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Preface

This volume collects articles from a number of authors who, mostly, met in the
context of the scientific project Lie Groups, Differential Equations, and Geometry,
which was supported by the European Union’s Seventh Framework Programme
(FP7/2007–2013) under grant agreement no. 317721.

Besides the many secondments, it behooves me to mention the exciting atmo-
sphere of the conferences in Batumi (17–22 June 2013), Palermo (30 June–5 July
2014), and Chongqing (12–18 June 2015). The Georgian and Chinese hospitality
was undoubtedly unrivaled, and while the forthcoming conference in Modica (8–14
June 2016) will be a pale shadow of those in Batumi and Chongqing, it will still be
an occasion for fruitful discussions.

Last but not least, I would like to pay credit to the contributions of mathemati-
cians of excellent caliber who kindly and ardently participated in this task, even if
not supported by the project. It is an honor for me to introduce such a collection and
a pleasure to thank the authors for granting me the privilege of their friendship.

Palermo, Italy, February 11, 2016
Giovanni Falcone

A few days before this volume went to the editor, my dearest friend and mentor,
Karl Strambach, passed away. I cannot but dedicate to Karl, who was undoubtedly
a main actor in the project, the small efforts I made in editing this volume.

v



Introduction

Lie theory takes its name from the Norwegian mathematician Marius Sophus Lie
who, in 1871, at the age of 29, moved to Erlangen and visited Felix Klein to start
a fruitful collaboration that unfortunately ended in reciprocal accusations. Today,
Lie theory finds a major place in many branches of mathematics, both abstract and
applied. It is current not only important in algebra and geometry, but also plays a
significant role in some fields of physics, for example quantum theory, and in control
theory (cf., e.g., [1]). The reason for the wide presence of Lie theory probably lies
in the fact that it links several basic questions in mathematics, that is, linearization
and approximation, exponentiation, differentiation, and nonassociativity.

In Chap. 1, we begin from the very first definitions, giving short surveys of
basic topics in the theory of Lie algebras and in Representation theory, two
essays of which are given in Chaps. 2 and 3. In the former, the author deals
with the representation of the Heisenberg Lie algebra in an infinite dimensional
Hilbert space, which, in Quantum Mechanics, describes the commutation relation
between the position Q and the momentum P. In the latter, the author, led by
the most influential Kazhdan–Lusztig conjecture posed in 1979, aims to describe
representation theory from a categorical point of view and shows how this approach
comes to determine irreducible characters, that is, the traces of the images of an
irreducible representation, which are a basic tool that summarizes much information
of the representation itself.

In Chap. 1, Sect. 1.1.3, the connection between Lie algebras and Lie groups
is sketched. After showing that the exponential map transforms the Heisenberg
Lie algebra into the Heisenberg group, we give the first few terms of the Baker–
Campbell–Hausdorff formula, which is applied, in Chap. 4, to the problem of the
computation of order conditions for exponential splitting schemes, together with an
alternative approach for finding the order conditions by inspecting the coefficients
of leading Lyndon–Shirshov words in an exponential function of a sum of Lie
elements. Lyndon–Shirshov words produce a basis of a free Lie algebra (cf. [2, 3]),
and Chibrikov [4] generalized the Shirshov construction of a free basis for a Sabinin
algebra. On the other hand, in the words of Sabinin and Mikheev [5], a “more
natural context for the Baker–Campbell–Hausdorff formula is the completion of the
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viii Introduction

universal enveloping algebra of a relatively free Sabinin algebra on two generators,”
thus indicating a connection with the theory of loops. Roughly speaking, a loop
is a group where associativity is, at best, replaced by some weaker algebraic law.
Extending previous results of Malcev and Kuzmin, Sabinin and Mikheev (see also
[6]) showed that the correspondence between Lie algebras and local Lie groups is
valid in the nonassociative case, as well, by defining an algebraic structure on the
tangent space of any analytic loop, which is called, in fact, Sabinin algebra.

In Chap. 1, Sect. 1.2.1, we give a short recap of the theory of loops and its
relation to the foundations of Geometry, a connection almost forgotten today.
In Chap. 6, the authors study half-automorphisms of Moufang loops and, more
generally, of dissociative 2-loops, that is, such that any two elements generate a
group, and introduce the well-known Cayley–Dickson construction of a sequence
of algebras of dimension 2n, whose multiplicative loops in dimensions 8 and 16
are the Moufang loop of octonions and the sedenion loop, respectively. Besides Lie
algebras and Cayley (or octonion) algebras, among nonassociative algebras we also
find Jordan algebras and Gerstenhaber algebras, which play an important role in
Mathematical Physics. Gerstenhaber algebras are a main object of Chap. 5, and in
Chap. 1, Sect. 1.2.2, we give their definition.

As among Lie groups one finds all closed subgroups of the Euclidean group of
motions, it is not surprising that Lie theory has found applications in control theory.
Chapter 7 conducts a survey of classic and recent results on left-invariant affine
control systems and the associated Hamilton-Poisson systems, extensively in the
cases of the three-dimensional Lie groups, the (2n C 1)-dimensional Heisenberg
groups, and the six-dimensional orthogonal group. Chapter 8, on the other hand, is
devoted to optimal control problems whose behavior is described by quasilinear
differential equations of the first order on the plane with nonlocal boundary
conditions, proving an existence and uniqueness theorem of a generalized solution,
and obtaining an a priori estimate.

Chapters 9 and 10 deal with differential equations, a field which has been
motivating for Lie theory since its birth. It is well known that Lie’s original aim was
to develop a theory for ordinary differential equations, equivalent to Galois theory
for algebraic equations, and it must be acknowledged that his approach unifies many
solving techniques and also provides new ones which apply to both ordinary and
partial differential equations. The book by Olver [7] is a recommended source for
all beginners.

Indeed, the composition of differential operators is a nonassociative product; thus
they often produce a Lie algebra of operators. In Chap. 1, Sect. 1.1.3, we give the
definition of the Weyl algebra of differential operators, showing its connections to
the Heisenberg algebra and to the irreducible representations of sl(2;k).

The Lie group symmetry is often also applied to Finsler geometry, where the
computations are usually more difficult than in Riemannian geometry. In Chap. 1,
Sect. 1.3, we give an account of Finsler geometry. By constructing tangent Lie
algebras to the holonomy group of a non-Riemannian Finsler manifold, in Chap. 12
the authors introduce the reader to a method for the investigation of its holonomy
properties, giving a unified treatment of their previous results. Some advances in
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the smooth solutions of Hilbert’s fourth problem in the regular case are presented
in Chap. 11, where the authors give a classification of some families of projectively
flat Finsler metrics.

As a natural environment for Lepage manifolds, Finsler geometry also appears
in Chap. 13, where the author illustrates how the geometric properties of Lepage
manifolds mirror geometrical, topological, and dynamical properties of differential
equations, connecting differential equations with geometry and physics.

Palermo, Italy Giovanni Falcone
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Chapter 1
A Short Survey on Lie Theory and Finsler
Geometry

Giovanni Falcone, Karl Strambach, and Ming Xu

The aim of this chapter is to provide readers with a common thread to the many
topics dealt with in this book, which is intermediate and which aims at postgraduate
students and young researchers, wishing to intrigue those who are not experts in
some of the topics. We also hope that this book will contribute in encouraging new
collaborations among disciplines which have stemmed from related problems. In
this context, we take the opportunity to recommend the book by Hawkins [18]. A
basic bibliography is outlined between the lines.

1.1 Generalities

A Lie algebra over a field k is a k-vector space g, endowed with a non-associative
binary operation Œ�; �� W g�g! g, called Lie bracket, which is bilinear on each factor
(that is, ŒaxCby; z� D aŒx; z�CbŒy; z�, and Œz; axCby� D aŒz; x�CbŒz; y�), alternating
(that is, Œx; x� D 0) and fulfilling the Jacobi identity: Œx; Œy; z�� C Œz; Œx; y�� C
Œy; Œz; x�� D 0. If the characteristic of k is not 2, then Œx; x� D 0 ” Œx; y� D
�Œy; x�. The cases where k D R;C;Qp are of particular interest. A very classic
introductory book is the one by Jacobson [21].

G. Falcone (�)
Dipartimento di Matematica e Informatica, via Archirafi 34, 90123 Palermo, Italy
e-mail: giovanni.falcone@unipa.it

K. Strambach
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2 G. Falcone et al.

Any associative algebra over a field k, with the Lie bracket defined by

Œx; y� D xy� yx;

is a Lie algebra. In particular, the algebra of endomorphisms of a k-vector space
V , isomorphic to the algebra of n � n matrices with entries in k, is a prototypical
example, denoted by gl.V/, or gl.n; k/. Another basic example is its Lie subalgebra
of traceless endomorphisms, denoted by sl.V/, or sl.n; k/ (notice that it is closed
under Lie bracket, but not closed under addition, nor multiplication). Finally, we
want to mention the Heisenberg algebra h3 of strictly upper triangular 3�3matrices,
which is generated by three elements

x D
0
@
0 1 0

0 0 0

0 0 0

1
A ; y D

0
@
0 0 0

0 0 1

0 0 0

1
A ; z D

0
@
0 0 1

0 0 0

0 0 0

1
A (1.1)

fulfilling the Lie brackets

Œx; y� D z;

and which can be generalized, more abstractly, to the Lie algebra h2nC1, generated
by 2nC 1 elements fx1; : : : ; xn; y1; : : : ; yn; zg and defined by the Lie brackets

Œxh; yk� D ıhkz; (1.2)

where ıhk is the Kronecker symbol. We notice, in fact, that, in order to compute the
Lie brackets between vectors of a Lie algebra, it is sufficient to know the nonzero
Lie brackets between the vectors of a basis.

Similarly to the case of associative algebras, one defines and distinguishes the
concept of a Lie subalgebra and the one of a Lie ideal: a Lie subalgebra I is an ideal
of g, if

Œx; y� 2 I; for all x 2 I and y 2 g:

For instance, sl.n; k/ is an ideal of gl.n; k/.
Two basic ideals are the commutator ideal Œg; g�, generated by all elements Œx; y�,

and the center z, consisting of all elements x such that Œx; g� D 0. One says that g is
Abelian, if Œg; g� D 0 (or, equivalently, if z D g).

As for associative rings, ideals are precisely the kernels of homomorphisms.
Given a Lie algebra h and an ideal I in it, one constructs the factor Lie algebra
h=I: its elements are the cosets xC I.

This is probably the right place to mention the following theorem, which was
proved in characteristic zero in 1935 by Ado and in arbitrary characteristic in
1948/1949 by Iwasawa and Harish-Chandra:
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Every finite-dimensional Lie algebra h over a field k is isomorphic to a Lie
subalgebra of gl.n; k/ for some integer n, that is, it has a faithful representation,
where a representation of a Lie algebra h on kn is a Lie algebra homomorphism

� W h! gl.n; k/;

and a representation is said to be faithful if its kernel is trivial, i.e., it is injective.
In a nutshell, the structure of finite-dimensional Lie algebras can be summarized

as follows. The commutator ideal Œg; g� brings on two series of ideals: the derived
series

g.k/ D Œg.k�1/; g.k�1/�;

and the descending central series

gŒk� D Œg; gŒk�1��;

where we put g.0/ D gŒ0� D g. A Lie algebra is called solvable if the derived series
eventually ends to zero, and nilpotent if the descending central series eventually
ends to zero. Inductively, one sees that g.k/ 6 gŒk�, hence nilpotent Lie algebras are
solvable. Moreover, it turns out that g is solvable if and only if Œg; g� is nilpotent. In
1876, Sophus Lie proved that a finite-dimensional complex solvable Lie algebra
has a common eigenvector, and, by a recursive argument, this yields a matrix
representation in upper triangular form. Every Lie algebra has a unique maximal
solvable ideal, called the radical.

If the only ideals of a non-Abelian Lie algebra g are zero and g itself, then g
is called simple. The classification of simple complex Lie algebras was essentially
carried out by Wilhelm Killing in the late 1880s and sensibly improved by Élie
Cartan who extended it to the real case in 1914. If the radical is zero, the Lie algebra
is called semisimple. Every semisimple Lie algebra turns to decompose as the direct
sum of simple Lie algebras. Finally, in 1905 Eugenio Elia Levi proved that every
real Lie algebra decomposes as the semidirect sum of its radical with a semisimple
subalgebra, called thereafter a Levi subalgebra of g (which, in general, is not an
ideal of g).

1.1.1 Representations, Derivations, Killing Form

The reader can easily imagine that the same Lie algebra can appear in very different
ways. A representative case is the one of the three-dimensional, simple, Lie algebra
sl.2; k/ of traceless 2 � 2 matrices, which is generated by the matrices

X0 D
�
1 0

0 �1
�
I X1 D

�
0 1

0 0

�
I X2 D

�
0 0

1 0

�
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fulfilling

ŒX0;X1� D 2X1; ŒX0;X2� D �2X2; ŒX1;X2� D X0;

and which has, for every integer n > 2, a unique (up to conjugation) faithful
representation

 n W sl.2; k/ �! sl.n; k/ 6 gl.n; k/ (1.3)

defined, for 0 6 k 6 n, by the following action on the vectors fe0; : : : ; en�1g of a
basis:

 n.X0/ek D .n � 2k � 1/ekI  n.X1/ek D kek�1I  n.X2/ek D .n � k � 1/ekC1:

Notice that each  n is irreducible, that is, it has no nontrivial invariant subspace.
We mention here a fundamental theorem of Hermann Weyl in the theory

of representations of Lie algebras: any finite-dimensional representation of a
semisimple Lie algebra g is completely reducible, that is, every g-invariant subspace
has a g-invariant complementary subspace. On the contrary, the upper triangular
representation of a solvable Lie algebra g determines a flag of g-invariant subspaces
having no g-invariant complementary subspace.

Physical observables can be represented by operators, acting on the Hilbert space
of the states of the system, whose commutating relations are defined through Lie
brackets. Two examples: first, if Q represents the position of a particle and P its
momentum, then the Heisenberg principle states that ŒP;Q� D �i1, where 1 is
the identity operator; second, if the differential operators Lx, Ly, Lz represent the
components of the angular momentum, then they satisfy the following commutating
relations:

ŒLx;Ly� D i„Lz; ŒLy;Lz� D i„Lx; ŒLz;Lx� D i„Ly: (1.4)

The three-dimensional real Lie algebra generated by Lx, Ly, Lz is isomorphic
to the Lie algebra denoted by su.2/, and is a subalgebra of the complex Lie
algebra sl.2;C/ described in (1.3), but in Chap. 2 the author looks at these
commutation relations within an infinite-dimensional representation in a Hilbert
space of unbounded operators.

A fundamental, direct representation is obtained when one considers, for a given
x 2 h, the linear map adx W h �! h defined by

adx.y/ D Œx; y�;

which is called the adjoint map of x. Notice that the Jacobi identity itself can be
re-written in terms of the adjoint map as

adx.Œy; z�/ D Œadx.y/; z�C Œy; adx.z/�:
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More generally, a map ı W h �! h such that ıŒy; z� D Œıy; z� C Œy; ız� (and,
recursively, such that Leibniz rule

ınŒy; z� D
nX
0

 
n

k

!
Œıky; ın�kz�

is fulfilled) is called a derivation, and the derivations of the form adx are called inner
derivations.

A corroboration of the self-consistency of Lie theory comes from the fact that,
whereas the product of two derivations ı1 and ı2 is not necessarily a derivation, it is
immediate to see that the Lie bracket

Œı1; ı2�

is still a derivation, that is, Der.g/ is a Lie subalgebra of the Lie algebra gl.g/ of
endomorphisms of the vector space h. Moreover, if ı is a derivation of g, then the
vector space generated by g and ı becomes a Lie algebra putting Œı; y� D ı.y/.

The map ad W g �! Der.g/; x 7! adx, is called the adjoint representation of
g. Notice that the kernel of ad is precisely the center z of g, therefore, if z D 0,
the adjoint representation is faithful and represents concretely the Lie algebra g as
a subalgebra of gl.g/. This can be seen, but only for Lie algebras with trivial center,
as an alternative proof of Ado’s theorem.

The adjoint representation provides a fundamental tool in Representation theory:
the Killing form

�.x; y/ D Tr.adx ı ady/;

which has the following properties: it is a symmetric bilinear form, which is zero if
and only if g is nilpotent, and which is non-degenerate if and only if g is semisimple
(Cartan criterion). In the latter case, if k D R, then the Killing form will discriminate
the case where the semisimple Lie algebra g is compact (see p. 9). The �-orthogonal
of any ideal I of g is also an ideal, and two ideals with trivial intersection are �-
orthogonal.

For a minimal bibliographical support, we address the reader to one of the most
popular introductory books in Representation theory, that is, the one by Humphreys
[20].

1.1.2 The Weyl Algebra of Differential Operators

As mentioned in the opening, the composition of differential operators is a non-
associative product, thus they often produce a Lie algebra of operators. A good
example to be mentioned here is the Weyl algebra of differential operators with
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polynomial coefficients in n variables. Its generators xk (acting as f .x/ 7�! xk f .x/)
and @=@xk satisfy the Lie bracket

Œ@=@xh; xk� D ıhk;

because

� @

@xh
ı xk � xk ı @

@xh

�
f .x/ D @

@xh

�
xk f .x/

� � xk
@f

@xh
.x/ D

ıhkf .x/C xk
@f

@xh
.x/ � xk

@f

@xh
.x/ D ıhkf .x/:

It was introduced by Hermann Weyl in his mathematical formulation of quantum
mechanics, and it is very closed related to the (generalized) Heisenberg algebra
h2nC1 seen in (1.2). More precisely, the Weyl algebra is a quotient of the universal
enveloping algebra of h2nC1 (that is, the free algebra on h2nC1 modulo the ideal
generated by the relations xy�yx� Œx; y�), obtained by factoring the ideal generated
by z � 1.

Notice, in passing, that also each irreducible representation n of sl.2; k/ in (1.3)
can be seen as the action of the differential operators

�0 D x2
@

@x2
� x1

@

@x1
; �1 D x2

@

@x1
; �2 D x1

@

@x2

on the algebra of homogeneous polynomial of degree n � 1 in two variables x1 and
x2, because they act on the vectors of the basis of the form ek D xk1x

n�k�1
2 mapping

�0.ek/ D .n � 2k � 1/ek; �1.ek/ D kek�1; �2.ek/ D .n � k � 1/ekC1:

1.1.3 Lie Groups, Exponential Map

A Lie group is a group defined over a finite-dimensional smooth manifold, such
that the group multiplication and the inversion are smooth maps. The general linear
group GL.n;R/ of n � n invertible matrices over R is a n2-dimensional smooth
manifold where the group operation is differentiable, hence it is a Lie group. This
holds also for its topologically closed subgroups (Cartan’s theorem), also called
linear Lie groups.

Similarly to what one does by taking the linear part of the Maclaurin series of a
function, one can associate to each connected Lie group G, a Lie algebra g whose
underlying vector space is the tangent space to the group in the neutral element
[27]. This Lie algebra g completely captures the local structure of the group G.
There can be several Lie groups with the same Lie algebra, so this is not one-to-one
correspondence, and one says that two Lie groups are locally isomorphic, if their
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Lie algebras are isomorphic. All of them, however, are a quotient of the largest one,
the so-called (simply connected) universal covering group associated with g. In this
correspondence, subalgebras (resp. ideals) correspond to closed subgroups (resp.
closed normal subgroups).

Two smallest, prototypical examples: first, consider the group SO2.R/ of rota-
tions

X D
 

cos � sin �
� sin � cos �

!
D
 
1 0

0 1

!
C
 
0 �

�� 0

!
C
 
� 1
2
�2 0

0 � 1
2
�2

!
C
 
0 � 1

6
�3

1
6
�3 0

!
C� � � ;

with � 2 R, which, by the way, are written in complex form as

1C i� � 1
2
�2 � 1

6
�3 C � � � D exp.i�/:

In a neighborhood of the identity, that is, considering the first order approximation,
we see that

�
1 �1
��1 1

��
1 �2
��2 1

�
D
�
1 � �1�2 �1 C �2
��1 � �2 1 � �1�2

�
;

and, disregarding infinitesimal elements of the second order, this says that the
multiplication of infinitesimal rotations behaves like the addition of arcs in the
tangent space to the circle at the identity, which is

I C � � @
@�

Xj�D0 D I C
�
0 ��
� 0

�
� 2 R:

This explains also why Sophus Lie called infinitesimal groups what we now call Lie
algebras. Moreover, Lie theory gives a deeper meaning to the concept of exponential
map: the usual one, x 7! exp.x/, transforms the additive group of the reals onto the
multiplicative group of the positive reals. Similarly, the above example of SO2.R/

shows that the exponential map x 7! exp.ix/ transforms the additive group of the
reals onto the group of rotations. Hence, the Lie groups R

� (non-connected), RC
(simply connected), and SO2.R/ (not simply connected) are locally isomorphic,
with SO2.R/ being in fact a homomorphic image of the simply connected group
RC modulo the lattice of periods generated by 2� , and the connected component of
R

� being isomorphic to RC via the exponential map.
The second example is the Heisenberg group

H3 D
8<
:X D

0
@
1 x1 x3
0 1 x2
0 0 1

1
A W x1; x2; x3 2 R

9=
; :
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Since for k D 1; 2; 3 the three derivatives @
@xk

XjXDI are, respectively, the three
elements x, y, and z given in (1.1), the tangent space at the identity element I is h3.

On the other hand, as the cube of any element x 2 h3 is zero, we see that exp x D
I C xC 1

2
x2, that is,

x D
0
@
0 a b
0 0 c
0 0 0

1
A 7�! exp x D I C xC 1

2
x2 D

0
@
1 a bC 1

2
ac

0 1 c
0 0 1

1
A ;

and

exp x � exp y D exp

�
xC yC 1

2
Œx; y�

�
: (1.5)

Just in the same way as the exponential map x 7! exp.ix/ transforms the additive
group of the reals onto the group of rotations, the above Eq. (1.5) transforms the
additive group of Lie algebra h3 onto the non-commutative Lie group H3.

Finally, for a given Lie algebra g and for its Lie algebra of derivations Der g,
one can consider the Lie group exp.Der g/ and find out that this is a group of
automorphisms of g, such that

exp.ı.x// D exp.ı/.x/;

confirming, once again, the self-consistency of Lie theory.
The question which arises after these examples is the following: does the

exponential map always transform the addition of a suitable, but linear, Lie algebra
structure on the tangent space to a Lie groupG into the multiplicative structure of the
group G itself? Surprisingly, within a series of circumstances which give an account
of the richness of the theory, the answer is mostly yes. In order to be applied to the
most general case where the group is not commutative, Eq. (1.5) must be completed
to the Baker–Campbell–Hausdorff formula, whose first terms are

exp.x/ �exp.y/ D exp.xCyC 1
2
Œx; y�C 1

12

��
x; Œx; y�

	C�y; Œy; x�	
�
C: : :/: (1.6)

Three-dimensional Lie groups, .2n C 1/-dimensional Heisenberg groups, and
six-dimensional orthogonal groups are extensively investigated in Chap. 7 as the
manifolds on which a left-invariant affine control system is defined. A smooth
control system˙ may be viewed as a family of dynamical systems (or vector fields)
�u on a manifold, (smoothly) parametrized by control vectors u 2 R

l, and fulfilling

@

@t
g D �u.g/:
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An integral curve of such a vector field is called a trajectory of the system, and the
main question is whether any two points can be connected by a trajectory, possibly
minimizing some cost function.

A significant subclass of control systems, first considered in 1972 by R. W.
Brockett and by V. Jurdjevic and H.J. Sussmann, is that of left-invariant, affine
control systems, where the manifolds are real, finite-dimensional, connected, linear
Lie groups G, and the dynamics � are invariant under left translations, i.e.,
�u.g/ D g�u.1/, and affinely parametrized by control vectors u 2 R

l, i.e.,
�u.1/ D .ACu1B1C� � �CulBl/, where A;B1; : : : ;Bl are elements of the Lie algebra
g of G, with B1; : : : ;Bl linearly independent. Such a system fulfills therefore

@

@t
g D g.AC u1B1 C � � � C ulBl/;

and for such a system the left translation of any trajectory is a trajectory. Addition-
ally, the subclass of drift-free systems, i.e., systems with A D 0, is reinterpreted in
Chap. 7 as invariant sub-Riemannian structures, and some examples are revisited.

1.1.4 Compact Lie Algebras

If the Lie group G is compact, one says that its Lie algebra g is compact. But a
useful intrinsic criterion for the compactness of g comes from the Killing form �:
the Lie algebra g is compact if and only if � is definite negative , as we illustrate with
the following example, which is the three-dimensional compact real group SU.2/ of
special unitary matrices, represented by the compact, simply connected group of
quaternions having the norm equal to one:

X D

0
BB@

x1 x2 x3 x4
�x2 x1 �x4 x3
�x3 x4 x1 �x2
�x4 �x3 x2 x1

1
CCA ; x21 C x22 C x23 C x24 D 1:

As such, it is the real form of the group of complex matrices

�
z w
�w z

�
; z D x1 C ix2; w D x3 C ix4; jzj2 C jwj2 D 1;

but, the conjugation being not complex analytic, this is not a complex Lie group
(also, its real dimension is odd!).



10 G. Falcone et al.

Putting alternatively x3 D x4 D 0, x2 D x4 D 0, and x2 D x3 D 0, we obtain
three one-dimensional subgroups of matrices of the form

0
B@

cos � sin � 0 0

�sin � cos � 0 0

0 0 cos � �sin �
0 0 sin � cos �

1
CA ;

0
B@

cos � 0 sin � 0

0 cos � 0 sin �
� sin � 0 cos � 0

0 � sin � 0 cos �

1
CA ;

0
B@

cos � 0 0 sin �
0 cos � � sin � 0

0 sin � cos � 0

� sin � 0 0 cos �

1
CA;

whence one immediately sees that the tangent space at the identity element I is
generated by

0
BB@

0 1 0 0

�1 0 0 0

0 0 0 �1
0 0 1 0

1
CCA ;

0
BB@

0 0 1 0

0 0 0 1

�1 0 0 0

0 �1 0 0

1
CCA ;

0
BB@

0 0 0 1

0 0 �1 0
0 1 0 0

�1 0 0 0

1
CCA:

These matrices generate the real Lie algebra su.2/ given at p. 4, and are the real
forms of the matrices

��i 0
0 i

�
;

�
0 1

�1 0
�
;

�
0 �i
�i 0

�
;

which in turn generate the complex Lie algebra sl2.C/ of traceless matrices. Notice
that the same complex Lie algebra is obtained as the complexification sl2.C/ D
sl2.R/˝RC of the real Lie algebra sl2.R/. This shows that the Lie algebras g of non-
isomorphic real Lie groups may have isomorphic complexifications gC D g˝R C.

More generally, starting from a real Lie algebra g, one can consider its complex-
ification gC D g˝R C, thus non-isomorphic real Lie groups may have isomorphic
complexifications. Notice that the Killing form

�.x; y/ D Tr.adx ı ady/

of a semisimple real Lie algebra g determines, by Sylvester’s inertia, an index, which
is the number of positive entries of the diagonal form of �. It turns out that the index
is zero, that is, � is definite negative, if and only if g is the Lie algebra of a compact
real Lie group, and the real Lie algebra g is said a compact real form of gC. In
the opposite case, where � is definite positive, the real Lie algebra g is said a split
real form of gC. The intermediate cases correspond to the Cartan decomposition
g D k ˚ p in two �-orthogonal subspaces, the former being a maximal compact
subalgebra, the latter being only a complementary subspace. For instance, in the
(not infrequent) case that g has a representation as a real Lie algebra of matrices that
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is closed under transposition, the Cartan decomposition is just the decomposition
into the subalgebra of skew-symmetric part and the complementary subspace of
symmetric matrices, thus gC D .k˚ ip/˚.ik˚p/. Now, k˚ ip is a subalgebra which
consists of Hermitian matrices, is a real Lie subalgebra of gC, whose Killing form
is negative definite, hence it is compact. Finally, its complexification is clearly gC.

1.2 Non-associative Structures

1.2.1 Loops and Geometry

As one already could see, the non-associative structures are recharged from many
sources. One of them which today is almost forgotten is the theory of projective
planes. If an affine plane E is non-desarguesian, then E can be coordinatized
only by ternary fields, and the addition and multiplication of them are loops.
In particular, translation planes are coordinatized by quasifields, whose addition
defines an Abelian group but whose multiplication defines a loop such that these two
operations are connected by a distributive law. The whole theory of non-associative
algebras grew out of this basement. Today a loop is defined as a set L with a binary
operation .x; y/ 7! x � y, such that there exists an element e 2 L with e � x D x � e D x
for all x 2 L, and the equations a � y D b and x � a D b have precisely one
solution. The calculations with loops based on this definition are tedious. For this
reason one tried to formulate the theory of loops completely within the theory of
groups. The possibility for this is delivered, for a loop L, by the left translations
�a W y 7! a � y W L! L, which are bijections of L for any a 2 L. Following Cayley,
one can see the loop L as a set of permutations of L acting sharply transitively on L.
If G is the group generated by the left translations of L, and H is the stabilizer of the
identity 1 of L, then the left translations �a W y 7! a �y form a section 	 W G=H ! G.
If � W G! G=H is the natural mapping x 7! xH, then � ı 	 W G=H ! G=H is the
identity. The image 	.G=H/ forms a system of representatives for the left cosets of
H in G. Conversely, let G be a group and H a subgroup of G containing no nontrivial
normal subgroup of G. If 	 W G=H ! G is a section with 	.H=H/ D 1 2 G such
that 	.G=H/ generates G and operates sharply transitively on G=H (which means
that to any xH and yH there exists precisely one z 2 	.G=H/ with zxH D yH),
then the multiplication on the factor space G=H given by xH � yH D 	.xH/yH,
respectively the multiplication on the set 	.G=H/ given by x � y D 	.xyH/, yields
a loop having G as the group generated by the left translations xH 7! 	.xH/,
respectively x 7! 	.xH/. The advantage of this procedure lies in the enormous
power of group theory. Choosing in particular for G a finite group, a Lie group, an
algebraic group, or a p-adic Lie group such that H is a closed subgroup and 	 is a
map in the corresponding category, then many remarkable classification results can
be obtained, since the simple groups in these categories are known.
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Special classes of loops may be defined by algebraic laws which can be seen as
weakenings of the associativity. For loops which are near to groups the algebraic
expressions for weak associativity and the validity of the configurations in the
corresponding geometries show the same complexity. As an example for this, we
can quote the classes of Moufang loops and Bol loops.

But, in general, nicely algebraically defined loops are rare from a geometrical
point of view. For instance, the multiplicative loops of quasifields, in which only
one distributive law holds, and which coordinatize translation planes, cannot be
described in a simple algebraic way.

The real analytic loops possess tangential objects, Malcev algebras, Bol algebras,
Sabinin algebras, which describe them near to the identity. Using Malcev algebras
it was possible to create, for Moufang loops, a theory having the same level as the
theory of Lie groups and to get a complete classification of analytic Moufang loops.
Any connected analytic Moufang loop is an almost direct product of a Lie group
and of the Moufang loops arising from the multiplicative loop of octonions. The
real octonion algebra satisfies Moufang identities and is the only real composition
non-associative division algebra arising by the Cayley–Dickson process, which, by
the way, is introduced in Chap. 6 to define a sequence of algebras, among which one
finds in particular the octonion and the sedenion loops as the multiplicative loop.

Extensive majority of non-commutative Lie groups can be seen as groups of
left translations of topological loops. For instance, among the three-dimensional
Lie groups, only the group of homotheties of the Euclidean plane R

2 cannot be
the group topologically generated by the left translations of a three-dimensional
topological loop. The situation changes drastically if one considers Lie groups
G which are generated by left translations together by right translations of loops
homeomorphic to a Lie group. Already any loop L defined on a connected one-
dimensional manifold such that its group generated by the left and right translations
is locally compact must be a group isomorphic either to R or to SO2.R/. In the case
of the two-dimensional Lie loop corresponding to the hyperbolic plane and having
the three-dimensional group PSL2.R/ as its group generated by the left translations,
it is the group generated by left and right translations of an infinite-dimensional Lie
group. For loops corresponding to higher dimensional hyperbolic spaces one meets
the same situation. This indicates that the simplicity of a Lie group is an obstruction
for being a group generated by the left and right translations of a topological loop.

The compactness of a Lie group G is a serious obstruction even for the case that
G is a group generated by the left translations of a topological loop homeomorphic
to a Lie group. For instance, any 1-dimensional connected topological loop having
a compact Lie group as the group topologically generated by its left translations is
the orthogonal group SO2.R/. Another example showing the restricting power of
compact Lie groups is given by topological loops L homeomorphic to the 7-sphere
or to the 7-dimensional real projective space. Any such loop L having a compact
connected Lie group G as the group topologically generated by the left translations
of L is one of the two 7-dimensional compact Moufang loops, G is locally
isomorphic to PSO8.R/ and the stabilizer H of the identity e 2 L is isomorphic
to SO7.R/. Moreover, if the compact Lie group G is topologically generated by
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the left translations of a proper topological loop, then G is homeomorphic to a
connected semisimple Lie group. In a sense, conversely there does not exist any
proper topological loop L which is homeomorphic to a connected quasi-simple
Lie group and has a compact Lie group as the group topologically generated by
its left translations. More generally, if L is homeomorphic to a product of quasi-
simple simply connected compact Lie groups and has a compact Lie group G as
the group topologically generated by its left translations, then G is at least 14-
dimensional. In the case where dimG D 14, the group G is locally isomorphic to
Spin3.R/� SU3.C/� Spin3.R/ and L is homeomorphic to a group which is locally
isomorphic to Spin3.R/ � SU3.C/:

1.2.2 Gerstenhaber Algebras

As mentioned above, among non-associative algebras, that is, k-vector spaces with
a non-associative, k-bilinear product, we also find Jordan algebras and Gerstenhaber
algebras.

In particular, here we limit ourselves to give the definition of a Gerstenhaber
algebra, because they are a main object of Chap. 5, and to address the reader to the
excellent introduction on this topic given in [4].

A k-vector space A with a k-bilinear product � W A � A �! A and associator
.x; y; z/ D .x�y/�z�x�.y�z/ is a Gerstenhaber algebra (or right-symmetric algebra), if

.x; y; z/ D .x; z; y/:

Whilst the exterior algebra of a Lie algebra is a Gerstenhaber algebra, the commu-
tator

Œx; y� D x � y � y � x

endows a given Gerstenhaber algebra with the structure of a Lie algebra, because
the Jacobi identity can be formally written as

ŒŒx; y�; z�C ŒŒz; x�; y�C ŒŒ y; z�; x� D

.x; y; z/C .y; z; x/C .z; x; y/ � .y; x; z/ � .x; z; y/� .z; y; x/:

The latter identity, holding in any two-sided distributive, not necessarily associative,
algebra, shows that Gerstenhaber algebras and left-symmetric algebras deserve the
alternate name of pre-Lie algebras.

Gerstenhaber algebras, and their opposite left-symmetric algebras, appeared,
not surprisingly, in 1896 in a paper by Arthur Cayley. They were revived in the
early 1960s by Vinberg [29], Koszul [24], and Gerstenhaber [17]. More recently,
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homotopy Gerstenhaber algebras found a place in the investigations of Kontsevich
[22], and of Connes and Kreimer [6], among many others.

As pointed out in [23], it was Koszul [25] who realized that an odd Laplacian,
that is, a second-order differential operator � of degree �1 on an associative
commutative graded algebra A D Sk Ak such that �2 D 0 and �.1/ D 0, provides
A with the structure of a Gerstenhaber algebra, by putting:

Œx; y� D .�1/k
�
�.a � b/��.a/ � b � .�1/ka ��.b/

�
;

where x 2 Ak, y 2 A. A slight generalization of the operator � defines Batalin–
Vilkovisky algebras, a useful tool in the description of certain Lagrangian gauge
theories [30].

1.3 Finsler Geometry

1.3.1 Finsler Metric and Minkowski Norm

Finsler geometry is more general than Riemannian geometry in the sense that it
does not require the metric to be quadratic for each tangent space. Its definition
was proposed by Riemann in his talk in 1854, and the systematical study on Finsler
geometry was started by the thesis of Finsler in 1918 [16]. This research field has
been quiet for many decades, until its arising in the 1990s, by the full advocation of
S.S. Chern. He, together with D. Bao, Z. Shen, and many other geometers, rebuilt
the foundations for modern Finsler geometry [2]. Nowadays, Finsler geometry has
many applications in biological statistics, electrical science, and general relativity. It
also provides viewpoints for us to understand this geometric world beyond intuition
and imagination.

We start with the concept of Finsler metric, which defines the length of each
tangent vector. A Finsler metric on a smooth manifold M is a continuous function
F W TM ! Œ0;C1/, satisfying the following conditions:

1. Regularity: F is a positive smooth function on the slit tangent bundle TMn0.
2. Positive homogeneity: F.�y/ D �F.y/ for any tangent vector y and � > 0.
3. Strong convexity: For any standard local coordinates on TM, i.e., x D .xi/ 2 M

and y D yi@xi 2 TxM, the Hessian matrix

.gij.x; y// D
�
1

2
ŒF2.x; y/�yiy j

�

is positive definite.

We call .M;F/ a Finsler manifold or Finsler space.
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In each tangent space, the Finsler metric defines a Minkowski norm. Minkowski
norm can be more abstractly defined on any real vector space, satisfying similar
conditions as above (1)–(3).

Well-known examples of Finsler metrics include the following. A Finsler metric
is Riemannian when the Hessian matrix is irrelevant to the y-coordinates for
any standard local coordinates. In this case, it defines a smooth global section
gij.x/dxidx j of Sym2.T�M/ which is usually referred to as the Riemannian metric.
The most simple and important class of non-Riemannian metrics are Randers
metrics, which are of the form F D ˛ C ˇ where ˛ is a Riemannian metric, and ˇ
is a 1-form. The .˛; ˇ/-metrics are generalizations of Randers metrics, which can
be presented as F D ˛
.ˇ=˛/, where ˛ and ˇ are similar as for Randers metrics,
and 
 is a smooth function. Notice for a Randers metric (or an .˛; ˇ/-metric) F, ˛
and ˇ (or ˛, ˇ, and 
 resp.) must satisfy certain conditions to satisfy the convexity
condition (3) [5, 26].

1.3.2 Geodesic and Curvature

The arc lengths of piecewisely smooth curves can be similarly defined in Finsler
geometry. Their infimum for all curves from one fixed point to another provides a
(possibly irreversible) distance dF.�; �/. Using variational method, geodesics can be
defined which satisfies the locally minimizing principle for dF.�; �/.

There is another way to describe the geodesics on a Finsler space. The geodesic
spray G is a global smooth tangent vector field on TMn0, which can be presented
as G D yi@xi � 2Gi@yi , with Gi D 1

4
gil.ŒF2�xkyly

k � ŒF2�xl/, for any standard local
coordinates on TM. Then a smooth curve c.t/ with a nonzero constant speed (i.e.,
F.Pc.t// � const > 0) is a geodesic iff its lifting .c.t/; Pc.t// in TM is an integration
curve of G.

The geodesic spray G and its coefficients Gi are very useful for presenting other
geometric quantities (curvatures) in Finsler geometry. Curvature is the core concept
of Finsler geometry. Some curvatures are generalized from Riemannian geometry,
which are called Riemannian curvatures. They can help us to detect how a Finsler
space curves. Some others vanish in Riemannian geometry, i.e., they only appear for
non-Riemannian metrics and can be used to measure how these metrics differ with
the Riemannian ones. We call them non-Riemannian curvatures [28].

Let us see some curvatures in Finsler geometry. First we look at the Riemannian
ones.

In the Jacobi field equation for a smooth family of constant speed geodesics, we
can find a linear operator RF

y W TxM! TxM for any nonzero y 2 TxM. We call it the
Riemann curvature. For any standard local coordinates on TM, it can be presented
as RF

y D Ri
k.y/@xi ˝ dxk, where

Ri
k.y/ D 2@xkGi � y j@2x jykG

i C 2G j@2y jykG
i � @y jGi@ykG

j:
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Using Riemann curvature, we can easily define flag curvature, Ricci curvature,
scalar curvature, etc. For example, flag curvature is a natural generalization of
sectional curvature in Riemannian geometry. For any x 2 M, nonzero y 2 TxM
(the pole), and tangent plane P containing y (the flag), linearly spanned by y and v,
the flag curvature

KF.x; y; y ^ v/ D KF.x; y;P/ D hRyv; viFy
hy; yiFy hv; viFy � .hy; viFy /2

;

where h�; �iFy is the inner product on TxM defined by the Hessian matrix .gij.x; y//.
The flag curvature does not depend on the choice of v but only on y and P.

Next we look at the non-Riemannian curvatures.
The first degree derivatives of the Hessian matrix .gij.x; y//, i.e., the third

degree derivatives of F2.x; y/, define the Cartan tensor, the most fundamental non-
Riemannian curvature in Finsler geometry. In a global fashion, it can be presented as

CF
y .u; v;w/ D

1

4

@3

@r@s@t
F2.x; yC ruC sv C tw/jrDsDtD0;

where y; u; v;w 2 TxM and y ¤ 0.
Notice you may further differentiate the Cartan tensor with respect to the

y-coordinates as many times as you like. Then you get infinitely many non-
Riemannian curvatures from this thought. They provide obstacles for a (non-
compact) Finsler space to be isometrically imbedded in Minkowski spaces. But they
are not very useful most of the time.

S-curvature invented by Z. Shen is another important non-Riemannian curvature,
with a totally different style. It can be described as the derivative of the distortion
function

�.x; y/ D ln

p
det.gij.x; y//

	.x/

in the direction of the geodesic spray G. Here 	.x/ is the coefficient function in
some canonical volume form. An important case is to take the Busemann-Hausdorff
volume form dVBH D 	.x/dx1 � � � dxn, where

	.x/ D !n

Volf.yi/ 2 RnjF.x; yi@xi / < 1g
:

Though the definition of �.x; y/ involves standard local coordinates, it is in fact a
globally defined smooth function on TMn0. It is crucial that S-curvature has many
important properties which relate it to other curvatures in Finsler geometry.

Why do we need the Lie symmetry for studying Finsler geometry‹
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1.3.3 Local Homogeneity and Global Homogeneity

There exists a main obstacle for the study of general Finsler geometry. The
calculations and formulas are much more complicated than those in Riemannian
geometry. Thus we need to call Lie theory for help. The Lie group symmetries could
be applied to Finsler geometry in both the local and the global senses.

First look at the Lie symmetries in the local sense. Sometimes we restrict
our interest to some types of Finsler metrics with special importance. For exam-
ple, Riemannian metrics are the most well-known Finsler metrics. In the last
century, Riemannian geometry has become one of the most important mathe-
matical branches. Generally speaking, we concern non-Riemannian metrics and
spaces in Finsler geometry. Randers and .˛; ˇ/-metrics are the most simple and
important non-Riemannian Finsler spaces. The majority of research works on
Finsler geometry are related to Randers metrics and .˛; ˇ/-metrics. The reason
behind this phenomenon is a good “local homogeneity,” which means for each
tangent space TxM, the connected linear isometry group L0.TxM;F/ (preserving the
Minkowski norm F.x; �/ on TxM) is relatively big. For example, an n-dimensional
Riemannian manifold .M;F/, L0.TxM;F/ is isomorphic to SO.n/, which is the
maximum among all possible ones. For a non-Riemannian Randers space or an
.˛; ˇ/-space, L0.TxM;F/ is isomorphic to SO.n � 1/, which is a maximum among
all non-Riemannian ones. These local homogeneities can significantly reduce the
complexity of calculations in Finsler geometry, i.e., make the research subject much
easier.

Here are two remarks on the local homogeneity.
First, there is another class of Finsler metrics, generalizing Randers metrics and

.˛; ˇ/-metrics [15]. Let ˛ be a Riemannian metric on M, with respect to which TM
can be orthogonally decomposed as the sum of two sub-bundles TM D V1 ˚ V2.
The restrictions ˛i D ˛jVi can be naturally regarded as functions on TM. Then a
Finsler metric F of the form F D f .˛1; ˛2/ for some positive smooth function f
(which must be positively homogeneous of degree 1) is call an .˛1; ˛2/-metric.

For an .˛1; ˛2/-space .M;F/, its connected linear isometry group L0.TxM;F/ is
isomorphic to SO.n1/� SO.n2/, where ni is the real dimension of the fibers of Vi. It
reaches another maximum among all non-Riemannian metrics [15]. We guess, the
most that works on .˛; ˇ/-metrics can be generalized to .˛1; ˛2/-metrics.

Second, we may improve the efficiency of the local homogeneities by consider-
ing the whole linear isometry group instead of its identity component. For example,
reversible metrics have slightly better local homogeneities than irreversible metrics,
because of the extra Z2-isometries for the antipodal map.

Next we look at the Lie symmetries in the global sense. That means a Lie
group G acts nontrivially and isometrically on the Finsler space .M;F/. We can
assume G is a closed connected subgroup of the isometry group I.M;F/. Notice the
isometry group I.M;F/ itself is a Lie transformation group [9]. One of the most
typical cases is that G acts transitively on the Finsler space .M;F/. Then we call
.M;F/ a homogeneous Finsler space [8]. Mostly we assume M is connected. Denote
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M D G=H a homogeneous Finsler space where G is a closed connected subgroup
of I0.M;F/ and H is the compact isotropy subgroup at o D eH. Then we have an
Ad.H/-invariant decomposition g D hCm, where g D Lie.G/ and h D Lie.H/. The
subspace m can be canonically identified with To.G=H/. A G-homogeneous Finsler
metric F on G=H is one-to-one determined by an Ad.H/-invariant Minkowski norm
on m. The study on homogeneous Finsler spaces is called homogeneous Finsler
geometry.

In homogeneous Finsler geometry, curvatures can be reduced to some tensors
on m, and differential equations are reduced to linear equations. So we may avoid
some extremely complicated calculations, and find the intrinsic nature of curvatures
from the Lie algebra structures. The most successful examples for this approach
include the following. We can use Killing frames (i.e., local frames provided by
Killing vector fields) to present the S-curvature, and use the Finslerian submersion
technique to deduce the flag curvature formula, for a homogeneous Finsler space
[33, 38]. Notice in Finsler geometry, curvatures are mostly defined with standard
local coordinates fx D .xi/ 2 M; y D yi@xi 2 TxMg. But in the homogeneous
context, generally speaking, the local coordinates are not compatible with the
homogeneous structure, and invariant frames or Killing frames seem more suitable.
Applying invariant frames, L. Huang provides explicit formulas for all curvatures in
homogeneous Finsler geometry [19].

1.3.4 Some Recent Progress

With the local and global view points, we see an expecting research field in Finsler
geometry for which we have both a good local homogeneity and a good global
homogeneity. For a homogeneous Finsler space .G=H;F/, the isotropy subgroup
H is contained in the linear isometry group of To.G=H/. So .G=H;F/ has a
good local homogeneity when H is relatively big. Here are some recent progress
in homogeneous Finsler geometry which uses the local homogeneity directly or
indirectly.

1. The study on the curvatures of homogeneous Randers spaces and homogeneous
.˛; ˇ/-spaces [1, 7, 12, 13].

2. The study on the affine Berwald symmetric Finsler spaces [11]. Notice the
Berwald condition implies many properties of these spaces coincide with those
in Riemannian geometry. The Berwald condition can be replaced by assuming
the homogeneous space is symmetric [10], i.e., in the Ad.H/-invariant decompo-
sition g D h C m, we have Œm;m� � h. On one hand the symmetric condition
implies the Lie algebra h and thus the isotropy group H be big enough. On the
other hand, using Killing frames, its geodesic spray can be explicitly presented,
which coincides with that for a Riemannian symmetric metric, and proves the
symmetric homogeneous Finsler space G=H is Berwald.
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3. The classification of Clifford-Wolf homogeneous Randers spaces [32], which
generalizes the corresponding work of Berestovskii and Nikonorov in the
Riemannian context [3], and some partial results for left-invariant Clifford-
Wolf homogeneous .˛; ˇ/-metrics and .˛1; ˛2/-metrics on compact Lie groups
[14, 15].

4. The classification of positively curved homogeneous Finsler spaces [34, 35, 37,
38]. The main tool for this project is the homogeneous flag curvature formula
[19]. To efficiently reduce the classification problem to a solvable algebraic
problem, we need to use the local homogeneity encoded in the rank inequality for
a positively curved homogeneous Finsler space G=H [38], i.e., when assuming
G is compact, rkG 6 rkH C 1. There exists a sufficiently big torus in H, which
is important for this classification work. In particular, when dimG=H is odd, we
need a slightly better local homogeneity which requires the positively curved
homogeneous metric F on G=H to be reversible.

5. Define the flag-wise positively curved condition and find interesting examples.
In Finsler geometry, we can define a special version of non-negatively curved
condition. First, the metric is non-negatively curved, i.e., the flag curvature is
non-negative everywhere. Second, the metric is flag-wise positively curved, i.e.,
for any tangent plane P � TxM, we can find a suitable pole y 2 P, such that
KF.x; y;P/ > 0. Using the Killing navigation process, we can find many compact
coset spaces which admit non-negatively and flag-wise positively curved normal
homogeneous Randers metrics but no positively curved homogeneous metrics
[36]. The flag-wise positively curved condition alone seems to be a much weaker
condition. Perturbing a non-negatively curved homogeneous Riemannian metric
generically, we have a big chance to finding flag-wise positively curved metrics
[31].

Finally, I would like to summarize with our purpose of studying homogeneous
Finsler geometry. The curvatures are still in our main consideration. But now
they can be described by algebraic data and structures for the Lie algebras. So
geometric conditions are translated to algebraic conditions as well. In many cases,
those algebraic conditions can be corresponded with explicit classification lists of
homogeneous Finsler spaces, which provide precise examples for us to understand
the intrinsic nature of Finsler geometry in general.
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Chapter 2
Remarks on Infinite-Dimensional
Representations of the Heisenberg Algebra

Camillo Trapani

Abstract Infinite-dimensional representations of Lie algebras necessarily invoke
the theory of unbounded operator algebras. Starting with the familiar example
of the Heisenberg Lie algebra, we sketch the essential features of this inter-
action, distinguishing in particular the cases of integrable and nonintegrable
representations. While integrable representations are well understood, nonintegrable
representations are quite mysterious objects. We present here a short and didactical-
minded overview of the subject.

2.1 Introduction

The theory of representations of Lie algebras by linear operators in infinite-
dimensional Hilbert spaces is one of the most fascinating branches of modern
mathematics; it involves algebra, topology, functional analysis, operator theory, and
differential manifolds and this fact produces at once its charm and its difficulty.
Motivations for these studies come from several mathematical subjects and also
from physical applications. In analysis, for instance, the theory of representations of
Lie algebras is a fundamental tool for the theory of partial differential equations
(in certain approaches). On the other hand, it provides a precise mathematical
framework for several problems in quantum theory and particle physics. In fact,
physical observables (i.e., measurable quantities) are represented, in general, by
operators acting on the Hilbert space of the states of the system and observables have
a natural structure as Lie algebra whose brackets are realized through commutation
relations of the corresponding operators. In fact, the operators A;B representing two
observables either commute (i.e., ŒA;B� D 0) or satisfy prescribed commutation
relations.

For instance, if Q represents the position of a particle and P its momentum, the
Heisenberg principle implies that ŒP;Q� D �i1, where 1 stands for the identity
operator.

C. Trapani (�)
Dipartimento di Matematica e Informatica, via Archirafi 34, 90123 Palermo, Italy
e-mail: camillo.trapani@unipa.it

© Springer International Publishing AG 2017
G. Falcone (ed.), Lie Groups, Differential Equations, and Geometry,
UNIPA Springer Series, DOI 10.1007/978-3-319-62181-4_2

23

mailto:camillo.trapani@unipa.it


24 C. Trapani

Similarly, the differential operators Lx;Ly;Lz representing the components of the
angular momentum satisfy the following commutation relations:

ŒLx;Ly� D iLz; ŒLy;Lz� D iLx; ŒLz;Lx� D iLy:

Of course, one can look at these commutation relation as to infinite-dimensional
representations of some Lie algebra.

A representation of a Lie algebra L is a linear map � from L into an operator
algebra A acting on some vector space V .

Thus if V is taken to be a Hilbert space H , the most natural choice would be
taking as A the C*-algebra B.H / of all bounded operators in H .

We recall that a linear operator A in Hilbert space H is bounded (equivalently,
continuous) if there exists C > 0 such that

kA�k 6 Ck�k; 8� 2H :

If the Hilbert space is finite-dimensional, then every linear operator is bounded. If
dim.H / D 1, unbounded (and hence everywhere discontinuous) operators are
called on the stage.

As we shall see below, the operators involved in representations of Lie algebras
are often unbounded (and for some algebra they need to be unbounded!); the
drawback of involving unbounded operators is that the theory becomes more
complicated since one has to deal with sometimes difficult problems of domains,
extension of operators, self-adjointness problems, and so on.

But this is not the end of the story. In fact, if we want to represent Lie algebras by
unbounded operators we need a precise definition of commutator for two unbounded
operators and this is quite a difficult task!

In this paper, which has mostly didactical purposes, we quickly review the main
features of unbounded representations of Lie algebras, focusing our attentions to the
different (and, unfortunately, inequivalent) notions of commutators for unbounded
operators. In particular we will consider representations of the Heisenberg Lie
algebra h, which describes the commutation rules of the position Q and of the
momentum P in Quantum Mechanics. By the Wiener–Wielandt–von Neumann
theorem (Theorem 2.2.1), the representations of this Lie algebra are necessarily
unbounded and the celebrated Stone–von Neumann theorem (Theorem 2.2.2)
characterizes the so-called integrable representations of h, i.e., representations
obtained by differentiating a unitary representation of a Lie group: they are all
unitarily equivalent to the Schrödinger representation that can be described, as we
shall see below, by the elegant formalism of annihilation and creation operators (see,
e.g., [16]). But, nonintegrable representations of h can also be easily constructed
and often occur in applications to Physics. Thus, it is worth discussing them and
try to understand what is preserved of the known theory under these very different
circumstances.
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2.2 Representations of the Heisenberg Algebra

As we mentioned in Sect. 2.1, some Lie algebras do not allow bounded represen-
tations in infinite-dimensional Hilbert space. A typical example comes from the
so-called canonical commutation relations (CCR, for short) that are nothing but
a special representation � of the Heisenberg Lie Algebra h generated by three
elements a; b; c 2 h whose Lie brackets are defined by

Œa; b� D c Œa; c� D Œb; c� D 0

The carrier space of � is a Hilbert space H .
The algebra B.H / of bounded operators in H can easily be made into a Lie

algebra by defining ŒA;B� WD AB � BA, A;B 2 B.H /.
Thus, as a first step, it is natural to suppose that � takes its values in B.H /. So

we should have

� W h! B.H /;

�.Œx; y�/ D �.x/�.y/ � �.y/�.x/; x; y 2 fa; b; cg:

The structure itself of the Heisenberg algebra h suggests that �.Œa; b�/ must be a
central element of B.H /, which consists of multiples of the identity 1 only. Hence
we require that

�.Œa; b�/ D �.a/�.b/� �.b/�.a/ D 1:

But, unfortunately,

Theorem 2.2.1 (Wiener, Wielandt, von Neumann) There exists no bounded
representation � of the Heisenberg algebra satisfying �.Œa; b�/ D 1.
A very quick proof of this statement can be made by looking at the spectra of the
pretended bounded operators. We recall that, if A 2 B.H /, the spectrum 	.A/ of
A is defined as

	.A/ D f� 2 C W A � �1 62 GL.H /g ;

where GL.H / denotes the group of invertible elements of B.H /. For every A 2
B.H /, 	.A/ is a nonempty compact subset of the complex plane (see, e.g., [14]).
The familiar rules of the spectra give

	.�.a/�.b// [ f0g D 	.�.a/�.b// [ f0g

	.�.a/�.b// D 1C 	.�.b/�.a//;

contradicting the compactness of the spectra.
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This is not a case, since as shown by Doebner and Melsheimer [10], representa-
tions of every noncompact Lie algebra are unbounded.

2.2.1 An Unbounded Representation of the Heisenberg
Algebra

We now define the so-called Schrödinger representation of the Heisenberg algebra.
The lesson of Theorem 2.2.1 is that we need to introduce unbounded representations
and, consequently, unbounded operator algebras.

For reader’s convenience we recall some features of unbounded operators. The
first one is that they are not, in general, defined on the whole Hilbert space H : a
linear operator A is in fact a linear map defined on a subspace D.A/ of H , called
the domain of A, which one supposes to be dense in H . An unbounded operator
is necessarily everywhere discontinuous in its domain. A regularity requirement
for an unbounded operator is its closedness: this means that the graph f.�;A�/ 2
D.A/�H g is a closed subspace of H �H . An operator is called closable if it has
a closed extension.

Now we turn to unbounded operator algebras.
Let D be a dense domain in Hilbert space. Then, the family of closable operators

L 
.D/ WD fA W D ! D W A�D � Dg

is a *-algebra of (in general) unbounded operators, with the usual operations of
addition, multiplication by scalars, multiplication (i.e., composition) of operators
and involution defined by A
 WD A� � D, where A� denotes the hilbertian adjoint of
A defined as

8<
:
D.A�/ D f� 2H W 9�� 2H such that hA� j �i D h� j ��i ; 8� 2 Dg

A�� D ��; � 2 D.A�/

For reader’s convenience, we recall that an operator A, with domain D.A/ is
symmetric if hA� j �i D h� j A�i for every �; � 2 D.A/. This means that the adjoint
A� of A extends A. The operator A is called self-adjoint if A D A� and essentially
self-adjoint if its minimal closed extension A is self-adjoint. For more details we
refer to [14, 16].

For the Schrödinger representation of h, we take as domain the Schwartz space
S .R/ .� L2.R/, clearly) of C1-functions f that are rapidly decreasing; i.e.,

sup
x2R
jxk.Dm

x f /.x/j <1; 8k;m 2 N;

where Dx denotes the derivation operator with respect to x. Of course, S .R/ �
L2.R/.
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We then define the annihilation operator A and the creation operator A
 as
follows:

Af D 1p
2
.xf CDx f / and A
f D 1p

2
.xf �Dx f /; f 2 S .R/:

Then, both A and A
 are elements of L 
.S .R// and

AA
f � A
Af D f ; 8f 2 S .R/:

For a; b; c 2 h, as above, we put

�.a/ D A �.b/ D A


Then Œ�.a/; �.b/� D 1. The operator A
A, the so-called number operator, is essen-
tially self-adjoint on S .R/ and has discrete simple spectrum; in fact, 	.A
A/ D N.
Eigenvectors of A
A are obtained by successive application of A
 to the vacuum

vector  0.x/ D e� x2
2 , which is annihilated by A; in other words, an eigenvector

associated to the eigenvalue k 2 N is given by  k D .
p
2A
/k 0.

The Schrödinger representation can be, equivalently, defined through the follow-
ing operators:

Qf D xf Pf D �if 0 ŒP;Q� f D �if ; f 2 S .R/:

Then, one has

Af D 1p
2
.Q f C iPf /; A
f D 1p

2
.Q f � iPf /

and� D 1
2
.Q2 C P2 C 1/ is essentially self-adjoint on S .R/.

The Schrödinger representation of h is of fundamental importance, since it is
essentially the unique integrable and irreducible representation of the Heisenberg
algebra.

Definition 2.2.1 A representation � of a Lie algebra L is called integrable if there
exists a connected and simply connected Lie group G and a unitary representation
U of G such that � is the differential of U; i.e. � D dU.

The integrability of the Schrödinger representation depends clearly from h being
the Lie algebra of a Lie group G. Let us consider, in fact, as G the set of 3 � 3-
matrices of the form

g.˛; ˇ; �/ D
0
@
1 ˛ �

0 1 ˇ

0 0 1

1
A ; ˛; ˇ� 2 R

Checking that G is a Lie group is a straightforward exercise. Then, if we call
a; b; c the generators of the one-dimensional subgroups, the Lie bracket of a; b; c
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are nothing but Œa; b� D cI Œa; c� D Œb; c� D 0; that is, the Lie algebra associated to
G is exactly h.

For every � 2 R n f0g a unitary representation of G in L2.R/ is obtained by
putting, for every f 2 L2.R/,

.U�.g.˛; ˇ; �//f /.x/ WD exp.i�.ˇxC �//f .xC ˛/; x 2 R:

By differentiating one finds

�.a/ D d

dx
; �.b/ D i�x; �.c/ D i�:

It is not difficult to check that this representation is equivalent to that defined above.
The operators �.a/ and �.b/ leave S .R/ invariant and the operator� D � � d

dt

�2C
�2t2 C �2 is essentially self-adjoint on S .R/.

A fundamental result about representations of h is the following theorem due to
M.H. Stone and J. von Neumann.

Theorem 2.2.2 (Stone, von Neumann) Every integrable irreducible representa-
tion � of the Heisenberg Lie algebra is unitarily equivalent to the Schrödinger
representation.

As a consequence of this theorem, an integrable representation of h decomposes
into the direct sum of (possibly, infinitely many) representations each one of
them being unitarily equivalent to the Schrödinger representation, since every
representation can always be decomposed into irreducible ones.

The example discussed above can be cast into the more general situation
described by the Gårding theory. This approach to the infinite-dimensional repre-
sentation theory of Lie algebras starts essentially with a work of L. Gårding of 1947
[12]. The cornerstone of the theory is the following theorem [9, Chap. 11].

Theorem 2.2.3 Let U be a unitary representation of a d-dimensional Lie group G
in Hilbert spaceH and � D dU the corresponding representation of the associated
Lie algebra LG. Then,

(i) there exists a common invariant dense domain DG for the operators �.Xi/,
where X1; : : : ;Xd 2 LG are the infinitesimal generators of U;

(ii) the Nelson operator X21 C X22 C � � � C X2d is essentially self-adjoint on DG.

It is clear that � is integrable by definition. The proof of Theorem 2.2.3 is
constructive: thus once a unitary representation of the Lie Group G is given, we
can explicitly construct the so-called Gårding domain. The converse of the previous
theorem also holds, provided that DG consists of analytic vectors f for � . A vector
f 2H is analytic for � if, for some s > 0,

1X
nD0

1

nŠ

X
16i1;:::;in6d

k�.Xi1 / � � ��.Xid /fksn <1:
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The notion of analytic vector (that appears first in Harish–Chandra) was intro-
duced, in a slight different context by Nelson [15], but it is with Gårding theory that
it develops all its potentiality [13].

2.3 Nonintegrable Representations of the Heisenberg
Algebra

Integrable representations of Lie algebras are, as we have seen, quite well under-
stood. But this kind of well-behavior is not so frequent in practice and it is not
difficult to construct examples where integrability fails (sometimes unexpectedly).

Let us consider the following representation of h in the Hilbert space H WD
L2.Œ0; 1�/. Similarly, to what we have done before, we define

.Q f /.x/ D xf .x/; f 2H :

D.P/ D f f 2 C1.0; 1/ W f .0/ D f .1/ D 0; f 0 2 L2.Œ0; 1�/g

.Pf /.x/ D �if 0.x/

Then Q is bounded and self-adjoint, P is neither bounded nor self-self-adjoint.
Performing the same construction as before we put

A D 1p
2
.Q � iP/ and B D 1p

2
.QC iP/

Of course ŒA;B� D 1; B D A
 but B ¤ A�, the hilbertian adjoint of
A. By Gårding theorem the integrability of the representation depends on the
existence of a common invariant dense domain D where the Nelson operator
� D 1

2
.P2 C Q2/ is essentially self-adjoint. The largest domain invariant for P

and Q is clearly C1
0 .0; 1/; but � is not essentially self-adjoint on C1

0 .0; 1/, since
P is not. Thus this representation is not integrable. This is, in a sense surprising,
since the representation defined in this way can be taken for describing position and
momentum of a particle confined to move in an interval of finite length.

On the other hand, it should be mentioned that for several physical models it
is not possible to find a common invariant dense domain D with the prescribed
properties and this fact provides a good motivation for considering nonintegrable
representations.
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2.3.1 Commutation Relations of Operators: Usual Approach

At this point, a discussion about the mathematical meaning to give to the commu-
tation relations of two unbounded operators (or even to the fact that they commute)
is in order. In fact, studying operators A;B such that B ¤ A
 and ŒA;B� D �1 (in a
sense to be precise) is an unavoidable step (but just the first one) for the analysis
of nonintegrable representations. Of course, the significant cases are � D 0 or
� D 1. The latter has been analyzed in [7, 8] moving from the idea of pseudo-bosons
discussed at length by Bagarello in several papers [4–6].

Let A;B be two closed operators with dense domains, D.A/ and D.B/, respec-
tively, in Hilbert space H . In order to give a meaning to the formal commutation
relation ŒA;B� D �1, we require that the identity AB� BA D �1 holds, at least, on a
dense domain D of Hilbert space H . In other words, we assume that there exists a
dense subspace D of H such that

(D.1) D � D.AB/\D.BA/;
(D.2) AB� � BA� D � �, 8� 2 D , where, as usual, D.AB/ D f� 2 D.B/ W B� 2

D.A/g.
As in [6], we will suppose that

(D.3) D � D.A�/\ D.B�/.

2.3.1.1 The Case � D 0

Let A, B be linear operators in Hilbert space H . What we mean when we say that
A and B commute? It is clear that, if A;B are both bounded operators, the equation
AB � BA D 0 has a precise meaning; but the same algebraic relation can be very
poor in information if both A and B are unbounded. So, many different mathematical
approaches have been developed for handling this case.

Before going forth, we recall some basic facts about self-adjoint operators.
A spectral family on the real line R is a family fE.�/g of projection operators,

depending on the real parameter �, satisfying the following conditions:

(a) E.�/ 6 E.�/ or, equivalently, E.�/E.�/ D E.�/, if � 6 �;
(b) lim

�!0C
E.�C �/� D E.�/x, for every � 2H ;

(c) lim
�!�1E.�/� D 0 e lim

�!C1E.�/� D �, for every � 2H .

A crucial result of operator theory is the spectral theorem for self-adjoint operators:

Theorem 2.3.1 To every self-adjoint operator A there corresponds a unique spec-
tral family such that

A� D
Z
R

�dE.�/�;

for every � 2 D.A/.
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Moreover one has

D.A/ D


� 2H W

Z
R

�2d hE.�/� j �i <1
�
:

A relevant consequence of this theorem is the functional calculus for self-adjoint
operators which allows to define functions of an operator. For instance, if A is self-
adjoint and fE.�/g is its spectral family, then

eitA� D
Z
R

eit�dE.�/�; � 2H

defines a one-parameter groupUA.t/ WD eitA of unitary operators in H . The operator
A plays the role of infinitesimal generator of UA.t/; that is

iAf D lim
˛!0

UA.˛/ � 1
˛

f ; f 2 D.A/:

Let now A and B be two self-adjoint operators in H . The notion of strong
commutation of A and B can be expressed by anyone of the following equivalent
statements:

1. the associated spectral families fEA.�/g, fEB.�/g, �;� 2 R commute;
2. the associated unitary groups UA.t/ WD eiAt, UB.s/ WD eiBs commute, for every

s; t 2 R;
3. the resolvent functions .A��I/�1; .B��I/�1, commute, for every � 2 �.A/; � 2
�.B/,

�.X/ denotes the resolvent set of the operator X; i.e. the complement of the
spectrum. We refer again to [14] or [16] for the basic definitions and for the above
mentioned results.

Also in the case where the operators A;B 2 L 
.D/ the equation AB D BA is
well defined, since, as we have seen, L 
.D/ is a *-algebra. But Nelson’s example
[16] shows that there exist two operators A;B and a dense domain D such that

1. A;B 2 L 
.D/:
2. A;B essentially self-adjoint in H ;
3. AB� D BA�, for every � 2 D

but the spectral families do not commute; in contrast with what happens for bounded
self-adjoint operators.

On the other hand, strong commutation of self-adjoint operators has a precise
meaning when they are supposed to represent physical observables: the two
observables are, in this case, compatible (i.e., they can be measured simultaneously)
and a joint probability distribution for these observables does exist.
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2.3.1.2 The Case � D 1

Parallel to strong commutation is the formulation given by Weyl for the formal
commutation relation ŒA;B� D 1 through the groups of unitaries they generate (when
they do!).

Thus, if A and B are self-adjoint operators, the equation ŒA;B� D 1 can be
translated by the celebrated Weyl commutation relations:

UA.˛/UB.ˇ/ D e˛ˇUB.ˇ/UA.˛/; 8˛; ˇ 2 R:

But for nonself-adjoint operators (excluding trivial cases) this approach is mostly
impossible.

2.3.2 Commutation Relations of Operators: A Different
Approach

Let A, B be two operators satisfying (D.1)–(D.3). Then, the operators S WD A � D
and T WD B � D are elements of the partial *-algebra L 
.D ;H / and satisfy the
equality

˝
T� j S
�˛ � ˝S� j T
�˛ D h� j �i ; 8�; � 2 D : (2.1)

We recall that L 
.D ;H / denotes the set of all (closable) linear operators X such
that D.X/ D D ; D.X*/ � D : The set L 
.D ;H / is a partial *-algebra with respect
to the usual sum X1 C X2, the scalar multiplication �X, the involution X 7! X
 WD
X*�D and the (weak) partial multiplication X1 � X2 D X1
*X2, defined whenever
X2 is a weak right multiplier of X1 (we shall write X2 2 Rw.X1/ or X1 2 Lw.X2/),
that is, whenever X2D � D.X1
*/ and X1*D � D.X2*/, [2].

The commutation relation (2.1) is the main matter of what follows.
Let us first consider the case where S and/or T are generators of some weakly

continuous semigroup V.t/ of bounded operators.
More precisely,

Definition 2.3.1 Let V.t/, t > 0, be a semigroup of bounded operators. We say that
X0 2 L 
.D ;H / is the D-generator of V.t/ if

lim
t!0

�
V.t/ � 1

t
� j �



D hX0� j �i ; 8�; � 2 D :

In [7] the following definitions were given.
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Definition 2.3.2 Let S;T 2 L 
.D ;H /. We say that

(CR.1) the commutation relation ŒS;T� D 1 is satisfied (in L 
.D ;H /) if,
whenever S � T is well defined, T � S is well-defined too and S � T�T � S D
1.

(CR.2) the commutation relation ŒS;T� D 1 is satisfied in weak sense if

˝
T� j S
�˛ � ˝S� j T
�˛ D h� j �i ; 8�; � 2 D :

(CR.3) the commutation relation ŒS;T� D 1 is satisfied in quasi-strong sense if S is
the D-generator of a weakly continuous semigroups of bounded operators
VS.˛/ and

hVS.˛/T� j �i �
˝
VS.˛/� j T
�

˛ D ˛ hVS.˛/� j �i ; 8�; � 2 D I˛ > 0:

(CR.4) the commutation relation ŒS;T� D 1 is satisfied in strong sense if S and T
are D-generators of weakly continuous semigroups of bounded operators
VS.˛/;VT .ˇ/, respectively, satisfying the generalized Weyl commutation
relation

VS.˛/VT.ˇ/ D e˛ˇVT.ˇ/VS.˛/; 8˛; ˇ > 0:

The following implications hold [7]:

(CR.4)) .CR:3/) .CR:2/) .CR:1/:

Example 1 The implications in the opposite direction do not hold. For instance,
as shown by Fulgede and Schmüdgen [11, 17, 18], there exist two essentially self-
adjoint operators P;Q with common invariant dense domain D such that PQ� �
QP� D �i�, for � 2 D , but the unitary groups UP.t/;UQ.s/ generated by P, Q do
not satisfy the Weyl commutation relation UP.t/UQ.s/ D eitsUQ.s/UP.t/, s; t 2 R.

2.4 Commutation Relations and Spectral Behavior

It is well known that the traditional commutation relation ŒA;A
� D 1 gives rise
(under some additional conditions) to a rich series of spectral results that have
plenty of applications [Sect. 2.1]. Here we will shortly discuss analogous results
(mostly presented in [7, 8]) for two operators S;T satisfying (in one sense or the
other described in Definition 2.3.2) the commutation relation ŒS;T� D 1.
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2.4.1 Existence of Eigenvectors

We begin with assuming that S;T 2 L 
.D ;H / satisfy the commutation relation
ŒS;T� D 1 in weak sense. Assume that there exists a vector 0 ¤ �0 2 D such that
S�0 D 0. Then

˝
T�0 j S
�

˛ D h�0 j �i ; 8� 2 D : (2.2)

This implies that T�0 ¤ 0 (otherwise, �0 D 0) and

T�0 2 D.S
�/; S
�T�0 D �0 2 D :

Thus T can be applied once more and we get

.TS
�/T�0 D T.S
�T�0/ D T�0: (2.3)

Hence T�0 is an eigenvector of TS
� with eigenvalue 1.
Let us now assume that T�0 2 D . Then it is easily seen that

˝
T2�0 j S
�

˛ D 2 hT�0 j �i ; 8� 2 D : (2.4)

This, in turn, implies that T2�0 2 D.S
�/ and S
�T2�0 D 2T�0. and

.TS
�/T2�0 D 2T2�0:

Iterating this procedure we conclude that

Proposition 2.4.1 Let S;T 2 L 
.D ;H / satisfy the commutation relation ŒS;T� D
1 in weak sense. Assume that there exists a nonzero vector �0 2 D such that S�0 D 0
and the vectors T�0;T2�0; : : : Tn�1�0 all belong to D . Then

(i) Tn�0 is an eigenvector of TS
� with eigenvalue n;
(ii) Tn�1�0 is eigenvector of S
�T with eigenvalue n.

Proposition 2.4.2 Let S;T 2 L 
.D ;H / satisfy the commutation relation ŒS;T� D
1 in weak sense. Let � 2 D and assume that Tk� 2 D for k 6 n, n 2 N[f1g. Then
S� 2 D..T
�/k/, k 6 n and

STk� � .T
�/kS� D kTk�1�; k 6 n:

Remark 1 In particular if S� D 0 then STk� D kTk�1�.
If the assumptions of Proposition 2.4.1 are satisfied one may have that the largest

n for which Tn�0 2 D is finite or infinite. As we have seen the point spectrum
	p.TS
�/ contains all natural numbers up to n. Let us denote by N0 the subspace of
D spanned by f�o;T�0; : : : Tn�0g and by N WD N0 its closure in H . Clearly TS
�
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leaves N0 invariant. The restriction of TS
� to N0, denoted by .TS
�/0, behaves in
quite regular way. We have indeed

Proposition 2.4.3 In the assumptions of Proposition 2.4.1, the point spectrum
	p.TS


�
0 / the operator .TS
�/0, restriction of TS
� to N0, consists exactly of the

set f0; 1; : : : ; ng, where n 2 N [ f1g is the largest natural number such that the
vectors T�0, T2�0; : : :, Tn�1�0 all belong to D . Each eigenvalue is simple (inN0).

Example 2 Let us consider the Hilbert space L2.R;wdx/ where the weight w is a
positive continuously differentiable function with the properties

1. lim
jxj!C1

w.x/ D 0;

2.
R
R
w.x/dx <1.

Let

D.p/ D


f 2 L2.R;wdx/ W 9g 2 L2.R;wdx/; f .x/ D

Z x

�1
g.t/dt

�
:

For shortness, we adopt the notation f 0.x/ D g.x/, for f 2 D.p/.

D.q/ D ff 2 L2.R;wdx/ W xf .x/ 2 L2.R;wdx/g:

Put D D D.q/\ D.p/. Then both the operators S;T defined by

.Sf /.x/ D f 0.x/; .Tf /.x/ D xf .x/; f 2 D

map D into L2.R;wdx/.
The operator T is symmetric in D . As for S, we have g 2 D.S�/ if, and only if

g 2 D.p/ and gw0

w 2 L2.R;wdx/. In this case

.S�g/.x/ D �g0.x/ � g.x/
w0.x/
w.x/

:

Hence S 2 L 
.D ;H /, with H D L2.R;wdx/ if, and only if,

Z
R

jg.x/j2 jw
0.x/j2
w.x/

dx <1:

This is certainly satisfied if, for instance, w0=w is a bounded function on R. An easy
computation shows that the commutation relation ŒS;T� D 1 is satisfied in weak
sense.

The function u0.x/ D 1, for every x 2 R, is clearly in the kernel of S for every
function w satisfying the assumptions made so far.
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Now we make some particular choice of w.

1. Let us consider w.x/ D w˛.x/ D .1C x4/�˛, ˛ > 3
4
. It is easily seen that w˛.x/

satisfies all the conditions we have required (for instance, w0̨ =w˛ is bounded).
The function u0.x/ D 1, which belongs to L2.R;w˛dx/ for any ˛ > 3

4
, satisfies

Su D 0 and the largest n for which Tnu0 belongs to D satisfies n < 2˛ � 3
2
.

Hence, the dimension of the corresponding subspace N0 is
�
2˛ � 3

2

	C 1.

2. Let us now take w.x/ D e�x2=2 and D the subspace consisting of all polynomials
in x. In this case the functions uk.x/ D xk, k D 1; 2; : : : ; belong to D and they
satisfy TS
�uk D kuk for every k 2 N. The subspace N0 coincides in this case
with D . One can readily check that every complex number � with <� > � 1

2
is

an eigenvalue of TS
�; but the corresponding eigenvector is in D if and only if
<� is a natural number.

As we have seen with the previous examples the subspace N0 spanned by fTk�0; k 2
Ng can be finite dimensional. Thus N WD .TS
�/0 is a bounded symmetric operator
on N0 D N Š C

n, having the numbers 0; 1; : : : ; n as eigenvalues. Hence N
is positive and thus there exists an operator C 2 B.N / such that N D C
C.
None of the possible solutions of this operator equation can, however, satisfy the
commutation relation ŒC;C
� D 1, due to the Wiener–Wielandt–von Neumann
theorem. If N0 is infinite dimensional, then N may fail to be symmetric, as the
last case in Example 2 shows.

2.4.2 Existence of Intertwining Operators

Assume now that the assumptions of Proposition 2.4.1 hold not only for the pair
S;T but also for the pair T
; S
. This means that we assume that there exists also
a nonzero vector �0 2 D such that T
�0 D 0 and the vectors S
�0, .S
/2�0; : : :
.S
/m�1�0 all belong to D , then Proposition 2.4.1 gives that

(i) .S
/m�0 is an eigenvector of S
T� with eigenvalue m;
(ii) .S
/m�1�0 is eigenvector of T�S
 with eigenvalue m.

Let m 2 N [ f1g be the largest natural number such that the vectors S
�0,
.S
/2�0; : : : ; .S
/m�1�0 all belong to D and M0 the linear span of these vectors.
Then the point spectrum 	p..S
T�/0/, of the operator .S
T�/0 WD S
T� � M0,
consists, as before, of the numbers f0; 1; : : : ;mg.

One may wonder if any relation between the two numbers n and m can be
established. The answer is negative, in general. Indeed, the operators S;T considered
in the second case of Example 2 provide an instance where n D 1 and m D 0.
Thus it is apparently impossible to find a relationship between N0 and M0 without
additional assumptions.

Let us now call �k WD 1p
kŠ
Tk�0, k D 1; : : : ; n and �r WD 1p

rŠ
.S
/r�0, r D 1; : : : ;m.

It is always possible to choose the normalization of �0 and �0 in such a way that
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h�0 j �0i D 1.We put F� WD f�kI k D 1; : : : ; ngF� WD f�rI r D 1; : : : ;mg. Then, the
sets F� and F� are biorthogonal; i.e.,

˝
�i j �j

˛ D ıi;j;

for all i D 1; : : : ; n and j D 1; : : : ;m.
Assume now that n D m D 1. Thus the subspaces N0 and M0 are both infinite

dimensional. Then we can define two operators which obey interesting intertwining
relations. More in detail, let us define K� via its action on the basis F�: K�.�j/ D �j,
j 2 N. We can also introduce a second operator K� via its action on the second basis
constructed above, F� : K�.�j/ D �j, j 2 N. Both the operators K� and K� are then
extended by linearity to M0 and N0, respectively. It is clear that one is the inverse
of the other: K� D K�1

� , but in general neither K� nor K� are bounded. A direct
computation shows that they obey the following intertwining relations:

K�
�
TS
��
 D �S
T��K�
; 8
 2M0I

K�
�
S
T�� D �TS
��K� ; 8 2 N0:

In particular, if N0 DM0 D H and K� and K� are bounded, it is possible to show
that F� and F� are Riesz bases of H and an orthonormal basis e D fejg can be

defined by, for instance, ej D K1=2� �j (see [4]).
It is worth mentioning here that the properties discussed in Sects. 2.4.1 and 2.4.2

depend in an essential way on the nonzero vectors �0 and �0 satisfying, respectively,
S�0 D 0 and T
�0 D 0: choosing different elements in the kernels of S and T
 may
give drastically different results.

2.4.3 Time Operators and Weyl Extensions

In [18] Schmüdgen studied pairs of operators .T;H/ with T symmetric and H self-
adjoint such that.

1. e�itHD.T/ 	 D.T/;
2. Te�itH� D e�itH.T C t/�

The operators T;H are regarded as members of L 
.D ;H / with D D D.T/ \
D.H/. and the two conditions above are equivalent to say that the operators T; S WD
iH satisfy ŒS;T� D 1 in quasi-strong sense.

Definition 2.4.1 T is time operator for H if .T;H/ satisfies the two conditions
above.

In many examples, mostly taken from physics, H is a semibounded operator (this
often happens, for instance, when H is the Hamiltonian of some physical system).
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Theorem 2.4.4 (Arai) Let H be self-adjoint and semibounded. Then no time
operator T of H can be essentially self-adjoint.

Indeed, as shown in [3], the spectrum 	.T/ is one of the following sets

1. C, if H is bounded
2. C or ˘C D fz 2 C W =z > 0g if H is bounded below
3. C or ˘� D fz 2 C W =z 6 0g if H is bounded above.

The assumption e�itHD.T/ 	 D.T/ is quite strong and weaker conditions should
be analyzed.

Definition 2.4.2 Let S;T be symmetric operators of L 
.D ;H /. We say that fS;Tg
satisfy the weak Weyl commutation relation if there exists a self-adjoint extension H
of S such that

(ww1) D.T/ � D.H/;
(ww2)

˝
e�itH� j T�˛ D ˝.T C t/� j eitH�˛ ; 8�; � 2 D I t 2 R.

Then H is called the weak Weyl extension of S (with respect to T).

Proposition 2.4.5 Let fS;Tg satisfy the weak Weyl commutation relation and let H
be the weak Weyl extension of S. The following statements hold.

(i) Suppose that T is essentially self-adjoint. Then fH;Tg satisfy the Weyl commu-
tation relation, that is,

eitHe�isT D e�itse�isTeitH ; 8s; t 2 R (2.5)

(ii) If H is semibounded, then T is not essentially self-adjoint.

Example 3 Let I be an interval of the real line. Denote by q the multiplication
operator on L2.I/ by the variable x 2 I

For every choice of I, q is a self-adjoint operator.
Let p be the operator on L2.I/ defined as follows:
D. p/ WD C1

0 .I/
. pg/.x/ WD �ig0.x/; g 2 D.p/

Case 1 I D Œ0;1/. In this situation, q is positive (but unbounded); �p is a time
operator of q and 	.�p/ D ˘C:

Case 2 I D .�`=2; `=2/, ` > 0. q is a bounded self-adjoint operator and �p is a
time operator of q. But, in this case, 	.�p/ D C:

2.5 Conclusions

The main lesson one can draw from the previous discussion is that infinite-
dimensional representations of Lie algebras can be reasonably handled only by
invoking the whole apparatus of unbounded operator algebras theory [19]. As
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it was clear from the very first steps of the theory of unbounded algebras, in
the early 1970s, the theory of representations of Lie algebras (or enveloping Lie
algebras) was the natural arena for its applications also for the large number of
applications in Quantum Physics, where the relevance of invariance under Lie
groups of transformations of the dynamical equations was clear all along. This case
(integrable representations) was completely under control by the Gårding theory.

But, even if someone says that “Nature knows groups rather than algebras,”
nonintegrable representations of Lie algebras arise in some recent developments of
quantum theories and this is a good reason for them to deserve a more detailed
study. The weak form (2.1) of the commutation relations involves, as we have
discussed so far, more general structures for operators families: partial *-algebras
provide, in our opinion, the natural framework where studying a generalized form
of the representation theory. The example of nonintegrable representations of the
Heisenberg Lie algebra h that we have discussed in some detail shows that very
few features are preserved in comparison with integrable representations (from the
spectral point of view, for instance). Thus, there is a lot of work to be done. We hope
to have ignited the interest of some young mathematician to this promising research
field.
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Chapter 3
Character, Multiplicity, and Decomposition
Problems in the Representation Theory
of Complex Lie Algebras

Peter Fiebig

Abstract This essay is meant as an introduction to a very successful approach
towards understanding the structure of certain highest weight categories appearing
in algebraic Lie theory. For simplicity, the focus lies on the case of the category
O of representations of a simple complex Lie algebra. We show how the approach
yields a proof of the classical Kazhdan–Lusztig conjectures that avoids the theory
of D-modules on flag varieties.

3.1 Introduction

This expository article is meant to give an overview on a certain approach towards
the representation theory of Lie algebraic structures. This approach is due to
W. Soergel and pieces together a couple of ideas that, in one form or the other,
make sense in various situations. Its main goal is to understand representation theory
from a categorical point of view, i.e. to understand the category of representations
rather than the structure of an individual object. Yet sometimes it is strong enough
to solve questions that can be formulated categorically. An example is the problem
to determine irreducible characters.

For the sake of simplicity only the most classical example of complex semisimple
Lie algebras and their highest weight modules will be considered. The leitmotif
is the famous and most influential Kazhdan–Lusztig conjecture from 1979 on the
irreducible highest weight characters. The category that surrounds this conjecture
is the not less famous category O that was introduced in the early 1970s by J.
Bernstein, I.M. Gelfand, and S.I. Gelfand. We show how one can translate the
character problem into the contexts of Soergel bimodules, of parity sheaves or of
moment graph sheaves, where strong additional methods and results to work with
are present.
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Here is a short summary of this article. After describing the Character Problem
and the Kazhdan–Lusztig Conjecture the first problem is translated into the
Multiplicity Problem I on the Jordan–Hölder multiplicities of Verma modules.
Section 3.3 introduces the category O . The BGG-reciprocity relates Jordan–Hölder
multiplicities of Verma modules to Verma module multiplicities in Verma flags of
projective objects in O . Section 3.3 ends with introducing the translation functors
which, together with the BGG-reciprocity, allow to translate the Multiplicity Prob-
lem I into the Decomposition Problem I for Bott-Samelson modules. Section 3.4
describes in more detail the deformed category O and provides proofs of the block
decomposition and the BGG-reciprocity. Section 3.5 is to encounter W. Soergel’s
theory that allows to translate the Decomposition Problem I into the Decomposition
Problem II for a certain iterated tensor product of a commutative algebra Z . In
Sect. 3.6 sketches are given of translations of the Decomposition Problem II into
the language of Soergel bimodules, moment graph sheaves, or parity sheaves. The
article ends with mentioning how one can proceed further: the theory of intersection
cohomology complexes or, alternatively, the work of B. Elias and G. Williamson on
the Hodge theory of Soergel bimodules can be used to solve the remaining problem
and hence to prove the Kazhdan–Lusztig conjecture. In the short epilogue a few
words are said about the modular analogue of Soergel’s theory. As prerequisites we
assume basic knowledge on Lie algebras and, in particular, the structure theory of
semisimple complex Lie algebras. The combinatorial data of the root system, the
Weyl group, etc. will be used throughout the article. Due to limitation of space full
details cannot be given. However, hopefully the reader will find enough citations to
original or review papers and books to be able to delve more deeply into the theory.
Surely, as we move along, the arguments become sketchier and sketchier.

This overview has some overlap with Humphreys’ book [13] on the category
O , but the treatment of the categorical structure deviates at some places from the
theory developed there. In particular, no reference is made to Harish–Chandra’s
work on the center of the universal enveloping algebra. Instead a deformation theory
that goes back at least to Jantzen’s book [14] is used. The advantage is that almost
everything that is developed here can be more or less immediately generalized to
the case of symmetrizable Kac–Moody algebras. There are analogous approaches
for modular Lie algebras or quantum groups as well (cf. [1]). As mentioned before,
the main ideas first appeared in W. Soergel’s fundamental paper [19]. However,
again this paper deviates a little from this classical paper, and the expert will at
certain places see the moment graph theory appear in disguise. There is also some
overlap with the paper [11], yet the present article does not focus on the moment
graph theory or the theory of parity sheaves. One might view it as a significantly
expanded version of Sect. 3 of [11].
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3.2 The Character Problem and the Kazhdan–Lusztig
Conjecture

Our main motivation is to understand the representation theory of a Lie algebra g,
and a decisive first step is to understand the structure of its irreducible modules. For
this, we would first like to have a list of all irreducible modules up to isomorphism.
In general, this already is a quite hopeless task, which forces us to focus on special
cases. For example, we might want to specify the class of Lie algebras that we
consider, or we could restrict our attention to modules that are not only irreducible,
but also satisfy some additional assumptions. We will do both: assume that g is a
simple Lie algebra over the field C of complex numbers, and that the irreducible
modules have a “highest weight.”

3.2.1 Highest Weights

The notion of “highest weight” depends on some choices. Fix a Cartan subalgebra
h � g and a Borel subalgebra b � g that contains h. A Cartan subalgebra is a
maximal abelian subalgebra of g such that the adjoint action adW h ! EndC.g/,
H 7! .X 7! ŒH;X�/ is semisimple. Then the Lie algebra g decomposes into weight
spaces under this action, i.e.

g D
M
�2h?

g�;

where we define for each � 2 h? D HomC.h;C/ the weight space g� WD fX 2 g j
ŒH;X� D �.H/X 8H 2 hg. The maximality of h implies g0 D h, and one calls the
set R WD f� 2 h? j ă� ¤ 0; g� ¤ f0gg the set of roots of g with respect to h. Hence

g D h˚
M
˛2R

g˛:

A Borel subalgebra is a maximal solvable subalgebra of g. There always exist
Borel subalgebra containing a given Cartan subalgebra h. Then h acts on b via the
adjoint action as well, and the corresponding weights form a subset RC of R. Then
R � h? satisfies the axioms of a root system, and RC � R is a choice of a system of
positive roots. Moreover, our choices yield a partial order on the set h?. It is defined
by � 6 � if � � � can be written as a sum of elements in RC.



44 P. Fiebig

3.2.2 Modules with Highest Weight

We call an h-moduleM a weight module if it is semisimple. As the simple h-modules
are one-dimensional (and given by a character � 2 h?), semisimplicity means that
M decomposes into a direct sum of its weight spaces, i.e.

M D
M
�2h?

M�;

where for each � 2 h? we define M� D fm 2 M j H:m D �.H/m 8H 2 hg. Then
� is called a weight of M if M� ¤ f0g and we call each element of M� a weight
vector of weight �. Let � 2 h?.

Definition 3.2.1 A g-module M is called a module of highest weight � if the
following holds:

1. M is a weight module,
2. all weights of M are smaller or equal to �, i.e. M� ¤ f0g implies � 6 �,
3. M is generated by a non-zero vector of weight �.

(One can show that (3) implies (1).) Here is the classification theorem for the
irreducible highest weight modules:

Theorem 3.2.2 (Sect. 1.3 [13]) Let � 2 h?. There exists an up to isomorphism
unique irreducible module L.�/ of g of highest weight �. Moreover, L.�/ Š L.�/
implies � D �.

Set � WD 1
2

P
˛2RC ˛ 2 h?.

Definition 3.2.3 An element � of h? is called

1. integral, if h�; ˛_i 2 Z for all ˛ 2 R,
2. dominant, if h�C �; ˛_i 6< 0 for all ˛ 2 RC,
3. antidominant, if h�C �; ˛_i 6> 0 for all ˛ 2 RC,
4. regular, if h�C �; ˛_i ¤ 0 for all ˛ 2 RC.

3.2.3 The Character

How can we describe the “structure” of L.�/? A precise description could be, at least
in the case that L.�/ is finite dimensional, to explicitly write down the representing
matrices for generators of g in terms of a basis of L.�/. This might not be very
instructional, though. A first interesting piece of information is the dimension of
L.�/. Here one has the following result:

Theorem 3.2.4 ([13, Sect. 1.6]) The g-module L.�/ is finite dimensional if and only
if � is integral and dominant.
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A better invariant than the dimension is the character of L.�/. We will define the
character for the class of modules M of g that satisfy the following assumptions:

• M is a weight module.
• There exists �1,. . . ,�n 2 h? such that for any weight � of M there is an i 2
f1; : : : ; ng with � 6 �i.

Obviously each module with highest weight satisfies these assumptions, and so does
each finite direct sum of highest weight modules.

Denote by ZŒh?� the group algebra of the abelian group h?. Note that it is the free
abelian group with basis fe�g�2h? and multiplication determined by e� � e� D e�C�.
Then ZŒh?� can be viewed as the space of maps h? ! Z with finite support, in
such a way that the e� are the ı-functions at the point �. Now we can define the
subspace 1ZŒh?� of Map.h?;Z/ of maps with “locally bounded support.” It contains
all f 2 Map.h?;Z/ with the property that there exist �1; : : : ; �n 2 h?, depending
on f , such that f .�/ ¤ 0 implies that there is i 2 f1; : : : ; ng with � 6 �i. It
is not difficult to see that the multiplication on ZŒh?� has a smooth extension to a
multiplication on 1ZŒh?�.

Definition 3.2.5 Suppose that M satisfies the two assumptions above. Denote by
ch M the element in 1ZŒh?� that is given by � 7! dimC M�.

Here is the main problem that we are concerned with:

Character Problem Calculate the character of L.�/.
This is a difficult problem.

3.2.4 The Character Formula of Weyl

In the integral dominant case (i.e., for finite dimensional L.�/), the characters have
been known for some time now. In order to state the theorem, we introduce the
Weyl group of g. For each ˛ 2 R there is a unique element ˛_ 2 Œg˛; g�˛�, called
the coroot of ˛, with the property ˛.˛_/ D 2. The homomorphism s˛ W h? ! h?,
� 7! � � h�; ˛_i˛ is called the reflection associated with ˛. Note that it is indeed
a reflection, i.e. s2˛ D idh? and the fixed points of s˛ form a complex hyperplane.
The group W of linear automorphisms of h? that is generated by the s˛ with ˛ 2 R
is called the Weyl group of g. Let S � W be the set of simple reflections, i.e. the
set of s˛ , where ˛ 2 RC is a simple root (i.e., ˛ cannot be written as the sum of
at least two positive roots). It turns out that W is already generated by the simple
reflections, and .W ;S / is a Coxeter system (cf. [12]). Hence it comes with a length
function lWW ! N and a Bruhat order 6 on W .

Theorem 3.2.6 ([13, Sect. 2.4]) Let � be an integral and dominant element
in h?.
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• The element
P

w2W .�1/l.w/ew.�C�/ is divisible by
P

w2W .�1/l.w/ew.�/ in ZŒh?�.
As ZŒh?� contains no zero-divisors, the element

�.�/ D
P

w2W .�1/l.w/ew.�C�/
P

w2W .�1/l.w/ew.�/

is hence well defined.
• It holds that ch L.�/ D �.�/.

But what about more general �?

3.2.5 The Hecke Algebra and Kazhdan–Lusztig Polynomials

Before Kazhdan–Lusztig’s generalization of Weyl’s character formula can be stated,
we have to introduce another player, the Hecke algebra associated with g. Let L D
ZŒv; v�1� be the ring of integral Laurent polynomials in the variable v.

Definition 3.2.7 The Hecke algebra associated with .W ;S / is the L -algebra with
generators fTwgw2W and relations

Tx � Ty D Txy for x; y 2 W with l.xy/ D l.x/C l.y/;

T2s D .v2 � 1/Ts C v2Te for s 2 S :

It turns out that fTwgw2W is an L -basis of H and Te is the multiplicative unit in
H . Moreover, each Tx is invertible in H . D. Kazhdan and G. Lusztig defined in
[16] a Z-linear involution � on H as follows: v D v�1 and Tx D T�1

x�1 and they
proved the following result:

Theorem 3.2.8 For each w 2 W there exists a unique element C0
w 2 H with the

following properties:

1. C0
w is self-dual, i.e. C0

w D C0
w.

2. C0
w 2 v�l.w/

P
x6w Px;wTx, where Px;w is a polynomial in v of degree 6 l.w/ �

l.x/ � 1.
The polynomials Px;w are the famous Kazhdan–Lusztig polynomials that are

ubiquitous in the representation theory and geometry of Lie algebras and Lie groups.

3.2.6 A Generalization of Weyl’s Character Formula:
The Conjecture of Kazhdan and Lusztig

For all w 2 W set Lw WD L.�w.�/ � �/ and �w WD �.�w.�/ � �/. The dot-action
of W on h? is defined by setting w:� D w.�C�/��. Then �w.�/�� D w:.�2�/.
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As w0:0 D �2�, where w0 2 W is the longest element, it holds that Lw D L.ww0:0/
and�w D �.ww0:0/.

In [16] one finds the following conjecture:

Conjecture 3.2.9 For w 2 W the character of Lw is given by

ch Lw D
X
y6w

.�1/l.y/Cl.w/Py;w.1/ ch �y:

This astounding conjecture is most influential and is the starting point of what
sometimes is called Kazhdan–Lusztig theory. From the theory of translation functors
(cf. Sect. 3.3.4) one can deduce that the above formula is equivalent to the analogous
formula where the weight 0 is replaced by an arbitrary integral, dominant, and
regular �. There are similar formulas for dominant and regular, but not necessarily
integral weights �. For those on should replace W by the so-called integral Weyl
groupWŒ�� of � (cf. Definition 3.3.3).

Conjecture 3.2.9 has been proved by Beilinson and Bernstein in [2] and,
independently and in the same year, by Brylinski and Kashiwara in [4] using
the theory of D-modules. In this paper we sketch a different proof of the above
conjecture that is originally due to Soergel. The first part of this proof is to translate
the conjecture into a conjecture involving Soergel bimodules (or, equivalently,
moment graph sheaves). Already this translation is quite a journey! We start with
rephrasing the character conjecture of Kazhdan and Lusztig as a conjecture on
Jordan–Hölder multiplicities of Verma modules.

3.2.7 The Multiplicity Version of the Character Problem

For each � 2 h? there is a “universal module with highest weight.” It is defined
as follows. Let U.g/ and U.b/ be the universal enveloping algebras of g and b,
respectively. Let C� be the one-dimensional module of b with weight �, and obtain
by induction (cf. [13, Sect. 1.3]) the Verma module

�.�/ WD U.g/˝U.b/ C�:

The subalgebra n� WD L
˛2RC g�˛ of g is nilpotent, and the Poincaré–Birkhoff–

Witt Theorem implies that U.g/ D U.n�/ ˝C U.b/ (as a left U.n�/—and right
U.b/-module). Hence�.�/ is free over U.n�/ of rank 1. Another application of the
Poincaré–Birkhoff–Witt Theorem yields the following character formula:

Proposition 3.2.10 ([13, Sect. 1.16]) The character of a Verma module with high-
est weight � 2 h? is

ch �.�/ D e� �
Y

˛2RC

.1C e�˛ C e�2˛ C � � � /:
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An easy argument shows that the Character Problem of Sect. 3.2.3 is equivalent
to the following:

Multiplicity Problem I Calculate the Jordan–Hölder multiplicities Œ�.�/ W L.�/�
for all �;� 2 h?.

The inversion formula in [16] implies that Conjecture 3.2.9 above is equivalent
to the following statement (cf. [13, Sect. 8.4]):

Conjecture 3.2.11 For � 2 bh? all subquotients of �w are of the form Lx for some
x 2 W , and the multiplicities are

Œ�w W Lx� D Pw0w;w0x.1/:

3.3 Category O

As a next step we introduce an abelian category that contains all the objects that
were relevant for us up to this point.

Definition 3.3.1 Denote by O the full subcategory of the category of all g-modules
that contains all objects that are semisimple for the action of h and locally finite for
the action of b.

Recall that semisimplicity for the action of h is the same as being a weight
module. A g-module M is locally finite for the action of b if every element of
M is contained in a sub-b-module of M of finite dimension. Sometimes one also
requires an object of O to be finitely generated as a g-module. For us, this is
not necessary and it is not a good assumption in the Kac–Moody case, because
the universal enveloping algebra of a Kac–Moody algebra is not Noetherian. All
highest weight modules (in particular, the simple highest weight modules L.�/ and
the Verma modules �.�/) belong to category O .

3.3.1 The Block Decomposition of O

We now determine the decomposition of category O into indecomposable block
and the corresponding linkage principle which determines the set of pairs .�; �/
with Œ�.�/ W L.�/� ¤ 0. We start with an equivalence relation on the set h?.

Definition 3.3.2 Let
 be the equivalence relation on h? that is generated by � 
 �
if there is ˛ 2 RC and n 2 Z such that h�C �; ˛_i D n and � � � D n˛.
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We can describe the equivalence classes much more explicitly using the action
of the Weyl group on h?. Let � 2 h?.

Definition 3.3.3 Define

RŒ�� WD f˛ 2 R j h�; ˛_i 2 Zg;
TŒ�� WD fs˛ j ˛ 2 RŒ��g
WŒ�� WD ht j t 2 TŒ��i:

The subgroup WŒ�� of W is called the integral Weyl group with respect to �.
It is now not difficult to prove the following.

Lemma 3.3.4 Let �;� 2 h?.

1. If � 
 �, then RŒ�� D RŒ�� and hence TŒ�� D TŒ�� andWŒ�� D WŒ��.
2. We have � 
 � if and only if � 2 WŒ��:�.

Hence the equivalence classes are orbits in h? under certain subgroups of the
Weyl group. We now discuss the block decomposition of O . For any equivalence
class � with respect to 
 let O� be the full subcategory of O that contains all
objects M such that ŒM W L.�/� ¤ 0 implies � 2 �. Note that even though not all
objects in M have a finite Jordan–Hölder series, the statement ŒM W L.�/� ¤ 0makes
sense and means that there is a submodule N of M that has L.�/ as a quotient.

Theorem 3.3.5 The functor

Y
�2h?=�

O� ! O;

fM�g 7!
M

�2h?=�
M�;

is an equivalence of categories.
Theorem 3.3.5 is a special case of the more general Theorem 3.4.21 that we will

prove using deformation theory.

3.3.2 Objects Admitting a Verma Flag

Here is an important concept for category O .

Definition 3.3.6 Let M be an object in O . We say that M admits a Verma flag if
there exists a finite filtration

0 D M0 � M1 � � � � � Mn D M
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such that Mi=Mi�1 is isomorphic to a Verma module for i D 1; : : : n.
It is not difficult to show that if M admits a Verma flag, the corresponding

multiplicities

.M W �.�// D #fi 2 f1; : : : ; ng j Mi=Mi�1 Š �.�/g

are independent of the chosen filtration.

3.3.3 Projectives in O

The advantage of the categorical framework that O provides is that we can rephrase
the multiplicity problem of Sect. 3.2.7 in terms of projective objects in O . In the
following we give an account of the theory of projectives in O that is different from
the one presented in [13], but has the advantage that it can be generalized more
easily to other situations such as the Kac–Moody case.

Definition 3.3.7 A subset J of h? is called open if � 2 J and � 2 h? with
� 6 � implies � 2J . An open subset J of h? is called locally bounded if for all
� 2J the set f� 2J j � 6 �g is finite.

It is easy to show that this defines indeed a topology on the set h?. It has the
additional property that arbitrary intersections of open subsets are open again. For
any open subset J � h? denote by OJ the full subcategory of O that contains all
objects M with the property that M� ¤ 0 implies � 2J . Note that �.�/ and L.�/
are contained in OJ if and only if � 2J .

Theorem 3.3.8 Suppose thatJ � h? is open and locally bounded and let � 2J .
Then there exists a projective cover PJ .�/ ! L.�/ of L.�/ in OJ . It has the
following properties:

1. PJ .�/ admits a Verma flag.
2. It holds that .PJ .�/ W �.�// D Œ�.�/ W L.�/� (BGG-reciprocity) for all � 2

J .

Recall that we call an object P a projective cover of a simple object L in an abelian
category A if P is projective and if there is an epimorphism f WP ! L in A that
has the property that for any morphism gWM ! P in A with the property that
f ı gWM ! L is an epimorphism, g is an epimorphism.

We will prove the above theorem in Sect. 3.4 in a more general situation, i.e. in
the context of the deformed category O . Using the BGG-reciprocity result we can
rephrase the Multiplicity Problem I as follows:

Multiplicity Problem II Calculate .PJ .�/ W �.�// for all locally bounded open
subsetsJ and all �;� 2J .
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3.3.4 Translation Functors

This section introduces Jantzen’s translation functors. To simplify matters, assume
that � is regular and integral, i.e. WŒ�� D W and StabW D feg. Suppose also that �
is anti-dominant. Set � D Œ��.
Theorem 3.3.9 ([14]) Let s 2 S . There exists a functor TsWO� ! O� with the
following properties:

1. Ts is exact and self-adjoint.
2. For w 2 W it holds that Ts�.w:�/ Š Ts�.ws:�/, and if ws > w, then there is a

short exact sequence

0! �.ws:�/! Ts�.w:�/! �.w:�/! 0:

Lemma 3.3.10

1. If M admits a Verma flag, then so does TsM and for the multiplicities holds

.TsM W �.w:�// D .M W �.w:�//C .M W �.ws:�//:

2. If P is projective in O�, then TsP is also projective in O�.

Proof Theorem 3.3.9 implies that Ts maps each Verma module into a module that
admits a Verma flag. As Ts is also exact, it follows that Ts preserves the subcategory
in O� of modules that admit a Verma flag. The formula in (1) is another consequence
of the exactness of Ts and the short exact sequence in Theorem 3.3.9, (2).

Note that there is a natural isomorphism

HomO.TsP; �/ Š HomO.P;Ts.�//:

for any object P in O�. If P is projective, then HomO.P; �/ is an exact functor, hence
Hom.TsP; �/ is isomorphic to the composition of the exact functors HomO.P; �/ and
Ts, i.e. TsP is projective as well.

3.3.5 The Decomposition Problem I

Let s D .s1; : : : ; sn/ be a finite sequence of simple reflections. Let �0 2 � be
dominant, integral, and regular. Then �.�0/ is projective in O�. As the translation
functors preserve projectivity, the object BS.s/ WD Ts1 ı � � � ı Tsn�.�0/ is projective
in O�. Hence there are numbers aws 2 N such that

BS.s/ Š
M
w2W

P.w:�0/
L

aws :
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The theory of translation functors can be used to prove that the numbers aws do not
depend on the choice dominant integral regular element �.

Decomposition Problem I Determine all numbers aws for all finite sequences s and
all w 2 W .

Our next problem is to translate Conjecture 3.2.11 into a conjecture about the
numbers as.w/. Recall from Theorem 3.2.8 the self-dual basis fC0

wgw2W of the
Hecke algebra H . For any sequence s D .s1; : : : ; sn/ we consider the element
C0
sn � � �C0

s1 . There are unique elements bws 2 ZŒv; v�1� such that

C0
sn � � �C0

s1 D
X
w2W

bws C
0
w:

It is now not difficult to show that Conjecture 3.2.11 is equivalent to the following
Decomposition conjecture:

Conjecture 3.3.11 For each finite sequence s in S and all w 2 W we have aws D
bws .1/.

3.4 Deforming the Category O

In this section the proofs of Theorems 3.3.5 and 3.3.8 are given. In contrast to the
proofs in [13], a deformation theory is used. Let S D S.h/ D U.h/ be the symmetric
algebra of the vector space h.

Definition 3.4.1 A deformation algebra is a commutative, local, Noetherian, and
unital S-algebra.

Remark 3.4.2

1. If A is a deformation algebra with (unique) maximal ideal m, then the residue
field A=m (with the induced S-algebra structure) is a deformation algebra as well.

2. LeteS be the localization of S at the maximal ideal generated by h. In geometric
terms, S is the C-algebra of regular functions on the complex affine space h?, and
eS is the localization at the closed point 0 2 h?. TheneS is a deformation algebra.
Its residue field is C with the S-algebra structure that is given by evaluating a
local function at the closed point 0.

3. If p � eS is any prime ideal, then the localization eSp of eS at p is a deformation
algebra as well. In this way we obtain, for example, the quotient field Quot S D
eS.0/ ofeS.

For any deformation algebra A we will now introduce an A-linear version of
category O . A more detailed account of the deformed category O can be found in
[7]. Let l be a complex Lie algebra. Let M be a l-A-bimodule. Note that this is an A-
module that is endowed with a homomorphism �W l! EndA.M/ of C-Lie algebras.
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Denote by � W h! A the structural map, i.e. the composition h � S! A, where the
last homomorphism sends f to f � 1A.

Definition 3.4.3

• Let M be an h-A-bimodule and � 2 h?. Define

M� WD fm 2 M j H:m D .�C �/.H/m 8H 2 hg:

Here we consider .�C �/.H/ D �.H/ � 1A C �.H/ as an element in A.
• An h-A-bimodule M is called a weight module if M DL�2h? M�.
• A b-A-bimodule M is called locally finite if for any m 2 M the set U.b/m � M

generates a finitely generated A-module.
• The category OA is the full subcategory of the category of g-A-bimodules that

contains all M that are weight modules for the action of h and that are locally
finite for the action of b.

Remark 3.4.4

1. As A is supposed to be Noetherian one can show that OA is an abelian category.
2. Note that for A D C with the S-algebra structure that comes from evaluating

at 0 2 h?, we have � D 0 and OC coincides with the classical category O of
Definition 3.3.1.

3. More generally, if A D K is a field, the deformed category OK is a full
subcategory of the usual category O over the Lie algebra gK D g ˝C K. It
contains all objects M with weights contained in the subset � C h? of h?

K
D

HomK.hK;K/.
4. Let f WA ! B be a homomorphism of deformation algebras. Then the change of

scalars functor � ˝A A0 induces a functor OA ! OA0 .

3.4.1 Deformed Verma Modules and Verma Flags

Let � 2 h?. Let A� be the b-A-bimodule that is free of rank 1 as an A-module and

on which b acts via the character b! h
�C�! A.

Definition 3.4.5 The deformed Verma module with highest weight � is defined as

�A.�/ WD U.g/˝U.b/ A�:

It is not difficult to check that �A.�/ is contained in OA. For a homomorphism
f WA! A0 of deformation algebras there is an isomorphism�A.�/˝A A0 Š �A0.�/.

The definition of objects that admit a Verma flag in OA is the same as
Definition 3.3.6 in the case of O . Again, the multiplicity #fi 2 f1; : : : ; ng j �i D �g
of a subquotient isomorphic to�A.�/ is independent of the particular filtration, and
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is denoted by .M W �A.�//. Define

supp�M WD f� 2 h? j .M W �A.�// ¤ 0g;

the support of the Verma flag object M.
For � 2 h? let us denote by v� D 1 ˝ 1 2 �A.�/ a generator of the highest

weight space. The following statement is an immediate consequence of the universal
property of induction and the definition of the b-A-bimodule A�:

Lemma 3.4.6 For all � 2 h? and all objects M 2 OA the A-linear homomorphism

Hom
O

J
A
.�A.�/;M/! fm 2 M� j nCm D 0g;

f 7! f .v�/

is an isomorphism.
Here, by nC we denote the nilpotent subalgebra

L
˛2RC g˛ .

Remark 3.4.7 One can use the above universal property to reorder a Verma flag
0 D M0 � M1 � � � � � Mn D M with MiC1=Mi Š �A.�/ in such a way that
�i � �j implies i 6 j.

3.4.2 Simple Objects in OA

We can also classify the simple objects in OA:

Proposition 3.4.8 ([9, Proposition 2.1]) Let A be a local deformation algebra with
residue field K. Then the functor � ˝A KWOA ! OK induces a bijection on simple
isomorphism classes.

As observed above, OK is just a direct summand of the usual category O over
the Lie algebra gK that contains all objects with weights of the form �C � . Hence
the simple objects in OK are the irreducible highest weight modules corresponding
to these weights. Denote the one corresponding to the highest weight � C � by
LK.�/. Then there is an up to isomorphism unique simple object LA.�/ in OA with
LA.�/˝A K Š LK.�/.

Our next objective is to study the projective objects in OA.

3.4.3 Projectives in OA

Let A be a deformation algebra. Let J be an open and locally bounded subset of
h? and � 2 J . Set J 0 D J � � D f� � � j � 2 J g. Then J 0 is an open
and locally bounded subset of h? containing 0. Denote by B D U.b/ the universal
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enveloping algebra. Note that it contains S D U.h/ and B is a weight module,
i.e. B D L

�2h? B� for the adjoint action of h. Moreover, B� ¤ 0 implies (and is
equivalent to) � � 0 and it holds that B0 D S. So B0 WDL�2h?nJ 0 B� is a two-sided

ideal in B (as J 0 is open). Define BJ 0 D B=B0 and consider this as a B-module
from the left, and as an S-module from the right. Then BJ 0 ˝S A� is a B-module
(B acting on the first factor) and an A-module (here A acts on the right factor). Both
actions clearly commute, i.e. we have constructed a B-A-bimodule. Now induce:

Q
J
A .�/ WD U.g/˝B .B

J 0 ˝S A�/:

This is a U.g/-A-bimodule.

Proposition 3.4.9 ([9, Lemma 2.3])

1. Q
J
A .�/ is an object in O

J
A and it admits a Verma flag with multiplicities

.Q
J
A .�/ W �A.�// D dimC B���=B0

for all � 2J .

2. For any M 2 O
J
A there is an isomorphism

HomOA.QA.�/;M/
��! M�;

functorial in M. In particular, Q
J
A .�/ is a projective object in O

J
A .

By the above proposition, .QJ
A .�/ W �A.�// D dimC B0=B0 D 1 and .QJ

A .�/ W
�A.�// ¤ 0 implies � � �. From Remark 3.4.7 we deduce that �A.�/, and hence
LA.�/, is as a quotient of Q

J
A .�/.

Theorem 3.4.10 Let J be an open and locally bounded subset of h?. For any

� 2J there exists a projective cover P
J
A .�/! LA.�/ in O

J
A . Moreover, LA.�/ is

the only simple quotient of P
J
A .�/.

Proof Let us introduce a convenient notation: write J�� for f� 2 J j � �
�g. We prove the theorem by induction on the number of elements in the finite
set J��. If this set contains only the element �, then � is maximal in J and

the universal property in Lemma 3.4.6 implies that P
J
A .�/ WD �A.�/ is projective

in O
J
A . Clearly it admits a surjection f W�A.�/ ! LA.�/. If gWM ! P

J
A .�/ is

such that f ı gWM ! LA.�/ is surjective, then im g contains the �-weight space of
�A.�/ (by Nakayama’s lemma). As this weight space generates �A.�/ we obtain
im g D �A.�/, so g is surjective. Hence �A.�/ ! LA.�/ is a projective cover. As
�A.�/ is a highest weight module of highest weight �, LA.�/ is the only simple
quotient.

Now suppose that the statement for all � 2 J with jJ��j < jJ�j is shown.
Recall from the preceding paragraph that �A.�/ and hence LA.�/ are quotients of
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Q
J
A .�/. As the highest weight space of �A.�/ is free of rank 1 over the local ring

A, there must be an indecomposable direct summand of Q
J
A .�/ that has �A.�/

as a quotient. Let us denote one of those by P. We claim that any surjective
homomorphism f WP! LA.�/ is in fact a projective cover. First we show that LA.�/
is the unique simple quotient of P. So suppose that there is a surjection f WP! LA.�/
and � ¤ �. As P admits a Verma flag (as a direct summand of an object admitting
a Verma flag) with subquotients with highest weights in J��, we deduce � > �.

In particular, by induction there already is a projective cover f 0WPJ
A .�/! LA.�/ in

O
J
A . The projectivity of P implies that there is a homomorphism hWP ! P

J
A .�/

such that the diagram

hP

f f ′

LA

PA

commutes. The projective cover property of PJ
A .�/ then implies that h is surjective,

and hence h must split. As P is indecomposable, we obtain P Š PJ .�/ which is
impossible, as it is already shown that P

J
A .�/ has no quotient isomorphic to LA.�/.

So LA.�/ is the only simple quotient of P.
It remains to show that f WP ! LA.�/ is a projective cover. So let gWM ! P be

any homomorphism in O
J
A such that f ı g is surjective. If g is not surjective, then

P=im g must have a simple quotient (since it has a finite filtration by highest weight
modules). But this simple quotient cannot be isomorphic to LA.�/ (as .P W �A.�// D
1 and .P W �A.�// ¤ 0 implies � � �). But this is a contradiction to what is
shown in the preceding paragraph. Hence g must be surjective, so f WP ! LA.�/ is
a projective cover.

Remarks 1

1. The proof of the Theorem above shows that any indecomposable projective
object in O

J
A is a direct summand of QJ

A .�/ for some �.

2. In particular, if P is an indecomposable projective object in O
J
A , then

HomOA.P;M/ is a direct summand of HomOA.Q
J
A .�/;M/ for some � 2 J .

Now the latter space can be identified with M�. So if M� is free as an A-module
of finite rank, then HomOA.P;M/ is free of finite rank as an A-module as well.

Proposition 3.4.11 Let A be a local deformation algebra with residue field K. Let
J � h? be open and locally bounded and let � be an element inJ .

1. There is an isomorphism P
J
A .�/˝A K Š P

J
K
.�/ in O

J
K

.
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2. If P is projective in O
J
A and A ! A0 is a homomorphism of deformation

algebras, then for any M 2 O
J
A the natural homomorphism

Hom
O

J
A
.P;M/˝A A

0 Š Hom
O

J
K
.P˝A A

0;M ˝A A
0/

is an isomorphism.

Proof We prove part (2) first. Note that for P D Q
J
A .�/ the statement follows from

the fact that Q
J
A .�/ represents the functor M 7! M�, and that there is a canonical

identification .M˝AA0/� D .M�/˝AA0. As any indecomposable projective object in
O

J
A is a direct summand of some QJ

A .�/, this also implies that the functor � ˝A A0
preserves projectivity. In order to prove part (1) we check that LK.�/ is the only
irreducible quotient of P

J
A .�/˝AK. Indeed, as there is a surjective homomorphism

P
J
A .�/ ! P

J
A .�/ ˝A K (which can be considered in the category O

J
A !), every

irreducible quotient of PJ
A .�/˝A A0 is an irreducible quotient of PJ

A .�/ as well.

3.4.4 The BGG-Reciprocity

The following result is a cornerstone of our approach towards the character problem.
Let A be a local deformation algebra with residue field K.

Theorem 3.4.12 (BGG-Reciprocity) Let J be an open and locally bounded

subset of h?. Then for any � 2 J the object P
J
A .�/ admits a Verma flag and

for the multiplicities holds

.P
J
A .�/ W �A.�// D

(
0; if � 62J ;

Œ�K.�/ W LK.�/�; if � 2J :

In order to prove the above result, we need some preparation. First, we introduce
the dual Verma modules rA.�/. There is a duality functor .�/_WOA ! OA that
is defined as follows. For any A-module M consider the dual A-module M� D
HomA.M;A/. If M is a g-A-bimodule, then so is M�, where the g-action is given
by .x:f /.m/ D �f .x:m/ for m 2 M, f 2 M� and x 2 g. Note that the minus sign is
needed to obtain a left action of g on M�. It turns out that M~ WDL�2h?.M�/

� is a
g-A-submodule of M�, and it is a weight module with weight spaces

.M~/� D .M��/�:

Now this is not an object in OA in general, as b will not act locally finitely in all
cases. But if we finally twist the g-action using the Chevalley involution !W g ! g
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that interchanges the root spaces g˛ and g�˛ and acts as multiplication by �1 on h,
we obtain the dual object M_ in OA.

Remark 3.4.13 Note that the duality .�/_ is involutive only on the subcategory of
OA that contains the objects M which have the property that each weight space M�

is reflexive, the latter considered as an A-module (i.e., the natural homomorphism
M! ..M�/

�/� is an isomorphism).
Set rA.�/ WD �A.�/

_. As every weight space of �A.�/ is a free A-module of
finite rank, it follows that �A.�/ Š rA.�/

_.

Lemma 3.4.14 Suppose that M is an object in O
J
A that admits a Verma flag. Then

Ext1
O

J
A

.M;rA.�// D 0 for all � 2J .

Proof We prove the statement by induction on the length of a Verma flag of M.
Suppose that M Š �A.�/ and let

0! rA.�/! N
f! �A.�/! 0 (�)

be a short exact sequence. If � 6> �, then � is a maximal weight of N and the
universal property of�A.�/ yields a non-zero homomorphism gW�A.�/! N. Then
f ı g is an endomorphism of �A.�/ that is an automorphism on the highest weight
space. So f ı g is an automorphism. This means that the short exact sequence (�)
splits. On the other hand, if � 6> �, then we can consider the dual sequence

0! �A.�/
_ ! N_ ! rA.�/

_ ! 0: .�/_

This is an exact sequence as well, as all occurring objects are free as A-modules. As
rA.�/

_ Š �A.�/ we can argue as before and see that .�/_, hence also (�) splits.
Hence Ext1

O
J
A

.�A.�/;rA.�// D 0 in any case.

If the length of a Verma flag of M is > 1, then we can choose M0 � M such
that both M0 and M=M0 are non-zero and admit a Verma flag (necessarily of smaller
length). The short exact sequence

0! M0 ! M ! M=M0 ! 0

yields a long exact sequence of Exti
O

J
A

.�;rA.�//-groups. The i D 1 part of this

sequence reads

Ext1
O

J
A

.M=M0;rA.�//! Ext1
O

J
A

.M;rA.�//! Ext1
O

J
A

.M0;rA.�//:

As the groups on the left and on the right are trivial by induction assumption, we
deduce Ext1

O
J
A

.M;rA.�// D 0.
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Lemma 3.4.15 Suppose that M is an object in O
J
A that admits a Verma flag. Then

Hom
O

J
A
.M;rA.�// is a free A-module for all � 2J and

.M W �A.�// D rkAHom
O

J
A
.M;rA.�//:

Proof Again we prove this by induction on the length of a Verma flag of M. If
M Š �A.�/, then Hom

O
J
A
.M;rA.�// D 0 unless � D � (by the universal property

of �A.�/ and its dual statement). For � D � we have that Hom
O

J
A
.�A.�/;rA.�//

is isomorphic to rA.�/�, i.e. it is free of rank 1. Hence the claim for M D
�A.�/ is settled. Now, if the length of M is > 1, then consider the short exact
sequence 0 ! M0 ! M ! M=M0 ! 0 as in the proof of Lemma 3.4.14. As
Ext1

O
J
A

.M=M0;rA.�// D 0 we obtain a short exact sequence

0! Hom
O

J
A
.M=M0;rA.�//! Hom

O
J
A
.M;rA.�//

! Hom
O

J
A
.M0;rA.�//! 0:

By the induction hypothesis the end terms are freeA-modules, hence so is the middle
term. Observing the additivity of the rank with respect to short exact sequences and
the fact that

.M W �A.�// D .M0 W �A.�//C .M=M0 W �A.�//

and using the induction hypothesis on M0 and M=M0 yield the claim.
Now we can prove the BGG-reciprocity result.

Proof As P
J
A .�/ is isomorphic to a direct summand of Q

J
A .�/ and as Q

J
A .�/

admits a Verma flag, so does PJ
A .�/. Then

.P
J
A .�/ W �A.�// D rkAHom

O
J
A
.P

J
A .�/;rA.�//

D ŒrK.�/ W LK.�/�
D Œ�K.�/ W LK.�/�:

Here the first equality results from Lemma 3.4.15, the second one from using the
projective cover property of PJ

A .�/, and the last identity is a consequence of the
fact that the characters of �K.�/ and rK.�/ coincide.

3.4.5 Another Result of Bernstein–Gelfand–Gelfand

In this section suppose that A D K is a field.
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Definition 3.4.16 Denote by "K the partial order on the set h? that is generated by
� "K � if there is ˛ 2 RC such that h�C � C �; ˛_i 2 Z, � D s˛:� and � < �.

Then the following holds (cf. [13, Sect. 5.1]):

Theorem 3.4.17 For �;� 2 h? we have Œ�K.�/ W LK.�/� ¤ 0 if and only if
� "K �.

The “if” part was already proven by Verma.

Definition 3.4.18 Let 
A be the equivalence on h? that is generated by � 
A � if
Œ�K.�/ W LK.�/� ¤ 0.
By definition, 
A only depends on the residue field K (more precisely, on the
residue field K as an S-algebra). From Theorem 3.4.17 it follows that 
A is the
equivalence relation generated by the partial order "K. Using this, we can describe
the equivalence classes in more detail.

Definition 3.4.19 For � 2 h? define

RA;Œ�� WD f˛ 2 R j h�C � C �; ˛_i 2 Zg;
TA;Œ�� WD fs˛ j ˛ 2 RA;Œ��g
WA;Œ�� WD ht j t 2 TA;Œ��i:

Then the following holds:

Lemma 3.4.20

1. If � 
A �, then RA;Œ�� D RA;Œ�� and hence TA;Œ�� D TA;Œ�� andWA;Œ�� D WA;Œ��.
2. For an equivalence class � 2 h?= 
A we have � D WA;Œ��:� for all � 2 �.

In particular, Œ�A.�/ W LA.�/� ¤ 0 implies � 2 WŒ�� and � 6 �.

3.4.6 The Block Decomposition of OA

Let A be a local deformation algebra with residue field K. Using the BGG-
reciprocity we could replace the condition in the definition of 
A by .P

J
A .�/ W

�A.�// ¤ 0 for some open and locally bounded subset J that contains � and �.

In particular, it also follows that � 
A � whenever ŒPJ
A .�/ W LA.�/� ¤ 0.

Let � 2 h?= 
A be an equivalence class and M an object in OA. Denote by M�

the submodule of M that is generated by the images im f for all homomorphisms
f WPJ

A .�/! M with � 2 � and all open and locally bounded subsets J of h? with
� 2J . We also denote by OA;� the full subcategory of OA that contains all objects
N with ŒN W LA.�/� ¤ 0 only if � 2 �.
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Theorem 3.4.21

1. The object M� is contained in O�.
2. We have M DL�M�.

Remark 3.4.22 We can also formulate the above result in the following way: The
functor

M
�2h?=�A

OA;� ! OA;

fM�g� 7!
M
�

M�

is an equivalence of categories.

Proof Statement (1) follows from the fact that for � 2 � we have that ŒPJ
A .�/ W

LA.�/� ¤ 0 for some J implies � 2 �. Clearly M is the sum of its submodules
M�. But this must be a direct sum, as there are no non-zero homomorphisms
P
J
A .�/! N for � 2 � and N 2 O�0 if � ¤ �0.

3.4.7 On the Structure of Some Projectives

The following result is one of the reasons why we deform the category O . Recall
the localizationeS of the symmetric algebra S (cf. Remark 3.4.2).

Proposition 3.4.23 Let p �eS be a prime ideal and A DeSp.
1. If �.˛_/ 62 p for all ˛ 2 R, then each equivalence class � with respect to 
A is

a singleton, i.e. � D f�g for some � 2 h?.
2. If p D �.˛_/eS for some ˛ 2 R, then an equivalence class � with respect to 
A

is either a singleton, or contains exactly two elements, i.e. � D f�;�g for some
�;� 2 h?. In the latter case, � D s˛:�.

Proof For A D eSp with residue field K one checks that the condition h� C � C
�; ˛_i 2 Z � K is equivalent to �.˛_/ D 0, i.e. �.˛_/ 2 p and h�C �; ˛_i 2 Z �
C.

In a next step we would like to understand the equivalence relation 
A. We start
with a definition.

Definition 3.4.24 Let � 2 h?= 
A be an equivalence class.

1. � is called generic, if � is a singleton, i.e. � D f�g for some � 2 h?.
2. � is called subgeneric, if � contains exactly two elements.
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Remark 3.4.25 Suppose that � D f�;�g is subgeneric. One can then show (for
example, using the Jantzen filtration, cf. Sect. 5.3 in [13]) that there is a unique
˛ 2 R such that h�C � C �; ˛_i 2 Z � A and � D s˛:�.

It is now easy to describe the structure of blocks corresponding to a generic
equivalence class.

Proposition 3.4.26 Suppose that � D f�g is generic. Then PA.�/ Š �A.�/ and
�K.�/ D LK.�/. In particular, EndOA.PA.�// D A � idPA.�/.

Proof As Œ�K.�/ W LK.�/� D 1, the second statement follows readily from the
definition of a generic equivalence class. The first statement then is a consequence
of BGG-reciprocity.

Next we consider the structure of subgeneric blocks.

Proposition 3.4.27 Suppose that � D f�;�g is subgeneric, and suppose that � D
s˛:� > �. Then PA.�/ Š �A.�/ and �K.�/ D LK.�/. There are short exact
sequences

0! �A.�/! PA.�/! �A.�/! 0

and

0! LK.�/! �K.�/! LK.�/! 0:

Proof Note that Œ�K.�/ W LK.�/� D 0 as� > �. We can argue as in the generic case
and deduce �K.�/ D LK.�/. So �K.�/ is simple. Clearly Œ�K.�/ W LK.�/� � 1.
But the maximal submodule of �K.�/ must be generated by primitive vectors of
weight �. As dimK Hom.�K.�/;�K.�// 6 1, this yields Œ�K.�/ W LK.�/� 6 1,
hence Œ�K.�/ W LK.�/� D 1. Now the rest of the statements follow from BGG-
reciprocity.

Remark 3.4.28 In the generic and the subgeneric situations we deduce that the

projectives P
J
A .�/ stabilize with respect to J , i.e. P

J
A .�/ is isomorphic to P

J 0

A .�/

as long as J and J 0 contain the generic or subgeneric equivalence class of �.
Hence LA.�/ admits a projective cover already in OA. Denote it by PA.�/.

3.4.8 Endomorphism Rings in the Subgeneric Situations

We now study the categorical structure of subgeneric blocks in detail. Let � D
f�;�g and suppose that � < �. First assume that A D K is a field. Then Œ�K.�/ W
LK.�/� D Œ�K.�/ W LK.�/� D 1 and �K.�/ D LK.�/. Moreover, PK.�/ Š �K.�/

and there is a short exact sequence

0! �K.�/! PK.�/! �K.�/! 0:
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For any projective cover P of a simple object L in OK it is easy to show that

dimK HomOK
.P;M/ D ŒM W L�

for all M 2 OK. Then

dimK HomOK
.PK.�/;PK.�// D dimK HomOK

.PK.�/;PK.�//

D dimK EndOK
.PK.�// D 1

and

dimK EndOK
.PK.�// D 2:

Now choose generators

jWPK.�/! PK.�/;

iWPK.�/! PK.�/

of the respective Hom-spaces. Then j is injective, as PK.�/ is a Verma module
and PK.�/ is free over U.n�/. Moreover, i ı j D 0, as otherwise it would be an
automorphism of PK.�/, hence i would split. Then j ı iWPK.�/ ! PK.�/ is non-
zero, but nilpotent. Hence fidPK.�/; j ı ig is a basis of EndOK

.PK.�//. It is now not
difficult to check that EndOK

.PK.�/˚ PK.�// is isomorphic to the path algebra of
the quiver

λ

j

μ
i

with relation i ı j D 0.
Now let A be an arbitrary deformation algebra with residue field K.

Proposition 3.4.29 Let � D f�;�g as above. Then EndOA.PA.�/ ˚ PA.�// is
isomorphic to the quiver depicted above with relation i ı j D �.˛_/.

Proof Recall that there is a positive root ˛ such that � � � 2 Z˛. From Remark 1
we know that the Hom-spaces between projectives in OA are free A-modules of
finite rank, and the base change result in Proposition 3.4.11 shows that we can lift
the homomorphisms i and j from above to homomorphisms QjWPA.�/ ! PA.�/ and
QiWPA.�/ ! PA.�/ in such a way that they are bases in the respective Hom-spaces.
Using the Jantzen sum formula one can show that Qj ı Qi equals �.˛_/ � idPA.�/ up
to an invertible scalar (cf. [6, Proposition 3.4]). Hence EndOA.PA.�/ ˚ PA.�//

is isomorphic to the path algebra of the quiver depicted above, but now with the
relation i ı j D �.˛_/.
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3.5 Soergel’s Theory

In his fundamental paper [19], Soergel developed a theory that eventually produced
an alternative proof of the Kazhdan–Lusztig Conjecture 3.2.9. His proof is quite
different from both original proofs of this conjecture, the one given by Beilinson and
Bernstein in [2] and the other one given by Brylinski and Kashiwara in [4]. Indeed,
Soergel’s proofs amounts to a detailed study of the combinatorics of translation
functors. A short review of the main ideas will be included in the sequel.

3.5.1 Endomorphisms of Multiplicity Free Projectives

We start with a result on the endomorphism rings of certain projective objects. Let
A be deformation algebra with residue field K and let � be a 
A-equivalence class
in h?. Let K be a W�-set, i.e. a set with a homomorphism W� ! Aut.K/. Define
the following commutative algebra

ZA.K/ WD
(
.zx/ 2

M
x2K

A j zx � ztx 2 �.˛_
t /A 8x 2 K; t 2 T�

)
:

Let M be an object in OA;� that admits a Verma flag. It is called multiplicity free,
if .M W �A.�// 6 1 for all � 2 h?. Now choose an enumeration� D f�1; : : : ; �ng
of the elements in � in such a way that �i > �j implies i < j. Remark 3.4.7 implies
that there is a Verma flag 0 D M0 � M1 � � � � � Mn D M in such a way that
Mi=Mi�1 is isomorphic to �A.�i/. Define MŒ�i� WD Mi=Mi�1.

For the following result assume that A D eS. Recall that an eS-module M is
called reflexive if M is torsion free as an eS-module and if the natural inclusion
M � T

p2P Mp, where P is the set of prime ideals of height one in eS and the
inclusion is taken inside M.0/ D M˝eS Quot .eS/, is a bijection. Now suppose that M
and N are objects in OeS that are reflexive as S-modules. Then

HomOeS.M;N/ D
\
p2P

HomOeSp .Mp;Np/;

where the intersection is taken inside HomOeS.0/
.M.0/;N.0//. In particular,

HomOeS.M;N/ is a reflexive eS-module. If P is projective in OeS;�, then P admits
a Verma flag. So it is free as an eS-module, in particular reflexive. The following
result generalizes the Endomorphismensatz of [19]:
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Proposition 3.5.1 Suppose that A D eS and that P is projective in OeS;� and
multiplicity free. Then the natural homomorphism

EndOeS.P/!
M

�2supp�.P/

EndOeS.PŒ��/ D
M

�2supp�.P/

eS

is injective with image ZeS.supp�P/. In particular, EndOeS.P/ is a commutative
algebra.

Proof As P is free overeS (in particular reflexive) it follows that P D S
p2P Pp �

P.0/ and EndOeS.P/ D
S

p2P EndOeSp .Pp/ � EndOeS.0/ .P.0//. By Proposition 3.4.23,

Pp splits into a direct sum of projectives in generic and subgeneric situations, and
so does EndOeSp .Pp/. But in these cases we determined the endomorphism rings
already explicitly in Propositions 3.4.26 and 3.4.29. The result follows.

3.5.2 Big Projectives

A main ingredient for Soergel’s approach is the study of the big projectives in the
category O . They correspond to weights � that are anti-dominant. They are called
big because their support is maximal. The following is an important result and one
of the cornerstones of the theory.

Lemma 3.5.2 Suppose that � 2 � is anti-dominant. Then .PA.�/ W �A.�// D 1

for all � 2 �. In particular, the object PA.�/ is multiplicity free.

Proof Let s 2 S . Then it is well known that Œ�K.s:�/ W LK.�/� D 1. Using BGG-
reciprocity and the combinatorics of translation functors one shows that TsPA.�/

must contain at least two direct summands isomorphic to PA.�/. It follows that
TsPA.�/ D PA.�/˚ PA.�/, which can only be the case if .PA.�/ W �A.�// D 1 for
all � 2 �.

3.5.3 The Strukturfunktor and the Struktursatz

Here is Soergel’s definition:

Definition 3.5.3 Let � 2 � be antidominant. The functor

V D VA;� WD HomOA;�.PA.�/; �/WOA;� ! mod-EndOA;�.PA.�//

is called the Strukturfunktor associated to A and�.
As seen in Lemma 3.5.2, the object PA.�/ is multiplicity free and supp�PA.�/ D

�. In particular, EndOA;�.PA.�// D ZA.�/ is commutative. So there is no
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distinction between left and right ZA.�/-modules, and the functor V is in fact a
functor from OA;� to ZA.�/-mod.

Assume now that A D eS is the localization of S at the maximal ideal generated
by h. We show that VeS;� is fully faithful on projective objects. Note that V.P/ D
HomOeS.PeS.�/;P/ is reflexive as aeS-module.

Theorem 3.5.4 (Soergel’s Struktursatz) The functor V is fully faithful on
projectives, i.e. if P;P0 2 OeS;� are projective, then HomOeS;�.P;P

0/ D
HomZeS.V.P/;V.P

0//.

Proof By what we observed above,

HomOeS;�.P;P
0/ D

\
p2P

HomOeSp;�.Pp;P
0
p/:

Likewise one shows that

HomZeS.VP;VP
0/ D

\
p2P

HomZeSp .VPp;VP
0
p/:

Everything is compatible with localizations, hence we only have to check that the
natural homomorphism HomOeSp;� .Pp;P0

p/ ! HomZeSp .VPp;VP0
p/ is a bijection

for all prime ideals of height one. But these cases split into a direct sum of
subgeneric cases, and in the subgeneric case it is an exercise to check the statement
using the categorical structure in Sect. 3.4.8.

3.5.4 The Combinatorics of Translation Functors

As V is a fully faithful functor, the problem of decomposing objects like
Ts1 � � �Tsn�eS.�0/ in OeS;� is equivalent to decomposing the object V.Ts1 � � �Tsn�eS
.�0// in Z -mod. Fortunately, we can describe this Z -module quite explicitly.

Proposition 3.5.5 ([9, Theorem 9]) There is a natural isomorphism V ı Ts Š
Z ˝Z s � ı V of functors from OeS;� to Z -mod.

Before the last problem can be stated we have to understand V�eS.�0/ as a Z -
module. It is free of rank 1 as an eS-module, and from the identification Z Š
EndOeS;� .PeS.�// it follows that an element .z�/ acts on V�eS.�0/ as multiplication

with z�0 . Denote this Z -module byeS�0 .
As the functor V is fully faithful on projectives, Proposition 3.5.5 implies that

the Decomposition Problem I is equivalent to the following:

Decomposition Problem II DecomposeZ ˝Z sZ ˝Z t � � �˝Z ueS�0 in the category
ofZ -modules for all sequences s; t; : : : ; u of simple reflections.
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3.6 Soergel Bimodules, Parity Sheaves, and Moment Graph
Sheaves

Having started from the Kazhdan–Lusztig Conjecture 3.2.9, through a successive
series of translations we moved first to the equivalent Decomposition Problem I and
from there, using Soergel’s theory, to another equivalent problem, Decomposition
Problem II. The latter problem does not refer to modules over a Lie algebra any
more, it is rather stated in the representation theory of a commutative, associative
algebra Z . The following gives an overview on three approaches to deal with it.

3.6.1 Moment Graph Sheaves

In [8] we studied sheaves on moment graphs that were introduced in [3]. A moment
graph G is a graph with a labeling of its edges by element in a lattice X. For any
field k one can define a commutative algebra Zk.G / over the symmetric algebra Sk
of the k-vector space X˝Z k. One then has the notion of a k-sheaf on this graph. The
space of global sections of every moment graph sheaf gives rise to a module over
Zk.G /.

To any equivalence class � in h? with respect to 
 one can associate a moment
graph G� in such a way that ZC.G�/ is the algebra ZS.�/ that we considered
above. Hence every sheaf on G� gives rise to a ZS.�/-module. It is a very nice
feature of the theory that one can describe certain sheaves B.�/ on G� for any
� 2 � algorithmically that have the property that the global sections yields the
object V.PeS.�// (up to extending scalars from S to eS). Hence one can construct
the indecomposable direct summands that occur in the Decomposition Problem II
directly! This gives a way to study the structure of the projectives locally (i.e., on
the vertices of the graph G�).

3.6.2 Soergel Bimodules

For an integral and regular equivalence class � one can define a homomorphism
S ˝ S ! Z .�/ (cf. [9]). Restriction along this homomorphism gives a functor
from ZS.�/-modules to S-bimodules. Using this functor one can show that the
Decomposition Problem II is equivalent to the following:

Decomposition Problem III Decompose S ˝Ss S ˝St � � � ˝Su S in the category of
S-bimodules for all sequences s; t; : : : ; u of simple reflections.

The indecomposable direct summands that occur are called Soergel bimodules.
They were introduced in [20]. Soergel bimodules recently found applications in
faraway subjects such as knot theory!
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3.6.3 Parity Sheaves

The last and probably most important connection of the above problems is to
geometry. Again suppose that � is integral and regular. Consider the flag variety
G=B associated to the Lie algebra1 g, and its T-equivariant derived category
Db

T;c.X;C/ of sheaves of C-vector spaces that are constructible along Schubert
cells. In [15], Juteau et al. described the remarkable additive subcategory of parity
sheaves that are characterized by certain cohomological vanishing properties. For
any w 2 W there is an up to shift unique parity sheaf E .w/ whose support is the
Schubert variety associated with w inside G=B.

Now there is a hypercohomology functor from Db
T;c.G=B;C/ into the category

of modules over the equivariant cohomology H�
T .G=B/ of G=B. Again it turns out

that H�
T.G=B/ coincides with ZS.�/ (canonically if we replace g by g_)! Hence the

hypercohomology of parity sheaves yields ZS.�/-modules, and again one can show
that

H�
T.E .w//˝SeS Š V.PeS.w:�//

for all w 2 W . This yields a geometric way to understand the projective objects in
OeS;�.

3.6.4 Another Proof of the Kazhdan–Lusztig Conjecture

Apart from the original proofs of Beilinson–Bernstein and Brylinski–Kashiwara,
Soergel’s approach that we reviewed above also yields a proof of Conjecture 3.2.9.
It uses the geometric description of the indecomposable special Z -modules above,
and it amounts to showing (and this is extremely difficult) that the parity sheaves
(with coefficients in C) are in fact the intersection cohomology complexes on the
Schubert varieties in the flag variety. They have some remarkable properties, in
particular, the ranks of their stalk are given by Kazhdan–Lusztig polynomials (cf.
[17]), and this fact implies Conjecture 3.2.9 and hence completes our journey.

There is a new proof due to Ben Elias and Geordie Williamson [5] that directly
solves the Decomposition Problem III. It is geometrically inspired, but does not
use any geometric result at all. It is quite difficult as well, but it has the advantage
that it also works in the more general situation of Coxeter systems, where the
Decomposition Problem III makes perfect sense, although a reformulation in terms
of geometry and parity sheaves is not available in general.

1To be precise, one should replace g here by its Langlands dual g_.
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3.7 An Epilogue: The Modular Case

One can approach the problem of determining the irreducible rational characters
of a reductive algebraic group over a field of positive characteristic in a similar
way. However, the analogous results are much more difficult to obtain. For example,
the analogue of Soergel’s theory, i.e. the translation of the representation theoretic
problem into a combinatorial framework, is the main content of the book [1]. There
the authors define a combinatorial category over an arbitrary field k, that, in the
characteristic zero case, yields Jordan–Hölder multiplicities for quantum groups at a
root of unity, and in positive characteristic, Jordan–Hölder multiplicities for modular
Lie algebras. In both cases, the multiplicities are encoded in a decomposition
problem that very much resembles the decomposition problems that we encountered
in this overview article. One can approach this problem again by geometric or
moment graph methods (cf. [10]).

A toy example of the modular case is W. Soergel’s modular category O
introduced in [18]. The combinatorial counterpart of this is the category of Soergel
bimodules defined over a field of positive characteristic. It is in this category that
G. Williamson recently found counterexamples to Lusztig’s modular character for-
mular for characteristics above the Coxeter number (cf. [21]). This is a very exciting,
intriguing and challenging result. One might hope that a better understanding of
the interplay between representation theoretic, combinatorial, and geometric ideas
will lead us to a better understanding of what happens in the case of “small”
characteristics.

Acknowledgements The author was partially supported by the DFG grant SP1388.
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Chapter 4
The BCH-Formula and Order Conditions
for Splitting Methods

Winfried Auzinger, Wolfgang Herfort, Othmar Koch,
and Mechthild Thalhammer

Abstract As an application of the BCH-formula, order conditions for split-
ting schemes are derived. The same conditions can be obtained by using non-
commutative power series techniques and inspecting the coefficients of Lyndon–
Shirshov words.

4.1 Introduction

The main purpose of this note is to present a not so well-known application of the
Baker–Campbell–Hausdorff formula (BCH-formula): Computing order conditions
for exponential splitting schemes. There is vast literature, for an overview we
particularly refer to [14] and [12, Chap. III] and see [2–4, 5–7, 9, 13, 15–18].

The topic of splitting is a comparatively young field and it is our intention to
present only facets—with Lie-theoretic background. We shall first recall a few
facts from Lie theory and power series as far as needed. An abstract definition
of splitting is given and the computation of order condition is demonstrated with
examples. The last section is devoted to an alternative approach for finding the order
conditions by inspecting the coefficients of leading Lyndon–Shirshov words in an
exponential function of a sum of Lie elements, as currently used by the authors for
computationally generating order conditions for exponential splitting schemes.
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4.2 Formal Power Series

Let k be a field of characteristic zero. Then khhSii denotes the algebra of formal
power series with coefficients in k and S a set of non-commuting variables. The
natural grading of khhSii is given as follows: elements in k have degree zero, those
in Sn WD fs1 : : : sn j sj 2 Sg have degree n, where n � 1. A homogeneous element in
khhSii is a k-linear combination of elements of the same degree. Every element f in
khhSii allows a unique decomposition into homogeneous components

f D
1X
jD0

fj

where for each j the element fj is homogeneous of degree j.
In our context the power series ring Rhhtii in a single variable t and with

coefficients in a (not necessarily commutative) ring R will turn out to be useful.
Whenever f D P

j cjt
j 2 khhtii and g 2 khhSii and g does not contain constant

terms then one can define the composition

f ı g WD
X
j

cjg
j

as, for given degree say n, for j � n C 1, the power series g j does not contribute
homogeneous elements of degree n.

Example 4.2.1 The univariate formal power series f WD P1
jD0 1jŠ t

j will be denoted

by et. Hence the composition f ı g allows to consider eg DP1
jD0 1jŠg

j.
The following simple fact will be helpful:

Lemma 4.2.1 Let h D P1
jD1 hj be an element in khhSii, with each hj homogeneous

of degree j. Then eh D P1
jD0 ej with homogeneous terms ej, and the following

statements are equivalent:

(i) hj D 0 for j D 1; : : : ; p;
(ii) ej D 0 for j D 1; : : : ; p.
Proof Suppose that (i) holds. Then

eh D 1C �hpC1 C � � �
�C 1

2

�
hpC1 C � � �

�2 C � � �

shows that there cannot exist homogeneous terms ej with 1 6 j 6 p.
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The converse is proved by induction. Suppose for p that e1 D � � � D ep�1 D 0

implies h1 D � � � D hp�1 D 0. Suppose next that also ep D 0. Then

eh D 1C �hp C � � �
�C 1

2

�
hp C � � �

�2 C � � � D e0 C epC1 C � � �

From this one concludes that hp D 0 must hold. ut
Corollary 4.2.2 Let h D P1

jD1 hj and k D P1
jD1 kj be elements in khhSii. Set eh DP1

jD0 ej and ek D
P1

jD0 fj. Then the following statements are equivalent:

(a) hj D kj for j D 1; : : : ; p;
(b) ej D fj for j D 1; : : : ; p.
Proof Certainly (a) implies (b), as for forming the homogeneous terms in eh only
the terms up to order p contribute.

For proving the converse one again uses induction. Having established that hj D
kj for 1 6 j 6 p � 1, one observes that ep D hp C 
.h1; : : : ; hp�1/ D kp C

.k1; : : : ; kp�1/ D fp. Here 
 is a certain multivariate polynomial whose form to
know is not needed. Then, as ep D fp conclude that hp D kp. ut

4.3 Reformulation Using Formal Differentiation

Given the algebra R WD khhSii, one may use it as the set of coefficients and form
the new algebra khhSiihhtii. There is a canonical function 
 W khhSii ! khhSiihhtii that
sends f WDP1

jD0 fj to the element 
. f / WDP1
jD0 fjtj. In khhSiihhtii we define formal

differentiation by means of

0
@

1X
jD0

rjt
j

1
A

�

WD
1X
jD1

jrj�1tj�1:

Formal derivatives f .k/ of higher order, for elements f 2 khhSiihhtii, are defined
inductively.

Notation 4.3.1 If an element f D P1
jD0 rjtj 2 khhSiihhtii has r0 D � � � rp D 0, we

shall denote this by f D O.tpC1/ or even by f D O. pC 1/.
One proves without difficulty:

Lemma 4.3.2 For f DP1
jD0 fj the following statements are equivalent:

(i) f0 D � � � D fp D 0;
(ii) 
. f / D O.tpC1/.
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Next we prove a key lemma:

Lemma 4.3.3 For X 2 khhSiihhtii and an element C in khhSii of degree 1, the
following statements are equivalent:

(i) X � eCt D O.tpC1/;
(ii) X.0/ D 1 and D WD PX � CX enjoys D D O.tp/.

Proof Certainly (i) implies (ii), as can be seen by differentiation. Conversely, if (ii)
holds, one only needs to check that X � eCt vanishes when setting t D 0. But this is
a consequence of the assumption that X.0/ D 1. ut

Here is the main observation about the different method to be used in Sect. 4.5
on splitting schemes. Namely it will imply that for deriving order conditions it is
equivalent to either consider them as the coefficients of a power series or to pass to
the logarithm and use thereby the BCH-formula and look at the coefficients of the
basic commutators.

Proposition 4.3.4 Suppose that h 2 khhSii has the form h D eZ with Z0 D 0. Then
the following statements about h DP1

jD0 hj and eC for an element C homogeneous
of degree 1 are equivalent:

(A) h0 � 1 D h1 � C D � � � D hp � Cp

pŠ D 0;
(B) 
.h/� � C
.h/ D O.tp/;
(C) Z � C D O.tpC1/.

Proof As 
.h/ D P1
jD0 hjtj, the equivalence of (A) and (B) follows from

Lemma 4.3.3. The equivalence of (B) and (C) is an immediate consequence of
Corollary 4.2.2. ut

4.4 The Baker–Campbell–Hausdorff Formula

The Baker–Campbell–Hausdorff formula (BCH-formula, see, for instance, [12])
allows, for given X and Y in khSi without constant terms, to find Z 2 khhSii with
eXeY D eZ . In fact, Z turns out to be a formal infinite sum of X, Y and homogeneous
elements from the Lie algebra L.S/, generated by the set S and the bracket operation
Œl1; l2� D l1l2 � l2l1 for li 2 L.S/.

Example 4.4.1 The first terms of Z are

Z D X C Y C 1

2
ŒX;Y�C 1

12

�
ŒX; ŒX;Y��C ŒY; ŒY;X��� C � � �

As noted, Z with the exception of the terms of first order is an infinite sum of Lie
elements, i.e., homogeneous elements of the Lie algebra generated by X and Y. One
denotes Z by log eXeY . Inductively one can derive an analog for log.eX1 : : : eXn/, for
Xi 2 S.
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4.5 Splitting Schemes

The following abstract definition of a splitting scheme will serve our purpose:

Definition 4.5.1 Given the elements A and B of S and suppose there are, for j D
1; : : : ; s, Aj 2 spanfAg and Bj 2 spanfBg, i.e., Aj D ajA, Bj D bjB with scalar
coefficients aj; bj; j D 1; : : : ; s. Then these data determine a splitting scheme of
order at least p, provided

eA1teB1t : : : eAsteBst � e.ACB/t D O.tpC1/

Here is an equivalent formulation of this condition. The proof, in the light of the
BCH-formula, is immediate from the definition:

Proposition 4.5.2 The following statements for given A and B in S and elements
Ai 2 spanfAg, Bi 2 spanfBg, where i D 1; : : : ; s, are equivalent:
(A) The data yield a splitting scheme of order at least p;
(B) log.eA1eB1 � � � eAseBs/ � .AC B/ has homogeneous terms equal to zero for j D

1; : : : ; p.

Remark 4.5.3 Splitting techniques can also be successfully applied to nonlinear
evolution equations. The order conditions studied here are also valid for this general
case. This follows from an ingenious idea by Gröbner [11], namely formally
to express the flow of a nonlinear evolution equation as the exponential of the
corresponding Lie derivative; see [12, Sect. III.5].

Let us, as a preparation for Sect. 4.6, compute the logarithm in (A) for s D 2 and
s D 3 up to terms of order p 6 3.

The BCH-formula easily yields

log.eAjeBj/ D AjCBjC1
2
ŒAj;Bj�C 1

12

�
ŒAj; ŒAj;Bj��C ŒBj; ŒBj;Aj��

�CO.4/; (4.1)

where O.4/ stands for all terms in L.S/ of degree at least 4.

Example 4.5.1 Let X D X1 C X2 C X3 and Y D Y1 C Y2 C Y3 be a decomposition
into homogeneous elements with all nonlinear terms in L.S/. Then log.eXeY/ D H
has first homogeneous terms

H1 D X1 C Y1

H2 D X2 C Y2 C 1

2
ŒX1;Y1�

H3 D X3 C Y3 C 1

2
.ŒX1;Y2�C ŒX2;Y1�/

C 1

12
.ŒX1; ŒX1;Y1��C ŒY1; ŒY1;X1��/
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Lemma 4.5.4 Let X WD aAC bBC cŒA;B�C dŒA; ŒB;B��C eŒB; ŒB;A�� and X0 WD
a0A C b0B C c0ŒA;B� C d0ŒA; ŒB;B�� C e0ŒB; ŒB;A��, then H WD log.eXeY/ has first
terms

H D H1AC H2BCH3ŒA;B�CH4ŒA; ŒA;B��C H5ŒB; ŒB;A��

where

H1 D aC a0
H2 D bC b0
H3 D cC c0 C 1

2
.ab0 � a0b/

H4 D dC d0 C 1
2
.ac0 � a0c/C 1

12
.ab0 � a0b/.a � a0/

H5 D eC e0 � 1
2
.bc0 � b0c/ � 1

12
.ab0 � a0b/.b� b0/

Proof Using the preceding example for Y WD X0 and elementary computation yields
the result. ut

With the aid of Lemma 4.5.4 one finds:

Corollary 4.5.5 The first homogeneous terms of K WD log.ea1Aeb1Bea2Aeb2Bea3Aeb3B/
are as follows:

K1 D .a1 C a2 C a3/AC .b1 C b2 C b3/B

K2 D 1

2
.a1b1 C a2b2 C a3b3 C a1b2

�a2b1 C a1b3 � a3b1 C a2b3 � a3b2/ ŒA;B�

and K3 D �ŒA; ŒA;B��C �ŒB; ŒB;A�� with

� D 1

12
.a21b1 C a22b2 C a33b3/

C 1

4
.a1a2b2 � a1a2b1 C a1a3b3 C a2a3b3 � a1a3b1 � a2a3b2 � a1a3b2 C a2a3b1/

C 1

12
.a21b2 � a1a2b1 C a22b1 � a1a2b2 C a21b3 � a1a3b1 C a1a2b3 � a1a3b2

C a1a2b3 � a2a3b1 C a22b3 � a2a3b2

C a23b1 � a1a3b3 C a23b2 � a2a3b3/

� D 1

12
.b21a1 C b22a2 C b33a3/

C 1

4
.b1b2a2 � b1b2a1 C b1b3a3 C b2b3a3 � b1b3a1 � b2b3a2 � b1b3a2 C b2b3a1/

C 1

12
.b21a2 � b1b2a1 C b22a1 � b1b2a2 C b21a3 � b1b3a1 C b1b2a3 � b1b3a2
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C b1b2a3 � b2b3a1 C b22a3 � b2b3a2

C b23b1 � b1b3a3 C b23a2 � b2b3a3/:

Proof One first computes sj WD log.eajAebjB/ D ajA C bjB C 1
2
ajbjŒA;B� C

1
12
.a2j bjŒA; ŒA;B�� C ajb2j ŒB; ŒB;A��/ C O.4/. Then, using Lemma 4.5.4, compute

first H WD log.es1es2/ and, again using the lemma, find the desired expressions by
computing K WD log.eHes3 /. ut

4.6 Computing Order Conditions in Examples

4.6.1 Schemes of Order At Least 1

It follows right from the definition that in this case

sX
jD1

Aj D A;
sX

jD1
Bj D B

i.e., for Aj D ajA and Bj D bjB one obtains

sX
jD1

aj D 1;
sX

jD1
bj D 1:

4.6.2 The Order Conditions for s D 2 and p D 3

Elementary computation leads to the following observation:

Lemma 4.6.1 The order conditions for s D 2 and p D 3 are as follows:

1 D a1 C a2

1 D b1 C b2

0 D a1b1 C a2b2 C a1b2 � a2b1

0 D 1 � 6a1a2b1
0 D 1 � 6b1b2a2

Proof The order condition for s D 1 in the first line follows from the previous
subsection. The higher order conditions result from Lemma 4.5.4. ut
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4.6.3 The Order Conditions for s D 3 and p D 3

Making use of Corollary 4.5.5 the conditions on the coefficients aj and bj for
j D 1; 2; 3 in order to let Aj D ajA and Bj D bj determine the necessary and
sufficient conditions for a splitting scheme of order p at least 3 when s D 3.

Lemma 4.6.2 The order conditions for s D p D 3 read as follows:

1 D a1 C a2 C a3

1 D b1 C b2 C b3

1

2
D a2b1 C a3b1 C a3b2

2 D 3.a2 C a3/ � 6a2a3b2
2 D 3.b1 C b2/ � 6b1b2a2

Proof In Corollary 4.5.5, one equates the coefficients of A and B to 1, and those of
ŒA;B�, ŒA; ŒA;B�� and ŒB; ŒB;A�� to zero. Then, using the third equation, terms a3b2
have been eliminated from the last two equations. ut

To conclude this section let us remark that expanding eX1CX2C��� as a Taylor series,
one finds from Lemma 4.2.1 and Proposition 4.3.4:

Proposition 4.6.3 The following statements for an exponential function eX for X
a sum of homogeneous Lie elements with the exception of the linear term are
equivalent:

(i) X1 D X2 D � � � D Xp D 0
(ii) As a power series in khhSii the first nonvanishing homogeneous term is

1
. pC1/ŠXpC1.

4.7 Alternative Approach via Taylor Expansion
and Computation in the Free Lie Algebra
Generated by A; B

According to the ideas from [1, 3] systems of polynomial equations representing
order conditions for splitting methods are set up in a different way without making
explicit use of the BCH-formula. This is straightforward to implement in computer
algebra. The resulting systems of equations are not identical but equivalent to those
obtained when implementing the BCH-based procedure described above.

This alternative approach described can also easily be adapted and generalized
to cases with various symmetries, pairs of schemes, and more general cases like
splitting involving three operators A;B;C, or more, see [3].
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To find conditions for the coefficients aj; bj such that for Aj D ajA, Bj D bjB a
scheme of order p is obtained,

L.t/ WD eA1teB1t : : : eAsteBst � e.ACB/t D O.tpC1/;

we consider the Taylor expansion of L.t/, the local error of the splitting scheme
applied with stepsize t (satisfying L.0/ D 0 by construction),1

L.t/ D
pX

qD1

tq

qŠ

dq

dtq
L.0/C O.tpC1/:

The method is of order p iff L.t/ D O.tpC1/; thus, the conditions for order p are
given by

d

dt
L.0/ D � � � D dp

dtp
L.0/ D 0: (4.2)

Via successive differentiation of L.t/ we obtain the following homogeneous repre-
sentation of dq

dtq L.0/ in terms of power products in the non-commuting variables A
and B: With k D .k1; : : : ; ks/ 2 N

s
0, one obtains

dq

dtq
L.0/ D

X
jkjDq

 
q

k

!
sY

jD1

kjX
lD0

 
kj
l

!
Al
jB

kj�l
j � .AC B/q; q D 0; 1; 2; : : : (4.3)

In a computer algebra system, these symbolic expressions can be generated in a
straightforward way.

If conditions (4.2) are satisfied up to a given order p, then the leading term of
the local error is given by tpC1

. pC1/Š
dpC1

dtpC1 L.0/. Proposition 4.6.3 shows that this leading
local error term is a homogeneous linear combination of Lie elements. With the
terminology

LC.q/ WD ‘the sum (4.3) is a linear combination of Lie elements of degree q’

this amounts to LC. p C 1/ being true for a scheme of order p. Exploiting this
statement allows to design a recursive algorithm for generating a set of order
conditions:

(i) By construction, LC.1/ D 0 holds. But, a priori, for q > 1 the expression (4.3)
for dq

dtq L.0/ does not enjoy LC.q/, see Example 4.7.1 below. On the other hand,
from Proposition 4.6.3 we know that

LC.1/ ^ : : : ^ LC.q � 1/ ) LC.q/:

1Here, dq

dtq L.0/ WD dq

dtq L.t/
ˇ̌
tD0

.
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By induction over q we see that each solution of (4.2) must satisfy LC.q/ for
q D 1; : : : ; p. (Moreover, for each the resulting solution LC. pC 1/ will hold
true.)

(ii) Due to (i), for the purpose of solving the system (4.2) we may assume

dq

dtq
L.0/ D

X
k

�q;k Bq;k; q D 1; : : : ; p

where the Bq;k of degree q are elements from a basis of the free Lie algebra
generated by A and B. Now the problem is to identify, on the basis of the
expressions (4.3), coefficients �q;k D �q;k.aj; bj/ such that the polynomial
system

�q;k D 0; q D 1; : : : ; p; k running over all basis elements of degree q
(4.4)

will be equivalent to (4.2). To this end we make use of the one-to-one
correspondence between basis elements of degree q represented by non-
associative, bracketed words (commutators) and associative words of length
q over the alphabet fA;Bg. The implementation described in [1, 3] relies on the
Lyndon basis, also called Lyndon–Shirshov basis, which can be generated by
an algorithm devised in [10]. With this choice,

each basis element Bq;k is uniquely represented by a

Lyndon word of length q associated with the leading term,

in lexicographical order, of the expanded version of Bq;k:

(4.5)

Identifying the coefficients of these “Lyndon monomials” results in the desired
polynomial system (4.4).
To be more precise we note that, in general, a given Lyndon monomial
shows up in different expanded commutators. Therefore, equating coefficients
of Lyndon monomials will not directly result in the system (4.4) but, as a
consequence of (4.5), in an equivalent system which is obtained from (4.4) by
premultiplication with a regular triangular matrix, see [3].

For the underlying theoretical background concerning Lyndon bases in free Lie
algebras, we refer to [8]. For a detailed illustration of our approach for order p D 5,
see Example 2 from [3]. In the following example we reconsider the case s D p D 3.

Example 4.7.1 For s D 3 we have [see (4.3)]

d

dt
L.0/ D �a1 C a2 C a3 � 1

�
AC �b1 C b2 C b3 � 1

�
B;

d2

dt2
L.0/ D �.a1 C a2 C a3/

2 � 1�A2
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C �2a1.b1 C b2 C b3/C 2a2.b2 C b3/C 2a3b3 � 1
�
AB

C �2a2b1 C 2a3.b1 C b2/ � 1
�
BA

C �.b1 C b2 C b3/
2 � 1�B2;

Assume that a1 C a2 C a3 D 1 and b1 C b2 C b3 D 1 such that d
dt L.0/ D 0. Then

substituting a1 D 1�a2�a3 and b3 D 1�b1�b2 into d2

dt2 L.0/ gives the commutator
expression

d2

dt2
L.0/ D ��2a2b1 C 2a3.b1 C b2/ � 1

�
ŒA;B�:

Therefore the system

a1 C a2 C a2 D 1
b1 C b2 C b3 D 1

a2b1 C a3.b1 C b2/ D 1

2

represents a set of conditions for order p D 2.
Extending this computation to p D 3 by hand is already somewhat laborious.

However, from the above considerations we know that assuming the conditions for
order p D 2 are satisfied, then

d2

dt2
L.0/ D �AABŒA; ŒA;B��C �ABBŒŒA;B�;B�;

where

�AAB D coefficient of the power product A2B in the expression (4.3) for
d2

dt2
L.0/;

�ABB D coefficient of the power product AB2 in the expression (4.3) for
d2

dt2
L.0/:

Here the two independent commutators ŒA; ŒA;B�� and ŒŒA;B�;B� are represented by
the associative Lyndon words “AAB” and “ABB.” In computer algebra, extraction of
the coefficients �AAB and �ABB from the symbolic expression d2

dt2
L.0/ is straightfor-

ward. In this way we end up with the system

a1 C a2 C a3 D 1
b1 C b2 C b3 D 1
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a2b1 C a3.b1 C b2/ D 1

2

a2b
2
1 C a3

�
b1 C b2

�2 D 1

3

.a2 C a3/
2b1 C a23b2 D

1

3

representing a set of order conditions for order p D 3. The system is equivalent to
the one found in Lemma 4.6.2. We note that there is a one-dimensional zero solution
manifold containing well-known rational solutions, e.g.,

a1 D 7

24
; a2 D 3

4
; a3 D � 1

24
;

b1 D 2

3
; b2 D �2

3
; b3 D 1:
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Chapter 5
Cohomology Operations Defining Cohomology
Algebra of the Loop Space

Tornike Kadeishvili

Abstract According to the minimality theorem (Kadeishvili, Russ Math Surv
35(3):231–238, 1980), on the cohomology H�.X/ of a topological space X there
exists a sequence of operations mi W H�.X/˝i ! H�.X/; i D 2; 3; : : : which
form a minimal A1-algebra .H�.X/; fmig/. This structure defines on the bar
construction BH�.X/ a correct differential dm so that .BH�.X/; dm/ gives coho-
mology modules of the loop space H�.˝X/. In this paper we construct algebraic
operations Ep;q W H�.X/˝p ˝ H�.X/˝q ! H�.X/; p; q D 0; 1; 2; 3; : : : which turn
.H�.X/; fmig; fEp;qg/ into a B1-algebra. This structure defines on BH�.X/ a correct
multiplication, thus determines a cohomology algebra H�.˝X/.

5.1 Introduction

The Adams’s bar construction BC�.X/ of cochain complex .C�.X/; d;^/ of a
topological space X defines cohomology modules of the loop space H�.˝X/ [1],
but not the cohomology algebra H�.˝X/.

In [2] Baues constructed a sequence of multioperations

E1;k W C�.X/˝ C�.X/˝k ! C�.X/; k D 1; 2; 3; : : :

so that they determine on BC�.X/ a correct multiplication. That is, this structure
.C�.X/; d;^; fE1;kg/, which now is called homotopy Gerstenhaber algebra [6, 20]
(hGa in short) determines a cohomology algebra H�.˝X/.

Our aim is to transfer these structures to homology level, i.e. from C�.X/ to
H�.X/.

T. Kadeishvili (�)
A. Razmadze Mathematical Institute of Tbilisi State University, Tbilsi, Georgia
e-mail: kade@rmi.ge

© Springer International Publishing AG 2017
G. Falcone (ed.), Lie Groups, Differential Equations, and Geometry,
UNIPA Springer Series, DOI 10.1007/978-3-319-62181-4_5

85

mailto:kade@rmi.ge


86 T. Kadeishvili

Namely, according to the minimality theorem [9], the differential d W C�.X/ !
C�C1.X/ and the multiplication (cup product) ^W C�.X/ ˝ C�.X/ ! C�.X/
determine a sequence of operations

mi W H�.X/˝i ! H�.X/; i D 2; 3; : : :

which form a minimal A1-algebra .H�.X/; fmig/. This structure defines on the
bar construction BH�.X/ a correct differential dm W BH�.X/ ! BH�.X/ so
that .BH�.X/; dm/ and BC�.X/ have isomorphic homology modules, thus this
object .H�.X/; fmig/ which is called cohomology A1-algebra of X, determines
cohomology modules of the loop space H�.˝X/. But not the cohomology algebra
H�.˝X/.

In this paper, as the next step, we transport on cohomology level Baues’s
operations

E1;k W C�.X/˝ C�.X/˝k ! C�.X/; k D 1; 2; 3; : : : ;

so we obtain algebraic operations

Ep;q W H�.X/˝p ˝ H�.X/˝q! H�.X/; p; q D 0; 1; 2; 3; : : :

which turn .H�.X/; fmig; fEp;qg/ into a B1-algebra. These operations define
on BH�.X/ a correct multiplication, which determines the cohomology algebra
H�.˝X/.

Now we describe the algebraic framework for the above, where we will work.
For a differential graded algebra .A; d; �/ (dg algebra in short) the differential

d W A� ! A��1 and the multiplication � W Ap ˝ Aq ! ApCq define on the bar
construction

BA D
1X
nD0

A˝n; dim.a1 ˝ � � � ˝ an/ D
X
k

dim ak C n

a differential dB W BA! BA given by (signs are ignored, let us work over Z2)

dB.a1 ˝ � � � ˝ an/ D
X
k

a1 ˝ � � � ˝ dak ˝ � � � ˝ an

C
X
k

a1 ˝ � � � ˝ �.ak; akC1/˝ � � � ˝ an (5.1)

which turns .BA; dB;rB/ into a dg coalgebra with comultiplication

rB W BA! BA˝ BA;

rB.a1 ˝ � � � ˝ an/ D
nX

kD0
.a1 ˝ � � � ˝ ak/˝ .akC1 ˝ � � � ˝ an/: (5.2)
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To catch the multiplicative structure, there exists the notion of homotopy
Gerstenhaber algebra, see [6] and [20] (hGa in short), which we describe below, and
which allows to construct a correct multiplication on the bar construction. This is an
additional structure on a dg algebra .A; d; �/, consisting of a sequence of operations

E1;k W A˝ A˝k ! A; k D 1; 2; 3; : : :

which determine on BA a multiplication �E W BA ˝ BA ! BA turning
.BA; dB;rB; �E/ into a dg bialgebra. In [2] Baues has constructed such a structure
in A D C�.X/, so that BC�.X/ gives the cohomology algebra H�.˝X/.

We are going to transfer this structure to the homology level, i.e. from A to H.A/
aiming BA and BH.A/ to carry the same amount of information.

Note that for a dg algebra .A; d; �/ its homology H.A/ is also a dga with trivial
differential and induced multiplication �� W H.A/˝ H.A/ ! H.A/. But generally
the bar constructions BA of dg algebra .A; d; �/ and the bar construction BH.A/ of
dg algebra .H.A/; d D 0; ��/ have different homologies. This means that stepping
from .A; d; �/ to .H.A/; d D 0; ��/ we lose part of information.

This lose compensates the minimality theorem from [9] which states that the
homology H.A/ of a dg algebra .A; d; �/ (all Hi.X/-s are assumed free) can be
equipped with a sequence of multioperations

mi W H.A/˝i! H.A/; i D 1; 2; 3; : : : I m1 D 0; m2 D ��

turning .H.A/; fmig/ into a minimal A1-algebra in the sense of Stasheff [19] which
is weak equivalent to dga .A; d; �/ in a certain category. These A1 operations fmig
determine on BH.A/ a new, perturbed differential dm W BH.A/! BH.A/ by

dm.a1˝ � � � ˝an/ D
X
k;i

a1˝ � � � ˝ak˝mi.akC1˝ � � � ˝akCi/˝akCiC1˝ � � � ˝an

so that BA and .BH.A/; dm/ have isomorphic homology modules.
The aim of this paper is to construct for a hGa .A; d; �; fE1kg/ on its homology

A1-algebra .H.A/; fmig/ a certain additional structure, the so-called B1 algebra
[8], consisting of multioperations

Ep;q W H.A/˝p ˝ H.A/˝q ! H.A/; p; q D 0; 1; 2; 3; : : : ;

which determines on BH.A/ a correct multiplication so that the bar constructions
BH.A/ and BA will have isomorphic homology algebras.

Remark This can be summarized as follows: If A is a dg algebra, hGa, or a
commutative dg algebra, then H.A/ becomes, respectively, an A1 [9], B1 (present
paper), or C1 [12] algebra (a commutative version of A1).

The plan of the paper is as follows. In the section Preliminaries we present the
notions, facts, and constructions needed for the main goal of the paper. Namely,



88 T. Kadeishvili

in Sect. 5.2.1 we present the notions of A1-algebra and A1-morphisms, their
interpretation in terms of bar construction. Then in Sect. 5.2.2 we discuss the
notions of twisting cochains and their equivalence, again with interpretation in
terms of bar construction, and present the Berikashvili’s theorem about the functor
D—the set of equivalence classes of twisting cochains. In the next Sect. 5.2.3 we
generalize all these notions and facts about twisting cochains from dg algebras to
A1-algebras and prove the lifting theorem for these A1-twisting cochains, which
is our main technical tool. The next Sect. 5.2.4 is dedicated to the notion of B1-
algebra, its particular case hGa, to the interpretation of these notions in terms of
twisting cochains; moreover, three remarkable and generic examples of homotopy
Gerstenhaber algebras are given. In Sect. 5.3, using this theorem about the lifting
of A1-twisting cochains, we transport the hGa structure existing on a dg algebra
A to the B1-algebra structure on its homology H.A/. In the final section we use
the obtained structures in a topological framework, to obtain a B1-algebra structure
on the cohomology H�.X/ which determines the cohomology algebra of the loop
space H�.˝X/.

5.2 Preliminaries

In this section we give some notions and constructions needed for the goal of the
paper.

5.2.1 Category of A1-Algebras

The notion of A1-algebra was introduced by James Stasheff in [19]. This is a
generalization of the notion of differential graded algebra, where one of the defining
conditions, namely the associativity of the multiplication, is satisfied not strictly but
up to certain higher homotopies.

The notion of A1-algebra gave rise to a series of notions of so-called homotopy
algebras, where various axioms are fulfilled not strictly but up to some higher
homotopies, such as: C1-algebra which is the commutative version of A1-algebra;
homotopy Gerstenhaber algebra (hGa) where the commutativity is satisfied up to
homotopy; its generalization B1-algebra; L1-algebra, where the Jacobi identity is
satisfied up to homotopy; H1, the homotopy version of dg Hopf algebra where the
connection between multiplication and comultiplication is satisfied up to homotopy,
etc.
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5.2.1.1 A1-Algebras

An A1-algebra [19] is a graded module M with a given sequence of operations

fmi W M˝i ! M; i D 1; 2; : : : ; degmi D i � 2g

which satisfies the following conditions

X
iCjDnC1

n�jX
kD0
˙mi.a1˝ � � � ˝ ak ˝mj.akC1˝ � � � ˝ akCj/˝ � � � ˝ an/ D 0: (5.3)

In particular, for the operation m1 W M ! M we have degm1 D �1 and m1m1 D
0, this m1 can be regarded as a differential on M. The operation m2 W M ˝M ! M
has the degree 0 and satisfies

m1m2.a1 ˝ a2/C m2.m1a1 ˝ a2/C m2.a1 ˝ m1a2/ D 0;

i.e., m2 can be regarded as a multiplication on M and m1 is a derivation with respect
to it. Thus .M;m1;m2/ is a sort of (possibly nonassociative) dg algebra. For the
operation m3 its degree is 1 and the condition (5.3) gives

m2.m2.a1 ˝ a2/˝ a3/C m2.a1 ˝m2.a2 ˝ a3//

D m1m3.a1 ˝ a2 ˝ a3/C m3.m1a1 ˝ a2 ˝ a3/

Cm3.a1 ˝ m1a2 ˝ a3/C m3.a1 ˝ a2 ˝ m1a3/;

this means that the product m2 is homotopy associative and the appropriate chain
homotopy is m3.

5.2.1.2 Bar Construction of an A1-Algebra

The meaning of higher operations mi can be clarified using the notion of bar
construction of an A1-algebra .M; fmig/. It is, as above

BM D
1X
kD0

M˝k; dim.a1 ˝ � � � ˝ an/ D
X
k

dim ak C n

but it can also be represented as

BM D Tc.sM/ D �C sM C sM ˝ sM C sM ˝ sM ˝ sM C � � �
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here � is the ground ring and .sM/k D Mk�1 is the standard suspension operator.
BA is the graded coalgebra with comultiplicationrB, see (5.2). In fact it is the cofree
graded coalgebra cogenerated by M, that is it has the following universal property:

M
p � Tc.sM/


 - " f

K

(5.4)

for each graded coalgebra .K;rK W K ˝ K/ and each homomorphism 
 W K ! M
of degree �1 there exists coextension, the unique graded coalgebra map f
 W K !
Tc.sM/ such that pf
 D 
 where p W Tc.sM/! M is the clear projection. In fact f

is given by

f
 D
X
i

.
 ˝ � � � ˝ 
/r i
K (5.5)

here r i
K W K ! K˝i is the iteration of comultiplication rK :

r1K D idK ; r2K D rK ; rn
K D .id ˝rK/rn�1

K :

The main meaning of Stashef’s defining condition (5.3) of an A1-algebra
.M; fmig/ is the following. The sequence of operations fmig determines on the bar
construction BM a coderivation

dm.a1 ˝ � � � ˝ an/ D
X
k;j

a1 ˝ � � � ˝ ak ˝mj.akC1 ˝ � � � ˝ akCj/˝ � � � ˝ an;

and the Stasheffs condition (5.3) is exactly mdm D 0 where m D P
i mi W BM !

M; and this, since of cofreeness is equivalent to dmdm D 0. Consequently dm is a
differential and .BM; dm;r/ is a dg coalgebra, which is called bar construction of
A1-algebra .M; fmig/.

5.2.1.3 Morphisms of A1-Algebras

A morphism of A1-algebras f W .M; fmig/ ! .M0; fm0
ig/ can be defined as a dg

coalgebra map of bar constructions

f W B.M; fmig/! B.M0; fm0
ig/:

Because of the cofreeness of the tensor coalgebra Tc.sM/, such f is uniquely
determined by the projection

p0f W B.M; fmig/ f! B.M0; fm0
ig/

p! M0;
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which, in fact, is a collection of homomorphisms

f fi W M˝i ! M0; i D 1; 2; : : : ; deg fi D i� 1g: (5.6)

Such a collection reconstructs a coalgebra map f W Tc.sM/! Tc.M0/ by

f .a1 ˝ � � � ˝ an/ D
iX

tD1

X
k1C���CktDi

fk1 .a1 ˝ � � � ˝ ak1 /˝ � � � ˝ fkt .ai�ktC1 ˝ � � � ˝ ai/:

If we wish f to be also a chain map f W BM ! BM0, that is fdm D dm0 f , again
because of the cofreeness it suffices to check p0fdm D p0dm0 f and this in terms of
components is equivalent to the condition

i�1X
kD0

i�kX
jD1

fi�jC1.a1 ˝ � � � ˝ ak ˝ mj.akC1 ˝ � � � ˝ akCj/˝ � � � ˝ ai/

D
iX

tD1

X
k1C���CktDi

m0
t. fk1 .a1 ˝ � � � ˝ ak1/˝ � � � ˝ fkt .ai�ktC1 ˝ � � � ˝ ai//;

(5.7)

see, for example, [9, 12].
So a morphism of A1-algebras f W B.M; fmig/! B.M0; fm0

ig/ can be defined as
a collection of homomorphisms f fig satisfying the condition (5.7).

These conditions particularly imply f1m1 D m1f1, i.e. f1 W .M;m1/ ! .M0;m0
1/

is a chain map. We define a weak equivalence of A1-algebras as a morphism f fig
where f1 induces homology isomorphism.

It follows easily from the definitions that an A1-algebra .M; fmig/ with m>2 D 0
is just a dg algebra, and an A1-algebra morphism

f fig W .M; fm1;m2; 0; 0; : : :g/! .M0; fm0
1;m

0
2; 0; 0; : : :g/

with f>1 D 0 is just a multiplicative chain map, thus the category of dg algebras is a
subcategory of A1-algebras.

Assigning to .M; fmig/ its bar construction .BM; dm;r/ we obtain a functor from
the category of A1-algebras to the category of dg coalgebras.

5.2.1.4 Minimal A1-Algebras

An A1-algebra .M; fmig/we call minimal if m1 D 0; in this case, .M;m2/ is strictly
associative graded algebra, see (5.3) for n D 3. Suppose

f W .M; fmig/! .M0; fm0
ig/
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is a weak equivalence of minimal A1-algebras, then f1 W .M;m1 D 0/! .M0;m0
1 D

0/, which by definition should induce isomorphism of homology, is automatically
an isomorphism. It is not hard to check that, in this case, f is an isomorphism in the
category of A1-algebras, thus each weak equivalence of minimal A1-algebras is
an isomorphism. This fact motivates the word minimal in this notion: the Sullivan’s
minimal model has similar property—a weak equivalence of minimal dg algebras is
an isomorphism.

Let us repeat the minimality theorem from [9] mentioned in Introduction.

Theorem 1 For a dg algebra .A; d; �/ its homology H.A/ (all Hi.X/-s are assumed
free) can be equipped with a sequence of multioperations

mi W H.A/˝i! H.A/; i D 1; 2; 3; : : : I m1 D 0; m2 D ��

turning .H.A/; fmig/ into a minimal A1-algebra in sense of Stasheff [19] for which
m2 D �� and there exists a weak equivalence of A1-algebras

f fig W .H.A/; fmig/! .A; fm1 D d;m2 D �;m3 D 0;m4 D 0; : : :g/:

This A1-algebra structure is unique up to isomorphism in the category of A1-
algebras.
In particular, BA and .BH.A/; dm/ have isomorphic homology modules.

5.2.2 Twisting Cochains

Let .K; dK ;rK W K ! K ˝ K/ be a dg coalgebra and .A; dA; �/ be a dg algebra.
Consider the cochain complex Hom.K;A/ which is a dg algebra with differential
d
 D dA
 C 
dK , multiplication 
 ^  D �.
 ˝  /rK , and grading
Homq.K;A/ D f f W K� ! A�Cqg.

A twisting cochain is defined as a homomorphism 
 W K ! A of degree �1 (that
is, 
 W K� ! A��1) satisfying the Brown’s condition [4]

d
 D 
 ^ 
 (5.8)

(Maurer–Cartan equation, master equation in other terms). Let T.K;A/ be the set of
all twisting cochains.

Bellow assume that .A; dA; �/ is connected, that is nonnegative A<0 D 0 and
A0 D �; dAjA1 D 0. Then a twisting cochain 
 W K ! A can be presented as


 D 
2 C 
3 C � � � C 
n C � � � ; 
n D 
jKn W Kn ! An�1;
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and the Brown’s condition for components 
n means

dA
n D 
n�1dK C
n�2X
iD2


i ^ 
n�i:

5.2.2.1 Twisting Cochains and the Bar Construction

Because of the universal property (5.4) any homomorphism 
 W K ! A of degree
�1 induces a graded coalgebra map f
 W K ! Tc.sA/ by

f
 D
X
i

.
 ˝ � � � ˝ 
/r i
K :

If, in addition, 
 W K ! A is a twisting cochain, that is satisfies the Brown’s
condition (5.8), then f
 W K ! B.A/ is a chain map, i.e. is a map of dg coalgebras:
the projection of the condition dBf
 D f
dK on A gives pdBf
 D pf
dK and this is
exactly d
 D 
 ^ 
.

Conversely, any dg coalgebra map f W K ! BA is f
 for 
 D pıf W K ! BA! A.
In fact we have a bijection Mordgcoalg.K;BA/$ T.K;A/.

5.2.2.2 Equivalence of Twisting Cochains

Two twisting cochains 
; W K ! A are equivalent [3] if there exists c W K !
A; deg c D 0, such that

 D 
 C cdK C dAcC  ^ cC c^ 
; (5.9)

notation 
 
c  .
This notion of equivalence allows to perturb twisting cochains. Let


 D 
2 C 
3 C � � � C 
n C � � � W K ! A

be a twisting cochain, and let’s take an arbitrary cochain c D cn W Kn ! An. Then
there exists a twisting cochain Fcn
 D  W K ! A such that 
 
cn  . Actually the
components of the perturbed twisting cochain

Fcn
 D  D  2 C  3 C � � � C  n C � � �

can be solved from (5.9) inductively, and the solution in particular gives that the
perturbation Fcn
 does not change the first components, i.e.  i D 
i for i < n and
 n D 
n C dAcn.
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5.2.2.3 Equivalence Twisting Cochains and Homotopy of Induced Maps

In the category of dg coalgebras there is the following notion of homotopy: two dg
coalgebra maps f ; g W .K; dK;rK/ ! .K0; dK0 ;rK0/ are homotopic, if there exists
D W K ! K0 of degreeC1 such that dK0DCDdk D f �g, i.e. the chain maps f and g
are chain homotopic, and additionally the homotopy D is a f � g-coderivation, that
is rK0D D . f ˝ DCD˝ g/rK:

If 
 
c  , then f
 and f are homotopic in this sense: chain homotopy D.c/ W
K ! BA is given by

D.c/ D
X
i;j

. ˝ � � � . j-times/ � � � ˝  ˝ c˝ 
 ˝ � � � ˝ 
/r i
K ; (5.10)

it satisfies f
 � f D dBD.c/C D.c/dK because the projection of this condition on
A gives pf
 � pf D pdBD.c/ C pD.c/dK and this is exactly the condition (5.9).
Besides, D.c/ is a f
 � f -coderivation, that is

rBD.c/ D . f ˝ D.c/C D.c/˝ f
/rK ;

this also follows from the universal property of tensor coalgebra and the extension
rule (5.10).

5.2.2.4 Functor D

Berikasvili’s functor D.K;A/ is defined as the factorset D.K;A/ D M.K;A/
� .

Assigning to a twisting chain 
 W K ! A the dg coalgebra map f
 W K ! BA
and having in mind that 
 
c  implies f
 
D.c/ f we obtain a bijection
D.K;A/ $ ŒK;BA� where ŒK;BA� denotes the set of chain homotopy classes in
the category of dg coalgebras.

Any dg algebra map f W A ! A0 induces the map T.K;A/ ! T.K;A0/: if 
 W
K ! M is a twisting cochain so is the composition f
 W K ! A! A0. Moreover, if

 
c 


0, then f
 
fc f
0. Thus we have a map D. f / W D.K;A/! D.K;A0/.

Theorem 2 (Berikashvili [3]) Let .K; dK ;rK/ be a dg coalgebra with free Kis
and .A; dA; �A/ be a connected dg algebra. If f W A ! A0 is a weak equivalence of
connected dg algebras (i.e., homology isomorphism), then

D. f / W D.K;A/! D.K;A0/

is a bijection.
In fact this theorem means that ŒK;BA� ! ŒK;BA0� is a bijection. The theorem

consists of two parts:

Surjectivity Any twisting cochain 
 W K ! A0 can be lifted to a twisting cochain
 W K ! A so that 
 
 f .
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Injectivity If  
  0 2 T.K;A/, then f 
 f 2 T.K;A0/.

5.2.2.5 Lifting of Twisting Cochains

Below we’ll need the surjectivity part of this theorem whose proof we sketch here.

Theorem 3 Let .K; dK;rK/ be a dg coalgebra with free Kis and let f W
.A; dA; �A/ ! .A0; dA0; �A0/ be a weak equivalence of connected dg algebras,
then for an arbitrary twisting cochain


 D 
2 C 
3 C � � � C 
n C � � � W K ! A0

there exists a twisting cochain

 D  2 C  3 C � � � C  n C � � � W K ! A

such that 
 
 f .

Proof Start with a twisting cochain 
 D 
2C 
3C � � � C 
nC � � � W K ! A0: The
condition (5.8) gives dA
2 D 0, and since f W A ! A0 is a homology isomorphism
then there exist  2 W K2 ! A1 and c0

2 W K2 ! A0
2 such that dA 2 D 0 and f 2 D


2C dA0c0
2 (we assume all Kn’s are free modules). Perturbing 
 by this c0

2 we obtain
new twisting cochain Fc0

2

 for which .Fc0

2

/2 D 
2 C dA0c0

2 D f 2. So we can
assume that 
2 D f 2.

Assume now that we already have  2;  3; : : : ;  n�1 which satisfy (5.8) in
appropriate dimensions and f k D 
k; k D 2; 3; : : : ; n � 1. We need the next
component  n W Kn ! An�1 such that

dA n D  n�1dK C
n�2X
iD2

 i ^  n�i

and c0
n W Kn ! A0

n such that f n D 
n C dA0c0
n. Then perturbing 
 by c0

n we obtain
new 
n for which f n D 
n, and this will complete the proof.

Let us denote by

Un D  n�1dK C
n�2X
iD2

 i ^  n�i W Kn ! An�2;

U0
n D 
n�1dK C

n�2X
iD2


i ^ 
n�i W Kn ! A0
n�2:

So we have U0
n D dA0
n and we want  n W Kn ! An�1; c0

n W Kn ! A0
n such that

Un D dA n and f n D 
n C dA0c0
n.
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First, it is not hard to check that dAUn D 0 that is Un mapsKn to cycles Z.An�2/ �
An�2.

Then

f Un D f

 
 n�1dK C

n�2X
iD2

 i ^  n�i

!
D f n�1dK C

n�2X
iD2

f i ^ f n�i

D 
n�1dK C
n�2X
iD2


i ^ 
n�i D U0
n D dA
n;

thus, f Un maps Kn to boundaries B.An�2/ � An�2. Since f W A! A0 is a homology
isomorphism, there exist  n W Kn ! An�1 such that dA n D Un:

Now we must take care on the condition f n D 
n. It is clear that dAf n D dA
n.
Let us denote by z0

n D f n � 
n; this is the homomorphism which maps Kn to
cycles Z.A0

n�1/. Again, since f W A ! A0 is a homology isomorphism there exist
zn W Kn ! Z.An�1/ and c0

n W Kn ! A0
n such that fzn D z0

n � dA0c0
n. Let us define

 n D  n � zn. Then dA n D dA n and

f n D f n � fzn D .
n C z0
n/ � .z0

n � dA0c0
n/ D 
n C dA0c0

n:

Perturbing 
 by this c0
n we obtain Fc0

n

 for which .Fc0

n

/n D 
n C d0

Ac
0
n D f n.

5.2.3 A1-Twisting Cochains

Now we want to replace in the definition of a twisting cochain a dg algebra .A; dA; �/
with an A1-algebra .M; fmig/, see [10, 13].

An A1-twisting cochain we define as a homomorphism 
 W K ! M of degree
�1 satisfying the condition

1X
kD1

mk.
 ˝ � � � ˝ 
/rk
K D 
dK : (5.11)

Let T1.K;M/ be the set of all A1-twisting cochains.
We assume that our A1-algebras .M; fmig/ are connected, that is M D

fM1;M2; : : : g. In this case any A1-twisting cochain 
 W K ! M has components


 D 
2 C 
3 C � � � C 
n C � � � W K ! M;
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here 
n W Kn ! Mn�1 is the restriction of 
 on Kn. The condition (5.11) restricted
on Kn gives

int.n=2/X
iD1

X
k1C���kiDn

mi.
k1 ˝ � � � ˝ 
ki/rk
K D 
n�1dK: (5.12)

5.2.3.1 A1-Twisting Cochains and the Bar Construction

Because of the universal property (5.4) any homomorphism 
 W K ! M of degree
�1 induces a graded coalgebra map, f
 W K ! Tc.sM/ (coextension of 
) by

f
 D
X
i

.
 ˝ � � � ˝ 
/r i
K :

If, in addition, 
 W K ! M is an A1-twisting cochain, that is satisfies the
condition (5.11), then f
 W K ! B.M/ is a chain map, i.e. is a map of dg coalgebras:
the projection of the condition dBf
 D f
dK on M gives pdBf
 D pf
dK and this is
exactly (5.11).

Conversely, any dg coalgebra map f W K ! BM is f
 for 
 D pı f W K ! BM!
M. In fact we have a bijection Mordgcoalg.K;BM/$ T1.K;M/.

5.2.3.2 Equivalence A1-Twisting Cochains

Two A1-twisting cochains 
; W K ! M we call equivalent if there exists c W K !
M; deg c D 0, such that

 �
 D cdKC
X
k;j

mk. ˝ � � � . j-times/ � � � ˝ ˝c˝
˝ � � � ˝
/rk; (5.13)

notation 
 
c  .
This notion of equivalence allows us to perturb A1-twisting cochains. Let


 D 
2 C 
3 C � � � C 
n C � � � W K ! M

be an A1-twisting cochain and let’s take an arbitrary cochain cn W Kn ! Mn. Then
there exists a twisting cochain Fcn
 D  W K ! M such that 
 
cn  . Actually the
components of perturbed twisting cochain

Fcn
 D  D  2 C  3 C � � � C  n C � � �

can be solved from (5.13) inductively, and the solution in particular gives  i D 
i
for i < n and  n D 
n C m1cn.
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5.2.3.3 Equivalence A1-Twisting Cochains and Homotopy of Induced
Maps

If 
 
c  , then f
 and f are homotopic in the category of dg coalgebras: chain
homotopy D1.c/ W K ! BM is given by

D1.c/ D
X
i;j

. ˝ � � � . j-times/ � � � ˝  ˝ c˝ 
 ˝ � � � ˝ 
/r i
K ; (5.14)

which automatically is a f
 � f -coderivation, that is

rBD1.c/ D . f ˝ D1.c/C D1.c/˝ f
/rK ;

and it satisfies f
 � f D dBD1.c/ C D1.c/dK since the projection of this
condition on M gives pf
 � pf D pdBD1.c/ C pD1.c/dK and this is exactly
the condition (5.13).

5.2.3.4 Functor D1

We denote by D1.K;M/ the factorset D1.K;M/ D T1.K;M/
� . Thus we have a

bijection ŒK;BM�$ D.K;M/.
Assigning to an A1-twisting cochain 
 W K ! M the dg coalgebra map f
 W

K ! BM and having in mind that 
 
c  implies f
 
D1.c/ f we obtain a
bijection D1.K;A/$ ŒK;BM�.

Suppose f D f fig W .M; fmig/ ! .M0; fm0
ig/ is a morphism of A1-algebras and


 W K ! M is an A1-twisting cochain. Then it is possible to show that f .
/ W K !
M0 given by

f .
/ D
X
i

fi.
 ˝ � � � ˝ 
/r i
K (5.15)

is an A1-twisting cochain too. Actually this follows from bar construction interpre-
tation: the composition of dg coalgebra maps

B. f / ı f
 W K ! BM ! BM0

is the coextension of the twisting cochain pB. f / ı f
 which is exactly f .
/.
Moreover, if 
 
c  , then f .
/ 
c0 f . / with c0 W K ! M0 given by

c0 D
X
i;j

fi. ˝ � � � . j-times/ � � � ˝  ˝ c˝ 
 ˝ � � � ˝ 
/r i
K :

Again this follows from bar construction interpretation: If 
 
c  , then f
; f W
K ! BM are homotopic dg coalgebra maps, and the corresponding homotopy
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D1.c/ is given by (5.14). This implies that the compositions B. f / ı f
; B. f / ı f W
K ! BM0 are homotopic by homotopy B. f / ı D1.c/ W K ! M0 and the projection
p ı B. f / ı D1.c/ W K ! BM! BM0 ! M0 is exactly c0. This gives

f .
/ D pB. f /f
 
c0 pB. f /f D f . /:

Thus we have a map D1. f / W D1.K;M/! D1.K;M0/.
The following theorem is an analog of Berikashvilis’s Theorem 2 for A1-

algebras and was proved in [10].

Theorem 4 Let .K; dK ;rK/ be a dg coalgebra with free Kis and .M; fmig/ be a
connected dg algebra. If f D f fig W .M; fmig/ ! .M0; fm0

ig/ is a weak equivalence
of A1-algebras, then

D1. f / W D1.K;M/! D1.K;M0/

is a bijection.
In fact this theorem means that ŒK;BM� ! ŒK;BM0� is a bijection. The theorem

consists of two parts:

Surjectivity Any A1-twisting cochain 
 W K ! M0 can be lifted to an A1-twisting
cochain  W K ! M so that 
 
 f .

Injectivity If  
  0 2 T1.K;M/, then f 
 f 2 T1.K;M0/.

5.2.3.5 Lifting of A1-Twisting Cochains

Below we’ll use the surjectivity part of this theorem whose proof we sketch here.

Theorem 5 Let .K; dK;rK/ be a dg coalgebra with free Kis and let f W .M; fmig/!
.M0; fm0

ig/ be a weak equivalence of connected A1-algebras (that is, M0 D M0
0 D

0). Then for an arbitrary A1-twisting cochain


 D 
2 C 
3 C � � � C 
n C � � � W K ! M0

there exists an A1-twisting cochain

 D  2 C  3 C � � � C  n C � � � W K ! M

such that 
 
 f .

Proof Start with an A1-twisting cochain


 D 
2 C 
3 C � � � C 
n C � � � W K ! M0:

The condition (5.11) gives m1
2 D 0, and since f W .M;m1/! .M0m0
1/ is homology

isomorphism then there exist  2 W K2 ! M1 and c0
2 W K2 ! M0

2 such that m1 2 D 0
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and f 2 D 
2 Cm0
1c

0
2. Perturbing 
 by this c0

2 we obtain Fc0
2

 for which .Fc0

2

/2 D


2 C m0
1c

0
2 D f 2.

Assume now that we already have  2;  3; : : : ;  n�1 which satisfy (5.11)
and (5.15) in appropriate dimensions, that is

m1 k D  k�1dK C
int.k=2/X
iD2

X
k1C���kiDk

mi. k1 ˝ � � � ˝  ki /rk
K ; k D 2; 3; : : : ; n � 1

(5.16)

and


k D
int.k=2/X
iD1

X
k1C���CkiDk

fi. k1 ˝ � � � ˝  ki/r i
K ; k D 1; 2; : : : ; n � 1: (5.17)

We need the next component  n W Kn ! An�1 satisfying the condition (5.16) for
k D n

m1 n D  n�1dK C
int.n=2/X
iD2

X
k1C���kiDn

mi. k1 ˝ � � � ˝  ki/rk
K ; (5.18)

and c0
n W Kn ! A0

n such that

m1c
0
n C 
n D

int.n=2/X
iD1

X
k1C���CkiDn

fi. k1 ˝ � � � ˝  ki/r i
K : (5.19)

Then perturbing 
 by c0
n we obtain new 
n for which the condition (5.17) will be

satisfied for k D n and this will complete the proof.
Let us put

Un D  n�1dK C
int.n=2/P
iD2

P
k1C���kiDn mi. k1 ˝ � � � ˝  ki /rk

K ;

U0
n D 
n�1dK C

int.n=2/P
iD2

P
k1C���kiDn mi.
k1 ˝ � � � ˝ 
ki/rk

K

Vn D
int.n=2/P
iD2

P
k1C���CkiDn

fi. k1 ˝ � � � ˝  ki/r i
K :

Then the needed conditions (5.18) and (5.19) look as

Un D m1 n; m0
1c

0
n C 
n D f1 n C Vn:

First, it is possible to check that m1Un D 0 and f1Un D U0
n C m0

1Vn. Having in
mind that U0

n D m0
1
n the last condition means f1Un D m0

1.
nCVn/. So Un is a map
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to m1-cycles

Un W Kn ! Z.Mn�2/ � Mn�2

and f1Un maps Kn to boundaries

f1Un W Kn ! B.M0
n�2/ � Mn�2:

Then since f1 W .M;m1/ ! .M0;m0
1/ is a homology isomorphism, there exist  n W

Kn ! Mn�1 such that m1 n D Un: So our  n satisfies (5.18). Now let us perturb
this 
 in order to catch the condition (5.19) too.

Using the above equality f1Un D m0
1.
n C Vn/, we have

m0
1f1 n D f1m1 n D f1Un D m0

1.
n C Vn/

i.e., m0
1. f1 n � .
n C Vn// D 0. Thus

z0
n D . f1 n � .
n C Vn// W Kn ! Z.M0

n�1/;

and again, since f1 W .M;m1/ ! .M0;m0
1/ is a homology isomorphism there exist

zn W Kn ! Z.Mn�1/ and c0
n W Kn ! M0

n such that z0
n D f1zn � m0

1c
0
n. Let’s define

 n D  n � zn. Then

f1 n D f1 n � f1zn D .z0
n C 
n C Vn/ � .z0

n � m0
1c

0
n/ D 
n C Vn:

5.2.4 B1-Algebras

The notion of B1-algebra was introduced in [2, 8] as an additional structure on a
dg module .A; d/ which turns the tensor coalgebra Tc.sA/ (i.e., the bar construction
BA) into a dg bialgebra. So it requires differential

ed W BA! BA;

which should be a coderivation with respect to standard coproduct of BA, and a
(maybe nonassociative) multiplication

e� W .BA;ed/˝ .BA;ed/! .BA;ed/

which should be a map of dg coalgebras, with 1� 2 � � BA as a unit element.
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It is mentioned above (see also, for example, [9, 12, 18]) that the specification of
such ed is equivalent to the specification on A of a structure of A1-algebra, namely
of a sequence of operations fmi W ˝iA ! A; i D 1; 2; 3; : : :g subject of Stasheff’s
conditions (5.3).

As for the multiplication

e� W B.A; fmig/˝ B.A; fmig/! B.A; fmig/

by definition of a dg bialgebra it must be a map of dg coalgebras. Consequently it is
uniquely determined by an A1-twisting cochain, say

E�;� W B.A; fmig/˝ B.A; fmig/! .A; fmig/: (5.20)

In turn such a twisting cochain is represented by a sequence of operations

fEpq W A˝p ˝ A˝q ! A; p; q D 0; 1; 2; 3; : : :g

satisfying certain coherency conditions together with A1 operations fmig which
follow from the Brown’s condition (5.11).

So a B1-algebra is a graded module equipped with two sets of algebraic
multioperations .A; fmig; fEp;qg/.

The particular case of a B1-algebra of type m>3 D 0 is called a Hirsch
algebra, and the particular case of a Hirsch algebra with E>1;q D 0 satisfying
certain additional conditions is called homotopy Gerstenhaber algebra, see below.
We address the reader for more explanations of these structures to [13, 15]. In fact
the present description is enough for this paper.

5.2.4.1 Homotopy G-Algebras

A particular case of B1-algebra is the homotopy G-algebra (hGa in short), the
notion was introduced in [6, 20] by M. Gerstenhaber and A. Voronov. This is
a dg object whose homology carries a Gerstenhaber algebra structure, that is a
commutative multiplication and a Lie bracket well connected to each other. From
another point of view a hGa is a dg algebra with “good” ^1 product. In fact the
mentioned Lie bracket is induced by the commutator of ^1.

Definition A homotopy G-algebra is defined as a dg algebra .A; d; �/ with a given
sequence of operations

E1;k W A˝ .A˝k/! A; k D 0; 1; 2; 3; : : :
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(the value of the operation E1;k on a˝ b1 ˝ � � � ˝ bk 2 A˝ .A˝ � � � ˝ A/ we write
as E1;k.aI b1; : : : ; bk/) which satisfies the conditions

E1;0 D id; (5.21)

dE1;k.aI b1; : : : ; bk/C E1;k.daI b1; : : : ; bk/C
X
i

E1;k.aI b1; : : : ; dbi; : : : ; bk/

D b1 � E1;k�1.aI b2; : : : ; bk/C E1;k�1.aI b1; : : : ; bk�1/ � bk
C
X
i

E1;k�1.aI b1; : : : ; bi � biC1; : : : ; bk/; (5.22)

E1;k.a1 � a2I b1; : : : ; bk/
D a1 � E1;k.a2I b1; : : : ; bk/C E1;k.a1I b1; : : : ; bk/ � a2

C
k�1X
pD1

E1;p.a1I b1; : : : ; bp/ � E1;m�p.a2I bpC1; : : : ; bk/; (5.23)

E1;n.E1;m.aI b1; : : : ; bm/I c1; : : : ; cn/
D

X
06i16j16:::6im6jm6n

E1;n�. j1C���Cjm/C.i1C���Cim/Cm.aI c1; : : : ; ci1 ;E1;j1�i1 .b1I ci1C1; : : : ; cj1 /;
cj1C1; : : : ; ci2 ;E1;j2�i2 .b2I ci2C1; : : : ; cj2 /; cj2C1; : : : ; cim ;
E1;jm�im.bmI cimC1; : : : ; cjm/; cjmC1; : : : ; cn/: (5.24)

Let us present these conditions in low dimensions.
The condition (5.22) for k D 1 looks as

dE1;1.aI b/C E1;1.daI b/C E1;1.aI db/ D a � bC b � a: (5.25)

So the operation E1;1 is a sort of ^1 product: it is the chain homotopy which
measures the noncommutativity of A. Below we denote E1;1.aI b/ D a^1 b.

The condition (5.23) for k D 1 looks as

.a � b/ ^1 cC a � .b^1 c/C .a^1 c/ � b D 0; (5.26)

this means that the operation E1;1 D^1 satisfies the left Hirsch formula.
The condition (5.22) for k D 2 looks as

dE1;2.aI b; c/C E1;2.daI b; c/C E1;2.aI db; c/C E1;2.aI b; dc/
D a^1 .b � c/C .a^1 b/ � cC b � .a^1 c/; (5.27)
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this means that this ^1 satisfies the right Hirsch formula just up to homotopy and
the appropriate homotopy is the operation E1;2.

The condition (5.24) for n D m D 2 looks as

.a^1 b/ ^1 cC a^1 .b^1 c/ D E1;2.aI b; c/C E1;2.aI c; b/; (5.28)

this means that the same operation E1;2 measures also the deviation from the
associativity of the operation E1;1 D^1.

5.2.4.2 hGa as a B.1/-Algebra

Here we show that a hGa structure on A is a particular B.1/-algebra structure: it
induces on B.A/ D .Tc.sA/; dB/ an associative multiplication but does not change
the differential dB (see [5, 8, 13, 15]).

Let us extend our sequence fE1;k; k D 0; 1; 2; : : :g to the sequence

fEp;q W .A˝p/˝ .A˝q/! A; p; q D 0; 1; : : :g

adding

E0;1 D id; E0;q>1 D 0; E1;0 D id; Ep>1;0 D 0; (5.29)

and Ep>1;q D 0.
This sequence defines a map E W B.A/ ˝ B.A/ ! A by E.Œa1; : : : ; am� ˝

Œb1; : : : ; bn�/ D Ep;q.a1; : : : ; amI b1; : : : ; bn/. The conditions (5.22) and (5.23) mean
exactly dEC E.dB ˝ idC id˝ dB/ D E ^ E, i.e. E is a twisting cochain. Thus its
coextension is a dg coalgebra map, i.e. a correct multiplication

�E W B.A/˝ B.A/! B.A/:

The condition (5.24) can be rewritten as E.�E ˝ id/ D E.id ˝ �E/ and the
equality of these twisting cochains implies the equality of their coextensions, that is
�E.�E ˝ id D �E.id ˝ �E/ so this condition means that the multiplication �E is
strictly associative.

And the condition (5.29) implies that Œ � D 1 2 � � B.A/ is the unit for this
multiplication.

Finally we obtained that .B.A/; dB; �; �E/ is a dg bialgebra, thus a hGa is a
B.1/-algebra with strictly associative multiplication.

5.2.4.3 Three Examples of hGa-s

There are three remarkable examples of homotopy G-algebras, see [16].
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The first one is the cochain complex of 1-reduced simplicial set C�.X/. The
operationsE1;k here are dual to cooperations defined by Baues in [2], and the starting
operation E1;1 is the classical Steenrod’s^1 product.

The second example is the Hochschild cochain complex C�.U;U/ of an associa-
tive algebra U. The operations E1;k here were defined in [11] with the purpose of
describing A.1/-algebras in terms of Hochschild cochains although the properties
of those operations which were used as defining ones for the notion of homotopy
G-algebra in [6] did not appear there. These operations were defined also in [7].
Again the starting operation E1;1 is the classical Gerstenhaber’s circle product which
is sort of ^1-product in the Hochschild complex. These operations, denoted as
E1;k.aI ; b1; : : : ; bk/ D afb1; : : : ; bkg and called braces, were used in [17] in the
proof of Deligne’s hypothesis.

The third example is the cobar construction ˝C of a dg-bialgebra C. The cobar
construction ˝C of a DG-coalgebra .C; d W C ! C; � W C ! C ˝ C/ is,
by definition, a DG-algebra. Suppose now that C is additionally equipped with a
multiplication � W C ˝ C ! C turning .C; d; �; �/ into a DG-bialgebra. How
this multiplication � reflects on the cobar construction ˝C? There arises natural
hGa structure, the operations E1;k are constructed in [14]. And again the starting
operation E1;1 is classical, it is Adams’s^1-product defined for˝C in [1].

5.3 B1-Algebra Structure in Homology of a hGa

Here we turn to the problem of determining correct multiplication on the bar
construction B.H.A/; fmig/.

Suppose that .A; d; �; fE1;kg/ is a hGa. Note that by Sect. 5.2.4.2 the sequence of
operations fE1;kg determines a twisting cochain E W BA˝ BA! A.

By the Minimality Theorem [9] there exists on H.A/ a structure of minimal A1-
algebra .H.A/; fmig/ and a weak equivalence of A1-algebras

f D f fig W .H.A/; fmig/! .A; fm1 D d;m2 D �;m3 D 0;m4 D 0; : : :g/:
(5.30)

This weak equivalence induces a weak equivalence of dg coalgebras

B. f / W B.H.A/; fmig/! BA:

Composing the tensor productB. f /˝B. f /with the twisting cochainE W BA˝BA!
A determined by the given hGa structure fE1;kg we obtain a twisting cochain

E ı .B. f /˝ B. f // W B.H.A/; fmig/˝ B.H.A/; fmig/! BA˝ BA! A: (5.31)
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Now, using the lifting Theorem 5, let us lift this twisting cochain along the weak
equivalence of A1-algebras (5.30). We obtain an A1-twisting cochain

E�;� W B.H.A/; fmig/˝ B.H.A/; fmig/! .H.A/; fmig/

which in turn defines multiplication on B.H.A/; fmig/, a dg coalgebra map

�E�;� W B.H.A/; fmig/˝ B.H.A/; fmig/! B.H.A/; fmig/

i.e., a B1-algebra structure on .H.A/; fmig/.
These twisting cochains can be observed from the diagram

B.H.A/; fmig/˝ B.H.A/; fmig/
E�;��! .H.A/; fmig//

B. f /˝ B. f / # # f

BA˝ BA
E�! A:

This diagram does not commute but the twisting cochains f ı E�;� and E ı .B. f /˝
B. f // are equivalent. Consequently the following diagram of induced dg coalgebra
maps commutes up to homotopy

B.H.A/; fmig/˝ B.H.A/; fmig/
�E�;��! B.H.A/; fmig//

B. f /˝ B. f / # # B. f /

BA˝ BA
�E�! BA:

Thus the dg coalgebra weak equivalence

B. f / W B.H.A/; fmig; fEp;qg/! B.A; d; �; fE1;kg/

is multiplicative up to homotopy. Consequently it induces multiplicative isomor-
phism of their homology algebras

H.B.H.A/; fmig; fEp;qg// � H.B.A; d; �; fE1;kg//:

Finally we have the

Theorem 6 Let .A; d; �; fE1;kg/ be a hGa. Then on its homology H.A/ there
exists a structure of B1-algebra .H.A/; fmig; fEp;qg/ such that homology algebras
H.B.H.A/; fmig; fEp;qg// and H.B.A; d; �; fE1;kg// are isomorphic.
Remark For a hGa .A; d; �; fE1;kg/ the twisting cochain E W BA˝ BA! A satisfies
additional conditions (5.24) which guarantee that the induced multiplication on BA
is associative. The twisting cochain E�;� we have obtained satisfies only Brown’s
condition, but not that condition for associativity, so the obtained multiplication

�E�;� W B.H.A/; fmig/˝ B.H.A/; fmig/! B.H.A/; fmig/
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is a chain map, but nonassociative generally. Thus the bar construction
B.H.A/; fmig/ is a nonassociative bialgebra. We expect that this nonassociative
multiplication will be a part of certain A1 algebra structure on B.H.A/; fmig/
which will allow to iterate the process.

5.4 Cohomology Algebra of the Loop Space

Here we turn to the main goal of this paper, cohomology algebra H�.˝X/.
Start with a topological space X and take .A; d; �/ D .C�.X/; d;^/, the cochain

complex of X. Then, by Adams [1] we have that H.BA/ D H.BC�.X// and H�.˝X/
are isomorphic as graded modules.

As for the multiplicative structure of H�.˝X/, in [2] Baues constructed a
sequence of multioperations

E1;k W C�.X/˝ C�.X/˝k ! C�.X/; k D 1; 2; 3; : : :

turning .C�.X/; d;^; fE1;kg/ into a hGa, which determines on the bar construction
BA D BC�.X/ correct multiplication, so that we have isomorphism of graded
algebras

H.B.C�.X/; d;^; fE1;kg// � H�.˝X/:

Now we are going to transfer these structures to cohomology level, i.e. from
C�.X/ to H�.X/.

Firstly, according to minimality theorem [9], on the homology of dg algebra
.C�.X/; d;^/ appears a structure of minimal A1-algebra .H�.X/; fmig/ and a weak
equivalence of A1-algebras

f fig W .H�.X/; fmig/! .C�.X/; fm1 D d; m2 D^; m3 D 0; : : : g/;

which induces weak equivalences of their bar constructions and isomorphism of
graded modules

H.B.H�.X/; fmig// � H.BC�.X// � H�.˝X/:

Thus this object .H�.X/; fmig/, which is called cohomologyA1-algebra of X, deter-
mines cohomology modules of the loop space H�.˝X/. But not the cohomology
algebra H�.˝X/.

Now, to obtain correct multiplication on B.H�.X/; fmig/ we use the above
theorem, which for .A; d; �/ D .C�.X/; d;^/ gives

Theorem 7 Let .C�.X/; d;^; fE1;kg/ be a hGa structure on the cochain complex
of a topological space X equipped with Baues’s operations fE1;kg. Then on there
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exists on H�.X/ structure of B1-algebra .H�.X/; fmig; fEp;qg/ which determines
cohomology algebra of the loop space, that is there exists isomorphism of graded
algebras

H.B.H�.X/; fmig; fEp;qg// � H�.˝X/:

Acknowledgements The author was supported by the European Union’s Seventh Framework
Programme (FP7/2007–2013) under grant agreement no. 317721.
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Chapter 6
Half-Automorphisms of Cayley–Dickson Loops

Maria de Lourdes Merlini-Giuliani, Peter Plaumann, and Liudmila Sabinina

To the memory of Karl Strambach

In the year 1957 W.R. Scott introduced in [28] the concept of a half-homomorphism
between semi-groups. He calls a mapping ' W S1! S2 between semi-groups S1 and
S2 a half-homomorphism if the alternative

8x; y 2 S1 W '.xy/ D '.x/'. y/ or '.xy/ D '. y/'.x/ (6.1)

holds and proves the following

Theorem Every half-isomorphism of a cancellation semi-group S1 into a cancella-
tion semi-group S2 is either an isomorphism or an anti-isomorphism.

We call a half-isomorphism proper if it is neither an isomorphism nor an anti-
isomorphism. Then one finds in Scott’s paper the following result which in this
article we call Scott’s Theorem.

Theorem There is no proper half-homomorphism from a group G1 into a group G2.
In the article of Scott references are given to Hua’s Theorem [16] and to Jordan
homomorphisms [17] which give a hint where the origins of the notion of a half-
automorphism are to be searched (see also [26]).

At the end of his short article Scott gives an example of a loop S of order 8
which possesses a proper half-automorphism. Recently a systematic research on the
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existence of proper half-automorphisms of Moufang loops has begun (see [9, 10,
12, 13]). In a new manuscript [19] Kinyon et al. have shown that Scott’s Theorem
holds for a class of Moufang loops which contains all automorphic Moufang loops.

Petr Vojtechovsky gave us an example of a loop V in which the inversion map
J satisfying xJx D 1 D xxJ for all x 2 V exists (Vojtechovsky, July 2015, private
communication). The Cayley table of V is

1 2 3 4 5 6 7 8

2 1 4 7 8 5 3 6

3 5 8 1 6 4 2 7

4 3 1 8 2 7 6 5

5 4 2 6 7 8 1 3

6 7 5 3 4 1 8 2

7 8 6 2 1 3 5 4

8 6 7 5 3 2 4 1

It is easy to check that the inversion mapping J is a proper half-automorphism of
the loop V . Note that V is not a diassociative loop since in diassociative loops the
inversion always is an anti-automorphism.

In this note we exclusively study half-automorphisms of diassociative 2-loops.
A special type of half-automorphisms, which we call elementary maps [see (6.5)],
plays a particular role. We will use them as a part of a generating system of the
group of all half-automorphisms of the loops considered, if this is possible.

Sections 6.1 and 6.3 of this article are used to describe topics which are
background knowledge. In Sect. 6.1 we collect fundamentals of the Theory of Loops
which we need. Would this be an article on Group Theory, this part would not be
necessary since these facts belong to common knowledge for the variety of groups.
We try to write there only things which are necessary for our considerations. In
Sect. 6.3 we present the well-known so-called Cayley–Dickson construction of a
sequence of algebras An of dimension 2n; n > 0. We restrict ourselves to the
classical case of algebras over the field of real numbers where the multiplication
is given by (6.9). The well-known generalizations of this definition we do not need
here. The material in Sect. 6.3 is included in our text mostly to fix notations in such
a way that for the iterated doubling process one obtains canonical bases Bn for the
algebras An which allow to assume that An < AnC1 for all n.

In Sect. 6.4 we turn our view to the fact that sets Cn D Bn [ .�Bn/ are
closed under multiplication in An. Hence they form an infinite sequence of loops
Cn which are called Cayley–Dickson loops. Note that this does not contradict the
fact that Cayley–Dickson algebras of dimension > 24 have zero divisors. Cayley–
Dickson loops in particular the octonion loop C4 and the sedenion loop C5 have
been considered by several authors. We mention here publications by Kivunge and
Smith [21], Kinyon et al. [18, Sect. 7], Cawagas et al. [5] and Kirshtein [20].

Already before, in Sect. 6.2, we had presented the octonion loop C4 of order 16
which is small enough to be treated by direct computation. Theorem 6.2.2, which
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includes the fact that C4 is a Moufang loop, allows us to describe the group of all
half-automorphisms of C4 (Theorem 6.2.5). In the proof of this theorem mappings
Cn ! Cn which we call elementary mappings play a particular role.

For all Cayley–Dickson loops we have with Theorem 6.4.3 a result analogous
to Theorem 6.2.2. This allowed us to prove the existence of elementary half-
automorphisms for every Cayley–Dickson loop in Theorem 6.4.5. We could,
however, not determine the full structure of the group of half-automorphisms for
all Cayley–Dickson loops.

In Sect. 6.4 we also discuss the existence of proper half-automorphisms of code
loops (see [11]). Since the octonion loop is an example of a code loop (see [14, 15])
the elementary half-automorphisms should play a great role in the class of code
loops.

6.1 Basic Facts About Loops

The fundamental definitions and facts from the Theory of Loops are found in the
monographs of Bruck [4] and of Pflugfelder [23]. We give a short description of
facts that we need. We call a set .S; ı/ with a multiplication

.a; b/ 7! a ı b W S � S! S

a magma. Consider the left translations

La D .x 7! a ı x/ W S! S

and the right translations

Rb D .x 7! x ı b/ W S! S:

Definition 6.1.1 A loop .L; ı/ is a magma such that

(1) There is an identity element 1 2 L such that 1 ı x D x D x ı 1 for all x 2 L.
(2) All mappings La;Rb are bijections.

Given a loop L put x=y WD R�1
y .x/ and ynx WD L�1

y .x/. Then one has a universal
algebra .L; ı; =; n; 1/ of type .3; 0; 1/.

Definition 6.1.2 A loop L is a Moufang loop if it satisfies the equivalent identities

..xy/x/z D x. y.xz// (6.2)

..xy/z/y D x. y.zy// (6.3)

.xy/.zx/ D .x. yz//x (6.4)
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A loop L is called diassociative if all subloops hx; yi generated by elements x; y 2 L
are groups. Similarly a loop Q is called power-associative if all subloops of the form
hxi; x 2 Q, are groups. In [23] one finds the

Proposition 6.1.3 All Moufang loops are diassociative.
Let L be a diassociative loop. Then hxi is a group. Hence there is a unique element

x0 2 L such that xx0 D 1 D x0x. Considering the group hx; yi one sees L�1
y D Ly0

and R�1
y D Ry0 . It follows that x=y D xy0 and ynx D y0x. Thus a diassociative loop

can be considered as a universal algebra of type .1; 1; 1/ as one usually does with
groups. In this article we shall do this permanently.

Definition 6.1.4 A loop Q is called a C-loop if the identity

x. y � yz/ D .xy � y/z

holds in Q.
Information about C-loops one finds in [24] and [18]. Remembering that a loop

is called flexible if the identity x. yx/ D .xy/x holds one finds there the

Proposition 6.1.5 A flexible C-loop is diassociative.
For a loop Q one considers the multiplication groups

LMult.Q/ D hLa j a 2 Qi (left multiplication group of Q),

RMult.Q/ D hRb j b 2 Qi (right multiplication group of Q),

Mult.Q/ D hLMult.Q/[ RMult.Q/i (multiplication group of Q).

These groups act transitively on Q and give us reason to consider the inner
mapping groups

LInt.Q/ D f˚ 2 LMult.Q/ j ˚.1/ D 1g (left inner mapping group of Q),

RInt.Q/ D f˚ 2 RMult.Q/ j ˚.1/ D 1g (right inner mapping group of Q),

Int.Q/ D f˚ 2 Mult.Q/ j ˚.1/ D 1g (inner mapping group of Q).

Definition 6.1.6 A subloop of a loop Q is normal in Q if and only if it is invariant
under the group Int.Q/.

We use the notation N G Q to indicate that N is a normal subloop of Q.

Definition 6.1.7 Let Q be a loop and let � be a loop homomorphism defined on Q.
Then the set

ker � D fx 2 Q j �.x/ D 1g

is called the kernel of �.
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Proposition 6.1.8 A subloop of a loop is normal if and only if it is the kernel of a
homomorphism.
Definitions 6.1.6 and 6.1.7 together with Proposition 6.1.8 are the fundament for
the homomorphism theory of loops which resembles the homomorphism theory for
groups (see [1, 3]).

If the loop Q is a group, then the elements of Int.Q/ are just the inner
automorphisms of Q. For Moufang loops in general the inner mappings are pseudo-
automorphisms (see [23]).

Definition 6.1.9 Let Q be a diassociative loop and let ' W Q ! Q be a bijective
mapping. If

.SA/ '. yxy/ D '. y/'.x/'. y/
holds for all x; y 2 Q, then ' is called a semi-automorphism of Q.

All inner mappings of a Moufang loop are semi-automorphisms (see [23]).
It is easy to see that for a diassociative loop all half-automorphisms are semi-
automorphisms as well (see also [9]).

In particular, characteristic subloops, that is subloops which are invariant under
all automorphisms, in general not are normal.

We denote the group of automorphisms of a loop L by Aut.L/.

Definition 6.1.10 A loop L is called left (right) automorphic if all left (right)
inner mappings of L are automorphisms. If Int.L/ 	 Aut.L/, then L is called
automorphic.

In an automorphic loop all characteristic subloops are normal, a fact which makes
many considerations easier.

We now define some important characteristic respectively normal characteristic
subloops of a given loop L. Detailed information is found in [4] and [23].

1. The commutator subloop of a loop L.
For x; y 2 L the commutator is Œx; y� D xynyx
ŒL;L�—normal subloop generated by all commutators.
Note that ŒL;L� is the smallest normal subloop N of L such that L=N is a
commutative loop and that xy=yx 2 ŒL;L� for all x; y 2 L.

2. The associator subloop of a loop L.
For x; y; z 2 L the associator is .x; y; z/ D x. yz/n.xy/z
.L;L;L/—normal subloop generated by all associators.
Note that .L;L;L/ is the smallest normal subloop N of L such that L=N is a group
and that .xy/znx. yz/ 2 .L;L;L/ for all x; y; z 2 L.

3. We call�.L/ D .L;L;L/ \ ŒL;L� the radical-defect.
4. The nuclei of a loop.

The left nucleus is Nl D fu 2 L j .u; x; y/ D 1 for all x; y 2 Lg.
Analogously one defines the middle nucleus Nm and the right nucleus Nr .
The nucleus of L is N.L/ D Nl \ Nm \ Nr

5. The commutant of a loop L is C.L/ D fc 2 L j .8x 2 L/ Œc; x� D 1g
6. The center of a loop L

zL—normal closure of the subloop C.L/ \ N.L/.
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7. The Frattini subloop of a loop L.
˚.L/—normal closure of the intersection of all maximal subloops.

Note 1 For a Moufang loop M one can show that the center and N.M/ D Nl.M/ D
Nm.M/ D Nr.M/ are normal [4]. The same holds for the commutant (see [8]).

At the end of this section we cannot resist the temptation to cite R. Baer who
writes in the article [2]: “It is not the object of this address to introduce you to new
theories or to tell of great discoveries.”

6.2 Some Small Moufang Loops

1. Chein Loops In 1974 O. Chein found a construction to obtain from a given group
G a Moufang loop M.G; 2/. He used this construction efficiently in the classification
of finite Moufang loops of small order. For a finite group G and a group of order
two hui such that u … G define on the set M.G; 2// D G � hui a multiplication by

.g; 1/.h; 1/ D .gh; 1/

.g; u/.h; 1/ D .gh�1; u/

.g; 1/.h; u/ D .hg; u/

.g; u/.h; u/ D .h�1g; 1/

Theorem 6.2.1 (O. Chein [6]) If G is a finite group, then M.G; 2/ is a Moufang
loop and G� h1i is a normal subloop of M.G; 2/. Furthermore, M.G; 2/ is a group
if and only if the group G is abelian. q.e.d.

In [10] one finds much information about half-automorphisms of Chein loops.

2. Moufang Loops of Order 16 The LOOPS package of GAP1 contains a library
of loops of small order. There one finds 5 Moufang loops of order 16 which are not
groups.

MoufangLoop(16,1) - the Chein double of the dihedral group D8
MoufangLoop(16,2) - the Chein double of the quaternion group Q8
MoufangLoop(16,3) - the “octonion loop” o

MoufangLoop(16,4) -

MoufangLoop(16,5) -

For 4 of these Moufang, the loops MoufangLoop(16,1), MoufangLoop
(16,2), MoufangLoop(16,4), and MoufangLoop(16,5), we have no
satisfactory theory of the group of half-automorphisms. In [10, Theorem 7] it is

1The GAP–Groups, Algorithms, and Programming, Version 4.4.10.
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shown that a Moufang loop of even order which admits a proper half-automorphism
contains elements of order 4, but this does not help us. For MoufangLoop(16,2)
in [10, Example 8] the existence of a proper half-automorphism is shown.

We can, however, easily determine the full group of half-automorphisms of
MoufangLoop(16,3) in detail.

3. The Octonion Loop o. The octonion loop MoufangLoop(16,3) carries its
name since it is closely connected with the classical alternative division algebra
O of dimension 8 over the field R of real numbers. To obtain this finite loop one
considers the standard basis B D .1 D b1; : : : ; b8/ of the vector space O over R.
Put L D f˙b1; : : : ;˙b8g. Then L is closed under the octonion multiplication; below
one sees the multiplication table of L in some ordering of B.

Studying Table 6.1 it is easy to get the following

Theorem 6.2.2 In the octonion loop o the following statements are true:

(1) o is a loop of order 16
(2) o is a Moufang loop.
(3) In o there are one element z D �1 of order 2 and 14 elements of order 4.
(4) zx D xz for all x 2 o.
(5) If H is a subloop of o, then z 2 H.
(6) Z is a normal subloop of o which coincides with the nucleus, the center, the

associator subloop, the commutator subloop and the Frattini subloop of o.
(7) o=Z is an elementary abelian group of order 8. q.e.d.

Some details of the following construction hold for arbitrary diassociative loops.

Table 6.1 Cayley table of octonion loop

ı 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

2 2 4 8 6 3 1 5 7 14 9 16 10 11 12 13 15

3 3 5 4 7 6 8 1 2 15 13 9 11 14 16 12 10

4 4 6 7 1 8 2 3 5 12 14 15 9 16 10 11 13

5 5 7 2 8 4 3 6 1 13 11 14 16 12 15 10 9

6 6 1 5 2 7 4 8 3 10 12 13 14 15 9 16 11

7 7 8 1 3 2 5 4 6 11 16 12 15 10 13 9 14

8 8 3 6 5 1 7 2 4 16 15 10 13 9 11 14 12

9 9 10 11 12 16 14 15 13 4 6 7 1 5 2 3 8

10 10 12 16 14 15 9 13 11 2 4 5 6 3 1 8 7

11 11 13 12 15 10 16 9 14 3 8 4 7 6 5 1 2

12 12 14 15 9 13 10 11 16 1 2 3 4 8 6 7 5

13 13 15 10 16 9 11 14 12 8 7 2 5 4 3 6 1

14 14 9 13 10 11 12 16 15 6 1 8 2 7 4 5 3

15 15 16 9 11 14 13 12 10 7 5 1 3 2 8 4 6

16 16 11 14 13 12 15 10 9 5 3 6 8 1 7 2 4
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Definition 6.2.3 Let Q be a diassociative loop and let c be an element of Q. Then
the mapping �c W Q! Q defined by

�c.x/ D


x�1 if x 2 fc; c�1g
x if x … fc; c�1g (6.5)

is called an elementary mapping.
Obviously the following proposition holds.

Proposition 6.2.4 For a diassociative loop Q of exponent 4 put

X D fx 2 Q j x2 ¤ 1g:

Then

(1) If c 2 X, then the mapping �c is an involution.
(2) For a ¤ b 2 X one has �a D �b if and only if ab D 1.
(3) For a; b 2 X the group h�a; �bi is abelian. q.e.d.

In o there are 14 elements of order 4 which give us precisely 7 different sets
fx; x�1g with 2 elements. The set I of these 2-element sets consists of

f2; 6g; f3; 7g; f8; 5g; f9; 12g; f14; 10g; f15; 11g; f16; 13g: (6.6)

To study one typical example choose the pair f8; 5g 2 I and consider the
transposition � D .5; 8/ in the symmetric group S14.

One computes
�.2 � 7/ D �.5/ D 8 D �.7/ � �.2/ ¤ �.2/ � �.7/ D 5;

�.3 � 9/ D �.15/ D 15 D �.3/ � �.9/ ¤ �.9/ � �.3/ D 11.
Thus � is a proper half-automorphism of o.

Because of the symmetry of o every transposition of a pair from the list (6.6)
is a proper half-automorphism. One can verify this fact directly using Table 6.1.
This way one obtains seven commuting proper half-automorphisms of o of order 2.
Denote these seven transpositions by �1; : : : ; �7. They are elementary mappings and
generate a group � D � .o/ which is an elementary abelian 2-group of order 27.
Thus an inspection of Table 6.1 gives us the

Theorem 6.2.5 Let c be an element of order 4 of the octonion loop o. Then the
elementary map �c is a proper half-automorphism of o. q.e.d.

Theorem 6.2.6 Let o be the octonion loop and � be the group generated by
all elementary maps. Then every half-automorphism of o is the product of an
automorphism of o and an element � 2 � .

Proof Suppose that ' W o! o is a proper half-automorphism. Since o is a Moufang
loop by Gagola III and Merlini Giuliani [9] thus there exists a triple .x; y; z/ such
that ' restricted to hx; yi is an automorphism, ' restricted to hx; zi is an anti-
automorphism, and Œx; y� ¤ 1; Œx; z� ¤ 1. Since ' is proper, the loop hx; y; zi cannot



6 Half-Automorphisms of Cayley–Dickson Loops 117

be a group by the theorem of Scott. Hence hx; y; zi D o. In what follows we always
will consider these generators x; y; z of the loop o: In particular yz ¤ zy: In o there
are 16 elements:

f˙1;˙x;˙y;˙z;˙xy;˙xz;˙yz;˙x. yz/g:

Note that for any half-automorphism of o and for any t 2 o one has:

 .1/ D 1;  .�t/ D � .t/

since �1 is the unique element of order 2 in o and central. Note also that the
following relations hold:

xy D �yx; xz D �zx; yz D �zy;

x. yz/ D z.xy/ D y.zx/ D �. yz/x D �.xy/z D �.zx/y:

In order to understand the behavior of proper half-automorphism ' on o it is
enough to consider only the set S D fx; y; z; xy; xz; yz; x. yz/g of seven elements and
to analyze the behavior of ' on all possible subgroups generated by two elements of
S. There are 21 different pairs, some of them generate the same subgroups. Indeed:

(i) hx; yi D hx; xyi D hxy; yi
(ii) hx; zi D hx; xzi D hxz; zi

(iii) hy; zi D hy; yzi D h yz; zi
(iv) hx; yzi D hx; x. yz/i D h yz; x. yz/i
(v) hy; xzi D hy; x. yz/i D hxz; x. yz/i

(vi) hz; yxi D hz; x. yz/i D h yx; x. yz/i
(vii) hxy; yzi D hxy; xzi D hxz; yzi

One obtains .vii/ using the fact that u2 D Œu; v� D .u; v; t/ D �1 and the
Moufang identity in o in the following form. For any elements u; v; t 2 S we have:

ut � vt D �tu � vt D �.t.uv/t/ D t2 � .uv/ D �.uv/ (6.7)

Thus we get seven different 2-generated subgroup of o, every one of them is
isomorphic to Q8: For example, hx; yi D f˙1; ˙x; ˙y; ˙xyg:

There are two possibilities: ' restricted to h y; zi is an automorphism or '
restricted to h y; zi is an antiautomorphism.

Case 1 ' restricted to h y; zi is an automorphism.

Consider the mapping ' ı �xz D '1:
We see that '1 is an automorphism restricted to the following three subgroups:
hx; yi Š hx; zi Š hz; yi
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Let us analyze the behavior of '1 restricted to hxy; yzi:
By (6.7) one has

'1.xy � yz/ D '1. yx � zy/ D '1. y.xz/y/ D '1.xz/ D '1.x/'1.z/:

Suppose that '1 restricted to hxy; yzi is an anti-automorphism.
Then we get

'1.xy � yz/ D '1. yz/ � '1.xy/ D .'1. y/'1.z// � .'1.x/'1. y//
D '1.z/'1.x/ ¤ '1.x/'1.z/:

This is a contradiction. Thus '1 is an automorphism restricted to the group hxy; yzi:
On the subgroup hx; yzi the map '1 can behave as an automorphism or as an

anti-automorphism. We will show that in both cases the behavior of '1 restricted to
subgroup hx; yzi determines the behavior of '1 restricted to subgroups h y; xzi and
hz; yxi . In other words there are two possibilities: the first one is the case that '1 is
an automorphism restricted to all three subgroups

hx; yzi; h y; xzi; hz; yxi

and the second one is the case that '1 is an anti-automorphism restricted to these
subgroups.

Suppose that '1 restricted to hx; yzi is an automorphism. Then

'1.x. yz// D '1.x/.'1. y/'1.z//:

Let us analyze the behavior of '1 restricted to h y; xzi:

'1. y.xz// D �'1.x. yz// D �'1.x/.'1. y/'1.z//:

Assume that '1 is an anti-automorphism restricted to h y; xzi. Then we get

'1. y.xz// D '1.xz/'1. y/ D .'1.x/'1.z//'1. y/ D '1.x/.'1. y/'1.z//:

This is a contradiction. Thus '1 restricted to h y; xzi is an automorphism too.
By the same arguments one can show that if '1 is an automorphism restricted to

hx; yzi then it is automorphism restricted to hz; xyi as well.
In the same way one can see that if '1 is an anti-automorphism restricted to

one of the subgroups of fhx; yzi; h y; xzi; hz; xyig then '1 is an anti-automorphism
restricted to any of two others, too. Hence if '1 restricted to all of subgroups
fhx; yzi; h y; xzi; hz; xyig is an automorphism then '1 2 Aut.o/. If '1 restricted to

all of subgroups fhx; yzi; h y; xzi; hz; xyig is an anti-automorphism then '2 D '1 ı
�x. yz/ 2 Aut.o/:

Therefore our Theorem is proved for Case 1.
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Case 2 ' restricted to h y; zi is an anti-automorphism.
Now we can introduce the map N' D ' ı �xz ı �yz which is an automorphism on

hx; yi Š hx; zi Š hz; yi Š Q8 and can repeat all considerations from the Case 1.
For a diassociative loop Q the inversion mapping

.J W x 7! x�1/ W Q! Q

is an anti-automorphism of Q. Above we had defined seven elementary half-
automorphisms f�1; : : : �7g which correspond to the set S of the elements of o: Note
that in the octonion loop o one has

7Y
iD1
�i D J:

Obviously, if ' is an anti-automorphism, then ' ı J is an automorphism.
Thus we have proved that for any half-automorphism ' W o ! o there exists an

element � 2 � such that ˛ D ' ı � is an automorphism. q.e.d.
Note that the elementary maps of the octonion loop o considered as permutations

of the set of elements of o generate the elementary abelian group � .o/ of order 27.
But not all elements of � are proper half-automorphisms. Here we do not discuss
the intersection HAut.o/\ � .o/.

For a diassociative loop Q we consider the group

SAut.Q/ D Aut.Q/ � hJi

of all automorphisms and all anti-automorphisms of Q which is a subgroup of
HAut.Q/.

Proposition 6.2.7 If Q is a diassociative loop of exponent 4 and� .Q/ is a subgroup
of HAut.Q/, then � .Q/ is normal in HAut.Q/:

Proof For an element c 2 Q of order 4 and for ˛ 2 Aut.Q/ one has
˛ ı .c; c�1/ ı ˛�1 D .˛.c/; ˛.c�1//. Hence ˛ ı �c ı ˛�1 D �˛.c/: The proposition

follows from Lemma 6.2.6 q.e.d.

6.3 The Cayley–Dickson Extension Process for Algebras

An algebra A with an involution over a field F is a non-associative F-algebra with a
linear mapping a 7! a� satisfying the identity

.ab/� D b�a�: (6.8)
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In [27, III.4] for a given algebra A of finite dimension n with an involution it is
described how one can construct F-algebras CD.A/ of finite dimension 2n with an
involution which contains an isomorphic image of A. For our purposes it is enough
to have this construction for the field Q of the rational numbers or the field R of real
numbers.

Consider the vector space CD.A/ D A˚ A with the operations

.x1; y1/.x2; y2/ D .x1x2 � y�
2 y1; y2x1 C y1x

�
2 /; (6.9)

.x; y/� D .x�;�y/: (6.10)

Then an elementary computation shows that CD.A/ is an algebra with an involution.
Using (6.9) one obtains the identities

.u; 0/.v; 0/ D .uv � v�0; 0uC v0/ D .uv; 0/; (6.11)

.u; 0/.0; v/ D .u0C v�0; vuC 00/ D .0; vu/; (6.12)

.0; v/.u; 0/ D .0u � v�0; 0C vu�/ D .0; vu�/; (6.13)

.0; u/.0; v/ D .0 � v�u; v0C u0/ D �.v�u; 0/ (6.14)

and from (6.10) one obtains

.u; 0/� D .u�; 0/; .0; v/� D �.0; v/: (6.15)

Consider the linear mappings

� D .a 7! .a; 0// W A! A˚ A;

� D .b 7! .0; b// W A! A˚ A:

Then� W A! CD.A/ is an injective homomorphism of algebras with an involution.
If the algebra A has a neutral element e, then �.e/ D .e; 0/ is the neutral element of
CD.A/.

If .b1; : : : ; bm/ is an F-basis of A, then

�
�.b1/ : : : ; �.bm/; �.b1/; : : : ; �.bm/

�
(6.16)

is an F-basis of CD.A/.
Given data

�
A;B

�
, where A is an algebra over F with an involution which has a

neutral element e and

B D �b1; : : : ; bm
�
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is an F-basis of A, we have defined by (6.9) and (6.10) on the vector space A˚A the
structure of a non-associative algebra CD.A/ with an involution and injective linear
mappings

�; � W A! A˚ A

such that

(a) � is a monomorphism of algebras with an involution,
(b) e.�;�/ D .�.e/; 0/ is a neutral element of the algebra A˚ A,
(c) B.�;�/ D ��.b1/ : : : ; �.bm/; �.b1/; : : : ; �.bm/

�
in an F-basis of A˚ A.

In our situation for a given F-algebraA with an involution and x 2 A we put qA.x/ D
kxk D xx�. Then

qA.x/
� D .xx�/� D .x�/�x� D xx� D qA.x/ (6.17)

We now specialize F D R and define inductively a sequence
�
Ak
�1
kD1 of algebras

with an involution of dimension 2k�1 having bases B.k/ and neutral elements e.k/

such that

(i) A1 D R; B.1/ D �1�,
(ii) AkC1 D CD.Ak/; B

.kC1/ D ��.B.k//; �.B.k//
�
.

Here� and � denote the mappingsA! CD.A/ defined above. The algebrasAk; k >
1 are called Cayley–Dickson algebras. The injective homomorphisms � W Ak !
AkC1 allow to assume that

A1 < A2 < � � � < Ak < � � �

and to form the infinite-dimensional Cayley–Dickson algebra A1 D S
k Ak with

its basis B1 D T
k B

.k/. Put q.a/ D aa� for a 2 A1. Equation (6.17) says that
q.a/� D q.a/ for all a 2 A. One shows by induction the

Lemma 6.3.1 In A1 the following statements hold:

(i) 0 < aa� 2 A1 D R for all 0 ¤ a 2 A1.
(ii) b�b D 1 D bb� for all b 2 B1. q.e.d.

6.4 Half-Automorphisms of Cayley–Dickson Loops
and of Code Loops

We now use the Cayley–Dickson algebra Am over R of dimension m to construct a
finite loop Cm of order 2m. Consider the set

Cm D f˙b1; : : : ;˙bmg;
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where b1; : : : ; bm are the elements of the basis B.m/ constructed for Am. Here we
choose b1 D 1, the neutral element of Am. By the definition of the multiplication of
Am the set Cm is closed under this multiplication.

Proposition 6.4.1 The multiplication of Cm is diassociative.

Proof One can check this easily looking at the multiplication rules (6.11)–(6.14).
q.e.d.

Note 2 Observe that the Cayley–Dickson algebras An; n > 5 are flexible but not
diassociative.
Now observing that by the conventions made before Cm 6 CmC1 for all m > 1 we
define C1 DSm Cm.

Corollary 6.4.2 With respect to the multiplication in A1 the set C1 is an infinite
diassociative loop. q.e.d.

Remember that Cm D B.m/ [ .�B.m//, where B.m/ is the standard basis of the
vector space Am. Given a half-automorphism � of the loop Cm the set �.B.m// is a
basis of Am, too. Hence we have the linear extension Q� W Am ! Am . Obviously Q� is
a linear map of the algebra Am such that

8x; y 2 Cm W Q�.xy/ D Q�.x/ Q�. y/ or Q�.xy/ D Q�. y/ Q�.x/ (6.18)

is satisfied. However Q� is not a half- automorphism of the algebra Am:

Let us collect fundamental properties of the loop C1, respectively of the loops
Cn in analogy to Theorem 6.2.2.

Theorem 6.4.3 In the Cayley–Dickson loops Cn; n > 4 and C1 the following
statements are true:

(1) Cn is a loop of order 2n.
(2) C1 is a diassociative loop.
(3) In Cn there are one element z D �1 of order 2 and 2n � 2 elements of order 4.
(4) zx D xz for all x 2 C1.
(5) If H is a subloop of C1, then z 2 H.
(6) Z D hzi is a normal subloop ofC1 which coincides with the nucleus, the center,

the associator subloop, the commutator subloop, and the Frattini subloop
of C1.

(7) Cn=Z is an elementary abelian group of order 2n � 1.
Proof The proof is a straightforward induction over n beginning with Theorem 6.2.2
for n D 4. q.e.d.

Furthermore, all the loops Cn are Hamiltonian loops, i.e. they have the property
that all subloops are normal. For o this fact has been discussed in detail by D. Norton
[22] in the year 1951.

We now give a proof that Theorem 6.2.5 holds for arbitrary Cayley–Dickson
loops. Note that in the quaternion group C3 for all c 2 C3 with c2 ¤ 1 the
elementary mappings �c are anti-automorphisms. A. Grishkov suggested to study
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the half-automorphisms of the class L of all loops L satisfying the following
conditions:

(L.1) L is a diassociative loop of exponent 4.
(L.2) In L there is a central subloop Z D hzi of order 2.
(L.3) x2 D z for all x 62 Z and Œx; y� D z for all y 62 f1; z; x; xzg:
Lemma 6.4.4 Given a loop L 2 L and an element c 2 L of order 4 the elementary
map �c is a half-automorphism.

Proof Let us show that for all x; y 2 L

�c.xy/ D xy D �c.x/�c. y/ or �c.xy/ D xy D �c. y/�c.x/:

To do this it is sufficient to assume that xy ¤ yx and to consider the following three
cases.

First case: x … fc; c�1g; y … fc; c�1g; xy … fc; c�1g
Then by definition of �c one has �c.xy/ D xy D �c.x/�c. y/

Second case: x … fc; c�1g; y 2 fc; c�1g
Then xy … fc; c�1g and we get

�c.xy/ D xy D Œx�1; y�1�yx D y2 � yx D y�1x D �c. y/�c.x/:

and by the same arguments we get

�c. yx/ D �c.x/�c. y/:

Third case: x … fc; c�1g; y … fc; c�1g; xy 2 fc; c�1g
By definition of �c we have:

�c.xy/ D .xy/�1 D .xy/3 D .xy/2.xy/ D Œy�1; x�1�.xy/ D yx D �c. y/�c.x/:

q.e.d.

Theorem 6.4.5 In a not associative Cayley–Dickson loop all elementary mappings
are proper half-automorphisms.

Proof If C a Cayley–Dickson loop, it follows from Theorem 6.4.3 that C belongs
to L . Hence all elementary mappings �c; c 2 C are half-automorphisms. If C is
not associative for c 2 C there exist quaternion subgroups Q.C/ and Q.�/ such that
c 2 Q.�/ and c … Q.C/. Hence �c restricted to Q.�/ is an anti-automorphism and �c
restricted to Q.C/ is an automorphism. Thus the Theorem is proved. q.e.d.

One can easily show that for the quaternion group Q8 D C3 the equality
HAut.Q8/ D SAut.Q8/ D � .Q8/Aut.Q8/ holds. For octonion loop o D C4 by
our Theorem 6.2.6 we have the factorization HAut.o/ D � .o/Aut.o/. For r > 5 one
only knows the inclusion HAut.Cr/ > � .Cr/Aut.Cr/. The reason for this lies in
the fact that our proof of Theorem 6.2.6 uses the known subloop structure of o: All
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subloops of o are Cayley–Dickson loops. The sedenion loop C5 of order 32 contains
a subloop Qo of order 16 which is not a Cayley–Dickson loop (see [5, 21]).

Question Is the statement HAut.C/ D � .C/Aut.C/ true for every Cayley–Dickson
loop C?

Turning to code loops (see [11]) and using their description by Chein and
Goodaire [7] and Hsu [14, 15] we note that the unique non-associative code loop
belongs to the class L is o.

To decide when for an element c of an arbitrary code loop the elementary
mapping �c is a half-automorphism stays an open question.

In [25] Pires and Grishkov study the variety of loops E generated by all finite
code loops and determine the free elements of E. To us it seems a demanding task
to discuss half-automorphisms of loops in E.

On page 114 we discussed the five Moufang loops of order 16 which are not
groups, among them the octonion loop. It is known that all these loops are code
loops. Two of these loops are Chein loops. In [10] necessary conditions are given
that for finite group G of even order the Chein loop M.G; 2/ admits a proper half-
automorphism and it is shown that on M.Q8; 2/ the only three elementary mappings
really are half-automorphisms [10, Example 8].

Question For which finite groups G of order 2n there exist elementary mappings of
the Chein loop M.G; 2/ such that they are half-automorphisms?
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Chapter 7
Invariant Control Systems on Lie Groups

Rory Biggs and Claudiu C. Remsing

Abstract This is a survey of our research (conducted over the last few years) on
invariant control systems, the associated optimal control problems, and the asso-
ciated Hamilton–Poisson systems. The focus is on equivalence and classification.
State space and detached feedback equivalence of control systems are characterized
in simple algebraic terms; several classes of systems (in three dimensions, on the
Heisenberg groups, and on the six-dimensional orthogonal group) are classified.
Equivalence of cost-extended systems is shown to imply equivalence of the
associated Hamilton–Poisson systems. Cost-extended systems of a certain kind are
reinterpreted as invariant sub-Riemannian structures. A classification of quadratic
Hamilton–Poisson systems in three dimensions is presented. As an illustrative
example, the stability and integration of a typical system is investigated.

7.1 Introduction

Geometric control theory began in the late 1960s with the study of (nonlinear)
control systems by using concepts and methods from differential geometry (cf.
[10, 64, 96]). A smooth control system may be viewed as a family of vector fields (or
dynamical systems) on a manifold, smoothly parametrized by controls. As soon as
a control function is fixed, one has a nonautonomous vector field (or, in coordinates,
a nonautonomous ordinary differential equation). An integral curve of such a vector
field is called a trajectory of the system. The first basic question one asks of a control
system is whether or not any two points can be connected by a trajectory: this is
known as the controllability problem. Once one has established that two points can
be connected by a trajectory, one may wish to find a trajectory that minimizes some
(practical) cost function: this is known as the optimality problem.
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A significant subclass of control systems rich in symmetry are those evolving on
Lie groups and invariant under left translations; for such a system the left translation
of any trajectory is a trajectory. This class of systems was first considered in 1972
by Brockett [43] and by Jurdjevic and Sussmann [68]; it forms a natural geometric
framework for various (variational) problems in mathematical physics, mechanics,
elasticity, and dynamical systems (cf. [10, 40, 64, 66]). In the last few decades
substantial work on applied nonlinear control has drawn attention to invariant
control affine systems evolving on matrix Lie groups of low dimension (see, e.g.,
[67, 89, 92, 93] and the references therein).

This paper serves as a survey of our recent research on left-invariant control affine
systems, the associated optimal control problems, and the associated Hamilton–
Poisson systems. Ideas and key results from several papers published over the
last couple of years are reexamined and restructured; some elements are also
reinterpreted.

The first aspect we address is the equivalence of control systems. Simple
algebraic characterizations of state space equivalence and detached feedback equiv-
alence are presented. Using these characterizations, several classes of systems are
classified. Specifically, classifications (under detached feedback equivalence) of the
full-rank systems on the three-dimensional Lie groups, the .2n C 1/-dimensional
Heisenberg groups, and the six-dimensional orthogonal group are treated.

The second aspect we address is the equivalence of invariant optimal control
problems, or rather, their associated cost-extended systems. If two cost-extended
systems are equivalent, then their optimal trajectories (resp. extremal trajectories)
are related by a Lie group isomorphism. The classification problem is briefly dis-
cussed and a few examples are presented in some detail. One associates to each cost-
extended system, via the Pontryagin Maximum Principle, a quadratic Hamilton–
Poisson system on the associated Lie–Poisson space. It is shown that equivalence
of cost-extended systems implies equivalence of the associated Hamilton–Poisson
systems. Additionally, the subclass of drift-free systems with homogeneous cost are
reinterpreted as invariant sub-Riemannian structures; some examples are revisited.

The third and last aspect we address is the equivalence, stability, and integration
of quadratic Hamilton–Poisson systems. A classification of the homogeneous
systems in three dimensions is presented; a classification of the inhomogeneous
systems on the three-dimensional orthogonal Lie–Poisson space so .3/�� is also
exhibited. As an illustrative example, we investigate the stability and the explicit
integration of a typical inhomogeneous system on the Euclidean Lie–Poisson space
se .2/��.

Throughout, we make use of the classification of three-dimensional Lie groups
and Lie algebras; relevant details are given in the Appendix.

7.1.1 Invariant Control Affine Systems

An `-input left-invariant control affine system ˙ on a (real, finite-dimensional,
connected) Lie group G consists of a family of left-invariant vector fields �u on
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G, affinely parametrized by controls u 2 R
`. Such a system is written, in classical

notation, as

Pg D �u.g/ D �.g; u/ D g .AC u1B1 C � � � C u`B`/; g 2 G; u 2 R
`:

Here A;B1; : : : ;B` are elements of the Lie algebra g with B1; : : : ;B` linearly
independent. The “product” gA denotes the left translation T1Lg � A of A 2 g
by the tangent map of Lg W G ! G, h 7! gh; in fact, TG has trivialization
TG Š G � g, gA$ .g;A/. (When G is a matrix Lie group, this product is simply
matrix multiplication.) Note that the “dynamics” � W G � R

` ! TG are invariant
under left translations, i.e., � .g; u/ D g� .1; u/. A system ˙ is completely
determined by the specification of its state space G and its parametrization map
� .1; �/ W R` ! g. When G is fixed, we specify ˙ by simply writing

˙ W AC u1B1 C � � � C u`B`:

The trace � of a system ˙ is the affine subspace � D A C � 0 D A C
hB1; : : : ;B`i of g. (Here � 0 D hB1; : : : ;B`i is the subspace of g spanned by
B1; : : : ;B`.) A system ˙ is called homogeneous if A 2 � 0, and inhomogeneous
otherwise; ˙ is said to be drift free if A D 0. Also, ˙ is said to have full rank if
its trace generates the whole Lie algebra, i.e., Lie.� / D g.

Remark 1 We have the following characterization of the full-rank condition for
systems on G when dimG D 3. No homogeneous single-input system has full
rank. An inhomogeneous single-input system has full rank if and only if A, B1, and
ŒA;B1� are linearly independent. A homogeneous two-input system has full rank
if and only if B1, B2, and ŒB1;B2� are linearly independent. Any inhomogeneous
two-input or (homogeneous) three-input system has full rank.

The admissible controls are piecewise continuous maps u.�/ W Œ0;T� ! R
`. A

trajectory for an admissible control u.�/ is an absolutely continuous curve g.�/ W
Œ0;T� ! G such that Pg.t/ D g.t/� .1; u.t// for almost every t 2 Œ0;T�. We say
that a system ˙ is controllable if for any g0; g1 2 G, there exists a trajectory
g.�/ W Œ0;T� ! G such that g.0/ D g0 and g.T/ D g1. The attainable set (from
the identity 1 2 G ) is the set A of all terminal points g.T/ of all trajectories
g.�/ W Œ0;T�! G starting at 1. (A system ˙ is controllable if and only if A D G.)
If ˙ is controllable, then it has full rank.

For more details about invariant control systems, see, e.g., [10, 64, 68, 94].

7.1.2 Examples of Invariant Optimal Control Problems

We present three illustrative examples of optimal control problems. Numerous such
problems have been investigated over the last few decades; these problems include
the dynamic equations of the rigid body, various versions of Euler and Kirchhoff
elastic rod problem, Dubins’ problem, the motion of a particle in a magnetic or
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Yang–Mills field, the control of quantum systems, and the sub-Riemannian geodesic
problem (see, e.g., the monographs [10, 40, 64] as well as [89]).

The Plate-Ball Problem [63] The plate-ball problem consists of the following
kinematic situation: a ball rolls without slipping between two horizontal plates;
the lower plate is fixed and the ball is rolled through the horizontal movement of
the upper plate. The problem is to transfer the ball from a given initial position
and orientation to a prescribed final position and orientation along a path which
minimizes

R T
0
kv.t/kdt. Here v denotes the velocity of the moving plate and T is

the time of transfer.
This problem can be regarded as an invariant optimal control problem on the

five-dimensional Lie group

R
2 � SO .3/ D

8<
:

2
4

ex1 0 0

0 ex2 0
0 0 R

3
5 W x1; x2 2 R; R 2 SO .3/

9=
;

specified by (the dynamical law)

Pg D g

0
BBBBB@
u1

2
666664

1 0 0 0 0

0 0 0 0 0

0 0 0 0 �1
0 0 0 0 0

0 0 1 0 0

3
777775
C u2

2
666664

0 0 0 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 �1
0 0 0 1 0

3
777775

1
CCCCCA
; g 2 R

2 � SO .3/

the boundary conditions g.0/ D g0, g.T/ D g1, and the cost functional

Z T

0

�
u1.t/

2 C u2.t/
2
�
dt

to be minimized.

The Airplane Problem [100] The airplane landing problem consists of finding
a trajectory for an airplane moving—at a constant velocity—from some starting
point and orientation to some final point and orientation; the airplane is constrained
to arrive at the final point and orientation at (some fixed) time T. A simplified
kinematic model of the airplane entails that it always fly forward and the controls
may yaw, pitch, and roll the aircraft; the cost assigned to a particular solution will
be the sum square of the inputs (this cost encodes the requirement to minimize the
amount of maneuvering an aircraft will do).

Such a problem may be formulated as an optimal control problem on the six-
dimensional Euclidean group

SE .3/ D R
3 Ì SO .3/ D


�
1 0

x R

�
W x 2 R

3; R 2 SO .3/
�
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specified by (the equations of motion)

Pg D g .AC u1B1 C u2B2 C u3B3/ ; g 2 SE .3/

with

A D

2
664

0 0 0 0

1 0 0 0

0 0 0 0

0 0 0 0

3
775 ; B1 D

2
664

0 0 0 0

0 0 0 0

0 0 0 �1
0 0 1 0

3
775 ; B2 D

2
664

0 0 0 0

0 0 0 1

0 0 0 0

0 �1 0 0

3
775 ; B3 D

2
664

0 0 0 0

0 0 �1 0
0 1 0 0

0 0 0 0

3
775

the boundary conditions g.0/ D g0, g.T/ D g1 and the cost functional

J D 1

2

Z T

0

�
c1u1.t/

2 C c2u2.t/
2 C c3u3.t/

2
�
dt; c1; c2; c3 > 0:

If the cost weights c1; c2; c3 are equal, then the resulting system of equations is
related to Lagrange’s top (see, e.g., [64]); the Kovalevskaya’s top is obtained for a
different ratio of weights (see, e.g., [65]).

Control of Serret–Frenet Systems [64] A differentiable curve � in the Euclidean
plane E

2, parametrized by arc-length, can be lifted to the group of motions of E
2

by means of a positively oriented orthonormal moving frame v1; v2 defined by

P� D v1; Pv1 D � v2; Pv2 D �� v1 (7.1)

where � is the signed curvature of � . The moving frame can be expressed by a
rotation matrix R whose columns consist of the coordinates of v1 and v2 relative to
a fixed orthonormal frame e1; e2 2 E

2. Omitting any notational distinctions between
vectors and their coordinate vectors, then Rei D vi. The curve � along with its
moving frame can be represented as an curve g.�/ on the group of motions of E

2,
namely

SE .2/ D
8<
:

2
4
1 0 0

�1
�2

R

3
5 W �1; �2 2 R;R 2 SO .2/

9=
; :

Interpreting the curvature � as a control function, the Serret–Frenet differential
system (7.1) can then be written as an (inhomogeneous) invariant control system

Pg D g

0
@
2
4
0 0 0

1 0 0

0 0 0

3
5C �

2
4
0 0 0

0 0 �1
0 1 0

3
5
1
A ; g 2 SE .2/:
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In this way, many classic variational problems in geometry become problems in
optimal control. For example, the problem of finding a curve � that will satisfy
the given boundary conditions �.0/ D a, P�.0/ D Pa, �.T/ D b, P�.T/ D Pb, and
will minimize

R T
0
�2.t/ dt goes back to Euler; its solutions are known as the elastica

(see, e.g., [92, 93]).

7.2 Equivalence of Control Systems

The most natural equivalence relation for control systems is equivalence up to
coordinate changes in the state space. This is called state space equivalence
(see [61]). State space equivalence is well understood; it establishes a one-to-one
correspondence between the trajectories of the equivalent systems. However, this
equivalence relation is very strong. For analytic control systems on manifolds,
Krener characterized local state space equivalence in terms of the existence of a
linear isomorphism preserving iterated Lie brackets of the system’s vector fields
([72], see also [10, 95, 96]).

Another fundamental equivalence relation for control systems is that of feedback
equivalence. Two feedback equivalent control systems have the same set of trajecto-
ries (up to a diffeomorphism in the state space) which are parametrized differently
by admissible controls. Feedback equivalence has been extensively studied in the
last few decades (see [90] and the references therein). There are a few basic methods
used in the study of feedback equivalence. These methods are based either on
(studying invariant properties of) associated distributions or on Cartan’s method
of equivalence [52] or inspired by the Hamiltonian formalism [61]; also, another
fruitful approach is closely related to Poincaré’s technique for linearization of
dynamical systems. Feedback transformations play a crucial role in control theory,
particularly in the important problem of feedback linearization [62]. The study of
feedback equivalence of general control systems can be reduced, by a simple trick,
to the case of control affine systems [61]. For a thorough study of the equivalence
and classification of control affine systems, see [50].

We consider state space equivalence and feedback equivalence in the context
of left-invariant control affine systems ([38], see also [25]). Characterizations of
state space equivalence and (detached) feedback equivalence are obtained in terms
of Lie group isomorphisms. A complete classification of systems on the (simply
connected) three-dimensional Lie groups is discussed; the controllability of these
systems is also briefly treated. Classifications of the systems on the .2n C 1/-
dimensional Heisenberg groups and the six-dimensional orthogonal group are also
covered.
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7.2.1 State Space Equivalence

Two systems ˙ and ˙ 0 are called state space equivalent if there exists a
diffeomorphism 
 W G ! G0 such that, for each control value u 2 R

`, the vector
fields �u and � 0

u are 
-related, i.e., Tg
 �� .g; u/ D � 0 .
.g/; u/ for g 2 G and
u 2 R

`. We have the following simple algebraic characterization of this equivalence.

Theorem 1 ([38], see also [72]) Two full-rank systems ˙ and ˙ 0 are state space
equivalent if and only if there exists a Lie group isomorphism 
 W G ! G0 such
that T1
 �� .1; u/ D � 0 .1; u/ for all u 2 R

`.

Proof (Sketch) Suppose that ˙ and ˙ 0 are state space equivalent. By composition
with a left translation, we may assume 
.1/ D 1. As the elements �u.1/,
u 2 R

` generate g and the push-forward 
��u of left-invariant vector fields
�u are left invariant, it follows that 
 is a Lie group isomorphism satisfying
the requisite property (cf. [25]). Conversely, suppose that 
 W G ! G0 is a Lie
group isomorphism as prescribed. Then Tg
 � �.g; u/ D T1.
 ı Lg/ � �.1; u/ D
T1.L
.g/ ı 
/ ��.1; u/ D � 0.
.g/; u/. ut
Remark 2 If 
 is defined only between some neighbourhoods of identity of G and
G0, then ˙ and ˙ 0 are said to be locally state space equivalence. A characterization
similar to that given in Theorem 1, in terms of Lie algebra automorphisms, holds. In
the case of simply connected Lie groups, local and global equivalence are the same
(as dAut.G/ D Aut.g/).

State space equivalence is quite a strong equivalence relation. Hence, there are so
many equivalence classes that any general classification appears to be very difficult
if not impossible. However, there is a chance for some reasonable classification in
low dimensions. We give an example to illustrate this point.

Example 1 ([2]) Any two-input inhomogeneous full-rank control affine system on
the Euclidean group SE .2/ is state space equivalent to exactly one of the following
systems

˙1;˛ˇ� W ˛E3 C u1.E1 C �1E2/C u2.ˇE2/

˙2;˛ˇ� W ˇE1 C �1E2 C �2E3 C u1.˛E3/C u2E2

˙3;˛ˇ� W ˇE1 C �1E2 C �2E3 C u1.E2 C �3E3/C u2.˛E3/:

Here ˛ > 0; ˇ ¤ 0 and �1; �2; �3 2 R, with different values of these parameters
yielding distinct (non-equivalent) class representatives.

Proof (Sketch) The group of linearized automorphisms of SE .2/ is given by

dAut.SE .2// D
8<
:

2
4

x y v

�&y &x w
0 0 &

3
5 W x; y; v;w 2 R; x2 C y2 ¤ 0; & D ˙1

9=
; :
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Indeed, it is straightforward to show that every automorphism of the simply
connected Lie group fSE .2/ preserves the kernel of the universal covering q W
fSE .2/! SE .2/ [33]; hence, dAut.SE .2// D Aut.se .2// (see the Appendix).

Let ˙ D .SE .2/;�/, �.1; u/ DP3
iD1 aiEi C u1

P3
iD1 biEi C u2

P3
iD1 ciEi, or

in matrix form

˙ W
2
4
a1 b1 c1
a2 b2 c2
a3 b3 c3

3
5 :

It is then straightforward to show that there exists  2 dAut.SE .2// such that

 �
2
4
a1 b1 c1
a2 b2 c2
a3 b3 c3

3
5 D

2
4
0 1 0

0 �1 ˇ

˛ 0 0

3
5 if b3 D 0; c3 D 0

 �
2
4
a1 b1 c1
a2 b2 c2
a3 b3 c3

3
5 D

2
4
ˇ 0 0

�1 0 1

�2 ˛ 0

3
5 if b3 ¤ 0; c3 D 0

or  �
2
4
a1 b1 c1
a2 b2 c2
a3 b3 c3

3
5 D

2
4
ˇ 0 0

�1 1 0

�2 �3 ˛

3
5 if c3 ¤ 0:

Thus ˙ is state space equivalent to ˙1;˛ˇ� , ˙2;˛ˇ� , or ˙3;˛ˇ� . It is a simple matter
to verify that these class representatives are non-equivalent. ut
Note 1 A full classification (under state space equivalence) of systems on SE .2/
appears in [2], whereas a classification of systems on SE .1; 1/ appears in [17]. For
a classification of systems on SO .2; 1/0, see [39].

7.2.2 Detached Feedback Equivalence

We specialize feedback equivalence in the context of invariant systems by requiring
that the feedback transformations are compatible with the Lie group structure.
Two systems ˙ and ˙ 0 are called detached feedback equivalent if there exist
diffeomorphisms 
 W G ! G0 and ' W R` ! R

` such that for each control
value u 2 R

` the vector fields �u and � 0
'.u/ are 
-related, i.e., Tg
 � � .g; u/ D

� 0 .
.g/; '.u// for g 2 G and u 2 R
`. We have the following simple algebraic

characterization of this equivalence in terms of the traces � D im�.1; �/ and
� 0 D im� 0.1; �/ of ˙ and ˙ 0.
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Theorem 2 ([38]) Two full-rank systems ˙ and ˙ 0 are detached feedback
equivalent if and only if there exists a Lie group isomorphism 
 W G ! G0 such
that T1
 � � D � 0.

Proof (Sketch) Suppose ˙ and ˙ 0 are detached feedback equivalent. By com-
posing 
 with an appropriate left translation, we may assume 
.1/ D 10. Hence
T1
 � �.1; u/ D � 0.10; '.u// and so T1
 � � D � 0. Moreover, as the elements
�u.1/, u 2 R

` generate g and the push-forward of the left-invariant vector fields
�u are left invariant, it follows that 
 is a group isomorphism (cf. [25]). On the
other hand, suppose there exists a group isomorphism 
 W G ! G0 such that
T1
 � � D � 0. Then there exists a unique affine isomorphism ' W R` ! R

`0

such that T1
 � �.1; u/ D � 0.10; '.u//. As with state space equivalence, by left-
invariance and the fact that 
 is a Lie group isomorphism, it then follows that
Tg
 ��.g; u/ D � 0.
.g/; '.u//. ut
Remark 3 If 
 is defined only between some neighbourhoods of identity of G
and G0, then ˙ and ˙ 0 are said to be locally detached feedback equivalent.
A characterization similar to that given in Theorem 2, in terms of Lie algebra
automorphisms, holds. As for state space equivalence, in the case of simply
connected Lie groups local and global equivalence are the same (as dAut.G/ D
Aut.g/).

Detached feedback equivalence is notably weaker than state space equivalence.
To illustrate this point, we give a classification, under detached feedback equiva-
lence, of the same class of systems considered in Example 1.

Example 2 ([29]) Any two-input inhomogeneous full-rank control affine system
on SE .2/ is detached feedback equivalent to exactly one of the following systems

˙1 W E1 C u1E2 C u2E3

˙2;˛ W ˛E3 C u1E1 C u2E2:

Here ˛ > 0 parametrizes a family of class representatives, each different value
corresponding to a distinct non-equivalent representative.

Proof (Sketch) As argued in Example 1, we have dAut.SE .2// D Aut.se .2//. Let
˙ D .SE .2/;�/ be an inhomogeneous system with trace

� D
3X

iD1
aiEi C

*
3X

iD1
biEi;

3X
iD1

ciEi

+
:

If c3 ¤ 0 or b3 ¤ 0, then � D a0
1E1 C a0

2E2 C
˝
b0
1E1 C b0

2E2; c
0
1E1 C c0

2E2 C E3
˛
.

Now either b0
1 ¤ 0 or b0

2 ¤ 0, and so

�
b0
2 �b0

1

b0
1 b0

2

� �
v1
v2

�
D
�
a0
2

a0
1

�
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has a unique solution (with v2 ¤ 0). Therefore

 D
2
4
v2b0

2 v2b0
1 c

0
1

�v2b0
1 v2b

0
2 c

0
2

0 0 1

3
5

is a (Lie algebra) automorphism such that  � �1 D  � .E1C hE2;E3i/ D � . Thus
˙ is detached feedback equivalent to ˙1. On the other hand, suppose b3 D 0

and c3 D 0. Then � D a3E3 C hE1;E2i. Hence  D diag .1; 1; sgn.a3// is
an automorphism such that  � � D ˛ E3 C hE1;E2i with ˛ > 0. Thus ˙ is
detached feedback equivalent to ˙2;˛ . As the subspace hE1;E2i is invariant (under
automorphisms), ˙1 and ˙2;˛ cannot be equivalent. It is easy to show that ˙2;˛ a
˙2;˛0 are equivalent only if ˛ D ˛0. ut
Remark 4 ˙ and ˙ 0 are feedback equivalent if there exists a diffeomorphism 
 W
G! G0 such that (the push-forward) 
�F D F 0. Here g 7! F .g/ D g� is the
field of admissible velocities. The specialization to detached feedback equivalence
corresponds to the existence of a Lie group isomorphism 
 such that 
�F D
F 0. Thus feedback equivalence is weaker than detached feedback equivalence. For
example, suppose � D g, � 0 D g0, and G is diffeomorphic to G0. Then ˙

and ˙ 0 are feedback equivalent. However, ˙ and ˙ 0 will be detached feedback
equivalent only if G and G0 are, in addition, isomorphic as Lie groups.

7.2.3 Classification in Three Dimensions

We exhibit a classification, under detached feedback equivalence, of the full-rank
systems evolving on three-dimensional simply connected Lie groups. A represen-
tative is identified for each equivalence class. Systems on the Euclidean group and
the orthogonal group are discussed as typical examples. The three-dimensional Lie
groups, their Lie algebras, and automorphism groups are listed in the Appendix. For
a classification of invariant control affine systems on all three-dimensional matrix
Lie groups, see [33].

7.2.3.1 Solvable Groups

The classification procedure is as follows. First the group of automorphisms is deter-
mined (see the Appendix). Equivalence class representatives are then constructed by
considering the action of an automorphism on the trace of a typical system. Lastly,
one verifies that none of the representatives are equivalent.
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Theorem 3 ([28, 29], see also [26, 31]) Suppose ˙ is a full-rank system evolving
on a simply connected solvable Lie group G. Then G is isomorphic to one of
the groups listed below and ˙ is detached feedback equivalent to exactly one of
accompanying (full-rank) systems on that group.

1. On R
3 we have the systems

˙.2;1/ W E1 C u1E2 C u2E3 ˙.3;0/ W u1E1 C u2E2 C u3E3:

2. On H3 we have the systems

˙.1;1/ W E2 C uE3 ˙.2;0/ W u1E2 C u2E3

˙
.2;1/
1 W E1 C u1E2 C u2E3 ˙

.2;1/
2 W E3 C u1E1 C u2E2

˙.3;0/ W u1E1 C u2E2 C u3E3:

3. On G3:2 we have the systems

˙
.1;1/
1 W E2 C uE3 ˙

.1;1/

2;ˇ W ˇE3 C uE2

˙.2;0/ W u2E2 C u2E3 ˙
.2;1/
1 W E1 C u1E2 C u2E3

˙
.2;1/
2 W E2 C u1E3 C u2E1 ˙

.2;1/

3;ˇ W ˇE3 C u1E1 C u2E2

˙.3;0/ W u1E1 C u2E2 C u3E3:

4. On G3:3 we have the systems

˙
.2;1/
1 W E1 C u1E2 C u2E3 ˙

.2;1/

2;ˇ W ˇE3 C u1E1 C u2E2

˙.3;0/ W u1E1 C u2E2 C u3E3:

5. On SE .1; 1/ we have the systems

˙
.1;1/
1 W E2 C uE3 ˙

.1;1/
2;˛ W ˛E3 C uE2

˙.2;0/ W u1E2 C u2E3 ˙
.2;1/
1 W E1 C u1E2 C u2E3

˙
.2;1/
2 W E1 C u1.E1 C E2/C u2E3 ˙

.2;1/
3;˛ W ˛E3 C u1E1 C u2E2

˙.3;0/ W u1E1 C u2E2 C u3E3:
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6. On Ga
3:4 (resp. on Aff .R/0 � R) we have the systems

˙
.1;1/
1 W E2 C uE3 ˙

.1;1/

2;ˇ W ˇE3 C uE2

˙.2;0/ W u1E2 C u2E3 ˙
.2;1/
1 W E1 C u1E2 C u2E3

˙
.2;1/
2 W E1 C u1.E1 C E2/C u2E3 ˙

.2;1/
3 W E1 C u1.E1 � E2/C u2E3

˙
.2;1/

4;ˇ W ˇE3 C u1E1 C u2E2 ˙.3;0/ W u1E1 C u2E2 C u3E3:

7. On fSE .2/ we have the systems

˙
.1;1/
1 W E2 C uE3 ˙

.1;1/
2;˛ W ˛E3 C uE2

˙.2;0/ W u1E2 C u2E3 ˙
.2;1/
1 W E1 C u1E2 C u2E3

˙
.2;1/
2;˛ W ˛E3 C u1E1 C u2E2 ˙.3;0/ W u1E1 C u2E2 C u3E3:

8. On Ga
3:5 we have the systems

˙
.1;1/
1 W E2 C uE3 ˙

.1;1/

2;ˇ W ˇE3 C uE2

˙.2;0/ W u1E2 C u2E3 ˙
.2;1/
1 W E1 C u1E2 C u2E3

˙
.2;1/

2;ˇ W ˇE3 C u1E1 C u2E2 ˙.3;0/ W u1E1 C u2E2 C u3E3:

Here ˛ > 0 and ˇ ¤ 0 parametrize families of distinct (non-equivalent) class
representatives.

Proof We treat, as typical case, only item (7). The group of linearized automor-
phisms of fSE .2/ is given by

dAut.SE/ .2/ D
8<
:

2
4

x y u
�	y 	x v
0 0 	

3
5 W x; y; u; v 2 R; x2 C y2 ¤ 0; 	 D ˙1

9=
; :

Let ˙ be a single-input inhomogeneous system with trace � D A C � 0 �
ese .2/. Suppose E�

3 .�
0/ ¤ f0g: (Here E�

3 is the corresponding element of the dual
basis.) Then � D a1E1 C a2E2 C hb1E1 C b2E2 C E3i. Thus

 D
2
4

a1 a1 b1
�a1 a2 b2
0 0 1

3
5

is an automorphism such that  � � .1;1/
1 D � . So ˙ is equivalent to ˙

.1;1/
1 .

On the other hand, suppose E�
3 .�

0/ D f0g. Then � D a1E1 C a2E2 C a3E3 C
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hb1E1 C b2E2i with a3 ¤ 0. Hence

 D

2
64

b2 sgn.a3/ b1
a1

a3 sgn.a3/

�b1 sgn.a3/ b2
a2

a3 sgn.a3/

0 0 sgn.a3/

3
75

is an automorphism such that  � � .1;1/
2;˛ D � , where ˛ D a3 sgn.a3/.

Let ˙ be a two-input homogeneous system with trace � D hB1;B2i. Then
ḃ W B1 C hB2i is a (full-rank) single-input inhomogeneous system. Therefore,
there exists an automorphism  such that  � .B1ChB2i/ equals either E2ChE3i
or ˛E3 C hE2i. Hence, in either case, we get  � hB1;B2i D hE2;E3i. Thus ˙ is
equivalent to ˙.2;0/.

The two-input inhomogeneous systems were covered in Example 2. If ˙ is a
three-input system, then it is equivalent to ˙.3;0/.

Again, most pairs of systems cannot be equivalent due to different homogeneities
or different number of inputs. As the subspace hE1;E2i is invariant (under the action
of automorphisms), ˙.1;1/

1 is not equivalent to any system ˙
.1;1/
2;˛ . For A 2 ese .2/

and  2 dAut.SE/ .2/, we have that E�
3 . � ˛E3/ D ˙˛. Thus ˙.1;1/

2;˛ and ˙.1;1/

2;˛0

are equivalent only if ˛ D ˛0. For the two-input inhomogeneous systems, similar
arguments hold. ut

7.2.3.2 Semisimple Groups

The procedure for classification is similar to that of the solvable groups. However,
here we employ an invariant bilinear product ! (the Lorentzian product and the dot
product, respectively); the inhomogeneous systems are (partially) characterized by
the level set fA 2 g W !.A;A/ D ˛g that their trace is tangent to.

Theorem 4 ([30], see also [26, 31]) Suppose ˙ is a full-rank system evolving
on a simply connected semisimple Lie group G. Then G is isomorphic to one of
the groups listed below and ˙ is detached feedback equivalent to exactly one of
accompanying (full-rank) systems on that group.

1. On fSL .2;R/ we have the systems

˙
.1;1/
1 W E3 C u.E2 C E3/ ˙

.1;1/
2;˛ W ˛E2 C uE3

˙
.1;1/
3;˛ W ˛E1 C uE2 ˙

.1;1/
4;˛ W ˛E3 C uE2

˙
.2;0/
1 W u1E1 C u2E2 ˙

.2;0/
2 W u1E2 C u2E3

˙
.2;1/
1 W E3 C u1E1 C u2.E2 C E3/ ˙

.2;1/
2;˛ W ˛E1 C u1E2 C u2E3

˙
.2;1/
3;˛ W ˛E3 C u1E1 C u2E2 ˙.3;0/ W u1E1 C u2E2 C u3E3:
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2. On SU .2/ we have the systems

˙.1;1/
˛ W ˛E2 C uE3 ˙.2;0/ W u1E2 C u2E3

˙.2;1/
˛ W ˛E1 C u1E2 C u2E3 ˙.3;0/ W u1E1 C u2E2 C u3E3:

Here ˛ > 0 parametrizes families of distinct (non-equivalent) class representatives.

Proof We consider only item (2), i.e., systems on the unitary group SU .2/. (The
proof for item (1), although more involved, is similar.) The group of linearized
automorphisms of SU .2/ is dAut.SU .2// D SO .3/ D fg 2 R

3�3 W gg> D
1; det g D 1g. The dot product 
 on su .2/ is given by A
B D a1b1Ca2b2Ca3b3.
(Here A D P3

iD1 aiEi and B D P3
iD1 biEi.) The level sets S˛ D fA 2 su .2/ W

A 
 A D ˛g are spheres of radius
p
˛ (and are preserved by automorphisms). The

group of automorphisms acts transitively on each sphere S˛. The critical point
C�.� /, at which an affine subspace � D AC hBi or AC hB1;B2i is tangent to a
sphere S˛ , is given by

C�.� / D A � A 
 B
B 
 BB

C�.� / D A � �B1 B2
	 �B1 
 B1 B1 
 B2

B1 
 B2 B2 
 B2
��1 �

A 
 B1
A 
 B2

�

respectively. Critical points behave well under the action of automorphisms, i.e.,
 � C�.� / D C�. � � / for any automorphism  .

Let ˙ be a single-input inhomogeneous system with trace � . There exists an
automorphism  such that  � � D ˛ sin � E1 C ˛ cos � E2 C hE3i, where ˛ Dp
C�.� / 
 C�.� /. Hence

 0 D
2
4

cos � � sin � 0
sin � cos � 0

0 0 1

3
5

is an automorphism such that  0 �  � � D � .1;1/
˛ .

Let ˙ be a two-input homogeneous system with trace � D hB1;B2i. Then
ḃ W B1 C hB2i is a (full-rank) single-input inhomogeneous system. Therefore,
there exists an automorphism  such that  � .B1 C hB2i/ D ˛E2 C hE3i. Hence,
 � hB1;B2i D hE2;E3i. Thus ˙ is equivalent to ˙.2;0/.

Let ˙ be a two-input inhomogeneous system with trace � . We have C�.� / 

C�.� / D ˛2 for some ˛ > 0. As C�.�1;˛/ 
 C�.�1;˛/ D ˛2, there exists an
automorphism  such that  �C�.� / D C�.�1;˛/. Hence  �� and �1;˛ are both
equal to the tangent plane of S˛2 at  � C�.� /, and are therefore identical.

If ˙ is a three-input system, then it is equivalent to ˙.3;0/.
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Lastly we note that none of the representatives obtained are equivalent. (Again,
we first distinguish representatives in terms of homogeneity and number of inputs.)
As ˛2 D C�.� .1;1/

˛ / 
C�.� .1;1/
˛ / (resp. ˛2 D C�.� .2;1/

˛ / 
C�.� .2;1/
˛ /) is an invariant

quantity, the systems ˙.1;1/
˛ and ˙

.1;1/

˛0 (resp. ˙.2;1/
˛ and ˙

.2;1/

˛0 ) are equivalent
only if ˛ D ˛0. ut

7.2.3.3 Controllability

The controllability property is invariant under detached feedback equivalence. The
following results, concerning control systems on Lie groups, are well known. If a
system is controllable, then it has full rank. Moreover, if a system is homogeneous or
if its state space is compact, then the full-rank condition implies controllability. Each
of the following conditions is sufficient for a full-rank system to be controllable
[68]:

• the direction space � 0 generates g, i.e., Lie .� 0/ D g;
• the identity element 1 is in the interior of the attainable set

A D fg.t1/ W g.�/ is a trajectory such that g.0/ D 1; t1 > 0gI

• there exists C 2 � such that t 7! exp.tC/ is periodic.

If the state space is simply connected and completely solvable, then the condition
Lie .� 0/ D g is necessary for controllability [94].

In several cases, these results allow one to immediately determine the controlla-
bility nature of a given system; for instance, for a system on a compact Lie group
one need only check whether or not Lie.� / D g. In some cases determining the
controllability of a system can be much more involved; for instance, we could only
show that the system ˙

.1;1/
1 on Ga

3:5 is controllable by explicitly constructing a
family of trajectories showing that 1 2 intA .

Theorem 5 ([33], see also [34, 42, 94]) For full-rank systems on three-dimensional
matrix Lie groups, the following criteria for controllability hold.

1. On each of the groups Aff .R/0 � R, H3, G3:2, G3:3, SE .1; 1/, and Ga
3:4, a

system is controllable if and only if Lie .� 0/ D g.
2. On each of the groups SEn.2/, n 2 N, SO .3/, and SU .2/, all systems are

controllable.
3. On each of the groups Aff .R/ � T, SL .2;R/, and SO .2; 1/0, a system is

controllable if and only if it is homogeneous or there exists A 2 � such that
t 7! exp.tA/ is periodic.

4. On each of the groups fSE .2/ and Ga
3:5, a system is controllable if and only if

E�
3 .�

0/ ¤ f0g. (Here E�
3 denotes the corresponding element of the dual basis.)
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7.2.4 Classification Beyond Three Dimensions

Detached feedback equivalence has proved useful and feasible not only in three
dimensions, but also in some higher dimensional cases. In this spirit we classify
controllable systems on the Heisenberg groups H2nC1 and revisit a classification of
homogeneous systems on the six-dimensional orthogonal group SO .4/.

Note 2 Homogeneous systems on four-dimensional Lie groups have been classified
on the oscillator group [a central extension of SE .2/] in [36], and on the four-
dimensional central extension of SE .1; 1/ in [19]. Recently, subspaces of the
four-dimensional Lie algebras were classified up to automorphism in [37]; from this
classification one can easily derive a classification (under detached feedback equiv-
alence) of the homogeneous systems on the simply connected four-dimensional Lie
groups.

7.2.4.1 The Heisenberg Groups H2nC1

The .2nC 1/-dimensional Heisenberg group may be realized as a matrix Lie group

H2nC1 D

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

2
666666664

1 x1 x2 � � � xn z
0 1 0 0 y1
0 0 1 0 y2
:::

: : :
:::

0 � � � 1 yn
0 � � � 0 1

3
777777775
W xi; yi; z 2 R

9>>>>>>>>=
>>>>>>>>;

:

H2nC1 is a simply connected nilpotent Lie group with one-dimensional center; its
Lie algebra

h2nC1 D

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

2
666666664

0 x1 x2 � � � xn z
0 0 0 0 y1
0 0 0 0 y2
:::

: : :
:::

0 � � � 0 yn
0 � � � 0 0

3
777777775
D zZ C

nX
iD1

.xiXi C yiYi/ W xi; yi; z 2 R

9>>>>>>>>=
>>>>>>>>;

has non-zero commutators ŒXi;Yj� D ıijZ.
The automorphisms of h2nC1 are exactly those linear isomorphisms that preserve

the centre z of h2nC1 and for which the induced map on h2nC1=z preserves an
appropriate symplectic structure (cf. [53]). More precisely, let ! be the skew-
symmetric bilinear form on h2nC1 specified by ŒA;B� D !.A;B/Z for A;B 2
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h2nC1. A linear isomorphism  W hn ! h2nC1 is a Lie algebra automorphism if and
only if  � Z D cZ and !. � A;  � B/ D c!.A;B/ for some c ¤ 0.

We give a matrix representation for the group of automorphisms. Throughout,
we use the ordered basis

.Z;X1;Y1;X2;Y2; : : : ;Xn;Yn/

for h2nC1. The bilinear form ! takes the form

! D
�
0 0

0 J

�
; where J D

2
666664

0 1 0

�1 0
: : :

0 1

0 �1 0

3
777775
:

We note that the linear map

& D

2
666666664

�1 0 � � � 0

0 0 1 0

1 0
:::

: : :

0 1

0 0 1 0

3
777777775

(7.2)

is an automorphism.

Proposition 1 (cf. [24, 91]) The group of automorphisms Aut.h2nC1/ is given by

�

r2 v

0 rg

�
; &

�
r2 v

0 rg

�
W r > 0; v 2 R

2n; g 2 Sp .n;R/
�

where

Sp .n;R/ D ˚g 2 R
2n�2n W g>Jg D J

�

is the n.2nC 1/-dimensional symplectic group over R.

Theorem 6 (cf. [24]) Every controllable system on H2nC1 is detached feedback
equivalent to one of the following three systems

˙.2n;0/ W u1X1 C � � � C unXn C unC1Y1 C � � � C u2nYn

˙.2n;1/ W Z C u1X1 C � � � C unXn C unC1Y1 C � � � C u2nYn

˙.2nC1;0/ W u1X1 C � � � C unXn C unC1Y1 C � � � C u2nYn C u2nC1Z:



144 R. Biggs and C.C. Remsing

Proof Let ˙ be a system on H2nC1 with trace � D A C � 0. As H2nC1 is
completely solvable and simply connected, controllability of ˙ is equivalent to the
condition Lie.� 0/ D h2nC1 [94]. We have Lie.� 0/ 	 span.� 0;Z/. Therefore, if
˙ is controllable, then � 0 has codimension zero or one. Moreover, if Lie.� 0/ D
h2nC1 and � 0 has codimension one, then

� 0 D hX1 C v1Z; : : : ;Xn C vnZ;Y1 C vnC1Z; : : : ;Yn C v2nZi

for some v1; : : : ; v2n 2 R.
Let ˙ be a homogeneous 2n-input system on H2nC1 with trace � D � 0. As

˙ is controllable, we have Lie.� / D h2nC1. As H2nC1 is simply connected, we
have dAut.H2nC1/ D Aut.h2nC1/. Hence, it suffices to show that there exists an
(inner) automorphism  2 Aut.hn/ such that  � � 0 D hX1; : : : ;Xn;Y1; : : : ;Yni.
By the above argument

� D hX1 C v1Z; : : : ;Xn C vnZ;Y1 C vnC1Z; : : : ;Yn C v2nZi :

Accordingly,

 D
�
1 �v

0 I2n

�
; v D �v1 vnC1 v2 vnC2 � � � vn v2n

	

is an inner automorphism such that  � � D hX1; : : : ;Xn;Y1; : : : ;Yni.
Let ˙ be a inhomogeneous 2n-input system on H2nC1 with trace � D AC� 0.

As ˙ is controllable, we have Lie.� 0/ D h2nC1. By the above argument, there
exists an automorphism  such that  � � 0 D hX1; : : : ;Xn;Y1; : : : ;Yni. Thus  �
� D AChX1; : : : ;Xn;Y1; : : : ;Yni D aZChX1; : : : ;Xn;Y1; : : : ;Yni for some a ¤ 0.
Accordingly,  0 D diag. 1jaj ;

1pjaj ; : : : ;
1pjaj / or  0 D & diag. 1jaj ;

1pjaj ; : : : ;
1pjaj / is

an automorphism such that  � � D Z C hX1; : : : ;Xn;Y1; : : : ;Yni.
Clearly, any .2nC 1/-input system is equivalent to ˙.2nC1;0/. ut

7.2.4.2 The Orthogonal Group SO .4/

The orthogonal group

SO .4/ D ˚g 2 GL .4;R/ W g>g D 1; det g D 1�

is a six-dimensional semisimple compact connected Lie group. Its Lie alge-
bra so .4/ D ˚

A 2 R
4�4 W A> C A D 0

�
is isomorphic to so .3/ ˚ so .3/. Let

.E1;E2;E3/ denote the standard (ordered) basis for so .3/ (see the Appendix). The
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map & W so .3/˚ so .3/! so .4/, given by

0
BB@

2
664
0 �x3 x2

x3 0 �x1

�x2 x1 0

3
775 ;

2
664
0 �y3 y2

y3 0 �y1

�y2 y1 0

3
775

1
CCA 7�! 1

2

2
66664

0 x3 � y3 x2 � y2 x1 � y1

�x3 C y3 0 x1 C y1 �x2 � y2

�x2 C y2 �x1 � y1 0 x3 C y3

�x1 C y1 x2 C y2 �x3 � y3 0

3
77775

is a Lie algebra isomorphism. We define an ordered basis .E1; : : : ;E6/ for so .4/
by

Ei D & � .Ei; 0/; i D 1; 2; 3 Ej D & � .0;Ej�3/; j D 4; 5; 6:

The group of inner automorphisms of so .4/ is given by

Int .so .4// D

�
 1 0

0  2

�
W  1;  2 2 SO .3/

�
:

The group of automorphisms Aut.so .4// is generated by Int .so .4// and the

swap automorphism � D
�

0 I3
I3 0

�
[3]. Moreover, the group of automorphisms

decomposes as a semi-direct product Aut.so .4// D Int .so .4// Ì f1; �g of the
inner automorphisms (normal) and the two-element subgroup generated by the
involution �.

Proposition 2 dAut.SO .4// D Aut.so.4//.

Proof As Aut.so .4// is generated by Int .so .4// and �, and clearly Int .so .4// 	
dAut.SO .4//, it suffices to show that � 2 dAut.SO .4//.

The mapping  W su .2/˚ su .2/! so .4/ given by

��
i
2
x1 1

2
.ix3 C x2/

1
2
.ix3 � x2/ � i

2
x1

�
;

�
i
2
y1 1

2
.iy3 C y2/

1
2
.iy3 � y2/ � i

2
y1

��

7�! 1

2

2
664

0 x3 � y3 x2 � y2 x1 � y1
�x3 C y3 0 x1 C y1 �x2 � y2
�x2 C y2 �x1 � y1 0 x3 C y3
�x1 C y1 x2 C y2 �x3 � y3 0

3
775

is a Lie algebra isomorphism. Accordingly, as SU .2/�SU .2/ is simply connected,
there exists a unique Lie group homomorphism q W SU .2/�SU .2/! SO .4/ with
T1q D  (see, e.g., [53]). It is not difficult to see that q is in fact an epimorphism
and so q is a universal covering of SO .4/. Consequently, ker q is a subgroup
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of the centre Z.SU.2/ � SU.2// D f.I2; I2/; .I2;�I2/; .�I2; I2/; .�I2;�I2/g. Let

C D
�
i� 0

0 �i�
�
2 su .2/. We have exp.C/ D �I2, exp. � .C; 0// D exp. �

.0;C// D �I4, and exp. � .C;C// D I4. Hence, as q.exp.A// D exp. � A/
for A 2 su .2/ ˚ su .2/, it follows that ker q D f.I2; I2/; .�I2;�I2/g. Let 
 be
the unique automorphism of SU .2/ � SU .2/ such that T1
 D  �1 ı � ı  . We
have that exp.T1
 � .C;C// D exp..C;C//. Hence 
.ker q/ D ker q. It follows that
� 2 dAut.SO .4// (see Proposition 5). ut
Theorem 7 ([5], see also [3]) Any homogeneous system on SO .4/ is detached
feedback equivalent to exactly one of the following systems

˙
.1;0/

ˇ W u1.E1 C ˇE4/; 0 6 ˇ 6 1

˙
.2;0/
1 W u1E1 C u2E4

˙
.2;0/
2;˛ W u1.E1 C ˛1E4/C u2.E2 C ˛2E5/;
.0 D ˛2 6 ˛1/ _ .1 6 1

˛2
6 ˛1/ _ .0 < ˛2 6 ˛1 < 1/

˙
.3;0/

1;ˇ W u1.E1 C ˇE4/C u2E2 C u3E6; 0 6 ˇ 6 1

˙
.3;0/
2;˛ W u1.E1 C ˛1E4/C u2.E2 C ˛2E5/C u3.E3 C ˛3E6/;
.0 D ˛3 6 ˛2 6 ˛1/ _ .0 < j˛3j 6 ˛2 < 1 ^ ˛2 6 ˛1/ _ .˛2 D 1 6 1

j˛3j
6 ˛1/

˙
.4;0/
1 W u1E2 C u2E3 C u3E5 C u4E6

˙
.4;0/
2;˛ W u1.E4 � ˛1E1/C u2.E5 � ˛2E2/C u3E3 C u4E6;

.0 D ˛2 6 ˛1/ _ .1 6 1
˛2

6 ˛1/ _ .0 < ˛2 6 ˛1 < 1/

˙
.5;0/

ˇ W u1.E4 � ˇE1/C u2E2 C u3E3 C u4E5 C u5E6

˙.6;0/ W u1E1 C u2E2 C u3E3 C u4E4 C u5E5 C u6E6:

Here ˛ and ˇ parametrize families of class representatives.

Remark 5 As SO .4/ is compact, a system on SO .4/ is controllable if and only
if it has full rank. For the homogeneous systems on SO .4/ we have the following.
No single input system has full rank; every five- or six-input system has full rank.
˙
.2;0/
1 does not have full rank;˙.2;0/

2;˛ does not have full rank exactly when ˛2 D 0
or ˛1 D ˛2 D 1.˙.3;0/

1;ˇ has full rank exactly when ˇ > 0;˙.3;0/
2;˛ does not have full

rank exactly when ˛1 D ˛2 D ˛3 D 1 or ˛2 D 0.˙.4;0/
1 has full rank;˙.4;0/

2;˛ does
not have full rank exactly when ˛1 D ˛2 D 0.
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Proof (Sketch) Any linearized automorphism  2 dAut.SO .4// preserves the dot
product A 
 B D P6

iD1 aibi. (Here A D P6
iD1 aiEi and B D P6

iD1 biEi.) Let � ?
denote the orthogonal complement of a subspace � � so .4/. It is then easy to show
that, if �; e� are subspaces of so .4/ and  2 Aut.so .4//, then  � � D e� if
and only if  �� ? D e� ?. The classification of the .6� `/-input systems therefore
follows from the classification of the `-input systems. Hence, we need only classify
the single-input, two-input, and three-input systems. In order to find normal forms
for the four- and five-input systems we need only take the orthogonal complements
of the traces of the two- and one-input systems, respectively. (The classification for
the six-input systems is trivial.)

We write an `-input homogeneous system ˙ W u1
P6

iD1 bi1Ei C � � � C
u`
P6

iD1 bi`Ei (in matrix form) as

˙ W
�
M1

M2

�
D

2
64
b11 : : : b

1
`

:::
:::

b61 : : : b
6
`

3
75 :

Here M1; M2 2 R
3�`. The evaluation  � �.1;u/ then becomes a matrix multipli-

cation. Accordingly, two `-input homogeneous systems ˙ W
�
M1

M2

�
and ˙ 0 W

�
M0
1

M0
2

�

are equivalent if and only if there exist an automorphism  2 dAut.SO .4// and

K 2 GL .`;R/ such that  �
�
M1

M2

�
K D

�
M0
1

M0
2

�
. More precisely, ˙ and ˙ 0 are

equivalent if and only if there exist R1;R2 2 SO .3/ and K 2 GL .`;R/ such that

�
R1M1K D M0

1 and R2M2K D M0
2

�

or
�
R1M2K D M0

1 and R2M1K D M0
2

�
:

The singular value decomposition (see, e.g., [80]) plays a key role in our
argument. For any matrix M 2 R

m�n of rank r, there exist orthogonal matrices
U 2 R

m�m, V 2 R
n�n and a diagonal matrix D 2 R

r�r D diag.	1; : : : ; 	r/

such that M D U

�
D 0

0 0

�
V> with 	1 > � � � > 	r > 0. Using this result,

together with the above characterization of equivalence (in matrix form), it is
fairly straightforward to compute normal forms for the one-, two-, and three-input
homogeneous systems on SO .4/. ut
Note 3 The inhomogeneous systems on SO .4/ were also classified in [5]; the
approach is similar though the computations are more involved.
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7.3 Invariant Optimal Control

We consider the class of left-invariant optimal control problems on Lie groups with
fixed terminal time, affine dynamics, and affine quadratic cost. Formally, such a
problem is written as

Pg D g .AC u1B1 C � � � C u`B`/ ; g 2 G; u 2 R
` (7.3)

g.0/ D g0; g.T/ D g1 (7.4)

J D
Z T

0

.u.t/ � �/> Q .u.t/ � �/ dt �! min: (7.5)

Here G is a (real, finite-dimensional, connected) Lie group with Lie algebra g, A,
B1; : : : ; B` 2 g (with B1; : : : ; B` linearly independent), u D .u1; : : : ; u`/ 2 R

`,
� 2 R

`, and Q is a positive definite ` � ` matrix. To each such problem, we
associate a cost-extended system .˙; �/. Here ˙ is the control system (7.3) and
the cost function � W R` ! R has the form �.u/ D .u��/> Q .u��/. Each cost-
extended system corresponds to a family of invariant optimal control problems; by
specification of the boundary data .g0; g1;T/, the associated problem is uniquely
determined.

Optimal control problems of this kind have received considerable attention in
the last few decades. Various physical problems have been modelled in this manner
(cf. Sect. 7.1.2), such as optimal path planning for airplanes, motion planning for
wheeled mobile robots, spacecraft attitude control, and the control of underactuated
underwater vehicles [77, 89, 100]; also, the control of quantum systems and the
dynamic formation of DNA [48, 54]. Many problems (as well as sub-Riemannian
structures) on various low-dimensional matrix Lie groups have been considered by
a number of authors (see, e.g., [22, 23, 41, 63, 67, 69, 81, 83, 88, 92, 93]).

We introduce a form of equivalence for problems of the form (7.3)–(7.4)–(7.5),
or rather, for the associated cost-extended systems (cf. [27, 35]). Cost equivalence
establishes a one-to-one correspondence between the associated optimal trajecto-
ries, as well as the associated extremal curves. We associate to each cost-extended
system, via the Pontryagin Maximum Principle, a quadratic Hamilton–Poisson
systems on the associated Lie–Poisson space. We show that cost equivalence of cost-
extended systems implies equivalence of the associated Hamiltonian systems. In
addition, we reinterpret drift-free cost-extended systems (with homogeneous cost)
as invariant sub-Riemannian structures.

A number of illustrative examples concerning classification (some quite exten-
sive) are included.
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7.3.1 Pontryagin Maximum Principle

The Pontryagin Maximum Principle provides necessary conditions for optimality
which are naturally expressed in the language of the geometry of the cotangent
bundle T�G of G (see [10, 51, 64]). The cotangent bundle T�G can be trivialized
(from the left) such that T�G D G � g�; here g� is the dual of the Lie algebra g.
To an optimal control problem (7.3)–(7.4)–(7.5) we associate, for each real number
� and each control parameter u 2 R

` a Hamiltonian function on T�G D G � g�:

H�
u .�/ D ��.u/C � .�u.g//

D ��.u/C p .�u.1//; � D .g; p/ 2 T�G: (7.6)

We denote by
#–
H�

u the corresponding Hamiltonian vector field (with respect to the
symplectic structure on T�G).

Lemma 1 ([64], see also [10]) A curve �.�/ D .g.�/; p.�// is an integral curve of
(the time varying Hamiltonian vector field)

#–
H�

u.t/ if and only if

Pg.t/ D �.g.t/; u.t// Pp.t/ D ad� �u.t/.1/ � p.t/:

Here .ad� A � p/.B/ D p.ŒA;B�/ for A;B 2 g and p 2 g�.
In terms of the above Hamiltonians, the Maximum Principle can be stated as

follows.

Theorem 8 (Maximum Principle) Suppose the controlled trajectory .Ng.�/; Nu.�//
defined over the interval Œ0;T� is a solution for the optimal control problem (7.11).
Then, there exists a curve �.�/ W Œ0;T� ! T�G with �.t/ 2 T�Ng.t/G; t 2 Œ0;T�,
and a real number � 6 0, such that the following conditions hold for almost every
t 2 Œ0;T� :

.�; �.t// 6� .0; 0/ (7.7)

P�.t/ D #–
H�Nu.t/.�.t// (7.8)

H�Nu.t/ .�.t// D max
u

H�
u .�.t// D constant: (7.9)

An optimal trajectory, g.�/ W Œ0;T� ! G is the projection of an integral curve
�.�/ of the (time-varying) Hamiltonian vector field

#–
H�Nu.t/. A trajectory-control pair

.�.�/; u.�// is said to be an extremal pair if �.�/ satisfies the conditions (7.7)–(7.9).
The projection �.�/ of an extremal pair is called an extremal. An extremal curve is
called normal if � < 0 and abnormal if � D 0.

For the class of optimal control problems under consideration, the maximum
condition (7.9) eliminates the parameter u from the family of Hamiltonians .Hu/;
as a result, we obtain a smooth G-invariant function H on T�G D G � g�. This
Hamilton–Poisson system on T�G can be reduced to a Hamilton–Poisson system
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on the (minus) Lie–Poisson space g��, with Poisson bracket given by

fF;Gg D �p.ŒdF. p/; dG. p/�/:

Here F;G 2 C1.g�/ and dF. p/; dG. p/ are elements of the double dual g��
which is canonically identified with the Lie algebra g.

7.3.2 Equivalence of Cost-Extended Systems

Let .˙; �/ and .˙ 0; �0/ be two cost-extended systems. .˙; �/ and .˙ 0; �0/ are
said to be cost equivalent if there exist a Lie group isomorphism 
 W G ! G0 and
an affine isomorphism ' W R` ! R

` such that

Tg
 ��.g; u/ D � 0.
.g/; '.u// and �0 ı ' D r�

for g 2 G, u 2 R
` and some r > 0. Equivalently, .˙; �/ and .˙ 0; �0/ are cost

equivalent if and only if there exist a Lie group isomorphism 
 W G ! G0 and
an affine isomorphism ' W R` ! R

` such that T1
 � �.1; u/ D � 0.10; '.u// and
�0 ı ' D r� for some r > 0. Accordingly:

• If .˙; �/ and .˙ 0; �0/ are cost equivalent, then ˙ and ˙ 0 are detached
feedback equivalent.

• If two full-rank systems ˙ and ˙ 0 are state space equivalent, then .˙; �/ and
.˙ 0; �/ are cost equivalent for any cost �.

• If two full-rank systems ˙ and ˙ 0 are detached feedback equivalent with
respect to a feedback transformation ', then .˙; � ı '/ and .˙ 0; �/ are cost
equivalent for any cost �.

Remark 6 The cost-preserving condition �0 ı ' D r� is partially motivated by
the following considerations. Each cost � on R

` induces a strict partial ordering
u < v ” �.u/ < �.v/. It turns out that � and �0 induce the same strict
partial ordering on R

` if and only if � D r�0 for some r > 0. The dynamics-
preserving condition Tg
 � �.g; u/ D � 0.
.g/; '.u// is just that of detached
feedback equivalence (on full-rank systems).

Let .g.�/; u.�// be a controlled trajectory, defined over an interval Œ0;T�, of a
cost-extended system .˙; �/. We say that .g.�/; u.�// is a virtually optimal con-
trolled trajectory (shortly VOCT) if it is a solution for the associated optimal control
problem with boundary data .g.0/; g.T/;T/. Similarly, we say that .g.�/; u.�// is an
extremal controlled trajectory (shortly ECT) if it satisfies the necessary conditions
of the Pontryagin Maximum Principle (with � 6 0). Clearly, any VOCT is an ECT.
A map 
 � ' defining a cost equivalence between two cost-extended systems
establishes a one-to-one correspondence between their respective VOCTs (and
ECTs).
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Theorem 9 ([27, 35]) Suppose 
 � ' defines a cost equivalence between .˙; �/
and .˙ 0; �0/. Then

1. .g.�/; u.�// is a VOCT if and only if .
 ı g.�/; ' ı u.�// is a VOCT;
2. .g.�/; u.�// is an ECT if and only if .
 ı g.�/; ' ı u.�// is an ECT.
Proof

(1) Suppose .g.�/; u.�// is a controlled trajectory of .˙; �/ and .
 ı g.�/; ' ı u.�//
is a VOCT of .˙ 0; �0/. Further suppose .g.�/; u.�// is not a VOCT of .˙; �/.
Then there exists another controlled trajectory .h.�/; v.�// such that h.0/ D
g.0/, h.T/ D g.T/, and

J .v.�// D
Z T

0

�.v.t// dt <
Z T

0

�.u.t// dt DJ .u.�//:

Hence
�

 ı h.�/; ' ı v.�/� is a controlled trajectory of .˙ 0; �0/ such that (for

some r > 0)

J 0.' ı v.�// D
Z T

0

.�0 ı '/.v.t// dt D r
Z T

0

�.v.t// dt

< r
Z T

0

�.u.t// dt D
Z T

0

.�0 ı '/.u.t// dt DJ 0.' ı u.�//:

However, this contradicts the fact that .
ıg.�/; 'ıu.�// is a VOCT of .˙ 0; �0/.
Thus if .
 ı g.�/; ' ı u.�// is a VOCT, then so is .g.�/; u.�//. As 
�1 � '�1
defines a cost equivalence between .˙ 0; �0/ and .˙; �/, the same argument
can be used to show the converse.

(2) The Hamiltonian functions (7.6), associated to .˙; �/ and .˙ 0; �0/, are given
by

Hu.g; p/ D p.�u.1//C ��.u/ and H0
u0.g0; p0/ D p0.� 0

u0.1//C ��0.u/

respectively (for a fixed �). Assume .g.�/; u.�// is a controlled trajectory of ˙
such that .g0.�/; u0.�// D .
 ı g.�/; ' ı u.�// is an ECT of .˙ 0; �0/. Then there
exists p0.�/ W Œ0;T�! g� such that .� 0.�/; u0.�//, � 0.t/ D .g0.t/; p0.t// satisfies
(7.7)–(7.8)–(7.9). As P� 0.t/ D #–

H 0
u.t/.�

0.t// (7.8) we have (see Lemma 1)

Pg0.t/ D � 0.g0.t/; u0.t// Pp0.t/ D ad�� 0
u0.t/.1/ � p0.t/:

Let p.�/ D 1
r .T1
/

� � p0.�/ and �.t/ D .g.t/; p.t//. (Here r > 0 is the unique
constant associated to 
 � '.)

We show that .�.�/; u.�// satisfies (7.8)–(7.9). By assumption we have that
Pg.t/ D �.g.t/; u.t//. Thus, in order to satisfy (7.8), we are left to show that
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Pp.t/ D ad��u.t/.1/ � p.t/. Indeed, for A 2 g� we have

Pp.t/ � A D 1
r

�
.T1
/

� � Pp0.t/
� � A

D 1
r

�
ad� � 0

u0.t/.1/ � p0.t/
�
� .T1
 � A/

D 1
r p

0.t/ � �T1
 ��u.t/.1/;T1
 � A
	

D �ad��u.t/.1/ � p.t/
� � A:

In order to show that .�.�/; u.�// satisfies (7.9), we first show that Hu.�.t// D
1
r H

0
'.u/.�

0.t// for u 2 R
k. Indeed,

Hu.�.t// D p.t/ ��u.1/C ��.u/
D . 1r .T1
/� � p0.t// ��u.1/C ��.u/
D 1

r p
0.t/ �� 0

'.u/.1/C 1
r��

0.'.u//

D 1
r H

0
'.u/.�

0.t//:

Hence, it follows that

Hu.t/.�.t// D 1
r H

0
u0.t/.�

0.t//

D max
u02Rk0

1
r H

0
u0

�
� 0.t/

�
.D constant/

D max
u2Rk

1
r H

0
'.u/

�
� 0.t/

�

D max
u2Rk

Hu .�.t// D constant

It is left to show that (7.7) holds. If .g0.�/; u0.�// is normal, then � < 0 and
so .�; �.�// 6� 0. Suppose .g0.�/; u0.�// is abnormal. We have that .T1
/� is
injective and as .�; � 0.�// 6� 0, i.e., p0.�/ 6� 0, it follows that p.�/ D 1

r .T1
/
� �

p0.t/ 6� 0, i.e., .�; �.�// 6� 0. Again, the converse may be found by a similar
argument (utilizing 
�1 � '�1). ut

7.3.2.1 Classification

The classification of a given class of cost-extended systems may be approached
as follows. First, we classify the underlying systems under detached feedback
equivalence and obtain normal forms ˙i, i 2 I. Any cost-extended system must
then be equivalent to a cost-extended system .˙i; �/ for some i 2 I and some
cost �. Note that .˙i; �/ and .˙j; �

0/ cannot be equivalent unless i D j. Therefore
the classification problem reduces to finding normal forms of the cost � for each
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˙i. Accordingly, we wish to characterize cost equivalence between cost-extended
systems for which the underlying system is identical.

Let .˙; �/ and .˙; �0/ be two cost-extended systems (with identical underlying
systems). Let T˙ be the group of feedback transformations leaving ˙ invariant.
More precisely,

T˙ D f' 2 Aff .R`/ W 9 2 dAut.G/;  � � D �;  ��.1; u/ D �.1; '.u//g:

(Here Aff .R`/ is the group of affine isomorphisms of R
`.) The following result is

easy to prove.

Proposition 3 .˙; �/ and .˙; �0/ are cost equivalent if and only if there exists an
element ' 2 T˙ such that �0 D r� ı ' for some r > 0.

Four examples of the classification of cost-extended systems (on the Euclidean,
semi-Euclidean and Heisenberg groups) are exhibited. In the first two cases the
classification procedure (as outlined above) is carried out in some detail.

Example 3 ([27]) On SE .2/, any full-rank two-input drift-free cost-extended
system .˙; �/ with homogeneous cost (i.e., �.0/ D 0) is cost equivalent to

.˙.2;0/; �.2;0// W
(
˙ W u1E2 C u2E3

�.u/ D u21 C u22:

Proof Let .˙; �/ be a cost-extended system as prescribed. By Theorem 3 and the
fact that dAut.SE .2// D Aut.se .2// (see Example 1), we have that ˙ is detached
feedback equivalent to the system ˙.2;0/. Moreover, it turns out that the feedback
transformation ' for this equivalence must be linear. Thus .˙; �/ is cost equivalent
to a cost-extended system .˙.2;0/; �0/ for some �0 W u 7! u> Q0 u.

A straightforward calculation shows that the group T˙.2;0/ of feedback transfor-
mations leaving ˙.2;0/ invariant is given by

T˙.2;0/ D


u 7!

�
	x w
0 	

�
u W x ¤ 0; w 2 R; 	 D ˙1

�
:

Let Q0 D
�
a1 b
b a2

�
. Now '1 D

"
1 � b

a1
0 1

#
2 T˙1 and .�0 ı '1/.u/ D

u> diag.a1; a2 � b2

a1
/ u. Let a0

2 D a2 � b2

a1
and let '2 D diag.

q
a0
2

a1
; 1/ 2 T˙1 .

Then .�0 ı .'1 ı '2//.u/ D a0
2 u

> u D a0
2 �

.2;0/.u/. Consequently, by Proposition 3,
.˙; �/ is cost equivalent to .˙.2;0/; �.2;0//. ut
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Example 4 ([21, 35]) Any controllable two-input inhomogeneous cost-extended
system on H3 is cost equivalent to exactly one of

.˙.2;1/; �.2;1/˛ / W
(
˙.2;1/ W E1 C u1E2 C u2E3

�.2;1/˛ .u/ D .u1 � ˛/2 C u22:

Here ˛ > 0 parametrizes a family of (non-equivalent) class representatives.

Proof Let .˙; �/ be a cost-extended system as prescribed. By Theorem 6, ˙ is
detached feedback equivalent to the system ˙.2;1/. Thus, .˙; �/ is cost equivalent
to .˙.2;1/; �0/ for some cost �0.

As H3 is simply connected, d Aut.H3/ D Aut.h3/. A simple calculation shows
that T˙.2;1/ D SL .2;R/. Now �0 W u 7! .u � �/> Q .u � �/ for some positive

definite matrix Q D
�
a1 b
b a2

�
and � 2 R

2. We transform �0 into multiple of �.2;1/˛

by successively composing with elements of T˙.2;1/ . We have '1 D
"
1 � b

a1
0 1

#
2

T˙.2;1/ and

�1.u/ D .�0 ı '1/.u/ D .u � �0/> diag.a1; a2 � b2

a1
/ .u� �0/

for some �0 2 R
2. Let a0

2 D a2� b2

a1
� Then '2 D 4

p
a1a0

2 diag
�

1p
a1
; 1p

a0
2

� 2 T˙.2;1/

and

�2.u/ D 1p
a1a

0
2

.�1 ı '2/.u/ D .u � �00/>.u � �00/

for some �00 2 R
2. There exist ˛ > 0 and � 2 R such that �00

1 D ˛ cos � and

�00
2 D ˛ sin � . Hence '3 D

�
cos � � sin �
sin � cos �

�
2 T˙.2;1/ and

�.2;1/˛ .u/ D .�2 ı '3/.u/ D
�
u �

�
˛

0

��> �
u �

�
˛

0

��
:

Therefore �.2;1/˛ D 1p
a1a

0
2

�0ı.'1ı'2ı'3/. Consequently, by Proposition 3, .˙; �/

is cost equivalent to .˙.2;1/; �
.2;1/
˛ /. A simple verification shows that �.2;1/˛ ı ' ¤

r�.2;1/˛0 for any ˛ ¤ ˛0, r > 0, and ' 2 T˙.2;1/ . ut
Example 5 ([18]) On SE .1; 1/, any controllable drift-free cost-extended system
.˙; �/ with homogeneous cost (i.e., �.0/ D 0) is cost equivalent to exactly one of
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the systems

.˙.2;0/; �.2;0// W
(
˙.2;0/ W u1E1 C u2E3

�.2;0/.u/ D u21 C u22

.˙.3;0/; �
.3;0/

� / W
8<
:
˙.3;0/ W u1E1 C u2E2 C u3E3

�
.3;0/

� .u/ D u21 C �u22 C u23:

Here 0 < � 6 1 parametrizes a family of cost-extended systems, with each distinct
value corresponding to a distinct (non-equivalent) class representative.

Example 6 ([24]) On H2nC1, any drift-free controllable cost-extended system with
homogeneous cost (i.e., �.0/ D 0) is cost-equivalent to exactly one of the following
cost-extended systems:

.˙.2n;0/; �
.2n;0/
� / W

8<
:
˙.2n;0/ W Pn

iD1 .uiXi C unCiYi/

�
.2n;0/
� .u/ DPn

iD1�i
�
u2i C u2nCi

�

.˙.2nC1;0/; �.2nC1;0/
� / W

8<
:
˙.2nC1;0/ W Pn

iD1 .uiXi C unCiYi/C u2nC1Z

�
.2nC1;0/
� .u/ DPn

iD1�i
�
u2i C u2nCi

�C u22nC1:

Here 1 D �1 > �2 > � � � > �n > 0 parametrize families of (non-equivalent) class
representatives.

7.3.3 Pontryagin Lift

To any cost-extended system .˙; �/ on a Lie group G we associate, via the
Pontryagin Maximum Principle, a Hamilton–Poisson system on the associated Lie–
Poisson space g�� (cf. [10, 64, 94]). We show that equivalence of cost-extended
systems implies equivalence of the associated Hamilton–Poisson systems.

Note 4 The Pontryagin lift may be realized as a contravariant functor between the
category of cost-extended control systems and the category of Hamilton–Poisson
systems ([35], see also [51]).

A quadratic Hamilton–Poisson system .g��;HA;Q/ is specified by

HA;Q W g� ! R; p 7! p.A/CQ. p/:

Here A 2 g and Q is a quadratic form on g�. If A D 0, then the system is
called homogeneous; otherwise, it is called inhomogeneous. (When g�� is fixed, a
system .g��;HA;Q/ is identified with its Hamiltonian HA;Q.) To each function H 2
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C1.g�/, we associate a Hamiltonian vector field
#–
H on g� specified by

#–
HŒF� D

fF;Hg. A function C 2 C1.g�/ is a Casimir function if fC;Fg D 0 for all F 2
C1.g�/, or, equivalently

#–
C D 0. A linear map  W g� ! h� is a linear Poisson

morphism if fF;Gg ı  D fF ı  ;G ı  g for all F;G 2 C1.h�/. Linear Poisson
morphisms are exactly the dual maps of Lie algebra homomorphisms.

Let .E1; : : : ;En/ be a ordered basis for the Lie algebra g and let .E�
1 ; : : : ;E

�
n /

denote the corresponding dual basis for g�. We write elements B 2 g as column
vectors and elements p 2 g� as row vectors. The equations of motion for the
integral curve p.�/ of the Hamiltonian vector field

#–
H corresponding to H 2

C1.g�/ then take the form Ppi D �p.ŒEi; dH. p/�/. Whenever convenient, linear
maps will be identified with their matrices. Writing elements u 2 R

` as column
vectors as well, we can express �u.1/ D ACu1B1C� � �Cu`B` as �u.1/ D ACB u,
where B D �B1 � � � B`

	
is a n � ` matrix.

Let .˙; �/ be a cost-extended system with

�u.1/ D AC B u; �.u/ D .u � �/>Q.u � �/:

By the Pontryagin Maximum Principle we have the following result.

Theorem 10 ([27]) Any normal ECT .g.�/; u.�// of .˙; �/ is given by

Pg.t/ D �.g.t/; u.t//; u.t/ D Q�1 B> p.t/> C �

where p.�/ W Œ0;T� ! g� is an integral curve for the Hamilton–Poisson system on
g�� specified by

H. p/ D p .AC B�/C 1
2
p B Q�1 B> p>: (7.10)

Proof The Hamiltonian (7.6) is given by Hu.g; p/ D p ACpB uC� .u��/> Q .u�
�/. Now, @Hu

@u .g; p/ D pB C 2�.u � �/> Q. Hence the maximum maxu Hu.g; p/
occurs at u> D � 1

2�
pBQ�1 C �> (for a normal ECT we have � < 0). Therefore

the maximized Hamiltonian is given by

H.g; p/ D max
u2Rk

Hu.g; p/

D p AC p B .� 1
2�
Q�1 B> p> C �/C �

4�2
p B Q�1 Q Q�1 B> p>

D p .AC B�/ � 1
4�

p B Q�1 B> p>:

As the maximized Hamiltonian H is defined and smooth, it follows that
if .�.�/; u.�// satisfies (7.7)–(7.8)–(7.9), then P�.t/ D #–

H.�.t// and u.�/ D
� 1
2�

Q�1 B> p.�/ C �; moreover, if �.�/ D .g.�/; p.�// is an integral curve of
#–
H, then the pair .�.�/; Qu.�//, Qu.�/ D � 1

2�
Q�1 B> p.�/ C � satisfies (7.7)–(7.8)–

(7.9) (see [10]). Accordingly the normal ECTs are the projection .g.�/; p.�// of the
pairs .�.�/; u.�// where u.�/ D � 1

2�
Q�1 B> p.�/C � and �.�/ D .g.�/; p.�// is an
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integral curve of the Hamiltonian vector field
#–
H on T�G D G � g�. However, as

the Hamiltonian H is G-invariant, the integral curves .g.�/; p.�// of H are given
by (see, e.g., [64])

Pg.t/ D g.t/ dH. p.t// and Pp.t/ D ad� dH. p.t// � p.t/

where H is viewed as a function on g� and dH. p/ 2 g�� is canonically identified
with an element in g. Accordingly we get Pg.t/ D �.g.t/; u.t// where u.t/ D
� 1
2�
Q�1 B> p.t/> C � and p.t/ is an integral curve of the Hamiltonian system

.g��;H/. Finally, as the pair .�; �.�// can be multiplied by any positive number
[10], we take � D � 1

2
for convenience. ut

We say that two quadratic Hamilton–Poisson systems .g��;G/ and .h��;H/ are
linearly equivalent if there exists a linear isomorphism  W g� ! h� such that the
Hamiltonian vector fields

#–
G and

#–
H are  -related, i.e., Tp � #–

G. p/ D #–
H. . p//

for p 2 g�.

Proposition 4 The following pairs of Hamilton–Poisson systems (on g��, specified
by their Hamiltonians) are linearly equivalent:

1. HA;Qı and HA;Q, where  W g�� ! g�� is a linear Lie–Poisson automorphism;
2. HA;Q and HA;rQ, where r ¤ 0;
3. HA;Q and HA;Q C C, where C is a Casimir function.

Proof

(1) As  is a (linear) Poisson isomorphism, it follows that T ı #                –
HA;Q ı  D

#–
HA;Q ı  (see, e.g., [79]), i.e.,  �

#                –
HA;Q ı  D #–

HA;Q.
(2) Let p.�/ be an integral curve of

#–
HA;Q, i.e., suppose Ppi.t/ D �p.t/ � ŒEi;A C

p.t/>Q�. Let Np.�/ D 1
r p.�/. Then PNpi.t/ D � 1r p.t/ � ŒEi;AC p.t/>Q� D �Np.t/ �

ŒEi;A C Np.t/>rQ�. Thus Np.�/ is an integral curve of
#–
HA;rQ. Thus,

#–
HA;Q and

#–
HA;rQ are compatible with the map ı1=r W p 7! 1

r p (as ı1=r maps the flow of
#–
HA;Q to the flow of

#–
HA;rQ).

(3) We have fHA;QCC;Fg D fHA;Q;Fg for F 2 C1.g�/. Thus
#                  –
HA;Q C C D #–

HA;Q,
i.e., these vector fields are compatible with the identity map. ut

Theorem 11 If two cost-extended systems are cost equivalent, then their associated
Hamilton–Poisson systems, given by (7.10), are linearly equivalent.

Proof Let .˙; �/ and .˙ 0; �0/ be cost-extended systems with �u.1/ D AC B u
and � 0

u.1/ D A0 C B0 u0, respectively. The associated Hamilton–Poisson systems
(on g�� and .g0/��, respectively) are given by

H.˙;�/. p/ D p .AC B�/C 1
2
pBQ�1 B> p>

H.˙ 0;�0/. p/ D p .A0 C B0 �0/C 1
2
pB0 Q0�1 B0> p>:
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Suppose 
 � ' defines a cost equivalence between .˙; �/ and .˙ 0; �0/, where
'.u/ D RuC '0 and R 2 R

`�`. We have �0 ı ' D r� for some r > 0. A simple
calculation yields

T1
 � A D A0 C B0 '0; R�C '0 D �0; T1
 � B D B0R; RQ�1 R> D r .Q0/�1:

Thus .H.˙;�/ ı .T1
/�/. p/ D p .A0CB0 �0/C r
2
pB0 .Q0/�1 B0> p>. Here .T1
/� W

.g0/� ! g� is the dual of the linear map T1
. Hence, the vector fields associated
with H.˙ 0;�0/ and H.˙;�/ ı .T1
/�, respectively, are related by the dilation ı1=r W
.g0/� ! .g0/�, p 7! 1

r p (Proposition 4). Moreover, the vector fields associated
with H.˙;�/ ı .T1
/� and H.˙;�/, respectively, are related by the linear Poisson
isomorphism .T1
/� (Proposition 4). Consequently 1

r .T1
/
� defines a linear

equivalence between ..g0/��; H.˙ 0;�0// and .g��; H.˙;�//. ut
Remark 7 The converse of the above statement is not true in general. In fact, one
can construct cost-extended systems with different number of inputs but equivalent
Hamiltonians (cf. [35]).

Accordingly, from a classification of cost-extended systems, one can generally
get a (partial) classification of the corresponding quadratic Hamilton–Poisson
systems. For instance, we have the following result.

Example 7 (cf. Example 6) Any quadratic Hamilton–Poisson systems ..h3/��;H/,
where H is a positive definite quadratic form, is linearly equivalent to the system
on .h3/�� with Hamiltonian H0. p/ D 1

2
. p21 C p22 C p23/.

Proof Let ..h3/��;H/ be a quadratic Hamilton–Poisson system with Hamiltonian
H. p/ D pQ p> being a positive-definite quadratic form. For the cost-extended
system .˙; �/ on H3 specified by

�
˙ 0; �0� W



˙ 0 W u1X1 C u2Y1 C u3Z D u1E2 C u2E3 C u3E1
�.u/ D 1

2
u> Q�1 u

we have that the associated Hamiltonian system (7.10) is ..h3/��;H/. Furthermore,
by Example 6, we have that .˙; �/ is cost equivalent to the system

�
˙.2;0/; �

.2;0/
1

�
W

(
˙.2;0/ W u1Y1 C u2X1 C u3Z

�
.2;0/
1 .u/ D u21 C u22 C u23

which has associated Hamiltonian system ..h3/
��;H0/. Consequently, by Theo-

rem 11, we have that ..h3/��;H/ is L-equivalent to ..h3/��;H0/. ut
Remark 8 It is a simple matter to expand the above result to positive definite
quadratic Hamilton–Poisson systems on .h2nC1/��.
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7.3.4 Sub-Riemannian Structures

Left-invariant sub-Riemannian (and, in particular, Riemannian) structures on Lie
groups can naturally be associated to drift-free cost-extended systems with homo-
geneous cost. We show that if two cost-extended systems are cost equivalent, then
the associated sub-Riemannian structures are isometric up to rescaling. At least
for some classes (namely Riemannian structures on nilpotent groups and sub-
Riemannian Carnot groups), the converse holds as well.

A left-invariant sub-Riemannian manifold is a triplet .G;D ; g/, where G is a
(real, finite dimensional) connected Lie group, D is a nonintegrable left-invariant
distribution on G, and g is a left-invariant Riemannian metric on D . More
precisely, D.1/ is a linear subspace of the Lie algebra g of G and D.g/ D
gD.1/; the metric g1 is a positive definite symmetric bilinear from on g and
gg.gA; gB/ D g1.A;B/ for A;B 2 g, g 2 G. When D D TG (i.e., D.1/ D g)
then one has a left-invariant Riemannian structure. An absolutely continuous curve
g.�/ W Œ0;T� ! G is called a horizontal curve if Pg.t/ 2 D.g.t// for almost all
t 2 Œ0;T�. We shall assume that D satisfies the bracket generating condition, i.e.,
D.1/ has full rank; this condition is necessary and sufficient for any two points in
G to be connected by a horizontal curve. An isometry between two left-invariant
sub-Riemannian manifolds .G;D ; g/ and .G0;D 0; g0/ is a diffeomorphism 
 W
G ! G0 such that 
�D D D 0 and g D 
�g0, i.e., Tg
 � D.g/ D D 0.
.g// and
gg.gA; gB/ D g0


.g/.Tg
 � gA;Tg
 � gB/ for g 2 G and A;B 2 g. If the isometry 

is a Lie group isomorphism, we shall say it is an L-isometry.

A standard argument shows that the length minimization problem

Pg.t/ 2 D.g.t//; g.0/ D g0; g.T/ D g1;
Z T

0

p
g.Pg.t/; Pg.t// �! min

is equivalent to the energy minimization problem, or invariant optimal control
problem:

Pg D �u.g/; u 2 R
` g.0/ D g0; g.T/ D g1

Z T

0

�.u.t// dt �! min:
(7.11)

Here �u.1/ D u1B1C � � � C u`B` where B1; : : : ;B` are some linearly independent
elements of the Lie algebra g such that hB1; : : : ;B`i D D.1/; �.u.t// D
u.t/>Qu.t/ D g1.�u.t/.1/; �u.t/.1// for some ` � ` positive definite (symmetric)
matrix Q. More precisely, energy minimizers are exactly those length minimizers
which have constant speed. In other words, the VOCTs of the cost-extended system
.˙; �/ associated with (7.11) are exactly the (constant speed) minimizing geodesics
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of the sub-Riemannian structure .G;D ; g/; the normal (resp. abnormal) ECTs of
.˙; �/ are the normal (resp. abnormal) geodesics of .G;D ; g/.

Accordingly, to a (full-rank) cost-extended system .˙; �/ on G of the form

˙ W u1B1 C � � � C u`B`; �.u/ D u>Qu

we associate a sub-Riemannian structure .G;D ; g/ specified by

D.1/ D � D hB1; : : : ;B`i ; g1.u1B1C � � �C u`B`; u1B1C � � �C u`B`/ D �.u/:

Let .G;D ; g/ and .G0;D 0; g0/ be two sub-Riemannian structures associated to
.˙; �/ and .˙ 0; �0/, respectively.

Theorem 12 .˙; �/ and .˙ 0; �0/ are cost equivalent if and only if .G;D ; g/ and
.G0;D 0; g0/ are L-isometric up to rescaling.

Proof Suppose 
�' defines a cost equivalence between .˙; �/ and .˙ 0; �0/, i.e.,

��u D � 0

'.u/ and �0 ı ' D r� for some r > 0. As T1
 � �u.1/ D �'.u/.1/, it
follows that T1
 �D.1/ D D 0.1/. Hence, as 
 is a Lie group isomorphism, by left
invariance we have 
�D D D 0. Furthermore

r �.u/ D �0.'.u//

” r g1.�u.1/; �u.1// D g0
1.�

0
'.u/.1/; �

0
'.u/.1//

” r g1.�u.1/; �u.1// D g0
1.T1
 ��u.1/;T1
 ��u.1//: (7.12)

Hence, as 
 is a Lie group isomorphism, by left invariance we have r g D 
�g0.
Conversely, suppose 
�D D D 0 and g D r 
�g0. We have T1
 �D.1/ D D 0.1/

and so T1
 � � D � 0. Hence there exists a unique linear map ' W R` ! R
` such

that T1
 ��u.1/ D � 0
'.u/.1/. Thus 
 � ' defines a detached feedback equivalence

between ˙ and ˙ 0. By (7.12), it follows that �0 ı ' D r�. Thus .˙; �/ and
.˙ 0; �0/ are cost equivalent. ut

Clearly every L-isometry is an isometry. For some classes of sub-Riemannian
structures, every isometry is the composition of a left translation and an L-
isometry. Hence, for these classes, if .G;D ; g/ and .G0;D 0; g0/ are isometric (up
to rescaling), then .˙; �/ and .˙ 0; �0/ are cost equivalent.

Theorem 13 (cf. [102], also [74]) Let .G; g/ and .G0; g0/ be two invariant
Riemannian structures on simply connected nilpotent Lie groups G and G0,
respectively. A diffeomorphism 
 W G ! G0 is an isometry between .G; g/ and
.G0; g0/ if and only if 
 is the composition 
 D L
.1/ ı 
0 of a left translation
L
.1/ on G0 and a Lie group isomorphism 
0 D L
.1/�1 ı 
 W G ! G0 such that
g1.A;B/ D g0

10.T1
0 � A;T1
0 � B/.



7 Invariant Control Systems on Lie Groups 161

Corollary 1 Two invariant Riemannian structures on simply connected nilpotent
Lie groups are isometric if and only if they are L-isometric.

A k-step Carnot group G is a simply connected nilpotent Lie group whose Lie
algebra g has stratification g D g1 ˚ g2 ˚ � � � ˚ gk with Œg1; gj� D g1Cj, j D
1; : : : ; k�1 and Œgj; gk� D f0g, j D 1; : : : ; k. Let D be the left-invariant distribution
on G specified by D.1/ D g1. Once we fix a left-invariant metric g on D we have
a left-invariant structure on G (note that D is bracket generating). We shall refer to
such a structure as a sub-Riemannian Carnot group. We likewise have the following
characterization of the isometries between such structures.

Theorem 14 (cf. [56, 70], see also [44, 76]) Let .G;D ; g/ and .G0;D 0; g0/ be
two sub-Riemannian Carnot groups. A diffeomorphism 
 W G! G0 is an isometry
between .G;D ; g/ and .G0;D 0; g0/ if and only if 
 is the composition 
 D L
.1/ ı

0 of a left translation L
.1/ on G0 and a Lie group isomorphism 
0 D L
.1/�1 ı
 W
G! G0 such that T1
0 �D.1/ D D 0.10/ and g1.A;B/ D g0

10.T1
0 � A;T1
0 � B/.
Corollary 2 Two sub-Riemannian Carnot groups are isometric if and only if they
are L-isometric.

Remark 9 Among the three-dimensional simply connected Lie groups, only the
Abelian R

3 and Heisenberg H3 groups are nilpotent. Among the four-dimensional
simply connected Lie groups, only the Abelian group R

4, the trivial extension
H3 �R of H3, and the Engel group are nilpotent (see, e.g., [82, 86, 87]). Except for
the Abelian groups, all these groups admit sub-Riemannian Carnot group structures.

Analogous to Example 3, we have the following classification of sub-Riemannian
structures on the Euclidean group SE .2/.

Example 8 On SE .2/, any left-invariant sub-Riemannian structure .D ; g/ is
isometric (up to rescaling) to the structure . ND ; Ng/ specified by

8̂
<
:̂

D.1/ D hE2;E3i

g1 D
�
1 0

0 1

�

i.e., with orthonormal frame .E2;E3/.
Analogous to Example 6, we have the following classification of structures on

the Heisenberg groups.

Example 9 ([24]) Any left-invariant sub-Riemannian structure .D ; g/ on H2nC1
is isometric to exactly one of the structures .D ; g�/ specified by

(
D.1/ D hX1;Y1; : : : ;Xn;Yni

g�
1 D � D diag.�1; �1; �2; �2; : : : ; �n; �n/
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i.e., with orthonormal frame

�
1p
�1
X1;

1p
�1
Y1;

1p
�2
X2;

1p
�2
Y2; : : : ;

1p
�n
Xn;

1p
�n
Yn
�
:

Here 1 D �1 > �2 > � � � > �n > 0 parametrize a family of (non-equivalent) class
representatives.

Example 10 ([24]) Any left-invariant Riemannian structure g on H2nC1 is isomet-
ric to exactly one of the structures

g�
1 D

�
1 0

0 �

�
; � D diag.�1; �1; �2; �2; : : : ; �n; �n/

i.e., with orthonormal frame

.Z; 1p
�1
X1;

1p
�1
Y1;

1p
�2
X2;

1p
�2
Y2; : : : ;

1p
�n
Xn;

1p
�n
Yn/:

Here �1 > �2 > � � � > �n > 0 parametrize a family of (non-equivalent) class
representatives.

7.4 Quadratic Hamilton–Poisson Systems

The dual space of a Lie algebra admits a natural Poisson structure, namely the
Lie–Poisson structure; these structures are in a one-to-one correspondence with
linear Poisson structures [73]. Lie–Poisson structures arise naturally in a variety of
fields of mathematical physics and engineering such as classical dynamical systems,
robotics, fluid dynamics, and superconductivity, to name but a few. Many interesting
dynamical systems are naturally expressed as quadratic Hamilton–Poisson systems
on Lie–Poisson spaces; prevalent examples are Euler’s classic equations for the rigid
body, its extensions and its generalizations [59, 60, 64, 79, 97].

As described in Sect. 7.3 (Theorem 10), quadratic Hamilton–Poisson systems
arise in the study of invariant optimal control problems. In this vein, a number
of quadratic Hamilton–Poisson systems on lower-dimensional Lie–Poisson spaces
have been considered (see, e.g., [4, 7, 23, 47, 81, 93]). Several classes of quadratic
(and especially homogeneous) systems have also recently been studied in their own
right (see, e.g., [1, 6, 8, 12–15, 20, 32, 97, 98]). Equivalence of quadratic Hamilton–
Poisson systems on Lie–Poisson spaces has been investigated by a few authors
[6, 8, 20, 27, 35, 49, 97]; in these papers, two systems are considered equivalent
if their Hamiltonian vector fields are compatible with either an affine isomorphism,
a linear isomorphism, or a Lie–Poisson isomorphism.
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In this section, we shall give a brief overview of our classification of the
(positive semidefinite) homogeneous systems in three dimensions; a classification
of the inhomogeneous systems on so .3/�� is also exhibited. Finally, for a typical
inhomogeneous system (on the Euclidean space se .2/��), we determine the stability
nature of its equilibria and find explicit expressions for some of its integral curves.

7.4.1 Classification in Three Dimensions

7.4.1.1 Homogeneous Systems

We consider those three-dimensional Lie–Poisson spaces that admit global Casimir
functions. Up to linear Poisson isomorphisms, this class is comprised of

.g2:1 ˚ g1/
��; .g3:1/

��; .g03:4/
��; .g03:5/

��; .g3:6/
��; and .g3:7/

��:

We present a classification of the positive semidefinite homogeneous quadratic
Hamilton–Poisson systems on these spaces, i.e., Hamiltonians of the form H. p/ D
p> Qp with matrix Q positive semidefinite. (The quadratic Hamilton–Poisson
system associated to any cost-extended system is positive semidefinite, see Theo-
rem 10.)

We omit any mention of the Abelian Lie–Poisson space .3g1/�� as any system on
.3g1/

�� has trivial dynamics. We find it convenient here to use a basis for g2:1 ˚ g1
different from the one listed in Table 7.1 in the Appendix. More precisely, we use
the basis E0

1 D 1
2
.E1 � E2/, E0

2 D � 12E3, E0
3 D 1

2
.E1 C E2/; the only non-zero

commutator is then ŒE0
1;E

0
2� D E0

1.
The classification is presented in two stages. First, a classification of the

Hamilton–Poisson systems on each Lie–Poisson space g�� is given.

Theorem 15 ([32], see also [6, 8, 20, 27, 35]) Let .g��;HQ/ be a homogeneous
positive semidefinite quadratic Hamilton–Poisson system.

1. If g�� Š .g2:1˚g1/
��, then .g��;HQ/ is equivalent to exactly one of the following

systems on .g2:1 ˚ g1/
��

H1. p/ D p21; H2. p/ D p22; H3. p/ D p21 C p22;

H4. p/ D . p1 C p3/
2; H5. p/ D p22 C . p1 C p3/

2:

2. If g�� Š .g3:1/
��, then .g��;HQ/ is equivalent to exactly one of the following

systems on .g3:1/��

H1. p/ D p23; H2. p/ D p22 C p23:
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3. If g�� Š .g03:4/
��, then .g��;HQ/ is equivalent to exactly one of the following

systems on .g03:4/
��

H1. p/ D p21; H2. p/ D p23; H3. p/ D p21 C p23;

H4. p/ D . p1 C p2/
2; H5. p/ D . p1 C p2/

2 C p23:

4. If g�� Š .g03:5/
��, then .g��;HQ/ is equivalent to exactly one of the following

systems on .g03:5/
��

H1. p/ D p22; H2. p/ D p23; H3. p/ D p22 C p23:

5. If g�� Š .g3:6/
��, then .g��;HQ/ is equivalent to exactly one of the following

systems on .g3:6/��

H1. p/ D p21; H2. p/ D p23; H3. p/ D p21 C p23;

H4. p/ D . p2 C p3/
2; H5. p/ D p22 C . p1 C p3/

2:

6. If g�� Š .g3:7/
��, then .g��;HQ/ is equivalent to exactly one of the following

systems on .g3:7/��

H1. p/ D p21; H2. p/ D p21 C 1
2
p22:

Proof (Sketch) The classification on each Lie–Poisson space g�� may be obtained
as follows. First one calculates the group of linear Poisson automorphisms; these
are exactly the dual maps of the Lie algebra automorphisms. Using Proposition 4,
one then reduces the Hamiltonian H. p/ D p>Qp as much as possible, yielding a
collection fHi W i 2 Ig of class representatives. (In many cases, this produces
the given normal forms.) Thereafter additional normalization is performed by
determining whether or not there exists a linear isomorphism  such that  � #–

Hi D
#–
Hj for i; j 2 I. This amounts to solving a system of equations in nine variables; a
computational software program such as Mathematica can be used to facilitate these
computations. A classification is obtained once the indexing set I has been refined
to the extent that there is no solution for any i; j 2 I, i ¤ j. ut

Systems on three-dimensional Lie–Poisson spaces can be partitioned into three
classes based on the geometry of the integral curves. A system .g��;H/ is said to
be ruled, if for each integral curve of

#–
H there exists a line containing its trace.

Likewise, .g��;H/ is called planar if it is not ruled and for each integral curve of
#–
H there exists a plane containing its trace. Otherwise, .g��;H/ is called non-planar.
The ruled, planar, and non-planar properties are each invariant under equivalence,
i.e., if two systems are equivalent, then they must belong to the same class.

By determining whether or not any of the normal forms (on distinct Lie–Poisson
space) are equivalent to one another, we then get the following classification of
system in the context of all three-dimensional Lie–Poisson spaces admitting global
Casimirs.
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Theorem 16 ([32]) Let .g��;HQ/ be a homogeneous positive semidefinite
quadratic Hamilton–Poisson system.

1. If .g��;H/ is linear, then it is equivalent to exactly one of the systems

..g2:1 ˚ g1/
��; p22/; ..g03:4/

��; . p1 C p2/
2/; ..g03:5/

��; p22/:

2. If .g��;H/ is planar, then it is equivalent to exactly one of the systems

..g2:1 ˚ g1/
��; p21 C p22/; ..g2:1 ˚ g1/

��; p22 C . p1 C p3/
2/;

..g03:4/
��; p23/; ..g03:5/

��; p23/; ..g3:6/
��; . p2 C p3/

2/:

3. If .g��;H/ is non-planar, then it is equivalent to exactly one of the systems

..g03:4/
��; . p1 C p2/

2 C p23/; ..g03:5/
��; p22 C p23/:

Remark 10 Any system on .g3:1/
�� or .g3:7/�� is equivalent to one on .g03:5/

��.
Any system on .g2:1 ˚ g1/

�� or .g3:1/�� is a planar (or linear) one. Every system
on .g3:1/

��, .g03:4/
��, .g03:5/

��, or .g3:7/�� may be realized on more than one Lie–
Poisson space (for .g3:6/��, the only exceptions are those systems equivalent to
..g3:6/

��; . p2 C p3/2/).

7.4.1.2 Inhomogeneous Systems

In the context of inhomogeneous systems we find it desirable to weaken the
equivalence relation under consideration. We say that two quadratic Hamilton–
Poisson systems .g��;G/ and .h��;H/ are affinely equivalent if there exists an
affine isomorphism  W g� ! h� such that the Hamiltonian vector fields

#–
G

and
#–
H are  -related, i.e., Tp � #–

G. p/ D #–
H. . p// for p 2 g�. Clearly, if two

systems are linearly equivalent, then they are affinely equivalent. It turns out that for
homogeneous systems the converse holds as well.

We exhibit a classification of the inhomogeneous systems on the orthogonal Lie–
Poisson space .g3:7/�� D so .3/��. The classification procedure is very similar to that
used for homogeneous systems.

Theorem 17 ([8]) Any inhomogeneous quadratic system ..g3:7/
��;H/ is affinely

equivalent to exactly one of the systems:

H0
1;˛. p/ D ˛p1; ˛ > 0

H1
0. p/ D 1

2
p21

H1
1. p/ D p2 C 1

2
p21

H1
2;˛. p/ D p1 C ˛p2 C 1

2
p21; ˛ > 0
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H2
1;˛. p/ D ˛p1 C p21 C 1

2
p22; ˛ > 0

H2
2;˛. p/ D ˛p2 C p21 C 1

2
p22; ˛ > 0

H2
3;˛. p/ D ˛1p1 C ˛2p2 C p21 C 1

2
p22; ˛1; ˛2 > 0

H2
4;˛. p/ D ˛1p1 C ˛3p3 C p21 C 1

2
p22; ˛1 > ˛3 > 0

H2
5;˛. p/ D ˛1p1 C ˛2p2 C ˛3p3 C p21 C 1

2
p22;

˛2 > 0; ˛1 > j˛3j > 0 or ˛2 > 0; ˛1 D ˛3 > 0:

Here ˛; ˛1; ˛2; ˛3 parametrize families of class representatives, each different value
corresponding to a distinct (non-equivalent) representative.

7.4.2 On Integration and Stability

Among the three-dimensional Lie–Poisson spaces admitting global Casimirs, most
homogeneous quadratic Hamilton–Poisson systems are integrable by elementary
functions. More precisely, among the normal forms presented in Theorem 16, all
systems are integrable by elementary functions except for ..g03:5/

��; p22C p23/ which
is integrable by Jacobi elliptic functions. A number of inhomogeneous systems are
also integrable by Jacobi elliptic functions (cf. [7]).

It is generally not difficult to determine the (Lyapunov) stability nature of
the equilibria of the quadratic systems on three-dimensional Lie–Poisson spaces.
Instability usually follows from spectral instability; stability can usually be proved
by using the (extended) energy Casimir method [85].

As an illustrative and typical example, we examine the family of inhomogeneous
systems H˛. p/ D p1 C 1

2

�
˛p22 C p23

�
on se .2/��. The equations of motion are

8̂
<̂
ˆ̂:

Pp1 D p2p3

Pp2 D �p1p3
Pp3 D .˛p1 � 1/ p2:

The equilibrium states are

e�1 D .�; 0; 0/; e�2 D . 1˛ ; �; 0/ and e�3 D .0; 0; �/

where �; � 2 R; � ¤ 0.
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Theorem 18 (cf. [7]) The equilibrium states have the following behaviour:

1. The states e�1 , 0 < � <
1
˛
are spectrally unstable.

2. The state e�1 , � D 1
˛
is unstable.

3. The states e�1 , � 2 .�1; 0�[ . 1˛ ;1/ are stable.
4. The states e�2 are spectrally unstable
5. The states e�3 are stable.

Proof

(1) The linearization

D
#–
H˛.e

�
1 / D

2
4
0 0 0

0 0 ��
0 �1C ˛� 0

3
5

of
#–
H˛ at e�1 has eigenvalues �1 D 0, �2;3 D ˙

p
�.1 � ˛�/. Hence for

0 < � < 1
˛

the state e�1 is spectrally unstable. Item (4) follows similarly.

(2) The linearization of
#–
H˛ at e1=˛1 has eigenvalues all zero; hence, we resort to

a direct approach to prove instability. We have that

p.t/ D
�

t2 � ˛
˛ .t2 C ˛/ ;

2tp
˛ .t2 C ˛/ ;

2
p
˛

t2 C ˛
�

is an integral curve of
#–
H˛ such that limt!�1 p.t/ D e1=˛1 and p.0/ D�

� 1
˛
; 0; 2p

˛

�
. Let U D fp W kp � e1=˛1 k <

p
1C˛
˛
g. (Here kpk Dq

p21 C p22 C p23.) Hence, for any neighbourhood V � U of e1=˛1 , there exists

t0 < 0 such that p.t0/ 2 V but p.0/ … V . Consequently, the state e1=˛1 is
unstable.

(3) Consider the energy function G D �1HC�2C. Let �1 D 2�2 and �2 D ��.
We have

dG.e�1 / D 0 and d2G.e�1 / D
2
4
�2� 0 0

0 2�.�1C ˛�/ 0

0 0 2�2

3
5 :

The restriction of quadratic form d2G.e�1 / to

ker dH.e�1 / \ ker dC.e�1 / D f.0; p2; p3/ W p2; p3 2 Rg

is positive definite for � < 0 and � > 1
˛

. Therefore, by the extended energy
Casimir method, it follows that the states e�1 , � 2 .�1; 0/ [ . 1

˛
;1/ are

stable. On the other hand, we notice that the intersection C�1.0/ \ H�1
˛ .0/
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Fig. 7.1 Intersection of C�1.c0/ and H�1
˛ .h0/ for some typical values

is a singleton, namely the origin e01. Thus, by the continuous energy Casimir
method, the origin is stable. Item (5) can likewise be proved by use of the
extended energy Casimir method. ut

There are a number of qualitatively different types of integral curves of
#–
H˛ ,

each type having a different explicit expression. These qualitative different types
can be characterized in terms of the energy values .c0; h0/ for the Casimir C
and Hamiltonian H˛: we have a change in qualitative behaviour when the surfaces
C�1.c0/ and H�1

˛ .h0/ are tangent to one another. We consider here the case when

c0 >
1
˛2

and h0 >
1C˛2c0
2˛

. In Fig. 7.1 the cylinder C�1.c0/, the paraboloid H�1
˛ .h0/,

and their intersection are graphed some typical values of c0, h0, and ˛ satisfying
c0 >

1
˛2

and h0 >
1C˛2c0
2˛

; the equilibria are also graphed (the stable equilibria in
blue and the unstable equilibria in red).

Given a modulus k 2 Œ0; 1�, the basic Jacobi elliptic functions sn.�; k/, cn.�; k/
and dn.�; k/ can be defined as (see, e.g., [11, 75, 101])

sn.x; k/ D sin am.x; k/

cn.x; k/ D cos am.x; k/

dn.x; k/ D
q
1 � k2 sin2 am.x; k/

where am.�; k/ D F.�; k/�1 is the amplitude and F.'; k/ D R '
0

dt
1�k2 sin2 t

� (For
the degenerate case k D 0 and k D 1, we recover the circular functions and the
hyperbolic functions, respectively.) The number K is defined as K D F.�

2
; k/. The

functions sn.�; k/ and cn.�; k/ are 4K periodic, whereas dn.�; k/ is 2K periodic.
In terms of these functions, the integral curves of

#–
H˛ can be expressed as follows.
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Theorem 19 ([7]) Let p.�/ W .�"; "/ ! se .2/� be an integral curve of
#–
H˛ and

let h0 D H. p.0//, c0 D C. p.0//. If c0 >
1
˛2

and h0 >
1C˛2c0
2˛

, then there exists
t0 2 R and 	 2 f�1; 1g such that p.t/ D Np.tC t0/ for t 2 .�"; "/, where

8̂
ˆ̂̂̂
ˆ̂̂<
ˆ̂̂̂
ˆ̂̂̂
:

Np1.t/ D pc0

p
h0 � ı �

p
h0 C ı cn .˝ t; k/p

h0 C ı �
p
h0 � ı cn .˝ t; k/

Np2.t/ D 	
p
2c0ı

sn .˝ t; k/p
h0 C ı �

p
h0 � ı cn .˝ t; k/

Np3.t/ D 2	ı dn .˝ t; k/p
h0 C ı �

p
h0 � ı cn .˝ t; k/

�

Here ı D
q
h20 � c0, ˝ D

p
2ı and k D 1p

2ı

p
.h0 � ı/ .˛h0 C ˛ı � 1/.

Proof (Sketch) We square the equation Pp1 D p2p3 both sides to obtain Pp21 D p22p
2
3.

By use of the constants of motion c0 D p21 C p22 and h0 D p1 C 1
2

�
˛p22 C p23

�
, we

obtain the separable differential equation

dp1
dt
D ˙

p
.c0 � p12/ .h0 � 2p1 � .c0 � p12/ ˛/:

The integral

Z
dp1p

.c0 � p12/ .h0 � 2p1 � .c0 � p12/ ˛/

is transformed into a standard form and an elliptic integral formula is applied (see,
e.g., [11, 75, 101]) to obtain

Np1.t/ D pc0

p
h0 � ı �

p
h0 C ı cn .˝ t; k/p

h0 C ı �
p
h0 � ı cn .˝ t; k/

:

The above step is quite involved computationally. Moreover, the transformation into
standard form is dependent on the inequalities c0 > 1

˛2
and h0 >

1C˛2c0
2˛

; in general,
more inequalities may arise in the process of integration (than just those obtained by
distinguishing qualitatively different cases) and other elliptic integral formulas may
be applicable. We note that in this computation some translations in the independent
variable t have been discarded.

Once a prospective expression has been found for Np1.t/, the coordinates Np2.t/
and Np3.t/ are recovered by means of the identities c0 D p21 C p22 and h0 D p1 C
1
2

�
˛p22 C p23

�
, up to some possible changes in sign. By explicitly calculating PNp.t/�

#–
H˛.Np.t//, we identify for which choices of sign Np.t/ is an integral curve of

#–
H˛ .

(This step then also ensures that no mistakes were made in computing Np.t/.)
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Finally, it remains to be shown that p.�/ is identical to Np.�/ up to a translation
in the independent variable. We have that Np1.0/ D �pc0 and Np1. 2K˝ / D

p
c0.

As p21 C p22 D c0, we have that �pc0 6 p1.0/ 6 pc0. Thus there exists t1 2
Œ0; 2K

˝
� such that Np1.t1/ D p1.0/. By choosing 	 2 f�1; 1g appropriately and

using the constant of motions, we get that p.0/ D Np.t0/ for t0 D t1 or t0 D �t1.
Consequently the integral curves t 7! p.t/ and t 7! Np.t C t0/ solve the same
Cauchy problem and therefore are identical. ut
Note 5 Inhomogeneous systems on se .2/�� were studied in [7] (see also [4])
whereas homogeneous systems were treated in [6]. An extensive investigation
(covering equivalence, stability, and some integration) of systems on so .3/�� and
se .1; 1/�� is carried out in [1, 6] and [16, 20], respectively.

7.5 Conclusion

A central theme of this survey is the equivalence and classification of invariant
control systems, cost-extended systems, and (the associated) Hamilton–Poisson
systems. In Sect. 7.2.3, we presented a complete classification of the invariant
control affine systems in three dimensions. There is no complete classification of the
cost-extended systems in three dimensions. However, there are classifications of the
invariant sub-Riemannian structures up to isometry [9] and invariant Riemannian
structures up to L-isometry [55]. It turns out that two sub-Riemannian (but
not Riemannian) structures on the same three-dimensional simply connected Lie
group are isometric up to rescaling if and only if the associated cost-extended
systems are equivalent (cf. [9, 99]). The extent to which this holds true in higher
dimensions is an interesting open problem. Classifications of cost-extended systems
in four dimensions (and beyond) are also topics for future research. Another
avenue of investigation would be to interpret the inhomogeneous cost-extended
systems as invariant affine distributions together with quadratic forms and consider
diffeomorphisms relating such structures (cf. [45, 46]).

In order to find the extremal trajectories for a cost-extended system, one needs
to integrate the associated Hamilton–Poisson system (see Theorem 10). In the
last decade or so several authors have considered quadratic Hamilton–Poisson
systems on low-dimensional Lie–Poisson spaces (see, e.g., [4, 7, 13, 23, 49, 97]).
In Sect. 7.4.1, we presented a classification of a subclass of such systems in three
dimensions. As several systems may be equivalently realized on more than one (non-
isomorphic) Lie–Poisson spaces, it is desirable to have a complete classification.
A systematic treatment (involving classification, stability, and integration) of the
homogeneous positive semidefinite quadratic systems is currently in preparation
(for some partial results, see [6, 8, 20, 32]). So far, inhomogeneous systems have
only been studied, in this manner, on some specific spaces [1, 4, 7, 16].
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Appendix: Three-Dimensional Lie Algebras and Groups

There are eleven types of three-dimensional real Lie algebras; in fact, nine algebras
and two parametrized infinite families of algebras (see, e.g., [71, 78, 82]). In terms
of an (appropriate) ordered basis .E1;E2;E3/, the commutation operation is given
by

ŒE2;E3� D n1E1 � aE2

ŒE3;E1� D aE1 C n2E2

ŒE1;E2� D n3E3:

The structure parameters a; n1; n2; n3 for each type are given in Table 7.1.
A classification of the three-dimensional (real connected) Lie groups can be

found in [84]. Let G be a three-dimensional (real connected) Lie group with Lie
algebra g.

1. If g is Abelian, i.e., g Š 3g1, then G is isomorphic to R
3, R2 � T, R � T, or

T
3.

2. If g Š g2:1 ˚ g1, then G is isomorphic to Aff .R/0 � R or Aff .R/0 � T.
3. If g Š g3:1, then G is isomorphic to the Heisenberg group H3 or the Lie group

H�
3 D H3=Z.H3.Z//, where Z.H3.Z// is the group of integer points in the centre

Z.H3/ Š R of H3.
4. If g Š g3:2, g3:3 , g03:4, ga3:4, or ga3:5, then G is isomorphic to the simply

connected Lie group G3:2, G3:3, G0
3:4 D SE .1; 1/, Ga

3:4, or Ga
3:5, respectively.

(The centres of these groups are trivial.)
5. If g Š g03:5, then G is isomorphic to the Euclidean group SE .2/, the n-fold

covering SEn.2/ of SE1.2/ D SE .2/, or the universal covering group fSE .2/.
6. If g Š g3:6, then G is isomorphic to the pseudo-orthogonal group SO .2; 1/0,

the n-fold covering An of SO .2; 1/0, or the universal covering group eA. Here
A2 Š SL .2;R/.

7. If g Š g3:7, then G is isomorphic to either the unitary group SU .2/ or the
orthogonal group SO .3/.

Among these Lie groups, only H�
3 , An, n > 3, and eA are not matrix Lie groups.
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Matrix Representations for Solvable Groups

We have the following parametrizations of the solvable three-dimensional matrix
Lie groups and their Lie algebras. (We omit the Abelian groups.)

Aff .R/0 � R W
2
4

1 0 0

x � y e2z 0

0 0 exCy

3
5 g2:1 ˚ g1 W

2
4

0 0 0

x � y 2z 0

0 0 xC y

3
5

Aff .R/0 � T W
2
4

1 0 0

x � y e2z 0

0 0 ei.xCy/

3
5 g2:1 ˚ g1 W

2
4

0 0 0

x � y 2z 0

0 0 i.xC y/

3
5

H3 W
2
4
1 y x
0 1 z
0 0 1

3
5 h3 W

2
4
0 y x
0 0 z
0 0 0

3
5

G3:2 W
2
4
1 0 0

y ez 0

x �zez ez

3
5 g3:2 W

2
4
0 0 0

y z 0

x �z z

3
5

G3:3 W
2
4
1 0 0

y ez 0
x 0 ez

3
5 g3:3 W

2
4
0 0 0

y z 0
x 0 z

3
5

SE .1; 1/ W
2
4
1 0 0

x cosh z � sinh z
y � sinh z cosh z

3
5 se .1; 1/ W

2
4
0 0 0

x 0 �z
y �z 0

3
5

Ga
3:4

a>0
a¤1
W
2
4
1 0 0

x eaz cosh z �eaz sinh z
y �eaz sinh z eaz cosh z

3
5 ga3:4

a>0
a¤1
W
2
4
0 0 0

x az �z
y �z az

3
5

fSE .2/ W

2
664

1 0 0 0

x cos z � sin z 0
y sin z cos z 0

0 0 0 ez

3
775 ese .2/ W

2
664

0 0 0 0

x 0 �z 0
y z 0 0

0 0 0 z

3
775

SEn.2/ W

2
6664

1 0 0 0

x cos z � sin z 0

y sin z cos z 0

0 0 0 e
iz
n

3
7775 sen.2/ W

2
664

0 0 0 0

x 0 �z 0
y z 0 0

0 0 0 iz
n

3
775
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SE.2/ W
2
4
1 0 0

x cos z � sin z
y sin z cos z

3
5 se.2/ W

2
4
0 0 0

x 0 �z
y z 0

3
5

Ga
3:5 W

2
4
1 0 0

x eaz cos z �eaz sin z
y eaz sin z eaz cos z

3
5 ga3:5 W

2
4
0 0 0

x az �z
y z az

3
5

An appropriate ordered basis for the Lie algebra in each case is given by setting
.x; y; z/ D .1; 0; 0/ for E1, .x; y; z/ D .0; 1; 0/ for E2, and .x; y; z/ D .0; 0; 1/

for E3.

Matrix Representations for Semisimple Groups

Matrix Lie Groups with Algebra g3:6

There are only two connected matrix Lie groups with Lie algebra g3:6, namely
the pseudo-orthogonal group SO .2; 1/0 and the special linear group SL .2;R/;
SL .2;R/ is a double cover of SO .2; 1/0.

The pseudo-orthogonal group

SO .2; 1/ D fg 2 R
3�3 W g>Jg D J; det g D 1g

has two connected components. Here J D diag.1; 1;�1/. The identity component
of SO .2; 1/ is SO .2; 1/0 D fg 2 SO .2; 1/ W g33 > 0g where g D �

gij
	

(for
g 2 SO .2; 1/). Its Lie algebra is given by

so .2; 1/ D fA 2 R
3�3 W A>J C JA D 0g

D
8<
:

2
4
0 z y
�z 0 x
y x 0

3
5 W x; y; z 2 R

9=
; :

On the other hand, the special linear group is given by

SL .2;R/ D fg 2 R
2�2 W det g D 1g:

Its Lie algebra is given by

sl .2;R/ D

�

x
2

y�z
2

yCz
2
� x
2

�
W x; y; z 2 R

�
:
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Matrix Lie Groups with Algebra g3:7

There are exactly two connected Lie groups with Lie algebra g3:7; both are matrix
Lie groups. The special unitary group and its Lie algebra are given by

SU .2/ D ˚g 2 C
2�2 W gg
 D 1; det g D 1�

su .2/ D

� i

2
x 1

2
.izC y/

1
2
.iz � y/ � i

2
x

�
W x; y; z 2 R

�

SU .2/ is a double cover of the orthogonal group SO .3/. The orthogonal group
SO .3/ and its Lie algebra are given by

SO .3/ D ˚g 2 R
3�3 W gg> D 1; det g D 1�

so .3/ D
8<
:

2
4
0 �z y
z 0 �x
�y x 0

3
5 W x; y; z 2 R

9=
; :

Note 6 Again, an appropriate ordered basis for the Lie algebra in each case is given
by setting .x; y; z/ D .1; 0; 0/ for E1, .x; y; z/ D .0; 1; 0/ for E2, and .x; y; z/ D
.0; 0; 1/ for E3.

Automorphism Groups

A standard computation yields the automorphism group for each three-dimensional
Lie algebra (see, e.g., [57]). With respect to the given ordered basis .E1;E2;E3/ ,
the automorphism group of each solvable Lie algebra has parametrization:

Aut.g3:1/ W
2
4
yw � vz x u
0 y v
0 z w

3
5 Aut.g2:1 ˚ g1/ W

2
4
x y u
y x v
0 0 1

3
5

Aut.g3:2/ W
2
4
u x y
0 u z
0 0 1

3
5 Aut.g3:3/ W

2
4
x y z
u v w
0 0 1

3
5

Aut.g03:4/ W
2
4
x y u
y x v
0 0 1

3
5 ;
2
4

x y u
�y �x v

0 0 �1

3
5 Aut.ga3:4/ W

2
4
x y u
y x v
0 0 1

3
5

Aut.g03:5// W
2
4

x y u
�y x v
0 0 1

3
5 ;
2
4
x y u
y �x v

0 0 �1

3
5 Aut.ga3:5/ W

2
4

x y u
�y x v
0 0 1

3
5
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For the semisimple Lie algebras, we have

Aut.g3:6/ D SO .2; 1/ and Aut.g3:7/ D SO .3/:

In several cases, for a connected Lie group G, we wish to find the subgroup of
linearized group automorphisms dAut.G/ D fT1
 W 
 2 Aut.G/g 6 Aut.g/. If G
is simply connected, then dAut.G/ D Aut.g/. If G is not simply connected, then
the subgroup dAut.G/ may be determined by use of the following result.

Proposition 5 (cf. [58]) Let G be a connected Lie group with Lie algebra g and
let q W eG! G be a universal covering. If  2 Aut.g/, then  2 d Aut.G/ if and
only if 
.ker q/ D ker q, where 
 2 Aut.eG/ is the unique automorphism such that
T1
 D .T1q/�1 �  � T1q.

Casimir Functions for Lie–Poisson Spaces

An exhaustive list of Casimir functions (not necessarily globally defined), for
low-dimensional Lie algebras, was obtained by Patera et al. [86]. For each three-
dimensional Lie–Poisson space g�� (associated to the three-dimensional Lie algebra
g) we exhibit its Casimir function:

g2:1 ˚ g1 W C. p/ D p3 g3:1 W C. p/ D p1

g3:2 W C. p/ D p1e
p2
p1 g3:3 W C. p/ D p2

p1

g03:4 W C. p/ D p21 � p22 g˛3:4
1¤˛>0

W C. p/ D
1
2
p1 C 1

2
p2

.˙ 1
2
p1 � 1

2
p2/

˛�1
˛C1

g03:5 W C. p/ D p21 C p22 g˛3:5
˛>0

W C. p/ D . p21 C p22/

�
p1 � ip2
p1 C ip2

�i˛

g3:6 W C. p/ D p21 C p22 � p23 g3:7 W C. p/ D p21 C p22 C p23:

On the trivial Lie–Poisson space .3g1/��, every function is a Casimir function. Here
p 2 g� is written in coordinates as p D p1E�

1 C p2E�
2 C p3E�

3 where .E�
1 ;E

�
2 ;E

�
3 /

is the dual of the ordered basis .E1;E2;E3/. Note that only 3g1, g2:1 ˚ g1, g3:1,
g03:4, g

0
3:5, g3:6, and g3:7 admit globally defined Casimir functions.
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Chapter 8
An Optimal Control Problem for a Nonlocal
Problem on the Plane

D. Devadze, Ts. Sarajishvili, and M. Abashidze

Abstract The present paper is dedicated to the investigation of optimal control
problems whose behavior is described by quasilinear differential equations of
first order on the plane with nonlocal Bitsadze–Samarski boundary conditions.
A theorem of the existence and uniqueness of a generalized solution in the space
C�.G/ is proved for quasilinear differential equations; necessary conditions of
optimality are obtained in terms of the principle of maximum; the Bitsadze–
Samarski boundary value problem is proved for a linear differential equation of
first order; the existence of a solution in the space Cp

�.G/ is proved and an a
priori estimate is derived. A theorem on the necessary and sufficient condition of
optimality is proved for a linear optimal control problem.

Nonlocal boundary value problems are quite an interesting generalization of
classical problems and at the same time they are naturally obtained when construct-
ing mathematical models in physics, engineering, sociology, ecology, and so on
[1–5].

The investigation of nonlocal problems for differential equations originated in
the last century. Here we should in the first place refer to the works of T. Carleman,
R. Beals, F. Browder, and other works. The problems posed in [6–8] are the
problems with nonlocal conditions, which are considered only on the boundary of
the definition domain of a differential operator. In 1963, J. Cannon posed a nonlocal
problem in his work [9] and thus gave an impetus to the development of a new trend
in the investigation of nonlocal boundary value problems [10–13].

In 1969, the work of Bitsadze and Samarskiı̌ [14] was published, which was
dedicated to the investigation of a nonlocal problem of a new type. That problem
arose in connection with the mathematical modeling of plasma processes . Intensive
studies of Bitsadze–Samarskı̌ nonlocal problems and their various generalizations
began in the 1980s of the last century (see the papers of D.G. Gordeziani,
A.L. Skubachevski, V.P. Paneyakh, V.A. Ilyin, I. Moiseyev, G.V. Meladze,
M.P. Sapagovas, D.V. Kapanadze, V.P. Mikhailov, A.K. Gushchin, G. Avalishvili,
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L. Gurevich [15–26], and other works). The papers of D.G. Sapagovas,
G.K. Berikelashvili are certainly interesting from the standpoint of application
and numerical methods (see, e.g., [11, 17]). The algorithm of reducing nonlocal
problems of the Bitsadze–Samarskiı̌ type to an iteration sequence of Dirichlet
problems is investigated in Gordeziani’s papers [15, 16].

Problems of the existence and uniqueness of a generalized analytic function
for the Riemann–Hilbert problem are investigated in Vekua’s monograph [27].
Problems of the existence and uniqueness of a generalized solution for quasilinear
equations of first order on the plane with Riemann–Hilbert boundary conditions
are considered in [28]. In [29, 30] the Bitsadze–Samarskiı̌ nonlocal boundary value
problem is considered for quasilinear differential equations.

For many optimization problems in elasticity theory, mechanics, diffusion
processes, the kinetics of chemical reactions, and so on, the state of a system is
described by partial differential equations [31–34]. Therefore control problems for
systems with distributed parameters attract a great deal of attention [33, 35, 36].

The present paper is devoted to optimal control problems whose behavior is
described by quasilinear differential equation of first order on the plane with
nonlocal Bitsadze–Samarski boundary conditions. When dealing with optimization
problems for systems with distributed parameters it is important to investigate the
questions of existence of a generalized solution for discontinuous right-hand parts of
an equation [27]. In the proposed paper, the necessary conditions of optimality are
obtained using the approach elaborated in [37–39] for controlled systems of general
form.

In the paper, the theorem on the existence and uniqueness theorem of a gener-
alized solution in the space C�.G/ is proved for quasilinear differential equations
of first order with nonlocal boundary conditions; the Bitsadze–Samarskiı̌ boundary
value problem is considered for a linear differential equation of first order. The
existence of a solution in the space C��.G/ is proved and an a priori estimate
is obtained. An optimal control problem is stated for a nonlocal boundary value
problem with an integral quality criterion. Necessary conditions of optimality are
obtained in terms of the maximum principle when the control domain is an arbitrary
bounded set. An adjoint equation is constructed in the differential form. The optimal
control problem for linear differential equations of first order is considered on the
plane with nonlocal boundary conditions. The theorem on a necessary and sufficient
condition of optimality is proved.

8.1 Existence of a Generalized Solution

Let G be a bounded domain of the complex plane E with boundary � which
is a closed simple Lyapunov curve (i.e. the angle formed between the constant
direction and the tangent to this curve is Hölder-continuous). Denote by � the part
of the boundary � , which is an open Lyapunov curve with the parametric equation
z D z.s/, 0 6 s 6 ı. Let �0 be the diffeomorphic image z0 D I.z/ of � , which lies
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in the domain G, with the parametric equation z0 D z0.s/, 0 6 s 6 ı. Assume that
�0 intersects with � , but not tangentially to it, z D xC iy 2 G, @Z D 1

2

�
@
@x C i @

@y

�
is

the generalized Sobolev derivative [27, 40, 41].
Let us consider in the domain G the Bitsadze–Samarski boundary value problem

[14] for quasilinear differential equations of first order

@Z w D f .z;w;w/; z 2 G; (8.1)

ReŒw.z/� D '1.z/; z 2 � n �; (8.2)

Re
�
w.z.s//

	 D 	 Re
�
w.z0.s//

	
; z.s/ 2 �; z0.s/ 2 �0; 0 6 s 6 ı; (8.3)

ImŒw.z�/� D c; z� 2 � n �; 0 < 	 D const. (8.4)

It is assumed that the following conditions are fulfilled:

(A1) The function f .z;w;w/ is defined for z 2 G, jwj < R, f .z; 0; 0/ 2 Lp.G/,
p > 2 and

ˇ̌
f .z;w;w/ � f .z;w0;w0/

ˇ̌
6 L

�jw� w0j C jw � w0j
�
:

(A2) '1.z/ 2 C�.� n �/, '2.z/ 2 C�.�/, � > 1=2, and the values of the function
'1.z/, '2.z/ at the ends of the contours � and �0 coincide.

In order to prove the existence of a solution of the problem (8.1)–(8.4), we
consider the following iteration process

@Z wn D f .z;wn;wn/; z 2 G; (8.5)

ReŒwn.z/� D '1.z/; z 2 � n �; (8.6)

Re
�
wn.z.s//

	 D 	 Re
�
wn�1.z0.s//

	
; z.s/ 2 �; z0.s/ 2 �0; (8.7)

ImŒwn.z
�/� D c; z� 2 � n �; 0 6 s 6 	; n D 1; 2; : : : ; (8.8)

where w0.z/ is any function from C�.�/, � > 1=2, which continuously adjoins the
values of the function '1.z/ at the ends of the contour � .

For each n 2 N the problem (8.5)–(8.8) is the Riemann–Hilbert problem and its
regular generalized solution belongs to the space C�.G/ [27, 28].

Let us consider the function vn D wnC1 � wn. Then from (8.5)–(8.8) it follows
that the function vn is the solution of the following problem

@Z vn D f .z;wnC1;wnC1/� f .z;wn;wn/

� F.z;wn;wn;wnC1;wnC1/; z 2 G; (8.9)

ReŒvn.z/� D 0; z 2 � n �; (8.10)

Re
�
vn.z.s//

	D	 Re
�
vn�1.z0.s//

	
; z.s/2�; z0.s/2�0; 06s6ı; (8.11)

ImŒvn.z
�/� D c; z� 2 � n �; n D 1; 2; : : : : (8.12)
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The solution of the problem (8.9)–(8.12) can be reduced to the following
nonlinear integral equation [28]:

v�.z/ D n.z/C 
n.z/

� 1

�

“

G

F.�;wn.�/;wn.�/;wnC1.�/;wnC1.�//
� � z

d� d�; (8.13)

where � D �C i�,  n.z/ is a holomorphic function satisfying the conditions (8.10)–
(8.12), and 
n.z/ is a holomorphic function such that the difference


n.z/ � 1

�

“

G

F.�;wn;wn;wnC1;wnC1/
� � z

d� d�

satisfies the homogeneous boundary conditions; an a priori estimate has the form

k
nkC�.G/ 6 C1kFkLp .G/ ; C1 D const > 0:

Denote by TG the integral operator in the right-hand side of Eq. (8.13). Note that
the operator TG maps the space Lp.G/ into Cˇ.G/, ˇ D . p � 2/=p < � [27].

Consider the following conditions:

(A3) There exists a number R1 > 0, R1 6 R such that the following inequalities are
fulfilled:

k nkC�.G/ C
�
C1 C kTGkLp .G/;C�.G/

��
2LjGj1=pR1

�
6 R1:

(A4) 2jGj1=pL.C1 C kTGkLp .G/;C�.G/ / < 1.

Assume that the conditions (A1)–(A4) are fulfilled, then there exists a unique
solution of the Riemann–Hilbert problem (8.9)–(8.12) in the ball kvnkC�.G/ 6 R1
[28].

Let us estimate the function vn.z/ from the equality (8.13) in the metric of the
space C.G/:

kvnkC.G/ 6 k nkC.G/ C k
nkC.G/ C
��TGŒF�

��
C.G/
: (8.14)

Using the previous estimates, from the inequality (8.14) we obtain

kvnkC.G/ 6 k nkC.G/
�
C1 C kTGkLp .G/;C.G/

�kFk
Lp.G/

: (8.15)
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By virtue of the condition (A1) we have

ˇ̌
F.z;wn;wn;wnC1;wnC1/

ˇ̌

D ˇ̌ f .z;wnC1;wnC1/� f .z;wn;wn/
ˇ̌

6 2LjwnC1 � wnj D 2Ljvnj:

Due to the condition (A1), from the last inequality it follows that the function
F.z;wn;wn;wnC1;wnC1/ belongs to the space Lp.G/. Then

kFk
Lp.G

6 2LkvnkLp .G/ 6 2LjGj1=pkvnkC.G/ :

Thus, by the inequality (8.15) we can write that

kvnkC.G/ 6 k nkC.G/ C 2LjGj1=p
�
C1 C kTGkLp.G/;C.G/

�kvnkC.G/ ;

i.e., in view of the condition (A4), we finally obtain

kvnkC.G/ 6
k nkC.G/

1 � 2LjGj1=p.C1 C kTGkLp.G/;C�.G/ /
: (8.16)

Note that the function  n.z/ is the solution of the following problem

@Z  n.z/ D 0; z 2 G;

ReŒ n.z/� D 0; z 2 � n �;
ReŒ n.z/� D 	 ReŒ n�1.z0/�; z 2 �; z0 2 �0;

ImŒ n.z
�/� D 0; n D 1; 2; : : : ;

 0.z/ D w1.z/� w0.z/:

Since ReŒ n.z/� is a harmonic function, all the conditions of Schwartz’ lemma
[42] are fulfilled for it and there exists 0 < q < 1 not depending on  n, such that
the following inequality [16] holds for it:

k nkC.G/ 6 Mqn;

where M > 0 is a constant depending only on '1.z/.
Taking this estimate from (8.16) we can write

kvnkC.G/ 6 M

1 � 2LjGj1=p.C1 C kTGkLp.G/;C.G/ /
qn: (8.17)
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Then from (8.17) we can conclude that the series
1P
kD1

vk converges uniformly to

zero in the domain G. Hence it follows that the sequence fwn.z/g is fundamental in
C.G/ and has the limit w.z/ 2 C.G/.

Let us consider the integral representation for the function wn.z/:

wn.z/ D  0
n.z/C 
0

n.z/ �
1

�

“

G

f .�;wn;wn/

� � z
d� d�; (8.18)

where  0
n.z/ is a holomorphic function that satisfies the conditions (8.6)–(8.8), and


0
n.z/ is a holomorphic function such that the difference


0
n.z/ �

1

�

“

G

f .�;wn;wn/

� � z
d� d�

satisfies the homogeneous boundary conditions.
The representation (8.18) implies that w.z/ is the solution of the problem (8.1)–

(8.4) and w.z/ 2 C�.G/. From the uniqueness of the holomorphic solution and the
integral representation (8.18) we can conclude that this solution is unique in the
class C�.G/.

We have thereby proved.

Theorem 1 Let the conditions (A1)–(A4) be fulfilled, then the solution of the
problem (8.1)–(8.4) exists in the space C�.G/ and is unique.

8.2 Linear Problem

Let us consider in the domain G the Bitsadze–Samarski boundary value problem for
a linear differential equation of first order

@Z w D A.z/wC B.z/wC d.z/; z 2 G;

ReŒw.z/� D 0; z 2 � n �;
ReŒw.z.s//� D 	 Re

�
w.z0.s//

	
; z.s/ 2 �; z0.s/ 2 �0;

ImŒw.z�/� D 0; z� 2 � n �; 0 6 s 6 ı:

(8.19)

Assume that A.z/;B.z/; d.z/ 2 Lp.G/, p > 2, jAj; jBj 6 N.
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Denote by Cp
�.G/ the set of functions w.z/ 2 C�.G/ such that

ReŒw.z/� D 0; z 2 � n �;
ReŒw.z.s//� D 	 Re

�
w.z0.s//

	
; z.s/ 2 �; z0.s/ 2 �0;

ImŒw.z�/� D 0; z� 2 � n �; 0 6 s 6 ı

(8.20)

and having the finite norm

kwk
C
p
�.G/
D kwk

C�.G/
C k@Z wkLp .G/ <1: (8.21)

It is easy to verify that the set Cp
�.G/ is a linear normed space over the real

field with norm defined by means of the equality (8.21). If p > q > 2, then
Cp
�.G/ � Cq

�.G/ and kwk
C
q
�.G/

6 ˛kwk
C
p
�.G/

, where ˛ is a positive constant and

w is any element from Cp
�.G/.

Lemma 8.2.1 For any function d.z/ 2 Lp.G/, p > 2, the solution w.z/ of the
problem (8.19) exists, belongs to the space Cp

�.G/ and the following a priori
estimate holds for it

kwk
C
p
�.G/

6 ˛kdk
Lp .G/

; (8.22)

where � is a positive constant depending only on p, N and jGj D mesG.

Proof The existence and uniqueness of the problem (8.19) immediately follow from
Theorem 1. It remains for us to prove the validity of the a priori estimate (8.22).

Let us reduce the problem (8.19) to an integral equation. For this we apply the
operator

TGŒz; f � D � 1
�

“

G

f .t/

t � z
d� d�; t D � C i�

and an operator SGŒz; f � from Lp.G/ to the set of analytic functions which satisfy the
conditions:

Re
˚
TGŒz; f �C SGŒz; f �

� D 0; z 2 � n �;
Re
˚
TGŒz; f �C SGŒz; f �

�

D 	 Re
˚
TGŒz0; f �C SGŒz0; f �

�
; z0 2 �0; z 2 �;

Im
˚
TGŒz

�; f �C SGŒz
�; f �

� D 0;

(8.23)

where z� 2 � n � is a fixed point.
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Using these conditions, the operator SGŒz; f � is defined uniquely. We define the
operators

P. f / D TGŒz; f �C SGŒz; f �;

PAB. f / D P.Af /C P.Bf /;
(8.24)

where the functions A.z/ and B.z/ are from the right-hand part of Eq. (8.19).
If we now take into account that @Z P. f / D f .z/, then it can be easily verified

that the solution of the problem (8.19) satisfies the integral equation

w.z/ D PAB.w/C P.d/: (8.25)

It is not difficult to show that the problems (8.19) and (8.25) are equivalent. Using
the properties of the operators TGŒz; f � and P. f / [27], it can be shown that these
operators are completely continuous over the field of real numbers. It is obvious
that the operator PAB. f / is also completely continuous.

Since for d.z/ D 0 Eq. (8.19) has only a trivial solution, the equation w.z/ D
PAB.w/ will also have only a trivial solution. Hence, due to the complete continuity
of the operator PAB. f /, the existence and boundedness of the operator .I � PAB/

�1
follow, where is an identical operator.

Let us introduce the notations

kI � PAk�1
C�.G/;Lp.G/

D M; kPk
Lp.G/;C�.G/

D Mp;

where M and Mp are positive constants. From Eq. (8.25) we immediately obtain

kw.z/k
C�.G/

6 MMpkdkLp .G/ : (8.26)

From Eq. (8.19) we can immediately obtain

k@Z wkLp .G/ 6 2Nkwk
C�.G/
C kdk

Lp .G/
: (8.27)

The inequalities (8.26), (8.27) imply the estimate

kwk
C
p
�.G/
D kwk

C�.G/
C k@Z wkLp .G/ 6 ˛kdk

Lp .G/
;

where ˛ D MMp.2N C 1/C 1. The lemma is proved.
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8.3 Statement of an Optimal Control Problem

Let U be some bounded subset from E. Each function !.z/ W G ! U will be
called a control. The set U is called the control domain. We call the function !.z/
an admissible control if !.z/ 2 Lp.G/, p > 2. The set of all admissible controls is
denoted by ˝ .

For each fixed ! 2 ˝ in the domain G we consider the following Bitsadze–
Samarski boundary value problem for a system of quasilinear differential equations
of first order

@Z w D f .z;w;w; !/; z 2 G;

ReŒw.z/� D '1.z/; z 2 � n �;
ReŒw.z.s//� D 	 Re

�
w.z0.s//

	
; z.s/ 2 �; z0.s/ 2 �0;

ImŒw.z�/� D c; z� 2 � n �; c D const; 0 < 	 D const;

(8.28)

and the functional

I.u/ D
“

G

F.x; y;w1;w2; !1; !2/ dx dy; (8.29)

where z D xC iy, w D w1 C iw2, ! D !1 C i!2.
Let us pose the following optimal control problem: Find a function !0.z/ 2 ˝ ,

for which the solution of the Bitsadze–Samarski boundary value problem (8.28)
gives the functional (8.29) a minimal value. We call the function !0.z/ 2 ˝ an opti-
mal control, and the corresponding generalized solution w0.z/ of the problem (8.28)
an optimal solution.

Assume that the conditions (A1)–(A4) are fulfilled. Then for each fixed ! 2 ˝
the solution of the problem (8.1) exists in the space C�.˝/ and is unique.

Furthermore, to obtain optimality conditions, it is additionally assumed that:

(A5) The function f .z;w; q; !/ has continuous partial derivatives which are also
continuous with respect to the same arguments as f . The function F is
continuous with respect to w1, w2, !1, !2, continuously differentiable with
respect to w1, w2 and belongs to the space Lp.G/, p > 2.

(A6) For any .w; q/ 2 SR1wq D f.w; q/ W jwj; jqj < Rg, the following estimates hold
in the domain G W j f 0

wj; j f 0
qj 6 N1.R/ < C1, j f j 6 N2.R/ < C1.
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The following theorem is true:

Theorem 8.3.2 Let the conditions (A1)–(A6) be fulfilled, w0.z/ be an optimal
control, w0.z/ be the corresponding solution if the problem (8.28), �.x/ be a weight
function,  .z/ be the solution of the adjoint problem

@Z .�.x/ .z//C
@f .!0/

@w
�.x/ .z/C @f .!0/

@w
�.x/ .z/

D �2@wF.!0/; z 2 G;

Re
�
�.x/ .z/

	 D 0; z 2 �;
Re
�
�.x/ .zC

0 /� �.x/ .z�
0 /
	 D 	 Re

�
�.x/ .z/

	
; z0 2 �0; z 2 �

(8.30)

then the relation

Re
h
f .z;w0;w0; !0/ 0.z/C F.x; y;w01;w02; !01; !02/

i

D inf
!2U Re

h
f .z;w0;w0; !/ 0.z/C F.x; y;w01;w02; !1; !2/

i

is fulfilled everywhere on G.

Proof Let us construct a variant of the impulse control!0.z/ [43]. Choose any finite
set of pairwise different Lebesgue points fzig from the domain G. For each finite set
of non-negative numbers � D f� j

i g there exists a positive number "0 such that for
0 6 " 6 "0 the rectangles

�"ij �


z W z D xC iy 2 G;

xi � "
jX

kD1
� ki < x 6 xi � "

j�1X
kD1

� ki ; yi � j" < y 6 yi � . j� 1/"
�

do not intersect pairwise and all of them belong to the domain G. Let u � fui;jg be
the finite set of points from U. Consider an arbitrary set

fzig; f!i;jg; f� j
i g: (8.31)

Define the variant !".z/ as follows

!".z/ D

8̂
<
:̂
!ij; t 2 �"ij;
!0.t/; t 2 Œa; b� n

[
i;j

�"ij:
(8.32)
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Assume that the set of parameters (8.31) is fixed. For fixed!0 and!", 0 6 " 6 "0,
find an increment of the functional I.!/. Applying Lagrange’s theorem, we find

�" � I.!"/ � I.!0/ D Re
“

G

 ".z/�! f .z;w0; !0; !"/ dx dy

C
“

G

�!F.x; y;w0; !0; !"/ dx dy; (8.33)

where

�uF.x; y;w0; !0; !"/ D F.x; y;w01;w02; !"1; !"2/� F.x; y;w01;w02; !01; !02/;

and the pulse variant !".z/ is defined by means if the equality (8.28) for an arbitrary
set of parameters

fzig; ! D f!i;jg; � D f� j
i g; zi 2 G; !ij 2 U; � j

i > 0: (8.34)

For an increment of the functional �"I, let us construct some integral represen-
tation. For this, in the space Cp

�.G/, for any ", 0 6 " 6 "0, we define the following
linear operator

S".v/ D @Z v �
1Z

0

@f .�"/

@w
dt � v �

1Z

0

@f .�"/

@w
dt � v; (8.35)

where

�" D .z;w0 C t�w;w0 C t�w; u"/; 0 6 t 6 1:

The operator S" maps the space Cp
�.G/ onto Lp.G/. Indeed, on the one hand, the

inclusion S".v.z// 2 Lp.G/ is valid for any function v.z/ 2 Cp
�.G/ and, on the other

hand, by virtue of Lemma 8.2.1 we can conclude that the equation

S0
".v/ D r.z/ (8.36)

has a unique solution for any function r.z/ 2 Lp.G/. In this case the estimate

kvk
C
p
�.G/

6 ˛krk
Lp .G/

; ˛ D ˛� p;N1; jGj
�
> 0 (8.37)

holds, from which it follows that for the operator S" there exists an inverse operator
S�1
" W Lp.G/! Cp

�.G/ and kS�1
" k 6 ˛.
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While considering the increment �"I, we observe that the second summand in
the right-hand of equalities (8.33) defines uniquely some linear functional T" from
the adjoint space .Cp

�.G//�:

hT"; �wi D 2
“

G

Re
�
@wF.�/�w

	
dx dy; (8.38)

where hT"; �wi denotes a value of the functional T" on an element �w 2 Cp
�.G/,

� D .x; y;w01 C ��w1;w02 C ��w2; u01 C ��u1; u02 C ��u2/, 0 6 � 6 1.
Consider the adjoint operator .S�1

" /
� to the operator S�1

" . This operator maps the
space .Cp

�.G//� onto L�
p .G/ since, by definition, hT"; S�1

" f i D h.S�1
" /

�; f i and

hT"; �wi D
˝
T"; S

�1
" .�! f /

˛ D ˝.S�1
" /

�T"; �! f
˛
: (8.39)

By Riesz’ theorem [44] we can conclude that there exists a function " 2 Lp.G/,
1=p C 1=q D 1 such that for �! f 2 Lp.G/, p > 2, there hold the following
representations

˝
.S�1
" /

�T"; �! f
˛ D Re

“

G

 ".z/�! f dx dy: (8.40)

Taking into account the equalities (8.38)–(8.40), the increment of the functional
�"I (8.23) can be written in the form

�"I D Re
“

G

 ".z/�! f dx dyC 2
“

G

Re
�
@!F.�/�!

	
dx dy; (8.41)

where the function  " 2 Lp.G/ is uniquely defined by the relation

 " D .S�1
" /

�T": (8.42)

It can be easily shown that lim
"!0
k " �  0kLq .G/ �! 0 [29]. Thus the function  0

is defined by means of the equality

 0 D .S�1
0 /

�T0: (8.43)
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Consider the first variation ıI of the functional (8.29):

ıI D lim
"!0

1

"2
�"I D lim

"!0

1

"2



Re
“

G

�! f .z;w0; !0; !"/ ".z/ dx dy

C
“

G

�!F.x; y;w0; !0; !"/ dx dy

�

D lim
"!0

X
16i6s
16j6q



Re

“

�"ij.zi/

�! f .z;w0; !0; !"/ ".z/ dx dy

C
“

�"ij.zi/

�!F.x; y;w0; !0; !"/ dx dy

�
:

So, on any variant !".z/, for the finite set (8.41) the variation ıI takes the form

ıID
X
i;j

�
j
i



Re
h
�! f .zi;w0.zi/; !0.zi/; !i;j/ 0.zi/C�!F.zi;w0.zi/; !0.zi/; !i;j/

i�
:

Therefore the relation

Re
h
f .z;w0;w0; !0/ 0.z/C F.x; y;w01;w02; !01; !02/

i

D inf
!2U Re

h
f .z;w0;w0; !0/ 0.z/C F.x; y;w01;w02; !1; !2/

i

holds almost everywhere on G [29, 43].

8.4 Construction of an Adjoint Equation in the Differential
Form

From the relation (8.41) we obtain the equality

h ; S0wi D hT0;wi;  2 L�
p .G/ (8.44)

for any w 2 Cp
�.G/.
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By Riesz’ theorem [44], we can conclude that there exists a unique element from
the space Lq.G/, which is identified with an element  2 L�

p .G/, 1=pC 1=q D 1

for which the equality (8.44) has the form

Re
“

G

 .z/S0w dx dy D hT0;wi: (8.45)

Taking into account the form of the operator S0 and also the form of the functional
T0, the equality (8.45) can be rewritten as follows

Re
“

G

 .z/
h
@Z w �

@f .!0/

@w
w � @f .!0/

@w
w
i
dx dy

D 2
“

G

Re
�
@wF.!0/w

	
dx dy: (8.46)

By Green’s formula [27],

Re
“

G

 .z/@Z w dx dy D 1

2i

Z

�

 wdz �
“

G

w@Z  dx dy;

from the relation (8.46), for any function w 2 Cp
�.G/ we obtain the equality

Re

�
1

2i

Z

�

 wdz

�

� Re
“

G

h
@Z  C

@f .!0/

@w
 C @f .!0/

@w
 C 2@wF.!0/

i
w dx dy D 0:

(8.47)

Let the domain G be the rectangle fz D x C iy W 0 6 x 6 1; 0 6 y 6 1g, � be
the boundary of the domain G, and �0 D fz0 D x0 C iy W 0 6 y 6 1g, �1 D fz D
1C iy W 0 6 y 6 1g, �2 D fz D xC i W 0 6 x 6 1g, �3 D fz D iy W 0 6 y 6 1g,
�4 D fz D x W 0 6 x 6 1g, 0 < � < 1, �.x/ be the real weight function of a real
argument x defined as follows

�.x/ D
(
�1.x/; 0 6 x 6 x0;

�2.x/; x0 < x 6 1;

�1.x/ 2 C�Œ0; x0�; �2.x/ 2 C�Œx0; 1�; lim
x!x�

0

�1.x/ ¤ lim
x!xC

0

�2.x/:
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Then from the equality (8.47) we obtain for  .z/ the following problem

@Z  C
@f .!0/

@w
 C @f .!0/

@w
 D �2@wF.!0/; z 2 G;

ReŒ� � D 0; z 2 �2 [ �4;
ReŒi� � D 0; z 2 �3 [ �1;

Re
�
� .zC

0 /� � .z�
0 /
	 D 	 ReŒ� .z/�; z0 2 �0; z 2 �1:

(8.48)

8.5 Necessary and Sufficient Conditions of Optimality

Let the domain G be the rectangle fz D x C iy W 0 6 x 6 1; 0 6 y 6 1g, � be
the boundary of the domain G, and �0 D fz0 D x0 C iy W 0 6 y 6 1g, �1 D fz D
1C iy W 0 6 y 6 1g, �2 D fz D xC i W 0 6 x 6 1g, �3 D fz D iy W 0 6 y 6 1g,
�4 D fz D x W 0 6 x 6 1g, z� 2 � n �1, c.z/; d.z/;B.z/; f .z/ 2 Lp.G/, p > 2,
g.z/ 2 C�.� n �1/, 0 < � < 1. For each fixed ! 2 ˝ in the domain G we consider
the following Bitsadze–Samarski boundary value problem for the system of linear
differential equations of first order

@Z wC B.z/w D f .z/!; z 2 G;

ReŒw.z1/� D g.z/; z 2 � n �1;
ReŒw.z1/� D 	 ReŒw.z0/�; z0 2 �0; z1 2 �1;
ImŒw.z�/� D const; 0 < 	 D const.

(8.49)

Let us consider the functional

I.!/ D Re
“

G

�
c.z/w.z/C d.z/!.z/

	
dx dy (8.50)

and state the following optimal control problem: Find a function !0.z/ 2 ˝ , for
which the solution of the Bitsadze–Samarski boundary value problem (8.49) gives
the functional (8.50) a minimal value.

Theorem 8.5.1 Let  .z/ be a solution of the adjoint problem

@Z .�.x/ .z// � B.z/�.x/ .z/ D c.z/;

ReŒ� � D 0; z 2 �2 [ �4;
ReŒi� � D 0; z 2 �3 [ �1;

Re
�
� .zC

0 / � � .z�
0 /
	 D 	 ReŒ� .z/�; z0 2 �0; z 2 �1;

(8.51)
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then for the optimality of !0.z/, w0.z/ it is necessary and sufficient that the following
equality be fulfilled almost everywhere on G

Re
h�
d.z/ � �.x/ .z/f .z/�!0.z/

i
D inf

!2U Re
h�
d.z/� �.x/ .z/f .z/�!.z/

i
:

Proof Let !0.z/ 2 ˝ be an optimal control, !".z/ 2 ˝ be an arbitrary admissible
control, w0.z/, w".z/ be the solutions of the problem (8.49), which correspond to
the controls !0.z/, !".z/. Let us introduce the notations �w.z/ D w".z/ � w0.z/,
�!.z/ D !".z/ � !0.z/. Then we obtain the following problem

@Z �wC B.z/�w D f .z/!; z 2 G;

ReŒ�w.z/� D g.z/; z 2 � n �1;
ReŒ�w.z1/� D 	 ReŒ�w.z0/�; z0 2 �0; z1 2 �1;
ImŒ�w.z�/� D const; 0 < 	 D const.

(8.52)

Let  .z/ D  1.x; y/ C i 2.x; y/ ¤ 0 be an arbitrary integrable function. After
multiplying (8.52) by �.x/ .z/, we obtain the equality

Re
“

G

�.x/ .z/
�
@Z �wC B.z/�w

	
dx dy D Re

“

G

�.x/ .z/f .z/�! dx dy:

(8.53)
For fixed !0.z/ and !".z/ let us find an increment of the functional (8.54):

�I D I.!"/� I.!0/ D Re
“

G

�
c.z/�w.z/C d.z/�!.z/

	
dx dy:

In view of (8.53), we obtain the equality

�I DRe
“

G

h
�.x/ .z/@Z �wC

�
c.z/C �.x/B.z/ .z/��w

i
dx dy

C Re
“

G

�!.z/
�
d.z/� �.x/ .z/f .z/� dx dy: (8.54)
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Let �w D u C iv and consider the first summand in the right-hand part of the
equality (8.54):

Re
“

G

�.x/ .z/@Z �w dx dy

D
1Z

0

1Z

0

�
�.x/ 1.x; y/

�@u
@x
� @v
@y

�
� �.x/ 2.x; y/

�@u
@y
C @v

@x

��
dx dy:

(8.55)

Furthermore, taking into account the boundary conditions from (8.52), we have

1Z

0

1Z

0

h
�.x/ 1.x; y/

@u

@x
� �.x/ 2.x; y/ @v

@x

#
dx dy

D
1Z

0

� x0Z

0

�
�1.x/ 1.x; y/

@u

@x
� �1.x/ 2.x; y/ @v

@x

�
dx

C
1Z

x0

�
�2.x/ 1.x; y/

@u

@x
� �2.x/ 2.x; y/ @v

@x

�
dx

�
dy

D
1Z

0



�1.x

�
0 / 1.x

�
0 ; y/u.x0; y/ � �1.0/ 1.0; y/u.0; y/

� �1.x�
0 / 2.x

�
0 ; y/v.x0; y/ � �1.0/ 2.0; y/v.0; 1/

�
x0Z

0

h @
@x
.�1 1/u � @

@x
.�1 2/v

i
dx

C �2.1/ 1.1; y/u.1; y/� �2.xC
0 / 1.x

C
0 ; y/u.x0; y/

� �2.1/ 2.1; y/v.1; y/C �2.xC
0 / 2.x

C
0 ; y/v.x0; y/

�
1Z

x0

h @
@x
.�2 1/u � @

@x
.�2 2/v

i
dx

�
dy

D
1Z

0


h
�1.x

�
0 / 1.x

�
0 ; y/� �2.xC

0 / 1.x
C
0 ; y/C 	�2.1/ 1.1; y/

i
u.x0; y/



200 D. Devadze et al.

C
h
�2.x

C
0 / 2.x

C
0 ; y/ � �1.x�

0 / 2.x
�
0 ; y/

i
v.x0; y/

� �1.0/ 2.0; y/v.0; y/� �2.1/ 2.1; y/v.1; y/

�
x0Z

0

h @
@x
.� 1/u � @

@x
.� 2/v

i
dx �

1Z

x0

h @
@x
.� 1/u � @

@x
.� 2/v

i
dx

�
dy:

Analogously, we obtain the equality

1Z

0

1Z

0

h
�.x/ 2.x; y/

@u

@y
C �.x/ 1.x; y/ @v

@y

i
dy dx

D
x0Z

0



� �.x/ 1.x; 0/v.x; 0/C �.x/ 1.x; 1/v.x; 1/

1Z

0

h @
@y
.� 2/uC @

@y
.� 1/v

i
dy

�
dx

C
1Z

x0



� �.x/ 1.x; 0/v.x; 0/C �.x/ 1.x; 1/v.x; 1/

1Z

0

h @
@y
.� 2/uC @

@y
.� 1/v

i
dy

�
dx:

Let us assume that the following conditions are fulfilled:

�1.x
�
0 / 1.x

�
0 ; y/� �2.xC

0 / 1.x
C
0 ; y/C 	�2.1/ 1.1; y/ D 0;

�2.x
C
0 / 2.x

C
0 ; y/ � �1.x�

0 / 2.x
�
0 ; y/ D 0;

�1.0/ 2.0; y/ D 0; �2.1/ 2.1; y/ D 0;
�.x/ 1.x; 0/ D 0; �.x/ 1.x; 1/ D 0:

(8.56)

By the above reasoning, from the equality (8.55) we obtain the relation

Re
“

G

�.x/ .z/@Z �w dx dy DRe
“

G1

@Z .�.x/ .z//�w dx dy

� Re
“

G2

@Z .�.x/ .z//�w dx dy; (8.57)
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where

G1 D
˚
z D xC iy W 0 6 x 6 x0; 0 6 y 6 1

�
;

G2 D
˚
z D xC iy W x0 6 x 6 1; 0 6 y 6 1

�
:

Using (8.57), for the increment of the functional �I from (8.54) we obtain the
equality

�I DRe
“

G1

h
� @Z .�.x/ .z//C c.z/C �.x/B.z/ .z/

i
�w dx dy

C Re
“

G

�!.z/
�
d.z/� �.x/ .z/f .z/� dx dy

C Re
“

G2

h
� @Z .�.x/ .z//C c.z/C �.x/B.z/ .z/

i
�w dx dy: (8.58)

Let us consider the equation

@Z �.x/ .z// � B.z/.�.x/ .z// D c.z/ (8.59)

and the function

 i.x; y/ D
(
 
.1/
i .x; y/; .x; y/ 2 G1;

 
.2/
i .x; y/; .x; y/ 2 G2;

i D 1; 2:

where �1. 
.1/
1 C i .1/2 / is a solution of Eq. (8.59) in the domain G1, and �2. 

.2/
1 C

i .2/2 / is a solution in the domain G2. It is assumed that the function �.x/ .z/
satisfies also the conditions (8.56). In that case, the increment of the functional
�I (8.58) takes the form

�I D I.!"/� I.!0/ D Re
“

G

�!.z/
�
d.z/� �.x/ .z/f .z/� dx dy: (8.60)

From the representation (8.60) it obviously follows that for the optimality of
!0.z/, w0.z/ it is necessary and sufficient that the following equality be fulfilled
almost everywhere on G

Re
h�
d.z/ � �.x/ .z/f .z/�!0.z/

i
D inf

!2U Re
h�
d.z/� �.x/ .z/f .z/�!.z/

i
:

The theorem is proved.
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Chapter 9
On the Geometry of the Domain of the Solution
of Nonlinear Cauchy Problem

Á. Figula and M.Z. Menteshashvili

Abstract We consider the Cauchy problem for a second order quasi-linear partial
differential equation with an admissible parabolic degeneration such that the given
functions described the initial conditions are defined on a closed interval. We study
also a variant of the inverse problem of the Cauchy problem and prove that the
considered inverse problem has a solution under certain regularity condition. We
illustrate the Cauchy and the inverse problems in some interesting examples such
that the families of the characteristic curves have either common envelopes or
singular points. In these cases the definition domain of the solution of the differential
equation contains a gap.

9.1 Introduction

Let us consider a Cauchy problem for second order non-strictly quasi-linear
hyperbolic partial differential equations: find a solution u.x; y/ of the equation by
the initial conditions ujyD0 D �.x/, uyjyD0 D �.x/, where �.x/ 2 C1.R/, �.x/ 2
C2.R/ are given functions such that �.x/ is once-, and �.x/ is twice-continuously
differentiable. To solve this problem one can use the method of characteristics (cf.
[18, pp. 164–166]). The characteristic roots of the partial differential equation are
the solutions of the corresponding characteristic equation. The class of hyperbolic
equations is defined through the characteristic roots by the inequality �1 ¤ �2.
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Characteristic directions are defined at every point by the relations

dy

dx
D �1.x; y; u; ux; uy/; dy

dx
D �2.x; y; u; ux; uy/: (9.1)

Solving the differential equations (9.1) we obtain the characteristic invariants (cf.
[17]).

Among the papers based on the application of the method of characteristics to
nonlinear hyperbolic problems we refer to [2, 6, 7, 9–13, 15, 16], where the structure
of the definition domains of the solutions and that of influence domains of initial and
characteristic perturbations are investigated in singular cases.

The aim of our investigation is to discuss some questions stating an initial
problem on the data support Œa; b� 2 R for the following second order non-strictly
hyperbolic equation

.u2y � 1/uxx � 2uxuyuxy C u2xuyy D 0 (9.2)

(cf. [5, p. 442]). We consider also a variant of the inverse problem of the Cauchy
problem for Eq. (9.2) on some open and closed data supports. Equation (9.2) is
interesting for physical applications since the two-dimensional flow of an inviscid
incompressible fluid in gravitational field can be described by it (cf. [19, p. 535]).

The characteristic roots of (9.2), i.e. the solution of the equation .u2y � 1/�2 C
2uxuy�C u2x D 0, are

� ux
uy C 1; �

ux
uy � 1:

Therefore Eq. (9.2) is hyperbolic everywhere, except for the points at which the
derivative ux of the sought solution u.x; y/ has zero values. At these points, Eq. (9.2)
parabolically degenerates. Hence Eq. (9.2) has mixed type (cf. [4]). It is one of
the most important problems of mathematical physics to study the properties of
solutions of equations of mixed type (cf. [3, 20, 22, 23]). The first fundamental
results in this direction were obtained by the Italian mathematicians Francesco
Tricomi in the twenties of the nineteenth century.

The combinations ux�uy, uxCuy of the first derivatives of the solution which are
constant for the string vibration equation uxx � uyy D 0 differ from those for non-
linear equation (9.2). In the latter case these combinations depend on an unknown
solution and its first derivatives. Hence it is rather difficult to use the characteristic
invariants for the solution of problems in the case of quasi-linear equations. In
aerodynamics, these combinations are called Riemann invariants (cf. [4, p. 23]).
Solving the equations dy

dx D � ux
uyC1 , dy

dx D � ux
uy�1 we obtain that the characteristic

invariants for Eq. (9.2) are uC y D const and u � y D const.
According to Hadamard (cf. [14]) the Cauchy problem can appear to be well-

posed in some cases involving the closed initial support. Such problems were
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studied by Aleksandryan [1], Sobolev [21], Vakhania [24], Wolfersdorf [25], and
others for linear equations.

The Cauchy problem of Eq. (9.2) such that the given functions � , � are defined
in the circumference of the unit circle, i.e. the initial problem on the closed data
support � W � D 1; x D � cos#; y D � sin# , 0 6 # 6 2� , was investigated in [16].

In this paper we study the Cauchy problem of Eq. (9.2) on the data support Œa; b�
(see Problem 1 in Sect. 9.2). In Theorem 1 we give the solution of the Cauchy
problem of (9.2) in integral form. To establish this result we use the representation
formula of the general integral for (9.2). After this we find a domain where the
solution can be completely defined. For this we have to write equations for the
characteristic curves of both families. Then we consider the set of intersection points
for both families of characteristic curves. This set creates the domain within which
the initial support is located. In Sect. 9.3 we formulate a variant of the inverse
problem of the Cauchy problem for Eq. (9.2) (see Problem 2). We prove that the
considered inverse problem has a solution under certain regularity condition (cf.
Theorem 2). We illustrate the Cauchy and the inverse problems for Eq. (9.2) in
Examples 1–3. In Examples 2, 3 we deal with the interesting cases that the families
of the characteristic curves have either common envelopes or singular points.

9.2 Cauchy Problem on Eq. (9.2)

Problem 1 Let �.x/, respectively �.x/ be real functions, which are twice, respec-
tively once continuously differentiable. Find a function u.x; y/, which satisfies
Eq. (9.2) and the conditions

u.x; 0/ D �.x/; uy.x; 0/ D �.x/; a 6 x 6 b: (9.3)

It is also required to find a domain where the solution can be completely defined.

Theorem 1 If � 0.x/ ¤ 0 for all x 2 Œa; b�, then the integral of problem (9.2), (9.3)
can be written into the form

x D aC 1

2

Z T.uCy/

a
.1 � �.t//dtC 1

2

Z T.u�y/

a
.1C �.t//dt; (9.4)

where x D T.z/ denotes the inverse function of z D �.x/.
Proof We start the investigation of the problem by considering the form of the
general integral of Eq. (9.2). Using a straightforward calculation it can be checked
that the solution u.x; y/ of Eq. (9.2) satisfies the following functional equation

f .uC y/C g.u � y/ D x; (9.5)
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where f , g are arbitrary functions (see [8]). In order to provide the required
smoothness of the solution u.x; y/, here it is assumed that the arbitrary functions
f , g belong to the class C2.R/. Taking the derivations of (9.5) with respect to the
variables x and y and putting into these y D 0 we obtain

f 0.u.x; 0/C 0/ux.x; 0/C g0.u.x; 0/� 0/ux.x; 0/ D 1 (9.6)

f 0.u.x; 0/C 0/.uy.x; 0/C 1/C g0.u.x; 0/� 0/.uy.x; 0/� 1/ D 0: (9.7)

Hence we come to a system of two linear algebraic equations (9.6), (9.7) with
respect to the variables f 0.u.x; 0//, g0.u.x; 0//. Solving this system of linear
equations one gets

f 0.u.x; 0// D 1� �.x/
2� 0.x/

WD F.x/ (9.8)

g0.u.x; 0// D 1C �.x/
2� 0.x/

WD G.x/: (9.9)

If the condition � 0.x/ ¤ 0 is fulfilled for all x 2 Œa; b�, then on the closed interval
Œa; b� the equation �.x/ D z is uniquely solvable in the class of real solutions. We
denote this solution by x D T.z/. Integrating relations (9.8), (9.9) between �.a/ and
an arbitrary value z 2 Œ�.a/; �.b/� we obtain

f .z/ � f .�.a// D
Z z

�.a/
f 0.v/dv D

Z x

a
F.t/� 0.t/dt;

g.z/� g.�.a// D
Z z

�.a/
g0.v/dv D

Z x

a
G.t/� 0.t/dt;

or equivalently

f .z/ D f .�.a//C
Z T.z/

a
F.t/� 0.t/dt; (9.10)

g.z/ D g.�.a//C
Z T.z/

a
G.t/� 0.t/dt: (9.11)

Their sum already yields an implicit solution of problem (9.2), (9.3) which contains
the undefined free functions for x D a. They can be identified by normalization. In
particular, if for the functions f , g defined by (9.10), (9.11), relation (9.5) is fulfilled
at the point .a; 0/, then we have

f .�.a//Cg.�.a//C
Z TŒu.a;0/C0�

a
F.t/� 0.t/dtC

Z TŒu.a;0/�0�

a
G.t/� 0.t/dt D a: (9.12)
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Note that the identity T.�.x// D x is valid for all values of x 2 Œa; b�, including
x D a, and therefore the upper bounds of both integrals in (9.12) are a. Hence one
has f .�.a//C g.�.a// D a: Finally, the implicit solution of problem (9.2), (9.3) can
be written as

x � a D
Z T.uCy/

a
F.t/� 0.t/dtC

Z T.u�y/

a
G.t/� 0.t/dt; (9.13)

where the functions F.t/ and G.t/ are defined by (9.8), (9.9). This representation
is obtained if condition � 0.x/ ¤ 0 is fulfilled for all x 2 Œa; b� and the expressions
under the integral sign are integrable. ut

In order to establish the definition domain of the solution u.x; y/ of (9.2) given
by (9.13), it is necessary to investigate the structure of the characteristic curves.
Keeping in mind representation (9.13) and that the relation uCy D const is fulfilled
along the characteristic curves of the first family, we can obtain an equation for
each characteristic of this family that passes through an arbitrary point x of the data
support Œa; b�. At this arbitrarily chosen point, with which we associate the argument
x0; we have

u.x0; 0/ D �.x0/:

Hence the relation

u.x; y/C y D �.x0/ (9.14)

is fulfilled along the characteristic curve satisfying the relation uC y D const and
passing through the point .x0; 0/. Since the right-hand side of this equality is a
completely defined expression, we conclude that

u.x; y/� y D �.x0/� 2y: (9.15)

Substituting (9.14) and (9.15) into (9.13), we obtain the equation for a characteristic
curve of the first family in the form

x � a D
Z T.�.x0//

a
F.t/� 0.t/dtC

Z T.�.x0/�2y/

a
G.t/� 0.t/dt: (9.16)

Keeping in mind that the identity T.�.x0// D x0 is valid, the upper bound of the first
integral in (9.16) will be x0. If we introduce the notation x0 D c, then this expression
becomes the parameter which takes values from the interval Œa; b�. Therefore, all
characteristic curves of the family uC y D const which pass through the points of
the data support have the representation

x D aC
Z c

a
F1.t/dtC

Z T.�.c/�2y/

a
G1.t/dt; (9.17)
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where

F1.t/ D F.t/� 0.t/ D 1 � �.t/
2

G1.t/ D G.t/� 0.t/ D 1C �.t/
2

:

Analogously, for all characteristic curves of the family u � y D const we obtain

x D aC
Z T.�.c/C2y/

a
F1.t/dtC

Z c

a
G1.t/dt: (9.18)

Here the parameter c takes its values from the interval Œa; b�. For both families,
in (9.17) and (9.18) there is a one-to-one correspondence between the equation for a
characteristic curve and the parameter value. This fact is stipulated by the condition
� 0.x/ ¤ 0 for all x 2 Œa; b�.

9.3 Inverse Problem

Now we consider certain inverse problems of the Cauchy problem for Eq. (9.2).
Below we will treat a variant of inverse problem which requires the construction of
a given equation under the condition that the characteristic curves of both families
are known a priori. The cases that the families of characteristic curves have either
common envelopes or singular points are particularly interesting to investigate. In
these situations, gaps may appear in the definition domain of a solution of the
problem.

As has been mentioned above, Eq. (9.2) is of hyperbolic type and the set of
parabolic degeneration is not defined a priori because it depends on the behavior
of an arbitrary solution u.x; y/ and its derivative with respect to the variable x.
The characteristic invariants (cf. [4, p. 23]) corresponding to Eq. (9.2) are given
as follows

uC y D const; for �1 D � ux
uy C 1; (9.19)

u � y D const; for �2 D � ux
uy � 1: (9.20)

From these equations we conclude that the families of characteristic curves of the
equation are not defined a priori because they depend on the sought solution and on
its first order derivatives.

In the case of Eq. (9.2), we can admit in the role of characteristics the families
of characteristic curves along which relations (9.19) and (9.20) are fulfilled.
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Characteristic families can therefore be given a priori in an arbitrary manner. The
statement of the inverse problem considered here rests on this fact.

Let us consider two one-parameter families of plane curves which are given
explicitly by the equations

y D '1.x; c/; (9.21)

y D '2.x; c/; (9.22)

where '1, '2 are given, twice differentiable functions with respect to the variable x.
Let '1, '2 be defined for any value of the real parameter c. Assume that any curve
of these families necessarily intersects once the straight line y D 0. We denote
by D1 the domain of the plane .x; y/ which is completely covered by the family
of characteristic curves given by Eq. (9.21) if the parameter c runs continuously
through all real values. Analogously, we denote by D2 the domain of the plane .x; y/
which is completely covered by the characteristic lines given by Eq. (9.22). Also,
we introduce the notation D D D1 \D2, I D D \ fy D 0g:
Problem 2 (Inverse Problem) Find the initial conditions of a regular solution
u.x; y/ of Eq. (9.2) and its derivative with respect to the normal direction on the
interval I of the straight line y D 0 if the families of plane curves given by Eq. (9.21)
are the characteristics corresponding to invariants (9.19), while (9.22) is the family
of characteristics corresponding to invariants (9.20).

Theorem 2 If the condition ' 0
1.x; c

0/ ¤ ' 0
2.x; c

00/ is fulfilled for all c0, c00 2 R, then
there exists a solution of Problem 2.

Proof To investigate the posed problem, we need a structural analysis of the
characteristic curves of Eq. (9.2). The characteristic roots corresponding to Eq. (9.2)
define at every point two characteristic directions

dy

dx
D � ux

uy C 1 � �1.x; y/; (9.23)

dy

dx
D � ux

uy � 1 � �2.x; y/: (9.24)

It follows from the posed problem that the family of characteristic curves defined by
Eq. (9.21) corresponds to the root �1 given by (9.23), while that given by Eq. (9.22)
corresponds to the root �2 given by (9.24). Therefore we can calculate the values of
first derivatives ux, uy of the unknown solution u.x; y/ along any characteristic curve.
Note that the parameters contained in families (9.21) and (9.22) can be defined by
the abscissa of the intersection point of the concrete curve and the axis y D 0.
Indeed, let the curve corresponding to the parameter c�; intersecting the straight
line y D 0 at a point x0 be

'1.x0; c
�/ D 0:
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Solving the equation for the parameter c�.x0/ D c; family (9.21) takes the form

y D '1.x; x0/;

which is equal to zero for x D x0. If family (9.21) corresponds to the characteristic
root �1, then the relation

d'1.x; x0/

dx
D � ux.x; '1.x; x0//

uy.x; '1.x; x0//C 1 : (9.25)

is fulfilled. Analogously, along the second family of the characteristic curves the
following equality is fulfilled

d'2.x; x0/

dx
D � ux.x; '2.x; x0//

uy.x; '2.x; x0//� 1: (9.26)

Equalities (9.25), (9.26) have the following at the points of the interval I:

d'1.x; x0/

dx
jxDx0D �

� 0.x0/
�.x0/C 1 ; x0 2 I; (9.27)

d'2.x; x0/

dx
jxDx0D �

� 0.x0/
�.x0/ � 1 ; x0 2 I: (9.28)

Since the point .x0; 0/ is arbitrarily chosen from the interval I, x0 in
Eqs. (9.27), (9.28) can be replaced with x. Hence we can easily define the unknown
functions � 0 and �. Integrating the function � 0, we finally obtain the solutions �.x/,
�.x/ of the problem. Naturally, the function � is defined up to an integration constant
which will be defined uniquely if we give the value of the function u.x; y/ at one
arbitrary point of the interval I. The theorem is thereby proved. ut

From the above general argumentation we can draw a conclusion. If fami-
lies (9.21) and (9.22) do not have common characteristic directions at anyone of
the points, i.e. if Eq. (9.2) is of strictly hyperbolic type, then the solution of the
inverse problem presents no difficulty (see Example 1). However, if the equation
parabolically degenerates on certain set of points, then the situation drastically
changes. We illustrate this in Examples 2, 3.

Example 1 We solve the Cauchy and inverse problems in the following concrete
example. Cauchy problem: Let u.x; 0/ D �.x/ be the function x and uy.x; 0/ D �.x/
be the function 1 � ex. According to (9.4) the solution of the Cauchy problem in
implicit form is given by equation

1

2
euCy C u � y � 1

2
eu�y � x D 0:
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The characteristic curves (9.17) of the family u C y D const, as parametric curve
f .x; y; c/ with respect to the parameter c are given by

0 D 1

2
ec C c � 2y � 1

2
ec�2y � x D f1.x; y; c/: (9.29)

The characteristic curves (9.18) of the family u � y D const, as parametric curve
f .x; y; c/ with respect to the parameter c are given by

0 D 1

2
ecC2y C c � 1

2
ec � x D f2.x; y; c/: (9.30)

Differentiating the function f1.x; y; c/ in (9.29) with respect to the parameter c we
get

0 D 1

2
ec.1 � e�2y/C 1 D f1;c.x; y; c/: (9.31)

Expressing from (9.31) the parameter c we have

c D ln

�
2e2y

1 � e2y

�
: (9.32)

Putting expression (9.32) into Eq. (9.29) we obtain

e1Cx D 2

1 � e2y
: (9.33)

Since the derivative @f1;c.x;y;c/
@y D ec�2y is non-zero and the derivative @f1;c.x;y;c/

@c D
1
2
.1� e�2y/ec is non-zero for all y ¤ 0 we obtain that the envelope of the character-

istic curves (9.29) of the first family is given by (9.33). An analogous computation
shows that this envelope is also the envelope of characteristic curves (9.30) of the
second family. In the plane .x; y/ for the domain which is below of envelope (9.33)
there does not exist solution of the Cauchy problem (see Fig. 9.1 for parameter
c D �1).

Inverse problem: Assume that the families of characteristic curves are given by:

x D '1.y; c/ � 1

2
ec � 1

2
ec�2y C c � 2y; for �1; (9.34)

x D '2.y; c/ � �1
2
ec C 1

2
ecC2y C c; for �2: (9.35)

From (9.27), (9.28) we get

� ux.x0; 0/

uy.x0; 0/C 1 D
1

ex0 � 2; (9.36)
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Fig. 9.1 The characteristic curves (9.29), (9.30) and their envelopes

for family (9.34) and

� ux.x0; 0/

uy.x0; 0/� 1 D
1

ex0
; (9.37)

for family (9.35).
The right-hand sides of the equalities (9.36), (9.37) depend only on x0. From the

relations (9.36) and (9.37) for the point .x0; 0/ we find the values of the functions � 0
and �:

� 0.x/ D 1; (9.38)

�.x/ D 1 � ex:

From equality (9.38) we obtain by integration the value of the solution u.x; y/ on
the axis y D 0:

�.x/ D xC c; c D const. (9.39)

The constant c in (9.39) can be obtained if we know the value of �.x/ in one arbitrary
point.
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Example 2 Now we consider the following inverse problem. Assume that the
families of characteristic curves have common envelopes and are given in the form

x D '1.y; c/ � c � a
r

a

yC b
� 1; �b 6 y 6 a � b; (9.40)

x D '2.y; c/ � cC a
r

a

yC b
� 1; �b 6 y 6 a � b; (9.41)

a > b > 0; c D const.

Each curve of family (9.40) defined on an interval x 2 .�1; c� monotonically
increases, has the asymptote y D �b. For x D c each curve of family (9.40) is
tangent to the straight line y D a� b and therefore is tangent to one of the curves of
family (9.40). One of the curves of family (9.40) passes at every point of the straight
line y D a�b and smoothly continues from the same point to the completely defined
curve of family (9.41). Therefore both characteristic directions at the points of this
straight line coincide. Hence the straight line y D a � b is the line of parabolic
degeneration for Eq. (9.2). The straight line y D �b is also the line of parabolic
degeneration because all characteristic curves of both families are tangent to the
straight line at infinity (see Fig. 9.2).

By direct calculations we establish that

ux.x; y/

uy.x; y/C 1 D
2a3.x � c1/

Œ.x � c1/2 C a2�2
; c1 D x0 C a

r
a � b

b
; (9.42)

Fig. 9.2 The characteristic curves (9.40), (9.41) and their envelopes
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holds for family (9.40) and that

ux.x; y/

uy.x; y/� 1 D
2a3.x � c2/

Œ.x � c2/2 C a2�2
; c2 D x0 � a

r
a � b

b
; (9.43)

is satisfied for family (9.41). Note that the right-hand sides of the equali-
ties (9.42), (9.43) are represented by expressions depending solely on the variable
x. Relations (9.42) and (9.43) for the point .x0; 0/ yield the equalities

� 0.x0/
�.x0/C 1 D

2a3.x0 � c1/

Œ.x0 � c1/2 C a2�2
;

for the first family of the characteristic curves, and

� 0.x0/
�.x0/ � 1 D

2a3.x0 � c2/

Œ.x0 � c2/2 C a2�2
;

for the second family. Let us assume that the point x0 2 .�1;C1/ is arbitrary,
then for any .x; 0/ we obtain

� 0.x/
�.x/C 1 D �

2b2

a2

r
a � b

b
; (9.44)

� 0.x/
�.x/� 1 D

2b2

a2

r
a � b

b
: (9.45)

Hence we find the values of the functions � 0 and �:

� 0.x/ D �2b
2

a2

r
a � b

b
; (9.46)

�.x/ D 0:

From equality (9.46) we find by integration the values of the solution u.x; y/ on the
axis y D 0:

�.x/ D �2b
2

a2

r
a � b

b
xC c; c D const.

As relations (9.44), (9.45) show the characteristic roots � ux
uyC1 ; � ux

uy�1 of both
families take a constant value. Despite this, we cannot assert that the straight line
y D 0 is the line of parabolic degeneration. To make such an assertion it is necessary
that the invariants uC y and u � y are constant along y D 0. The constancy of the
invariants is due to the fact that families (9.40), (9.41) are sets of curves obtained
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by a parallel translation along the axis of abscissas. Therefore every curve of both
families has one and the same slope with respect to the axis of abscissas. This
indicates that the values of the derivative dy

dx along this axis preserve constancy.

Example 3 The situation is more difficult if the families of the characteristic curves
have, besides the lines of parabolic degeneration, also common singular points. As
an example let us consider the case that families (9.21), (9.22) have the common
node. Each contour of the one-parameter family of curves

F.r; #; #0/ D .1 � r cos#/

r2 � 2r cos# C 1 �
(
1C

�
r sin#

r2 � 2r cos# C 1 C #0
�2)�1

D 0;
(9.47)

0 6 # 6 2� is closed. The whole family lies in the half plane to the left of the
straight line x D 1. The circumference

.2x � 1/2 C 4y2 D 1 (9.48)

is a common envelope of a family of curves. The point .1; 0/ is the node of
the considered family. The unit circumference completely lies in the definition
domain of family (9.47). Every curve of this family intersects twice the unit
circumference. Every contour of family (9.47) can be represented as the union of
two arcs. The first arc is considered from the point .1; 0/ to the point of tangency
to circumference (9.48) if the movement occurs in the positive direction. The
remaining part is considered to be the arc of the second family. If the polar angle
of the point of tangency of the concrete curve to circumference (9.48) is denoted by
#�, then family (9.47) can be divided into two parts:

F.r; #; #0/ D 0; 0 6 # 6 #�; (9.49)

F.r; #; #0/ D 0; #� 6 # 6 2�: (9.50)

Problem 3 (Inverse Problem) Find the values of a regular solution of Eq. (9.2)
and its derivative with respect to the normal direction on the circumference x2Cy2 D
1, i.e. find the functions

lim
r!1

u.r; #/ D �.#/; lim
r!1

ur.r; #/ D �.#/; (9.51)

if the family of plane curves (9.49) represents the characteristic curves corre-
sponding to invariants (9.19), while family (9.50) corresponds to the characteristic
invariants (9.20).
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Let .1; '0/; .'0 ¤ 2�k; k 2 Z/ be a point of the unit circumference. Then the
following curves of families (9.21) and (9.22) pass, respectively, through this point:

.1� r cos#/

r2 � 2r cos# C 1 �
(
1C

�
r sin#

r2 � 2r cos# C 1 C
sin '0

2.1� cos'0/
C 1

�2) �1
D 0;
(9.52)

where 0 6 # 6 #�
1 ,

.1 � r cos#/

r2 � 2r cos# C 1 �
(
1C

�
r sin#

r2 � 2r cos# C 1 �
sin '0

2.1� cos'0/
� 1

�2)�1
D 0;
(9.53)

where #�
2 6 # 6 2� .

Here #�
1 ; #

�
2 are the polar angles of points of tangency of these curves with the

circumference (9.48), respectively.
The relation

ux.r; #; '0/

uy.r; #; '0/C 1 D
f1.#; '0/

g1.#; '0/
(9.54)

is fulfilled for the characteristic curve (9.52), and the relation

ux.r; #; '0/

uy.r; #; '0/� 1 D
f2.#; '0/

g2.#; '0/
(9.55)

is fulfilled along curve (9.53), where

fi.#; '0/ D 4hir sin#.1 � cos#/�
1C h2i

�2 C .r2 cos 2# � 2r cos# C 1/;

gi.#; '0/ D 2hi.r2 cos 2# � 2r cos# C 1/�
1C h2i

�2 � 2r sin#.1 � cos#/;

hi D r sin#

r2 � 2r cos# C 1 �
sin '0

2.1� cos'0/
� .�1/i; i D 1; 2:

From (9.54) and (9.55) we conclude that the following equalities hold at the point
.1; '0/:

ux.1; '0/

uy.1; '0/C 1 D
f 01
g01
; (9.56)

ux.1; '0/

uy.1; '0/� 1 D
f 02
g02
; (9.57)
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where

f 0i D .�1/i
1

2
sin '0 C cos'0;

g0i D .�1/iC1
1

2
cos'0 C sin '0:

Using relations (9.56) and (9.57) we obtain for the values of the derivatives ux and
uy at the point .1; '0/

ux.1; '0/ D 2f 01 f
0
2

f 02 g
0
1 � f 01 g

0
2

;

uy.1; '0/ D f 01 g
0
2 C f 02 g

0
1

f 02 g
0
1 � f 01 g

0
2

:

Assuming that '0 takes all values on the circumference x2 C y2 D 1; 0 6 '0 6 2� ,
we have

ux.1; #/ D 2 cos2 # � 1
2

sin2 #;

uy.1; #/ D 5

4
sin 2#:

Since the equalities

u#.1; #/ D �ux sin# C uy cos#;

ur.1; #/ D ux cos# C uy sin#

are fulfilled, we obtain

u#.1; #/ D 1

2
sin#; (9.58)

ur.1; #/ D 2 cos#: (9.59)

Finally, integrating the value of (9.58) on the circumference x2Cy2 D 1; 0 6 '0 6
2� , we define also the function

u.1; #/ D �1
2

cos# C c: (9.60)
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If we consider the initial problem: find a function u.x; y/, which satisfies Eq. (9.2)
with initial data defined by functions (9.59), (9.60) on the unit circumference � :
r D 1, x D r cos# , y D r sin# , then the definition domain of a solution
of this problem is constructed by the set of characteristic curves represented by
formulas (9.49), (9.50). By the structure of these characteristic curves we conclude
that for a > b the definition domain of a solution of the initial problem is the domain
of the plane .x; y/ which lies to the left of the straight line x D 1, with a gap given
the circumference (9.48).
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Chapter 10
Reduction of Some Semi-discrete Schemes
for an Evolutionary Equation to Two-Layer
Schemes and Estimates for the Approximate
Solution Error

Jemal Rogava, David Gulua, and Romeo Galdava

Abstract In the paper, using the perturbation algorithm, purely implicit three-
layer and four-layer semi-discrete schemes for an abstract evolutionary equation are
reduced to two-layer schemes. The solutions of these two-layer schemes are used
to construct an approximate solution of the initial problem. By using the associated
polynomials the estimates for the approximate solution error are proved.

10.1 Introduction

Various initial boundary value problems for evolutionary equations with partial
derivatives can be reduced to the Cauchy problem for an abstract parabolic equation.
One of the methods used to solve these problems is the semi-discretization method
(this is the method based on the discretization of a derivative with respect to a time
variable). The semi-discretization method for a parabolic equation is also known as
the Rothe method [1]. The advantage of this method is that it enables us to solve the
obtained system by the finite-difference method with subsequent discretization of
derivatives with respect to spatial derivatives or to apply other methods (including
analytical ones) which are easy to realize. Among these methods we want to mention
the projective-network, variational and finite-element methods (see, e.g., Marchuk
and Agoshkov [2], Mikhlin [3], Streng and Fiks [4]).
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Questions connected with the construction and investigation of approximate
solution algorithms of evolutionary problems are considered, for example in the
well-known books by Godunov and Ryabenki [5], Marchuk [6], Richtmayer and
Morton [7], Samarskiı̌ [8], Ianenko [9]. We also refer to the works by Crouzeix
[10], Crouzeix and Raviart [11], and Le Rouxe [12].

The questions connected with construction and research of algorithms of the
approximate solution of evolutionary problems, including research and realization
of multi-layer schemes for these problems are important. The main difficulty
which arises at realization of multi-layer schemes (especially for multidimensional
problems) consists in use of large random access memory, which increases in
proportion with growth of number of layers. One of the opportunities of overcoming
this problem is decomposition of multi-layer schemes. In [13] the perturbation algo-
rithm was considered for decomposition of three-layer scheme. The perturbation
algorithm is widely used when solving problems of mathematical physics (see, e.g.,
Marchuk et al. [14]).

We would note [15, 16] where a purely implicit three-layer semi-discrete scheme
for evolutionary equation is reduced to two-layer schemes and explicit estimates
for the approximate solution at rather general assumptions about data the tasks are
proved in Banach space. Furthermore, in these works, by reducing with the aid of the
perturbation algorithm the four-layer scheme to two-layer schemes we demonstrate
the generality of the algorithm when it is applied to difference schemes.

In the present paper, purely implicit multi-layer semi-discrete schemes are
considered for an approximate solution of the Cauchy problem for an evolutionary
equation with the self-adjoint positively defined operator in Hilbert space. Using
the perturbation algorithm, the considered scheme is reduced to two-layer schemes.
An approximate solution of the original problem is constructed by means of
the solutions of these schemes. Note that the first two-layer scheme gives an
approximate solution to an accuracy of first order, whereas the solution of each
subsequent scheme is the refinement of the preceding solution by one order.

In the present work, for an estimate of the error of the approximate solution,
we applied the approach offered in [17], where the stability of linear many-step
methods is investigated by means of the properties of the class of polynomials
of many variables (which are called associated polynomials). They are a natural
generalization of classical Chebyshev polynomials of second kind.

The present article consists of two paragraphs. In the first paragraph, creation
of algorithm and technique of proving estimate of approximate solution error is
applied for three-layer scheme. In the second paragraph, same technique is applied
for four-layer scheme. In our opinion, such presentation of the material makes it
possible to demonstrate the generality of the proposed method for decomposition
and investigation of multi-layer schemes.

In the first paragraph we also consider the results of the numerical experiments,
which visually confirm the theoretical estimates received in this paragraph.



10 Reduction of Some Semi-discrete Schemes 225

It should be noted that the algorithm proposed in this paper is close to the
methods considered in the works by Marchuk and Shaı̌durov [18] and Pereyra
[19, 20]. The paper is a generalization of the results obtained in [13].

10.2 The Case of Three-Layer Scheme

10.2.1 Reducing a Purely Implicit Three-Layer Scheme
for an Evolutionary Problem to Two-Layer Schemes

Let us consider the following evolutionary problem in the Hilbert space H:

du.t/

dt
C Au .t/ D 0; t 2 �0;T� ; (10.1)

u .0/ D u0; (10.2)

whereA is the self-adjoint positively defined operator in H with domain of definition
D.A/; u0 is a given vector from H; u.t/ is the sought function.

On Œ0;T� we introduce a grid tk D k� , k D 0; 1; : : : ; n, with the step � D T=n.
Using the approximation of the first derivative

du

dt

ˇ̌
ˇ̌
tDtk

D
3
2
u.tk/� 2u.tk�1/C 1

2
u.tk�2/

�
C �2Rk.�; u/; Rk.�; u/ 2 H;

Eq. (10.1) can be represented at the point t D tk as

3
2
u.tk/� 2u.tk�1/C 1

2
u.tk�2/

�
C Au .tk/ D ��2Rk.�; u/; k D 2; : : : ; n;

(10.3)

We write system (10.3) in the form

u.tk/ � u.tk�1/
�

C Au .tk/C �

2

�
u.tk/ � 2u.tk�1/C u.tk�2/

�2

�
D ��2Rk.�; u/:

It is obvious that expression in brackets in case of �
2

is u00.tk�1/ C �2R1;k�1,
R1;k 2 H:

By analogy with the obtained system let us consider in the Hilbert space H the
one-parametric family of equations

uk � uk�1
�

C Auk C "

2

�
uk � 2uk�1 C uk�2

�2

�
D "2Rk; Rk 2 H: (10.4)
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Assume that uk is analytic with respect to ",

uk D
1X
jD0

" ju. j/k : (10.5)

Substituting (10.5) into (10.4) and equating the members of identical powers ", we
obtain the following system of equations

u.0/k � u.0/k�1
�

C Au.0/k D 0; u.0/0 D u0; k D 1; : : : ; n; (10.6)

u.1/k � u.1/k�1
�

C Au.1/k D �
1

2

�2u.0/k�2
�2

; k D 2; : : : ; n; (10.7)

u.2/k � u.2/k�1
�

C Au.2/k D �
1

2

�2u.1/k�2
�2

C Rk;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

where�uk�1 D uk � uk�1.
We introduce the notation

vk D u.0/k C �u.1/k ; k D 2; : : : ; n: (10.8)

Let the vector vk be an approximate value of the exact solution of problem (10.1)–
(10.2) for t D tk, u.tk/ � vk.

Note that in scheme (10.7) the starting vector u.1/1 is defined from the equality

v1 D u.0/1 C �u.1/1 , where u.0/1 is found by scheme (10.6), and v1 is an approximate
value of u.t1/ with accuracy of O.�2/. According to this assumption, we can write

kv1 � u.t1/k D O.�2/:

Then, taking into account that for the solution of the problem (10.1), (10.2) the
formula (see, e.g., Kato [21]) u.t/ D exp.�tA/u0 is true, we can write

v1 D .I � �A/ u0: (10.9)

From representation v1 D u.0/1 C �u.1/1 , taking into account a formula (10.9)

and equality u.0/1 D Su0; where S D .I C �A/�1; for a start vector u.1/1 of the
scheme (10.7), we can take

u.1/1 D
v1 � u.0/1

�
D 1

�
.I � �A � S/ u0 D 1

�
..I � S/� �A/ u0

D 1

�
.�AS � �A/ u0 D A.S � I/u0 D ��A2Su0: (10.10)
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10.2.2 Estimate of Residual for Solution Obtained
by Perturbation Algorithm

Let estimate residual of purely implicit three-layer scheme for solutions of
scheme (10.6)–(10.8).

Multiply Eq. (10.7) by � and add result with (10.6). We get that vk is a solution
of system of equations:

vk � vk�1
�

C Avk D ��
2

�2u.0/k�2
�2

; k D 2; : : : ; n: (10.11)

Rewrite this system in the form

vk � vk�1
�

C Avk C �

2

�2vk�2
�2

D eRk.�/; (10.12)

where k > 3,

eRk.�/ D �

2

�2vk�2
�2

� �
2

�2u.0/k�2
�2

:

It is obvious that (10.12) can be represented in the following form:

3
2
vk � 2vk�1 C 1

2
vk�2

�
C Avk D eRk.�/; k D 3; : : : ; n: (10.13)

Therefore eRk.�/ is a residual of purely implicit three-layer scheme for solutions of
scheme (10.6)–(10.8) (see (10.3)).

It is obviously the representation

eRk.�/ D �

2

�2vk�2
�2

� �
2

�2u.0/k�2
�2

D �2

2

�2u.1/k�2
�2

: (10.14)

Note that representation (10.14) is true for k > 2.
We estimate the difference relation (10.14).
From (10.6) it is obviously u.0/k D Sku0; where S D .I C �A/�1. Then

�2u.0/k�2 D u.0/k � 2u.0/k�1 C u.0/k�2
D .Sk � 2Sk�1 C Sk�2/u0 D �2A2Sku0: (10.15)
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Taking into account (10.15) from (10.7) we have:

u.1/k D S

 
u.1/k�1 �

�

2

�2u.0/k�2
�2

!

D Su.1/k�1 �
�

2
A2SkC1u0 D Sk�1u.1/1 �

�

2
.k � 1/A2SkC1u0: (10.16)

From here it follows:

�2u.1/k�2 D u.1/k � 2u.1/k�1 C u.1/k�2

D
�
�2A3SkC1 � �

3

2
.k � 3/A4SkC1

�
u0 C �2A2Sk�1u.1/1 : (10.17)

From here, taking into account that u.1/1 uniformly bounded by � (see (10.10)),
for enough smooth initial data we receive the estimation

�����
�2u.1/k�2
�2

����� 6 c; c D const. > 0: (10.18)

Therefore, taking into account (10.18), from (10.14) for residual eRk.�/, we have
the estimation

��eRk.�/
�� 6 c�2; c D const. > 0: (10.19)

10.2.3 A Priori Estimate for the Approximate Solution Error

From (10.3) and (10.13), for error zk D u.tk/� vk we have:

3
2
zk � 2zk�1 C 1

2
zk�2

�
C Azk D rk.�/; k D 3; : : : ; n; (10.20)

where rk.�/ D �
�
�2Rk.�; u/CeRk.�/

�
:

Remark 10.2.1 Taking into account (10.19) we conclude that if the solution of
problem (10.1)–(10.2) is enough smooth function, then krk.�/k D O.�2/.

The following theorem is valid.

Theorem 10.2.2 Let A be a self-adjoint positively defined operator in H. Then

kzkC1k 6 1

2
kz1k C 3

2
kz2k C �

kX
iD2
kriC1.�/k; (10.21)

where k D 2; : : : ; n � 1:
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Proof From (10.20), we have

zkC1 D L1zk � L2zk�1 C gkC1; k D 2; : : : ; n � 1:

where

L1 D 4

3
L; L2 D 1

3
L; gkC1 D 2

3
�LrkC1.�/;

L D
�
I C 2

3
�A

��1
:

Then (see [17], ch.1. §3):

zkC1 D Uk�1z2 � L2Uk�2z1 C
kX

iD2
Uk�igiC1; (10.22)

where Uk.L1;L2/ are the operator polynomials, which are defined by the following
recurrence relation:

Uk.L1;L2/ D L1Uk�1 C L2Uk�2;

U0 D I; U�1 D 0:

If in equality (10.22) we take the norms, we will have

kzkC1k 6 kUk�1kkz2k C kL2kkUk�2kkz1k C 2

3
�kLk

kX
iD2
kUk�ikkriC1.�/k:

(10.23)

Be using the well-known fact that the norm of the operator polynomial is equal to
C norm of corresponding scalar polynomial on the spectrum of this operator when
the argument is self-adjoint bounded operator (see, e.g., [22], ch. IX, §5), we have

kUk.L1;L2/k D max
x2Sp.L1/

ˇ̌
ˇ̌Uk

�
x;
1

4
x

�ˇ̌
ˇ̌ : (10.24)

It is obvious that Sp.L1/ � Œ0; 43 �: Then we have

max
x2Œ0; 43 �

ˇ̌
ˇ̌Uk

�
x;
1

4
x

�ˇ̌
ˇ̌ 6 3

2
:
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Taking into account this estimate from (10.24) it follows

kUk.L1;L2/k 6 3

2
:

Substituting this estimate in (10.23), we obtain the sought estimate (10.21). ut
Note that since the representation (10.14) is true only if k > 2, proof of the

estimate (10.21) does not apply in the case of k D 1, i.e. for a vector v2. So it is
necessary to separately estimate the error u.t2/ � v2.

From (10.11) follows

v2 D Sv1 C �S'1; (10.25)

where '1 D � �2 �
2u
.0/
0

�2
: Substituting (10.9) and (10.15) in (10.25) and taking into

account the expansion S D I � �AC �2A2S; we have

v2 D .I � �AC �2A2S/ .I � �A/ u0 Cer1.�/u0; ker1.�/u0k D O.�2/:

It is obvious that from here follows

v2 D .I � 2�A/ u0 Cer2.�/u0; ker.�/u0k D O.�2/:

Therefore for error u.t2/ � v2 we have

ku.t2/ � v2k D k exp.�2�A/u0 � v2k D O.�2/: (10.26)

Remark 10.2.3 Taking into account (10.9), (10.26) and Remark 10.2.1 from
inequality (10.21), it follows

ku.tk/� vkk D O.�2/; k D 1; : : : ; n:

It is obvious we imply that the solution of problem (10.1), (10.2) is a smooth enough
function.

10.2.4 Results of Numerical Experiments

Now we will consider results of numerical experiments of solving some model
problems by the algorithm studied in this chapter.
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For the beginning we consider the following simple problem

du.t/

dt
C ˛u .t/ D f .t/; t 2 �0; 1� ;

u .0/ D u0:

We will look for approximate solution vk (k D 1; : : : ; 10) of this problem by the
algorithm (10.6)–(10.8). Errors

� D max
k
ju.tk/ � vkj

for some test solutions u.t/ are given below. Let s be the order of the considered
correction (s D 0 corresponds to the solution u.0/k and s D 1 corresponds to the

specified solution vk D u.0/k C �u.1/k ).

1. u.t/ D 5t2 � 4t

˛ D 2;
s D 0 W � D 0:1045
s D 1 W � D 0:0051:

˛ D 0:001;
s D 0 W � D 0:2373
s D 1 W � D 0:0062:

2. u.t/ D 3 sin.2t/

˛ D 2;
s D 0 W � D 0:1075
s D 1 W � D 0:0032:

˛ D 0:001;
s D 0 W � D 0:2136
s D 1 W � D 0:0017:

3. u.t/ D e3t

˛ D 2;
s D 0 W � D 0:8902
s D 1 W � D 0:0473:
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˛ D 0:001;
s D 0 W � D 1:4543
s D 1 W � D 0:0292:

4. u.t/ D 10sin.t/

˛ D 2;
s D 0 W � D 0:0629
s D 1 W � D 0:0021:

˛ D 0:001;
s D 0 W � D 0:1162
s D 1 W � D 0:0014:

5. u.t/ D sin.10t/

˛ D 2;
s D 0 W � D 0:3379
s D 1 W � D 0:0389:

˛ D 0:001;
s D 0 W � D 0:4597
s D 1 W � D 0:0507:

Now consider the following problem

@u.x; t/

@t
D ˛@

2u .x; t/

@x2
C f .x; t/; .x; t/ 2�a; bŒ��0;T�;

u.x; 0/ D '.x/;
u.a; t/ D ˛0.t/; u.b; t/ D ˛1.t/:

We will also look for approximate solution vi;k of this problem by the algo-
rithm (10.6)–(10.8). Errors

� D max
i;k
ju.xi; tk/ � vi;kj

for some test solutions u.x; t/ (s -order of the considered correction, n-number of
steps on x; m -number of steps on t) are given below.
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1. u.x; t/ D 5x2t � x2t2; ˛ D 0:1; T D 2:1; a D 1; b D 5; m D 10; n D 20

s D 0 W � D 0:0636
s D 1 W � D 0:00043:

2. u.x; t/ D 3 sin.2xt2/; ˛ D 2; T D 1:2; a D 1:2; b D 2:4; m D 10; n D 30

s D 0 W � D 0:2851
s D 1 W � D 0:0475:

3. u.x; t/ D ext; ˛ D 2; T D 1:2; a D 1:2; b D 2:4; m D 10; n D 30

s D 0 W � D 0:1331
s D 1 W � D 0:0102:

As one would expect, the numerical experiments showed that the second step of
correction (s D 1) reduces an error by one order, that is ku.tk/ � .u.0/k C �u.1/k /k D
O.�2/; while ku.tk/ � u.0/k k D O.�/:

The numerical experiments also showed that the further correction u.2/k
(see (10.6)–(10.8)) cannot practically reduce an approximate solution error. The
reason is that the equation for looking for u.2/k contains unknown Rk and finding
of this unknown Rk is equivalent to definition of the solution of an initial problem.
This is the reason why the algorithm is limited to two Eqs. (10.6)–(10.7).

10.3 The Case of Four-Layer Scheme

10.3.1 Reducing a Purely Implicit Four-Layer Scheme
for an Evolutionary Problem to Two-Layer Schemes

On Œ0;T� we introduce a grid tk D k� , k D 0; 1; : : : ; n, with the step � D T=n. Using
the approximation of the first derivative

du

dt

ˇ̌
ˇ̌
tDtk

D
11
6
u.tk/ � 3u.tk�1/C 3

2
u.tk�2/� 1

3
u.tk�3/

�
C�3Rk.�; u/; Rk.�; u/ 2 H:

Equation (10.1) can be represented at the point t D tk as

11
6
u.tk/ � 3u.tk�1/C 3

2
u.tk�2/ � 1

3
u.tk�3/

�
C Au .tk/ D ��3Rk.�; u/; k D 3; : : : ; n:

(10.27)
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We write system (10.27) in the form

u.tk/� u.tk�1/
�

C Au .tk/

C �

2

�
u.tk/ � 2u.tk�1/C u.tk�2/

�2

�

C �2

3

�
u.tk/� 3u.tk�1/C 3u.tk�2/� u.tk�3/

�3

�
D ��3Rk.�; u/: (10.28)

It is obvious that expression in brackets in case of �
2

is u00.tk�1/ C �2R1;k�1 and

expression in brackets in case of �2

3
is u000.tk/C �R2;k, R1;k; R2;k 2 H.

By analogy with the obtained system let us consider in the Hilbert space H the
one-parametric family of equations

uk � uk�1
�

C Auk C "

2

�
uk � 2uk�1 C uk�2

�2

�

C "2

3

�
uk � 3uk�1 C 3uk�2 � uk�3

�3

�
D "3Rk; Rk 2 H: (10.29)

Assume that uk is analytic with respect to ",

uk D
1X
jD0

" ju. j/k : (10.30)

Substituting (10.30) into (10.29) and equating the members of identical powers ",
we obtain the following system of equations

u.0/k � u.0/k�1
�

C Au.0/k D 0; u.0/0 D u0; k D 1; : : : ; n; (10.31)

u.1/k � u.1/k�1
�

C Au.1/k D �
1

2

�2u.0/k�2
�2

; k D 2; : : : ; n; (10.32)

u.2/k � u.2/k�1
�

C Au.2/k D �
1

2

�2u.1/k�2
�2

� 1
3

�3u.0/k�3
�3

; k D 3; : : : ; n;
(10.33)

u.3/k � u.3/k�1
�

C Au.3/k D �
1

2

�2u.2/k�2
�2

� 1
3

�3u.1/k�3
�3

C Rk;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

where�uk�1 D uk � uk�1.
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We introduce the notation

vk D u.0/k C �u.1/k C �2u.2/k ; k D 3; : : : ; n: (10.34)

Let the vector vk be an approximate value of the exact solution of problem (10.1)–
(10.2) for t D tk, u.tk/ � vk.

Note that in scheme (10.32) the starting vector u.1/1 is defined from the equality

v1 D u.0/1 C �u.1/1 , where u.0/1 is found by scheme (10.31), and v1 is an approximate

value of u.t1/ with accuracy of O.�3/. Similarly, the starting vector u.2/2 is defined

from the equality v2 D u.0/2 C �u.1/2 C �2u.2/2 , where u.0/2 and u.1/2 are found by
scheme (10.31), (10.32), respectively, and v2 is an approximate value of u.t2/ with
accuracy of O.�3/.

According to this assumption, we can write

kv1 � u.t1/k D O.�3/; kv2 � u.t2/k D O.�3/:

Then, taking into account that for the solution of the problem (10.1), (10.2) the
formula (see, e.g., Kato [21]) u.t/ D exp.�tA/u0 is true, we can write

v1 D
�
I � �AC �2A2

2

�
u0; (10.35)

v2 D
�
I � 2�AC 2�2A2� u0: (10.36)

From representation v1 D u.0/1 C �u.1/1 , taking into account a formula (10.35) and

equality u.0/1 D Su0; for the start vector u.1/1 we have

u.1/1 D
v1 � u.0/1

�
D 1

�

�
I � �AC �2A2

2
� S

�
u0 D 1

�

�
.I � S/� �AC �2

2
A2
�
u0

D 1

�

�
�AS � �AC �2

2
A2
�
u0 D 1

�

�
�A.S � I/C �2

2
A2
�
u0

D 1

�

�
��2A2SC �2

2
A2
�
u0 D

��
2
A2 � �A2S

�
u0: (10.37)

From equality v2 D u.0/2 C �u.1/2 C �2u.2/2 , taking into account the formulas (10.16)
and (10.37), it follows

u.2/2 D
1

�2

�
v2 � u.0/2 � �u.1/2

�
D 1

�2

�
v2 � u.0/2 � �

�
Su.1/1 �

�

2
A2S3u0

��

D 1

�2

�
v2 � u.0/2 � �2

�
1

2
A2S � A2S2 � 1

2
A2S3

�
u0

�
: (10.38)
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Transform the difference v2 � u.0/2 . Taking into account (10.36) and equation u.0/2 D
S2u0, we have

v2 � u.0/2 D
�
.I � S2/ � 2�AC 2�2A2� u0 D

�
�AS.I C S/� 2�AC 2�2A2� u0

D ��A.I C S/� 2�AS�1 C 2�2A2S�1
�
Su0

D ��A.I C S/� 2�A �I � �2A2�� Su0
D ��A.S � I/C 2�3A3� Su0
D �2�3A3 � �2A2S� Su0: (10.39)

Substituting (10.39) into (10.38), for the start vector u.2/2 ; we have

u.2/2 D A2
�
2�A � 1

2
I C 1

2
S2
�
Su0 D 1

2
A2 .4�AC .S � I/.SC I// Su0

D �

2
A3 .4I � S.SC I// Su0: (10.40)

10.3.2 Estimate of Residual for Solution Obtained
by Perturbation Algorithm

Let us estimate residual of purely implicit four-layer scheme for solutions of
schemes (10.31)–(10.34).

Multiply Eqs. (10.32) and (10.33) by � and �2, respectively, and add result
to (10.31). We get that vk is a solution of system of equations:

vk � vk�1
�

C Avk D ��
2

�2u.0/k�2
�2

� �
2

2

�2u.1/k�2
�2

� �
2

3

�3u.0/k�3
�3

; k D 3; : : : ; n:
(10.41)

Rewrite this system in the form

vk � vk�1
�

C Avk C �

2

�2vk�2
�2

C �2

3

�3vk�3
�3

D eRk.�/; (10.42)

where k > 5,

eRk.�/ D �

2

�2vk�2
�2

C �2

3

�3vk�3
�3

� �
2

�2u.0/k�2
�2

� �
2

2

�2u.1/k�2
�2

� �
2

3

�3u.0/k�3
�3

:
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It is obvious that (10.42) can be represented in the following form:

11
6
vk � 3vk�1 C 3

2
vk�2 � 1

3
vk�3

�
C Avk D eRk.�/; k D 5; : : : ; n: (10.43)

Therefore eRk.�/ is a residual of purely implicit four-layer scheme for solutions of
scheme (10.31)–(10.34) (see (10.27)).

It is obviously the representation

eRk.�/ D
 
�

2

�2u.0/k�2
�2

C �2

2

�2u.1/k�2
�2

C �3

2

�2u.2/k�2
�2

!

C
 
�2

3

�3u.0/k�3
�3

C �3

3

�3u.1/k�3
�3

C �4

3

�3u.2/k�3
�3

!

� �
2

�2u.0/k�2
�2

� �
2

2

�2u.1/k�2
�2

� �
2

3

�3u.0/k�3
�3

D �3
 
1

2

�2u.2/k�2
�2

C 1

3

�3u.1/k�3
�3

C �

3

�3u.2/k�3
�3

!
: (10.44)

Note that representation (10.44) is true for k > 4.
We estimate the difference relations included in eRk.�/.
Taking into account (10.16), we have

�2u.1/k�2 D u.1/k � 2u.1/k�1 C u.1/k�2

D
�
�2A3SkC1 � �

3

2
.k � 3/A4SkC1

�
u0 C �2A2Sk�1u.1/1 : (10.45)

As �3u.1/k�3 D �2u.1/k�2 ��2u.1/k�3, taking into account (10.45) we have

�3u.1/k�3 D ��3
��

A4SkC1 � k � 3
2

�A5SkC1 C 1

2
A4Sk

�
u0 C A3Sk�1u.1/1

�
:

From here, taking into account that u.1/1 is uniformly bounded by � (see (10.37)), for
smooth enough initial data we obtain the estimation

�����
�3u.1/k�3
�3

����� 6 c; c D const. > 0: (10.46)
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Estimate the difference relation �2u
.2/
k�2
�2

: From (10.33) we have

u.2/k D Sk�2u.2/2 C �
k�2X
iD1

Siwk�iC1; (10.47)

where

wk D �1
2

�2u.1/k�2
�2

� 1
3

�3u.0/k�3
�3

: (10.48)

Taking into account (10.47) we have

�2u.2/k�2 D u.2/k � 2u.2/k�1 C u.2/k�2 D
�
Sk�2 � 2Sk�3 C Sk�4

�
u.2/2

C� �S.wk � wk�1/C .S2 � S/wk�1 C .S3 � 2S2 C S/wk�2 C � � �
C �Sk�2 � 2Sk�3 C Sk�4

�
w3
	

D �2A2Sk�2u.2/2 C �S.wk � wk�1/ � �2AS2wk�1
C�3 �A2S3wk�2 C � � � C A2Sk�2w3

�
(10.49)

Taking into account (10.15) we have

�3u.0/k�3 D �2u.0/k�2 ��2u.0/k�3 D �2A2Sku0 � �2A2Sk�1u0 D ��3A3Sku0:
(10.50)

From (10.48), taking into account (10.15), it follows

wk � wk�1 D � 1

2�2

�
�2u.1/k�2 ��2u.1/k�3

�
� 1

3�3

�
�3u.0/k�3 ��3u.0/k�4

�

D ��
2

�3u.1/k�3
�3

� 1

3�3
�4u.0/k�4 D �

�

2

�3u.1/k�3
�3

� 1

3�3
�2A2�2.Sk�2u0/

D ��
2

�3u.1/k�3
�3

� 1

3�3
�2A2�2u.0/k�2 D �

�

2

�3u.1/k�3
�3

� �
3
A4Sku0:

(10.51)

from (10.49), taking into account (10.51), we have

�2u.2/k�2
�2

D A2Sk�2u.2/2 �
1

2
S
�3u.1/k�3
�3

� 1
3
A4SkC1u0 � AS2wk�1

C�A2S3 �wk�2 C Swk�3 C � � � C Sk�5w3
�
: (10.52)
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Note that from (10.48), taking into account (10.45) and (10.50), follows bounded-
ness wk,

kwkk 6 c; c D const. > 0: (10.53)

From (10.52), taking into account that, u.2/2 is uniformly bounded by �

(see (10.40)), and taking into account (10.46) and (10.53), for smooth enough
initial data we obtain the estimation

�����
�2u.2/k�2
�2

����� 6 c; c D const. > 0: (10.54)

Furthermore, since

�3u.2/k�3 D �2u.2/k�2 ��2u.2/k�3;

then taking into account (10.54) we have

�

�����
�3u.2/k�3
�3

����� 6 c; c D const. > 0: (10.55)

Finally taking into account (10.46), (10.54), and (10.55), from (10.44) for
residual eRk.�/, follows the estimate

��eRk.�/
�� 6 c�3; c D const. > 0: (10.56)

10.3.3 A Priori Estimate for the Approximate Solution Error

From (10.27) and (10.43), for error zk D u.tk/ � vk we have:

11
6
zk � 3zk�1 C 3

2
zk�2 � 1

3
zk�3

�
C Azk D rk.�/; k D 5; : : : ; n; (10.57)

where rk.�/ D �
�
�3Rk.�; u/CeRk.�/

�
:

Remark 10.3.1 Taking into account (10.56) we conclude that if the solution of
problem (10.1)–(10.2) is smooth enough function, then krk.�/k D O.�3/.

The following theorem is valid.
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Theorem 10.3.2 Let A be a self-adjoint positively defined operator in H. Then

kzkC2k 6 c

 
kz2k C kz3k C kz4k C �

kX
iD3
kriC2.�/k

!
; c D const: > 0:

(10.58)

where k D 3; : : : ; n � 2:
Proof From (10.57), we have

zkC1 D L1zk C L2zk�1 C L3zk�2 C gkC1: (10.59)

where

L1 D 18

11
L; L2 D � 9

11
L; L3 D 2

11
L; gkC1 D 6

11
�LrkC1.�/;

L D
�
I C 6

11
�A

��1
:

From here, by induction, we have (see [17, p. 59])

zkC2 D Uk�2z4 C .L2Uk�3 C L3Uk�4/z3 C L3Uk�3z2 C
kX

iD3
Uk�igiC2; (10.60)

where Uk.L1;L2;L3/ are the operator polynomials, which are defined by the
following recurrence relation:

Uk.L1;L2;L3/ D L1Uk�1 C L2Uk�2 C L3Uk�3;

U0 D I; U�1 D U�2 D 0:

Consider the characteristic equation associated with the difference equa-
tion (10.59)

Q1.�/ D �3 � 18
11

x�2 C 9

11
x� � 2

11
x D 0; (10.61)

where x 2 Sp.L/ � Œ0; 1�.
If the real root of Eq. (10.61) is in the unit circle and complex roots are inside the

unit circle then operator polynomials Uk.L1;L2;L3/ are bounded in the aggregate
(see [17], I, §3). Note that proving the above-mentioned result uses the well-known
fact that the norm of the operator polynomial is equal to C norm of corresponding
scalar polynomial on the spectrum of this operator when the argument is self-adjoint
bounded operator (see, e.g., [22], ch. IX, §5).
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We will show that there exists ˛ > 1 such that for any x 2 Œ0; 1/, the real root of
a characteristic equation (10.61) belongs to an interval Œ 2

11
˛x; 1�:

There exists ˛ 2 .1; 11
9
/ such that

Q1

�
2

11
˛x

�
< 0

for any x 2 .0; 1�.
As

Q1.1/ D 1� x > 0; x 2 Œ0; 1/;
one of the roots of the characteristic equation (10.61) belongs to an interval
Œ 2
11
˛x; 1�. Furthermore, we will show that remaining roots of this equation are

complex.
Assume that �1 is a real root of the characteristic equation (10.61) and �2 and �3

are complex roots, �3 D �2. By theorem of Vieta

j�1 � �2 � �2j D 2

11
x;

from here

j�2j2 D 2x

11�1
<
1

˛
< 1:

Obviously, when x D 1, a real root of the characteristic equation (10.61) is
�1 D 1, and complex roots are �2 and �3 then

j�2j2 D j�3j2 D 2

11
:

We will show that the roots �2 and �3 of the characteristic equation (10.61) are
complex.

It is known that if discriminant

D D �108
�
q2

4
C p3

27

�
;

where

q D 2a3

27
� ab

3
C c; p D b � a2

3
;

of cubic equation

�3 C a�2 C b�C c D 0;

is negative, then the cubic equation has complex roots.
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In our case we have:

p D 9

11
x

�
1 � 12

11
x

�
;

q D �2
4 � 33
113

x3 C 2 � 33
112

x2 � 2

11
x:

Obviously, for any x 2 Œ0; 1� inequalities:

p.x/ D 9

11
x.1 � x/ � 9

112
x2 � � 9

112
x2;

q.x/ 6 � 5

11 � 24 x:

are true.
From here:

p3.x/ � � 9
3

116
x6;

q2.x/ � 25

112 � 28 x
2; x 2 Œ0; 1�:

According to these inequalities we have

D D �108
�
q2

4
C p3

27

�
6 �108

�
25

112 � 210 x
2 � 93

27 � 116 x
6

�
< 0:

So one of the roots of the characteristic equation (10.61) is real and two other
roots are complex. Thus the real root is on the unit circle and complex roots are
inside the unit circle. From this follows that operators Uk.L1;L2;L3/ are bounded
in the aggregate (see [17], I, §3). If we consider this fact and we will pass to norms
in (10.60) then we will have the estimate (10.3.2). ut

10.3.4 Error Estimation for Vectors v3; v4 and Consequences
of Theorem 10.3.2

Note that since the representation (10.44) is true only if k > 4, proof of the
estimate (10.58) does not apply in the case of k D 1; 2, i.e. for a vector v3; v4.
So it is necessary to separately estimate the error for vectors v3; v4.

At first we estimate the error u.t3/ � v3.
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From (10.41) follows

v3 D Sv2 C �S'1; (10.62)

where

'1 D ��
2

�2u.0/1
�2

� �
2

2

�2u.1/1
�2

� �
2

3

�3u.0/0
�3

: (10.63)

Taking into account (10.15), (10.45), (10.50), and (10.37) we have:

�2u.0/1 D �2A2S3u0;
�2u.1/1 D �2A3S4u0 C �2A2S2u.1/1 D �2

�
A3S4 C �

2
A4S2 � �A4S3

�
u0;

�3u.0/0 D ��3A3S3u0:

Substituting these values in (10.63) we have

'1 D
�
��
2
A2S3 C �2

3
A3S3 � �

2

2
A3S4 � �

3

2

�
1

2
A4S2 � A4S3

��
u0: (10.64)

Substituting (10.36) in (10.64) and (10.62) we have

v3 D S

�
I � 2�AC 2�2A2 � �

2

2
A2S3

�
u0 Cer1.�/u0; ker1.�/u0k D O.�3/:

As S D I � �AS, that

�2

2
A2S3u0 D �2

2
A2u0 Cer2.�/u0; ker2.�/u0k D O.�3/:

Therefore for v3 we have

v3 D S

�
I � 2�AC 3�2

2
A2
�
u0 Cer3.�/u0; ker3.�/u0k D O.�3/: (10.65)

Taking into account the expansion

S D I � �AC �2A2 � �3A3S;

from (10.65) follows

v3 D
�
I � �AC �2A2�

�
I � 2�AC 3�2

2
A2
�
u0 Cer4.�/u0; ker4.�/u0k D O.�3/:
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Obviously, from here it follows

v3 D
�
I � 3�AC 9�2

2
A2
�
u0 Cer5.�/u0; ker5.�/u0k D O.�3/:

Therefore for error u.t3/ � v3 we have

ku.t3/ � v3k D k exp.�3�A/u0 � v3k D O.�3/: (10.66)

We will pass to an error assessment u.t4/ � v4:
From (10.41) it follows

v4 D Sv3 C �S'2; (10.67)

where

'2 D ��
2

�2u.0/2
�2

� �
2

2

�2u.1/2
�2

� �
2

3

�3u.0/1
�3

: (10.68)

Taking into account (10.15), (10.45), (10.50), and (10.37) we have:

�2u.0/2 D �2A2S4u0;

�2u.1/2 D
�
�2A3S5 � �

3

4
A4S5

�
u0 C �3A2S3

�
1

2
A2 � A2S

�
u0;

�3u.0/1 D ��3A3S4u0:

Substituting these values in (10.68) we have

'2 D ��
2
A2S4u0 Cer6.�/u0; ker6.�/u0k D O.�2/:

Substituting values of v3 and '2 in (10.67) we have

v4 D S

�
I � 3�AC 9�2

2
A2 � �

2

2
A2S4

�
u0 Cer7.�/u0; ker7.�/u0k D O.�3/:

Furthermore, arguing as in the previous case, we obtain

v4 D
�
I � 4�AC 8�2A2� u0 Cer8.�/u0; ker8.�/u0k D O.�3/:

Therefore for error u.t4/ � v4 we have

ku.t4/ � v4k D k exp.�4�A/� v4k D O.�3/: (10.69)
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Theorem 10.3.3 Let A be a self-adjoint positively defined operator in H and let the
solution of problem (10.1)–(10.2) be a smooth enough function. If ku.tk/ � vkk D
O.�3/; k D 1; 2, then the estimate is true

ku.tk/� vkk D O.�3/; k D 3; : : : ; n: (10.70)

At this point, for k D 3; 4 we already proved the estimate (10.70) provided
that the solution of problem (10.1)–(10.2) is smooth enough function and ku.tk/ �
vkk D O.�3/; k D 1; 2: The estimate (10.70) for k > 4 follows from a priori
estimate (10.58).
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Chapter 11
Hilbert’s Fourth Problem and Projectively Flat
Finsler Metrics

Xinyue Cheng, Xiaoyu Ma, Yuling Shen, and Shuhua Liu

Abstract This survey article mainly introduces some important research progresses
on the smooth solutions of Hilbert’s fourth problem in the regular case, which we
call projectively flat Finsler metrics. We characterize and classify projectively flat
Finsler metrics of constant flag curvature. We also discuss and classify projectively
flat Finsler metrics with isotropic S-curvature. In particular, we study and charac-
terize projectively flat Randers metrics, square metrics, .˛; ˇ/-metrics, and their
curvature properties.

11.1 Hilbert’s Fourth Problem

In 1900, David Hilbert gave his famous speech about mathematical problems [18].
Among Hilbert’s 23 problems, the fourth problem is “Problem of the straight line
as the shortest distance between two points.” Concretely, Hilbert’s fourth problem
asks to construct and study all metrics on an open subset in R

n such that straight
line segments are the shortest paths joining any two points. Busemann called these
metrics projective metrics and proposed an integral-geometric construction which
is inspiringly simple (see [8]). Further, Pogorelov proved that every projective
metric that is sufficiently smooth is of the metric form defined by Busemann’s
construction [21]. However, Álvarez Paiva pointed out in [1] that “a large number of
projective metrics cannot be constructed by taking positive measures on the space
of hyperplanes and it is not clear how to construct all quasi-positive measures” and
“Busemann’s construction, by itself, does not shed much light on the properties of
projective metric spaces.” On the other hand, all of the researches in [8] and [1, 21]
are just for the absolutely homogeneous metrics, which means that the distance
functions determined by the metrics are symmetric. Therefore, it is necessary to
complement the results of Busemann and Pogorelov with other characterizations of
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projective metric spaces that either yield new explicit examples or shed more light
on the general properties of these spaces.

Because any intrinsic quasimetric induces a Finsler metric and projective metrics
that are sufficiently smooth are Finsler metrics, Hilbert’s fourth problem in the
regular case is to study the Finsler metrics with straight lines as their geodesics. We
call the smooth solutions of Hilbert’s fourth problem in the regular case projectively
flat Finsler metrics.

It is easy to see that a Finsler metric F D F.x; y/ on an open subset U � R
n is

projectively flat if and only if the spray coefficients are in the following form

Gi D Pyi;

where P D P.x; y/ satisfies P.x; �y/ D �P.x; y/;8� > 0 and Gi are defined by

Gi D 1

4
gil
n�
F2
	
xmyly

m � �F2	xl
o
: (11.1)

We call Gi the geodesic coefficients of F. In 1903, G. Hamel found a system of
partial differential equations that characterize projectively flat metrics F D F.x; y/
on an open subset U � R

n, that is,

Fxmyiy
m D Fxi ; (11.2)

see [17]. A natural problem is to find projectively flat metrics by solving (11.2).
According to the Beltrami Theorem, a Riemannian metric F D p

gij.x/yiy j is
projectively flat if and only if it is of constant sectional curvature. Thus, Hilbert’s
fourth problem has been solved in Riemannian geometry. However, this problem
is far from being solved for Finsler metrics.

11.2 Preliminaries

A Finsler metric on a C1 manifold M is a function F W TM ! Œ0;1/ with the
following properties:

(1) Smoothness: F.x; y/ is C1 on TMnf0g;
(2) Homogeneity: F.x; �y/ D �F.x; y/; 8� > 0;

(3) Regularity/Convexity:
�
gij.x; y/

�
is positive definite, where

gij.x; y/ WD 1

2

�
F2
	
yiy j
.x; y/:

For a Finsler manifold .M;F/ and for each y 2 TxM n f0g, we can define an inner
product gy W TxM � TxM! R W

gy.u; v/ D gij.x; y/u
iv j;
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where u D ui @
@xi
jx; v D v j @

@xj
jx. By the homogeneity of F, we have

F.x; y/ D
q
gij.x; y/yiy j:

Remark 11.2.1 The following are some special Finsler metrics.

(1) Minkowski metric: F.x; y/ D p
gij. y/yiy j. In this case, F.x; y/ is independent

of the position x 2 M.
(2) Riemann metric: ˛.x; y/ D p

aij.x/yiy j, where aij are independent of the
direction y 2 TxM.

(3) Randers metric [22]: F D ˛Cˇ, where ˛ Dpaij.x/yiy j denotes a Riemannian
metric and ˇ D bi.x/yi denotes a 1-form with kˇk˛.x/ WD

p
aij.x/bi.x/bj.x/ <

1; 8x 2 M. Randers metrics were first introduced by physicist G. Randers
in 1941 from the standpoint of general relativity. Randers metrics can also be
naturally characterized as the solution of the Zermelo navigation problem. It is
easy to show that a Finsler metric F is a Randers metric if and only if it is the
solution of Zermelo navigation problem on a Riemann space .M; h/ under the
influence of a force field W with jWjh < 1, where jWjh denotes the length of W
with respect to Riemannian metric h. We call the couple .h;W/ the navigation
data of Randers metric F. This fact shows that it is unavoidable to meet non-
Riemannian Finsler metrics in studying natural sciences. For more details about
Randers metrics, see [13].

(4) .˛; ˇ/-metrics: F D ˛
.s/; s D ˇ=˛; where ˇ satisfies kˇxk˛ < b0 (or
kˇxk˛ 6 b0), 8x 2 M and 
.s/ is a C1 function on .�bo; bo/ satisfying


.s/ > 0; 
.s/ � s
0.s/C .b2 � s2/
00.s/ > 0; .jsj 6 b < bo/:

Such metrics are called regular (or almost regular) .˛; ˇ/-metrics [20]. An
.˛; ˇ/-space can be considered as a “perturbed Riemannian space” by an
external force.

(˛; ˇ/-Metrics form a very important class of Finsler metrics which contains
many important and interesting metrics. When 
 D 1, we get the Riemannian metric
F D ˛. If 
 D 1C s, the .˛; ˇ/-metric F D ˛ C ˇ is just a Randers metric. More
generally, if 
 D p1C ks2C�s, the .˛; ˇ/-metrics F Dp˛2 C kˇ2C�ˇ are called
.˛; ˇ/-metrics of Randers type. When 
 D 1

1�s , we obtain the Matsumoto metric

F D ˛2

˛�ˇ . The square metric in the form F D .˛Cˇ/2
˛

is defined by 
 D .1 C s/2.
The famous Berwald’s metric defined by L. Berwald in 1929 is an important class
of square metrics which is positively complete and projectively flat Finsler metric
with K D 0 (see Sect. 11.3 or [4, 15]).

The notion of projectively flatness is closely connected with the curvature
properties of Finsler metrics. Let 	 D 	.t/ .a 6 t 6 b/ be a geodesic on
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a Finsler manifold .M;F/. Let H.t; s/ be a variation of 	 such that each curve
	s.t/ WD H.t; s/ .a 6 t 6 b/ is a geodesic. Let

J.t/ WD @H

@s
.t; 0/:

Then the vector field J.t/ is a Jacobi field along 	 satisfying the Jacobi equation:

D P	D P	J.t/C R P	
�
J.t/

� D 0:

Here, R denotes the Riemann curvature of F. Locally, for any x 2 M and y 2
TxMnf0g, the Riemann curvature Ry D Ri

k
@
@xi
˝ dxk is defined by

Ri
k D 2

@Gi

@xk
� @2Gi

@xm@yk
ym C 2Gm @2Gi

@ym@yk
� @G

i

@ym
@Gm

@yk
: (11.3)

The flag curvature of .M;F/ is the function K D K.x; y; ˘/ of a two-dimensional
plane called “flag” ˘ � TxM and a “flagpole” y 2 ˘nf0g defined by

K.x; y; ˘/ WD gy.Ry.u/; u/

gy. y; y/gy.u; u/�
�
gy.u; y/

	2 ;

where ˘ D spanfy; ug. The flag curvature is the natural generalization of the
sectional curvature in Riemannian geometry. When F is a Riemannian metric,
K.x; y; ˘/ D K.x; ˘/ is independent of the flagpole y and is just the sectional
curvature. A Finsler metric F is said to be of scalar flag curvature if the flag
curvature is independent of the flag ˘ , K D K.x; y/. F is said to be of weakly
isotropic flag curvature if

K D 3�

F
C 	.x/;

where 	 D 	.x/ is a scalar function and � is a 1-form on M. When K D constant,
F is said to be of constant flag curvature. The flag curvature governs the Jacobi
equation and the second variation of length.

A fundamental fact is that projectively flat Finsler metrics with Gi D P.x; y/yi

must be of scalar flag curvature,

K D P2 � Pxky
k

F2
:

Another fundamental fact is that Beltrami Theorem is no longer true in Finsler
geometry. Let us look at an example.
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Example 11.2.1 ([24] Shen’s Fish Tank) Let ˝ � R3 be an open domain given by

˝ WD ˚.x1; x2; x3/j.x1/2 C .x2/2 < 1�:

For each x D .x1; x2; x3/ 2 ˝ and y D fy1; y2; y3g 2 Tp˝ , define a Randers metric
on ˝ as

F D ˛ C ˇ;

where

˛ WD
p
Œ�x2y1 C x1y2�2 C Œ. y1/2 C . y2/2 C . y3/2�Œ1 � .x1/2 � .x2/2�

1 � .x1/2 � .x2/2 ; (11.4)

ˇ WD � �x
2y1 C x1y2

1 � .x1/2 � .x2/2 : (11.5)

It has been proved that K D 0. However, by Bácsó–Matsumoto theorem in [2], F is
not projectively flat Finsler metric because ˇ is not closed.

In Finsler geometry, there are some important quantities which all vanish for
Riemannian metrics. Hence they are said to be non-Riemannian. Let F be a Finsler
metric on an n-dimensional manifold M. Let fbig be a basis for TxM and f!ig be the
basis for T�

x M dual to fbig. Define the Busemann–Hausdorff volume form by

dVBH WD 	BH.x/!
1 ^ � � � ^ !n;

where

	BH.x/ WD
Vol
�
Bn.1/

�

Vol
n
. yi/ 2 RnjF.x; y/ < 1

o :

Here Volf�g denotes the Euclidean volume function on subsets in R
n and Bn.1/

denotes the unit ball in R
n.

If F D pgij.x/yiy j is a Riemannian metric, then

	BH.x/ D
q

det.gij.x//:

However, in general, for a Finsler metric F, 	BH.x/ ¤
p

det.gij.x; y//. Define

�.x; y/ WD ln

"p
det.gij.x; y//

	BH.x/

#
:
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� D �.x; y/ is well defined, which is called the distortion of F. The distortion
� characterizes the geometry of tangent space .TxM;Fx/. It is well known that a
Finsler metric F is Riemannian if and only if �.x; y/ D 0.

It is natural to study the rate of change of the distortion along geodesics. For a
vector y 2 TxM n f0g, let 	 D 	.x/ be the geodesic with 	.0/ D x and P	.0/ D y.
Put

S.x; y/ WD d

dt
Œ� .	.t/; P	.t//� jtD0:

Equivalently,

S.x; y/ WD �Im.x; y/ym;

where “;” denotes the horizontal covariant derivative with respect to F [15]. S D
S.x; y/ is called the S-curvature of Finsler metric F [23].

The S-curvature S.x; y/measures the rate of change of .TxM;Fx/ in the direction
y 2 TxM. As we know, for any piecewise C1 curve c D c.t/ from p to q in any
Berwald manifold .M;F/, the parallel translation Pc is a linear isometry between
.TpM;Fp/ and .TqM;Fq/. Hence, it is easy to see that, for any Berwald metrics,
S D 0. In particular, S D 0 for Riemannian metrics [15, 23]. Hence, S-curvature is
a non-Riemannian quantity.

We say that F is of isotropic S-curvature if there exists a scalar function c.x/ on
M such that S.x; y/ D .nC 1/c.x/F.x; y/, equivalently,

�Im.x; y/ym

F.x; y/
D .nC 1/c.x/: (11.6)

Equation (11.6) means that the rate of change of the tangent space .TxM;Fx/ along
the direction y 2 TxM at each x 2 M is independent of the direction y but just
dependent on the point x. If c.x/ Dconstant, we say that F has constant S-curvature.

11.3 Projectively Flat Finsler Metrics of Constant
Flag Curvature

Firstly, let us recall three important kinds of projectively flat Finsler metrics.

1. Funk metric [16]. Let � D �.x; y/ be a Finsler metric on a strongly convex
domain˝ � R

n satisfying

xC y

�.x; y/
2 @˝:

� is called a Funk metric. Funk metric has the following important property:

�xk D ��yk : (11.7)
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From this, we know that � is a projectively flat Finsler metric with constant flag
curvature K D � 1

4
. Further, � is of constant S-curvature, S D nC1

2
�. When

˝ D Bn.1/, �.x; y/ D N̨ C Ň is actually a Randers metric given by

�.x; y/ D
p
.1 � jxj2/jyj2C < x; y >2

1 � jxj2 C < x; y >

1 � jxj2 : (11.8)

More generally, a Finsler metric� D �.x; y/ satisfying (11.7) on an open subset
˝ � R

n is called a Funk metric.
2. Randers metric [2]. In 1997, S. Bácsó and M. Matsumoto proved that a Randers

metric F D ˛ C ˇ is projectively flat if and only if ˛ is of constant sectional
curvature (that is, ˛ is projectively flat) and ˇ is closed.

3. Berwald’s metric [4]. Let Bn.1/ � R
n be the standard unit ball. Define

F D .˛ C ˇ/2
˛

; y 2 TxBn.1/; (11.9)

where ˛ D � N̨ ; ˇ D � Ň and

N̨ D
p
.1 � jxj2/jyj2C < x; y >2

1 � jxj2 ; Ň D < x; y >

1 � jxj2 ;

� D 1

1 � jxj2 :

The Finsler metric in (11.9) is constructed by Berwald [4]. It is easy to verify that
F D F.x; y/ satisfies the following equations

Fxkyly
k D Fxl

and Fxky
k D 2�F, where � D �.x; y/ is the Funk metric on Bn.1/ defined

by (11.8). Therefore, we can conclude that F is projectively flat and has zero flag
curvature, K D 0 (see [15]). The Finsler metrics in the form (11.9) are called
square metrics.

11.3.1 Projectively Flat Randers Metrics of Constant
Flag Curvature

As we mentioned before, a Randers metric F D ˛ C ˇ is projectively flat if and
only if ˛ is of constant sectional curvature and ˇ is closed. In this case, ˛ is locally
isometric to the following metric defined on a ball Bn.r�/ � R

n,

˛�.x; y/ D
pjyj2 C �.jxj2jyj2 � hx; yi2/

1C �jxj2 :

Moreover, if F is of constant flag curvature, ˇ can be completely determined.
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Theorem 11.3.1 ([25]) Let F D ˛ C ˇ be an n-dimensional Randers metric of
constant Ricci curvature Ric D .n � 1/	F2 with ˇ 6� 0. Suppose that F is locally
projectively flat. Then 	 6 0: Further, if 	 D 0, F is locally Minkowskian. If
	 D �1=4, F can be expressed in the following form

F D
pjyj2 � .jxj2jyj2 � hx; yi2/

1 � jxj2 ˙ hx; yi
1 � jxj2 ˙

ha; yi
1C ha; xi ; y 2 TxR

n; (11.10)

where a 2 R
n is a constant vector with jaj < 1: The Randers metric in (11.10) has

the following properties:

(a) K D �1=4I
(b) S D ˙ 1

2
.nC 1/FI

(c) all geodesics of F are straight lines.

The Finsler metrics defined by (11.10) can be expressed as follows

�˙a WD �.x; y/˙ < a; y >

1C < a; x >
; (11.11)

where � D �.x; y/ is Funk metric on Bn.1/ given by (11.8). Theorem 11.3.1 is
the first classification theorem in Finsler geometry without the restriction that the
manifold is closed.

11.3.2 Projectively Flat Square Metrics of Constant
Flag Curvature

Berwald’s metric in (11.9) is the first projectively flat square metric of constant flag
curvature. In 2008, by Hamel equation (11.2), Z. Shen and G.C. Yildirim first proved
the following

Theorem 11.3.2 ([28]) Let F D .˛C ˇ/2=˛ be a Finsler metric on a manifold M.
F is projectively flat if and only if

(i) bij j D �f.1C 2b2/aij � 3bibjg,
(ii) the spray coefficients Gi

˛ of ˛ are in the form: Gi
˛ D �yi � �˛2bi,

where b WD kˇxk˛ , bij j denote the covariant derivatives of ˇ with respect to ˛,
� D �.x/ is a scalar function and � D ai.x/yi is a 1-form on M.

There are plenty of non-trivial Finsler metrics satisfying the conditions (i) and
(ii) in Theorem 11.3.2. By Theorem 11.3.2, we can completely determine the local
structure of a projectively flat Finsler metric F in the form F D .˛ C ˇ/2=˛ which
is of constant flag curvature.
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Theorem 11.3.3 ([28]) Let F D .˛ C ˇ/2=˛ be a square Finsler metric on a
manifold M. Then F is locally projectively flat with constant flag curvature if and
only if one of the following conditions holds

(a) ˛ is flat and ˇ is parallel with respect to ˛. In this case, F is locally
Minkowskian;

(b) Up to a scaling, F is isometric to the following metric Fa for any constant vector
a 2 R

n with jaj < 1:

Fa WD .�a N̨ C �a Ňa/2
�a N̨ ; (11.12)

where

N̨ D
p
.1 � jxj2/jyj2C < x; y >2

1 � jxj2 ; Ň
a D < x; y >

1 � jxj2 C
< a; y >

1C < a; x >

and

�a WD .1C < a; x >/2

1 � jxj2 :

In both cases (a) and (b), the flag curvature of F must be zero, K D 0.
Recently, Zhou has proved that, if a square metric F has constant flag curvature

K, then F must be locally projectively flat Finsler metric [30]. In this case, according
to Theorem 11.3.3, K D 0.

11.3.3 Projectively Flat .˛; ˇ/-Metrics of Constant
Flag Curvature

In Finsler geometry, it is very difficult in general to compute the curvatures of a
Finsler metric. Some Finsler metrics are defined by some elementary functions,
but their expressions of curvatures are extremely complicated so that one cannot
easily determine their values. .˛; ˇ/-Metrics are relatively simple and “computable”
Finsler metrics with interesting curvature properties. In recent years, various
curvatures in Finsler geometry have been studied and their geometric meanings are
better understood. This is partially due to the study of .˛; ˇ/-metrics.

In [27], Shen has characterized all projectively flat .˛; ˇ/-metrics.

Theorem 11.3.4 ([27]) Let F D ˛
.ˇ=˛/ be an .˛; ˇ/-metric on an open subset
U in the n-dimensional Euclidean space Rn (n > 3), where ˛ D p

aij.x/yiy j and
ˇ D bi.x/yi 6D 0. Suppose that the following conditions hold:
(a) ˇ is not parallel with respect to ˛,
(b) 
 6D a2

p
1C a1s2 C a3s for some constants a1; a2, and a3 with a2 > 0, that is,

F is not .˛; ˇ/-metric of Randers type.
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Then F is projectively flat on U if and only if

(i) 
 D 
.s/ satisfies
n
1C .k1 C k2s

2/s2 C k3s
2
o

00 D .k1 C k2s

2/
n

 � s
0

o
:

(ii) ˛ and ˇ satisfy

bij j D 2�
n
.1C k1b

2/aij C .k2b2 C k3/bibj
o
;

Gi
˛ D �yi � �

�
k1˛

2 C k2ˇ
2
�
bi;

where � D �.x/ is a scalar function onU and k1; k2 and k3 are constants with
.k2; k3/ 6D .0; 0/:

Using Theorem 11.3.4, one can classify locally projectively flat .˛; ˇ/-metrics
F D ˛
.ˇ=˛/ of constant flag curvature. Roughly speaking, if F is not trivial, then

 D p1C ks2 C �s or 
 D .p1C ks2 C �s/2=p1C ks2.

Theorem 11.3.5 ([19]) Let F D ˛
.ˇ=˛/ be an .˛; ˇ/-metric on an open subset
U 	 Rn (n > 3), where ˛ D p

aij.x/yiy j and ˇ D bi.x/yi ¤ 0. Then F is
projectively flat Finsler metric with constant flag curvature K if and only if one
of the following holds:

(i) ˛ is projectively flat and ˇ is parallel with respect to ˛.
(ii) 
 D p1C ks2 C �s, where k; �. 6D 0/ are constants. In this case, F D N̨ C Ň

is of Randers type with constant flag curvatureK < 0, where N̨ Dp˛2 C kˇ2

and Ň D �ˇ.
(iii) 
 D .p1C ks2C �s/2=p1C ks2, where k; �. 6D 0/ are constants. In this case,

F D . N̨ C Ň/2= N̨ is a square metric with constant flag curvatureK D 0, where
N̨ Dp˛2 C kˇ2 and Ň D �ˇ

By Theorem 11.3.1, we can determine the structure of the metrics in Theo-
rem 11.3.5(ii). By Theorem 11.3.3, we can determine the structure of the metrics
in Theorem 11.3.5(iii).

Recently, Yu studied and characterized all projectively flat .˛; ˇ/-metrics. He
classified projectively flat .˛; ˇ/-metrics in dimension n > 3 by a special class of
deformations. His results show that the projective flatness of an .˛; ˇ/-metric always
arises from the projective flatness of some Riemannian metrics when dimension
n > 3. See [29].
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11.3.4 Projectively Flat Finsler Metrics of Constant
Flag Curvature

On every strongly convex domain U in Rn, Hilbert constructed a complete
reversible projectively flat metric H D H.x; y/ with negative constant flag curvature
K D �1. Then Funk constructed a positively complete projectively flat metric
� D �.x; y/ with K D �1=4 on U so that its symmetrization is just the Hilbert
metric, H.x; y/ D 1

2
.�.x; y/C�.x;�y// [16]. When U D Bn.1/ is the unit ball in

Rn, the Funk metric is given by (11.8). On the other hand, Berwald [4] constructed
a metric given by (11.9) on the unit ball Bn.1/, which is projectively flat metric with
zero flag curvature.

In [5–7], Bryant studied and characterized locally projectively flat Finsler
metrics with constant flag curvature K D 1 on S2 and Sn. It is clear that Bryant’s
metrics cannot be expressed in terms of a Riemannian metric and a 1-form as
Randers metrics and Berwald’s metrics.

Further, Shen studied and characterized projectively flat Finsler metrics of
constant flag curvature in [26]. Shen proved that such metrics can be described
using algebraic equations or using Taylor expansions. Shen gave a formula for
x-analytic projectively flat Finsler metrics with constant flag curvature using a
power series with coefficients expressed in terms of F.0; y/ and Fxk.0; y/y

k. Shen
also gave a formula for general projectively flat Finsler metrics with constant flag
curvature using some algebraic equations depending on F.0; y/ and Fxk.0; y/y

k. By
these formulas, he obtained several interesting projectively flat Finsler metrics of
constant flag curvature which can be used as models in certain problems.

11.4 Projectively Flat Finsler Metrics with Isotropic
S-Curvature

11.4.1 Projectively Flat Randers Metrics with Isotropic
S-Curvature

By Theorem 11.3.1, Z. Shen has classified projectively flat Randers metrics of
constant flag curvature. Later on, Bao and Robles proved the following result: If
a Randers metric F is an Einstein metric with Ric D .n � 1/	.x/F2, then F is
of constant S-curvature [3]. This naturally leads to the study of projectively flat
Randers metrics with isotropic S-curvature.

Let F D ˛ C ˇ be a locally projectively flat Randers metric. Then ˛ is locally
projectively flat and ˇ is closed. According to the Beltrami theorem in Riemann
geometry, ˛ is locally projectively flat if and only if it is of constant sectional
curvature. Thus we may assume that ˛ is of constant sectional curvature �. It is
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locally isometric to the following standard metric ˛� on the unit ball Bn � Rn or the
whole Rn for � D �1; 0;C1:

˛�1.x; y/ D
pjyj2 � .jxj2jyj2 � hx; yi2/

1 � jxj2 ; y 2 TxBn Š R
n; (11.13)

˛0.x; y/ D jyj; y 2 TxR
n Š R

n; (11.14)

˛C1.x; y/ D
pjyj2 C .jxj2jyj2 � hx; yi2/

1C jxj2 ; y 2 TxRn Š R
n: (11.15)

Then we can determine ˇ if F is of isotropic S-curvature and get the following
classification theorem.

Theorem 11.4.1 ([14]) Let F D ˛Cˇ be a locally projectively flat Randers metric
on an n-dimensional manifold M and � denote the constant sectional curvature of
˛. Suppose that the S-curvature is isotropic, S D .n C 1/c.x/F. Then F can be
classified as follows.

(A) If �C 4c.x/2 � 0, then c.x/ D constant and K D �c2 6 0.

(A1) if c D 0, then F is locally Minkowskian with flag curvatureK D 0;
(A2) if c 6D 0, then after a normalization, F is locally isometric to the following

Randers metric on the unit ball Bn � R
n,

F.x; y/ D
pjyj2 � .jxj2jyj2 � hx; yi2/˙ hx; yi

1 � jxj2 ˙ ha; yi
1C ha; xi ; (11.16)

where a 2 R
n with jaj < 1, and the flag curvature of F is negative

constant,K D � 1
4
.

(B) If �C 4c.x/2 6D 0, then F is given by

F.x; y/ D ˛.x; y/ � 2cxk.x/y
k

�C 4c.x/2 (11.17)

and the flag curvature of F is given by

K D 3cxk.x/y
k

F.x; y/
C 3c.x/2 C �: (11.18)

(B1) when � D �1, ˛ D ˛�1 can be expressed in the form (11.13) on Bn.
In this case,

c.x/ D �C ha; xi
2
p
.�C ha; xi/2 ˙ .1� jxj2/ ; (11.19)

where � 2 R and a 2 R
n with jaj2 < �2 ˙ 1.
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(B2) when � D 0, ˛ D ˛0 can be expressed in the form (11.14) on R
n. In

this case,

c.x/ D ˙1
2
p
� C ha; xi C jxj2 ; (11.20)

where � > 0 and a 2 R
n with jaj2 < �.

(B3) when � D 1, ˛ D ˛C1 can be expressed in the form (11.15) on R
n. In

this case,

c.x/ D � C ha; xi
2
p
1C jxj2 � .� C ha; xi/2 ; (11.21)

where � 2 R and a 2 R
n with j�j2 C jaj2 < 1.

Theorem 11.4.1 (A) follows from the classification theorem in [25] after we
prove that the flag curvature is constant in this case (also see Theorem 11.3.1). From
Theorem 11.4.1 we obtain some interesting projectively flat Randers metrics with
isotropic S-curvature.

Example 11.4.1 Let

F�.x; y/ D
p
.1 � jxj2/jyj2 C hx; yi2p.1 � jxj2/C �2 C �hx; yi

.1 � jxj2/p.1 � jxj2/C �2 ; y 2 TxBn;

(11.22)

where � 2 R is an arbitrary constant. The geodesics of F� are straight lines in Bn.
One can easily verify that F� is complete in the sense that every unit speed geodesic
of F� is defined on .�1;1/. Moreover F� has strictly negative flag curvature
K 6 � 1

4
.

Example 11.4.2 Let

F0.x; y/ D jyj
p
1C jxj2 C hx; yip
1C jxj2 ; y 2 TxR

n: (11.23)

The geodesics of F0 are straight lines in R
n. One can easily verify that F0 is

positively complete in the sense that every unit speed geodesic of F0 is defined
on .�a;1/. Moreover F0 has positive flag curvature K > 0.

Theorem 11.4.1 is a local classification theorem. If we assume that the manifold
is closed (compact without boundary), then the scalar function c.x/ takes much more
special values [14]. In particular, we have the following

Theorem 11.4.2 ([14]) Let Sn D .M; ˛/ be the standard unit sphere and F D ˛Cˇ
be a projectively flat Randers metric on Sn. Suppose that S-curvature is isotropic,
S D .nC 1/c.x/F. Then

c.x/ D f .x/

2
p
1 � f .x/2
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and

F.x; y/ D ˛.x; y/ � fxk.x/y
k

p
1 � f .x/2

;

where f .x/ is an eigenfunction of Sn corresponding to the first eigenvalue.
Moreover,

(a) ı WD pjrf j2˛.x/C f .x/2 < 1 is a constant and we have the following estimates
for flag curvature

2 � ı
2.1C ı/ 6 K 6 2C ı

2.1� ı/ :

(b) The geodesics of F are the great circles on Sn with F-length 2� .

11.4.2 Projectively Flat .˛; ˇ/-Metrics with Isotropic
S-Curvature

Note that projectively flat Finsler metrics must be of scalar flag curvature. We firstly
recall the characterizations on .˛; ˇ/-metrics of scalar flag curvature with isotropic
S-curvature. Based on the main result in [12] on .˛; ˇ/-metrics with isotropic S-
curvature given by the first author and Z. Shen, the first author has proved the
following theorem.

Theorem 11.4.3 ([10]) A regular .˛; ˇ/-metric F D ˛
.ˇ=˛/ of non-Randers
type on an n-dimensional manifold M is of isotropic S-curvature, S D .nC 1/cF, if
and only if ˇ satisfies

rij D 0; sj D 0: (11.24)

In this case, S D 0, regardless of the choice of a particular 
 D 
.s/. Here,

rij WD 1

2
.bij j C bjji/; sij WD 1

2
.bij j � bjji/;

sij WD aihshj; sj WD bis
i
j D bmsmj

and “j” denotes the covariant derivative with respect to the Levi-Civita connection
of ˛.

Further, the first author obtained the following classification theorem for regular
.˛; ˇ/-metrics of non-Randers type of scalar flag curvature whose S-curvatures are
isotropic.
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Theorem 11.4.4 ([9, 10]) Let F D ˛
.ˇ=˛/ be a regular .˛; ˇ/-metric of non-
Randers type on an n-dimensional manifold M .n > 3/. Then F is of scalar flag
curvature and of isotropic S-curvature if and only if the flag curvature K D 0 and
F is a Berwald metric. In this case, F is a locally Minkowski metric.

If we regard locally Minkowski metrics as so-called trivial Finsler metrics, then,
by Theorem 11.4.4, we have the following theorem.

Theorem 11.4.5 ([10]) The non-trivial regular .˛; ˇ/-metrics of scalar flag cur-
vature with isotropic S-curvature on an n-dimensional manifold M .n > 3/ must be
Randers metrics. In this case, the metrics are of weakly isotropic flag curvature and
are completely determined by navigation data .h;W/ (for more details, see [13]).

From Theorems 11.4.4 and 11.4.5, we can obtain the following theorem on
projectively flat .˛; ˇ/-metrics with isotropic S-curvature.

Theorem 11.4.6 Let F D ˛
.ˇ=˛/ be a regular .˛; ˇ/-metric on an n-dimensional
manifold M .n > 3/. Then F is projectively flat metric with isotropic S-curvature
if and only if F is a locally Minkowski metric of non-Randers type, or F is a
projectively flat Randers metric with isotropic S-curvature.

11.4.3 Projectively Flat Finsler Metrics with Isotropic
S-Curvature

We have classified projectively flat Randers metrics and .˛; ˇ/-metrics with
isotropic S-curvature. It is a natural problem to study and characterize projectively
flat Finsler metrics with isotropic S-curvature. In [14], we have shown the following
theorem.

Theorem 11.4.7 ([14]) Let .M;F/ be an n-dimensional Finsler manifold. Assume
that F is of scalar curvature K D K.x; y/. If the S-curvature of F is isotropic, that
is, S D .nC 1/cF, where c D c.x/ is a scalar function, then the flag curvature K is
given by

K D 3cxmy
m

F
C 	; (11.25)

where 	 D 	.x/ is a scalar function on M. In particular, c D constant if and only if
K D K.x/ is a scalar function on M.

Shen and Yildirim have proved that the converse of Theorem 11.4.7 is also true
for Randers metrics (see [28]). Because projectively flat Finsler metrics must be
of scalar flag curvature, Theorem 11.4.7 plays a very important role in classifying
projectively flat Randers metrics with isotropic S-curvature. Further, we can study
and characterize locally projectively flat Finsler metrics with isotropic S-curvature
by using Theorem 11.4.7.
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There are many projectively flat Randers metrics with isotropic S-curvature [14].
Besides these Randers metrics, there is another special kind of projectively flat
Finsler metrics with isotropic S-curvature—Funk metrics. More generally, we have
the following classification theorem.

Theorem 11.4.8 ([11]) Let F D F.x; y/ be a locally projectively flat Finsler metric
on an open subset ˝ � R

n. Suppose that F has isotropic S-curvature, S D .n C
1/c.x/F. Then the flag curvature is in the form

K D 3cxmy
m

F
C 	;

where 	 D 	.x/ is a scalar function on˝ .

(a) If K ¤ �c2C cxm ym

F on˝ , then F D ˛Cˇ is a projectively flat Randers metric
with isotropic S-curvature S D .nC 1/cF

(b) If K � �c2 C cxm ym

F on ˝ , then c D constant and F is either locally
Minkowskian (c D 0) or, up to a scaling, locally isometric to the metric

�a WD �.x; y/C < a; y >

1C < a; x >
; c D 1

2

or its reverse

N�a WD �.x;�y/ � < a; y >

1C < a; x >
; c D �1

2
;

where a 2 R
n is a constant vector and �.x; y/ is Funk metric on ˝ .

In Theorem 11.4.8(a), the local structure of F has been completely determined in
[14] (also see Theorem 11.4.1). Theorem 11.4.8 tells us that non-trivial projectively
flat Finsler metrics with isotropic S-curvature are either projectively flat Randers
metrics with isotropic S-curvature, or completely determined by Funk metrics.
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Chapter 12
Holonomy Theory of Finsler Manifolds

Zoltán Muzsnay and Péter T. Nagy

Abstract The holonomy group of a Riemannian or Finslerian manifold can be
introduced in a very natural way: it is the group generated by parallel translations
along loops with respect to the canonical connection. The Riemannian holonomy
groups have been extensively studied and by now their complete classification is
known. On the Finslerian holonomy, however, only few results are known and, as
our results show, it can be essentially different from the Riemannian one.

In recent papers we have developed a method for the investigation of holon-
omy properties of non-Riemannian Finsler manifolds by constructing tangent Lie
algebras to the holonomy group: the curvature algebra, the infinitesimal holonomy
algebra, and the holonomy algebra. In this book chapter we present this method and
give a unified treatment of our results. In particular we show that the dimension of
these tangent algebras is usually greater than the possible dimensions of Riemannian
holonomy groups and in many cases is infinite. We prove that the holonomy group of
a locally projectively flat Finsler manifold of constant curvature is finite dimensional
if and only if it is a Riemannian manifold or a flat Finsler manifold. We also show
that the topological closure of the holonomy group of a certain class of simply
connected, projectively flat Finsler 2-manifolds of constant curvature (spherically
symmetric Finsler 2-manifolds) is not a finite dimensional Lie group, and we prove
that its topological closure is the connected component of the full diffeomorphism
group of the circle.

12.1 Introduction

The notion of the holonomy group of a Riemannian or Finslerian manifold can be
introduced in a very natural way: it is the group generated by parallel translations
along loops. In contrast to the Finslerian case, the Riemannian holonomy groups
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have been extensively studied. One of the earliest fundamental results is the theorem
of Borel and Lichnerowicz [3] from 1952, claiming that the holonomy group of a
simply connected Riemannian manifold is a closed Lie subgroup of the orthogonal
group O.n/. By now, the complete classification of Riemannian holonomy groups
is known. Similarly to the Riemannian case the holonomy group of a Finsler
manifold is the subgroup of the diffeomorphism group of an indicatrix, generated by
canonical homogeneous (nonlinear) parallel translations along closed loops. Before
our investigation (c.f. [18–23]), the holonomy groups of non-Riemannian Finsler
manifolds have been described only in special cases: for Berwald manifolds there
exist Riemannian metrics with the same holonomy group (cf. Szabó, [31]), for
positive definite Landsberg manifolds the holonomy groups are compact Lie groups
consisting of isometries of the indicatrix with respect to an induced Riemannian
metric (cf. Kozma [13, 14]). A thorough study of holonomy groups of homogeneous
(nonlinear) connections was initiated by Barthel in his basic work [2] in 1963; he
gave a construction for a holonomy algebra of vector fields on the tangent space. A
general setting for the study of infinite dimensional holonomy groups and holonomy
algebras of nonlinear connections was initiated by Michor in [17]. However the
introduced holonomy algebras could not be used to estimate the dimension of
the holonomy group since their tangential properties to the holonomy group were
not clarified.

Now we give a unified treatment of our results on Finslerian holonomy theory.
We construct and investigate tangent Lie algebras to the holonomy group and show
that the dimension of these tangent algebras in many cases is infinite, particularly it
is greater than the possible dimensions of Riemannian holonomy groups.

In the second section we collect the necessary definitions and constructions of
spray and Finsler geometry. The third section is devoted to the investigation of
tangential properties of subalgebras of the Lie algebra of vector fields on a manifold
to the infinite dimensional diffeomorphism group of this manifold. Particularly we
consider the case if the manifold is compact, in this case the diffeomorphism group
is an infinite dimensional Lie group modeled on the Lie algebra of vector fields on
the manifold.

In Sect. 12.4 we introduce the notion of curvature algebra of a Finsler manifold
consisting of tangent vector fields on the indicatrix, which is a generalization of the
matrix group generated by curvature operators of a Riemannian manifold. We show
that the vector fields belonging to the curvature algebra are tangent to 1-parameter
families of diffeomorphisms contained in the holonomy group. We prove that for a
positive definite non-Riemannian Finsler manifold of non-zero constant curvature
with dimension n > 2 the dimension of the curvature algebra is strictly greater
than the dimension of the orthogonal group acting on the tangent space and hence
it cannot be a compact Lie group. In addition, we provide an example of a left
invariant singular (non y-global) Finsler metric of Berwald-Moór-type on the three-
dimensional Heisenberg group which has infinite dimensional curvature algebra and
hence its holonomy is not a (finite dimensional) Lie group. These results give a
positive answer to the following problem formulated by Chern and Shen in [6]



12 Holonomy Theory of Finsler Manifolds 267

(p. 85): Is there a Finsler manifold whose holonomy group is not the holonomy
group of any Riemannian manifold?

Section 12.5 contains constructions of further tangent Lie algebras to the
holonomy group consisting of tangent vector fields on the indicatrix, namely the
infinitesimal holonomy algebra and the holonomy algebra of a Finsler manifold.
Our goal is to make an attempt to find the right notion of the holonomy algebra of
Finsler spaces. The holonomy algebra should be the largest Lie algebra such that
all its elements are tangent to the holonomy group. In our attempt we are building
successively Lie algebras having the tangent properties. We define the infinitesimal
holonomy algebra by the smallest Lie algebra of vector fields on an indicatrix,
containing the curvature vector fields and their horizontal covariant derivatives with
respect to the Berwald connection and prove the tangential property of this Lie
algebra to the holonomy group. At the end we introduce the notion of the holonomy
algebra of a Finsler manifold by all conjugates of infinitesimal holonomy algebras
by parallel translations with respect to the Berwald connection. We prove that this
holonomy algebra is tangent to the holonomy group. A different treatment of the
holonomy algebra is given by Crampin and Saunders in [7]. The question of whether
the holonomy algebra introduced in this way is the largest Lie algebra, which is
tangent to the holonomy group, is still open.

In Sect. 12.6 we construct for interesting classes of locally projectively flat
Finsler surfaces and manifolds of non-zero constant curvature infinite dimensional
subalgebras in the tangent infinitesimal holonomy algebras. From the viewpoint
of non-Euclidean geometry the most important Riemann-Finsler manifolds are the
projectively flat spaces of constant flag curvature. We will turn our attention to non-
Riemannian projectively flat Finsler manifolds of non-zero constant flag curvature.
We consider the following classes of locally projectively flat non-Riemannian
Finsler manifolds of non-zero constant flag curvature:

1. Randers manifolds,
2. manifolds having a two-dimensional subspace in the tangent space at some point,

on which the Finsler norm is an Euclidean norm,
3. manifolds having a two-dimensional subspace in the tangent space at some point,

on which the Finsler norm and the projective factor are linearly dependent.

The first class consists of positively complete Finsler manifolds of negative curva-
ture, the second class contains a large family of (not necessarily complete) Finsler
manifolds of negative curvature, and the third class contains a large family of not
necessarily complete Finsler manifolds of positive curvature. The metrics belonging
to these classes can be considered as (local) generalizations of a 1-parameter family
of complete Finsler manifolds of positive curvature defined on S2 by Bryant in [4, 5]
and on Sn by Shen in [30], Example 7.1. It follows from these constructions that the
holonomy group of Finsler manifolds belonging to the above classes and satisfying
some additional technical assumption is infinite dimensional.

In Sect. 12.7 we study the holonomy group of an arbitrary locally projectively flat
Finsler manifolds of constant curvature. Our aim is to characterize all locally pro-
jectively flat Finsler manifolds with finite dimensional holonomy group. To obtain
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such a characterization, we investigate the dimension of the infinitesimal holonomy
algebra. We obtain that if .M;F / is a non-Riemannian locally projectively flat
Finsler manifolds of non-zero constant curvature, then its infinitesimal holonomy
algebra is infinite dimensional. Using this general result and the tangent property of
the infinitesimal holonomy algebra we obtain the characterization: The holonomy
group of a locally projectively flat Finsler manifold of constant curvature is finite
dimensional if and only if it is a Riemannian manifold or a flat Finsler manifold.

Section 12.8 is devoted to show that the topological closure of the holonomy
group of a certain class of simply connected, projectively flat Finsler 2-manifolds
of constant curvature is not a finite dimensional Lie group, and we prove that its
topological closure is the connected component of the full diffeomorphism group
of the circle. Before our investigation, perhaps because of technical difficulties, not
a single infinite dimensional Finsler holonomy group has been described. Now, we
provide the first such a description. This class of Finsler 2-manifolds contains the
positively complete standard Funk plane of constant negative curvature (positively
complete standard Funk plane), and the complete irreversible Bryant-Shen-spheres
of constant positive curvature [5, 30]. We obtain that for every simply connected
Finsler 2-manifold the topological closure of the holonomy group is a subgroup of
Diff1C .S1/. That means that in the examples mentioned above, the closed holonomy
group is maximal. In the proof we use our constructive method developed in
Sect. 12.6 for the study of infinite dimensional Lie subalgebras of the infinitesimal
holonomy algebra.

12.2 Preliminaries

12.2.1 Spray Manifolds

A spray on a manifold M is a smooth vector field S on the slit tangent bundle
OTM WD TM nf0g expressed in a standard coordinate system .xi; yi/ on TM as

S D yi
@

@xi
� 2Gi.x; y/

@

@yi
; (12.1)

where the functions Gi.x; y/ of local coordinates .xi; yi/ on TM satisfy

Gi.x; �y/ D �2Gi.x; y/; � > 0: (12.2)

A manifoldM with a sprayS is called a spray manifold .M;S /, cf. [27], Chapter 5.
A curve c.t/ is called geodesic of the spray manifold .M;S / if its coordinate

functions ci.t/ satisfy the system of 2nd order ordinary differential equations

Rci.t/C 2Gi.c.t/; Pc.t// D 0; (12.3)

where the functions Gi.x; y/ are the geodesic coefficients the spray manifold
.M;S /.
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12.2.1.1 Horizontal Distribution, Covariant Derivative and Curvature

Let .TM; �;M/ and .TTM; �;TM/ be the first and the second tangent bundle of
the manifold M, respectively, and let V TM � TTM be the (integrable) vertical
distribution on TM given by V TM WD Ker��. The horizontal distributionH TM�
TTM associated to the spray manifold .M;S / is the image of the horizontal lift
which is the vector space isomorphism lyWTxM ! HyTM for x 2 M and y 2 TxM
defined by

ly

�
@

@xi

�
D @

@xi
�Gk

i .x; y/
@

@yk
; where Gi

j D
@Gi

@y j
(12.4)

in the coordinate system .xi; yi/ of TM. The horizontal distribution is complementary
to the vertical distribution, hence we have the decomposition TyTM D HyTM ˚
VyTM. The projectors corresponding to this decomposition will be denoted by h W
TTM !H TM and v W TTM! V TM.

The vertical distribution over the slit tangent bundle OTM D TM nf0g will be
denoted by . OV TM; �; OTM/ and the pull-back bundle of . OTM; �;M/ corresponding
to the map � W TM ! M by .��TM; N�; OTM/. Clearly, the mapping

�
x; y; � i

@

@yi

�
7!
�
x; y; � i

@

@xi

�
W OV TM ! ��TM (12.5)

is a canonical bundle isomorphism. In the following we will use the isomor-
phism (12.5) for the identification of these bundles.

Let X1.M/ be the vector space of smooth vector fields on the manifold M
and OX1.TM/ the vector space of smooth sections of the bundle . OV TM; �; OTM/.
The horizontal covariant derivative of a section � 2 OX1.TM/ by a vector field
X 2 X1.M/ is given by

rX� WD Œl.X/; ��:

If �.x; y/ D � i.x; y/ @
@yi

and X.x/ D Xi.x/ @
@xi

, then rX� can be expressed as

rX� D
�
@� i.x; y/

@xj
�Gk

j .x; y/
@� i.x; y/

@yk
C Gi

jk.x; y/�
k.x; y/

�
Xj @

@yi
; (12.6)

where Gi
jk WD

@Gi
j

@yk
.

Defining the horizontal covariant derivative

rX
 D l.X/
 D
�
@


@xj
�Gk

j .x; y/
@
.x; y/

@yk

�
Xj
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of a smooth function 
 W OTM ! R, the horizontal covariant derivation (12.6) can be
extended to sections of the tensor bundle over .��TM; �; OTM/, using the canonical
bundle isomorphism (12.5).

The curvature tensor field

K.x;y/.X;Y/ WD v
�
Xh;Yh

	
; X;Y 2 TxM: (12.7)

on the pull-back bundle .��TM; �; OTM/ of the spray manifold .M;S / in a local
coordinate system .xi; yi/ of TM is given by

K.x;y/ D Ki
jk.x; y/dx

j ˝ dxk ˝ @

@xi
;

where

Ki
jk.x; y/ D

@Gi
j.x; y/

@xk
� @G

i
k.x; y/

@xj
C Gm

j .x; y/G
i
km.x; y/� Gm

k .x; y/G
i
jm.x; y/:

(12.8)

The curvature tensor field characterizes the integrability of the horizontal distribu-
tion. Namely, if the horizontal distribution H TM is integrable, then the curvature
is identically zero.

12.2.1.2 Parallel Translation

For a spray manifold .M;S / the parallel vector fields X.t/ D Xi.t/ @
@xi

along a
curvec.t/ are defined by the solutions of the differential equation

DPcX.t/ WD
�
dXi.t/

dt
C Gi

j.c.t/;X.t//Pc j.t/

�
@

@xi
D 0: (12.9)

Using the relations (12.2) and Euler theorem on homogeneous functions we see
that the functions Gi

j.x; y/ are positive homogeneous of first order with respect to
the variable y, and hence DPc.�X.t// D �DPcX.t/ for any � � 0. The differential
equation (12.9) can be expressed by the horizontal covariant derivative (12.6) using
the bundle isomorphism (12.5) as follows: a vector field X.t/ D Xi.t/ @

@xi
along a

curve c.t/ is parallel if it satisfies the equation

rPcX.t/ D
�
dXi.t/

dt
CGi

j.c.t/;X.t//Pc j.t/

�
@

@xi
D 0: (12.10)

Clearly, for any X0 2 Tc.0/M there is a unique parallel vector field X.t/ along the
curve c such that X0DX.0/. Moreover, if X.t/ is a parallel vector field along c, then
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�X.t/ is also parallel along c for any � � 0. Then the homogeneous (nonlinear)
parallel translation

�c W Tc.0/M ! Tc.1/M along a curve c.t/

of the spray manifold .M;S / is defined by the positive homogeneous map �c W
X0 7! X1 given by the value X1 D X.1/ at t D 1 of the parallel vector field with
initial value X.0/ D X0 (Fig. 12.1).

Since the parallel translation of a spray manifold .M;S / is determined by its
horizontal distribution H TM � TTM, a spray manifold can be considered as a
particular case of a fibered manifold equipped with an Ehresmann connection (cf.
[8]). An Ehresmann connection of a fibered manifold is given by a horizontal
distribution, which is complement to the vertical distribution consisting of the
tangent spaces of the fibers. For a spray manifold the fibered manifold is the
tangent bundle of M and the horizontal distribution determined by the horizontal
lift lyWTxM !HyTM expressed by Eq. (12.4).

The parallel translation can be introduced in a very nice geometrical way with
the help of the notion of horizontal distribution. Namely, we call a curve in TM
horizontal if the tangent vectors of this curve are contained in the horizontal
distribution H TM � TTM. Let now c.t/ be a curve in the manifold M joining the
points p and q. The horizontal lift ch.t/ D .c.t/;Xi.t/ @

@xi
/ of c.t/ is the curve ch.t/ in

TM defined by the properties that ch.t/ projects on c.t/ and ch.t/ is horizontal that
is Pch.t/ 2 Hc.t/. This means according to Eq. (12.4) that

Pci.t/ @
@xi
C d

dt
Xi.t/

@

@yi
D
�
@

@xi
� Gk

i .x; y/
@

@yk

�
Pci.t/;

i.e., the tangent vector of the lifted curve ch.t/ is the horizontal lift of the tangent
vector Pci.t/ @

@xi
of c.t/. It follows that a vector field X.t/ along a curve c.t/ is parallel

if and only if it is a solution of the differential equation

d

dt

�
c.t/;Xi.t/

@

@xi

�
D lX.t/.Pc.t//; (12.11)

or equivalently X.t/ satisfies the differential equation (12.9). Hence the parallel
translation along a curve c.t/ joining the points p and q is the map �c W TpM! TqM

Fig. 12.1 Parallel translation
X1

X0

c(t)
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Fig. 12.2 Geometric
construction of the parallel
translation

v ċ w

M

TM

π

v w

ċh

determined by the intersection points of the horizontal lifts of the curve c.t/ with
the tangent spaces Tp and Tq. The construction can be illustrated by Fig. 12.2.

12.2.1.3 Totally Geodesic and Auto-Parallel Submanifolds

A submanifold NM in a spray manifold .M;S / is called totally geodesic if any
geodesic of .M;S / which is tangent to NM at some point is contained in NM.

A totally geodesic submanifold NM of .M;S / is called auto-parallel if the
homogeneous (nonlinear) parallel translations �c W Tc.0/M ! Tc.1/M along curves
in the submanifold NM leave invariant the tangent bundle T NM and for every � 2
OX1.T NM/ the horizontal Berwald covariant derivative rX� belongs to OX1.T NM/.
Lemma 1 Let NM be a totally geodesic submanifold in a spray manifold .M;S /.
The following assertions hold:

(a) the sprayS induces a spray NS on the submanifold NM,
(b) NM is an auto-parallel submanifold.

Proof Assume that the manifolds NM and M are k, respectively, n D k C p
dimensional. Let .x1; : : : ; xk; xkC1; : : : ; xn/ be an adapted coordinate system, i. e. the
submanifold NM is locally given by the equations xkC1 D � � � D xn D 0. We denote
the indices running on the values f1; : : : ; kg or fk C 1; : : : ; ng by ˛; ˇ; � or 	; � ,
respectively. The differential equation (12.3) of geodesics yields that the geodesic
coefficients G	 .x; y/ satisfy

G	 .x1; : : : ; xk; 0; : : : ; 0I y1; : : : ; yk; 0; : : : ; 0/ D 0
identically, hence their derivatives with respect to y1; : : : ; yk are also vanishing. It
follows that G	˛ D 0 and G	˛ ˇ D 0 at any .x1; : : : ; xk; 0; : : : ; 0I y1; : : : ; yk; 0; : : : ; 0/.
Hence the induced spray NS on NM is defined by the geodesic coefficients

NGˇ.x1; : : : ; xkI y1; : : : ; yk/ D Gˇ.x1; : : : ; xk; 0; : : : ; 0I y1; : : : ; yk; 0; : : : ; 0/:
(12.12)
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The homogeneous (nonlinear) parallel translation �c W Tc.0/M ! Tc.1/M along
curves in the submanifold NM and the horizontal covariant derivative on NM with
respect to the spray S coincide with the translation and the horizontal covariant
derivative on NM with respect to the spray NS . Hence the assertions are true.

12.2.1.4 Holonomy

The holonomy group of an Ehresmann connection, or particularly of a spray
manifold is the group generated by parallel translations along loops with respect
to the associated connection, cf. [12, 33], pp. 82–86. The holonomy properties of
a spray manifold depend essentially on its curvature properties. This can be easily
understood by considering the geometric construction of the parallel translation.

Let .M;S / be a spray manifold, and let us assume that M is connected.
We choose a fixed base point p 2 M. For each closed piecewise smooth curve
c W Œ0; 1� ! M through p the parallel translation �c W TpM ! TpM along
the curve c W Œ0; 1� ! M is a diffeomorphism of the tangent space TpM. All
these diffeomorphisms form together the holonomy group at the point p, a subgroup
of the diffeomorphism group of TpM. Clearly, the holonomy group depends on the
base point p only up to conjugation, and therefore the holonomy groups at different
points of M are isomorphic.

• Case K � 0. Let us consider a point p 2 M, a tangent vector v 2 TpM at p, and
an arbitrary closed curve c on M starting from p.

If the curvature identically vanishes, then the horizontal distribution is integrable.
Therefore TTM has a horizontal foliation, that is for every v 2 TpM there is a
unique n-dimensional submanifold Hv in TM such that Hv \ TpM D fvg and
the tangent spaces are horizontal. In Fig. 12.3 the level surface corresponding to
v 2 TpM is represented by dashed lines in tangent manifold TM. The horizontal lift

Fig. 12.3 Trivial holonomy:
R 	 0

p

v

TM

M

v
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Fig. 12.4 Nontrivial
holonomy: R 6	 0

p

v �=τ(v)

TM

M

v

τ(v)

ch D l ı c of the curve c starts at v and (because the integrability condition) stays
on the horizontal submanifold Hv . Its endpoint is an element of Hv and also an
element of TpM that is v. Consequently we can obtain that ch.0/ D ch.1/ D v, and
the holonomy is trivial.

• Case K 6� 0. Although Fig. 12.4 describing this case looks similar to that of
Fig. 12.3, the situation is quite different. The horizontal distribution is non-integ-
rable and therefore there is no horizontal foliation. Let us consider a point p 2 M
and a vector v 2 TpM. The smallest integrable distribution Nv at v containing
the horizontal distribution is at least .nC1/-dimensional. The reachable sets in
TpM is at least one-dimensional. In particular fvg ¨ Nv \ TpM and there are
other elements TpM reachable from v. That is, there are elements w 2 TpM and
a horizontal curve ch 2 Nv such that ch.0/ D v, ch.1/ D w. Considering the
projection of ch we can obtain a curve c WD � ı ch such that c.0/ D c.1/ D p and
�c.v/ ¤ v. Consequently we obtained that the holonomy is nontrivial (cf. [27],
Remark 8.1.3).

12.2.2 Finsler Manifolds

12.2.2.1 Finsler Metric, Its Associated Spray and Parallel Translation

A Minkowski functional on a vector space V is a continuous function F , positively
homogeneous of degree two, i.e. F .�y/ D �2F . y/ if � > 0, smooth on OV WD
V n f0g, and for any y 2 OV the symmetric bilinear form gyWV � V ! R defined by

gyW .u; v/ 7! gij. y/u
iv j D 1

2

@2F . yC suC tv/

@s @t

ˇ̌
ˇ
tDsD0
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is non-degenerate. If gy is positive definite for any y 2 OV , then F is said positive
definite and .V;F / is called positive definite Minkowski space. A Minkowski
functional F is called semi-Euclidean if there exists a symmetric bilinear form h ; i
on V such that gy.u; v/ D hu; vi for any y 2 OV and u; v 2 V . A semi-Euclidean
positive definite Minkowski functional is called Euclidean.

A Finsler manifold is a pair .M;F / of an n-manifold M and a function
F WTM ! R (called Finsler metric, cf. [27]) defined on the tangent bundle of M,
which is smooth on OTM WD TM nf0g and its restriction Fx D F jTxM is a Minkowski
functional on TxM for all x 2 M. If the Minkowski functional Fx is positive definite
on TxM for all x 2 M, then .M;F / is called positive definite Finsler manifold.
A point x 2 M is called (semi-)Riemannian if the Minkowski functional Fx is
(semi-)Euclidean.

We remark that in many applications the metric F is defined and smooth only on
an open cone CM�TMnf0g, where CMD[x2MCxM is a fiber bundle over M such
that each CxM is an open cone in TxMnf0g. In such case .M;F / is called singular
(or non y-global) Finsler space (cf. [27]).

The symmetric bilinear form

gx;yW .u; v/ 7! gij.x; y/u
iv j D 1

2

@2F 2
x . yC suC tv/

@s @t

ˇ̌
ˇ
tDsD0; u; v 2 TxM

is called the metric tensor of the Finsler manifold .M;F /. The Finsler function is
called absolutely homogeneous at x 2 M, if Fx.�y/D j�jFx. y/ for all � 2 R. If
F is absolutely homogeneous at every x 2 M, then the Finsler manifold .M;F / is
reversible.

The simplest non-Riemannian Finsler metrics are the Randers metrics firstly
studied by Randers in [26]. A Finsler manifold .M;F / is called Randers manifold
if the Finsler metric F can be expressed in the form F.x; y/ D ax. y/Cbx. y/, where
ax. y/ D

p
aij.x/yiy j is a Riemannian metric and bx. y/ D bi.x/yi is a nowhere zero

1-form.
The canonical spray of a Finsler manifold .M;F / is locally given by S D

yi @
@xi
� 2Gi.x; y/ @

@yi
, where

Gi.x; y/ WD 1

4
gil.x; y/

�
2
@gjl
@xk

.x; y/ � @gjk
@xl

.x; y/

�
y jyk: (12.13)

are the geodesic coefficients. The geodesics of a Finsler manifold .M;F / are the
geodesics of the canonical spray of .M;F / determined by the differential equa-
tions (12.3). The horizontal covariant derivative with respect to the spray associated
to the Finsler manifold .M;F / is called the horizontal Berwald covariant deriva-
tive, cf. Eq. (12.6). The corresponding homogeneous (nonlinear) parallel translation
�c W Tc.0/M ! Tc.1/M along a curve c.t/, given by Eqs. (12.9) and (12.10), is called
the canonical homogeneous (nonlinear) parallel translation of the Finsler manifold
.M;F /. Since the geodesic coefficients Gi.x; y/ are differentiable functions on the
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slit tangent bundle OTM D TM n f0g the canonical homogeneous (nonlinear) parallel
translation �c W Tc.0/M ! Tc.1/M induces differentiable maps between the slit
tangent spaces Tc.0/M n f0g and Tc.1/M n f0g.

12.2.2.2 Curvature

The Riemannian curvature tensor field of the Finsler manifold .M;F / is the cur-
vature tensor field v

�
Xh;Yh

	
of the canonical spray manifold of .M;F / is defined

on the pull-back bundle .��TM; N�; OTM/, (cf. Eq. (12.7)). If H TM is integrable,
then the Riemannian curvature is identically zero. According to Eq. (12.8) the
expression of the Riemannian curvature tensor R.x;y/ D Ri

jk.x; y/dx
j ˝ dxk ˝ @

@xi
is

Ri
jk.x; y/ D

@Gi
j.x; y/

@xk
� @G

i
k.x; y/

@xj
C Gm

j .x; y/G
i
km.x; y/� Gm

k .x; y/G
i
jm.x; y/

in a local coordinate system. The manifold .M;F / has constant flag curvature
� 2 R, if for any x 2 M the local expression of the Riemannian curvature is

Ri
jk.x; y/ D �

�
ıikgjm.x; y/y

m � ıijgkm.x; y/ym
�
: (12.14)

In this case the flag curvature of the Finsler manifold (cf. [6], Sect. 2.1 pp. 43–46)
does not depend either on the point or on the 2-flag.

The Berwald curvature tensor field B.x;y/ D Bi
jkl.x; y/dx

j ˝ dxk ˝ dxl ˝ @
@xi

is

Bi
jkl.x; y/ D

@Gi
jk.x; y/

@yl
D @3Gi.x; y/

@y j@yk@yl
: (12.15)

The mean Berwald curvature tensor field E.x;y/ D Ejk.x; y/dxj ˝ dxk is the trace

Ejk.x; y/ D Bl
jkl.x; y/ D

@3Gl.x; y/

@y j@yk@yl
: (12.16)

The Landsberg curvature tensor field L.x;y/ D Lijkl.x; y/dx
j ˝ dxk ˝ dxl ˝ @

@xi
is

L.x;y/.u; v;w/ D g.x;y/
�rwB.x;y/.u; v;w/; y

�
; u; v;w 2 TxM:

According to Lemma 6.2.2, Eq. (6.30), p. 85 in [27], one has for u; v;w 2 TxM

rwg.x;y/.u; v/ D �2L.x;y/.u; v;w/:
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Lemma 2 The horizontal Berwald covariant derivative of the tensor field

Q.x;y/ D
�
ıijgkm.x; y/y

m � ıikgjm.x; y/ym
�
dxj ˝ dxk ˝ dxl ˝ @

@xi

vanishes.

Proof For any vector field W 2 X1.M/ we have rWy D 0 and rW IdTM D 0.
Moreover, since L.x;y/. y; v;w/ D 0 (cf. Eq. (6.28), p. 85 in [27]) we get the assertion.

12.2.2.3 Projectively Flat Finsler Manifold

A Finsler manifold .D;F / on an open subset D � R
n is said to be projectively

flat, if all geodesics of .D;F / are contained in straight lines of the affine space
associated to R

n. A Finsler manifold .M;F / is said to be locally projectively flat,
if for any point in p 2 M there exists a local coordinate map x W U ! R

n of a
neighborhood U � M of p such that the Finsler manifold induced by the Finsler
function F on the image x.U/ D D is projectively flat. The space R

n containing D
is called to be projectively related to .M;F /.

Let .M;F / be a locally projectively flat Finsler manifold and .x1; : : : ; xn/ W U !
D a local coordinate map corresponding to canonical coordinates of the space R

n

which is projectively related to .M;F /. Then the geodesic coefficients (12.13) are
of the form

Gi.x; y/DP.x; y/yi; Gi
kD

@P

@yk
yi CPıik; Gi

kl D
@2P

@yk@yl
yi C @P

@yk
ıil C

@P

@yl
ıik;

(12.17)

where P is a 1-homogeneous function in y, called the projective factor of .M;F /,
(cf. [6], p. 63). Clearly, the intersections of 2-planes of Rn with the image D of the
coordinate map .x1; : : : ; xn/ W U ! D are images of totally geodesic submanifolds
of .M;F /.

Remark 1 The canonical homogeneous parallel translation �c W Tc.0/M ! Tc.1/M
in a locally projectively flat Finsler manifold .M;F / along curves c.t/ contained
in the domain of the coordinate system .x1; : : : ; xn/ are linear maps if and only if
the projective factor P.x; y/ is a linear function in y. Hence the nonlinearity in y
of the projective factor implies that the locally projectively flat Finsler manifold is
non-Riemannian.
Locally projectively flat Randers manifolds with constant flag curvature were
classified by Shen in [29]. He proved that any locally projectively flat non-
Riemannian Randers manifold .M;F / with non-zero constant flag curvature has
negative curvature. These metrics can be normalized by a constant factor so that the
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curvature is � 1
4
. In this case .M;F / is isometric to the Finsler manifold defined by

the metric function

F .x; y/ D
pjyj2 � .jxj2jyj2 � hx; yi2/

1 � jxj2 ˙
� hx; yi
1 � jxj2 C

ha; yi
1C ha; xi

�
(12.18)

on the unit ball Dn � R
n, where a 2 R

n is any constant vector with jaj < 1.
According to Lemma 8.2.1 in [6], p.155, the projective factor P.x; y/ can be
computed by the formula

P.x; y/ D 1

2F

@F

@xi
yi:

An easy calculation yields

˙@F
@xi

yi D
 pjyj2 � .jxj2jyj2 � hx; yi2/˙ hx; yi

1 � jxj2
!2
�
� ha; yi
1C ha; xi

�2
;

hence

P.x; y/ D 1

2

 
˙pjyj2 � .jxj2jyj2 � hx; yi2/C hx; yi

1 � jxj2 � ha; yi
1C ha; xi

!
: (12.19)

12.2.3 Finsler Holonomy Represented on the Indicatrix Bundle

The notion of the holonomy group of a Riemannian or Finslerian manifolds is an
adaptation of the corresponding notion of spray manifolds: it is the group generated
by parallel translations along loops with respect to the canonical associated con-
nection. However, the parallel translation leaves invariant the indicatrix bundle, the
holonomy group can be identified by its action on the indicatrix at the initial point.
Hence the holonomy group can be considered as a subgroup of the diffeomorphism
group of the indicatrix (Fig. 12.5a, b).

The holonomy properties of Finsler spaces are essentially different from the
Riemannian one, and it is far from being well understood. The main difficulty comes
from the fact that in the general case the canonical connection of a Finsler manifold
is neither linear nor metrical (that is, the parallel translation is not necessarily
preserving the metric). Only much weaker properties are fulfilled: instead of
the linearity it is only 1-homogeneous, and instead of the metrical property it
is preserving only the norm function. Nonetheless these properties allow us to
consider the parallel translations as maps between the indicatrices and therefore
the holonomy group as a subgroup of the diffeomorphism group of the indicatrix.
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X0=X1

X0

X1a b

Fig. 12.5 (a) Trivial holonomy: the plane. (b) Nontrivial holonomy: sphere

Let .M;F / be an n-dimensional Finsler manifold. The indicatrix IxM at x 2 M
is a hypersurface of TxM defined by

IxM WD fy 2 TxMI F . y/ D ˙1g:
If the Finsler manifold .M;F / is positive definite, then the indicatrix IxM is a
compact hypersurface in the tangent space TxM, diffeomorphic to the standard .n�
1/-dimensional sphere.

In the sequel .IM; �;M/ will denote the indicatrix bundle of .M;F / and i W
IM ,! TM the natural embedding of the indicatrix bundle into the tangent bundle
.TM; �;M/.

The parallel translation �c W Tc.0/M ! Tc.1/M along a curve c W Œ0; 1� ! R on
a Finsler manifold .M;F / is defined by the parallel translation of the associated
spray manifold (cf. Sect. 12.2.1.2). It is determined by vector fields X.t/ along c.t/
which are solutions of the differential equation (12.10). Since �c W Tc.0/M ! Tc.1/M
is a differentiable map between the slit tangent spaces OTc.0/M and OTc.1/M preserves
the value of the Finsler function, it induces a map

�Ic WIc.0/M �! Ic.1/M (12.20)

between the indicatrices. Since the parallel translation is 1-homogeneous, the
parallel translation �c is entirely characterized by the map �Ic : we have �C.0/ D 0

and for every non-zero vector v 2 Tc.0/M we have

�c.v/ D jvj � �Ic
�
v

jvj
�
:

It follows from these observations that the holonomy group Hol.x/ of the spray
manifold associated to a Finsler manifold .M;F / (cf. Sect. 12.2.1.4) is uniquely
determined by its action on the indicatrix in the tangent space TxM at the point x.
Hence we can formulate
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Fig. 12.6 Holonomy
transformation induced on the
indicatrix

v

τ(v)

ϕ

Definition 1 The holonomy group Hol.x/ of a Finsler space .M;F / at x 2 M
is the subgroup of the group of diffeomorphisms Diff.IxM/ of the indicatrix IxM
determined by parallel translation of IxM along piece-wise differentiable closed
curves initiated at the point x 2 M (Fig. 12.6).

We note that the holonomy group Hol.x/ is a topological subgroup of the regular
infinite dimensional Lie group Diff.IxM/, but its differentiable structure is not
known in general. (Diff.IxM/ denotes the group of all C1-diffeomorphism of IxM
with the C1-topology.)

12.3 Diffeomorphism Groups and Their Tangent Algebras

The group Diff.M/ of all smooth diffeomorphisms of a differentiable manifold M
is a regular infinite dimensional Lie group modeled on the vector space Xc.M/
of smooth vector fields on M with compact support. The Lie algebra of the
infinite dimensional Lie group Diff.M/ is the vector space Xc.M/, equipped with
the negative of the usual Lie bracket (c.f. Kriegl and Michor [15], Sect. 43.1,
pp. 454–456).

Here we discuss the tangential properties of Lie algebras of vector fields to an
abstract subgroup of the diffeomorphism group of a manifold. The results of this
section will be applied in the following to the investigation of tangent Lie algebras
of the holonomy subgroup of the diffeomorphism group of an indicatrix IxM and
to the fibered holonomy subgroup of the diffeomorphism group of the indicatrix
bundle I.M/.

Let M be a C1 manifold, let G be a (not necessarily differentiable) subgroup of
the diffeomorphism group Diff1.M/ and let X1.M/ be the Lie algebra of smooth
vector fields on M.

Definition 2 A vector field X 2 X1.M/ is called tangent to the subgroup G of
Diff1.M/, if there exists a C 1-differentiable 1-parameter family f
t 2 G gt2.�";"/
of diffeomorphisms of M such that 
0 D Id and @
t

@t

ˇ̌
tD0 D X: A Lie subalgebra g of

X1.M/ is called tangent to G , if all elements of g are tangent vector fields to G .
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Unfortunately, it is not true in general that tangent vector fields to a groupG generate
a tangent Lie algebra to G . This is why we have to introduce a stronger tangential
property in Definition 4.

Definition 3 AC 1-differentiable k-parameter family f
.t1;:::;tk/ 2Diff1.M/gti2.�";"/
of diffeomorphisms of M is called a commutator-like family if it satisfies the
equations


.t1;:::;tk/ D Id; whenever tj D 0 for some 1 6 j 6 k:

We remark that any C 1-differentiable 1-parameter family f
t 2 G gt2.�";"/ of
diffeomorphisms of M with 
0 D Id is a commutator-like family. Moreover, the
commutator of commutator-like families is commutator-like, and the inverse of a
commutator-like family is commutator-like.

Definition 4 A vector field X2X1.M/ is called strongly tangent to the subgroupG
of Diff1.M/, if there exists a commutator-like family f
.t1;:::;tk/ 2 Diff1.M/gti2.�";"/
of diffeomorphisms satisfying the conditions

(A) 
.t1;:::;tk/ 2 G for all ti 2 .�"; "/; 1 6 i 6 k;

(B)
@k
.t1;:::;tk/

@t1���@tk
ˇ̌
ˇ
.0;:::;0/

D X:

It follows from the commutator-like property that
@k
.t1;:::;tk/
@t1���@tk

ˇ̌
.0;:::;0/

is the first non-
necessarily vanishing derivative of the diffeomorphism family f
.t1;:::;tk/g at any
point x 2 M, and therefore it determines a vector field. On the other hand, by
parameterizing the commutator like family of diffeomorphism, it can be shown
that if a vector field is strongly tangent to a group G , then it is also tangent to
G . Moreover, we have the following

Theorem 1 Let V be a set of vector fields strongly tangent to the subgroup G of
Diff1.M/. The Lie subalgebra v of X1.M/ generated by V is tangent to G .

Proof First, we investigate some properties of vector fields strongly tangent to the
group G .

Lemma 1 Let f .t1;:::;th/ 2 Diff1.U/gti2.�";"/ be a C 1-differentiable h-parameter
commutator-like family of (local) diffeomorphisms on a neighborhood U � R

n.
Then

(i)
@i1C���Cih .t1;:::;th/

@ti11 : : : @tihh

ˇ̌
ˇ̌
ˇ
.0;:::;0/

.x/ D 0; if ip D 0 for some 1 6 p 6 h;

(ii)
@h. .t1;:::;th//

�1

@t1 : : : @th

ˇ̌
ˇ̌
.0;:::;0/

.x/ D � @
h .t1;:::;th/

@t1 : : : @th

ˇ̌
ˇ̌
.0;:::;0/

.x/;

(iii)
@h .t1;:::;th/

@t1 : : : @th

ˇ̌
ˇ̌
.0;:::;0/

.x/ D @ hpt;:::; h
p
t/

@t

ˇ̌
ˇ̌
tD0

.x/

at any point x 2 U.
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Proof Assertions (i) and (ii) can be obtained by direct computation. It follows from

(i) that
@h .t1;:::;th/

@t1 ::: @th

ˇ̌
ˇ
.0;:::;0/

.x/ is the first non-necessarily vanishing derivative of the

diffeomorphism family f .t1;:::;th/g at any point x 2 M. Using

 .t1;:::;tk/.x/ D xC t1 � � � tk .X.x/C !.x; t1; : : : ; tk// ;

where lim
ti!0

!.x; t1; : : : ; tk/ D 0 we obtain that

@

@t

ˇ̌
ˇ̌
tD0 . kpt;:::; k

p
t/.x/ D

@

@t

ˇ̌
ˇ̌
tD0

�
xC t

�
X.x/C !.x; k

p
t; : : : ; k

p
t/
�� D X.x/;

which proves (iii).
We remark that assertion .iii/ means that any vector field strongly tangent to G is
tangent to G . Now, we generalize a well-known relation between the commutator of
vector fields and the commutator of their induced flows.

Lemma 2 Let f
.s1;:::;sk/g and f .t1;:::;tl/g be C1-differentiable k-parameter, respec-
tively, l-parameter families of (local) diffeomorphisms defined on a neighborhood
U � R

n. Assume that 
.s1;:::;sk/ D Id, respectively,  .t1;:::;tl/ D Id, if some of their
variables is 0. Then the family of (local) diffeomorphisms Œ
.s1;:::;sk/;  .t1;:::;tl/� defined
by the commutator of the group Diff1.U/ fulfills Œ
.s1;:::;sk/;  .t1;:::;tl/� D Id, if some
of its variables equals 0. Moreover

@kClŒ
.s1:::sk/;  .t1:::tl/�

@s1 : : : @sk @t1 : : : @tl

ˇ̌
ˇ̌
ˇ
.0:::0I0:::0/

.x/ D �
"
@k
.s1:::sk/

@s1 : : : @sk

ˇ̌
ˇ̌
.0:::0/;

@l .t1:::tl/

@t1 : : : @tl

ˇ̌
ˇ̌
.0:::0/

#
.x/

at any point x 2 U.

Proof The group theoretical commutator
�

.s1;:::;sk/;  .t1;:::;tl/

	
of the families of

diffeomorphisms satisfies Œ
.s1;:::;sk/;  .t1;:::;tl/� D Id, if some of its variables equals
0. Hence

@i1C���CikCj1C���Cjl Œ
.s1;:::;sk/;  .t1;:::;tl/�

@si11 : : : @sikk @t
j1
1 : : : @till

ˇ̌
ˇ̌
ˇ
.0;:::;0I0;:::;0/

D 0;

if ip D 0 or jq D 0 for some index 1 6 p 6 k or 1 6 q 6 l. The families of
diffeomorphisms f
.s1;:::;sl/g, f .t1;:::;tl/g, f
�1

.s1;:::;sl/
g and f �1

.t1;:::;tl/
g are the constant

family Id, if some of their variables equals 0. Hence one has
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@kClŒ
.s1:::sk/;  .t1:::tl/�

@s1 : : : @sk @t1 : : : @tl

ˇ̌
ˇ̌
.0;:::;0I 0;:::;0/

.x/ (12.21)

D @k

@s1 : : : @sk

ˇ̌
ˇ̌
.0:::0/

0
@ @

l
�

�1
.s1:::sk/

ı  �1
.t1:::tl/

ı 
.s1:::sk/ı  .t1:::tl/.x/
�

@t1 : : : @tl

ˇ̌
ˇ̌
ˇ̌
.0:::0/

1
A

D @k

@s1 : : : @sk

ˇ̌
ˇ̌
.0:::0/

0
@d.
�1

.s1:::sk/
/
.s1:::sk/.x/

@l �1
.t1:::tl/

@t1 : : : @tl

ˇ̌
ˇ̌
ˇ
.0;:::;0/

.
.s1:::sk/.x//

1
A ;

where d
�

�1
.s1;:::;sk/

�

.s1;:::;sk/.x/

denotes the Jacobi operator of the map 
�1
.s1;:::;sk/

at the

point 
.s1;:::;sk/.x/. Using the fact, that f
.s1;:::;sk/g is the constant family Id, if some
of its variables equals 0, and the relation d.
�1

.0;:::;0//
.s1;:::;sk/.x/ D Id, we obtain
that (12.21) can be written as

d

0
@ @k
�1

.s1:::sk/

@s1 : : : @sk

ˇ̌
ˇ̌
ˇ
.0:::0/

1
A

x

@l �1
.t1:::tl/

.x/

@t1 : : : @tl

ˇ̌
ˇ̌
ˇ
.0:::0/

C d

0
@ @l �1

.t1:::tl/

@t1 : : : @tl

ˇ̌
ˇ̌
ˇ
.0:::0/

1
A

x

@k
.s1:::sk /.x/

@s1 : : : @sk

ˇ̌
ˇ̌
.0;:::;0/

:

According to assertion (ii) of Lemma 1 the last formula gives

d

 
@k
.s1:::sk/

@s1 : : : @sk

ˇ̌
ˇ̌
.0:::0/

!

x

@l .t1:::tl/.x/

@t1 : : : @tl

ˇ̌
ˇ̌
.0:::0/

� d

�
@l .t1:::tl/

@t1 : : : @tl

ˇ̌
ˇ̌
.0:::0/

!

x

@k
.s1:::sk/.x/

@s1 : : : @sk

ˇ̌
ˇ̌
.0:::0/

;

which is the Lie bracket of vector fields
"
@l .t1;:::;tl/

@t1 : : : @tl

ˇ̌
ˇ̌
.0;:::;0/

;
@k
.s1;:::;sk/

@s1 : : : @sk

ˇ̌
ˇ̌
.0;:::;0/

#
W U ! R

n:

The previous lemma gives for 1-parameter families f
t 2 G gt2.�";"/ and f t 2
G gt2.�";"/ of diffeomorphisms of M with 
0 D  0 D Id the relation

@2

@s@t

ˇ̌
ˇ̌
sD0;tD0

Œ
s;  t� D �
"
@
s

@s

ˇ̌
ˇ̌
sD0

;
@l t

@t

ˇ̌
ˇ̌
tD0

#
: (12.22)

Lemma 3 Any Lie subalgebra of X1.M/ algebraically generated by strongly
tangent vector fields to the group G has a basis consisting of vector fields strongly
tangent to the group G .

Proof Let V be a set of strongly tangent vector fields to the group G and v the
Lie algebra algebraically generated by V . The iterated Lie brackets of vector fields
belonging to V linearly generate the vector space v. It follows from Lemma 2 that
these iterated Lie brackets of vector fields are strongly tangent to the groupG . Hence
v is linearly generated by vector fields strongly tangent to G .
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Lemma 4 Linear combinations of vector fields tangent to G are tangent to G .

Proof If X and Y are vector fields tangent to G then there exist C 1-differentiable
1-parameter families of diffeomorphisms f
t 2 G g and f t 2 G g such that


0D 0D Id;
@

@t

ˇ̌
ˇ
tD0
t D X;

@

@t

ˇ̌
ˇ
tD0 t D Y:

Hence the 1-parameter families of diffeomorphisms f
t ı  tg and f
ctg satisfy

X C Y D @

@t

ˇ̌
ˇ
tD0.
t ı  t/; c X D @

@t

ˇ̌
ˇ
tD0
.c t/; for all c 2 R

n;

which proves the assertion.
Lemmas 1–4 prove Theorem 1.

12.3.1 Diffeomorphism Group of Compact Manifolds

If K is a compact manifold, then the group Diff1.K/ of diffeomorphisms is an
infinite dimensional Lie group belonging to the class of Fréchet Lie groups. The
Lie algebra of Diff1.K/ is the Lie algebra X1.K/ of smooth vector fields on K
endowed with the negative of the usual Lie bracket of vector fields. The Fréchet
Lie group Diff1.K/ is modeled on the locally convex topological Fréchet vector
space X1.K/. A sequence f fjgj2N � X1.K/ converges to f in the topology of
X1.K/ if and only if the functions fj and all their derivatives converge uniformly
to f , respectively to the corresponding derivatives of f . We note that the difficulty
of the theory of Fréchet manifolds comes from the fact that the inverse function
theorem and the existence theorems of differential equations, which are well known
for Banach manifolds, are not true in this category. These problems have led to the
concept of regular Fréchet Lie groups (cf. [25] Chapter III, [15] Chapter VIII). The
distinguishing properties of regular Fréchet Lie groups can be summarized as (a)
the existence of the smooth exponential map from the Lie algebra of the Fréchet
Lie groups to the group itself, (b) the existence of product integrals, which produces
the convergence of some approximation methods for solving differential equations
(cf. Sect. III.5. in [25], pp. 83–89). J. Teichmann gave a detailed discussion of these
properties in [32].

Proposition 1 If a Lie subalgebra g of the Lie algebra X1.K/ of smooth vector
fields on a compact manifold K is tangent to a subgroup G of the diffeomorphism
group Diff1.K/ of K, then the group generated by the exponential image exp.g/ of
g is contained in the topological closure G of G in Diff1.K/.
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Proof Let us denote by
˝
exp.g/

˛
the group generated by the exponential image of g.

For any element X 2 g there exists a C 1-differentiable 1-parameter family f˚.t/ 2
G gt2R of diffeomorphisms of the manifold K such that

˚.0/ D Id and
@˚.s/

@s

ˇ̌
ˇ̌
sD0
D X:

Then, considering ˚.t/ as “hair” and using the argument of Corollary 5.4. in [25],
p. 85, we get that



˚
� t
n

�n�

t2R
D
n
˚
� t
n

�
ı � � � ı ˚

� t
n

�o
t2R
� G ; n D 1; 2 : : :

as a sequence of Diff1.K/ converges uniformly in all derivatives to exp.tX/. It
follows that we have fexp.tX/I t 2 Rg � G for any X 2 g/ and therefore
exp.g/ � G : Naturally, if for the generated group

˝
exp.g/̨ ; then the containing

relation is preserved, that is
˝
exp.g/̨ � G , which proves the proposition.

12.4 Curvature Algebra

12.4.1 Curvature Vector Fields at a Point

Definition 5 A vector field � 2 X1.IM/ on the indicatrix bundle IM is a
curvature vector field of the Finsler manifold .M;F /, if there exist vector fields
X;Y 2 X1.M/ on the manifold M such that � D r.X;Y/, where for every x 2 M
and y 2 IxM we have

r.X;Y/.x; y/ WD R.x;y/.Xx;Yx/: (12.23)

If x 2 M is fixed and X;Y 2 TxM, then the vector field y! r.X;Y/.x; y/ on IxM is
a curvature vector field at the point x.

The Lie algebra R.M/ of vector fields generated by the curvature vector fields of
.M;F / is called the curvature algebra of the Finsler manifold .M;F /. For a fixed
x 2 M the Lie algebra Rx of vector fields generated by the curvature vector fields at
x is called the curvature algebra at the point x.

In this section we investigate the properties of the curvature vector fields and of
the curvature algebra at a fixed point x2M. The curvature vector fields �Drx.X;Y/
are tangent to the indicatrix

g.x;y/
�
y;R.x;y/.ly.X/; ly.Y/

� D 0; for any y;X;Y 2 TxM
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according to [27], Eq. (10.9). In the sequel we investigate the tangential properties
of the curvature algebra to the holonomy group of the canonical connection r of a
Finsler manifold.

Proposition 2 Any curvature vector field at x 2 M is strongly tangent to the
holonomy group Hol.x/.

Proof Indeed, let us consider the curvature vector field � WD rx.X;Y/ 2 X.IxM/
corresponding to the directions X;Y 2 TxM and let OX; OY 2 X.M/ be commuting
vector fields, i.e. Œ OX; OY�D0 such that OXxDX, OYxDY. By the geometric construction,
the flows f
tg and f sg of OX and OY are commuting, that is 
s ı t �  t ı
s. For any
sufficiently small s; t 2 R we can consider the curve Ps;t defined as follows:

Ps;t.u/ D

8̂
ˆ̂̂̂
<
ˆ̂̂̂
:̂

 u.x/; 0 6 u 6 t;


u�t. t.x//; t 6 u 6 tC s;

 �1
u�.tCs/.
s. t.x///; tC s 6 u 6 2tC s;


�1
u�.2tCs/. 

�1
t .
s. t.x////; 2tC s 6 u 6 2tC 2s:

Because of the commuting property of the flows f
tg and f sg the curves Ps;t

are closed parallelograms: their initial and final point at u D 0 and u D 2t C 2s
are the same x 2 M. Consequently, the parallel translation �s;tWTxM ! TxM along
the parallelogram Ps;t is a holonomy element for every small value of t; s 2 R (see
Fig. 12.7).

On the other hand, using the geometric construction of parallel translation
presented in Sect. 12.2.1.2, we know that the flows f
h

t g and f h
s g of the horizontal

lifts l. OX/ and l. OY/ can be considered as parallel translations along integral curves of
OX and OY , respectively. They can be considered as fiber preserving diffeomorphisms
of the bundle IM for any t; s 2 R. Then the commutator

�s;t D Œ
h
s ;  

h
t � D 
h�s ı  h�t ı 
h

s ı  h
t W IM! IM

is also a fiber preserving diffeomorphism of the bundle IM for any t; s 2 R.
Therefore for x 2 M the restriction

�s;t.x/ D �s;t
ˇ̌
IxM
W IxM ! IxM

Fig. 12.7 Parallel translation
along a parallelogram M
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τs,tv

ψt

φs

x



12 Holonomy Theory of Finsler Manifolds 287

Fig. 12.8 Non-zero
curvature vector field

M
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τs,tv

v

τs,tv
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ψh
t

φs

φh
s

x

ξv

to the fiber IxM is a 2-parameter C1-differentiable family of diffeomorphisms
contained in the holonomy group Hol.x/ such that

�s;0.x/ D Id; �0;t.x/ D Id; and
@2

@t@s

ˇ̌
ˇ̌
sD0;tD0

�s;t.x/ D rx.X;Y/;

which proves that the curvature vector field � D rx.X;Y/ is strongly tangent to the
holonomy group Hol.x/ and hence we obtain the assertion.

In order to enlighten the construction and the geometric meaning of the curvature
vector field � D rx.X;Y/ we consider Fig. 12.8 which can be seen as the extension
of Fig. 12.7. Here we can present not only the geometric objects at the level of the
manifold M but at the level of the tangent manifold TM too. We remark that, as it
is usual, the tangent vectors of M are represented as “arrows” at the level of M, but
they are represented as “points” at the level of the tangent space TM. For example,
the vectors v and �s;tv are represented as arrows at x on M and points above x in TM.
The gray vectors at the level of M represent the elements of the parallel vector field
V along the parallelogram Ps;t with the initial condition Vx D v. The gray dots are
the points in TM corresponding to the elements of V . These dots lie on the curves
of the flows 
h

t ,  h
s because V is a parallel field and these flows correspond to the

parallel translations along integral curves of OX and OY , respectively. As the picture
shows, the parallel translation along the parallelogram Ps;t of a vector v 2 TxM
can be obtained by following in TM the flows 
h

t ,  h
s , 
h�t,  

h�s above Ps;t. The
indicatrix, or unite ball, at x 2 M is represented by the oval above x. Since the
parallel translation preserves the norm, if v 2 IxM, then �s;tv 2 IxM. Therefore
t! 1

2
�t;t.v/ is a curve in IxM. Its tangent vector at t D 0 is �.v/ which is therefore

a tangent vector of IxM.
We remark that in the case, when the curvature is identically zero, the horizontal

lifts of commuting vector fields are also commuting vector fields. Therefore one
obtains 
h

s ı  h
t �  h

t ı 
h
s and �s;t D Œ
h

s ;  
h
t �WIM ! IM is the identity

transformation. In that case �s;tv � v is a constant map and therefore its derivative is
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Fig. 12.9 Vanishing
curvature vector field
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zero, that is �v D 0. Geometrically that means that the horizontal lifts of the closed
parallelograms Ps;t are closed parallelograms. See Fig. 12.9.

Theorem 1 The curvature algebra Rx at a point x 2 M of a Finsler manifold
.M;F / is tangent to the holonomy group Hol.x/.

If .M;F / is a positive definite Finsler manifold, then the group generated by the
exponential image exp

�
Rx
�
is a subgroup of the topological closure of the holonomy

group Hol.x/.

Proof Since by Proposition 2 the curvature vector fields are strongly tangent to
Hol.x/ and the curvature algebra Rx is algebraically generated by the curvature
vector fields, the first assertion follows from Theorem 1. The second assertion is a
consequence of Proposition 1.

Proposition 3 The curvature algebra Rx of a Riemannian manifold .M; g/ at any
point x 2 M is isomorphic to the linear Lie algebra over the vector space TxM
generated by the curvature operators of .M; g/ at x 2 M.

Proof The curvature tensor field of a Riemannian manifold given by Eq. (12.7) is
linear with respect to y 2 TxM and hence

R.x;y/.�; �/ D .Rx.�; �//
k
l y

l @

@yk
;

where Rx.�; �//
k
l is the matrix of the curvature operator Rx.�; �/WTxM ! TxM

with respect to the natural basis
˚
@
@x1
jx; : : : ; @

@xn jx
�
: Hence any curvature vector field

rx.�; �/. y/ with �; � 2 TxM has the shape rx.�; �/. y/ D .Rx.�; �//
k
l y

l @
@yk

. It follows
that the flow of rx.�; �/. y/ on the indicatrix IxM generated by the vector field
rx.�; �/. y/ is induced by the action of the linear 1-parameter group exp tRx.�; �//

on TxM, which implies the assertion.
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Since for Finsler surfaces of non-vanishing curvature the curvature vector fields
form a one-dimensional vector space and hence the generated Lie algebra is also
one-dimensional, we have

Remark 2 The curvature algebra of Finsler surfaces is at most one-dimensional.

12.4.2 Constant Curvature

Now, we consider a Finsler manifold .M;F / of non-zero constant curvature. In this
case for any x 2 M the curvature vector field rx.X;Y/. y/ has the shape (cf. (12.14))

r.X;Y/. y/ D c
�
ıijgkm. y/y

m � ıikgjm. y/ym
�
XjYk @

@yi
; 0 ¤ c 2 R:

Putting yj D gjm. y/ym we can write r.X;Y/. y/ D c
�
ıijyk � ıikyj

�
XjYk @

@yi
: Any

linear combination of curvature vector fields has the form

r.A/. y/ D Ajk
�
ıijyk � ıikyj

� @
@yi
;

where A D Ajk @
@xj
^ @

@xk
2 TxM ^ TxM is arbitrary bivector at x 2 M.

Lemma 1 Let .M;F / be a Finsler manifold of non-zero constant curvature. The
curvature algebraRx at any point x 2 M satisfies

dimRx � n.n� 1/
2

; (12.24)

where n D dimM.

Proof Let us consider the curvature vector fields rjk D rx. @
@y j
; @
@yk
/. y/ at a fixed

point x 2 M. If a linear combination

Ajkrjk D Ajk.ıijyk � ıikyj/
@

@yi
D .Aikyk � Ajiyj/

@

@yi
D 2Aikyk

@

@yi

of curvature vector fields rjk with constant coefficients Ajk D �Akj satisfies Ajkrjk D
0 for any y 2 TxM then one has the linear equation Aikyk D 0 for any fixed index
i. Since the covector fields y1; : : : ; yn are linearly independent we obtain Ajk D 0

for all j; k 2 f1; : : : ; ng. It follows that the curvature vector fields rjk are linearly
independent for any j < k and hence dimRx > n.n�1/

2
.
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Corollary 1 Let .M; g/ be a Riemannian manifold of non-zero constant curvature
with n D dimM. The curvature algebraRx at any point x 2 M is isomorphic to the
orthogonal Lie algebra o.n/.

Proof The holonomy group of a Riemannian manifold is a subgroup of the
orthogonal group O.n/ of the tangent space TxM and hence the curvature algebra
Rx is a subalgebra of the orthogonal Lie algebra o.n/. Hence the previous assertion
implies the corollary.

Theorem 2 Let .M;F / be a Finsler manifold of non-zero constant curvature with
dimM > 2. If the point x 2 M is not (semi-)Riemannian, then the curvature algebra
Rx at x 2 M satisfies

dimRx >
n.n� 1/

2
where n D dimM: (12.25)

Proof We assume dimRx D n.n�1/
2

. For any constant skew-symmetric matrices
fAjkg and fB jkg the Lie bracket of vector fields Aikyk @

@yi
and Bikyk @

@yi
has the

shape Cikyk
@
@yi

, where fCikg is a constant skew-symmetric matrix, too. Using the
homogeneity of ghl we obtain

@yh
@ym
D @ghl
@ym

yl C ghm D ghm (12.26)

and hence
�
Amk yk

@

@ym
;Bih yh

@

@yi

�
D
�
Amk Bih @yh

@ym
� Bmk Aih @yh

@ym

�
yk

@

@yi

D �Bih ghm Amk � Aih ghm Bmk
�
yk

@

@yi
D Cik yk

@

@yi
:

Particularly, for the skew-symmetric matrices Eij
ab D ıiaı

j
b�ıibıja, a; b 2 f1; : : : ; ng,

we have
�
Eij
ab yj

@

@yi
; Ekl

cd yl
@

@yk

�
D �Eih

cd ghm Emk
ab � Eih

ab ghm Emk
cd

�
yk

@

@yi
D �im

ab;cd ym
@

@yi
;

where the constants�ij
ab;cd satisfy �ij

ab;cdD��ji
ab;cdD��ij

ba;cdD��ij
ab;dcD��ij

cd;ab:

Putting i D a and computing the trace for these indices we obtain

.n � 2/.gbd yc � gbc yd/ D �l
b;cd yl; (12.27)

where �l
b;cd WD �il

ib;cd. The right-hand side is a linear form in variables y1; : : : ; yn.
According to the identity (12.27) this linear form vanishes for yc D yd D 0, hence
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�l
b;cd D 0 for l ¤ c; d. Denoting �.c/bd WD 1

n�2�
c
b;cd (no summation for the index c)

we get the identities

gbd yc � gbc yd D �.c/bd yc � �.d/bc yd .no summation for c and d/:

Putting yd D 0 we obtain gbd
ˇ̌
ydD0 D �

.c/
bd for any c ¤ d. It follows �.c/bd is

independent of the index c .¤ d/. Defining �bd WD �
.c/
bd with some c .¤ d/ we

obtain from (12.27) the identity

gbd yc � gbc yd D �bd yc � �bc yd (12.28)

for any b; c; d 2 f1; : : : ; ng. We have

�cd yb��cb yd D .gbd yc�gbc yd/�.gdb yc�gdc yb/ D .�bd yc��bc yd/�.�db yc��dc yb/:

which implies the identity

.�cd yb � �cb yd/C .�db yc � �dc yb/C .�bc yd � �bd yc/
D .�cd � �dc/ yb C .�db � �bd/ yc C .�bc � �cb/ yd D 0: (12.29)

Since dimM > 2, we can consider three different indices b; c; d and we obtain from
the identity (12.29) that �bc D �cb for any b; c 2 f1; : : : ; ng.

By derivation the identity (12.28) we get

@gbd
@ya

yc � @gbc
@ya

yd C gbd ı
a
c � gbc ı

a
d D �bd ıac � �bc ıad :

Using (12.26) we obtain

@ya
@yq

�
@gbd
@ya

yc � @gbc
@ya

yd

�
C gbd gcq � gbc gdq

D @gbd
@yq

yc � @gbc
@yq

yd C gbd gcq � gbc gdq D �bd gcq � �bc gdq:

Since
�
@gbd
@yq

yc � @gbc
@yq

yd

�
yb D 0

we get the identity

yd gcq � yc gdq D �bd yb gcq � �bc yb gdq:
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Multiplying both sides of this identity by the inverse fgqrg of the matrix fgcqg and
taking the trace with respect to the indices c; r we obtain the identity

.n � 1/ yd D .n � 1/�bd yb:

Hence we obtain that gbd yb D �bd yb and hence gbd D �bd; which means that the
point x 2 M is (semi-)Riemannian. From this contradiction follows the assertion.

Corollary 2 The curvature algebra Rx at a point x 2 M of a Finsler manifold
.M;F / of non-zero constant curvature satisfies

dimRx D n.n� 1/
2

; where nDdimM; (12.30)

if and only if nD 2 or the point x 2 M is (semi-)Riemannian.

Theorem 3 Let .M;F / be a positive definite Finsler manifold of non-zero constant
curvature with n D dimM > 2. The holonomy group of .M;F / is a compact Lie
group if and only if .M;F / is a Riemannian manifold.

Proof We assume that the holonomy group of a Finsler manifold .M;F / of non-
zero constant curvature with dimM > 3 is a compact Lie transformation group
on the indicatrix IxM. The curvature algebra Rx at a point x 2 M is tangent to
the holonomy group Hol.x/ and hence dimHol.x/ � dimRx. If there exists a not
(semi-)Riemannian point x 2 M, then dimRx >

n.n�1/
2

. The .n � 1/-dimensional
indicatrix IxM at x can be equipped with a Riemannian metric which is invariant
with respect to the compact Lie transformation group Hol.x/. Since the group of
isometries of an n � 1-dimensional Riemannian manifold is of dimension at most
n.n�1/
2

(cf. Kobayashi [11], p. 46) we obtain a contradiction, which proves the
assertion.
Since the holonomy group of a Landsberg manifold is a subgroup of the isometry
group of the indicatrix, we obtain that any Landsberg manifold of non-zero constant
curvature with dimension > 2 is Riemannian (c.f. Numata [24]).

We can summarize our results as follows:

Theorem 4 The holonomy group of any non-Riemannian positive definite Finsler
manifold of non-zero constant curvature with dimension > 2 does not occur as the
holonomy group of any Riemannian manifold.

12.4.3 Infinite Dimensional Curvature Algebra

Let us consider the singular (non y-global) Finsler manifold .H3;F /, where H3 is
the three-dimensional Heisenberg group and F is a left-invariant Berwald-Moór
metric (c.f. [27], Example 1.1.5, p. 8).
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The group H3 can be realized as the Lie group of matrices of the form

�
1 x1 x2

0 1 x3
0 0 1

�
;

where x D .x1; x2; x3/ 2 R
3 and hence the multiplication can be written as

.x1; x2; x3/ � . y1; y2; y3/ D .x1 C y1; x2 C y2 C x1y3; x3 C y3/:

The vector 0D .0; 0; 0/ 2 R
3 gives the unit element of H3. The Lie algebra h3 D

T0H3 consists of matrices of the form

�
0 a1 a2

0 0 a3
0 0 0

�
; corresponding to the tangent vector

aDa1 @
@x1
Ca2 @

@x2
Ca3 @

@x3
at the unit element 0 2 H3. A left-invariant Berwald-Moór

Finsler metric F is induced by the (singular) Minkowski functional F
0
W h3 ! R:

F0 .a/ WD
�
a1a2a3

� 2
3

of the Lie algebra in the following way: if y D . y1; y2; y3/ is a tangent vector at
x 2 H3, then

F .x; y/ WD F0 .x
�1y/:

The coordinate expression of the singular (non y-global) Finsler metric F is

F .x; y/ D � y1 � y2�x1y3� y3� 23 :

Since F is left-invariant, the associated geometric structures (connection,
geodesics, curvature) are also left-invariant and the curvature algebras at different
points are isomorphic. Using the notation

rx.i; j/ D rx

�
@

@xi
;
@

@xj

�
; i; j D 1; 2; 3;

for curvature vector fields, a direct computation yields

rx.1; 2/ D 1

4

 
5y1

2
y3
2

.x1y3�y2/3
@

@y1
C y1y3

2 �
3 x1y3 C y2

�

. y2�x1y3/3
@

@y2
C 4y1y3

3

. y2�x1y3/3
@

@y3

!
;

rx.1; 3/ D 1

4

 
y1
2
y3
�
6 x1y3�11 y2�

.x1y3�y2/3
@

@y1
C 4y1y3

2
x1
�
2 x1y3�3 y2�

. y2�x1y3/3
@

@y2

C y1y3
2 �
7 x1y3�11 y2�

. y2�x1y3/3
@

@y3

!
;

rx.2; 3/ D 1

4

 
4y1

3
y3

.x1y3�y2/3
@

@y1
C y1

2
y3
�
6 x1y3�y2�

. y2�x1y3/3
@

@y2
C 5y1

2
y3
2

. y2�x1y3/3
@

@y3

!
:
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The curvature vector fields r0.i; j/; i; j D 1; 2; 3; at the unit element 0 2 H3 generate

the curvature algebra r0. Let us denote Yk;m WD y1
k
y3

m

y2kCm�1 ; k;m 2 N, and consider the

vector fields

Ak;m.a1; a2; a3/ D a1YkC1;m @

@y1

ˇ̌
ˇ̌
0

C a2Yk;m @

@y2

ˇ̌
ˇ̌
0

C a3Yk;mC1 @
@y3

ˇ̌
ˇ̌
0

; (12.31)

with .a1; a2; a3/ 2 R
3 and k;m 2 N. Then the curvature vector fields r0.i; j/ at

0 2 H3 can be written in the form

r0.1; 2/ D 1

4
A1;2.�5; 1; 4/; r0.1; 3/ D 1

4
A1;1.11; 0;�11/; r0.2; 3/ D 1

4
A2;1.�4;�1; 5/:

Proposition 4 The curvature algebra rx at any point x 2 M is a Lie algebra of
infinite dimension.

Proof Since the Finsler metric is left-invariant, the curvature algebras at different
points are isomorphic. Therefore it is enough to prove that the curvature algebra r0
at 0 2 H3 has infinite dimension. We prove the statement by contradiction: let us
suppose that r0 is finite dimensional.

A direct computation shows that for any .a1; a2; a3/; .b1; b2; b3/ 2 R
3 one has

�
Ak;m.a1; a2; a3/;Ap;q.b1; b2; b3/

	 D AkCp;mCq.c1; c2; c3/

with some .c1; c2; c3/ 2 R
3. It follows that any iterated Lie bracket of curvature

vector fields r0.i; j/; i; j D 1; 2; 3; has the shape (12.31) and hence there exists a
basis of the curvature algebra r0 of the form fAki;mi.a1i ; a

2
i ; a

3
i /gNiD1, where N 2 N is

the dimension of r0. We can assume that f.ki;mi/gNiD1 forms an increasing sequence,
i.e. .k1;m1/ 6 .k2;m2/ 6 � � � 6 .kN ;mN/ holds with respect to the lexicographical
ordering of N � N. We can consider the vector fields

4

11
r0.1; 3/ D A1;1.1; 0;�1/; 4r0.1; 2/ D A1;2.�5; 1; 4/; 4r0.2; 3/ D A2;1.�4;�1; 5/

as the first three members of this sequence. Hence 1 6 kN ;mN and
�
A1;1.1; 0;�1/; AkN ;mN .a1N ; a

2
N ; a

3
N/
	 D A1CkN ;1CmN .c1; c2; c3/

belongs to r0, too, where c1 D .kN � mN � 1/a1N C 2a2N � a3N , c2 D .kN � mN/a2N
and c3 D a1N � 2a2N C .kN �mN C 1/a3N . Since kN < 1C kN , mN < 1CmN we have
c1 D c2 D c3 D 0 and hence the homogeneous linear system

0 D .kN � mN � 1/a1N C 2a2N � a3N;

0 D .kN � mN/a
2
N ;

0 D a1N � 2a2N C .kN � mN C 1/a3N
has a solution .a1N ; a

2
N ; a

3
N/ ¤ .0; 0; 0/. It follows that kN D mN .
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Similarly, computing the Lie bracket

0 D �A1;2.�5; 1; 4/;AkN ;kN .a1N ; a
2
N ; a

3
N/
	 D A1CkN ;2CkN .d1; d2; d3/

Since kN < 1C kN < 2C kN we have d1 D d2 D d3 D 0 giving the homogeneous
linear system

0 D.�3kN C 5/a1N � 15a2N C 10a3N;
0 D� a1N C .3 � 3kN/a2N � 2a3N;
0 D� 4a1N C 12a2N � .3kN C 8/a3N

for .a1N ; a
2
N ; a

3
N/. The determinant of this system vanishes only for kN D 0 which is

a contradiction.

Corollary 3 The holonomy group of the y-singular Finsler manifold .H3;F / has
an infinite dimensional tangent Lie algebra.

We remark here that it remains an interesting open question: Is there a nonsingu-
lar (y-global) Finsler manifold whose curvature algebra is infinite dimensional?

12.5 Holonomy Algebra

12.5.1 Fibered Holonomy Group

Now, we introduce the notion of the fibered holonomy group of a Finsler manifold
.M;F / as a subgroup of the diffeomorphism group of the total manifold IM of
the bundle .IM; �;M/ and apply our results on tangent vector fields to an abstract
subgroup of the diffeomorphism group to the study of tangent Lie algebras to the
fibered holonomy group.

Definition 6 The fibered holonomy group Holf.M/ of .M;F / consists of fiber
preserving diffeomorphisms ˚ 2 Diff1.IM/ of the indicatrix bundle .IM; �;M/
such that for any p 2 M the restriction ˚p D ˚ jIpM 2 Diff1.IpM/ belongs to the
holonomy group Hol. p/.
We note that the holonomy group Hol. p/ and the fibered holonomy group Holf.M/
are topological subgroups of the infinite dimensional Lie groups Diff1.IpM/ and
Diff1.IM/, respectively.

The definition of strongly tangent vector fields yields

Remark 3 A vector field � 2 X1.IM/ is strongly tangent to the fibered holonomy
group Holf.M/ if and only if there exists a family

˚
˚.t1;:::;tk/

ˇ̌
IM

�
ti2.�";"/ of fiber

preserving diffeomorphisms of the bundle .IM; �;M/ such that for any indicatrix
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Ip the induced family
˚
˚.t1;:::;tk/

ˇ̌
IpM

�
ti2.�";"/ of diffeomorphisms is contained in the

holonomy group Hol. p/ and �
ˇ̌
IpM

is strongly tangent to Hol. p/.

Since �
�
˚.t1;:::;tk/. p/

��p and ��.�/D0 for every p 2 U, we get the

Corollary 4 Strongly tangent vector fields to the fibered holonomy group Holf.M/
are vertical vector fields. If � 2 X1.IM/ is strongly tangent to Holf.M/ then its
restriction �p WD �

ˇ̌
Ip

to any indicatrix Ip is strongly tangent to the holonomy group

Hol. p/.
Let now U � M be an open neighborhood in M diffeomorphic to R

n and consider
the Finsler manifold .U;F jU/ induced on U. Now we prove that the first assertion
of Theorem 1 on the tangential property to the holonomy group of curvature vector
fields at a point can be extended to curvature vector fields defined on the full the
indicatrix bundle of .U;F jU/ .

Proposition 5 Any curvature vector field � 2 X1.IU/ on the indicatrix bundle
of the Finsler manifold .U;F jU/ is strongly tangent to the fibered holonomy group
Holf.U/.

Proof Since U is diffeomorphic to R
n we can identify the manifold U with the

vector spaceRn. Let � D r.X;Y/ 2 X1.IRn/ be a curvature vector field with X;Y 2
X1.Rn/. According to Proposition 2 its restriction �

ˇ̌
IpRn to any indicatrix IpR

n is

strongly tangent to the holonomy groups Hol. p/. We have to prove that there exists
a family

˚
˚.t1;:::;tk/

ˇ̌
IRn

�
ti2.�";"/ of fiber preserving diffeomorphisms of the indicatrix

bundle .IRn; �;Rn/ such that for any p 2 R
n the family of diffeomorphisms induced

on the indicatrix Ip is contained in Hol. p/ and �
ˇ̌
IpR

n is strongly tangent to Hol. p/.
For any p 2 R

n and �1 < s; t < 1 let ˘.sXp; tYp/ be the parallelogram in
R

n determined by the vertexes p; p C sXp; p C sXp C tYp; p C tYp 2 R
n and let

�˘.sXp;tYp/ W Ip ! Ip denote the (nonlinear) parallel translation of the indicatrix
Ip along the parallelogram˘.sXp; tYp/ with respect to the associated homogeneous
(nonlinear) parallel translation of the Finsler manifold .Rn;F /. Clearly we have
�˘.sXp;tYp/ D IdIRn , if s D 0 or t D 0 and

@2�˘.sXp;tYp/

@s@t

ˇ̌
ˇ̌
ˇ
.s;t/D.0;0/

D �p for every p 2 R
n:

Since ˘.sXp; tYp/ is a differentiable field of parallelograms in R
n, the maps

�˘.sXp;tYp/, p 2 R
n, 0 < s; t < 1, define a 2-parameter family of fiber preserving

diffeomorphisms of the indicatrix bundle IRn. The diffeomorphisms induced by the
family

˚
�˘.sXp;tYp/

�
s;t2.�1;1/ on any indicatrix Ip are contained in Hol. p/. Hence the

vector field � 2X1.Rn/ is strongly tangent to the fibered holonomy group Holf.U/
and the assertion is proved.

Corollary 5 If M is diffeomorphic to R
n, then the curvature algebra R.M/ of

.M;F / is tangent to the fibered holonomy group Holf.M/.
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12.5.2 Infinitesimal Holonomy Algebra

The following assertion shows that similarly to the Riemannian case, the curvature
algebra can be extended to a larger tangent Lie algebra containing all horizontal
Berwald covariant derivatives of the curvature vector fields.

Proposition 6 If � 2 X1.IM/ is strongly tangent to the fibered holonomy group
Holf.M/ of .M;F /, then its horizontal Berwald covariant derivative rX� along any
vector field X 2 X1.M/ is also strongly tangent to Holf.M/.

Proof Let � be the (nonlinear) parallel translation along the flow ' of the vector
field X, i.e. for every p 2 M and t 2 .�"p; "p/ the map �t. p/WIpM ! I't. p/M is the
(nonlinear) parallel translation along the integral curve of X. If f˚.t1;:::;tk/gti2.�";"/
is a C 1-differentiable k-parameter family f˚.t1;:::;tk/gti2.�";"/ of fiber preserving
diffeomorphisms of the indicatrix bundle .IM; �jM ;M/ satisfying the conditions
of Definition 4, then the commutator

Œ˚.t1;:::;tk/; �tkC1
� WD ˚�1

.t1;:::;tk/ ı .�tkC1
/�1 ı ˚.t1;:::;tk/ ı �tkC1

of the group Diff1
�
IM

�
fulfills Œ˚.t1;:::;tk/; �tkC1

� D Id, if some of its variables equals
0. Moreover

@kC1Œ˚.t1:::tk/; �.tkC1/�

@t1 : : : @tkC1

ˇ̌
ˇ̌
ˇ
.0:::0/

D ���;Xh
	

(12.32)

at any point of M, which shows that the vector field
�
�;Xh

	
is strongly tangent to

Holf.M/. Moreover, since the vector field � is vertical, we have hŒXh; �� D 0, and
using rX� WD ŒXh; �� we obtain

�Œ�;Xh� D ŒXh; �� D vŒXh; �� D rX�

which yields the assertion.

Definition 7 Let hol�.M/ be the smallest Lie algebra of vector fields on the
indicatrix bundle IM satisfying the properties

(i) any curvature vector field � belongs to hol�.M/,
(ii) if �; � 2 hol�.M/, then Œ�; �� 2 hol�.M/,

(iii) if � 2 hol�.M/ and X 2 X1.M/, then the horizontal Berwald covariant
derivative rX� also belongs to hol�.M/.

The Lie algebra hol�.M/ � X1.IM/ is called the infinitesimal holonomy algebra
of the Finsler manifold .M;F /.
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Remark 4 The infinitesimal holonomy algebra hol�.M/ is invariant with respect to
the horizontal Berwald covariant derivation, i.e.

� 2 hol�.M/ and X 2 X1.M/ ) rX� 2 hol�.M/: (12.33)

Let U � M be an open neighborhood in M diffeomorphic to R
n and let .U;F jU/

be the Finsler manifold .U;F jU/ induced on U. The results of this sections yield
the following

Theorem 1 The infinitesimal holonomy algebra hol�.U/ of the Finsler manifold
.U;F jU/ is tangent to the fibered holonomy group Holf.U/.
Let hol�.M/ � X1.IM/ be the infinitesimal holonomy algebra of the Finsler
manifold .M;F / and let p be a given point in M.

Definition 8 The Lie algebra hol�. p/ WD ˚
�p I � 2 hol�.M/

� � X1.IpM/ of
vector fields on the indicatrix IpM is called the infinitesimal holonomy algebra at
the point p 2 M.
Clearly, for any p 2 M the curvature algebra Rp at p 2 M is contained in the
infinitesimal holonomy algebra hol�. p/ at p 2 M.

The following assertion is a direct consequence of the definition. It shows that
the infinitesimal holonomy algebra at a point p of .M;F / can be calculated in a
neighborhood of p.

Remark 5 Let .U;F jU/ be an open submanifold of .M;F / such that U � M is
diffeomorphic to R

n and let p 2 U. The infinitesimal holonomy algebras at p of the
Finsler manifolds .M;F / and .U;F jU/ coincide.
Now, we can prove the following

Theorem 2 The infinitesimal holonomy algebra hol�. p/ at a point p 2 M of the
Finsler manifold .M;F / is tangent to the holonomy group Hol. p/.

If .M;F / is a positive definite Finsler manifold, then the group generated by
the exponential image exp

�
hol�. p/

�
is a subgroup of the topological closure of the

holonomy group Hol. p/.

Proof Let U � M be an open submanifold of M, diffeomorphic to R
n and

containing p 2 M. According to the previous remark we have hol�. p/ WD˚ �p I � 2
holf.U/

�
. Since the fibered holonomy algebra holf.U/ is tangent to the fibered

holonomy group Holf.U/ we obtain the first assertion. The second assertion is a
consequence of Proposition 1.

12.5.3 The Berwald Translate

Let x.t/, 0 6 t 6 a be a smooth curve joining the points qDx.0/ and pDx.a/ in the
Finsler manifold .M;F /. If y.t/ D �ty.0/ 2 Ix.t/M is a parallel vector field along
x.t/, 0 6 t 6 a, where �t W IqM ! Ix.t/M denotes the homogeneous (nonlinear)
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parallel translation, then we have DPxy.t/ WD
�
dyi.t/
dt C Gi

j.x.t/; y.t//Pxj.t/
�
@
@xi
D 0:

Considering a vector field � on the indicatrix IqM, the map �a�� ı ��1
a W . p; y/ 7!

�a��. y.a// gives a vector field on the indicatrix IpM. Hence we can formulate

Lemma 1 For any vector field � 2 hol�.q/ � X1.IqM/ in the infinitesimal
holonomy algebra at q the vector field �a�� ı ��1

a 2 X1.IpM/ is tangent to the
holonomy group Hol. p/.

Proof Let f
t 2 Hol.q/gt2.�";"/ be a C 1-differentiable 1-parameter family of
diffeomorphisms of IqM belonging to the holonomy group Hol.q/ and satisfying
the conditions 
0 D Id, @
t

@t

ˇ̌
tD0 D �: Since the 1-parameter family

�a ı 
t ı ��1
a 2 Diff1.IpM/gt2.�";"/

of diffeomorphisms consists of elements of the holonomy groupHol. p/ and satisfies
the conditions

�a ı 
0 ı ��1
a D Id;

@
�
�a ı 
t ı ��1

a

�

@t

ˇ̌
ˇ̌
ˇ
tD0
D �a�� ı ��1

a ;

the assertion follows.

Definition 9 A vector field B� � 2 X1.IpM/ on the indicatrix IpM will be called
the Berwald translate of the vector field � 2 X1.IqM/ along the curve � D x.t/ if

B� � D �a�� ı .�a/�1:

Remark 6 Let y.t/ D �ty.0/ 2 Ix.t/M be a parallel vector field along � D x.t/,
0 6 t 6 a, started at y.0/ 2 Ix.0/M. Then, the vertical vector field �t D �.x.t/; y.t//
along .x.t/; y.t// is the Berwald translate �t D �t��0 ı �t�1 if and only if

rPx� D
�
@� i.x; y/

@xj
�Gk

j .x; y/
@� i.x; y/

@yk
C Gi

jk.x; y/�
k.x; y/

�
Pxj @
@yi
D 0:

Now, Lemma 1 yields the following

Corollary 6 If � 2 hol�.q/, then its Berwald translate B� � 2X1.IpM/ along any
curve �Dx.t/, 0 6 t 6 a, joining qDx.0/ with pDx.a/ is tangent to the holonomy
group Hol. p/.
This last statement motivates the following

Definition 10 The holonomy algebra holp.M/ of the Finsler manifold .M;F / at
the point p 2 M is defined by the smallest Lie algebra of vector fields on the
indicatrix IpM, containing the Berwald translates of all infinitesimal holonomy
algebras along arbitrary curves x.t/, 0 6 t 6 a joining any points q D x.0/ with the
point p D x.a/.
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Clearly, the holonomy algebras at different points of the Finsler manifold .M;F /

are isomorphic. Lemma 1, Corollary 6, and Proposition 1 yield the following

Theorem 3 The holonomy algebra holp.M/ at a point p 2 M of a Finsler manifold
.M;F / is tangent to the holonomy group Hol. p/.

If .M;F / is a positive definite Finsler manifold, then the group generated by
the exponential image exp

�
holp.M/

�
is a subgroup of the topological closure of the

holonomy group Hol. p/.

12.5.4 Finsler Surfaces with hol�.x/ D Rx

The relation between the infinitesimal holonomy algebra and the curvature algebra
is enlightened by the following

Theorem 4 Let .M;F / be a Finsler surface with non-zero constant flag curvature.
The infinitesimal holonomy algebra hol�.x/ at a point x 2 M coincides with the
curvature algebraRx at x if and only if the mean Berwald curvature E.x;y/ of .M;F /

vanishes for any y 2 IxM.

Proof Let U �M be a neighborhood of x 2M diffeomorphic to R
2. Identifying U

with R
2 and considering a coordinate system .x1; x2/ in R

2 we can write

Ri
jk.x; y/ D �

�
ıijgkm.x; y/y

m � ıikgjm.x; y/ym
�
; with � ¤ 0:

Since the curvature tensor field is skew-symmetric, R.x;y/ acts on the one-
dimensional wedge product TxM ^ TxM. According to Lemma 2 the covariant
derivative of the curvature vector field �DR.X;Y/D 1

2
R.X˝Y�Y˝X/DR.X^Y/

can be written in the form

rZ� D rZ .r.X;Y// D R .rZ.X ^ Y// D R.rZX ^ Y C X ^ rZY/;

where X;Y;Z 2X.U/. If XDXi @
@xi

, YDYi @
@xi

and ZDZi @
@xi

, then we have X ^ Y D
1
2

�
X1Y2 � X2Y1

�
@
@x1
^ @

@x2
and hence we obtain

rZ� D R

�
rk

�
.X1Y2 � Y1X2/

@

@x1
^ @

@x2

�
Zk

�
(12.34)

D R

�
@.X1Y2 � Y1X2/

@xk
Zk @

@x1
^ @

@x2

�

C.X1Y2 � Y1X2/R

�
rk

�
@

@x1
^ @

@x2

��
Zk;
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where we denote the covariant derivative rZ by rk if Z D @
@xk

, kD 1; 2. For given

vector fields X;Y;Z 2 X1.U/ the expression @.X1Y2�Y1X2/
@xk

Zk is a function on U.
Hence there exists a function  on U such that

R

�
@.XjYh � YjXh/

@xk
Zk @

@xj
^ @

@xh

�
D  R.X ^ Y/ D  R.X;Y/;

and  R.X;Y/ is an element of the curvature algebra R.U/ of the submanifold
.U;F jU/.

Now, we investigate the second term of the right-hand side of (12.34).

rk

� @

@x1
^ @

@x2

�
D
�
rk

@

@x1

�
^ @

@x2
C @

@x1
^
�
rk

@

@x2

�
D

D Gl
k1

@

@xl
^ @

@x2
C @

@x1
^ Gm

k2

@

@xm
D �G1k1 C G2k2

� @

@x1
^ @

@x2
:

Hence

.X1Y2�Y1X2/R
�
rk

� @

@x1
^ @

@x2

��
ZkD�G1k1CG2k2

�
ZkR.X;Y/D�G1k1 C G2k2

�
Zk�

This expression belongs to the curvature algebra if and only if the functionG1k1CG2k2
does not depend on the variable y, i.e. if and only if

Ekh D @
�
G1k1 C G2k2

�

@yh
D 0; h; k D 1; 2;

identically.

Remark 7 Let �DR.X;Y/ be a curvature vector field. Assume that the vector fields
X;Y 2 X1.M/ have constant coordinate functions in a local coordinate system
.x1; : : : ; xn/ of the Finsler surface .M;F /. Then we have in this coordinate system

rZ� D
�
G1k1 C G2k2

�
Zk�:

Shen constructed in [28] families of Randers surfaces depending on the real
parameter �, which are of constant flag curvature 1 on the unit sphere S2 � R

3

and of constant flag curvature�1 on a disk D
2 � R

2. These Finsler surfaces are not
projectively flat and have vanishing S-curvature (c.f. [28], Theorems 1.1 and 1.2).
Their Finsler function is defined by

˛ D
p
�2h.v; y/2 C h. y; y/ .1� �2h.v; v//

1 � �2h.v; v/ ; ˇ D �h.v; y/

1 � �2h.v; v/ ; (12.35)



302 Z. Muzsnay and P.T. Nagy

where h.v; y/ is the standard metric of the sphere S2, respectively h.v; y/ is the
standard Klein metric on the unit disk D

2 and v denotes the vector field defined by
.�x2; x1; 0/ at .x1; x2; x3/ 2 S2, respectively by .�x2; x1/ at .x1; x2/ 2 D

2.

Theorem 5 For any Randers surface defined by (12.35) the infinitesimal holonomy
algebra hol�.x/ at a point x 2 M coincides with the curvature algebraRx.

Proof According to Theorems 1.1 and 1.2 in [28], the above classes of not
locally projectively flat Randers surfaces with non-zero constant flag curvature have
vanishing S-curvature. Moreover, Proposition 6.1.3 in [27], p. 80 yields that the
mean Berwald curvature vanishes in this case. Hence the assertion follows from
Corollary 4.

12.6 Infinite Dimensional Subalgebras of the Infinitesimal
Holonomy Algebra

12.6.1 Projective Finsler Surfaces of Constant Curvature

A Finsler manifold .M;F / of dimension 2 is called Finsler surface. In this case
the indicatrix is one-dimensional at any point x 2 M, hence the curvature vector
fields at x 2 M are proportional to any given non-vanishing curvature vector field.
It follows that the curvature algebra Rx.M/ has a simple structure: it is at most
one-dimensional and commutative. Even in this case, the infinitesimal holonomy
algebra hol�x .M/ can be higher dimensional, or potentially infinite dimensional. For
the investigation of such examples we use a classical result of Lie claiming that
the dimension of a finite-dimensional Lie algebra of vector fields on a connected
one-dimensional manifold is less than 4 (cf. [1], Theorem 4.3.4). We obtain the
following

Lemma 1 If the infinitesimal holonomy algebra hol�x .M/ of a Finsler surface
.M;F / contains four simultaneously non-vanishing R-linearly independent vector
fields, then hol�x .M/ is infinite dimensional.

Proof If the infinitesimal holonomy algebra is finite-dimensional, then the
dimension of the corresponding Lie group acting locally effectively on the one-
dimensional indicatrix would be at least 4, which is a contradiction.
Let .M;F / be a locally projectively flat Finsler surface of non-zero constant
curvature, let .x1; x2/ be a local coordinate system centered at x 2 M, corresponding
to the canonical coordinates of the Euclidean space which is projectively related to
.M;F / and let . y1; y2/ be the induced coordinate system in the tangent plane TxM.

In the sequel we identify the tangent plane TxM with R
2 with help of the coordi-

nate system . y1; y2/. We will use the euclidean norm jj. y1; y2/jj Dp. y1/2 C . y2/2
of R2 and the corresponding polar coordinate system .er; t/, too.
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Let '. y1; y2/ be a positively 1-homogeneous function on R
2 and let r.t/ be the

2�-periodic smooth function r W R! R determined by

'.er.t/cos t; er.t/sin t/ D 1 or '. y1; y2/ D e�r.t/
p
. y1/2C. y2/2; (12.36)

where

cos tD y1p
. y1/2 C . y2/2 ; sin tD y2p

. y1/2 C . y2/2 ; tan tD y2

y1
;

i.e. the level set f'. y1; y2/ � 1g of the 1-homogeneous function ' in R
2 is given by

the parametrized curve t! .er.t/ cos t; er.t/ sin t/:
Since the curvature � of a smooth curve t! .er.t/ cos t; er.t/ sin t/ in R

2 is

� D � erpPr2 C 1.Rr � Pr
2 � 1/; (12.37)

the vanishing of the expression Rr � Pr2 � 1 means the infinitesimal linearity of the
corresponding positively homogeneous function in R

2.

Definition 11 Let '. y1; y2/ be a positively 1-homogeneous function on R
2 and

let �.t/ be the curvature of the curve t ! .er.t/ cos t; er.t/ sin t/ defined by the
Eq. (12.36). We say that '. y1; y2/ is strongly convex, if �.t/ ¤ 0 for all t 2 R.
Conditions (A)–(C) in the following theorem imply that the projective factor P at
x0 2 M is a nonlinear function, and hence, according to Remark 1, .M;F / is a
non-Riemannian Finsler manifold.

Theorem 1 Let .M;F / be a projectively flat Finsler surface of non-zero constant
curvature covered by a coordinate system .x1; x2/. Assume that there exists a point
x0 2 M such that one of the following conditions hold

(A) F induces a scalar product on Tx0M and the projective factor P at x0 is a
strongly convex positively 1-homogeneous function,

(B) F .x0; y/ is a strongly convex absolutely 1-homogeneous function on Tx0M, and
the projective factor P.x0; y/ on Tx0M satisfies P.x0; y/ D c �F .x0; y/ with
0 ¤ c 2 R,

(C) there is a projectively related Euclidean coordinate system of .M;F / centered
at x0 and one has

F .0; y/ D jyj ˙ ha; yi and P.0; y/ D 1

2
.˙jyj � ha; yi/ : (12.38)

Assume that the vector fields U D Ui @
@xi
, V D Vi @

@xi
2 X1.M/ have constant

coordinate functions and let � D R.U;V/ be the corresponding curvature vector
field. Then the subalgebra of the infinitesimal holonomy algebra hol�x .M/ generated
by the vector fields �

ˇ̌
x0
, r1�jx0 , r2�jx0 and r1 .r2�/ jx0 is infinite dimensional.
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Proof Since .M;F / is of constant flag curvature, we can write

Ri
jk.x; y/ D �

�
ıijgkm.x; y/y

m � ıikgjm.x; y/ym
�
; with � D const:

According to Lemma 2 the horizontal Berwald covariant derivative rWR of the
tensor field R D Ri

jk.x; y/dx
j ^ dxk @

@xi
vanishes and hence rWR D 0.

Since the curvature tensor field is skew-symmetric, R.x;y/ acts on the one-
dimensional wedge product TxM ^ TxM. The covariant derivative rW� of the
curvature vector field � D R.U;V/ D 1

2
R.U ˝ V �V ˝ U/ D R.U^V/ can be

written in the form

rW� D R .rW.U ^ V// D R.rWU ^ V C U ^ rWV/:

We have U ^ V D 1
2

�
U1V2 �U2V1

�
@
@x1
^ @

@x2
and hence

rW� D .U1V2 � V1U2/WkR
�
rk
�
@
@x1
^ @

@x2

� �
; (12.39)

where rk� WD r@

@xk
�. Since

rk
�
@
@x1
^ @

@x2

� D �rk
@
@x1

� ^ @
@x2
C @

@x1
^ �rk

@
@x2

�

D Gl
k1

@
@xl
^ @

@x2
C @

@x1
^ Gm

k2
@
@xm D

�
G1k1 C G2k2

�
@
@x1
^ @

@x2

we obtain

rW� D
�
G1k1 CG2k2

�
WkR.U;V/ D �G1k1 C G2k2

�
Wk�:

Since the geodesic coefficients are given by (12.17) we have

rW� D Gm
kmW

k� D 3@P
@yk

Wk�: (12.40)

Hence

rZ .rW�/ D 3rZ

�
@P

@yk
Wk�

�
D 3



rZ

�
@P

@yk
Wk

�
� C

�
@P

@yk
Wk

��
@P

@yl
Zl

��
�:

Let W be a vector field with constant coordinate functions. Then, using (12.17)
we get

rZ

�
@P

@yk
Wk

�
D
�
@2P

@xj@yk
�Gm

j

@2P

@ym@yk

�
WkZj D

�
@2P

@xj@yk
�P

@2P

@yk@y j

�
WkZj;
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and hence

rZ .rW�/ D 3


@2P

@xj@yk
�P

@2P

@yk@y j
C @P

@yk
@P

@y j

�
WkZj�: (12.41)

Let x0 2 M be the point with coordinates .0; 0/ in the local coordinate system
of .M;F / corresponding to the canonical coordinates of the projectively related
Euclidean plane. According to Lemma 8.2.1 in [6], p.155, we have

@2P

@x1@y2
�P

@2P

@y1@y2
C @P

@y1
@P

@y2
D 2@P

@y1
@P

@y2
� l

2

@2F 2

@y1@y2
D 2@P

@y1
@P

@y2
� � g12:

Hence the vector fields �
ˇ̌
x0

,r1�jx0 ,r2�jx0 andr1 .r2�/ jx0 are linearly independent
if and only if the functions

1;
@P

@y1

ˇ̌
ˇ̌
x0

;
@P

@y2

ˇ̌
ˇ̌
x0

;

�
2
@P

@y1
@P

@y2
� � g12

�ˇ̌
ˇ̌
x0

(12.42)

are linearly independent, where g12 D gy.
@
@x1
; @
@x2
/ is the component of the metric

tensor of .M;F /.

Lemma 2 The functions @P.0;y/
@y1

, @P.0;y/
@y2

and P.0; y/ @
2P.0;y/
@y1@y2

can be expressed in
the polar coordinate system .er; t/ by

@P.0; y/

@y1
D.cos tC Pr sin t/e�r;

@P.0; y/

@y2
D.sin t � Pr cos t/e�r;

P.0; y/
@2P.0; y/

@y1@y2
D.Pr2 C 1 � Rr/e�2rsin t cos t;

where the dot refers to differentiation with respect to the variable t.

Proof We obtain from @e�r

@y1
D �e�r Pr @t

@y1
and from � y2

. y1/2
D @

@y1
.
y2

y1
/ d tan t

dt
@t
@y1
D

1
cos2 t

@t
@y1

that @e
�r

@y1
D e�r Pr cos2 t y2

. y1/2
D e�r Pr y2

. y1/2C. y2/2 : Hence

@P.0; y/

@y1
D @

�
e�r

p
. y1/2 C . y2/2�
@y1

D e�r

 
Pr y2p

. y1/2 C . y2/2 C
y1p

. y1/2 C . y2/2

!
:

Similarly, we have @e�r

@y2
D �e�r Pr cos2 t 1

y1
D �e�r Pr y1

. y1/2C. y2/2 : Hence

@P.0; y/

@y2
D @

�
e�r
p
. y1/2 C . y2/2�

@y2
D e�r

 
�Pr y1p

. y1/2 C . y2/2
C y2p

. y1/2 C . y2/2

!
:



306 Z. Muzsnay and P.T. Nagy

Finally we have

@2P.0; y/

@y1@y2
D @.sin t � Pr cos t/e�r

@y1
D .Rr � Pr2 � 1/e�r sin t cos t

1p
. y1/2 C . y2/2 :

Replacing ' by the function P.0; y/ in the expression (12.36) we get the assertion.

Lemma 3 Let r W R! R be a 2�-periodic smooth function such that the inequality
Rr.t/ � Pr2.t/ � 1 ¤ 0 holds on a dense subset of R. Then the functions

1; .cos t C Pr sin t/e�r; .sin t � Pr cos t/e�r; .cos tC Pr sin t/.sin t � Pr cos t/e�2r

(12.43)

are linearly independent.

Proof The derivative of .cos t C Pr sin t/e�r and of .sin t � Pr cos t/e�r are .Rr � Pr2 �
1/e�r sin t and .Rr� Pr2 � 1/e�r cos t, respectively, hence the functions (12.43) do not
vanish identically. Let us consider a linear combination

ACB.cos tCPr sin t/e�rCC.sin t�Pr cos t/e�rCD.cos tCPr sin t/.sin t�Pr cos t/e�2r D 0

with constant coefficients A;B;C;D. We differentiate and divide by e�t.Rr � Pr2 � 1/
and we have

B sin t � C cos t � D.cos 2tC Pr sin 2t/e�r D 0:

Putting t D 0 and t D � we get C D �De�r.0/ D De�r.�/. Since e�r.0/; e�r.�/ > 0

we get C D D D 0 and hence A D B D C D D D 0.
Now, assume that condition (A) of Theorem 1 is fulfilled. According to Propo-

sition 1 if the functions (12.42) are linearly independent, then the holonomy
group Holx0 .M/ is an infinite dimensional subgroup of Diff1.Ix0M/. The function
F .x0; y/ induces a scalar product on Tx0M, consequently the component g12 of the
metric tensor is constant on Tx0M. Hence Holx0 .M/ is infinite dimensional if the
functions

1;
@P

@y1

ˇ̌
ˇ̌
x0

;
@P

@y2

ˇ̌
ˇ̌
x0

;
@P

@y1
@P

@y2

ˇ̌
ˇ̌
x0

(12.44)

are linearly independent. This follows from Lemma 3 and hence the assertion of the
theorem is true.

Assume that condition (B) is satisfied. We denote '. y/ D F .x0; y/. Using
the expressions (12.42) we obtain that the vector fields �

ˇ̌
x0

, r1�jx0 , r2�jx0 and
r1 .r2�/ jx0 are linearly independent if and only if the functions
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1;
@P

@y1

ˇ̌
ˇ̌
x0

D c
@'

@y1
;

@P

@y2

ˇ̌
ˇ̌
x0

D c
@'

@y2

�
2
@P

@y1
@P

@y2
� � g12

�ˇ̌
ˇ̌
x0

D .2c2 � �/ @'
@y1

@'

@y2
� � ' @2'

@y1@y2

are linearly independent. According to Lemma 2 this is equivalent to the linear
independence of the functions

1; .cos tC Pr sin t/ e�r; .sin t � Pr cos t/ e�r;

.2c2 � �/.cos tC Pr sin t/.sin t � Pr cos t/ e�2r � �.Rr � Pr2 � 1/ e�2r sin t cos t:

If r D const, then these functions are 1; cos t e�r; sin t e�r; 2c2 cos t sin t e�2r,
hence the assertion follows from Lemma 3. In the following we can assume that
r.t/ ¤ const. Let t0 2 R such that Pr.t0/ D 0 and �.t0/ ¤ 0. We rotate the coordinate
system at the angle �t0 with respect to the euclidean norm

p
. y1/2 C . y2/2, then

we get in the new polar coordinate system that Pr.0/ D 0 and �.0/ ¤ 0. Consider the
linear combination

ACB.cos tC Pr sin t/e�r C C.sin t � Pr cos t/ e�r

CD
�
.2c2��/.cos tCPr sin t/.sin t � Pr cos t/ e�2r ��.Rr�Pr2�1/ e�2r sin t cos t

�D0
(12.45)

with some constants A;B;C;D. Since the function ' is absolutely homogeneous,
the function r.t/ is �-periodic. Putting tC � into t, the value of

AC D.2c2 � �/.cos tC Pr sin t/.sin t � Pr cos t/ e�2r � �.Rr � Pr2 � 1/ e�2r sin t cos t

does not change, but the value of

B.cos tC Pr sin t/ e�r C C.sin t � Pr cos t/ e�r

changes sign. Since Lemma 3 implies that .cos tCPr sin t/ e�r and .sin t�Pr cos t/ e�r

are linearly independent, we have B D C D 0 and (12.45) becomes

A e2r C D

�
.2c2 � �/

�
�Pr cos 2tC 1

2
.1 � Pr2/ sin 2t

�
� �
2
.Rr � Pr2 � 1/ sin 2t

�
D 0:

(12.46)

Since Pr.0/ D 0 at t D 0, we have A D 0. If D ¤ 0, then (12.46) gives

.2c2 � �/
�
�Pr cos 2tC 1

2
.1 � Pr2/ sin 2t

�
� �
2
.Rr � Pr2 � 1/ sin 2t D 0:
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By derivation and putting t D 0 we obtain

.2c2 � �/� � Rr.0/C 1	� �.Rr.0/� 1/ D 2c2.1 � Rr.0// D 0:

Using the relation (12.37) condition (B) gives �.0/ D er.0/.1 � Rr.0// ¤ 0, which
is a contradiction. Hence D D 0 and the vector fields �

ˇ̌
x0

, r1�jx0 , r2�jx0 and
r1.r2�/ jx0 are linearly independent. Using Proposition 1 we obtain the assertion.

Suppose now that the condition (C) holds. Hence we have

@F

@y1
.0; y/ D y1

jyj ˙ a1;
@F

@y2
.0; y/ D y2

jyj ˙ a2;
@2F

@y1@y2
.0; y/ D �y

1y2

jyj3 ;

and

g12 D
�
y1

jyj ˙ a1
��

y2

jyj ˙ a2
�
�
�
1˙

D
a;

y

jyj
E� y1y2

jyj2 : (12.47)

Similarly, we obtain from condition (C) that

@P

@y1
.0; y/ D ˙ y1

jyj � a1;
@P

@y2
.0; y/ D ˙ y2

jyj � a2:

Using the expressions (12.42) we get that the vector fields �
ˇ̌
x0

, r1�jx0 , r2�jx0 ,
r1 .r2�/ jx0 are linearly independent if and only if the functions

1;
@P

@y1

ˇ̌
ˇ̌
.0;y/

D ˙ y1

jyj � a1;
@P

@y2

ˇ̌
ˇ̌
.0;y/

D ˙ y2

jyj � a2

and

2
@P

@y1
@P

@y2
� � g12

ˇ̌
ˇ̌
.0;y/

D

D �
D
a;

y

jyj
Ey1y2
jyj2 C.1��/

y1y2

jyj2

� .2C�/
�
a2

y1

jyj Ca1
y2

jyj
�
C.2��/a1a2

are linearly independent. Putting

cos t D y1

jyj ; sin t D y2

jyj
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we obtain that this condition is true, since the trigonometric polynomials

1; cos t; sin t; .1 � �/ cos t sin t� .a1 cos tC a2 sin t/ cos t sin t

are linearly independent. Hence the vector fields �
ˇ̌
x0

, r1�jx0 , r2�jx0 , r1 .r2�/ jx0
generate an infinite dimensional subalgebra of Holx0 .M/.

12.6.2 Projective Finsler Manifolds of Constant Curvature

Now we will prove that the infinitesimal holonomy algebra of a totally geodesic
submanifold of a Finsler manifold can be embedded into the infinitesimal holonomy
algebra of the entire manifold. This result yields a lower estimate for the dimension
of the holonomy group.

12.6.2.1 Totally Geodesic and Auto-Parallel Submanifolds

Lemma 4 Let NM be a totally geodesic submanifold in a spray manifold .M;S /.
The curvature vector fields at any point of NM can be extended to a curvature vector
field of M.

Proof Assume that the manifolds NM and M are k, respectively n D k C p
dimensional. Let .x1; : : : ; xk; xkC1; : : : ; xn/ be an adapted coordinate system, i.e. the
submanifold NM is locally given by the equations xkC1 D � � � D xn D 0. Using the
notation of the proof of Lemma 1 we get from Eq. (12.12) that G	˛ D 0 andG	˛ ˇ D 0
for any .x1; : : : ; xk; 0; : : : ; 0I y1; : : : ; yk; 0; : : : ; 0/ we have

@G	˛
@xˇ
� @G

	
ˇ

@x˛
C G�˛G

	
ˇ� � G�ˇG

	
˛� C G�˛G

	
ˇ� � G�ˇG

	
˛� D 0

at .x1; : : : ; xk; 0; : : : ; 0I y1; : : : ; yk; 0; : : : ; 0/. Hence the curvature tensors NK and K,
corresponding to the spray NS , respectively to the spray S satisfy

NK.X;Y/.x; y/ D K.X;Y/.x; y/ if x 2 NM and y;X;Y 2 Tx NM:

It follows that for any given X;Y 2 Tx NM the curvature vector field N�. y/ D
NK.X;Y/.x; y/ at x 2 NM defined on Tx NM can be extended to the curvature vector
field �. y/ D K.X;Y/.x; y/ at x 2 NM defined on TxM.

Theorem 2 Let NM be a totally geodesic two-dimensional submanifold of a Finsler
manifold .M;F / such that the infinitesimal holonomy algebra hol�x . NM/ of NM is
infinite dimensional. Then the infinitesimal holonomy algebra hol�x .M/ of M is
infinite dimensional.
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Proof According to Lemma 1 any curvature vector field of NM at x 2 NM � M
defined on Ix NM can be extended to a curvature vector field on the indicatrix IxM.
Hence the curvature algebra Rx. NM/ of the submanifold NM can be embedded into the
curvature algebra Rx.M/ of the manifold .M;F /. Assume that N� is a vector field
belonging to the infinitesimal holonomy algebra hol�x . NM/ which can be extended
to the vector field � belonging to the infinitesimal holonomy algebra hol�x .M/. Any
vector field NX 2 X1. NM/ can be extended to a vector field X 2 X1.M/, hence the
horizontal Berwald covariant derivative along NX 2 X1. NM/ of N� can be extended to
the Berwald horizontal covariant derivative along X 2 X1.M/ of the vector field
�. It follows that the infinitesimal holonomy algebra hol�x . NM/ of the submanifold NM
can be embedded into the infinitesimal holonomy algebra hol�x .M/ of the Finsler
manifold .M;F /. Consequently, hol�x .M/ is infinite dimensional and hence the
holonomy group Holx.M/ is an infinite dimensional subgroup of Diff1.IxM/.
This result can be applied to locally projectively flat Finsler manifolds, as they have
for each tangent 2-plane a totally geodesic submanifold which is tangent to this
2-plane.

Corollary 7 If a locally projectively flat Finsler manifold has a two-dimensional
totally geodesic submanifold satisfying one of the conditions of Theorem 1, then its
infinitesimal holonomy algebra is infinite dimensional.
According to Eqs. (12.18) and (12.19) the projectively flat Randers manifolds of
non-zero constant curvature satisfy condition (C) of Theorem 1. We can apply
Corollary 7 to these manifolds and we get the following

Theorem 3 The infinitesimal holonomy algebra of any projectively flat Randers
manifolds of non-zero constant flag curvature is infinite dimensional.

Bryant in [4, 5] introduced and studied complete Finsler metrics of positive
curvature on S2. He proved that there exists exactly a 2-parameter family of Finsler
metrics on S2 with curvature = 1with great circles as geodesics. Z. Shen generalized
a 1-parameter family of complete Bryant metrics to Sn satisfying

F .0; y/ D jyj cos˛; P.0; y/ D jyj sin ˛ (12.48)

with j˛j < �
2

in a coordinate neighborhood centered at 0 2 R
n, (cf. Example 7.1. in

[30] and Example 8.2.9 in [6]).
We investigate the holonomy groups of two families of metrics, containing the

1-parameter family of complete Bryant-Shen metrics (12.48). The first family in the
following theorem is defined by condition (A), which is motivated by Theorem 8.2.3
in [6]. There is given the following construction:

If  D  . y/ is an arbitrary Minkowski norm on R
n and ' D '. y/ is an

arbitrary positively 1-homogeneous function on R
n, then there exists a projectively

flat Finsler metric F of constant flag curvature �1, defined on a neighborhood of
the origin, such that F and its projective factor P satisfy F .0; y/ D  . y/ and
P.0; y/ D '. y/.
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Condition (B) in the next theorem is confirmed by Example 7 in [30], p. 1726,
where it is proved that for an arbitrary given Minkowski norm ' and j#j < �

2
there

exists a projectively flat Finsler function F of constant curvatureD 1 defined on a
neighborhood of 0 2 R

n, such that

F .0; y/ D '. y/ cos# and P.0; y/ D '. y/ sin#:

Conditions (A) and (B) in Theorem 1 together with Corollary 7 yield the following

Theorem 4 Let .M;F / be a projectively flat Finsler manifold of non-zero constant
curvature. Assume that there exists a point x0 2 M and a two-dimensional totally
geodesic submanifold NM through x0 such that one of the following conditions
holds

(A) F induces a scalar product on Tx0 NM, and the projective factor P on Tx0 NM is
a strongly convex positively 1-homogeneous function,

(B) F .x0; y/ on Tx0 NM is a strongly convex absolutely 1-homogeneous function
on Tx0M, and the projective factor P.x0; y/ on Tx0 NM satisfies P.x0; y/ D
c�F .x0; y/ with 0 ¤ c 2 R.

Then the infinitesimal holonomy hol�x .M/ of M is infinite dimensional.

12.7 Dimension of the Holonomy Group

Let .M;F/ be a positive definite Finsler manifold and x 2 M an arbitrary point in
M. According to Proposition 3 of [18], the infinitesimal holonomy algebra hol�x .M/
is tangent to the holonomy group Holx.M/. Therefore the group generated by the
exponential image of the infinitesimal holonomy algebra at x 2 M with respect to
the exponential map expx W X1.IxM/ ! Diff1.IxM/ is a subgroup of the closed
holonomy group Holx.M/ (see Theorem 3.1 of [21]). Consequently, we have the
following estimation on the dimensions:

dim hol�x .M/ 6 dimHolx.M/: (12.49)

Proposition 7 The infinitesimal holonomy algebra hol�x .M/ of any locally projec-
tively flat non-Riemannian Finsler surface .M;F / of constant curvature � ¤ 0 is
infinite dimensional.

Proof We use for the proof Lemma 1 and the notations introduced in the proof
of Theorem 1 in the previous section on projective Finsler surfaces of constant
curvature. Using the assertion on the vector fields (12.42) we obtain

Lemma 1 For any fixed 1 6 j; k 6 2

y! �.x; y/; y! r1�.x; y/; y! r2�.x; y/; y! rj.rk�/ .x; y/; (12.50)



312 Z. Muzsnay and P.T. Nagy

considered as vector fields on IxM, are R-linearly independent if and only if the

1;
@P

@y1
;

@P

@y2
;

@2P

@y j@yk
� �
4
gjk (12.51)

are linearly independent functions on TxM.
Since we assumed that the Finsler function F is non-Riemannian at the point x,
i.e. F 2.x; y/ is non-quadratic in y, the function P.x; y/ is nonlinear in y on TxM
(cf. Eq. (12.17)). Let us choose a direction y0 D . y10; y

2
0/ 2 TxM with y10 ¤ 0,

y20 ¤ 0 and having property that P is nonlinear 1-homogeneous function in a conic
neighborhoodU of y0 in TxM. By restricting U if it is necessary we can suppose that
for any y 2 U we have y1 ¤ 0, y2 ¤ 0.

To avoid confusion between coordinate indexes and exponents, we rename the
fiber coordinates of vectors belonging to U by .u; v/ D . y1; y2/. Using the values
of P on U we can define a 1-variable function f D f .t/ on an interval I � R by

f .t/ WD 1

v
P.x1; x2; tv; v/: (12.52)

Then we can express P and its derivatives with f :

PDv f .u=v/; @P

@y1
D f 0.u=v/;

@P

@y2
D f .u=v/� u

v
f 0.u=v/;

@2P

@y1@y1
D 1
v
f 00.u=v/;

@2P

@y1@y2
D� u

v2
f 00.u=v/;

@2P

@y2@y2
D u2

v3
f 00.u=v/:

(12.53)

Lemma 2 The functions 1; @P
@y1
; @P
@y2

are linearly independent.

Proof A nontrivial relation a C b @P
@y1
C c @P

@y2
D 0 yields the differential equation

aC bf 0 C c. f � tf 0/ D 0: It is clear that both b and c cannot be zero. If c ¤ 0, we
get the differential equation

.aC cf /0

aC cf
D 1

t � b
c

:

The solution is f .t/ D t� .aCb/=c and therefore the correspondingP.u; v/ D u�
v.aCb/=c is linear which is a contradiction. If c D 0, then b ¤ 0 and f D � a

b tCK.
The corresponding P.u; v/ D � a

buC Kv is again linear which is a contradiction.
Let us assume now that the infinitesimal holonomy algebra is finite dimensional. We
will show that this assumption leads to contradiction which will prove then that the
infinitesimal holonomy algebra is actually infinite dimensional.

Since IxM is one-dimensional, according to Lemma 1, the four vector fields
in (12.50) are linearly dependent for any j; k 2 f1; 2g. Using Lemma 1 we get that
the functions

1; P1; P2; PjPk � �
4
gjk (12.54)
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(Pi D @P
@yi

, Pjk D @2P
@y j@yk

) are linearly dependent for any j; k 2 f1; 2g. From
Lemma 2 we know that the first three functions in (12.54) are linearly independent.
Therefore by the assumption, the fourth function must be a linear combination of
the first three, that is there exist constants ai; bi; ci 2 R, i D 1; 2; 3, such that

�

4
g11 DP1P1 C a1 C b1P1 C c1P2;

�

4
g12 DP1P2 C a2 C b2P1 C c2P2;

�

4
g22 DP2P2 C a3 C b3P1 C c3P2:

(12.55)

Since @1g21 � @2g11 D 0 and @1g22 � @2g12 D 0 we have

P2P11 �P1P12 C b2P11 C .c2 � b1/P12 � c1P22 D 0;
P1P22 �P2P12 � b3P11 C .b2 � c3/P12 C c2P22 D 0:

(12.56)

Using the expressions (12.53) we obtain from (12.56) the equations

�
f � u

v
f 0
� 1
v
f 00 C f 0 u

v2
f 00 C b2

1

v
f 00 � .c2 � b1/

u

v2
f 00 � c1

u2

v3
f 00 D 0;

f 0 u2

v3
f 00 C

�
f � u

v
f 0
� u

v2
f 00 � b3

1

v
f 00 � .b2 � c3/

u

v2
f 00 C c2

u2

v3
f 00 D 0:

(12.57)

Since by the nonlinearity of P on U we have f 00 ¤ 0, Eq. (12.57) can divide by
f 00=v and we get

f C b2 C .b1 � c2/
u

v
� c1u2

v2
D 0

u

v
f � b3 C .c3 � b2/

u

v
C c2u2

v2
D 0:

(12.58)

for any t D u=v in an interval I � R. The solution of this system of quadratic
equations for the function f is f .t/ D �c2 t � b2 with c1 D b3 D 0, b1 D 2c2,
c3 D 2b2. But this is a contradiction, since we supposed that by the nonlinearity of
P we have f 00 ¤ 0 on this interval. Hence the functions 1, P1, P2, PjPk � �

4
gjk

can not be linearly dependent for any j; k 2 f1; 2g, from which follows the assertion.

Remark 8 From Proposition 7 we get that if .M;F / is non-Riemannian and � ¤ 0,
then the holonomy group has an infinite dimensional tangent algebra.
Indeed, according to Theorem 6.3 in [18] the infinitesimal holonomy algebra
hol�x .M/ is tangent to the holonomy group Holx.M/, from which follows the
assertion.
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Now, we can prove our main result:

Theorem 1 The holonomy group of a locally projectively flat simply connected
Finsler manifold .M;F / of constant curvature � is finite dimensional if and only if
.M;F / is Riemannian or � D 0.
Proof If .M;F / is Riemannian, then its holonomy group is a Lie subgroup of
the orthogonal group and therefore it is a finite dimensional compact Lie group.
If .M;F / has zero curvature, then the horizontal distribution associated to the
canonical connection in the tangent bundle is integrable and hence the holonomy
group is trivial.

If .M;F / is non-Riemannian having non-zero curvature �, then for each tangent
2-plane S � TxM the manifold M has a totally geodesic submanifold eM � M
such that TxeM D S. This eM with the induced metric is a locally projectively flat
Finsler surface of constant curvature �. Therefore from Proposition 7 we get that
hol�x .eM/ is infinite dimensional. Moreover, according to Theorem 4.3 in [22], if a
Finsler manifold .M;F / has a totally geodesic two-dimensional submanifold eM
such that the infinitesimal holonomy algebra of eM is infinite dimensional, then the
infinitesimal holonomy algebra hol�x .M/ of the containing manifold is also infinite
dimensional. Using (12.49) we get that Holx.M/ cannot be finite dimensional. Hence
the assertion is true.
We note that there are examples of non-Riemannian type locally projectively flat
Finsler manifolds with � D 0 curvature, (cf. [16]).

Remark 9 In the discussion before the previous theorem, the key condition for
the Finsler metric tensor was not the positive definiteness but its non-degenerate
property. Therefore Theorem 1 can be generalized as follows.

A pair .M;F / is called semi-Finsler manifold if in the definition of Finsler
manifolds the positive definiteness of the Finsler metric tensor is replaced by the
non-degenerate property. Then we have

Corollary 8 The holonomy group of a locally projectively flat simply connected
semi-Finsler manifold .M;F / of constant curvature � is finite dimensional if and
only if .M;F / is semi-Riemannian or � D 0.

12.8 Maximal Holonomy

12.8.1 The Group Diff1C .S1/ and the Fourier Algebra

Let .M;F / be a positive definite Finsler 2-manifold. In this case the indicatrix is
diffeomorphic to the unit circle S

1, at any point x 2 M. Moreover, if there exists a
non-vanishing curvature vector field at x 2 M then any other curvature vector field
at x 2 M is proportional to it, which means that the curvature algebra is at most
one-dimensional. The infinitesimal holonomy algebra, however, can be an infinite
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dimensional subalgebra of X1.S1/, therefore the holonomy group can be an infinite
dimensional subgroup of Diff1C .S1/, cf. [22].

Let S
1 D R mod 2� be the unit circle with the standard counterclockwise

orientation. The group Diff1C .S1/ of orientation preserving diffeomorphisms of
the S

1 is the connected component of Diff1.S1/. The Lie algebra of Diff1C .S1/
is the Lie algebra X1.S1/—denoted also by Vect.S1/ in the literature—can be
written in the form f .t/ ddt , where f is a 2�-periodic smooth functions on the real
line R. A sequence f fj ddt gj2N � Vect .S1/ converges to f d

dt in the Fréchet topology
ofVect.S1/ if and only if the functions fj and all their derivatives converge uniformly
to f , respectively to the corresponding derivatives of f . The Lie bracket on Vect.S1/
is given by

�
f
d

dt
; g

d

dt

�
D
�
g
df

dt
� dg

dt
f

�
d

dt
:

The Fourier algebra F.S1/ on S
1 is the Lie subalgebra of Vect.S1/ consisting

of vector fields f d
dt such that f .t/ has finite Fourier series, i.e. f .t/ is a Fourier

polynomial. The vector fields
˚
d
dt ; cos nt ddt ; sin nt ddt

�
n2N provide a basis for F.S1/.

A direct computation shows that the vector fields

d

dt
; cos t

d

dt
; sin t

d

dt
; cos 2t

d

dt
; sin 2t

d

dt
(12.59)

generate the Lie algebra F.S1/. The complexification F.S1/˝RC of F.S1/ is called
the Witt algebra W.S1/ on S

1 having the natural basis
˚
ieint ddt

�
n2Z, with the Lie

bracket Œieimt ddt ; ie
int d

dt � D i.m � n/ei.n�m/t d
dt :

Lemma 1 The group
D

exp .F.S1//
E
generated by the topological closure of the

exponential image of the Fourier algebra F.S1/ is the orientation preserving
diffeomorphism group Diff1C .S1/.

Proof The Fourier algebra F.S1/ is a dense subalgebra of Vect.S1/ with respect
to the Fréchet topology, i.e. F.S1/ D Vect.S1/. This assertion follows from the fact
that any r-times continuously differentiable function can be approximated uniformly
by the arithmetical means of the partial sums of its Fourier series (cf. [10], 2.12
Theorem). The exponential mapping is continuous (c.f. Lemma 4.1 in [25], p. 79),
hence we have

exp
�
Vect.S1/

� D exp
�
F.S1/

� � exp
�
F.S1/

� � Diff1C .S1/ (12.60)

which gives for the generated groups the relations

e̋xp
�
Vect.S1/

�̨ �
D

exp
�
F.S1/

� E � Diff1C .S1/: (12.61)
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Moreover, the conjugation map Ad W Diff1C .S1/ � Vect.S1/ satisfies the relation

h exp s� h�1 D exp sAd.h/�

for every h 2 Diff1C .S1/ and � 2 Vect.S1/. Clearly, the Lie algebra Vect.S1/ is
invariant under conjugation and hence the group

˝
exp

�
Vect.S1/

�̨
is also invariant

under conjugation. Therefore
˝
exp

�
Vect.S1/

�̨
is a nontrivial normal subgroup of

Diff1C .S1/. On the other hand,Diff1C .S1/ is a simple group (cf. [9]) which means that
its only nontrivial normal subgroup is itself. Therefore, we have

˝
exp

�
Vect.S1/

�̨ D
Diff1C .S1/; and using (12.61) we get

D
exp.F.S1//

E
D Diff1C .S1/:

12.8.2 Holonomy of the Standard Funk Plane
and the Bryant-Shen 2-Spheres

Using the results of the preceding chapter we can prove the following statement,
which provides a useful tool for the investigation of the closed holonomy group of
Finsler 2-manifolds.

Proposition 8 If the infinitesimal holonomy algebra hol�x .M/ at a point x 2 M of
a simply connected Finsler 2-manifold .M;F / contains the Fourier algebra F.S1/
on the indicatrix at x, then Holx.M/ is isomorphic to Diff1C .S1/.

Proof Since M is simply connected we have

Holx.M/ � Diff1C .S1/: (12.62)

On the other hand, using Proposition 1, we get

exp
�
F.S1/

��Holx.M/ ) exp
�
F.S1/

��Holx.M/ )
˝
exp

�
F.S1/

� ˛�Holx.M/;

and from the last relation, using Lemma 1, we can obtain that

Diff1C .S1/ � Holx.M/: (12.63)

Comparing (12.62) and (12.63) we get the assertion.
Using this proposition we can prove our main result:

Theorem 1 Let .M;F / be a simply connected projectively flat Finsler manifold of
constant curvature �¤0. Assume that there exists a point x02M such that on Tx0M
the induced Minkowski norm is an Euclidean norm, that is F .x0; y/Dkyk, and the
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projective factor at x0 satisfiesP.x0; y/ D c�kyk with c 2 R, c¤0. Then the closed
holonomy group Holx0 .M/ at x0 is isomorphic to Diff

1
C .S1/.

Proof Since .M;F / is a locally projectively flat Finsler manifold of non-zero
constant curvature, we can use an .x1; x2/ local coordinate system centered at
x0 2 M, corresponding to the canonical coordinates of the Euclidean space which
is projectively related to .M;F /. Let . y1; y2/ be the induced coordinate system
in the tangent plane TxM. In the sequel we identify the tangent plane Tx0M with
R
2 by using the coordinate system . y1; y2/. We will use the Euclidean norm
k. y1; y2/k Dp. y1/2 C . y2/2 of R2 and the corresponding polar coordinate system
.er; t/, too.

Let us consider the curvature vector field � at x0 D 0 defined by

�D R

�
@

@x1
;
@

@x2

�ˇ̌
ˇ̌
xD0
D ��ıi2g1m.0; y/ym � ıi1g2m.0; y/ym

� @
@xi

Since .M;F / is of constant flag curvature, the horizontal Berwald covariant
derivativerWR of the tensor field R vanishes, c.f. Lemma 2. Therefore the covariant
derivative of � can be written in the form

rW� D R

�
rk

�
@

@x1
^ @

@x2

��
Wk:

Since

rk

�
@

@x1
^ @

@x2

�
D �G1k1 C G2k2

� @

@x1
^ @

@x2

we obtain rW� D
�
G1k1 C G2k2

�
Wk�: Using (12.17) we can express Gm

km D 3 @P
@yk
D

3c yk

kyk and hence

rk� D 3 @P
@yk

� D 3c yk

kyk�;

where we use the notation rk D r @

@xk
. Moreover we have

rj

�
@P

@yk

�
D @2P

@xj@yk
� Gm

j

@2P

@ym@yk
D @2P

@xj@yk
�P

@2P

@yk@y j
;

and hence

rj .rk�/ D 3


@2P

@xj@yk
�P

@2P

@yk@y j
C 3@P

@yk
@P

@y j

�
�:
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According to Lemma 8.2.1, Eq. (8.25) in [6], p. 155, we obtain

@2P

@xj@yk
D @P

@y j

@P

@yk
CP

@2P

@y j@yk
� �
2

@2F 2

@y j@yk
:

Using the assumptions on F and on the projective factor P we can get at x0

rj .rk�/ D 3
�
4c2

@F

@y j

@F

@yk
� �

2

@2F 2

@y j@yk

�
�

and hence

rj .rk�/ D 3
�
4 c2

y jyk

kyk2 � � ı
jk

�
�;

where ıjk 2 f0; 1g such that ıjk D 1 if and only if j D k.
Let us introduce polar coordinates y1 D r cos t, y2 D r sin t in the tangent

space Tx0M. We can express the curvature vector field, its first and second covariant
derivatives along the indicatrix curve f.cos t; sin t/I 0 6 t < 2�g as follows:

�D� d

dt
; r1�D3c� cos t

d

dt
; r2�D�3c� sin t

d

dt
; r1.r2�/ D 12 c2� sin 2t

d

dt
;

r1.r1�/D�
�
12 c2 cos2 t��� d

dt
; r2.r2�/D�

�
12 c2 sin2 t��� d

dt
:

Since c� ¤ 0, the vector fields

d

dt
; cos t

d

dt
; sin t

d

dt
; cos t sin t

d

dt
; cos2 t

d

dt
; sin2 t

d

dt

are contained in the infinitesimal holonomy algebra hol�x0 .M/. It follows that the
generator system



d

dt
; cos t

d

dt
; sin t

d

dt
; cos 2t

d

dt
; sin 2t

d

dt

�

of the Fourier algebra F.S1/ (c.f. Eq. (12.59)) is contained in the infinitesimal
holonomy algebra hol�x0 .M/. Hence the assertion follows from Proposition 8.

We remark that the standard Funk plane and the Bryant-Shen 2-spheres are
connected, projectively flat Finsler manifolds of non-zero constant curvature.
Moreover, in each of them, there exists a point x0 2 M and an adapted local
coordinate system centered at x0 with the following properties: the Finsler norm
F .x0; y/ and the projective factor P.x0; y/ at x0 are given by F .x0; y/ D kyk and
by P.x0; y/ D c �kyk with some constant c 2 R, c ¤ 0, where kyk is an Euclidean
norm in the tangent space at x0. Using Theorem 1 we can obtain
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Theorem 2 The closed holonomy groups of the standard Funk plane and of
the Bryant-Shen 2-spheres are maximal, that is diffeomorphic to the orientation
preserving diffeomorphism group of S1.
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Chapter 13
Lepage Manifolds

Olga Rossi

Abstract Lepage manifolds represent a geometric structure arising from differen-
tial equations, and related with them as close as possible. Geometric properties
of Lepage manifolds reflect geometrical, topological and dynamical properties of
differential equations, and vice versa. After symplectic geometry, Lepage manifolds
represent a next step in understanding interrelations between differential equations,
geometry and physics. The aim of this chapter is to introduce the new concept, and
to stimulate deeper studies in this direction as well as applications in differential
geometry, differential equations, dynamical systems, exterior differential systems,
calculus of variations, and mathematical physics.

13.1 Introduction

Lepage manifold is a fibred manifold endowed with a certain differential form—
Lepage .n C 1/-form where n is the dimension of the base manifold. Lepage
manifolds represent a geometric structure arising from differential equations, and
related with them as close as possible. It turns out that geometric properties
of Lepage manifolds reflect geometric, topological and dynamical properties of
differential equations, and vice versa. The aim of this chapter is to introduce the
new concept and to stimulate further research in this direction, as well as many
potential applications.

After symplectic geometry, Lepage manifolds represent a next step in under-
standing interrelations between differential equations, geometry and physics. In a
similar way as symplectic manifolds constitute foundations of analytical mechanics
and the theory of dynamical systems, Lepage manifolds become fundamental
for differential equations in general, with strong applications in the calculus of
variations and geometric field theories.
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The use of differential forms in the calculus of variations and its applications
in physics goes back to É. Cartan, Poincaré, Whittaker, Carathéodory, Lepage,
Dedecker and Weinstein (see, e.g., [9, 11, 16, 72, 79, 92, 94]). A great success
was the development of symplectic geometry as a beautiful and powerful tool
for geometrization of classical Hamiltonian mechanics (see, e.g., Abraham and
Marsden [1], Arnold et al. [4], de León and Rodrigues [14], Libermann and Marle
[73]), and with many applications in physics, the theory of differential equations,
dynamical systems, control theory, and elsewhere. Nevertheless, it has turned out
that there are many variational systems for which the use of symplectic manifolds
is inappropriate. Indeed, a symplectic structure is naturally inherited only by a
particular class of variational problems, namely those described by variational inte-
grals of one independent variable with first-order regular Lagrangians, independent
upon the parameter of the curves (time). The generalization of the symplectic
structure arising in classical mechanics to multiple integrals is by no means trivial.
It means to find out proper geometric structures for general variational problems,
including degenerate Lagrangians (implicit variational equations) and higher-order
Lagrangian systems, in order to generalize Lagrangian theory, Hamilton and
Hamilton–Jacobi theory and Noether theory. The next challenge is then to include
non-variational equations in the picture, and to understand the property “to be
variational”.

Despite great efforts, the attempts to include more general Lagrangians or even
non-variational equations in the symplectic setting have not really been satisfactory.
It has turned out that the difficulties are of geometric origin: instead of tangent and
cotangent bundles, one has to consider jet bundles,1 and symplectic forms have to
be replaced by some other geometric objects. There is a vast literature which cannot
be mentioned here; to illustrate the state of art and the diversity of approaches we
refer at least to the books [7, 13, 27, 32, 34, 41, 52, 59, 66], and selected papers
[8, 10, 15, 18, 20, 21, 24–26, 28–31, 33, 38–40, 42, 45, 48, 51, 60, 63, 71, 75, 76,
81, 82, 85, 91] to mention just a few.

Concerning the variational case, roughly speaking, there are two mainstream
settings: one based on multisymplectic or polysymplectic forms, and the other based
on the Cartan form and its generalizations. Within the latter approach, the central
object for formulation of Lagrangian and Hamiltonian field theories is the Poincaré–
Cartan form, or more generally, a Lepage n-form where n is the dimension of the
base of the underlying fibred manifold. Following the idea of Lepage [72], examples
of these forms were introduced to the calculus of variations in the seminal works of
Carathéodory, Dedecker, Krupka, Betounes, Olver, Gotay, Crampin and Saunders
(see e.g. [5, 9, 12, 17, 30, 45, 46, 55, 77]). The general concept of Lepage n-form,
or, Lepage equivalent of a Lagrangian, is due to Krupka [45, 48] who used it to
build, systematically, a general theory of higher order variational integrals on fibred
manifolds, generalizing the Lagrange, Hamilton, Hamilton–Jacobi and Noether

1The concept introduced by Ehresmann in the 1950s [22, 23]; a standard book on this subject is
[86].
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theories of classical mechanics [52]. Subsequently, instead of a Lepage equivalent
of a Lagrangian, we suggested to consider better a certain .n C 1/-form which in
this context becomes a Lepage equivalent of a system of variational equations (see
[56, 58–60, 62, 81, 83]). This step was motivated mainly by the idea to obtain a
global Hamilton theory, independent upon a choice of a particular Lagrangian; in
this new setting, Hamilton equations are the same for all equivalent Lagrangians.
At the same time this approach avoids certain unpleasant discrepancies which
appear in Hamiltonian formulation of Lagrangian theories related with particular
Lagrangians (as reported, e.g., in [17, 19, 35, 59, 60, 68, 69, 87]), and allows one
to treat Lagrangian systems globally in terms of the theory of exterior differential
systems even in case when a global Lagrangian does not exist [59, 60, 63, 81].

It took quite a long time to find a proper generalization of Lepage .nC 1/-forms
to non-variational equations [53, 78]. The generalization is not straightforward,
and appears within the theory of variational sequences (for the introduction to the
variational sequence theory we refer to [49, 50], and [52]). This progress motivated
us to introduce the concept of a Lepage manifold as defined in this article.

Every Lepage manifold naturally carries an exterior differential system (EDS). A
fundamental result on the Inverse Problem of the Calculus of Variations [48] implies
that the corresponding system of (generally higher-order) differential equations
(ODEs if n D 1 and PDEs otherwise) for integral sections of this EDS is
variational, and so represents Euler–Lagrange equations of possibly locally defined
Lagrangians, if and only if the generating Lepage .n C 1/-form is closed (up
to a contact equivalence). This property makes Lepage manifolds very suitable
structures to study variational equations, and at the same time a good background
to study non-variational differential equations in the context of the calculus
of variations making use of variational structures and techniques. With Lepage
manifolds, many particular results known so far and fragmented in the calculus of
variations and in the geometric theory of differential equations can be put together
in a unified framework, linked together, and extended. Lepage manifolds naturally
arise wherever differential equations of dynamical type are concerned (i.e. related
with dynamical forms, vector fields, sprays, semisprays, Ehresmann connections).
Through this relationship they are naturally present in Riemannian geometry, Finsler
geometry, symplectic geometry, and Lagrangian geometry, as well as in analytical
mechanics, classical field theories, relativity, string theories, and other physical
systems. The present exposition aims to show the potential of this new framework,
and to stimulate further research in this direction, as well as study of applications,
namely in differential geometry, differential equations and mathematical physics.

The present article is structured as follows: In Sect. 13.2 we introduce Lepage
forms (of any degree) in the context of the variational sequence, and we remind
the solution of the Inverse Problem of the Calculus of Variations. We follow the
paper [78] where the reader can find more detailed exposition, as well as other
aspects and applications of the theory of variational sequences. Section 13.3 is
devoted to Lepage manifolds. After defining the concept we show the relationship
with variational equations and with non-variational equations, and we introduce the
important class of regular Lepage manifolds. We also remind a theorem by Krupka
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et al. [54], which makes possible to transfer ‘non-variational’ Lepage manifolds to
the ‘variational’ ones. In Sect. 13.4 we pay a particular attention to Lepage mani-
folds of order zero which are a natural framework for general Hamiltonian systems.
Many results of this section are taken from the paper [36]. Then we present original
results on Legendre transformation and Poisson structure for the generalized (and
not necessarily variational) Hamiltonian systems, and, remarkably, we introduce a
new concept of a directional Poisson bracket in covariant Hamiltonian field theory.
The last two sections summarize some applications of Lepage manifolds in classical
field theories and in mechanics. Finally we briefly show that (and how) Lepage
manifolds naturally arise in Riemann and Finsler geometry.

We assume that the reader has a basic knowledge of jet bundles and related
geometric structures as introduced, e.g., in [86]. As for the calculus of variations
in jet bundles, the reader can be guided by the books [13, 59], and [52].

13.2 Lepage Forms

13.2.1 Jet Bundles and Contact Forms

All manifolds and mappings are smooth, and summation over repeated indices
applies.

Let � W Y ! X be a fibred manifold (surjective submersion) with fibre dimension
m, and �r W JrY ! X its r-jet prolongation; usually we consider r D 1; 2, and for
the sake of simplicity we sometimes denote Y as J0Y. We also denote by �r;k W
JrY ! JkY the natural projections. JrY is the manifold of r-jets of local sections �
of �; a point in JrY (the equivalence class of sections of � at x 2 X, with the same
derivatives up to the order r) is denoted by jrx� . In what follows we shall omit the
word “local” and speak just about “sections” meaning “local sections”.

Any section � of � can be naturally prolonged to a section Jr� of the fibred
manifold �r W JrY ! X, defined by Jr�.x/ D jrx� . Sections of �r of this kind are
called holonomic and have to be distinguished from (general) sections of �r which
need not be a form of a prolongation of a section of � .

Let .xi; y	 / denote local fibred coordinates on Y, and .xi; y	J / the associated
coordinates on JrY, where J is a multiindex, 0 6 jJj 6 r, J D . j1; : : : ; jp/ with
1 6 j1 6 j2 6 � � � 6 jp 6 n and p 6 r. In formulas where the summation
convention applies we shall also use the functions y	J , J D . j1; : : : ; jp/, p 6 r,
where 1 6 j1; j2; : : : ; jr 6 n; these functions are defined naturally with help of the
above coordinate functions using the symmetry of partial derivatives. Next, we set

!0 D dx1 ^ dx2 ^ � � � ^ dxn; !j D i@=@x j!0; !Jj D i@=@x j!J : (13.1)

Jet bundles over fibred manifolds carry a canonical contact structure. A differen-
tial form on JrY is called contact if it vanishes on r-jet prolongations of all sections
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of � . It easily follows that every q-form for q > n is contact, so it is convenient
to introduce a refined concept: A contact q-form � is called k-contact if for every
�r-vertical vector field � the contraction i�� is .k�1/-contact, where k D 1; 2; : : : q.
0-contact forms, i.e. such that i�� D 0 whenever � is a �r-vertical vector field, are
more often referred to as horizontal forms.

Horizontal forms of degree n where n is the dimension of the base manifold X
are essential in the calculus of variations, since they serve as Lagrangians. In what
follows, we shall denote the sheaf of Lagrangians of order r over � by�r

n;X .
An important structural Lemma states that every q-form on JrY, if lifted to JrC1Y,

has an invariant decomposition

��
rC1;r� D h�C p1�C � � � C pq� (13.2)

where h� is horizontal, and pk� are k-contact forms (1 6 k 6 q) [48].
If applied to the exterior derivative of a function f , the splitting (13.2) gives

the horizontal differential dHf D hdf and vertical differential dVf D p1df . The
n components of the horizontal differential are called total derivatives; they take the
form

di f D @f

@xi
C

rX
jJjD0

@f

@y	J
y	Ji : (13.3)

In view of the canonical decomposition above we often say that a form � is at
most k-contact if pi� D 0 for all i > k, and at least k-contact if pi� D 0 for all
i < k. Note that if q > n C 1 then � is contact, and it is at least .q � n/-contact,
i.e. the contact components p0; p1; : : : ; pq�n�1 of � are equal to zero. If, moreover,
pq�n� D 0, we speak about a strongly contact form.

Contact 1-forms on JrY annihilate a distribution called Cartan distribution and
denoted Cr. The annihilator C 0

r of Cr is generated by the following local contact
forms:

!	J D dy	J � y	Jidx
i ; 0 6 jJj 6 r � 1 : (13.4)

It is also worth notice that the contact ideal of order r is generated by contact 1-
forms and exterior derivatives of contact 1-forms on JrY [49].

Finally, we recall that a vector field � on JrY is called a contact symmetry if it
is a symmetry of the contact ideal on JrY; contact symmetries are characterized by
the condition L�C 0

r � C 0
r . In particular, for every �-projectable vector field � on

Y the r-jet prolongation Jr� is a contact symmetry. Conversely, if � on JrY is a �r-
projectable contact symmetry, then � D Jr� for some �-projectable vector field �
on Y.
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13.2.2 The Variational Sequence

Now we are prepared to introduce the variational sequence due to Krupka [49] (see
also [52] and [78] for review).2

Let us denote by RY the constant sheaf over R, and by �r
q the sheaf of q-forms

on JrY. Next, we let �r
0;c D f0g, and �r

q;c be the sheaf of contact q-forms, if q 6 n,
or the sheaf of strongly contact q-forms, if q > n, on JrY. We set

�r
q D �r

q;c C
�
d�r

q�1;c
�
; (13.5)

where d�r
q�1;c is the image of �r

q�1;c by the exterior derivative d, and
�
d�r

q�1;c
�

denotes the sheaf generated by the presheaf d�r
q�1;c. We note that �r

q D 0 for
q > corankCr.

The subsequence

0! �r
1 ! �r

2 ! �r
3 ! � � � (13.6)

of the de Rham sequence

0! RY ! �r
0 ! �r

1 ! �r
2 ! �r

3 ! � � � (13.7)

is an exact sequence of soft sheaves. The quotient sequence

0! RY ! �r
0 ! �r

1=�
r
1 ! �r

2=�
r
2 ! �r

3=�
r
3 ! � � � (13.8)

is called the variational sequence of order r.

Theorem 13.2.1 ([49]) The variational sequence is an acyclic resolution of the
constant sheaf RY .

The above assertion means that the variational sequence is locally exact with the
exception of RY . As a consequence, due to the abstract de Rham theorem, we obtain
the following fundamental result:

Corollary 13.2.2 ([49]) The cohomology groups of the cochain complex of global
sections of the variational sequence are identified with the de Rham cohomology
groups Hq

dRY of the manifold Y.
Since the variational sequence is a quotient sequence, the elements in the

individual columns are elements of the quotient sheaves �r
q=�

r
q, i.e. they are

equivalence classes of local r-th order differential q-forms. We denote by Œ�� 2
�r

q=�
r
q the class of � 2 �r

q. Morphisms in the variational sequence are then by
construction quotients of the exterior derivative d. We denote

Eq W �r
q=�

r
q ! �r

qC1=�r
qC1; (13.9)

2For basics of sheaf theory needed below we refer to standard books, e.g. [6] or [93].
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so that

Eq.Œ��/ D Œd��: (13.10)

Now, Eq.Œ��/ D Œd�� D 0 means that there exists Œ�� 2 �r
q�1=�r

q�1 such that
Œ�� D Eq�1.Œ��/ D Œd��. If, moreover, Hq

dRY D f0g, then the class Œ�� has a global
representative.

The name “variational sequence” comes from the direct relationship with the
calculus of variations. Namely, as proved in [49, 51], the sheaf �r

n=�
r
n is isomorphic

with a subsheaf of the sheaf of Lagrangians �rC1
n;X , and the quotient mapping En W

�r
n=�

r
n ! �r

nC1=�r
nC1 is the Euler–Lagrange mapping.

The kernel of En then consists of null-Lagrangians (variationally trivial
Lagrangians), and its image, which, by exactness is the kernel of the next morphism,

EnC1 W �r
nC1=�r

nC1 ! �r
nC2=�r

nC2; (13.11)

represents variational equations. Therefore EnC1 is called Helmholtz morphism.
The name refers to the famous “Helmholtz conditions”, necessary and sufficient
conditions for differential equations to be variational (as they stand) [3, 37, 47].
Remarkably, the Helmholtz morphism, discovered within the variational sequence
theory, has not been known in the classical calculus of variations.

13.2.3 Source Forms and Lepage Forms

Classes in the variational sequence can be represented by global differential forms
which play a fundamental role in the calculus of variations and the theory of
differential equations on manifolds. To introduce them we shall need on JrY the
ideal generated by lifts of contact 1-forms of order one, whose elements take the
form ��

r;1! ^ � where ! 2 C 0
1 (the annihilator of C1) and � is of order r. Since

locally they are expressed as !	 ^�	 , where !	 D dy	 � y	i dxi, 1 6 	 6 m, are the
basic local contact 1-forms of order 1, we say that forms belonging to this ideal are
f!	g-generated.

Definition 13.2.3 ([65]) Let k > 1. By source form of degree nC k and order r we
shall mean a f!	g-generated k-contact .nC k/-form on JrY.

Source .nC1/-forms are called dynamical forms, source .nC2/-forms are called
Helmholtz-like forms.3

The question how to construct examples of source forms is solved by the interior
Euler operator I (see, e.g., [2, 43, 44, 53]). The interior Euler operator reflects in

3As explained later, for the calculus of variations the most important examples of source forms of
degree nC 1 are Euler–Lagrange forms, and of source forms of degree nC 2 the Helmholtz forms.
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an intrinsic way the procedure of getting a distinguished global representative of a
class Œ�� 2 �r

q=�
r
q for q > n by applying to � the operator pq�n and factorization

by �r
q.

Let k > 1. For � 2 �r
nCk we have ��

rC1;r� D pk�C pkC1�C � � � C pkCn�; we set

I .�/ D 1

k
!	 ^

rX
jJjD0

.�1/jJjdJ
�
i@=@y	J pk�

�
; (13.12)

where dJ D dj1 : : : djp for jJj D p. It can be shown by means of the partition of unity
arguments that this formula defines a global form I .�/.

The operator I W �r
nCk ! �2rC1

nCk has the following properties:

1. For every � 2 �r
nCk, I .�/ is a source form of degree nC k.

2. I . pk�/ D I .�/.
3. I .�/ belongs to the same class as ��

2rC1;r�, i.e., ��
2rC1;r� �I .�/ 2 �2rC1

nCk .
4. I 2 D I , up to a canonical projection; precisely, I 2.�/ D ��

4rC3;2rC1I .�/.
5. Ker I D �r

nCk.
6. For k D 1, I .�/ is the unique source form representing the class Œ��. If k >
1, I .�/ is no longer a unique source form equivalent with � (precisely, with
��
2rC1;r�).4 We say that I .�/ is a canonical source form for Œ��.

By construction, I .�/ is a k-contact form, however, in general it is different
from pk�. The difference is given by means of the so-called residual operatorR as
follows:

pk� D I .�/C pkdpkR.�/ (13.13)

(up to appropriate canonical projections—see the footnote below). It is worth notice
that R.�/ is a local strongly contact .nC k � 1/-form, and that, contrary to I .�/,
the form R.�/ need not be unique and need not be global.

The operator I enables one to introduce fundamental differential forms as
follows:

Definition 13.2.4 ([53]) Let k > 0. A .nC k/-form � on JrY is called Lepage form
of degree k if

pkC1d� D I .d�/ : (13.14)

From the definition we immediately see that

• every q-form on Y, q > n, is a Lepage form,
• every closed q-form on JrY, q > n, is a Lepage form,

4For the sake of simplicity of notations, we shall often omit the pull-back and identify a form with
its lift or projection.
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and we can obtain the structure of Lepage forms:

Theorem 13.2.5 ([78]) Equation (13.14) has the solution

��
rC1;r� D �pk� C d� C � D �pk� C pkC1d� C � ; (13.15)

where

�pk� D pk� � pkC1R.dpk�/ ; (13.16)

� is an arbitrary at least .k C 1/-contact .n C k � 1/-form, and � (resp. �) is an
arbitrary at least .kC 2/-contact form.

For every choice of � and � (resp. �) the Lepage forms (13.15) belong to the
same variational class Œ�� 2 �s

nCk=�
s
nCk (for a proper s), i.e. �

�
s;r� � �pk� 2 �s

nCk.
In what follows, we shall denote by f�g the family of (possibly local) Lepage

forms containing �, as characterized by Theorem 13.2.5.
The form �pk� is completely determined by its k-contact part pk�. It was

discovered in [78]. For k D 0 this is the famous Cartan form [11, 13, 25], hence
we call it Cartan form of degree k. As seen from the defining formula (13.16), the
Cartan form is generically local. However, from the formula (13.15) it follows that
if n D dimX D 1 and r > 0 (mechanics and higher-order mechanics), or, if n > 1

and r D 1 (first order field theory), then for every k > 0 the Cartan form �pk� is
global.

It is worth notice that an equivalent definition of a Lepage .nC k/-form of order
r obviously is as follows:

��
rC1;rd� D I .d�/C F; where F is at least .kC 2/-contact. (13.17)

In view of (13.15) we also say that � is a Lepage equivalent of pk�. As proved
in [78], every k-contact .n C k/-form has a global Lepage equivalent of degree k.
For k D 0 (i.e. p0� D h�) the definition gives Lepage equivalent of a Lagrangian
h� D � as introduced by Krupka in [45] and [48]. The dynamical form p1d� D
p1d�� is then the Euler–Lagrange form E� D I .d�/, and En W � ! E� is the
Euler–Lagrange mapping. For k > 0, the most important Lepage forms are Lepage
equivalents of source forms. If k D 1, the definition gives Lepage equivalent of a
dynamical form " (first introduced in [56] for locally variational dynamical forms),
and p2d� D p2d�" is the canonical Helmholtz form H" D I .d"/. The mapping
EnC1 W "! H" is then the Helmholtz mapping. For k D 2we get Lepage equivalents
of source forms � of degree n C 2 which are called Helmholtz-like forms, and the
corresponding mapping is EnC2 W �! I .d�/. This case has been studied for n D 1
in [64] and [74].

We also note that formula (13.15) immediately yields:

Corollary 13.2.6 If n D dimX D 1, then for every k > 0 and every r > 1, any
k-contact .nC k/-form has a unique global Lepage equivalent.
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13.2.4 The Inverse Problem in the Variational Sequence

We start with the following definition:

Definition 13.2.7 ([48]) A dynamical form " is called (globally) variational if there
exists a Lagrangian � such that " D E� (possibly up to a jet projection). " is called
locally variational if the domain of " can be covered by open sets U� such that for
every �, "jU� is variational.

The famous Inverse Problem of the Calculus of Variations is the question under
what conditions a dynamical form " is locally/globally variational. In terms of
the variational sequence this transfers to the question on the image of the Euler–
Lagrange mapping, or due to the exactness of the sequence, on the kernel of the
Helmholtz mapping. In this way the inverse problem in its local and global form
extends to each column of the variational sequence, and is solved by the exactness
of the sequence. With help of Lepage forms, the solution of the Inverse Problem is
obtained in full generality and in an elegant way, transferring the whole problem to
the Poincaré Lemma and de Rham cohomology.

Before presenting the theorem, recall a convenient modification of the Poincaré
homotopy operator, adapted to the contact structure. Denote by P the Poincaré
homotopy operator. Then A defined by

A p0! D 0; A pk! D pk�1P!; k > 1 (13.18)

Krupka [48], satisfies ��
rC1;r! D A d.��

rC1;r!/ C dA .��
rC1;r!/, and is adapted to

the decomposition of forms into contact components: if (locally) ! D d�, then

��
rC1;r� D A .��

rC1;r!/ D
qX

kD0
A pkC1! ; (13.19)

hence pk� D A pkC1!. Compared to P , the operator A concerns vertical curves
(curves in the fibres over X) only.

Theorem 13.2.8 ([78] General Inverse Variational Problem) Let 	 be a source
form of degree nC k, k > 1. The following conditions are equivalent:

(1) 	 belongs to KerEnCk.
(2) 	 has a closed Lepage equivalent.
(3) Every Lepage equivalent � of 	 satisfies pkC1d� D 0.

If EnCk.	/ D 0, then there is a local source .n C k � 1/-form � satisfying
EnCk�1.�/ D 	 , and it holds � D A 	 .

If moreover HnCk
dR Y D f0g, then there is a global source .n C k � 1/-form �

satisfying EnCk�1.�/ D 	 .



13 Lepage Manifolds 331

Note that :

• For k D 1 condition (1) means that the dynamical form " D p1	 is locally
variational.

• Condition (3) represents precisely the source constraints, i.e. constraints on a
source form of degree nC k belong to the kernel of the corresponding morphism
in the variational sequence. It is a generalization (to any degree) of the famous
Helmholtz conditions on local variationality of a dynamical form (i.e. necessary
and sufficient conditions of existence of a local Lagrangian for differential
equations represented by the dynamical form).5

• Condition (2) is equivalent with (3), hence also represents the source constraints.
However, since (up to projection) d� DPnC1

iD1 pkCid�, condition d� D 0 includes
also conditions pkC2d� D 0, . . . , pkCnC1d� D 0 which are dependent, hence
superfluous. In coordinates this gives dependent conditions in form of derivatives
of the Helmholtz conditions (respectively, their higher degree generalizations if
k > 1).

• Formula � D A 	 for k D 1 (i.e. if 	 is a dynamical form) gives the celebrated
Vainberg–Tonti Lagrangian [89, 90].

13.3 Lepage Manifolds

13.3.1 Lepage Manifolds and Differential Equations

As above, we consider a fibred manifold � W Y ! X and its jet prolongations.

Definition 13.3.1 Let r > 0. By a Lepage manifold of order r we shall mean a
fibred manifold � W Y ! X endowed with a Lepage .n C 1/-form ˛ on JrY such
that p1˛ is a dynamical form.

A Lepage manifold of order r will be denoted by .�r; ˛/.
By definition, a Lepage manifold .�r; ˛/ is endowed with a (uniquely deter-

mined) global dynamical form " D p1˛ of order rC 1. In fibred coordinates

" D E	!
	 ^ !0 (13.20)

where the coefficients E	 are functions on a coordinate domain in JrC1Y. The
dynamical form represents globally and intrinsically differential equations of order
r C 1. More precisely, the equations arise as equations for sections � of the fibred

5Helmholtz conditions (k D 1) in the form (3) were first presented in [57]. The coordinate form of
the Helmholtz conditions has been first obtained by Helmholtz [37] for second order ODEs, and
by Anderson and Duchamp [3] and Krupka [47, 48] for higher order PDEs.

For k D 2 (and mechanics) the explicit coordinate form of (3) can be found in [64] and [74].
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manifold � such that

E	 ı JrC1� D 0: (13.21)

Indeed, in coordinates, this is a system of m D dimY � dimX differential equations
(ODEs if dimX D 1 and PDEs if dimX > 1) of order rC 1 for the components of
sections � of � .

Since ˛ is a Lepage equivalent of ", Theorem 13.2.8 tells us that if p2d˛ D 0

then the dynamical form " is locally variational (and vice versa), meaning that
the Helmholtz form H" D EnC1."/ vanishes, and around every point, " is the
Euler–Lagrange form of a local Lagrangian �. Hence the corresponding differential
equations (13.21) are Euler–Lagrange equations of �; in such a case, we say that
Eq. (13.21) are variational (as they stand). Moreover by Theorem 13.2.8 (2), local
variationality of " is equivalent with the existence of a closed Lepage equivalent
of " (which, however, need not be global). In other words, on a Lepage manifold
.�r; ˛/ such that p2d˛ D 0 but d˛ ¤ 0, we can locally always find a closed Lepage
form ˛0 such that p1˛0 D p1˛ D ".

On the other hand, given a Lepage manifold .�r; ˛/ such that p2d˛ ¤ 0, it holds
H" ¤ 0, the Lepage family f˛g cannot be (even locally) represented by a closed
form, and the corresponding equations (13.21) are not variational (as they stand).

From this analysis we can see that the concept of Lepage manifold concerns in
fact three columns in the variational sequence: In the variational case and in the
non-variational case, respectively, we have

�
En�����! E�

EnC1�����! 0

"
EnC1�����! H"

EnC2�����! 0

with help of source forms, or

f��g d�����! fd��g D f˛E�g
d�����! 0

f˛"g d�����! fd˛"g D fˇH"g
d�����! 0

with help of Lepage forms.
Apart from the dynamical form ", every Lepage manifold is canonically endowed

with the exterior differential system D˛ generated by n-forms

i�˛ where � runs over all �r-vertical vector fields on JrY: (13.22)
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We have the following theorem (cf. [63]):

Theorem 13.3.2 Let .�r; ˛/ be a Lepage manifold, " D p1˛. Let � be a section of
� . The following conditions are equivalent:

(1) � is a solution of differential equations (13.21) for ".
(2) Jr� is an integral section of D˛ , i.e.

Jr��i�˛ D 0 for every �r-vertical vector field � on J
rY: (13.23)

The set of holonomic solutions of D˛ does not depend on the choice of an
element of the Lepage family f˛g.

Proof All the assertions follow easily from

Jr��i�˛ D JrC1��i�. p1˛/ D JrC1�� .E	 �	!0/ D
�
.E	 ı JrC1�/ .�	 ı �/

�
!0

(13.24)

if we take for the �’s the r-th, resp. .rC1/-prolongation of a local basis �.�/ D @=@q�
(hence �	.�/ D ı	� ). ut
Remark 13.3.3 Consider the associated system OD˛ of ˛, i.e. the exterior differential
system locally generated by n-forms i�˛ where � runs over all vector fields on JrY.
Then D˛ � OD˛ . However, D˛ and OD˛ have the same holonomic integral sections.
This follows from the fact that for 1 6 i 6 n,

Jr��i@=@xi˛ D JrC1��i@=@xi. p1˛/ D �
�
.E	y

	
i / ı JrC1�

�
!0; (13.25)

hence equations for holonomic integral sections of D˛ and OD˛ take the same form:
E	 ı JrC1� D 0, 1 6 	 6 m.

Remarkably, given a Lepage manifold .�r; ˛/, one can consider all (not only
holonomic) solutions of D˛ . The corresponding equations are then equations for
components of sections ı of the fibred manifold �r W JrY ! X and take the form

ı�i�˛ D 0 for every �r-vertical vector field � on JrY: (13.26)

Equivalently they can be written in the form

ı�i@=@y	j1:::jk˛ D 0; 1 6 	 6 m; 0 6 k 6 r; 1 6 j1 6 � � � 6 jk 6 n : (13.27)

We note that (13.27) are first order differential equations (ODEs or PDEs depending
on the dimension of X), and (generally) they are not equivalent with (13.23), i.e.,
with Eq. (13.21). However, if a section � of � is a solution of (13.21) then Jr� is a
solution of (13.27).

Equation (13.27) can be given another geometric interpretation in terms of
Lepage manifolds. Namely, given a Lepage manifold .�r; ˛/ of order r > 1, we
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can consider ˛ as a Lepage form of order zero for the fibred manifold �r W JrY ! X.
In this way we relate with .�r; ˛/ the Lepage manifold ..�r/0; ˛/ of order zero. Let
us denote the i-contactization operator with respect to the projection �r by Qpi. The
associated dynamical form

Q" D Qp1˛ (13.28)

is then defined on J1.JrY/ and called the Hamilton form of ". Note that ˛ is, indeed,
the Lepage equivalent of Q" (more precisely, the Lepage equivalent of Q" is projectable
onto JrY, and its projection is ˛). The corresponding exterior differential system is
QD˛ D D˛ and we can see that integral sections of D˛ are exactly those sections
of �r which are solutions of the (first order) differential equations related with the
dynamical form Q".
Definition 13.3.4 We call QD˛ D D˛ the Hamiltonian system, and the correspond-
ing first order differential equations the Hamilton equations of ˛.

Remark 13.3.5 As we have seen, if p2d˛ D 0 then H" D 0 and " is locally
variational. This means that the corresponding .rC1/-order equations for sections �
of � are variational as they stand, and they come as Euler–Lagrange equations from
local Lagrangians � D A ". Since generally Qp2d˛ ¤ 0, HQ" ¤ 0, and the Hamilton
form Q" need not be locally variational. If, however, Qp2d˛ D 0 then Q" D Qp1˛ is locally
variational, and the Hamilton equations are first order Euler–Lagrange equations of
local first order Lagrangians Q� D A Q".

It is worth note that by Theorem 13.2.8 condition p2d˛ D 0 guarantees that
" D p1˛ has (at least a local) closed Lepage equivalent ˛0. Thus, in the variational
case, we can always find (at least locally) variational Hamilton equations. Note
that D˛ and D˛0 are different (the Hamilton equations are different), however, the
holonomic solutions of D˛ and D˛0 are the same (indeed, p1˛ D p1˛0 D ").
Remark 13.3.6 (Calculus of Variations) If, in particular, one has a Lepage manifold
.�r; ˛/ where ˛ is closed, then both " and Q" are locally variational. This means
that we have an r-th order variational principle over the fibred manifold � for
" (Lagrange theory) and an associated zero order variational principle over the
fibred manifold �r for Q" (Hamilton theory). (If r D 0 they, of course, coincide.)
The relationship between solutions of the Euler–Lagrange equations determined by
" and Hamilton equations determined by Q" then can be characterized as follows:
holonomic solutions of the Hamilton equations coincide with r-jet prolongations of
extremals.

The case of closed ˛ will be discussed in more detail in Sect. 13.5.

13.3.2 Regular Lepage Manifolds

From the definition of D˛ we can see that at each point jrx� 2 JrY, the rank of D˛ is
less or equal to the dimension of the bundle V�r of �r-vertical vectors.
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Definition 13.3.7 A Lepage manifold .�r; ˛/ (resp. a Lepage .n C 1/-form ˛ on
JrY) is called regular if

rankD˛ D dimV�r D the fibre dimension over X : (13.29)

Proposition 13.3.8 .�r; ˛/ is regular if and only if the map

V�r 3 � ! i�˛ 2 �n.JrY/ (13.30)

mapping �r-vertical vector fields to n-forms on JrY, is injective.

Proof If ˛ is regular then the n-forms �J	 D i@=@y	J ˛, where 1 6 	 6 m and
J D f j1 : : : jkg, 1 6 j1 6 � � � 6 jk 6 n, 0 6 k 6 r, generating D˛ , are linearly
independent at each point of JrY. Hence i�˛ D �	J �J	 D 0 means that �	J D 0 for all
	 and J, proving that � D 0.

Conversely, if the mapping (13.30) is injective, then �	J �
J
	 D 0 implies that

�	J D 0 for all 	 and J, 1 6 	 6 m and J D f j1 : : : jkg, 1 6 j1 6 � � � 6 jk 6 n,
0 6 k 6 r. This means that the n-forms �J	 are linearly independent, so that
rankD˛ D dimV�r. ut

It is worth compare regular Lepage manifolds with symplectic and multisym-
plectic manifolds6:

• The Cauchy distribution of a regular Lepage .n C 1/-form need not be (and in
applications usually is not) trivial (see also Example 13.3.1 below).

• Every multisymplectic manifold is a regular Lepage manifold of order zero.
• If dimX D 1, r > 0, and dim JrY is odd, then every Lepage manifold .�r; ˛/

with ˛ closed and regular is fibrewise symplectic (i.e., ˛ restricted to each fibre
��1
r .x/ is a symplectic form).

Example 13.3.1 ([36]) Consider the fibred manifold R
n � R

m ! R
n where m is

even, and the .nC 1/-form

˛ D B	dy
	 ^ !0 C 1

2
B1	�dy

	 ^ dy� ^ !1; B1	� D �B1�	 ; det
�
B1	�

� ¤ 0:
(13.31)

Since rank˛ D rank
�
B	 ;B1	�; 0; : : : ; 0

� D m, .�0; ˛/ is a regular Lepage manifold.
The corresponding dynamical form is " D �B	 C B1	�y

�
1

�
dy	^!0. Computing i�˛ D

0 for a vector field

� D N� i @
@xi
C �	 @

@y	
; (13.32)

6A differential form ! of degree q > 2 on a manifold M is called multisymplectic if it is closed
and nondegenerate (meaning that the Cauchy distribution of ! is zero, i.e. the condition i�! D 0

implies � D 0) [8].
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and taking into account that !11 D 0, we get the components of �,

�	 D �N�1M	�B�; 1 6 	 6 m; N�2 D � � � D N�n D 0; (13.33)

where M	� is the inverse matrix to B1	� , and the condition �	B	 D 0. However,
the last condition with �	 as above takes the form of identity, since M	�B	B� is
identically zero. Summarizing, we have obtained that the regular form ˛ has a one-
dimensional kernel spanned by the everywhere non-zero vector field

@

@x1
�M	�B�

@

@y	
: (13.34)

13.3.3 Helmholtz Symmetries

We shall close this section with an important result which yields a relationship
between non-variational and variational Lepage manifolds (and hence between the
corresponding non-variational and variational equations).

Definition 13.3.9 Let .�r; ˛/ be a Lepage manifold, " D p1˛ the corresponding
dynamical form. A vector field � is called Helmholtz symmetry if � is a contact
symmetry, and the flow of � leaves invariant the Helmholtz form H".

Immediately from the definition it follows that a contact symmetry � is a
Helmholtz symmetry if and only if

L�H" D 0 : (13.35)

The meaning of Helmholtz symmetries comes out by the following theorem:

Theorem 13.3.10 ([54]) Let " be a dynamical form such that H" ¤ 0. Let � be a
contact symmetry such thatL�H" D 0. ThenL�" is a locally variational dynamical
form.

If .�r; ˛/ is a ‘non-variational’ Lepage manifold, i.e. such that p2d˛ ¤ 0,
then Eq. (13.35) where " D p1˛ possibly provides us with nontrivial Helmholtz
symmetries. By the above theorem, every such a symmetry assigns to the Lepage
manifold .�r; ˛/ another Lepage manifold, and the new Lepage manifold is
variational.

More precisely, we can state the following:

Theorem 13.3.11 Let .�r; ˛/ be a Lepage manifold, and assume that p2d˛ ¤ 0.
Let � be a �-projectable vector field on Y such that � D JrC1� leaves the form
p2d˛ invariant, i.e., let L�p2d˛ D 0. Then .�r; ˛

0/ where ˛0 D LJr�˛, is a Lepage
manifold, and p2d˛0 D 0.
Proof We shall use the fact that the Lie derivative along a contact symmetry
preserves the decomposition of differential forms into contact components (cf.
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formula (13.2)). By the preceding theorem, "0 D L�p1˛ is a locally variational
dynamical form. The .n C 1/-form ˛0 D LJr�˛ satisfies p1˛0 D p1LJr�˛ D
LJrC1�p1˛ D LJrC1�", which is a dynamical form. Moreover, p2d˛0 D p2dLJr�˛ D
p2LJr�d˛ D LJrC1�p2d˛ D 0, proving that .�r; ˛

0/ is a ‘variational’ Lepage
manifold. ut

13.4 Hamiltonian Systems

13.4.1 Lepage Manifolds of Order Zero

Definition 13.4.1 By a Hamiltonian system we shall mean a Lepage manifold of
order zero.

By definition, a Hamiltonian system is determined by a .nC 1/-form ˛ defined
on the total space Y of a fibred manifold � W Y ! X over an n-dimensional base
X. Hamilton equations are then first order differential equations for sections of �
arising from the dynamical form " D p1˛ on J1Y (called the Hamilton .nC 1/-form
in this context), or as integral sections of the exterior differential system D˛ on Y,
locally generated by n-forms �	 D i@=@y	 ˛, 1 6 	 6 m.

We note that a Hamiltonian system .�0; ˛/ is regular if rankD˛ D m D dimY �
dimX.

The local structure of Hamiltonian systems has been clarified by Haková and
Krupková in [36]:

Denote by .xi; y	 / local fibred coordinates on Y. Then ˛ can be expressed in the
form

˛ D B	dy
	 ^ !0 C 1

2Š
Bi1
	�1

dy	 ^ dy�1 ^ !i1 C
1

3Š
Bi1i2
	�1�2

dy	 ^ dy�1 ^ dy�2 ^ !i1i2

C � � � C 1

.nC 1/ŠB
i1:::in
	�1:::�n

dy	 ^ dy�1 ^ � � � ^ dy�n ^ !i1:::in ; (13.36)

where the components are totally antisymmetric in both the lower and the upper
indices; note that this implies that they are also totally symmetric with respect to
the interchange of pairs of indices as follows: B

j1:::jp:::jq:::jk
	�1:::�p:::�q:::�k D B

j1:::jq:::jp:::jk
	�1:::�q:::�p:::�k . The

corresponding Hamilton .nC 1/-form then reads:

" D E	!
	 ^ !0 ; (13.37)

where

E	 D B	 C Bi1
	�1

y�1i1 C Bi1i2
	�1�2

y�1i1 y
�2
i2
C � � � C Bi1:::in

	�1:::�n
y�1i1 : : : y

�n
in
; (13.38)
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and we note that the functions E	 satisfy the antisymmetry conditions

@E	
@y�i
D �@E�

@y	i
: (13.39)

Using formula (13.38) we can express ˛ in terms of components of " [36]:

��
1;0˛ D E	!

	 ^ !0 C
nX

kD1

1

kŠ.kC 1/Š
@kE	

@y�1i1 : : : @y
�k
ik

!	 ^ !�1 ^ � � � ^ !�k ^ !i1:::ik :

(13.40)
Formula (13.38) yields the Hamilton equations:
�
B	 C Bi1

	�1
y�1i1 C Bi1i2

	�1�2
y�1i1 y

�2
i2
C � � � C Bi1:::in

	�1:::�n
y�1i1 : : : y

�n
in

�
ı J1� D 0 ; (13.41)

where 1 6 	 6 m, and the functions B satisfy the antisymmetry conditions
mentioned above. Note that the most general Hamilton PDEs are polynomial in the
first derivatives.

The associated exterior differential system D˛ is generated by the n-forms

�	 � i@=@y	 ˛

D B	!0 C
nX

kD1

1

kŠ
Bi1:::ik
	�1:::�k

dy�1 ^ � � � ^ dy�k ^ !i1:::ik ; 1 6 	 6 m:
(13.42)

Obviously, we have the following explicit characterization of regular Hamilto-
nian systems:

Proposition 13.4.2 ([36]) Regularity of ˛ is equivalent with any of the following
conditions:

(1) The n-forms �	 , 1 6 	 6 m, are linearly independent at each point of their
domain of definition.

(2) The rank of the matrix

�
B	 Bi1

	�1
Bi1i2
	�1�2

: : : Bi1:::in
	�1:::�n

�
(13.43)

where 	 labels rows and the other sets of indices label columns, is maximal and
equal to m D dimY � dimX at each point of Y.

(3) The rank of the matrix

 
E	

@E	
@y�1i1

@2E	
@y�1i1 @y

�2
i2

: : :
@nE	

@y�1i1 : : : @y
�n
in

!
(13.44)

where 	 labels rows and the other sets of indices label columns, is maximal and
equal to m D dimY � dimX at each point of Y.
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Corollary 13.4.3 ([36]) For ˛ be regular any of the following conditions is suffi-
cient:

rank

 
@kE	

@y�1i1 : : : @y
�k
ik

!
D m; 1 6 k 6 n ; 1 6 i1 6 i2 � � � 6 ik 6 n : (13.45)

Also for the following theorem and its proof we refer to [36]:

Theorem 13.4.4 ([36]) If ˛ is regular, then the ideal generated by D˛ is closed.
Let us now assume that a Hamiltonian system .�0; ˛/ satisfies p2d˛ D 0. Then

as we know, the Hamilton equations are variational, i.e. the Hamilton form " D p1˛
is locally variational: its components E	 satisfy the first order Helmholtz conditions

@E	
@y�j
C @E�
@y	j
D 0; @E	

@y�
� @E�
@y	
C dj

@E�
@y	j
D 0 : (13.46)

Theorem 13.2.8 also guarantees that there exists a closed .nC 1/-form giving rise
to ". However, in the zero order case a stronger result holds true, saying that every
variational Hamiltonian system is closed. More precisely:

Theorem 13.4.5 Given a Hamiltonian system .�0; ˛/ on Y, the following condi-
tions are equivalent:

(1) p2d˛ D 0
(2) ˛ is closed.

The theorem means that if an .nC1/-form ˛ on Y satisfies p2d˛ D 0 then also all
the other contact components are zero, pkd˛ D 0 for 3 6 k 6 nC 1. This property
comes from the uniqueness of a projectable (onto Y) Lepage equivalent of " D p1˛,
proved in [36]:

Theorem 13.4.6 ([36]) Let " be a dynamical form on J1Y such that " D p1˛ for
some .nC 1/-form ˛ on Y. The following conditions are equivalent:

(1) " is locally variational.
(2) the .nC 1/-form ˛ on Y is unique and satisfies d˛ D 0.
(3) the components of " satisfy the (first order) Helmholtz conditions, and ˛ is given

by formula (13.36), resp. (13.40).

By the above theorem, variational Hamiltonian systems come from local first
order Lagrangians

� D A " D hA ˛ D h� (13.47)

where � is a local n-form on Y such that d� D ˛.
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13.4.2 Legendre Coordinates and Poisson Structures

There is an important case of Hamiltonian systems represented by ˛ that is at most
2-contact. Hence,

��
1;0˛ D E	!

	 ^ !0 C 1

2

@E	
@y�i

!	 ^ !� ^ !i ; (13.48)

where the antisymmetry relation (13.39) holds, so that

˛ D B	dy
	 ^ !0 C 1

2
Bi
	�dy

	 ^ dy� ^ !i (13.49)

where Bi
	� D �Bi

�	 . Since in this case E	 D B	 C Bi
	�y

�
i , the Hamilton equations

are quasilinear first order PDEs:

�
B	 C Bi

	�y
�
i

� ı J1� D 0 ; (13.50)

and D˛ is generated by the n-forms

�	 D B	!0 C Bi
	�dy

� ^ !i; (13.51)

where 1 6 	 6 m, and the functions Bi
	� satisfy the antisymmetry conditions

mentioned above.
Assume that

d D m

nC 1 (13.52)

is an integer, i.e., assume that the base and fibre dimensions satisfy the relation
d C dn D m. Next, assume that around each point y 2 Y there is a fibred chart
.xi; yK ; piK/, where 1 6 i 6 n, 1 6 K 6 d, such that

p2˛ D � i
K ^ !K ^ !i ; (13.53)

(summation over K D 1; : : : ; d) where !K and � i
K are the corresponding basic

contact forms on J1Y, i.e., in the associated coordinates
�
xi; yK ; piK ; y

K
j ; p

i
K;j

�
on J1Y,

!K D dyK � yKj dx
j ; � i

K D dpiK � piK;jdx
j : (13.54)

We shall call coordinates of this kind Legendre coordinates on the Lepage manifold
.�0; ˛/.

In Legendre coordinates we have

��
1;0˛ D

�
AK!

K C AK
i �

i
K

� ^ !0 C � i
K ^ !K ^ !i ; (13.55)
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that is,

˛ D �HKdy
K ^ !0 �HK

i dp
i
K ^ !0 C dpiK ^ dyK ^ !i (13.56)

(the choice of the minus signs is a matter of convention), where

HK D �AK � p j
Kj ; HK

i D �AK
i C yKi : (13.57)

We can see that:

Proposition 13.4.7 If ˛ admits Legendre coordinates, then ˛ is regular, and

p3d˛ D 0 : (13.58)

Proof p3d˛ D 0 is obvious from (13.55). If � is a vertical vector field then � D
�K@=@yK C � iK@=@piK , and the condition i�˛ D 0 yields �K D 0, � iK D 0, i.e. � D 0,
proving that ˛ is regular. ut

Computing D˛ we obtain Hamilton equations in Legendre coordinates as
follows:

@yK

@xi
D HK

i ı � ;
@p j

K

@xj
D �HK ı � : (13.59)

It is worth note that p3d˛ D 0 does not mean that ˛ should be closed. Therefore
Legendre coordinates are defined also for a class of non-variational Hamiltonian
systems.

Denote ˛ D � C dpiK ^ dyK ^!i; the splitting on the right-hand side is generally
not invariant, i.e. � is a local .nC 1/-form. In case that ˛ is closed we have d� D 0,
hence � D �dH ^ !0 for a (local) function H (called Hamilton function), and the
Hamilton equations (13.59) take the “familiar form”

@yK

@xi
D @H

@piK
ı � ; @p j

K

@xj
D � @H

@yK
ı � : (13.60)

A covering of .�0; ˛/ by Legendre coordinates induces a “multi-Poisson struc-
ture”: precisely, on Y there arises the following tensor field, to be called the Poisson
bivector 1-form:

˘ D @

@piK
^ @

@yK
˝ dxi : (13.61)

With help of ˘ we can introduce a directional bracket of (possibly local)
functions on Y as follows: Let v be a nowhere zero vector field on X, and denote
by Qv a lift of v to Y. Given f ; g 2 �0

0 we set:

f f ; ggv D ˘.df ; dg; Qv/ : (13.62)
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The bracket obviously does not depend on the lift of v and it holds

f f ; ggv D
�
@

@piK
^ @

@yK
˝ dxi

�
.df ; dg; v/

D
�
@f

@piK

@g

@yK
� @g

@piK

@f

@yK

�
vi D .iQv˘/.df ; dg/

(13.63)

Theorem 13.4.8 .�0
0; f:; :gv/ is a Poisson algebra.

Proof We have to prove that f:; :gv satisfies the following conditions:

(1) f f ; ggv D �fg; f gv (antisymmetry),
(2) f f ; ghgv D gf f ; hgv C hf f ; ggv (Leibniz rule),
(3) ff f ; ggv; hgv C ffh; f gv; ggv C ffg; hgv; f gv D 0 (Jacobi identity),

for all f ; g; h 2 �0
0.

The antisymmetry is obvious, and the Leibniz rule easily follows from the
definition. Let us show that also the Jacobi identity holds true. We have:

ff f ; ggv; hgv D
 
@f f ; ggv
@p j

L

@h

@yL
� @h

@p j
L

@f f ; ggv
@yL

!
vj

D
  

@2f

@p j
L@p

i
K

@g

@yK
C @f

@piK

@2g

@yK@p j
L

� @2g

@p j
L@p

i
K

@f

@yK
� @g

@piK

@2f

@yK@p j
L

!
@h

@yL

� @h
@p j

L

�
@2f

@yL@piK

@g

@yK
C @f

@piK

@2g

@yK@yL
� @2g

@yL@piK

@f

@yK
� @g

@piK

@2f

@yK@yL

�!
vivj

Cycling f ; g; h and summing up then yields zero, as desired. ut
Definition 13.4.9 We shall call the bracket f:; :gv Poisson bracket in the direction
of v.

Given (any) 1-form � on Y, there arises a vector field X�;v , defined by

X�;v.g/ D ˘.�; dg; v/ for every g 2 �0
0 : (13.64)

We shall call X�;v the Hamiltonian vector field of � in the direction of v. We can see
that X�;v is vertical and

X�;v D
�
�Ki

@

@yK
� �K @

@piK

�
vi ; (13.65)

where �Ki and �K are components of � at dpiK and dyK , respectively. In particular,
for �’s of the form p1� D dVf , we get Hamiltonian vector fields associated with
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functions in �0
0:

Xf ;v D
�
@f

@piK

@

@yK
� @f

@yK
@

@piK

�
vi : (13.66)

We note that

f f ; ggv D Xf ;v.g/ : (13.67)

13.5 Cartan–Lepage Manifolds in Field Theory

Many important examples of Lepage manifolds appear in physics, namely in
mechanics and field theories. In this section we shall present the Lepage manifolds
setting applicable to electromagnetism (Maxwell equations), gravity (Einstein
equations), gauge theories, and others. We refer also to [81] for other aspects and
further references.

13.5.1 Closed Lepage Forms

Equations of motion of classical fields and gravity are second order PDEs affine
in the second derivatives, and variational. This leads us to consider closed Lepage
manifolds of order one.

The local structure of Lepage .nC 1/-forms we are interested in, is as follows.

Theorem 13.5.1 ([70]) Let ˛ be a Lepage .nC 1/-form on J1Y such that " D p1˛
is a dynamical form affine in the second derivatives, and d˛ D 0. Then in fibred
coordinates ˛ may be written as

˛ D ˛" C � (13.68)

where � is a closed at least 2-contact form, and where ˛" is closed and completely
determined by ". An explicit expression for ˛" is

��
2;1˛" D E	!

	 ^ !0 C 1
2

@E	
@y�j

!	 ^ !� ^ !j C @E	
@y�ij

!	 ^ !�i ^ !j C � � �

C 1

nŠ.nC 1/Š
@nE	

@y�1j1 � � � @y�njn
!	 ^ !�1 ^ � � � ^ !�n ^ !j1���jn

C 1

.nŠ/2
@nE	

@y�1j1 � � � @y�n�1

jn�1
@y�njnp

!	 ^ !�1 ^ � � � ^ !�n�1 ^ !�np ^ !j1 ���jn ;

(13.69)
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where the E	 satisfy Helmholtz conditions

@E	
@y�ij
� @E�
@y	ij
D 0 ;

@E	
@y�i
C @E�
@y	i
� 2dk @E�

@y	ik
D 0 ;

@E	
@y�
� @E�
@y	
C dj

@E�
@y	j
� djdk

@E�
@y	jk
D 0 :

(13.70)

Poincaré Lemma then yields:

Theorem 13.5.2 For a Lepage .n C 1/-form ˛ as above, local Lagrangians are
given by the Vainberg–Tonti formula � D hA ˛ D A ". In coordinates the set of all
local Lagrangians takes the form

L D y	
Z 1

0

E	
�
xi; uy�; uy�j ; uy

�
jk

�
duC dj


j; (13.71)

where 
 j are arbitrary functions. The restriction of ˛ to a suitable open set U
satisfies

˛jU D d�� C d�; (13.72)

where �� is the Poincaré–Cartan form of a local Lagrangian for ", and � is an at
least 2-contact n-form.

In view of these properties we can regard our Lepage manifold as a fibred
manifold, equipped with a class of locally equivalent Lagrangians. We therefore
have a family fL�g of Lagrange functions, each defined on an open set U� � J2Y,
such that

S
� U� D J2Y, and whenever U� \ U� ¤ ;, around every point of the

intersection we have L� D L� C dj' j for some functions ' j. Note that in some
cases we can find a global Lagrangian in the family, but in general such a global
Lagrangian (even of higher order) does not exist. The obstructions come from the
topology of Y (see [3]).

13.5.2 De Donder–Hamilton Equations on Lepage Manifolds

Formula (13.72) shows that there is an important family of Lepage manifolds,
namely those with ˛ ‘as short as possible’, or, ‘as close to the Cartan form as
possible’. Since d� is at most 2-contact, this concerns ˛’s which are at most
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2-contact (leading to the choice of� 2-contact and such that p3d� D 0).7 Requiring
� be a first order 2-contact form, we are led to the following definition:

Definition 13.5.3 We say that .�1; ˛/ is a Cartan–Lepage manifold if ˛ is closed,
at most 2-contact and f!	g-generated.8;9

Notice that in fibred coordinates we have

��
2;1˛ D E	!

	 ^ !0 C 1
2

�
@E	
@y�j
� dk f

j;k
	�

�
!	 ^ !� ^ !j

C
�
@E	
@y�ij
� f i;j	�

�
!	 ^ !�i ^ !j;

(13.73)

where E	 satisfy the Helmholtz conditions, f i;j	� D �f j;i	� D f j;i�	 are some first order
functions such that d˛ D 0, and the condition

@

@y�pj

�
@E	
@y�i
� @E�
@y	i

�
D @f i;j	�
@y�p
C @f i;p	�
@y�j

(13.74)

(meaning that ˛ is projectable onto J1Y) holds true.
Keeping notations as in the previous sections, we shall consider the exterior

differential system D˛ , and equations for its holonomic integral sections (Euler–
Lagrange equations) as well as equations for all its integral sections (Hamilton
equations). We recall that in general Hamilton and Euler–Lagrange equations are
not equivalent, as there might exist ‘Hamilton extremals’ that are not prolongations
of extremals.

It is worth notice that on a Lepage manifold both the Euler–Lagrange equations
and the Hamilton equations are independent of a choice of a concrete Lagrangian
for E.

We can see that ˛ is regular if rank˛ D m C nm, and that in coordinates the
regularity condition now reads as follows:

Theorem 13.5.4 ([60]) ˛ is regular if and only if at each point of J1Y

det

�
@E	
@y�ij
� f i;j	�

�
¤ 0: (13.75)

7In general we cannot take simply d�� since �� need not be global.
8As we shall see, in this case the Hamilton equations become of De Donder type.
9This choice of ˛ in the Lepage class f˛g is the most simple. As we know, more generally we can
add to ˛ (any) at least 2-contact form, and/or the derivative of a 1-contact form, and the dynamical
form ", hence the Euler–Lagrange equations, remain the same. However, the Hamilton equations
then may no longer be of De Donder type.
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We have the following important theorem on canonical form of a Cartan–Lepage
.nC 1/-form.

Theorem 13.5.5 Let .�1; ˛/ be a Cartan–Lepage manifold. Then around every
point in J1Y there is a neighbourhood U and functions H and p j

	 defined on U
such that

˛jU D �dH ^ !0 C dp j
	 ^ dy	 ^ !j: (13.76)

If, moreover, ˛ is regular, then the functions p j
	 are independent, meaning that

rank

 
@p j

	

@y�k

!
D max D mn: (13.77)

Proof The theorem is proved with help of the Poincaré Lemma. Since d˛ D 0

we have locally ˛ D d�, and we can set � D A ˛ where A is the contact
homotopy operator. Then � D hA ˛ is the Vainberg–Tonti Lagrangian for the
locally variational dynamical form " D p1˛. Explicitly, if we denote the components
of " by

E	 D A	 C Bij
	�y

�
ij; Bij

	� D Bji
	� D Bij

�	 ; (13.78)

we have by (13.73)

˛ D
�
A	 � 2Fi

	�y
�
i

�
dy	 ^ !0 C Fij

	�y
	
i dy

�
j ^ !0

C Fi
	�dy

	 ^ dy� ^ !i C Fij
	�dy

	 ^ dy�j ^ !i;

(13.79)

where

Fi
	� D �Fi

�	 D
1

4

�
@A	
@y�i
� @A�
@y	i
� 2 Ndj f i;j	�

�
; (13.80)

Fij
	� D Fji

�	 D Bij
	� � f i;j	�; (13.81)

and Ndi denotes the ‘cut total derivative’ Ndi D di � y	ij
@
@y	j

. Later we shall need the

following identities yielded by d˛ D 0:

@Fi
	�

@y�k
C 1

2

 
@Fik

��

@y	
� @F

ik
	�

@y�

!
D 0 ; @Fij

	�

@y�k
D @Fik

	�

@y�j
: (13.82)
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Let j1x� 2 J1Y. Using the definition of A , we obtain in a neighbourhoodU of j1x�

� D A ˛ D
�
y	
Z 1

0

.A	 ı �/du � 2y	 y�i

Z 1

0

�
Fi
	� ı �� u du C y	i y

�
j

Z 1

0

�
Fij
	� ı �� u du

�
!0

�
�
2y�

Z 1

0

�
Fi
	� ı �� u du C y�j

Z 1

0

�
Fij
	� ı �� u du

�
dy	 ^ !i

C
�
y	
Z 1

0

�
Fij
	� ı �� u du

�
dy�j ^ !i ;

(13.83)

where � W
�
u;
�
xi; y	 ; y	j

��
!
�
xi; uy	 ; uy	j

�
for u 2 Œ0; 1�.

We shall show that one can express � in the form

� D �H!0 C pi	dy
	 ^ !i C d
 (13.84)

for some functions H, pi	 , and .n�1/-form 
. ShrinkingU if necessary, we consider
the map

N� W Œ0; 1� � U 3 �v; �xi; y	 ; y	j
��! �

xi; y	 ; vy	j
� 2 U � J1Y; (13.85)

and put

f i D y�j y
	

Z 1

0

�Z 1

0

�
Fij
	� ı �

�
u du

�
ı N� dv C ' i.xp; y	 /; (13.86)

where ' i are arbitrary functions. Using (13.82) we obtain that the f i satisfy

@f i

@y�j
D y	

Z 1

0

�
Fij
	� ı �

�
u du : (13.87)

In this way we obtain:

�0 D A ˛ � d. f i!i/ D �H!0 C pi	dy
	 ^ !i (13.88)

where

pi	 D �2y�
Z 1

0

�
Fi
	� ı �

�
u du� y�j

Z 1

0

�
Fij
	� ı �

�
u du� @f i

@y	

H D �y	
Z 1

0

.A	 ı �/duC 2y	y�i
Z 1

0

�
Fi
	� ı �

�
u du

� y	i y
�
j

Z 1

0

�
Fij
	� ı �

�
u duC @f i

@xi
:

(13.89)
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The n-form �0 satisfies

d�0 D �dH ^ !0 C dpi	 ^ dy	 ^ !i D dA ˛ D ˛ ; (13.90)

as desired. ut
Definition 13.5.6 We call (13.76) canonical form of ˛, and the functions H and pi	
Hamiltonian and momenta of ˛, respectively.

Note that

h�0 D hA ˛ � hd. f i!i/ (13.91)

is a family of local first order Lagrangians for " (i.e. equivalent with the second
order Vainberg–Tonti Lagrangian hA ˛ D A "). The Lagrangians are determined
up to hd.' i!i/ D di' i!0.

For �0 D h�0 we have �0 D L0!0 where

L0 D �H C pi	y
	
i ; (13.92)

and

pi	 D
@L0
@y	i
I (13.93)

the latter follows from formulas for H and pi	 (13.89) if we use (13.82). Moreover,
since

� @p
i
	

@y�j
D Fij

	� D Bij
	� � f i;j	� D

@E	
@y�ij
� f i;j	� ; (13.94)

the regularity condition (13.75) takes the form

det

 
@pi	
@y�j

!
D det

 
@2L0
@y	i @y

�
j

!
¤ 0 : (13.95)

We can see that if �0 and N�0 are two Lagrangians defined by the canonical form
of ˛ (13.76) then locally N�0 D �0Chd', where �0 D h�0 for some �0 as above, and
' is a local horizontal .n � 1/-form on Y. We note that if one of these Lagrangians
is regular (in the sense of the regularity condition (13.95)) then all the Lagrangians
in the family are regular (and this is if and only if ˛ is regular). Thus the functions
' i in (13.86) play the role of admissible gauge functions.

Remark 13.5.7 It is worth notice that for n D dimX > 1, not every first order
Lagrangian for E has the pleasant properties as have the Lagrangians �0 related
with the canonical form of ˛. Namely, it may happen that for a local first order
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Lagrangian � D L!0 the momenta . pL/i	 D @L=@y	i and Hamiltonian HL D �LC
. pL/i	y

	
i for no ' are equal to pi	 and H, defined by (13.89). Moreover, even if ˛ is

regular, L need not satisfy the condition

det

 
@2L

@y	i @y
�
j

!
¤ 0 : (13.96)

For discussion on equivalent first order Lagrangians such that one satisfies (13.96)
and the other does not we refer to [87].

We have seen that for regular ˛, the map
�
xi; y	 ; y	j

�
!

�
xi; y	 ; p j

	

�
is a local

coordinate transformation on J1Y. In view of Sect. 13.4.2 the new coordinates are
Legendre coordinates.

Summarizing, we have obtained:

Theorem 13.5.8 Let .�1; ˛/ be a Cartan–Lepage manifold. Then in a neighbour-
hood of every point in J1Y there exists a first order Lagrangian for " D p1˛.
Moreover, if H and pi	 are a Hamiltonian and momenta of ˛ defined by the
canonical form of ˛ then locally there exists a first order Lagrangian for " such that
H D �LCpi	y

	
i and p

	
i D @L

@y	i
. Any such a Lagrangian is of the form � D �0Chd',

where �0 D h�0 and ' is a local horizontal .n � 1/-form on Y.
If, moreover, ˛ is regular, then there exists a covering of J1Y by Legendre

coordinates, and a Poisson tensor on J1Y; they are defined by the canonical
form (13.76) of ˛. Moreover, every Lagrangian � D h�0 C hd' as above satisfies
the regularity condition (13.95).

If we now compute the generators of the exterior differential system D˛ in
Legendre coordinates, we obtain the Hamilton equations of ˛ in the form

@.y	 ı ı/
@xi

D @H

@pi	
ı ı; @. pi	 ı ı/

@xi
D � @H

@y	
ı ı: (13.97)

These equations are known also as De Donder–Hamilton equations.
The meaning of the regularity condition is as follows.

Theorem 13.5.9 On a Lepage manifold .�1; ˛/ where ˛ is closed, at most
2-contact, f!	g-generated and regular, the Euler–Lagrange and Hamilton
equations are equivalent. Explicitly, if � is an extremal then J1� is a Hamilton
extremal; conversely, every Hamilton extremal is of the form J1� where � is an
extremal.

An easy proof of this theorem comes from analysing the solutions of the exterior
differential system D˛ for ˛ (13.73) satisfying (13.75).

Note that, by construction, explicit formulas for the Hamiltonian and momenta
come from an integration procedure using the Poincaré Lemma and are determined
by ˛ rather than by a particular Lagrangian.
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13.5.3 Dual Jet Bundles

Our aim now is to provide a dual picture, analogously to symplectic mechanics
where one considers the cotangent bundle T�M equipped with the canonical
symplectic form. The present setting is due to [10] (see also [83], and [67] for higher
order mechanics).

Given a fibred manifold � W Y ! X we shall explore that �1;0 W J1Y ! Y is an
affine bundle, modelled on the vector bundle VXY ˝��T�X ! Y, where VXY ! Y
is the bundle of vectors tangent to Y and vertical over X. For every fixed y 2 Y, the
fibre J1y Y of �1;0 over y is an affine space of dimension nm, hence it is associated
with a vector space of dimension .nmC 1/, its extended dual, whose elements are
the real-valued affine maps on J1y Y. Collecting the extended duals and taking the
union over y 2 Y we obtain a manifold of dimension nC mC nmC 1, denoted by
J
Y, and called the extended dual of J1Y.

If 
 2 J
Y and 
 W J1y Y ! R, we put �
1;0.
/ D y. Then �
1;0 W J
Y ! Y becomes
a vector bundle.

Each fibre J
y Y is a vector space containing a distinguished subspace of constant
maps. The quotient space will be denoted by J�

y Y, and the union over y will be
denoted by J�Y and called the reduced dual of J1Y. We have dim J�Y D dim J
Y �
1 D dim J1Y.

Next we denote by � W J
Y ! J�Y the quotient map, and by ��
1;0 W J�Y ! Y the

induced vector bundle projection.
Let f.y/ denote the restriction of a function to the fibre over y. Given a chart

.U; .xi; y	 // on Y and y 2 U, the affine functions
�
1.y/; y	i.y/

�
form a basis for the

vector space J
y Y. Denote by
�
P.y/;Pi

	.y/

�
the dual basis of

�
J
y Y

��
; in this way, we

get smooth functions P, Pi
	 locally defined on J
Y such that

�
xi; y	 ;P;Pi

	

�
are local

coordinates on the extended dual. Then
�
xi; y	 ;Pi

	

�
are coordinates on the reduced

dual J�Y.
It can be shown that with a choice of a volume element on X, J
Y is diffeomor-

phic to the bundle of n-forms on J1Y, locally generated by .!0; dy	 ^ !i/ (see [81]
for the proof). The global .nC 1/-form

˝ D dP ^ !0 C dPi
	 ^ dy	 ^ !i (13.98)

then can be regarded as a canonical multisymplectic form on J
Y. Now, any local
section h of the projection � W J
Y ! J�Y gives rise to a local closed .nC 1/-form

˝h D h�˝ D �dH ^ !0 C dPi
	 ^ dy	 ^ !i; (13.99)

on J�Y, where we have introduced the function H D �.P ı h/ defined on
domh � J�Y (an abstract Hamiltonian). With ˝h the manifold J�Y becomes a
regular Cartan–Lepage manifold of order zero.
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We can consider the exterior differential system Dh D fi�˝hg where � runs over
vector fields on J�Y, vertical over X, so that integral sections  W X ! J�Y of Dh

satisfy the De Donder–Hamilton equations

@.y	 ı  /
@xi

D @H

@Pi
	

ı  ;
@
�
Pj
	 ı  

�

@xj
D �@H

@y	
ı  : (13.100)

From (13.99) it is clear that ˝h induces a Poisson structure on J�Y defined by
the Poisson tensor

˘ D @

@Pi
	

^ @

@y	
˝ dxi : (13.101)

So far we have constructed a universal (abstract) Hamiltonian bundle, canon-
ically associated with any jet bundle �1 W J1Y ! X. Now we shall establish
a connection between an abstract Hamiltonian system and a concrete variational
system on a Lepage manifold.

So, assume that our jet bundle �1 is a Cartan–Lepage manifold, equipped with
a Lepage .nC 1/-form ˛. As above, " D p1˛ will be the corresponding dynamical
form (Euler–Lagrange form). On the extended dual J
Y we have the canonical
symplectic form ˝ corresponding to a choice of volume form on X. Both the sides
of the picture can be related by means of a map Leg˛ W J1Y ! J
Y fibred over the
identity of Y defined by

Leg�̨ ˝ D ˛: (13.102)

We call Leg˛ an extended Legendre map of ˛ and Eq. (13.102) a duality equation.
We may also construct a composite map leg˛ W J1Y ! J�Y by setting leg˛ D
� ı Leg˛ . This will be called the reduced Legendre map.

The map Leg˛ is not unique; all such maps are parametrized by “gauge functions”
'.xi; y	 /. A similar remark applies to leg˛ .

In the regular case we can choose Legendre coordinates on J1Y. Using these
Legendre coordinates, and the canonical coordinates on J�Y, the map leg˛ is
represented by the identity mapping. We immediately obtain the following result.

Theorem 13.5.10 ([83]) If ˛ is regular, then every extended Legendre map is an
immersion and every corresponding reduced Legendre map is a local diffeomor-
phism.

We say that ˛ is hyper-regular if there is an extended Legendre map Leg˛ which
is defined globally and which has the property that the corresponding reduced
Legendre map leg˛ is a diffeomorphism. Any such map gives rise to a global
Hamiltonian section h by setting h D Leg˛ ı leg�1

˛ . If ˛ is regular rather than hyper-
regular, then we may construct local sections h in this way. The negative coordinate
representative of such a section h will be the functionH D �.Pıh/, a Hamiltonian
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function corresponding to ˛. Corresponding to a choice of the extended Legendre
map we get a family of Hamiltonian functions parametrized by '.

With help of the definition of the Legendre maps, and using Legendre coordi-
nates, we easily obtain the following result.

Theorem 13.5.11 ([83]) For a hyper-regular ˛ on J1Y the following assertions are
true:

(1) Leg�̨˝ D leg�̨ h�˝ D ˛:
(2) rank h�˝ D rankDh D rank˛ D rankD˛ D mC nm:
(3) leg�̨ Dh D D˛.
(4) If  W X ! J�Y is an integral section of Dh, then leg�1

˛ ı D J1� where � is a
section of � W Y ! X, and it is an integral section of D˛ .

(5) Every integral section of D˛ is of the form J1� , and  D leg˛ ıJ1� is an
integral section of Dh.

13.6 Lepage Manifolds in Mechanics: The Metric,
Symplectic and Poisson Structures

In the last section we shall consider a fibred manifold � W Y ! X over a base
of dimension 1. In this case equations for sections of � are ordinary differential
equations, and Lepage .n C 1/-forms are 2-forms. We emphasize that for n D
1 there occurs a substantial simplification: every dynamical form has a unique
(global) Lepage equivalent. This means that we have a one-to-one correspondence
between dynamical forms and Lepage manifolds. Moreover, there is one-to-one
correspondence between Lepage manifolds defined by closed forms and variational
equations (precisely speaking, locally variational dynamical forms):

Theorem 13.6.1 ([56]) Let .�r; ˛/ be a Lepage manifold and assume that ˛ is
closed. Then " D p1˛ is locally variational. Moreover, ˛ is a unique Lepage
equivalent of ".

Conversely, let " be a locally variational dynamical form on JsY, s > 0. Then
there exists a unique Lepage manifold .�r; ˛) such that " D p1˛. It holds r D s� 1
and d˛ D 0.

Explicit formula for ˛ can be found in [56] (see also [59]).
In what follows we shall be interested in Lepage manifolds which are a

background for second order ordinary differential equations, and in particular, for
geometric mechanics. As usual in this situation, we shall take Y D R � M, where
M is a smooth manifold, dimM D m, and X D R. Then J1Y D R � TM,
J2Y D R�T2M, etc. We shall use fibred coordinates adapted to the product structure
of Y, and a global coordinate onR. This means that the transformation rules between
.t; q	 / and .Nt; Nq	 / satisfy Nt D t and @Nq	=@t D 0. The associated coordinates on
J1Y and J2Y will be denoted by .t; q	 ; Pq	 / and .t; q	 ; Pq	 ; Rq	 /, respectively. We set
!	 D dq	 � Pq	dt, P!	 D d Pq	 � Rq	dt.
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Apart from the general case, we shall be interested also in time-independent
mechanical systems. In order to define this concept we note that the global vector
field @=@t on R trivially lifts to R � TM and its prolongations. We call a differential
form � time-independent, if L@=@t� D 0. We obtain that ˛ is time independent if and
only if " is time-independent, and this means that @E	=@t D 0 for all 	 .

Due to uniqueness of the Lepage equivalent in mechanics, Lepage manifolds
for second order ordinary differential equations are completely characterized by the
following theorem due to Krupková and Prince:

Theorem 13.6.2 ([65])

(1) Every dynamical form " on J2Y has a unique Lepage equivalent. It is defined
on J3Y, and takes the coordinate form

˛ D E	!
	 ^ dtC 1

4

�
@E	
@Pq� �

@E�
@Pq	 �

d

dt

�
@E	
@Rq� �

@E�
@Rq	

��
!	 ^ !�

C 1

2

�
@E	
@Rq� C

@E�
@Rq	

�
!	 ^ P!�: (13.103)

(2) If the second order ODEs are affine in the second derivatives, i.e. such that

E	 D A	.t; q
�; Pq�/C g	�.t; q

�; Pq�/Rq� (13.104)

then the Lepage equivalent is projectable onto J2Y and reads

˛ D A	!
	 ^ dtC 1

4

�
@A	
@Pq� �

@A�
@Pq	 � 2

@gŒ	��
@t
� 2@gŒ	��

@q�
Pq�
�
!	 ^ !�

C g.	�/!
	 ^ d Pq� C gŒ	�� Rq�!	 ^ dt

C 1

4

�
@g	�
@Pq� �

@g��
@Pq	 � 2

@gŒ	��
@Pq�

�
Rq�!	 ^ !� (13.105)

where .	�/, resp. Œ	�� denotes symmetrization, resp. antisymmetrization in the
indicated indices.

(3) The Lepage equivalent of (13.104) is projectable onto J1Y if and only if

g	� D g�	 ;
@g	�
@Pq� D

@g	�
@Pq� : (13.106)

In this case

˛ D A	!
	 ^ dtC 1

4

�
@A	
@Pq� �

@A�
@Pq	

�
!	 ^ !� C g	�!

	 ^ d Pq� : (13.107)
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Definition 13.6.3 Dynamical forms characterized by property (3) of the above
theorem are called semi-variational.

Relations (13.106) are integrability conditions for a function f .t; q�; Pq�/ such that

g	� D @2f

@Pq	@Pq� ; (13.108)

and which is determined up to a linear term. Moreover, it can be shown [59, 61] that
every regular semi-variational dynamical form " splits canonically into a sum of a
variational dynamical form "g, coming from a Lagrangian � D T dt determined by
the g	� , and a first order dynamical form 
 (a “force”), so that the semi-variational
equations take the form

@T

@q	
� d

dt

@T

@Pq	 D 
	 : (13.109)

This means that ˛ splits to

˛ D ˛g C ˛
 (13.110)

where ˛g is the Lepage equivalent of the Euler–Lagrange form of T, and ˛
 is the
Lepage equivalent of 
. Note that (due to variationality) d˛g D 0.

If the matrix .g	�/ is regular and time and velocity independent, it determines a
metric g on M. Then (up to the sign) T is the kinetic energy of the metric g, and
Eq. (13.109) take the (contravariant) form

Rq	 C � 	
�� Pq� Pq� D g	�
�; (13.111)

where � is the Levi-Civita connection of g. If g is regular, time independent and
0-homogeneous in the velocities, it is a Finsler metric, and the corresponding
equations with 
 D 0 are equations for geodesics on the Finsler manifold M. In
a general case, we call a regular morphism g.t; q�; Pq�/ satisfying the integrability
conditions (13.106) a variational metric (more about this see [61] and [80]).

We remind that " is variational if and only if p2d˛ � H" D 0 (Helmholtz
conditions), or, equivalently, if ˛ is closed. Then the force 
 D 
	!	 ^dt appearing
in Eq. (13.109) is a first-order locally variational form (i.e. satisfies the first-order
Helmholtz conditions). It can be shown that this is if and only if 
 takes the form of
Lorentz force (see, e.g., [61] or [59] for details).

As we have seen above, second order ordinary differential equations are modelled
on Lepage manifolds of order 2, or, if they are semi-variational or variational, on
Lepage manifolds of order 1.

In the sequel we shall consider a Lepage manifold .�1; ˛/ over a fibred manifold
� W R � M ! R. Let us summarize what we already know: .�1; ˛/ is endowed
with
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• the dynamical form " D p1˛ which is semi-variational or variational depending
on whether d˛ ¤ 0 or d˛ D 0,

• the exterior differential systemD˛ , generated by the co-distribution�0 onR�TM
spanned by 1-forms i�˛ where � runs over all �1-vertical vector fields on J1Y,
and having the same holonomic solutions as ".

Since ˛ is a 2-form, we also have

• the characteristic distribution �˛ (and its annihilator �0˛) of ˛ on R� TM. Recall
that

�˛ D spanf� j i�˛ D 0g; (13.112)

and its annihilator consists of 1-forms i�˛ where � runs over all vector fields on
R � TM. Thus, �˛ � �˛, and both the distributions have the same holonomic
solutions which coincide with the solutions of the ODEs defined by ".

• Moreover, if ˛ is closed (" is locally variational), then ˛ has a local canonical
form

˛ D �dH ^ dtC dp	 ^ dq	 (13.113)

where the functions H, p	 are defined as components in the canonical basis of the
Cartan form �� of a local Lagrangian � D hA ˛, i.e. �� D A ˛ D HdtC p	dq	 .

From now on, let us assume that .�1; ˛/ is a regular Lepage manifold, i.e.
rank˛ D dimV�1 D 2m. Then the distribution �˛ has rank one and coincides
with the characteristic distribution �˛ . Moreover, we get the following additional
structures:

• Variational metric g [61] defined by

g	� D @E	
@Rq� : (13.114)

Indeed, by the regularity assumption on ˛ this matrix is regular. Consequently, on
every fibre of R�M, g induces a velocity dependent metric. In case that ˛ is time
independent, g becomes time-independent and projects onto a velocity dependent
metric on M. This may be, for example, a Finsler metric if g is 0-homogeneous
in velocities, or a Riemannian metric on M if g does not depend on velocities.

• A first order dynamical form 
 (a force), defined by the canonical splitting " D
"g C 
; the force is variational or non-variational, depending on whether ˛ is
closed or not.

• Global vector field � on R�TM, spanning the distribution�˛ D �˛ . It is defined
by i� ˛ D 0 and dt.� / D 1. � is a semispray and its integral sections identify
with solutions of the equations determined by ". In coordinates,

� D @

@t
C Pq	 @

@q	
� g	�A�

@

@Pq	 : (13.115)
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• A splitting of the tangent bundle to R� TM associated with � (e.g. [84, 85, 88])

T.R � TM/ D spanf� g ˚ H� ˚ V�1;0 (13.116)

where V�1;0 is the bundle of the ‘very vertical vectors’ (vertical over R�M) and

H� D span



@

@y	
C 1

2

@� �

@Pq	
@

@Pq�
�

(13.117)

where � 	 D �g	�A� . This splitting induces a splitting of the cotangent bundle
which gives an adapted basis of 1-forms (dual basis to (�;H	 ; @=@Pq	 /) as follows:
.dt; !	 ;  	 /, where

 	 D d Pq	 � 1
2

@� �

@Pq	 !
� � � 	dt : (13.118)

In the adapted basis the Lepage 2-form takes a simple expression

˛ D g	�!
	 ^  � : (13.119)

• If ˛ is closed, time independent and regular: The splitting of ˛ (13.113) is
invariant and defines the symplectic form ! D dp	 ^ dq	 , and hence also the
Poisson structure ˘ D @

@p	
^ @

@q	 on TM. Obviously, � then splits into a vector
field on R and a time independent vector field on TM which is the Hamilton
vector field for !.

• More generally, on a regular Lepage manifold with closed ˛ (locally variational
dynamical form ", corresponding to variational equations), apart from a (general-
ized) metric structure g, we have also fibrewise symplectic and Poisson structures.

• Considering the dual jet bundle, we get in the same way as in the case of field
theory in the previous section, the duality between the Lepage manifold .�1; ˛/
and the bundle .J�Y;˝h/. For a detailed exposition we refer to [67].

Lepage manifolds arise wherever differential equations of dynamical type (i.e.
equations defined by dynamical forms) are concerned. In particular, they are behind
any system of first-order ODEs (a vector field, dynamical system) and regular
higher-order ODEs (a semispray, a spray), a symplectic structure, or behind any
extremal principle (e.g. kinetic energy, Finsler function, etc.). Let us discuss the
latter two cases in more detail:

Lepage Manifolds in Riemann and Finsler Geometry Let .M; g/ be a Rie-
mannian manifold (actually, the signature of the metric is inessential). Denote by
.xi/, 1 6 i 6 m, local coordinates on M. We have on TM the induced kinetic
energy, T D 1

2
gij Pxi Pxj, which is a first-order Lagrangian for the fibred manifold

� W R�M! R. The Euler–Lagrange equations, that are equations for the geodesics
on M, are represented by a second-order vector field (semispray) � on R � TM. If
we denote by .dt; !i;  i/ the basis of one forms on R � TM, dual to the natural
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splitting of R � TM induced by � , we get the Lepage 2-form ˛ D gij!i ^  j,
which is closed. We easily check that � spans the kernel of ˛, so that .�1; ˛/, where
�1 W R � TM ! R, is the Lepage manifold naturally related with .M; g/.

A similar situation arises in Finsler geometry. Denote by ToM the slit tangent
bundle of M (i.e. let ToM be TM with the zero section excluded). If F is a Finsler
function on ToM, and g is the corresponding Finsler metric tensor

gij D @2F2

@Pxi@Px j
; (13.120)

the equations for Finsler geodesics are Euler–Lagrange equations of the Lagrangian
F2. Let � be the semispray on R � ToM defined by the Euler–Lagrange equations,
and .dt; !i;  i/ the basis of one forms on R � ToM, dual to the natural splitting
of R � ToM induced by � . The Lepage manifold associated with .M;F/ is .�1; ˛/
where �1 W R � ToM! R, and ˛ D gij!i ^  j. Again, ˛ is closed.

Notice that, in both the cases, ˛ invariantly splits to a sum �dH ^ dtC !, where
! is the related symplectic form.
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