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Preface

This is the abstract sequel booklet monograph to the recently published mono-
graphs, by the same authors, titled: “Intelligent Numerical Methods: Applications to
Fractional Calculus,” Studies in Computational Intelligence 624, and “Intelligent
Numerical Methods II: Applications to Multivariate Fractional Calculus,” Studies in
Computational Intelligence 649, both in Springer Heidelberg New York, 2016. It is
regarding applications of Newton-like and other similar methods for solving
abstract functional equations, which involve abstract Caputo and Canavati type
fractional derivatives. The functions we are dealing with are Banach space valued
of a real domain. These are studied for the first time in the literature, and chapters
are self-contained and can be read independently. In each chapter, the first sections
are prerequisites for the final section of abstract fractional calculus applications.
This short monograph is suitable to be used in related graduate classes and research
projects. We exhibit the maximum of these numerical methods at the abstract
fractional level.

The motivation to write this monograph came by the following: Various issues
related to the modeling and analysis of fractional order systems have gained an
increased popularity, as witnessed by many books and volumes in Springer’s
program:

http://www.springer.com/gp/search?query=fractional &submit=Prze % C5%9Blij

and the purpose of our book is to provide a deeper formal analysis on some issues
that are relevant to many areas for instance: decision making, complex processes,
systems modeling and control, and related areas. The above are deeply embedded in
the fields of engineering, computer science, physics, economics, social and life
sciences.

The list of covered topics here follows:

explicit-implicit methods with applications to Banach space valued functions in
abstract fractional calculus,

convergence of iterative methods in abstract fractional calculus,

equations for Banach space valued functions in fractional vector calculi,

vii


http://www.springer.com/gp/search?query=fractional%26submit=Prze%C5%9Blij

viii Preface

iterative methods in abstract fractional calculus,

semi-local convergence in right abstract fractional calculus,

algorithmic convergence in abstract g-fractional calculus,

iterative procedures for solving equations in abstract fractional calculus,
approximate solutions of equations in abstract g-fractional calculus,
generating sequences for solving equations in abstract g-fractional calculus,
and numerical optimization with fractional invexity.

An extensive list of references is given per chapter.

This book’s results are expected to find applications in many areas of applied
mathematics, stochastics, computer science, and engineering. As such, this short
monograph is suitable for researchers, graduate students, and seminars of the above
subjects, also to be in all science and engineering libraries.

The preparation of this book took place during the academic year 2016-2017 in
Memphis, Tennessee, and Lawton, Oklahoma, USA.

We would like to thank Prof. Alina Lupas of University of Oradea, Romania, for
checking and reading the manuscript.

Memphis, USA George A. Anastassiou
Lawton, USA Ioannis K. Argyros
June 2017
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Chapter 1

Explicit-Implicit Methods with Applications
to Banach Space Valued Functions

in Abstract Fractional Calculus

Explicit iterative methods have been used extensively to generate a sequence approx-
imating a solution of an equation on a Banach space setting. However, little attention
has been given to the study of implicit iterative methods. We present a semi-local con-
vergence analysis for a some general implicit and explicit iterative methods. Some
applications are suggested including Banach space valued functions of fractional
calculus, where all integrals are of Bochner-type. It follows [5].

1.1 Introduction

Sections 1.1-1.3 are prerequisites for Sect. 1.4.

Let B, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, p) := {u € By : |lu — z|| < p}andlet U (z, p) stand for the closure of
U (z, p).

Numerous problems in Computational Sciences, Engineering, Mathematical
Chemistry, Mathematical Physics, Mathematical Economics and other disciplines
can be brought in a form like

Fx)=0 (1.1.1)

using Mathematical Modeling [1-16], where F' : 2 — B, is a continuous operator.
The solution x* of Eq.(1.1.1) is sought in closed form, but this is attainable only
in special cases. That explains why most solution methods for such equations are
usually iterative. There is a plethora of iterative methods for solving Eq. (1.1.1). We
can divide these methods in two categories.

Explicit Methods [6, 7, 11, 14, 15]: Newton’s method

X1 =X — F' (x2) 7" F (x). (1.12)

© Springer International Publishing AG 2018 1
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2 1 Explicit-Implicit Methods with Applications to Banach Space ...

Secant method: )
Xn+1 = Xn — [xn—laxn; F] F (xn) ’ (113)

where [, -; F'] denotes a divided difference of order one on 2 x 2 [7, 14, 15].
Newton-like method:
Xn+1 = Xp _En_lF(xn)9 (1.1.4)

where E,, = E (F) (x,) and E : Q — L (By, B») the space of bounded linear oper-
ators from B into B,. Other explicit methods can be found in [7, 11, 14, 15] and
the references there in.

Implicit Methods [6, 9, 11, 15]:

F(x,) + An (xn-H —x,) =0 (1.1.5)
Xn4+1 = Xn —A;IF(X,,), (1.1.6)

where A, = A (X401, X,) = A(F) (xy41, xp) and A : Q X Q — L (B4, By) .
There is a plethora on local as well as semi-local convergence results for explicit

methods [1-8], [10-15]. However, the research on the convergence of implicit meth-
ods has received little attention. Authors, usually consider the fixed point problem

P, (x) =x, (1.1.7)
where
PxX)=x+F@+AXx,2)(x—2) (1.1.8)
or
P(x)=z—A(x,2)7'F(2) (1.1.9)

for methods (1.1.5) and (1.1.6), respectivelly, where z € 2 is given. If P is a con-
traction operator mapping a closed set into itself, then according to the contraction
mapping principle [11, 14, 15], P, has a fixed point x} which can be found using the
method of succesive substitutions or Picard’s method [15] defined for each fixed n
by
Yi+1,n = I, (yk,n) » Yoon = Xps Xpp1 = lim Yie,n - (1.1.10)
k—+00

Let us also consider the analogous explicit methods
F(xn)+A(xn»xn) (xn+l —Xn) =0 (1111)
X1l = Xp — A (X, %) F () (1.1.12)

F (xp) + A (X, Xy—1) (Xpg1 — X)) =0 (1.1.13)
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and
X1 = X — A (X, Xum1) " F (X)) . (1.1.14)

In this chapter in Sect. 1.2, we study the semi-local convergence of method (1.1.5)
and method (1.1.6). Section 1.3 contains the semi-local convergence of method
(1.1.11), method (1.1.12), method (1.1.13) and method (1.1.14). Some applications

to Abstract Fractional Calculus are suggested in Sect. 1.4 on a certain Banach space
valued functions, where all the integrals are of Bochner-type [8].

1.2 Semi-local Convergence for Implicit Methods

The semi-local convergence analysis of method (1.1.6) that follows is based on the
conditions (H):
(hy) F:Q C By — B, is continuous and A (F) (x, y) € L (B;, By) for each
(x,y) € 2 x Q.
(hy) There exist [ > 0 and 2y C B, such that A (F) (x, y)_1 € L (B,, By) for
each (x, y) € Qo x Qp and
|AF) @7 <17

Set Q) = Q2N Q.
(h3) There exist real numbers «, oy, a3 satisfying

O0<ap<oand0<a3 <1
such that for each x, y €
IF ) —F(y)—AF) (x,y) (x =yl =
L(S I =l + azlly = xoll + s ) x =yl
(h4) For each x € Qg there exists y € 2 such that
y=x—A@. )" F@x).

(hs) For x¢ € Q¢ and x; € 2 satisfying (h4) there exists n > 0 such that

A (F) (x1, x0)™" F (xo)|| <.
(he) h:=amn=<3(1—a3)’.

and -
(h7) U (x9, t¥) C Qp, where
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o Il as—+/(1—a3) 2h’ ar £ 0

(€3]

1
T—ay ' Q1= 0.

Then, we can show the following semi-local convergence result for method (1.1.6)
under the preceding notation and conditions (H).

Theorem 1.1 Suppose that the conditions (H) are satisfied. Then, sequence {x,}
generated by method (1.1.6) starting at xo € Q2 is well defined in U (xy, t*), remains
in U (xg, t*) for each n =0, 1,2, ... and converges to a solution x* € U()C(), )
of equation F (x) = 0. Moreover, provided that (h3) holds with A(F)(z,y) replacing
A(F)(x,y) for each z € Q , if oy # 0, the equation F (x) = 0 has a unique solution
x*inU , Where

7 UGN, ifh =31 -a)’
U (xo, ™) N, ifh < 5 (1 = a3)’

and, if ay = 0, the solution x* is unique in U (xo, ﬁ), where t** =

l—a3++/ (1—a3)>=2h

ay

Proof Case oy # 0. Let us define scalar function g on R by g (¢) = %tz -
(1 — a3) t + n and majorizing sequence {#,} by

to=0,ty =tr_1 + g (tx—1) foreachk =1,2, .... (1.2.1)
It follows from (%¢) that function g has two positive roots ¢* and #**, t* < t**, and
1 < ty+1. That is, sequence {#;} converges to ¢*.
(a) Using mathematical induction on k, we shall show that

lxks1 — xell < tig1 — & (1.2.2)

Estimate (1.2.2) holds for k = 0 by (hs) and (1.2.1), since ||x; — xo|| <1 =1 — 1.
Suppose that for | <m <k

”xm — Xm—1 ” Slm =1 (123)

Them, we get ||xx — xoll < tx — to =t < t* and A (xi, x;_;) is invertible by (h,).
We can write by method (1.1.6)

Xert — xp = —Ar (F () — F (xe—1) — At (o — Xi—1)) - (1.2.4)

In view of the induction hypothesis (1.2.3), (h»), (h3), (hg), (1.2.1) and (1.2.4), we
get in turn that

Ixeer — xell = [ALF o) || = | Ay (F () = F (xim1) — At (e — x5-1) |
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< A IF o) = F (riet) — Agmr (i — x| <

_ (03]

Y (7 llxx — xk—1 Il + @2 llxk—1 — xoll + a3) lxe — xp_1 |l < (1.2.5)
(673} 2
— (= f)” + oo (e — te-) fim1 + 03 (B — fi1) =

a
7] (t—tie)* + oot — i) i1 + o3 (e — tr1) — (e — tr—1) + g (1) =
g) — (a1 — ) (fx — 1) tr—1 <

8 () = trp1 — I, (1.2.6)

which completes the induction for estimate (1.2.2).
That is, we have for any k

k1 — xell < ter — 1 (1.2.7)

and
Xk —xoll <t <™. (1.2.8)

It follows by (1.2.7) and (1.2.8) that {x} is a complete sequence in a Banach space

B and as such it converges to some x* € U (xg, t*) (since U (xo, 1*) is a closed
set). By letting k — 400, using (k) and (h;), we get l_lklim | F (x|l =0, so
—+00

F(x*)=0. _
Let x** € U be such that F' (x**) = 0. We shall show by induction that
[ = x| <" — 1 foreachk =0,1,2, ... (1.2.9)

Estimate (1.2.9) holds for k£ = 0 by the definition of x** and U. Suppose that
[x** — x¢|| < t* — t,. Then, as in (1.2.5), we obtain in turn that

[ = g1 | = [ —xe + AL'F () — AL'F (x7) || =

A" (A (6 =) + F (o) = F (™)) |

IA

[ACTHIF () = F (o = A (5 = ) | =

(% |l = xe | + a2 llxe — xoll + a3) % = x| <

(% (t* - lk) —+ ooty + OZ3) ([* - lk) =
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« «
S (") + 5 0 =™ o (7 = ) e+ (1 = 0) =
x« , Y1 o * * 2 *
N+ —-a3)t™+ le —aift” + ot — oot + astt — asly

=l‘*—l‘k+], (1.2.10)

m x; = x**. But we

which completes the induction for estimate (1.2.9). Hence, . li
—400

showed that lim x; = x*, so x™ = x*.

k—+00

Case a; = 0. Then, we have by (h3) that a, = 0 and estimate (1.2.5) gives
X1 — Xkl < az llxg — x4l < --- < &4 [lx1 — xoll < adn (1.2.11)

and
lxe+1 — xoll < lxrpr — xell + lxx — xp—1ll + -+ -+ llx1 — xo|

1—
<% n_ (12.12)
11— a3 11— a3
Then, as in the previous case it follows from (1.2.11) and (1.2.12) that
1-— aé X
lxpsi — xll < asn, (1.2.13)
1-— [6%]

so sequence {x;} is complete and x* solves equation F (x) = 0. Finally, the unique-
ness part follows from (1.2.10) for a; = a; = 0, since

[+ = | = an o = x| = @b [ = x| < o (1214)
—03
which shows again that lim x; = x™*. |
k—+o00

Remark 1.2 (1) Condition (/) can be incorporated in (3) as follows
(h%) There exist real numbers @, o, o3 satisfying0 <o, <@;and0 <3 < |
such that for each x, y € Q

A G )T F @) = F()—Ax,y) (x— ]| <
(@22 1x = ¥l + @2 lly = xoll + @) llx =yl
Then, (k%) can replace (h,) and (h3) in Theorem 1.1 for a; = @), % = o,
a3 = a3 and Q¢ = Q. Moreover, notice that ov; < o, @ < o and @3 < a3, which

play arole in the sufficient convergence criterion (%), error bounds and the precision
of t* and #**. Condition (h3) is of Mysowksii-type [11].
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(2) Suppose that there exist [y > 0, ay > 0 and L € £ (B;, B,) with L™!
L (B, By) such that | L~ < 15!

A (F) (x,y) — L|| < a4 foreachx,y e Q

and
Qs = 10_1044 < 1.

Then, it follows from the Banach lemma on invertible operators [7, 9, 11, 14, 15]
and
[L1 1A (F) () = LI < 6o = a5 < 1

that A (F) (x, y)~' € L (Bs, By). Set[~' =
condition (h;) is implied, so it can be dropped from the condltlons (H).

(3) Clearly method (1.1.5) converges under the conditions (H), since (1.1.6)
implies (1.1.5).

(4) Let R > 0 and define Ry =sup{tr € [0, R) : U (x9, Ry) € D}. Set Qy =
U (xo, Ry). Condition (h3) can be extended, if the additional term a, ||x — xo|
is inserted inside the paranthesis at the right hand side for some a; > 0. Then,
the conclusions of Theorem 1.1 hold in this more general setting, provided that
as = ax Ry + a3 replaces as in conditions (he) and (h7).

(5) Concerning the solvability of Eq. (1.1.6) (or (1.1.5)), we wanted to leave condi-
tion (h4) as uncluttered as possible in conditions (H). We did this because in practice
these equations may be solvable in a way other than using the contraction mapping
principle already mentioned earlier.

Next, we show the solvability of method (1.1.5) using a stronger version of the
contraction mapping principle and based on the conditions (C) :
(c1) = (hy).
(c2) There exist yp € [0, 1), v € [0, +00), 72 € [0, 1), xg € 2 such that for each
X,y,2 €L
11+ A, 2) — Ay, DI =,

lA(x,2) =A@, DI <nllx =yl

B Y2 llxg — zll for xo # z
||F(Z) + A()C(),Z) (.X() Z)” S [ ||F(x())|| forxo =7z

(c3)
Yo + 71 llxoll + 72 < 1 fory, #0,

Yo + 8! ”xO” < 1 for Y2 = O’

_ 2
IF (o)l < (1 = (90 + 7 lIxol)) for ~; # 0,

"
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Y <1 fory, =0

and o
(cs) U (xp,7r) C 2, where

F 1—
| F (xo)l <) (0 + 71 llxolD) for ~; 0,
1 — (0 + 71 llxolD M
F
| F (xo) l <7 form =0,
=

L — (0 + 71 llxolD
r <
!

for z = xo, 71 # 0.

Theorem 1.3 Suppose that the conditions (C) are satisfied. Then, for each n =
0,1,2,... Eq.(1.1.5) is unique solvable. Moreover, if A;l € L (B>, By), then
Eq. (1.1.6) is also uniquely solvable for eachn =0, 1,2, ...

Proof We base the proof on the contraction mapping principle. Letx, y € U (xo, r).
Then, using (1.1.8) we have in turn by (c;) that

1P () = P-WMI=IIT+AXx,2) =AY, 2)(x—y) = (Alx,2) —A(y. )zl
SH+AE 2 =AW I x =yl + 1A, 2) = A, DI Iz

=7 llx =yl +5 Uiz = xoll + llxolD) [lx — Il

<@ lx —xolD llx — I, (1.2.15)
where
pt=17 i i |(|txo+|| ”’;gﬂ)z ioij # %o (1.2.16)
Notice that ¢ (¢) € [0, 1) for ¢ € [0, r] by the choice of 7 in (c4).
We also have that
1P (x) = xoll < |- (x) — Pz (xo)ll + [ Pz (x0) — xoll - (1.2.17)
If z = x¢ in (1.2.17), then we get by (c3), (c4) and (1.2.15) that
| Py () = x0| < ¢ (llx = x0l1) llx = xoll + I F (x0)l
= o+ lxol)r+ I1F (xo)ll < r. (1.2.18)

The existence of x; € U (xg, r) solving (1.1.5) for n = 0 is now established by the
contraction mapping principle, (1.2.15) and (1.2.18).
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Moreover, if 7 # x¢, the last condition in (c3), (¢3) , (c4) and (1.2.17) give instead
of (1.2.18) that

1P, (x) — xoll < @ (llx —xo0l) lx — xoll + 72 lx — xoll
< (o+7lxoll +72)r <r. (1.2.19)

Then, again by (1.2.15), (1.2.19) and the contraction mapping principle, we guarantee
the unique solvability of Eq.(1.1.5) and the existence of a unique sequence {x,}
for each n =0, 1, 2, ... Finally, equation (1.1.6) is also uniquely solvable by the
preceding proof and the condition A ' € £ (Ba, By). |

Remark 1.4 (a) The gamma conditions can be weakened, if ; are replaced by func-
tions ~; (¢), i =0, 1,2, 3. Then, v; will appear as v; (||x — xp||) and ; (r) in the
conditions (C) .

(b) Sect. 1.2 has an interest independent of Sect. 1.4. However, the results espe-
cially of Theorem 1.1 can apply in Abstract Fractional Calculus as suggested in
Sect. 1.4. As an example crucial condition (/3) is satisfied in (1.4.8), if we choose
ar =o3 =0andlo = %, where c is defined in (1.4.8). Similar choices can be given
for the rest of the special cases of (h3) appearing in Sect. 1.4.

1.3 Semi-local Convergence for Explicit Methods

Theorem 1.1 is general enough so it can be used to study the semi-local convergence of
method (1.1.11), method (1.1.12), method (1.1.13) and method (1.1.14). In particular,
for the study of method (1.1.12) (and consequently method (1.1.11)), we use the
conditions (H /) :

(h}) F:Q C By — B, is continuous and A (F) (x, x) € L (B, B,) for each
x € Q2.

(h%) There exist/ > 0 and €29 C By such that A (F) (x, x)~' € L (B,, By) and

[A(F) @07 <i7h

Set 2; = QN Q.
(h%) There exist real numbers i, a, y3 satisfying

0<az <7 and0 < 3
such that for each x, y € Q;
IFx)=F Q) —AFE) @, )&=y =

M
(5 e =yl + a2 ly = xoll +7a) llx = 1.
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(k) For each x, y € ©; and some 4 > 0,y5 > 0

A y) =A<

or
A G, y) = Ay, I <Iyslx —yll.

Set ao; = 1 + 5 and a3 = 3 + 4, if the second inequation holds or o} = 7, and
a3 = 73 + 74, if the first inequation holds. Further, suppose 0 < a3 < 1.

(h) There exist xo € €0 and 1 > 0 such that A (F) (xo, x0)~' € L(B,, By) and

| A (F) (x0,x0)™" F (x0)| < -

(hg) = (he)
and
(h7) = (h7).

Then, we can show the following semi-local convergence of method (1.1.12) using
the conditions (H /) and the preceding notation.

Proposition 1.5 Suppose that the conditions (H') are satisfied. Then, sequence {x,}
generated by method (1.1.12) starting at xy € Q2 is well defined in U (xg, t*), remains
in U (xg, t*) for each n =0, 1,2, ... and converges to a solution x* € U(xo, )
of equation F (x) = 0. Moreover, if oy # 0, the equation F (x) = 0 has a unique
solution x* in U , where

g (UGN ifh =4 (1—as)’
U (x0, ™) N Q. ifh < 5 (1 — a3)®

and, if o) = 0, the solution x* is unique in U (xo, 117—@3), where t* and t** are given

in Theorem 1.1.

Proof Use in the proof of Theorem 1.1 instead of estimate (1.2.5) the analogous
estimate

MF ol = IF () = F (x—1) — A (-1, Xe—1) (i — x|l =
I[F (o) = F (1) = A Gors xem1) (e = x|+
(A (g, Xp—1) — A (15 Xk—1)) (X — X1 |l
< 12 I = xectll + a2 vy =30l + 33 ) e — v 1 +

lA Gor, xe—1) — A O, XD g — X1l <
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(63} 2
l 5 (tx — ti—1)" + o2 (e — 1) 1 + 3 (B — Br—1) )
where we used again that ||x; — xp—1|| <t — tx—1, |[Xx—1 — Xo|| < #x—1 and the con-
dition (h},) . |

Remark 1.6 Comments similar to Remark 1.2 (1)—(3) can follow but for method
(1.1.11) and method (1.1.12) instead of method (1.1.5) and method (1.1.6), respec-
tively.

Similarly, for method (1.1.13) and method (1.1.14), we use the conditions (H ”) :
hy) = (hy)
hy) = (hy)
hy ) There exist real numbers a, ap, 3 satisfying
0<ay<a; and0 <3
such that for each x, y € Q;
[F(x)—FQ)—AWF)(x,y) (x =yl =
aq
(5 =l +azlly = xoll +73) e = 1.
(h}) For each x, y, z € Q and some y3 > 0
Az, y) = Ay, )| <155.
Set iz = v3 + &3 and further suppose 0 < a3 < 1.
(h%) There exist x_j € Q, xo € Q2 and 7> 0 such that A (F) (xo,x_1)"' €

L (B, By) and
A (F) (xo, x_)™" F (x0)|| < .

(h¢) = (he)
and
(h7) = (h7).

Then, we can present the following semi-local convergence of method (1.1.14)
using the conditions (H ”) and the preceding notation.

Proposition 1.7 Suppose that the conditions (H'") are satisfied. Then, sequence {x,}
generated by method (1.1.14) starting at xy € Q is well defined in U (xq, t*), remains
in U (xg, t*) for each n =0, 1,2, ... and converges to a solution x* € ﬁ(xo, )
of equation F (x) = 0. Moreover, if o # 0, the equation F (x) = 0 has a unique
solution x* in 17, where

- U (x0, ) N Qo, ifh = 1 (1 — a3)*
| UGo Q0 ifh < L (1= a3)?
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and, if oy = 0, the solution x* is unique in U (xo, #), where t* and t** are given

in Theorem 1.1.

Proof As in Proposition 1.5, use in the proof of Theorem 1.1 instead of estimate
(1.2.5) the analogous estimate

IF (xoll =
I1F o) = F (xe—1) — A (e, Xg—1) (6 — Xg—1)
+ (A (g, x—1) — A (X1, Xx—2)) (X — x|l <
IF () = F (x—1) — A (e, Xe—1) (e — x| +

IA Gor, xp—1) — A Gex—t, Xe—2) | llxx — x|l

!
< 1(F Ik = el 4 @ ot = Xoll +73) I = xeot Il + 103 i = x|

a
<l (71 (t — ti1)? + 0o (e — o) iy + a3 (4 — lk71)) ,

where we used again that ||x; — xx—1|| < tx — tx—1, l|Xx—1 — x0l| < tx— and the con-
dition (h:{) . [ |

Remark 1.8 Comments similar to Remark 1.2 (1)—(3) can follow but for method
(1.1.13) and method (1.1.14) instead of method (1.1.5) and method (1.1.6), respec-
tively.

1.4 Applications to X-valued Fractional Calculus

Here we deal with Banach space (X, ||-]|) valued functions f of real domain [0, a],
a > 0. All integrals here are of Bochner-type, see [8, 13]. The derivatives of f are
defined similarly to numerical ones, see [16], pp. 83—-86 and p. 93.

In this section we apply our Newton like numerical methods to X -valued fractional
calculus.

We want to solve

f(x)=0. (1.4.1)
D Letl <v <2ie. [v] =2 (][] ceiling of number); x, y € [0, a],a > 0, and

f€C*(0,a], X).
We define the following left X-valued Caputo fractional derivatives (see [4]),

v R 1 ! _ o \I=v er
(DL, f) (x) == —F(2—V)/y (x =" " (1) dt, (1.4.2)
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when x > y, and

(DL f) () = / (=" f" ) dt, (1.4.3)

when y > x, where I is the gamma function.
We define also the X-valued fractional linear operator

f )+ (D f)(x)‘;(;1,>,x>y,
(Ao (NN &y =1 @)+ (D2 f) () 2y > x, (1.4.4)

Tw+D °

0, x=y.
By X-valued left fractional Caputo Taylor’s formula (see [4]) we get that

FO-F = ME=—y+—— / (x ="' DY, f () dr, forx > y,

')
(1.4.5)
and

fF—=f&)= f(x)(y—x)+—/ (y =)' DY f (t)dt, for x <y,

rw (1.4.6)
equivalently, it holds
fRO-—fM=f®&-y - m/ (y =)' DY _f(t)dt, forx <y.
(1.4.7)
We would like to prove that
(x =)
If ) —fO)— A ()& y)x—=yl= CTy’ (1.4.8)
forany x,y € [0,a],0 <c < 1.
When x = y the last condition (1.4.8) is trivial.
We assume x # y. We distinguish the cases:
(1) x > y : We observe that
If ) = f ) — (Ao (f) (x, ) (x = Il = (1.4.9)

Hf/(y)( —y>+m/ (x ="~ (DY, f) (1) di—

/ , (x =y B
(f )+ (D*yf) (x) m) (x =y H =
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1 * v—1 v v ()C - y)u _
H - (V)/y (x =)’ (D, f) @) dt — (DL, f) (x) Tosn|= (1.4.10)
(1.4.11)
(by [1], p. 426, Theorem 11.43)
-0 (DL f) @) = (DY, f) (o) dt | <
(by [8])
1 ! - 14 14
0 /y (x =" (DY f) () = (DY, f) ()] dr =€), (14.12)
(assume that
|(DL,f) @) = (DY, f) @] < A le — x>, (1.4.13)
foranyf,x,y € [0,a] : x >t >y, where \| < T (v),1.e. p; := Tzl/) < 1).
Therefore
6 =< m/ x—0)""tx—02"de (1.4.14)
_ M /*(x_t)dt_ M-y’ -y (1.4.15)
“Tw ), “Tw 2 o -
We have proved that
2
1 @~ F O = Ao @l =n 225 e
where 0 < p; < 1,and x > y.
(2) x < y : We observe that
ILf ()= f ) — (A () (x, ) (x =yl = (1.4.17)

—m / (v — 0"\ DY, f (1) di—

_ v—1
(f/ xX) + (DL f) (») %) (x — y)” =
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H— /y (v —0""'Dl f@)dt + (D, f) (y)ﬂ (1.4.18)
') Jx “ = Fw+1
Y _ w1 v (y_x)u
HF( )/ (y =)' Dy, f (t)dt — (DL f) () NOES)) (1.4.19)
Y _ =1 npv _ / l/ 1
L / (v ="' DY, f (1) ar —F() (= 0" (DL f) (| =
— t)”_1 D] f@)— D, f (y)) dt (1.4.20)
e )/ (v =0"""| DL f (1) = DL f (0| di
(by assumption,
|DY f @)= DL f | < Aalt — y* (1.4.21)
foranyz, y,x € [0,a] 1y >t > x).
< ;/y (y—0""" Nt —y|P"dt
“Trw ’
¥
— _ -l 22—V
= F(z/)/x (y—0"""(y—0""dt (1.4.22)
— /)’( _[)dl_ Az (x_)’)z
“Tw/) Y “Tw 2
Assuming also p; = % < 1 (i.e. > < I' (v)), we have proved that
(x —)?

ILf () = f ()= (Ao () (x, y) (x =l = p2

, forx <y. (1.4.23)

Conclusion: choosing A := max (A}, \;) and p := < 1, we have proved that

A
T)

If ) =f ()= (A (N E ) @E=l=p

, forany x,y €[0,a].
(1.4.24)

(x —y)?
2

This is a condition needed to solve numerically f (x) = 0.

MLetn —1<v<nneN—={l},ie. [v]=n;x,y €[0,a]l,a >0,and f €
C" ([0, a]l, X).

We define the following X-valued right Caputo fractional derivatives (see [3]),
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v (_l)n ! n—v—1 r(n)
D! f(y)=——"— (z—y) [ (2)dz, fory <ux, (1.4.25)
Fn—-v)/,
and
( 1)" n—v—1 (n)
b f ()= Fo—v) ( Xx) (z)dz, forx <y. (1.4.26)
By X-valued right Caputo fractional Taylor’s formula (see [3]) we have

(k)
f—f o) = Zf S2N

1 y

(1.4.27)
when x <y, and

n—1 (k)
Fo—fo=3L"Dq .y +—/ =" (DY f) @dz.

= K I'(v)
(1.4.28)
when x > y.
We define also the fractional linear operator

1 (k) NN
>ic I —x)" — (DLS) 0) 5 x>

L n— (k;
(o () (6,30 1= | 5702500 (gt (D) (o ey,
0, «x= y.
(1.4.29)
We would like to prove that
lx —yI"
If )= f ) — (Ao () (x, y) (x = Il = c— (1.4.30)
forany x,y € [0,a],0 <c < 1.
When x = y the last condition (1.4.30) is trivial.
We assume x # y. We distinguish the cases:
(1) x > y : We observe that
IS )= f ()= (Ao () (x, y) (x =)l = (1.4.31)

I () = F () = (Ao (f) . ) (v =) =

k)
(zf k(x)( . )k+m/ (z— )~ ](DV f)(Z)dZ)
k=1
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n=l rpy NN |
(Z L9 (ot = (D7) ) %) (v —x) ” =
k=1

i Tw+1)
1 * _ v—1 v v ( _y)l/ ! H
HF(V)/ (=" (DL_f) @dz+ (D_f) (V) ——— forn @
(1.4.32)
” / (=" (D' f) @) dz— (D' f) (v) Z=2)
T () T (v+

1
I'(v)

/ (=) (DV_f) () dz / =y (DV_f) () dz| =

— ! ((Djj,f) (2) — (D;’,f) (y)) dz| < (1.4.33)

1 . _4
—_— -y DY — (DY d
iy ) e PN © = (DL o] d:
(we assume that

I(DL_f) @ = (DX_f) | < Milz—yI"™", (1.4.34)

A >0, forallx,z,y € [0,a], withx >z >y)

)\1 ! v—1 _ v\ V _
< s /y =y @ =y dz = (1.4.35)

_L ) _ oyl _L(X—)’)n
_F<u)/y(Z W= T

(assume \; < I (v), i.e. p; := %

We have proved, when x > y, that

1 () = £ ) — (Ao () (60 9) (x = )l < & _y) . (1.436)

(2) y > x : We observe that

ILf ) = f ()= (Ao () (x,y) (x =)l =
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n=l
(Zf ()’)( _ )k+_/ (Z x)l/ 1 DV f)(Z)dZ)—

k=1 k! r@
1 _
f% (y) Sy o -0 _
(kZ_: . - —(DY_f) @) ToaD x—y| = (1437
Y v—1 v v (y B ‘x)V
H o) / (z—x)"""(Dy_f) (@) dz — (D}_f) (x) o+ D (1.4.38)
Y v—1 v _ v—1 v
HF( )/ (z—x) (Dy_f)(z)dz——r( )/ (z —x) (D _f)dz| =
((DY_f) @) — (DY_f) () dz| < (1.4.39)
1 Y v—1 v v
w5 | G0 0N @ = (01 ) ) ez
(we assume that
I[(D2_f) @ = (DL_f) ]| < Xalz—x"™", (1.4.40)
Ay >0, forall y,z,x € [0,a] withy >z > x)
v—1 n—v
< F ) / z—x)" (z—x)""dz= (1.4.41)
nel A (y —x)"
F(z/)/ @=0"dz= s
Assume now that A\, < I" (v), thatis p; := % < 1.
We have proved, for y > x, that
1F () = £ 5) = (Ao () (5, 9) (& — )l = po 2= x) . (1.4.42)
Set A := max (A1, \p), and
0 = A 1 1.4.43
<p.—F(V)<. (1.4.43)

Conclusion: We have proved that
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Ifx)—f) — (A () x,y) (x = < p¥, forany x, y € [0,a].
(1.4.44)
In the special case of 1 < v < 2, we obtain that
(x —y)°
Ifx)—fF)— (A () y)x =y =< P (1.4.45)

forany x,y € [0,a],0 < p < 1.

This is a condition needed to solve numerically f (x) = 0.
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Chapter 2
Convergence of Iterative Methods
in Abstract Fractional Calculus

We present a semi-local convergence analysis for a class of iterative methods under
generalized conditions. Some applications are suggested including Banach space
valued functions of fractional calculus, where all integrals are of Bochner-type. It
follows [6].

2.1 Introduction

Sections 2.1-2.3 are prerequisites for Sect.2.4.

Let By, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, p) :={u € By : |lu — z|| < p}andlet U (z, p) stand for the closure of
U (z, p).

Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can be
brought in a form like

F(x)=0 (2.1.1)

using Mathematical Modeling [1-18], where F' : Q2 — B, is a continuous operator.
The solution x* of Eq.(2.1.1) is sought in closed form, but this is attainable only
in special cases. That explains why most solution methods for such equations are
usually iterative. There is a plethora of iterative methods for solving Eq. (2.1.1). We
can divide these methods in two categories.

Explicit Methods [7, 8, 12, 16, 17]: Newton’s method

Xppt =Xy = F (0) ™ F () . (2.1.2)

Secant method: :
Xn+1 = Xpn — [xn—lv Xns F] F (xn) s (213)
© Springer International Publishing AG 2018 21
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where [, -; F'] denotes a divided difference of order one on 2 x 2 [8, 16, 17].
Newton-like method:
Xnt+1 = Xp — E,:lF (xn) (2.1.4)

where E,, = E (F) (x,) and E : Q — L (By, B,) the space of bounded linear oper-
ators from B; into B,. Other explicit methods can be found in [8, 12, 16, 17] and
the references there in.

Implicit Methods [7, 10, 12, 17]:

F(xp) + Ap (g1 —x,) =0 (2.1.5)
Xper =% — AF (x0) (2.1.6)

where A, = A (X401, X,) = A(F) (Xp41, x,) and A : Q x Q — L (By, By).
There is a plethora on local as well as semi-local convergence results for explicit

methods [1-9, 11-17]. However, the research on the convergence of implicit methods
has received little attention. Authors, usually consider the fixed point problem

P, (x) = x, 2.1.7)
where
P(x)=x+F@+Ax,2)(x—2) (2.1.8)
or
P.(x)=z-A(x,2)"' F(2) (2.1.9)

for methods (2.1.5) and (2.1.6), respectivelly, where z € 2 is given. If P is a con-
traction operator mapping a closed set into itself, then according to the contraction
mapping principle [12, 16, 17], P, has a fixed point x} which can be found using the
method of succesive substitutions or Picard’s method [17] defined for each fixed n
by
Yik+1,n = Pxn (yk,n) y Yoon = Xns Xp41 = lim Vi,n- (2110)
k——00

Let us also consider the analogous explicit methods

F(xn) +A(xnv -xn) (xn+l _-xn) =O (2111)
Xn+l = Xp — A (xna X,1)71 F (xn) (2112)
F(xn) +A(x,,, xnfl)(-anrl _.X,,) =0 (2113)

and
Xpat =X — A (G, Xam) T F (x0) (2.1.14)
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In this chapter in Sect.2.2, we present the semi-local convergence of method
(2.1.5) and method (2.1.6). Section2.3 contains the semi-local convergence of
method (2.1.11), method (2.1.12), method (2.1.13) and method (2.1.14). Some appli-
cations to Abstract Fractional Calculus are suggested in Sect. 2.4 on a certain Banach
space valued functions, where all the integrals are of Bochner-type [9].

2.2 Semi-local Convergence for Implicit Methods

We present the semi-local convergence analysis of method (2.1.6) using conditions
(S):
(s1) F:Q C By — B, is continuous and A (x, y) € L(B;, By) for each
(x,y) € 2 x Q.
(s2) There exist 3 > 0 and ) C B, such that A (x, y)~' € £ (B», B;) for each
(x,y) € Q x Qpand
A G| =67"

Set ; = Q2N Q.

(s3) There exists a continuous and nondecreasing function 1 : [0, +00)> —
[0, +00) such that for each x, y € Q;

IF(x)—F()—Axy)&x—-yl =
B (lx =yl llx = xoll s ly = xolD) llx — ¥l
(s4) For each x € Q there exists y € Q( such that
y=x-A@.x0) F).
(s5) For xg € ¢ and x| € Q satisfying (s4) there exists > 0 such that
A G x0) ™' F (x0)|| <.
(s¢) Define g () := 1 (n, t, t) for each ¢t € [0, +00). Equation
t(1=q@®)—n=0

has positive solutions. Denote by s the smallest such solution.
(s7) U (x9,5) C 2, where

! and go = (1.5,5).
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Next, we present the semi-local convergence analysis for method (2.1.6) using
the conditions (S) and the preceding notation.

Theorem 2.1 Assume that the conditions (S) hold. Then, sequence {x, } generated by
method (2.1.6) starting at xo € Q2 is well defined in U (xg, s), remains in U (xg, s) for
eachn =0, 1, 2, ... and converges to a solution x* € U (x0, 8) of equation F (x) =
0. Moreover, suppose that there exists a continuous and nondecreasing function
1 1 [0, +00)* — [0, +00) such that for each x,y, z € Q)

IF&x)—F()—A@y) -yl =
Bior (lx =yl llx = xoll s Iy — xoll, Iz = xol) llx — yll

andq, = (n,s,s,s) < 1. B
Then, x* is the unique solution of equation F (x) = 0in U (xp, s) .

Proof By the definition of s and (s5), we have x| € U (xo, s). The proof is based on
mathematical induction on k. Suppose that || x; — xp—1] < qé‘_ln and ||x; — xol| <s.
We get by (2.1.6), (s2) — (s5) in turn that

i1 — xell = A F o) | = | A (F (o) = F (xkmt) — Axmt (e — x6-1) ||
<A IF ) = F Goeen) — Aoy (e — xim)|| <

B8 (lxk — xx—1 Il =1 — xoll e — xoll) lxk — x|l <
Y (1,8, 8) 1xe — xi—1ll = qo llxe — xe—1ll < gi e — xoll < ggn (2.2.1)

and
lxk+1 — xoll < llxk1 — xell + .o+ llx1 — xol

1— k+1
§q(’)‘77+...+77= 4o n < il =s.
1 —qo 1 —qo

The induction is completed. Moreover, we have by (2.2.1) that form =0, 1, 2, ...

m

e — el =~ 90 g

1 —qo

It follows from the preceding inequation that sequence {x;} is complete in a Banach

space B; and as such it converges to some x* € U (xo, 5) (since U (xo, s) is a closed

ball). By letting k — 400 in (2.2.1) we get F (x*) = 0. To show the uniqueness

part, let x™* € U (xp, s) be a solution of equation F (x) = 0. By using (2.1.6) and
the hypothesis on ?;, we obtain in turn that

v = x| = [ =3+ AFF () — AF'F (x7)] <
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[ACTIHIF () = F (o = A (5 = )| =

BBy ([ = x| s llxe—1 — xoll» Ixe — xoll, |x™* — xo)) [|x** — xi| <
g1 ¥ = x| = g™ 2 - x0]
so lim x; = x™*. We have shown that lim x; = x*, so x™ = x™**. |
k——+o00 k——+o00

Remark 2.2 (1) The equation in (s¢) is used to determine the smallness of 7. It can
be replaced by a stronger condition as follows. Choose i € (0, 1). Denote by s the
smallest positive solution of equation ¢ (#) = . Notice that if function g is strictly
increasing, we can set so = ¢~ (). Then, we can suppose instead of (sg) :

(s) m<(1—=p)so

which is a stronger condition than (s¢).

However, we wanted to leave the equation in (s¢) as uncluttered and as weak as
possible.

(2) Condition (s;) can become part of condition (s3) by considering

(s3) There exists a continuous and nondecreasing function ¢ : [0, +00)> —
[0, +00) such that for each x, y €

|A e, ) F () = F () = Ax, y) (6, m <
@ (lx =yl llx = xoll s Iy — xolD) llx — ¥lI.

Notice that
@ (ui, uz, uz) <P (uy, up, uz)

for each u; > 0, up > 0 and u3 > 0. Similarly, a function ¢, can replace ¥, for yhe
uniqueness of the solution part. These replacements are of Mysovskii-type [7, 12,
16] and influence the weaking of the convergence criterion in (sg), error bounds and
the precision of s.

(3) Suppose that there exist 3> 0, 3, >0 and L € £ (B, B;) with L™! e
L (B,, By) such that

|27 <5~
1A () = LIl < B

and

Bri=p""5 <L

Then, it follows from the Banach lemma on invertible operators [12], and

I A, ) —LI<B7'Bi=0 <1



26 2 Convergence of Iterative Methods in Abstract Fractional Calculus

that A (x, y) ™' € £ (B,, By).Let 3 = % Then, under these replacements, condi-
tion (s7) is implied, therefore it can be dropped from the conditions (S5).

(4) Clearly method (2.1.5) converges under the conditions (S), since (2.1.6)
implies (2.1.5).

(5) We wanted to leave condition (s4) as uncluttered as possible, since in practice
Egs. (2.1.6) (or (2.1.5)) may be solvable in a way avoiding the already mentioned con-
ditions of the contraction mapping principle. However, in what follows we examine
the solvability of method (2.1.5) under a stronger version of the contraction mapping
principle using the conditions (V) :

(v1) = (1) .

(v2) There exist functions w; : [0, +00)* — [0, +00), wy : [0, +00)* —
[0, 400) continuous and nondecreasing such that for each x, y, 7z €

I+ A, 2) =AY, Dl <w (lx =yl lIx=xoll, Iy = xoll , llz = xoll)

A, 2) =A@, DI <wa(lx =y, lIx = xoll, |y = xoll , Iz = x0lD) [lx — Il

and
wi(0,0,0,0) = w, (0,0,0,0) =0.

Set
wy 2t, 8,1, 1) +wy 21, 8,1, 1) (1 + Ixoll) , 27 # X0
wy (2t,1,1,0) + wy 21, ¢, ¢, 0) [Ix0ll , 2 = xo.

h(t,t,t,t)=
(v3) There exists 7 > 0 satisfying

ht,t,t,1) <1

and
ht,t,0,6)t +||F (xo)|| <t
(v4) U (x0,7) C D.

Theorem 2.3 Suppose that the conditions (V) are satisfied. Then, Eq.(2.1.5) is
uniquely solvable for each n =0,1,2,.... Moreover, if A;l € L (B,, By), the
Eq.(2.1.6) is also uniquely solvable for eachn = 0, 1, 2, ...

Proof The resultis an application of the contraction mapping principle. Letx, y, z €
U (xo, 7). By the definition of operator P,, (v;) and (v3), we get in turn that

[P (x) = P-WI=I1T+AXx,2)—A@(,2)(x—y)—(Alx,2) —A(y. )zl
SH+AE 2 -AQ. I x =yl +1AK,2) = A, D Iz

< [wi (lx =yl llx = xoll s Iy — xoll . lz — xo0ll) +
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wy ([lx =yl llx = xoll, 1y = xoll, Iz — xo0lD) (llz — xoll + lxoID] llx — vl
<h@ 77,7 lx =yl

and
1P; (x) — xoll < 1P, (x) — P, (xo)ll + [ P; (x0) — xoll

< h(lx = xoll, lx = x0ll, 0, llz = xolD) llx — xoll + I F (o)l
<h(r,7,0,n) 7T+ ||F (xo)l < 7.

Remark 2.4 Sections 2.2 and 2.3 have an interest independent of Sect. 2.4. Itis worth
noticing that the results especially of Theorem 2.1 can apply in Abstract Fractional
Calculus as illustrated in Sect.2.4. By specializing function %), we can apply the
results of say Theorem 2.1 in the examples suggested in Sect.2.4. In particular for

(2.4.1), we choose v (uy, us, u3) = (;fll‘;ﬂ foru; > 0,u; >0, uz > 0and ¢y, p are
given in Sect. 2.4. Similar choices for the other examples of Sect.2.4. It is also worth
noticing that estimate (2.4.2) derived in Sect.2.4 is of independent interest but not

needed in Theorem 2.1.

2.3 Semi-local Convergence for Explicit Methods

A specialization of Theorem 2.1 can be utilized to study the semi-local convergence
of the explicit methods given in the introduction of this study. In particular, for
the study of method (2.1.12) (and consequently of method (2.1.11)), we use the
conditions (') :

(si) F : Q C By — B, iscontinuous and A (x, x) € L (B, By) foreachx € Q.

(s5) There exist 3 > 0 and €y C By such that A (x, x)~' € L (B,, By) for each
x € Qo and

407 <57

Set Q; = QN Q.
(s3) There exist continuous and nondecreasing functions )y : [0, +00)? —

[0, +00), ¥, : [0, +00)> — [0, +00) with ) (0, 0, 0) = 1/, (0, 0, 0) = 0 such that
for each x, y €

IFx)—FOQ)—AQ,»E - =<

Bibo (llx = Il llx = xoll s 1y — xol) lx — ¥l
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and
A G, y) =A@, I < B (lx =yl lIx —xoll, Iy — xol) -

Set ) = o + 1.
(s4) There exist xo € €2 and 7 > 0 such that A (xo, x0)~! € L (B,, By) and

A (xo. x0) ™" F (x0)|| <.
() = (s6)
(s) = (57).

Next, we present the following semi-local convergence analysis of method (2.1.12)
using the (S’) conditions and the preceding notation.

Proposition 2.5 Suppose that the conditions (S') are satisfied. Then, sequence {x,}
generated by method (2.1.12) starting at xo € Q2 is well defined in U (xo, s), remains
inU (xg, s) foreachn = 0, 1, 2, ... and converges to a unique solution x* € U (x0, 5)
of equation F (x) = 0.

Proof We follow the proof of Theorem 2.1 but use instead the analogous estimate
I1F )l = I1F (xx) = F (xk—1) — A (=1, Xe—1) (o — x—1) || <
IF (xk) — F (eg—1) — A (X, xe—1) (e — xe—) 1 +
(A Ceky xk—1) — A (=1, X—1)) Ok — =D || <
[0 (e — xe—1 ]l lxe—1 — xoll , lxx — xoll) +
Vo (Ixk = x| k=1 — xoll, lxe — x0lD] ok — xe—1 [l =
Y (lxx = xe—1lls Ixe—1 = xoll', llxx — xoll) lxx — xk—11l -

The rest of the proof is identical to the one in Theorem 2.1 until the uniqueness part
for which we have the corresponding estimate

| = it || = ™ —xe + AL'F () — AL'F (x) ] <

[ACTIHIF () = F (o = Ac (5 = )| =

Nlxk—1 = xoll, llxe — xoll) <

B B (|2 — xe

k+1 ”x**

q [+ —x] =q = o] -



2.3 Semi-local Convergence for Explicit Methods 29

Remark 2.6 Comments similar to the ones given in Sect.2.2 can follows but for
method (2.1.13) and method (2.1.14) instead of method (2.1.5) and method (2.1.6),
respectively.

2.4 Applications to Abstract Fractional Calculus

Here we deal with Banach space (X, ||-||) valued functions f of real domain [a, b].
All integrals here are of Bochner-type, see [15]. The derivatives of f are defined
similarly to numerical ones, see [18], pp. 83—86 and p. 93.

In this section we apply the earlier numerical methods to X-valued fractional
calculus for solving f (x) = 0.

Here we would like to establish for [a, b] C R,a < b, f € C? ([a, b], X),p € N,
that

lx — !
lfO)—fx-—Ax, -l =<ca T (2.4.1)
VY x,y € la, b], where ¢; > 0, and
A (x,x) =A@, VI <calx —yl, (2.4.2)

withcy; >0,V x, y € [a, b].

Above A stands for a X-valued differential operator to be defined and presented
per case in the next, it will be denoted as A (f), A_ (f) in the X-valued fractional
cases, and Ag (f) in the X-valued ordinary case.

We examine the following cases:

(I) Here see [4, 5].

Letx, y € [a, b] suchthatx > y,v > 0,v ¢ N, such that p = [v], [] the integral
pat,a=v—p O <a<1).

Let f € C? ([a, b], X) and define

. 1 x
() f) (x) = m/ (x—=0)""' f@t)dt, y<x <b, (2.4.3)

the X-valued left generalized Riemann-Liouville fractional integral.

Here I' stands for the gamma function.

Clearly here it holds (Jyyf) (y) = 0. We define (Jy«"f) (x) =0forx < y.By[4]
(J,}' f ) (x) is a continuous function in x, for a fixed y.

We define the subspace C}, ([a, b], X) of C? ([a, D], X) :

CYy (la,b], X) :={f € C"([a,b], X) : J{_, f P € C' (Iy.b], X)}. (24.4)

So let f € C; + ([a, b], X), we define the X-valued generalized »—fractional
derivative of f over [y, b] as
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v /
Dl f = (I f?). (2.4.5)

that is

v a £(p)
(DY f) (x) = Td—ad / (x =)~ fP (1) dt, (2.4.6)

(

which exists for f € CVJr ([a, b], X),fora <y <x <b.

Here we consider f € C? ([a, b], X) such that f € C)”er ([a, b], X), for every
y € la, b], which means also that f € C}, ([a, b], X), for every x € [a, b] (i.e.
exchange roles of x and y), we write that as f € CY ([a, b], X) .

That is

(DY f) ) = oy / (y =0~ fP (t)dt (2.4.7)

(
exists for f € Cy, ([a,b], X),fora <x <y <b.

We mention the following left generalized X-valued fractional Taylor formula
(f € €Yy (a,b], X), v > 1), see [5].

It holds

() 1 x
Fo-from=31"0 g W/ (x— 0"~ (DYf) (wdr,
y

= k!
(2.4.8)
all x, y € [a, b] with x > y.
Similarly for f € C/, ([a, b], X) we have

o @,
k!

fOH—fx=> >"+—/ (y ="' (DL f) (@) dt,
k=1

@)
(2.4.9)
all x,y € [a, b] with y > x.
So here we work with f € C? ([a, b], X), such that f € CY ([a, b], X).
We define the X-valued left linear fractional operator

1 ro _ ¥ oyl
ol f“m( »* 1+(Dyf) (x) ()lc"(yy-&)-l) A=Y,
o 1 ®) (x — v X
(At () (x,y) = Pl s ()( — )"+ (DY f) (v) (ly_(yll) Ly > X,
f(p 1) (X) X =y.

(2.4.10)
Notice that (see [13], p. 3)

1A+ () (20 = (A (M) I = [FP7P @ = PV @41
<[Pl =yl Vx,yela. b,

so that condition (2.4.2) is fulfilled.
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Next we will prove condition (2.4.1). It is trivially true if x = y. So we examine
the case of x # y.

We distinguish the subcases:

(1) x > y : We observe that

IfFO) = f &) =AL(H) ) =) =

(by (2.4.8), (2.4.10))

ILf ) = f () =AL(f) (x,y) (x =)l

< f® (y)
Z G =)+ T )/ (="' (DY f)di—  (24.12)
k=

p—1

f<k> O) (¢ vy (b} x — )"

Z = = (DY) ) ¢ Y

1 ) v v v— v
HF(V)/y (x — 1) l(Dyf)(t)dt—m/ (x — 0" (DY) (o) i

by [1], p. 426, Theorem 11.43

-0 (DY) 1) — (DY f) () dt|| < (2.4.13)
(by [9D) .
oy ) e O = (D) o ds
(we assume that
I(Dyf) @) = (DY) ) <A () e —x |77, (2.4.14)
forallx, y,t € [a, bl withx >t > y,with \; (y) > Oand sup A (y) =: A\ < o0,
vela,b]
alsoitisO<p+1—-v<1) ’
1 * AN | _ +1—v _
< o) /v x=0)""(x—=0" dr = (2.4.15)

_ y)rt+l
/(x—t)”dt A %

r (1/) ey (p+1
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We have proved condition (2.4.1)

A (x — y)Pt!
lfO)—f@)—A () xy)(—x) < o) (pT),forx > y.
(2.4.16)
(2) x < y : We observe that
1f ) = £ (0 = (A () (e, y) (v — o) P EHZEHD
p—1
SO ) k vl
2 (y—x)+ m/ (y ="' (DLf) (t)dt— (2.4.17)
p—1
7O @) E b-0"|
; PR NI N o v B
1 Y v—1 v o v (y _-x)y
HF;A<%*>(%ﬁmm (D)) oD
1 ' d v—1 Du d
HF(V)/x (v—=0""(DVf) (0 t——F( )/ (v =" (DL f) (» ,H
(2.4.18)
=0 (DY) () = (D) () de| <
y
o [ o= @i 0 - i) ol as
(we assume here that
|(DYf) 1) = (DY F) )| < Ao ) It = yIP*', (2.4.19)
forallx, y,t € [a, b]withy >t > x,with Ay (x) > Oand sup A (x) =: Ay < o0)
x€la,b]
y
ST (i)/x -0y -nrt"dr = (2.4.20)

/ v — 1) dr o (y—x)P“.

') T (p+D
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We have proved that

X (=0t
If ) —f @) — A () @) =0l < T Gt (24.21)
for all x, y € [a, b] such that y > x.
Call A := max (A, \2) .
Conclusion We have proved condition (2.4.1), in detail that
lx — y|”*!
If ) —f @)= A () @) =2l = o) ot Vx,yé€la,b].
(2.4.22)

(IT) Here see [3] and [5].

Let x,y €[a,b] suchthat x <y, v >0,v ¢ N,suchthat p =[v], a =v—p
O<a<l).

Let f € C? ([a, b], X) and define

(Jy”,f) (x) == / z—x)"""f(@)dz, a<x <y, (2.4.23)

L)

the X-valued right generalized Riemann-Liouville fractional integral.
Define the subspace of functions

Cy_(la,b]. X) == {fec”(a,b].X): Jyljaf(p) e C'(la, y], X)}. 424
Define the X-valued right generalized »—fractional derivative of f over [a, y]
as

DY_f = (=) (g (2.4.25)

Notice that
1 y
I—a £(p) — _ —a r(p)
JZ0f (x)_F(l—a)/x (z—x)"* P (2)dz, (2.4.26)

exists for f € C” ([a, b], X), and

v (_ )[7 ! —a £(p)
(DY_f) (x) = Ti—oir / (z — FP (2)dz. (2.4.27)

Le.

(=Pt

(BN ™ = 5, ax

/ (z—x)"" FP () dz. (2.4.28)
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Here we consider f € C? ([a, b], X) such that f € C;_ ([a, b], X), for every
y € [a, b], which means also that f € CY_ ([a, b], X), for every x € [a, b] (i.e.
exchange roles of x and y), we write that as f € C” ([a, b], X).

That is

(— 1)!’*1

DY -
(DY_f) () T —r 7D

/ (z— )P fP()dz (2.4.29)

exists for f € CY_ ([a,b], X),fora <y <x <b.

We mention the following X-valued right generalized fractional Taylor formula
(f € Cy_(la,b], X),v > 1), see [5].

It holds

=% ()
k!

foO=fm=, (x =+ o )/ =" (Dy_f) ) dz,
k=1

(2.4.30)
allx,y € [a,b] withx < y.
Similarly for f € CY_ ([a, b], X) we have
p—1 k)
fO ) vl (
FO—f0=2 "0 )"+m Ce— ! (DY_f) (@) dz,
k=1 ’
(2.4.31)
all x, y € [a, b] with x > y.
So here we work with f € C? ([a, b], X), such that f € C” ([a, b], X).
We define the X-valued right linear fractional operator
) (x — X
L )” (= = (DL_f) ) (w’jl) x>y,
o 1 & _ DY _
A_(f)(x,y) = ,’: 20 ()) —y)k '—( f)( (;(,fll) , Y > X,
- l)(x),x—y~
(2.4.32)
Condition (2.4.2) is fulfilled, the same as in (2.4.11), now for A_ (f) (x, x) .
We would like to prove that
|x _ |p+1
Ife)—fO—-—A- (N Nx—nl=c T (2.4.33)
for any x, y € [a, b], where ¢ > 0.
When x = y the last condition (2.4.33) is trivial. We assume x # y.
We distinguish the subcases:
(1) x > y : We observe that
I(f )= f ()= (A= () (x, y) (x = Il = (2.4.34)

ICfF ) = F &) = (A= () (x, ) (v =0l =
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(k) 1 x
(Zf R L / (e =" (DY) (z)dz)—
k=1 Ty Jy

p—1 -
f(k) (-x) _ v (.X _ y)l/ 1
| [ et @z o f)(y)w@—x)H:
' (v) e T+ D)
v— v v ( _ )V
HF( ) = (DL ) @ dz = (D) ) Fx(yjl)

=" (DL f) @ dz ~ / (=" (DLf) dz| =
:

N H(DY_f) @) = (DY_f) () dz| < (2.4.36)
1 ! v—1 v _ v
m[ (=" (D f) @ = (DL_f) 0] dz
(we assume that
|[(DY_f) @ — (D) D] < Ailz = y1P*' =, (2.4.37)
A1 >0, forall x,z,y € [a, b] withx >z > y)
W @= Pt dz = (2.4.38)
A (=Pt e — )Pt
“Tw p+1l Mo
where p; 1= ﬁ > 0.
We have proved, when x > vy, that
(x — !
Ife)—f)—A-() & y) &=yl = Plﬁ- (2.4.39)

(2) y > x : We observe that

ILf ) =fO) = A& y) &=yl =
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p—1
f(k)(y) k 1,1
( (x =) +m/ (z—x)"""(Dy_f) (@) dz |-

k=1

p—1 _
FARS)) _ v (-0
(kZ]: o == (D f) () oo JEmy|= @40
Y v—1 v v (y — X Y
|t [ -0 0y @ a0 w22
y v—1 v v—1 v
H o) /x (z—x)"""(Dy_f) () dz — _I‘( ) / z—x)"""(Dy_f) (x)dzH
1 (2.4.41)
@0 (DU f) @) — (DY_f) (0) dz| < (2.4.42)
y
F . €m0 ) @ = (07
(we assume that
1(DY_f) @) = (DL_f) @] < A lz —x[PT7, (2.4.43)
A >0, forall y, z, x € [a, b] withy >z > x)
2 Y _ v—1 _ +1—v _
< o) /x z—x)"(z—x)? dz = (2.4.44)
D =0t
F(u)/ SR A IS I
We have proved, for y > x, that
(y =0
Ife)=f)—A-() @y &= <p—"7", (2.4.45)
p+1
where p; := Tf/) > 0.
Set A := max (A, \y) and p := W > 0.
Conclusion We have proved (2.4.1) that
x =yt
If ) —f)—A-(f) @ y) &=yl =< pﬁ, (2.4.46)

forany x, y € [a, b].
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(IIT) Let again f € C? ([a,b], X), p e N, x,y € [a, b].
By vector X-valued Taylor’s formula we have, see [3, 4, 18],

(k 1 X
Fo- =3 L0 1 [a=ort (10 @ 70 ),

k=1 k! - D! y
(2.4.47)
Vx,y€la,b].
We define the X-valued function
f<k’()) k—1
(Ao (f)) (x,y) := I%’;, b c o yf) X FE Y, (2.4.48)

Then it holds, by [13], p. 3,
(Ao () (x. x) = (Ao (N 0. I =[PP @) = P D] (2449
< | FP) lx =yl Vx.y€la.bl,

so that condition (2.4.2) is fulfilled.
Next we observe that

If )= f ()= (Ao (), y) (x =yl =

14
LA6) k ! ’ —1( )
om CT (p—l)!/y (=0 (f7 0 = £ ) de
(2.4.50)
4 (k)
Z ()’) . )k
k=1
1 X
Gomi|) G0 P O =S ;)di] = ©). (2.4.51)
Here we assume that
|7 @ =P o] <clt=yl, Y,y elabl.c>0. (2.4.52)

(1) Subcase of x > y : We have that (by [9])

© < / =P 0 @) = £ () e <

1
(p—=DlJy

ﬁ / x (x =Pt —y)dt = (2.4.53)
s Yy
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T e (=D
GoDrp+ T TG hipen Y

_cx—yrt!

(p+ D!
Hence il
© < c%, x>y (2.4.54)
(2) Subcase of y > x.
‘We have that
©O=ct| [ a-or o - @) ar (2.4.55)
T / =" P - P 0] dr <
=D /y (=) (v = nydi =
=D / o e ar = (2:4.56)
C TOT® e =D
(p=D!'T(p+2) (p—DHp+D!
_ - x)P*!
S (pE D!
That is il
©) < c%, y > x. (2.4.57)
Therefore it holds
lx — y|7*!
) < CW, all x, y € [a, b] such that x # y. (2.4.58)
We have found that
_ y|ptl
If )= f ) — (Ao () (x,y) (x =y < c%, c>0, (2459
(p+ D!

forall x # y.
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la,

When x = y inequality (2.4.59) holds trivially, so (2.4.1) it is true for any x, y €
b].
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Chapter 3
Equations for Banach Space Valued
Functions in Fractional Vector Calculi

The aim of this chapter is to solve equations on Banach space using iterative methods
under generalized conditions. The differentiability of the operator involved is not
assumed and its domain is not necessarily convex. Several applications are suggested
including Banach space valued functions of abstract fractional calculus, where all
integrals are of Bochner-type. It follows [5].

3.1 Introduction

Sections 3.1-3.3 are prerequisites for Sect. 3.4.
Let By, B; denote Banach spaces and let €2 stand for an open subset of B;. Let also
U(z,p):=1{ueB;:|lu—z| <p}andlet U (z, p) denote the closure of U (z, p).
Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can be
brought in a form like
F(x)=0 (3.1.1)

using Mathematical Modeling [1-17], where F' : Q2 — B, is a continuous operator.
The solution x* of Eq. (3.1.1) is sought in closed form, but this can be achieved only
in special cases. That is why most solution methods for such equations are usually
iterative. There is a plethora of iterative methods for solving Eq.(3.1.1). We can
divide these methods in two categories.

Explicit Methods: Newton’s method [7, 8, 12, 16, 17]

Xyt = X0 = F (o)™ F (). (3.1.2)

Secant method: :
Xn+1 = Xn — [xn—hxn; F] F (x,), (3.1.3)
© Springer International Publishing AG 2018 41
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where [, -; F'] denotes a divided difference of order one on 2 x 2 [8, 16, 17].
Newton-like method:
Xnt+1 = Xp — E,:lF (xn) (3.1.4)

where E,, = E (F) (x,) and E : Q — L (By, B,) the space of bounded linear oper-
ators from B; into B,. Other explicit methods can be found in [8, 12, 16, 17] and
the references there in.

Implicit Methods: [7, 10, 12, 17]:

F(x,) + An (xn+1 —Xp) = 0 (315)
X1 =Xy — A F (x,) (3.1.6)

where A, = A (x,41,%,) = A(F) (x441,x,) and A : Q x Q — L (B}, By). We
also write A (F) (x,x) = A (x,x) = A (x) for each x € Q.

There is a plethora on local as well as semi-local convergence results for explicit
methods [1-9, 11-17]. However, the research on the convergence of implicit methods
has received little attention. Authors, usually consider the fixed point problem

P, (x) = x, (3.1.7)
where
Px)=x+F@+Ax,2)(x—2) (3.1.8)
or
P(x)=z—A(x, 2 F(2) (3.1.9)

for methods (3.1.5) and (3.1.6), respectively, where z € Q is given. If P is a con-
traction operator mapping a closed set into itself, then according to the contraction
mapping principle [12, 16, 17], P, has a fixed point x} which can be found using the
method of successive substitutions or Picard’s method [17] defined for each fixed n
by
YVik+1,n = Px,, (yk,n) s Yoon = Xny Xpt1 = lim Yi,n- (3110)
k——+00

Let us also consider the analogous explicit methods

F(xn)+A(~xnvxn) (-xn-H _xn) =0 (3111)
X1 = Xp — A (X, X)L F () (3.1.12)
F (x,) + A (xp, Xp—1) (Xng1 — X5) =0 (3.1.13)

and
Xn+1 = Xn _A(xna xn—1)71 F(xn)- (3114)
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In Sect.3.2 of this chapter, we present the semi-local convergence of method
(3.1.5) and method (3.1.6). Section3.3 contains the semi-local convergence of
method (3.1.11), method (3.1.12), method (3.1.13) and method (3.1.14). Several
applications to Abstract Fractional Calculus are suggested in Sect.3.4 on Banach
space valued functions, where all the integrals are of Bochner-type [8, 14].

3.2 Semi-local Convergence for Implicit Methods

We present the semi-local convergence analysis of method (3.1.6) using conditions
(S):
(s1) F:Q C By — Biscontinuousand A (x, y) € L (B;, By) foreach (x, y) €
Q x Q.
(s2) There exist 3 > 0 and ¢ C B, such that A (x, y)~' € £ (B», B;) for each
(x,y) € Q x Qp and
A G| =67"

Set ; = Q2N Q.

(s3) There exists a continuous and nondecreasing function 1 : [0, +00)> —
[0, +00) such that for each x, y € Q;

IF(x)—F()—Axy)&x—-yl =
B (lx =yl llx = xoll s ly = xolD) llx — ¥l
(s4) For each x € Q there exists y € Q( such that
y=x-A@.x0) F).
(s5) For xg € ¢ and x| € Q satisfying (s4) there exists > 0 such that
A G x0) ™' F (x0)|| <.
(s¢) Define g () := 1 (n, t, t) for each ¢t € [0, +00). Equation
t(1=q@®)—n=0

has positive solutions. Denote by s the smallest such solution.
(s7) U (x9,5) C 2, where

! and go = (1.5,5).
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Next, we present the semi-local convergence analysis for method (3.1.6) using
the conditions (S) and the preceding notation.

Theorem 3.1 Assume that the conditions (S) hold. Then, sequence {x, } generated by
method (3.1.6) starting at xo € Q2 is well definedin U (xg, s), remains in U (xg, s) for
eachn =0, 1, 2, ... and converges to a solution x* € U (x0, 8) of equation F (x) =
0. Moreover, suppose that there exists a continuous and nondecreasing function
1 1 [0, +00)* — [0, +00) such that for each x,y, z € Q)

IF&x)—F()—A@y) -yl =
Bior (lx =yl llx = xoll s Iy — xoll, Iz = xol) llx — yll

andq, = (n,s,s,s) < 1. B
Then, x* is the unique solution of equation F (x) = 0in U (xp, s) .

Proof By the definition of s and (s5), we have x| € U (xo, s). The proof is based on
mathematical induction on k. Suppose that || x; — xp—1] < qé‘_ln and ||x; — xol| <s.
We get by (3.1.6), (s2) — (s5) in turn that

Ixeer — xell = [ALTF o) | = | A7 (F () = F (xim1) — At (e — x-1) |
<A IF ) = F Goeen) — Aoy (e — xim)|| <
B8 (lxk — xx—1 Il =1 — xoll e — xoll) lxk — x|l <

Y (1,8, 8) 1xe — xi—1ll = qo llxe — xe—1ll < gi e — xoll < ggn (3.2.1)

and
lxk+1 — xoll < llxk1 — xell + .o+ llx1 — xol

1— k+1
§q(’)‘77+...+77= 4o n < il =s.
1 —qo 1 —qo

The induction is completed. Moreover, we have by (3.2.1) that form =0, 1, 2, ...

m

e — el =~ 90 g

1 —qo

It follows from the preceding inequation that sequence {x;} is complete in a Banach

space B; and as such it converges to some x* € U (xo, 5) (since U (xo, s) is a closed

ball). By letting k — 400 in (3.2.1) we get F (x*) = 0. To show the uniqueness

part, let x™* € U (xp, s) be a solution of equation F (x) = 0. By using (3.1.6) and
the hypothesis on ?;, we obtain in turn that

v = x| = [ =3+ AFF () — AF'F (x7)] <
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[ACTIHIF () = F (o = A (5 = )| =

BBy ([ = x| s llxe—1 — xoll» Ixe — xoll, |x™* — xo)) [|x** — xi| <
g1 ¥ = x| = g™ 2 - x0]
so lim x; = x™*. We have shown that lim x; = x*, so x™ = x™**. |
k—+o00 k——+00

Remark 3.2 (1) The equation in (s¢) is used to determine the smallness of 7. It can
be replaced by a stronger condition as follows. Choose i € (0, 1). Denote by s the
smallest positive solution of equation ¢ (#) = . Notice that if function g is strictly
increasing, we can set so = ¢~ (). Then, we can suppose instead of (sg) :

(s) m<(1—=p)so

which is a stronger condition than (s¢).

However, we wanted to leave the equation in (s¢) as uncluttered and as weak as
possible.

(2) Condition (s;) can become part of condition (s3) by considering

(s3) There exists a continuous and nondecreasing function ¢ : [0, +00)> —
[0, +00) such that for each x, y €

|A e, ) F () = F () = Ax, y) (6, m <
@ (lx =yl llx = xoll s Iy — xolD) llx — ¥lI.

Notice that
@ (ui, uz, uz) <P (uy, up, uz)

for each u; > 0, u, > 0 and u3 > 0. Similarly, a function ¢; can replace v; for the
uniqueness of the solution part. These replacements are of Mysovskii-type [7, 12,
16] and influence the weaking of the convergence criterion in (sg), error bounds and
the precision of s.

(3) Suppose that there exist 3> 0, 3, >0 and L € £ (B, B;) with L™! e
L (B,, By) such that

|27 <5~
1A () = LIl < B

and

Bri=p""5 <L

Then, it follows from the Banach lemma on invertible operators [12], and

I A, ) —LI<B7'Bi=0 <1
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that A (x, y) ™' € £ (B,, By).Let 3 = % Then, under these replacements, condi-
tion (s7) is implied, therefore it can be dropped from the conditions (S5).

(4) Clearly method (3.1.5) converges under the conditions (S), since (3.1.6)
implies (3.1.5).

(5) We wanted to leave condition (s4) as uncluttered as possible, since in practice
Egs. (3.1.6) or (3.1.5) may be solvable in a way avoiding the already mentioned con-
ditions of the contraction mapping principle. However, in what follows we examine
the solvability of method (3.1.5) under a stronger version of the contraction mapping
principle using the conditions (V):

(v1) = (1) .

(v2) There exist functions w; : [0, +00)* — [0, +00), wy : [0, +00)* —
[0, 400) continuous and nondecreasing such that for each x, y, 7z €

I+ A, 2) =AY, Dl <w (lx =yl lIx=xoll, Iy = xoll , llz = xoll)

A, 2) =A@, DI <wa(lx =y, lIx = xoll, |y = xoll , Iz = x0lD) [lx — Il

and
wi(0,0,0,0) = w, (0,0,0,0) =0.

Set
wy (28,8, 8, 1) +wy (28,1, 8, 1) (¢ + lIxoll) , 2 # Xo

RULED =00 @, ,1,0) +ws 21,1,1,0) 30l 2 = xo.

(v3) There exists 7 > 0 satisfying

ht,t,t,1) <1

and
ht,t,0,6)t +||F (xo)|| <t
(v4) U (x0,7) C D.

Theorem 3.3 Suppose that the conditions (V) are satisfied. Then, Eq.(3.1.5) is
uniquely solvable for each n =0,1,2,.... Moreover, if A;l € L (B,, By), the
Eq.(3.1.6) is also uniquely solvable for eachn =0, 1, 2, ...

Proof The resultis an application of the contraction mapping principle. Letx, y, z €
U (xo, 7). By the definition of operator P,, (v;) and (v3), we get in turn that

[P (x) = P-WI=I1T+AXx,2)—A@(,2)(x—y)—(Alx,2) —A(y. )zl
SH+AE 2 -AQ. I x =yl +1AK,2) = A, D Iz

< [wi (lx =yl llx = xoll s Iy — xoll . lz — xo0ll) +
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wy ([lx =yl llx = xoll, 1y = xoll, Iz — xo0lD) (llz — xoll + lxoID] llx — vl
<h@ 77,7 lx =yl

and
1P; (x) — xoll < 1P, (x) — P, (xo)ll + [ P; (x0) — xoll

< h(lx = xoll, lx = x0ll, 0, llz = xolD) llx — xoll + I F (o)l
<h(r,7,0,n) 7T+ ||F (xo)l < 7.

Remark 3.4 Sections 3.2 and 3.3 have an interest independent of Sect. 3.4. It is worth
noticing that the results especially of Theorem 3.1 can apply in Abstract Fractional
Calculus as illustrated in Sect.3.4. By specializing function %, we can apply the
results of say Theorem 3.1 in the examples suggested in Sect.3.4. In particular for

(3.4.8), we choose ) (i1, us, u3) = = p for u; >0, up >0, u3 >0 and ¢, p are
given in Sect. 3.4. Similar choices for the other examples of Sect.3.4.

3.3 Semi-local Convergence for Explicit Methods

A specialization of Theorem 3.1 can be utilized to study the semi-local convergence
of the explicit methods given in the introduction of this study. In particular, for
the study of method (3.1.12) (and consequently of method (3.1.11)), we use the
conditions (') :

(s}) F:Q C By — B,iscontinuous and A (x, x) € L (By, B,) foreach x € Q.

(s5) There exist 3 > 0 and €y C Bj such that A (x, x)~' € L (B,, By) for each
x € Qo and

Ao <6

Set Q1 = 2N Q.
(s3) There exist continuous and nondecreasing functions )y : [0, +00)? —

[0, +00), ¥, : [0, +00)3 — [0, +00) with ¥ (0, 0, 0) = 1/, (0, 0, 0) = 0 such that
foreach x, y € @

F@x)=FO) —-AQY, )& =yl=
Bibo lx — Il llx = xoll s 1y — xol) lx — vl

and
A, y) = A, VI =< B (lx =y, lIx = xoll, Iy — xoll) -
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Set ¥ = 1y + 5.
(s4) There exist xo € €29 and 77 > 0 such that A (xo, x0)~! € L(B,, B)) and

| A (xo, x0)™" F (x0) | <.
(s4) = (s6)
(56) = (57).

Next, we present the following semi-local convergence analysis of method (3.1.12)
using the (S /) conditions and the preceding notation.

Proposition 3.5 Suppose that the conditions (S") are satisfied. Then, sequence {x,}
generated by method (3.1.12) starting at xy € 2 is well defined in U (xy, s), remains
inU (xo, ) foreachn =0, 1, 2, ... and converges to a unique solution x* € U (x0, 5)
of equation F (x) = 0.

Proof We follow the proof of Theorem 3.1 but use instead the analogous estimate
IF (xll = | F (x) — F (xx—1) — A (=1, X—1) O — X)) | <
I F (xk) — F (xg—1) — A (s Xg—1) (e — xe—) 11 +
(A Ceks xk—1) — A (=1, Xe—1)) Ok — =D | =
[0 (e — 211l -1 — xoll , lxe — xoll) +
V2 (I — xe—t Il lxe—1 — xoll, lxe — xolD] lxk — xi—1ll =
Y (xe = xk—1ll s Nloxx—1 — xoll', llxe — xoll) llxx — xe—11l -

The rest of the proof is identical to the one in Theorem 3.1 until the uniqueness part
for which we have the corresponding estimate

[x** = x| = | — x + AL'F () — AL'F ()| <

[ACTHIE () = F (oo = A (¢ = i) | =

5760 ([« — x

et = xoll s llxe — xoll) <

¢ [+ =xf =g | = x| .

Remark 3.6 Comments similar to the ones given in Sect.3.2 can follows but for
method (3.1.13) and method (3.1.14) instead of method (3.1.5) and method (3.1.6),
respectively.
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3.4 Applications to X-valued Fractional and Vector Calculi

Here we deal with Banach space (X, ||-]|) valued functions f of real domain [a, b].
All integrals here are of Bochner-type, see [14]. The derivatives of f are defined
similarly to numerical ones, see [17], pp. 83—-86 and p. 93.

We want to solve numerically

fx)=0. 3.4.1)
(I) Application to X-valued Fractional Calculus
Letp e N—{l1}suchthatp — 1 <v < p,wherev ¢ N,v > 0,i.e. [v] = p(]-]

ceiling of the number), a < b, f € C? ([a, b], X).
We define the following X-valued left Caputo fractional derivatives (see [3])

(D f) () = ﬁ / =y, (34.2)
y
when x > y, and

1 y
(DL f) (») == m/ (y =)7L £ (1) dt, (3.4.3)

when y > x, where I is the gamma function.
We define also the X-valued linear operator

1 f® — v
l];lf())( -+ + (DY, f)()(l;‘(l/v)kl)’x>y’
k
(AL @) =1 30 00 (- )bt (DY, f) (9) S v > =,
ro “(X),x—y-

(3.4.4)
By X-valued left fractional Caputo Taylor’s formula (see [3]), we get that

(k)
fx)—fy= Zf (y)( — ¥ +m/ (x =0~ lD:yf(l‘)dt, forx > vy,
(3.4.5)
and
Pl 1 y
fOM—-rfx= Zf o )( - ) +m (y—t)”le:xf(t)dt, forx < y.
. (3.4.6)

Immediately, we observe that (by [12], p. 3)

(AL () %) — (AL () O = | £P7V @) = £770 ()| (3.4.7)
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=< ”f(p)”OO|x _)’|7 szy € [a’b]’
We would like to prove that

lx — yI?
NfG)—FfO)— A ()= =< CT, (3.4.8)

for any x, y € [a, b] and some constant 0 < ¢ < 1.
When x = y, the last condition (3.4.8) is trivial.
We assume x 7# y. We distinguish the cases:

(1) x > y : We observe that

If ) —f ) — A&y @@=yl = (3.4.9)

pP—
f(k) (}’) v—1 v
kg (x =k +F( )/ (x =)' Dy, f (1) di—

= f(") (y)

k=1

(x —y)”
Frw+1

-0 = (DL f) )

v—1 v _ 1 /X AN v
/( — 0" (DL, f) (1) dt o (x — )" (DL, f) x)dt

|7

(by [1], p. 426, Theorem 11.43)

-0’ ((D:)f) ) — (D:>f) (x)) dt

(by [8])
= D /y x—0""| (DL, f) (1) = (DL, f) (x0)| dr (3.4.10)
(assume that
|(DL,f) (1) = (DL, f) @ < A le —x[P7, (3.4.11)
foranyf,x,y € [a,b] : x >t >y, where \; < " (v),1i.e.p; := Wlf) <1
1 * _ -1 _ —v _
< T [ x=—0)"(x—-0P"dt = (3.4.12)

Al x o A (x— )P B (x — y)”
T ) /} x—0Pldr = ) » = p1 » . (3.4.13)
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We have proved that

— p
1F @ - FO - A @G-l =2 G4
where 0 < p; < 1,and x > y.
(2) x < y : We observe that
Ifx)—f ) — (A () (x,y) (x = Il = (3.4.15)
If )= f @)= A&y —x)=
= (x) 1 (oo
p—1
f<k>< ) , G-0"]
> ~ =L T =
k=1
u l v—1 v _
Hr(u)/ - (t)dt——r( )/ (y -0’ (DL, )(y)dtH—
(3.4.16)
= 0" ((DLf) 1) = (DL f) ) de| <
T /x Sy =) (DL f) ) — (DL f) | dt (3.4.17)
(we assume that
[(DL 1) ) = (DL f) D] < Al =177, (34.18)
forany t,y,x € [a,b] : y >t > x)
=t /y y=0""(y-nr"dt=
@ Jk
i A (y—x)
F(u)/ (y—0P~'dt = o) PR (3.4.19)
Assuming also
A2
P2 = <1 (3.4.20)
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(i.e. \ < ' (1)), we have proved that

(y—x)?
Ifx)—f—A)EE=—I=< pzT, forx <y. (3.4.21)

Conclusion: Choosing A := max (A1, A\;) and p := m < 1, we have proved that

lx — yI?
,forany x, y € [a, b].

(3.4.22)

If @) —=f =AM EE=nl=p

(II) Application from Banach space Mathematical Analysis
In [4], we proved the following general X-valued Taylor’s formula:

Theorem 3.7 Let p € Nand f € CP ([A, B], X), where [A, B] C Rand (X, |-]))
is a Banach space. Let g € C' ([A, B)), strictly increasing, such that, g~' € C?
([g (A) g (B)]). Let any a, b € [A, B]. Then

p—1 1%
fo=fa@+ S Yo ) WD) ()~ g @) + Ry @by, (3:423)

k=1

where

b
R, (a,b) = ( / (@B —g )" (Fog ™) (g g (s)ds (3.4.24)

Y

—1 " p—1 -1\
:<p—1>!/g<a) (g®) =" (fog™)" a1,

Theorem 3.7 will be applied next for g (x) = ¢*. One can give similar applications
for g = sin, cos, tan, etc., over suitable intervals.

Proposition 3.8 Let f € C? ([A, B], X), p € N. Then

oo 1n><"> (e“>]

f®)=f@+> (" — e + Ry (a,b), (3425
k=1
where ,
R, (a,b) = o i D1 / (e —t)”" (f oIm)P () dt
1

b
= (p — l)y/a (@b _ ea)P_l (f Oln)(p) (eS) e'ds, Va,belA,B].

We will use the following variant.
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Theorem 3.9 Let all as in Theorem 3.7. Then

P N
F@- =y Yer) @@

(9 (B) — g @)+ R} (, B), (3.4.26)

k!
k=1
where
R: (., ) =

1 B
— [ @B =g ((foa™)” @)= (Fog ) (@) d (s)ds
P-D!J,

(3.4.27)
1 9(P)
ST /( IO ((Fog™)” = (rog™)" @) adr,
s Jgla

Ya,B €l[A, B].
Proof Easy. |

Remark 3.10 Calll = f o g~'. Thenl, ', ..., ) are continuous from [¢g (A) , g (B)]
into f ([A, B]).

Next we estimate R;", (a, B) : We assume that

[(Fog) " 0= (fog )" @] =Klt-g@l. (3428

Vit,9(a) €lg(A),g(B)], where K > 0.
We distinguish the cases:
(1) if g (B) > g (), then
[R5 (. 0] <

1 9

-1 N2 2
Ly @O =07 (Tog ) 0= (rog ) gan]dr <

K 9(3) » -
—(p_l),/() (g(B) =P (1 —g ()™ dt = (3.4.29)
'y
K I'mr®

(9(B) — g ()™ =

(p—-D!' T(p+2)

K@D gy — gayen = g @O 9@

(3.4.30)
(p—D!I(p+1D! (p+1)!
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We have proved that

_ +1
IR: (@, )] < k4P 9 ()" (3.4.31)

(p+ D!

when g (8) > g (o).
(i) if g (o) > g (), then
| R} (. )] =

1
(p = D!

=

g(a)
[ a—g@ ((Fog™) " @ (Fog™)” g @) dr
9(B)

! 9@ p—1 -1\ NG
(p—n'/@ =g @ [(feg™)” 0= (fog™)" @] ar =<
)

(3.4.32)
K g(a) - »
= 1),/@ (@)=t (t—g (B dt =
"
K T@QT
TR F((; +(§) (g(@) =g (B! = (3.4.33)
K  (p—1! B b g =g
-l (p D) (g@—g@BN" =K TEEN (3.4.34)
We have proved that
_ p+1
IR (. p)| < K (9 (azp f i)ﬁ!)) : (3.4.35)
whenever g (o) > g (0) .
Conclusion: It holds
_ +1
IR (. B)|| < gl9@ =g , (3.4.36)

(p+ D!

Ya,fB €lA, B].
Both sides of (3.4.36) equal zero when o = (3.
We define the following X-valued linear operator:

ENCY.
s (1) (o) = | by L0 (g ) — g (7)*" . when g (x) # 9 (7).
fP V), x =y,
(3.4.37)
for any x, y € [A, B].
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Easily, we see that ([12], p. 3)
(A3 () (. x) = (A3 () Gl = [ PV ) = PPV (]| (3.438)
<|r?| lx =yl Vx,y€lA, B].
Next we observe that (case of g (x) # g (y))

ILf ) = f ()= (A3 () &) (@) —gO)ll =

P -n®
S VT 6O g+ R ) (3.439)
k=1

k!

» —1\ &)
_ (Z Vo) 60D 4y~ i g — g ””)H )

k!
k=1

- P
6430 lg @ =g 1"

IR (3. ) TEST (3.4.40)
Vx,y€elA,Bl:g(x) #g(y).
We have proved that
_ p+1
1F () = £ () — (A3 (/) (6 3) (9 (1) — g ()] < K L Z I
(1 (3.4.41)
Vx,ye€lA, B] h
(the case x = y is trivial).
We apply the above theory as follows:
(IT,) We define
P (folm®e) x o yyk—1
(Ast () (. ) 1= [ %ﬁ;}) oo TR Gan)
for any x, y € [A, B].
Furthermore it holds
X _ p+1
|f o) = F ) = (A () (x, ) (e = )| < ik S WL
(p+ D!
VY x,y € [A, B], where we assumed that
[(fol)? @) = (folm)P ()] < Ky |t — €], (3.4.44)

Vi, e € e, ef], A < B, with K| > 0.
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(IL) Nextlet f € C? ([-5 +¢&,5 —¢]). p € N, e > 0 small.

Here we define that

PR AN (O
fosin (siny) . . _
(Ass () (e, y) i | 2y L= sinx — sin )", when x # .
PV x),x=y,
(3.4.45)
for any x, y € [—% +ée, 5 —5].
‘We assume that

H (fosin™)” (1) — (f osin™")" (siny) H < Kyt —sinyl, (3.4.46)

Vi,siny € [sin (=3 +¢),sin (3 — ¢)], where K, > 0.
It holds
. . |sin x — sin y|P*!
Ifx)— f()— (A2 () (x,y) (sinx —siny)|| < K>
(p+ D!

)

(3.4.47)

Vx,ye€ [—%+€,§—€].
(II3) Nextlet f € CP ([e,m—€]), p € N, e > 0 small.

Here we define

ocos=1 (cos
> (Jocos™) (c0sy) (cosx — cos y)*~!, when x # y,

(3.4.48)
forany x,y € [e, 7 — €].
We assume that
(3.4.49)

H (f ocos’l)(p) (1) — (f ocos’l)(p) (cosy)H < K3 |t —cosy|,

Vit,cosy € [cose, cos (m — €)], where K3 > 0.
It holds
|cos x — cos y|Pt!
If () = f ) — (A3 (f)) (x, y) (cosx —cosy)|| = K3
(p+1)!

s

(3.4.50)

Vx,yele,m—e¢l
Finally we give:
() Let f e CP (-5 +e&, 5
We define

—¢]).peN,e > 0small.

otan™! (k)(an ) _
(Ass (1) (2 y) o= | Sy P tanx —tan )" when x # y,
P V@), x =y,
(3.451)

forany x,y € [-3 +¢,5 —¢].
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We assume that

[(foan™)® @)= (foran™)” (any)| = Kalt —anyl, (3452

Vi, tany € [tan (—% + 5) , tan (% — 5)], where K4 > 0.
It holds that

tan x — tan y|P*!
Ifx)=f ) — (A () (x,y) (tanx —tan y)|| < Ky————F—,

(p+ D!
(3.4.53)
Vx,ye[-5+¢e 5 —¢]
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Chapter 4
Iterative Methods in Abstract Fractional
Calculus

The goal of this chapter is to present a semi-local convergence analysis for some
iterative methods under generalized conditions. The operator is only assumed to
be continuous and its domain is open. Applications are suggested including Banach
space valued functions of fractional calculus, where all integrals are of Bochner-type.
It follows [5].

4.1 Introduction

Sections4.1-4.3 are prerequisites for Sect. 4.4.

Let By, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, p) :={u € By : |u — z|| < p}andlet U (z, p) stand for the closure of
U (z, p).

Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can be
brought in a form like

F(x)=0 4.1.1)

using Mathematical Modeling [1-17], where F' : 2 — B, is a continuous operator.
The solution x* of Eq.(4.1.1) is sought in closed form. However, this is attainable
only in special cases, which explains why most solution methods for such equations
are usually iterative. There is a plethora of iterative methods for solving Eq. (4.1.1).
We can divide these methods in two categories.

Explicit Methods [7, 8, 12, 16, 17]: Newton’s method

-1
Xn+l = Xn — F’ (xn)™ F (xn) - 4.1.2)
Secant method: .
Xn+l = Xp — [xnflv Xns F] F (xn) , (413)
© Springer International Publishing AG 2018 59
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where [, -; F'] denotes a divided difference of order one on 2 x 2 [8, 16, 17].
Newton-like method:
Xnt+1 = Xp — E,:lF (xn) 4.1.4)

where E,, = E (F) (x,) and E : Q — L (By, B,) the space of bounded linear oper-
ators from B; into B,. Other explicit methods can be found in [8, 12, 16, 17] and
the references there in.

Implicit Methods [7, 10, 12, 17]:

F(xp) + Ap (g1 —x,) =0 (4.1.5)
Xup1 =X, — AV F (x,), (4.1.6)

where A, = A (x,41,%,) = A(F) (x441,x,) and A : Q x Q — L (B}, By). We
denote A (F) (x,x) = A(x,x) = A (x) foreach x € Q.

There is a plethora on local as well as semi-local convergence results for explicit
methods [1-9, 11-17]. However, the research on the convergence of implicit methods
has received little attention. Authors, usually consider the fixed point problem

P, (x) = x, 4.1.7)
where
P(x)=x+F(@)+Ax,2)(x—2) (4.1.8)
or
P.(x)=z—A(x,27'F(2) (4.1.9)

for methods (4.1.5) and (4.1.6), respectivelly, where z € €2 is given. If P is a con-
traction operator mapping a closed set into itself, then according to the contraction
mapping principle [12, 13, 16, 17], P, has a fixed point x which can be found using
the method of succesive substitutions or Picard’s method [17] defined for each fixed
n by
YVik+1,n = Px,, (yk,n) s Yoon = Xny Xpt1 = lim Yi,n- (4110)
k——+00

Let us also consider the analogous explicit methods

F (xn) + A (X0, Xn) (Xnt1 — Xn) =0 (4.1.11)
X1 = Xp — A (X, X)L F () (4.1.12)
F (x3) 4+ A (X, Xp—1) (X1 — %) =0 (4.1.13)

and
Xn+1 = Xn _A(xna xn—1)71 F(xn)- (4114)
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In this chapter in Sect.4.2, we present the semi-local convergence of method
(4.1.5) and method (4.1.6). Section4.3 contains the semi-local convergence of
method (4.1.11), method (4.1.12), method (4.1.13) and method (4.1.14). Some appli-
cations to Abstract Fractional Calculus are suggested in Sect. 4.4 on a certain Banach
space valued functions, where all the integrals are of Bochner-type [8, 14].

4.2 Semi-local Convergence for Implicit Methods

We present the semi-local convergence analysis of method (4.1.6) using conditions
(S):

(s1) F:Q C By — Biscontinuousand A (x, y) € L (B;, By) foreach (x, y) €
Q x Q.

(s2) There exist 3 > 0 and ¢ C B, such that A (x, y)~' € £ (B», B;) for each
(x,y) € Q x Qp and
4G =87
Set 1 = QN Q.

(s3) There exists a continuous and nondecreasing function 1 : [0, +00)> —
[0, +00) such that for each x, y € Q;

IF(x)—F()—Axy)&x—-yl =
B (lx =yl llx = xoll s ly = xolD) llx — ¥l
(s4) For each x € Q there exists y € Q( such that
y=x-A@.x0) F).
(s5) For xg € ¢ and x| € Q satisfying (s4) there exists > 0 such that
A G x0) ™' F (x0)|| <.
(s¢) Define g () := 1 (n, t, t) for each ¢t € [0, +00). Equation
t(1=q@®)—n=0

has positive solutions. Denote by s the smallest such solution.
(s7) U (x9,5) C 2, where

! and go = (1.5,5).
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Next, we present the semi-local convergence analysis for method (4.1.6) using
the conditions (S) and the preceding notation.

Theorem 4.1 Assume that the conditions (S) hold. Then, sequence {x, } generated by
method (4.1.6) starting at xo € Q2 is well defined in U (xg, ), remains in U (xg, s) for
eachn =0, 1, 2, ... and converges to a solution x* € U (x0, 8) of equation F (x) =
0. Moreover, suppose that there exists a continuous and nondecreasing function
1 1 [0, +00)* — [0, +00) such that for each x,y, z € Q)

IF&x)—F()—A@y) -yl =
Bior (lx =yl llx = xoll s Iy — xoll, Iz = xol) llx — yll

andq, = (n,s,s,s) < 1. B
Then, x* is the unique solution of equation F (x) = 0in U (xp, s) .

Proof By the definition of s and (s5), we have x| € U (xo, s). The proof is based on
mathematical induction on k. Suppose that || x; — xp—1] < qé‘_ln and ||x; — xol| <s.
We get by (4.1.6), (s2) — (s5) in turn that

i1 — xell = A F o) | = | A (F (o) = F (xkmt) — Axmt (e — x6-1) ||
<A IF ) = F Goeen) — Aoy (e — xim)|| <

B8 (lxk — xx—1 Il =1 — xoll e — xoll) lxk — x|l <
Y (1,8, 8) 1xe — xi—1ll = qo llxe — xe—1ll < gi e — xoll < ggn 4.2.1)

and
lxk+1 — xoll < llxk1 — xell + .o+ llx1 — xol

1— k+1
§q(’)‘77+...+77= 4o n < il =s.
1 —qo 1 —qo

The induction is completed. Moreover, we have by (4.2.1) that form =0, 1, 2, ...

m

e — el =~ 90 g

1 —qo

It follows from the preceding inequation that sequence {x;} is complete in a Banach

space B; and as such it converges to some x* € U (xo, 5) (since U (xo, s) is a closed

ball). By letting k — 400 in (4.2.1) we get F (x*) = 0. To show the uniqueness

part, let x™* € U (xp, s) be a solution of equation F (x) = 0. By using (4.1.6) and
the hypothesis on ?;, we obtain in turn that

v = x| = [ =3+ AFF () — AF'F (x7)] <
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[ACTIHIF () = F (o = A (5 = )| =

BBy ([ = x| s llxe—1 — xoll» Ixe — xoll, |x™* — xo)) [|x** — xi| <
g1 ¥ = x| = g™ 2 - x0]
so lim x; = x™*. We have shown that lim x; = x*, so x™ = x™**. |
k—+o00 k——+00

Remark 4.2 (1) The equation in (s¢) is used to determine the smallness of 7. It can
be replaced by a stronger condition as follows. Choose i € (0, 1). Denote by s the
smallest positive solution of equation ¢ (#) = . Notice that if function g is strictly
increasing, we can set so = ¢~ (). Then, we can suppose instead of (sg) :

(s) m<(1—=p)so

which is a stronger condition than (s¢).

However, we wanted to leave the equation in (s¢) as uncluttered and as weak as
possible.

(2) Condition (s;) can become part of condition (s3) by considering

(s3) There exists a continuous and nondecreasing function ¢ : [0, +00)> —
[0, +00) such that for each x, y €

|A e, ) F () = F () = Ax, y) (6, m <
@ (lx =yl llx = xoll s Iy — xolD) llx — ¥lI.

Notice that
@ (ui, uz, uz) <P (uy, up, uz)

for each u; > 0, u, > 0 and u3 > 0. Similarly, a function ¢; can replace v; for the
uniqueness of the solution part. These replacements are of Mysovskii-type [7, 12,
16] and influence the weaking of the convergence criterion in (sg), error bounds and
the precision of s.

(3) Suppose that there exist 3> 0, 3, >0 and L € £ (B, B;) with L™! e
L (B,, By) such that

|27 <5~
1A () = LIl < B

and

Bri=p""5 <L

Then, it follows from the Banach lemma on invertible operators [12], and

I A, ) —LI<B7'Bi=0 <1
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that A (x, y) ™' € £ (B,, By).Let 3 = % Then, under these replacements, condi-
tion (s7) is implied, therefore it can be dropped from the conditions (S5).

(4) Clearly method (4.1.5) converges under the conditions (S), since (4.1.6)
implies (4.1.5).

(5) We wanted to leave condition (s4) as uncluttered as possible, since in practice
Egs. (4.1.6) or (4.1.5) may be solvable in a way avoiding the already mentioned con-
ditions of the contraction mapping principle. However, in what follows we examine
the solvability of method (4.1.5) under a stronger version of the contraction mapping
principle using the conditions (V):

(v1) = (s1).

(v2) There exist functions w; : [0, +00)* — [0, +00), wy : [0, +00)* —
[0, 400) continuous and nondecreasing such that for each x, y, 7z €

I+ A, 2) =AY, Dl <w (lx =yl lIx=xoll, Iy = xoll , llz = xoll)

A, 2) =A@, DI <wa(lx =y, lIx = xoll, |y = xoll , Iz = x0lD) [lx — Il

and
wi(0,0,0,0) = w, (0,0,0,0) =0.

Set
wy (28,8, 8, 1) +wy (28,1, 8, 1) (¢ + lIxoll) , 2 # Xo
wy (2t,¢,8,0) +wy (2¢, 2,1, 0) [lxoll , 2 = xo.

h(t,t,t,t)=
(v3) There exists 7 > 0 satisfying

ht,t,t,1) <1

and
ht,t,0,6)t +||F (xo)|| <t
(v4) U (x0,7) C D.

Theorem 4.3 Suppose that the conditions (V) are satisfied. Then, Eq.(4.1.5) is
uniquely solvable for each n =0,1,2,.... Moreover, if A;l € L (B,, By), the
Eq.(4.1.6) is also uniquely solvable for eachn = 0, 1, 2, ...

Proof The resultis an application of the contraction mapping principle. Letx, y, z €
U (xo, 7). By the definition of operator P,, (v;) and (v3), we get in turn that

[P (x) = P-WI=I1T+AXx,2)—A@(,2)(x—y)—(Alx,2) —A(y. )zl
SH+AE 2 -AQ. I x =yl +1AK,2) = A, D Iz

< [wi (lx =yl llx = xoll s Iy — xoll . lz — xo0ll) +
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wy ([lx =yl llx = xoll, 1y = xoll, Iz — xo0lD) (llz — xoll + lxoID] llx — vl
<h@ 77,7 lx =yl

and
1P; (x) — xoll < 1P, (x) — P, (xo)ll + [ P; (x0) — xoll

< h(lx = xoll, lx = x0ll, 0, llz = xolD) llx — xoll + I F (o)l
<h(r,7,0,n) 7T+ ||F (xo)l < 7.

Remark 4.4 Sections4.2 and 4.3 have an interest independent of Sect. 4.4. It is worth
noticing that the results especially of Theorem 4.1 can apply in Abstract Fractional
Calculus as illustrated in Sect.4.4. By specializing function v, we can apply the
results of say Theorem 4.1 in the examples suggested in Sect.4.4. In particular for

A (n+1a
4.4.21), we chposgzb (uy, us, ug). = ﬂl'((n+l.)IZ)<l)((n+l)(l+l) foruy > 0,up, >0,u3 >0
and A, « are given in Sect.4.4. Similar choices for the other examples of Sect.4.4.
It is also worth noticing that estimate (4.4.2) derived in Sect.4.4 is of independent

interest but not needed in Theorem 4.1.

4.3 Semi-local Convergence for Explicit Methods

A specialization of Theorem 4.1 can be utilized to study the semi-local convergence
of the explicit methods given in the introduction of this study. In particular, for
the study of method (4.1.12) (and consequently of method (4.1.11)), we use the
conditions (S'):

(si) F : Q C By — B, iscontinuous and A (x, x) € L (B, By) foreachx € Q.

(s5) There exist 3 > 0 and €y C By such that A (x, x)~' € L (B,, By) for each
x € Qo and

407 <57

Set Q; = QN Q.
(s3) There exist continuous and nondecreasing functions )y : [0, +00)? —

[0, +00), ¥, : [0, +00)> — [0, +00) with ) (0, 0, 0) = 1/, (0, 0, 0) = 0 such that
for each x, y €

IFx)—FOQ)—AQ,»E - =<

Bibo (llx = Il llx = xoll s 1y — xol) lx — ¥l
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and
A G, y) =A@, I < B (lx =yl lIx —xoll, Iy — xol) -

Set ) = o + 1.
(s4) There exist xo € €2 and 7 > 0 such that A (xo, x0)~! € L (B,, By) and

A (xo. x0) ™" F (x0)|| <.
() = (s6)
(s) = (57).

Next, we present the following semi-local convergence analysis of method (4.1.12)
using the (S’) conditions and the preceding notation.

Proposition 4.5 Suppose that the conditions (S') are satisfied. Then, sequence {x,}
generated by method (4.1.12) starting at xo € 2 is well defined in U (xy, s), remains
inU (xo, ) foreachn = 0, 1, 2, ... and converges to a unique solution x* € U (x0, 5)
of equation F (x) = 0.

Proof We follow the proof of Theorem 4.1 but use instead the analogous estimate
IF xll = | F (x) — F (xx—1) — A (=1, X—1) O — X)) | <
IF (xk) — F (xg—1) — A (X X—1) (0 — xe—) 11 +
(A Cexs xk—1) — A (=1, Xe—1)) Ok — =D || =
[0 (lxe = xi—1 1l lxe—1r — xoll  llxe — xol) +
Y2 (I — xe—tll lxe—1 — xoll, lxe — xolD] lxk — xi—1ll =
W (llxe = xe—1lls Nloxk—1 — xoll', llxe — xoll) llxx — xg—11l -

The rest of the proof is identical to the one in Theorem 4.1 until the uniqueness part
for which we have the corresponding estimate

[ = x| = | — x + AL'F () — AL'F ()| <

[ACTIHIE () = F (oo = A (5 = i) | =

5760 ([« — x

et = xoll s llxe — xoll) <

k+1 ”x**

q [« = =q =% =

Remark 4.6 Comments similar to the ones given in Sect.4.2 can follows but for
method (4.1.13) and method (4.1.14) instead of method (4.1.5) and method (4.1.6),
respectively.
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4.4 Applications to X-valued Fractional Calculus

Here we deal with Banach space (X, ||-]|) valued functions f of real domain [a, b].
All integrals are of Bochner-type, see [14]. The derivatives of f are defined similarly
to numerical ones, see [17], pp. 83—-86 and p. 93.

Let f : [a,b] — X such that f™ e L, ([a, b], X), the X-valued left Caputo
fractional derivative of order a ¢ N, a > 0, m = [a]] ([-] ceiling) is defined as
follows (see [3]):

1 X
(DS f) (x) = T / (x — )"t £ (1) dr, (4.4.1)

where I is the gamma function, ¥ x € [a, b] .
‘We observe that

1 X
102N 0 = s [ @=L 0] as

< ”f(m) Hoo (/X (X _ t)ma'ldt) _ ||f('n) ”oo (X _a)mfa

_F(m—Oé) _]"(m_a) (m_a)
I LA e
“Tm—a+tD (x —a)" . (4.4.2)
We have proved that
o 17 WS Vil ™ .
”(Duf)(x)nfm(x—a) Sm(i)—a) .
4.4.3)

Clearly then (Df} f ) (a) =0.
Let n € N we denote D;* = DS Dy ...Dy (n-times).
Let us assume now that

fecC'(a,b],X), D f e C' (la,b],X), k=1,...n;

D"tV f e C(la,b],X),neN,0<a <. (4.4.4)
By [4], we have '
fx) = Z % (D f) (@) + (4.4.5)

i=0

m /x - t)(nJrl)afl (D‘(ln+1)af) (t)dt, V x € [a, b].
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Under our assumption and conclusion, see (4.4.4), Taylor’s formula (4.4.5) becomes

(x _ a)i(}'

FO-f@=2 =5

i=2

(DI f) (a) +

] X
T(n+1) )/ (x =)Dt (DUFED F) (1) di, YV x € [a, b], for0 < a < 1.
n « a

(4.4.6)
Here we are going to operate more generally. Again we assume 0 < o < 1, and
f :la,b] = X,suchthat f' € C ([a, b], X). We define the following X -valued left
Caputo fractional derivatives:

a = ; ) _ —a g/
(D5 f) (x) = ra _a)/y (x =0 f (0 dr, (4.4.7)
forany x > y; x,y € [a, b], and

1 Y
D¢ = — -~ f (1) dt, 4.4.8

(DY f) ) T w ) OO (4.4.8)
forany y > x; x,y € [a, b].

Notice D} f = f', D, f = f’ by convention.

Clearly here (Df‘ f ) , (ij f ) are continuous functions over [a, b], see [3]. We
also make the convention that (D{ f) (x) = 0, for x < y, and (D¢ f) (y) = 0, for
y < Xx.

Here we assume that Df“f, Df"‘f eC'([a,b],X), k=1, ...n: D§,”+1)“f,
Db e C([a,b],X),n e N;Vx,y€la,b].

Then by (4.4.6) we obtain

n

f@O-fm=2

i=2

(x =y

Tlat1) (D f) () +

1 x
m/ (x — t)(n+1)a—1 (D;nJrl)af) (t) dt, 4.4.9)

Vx>y x,y€lab],forO<a<l,
and also it holds

n

fO=f@=>

i=2

(y—x)™

ThatD O @+

m /y (v — t)(n+1)a—1 (D)(Cn+1)af) (1) dt, (4.4.10)
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Vy>x;x,y€lab], for0<a<]l.
We define the following X-valued linear operator

(A x,y) =

Y@+ Da-1

no =ty 1 G-
i )li(izﬂrl) (D;af) )+ (D;H of (x)) rx((ny+1)a+1)’ x>,

_ _nia—1 . ! _ \(m+Dha-1
> (lx(iz)-kl) (chaf) (x) + (D)(cnﬂ)af (y)) %V((nx-s)—l)a-ﬁ—l)’ y =X, (@4.11)
f'(x),whenx =y,

Vx,ye€la,b]l,0<a<l.
We may assume that

1A () @)= (A G0 = @ = (4.4.12)
<®lx—y|,Yx,y € [a,b], withd >0,

see also ([12], p. 3).
We estimate and have:
i)caseof x > y:

Ifx)—f) =AU & E=I=

1 X
H m/}]’ (_x _ t)(ll+1)a—l (D§n+1)af) (t) dt (4413)
()C _ y)(’l-H)a
_ (n+1)a =y
(DY f(X))F((n+1)a+1)

(by [1], p. 426. Theorem 11.43)

1
T+ Do)

/x (x _ t)(nJrl)afl ((D;nJrl)af) (t) _ (D;nJrl)af) (X)) dt
y

(by [8D)
1 ! n a— n o n a
=< m/y (x — t)( +Da—1 HD,(V +1) f(t) _ (D§ +1) f) (X)H dt

(we assume here that

[ DD f (6) — DY F ()| < Al — x|, (4.4.14)
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Vit,x,y €la,b]l:x >1t>y, where \ > 0)

Al ! _ (m+Da—1 _ _
S—F((n—i—l)a)/y x—=1) (x—1t)dt =

X _ (n+1)a+1
L/ (x — HHhe gy — al x =) . (44.15)
F'((n+Da), Frn+DHa)(n+Da+1)

We have proved that

Al (x _y)(n+l)a+l
Ife)—f =AU &y @x=nI= NCENEICE 1)04_’_(41)4,1

6)
forany x,y € [a,b] :x > y,0 < a < 1.
(i) caseof x < y:

If @)= F () = (A . y) (x =yl =
If ) = f ) =(A) &9 =l =

1 y
Hm/ (y— t)(n+l)a—] (D)(Cn-k—l)af) (t) dt 4.4.17)
_ (p(tha e
(DY f () TErE
1 y
m /x (y— t)(n+l)(x—1 ((D)(Cn-&-l)af) (t) — (D)(rn-i—l)af) (y)) dr| <

1 M
m/}( (y _ t)(n-H)a—] ” (D)(C’H_l)af) (t) _ (DSH_])&]C) (y)” dt
(we assume that

[(DUFD£) (1) = (DD f) )] < Ao lt =yl (4.4.18)

Vt,y,x €la,b]:y>1t>x,where A\, > 0)

< )\2 /y (y _ t)(n-H)a—l (y _ l) dt =
T+ Do) )y

. Ay / (y — e gy = R ) M
((n+ Do) J; Fr'+Ha)y((n+1)a+1)

(4.4.19)
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We have proved that

)\2 (y _ x)(n+l)a+l

Il < ,
F((n+DHa)y((n+DHa+1)
(4.4.

If ) —=f)—A) G, y)(x—

20)
Vx,yela,bl:y>x,0<a<l1.
Conclusion Let \ := max (A, A,) . It holds

by |x _y|(n+l)a+1
f ) —=F =AU & &E=n=< NI ((n+1)a+(4121,2

1)
Vx,y€la,b],where) <a < 1,neN.

One may assume that m < 1.
(Above notice that (4.4.21) is trivial when x = y.)

Now based on (4.4.12) and (4.4.21), we can apply our numerical methods pre-
sented in this chapter, to solve f (x) = 0.

Tohave (n + 1)a+ 1> 2, weneedtotake 1 > o > where n € N.

1
n+1’
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Chapter 5
Semi-local Convergence in Right Abstract
Fractional Calculus

We provide a semi-local convergence analysis for a class of iterative methods under
generalized conditions in order to solve equations in a Banach space setting. Some
applications are suggested including Banach space valued functions of right frac-
tional calculus, where all integrals are of Bochner-type. It follows [5].

5.1 Introduction

Sections 5.1-5.3 are prerequisites for Sect.5.4.

Let By, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, &) :={u € By : |lu — z|| < &} andlet U (z, €) stand for the closure of
U (z,9).

Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can be
brought in a form like

F(x)=0 (5.1.1)

using Mathematical Modeling [1-18], where F' : 2 — B, is a continuous operator.
The solution x* of Eq.(5.1.1) is needed in closed form. This is possible only in
special cases, which explains why most solution methods for such equations are
usually iterative. There is a plethora of iterative methods for solving Eq. (5.1.1). We
can divide these methods in two categories.

Explicit Methods [7, 8, 12, 16, 17]: Newton’s method

Xppt =Xy = F (6) ™ F () . (5.1.2)

Secant method: :
Xn+1 = Xpn — [xn—lv Xns F] F (xn) s (513)
© Springer International Publishing AG 2018 73
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where [, -; F'] denotes a divided difference of order one on 2 x 2 [8, 16, 17].
Newton-like method:
Xnt+1 = Xp — E,:lF (xn) (5.1.4)

where E,, = E (F) (x,) and E : Q — L (By, B,) the space of bounded linear oper-
ators from B; into B,. Other explicit methods can be found in [8, 12, 16, 17] and
the references there in.

Implicit Methods [7, 10, 12, 17]:

F(x,) + An (xn+1 —Xp) = 0 (515)
X1 =Xy — A F (x,) (5.1.6)

where A, = A (X,41,X,) = A(F) (xp21,x,) and A : Q x Q — L (By, By) . We let
A(F)(x,x)=A(x,x) = A (x) foreach x € Q.

There is a plethora on local as well as semi-local convergence results for explicit
methods [1-9, 11-17]. However, the research on the convergence of implicit methods
has received little attention. Authors, usually consider the fixed point problem

P, (x) = x, (5.1.7)
where
Px)=x+F@+Ax,2)(x—2) (5.1.8)
or
P(x)=z—A(x, 2 F(2) (5.1.9)

for methods (5.1.5) and (5.1.6), respectivelly, where z € €2 is given. If P is a con-
traction operator mapping a closed set into itself, then according to the contraction
mapping principle [12, 16, 17], P, has a fixed point x} which can be found using the
method of succesive substitutions or Picard’s method [17] defined for each fixed n
by
YVik+1,n = Px,, (yk,n) s Yoon = Xny Xpt1 = lim Yi,n- (5110)
k——+00

Let us also consider the analogous explicit methods

F(xn)+A(~xnvxn) (-xn-H _xn) =0 (5111)
X1 = Xp — A (X, X)L F () (5.1.12)
F (x,) + A (xp, Xp—1) (Xng1 — X5) =0 (5.1.13)

and
Xn+1 = Xn _A(xna xn—1)71 F(xn)- (5114)
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In this chapter in Sect.5.2, we present the semi-local convergence of method
(5.1.5) and method (5.1.6). Section5.3 contains the semi-local convergence of
method (5.1.11), method (5.1.12), method (5.1.13) and method (5.1.14). Some appli-
cations to Abstract Fractional Calculus are suggested in Sect. 5.4 on a certain Banach
space valued functions, where all the integrals are of Bochner-type [9, 15].

5.2 Semi-local Convergence for Implicit Methods

We present the semi-local convergence analysis of method (5.1.6) using conditions
(S):
(s1) F:Q C By — Biscontinuousand A (x, y) € L (B;, By) foreach (x, y) €
Q x Q.
(s2) There exist 3 > 0 and ¢ C B, such that A (x, y)~' € £ (B», B;) for each
(x,y) € Q x Qp and
A G| =67"

Set ; = Q2N Q.

(s3) There exists a continuous and nondecreasing function 1 : [0, +00)> —
[0, +00) such that for each x, y € Q;

IF(x)—F()—Axy)&x—-yl =
B (lx =yl llx = xoll s ly = xolD) llx — ¥l
(s4) For each x € Q there exists y € Q( such that
y=x-A@.x0) F).
(s5) For xg € ¢ and x| € Q satisfying (s4) there exists > 0 such that
A G x0) ™' F (x0)|| <.
(s¢) Define g () := 1 (n, t, t) for each ¢t € [0, +00). Equation
t(1=q@®)—n=0

has positive solutions. Denote by s the smallest such solution.
(s7) U (x9,5) C 2, where

! and go = (1.5,5).
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Next, we present the semi-local convergence analysis for method (5.1.6) using
the conditions (S) and the preceding notation.

Theorem 5.1 Assume that the conditions (S) hold. Then, sequence {x,} generated by
method (5.1.6) starting at x, € Q2 is well defined in U (xo, ), remains in U (xg, s) for
eachn =0, 1,2, ... and converges to a solution x* € U (xo, 5) of equation F (x) =
0. Moreover, suppose that there exists a continuous and nondecreasing function
1 1 [0, +00)* — [0, +00) such that for each x,y, z €

lF(x)—F()—AEy)&E -y =<
Biby (lx =yl llx = xoll, Iy = xoll, Iz — xolD) llx — vl

and q; =y (1,5, 5,5) < 1. o
Then, x* is the unique solution of equation F (x) = 0in U (x, ) .

Proof By the definition of s and (s5), we have x; € U (xo, s). The proof is based on
mathematical induction on k. Suppose that || x; — xp—1| < q(’)‘*ln and ||x; — x|l <s.
We get by (5.1.6), (s2) — (s5) in turn that

Ikt — xell = A F o) | = | A (F (o) = F (xkmt) — Agmt (o — x6-1) ||
<A IF ) = F (riet) — Agmy (i — 1) || <
BB (lxx — xk—1ll, lxk—1 — xoll, vk — xoll) lxx — x5l <
Y, 5.9) 5 — el = go llxe — x| < gf llxi —xoll <gfn (5.2.1)

and
lxk+1 — xoll < llxk1 — xell 4+ - -+ =+ llx1 — xoll

1_ k+1
<gint4n=—>20 5T
1 —qo 1 —qo

The induction is completed. Moreover, we have by (5.2.1) that form =0, 1, 2, ...

m

g — el =~ 90 g

1 —qo

It follows from the preceding inequation that sequence {x;} is complete in a Banach

space B; and as such it converges to some x* € U (xo, 5) (since U (xo, s) is a closed

ball). By letting k — 400 in (5.2.1) we get F (x*) = 0. To show the uniqueness

part, let x™* € U (xp, s) be a solution of equation F (x) = 0. By using (5.1.6) and
the hypothesis on ?;, we obtain in turn that

v = x| = [ =3+ AFF () — AF'F (x7)] <
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[ACTIHIF () = F (o = A (5 = )| =

BBy ([ = x| s llxe—1 — xoll» Ixe — xoll, |x™* — xo)) [|x** — xi| <
g1 ¥ = x| = g™ 2 - x0]
so lim x; = x™*. We have shown that lim x; = x*, so x™ = x™**. |
k—+o00 k——+00

Remark 5.2 (1) The equation in (s¢) is used to determine the smallness of 7. It can
be replaced by a stronger condition as follows. Choose i € (0, 1). Denote by s the
smallest positive solution of equation ¢ (#) = . Notice that if function g is strictly
increasing, we can set so = ¢~ (). Then, we can suppose instead of (sg) :

(s) m<(1—=p)so

which is a stronger condition than (s¢).

However, we wanted to leave the equation in (s¢) as uncluttered and as weak as
possible.

(2) Condition (s;) can become part of condition (s3) by considering

(s3) There exists a continuous and nondecreasing function ¢ : [0, +00)> —
[0, +00) such that for each x, y €

|A e, ) F () = F () = Ax, y) (6, m <
@ (lx =yl llx = xoll s Iy — xolD) llx — ¥lI.

Notice that
@ (ui, uz, uz) <P (uy, up, uz)

for each u; > 0, u, > 0 and u3 > 0. Similarly, a function ¢; can replace v; for the
uniqueness of the solution part. These replacements are of Mysovskii-type [7, 12,
16] and influence the weaking of the convergence criterion in (sg), error bounds and
the precision of s.

(3) Suppose that there exist 3> 0, 3, >0 and L € £ (B, B;) with L™! e
L (B,, By) such that

|27 <5~
1A () = LIl < B

and

Bri=p""5 <L

Then, it follows from the Banach lemma on invertible operators [12], and

I A, ) —LI<B7'Bi=0 <1



78 5 Semi-local Convergence in Right Abstract Fractional Calculus

that A (x, y) ™' € £ (B,, By).Let 3 = % Then, under these replacements, condi-
tion (s7) is implied, therefore it can be dropped from the conditions (S5).

(4) Clearly method (5.1.5) converges under the conditions (S), since (5.1.6)
implies (5.1.5).

(5) We wanted to leave condition (s4) as uncluttered as possible, since in practice
equations (5.1.6) (or (5.1.5)) may be solvable in a way avoiding the already men-
tioned conditions of the contraction mapping principle. However, in what follows we
examine the solvability of method (5.1.5) under a stronger version of the contraction
mapping principle using the conditions (V) :

(v1) = (1) -

(v2) There exist functions w; : [0, +00)* — [0, +00), wy : [0, +00)* —
[0, 400) continuous and nondecreasing such that for each x, y, 7z €

I+ A, 2) =AY, Dl <w (lx =yl lIx=xoll, Iy = xoll , llz = xoll)

A, 2) =A@, DI <wa(lx =y, lIx = xoll, |y = xoll , Iz = x0lD) [lx — Il

and
wi(0,0,0,0) = w, (0,0,0,0) =0.

Set
wy (28,8, 8, 1) +wy (28,1, 8, 1) (¢ + lIxoll) , 2 # Xo
wy (2t,¢,8,0) +wy (2¢, 2,1, 0) [lxoll , 2 = xo.

h(t,t,t,t)=
(v3) There exists 7 > 0 satisfying

ht,t,t,1) <1

and
ht,t,0,6)t +||F (xo)|| <t

(v4) U (x0,7) € D.

Theorem 5.3 Suppose that the conditions (V) are satisfied. Then, equation (5.1.5)
is uniquely solvable for each n =0, 1,2, .... Moreover, if A;l € L (B>, By), the
Eq.(5.1.6) is also uniquely solvable for eachn =0, 1, 2, ...

Proof The resultis an application of the contraction mapping principle. Letx, y, z €
U (xo, 7). By the definition of operator P,, (v») and (v3), we get in turn that

[P (x) = P-WI=I1T+AXx,2)—A@(,2)(x—y)—(Alx,2) —A(y. )zl
SH+AE 2 -AQ. I x =yl +1AK,2) = A, D Iz

< [wi (lx =yl llx = xoll s Iy — xoll . lz — xo0ll) +
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wy ([lx =yl llx = xoll, 1y = xoll, Iz — xo0lD) (llz — xoll + lxoID] llx — vl
<h@ 77,7 lx =yl

and
1P; (x) — xoll < 1P, (x) — P, (xo)ll + [ P; (x0) — xoll

< h(lx = xoll, lx = xoll, 0, [z = xolD) llx — xo0ll + [I1F (x0)l

<h(r,7,0,n) 7T+ ||F (xo)l < 7. |

Remark 5.4 Sections 5.2 and 5.3 have an interest independent of Sect. 5.4. Itis worth
noticing that the results especially of Theorem 5.1 can apply in Abstract Fractional
Calculus as illustrated in Sect.5.4. By specializing function v, we can apply the
results of say Theorem 5.1 in the examples suggested in Sect.5.4. In particular for

)\u(n+l)a
(5.4.28), we cl{oose‘w (uy, us, u3)' = ﬁr((n+1_)al)((n+1)a+1) foru; > 0,u, >0,u3 >0
and A\, « are given in Sect.5.4. Similar choices for the other examples of Sect.5.4.
It is also worth noticing that estimate (5.4.2) derived in Sect.5.4 is of independent

interest but not needed in Theorem 5.1.

5.3 Semi-local Convergence for Explicit Methods

A specialization of Theorem 5.1 can be utilized to study the semi-local convergence
of the explicit methods given in the introduction of this study. In particular, for
the study of method (5.1.12) (and consequently of method (5.1.11)), we use the
conditions (') :

(9{) F : Q C By — Byiscontinuous and A (x, x) € L (By, By) foreachx € Q.

(s5) There exist 3 > 0 and €y C Bj such that A (x, x)~' € £ (B,, B)) for each
x € Qp and

[A G0 =87

Set Q) = Q2N Q.
(s3) There exist continuous and nondecreasing functions )y : [0, +00)? —

[0, +00), ¥, : [0, +00)3 — [0, +00) with ¥ (0, 0, 0) = 1/, (0, 0, 0) = 0 such that
foreach x,y € @

[Fx)—F)—AQy.»)&-yl=

Bibo (lx — Il llx = xoll s 1y — xoll) lx — vl

and
A G, y) =A@, I < B lx =y, lIx —xoll, Iy — xolD) -

Set ) = 1o + 2.
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(s4) There exist xo € €29 and 7 > 0 such that A (xo, x) el (B,, By) and
| A o, x0) ™ F (xo) | < -
(s5) = (s6)
(sg) = (57).

Next, we present the following semi-local convergence analysis of method (5.1.12)
using the (S /) conditions and the preceding notation.

Proposition 5.5 Suppose that the conditions (S') are satisfied. Then, sequence {x,}
generated by method (5.1.12) starting at xo € 2 is well defined in U (xo, s), remains
inU (xo, ) foreachn = 0, 1, 2, ... and converges to a unique solution x* € U (x0, 5)
of equation F (x) = 0.

Proof We follow the proof of Theorem 5.1 but use instead the analogous estimate
I1F Gl = I1F (xx) = F (xk—1) — A (=1, Xe—1) (o — x—1) || <
IF (xx) = F (xk—1) — A (X, x—1) (o — xe—) | +
(A (ks xk—1) — A (=1, Xk—1)) Ok — =D || <
[0 (lxx = xk—1 1l lxe—r = xoll  llxe — xol)) +
V2 (I — xe—tll lxe—1 = xoll, lxx — xolD] lxk — xe—1ll =
Y (lxx = xe—1lls Ixe—1 = xoll', lxx — xoll) Ik — xx—11l -

The rest of the proof is identical to the one in Theorem 5.1 until the uniqueness part
for which we have the corresponding estimate

[ = x| = | =+ AL ) = ATF ()| <
[ACTIHIF () = F (oo = Ac (5 = i) | =

et = xoll s e = xoll) <

5760 ([ — x
q [« =xf =g | = xol -

Remark 5.6 Comments similar to the ones given in Sect.5.2 can follows but for
method (5.1.13) and method (5.1.14) instead of method (5.1.5) and method (5.1.6),
respectively.
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5.4 Applications to X-valued Right Fractional Calculus

Here we deal with Banach space (X, ||-]|) valued functions f of real domain [a, b].
All integrals here are of Bochner-type, see [15]. The derivatives of f are defined
similarly to numerical ones, see [18], pp. 83—-86 and p. 93.

Let f : [a, b] — X suchthat f e L., ([a, b], X). The X-valued right Caputo
fractional derivative of order o ¢ N, o > 0, m = [a] ([-] ceiling), is defined as
follows (see [3]):

(_1)}}1

Dy ™ =ro"e

b
/ (z—x)"" " " () dz, (5.4.1)

Y x € [a, b], with D" f (x) := (=1)" f™ (x), D)_f := f, whereI' is the gamma
function.
‘We observe that

1 b
|(D5_f) @ = m/ =" "™ (@) dz

(m) b (m) _ m—ao
< Hf Hoo (/ (Z_x)m—a—ldz) _ ”f “oo (b x) (5.4.2)

“I'im—a) T T(m—a) m-—a«

_ e o

Cm—a+1)
We have proved that
(o) o = Lm0 W20l g
Clearly here (D f) (b) =0,0 < a ¢ N.
Let n € N. We denote
D! := DO D¢ ..D{ (n - times). (5.4.4)

The X-valued right Riemann-Liouville fractional integral of order «, is defined as
follows:

1 b
(L f) (x) = m/ (z—x)" f(2)dz, (5.4.5)

Yx €la,b], 1197 := [ (the identity operator).
‘We denote also
=10 I .17 (n-times). (5.4.6)
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From now on we assume 0 < o < 1, thatism = 1.
In [4], we proved the following X-valued right generalized fractional Taylor’s
formula:

Theorem 5.7 Supposethat f € C'([a,b], X)and le“jf e C'([a, b], X), fork =
1,..,neN; D;”_Jrl)af e C([a, b], X), where 0 < o« < 1. Then

n

— (b — x)ill i
fx)= ; ot D (D f) (b) + (5.4.7)

1 b
m/ (z _x)(n-ﬁ-l)a—l (D1(,n_+1)af) (2)dz. ¥x € la.b].

‘We make
Remark 5.8 In particular, when f’ € L, ([a,b], X), 0 < a < 1, we have that
Dy_f (b) =0, also (D)_f) (x) = —f (x), and

-1 b
(D;}ff) (X) = m/ (Z - X)ia’ f/ (Z) dZ, Vxe [a, b] . (548)

Thus, from (5.4.7) we derive

n

fO—fmy=>

i=2

(b _ x)i(}

Tea+D (D) f) (b) + (5.4.9)

b
m/ (z — x)0t Dol (D;"j””f) (z)dz, Vx €[a,b];0 <a < 1.

Here we are going to operate more generally. Again we assume 0 < o < 1, and
f :la,b] = X, such that f’ € C ([a, b], X). We define the following X-valued
right Caputo fractional derivatives:

ey o —1 Y o g/
(Dy_f) (x):= Ti—o s /X (t—x)""f (t)dt, (5.4.10)
forany x < y; x,y € [a, b], and
a _ —1 ! Q!
(DS_f) () = ] _a)/y (t—y)" f/(t)dt, (5.4.11)

forany y < x;x,y € [a, b].
Notice D) _f = —f', D|_f = —f’, by convention.
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Clearly here D;y_ f, D{_ f are continuous functions over [a, b], see [3]. We also
make the convention that (D?ff) (x) =0, forx > y, and (D?ff) (y) =0,fory >
X.

Here we assume that

DI £, DX f € C' (la. D], X), (5.4.12)

k=0,1,...,n,n € Nand D\ £, DYV f € C ([a, b], X); ¥, y € [a, b];and
O<a<l.
By (5.4.9) we derive the X-valued formulae:

f(x)—f(y)=2%( ) (o) +
i=2

y
r((n—i Do) / (=)0 (DI f) (2 dz, (5.4.13)

Vx <y;x,y€la,bl;0 <« < 1,and also it holds

f(y)—f(x)=2%( ) (o) +
i=2

1 X
NCFSITS) / (z = 0t (DI f) @)z, (5.4.14)

Vy<x;x,y€ela,b;0<a<l.
We define the following X-valued linear operator

(A(f) (x,y) =

)(n+l)u 1

=—x)! i (n+1a =)
Z Taarn (DY) ) = (Dyf fx )) T@+Darn® ¥ <Y

(x—y)io! i (n+a (x—y)tha-l (5415)
lz‘é F(iix-}—l) (Dxff) (‘x) - (Dxf f( )) F((ny+l)a+l)’ x>y,

f'(x),whenx =y,

Vx,yela,b;0 <a< 1.
We may assume that

A @)= A G =]F @ —F O] <@lx—yl, Yx,yela,bl,
(5.4.16)
(see [13], p. 3), with ® > 0.
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We estimate and have:
(i)casex < y:

If @) = F () = (AU . y) (x =yl =
If ) = f&x) =AU @) -x)l= (5.4.17)

1 y
- _ y)(nt+Da—1 (n+a _
H I ((n+ l)a)/x @=x (Dy— f) (2)dz

plrthe (y — x)nthe
( f())r((n+1)a+1)

(by [1], p. 426, Theorem 11.43)

[ = (b @ - g ) e
(5.4.18)

F((I’l+l)04)

(by [9D)

1 y
_ (n+1)a—1
Tt ha (/ (€=

(we assume here that

D)()n:rl)af (2) — D;n_+1)a'f (x) H dz)

| DI f @) = DI o = Atz = x (5.4.19)

Vz,x,y€la,bl:y>z>x; A\ >0)

Al Y a1 _
S—F((n—i—l)a)/x (z—x) (z—x)dz =

—/ (z — x) Do gy — Al (y — x)that |

(5.4.20)

‘We have proved that

A (n+1)a+1
If =70 =AU EDE =M= 7o ;ﬁimfﬁm)am
.

5.4.21)
foranyx,yela,b]:x <y;0<a< 1.
(ii) Case of x > y : We have

If ) = f&x) =AU @G -x)l= (5.4.22)
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1 X
- _ y)t+Dha—1 (n+Da _
HF((H—Fl)a)/y €= (Dx_ f) (2)dz

(x _ y)(n-&-l)u

(n+1)a
<D"’ f (y)) FC((n+Da+1)

1
C((n+1a

/y = (D ) @ = (D F) ) dzH <
(5.4.23)

TSIy i o [ “e= e (D ) @ — (D2 £) (0]

(we assume that

H (Di’i*”"f) (2) — (Di”f”"f) o) H <Xlz—yl, (5.4.24)

Vz,v,x €la,b]l:x>z>y; \» >0)

A2 t o mhaot _
S—I‘((n+l)a)l ) (c—y)dz =

)\ X )\ _ (n+1)a+1
2 / (Z _ y)(n-‘rl)(} dZ _ 2 ('x y) (5425)
y

L+ 1o T+ Da)((r+DHa+1)
We have proved that

)\2 (x _ y)(n+1)0z+1

If @)= f ()= (A y) (x =yl < NCENTS ((n+1)a+(5121,2

6)
forany x,y € [a,b] : x > y; 0 < a < 1.

Conclusion 5.9 Let A\ = max (\;, A\p). Then

A |x _ y|(n+l)a+l
15 =F O =A@ == o T Das T
(5.4.27)
Vx,y€la,b]l; where0 <a < 1,neN.
One may assume that
A (5.4.28)

— <1
C((n+1a

Above notice that (5.4.27) is trivial when x = y.
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Now based on (5.4.16) and (5.4.27), we can apply our numerical methods pre-

sented in this chapter to solve f (x) = 0.

Tohave (n+1)a+1>2,weneedtotake 1 > o > where n € N.

1
n+1’
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Chapter 6
Algorithmic Convergence in Abstract
g-Fractional Calculus

The novelty of this chapter is the design of suitable algorithms for solving equations
on Banach spaces. Some applications of the semi-local convergence are suggested
including Banach space valued functions of fractional calculus, where all integrals
are of Bochner-type. It follows [6].

6.1 Introduction

Sections 6.1-6.2 are prerequisites for Sect. 6.3.

Let By, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, p) :={u € By : |lu — z|| < p}andlet U (z, p) stand for the closure of
U (z, p).

Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can be
brought in a form like

F(x)=0 (6.1.1)

using Mathematical Modeling [1-18], where F' : Q2 — B, is a continuous operator.
The solution x* of equation (6.1.1) is sought in closed form, but this is attainable
only in special cases. That explains why most solution methods for such equations
are usually iterative. There is a plethora of iterative methods for solving equation
(6.1.1), more the [2, 7, 8, 10-14, 16, 17].

Newton’s method [7, 8, 12, 16, 17]:

Xppt =Xy — F (6) 7 F () . (6.1.2)

Secant method: :
Xn+1 = Xpn — [xn—lv Xns F] F (xn) s (613)
© Springer International Publishing AG 2018 87

G. A. Anastassiou and 1. K. Argyros, Functional Numerical Methods:
Applications to Abstract Fractional Calculus, Studies in Systems,
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where [-, -; F'] denotes a divided difference of order one on Q x 2 [8, 16, 17].
Newton-like method:
Xnt+1 = Xp — E,:lF (xn) (6.1.4)

where E, = E(F)(x,) and E : Q — L (B, By) the space of bounded linear
operators from B; into B,. Other methods can be found in [8, 12, 16, 17] and the
references therein.
In the present study we consider the new method defined for eachn =0, 1, 2, ...
by
Xnt1 = G (xn)

G (1) =G (x,) — A F (x), (6.1.5)

where xp € € is an initial point, G : B3 — € (B3 a Banach space), A, =
A(F) (Xp41,X0) = A(Xpy1,x,) and A : Q x Q — L (By, By). Method (6.1.5)
generates a sequence which we shall show converges to x* under some Lipschitz-
type conditions (to be precised in Sect. 6.2). Although method (6.1.5) (and Sect. 6.2)
is of independent interest, it is nevertheless designed especially to be used in g-
Abstract Fractional Calculus (to be precised in Sect.6.3). As far as we know such
iterative methods have not yet appeared in connection to solve equations in Abstract
Fractional Calculus.

In this chapter we present the semi-local convergence of method (6.1.5) in
Sect.6.2. Some applications to Abstract g-Fractional Calculus are suggested in
Sect.6.3 on a certain Banach space valued functions, where all the integrals are
of Bochner-type [9, 15].

6.2 Semi-local Convergence Analysis

We present the semi-local convergence analysis of method (6.1.5) using conditions
(M):
(m;) F : Q C By — B;is continuous, G : B3 — £ is continuous and
A (x,y) € L(By, By) foreach (x, y) € Q x Q.
(m») There exist 5 > 0 and ¢ C B; such that A (x, y)~' € £ (B,, B;) for each
(x,y) € Q x Qp and
A G =67"

Set Q) = Q2N Q.

(m3) There exists a continuous and nondecreasing function v : [0, +00)? —
[0, +00) such that for each x, y €

IF ()= F()—AQ (G E) -GN =

Bib (llx =yl llx = xoll s ly = %0lD 1G (x) = G NI -
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(m4) There exists a continuous and nondecreasing function vy : [0, +00) —
[0, +00) such that for each x €

G (x) = G (xo)ll < o (lx — xoll) [lx — xoll -
(ms) For xg € Qo and x; = G (xp) € 2 there exists 7 > 0 such that
|A @1, x0) ™ F (o) < -
(mg) There exists s > 0 such that
Y @,s,s) <1,
Yo (s) <1

and

G (x0) — xoll <5 < .
1 —qo

where g0 =9 (1, s, 5) .
(m7) U (x0,5) C Q.

Next, we present the semi-local convergence analysis for method (6.1.5) using
the conditions (M) and the preceding notation.

Theorem 6.1 Assume that the conditions (M) hold. Then, sequence {x,} generated
by method (6.1.5) starting at xy € Q2 is well defined in U (x, s), remains in U (xg, §)
for each n = 0,1,2, ... and converges to a solution x* € ﬁ(xo, s) of equation
F (x) = 0. The limit point x* is the unique solution of equation F (x) = 0 in
U (xg,s).

Proof By the definition of s and (ms), we have x; € U (xo, s). The proof is based on
mathematical induction on k. Suppose that ||x; — xg—1 || < q(lj_ln and ||x; — x| <.
We get by (6.1.5), (my) — (ms) in turn that
IG (xes1) = G o)l = AL F )| =
AT (F () = F () = A1 (G () = G (1) |
< |AITF (o) = F (1) — Arm1 (G (x) = G (i) || <

87189 ok = xa Il et = xoll s vk = xolD) 16 () = G ()l <

(0,59 1G () = G -1l = qo I1G () = G ()l < gg 1 = xoll < g
(6.2.1)
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and by (mg)
X1 — xoll = G (x) — x0ll = |G (xx) — G (x0) || + (|G (x0) — xoll
=< o (lxx = xoll) llxx — xoll + 1G (x0) — xoll
<o (s)s + |G (x0) — xoll <.
The induction is completed. Moreover, we have by (6.2.1) that form =0, 1, 2, ...

— qm
L q5m.
— 40

1
Xkm — xill < 1

It follows from the preceding inequation that sequence {G (x)} is complete in a
Banach space B; and as such it converges to some x* € U (xo, s) (since U (xo, 5)
is a closed ball). By letting k — 400 in (6.2.1) we get F (x*) = 0. We also get
by (6.1.5) that G (x*) = x*. To show the uniqueness part, let x** € U (xp, ) be a
solution of equation F (x) = 0 and G (x**) = x™*. By using (6.1.5), we obtain in
turn that

v =G (o] = ¥ = G )+ A7 F () — A7 F (+)] =
A7 | 1F () = F 0 = A (6 (+) — G )| <

xesr = xoll s llxe = xoll) |G (x™) = G (xo) || <

B! By (|| x**

90 [[G ) =G x| = g™ | = x

)

so lim x; = x™. We have shown that lim x; = x*, so x* = x*™*. |
k—+o00 k— 00

Remark 6.2 (1) Condition (m,) can become part of condition (m3) by considering

(m3)" There exists a continuous and nondecreasing function ¢ : [0, +00)® —
[0, +00) such that for each x, y €

A, F @) = F@) - AWy (G @) -G <
@ (lx =yl e = xoll s Iy = x0ID 1G (x) = G Wl -

Notice that
@ (Ui, uz, uz) <P (uy, up, uz)

for each u; > 0, u, > 0 and u3 > 0. Similarly, a function (; can replace v; for the
uniqueness of the solution part. These replacements are of Mysovskii-type [7, 12,
16] and influence the weaking of the convergence criterion in (), error bounds and
the precision of s.
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(2) Suppose that there exist 3 > 0, 3; > 0 and L € £ (B, By) with L™! €
L (B,, B)) such that
|z <57

IA (x,y) — LIl < B

and

Bri=p""5 < L
Then, it follows from the Banach lemma on invertible operators [12], and
IL 1A Gy — LI <87 B =5 <1

that A (x, y) ™' € £ (B,, By).Let 3 = % Then, under these replacements, condi-
tion (m;) is implied, therefore it can be dropped from the conditions (M).

Remark 6.3 Section 6.2 has an interest independent of Sect. 6.3. It is worth noticing
that the results especially of Theorem 6.1 can apply in Abstract g-Fractional Calculus
as illustrated in Sect. 6.3. By specializing function v, we can apply the results of say
Theorem 6.1 in the examples suggested in Sect.6.3. In particular for (6.3.4), we
choose foru; >0, up, >0,uz >0

)\’ugrﬁ—l)a
Br((n+Da)((n+1a+1)

Y (U, uz, u3) =

if |g(x) —g (| < p foreach x, y € [a, b];

)\’ugﬁ—l)a
Br((n+Da)((n+a+1)

Y (U, uz, u3) =

if [g(x) —g I =& llx — yll foreach x, y € [a, bl and p» = & [b — al;

)\Mgn+1)a
Br(n+Da)(n+Da+1)

Y (Ui, up, u3) =

if |g (x)| < & foreach x, y € [a, b] and u3 = 2&;.

Other choices of function ¢ are also possible.

Notice that with these choices of function ¢) and f = F and ¢ = G, crucial
condition (m3) is satisfied, which justifies our definition of method (6.1.5). We can
provide similar choices for the other examples of Sect.6.3.
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6.3 Applications to X -valued Modified g-Fractional
Calculus

Here we deal with Banach space (X, [|-||) valued functions f of real domain [a, b].
All integrals here are of Bochner-type, see [15]. The derivatives of f are defined
similarly to numerical ones, see [18], pp. 83—86 and p. 93.

LetO < a <1,m = [a] = 1 ([-] ceiling of number), g is strictly increasing and
geC'([a,b]), g ' e C(g(a), g®)]) .Assume that f € C! ([a, b], X). In both
backgrounds here we follow [5].

(D The X -valued right generalized g-fractional derivative of f of order «vis defined
as follows:

-1 b ,
(D) D = 5= / GO =g g @ (fog™) (g,

(6.3.1)
a<x<h.
If0 < a < 1, then (D,;L;gf) € C ([a, b], X), see [4].
Also we define
1 o -1\
(D), f) () = — ((f og") o g) x), (6.3.2)
(Dy_yf) @) = f(x), Vx €la,b].
When g = id, then
Dy . f (¥) = Dy_;qf (x) = Dy_f (x), (6.3.3)
the usual X-valued right Caputo fractional derivative, see [3].
Denote by
Dy°. =Dy . Dy . .Dy . (ntimes),n € N. (6.3.4)

We consider the X-valued right generalized fractional Riemann-Liouville integral

1

(I5=y ) () = )

b
/ GO —g)N* g @) f()dt, a<x <b. (63.5)

Also denote by
Ig’f;g = I,ff;glb‘l;g...llf‘;;g (n times). (6.3.6)

We will be using the following X -valued modified g-right generalized Taylor’s for-
mula

Theorem 6.4 ([5]) Let f € C'([a,b],X), g € C'([a, b)), strictly increasing,
such that g=' € C' ([g (a) , g (b)]). Suppose that F; := D’gf;gf, k=1,.., n,fulfill
F, € C'([a, b], X), and Foi1 € C(la,b], X), where0 < o« < 1, n € N. Then
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Z": (g (b) —g )™

fx) = fb)= Mot D

(D)., f) (b)+ (6.3.7)
i=1

m/ (g (1) =g )"y (1) (D,i"f;g“af) (t)dr,
Vx €la,b].

Here we are going to operate more generally. We consider f € C' ([a, b], X).
We define the following X -valued right generalized g-fractional derivative:

(Dy_.,f) (x) := / (G0 =g g @) (fog™) (g)dr,

(63.8)
alla <x <y;yela,b],

(D)0 == ((fog ) og) @, Yrelabl. (639

Similarly we define:

(DY, f) () = / GO —gN g @ (fog™ (g)dr,

(6.3.10)
alla <y <x; x € [a, b],

(Dl == ((fog7) 0g) 0. ¥y ela,bl. (6.3.11)

When 0 < a0 < 1, D;[; P f and ijﬁ p f are continuous functions on [a, b], see [5].
Note here that by convention we have that

(D;_;gf) (x) =0, forx >y
and (6.3.12)

(D;{;gf) (y) =0, fory > x

Denote by
Fl =D\ f F :=D{,f ¥x y€clab]. (6.3.13)

x—=3g

We assume that

F!.F' €C'(a,b],X), and F ', €C(a,b], X), (6.3.14)

n+l’

k=1,...,n,Vx,y€la,b];0<a<l.
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We also observe that (0 < a < 1) ([9])

1 b —a Y
[(0F0f) 0 = =5 | GO =g g @ |(7o5™) Gn|ar =
) (6.3.15)
H(fogil)log)oo[ab] b '
T(—a — / (g)—g@) g @)dt =
—1\/
H (fog™) oy ‘oo,[a,b] (gb) —g(x)'™
rd-—a) 1 -« B
”(fogil)/o'g’oo[ab] 1
ro_a (g(b) —g(x)) ™", Vx €la,b].
‘We have proved that
H(fog_l) Og‘oo[ab] 1
(D5 ) 0] = o= = @@ =g @' (6316)
H(fogil)/og‘oo[ab] 1
< T o (gb) =g (@)™, Vx,y€la,b].
Clearly here we have
(D,‘,’_;gf) b)=0,0<a<l. (6.3.17)
In particular it holds
(D)‘L;gf) x) = (D;L;gf) (»=0,Vx,yela,b]; 0O<a<l. (6.3.18)
By (6.3.7) we derive
FO-fom=> % (DI, f) ) + 63.19)
i=2

1 y
TS / (g (1) —g )" g (1) (D;”_f;)‘* f) (t)dt,

Vx <y, x,y€la,b]l;0 < a<1,and also it holds:
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R I

i=2

(D, f) () + (6.3.20)

1 x ’
m/y (g (@) —g(y))mﬂ)aq g (1) (D)(rn_-:)af) ) dt.

Vy<x;x,y€ela,b;0<a<l.
We define also the following X-valued linear operator

(AL () (x,y) =

)(n+l)n—l

GW=ge“" (pia (n+1a (g =g(x)
z T(a+1) (vaci;gf) ) = (Dyf;g f (X)) oanarn X <Y
G =g™" ( pia (n+Da (9@ =g
z T(ia+1) (D)lcci:gf) (x) = (Dxf;g f (Y)) “Ttharn) X >V
f (x) when x =y,
(6.3.21)

Vx,y€la,bl;0<a<l.
We may assume that (see [13], p. 3)

1AL () (x, %) = (A (D) O = | f @)= F O

=[(flog) @)= (fog )@ =Plgx) —gI.,  (6.3.22)
Vx,y€la,b]; with® > 0.

‘We estimate and have
(i)casex < y:

lfx)—fO)— @A) EGE) —g)ll =

1 y
” m/x (g @) —g N g 1) (D;,"_f;)“f) (t) di—

_ (n+1)a
(D;n:;)af(x)) (g(y) —gx))

(6.3.23)
C((n+Da+1)

(by [1], p. 426, Theorem 11.43)

1
TT((n+Da)

/x @@ - g0 g 0 (DI ) @) - (D ) ) s
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(by [9D)
1

ST+ ha)
/x a0 =) g ) | (D0 ) () = (D2 ) o ar 63:24)
(we assume that
[(prr) o = (D ) o] < Mlg —g @I, (6325

Vi, x,y€ela,bl:y>t>x; A\ >0)

# ! _ (n+Da—1 7/ _ o
< F((n+1)a)/x (g () —g(x)) g @) (g@)—gx))dt= (63.26)

# ’ _ (n+a _
[‘((n_|_1)a)/x (g @) —gx)) g (t)dt =

A (g (y) — g (x))+hot!
Fe+he) (+Da+l)

(6.3.27)

We have proved that

If @) = f ()= (A () &) &) —gONll <

A (g (y) — g (x))n+hot!
F@+Dhay  (e+Datl

(6.3.28)

foranyx,y ela,b]:x <y;0<a < 1.
(i) casex > y:

ILf ) = f ()= (A ())& y) &) =gl =
If )= f &)= (A () xy) (g () —g )l = (6.3.29)

- — (n+ha—1 (n+Da _
HF((n+1)a)/ GO =900 g (1) (D) F) 0 e

(n+Da (g (x) — g (y)"+He
(Dx—:.a f) o+ hatD

(6.3.30)

1
" Tt Do)
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0 =g oD g @ (DI f) 0 = (DY) ) ) de | <

TS / (91 =gty U0 = DI )|

(we assume that

Vt,y,x €la,b]l:x>t>y; Ay >0)

DI f (0 = DI ) = X lg @) = g I, (6331)

F«Tn) / (g —goN" g (1) (g (1) —g(y)dt = (6.3.32)

- . < — (n+a 7
F((n+1) )/ (g —gO) g )dt =

b (g (x) — g (y)r+hett
Fr'n+1)a) ((n+1Da+1)

We have proved that

If ) = f () = (A () x ) (g(x) =g NIl =

Y (g (x) — g (yy)" Dot
Fe+ba (+Da+D

(6.3.33)

Vx,yela,bl :x>y;0<a <.
Conclusion 6.5 Ser A = max (A1, A\y). We have proved that
If &) —f)— A () &y @) —gonll <

A g (x) — g (y)| Dot
F(n+Da)y (+Da+1)

(6.3.34)

Vx,yela,b];0<a<l,nelN.

(Notice that (6.3.34) is trivially true when x = y.)
One may assume that
A

_— <1 (6.3.35)
Fr'n+1)a)
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Now based on (6.3.22) and (6.3.34), we can apply our numerical methods presented

in this chapter to solve f (x) = 0.
Tohave (n +1)a+1>2,weneedtotake 1 > o > ﬁ,wheren e N.
Some examples of g follow:

g(x)=¢€", x €la,b] CR,

g (x) =sinx,

g (x) =tanux,

wherex € [-2 4+, % —¢], £ > 0 small.

(6.3.36)

(II) The X -valued left generalized g-fractional derivative of f of order avis defined
as follows (see [5]):

1 x , v
(DG, f) (x) = m/ﬂ (G@) =g g O (fog™") (g)adt,

(6.3.37)
Vxe€la,b].
If0 < a < 1, then (D;ﬁr;gf) € C (la, b], X) (see [5]).
Also, we define
DL, f@=((fog™") og) @, (6.338)
D)., f(x)=f(x),Vxela,b].
When g = id, then
Dt(JYJr(}f Da+zdf=D:;1f!
the usual X-valued left Caputo fractional derivative (see [4]).
Denote by
Dyt = Dgy. Dy ..Dyy., (ntimes), n € N. (6.3.39)

We consider the X-valued left generalized fractional Riemann-Liouville integral
(see [5])

(Ie4,f) @) = /(g(X)—g(t))a Y9 (1) f()di, a <x <b. (6.3.40)

I (o)

Also denote by

no . 0% « o
Ia+ /A 1a+ gla+ g Ia+ g

(n times). (6.3.41)

We will be using the following X-valued modified g-left generalized Taylor’s for-
mula.

Theorem 6.6 ([S]) Let0 < o < 1,n €N, f € C' ([a, b], X), g € C' ([a, b)),

strictly increasing, such that g~' € C'([g(a), g (b)]). Let F; := D’a‘i gf k =

1, ..., n, that fulfill F; € C' ([a,b], X), and F,11 € C([a,b], X). Then
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Z": (g (x) —g @)™ (

f(x)=fla)= Mo+ D)

D, f) (@) + (6.3.42)
i=1

1 X
T+ l)a)/a (90 = g )" g () (DI f) @y ar,

Vxé€la,b].

Here we are going to operate more generally. We consider f € C' ([a, b], X).
We define the following X-valued left generalized g-fractional derivative:

1 x ,
(D§,.,f) ) = —_a)/ (G@) —g)™ g O (fog™") (g)adt,

(6.3.43)
forany y < x < b; x,y € [a, b],

D)y f) @)= (fog™) (g(x)). Yx €la.b]. (6.3.44)

Similarly, we define

1 ’ /
(D) O = F=w / GO =g @) g 0 (fog™') (gm)dr,

(6.3.45)
foranyx <y <b; x,y € [a, b],

(Dhyof) ) =(fog™") (9. Vyela.b]. (6.3.46)

When 0 < a < 1, D” f and D)ch gf are continuous functions on [a, b], see [5].
Note here that by conventlon we have that

(D;+ qf) (x) = 0, when x < y,

and (6.3.47)
(D}‘CNJr gf) (y) =0, wheny < x.

Denote by
G, =D, f. Gi=D. f Vx.y€clab]. (6.3.48)
We assume that
G,G{ € C'(la,b],X), and G, |, G, € C (la, b], X), (6.3.49)

k=1,...,n,Vx,y€la,b];0<a<l.
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We also observe that (0 < o < 1) (by [9])

P50 = s | @01 =90) g @ | (7o) wan|ar =

|(ro57) o4
)

o) / (G () —g(0) "¢ () dt =

H (fo g—l)/ o gHma’b] (g(x) —g @) _

TS - (6.3.50)
—1\/
H (fog ) Og|oo,[a,b] I—a
o g @)
We have proved that
(fog™) og
[(DGsg f) O] = | e a))‘”’[“”’] (9 () —g@n'™
H(fog_l)/og‘oo[ab] 1
< oo == (gb) —ga) “, Vx€la,b]. (6.3.51)
In particular it holds
(Da"ﬁr gf) (a)=0,0<a<l, (6.3.52)

and

( y+gf)(y) ( Hgf)()c)=0,‘v’x,ye[a,b];O<o<<1. (6.3.53)

By (6.3.42) we derive

- (g —g ()™
f(x)—f(y)IZm(

i=2

Dy f) 00+

1 X
NCES) / (g @) =g @)™ g 1) (Di’f;)“f) (di,  (63.54)
\

foranyx > y:x,y € [a,b]; 0 < a < 1, also it holds



6.3 Applications to X-valued Modified g-Fractional Calculus 101

- (9 0) —g @)
f()’)—f(x)=2W(

i=2

D, f) (x)+ (6.3.55)

1 y
m/x (g () —g@)" g @) (D)(r’fé)“f) (t)dt,

foranyy >x:x,y€e[a,b];0 <a < 1.
We define also the following X-valued linear operator

(A2 (f) (x, ) =
@—g)™! (n+Da (@) —g(ynHhe-t
Z TGatl) (D’y‘i (,f) ) + (Dy+ g ) ™) T ney — £ >

Y=g ( pia (n+ D (g(y)—g(x)) et
Z TGatl) (Dx+ qf) (x) + (Dx+ g )( ) R Gtarn > Y > X

f (x) when x =y,

(6.3.56)
Vx,yela,b;0 <a< 1.
We may assume that (see [13], p. 3)
(A2 () (x, %) = (A2 () O = | f )= fF D (6.3.57)
<@ gx) —gWI, Vx,y€la,bl;
with ®* > 0.
We estimate and have
(i) caseof x > y:
If )= f )= A (f)x, ) G&) —gOll = (6.3.58)

1 X
”m/v (g(x)—g (t))(n+1)a71 g/ ) (D;T—(]])uf) (t) di—

(D (g (x) — g (y)"HDe
(Dwg f) Tt hatD)

(by [1], p. 426, Theorem 11.43)
B 1
T T'((n+ Do

H / @@ =g g o) (00 ) @ - (DI ) ) dtH
’ (63.59)
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(by [9D)
1

=T+ha
/y @@ g g [ (08D ) @ - (D0 ) o a
(we assume here that
[(peter) o = (D5 F) o] <plg@ =gl (6360

Vi, x,y€ela,bl:x>t=>y; p >0)

L ' _ (n+Da—1 _ _
: F((”+1)a)/y gx) —g@) g (1) (g(x)—g®)de

L : — (n+Da 1 _
F((n-i-l)a)/y (g (x) =g O)™ g () dt

pi (g (x) — g (y))r+hett

Pl Doy (et Dot (360

We have proved that

If )= f ) = A2 () X)) =gl <

i (g (x) — g (y)) "Dt 63.62)
Fe+ba (+Da+D o

Vx,yela,bl :x>y;0<a <.
(ii) caseof y > x :

If ) = f ()= (A () (x. ) (g (x) —g Il = (6.3.63)
IO —fx) = A2() & @G —g)l =

1 y
i [ 00 - 0 () ) G-

(Do (g () — g (x))"the
(Dx+;g f)() T+ Dhat1)

1
T+ DHa)
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—g @) g @) (D) 1) @ = (DI £) ) de

RS S
“T(+Dha)

/ (g () — g @)™ g (1) H (D;T;)‘* f) (1) — (Di’fgl)“ )(y)H dt (63.64)
(we assume here that
[(pebef) o - (D F) 0] <mlg gl (63.69)
Vt,y,x €la,b]:y>t>x;p>0)
P2 7 . (n+Da—1 s _ _
2 Do) ((n—i—l)oz)/x (g —g@®) g @) (g(y)—g@)dt =

P (g (y) — g (x))tDet!

(6.3.66)
F@+Dhao) (@+Dath

We have proved that

If ) = f ()= (A () . ) (g(x) —g NIl =

P2 (g (y) — g (x))+het
F@+Da)  (@+Da+th

Vx,yela,bl:y>x;0<a<1.

Conclusion 6.7 Set p = max (p1, p2). Then

If ) = f ()= (A () . ) (g(x) —g NIl =

p lg (x) — g (y)| Dot

(6.3.67)
F(n+Da) (m+Da+1)

Vx,yela,b];0<a< 1.

(Notice (6.3.67) is trivially true when x = y.)

One may assume that
P

- (6.3.68)
C((n+1)a)

Now based on (6.3.57) and (6.3.67), we can apply our numerical methods presented
in this chapter to solve f (x) = 0.
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Chapter 7
Iterative Procedures for Solving Equations
in Abstract Fractional Calculus

The objective in this study is to use generalized iterative procedures in order to
approximate solutions of an equation on a Banach space setting. In particular, we
present a semi-local convergence analysis for these methods. Some applications are
suggested including Banach space valued functions of fractional calculus, where all
integrals are of Bochner-type. It follows [5].

7.1 Introduction

Sections 7.1-7.3 are prerequisites for Sect.7.4.

Let By, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, p) :={u € By : |u — z|| < p}andlet U (z, p) stand for the closure of
U (z, p).

Numerous problems in Computational Sciences, Engineering, Mathematical
Chemistry, Mathematical Physics, Mathematical Economics and other disciplines
can be brought in a form like

F(x)=0 (7.1.1)

using Mathematical Modeling [1-17], where F' : 2 — B, is a continuous operator.
The solution x* of Eq.(7.1.1) is sought in closed form, but this is attainable only
in special cases. That explains why most solution methods for such equations are
usually iterative. There is a plethora of iterative methods for solving Eq. (7.1.1). We
can divide these methods in two categories.

Explicit Methods [6, 7, 11, 15, 16]: Newton’s method

—1
Xn+1 = Xp — F’ (X)) " F (xn) . (7.1.2)
Secant method: .
Xp41 = Xp — [xnflv Xns F] F(x), (7.1.3)
© Springer International Publishing AG 2018 105
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where [, -; F'] denotes a divided difference of order one on 2 x Q2 [7, 14, 15].
Newton-like method:
Xnt+1 = Xp — E,:lF (xn) (7.1.4)

where E, = E(F)(x,) and E : Q — L (B, By) the space of bounded linear
operators from B; into B,. Other explicit methods can be found in [7, 11, 14, 15]
and the references there in.

Implicit Methods [6, 9, 11, 16]:

F(x,) + Ay (xn+1 —Xp) = 0 (715)
X1 =Xy — A F (x,) (7.1.6)

where A, = A (X441, %,) = A(F) (xyq1,x,) and A : Q@ x Q — L (By, By). We
also denote A (F) (u,v) = A(F) (u) = A (u),ifu = v foreachu, v € Q.

There is a plethora on local as well as semi-local convergence results for explicit
methods [1-7, 9-16]. However, the research on the convergence of implicit methods
has received little attention. Authors, usually consider the fixed point problem

P, (x) = x, (7.1.7)
where
P(x)=x+F(@)+Ax,2)(x—2) (7.1.8)
or
P(x)=z—A(x, 2 F(2) (7.1.9)

for methods (7.1.5) and (7.1.6), respectively, where z € Q is given. If P is a con-
traction operator mapping a closed set into itself, then according to the contraction
mapping principle [11, 15, 16], P; has a fixed point x} which can be found using the
method of successive substitutions or Picard’s method [16] defined for each fixed n
by
Yik+1,n = Px,l (yk,n) y Yoon = Xny Xpgl = lim Yi,n- (7110)
k—+o00

Let us also consider the analogous explicit methods

F(xn)+A(~xnvxn) (-xn-H _xn) =0 (7111)
X1 = Xp — A (X, X)L F () (7.1.12)
F (x,) + A (xp, Xp—1) (Xng1 — X5) =0 (7.1.13)

and
Xn+1 = Xn _A(xna xn—1)71 F(xn)- (7114)
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In this chapter in Sect. 7.2, we study the semi-local convergence of method (7.1.5)
and method (7.1.6). Section7.3 contains the semi-local convergence of method
(7.1.11), method (7.1.12), method (7.1.13) and method (7.1.14). Some applications

to Abstract Fractional Calculus are suggested in Sect. 7.4 on a certain Banach space
valued functions, where all the integrals are of Bochner-type [8, 14].

7.2 Semi-local Convergence for Implicit Methods

The semi-local convergence analysis of method (7.1.6) that follows is based on the
conditions (H):
(hy) F : Q2 C By — B;is continuous and A (F) (x, y) € L (B, B;) for each
(x,y) € 2 x Q.
(hy) There exist [ > 0 and 29 C Bj such that A (F) (x, y)’1 € L (B, By) for
each (x, y) € Qy x Qp and
lAE) o™ <17

Set Q] =QnN Q().
(h3) There exist real numbers «, oy, a3 satisfying

O<ap<oand0<a3 <1
such that for each x, y €
IF(x) = F(y)—AF) (x,y) (x =yl =
(S 1 =l + azlly = xoll + s ) x =yl
(h4) For each x € Q there exists y € 2 such that
y=x—AQ@.0)T F@).
(hs) For x¢ € Q¢ and x; € 2 satisfying (h4) there exists n > 0 such that
A (F) (x1. x0)™" F (xo)|| <.

(he) h:=oqn < 5 (1 —a3)’.
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and -
(h7) U (x0, t*) C Qp, where

t*:’l =/ (1—a3) 2h’ a1 £0

1 o
o a1 =0.

Then, we can show the following semi-local convergence result for method (7.1.6)
under the preceding notation and conditions (H).

Theorem 7.1 Suppose that the conditions (H) are satisfied. Then, sequence {x,}
generated by method (7.1.6) starting at xo € Q2 is well defined in U (xy, t*), remains
in U (xg, t*) for each n = 0, 1,2, ... and converges to a solution x* € U (xg, t*)
of equation F (x) = 0. Moreover, provided that (hs) holds with A(F)(z,y) replacing
A(F)(x,y) for each z € @y , if ay # 0, the equation F (x) = 0 has a unique solution
x*in U, where
~ [U(xo,t*) NQo, if h =1 (1—a3)?
T U o, )N Q0 ifh < 11— a3)?

and, if ay = 0, the solution x* is unique in U (xo, ﬁ), where t** =

l—a3+A/ (1—a3)>=2h

(&3]

Proof Case a; # 0. Let us define scalar function g on R by g (1) = %t> —
(1 — a3) t + n and majorizing sequence {#,} by
t0=0, ty =tr_1 + g (tr_1) foreachk =1,2,.... (7.2.1)

It follows from (%¢) that function g has two positive roots t* and +**, t* < **, and
1, < ty+1. That is, sequence {#;} converges to ¢*.
(a) Using mathematical induction on k, we shall show that

k1 — xell < ter — (7.2.2)

Estimate (7.2.2) holds for k = 0 by (hs) and (7.2.1), since ||x; — xol| < n =1t — 1.
Suppose that for | <m <k

”xm — Xm—1 ” Stp —Im-1- (723)

Them, we get |[x; — xol| <t —to =t < t" and A (xi, xx—1) is invertible by (h,).
We can write by method (7.1.6)

Xt — xp = —Ar " (F () — F (xe—1) — Ag—t (o — Xi—1)) - (7.2.4)

In view of the induction hypothesis (7.2.3), (h»), (h3), (hs), (7.2.1) and (7.2.4), we
get in turn that
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541 — xill = [AC'F ()| = || A (F () = F (x—1) — At (i — x6-1) |

< A IF (o) = F (xim1) — Agmr (e — x|l <

_ aq

7' (7 lxx — xx—1ll + a2 lxe—1 — xoll + 043) lxx — xx—1ll < (7.2.5)
] )
5 (e — 1)+ a2 (e — o) ey + a3 (G — 1) =

o
> (t — i)+ oo (e — i) trot + 3 (e — t—1) — (6 — 1) + 8 (1) =

g ) — (a1 —ap) (tfx — tr—1) k1 <
g (k) = tey1 — K, (7.2.6)

which completes the induction for estimate (7.2.2).
That is, we have for any k

Xkt — xell <t — % (7.2.7)

and
llxx — xoll <t <t". (7.2.8)

It follows by (7.2.7) and (7.2.8) that {x;} is a complete sequence in a Banach space

By and as such it converges to some x* € U (xo, t*) (since U (xo, t*) is a closed
set). By letting k — +o0, using (k) and (h;), we get l’lklim I|F (xp)|| = 0, so
—+00

F(x*)=0.
Let x** € U be such that F (x**) = 0. We shall show by induction that
|x** = xi| < t* =t foreach k =0, 1,2, ... (7.2.9)

Estimate (7.2.9) holds for k = 0 by the definition of x** and U. Suppose that
|lx** — x¢|| < t* — t,. Then, as in (7.2.5), we obtain in turn that

[ = it | = [ — ;e + AL'F () — AL'F (%) || =

A" (A (7 = x) + F (o) = F ()|

IA

[ACTTF ) = F (o = A (0 =) | <

(% ”x** — Xk || + ay [lxx — xoll + 043) ||x** — Xk ” <
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o
(71 (l* — lk) —+ oty + 013) (I>k — lk) =
«
= () + 5 @ = aunt” o (I =)t +as (17— 1) =
* aq 2 * * 2 *
N+ —-a3)t™+ Ttk —Qift” + Qi — oot + astt — asly

=1"— Tt 1, (7.2.10)

m x;, = x*. But we

which completes the induction for estimate (7.2.9). Hence, . li
— 400

showed that lim x; = x*, so x™ = x*,

k—+00

Case a; = 0. Then, we have by (h3) that a; = 0 and estimate (7.2.5) gives
k41 — xell < a3 llxx — x| < ..o < 0 [l — xoll < i (7.2.11)

and
lxe1 — xoll < lxkgr — xell + g — xp—oll + ... + llx1 — xoll

1— k+1
B g1 (7.2.12)
11— a3 1-— a3
Then, as in the previous case it follows from (7.2.11) and (7.2.12) that
1 - ag k
llxkqi — xell < 51, (7.2.13)
1-— [0%]

so sequence {x;} is complete and x* solves equation F (x) = 0. Finally, the unique-
ness part follows from (7.2.10) for a; = a; = 0, since

2 = x| < o 2 — x| < AT x = x| < akHL, (7.2.14)
| | =as | <oh e
—
which shows again that lim x; = x™*. |
k—+00

Remark 7.2 (1) Condition (/) can be incorporated in (%3) as follows
(h%) There exist real numbers @, &, &3 satisfying0 < @ <@, and0 < a3 < 1
such that for each x, y € Q

[AG, W 'F@) —FO) —A@E,y)(x—l| <

(@ir2) 1x = ¥l + @2 lly = %0l + @) llx = ¥l
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Then, (h}) can replace (h;) and (h3) in Theorem 7.1 for a; = @, o = o,
a3 = a3 and 2y = Q. Moreover, notice that oy < a1, @y < 7 and a3 < a3,
which play a role in the sufficient convergence criterion (/¢), error bounds and the
precision of t* and **. Condition (h3) is of Mysowksii-type [11].

(2) Suppose that there exist [y > 0, ay > 0 and L € L (B, By) with L e
L (B, By) such that |[L~'| < {5

|A(F)(x,y) — LIl <ayforeachx,y e Q

and
Qs = l(;la4 < 1.

Then, it follows from the Banach lemma on invertible operators [6, 10, 11, 15, 16]
and
IL7 A (F) oy) = LI < Iy 'as = as < 1

that A (F) (x, y)’1 € L(By, By). Setl™! = 113;;5 Then, under these replacements,

condition (%) is implied, so it can be dropped from the conditions (H).

(3) Clearly method (7.1.5) converges under the conditions (H), since (7.1.6)
implies (7.1.5).

(4) Let R > 0 and define Ry = sup{t € [0, R) : U (x9, Ry) € D}. Set Qy =
U (x0, Ry). Condition (h3) can be extended, if the additional term a; ||x — xo]| is
inserted inside the parenthesis at the right hand side for some @, > 0 . Then, the
conclusions of Theorem 7.1 hold in this more general setting, provided that a3 =
ap Ry + as replaces o in conditions (hg) and (h7).

(5) Concerning the solvability of Egs.(7.1.6) (or (7.1.5)), we wanted to leave
condition (44) as uncluttered as possible in conditions (H). We did this because in
practice these equations may be solvable in a way other than using the contraction
mapping principle already mentioned earlier.

Next, we show the solvability of method (7.1.5) using a stronger version of the
contraction mapping principle and based on the conditions (C) :
(c1) = (h1).
(c2) There existyp € [0, 1), v € [0, +00), 72 € [0, 1), xg € 2 such that for each
X,y,2 € Q2
I+ Ax,2)— AW, 2l <,

[A(x,2) = Ay, DIl =mllx — yll

_ Y2 llxo — z|| for xo # z
1F @) 4 A (0, 2) Yo = DI =4 5 o] for xo = 2
(c3)

Yo + 71 llxoll + 72 < 1 fory, # 0,



112 7 Iterative Procedures for Solving Equations in Abstract Fractional Calculus

Yo + 7 llxoll < 1 for~, =0,

a—m+mmmq
[(0)
Y1

I1F (xo)ll < ry #0,

Yo < 1 fory; =0

and o
(cs) U (xg,r) C 2, where

F 1—
| F (xo)ll - (vo + 71 llxolD for vy % 0.
1 — v+ llxolD) M
F
m S r for 'yl — O7
1L =10

I — (o + 7 llxolD
r <<
"

for z = xo, 1 # 0.

Theorem 7.3 Suppose that the conditions (C) are satisfied. Then, for each n =
0,1,2,... Eq.(7.1.5) is unique solvable. Moreover; if A;l € L (B, By), then
Eq.(7.1.6) is also uniquely solvable for eachn =0, 1, 2, ...

Proof We base the proof on the contraction mapping principle. Letx, y € U (xo, r).
Then, using (7.1.8) we have in turn by (c;) that

[P, (x) =PI =1T+AM,2)—A(,2)@x—y)—(Ax,2) — A, )zl
SH+AK D) —AQ DI x =yl + 1A, 2) — Ay, Dl Izl
= llx =yl + 5 Uiz = xoll + llxolD) [lx — yll
<o (x=xolD llx =y, (7.2.15)

where
Yo + 71 (£ + lIxoll) for z # xo

_ 7.2.16
Yo + 71 llxoll for z = xo. (72.16)

w (1)

Notice that ¢ (¢) € [0, 1) for ¢ € [0, r] by the choice of 7 in (c4).
We also have that

1P (x) = xoll < I[P (x) = P, (xo)ll + [ P; (x0) — xoll - (7.2.17)
If z = x¢ in (7.2.17), then we get by (c3), (c4) and (7.2.15) that

| Py (x) = x0| < ¢ (llx = x0l1) llx = xoll + I F (x0)l
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= o+ lxol)r+I1F (xo)ll < r. (7.2.18)

The existence of x; € U (xq, r) solving (7.1.5) for n = 0 is now established by the
contraction mapping principle, (7.2.15) and (7.2.18).

Moreover, if z # xo, the last condition in (c3), (c3) , (c4) and (7.2.17) give instead
of (7.2.18) that

1P, (x) — xoll < @ (llx —xoll) lx — xoll + 2 [lx — xoll
<(o+lxoll +72)r <r (7.2.19)

Then, again by (7.2.15), (7.2.19) and the contraction mapping principle, we guarantee
the unique solvability of Eq.(7.1.5) and the existence of a unique sequence {x,} for
eachn =0, 1,2, .... Finally, Eq.(7.1.6) is also uniquely solvable by the preceding
proof and the condition A;! € £ (B, By). [ |

Remark 7.4 (a) The gamma conditions can be weakened, if y; are replaced by func-
tions ~; (¢), i = 0,1, 2, 3. Then, +; will appear as v; (||x — x¢[|) and ~; () in the
conditions (C) .

(b) Sections 7.2 and 7.3 have an interest independent of Sect.7.4. However, the
results especially of Theorem 7.1 can apply in Abstract Fractional Calculus as sug-
gested in Sect. 7.4.

7.3 Semi-local Convergence for Explicit Methods

Theorem 7.1 is general enough so it can be used to study the semi-local convergence of
method (7.1.11), method (7.1.12), method (7.1.13) and method (7.1.14). In particular,
for the study of method (7.1.12) (and consequently method (7.1.11)), we use the
conditions (H') :

(h/l) F : Q C By — B, is continuous and A (F) (x, y) € L (B, B,) for each
x € Q.

(h%) There exist/ > 0 and €29 C By such that A (F) (x, x)~' € L (B,, B)) and

|A(F) @, 07" <7

Set Q; = QN Q.
(h%) There exist real numbers 71, oz, y3 satisfying

0<am<vand0 <y
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such that for each x, y €
[F(x)—FQ)—AWFE)(y,y) x=yl =
71
(5t =yl 4z ly = xoll +73) e =yl
(k) For each x, y € ©; and some 4 > 0,y5 > 0

A (x,y) =A@, VI <l

or
A, y) =AW, I <Ivsllx = yll.
Set oy = 1 4 5 and a3 = y3 + 4, if the second inequation holds or oy = ~; and
a3 = 73 + 7, if the first inequation holds. Further, suppose 0 < a3 < 1.
(hs) There exist xo € €0 and 1 > 0 such that A (F) (xo, x0)~' € L(B,, By) and

A (F) (x0, x0) ™' F (x0) | < .

(hg) = (he)
and
(h}) = (h7).

Then, we can show the following semi-local convergence of method (7.1.12) using
the conditions (H /) and the preceding notation.

Proposition 7.5 Suppose that the conditions (H') are satisfied. Then, sequence {x,}
generated by method (7.1.12) starting at xy € Q2 is well defined in U (xg, t*), remains
in U (xo,t*) for each n = 0, 1, 2, ... and converges to a solution x* € ﬁ(xo, )
of equation F (x) = 0. Moreover, if .y # 0, the equation F (x) = 0 has a unique
solution x* in U, where

g UGN ifh=5(01-a)
UGN Qo ifh < 5 (1 - a3)

and, if oy = 0, the solution x* is unique in U (x(), ﬁ), where t* and t** are given

in Theorem 7.1.

Proof Use in the proof of Theorem 7.1 instead of estimate (7.2.5) the analogous
estimate

|F ()l = | F (x) — F (1) — A k1, x5—1) Ok — X))l =

I[F () = F (xim1) — A (g, xem1) (o — xe-) ] +



7.3 Semi-local Convergence for Explicit Methods 115
(A (g, xk—1) — A (X1, X—1)) (cx — x—1) |l
"
<l ) llxx — xp—1ll + 2 llxe—1 — xoll +73) llxx — xx—1ll +
lA Gor, xe—1) — A Ot XD g — x|l <
1 B
l 5 (e —t—1)" + 2 (k — i) o + a3 (G — —1) )

where we used again that ||x; — xi—1|| < & — ti—1, l|xk—1 — X0l < fz—1 and the
condition (h;) . [ |

Remark 7.6 Comments similar to Remark 7.2 (1)—(3) can follow but for method
(7.1.11) and method (7.1.12) instead of method (7.1.5) and method (7.1.6), respec-
tively.

Similarly, for method (7.1.13) and method (7.1.14), we use the conditions (H ”) :
h) = (hy)
hy) = (h2)
hy ) There exist real numbers «, ap, 73 satisfying
O0<ay<ajand0 <y
such that for each x, y € Q;
[F(x)—F Q) —AF) x,y) &=y =
aq
(5 =l +azlly = xoll +73) e = 1.
(h}) For each x, y, z € Q and some y3 > 0
Az, y) — Ay, )| <163.
Set iz = 3 + &3 and further suppose 0 < a3 < 1.
(h%) There exist x_; € ©, xo € Q and 7 > 0 such that A (F) (x,x_1)"' €

L (B, By) and
|A (F) (xo, x-)"" F (xo) | <.

(h¢) = (he)
and
() = (hy).

Then, we can present the following semi-local convergence of method (7.1.14)
using the conditions (H " ) and the preceding notation.

Proposition 7.7 Suppose that the conditions (H") are satisfied. Then, sequence {x,}
generated by method (7.1.14) starting at xy € Q2 is well defined in U (xq, t*), remains
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in U (xo,t*) for each n = 0, 1,2, ... and converges to a solution x* € U(xo, )
of equation F (x) = 0. Moreover, if oy # 0, the equation F (x) = 0 has a unique
solution x* in U, where

~ U o, ™) N Q. ifh =1 (1 —a3)?
U (x0, ™) N Q, ifh < 3 (1 —a3)?

P

and, if oy = 0, the solution x* is unique in U (xo, 1—_’(}%), where t* and t** are given

in Theorem 7.1.

Proof As in Proposition 7.5, use in the proof of Theorem 7.1 instead of estimate
(7.2.5) the analogous estimate
IF (xoll =

IF (i) = F (e—1) — A Ok, Xg—1) (X — Xg—1)
+ (A (X, X—1) — A (Xge—1, Xx—2)) (0 — XD <
IF (xk) — F (xg—1) — A (g, Xg—1) (e — xe—) 11 +

1A (e, xie—1) — A (ge—1, Xe—2) | v — X1

aj
< 15 I = 0t + a2 e = xoll 475 ) 1k = el 4+ 105 [l = x|

1 2
<l (7 (e — i)™ + o (f — fem1) 1 + a3 (G — tk—1)) ,
where we used again that ||x; — xx—1|| < & — tx—1, l|xx—1 — Xoll < #%—; and the
condition (h}) . [ |

Remark 7.8 Comments similar to Remark 7.2 (1)—(3) can follow but for method
(7.1.13) and method (7.1.14) instead of method (7.1.5) and method (7.1.6), respec-
tively.

In particular, the results of Sect.7.4 connect to the crucial conditions (hg) and
(hﬁl) as follows: According to the definition of method (7.1.12) and using (7.4.1),
(7.4.8) and (7.4.15), we can write

If I =1f)—fO)—AQ) &—I=
[fe) —fOM=fMa=N]+[ffO-Am]&-y| =
lFe)—f =M@=+ o) —Am]|lx -yl

IA

[/] L—ay
5= =P A S e 1y = xol b =yl
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It follows that (h) and (k) hold for

fNOO 4
e s N

andvy; = 4 = 5 = 0. Notice also that ) < y3and0 < ap < 7y,since l —a < 2—a
and v3 = 0.

7.4 Applications to Abstract Fractional Calculus

Here we deal with Banach space (X, ||-||) valued functions f of real domain [c, d].
All integrals here are of Bochner-type, see [14]. The derivatives of f are defined
similarly to numerical ones, see [17], pp. 83—-86 and p. 93.

We want to solve numerically f (x) = 0.

Let 0 < o < 1, hence [a] = 1, where [-] is the ceiling of the number. Let also
c<a<b<d,and f € C?([c,d], X), with f” # 0. Clearly we have (see [12], p
3)

1770 = O < [ lx =31, Yx,y €le,dl. (7.4.1)

(I) The X-valued left Caputo fractional derivative (see [4]) of f of order « € (0, 1),
anchored at a, is defined as follows:

@ _ 1 ! _n\—a g/
(D2, f) (x)_—F(l—a)/a (x =07 f()dt, ¥x €la,d], (7.4.2)

while (Df:a f ) (x) =0, for c < x < a, where I' is the gamma function.
Next we consider a < a* < b, and x € [a*, b], also xy € (c, a).
We define the function

N ) o N
Al (x) == pe—— (DL, f) (x), Yxela* b]. (7.4.3)
Notice that A; (a) is undefined.
We see that
re
|Ar ) = f )| = H(—a)la)“ (Dg, f) @) = f (x) (7.4.4)
F(2—a) _ _re- a) (x—a)
r2—-o _ o
R 1_(1_ / x—t)""f @)dt— / (x =0~ f (x)dt
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(by [1] p. 246, Theorem 11.43)

— 1 _a) @ /
(x _a)l a / (x t) (t) f (x)) dt (745)
(by [8]) ]
— * 7.4.1)
= ( Of)—a/ =" @)= f@|dt <
(x—a) a
1_ 4 "
( "‘)”{l' /( 0 (5 — £y di = )||]l”(|¥| /( e di
A=)/, - a-a,,
()C _ a)lfa 2« (2 ”f H ()C - a) (746)
We have proved that
, 1 —« Y 1—a ,
||A1 (x)—f (X)” < (2—04) ||f ||Oo(x —a) < (2_ a) ||f ”oo(b_a)
(7.4.7)
Yxela*b].
In particular, it holds that
1—
AT ) = f 0 < (2 — Z) 17 & = x0), (1.4.8)

where xy € (¢, a),V x € [a*, b].
(II) The X-valued right Caputo fractional derivative (see [3]) of f
of order € (0, 1), anchored at b, is defined as follows:

-1 b
(D;[f) x) = m/ t—x)"*f (t)dt, ¥Yx €<lc,b], (7.4.9)

while (D f) (x) =0, ford > x > b.
Next con31dera < b* < b,and x € [a, b*], also xy € (b, d).
We define the function

r2—-—o o N
A (x) = T (Dy_f) (x), Vx€a,b*]. (7.4.10)
Notice that A, (b) is undefined.
We see that
) re-a , ., )
|42 ) = f ()] = H—(b_—x)l (Dp_f) @) = f" (x)
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re-
H (b(_x)la)al"(l_ )/ (t=x)"" f(dr — f' (x) (7.4.11)
r2—-o o r2-—a) (b—x)l_a ) B
(b=0' “m— >/ N r(z—a)f(X)H_
re-
(b(_x)loi)a F(]— / ( _X)i f (t)d[ / (t_x)* f (x)dtH
(7.4.12)
re- 1 b
(b(—x)la)“l"(l—a) /(t_x)fa(f/“)—f’(x))df
(—1/ C—0 |0 f wfd <
1_ " 1
( a)”){i‘ /(r 07— x)di = )”){J /(t ol dr
X
(7.4.13)
A=) |y = A=)y,
b-x'" 2-a Q2-® '

We have proved that

20~ 7 @l = (722 ) 1710 -0 = (522 17| 0 o
(7.4.14)
Vx € la,b"].

In particular, it holds that

[A2 ) = f ) < ( )|| 'l o — %), (7.4.15)

where xo € (b, d),Y x € [a, b*].
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Chapter 8
Approximate Solutions of Equations in
Abstract g-Fractional Calculus

The novelty of this chapter is the design of suitable iterative methods for generating
a sequence approximating solutions of equations on Banach spaces. Applications of
the semi-local convergence are suggested including Banach space valued functions
of fractional calculus, where all integrals are of Bochner-type. It follows [6].

8.1 Introduction

Sections 8.1-8.2 are prerequisites for Sect. 8.3.

Let By, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, &) :={u € By : |lu — z|| < &} andlet U (z, €) stand for the closure of
U (z,9).

Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can writ-
ten like

F(x)=0 (8.1.1)

using Mathematical Modeling [1-18], where F' : 2 — B, is a continuous operator.
The solution x* of Eq.(8.1.1) is needed in closed form. However, this is achieved
only in special cases. That explains why most solution methods for such equations
are usually iterative. There is a plethora of iterative methods for solving Eq. (8.1.1),
more the [2, 7, 8, 10-14, 16, 17].

Newton’s method [7, 8, 12, 16, 17]:

Xppt =Xy = F (6) ™ F () . (8.1.2)

Secant method: :
Xn+1 = Xpn — [xn—lv Xns F] F (xn) > (813)
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where [-, -; F'] denotes a divided difference of order one on Q x 2 [8, 16, 17].
Newton-like method:
Xnt+1 = Xp — E,:lF (xn) (8.1.4)

where E, = E(F)(x,) and E : Q — L (B, By) the space of bounded linear
operators from B; into B,. Other methods can be found in [8, 12, 16, 17] and the
references therein.
In the present study we consider the new method defined for eachn =0, 1, 2, ...
by
Xnt1 = G (xn)

G (1) =G (x,) — A F (x), (8.1.5)

where xp € € is an initial point, G : B3 — € (B3 a Banach space), A, =
A (F) (Xp41,X0) = A(xpy1,x,) and A @ Q x @ — L (By, By). Method (8.1.5)
generates a sequence which we shall show converges to x* under some Lipschitz-
type conditions (to be precised in Sect. 8.2). Although method (8.1.5) (and Sect. 8.2)
is of independent interest, it is nevertheless designed especially to be used in g-
Abstract Fractional Calculus (to be precised in Sect.8.3). As far as we know such
iterative methods have not yet appeared in connection to solve equations in Abstract
Fractional Calculus.

In this chapter we present the semi-local convergence of method (8.1.5) in
Sect.8.2. Some applications to Abstract g-Fractional Calculus are suggested in
Sect.8.3 on a certain Banach space valued functions, where all the integrals are
of Bochner-type [9, 15].

8.2 Semi-local Convergence Analysis

We present the semi-local convergence analysis of method (8.1.5) using conditions
(M):
(m;) F : Q C By — B;is continuous, G : B3 — £ is continuous and
A (x,y) € L(By, By) foreach (x, y) € Q x Q.
(m») There exist 5 > 0 and ¢ C B; such that A (x, y)~' € £ (B,, B;) for each
(x,y) € Q x Qp and
A G =67"

Set Q) = Q2N Q.

(m3) There exists a continuous and nondecreasing function v : [0, +00)? —
[0, +00) such that for each x, y €

IF ()= F()—AQ (G E) -GN =

Bib (llx =yl llx = xoll s ly = %0lD 1G (x) = G NI -
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(m4) There exists a continuous and nondecreasing function vy : [0, +00) —
[0, +00) such that for each x €

G (x) = G (xo)ll < o (lx — xoll) [lx — xoll -
(ms) For xg € Qo and x; = G (xp) € 2 there exists 7 > 0 such that
|A @1, x0) ™ F (o) < -
(mg) There exists s > 0 such that
Y @,s,s) <1,
Yo (s) <1

and

G (x0) = xo0ll =5 = .
1 —qo
where go = ¥ (1, s, 5) .

(m7) U (x0,5) C Q.

Next, we present the semi-local convergence analysis for method (8.1.5) using
the conditions (M) and the preceding notation.

Theorem 8.1 Assume that the conditions (M) hold. Then, sequence {x,} generated
by method (8.1.5) starting at xy € Q2 is well defined in U (x, s), remains in U (xg, §)
for each n = 0,1,2, ... and converges to a solution x* € ﬁ(xo, s) of equation
F (x) = 0. The limit point x* is the unique solution of equation F (x) = 0 in
U (xg, 5) .

Proof By the definition of s and (ms), we have x; € U (xo, s). The proof is based on
mathematical induction on k. Suppose that ||x; — xg—1 || < q(lj_ln and ||x; — x| <.

We get by (8.1.5), (my) — (ms) in turn that

IG (xes1) — G )l = || AL F (0| =
AL (F () = F (im1) — Akt (G (i) — G (i) |
< A IF Go) = F (oeer) = Akt (G (1) = G ()| <
BB i = x| et = xoll s Iy = %ol 1G (ki) — G ()| <
(0,59 1G (x) — G -1l = qo IG (%) — G k-l < g5 k1 — xoll <

(8.2.1)
qa6m
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and by (mg)
X1 — xoll = G (x) — x0ll = |G (xx) — G (x0) || + (|G (x0) — xoll
=< o (lxx = xoll) llxx — xoll + 1G (x0) — xoll
<o (s)s + |G (x0) — xoll <.
The induction is completed. Moreover, we have by (8.2.1) that form =0, 1, 2, ...

— qm
L q5m.
— 40

1
Xkm — xill < 1

It follows from the preceding inequation that sequence {G (x)} is complete in a
Banach space B; and as such it converges to some x* € U (xo, s) (since U (xo, 5)
is a closed ball). By letting k — 400 in (8.2.1) we get F (x*) = 0. We also get
by (8.1.5) that G (x*) = x*. To show the uniqueness part, let x** € U (xp, ) be a
solution of equation F (x) = 0 and G (x**) = x™*. By using (8.1.5), we obtain in
turn that

v =G (o] = ¥ = G )+ A7 F () — A7 F (+)] =
A7 | 1F () = F 0 = A (6 (+) — G )| <

B! By (|| x** et = xoll s llxe — xoll) |G (x*) = G (xp) | <

90 [[G ) =G x| = g™ | = x

)

so lim x; = x™. We have shown that lim x; = x*, so x* = x*™*. |
k—+o00 k— 00

Remark 8.2 (1) Condition (m,) can become part of condition (m3) by considering
(m3)" There exists a continuous and nondecreasing function ¢ : [0, +00)® —
[0, +00) such that for each x, y €

A, F @) = F@) - AWy (G @) -G <
@ (lx =yl e = xoll s Iy = x0ID 1G (x) = G Wl -

Notice that
@ (Ui, uz, uz) <P (uy, up, uz)

for each u; > 0, u, > 0 and u3 > 0. Similarly, a function (; can replace v; for the
uniqueness of the solution part. These replacements are of Mysovskii-type [7, 12,
16] and influence the weaking of the convergence criterion in (), error bounds and
the precision of s.
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(2) Suppose that there exist 3 > 0, 3; > 0 and L € £ (B, By) with L™! €
L (B,, B)) such that
|z <57

IA (x,y) — LIl < B

and

Bri=p""5 < L
Then, it follows from the Banach lemma on invertible operators [12], and
IL 1A Gy — LI <87 B =5 <1

that A (x, y) ™' € £ (B,, By).Let 3 = % Then, under these replacements, condi-
tion (m;) is implied, therefore it can be dropped from the conditions (M).

Remark 8.3 Section 8.2 has an interest independent of Sect. 8.3. It is worth noticing
that the results especially of Theorem 8.1 can apply in Abstract g-Fractional Calculus
as illustrated in Sect. 8.3. By specializing function v, we can apply the results of say
Theorem 8.1 in the examples suggested in Sect. 8.3. In particular for (8.3.33), we
choose foru; >0, uy, >0,u3z >0

Apy

w(uhuz,lﬂ) = m,

if |g(x) —g ()| < pi foreachx,y € [a, b];

Aps

Y (uy, up, u3) = m,

iflg(x) =g <& llx —yl| foreachx,y € [a,b] and pp = & |b —al ;

Aps

Y (uy, us, u3) = et

if |g (x)| < & foreach x, y € [a, b] and p3 = 23, where o, A and I are given in
Sect. 8.3.

Other choices of function v are also possible.

Notice that with these choices of function 1) and f = F and g = G, crucial
condition (mj3) is satisfied, which justifies our definition of method (8.1.5). We can
provide similar choices for the other examples of Sect. 8.3.
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8.3 Applications to X-valued g-Fractional Calculus

Here we deal with Banach space (X, ||-]|) valued functions f of real domain [a, b].
All integrals here are of Bochner-type, see [15]. The derivatives of f are defined
similarly to numerical ones, see [18], pp. 83—-86 and p. 93.

Here both backgrounds needed come from [5].

(I) We need

Definition 8.4 ([5]) Let o > 0, [a] = n, [-] the ceiling of the number. Let f €
C" (la, b], X),where[a, b] C R,and (X, ||-]|)isaBanachspace.Letg € C' ([a, b]),
strictly increasing, such that g’1 e C"([g(a),g b)) .

We define the left generalized g-fractional derivative X-valued of f of order o as
follows:

(D f) () = t/‘<gcw g@)" g @0 (fog™)" (g dr,
(8.3.1)
VY x € [a, b]. The last integral is of Bochner type.

If o ¢ N, by [5], we have that (Da f) € C ([a, b], X).

at;g
We see that
(7257 ((Fog™)™ 09)) ) = (Dey, f) () Y € [a. 1. (83.2)
We set
Diyogf (x) = ((f og”!)' Og) (x) € C(la,b], X)n €N, (8.3.3)

a+gf(x) f(x)» Vxe[a,b].

When g = id, then
a+qf Da+zdf=Dfaf’
the usual left X-valued Caputo fractional derivative, see [4].
We need the X-valued left general fractional Taylor’s formula.

Theorem 8.5 ([5]) Leta > 0,n = [a], and f € C" ([a, b], X), where [a, b] C R
and (X, ||-) is a Banach space. Let g € C' ([a, b)), strictly increasing, such that
g eC"(g(@),g®)), a <x <b. Then

n—1 i
ﬂm=fw+§f597%ﬂlw N (g @)+

i=1

—1 ' a—1 7 .
HML(M”_“W g @) (D4, f) (0 dt =
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n—1 i
fa@+2] (Q(X)i—.g(a)) (fog™)" (g@n+ (8.3.4)

i=1
1 g(x) o . »
T () /g(a) (90 =2 (D f) 097") @) dz.
The remainder of (8.3.4) is a continuous function in x € [a, b] .

Here we are going to operate more generally. We consider f € C" ([a, b], X). We
define the following X-valued left g-fractional derivative of f of order « as follows:

(D2, f) () = / GE =g @) g @) (fog™)" (g,
(8.3.5)
foranya <y <x <b;
Dl f ()= ((f og "o g) (x).Vx,y €[a,b], (8.3.6)
and
H gf x)=fx),Yx €la,b]. (8.3.7)

For a > 0, o ¢ N, by convention we set that

(Df+ gf) (x)=0,forx <y, Vx,y€la,b]. (8.3.8)
Similarly, we define
1 J n
(D) 0= o= / GO =g g @) (Fog™)" (g dr,
' (8.3.9)
foranya <x <y <b;
Dl f()= ((f og’l)(n) og) (y).Vx,ye€la, b, (8.3.10)
and
D)., f=FfVyelab]. (8.3.11)

For o > 0, a ¢ N, by convention we set that

(D” f) (y) =0, fory <x,VYx,y €la,b]. (8.3.12)

x+ig
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We get that (see [9])

(P21 0] = o= [ @0 =gy g0 (o) G| ar

(8.3.13)
H(fOQ—l)(n)ogHoo[ab] N o
= I (n—a) — / Gx)—g@®)'"™ " g ()dt =
H (f o g—l)(n) og )Oo’[a’b] -
FT—atl) () —g@)"™ =
H (f o g—l)(") e} gHooq[a,b] ( (b) _ (a))n—(x V)C c [a b] (8 3 14)
T(n—a+l) g Y ; ,bl. 3.
That is
(Déy;yf) (@) =0, (8.3.15)
and
(D}, f) ) = (Dyy, f) (x) =0,V x, y € [a, b]. (8.3.16)

Thus when a > 0, a ¢ N, both D§+;gf’ D,(\}-ﬁ-;gf € C ([a, b], X), (see [5]).

Hence by Theorem 8.5 we obtain

n—1 oa-! (k)
f(x)_f(y)zz(f g ])d (9 (")

k=1

(gx) =g+

r (la) /yx (g —g (t))aﬂ g (@) (D,(»)'t-&-;gf) (ndt, ¥ x €[y, b], (8.3.17)

and

nole g ®
f(y)—f(x)zz(f g l)d (g ()

k=1

(g =g+

_1 ' a—1 s o
F(a)/x G =g )" g () (DL, f) ©)d, Yy €lx,b],  (83.18)
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We define also the following X-valued linear operator

(A1 (f) (x,y) =

ol (fog") 9() 1 4 (po () =g
XA (g ) = g 0 (D, ) (0 SR forx >y,

" (fog ) g)) 14 (po (90)—g)™
T 0 —g ) (D24 ) () SR forx <y,
f(”) (x),whenx =y,

(8.3.19)
Vx,yela,bl;a>0,n=7Ta].
We may assume that (see [13], p. 3)
(AL (f) (e, x) = (AL () Gl = [P @) = £ ) (8.3.20)

[(f™og )@@= (f"og™) @D =®lg@)—gI.Vx,yela,bl;
where ® > 0.
We estimate and have

(i) caseof x > y:

1 @) = f ) = (AL () &3 (9) = g ()l =
H T / (90 =g g ) (DL f) i

(g (x) —g ()"
F'a+1

(D%, f) () (8.3.21)

(by [1] p. 426, Theorem 11.43)

m [ @0 =g g O (D5,0) 0= (D, ) () dr
y
(by [9)
1 ! a—1 s a
=< —/ (g(x) —g@)* " g ) | (DS, f) (1) — (DS, f) ()] dr (8.3.22)
T/,

(we assume that

(DS, f) () = (D2 f) @] < At lg (1) — g ()1, (8.3.23)

Vt,x,y€ela,b]l:x>t>y; A\ >0)
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)\ X
< —l/ GE) —g@N* g @O (gx)—g@)dt =
I'(a) Jy

A7 o A ) =gt
=L /y 00 =g O g (0 = =TI 32
We have proved that
If &)= F ) =AU @)@ —goNl =
_ a+1
N (9() —9 () 8325)
I' () (a+1)
Vx,y€la,b]l:x>y.
(i1) case of y > x : We have that
If )= f ) —A ())& GE) —go)l= (8.3.26)

IF ) = f &) = (A () (6, 9) (g () — g (oDl =
y
i [ w000t g0 ) 0=

(g =g | _
I'(a+1) B

(DY, qf) )

y
o / G =g @) g ) (DL, f) ) = (D, f) ) dr | <
' (8.3.27)

1 Y a—1 s «
o / G0 =g g 0| (D2, f) O = (D2y, ) ) e (83.28)

(we assume here that

1(Dg,., f) @) = (DS, /) D] < Xalg @) =g, (8.3.29)

Vi, y,x €la,bl:y>1t>x; A >0)

= F( )/ GO =g g (GO —g@)dt = (8.3.30)

X (g () —g )t

(8.3.31)
T (@) (+1)

—gM)* g (ndt =

We have proved that
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ILf ) = f ()= (A ())& y)(gx) =gl = (8.3.32)

X (g() =g )Tt
I' (@) (a+1)

,Vx,yela,b]l:y>x.

Conclusion 8.6 Ser A\ := max (A\{, \). Then

If ) = f () = (A () ) (g(x) —g NIl =

A g (x) —g (et
M@  (a+1)

,Vx,y€la,b]. (8.3.33)

Notice that (8.3.33) is trivially true when x = y.
One may assume that

AN (8.3.34)

Now based on (8.3.20) and (8.3.33), we can apply our numerical methods presented
in this chapter to solve f (x) = 0.

(IT) In the next background again we use [5].

We need

Definition 8.7 ([5]) Let « > 0, [a] = n, [-] the ceiling of the number. Let
f € C"(la, b], X), where [a,b] C R, and (X, ||-]|) is a Banach space. Let
g € C' ([a, b]), strictly increasing, such that g~' € C" ([g (a) , g (b)]) .

We define the right generalized g-fractional derivative X-valued of f of order o
as follows:

—1)" b .
Dy, f) () = ﬁ / GO g1 @) (fog™)” (g dr,

(8.3.35)
V x € [a, b]. The last integral is of Bochner type.

If a ¢ N, by [5], we have that (D;}l_;gf) € C([a, b], X).
We see that

B (0t (Fog ™) og) @ =Dy f) . a<x<b  (8336)
‘We set
Dy_. f (x) = (=1)" ((f og ) o g) (x) € C([a,b],X),neN, (83.37)

Dy .,f(x):=f(x).Vx¢€la,b].

When g = id, then
Dy_.,f (x) =Dy, f (x) =Dj_f, (8.3.38)
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the usual right X-valued Caputo fractional derivative, see [3].
We also need the Taylor’s formula.

Theorem 8.8 ([S]) Leta > 0,n = [a], and f € C" ([a, b], X), where [a, b] C R
and (X, ||-) is a Banach space. Let g € C' ([a, b)), strictly increasing, such that
g eC"(g@,g®], a<x <b. Then

n—1

b))’ i
Feo =+ EOZION (100 g +

i=1

T / (g —g )" g @) (D, f) () di =

n—1 . b i l
Fo+2 M (Fog™)" g+ (83.39)

i=l
1 9(b)

T (a) (z—yg (x))a—l ((Dg;:!]f) o g_l) (2)dz.

9(x)
The remainder of (8.3.39) is a continuous function in x € [a, b].

Here we are going to operate more generally. We consider f € C" ([a, b], X).
We define the following X-valued right ¢ -fractional derivative of f of order « as
follows:

(DY) () = —— (_) 5 / GO =g @) g ) (Fog )" ),
(8.3.40)
YV x € la, y]; where y € [a, b];

(Do )@ =" ((Fog™) " og) @, Vx.yelabl, (8341

(Dg_;gf) x)=fx),Vx €la,b]. (8.3.42)
For o > 0, a ¢ N, by convention we set that

(D“ f) (x)=0,forx >y,Vx,y € la,b]. (8.3.43)

y—:9

Similarly, we define

(D, f) () = (_) / GO —gN"™ g @ (fog )" (g,
(8.3.44)
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Yy € [a, x], where x € [a, b];
(D) =D ((Fog™) " 0g) 10,V x,y € la bl

(D)_,f) ) =F,Yyelabl.
For a > 0, o ¢ N, by convention we set that
(Df_;gf) (y)=0,fory >x, Vx,y€la,b].

We get that

—1\(m
ool

H (Dl(;—:gf) (x)” = 'h—a+ 1)

[(Fog)"e
'm—a+1)

That is
(Dl(:—:r/f) (b) =0,

and

(Dgﬁgf) ) = (D?f;gf) (x) =0, Vx,ye€la,b].

Thus when o > 0, o ¢ N, both D;L;gf, D;’;;gf € C ([a, b], X), see [5].

Hence by Theorem 8.8 we obtain

1 o
fo-fo=3 e g) GOV (40— g0+

k=1

_1 ’ a— ’ «
F(a)/x (g0 —g@)* g @) (Dy_,f)@)dt, alla <x <y<b.

Also, we have

n—1
FO) = f ()= Z ) 9D () —gnf+

k=1

. (la) /yx (g0 =g g @) (D¢, f)@)dt, alla <y <x <b.

A (g (b) — g ()", Y x € [a, b].

133

(8.3.45)

(8.3.46)

(8.3.47)

(8.3.48)

(8.3.49)

(8.3.50)

(8.3.51)

(8.3.52)
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We define also the following X-valued linear operator

(A2 () (x,y) =

"= (For ) 9 k-1 o (g —g ()"
kg—(gm gV = (DL, £) () W forx <y,

"= (Fog )Y (g k=1 o (g0 —g ()"
Z @) g ()T — (DX_;gf) ) oy — forx >y,

f(") (x), whenx =y,
(8.3.53)
Vx,yela,bl;a>0,n=Ta].
We may assume that ([13], p. 3)

(A2 () (x, %) — (A (f) 0. ) = | ™ ) = £ )| (8.3.54)
<P |g(x)—g(I, Yx,y € la,b];
where ®* > 0.

We estimate and have
(i)caseof x < y:

I () = £ () = (A2 () (5, 9) (g (1) = g Ol =
y
H I (@) / (90 =g )" g ) (D], f) (0 di—

(g —g&x)N

(DY) @) Ta+1)

(8.3.55)

(by [1] p. 426, Theorem 11.43)

y
o / (90 =g @) g @ (D, f) ) — (DS, f) @) dr

(by [9])
*Ta )/ (g0 —g @) g @ |(D5_.,f)@®) = (Dy_,f) (x)] dr (8.3.56)
(we assume that

I(Dg_.,f) @) = (D§_, f) ) < pilg @) — g ()], (8.3.57)

Vt,x,yela,b]l:y>t>x;p >0)
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= )/ GO —geN* g ® (@) —gx)dt =

o ena P (g () — g™
I‘( ) / (GO —g@x)g (M)dt = ) @t D . (8.3.58)
We have proved that
If ) = f () — (A2 () (x, ») (g (x) —g WD =
P (g —g ™! (8.3.59)
I'(o) (a+1) o
Vx,y€la,bl:x <y.
(ii) case of x > y :
If )= F ) — (A2 ()X ) (gx) =gl =
If ) —f @)= (A ()G —g)l= (8.3.60)

If )= f )+ A2() ) (gx) =gl =

H T (a) / GO =goN"g 0 (Di_, f) () dr—

(gx)—gOnN" _

(DL /) ) =iy

/ (g0 =g g O (DL, f) ) — (Dy_, f) ) dr|| <
(8.3.61)

L/ (@ =g g @ (DI, f) ) — (DI, f) W] dr (83.62)

T/, =58 .

(we assume that

(DS, f) ) = (D, £) D] < p2lg (1) — g (), (8.3.63)

Vt,y,x€la,b]:x >t >y; p»>0)

_ a—=1 s _
F(a)/ GO =g g ®@® —gy)dt =

T ( ) / (g@O)—gON*g ()dt = (8.3.64)
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P2 (g(x) =gyt

I (@) (a+1)

(8.3.65)

We have proved that

If ()= f ) = A2 ()X ) (g =gl <

P2 (g(x)—goN*T!

[ () (a+1)

, Vx,y€ela,b]:x >y. (8.3.66)

Conclusion 8.9 Sef p := max (py, p2). Then

If ) = f () — (A () ) () —g NIl <

p o lgx)— gt
I' (o) (a+1)

, Vx,y €la,b]. (8.3.67)

Notice that (8.3.67) is trivially true when x = y.

One may assume that

LAY (8.3.68)

I' (@)

Now based on (8.3.54) and (8.3.67), we can apply our numerical methods presented
in this chapter to solve f (x) = 0.

In both fractional applications o + 1 > 2, iff « > 1.

Also some examples for g follow:

g(x)=¢€",x €la,b] CR,

g (x) =sinx,

g(x) =tanux,

where x € [-3 4+¢, % —¢], where e > 0 small.

(8.3.69)
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Chapter 9
Generating Sequences for Solving in Abstract
g-Fractional Calculus

The aim of this chapter is to utilize proper iterative methods for solving equations on
Banach spaces. The differentiability of the operator involved is not assumed neither
the convexity of its domain. Applications of the semi-local convergence are suggested
including Banach space valued functions of fractional calculus, where all integrals
are of Bochner-type. It follows [6].

9.1 Introduction

Sections 9.1-9.2 are prerequisites for Sect.9.3.

Let By, B, stand for Banach spaces and let 2 stand for an open subset of Bj.
Letalso U (z, p) :={u € By : |lu — z|| < p}andlet U (z, p) stand for the closure of
U (z, p).

Many problems in Computational Sciences, Engineering, Mathematical Chem-
istry, Mathematical Physics, Mathematical Economics and other disciplines can writ-
ten as

F(x)=0 9.1.1)

using Mathematical Modeling [1-18], where F' : Q2 — B, is a continuous operator.
The solution x* of Eq.(9.1.1) is sought in closed form, but this is attainable only
in special cases. That explains why most solution methods for such equations are
usually iterative. There is a plethora of iterative methods for solving Eq. (9.1.1), more
the [2, 7, 8, 10-14, 16, 17].

Newton’s method [7, 8, 12, 16, 17]:

Xyt = X = F (o)™ F (). (9.1.2)

Secant method: :
Xn+1 = Xn — [xn—l» Xns F] F (x,), 9.1.3)
© Springer International Publishing AG 2018 139
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where [-, -; F'] denotes a divided difference of order one on Q x 2 [8, 16, 17].
Newton-like method:
Xps1 =X, — EVF (%), 9.1.4)

where E, = E(F)(x,) and E : Q — L (B, By) the space of bounded linear
operators from B; into B,. Other methods can be found in [8, 12, 16, 17] and the
references therein.
In the present study we consider the new method defined for eachn =0, 1, 2, ...
by
Xnt1 = G (xn)

G (1) =G (x,) — A F (x), 9.1.5)

where xp € € is an initial point, G : B3 — € (B3 a Banach space), A, =
A(F) (xp41,X0) = A(xpy1,x,) and A © Q x @ — L (By, By). Method (9.1.5)
generates a sequence which we shall show converges to x* under some Lipschitz-
type conditions (to be precised in Sect.9.2). Although method (9.1.5) (and Sect.9.2)
is of independent interest, it is nevertheless designed especially to be used in g-
Abstract Fractional Calculus (to be precised in Sect.9.3). As far as we know such
iterative methods have not yet appeared in connection to solve equations in Abstract
Fractional Calculus.

In this chapter we present the semi-local convergence of method (9.1.5) in
Sect.9.2. Some applications to Abstract g-Fractional Calculus are suggested in
Sect.9.3 on a certain Banach space valued functions, where all the integrals are
of Bochner-type [9, 15].

9.2 Semi-local Convergence Analysis

We present the semi-local convergence analysis of method (9.1.5) using conditions
(M):
(m;) F : Q C By — B;is continuous, G : B3 — £ is continuous and
A (x,y) € L(By, By) foreach (x, y) € Q x Q.
(m») There exist 5 > 0 and ¢ C B; such that A (x, y)~' € £ (B,, B;) for each
(x,y) € Q x Qp and
A G =67"

Set Q) = Q2N Q.

(m3) There exists a continuous and nondecreasing function v : [0, +00)? —
[0, +00) such that for each x, y €

IF ()= F()—AQ (G E) -GN =

Bib (llx =yl llx = xoll s ly = %0lD 1G (x) = G NI -
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(m4) There exists a continuous and nondecreasing function vy : [0, +00) —
[0, +00) such that for each x €

G (x) = G (xo)ll < o (lx — xoll) [lx — xoll -
(ms) For xg € Qo and x; = G (xp) € 2 there exists 7 > 0 such that
|A @1, x0) ™ F (o) < -
(mg) There exists s > 0 such that
Y @,s,s) <1,
Yo (s) <1

and
IG (x0) — xoll <5 <

1—qo

where go = ¥ (1, s, 5) .

(m7) U (x0,5) C Q.

Next, we present the semi-local convergence analysis for method (9.1.5) using
the conditions (M) and the preceding notation.

Theorem 9.1 Assume that the conditions (M) hold. Then, sequence {x,} generated
by method (9.1.5) starting at xy € Q2 is well defined in U (x, s), remains in U (xg, §)
for each n = 0,1,2, ... and converges to a solution x* € ﬁ(xo, s) of equation
F (x) = 0. The limit point x* is the unique solution of equation F (x) = 0 in
U (xg, 5) .

Proof By the definition of s and (ms), we have x; € U (xo, 5). The proof is based on
mathematical induction on k. Suppose that || x; — xx—1] < qé‘_ln and ||x; — x|l < s.

We get by (9.1.5), (m,) — (ms) in turn that

IG (i) = G )l = || AL F o) =
[AL (F () = F (e1) — A1 (G (1) — G (x-1) |
< A IF i) = F (1) — A1 (G () — G ()l <
BB (i = xea Il et = ol Iy = X0l 1G (xi0) = G ()|l <

V(1,59 G (xx) — G ()l = qo IG (x) — G ()| < g5 X1 — xoll < g§m
9.2.1)



142 9 Generating Sequences for Solving in Abstract g-Fractional Calculus
and by (mg)
X1 — xoll = G (x) — x0ll = |G (xx) — G (x0) || + (|G (x0) — xoll
=< o (lxx = xoll) llxx — xoll + 1G (x0) — xoll
<o (s)s + |G (x0) — xoll <.
The induction is completed. Moreover, we have by (9.2.1) that form =0, 1, 2, ...

— qm
L q5m.
— 40

1
Xkm — xill < 1

It follows from the preceding inequation that sequence {G (x)} is complete in a
Banach space B; and as such it converges to some x* € U (xo, s) (since U (xo, 5)
is a closed ball). By letting k — 400 in (9.2.1) we get F (x*) = 0. We also get
by (9.1.5) that G (x*) = x*. To show the uniqueness part, let x** € U (xp, ) be a
solution of equation F (x) = 0 and G (x**) = x™*. By using (9.1.5), we obtain in
turn that

v =G (o] = ¥ = G )+ A7 F () — A7 F (+)] =
A7 | 1F () = F 0 = A (6 (+) — G )| <

B! By (|| x** et = xoll s llxe — xoll) |G (x*) = G (xp) | <

90 [[G ) =G x| = g™ | = x

)

so lim x; = x™. We have shown that lim x; = x*, so x* = x*™*. |
k—+o00 k— 00

Remark 9.2 (1) Condition (m,) can become part of condition (m3) by considering
(m3)" There exists a continuous and nondecreasing function ¢ : [0, +00)3 —
[0, +00) such that for each x, y €

[A G, ) F@) —F@) =A@, y) (G -GN <
@ (Ilx =yl llx = xoll, Iy — %0l 1G (x) — G ().

Notice that
@ (uy, uz, uz) <P (uy, uz, uz)

for each u; > 0, u, > 0 and u3 > 0. Similarly, a function ¢, can replace
for the uniqueness of the solution part. These replacements are of Mysovskii-type
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[7, 12, 16] and influence the weaking of the convergence criterion in (mg), error
bounds and the precision of s.

(2) Suppose that there exist 3 > 0, 3; > 0 and L € L (B;, By) with L™! €
L (B,, By) such that

|27 <5
1A () = LIl < B

and

Bri=p""5 <L

Then, it follows from the Banach lemma on invertible operators [12], and
L7 IA Gy — LI <87 Bi=p <1

that A (x, y)~' € L (B,, By).Let 3 = g . Then, under these replacements, condi-

-

tion (m;) is implied, therefore it can be dropped from the conditions (M).

Remark 9.3 Sect.9.2 has an interest independent of Sect. 9.3. It is worth noticing that
the results especially of Theorem 9.1 can apply in Abstract g-Fractional Calculus as
illustrated in Sect.9.3. By specializing function 1, we can apply the results of say
Theorem 9.1 in the examples suggested in Sect.9.3. In particular for (9.3.21), we
choose foru; >0, uy >0, u3 >0

Auy

Y Uy, up, u3) = m,

if |g(x) —g(¥)| < py foreachx, y € [a, b];

Ay

WV (uy, uz, u3) = m,

if |g(x) =g =& llx =yl foreachx, y € [a, bl and py = & |b — al ;

Ap3

Y (uy, uz, u3) = m,

if |g (x)| < & foreach x, y € [a, b] and u3z = 2&3, where A, v and F are defined in
Sect.9.3. Other choices of function v/ are also possible.

Notice that with these choices of function ¢» and f = F and ¢ = G, crucial
condition (m3) is satisfied, which justifies our definition of method (9.1.5). We can
provide similar choices for the other examples of Sect.9.3.
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9.3 Applications to X-valued g-Fractional Calculus
of Canavati Type

Here we deal with Banach space (X, [|-||) valued functions f of real domain [a, b].
All integrals here are of Bochner-type, see [15]. The derivatives of f are defined
similarly to numerical ones, see [18], pp. 83—86 and p. 93.

Here both needed backgrounds come from [5].

Letv > 1, v ¢ N, with integral part [v] = n € N. Letg : [a,b] - Rbea
strictly increasing function, such that g € C' ([a, b]), g~' € C" ([g (a) , g (b)]), and
let f € C"([a, b], X). It clear then we obtain that (f o g~') €
C"(lg@,g®],X).Leta:=v—[v]=rv—n(0<a<l).

(D See [5]. Leth € C ([g (a), g (b)], X), we define the X-valued left Riemann-
Liouville fractional integral as

20 - 1 ) AN
(J°h) (2) == o) / (z—0"""h@)dt, 9.3.1)

for g (a) < zo <z < g (b), where I is the gamma function.
We define the subspace C;u) ([g(a),g )], X)of C" (Ig (a), g (b)], X), where
x € [a, b]:
Cliy (9 (@), g (B)], X) =

[hecqg@.g@n. x): AP e (g, g1, 0} 032
Solet h € Cp, ([g(a),g ()], X); we define the X-valued left g -generalized
fractional derivative of h of order v, of Canavati type, over [g (x), g (b)] as

Dy = (FR) 9.33)

Clearly, for h € C?

oo (g (@), g (D)], X), there exists

v — ;i ) _ o ()
(Dyeoh) &= riw % /g(x) (z =0 h™ (1) d1, (9.3.4)

forallg(x) <z <g ().

In particular, when f o g~! € CV

g(x) ([g ((l) » g (b)] s X) we have that

z

v o -1 — 1 i/ A e ° -1
(Dg(x) (f g )) (Z) - T (1 — O() dZ o) (Z t) (f g )

“ (t)dr, (9.3.5)

forallz:g(x) <z <g(b).

We have that D} (fog™") = (fo g’l)(") and D) (fog™')=fog™"



9.3 Applications to X-valued g-Fractional Calculus of Canavati Type 145

From [5] we have for (fog™') € Ch. (g (a), g (b)], X), where x € [a, b],

(X-valued left fractional Taylor s formula) that

fO)—f&x)=

-1 —1\ )
s oo ) WD (=g @)t + 93.6)

k=1

1 9()
L) Jyw

(g =" (D), (fog™")) (@ dt, forallyela,b]:y=>x.

Alternatively, for (f o g’l) € C;’(y) ([g (@), g )], X), where y € [a, b], we can
write (again X-valued left fractional Taylor’s formula) that:

N )
fw-rm=y Yo ,)C, OO gy —goni+ @37
k=1 ’

1 g(x)
F@) Jo)

(g (x) — 1) ( ) (f og’l)) (t)dt, forallx € [a,b]:x > y.

Here we consider f € C"([a,b], X), such that (fog™') € Crog (@),
g (b)], X), for every x € [a, b]; which is the same as (fog™') € C¥ (g (a),
g (b)], X), for every y € [a, b] (i.e. exchange roles of x and y); we write that as

(fog™ )GC” ([g (@), g D], X).
‘We have that

z
Z

v -1 _ 1 i o\ ° —1\ ()
(Dyy (fog7h)) (Z)_—F(l—a) 1 /g(y) =07 (fog ") ()dt, (93.8)

forallz:g(y) <z <g(b).
So here we work with f € C" ([a, b], X), such that (f o g™') € C, ([g(a),
g ()], X).

We define the X-valued left linear fractional operator

a0 U0 e YRS G
(Dh (£ 097) (9 () U™y >,
(A1 (f)) (x,y) == ] - i (fog") (9()) (g(x) — g () + (9.3.9)

oyl
(Dy) (Fog7)) (g ) Wt x>y,

fW @), x=y.
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We may assume that (see [13], p. 3)
(AL () (6. %) = (AL () G0l = [ ™ ) = F@ 0 =

I(f®og™ ) @e)=(f"og™ )N =Plgx)—gMI. (9.3.10)

where @ > 0; for any x, y € [a, b].
We make the following estimations:
(i) case of y > x : We have that

If)—f@x) A1) &GO —ge)l=
1 9()
H r (V) g(x)

(g =" (D, (fog™)) (@) di—

(g () —gx)”

(Do (F097)) 0 ON =107

(by [1], p. 426, Theorem 11.43)

1

/g-‘“y) @)= (Pl (Fo97™) O = (P (£097) o) ar

L@ (/g
9.3.11)
(by [9D)
<7 qj()y 600 | (Bi (7007) 0= (B (7 057) wom] s

(we assume here that
1Dy (Fog™) @) = (Dl (Fog™)) @O =Mlt—g(I, (93.12)

forevery 7, g (), g (x) € [g(a), g (b)] such that g (y) =7 = g (x); Ay > 0)

A 9(y) .
< GOy =" (g —ndt= (9.3.13)
L@ Jym
At [0 Al (g () —g )"
—nHVdt = . 3.14
o) /g(x) (g(y)—1)"dt o) T+ (9.3.14)
We have proved that

Al (g =g
If ) — fx)— (AL (f) @GO —g@l < ) )

(9.3.15)
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forallx,y € [a,b]:y > x.
(ii) Case of x > y : We observe that

If ) —f&x) = A () &GO —g)l =
ILf ) = f ()= A ())& y) @) —gll =

1 g(x)
IFo

(g(x) =" (D}, (fog™")) (1) di—
g(y)

(g(x) =g ()

(D;(y) (f o g*l)) (g (x)) Tw+1) = (9.3.16)
1 g(x) . i} . ) -
@) /y(y> (9= (<D9(” (Fog )> @) - (Dg<y> (fog )> (9 (X))) di
1 g(x) o , . ) -
=< T (I/) 46) (g (.X) — t) ” (Dg(y) (f og )) (t) — (Dg(y) (f og )) (g (x)) H dt

(9.3.17)
(we assume that

[(D5o) (Fog7) ) = (Djy, (Fog™)) (9] < Xalt =g, (93.18)

forallz, g(x),g(y) € [g(a),g(D)]suchthatg(x) >1>g(y); Ao >0)

Ao 9(x)
< (g(x) =) (g(x) —t)dt = (9.3.19)
F'@) Jy)
A [0 s (g =g
rw) L YO E T oy

We have proved that

A — v+l
1f )= £ )= AL @0 g 0) =g (DIl = 7o (9 () = 9 )

v+1) ’
(9.3.20)
forany x,y € [a,b] : x > y.
Conclusion 9.4 Set A\ := max (A\{, \). Then
A lg () —g @t
If )= f@x) = A1 ()& @GO =gl < o) D ,
(9.3.21)

VY x,y € la, b] (the case of x =y is trivially true).
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We may choose that ﬁ < 1.

Also we notice here that v + 1 > 2.

(II) See [5] again. Let h € C ([g (a), g (b)], X), we define the X-valued right
Riemann-Liouville fractional integral as

v o 1 © _ v—1
(J2_h)(2) == o /Z (t—2)"""h(@)dt, (9.3.22)

forg(a) <z<z0<g(b).
We define the subspace Cy/, ) ([g (@), g (B)], X) of C" ([g (a) , g (b)], X), where
x €la,b]:
Coo- (L9 @), g (0], X) =

{hecqg@.g@n. ) jn® e i@, g1, 0} ©323)
Soleth € C;’(x)_ ([g (@), g (b)], X); we define the X-valued right g -generalized
fractional derivative of & of order v, of Canavati type, over [g (a) , g (x)] as

1
v . n—1 -« n
Dg(x)—h = (_1) (‘]g(x)—h( )) . (9324)

Clearly, for h € C;’(x)_ ([g (@), g ()], X), there exists

(_l)n—l d

D 1) =

g(x)
/ (t—2)"h™ () dt, (9.3.25)

forallg(a) <z<g(x) <g(b).

In particular, when f o g~! € C?,

g(x)— (Lg (@), g (b)], X) we have that

—_Ht g 9w .
(Do (Fog™) @ = %5/ -2 (fog " @ a,

) (9.3.26)

forallg(a) <z<g(x) <g(®).

We get that
(Dl (fog™) @ =" (fog™)" @, (9.3.27)
and

(Dgy— (feg™)) @ =(fog™") (@, (9.3.28)

forall z € [g (a), g (x)], see [5].
From [5] we have, for (f og™') € Chy- (g (@), g ()], X), where x € [a, b],

v > 1 (X-valued right fractional Taylor’s formula) that:
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n—1

_1 (k)
For - foo=S Uoo) @D

k=1

g(x)
/ =g (Dl (fog ™)) @dr, alla<y<x. (9329
g(y

Alternatively, for (f ) € C;’(V)_ ([g (@), g(b)], X),wherey € [a,b],v > 1

(again X-valued right fractlonal Taylor’s formula) that:

n—1 ° NG)
f(x)—f(y)=z(f g ])d (9O

k=1

(gx) =g+

9()
/ (t—g)" " (Dl (fog ™)) @dr, alla<x <y. (9330
glx

Here we consider f € C" ([a, b], X), such that (f og’l) € C;’(X) (g (@),
g (b)], X), for every x € [a, b]; which is the same as (f ) g’l) € Cjy-g(a),
g (b)], X), for every y € [a, b]; (i.e. exchange roles of x and y) we write that as

(fogh)e C,_(g(a).g®)], X).
‘We have that

S Y N B L8] )
(Dyy- (fog™) @)= ﬁ@/z =27 (fog )" (dr,
(9.3.31)
forallg(a) <z<g(y) <g®).
So here we work with f € C” ([a, b], X), such that (f o g™') € C/_([g(a),
g )], X).

We define the X-valued right linear fractional operator
0g~ ") (g(x) _
nt L)) (4 (3 g )kt —
x)— v—1
(D (Fo07)) (0 () Hct™  »

(A () (x,y) = " ; (fog™ ‘) (9(») (g(x)—g (y))k—l _ (9.3.32)

v—1
(Dg(y>— (fog )) (g () U —, y > x,

M@, x=y.

We may assume that ([13], p. 3)

(A2 () (x, %) = (A () G = | £ ) = FP )] < 2% g (x) —g I
(9.3.33)
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where ®* > 0; for any x, y € [a, b].

We make the following estimations:
(i) case of x > y : We have that

ILf ) = f ()= (A2 () &) (g&x) =gl =
If )= f )= (A2 () ) (g —g @)l = (9.3.34)
If ) = f &)+ A2 () &) (gx) —gOll =

1 9(x)
H r (V) g(y)

=g (Dl (fog™")) @) di—

(g(x)—g ()’

OESS (9.3.35)

(DY (fog™") (g

(by [1], p. 426, Theorem 11.43)

1 g(x)
- / t =g (Do~ (Fo97) ) = (D (Fo971)))
@) 9(y)
(g (y) di]
(by [9])
<L g |(P- (£oa™)) 0 = (Dl (Fo97")) (D)
T Jy ’ 90— g(x)— \J ©¢

(9.3.36)
(we assume here that

[ (Dly- (Fog™) @) = (Dl (Fog™)) @ON| < pilt—g DI, (9.3.37)

forevery z, g (y), g (x) € [g(a), g(b)]suchthatg(x) >1 > g(y); p1 > 0)

<P gy =g i =
=Tw o gly gly =
pr [ p1 (g(x)— gt
— Vdt = . 9.3.38
() /g(w R il 7 o ©-3.38)
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We have proved that

p1 (g (x)—g @)™

If &)= F )= (A2 (f) X)) —gODll = o) OERT ,
(9.3.39)
Vx,yela,b]:x>y.
(ii) Case of x < y : We have that
If )= f ) — (A (/) x )G —gO)ll =
If ) —fF )+ A2 () (x,») (g () —g )l = (9.3.40)

1 9(y)

I'@) Jow

(g () —g(x))”
rw+1

(Dyyy- (Fog™)) (gx)

1

/m) =9 (D (Foa™)) 0= (Dl (Foa™) @) ar

@) /g
1 9o v—I1 v -1 v -1
=107 oy 7900 (D5 (097)) 0 = (5, (Fo™)) @] ar

(9.341)
(we assume that

[Py (Fo97") @) = (D) (Fog™) @D < p2lt =g )], (9.3.42)

foranyz,g(x),g(y) €lg(@,g®B)]:g(y) =t>g(x); p2>0)

< 2 (" gy - g di =
“Tw . gx gx =
0 9(y) , B
o o (t—gx)dt= (9.3.43)
_ v+1
p2 (g(y) —gx)) (9.3.44)
I (v) v+1
We have proved that

pr (g —g @)™
If ()= f ) — (A (f) (x,9) (g x) —g NI < ro) @+ 1D

(9.3.45)
Vx,yela,bl:x <y.
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Conclusion 9.5 Sef p := max (py, p2). Then

plgx)—gt!
I (x) = f () — (A2 () (x, 9) (g (x) — g O < RS

3

(9.3.46)
Vx,y € la,b] ((9.3.46) is trivially true when x = y).

P
One may choose o < 1.

Here againv + 1 > 2.

Conclusion 9.6 Based on (9.3.10) and (9.3.21) of (I), and based on (9.3.33) and
(9.3.46) of (Il), using our numerical results presented earlier, we can solve numeri-

cally f (x) = 0.

Some examples for g follow:

g(x)=¢€", x €la,b] CR,

g (x) =sinx,

g(x) =tanx,

where x € [—% +e, 5 — E], with £ > 0 small.
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Chapter 10
Numerical Optimization and Fractional
Invexity

We present some proximal methods with invexity results involving fractional calcu-
lus. It follows [3, 4].

10.1 Introduction

We are concerned with the solution of the optimization problem defined by

min F(x*) (10.1.1)

s.t, x*eD

where F' : D € R™ — R is a convex mapping and D is an open and convex set.
We shall study the convergence of the proximal point method for solving problem
(10.1.1) defined by

Xpp1 = argmin {F(x*) n %dz(xn, x*)} (10.1.2)

x*eD

where xo € D is an initial point, v > 0 and d is the distance on D.

The rest of the chapter is organized as follows. In Sect. 10.2 we present the con-
vergence of method (10.1.2) and in Sect. 10.3 we present the related application of
the method using fractional derivatives.

10.2 Convergence of Method (10.1.2)

We need an auxiliary result about convex functions.

© Springer International Publishing AG 2018 155
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Lemma 10.1 Let Dy C D be an open convex set, F : D — R and x* € D.
Suppose that F + %dz(., x*) : D —> R is convex on Dy. Then, mapping F is
locally Lipschitz on Dy.

Proof By hypothesis F + %dz(., x*) is convex, so there exist L, 7; > 0 such that
foreachu,v € U(x*, ry)

(F(u) n %dz(u, ) — (F(v) + %dz(v, x*))‘ < Lid(u, v). (10.2.1)

It is well known that the mapping d2(£x*) is strongly convex [9]. That is there exist

L,, r, > 0 such that for each u, v € U(x*, rp)

1 2 * 1 2 *
Ed (u,x™) — Ed (v, x™)| < Lod(u, v). (10.2.2)

Let
r = min{ry, r,} and Lyo= L+ vL,. (10.2.3)

Then, using (10.2.1)—(10.2.3), we get in turn that
Y 2 * v 2 *
|[F(u) — F(v)| < ‘F(u)JrEd (u, x )—(F(v)+§d (v, x™))
3t - Jd .
< Lid(u, v) + Lyvd(u, v) = Lod(u, v). (10.2.4)

|
Next, we present the main convergence result for method (10.1.2).

Theorem 10.2 Under the hypotheses of Lemma 10.1, further suppose:

— o0 < inf F(x"), (10.2.5)
x*eD
Sy={x"eD:Fx*) < F(y)} S D, inf F(x*) < F(y), (10.2.6)
x*eD

the minimizer set of F is non-empty, i.e.

T =1x*: F(x*) = inf F(x*)] # 0, (10.2.7)
x*eD
|F(*) — x*| < Ls, (10.2.8)

L:=L+2vL, < 1. (10.2.9)
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Then, the sequence {x,} generated for xo € S* := §, N U™, r*) is well defined,
remains in S* and converges to a point x** € T, where

L;

= . 10.2.10
r 1 ( )

Proof Define the operator
G(x) = F(x) + % Jx = x*| . (10.2.11)

We shall show that operator G is a contraction on U (x*, r*). Clearly sequence {x,}
is well defined and since xg € S, we get that {x,} € S, foreachn =0,1,2,....
In view of Lemma 10.1 and the definitions (10.2.8)—(10.2.11) we have in turn for
u,velUx*r"

1 1
IGu) = G)| < [F(u) — F(v)| +~ §d2(u,x*) - zdz(v,x*)

< (Lo 4+ ~vLy)d(u,v) = Ld(u, v) (10.2.12)
and

|Gu) —x*| < |Gw) — G(x*)| + |G (x*) — x*¥|
< Ld(u, x*) + |F(x*) — x*|

<Ld(u,x*)+ L3 <r". (10.2.13)

The result now follows from (10.2.9), (10.2.12), (10.2.13) and the contraction map-
ping principle [1, 5-8]. |

10.3 Multivariate Fractional Derivatives and Invexity

Let X = H la;, b;].
i=1

1. Let 0 < v < 1, we consider the left Caputo fractional partial derivatives of f
of order «v :

ao/f(x) _ 1 /Xi(x~ —t-)_aaf(XhXL oty X))
oxt  Tl—-a) J, Ox;

dt;, (10.3.1)
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where x = (x1,...,x,) € X,i = 1,2,...n and Qi) e | (g, by),

i =1,2,...n. Here I' stands for gamma function. Note that

0 f(x) 1 /x" o
< i — 1) 0dt
‘ axl@ =Td-a) . (xi i) i
6 ) g ey ATy s Af 9 ey An
H fxr,x Xi 1y Xigl X ))dt,-
8xi 00, (a;,bi)
= DT OF (X1, Xay ooy Ximty oy Xl e e xn))dt-
re-—oa) Ox; Nosutarasn
< 00,
0 f(x)

foralli = 1,2, ..., n. Therefore, e existforalli =1,2,...n.

Now we consider the left fractional Gradient of F of order a,0<a<l1:

of (x™) 3f(X*))

— ~
Ox{ Ox¢

VIt = ( (103.2)

We replace in Definition 10.3.1 of Verma [9], V f(x*) by VI f(x*).
2. Let0 < a < 1, we consider the right Caputo fractional partial derivatives of f
of order «v :

e _ bi .
0% f(x) _ 1 / (ti—x,')"’af(xl’xz’“"t““"x"))dt,-, (1033)
ra-ol,

ox{ Ox;

where x = (x1,...,x,) € X,i =1,2,...n and
i =1,2,...n. Note that

Of ((Xseeeysenns n
gt € Log(a, by).

d°f (x) 1 bi _
< . — )7t
ox' |~ T(—-a) /xi (xi = 1)

H Of (X1, X0, ooy Xis oy Xit Ly v ey xn))dti
Ixi 00, (a;,by)
(b= x) T Of e Xy Xt X X))

r2-a) Ox; Moo
< o0, (10.3.4)
0" f(x)

foralli =1,2,...,n. Therefore, existforalli =1,2,...n.

ox
Now we consider the right fractional Gradient of F of order o, 0 < v < 1 :
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ﬁgf(x*)z(af(x*) 8f(x*)). (10.3.5)

« b ki
Oxf ox2

We replace in Definition 10.3.1 of Verma [9], V f (x*) by @gf(x*).
3. Definefork € N: V" f = VI ... V! f, k— times composition of left fractional
gradient, i.e.,

V= G A (10.3.6)
ka 8)(7? ’ > ax;ly ?
h akuf(x) _ o™ 0% 4 .. . .
where === = 7 ... 5 f, k—times composition of left partial fractional
derivative, i = 1, 2, ...n. We assume that %k% existforalli =1,2,...n.

4. Define fork € N : V. f = V- ...V, f, k— times composition of right frac-
tional gradient, i.e.,

- 5k(1 (X*) 5ka (X*)
Viaf =( aj;a 8; , (10.3.7)
1 n
where 22/ _ o 2 f k—times composition of righ ial fractional
T = oo position of right partial fractiona

é_)k“f . .
i EXist foralli =1,2,...n.
) x ¢

5. Let @ > 1, we consider the left Caputo fractional partial derivatives of f of
order a ([ar] = m € N, [.] ceiling of the number [2]):

derivative, i = 1, 2, ...n. We assume that

o 1 i " JXDy ey by, Xy
fe) / ( — yn—a-! J(xi, x X ))dt,»,
Ox Fim—oa) J, ox"

(10.3.8)
i=1,2,...n Weset? 8£ _,(f) equal to the ordinary partial derivative LI We

ox!"
assume that

am
£(x11~--7-a~~-»-xn) S LOO(aiabi)
Ox}
i.e.,
am
Ha—r{(xl,...,.,...,xn) < o0
X 00, (a;,b;)
foralli =1,2,...,n. Note that
o« L —a; m—ao o
[ARACON PR ) L et m) < o0,
Ox{* Fm—a+1) | ox" 0o.(ar.by)
(10.3.9)

foralli = 1,2, ...n. Therefore, 8{;;53‘) exist foralli = 1,2,...n. Now we

consider the left fractional gradient of l fofordera,a>1:
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0% f(x*) 3af(X*))
oxy T Ox¢ '

VH () = ( (10.3.10)

We can replace in Definition 10.3.1 of Verma [9] (or similar invexity formula),
Vf(x*) by Vit £(x*).

6. Let o > 1, we consider the right Caputo fractional partial derivatives of f of
order  ([a] = m):

5af(x) (=™ / (s — 1y Lo f(xl,xz,...,t,-,...,xn))dt

ox®  T(m—a) ox!" a
(10.3.11)
i=1,2,...n. We set — = (— 1)’”0 o (where o ! is the ordinary partial). We
assume that o
,],,C(xla“-’-a-u»xn) € L (ai, bi)
Ox!
foralli =1,2,...,n. Note that
0° f (x) (bj —x))"™ | 0" f
| | < m(xl,...,.,...,xn) < 00,
ox} F'm—a+1) | 0ox 0o (@ b)
foralli = 1, 2,...n. Therefore, Bzfﬁ Y exist for all i = 1,2,...n. Now we
consider the right fract10nal gradient of fofordera,a>1:
a_a * 5(1 *
Vo f(t) = fon ey (10.3.12)
ox{ ox2

We can replace in Definition 10.3.1 of Verma [9] (or similar invexity formula),
Vf(x*) by Vi m f(x).
Next we follow [4].

The discrete minmax fractional programming problem is

(P) Minimize max fi )
1=i=pgi (x)’

(10.3.13)

subjectto G; (x) <0,jeq, H(x) =0,ker,x e X,
where X is an open convex subset of R” (n-dimensional Euclidean space), f;, g,
iep={2,..,p},Gj, j €gq,and Hy, k € r, are real-valued functions defined
on X, and for each i € p, g; (x) > 0 for all x satisfying the constraints of (P).
Consider a function f : X — R with fractional order derivatives, see [2]. In this
section we give the definition based on the work [10] on several classes of generalizes
convex functions.
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Definition 10.3 ([4]) The function f is said to be (¢, 1, p, 6, m)-invex at x* for the
left Caputo fractional partial derivative of order o, v > 1 if there exist functions
¢ R>Rn: XxX->R,p: XxX —>Randf: X xX — R' and a
positive integer m such that for each x € X (x # x¥),

(£ ) = £ ) = (VT f () m G x ) 4 (e, x7) [0 G, ) |
(10.3.14)

VEF () = (mf SR (x*)). (10.3.15)

« b b
Oxf ox2

where

Definition 10.4 ([4]) The function f is said to be (¢, 1, p, 6, m)-invex at x* for the
left Caputo fractional partial derivative of order o, 0 < o < 1 if there exist functions
P R>Rn:XxX->R,p: XxX —>Randf: X xX — R' anda
positive integer m such that for each x € X (x # x¥),

o (‘f x)—f (x*)‘) > (VEF (%) m (e, x))4p (x, x%) HG (x,x*)”m, (10.3.16)

V() = (mf(x*) 8“f(x*))' (10.3.17)

« b b
Ox§ ox2

where

Similar concepts hold for V f (x*) and V ~ f (x™).
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