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UNIT 5
STATISTICS AND PROBABILITY

Unit out comes:
After completing this unit, you should be able to:

> knows specific facts about types of data.

» know basic concepts about grouped data.

» know principles of counting.

> apply facts and principles in computation of probability.

STATISTICS
Statistics is the science of collecting, organizing, presenting, analyzing and interpreting of data
(qualitative information) in order to draw conclusion.

Types of data:

1. Qualitative data; is obtained when a given population or sample is classified in accordance with
an attribute that cannot be measured or expressed in numbers

Examples: color, sex, religion, nationality, interest, beauty, honesty, intelligence, educational

qualifications etc.

2. Quantitative data: is obtained by assigning areal number to each member of the population, under
study.it is measurable; we can express in terms of numbers.

Examples: Age, Weight, Height, Income, number of population, size, score in test, pressure and

distance are quantitative data

Definition:

A number, which is used to describe the attribute and which can take different values is caled a
variable

Note: Variables are denoted by letterssuch asx, vy, z....... and it may be either discrete or continuous

Definition:
A discrete variable is one which measured or expressed only in terms of whole number values.
Examples: Number of students, number of chair, number of car, and etc.
Continuous variable: It is measured or expressed by fraction or decimal.
Examples: Height, weight, age, size of class, temperature of room, distance of road are examples of
continuous variables.
Introduction to Grouped Data
Discrete frequency distribution
List of dl data values obtained with their respective frequencies
Grouped frequency distribution- used to present large amount of datain class.
I ntroduction to ungrouped data
These are datain their original from without being arranged or summarized.
Grouped data: data organized and summarized in frequency distribution are grouped data.
The following are basic concepts that used in frequency distribution.
Cumulative frequencies- are the sum of frequency of all the classes from the first to up class.

Stay Homel! Read More! Safe your life!
2



Ever est Yout h Acadeny

Example: If £, f,, f,, f, are frequency of 4 classes then the cumulative frequency of these classes are
fo it L L+ L+ and fi+ f,+ f, + f, respectively these are called less than cumulative frequency if
the process is done from the total frequency to back ward is called more than frequency.
maximum value - minimum value
number of class required

Classlimits: |s the lower and the upper elementsin a given class.
v Lower classlimits: isthefirst noin given class.
v Upper class limits: is the second no in given class.
lower class limit+upper class limit

2

classinterval=

class mark or midpoint=

Statistical Terms
1. Raw data: Data that has not been organized numerically.

Arrays An arrangement of raw data numerica data in ascending order of magnitude.

Range: The difference between the largest and the smallest numbersin a data.

Class intervals: In a range of grouped data e.g. 21-30, 31-40 etc., then 21-30 | is called the class
interval.

Classlimits: In aclassinterval of 21-30, then 21 and 30 are called class limits.

Lower class limits: In the classinterval 21-30, the lower class limit is 21.

Upper classlimit: in the class interval 21-30, the upper class limit is 30.

Lower and upper class boundaries: In the class interval 21-30, the lower class boundary is 20.5
and the upper class boundary is 30.5.

These boundaries assume that theoretically measurements for a class interval 21-30 includes all the
numbers from 20.5 to 30.5
9. Class Interval: In a class 21-30, then the class interval is the difference between the upper class
limit and the lower class limit i..30.5-20.5 = 10. The class interval is aso known as class width or
classsize.
10. Class Mark or Mid-point: In a class interval 21-30, the class mark is the average of 21 and 30 i .e
21+30 155

oD

O N O

11. Frequency Distributions: |arge masses of raw data may be arranged in classes in tabular form with
their corresponding frequencies.
Example:

Mass(kg) 10-19] 20—29] 30-39[ 40— 49

N° of population 5 7 10 6
This tabular arrangement is called a frequency distribution or frequency table.

12. Cumulative Frequency: For the following frequency distribution, the cumulative frequencies are
calculated as additions of individual

Frequencies mass(x) 20-24 | 25-29 | 30-34 | 35-39 | 40-44
Frequency(f) 4 10 16 8 2
Cumulative frequency 4 14 30 38 40
The correction factor is half the difference between the upper class limit of a class and the lower class
limit of the subsequent.
Stay Homel! Read More! Safe your life!
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Example: The following are scores of 40 students in mathematics exam.
50 72 56 31 48 33 56 54 41 35
22 76 32 66 56 38 48 36 44 46
36 49 51 59 62 41 36 50 41 42
50 50 49 60 36 46 42 42 47 62
Then;
a. prepare a grouped frequency distribution using 7 classes.
b. find classinterval
c. determine the cumulative frequency distribution.
d. what is the upper class limit of 3 class.
e. what isthe lower classlimit of 5" class.
f. find the cumulative frequency of 3" class.
g. determine class boundaries.
h. determine class mark.
i. determine the correction factor
Solution:

Maximum value=76, Minimum value=22, Number of class=7

maximum value - minimum value  76-22

dassinterval= - 8
number of class required 7
Score(x) Number of Cumulative

students(f) frequency(c.f)
22-29 1 1
30-37 8 9
38-45 8 17
46-53 12 29
54-61 6 35
62-69 3 38
70-77 2 40

Score(x) Number of | Classmark | cumulative Class

student boundary
22-29 1 255 1 21.5-29.5
30-37 8 33 9 29.5-37.5
38-45 8 41.5 17 37.545.5
46-53 12 49.5 29 45.5-53.5
54-61 6 57.5 35 51.5-60.5
62-69 3 65.5 38 61.5-69.5
70-77 2 73.5 40 69.5-77.5

Stay Home! Read More! Safe your life!
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Correction factor = %(58— 57) = %(30— 29)=0.5
classfrequency

Relative frequency =
& Y total frequency

Example:
The following are marks (out of 100) obtained by 50 students in mathematics.
58 60 63 55 72 86 42 38 96 58
42 51 48 8 38 91 8 75 56 60
86 82 5 96 46 78 82 72 68 70
92 78 68 45 45 83 48 86 62 82
88 38 73 5 39 85 78 46 42 A

Construct the frequency distribution of the given data to 6 classes.
Solution:
highest value-lowest value 9638

First classinterva = - =9.67~10
classsize 6
Classlimit | number of class class less than more than
frequency boundary mark cum. cumulative

frequency | frequency
38-47 11 37.5-48.5 42.5 11 50
48-57 7 48.5-57.5 52.5 18 39
58-67 6 57.5-67.5 62.5 24 32
68-77 8 67.5-77.5 715 32 26
78-87 12 78.5-87.5 82.5 44 18
88-97 88.55-97.5 925 50 6 6

MEASURES OF LOCATION OR MEASURES OF CENTRAL TENDENCY

The most commonly used measures of centra tendency arez Mean (arithmetic mean), Median, Mode,
Quartiles, Deciles and percentiles

1. The mean

: . XX, Xt X
If x,,x,,X,,...,x, are n values, their mean x isgivenby; x="1-2_-3 .

n

If x,,x,,x5,...,x, is aset of data items with frequencies 1., f,, £, ..., f, , respectively, then their mean is

JiXg+ foXo + foXg+. 4 X,

it L+ it f,

givenby; x =

Stay Home! Read More! Safe your life!
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M ean of frequencies distribution
Mean (%) = Sy + fom, + famg 4.+ fm,
Lt o+t i+t f,
Steps to find the mean from a grouped distribution: from a grouped frequency distribution
lower class limit+upper class limt
2

, Where m is the class mark (x, =m)

1. Find the class mark (midpoint) x, , of each class by;

2. multiply X, by its corresponding frequency add
3. divide the sum obtained in step 2 by the sum of the frequencies
_ Jixy + foxy +ot fLX,

fit ottt f,

Example: The following is the age distribution of 20 students in a class. Find the mean age of these

Mean(x)

students
Ageinyears | Class Mid-point (Xc) | Number of students (f) fxc
14-18 16 2 32
19-23 21 7 147
24-28 26 6 156
29-33 31 5 155
Z Jx. 490

=——=245
Z f 20
Example: In a class where are there are 50 students if they average age of 30 boys is 20 and the average
age of 20 girlsis 19 years. Calcul ate the average age of the class?

Solution:

Using the formula given above, the average age of the classis:
30(20)+20(19)

50

a) Mean or Average of a data as follows: Average of a data= Sum total of the data divided by number of
itemsin data.

Examples: Calculate the mean of the following data:

1. 1,3,4,4,5,6,3,7

Solution: Mean, 5 = 1 F3+4+4+5+6+3+7 :%: 4.125

8
2. 650,675,700,725,800,900,1050,1125,1200,575

650 + 675+ 700+ 725+ 800+ 900+ 1050+ 1125+ 1200+ 575 _ 8400
10 10

Solution: Mean(x)=

=19.6

X =

Solution: Mean,x =

840

Stay Homel! Read More! Safe your life!
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Mean Of Discrete Data
Example:
1. Find the mean of the following data:
X 122 |24 |25 |33 |36 |37 |41
f 15 7 |8 4 6 |9 |11
Solution:
22 24(7)+2 4 7 41(11
Mean,% (5)+24(7)+25(8)+33(4)+36(6)+37(9)+41( ):1628:32.56
5+7+8+4+6+9+11 0
2. Find the mean wage of the workers:
Wagesin Birr | 220 250 | 300 350 | 375
No. of workers | 12 15 18 20 5
Solution:
Mean,% = 220(12)+250(15) +300(18) +350(20) + 375(5) _ 20665 _ 595,214 Birr

12+15+18+20+5

3. The weights of milk deliveries to a processing plant are shown below:

45 49 50 46 48 42 39 47 42 51 48 45 45 41 46 37 46 47 43 33
51 46 54 39 47 46 45 35 44 45 46 40 47

Calculate the mean mass of the milk delivered, using class interval of 5

56 36 42 39 52 46 43

Solution:
Class Fra:luency(f) Mid-point(x) f.
33-37 4 33+37 35 4x35= 140
> -
38-42 8 38+42 40 8x40=320
B
43-47 19 43+47 45 19x45=855
-
48-52 7 48+52 50 7%x50=350
> -
53-57 2 53+57 55 2x55=110
2
Totd 40 1775
Mean(x) = %J;C =% =44.375
Stay Home! Read More! Safe your life!
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2. Median
The median is the value in the middle of a distribution e.g. in1, 2, 3, 4, 5, the median is 3 i.e. it comes at

exactly in the middle of the distribution. For the data1, 2, 2, 3, 4, 5, 6,7, 7, 8; there are 10 terms and no
middle number. In such a case, the median is the average of the two numbers bordering the Centre line

Median of ungrouped data: to find the median from ungrouped data, first arrange the data either in

th
ascending order or in descending order. Median =(n7+1j item for odd number of data and for even

th th
(”j item+(n+1] item
2 2

2
Examples: Find the median for the following data
1. 1,2,2,3, 4,5, 6,7,7,8
4+5

number of data median =

4.5

Solution: median =

2. Given 13 observations1,1,2,3,4,4,5,6,8,10,14,15,17

. . n+1)" 13+1\" . "
Solution: median = > item = - item =(7) " item =5

3. 11,2,2,3,4,4,5,6,8,10,14,15,17

(njth ' (}’[ ]th ‘
— | item+| —+1| item
2 2

2

(14)”’ . (14 j”’.
— | item+| —+1| item
2 2
2
(7)th item+(8)th item 4+5
2 2
4. Find the median of the following observation
a 22,24, 27, 26, 30, 29, 36
b. 36, 22, 24, 26, 27, 30, 20
Solution:
a. Arranging the given data in ascending order we get 22,24,26,27,29,30,36 .

Solution: median =

4.5

. 7+1)" 0
Median = TN item = (4) item=17
b. Arranging the datais ascending order, we get 20, 22,24, 26,27,29, 30,36 .

4)th item + (5)”1 item 26+ 27
> =

Median = ( =26.5

Stay Homel! Read More! Safe your life!
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Median of grouped data
Steps to find the median of a grouped frequency distribution
1. Prepare acumulative frequency distribution
2. Find the class where the median is located.it is the lowest class for which the cumulative

frequency equalsor exceeds%

n
2

3. Determine the median by theformula; Md =B, + i

c

Where,
BL-Lower boundary of the class containing the median class
cf, =the cumulative frequency in the class preceding the class containing the median

/. =the number of observation (frequency) in the class containing the median

i=the size of the classinterval (i.e. width of the median class)

3. Mode
The mode is a value which occurs most frequently in asset of observation. The mode may not exist and
evenif it does not exist it may not unique.
Examples:
1. Find the mode of the following data: 1,3,4,4,5,6,1,3,3,2,2,3,3,5

Solution:
The mode of adatais the item that appears most times. In this data, 3 occur most times or most frequently
i.e. 5 times. Therefore the modeis 3.
2. Find the mode of the following data: 22, 24, 25,22, 27, 22, 25, 30, 25, 31
Solution:
22 and 25 occur three times each. Therefore the modes are 22 and 25. thisis caled a bimodal data.
3. Find the mode of the data:
Observation(x) | 0 1 2 3 4
Frequency(f) 3 7 10 16 11
Solution: The most occurring observation is 3 i.e. 3 occur 16 times.
4. Find the modal class of the following data
Weight(x) 50-54 | 55-59 | 60-64 |65-69 |70-74 | 75-79 | 80-84
Frequency(f) |3 6 8 5 15 9 13
Solution:
The modal classis 70-74 because it has the highest frequency of occurrence.

M ode for grouped data
Mode of grouped datain given uniform class interval can be obtained by the formula

Mode=M =B, +( d ]i , Where
d,+d,
BL=lower class boundary of Modal class
d=the difference between the frequency of the modal class and the frequency of the preceding class
do=the difference between the frequency of the modal class and the frequency of next class
i=size of the classinterval.

Stay Homel! Read More! Safe your life!
9



Ever est Yout h Acadeny

Example: Find the mode;

Classinterva | Frequency
4-6 14
7-9 39
10-12 27
13-15 16

Solution: The moda classis the 2™ class because its frequency is the largest.
B =6.5, d:=39-14=25,
dx=39-27=12, i=9-6=3 then

Mode=M, =B, + 4 i:6.5( 25 j(3)=8.52
d,+d, 25+13

4. Quarties, deciles and percentiles

1. Quartiles Data arranged in order of magnitude can be subdivided into four equal portions i.e. 25%
each. The first portion is the lower quartile occurring at 25%. The middie or Centre occurring at 50%
is called the median while the third quarter occurring at 75% is caled the upper quartile. We have
three quartiles. These are Q1,Q.and Qsare obtained after arranging the data in to an increasing order.

To calculate quartile for un grouped data we have to follow the following steps

Step1:arrange the data in increasing order of magnitude

Step2:if the number of observation is

i) 0dd, then Q 2" value

. GJ th GJ
i) even, then Q (=(— )" va ue+(; +1)/2 value

(=]

Examples:
1. Find Qq and Qs for the following data 15, 38, 9, 18, 25, 48, 32, 16 ,21 ,29, 11, 7, 13, 52, 61
Solution

Arranging in increasing order of magnitude, we get
7,9,11,13 ,15 16 ,18 21 ,25 ,29 ;32 ,38 ,48 52 ,61
Q= (1(15+1)/4)" =(4" ) value 50.Q; is 4™ value which is 13
Qo= (2(15+1)/4)™ =8" value so ,Quis the 8" value which is 38
Qs= (3(15+1)/4™ ) =12" value s0,Q3 is the 12" value which is 38
2. Find Q and Q; for the following data 25, 38, 42, 46 ,31 29 21 9 5
Solution:

Arranging in increasing order of magnitude we get
5 9 21,25 ,29 31 ,38 42 ,46

_ blEap 8 o
Qi=———=(25")
Q=2"item +%(3”’item-2”"item)=9+%(21—9)=15

AE3p

Q2=T =5th value=29

Stay Homel! Read More! Safe your life!
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;EE3p

Qs=——2—=(7.5" )item
It is half of the way between the 7" and 8" items

|E§t |E§t /3 e

Qs = = =40
A A
3. Find Q4,Q; and Q3 for thefollowingdata3 ,6 ,10 ,25 ,19 ,14 17 22 ,26
Solution:

3 6,190 14 17 19 22 25 26
Q1=8 ,Q:=17= median ,Q3=23.5
2. Deciles If data arranged in order of magnitude is sub-divided into 10 equal portions ( 10% each),
then each portion constitutes a decile. The deciles are denoted by D+, Dy, Ds,...... Do
Steps to calculate deciles for un grouped
1%) arrange the data in increasing order of magnitude
2" if the number of observation is
a) odd, then Di= —
‘J

— | PpH A3 13b PpHs £
b) even, then Di= -

Example: Find D3 and Dg for thefollowmg data, 15, 18, 38,46, 53, 12, 24, 36, 48, 25

Solution:
Arranging in increasing order of magnitude we get 12 ,15 ,18 ,24 |25 ,36 ,38 ,46 ,48 ,53

3n 3n 3x10 3x10
— |value+| —+1|value | —— |value+ +1 |value
D. = 10 10 _ 10 10

’ 2 2
3 3 value + 4" value

2
=21

b item

18+24
2

8n 8n 8x10 8x10
— |value+| — +1 |value —— \value + +1 |value
10 10 10 10

by = 2 - 2

3 8"value + 9" value

2
— 47

_ 46+48
2
3. Percentiles: If data divided arranged in order of magnitude is subdivided into 100 equal portions
(1%each), then the portion constitutes a percentile. Percentiles are denoted as P4, Py, Ps..., Py
Step1: arrange the data in increasing order of magnitude.
Step2: if the number of observation is:

i) Odd, then P=( pi “value
3p fa

ia s
ii) Even, then P=th E :"‘ value

Examples: See from students text book page 171

Stay Homel! Read More! Safe your life!
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M easures of Dispersion

The degree to which numerical data is spread about an average value is caled the variation or dispersion
of the data.

The common measures of variation that are going to see are range, variance and standard deviation.

Range
Range is the difference between the maximum and the minimum values in a data set.
Ran@ =X max_X min
Examples:
1. Find range of order
a3 .46 ,2,1 ,18 ,28
b)2 6 4,18 10 ,2
Solution:
a) R=28-2=26 and
b) R=18-2=16
2. 23, 26, 34, 47,63 therangeis 63-23=40 and in 121, 65, 78, 203, 298, 174 the range is 298 — 65= 233

Range for grouped data

Range for grouped data is defined as the difference between upper class boundary of the highest class
BU (H)and the lower class boundary of the lowest class BL (L).that is (R=Bu(H)-BL(L)

The range of adatais simply the difference between the highest and the lowest score in a data

Variance and standard deviation
The Variance:
The variance of a set of data is defined as the square of the standard deviation / squared deviation from

the mean i.e. variance = s> We sometimes use s to denote the standard deviation of a sample of a
population and o ( Greek letter sigma ) to denote the standard deviation of a population . Thus o” can
represent the variance of a population and s? the variance of sample of a population.

Standard deviation is the most common used measures of dispersion.

The value of standard tells us how closely the value of data set clustered around the mean.

A lower value of the standard deviation for a data set indicates that the values of the set are spread over a
relatively small range around the mean.

Large value of the standard deviation for a data set indicates that the values of the data set are spread over
arelatively large range around the mean.

Variance for ungrouped data
If x,,x,,x,,...,x, areobserved vaues, then the variance for thet sample datais given by

n

X —%) 4 (x,=%) +.t(x, —X) Z(xf_f)z
Variance(sz):(1 ) +(x, n) (x,-X) _45 -

The positive square root of variance is cdled standard deviation

Standard deviation (sd ) = v/variance =

Stay Homel! Read More! Safe your life!
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Steps to calculate variance for ungrouped data
@& cdculate the mean of the distribution
& Find the deviation of each value from the mean and square it
& Add the square deviations
& Divide the sum obtained in step 3 by n

Examples:
1. Find the variance and standard deviation of the population
a 1,234
b.
X 3 4 5 6 7
f 2 1 3 3 1
Solution:
a mean()_c) =% =3
4
X X-X (hw x*
1 1-3=-2 4
2 2-3=-1 1
3 3-3=0 0
6 6-3=3 9

> (x-%) =4+1+0+9=14
—\2
Variance (52)=Z(X—_x):1—4:3.5
n 4
Standard deviation (sd ) = v/variance = J35

_2x3+1x4+3x5+3x6+1x7 _6+4+15+18+7 _30

b. mean()_c )= =—=5
2+1+3+3+1 710 10
X F X=X (x—)?)z f()c—)_c)2
3 2 3-5=-2 4 8
4 1 4-5=-1 1 1
5 3 5-5=0 0 0
6 3 6-5=1 1 3
7 1 7-5=2 4 4

Zf(?f—)?)2 _8+1+0+3+4 16

Therefore, variance= = =—=16
D f 2+1+3+3+1 10
Standard deviation= /1.6
Stay Home! Read More! Safe your life!
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Probability
Probability is a measure of uncertainty involved in the happening of event so that definite value may be
assigned to it.
1. Sample Space and Events
a. A Probability experiment:. when you toss a coin or pick a card from a deck of playing cards or roll a
dice, the act constitutes a probability experiment. In a probability experiment, the chances are well
defined with equal chances of occurrence
Example: There are only two possible chances of occurrence in tossing a coin. You get either a head or
tail. The head and the tail have equal chances of occurrence.
b. An Outcome: This is defined as the result of a single tria of a probability experiment e.g. When
you toss a coin once, you get either head or tail.
C. A trial: This refers to an activity of carrying out an experiment like picking a card from a deck of
cards or rolling adie or dices.
d. Sample Space: Thisrefersto all possible outcomes of a probability experiment.
Example: |n tossing a coin, the outcomes are either Head (H) or tail (T) i.e. there are only two possible
outcomes in tossing a coin. The chances of obtaining ahead or atail are equal.
e. A Simple and Compound Events: In an experimental probability, an event with only one outcome is
caled asimple event. If an event has two or more outcomes, it is called a compound event.

2. Déefinition of Probability
Probability can be defined as the mathematics of chance.
Number of favorable outcomes Number of expected events

P(event) P(event) = : = :
Number of all possible outcomes Number of all possible outcomes

There are mainly four approaches to probability;
e Theclassical or priori approach
e Thereative frequency or empirical approach
e The axiomatic approach
e The personalistic approach
The Classical or A Priori Approach Probability is the ratio of the number of favorable cases as
compared to the total likely cases. Suppose an event can occur in N ways out of a total of M possible
ways. Then the probability of occurrence of the event is denoted by; P=Pr(N)= %

Probability refers to the ratio of possible outcomes to al possible outcomes. The probability of non-
occurrence of the same event is given by{1-P(occurrence)}. The probability of occurrence plus non-

occurrence is equal to one.

If P(O) is probability occurrence and P(O') probability of non-occurrence, then P(O)+P(0')=1.

Empirical Probability (Relative Frequency Probability)

Empirical probability arises when frequency distributions are used.

For example:

Observation ( X) 0 11 2 3 4
Frequency ( ) 3 7110 | 16 11

Stay Homel! Read More! Safe your life!
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The probability of observation (X) occurring 2 timesis given by the formulae
frequencyof (2) f(2) 10
sumof frequencies > f 11
Properties of Probability
v Probability of any event lies between 0 and 1 i.e. It follows that probability cannot be negative nor
greater than 1.
Probability of an impossible event ( an event that cannot occur ) is dways zero(0)
Probability of an event that will certainly occur is 1.
The total sum of probabilities of all the possible outcomesin a sample space is always equal to one(1).
If the probability of occurrenceis P(O) = A, then the probability of non-occurrenceis 1-A.

P(2)=

AN NI NERN

Counting Rules
i. Factorials Definition: Factorial 4! =4 x3x2x1and7! =7x6x5x4x3x2x1

ii.  Permutation Rules Definition: nPr=——

JiNCe
Examples:
o 5P3= 5' _ 5X4X3X2X1 _60
| (5-3)! 2x1
8!
4 8P5= - =6720
(8-5)!
iii. Combinations
o e
Definition:nCr = o
Examples
5! 5X4X3X2X1
a 5C2= _ _10
(5-2)12! 312!
G 1oce=_ 10! _10x9x8x7x6l _,,
(10-6)te! 416!
Rules of Probability
Addition Rules

Rule 1: When two events A and B are mutually exclusive, then P(A or B)=P(A)+P(B)

Example: When adiceis tossed, find the probability of gettinga 3 or 5.

Solution: P(3) =1/6 and P(5) =1/6. Therefore P( 3 or 5) = P(3) + P(5) = 1/6+1/6 =2/6=1/3.

Rule 2: If A and B are two events that are NOT mutually exclusive, then P (A or B) = P(A) + P(B) - P(A

and B), where A and B means the number of outcomesthat event A and B havein common.

Example: When a card is drawn from a pack of 52 cards, find the probability that the cardisa 10 or a

heart.

Solution:

P( 10) = 4/52 and P( heart)=13/52 P ( 10 that is Heart) = 1/52 P( A or B) = P(A) +P(B)-P( A and B)
=4/52 _13/52 —1/52 = 16/52.

Multiplication Rules

Rule 1: For two independent events A and B, then P( A and B) = P(A) x P(B).

Example: Determine the probability of obtaining a5 on adie and atail on acoin in one throw.

Solution: P(5) =1/6 and P(T) =1/2. P(5and T)=P( 5) x P(T) = 1/6 x V= 1/12.

Stay Homel! Read More! Safe your life!
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Rule 2: When to events are dependent, the probability of both events occurring is P(A and B)=P(A) x
P(BJA), where P(B|A) is the probability that event B occurs given that event A has already occurred.
Example: Find the probability of obtaining two Aces from a pack of 52 cards without replacement.
Solution: P( Ace) =2/52 and P( second Ace if NO replacement) = 3/51 Therefore P(Ace and Ace) =
P(Ace) x P( Second Ace) = 4/52 x 3/51 = 1/221
Conditional probability
Conditional probability of the event A given that the event B has occurred. We write thisas P(A | B).
Definition: If A and B are any 2 events with P(B) > 0, then P(A | B) = P(ANB)/P(B)

Note that now we can derive the multiplication law of probability:

P(ANB) = 22 =222

I ndependence
Two events A and B are said to be independent if P(A | B) = P(A), that is, knowledge of B does not

change the probability of A.
So if A and B are independent we have P(ANB) = P(A)P(B)

The conditional probability of two events A and B is P(A[B) ==2"——, where P(A and B) means the

probability of the outcomes that events A and B have in common.
Example: When adieis rolled once, find the probability of getting a4 given that an even number occurred
in an earlier throw.

Solution: P( 4 and an even number) = 1/6 | e. P(A and B) =1/6. P(even number) =3/6 =1/2.
P( AlB) = ﬁij_éo_ = % :E
0] bKA £

Examples:
1. A bag contains 3 orange, 3 yellow and 2 white marbles. Three marbles are selected without
replacement. Find the probability of selecting two yellow and awhite marble.
Solution: P(1%Y)=3/8, P(2Y)=2/7 and
P(W)=2/6 P(Y and Y and W)=P(Y) x P(Y) x P(W)
=3/8x2/7x2/6=1/28
2. Inaclass, there are 8 girls and 6 boys. If three students are selected at random for debating, find the
probability that all girls.
Solution: P( G) =8/14 and P(B) =6/14. P( 1st G)=8/14,
P(2" G)=7/13 and P(3rdG)= 6/12.
P( threegirls) 8/14 x 7/13 x 6/12= 2/13

3. In how many ways can 3 drama officias be selected from 8 members?

Solution: 8C3 = ——— =56 ways.
b £ o

4. A box has 12 bulbé, of which 3 are defective. If 4 bulbs are sold, find the probability that exactly one

will be defective.

Solution: P( defective bulb)= 3C1 and P( non-defective bulbs) = 9C3
| |

3C1x9C3=— . 9 252

EENCEEN
P( 4 bulbs from 12) = 12C4 = 495.
P( 1 defective bulb and 3 okay buibs) = 295/495=0.509.

Stay Homel! Read More! Safe your life!
16



Ever est Yout h Acadeny

Exercises

I. Choose the correct answer for each of the following questions
1. When adieisrolled, the probability of getting a number greater than 4 is:

AL B. c. 1 D. 1
6 3 2
2. A singlecard is drawn at random from a standard deck of cards. Find the probability that is a queen.
A. 1 B. 1 C. 4 D. 1
13 52 13 2

3. Out of 100 numbers, 20 were 4's, 40 were 5's, 30 were 6's and the remainder were 7’s. Find the
arithmetic mean of the numbers.

A. 0.22 B. 0.53 C. 220 D. 5.30
4. Calculate the mean of the following data.
Height (cm) Class mark (x)
60-62 61
63-65 64
66-68 67
69-71 70
72-74 73
A. 57.40 B. 62.00 C. 67.45 D. 72.25
5. Find the mode of the following data: 5, 3, 6, 5,4, 5,2, 8,6, 5,4, 8, 3,4,5,4, 8, 2,5, and 4.
A. 4 B. 5 C. 6 D. 8
6. Therange of the values a probability can assumeis:
A. From0QOto1 B. From-1to +1 C. From 1to 100 D. From0to 21
7. Find the median of the following data8, 7, 11, 5, 6, 4, 3, 12, 10, 8, 2, 5, 1, 6, 4 .
A. 12 B.5 C.8 D. 6
8. Find the range of the set of numbers7, 4, 10, 9, 15, 12, 7, 9.
A.9 B. 11 C.7 D. 8.88
9. When two coins are tossed, the sample spaceis
A. H, TandHT B. HH, HT, TH, TT C. HH,HT, TT D.HT
10. If aletter is selected at random from the word “Mississippi”, find the probability that it isan “i”
A. 81 B. 21 C.113 D. 114

11. In aClass where there are are 40 students if the average age of 25 boys is 20 and the average age of
15 girlsis 16 years, then what is the average age of the class?
A. 16.5 B.18.5 C.17.5 D.19.5

12. A school has three classrooms for grade 11, namely, 114, 11B and11C. The number of students in
these classrooms is 28, 20 and 22, respectively. All the students took examination and the average
score of the students of 114, 11B and11C is 60, 70 and 70, respectively. What is the average score
in this examination for all grade 11 students?

A. 66 B. 66.67 C. 65 D. 65.67
13. A three-digited library identification card is to be printed from the numbers O, ,1, 2, 3, 4, 5in such a

way that thefirst is non-zero and no number is to be repeated. How many such card can be printed?
A. 100 B. 120 C. 150 D. 180

Stay Homel! Read More! Safe your life!
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14. A student needs to be select 3 books from 3 different mathematics, 3 different physics and 1 history
book. What is the probability that one of them is mathematics and the other two is either physics or

history books?
3 9 15 18
A — B. — C. — D. —
35 35 35 35

15. Items produced by a certain company are subjected to two kinds of defects D, and D, . Out of the
total production, if 5% have defect D,, 10% have defect D, and 2% have both defects, then what is
the probability for an item to have defect D, , given that it has defect D,.

A. 02 B. 0.05 C. 01 D. 04
16. Among students who took a quiz, 15 students scored 6, 20 students scored 7, 10 students scored 8 and
5 students scored 10. What is the average score of the students?
A. 78 B.75 C.72 D. 7.0
17. A committee consisting of 3 students is to be selected from 10 candidates among which 4 are girls.
What is the probability that at least one girl is selected?
5 2 1 1
18. A pair of diceis rolled and the sum of the numbers on the up turned faces is recorded. What is the
probability of obtaining a sum 5?

A. 19 B. 1/3 C.5/6 D.1/5

19. An examination paper has 6 questions but only 4 are to be answered.in how many different ways can
the answers be arranged?
A. 420 B.360 C. 15 D. 25

20. Which of the following can be valid assignments of probabilities for out comes of sample space
S={ w1 ,wo,w3,wa4} if the out comes are independent.

Wi W, W3 W,y
a 0.1 0.001 0.05 0.03
b 0.1 04 0.3 0.2
c 0.4 0.3 0.5 0.1
d 0.3 04 -0.2 0.5
A. a B.c C.d D.b

21. A box contains 12 bulbs with 3 defective ones. If two bulbs are drawn from the box together, what is
the probability that both are non- defective?

A. 3/66 B.18/66 C.18/33 D.27/66
22. In how many ways can 7 dresses be displayed in a row on a shelf?
A. 5000 B.5020 C.5040 D.5060
23. In how many ways can 3 pens be selected from 12 pens?
A. 220 B. 330 C. 420 D.225
24. From apack of 52 cards, 3 cards are selected. What is the probability that they will al be diamonds?
A. 0.012 B. 0.013 C. 0.0013 D.0.0012
Stay Home! Read More! Safe your life!
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1. Work out
25. Find the mean of the following data

Weight (x) | 30.5-36.5 | 365425 | 425485 | 485545 | 545605
Frequency(f) | 4 10 14 27 45

26. Work out the modes or modal classes of the following data;
204, 20.8, 22.1, 23.4, 19.7, 31.2, 23.4, 20.8, 25.5, 23.4

27. Work out the modes or modal classes of the following data;

Weight (x) 30.5-36.5 | 36.5-425 |42.5485 |48.5-54.5 54.5-60.5

Frequency (f) | 4 10 14 27 45

Stay Home! Read More! Safe your life!
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UNIT 6
MATRICES AND DETERMINANTS
Unit Outcomes:
After completing this unit, you should be able to:
U know basic concepts about matrices.
U know specific ideas, methods and principles concerning matrices.
U perform operation on matrices.
U apply principles of matrices to solve problems.

MATRICES
Definition:
Let R be the set of real numbers and m and n be positive integers. A rectangular array of numbersin R
of theform,
g Ay a,
A= ) ay,
am1 am2 R amn

iscalled an m by n(mxn)matrix in R . We denote matrix by A, B, C etc.

1 5
isamatrix of order2x2.
30

-102 isamatrix of order 2x 3.
3 25

Read types of matrices and their examples on your textbook page 223

@ Typesof Matrices: Let A=[q, |

i

(1) Row matrix: A 1xn matrix [a,, a, a; ... a,] iscaledarow matrix (row vector).

(2) Column matrix: A mx1 matrix | a,, | iscalled acolumn matrix (column vector).

(3) Square matrix: A nxn matrix is called asquare matrix.

(4) Diagonal matrix: If in a square matrixA=[ag.,lxn where a; = 0wheneveri = j, then Alis cdled a
diagond mdtrix.

(5) Zero (null) matrix: A matrix with all elements are zero is called zero (null) matrix. It is denoted

by[0] orO,,0rO.

(6) Identity (unit) matrix: In a diagonal matrix all elements of principal diagona are 1 is
caled ldentity (unit) Matrix and isdenoted by | or | orl, .

Stay Homel! Read More! Safe your life!
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(7) Scalar Matrix: If k € R, thenkl called a scalar matrix.

(8) Transpose of a Matrix: If all the rows of matrix A= [al.j] are converted into corresponding

column, the matrix so obtained is cdled the transpose of A. It is denoted by ATor
A.A"=[a,]

mxn

Properties of Transpose
(i) (A=A
(i) (A+B) =AT+B'
(iii) (kA) =kAT, keR
(iv) (AB)' =BT A"
(9) Symmetric matrix: For a square matrix A, if AT =A, then A iscaled a symmetric matrix.
Herea; =a, forall iand;.
(10) Skew-symmetric matrix: For a square matrix A, ifA"=-A, then A is cdled a skew-
symmetric matrix. Here a;, =—a, foral iand;.

For square matrix A, A + AT issymmetricand A - AT is skew - symmetric matrix.
(11) Triangular matrices:

(i) Upper Triangular matrix: A square matrix whose element a, = 0for i > j is called an upper
triangular matrix.

b ¢
d e
0 f

(i) Upper Triangular matrix: A square matrix whose elementa, = 0for i< is caled alower
triangular matrix.

a 0
Example: { } ,
b c

Algebra of Matrices

a b ¢
Example: {0 } , 10
0

c

0
0

f

U &

0
c
e

@ Equality of matrices: A=|q, |

mxn

and B= [bzfl,xq aesadtobeequal i.e. A=B if
i. a,=b, Vi& j
ii. Order of A=orderof Bi.ee. m=p andn=gq

@ Sum and Difference : If A and B are of same order i.e. A=[aij]nxn,B=[bU]nxn ,C=[c!./]nxn, then
A+B=C=[q,+b,| =[¢;| adAB=C=|q,-b,| =[¢,]|

mxn ? mxn

Properties of addition
If matrices A, B, C and O are of same order, then
(i) A+B=B+A A+B=B+A (Commutative law)
(ii) A+(B+C)=(A+B)+C (Associative law)
Stay Homel! Read More! Safe your life!
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(iii) A+O=0+A (Existence of Identity)
(iv) (-A)+A=A+(-A)=0 (Existence of Inverse)
@ Matrix Multiplication: LetA=/a, | ,B=[b,] .ThenAB=C,
nxn Y nxp

n
where C, = a,b, =ayb,, +a,b,, +azby, +...+ a,b, = scaar product of i row of A and ;"
=1

Column of B.
Note:

U Product AB defined if and only if number of column of A = number of rows of B.
U If Ais mxn matrix and B is nx p matrix then AB is m x p matrix.

Properties of multiplication of matrices
Let the matrices A, B, C and O have order computable for the operations involved;

(i) A(B+C)=AB+AC (v) AB=BA, generdly
(1) (A+B)C=AC+BC (vi) AB=0 neednotimplyA=0 orB=0
(iii)) A(BC)=(AB)C (vii) AB = AC need notimply B =C

(iv) AO =0 =0A
@ The determinant of a square matrix:

If all entries of a square matrix are kept in their respective places and the determinant of
this array is taken, then the determinant so obtained is called the determinant of the given

square matrix. If A is a square matrix, then determinant of A is denoted by |A| or detA .

Evaluation of Deter minants (Expansion)

b
U Second order determinant N 4 =ad - bc
C
a, b, ¢ b b
C a C a
U Third order determinant |a, b, c,|=a,| > *|=b| > F|+¢| 2 2
by ¢ a; C3 a; b,

a; by o
= a,(bycs — by, )= by (a,c; — ase, ) + ¢, (azby — agh,)
= ab,cy — abyc, — aybics + azbc, + a,buc, — abc,

Note:
i) |AT[=[A]
(i) |AB|=|A||B| and |ABC|=|A||B||C|
(iii) |I[=1]

Stay Homel! Read More! Safe your life!
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Properties of determinants:
(1) If arow (column) isazero vector (i.e. all elements of arow or acolumn are zero), then D = 0.
(i1) If two rows (columns) areidentica, then D = 0.
(iii) If any two rows (columns) are interchanged, D is unchanged = ‘AT‘=|A| ]

ka, kb, kc, a, b

(1v) |a, b, c,|=kla, b, c,

az by g ay by ¢

atd; bite, ot fil lag b o |di e f

(v) a, b, ¢y |Flay by cyltla, b, ¢,

ds b, C3 a; by ¢y |az by ¢

(vi) If any rows (columns) is multiplied by s TR (k 2 0) and added to another rows (columns), then

D is unchanged.

a b, ¢ |a,tka, b+kb, c, +kc,
a, b, c,|=| a, b, c,
ag by ¢ s b, C3

(vi1) If al rows of adeterminant are converted into corresponding column, D is unchanged.
» Minor and cofactor

ay ap  agl
_son @ (
LetA=ga, Hyy =% G2 Ay
Bay ayp aufl
The minor of the element 4, (i, =1,2,3) inA=M =the determinant obtained from A on deleting
the row and the column in which a, occurs.

The cofactor of the elementa, (i, =1,2,3)inA=A,=(-1)"'M,.The value of any third order

determinant can be obtained by adding the products of the elements of any of its rows (columns) by
their corresponding co-factor.

If we multiply all the elements of any rows (columns) of any third order determinant by the
cofactors of the corresponding €l ements of another row (column) and add the products, then the
sum is zero.

» Adjoint of Matrix
€ay  a, agl
Adjoint Matrix of A=adjA = ga21 Ay a233 = Transpose of the matrix of cofactor gA  jj _ .
Bdy dx  agll

To obtain the adjoint of 2” 2 matrix, interchange the elements on the principal diagona and change
the sign of the elements on the secondary diagonal.

Stay Homel! Read More! Safe your life!
23



Ever est Yout h Acadeny |

» Inverse of a Matrix
A square matrix A is said to be singular if |A| = 0 and non-singular if|A| 2 0 |. If A is a square
matrix of order n, if there exists another square matrix of order n such that AB=I, = BA .
If inverse of matrix A exists, then it is unique.

Note:
1 |a]=|Al” 4. (A =(A") 4Tz
2. (AT)'1:(A-1)T 5. Inverse of asymmetric matrix is symmetric.

3. (AB)'=BA"

Systems of equations with two or three Variables
lax+by+cz=d,
L et three equations |La2x +b,y+c,z=d, begiven.

J.*a3x +bhyy+cyz =d,

Equations can be expressed as a matrix form AX = B where,

a, b ¢ éxu éd,

A=la, b, c,|,X= gyﬂ andB = gdzg . If|A|20(A isnon singular), A™" exists, then the solution is
ag by ¢ B4 64,4

X=A"B .

Cramer’sRule
The value of the variablesis:

x:&’ :&,Z:%,
D D D
éd, b <l éa, d; ¢l éa, b diu éa; b ¢
where D, =3d, b, cy,D,=3a, d, ¢4, D3=5a, b, dpy,D=%a, b, ¢
8d; by cff Bas d; Y Ba; by dif Ba; by o
Examples: Solve the following systems of equations using Cramer’srule
1 14x+6y=3
' ':‘8x—3y=1
Solution:
4 6 3 6 4 3
D= 3‘=—12—48=—60,DX=‘1 3‘=—9—6=—155ndDy=‘8 1‘=4—24=—20
SOX:D":l’y:_yzl
D 4 D 3
1 1
Therefore x=—,y=—
4 3
Stay Home! Read More! Safe your life!
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12x-y+z=1
2 bx+3y-2:=-2
J|‘3x+y+3224
Solution:
2 -1 1 1 -1 1 2 1 1 2 -1 1
D=1 3 -2=23,D =-2 3 -2=-1,D,=1 -2 -2=5and D=1 3 -2=30
3 1 3 4 1 3 3 4 3 3 1 4
Therefore the solution set is }—i, i, 30§
T 2323 23
Exercises
Choose the correct answer for each of the following questions
20 -1 00
1. If M:ES 7 3;,thenwhichoneofthefollowingisequal to the determinant of A7 ?
€2 9 4,
A -31 B. -8 C. -1 D. 14
2 -390 1 -1
2 1f A=¢ ? andB=§ 2 then which of the following is equal to 47 + 2B ?
§1 2y go -2y
4 -53 5 -3 4 -1 3 -4
A. E : B.E : c.aé : D.E :
1 -2y 1 2y -3 -2y 1 04
-3 2 33
3 IfFf g istheinverseof ¢ g,then thevaluesof x and y respectively are:
§-1 Y g §1 2
A. 13 B.22 C. 4,1 D.l, 3
2 2
i2x-y=4 . ,
4. What would be the value of k£ so that the system dr+hy =1 has a unique solution?
T4 =
A k10 B.k=4 C. k12 D. k=1
. gl -0
g-2 0 x9 G - r . o
5 Let 4= zand B=¢0 3+ suchthat 4+ 2B" = 0. Then which of the following is
g2y xty -4y :
81—x 25
thevalueof y ?
A. 0O B. -g C. -8 D. any rea number
82 0 2¢
6. Let 4 and B be 3" 3matricessuchthat 4=51 5 0. and |B|:%.Which one of thefollowing is
§o -1 0.5
equal to\zABT\?
A1 B. 4 C. 100 D. 400
Stay Home! Read More! Safe your life!
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1 x+y+2z=1
7. What is the solution set of the following system of equations.L x+2y+z=2 ?
{_Zx—Zy—4z=—2

A. {0, 1, 0)} C. {(-3k, k+1, k)| kT(-¥,¥)}
B. (-¥ ¥) D. {3k, k-1, k)|kT(-¥, ¥)}
ga 2 Pogxé &-50
8 If¢2 1 3iiy-=¢ 5: and the determinant of the coefficient matrix is - 5, then the value of x is
§-1 0 146z5 § 0p
equal to:
A. 3 B.a+p C. -5a D. 5
g1 1 0
9. Theinverse of the matrix 81 1 1iis
€0 2 15
g1 1 -19 g 1 1 29 -1 -1 20 g1 1 29
A. 281 -1 1 B._izg-1 12 C.%g-1 1 -2 D.%§-1 1 2.
§-2 2 05 §1 -1 0 1 -1 0 §1 -1 0
&1 0 26
10. Find theinversematrix A=$2 -1 3.
S4 1 8
10 16
g-1 0 -2§ g-11 2 26 #1 0 0 ¢ 2.
A -2 1 -3 B.S-4 0 1. c.50 1 0] D.g% -1 :—13:
§-4 -1 -8 §6 -1 =15 §o 0 1; ¢ 1 1
2 ' &

11. Suppose that A and B are 3" 3 matrices, | is the identity matrix of order 3 such that 4B = 2/. If
det B =|B| = 6 then what isdet (4" )?

AL B. 2 C. 12 D. 48
3 3
20 4 19
12. If 82 1 5: and B isa 3" 3 matrix such that det(2B) = 40, then det(4B) isequal to:
§0 3 2;
A. 200 B. - 200 C. 50 D. -50

Tax+y+z=1
13. Consider the system :'x +2y+4z = 0. If the determinant of the coefficient matrix is2, then what is the

15x-y+z=0
solution of the system of equations?
A B3g, 10 “Tlag g 23 19 ~11g c.&3 =19 1o p.£3 19 -9¢
@ 2 2 g e 2 294 e 2 ) g2 2 2¢
Stay Homel! Read More! Safe your life!
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80 1 20
14. If M= 83 -1 0:and A"M =27, where 4 isa 3" 3 matrix and / is the identity matrix of order 3,
§5 2 4
then what is det(4)?
A. 02 B. 4 C.08 D. 1
17 17

15. Suppose AX =bh, where 4 is a 3”3 matrix, b=(b,,b,,b,)’ and X =(x,y,z)". Which one of the
following is necessarily true about this system of linear equations?
A. The system has asolution only when det(4) 0.
B. The Cramer’sruleis suitable to solve the system if two rows of 4 areidentica.
C. If det(4)* 0and the second column of 4 isamultiple of b, thenx = 0.

D. If =0, then X =(0,0,0)" isthe only solution of the system.

20 x 09 gl 1 19
16.1f4=¢1 -1 1iand A" =¢3 0 0-,thenwhat arethevaluesof x and y?
g0y -15 §2 0 -1;
2 1 1 2
A. x=3 y=-2 B.x=2, y=o C.x=-3 y=2 D.x=2, y=2
X y X 3 y 3 X y X 3 y 3
2 75 1 1
17. 1f 4=§- $and B =f 2 then (4B)" isequd to:
t1 3 to 2;
4 -3 ~2 5 -3 11 4 0f
A § 2 B. § 2 c.§ 2 D.§ 2
t4 _s5; Eo 4 1 _3; S0 2

18. Forany n~ n square matrix 4, which one of the following is true?
A. det(4)=-det(4"), where 4 isthe transpose of 4.
B. If kisascaar, thendet(k4)= k" det(4)
C. If Bisamatrix obtained from 4 by interchanging of two rows of 4, thendet(B) = det(4)
D. If 4 isinvertible, thendet(4) = det(4™").

i-x+4y-z=1
19. The solution of :' 2x - y+z =0 using Cramer’sruleis:
{x+y+z=1
1 2 4
A. =-1y=22=5 C.x=-—,y==,z=—
X y z X 5 y 5 z 5
B. xZ%,yZ%,zZ% D.x=5y=12z=2
prq 3p 3r 24q
20. Suppose|t y z|=3. Which of thefollowingisequd tojr y 0.8z(?
abc a b 08¢
A. 24 B.9 C.1.92 D.72
Stay Homel! Read More! Safe your life!
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21. Given two matrices 4 = (a[) . andB = (b/ )m,n, then which one of the following is NOT true about

J Im”n

the given matrices?

A (47} =4 C.(rBY =BT ,if r isany scalar
B. (4B)" = 4"B", provided that 4B is defined D.(4+B) =4"+B"
22. Which of the following square matrices is skew-symmetric?
80 a b 21 2 49
A Sa 0 ¢! C.i1 0 72
S e 07 S 6 07
g2 0 -1 4% 210 11 21§
B. Y1 0 7] D.%21 10 11
§-4 -7 0; §11 21 10,
20 -3 -49
23. Let gk 0 8: be skew-symmetric matrix. Then what is the value of £ ?
€4 -8 0,
A. -3 B.g C.3 D. 4

24. Which of the following statementsis NOT true?
A. If Bisaninverseof an invertible matrix 4, then(BT)_1 =A4".

B. If A isany square matrix, thenitsinverse 4" isgivenby 4™ :iade.

4
C. Not every square matrix is non-singular.
D. If amatrix is non-singular, then itsinverse is necessarily being unique.

80 4 10
25. If 4= 82 1 5: and B isa 37 3 matrix such that det(2B)= 40, then det(4B) is equal to:
§0 3 2;
A. 50 B. -50 C. - 260 D. -200
%0 a o §69 éxg
26. LetA=c2 2 1:,b=¢0:,andX =cy-. If det(4) =3, then what is the solution set of the system
8 1 25 £0; &5
AX =b?
N o
A. {6,-2-8) | B.{(-3 1 4)} c. o 1, 50% D. ¢
F a bgi
64 4k Kk
27. LetmatrixA=Z0 k 4k;. If det(A?)=16, then find the value of K]
B0 0 4y
Al B. 4 c. D. 1
4 16
Stay Homel! Read More! Safe your life!
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83 2 1§
28. LetA:EZ 4 —5:,thenwhichofthefollowingisequal tod+4"?
€3 -5 6;
g4 6 4 24 8 -10
A i4 -10 8- C.¢6 4 2-
§-10 4 125 €6 -10 12
26 4 45 26 4 25
B. ¢4 8 -10: D.¢4 8 -10:
€4 -10 125 6 -10 125
29. If matrix B=g_ :ﬂ and|B°| = 343, then which of the followingis the value of a ?
€ u
A. t4 B. £2 C. 3 D. +1

30. If M isa 3" 3matrix, where MM =1 anddet(M ) =1, then finddet(M -1).

A. -1 B. -3 C. 4 D.0
éa b cl
31. If matrixA=gh ¢ ay,where a,b, cTR", abc =1 and [A[>0,ATA =1, then o*+5° +c’is equa
Bc a bf
to:
A. 4 B. -8 C. 12 D. 28
85 5 26 a7 1 -6p 280
32 Let A=$1 0 -6.,B={9 4 4.,C=(3 1 2) andD={1.. Then which is the following is
§3 3 8; §2 10 9; §55
the value of AD +(CB)' ?
A. (55 -22 67) C.(34 27 4)
B. (89 5 71) D.(89 5 67)
Stay Home! Read More! Safe your life!
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UNIT 7
THE SET OF COMPLEX NUMBERS

Unit Outcomes:
After completing this unit, you should be able to:
F know basic concepts about complex numbers.
F know general principles of performing operations on complex numbers.
F understand facts and procedures in simplifying complex numbers.
F show the geometric representation of complex numbers on the Argand plane.

THE CONCEPT OF COMPLEX NUMBERS
Complex number: A number of the form x+iywhere x,y TR and i = J-1iscaled a complex number.

A complex number can also be defined as an order pair z = (x, y)of real number. Soz =(x,y)=x+iy.
The set of complex numbers denoted by C is given by
C:{z|z:x+iy, where x and y are rea numbers and i:\/—_1}.

Example:i® = -1,i°=i*"i=-1"i=-i,i*=i*"i=-i"i=-i" = - (-1) =1

Note:
o, 11,if niseven
a 1 =i . .
1-1,if nisodd
ii,if niseven
b. i2n+1 = I, ' ) i
1-1,if nisodd

c. NIZIQIRIC.

d. z=x+iy where x iscalled read part of z=Re(z) andy iscalled imaginary part of z=Im(z).
Dz:x+iy:Re(z)+i|m(z).

e. Two complex numbersareequal, z, =z, i.e. x, +iy, = x, +iy, ifandonly ifx, = x,, y, = y,.

Operations on Complex Numbers
Given two complex numbers z, = x, +iy, and z, = x, +iy, wherex,, x,,v,,y, I R, then
1. Addition:
2tz = (0, i+ 0,) = 2, + 2
2. Subtraction:
1= 2y :(x1 —x2)+i(y1 ‘J’2)
2= 2= (X = x) +i(y, - )
Pz-z,1z,-z
3. Multiplication:

Z4Zy = (x1x2 - y1y2) +i(x1y2 + x2y1) = ZyZ4

Stay Home! Read More! Safe your life!
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4. Division:
I XXt ), +l'(x2y1 —x1y2) 24,210
Zy x22+y22 x22+y22 e T
Examples:
1. Perform the following operations and write the result in the form of a + bi.
a (2+3i)(4+5) o, P
1+i
b. -25++/-36 f 24”;
e )
. (4-20)-(2+3
¢ (4-2)-(2+3) o 22-3e 1%i 0
d. (2+-25)-(3-+/-256)+(1+-9) C§1-i gf2+3ip
Solutions:

a (2+3i)(4+5i)=(2)(4)+(2)(5i)+(3i)(4)+(3i)(5)

=8+ 22 +15i% but i* = -1

=8+22i-15
= _7+22i
b, \25+=36 = |[-1)(25) +[{-1)(3)
=v/-1v25+/-1/36
=i5+i6="11
c. (4-2i)-(2+3i)=(4-2)+(-2i-3i)
= 2+(-5i)
=2-5i
d. (2+-25)-(3-v-256)+(1+/-9) = (2+5i) - (3-16i) + (1+ &)

=2+5-3+16i+1+3i
=2+-3+1+5i+16i+ 3
=0+ 24i = 24i which is called purely imaginary.

. . . .27 .(2°5)+1 .
120+l11+12 _1210+l( ) +12

1+i 1+i
it -
ETYRTY
_ -i(1-10)

(F+i)(-1)

_—i+i?

T 142

1 i
=10 whyr
2 o "V

Stay Home! Read More! Safe your life!
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4+i _ (4+i)(2+3i)
2-3 (2-3)(2+3)
_ (4)(2)+(4)(3)+(1)(2)+(i)(3i)
(2 -(3)
_8+12i+2i+3/°

4+9?

=- S+14i How?
5

22-3i0g 1+i 6 _5-i
O ¢ i52+a; 5ei OV
_(5-1)(5-4)
" (5+)(5-1)
_ 25-10i +°
- 25—
_24-10i
-2
_12-5
- 13
2. Solvethefollowing equations
a. (x+yi)+2(3x—y)+4i=0
b. xX*+4x+5=0
c. (x+3)i+4(y+4i)+16=0
(1+i)x—2i+(2—3i)y+i:i
3+i 3-i

Solutions:
a. (x+yi)+2(3x—y)+4i=0

P x+yi+bx-2y+4i=0
D(?x—2y)+(y+4)i:0+0i
T7x-2y=0
H(y+4)i=0i
17x-2y=0

Ty+4=0

8
Py=-4x=-—
y X 7

Stay Home! Read More! Safe your life!
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b. x?+4x+5=0

Px= —
271
-4+.16-20
Px=—"F7 —-
2
P x:_4i—2\/I but«/zis not definedin theset of real numbers, x/I:Zi inthe set of C.
b= 2 ouy

Therefore the solution set={-2-i, - 2+1i}..
C. (x+3)i+4(y+4i)+16=0
P (x+19)i+(4y+16)=0+0i
" ‘:,4y+16:0
Fx+19=0
Px=-19,y=-4
(1+i)x—2i+(2—3i)y+i:i
3+i 3-i
I:)x+ix—2i_|_2y—3yi+i:l,
3+i 3-i
(3-i)(x+ix-2i)+(3+i)(2y - Byi +i)
(3+1)(3-1)
(3-i)(x+ix-2i)+(3+i)(2y - 3yi +i)
9-4°
ID(4x+9y—3)+i(2x—7y—3)=0+10i
_ 14x+9y-3=0
T 42x-7y-3=10
bx=3,y=-1
\(x,y)=(3,—1)

b

b

COMPLEX CONJUGATE AND MODULUS

Definition: The complex conjugate (or conjugate) of a complex number z = x +iy, denoted byz , is
givenbyz =x-iy.
Examples:
a If z=5+3i,thenz=5-3i
b. If z=1+~ thenz=1-1
2 2

c. Ifz=7,thenz=7
d. If z=-14i,then z =14i

Stay Home! Read More! Safe your life! k]
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Note: Properties of Complex Conjugates
1. If z=x+iy then;

a z=z=x+iy c.z-z=2(y)i=2ilm(z)
b. z+Z=2x=2Re(z) d. zz=x*+)"
2. If zy=x+iy and z, =a+ib then,
£z 0
a ztz,=7,+%, C.(ﬁ;ﬂ L if 2,10
eZ20 Zz

b. zz,=2Zz,

Definition: The absolute value (or modulus) of a complex number z = x + iy, denoted by|z|, is defined to

be|z| = x*+y?.

Examples:
1. simplify the following and writein theform of z = x+iy
& 2+i9 b. 4- 3l+1—2 c. (2-3i)(4+1)
§3+4ig 3+4i (3i+1)(2i+5)
Solutions:
g 2+i 0_ 2+i
§3+4iy 3+4i
_ 2-i _2+i
3-4i 5
b, 4231 %= —i+(1+2i)=1+i
3+4i
(2—31)(4+i) B ( 31)(4+1)
(3i+1)(2+5) (3i+1)(2i+5)
(2+3l)(4 )
(3l+1)(21+5)
:11-!?101:159 197i (Check!)
17i -1 290
2. Find the modulus of each of the following complex numbers
a 142 L
i° 12-5
Solutions:

a Themodulusof 1+2i, [1+2]| =y +22 =5

1 3-5 1 1i-75
b. <+ S=
i0 12-51 - 169

,1i-75_ -75-158;
169 169

Sothemodulusofl+ 3i_5, 1,38 5|_| 75-158i| _ e 750 L2 1580
P 12-5" |F 12-5| | 169 | \§ 1695 § 1695

=

Stay Home! Read More! Safe your life! k]
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Theorems: For any complex numbers z, andz, the following properties hold true

_ 2 _
a z7=| & |z2,| = |21

:m ifz,20

=P el
Re(z)| £|z] g. Triangular inequality |z, + z,| £|z,| +|z,|
‘Im(z1)‘£|z1| h. |Z1 —22|3|Z1|—|22|

Proof: Exercise
SIMPLIFICATION OF COMPLEX NUMBERS

Theorem: If w isanon-zero complex number, then the equation z* = w hasasolutionz TC

Proof: Read your textbook pages 280-281.
Examples: Solve the following equations

a zZ=1+i
b. 3z2-2z+1=0
Solutions:

a putz=x+iy
z? =(x+iy)2 =x? -2+ 2xpi =1+
1

Ux’-y?=1and2xy=1b y=—
2x

Sox? E% =1 4x* - 4x%-1=0 Lets = x2 then solve for x .

=+ 1+\/§ :i:i 1

Px=% Y _
2 2x V2142
£ / ; 0
\Z:+g 1+\/§
f\/1+
b. putz—x+ly

322 -2z +1=3(x+iy)’ - 2(x+iy)+1=0
P 3x*-3y?-2x+1=0 and -4xy=0P y =0

P 3x*-2x+1=0
A 1+i/2
3
= 1+i4/2
3
Stay Home! Read More! Safe your life!
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ARGAND DIAGRAM AND POLAR REPRESENTATION OF COMPLEX NUMBERS

Polar Representation of Complex Numbers
Let z=x+iy << (x,y)

»

| op(x, ) .
= /x2+V2:|Z| E x=rcoséd, y=rsing
Y Pz=x+iy
9 I_‘ R =rcosd+irsind -Polar representation of z
x >

=r(cosd +ising)

When a complex number is written in the formz = r(cos@ +isind), 6 iscaled an argument of z and is

denoted byargz. The particular argument of z lying in the range -7 <8< is cdled the principal
argument of z and is denoted by Argz .

Examples:
1. Express the following complex numbers in polar form
a. z=2+2i\/3 b. z=2i c. z=-2/6-i22
Solutions:
_ [.2 2 _ [n2 2 _ _J _ 4&8y0 _ 1 & \/_0_7[_
r=ax?+y? =2 +(2J§) =4and tanf = P 0= ten e tan™" B 2= = Arge
g

Thereforez = 2+ 2i/3 = 4§oos%+ isin%t-j

g

b. r= 02+(2)2:2and tan0:1|:>¢9:tan‘1aey0 tan‘1ae2°undef|ned ,this mean g="
x X g Og 2

\z:2i:2acos£+isin12

¢ 29

cC. r =\/(—2\/5)2+(—2\/§)2 =42 and 9=tan‘1ai9 5—”becaus;e z isinthe 3 quadrant .

§V3; 6

\z=-2/6-i22= 4\/§§cos%”-isin%”9
[7]

Read the note on your textbook page 288

Stay Homel! Read More! Safe your life! k]
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L7
& ; 0
2. Find the principal argument of the following complex numberz=§ 13:1 :
Ly
Solutions:
Ve () ars
r=|z|= A7 17:22’9:_?
™ (Vi)
So Argz = 2—17—7[0+2ﬂk kTZ
\z= 22acos&+ §n 770 =1
& 12 5
Exercises
Choose the correct answer for each of the following questions
1. 1f Z,=2-i andZ, =1+i, thenfmdz—z+1
+Z,+i
A. & B. 4 C. ﬁ D. 3
5 5 2 5
2. Giventhat z=-(17+6i) andW= 3+i What is the value of “ sothati-§+i’?
0u z 2w
A. u:% B.u=-9-7i C.u=9-7i D. u=9+7i
6 -3 1
3. Ifj4 3 -1=x+iy,thenwhich of thefollowingisthevaueof x and y respectively?
20 3 i
A. 3,1 B.1,3 C. 0,1 D.0,0
4. 1f z=cost 2%+ isinfZ Y, then what i the value of 222
e6g e6pg
A. £+1i B.1+ﬁi C.1+1i D.l—ﬁi
2 2 2 2 2 2 2 2
5 If Z= 1+7; , then the polar form of Z isequal to:
=1
& Y4 3 376
A. 2 cos—+ sin—-: C. 2 cos—+ sin—-:
8 4 g 8 4 g
.. 70 170
B. \/Eaecoszﬂsng D. \/_aecos—+ sin—-.
4 T 4y % 45

6. The complex numbers z, =2-2i,z,=a+bi where a T9%,bT% are given. If|z,z,| =16, then
which of the following is the modulus of z,?

A. 32 B. 442 C. 8J2 D. v2

Stay Home! Read More! Safe your life!
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7. Which of the following is the solution set of aquadratic function f(x) = ax® + bx + c that contains the
points (1, 9), (4, 6) and(6, 14)?
A. {3-2i5,3+2i\5} C. |3-iV5,3+iV5]
B. {1,-6, 14 D. {3-25, 3+25]

8. When z = \/Egcos%[+ zsm%zg is converted to Cartesian we get:
e 0

A. (2 2 B. (1, 1) C.(-1,1) D. (-1, -1)
9. Thevaluesof x and y that solvesthe equation (2x - yi)(3+i) = 20i are:

A. x=0,y=-20 C.x=1y=-6

B. x=3,y=7 D.x=-5y=3
10. Inthe set of complex numbers, the solution set of x* -2x+5=0 is:

A. ¢ C. {1+2i,1-2i}

B. {2+i,2-i} D. {2+4i, 2- 4i}

11. Let Z be complex number with modulus 2 and argument—%Z ,thenZ =

A. '1;@ B. ~1+iv3 C. ‘1‘2’J§ D. -1-i\/3

12. Which of the following is the modulus of 4;2’ +1-2i7
1

A. V2 B. 2 C.\3 D. 1

13, Ifz = 12+T31 then what i the modulus (or the absolute values) of = ?
1

A. 2 B. 1+i C.-1-i D. 2
14. When Z = -26 - 2J/2i expressed in the polar form, we get:

A Z= 2\/_aecos—+zsm3—”9 C.Zz= 4\/_goos—+zs,|n77[0

2 29 6 6 g
B. Z :\/ﬁgcoszﬂsinzg D.zZ-= 4\/§%cos£+isin£9
e 6 6o ¢ 3 3y
25u2
15. Evaluateez +8
l

A. 4 B. -5 C. -4 D.5
16. i+i*+i°+i*+..+i"° =

A. 0 B. 2 C.1 D. -1
17. If z=x+iyand|3z|=|z- 4], then findx* +y° + x.

A. 2 B. -1 C. -2 D.1
18. Let z complex number such that|z +3 £8. Then the value of |z -2 liesin

A. [-2,13] B.[2,13] C.[0,13] D. [-13, 2]

Stay Homel! Read More! Safe your life! k]
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19.1f z = cos@ +ising, then findarg (2% + z).

A 2 B. 0 c? D. %
2 2
.36
g1+cos—+ sm—0
20. The simplified form of ¢ 12 12 =
§1+cos——zsm—
12 129
A. -1 B.0 C. 1 D. 1
2
21.1f 2 2 ) (cosg+ising), then;
2+i
A r=10=tan"E20 C.r=1,0=tan 23"
39 4g
B. r=+5,0=tan"22! D. r=2,0=tan"230
§45 45
22. Let the complex number z = 3+ gl . Find the complex number wwhich satisfieszw =1.
=9l
A 6+17i B. -6-17i cC 6+17i D. -6-17i
25 25 5 5
23. Ifz:%,thenwhichofthefollowingisthepolarformofz?
=1
A. \/_aecos—+ sm5—7r0 C. \/_aecos—+ sm3—7[0
% 4 2005 45
7o ® T ... 7TH
B. \/_aecos—+ sin—-. D. 2 COS— +isin—.
26005 45 & 43
Stay Home! Read More! Safe your life! k]
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UNIT 8

VECTORS AND TRANSFORMATION OF THE PLANE
Unit Outcomes:
After completing this unit, you should be able to:
@ know basic concepts and procedures about vectors and operation on vectors.
@ know specific facts about vectors.
@ apply principles and theorems about vectors in solving problems involving vectors.
@ apply methods and procedures in transforming plane figures.

REVISION ON VECTORS AND SCALARS

Definitions:
1. A quantity which can be completely described by its magnitude expressed in some particular unit is
called a scalar quantity.
Examples of scaar quantities are mass, time, temperature, etc.
2. A quantity which can be completely described by stating both its magnitude expressed in some
particular unit and its direction is called a vector quantity.
Examples of vector quantities are velocity, acceleration, etc.

3. if v isa vector in the plane whose initial point is the origin and whose terminal point is (x,y),

then the coordinate form of Vv is given by v=(x,y) or“i’ where x and y are components ( or
Ye

coordinates ) of v.
4. Two vectors @ and b are equal, a=b and b if they have the same direction and equal magnitude
i.e. a=bimplies [ =‘B‘ and the direction of @ and b are the same.

|
o

5. The cosine angle between two vectors @ and b is given by cosé =

Qi

(o}

APPLICATION OF VECTOR
Examples

1. InDABC, if a,b and c are lengths of the sides opposite to A,BandC respectively, then show that
2 =a?+b*-2abcosC.
Solution: Consider the following figure
A As shown in the figure AC+CB = AB

ABAB = (K@+6§)(K§+6§)
b AB =AC +2AC:CB+CB’

—2 — == ATy
5 c =AC" +2/AC|{CB|cos( - C)+CB

’ \\4 =b2+2ba(—cosf))+a2

52 2 2,42 ~
PAB =c"=a"+b° -2abcosC

Stay Homel! Read More! Safe your life! k]
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2. Show that in aright-angled triangle the square of the hypotenuse is equal to the sum of the squares of

the other two sides.
Solution:
Let DABC be a given right-angled triangle with C=90° . Now consider vectors AC, CB and AB as
shown below.
B
A "C

SinceC=90°, AC-CB =0. By vector addition we haveAC+CB = AB.

Now (AB) = ABxAB = (AC+CEB «(AC+CB)
=AC?+2AC:CB+CB’
=AC2+CB’ since ACXCB =0

\(/Ké)2 =AC%*+CB’

Vectorsand Lines

Consider the following figure

'y '\'

P (x, ) Py (x1, 1)

P, (X0 Yo) P-P

g - ||

v

F B-P=(x-x, - ), ) isdirection vectorv .

F Theline ¢ through P, and B, isparallel to the vector & - P, = (x, - X, ¥, - ¥, )-

F The vector equation of the line determined by P, andv isgivenby P=P,+ v, ATR,#10.
Letv = (a, b) , P(x,y) andPO(xO, yo), then;

ix=xy+tAda . ;
a (x,9)=(xy, y)*A(a,b)or i ,ATR, (a,b)*0is cdled the parametric
TV=)t4b
equation of theline 7,
b 4= "% V"I 4t gysC=0, whered =+ B=—+ C=y -ty is cdled the
a b a b b a
standard equation of theline.
Stay Home! Read More! Safe your life! [T1
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Examples:
1. Find the vector equation of the line that passes through the point £, and parald to the vector v

where R, = (-2,1),v =(-1,1).
Solution:
The vector equation of thelineis P =(-2,1)+ A(-1,1)
=(-2-2,1+2)
The parametric equationsarex=-2- A and y =1+ 1.

x+2 _ y-1

The standard equation —TDx+y+1:0

2. What is the standard equation of the line passing through the point (2, 3) and parallel to theline given
ix=1+21

by { ,ATR?
Yly=-2-2
Solution:
. .1 Y o ax=1+24
The slope of therequired lineis "5 because it ispardlel totheliney oo 1 ATR
1y=-4-

Then the standard equation of thelineisx+2y-8=0.

Vectorsand Circles

Consider the following figure
A y

\ P] (X1, ¥1)

O
\f
@ PCxPP=0 because PC is perpendicular toPP.
@ The equation of the line is: (x-x,)(x = x,)+ (¥ =) (31 - ¥,) =" is equation of the tangent

line.
Example: A line given by vector equation r(¢) =(0,3)+7(1,1)is tangent to a circle at a point P(0,3). If

the radius of the circle is\/i , then find the center of the circle.

Solution:

Theline r(¢)=(0,3)+#(1,1) P y = x+ 3 istangent to the circle at (0, 3) .
Let C(h,k)bethe center of thecircle.

Stay Home! Read More! Safe your life!
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Then the slope of the line passing through C (%, k) and P(0,3)is-1

b 3. bn=3-k
h-0

The distance between C (4, k)and P(0,3)isv/2

B \J(h-0) + (k-3 =12
b h+k?>-6k=-7Thbut h=3-k
b k=2h=1 (Why?)

\.C(1,2) isthe center of thecircle.

TRANSFORMATION OF THE PLANE

In this section you are going to consider three types of transformations namely translation, reflection and
rotation.

1. Trandations:
U Translations are a slide or shift.
U Translations can be achieved by performing two composite reflections over parallel lines.
U Translations are isometric, and preserve orientation.
U T(x,y)®(xxh,y+k) where h and karethe horizontal and vertical shifts.

Note: If movement is left, then /4 is negative. If movement is down, then & is negative.

2. Reflections:
@ Reflections are aflip.
@ Theflip is performed over the “line of reflection.” Lines of symmetry are examples of lines of
reflection.
@ Reflections are isometric, but do not preserve orientation.
ThelineL issaid to be the line of reflection or the axis of reflection.
L

N I L |

% PP perpendicular tol .

4 L isperpendicular bisector of PP.
+ If PisonL,itsimage Pin LisP.

Stay Home! Read More! Safe your life! [T1
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Coordinate plane rules:

- Over thex - axis :M(x,y) ®(x,-y)

- Over the y - axis y-axis: M (x,») ®(-x,)
- Overtheliney = x:M(x,») ®(y,x)

I~ Through the origin: M (x,») ® (-x,- y)

In general to find the image of the point after reflection in the line y = mx+5 follow the following

figure.

Py

Ly=mx+b

3. Rotations:
% Rotations areaturn.

% Rotations can be achieved by performing two composite reflections over intersecting lines. The
resulting rotation will be double the amount of the angle formed by the intersecting lines.

» Rotations are isometric, and do not preserve orientation unless the rotation is 360° or exhibit

rotational symmetry back onto itself.

% Rotations of 180° are equivalent to a reflection through the origin.

Coordinate plane rules:

Counter-clockwise | Clockwise Rule:

90° 270° Re(x,7)®(-y,x)

180° 180° Re(x,7)®(-x,-y)
270° 90° Re(x,7)®(y,-x)
Stay Home! Read More! Safe your life!
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Theorem: Let R be a rotation through angled about the origin. IfR,(x,y)=(x",»'), then

x'=xcosf - ysing and y'=xsing + ycosé

AY

WV o=

0

But if the center of rotationisat (x,,y, ), then;
x'=xy+(x-x,)0080 - (y - y,)sing and y'= y, +(x - x,)sin@+(y - y,)cosé

Examples:
1. If thetranslation T takes the origin the point(1,3), then find;

a. theimageof the A(3,1),B(6,-3) and C(4,1)

Solution:

T(0,0)=(x+1,y+3)

T(A)=T(3,1)=(3+1,1+3)=(4,4),

T(B)=T(6,-3)=(6+1,-3+3)=(7,0) and
T(C)=T(4,1)=(4+1,1+3)=(5,4)

b. the equation of the image of the circle whose equation is (x + 2)2

x+

+(y-7Y=7.
Solution:
Note that the image of a circle is always a circle with the same radius and different center.
Now find the image of the center of the circle.
T(-2,7)=(-2+1,7+3)=(-1, 10) which is the center of theimage of thecircle (x+ 2)2 +(y- 7)2 =7.
\(x+1)" +(y-10)" =7 istheimageof (x+2)"+(y-7)" =7.
2. Find images of the following lines and circles after reflectionintheline L: y = 2x -3
a (:y=2x+1
b. (:y=3x+2
c. (x-2)°+(y-3)°=25

Stay Home! Read More! Safe your life!
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Solutions:

a. Let ¢' betheimageof /. Since /isparalle tolineof reflection L, ¢'isalso paralel to 7.
= Thedopeof /'is 2.

Now select any pointon ¢, let P(0,1). Lettheimageof P(0,1)be O(a,b)whichis ¢'.
The slope of the line passing through P(0,1) to O(a,b) is -%

b =——Pa=2-2b .o *)
a-0 2

The midpoint of P(0,1) and Q(a,b)ison L

Eago,bﬂglsonL y=2x-3
0

pb”_z””o? 3=4-3
§ 2 3

Da—b—27andusmg(*) we get b——g at—E

5
216 3%
= Theimageof P(0,1)is P 655
\/l"y=2x-7
b. /¢:y=3x+2isnot pardlel to theline of reflection L:y=2x-3.
Find the intersection point of /:y=3x+2andL:y=2x-3.
Py=3x+2=2x-3
b x=-5,y=-13thispointisalsoon /'.
Next select any point on ¢, let P(0,2). Let theimageof P(0,2)be QO(a,b)whichis ¢'.

The slope of the line passing through P(0,2) to O(a,b) is —%

b2 lpy=4-2 ()
a 2

b

The midpoint of P(0,2) and O(a,b)ison L

M+0,b 29ISOI’1L y=2x-3
8 2 )

Db+2 2aea+00
§ 2

-3=4-3

Da:bTSand using (*),weget b=0,a=4
= Theimageof P(0,2)is P'(4,0)
Now find the equation of the line passing through P(-5,-13) and Q(4,0)which is the image is of

l:y=3x+2
\E':yZEx—2
9 9

Stay Home! Read More! Safe your life! k]
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c. Find theimage of the center C(2,3). Let theimage of C(2,3)be O(a,b)

The slope of the line passing through C(2,3) to Q(a,b) is —%

b-3 1

= =P a=8-2h oo, (*)
a-2 2
The midpoint of C(0,2) and Q(a,b)ison L
pa+2 b+ 30
,—— =isonL:y=2x-3
8 2 g
pb+3_2“+29 3=a-1
§ 2 g
b+5 . 11 18
Pa=——andusing (*), weget b=— ,a=—
a=" g("). weget b= a=—
= Theimageof C(2,3)i sQ?I8 110
218 110
Now find the equation of the circle whose center is at Q8
55
2 186" & 116_ o 2 2 _
Pix-—: +cy-—: =25whichisthemageof (x-2) +(y-3) =25
§ 55 & 55

3. Find the image of the circle (x+ 1)2 +(y- 2)2 =9 after it has been rotated about the origin through
angleg ="
9 4

Solution:
The center of thecircdleisat C(-1,2)

R, (-1,2)=%-1cosZ - 2sin - 1sinZ + 2c0s~
& 4 4’ 4 4

-MN

K ?n/_ V20
& 2725
.2 .2
& 0 @ 0
Therefore the image of (x+1) +(y- 2) =9is x+—2¢ + y—ﬂi =9.
Eo2 b 2,
Stay Home! Read More! Safe your life! k]
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4. Let ¢ be the line whose equation is2x-y-10=0. Find the equation of the image of / after a
reflectionin theline L: y = 2x - 5followed by arotation through the angle of 90° about the origin.

Solution:
Consider the following graph
X 0':y=2x+b
L:y=2x-5
//vvz :y=2x-10
»X

—

When wereflect 7: y = 2x -10about thelineL : y = 2x - 5, the equation of /': y = 2x. (How?)
Now to rotate the line¢': y = 2x, select any two point onit. Let P(0,0)and O(1, 2)
P R (0,0)=(0, 0) and R (1,2)=(-2,1)
Then find the equation of the line passing through (0, 0) and (-2,1)
P2y+x=0
Therefore the image of the line 2x - y -10= 0 after a reflection in the lineL : y = 2x - 5followed by a
rotation through the angle of 90° about the origin2y +x =0

Exercises
Choose the correct answer for each of the following questions
1. The image of afigure with vertices (1, 2), B(3, 6),C(-1, 2),and D(- 2, - 2) after reflection across
the x - axisis:
A. 4(1, -2),B'(-3, -6),C'(1, -2),and D'(2, 2)
B. 4'(-1, 2), B'(-3, 6),C'(1, -2),and D'(2, -2
C. 4'(1,-2), B'(3 -6),C'(-1, -2),and D'(-2, 2)
D. 4'(1,-2), B'(3, 6),C'(-1, 2),and D'(- 2, -2)
2. Consider the circle given by x*+ y? =2 and the line / given by parametric vector equation
(x, ¥)=(2, 0)+#(-1,1). Which of thefollowing is true?

2 0
A. [ istangent to thecircle at g% ﬂ-

2
B. [ intersects with the circle at two distinct points.
C. [ and thecircle have no common point.

D. Thedistance from the center of thecircleto / in/E.

Stay Home! Read More! Safe your life! k]
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3. Let / be the line whose equation is2x - y =10. Which one of the following is the equation of the

image of | after a reflection in the line y = 2x - 5followed by a rotation through the angle of 90°
about the origin?

A x+2y=0 C.x+2y=5
B. 2x+y=0 D.x-2y=5
4. Which one of the following is a vector equation of the line tangent to the circle x® + y?+2x-7=0
at (1,2)?
A. (x, y)=(0, 3)+A(-1,2) C. (x,¥)=(0, 3)+ (1, -1)
B. (x,y)=(1, 2)+A(2,-1) D. (x, y)=(1, 2)+ A(-1, 2)

5. If a straight line passes through the point (1, 0)and the center of the circle whose equation is
(x - 2)? +(y +1)* = 4, which of the following is the parametric vector equation of the line?

A. (x, y)=01, 0)+1(2, -1) C. (x, y)=(2 -1)+(1,0)
B. (x,y)=(1 0)+1(-21) D. (x, y)=(1, 0)+#(-1,1)
6. Theimageof the point (-1, 3) when reflected dong theline y = xis
A. (3 -1) B. (1, 3) C. (-3 1) D. (-1, -3)
7. What is the equation of aline that passes through the point (-1, 2) and parallé to the vector (1, - 1)?
A 2x-y=1 B.x+y-1=0 C.x-2y=3 D.y-2x+1=0

8. If the translation T takes the circdle x? + y? -2x+6y+3=0into the circle whose equation is
(x+2)° +(y-7)* =7, then what is the image of the origin under 77
A. (-37) B.(1,2) C.(1,-3) D. (-3,10)
9. What isthe image of the line given by (x, y)= (-1, 0)+ (3, 6), t T % , under the tranglation that takes
(1, 0) to (0, 1) followed by the reflection about the line y = 2x ?

A y=2x+3 B.y=2x-3 C.y=2x+6 D. y=2x-5
10. If T isatrandation that takes (1, 2) to(3, - 2), then which of the following is NOT true?
A. T(x,y)=(2+x,y-4) C. (Tol')x, y)=(4+2x, 2y -8)
B. (T'10TXx, y)= (x, y) D. T'1(x, y)= (x—2,y+4)
11. Inareflection, theimage of theline y - 2x = 3 istheline 2y - x = 92. Find the axis of reflection.
A. y=2x+3 C.y:%x—3
B. y=x+4 D.y=2x-9

12. The image of the circle x*+y*-x+2y=0 when it is reflected about the line L is
x%+y?-2x+y=0.Theequation of L isequal to:

A y=x C.y=-x
1
B. =2 D. = —
y=24x y 2x
Stay Homel! Read More! Safe your life! k]
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13. Find the image of theline y = 3x + 2 after reflection about the line y = 2x - 3.

A y=2(x-9) C. y=-g(ox+105)
B. yzg(x+4) D.y:—g(x—4)
14. If T isatrandation that takes (1, 2) to(3, 4), then which of the following is NOT true?
A. 1(56)=(7,8) C. 77'(0,0)=(-2, -2)
B. 7(0,0)=(2, 2) D. 7(-3,2)=(-2 4)

15. What is the image of the dlipse (x -1)* +4y? =1under the translation that takes (1, 1) to (0, 2)
followed by the reflection through the x - axis?
A x?+4(y-1)7 =1 C. x*+4(y+1)* =1
B. 4x?+(y-17 =1 D. 4x%+(y+1)* =1
16. Which of the following pointsis the reflection of (1,-1) ontheline y = x +2?
A. (-1,1) B. (-3,3) C.(-7,-1) D. (1,7)

Stay Home! Read More! Safe your life! k]
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UNIT 9
FURTHER ON TRIGONOMETRIC FUNCTIONS
Unit Outcomes:
After completing this unit, you should be able to:
% know basic concepts about reciprocal functions.
% sketch graphs of some trigonometric functions.
“ apply trigonometric functions to solve related problems.

The functions y = secx, y = cosecx and y = cot x
1. Thegraphof y=sinx

U Domain: xTR

U Range -1£sinx£1

U Period: 27

YA

'
rA-

2. Thegraph of y =cosx
0 Domain: xTR
U Range -1£cosx£1

U Period: 27
YA
1 y=cosx
3n T /T 0 = T 21 X%
2 2 2

3. Thegraphof y=tanx

U Domain: xTR,x 1£+k7r:1x|x 1...,—3—7[,—1,2,3—”,...u,k 17
2 i 2722727
U Range R or (-¥, ¥)
U Period: 7
Ya
y=tanx
-2n 3;//%/% %
Stay Home! Read More! Safe your life!
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4. Thegraph of y =cotx
U Domain: xTR,x *kr,k17Z
U Range: R or (-¥, ¥)

U Period: 7
YA

G

5. Thegraphof y =secx

y =cot x

(2k+1)7z —

U Domain: xTR,x1 kT1Z

U Renge (-¥,-1E[1,¥)
U Period: 27

YA
y =secx

/U\

1

lakial

6. Thegraphof y =cscx
U Domain: xTR,x > kr,kTZ
U Renge (-¥,-1E[1,¥)

U Period: 27
¥ =cosec x
3 - 2n %
2 2 2 2
\ ﬂ /\
Stay Home! Read More!
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Inverse of trigonometric functions
Each trigonometric function has a restricted domain for which an inverse function is defined. The

restricted domains are determined so the trig functions are one-to-one.

Trig Restricted Inverse trig | Principle value
function domain function range
. V4 /4 g V4 /4
y=Ssmx —-——tXE— y=arcsinx ——S P —
2 2 2 2
y=008X 0<x<rm Yy =arccos x 0<y<nr
n /4 /4 n
y=tanx ——C - y=arctanx —— P -
2 2 2 2
N
. y A
Graphs: YA !
y=sinx: y=arcsinx=sin"' x:
+ -1
\/ 3
2
) Yy A
¥ =COSX: Y =arccos X =cos ' X:
P .
< . X
| \‘
v ,
P — > X
v |
y
| A ‘
I ] y
: ' ou i\
y=tanx: : ' y=arctanx=tan" x: | £
i ' E
: ' v
N :
Stay Home! Read More! Safe your life! ]
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Definition: The inverse cotangent function, denoted by cot ™' x(or arccot x), is defined to be the inverse
of the restricted cotangent function

(olr O<xz<nw

WA -
Y Iy -

y = cotx wil<y<w yEoR A

Definition: The inverse secant function, denoted by sec™ x( or arcse(:x) , is defined to be the inverse of
the restricted secant function

secr, €[0,7/2)U[r,37/2) [orz € [0,7/2)U (x/2 7] in some other texthooks|

v Vi Vi

\j U j! ;‘
\ |
e — } } + -
0 ] 1 1 0 | = 2n A e |
=+ -1+ | 2 K—-
|
| + + -
|
y=SeCx \ secx, U=sx<s. 7= - "o |

Definition: The inverse cosecant function, denoted by csc™" x( orarccscx ), is defined to be the inverse of
the restricted cosecant function
cscx, € (0,7/2)U(m,3n/2] [ur T € [~7/2,0) U (0,7/2] in some other vatlxmks]

y y Y

| U |"\ _/—T.".— -
+ + + — + + + b
i g i - ’ ’ i v i \
m m [ Wi :
Stay Home! Read More! Safe your life! M
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TRIGONOMETRIC IDENTITIES
Theorems:
1. sin0+cos’6 =1
i. 1+tan’0 =sec?0
ii. 1+ocot?0=csc?6
2. Sum and difference identities
a. sin(x#*y)=sinxcosy*sinycosx
b. cos(x*y)=cosxcosyFsinxsiny
C. ta‘l(xiy)Zm,x,yl(Zn+1)£;nTZ
T¥tanxtany 2
3. Double angle formula
a. sin20=2sinfcosé
b. c0s20 = cos’ 6 -sin’f
=2c0s* 0 -1
=1-2sin*#
C. tan(2¢9):2t;anf
1-tan“ 6
4. Half angles

1-cosd _ sin@
singd 1+ cosd

GRAPHS OF SOME TRIGONOMETRIC FUNCTIONS
Examples:
1. Describe the relationship between the graph of y = -4sinx and the graph of y =sin x and sketch the
graph.
Solution:
The function g(x)=4/(x)isthefunction f (x) stretched by thefactor 4in vertical direction.

The function -g(x)isthefunction g(x)reflected in the x - axis .

Apply these rules to the sine function.
The function y = -4sinxis the function y =sinx stretched by the factor 4in vertical direction

and reflected in the x - axis .
The amplitude of y = -4sinx is 4

Stay Home! Read More! Safe your life!
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2. Sketch the graph of y:38in2§x+%9

g
Solution: How to proceed

F The phase shift is—% . Locate a point on thex - axis that is % to the left of the origin. This

point, g —% , 09 , isthe starting point of one cycle of the sine curve:
g

F The period is%[ = . Locate a point 7 unit to the right of the point in step above. This point,

E%Z : 09 , isthe upper endpoint of one cycle of the curve:
g

Divide the interva for one cycle into four parts of equal length along the x - axis :

The amplitude of the curveis 3:
The y - coordinates of the sine curve increases from O to the maximum in the first quarter of the
cycle, decreases from the maximum to Oin the second quarter, decreases from O to minimum in
the third quarter, and increases from minimum to O in the fourth quarter. Then Sketch the curve.

T

'S
=

W N

SUMMARY
For the graphs y = aSinb(x+c) and y= aoosb(x +c)
1. The amplitudeis|d] .
The maximum value of the function is |a| and the minimum vaueis-|a|.

2z

2. Theperiod of the functionis ,

There are |b| cyclesina 2r interval.
3. Thephase shiftis -c.
The graph of y =sin(x+c)ory =cos(x+c)is the graph of y =sinxor y=cosx shifted ¢
units in the horizontal direction.
o If ¢ ispositive, the graph is shifted |c| units to the Ieft.
o If ¢ isnegative, the graph is shifted |c| units to the right.
4. The graph of y=-asinb(x+c)ory=-acosb(x+c)is a reflection in the x-axisof
y=aSinb(x+c)ory=aCOSb(x+c).
5. The domain of thefunction is the set of red numbers.
6. Therangeof thefunctionistheinterval [-a, a].

Stay Home! Read More! Safe your life! [T1
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Applications Trigonometric Functions

Examples:
1. Solve the right triangles shown below for y rounding al measurements to one decimal place (if
necessary).
ey
i
e
Solution:

In order to find the value of y, we must first solve for a andx. We could then find y by subtracting
x froma.

Find a

Side a is the full length of the side between B and C. Since the angle A and its adjacent side are
known, we can use the tangent function to finda.

tanA=2 b tan61.2° = 2>
b 150

ba= 150(tan 61 .2°) » 272.8m

Find x
Side x is also opposite of the angle A so we will once again use the tangent function to find the
length of x . However, this time we will use the smaller angle of 22.8° for A.
tanA=> P tan22.8° = -
b 150
P x =150(tan22.8°) » 63.1m
Find y
x+y=ab 63.1+y » 272.8
P y»209.7m
A child who is 4 feet tall is standing 200 feet away from the center of the base of the tower of
Finfinnee. If the child must look up at an angle of 75° to see the top of the tower, how tall is the tower
of Finfinnee?
Solution: Draw diagram of the situation

'/‘ a
4‘/'{
S T
200 &
Stay Home! Read More! Safe your life! [T1
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Find a
For the triangle involvinga, we know both the measurements of angle A and the length of the side
adjacent to it. Therefore, we can use the tangent function to determinea.

a

tanA=2 b tan75° = -
b 200

ba= 200(tan 75°) » TA6ft

Find h
The height of the Tower of Finfinneeis equal to the value of a plus the height of the child.
P h=4+a » 750ft

3. On many cell phones with GPS, an approximate location can be given before the GPS signa is
received. This is done by a process called triangulation, which works by using the distance from two
known points. Suppose there are two cell phone towers within range of you, located 6000 feet apart
along a straight highway that runs east to west, and you know you are north of the highway. Based on
the signal delay, it can be determined you are 5050 feet from the first tower, and 2420 feet from the
second. Determine your position relative to the tower to the west and determine how far you are from
the highway.
Solution:
For simplicity, we start by drawing a picture and labeling our given information. Using the Law of
Cosines, we can solve for the angled.

%@

5050 ft 2420 fi
{tegn) {tegn)

6000 fi

2420 = 6000 + 50507 - 2(5050)(6000) cos®

b 6 =23.328°
Using this angle, we could then use right triangles to find the position of the cell phone relative to the
western tower.

{tegn)
23.3°
5

X

oos(23.328°) = 5050 b x » 4637 .2ft

sin(23.328° ) = ﬁ b y »1999.8ft

You are 5050ft from the tower and 23.328° North of East. Specificaly, you are 4637.2ft East and
1999.8ft North of the western tower.

Stay Home! Read More! Safe your life! [T1
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Note that if you didn’t know if you were north of both towers, our calculations would have given two
possible locations, one north of the highway and one south. To resolve this ambiguity in rea world
situations, locating a position using triangulation requires asignal from a third tower.

4. Find all possible values of & sothatoos(é?:%.

Solution: 0 = i 27n,0 = 5—” + 27n ,where n isan integer.
M ethod 1-Graphically: There are an infinite number of solutions which are represented by the 8 value

of intersection points of the cosine curve and the constant function y = % .

y=CosXx

ForOE£ 6 £ 27, there are two solutions: :% and «9:%[. Generdlizing, :%+27m,<9:%[+27m,

where n isaninteger. Thus all solutions differ from the original two solutions by multiples of the period
of the cosine function.

1

M ethod 2—Unit Circle Approach: cosf = % occurs when x = 2 for point(s) on the unit circle.

v
R I (]
F (-:-.T}

(VN
\

3 0
The two points are. gl,igiThe corresponding angles areG:%and 49:5?”. Generalizing,
g

0:%+27m,<9:5?”+27m,where n isaninteger.

Method 3—-Triangle Approach: cosé = % isaspecial case that involves30°,60°,90° triangles.

Stay Home! Read More! Safe your life!
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SmceoosH—Zﬁ :% this implies & must be60°. Generalizing cosé is aso positive in Quadrant 1V
Vp

with a reference angle of 60° . Generalizing, 6 :%+27rn,¢9 :%Z+ 27n , where n isan integer.
5. Solveforx: sinx-sinx-2=0,0£x£2r.
Solution: Factor the quadratic expression on the left and set each factor to zero.
sinx-sinx-2=0
D(Sinx—1)(sinx+2):0
Psinx-1=0o0rsinx+2=0
P sinx=10or sinx=-2

b x =% but sinx = -2has no solution

\)c:z
2

Exercises
Choose the correct answer for each of the following questions

1. 1f 6= arcsin%%g , then tan(26) is equal to:
€2

A L B. 1 C. 3 p. /3
N 2
2. Ifcot(@) = 2, then which one of the following is equal to csc(d) ?
2 1 1
A. 5 B. = C. — D. —
5 5 2

3. The angle of elevation of a parachute measured from a point at a height of 60mfrom the surface of
the lake is 30° and the angle of depression of reflection of parachute seen in the lake from the same

point is60° . Then find the height of the parachute from the surface of the lake.

A. 150m B. 90m C. 60m D. 120m
4. 3tan930° +sin1200° - cos1410° equals:
A. 3 B. 2V/3 C. -3 D. 0
g /20
5. What isthe value of arcsin § £:
2 4
A Z B.Z c.-Z D. -~
4 2 4 2
6. Which one of the following is the simplified form of (1+tan2x)sin§x—g7z9?
g
A. secx B. cosx C. -secx D. - cosx

Stay Home! Read More! Safe your life! k]
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7. What is the amplitude and period respectively, of the graph of y = 3003821—5 ?
g
A. 2,% B. -3 8r C.3,8 D. 3, 8z
8. Which one of the following is a simplified form of CSC%Z—xQCOSx—Sinzx?
g
A. 2cosx B. 2sinx C. cos? x D. sin2x
9. codtan™(0.5)) isequa to:
1 1 2 2
A — B. — C. — D. —
5 3 5 3
10. What is the period of the function f'(x) = cos(3x) ?
A. 67 B. 2~ C. 2z D. Z
3 3
11. What is sin(tan'1x)?
x 1 > x
A —— B. C.V1+x D.
V1+x? V1+x? 1-x?
12. Thesimplified formof 2% ig
1+cot” x
A. sin2x B. csc2x C. 1Sin2x D. %CSCZ)C
13. Which of thefollowing is the domain of secx?
A. {xT‘.F x1 nﬂ,nTZ} C. {xTEF x 1 2nr, nTZ}
B. ixT“.F iX 1271’,11"\2[’] D. ixTiF X (2n+1) U
] 2 EJ/ ] EJ/
14. Which one of the following is equal to sin%cos% ?
A. %sinx B.%sian C.sin2xcosx - cos2xsinx D.%OOSX
15. What is sec(cos™ x)?
_ 2
A ——= g Y1=x C. 1+ 2 D. ——=
V1+x? X 1-x?

16. What is the possible value of x that solves the equation 2sin® x -sinx-1=07?

A. J{£+2n7r,m+2n7r,5—”+2n7z;nTZU C. i£+2 nr, N +2n7f,7—ﬂ+2nﬂ;nTZU
b2 6 6 b b2 6 6 b
B. J{£+2n7r,m+2nﬂ';n’|\zu D. i_£+2n;z-,7—ﬂ+2n7z';nTZU
12 6 % 1 6 6 g
Stay Home! Read More! Safe your life!
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17. A flying airplaneis sighted in aline from two observation stations A andB . The angle of elevation
of the airplane from A is 30°and from B is60°. A and B are on the same side of the airplane. If the

distance between A and B is1200m, find the altitude of the airplane.
A. 1200m B. 1039m C. 309m D. 1050m

18. If 0 = tan‘%%g, then which of the following is equal to cos(20)?
e4p

: 5.0 c 1 0. T

A — :
16 25 25 25

19. What is the solution set of cos(2x)-sinx =0, in theinterval [—272,272']?

i\ 7 7 5t Tn 1y i1 MMz 7Tn 7 n 3r 57
A | C | e N Y N
12666 69 T 66 26 2'6)
137 7 n 3n 7 57y 137 7 7 7m 3r 57
B' 1__=__=_’_’_,_ Dl__’__a__s_’_!_
b 2222’6 6} b 2276’62 6)
20. Which one of the following is equa tosec%%—xgsinsx+0052x?
e 0
A. 2cosx B. 2sinx C. cos® x D. sin?x

THE END!
“PRACTICE AND AGAIN PRACTICE, WHICH WILL MAKE YOU PERFECT”!
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