dxdy
X X
0 0

X0

1
[ [ (e = meowaen Y ax
0 0

1
a a
+ [ (w3 = meovaten o Yax |y

X0

1
/{pl(xO Y1(xg » Y)ulxo, y) — p1(0)¥1(0, y)u(0,y)
0

= p1(x) ¥2(x, Y)v (0, ¥) = p1(0)92(0,y)v(0, 1)

X0

—/[aax (p1Y1)u — ai (m%)v] dx

0
+ P2 (DY (1, y)u(l,y) — p2 ()P (L y)ulxo, y)
— o2 (DY (1, y)v(1,y) + p2 ()Y (L y)v (0, )

1

d
/ (p2vr1)u — 3 (,Ozlﬂz)v] dx} dy
X

1
-/ { PLETIVI(G 3) = P20 () + oo (DY (1) o, )
0
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+ [ 2020 3) = 21 GV ) [0 o, )

= p1(0)¥2(0,»)v(0,y) — p2 (D)2 (1, y)v (1, y)

X0 1

_ / [aax (pYr1)u — 8ax (P%)v] dx — / [88x (pVr1)u — 8ax (pl/fz)v] dx} dy.

0 X0

Analogously, we obtain the equality

1
ad 0
[ Tpavateo ot + powncen o] dvas
y y
0

o _

X0

- / { oY (5. 0)u(x.0) + p(IY (x, (. 1)
0

1
[ L, s 5 @i} as
0

1

+ / { oY (5. 0)u(x.0) + p(IY (x, (. 1)

1
[ [, s o ovw] s
0

Let us assume that the following conditions are fulfilled:

P13V (5, Y) = p2 (), Y) + opa (DY (1,y) = 0,
P2 (32 (x5 ¥) = pr () Y2 (x5, y) = 0,

(8.56)
101(0)1//2(0’ Y) = Ov /02(1)1//2(1’))) = Oa
p(x)WI(L O) = Ov p(x)l/fl(x, 1) =0.
By the above reasoning, from the equality (8.55) we obtain the relation
Re // p(x)Y ()0, Aw dxdy =Re // 9, (p(x)¥ (z2))Aw dxdy
G Gi
— Re/ 9, (p(x) ¥ (2)) Aw dx dy, (8.57)

G



8 An Optimal Control Problem for a Nonlocal Problem on the Plane 201

where
G = {zzx—i—iy: 0<x<xy, 0<y< 1},
Gy={z=x+iy: xp<x<1, 0<y<l}.
Using (8.57), for the increment of the functional Al from (8.54) we obtain the

equality

Al =Re // [ -8, (b @) + ¢ + pBEY ()| Aw dxdy

Gy

+Re [[ 2060 - pe0v 1) dray

G

R // [ — 07 (b)Y (2) + c(2) + p(x)B(Z)w(z)]Aw dedy.  (8.58)

Gy

Let us consider the equation

3z PV (2)) = B@)(p(0) Y (2)) = c(2) (8.59)
and the function
vy, (xy) eG,
iy) =9 =1,2.
vitey) gw,@ (x,y). (x,y) € Ga,

where pl(wl(l) + iwél)) is a solution of Eq. (8.59) in the domain Gy, and pz(wl(z) +
il/féz)) is a solution in the domain G,. It is assumed that the function p(x)v ()

satisfies also the conditions (8.56). In that case, the increment of the functional
Al (8.58) takes the form

Al = I(w,) — I(wg) = Re // Aw(2)(d(z) — p(X) ¥ (2)f (2)) dxdy. (8.60)
G

From the representation (8.60) it obviously follows that for the optimality of
wo(2), wo(z) it is necessary and sufficient that the following equality be fulfilled
almost everywhere on G

Re [(d() - p)¥ (f @) @0(2)| = inf Re [ (d@) — p) ¥ (f () ()]

The theorem is proved.
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Chapter 9
On the Geometry of the Domain of the Solution
of Nonlinear Cauchy Problem

A. Figula and M.Z. Menteshashvili

Abstract We consider the Cauchy problem for a second order quasi-linear partial
differential equation with an admissible parabolic degeneration such that the given
functions described the initial conditions are defined on a closed interval. We study
also a variant of the inverse problem of the Cauchy problem and prove that the
considered inverse problem has a solution under certain regularity condition. We
illustrate the Cauchy and the inverse problems in some interesting examples such
that the families of the characteristic curves have either common envelopes or
singular points. In these cases the definition domain of the solution of the differential
equation contains a gap.

9.1 Introduction

Let us consider a Cauchy problem for second order non-strictly quasi-linear
hyperbolic partial differential equations: find a solution u(x, y) of the equation by
the initial conditions u|y=p = t(x), uy|ly=o = v(x), where v(x) € C'(R), t(x) €
C?(R) are given functions such that v(x) is once-, and 7(x) is twice-continuously
differentiable. To solve this problem one can use the method of characteristics (cf.
[18, pp. 164-166]). The characteristic roots of the partial differential equation are
the solutions of the corresponding characteristic equation. The class of hyperbolic
equations is defined through the characteristic roots by the inequality A; # A,.
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Characteristic directions are defined at every point by the relations

dy

g Y = Ao (X, y, u, ty, uy). 9.1)

d
= Ay, u, uy, uy), b
Solving the differential equations (9.1) we obtain the characteristic invariants (cf.
[L7D).

Among the papers based on the application of the method of characteristics to
nonlinear hyperbolic problems we refer to [2, 6, 7, 9-13, 15, 16], where the structure
of the definition domains of the solutions and that of influence domains of initial and
characteristic perturbations are investigated in singular cases.

The aim of our investigation is to discuss some questions stating an initial
problem on the data support [a, b] € R for the following second order non-strictly
hyperbolic equation

(“5 — Ditey — 2ucmyuyy, + M)zcuyy =0 ©.2)

(cf. [5, p. 442]). We consider also a variant of the inverse problem of the Cauchy
problem for Eq.(9.2) on some open and closed data supports. Equation (9.2) is
interesting for physical applications since the two-dimensional flow of an inviscid
incompressible fluid in gravitational field can be described by it (cf. [19, p. 535]).
The characteristic roots of (9.2), i.e. the solution of the equation (uf — DA% +

2uuyd + u? = 0, are

Ux Uy
- - .
uy+1  u,—1

Therefore Eq. (9.2) is hyperbolic everywhere, except for the points at which the
derivative u, of the sought solution u(x, y) has zero values. At these points, Eq. (9.2)
parabolically degenerates. Hence Eq.(9.2) has mixed type (cf. [4]). It is one of
the most important problems of mathematical physics to study the properties of
solutions of equations of mixed type (cf. [3, 20, 22, 23]). The first fundamental
results in this direction were obtained by the Italian mathematicians Francesco
Tricomi in the twenties of the nineteenth century.

The combinations u, —uy, u, + u, of the first derivatives of the solution which are
constant for the string vibration equation u,, — u,, = 0 differ from those for non-
linear equation (9.2). In the latter case these combinations depend on an unknown
solution and its first derivatives. Hence it is rather difficult to use the characteristic
invariants for the solution of problems in the case of quasi-linear equations. In
aerodynamics, these combinations are called Riemann invariants (cf. [4, p. 23]).
Solving the equations g = —u;‘jrl, Zﬁ = —L‘)’fjl we obtain that the characteristic
invariants for Eq. (9.2) are u + y = const and u —y = const.

According to Hadamard (cf. [14]) the Cauchy problem can appear to be well-
posed in some cases involving the closed initial support. Such problems were



9 On the Geometry of the Domain of the Solution of Nonlinear Cauchy Problem 207

studied by Aleksandryan [1], Sobolev [21], Vakhania [24], Wolfersdorf [25], and
others for linear equations.

The Cauchy problem of Eq. (9.2) such that the given functions 7, v are defined
in the circumference of the unit circle, i.e. the initial problem on the closed data
supporty : p=1,x = pcos?, y = psind}, 0 < & < 27, was investigated in [16].

In this paper we study the Cauchy problem of Eq. (9.2) on the data support [a, b]
(see Problem 1 in Sect.9.2). In Theorem 1 we give the solution of the Cauchy
problem of (9.2) in integral form. To establish this result we use the representation
formula of the general integral for (9.2). After this we find a domain where the
solution can be completely defined. For this we have to write equations for the
characteristic curves of both families. Then we consider the set of intersection points
for both families of characteristic curves. This set creates the domain within which
the initial support is located. In Sect.9.3 we formulate a variant of the inverse
problem of the Cauchy problem for Eq. (9.2) (see Problem 2). We prove that the
considered inverse problem has a solution under certain regularity condition (cf.
Theorem 2). We illustrate the Cauchy and the inverse problems for Eq.(9.2) in
Examples 1-3. In Examples 2, 3 we deal with the interesting cases that the families
of the characteristic curves have either common envelopes or singular points.

9.2 Cauchy Problem on Eq.(9.2)

Problem 1 Let t(x), respectively v(x) be real functions, which are twice, respec-
tively once continuously differentiable. Find a function u(x,y), which satisfies
Eq. (9.2) and the conditions

u(x,0) = t(x), wuy(x,0) =v(x), a<x<b. 9.3)

It is also required to find a domain where the solution can be completely defined.

Theorem 1 If t/(x) # O for all x € [a, b], then the integral of problem (9.2), (9.3)
can be written into the form

T(u+y) T(u—y)
x=a+ ) / (1 —v(r)dt + ) / (1 + v(r)dt, 9.4)

where x = T(2) denotes the inverse function of z = ©(x).

Proof We start the investigation of the problem by considering the form of the
general integral of Eq. (9.2). Using a straightforward calculation it can be checked
that the solution u(x, y) of Eq. (9.2) satisfies the following functional equation

fw+y) +gu—y =x, 9.5)
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where f, g are arbitrary functions (see [8]). In order to provide the required
smoothness of the solution u(x, y), here it is assumed that the arbitrary functions
f. g belong to the class C?(R). Taking the derivations of (9.5) with respect to the
variables x and y and putting into these y = 0 we obtain

F(u(x,0) + 0)ux(x, 0) + &' (u(x, 0) — 0)u(x,0) = 1 (9.6)
F(u(x,0) + 0)(uy(x,0) + 1) + g'(u(x,0) — 0)(uy(x,0) — 1) = 0. 9.7
Hence we come to a system of two linear algebraic equations (9.6), (9.7) with

respect to the variables f’(u(x,0)), g'(u(x,0)). Solving this system of linear
equations one gets

, o l=v(

St o) =" = Fe ©8)
, _ v

oy =" =G, 9.9)

If the condition 7/(x) # 0 is fulfilled for all x € [a, b], then on the closed interval
[a, b] the equation 7(x) = z is uniquely solvable in the class of real solutions. We
denote this solution by x = T'(z). Integrating relations (9.8), (9.9) between t(a) and
an arbitrary value z € [t(a), (b)] we obtain

F@—fe@) = [ Fdo = / F() (1),

(a)
b4

5() — g(t(@) = /

(a)

g ()dv = / ) G(1)7' (t)dt,

or equivalently

T(z)
F@ = f(e(@) + / F() (tdr, 9.10)

T(2)
g2 =gt(@) + / Gt (t)dt. (9.11)

Their sum already yields an implicit solution of problem (9.2), (9.3) which contains
the undefined free functions for x = a. They can be identified by normalization. In
particular, if for the functions f, g defined by (9.10), (9.11), relation (9.5) is fulfilled
at the point (a, 0), then we have

T[u(a,0)+0] T[u(a,0)—0]
fx(a)+g(t (a))+/ F(t)t’(t)dt—}—/ GOt (dt=a. (9.12)



9 On the Geometry of the Domain of the Solution of Nonlinear Cauchy Problem 209

Note that the identity T(z(x)) = x is valid for all values of x € [a, b], including
x = a, and therefore the upper bounds of both integrals in (9.12) are a. Hence one
has f(t(a)) + g(t(a)) = a. Finally, the implicit solution of problem (9.2), (9.3) can
be written as

T(u+y) T(u—y)
xX—a= / F(l‘)‘[/(l‘)dt + / G(l‘)‘[/(l‘)dt, 9.13)

where the functions F(¢) and G(¢) are defined by (9.8), (9.9). This representation
is obtained if condition 7’(x) # 0 is fulfilled for all x € [a, b] and the expressions
under the integral sign are integrable. O

In order to establish the definition domain of the solution u(x,y) of (9.2) given
by (9.13), it is necessary to investigate the structure of the characteristic curves.
Keeping in mind representation (9.13) and that the relation u +y = const is fulfilled
along the characteristic curves of the first family, we can obtain an equation for
each characteristic of this family that passes through an arbitrary point x of the data
support [a, b]. At this arbitrarily chosen point, with which we associate the argument
X, we have

u(xp, 0) = 7(xp).
Hence the relation
u(x,y) +y = t(x) 9.14)

is fulfilled along the characteristic curve satisfying the relation u + y = const and
passing through the point (xg, 0). Since the right-hand side of this equality is a
completely defined expression, we conclude that

u(x,y) —y = t(xo) — 2y. (9.15)

Substituting (9.14) and (9.15) into (9.13), we obtain the equation for a characteristic
curve of the first family in the form

T(z(x0)) T(t(x0)—2y)
X—a= / F(t)t/(t)dl‘ + / G(l‘)‘r/(t)dt. (9.16)

Keeping in mind that the identity T'(z(x9)) = xo is valid, the upper bound of the first
integral in (9.16) will be xy. If we introduce the notation xo = c, then this expression
becomes the parameter which takes values from the interval [a, b]. Therefore, all
characteristic curves of the family u + y = const which pass through the points of
the data support have the representation

c T(t(c)—2y)
x = a+/ Fl(t)dt—}—/ G (t)dt, 9.17)

a a
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where
Fw=rorn ="
Gi() = GO (1) = | +2”(t) .

Analogously, for all characteristic curves of the family u — y = const we obtain

T(t(c)+2y) c
xX=a +/ Fl(t)dt+/ G (t)dr. (9.18)

Here the parameter ¢ takes its values from the interval [a, b]. For both families,
in (9.17) and (9.18) there is a one-to-one correspondence between the equation for a
characteristic curve and the parameter value. This fact is stipulated by the condition
7/(x) # 0 for all x € [a, b].

9.3 Inverse Problem

Now we consider certain inverse problems of the Cauchy problem for Eq.(9.2).
Below we will treat a variant of inverse problem which requires the construction of
a given equation under the condition that the characteristic curves of both families
are known a priori. The cases that the families of characteristic curves have either
common envelopes or singular points are particularly interesting to investigate. In
these situations, gaps may appear in the definition domain of a solution of the
problem.

As has been mentioned above, Eq.(9.2) is of hyperbolic type and the set of
parabolic degeneration is not defined a priori because it depends on the behavior
of an arbitrary solution u(x,y) and its derivative with respect to the variable x.
The characteristic invariants (cf. [4, p. 23]) corresponding to Eq.(9.2) are given
as follows

Uy
= t, f Al =— , 9.19
u 4y = cons or A uy+ 1 ( )
u—y=const, for A, =— e (9.20)
u, — 1

From these equations we conclude that the families of characteristic curves of the
equation are not defined a priori because they depend on the sought solution and on
its first order derivatives.

In the case of Eq.(9.2), we can admit in the role of characteristics the families
of characteristic curves along which relations (9.19) and (9.20) are fulfilled.
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Characteristic families can therefore be given a priori in an arbitrary manner. The
statement of the inverse problem considered here rests on this fact.

Let us consider two one-parameter families of plane curves which are given
explicitly by the equations

y = @i(x,c), (9.21)
y = @ax, c), (9.22)

where ¢y, ¢, are given, twice differentiable functions with respect to the variable x.
Let ¢1, ¢» be defined for any value of the real parameter c. Assume that any curve
of these families necessarily intersects once the straight line y = 0. We denote
by D; the domain of the plane (x,y) which is completely covered by the family
of characteristic curves given by Eq.(9.21) if the parameter ¢ runs continuously
through all real values. Analogously, we denote by D, the domain of the plane (x, y)
which is completely covered by the characteristic lines given by Eq. (9.22). Also,
we introduce the notation D = D; N D,, 1 = DN {y = 0}.

Problem 2 (Inverse Problem) Find the initial conditions of a regular solution
u(x,y) of Eq.(9.2) and its derivative with respect to the normal direction on the
interval I of the straight line y = 0 if the families of plane curves given by Eq. (9.21)
are the characteristics corresponding to invariants (9.19), while (9.22) is the family
of characteristics corresponding to invariants (9.20).

Theorem 2 If the condition ¢|(x, ") # @5 (x. ") is fulfilled for all ¢, ¢ € R, then
there exists a solution of Problem 2.

Proof To investigate the posed problem, we need a structural analysis of the
characteristic curves of Eq. (9.2). The characteristic roots corresponding to Eq. (9.2)
define at every point two characteristic directions

dy Uy
__ = 1 (xy). 9.23
I uy+ 1 1(x, y) (9.23)
d Uy
Y= = Ay(x.y). (9.24)
dx u, — 1

It follows from the posed problem that the family of characteristic curves defined by
Eq. (9.21) corresponds to the root A; given by (9.23), while that given by Eq. (9.22)
corresponds to the root A, given by (9.24). Therefore we can calculate the values of
first derivatives u,, u, of the unknown solution u(x, y) along any characteristic curve.
Note that the parameters contained in families (9.21) and (9.22) can be defined by
the abscissa of the intersection point of the concrete curve and the axis y = 0.
Indeed, let the curve corresponding to the parameter ¢*, intersecting the straight
line y = 0 at a point xg be

¢1(x0,c*) = 0.
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Solving the equation for the parameter c*(xp) = ¢, family (9.21) takes the form

y = @1(x, x0),

which is equal to zero for x = xp. If family (9.21) corresponds to the characteristic
root A1, then the relation

doi(x,x0) _ ue(x ¢1(x, X0))

dx _”y(X, 01(x,x0)) + 1 (9.25)

is fulfilled. Analogously, along the second family of the characteristic curves the
following equality is fulfilled

dor(x0) _ v pa(ex) 026
dx uy (x, @2(x, x0)) — 1
Equalities (9.25), (9.26) have the following at the points of the interval I:
d , /
@1(x, x0) [ ' (x0) Cxwel 9.27)
dx v(xp) + 1
des(x, x0) v’ (xo)
x=xo— — , el 9.28
dx =0 v(xp) — 1 o ( )

Since the point (xp,0) is arbitrarily chosen from the interval I, xo in
Eqgs. (9.27), (9.28) can be replaced with x. Hence we can easily define the unknown
functions 7’ and v. Integrating the function 7/, we finally obtain the solutions 7 (x),
v(x) of the problem. Naturally, the function 7 is defined up to an integration constant
which will be defined uniquely if we give the value of the function u(x,y) at one
arbitrary point of the interval /. The theorem is thereby proved. O

From the above general argumentation we can draw a conclusion. If fami-
lies (9.21) and (9.22) do not have common characteristic directions at anyone of
the points, i.e. if Eq.(9.2) is of strictly hyperbolic type, then the solution of the
inverse problem presents no difficulty (see Example 1). However, if the equation
parabolically degenerates on certain set of points, then the situation drastically
changes. We illustrate this in Examples 2, 3.

Example 1 We solve the Cauchy and inverse problems in the following concrete
example. Cauchy problem: Let u(x, 0) = 7(x) be the function x and u,(x, 0) = v(x)
be the function 1 — €*. According to (9.4) the solution of the Cauchy problem in
implicit form is given by equation

1 1
ze”+y +u—y— ze”_y —x=0.



9 On the Geometry of the Domain of the Solution of Nonlinear Cauchy Problem 213

The characteristic curves (9.17) of the family u + y = const, as parametric curve
f(x,y, c) with respect to the parameter ¢ are given by

1. 1.
0= 2eC +c—2y— ze‘_zy —x = filx,y,0). (9.29)

The characteristic curves (9.18) of the family u —y = const, as parametric curve
f(x,y, c) with respect to the parameter ¢ are given by

1 1
0= 2ec+2y +c— 2eC —x = falx,y,¢). (9.30)

Differentiating the function fi (x, y, ¢) in (9.29) with respect to the parameter ¢ we
get

1
0= 2eC(l —e )+ 1 =fi(xy0). (9.31)

Expressing from (9.31) the parameter ¢ we have

2.
c:ln( 27 ) (9.32)

1 —e¥
Putting expression (9.32) into Eq. (9.29) we obtain

2

1+x
e = .
1—e»

(9.33)

ficlxye) _
dc

= % is non-zero and the derivative

Since the derivative ¥/ "Cg);'y*")

;(1 — e ®)e¢ is non-zero for all y # 0 we obtain that the envelope of the character-
istic curves (9.29) of the first family is given by (9.33). An analogous computation
shows that this envelope is also the envelope of characteristic curves (9.30) of the
second family. In the plane (x, y) for the domain which is below of envelope (9.33)
there does not exist solution of the Cauchy problem (see Fig.9.1 for parameter
c=-—1).

Inverse problem: Assume that the families of characteristic curves are given by:

| U
x=q01(y,c)zZe‘—ze‘_2y+c—2y, for Aj, (9.34)

1 1
x=@(yc) = —zec + 2ec+2y +c, for A,. (9.35)

From (9.27), (9.28) we get

Uy (XO s O) _ 1

— = , 9.36
1y (x0,0) + 1 e —2 ( )
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c=-1.
~. 2
\.\ ———
—
N, ] —_—
~. —_——
~ y 13-
‘. //
~. 1
N/
T T T T N, T I
4 o I \‘ 0/'21* T
- '
e
—=="7 ]

- « == Characteristic curve (9.29) === = characteristic curve (9.30)
= envelop of characteristics

Fig. 9.1 The characteristic curves (9.29), (9.30) and their envelopes

for family (9.34) and

Mx(-XOv O) _ 1

— = , 9.37
uy(xo, 0)—1 exo ( )

for family (9.35).

The right-hand sides of the equalities (9.36), (9.37) depend only on x¢. From the
relations (9.36) and (9.37) for the point (xo, 0) we find the values of the functions t’
and v:

T(x) =1, (9.38)
v(x) =1-¢"

From equality (9.38) we obtain by integration the value of the solution u(x,y) on
the axis y = 0O:

T(x) = x+ ¢, ¢ = const. (9.39)

The constant ¢ in (9.39) can be obtained if we know the value of 7 (x) in one arbitrary
point.
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Example 2 Now we consider the following inverse problem. Assume that the
families of characteristic curves have common envelopes and are given in the form

I, -b<y<a-b, (9.40)

x=§01()’,6)5c—a\/y+b—

X=<P2(y,C)Ec+a\/ I, =b<y<a-b, (9.41)

y+b_
a>b>0, c=const.

Each curve of family (9.40) defined on an interval x € (—o0,c] monotonically
increases, has the asymptote y = —b. For x = ¢ each curve of family (9.40) is
tangent to the straight line y = a — b and therefore is tangent to one of the curves of
family (9.40). One of the curves of family (9.40) passes at every point of the straight
line y = a—b and smoothly continues from the same point to the completely defined
curve of family (9.41). Therefore both characteristic directions at the points of this
straight line coincide. Hence the straight line y = a — b is the line of parabolic
degeneration for Eq. (9.2). The straight line y = —b is also the line of parabolic
degeneration because all characteristic curves of both families are tangent to the
straight line at infinity (see Fig.9.2).
By direct calculations we establish that

L (x, 2a3(x — —-b
ux(x,y) _ a’(x—cy) . Cl=x0+a\/a ’ 9.42)
uy(x,y) + 1 [(x—c1)? + a?]

[— Charactenistic curve (9.40) = = Charactenistic curve (9.41) = - - Envelops of the characteristics

Fig. 9.2 The characteristic curves (9.40), (9.41) and their envelopes



216 A. Figula and M.Z. Menteshashvili

holds for family (9.40) and that

ue(x,y)  2a°(x—c) o \/a—b
y(x,y) — 1 - [(x — ¢2)? +a2]2’ =N b’ (9.43)

is satisfied for family (9.41). Note that the right-hand sides of the equali-
ties (9.42), (9.43) are represented by expressions depending solely on the variable
x. Relations (9.42) and (9.43) for the point (xy, 0) yield the equalities

v’ (xo) 2a°(xg — c1)

v(xo) + 1 [(xo —c1)? + a?]*’
for the first family of the characteristic curves, and

'(x0)  2a°(x0—c2)
vixo) — 1 [(xo —¢2)? + a?]?’

for the second family. Let us assume that the point xy € (—o0, +00) is arbitrary,
then for any (x, 0) we obtain

! 202 —b
W \/ a=v (9.44)
v(x) +1 a? b
T(x)  2p? \/a —b ©0.45)
vx)—1  a? b '
Hence we find the values of the functions t’ and v:
20 Ja—b
li
Tw=-, \/ b (9.46)

v(x) = 0.

From equality (9.46) we find by integration the values of the solution u(x, y) on the
axisy = 0:

2b% la—b
) =—, x+ ¢, ¢ = const.
a b

As relations (9.44), (9.45) show the characteristic roots —u\f‘j_l, —u\f‘jl of both
families take a constant value. Despite this, we cannot assert that the straight line
y = 0is the line of parabolic degeneration. To make such an assertion it is necessary
that the invariants # + y and u — y are constant along y = 0. The constancy of the

invariants is due to the fact that families (9.40), (9.41) are sets of curves obtained
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by a parallel translation along the axis of abscissas. Therefore every curve of both
families has one and the same slope with respect to the axis of abscissas. This

indicates that the values of the derivative % along this axis preserve constancy.

dx

Example 3 The situation is more difficult if the families of the characteristic curves
have, besides the lines of parabolic degeneration, also common singular points. As
an example let us consider the case that families (9.21), (9.22) have the common
node. Each contour of the one-parameter family of curves

-1

1+ rsind s TU o
r2—2rcos?® + 1 0 e

(1 —rcos )
F(r, %, 0y = —
(r 0) r2—2rcos? + 1

(9.47)

0 < ¥ < 2m is closed. The whole family lies in the half plane to the left of the
straight line x = 1. The circumference

x—1)2 44> =1 (9.48)

is a common envelope of a family of curves. The point (1,0) is the node of
the considered family. The unit circumference completely lies in the definition
domain of family (9.47). Every curve of this family intersects twice the unit
circumference. Every contour of family (9.47) can be represented as the union of
two arcs. The first arc is considered from the point (1, 0) to the point of tangency
to circumference (9.48) if the movement occurs in the positive direction. The
remaining part is considered to be the arc of the second family. If the polar angle
of the point of tangency of the concrete curve to circumference (9.48) is denoted by
U*, then family (9.47) can be divided into two parts:

F(r,%,%) =0, 0<¢® <97, (9.49)
F(r,9,%) =0, 8* <9 <2m. (9.50)
Problem 3 (Inverse Problem) Find the values of a regular solution of Eq. (9.2)
and its derivative with respect to the normal direction on the circumference x*+y> =

1, i.e. find the functions

limu(r.9) = (@), limu(r.9) = v(®). 9.51)

if the family of plane curves (9.49) represents the characteristic curves corre-
sponding to invariants (9.19), while family (9.50) corresponds to the characteristic
invariants (9.20).
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Let (1,¢0), (9o # 27k, k € Z) be a point of the unit circumference. Then the
following curves of families (9.21) and (9.22) pass, respectively, through this point:

-1

. . 2
2(l—rcosz‘}) 3 1+[ rsin ¢ N sin ¢ +1:| } _o.
r2—2rcos?® + 1 r2—2rcos® + 1  2(1 —cos¢p)
(9.52)
where 0 < ¥ < 9/,
(I—rcosd?) ! [ rsin ¥ B sin ¢ _1:|2 B _0o
r2 —2rcos® + 1 r2—2rcos® +1  2(1—cosgg) ’
(9.53)

where ¥ < ¢ < 2.

Here 9", ) are the polar angles of points of tangency of these curves with the
circumference (9.48), respectively.

The relation

ux(r,%900)  fi(9,90)

= (9.54)
uy(r,%,00) +1  g1(9, o)
is fulfilled for the characteristic curve (9.52), and the relation
L (r, 0, 0,
ue(r,0,90) (9. ¢0) 9.55)

uy(r, v, (/’0) -1 B gZ(ﬁs (pO)
is fulfilled along curve (9.53), where

4h;rsin 9 (1 — cos )

fi(D,90) = 5 + (r*cos 20 — 2rcos ¥ + 1),
(1+12)
2h;(? 20 —2 U+ 1
8i(¥, @) = (" cos rzcos 1 —2rsin¥(1 — cos ),
(1+n7)
B = rsin ¢} sin @ (1) i=1.2.

P2 —2rcos® + 1  2(1 — cosgp)

From (9.54) and (9.55) we conclude that the following equalities hold at the point
(1, 9o):

ux(1, @o) flﬂ
=", 9.56
uy(Lpo) +1 020
ux(1, @o) fﬂ
=72, (9.57)

”}‘(1’(/’0) -1 &>
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where

-1
= (—1)‘2 sin @o + cos @,

| .
g? = (—1)*! 5 COS @o + sin @p.

Using relations (9.56) and (9.57) we obtain for the values of the derivatives u, and
uy at the point (1, ¢o)

21079
u/\f(la (/70) = 172 £
81 — 185

uy(1, gy = 1193 281
e -1

Assuming that ¢, takes all values on the circumference x> +y> = 1,0 < ¢y < 2,
we have

1
u(1,9) = 2cos* ¥ — 5 sin? 9,

uy(1,9) = Z sin 20
Since the equalities
uy(1,0) = —u,sin + u, cos v,
ur(1,9) = u,cos ¥ + uy, sin
are fulfilled, we obtain
up(1,9) = ; sin o, (9.58)

u,(1,9) = 2cosv. (9.59)

Finally, integrating the value of (9.58) on the circumference x>+ y2 =1, 0< ¢y <
27, we define also the function

1
u(l.9) =~ cosd +c. (9.60)
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If we consider the initial problem: find a function u(x, y), which satisfies Eq. (9.2)
with initial data defined by functions (9.59), (9.60) on the unit circumference y:
r = 1,x = rcos?¥, y = rsin?, then the definition domain of a solution
of this problem is constructed by the set of characteristic curves represented by
formulas (9.49), (9.50). By the structure of these characteristic curves we conclude
that for a > b the definition domain of a solution of the initial problem is the domain
of the plane (x, y) which lies to the left of the straight line x = 1, with a gap given
the circumference (9.48).
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Chapter 10

Reduction of Some Semi-discrete Schemes
for an Evolutionary Equation to Two-Layer
Schemes and Estimates for the Approximate
Solution Error

Jemal Rogava, David Gulua, and Romeo Galdava

Abstract In the paper, using the perturbation algorithm, purely implicit three-
layer and four-layer semi-discrete schemes for an abstract evolutionary equation are
reduced to two-layer schemes. The solutions of these two-layer schemes are used
to construct an approximate solution of the initial problem. By using the associated
polynomials the estimates for the approximate solution error are proved.

10.1 Introduction

Various initial boundary value problems for evolutionary equations with partial
derivatives can be reduced to the Cauchy problem for an abstract parabolic equation.
One of the methods used to solve these problems is the semi-discretization method
(this is the method based on the discretization of a derivative with respect to a time
variable). The semi-discretization method for a parabolic equation is also known as
the Rothe method [1]. The advantage of this method is that it enables us to solve the
obtained system by the finite-difference method with subsequent discretization of
derivatives with respect to spatial derivatives or to apply other methods (including
analytical ones) which are easy to realize. Among these methods we want to mention
the projective-network, variational and finite-element methods (see, e.g., Marchuk
and Agoshkov [2], Mikhlin [3], Streng and Fiks [4]).
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Questions connected with the construction and investigation of approximate
solution algorithms of evolutionary problems are considered, for example in the
well-known books by Godunov and Ryabenki [5], Marchuk [6], Richtmayer and
Morton [7], Samarskii [8], lanenko [9]. We also refer to the works by Crouzeix
[10], Crouzeix and Raviart [11], and Le Rouxe [12].

The questions connected with construction and research of algorithms of the
approximate solution of evolutionary problems, including research and realization
of multi-layer schemes for these problems are important. The main difficulty
which arises at realization of multi-layer schemes (especially for multidimensional
problems) consists in use of large random access memory, which increases in
proportion with growth of number of layers. One of the opportunities of overcoming
this problem is decomposition of multi-layer schemes. In [13] the perturbation algo-
rithm was considered for decomposition of three-layer scheme. The perturbation
algorithm is widely used when solving problems of mathematical physics (see, e.g.,
Marchuk et al. [14]).

We would note [15, 16] where a purely implicit three-layer semi-discrete scheme
for evolutionary equation is reduced to two-layer schemes and explicit estimates
for the approximate solution at rather general assumptions about data the tasks are
proved in Banach space. Furthermore, in these works, by reducing with the aid of the
perturbation algorithm the four-layer scheme to two-layer schemes we demonstrate
the generality of the algorithm when it is applied to difference schemes.

In the present paper, purely implicit multi-layer semi-discrete schemes are
considered for an approximate solution of the Cauchy problem for an evolutionary
equation with the self-adjoint positively defined operator in Hilbert space. Using
the perturbation algorithm, the considered scheme is reduced to two-layer schemes.
An approximate solution of the original problem is constructed by means of
the solutions of these schemes. Note that the first two-layer scheme gives an
approximate solution to an accuracy of first order, whereas the solution of each
subsequent scheme is the refinement of the preceding solution by one order.

In the present work, for an estimate of the error of the approximate solution,
we applied the approach offered in [17], where the stability of linear many-step
methods is investigated by means of the properties of the class of polynomials
of many variables (which are called associated polynomials). They are a natural
generalization of classical Chebyshev polynomials of second kind.

The present article consists of two paragraphs. In the first paragraph, creation
of algorithm and technique of proving estimate of approximate solution error is
applied for three-layer scheme. In the second paragraph, same technique is applied
for four-layer scheme. In our opinion, such presentation of the material makes it
possible to demonstrate the generality of the proposed method for decomposition
and investigation of multi-layer schemes.

In the first paragraph we also consider the results of the numerical experiments,
which visually confirm the theoretical estimates received in this paragraph.
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It should be noted that the algorithm proposed in this paper is close to the
methods considered in the works by Marchuk and Shaidurov [18] and Pereyra
[19, 20]. The paper is a generalization of the results obtained in [13].

10.2 The Case of Three-Layer Scheme

10.2.1 Reducing a Purely Implicit Three-Layer Scheme
Jor an Evolutionary Problem to Two-Layer Schemes

Let us consider the following evolutionary problem in the Hilbert space H:

d':lit) FAu() =0, t€]0,T], (10.1)
1 (0) = uo, (10.2)

where A is the self-adjoint positively defined operator in H with domain of definition
D(A); uy is a given vector from H; u(¢) is the sought function.

On [0, T] we introduce a grid #, = kt, k = 0,1,...,n, with the step t = T/n.
Using the approximation of the first derivative

du Su(te) — 2u(ti—1) + yu(ti—2)
= +
dt T

1=t

?Ri(t,u), Ri(t.u) € H,

Eq. (10.1) can be represented at the point t = #; as

3 1
u(ty) — 2u(te—1) + - u(tp—
2ulle) = 2ulli=) + pulli-2) T Au(n) = —Ri(t,u), k=2,....n,

T
(10.3)
We write system (10.3) in the form
t) — u(ty— te) — 2u(ty— te—
u(tx) — ultx—1) +Au () + ; (M( ©) “(1;21)+“(k 2)) = —2Ri(r.u).

It is obvious that expression in brackets in case of J is w' (1) + TRy j-1,
Rl,k € H.

By analogy with the obtained system let us consider in the Hilbert space H the
one-parametric family of equations

Up — Uk—1 &
+ Auk +
T

2

U — 2u—1 + U—2
2

) =&’R,, Ry e€H. (10.4)
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Assume that u; is analytic with respect to ¢,
i -
we="y e, (10.5)
—

Substituting (10.5) into (10.4) and equating the members of identical powers &, we
obtain the following system of equations

(0) (0)

u —Uu
0 A = o, ul =up, k=1,....n, (10.6)
T
(1) (1) 2.(0)
U, —u 1 A%u
T pau) = - =, k=2,....n, (10.7)
T T
(2) 2) 2 (1)
U, —u 1 A%u
k k-1 +Au,£2) — =2 4 R
T 2 12

where Auk_l = U} — Uk—1.
‘We introduce the notation

we=ul +1ul", k=2,...,n (10.8)

Let the vector v, be an approximate value of the exact solution of problem (10.1)—
(10.2) for t = 1, M(l‘k) S Vg.

Note that in scheme (10.7) the starting vector u(ll) is defined from the equality
v = u(lo) + ru(ll) , where u(lo) is found by scheme (10.6), and v; is an approximate
value of u(t;) with accuracy of O(t?). According to this assumption, we can write

lor = u(n)| = O(?).

Then, taking into account that for the solution of the problem (10.1), (10.2) the
formula (see, e.g., Kato [21]) u(r) = exp(—tA)uy is true, we can write

v = (I — 7A) up. (10.9)
u® M

From representation v; = + tu,’, taking into account a formula (10.9)

and equality u(lo) = Sug, where S = (I + tA)~!, for a start vector u(ll) of the
scheme (10.7), we can take

(0)
_ 1 1
AV =T S A= (-9 —tA)
T T T

1
(TAS — TA) uy = A(S — Nug = —tA%Su,. (10.10)
T
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10.2.2 Estimate of Residual for Solution Obtained
by Perturbation Algorithm

Let estimate residual of purely implicit three-layer scheme for solutions of
scheme (10.6)—(10.8).

Multiply Eq. (10.7) by t and add result with (10.6). We get that vy is a solution
of system of equations:

Vi — Vp— r A2
kT l—i—Avk:—z =2 k=2...n (10.11)
T T
Rewrite this system in the form
Vg — Up— 7T A%y o~
¢ . Uy A+ ) tzk 2 = Ruo), (10.12)

where k > 3,

0
T szk_z _ T AZM/((_)Z

Rk(r)zz 72 2 12

It is obvious that (10.12) can be represented in the following form:

3 1

Vp — 2V5—1 + - Uk ~
2T L Ay = Re(r), k=3,....n. (10.13)
T

Therefore ﬁk(r) is a residual of purely implicit three-layer scheme for solutions of
scheme (10.6)—(10.8) (see (10.3)).
It is obviously the representation

T Ay, T A2\, s A,

Rk(t)ZZ 72 2 2 T 2 g2

(10.14)

Note that representation (10.14) is true for k > 2.
We estimate the difference relation (10.14).
From (10.6) it is obviously u,(co) = Sug, where S = (I + tA)~'. Then
© 0 © ©
Az”k—)z = Ml(c )~ 2”k—)1 + ”k—)z

= ($F — 28571 4+ 55 2)uy = A% S uy. (10.15)



228 J. Rogava et al.

Taking into account (10.15) from (10.7) we have:

2 (0)
0 _gf,0 _TA M
u = Uy 2 2

=sul", — ;AszHuO = s=1ulh - ;(k — D)AZS g, (10.16)
From here it follows:
(1 (1) (1) (D
Az”k—z = —2u sy s,

3
— (t2A3S"+1 - fz (k — 3)A4Sk+1) uo + 2A2S 1Y, (10.17)

From here, taking into account that u(ll) uniformly bounded by t (see (10.10)),
for enough smooth initial data we receive the estimation

<g, ¢ = const. > 0. (10.18)

Therefore, taking into account (10.18), from (10.14) for residual ﬁk (7), we have
the estimation

|Re(0)]| < ct® ¢ = const. > 0. (10.19)

10.2.3 A Priori Estimate for the Approximate Solution Error

From (10.3) and (10.13), for error z; = u(#;) — vi we have:

3 1

2 — 22— + 5 %—
pHT AT | = (1), k=3,....n, (10.20)
T

where ;. (t) = — (2R (t,u) + Ri(1)) -

Remark 10.2.1 Taking into account (10.19) we conclude that if the solution of
problem (10.1)—(10.2) is enough smooth function, then ||7x(7)| = O(z?).
The following theorem is valid.

Theorem 10.2.2 Let A be a self-adjoint positively defined operator in H. Then

k
1 3
laerill <, llaall + 2 el + 2 3l (@)l (10.21)
=2

wherek =2,...,n—1.
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Proof From (10.20), we have
Z+1 = Lizk — Logg—1 + gk+1,. k=2,...,n— 1.

where

L—4LL—1L —2L (7)
= , = , = _tLr 7),
1 3 2 3 8k+1 3 k+1

2 -1
L= (1+3‘CA) .

k

et = Urmiza — LoUkazi + Y Ukeigi s (10.22)
i=2

Then (see [17], ch.1. §3):

where Uy(Ly, L) are the operator polynomials, which are defined by the following
recurrence relation:

Uk(Li1, Lo) = LiUp—1 + LyUp—,
Uy=1 U_;=0.
If in equality (10.22) we take the norms, we will have

k

2
lze+1ll < NUk=1llllz2ll + L2 | Uk=2 [l l|z1 | + 3t||L|| Z | Ur—illll7i1 ().
=2
(10.23)

Be using the well-known fact that the norm of the operator polynomial is equal to
C norm of corresponding scalar polynomial on the spectrum of this operator when
the argument is self-adjoint bounded operator (see, e.g., [22], ch. IX, §5), we have

(o]
X, X .
M\ My

It is obvious that Sp(L;) C [0, #]. Then we have

(o]
X, X
M\ "y

|Uk(L1, Lo)|| = max
x€Sp(L1)

(10.24)

3
5

max <

x€[0,4]
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Taking into account this estimate from (10.24) it follows

3
| Uk(Lr, L2) || < 5"
Substituting this estimate in (10.23), we obtain the sought estimate (10.21). O
Note that since the representation (10.14) is true only if k& > 2, proof of the
estimate (10.21) does not apply in the case of k = 1, i.e. for a vector v,. So it is
necessary to separately estimate the error u(f,) — vs.
From (10.11) follows
vy = Sv; + tS¢1, (10.25)

2,0
T Aug

)
where ¢; = —7 2 - Substituting (10.9) and (10.15) in (10.25) and taking into
account the expansion S = I — A + t2A%S, we have

v2 = (I — TA + 2A%8) (I — tA) up + T (Do, |71 (Dol = O(2?).
It is obvious that from here follows
vy = (I =2tA) uo +T2(D)uo,  |F(D)uoll = O(z?).
Therefore for error u(t,) — v, we have
lu(t2) — vl = || exp(—2tA)ug — v2|| = O(2?). (10.26)

Remark 10.2.3 Taking into account (10.9), (10.26) and Remark 10.2.1 from
inequality (10.21), it follows

lu(t) — vl = O0(x?), k=1,...,n.
It is obvious we imply that the solution of problem (10.1), (10.2) is a smooth enough
function.
10.2.4 Results of Numerical Experiments

Now we will consider results of numerical experiments of solving some model
problems by the algorithm studied in this chapter.
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For the beginning we consider the following simple problem

du(t
’ZZE‘) +au) =), 1€]0,1],
u (0) = up.
We will look for approximate solution vy (k = 1,...,10) of this problem by the

algorithm (10.6)—(10.8). Errors

A= max |u(ty) — v

for some test solutions u(f) are given below. Let s be the order of the considered

correction (s = 0 corresponds to the solution u,(co) and s = 1 corresponds to the

specified solution vy = u,(co) + tu,(cl) ).

1. u(t) = 5 — 4t

oa =2,
s=0: A=0.1045
s=1: A=0.0051.
a = 0.001,
s=0: A=0.2373
s=1: A=0.0062.

2. u(t) = 3sin(21)

oa =2,
s=0: A=0.1075
s=1: A=0.0032.
a = 0.001,
s=0: A=0.2136
s=1: A=0.0017.

3. u(t) = &

=2,
s=0: A =0.8902
s=1: A =0.0473.
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a = 0.001,
s=0: A=1.4543
s=1: A=0.0292.

4. u(t) = 10sin(?)

=2,
s=0: A=0.0629
s=1: A=0.0021.
a = 0.001,
s=0: A=0.1162
s=1: A=0.0014.

5. u(?) = sin(107)

=2,
s=0: A=03379
s=1: A =0.0389.
a = 0.001,
s=0: A=04597
s=1: A =0.0507.

Now consider the following problem

du(x, 1) _ aazu (x,7)
ot 0x?

u(x,0) = ¢(x),

u(a,t) = aop(t), ul,t) = o).

+f(x, 1), (x,0) €la,b[x]0,T],

We will also look for approximate solution v;; of this problem by the algo-
rithm (10.6)—(10.8). Errors

A = max |u(x;, 1) = vigl
L,

for some test solutions u(x, f) (s -order of the considered correction, n-number of
steps on x, m -number of steps on f) are given below.
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LouCe,t) =53—x2, a=01 T=21 a=1,b=5 m=10,n=20

s=0: A=0.0636
s=1: A =0.00043.

2. u(x, 1) = 3sin(2xt2), a=2, T=12, a=12,b=24, m=10,n =30

s=0: A=0.2851
s=1: A =0.0475.

3oux,n=¢€" a=2, T=12, a=12,b=2.4, m=10,n= 30

s=0: A=0.1331
s=1: A=0.0102.

As one would expect, the numerical experiments showed that the second step of
correction (s = 1) reduces an error by one order, that is ||u(t) — (u,(co) + ru,((l))|| =
0(z2), while |lu(z) —ul|| = O().

The numerical experiments also showed that the further correction u
(see (10.6)—(10.8)) cannot practically reduce an approximate solution error. The

reason is that the equation for looking for uf) contains unknown R; and finding
of this unknown Ry is equivalent to definition of the solution of an initial problem.
This is the reason why the algorithm is limited to two Eqgs. (10.6)—(10.7).

2
k

10.3 The Case of Four-Layer Scheme

10.3.1 Reducing a Purely Implicit Four-Layer Scheme
Jor an Evolutionary Problem to Two-Layer Schemes

On [0, T] we introduce a grid t;y = kt,k = 0,1, ..., n, with the step T = T/n. Using
the approximation of the first derivative

du _ u(m) = 3u(t—) + Su(ti—) — ju(ti—3) N

T Ri(t,u), Ri(t,u) € H.
dr |,—, T
Equation (10.1) can be represented at the point t = #, as

Yu(t) = 3ute—r) + uti—) — Ju(t—3)
T

+Au(ty) = —TRi(t,u), k=3,....n
(10.27)



234 J. Rogava et al.

We write system (10.27) in the form

u(ty) — u(t—1)

+ Au ()
LT (u(tk) —2u(tr—y) + M(tk—Z))
2 72
N 1:32 (u(tk) — 3u(ti—1) t;u(lk—z) - M(lk—s)) = _ORy(x. 0. (10.28)

It is obvious that expression in brackets in case of ] is u"(tr—1) + >Ry 4—1 and

Lo . 2,
expression in brackets in case of 7 is u”'(tx) + TRy, Rix. Rax € H.
By analogy with the obtained system let us consider in the Hilbert space H the
one-parametric family of equations

— U € — 2uy— -
Uy, ukl+Auk+ U — 2Ug—1 + Ug—2
T 2 =
2 — 3 3Up_» — Uy
+g3 (Mk Uy 1—|—3uk 2 — Uk 3) :83Rk, R, € H. (10.29)
T

Assume that uy, is analytic with respect to €,
0 -
we="y e, (10.30)
=0

Substituting (10.30) into (10.29) and equating the members of identical powers &,
we obtain the following system of equations

(0) (0)

U™ — Uy +A”1(CO) =0, u(()o) =uy, k=1,...,n, (10.31)
T
1) (1) 2,.(0)
— 1A
U — Uy +Au]((l) _ _ U2 , k=2,....n, (10.32)
T 2 ‘1,'2
2 (2 2, (1) 3,0
Mk _”k—l ) 1 A Ltk_2 1 A Mk—3
Au?® = — k=3,...,n,
T + A 2 12 3 3 7 B
(10.33)
3) (3) (2 1)
e — Uy +A® = 1 Au”, 1 Ay +R
T k 2 72 3 ‘L'3 ©

where Auk_l = U — Uj—1.
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‘We introduce the notation
v = u,(co) + tu,(cl) + rzu,(cz), k=3,...,n. (10.34)

Let the vector v, be an approximate value of the exact solution of problem (10.1)—
(10.2) for t = 1, M(l‘k) S Vg.
Note that in scheme (10.32) the starting vector u(ll) is defined from the equality

(0) 1 (10)

vy = u; + tu, , whereu;" is found by scheme (10.31), and v; is an approximate

value of u(t;) with accuracy of O(z?). Similarly, the starting vector u(zz) is defined
from the equality v, = u(zo) + rugl) + rzu(zz) , where u(zo) and u(zl) are found by
scheme (10.31), (10.32), respectively, and v, is an approximate value of u(#,) with
accuracy of O(7?).

According to this assumption, we can write
I —u(@)ll = O%),  |v2 —u(®)| = O).
Then, taking into account that for the solution of the problem (10.1), (10.2) the
formula (see, e.g., Kato [21]) u(r) = exp(—tA)uy is true, we can write

7242
v = (I— TA + ) )uo, (10.35)

va = (I —27A + 20°A%) uy. (10.36)

From representation v; = u(lo) + ru(ll), taking into account a formula (10.35) and
equality u(lo) = Suy, for the start vector u(ll) we have

A2 1 72 )
—S)uy = I-8S)—1tA+ _A°|u
2 T 2

(0) 2
v —Uu 1 T
M(ll): ! [ (I—‘L'A+
T T

1 72 2 1 72 2
TAS—TA+ A Juy = tTAS—1)+ _ A" |ug
T 2 T 2

1 242 = 2 T2 2
= (-7t A u = (ZA —zA S) o. (10.37)
T

From equality v, = ugo) + rugl) + rzuf), taking into account the formulas (10.16)

and (10.37), it follows

1 1 T
2 0 0
I/l(z) = 2 (Uz - M(z ) — tu(21)> = 2 (U2 — I/l(z) -7 (SI/I(II) - A253u0)>

1 © 1 1
= (v2 —uy — 7 (ZAZS —A%S? — 2A253) uo) } (10.38)
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Transform the difference v, — u(zo). Taking into account (10.36) and equation u(zo) =

S2u0, we have

vy — )’ = ((I — $?) — 2tA + 20%A%) ug = (tASU + S) — 2tA + 22A%) g

= (tA(I + S) — 2tAS™' + 20°A%S™") Sup
= (tA(I + S) — 27A (I — T°A%)) Sug

= (tA(S —1) + 20°A%) Suo

= (20°A° — T°A%S) Suo. (10.39)

Substituting (10.39) into (10.38), for the start vector u(zz) , we have

11 1
ut? = A2 (Z‘CA -0+ 252) Sup = 2A2 (4TA + (S = I)(S + 1)) Suo

= ;A3 (41 — S(S + 1)) Sup. (10.40)

10.3.2 Estimate of Residual for Solution Obtained
by Perturbation Algorithm

Let us estimate residual of purely implicit four-layer scheme for solutions of
schemes (10.31)—(10.34).

Multiply Egs.(10.32) and (10.33) by 7 and 72, respectively, and add result
to (10.31). We get that vy is a solution of system of equations:

Uk — Vg1 + Ay = T Azu& _ o Az”;:_)z _ o A3’41(23 k=3 n
T 2 12 2 12 3 137 U
(10.41)
Rewrite this system in the form
Vi — Vg T A%, A ~
, ] U A+ ) cZk 2 5 TS" S = Ruo), (10.42)
where k = 5,

T A%, TEPAM T Azu,(gz 72 Azu,(cl_)z 72 A3u,(23

Rk(T)ZZ 72 3 73 P 2 2 2 3
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It is obvious that (10.42) can be represented in the following form:

11 3 1
6 Uk — 3Uk—1 + JVk—2 — ;Vk—3

T

+Av, = Ri(r), k=5,...,n. (10.43)

Therefore ﬁk(t) is a residual of purely implicit four-layer scheme for solutions of
scheme (10.31)—(10.34) (see (10.27)).
It is obviously the representation

(0) (1) 2)
ﬁk(f) _ T Azuk_z n 72 Azuk_z n 73 Azuk_z
P 2 R 2 12

(0) (1) )
72 A3uk_3 73 A3uk_3 4 A3uk_3
3 13 3 13 3 13

2,,(0) 2 A2, (D 2 A3,,0)
_rA Wy T Auk_z_t Ay,

2 12 R 3 3
2 1 2
3 1 Azu,((_)z 1 A3u,((_)3 T A?’u,((_)_,, 0.44
=1 5 ) 3 3 . (10.44)
T 3 1 3 1

Note that representation (10.44) is true for k > 4. _
We estimate the difference relations included in R (7).
Taking into account (10.16), we have

Ay = =200, +
3
= (f2A3S"+1 - Tz (k— 3)A4S"+1) up + 2428, (10.45)
3, M A2, () a2 (D) o
As A’uy 'y = A%u_, — A%u, 4, taking into account (10.45) we have

k-3 1
2, = 2 ((A“S"+l -, AT 2A4sk) o +A3Sk_lu(ll)) :

From here, taking into account that u(ll) is uniformly bounded by t (see (10.37)), for
smooth enough initial data we obtain the estimation

<cg, ¢ = const. > 0. (10.46)
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. . . Azu(z)
Estimate the difference relation 15*2 . From (10.33) we have
k=2
u? =57UP + ) Swiig, (10.47)
i=1

where

2. (1) 3,.(0)
_1 Ay, B 1 Au”,

10.48
2 12 3 13 ( )

Wi =
Taking into account (10.47) we have

Azu,(cz_)z = u,(cz) — 2”1(3—)1 + u,(f_)2 = (Sk_2 —28F3 + Sk_4) u(zz)
+7 [Swk —wi—1) + (57 = S)wi—y + (57 — 287 + S)wy—n + -+~
+ (872 =287 4+ 5 ws]
= tzAsz_zu(zz) + TS(wr — wi—1) — T2AS* Wiy
+7 (AP Wiy + -+ + A5 w3) (10.49)

Taking into account (10.15) we have

A3u,(23 = Azu,(gz — Azu,(g3 = 2A%S%uy — 12A%2S uy = —13A3Skuy,.
(10.50)

From (10.48), taking into account (10.15), it follows

Lo o 2 (1) L5 0 30
Wi — Wi = g2 (A ', — A uk_3) ~ 353 (A 'y — A uk_4>
TAS”I(cl—)3 [V TA3”1(<1—)3 L 50 0w
=—," _31’3A “k—4=_2 3 —3T3TAA(S up)
TAS”I(CI—):’, L 500 0 TA3”1(<23 T 4ck
——2 .3 —3t3rAAuk_2:—2 3 —3ASu0.
(10.51)

from (10.49), taking into account (10.51), we have

2,2
Au,

2

1 A3 1) 1
— AZsk—Zugz) _ 25 M;(—:i _ 3A4sk+1u0 _ASZW/(_l
T

+TA*S? (Wimp + Swi—z + -+ + S 7w3) . (10.52)
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Note that from (10.48), taking into account (10.45) and (10.50), follows bounded-
ness wg,

well <¢, ¢ = const. > 0. (10.53)

From (10.52), taking into account that, u(zz) is uniformly bounded by t
(see (10.40)), and taking into account (10.46) and (10.53), for smooth enough

initial data we obtain the estimation

<g, ¢ = const. > 0. (10.54)

Furthermore, since
3.(2) _ A2, 2.(2)
Au s = ATu”, — ATy,

then taking into account (10.54) we have

<g, ¢ = const. > 0. (10.55)

Finally taking into account (10.46), (10.54), and (10.55), from (10.44) for
residual Ry (7), follows the estimate

Hﬁk(l’) H < et ¢ = const. > 0. (10.56)

10.3.3 A Priori Estimate for the Approximate Solution Error

From (10.27) and (10.43), for error z; = u(t;) — vy we have:

11 3 1

%k — 3Z%k—1 + 5%—2 — 2 T—
6 2k k=1t 5Zk—2 — 3% 3+AZk:rk(t)’ k=5,....n, (10.57)
T

where ri(t) = — (T Ri(z, u) + Ri(2)) .

Remark 10.3.1 Taking into account (10.56) we conclude that if the solution of
problem (10.1)—(10.2) is smooth enough function, then || (7)|| = O(z?).
The following theorem is valid.
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Theorem 10.3.2 Let A be a self-adjoint positively defined operator in H. Then

k
lzesall < ¢ (nmn + llzsll + zall + 7Y ||r,-+2(r)||) , ¢ =const. > 0.
i=3

(10.58)
wherek =3,...,n—2.
Proof From (10.57), we have
Zk+1 = Lz + Loze—1 + L3zg—2 + gk+1. (10.59)
where
L = 18L, L, =— § L Ly= 2 L, gi41= 6 tLry1(7),
11 11 11 11
6 -1
L= (I + 11rA) .
From here, by induction, we have (see [17, p. 59])
k

Z+2 = Ur—azu + (LoUik—3 + L3Ui—4)z3 + L3Ur—322 + Z Ui-igi+2, (10.60)
i=3

where Ui(Li,L,,L3) are the operator polynomials, which are defined by the
following recurrence relation:

Ur(Li, Ly, L3) = LiUx—y + LoyUx— + L3Uy—3,
Upy=1, U_1=U_=0.

Consider the characteristic equation associated with the difference equa-
tion (10.59)

s 18 ., 9
01(A) =47 11x/\ + 11x/\ 11x—O, (10.61)
where x € Sp(L) C [0, 1].

If the real root of Eq. (10.61) is in the unit circle and complex roots are inside the
unit circle then operator polynomials Uy (L1, Ly, L3) are bounded in the aggregate
(see [17], 1, §3). Note that proving the above-mentioned result uses the well-known
fact that the norm of the operator polynomial is equal to C norm of corresponding

scalar polynomial on the spectrum of this operator when the argument is self-adjoint
bounded operator (see, e.g., [22], ch. IX, §5).
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We will show that there exists @ > 1 such that for any x € [0, 1), the real root of
a characteristic equation (10.61) belongs to an interval [121 ax, 1].

There exists o € (1, '1) such that

2 0
Q1 (110()() <

for any x € (0, 1].
As

0()=1-x>0, xel0,1),

one of the roots of the characteristic equation (10.61) belongs to an interval
[lzlocx, 1]. Furthermore, we will show that remaining roots of this equation are
complex.

Assume that 4, is a real root of the characteristic equation (10.61) and A, and A3

are complex roots, A3 = A,. By theorem of Vieta

2
[A1- A Ay = 1"

from here
2x
L? = < <.
A2l = 105 D
Obviously, when x = 1, a real root of the characteristic equation (10.61) is

A1 = 1, and complex roots are A, and A3 then

2
b= = .
2af = haP =

We will show that the roots A, and A3 of the characteristic equation (10.61) are
complex.
It is known that if discriminant

2 3

q p
D = —-108 ,
(4 + 27)

where

of cubic equation
Mr+ar>+br+c=0,

is negative, then the cubic equation has complex roots.
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In our case we have:

9 (| 12

= x|1- _ x]),
P=n1 11
203, 2.3, 2

== p YT et "

Obviously, for any x € [0, 1] inequalities:

9 9 9
P = =0 = o 2=
5
90 S =
are true.
From here:

25
2
CW =5 e X011,

According to these inequalities we have

2 3 3
q p 25, 9 6
D =—108 <108 - <o.
(4 +27) (112-210x 27-116"

So one of the roots of the characteristic equation (10.61) is real and two other
roots are complex. Thus the real root is on the unit circle and complex roots are
inside the unit circle. From this follows that operators Uy (L, L,, L3) are bounded
in the aggregate (see [17], I, §3). If we consider this fact and we will pass to norms
in (10.60) then we will have the estimate (10.3.2). ]

10.3.4 Error Estimation for Vectors vs, v4 and Consequences
of Theorem 10.3.2

Note that since the representation (10.44) is true only if k > 4, proof of the
estimate (10.58) does not apply in the case of k = 1,2, i.e. for a vector v3, vs4.
So it is necessary to separately estimate the error for vectors vs, v4.

At first we estimate the error u(f3) — vs.
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From (10.41) follows
vy = Svy + Sy, (10.62)

where

T Azu(lo) B 72 Azu(ll) _ 72 A3u(()0)

10.63
2 12 2 12 3 3 ( )

¢1 =
Taking into account (10.15), (10.45), (10.50), and (10.37) we have:
Azu(lo) = t?A%S%u,
20" = At + AP = 7 (A5 4 AR — A o,
A3u§)0) = —13A3S3u,.
Substituting these values in (10.63) we have
T 2 2 3 /(1
=(-_.A%° A’ — T ARSt - A*S? — AtS? . 10.64
@1 ( ) + ) » s uo ( )
Substituting (10.36) in (10.64) and (10.62) we have
2
v3=S (1 —27A 4 27%A% — 5 A253) uo + 71 (Do, |[F1()uo| = O(23).
As S =1— tAS, that
LA ) ~ ~ 3
, A8 = Auo + (0w, (Do = O(T).
Therefore for v; we have

372 _ _
v3 =35 (1 —2tA + ; AZ) wo + 7o, [FH(0uol = O(?). (10.65)

Taking into account the expansion
S=1-1A+T°A* - TA’S,

from (10.65) follows

372 ~ ~
vy = (I— TA + ‘1,'2A2) (I —27A + 5 Az) uo +7(Duo,  |Fa(0uo| = O(?).
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Obviously, from here it follows
9% ~ = 3
v3=|1-37A+ 5 A% ug +75(t)ug,  |[rs5()uo|| = O(z”).

Therefore for error u(t;) — v3 we have

lu(ts) = vs| = || exp(=3zA)ug — vs[| = O(z?). (10.66)
We will pass to an error assessment u(f4) — vs4.
From (10.41) it follows
vy = Sv3 4+ S0, (10.67)
where

T Azu(zo) B 72 Azu(zl) _ 72 A3u(10)

10.68
2 12 2 12 3 3 ( )

P2 =
Taking into account (10.15), (10.45), (10.50), and (10.37) we have:
Azu(zo) = tzAzS4u0,
A = (r2A3SS - T:A“SS) uo + T3A%S? (;A2 —AZS) Uo»
A3u(10) = —t3A3S4u0.
Substituting these values in (10.68) we have

T ~ ~
2 = —2A254u0 +To(Duo,  |[F6()uoll = O(z?).

Substituting values of v and ¢, in (10.67) we have

2

9 2 ~ —
v =S (1 —3tA+ ; A2 ZAZS“) o + (o, [T (D)ol = O(Y).

Furthermore, arguing as in the previous case, we obtain
vs = (I — 47A 4+ 8T°A%) up + Ts(Duo,  [Fs(Duo| = O(?).
Therefore for error u(t4) — v4 we have

llu(ta) — vall = || exp(—47A) — va|| = O(2). (10.69)
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Theorem 10.3.3 Let A be a self-adjoint positively defined operator in H and let the
solution of problem (10.1)—(10.2) be a smooth enough function. If ||u(ty) — vi|| =
O(3), k = 1,2, then the estimate is true

lu(te) — || = O(zY),  k=3,....n. (10.70)

At this point, for k = 3,4 we already proved the estimate (10.70) provided
that the solution of problem (10.1)-(10.2) is smooth enough function and ||u(#;) —
vl = O(¢?), k = 1,2. The estimate (10.70) for k > 4 follows from a priori
estimate (10.58).
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Chapter 11
Hilbert’s Fourth Problem and Projectively Flat
Finsler Metrics

Xinyue Cheng, Xiaoyu Ma, Yuling Shen, and Shuhua Liu

Abstract This survey article mainly introduces some important research progresses
on the smooth solutions of Hilbert’s fourth problem in the regular case, which we
call projectively flat Finsler metrics. We characterize and classify projectively flat
Finsler metrics of constant flag curvature. We also discuss and classify projectively
flat Finsler metrics with isotropic S-curvature. In particular, we study and charac-
terize projectively flat Randers metrics, square metrics, (o, 8)-metrics, and their
curvature properties.

11.1 Hilbert’s Fourth Problem

In 1900, David Hilbert gave his famous speech about mathematical problems [18].
Among Hilbert’s 23 problems, the fourth problem is “Problem of the straight line
as the shortest distance between two points.” Concretely, Hilbert’s fourth problem
asks to construct and study all metrics on an open subset in R” such that straight
line segments are the shortest paths joining any two points. Busemann called these
metrics projective metrics and proposed an integral-geometric construction which
is inspiringly simple (see [8]). Further, Pogorelov proved that every projective
metric that is sufficiently smooth is of the metric form defined by Busemann’s
construction [21]. However, Alvarez Paiva pointed out in [1] that “a large number of
projective metrics cannot be constructed by taking positive measures on the space
of hyperplanes and it is not clear how to construct all quasi-positive measures” and
“Busemann’s construction, by itself, does not shed much light on the properties of
projective metric spaces.” On the other hand, all of the researches in [8] and [1, 21]
are just for the absolutely homogeneous metrics, which means that the distance
functions determined by the metrics are symmetric. Therefore, it is necessary to
complement the results of Busemann and Pogorelov with other characterizations of
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projective metric spaces that either yield new explicit examples or shed more light
on the general properties of these spaces.

Because any intrinsic quasimetric induces a Finsler metric and projective metrics
that are sufficiently smooth are Finsler metrics, Hilbert’s fourth problem in the
regular case is to study the Finsler metrics with straight lines as their geodesics. We
call the smooth solutions of Hilbert’s fourth problem in the regular case projectively
flat Finsler metrics.

It is easy to see that a Finsler metric F = F(x,y) on an open subset Z C R”" is
projectively flat if and only if the spray coefficients are in the following form

Gi — Pyi,
where P = P(x,y) satisfies P(x, Ay) = AP(x,y), YA > 0 and G' are defined by

i 1 i m
G = 4g’{[F2]mezy _[Fz]x,}, (11.1)

We call G' the geodesic coefficients of F. In 1903, G. Hamel found a system of
partial differential equations that characterize projectively flat metrics F = F(x,y)
on an open subset 7 C R”, that is,

Fxmyiym = I'yi, (11.2)

see [17]. A natural problem is to find projectively flat metrics by solving (11.2).
According to the Beltrami Theorem, a Riemannian metric F = \/ gi(x)yiy/ is
projectively flat if and only if it is of constant sectional curvature. Thus, Hilbert’s
fourth problem has been solved in Riemannian geometry. However, this problem
is far from being solved for Finsler metrics.

11.2 Preliminaries

A Finsler metric on a C* manifold M is a function F : TM — [0, co) with the
following properties:

(1) Smoothness: F(x,y) is C* on TM\{0};
(2) Homogeneity: F(x,Ay) = AF(x,y), VA > 0;
(3) Regularity/Convexity: (gij(x, y)) is positive definite, where

1
gij(xv y) = 2[F2:|yiyj(xv ).

For a Finsler manifold (M, F) and for each y € T,M \ {0}, we can define an inner
product g, : TM x T\M — R :

gy(u,v) = gy(x. yu'v’,
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where u = u' 2, |., v = v/ ) |. By the homogeneity of F, we have

F(x.y) = \/ 8 (6 )y

Remark 11.2.1 The following are some special Finsler metrics.

(1) Minkowski metric: F(x,y) = /g;(»)y'y/. In this case, F(x,y) is independent
of the position x € M.

(2) Riemann metric: o(x,y) = \/ a;(x)y'y/, where a; are independent of the
directiony € T, M.

(3) Randers metric [22]: F = & + B, where @ = ,/a;;(x)y'y/ denotes a Riemannian
metric and 8 = b;(x)y' denotes a 1-form with || B4 (x) := \/aif(x)bi(x)bj(x) <
1, Vx € M. Randers metrics were first introduced by physicist G. Randers
in 1941 from the standpoint of general relativity. Randers metrics can also be
naturally characterized as the solution of the Zermelo navigation problem. It is
easy to show that a Finsler metric F is a Randers metric if and only if it is the
solution of Zermelo navigation problem on a Riemann space (M, k) under the
influence of a force field W with |W/|, < 1, where |W/|;, denotes the length of W
with respect to Riemannian metric 4. We call the couple (k, W) the navigation
data of Randers metric F. This fact shows that it is unavoidable to meet non-
Riemannian Finsler metrics in studying natural sciences. For more details about
Randers metrics, see [13].

4) (o, B)-metrics: F = a¢(s), s = B/a, where B satisfies ||Bxlla < bo (or
|Bxlle < bo), Yx € M and ¢ (s) is a C* function on (—b,, b,) satisfying

$(s) > 0, $(s) —5¢'(s) + (b° —57)¢"(s) > 0, (Is| < b <by).

Such metrics are called regular (or almost regular) (o, §)-metrics [20]. An
(o, B)-space can be considered as a “perturbed Riemannian space” by an
external force.

(o, B)-Metrics form a very important class of Finsler metrics which contains
many important and interesting metrics. When ¢ = 1, we get the Riemannian metric
F=oalIf¢ =1+ s, the (o, f)-metric F = « + B is just a Randers metric. More
generally, if ¢ = ~/1 4 ks2+es, the (a, B)-metrics F = /a2 + kB2 +¢p are called
(o, B)-metrics of Randers type. When ¢ = lix, we obtain the Matsumoto metric

F = ao‘_zﬂ. The square metric in the form F = (o‘tﬂ)z is defined by ¢ = (1 + 5)°.
The famous Berwald’s metric defined by L. Berwald in 1929 is an important class
of square metrics which is positively complete and projectively flat Finsler metric
with K = 0 (see Sect. 11.3 or [4, 15]).

The notion of projectively flatness is closely connected with the curvature
properties of Finsler metrics. Let 0 = o(f) (a < t < b) be a geodesic on
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a Finsler manifold (M, F). Let H(t,s) be a variation of o such that each curve
os(t) := H(t,s) (a <t < b)is a geodesic. Let

oH
J(@) = (t,0).
ds
Then the vector field J(7) is a Jacobi field along o satisfying the Jacobi equation:
DsD;J(t) + Ry (J (1)) = 0.

Here, R denotes the Riemann curvature of F. Locally, for any x € M and y €
T.M\{0}, the Riemann curvature R, = R', ai" ® dx* is defined by

G *G Y 9*°G' G’ IG™ (11.3)
dxk 3x’"3y"y dymayk  dym oyk '
The flag curvature of (M, F) is the function K = K(x, y, IT) of a two-dimensional
plane called “flag” IT C T,M and a “flagpole” y € IT\{0} defined by

8y (Ry (), u)

Kx,y, ) := 5
8y (¥, 98y (u, 1) — [gy(u. y)]

where IT = span{y,u}. The flag curvature is the natural generalization of the
sectional curvature in Riemannian geometry. When F is a Riemannian metric,
K(x,y,IT) = K(x, IT) is independent of the flagpole y and is just the sectional
curvature. A Finsler metric F is said to be of scalar flag curvature if the flag
curvature is independent of the flag I7, K = K(x,y). F' is said to be of weakly
isotropic flag curvature if

K= 3;? + o(x),

where 0 = o(x) is a scalar function and 6 is a 1-form on M. When K = constant,
F is said to be of constant flag curvature. The flag curvature governs the Jacobi
equation and the second variation of length.

A fundamental fact is that projectively flat Finsler metrics with G' = P(x,y)y'
must be of scalar flag curvature,

P2 — P

K= o

Another fundamental fact is that Beltrami Theorem is no longer true in Finsler
geometry. Let us look at an example.
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Example 11.2.1 ([24] Shen’s Fish Tank) Let £2 C R® be an open domain given by
2= {20+ (D) < 1.

For each x = (x!,x%,x*) € 2 and y = {y',y?,y*} € T,£2, define a Randers metric
on §2 as

F=a+p,
where

oo VR AP O+ O+ O =G =)
o 1 — ()2 — (x2)2 ’ :
1 1,2
B=— = taly (11.5)
1— (x1)2 — (x2)2
It has been proved that K = 0. However, by Bacs6—Matsumoto theorem in [2], F is
not projectively flat Finsler metric because f is not closed.

In Finsler geometry, there are some important quantities which all vanish for
Riemannian metrics. Hence they are said to be non-Riemannian. Let F be a Finsler
metric on an n-dimensional manifold M. Let {b,} be a basis for T,.M and {&'} be the
basis for T M dual to {b;}. Define the Busemann—Hausdorff volume form by

dVBH = CTBH()C)C()1 ANRRRIVAN a)",

where

Vol(B"(1))

opu(x) 1= )
Vol{(yi) € R'|F(x,y) < 1}

Here Vol{-} denotes the Euclidean volume function on subsets in R” and B"(1)
denotes the unit ball in R”".
If F = /g;(x)y'y/ is a Riemannian metric, then

o (x) = \/det(g; ().
However, in general, for a Finsler metric F, opu(x) # \/ det(g;j(x,y)). Define

7(x,y) :==1In [ vdet(g(x. y))} '

OBH (x)
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T = t(x,y) is well defined, which is called the distortion of F. The distortion
T characterizes the geometry of tangent space (7.M, F,). It is well known that a
Finsler metric F is Riemannian if and only if 7(x,y) = 0.

It is natural to study the rate of change of the distortion along geodesics. For a
vectory € T.M \ {0}, let 0 = o(x) be the geodesic with o(0) = x and 6(0) = y.
Put

d
S(.y) = [t (@®).6(0)]li=o-
Equivalently,

S(x,y) = Ty (x, )y,

where “;” denotes the horizontal covariant derivative with respect to F [15]. S =
S(x, y) is called the S-curvature of Finsler metric F [23].

The S-curvature S(x, y) measures the rate of change of (T, M, F) in the direction
y € T:M. As we know, for any piecewise C*° curve ¢ = ¢(¢) from p to g in any
Berwald manifold (M, F), the parallel translation P, is a linear isometry between
(T)M, F,) and (T,M, F,). Hence, it is easy to see that, for any Berwald metrics,
S = 0. In particular, S = 0 for Riemannian metrics [15, 23]. Hence, S-curvature is
a non-Riemannian quantity.

We say that F is of isotropic S-curvature if there exists a scalar function c(x) on
M such that S(x,y) = (n + 1)c(x)F(x,y), equivalently,

T (X, Y)Y
F(x,y)
Equation (11.6) means that the rate of change of the tangent space (7,M, F,) along

the direction y € T M at each x € M is independent of the direction y but just
dependent on the point x. If ¢(x) =constant, we say that F" has constant S-curvature.

= (n+ 1)c(x). (11.6)

11.3 Projectively Flat Finsler Metrics of Constant
Flag Curvature

Firstly, let us recall three important kinds of projectively flat Finsler metrics.

1. Funk metric [16]. Let ® = ©(x,y) be a Finsler metric on a strongly convex
domain £2 C R” satisfying

Yy

X+ € d52.
O(x,y)

O is called a Funk metric. Funk metric has the following important property:

Ou = OO . (11.7)
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From this, we know that @ is a projectively flat Finsler metric with constant flag
curvature K = — }1. Further, ® is of constant S-curvature, S = ”J{l ®. When

2 =B"(1),0(x.y)=a+fis actually a Randers metric given by

VA= PP+ <xy>2  <xy>

Ox,y) = .
®.5) L= P P

(11.8)
More generally, a Finsler metric ® = ©(x, y) satisfying (11.7) on an open subset
§2 C R" is called a Funk metric.

2. Randers metric [2]. In 1997, S. Bacs6 and M. Matsumoto proved that a Randers
metric F = o + f is projectively flat if and only if « is of constant sectional
curvature (that is, « is projectively flat) and S is closed.

3. Berwald’s metric [4]. Let B"(1) C R” be the standard unit ball. Define

_ (a4 By
a o

F ., yeTB"(1), (11.9)

where @ = A@, f = A and

VA= PP+ <xy>?
o = , ,3=

1= |x?

<x,y>
=[x

1
A= :
1= |x]?

The Finsler metric in (11.9) is constructed by Berwald [4]. It is easy to verify that
F = F(x,y) satisfies the following equations

F xkyzyk =Fy

and Fuy* = 20F, where ©® = ©(x,y) is the Funk metric on B"(1) defined
by (11.8). Therefore, we can conclude that F is projectively flat and has zero flag
curvature, K = 0 (see [15]). The Finsler metrics in the form (11.9) are called
square metrics.

11.3.1 Projectively Flat Randers Metrics of Constant
Flag Curvature

As we mentioned before, a Randers metric F = « + B is projectively flat if and
only if & is of constant sectional curvature and f is closed. In this case, « is locally
isometric to the following metric defined on a ball B"(r,,) C R”,

VI (Pl = (x,5)2)

al‘(-xvy) = 1 +I/L|x|2

Moreover, if F is of constant flag curvature, f can be completely determined.
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Theorem 11.3.1 ([25]) Let F = o + B be an n-dimensional Randers metric of
constant Ricci curvature Ric = (n — 1)oF? with B # 0. Suppose that F is locally
projectively flat. Then o < 0. Further, if 0 = 0, F is locally Minkowskian. If
0 = —1/4, F can be expressed in the following form

_ VP = BPDP = ) ) )

F
1— |x|? 1—|x|2 7 1+ {ax)

, yeT.R",  (11.10)

where a € R" is a constant vector with |a| < 1. The Randers metric in (11.10) has
the following properties:

(a) K=-1/4;
(b) S=+l(n+ DF;
(c) all geodesics of F are straight lines.

The Finsler metrics defined by (11.10) can be expressed as follows

<a,y>

Oty = Ox,y) (11.11)

1+ <a,x>’

where ® = ©(x,y) is Funk metric on B"(1) given by (11.8). Theorem 11.3.1 is
the first classification theorem in Finsler geometry without the restriction that the
manifold is closed.

11.3.2 Projectively Flat Square Metrics of Constant
Flag Curvature

Berwald’s metric in (11.9) is the first projectively flat square metric of constant flag
curvature. In 2008, by Hamel equation (11.2), Z. Shen and G.C. Yildirim first proved
the following

Theorem 11.3.2 ([28]) Let F = (o + B)?/« be a Finsler metric on a manifold M.
F is projectively flat if and only if

(ii) the spray coefficients G, of « are in the form: G\, = 0y’ — tab',

where b := ||Br|la, by; denote the covariant derivatives of B with respect to a,
T = ©(x) is a scalar function and 6 = a;(x)y' is a 1-form on M.

There are plenty of non-trivial Finsler metrics satisfying the conditions (i) and
(ii) in Theorem 11.3.2. By Theorem 11.3.2, we can completely determine the local
structure of a projectively flat Finsler metric F in the form F = (a + B)?/a which
is of constant flag curvature.
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Theorem 11.3.3 ([28]) Let F = (a + B)?/a be a square Finsler metric on a
manifold M. Then F is locally projectively flat with constant flag curvature if and
only if one of the following conditions holds

(a) o is flat and B is parallel with respect to «. In this case, F is locally
Minkowskian;

(b) Up toascaling, F is isometric to the following metric F, for any constant vector
a € R" with |a| < 1:

_ (Aao_l + AaBa)z

F,: _ ) 11.12

A ( )
where

5= VA =P+ <xy>2 _ <xy> <a,y>
1 — |x|? YT w2 I+ <ax>
and
(1+ <a,x>)?
Ao =
1— |x|?

In both cases (a) and (b), the flag curvature of F must be zero, K = 0.

Recently, Zhou has proved that, if a square metric F has constant flag curvature
K, then F must be locally projectively flat Finsler metric [30]. In this case, according
to Theorem 11.3.3, K = 0.

11.3.3 Projectively Flat («, )-Metrics of Constant
Flag Curvature

In Finsler geometry, it is very difficult in general to compute the curvatures of a
Finsler metric. Some Finsler metrics are defined by some elementary functions,
but their expressions of curvatures are extremely complicated so that one cannot
easily determine their values. (o, 8)-Metrics are relatively simple and “computable”
Finsler metrics with interesting curvature properties. In recent years, various
curvatures in Finsler geometry have been studied and their geometric meanings are
better understood. This is partially due to the study of («, B)-metrics.

In [27], Shen has characterized all projectively flat (¢, §)-metrics.

Theorem 11.3.4 ([27]) Let F = a¢(B/a) be an (a, B)-metric on an open subset
 in the n-dimensional Euclidean space R" (n = 3), where o = \/a,;i(x)y"yj and
B = bi(x)y' # 0. Suppose that the following conditions hold:

(a) B is not parallel with respect to «,
(b) ¢ # az \/l + a15? + ass for some constants ay, ay, and az with ay > 0, that is,
F is not («, B)-metric of Randers type.
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Then F is projectively flat on % if and only if
(i) ¢ = ¢(s) satisfies

{1 + (ki + kas?)s* + k3S2}¢” = (ki + kzsz){¢ - S‘P/}-
(ii) «a and B satisfy
by = 21’{(1 + kibP)ag + (ob® + k3)b,~b,-},
Gl = &' — o(kie? + kap?),

where T = ©(x) is a scalar function on % and ki, k, and k3 are constants with

(k2. k3) # (0,0).

Using Theorem 11.3.4, one can classify locally projectively flat («, 8)-metrics
F = a¢(B/a) of constant flag curvature. Roughly speaking, if F is not trivial, then
¢ =1 +ks>+esorg = (V1 + ks + es)?/v/1 + ks?.

Theorem 11.3.5 ([19]) Let F = a¢(B/a) be an (a, B)-metric on an open subset
% C R (n = 3), where « = \Jay(x)y'y/ and B = bi(x)y’ # 0. Then F is
projectively flat Finsler metric with constant flag curvature K if and only if one
of the following holds:

(i) « is projectively flat and B is parallel with respect to «. B
(ii) ¢ = /1 + ks + es, where k, €(# 0) are constants. In this case, F = a@ +
is of Randers type with constant flag curvature K < 0, where & = \/ot2 + kB2
and B = €B.
(iii) ¢ = (V1 + ks +€5)2/ /1 + ks, where k, e(# 0) are constants. In this case,
F=(a+p)?/aisa square metric with constant flag curvature K = 0, where
@ = /a2 +kp2and p = €p

By Theorem 11.3.1, we can determine the structure of the metrics in Theo-
rem 11.3.5(ii). By Theorem 11.3.3, we can determine the structure of the metrics
in Theorem 11.3.5(iii).

Recently, Yu studied and characterized all projectively flat («, f)-metrics. He
classified projectively flat (o, 8)-metrics in dimension n = 3 by a special class of
deformations. His results show that the projective flatness of an (&, §)-metric always
arises from the projective flatness of some Riemannian metrics when dimension
n = 3. See [29].



11 Hilbert’s Fourth Problem and Projectively Flat Finsler Metrics 257

11.3.4 Projectively Flat Finsler Metrics of Constant
Flag Curvature

On every strongly convex domain % in R”, Hilbert constructed a complete
reversible projectively flat metric H = H(x, y) with negative constant flag curvature
K = —1. Then Funk constructed a positively complete projectively flat metric
® = O(x,y) with K = —1/4 on % so that its symmetrization is just the Hilbert
metric, H(x,y) = ;(@(x, y) + ©(x, —y)) [16]. When % = B"(1) is the unit ball in
R”, the Funk metric is given by (11.8). On the other hand, Berwald [4] constructed
a metric given by (11.9) on the unit ball B*(1), which is projectively flat metric with
zero flag curvature.

In [5-7], Bryant studied and characterized locally projectively flat Finsler
metrics with constant flag curvature K = 1 on S? and §". It is clear that Bryant’s
metrics cannot be expressed in terms of a Riemannian metric and a 1-form as
Randers metrics and Berwald’s metrics.

Further, Shen studied and characterized projectively flat Finsler metrics of
constant flag curvature in [26]. Shen proved that such metrics can be described
using algebraic equations or using Taylor expansions. Shen gave a formula for
x-analytic projectively flat Finsler metrics with constant flag curvature using a
power series with coefficients expressed in terms of F(0,y) and F« (0, y)y*. Shen
also gave a formula for general projectively flat Finsler metrics with constant flag
curvature using some algebraic equations depending on F(0,y) and F.« (0, y)y*. By
these formulas, he obtained several interesting projectively flat Finsler metrics of
constant flag curvature which can be used as models in certain problems.

11.4 Projectively Flat Finsler Metrics with Isotropic
S-Curvature

11.4.1 Projectively Flat Randers Metrics with Isotropic
S-Curvature

By Theorem 11.3.1, Z. Shen has classified projectively flat Randers metrics of
constant flag curvature. Later on, Bao and Robles proved the following result: If
a Randers metric F is an Einstein metric with Ric = (n — 1)o(x)F?, then F is
of constant S-curvature [3]. This naturally leads to the study of projectively flat
Randers metrics with isotropic S-curvature.

Let F = o + B be a locally projectively flat Randers metric. Then « is locally
projectively flat and B is closed. According to the Beltrami theorem in Riemann
geometry, « is locally projectively flat if and only if it is of constant sectional
curvature. Thus we may assume that o is of constant sectional curvature w. It is
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locally isometric to the following standard metric o, on the unit ball B* C R" or the
whole R” for u = —1,0, +1:

VIVE = (X212 = (x,0)2)

a_i(x,y) = yeT,B"=R", (11.13)

1 —|x|? ’
ap(x,y) = |y, y e T,R" = R”, (11.14)
V2 + (xPlyl? = (e, 9)?) 0o o
ari(x,y) = v L . yeT.R'=R" (11.15)

Then we can determine § if F is of isotropic S-curvature and get the following
classification theorem.

Theorem 11.4.1 ([14]) Let F = a+ B be a locally projectively flat Randers metric
on an n-dimensional manifold M and |1 denote the constant sectional curvature of
a. Suppose that the S-curvature is isotropic, S = (n + 1)c(x)F. Then F can be
classified as follows.

(A) If 1 + 4c(x)> = 0, then c(x) = constant and K = —c? < 0.

(Al) if c =0, then F is locally Minkowskian with flag curvature K = 0;
(A2) ifc # O, then after a normalization, F is locally isometric to the following
Randers metric on the unit ball B" C R",

_ VIR = P2 = ) £ () AR

F )
(x.7) 1— |12 1+ (a,x)

. (11.16)

where a € R" with |a| < 1, and the flag curvature of F is negative

constant, K = —i.

(B) If it + 4c(x)* # 0, then F is given by

2¢u (x)YF
F(x,y) = a(x,y) — 11.17
() =ty = S0 (11.17)
and the flag curvature of F is given by
3 k
_ eyt 3¢(x)? + 1. (11.18)
F(x,y)

(Bl) when @ = —1, ¢ = a—; can be expressed in the form (11.13) on B".
In this case,
A+ (a,x)

= O+ @ (= )’

(11.19)

where ) € R and a € R" with |a|* < A* £ 1.
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(B2) when u = 0, « = o can be expressed in the form (11.14) on R". In
this case,

+1

0 et ) + P

(11.20)

where k > 0 and a € R" with |a|? < .
(B3) when u = 1, o = a4 can be expressed in the form (11.15) on R". In
this case,

€+ {(a,x)

= , 11.21
21+ [x]2 = (¢ + (a.x))? ( )

c(x)

where € € R and a € R" with |e|> + |a|> < 1.

Theorem 11.4.1 (A) follows from the classification theorem in [25] after we
prove that the flag curvature is constant in this case (also see Theorem 11.3.1). From
Theorem 11.4.1 we obtain some interesting projectively flat Randers metrics with
isotropic S-curvature.

Example 11.4.1 Let

VA= PP+ 32/ 0 = [x2) + A2 + Ax,y)

F_(x,y) = (1—[x2) /(1 = [x]?) + A2

, yeTI,B",
(11.22)

where A € R is an arbitrary constant. The geodesics of F_ are straight lines in B”".
One can easily verify that F_ is complete in the sense that every unit speed geodesic
of F_ is defined on (—o0, 00). Moreover F_ has strictly negative flag curvature
K<-).

N Ty

Example 11.4.2 Let

_ IV P+ )
V1 + |x?

The geodesics of Fy are straight lines in R". One can easily verify that Fy is
positively complete in the sense that every unit speed geodesic of Fy is defined
on (—a, 00). Moreover Fy has positive flag curvature K > 0.

Theorem 11.4.1 is a local classification theorem. If we assume that the manifold
is closed (compact without boundary), then the scalar function c(x) takes much more
special values [14]. In particular, we have the following

Theorem 11.4.2 ([14]) Let S" = (M, @) be the standard unit sphere and F = a+
be a projectively flat Randers metric on S". Suppose that S-curvature is isotropic,
S = m+ 1)c(x)F. Then

Fo(x,y) y e T,R". (11.23)

= O
21— f(x)?
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and

fe )y

F(X, y) = a(x, y) - \/1 —f(x)z’

where f(x) is an eigenfunction of S" corresponding to the first eigenvalue.
Moreover,

(a) 6 := \/|Vf|§(x) + f(x)? < 1 is a constant and we have the following estimates
for flag curvature

2-36 246

21048 SKS 20y

(b) The geodesics of F are the great circles on S" with F-length 2.

11.4.2 Projectively Flat (o, )-Metrics with Isotropic
S-Curvature

Note that projectively flat Finsler metrics must be of scalar flag curvature. We firstly
recall the characterizations on (o, 8)-metrics of scalar flag curvature with isotropic
S-curvature. Based on the main result in [12] on (&, 8)-metrics with isotropic S-
curvature given by the first author and Z. Shen, the first author has proved the
following theorem.

Theorem 11.4.3 ([10]) A regular («, B)-metric F = a¢(B/a) of non-Randers
type on an n-dimensional manifold M is of isotropic S-curvature, S = (n + 1)cF, if
and only if B satisfies

ry=0, 5=0. (11.24)

In this case, S = 0, regardless of the choice of a particular ¢ = ¢(s). Here,

1 1
ryj = 2(bi\j + b)), sy = 2(bi|j — bji),

i . _ih e pm
sii=avsy,  sp= bisj—b Simj

ul ”»

and
of a.

Further, the first author obtained the following classification theorem for regular
(o, B)-metrics of non-Randers type of scalar flag curvature whose S-curvatures are
isotropic.

denotes the covariant derivative with respect to the Levi-Civita connection
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Theorem 11.4.4 ([9, 10]) Let F = a¢p(B/a) be a regular («, B)-metric of non-
Randers type on an n-dimensional manifold M (n = 3). Then F is of scalar flag
curvature and of isotropic S-curvature if and only if the flag curvature K = 0 and
F is a Berwald metric. In this case, F is a locally Minkowski metric.

If we regard locally Minkowski metrics as so-called trivial Finsler metrics, then,
by Theorem 11.4.4, we have the following theorem.

Theorem 11.4.5 ([10]) The non-trivial regular (o, B)-metrics of scalar flag cur-
vature with isotropic S-curvature on an n-dimensional manifold M (n = 3) must be
Randers metrics. In this case, the metrics are of weakly isotropic flag curvature and
are completely determined by navigation data (h, W) (for more details, see [13]).

From Theorems 11.4.4 and 11.4.5, we can obtain the following theorem on
projectively flat (o, 8)-metrics with isotropic S-curvature.

Theorem 11.4.6 Let F = a¢(B/a) be a regular («, B)-metric on an n-dimensional
manifold M (n = 3). Then F is projectively flat metric with isotropic S-curvature
if and only if F is a locally Minkowski metric of non-Randers type, or F is a
projectively flat Randers metric with isotropic S-curvature.

11.4.3 Projectively Flat Finsler Metrics with Isotropic
S-Curvature

We have classified projectively flat Randers metrics and (o, 8)-metrics with
isotropic S-curvature. It is a natural problem to study and characterize projectively
flat Finsler metrics with isotropic S-curvature. In [14], we have shown the following
theorem.

Theorem 11.4.7 ([14]) Let (M, F) be an n-dimensional Finsler manifold. Assume
that F is of scalar curvature K = K(x,y). If the S-curvature of F is isotropic, that
is, S = (n+ 1)cF, where ¢ = c(x) is a scalar function, then the flag curvature K is
given by

meym
k=3"" 15 (11.25)

where 0 = o (x) is a scalar function on M. In particular, c = constant if and only if
K = K(x) is a scalar function on M.

Shen and Yildirim have proved that the converse of Theorem 11.4.7 is also true
for Randers metrics (see [28]). Because projectively flat Finsler metrics must be
of scalar flag curvature, Theorem 11.4.7 plays a very important role in classifying
projectively flat Randers metrics with isotropic S-curvature. Further, we can study
and characterize locally projectively flat Finsler metrics with isotropic S-curvature
by using Theorem 11.4.7.
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There are many projectively flat Randers metrics with isotropic S-curvature [14].
Besides these Randers metrics, there is another special kind of projectively flat
Finsler metrics with isotropic S-curvature—Funk metrics. More generally, we have
the following classification theorem.

Theorem 11.4.8 ([11]) Let F = F(x,y) be a locally projectively flat Finsler metric
on an open subset 2 C R". Suppose that F has isotropic S-curvature, S = (n +
1)c(x)F. Then the flag curvature is in the form

meym

K=3"" +o
F 0.

where 0 = o (x) is a scalar function on 2.

(a) If K # —c + C*”;ym on 2, then F = « + B is a projectively flat Randers metric
with isotropic S-curvature S = (n + 1)cF

(b) If K = —c* + “ on 2, then ¢ = constant and F is either locally
Minkowskian (c = 0) or, up to a scaling, locally isometric to the metric

<a,y> 1
@ ::@ N ) =
“ (xy)+1+<a,x> ¢ 2
or its reverse
- <a,y> 1
@ -:@ [ - ) — T A
“ (=) 1+ <a,x > ¢ 2

where a € R" is a constant vector and ©(x, y) is Funk metric on §2.

In Theorem 11.4.8(a), the local structure of F has been completely determined in
[14] (also see Theorem 11.4.1). Theorem 11.4.8 tells us that non-trivial projectively
flat Finsler metrics with isotropic S-curvature are either projectively flat Randers
metrics with isotropic S-curvature, or completely determined by Funk metrics.
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Chapter 12
Holonomy Theory of Finsler Manifolds

Zoltan Muzsnay and Péter T. Nagy

Abstract The holonomy group of a Riemannian or Finslerian manifold can be
introduced in a very natural way: it is the group generated by parallel translations
along loops with respect to the canonical connection. The Riemannian holonomy
groups have been extensively studied and by now their complete classification is
known. On the Finslerian holonomy, however, only few results are known and, as
our results show, it can be essentially different from the Riemannian one.

In recent papers we have developed a method for the investigation of holon-
omy properties of non-Riemannian Finsler manifolds by constructing tangent Lie
algebras to the holonomy group: the curvature algebra, the infinitesimal holonomy
algebra, and the holonomy algebra. In this book chapter we present this method and
give a unified treatment of our results. In particular we show that the dimension of
these tangent algebras is usually greater than the possible dimensions of Riemannian
holonomy groups and in many cases is infinite. We prove that the holonomy group of
alocally projectively flat Finsler manifold of constant curvature is finite dimensional
if and only if it is a Riemannian manifold or a flat Finsler manifold. We also show
that the topological closure of the holonomy group of a certain class of simply
connected, projectively flat Finsler 2-manifolds of constant curvature (spherically
symmetric Finsler 2-manifolds) is not a finite dimensional Lie group, and we prove
that its topological closure is the connected component of the full diffeomorphism
group of the circle.

12.1 Introduction

The notion of the holonomy group of a Riemannian or Finslerian manifold can be
introduced in a very natural way: it is the group generated by parallel translations
along loops. In contrast to the Finslerian case, the Riemannian holonomy groups
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have been extensively studied. One of the earliest fundamental results is the theorem
of Borel and Lichnerowicz [3] from 1952, claiming that the holonomy group of a
simply connected Riemannian manifold is a closed Lie subgroup of the orthogonal
group O(n). By now, the complete classification of Riemannian holonomy groups
is known. Similarly to the Riemannian case the holonomy group of a Finsler
manifold is the subgroup of the diffeomorphism group of an indicatrix, generated by
canonical homogeneous (nonlinear) parallel translations along closed loops. Before
our investigation (c.f. [18-23]), the holonomy groups of non-Riemannian Finsler
manifolds have been described only in special cases: for Berwald manifolds there
exist Riemannian metrics with the same holonomy group (cf. Szabd, [31]), for
positive definite Landsberg manifolds the holonomy groups are compact Lie groups
consisting of isometries of the indicatrix with respect to an induced Riemannian
metric (cf. Kozma [13, 14]). A thorough study of holonomy groups of homogeneous
(nonlinear) connections was initiated by Barthel in his basic work [2] in 1963; he
gave a construction for a holonomy algebra of vector fields on the tangent space. A
general setting for the study of infinite dimensional holonomy groups and holonomy
algebras of nonlinear connections was initiated by Michor in [17]. However the
introduced holonomy algebras could not be used to estimate the dimension of
the holonomy group since their tangential properties to the holonomy group were
not clarified.

Now we give a unified treatment of our results on Finslerian holonomy theory.
We construct and investigate tangent Lie algebras to the holonomy group and show
that the dimension of these tangent algebras in many cases is infinite, particularly it
is greater than the possible dimensions of Riemannian holonomy groups.

In the second section we collect the necessary definitions and constructions of
spray and Finsler geometry. The third section is devoted to the investigation of
tangential properties of subalgebras of the Lie algebra of vector fields on a manifold
to the infinite dimensional diffeomorphism group of this manifold. Particularly we
consider the case if the manifold is compact, in this case the diffeomorphism group
is an infinite dimensional Lie group modeled on the Lie algebra of vector fields on
the manifold.

In Sect. 12.4 we introduce the notion of curvature algebra of a Finsler manifold
consisting of tangent vector fields on the indicatrix, which is a generalization of the
matrix group generated by curvature operators of a Riemannian manifold. We show
that the vector fields belonging to the curvature algebra are tangent to 1-parameter
families of diffeomorphisms contained in the holonomy group. We prove that for a
positive definite non-Riemannian Finsler manifold of non-zero constant curvature
with dimension n > 2 the dimension of the curvature algebra is strictly greater
than the dimension of the orthogonal group acting on the tangent space and hence
it cannot be a compact Lie group. In addition, we provide an example of a left
invariant singular (non y-global) Finsler metric of Berwald-Moér-type on the three-
dimensional Heisenberg group which has infinite dimensional curvature algebra and
hence its holonomy is not a (finite dimensional) Lie group. These results give a
positive answer to the following problem formulated by Chern and Shen in [6]
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(p- 85): Is there a Finsler manifold whose holonomy group is not the holonomy
group of any Riemannian manifold?

Section 12.5 contains constructions of further tangent Lie algebras to the
holonomy group consisting of tangent vector fields on the indicatrix, namely the
infinitesimal holonomy algebra and the holonomy algebra of a Finsler manifold.
Our goal is to make an attempt to find the right notion of the holonomy algebra of
Finsler spaces. The holonomy algebra should be the largest Lie algebra such that
all its elements are tangent to the holonomy group. In our attempt we are building
successively Lie algebras having the tangent properties. We define the infinitesimal
holonomy algebra by the smallest Lie algebra of vector fields on an indicatrix,
containing the curvature vector fields and their horizontal covariant derivatives with
respect to the Berwald connection and prove the tangential property of this Lie
algebra to the holonomy group. At the end we introduce the notion of the holonomy
algebra of a Finsler manifold by all conjugates of infinitesimal holonomy algebras
by parallel translations with respect to the Berwald connection. We prove that this
holonomy algebra is tangent to the holonomy group. A different treatment of the
holonomy algebra is given by Crampin and Saunders in [7]. The question of whether
the holonomy algebra introduced in this way is the largest Lie algebra, which is
tangent to the holonomy group, is still open.

In Sect. 12.6 we construct for interesting classes of locally projectively flat
Finsler surfaces and manifolds of non-zero constant curvature infinite dimensional
subalgebras in the tangent infinitesimal holonomy algebras. From the viewpoint
of non-Euclidean geometry the most important Riemann-Finsler manifolds are the
projectively flat spaces of constant flag curvature. We will turn our attention to non-
Riemannian projectively flat Finsler manifolds of non-zero constant flag curvature.
We consider the following classes of locally projectively flat non-Riemannian
Finsler manifolds of non-zero constant flag curvature:

1. Randers manifolds,

2. manifolds having a two-dimensional subspace in the tangent space at some point,
on which the Finsler norm is an Euclidean norm,

3. manifolds having a two-dimensional subspace in the tangent space at some point,
on which the Finsler norm and the projective factor are linearly dependent.

The first class consists of positively complete Finsler manifolds of negative curva-
ture, the second class contains a large family of (not necessarily complete) Finsler
manifolds of negative curvature, and the third class contains a large family of not
necessarily complete Finsler manifolds of positive curvature. The metrics belonging
to these classes can be considered as (local) generalizations of a 1-parameter family
of complete Finsler manifolds of positive curvature defined on S? by Bryant in [4, 5]
and on S” by Shen in [30], Example 7.1. It follows from these constructions that the
holonomy group of Finsler manifolds belonging to the above classes and satisfying
some additional technical assumption is infinite dimensional.

In Sect. 12.7 we study the holonomy group of an arbitrary locally projectively flat
Finsler manifolds of constant curvature. Our aim is to characterize all locally pro-
jectively flat Finsler manifolds with finite dimensional holonomy group. To obtain
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such a characterization, we investigate the dimension of the infinitesimal holonomy
algebra. We obtain that if (M,.%) is a non-Riemannian locally projectively flat
Finsler manifolds of non-zero constant curvature, then its infinitesimal holonomy
algebra is infinite dimensional. Using this general result and the tangent property of
the infinitesimal holonomy algebra we obtain the characterization: The holonomy
group of a locally projectively flat Finsler manifold of constant curvature is finite
dimensional if and only if it is a Riemannian manifold or a flat Finsler manifold.

Section 12.8 is devoted to show that the topological closure of the holonomy
group of a certain class of simply connected, projectively flat Finsler 2-manifolds
of constant curvature is not a finite dimensional Lie group, and we prove that its
topological closure is the connected component of the full diffeomorphism group
of the circle. Before our investigation, perhaps because of technical difficulties, not
a single infinite dimensional Finsler holonomy group has been described. Now, we
provide the first such a description. This class of Finsler 2-manifolds contains the
positively complete standard Funk plane of constant negative curvature (positively
complete standard Funk plane), and the complete irreversible Bryant-Shen-spheres
of constant positive curvature [5, 30]. We obtain that for every simply connected
Finsler 2-manifold the topological closure of the holonomy group is a subgroup of
Diff°(S'). That means that in the examples mentioned above, the closed holonomy
group is maximal. In the proof we use our constructive method developed in
Sect. 12.6 for the study of infinite dimensional Lie subalgebras of the infinitesimal
holonomy algebra.

12.2 Preliminaries

12.2.1 Spray Manifolds

A spray on a manifold M is a smooth vector field . on the slit tangent bundle
TM := TM \ {0} expressed in a standard coordinate system (x’, y') on TM as

]
y:ylaxi

; a
—2Gi ) (12.1)
ay
where the functions G'(x, y) of local coordinates (x', y') on TM satisfy
G'(x, Ay) = A%Gi(x,y), A >0. (12.2)

A manifold M with a spray .% is called a spray manifold (M, .7), cf. [27], Chapter 5.
A curve c(¢) is called geodesic of the spray manifold (M, %) if its coordinate
functions c'(f) satisfy the system of 2nd order ordinary differential equations

&) +2G(c(r), ¢(1) = 0, (12.3)

where the functions G'(x,y) are the geodesic coefficients the spray manifold
M,.7).
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12.2.1.1 Horizontal Distribution, Covariant Derivative and Curvature

Let (TM,w,M) and (TTM, t,TM) be the first and the second tangent bundle of
the manifold M, respectively, and let ¥ TM C TTM be the (integrable) vertical
distribution on TM given by ¥ TM := Ker w4. The horizontal distribution 7TM C
TTM associated to the spray manifold (M,.%) is the image of the horizontal lift
which is the vector space isomorphism [,: T\M — J&TM forx € M andy € T.M
defined by

L(2)=0 —a ’ here Gl = O 12.4
oo ) = o~ i(x’y)ayk’ where 1= by (12.4)

in the coordinate system (x*, y) of TM. The horizontal distribution is complementary
to the vertical distribution, hence we have the decomposition T, 7TM = J4TM &
#;TM. The projectors corresponding to this decomposition will be denoted by 4 :
TTM — STM and v : TTM — V'TM.

The vertical distribution over the slit tangent bundle T™M = TM \ {0} will be
denoted by (¥ TM, t, f‘M) and the pull-back bundle of (TM, M) corresponding
tothemap w : TM — M by (n*TM, 7, ™). Clearly, the mapping

(x,y, giaayi) > (x,y, gl aii) : VTIM — 7*TM (12.5)

is a canonical bundle isomorphism. In the following we will use the isomor-
phism (12.5) for the identification of these bundles.

Let X°°(M) be the vector space of smooth vector fields on the manifold M
and X (TM) the vector space of smooth sections of the bundle (¥ TM, t, ™).
The horizontal covariant derivative of a section £ € 3A€°°(TM) by a vector field
X € X*°(M) is given by

Vx§ = [I(X). §].

IfE(x,y) = E(x,y) 32,. and X(x) = X'(x) aif’ then Vx& can be expressed as

E @Y IE (x,y) i k ;0
VXg = ( ax] - G] (.X, Y) 3yk + ij(x’ y)é (-xv Y) Xj ayl-v (126)
where Gj’:k = ZG,{I

Defining the horizontal covariant derivative

d a9 (x, ;
Vap = 1009 = ()~ G 00 ) v

%/
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of a smooth function ¢ : TM — R, the horizontal covariant derivation (12.6) can be
extended to sections of the tensor bundle over (7*TM, 7, TM), using the canonical
bundle isomorphism (12.5).

The curvature tensor field

Koy X.Y) :=v[X" Y], X, YeTM. (12.7)

on the pull-back bundle (7*TM, , TM) of the spray manifold (M, .¥) in a local
coordinate system (x, y') of TM is given by

- . 5
Koy = Ki(x, y)dd’ ® dx* ® PE

where

IGi(x.)  3GL(x.)

Kie(x.y) = xk 0x

+ G'(x, )G, (x,Y) = G} (x, )G}, (x. ).
(12.8)

The curvature tensor field characterizes the integrability of the horizontal distribu-
tion. Namely, if the horizontal distribution S#TM is integrable, then the curvature
is identically zero.

12.2.1.2 Parallel Translation

For a spray manifold (M, .%) the parallel vector fields X(f) = X'(t) aii along a
curvec(t) are defined by the solutions of the differential equation

dXi(r)

D:X(t) := ( dr

+ G;(c(r),X(méf(r)) V=0 (12.9)

Using the relations (12.2) and Euler theorem on homogeneous functions we see
that the functions G;(x, y) are positive homogeneous of first order with respect to
the variable y, and hence D:(AX(¢)) = AD:X(t) for any A > 0. The differential
equation (12.9) can be expressed by the horizontal covariant derivative (12.6) using
the bundle isomorphism (12.5) as follows: a vector field X(f) = X'(¢) aii along a
curve c(?) is parallel if it satisfies the equation

dXxi(1)

V. X(t) = ( di

+ G;I(c(t),X(t))éf(t)) aii =0. (12.10)

Clearly, for any Xy € T.M there is a unique parallel vector field X(f) along the
curve ¢ such that X, =X (0). Moreover, if X() is a parallel vector field along c, then
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AX(¢) is also parallel along ¢ for any A > 0. Then the homogeneous (nonlinear)
parallel translation

7. : TeoyM — Te(yM  along acurve c(f)

of the spray manifold (M, .”) is defined by the positive homogeneous map . :
Xy — X given by the value X; = X(1) at r = 1 of the parallel vector field with
initial value X (0) = X, (Fig. 12.1).

Since the parallel translation of a spray manifold (M,.¥’) is determined by its
horizontal distribution J#TM C TTM, a spray manifold can be considered as a
particular case of a fibered manifold equipped with an Ehresmann connection (cf.
[8]). An Ehresmann connection of a fibered manifold is given by a horizontal
distribution, which is complement to the vertical distribution consisting of the
tangent spaces of the fibers. For a spray manifold the fibered manifold is the
tangent bundle of M and the horizontal distribution determined by the horizontal
lift Iy: T.M — F,TM expressed by Eq. (12.4).

The parallel translation can be introduced in a very nice geometrical way with
the help of the notion of horizontal distribution. Namely, we call a curve in TM
horizontal if the tangent vectors of this curve are contained in the horizontal
distribution J#TM C TTM. Let now c(¢) be a curve in the manifold M joining the
points p and g. The horizontal lift " (1) = (c(t), X'(1) aii) of ¢(f) is the curve ¢(¢) in
TM defined by the properties that ¢/(f) projects on ¢(¢) and ¢/ (¢) is horizontal that
is ¢"(t) € H,(). This means according to Eq. (12.4) that

0 .
k - i
oxi - Gi (xvy) ayk) c (t),

N d_ . d (0
C(t)axi+dtx (t)ayi _(

i.e., the tangent vector of the lifted curve ¢/(¢) is the horizontal lift of the tangent
vector ¢ (1) aii of ¢(z). It follows that a vector field X () along a curve c(z) is parallel
if and only if it is a solution of the differential equation

d . 0
¢ (c(r),X'(r) axi) — Ly @), (a2.11)

or equivalently X(7) satisfies the differential equation (12.9). Hence the parallel
translation along a curve c¢(#) joining the points p and ¢ is the map 7. : T,M — T,M

Fig. 12.1 Parallel translation
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Fig. 12.2 Geometric
construction of the parallel
translation

determined by the intersection points of the horizontal lifts of the curve c(f) with
the tangent spaces T, and T,. The construction can be illustrated by Fig. 12.2.

12.2.1.3 Totally Geodesic and Auto-Parallel Submanifolds

A submanifold M in a spray manifold (M,.7) is called totally geodesic if any
geodesic of (M, .#) which is tangent to M at some point is contained in M.

A totally geodesic submanifold M of (M,.”) is called auto-parallel if the
homogeneous (nonlinear) parallel translations 7. : Tco)M — T.1)M along curves
in the submanifold M leave invariant the tangent bundle TM and for every £ €
X (TM) the horizontal Berwald covariant derivative Vx£ belongs to X (TM).

Lemma 1 Let M be a totally geodesic submanifold in a spray manifold (M, .7).
The following assertions hold:

(a) the spray . induces a spray S on the submanifold M,
(b) M is an auto-parallel submanifold.

Proof Assume that the manifolds M and M are k, respectively, n = k + p

dimensional. I:et (xl, R A LI ,X") be an adapted coordinate system, i. e. the
submanifold M is locally given by the equations x**T! = ... = x" = 0. We denote
the indices running on the values {1,...,k} or {k + 1,...,n} by a, B,y or o, 1,

respectively. The differential equation (12.3) of geodesics yields that the geodesic
coefficients G? (x, y) satisfy

Go(x',...,x50,...,00y',....50,...,00=0

identically, hence their derivatives with respect to yl, e yk are also vanishing. It
follows that G, = 0 and GJ, ; = 0 at any & xK0,..,0:9 L 98 0,...,0).
Hence the induced spray .% on M is defined by the geodesic coefficients

GP(x, ... X5y N =GPG!, xR0, 00y )k 0,...,0).
(12.12)
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The homogeneous (nonlinear) parallel translation 7. : TeoyM — Tc(l)M along
curves in the submanifold M and the horizontal covariant derivative on M with
respect to the spray . coincide with the translation and the horizontal covariant
derivative on M with respect to the spray .. Hence the assertions are true.

12.2.1.4 Holonomy

The holonomy group of an Ehresmann connection, or particularly of a spray
manifold is the group generated by parallel translations along loops with respect
to the associated connection, cf. [12, 33], pp. 82—-86. The holonomy properties of
a spray manifold depend essentially on its curvature properties. This can be easily
understood by considering the geometric construction of the parallel translation.
Let (M,.) be a spray manifold, and let us assume that M is connected.
We choose a fixed base point p € M. For each closed piecewise smooth curve
[0,1] — M through p the parallel translation t. : T,M — T,M along
the curve ¢ : [0,1] — M is a diffeomorphism of the tangent space 7,M. All
these diffeomorphisms form together the holonomy group at the point p, a subgroup
of the diffeomorphism group of 7,M. Clearly, the holonomy group depends on the
base point p only up to conjugation, and therefore the holonomy groups at different
points of M are isomorphic.

* Case K = 0. Let us consider a point p € M, a tangent vector v € T,M at p, and
an arbitrary closed curve ¢ on M starting from p.

If the curvature identically vanishes, then the horizontal distribution is integrable.
Therefore TTM has a horizontal foliation, that is for every v € T,M there is a
unique n-dimensional submanifold 4%, in TM such that & N T,M = {v} and
the tangent spaces are horizontal. In Fig. 12.3 the level surface corresponding to
v € T,M is represented by dashed lines in tangent manifold 7M. The horizontal lift

Fig. 12.3 Trivial holonomy:
R=0
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Fig. 12.4 Nontrivial

holonomy: R % 0 TM

T(U)'\/ =
U@v

" = [ o ¢ of the curve c starts at v and (because the integrability condition) stays
on the horizontal submanifold .7%. Its endpoint is an element of %, and also an
element of T,M that is v. Consequently we can obtain that ¢"(0) = ¢"(1) = v, and
the holonomy is trivial.

e Case K # 0. Although Fig. 12.4 describing this case looks similar to that of
Fig. 12.3, the situation is quite different. The horizontal distribution is non-integ-
rable and therefore there is no horizontal foliation. Let us consider a pointp € M
and a vector v € T,M. The smallest integrable distribution .4} at v containing
the horizontal distribution is at least (n + 1)-dimensional. The reachable sets in
T,M is at least one-dimensional. In particular {v} & .4, N T,M and there are
other elements 7,M reachable from v. That is, there are elements w € T,M and
a horizontal curve ¢ € .4, such that ¢"(0) = v, ¢"(1) = w. Considering the
projection of ¢ we can obtain a curve ¢ := 7 o ¢/ such that ¢(0) = ¢(1) = p and
7.(v) # v. Consequently we obtained that the holonomy is nontrivial (cf. [27],
Remark 8.1.3).

12.2.2 Finsler Manifolds
12.2.2.1 Finsler Metric, Its Associated Spray and Parallel Translation

A Minkowski functional on a vector space V is a continuous function .%, positively
homogeneous of degree two, i.e. F(ly) = A2.Z(y) if A > 0, smooth on Vo=
V \ {0}, and for any y € V the symmetric bilinear form g,: V x V — R defined by

1027 (y + su + tv)

. , v =
gy (w,v) = gi(y)u'v 2 ds ot 1=5s=0
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is non-degenerate. If g, is positive definite for any y € V, then .7 is said positive
definite and (V,.%) is called positive definite Minkowski space. A Minkowski
functional .Z is called semi-Euclidean if there exists a symmetric bilinear form (, )
on V such that g,(u,v) = (u,v) forany y € V and u,v € V. A semi-Euclidean
positive definite Minkowski functional is called Euclidean.

A Finsler manifold is a pair (M,.%) of an n-manifold M and a function
F.TM — R (called Finsler metric, cf. [27]) defined on the tangent bundle of M,
which is smooth on TM := TM \{0} and its restriction .#, = .7 |, ,, is a Minkowski
functional on T, M for all x € M. If the Minkowski functional .%; is positive definite
on T:M for all x € M, then (M,.%) is called positive definite Finsler manifold.
A point x € M is called (semi-)Riemannian if the Minkowski functional .%, is
(semi-)Euclidean.

We remark that in many applications the metric .% is defined and smooth only on
an open cone €M C TM\ {0}, where €M = U, %, M is a fiber bundle over M such
that each G, M is an open cone in T,M\{0}. In such case (M, .%) is called singular
(or non y-global) Finsler space (cf. [27]).

The symmetric bilinear form

1 02.Z2(y + su+ tv)

’ ’ S TXM
2 ds Ot =s=0’ 7

8ryt (U, ) > gi(x, yu'v! =
is called the metric tensor of the Finsler manifold (M, .%). The Finsler function is
called absolutely homogeneous at x € M, if F,.(Ay) = |A|F(y) forall A € R. If
Z is absolutely homogeneous at every x € M, then the Finsler manifold (M, .%) is
reversible.

The simplest non-Riemannian Finsler metrics are the Randers metrics firstly
studied by Randers in [26]. A Finsler manifold (M, .%) is called Randers manifold
if the Finsler metric .# can be expressed in the form F(x, y) = ax( v) +b.(y), where
a(y) = \/ a;j(x)y'y/ is a Riemannian metric and b,(y) = b;(x)y" is a nowhere zero
1-form.

The canonical spray of a Finsler manifold (M, %) is locally given by . =
y! aii —2Gi(x,y) 33,- , where

i L dgji
Gy = ' (2

M () — ‘i’f (x y)) vy, (12.13)
are the geodesic coefficients. The geodesics of a Finsler manifold (M, .%) are the
geodesics of the canonical spray of (M,.%) determined by the differential equa-
tions (12.3). The horizontal covariant derivative with respect to the spray associated
to the Finsler manifold (M, .%) is called the horizontal Berwald covariant deriva-
tive, cf. Eq. (12.6). The corresponding homogeneous (nonlinear) parallel translation
7. : TeoyM — Tc1yM along a curve c(f), given by Eqgs. (12.9) and (12.10), is called
the canonical homogeneous (nonlinear) parallel translation of the Finsler manifold
(M, F). Since the geodesic coefficients G'(x, y) are differentiable functions on the
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slit tangent bundle TM = TM \ {0} the canonical homogeneous (nonlinear) parallel
translation 7. : T,o\M — T.1)M induces differentiable maps between the slit
tangent spaces T,)M \ {0} and T,(yM \ {0}.

12.2.2.2 Curvature

The Riemannian curvature tensor field of the Finsler manifold (M, %) is the cur-
vature tensor field v [Xh, Y h] of the canonical spray manifold of (M, .%) is defined

on the pull-back bundle (7*TM, 7, f"M), (cf. Eq.(12.7)). If ##TM is integrable,
then the Riemannian curvature is identically zero. According to Eq.(12.8) the
expression of the Riemannian curvature tensor R(y,) = R;k (x,y)d¥ ® dx* ® 3?(,- is

9Gi(x.y) 3G (x,y)

Rj(x.¥) = Oxk 0/

+ G;'n(xs y)jSm(x, y) - G;cn(-xv y)G;m(X, y)

in a local coordinate system. The manifold (M,.%#) has constant flag curvature
A € R, if for any x € M the local expression of the Riemannian curvature is

R (x,y) = A (8gjm(x.0)y" — 8igum(x. ¥)y™) - (12.14)

In this case the flag curvature of the Finsler manifold (cf. [6], Sect. 2.1 pp. 43—46)
does not depend either on the point or on the 2-flag.
The Berwald curvature tensor field B(y,) = B;:kl(x, y)d¥ @ di* ® dx' ® aif is

G (x.y) PG (x,y)

= oyt (12.15)

B]l:kz(n y) =

The mean Berwald curvature tensor field E(y.,) = Ey(x,y)d¥ ® dx* is the trace

PG (x.y)

Ei(x,y) = Bjy(x.y) = Doty (12.16)

The Landsberg curvature tensor field Ly ) = L}kl(x, y)d¥ ® di* ® dd! ® ai,. is
Ly (0, v, w) = geay) (VB (. v.w),y) . u,v,w € TeM.
According to Lemma 6.2.2, Eq. (6.30), p. 85 in [27], one has for u,v,w € T.M

ng(x,y) (I/l, U) = —ZL(X,y) (M, v, W).
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Lemma 2 The horizontal Berwald covariant derivative of the tensor field

. . . )
Oty = (88 (x3)Y" = Sigim(xy)y") ¥ @ dd @ dx' ® |

vanishes.

Proof For any vector field W € X*°(M) we have Vyy = 0 and Vyldp, = 0.
Moreover, since Ly (y, v, w) = 0(cf. Eq. (6.28), p. 85 in [27]) we get the assertion.

12.2.2.3 Projectively Flat Finsler Manifold

A Finsler manifold (D,.%) on an open subset D C R”" is said to be projectively
flat, if all geodesics of (D, %) are contained in straight lines of the affine space
associated to R”. A Finsler manifold (M, .%) is said to be locally projectively flat,
if for any point in p € M there exists a local coordinate map x : U — R" of a
neighborhood U C M of p such that the Finsler manifold induced by the Finsler
function .# on the image x(U) = D is projectively flat. The space R" containing D
is called to be projectively related to (M, F).

Let (M, .%) be alocally projectively flat Finsler manifold and (x',...,x") : U —
D a local coordinate map corresponding to canonical coordinates of the space R"
which is projectively related to (M, .%). Then the geodesic coefficients (12.13) are
of the form

R AP 0P
8yk3yly 8yk 1 ayl k>
(12.17)

4 . 9
G'(x,y)=2((x,y)y, G,=

3yk yi + ‘@8;(’ G;cl =

where & is a 1-homogeneous function in y, called the projective factor of (M, F),
(cf. [6], p. 63). Clearly, the intersections of 2-planes of R" with the image D of the
coordinate map (x!,...,x") : U — D are images of totally geodesic submanifolds
of (M, F).

Remark I The canonical homogeneous parallel translation 7. : ToyM — T.1yM
in a locally projectively flat Finsler manifold (M, .%) along curves c¢(f) contained
in the domain of the coordinate system (x!,...,x") are linear maps if and only if
the projective factor & (x,y) is a linear function in y. Hence the nonlinearity in y
of the projective factor implies that the locally projectively flat Finsler manifold is
non-Riemannian.

Locally projectively flat Randers manifolds with constant flag curvature were
classified by Shen in [29]. He proved that any locally projectively flat non-
Riemannian Randers manifold (M, .%#) with non-zero constant flag curvature has
negative curvature. These metrics can be normalized by a constant factor so that the
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curvature is — i. In this case (M, .%) is isometric to the Finsler manifold defined by
the metric function

_ VDI = (212 = (2 9)?) i( ey (a) )

F ) 1— |af? =2 T 1+ (a,%)

(12.18)

on the unit ball D" C R”", where @ € R”" is any constant vector with |a] < 1.
According to Lemma 8.2.1 in [6], p.155, the projective factor Z(x,y) can be
computed by the formula

1 07 |
PEN= 5z 4u”"

An easy calculation yields

AT (VIR = (DR — 0)D) & () 2_( (a.5) )2
oY T 1— |x2 1+ (ax))

hence

(VP = (PR = ) + (xy) (a,y)
P(x,y) = ) ( | 2 14 (a’x>). (12.19)

12.2.3 Finsler Holonomy Represented on the Indicatrix Bundle

The notion of the holonomy group of a Riemannian or Finslerian manifolds is an
adaptation of the corresponding notion of spray manifolds: it is the group generated
by parallel translations along loops with respect to the canonical associated con-
nection. However, the parallel translation leaves invariant the indicatrix bundle, the
holonomy group can be identified by its action on the indicatrix at the initial point.
Hence the holonomy group can be considered as a subgroup of the diffeomorphism
group of the indicatrix (Fig. 12.5a, b).

The holonomy properties of Finsler spaces are essentially different from the
Riemannian one, and it is far from being well understood. The main difficulty comes
from the fact that in the general case the canonical connection of a Finsler manifold
is neither linear nor metrical (that is, the parallel translation is not necessarily
preserving the metric). Only much weaker properties are fulfilled: instead of
the linearity it is only 1-homogeneous, and instead of the metrical property it
is preserving only the norm function. Nonetheless these properties allow us to
consider the parallel translations as maps between the indicatrices and therefore
the holonomy group as a subgroup of the diffeomorphism group of the indicatrix.
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X():Xl

Fig. 12.5 (a) Trivial holonomy: the plane. (b) Nontrivial holonomy: sphere

Let (M, %) be an n-dimensional Finsler manifold. The indicatrix J,M at x € M
is a hypersurface of T,,M defined by

M :={yeT\M; F(y) = +l1}.

If the Finsler manifold (M, .%) is positive definite, then the indicatrix J,M is a
compact hypersurface in the tangent space 7, M, diffeomorphic to the standard (n—
1)-dimensional sphere.

In the sequel (JM, 7, M) will denote the indicatrix bundle of (M,.%) and i :
JM — TM the natural embedding of the indicatrix bundle into the tangent bundle
(T™M, &, M).

The parallel translation t. : T.oyM — T.1yM along a curve ¢ : [0, 1] — R on
a Finsler manifold (M, .%) is defined by the parallel translation of the associated
spray manifold (cf. Sect. 12.2.1.2). It is determined by vector fields X(¢) along c(z)
which are solutions of the differential equation (12.10). Since z. : T, oyM — T..\M
is a differentiable map between the slit tangent spaces ﬁ.(o)M and fc(l)M preserves
the value of the Finsler function, it induces a map

3. oM — T M (12.20)

between the indicatrices. Since the parallel translation is 1-homogeneous, the
parallel translation 7. is entirely characterized by the map t”: we have 7¢(0) = 0
and for every non-zero vector v € T¢0)M we have

rc(v)=|v|-rcj( v )
vl

It follows from these observations that the holonomy group Hol(x) of the spray
manifold associated to a Finsler manifold (M, .%#) (cf. Sect. 12.2.1.4) is uniquely
determined by its action on the indicatrix in the tangent space T, M at the point x.
Hence we can formulate
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Fig. 12.6 Holonomy
transformation induced on the
indicatrix

Definition 1 The holonomy group Hol(x) of a Finsler space (M, %) at x € M
is the subgroup of the group of diffeomorphisms Diff(J,M) of the indicatrix J,M
determined by parallel translation of J,M along piece-wise differentiable closed
curves initiated at the point x € M (Fig. 12.6).

We note that the holonomy group Hol(x) is a topological subgroup of the regular
infinite dimensional Lie group Diff(3,M), but its differentiable structure is not
known in general. (Diff(J,M) denotes the group of all C*°-diffeomorphism of J,M
with the C*°-topology.)

12.3 Diffeomorphism Groups and Their Tangent Algebras

The group Diff(M) of all smooth diffeomorphisms of a differentiable manifold M
is a regular infinite dimensional Lie group modeled on the vector space X.(M)
of smooth vector fields on M with compact support. The Lie algebra of the
infinite dimensional Lie group Diff(M) is the vector space X.(M), equipped with
the negative of the usual Lie bracket (c.f. Kriegl and Michor [15], Sect.43.1,
pp. 454-456).

Here we discuss the tangential properties of Lie algebras of vector fields to an
abstract subgroup of the diffeomorphism group of a manifold. The results of this
section will be applied in the following to the investigation of tangent Lie algebras
of the holonomy subgroup of the diffeomorphism group of an indicatrix J,M and
to the fibered holonomy subgroup of the diffeomorphism group of the indicatrix
bundle J(M).

Let M be a C*° manifold, let ¢4 be a (not necessarily differentiable) subgroup of
the diffeomorphism group Diff*° (M) and let X*°(M) be the Lie algebra of smooth
vector fields on M.

Definition 2 A vector field X € X°°(M) is called tangent to the subgroup ¢ of
Diff> (M), if there exists a ¢! -differentiable 1-parameter family {¢y € ¥}ie(—cs)
of diffeomorphisms of M such that ¢y = Id and 334;’ ‘ =0 = X. A Lie subalgebra g of
X% (M) is called tangent to ¢, if all elements of g are tangent vector fields to 4.
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Unfortunately, it is not true in general that tangent vector fields to a group ¢ generate
a tangent Lie algebra to ¢. This is why we have to introduce a stronger tangential
property in Definition 4.

Definition 3 A %*°-differentiable k-parameter family {@, .. 1) € DIff (M) }e(—e.c)
of diffeomorphisms of M is called a commutator-like family if it satisfies the
equations

¢ ...,y =1d, whenever £ =0 forsome 1 <j<k.

We remark that any ¢'-differentiable 1-parameter family {¢ € ¥}e(—cs) of
diffeomorphisms of M with ¢y = Id is a commutator-like family. Moreover, the
commutator of commutator-like families is commutator-like, and the inverse of a
commutator-like family is commutator-like.

Definition 4 A vector field X € X°°(M) is called strongly tangent to the subgroup ¢
of Diff> (M), if there exists a commutator-like family {@, ) € Diff (M)}, e(—e.r)
of diffeomorphisms satisfying the conditions

(A) ¢u,..p) €9 forall e (—ee), 1<i<k,

3k¢(11 ..... tk)i
3[1“~81‘k (0 ..... 0)
necessarily vanishing derivative of the diffeomorphism family {¢,. . ;)} at any

point x € M, and therefore it determines a vector field. On the other hand, by
parameterizing the commutator like family of diffeomorphism, it can be shown
that if a vector field is strongly tangent to a group ¥, then it is also tangent to
¢ . Moreover, we have the following

It follows from the commutator-like property that

Theorem 1 Let ¥ be a set of vector fields strongly tangent to the subgroup 4 of
Diff>(M). The Lie subalgebra v of X*°(M) generated by ¥ is tangent to 9.

Proof First, we investigate some properties of vector fields strongly tangent to the
group 4.

Lemma 1 Let {y¢, 1) € Diff™°(U)},e(—ce) be a €-differentiable h-parameter
commutator-like family of (local) diffeomorphisms on a neighborhood U C R".
Then

all+ +ip
@ i W(t“'j’h”th) (x) =0, if i,=0 forsome 1<p<h
o)} ... ot) ©.0)
Lo ) ! FY...
(i a(l//(tl, ,tha)) ) = ; Y, ;) );
.. 0 .0 fn n1....0)
" d
(111) Ip(fl ~~~~~ Th) (x) — wi’/r ~~~~~ Q/T) (x)
o ... (. o) ot =0

at any pointx € U.
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Proof Assertions (i) and (ii) can be obtained by direct computation. It follows from

. bl . . . o
(i) that af“‘“é}’l”) (x) is the first non-necessarily vanishing derivative of the
=9 ](0,...,0)

diffeomorphism family {,

)} at any point x € M. Using
Y., ,k)(x) =x+H -t X(x)+ o t,..., %),

where lin}) w(x,t,...,1) = 0 we obtain that
ti—>

0 0
9 t=01//({‘/t ..... {‘/t)(x) = 9

(x + (X + o(x Y, (/r))) = X(x),

t=0

which proves (iii).

We remark that assertion (iii) means that any vector field strongly tangent to ¢ is
tangent to 4. Now, we generalize a well-known relation between the commutator of
vector fields and the commutator of their induced flows.

Lemma 2 Let {¢, . )} and {W, .. i)} be €*°-differentiable k-parameter, respec-
tively, l-parameter families of (local) diffeomorphisms defined on a neighborhood
U C R Assume that ¢, ) = 1d, respectively, Y, .. = 10, if some of their
variables is 0. Then the family of (local) diffeomorphisms [P, ....s)» V... defined
by the commutator of the group Diff>(U) fulfills (¢, .50 Vtr...n) = 1, if some
of its variables equals 0. Moreover

ak+l[¢(514.4sk)’ W(nmn)]
dsy ... 0s; 0t ... Y

all/f(n .1y
R P 8

ak¢(514.4sk)
(x) = _|:3s1 .. 08
(0...0:0...0)

} (x)
(0...0)

at any point x € U.

0. Hence

ORI 1o Vit o)

. o . =0,
as\ ... dsfor' ... ot}

family Id, if some of their variables equals 0. Hence one has
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ak+l[¢($1---»?k)v ‘W(tl---tl)] ) (12.21)
sy ... Osg 01 ... 9y ,....0; 0,....0) ’

ox o (d’(?ll...sk) °© w(_tll...t[) © P(sy..50) © w(rl...n)(x))

- 0s1 ... 08k ..0) 1 ...0f

(0..0)

o Iy

= d ! X ) S1...5, s

0sy ... 0sg (0..0) (d)(sl"'sk))(p(sl"'xk)( ) oty ...0f © (((f( 10 (X))

""" ¢(s1.....sk)(x) ey
point ¢, ... (x). Using the fact, that {¢s, . s} is the constant family Id, if some

of its variables equals 0, and the relation d(qﬁ(_olm 0610 ® = Id, we obtain
that (12.21) can be written as
3k¢(s1.4.sk)(x)
0.0 . 05y ... sy

—1 — —1
d ak¢(3‘14.43’;\) alw(n.l“t[) (X) + d all//(tlmtf)
0sy ... 08 0.0/, oty ...o0Y ©0.0) oty ...0Y
According to assertion (ii) of Lemma 1 the last formula gives

d ak¢(s1...s;<) 3'1#(;1...:,)@) —d( 31%1...”)
asy ... Osg ©.0/, daty ... 0y (0...0) aty ... 0y

which is the Lie bracket of vector fields

0sy ... Osg (0_..0)’

8k¢(x1 uSk) (X)
0..0)) |

akd)(sl ..... Sk)
©00) O0s1 ... sy

:|:U—>R".

The previous lemma gives for 1-parameter families {¢; € ¥}e(—s¢) and {Y; €
9} 1e(—s,¢) Of diffeomorphisms of M with ¢y = ¥y = Id the relation

32
0s0t

o'y,

s=0 ot

0¢ps
ds

[¢Xv wt] = _|:

}. (12.22)
=0

s=0,r=0

Lemma 3 Any Lie subalgebra of X°°(M) algebraically generated by strongly
tangent vector fields to the group ¢4 has a basis consisting of vector fields strongly
tangent to the group 4.

Proof Let ¥ be a set of strongly tangent vector fields to the group ¢ and v the
Lie algebra algebraically generated by 7. The iterated Lie brackets of vector fields
belonging to ¥ linearly generate the vector space v. It follows from Lemma 2 that
these iterated Lie brackets of vector fields are strongly tangent to the group ¢. Hence
v is linearly generated by vector fields strongly tangent to ¢.
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Lemma 4 Linear combinations of vector fields tangent to & are tangent to 9.

Proof If X and Y are vector fields tangent to & then there exist ¢’!-differentiable
1-parameter families of diffeomorphisms {¢, € ¥} and {, € ¥} such that

0
do=vo=1d, | g =X,

ot _Olﬁr =r

ot }t—

Hence the 1-parameter families of diffeomorphisms {¢, o ¥} and {¢.,} satisfy

X+Y= ? :0(¢tOWt)v cX =

ey, forall ceR",
or s —oPen- forall e

8t‘

which proves the assertion.
Lemmas 1-4 prove Theorem 1.

12.3.1 Diffeomorphism Group of Compact Manifolds

If K is a compact manifold, then the group Diff(K) of diffeomorphisms is an
infinite dimensional Lie group belonging to the class of Fréchet Lie groups. The
Lie algebra of Diff>(K) is the Lie algebra X*°(K) of smooth vector fields on K
endowed with the negative of the usual Lie bracket of vector fields. The Fréchet
Lie group Diff®(K) is modeled on the locally convex topological Fréchet vector
space X*°(K). A sequence {f;}jen C X°°(K) converges to f in the topology of
X°°(K) if and only if the functions f; and all their derivatives converge uniformly
to f, respectively to the corresponding derivatives of f. We note that the difficulty
of the theory of Fréchet manifolds comes from the fact that the inverse function
theorem and the existence theorems of differential equations, which are well known
for Banach manifolds, are not true in this category. These problems have led to the
concept of regular Fréchet Lie groups (cf. [25] Chapter III, [15] Chapter VIII). The
distinguishing properties of regular Fréchet Lie groups can be summarized as (a)
the existence of the smooth exponential map from the Lie algebra of the Fréchet
Lie groups to the group itself, (b) the existence of product integrals, which produces
the convergence of some approximation methods for solving differential equations
(cf. Sect. IIL.5. in [25], pp. 83—-89). J. Teichmann gave a detailed discussion of these
properties in [32].

Proposition 1 [f a Lie subalgebra g of the Lie algebra X°°(K) of smooth vector
fields on a compact manifold K is tangent to a subgroup ¢ of the diffeomorphism
group Diff® (K) of K, then the group generated by the exponential image exp(g) of
g is contained in the topological closure 9 of 4 in Diff™° (K).
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Proof Let us denote by ( exp(g)) the group generated by the exponential image of g.
For any element X € g there exists a ¢’ -differentiable 1-parameter family {®(¢) €
4 }.er of diffeomorphisms of the manifold K such that

aD(s)

@) =Id and
as

=X.
s=0

Then, considering @(¢) as “hair” and using the argument of Corollary 5.4. in [25],
p. 85, we get that

o ()] =fo(()omoe (D)) co n=t2..

teR

as a sequence of Diff®(K) converges uniformly in all derivatives to exp(tX). It
follows that we have {exp(tX);t € R} C ¥ for any X € g) and therefore
exp(g) C ¢. Naturally, if for the generated group (exp(g)), then the containing

relation is preserved, that is (exp(g)) C ¢, which proves the proposition.

12.4 Curvature Algebra

12.4.1 Curvature Vector Fields at a Point

Definition 5 A vector field & € X°(JM) on the indicatrix bundle JM is a
curvature vector field of the Finsler manifold (M, %), if there exist vector fields
X,Y € X°°(M) on the manifold M such that £ = r(X, Y), where for every x € M
and y € J,M we have

r(X,Y)(x,y) := Ry (Xx, Yx). (12.23)

If x € M is fixed and X, Y € T, M, then the vector field y — r(X, Y)(x,y) on I, M is
a curvature vector field at the point x.

The Lie algebra SR(M) of vector fields generated by the curvature vector fields of
(M, .7) is called the curvature algebra of the Finsler manifold (M, .%). For a fixed
x € M the Lie algebra R, of vector fields generated by the curvature vector fields at
x is called the curvature algebra at the point x.

In this section we investigate the properties of the curvature vector fields and of
the curvature algebra at a fixed point x € M. The curvature vector fields £ =r, (X, Y)
are tangent to the indicatrix

8w (3 Ry (y(X), 1,(Y)) =0, forany y,X.Y e TM
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according to [27], Eq. (10.9). In the sequel we investigate the tangential properties
of the curvature algebra to the holonomy group of the canonical connection V of a
Finsler manifold.

Proposition 2 Any curvature vector field at x € M is strongly tangent to the
holonomy group Hol(x).

Proof Indeed, let us consider the curvature vector field § := r(X,Y) € X(J.M)
corresponding to the directions X,Y € T,M and let X.Ye X(M) be commuting
vector fields, i.e. [X , Y ]=0 such that }A(x =X, f/x =Y. By the geometric construction,
the flows {¢,} and {¥,} of X and ¥ are commuting, that is ¢ o ¥, = V; o ¢,. For any
sufficiently small s, ¢ € R we can consider the curve Z, defined as follows:

Vu(x), O0<u<t,
Gu—1 (V1 (x)), t<u<t+s,
St = I//u_—l(r-i-s) (D5 (V1 (X)), t+s<u<2t+s,

O i U (D (e ())). 20+ s <u < 21+ 2s.

Because of the commuting property of the flows {¢,} and {i} the curves &,
are closed parallelograms: their initial and final point at u = 0 and u = 2t 4 2s
are the same x € M. Consequently, the parallel translation z,,: TxM — T,.M along
the parallelogram &7, is a holonomy element for every small value of 7, s € R (see
Fig. 12.7).

On the other hand, using the geometric construction of parallel translation
presented in Sect. 12.2.1.2, we know that the flows {¢/"} and {1/} of the horizontal
lifts l(}A() and /(Y) can be considered as parallel translations along integral curves of
Xand Y, respectively. They can be considered as fiber preserving diffeomorphisms
of the bundle JM for any ¢, s € R. Then the commutator

Tu= (90 Y =gl oyl ogloyl s IM—IM

is also a fiber preserving diffeomorphism of the bundle JM for any t,s € R.
Therefore for x € M the restriction

To(x) = ts,,‘ij 2 IM — T M

Fig. 12.7 Parallel translation
along a parallelogram
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Fig. 12.8 Non-zero

curvature vector field
T M

to the fiber J,M is a 2-parameter C*°-differentiable family of diffeomorphisms
contained in the holonomy group Hol(x) such that

32
750(x) = Id, 704(x) = Id, and T(x) = (X, Y),
9105 | ;=00

which proves that the curvature vector field £ = r(X, Y) is strongly tangent to the
holonomy group Hol(x) and hence we obtain the assertion.

In order to enlighten the construction and the geometric meaning of the curvature
vector field £ = r, (X, Y) we consider Fig. 12.8 which can be seen as the extension
of Fig. 12.7. Here we can present not only the geometric objects at the level of the
manifold M but at the level of the tangent manifold 7M too. We remark that, as it
is usual, the tangent vectors of M are represented as “arrows” at the level of M, but
they are represented as “points” at the level of the tangent space 7M. For example,
the vectors v and t;,v are represented as arrows at x on M and points above x in TM.
The gray vectors at the level of M represent the elements of the parallel vector field
V along the parallelogram &, with the initial condition V, = v. The gray dots are
the points in TM corresponding to the elements of V. These dots lie on the curves
of the flows ¢!, ¥ because V is a parallel field and these flows correspond to the
parallel translations along integral curves of Xand Y, respectively. As the picture
shows, the parallel translation along the parallelogram P;, of a vector v € T.M
can be obtained by following in TM the flows ¢!, ¥", ¢" . ¥ above P;,. The
indicatrix, or unite ball, at x € M is represented by the oval above x. Since the
parallel translation preserves the norm, if v € J,M, then 7,,v € J.M. Therefore
r— ér,,,(v) is a curve in J, M. Its tangent vector at r = 0 is £(v) which is therefore
a tangent vector of J,M.

We remark that in the case, when the curvature is identically zero, the horizontal
lifts of commuting vector fields are also commuting vector fields. Therefore one
obtains ¢ o Y = Yy o ¢! and 1, = [p!, ¥!:IM — IM is the identity
transformation. In that case 7, ,v = v is a constant map and therefore its derivative is
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Fig. 12.9 Vanishing
curvature vector field

T M

zero, that is &, = 0. Geometrically that means that the horizontal lifts of the closed
parallelograms &, are closed parallelograms. See Fig. 12.9.

Theorem 1 The curvature algebra R, at a point x € M of a Finsler manifold
(M, F) is tangent to the holonomy group Hol(x).

If (M, F) is a positive definite Finsler manifold, then the group generated by the
exponential image exp(i)‘{x) is a subgroup of the topological closure of the holonomy
group Hol(x).

Proof Since by Proposition 2 the curvature vector fields are strongly tangent to
Hol(x) and the curvature algebra fR, is algebraically generated by the curvature
vector fields, the first assertion follows from Theorem 1. The second assertion is a
consequence of Proposition 1.

Proposition 3 The curvature algebra R, of a Riemannian manifold (M, g) at any
point x € M is isomorphic to the linear Lie algebra over the vector space T.M
generated by the curvature operators of (M, g) at x € M.

Proof The curvature tensor field of a Riemannian manifold given by Eq. (12.7) is
linear with respect to y € T, M and hence

d
Ry (&) = (R )Y oyt

where R.(§,7))f is the matrix of the curvature operator R(§,7): T-M — T.M
with respect to the natural basis {ail Ly e ns aiﬂ |X} Hence any curvature vector field

r+(€,m)(y) with &, € T.M has the shape (£, 7)(y) = (R.(&, 1))y agk' It follows
that the flow of r.(&,7)(y) on the indicatrix J,M generated by the vector field
r+(§,1)(y) is induced by the action of the linear 1-parameter group exp tR, (&, 1))
on T M, which implies the assertion.
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Since for Finsler surfaces of non-vanishing curvature the curvature vector fields
form a one-dimensional vector space and hence the generated Lie algebra is also
one-dimensional, we have

Remark 2 The curvature algebra of Finsler surfaces is at most one-dimensional.

12.4.2 Constant Curvature

Now, we consider a Finsler manifold (M, %) of non-zero constant curvature. In this
case for any x € M the curvature vector field r,(X, Y)(y) has the shape (cf. (12.14))

, . D
r(X.Y)(y) = ¢ (8jgum(0)y" — 8igim()y™) XY ayiw O #ceR.

Putting y; = gjm(y)y™ we can write r(X,Y)(y) = ¢ ((Sjyk — S,iyj) X/yk ai-"' Any
linear combination of curvature vector fields has the form

o ., 0
rA)(y) = A Gy = 8) 5 oo

where A = A aif A ik € T:M A TiM is arbitrary bivector at x € M.

0.

Lemma 1 Let (M, %) be a Finsler manifold of non-zero constant curvature. The
curvature algebra Ry at any point x € M satisfies

. n(n—1)
dim®, > (12.24)

where n = dimM.

Proof Let us consider the curvature vector fields ry = ry( 33]-, aik)( y) at a fixed
point x € M. If a linear combination

. - o0 . | .0

Afry = Ay — 8lyy) . = A%y — Ally)) = 24%y,

Tjk 8y — 61y)) By A%y — Aly)) oy Ve g
of curvature vector fields ry with constant coefficients A% = —A¥ satisfies A%ry =
0 for any y € T, M then one has the linear equation A%y, = 0 for any fixed index
i. Since the covector fields yj,...,y, are linearly independent we obtain Ak =0
for all j,k € {1,...,n}. It follows that the curvature vector fields rj are linearly

n(n—1)

independent for any j < k and hence dimR, = ™,
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Corollary 1 Let (M, g) be a Riemannian manifold of non-zero constant curvature
with n = dim M. The curvature algebra R, at any point x € M is isomorphic to the
orthogonal Lie algebra o(n).

Proof The holonomy group of a Riemannian manifold is a subgroup of the
orthogonal group O(n) of the tangent space 7T.,M and hence the curvature algebra
PR, is a subalgebra of the orthogonal Lie algebra o(7). Hence the previous assertion
implies the corollary.

Theorem 2 Let (M, .F) be a Finsler manifold of non-zero constant curvature with
dimM > 2. If the point x € M is not (semi-)Riemannian, then the curvature algebra
R, at x € M satisfies

. nn—1) .
dim R, > 5 where n = dimM. (12.25)

Proof We assume dimR, = "("2_ Y For any constant skew-symmetric matrices
{AY and {B/} the Lie bracket of vector fields A%y, az_,. and By, aay,. has the

shape C'*y; ai,-, where {C™*} is a constant skew-symmetric matrix, too. Using the
homogeneity of g;; we obtain

a a
T O8N L g = ghm (12.26)
ay™ ay™
and hence
Amk ,Blh | = Amk Bth _ BmkAlh )
[ Y gy 7 By‘} ( ay"™ ayn )7 gy
ih mk ih mk a ik a
= (B" g A™ = A" g B )y, = Cyi, ..
dy dy
Particularly, for the skew-symmetric matrices Egb = 828’;—8282, a,bef{l,... ,n},
we have
ij 3 kl a ih mk ih mk a im 3
I:EL{h yj ayi’ Ecdyl ayk} = (Ecd 8hm Eab _Eab 8hm Ecd)yk ayl = Aab,cd Ym ayl-v

i ; i A i L/ i
where the constants A, ., satisfy Ay, ==y 0= —Apoca=—Aapac = —Aea.av-

Putting i = a and computing the trace for these indices we obtain
(n— 2)(8baYe — 8be Ya) = Al cq V. (12.27)

where A} ., := Al . The right-hand side is a linear form in variables yi, ..., y,.
According to the identity (12.27) this linear form vanishes for y. = y; = 0, hence
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AL, = 0forl # c,d. Denoting A\ := ' AS , (no summation for the index c)
we get the identities

8bd Ve — &be Vd = )Ll(;) Ve — )Ll(:f,) yqs (no summation for ¢ and d).

Putting y; = 0 we obtain gbd|yd=0 = Affd) for any ¢ # d. It follows Affd) is

independent of the index ¢ (# d). Defining Ay, = A(bil) with some ¢ (# d) we
obtain from (12.27) the identity

8bd Ye — 8beYd = Abd Ye — Abe Ya (12.28)

forany b,c,d € {1,...,n}. We have

Acd Yo—Acto Ya = (8bd Ye—8bc Ya) — (8ab Yo —8&de Yb) = (Abd Ye—Abe Ya) — (Aap Yo —Ade Yb)-
which implies the identity
Acayp — AcvYa) + Aap Ye — Aac Yb) + (Ave Ya — Ava Ye)

= (Aea — Aac) Yo + (Aap — Apa) Yo + (Ape — Aep) Ya = 0. (12.29)

Since dim M > 2, we can consider three different indices b, ¢, d and we obtain from
the identity (12.29) that A, = A, forany b,c € {1,...,n}.
By derivation the identity (12.28) we get

08ba agp
agy Ve — agycyﬁgbdas—gbcss=Abd53—xb083.
a a

Using (12.26) we obtain

Ova (08ba  08be n 3
aye \ v, Ye 3y Ya 8bd 8cq — 8bc 8dg
08pa 08be
= oy Ye — oy Yd + 8bd 8cq — 8be 8dg = Abd 8cg — Abe 8dg-

Since

0gba _ 08be b— 0
By Ye 9y Yd |y

we get the identity

Yd 8cq — Yc 8dqg = Abd yb 8cqg — AbC yb 8dq-
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Multiplying both sides of this identity by the inverse {g?"} of the matrix {g.,} and
taking the trace with respect to the indices c, r we obtain the identity

(n—1)ys = (n—1)Apa".

Hence we obtain that g,gy* = Aps¥” and hence gy = Apq, Which means that the
point x € M is (semi-)Riemannian. From this contradiction follows the assertion.

Corollary 2 The curvature algebra SR, at a point x € M of a Finsler manifold
(M, F) of non-zero constant curvature satisfies

—1
dimmx=”("2 ) where n=dimM. (12.30)

if and only if n= 2 or the point x € M is (semi-)Riemannian.

Theorem 3 Let (M, .%) be a positive definite Finsler manifold of non-zero constant
curvature with n = dimM > 2. The holonomy group of (M, ¥) is a compact Lie
group if and only if (M, %) is a Riemannian manifold.

Proof We assume that the holonomy group of a Finsler manifold (M, %) of non-
zero constant curvature with dimM > 3 is a compact Lie transformation group
on the indicatrix J,M. The curvature algebra A, at a point x € M is tangent to
the holonomy group Hol(x) and hence dim Hol(x) > dimfR,. If there exists a not
(semi-)Riemannian point x € M, then dim R, > "(”2_ Y The (n — 1)-dimensional
indicatrix J,M at x can be equipped with a Riemannian metric which is invariant
with respect to the compact Lie transformation group Hol(x). Since the group of
isometries of an n — I-dimensional Riemannian manifold is of dimension at most
”("2_ D (ef. Kobayashi [11], p. 46) we obtain a contradiction, which proves the
assertion.

Since the holonomy group of a Landsberg manifold is a subgroup of the isometry
group of the indicatrix, we obtain that any Landsberg manifold of non-zero constant
curvature with dimension > 2 is Riemannian (c.f. Numata [24]).

We can summarize our results as follows:

Theorem 4 The holonomy group of any non-Riemannian positive definite Finsler
manifold of non-zero constant curvature with dimension > 2 does not occur as the
holonomy group of any Riemannian manifold.

12.4.3 Infinite Dimensional Curvature Algebra

Let us consider the singular (non y-global) Finsler manifold (H3, .%), where Hj is
the three-dimensional Heisenberg group and .% is a left-invariant Berwald-Mo6r
metric (c.f. [27], Example 1.1.5, p. 8).
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to

XX
X

1 2 ki
01

[}

The group Hj can be realized as the Lie group of matrices of the form [(l)
0

where x = (x',x?, x*) € R? and hence the multiplication can be written as
(XI,XZ,X3) . (yl’yZ’y?)) — (Xl + yl’xZ + yZ +x1y3,x3 + y3)

The vector 0 = (0,0, 0) € R? gives the unit element of H;. The Lie algebra h; =
. . 0a" a .
ToH3 consists of matrices of the form [0 ao Zs :| , corresponding to the tangent vector
000
a=a') +a* ), +a* ), atthe unitelement 0 € H3. A left-invariant Berwald-Mo6r

Finsler metric .# is induced by the (singular) Minkowski functional .%;: 3 — R:
2
Fola) = (alaza?’)3

of the Lie algebra in the following way: if y = (y',y%,y?) is a tangent vector at
Xx € Hi, then

F(x,y) == F,(x7'y).

The coordinate expression of the singular (non y-global) Finsler metric .% is

2

Fy) = (=xy)y).

Since % is left-invariant, the associated geometric structures (connection,
geodesics, curvature) are also left-invariant and the curvature algebras at different
points are isomorphic. Using the notation

re(i,j) = rx( 9 0

for curvature vector fields, a direct computation yields

1 5y12y32 9 yly32 (BxY +y*) 9 4y1y33 9
r(1.2) = 3 9.1 3 2 3 9.3 )
4\ @ly —y2)” Oy (P=xlyd)” Wt (y2=alyd)” Oy
(1.3) 1 ylzy3 (6x'y*—11y%) @ N 4yly32xl (2x'y*=3»?) @
rx £ =
4 3=yt oy (y2—x1y3)’ dy*
yly32 (7x'y*=11y%) 9
=y’ )
2
r(2.3) = 1( 8 YY) 6 s 3)
4\ Gyt B! (P=xly)t B2 (P—xly)t B
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The curvature vector fields ry (i, j), i,j = 1,2, 3, at the unit element 0 € H3 generate
1k _3m

the curvature algebra to. Let us denote Y% := z wim—1» k,m € N, and consider the
y

vector fields

9
+ aPykmtl (12.31)

d
4 a2 Yk,m , ,
0 ay* [o

Ak,m(al,aZ’aS) — alyk-i—l,m d R
0 dy

oyl

with (a',a?,a®) € R? and k,m € N. Then the curvature vector fields ry(i, /) at
0 € Hj can be written in the form

1 1 1
ro(1,2) = 4A1~2(—5,1,4), ro(1,3) = 4A“(u,o,—ll), 10(2,3) = 4A2~1(—4,—1,5).

Proposition 4 The curvature algebra ¢, at any point x € M is a Lie algebra of
infinite dimension.

Proof Since the Finsler metric is left-invariant, the curvature algebras at different
points are isomorphic. Therefore it is enough to prove that the curvature algebra v
at 0 € H3 has infinite dimension. We prove the statement by contradiction: let us
suppose that v is finite dimensional.

A direct computation shows that for any (a', a?, @), (b', b*, b*) € R one has

[Ak'm(al,az,a3),AP"1(bl,b2,b3)] — Ak+p’m+q(C1,C2,C3)

with some (c!,c?,¢?) € R3. It follows that any iterated Lie bracket of curvature
vector fields ry(i,j), i,j = 1,2, 3, has the shape (12.31) and hence there exists a
basis of the curvature algebra t, of the form {Aki" (a}, aiz, a?)}f\;l, where N € Nis
the dimension of ty. We can assume that {(k;, m;) }f\;l forms an increasing sequence,
ie. (ky,my) < (ky,my) < --- < (ky, my) holds with respect to the lexicographical

ordering of N x N. We can consider the vector fields
4
o3 = AMN(1,0,-1), 4ro(1,2) = A" (=5,1,4), 4rg(2,3) = A>'(—4,-1,5)

as the first three members of this sequence. Hence 1 < ky, my and

[A“(l,O, _1)’ Akzv,mzv(a]lv’a%\“a;v)] — Al+kN’l+mN(Cl,Cz,C3)
belongs to vy, too, where c' = (ky — my — l)a}v + 2a]2v — af’\,, 2 = (ky — mN)ajzv

and ¢* = a}, —2a% + (ky —my + 1)ay. Since ky < 1 + ky, my < 1 + my we have

c! = ¢* = ¢* = 0 and hence the homogeneous linear system

0 = (ky —my — Day + 2ay, — ay,
0 = (ky — my)ay,

0=a11\,—2a12V+(kN—mN+l)a13v

has a solution (a;, a3, ay) # (0,0,0). It follows that ky = my.
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Similarly, computing the Lie bracket
0=[A"(=5,1,4), A" (ay, a}. a)] = ATV @, &)

Since ky < 1 4+ ky < 2 + ky we have d' = d?> = d* = 0 giving the homogeneous
linear system

0 =(=3ky + 5)ay — 154% + 10ay,,
0 =—ay + (3 — 3ky)ay, — 2ay,

0 = —4day + 12a3 — (3ky + 8)ay

for (al, a3, ay). The determinant of this system vanishes only for ky = 0 which is
a contradiction.

Corollary 3 The holonomy group of the y-singular Finsler manifold (Hs, F) has
an infinite dimensional tangent Lie algebra.

We remark here that it remains an interesting open question: Is there a nonsingu-
lar (y-global) Finsler manifold whose curvature algebra is infinite dimensional?

12.5 Holonomy Algebra

12.5.1 Fibered Holonomy Group

Now, we introduce the notion of the fibered holonomy group of a Finsler manifold
(M, #) as a subgroup of the diffeomorphism group of the total manifold JM of
the bundle (JM, 7, M) and apply our results on tangent vector fields to an abstract
subgroup of the diffeomorphism group to the study of tangent Lie algebras to the
fibered holonomy group.

Definition 6 The fibered holonomy group Holk(M) of (M,.%) consists of fiber
preserving diffeomorphisms @ € Diff>(JM) of the indicatrix bundle (IM, 7, M)
such that for any p € M the restriction @, = @[5,y € Diff>*(J,M) belongs to the
holonomy group Hol( p).

We note that the holonomy group Hol( p) and the fibered holonomy group Hol;(M)
are topological subgroups of the infinite dimensional Lie groups Diff(J,M) and
Diff® (IM), respectively.

The definition of strongly tangent vector fields yields

Remark 3 A vector field £ € X°°(JM) is strongly tangent to the fibered holonomy
group Holi(M) if and only if there exists a family {P,. 1|}, c(ces) Of fiber
preserving diffeomorphisms of the bundle (JM, 7, M) such that for any indicatrix
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,,,,, ) \3,, M} He(—e.) of diffeomorphisms is contained in the

holonomy group Hol(p) and & ‘ M is strongly tangent to Hol( p).

Corollary 4 Strongly tangent vector fields to the fibered holonomy group Hol¢(M)

are vertical vector fields. If &€ € X°°(IM) is strongly tangent to Holy(M) then its

restriction §, 1= §|3 to any indicatrix J, is strongly tangent to the holonomy group
P

Hol(p).
Let now U C M be an open neighborhood in M diffeomorphic to R” and consider

the Finsler manifold (U, .%|y) induced on U. Now we prove that the first assertion
of Theorem 1 on the tangential property to the holonomy group of curvature vector
fields at a point can be extended to curvature vector fields defined on the full the
indicatrix bundle of (U, .Z#|y) .

Proposition 5 Any curvature vector field ¢ € X°°(JU) on the indicatrix bundle
of the Finsler manifold (U, ¥ |y) is strongly tangent to the fibered holonomy group
Holi ().

Proof Since U is diffeomorphic to R" we can identify the manifold U with the
vector space R". Let § = r(X,Y) € X°°(JR") be a curvature vector field with X, ¥ €
X*°(R"). According to Proposition 2 its restriction §|31)R,, to any indicatrix J,R" is
strongly tangent to the holonomy groups Hol( p). We have to prove that there exists
bundle (JR", 7, R") such that for any p € R” the family of diffeomorphisms induced
on the indicatrix J,, is contained in Hol( p) and & ‘SPR” is strongly tangent to Hol( p).

For any p € R" and —1 < s,1 < 1 let J1(sX,,tY,) be the parallelogram in
R" determined by the vertexes p,p + sX,,p + sX, + tY,,p + tY, € R" and let
TI(sXptY,) - J, — J, denote the (nonlinear) parallel translation of the indicatrix
J, along the parallelogram I1(sX),, tY,) with respect to the associated homogeneous
(nonlinear) parallel translation of the Finsler manifold (R”, .%#). Clearly we have
T(sX,.1v,) = ldggn, if s = 0orz = 0and

2
0T 11(s%,.1,)

959t =§, forevery peR".

(s,6)=(0,0)

Since [1(sX,,tY,) is a differentiable field of parallelograms in R", the maps
Tr(sx,,), P € R", 0 < 5,1 < 1, define a 2-parameter family of fiber preserving
diffeomorphisms of the indicatrix bundle JR”". The diffeomorphisms induced by the
family {7 17(sx,.v,) }s, «e(_1.1) On any indicatrix J, are contained in Hol(p). Hence the
vector field £ € X°°(R") is strongly tangent to the fibered holonomy group Hol(U)
and the assertion is proved.

Corollary 5 If M is diffeomorphic to R", then the curvature algebra R(M) of
(M, F) is tangent to the fibered holonomy group Holy(M).
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12.5.2 Infinitesimal Holonomy Algebra

The following assertion shows that similarly to the Riemannian case, the curvature
algebra can be extended to a larger tangent Lie algebra containing all horizontal
Berwald covariant derivatives of the curvature vector fields.

Proposition 6 If £ € X°°(IM) is strongly tangent to the fibered holonomy group
Holi(M) of (M, .7), then its horizontal Berwald covariant derivative Nk & along any
vector field X € X°°(M) is also strongly tangent to Holy(M).

Proof Let t be the (nonlinear) parallel translation along the flow ¢ of the vector
field X, i.e. for every p € M and t € (—¢,, &) the map 7,(p): I,M — Ty, (»M is the
(nonlinear) parallel translation along the integral curve of X. If {@, 4} ie(—cs)
is a €°°-differentiable k-parameter family {®@, . 1) }ie(—ee Of fiber preserving
diffeomorphisms of the indicatrix bundle (JM, 7|y, M) satisfying the conditions
of Definition 4, then the commutator

. -1 —1
[P0 t’k+l] = d)(rl ) © (‘ka+l) °© P4 © Ttit1

of the group Diff*®(JM) fulfills [®,,
0. Moreover

) Ttk+1] = Id, if some of its variables equals

ot [¢(t1 k) T(Tk-ﬁ-l)]

— h
o ... O = —[£.x"] (12.32)

(0...0)

at any point of M, which shows that the vector field [5 ,Xh] is strongly tangent to
Hols(M). Moreover, since the vector field & is vertical, we have A[X", £] = 0, and
using V& := [X", £] we obtain

—[£. X" = [X".§] = v[X", £] = V¢

which yields the assertion.

Definition 7 Let hol* (M) be the smallest Lie algebra of vector fields on the
indicatrix bundle JM satisfying the properties

(i) any curvature vector field & belongs to hol* (M),
(ii) if &, 7 € hol* (M), then [£, ] € hol* (M),
(iii) if & € hol*(M) and X € X°°(M), then the horizontal Berwald covariant
derivative k£ also belongs to hol* (M).

The Lie algebra hol* (M) C X°°(JIM) is called the infinitesimal holonomy algebra
of the Finsler manifold (M, .%).
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Remark 4 The infinitesimal holonomy algebra hol* (M) is invariant with respect to
the horizontal Berwald covariant derivation, i.e.

Ee€hol* (M) and X e X®°WM) = V& € hol*(M). (12.33)

Let U C M be an open neighborhood in M diffeomorphic to R” and let (U, % |y)
be the Finsler manifold (U, .%|y) induced on U. The results of this sections yield
the following

Theorem 1 The infinitesimal holonomy algebra hol* (U) of the Finsler manifold
(U, F#|y) is tangent to the fibered holonomy group Holy(U).

Let hol* (M) C X°°(JM) be the infinitesimal holonomy algebra of the Finsler
manifold (M, %) and let p be a given point in M.

Definition 8 The Lie algebra hol*(p) := {§, ; § € hol*(M)} C X*°(J,M) of
vector fields on the indicatrix J,M is called the infinitesimal holonomy algebra at
the pointp € M.
Clearly, for any p € M the curvature algebra 2R, at p € M is contained in the
infinitesimal holonomy algebra hol*(p) atp € M.

The following assertion is a direct consequence of the definition. It shows that
the infinitesimal holonomy algebra at a point p of (M,.%) can be calculated in a
neighborhood of p.

Remark 5 Let (U, % |y) be an open submanifold of (M, .%#) such that U C M is
diffeomorphic to R" and let p € U. The infinitesimal holonomy algebras at p of the
Finsler manifolds (M, %) and (U, #|y) coincide.

Now, we can prove the following

Theorem 2 The infinitesimal holonomy algebra hol*(p) at a point p € M of the
Finsler manifold (M, F) is tangent to the holonomy group Hol(p).

If (M,.7) is a positive definite Finsler manifold, then the group generated by
the exponential image exp([)o[*(p)) is a subgroup of the topological closure of the
holonomy group Hol(p).

Proof Let U C M be an open submanifold of M, diffeomorphic to R" and
containing p € M. According to the previous remark we have hol*(p) := { £ Ee
hol;(U) } Since the fibered holonomy algebra hol;(U) is tangent to the fibered
holonomy group Hol;(U) we obtain the first assertion. The second assertion is a
consequence of Proposition 1.

12.5.3 The Berwald Translate

Let x(7), 0 < t < a be a smooth curve joining the points ¢ =x(0) and p =x(a) in the
Finsler manifold (M, %). If y(1) = t;y(0) € Jy»M is a parallel vector field along
x(t), 0 <t < a, where 7, : J;M — Jy»M denotes the homogeneous (nonlinear)
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parallel translation, then we have D;y(f) := (dy;ft) + Gj(x(1), y(1)¥ (t)) aii = 0.

Considering a vector field & on the indicatrix J,M, the map 7, 0 7, ' : (p,y)
74+§ (y(a)) gives a vector field on the indicatrix J,M. Hence we can formulate

Lemma 1 For any vector field § € hol*(qg) C X°°(J,M) in the infinitesimal
holonomy algebra at q the vector field t,.& o T, € X*°(3,M) is tangent to the
holonomy group Hol(p).

Proof Let {¢, € Hol(q)}ie(—-c) be a €'-differentiable 1-parameter family of
diffeomorphisms of J,M belonging to the holonomy group Hol(g) and satisfying

the conditions ¢y = Id, 3;;’ o = & Since the 1-parameter family

=
T, © ¢)[ o ‘Ca_l S Diffoo(ij)}re(—g,s)

of diffeomorphisms consists of elements of the holonomy group Hol( p) and satisfies
the conditions

3(ra o¢ 0 ta_l)
ot

= Ta*éofa_l»

t=0

T oppot, =Id,

the assertion follows.

Definition 9 A vector field B,§ € X°°(J,M) on the indicatrix J,M will be called
the Berwald translate of the vector field § € X*°(J,M) along the curve y = x(¢) if

B}/S = ‘L—a*é ° (‘Ca)_l'

Remark 6 Let y(t) = 1,y(0) € Jy;»M be a parallel vector field along y = x(?),
0 <t < a, started at y(0) € Ty M. Then, the vertical vector field & = §(x(¢), y(1))
along (x(f), y(t)) is the Berwald translate & = 7,4 o 7,~! if and only if

i, iy L
vie = (M <o Y+ Ghesten) ¥ =0

ox

Now, Lemma 1 yields the following

Corollary 6 If £ € hol*(q), then its Berwald translate B, § € X°°(J,M) along any
curve y =x(t), 0 < t < q, joining g =x(0) with p=x(a) is tangent to the holonomy
group Hol(p).

This last statement motivates the following

Definition 10 The holonomy algebra hol,(M) of the Finsler manifold (M, %) at
the point p € M is defined by the smallest Lie algebra of vector fields on the
indicatrix J,M, containing the Berwald translates of all infinitesimal holonomy
algebras along arbitrary curves x(¢), 0 < ¢ < a joining any points ¢ = x(0) with the
point p = x(a).
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Clearly, the holonomy algebras at different points of the Finsler manifold (M, %)
are isomorphic. Lemma 1, Corollary 6, and Proposition 1 yield the following

Theorem 3 The holonomy algebra hol,(M) at a point p € M of a Finsler manifold
(M, .7) is tangent to the holonomy group Hol(p).

If (M,.7) is a positive definite Finsler manifold, then the group generated by
the exponential image exp([)o[p(M)) is a subgroup of the topological closure of the
holonomy group Hol(p).

12.5.4 Finsler Surfaces with hol*(x) = R,

The relation between the infinitesimal holonomy algebra and the curvature algebra
is enlightened by the following

Theorem 4 Let (M, .%) be a Finsler surface with non-zero constant flag curvature.
The infinitesimal holonomy algebra hol*(x) at a point x € M coincides with the
curvature algebra R, at x if and only if the mean Berwald curvature E ..y, of (M, F)
vanishes for anyy € J.M.

Proof Let U C M be a neighborhood of x € M diffeomorphic to R?. Identifying U
with R? and considering a coordinate system (x;, x,) in R? we can write

Rjk(x, y) =21 (S;gkm(x, " — 8,’;gjm(x, y)ym) , with A #0.

Since the curvature tensor field is skew-symmetric, R(.,) acts on the one-
dimensional wedge product T.M A TyM. According to Lemma 2 the covariant
derivative of the curvature vector field § =R(X,Y) = éR(X RY-Y®X)=R(XAY)
can be written in the form

V6 =Vz;(r(X,Y)) =R(VzZ(XAY)) =R(VzXAY + X AVzY),

where X, Y, Ze X(U). It X=X') Y=Y and Z=Z7',, then we have X A ¥ =

y (x'v2—=Xx2y") ) A%, and hence we obtain

Vs =RV, | (X'Y? -Y'X?) 9 A 9 Vi (12.34)
ox!  oOx?
X'V -v'x?_, d 9
N R( dxk z axt 8x2)

+(X'Y? - Y'X*)R (Vk ( 9 9 )) zk,

ox! N ox?
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ad
Oxk °

1y2_yly2 . X
vector fields X, Y,Z € X°°(U) the expression ox YMY X)) 7k is a function on U.
Hence there exists a function ¥ on U such that

where we denote the covariant derivative V; by V; if Z = k=1, 2. For given

R (AOY =YX 0
ox* ¥ Oxh

) =vYR(XAY)=vR(X,Y),

and YR(X,Y) is an element of the curvature algebra R(U) of the submanifold
U, Zv).
Now, we investigate the second term of the right-hand side of (12.34).

0 0 d d d 0
V"(axl a 8x2) - (Vkaxl) a 0x2 + ox! a (Vk 8x2) -

d d d ad d d
_ ! m _ 1 2
= Gu ox! A 0x2 + dx! "G dxm (Gia + Gio) dx! A ox2’
Hence
1y2  yly2 9 9 k 1 2\ Sk 1 2\ Sk
X'y’ —y'x )R(Vk(axl A axZ))Z = (G, +G%) Z'R(X, Y) = (G}, + G2) Z'¢

This expression belongs to the curvature algebra if and only if the function G,il + G,%z
does not depend on the variable y, i.e. if and only if

3(Gy + Gy
Ey = (klayh "2)=0, hk=12,

identically.

Remark 7 Let § =R(X,Y) be a curvature vector field. Assume that the vector fields
X,Y € X°°(M) have constant coordinate functions in a local coordinate system
(x',....x") of the Finsler surface (M, .%). Then we have in this coordinate system

V€ = (Gyy + Gpp) Z'¢.

Shen constructed in [28] families of Randers surfaces depending on the real
parameter €, which are of constant flag curvature 1 on the unit sphere $> C R?
and of constant flag curvature —1 on a disk D?> C R?. These Finsler surfaces are not
projectively flat and have vanishing S-curvature (c.f. [28], Theorems 1.1 and 1.2).
Their Finsler function is defined by

_ VER@Y? +h(yy) (1= h(vv)  , _ eh(v.y)

1 —e2h(v,v) - P= 1 —e2h(v,v)’ (12.35)
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where h(v,y) is the standard metric of the sphere S2, respectively h(v,y) is the
standard Klein metric on the unit disk D? and v denotes the vector field defined by
(—x2,x1,0) at (x1,x2,x3) € S2, respectively by (—x,,x1) at (x;,x) € D2.

Theorem S For any Randers surface defined by (12.35) the infinitesimal holonomy
algebra hol* (x) at a point x € M coincides with the curvature algebra R,.

Proof According to Theorems 1.1 and 1.2 in [28], the above classes of not
locally projectively flat Randers surfaces with non-zero constant flag curvature have
vanishing S-curvature. Moreover, Proposition 6.1.3 in [27], p. 80 yields that the
mean Berwald curvature vanishes in this case. Hence the assertion follows from
Corollary 4.

12.6 Infinite Dimensional Subalgebras of the Infinitesimal
Holonomy Algebra

12.6.1 Projective Finsler Surfaces of Constant Curvature

A Finsler manifold (M,.%#) of dimension 2 is called Finsler surface. In this case
the indicatrix is one-dimensional at any point x € M, hence the curvature vector
fields at x € M are proportional to any given non-vanishing curvature vector field.
It follows that the curvature algebra 93,(M) has a simple structure: it is at most
one-dimensional and commutative. Even in this case, the infinitesimal holonomy
algebra hol* (M) can be higher dimensional, or potentially infinite dimensional. For
the investigation of such examples we use a classical result of Lie claiming that
the dimension of a finite-dimensional Lie algebra of vector fields on a connected
one-dimensional manifold is less than 4 (cf. [1], Theorem 4.3.4). We obtain the
following

Lemma 1 If the infinitesimal holonomy algebra hol> (M) of a Finsler surface
(M, F) contains four simultaneously non-vanishing R-linearly independent vector
fields, then hol (M) is infinite dimensional.

Proof If the infinitesimal holonomy algebra is finite-dimensional, then the
dimension of the corresponding Lie group acting locally effectively on the one-
dimensional indicatrix would be at least 4, which is a contradiction.
Let (M,.%#) be a locally projectively flat Finsler surface of non-zero constant
curvature, let (xl , xz) be a local coordinate system centered at x € M, corresponding
to the canonical coordinates of the Euclidean space which is projectively related to
(M, %) and let (y',y?) be the induced coordinate system in the tangent plane T, M.
In the sequel we identify the tangent plane T, M with R? with help of the coordi-
nate system (y',y?). We will use the euclidean norm ||(y',y?)|| = v/(y")? + (?)?
of R? and the corresponding polar coordinate system (e, £), too.
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Let ¢(y',y?) be a positively 1-homogeneous function on R? and let r(¢) be the
2m-periodic smooth function r : R — R determined by

peDcost,ePsinr)y =1 or  o(y'.)?) = e OV (y)2+(2)2, (12.36)

where

1
y . ¥ 2
ant =

cost= , sint= , ot yl )
VO + ()2 VO + ()2 y
i.e. the level set {p(y',y*) = 1} of the 1-homogeneous function ¢ in R? is given by
the parametrized curve t — (¢ cost, '™ sint).
Since the curvature k of a smooth curve ¢ — (¢"” cost, e"® sin¢) in R? is

r

= Jiny 1(;-#- 1), (12.37)

K =

the vanishing of the expression # — i2 — 1 means the infinitesimal linearity of the
corresponding positively homogeneous function in R.

Definition 11 Let ¢(y',y?) be a positively 1-homogeneous function on R? and
let k() be the curvature of the curve t — (¢’ cost, e’ sint) defined by the
Eq. (12.36). We say that ¢(y', y?) is strongly convex, if k(t) # 0 for all t € R.
Conditions (A)—(C) in the following theorem imply that the projective factor &7 at
Xo € M is a nonlinear function, and hence, according to Remark 1, (M, %) is a
non-Riemannian Finsler manifold.

Theorem 1 Let (M, .7) be a projectively flat Finsler surface of non-zero constant
curvature covered by a coordinate system (x', x*). Assume that there exists a point
Xo € M such that one of the following conditions hold

(A) F induces a scalar product on T\, M and the projective factor & at x is a
strongly convex positively 1-homogeneous function,

(B) F(xo,y) is a strongly convex absolutely 1-homogeneous function on Ty M, and
the projective factor P (xo,y) on Ty,M satisfies P (xo,y) = c-.F (x0,y) with
0#ceR,

(C) there is a projectively related Euclidean coordinate system of (M, ¥ ) centered
at xo and one has

1
Z(0,y) = |yl £ {a,y) and F(0,y) = 2(ilyl—(a,y))- (12.38)

Assume that the vector fields U = U' 3ii, V=1V Bif € X*°(M) have constant
coordinate functions and let £ = R(U, V) be the corresponding curvature vector
field. Then the subalgebra of the infinitesimal holonomy algebra hol (M) generated

by the vector fields éixo, Vi&lyy V2ély, and Vi (V2€) |y, is infinite dimensional.
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Proof Since (M, F) is of constant flag curvature, we can write
R;k(x, y) =2 (8;gkm(x, VY™ = 8igjm(x, y)y’") , with A = const.

According to Lemma 2 the horizontal Berwald covariant derivative ViR of the
tensor field R = Ry (x,y)dx' A dx* aif vanishes and hence ViyR = 0.

Since the curvature tensor field is skew-symmetric, R(,) acts on the one-
dimensional wedge product .M A T M. The covariant derivative V& of the
curvature vector field £ = R(U,V) = ;R(U ® V-V ®U)=RUAYV) can be
written in the form

wa = R(Vw(UA V)) = R(VwU/\ V+UA va).

Wehave UAV =] (U'V? — U?V!) 3?(1 A 3?(2 and hence
ik = (U'V2 = VIUYWR(Vi (1 A ) ). (12.39)
where Vi€ = Vak &. Since
ox

Vi (311 N 322) = (Vkazl) A 3532 + 3i1 A (VkazZ)

=Gjy ail A 3532 + 3i1 NG aﬁm = (Gu + Gp) azl A 3532
we obtain

Vwé = (Giy + Gp) WR(U. V) = (Gy, + Gp,) WHe.

Since the geodesic coefficients are given by (12.17) we have

&

Vi = G Whe = 3a Wk, (12.40)
m ayk
Hence
0P 0P 0P 0P
vz (Vwd) =3Vz ( ay* Wké) =’ %VZ ( ay* Wk) St (3y" Wk) ( ay! Zl)} 3

Let W be a vector field with constant coordinate functions. Then, using (12.17)
we get

07 Pp PPN\ (PP PPN
Vz(aykw)‘(axfayk_qf aymayk)wz‘( oyt~ )WZ’
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and hence

P P 07 07

.
dwiayt aykaijr oyt 3y Wk Zie. (12.41)

Vz (Vyé) =3

Let x, € M be the point with coordinates (0,0) in the local coordinate system
of (M,.%) corresponding to the canonical coordinates of the projectively related
Euclidean plane. According to Lemma 8.2.1 in [6], p.155, we have

ez PP APIP AP IP | PF PP

_ = - = — A gn.
ox!dy? dy!l 0y? + ayl 0dy2 ayl 9y2 2 0dyldy? ay! 0dy2 s12

Hence the vector fields .§|X0, Viélx» Vaély, and Vi (V2€) |4, are linearly independent

if and only if the functions
07 07 0%
, 2 —Agn

ay!

07

1, ,

(12.42)

3

o dy ay! ay?

X0 X0
are linearly independent, where g, = gy(ai1 , aiz) is the component of the metric
tensor of (M, .%).

2
Lemma 2 The functions agg;?’y ), 33;;8” ) and 2(0,y)° affz(;géy ) can be expressed in
the polar coordinate system (e",t) by

92(0, ., 02(0, _ . B
(©.) =(cost + rsint)e ", ©.5 =(sint — i-cost)e”,
oyl 2
”?2(0,
2(0,y) (©0.7) =(i? 4+ 1 — e ¥sintcost,
dy'ay?

where the dot refers to differentiation with respect to the variable t.

Proof We obtain from 3;; = —¢'F Egﬂ and from —

1 o de " _ —rroand2s P
cos? 1 Byl that gyl =€ TCOSTL Sy

v @ (yz dtant 9t
N2 Tyt Wyt dr gy
— rn Y
=e ’r(yl)2+(y2)2. Hence

020, _ VO +(7?) ? y

.,
dy! ay! ¢ Qﬂwuww+ﬂwuww)

. . —r —_— —_— .
Similarly, we have %, = —e™"i-cos? tyll = —¢7Ti

oy? Hence

yl
OG22

020.y) _ WV +0M) _ L7
dy? dy? VO2+ 0?2 VN2 +0M? )
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Finally we have

1
VO + ()2

2 int—i -
3591;0,;) _ d(sin ¢ arlcosf)e — (F— P — 1)e " sintcost
y oy y

Replacing ¢ by the function &(0, y) in the expression (12.36) we get the assertion.

Lemma 3 Letr: R — R be a 2m-periodic smooth function such that the inequality
i*(t) — i?(t) — 1 # 0 holds on a dense subset of R. Then the functions

1, (cost + isinf)e™", (sint—icost)e™", (cost+ isin)(sint — icosr)e >

(12.43)

are linearly independent.

Proof The derivative of (cost + i-sint)e”™" and of (sint — i-cost)e™" are (¥ — i* —
1)e " sint and (7 — i2 — 1)e™" cos t, respectively, hence the functions (12.43) do not
vanish identically. Let us consider a linear combination

A+ B(cost+isint)e”" 4 C(sint—icos f)e”" 4+ D(cos 1+ i sinf)(sinr—icos f)e ™" = 0

with constant coefficients A, B, C, D. We differentiate and divide by e~ (¥ — 2 — 1)
and we have

Bsint — Ccost — D(cos 2t + 7sin2f)e”" = 0.

Putting r = 0 and t = 7 we get C = —De"© = D™ Since e, 7™ > 0
weget C =D =0andhence A =B=C=D=0.

Now, assume that condition (A) of Theorem 1 is fulfilled. According to Propo-
sition 1 if the functions (12.42) are linearly independent, then the holonomy
group Hol,, (M) is an infinite dimensional subgroup of Diff>(J,,M). The function
Z (x9,y) induces a scalar product on Ty, M, consequently the component g, of the
metric tensor is constant on 7y,M. Hence Hol,, (M) is infinite dimensional if the
functions

07
oy!

0P
0y?

, 0707 (12.44)

1,
o ayt ay? |,

X0

are linearly independent. This follows from Lemma 3 and hence the assertion of the
theorem is true.

Assume that condition (B) is satisfied. We denote ¢(y) = % (xo,y). Using
the expressions (12.42) we obtain that the vector fields .§|X0, Vi€l V2£ly, and
Vi (V2€) |y, are linearly independent if and only if the functions
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X 3 Ay 0P de
s =cC s =cC
', oyl a* |, dy?
3P P dp g ¢
2 - =@ -1 -
( ay' dy? gu) o (2 )3y1 a2~ " Payay

are linearly independent. According to Lemma 2 this is equivalent to the linear
independence of the functions

1, (cost+ isint)e”", (sint—icost)e

(2¢®> — A)(cost + irsint)(sint — icost) e — A(F — i* — 1) e > sint cos .
If r = const, then these functions are 1, cosre™, sinte™, 2c¢*costsinte 2,
hence the assertion follows from Lemma 3. In the following we can assume that
r(t) # const. Let #y € R such that 7(z9) = 0 and x(#y) # 0. We rotate the coordinate
system at the angle —y with respect to the euclidean norm /(y!)? + (y2)2, then
we get in the new polar coordinate system that 7-(0) = 0 and x(0) # 0. Consider the
linear combination

r

A+B(cost + isint)e”” + C(sint — icost)e™"

+D((2c2—k)(cos t+#sinf)(sint — icost) e 2 —A(F—i*—1) e > sint cos t) =0
(12.45)

with some constants A, B, C, D. Since the function ¢ is absolutely homogeneous,
the function r(¢) is ww-periodic. Putting ¢ 4 7 into ¢, the value of

A+ DQ2c* — L)(cost + isint)(sint — icost)e > — A(F —i* — 1) e ¥ sintcost
does not change, but the value of
B(cost + isint)e”" + C(sint — icost) e "

changes sign. Since Lemma 3 implies that (cos¢+#sin?) e™" and (sint—7cost) e™"

are linearly independent, we have B = C = 0 and (12.45) becomes

1 A
A +D ((2c2 —1) [—fcoszt + 2(1 - sin2ti| — 2(;— i —1) sinZt) =0.
(12.46)

Since #(0) = 0 atr = 0, we have A = 0. If D # 0, then (12.46) gives

1 A
22— 1) [—icosZt+ 2(1 —i?) sin2ti| - 2(;— 2 —1)sin2r = 0.
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By derivation and putting t = 0 we obtain
(2 = W)[ = F(0) + 1] = A(#0) — 1) = 2¢*(1 = #(0)) = 0.

Using the relation (12.37) condition (B) gives x(0) = ¢"© (1 — #(0)) # 0, which

is a contradiction. Hence D = 0 and the vector fields .§|X0, Viély, V2€lx, and

Vi(V2€) |y, are linearly independent. Using Proposition 1 we obtain the assertion.
Suppose now that the condition (C) holds. Hence we have

yl

[yl

2 8233 1,2
Y1 0,y) =",
dyldy? Iy

0.%
0.y) =
ayt ) ¥

07
:l:ala ayz(o’y)z

and

1 2 1,,2
g1 = (y :i:al) (y :i:az) _ (1 :t(a, Y >) - (12.47)
[yl |yl 1) Iyl

Similarly, we obtain from condition (C) that

1 2

y 1 7 y 2
—a, 0, y)==%x7 —a".
Iy| dy? ]

Using the expressions (12.42) we get that the vector fields §|X0, Vi€lxs Vaélss
Vi (V2€) |y, are linearly independent if and only if the functions

0P
0,y) =+
ayl( y)

0z ! I 2
1, | =+ —a', ) ::l:y —d?
dy (0.y) [yl dy (0.y) [yl
and
0L 07
— A g12 =
1 2
Iyl ay ©.y)
1,2 1,2
yA\yy yy
= ¢(a, > +(1-2)
I/ [y[? ly[?
vy
F(2+A) (az +ay )+(2—k)a1a2
|y |yl
are linearly independent. Putting
1 2
cost = Y sint = Y

yl’ Iyl
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we obtain that this condition is true, since the trigonometric polynomials
I, cost, sint, (1—A)costsintTF (ajcost+ apsint)costsint

are linearly independent. Hence the vector fields & |X0, Vi€lss Va€lsys Vi (V2E) |y
generate an infinite dimensional subalgebra of Hol,, (M).

12.6.2 Projective Finsler Manifolds of Constant Curvature

Now we will prove that the infinitesimal holonomy algebra of a totally geodesic
submanifold of a Finsler manifold can be embedded into the infinitesimal holonomy
algebra of the entire manifold. This result yields a lower estimate for the dimension
of the holonomy group.

12.6.2.1 Totally Geodesic and Auto-Parallel Submanifolds

Lemma 4 Let M be a totally geodesic submanifold in a spray manifold (M, ..
The curvature vector fields at any point of M can be extended to a curvature vector

field of M.

Proof Assume that the manifolds M and M are k, respectively n = k + p
dimensional. Let (xl, R A LN ,X") be an adapted coordinate system, i.e. the
submanifold M is locally given by the equations x**! = ... = x* = 0. Using the
notation of the proof of Lemma 1 we get from Eq. (12.12) that G = 0 and G, g = 0

forany (x',...,x%,0,...,0;y',...,y5,0,...,0) we have

aGg_aG%+Gr ° _ GLG° +Gy o _G)’GU =0
axlg oxe [ 13 BYat a™~ By B-ay —

at (x',...,x*,0,...,0:y',...,)%,0,...,0). Hence the curvature tensors K and K,
corresponding to the spray ., respectively to the spray . satisfy

KX.Y)(x,y) = KX,Y)(x,y) if xeM and y,X,Y e TM.

It follows that for any given X,Y G_TXM the curvature vector field é (y) =
K(X,Y)(x,y) at x € M defined on T:M can be extended to the curvature vector
field £(y) = K(X,Y)(x,y) at x € M defined on T, M.

Theorem 2 Let M be a totally geodesic two-dimensional submanifold of a Finsler
manifold (M, F) such that the infinitesimal holonomy algebra hol? (M) of M is
infinite dimensional. Then the infinitesimal holonomy algebra hol: (M) of M is
infinite dimensional.
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Proof According to Lemma 1 any curvature vector field of M at x € M C M
defined on J,M can be extended to a curvature vector field on the indicatrix J.M.
Hence the curvature algebra 93, (M) of the submanifold M can be embedded into the
curvature algebra R, (M) of the manifold (M, .%). Assume that £ is a vector field
belonging to the infinitesimal holonomy algebra hol} (M) which can be extended
to the vector field & belonging to the infinitesimal holonomy algebra hol} (M). Any
vector field X € X°°(M) can be extended to a vector field X € X°°(M), hence the
horizontal Berwald covariant derivative along X € X% (M) of £ can be extended to
the Berwald horizontal covariant derivative along X € X°°(M) of the vector field
€. It follows that the infinitesimal holonomy algebra o} (M) of the submanifold M
can be embedded into the infinitesimal holonomy algebra hol} (M) of the Finsler
manifold (M, .%). Consequently, hol} (M) is infinite dimensional and hence the
holonomy group Hol, (M) is an infinite dimensional subgroup of Diff** (J,M).

This result can be applied to locally projectively flat Finsler manifolds, as they have
for each tangent 2-plane a totally geodesic submanifold which is tangent to this
2-plane.

Corollary 7 If a locally projectively flat Finsler manifold has a two-dimensional
totally geodesic submanifold satisfying one of the conditions of Theorem 1, then its
infinitesimal holonomy algebra is infinite dimensional.

According to Egs. (12.18) and (12.19) the projectively flat Randers manifolds of
non-zero constant curvature satisfy condition (C) of Theorem 1. We can apply
Corollary 7 to these manifolds and we get the following

Theorem 3 The infinitesimal holonomy algebra of any projectively flat Randers
manifolds of non-zero constant flag curvature is infinite dimensional.

Bryant in [4, 5] introduced and studied complete Finsler metrics of positive
curvature on 2. He proved that there exists exactly a 2-parameter family of Finsler
metrics on S? with curvature = 1 with great circles as geodesics. Z. Shen generalized
a 1-parameter family of complete Bryant metrics to S” satisfying

Z(0,y) = |y| cosa,  2(0,y) = |y| sina (12.48)

with |a| < 7 in a coordinate neighborhood centered at 0 € R", (cf. Example 7.1. in
[30] and Example 8.2.9 in [6]).

We investigate the holonomy groups of two families of metrics, containing the
1-parameter family of complete Bryant-Shen metrics (12.48). The first family in the
following theorem is defined by condition (A), which is motivated by Theorem 8.2.3
in [6]. There is given the following construction:

If ¥ = Y¥(y) is an arbitrary Minkowski norm on R” and ¢ = ¢(y) is an
arbitrary positively 1-homogeneous function on R”, then there exists a projectively
flat Finsler metric .% of constant flag curvature —1, defined on a neighborhood of
the origin, such that .# and its projective factor & satisfy % (0,y) = ¥(y) and

2(0,y) = ¢(y).
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Condition (B) in the next theorem is confirmed by Example 7 in [30], p. 1726,
where it is proved that for an arbitrary given Minkowski norm ¢ and || < 7 there
exists a projectively flat Finsler function .# of constant curvature = 1 defined on a
neighborhood of 0 € R”, such that

Z(0,y) = ¢(y) cos? and  Z(0,y) = ¢(y) sin¥.

Conditions (A) and (B) in Theorem 1 together with Corollary 7 yield the following

Theorem 4 Let (M, %) be a projectively flat Finsler manifold of non-zero constant
curvature. Assume that there exists a point xo € M and a two-dimensional totally
geodesic submanifold M through xo such that one of the following conditions
holds

(A) % induces a scalar product on TXOZ\_/I, and the projective factor & on TXOM is
a strongly convex positively 1-homogeneous function,

(B) F(xo,y) on TXOM is a strongly convex absolutely 1-homogeneous function
on Ty M, and the projective factor & (xy,y) on TXOM satisfies P (xo,y) =
¢ F(x0,y) with0 # c € R.

Then the infinitesimal holonomy HoU* (M) of M is infinite dimensional.

12.7 Dimension of the Holonomy Group

Let (M, F) be a positive definite Finsler manifold and x € M an arbitrary point in
M. According to Proposition 3 of [18], the infinitesimal holonomy algebra hol? (M)
is tangent to the holonomy group Hol,(M). Therefore the group generated by the
exponential image of the infinitesimal holonomy algebra at x € M with respect to
the exponential map exp, : X°°(J,M) — Diff>(J,M) is a subgroup of the closed
holonomy group Hol,(M) (see Theorem 3.1 of [21]). Consequently, we have the
following estimation on the dimensions:

dim hol* (M) < dim Hol,(M). (12.49)

Proposition 7 The infinitesimal holonomy algebra hol (M) of any locally projec-
tively flat non-Riemannian Finsler surface (M, F) of constant curvature A # 0 is
infinite dimensional.

Proof We use for the proof Lemma 1 and the notations introduced in the proof
of Theorem 1 in the previous section on projective Finsler surfaces of constant
curvature. Using the assertion on the vector fields (12.42) we obtain

Lemma 1 Foranyfixedl <j, k<2

y— S(-xvy)s y— Vlé(xs y)v y— VZE(xs y)v y—= V](Vké) ()C, y)v (1250)
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considered as vector fields on J.M, are R-linearly independent if and only if the

0z 07 i’z A

1 ) 3 ) . -
ay! 0y? dyioyk 4

gjk (1251)
are linearly independent functions on T,M.
Since we assumed that the Finsler function .% is non-Riemannian at the point x,
i.e. .#2(x,y) is non-quadratic in y, the function Z?(x,y) is nonlinear in y on T,M
(cf. Eq.(12.17)). Let us choose a direction yo = (y3,y3) € T:M with y} # 0,
y% # 0 and having property that & is nonlinear 1-homogeneous function in a conic
neighborhood U of yg in T,,M. By restricting U if it is necessary we can suppose that
forany y € U we have y! # 0, y> # 0.

To avoid confusion between coordinate indexes and exponents, we rename the
fiber coordinates of vectors belonging to U by (1, v) = (y',y?). Using the values
of & on U we can define a 1-variable function f = f(f) on an interval I C R by

f(o) = ic@(xl,xz,tv, v). (12.52)

Then we can express & and its derivatives with f

7 07 u
P =vf(u/v), 9! =f'(u/v), , =f/v)— f'(u/v),
y dy v
i’z 1, 2P u ,, 7’z W,
3y1 8y1 - Uf (I/I/U), aylay2 __sz (I/I/U), ay28y2 - U3f (I/I/U).
(12.53)
Lemma 2 The functions 1, %‘f? , %‘fﬁ are linearly independent.

Proof A nontrivial relation a + b%‘? + caa‘? = 0 yields the differential equation

a+ bf' + c¢(f —tf’) = 0. It is clear that both b and ¢ cannot be zero. If ¢ # 0, we
get the differential equation

(a+cf) 1

a+cf t—lg'

The solution is f(f) = t— (a + b)/c and therefore the corresponding & (u, v) = u—
v(a+b)/cis linear which is a contradiction. If ¢ = 0, then b # O andf = —7 1+ K.
The corresponding & (u, v) = —ju + Kv is again linear which is a contradiction.
Let us assume now that the infinitesimal holonomy algebra is finite dimensional. We
will show that this assumption leads to contradiction which will prove then that the
infinitesimal holonomy algebra is actually infinite dimensional.

Since J.M is one-dimensional, according to Lemma 1, the four vector fields
in (12.50) are linearly dependent for any j, k € {1,2}. Using Lemma 1 we get that
the functions

A
1, 2, P, %%—4&,( (12.54)
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(2 = 35’, Py = aii‘gj ) are linearly dependent for any j,k € {1,2}. From

Lemma 2 we know that the first three functions in (12.54) are linearly independent.
Therefore by the assumption, the fourth function must be a linear combination of
the first three, that is there exist constants a;, b;, c; € R, i = 1,2, 3, such that

g =212 +a +b P +c1 P,
g1n=P1 P+ ay + by P + ¢, P, (12.55)

8n = PP+ a3+ bz P + c3P,.

I N R

Since 81g21 — azg“ = 0and 81g22 — 82g12 = 0 we have

Py P11 — P1P1+ by P+ (2 —b) P —c1 Py =0,

(12.56)
P Py — Py P12 — b3 Py + (b — c3) P12 + 2P = 0.
Using the expressions (12.53) we obtain from (12.56) the equations
M/ll/ /M// 1// u// Mz//
(F=28) 747 S b [ = (o= b)) e =0,
v /v v v v v
(12.57)
u 1

I/l2 u u I/l2
f/ 3f// + (f— f/) 2f// — by f// — (by—c3) 2f// +e 3f// =0.

v v’ v v v v
Since by the nonlinearity of &2 on U we have f” # 0, Eq.(12.57) can divide by
/" /v and we get

u clu
f+ bz+(b1—cz)v— 02 =0
) (12.58)
u u cu
f— b3+ (c5—by)) + 22 = 0.
v v v

for any + = u/v in an interval I C R. The solution of this system of quadratic
equations for the function f is f(tf) = —cat — by with ¢ = b3 = 0, by = 2c¢y,
c3 = 2b,. But this is a contradiction, since we supposed that by the nonlinearity of
P we have f” # 0 on this interval. Hence the functions 1, &\, &, ;%) — ﬁgjk
can not be linearly dependent for any j, k € {1, 2}, from which follows the assertion.

Remark 8 From Proposition 7 we get that if (M, .%) is non-Riemannian and A # 0,
then the holonomy group has an infinite dimensional tangent algebra.

Indeed, according to Theorem 6.3 in [18] the infinitesimal holonomy algebra
hol*(M) is tangent to the holonomy group Hol.(M), from which follows the
assertion.



314 Z. Muzsnay and P.T. Nagy

Now, we can prove our main result:

Theorem 1 The holonomy group of a locally projectively flat simply connected
Finsler manifold (M, F) of constant curvature A is finite dimensional if and only if
(M, F) is Riemannian or A = 0.

Proof If (M,.%) is Riemannian, then its holonomy group is a Lie subgroup of
the orthogonal group and therefore it is a finite dimensional compact Lie group.
If (M,.%) has zero curvature, then the horizontal distribution associated to the
canonical connection in the tangent bundle is integrable and hence the holonomy
group is trivial.

If (M, .7) is non-Riemannian having non-zero curvature A, then for each | tangent
2-plane § C T:M the manifold M has a totally geodesic submanifold M C M
such that 7,M = S. This M with the induced metric is a locally projectively flat
Finsler surface of constant curvature A. Therefore from Proposition 7 we get that
hol¥ (M) is infinite dimensional. Moreover, according to Theorem 4.3 in [22], if a
Finsler manifold (M, .#) has a totally geodesic two-dimensional submanifold M
such that the infinitesimal holonomy algebra of M is infinite dimensional, then the
infinitesimal holonomy algebra hol} (M) of the containing manifold is also infinite
dimensional. Using (12.49) we get that Hol,. (M) cannot be finite dimensional. Hence
the assertion is true.

We note that there are examples of non-Riemannian type locally projectively flat
Finsler manifolds with A = 0 curvature, (cf. [16]).

Remark 9 In the discussion before the previous theorem, the key condition for
the Finsler metric tensor was not the positive definiteness but its non-degenerate
property. Therefore Theorem 1 can be generalized as follows.

A pair (M,.7) is called semi-Finsler manifold if in the definition of Finsler
manifolds the positive definiteness of the Finsler metric tensor is replaced by the
non-degenerate property. Then we have

Corollary 8 The holonomy group of a locally projectively flat simply connected
semi-Finsler manifold (M, .7) of constant curvature A is finite dimensional if and
only if (M, F) is semi-Riemannian or A = 0.

12.8 Maximal Holonomy

12.8.1 The Group Diffs’ (S") and the Fourier Algebra

Let (M, .7) be a positive definite Finsler 2-manifold. In this case the indicatrix is
diffeomorphic to the unit circle S', at any point x € M. Moreover, if there exists a
non-vanishing curvature vector field at x € M then any other curvature vector field
at x € M is proportional to it, which means that the curvature algebra is at most
one-dimensional. The infinitesimal holonomy algebra, however, can be an infinite
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dimensional subalgebra of X°°(S'!), therefore the holonomy group can be an infinite
dimensional subgroup of Diff(S'), cf. [22].

Let S' = R mod 27 be the unit circle with the standard counterclockwise
orientation. The group Diff"(S') of orientation preserving diffeomorphisms of
the S' is the connected component of Diff°(S'). The Lie algebra of Diff3(S")
is the Lie algebra X*°(S')—denoted also by Vect(S') in the literature—can be
written in the form f (t)jt, where f is a 2m-periodic smooth functions on the real
line R. A sequence { fij,}jeN C Vect (S') converges to f jt in the Fréchet topology
of Vect(S') if and only if the functions f; and all their derivatives converge uniformly
to f, respectively to the corresponding derivatives of f. The Lie bracket on Vect(S')

is given by
d dl_(df dg)\d
[fdt’gdt} N (gdt dtf) dt’

The Fourier algebra F(S') on S! is the Lie subalgebra of Vect(S') consisting

of vector fields f jt such that f(#) has finite Fourier series, i.e. f(¢) is a Fourier
polynomial. The vector fields {jt, cos ntjt, sin ntjt}n ey Provide a basis for F(Sh).
A direct computation shows that the vector fields

d d d d
, cost , sint , cos2t , sin2t (12.59)
dt dt dt dt dt

generate the Lie algebra F(S'). The complexification F(S') ®x C of F(S!) is called
the Witt algebra W(S') on S' having the natural basis {iei”’ d with the Lie

it nezs
bracket [ie" ¢ ie" 1] = i(m — n)el"—m 4 tne
dt’ dt di*

Lemma 1 The group (exp (F(Sl))> generated by the topological closure of the
exponential image of the Fourier algebra F(S') is the orientation preserving

diffeomorphism group Diff3” (S").

Proof The Fourier algebra F(S') is a dense subalgebra of Vect(S') with respect
to the Fréchet topology, i.e. F(S') = Vect(S!). This assertion follows from the fact
that any r-times continuously differentiable function can be approximated uniformly
by the arithmetical means of the partial sums of its Fourier series (cf. [10], 2.12
Theorem). The exponential mapping is continuous (c.f. Lemma 4.1 in [25], p. 79),
hence we have

exp (Vect(S")) = exp (F(S")) C exp (F(S!)) c Diff°(S") (12.60)

which gives for the generated groups the relations

exp (Vect(sh))) c <exp (F(Sl))> C Diff(s"). (12.61)
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Moreover, the conjugation map Ad : Diff’ (S") x Vect(S') satisfies the relation
hexpsé h™! = exp sAd(h)&

for every h € Diff?(S') and & € Vect(S'). Clearly, the Lie algebra Vect(S') is
invariant under conjugation and hence the group (exp (Vect(§1))) is also invariant
under conjugation. Therefore (exp (Vect(Sl))) is a nontrivial normal subgroup of
DiffZ°(S'). On the other hand, Diff3’(S') is a simple group (cf. [9]) which means that
its only nontrivial normal subgroup is itself. Therefore, we have (exp (Vect(Sl))) =
Diff®(S'), and using (12.61) we get

(exp(F(Sl))> = Diff°(s").

12.8.2 Holonomy of the Standard Funk Plane
and the Bryant-Shen 2-Spheres

Using the results of the preceding chapter we can prove the following statement,
which provides a useful tool for the investigation of the closed holonomy group of
Finsler 2-manifolds.

Proposition 8 If the infinitesimal holonomy algebra hol> (M) at a point x € M of
a simply connected Finsler 2-manifold (M, .F) contains the Fourier algebra F(S")
on the indicatrix at x, then Hol.(M) is isomorphic to Diff (SH.

Proof Since M is simply connected we have

Hol.(M) c Diff(S"). (12.62)
On the other hand, using Proposition 1, we get
exp (F(Sl)) CHol,(M) = exp (F(§1)) CHol,(M) = (exp (F(Sl)) )C Hol, (M),
and from the last relation, using Lemma 1, we can obtain that

Diff°(S") c Hol,(M). (12.63)

Comparing (12.62) and (12.63) we get the assertion.
Using this proposition we can prove our main result:

Theorem 1 Let (M, F) be a simply connected projectively flat Finsler manifold of
constant curvature A # 0. Assume that there exists a point xo € M such that on Ty,M
the induced Minkowski norm is an Euclidean norm, that is 7 (xo,y) = ||y, and the
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projective factor at xy satisfies & (xo,y) = c-||y|| with ¢ € R, ¢#0. Then the closed
holonomy group Hol,, (M) at x, is isomorphic to Diff (S*).

Proof Since (M,.7) is a locally projectively flat Finsler manifold of non-zero
constant curvature, we can use an (x',x?) local coordinate system centered at
Xo € M, corresponding to the canonical coordinates of the Euclidean space which
is projectively related to (M,.%). Let (y',y?) be the induced coordinate system
in the tangent plane 7,M. In the sequel we identify the tangent plane T,,M with
R? by using the coordinate system (y',y?). We will use the Euclidean norm
(L) = V(3?2 4 (¥*)? of R? and the corresponding polar coordinate system
(e’, 1), too.
Let us consider the curvature vector field £ at xo = 0 defined by

e—r( 0.0
B 8x1 ’ 8X2

Since (M,.%#) is of constant flag curvature, the horizontal Berwald covariant
derivative ViR of the tensor field R vanishes, c.f. Lemma 2. Therefore the covariant
derivative of £ can be written in the form

SR )
Vwé —R(Vk(axl AN axz)) W=,

3 9 N

. . d
= A(8281n (0. )" = 8182m (0, 3)") , |

x=0

Since

X2

we obtain Vi = (G}, + G3,) W&, Using (12.17) we can express G, = Sgy’; =
3¢ and hence

Iyl
k

y

oP
ViE=3, £=3c
T gy Iyl

£,

where we use the notation V;, = V o Moreover we have
!

(89) > > > >
J

=77 _gn =77 _p .
oyk 0x 0y* T oymayk  dxayk dykdy/

and hence

3> 3> 0707

. — 43 ¢ &
0x/ yk dykayJ + ayk dyJ ¢

v, =3/
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According to Lemma 8.2.1, Eq. (8.25) in [6], p. 155, we obtain
i’P 0707 n 7’2 A PP
oWyt Ayl dyk yioyk 2 dyoyk’
Using the assumptions on % and on the projective factor & we can get at xo
0.7 0.7 A 0277
Vi (Vif) =3 (4% . - .
1 (Vi) ( © Oy oyt T 2 ayigyt )

and hence

ok _
V(i) =3 (4200 —ask) e,
/ IvlI?

where 8% € {0, 1} such that §* = 1 if and only if j = k.
Let us introduce polar coordinates y' = rcost, y> = rsint in the tangent

space Ty,M. We can express the curvature vector field, its first and second covariant
derivatives along the indicatrix curve {(cost,sint); 0 <t < 27} as follows:

d d d d
g:xdt, V1§=3ckcostdt, V2§=—3cksintdt, VI(V2§)=1202Asin2tdt,

d d
Vi(Vi§)=A (12 c*cos” t— 1) g (VH=2 (12¢*sin*1—2) .
Since ¢ A # 0, the vector fields
, cost _, sint , costsint _, cos’t , sin’ ¢
dt dt dt dt dt dt

are contained in the infinitesimal holonomy algebra [)o[j;0 (M). Tt follows that the
generator system

d : d .
cost sin ¢ cos 2t I sin 2t

dr’ dr’ dr’ dr
of the Fourier algebra F(S') (c.f. Eq.(12.59)) is contained in the infinitesimal
holonomy algebra ho[)fo (M). Hence the assertion follows from Proposition 8.

We remark that the standard Funk plane and the Bryant-Shen 2-spheres are
connected, projectively flat Finsler manifolds of non-zero constant curvature.
Moreover, in each of them, there exists a point xp € M and an adapted local
coordinate system centered at xo with the following properties: the Finsler norm
Z (x0,y) and the projective factor & (xy,y) at xo are given by . (xp,y) = |y|| and
by & (x0,y) = c-|y|| with some constant ¢ € R, ¢ # 0, where ||y| is an Euclidean
norm in the tangent space at xy. Using Theorem 1 we can obtain
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Theorem 2 The closed holonomy groups of the standard Funk plane and of
the Bryant-Shen 2-spheres are maximal, that is diffeomorphic to the orientation
preserving diffeomorphism group of S'.
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Chapter 13
Lepage Manifolds

Olga Rossi

Abstract Lepage manifolds represent a geometric structure arising from differen-
tial equations, and related with them as close as possible. Geometric properties
of Lepage manifolds reflect geometrical, topological and dynamical properties of
differential equations, and vice versa. After symplectic geometry, Lepage manifolds
represent a next step in understanding interrelations between differential equations,
geometry and physics. The aim of this chapter is to introduce the new concept, and
to stimulate deeper studies in this direction as well as applications in differential
geometry, differential equations, dynamical systems, exterior differential systems,
calculus of variations, and mathematical physics.

13.1 Introduction

Lepage manifold is a fibred manifold endowed with a certain differential form—
Lepage (n + 1)-form where n is the dimension of the base manifold. Lepage
manifolds represent a geometric structure arising from differential equations, and
related with them as close as possible. It turns out that geometric properties
of Lepage manifolds reflect geometric, topological and dynamical properties of
differential equations, and vice versa. The aim of this chapter is to introduce the
new concept and to stimulate further research in this direction, as well as many
potential applications.

After symplectic geometry, Lepage manifolds represent a next step in under-
standing interrelations between differential equations, geometry and physics. In a
similar way as symplectic manifolds constitute foundations of analytical mechanics
and the theory of dynamical systems, Lepage manifolds become fundamental
for differential equations in general, with strong applications in the calculus of
variations and geometric field theories.
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The use of differential forms in the calculus of variations and its applications
in physics goes back to E. Cartan, Poincaré, Whittaker, Carathéodory, Lepage,
Dedecker and Weinstein (see, e.g., [9, 11, 16, 72, 79, 92, 94]). A great success
was the development of symplectic geometry as a beautiful and powerful tool
for geometrization of classical Hamiltonian mechanics (see, e.g., Abraham and
Marsden [1], Arnold et al. [4], de Ledn and Rodrigues [14], Libermann and Marle
[73]), and with many applications in physics, the theory of differential equations,
dynamical systems, control theory, and elsewhere. Nevertheless, it has turned out
that there are many variational systems for which the use of symplectic manifolds
is inappropriate. Indeed, a symplectic structure is naturally inherited only by a
particular class of variational problems, namely those described by variational inte-
grals of one independent variable with first-order regular Lagrangians, independent
upon the parameter of the curves (time). The generalization of the symplectic
structure arising in classical mechanics to multiple integrals is by no means trivial.
It means to find out proper geometric structures for general variational problems,
including degenerate Lagrangians (implicit variational equations) and higher-order
Lagrangian systems, in order to generalize Lagrangian theory, Hamilton and
Hamilton—Jacobi theory and Noether theory. The next challenge is then to include
non-variational equations in the picture, and to understand the property “to be
variational”.

Despite great efforts, the attempts to include more general Lagrangians or even
non-variational equations in the symplectic setting have not really been satisfactory.
It has turned out that the difficulties are of geometric origin: instead of tangent and
cotangent bundles, one has to consider jet bundles,' and symplectic forms have to
be replaced by some other geometric objects. There is a vast literature which cannot
be mentioned here; to illustrate the state of art and the diversity of approaches we
refer at least to the books [7, 13, 27, 32, 34, 41, 52, 59, 66], and selected papers
[8, 10, 15, 18, 20, 21, 24-26, 28-31, 33, 38-40, 42, 45, 48, 51, 60, 63, 71, 75, 76,
81, 82, 85, 91] to mention just a few.

Concerning the variational case, roughly speaking, there are two mainstream
settings: one based on multisymplectic or polysymplectic forms, and the other based
on the Cartan form and its generalizations. Within the latter approach, the central
object for formulation of Lagrangian and Hamiltonian field theories is the Poincaré—
Cartan form, or more generally, a Lepage n-form where n is the dimension of the
base of the underlying fibred manifold. Following the idea of Lepage [72], examples
of these forms were introduced to the calculus of variations in the seminal works of
Carathéodory, Dedecker, Krupka, Betounes, Olver, Gotay, Crampin and Saunders
(see e.g. [5,9, 12, 17, 30, 45, 46, 55, 77]). The general concept of Lepage n-form,
or, Lepage equivalent of a Lagrangian, is due to Krupka [45, 48] who used it to
build, systematically, a general theory of higher order variational integrals on fibred
manifolds, generalizing the Lagrange, Hamilton, Hamilton—Jacobi and Noether

'The concept introduced by Ehresmann in the 1950s [22, 23]; a standard book on this subject is
[86].
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theories of classical mechanics [52]. Subsequently, instead of a Lepage equivalent
of a Lagrangian, we suggested to consider better a certain (n 4+ 1)-form which in
this context becomes a Lepage equivalent of a system of variational equations (see
[56, 58-60, 62, 81, 83]). This step was motivated mainly by the idea to obtain a
global Hamilton theory, independent upon a choice of a particular Lagrangian; in
this new setting, Hamilton equations are the same for all equivalent Lagrangians.
At the same time this approach avoids certain unpleasant discrepancies which
appear in Hamiltonian formulation of Lagrangian theories related with particular
Lagrangians (as reported, e.g., in [17, 19, 35, 59, 60, 68, 69, 87]), and allows one
to treat Lagrangian systems globally in terms of the theory of exterior differential
systems even in case when a global Lagrangian does not exist [59, 60, 63, 81].

It took quite a long time to find a proper generalization of Lepage (n + 1)-forms
to non-variational equations [53, 78]. The generalization is not straightforward,
and appears within the theory of variational sequences (for the introduction to the
variational sequence theory we refer to [49, 50], and [52]). This progress motivated
us to introduce the concept of a Lepage manifold as defined in this article.

Every Lepage manifold naturally carries an exterior differential system (EDS). A
fundamental result on the Inverse Problem of the Calculus of Variations [48] implies
that the corresponding system of (generally higher-order) differential equations
(ODEs if n = 1 and PDEs otherwise) for integral sections of this EDS is
variational, and so represents Euler—Lagrange equations of possibly locally defined
Lagrangians, if and only if the generating Lepage (n + 1)-form is closed (up
to a contact equivalence). This property makes Lepage manifolds very suitable
structures to study variational equations, and at the same time a good background
to study non-variational differential equations in the context of the calculus
of variations making use of variational structures and techniques. With Lepage
manifolds, many particular results known so far and fragmented in the calculus of
variations and in the geometric theory of differential equations can be put together
in a unified framework, linked together, and extended. Lepage manifolds naturally
arise wherever differential equations of dynamical type are concerned (i.e. related
with dynamical forms, vector fields, sprays, semisprays, Ehresmann connections).
Through this relationship they are naturally present in Riemannian geometry, Finsler
geometry, symplectic geometry, and Lagrangian geometry, as well as in analytical
mechanics, classical field theories, relativity, string theories, and other physical
systems. The present exposition aims to show the potential of this new framework,
and to stimulate further research in this direction, as well as study of applications,
namely in differential geometry, differential equations and mathematical physics.

The present article is structured as follows: In Sect. 13.2 we introduce Lepage
forms (of any degree) in the context of the variational sequence, and we remind
the solution of the Inverse Problem of the Calculus of Variations. We follow the
paper [78] where the reader can find more detailed exposition, as well as other
aspects and applications of the theory of variational sequences. Section 13.3 is
devoted to Lepage manifolds. After defining the concept we show the relationship
with variational equations and with non-variational equations, and we introduce the
important class of regular Lepage manifolds. We also remind a theorem by Krupka
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et al. [54], which makes possible to transfer ‘non-variational’ Lepage manifolds to
the ‘variational’ ones. In Sect. 13.4 we pay a particular attention to Lepage mani-
folds of order zero which are a natural framework for general Hamiltonian systems.
Many results of this section are taken from the paper [36]. Then we present original
results on Legendre transformation and Poisson structure for the generalized (and
not necessarily variational) Hamiltonian systems, and, remarkably, we introduce a
new concept of a directional Poisson bracket in covariant Hamiltonian field theory.
The last two sections summarize some applications of Lepage manifolds in classical
field theories and in mechanics. Finally we briefly show that (and how) Lepage
manifolds naturally arise in Riemann and Finsler geometry.

We assume that the reader has a basic knowledge of jet bundles and related
geometric structures as introduced, e.g., in [86]. As for the calculus of variations
in jet bundles, the reader can be guided by the books [13, 59], and [52].

13.2 Lepage Forms

13.2.1 Jet Bundles and Contact Forms

All manifolds and mappings are smooth, and summation over repeated indices
applies.

Let 7 : ¥ — X be a fibred manifold (surjective submersion) with fibre dimension
m, and 7, : J'Y — X its r-jet prolongation; usually we consider r = 1, 2, and for
the sake of simplicity we sometimes denote ¥ as J°Y. We also denote by 7, :
J'Y — JXY the natural projections. J”Y is the manifold of r-jets of local sections y
of m; a point in J"Y (the equivalence class of sections of 7 at x € X, with the same
derivatives up to the order r) is denoted by j.y. In what follows we shall omit the
word “local” and speak just about “sections” meaning “local sections”.

Any section y of m can be naturally prolonged to a section J"y of the fibred
manifold 7, : J'Y — X, defined by J"y(x) = j.y. Sections of m, of this kind are
called holonomic and have to be distinguished from (general) sections of 7, which
need not be a form of a prolongation of a section of 7.

Let (x',)”) denote local fibred coordinates on Y, and (x',y7) the associated
coordinates on J'Y, where J is a multiindex, 0 < |J| < r, J = (ji,....jp) with
1 <j1 <jp <+ <j, £nandp < r. In formulas where the summation
convention applies we shall also use the functions y7, J = (ji,....jp), p < 1,
where 1 < ji,j»,...,jr < n; these functions are defined naturally with help of the
above coordinate functions using the symmetry of partial derivatives. Next, we set

wo =dx' ANdx® A - Adx", W = iy/ei@W0, W = Iy, @y. (13.1)

Jet bundles over fibred manifolds carry a canonical contact structure. A differen-
tial form on J"Y is called contact if it vanishes on r-jet prolongations of all sections
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of m. It easily follows that every g-form for ¢ > n is contact, so it is convenient
to introduce a refined concept: A contact g-form 7 is called k-contact if for every
m,-vertical vector field £ the contraction ig7 is (k— 1)-contact, where k = 1,2, ... 4.
0-contact forms, i.e. such that iep = 0 whenever £ is a m,-vertical vector field, are
more often referred to as horizontal forms.

Horizontal forms of degree n where n is the dimension of the base manifold X
are essential in the calculus of variations, since they serve as Lagrangians. In what
follows, we shall denote the sheaf of Lagrangians of order r over 7w by A, y.

An important structural Lemma states that every g-form on J'Y, if lifted to J' 'Y,
has an invariant decomposition

i =hn4+pin -+ pn (13.2)

where h7 is horizontal, and pyn are k-contact forms (1 < k < ¢q) [48].

If applied to the exterior derivative of a function f, the splitting (13.2) gives
the horizontal differential dyf = hdf and vertical differential dyf = p;df. The
n components of the horizontal differential are called fotal derivatives; they take the
form

9 "9
dif = , > afaﬁi- (13.3)

ox!
=0 7

In view of the canonical decomposition above we often say that a form 7 is at
most k-contact if p;n = 0 for all i > k, and at least k-contact if p;n = 0 for all
i < k. Note that if ¢ = n + 1 then 7 is contact, and it is at least (g — n)-contact,
i.e. the contact components po, p1, . .., Pg—n—1 Of 7 are equal to zero. If, moreover,
Pq—n7 = 0, we speak about a strongly contact form.

Contact 1-forms on J”Y annihilate a distribution called Cartan distribution and
denoted %;. The annihilator 4° of %, is generated by the following local contact
forms:

o) =dy] —ydx, 0<|[J|<r—1. (13.4)

It is also worth notice that the contact ideal of order r is generated by contact 1-
forms and exterior derivatives of contact 1-forms on J"Y [49].

Finally, we recall that a vector field & on J'Y is called a contact symmetry if it
is a symmetry of the contact ideal on J"Y’; contact symmetries are characterized by
the condition i”gcfro C ‘fro. In particular, for every m-projectable vector field ¢ on
Y the r-jet prolongation J'¢ is a contact symmetry. Conversely, if £ on J'Y is a 7,-
projectable contact symmetry, then & = J'¢ for some 7-projectable vector field ¢
onY.
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13.2.2 The Variational Sequence

Now we are prepared to introduce the variational sequence due to Krupka [49] (see
also [52] and [78] for review).?

Let us denote by Ry the constant sheaf over R, and by A; the sheaf of g-forms
onJ"Y. Next, we let Aj . = {0}, and A} . be the sheaf of contact g-forms, if g < n,
or the sheaf of strongly contact g-forms, if ¢ > n, on J"Y. We set

)= A, .+ (dA]_,.) . (13.5)

q—1,c
where dA]_, . is the image of A7_, . by the exterior derivative d, and (dA;_ LC)
denotes the sheaf generated by the presheaf dA]_, .. We note that &) = 0 for
q > corank %,.
The subsequence

C

00 —>0]—>0;—>--- (13.6)
of the de Rham sequence
0—->Ry > Af = A] > A, > AL, — -+ (13.7)
is an exact sequence of soft sheaves. The quotient sequence
0— Ry »> Aj = A]/O] > A})/O] — AL /O] — - - (13.8)

is called the variational sequence of order r.

Theorem 13.2.1 ([49]) The variational sequence is an acyclic resolution of the
constant sheaf Ry.

The above assertion means that the variational sequence is locally exact with the
exception of Ry. As a consequence, due to the abstract de Rham theorem, we obtain
the following fundamental result:

Corollary 13.2.2 ([49]) The cohomology groups of the cochain complex of global
sections of the variational sequence are identified with the de Rham cohomology
groups HixY of the manifold Y.

Since the variational sequence is a quotient sequence, the elements in the
individual columns are elements of the quotient sheaves A7/@y, ie. they are
equivalence classes of local r-th order differential q-forms. We denote by [p] €
A,/ 6, the class of p € Aj. Morphisms in the variational sequence are then by
construction quotients of the exterior derivative d. We denote

&g AL O — AL O, (13.9)

2For basics of sheaf theory needed below we refer to standard books, e.g. [6] or [93].
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so that

&y([p]) = [dp]. (13.10)

Now, &([p]) = [dp] = 0 means that there exists [] € A7_,/©;_, such that
[] = &—-1([n]) = [dn]. If, moreover, HI,Y = {0}, then the class [n] has a global
representative.

The name “variational sequence” comes from the direct relationship with the
calculus of variations. Namely, as proved in [49, 51], the sheaf Al /®! is isomorphic
with a subsheaf of the sheaf of Lagrangians A;}l, and the quotient mapping &, :
A /Or — Al /O is the Euler-Lagrange mapping.

The kernel of &, then consists of null-Lagrangians (variationally trivial
Lagrangians), and its image, which, by exactness is the kernel of the next morphism,

Ent1 2 A1/ Oy = A0/ O, (13.1D

represents variational equations. Therefore &, is called Helmholtz morphism.
The name refers to the famous “Helmholtz conditions”, necessary and sufficient
conditions for differential equations to be variational (as they stand) [3, 37, 47].
Remarkably, the Helmholtz morphism, discovered within the variational sequence
theory, has not been known in the classical calculus of variations.

13.2.3 Source Forms and Lepage Forms

Classes in the variational sequence can be represented by global differential forms
which play a fundamental role in the calculus of variations and the theory of
differential equations on manifolds. To introduce them we shall need on J'Y the
ideal generated by lifts of contact 1-forms of order one, whose elements take the
form ¥ w A 1 where @ € %, (the annihilator of %}) and 7 is of order r. Since
locally they are expressed as w” A 75, where 0 = dy” —y?dx’, 1 < 0 < m, are the
basic local contact 1-forms of order 1, we say that forms belonging to this ideal are
{w"}-generated.

Definition 13.2.3 ([65]) Let k = 1. By source form of degree n + k and order r we
shall mean a {w? }-generated k-contact (n + k)-form on J"Y.

Source (n+ 1)-forms are called dynamical forms, source (n+ 2)-forms are called
Helmholtz-like forms.>

The question how to construct examples of source forms is solved by the interior
Euler operator .¥ (see, e.g., [2, 43, 44, 53]). The interior Euler operator reflects in

3 As explained later, for the calculus of variations the most important examples of source forms of
degree n + 1 are Euler—Lagrange forms, and of source forms of degree n + 2 the Helmholtz forms.
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an intrinsic way the procedure of getting a distinguished global representative of a
class [p] € A}/©, for g > n by applying to p the operator p,—, and factorization
by O

Letk= 1.Forp € A}, wehave % | .p = prp + pr+10 + * -+ + Prtnp; WE set

1, < ,
F(p) = P JZ=:0(—1)|’|dJ (ia7a50xP) - (13.12)

where d; = dj, ... d;, for |J| = p. It can be shown by means of the partition of unity
arguments that this formula defines a global form .# (p).
The operator .# : A}, — Aif}cl has the following properties:

. Forevery p € A/ ,,, .7(p) is a source form of degree n + k.

- I (prp) = I (p).

. 7 (p) belongs to the same class as 73, | .0, 1.€., 75, ,0— F(p) € @3@;1

% = .7, up to a canonical projection; precisely, .72 (p) = 751 35,417 (p).

. Ker ¥ =06, ,,.

. For k = 1, Z(p) is the unique source form representing the class [p]. If & >
1, Z(p) is no longer a unique source form equivalent with p (precisely, with
3, Jrl!r,o).“ We say that ¥ (p) is a canonical source form for [p].

By construction, .#(p) is a k-contact form, however, in general it is different
from pyp. The difference is given by means of the so-called residual operator % as
follows:

pep = G (p) + prdpcZ(p) (13.13)

(up to appropriate canonical projections—see the footnote below). It is worth notice
that Z(p) is a local strongly contact (n 4+ k — 1)-form, and that, contrary to .# (p),
the form % (p) need not be unique and need not be global.

The operator .# enables one to introduce fundamental differential forms as
follows:

Definition 13.2.4 ([53]) Letk = 0. A (n + k)-form p on J"Y is called Lepage form
of degree k if
Pr+1dp = F(dp) . (13.14)

From the definition we immediately see that

* every g-formonY, g = n,is a Lepage form,
» every closed g-formon J'Y, g = n, is a Lepage form,

“For the sake of simplicity of notations, we shall often omit the pull-back and identify a form with
its lift or projection.
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and we can obtain the structure of Lepage forms:

Theorem 13.2.5 ([78]) Equation (13.14) has the solution
TP = Opp + dv + L= Oy + prirdv 41, (13.15)
where

Opco = Prp — P12 (dpip) . (13.16)

v is an arbitrary at least (k + 1)-contact (n + k — 1)-form, and | (resp. n) is an
arbitrary at least (k + 2)-contact form.

For every choice of v and u (resp. 1) the Lepage forms (13.15) belong to the
same variational class [p] € A; /O, (for a propers), i.e. w).p — Oy, € O, ;.

In what follows, we shall denote by {p} the family of (possibly local) Lepage
forms containing p, as characterized by Theorem 13.2.5.

The form 6,,, is completely determined by its k-contact part pyp. It was
discovered in [78]. For k = O this is the famous Cartan form [11, 13, 25], hence
we call it Cartan form of degree k. As seen from the defining formula (13.16), the
Cartan form is generically local. However, from the formula (13.15) it follows that
ifn = dimX = 1 and r = 0 (mechanics and higher-order mechanics), or, if n > 1
and r = 1 (first order field theory), then for every k = 0 the Cartan form 6,,, is
global.

It is worth notice that an equivalent definition of a Lepage (n + k)-form of order
r obviously is as follows:

nf . dp = S (dp) + F., where F is at least (k 4 2)-contact. (13.17)

In view of (13.15) we also say that p is a Lepage equivalent of pyp. As proved
in [78], every k-contact (n + k)-form has a global Lepage equivalent of degree k.
For k = 0 (i.e. popp = hp) the definition gives Lepage equivalent of a Lagrangian
hp = A as introduced by Krupka in [45] and [48]. The dynamical form pidp =
p1d0; is then the Euler-Lagrange form E, = #(dA), and E, : A — E) is the
Euler-Lagrange mapping. For k > 0, the most important Lepage forms are Lepage
equivalents of source forms. If k = 1, the definition gives Lepage equivalent of a
dynamical form ¢ (first introduced in [56] for locally variational dynamical forms),
and prdp = podb; is the canonical Helmholtz form H, = 7 (de). The mapping
E,11 : ¢ = H, is then the Helmholtz mapping. For k = 2 we get Lepage equivalents
of source forms 7 of degree n + 2 which are called Helmholtz-like forms, and the
corresponding mapping is E,4> : 1 — #(dn). This case has been studied forn = 1
in [64] and [74].

We also note that formula (13.15) immediately yields:

Corollary 13.2.6 Ifn = dimX = 1, then for every k = 0 and every r = 1, any
k-contact (n + k)-form has a unique global Lepage equivalent.
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13.2.4 The Inverse Problem in the Variational Sequence

We start with the following definition:

Definition 13.2.7 ([48]) A dynamical form ¢ is called (globally) variational if there
exists a Lagrangian A such that ¢ = E) (possibly up to a jet projection). ¢ is called
locally variational if the domain of ¢ can be covered by open sets U, such that for
every (, €|y, is variational.

The famous Inverse Problem of the Calculus of Variations is the question under
what conditions a dynamical form ¢ is locally/globally variational. In terms of
the variational sequence this transfers to the question on the image of the Euler—
Lagrange mapping, or due to the exactness of the sequence, on the kernel of the
Helmholtz mapping. In this way the inverse problem in its local and global form
extends to each column of the variational sequence, and is solved by the exactness
of the sequence. With help of Lepage forms, the solution of the Inverse Problem is
obtained in full generality and in an elegant way, transferring the whole problem to
the Poincaré Lemma and de Rham cohomology.

Before presenting the theorem, recall a convenient modification of the Poincaré
homotopy operator, adapted to the contact structure. Denote by & the Poincaré
homotopy operator. Then <7 defined by

JZ{[?()C() =0, JZ{pka) =pk_1<@a), k=1 (13.18)

Krupka [48], satisfies 7%, | .0 = Sd(n)", | ) +do/ (7}, @), and is adapted to
the decomposition of forms into contact components: if (locally) @ = dp, then

q
i e = () w) = Z.;z%pkﬂa), (13.19)
k=0

hence prp = o pr+1w. Compared to &2, the operator .2/ concerns vertical curves
(curves in the fibres over X) only.

Theorem 13.2.8 ([78] General Inverse Variational Problem) Let o be a source
form of degree n + k, k = 1. The following conditions are equivalent:

(1) o belongs to Ker E,, 1.
(2) o has a closed Lepage equivalent.
(3) Every Lepage equivalent p of o satisfies px+1dp = 0.

If Exqk(0) = 0, then there is a local source (n + k — 1)-form n satisfying
Eyti—1(n) = 0, and it holds n = o/ 0.

If moreover Hc'{l'{kY = {0}, then there is a global source (n + k — 1)-form n
satisfying E,4x—1(n) = 0.
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Note that :

e For k = 1 condition (1) means that the dynamical form ¢ = p;o is locally
variational.

* Condition (3) represents precisely the source constraints, i.e. constraints on a
source form of degree n + k belong to the kernel of the corresponding morphism
in the variational sequence. It is a generalization (to any degree) of the famous
Helmholtz conditions on local variationality of a dynamical form (i.e. necessary
and sufficient conditions of existence of a local Lagrangian for differential
equations represented by the dynamical form).>

* Condition (2) is equivalent with (3), hence also represents the source constraints.
However, since (up to projection) dp = Z:‘: 11 Pr+idp, condition dp = 0 includes
also conditions pyy2dp = O, ..., pr+n+1dp = 0 which are dependent, hence
superfluous. In coordinates this gives dependent conditions in form of derivatives
of the Helmholtz conditions (respectively, their higher degree generalizations if
k>1).

e Formula n = &/0 for k = 1 (i.e. if o is a dynamical form) gives the celebrated
Vainberg—Tonti Lagrangian [89, 90].

13.3 Lepage Manifolds

13.3.1 Lepage Manifolds and Differential Equations

As above, we consider a fibred manifold 7 : ¥ — X and its jet prolongations.

Definition 13.3.1 Let r = 0. By a Lepage manifold of order r we shall mean a
fibred manifold = : ¥ — X endowed with a Lepage (n + 1)-form « on J"Y such
that p;« is a dynamical form.

A Lepage manifold of order r will be denoted by (7, ).

By definition, a Lepage manifold (7, ) is endowed with a (uniquely deter-
mined) global dynamical form ¢ = p,« of order r 4 1. In fibred coordinates

e =E;0w’ N w (13.20)

where the coefficients E, are functions on a coordinate domain in J"T1'Y. The
dynamical form represents globally and intrinsically differential equations of order
r + 1. More precisely, the equations arise as equations for sections y of the fibred

SHelmbholtz conditions (k = 1) in the form (3) were first presented in [57]. The coordinate form of
the Helmholtz conditions has been first obtained by Helmholtz [37] for second order ODEs, and
by Anderson and Duchamp [3] and Krupka [47, 48] for higher order PDEs.

For k = 2 (and mechanics) the explicit coordinate form of (3) can be found in [64] and [74].
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manifold 7 such that
EyoJ Ty =0. (13.21)

Indeed, in coordinates, this is a system of m = dim Y — dim X differential equations
(ODEs if dimX = 1 and PDEs if dim X > 1) of order r + 1 for the components of
sections y of .

Since o is a Lepage equivalent of &, Theorem 13.2.8 tells us that if poda = 0
then the dynamical form € is locally variational (and vice versa), meaning that
the Helmholtz form H, = E,y(e) vanishes, and around every point, ¢ is the
Euler-Lagrange form of a local Lagrangian A. Hence the corresponding differential
equations (13.21) are Euler-Lagrange equations of A; in such a case, we say that
Eq. (13.21) are variational (as they stand). Moreover by Theorem 13.2.8 (2), local
variationality of ¢ is equivalent with the existence of a closed Lepage equivalent
of e (which, however, need not be global). In other words, on a Lepage manifold
(7, &) such that pode = 0 but do # 0, we can locally always find a closed Lepage
form &’ such that pjo’ = pja = e.

On the other hand, given a Lepage manifold (r,, @) such that p,da # 0, it holds
H. # 0, the Lepage family {«} cannot be (even locally) represented by a closed
form, and the corresponding equations (13.21) are not variational (as they stand).

From this analysis we can see that the concept of Lepage manifold concerns in
fact three columns in the variational sequence: In the variational case and in the
non-variational case, respectively, we have

E” Eﬂ
A E) ! 0

Ey41 Eyq2
H
with help of source forms, or

(P} —— {dps} = fog,} ——> 0

for) — {dav} = {Bn.} —— 0

with help of Lepage forms.
Apart from the dynamical form ¢, every Lepage manifold is canonically endowed
with the exterior differential system &, generated by n-forms

igoe  where £ runs over all 7,-vertical vector fields on J'Y. (13.22)
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We have the following theorem (cf. [63]):

Theorem 13.3.2 Let (7, @) be a Lepage manifold, ¢ = p\a. Let y be a section of
7. The following conditions are equivalent:

(1) y is a solution of differential equations (13.21) for .
(2) J'y is an integral section of Dy, i.e.

J'y*ica =0  for every m,-vertical vector field § on J'Y. (13.23)

The set of holonomic solutions of 9, does not depend on the choice of an
element of the Lepage family {o}.

Proof All the assertions follow easily from

Ty¥isa = I y*ig(pra) = Iy (Eo€%w0) = ((Es 0 I y) (€7 0 ) o
(13.24)

if we take for the §’s the r-th, resp. (4 1)-prolongation of a local basis £, = d/dq"
(hence E&) =67). O

Remark 13.3.3 Consider the associated system @a of «, i.e. the exterior differential
system locally generated by n-forms icx where & runs over all vector fields on J"Y.
Then 9, C @a. However, 9, and @a have the same holonomic integral sections.
This follows from the fact that for 1 <i < n,

Ty ¥igaee = Iy iy 00(pra) = — (Eoy?) o Jy) wo, (13.25)

hence equations for holonomic integral sections of %, and 4 take the same form:
EUOJ’H)/ =0,1<0 < m.

Remarkably, given a Lepage manifold (,, ), one can consider all (not only
holonomic) solutions of Z,. The corresponding equations are then equations for
components of sections § of the fibred manifold 7, : /Y — X and take the form

8%iza = 0 for every m,-vertical vector field £ on J'Y. (13.26)
Equivalently they can be written in the form
S*ia/ay;l___jkazo, I1<o<m 0<k<r, 1<), <---<jiy<n. (13.27)

We note that (13.27) are first order differential equations (ODEs or PDEs depending
on the dimension of X), and (generally) they are not equivalent with (13.23), i.e.,
with Eq. (13.21). However, if a section y of & is a solution of (13.21) then J"y is a
solution of (13.27).

Equation (13.27) can be given another geometric interpretation in terms of
Lepage manifolds. Namely, given a Lepage manifold (m,,«) of order r = 1, we
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can consider « as a Lepage form of order zero for the fibred manifold , : J'Y — X.
In this way we relate with (7, o) the Lepage manifold ((7,)o, @) of order zero. Let
us denote the i-contactization operator with respect to the projection , by p;. The
associated dynamical form

§=pra (13.28)

is then defined on J!(J"Y) and called the Hamilton form of . Note that « is, indeed,
the Lepage equivalent of & (more precisely, the Lepage equivalent of € is projectable
onto J"Y, and its projection is «). The corresponding exterior differential system is
Zy = Dy and we can see that integral sections of Y, are exactly those sections
of m, which are solutions of the (first order) differential equations related with the
dynamical form &.

Definition 13.3.4 We call @a = Y, the Hamiltonian system, and the correspond-
ing first order differential equations the Hamilton equations of o.

Remark 13.3.5 As we have seen, if ppde = 0 then H, = 0 and ¢ is locally
variational. This means that the corresponding (r+ 1)-order equations for sections y
of m are variational as they stand, and they come as Euler-Lagrange equations from
local Lagrangians A = &7¢. Since generally poda # 0, H # 0, and the Hamilton
form & need not be locally variational. If, however, prda = 0 then & = p;« is locally
variational, and the Hamilton equations are first order Euler-Lagrange equations of
local first order Lagrangians A = 27¢.

It is worth note that by Theorem 13.2.8 condition podo = 0 guarantees that
¢ = pi1a has (at least a local) closed Lepage equivalent «’. Thus, in the variational
case, we can always find (at least locally) variational Hamilton equations. Note
that 7, and %, are different (the Hamilton equations are different), however, the
holonomic solutions of &, and %, are the same (indeed, pja = p1a’ = ¢).

Remark 13.3.6 (Calculus of Variations) If, in particular, one has a Lepage manifold
(7, ) where « is closed, then both & and ¢ are locally variational. This means
that we have an r-th order variational principle over the fibred manifold = for
¢ (Lagrange theory) and an associated zero order variational principle over the
fibred manifold n, for & (Hamilton theory). (If » = 0 they, of course, coincide.)
The relationship between solutions of the Euler—Lagrange equations determined by
¢ and Hamilton equations determined by & then can be characterized as follows:
holonomic solutions of the Hamilton equations coincide with r-jet prolongations of
extremals.
The case of closed a will be discussed in more detail in Sect. 13.5.

13.3.2 Regular Lepage Manifolds

From the definition of &, we can see that at each point j7y € J'Y, the rank of Z, is
less or equal to the dimension of the bundle Vr, of m,-vertical vectors.
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Definition 13.3.7 A Lepage manifold (x,, @) (resp. a Lepage (n + 1)-form « on
J'Y) is called regular it

rank ¥, = dim Vrr, = the fibre dimension over X . (13.29)
Proposition 13.3.8 (x,, «) is regular if and only if the map
Vi, 3§ — ica € A"(JTY) (13.30)

mapping w.-vertical vector fields to n-forms on J'Y, is injective.

Proof If « is regular then the n-forms 7] = iysea, where 1 < 0 < m and
J={jtgih 1 <j1 < <ji <n,0<k < r, generating %,, are linearly
independent at each point of J”Y. Hence iso = €97, = 0 means that 7 = 0 for all
o and J, proving that £ = 0.

Conversely, if the mapping (13.30) is injective, then £77. = 0 implies that
& =0foralloandJ,1 <o <mandJ = {ji...ji}, | <ji < -~ <jix <n,
0 < k < r. This means that the n-forms n’ are linearly independent, so that
rank &, = dim Vr,. O

It is worth compare regular Lepage manifolds with symplectic and multisym-
plectic manifolds®:

* The Cauchy distribution of a regular Lepage (n + 1)-form need not be (and in
applications usually is not) trivial (see also Example 13.3.1 below).

* Every multisymplectic manifold is a regular Lepage manifold of order zero.

e IfdimX = 1, r = 0, and dimJ"Y is odd, then every Lepage manifold (7, )
with o closed and regular is fibrewise symplectic (i.e., « restricted to each fibre
7,1 (x) is a symplectic form).

Example 13.3.1 ([36]) Consider the fibred manifold R” x R™ — R" where m is
even, and the (n 4+ 1)-form

1
a = B,dy’ A wy + 2Bévdy” Ady’ Awy, BL, =-B! , det (Bllw) # 0.

(13.31)
Since ranka = rank (B, B.,.0,...,0) = m, (7, @) is a regular Lepage manifold.
The corresponding dynamical formis ¢ = (Bg + B}Wyf) dy’ Awo. Computing icoc =
0 for a vector field

d d

(=¢ o +¢ oy’ (13.32)

SA differential form w of degree ¢ > 2 on a manifold M is called multisymplectic if it is closed
and nondegenerate (meaning that the Cauchy distribution of  is zero, i.e. the condition i;w = 0
implies ¢ = 0) [8].
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and taking into account that w;; = 0, we get the components of {,

¢ =—t'MB,, 1<o<m, =---=0¢"=0, (13.33)
where M°" is the inverse matrix to B}w, and the condition (°B, = 0. However,
the last condition with ¢° as above takes the form of identity, since M°'B,B,, is
identically zero. Summarizing, we have obtained that the regular form o has a one-
dimensional kernel spanned by the everywhere non-zero vector field

0 0
—M°"B, . 13.34
ox! ay°® ( )

13.3.3 Helmholtz Symmetries

We shall close this section with an important result which yields a relationship
between non-variational and variational Lepage manifolds (and hence between the
corresponding non-variational and variational equations).

Definition 13.3.9 Let (7,,«) be a Lepage manifold, ¢ = p;«a the corresponding
dynamical form. A vector field £ is called Helmholtz symmetry if £ is a contact
symmetry, and the flow of £ leaves invariant the Helmholtz form H,.

Immediately from the definition it follows that a contact symmetry £ is a
Helmholtz symmetry if and only if

ZH, =0. (13.35)

The meaning of Helmholtz symmetries comes out by the following theorem:

Theorem 13.3.10 ([54]) Let € be a dynamical form such that H. # 0. Let & be a
contact symmetry such that £H; = 0. Then Z;¢ is a locally variational dynamical
form.

If (7,,@) is a ‘non-variational’ Lepage manifold, i.e. such that p,da # 0,
then Eq. (13.35) where ¢ = p;a possibly provides us with nontrivial Helmholtz
symmetries. By the above theorem, every such a symmetry assigns to the Lepage
manifold (7,,«) another Lepage manifold, and the new Lepage manifold is
variational.

More precisely, we can state the following:

Theorem 13.3.11 Let (7, @) be a Lepage manifold, and assume that p,da # 0.
Let ¢ be a m-projectable vector field on Y such that € = JT¢ leaves the form
pada invariant, i.e., let £eprdo = 0. Then (7., ') where o' = ZLyrea, is a Lepage
manifold, and p,da’ = 0.

Proof We shall use the fact that the Lie derivative along a contact symmetry
preserves the decomposition of differential forms into contact components (cf.
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formula (13.2)). By the preceding theorem, ¢’ = Zp i« is a locally variational
dynamical form. The (n + 1)-form o' = Zja satisfies pio’ = p1Lrra =
L+ pro = L+ ¢ which is a dynamical form. Moreover, prda’ = P2dLyrea =
prZypedo = ZLyripada = 0, proving that (7,,@') is a ‘variational’ Lepage
manifold. O

13.4 Hamiltonian Systems

13.4.1 Lepage Manifolds of Order Zero

Definition 13.4.1 By a Hamiltonian system we shall mean a Lepage manifold of
order zero.

By definition, a Hamiltonian system is determined by a (n + 1)-form « defined
on the total space Y of a fibred manifold = : ¥ — X over an n-dimensional base
X. Hamilton equations are then first order differential equations for sections of &
arising from the dynamical form & = pya on J'Y (called the Hamilton (n + 1)-form
in this context), or as integral sections of the exterior differential system &, on Y,
locally generated by n-forms n, = iy/ppoe, 1 <o < m.

We note that a Hamiltonian system (7o, «) is regular if rank 7, = m = dimY —
dim X.

The local structure of Hamiltonian systems has been clarified by Hakova and
Krupkové in [36]:

Denote by (x,y7) local fibred coordinates on Y. Then o can be expressed in the
form

1 1
o = BodY’ Awy+ _ Bl dy’ Ady’t A i, + B2 dy? Ady’ Ady™ A Wiyiy

2' ov] 3' ovivy

1
(n 1) gmtn @ NAYT N AdYT A Wiy, (13.36)

where the components are totally antisymmetric in both the lower and the upper
indices; note that this implies that they are also totally symmetric with respect to

1 % [1eeifgeesfp - Jk
the interchange of pairs of indices as follows: B’a\,lj" Vp---Vj(ank B’avl{f’,\,({_p__uimvk. The

corresponding Hamilton (n + 1)-form then reads:
e=E;, 0’ ANwy, (13.37)
where

Eq =By + B}, yi' + BUZ, iy 4o+ Bl vty (13.38)
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and we note that the functions E, satisfy the antisymmetry conditions

9E, JE,
=, 13.39
ayY ay? ( )

Using formula (13.38) we can express « in terms of components of ¢ [36]:

1 FE,
W’ AWV A A Ay, -
k\(k+ 1)1 dy;" ... dy* otk

n
7o = E;0° Awo + E
k=1

(13.40)
Formula (13.38) yields the Hamilton equations:

(BU + B,y + B2 vy e By y,.””") oJly =0, (1341
where 1 < o < m, and the functions B satisfy the antisymmetry conditions
mentioned above. Note that the most general Hamilton PDEs are polynomial in the
first derivatives.

The associated exterior differential system %, is generated by the n-forms

o = Ly

(13.42)

| T OV.LVk

n
|
= B,wy + Z L Bl dyU A AdYR AW, L <0< m.
k=1""
Obviously, we have the following explicit characterization of regular Hamilto-
nian systems:

Proposition 13.4.2 ([36]) Regularity of o is equivalent with any of the following
conditions:

(1) The n-forms n,, 1 < o < m, are linearly independent at each point of their
domain of definition.
(2) The rank of the matrix

(Bo BY, Bib, o Bi,) (13.43)
where o labels rows and the other sets of indices label columns, is maximal and
equal tom = dimY — dim X at each point of Y.

(3) The rank of the matrix

0E, O°E, d"Es
E, %00 0% 13.44
( dy;! Ayl oy dy;! ... dy;” ) ( )

where o labels rows and the other sets of indices label columns, is maximal and
equal tom = dimY — dim X at each point of Y.
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Corollary 13.4.3 ([36]) For a be regular any of the following conditions is suffi-
cient:

O~E,
rank(avl an):m, 1<k<n, 1<i<i---<ig<n. (1345
Yip -+ 0V,

Also for the following theorem and its proof we refer to [36]:

Theorem 13.4.4 ([36]) If « is regular; then the ideal generated by 9, is closed.
Let us now assume that a Hamiltonian system (g, «) satisfies poda = 0. Then

as we know, the Hamilton equations are variational, i.e. the Hamilton form ¢ = p,«

is locally variational: its components E, satisfy the first order Helmholtz conditions

O,  OE, _, OE, OE _ OE, _
dyy 9y ooy 9y a7

0. (13.46)
Theorem 13.2.8 also guarantees that there exists a closed (n 4+ 1)-form giving rise
to ¢. However, in the zero order case a stronger result holds true, saying that every
variational Hamiltonian system is closed. More precisely:

Theorem 13.4.5 Given a Hamiltonian system (mwo, o) on Y, the following condi-
tions are equivalent:

(1) p2da =0
(2) «isclosed.

The theorem means that if an (z+ 1)-form « on Y satisfies poda = 0 then also all
the other contact components are zero, pyda = 0 for 3 < k < n 4 1. This property
comes from the uniqueness of a projectable (onto Y) Lepage equivalent of ¢ = p;«,
proved in [36]:

Theorem 13.4.6 ([36]) Let ¢ be a dynamical form on J'Y such that e = pia for
some (n + 1)-form a on Y. The following conditions are equivalent:

(1) e is locally variational.

(2) the (n + 1)-form a on Y is unique and satisfies do. = 0.

(3) the components of ¢ satisfy the (first order) Helmholtz conditions, and o is given
by formula (13.36), resp. (13.40).

By the above theorem, variational Hamiltonian systems come from local first
order Lagrangians

A=de=hodo=hp (13.47)

where p is a local n-form on Y such that dp = «.
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13.4.2 Legendre Coordinates and Poisson Structures

There is an important case of Hamiltonian systems represented by « that is at most
2-contact. Hence,

* o 1 BEU o v
o = Ec0” ANwo + 2 By 0’ A" ANw;, (13.48)

where the antisymmetry relation (13.39) holds, so that

|
a = Bydy® A wy + ZijdyU Ady’ A w; (13.49)
where B, | = —B! . Since in this case E, = B, + B! y!, the Hamilton equations

are quasilinear first order PDEs:
(Bo + By,y) oJ'y =0, (13.50)
and %, is generated by the n-forms
Ne = Bewo + BL,dy" A o, (13.51)

where 1 < o < m, and the functions B!, satisfy the antisymmetry conditions
mentioned above.
Assume that
m

d= 13.52
n+1 ( )

is an integer, i.e., assume that the base and fibre dimensions satisfy the relation
d + dn = m. Next, assume that around each point y € Y there is a fibred chart
(x4, y%, pk), where 1 <i<n, 1<K <d, such that

P = n}; AK A, (13.53)

(summation over K = 1,...,d) where wX and 7} are the corresponding basic

contact forms on J'Y, i.e., in the associated coordinates (xi, Y5, Pl E P J) onJ'Y,

of = ayf —yfdxj, 71’;{ = dp; —pg{‘jdxj. (13.54)
We shall call coordinates of this kind Legendre coordinates on the Lepage manifold
(o, @).

In Legendre coordinates we have

mfoe = (Ak® + Al i) Awo + T A 0® A w;, (13.55)
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that is,
o = —Hgdy® A wy— H,-deg( Awy + dp; A dy® A w; (13.56)
(the choice of the minus signs is a matter of convention), where
Hy = —Ag —py;. HE = —AF +)K. (13.57)

We can see that:

Proposition 13.4.7 If o« admits Legendre coordinates, then « is regular, and
pida = 0. (13.58)

Proof p3do = 0 is obvious from (13.55). If { is a vertical vector field then { =
¢%9/0y% + €59/ dp’, and the condition i;e = 0 yields ¥ = 0, &, = 0,i.e. £ = 0,
proving that « is regular. O

Computing %, we obtain Hamilton equations in Legendre coordinates as
follows:

ayk
ox’

K Ipx
=H oy, . =—Hgoy. (13.59)
! 0x/

It is worth note that p3do = 0 does not mean that « should be closed. Therefore
Legendre coordinates are defined also for a class of non-variational Hamiltonian
systems.

Denote @ = k + dp’ A dyX A w;; the splitting on the right-hand side is generally
not invariant, i.e. « is a local (n 4 1)-form. In case that « is closed we have dk = 0,
hence k = —dH A wy for a (local) function H (called Hamilton function), and the
Hamilton equations (13.59) take the “familiar form”

WK 9H apl oH
= oy, < = — . 13.60
oxt dpl oy ox/ ayK oy ¢ )

A covering of (g, ) by Legendre coordinates induces a “multi-Poisson struc-
ture”: precisely, on Y there arises the following tensor field, to be called the Poisson
bivector 1-form:

d 0

n= . A
opg W<

®dx'. (13.61)

With help of IT we can introduce a directional bracket of (possibly local)
functions on Y as follows: Let v be a nowhere zero vector field on X, and denote
by v alift of v to Y. Givenf, g € AJ we set:

U, gh = T(df ,dg,v) . (13.62)
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The bracket obviously does not depend on the lift of v and it holds

] ] )
{f.8h = (8p§( A ayk ®dx) (df,dg,v)

(13.63)
_ (o dg g I

B (8193( WK opi, K

Theorem 13.4.8 (AY,{.,.},) is a Poisson algebra.

) of = (isT)(df. dg)

Proof We have to prove that {., .}, satisfies the following conditions:

M) {f, g}y = —{g.f}» (antisymmetry),
2) {f,ghty = g{f. h}y + h{f, g}y (Leibnizrule),
(3) {1f.ghv. o + Hh.f}v, gho + 18, h}v.f}v = 0 (Jacobi identity),

forallf,g, h € A).
The antisymmetry is obvious, and the Leibniz rule easily follows from the
definition. Let us show that also the Jacobi identity holds true. We have:

UF gh iy = (3{f,g}v oh B oh 3{f,g}v) .

: . W
op; Wt op, W

Of g o ¥g g of g O ) on
317{3173( ok ap 8yK8pi 8piap§{ ayk  apl, ayKapi ayL

oh ( 0’f  Og n of 0°g %g  of dg 0*f ) i
— . . . — . — . vV
dp; \ dyLapl 9yX  dpj dyKayt  dyLapi ayK  dpj dyFayt

Cycling f, g, h and summing up then yields zero, as desired. O

Definition 13.4.9 We shall call the bracket {., .}, Poisson bracket in the direction
of v.
Given (any) 1-form 7 on Y, there arises a vector field X, ,, defined by

X,,(g) = I(n,dg,v) foreveryge AJ. (13.64)

We shall call X, ,, the Hamiltonian vector field of n in the direction of v. We can see

that X, ,, is vertical and
d 0 ;
Xy =nf, . — o 13.65
nv (771 ByK Nk ale) v ( )

where 1 and ng are components of 7 at dp% and dyX, respectively. In particular,
for n’s of the form p;n = dyf, we get Hamiltonian vector fields associated with
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functions in Ag:

af 9 of a)
Xy = . - ot 13.66
v (ale ayk oy api, ) ¥ (1360
We note that
{f 8 = X0 (g). (13.67)

13.5 Cartan-Lepage Manifolds in Field Theory

Many important examples of Lepage manifolds appear in physics, namely in
mechanics and field theories. In this section we shall present the Lepage manifolds
setting applicable to electromagnetism (Maxwell equations), gravity (Einstein
equations), gauge theories, and others. We refer also to [81] for other aspects and
further references.

13.5.1 Closed Lepage Forms

Equations of motion of classical fields and gravity are second order PDEs affine
in the second derivatives, and variational. This leads us to consider closed Lepage
manifolds of order one.

The local structure of Lepage (n + 1)-forms we are interested in, is as follows.

Theorem 13.5.1 ([70]) Let « be a Lepage (n + 1)-form on J'Y such that ¢ = p\a
is a dynamical form affine in the second derivatives, and da = 0. Then in fibred
coordinates o may be written as

o=, +n (13.68)

where 1 is a closed at least 2-contact form, and where o, is closed and completely
determined by ¢. An explicit expression for o is

9E, :
N;lag:Ega)a/\(l)O“r‘éayva)”/\a)u/\a)j (Ua/\(l)iv/\wj“f""
J

4
v
3yij
1 0"E,
+ v v, W AWV A A N Wjy i,
nl(n+ 1)! 3yj1‘ ---3yjn” Ul
1 0"E,
o VIA ... Vn—1 Vn .
+ (n)2 dy} -y 9 v, @ NQTA AW AN W) N Wiy s
. yfl yjn71 yjnp

(13.69)
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where the E, satisfy Helmholtz conditions

dE, OE,

v o = O ’
ayij 8yij
0E, OE, JoE,

—2d =0, 13.7

ayY " a7 “oyg, (1370
dE, OE OE OE

C— U 4d, ) —dde, . =0.
ay” By 9y Oy

Poincaré Lemma then yields:

Theorem 13.5.2 For a Lepage (n + 1)-form a as above, local Lagrangians are
given by the Vainberg—Tonti formula A = ha/a = o/ ¢. In coordinates the set of all
local Lagrangians takes the form

1
L=y / Ey (X', uy”, uy}, uyy) du+ dig?, (13.71)
A ‘

where ¢/ are arbitrary functions. The restriction of o to a suitable open set U
satisfies

aly = doy +dpu, (13.72)

where 0, is the Poincaré—Cartan form of a local Lagrangian for ¢, and |4 is an at
least 2-contact n-form.

In view of these properties we can regard our Lepage manifold as a fibred
manifold, equipped with a class of locally equivalent Lagrangians. We therefore
have a family {L,} of Lagrange functions, each defined on an open set U, C J?Y,
such that |J, U, = J?Y, and whenever U, N U, = ), around every point of the
intersection we have L, = L, + d,qo’ for some functions ¢/. Note that in some
cases we can find a global Lagrangian in the family, but in general such a global
Lagrangian (even of higher order) does not exist. The obstructions come from the
topology of Y (see [3]).

13.5.2 De Donder-Hamilton Equations on Lepage Manifolds

Formula (13.72) shows that there is an important family of Lepage manifolds,
namely those with o ‘as short as possible’, or, ‘as close to the Cartan form as
possible’. Since df is at most 2-contact, this concerns «’s which are ar most
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2-contact (leading to the choice of j 2-contact and such that p3dju = 0).” Requiring
W be a first order 2-contact form, we are led to the following definition:

Definition 13.5.3 We say that (1, «) is a Cartan—Lepage manifold if « is closed,
at most 2-contact and {w? }-generated.®*

Notice that in fibred coordinates we have
0E,
3yj"

J0E, iy
+ (3)}}} - (’;ﬂ)a)” Aol A wj,

* 1 j.k
nqua:EGa)“Awo—i—z( —dkfév)w”Aa)”Aagi

(13.73)

where E, satisfy the Helmholtz conditions, f,3 = —f2, = fJ, are some first order
functions such that do = 0, and the condition
1.j 1,p
E)p (8E3 B 8E:) _ af(,: n af(,: (13.74)
8ypj ay; 0y ap ayj
(meaning that « is projectable onto J'Y) holds true.

Keeping notations as in the previous sections, we shall consider the exterior
differential system Z,, and equations for its holonomic integral sections (Euler—
Lagrange equations) as well as equations for all its integral sections (Hamilton
equations). We recall that in general Hamilton and Euler—Lagrange equations are
not equivalent, as there might exist ‘Hamilton extremals’ that are not prolongations
of extremals.

It is worth notice that on a Lepage manifold both the Euler—Lagrange equations
and the Hamilton equations are independent of a choice of a concrete Lagrangian
for E.

We can see that « is regular if ranka = m 4 nm, and that in coordinates the
regularity condition now reads as follows:

Theorem 13.5.4 ([60]) « is regular if and only if at each point of J'Y

det(aE;’ - ;!5) #0. (13.75)
Byij

7In general we cannot take simply dfj since 6, need not be global.

8 As we shall see, in this case the Hamilton equations become of De Donder type.

This choice of « in the Lepage class {a} is the most simple. As we know, more generally we can
add to o (any) at least 2-contact form, and/or the derivative of a 1-contact form, and the dynamical
form ¢, hence the Euler-Lagrange equations, remain the same. However, the Hamilton equations
then may no longer be of De Donder type.
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We have the following important theorem on canonical form of a Cartan—Lepage
(n + 1)-form.

Theorem 13.5.5 Let (71, ) be a Cartan—Lepage manifold. Then around every
point in J'Y there is a neighbourhood U and functions H and p}, defined on U
such that

aly = —dH A wy + dpl A dy’ A w,. (13.76)

If, moreover, « is regular, then the functions py are independent, meaning that

9 J
rank [ ° | = max = mn. (13.77)

9y
Proof The theorem is proved with help of the Poincaré Lemma. Since doo = 0
we have locally ¢ = dp, and we can set p = o/« where &/ is the contact

homotopy operator. Then A = ho/« is the Vainberg—Tonti Lagrangian for the
locally variational dynamical form ¢ = p;«a. Explicitly, if we denote the components
of ¢ by

E, =A,+BJy;. Bl =B =B (13.78)

Vo

we have by (13.73)

o= (A,, - 2Ffwy;’)dy" Awy + FiLy7 dy! Ay

(13.79)
+ Fo,dy” Ady’ Awi + Fdy* Ady] Ao,
where
; ; 1 (0A, O0A, = i
Foo = =4 Loy ~ay 724000 ) (1
ng = F{;ia = Bgv _f(i‘ll)" (13.81)
and d; denotes the ‘cut total derivative’ d; = d; — y;; ag‘." Later we shall need the
J
following identities yielded by do = O:
oFi 1 [0FY  OFF oFY,  OF¥
f — =0, o = B (13.82)
Ay 2\ oy° ayY yy dy;
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Let j}cy € J'Y. Using the definition of .7, we obtain in a neighbourhood U of j}cy
1 (N o
p=do= (y“/ (Ag © X)du —2y°y! / (Fi, 0 x)udu +y§’yj”/ (Fi,ox) udu) wo
0 0 0
— (Zy"/ (F’JV o X) udu +y}’/ (ng o X) udu) Ay’ A w;
0 0

1
+ (y“/0 (Fi, o )()udu) dy) A i,

(13.83)
where x : (u, (xi,y",y;.’)) — (xi,uy",uy;.’) foru € [0, 1].
We shall show that one can express p in the form
p = —Hawy + pLdy’ Aw; +d¢ (13.84)

for some functions H, p, and (n— 1)-form ¢. Shrinking U if necessary, we consider
the map

1:00.1]1x U3 (v, (x,)7,)7)) = (K. )7, vyf) e U CJ'Y, (13.85)
and put

1 1
fi= yj‘.’y"/ (/ (FZ,0x) udu) o jdv + ¢'(x,y7), (13.86)
o \Jo

where ¢’ are arbitrary functions. Using (13.82) we obtain that the f satisfy

afi o ! ij
=y (FU, o x)udu. (13.87)
0y} 0
In this way we obtain:
po = Fa—d(fiw) =—Hwo + p.dy’ Aw; (13.88)
where
. ro b of!
Dy = —2y"/ (F(lrv o )()udu—y}’/ (Ff,’v o )()udu— 9y
0 0 y
1 T
H= —y"/ (A o p)du + 2y"y,."/ (FL, o x)udu (13.89)
0 0

1 B afi
_y;fyj”/() (FU, 0 x) udu+ R
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The n-form p satisfies

as desired. O

Definition 13.5.6 We call (13.76) canonical form of «, and the functions H and p’
Hamiltonian and momenta of «, respectively.
Note that

hpo = ho/ o — hd(f'w;) (13.91)

is a family of local first order Lagrangians for ¢ (i.e. equivalent with the second
order Vainberg—Tonti Lagrangian ha/a = </¢). The Lagrangians are determined
up to hd(¢p'w;) = dip'wp.

For A¢g = hpy we have Ay = Lywy where

Ly =—H +p)!, (13.92)
and
. dLg
! = ; 13.93
Do 3y0 ( )

the latter follows from formulas for H and p! (13.89) if we use (13.82). Moreover,
since

=Fi =B —fiJ= "7 _f (13.94)

’
av ay; av

o,
Byj”

the regularity condition (13.75) takes the form

' 0Ly
det o | = det vay | 0. (13.95)
(Byf ) (ay,. 0y; )

We can see that if Ao and A are two Lagrangians defined by the canonical form
of o (13.76) then locally )_ko = Ao+ hdp, where Ay = hpy for some py as above, and
¢ is a local horizontal (n — 1)-form on Y. We note that if one of these Lagrangians
is regular (in the sense of the regularity condition (13.95)) then all the Lagrangians
in the family are regular (and this is if and only if « is regular). Thus the functions
@' in (13.86) play the role of admissible gauge functions.

Remark 13.5.7 1t is worth notice that for n = dimX > 1, not every first order
Lagrangian for E has the pleasant properties as have the Lagrangians A related
with the canonical form of «. Namely, it may happen that for a local first order
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Lagrangian A = Lw, the momenta (p.). = dL/dy? and Hamiltonian H, = —L +
(pr).y? for no ¢ are equal to p.. and H, defined by (13.89). Moreover, even if « is
regular, L need not satisfy the condition

2
det iL , | #0. (13.96)
Byi a)’j

For discussion on equivalent first order Lagrangians such that one satisfies (13.96)
and the other does not we refer to [87].

We have seen that for regular ¢, the map (xi )7, yj”) — (xi, ¥, p{,) is a local

coordinate transformation on J'Y. In view of Sect. 13.4.2 the new coordinates are
Legendre coordinates.
Summarizing, we have obtained:

Theorem 13.5.8 Let (711, @) be a Cartan—Lepage manifold. Then in a neighbour-
hood of every point in J'Y there exists a first order Lagrangian for ¢ = pio.
Moreover, if H and p.. are a Hamiltonian and momenta of o defined by the
canonical form of a then locally there exists a first order Lagrangian for € such that
H=—L+p.y? andp? = aayLU . Any such a Lagrangian is of the form A = Ao+ hdg,
where Ay = hpo and ¢ is a local horizontal (n—1)-formonY.

If moreover, o is regular, then there exists a covering of J'Y by Legendre
coordinates, and a Poisson tensor on J'Y; they are defined by the canonical
form (13.76) of a. Moreover, every Lagrangian .. = hpy + hdp as above satisfies
the regularity condition (13.95).

If we now compute the generators of the exterior differential system 7, in
Legendre coordinates, we obtain the Hamilton equations of ¢ in the form

007 08) _ OH

A(p. o 8) _ oH
axi - opl B

8, .
° ox'! ay°

0é. (13.97)

These equations are known also as De Donder—Hamilton equations.
The meaning of the regularity condition is as follows.

Theorem 13.5.9 On a Lepage manifold (m,o) where a is closed, at most
2-contact, {w°}-generated and regular, the Euler—Lagrange and Hamilton
equations are equivalent. Explicitly, if y is an extremal then J'y is a Hamilton
extremal; conversely, every Hamilton extremal is of the form J'y where y is an
extremal.

An easy proof of this theorem comes from analysing the solutions of the exterior
differential system %, for o (13.73) satisfying (13.75).

Note that, by construction, explicit formulas for the Hamiltonian and momenta
come from an integration procedure using the Poincaré Lemma and are determined
by o rather than by a particular Lagrangian.
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13.5.3 Dual Jet Bundles

Our aim now is to provide a dual picture, analogously to symplectic mechanics
where one considers the cotangent bundle 7*M equipped with the canonical
symplectic form. The present setting is due to [10] (see also [83], and [67] for higher
order mechanics).

Given a fibred manifold 7 : ¥ — X we shall explore that ;¢ : J ly » Yisan
affine bundle, modelled on the vector bundle VxY ® n*T*X — Y, where VxY — Y
is the bundle of vectors tangent to Y and vertical over X. For every fixed y € Y, the
fibre J;Y of m o over y is an affine space of dimension nm, hence it is associated
with a vector space of dimension (nm + 1), its extended dual, whose elements are
the real-valued affine maps on J; Y. Collecting the extended duals and taking the
union over y € Y we obtain a manifold of dimension n + m + nm + 1, denoted by
J'Y, and called the extended dual of J'Y.

Ifp € J'Yand ¢ : Jle — R, we put ]T;O((P) =y. Then 71;0 : J'Y — Y becomes
a vector bundle.

Each fibre J; Y is a vector space containing a distinguished subspace of constant
maps. The quotient space will be denoted by J;‘ Y, and the union over y will be
denoted by J*Y and called the reduced dual of J'Y. We have dimJ*Y = dimJ'Y —
1 =dimJ'Y.

Next we denote by p : J'Y — J*Y the quotient map, and by 'y J*Y — Ythe
induced vector bundle projection.

Let f(;) denote the restriction of a function to the fibre over y. Given a chart

(U,(x',y")) on Y and y € U, the affine functions (1(),), y:.’(y)) form a basis for the

a(y)
get smooth functions P, P locally defined on J'Y such that (x, y°, P, P! ) are local
coordinates on the extended dual. Then (xi, ¥, Pﬁ,) are coordinates on the reduced
dual J*Y.
It can be shown that with a choice of a volume element on X, J1Y is diffeomor-
phic to the bundle of n-forms on J'Y, locally generated by (wo, dy® A w;) (see [81]
for the proof). The global (n + 1)-form

. *
vector space J; Y. Denote by (P(y), P! ) the dual basis of (JyT Y) ; in this way, we

2 =dP Awy+ dP. AdY Ao (13.98)

then can be regarded as a canonical multisymplectic form on J'Y. Now, any local
section / of the projection p : J'Y — J*Y gives rise to a local closed (n + 1)-form

2y =h*"2 = —dH# A wy+dP. AdY A w;, (13.99)
on J*Y, where we have introduced the function ©# = —(P o h) defined on

dom#hi C J*Y (an abstract Hamiltonian). With §2;, the manifold J*Y becomes a
regular Cartan—Lepage manifold of order zero.
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We can consider the exterior differential system %, = {iz§2,} where £ runs over
vector fields on J*Y, vertical over X, so that integral sections ¢ : X — J*Y of ),
satisfy the De Donder—Hamilton equations

8 (PZT o w) ajiﬁ
o, . == ° V. (13.100)

007 o) _ 0
ox! B 0P

From (13.99) it is clear that £2;, induces a Poisson structure on J*Y defined by
the Poisson tensor

d 0

n=__. A
oPL 0y

® dx'. (13.101)

So far we have constructed a universal (abstract) Hamiltonian bundle, canon-
ically associated with any jet bundle w; : J'Y — X. Now we shall establish
a connection between an abstract Hamiltonian system and a concrete variational
system on a Lepage manifold.

So, assume that our jet bundle m; is a Cartan—Lepage manifold, equipped with
a Lepage (n + 1)-form «. As above, ¢ = p;a will be the corresponding dynamical
form (Euler-Lagrange form). On the extended dual J'Y we have the canonical
symplectic form £2 corresponding to a choice of volume form on X. Both the sides
of the picture can be related by means of a map Leg, : J'Y — J'Y fibred over the
identity of Y defined by

Leg* 2 =a. (13.102)

We call Leg,, an extended Legendre map of « and Eq. (13.102) a duality equation.
We may also construct a composite map leg, : J'Y — J*Y by setting leg, =
p o Leg,. This will be called the reduced Legendre map.

The map Leg,, is not unique; all such maps are parametrized by “gauge functions”
@(x',y7). A similar remark applies to leg,.

In the regular case we can choose Legendre coordinates on J'Y. Using these
Legendre coordinates, and the canonical coordinates on J*Y, the map leg, is
represented by the identity mapping. We immediately obtain the following result.

Theorem 13.5.10 ([83]) If « is regular, then every extended Legendre map is an
immersion and every corresponding reduced Legendre map is a local diffeomor-
phism.

We say that o is hyper-regular if there is an extended Legendre map Leg, which
is defined globally and which has the property that the corresponding reduced
Legendre map leg, is a diffeomorphism. Any such map gives rise to a global
Hamiltonian section /2 by setting 1 = Leg,, o leg'. If « is regular rather than hyper-
regular, then we may construct local sections % in this way. The negative coordinate
representative of such a section 4 will be the function .7 = —( Poh), a Hamiltonian
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function corresponding to «. Corresponding to a choice of the extended Legendre
map we get a family of Hamiltonian functions parametrized by ¢.

With help of the definition of the Legendre maps, and using Legendre coordi-
nates, we easily obtain the following result.

Theorem 13.5.11 ([83]) For a hyper-regular o on J'Y the following assertions are
true:

(1) Leg) 2 = leg; h*2 = a.

(2) rank h*$2 = rank &), = ranka = rank &, = m + nm.

(3) legy Zn = Do

@) If Y : X — J*Y is an integral section of Dy, then le:g;l oy = J'y wherey isa
section of w . Y — X, and it is an integral section of D,.

(5) Every integral section of Dy is of the form J'y, and ¥ = leg, oJ'y is an
integral section of Dj,.

13.6 Lepage Manifolds in Mechanics: The Metric,
Symplectic and Poisson Structures

In the last section we shall consider a fibred manifold 7 : ¥ — X over a base
of dimension 1. In this case equations for sections of 7 are ordinary differential
equations, and Lepage (n + 1)-forms are 2-forms. We emphasize that for n =
1 there occurs a substantial simplification: every dynamical form has a unique
(global) Lepage equivalent. This means that we have a one-to-one correspondence
between dynamical forms and Lepage manifolds. Moreover, there is one-to-one
correspondence between Lepage manifolds defined by closed forms and variational
equations (precisely speaking, locally variational dynamical forms):

Theorem 13.6.1 ([56]) Let (w,,«) be a Lepage manifold and assume that o is
closed. Then ¢ = pja is locally variational. Moreover,  is a unique Lepage
equivalent of ¢.

Conversely, let € be a locally variational dynamical form on J°Y, s = 0. Then
there exists a unique Lepage manifold (., ) such that e = p1a. It holds r = s — 1
and da = 0.

Explicit formula for o can be found in [56] (see also [59]).

In what follows we shall be interested in Lepage manifolds which are a
background for second order ordinary differential equations, and in particular, for
geometric mechanics. As usual in this situation, we shall take ¥ = R x M, where
M is a smooth manifold, dimM = m, and X = R. Then J'Y = R x TM,
J?Y = RxT?M, etc. We shall use fibred coordinates adapted to the product structure
of Y, and a global coordinate on R. This means that the transformation rules between
(t,q%) and (7,q°) satisfy 7 = ¢ and 0g° /0t = 0. The associated coordinates on
J'Y and J2Y will be denoted by (¢,4°,4°) and (t,¢°,4°, §°), respectively. We set
0’ =dq° —q°dt, 0° = dq° — §°dt.
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Apart from the general case, we shall be interested also in time-independent
mechanical systems. In order to define this concept we note that the global vector
field d/0¢ on R trivially lifts to R x TM and its prolongations. We call a differential
form 7 time-independent, if .%,5,n = 0. We obtain that « is time independent if and
only if ¢ is time-independent, and this means that dE, /dr = 0 for all 0.

Due to uniqueness of the Lepage equivalent in mechanics, Lepage manifolds
for second order ordinary differential equations are completely characterized by the
following theorem due to Krupkova and Prince:

Theorem 13.6.2 ([65])

(1) Every dynamical form & on J*Y has a unique Lepage equivalent. It is defined
on J3Y, and takes the coordinate form

1 (0E, O0E, d (0E, OE,
oa=E;,0° Ndt + - 0’ Ao’

4\ o dge  dr \ g0 0ge
1 (0E, oE, .
N 13.103
+2(aéu+aéa)w A (13.103)

(2) If the second order ODEs are affine in the second derivatives, i.e. such that
E; = As(t,9",4") + 800 (1. 4", 4")G" (13.104)

then the Lepage equivalent is projectable onto J*Y and reads

1 aA aA a oV 3 av| .
a=A,0° ANdt + ) Blovl _ 5 98l ]q” o’ A"
4\ dg° 09° ot aqr

+ 8o @° Adg" + gipv§ 0 Adt

1 (38, 0gv 9o \ ..
Bop _ 080 _ 5 08101 ) tppo A o (13.105)
4\ 9g¥ 0q° agP
where (ov), resp. [ov] denotes symmetrization, resp. antisymmetrization in the
indicated indices.
(3) The Lepage equivalent of (13.104) is projectable onto J'Y if and only if

98ov _ 08op
8ov = 8vos = .

13.106
dqr 0 (13:100)

In this case

1
a:Aga)”/\dt—}—4(

0A, 0A,

. )0 Aw” + gew® AdGY. (13.107)
ag®  9g°
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Definition 13.6.3 Dynamical forms characterized by property (3) of the above
theorem are called semi-variational.
Relations (13.106) are integrability conditions for a function f (¢, ¢*, ¢”) such that

*f

= , 13.108
367 9" ( )

8ov

and which is determined up to a linear term. Moreover, it can be shown [59, 61] that
every regular semi-variational dynamical form ¢ splits canonically into a sum of a
variational dynamical form &,, coming from a Lagrangian v = T dt determined by
the g4, and a first order dynamical form ¢ (a “force”), so that the semi-variational
equations take the form

or d JT
- = ¢. 13.109
dg°  dtdg° ¢ ( )
This means that o splits to
a =0, + oy (13.110)

where o, is the Lepage equivalent of the Euler-Lagrange form of T, and « is the
Lepage equivalent of ¢. Note that (due to variationality) da, = 0.

If the matrix (g4, ) is regular and time and velocity independent, it determines a
metric g on M. Then (up to the sign) T is the kinetic energy of the metric g, and
Eq. (13.109) take the (contravariant) form

i+ Ia'd = 7. (13.111)

where I is the Levi-Civita connection of g. If g is regular, time independent and
0-homogeneous in the velocities, it is a Finsler metric, and the corresponding
equations with ¢ = 0 are equations for geodesics on the Finsler manifold M. In
a general case, we call a regular morphism g(t, ¢g*, ¢°) satisfying the integrability
conditions (13.106) a variational metric (more about this see [61] and [80]).

We remind that ¢ is variational if and only if ppdo = H, = 0 (Helmholtz
conditions), or, equivalently, if « is closed. Then the force ¢ = ¢,w” A dt appearing
in Eq.(13.109) is a first-order locally variational form (i.e. satisfies the first-order
Helmholtz conditions). It can be shown that this is if and only if ¢ takes the form of
Lorentz force (see, e.g., [61] or [59] for details).

As we have seen above, second order ordinary differential equations are modelled
on Lepage manifolds of order 2, or, if they are semi-variational or variational, on
Lepage manifolds of order 1.

In the sequel we shall consider a Lepage manifold (71, o) over a fibred manifold
w : R x M — R. Let us summarize what we already know: (1, ) is endowed
with
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the dynamical form ¢ = p« which is semi-variational or variational depending
on whether da # 0 or da = 0,

the exterior differential system 9, generated by the co-distribution A° on RxTM
spanned by 1-forms ico where £ runs over all 7r;-vertical vector fields on J'Y,
and having the same holonomic solutions as &.

Since « is a 2-form, we also have

the characteristic distribution y, (and its annihilator )(g) of « on R x TM. Recall
that

Xo = span{¢ | i;a = 0}, (13.112)

and its annihilator consists of 1-forms iz where £ runs over all vector fields on
R x TM. Thus, yo C Ay, and both the distributions have the same holonomic
solutions which coincide with the solutions of the ODEs defined by e.
Moreover, if « is closed (¢ is locally variational), then « has a local canonical
form

o = —dH A dt + dp, A dg® (13.113)

where the functions H, p,, are defined as components in the canonical basis of the
Cartan form 6, of a local Lagrangian A = h&/a, i.e. 0, = &/a = Hdt + p,dq°.

From now on, let us assume that (7}, ) is a regular Lepage manifold, i.e.

ranka = dim Vm; = 2m. Then the distribution A, has rank one and coincides
with the characteristic distribution y,. Moreover, we get the following additional
structures:

Variational metric g [61] defined by

0E,
gov = .. - (13.114)
0g”

Indeed, by the regularity assumption on « this matrix is regular. Consequently, on
every fibre of RxM, g induces a velocity dependent metric. In case that « is time
independent, g becomes time-independent and projects onto a velocity dependent
metric on M. This may be, for example, a Finsler metric if g is 0-homogeneous
in velocities, or a Riemannian metric on M if g does not depend on velocities.

A first order dynamical form ¢ (a force), defined by the canonical splitting &€ =
£y + ¢; the force is variational or non-variational, depending on whether o is
closed or not.

Global vector field I" on RxTM, spanning the distribution A, = y,. Itis defined
by irae = 0 and dt(I") = 1. I' is a semispray and its integral sections identify
with solutions of the equations determined by ¢. In coordinates,

0 0 0
I = 7° —g%%A, . .
ta aq° § q°

Bt (13.115)
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* A splitting of the tangent bundle to R x TM associated with I" (e.g. [84, 85, 88])
T(RxTM) = span{l"} & Hr & Vo (13.116)

where Vg is the bundle of the ‘very vertical vectors’ (vertical over R x M) and

H 9 + bort @ (13.117)
= span .

F= PN ay0 T2 gae agy

where ' = —g°"A,,. This splitting induces a splitting of the cotangent bundle

which gives an adapted basis of 1-forms (dual basis to (I, H,, 3/94°)) as follows:
(dt,w?,¥?), where

Vo =di® — . @’ —T’dr. (13.118)

In the adapted basis the Lepage 2-form takes a simple expression
o =gnw’ AY. (13.119)

e If o is closed, time independent and regular: The splitting of o (13.113) is
invariant and defines the symplectic form w = dp, A dq°, and hence also the
Poisson structure I1 = 3[‘30 A agﬁ on TM. Obviously, I' then splits into a vector
field on R and a time independent vector field on TM which is the Hamilton
vector field for .

* More generally, on a regular Lepage manifold with closed o (locally variational
dynamical form ¢, corresponding to variational equations), apart from a (general-
ized) metric structure g, we have also fibrewise symplectic and Poisson structures.

* Considering the dual jet bundle, we get in the same way as in the case of field
theory in the previous section, the duality between the Lepage manifold (1, &)
and the bundle (J*Y, §2;). For a detailed exposition we refer to [67].

Lepage manifolds arise wherever differential equations of dynamical type (i.e.
equations defined by dynamical forms) are concerned. In particular, they are behind
any system of first-order ODEs (a vector field, dynamical system) and regular
higher-order ODEs (a semispray, a spray), a symplectic structure, or behind any
extremal principle (e.g. kinetic energy, Finsler function, etc.). Let us discuss the
latter two cases in more detail:

Lepage Manifolds in Riemann and Finsler Geometry Let (M,g) be a Rie-
mannian manifold (actually, the signature of the metric is inessential). Denote by
(xi), 1 < i < m, local coordinates on M. We have on TM the induced Kkinetic
energy, T = ; giyX'%/, which is a first-order Lagrangian for the fibred manifold
7w : RxM — R. The Euler—Lagrange equations, that are equations for the geodesics
on M, are represented by a second-order vector field (semispray) I" on R x TM. If
we denote by (df, w', ¥') the basis of one forms on R x TM, dual to the natural
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splitting of R x 7M induced by I', we get the Lepage 2-form & = gjw' A ¥,
which is closed. We easily check that I" spans the kernel of «, so that (71, ), where
w1 : Rx TM — R, is the Lepage manifold naturally related with (M, g).

A similar situation arises in Finsler geometry. Denote by 7°M the slit tangent
bundle of M (i.e. let T°M be TM with the zero section excluded). If F' is a Finsler
function on 7°M, and g is the corresponding Finsler metric tensor

9*F?

= oxion

g (13.120)

the equations for Finsler geodesics are Euler—Lagrange equations of the Lagrangian
F?.Let I' be the semispray on R x T°M defined by the Euler-Lagrange equations,
and (dt, ', ) the basis of one forms on R x T°M, dual to the natural splitting
of R x T°M induced by I". The Lepage manifold associated with (M, F) is (7}, o)
where 71 : R x T°M — R, and o = g;w' A ¥/, Again, « is closed.

Notice that, in both the cases, « invariantly splits to a sum —dH A dt + w, where
o is the related symplectic form.
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