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Preface: This book presents the theories and methods of flexible and
generalized uncertainty optimization. The first chapter contains an over-
view of flexible and generalized uncertainty optimization. Given that
generalized uncertainty is a relatively newer theory compared with fuzzy
set theory and given that fuzzy set theory is well-developed with excel-
lent textbooks (see for example [3, 64]), we present in Chapter 2 an out-
line of the relevant theory of generalized uncertainty as it pertains to
optimization modeling. Chapter 3 has the construction methods requisite
for obtaining flexible and generalized uncertainty input data in such a
way that the data can be used in flexible and generalized uncertainty
optimization model. Chapter 4 has an overview of the common themes of
flexible and generalized uncertainty optimization. Chapter 5 focuses on
flexible optimization theory. Chapter 6 presents generalized uncertainty
optimization. The book starts with an overview of flexible and generalized
uncertainty optimization that covers uncertainties that are associated with
lack of information and goes beyond stochastic theory, where well-defined
distributions are assumed. Generalized uncertainty entities are families
of distributions rather than a single distribution. Our primary interest
is in families that are enclosed by upper and lower functions.



1

An Introduction to Generalized
Uncertainty Optimization

Abstract

This introductory chapter looks at the wide array of results in the area of
flexible and generalized uncertainty which includes fuzzy optimization, and
possibility optimization.

1.1 Introduction

Our primary interest is a unified theory of flexible and generalized uncer-
tainty optimization at the level of a beginning to intermediate graduate
student and an experienced optimization practitioner. Thus, it is assumed
that the reader is familiar with basic notions about optimization theory.
Though it is helpful if the reader has some basic understanding of fuzzy
set theory, probability theory, and interval analysis, this text will develop
much of what is needed to understand the content of this book.

Given that we are interested in optimization, we are interested in quan-
titative methods and will restrict ourselves to real numbers R. Let us
start with an example of the flexibility and generalized uncertainty that
introduces the ideas and approaches of the monograph.

Suppose we have incomplete information about the supply and price of
crude oil coming from the middle east due to a variety of factors such
as stability of oil production and civil war. Moreover, suppose we are
concerned about producing enough to meet the demand for the various
grades of gasoline in central Germany for the month of January. How

© Springer International Publishing AG 2017 1
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2 1. An Introduction to Generalized Uncertainty Optimization

do we model an input of “There will be more or less 500,000 barrels of
Middle Eastern crude oil available at more or less x euros per barrel”?
How does one mathematically analyze, “The market demand in central
Germany for high grade gasoline is about 400,000 liters in January”? How
does one interpret to a production manager, “We need to produce a fuzzy
300,000 liters of regular gasoline to sell in the month of January”? Lastly,
suppose the CEO says, “The company needs to exceed or come as close
as possible to the profit we obtained in our best profit year.” How does
one mathematically encode “more or less”, “about”, or “exceed or come as
close as possible” in a mathematical model if no more precision of the data
or information is given?

This book will look at how to be mathematically precise in the midst of
these types of imprecisions, fuzziness, and uncertainty in the information
composing such a problem:

e In the inputs (amount of crude oil available);
e In the processing (number of liters produced of various grades);

e In the objective (profit to be made by the production).

At each phase (input, production, objective) there are a variety of un-
certainties many or most of which are not probabilistic! For example, the
supply of oil from Iraq in the midst of internal civil war affects the number
of barrels and price of middle eastern crude oil in a non-probabilistic way.
That one can and analysts do use probability is clear.

However, this monograph is devoted to the proposition that the most
useful way to model inherently non-probabilistic inputs and outputs is to
mathematically analyze the problem from the beginning in its “native” en-
vironment of non-probabilistic uncertainty which in many cases involves
fuzzy sets, possibility /necessity pairs, interval-valued probability, or inter-
vals. The latter three types are what we will define as generalized uncer-
tainty. To be sure, in real models, a decision needs to be made. For
example, in the above, it is clear that production of gasoline for central
Germany will occur, that is, gasoline will be supplied in a particular quan-
tity in central Germany in the month of January from zero production to
over-production. Our philosophy, like that of recourse models in stochastic
optimization, is to carry all the uncertainty (or as much as possible) in its
“native” form until a deterministic decision needs to be made (go or no go,
150,000 liters or 160,000 liters, and so on).

Our objective in this first chapter is to classify newer types of uncertainty
optimization into two distinct types of optimization, flexible optimization,
and optimization under generalized uncertainty. One type of flexible opti-
mization is fuzzy optimization. One type of optimization under generalized
uncertainty is possibilistic optimization. These two types of optimization
- fuzzy, possibilistic - are the two generic types most often found in books
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and journals. We will postpone a more detailed discussion about fuzzy set
theory, possibility theory, and theory of generalized uncertainty to Chapter
2 and the full optimization development to Chapters 4, 5 and 6. Here, we
give a brief introduction to fuzzy set theory and possibility theory to help
us understand the efficacy of flexible and generalized uncertainty optimiza-
tion. The ensuing sections of this first chapter will introduce the following
ideas which will be developed in more detail in subsequent chapters:

1. What is meant by flexibility, generalized uncertainty and the power
and usefulness of these in optimization (Section 1.2);

2. The mathematical languages of flexibility being fuzzy set theory and
the mathematical language of generalized uncertainty being possibil-
ity theory, interval-valued probability, or probability-based possibility
(Section 1.3);

3. The taxonomy for flexible optimization and optimization under gener-
alized uncertainty which leads to distinct theoretical and algorithmic
methods (Section 1.4).

Definition 1 A fuzzy set is defined via its membership function which, for
this monograph, is a single-valued continuous concave function

pw:X CR—[0,1]. (1.1)

Remark 2 The condition that a membership function be continuous can
be relazed. For this monograph, this generalization is not used. Fuzzy
sets are set for which belonging is gradual, not Boolean (classical), and
this gradualness is indicated by the range of the membership function being
[0,1]. A classical set has a range {0,1}, either an element belongs to the
set or it does not.

Remark 3 One of the concerns that has been expressed by some researchers
with respect to fuzzy sets is its mathematical meaning, that is, the mathe-
matical semantics of fuzzy sets. Given the flexibility and often ad hoc way
that fuzzy sets are presented via its membership function, a membership
function which can be anything a user desires it to be, the concern is that
the membership function is purely a heuristic entity and therefore outside
classical mathematics. For this monograph, o fuzzy set, defined by its
membership (1.1), is a generalization of the definition of set. Instead of
a set being defined via a Boolean set belonging function, the characteristic
function,

uale) = a0 = { o7 (1.2

a fuzzy set is given a gradual set belonging defined by (1.1). Clearly, fuzzy
sets are a generalization of classical mathematical sets and its semantics
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18 that associated with sets albeit gradual sets. One might level the same
criticism to the way a classical set is defined as “a collection of objects” as
being “ad hoc” and “heuristic” since a set can be anything a user desires
it to be. Nevertheless, it is considered as well-defined and the basis of
much of mathematics. So, to reiterate, for this monograph a fuzzy set is
a generalization of set theory and its mathematical semantics is that of
generalized set theory. In the applications of fuzzy sets to problems, the
way gradualness is chosen and implemented may be heuristic. However,
as a mathematical object, a fuzzy set is a set theoretic object and so its
semantic is well-defined in the sense of generalized set theory.

Notation 4 A word about our notation of fuzzy and generalized entities.
The notation for a fuzzy entity is a tilde, ~, over it, and a generalized
uncertainty entity is a circumflex, ~, over it. A generic fuzzy set is denoted
here as its membership function p(z). Often, we write a subscript, p4(z)
to indicate that the fuzzy membership function is of a particular fuzzy set,
A.

Flexibility, as we will use it here, has as its focus constraint set belonging.
From our point of view, all that we call flexible optimization arises from
the relaxation of constraint set belonging, the relationship “belongs to”,
€. This is precisely what fuzzy sets encode (see [164]). Thus, flexible
optimization as developed here includes what has been traditionally called
fuzzy optimization.

Flexible optimization and optimization under generalized uncertainty
are relatively newer approaches to optimization developed over the last
four decades. They are worthy of serious consideration in that the very
nature of many optimization models inherently have flexibility and gen-
eralized uncertainty. The first researchers to distinguish fuzzy (flexible)
from possibilistic (a type of generalized uncertainty) optimization and to
use the term “flexible optimization” in a publication were [45] who use this
term to describe “optimization problems with vagueness.” However, the
first researcher, to our knowledge, to use the term “flexibility” in relation
to fuzzy optimization was Hans J. Zimmermann (personal communication
with Professor M. Inuiguichi).

Generalized uncertainty, as the term is used in this text, is limited to
uncertainty that arises from partial information. Generalized uncertainty
of interest, as we shall see, can be represented by a set of distributions
bounded by an upper and lower pair of distributions or a single distrib-
ution. Uncertainty, in these cases, exists because we do not know which
distribution from the set of all distributions in the set bracketed by the
bounding functions is the appropriate one.

We begin by formalizing what we mean by flexibility and generalized
uncertainty.
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Definition 5 Flexibility in the context of an optimization problem, is the
relazation of the meaning of set belonging (to the constraint set). That is,
the relationship “belongs to”, €, takes on a gradual rather than a Boolean
meaning.

When belonging takes on the meaning of “come as close as possible but
do not exceed” then there is flexibility. For example, one may have a de-
terministic constraint of a fixed upper bound on the hours of labor based
on the number of employees a company has available. However, it is often
possible and no doubt wise to have a pool of overtime and/or temporary
laborers that the company can draw on at a perhaps increased cost. Flexi-
bility is typically represented by a concave function over a compact support
which includes fuzzy set membership functions where fuzzy numbers typi-
cally used in analysis are a special case of membership functions.

Fuzzy sets have a semantic of gradual, non-Boolean, set belonging so that
it is a natural mathematical language for problems in which flexibility is an
inherent part of the modeling and analysis. Flexibility includes fuzzy sets
but in the sense we are using the word, it includes things such as “come as
close but do not exceed”. These types of flexibilities are not fuzzy sets per
se, but can be translated into fuzzy sets.

Definition 6 Generalized uncertainty theory is a mathematical theory
of incompleteness or lack of information, lack of specificity, or imprecision.

The above definition of generalized uncertainty used the word “uncer-
tainty” and “incompleteness of information” in its definition. These words
for this monograph will have a restricted meaning that we articulate next.

Definition 7 [29] Uncertainty is the state of not knowing the exact value
of an entity or the truth of a proposition/statement. That is, a piece of
information or data is said to be uncertain for an agent when the agent
does not know whether or not the piece of information is true or false.

Example 8 In a computer program, suppose we have the following instruc-
tions: IF x > 0 THEN y = 3, IF z < 0, THEN y = -3, OTHERWISE
y = 0. When the computer branches and returns y = 3, do we know it was
caused by a real-value 07 Since the computer is subject to round off error,
there is an uncertainty associated with the branching.

Definition 9 [29] A piece of information or data is said to be incomplete
(or imprecise, not completely specified, lacks information) in a given context
if it is not sufficient to allow the agent to answer a relevant question in this
context.

Example 10 Let set A = Senior _Aged = {65,...,90,...,120}. When
we are asking for the age of a person X and all we know is the fact that
X € A this piece of information is an incomplete piece of information since
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we are unable to answer the question about the age of person X. However,
if the question were, “Is this person X over 59%” then the information
X € A is not incomplete.

The generalized uncertainties that are of interest to this text are only
those that can be represented by bounding pairs of set-valued functions or
distributions and single uncertainty distribution functions. Single functions
are either derived as a model of the uncertainty itself, or chosen as an
approximation between the bounding pair. Whereas the mathematical
language of flexibility is fuzzy set theory, the mathematical languages of
generalized uncertainty are many and include:

1. Generalized uncertainties directly translating into pairs of functions
that bound the uncertainty

Intervals [99, 101];
Fuzzy Intervals [27, 31];

Interval-valued Probability Measures [156];
P-Boxes [36], [18];

)
)
¢) Possibility /Necessity Measures [64];
)
)
) Clouds [107], [19];

2. Generalized uncertainty that bound the uncertainty with a confidence

limit - Kolmogorov, Smirnov Statistics [65];

3. Generalized uncertainties that require further hypotheses to translate
into pairs of distributions that bound the uncertainty

(a) Belief/Plausibility Measures [17];
(b) Probability Interval Measures [10];
(¢) Random Sets [109].

Each of these representations of incomplete or partial information is or
can be represented by a pair of bounding functions under some conditions
that will be specified. Note that given a pair of bounding functions, a sin-
gle function can be chosen as an approximation of the correct uncertainty
along with an associated error just as we can choose the midpoint as ap-
proximating a value in an interval where the maximum error of choosing
the midpoint is half the width of the interval. We focus our presentation on
the seven items of 1. and the one item of 2. above since the three items of 3.
can be transformed into 1d., although, in reality, the seven items of 1. can
be transformed into item 1d., interval-valued probability. We show how
to translate a few of the items in 3. to demonstrate how to translate the
data into interval-valued probabilities given additional hypotheses on the
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data. However, we will assume that the data will have sufficient structure
to be in the first two classes above. What is the salient feature of general-
ized uncertainty is that it can be characterized by two bounding function
that contain a set of distributions that describe the uncertainty, the lack
of information. Stochastic problems, on the other hand, can only be char-
acterized by a single distribution function. Generalized uncertainties are
characterized by a family of distributions, here in this monograph, enclosed
by two bounding functions or distributions while at the same time, the
uncertainty itself can also be described by one distribution. We will see
how to obtain the bounding distribution and the one distribution descrip-
tion of the uncertainty. That is, given a single distribution that describes
the uncertainty, a pair of bounding distributions can be obtained. Given
a bounding pair of distributions that enclose the uncertainty, a single dis-
tribution can be obtained that defines the uncertainty. As an illustration,
given the bounding functions, Equation (1.3) and Equation (1.4) of Exam-
ple 12 below, Equation 1.5 can be constructed. On the other hand, given
Equation 1.5, the bounding functions, Equation (1.3) and Equation (1.4)
can be constructed. So, the key feature of generalized uncertainty are the
pair of enclosing distributions When the upper and lower distributions are
equal, then we have the stochastic case precisely the way it happens with
intervals. When the right interval and the left interval are equal, we are
out of interval analysis and into real analysis.

The class of distributions comprising the first seven generalized uncer-
tainty of the first class are characterized by two bounding distributions
that guarantee the enclosure of the uncertainty. The the two bounding
distributions generated by the distribution in the second class are guar-
anteed to enclose within a confidence limit. In addition, as we mentioned
above, given a bounding set of distribution, one can generate a correspond-
ing fuzzy interval. Given that we always have associated with uncertainty
data and underlying associated fuzzy interval, there are three possible ways
we can use generalized uncertainty input data in an optimization problem:

1. The fuzzy interval itself that defines the uncertainty;

2. The bounding pair (upper or lower) of distributions or any approxi-
mation within the bounding distributions;

3. Both bounding functions simultaneously.

The use of the first or second of these in an optimization will result in flex-
ible optimization in the case of a fuzzy semantic or possibilistic (optimistic
or pessimistic or approximate) optimization that is generalized recourse
type of optimization. the third type only pertains to generalized uncer-
tainty optimization and results in a mini/max, penalized, or robust type of
optimization.

Let us look at examples of fuzzy and generalized uncertainty data.
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Example 11 (Fuzzy data) The set of voxels that delineate a tumor on a
computed tomography (CT) image is transitional (at least for some vozxels)
since there are vozels that are in transition from non-tumor to tumor. That
is, on the universal set of the vozels of a CT image, the set of voxels “tu-
mor” is a set characterized by transition from non-tumor to tumor. Some
vozels may be both tumor and non-tumor to a given degree simultaneously.
That is, they are simultaneously tumor and non-tumor.

Example 12 (Uncertainty data) Suppose we know that the cumulative
probability of the cost of a product is between two cumulative distribution
functions C , C' where

= { 245 .
and .
Cla) = { ) Zzi S T (1.4)

Suppose this is the only information we have about the cost, that is, the
cost is between $5 and §7. The actual cost, represented as a cumulative
distribution, is a cumulative distribution between C and C but we have no
idea what it is given that this is the only information we have. Indeed

CDF(z) ={C(x)|C(z) < C(z) < C(x)}
s uncertainty data.

Note that in the first example, the elements (voxels) are clearly defined,
but the set is fuzzy, gradual and inherently so. In the second example, the
set in question, cost of the product we will pay, is clearly defined but the
element, the particular cumulative distribution which is the cost, that is,
the one which is the cost we will actually pay, is not clear. It is clear that
no business charges the interval [$5,$7]. A business charges a single real
number payment between $5 and $7. The only evidence available for this
example about the actual cost is not a real number, deterministic, but an
interval. The set [5, 7] is precisely defined/known but the element (the
actual charge) is not.

Another characteristic that can be understood by these two examples is
that for a genuine fuzzy set such as tumor, it is not a matter of resolution.
The boundary of tumor and non-tumor remains gradual regardless of the
resolution. The gradualness of a tumor will always remain. That is, the
fuzziness remains even with more data. However, if we have more informa-
tion about the cost, it will shrink the interval [5, 7], and we will have more
precise information about the actual cost. More information in generalized
uncertainty is monotonic (isotonic in the language of interval analysis).
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e Fuzzy sets are represented by a unique membership function [164]
whereas partial information as encoded by a pair of bounding dis-
tributions or measures enclosing the set of all unknown distributions
or measures generated by the incomplete information such as Equa-
tion (1.3) and Equation (1.4) or a single distribution that encodes
the lack of information. For example, [5,7] is an encoding of lack of
information and as an entity describing this lack, it can be considered
as

Oifx<borax>T7

On the other hand Equation (1.3) and Equation (1.4) represent a pair
of functions that are bounds on the uncertainty represented by the
interval [5, 7].

e Fuzzy sets are sets that model gradual set belonging described as a
single-valued function*. Uncertainty is a state in which the informa-
tion at hand does not allow the determination of the truth or value
as a unique real number of the entity under discussion.

e Variability and frequency are modeled by probability distributions
which require precise information of all possible states represented by
single real-valued distribution function, its probability density func-
tion.

o If we are dealing with upper and lower distributions that are cumula-
tive distribution functions (CDFs), probabilities can be thought of as
“degenerate” distribution pairs where the upper bounding function
is equal to the lower bounding function, just as a real number can
be thought of as a degenerate interval in which the upper bound is
equal to the lower bound of the interval.

e Each of the generalized uncertainty types of interest to this exposition
has the property that with more precise information about the uncer-
tainty, the closer the pair of distributions approximate a degenerate
single distribution.

* There are type-2 fuzzy sets (and other types) which are not single
single-valued functions. Type-2 fuzzy sets are described by a set of single-
valued membership functions, one for each element of the range (every
element of the range is itself a fuzzy set). However, this monograph does
not study these types of fuzzy sets but the interested reader can consult
[94].

Optimization Problems: A real-valued (deterministic) optimization
model is a normative mathematical model whose underlying system is most



10 1. An Introduction to Generalized Uncertainty Optimization

often constrained and its general form is:

z = min f(z,¢) (1.6)

subject to ¢; (z,a) < b; i=1,.., M, (1.7)
hj(z,d) = e j=1,....,M>, (1.8)

x € SCR". (1.9)

We denote the constraint set by

Q = {m|gz (z,a) < bz 1= ]-a "'aMlyhj (xad) =€j ] = ]-7 "'7M23
x € SCR"}

It is assumed that Q # (). The values and/or nature of of a,b,c,d, e, <,=
, €, and opt (min / max) are the input (data) for the optimization model.
Our general model can be symbolically reformulated as

z = min f(x,c) (1.10)
x € Qa,b,d,e,S), (1.11)

where we denote the constraint set as a function of the input parameters
for emphasis.

Equality is equivalent to “greater or equal to” and “less than or equal
to” for real variables. So there is no mathematical need for listing these
(1.8) separately. However, this is not true for intervals and hence for fuzzy
intervals since fuzzy intervals are described as an uncountable set of inter-
vals called aw—cuts. Moreover, intervals are a type of fuzzy set and at the
same time can be considered as generalized uncertainty depending on its
semantics. Already, the reader is alerted to the fact that we are dealing
with entities that have a different structure than that of real numbers as
the following example illustrates.

Example 13 Suppose we have the interval equation,
1, 2]z = [2,4],

and we wish to solve it by two inequalities, < and > . For
[1,2]x < [2,4],

the solution, using standard/classical interval analysis, is,
x € (—o0,1].

For
[1,2]x > [2,4],
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the solution, using interval analysis is,
x € [2,00).

Thus,
[1,2]z < [2,4] and [1,2]z > [2,4]

yields
z € (—o0, 1Nz € [2,00) = 0.

On the other hand, it is clear that using classical interval analysis,
[1,2]x =[2,4] = = =[2,2].

Thus, we distinguish between equality and inequality in the representation
of mathematical programming problems whose constraint sets are made of
flexibility or generalized uncertainty coefficients.

We have noted that when the €, “element of 27, is relaxed, we will have
flexible optimization. Note that from this point of view (we will make this
precise in the next chapter), all that has been called “soft constraints,”
including the meaning of “minimize” as it relates to the objective function
or optimization with vagueness, can be considered as a relaxation of set be-
longing. If the objective function is a soft constraint, it is a target objective
which is given or calculated. This target is then transformed into a soft
constraint and a deterministic objective function is used to minimize vari-
ations from the target. The precise way to do this will be given in Chapter
4. When some or all the values of a,b,c,d and e of (1.10) and/or (1.11)
are generalized uncertainty types, we have optimization under generalized
uncertainty. There are generalized notions of convexity (see, for example,
[118]) which we do not pursue in this text. However, we note that the
usual solution methods are often local in optimization under generalized
uncertainty even if the deterministic equivalent model is convex since a
generalized uncertainty constraint set equivalent of a deterministic convex
constraint set is generally not convex. For example, in a very simple case
where the constraints are linear of the form Ax < b, and the coefficients of
the matrix are intervals, that is, if we are given

2,4]xy + [-2,1]zs = [-2,2]
[-1,2]z1 + [2,4]z2 = [-2,2],

then, the solution set can be a star-shaped region of Figure 1.1 (see [38])
which is not convex.

There is another point of view in which the optimization problem state-
ment begins as a fuzzy optimization statement rather than a real-valued
optimization model some or all of whose parameters are fuzzy and/or in-
tervals and/or possibility (see [105], [112]). For the purposes of this text,



12

1. An Introduction to Generalized Uncertainty Optimization

34

¥ =

FIGURE 1.1. United Solution Set



1.2 What Interval, Fuzzy, and Generalized Uncertainty Optimization ... 13

we begin with a model that exists as a real-valued model (1.10), (1.11)
but whose inputs are flexible or generalized uncertainty types. In the case
of generalized uncertainty, we assume the problem converges to (1.6),(1.7)
and (1.8) when the parameters converge to real numbers, that is, when the
uncertainty is eliminated.

1.2  What Interval, Fuzzy, and Generalized
Uncertainty Optimization Contribute to
Optimization Theory

We make a case for flexible (fuzzy) optimization and optimization under
generalized uncertainty as a separate study by looking at the basics of
optimization modeling. This text considers the following three principles
crucial to keep in mind in the process of optimization modeling. Our three
principles are the following.

1. Optimization models of real systems are very often satisf icing (see
[132], [133]) in which case fuzzy and generalized uncertainty meth-
ods are key approaches to these optimization models. Satisficing as
defined by Herbert Simon (see [132], [133]), means that decision mak-
ers rarely work with the deterministically “best” solution or are even
able to obtain “the best” solution to a real problem, but seek to ob-
tain solutions that are satisfying. Solutions that are satisficing are
inherently flexible. Clearly, the usual deterministic models, if used
to model decision processes described by Simon, need to be modified.
Flexible and generalized optimization, as we shall see, are able to
model satisficing in a natural and direct way. They are mathematical
languages that can and do encode satisficing problems.

2. Many optimization models are epistemic. That is, models that are
epistemic are those which we, as humans, construct from knowledge
about a system rather than models that are constructed from the
system itself. For example, an automatic pilot of an airplane models
the system physics. A fuzzy logic chip that controls a rice cooker is
a model of what we know about cooking rice rather than the physics
of rice cooking.

3. Very often input data that compose the parameters of the model arise
from incomplete information whose completion may be theoretically
possible but practically impossible. Some data, such as projections
(for example, the future demands for a product or what will happen
to supplies in the midst of civil unrest) are inherently incomplete
and uncertain. Possibility theory (see [26]) is one mathematical
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language that encodes partial information and is one type of what we
call generalized uncertainty.

That deterministic or stochastic approaches can be and are used in mod-
els, which have satisficing, epistemic, and incomplete information, is not
disputed. Stochastic models, in the final analysis, will translate probabil-
ities into a deterministic system. Our methods will translate into deter-
ministic systems as well. Our point is that the formulation of the model,
from the beginning, needs to be as close as possible to its natural setting
(for example satisficing, epistemic, or possibilistic) and these representation
need to be carried as long as possible rather than translating the problem
directly into deterministic or stochastic models right at the start. Next, we
present a simple example illustrating the difference between taking the av-
erage from the start and carrying the uncertainty as long as possible. Other
examples can be found in Jamison [53] Example 23, page 113, section 5,
pages 115-128 and [56].

Example 14 Consider the problem of evaluating the following expression,
[1,2]x + [3,4)x = [4,12],2 > 0.

Choosing the midpoints (averages),

BT o8
gt tar=8z=<.
Carrying the uncertainty,
4,6l = [4,12],
x = [1,2]
3
Tmidpoint = 5

First the solution © = [1,2] is clearly more informative with respect to the
in the uncertainty of the solution than x = %, Secondly, the results are
different with the average weighted more toward the right endpoint of the
resulting uncertainty and so over estimating the average. See [53, 56] for

further discussion.

One begins any modeling process by stating the problem in its native
setting which, in the context of our discussion, means explicit inclusion
of flexibility and generalized uncertainty when these are present. Since it
is our thesis that many problems in optimization are flexible, satisficing,
information deficient, and/or epistemic as opposed to fitting all optimiza-
tion models into a deterministic or strictly stochastic model, the natural
mathematical languages in which these types of problems may be stated
is that of fuzzy set theory and generalized uncertainty theory. Our point
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of view is that optimization models that represent satisficing epistemic or
lack of information and are normative processes have two natural mathe-
matical languages in which the problem may be stated, fuzzy set theory
and generalized uncertainty (possibility) theory.

Rommelfanger, H. J. [120] (page 295) states that arguably the most
widely used operations research method is linear programming. He goes on
to state that even though this is true, of the 167 production (linear) pro-
gramming systems investigated and surveyed by Fandel (see [35]) only 13
of these were “pure” deterministic linear programs. Thus, Rommelfanger
concludes that even with this most highly used and applied operations
research method, in most cases there is a discrepancy between classical
deterministic linear programming and what is actually done.

Deterministic and stochastic optimization models require well-defined
input parameters (coefficients, right-hand side values), relationships (in-
equalities, equalities), and preferences (real-valued functions to maximize,
minimize) either as real numbers or single real-valued distribution func-
tions. Any large scale model of this type requires significant data gath-
ering effort of precise values and/or judicious guessing. If the model has
projections of future values, it is clear that real numbers and real-valued
distributions are inadequate representations of parameters, even assuming
that the model correctly captures the underlying system. It is also known
from mathematical programming theory that only a few of the variables
and constraints are necessary to describe an optimal solution (basic vari-
ables and active constraints) assuming a correct deterministic normative
criterion, the objective function. Thus, only a few parameters need to be
obtained precisely, those that are in the final basis. Of course the problem
is that it is not known a-priori which variables will be basic and which
constraints will be active.

Herbert Simon (see [132], [133]) states:

“Of course the decision that is optimal in the simplified model
will seldom be optimal in the world. The decision maker has
a choice between optimal decisions for an imaginary simplified
world or decisions that are ‘good enough,’ that satisfice, for a
world approximating the complex real one more closely. ... What
a person cannot do he will not do, no matter how much he wants
to do it. Normative economics has shown that exact solutions
to the larger optimization problems of the world are simply not
within reach or sight. In the face of this complexity the real-
world business firm turns to procedures that find good enough
answers to questions whose best answers are unknowable. Thus,
normative microeconomics, by showing real-world optimization
to be impossible, demonstrates that economic man is in fact a
satisficer, a person who accepts ‘good enough’ alternatives, not
because he prefers less to more but because he has no choice.”
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This observation is clearly reflected by Fandel, [35]. An email discussion
with Professor Rommelfanger [121] relates the following.

“In fact Herbert Simon develops a decision making approach,
which he calls the concept of bounded rationality. He formulated
the following two theses. Thesis 1: In general a human being
does not strive for optimal decisions, but s/he tends to choose a
course of action that meets minimum standards for satisfaction.
The reason for this is that truly rational research can never be
completed. Thesis 2: Courses of alternative actions and conse-
quences are in general not known a-priori, but they must be
found by means of a search procedure.”

A model of an actual problem is always an abbreviated view of the underly-
ing actual system. If a problem were able to be manipulated in its complex
entirety in situ to obtain a solution without a symbolic representation, then
there would be no need for modeling the problem mathematically in the
first place. Inherently, a mathematical model is a symbolic representation
of the problem not the problem itself. Thus, a model is in the process of
knowing or discovery which we call process epistemology.

Mathematics is the science of precision. At the heart of analytical math-
ematics is order - order is more fundamental than measure (L. Collatz, lec-
ture Oregon State University, Department of Mathematics lecture 1976).
Measure (quantity and its generalizations) and extent (distance, area, in-
tegration) can be derived from order. Optimization requires an order, a
normative criteria; it is the measure we impose, it is the objective function,
and it is the objective function that tells us what is “best.” A most ideal
order is found in the set of real numbers (the real number line). In optimiza-
tion we very often map, via the objective function, onto the real numbers.
In flexible optimization, we map fuzzy sets (sets of membership functions)
onto the set of real numbers using aggregation operators. Stochastic op-
timization often uses expected value to map distributions into the real
number line. In optimization under generalized uncertainty (possibilistic
optimization for example), we map pairs of distributions, for example pos-
sibility and necessity distributions, onto real numbers using an evaluation
or scalarized [34] functional whose domain is that of the set of distribu-
tions and range is the set of real numbers or minimization of maximum
regret (minimax optimization). For example, a generalized expectation is
one such evaluation functional which takes as input functions and outputs
a real number, an expectation which is a real-number.

Professor Roman Slowinski, however, once quoted, in articulating a dif-
fering point of view that the real numbers are an ideal order:

“Si I'ordre apparait quelque part dans la qualité, pourquoi chercherions-
nous & passer par l'intermédiaire du numbre?” Bachelard 1934.
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“If an order appears somewhere in quality, why should we like
to interpret this order through numerical values?”

Quality in this sense will not be our point of view and leave this discussion
to others. Since our focus is quantitative entities, we will, for optimization,
map into the real numbers.

A useful approach to fuzzy and optimization under generalized uncer-
tainty should also adhere to the Principle of Least Commitment which
states that, “Only commit when you must.” One of the authors first
heard the term, Principle of Least Commitment, used by Dr. J. Keller
at a NAFIPS conference September 17-20, 1995, College Park, MD. In
the context of optimization, the principle of least commitment is to use
a real-valued, deterministic, entities (defuzzification for fuzzy sets or ex-
pectations for distributions for example) only when a deterministic/crisp
decision must be made, as close as possible to the last step in the modeling
process. This is the approach that this text uses - to carry the full extent
of uncertainty and/or gradualness from the beginning until one must de-
terministically choose as close as possible to the last step as illustrated by
Example 14.

We summarize what has been articulated by quoting (and adding a few
remarks) Dubois and Prade [24].

“* Fuzzy optimization, what we call here flexible optimization,
offers a bridge between numerical, deterministic, approaches
and the linguistic or qualitative ones. The thrust of these ap-
proaches are to provide the analyst with what is the uncertainty
in the results of decision processes.

* Fuzzy set theory and its mathematical environment of ag-
gregation operators ( “and”, t-norms), interval analysis, con-
strained interval analysis [74], fuzzy interval analysis, constrained
fuzzy interval analysis, gradual numbers [37], and preference
modeling, provide a general framework for posing decision prob-
lems in a more open way and provides a unification of existing
techniques and theories.

* Fuzzy set theory has the capacity of translating linguistic vari-
ables into quantitative terms in a flexible and useful way.

* Possibility theory and generalized uncertainty theory explic-
itly accounts for lack of information, avoiding the use of unique,
often uniform, probability distributions.

* The set theoretic view of functions to represent numbers on
which utilities (and scalarized functionals [34]) are expressed as
fuzzy sets offer a wide range of aggregation operations.

In short, fuzzy set theory and generalized uncertainty theory offer optimiza-
tion two approaches that are closest to the underlying flexible, satisficing,
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and information deficient processes that are very often the typical environ-
ment in which decision makers find themselves.

Fuzzy Set Theory and Possibility Theory - A Brief Note: Possi-
bility theory grew out of fuzzy set theory and in fact, the title of the first
paper on possibility theory was “Fuzzy sets as a basis for a theory of possi-
bility,” [165]. However, since its inception, it has been shown to be distinct
from fuzzy set theory. So what distinguishes fuzzy sets and possibilities?
First, fuzzy set theory is associated with generalized set theory. Possibility
theory is associated with generalized probability theory we call generalized
uncertainty which contains probability theory. Second, the semantics of
fuzzy sets and possibilities are distinct. Fuzzy sets are associated with
gradual set belonging and so its semantics is that of generalized sets. Possi-
bilities are associated with information deficiencies and so its semantics are
tied to generalized probability. Third, when looked at from first principles
(axioms), the measures they induce (fuzzy measures, possibility measures)
are distinct (see [113]). That is, the underlying foundations fuzzy set theory
and possibility theory are distinct.

The confusion between fuzzy set theory and possibility theory arises most
especially in optimization since both fuzzy optimization (flexible optimiza-
tion) and possibility optimization (optimization under generalized uncer-
tainty) use fuzzy intervals (numbers) which gives the impression that there
is no distinction between fuzzy sets and possibilities. In particular, fuzzy
intervals (numbers) may mathematically encode transitional set belonging
and fuzzy intervals may also encode information deficiency, partially known
values, and/or non-specificity. To insure that distinctions are maintained,
one must understand the semantic of the underlying parameters and re-
lationships, that is, the model. It is cructal that theses distinctions are
known since their corresponding optimization methods are different.

The data from which the parameters and relationships arise will dictate
its semantics. If the model encodes relaxed set belonging, it represents
flexibility and its language is fuzzy set theory. If the model arises from
data whose parameters are partially known, ambiguous, or incompletely
specified, then it is a type of generalized uncertainty. Possibility theory is a
mathematical language that may be used to mathematically represent this
type of uncertainty. We will make precise, in Chapter 3, the construction
method for the distributions from the entities’ defining properties. There
are several languages that capture generalized uncertainty, for example,
random sets, Dempster-Shafer belief/plausibility, interval-valued probabil-
ity, clouds. We discuss the association between possibility theory and these
other languages subsequently since it will define the scope and limits of each
of these mathematical languages as they apply to data used in optimization
models. Because we show that the methods to solve flexible optimization
and optimization under generalized uncertainty are distinct, it is crucial to
know the nature of the underlying parameters and relationships. To this
end, we introduce some basic concepts associated with these concepts.
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Fuzzy Set Theory: A set is a fuzzy set if set belonging is gradual.
As we mentioned, we take a very practical view of a fuzzy set A C R as
one that is uniquely defined by a continuous concave function p, whose
closure of its support is compact (a closed and bounded real interval) and
whose range is a subset of [0,1]. That is, for our exposition, a fuzzy set
is comprised of two parts, (1) Its domain (a subset of the real numbers
A C R) and a function we call the membership function, 4 4, that indicates
the degree of belonging points of the domain possess. This is akin to a
probability distribution of a random variable X which consists of a domain
and a function on that domain, the probability distribution function that
describes the probability on that domain. We assume the convention that
for all membership functions,

palz)=0if z € (.

An o — level set of a fuzzy set p4(z) for any 0 < a < 1 is defined to be,

Ao = fa | pae) > a}. (112)

Note that for continuous membership functions, the level sets are intervals
[108]. There are generalizations to the assumptions made on the member-
ship function such as upper semi-continuity rather than continuity, but we
will not pursue these generalizations. Thus, for this monograph, we 4
is continuous in which case its aw—levels are intervals. This text does not
consider discrete fuzzy sets.

What is important to note is that in the language of fuzzy sets, p4(x) =1
means that x belongs to the set A in the classical sense of belonging (does
belong for sure) and p4(z) = 0 means that z does not belong to set A in
the classical sense of not belonging (does not belong for sure). All values
between 0 and 1 denote the continuous or discrete transition from belonging
to not belonging and represent a relaxation of a Boolean set belonging.

Generalized Uncertainty: Generalized uncertainty as we use this
term here denotes entities whose values are partially known. As we men-
tioned, we restrict generalized uncertainty, for this exposition, to be im-
precisions whose representations are one of seven types intervals, fuzzy in-
tervals, possibility /necessity pairs, interval-valued probability distribution
pairs, P-Boxes, clouds, and Kolmogorov, Smirnov statistics. There are in
all ten uncertainty types of interest of which four uncertainty types (be-
lief/possibility, probability intervals, imprecise probabilities, and random
sets) are assumed have sufficient hypotheses associated with the data to be
transformed into interval-valued probability distributions. Thus, we focus
on seven types which we consider as being the most fundamental all of
types can be considered as interval-valued probabilities (see Figure 2.1).
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1.3 Fundamental Entities: Fuzzy and Possibility
Functions

We next outline the relationship between fuzzy intervals and possibility
distributions before looking at interval analysis as it relates to fuzzy inter-
val analysis and possibility theory applied to optimization. We begin by
looking at an example of what we mean by fuzzy (gradual set belonging)
and possibility (lack of information).

Remark 15 For example, there is uncertainty in “the” minimum radia-
tion dosage that will kill a cancer cell, as a unique real number, located
at a particular pizel of a particular type of cancer for a particular per-
son’s computed tomography (CT )image. Suppose a radiation oncologist
represents his/her uncertainty about the minimum radiation dosage as a
distribution of preferred values (see Figure 1.6, a trapezoid 58/59/61/62)
where less than 58 definitely does not kill a cancer tumor cell while 62 is
definitely more radiation than required to kill a tumor cell, with the range
59 to 61 being the most preferred and the interval most likely to contain
the minimum radiation dosage to kill a cancerous cell.

Remark 16 This fuzzy interval, the trapezoid 58/59/61/62, associated
with is a possibility distribution from which upper and lower bounding pos-
sibility measures can be constructed and used in optimization to enclose a
set of distribution or singly as an uncertainty entity. In particular, when
the trapezoid fuzzy set is the encoding that represents the current state of
our partial and incomplete knowledge, the trapezoid itself can model the
fact that we do not know which distribution is the one which will be the one
to be “the” minimal to kill the tumor cell and so we have an uncertainty.
In the context of a CT image, the distribution taken from the uncertainty

information encoded in the trapezoid 58/59/61/62,

0 for x < 58,x > 62
_ x — 58 for 58 < x < 59
Hirap(T) = 1 for 59 < x < 61 ’
—x 462 for 61 <z <62

0 for x < 58
pos(z) = x — 58 for 58 < x < 59
1 for x > 59

measures the possibility that the value x is likely to be a minimum dosage
that will kill the cancer at the pixel in question. Of course, we are assuming
that the trapezoid ji,.,, () is the correct minimal tumorcidal dose, that is,
no dose below 58 has killed a tumor and doses above 62 are always more
than minimal. Between these two values can vary depending on the tumor
(type, aggressiveness, ...), oncologist, and patient. The distribution taken



1.3 Fundamental Entities: Fuzzy and Possibility Functions 21

from the uncertainty information encoded in the trapezoid jiy,.,, ()

0 for x < 61
nec(z) =< x —61 for 61 <z <62
1 for z > 62

measures the necessity that the value x is likely to be a minimum dosage
that will kill the cancer at the pizel in question. That is, nec(z) indicates
the dosage that necessarily will kill a cancer tumor given the uncertainty
in question and again assuming that the trapezoid pu,..,(z) indeed correctly
encodes “minimum tumorcidal dose”.

Remark 17 Any fuzzy interval like ju,..,(z) generates three principle dis-
tributions - itself, its possibility, its necessity. From an optimization point
of view, generalized uncertainties are characterized by: (1) A distribution
that represents the state of partial knowledge, in our ezample, pi;,.q,(); (2)
A pair of distributions that enclose the possible distributions that can de-
scribe the actual situation, pos(x) and nec(x) in our example. This is the
salient characteristic of we call generalized uncertainty.

1.8.1 Intervals

An interval is a compact connected set of real numbers we denote by [z]
where [z] = [2,Z] = {z|z <z < T}. There are approaches that allow one
or both endpoints to be infinite defined on the extended real numbers, but
we do not pursue this generalization. Hence,

—o<r<T <0

for this exposition. Intervals are key to the mathematical operations on
fuzzy numbers, fuzzy intervals, and generalized uncertainty types in that
the level sets of fuzzy intervals and the level sets of upper/lower possibil-
ity bounds of distributions are intervals. In particular, the usual way to
compute with fuzzy intervals as generalized uncertainties is via intervals
arising from level sets. More details are presented further in the text.

An interval [a, b], from the point of view of flexibility, gradual set belong-
ing, that is, a fuzzy set, may be considered as the following fuzzy set whose
membership function is

1 z€la,b]

Fa.b) () { 0 otherwise (1.13)

For example, if we have an interval [1,4] , then as a fuzzy set whose mem-
bership function is up 4(z) is depicted by Figure 1.2.

This set transitional belonging point of view, an interval has two abrupt
changes from not belonging (x ¢ [1,4]) and set belonging (x € [1,4]) rep-
resented by the vertical lines at x = 1,z = 4. Thus, an element either
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FIGURE 1.2. Interval [1,4] Fuzzy Membership Function

belongs to [1,4] or it does not. A more general fuzzy entity is a gradual
set represented by a “sloped” left and/or right side of the fuzzy member-
ship function which an interval is not (see Figures 1.4, Figure 1.5, Fortin,
Dubois, Fargier [37] for further discussions). The arithmetic on fuzzy en-
tities is fuzzy arithmetic (see Kaufmann and Gupta [61]) and the algebraic
structure and mathematical space is that of fuzzy numbers (see [84]).

An interval can also encode non-specificity or information deficiency and
is thus, in this context, possibilistic, a possibilistic interval. Given an inter-
val [a, b] from the point of view of representing probability-based possibility
theory, if all we know is that the support of a probability is [a, ], we can
construct the following two pairs of (cumulative) distributions which are a
pair of possibility distributions

pos(x) = { (1) ;E [(;zz’)a) , (1.14)

nec(x) = { 01 a;cee ([b_’zz’)b) . (1.15)

That these two functions, pos(z) and nec(z) are indeed possibility and its
dual necessity with respect to its generating function fi, ;) (1.13), will be
derived from first principles and have a structure what is exploited. One
such structure is that (1.14) and (1.15) enclose all cumulative probability
distribution whose corresponding probability densities have their support
in [a, b].

Suppose [a,b] = [1,4] for definiteness. The first function, pos(x), (1.14),
is an upper possibility distribution and the second function, nec(z), (1.15),
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is a lower distribution that is a dual to pos(x). These are depicted in Fig-
ure 1.3. All cumulative probability functions whose corresponding density
has support in [1,4] are functions that lie between the upper, dashed green
(1.14) and lower, dashed red, (1.15) functions. That these are possibility
distributions containing all cumulatives whose support lie in [1, 4] will be
derived in a more general setting subsequently. From the point of view
of an interval representing probability-based possibility associated with in-
completeness of information, ambiguous information, non-specificity, in the
context of the interval [1, 4], any distribution whose support lies in [1,4] is
a valid instantiation of the given incomplete information represented and
encoded by g, ;. That is, the fuzzy interval [a,b], which is the fuzzy in-
terval [1,4] in this example, can encode an uncountably infinite family of
cumulative distributions. One such cumulative is the one that corresponds
to the uniform probability distribution (see Figure 1.3) which is

0forx <1
fonip(x) =4 32— % for 1<z <4
1forz >4

We will see that these different representations depend on the context of
the problem, the nature of the uncertainty. Intervals as an encoding of
partial information, is one such representation of (generalized) uncertainty.
The reader is already alerted to the fact that we are dealing with a different
structure than that of the real (or complex) number system. In the above,
we gave an example (Example 13) where [r] = [s] is not equivalent to
[r] < [s] and [r] > [s]. This is for “straight” intervals. When we deal
with generalized uncertainty distributions, their algebraic properties are
also different than those of real numbers and of intervals.
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1.3.2  Fuzzy Intervals

What is usually called a fuzzy number is a particular case of a more general
entity, a fuzzy interval. What is called a fuzzy number, say fuzzy number
x*, is a fuzzy set pi . (z) for which p,«(z*) = 1 uniquely. A fuzzy interval
is the same except instead of a unique z* for which p. (z*) = 1, for a fuzzy
interval, where the membership is u(z) = 1 can be an interval x < x <=
with the possibility that x < Z. A fuzzy interval can be translated into
a pair of possibility distributions and thus may be a model for both the
lack of specificity as well as gradualness. In optimization problems, fuzzy
intervals can model both gradualness (flexibility) and uncertainty (lack of
specificity). Thus, some fuzzy sets (fuzzy intervals, for example) may have
or take on a double nature - that of capturing gradualness (flexibility) of
belonging and capturing non-specificity, lack of information (uncertainty).
When the same entity has multiple representations, as it does for fuzzy in-
tervals, clear semantic distinctions are essential/required. Let us formalize
what we mean by a fuzzy number and fuzzy interval.

Definition 18 A fuzzy number x* is a fuzzy set over the domain of real
numbers whose membership function is continuous with one and only one
value, x*, such that u(x*) = 1 (z* is the number that is “fuzzified”) for
which if © < x* then u(x) is non-decreasing and if x > x* then p(z) is
non-increasing where its support is an interval containing x*.

Definition 19 The set of domain elements (real numbers) for which the
membership values are equal to one is called the core.

For example, a fuzzy interval 2 has uniquely 1(2) = 1, and may be depicted
in Figure 1.4. A fuzzy number, say a fuzzy 2, very often arises in the context
of obtaining a value for a parameter based on epistemic knowledge such as
in, “the value is around 2.” We denote a triangular fuzzy membership
function by left endpoint/apex=core/right endpoint so that the fuzzy 2
depicted in Figure 1.4, is denoted 1/2/3.

Definition 20 A fuzzy interval M, depicted as a trapezoid in Figure 1.5,
is a fuzzy number except the core (which must also exist) does not have to
be a singleton but may be a non-zero width interval.

We will denote a fuzzy trapezoid membership function by left endpoint /left-
core endpoint/right-core endpoint/right endpoint so that the membership
function of Figure 1.5 is denoted 1/2/3/4. All fuzzy numbers are fuzzy
intervals so we will refer to any fuzzy set whose domain is the set of real
numbers R with a non-empty core as a fuzzy interval. Moreover, intermin-
gled with fuzzy sets and possibilistic or generalized uncertainty is the issue
of the semantic designations conjunctive and disjunctive to entities, which
arise in the application of fuzzy intervals. According to Dubois and Prade
[30]:
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1. An Introduction to Generalized Uncertainty Optimization

“Fuzzy set theory and its extensions seem to come to grips with
three basic concepts that noticeably differ from each other but
may appear conjointly in various circumstances:

. Gradualness:The idea that many categories in natural language are

a matter of degree, including truth. The extension of a gradual pred-
icate is a fuzzy set, a set where the transition between membership
and non-membership is, in the words of its inventor, “gradual rather
than abrupt”. This is Zadeh’s original intuition [164].

. Epistemic uncertainty: The idea of partial or incomplete information.

In its most primitive form, it is often described by means of a set of
possible values of some quantity of interest, one of which is the right
one. This view leads to possibility theory [165].

. Bipolarity: The idea that information can be described by distinguish-

ing between positive and negative sides, possibly handled separately.”

This text does not deal with bipolarity as an entity, only gradualness (fuzzy
sets) and epistemic uncertainty (possibility), from which the concepts of
conjunction and disjunction come. In addition, Dubois and Prade [30] go
on to state:

“As a mathematical notion, a fuzzy set F is unambiguously
defined through a membership function pp from a set S to a
(generally complete) lattice L. The mathematical object repre-
senting the fuzzy set is the membership function. Now, looking
at the literature, it is clear that there are two ways of using a
fuzzy set, which parallel the two ways sets are used. The fuzzy
set is used as representing some precise gradual entity consisting
of a collection of items. A typical example is a region in a grey
image. Due to the presence of levels of grey, the boundary of a
meaningful area in the image (e.g. forest zone or tumor in a CT
image) is gradual. In many cases, it does not represent uncer-
tainty about a precise boundary (just the fact that the density
of trees or tumor cells is slowly decreasing in peripheral zones).
Sometimes, the gradualness is linked to the use of a fuzzy pred-
icate (e.g. the picture of a “populated area” or “tumor”). There
is no uncertainty as soon as there is an agreement on the choice
of the membership function (of “populated” or “tumor”). The
same view of fuzzy sets is adopted for the gradual representation
of clusters in data analysis, or linguistic partitions in fuzzy con-
trol or fuzzy random variables in the style of Puri and Ralescu
[114], ranging on a set of (membership) functions. Similarly, the
rating profile of a decision according to several criteria sharing
a common value scale is of the same conjunctive nature. Such
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fuzzy sets are comjunctive and can be called ontic fuzzy sets.
... In contrast a fuzzy set may model incomplete information,
namely be disjunctive. In that case, as pointed out by Zadeh
[165], a membership function (with values on a totally ordered
set) is then interpreted as a possibility distribution, denoted 7
over S. Now, S represents a universe of discourse, a frame of
discernment, a set of possible worlds. This kind of fuzzy set is
basically a subjective notion as it is attached to an agent whose
epistemic state is described by distribution 7.”

1.8.83 Possibility Intervals

Possibility theory was first proposed by L. Zadeh [165] and more extensively
articulated in D. Dubois and H. Prade [26]. Necessity was first developed
by D. Dubois and H. Prade [26]. In particular, if we know the possibility of
a set A, the possibility of the complement of A, Pos(A®) is not defined as
1—Pos(A) in contradistinction to probability. We need to define a concept
that is the “dual” of possibility called necessity where

Nec(A) =1 — Pos(A%),

that is,
Pos(AY) =1 — Nec(A).

Dubois [24] states:

“Limited (minimal) specificity can be modeled in a natural way
by possibility theory. The mathematical structure of possibility
theory equips fuzzy sets with set functions, conditioning tools,
notions of independence and dependence, decision-making ca-
pabilities [lattices]. Lack [deficiency] of information or lack of
specificity means we do not have ‘the negation of a proposition
is improbable if and only if the proposition is probable.” In
the setting of lack of specificity, ‘the negation of a proposition
is impossible if and only if the proposition is necessarily true.’
Hence, in possibility theory pairs of possibility and necessity
are used to capture the notions of plausibility [possibility] and
certainty [necessity]. When pairs of functions are used we may
be able to capture or model lack of information. A membership
function is a possibility only when the domain of a fuzzy set is
decomposable into mutually exclusive elements. A second dif-
ference [between probability and possibility besides possessing
a dual necessity] lies in the underlying assumption regarding
a probability distribution; namely, all values of positive prob-
ability are mutually exclusive. A fuzzy set is a conjunction of
elements. For instance, in image processing, imprecise regions



28 1. An Introduction to Generalized Uncertainty Optimization

are often modeled by fuzzy sets. However, the pixels in the
region are not mutually exclusive although they do not overlap.
Namely the region contains several pixels, not a single unknown
one. When the assumption of mutual exclusion of elements of
a fuzzy set is explicitly made, then, and only then, the member-
ship function is interpreted as a possibility distribution; this is
the case of fuzzy intervals describing the ill-located unique value

of a parameter.” (here, the braces, [ |, indicate the authors’
comments not in the original and the italics are the authors’
emphases)

Moreover, possibility is normalized since the semantics of possibility is tied
to an existential entity. That is, models that use possibility are of exis-
tential entities. Thus, not all fuzzy set membership functions can generate
possibility distributions. So, again, it is crucial to distinguish gradualness
from lack of information.

Pairs of functions can be considered a part of generalized uncertainty
theory, possibility and necessity theory being one of these. When the data
does not explicitly give us the associated membership pairs of functions that
bound our lack of information, the data needs to be used to construct the
bounding functions via methods we develop in Chapter 3 and each, when
the upper and lower distributions are used, lead to a type of optimistic and
pessimistic optimization, respectively, under uncertainty model.

There are several ways to construct bounding distribution functions
which will be more fully derived in the next chapter. The usual method
is to construct bounding possibility and necessity distribution functions as
duals constructed from fuzzy intervals as illustrated by our example distri-
butions generated by the interval [1, 4] and depicted in Figure 1.3 as well as
utmp(z) priory and restated below. That is, the most prevalent approach is
to define the entities of interest in optimization (the coefficients and/or the
right-hand side values, for example) via fuzzy intervals in which case they
will be able to model both gradualness and lack of specificity /information
either as a single distribution or as pairs of distributions. In particular,
suppose we have the trapezoidal fuzzy interval 58/59/61/62 depicted in
Figure 1.6. Then

0 for < 58
pos(x) =< x — 58 for 58 < x < 59
1 for x > 59

and
0 for x < 61

nec(z) =< x —61 for 61 <z <62
1 for x > 62

define dual pairs of distributions that bound the uncertainty represented
by the fuzzy interval 58/59/61/62.
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More general fuzzy intervals, enclosing possibility and dual necessity
pairs can be constructed analogously. In particular, take the non-decreasing
portion of the fuzzy interval beginning at the left-most point of the domain
of the interval until the first point at which the fuzzy interval is 1 and from
that domain value until the right-most point of the domain the possibility is
1. For the necessity, set the function to be zero from the left-most point of
the domain of the fuzzy interval until the last point of the domain at which
the fuzzy interval is 1. Then take 1 minus the left non-increasing part of
the fuzzy interval as the value of the necessity until the fuzzy interval on
the first zero of the fuzzy interval no its right side. Set necessity equal to
1 from this point until the right-most endpoint of the fuzzy interval. We
formalize this construction subsequently.

Remark 21 We emphasize what D. Dubois and H. Prade [28] stated on
page T7. “An expression such as ‘X is F’ where X is a variable and F a fuzzy
set (e.g., ‘age is young’) may be used in two different types of situations,
which both take advantage of the fuzziness of F. On one hand the expression
‘X is F’ can take place in which the value of X is precisely known and we
can estimate the extent to which this value is compatible with the label F
(whose meaning obviously depends on the context). In this case we are
interested in the gradual or soft nature of the qualification stated by ‘X
is F’. ... However, the expression ‘X is F’ may in other situations mean
‘all that is known about X is that X is F’ (without knowing the value of
X precisely in this case). This corresponds to the situation of incomplete
information (pervaded with imprecision and uncertainty), a situation in
which we can only order the possible values of X according to their level
of plausibility or possibility. When a fuzzy set is used to represent what is
known about the value of a single valued variable, the degree attached to a



30 1. An Introduction to Generalized Uncertainty Optimization

value expresses the level of possibility that this value is indeed the value of
the variable. The fuzzy set F is then interpreted as a possibility distribution
[165], which expresses various shades of plausibility on the possible values
of the ill-known variable X.”

Concretely, in an optimization model which seeks to kill cancerous tu-
mors while sparing in the long run all other organs and issues of a human
body, if we have a constraint that is flexible - (a) “at a tumor pixel, deliver
less than 61 units of radiation but under no circumstances deliver more
than 62 units” and (b) “at a tumor pixel, deliver more than 59 units of
radiation but never less than 58 units” - we have a fuzzy or flexible con-
straint. If we wish to deliver the minimal tumorcidal dosage represented
by the fuzzy interval, the trapezoidal fuzzy number in Figure 1.6, which
was constructed from research and radiation oncology experience and is the
state of knowledge we have about “minimal tumorcidal dose” as incomplete
information about the minimal tumorcidal dose, then we have a possibil-
ity. While both the fuzzy or flexible set and possibilistic distribution are
represented by the same function, these two representations lead to dis-
tinct optimization methods as we outline below. The first (fuzzy/flexible)
uses an aggregation operator and the second (possibilistic) uses a stochastic
recourse-like approach.

A reason that one might want to use possibility rather than probability is
precisely in situations for which real-values or complete probability density
functions for data are not available. For example: (1) we do not know
which of a given set of probabilities to use, or (2) all we know is that
the probability is bounded by two functions, or (3) we do not have the
probability distribution on singletons of the domain, but on subsets of
the domain, some of which may have non-empty intersections (overlap).
Whether an entity of interest,

e inherently lacks specificity (the minimal radiation that will kill a par-
ticular patient’s prostate tumor cell located at (z,y, 2) as a single real
number), or

e lacks sufficient research to determine its precise value even assuming
that a precise value such as “the minimum dosage” exists as a unique
real number or as a precise probability density function, or

e does not need/require a deterministic functional representation, in
the sense that one can get by with a more general form than its
deterministic equivalent - perfect information, for the use to which it
is put, for example, the light wave reflection measured by a satellite
sensor to impute the depth of the ocean as low/medium/high might
suffice for a given application such as the general morphology of the
bottom of the ocean, or
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e needs complexity reduction, for example, low, medium, high speed
for the automatic gear shifting mechanism on a car,

lack of information/specificity is a part of many, dare we say most, prob-
lems. Moreover, when we have models that are built from epistemic knowl-
edge (human ideas about the system rather than the system itself), many
of these types of models are possibility either in their entirety or partially.

1.4 A Taxonomy of Generalized Uncertainty in
Optimization

This exposition considers optimization problems to be (1.6), (1.7) and (1.8)
in the presence of data {a,b, ¢, d, e} that are either all or a mixture of real,
interval, interval-valued probability, possibility /necessity, that is, general-
ized uncertainty, with at least one parameter being one of these types or
relationships {<, =, €} that are flexibility or soft. We next develop a tax-
onomy since we relate the taxonomy to solution methods in the chapters
that follow. We discuss in greater detail the items that are presented next.
Optimization in the presence of generalized uncertainty coefficients, and
flexibility may be considered to be the following.

1. Flexible Optimization

(a) Soft constraints relationships: The mathematical relation-
ships <, =, and/or € as “soft constraints” take on a flexible
meaning. For example, we may have a soft “less than or equal
to” constraint where its meaning is: “I wish to be less than a
certain value but I can tolerate going over the value a ‘bit’ be-
yond what is wished but certainly not more than this ‘bit’.” The
extent of the flexibility will need to be specified. Another type
of flexibility is a specification of being greater than a given prob-
ability, possibility, or necessity of a constraint violation. These
latter flexibilities are chance-like constraints called modalities in
the case of possibility and necessity (see [46]).

(b) The objective function expresses an acceptable set of de-
sired targets: A decision might be to attain an ideal amount of
profit that is only attained under a rare confluence of situations,
for example, it happened only once before. A flexible object
function would be to come as close to the ideal as possible or
exceed this ideal. These models include the original Bellman and
Zadeh model [4] and Zimmermann’s model [167]. The objective
is stated as obtaining or exceeding, in the case of maximization,
or coming under, in the case of a minimum, one or more targets
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that are fixed as a number, somehow computed, or subjectively
chosen. These objectives are added to the set of constraint in-
equalities and treated as a soft constraint.

(¢c) The right-hand-side value of a constraint is a fuzzy in-
terval which is semantically a target: The goal for a con-
straint might be, “Do not deliver less than 58 units of radiation
to the tumor, preferably between 59 units and 61 units, but never
exceed 62 units.” When the fuzzy interval is semantically a tar-
get, it is a flexible constraint resulting in a flexible optimization
problem. Such a right-hand side value is essentially a flexible
relationship that is described by trapezoidal fuzzy interval in
this example. These are translated into two constraints

Atumor,ox Z 58 +a
Atumor,ol' < 62—«

where we maximize 0 < o < 1.

2. Optimization Under Generalized Uncertainty - With a single
type of generalized uncertainty in the constraint set definition we
have the following.

(a) Distributions on Constraint Set Parameters: We consider
five different generalized uncertainty types associated with the
constraint set.

i. The first is when a fuzzy interval is used to capture the
uncertainty of a set of parameters. The trapezoid depicted
in Figure 1.6 is a typical fuzzy interval constraint. Suppose
data regarding the exact minimal radiation dose that will
kill a cancerous cell comes from information that is partial or
not specific. One expert says 58 is the minimum tumorcidal
dose, another 62, another 59, another 60, and another 61.
All experts, experimental results, experiential data, and ev-
idence indicate that less than 58 units will certainly not kill
the cancerous cell and the minimum radiation is certainly
not more than 62 units. Most experts and evidence indi-
cate that the best range is between 59 and 61. One model
for this incomplete, non-specific, or deficient information is
the trapezoidal fuzzy interval 58/59/61/62. However, this
is a possibilistic distribution and semantically distinct from
the right-hand side goal stated in classification 1(c) above.
While the trapezoid is the same and the location within the
constraint sets (right-hand side) is the same, how we handle
fuzzy and generalized uncertainty is distinct which will be
seen.
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ii. The second is to use the fuzzy interval to generate another
“upper cumulative” possibility distribution representing the
most optimistic view of the values of the fuzzy interval (see
the black solid line in Figure 1.6 which is a cumulative pos-
sibility and the most optimistic scenario given the fuzzy
interval parameter depicted).

iii. The third is to generate the “lower cumulative” necessity
distribution from the fuzzy interval representing the most
pessimistic/conservative view of the values of the given fuzzy
interval (see the red solid line in Figure 1.6 which is a cumu-
lative necessity and it is the most pessimistic scenario given
the trapezoidal fuzzy interval parameter depicted).

iv. The fourth is any distribution that is between the possibility
and necessity. For example, one might choose for a trape-
zoidal parameter depicted by Figure 1.6, the “midpoint”
distribution between the possibility and necessity, that is,
the uniform one which is the solid purple one in Figure 1.6.

v. The fifth is really (ii) and (iii) combined simultaneously in
a way to obtain something like a mini/max regret (see [147,
146]) or penalized optimization (see [53, 56, 79, 81, 83]).
That is, consider the pessimistic, necessity or lower distrib-
ution, and the optimistic, possibility or upper distribution,
together in a way that incorporates the lack of informa-
tion represented by the fuzzy trapezoidal interval in Figure
1.6, for example. This type of distribution optimization is
used when one wants to analyze and incorporate the risk
of taking a particular course of action in the presence of
the lack of information represented by the fuzzy interval.
These methods give upper (optimistic), lower (pessimistic),
and minimax regret. The difference between the optimistic
and pessimistic solution can be used as a measure of the
maximum risk in taking a particular course of action.

(b) Distributions on Objective Function Coefficients: Sup-
pose the objective function parameters ¢ are semantically linked
to information deficiency, for example, the cost of travel time
is uncertain in an optimization problem which minimizes fuel
costs. This case is distinct from the case where the objective
function is considered as a goal and translated into a soft con-
straint. For generalized uncertainty cost coefficients, we have
an uncountably infinite family of possible objective functions.
However, this family is bounded above and below, that is, the
family of objective functions are contained in an envelope so we
have an infinite multi-objective set of functions bounded above
and below. Given the bounds, an optimistic, pessimistic, and
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minimax regret may be obtained or an interval expectation, to
be derived, can be computed.

3. Mixed Optimization

(a)

Flexibility and Uncertainty: Single Type per Constraint
Relation - When a given constraint entirely is flexible (soft)
and another constraint is entirely described by a generalized
uncertainty type, one aggregates (to be defined later) the soft
constraints and uses either chance constraints or penalized dis-
tribution translations into the objective function. The objective
function, which may now be a family of functions, is the input
into a scalarized functional (see [34, 52] for example) such as a
generalized expected average, defined below. To the best of our
knowledge, mixed problems were first treated by M. Inuiguchi,
H. Ichihashi and H. Tanaka [45].

Uncertainties of More Than One Type in One Con-
straint Relationship - When any of the coefficients a, b, ¢, d, e
of our deterministic model (1.6), (1.7) and (1.8) appear as a mix-
ture of generalized uncertainty types within the same constraint
statement we have a second type of mixed optimization. For
example, in one constraint relation, one coefficient might be a
random set and another constraint in that same relation might
be an interval-valued probability. In this case, we may trans-
form them into interval-valued probability distributions (see [83]
and Figure 2.1) since interval-valued probability (see Figure 2.1)
is the general type of generalized uncertainty that includes the
other types as special cases. That is, random sets can (un-
der certain conditions), be transformed into an interval-valued
probability. In particular, when we do this, we must map all
uncertainty types into the most general uncertainty type that
include all uncertainty types present in a given constraint rela-
tions as subsets. In addition, we must develop a new extension
principle to handle pairs of distributions (and all distributions
between the pairs) since the integral of the generalized uncer-
tainty distribution function needs to be evaluated in computing
generalized expectations. These new extension principles will be
discussed in Chapter 2 and methods to obtain functions of these
generalized uncertainty types will be developed. A new type
of a generalized uncertainty integration is needed to compute if
these multiple generalized uncertainty types occur in coefficients
of the objective function and we use as an evaluation functional
something like the expected average/value (which maps distri-
butions to the real numbers R). This has been done (see [83]).
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More general mixed forms can also be handled by similar meth-
ods, see [146].

1.5 Chapter Summary

This chapter delineated the compelling strengths of flexible and generalized
uncertainty optimization. It looked at the differences between flexible and
generalized uncertainty optimization and indicated how the semantics are
important in distinguishing which of the various approaches must be used
in seeking a solution to associated models. The taxonomy of types of opti-
mization that are linked flexible and generalized uncertainty optimization
were indicated. Clearly, flexible and generalized uncertainty optimization
problems are relevant in applications. And if we are to believe H. Simon,
normative mathematical models (optimization in our case) are a process of
discovery closely tied to process epistemic knowledge about an uncertainty
in the data. Much epistemic knowledge can be mathematized as fuzzy sets
and fuzzy sets into deterministic equivalent models to be solved. Moreover,
when we have lack of information in the data, the resulting uncertainty
can be translated into possibility and necessity bounds where Chapter 3
presents approaches to construct upper and lower bounding functions for
these uncertainties. Once we have bounding functions, it is, in principle,
straight forward to translate the problem into an optimistic and pessimistic
deterministic optimization problem. In fact, we have three:

1. The fuzzy interval itself or the fuzzy interval generated by the bound-
ing functions, which will generate either a soft constraint optimization
or a surprise optimization;

2. Any distribution between the bounding distributions including the
bounding functions themselves;

3. Both distributions that are used in a min/max optimization.

1.6 Chapter Exercises

Exercise 22 Read [92] and [125] and then classify these approaches ac-
cording to our taxonomy.

Exercise 23 Give another example where [r] = [s] does not imply that
[r] < [s] and [r] > [s]. Eaxplain mathematically why is this occurs for
intervals and not for real-numbers?
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Generalized Uncertainty Theory: A
Language for Information Deficiency

Abstract

This chapter focuses on the various theories of generalized uncertainty
that occur in the data associated with optimization models under general-
1zed uncertainty. Fuzzy set theory as it is applied to optimization is quite
well-developed and a distinct study with many textbooks [3], [64] as well as
an associated journal, Fuzzy Optimization and Decision Making. There-
fore, fuzzy set theory is not emphasized in our development in this chapter.
Since the way we will use generalized uncertainty to generate upper and
lower bounding functions is perhaps less well-known, we concentrate on
generalized uncertainty. In Chapter 8 we do develop the methods to trans-
late fuzzy set and generalized uncertainty data into the input we use in
flexible optimization problems.

2.1 Introduction

The generalized uncertainty to which we restrict ourselves, as we have men-
tioned, are those uncertainties that are more general than those that are
deterministic or single probabilistic distributions. After we look at the
theoretical aspects of generalized uncertainty, the following chapter shows
how to construct distributions which will be used as inputs to optimiza-
tion under generalized uncertainty models. The generalized uncertainties
to which we limit ourselves are those that either are or can be translated
into pairs of bounding distributions or interval-valued probabilities since
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these two types seem to us to be most useful in optimization and the most
directly applicable. Thus, our primary focus in this chapter is on gener-
alized uncertainty types that lead to upper and lower distributions which
are used in our generalized uncertainty optimization approach.

It is clear that many researchers consider fuzzy sets as uncertainty even
though a fuzzy set is uniquely defined by a single membership function,
that is, we have complete information. Generalized uncertainty, as the
term is used here, arises from partial information so, in our usage of the
term “uncertainty”, fuzzy sets and uncertainty are distinct. Our definitions
of these terms make this clear albeit it is not necessarily how these terms
are used in the literature.

One of the most fundamental entities in mathematics is, arguably, that
of set. When an application represents its entities as set, the application
imposes attributes onto the set beyond the notion of a collection of objects.
This arises from the nature of the application and/or the input data used
in the application. For example, we may have a set of numbers, say, {2,
.., 12}, that represent the states of a pair of dice on which we can impose
a probability. For the set {2, ..., 12}, the probability attached to the
elements of the set is an induced attribute associated with the use of this
set in modeling the states of dice. In this case we attach a function, the
probability density function, to the elements of the set. In the case of a
fuzzy set, we also have induced attributes, its associated grade of belonging
to the set, which is also a function, a membership function, that is attached
to the elements of a set.

Other attributes may also be attached such as an “or” or an “and”.
For example, when it is stated that an individual in a mathematics class
is “tall”, individual students in a particular mathematics class may be
considered as tall if a person looking at them evaluates them as falling
in the set {6’0” or ... or 7°0”}. Here “or” (disjunction) is attached to
the set of height measurements of students in a particular class. On the
other hand, if one looks at a set of pixels of a digital image of a tropical
forest and one is singling out the set of pixels that form a particular “tree”,
it is clear that the tree in question is made up collectively of a group of
pixels. Here “and” (conjunction) is attached to the set of pixels (pixel; and
pixely and ...) associated to the set “tree”. “Tree” is well-defined since the
person knows which tree. However, the pixels that belong to the person’s
“tree” may not. That is, whether or not a pixel belongs to “tree”, the one
in question, is a matter of transition as the pixels blend near the edges.
Regardless, and is imposed on the set identified as “tree”.

The point we wish to make is that attention and care to the attached
attributes is required since these attributes that are implicitly or explicitly
attached to the primary entity, the set, will make a difference on how the
entity is handled mathematically. The modeling or use to which one puts
sets will determine the associated attributes and properties of the set that
are induced which, in the cases we consider, will make a difference in how
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we are able to compute with the sets. Dubois and Prade [30] classify
conjunctive as ontic and disjunctive as epistemic. This was introduced
in Chapter 1. Loosely speaking, from our point of view, ontic will be
associated with fuzzy sets and epistemic will be associated with information
deficiency leading to one of our generalized uncertainty types. We will make
these distinctions as we proceed.

Generalized uncertainty types begin with set-valued functions. Set-valued
functions are functions whose domains are sets, generally not singleton sets.
Regardless, the domain of set-valued functions are set, which require an
underlying set structure that will allow us to construct these upper/lower
bounding distribution functions. Set-valued functions with some hypothe-
ses such as non-negativity and perhaps (sub)additivity are also called mea-
sures. We begin with probability measures which are well-known concepts
from measure theory. The domain, a subset of sets, need a structure and
for our purposes, the set structure we use is a sigma algebra, which we
discuss next.

Definition 24 Given a (universal) set X # 0, a sigma algebra defined
on X, denoted ox, is a family of subsets of X such that:

1) 0 € ox;

2) X € ox;

8) Acox = A c ox, AC the complement of A;

4) A; € ox, for any countable set (could be finite) = {U;Ai} € ox.

The pair (X,0x) is called a measurable space. Note that the power set
of X, PS(X), is a sigma algebra. Let (X,0x) be a measurable space. By
a measure p on this space we mean a set-valued function

p:ox — RT

such that (@) = 0 and for any pair-wise disjoint set of sets A;, p (U;A;) =
Y1 1 (Ai).  The triple (X,ox,p) is called o measure space. If the
mapping is @ : ox — [0,1] has the property that n(X) = 1, then the
measure is called a probability measure with p now denoted Prx (where
we drop the subscript when the context is clear) and the measure space is
called a probability measure space denoted (X,0x,Prx). Let (X,0x)
and (Y,oy) be two measurable spaces. A function

f: X—=Y
is said to be (0x,0y) measurable if
U A) ={z e X | f(x) € A} € ox for each A € oy.

Typically, for functions of sets of real numbers, the smallest sigma algebra
generated by the half-open sets of real numbers, [a,b),a < b, is called the
Borel sigma algebra is used. As mentioned, the power set of R is a sigma
algebra containing all other sigma algebras so that by intersecting all sigma
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algebras that contain the set of subsets generated by half open sets, we will
have the Borel sets which will be the structure we need. Since we will define
a distribution from a measure, we will want measures over singletons. Thus,
for our purposes, we begin possibility theory with possibility measures from
which will be derived possibility distribution functions over the power set,
ocrorox ,X CR.

2.2 Generalized Uncertainty

We next review the components of the theory of generalized uncertainty
for the ten types of generalized uncertainties of interest, which are:

1. Generalized uncertainties directly translating into pairs of functions
that bound the uncertainty

—~

a
b
¢
d
e
f

Intervals [99, 101];

Fuzzy Intervals [27, 31];

Possibility /Necessity Measures [26], [64];
Interval-valued Probability Measures [156];
P-Boxes [36], [18];

Clouds [107], [19];

—_~ T~ T
—_ — O D

2. Generalized uncertainty that bound the uncertainty with a confidence
limit - Kolmogorov, Smirnov Statistics [65];

3. Generalized uncertainties that require further hypotheses to translate
into pairs of distributions that bound the uncertainty

(a) Belief/Plausibility Measures [17];
(b) Probability Interval Measures [10];
(¢) Random Sets [109].

The relationship among each of the types of generalized uncertainties is
depicted in by Figure 2.1 where we do not include in our figure intervals
and fuzzy intervals. As can be seen in Figure 2.1, generalized uncertainty
types either are or have direct translations into interval-valued probabili-
ties. The importance of the relationships as depicted by Figure 2.1 is that
if we have any of our generalized uncertainty types as input data, they
can be, in principle, translated into interval-valued probabilities. Thus,
to solve optimization under generalized uncertainty for any of these eight
types it suffices to focus on interval-valued probability optimization as we
do in Chapter 6. Let us begin by recalling the definition of possibility and
necessity measure and possibility and necessity distribution. Then, let us
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FIGURE 2.1. Generalized Uncertainty Relationships

prove that intervals and fuzzy intervals are possibility measures and that
fuzzy intervals produce dual possibility and necessity pairs as we have illus-

trated several times, for example, in Figure 2.2. Some of the justification
of Section 2.2.1 and Section 2.2.2 is found in Section 2.2.3.

2.2.1 Intervals

The first type of generalized uncertainty is that of interval. An interval
that represents partial or incomplete information is a possibility. Let A =
[a,b],a,b € R a < b where (here we use a subscript A on pos to denote that
it is the possibility of A) and we are using Zadeh’s definition of possibilistic
distribution [165]

posa(x)

Pos(A)

tia(z)

= suppos(x).
€A

{

Oifx <a,xz>b
1if x € [a,b]
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By convention, Pos(f)) = 0, and if A = X = R, Pos(X) = 1. Now let
A = [a,b] and B = [¢,d] be two intervals.

Pos(AUB) = sup p(z).
r€AUB

Since z € A or x € B, the supremum is 1 so that

Pos(AUB) = sup p(z)=1
r€AUB
= sup{Pos(A), Pos(B)}
= sup{l,1}
1.

2.2.2  Fuzzy Interval

The second type of generalized uncertainty is fuzzy interval. A fuzzy inter-
val that represents partial or incomplete information is a possibility. For
simplicity, let the fuzzy interval A be a trapezoid a/b/c/d,a <b<c <d€
R so that

Oifz<a,z>d
Ly 2 ifa<z<b
posa(x) = py(z) = bra 1if Zig (b,c)

1 d_:
—dfcx—l—ﬂlfchgd

We leave the proof as an exercise since it is similar to that which showed
that an interval was a possibility.

2.2.8 Possibility/Necessity Measures and Distributions

The third generalized uncertainty type is possibility and necessity. This
section briefly develops possibility and necessity theory. A more detailed
development can be found in [26] and [64]. We limit ourselves to quanti-
tative possibility measures which is a set-valued map

Pos(A): X CR — [0,1].

Any complete ordered lattice could be used instead of [0, 1] but we will use
the interval [0, 1].
One of the most general set-valued functions is

g:ACX —[0,1], 4 € 0(X), (2.1)

together with a structure of the subsets of X , o(X), a sigma algebra on

the set X from which we pick A. A reasonable set of assumptions on g are
the following:

g(®) = 0, and g(X)=1 (2.2)

€ B=yg(4) <y(B). (2.3)
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The assumptions (2.1), (2.2) and (2.3) define a fuzzy measure, which is a
set-valued function. A consequence of (2.2) and (2.3) is:

min{g(A),g(B)} (2.4)
max{g(A), g(B)}. (2.5)

The generalized uncertainty we will call possibility measure and necessity
measure obey (2.1), (2.2) and (2.3) where possibility satisfies (2.5) with
equality and necessity satisfies (2.4) with equality. We will be interested
in possibility measures and their associated distribution. We will see that
axioms (2.1), (2.2), (2.3), (2.4), and (2.5) with equality in (2.4), and (2.5),
mean that the underlying set that satisfies these axioms are nested. On the
other hand, nested sets of subsets of the sigma algebra of X will generate
a possibility measure. These two facts will be proved in the sequel.

Definition 25 (see for example Chapter 7 of [64]) A possibility mea-
sure, axiomatically defined, is a set-valued function Pos over the ox of a
universal set X C R,

Pos:ox — [0,1]

such that

Pos(®) = 0, Pos(X)=1, (2.6)
Pos(AUB) = max{Pos(A),Pos(B)},A,B € o(X) (2.7
IfA; € ox, UAiGUX, then
iel
POS(U A;) = supPos(4;) (2.8)
iel iel

Example 26 Suppose we have two candidates for one position. Let A be
the people who would possibly vote for candidate one and B be the people
who would possibly vote for candidate two. The possibility of the election
outcome of the votes from people who would vote for candidate one or two
AU B, is given by,

Pos(AU B) = max {Pos(A), Pos(B)} .

Example 27 Possibility and necessity measures: The transportation
department of a city surveys 100 bus riders as to how many people will fit
m a bus during rush hour. Forty riders say up to 40 people, thirty people
say up to 50, and thirty people say up to 60. In this case

Uy = {1,..,40}

U, = U uU{dl,.. 50}
U3 = UyU{51,...,60}
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so that Uy C Uy C Us. Therefore, we can define a possibility and necessity
measure as follows.

m(U1) = 0.40
m(Uz) = 0.30
m(Us) = 0.30
Pos(U1) = Pos(Us) = Pos(Us) =1.00
Pos({1}) = Pos({2})=...= Pos({40}) =1.0
Pos({41}) = Pos({42})=...= Pos({50}) = 0.6
Pos({51}) = Pos({52})=...= Pos({60}) =0.3
For necessity, we have,
Nec(U;) = 1— Pos(UF)=0.4
Nec(Uy) = 1— Pos(US)=0.7
Nec(Us) = 1— Pos(US)=1.0

Remark 28 Given the definition of possibility measure 25, we have:

(1) Monotonicity, that is, A C B = Pos(A) < Pos(B);

(2) An underlying nested set of subsets of ox, which will be proved in this
chapter.

That is, we will show that axioms (2.6), (2.7), and (2.8) result in a nested
subset of ox being the domain of Pos. What this means is that to construct
a possibility measure, a set of nested subsets of o x is required in this process
of construction.

Remark 29 We generally do not construct possibility measures from the
definition. What we shall see is that there are a variety of ways to con-
struct a possibility measure. To insure that what we construct is in fact
a possibility measure, we will need to show that the variety of construction
methods satisfy conditions (2.6), (2.7), and (2.8). And in each case, we
need an underlying set of nested subsets.

Definition 30 Given a possibility measure, Pos, a possibility distribu-
tion associated with Pos is a function (on elements of the universal set)

pos(z) : X — [0,1]

such that
pos(x) = Pos({x}). (2.9)

Note that singletons are part of the ox when we use the power set of R.
Since in optimization we will be dealing with existent objects, there is at
least one x € X such that pos(z) = 1 though, it is not always known what
this value is. For example, we know in theory, that there exists a minimum
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radiation dose that will kill a cancer cell. However, what this value is for
a particular body, a particular cancer coming from a particular radiation
treatment machine, is not known deterministically as a real number. One
can obtain a number, but in reality, this number is the best guess based on
experience and experimental results. But there exists such a number since
there is a radiation level that will kill a cancer tumor cell (and also the
patient) and there exists a radiation level that will not kill a cancer tumor
cell, zero units of radiation.

The original work by L. Zadeh [165] on possibility theory started with
a possibility distribution which was derived from a fuzzy set. Let u,(x)
be a membership function of a given fuzzy set A. Then the possibility
distribution associated with the fuzzy set A, as originally defined by Zadeh,
is

posa(x) = pa(x) (2.10)

bearing in mind that the semantics between possibility and fuzzy sets are
different.

Remark 31 Zadeh’s definition of possibility (2.10) can be, and indeed is,
confusing since it appears that there is no difference between fuzzy and
possibility.

We address this issue subsequently since fuzzy and possibility are different
concepts. However, let us look at an example of Zadeh’s definition (2.10).

Example 32 Suppose one is told to meet a “tall” female who will be ar-
riving at the baggage claim of an airport at a particular day/time. “Tallfe-
male” is a fuzzy set pygypemare(T) that describes the degree to which a
female x is tall. As people come into the baggage claim area, one looks at
each female x and obtains a degree of certainty Tall female(x). In this case
we have Tall female(T) = gy femaie(T). Note that here, Tallfemale(x) is
my measure of the partial information, “Meet a tall female at the baggage
claim.”, about the person I am meeting at the baggage claim.

The fuzzy set “tallfemale”; (1,41 femaie (%), is gradualness whereas the pos-
sibility distribution Tall female(x) describes the possibility that x, as evi-
dence, is tall. That is, Tall female(x), is lack of information of what tall
is in the context of a female (as opposed to professional basketball players
or tall six year old children) and not transitional set belonging. Klir and
Yuan [64] state the following:

“A fuzzy set F' defines the degree to which z belongs to F', not
the degree to which evidence supports the fact that z is F. A
possibility measure is one that assigns a degree of certainty that
an element belongs to a set F. It is the degree to which the
evidence supports that = is F.”
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For our example, x is a particular female at the baggage claim and the evi-
dence is my estimation of height of females who are seen, which supports (or
not), whether the person is a tall female, where the degree Tall female(x)
is obtained via the fuzzy set 144y femate ()

Given a possibility distribution pos(z), we can also derive a possibility
measure in the following way.

Pos(A) = sup pos(x).
T€A

Definition 33 Given a possibility measure, Pos, its dual, Nec, called a
necessity measure is defined such that for any measurable set A € ox

Nec(A) =1 — Pos(A°), (2.11)

where AC is the complement of A which by the definition of a ox is in the
stgma algebra.

It can be shown that if (2.11) holds,

Nec() = 0, Nec(X)=1,
Nec(ANB) = min{Nec(A), Nec(B)}.

A necessity distribution, associated with the necessity measure Nec is the
function

nec(z) : X — [0, 1]

where
nec(x) = Nec({z}). (2.12)

One interpretation of possibility is simply as an ordering of a collection of
possible outcomes of an uncertain event with pos(z) > pos(y) implying that
outcome z is considered more possible than outcome y. In this setting p(z)
is akin to a Demster ([17]) and Shafer ([128]) plausibility function. In fact,
another way to construct a possibility measure is via plausibility measures
over nested sets.

A fuzzy interval such as that depicted in Figure 2.2, as we mentioned,
can be viewed as encoding a family of cumulative probability distribu-
tions. Both upper possibility and lower necessity, the magenta and light
red distributions of Figure 2.2 below, are cumulative probability distribu-
tion functions. Therefore, given a fuzzy interval as a piece of incomplete
information, it generates a family of CDFs bounded by a upper possibility
and lower necessity pair as depicted in Figure 2.2 below. A possibility de-
scription of the value of a parameter (or entity) which encapsulates what
is known about the possible values of that parameter or entity, generally
uses a (single) fuzzy interval as its distribution function, for example, the
trapezoid in Figure 2.2 below as we mentioned in the first chapter.
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Let us next show that the upper function depicted in Figure 2.2 is indeed
a possibility whereas the lower function, depicted in the same figure, is
indeed a necessity. Without loss of generality, we assume that our fuzzy
interval is a trapezoidal fuzzy interval.

Proposition 34 Given a trapezoidal fuzzy interval a/b/c/d, with a<b<c<d
€ R and
0ifzr<a,x>d
. - ﬁ ifa<z<b

— b—a
POStrap(T) = Lifb<z<ec (2.13)
ﬁm — ﬁ ifc<z<d
Define the upper function
Oifz<a
POStrap(z) =8 72— 3= ifa<z <b : (2.14)
1lifx>b

Both 2.13 and 2.14 are possibility distributions.

Proof. The proof is left as an exercise. Hint, see the next section and
Section 2.2.1 or adapt the proof of Proposition 35 to possibility. =
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Proposition 35 Given a trapezoidal fuzzy interval a/b/c/d, with a<b<c<d
€ R distribution 2.13, the lower function

Oifx<c
necirap(z) =8 7=z — 7= ifc<a <d (2.15)
1ifx>d

1s the dual necessity distribution with respect to the possibility FEquation
(2.13). Moreover, Equation (2.15) is also a possibility.

Proof. Let fuzzy interval be a/b/c/d be given by 2.14.

Nec(A) = 1— Pos(A%)
= 1— sup posSirap(T).
r€AC

Let A = (—00,¢) = A® = [¢,00). Therefore

Nec(A) = 1- s )pOStmp(ZE)
xr€|c,00
= ]_ — 1 - 0.

This means that
nec(xz) =0 Vo € (—o0,¢).
Now let A = (—o00, ),z € (¢,d) = A® = [v,00),¢ < x < d.
This means that

Nec(4) = 1—[sup)postmp(x),c<m<d
1 d
fnd ]_— —
<d—cm+d—c>
1 d
= 1 —
+d—cm d—c
B 1 ch_i_d—c_ d
T d-c¢ d—c d-—c
_ 1 c
B d—ca7 d—c’

Lastly, let A = (—o0,z),z € [d,00) = A® = [v,00),2 > d.
This means that

Nec(A) = 1— sup posirap(z),d <z
[x,00)
= 1-0
1.

Thus, nec(z) = 1,Vz € [d,00) and the first part of the theorem is proved.
Since Nec(A) is similar to Pos(A) except it is shifted. Therefore, it too
is a possibility. m
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Remark 36 The dual necessity is with respect to the fuzzy interval
POStrap(x), Bquation (2.13) and is also a possibility.

There is a relationship between possibility measures on X and countable
nested sets of a sigma-algebra o x. In particular, given a possibility measure
defined on a countable set of nested sets of a o x, it is a possibility measure
on the entire ox. Conversely, if we have a possibility measure on a ox,
it is a possibility on any countable set of nested sets of the ox. That is,
possibility measure can be thought as inducing an underlying generating
set of nested subsets. We prove this next.

Theorem 37 Given a possibility measure, Pg on any countable set of
nested subsets Il = {Ag, Ay € 0x, k=0,1,2,..., and X} such that Ao =0
and A; C A;,Vi < j. Then Pr induces a possibility measure on all of ox.

Proof. Let A € o0x and II be defined according to the hypothesis. Define

Pos(A) = SUp gqa, 20 Pr(Ar), Ax € I, A € 0x, for any k < oo
1 otherwise

1) Pos(®) = 0 holds since 0 N A = 0, Vk.
s

P
2) Pos(X) =1 by definition.
3) Let A C B, for any A, B € ox. From the definition, it is clear that
Pos(A) < Pos(B). Thus Pos is a fuzzy measure since it satisfies (2.1),

(2.2) and (2.3). This means that
Pos(AU B) > max{Pos(A), Pos(B)},VA,B € ox (2.16)

according to (2.5). It remains to be shown is that we have equality in (2.16)
for Pos to be a possibility measure, that is, it must satisfy (2.7). However,
if A and/or B are either () or X, we trivially have equality. So we assume
that neither A nor B are ) or X. Thus

Pos(AUB) = sup Pr(Ag), Ar € II,A, B € ox,k > 0 finite
{AUB}NAL#0
= sup Pr(Ag)

[{ANALIU{BNAL}]#0D

< max{ sup Pu(Ax), sup Pu(A4x)}
ANAL#D BNAL#0

= max{Pos(A), Pos(B)}. (2.17)
Inequalities (2.16) and (2.17) imply that
Pos(AU B) = max{Pos(A), Pos(B)}.

[
The converse is also true. That is, given a possibility measure on ox, it
generates a set of countable set of nested sets.
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Theorem 38 Let Pos(A) be a possibility measure on ox. Then, there
exists a countable nested set of subsets Ay, k = 0,1,2,... such that A; C
A;, Vi < j with the least subset being the empty set and the mazimum set
being the universal set X, and a possibility measure Posr on II where

IT={Ax,Ax €ox,k=0,1,2,...,and X, with Ay = (}.
Proof. Let I = {1,2,...} and

T = {TT,eX,iel,Ty=0}
where X = U;erT;, and
0 = T;NT,fori+#j, withi,jel.

That is, 3 a partition of X in disjoint subsets. For example T' = {0, X} is
a trivial partition. Let

A, = U?:lTi
AO = @ = TO,
I = {AoyA4,..},

and define

Posn(Ag) = Jnax Pos(T;).

Clearly, II is a nested set of subsets of o x and Posyy is a possibility measure
onll. m

Remark 39 The significance of these two theorems, as was mentioned, is
that underlying possibility measures are these nested subsets that generate
the measures and possibility measures generate these nested set of subsets.
Moreover, if we are to construct possibility necessity pairs, we either need
to begin with a set of nested subsets, or if we construct a distribution pair,
we must show that nestedness underlies the sets over which the pair of
distribution measures operate.

We now list some simple standard properties associated with possibility
and necessity measures (see [64]).

1. Nec(A) + Nec(A®) <1
2. Pos(A) + Pos(A%) > 1
3. Nec(A) + Pos(A%) =1
4. min{Nec(A), Nec(A®
5
6
7

)
. max{Pos(A), Pos(AY)
. Nec(A) > 0= Pos(A)

(4)

0
1
1
. Pos(A) < 1= Nec 0
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2.2.4 Interval-Valued Probability Measures

The fourth generalized uncertainty type of interest is the interval-valued
probability measures (IVPMs). What is presented next is an abbreviated
version of [57], [81], and [83]. A basis for linking various methods of un-
certainty representation is examined next. One reason for studying the
various generalized uncertainties and their interrelationships is that when
we have a mixture of uncertainties occurring in a single constraint equa-
tion/inequality, all uncertainties need to be translated into the most general
uncertainty which has as particular cases the set of uncertainties that ap-
pear in the constraint. This true of IVPMs since the are the most general
for of our ten generalized uncertainty types. Once the various uncertainties
are translated into the over arching one, upper and lower distribution func-
tions bounding the set of uncertainties is constructed/computed. IVPM
is a foundation of our approach This section begins by defining what is
meant by an IVPM. The set of functions defined by IVPM is a repre-
sentation of the uncertainty associated with the given information about
an unknown probability measure. Throughout, arithmetic operations in-
volving set functions are in terms of interval arithmetic [99] or constraint
interval arithmetic [71]. Intj 1) = {[a,b] | 0 < a < b < 1} denotes the set
of all interval contained in [0, 1].

We first define, in a formal way, what is called an interval-valued proba-
bility measure as used by Weichselberger [156]. Weichselberger’s definition
begins with a set of probability measures, not necessarily the tightest, called
R — probabilities. Then he defines an interval probability as a set func-
tion providing lower and upper bounds on the probabilities calculated from
these measures. F'—probabilities, as defined by Weichselberger, are simply
the tightest bounds possible of all R — probabilities. This definition is fol-
lowed by a demonstration that various forms of uncertainty representations
(interval, probability, possibility, cloud, P-Boxes, and probability interval)
all which can be represented by IVPMs. Then we show how interval-valued
probability measures can be constructed from lower and upper bounding
cumulative distribution functions. This is followed by an extension principle
for a function of uncertain variables represented by interval-valued proba-
bility measures and integration with respect to interval-valued probability
measures. Both of these definitions will be useful in analyzing problems
involving uncertainty represented by interval-valued probability measures.

Note that generalized expected values require integration. This means,
when we translate uncertainty types in IVPMs, we need an extension prin-
ciple for IVPMs in order to do mathematical analysis, optimization in our
case, with these types of uncertainties. This will be done subsequently.

Throughout this section we will be primarily interested in interval-valued
probability defined on the Borel sets, denoted B,on the real line and real-
valued random variables. Recall that Borel sets on R is its c—field. The
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basic definitions from Weichselberger (with slight variation in notation) are
presented next.

Definition 40 (Weichselberger [156]) Given measurable space (S,A), an
interval valued function iy, : A — Intj 1) is called an R-probability mea-
sure if:

(a) im (A) =la~ (A),a™ (A)] C[0,1] with a= (A) < a™ (A)

(b) There exists a probability measure Pr on A such that

VA € A, Pr(A) € inm (A)

By an R-probability field we mean the triple (S, A, iy,).

Definition 41 (Weichselberger [156]) Given an R-probability field R =
(S, A, i) the set

M (R)={Pr | Pr is a probability measure on A such that VA € A,Pr (A)

€ im (A)} is called the structure of R.

Definition 42 (Weichselberger [156]) An R-probability field R = (S, A, im)
is called an F-probability field, if VA € A:

(a) a™ (A) = sup{Pr(A) | Pr € M (R)},

(b) a= (A) =inf {Pr(A)|Pre M (R)}.

Remark 43 Given a measurable space (S, A) and a set of probability mea-
sures P, defining
at (A) = sup {Pr(A) | Pr € P}

and

a” (A) =inf {Pr(A) | Pr € P}

gives an F — probability, where P is a subset of the structure. What this
means is that we can begin with an arbitrary set of probabilities, where our
unknown one is somewhere in this set, and construct an F-probability field.

2.2.5 P-Bozes

Our fifth type of generalized uncertainty are P-Boxes. P-Boxes are a gen-
eralized uncertainty type since they are pairs of distributions enclosing
unknown distributions. The main publications associated with P-Boxes
are [36], [18]. Let a probability density distribution be denoted p. Recall
that the cumulative distribution associated with respect to p is
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Definition 44 A P-Box is defined by a pair of cumulative distributions
F(x) < F(z),z € R and is the set of cumulative distribution functions
F,(z) such that

F(z) < Fy(z) < Fa).

Given a P-Box, it is clear that
PB ={Fy(z) | E(z) < Fy(z) < F(2)} #0

since both F(x) and F(z) are cumulatives that belong to PB. Therefore,
we can take the bounding cumulative functions F(z) and F(z) as our possi-
bility pairs since cumulative distributions are possibilities (see Proposition
34 and Proposition 35). Moreover, the bounding functions also define the
extremes of an interval-valued probability measure as we will see. A more
extensive presentation of P-Boxes is [36]. The problem, of course, is how to
construct PB when confronted with uncertain information where we wish
PB to be minimal in some sense. The construction of distributions is left
to Chapter 3.

2.2.6 Cloud

Our sixth generalized uncertainty type is a cloud. The idea of a cloud is to
enclose uncertainty in such a way that we have probabilistic-like character-
istics without being given or knowing upper/lower cumulative distributions
but we know upper an lower functions with some specific properties delin-
eated below. The set of random variables belonging to a cloud is non-empty,
so that clouds are well-defined and within the theory of probability. That
is, given any cloud, there exists a random variable belonging to the cloud
(see [107]). The original impetus was to be able to model analytically in
the presence of missing information, missing precision of concepts, and/or
dealing with imprecise measurements and there is a well-defined semantic
to this lack of information.

Definition 45 A cloud [107] over a set M is a mapping x that associates
with each & € M a non-empty, closed, and bounded interval x(§), such that,

(0,1)C U x(€) € [0,1] (2.18)
ceM

x(&) = [x(£),X(€)], is called the level of £ in the cloud x where x(£), and
X(&) are the lower and upper level , respectively, and X(£) —x(€) is called
the width of £&. When the width is zero for all &, the cloud is called a thin
cloud.
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upper o-cut
(Pr>=1-0)

‘\«
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(Pr<=1-0f upper level
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support

FIGURE 2.3. Cloud

Remark 46 x(£), as can be seen in Figure 2.3, is a vertical interval for
each &, that is, an interval with respect to the y-axis. Of course the width
is the vertical width.

When doing analysis over the domain of real numbers, one needs algebraic
operations over clouds in addition to concepts of integration, differentiation,
measure, limits.

Definition 47 [107] A real cloudy number is a cloud over the set R
of real numbers. Xla,b] (x being the characteristic function) is the cloud
equivalent to an interval [a,b] which is

x(§) =0
i(ﬁ) _ { 1 nge [avb]

0 otherwise

A cloudy vector is cloud over R™, where each component is a cloudy
number.

An interval provides only information about the support without additional
probabilistic content. Neumaier [107] states that dependence or correlation
between uncertain numbers (or the lack thereof) can be modeled by consid-
ering them jointly as components of a cloudy vector. Moreover, in many
applications the level x(£) may be interpreted as giving lower and upper
bounds on the degree of suitability of € € M as a possible scenario for data
modeled by the cloud x. This degree of suitability can be given a proba-
bility interpretation by relating clouds to random variables (see equation
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(2.19) below). We say that a random variable x with values in M belongs
to a cloud x over M, and write x € x, if

Pr(z(z) > a) <1—-a <Pr(z(z) >a) Vaelll]. (2.19)

Since Pr denotes the probability measure, its argument, the sets consisting
of all £ € M where z(z) > « and T(z) > « are required to be measurable in
o the sigma algebra on M consisting of all sets A C M for which Pr(z €
A) is defined. This approach gives clouds an underlying interpretation as
the class of random variables z with « € x .

Given a fuzzy set, a fuzzy cloud is a cloud where the fuzzy membership
function is the upper level and the x-axis is the lower level. The interpre-
tation of a fuzzy set being bounded by the membership function and the
x-axis was first advocated by Dubois, Moral, and Prade [32]. Since there
exists at least one random variable in every cloud [107], this interpretation
is meaningful. Moreover, it is in this way that a fuzzy set may be associated
with uncertainty. However, we do not pursue this further.

2.2.7 Kolmogorov-Smirnov Statistic

A seventh generalized uncertainty type is the Smirnov-Kolmogorov statistic
generated distributions. Many reference with cogent explanations of the
Kolmogorov-Smirnov Statistic (KSS) can be found. Matlab has a KSS in
its statistical toolbox (kstest2) as does the open source statistical software
package R. This is an approach that uses confidence limits to construct
upper and lower distributions on uncertainty. That is, the KSS, in the way
we use it for enclosing uncertainty, forms confidence bands of an unknown
cumulative distribution function F'(z). To find a confidence band enclosing
F(z), we will need to begin by finding confidence bands around each z. In
Chapter 3 we show how to construct these upper and lower bounds on the
underlying unknown cumulative distribution given (incompletely specified)
statistics that describe the problem.

The next three uncertainty types are those that require special properties
in order that to translate them into interval-valued probability measure or
possibility /necessity measures. These are discussed next but not developed
beyond what we present here.

2.2.8 Dempster-Shafer Belief/Plausibility Measures and
Distributions

A eighth generalized uncertainty type is the Dempster-Shafer belief and
plausibility measures which was developed by Dempster [17] and Shafer
[128], [129).

Definition 48 A belief measure is a set-valued function

Bel: o0x — [0,1]
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such that

Bel®) = 0
Bel(X) = 1
Ay € oxi=1,..K

K

> Bel(Ay) =Y Bel(A; N Ay)
k=1 i<k

oo+ (=D)ETBel (N, Ay).

Bel(UE_| A)

v

The last property is called super-additivity. Note that if the Ay, are mutually

disjoint, then
K

Bel(Up_, Ax) = > Bel(Ay)
k=1
which means belief measures are, in general, distinct from probability. A
plausibility measure is a set-valued function

Pl:ox — [0,1]
such that
Pi(0) = 0
PI(X) =1
A, € ox,i=1,...,. K
K
PIUR A) < D PI(AR) = > P(A; N Ay)

k=1 i<k

oo+ (=DETPI(NE A).

The last property is called sub-additivity. Note that if the Ax are mutually

disjoint, then
K

PUUE A1) < 7 PI(A)
k=1
which means that plausibility measures are, in general, distinct from prob-
ability theory. Moreover, Bel and Pl are dual, that is,

PI(A) =1 — Bel(A°).
If ox consists of nested sets, then
Bel(AU B) = max{Bel(A), Bel(B)}

and
PI(AN B) =min{PI(A), Pl(B)}.

This means that they satisfy the axioms of possibility and necessity.



2.2 Generalized Uncertainty 57

Remark 49 In the case of a system of nested sets, Bel and Pl are Pos and
Nec respectively (see [64]).

Some properties are:

1. Bel(A) + Bel(AY) < Bel(AU A®) = Bel(X) = 1;

2. PI(A) + PI(AC) > PI(AU A®) = PI(X) = 1;

3. Bel(A) < PI(A).

The construction of belief and plausibility from data usually uses what
is called the assignment function which is Definition 58 given below as part
of the discussion on random sets.

Example 50 Belief and Plausibility Measures: A poll is taken of a
group in a large city of 10,000 people who will vote for five mayoral can-
didates {a,b,c,d,e}. Suppose there are two political parties who have can-
didates running for mayor, Candidates {a,b} belong to Party A and can-
didates {c,d,e} belong to Party B. Suppose 3,500 are loyal Party A mem-
bers who prefer {a,b} but as of yet, have not decided for which of the two
they will vote. Likewise, suppose 4,500 are from Party B and will vote
for {c,d,e} but as of yet have not decided which of the three candidates
they prefer. The remaining 2,000 are undecided. The focal elements are
{a,b},{c,d, e}, {a,b,c,d, e} where we have as an assignment function (see
Definition 58),

m({a,b}) = 0.35
m({c,d,e}) = 0.45
m({a,b,c,d,e}) = 0.20

Note that the assignment function is not monotonic. The assignment func-
tion for a set A, m(A), is solely a property of the set A and no other in-
formation impacts the value and is the amount of probability left over from
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the elements of A that are not yet assigned due to lack of information.

Bel({a,b}) = > m(B)=0.35
BC{ab}
Bel({c,d,e}) = > m(B)=045
BC{c,d,e}
Pl({a,b}) = 1— Bel({a,b}°)
= 1— Bel({c,d,e})
= > m(B)
BNn{a,b}#0
= 0.55
Pl({c,d,e}) = 1— Bel({c,d,e}“)
= 1-— Bel({a,b})
= > m(B)
Bn{c,d,e}#0
= 0.65
Note that
Bel({X}) = 12> Bel({a,b})+ Bel({c,d,e}) =0.80
PlI(X) = 1<Pil({a,b})+ Pl({c,d,e}) =1.20

Example 51 Belief and plausibility measures, assignment func-
tion: Given the example of the voters above, suppose of the 2,000 undecided
votes, 500 will vote for candidate {a} and another 500 will vote for {b} or
{d}. Thus, our sets are

A1 ={a,b}, Ay = {c,d,e}, A3 = {a}, Ay = {b,d}, X = {a,b,c,d,e}.
Our update yields new assignment functions
m(A;) =0.35,m(As) = 0.45,m(A43) = 0.05,m(A4) = 0.05,m(X) = 0.10
and in terms of belief and plausibility

Bel(Ag) = m(Ag) = 005,
Bel(Al) = m(Al) + m(Ag) =0.40
Pl(Al) = m(Al) +m(A3} +m(X) =0.55

2.2.9 Probability Interval

The ninth uncertainty type is probability interval. Probability intervals
provide a way for discrete probability data to be enclosed by bounding
distributions. The probability interval is an entity that was developed by
[10] and is formally defined as follows.
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Definition 52 [10] Given a discrete set X = {x1, 2, ...,k }, a probabil-
ity interval is the set
PI = {[ag,bx],k=1,....,K,0 < ap < by}

such that, for the discrete case,

M, ={Pr | ap <Pr({z}) <bp, k=1,..,K}.
For the continuous case
Mp; =A{F,(z) | a(z) < Pr((—o0,z]) <b(z), k=1,...,K,0 <a(z) <b(z)}.
Theorem 53 ([7/ [149]) For the discrete case, M%; # 0 if and only if
Z ar <1< Z by

Proof. It is clear from the properties of probability that if a probability
density where to be defined on the interval [ay,by], then, Mg, would be

K K
empty when either > ai > 1or > by < 1. However, if
k=1 k=1

K K
Z k S 1 S Z bk7
k=1 =1

then we can construct a probability p € Ml‘i ; as follows.

K-1
Zak— Zak+a;<<1

Let ex > 0 be such that

K-1

Z ak—i—aK—i—eK:l,

k=1
Then p(zx) = ak, where p(xx) = ax + €x is a probability such that
peEME, m

Theorem 54 For the continuous case, M%; # 0 if and only if f x)dx <

— 00

1< [ b(z)
Proof. The proof is similar to Theorem 53. m

Definition 55 ([7], [149])A discrete probability interval
PI = {[ak,bk],k =1,..K,0<a; < bk}

is reachable if there exists &k,ﬁk € Mg, such a = Pry(xx) and by =
ﬁk(a:k) for each k =1,2,..., K.
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Theorem 56 ([7], [149]) A probability interval PI = {[ay,bx], k=1, ..., K,
0 <ag < by} is reachable if and only if

Saj+by<lk=1,..K
J#k

and
Z bj—l—ak <Lk=1,.,K.
7k
Proof. See [7], [149] for a proof. m
De Campos, Huete, and Moral [10] showed that by defining

I[(A)= min P(A) and u(4A) = max P(A),VACX
PreMpr PreMp;
there is a formulation of I(A) and u(A) for the reachability case according to
the following theorem, which is the key to translating probability intervals
into other types of uncertainty.

Theorem 57 [7], [149] If PT = {[ak,bi],k = 1,...., K,0 < ap < by} is
reachable, then (1) l(zy) = ar and u(zy) = by, (2) VA C X,

TLEA x, €EAC

Z(A):max{ >oag,1— Y bk}
and

€A TR EAC

u(A):maX{ Soug,1— > lk}.

Proof. See [7], [149] m

The significance of the above is that under the conditions of the theorems,
we are able to construct upper and lower distributions which in fact can be
identified with interval-value probability measures and possibility /necessity
measures.

2.2.10 Random Sets

Our tenth and last generalized uncertainty type is random set. Random
sets comprise the last uncertainty type of interest that we present. Random
sets are of interest because they are quite general. A basic text on random
sets is [109]. Notice that from the point of view of uncertainty types as
depicted in Figure 2.1, random sets constructed from belief and plausibility
are [IVPMs. The name arises from the problem of selecting a sub-sample
(a subset) from an entire population at random. However, it has a formal
development of its own. Where it comes into play in uncertainty is when
we only have probability information on non-singleton subsets rather than
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probabilities on the elements of subsets. In this case, a random set is
generated and from random sets, we are able to create upper and lower
bounds which turn out to be belief and plausibilities. In fact, random sets
and belief and plausibility measures encode the same uncertainty as we
shall show. For optimization, we are assuming that our data is given on
elements so that other encodings of data are more useful except when there
is a mixture of uncertainty types within one constraint specification.

Definition 58 A mapping
m:ox — [0,1]

> m(d) =1

AeF

such that

generates a random set (F,m), F = {A € ox | m(A) > 0}. The mapping
m 1is called the basic probability assignment function or just assign-
ment function.

Example 59 Basic Assignment Function: The assignment function
m(A) expresses the proportion to which all available and relevant informa-
tion support the claim that a particular element x € X whose characteriza-
tion in terms of relevant attributes is incomplete belongs to a set A. That
18, it is like a possibility in the sense of the textbook by Klir and Yuan.
With respect to our Example 50 above, x € {a,b,c,d,e} = X where

m{a,b} = 0.35,
m{c,d,e} = 0.45,
m{a,b,c,d,e} = 0.20,

that is, m(X) = m{a, b, c,d, e} = 0.20, is the value of unassigned probability
since our sets for which we have information are just {a,b}, {c,d,e} and
{a,b,c,d,e} and 0. The focal elements are just the three. Notice that the
assignment function is not monotonic.

Given complete information, every element of a finite universe X is as-
signed so for all z € X, m{z} = Pr(z) and ), m{z} = 1. In this case for
any set A that is not a singleton including X, m(A4) = 0. Thus a basic
assignment function has the following properties:

1. A C B, it is not required that m(A4) < m(A) while in probability
(and possibility) Pr(A4) < Pr(B)

2. Tt is not required that m(X) = 1 while in probability and possibility
Pr(X)=1.

3. There is no dual relationship between m(A) and m(A®) whereas in
probability Pr(A4) + Pr(A%) = 1.
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The basic assignment function is an abstract concept useful in cases in
which the precise probability for all sets of the power set of X, P(X), is
not known.

Example 60 (Random set) For our first mayoral election Example 50,
we have the family of subset

F = {Al = {a’ﬂ b}a AQ = {Ca d> 6}3 X = {aa b7 ¢, da 6}},

with
m(X) = 0.20

Then (F,m) is the random set. If we use a different group of 10,000 in
our survey, we will generally have a different random set since the F and
m will change. Thus, we need to be clear about our sample space X. If
we add 10,000 people to our already surveyed 10,000 people, we increase
our sample space X so that the F and m will undoubtedly change. For
example, if we receive more details about the 4,500 who support Party B,
we will need to update our random set. That is, suppose of the 4,500 who
will vote for someone in Party B, 2,000 will vote for candidate {c} while
2,500 are still undecided for which of {c,d,e} they will vote, then

fnew = {A17A27A3 = {C}}

We then have

m(A;)) = 0.35
m(As) = 0.20

and in terms of belief and plausibility measures.

2.3 Equivalences Between Generalized Uncertainty
Types

We next show how various of our uncertainty types are equivalent. We
begin by showing how intervals, possibility distributions, clouds and (of
course) probability measures can define R — probability fields on the Borel
sets of the real line. That is, our uncertainty types can be transformed
into IVPMs.
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Remark 61 (An interval defines an F-probability field): Let I =
[a,b] be a non-empty interval on the real line. On the Borel sets define

a+(A)_{ 1 ifINA#0

0  otherwise

and

a(A):{ 1 fICA ’

0 otherwise

then i, (A) = [a~ (A),at (A)] defines an F-probability field R = (R, B, i.,).
To see this, simply set P to be the set of all probability measures on B such
that Pr(I) = 1.

Remark 62 (A probability measure is an F-probability field) Let
Pr be a probability measure over (S, A). Define i, (A) = [Pr(A),Pr(A4)]
which is equivalent to having total knowledge about a probability distribution
over S.

The concept of a cloud [107], which we have already introduced, can be
defined in the context of possibility distributions making its relationship to
possibility clearer. Let us then use a slightly different notation for cloud
where it will turn out that the upper level is a possibility and the lower
level is a necessity though they will not necessarily be duals of each other.
That is given an upper level, the lower level is not its dual but it will be
a necessity. Thus, we use p to denote the upper level and n to denote the
lower level of a cloud. The notation for the duals of p and n are @ and p
respectively. Generally, 7 and p are distinct functions as are @ and n.

Remark 63 From the point of view of interval-valued probabilities, let us
recall that a cloud over set S is a mapping ¢ such that:

1)Vse S, c(s)=[n(s),p(s)] with0 <n(s) <p(s) <1,

2) (0,1) C Usese(s) C [0, 1],

In addition, random variable X taking values in S is said to belong to cloud
¢ (written X € ¢) iff

3)Vae0,1],Pr(n(X)>a)<1-a<Pr(pX) > a).

Clouds are closely related to possibility theory. A function p: S — [0, 1]
is called a regular (normalized) possibility distribution function if

sup{p(z) |z € S} =1.

By convention, we define sup {p (z) | z € 0} = 0. We define another dis-
tribution function n by

n : S—1]0,1]
n@) = 1-p),
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where by convention inf {n (z) | z € 0} = 1.

Now, the concept of a cloud can be stated in terms of certain pairs of
consistent possibility distributions (there is at least one domain value whose
possibility is equal to 1) which is shown in the following proposition.

Proposition 64 Let p and p be a pair of reqular possibility distribution
functions over set S such that Vs € S, p(s) + p(s) > 1. Then the mapping
c(s) = [n(s),p(s)] where n(s) = 1—p(s) is a cloud. In addition, if X is a
random variable taking values in S and the possibility measures associated
with p, p are consistent with X then X belongs to cloud c. Conversely,
every cloud defines such a pair of possibility distribution functions and their
associated possibility measures are consistent with every random variable

belonging to the cloud c.

Proof. =
1) Let p, p: S — [0,1] and

p(s)+p(s) = 1=
pls)+(1—-n(s) > 1=
p(s) = n(s).

This implies that property 1) of Remark 63 is satisfied.
2) Since all regular possibility distributions satisfy

sup{p(s) | s € S} = 1 means that
p(s) < 1.
p : S —1]0,1] then
inf{p(s) | s€ S} > 0 means that
p(s) > 0.

This means that property 2) of Remark 63 holds. Therefore ¢ is a cloud.
Now assume consistency. Then

a Pos{s|D(s) <
Pris|p(s) < a}
L=Pri{s|p(s) >

Pris|p(s)>a} > l-o

a}

(AVARYS

a} or

which gives the right-hand side of the required inequalities.

l—a > Pos{s|p(s) <1-a}
> Pr{s|p <1- }
= Pr{s|1-p(s)>a}
= Pris|n(s) > a}
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which gives the left-hand side of consistency.
<The converse was proved in section 5 of [107]. m

Remark 65 (A cloud defines an R-probability field) Let c be a cloud
over the real line. Let Pos',Nec', Pos?, Nec? be the possibility measures
and their dual necessity measures relating to p(s) and n (s) where p(s) is
the upper level and n (s) is the lower level as in Remark 63. That is,

Pos1(A) = suppla)

acA
Posy(A) = supn(a)

acA
Neci(A) = 1— Pos;(A%)
Necy(A) = 1— Posy(A%).

Define
im (A) = [max {Necy (A), Neca (A)} ,min {Pos; (A), Posa (A)}].

In [107] Neumaier proved that every cloud contains a random variable X .
Consistency requires that Pr(X € A) € iy, (A). Thus iy, (A) contains at
least one random variable so that the measure is non-empty. This means
it is an R-probability field.

Remark 66 (A possibility distribution defines an R-probability field)
Let p: S — [0,1] be a regular possibility distribution function and let Pos
be the associated possibility measure. Then

im (A) = [0, Pos (A)].

Moreover, if we define a second possibility distribution, p(x) = 1 Va then
the pair p,p define a cloud for which iy, (A) is its associated R-probability
according to the previous example. Since we have a cloud, there exists at
least one random variable in the cloud according to [107] and $o iy, (A) is
not empty so well-defined.

Remark 67 (A probability interval defines an R-probability field)
Let

My = {Pr | ap <Pr({zx}) <bp, k=1,.,K} #0.

It is clear that if we pick py = axr and D, = by we have a discrete R-
probability. For the continuous case we have,

Mp; ={Fy(z) | a(z) < Pr((—o0,z]) <b(z), k=1,..,K,0 <a(z) <b(x)}.

Choosing p(z) = a(zx) and p(x) = b(x) we have an R-probability.
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Remark 68 (A P-Boz defines an R-probability field) Let A = (—oo, z]
and let two functions F(A) < F(A) be given such that

PB={F | F(A) < F(A) < F(A), A measurable, F(A) = CumPr(A)} .
If we let

a” (4) = E(A)

at (A) = F(4),

with the assumption that there exists a distribution in PB [36], then a P-
Boz is an R-probability field (IVPM). If F(A) and F(A) are (cumulative)
distributions, then PB is a F-probability field.

The significance of these observations is that interval-valued probabili-
ties are quite general. In addition, belief and plausibility distributions are
IVPMs. And given a random set, we can generate a belief and plausibility
pair and conversely.

Remark 69 Belief and plausibility distributions are also interval-valued
probability measures. To see this, let AC X, A€ ox. Since

Bel(A) + Bel(A°) <1 < PI(A) + PI(A%). (2.20)
and any probability Pr has the property that
Pr(A) + Pr(49) =1
then
Bel(A) + Bel(A9) < Pr(A) + Pr(A%) = 1 < PI(A) + PI(A).
On the other hand, we have,

Bel(A)
Bel(A)

< Pr(A%) < PI(A9),
< Pr(4) < PI(A),

so that (2.20) is satisfied. Moreover, there exists such a probability given
Bel(A), for any A€ ox. If we define Pr(A) = Bel(A), then we have

Bel(A) = Pr(A) < PI(A).
Likewise, if we define Pr(A) = Pl(A), then we have
Bel(A) < Pr(A) = PI(A).

Remark 70 Given a random set, we can construct a belief/plausibility
pair.

Bel(A)= Y m(B)

BEF|BCA
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and

Pi(A)= > m(B)

BEF|BNA£D

Moreover, if F = {A1, Aa, ..., Ak}, a finite collection of subsets in the
family F such that they are nested, Ay C As C ... C Ak, with Ag =0 and
Ag1 = X, we have

0=ACA CAC...CAx CAg1 =X,

then the belief and plausibility measures generated by the random set is a
possibility and necessity measure respectively. The set of all probabilities
generated by a random set (F,m), for a finite family F, has the form

Mps = {Pr | Pr(A) => m(Ay)Pr *(A), A€ Lx}
k=1

where
Pr ¥ ¢ {Pr(A) =1,4; C A}.

The representation Mprg of a random set can also generate another belief
and plausibility measure as follows [109].

Bel(A) = inf Pr(A),
PreMprs

PI(A) = sup Pr(4).
PreMprs

Moreover, if F is a family of singletons, then A, = {z} so that

P{z})= Y m(B)=m({z}).

BeF|BN{z}#2
That is,
Pl(z) = m(x).

Likewise,

Bel({z})= > m(B)=m({z}),

BEeF|BC{x}

and we have that
Bel(z) = m(x).

Therefore in the case of singleton families,
Bel(xz) = Pl(z) = Pr(x).

Let a measure 41 : 0x — [0, 1] be an onto function where X = {z1,...,xx }.
Thus,
plzy) = ag, 0 < ap < 1,Vz, € X,
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and 3 x;, x; such that pu(z;) = 0 and p(z;) = 1. Without loss of generality
assume that

0= <ax<..<ag=1

by renumbering if necessary. It may happen that 3 k,[,1 <k <k+I< K
such that

A = Oy = oo = Oy .

In this case, we use another notation for those a’s. For example, suppose
we have K such sets of o’s. Define

0=03<By<..<Pg, =1

where
61 = a1=..=oy
52 = Q41 = ... = Oy
B, = QU 41 = .. = QK.
Let

F(ﬁk) = {xlk71+1,$lk71+2, e ,.’Elk71+}(} s k= ].7 ceey Kl

be the [3;-level set. Then p is equivalent to the random set (F' € F,m)
where m is given by

m(F(ak)) = 5]@ - ﬁkfla k= 1, maKlaBO =0.

Theorem 71 A random set generates a belief,plausibility measure and a
belief, plausibility measure can be translated into a random set.

Proof. It is clear from Remark 70 that a random set (F' € F,m) generates
a belief, plausibility measure. Moreover, it was proved by Shafer [128] that

m(A) = S (=) P Bei(B).
B|BCA

This means that a belief, plausibility can be translated into a random set.
]

Remark 72 A P-Box can be translated into a random set (see [18]). In
special cases, probability intervals can be translated into random sets (see
[7] and Chapter 3).
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2.4 Chapter Summary

This section defined ten types of uncertainty entities. These ten provide a
rich toolkit for the analysis of uncertainty data that arises from models in
which there is an incomplete set of information. Our interest is to use these
for constraint sets and objective functions of optimization whose models
require generalized uncertainty analysis. As we shall see, each of these
ten (under some assumptions) can be transformed to IVPMs. Subsequent
chapters will consider generalized uncertainties either as pairs of possibility
and necessities or as IVPMs. From these pairs in the body or rim of an
optimization problem, we will develop methods of optimization.

2.5 Chapter Exercises

Exercise 73 Prove that given a possibility measure defined by (2.6), (2.7),
(2.8) and the necessity measure defined by (2.11) that

Nec(@) = 0,Nec(X) =1,
Nec(ANB) = min{Nec(A), Nec(B)}.
Exercise 74 Prove Proposition 34.

Exercise 75 Prove that a trapezoidal fuzzy interval is a possibility distri-
bution.

Exercise 76 Given random set data, show how to get an equivalent IVPM.

Exercise 77 Given a probability interval data set, show how to get an
equivalent IVPM.

Exercise 78 Given a belief/plausibility data set, show how to get an equiv-
alent IVPM data set.

Exercise 79 An entity X has realizations x1,x2, 3,24 where pr(z;) €

[1.2], pr(as) € [5.2], pr(es) € [£2) and pr(zs) € [1.2]. This type of

information is a random set information or not? Verify your answer.
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The Construction of Flexible and
Generalized Uncertainty
Optimization Input Data

Abstract

Chapter 1 introduced the topics of interest to this monograph. Chapter
2 briefly looked at the underlying theory behind the data input types - flex-
ible/fuzzy entities and generalized uncertainty entities: intervals, fuzzy in-
tervals, possibility pairs, interval-valued probabilities, cumulative probability
bounds (P-Bozes), clouds, Kolmogorov-Smirnov bounds, belief/plausibility
pairs, probability intervals, and random sets. Since cumulative probability
bounds, probability intervals, and clouds can directly be translated into prob-
ability based possibilities and enclosed by a pair of distributions in general,
we will consider these types as being derived by probability based possibility.
Moreover, nested belief/plausibility and some random sets (see [7], [109],
[148]) can be translated into interval-valued distribution pairs. However,
these three uncertainty types (belief/plausibility, probability intervals, ran-
dom sets), in general, require stronger hypotheses to translate them into
upper/lower distributions enclosing or approximating the unknown distrib-
utions which underlie partial information.

3.1 Introduction

We consider that the input data for flexible optimization are given by fuzzy
intervals and/or transitional set belonging associated with relations. The
input data for generalized uncertainty optimization are given by one of our
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ten uncertainty types discussed in the previous chapter. In particular, we
have the following.

1. Flexible optimization input data:

(a) Fuzzy intervals;

(b) Set belonging arising from relationships.
2. Generalized uncertainty input data:

(a) Possibility intervals;
(b) Interval-valued probabilities;

(¢) Kolmogorov, Smirnov bounds.

If we consider the above classification and that we show that set belonging
result in fuzzy intervals, the above results in four types of data types:

1. Fuzzy intervals;
2. Possibility pairs;
3. Interval-valued probabilities;

4. Kolmogorov, Smirnov bounds.

This means that when we develop constructions for flexible and general-
ized uncertainty data inputs, we can focus on constructions that yield one
of these four types with Kolmogorov, Smirnov bounds, as we mentioned,
enclosing with confidence limits.

3.2 Construction Flexibility /Fuzzy Distributions

Distributions for flexible constraints are fuzzy membership functions arising
directly from the given fuzzy interval membership function or constructed
from soft relationships. Chapter 1 presented the definition of a fuzzy inter-
val as a membership function of a fuzzy set which is more general than a
fuzzy number. In the context of transitional set belonging, a fuzzy interval
semantically represents gradual membership in a set. This section focuses
on gradual set belonging as found/used in flexible optimization. There are
two places where data that are part of flexible optimization enter into an
optimization problem:

1. In the right-hand side coefficients;

2. In the relations.
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Remark 80 A fuzzy interval in the body coefficients and/or objective func-
tion coefficients are considered as coming from uncertainty in the model and
not gradual set belonging. Thus, the data corresponding to these models are
considered as part of generalized uncertainty data. The first fuzzy optimiza-
tion models considered the objective function as a goal. When this occurs,
the objective function is converted into flexible constraint and so considered
either as a right-hand side coefficient or as a gradual relationship (soft re-
lationship). Therefore, flexibility in the objective function is not considered
separately from our two flexible types listed above. That is, we have two
types of flexible optimization data that we will construct. Nevertheless, we
will show how to construct a soft constraint from objective function goals.

3.2.1 Construction of data for coefficients in right-hand side

The only challenge to developing a fuzzy interval representing gradual
set belonging is if it is not an a-priori given membership function. We
will assume that any coeflicient data that is a fuzzy number or interval is
given a-priori as a membership function. For example, we might be given
a fuzzy number 2 representing a coefficient that is “around 2”. Triangular
or trapezoidal fuzzy intervals are typical membership function types. That
is, for the numeric values of coefficients that are modeled as fuzzy num-
bers/intervals, their associated function is assumed to be a-priori known
and specified. How we handle this data in an flexible optimization is cov-
ered in Chapter 5.

3.2.2  Construction of data for flexible/soft relationships

There are two places where fuzzy relationships occur in an optimization
model structure.

1. Objective Function: The first relationship is associated with what
we mean by operator “optimize” in the objective function usually
stated as an equality relation

opt z= f(c,x).

2. Constraint: The second relationship occurs in the description or for-
mulation of the constraint set typically given as the equations and/or
inequalities that make up the delineation of the constraint set. Logi-
cal relationships of course may be a part of the optimization problem
(such as aggregation operators of and, or,true/ false). However we
will assume that these have been transformed into systems of equal-
ities and/or inequalities.

These two types, therefore, become one type, which is discussed next. An
objective function whose relationship “optimize” represents a fuzzy goal is
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modeled in terms of flexibility, that is, a fuzzy set whose construction we
are interested in obtaining. For example, a fuzzy goal in the objective
function might be something like, “Come as close as possible to the target
value T”. Suppose we are maximizing, then “Come as close as possible to
the target value 77 means, in the context of flexible optimization,

z = f(z)>T

where z = f(z) is the objective function and > is a flexible relationship.
Thus, we need to give mathematical meaning to flexible relationships. To
do this, the objective is transformed into a flexible constraint which we
discuss subsequently in terms of how to transform a flexible constraint
relationship into a fuzzy set membership function. We note that when we
have an optimization problem with fuzzy goals as objective functions and
it is considered as a constraint, it is often called in the literature symmetric
since fuzzy constraints can be considered as objective function fuzzy goals
and objective fuzzy goals can be considered as fuzzy constraints. Fuzzy
constraints are also called soft constraints as we have mentioned in Chapter
1. These constraints can all be considered as gradual set belonging z€X.
The overall objective becomes maximizing set belonging for each constraint.
Consider a linear programming problem

opt z = '
n
subject to Y ajxy; <,=,> b;,1 <i<m,
i=1

and let the objective function be given by the zero!” row of a matrix repre-

sentation of dimension (m + 1) X n when we have a flexible objective. The
constraint matrix for a flexible optimization problem where € is gradual

becomes A;;, where 0 <i <m,1 < j <mn,is given by
Ajor < byi €{0,...,m} (3.1)
!
max o
Aoz < b+ (1 —a)di,i €{0,...,m}
0 < a<l.

Here, the d; is an a-priori given flexibility bound and is part of the known
input data of the problem, that is, it is part of the data set. In the way we
have presented it above, which is the original approach of [167], the fuzzy
membership function representing this flexibility is linear. For example,
suppose that we have

yi = Ajox < 3,2 >0

and d; = 1, then for a linear flexibility, the membership function for this
flexible relationship is depicted as in Figure 3.1. Here, d; is given data and
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FIGURE 3.1. Flexible Constraint A;ox < 3 where d; = 1

the translation between set belonging, u(z) = 1, and not belonging to the
set, p(xz) = 0, must be chosen. Depicted is a linear transition between
belonging and non-belonging. What does this mean? Suppose we are
constrained by a total of three units but we have the ability to add one
more unit to the constraint (for example, borrowing extra worker hours
from another department to take care of a sudden onset of customers) but
our preference is to be limited by 3 units and, at the same time, we are
absolutely limited by 4 units (for example, by law).

Example 81 (Flexible Optimization) Suppose we have the real-valued lin-
ear programming problem

maxz = x1+ 2%
1 +4zy < 16
T +xy < 10
r1,x0 > 0.

Now, suppose the flexibility in the first constraint is 8 and in the second
constraint is 1. According to our notation, dy = 3 and dy = 1. Moreover,
suppose our goal is to come as close as possible to z = 15 where the optimal
value of the given problem is z* = 12,27 = 8,25 = 2. This means that
do = 3 and the objective function becomes (exceed as much as possible but
never go below the optimal value of 12)

1+ 229 > 15— (1 — a)3.
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Thus, our model translates into

maxz = «
-1 — 22y < —-154(1—a)3
x1+4rs < 164 (1— )3
z14+x2 < 104+ (1-a)l
0 < a< 1.
Simplifying,
maxZz = o+ 0z + Oxs
3aa —x1 — 229 < —12
3o +x1 +4xs < 19 (3.2)
a+x1+ry < 11
1,29 > 0and0 <a< 1.
The mazimum is at o = % =0.357..,21 = % =82...,x9 = 1—77 =24..
with an objective function value of z = % = 13.071... which is more than

the non-flexible optimal value of z* = 12 as expected. We have violated our
original first constraint by 1.9... and our second constraint by 0.6... which
1s what an « different than 1 gives.

The process to transform general fuzzy/soft constraint into a flexible
optimization problem with linear membership functions is the following
where we use max for opt to be concrete.

maxz = f(c,x)>T
subject to  : gi(a,m)ébi, 1<i<m
)
maxz = «
fle,x) > T—(1—a)do
gila,z) < b+ (1—a)d;,1 <i<m, (3.3)
0 < a< 1,

where the d;,7 = 0,...,m, are the a-priori given flexibilities. Recall that
we are just focusing on flexibility of the relationships. The rim coefficients
c and body coefficients could also be fuzzy intervals but we present this
subsequently. As mentioned, the use of linear membership functions was
the original way translations of a fuzzy relationship into a fuzzy interval
membership function in the context of flexibility were made (see [167]).
However, any continuous non-increasing function h(«) could be used where

h(a), 0 < a <1, where h(1) =0,h(0) =1
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FIGURE 3.2. Convex Membership Function d; =1
and (for a flexible less than or equal constraint) we would have

For example, a convex h(a) = (1 — a)? would result in
gi(z) < b+ (1 — )’d;
and is depicted in Figure 3.2, with A;oz < 3 where d; = 1.

A concave h(a) = —a? + 1 with d; = 1 is depicted in Figure 3.3 with
A;ox < 3 where d; = 1.

Remark 82 Note that when we use a nonlinear membership function our
linear programming problem becomes a monlinear programming problem.
This is why a linear membership function is usually used.

Remark 83 One can perhaps see that a flexible optimization model like
(8.3) with a large number of constraints, in general, is not Pareto optimal.
This has been mentioned in Chapter 1 and will be discussed further in
Chapter 5.

This section presented the construction of data that is used in flexible
optimization. There are fuzzy intervals arising in the right-hand sides and
in relationships/soft constraints. Soft constraints, in turn, are modeled as
fuzzy intervals. Linear fuzzy intervals are typical since a flexible linear
programming remains a linear program whereas a non-linear fuzzy interval
results in a nonlinear program.
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FIGURE 3.3. Concave Membership d; = 1

3.3 Construction of Generalized Uncertainty
Distributions

Generalized uncertainty distributions arise from information deficiency as
modeled by one of the four types (fuzzy interval, possibility pairs, IVPMs,
KSBs). Pairs of distributions that guarantee to bound the underlying un-
known distribution will be called enclosures. Since the semantic of the
data in this section is tied to lack of information our construction for this
section generates pairs of distributions. Given the construction of a pair
of distributions, the use of generalized uncertainty data in optimization
can be one of three types, (1) The pair yielding optimistic and pessimistic
optimization, (2) Any distribution within the pair yielding an approximate
optimization, or (3) Both simultaneously yielding a mini/max regret or pe-
nalized optimization. Let us begin looking at a construction that we have
seen before.

3.3.1 Intervals and Fuzzy intervals

Fuzzy intervals tied to information deficiency have a construction that we
have looked at previously. Here we review the construction via a simple
example again. We emphasize that we are constructing pairs of distribu-
tions.

Example 84 Suppose all we know is that the support of an unknown prob-
ability function lies in the interval [1,3]. This is partial information and
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that the enclosure for the cumulative distribution functions are:

() = Oif —co<z<1
POS2\T) = 14f  1<z<oo

and
0if —co<z<3

posl(m):{ 1if 3<z<oo

Clearly, these two extreme distributions arise from cumulative probabilities
whose function is the Dirac Delta Function at the endpoints of the interval.
That is, with just the support being all the information we have, and with no
other information, the probability could all be at x =1 or at © = 3. Upper
and lower functions are in fact a pair of possibility distribution functions
and themselves cumulative probability functions, that enclose all possible
cumulative probabilities whose probability distribution function has support
[1,3]. One type of optimization under generalized uncertainty works with
this type of enclosure, a pair in this case which are also cumulative distri-
butions. Another type of optimization under generalized uncertainty uses
single distribution function

it 1 forz € [1,3]
3= 0 for z € (—o0,1) U (3,00)

What is the difference? Which of these two types would we use for a given
optimization problem? This is discussed in Section 3.3.2. However, the
reader s already alerted to the challenges that uncertainty data presents
and therefore in applying generalized uncertainty to optimization, the user
needs to be attentive to the requisites and objective of the analysis.

3.3.2  Possibility pairs distributions

There are at least four broad approaches one can use to construct possibility
and necessity distributions as was mentioned in Chapter 2. They are:

1. Through a fuzzy set membership function [165],

2. Through fuzzy intervals or, in general, normalized fuzzy sets over
decomposable domains [24],

3. Axiomatically from fuzzy measures g that satisfy
9(AU B) = max{g(A),g(B)}, (3.5)
[26], [64],

4. Consistent probability based possibility [57].
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The first approach is via a fuzzy membership function which was the
way possibility was originally proposed by L. Zadeh [165] and which we in-
troduced in Chapter 1. The second is via fuzzy intervals and is almost the
same as the first since a fuzzy interval is a particular membership function.
In addition to just accepting the fuzzy membership function either as a
Zadeh possibility or as a given fuzzy interval as a possibility, fuzzy inter-
val membership function as a possibility can be used to generate a upper
possibility and a lower possibility pair of bounding functions as in Figure
3.5. This pair has an additional property that they are themselves cumula-
tive distributions so they enclose all cumulative probabilities between this
pair that have the corresponding support as that of the fuzzy interval that
generated these bounding cumulative distributions. This is different from
the original way possibility was introduced by Zadeh. What needs to be
kept in mind are three things before a fuzzy membership can be a valid
possibility.

1. The domain of the membership function must be decomposable (see
[24]).

2. The semantics of possibility are tied to information deficiency, lack
of information, partial information and not to gradual set belonging.

3. Possibility always models existent entities, that is, for our case of real-
valued domains. That is, our possibility distributions will always need
to have at least one value whose possibility is one.

As long as our domain is a subset of the real number line it is decomposable.
Moreover, any construction from the Zadeh approach via fuzzy sets must
have at least one membership value of 1 for at least one domain value.
That is, the fuzzy membership from which the possibility is constructed
must be normalized. Thus, if we derive a possibility distribution from a
fuzzy set and the membership function is normalized and the domain of
the membership function is the set of real numbers, the only thing that
needs to be verified is that the semantics of the entity modeled by the
membership function is tied to information deficiency (lack of information,
partial information). Let us next look at the difference between a single
possibility versus a possibility pair (or a possibility /necessity pair).

Single possibility versus possibility /necessity pairs used in optimization

Single possibility distributions may be used to generate pairs of bounding
distributions. Let us try to clarify what is at times confusing when we try
to use possibility in mathematical analysis, optimization in our case. Let
us consider the following. Suppose we have the i*" constraint right-hand
side value b; lying between 1 and 4. That is, we definitely know that this
constraint cannot be less than 1 (for example, we are required to have one
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FIGURE 3.4. Single Possibilistic Distribution

unit present, say one hour of time) and we do not physically have enough
resources to obtain more than 4 units. However, we know that it is most
desirable to have between 2 and 3 units available at all times where the
desirability between 1 and 2 (because of loss of revenue say) is linear and the
undesirability (because of extra expense for overtime, say) is linear between
3 and 4 units. This is depicted in Figure 3.4. This single possibilistic
distribution can be used directly in an optimization problem as will be
shown in Chapter 4. However, if the data represents partial information
like the following example, then we do not have a single distribution but a
pair.

Example 85 Suppose that to satisfy customers we must have at least 1
hour of a clerk available. To satisfy our human power constraint, we can
have mo more than 4 hours. Customers and management are completely
satisfied with between 2 and 3 hours of service with customers satisfaction
increasing linearly for availability of between 1 and 2 hours while manage-
ment has a decreasing linear satisfaction between 8 and 4 hours. We will in
fact, deliver between 1 and 4 hours but it will depend on other constraints
and what our objective function will be (from a customer point of view or
a management point of view or somewhere between). From the point of
view of management, we will would try to deliver the dashed-red (left) pos-
sibility distribution 1/2/00/00 of Figure 3.5. From the customers’ point of
view, we would try to deliver the dashed-blue (right) possibility distribution
3/4/00 /00 of Figure 3.5 whereas the incomplete information is represented
by the trapezoid 1/2/3/4. An optimization problem could use the trapezoid,
one of the two bounding possibility distributions depending of the point of
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FIGURE 3.5. Possibilistic/Necessity Distribution Pair

view, a single distribution between using a recourse-like methods, or both
together using a penalty (or a minimaz).

Remark 86 The method that we develop will construct an upper and lower
possibility distributions. A probability-based possibility construction de-
pends on our ability to construct underlying set of nested subsets that we call
a possibility nest (defined below). Interval-valued probability construction
we develop will obtain upper and lower bounding (cumulative distribution)
functions over Borel sets, subsets of a o-algebra on the real line, which are
more general than possibility nests. If we are able to construct a possibility
nest from our partial information, it is a much simpler way to construct a
bounding pair of distributions. The power of our development of interval-
valued probabilities is that from possibility/necessity pairs constructed from
possibility nests, we can extend the distributions to Borel sets maintaining
the enclosure. From a practical point of view, we construct distributions
from nests.

Possibility distribution construction via fuzzy membership function

The way possibility was first developed by L. Zadeh [165] was from a fuzzy
membership function as has been mentioned. In this case, given a mem-
bership function u(x), we immediately have the possibility pos(z) = u(z)
provided that x € R (the domain is decomposable), it is normalized, and
the semantic is that of lack of information. Recall our example of meeting
a tall female at the airport where the evaluation of females arriving at the
baggage claim was done via the possibility of their being tall using the
fuzzy membership function of tall, and the membership function we use is
normalized, that is, there exists at least one female in existence, x*, which
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is certainly tall. We can use this as a single distribution or construct a
pair depending on the purpose to which the data will be put. Recall that
a fuzzy number is a fuzzy membership function.

Possibility via fuzzy interval function construction

A most useful approach to constructing possibility distributions to be used
in generalized uncertainty optimization is from fuzzy intervals assuming
their semantics are associated with information deficiency. This is because
when numeric coefficients are formed from lack of information, they are
generally modeled as fuzzy intervals. The construction of possibility pairs
from fuzzy intervals can be visualized in Figure 3.5. Formally we have the
following construction. We note that a possibility distribution function is
generically denoted pos(z) and we add further identifiers when we have
different possibility function distributions that need to be distinguished.

Remark 87 Given a fuzzy interval whose membership function is p(x)
whether given by the Zadeh approach, an a-priori given fuzzy interval, or
by other methods. Let

C = {z|ux)=1}

L = {z| p(z) is non-decreasing}
U = {z| p(z) is non-increasing}
L = L-C
ur = U-C

z = suplL*,z=infU"

where the interval [a,b] C R is the support of u(x), that is, for x < a,x > b,
pu(z) =0, and p(x) > 0, for a < x < b. We also have that a < z < z* <
T < b,a* € C. Since there exists ©* such that p(z*) =1,  and T are well-
defined. Now define the upper possibility and lower necessity as follows:

0 forz<a
posa(z) =< wp(x) fora<z <z |, (3.6)
1 forx >z
and
0forxz<T
posi(z) =4 1—px) forx <ax<b . (3.7)
1 for x > b.

It is clear that posy(x) and poss(x) are cumulative probability distributions.
Moreover, any non-decreasing function pos(z) such that

posy(x) < pos(x) < posa(a), (3.8)

18 also a possibility and a cumulative distribution. Moreover, it is also clear
that they satisfy the azioms of a possibility measure. We leave this as an
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exercise. Note that posy is really the dual necessity of the fuzzy interval
possibility 1 as we have shown in Chapter 2.

Axiomatic construction

The construction from axioms of possibility theory found in [26] or [64] is
often a theoretical tool rather than a practical way to construct possibility
distributions and not directly relevant to our construction approach since
to use the axioms, one needs to already have a possibility distribution g
and this section is about how to construct the distribution g. The main use
to which we put the axioms is to verify that indeed we have a possibility
measure. For example, the axioms were used to prove, in Remark 87, that
the upper function (3.6) and lower function (3.7) were possibility measures
which means we do in fact have a pair of possibility distributions.

Probability based possibility construction

This section is derived from [57]. The consistent possibility and necessity
measures we construct are derived from nested families of measurable sets.
In addition, the consistent possibility and necessity measures on the range
space of a measurable function can be constructed from consistent possi-
bility and necessity measures on the domain using the extension principle.
This is particularly useful since the objective function, and constraint set
definitions described with function relationships g(x) < b, for example, in
optimization problems whose input domain (parameters for example) is
uncertain and mapped to a range space (via the objective function) onto a
complete lattice (the real numbers for example). Thus, if we have a consis-
tent possibility /necessity pair generated by the uncertainty in the domain
(via an unknown probability distribution for example), it induces a consis-
tent possibility /necessity pair in the range space. It is with these induced
consistent possibility /necessity pairs in the range space that can be used
in optimization.

Remark 88 On the real number line, it is clear that we can pick a count-
able set of nested sets [a,b) that will generate a o-algebra on any closed
interval. Since all closed intervals can be transformed into [0,1], let our
o-algebra be generated by {[0,1 — %),n =1,2,...} U[0,1] where, of course,
[0,0) = 0.

We first list basic definitions including the definition of a consistent pos-
sibility or necessity measure. Then some basic theorems concerning consis-
tent possibility and necessity measures are given. These include:

1. A method for constructing consistent possibility measures;

2. A proof that the set of consistent possibility measures completely
determines the measure;
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3. A proof that the extension of consistent possibility measures is con-
sistent;

4. A proof that the set of such extended possibility measures completely
determines the induced measure.

What (1)-(4) mean from a practical point of view is that if we have
(incomplete) probability data and we are able to construct a possibility nest
of subsets in the domain R rather than on elements of the domain, then
there is a verifiable way to construct possibility and necessity distributions
that enclose the induced measure in the range space. Note that we are
assuming that the probability is not known on the elements of a set, as, for
example, in the data given in Example 85. If we had probability data on
the elements of the domain, we would have the complete probability density
function as a single-valued function and would not need the construction
below.

Definition 89 Given a measure space (X C R,0x,u) and P(X) the power
set of X, then a set function Pos : P(X) — Ry is called a possi-
bility measure consistent with the measure p and the set function
Nec: P(X) — Rw is called a necessity measure consistent with the
measure [ if

1)VE € ox, a Borel sets on X

Nec(F) < u(F) < Pos(E),

2) V{Aa}aer € P(X),
Pos (UpeprAn) = sup {Pos (A,) | a € A},

and
Nec(Naeads) =inf {Nec(Ay) | o € A}.
3) Lastly,
Pos(X)=p(X)=Nec(X)
and

Pos (0) = pu(0) = Nec () = 0.

Remark 90 Parts 2) and 3) of the definition insure that we have a possi-
bility /necessity measure whereas 1) is what we mean by consistency.

The level sets of possibility distributions are used quite frequently. Since
for our case, p (X) = 1, the level sets are called a—cuts [64].

There are two other approaches to constructing probability-based possi-
bility. The first approach is associated with data where a set of probabilities
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are given and we do not know which of the set is the correct one. The sec-
ond approach is associated with a construction knowing probability on sets.
The interpretation we adopt for possibility in our setting of optimization
is that they can bound on a set of cumulative probability distributions.
Thus, given a pair of possibility measures, Pos; < Poss, and a given ran-
dom outcome A, we want to construct a set with these possibilities such
that

CDFBnd = {CumPr | Pos1(A) < CumPr(A) < Posa(A)}.  (3.9)

That Equation (3.9) can be constructed is clear since we can start with a
fuzzy interval that define the distributions associated with Posy, Poss as
in (1.3) and (1.4). This set, CDFBnd, (3.9), is non-empty since by con-
struction, the distributions associated with Pos; and Poss are CDFs. This
interpretation of possibility theory provides a method of combining possi-
bility, intervals, probability, and interval-valued probability into a single
mathematical framework which we will do subsequently. Thus we con-
centrate on construction where we start with probabilities and generate
possibilistic enclosures.

Possibility from a set of Probabilities

The easiest way to obtain probability-based possibility (3.9) associated with
a fuzzy interval is the following. Let p(z) be the membership function of
a fuzzy interval and Pr(A) be probability measures for which

Slelg u(a) > Pr(A). (3.10)
Define
Pos(A) = sgg,u(a). (3.11)

Pos(A) so defined, is a possibility measure since

Pos(®) = supp(a)=0
ach

Pos(X) = supu(a)=1
a€eX

and all fuzzy intervals have a non-empty core. Moreover,

Pos(AUB) = sup p(x)
r€EAUB

= sup u(x) or sup p(z)
€A z€EB

= max{sup p(z), sup u(r)}
r€A z€B

= max{Pos(A), Pos(B)}.
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Pos(A) so defined satisfies (2.6) and (2.7) and thus a possibility.
Given this definition of possibility (3.11), the following holds.

Pos(A) = suppu(a) > Pr(A) for all measurable A.
a€A
Nec(A) = 1— Pos(A%) or
Pos(A®) = 1— Nec(A).
Now,
Pos(A®) > Pr(A%) =1-Pr(A) or
Pr(A) > 1— Pos(AY) = Nec(A). Thus,
Nec(A) < Pr(A4) < Pos(A). (3.12)

That is, when we define a possibility by (3.11), we generate a possibil-
ity /necessity dual pair of bounding measures for all probabilities that sat-
isfy (3.10). Note that we have a possibility consistent with probability.
Probability-based possibility via possibility nests

Definition 91 [57] Let p : S — [0,1] be a regular possibility distribu-
tion function with associated possibility measure Pos and mecessity measure
Nec. Then p is said to be consistent with respect to the random variable
X if for all measurable sets A,

Nec(A) <Pr(X € A) < Pos(A)

where
Pos(A) = sup{p(a)} > Pr(A)

and Nec is defined to be
Nec(A) =1 — Pos(A°).

This results in

Pos(A®) > Pr(A%)
= 1-—Pr(A) or
Pr(A) > 1— Pos(A%)

= Nec(4),

which means that we have a possibility/necessity pair consistent with the
random variable X .

Definition 92 Let p and n be possibility and necessity distribution func-
tions respectively. Define the a-cuts of p and n to be the sets

p* = {z|p() = a} andn® = {z|n(z) < a}
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and the strong a-cuts to be the sets
"t ={z|p(x)>a} and n*" ={z|n(zr) <a}.

The following definition will be used in the method for constructing con-
sistent possibility and necessity measures as follows.

Definition 93 Let (X,0x, 1) be a measure space. A collection of measur-
able sets,

PN ={E,|reSCRx},S an ordered indexing set,

will be called a possibility nest if it satisfies the following properties:
1)r<s= E, CE; (i.e. PN is nested)

2) X,0 € PN

3) ¥Vt 3E, € PN such that

12 (ET”) = (UM(ES)<tEs)

and ¥Vt 3 FE, € PN such that

w(Ey) = p (Nu(ey)>eEs) -

Remark 94 Property 3) insures that there are no “gaps” in PN in the
sense that the set T = {u (E,) | r € S} must be closed. This follows since
for any limit point t of T we can construct a sequence of points {t,} C T
converging to t either from above or below. Then property 3) insures there
is an E,. € PN such that i (E,) = t.

Example 95 Consider X = [0, 1] with the Lebesque measure and

PN:{(Z),X,H.25+1,.75—1] |n=4,...,oo}}.
n n

1 1
2 (UH(E5)<.5ES) =K (U?@O—zx {25 +—,.75 — n]) =0.5

n

Then

but PE, € PN such that u (E,) = .5 so that PN fails property 8 and is not
a possibility nest.

Example 96 For X = [0, 1] with Lebesgue measure the collection of sets
PN:{X7(1_aa1] |a6 [Oal]}
satisfies properties 1,2 and 3 and is a possibility nest where (1,1] = ().

That the conversion of possibility to a necessity measure preserves con-
sistency on a finite measure space is given next. Recall, from Remark 88,
that a possibility nest exists for closed intervals of R.



3.3 Construction of Generalized Uncertainty Distributions 89

Theorem 97 Given a possibility measure Pos consistent with a finite (prob-
ability) measure 1, then the set function Nec,

Nec(A) = p(X) — Pos(A°),

18 a necessity measure consistent with p. If Nec is a consistent necessity
measure then the set function,

Pos (A) = p(X) — Nec(A°),

s a possibility measure consistent with p.

Proof.
VE € ox
(1) Nee(B) = u(X)— Pos(E®) < u(X) — u(E%) = p(E).
(2) Nec( () Ax) = wu(X)—Pos(X — () 4x)
keA keA
= p(X) = Pos(U (X — Ax))
kEA
= wu(X)—sup Pos(X — Ay)
keA

= 1nf (W(X) — Pos(X — Ag))

= ;gg (1(X) — Pos(Ay))

= mf (Nec(Ag)) -
(3) Nec(X) = ( ) — Pos(0) = u(X) and Nec(D)

= pu(X)— Pos(X) =0

The proof for the second part is completely analogous. m

Remark 98 Since a probability measure has the property that u(X) =1,
given a consistent possibility, the usual definition of the dual necessity,

Nec(A) =1 — Pos(A°)

is consistent by Theorem 97. To our knowledge, the first to define necessity
as the dual to possibility were Dubois and Prade [26]. They observed that,
from the azioms and Zadeh’s initial approach to possibility [165], if Pos(A)
were known, Pos(A°) is not a known value unlike what occurs in probability.
What one needs is a dual necessity measure and in this case Pos(A°) =
1 — Nec(A). Thus, a more complete characterization of the uncertainty
than what a possibility measure models is one that has its associated dual
measure, its necessity measure. Recall that in probability theory, we have,
for AnB = 0, Pr(AU B) = Pr(A) + Pr(B). In possibility theory we
have Pos(AU B) = max{Pos(A), Pos(B)} regardless of whether or not the



90 3. The Construction of Flexible and Generalized Uncertainty ...

intersection is empty. Moreover, in probability theory Pr(AU A°) =1 =
Pr(A) + Pr(A4°) so that

Pr(A4°) =1—-Pr(A4).
In possibility theory, the equivalent would be,
Pos(A°) =1 — Nec(A).

The general method for construction of consistent possibility and neces-
sity measures is developed from a possibility nests. In essence consistent
possibility and necessity measures are, respectively, special outer and inner
measures on this possibility nest.

Theorem 99 (see [57]) Let (X,0x, 1) be a measure space and
PN ={E,|r€ S CR.}

be a possibility nest. Then the set functions Pos, Nec : P(X) — Roo defined
by
Pos(A) =inf{u(E,)| ACE,, E. € PN}

and
Nec(A) =sup{u(E,) | E.-C A, E. € PN}

are possibility and necessity measures consistent with p.

This theorem establishes a method to construction a possibility (neces-
sity) measure and from this to construct the possibility (necessity) distrib-
ution. We must, however, have a possibility nest on which the underlying
probability measure is defined.

We next turn our attention to functions over domains on which we have
constructed consistent possibility and necessity distributions and construct
consistent measures induced on the range space of a measurable function
which will be useful in optimization. The result of the next theorem es-
tablishes the fact that the extension of consistent possibility and necessity
measures is itself consistent.

Theorem 100 (see [57]) Let (X,0x,u) be a measure space and (Y,o0y) a
measurable space. Let f: X — Y be an ox-measurable function and let v
be the measure on Y defined by

v(E)=p (f_l (E))VE € oy.

Let px and nx be possibility and necessity distribution functions for possi-
bility and necessity measures Posx and Necx consistent with . Then the
functions

py,ny 1Y — Ry
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defined by
py (y) =sup{px (z) | f (z) =y}

(where we define sup®) = 0) and

ny (y) = inf{nx (z) | f (z) =y}

(where we define inf ) = p (X)) are possibility and necessity distribution
functions for a possibility measure Posy and necessity measure Necy con-
sistent with v.

The significance of this theorem is that by determining Posy (A) we're
actually determining the infimum over the p (E,.)’s such that f~1 (4) C E,.
Similarly Necy (A) gives the supremum over the E,’s such that E, C

fH(A).

Example 101 Suppose we are given the following,

EO :[Z)v
) Ei=(—0,x),x;, =14+14,1=1,2,3,4,
PNposs - E5 — (_00,6], I
Es=R

that is,
PNposs = {ma (7007 2)7 (7003 3)7 (7007 4)3 (7007 5)3 (700? 6]? R} .

This possibility nest enables us to obtain a consistent possibility from the
data as follows.

Intervals X; Pr(z € X;) Cumulative for X; = Pos(X; U...UX})
X, (—00,2) 0.0 0.0
X, [2,3) 0.1 0.1
X; [3,4) 0.2 0.3
Xy [4,5) 0.3 0.6
Xs [5,6) 0.4 1.0
Xe 6, 00) 0.0 1.0

Starting at the other end, the possibility nest that leads to a necessity mea-
sure is:



92

3. The Construction of Flexible and Generalized Uncertainty ...

which results in the following cumulative probabilities,

Intervals W;

Wi
W,
W3
Wy
Wy
We

Note that for the possibility of say, W5 = [4,00) = [4,5) U [5, 00), we have

from the above,

0.7

(6,00)
[5a OO) = [57 6) U [67 OO)
[4,00) = [4,5) U [5, 00)
[3,00) = [3,4) U [4,00)
2, 00) - 2.3) L; 3 00)

Pos(W3)

Pos([4,5) U [5,00))
max{Pos([4,5)), Pos([5,0))
max{Pos[4,5),0.4}

Cumulative for W;
0.0
0.4
0.7
0.9
1.0
1.0

This implies that Pos([4,5)) = 0.7 so that we have the following.

Z;
Zy
Z1
Za
Z3
Zy
Zs

(—o0

Pos(Z;)

[

>
8

2
3
4
)

)

)

)

9

)

S O > W

)
)
)
)

)

) Pos((—00,00)) = Pos(Wg) = 1.0

Pos([2,00)) = Pos(W5) = 1.0
Pos([3,00)) = Pos(W4) = 0.9
Pos([4,00) = Pos(W3) = 0.7
Pos([5,00)) = Pos(Wz2) =04
Pos([6,00) = Pos(W;) = 0.0

Let Zg =0, so that

Intervals Y; Vi = Zi < Pos interval CZUTZZC?’Z)SE(Q% 1\27610(_32])308(&)

Yo=10 (—00,00) = Zg 1.0 — 1.0 = 0.0
Y1 =(-00,2) [2,00) & [2,00) = 73 1.0 -1.0=10.0
Y2 =(-00,3) [3,00) & [2,3) = Z2 1.0-0.9=0.1
Y3 =(-00,4) [4,00) & [3,4) =73 1.0-0.7=0.3
Yy =(-00,5) [5,00) & [4,5) =24 1.0-04=0.6
Y5 = (—00,6) [6,00) & [5,6) = Z5 1.0-0.0=1.0
Y6 = (—00, 00) 0= Zs 1.0-0.0=1.0

The resulting possibility pairs consistent with the underlying (unknown)
probability is depicted by Figure 3.6.Note that we can also consider the
enclosing distributions from the point of view of interval-valued probabil-
ity as well. Two cases for which probability based possibilities are easily
constructed are given next.
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FIGURE 3.6. Consistent Pos non-dual Nec wrt an Unknown Prob

Case 1: (Finite non-singleton partition of the real line with no overlaps)
Let a partition of the real line be given as

Py = {—-o<z1<...<zny_1 <Ny <00}
PNy = {Al,AQ,...,AN}
where
Ay = (=00, 21)], A2 = [(z1,22)], ..., AN = [(xN—1,2N)], ANt1 = [(zN, 00)

and “)]”, “[(” mean that if ) is on the right endpoint of the preceding
interval, [ is on the left of the next interval and if ] is on the right endpoint
of the preceding interval, ( is on the left next interval. Moreover, the
probability on each interval of the partition needs to be given. That is, we
are given

N+1

Pr(Ag) =pi >0, pr=1
k=1

Then,
pos(xz) = Zpk,xeAn,
k=1

n—1
nec(x) = Zpk,:z: €A,.
k=1
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This is the construction that was used to obtain the two distributions of
Figure 3.6.

Case 2:(Probability based possibility of finite non-singleton partition of
the real line with overlaps)
Suppose we have

A1 = (—OO,.Z‘l)],AQ = [(1‘1,1‘2)],. .. ,AN = [(.Z‘N_1,J,‘N)],AN+1 = [(Z‘N,OO)

with corresponding probabilities, where x; is not necessarily less than or
equal to x;41, that is, A; N A;4; may be non-empty with more than one

element,
N+1

PI‘(Ak) = Dk Z 0, Z Pk = 1.
k=1

However, assume that for at least one pair of subintervals, z > zpy1.
In this case, construct a new interval [(zx,1,2)], renumbering and ad-
justing the open/closed endpoints in such a way that there is no over-
lap. The question, then is what is the probability associated with the new
interval? We now have three subintervals (without renumbering at this
point) - (xg—1,Zk+1], (Tk+1, k], and (2, Tg4+2] where we have chosen the
open/closed sequence to simplify the notation. The probabilities we have
are Pr((zg—1,xk]) = pr and Pr((zk, zgp41]) = pr+1. With no information
to assist us in the assignment of probabilities, one way to approximate
the probabilities is to use the interval length ratios to assign probabilities.
That is, let

dy = xp—Tk-1,
dgt1 = T — Tiya,
diy2 = Tpio — T
and
~ dgga
fl - dk )
f2 _ ;lk-Fl
k+2
so that
Pr((zgp—1,zr41]) = (1— f1)pw,
Pr(((zx41,7x]) = fipk + foPri1,
Pr((zg, zrs2]) = (1= f2)prs1-

Then, one proceeds in the same way as in the non-overlapping partition
case.
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Example 102 Suppose we have slight alteration of the data given in Ez-
ample 101 as follows:

Intervals X; Pr(z € X;) Cumulative for x € X;
X, (—00,2) 0.0 0.0
X, [2,3.5) 0.1 0.1
X, [3,4) 0.2 0.3
X, [4,5) 0.3 0.6
X [5, 6] 0.4 1.0
Xg (6, 00) 0.0 1.0

This results in the non-overlapping data set

Intervals X; Pr(z € X;) Cumulative for x € X;
X, (—00,2) 0.0 0.0
X, 2,3)  0.066... 0.066...
X, [3,3.5) 0.1 0.166...
Xy [3.5,4) 0.1333... 0.3
X [4,5) 0.3 0.6
Xg [5, 6] 0.4 1.0
X (6, 00) 0 1.0

and the upper possibility and lower necessity are constructed as before.

Remark 103 To obtain guaranteed enclosure then each overlapping in-
terval is considered as a possibility and necessity pair with respect to the
interval where the endpoints of the intervals are Dirac-Delta probability dis-
tributions as we did with respect to fi, () in constructing pos(, p)(x) and

neciqp) ().

3.3.8 Interval-Valued Probabilities: Construction of
interval-valued probability measures from upper/lower
cumulative probabilities

Typically, one is given probability bounds with the data. We next show
how interval probabilities are constructed on the Borel sets from lower
and upper bounding cumulative distribution functions defined on a set of
intervals, for example a possibility nest. That is, probability data is given
on sets (intervals in this case), not on elements (singletons). What we seek
to do in this section is to develop in a formal manner a structure given two
cumulative distributions F* (x) > F!(z) defined on a subset of intervals,
show how they can be extended to enclosing cumulative distributions of an
unknown random variable X € M (X v X l) where

M (X", XN ={X |Vz F*(z) > Pr(X <z) > F'(z)},
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and for any Borel set A C R, Pr(4) = Pr(X € A), which is our un-
known probability density function whose (unknown) cumulative distri-
bution we are enclosing, either approximately via Kolmogorov-Smirnov
bounds (KSBs) or completely via probability-based possibility (PBP), for
example. Above, Example 101 and Example 102 informally introduced
probabilities on intervals that generated pairs of enclosing distributions.
Here, we will begin by assuming that we know the bounding cumulatives
over basic simple sets (possibility nests for example). Specifically, our cu-
mulative distributions are consistent bounds for members of the family of
sets
1= {(avb]u(_oova}7(0'700)7(_00700)7@ | a < b}‘

For I = (—o00,b] it is clear by definition that
Pr(I) € [F"(b),F" ()] = im(I)

where i, denotes our interval-valued probability function. For I = (a, c0),
let
Pr(I) e [1— F"(a),1 - F'(a)].

For I = (a,b], since I = (—00,b] — (—o0,a], and considering minimum and
maximum probabilities in each set, let

Pr(I) € [max{F'(b) — F*(a),0},F" (b) — F' (a)] .
Therefore, if we extend the definition of F*, and F' by defining
FU(—00) = F!' (—0) = 0,

and
F"(00) = F'(00) = 1,

we can make the following general definition.
Definition 104 For any I € Z, if I # 0, define
i (1) = [a™ (), a* (1)] = [max {F! (b) ~ F*(a) .0}, F* (o) ~ F' (@)
where a and b are the left and right endpoints of I. Otherwise set
im (0) = [0,0].

Remark 105 Note that with this definition
im ((—00,00)) = [max {Fl (00) — F* (—00), O} ,F* (c0) — F! (foo)}
= [1,1],

which matches our intuition and thus, it is easy to see that Pr (I) € i,, (I)
VIiel.
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We can extend this to include finite unions of elements of Z. For example,
if
E=LUI = (a,b]U(cd]
with b < ¢, then we consider the probabilities,

Pr ((a,b]) + Pr ((c,d]),

and
1 — (Pr((—o00,4a]) + Pr ((b,c]) + Pr((d,0))),

(the probability of the sets that make up E versus one minus the probability
of the intervals that make up the complement) by obtaining the minimum
and maximum probability for each case as a function of the minimum and
maximum of each set. The minimum for the first sum is

max (0, F' (d) — F* (¢)) +max (0, F' (b) — F*(a)),
and the mazimum is
F“(d) — F'(c) + F* (b) — F' (a).
The minimum for the second is
1— (F"(00) — F' (d) + F"“ (c) — F' (b) + F* (a) — F' (—0))

= F'(d)—F"(c)+ F'(b) — F“(a)
and the maximum is

1 — (max (0, F' (00) — F* (d)) + max (0, F' (¢) — F* (b)) + max

(0, F'(a) — F*(~o0))) = F"(d) — max (0, F' (¢c) = F* (b)) — F' (a).

This gives, for E = I U I,

F'(d) — F*(c) + F' (b) — F"(a)

Pr(E) > max{ max (0, F! (d) — F* (c)) + max (0, F' (b) — F“ (a))

and

. F*(d) — max (0, F! (¢) — F“ (b)) — F'(a)
PI‘(E) < mln{ Fu (d) _Fl (C§—|—FU (b) _Fl (ag )
SO
Pr(E) € [max(0,F'(d)— F"(c)) +max (0, F' (b)) — F*(a)),
F“(d)—maX(O,Fl(c)—F“(b))—Fl(a)}.

The final line is arrived at by noting that
Va,y F! (z) — F* (y) < max (0, F' (z) — F* (1)) -
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Remark 106 Note that there are two extreme cases. For E = (a,b]U(c, d).
For F* (x) = F' (z) = F (v) Vx, then, as expected,

Pr(E) = F(d) — F(c) + F (b) — F (a) = Pr((a,b]) + Pr((c,d]),
that is, it is the probability measure. For F'(z) =0 Vax,
Pr(E) € [0, F" (d)],
that is, it is a possibility measure for the possibility distribution function
F* (x).
Next, let
&= {U§:1Ik | I EI}

That is, £ is the algebra of sets generated by I. It is clear that every
element of E has a unique representation as a union of the minimum num-
ber of elements of Z. Stated differently, every element of £ is a union of
disconnected elements of Z. Note also that R € £ and £ is closed under
complements.

Assume E = Ulelk and E° = U}’lej are the unique representations
of £ and E°in £ in terms of elements of Z. Then, considering minimum
and maximum possible probabilities of each interval, it is clear that

Pr(E) € [max (Sf—ja™ (I;),1— Z}Llcﬁ (M;)) ,min (Sp_;a™ (Ix),
1-%/_a™ (Mj))].
This can be made more concise using the following result.

Theorem 107 (see [83])If E = U, I and E¢ = Uj_ | M; are the unique
representations of E and E¢ € &, then X7 a™ (I) > 1 — X/ a™ (M),
and Xp_jat (Ix) > 1= %7_a~ (Mj).

This means that 7,, can be extended to £ which is stated in the next
theorem.

Theorem 108 (see [83]) For any E € &, let E = UF_ I}, and E¢ =
U}-jlej be the unique representations of E and E° in terms of elements of
7T, respectively. If

im (E) = [25:1‘17 (Ig), 1 — E}']:lai (MJ)] )

then i, = & —Intp ) is an extension of I to £ and is well-defined. In
addition,

im (E) = [inf{Pr(X) e E| X e M (X", X")},sup{Pr(X) e E|X e M
(X XD}
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The family of sets, &, is a ring of sets generating the Borel sets 5. For
an arbitrary Borel set S, then it is clear that

Pr(S) € [sup{a™ (E)|EC S,E€&},inf{a’ (F)|SCF,Fect}]
This leads us to the following theorem.
Theorem 109 (see [83]) Let iy, :.B — [0, 1] be defined by
im(A)=[sup{a” (E)|EC A, Ec&},inf{a” (F)|AC F,Fc&}]
Then i,, is an extension from & to B, and it is well-defined.
Putting these theorems together, we have the following.

Theorem 110 (see [83]) The function iy, : B — Int|, 1) defines an interval-
valued probability field on the Borel sets and

im (B) = [inf {Pr(X € B) | X e M (X*, X")} ,sup{Pr(X € B) | X e M
(X“,Xl)}] , that is, M (X“,Xl) defines a structure.

Remark 111 In summary, given probabilities on subsets of a Borel set,
an IVPM can be constructed.

3.8.4  Construction from Kolmogorov-Smirnov statistics

Constructing bounds on an unknown distribution via Kolmogorov-Smirnov
statistics (KSS) is accomplished beginning with being given incomplete
statistical data to construct a single-valued distribution. Secondly, we must
be given an a-priori confidence limit required or chosen for the problem.
Then several theorems are used to obtain the bounds on the unknown
distribution whose statistics is manifest in the data, the partial statistics.
We start by stating the Kolmogorov theorem.

The Kolmogorov Theorem: [65] Given the empirical distribution
function F,, for n independent distributed observations xz; where

=

and

() = lifo; <=z
Xa; o 0 otherwise

Given incomplete statistics that would allow us to obtain a single-valued
distribution and a predetermined confidence limit, the Kolmogorov-Smirnov
statistic states that for a given distribution F' (hypothesized to be the ac-
tual underlying distribution described by the data),

Dy, = sup||Fu(z) = F(z)]|
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where
vnD, <1—a

and 1 — « is the confidence interval and D,, was obtained by Smirnov and
is now obtained from tables.

The theorem is used to test whether or not a cumulative distribution that
we think will describe our data meets a confidence interval criteria given
by Kolmogorov’s Theorem as computed via Smirnov’s tables found in any
standard advanced statistical text. What we will do is the opposite. Given
a data set, we want to obtain upper and lower bounds on the unknown
cumulative distribution postulated to have generated our given data set so
the confidence interval on the unknown distribution is what we specify. We
re-state the Kolmogorov-Smirnov Theorem in the context of constructing
upper and lower cumulative distributions for a given data set and an a-priori
desired confidence level. In particular, we have the following theorem.

Theorem 112 (See, for example, hitps://onlinecourses.science.psu.edu,/statf14)
A 100(1-a)% confidence band for the unknown cumulative distribution func-
tion F(x) generated by statistical data is given by Fr(z) and Fy(x) where

0, if Fo(z) —d <0

FL(“):{ Fo(z)—d, if Foz)—d>0 (3.13)
F.(x)+d, if Fo(z) —d <1

mue) = { OO ERO S (3.14)

and d is selected so that

P(D,
D, = F,(z)— F(x).

Y
&
[
Q

Proof. (Also see any standard advanced mathematical statistics text)
Given that d was selected so that P(D,, > d) = «, this implies, from
the definition of D,,, and the probability of complementary events, that

P(St;p [Fo(z) = F(z)| <d)=1-«

If the largest of the absolute values of F,(z) — F(x) are less than or equal
to d, then all the absolute values of F,,(z) — F(x) must be less than or equal
to d. That is,

P(|F(z) - F(z)|<d Vz)=1-«

P(—d < Fy(z)—F(z)<d Vz)=1—-«
P(-F,(z)—d < —F(zx)<-Fy,(z)+d Vz)=1-—«
P(Fo(x)—d < F(z)<Fy(x)+d Vz)=1-«
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Note that it is possible that in the lower limit F,(z) — d we could have
a negative value and the upper limit we could have a value more than 1.
This is taken care of by writing the cumulative probabilities as (3.13) and
(3.14) m

Example 113 (See hitps://onlinecourses.science.psu.edu/stat14) Each per-
son in a random sample of n = 10 was asked about X, the daily time wasted
at work doing non-work related activities, such as surfing the internet, face-
book postings and emailing friends. The resulting data, in minutes, are as
follows:

108 112 117 130 111

131 113 113 105 128 °

We want to use this data to construct a 95% confidence band for the
unknown cumulative distribution function F(x). We start by ordering the
x values. The formulas for the lower and upper confidence limits tell us that
we need to know d and F,(x) for each of the 10 data points. Because the
confidence level is 0.05 and the sample size n is 10, the table of Kolmogorov-
Smirnov Acceptance Limits (published in standard tables) tells us that d =
0.41. Thus, we have the following:

k ORDERED x F,(z) = &
1 105 0.1
2 108 0.2
3 111 0.5
y 112 0.4
5 113 0.5
6 113 0.6
7 117 0.7
8 128 0.8
9 130 0.9
10 131 1.0

To calculate the lower limit, we have

Fr(z) = F,(z)—-d
= F,(x)—041.
The first four data points: 0.1-0.41 = -0.31, 0.2-0.41 = -0.21, 0.3-0.41 =

-0.11, and 0.4-0.41 = -0.01 are negative. Therefore, these are assigned
lower limit of 0. Similarly, in calculating the upper limit,

Fy(z) = Fp(2) + d = F(x) + 0.41,

the upper limit would be greater than 1 for the last five data points: 0.6+0.41
=1.01, 0.7+0.41 = 1.11, 0.8+0.41 = 1.21, 0.940.41 = 1.31, and 1.0+0.41
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= 1.41 Therefore, these are assign the upper limit of 1. This results in

k _ORDEREDxz F,(z)=+ Fi(z) Fy(z)
1 105 0.1 0 0.51
2 108 0.2 0 0.61
3 111 0.3 0 0.71
4 112 0.4 0 0.81
5 1138 0.5 0.09 0.91
6 113 0.6 0.19 1.0
7 117 0.7 0.29 1.0
8 128 0.8 0.39 1.0
9 130 0.9 049 1.0
10 131 1.0 0.59 1.0

There are tables that given an a will give the d. We present a stock
market example of the use of the Kolmogorov-Smirnov statistic approach.

Example 114 (derived by Dr. K. D. Jamison) Kolmogorov-Smirnov bounds
for an example based on 86 stock data from 1926-2012 which were aggre-
gated for a + 0.025 confidence interval is derived as follows. The first four,
fiftieth, and eighty-sixzth (sorted low return to high) stock data from which
the bounds were computed are given in the table below. The column Stock(k)
is the aggregated return from the lowest to highest and Fn(k) is simply %.

Stock(k) Fn(k) = &
S; =-0.3729  0.01163
Sy = —0.371 0.02326
S3=—0.3654  0.03488
Sy=-0.3625  0.04651
Sso = 0.1433 0.5814
Sge = 0.5341 1.0000

Neat, a grid for the z-axis was chosen to be between -0.400 (to the left of
the lowest return) and 0.550 (to the right of the highest return) in 0.010
increments for the calculations of the upper and lower KSBs and is labeled
“Return” though the graph is given in increments of 7% (and 4% for bonds).
“Upper” and “Lower” are the upper and lower calculated KSBs with a +
0.025 interval (taken from the Smirnov table of values where n = 86). The
column “Normal” is the mormal distribution for the stock data where the
computed mean for the stock data was 8.8% and the resultant standard de-
viation was 20.4% for this stock data. That is, the normal column contains
the values at the grid points (the values of -0.40 to 0.55 in increments of
0.01) of a normal distribution whose mean is 8.8% and whose standard
deviation is 20.4%. The column “Empirical” is the value corresponding to
our % division. For example, from the normal column, we see if stock data
is indeed a normal distribution whose mean is 8.8% and standard deviation
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95% Confidence Interval - Stock Returns 1926-2012
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FIGURE 3.7. 95% Confidence Interval - Stocks 1926-2012

is 20.4 %, with probability 0.008375, we will get a return of -40%. Here at
-40% we have no stocks (since the lowest return for this data set is -37.29%
and we get a Fn(k) = % only at —0.37 (—=37%) where we have one stock
less than or equal to -37% so that Fn(k) = g5 which corresponds to the
column “Empirical”. The lower is an optimistic view of the returns while
the upper is a pessimistic view. Thus, for example, in the 9% return row
below, the lower bound says that a return of 9% or less will occur with prob-
ability of 0.307 whereas the upper says that this will occur with a probability
of 0.600. Note also, that for this data, the normal is between the computed

lower and upper KSB cumulative distributions.

Return Lower Empirical Upper Normal

—0.400 - — 0.147 0.008375
—0.390 - - 0.147 0.009561
—0.380 - - 0.147 0.010892
—0.370 — 0.023 0.170 0.012381

0.090 0.307 0.453 0.600 0.503911

0.550 0.853 1.000 1.000 0.988235

The resulting graph s given in Figure 3.7. In addition, K. D. Jamison
computed Kolmogorov-Smirnov bounds for 86 bond returns from 1926-2012
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95% Confidence Interval - Bond Returns 1926-2012
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FIGURE 3.8. 95% Confidence Interval - Bonds 1926-2012

in the same way that was done for stocks. The resulting graph is given in

Figure 3.8.

3.3.5 Belief and plausibility construction

Construction of possibilities from belief and plausibility rely on nested focal
elements. However, if we have a data set with nested elements, we have
a possibility nest in which case we would use probability based possibility
which is developed next. The interested reader can consult [64], [57], [146],
[148] for further information of how to transform belief and plausibility
pairs into possibility and necessity pairs. If we have belief and plausibility
over nested focal elements, they are in fact possibility and necessity pair.

3.3.6 Random Sets

This section contains two algorithms that transform two types of general-
ized uncertainty, all P-Boxes and some probability intervals, into random
sets which is shown by the next two algorithms.

Algorithm 115 A Generalized P-Box is a Special Case of a Ran-
dom Set: (see [18]) Given a generalized P-Box

PB = F,F|
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on the nested sets
f=Ayc A C...CA, CA1=X
and bounds
a; = F(A;) <Pr(4;) < F(A) =8;,Vi=0,1,...,n+1,

fork =1, ..., n+1 do

build partitions A;\A;_1

Rank «;, B, increasingly

fork =20, ..., 2n+1

rename o, 3; and 7y, such that
=7 =0<7 <. <y <<y S 1 =200 = Fnpa
end for k

Define focal set Ey = ()
fork=1, ..., 2n+1

if Yo_1 = o then

Ey=Fr 1UFi

if Vi1 = B then

Ey = Ey 1\ F;
set m(Ey) = v, — V1.
end for k

3.3.7 Probability intervals and random sets

We next provide another algorithm for constructing the random set. In
this case we construct random sets from probability intervals. If the data
is in the form of a reachable probability interval satisfying the hypotheses
of Theorem 117, the algorithm can be used to obtain a random set which
contains the same information as the probability interval.

Algorithm 116 Transformation of a Probability Interval to a Ran-
dom Set

Let the hypotheses of Theorem 117 where X = {x1,xa,...,x,},n > 3, Pr({z;}) €
[, ui], and set m(A) = 0 VA € P(X), the power set of X, sumL =
0,sumU = 0,c =0, and mazx = 0.

fori=1,...,n

sumL = sumL + [;

sumU = sumU +

m({z;} =1

1i=10 4+ 1

end

Step 1: Check for proper probability interval

if sumL > 1 or sumU < 1

return “data not probability interval” (Stop)
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else

fori=1,...,n

Step 2: Check to see if data is a reachable probability interval
if sumL - l; +u; > 1 or sumU - w; +1; < 1

return “data not reachable probability interval” (Stop)
end

Step 3: Check for the conditions of Theorem 117
if sumL - l; + u; < 1

c:=c+ 1

n. =1

end

i := i+1

end

ifc> 2

return “data does not satisfy the hypothesis of Theorem 117" (Stop)
elseif ¢ = 2

Step 4: Construct the random set

mazr = sumL - li,, - U,

if mar < I- wpy, - Un,

maxr = 1- up, - Uy,

end

m(X\{{xp, },{xm, }}) = mazx - sumL + Uy, + ln,
m(X\{{xn, }}) = -maz + 1 - wpn, - ln,
m(X\{{LL’m)}}) =-max + 1 - wy, - llm

m(X) = max - 1 + wp, + U,

elseif ¢ = 1

m(X\{{xn, }}) = 1 = wn, - sumL + Iy,

m(X) = Uin, - llnl

else

m(X) =1 - sumL

return m(A), V A€ P(X)

end

Probability intervals are not always generalizable to random sets and vice
versa. However, there is a special case of a reachable probability intervals
that can be translated into a random set.

Theorem 117 ([7]) Let X = {x1,%2,...,2,},n > 3. A reachable proba-
bility

PI={[lg,us] |0<lp <up <1,k=1,2,...,n}
can be expressed as a random set if there are at most two indices ki, ko

such that

Z lj+ug <1
jers
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and

Z L +ug, <1
J#ka

3.4 Chapter Summary

This chapter developed the data input side of an optimization model asso-
ciated with both flexible and generalized uncertainty optimization models.
Specifically, this chapter looked at how to construct fuzzy intervals when
they are not given. Moreover, the construction of upper and lower distrib-
utions generalized uncertainties coming from partial, incomplete, deficient,
and/or lack of information. Once we have membership functions in the
case of flexibility and upper and/or lower distributions in the case of gen-
eralized uncertain, they are inputs to optimization models as outlined in
the next chapter.

3.5 Chapter Exercises

Exercise 118 Show that the construction for posy(x) and posa(x) of (3.6),
(8.7), and (3.8) are indeed a possibility according to the definition of pos-
sibility.

Exercise 119 Use u(x),

%xz—x—i—%; 1<x<?2
plx) =< 1; 2<z<4
—%aﬁQ—l-%x—%g; 4<z<6.
(see Figure 3.9) to construct posy and poss as defined by (3.6), (3.7).

Exercise 120 Construct a random set from P-Boz where

PB = {F(2) | F(z) < F(z) < F(z)}
0 forz<1
x—%forlSmSS ,

1 forz >3

0 forxz<1
F(z) = %x71f0r2§x§4

1 forxz >4

1
2

Exercise 121 Prove that for any A C B, Bel(A) < Bel(B). Provide an
example when the equality sign happens.
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pu(z)

FIGURE 3.9. Membership Function pu(z)

Exercise 122 Given data of Exercise 113, construct the Kolmogorov, Smirnov
enclosures at the 90% and 99% confidence level. You will need the Smirnov
tables to do this exercise.

Exercise 123 Construct guaranteed enclosures for overlapping intervals
for the data given in Exercise 102.

Exercise 124 Prove the unproved theorems contained in this chapter.

Exercise 125 If we consider an unknown entity x as the length of time
the current government of a country being in power and receive a survey
in the form of interval X; as shown in the data of Example 91, answer the
following questions. (a) Construct Bel/Pl cumulative distribution from the
given data. (b) Do we need to partition the overlapping intervals to be able
to answer (a), why or why not?
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An Overview of Flexible and
Generalized Uncertainty
Optimization

Abstract

This chapter, some of whose ideas we have taken from [82], [78], and
[150], develops flexible and generalized uncertainty optimization where the
salient feature of the problem is decision making under gradual set belong-
ing. As we have mentioned in Chapter 1, optimization problems are nor-
mative processes that embody the idea of order since we must measure how
one outcome is “better” than another. This requires an order. That is,
“best” is a mormative criterion for optimization that requires an order that
measures “best”. The real number system contains within itself a complete
order or we might say that the real number system is what we mean by
a complete order. We use the real numbers, R, onto which the norma-
tive criteria “best” of flexible and generalized uncertainty optimization is
mapped.

4.1 Introduction

Recall that our real-valued optimization problem is of the form,

opt z= f(e,z) : R" xR" - R

subject to: (4.1)
g(a,z) <b
h(d,x) =e,
© Springer International Publishing AG 2017 109
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where g(a,z) : R x R — R™ h(d,z) : R" x R" — R™2,h € R™ e €
R™2 f(c,x) is the objective function; the coefficients ¢ are the “costs”
per unit of the variable x, coefficients a and d are the inputs to the body
g and h; the coefficients b and e are the right-hand sides; and “opt” is
the optimization operator, that takes ¢, and x and maximizes, minimizes,
takes a mini/max such as “minimize the maximum regret”, and so on.
To this basic optimization structure we will impose flexibility in one case
and generalized uncertainty in another keeping in mind the development
of these entities in the context of optimization as presented in the previous
chapters. Of course, given a type of optimization model such as linear
programming, the cost coefficient, body coefficients and right-hand side
value have an intimate relationship via duality theory and these are often
called the rim [39], since the cost can be transformed into the right-hand
side and the right-hand side into the cost related through the transpose
of the body matrix of the dual relationships. There are duality results
pertaining to fuzzy and possibilistic programming, but we do not explore
these. However, the interested reader can find a discussion on duality in
the context of fuzzy interval programming problems in [116], [117], and
[118].

Remark 126 To the best of our knowledge [39] coined the terms “body”
and “rim” in the context of optimization and is an insightful way that
structure relates to optimization analysis.

Flexible (fuzzy) and generalized uncertainty (possibilistic) optimization
are two of the newest fields within optimization. For this section, we will
use “fuzzy optimization” to take on its past designation to mean both fuzzy
(what we call flexible) and possibility (what we call generalized uncertainty)
optimization. That is, in the beginning and until recently, fuzzy optimiza-
tion was (and still is) used as a term to denote both fuzzy (flexible, gradual
set belonging) and possibilistic (generalized uncertainty, information defi-
ciency) adding to the confusion that fuzzy and possibilistic optimization
are the same.

Fuzzy optimization began in 1970 with the publication of the seminal
Bellman and Zadeh paper [4]. It took three years before the next fuzzy opti-
mization article was published in 1973 by H. Tanaka, T. Okuda, and K. Asai
, [1], [143], with the full version coming out in 1974 [144]. These researchers
seem to have been the first to realize the importance of alpha-levels in the
mathematical analysis of fuzzy sets in general and fuzzy optimization in
particular. The Tanaka, Okuda, Asai article was the first to operationalize
the theoretical approach developed by Bellman and Zadeh. Independently,
in 1974, H.-J Zimmermann presented a paper at the ORSA/TIMS confer-
ence in Puerto Rico [166], with the full version appearing two years later
[167], that not only operationalized the Bellman and Zadeh approach, but
greatly simplified and clarified fuzzy optimization, so much so that Zimmer-
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mann’s approach is a standard to this day albeit, Zimmermann’s approach
is not, in general, Pareto optimum. In this same period, the book by C. V.
Negoita and D. A. Ralescu [103] contained a description of fuzzy optimiza-
tion. C. V. Negoita and M. Sularia published in 1976 a set containment
approach to fuzzy optimization [104]. From these beginnings, fuzzy opti-
mization has become a field of study in its own right with a journal devoted
to the subject, Fuzzy Optimization and Decision Making, whose first issue
came out in February of 2002.

There have been special sessions devoted solely to fuzzy/possibilistic op-
timization at the international fuzzy society meetings (IFSA05, July 2005,
Beijing, China and IFSA07 June 2007, Cancun, Mexico, IF'SA09 Lisboa,
Portugal, IFSA13 in Edmonton, Canada, I[FSA15 in Gijon, Spain, and ex-
pected special session at IFSA2017 in Otsu (Kyoto), Japan). In addition,
there has been one special edition of the journal Fuzzy Sets and Systems
dealing with fuzzy/possibilistic optimization [77] and an article on the be-
ginnings of fuzzy optimization was published in 2015 [48]. At least three
edited volumes on fuzzy optimization that have appeared - [15], [59], [85]
and there are at least seven authored books devoted to fuzzy optimization -
[2], [67], [68], [69], [118], [134]. While not exhaustive, this chapter will focus
on the salient features of flexible and generalized uncertainty optimization.
In particular, fuzzy multiobjective programming, fuzzy stochastic program-
ming, and fuzzy dynamic programming are not discussed (see, for example
[68], [69], [85], [88], [90], [91], [126]). Moreover, since intervals (and real
numbers) may be considered as fuzzy sets, interval optimization is not
covered separately but considered within the family of flexible (fuzzy) or
generalized uncertainty optimization depending on whether its semantics
is tied to gradual set belonging or to information deficiency.

Forty-five years of fuzzy optimization research has yielded a wide-ranging
set of applications which is beyond the aim of this monograph. However,
the interested reader may wish to consult the bibliographies associated
with [150] and [85]. There have been many surveys in the area of fuzzy
optimization . Among all of these, the following are noted: [8], [15], [41],
[45], [87], [59], [126], [150], [152], and [168].

The implementation of a flexible and generalized uncertainty optimiza-
tion problem might be thought to consist of the following components which
are needed in putting together a model.

1. DATA ACQUISITION: Obtain the requisite inputs to the model.
There must be either fuzzy relations, fuzzy goals, targets, or fuzzy
intervals in order for there to be a flexible or generalized optimization
problem. That is, the data of the model are the parts of its structure
- a,b,c,d, e, opt, relations (<, =, >, €) and there must be at least one
component that makes it flexible or generalized uncertainty.

(a) Determine if there are fuzzy goals that relate to the data inputs.
If there are fuzzy goals, use the fuzzy interval data and/or goals
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to transform these into fuzzy relationships as developed below.
In this case, the whole optimization model or part is flexible
optimization. This is made clear below and in Chapters 5 and
6.

(b) Determine if the fuzzy intervals are associated with incomplete/partial

(©)

information. If so, then it is generalized uncertainty. We make
this clear below and in more detail in Chapter 6.

Identify the fuzzy and possibilistic relationships (opt, < , =).
We discuss this in more detail below and in Chapters 5 and 6.

2. TRANSLATION:

(a)

Take the fuzzy relationships and translate them into associated
membership functions, fuzzy intervals. If there are deterministic
equations, they remain as they are and need no transformation.
This is essentially (4.21) as developed below.

For flexible/fuzzy optimization, use an aggregation operator (a
t-norm) to transform the fuzzy membership function into a real-
valued constraint set. This is essentially a flexible optimization
delineated below by equation (4.30). The only choice at this
point is the aggregation operator.

For generalized uncertainty optimization, take the fuzzy inter-
vals associated with incomplete/partial information and explic-
itly form a functional relationship as delineated by equation
(4.31). Also see below.

Translate the problem into a real-valued mathematical program-
ming problem. Here there are choices to be made which we
outline in the next chapters. Typically, however, for flexible
optimization we would use something like Zimmermann’s ap-
proach [167] whereas for generalized uncertainty, one has sev-
eral approaches from “traditional” possibilistic optimization of
Buckley [8], Inuiguchi, Sakawa, Kume [50], or Luhandjula [88].
However, there are newer approaches that use robust optimiza-
tion, mini/max regret or penalty methods adapted to the gen-
eralized uncertainty environment that we outline in more detail
subsequently.

3. OPTIMIZE: Once the problem is put into a real-valued optimization
problem, the optimization is solved with a traditional mathematical
programming method and is, in principle, straight-forward.

4. INTERPRET: Once an optimal is found, the interpretation of the
solution is often necessary. For example, suppose one is doing a
scheduling problem for an auto assembly line and the optimization
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model comes up with a fuzzy 23 units to be processed by the assembly
line per shift. What does this mean? One does not hand the person
responsible for the assembly line schedule implementation the follow-
ing: “Give me a fuzzy twenty-three units.” So, the interpretation of
the solution via the appropriate semantics is part of the problem.

4.2 Flexibility and Generalized Uncertainty
Translations

This section outlines some methods requisite to transform flexibility (in-
cluding soft relationships) and generalized uncertainties of interest into
possibility and/or necessity measures or distributions.

Let us look at two situations. (1) Suppose one’s goal is to maximize
the outcome of some fuzzy set, the range y for y = p4(z) and x in some
fuzzy set A. In this case we have a fuzzy (flexible) optimization. (2) On
the other hand, suppose one’s goal is to maximize the valuation, the value
of, the distribution of possible outcomes of our choice of action where each
choice generates a (possibility) distribution. It is like choosing a stock
in which to invest based on the temporal distributions of their returns
over the last 25 years. In this case, one is choosing a distribution which
optimizes some valuation of the returns. This is possibilistic (generalized
uncertainty) optimization. We introduce these topics and their details will
follow in subsequent chapters.

Relationships: The interpretation of functional and set relationships
can be made transitional (fuzzy), soft relationships. We distinguish two
types of relationships pertinent to optimization: (1) constraint relation-
ships (equality, inequality, subsethood, belonging), and (2) operational re-
lationship optimize (maximize, minimize). The first we call soft constraint
relationships and the second soft objective relationships.

4.2.1 Soft Constraint Relationships

There are two approaches that lead to soft constraints: (1) The relation-
ship < or = has a flexible meaning or right-hand side value is flexible (a
range of values with preferences is semantically a target or a goal), (2) The
constraint can accommodate “infeasibilities” up to a certain level. Both of
these types are “gradual constraint set belonging” rather than what occurs
in deterministic optimization which is a Boolean constraint set belonging.
Here “constraint set belonging” is a matter of degree as a fuzzy set which
is the first case. When the values tolerated on the right side are specified as
in the second case, the degree of “feasibility” or “infeasibility” (tolerance)
is specified as a possibility or necessity measure.
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The relationship or right-hand side value

A soft constraint relation is characterized by flexibility in what the rela-
tionship means. Relationships that are gradualness or flexible are fuzzy.
For example, suppose we allow < to mean that we are 100% satisfied with
the inequality being non-negative and less than b; but under no circum-
stances must we exceed b; + d;. Thus, one considers the most satisfying
result from this flexible relationship as an x value belonging to the interval
[0,b; + d;]. Additionally, we want the y—value of membership function to
be 1 (completely satisfied) or at least as close as possible to 1 since this
will mean that the constraint is either less than or equal to b; or as close
as possible to being less than or equal to b;. If we have a right-hand side
that is a trapezoidal fuzzy interval 0/0/b;/b; + d;, there are two ways to
transform this fuzzy interval data into a real-valued constraint set. The
first we call the Zimmermann approach since, to our knowledge, Zimmer-
mann [167] was the first to use this. The second is via surprise functions
of [106].
Zimmermann Approach

1. The fuzzy interval right side is translated into a maximization of its
a—level real-valued equivalent as follows:

Ajor < b;or Ajoz < lN)i,i =1,...m
)
Zz = maxa
ad; + Aoz < b; +d;
0 < a< 1,

where
Ajox = a;1x1 + ... + ainTn-

Recall that the tilde over the inequality means a fuzzy (soft) con-
straint relationship and over b; means a fuzzy interval.

2. As with constraint sets, a soft constraint relation is characterized by
flexibility in what the relationship means. Relationships that are
associated with transition or are flexible are fuzzy. For example,
suppose we allow < to mean that we are 100% satisfied with the
inequality being less than z, and non-negative, but under no circum-
stances exceed z, + dyp. So one considers the most satisfying result
from this flexible relationship first, as an x value belonging to the in-
terval [0, z, + dp] and secondly one whose corresponding membership
function value, its y—value, is 1 or as close to 1 as possible, that is,
an z in the interval [0, z,] for example. For body right-hand sides,
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FIGURE 4.1. Triangular and Trapezoid

assume that b = 0/0/b/(b+d) Then the soft constraint is translated
into a real-valued equivalent as follows:

min f(c,z) = clo <2,
gla,z) < b
!
max o
ady + e < 2.+ do
ad+g(a,z) < b+d
0 < a<l,

where dj is the amount over z, that would be tolerated as a minimum
and d is the amount of flexibility over b that is possible.

If we have other types of fuzzy intervals, then the translations are as de-
picted in Figure 4.1 and Figure 4.2.

Surprise Function Approach

Surprise functions [106] are a newer approach for modeling soft con-
straints and it is a means of translating soft constraints and fuzzy interval
parameter constraints into a function that acts as a dynamic penalty func-
tion when used in optimization. The derivation of soft constraints from
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FIGURE 4.2. Greater Than or Equal Constraint

classical or hard constraints is achieved as follows. Let

where the right-hand side values of the soft constraint are fuzzy intervals.
Let the fuzzy interval have membership function p;(z). A soft (fuzzy)
inequality (4.2) with a fuzzy membership function, y, (z), is the possibility
Pos(b; > Azx) and is translated into the surprise function

1
=0
The surprise function (4.3) for a trapezoidal fuzzy interval is illustrated in
Figure 4.3. The way this is used in optimization is that we minimize the
total surprise, > .~ s;(x) where m is the total number of soft constraints.
This is distinct from the Zimmermann approach [167].

—1)2 (4.3)

Remark 127 Surprise functions, for our presentation, are restricted to
fuzzy interval right-hand sides.

Tolerable infeasibility (see [44])

The idea is to construct a way to allow infeasibilities to occur in such a
way that they are greater than or equal to some minimal allowable infea-
sibility tolerance as measure by necessity or possibility, which are two of
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FIGURE 4.3. Surprise Function of a Fuzzy Interval

the usual ways to measure the degree of infeasibility. These are like chance
constraints where the distributions are not probability distributions but
possibilities or necessities. For constraints, we have (see [44]).
Nec(Ajox < b;) > h*,
Pos(Ajox < b;) > b,
0 < h<l.

For the objective function that has been transformed into a goal as done
above, then we can use [44] as follows,

Nec(cT:c < z.)>h,
Pos(ch < zi) > h,
0 < h<l,

where the meaning and real-valued equivalents of these inequalities will be
derived later.

Example 128 Given a right-hand side value is fuzzy and we have a de-
terministic “equal to” for which the fuzzy interval right-hand side value
represents a goal, for example “about 27 (see Figure 1.4), we have a type of
soft equality relationship that is translated into a real-valued equations as
follows.

Az < by =2 (4.4)
)
dej + Aiol' S bz —+ dj
0 < a<l.

For our example of “about” 2,

04+Aiol‘§3,bi:2,dj_:1
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where o = 1 means that indeed the constraint is the real-number 2 and
a = 0 gives the limit to which our flexibility will be tolerated (a value
between 1 and 8). In optimization, the alpha is the decision variable to be
maximized. We note that this approach as developed by [167] in the context
of fuzzy optimization is not guaranteed to be Pareto optimal. This is left
as an exercise at the end of this chapter though there we give an example
of this.

Interval-Valued Probabilities

Interval-valued probabilities arise in the context of a cumulative distribu-
tion function F(x) of a probability density function p(z), when the cumula-
tive Fy(z) of p(z) is only known to exist inside a bounding pair of functions
F,(z) € [F(x), F(z)]. In this case, bounding possibility distributions (see
[57] and Chapter 3) can be constructed such that

{Pr|Pre [E,F]} = {Pr(X € A) € [Pos1(A), Posy(A)]} (4.5)

for all measurable sets A which could have been derived independently of
any fuzzy interval. Given the bounds, then the left and right distributions
define the level sets and these can be are directly transformed into real-
valued constraints. This was discussed in Chapter 3.

4.3 Distinctions of Fuzzy and Possibility -
Generalized Uncertainty in Optimization

We have mentioned before that there is often a confusion about the dis-
tinction between fuzzy or flexible and possibility or generalized uncertainty
entities in general and specifically within the context of optimization. This
section reconsiders this topic with the view of being clear and precise on
how we, in this monograph, define and approach these distinctions within
optimization. The greater important theoretical discussion about the dif-
ference between fuzzy and uncertainty we leave to others. Here, we try to
garnish a few insights that will help us in our task of understanding how
to construct and solve optimization models in which flexibilities and gen-
eralized uncertainty entities are a part of the problem and in some cases
appear together within one optimization problem. First, however, a word
about our distinction for this monograph between the words uncertainty
and fuzzy.

4.3.1 Basic notions

Remark 129 Recall that we define uncertainty to be a one to many map-
ping. Thus, a fuzzy set characterized by a membership function is not un-
certainty according to how we define uncertainty since a fuzzy set is defined
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to be a (unique) single-valued membership function and not a one to many
mapping. Moreover, we again emphasize that a set of possibilities defined
by a pair of bounding functions is one type of generalized uncertainty so
that possibilistic optimization is one type of optimization under generalized
uncertainty.

The semantic distinctions between fuzzy and possibilistic optimization
can also be found in [40], [46] and [50] where it is noted that, for optimiza-
tion models, ambiguity in the coefficients of the model leads to possibility
optimization, while vagueness in the decision maker’s preference is mod-
eled by fuzzy optimization. When this vagueness represents a willingness
on the part of the decision maker to relax his or her requirements in or-
der to attain more suitable results, this type of fuzzy optimization we call
flexible programming. It has also been said that, in the context of optimiza-
tion, possibilistic uncertainty is information-based and flexible uncertainty
is preference-based [67]. Another point of view on the semantic distinction
between fuzzy or flexible and possibilistic uncertainty in optimization is
articulated in Inuiguchi [40] who states:

“The membership grade of a fuzzy goal (fuzzy constraint) rep-
resents the degree of satisfaction, whereas that of a possibility
distribution represents the degree of occurrence.”

The semantics of an optimization problem are also influenced by where,
structurally, in the optimization problem the fuzzy interval coefficient oc-
curs. Suppose our optimization problem is known to have flexibility in the
(in)equality constraints. In the case of soft constraints, it is the (in)equality
itself that is viewed as fuzzy (i.e. Az<b for a linear programming problem).
This is distinct from the case in which the right hand side has a vague value,
in which case the right hand side is viewed to be fuzzy (i.e. Az < b). To
illustrate the difference between fuzzy inequalities and fuzzy right hand
sides, Dr. E. (Untiedt) Stock [150] considers the following.

Example 130 (Computer dating service) Suppose woman A specifies that
she would like to date a “medium-height” man. Woman A defines “medium”
as a fuzzy set characterized by a triangular membership function, centered
at 69 inches, with a spread of 3 inches. This is a hard constraint because
the man is required to be medium-height, albeit, “medium-height” is a fuzzy
set. This is, therefore, an example of a fuzzy right-hand side (i.e. Ax = l;)
Now consider woman B, who desires to date a man of 69 inches. Unlike
woman A, woman B is willing to compromise a little on the height re-
quirement in order to be matched with a date who meets some of her other
requirements. Her satisfaction level with a 69 inch man is 1, with a 68 or 70
inch man is %, and with a 67 or 71 inch man s % This is an example of a
soft constraint, represented by a fuzzy equality (i.e. Ax=b). Notice that the
membership functions in the two fuzzy cases are the same (symmetric tri-
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angular centered at 69 inches with a spread of 8 inches), but the semantics
are different.

However, there is a further challenge, as we have already mentioned,
not present in deterministic or stochastic optimization. In the context of
fuzzy interval coefficients, a fuzzy right hand side that is used to encode
the flexibility, as might occur for woman B is structurally indistinguishable
from the requirement that woman A has in encoding her preference as the
same fuzzy interval. When this is the case, it needs to be clearly specified
how the right hand side fuzzy interval value b is being used semantically.
In this text, we remind the reader that notationally, b will denote a fuzzy
semantic whereas b will denote a generalized uncertainty semantic and both
are encoded by a fuzzy interval so that care must be taken in understanding
the specific semantic of the problem. In particular, a right side that is
fuzzy, l~), is translated into Axz=b (see Figure 4.1 and Figure 4.2), or b can
be changed into a surprise, in the case of our example above.

Let us look at what we mean by fuzzy and possibility-generalized uncer-
tainty, in the context of optimization, which we summarize in this following
table.

Fuzzy Set (Interval) Possibility-Generalized
Uncertainty
1. Representation  Single -valued function Possibility /necessity or
bounding pairs

2. Semantics Gradualness Information deficiency
3. Algebraic space Set of real numbers, R Set of real functions
4. Analysis Fuzzy interval analysis  Analysis of functions

Furthermore, Dr. Stock (see [150] page 14) has a useful classification where
we have changed possibilistic to generalized uncertainty and amplified the
classification a bit.

Flexible/Fuzzy Optimization Generalized Uncertainty Optimization

fuzzy - gradual belonging imprecise
membership function (possibility /necessity) distribution(s)
preference-based information-based
vague ambiguous
degree of satisfaction degree of occurrence
aspirations/fuzzy targets information deficiency

In the context of optimization there are some particular characteristics
associated with our distinctions above. Fuzzy optimization models prob-
lems that contain aspirations/goals with no crisp set (Boolean) delineation
and so flexible. Generalized uncertainty optimization models problems that
contain ambiguities arising from incomplete/partial information and so lead
to optimization over functions. Thus, what must be clearly understood, be-
fore we undertake optimization, is that flexible and generalized uncertainty
are distinct both in terms of their definitions and in terms of their mean-
ings/semantics. At the same time, the way we encode or represent these
two different entities are the same - a fuzzy interval. The constraint sets for
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flexible and generalized uncertainty and optimization methods are distinct
because in one case we generate a constraint set of real numbers and in the
other we generate a constraint set of real functions. This is quite different.

4.3.2  Relations: Flexible versus generalized uncertainty in
constraint sets

Let us distinguish types fuzzy interval number relationships that arise in
constraints associated with optimization. There are more types of relation-
ships than the three we presented, but these three types are the generic
types. The general real-valued (crisp) constraint relationship type is of the
form

ax R by (4.6)

where R € {<,=,>,€} with a, b real vector input coefficients (given or
known parameters) and z, y real variable vectors where the context will
make it clear what product is being used. This includes the case, for
example,

gla,z) <b

where we need to resolve a function of input vector coefficients. The linear
case (4.6) is the generic one. In (4.6), we may have y = 1. However, for this
monograph, for generality, we can view the variable vector y as being a set
in which case we would would have a scalar product and so accommodate
the relationship € within this notation.

1. The relationship itself is fuzzy, that is,
ar R by (4.7

where z and y are real variable vectors and a and b real number pa-
rameter (input data) vectors and R is a fuzzy relationship. For opti-
mization, we have four main types of fuzzy relationships: <, =, >, €.

2. The input parameters are fuzzy intervals, that is,
ax R by (4.8)

where x and y are real variable vectors and a and b are real fuzzy
interval vector parameters (given/known input data) and R is a crisp
relationship. For optimization, we have four main real-valued (crisp)
relationships R: <,=,>,€.

3. The right-hand side is a fuzzy interval, that is,

ax Rb (4.9)
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where a is a real number parameter (input data) vector, x is a real
vector and b is a real parameter (given/known input data) fuzzy in-
terval. In this case, depending of the semantics, we have a fuzzy
relation, that is, flexibility, or a lack of information. If R b represents
a goal or aspiration, then (4.9) is flexibility. If b arises from lack
of information then we have a generalized uncertainty and we will
denote this case by b to distinguish it from the flexible case, b.

The first relationship (4.7) will have the semantics of flexibility since we
have from (4.7) with R being <, “ax is nearly less than or equal to bx”
and we can also substitute “about” and so on for “nearly”. Thus relation
(4.7) is a goal or an aspiration. That is, “It is our goal to come as close as
possible to ax R by.”

The second relationship (4.8) has parameters a and/or b modeled by real
fuzzy interval number vectors where here a is always a fuzzy interval vector.
When we multiply the variables « and/or y by a fuzzy interval, this results
in a generalized uncertainty or possibilistic distribution on the left and/or
as on the right given the lack of information necessary to obtain a and
b as real numbers. So we will consider (4.8) throughout the monograph
as being part of generalized uncertainty. That is, body coefficients that
are fuzzy intervals generate generalized uncertainty constraints and hence
generalized uncertainty optimization problems.

The third relationship (4.9), for example, in radiation therapy, might
have the right-hand side value for a tumor constraint inequality as a goal
represented by a trapezoidal fuzzy interval 58/59/61/62. This means that
a radiation oncologist would be 100% satisfied if the delivered dose at a
tumor pixel were between 59 and 61 units. The radiation oncologist would
be 100% dissatisfied if the tumor dose were below 58 or above 62. For
dosages at the tumor pixel in the interval [58,59] and [61,62], the oncologist
might have a linear preference, hence the trapezoidal fuzzy interval. This is
an aspiration with preferences. On the other hand, if the trapezoidal fuzzy
interval number 58/59/61/62 represents the partial information we have
coming from research and oncologists’ knowledge about the minimum dose
value that will kill a cancerous tumor cell, then the trapezoidal number
results in a possibility. That is, it is inconceivable to have a real number
which s the minimal dose that will kill a cancer cell. One can model this
via a probability distribution but inherently, the minimum dose of radiation
dose that will kill a cancer tumor is in fact partial information based on
research and experience given the impossibility to obtain such a value as a
real number. When the fuzzy interval right-hand side represents a goal or
aspiration, b, we translate it into a fuzzy (flexible) relationship which we
will be explicit below. When the fuzzy interval right-hand side arises from
deficiency of information, b, we will translate these into surprise functions
[106] or penalties as in [82]. Thus, we have two cases - fuzzy leading
to a flexibility relation and generalized uncertainty leading to possibilistic
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relation. These are handled quite differently as we have intimated above
and will delineate below. There are, of course, mixtures. However, for our
exposition, we will develop the two given above and from these two types
we are able to handle mixtures. In particular, we indicate how to handle
mixtures via the two generic types of optimization (flexible and generalized
uncertainty).

Let us look at the three relationships and how they, concretely, form
constraint sets.

Example 131 Single Flexible/Fuzzy Aspiration: Consider the flexi-
ble/fuzzy aspiration/goal of being less than or equal to 2, that is x < 2. As
an aspiration or flexibility in the context of fuzzy sets we have symbolically,

x<2 (4.10)
which might be turned into a membership function modeled as follows:

lifz <2
pozy(m) =4 —x+3if2<x<3 . (4.11)
- 0ifz>3

Example 132 Single Generalized Uncertainty Relationship: Con-
sider an ambiguous entity resulting from incomplete information in the
right-hand side value 2 of a crisp <

<2 (4.12)

where we’re given 2 = 2/2/3, a triangular fuzzy number, so that in this
case we have
(2/2/3) —x >0

which is an ambiguous relationship. This results is another triangular fuzzy
number relationship

2-2)/2-2)/(3—z)>0. (4.13)

Remark 133 Note that (4.10) yields a fuzzy membership function
(4.11) whereas (4.12) yields a fuzzy relationship (4.13). Given a par-
ticular instantiation of x for both cases, say, x = 2, the fuzzy case (4.10)
yields a real number whereas in the posszbzlzstzc case (4.12) yields the

fuzzy relationship — / 2 2 >

A general constraint set has many such relations that must be satisfied
simultaneously (“and-ed”). To “and” the first case (fuzzy, flexible) involves
an aggregation operator when they occur as constraints. The second case
is ambiguous and involves how to value simultaneously a set of functions
like (2 —z)/(2 — )/(3 — =) with respect to being greater than or equal
to a real number like 0 in our example. One method to value a set of
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simultaneously held functions with respect to a crisp relationship and a
crisp right-hand side value is to apply a vector-valued functional to the
vector of functions each of which has been obtained from the data just like
(4.13) was obtained.

We next present the case of a single two-variable constraint set.

Example 134 Vector Flexible/Fuzzy Aspiration in a Single Rela-
tionship : Suppose we have a flexible constraint

271 + 329<5 (4.14)
where <5 is given as

1if 221 + 32, <5
pzg(x) =<8 —(2w1 4+ 322) +6 if 5 <221 + 322 < 6 (4.15)
B 0 if 21 + 322 > 6

Given and instantiation of x = (x1,x2) = (2,1),

papla) = 5 (416)

which is a real number.

Example 135 Vector Generalized Uncertainty in a Single Rela-
tionship: Consider the possibilistic relationship

211 + 3z < 5, (4.17)
where
2=1/2/3,
3=2/3/4

In this case, for x1,z9 > 0, we have

(1/2/3)ar + (2/3/4)2 <5 (418)
(.’131 + 2%‘2)/(2331 + 3%‘2)/(3331 + 41‘2) <5 (419)

Given the instantiation © = (z1,22) = (5,1), we have

(1/2/3)2 +(2/3/4)1 <5

Cr22)+ /34 <5
13 11 ,31
(G/5/7)<5 (4.20)

and we have a fuzzy interval related by a crisp < to a real-valued right-hand
side.
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Remark 136 Note the differences between the fuzzy/flexible and the gen-
eralized uncertainty cases. In one case we have a membership function(s)
being the result of the relation and in the other, distributions (fuzzy inter-
vals) in relationship result. In general, if we have n-variables and a single
constraint, for the fuzzy case, we have a fuzzy membership function (4.15)
which when instantiated yields a real number (4.16). In the generalized
uncertainty case with n-variables and a single constraint, we have a fuzzy
interval function on the left-hand side related via a crisp relationship to
a real-valued right-hand side (4.18) which when instantiated yields a real
fuzzy interval related via a crisp relation to a real-valued right hand side

(4.20).

Simultaneous vector-valued equations will generate simultaneous fuzzy
membership functions for the fuzzy/flexible case and simultaneous vector
functions related via crisp relationships to real-valued vectors. This is
illustrated in the following examples.

Example 137 System of Flexible/Fuzzy Aspiration: Now suppose we
have two flexible constraint relations for x1 > 0,xz5 > 0,

21’1 + 3$2§5,
Ty + 229<3, (4.21)

where,

1if 201 4 322 < 5

pzs(x) = —(221 4+ 322) +6 if 5 <211 + 322 <6 (4.22)
0 if?l’l +3x0 > 6
1ifzy +2x2 <3

pzg(x) = —(z1 4+ 222) +3 if 3 < xy + 229 <4 (4.23)
0 if x1 + 2z >4

For these simultaneous equations, we have

1if 221 4+ 320 <5

pzs(x) =4 —(2z1+322) +6 if 5 <221 + 322 <6
0 if 221 + 322 > 6
and (4.24)
1ifxy + 220 <3
pzg(x) =< —(x1 +222) +3 if 3 <y + 220 < 4

0if xt1+ 2z >4

To resolve this system, the “and” must be concretized as an aggregation
operator which is often the “min” (fuzzy intersection) operator.
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Example 138 System of Generalized Uncertainty Relationships:
Suppose we are given two possibilistic constraints for x1 > 0,22 > 0,

le + 3:52 <5,
i.%‘l + QJZQ <3, (425)

where

This simultaneous generalized uncertainty system, results in

(1/2/3)a1 + (2/3/4)22 < 5
(0/1/2)a1 + (1/2/3)a2 < 3

or multiplying a fuzzy interval number by x1 > 0,22 > 0, and adding the
fuzzy numbers yields

(.131 + 21‘2)/(2131 + 31‘2)/(3561 + 41‘2)

<
(0xy + x2)/(z1 4 222) /(221 + 3x2) <

5
3. (4.26)

Thus, to solve the simultaneous system (4.26), we must interpret what the
meaning of two simultaneous relationships which have fuzzy interval dis-
tributions on the left, a crisp relationship <, and a real number on the
right.

Remark 139 In the case of a system of flexibility constraints, we have an
aggregation membership functions whose instantiation results in a real vec-
tor. In the generalized uncertainty or possibilistic case, we have a system of
Sfunctional relationships whose instantiation results in a real-valued vec-
tor function relationship, that is, on the left side we have a real-valued
vector function crisply related to a real-valued vector right side. These,
(4.21) and (4.25), are simultaneous so they are “and-ed”. In the flexibil-
ity, fuzzy case, “and” is the t-norm (intersection of fuzzy sets, minimum
of membership functions for example) which can be accomplished using of
the many aggregation operators. For the generalized uncertainty or pos-
sibilistic case, there are three broad approaches to “and” which we discuss
in more detail later in the monograph. (1) The first is to impose a scalar-
ized functional (a functional which maps a vector of functions onto the
real numbers - see [34, 52]) on each left side of the constraint relationships
(inequalities in our example above). For example, a necessity measure of
whole relationship, called a modal value, is an example of this. That is,
Nec(Az < b) (see [42])is a modal value that can be considered as a scalar-
ized functional (see [34, 52]). (2) The second approach is via a generalized



4.3 Distinctions of Fuzzy and Possibility - Generalized Uncertainty ... 127

uncertainty type of stochastic recourse approach where the constraints are
moved directly into the objective function resulting in a penalty in objective
function (to be minimized), where one such penalty functional is a general-
ized expected value called an expected average (see [56]). (3) The third
approach considers the risk in taking one decision as opposed to another to
obtain the most optimistic decision and the most pessimistic decision. In
this case, a min / max regret might be imposed (or a fuzzy robust optimiza-
tion approach,).

4.3.83  Generalized uncertainty in constraint sets

Optimization models usually involve constraints consisting of equalities, in-
equalities, or both. For deterministic optimization, the meaning and com-
putation of the constraint set is clear. In flexible and/or generalized uncer-
tainty optimization, however, the meaning and computation of “equality”
and “inequality” as well as a set of simultaneous relations must be deter-
mined. To this end, Dubois and Prade, [25], gives a comprehensive analy-
sis of fuzzy relations with four possible interpretations of fuzzy equalities.
There are two broad approaches to resolving inequalities and equalities.
The first is to go a—level by a—level. The second is to use necessity
and/or possibility measures to indicate the minimum infeasibility tolerated
(where we seek to do better - maximize feasibility as much as possible but
never to go below the specified measure). In stochastic optimization, these
are chance-constraints where the probability of infeasibility is used as the
measure limiting the minimum probability tolerated. In generalized un-
certainty, these are called modalities and unlike probability where there is
one measure, in generalized uncertainty, there are six types of modalities.
The a—level by a—level approach has four main types.

Alpha-level by alpha-level

Let us look at the constraint set as a continuum of a—levels of real-valued
interval relationships. That is, equations like the generalized uncertainty
inequality relationship given by Equation (4.18), each a—level for the cor-
responding fuzzy sets associated with the left side of an equation like
(4.18), say, M and right side of an equation like (4.18), say, N (though
in the example of (4.18), the right side is a real number which, is also a
fuzzy interval represented by a characteristic function, but the right side
could be a fuzzy interval as well), is given by M (a) = [m~ (a), m*(a)] and
N(a) = [n~(a),n" ()], respectively. There are four main types of fuzzy
interval relationships that can be thought of as the most basic and have
their origin in interval analysis (see [76]). The statement M > N can be
interpreted in any of the four following ways where we drop the a since
they are all a—levels:

1. Ve e M, Yy € N, z> y. This is equivalent to m~ > nt;



128 4. An Overview of Flexible and Generalized Uncertainty Optimization
2. Vo e M, Jy € N, z > y. This is equivalent to m~ > n7;
3. 3z € M, Vy € N, z > y. This is equivalent to m* > n*;
4. I(z,y) € MxN, z> y. This is equivalent to m* > n~.

Inequality relation (1) indicates that x is necessarily greater than y, This
is the pessimistic view. The decision maker who requires that m~ > n+
in order to satisfy M > N is taking no chances [70]. (4) indicates that
is possibly greater than y. This is the optimistic view. The decision maker
who merely requires that m™ > n~ in order to satisfy M > N has a
hopeful outlook. Inequality relations (2) and (3) fall somewhere between
the optimistic and pessimistic views (see the classification by Lodwick [70]).

The statement M = N can be interpreted in any of the following four
ways (also see [76]):

1. Zadeh’s fuzzy set equality: i, = pn

2. Vx € M(a), 3y € N(a), x =y for all 0 < a < 1 (which is equivalent

3. Vy € N(a), Jw € M(a), z =y for all 0 < a <1 (which is equivalent
to N(a) C M(«))

4. I(z,y) € ~~(a) x N(a), z =y for all 0 < a <1 (which is equivalent
to N(a) N M () # 0.

Equality relation (1) indicates that z is necessarily equal to y (the pes-
simistic view), (4) indicates that x is possibly equal to y (the optimistic
view), and (2) and (3) fall somewhere in between.

Modalities

Chance-type constraints arise is generalized uncertainty optimization con-
straint sets. Given that we have lack of information, as we have delin-
eated in our previous chapters, necessity and possibility is a way of dealing
with ambiguity in the left-hand side and/or the right-hand side coefficients.
Thus, to resolve an ambiguity arising in a constraint relationship, for ex-
ample, as in Equation (4.18), one translates this type of equation into a
necessity or possibility. That is, equation

@171 + Q22 + ...+ AinTn < b;
where at least one of the coefficients a, b are fuzzy intervals whose semantic

is tied to information deficiency (rather than set belonging in the case of
b), then to resolve this, we need to find a measure. The chance constraint



4.3 Distinctions of Fuzzy and Possibility - Generalized Uncertainty ... 129
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FIGURE 4.4. Modal Inequalities

type of measure is the necessity or possibility measure which symbolically
given as

Nec(dﬂa:l + QT + ...+ QinTy < i)l), (427)

Inuiguchi, Ichihashii, and Kume [46] present six modalities (also see [42]).
What these symbols mean in terms of a real-valued equation will be dis-
cussed in Chapter 6. Here, it suffices to state that chance constraint equiv-
alents in fuzzy constraints is always, for this manuscript, considered as part
of generalized uncertainty optimization constraint sets and this is how we
translate a constraint equation such as Equation (4.18) into a real-valued
equation. Ways to translate these types of equations are called modalities.
We use two (4.27), (4.28). The dark solid lines of Figure 4.4 represent the
membership function p,,(z) and the dark dotted line is gy (). The solid
light line is 1 — p,,(z) where the light dotted line is 1 — py(x). Point a
is Nec(z= > y~). Point bis Pos(x™ > y7), point c is Pos(z™ > yT) (see
Figure 4.4).

We translate flexible and generalized uncertainty constraints into real-
valued constraint equivalents. There are three types that arise and we
discuss this next.

4.3.4  Three types of constraints: Semantic considerations

Considering semantics, we have three types of constraint sets. They are
(1) pure flexible, (2) pure generalized uncertainty, and (3) mixed flexible
and generalized uncertainty. Let us look at these one at a time.
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1. Pure flexible constraint sets: Purely flexible constraints are fuzzy
goals or aspirations, (4.10), (4.14), or (4.21), leading to (4.11), (4.15),
(4.22), (4.23). That is, a flexible constraint set is of the type (4.23).
The general way to translate this constraint set into a real-valued
constraint set (a crisp constraint set) is to use the translation given
by (4.30). These steps are the symbolic representation of the problem.
Our examples make this concrete.

2. Pure generalized uncertainty constraint sets: Purely general-
ized constraints (4.26) are translated according to (4.31) which is a
real-valued constraint set specification.

3. Mixed flexible and generalized uncertainty: Suppose every con-
straint relation (every equality, inequality or set belonging) is of only
one type, either completely flexible or completely generalized uncer-
tainty and we have at least one type of each in the set of relationships
that constitute the constraint set. When we have a single type of rela-
tionship in the constraints, we handle the flexible ones via (4.30) and
the generalized uncertainty ones via (4.31). That is, we use a fuzzy
aggregator on the flexible constraints and one of the three types of
functionals U (value, penalty, or mini/maxi regret) on the generalized
uncertainty constraints.

We make these observations more precise in what follows. However,
let us complete our comparison of flexible and generalized uncertainty by
looking at what happens in the objective function part of our optimization
structure.

4.8.5  Objective function: Flexible versus generalized
uncertainty in objective functions

This monograph focuses on two types of objective function cases.
1. The operator opt is fuzzy, that is, z = 51\9/75.

2. The cost coefficient vector is ¢ is a fuzzy interval vector, that is, opt

z = f(¢,x).

We discuss these two cases in more detail.

Fuzzy optimization operator

A fuzzy optimization operator “optimize” means “come as close as possible”
as we have previously discussed. In this case, given a real number target
that concretizes what is meant by “come as close as possible”, the objective
becomes a flexible constraint. The objective becomes to find decision that
will put us closest to the constraints.
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Fuzzy cost coefficient

Fuzzy cost coefficients ¢ of the objective function yields a fuzzy interval
function relationship with a real-valued relationship = and a real valued
variable z to which the operator opt is applied. For example, for a linear
two variable case, we might have,

z = Qzl + 3z2.
It
2=1/2/3,
3=2/3/4,
and z1,x2 > 0, we have
opt z = (1 + 2x2) /(221 + 3x2)/(3x1 + 4x2). (4.29)

That is, we are optimizing a triangular fuzzy interval objective function.
Note that for the objective function, we are optimizing a functional objec-
tive. The n-dimensional linear case is follows the same pattern as (4.29).
Clearly, a way to map the right side of (4.29) onto the real numbers is
needed. Optimal control problems use an integral objective criterion such
as the minimization of energy (the integral being the measure of energy)
to optimize over functions. We will return to this point later in the text.

4.4 Solution Methods

Once a problem has been identified as flexible or generalized uncertainty,
solutions methods for each are distinct. Next what is meant by decision-

making in the presence of flexible and generalized uncertainty entities is
defined (see [82]).

L. Flexible Decision Making: Given the set of real-valued (crisp) deci-
sions, €2, and fuzzy sets, {F; | i = 1,..., n}, find the optimal decision
in the set 2. That is,

iggh (Fl(x), ,Fn(x)) ) (4.30)

where h : [0,1]" — [0,1] is an aggregation operator [64] often taken
to be the min operator, and F} (z) € ]0,1] is the fuzzy membership of
= in fuzzy set F;. The decision space € is a set of real numbers (so
called crisp set), and the optimal decision satisfies a mutual mem-
bership condition defined by the aggregation operator h. Note that



132 4. An Overview of Flexible and Generalized Uncertainty Optimization

this is precisely what [29] states in terms of a fuzzy set. The el-
ements (in our case z) are distinct. The set belonging is flexible.
This is the method of Bellman and Zadeh [4], Tanaka, Okuda and
Asai [143], [144], and Zimmermann [167], who were the first (in this
order) to develop fuzzy mathematical programming. While the ag-
gregation operator h historically has been the min operator, it can
be, for example, any ¢ — norm that is consistent with the context of
the problem and/or decision methods (see [63] or [122]). If the tradi-
tional aggregation function h is not normalized to [0, 1] but allowed
to be RT = [0,00), that is, h : [0,1]" — [0,00), then (4.30) explic-
itly includes surprise functions (4.3). In particular surprise functions
(4.3) are indeed an aggregation operator.

2. Generalized Uncertainty Decision Making: Given the set of real-valued
(crisp) decisions, €, and the set of generalized distributions represent-
ing the uncertain outcomes from selecting decision & = (21, ..., 7,)7
denoted ¥, = {ﬁ';ﬂ =1,...,n}, find the optimal decision that pro-
duces the best set of possible outcomes with respect to an ordering
U of the outcomes. That is,

sup U(¥,), (4.31)
T, ew

where U(¥,,) represents an “evaluation function” (also called utility
function or scalarized function - [34, 52]) of the set of distributions
of possible outcomes ¥ = {¥ |z € Q}. The decision space VU is a
set of generalized uncertainty distributions ¥, : Q — [0,1]
resulting from taking decision = € 2. This is the semantic taken in
the possibility optimization [40], [46], [50] and [82]. For example,
if £, = 2z + 325, where 2 and 3 are the possibility numbers 2
and 3, then each & = (z1,22)7 generates the possibility distribution
F = 2x1 —|—3x2 Note that here F is well-defined. The degree to which
a variable x belongs (or is) F is measured through the possibility
distribution F,. This is what [29] observes in the case of possibility.

Remark 140 Let us summarize what we have just stated because we con-
sider this an important point often forgotten. For fuzzy sets F, i = 1,
n, given x, [F1(z), ..., Fn(2)]7 is a real-valued vector. Thus, we need a way
to aggregate the components of the vectors into a single real-value. This is
done by a t-norm, min for example. For generalized uncertainty, given x,
o= {Fj,z =1,...,n} is a set of distributions, so we need a way to turn
this set of distributions into a single real-value which may be implemented
using an evaluation function, a generalized expectation with recourse, for
example. Very simply, fuzzy decision-making selects from a set of real-
valued, crisp, elements ordered by an aggregation operator on correspond-
ing membership functions, while generalized uncertainty decision making
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selects from a set of distributions measured by an evaluation operator that
orders sets of distributions.

These two different approaches have two different ordering operators (an
aggregation operation for fuzzy sets such as min and a scalarized function
in the case of generalized uncertainty such as a generalized expectation - see
[34, 52]) and lead to two different optimization methods. The underlying
constraint sets associated with fuzzy decision-making are fuzzy, where one
forms the decision space of real-valued elements from operations on these
fuzzy sets (“min” and “and”, for example, in the case of optimization of [4],
[144] and [167]). The underlying constraint sets associated with generalized
uncertainty decision making are sets of real-valued distribution functions.

4.5 Chapter Summary

We summarize what has been articulated using, additionally, insights from
[24].

e Fuzzy optimization (what we call here flexible optimization), offers
a bridge between numerical (deterministic) approaches and the lin-
guistic or qualitative ones. The thrust of flexible and generalized
uncertainty approaches are to provide the analyst with a coherent
way to distinguish between fuzzy and generalized uncertainty in de-
cision processes.

e Fuzzy set theory and its mathematical environment of aggregation op-
erators ( “and”, t-norms), interval analysis, constraint interval analy-
sis ([71], [74]), fuzzy interval analysis, constraint fuzzy interval analy-
sis ([71], [74]), gradual numbers (see [37], [138], [151]), and preference
modeling, provide a general framework for posing decision problems
in a more open way and provides a unification of existing techniques
and theories.

e Fuzzy set theory has the capacity of translating linguistic variables
into quantitative terms in a flexible and useful way.

e Generalized uncertainty and possibility theory explicitly accounts for
lack of information, avoiding the use of an unique, often considered
as uniform, probability distributions.

e The set theoretic view of functions to represent numbers (intervals)
on which scalarization functions (see [34, 52]) are expressed as fuzzy
sets offer a wide range of aggregation operations and functionals.
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In short, fuzzy set theory and possibility theory offer optimization an ap-
proach that comes close to the underlying flexible, satisficing, and infor-

mation deficient processes that are very often the typical environment in
which decision makers find themselves.

4.6 Chapter Exercises

We have the following linear programming problem:

maxz = 1+ T2 (4.32)
201 +3x9 < 12
2z1 + w1 <
x1,Ty =

Suppose for the constraints the flexibility, d; = 4, and dy = 4. From a
violation of tolerances, suppose we can tolerate up to a 25% violation, that
is, we want the constraints to be 75% feasible.

Exercise 141 Look up Zimmermann’s fuzzy linear programming method
(see [167] or Chapter 5) and write down the translated real-valued linear
programming problem for (4.32) using Zimmermann’s approach.

Exercise 142 Look up Inuiguchi, Ichihashi, Kume’s possibilistic linear
programming method (see [46] or Chapter 6) and write down the trans-
lated real-valued linear programming problem for (4.82) and the siz cases
of modal values according to Inuiguchi.

Exercise 143 Write down the translated real-valued linear programming
problem for (4.32) using the surprise function approach.

Exercise 144 Compute the optimal solution of (4.32) using the Zimmer-
mann approach.

Exercise 145 Compute the optimal solution of (4.32) using the surprise
approach.

Exercise 146 Prove that the Zimmermann approach for (4.32) is not
Pareto optimal.

Exercise 147 Prove that the surprise approach for (4.32) is Pareto opti-
mal.



5!
Flexible Optimization

Abstract

This chapter focuses on flexible optimization. Given that we are able
to construct fuzzy relations from target values, fuzzy goals, and from fuzzy
relation membership functions, we then have a fuzzy constraint set. The
next step in the process is to translate a fuzzy constraint set into a real vector
constraint set and to redefine the objective function as a maximization of set
belonging. If there are crisp relations and constraints, these remain as part
of the real-valued constraint set and augment the translated fuzzy constraint
set. If all or part of the original (non-fuzzy goal) objective function is
real-valued, then the maximization of set belonging is added to the real-
valued objective just as one would do when one adds a new variable to the
objective function and constraint for real-valued mathematical programming
problems.

5.1 Introduction

We have three generic flexible optimization types.

1. Optimization types arising from the original approach to fuzzy op-
timization introduced in 1970 by Bellman and Zadeh [4] which they
called “decision making in a fuzzy environment” and is the basis for
most flexible optimization approaches. For these, there are two ways
to optimize:
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(a) The Tanaka, Okuda, and Asai [143] approach;
(b) The Zimmermann [166] approach.

2. Optimization types arising from fuzzy interval solutions based on the
work of Verdegay, Delgado, Vila, Kacprzyk ([152], [15], [16]).

3. Optimization types arising from fuzzy interval right-hand sides us-
ing surprise functions of Neumaier [106] as developed by Lodwick,
Newman, and Neumaier [86].

These are the themes of this chapter.

Remark 148 Much of the literature uses the term “fuzzy optimization” for
optimization problems with fuzzy interval left-sides coefficients in the body
and resulting fuzzy interval inequality relations. As we have mentioned,
this monograph maintains that the semantics based on fuzzy parameters
arising from the coefficients delineating the body of the optimization model
most properly falls within the generalized uncertainty category. This case
of fuzzy interval coefficients that occur in the body of the model is discussed
in the next chapter. We note that this case of fuzzy interval left-side body
coefficients means that the model, as specified, is ambiguous. That is, the
model is as specified arises from incomplete or partial information. As
we have mentioned before, this monograph clearly separates what is opti-
mization over transitional entities and optimization over generalized uncer-
tainty entities using the term flexible optimization for the former, rather
than fuzzy optimization, and generalized uncertainty optimization for the
latter, rather than possibilistic optimization since generalized uncertainty s
broader than possibility.

5.2 Flexible Optimization

Flexible optimization, as we have mentioned, is optimization associated
with fuzzy goals or fuzzy aspirations. As such, flexible optimization opti-
mizes set membership in a fuzzy set. The fuzzy set over which we optimize
is the result of turning the fuzzy objective function into a fuzzy constraint
and adding it to the fuzzy relationships in the constraint set. The fuzzy
constraints are then transformed into real-valued matrix-vector constraints
by a fuzzy aggregation operator. Thus, our approach is to:

1. First change all fuzzy goals into fuzzy relational constraints.

2. Second, given that we have fuzzy relational constraints, we “and”
them, that is, we intersect them and this is our fuzzy constraint
set. In the context of fuzzy set theory, as we have mentioned before,
this means an aggregation operator and there are various aggrega-
tion/intersection operators, the usual ones are the t-norms.
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3. Third, optimize, that is, find the highest possible resulting member-
ship value

Remark 149 The deterministic case has only one interpretation of inter-
section in the context of constraint sets and that is finding simultaneous
solutions to the relations which is the classical set intersection. That is,
simultaneous solutions are the intersection of solution sets of the individ-
ual relations of the system of constraints, thus, there is only one way to
deterministically intersect sets in R™. While any t-norm can be used in
aggregating to obtain the resultant fuzzy set associated with systems of fuzzy
relations, our exposition just uses “min” which may be thought of as the
simplest within the suite of t-norms where generalizations to other t-norms
18 straight forward and thus not presented here.

The general flexible optimization problem is:

opt = = f(2.7) (5.1)

x

ZEX (5.2)

where we drop the vector notation and where we obtain z€X from

gla,z) Rb (5.3)

and R is a fuzzy relationship. The following steps are useful in delineating
a flexible optimization problem.

1. Identify the fuzzy components that make up the flexible optimization
model:

(a) Objective function as a target or goal;

(b) Fuzzy relationship in the constraint definition where the con-
straint is an aspiration (target with flexibility);

(c) Fuzzy interval right-hand side value that has a gradual set be-
longing semantic;

2. Translation of components into fuzzy sets, that is, compute the asso-
ciated fuzzy membership function where it occurs (objective function
and/or fuzzy relationship and/or fuzzy interval right-hand side)

3. Transformation into a real-valued mathematical programming model.

The general flexible optimization problem is to find a fuzzy optimum of
a fuzzy objective function subject to fuzzy constraints. The variables are
the unknown quantities whose values are to be determined by the model.



138 5. Flexible Optimization

5.2.1 Fuzzy components of a flexible optimization model

The first fuzzy component that we construct is associated with the objec-
tive function. The second we construct is a fuzzy relation (<,=,>, &).
The third is a fuzzy interval right-hand side whose semantic is gradual set
belonging. Let us look at each of these one at a time.

Fuzzy meaning of optimize

A fuzzy meaning of “optimize” generates a fuzzy relation as follows. A
fuzzy “optimize” is a target. Its meaning is “come as close as possible” to
the target. There are three types of targets each of which has a translation.

1. The first is come as close as possible in the sense of equality which is
then translated into a fuzzy equality relationship.

2. The second is come as close as possible or exceed in the sense of
greater or equal which is translated into a fuzzy greater or equal
relationship.

3. The third is come as close as possible but not surpass in the sense of
less or equal which is translated into a fuzzy less or equal to relation-
ship.

Any of these types of objective functions are moved into the fuzzy con-
straint set. The objective function is replaced by maximizing the target
attainment. That is, a fuzzy optimize is considered as a goal. The value of
the target or goal may be a subjective decision or may be a deterministic
result of an optimization under deterministic constraints. Once a target
or goal for the objective function has been identified, it may be translated
into a flexible constraint. For example, if a deterministic objective function
were

minz = f(c,z) = ¢z,
and the target or goal were calculated or set at z., then this would be
translated as follows.
fle,x)=cTe <z,
!
max o (5.4)
ady+ cTx < z, + dy
0<a<,

where dj is the amount over z, that would tolerated as a minimum. Thus,
flexible objective functions may be considered as flexible constraints.
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Fuzzy relationship in the constraints

A fuzzy relationship generates a fuzzy set belonging € relation. Fuzzy
relationships can be equality or inequality relationships in which case we
need to translate them into a fuzzy set membership function. However, the
relationship may be given directly as a fuzzy set belonging in which case it
does not need to be translated. Our focus here is how to translate a fuzzy
relationship that is not directly given as a fuzzy membership function into
a fuzzy membership function. There are two approaches.

1. The first is a fuzzy relationship that needs translating into a fuzzy
membership function we call a soft constraint relationship, a term
used in the fuzzy set theory literature. However, here we limit its
meaning to that of equality and inequality relationships with flexibil-
ty.

2. The second type of fuzzy relationship occurs when the right-hand
side is a fuzzy interval with semantics tied to gradual set belonging, an
aspiration which is described by a fuzzy interval. Such a fuzzy interval
indicates preferences as delineated by the fuzzy interval function.

For example, in a soft constraint or fuzzy interval right-hand side, one
may have a fixed amount b of resources (material, time, etc.) available in
a production model. However, when this value b is flexible or “soft”, it
means that we have an addition increment, say b + d where the increment
might be hiring temporary workers or purchasing additional materials from
a competitor (at additional costs). The preference is to use less than or
equal to b but never exceed b+ d. In between b and b + d, an appropriate
preference function is given, typically a linear function unless there is more
information indicating the shape of the preference (membership) function.
Flexibility modeled by a fuzzy interval means that the right-hand value is
flexible and is explicitly given as a fuzzy interval and not as an addition
increment flexibility. Essentially, these two are the same except for one we
have to construct the fuzzy interval and for the other, the fuzzy interval
is already given. Computationally, we have two ways to handle flexibility.
Let us look at these one at a time.

Soft Constraints - Implicit

A soft constraint relation is characterized by flexibility in what the relation-
ship means. Relationships that are associated with aspirations or flexibility
are fuzzy. For example, suppose we allow < to mean that we are 100%
satisfied with the inequality being less than b; but under no circumstances
can we exceed b; + d;. This flexibility is a function and is depicted in
Figure 5.1. So, one considers as the acceptable values of = to belong to
the interval [0,b; + d;] but preferentially distributed in the interval. From
the y-axis point of view, we want z—values whose corresponding y—values
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FIGURE 5.1. Soft Constraint <b =2 but not >b+d =3

are as close to 1 as possible (z is in the interval [0,b;]). For example, if
b =2,d =1, then this linear soft constraint function is depicted in Figure
5.1.

That is, given b is the trapezoidal fuzzy number 0/0/b;/b; + d; (for ex-
ample, like the one depicted in Figure 5.1), let A; denote the ** row,
i €{1,2,...,m} (with n—components). Then,

Az < b;
] translation
max o
od; +A; -2 < b; +d; (5.5)
0<a<l.

Fuzzy Interval - Explicit

A right-hand side which is fuzzy means that b represents an aspiration or
goal. We can interpret b as generating a fuzzy relationship < (or = in case
of an equality constraint). Let b be a one-dimensional fuzzy interval vector
(n-dimensional will work in the same way component by component). There
are two ways, computationally, within the flexibility semantic, to deal with
this case of an explicitly given fuzzy interval representing a flexible relation.

1. The first way is to handle an explicit fuzzy interval on the right-hand
side is like we did for a soft constraint (5.5) except we do not first
have to first construct the fuzzy interval. If the fuzzy interval is a
trapezoidal number explicitly given as 0/0/b;/b; + d;, we would use
it in (5.5). If the explicitly stated fuzzy interval right side is given



5.2 Flexible Optimization 141

0.8 T

04T

02T

0.0 f t t t 1 {
57 58 59 60 61 62 63

FIGURE 5.2. Tumor Radiation Membership Function

by a trapezoidal fuzzy interval b = by — dj /b7 /bf /bt + df where
d;,df >0, and b; —d; <b; <bS <bf+d (ifb; =b] we have

(2

a triangular fuzzy number). In this more general case, we have

Az < b
] translation
max o
adf +A; -z <bf +df
—ad;, +A;-x>0b; —d;.

Other fuzzy interval forms are handled similarly.

2. The second way we will deal with a fuzzy interval right-hand side
whose semantics are tied to gradual set belonging is to use a sur-
prise function developed by Neumaier, [106] and implemented in an
optimization problem in [86].

Suppose we are given

where the right-hand side values of the soft constraint are fuzzy inter-
vals and the fuzzy interval right-hand side (5.6) has membership function,
; (z) . The associated surprise function (see [86, 106)) is,

si(x) = —1. (5.7)

Depicted below, in Figure 5.2, is a trapezoidal fuzzy number associated
with preferential radiation values for a tumor cell.

A surprise function associated with a trapezoidal number like that de-
picted in Figure 5.2 needs to be translated into a surprise. This process
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in the context of radiation of a tumor is depicted by Figure 5.3. A set of
fuzzy interval right-hand value constraints from the surprise point of view
are aggregated (intersected) into one function which is the sum or total
surprise

- . 1
S(Z) = Zsl((Aa:)l) = 2(7 —1). (5.8)
i i
A “best” solution based on the surprise function is given by the nonlinear
optimization problem

min z = S(7) = Z(ﬁ _, (5.9)

PR
subject to x € Q (possibly hard constraints). (5.10)

The salient feature is that surprise uses a dynamic penalty for falling outside
preferred membership values of one. That is, we do not have to specify an
a-prior penalty for each constraint violation. The total surprise function
does this automatically according to the value of the decision variable x.
Another advantage is that the individual penalties are differentiable convex
functions assuming the membership functions are indeed fuzzy intervals
which become infinite as the values approach the endpoints of the support.
Moreover, the sum of convex functions is convex so that a local optimal of
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(5.8) is a global optimum. Additionally, this approach is computationally
tractable for very large problems(see [86]).

Remark 150 The “speed” at which the surprise function goes to infinity
can be accelerated or decelerated according to the power used for (5.7). That
18, if one considers a generalized surprise function to be

1

si(x) = (m

— 1), (5.11)

then, we get acceleration when p > 1 and deceleration for 0 < p < 1,
compared to p = 1. Our examples use p = 2.

5.2.2  Translation of components into fuzzy membership
functions

The translation of the components into fuzzy membership functions in the

case of a soft constraint is given by (5.5). The surprise case has a trans-

formation directly into its real-valued equivalent optimization as given by
(5.9).

5.2.83  Transformation of the simultaneous fuzzy memberships
into a real-valued mathematical programming problem
The transformation of (5.1) and (5.2) into an optimization problem, putting

all of our components together, can be symbolically denoted by the mapping
T :R"*! — R defined by:

opt T( fgfé;) ) = opt [ T%z({;;)gé))) } (5.12)
— opt [ Fle) Ry <R } 513

How to compute F(c,z) R by via Ty and Q via Ty is given below. How-
ever, to make this process clear, the general fuzzy optimization problem
(5.1), (5.2) is restricted to the fuzzy linear programming model. Nonlinear
optimization problems are done similarly.

max z>clx
subject to: Az<b (5.14)
xz > 0.

In this context, the objective 07)75 z = f(c,x) becomes, for maximization,

2>l . (5.15)
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The constraint z€X is typically
X = {z | Az<b} N {z > 0}. (5.16)

Example 151 (Flexible Optimization) Suppose we have the real-valued
linear programming problem

maxz = x, + Ty (5.17)

x1 + 42 < 16 (5.18)

T1 + 19 < 10 (5.19)
T1,x2 > 0.

Now, suppose the flexibility in the first constraint (5.18) is 3 and in the
second constraint (5.19) is 1. According to our notation, dy = 3 and dy = 1.
Moreover, suppose our goal is to come as close as possible to z = 15 where
the optimal value of the given problem is z* = 10,27 = 8,25 = 2. This
means that dy = 5 and the objective function becomes (exceed as much as
possible but never go below the optimal value of 10)

x1+ 22 > 15— (1 — a)5. (5.20)
The mapping T is
Ty (z1 + 22>15) = 15 — (1 — )5 (5.21)
Thus, our model translates into
max z = (5.22)
—x1 — 23 < =15+ (1 —a)b
1+ 422 <16+ (1 — )3
1+ 22 <104 (1 —a)l
0<a<l,zy 20,29 >0.

This means that T is

(1 ]n]s[0])
el e

which is the matriz representation of (5.22). In all, the translation of this
problem into its real-valued equivalent, where xs = «, is

max Z = 0x1 + Oz + 3
—x1 — X2 +5r3 < —10
r1 +4xo + 323 <19 (5.24)
1+ 2o +a3 <11
T1,To,x3 > 0 and x3 < 1.
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The maximum of the flexible problem (5.24) occurs for o = % =0.16...,z1 =
% =827...,x9 = % = 2.55... with the flexible objective function value of
z = 11985 = 10.83... which is more than the deterministic, non-flexible, op-
timal value of z* = 10 as expected. We have wviolated our original first
constraint (5.18) by 2 and our second constraint (5.19) by 0.66... which is

what an o different than 1 gives.

In the context of Example 151, the general transformation T3 of (5.12), for
n = 2, is (5.21), and the general transformation 75 of (5.12), for n = 2is
(5.23).

5.3 Three Generic Flexible Optimization Model
Types

We next outline the three types of flexible optimization models. The three
types are:

1. Decision making in a fuzzy environment;
2. Optimization which returns fuzzy interval solutions;

3. Surprise function optimization based on transitional semantics of
right-hand side fuzzy interval values.

The first category has three approaches of historical significance since
they were the basis for subsequent flexible optimization types. The second
category of the classification above is unique in that its solutions are fuzzy
intervals. However, we will show that this approach can be considered as
a subset of optimization in a fuzzy environment. The third category has
been used in solving “industrial strength” problems. Very large flexible op-
timization models using the surprise methodology have been solved for up
to 750,000 (see [75]). For a comprehensive discussion, the reader is directed
to Untiedt [150] who has a review of the variety of flexible (and generalized
uncertainty) optimization approaches and uses a radiation therapy example
problem to compare the five different approaches which is also summarized
in [151]. Moreover, Lodwick and Untiedt in [87] give a broader view of flex-
ible and possibilistic (generalized uncertainty) optimization types. Here,
we present the types according to their historical introduction in addition
to two other methods. The “historical” methods are now “classical” types
and broadly speaking, they represent much of what is found in the litera-
ture in one form or another. The detailed analysis via of what each type
does to a particular radiation therapy problem, as mentioned, is found in
[150].

What follows assumes that we have obtained all the fuzzy membership
functions associated with the flexible optimization problem according to
we have already presented.
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5.8.1 Decision-making in a fuzzy environment

The three approaches presented next, were historically, the first three ap-
proaches to solve the fuzzy optimization problem. They are given in the
order in which they were published.

Bellman-Zadeh

It is assumed that we have translated our problem’s flexibility into fuzzy
membership functions. The objective function, Bellman and Zadeh [4]
called a goal whose membership function they denoted by pq(x) and m
fuzzy constraints to the problem they denoted ¢, (x),i = 1,...,m. Bell-
man and Zadeh [4] simply intersect (via the min operator) obtaining a
new membership function they denoted pp and then they maximize this
membership function, pp. They called this decision making in a fuzzy
environment. That is, according to their development, optimization in a
fuzzy environment (one type of flexible optimization) is given by

max {jup(x) = min {jic, (2). e, (@), . 1, (2). p(@)}} . (5.25)

rEdomain

For one objective function goal and one constraint given by

Oifzr<lorz>3
pue(z) = r—1ifl<z<2
—rx+3if2<x<3

Oifz<2o0rz>4
puo(z) = r—2if2<z<3
—r+4if3<xr<4

and then using the min operator on these two membership functions, we
have

pp = min{pue (), pe(2)}
Oifr<2orz>3
=9 z-2if2<z <3
—z+3if 2 <2x<3

The goal and constraint membership functions can be seen graphically in
Figure 5.4. The minimum of pp(z) and pg(z) is depicted in Figure 5.5.
This example has the solution

max up(z) = max {min {pc(2), n(2)}} = 0.5

at * = 2.5 as can be seen in the Figure 5.5.
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Example 152 Consider the flexible optimization problem given by Exam-
ple 151 where we begin with (5.22).

maxz = «
—x1— 22 < =154+ (1 —a)b
x1+422 <16+ (1 —a)3
z1+ 22 <10+ (1 —a)l
0<a<l,zy 20,29 >0.

The solution to this problem (see Example 151) occurs for a = % =0.16...,

T, = % = 8.27..., x3 = 2—93 = 2.55... with the flexible objective function
value of z = % = 10.83... which is more than the deterministic, non-

flexible, optimal value of z* = 10 as expected.

Tanaka, Okuda, Asai

The first actualization of the Bellman-Zadeh proposal for optimization in a
fuzzy environment (5.25) in the sense of a concrete computational method
was that of Tanaka, Okuda, and Asai [143], [144]. It is interesting that
Tanaka, Okuda, and Asai were one of the first to correctly identify the
importance in the relationship between fuzzy membership functions, their
a—level, and the mathematical analysis of fuzzy entities. We note that two
years after the Tanaka, Okuda, Asai publication, Negoita and Ralescu, in
their 1975 book [103], prove that a fuzzy membership function uniquely
defines their corresponding a—level and a set of (nested) a—level uniquely
defines the membership function, that is, a fuzzy set. In flexible optimiza-
tion, Tanaka, Okuda, and Asai used an a— level approach as follows. Let

fp(z) = min {:U‘cl (33)’/%2 (z), <o He,, (SC),[J,G($)} ) (5.26)

then
max fp(x)= sup §a /A maxp :17} 5.27
xE€domain D( ) ae[O,l]{ zeCly, G( ) ( )

where C,, is the a— level of the single constraint set C' membership function.
Recall that the a— level set [C], of C is defined by [C], = {z € X |
pe(x) > af. This approach (5.27) is well-defined under the following
conditions.

1. pe(x) is continuous.
2. C, is closed and bounded Vo € [0, 1], that is, an interval.

The general problem with m— constraints, when the aggregation opera-
tor in (5.26) is the classical min operator, was proved by them to be the
following.
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Theorem 153 (see [144] and [48] for the proof) For m constraints,

zégcl)?n%zin Fp (ZE)

= sup min | a1, Q9,. .., Qpy max ) pe(x)
a1,a2,...,0, €[0,1] z€[C1]a; N[C2]lagN-N[Cm]aym,
(5.28)

= sup {min |, max _ pa(r) (5.29)
a€l0,1] z€[C1]aN[C2]aN--N[Cm]a

where [Chla, = Cr(ar) = {z | pe, (x) > i} the ap—level set of the K"
constraint.

Remark 154 To insure that the problem is well-defined, we need the fol-
lowing to hold. 1)us has to be continuous. 2) Cy has to be closed and
bounded. For ug to be continuous, which, in the form f(c,x) of equation
(5.1), f has to be continuous in the parameters ¢ and variable x and g(a, x)
of (5.8) is also continuous in the parameters a and the variable x where
it is assumed that a and c are fuzzy intervals. This means that all alpha
levels of the parameters (a and ¢) are closed and bounded intervals. Thus,
f(e,z) and g(a,x) are fuzzy intervals for x in a compact domain.

Definition 155 (see [144]) Let
lim C,, =C,.

A —

A function f is a—continuous if
lim ma; T) p = ma x).
i { e 7600} =m0
For C,, a closed and bounded interval, then there exists * € C,, such that

f(@") = max f(z).

zeCly

From the Tanaka, Okuda, and Asai point of view, the flexible optimization
problem is to find o* and x* such that

o A f(x*) = sup {a/\ (max f(x)) }
agl0,1] zeCq
Now a* is a unique optimal if and only if

o = ax f(z). (5.30)

Thus the question is what are the conditions for which (5.30) holds. They
are as follows.
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Theorem 156 If o™ is unique and [ is a-continuous, then o is optimal
if and only if

*
o eI

ow{an (1)) § = mag 1

T ={z | h(z) = f(x) = po(z) = f(z) — g(x) = 0}.

Remark 157 The conditions needed to have o™ unique is the strictly con-
cavity and a-continuity of f. Given these conditions for f, the flexible
optimization problem becomes a problem of finding the roots of h(x).

which means

where

These conditions result in an algorithm that Tanaka, Okuda, and Asai
developed.

Algorithm 158 Step 0: Choose k =1, a tolerance ¢ > 0, any a; € (0,1],
and step size r € (0,1).
Step 1: Compute

Cp = Ca,.
fr = max f(z)

€ = o — fr

Step 2: If
€r < € go to END.

Step 3: Set
Qp+1 = Qp — T€g, go to Step 1.

END: o* = ay,x* is obtained by solving

2 )
Remark 159 When we choose r = %, we have bisection. Of course, find-
ing o is a root finding or fized point problem. Therefore, a “speed up” of
the algorithm is possible by using a preconditioned Newton’s Method.

Zimmermann

Arguably, the most used flexible optimization approach was developed by
Zimmermann [167]. This was historically the second implementation of the
Bellman-Zadeh decision making in a fuzzy environment. As can be seen,
it is an intuitive and straight forward approach. It is, on one level, simpler
than the Tanaka, Okuda, and Asai implementation. Essentially, we have
already presented Zimmermann’s approach and illustrate it as follows.
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Example 160 Consider the flexible optimization problem given by Exam-
ple 151 which is in fact optimized according to Zimmermann’s original ap-
proach. That is,

maxz =«
—x1—23 < =15+ (1—a)b
1 +4xo <16+ (1 — )3
1+ 22 <10+ (1 —a)l
0<a<l,zy 20,290 > 0.

18 the translation of the flexible optimization with dy = 5,d; = 3,ds = 1.
The result of the optimization problem above is, as we have already seen,

149 23 195
*=10.83... = — — | ==
=t = (49) + (3) =

on the original objective of z = x1 + T2, where & = + = 0.16..., 2, =

6
8.27.,x0 =2 =25...

149 _
8 =

Zimmermann requires that every constraint be related to a single alpha
level. That is, all alpha levels of each of the membership functions are at
the same level. Clearly, this is not a Pareto optimal.

Example 161 Allow each of the constraints to have their own alpha level
and value violations of each of our constraints differently, the optimization
becomes
Z = maxciaq + caie + c3a3
subject to: — x1 — x2 + ba; < —10
T + 4o + 3as < 19
1+ To + Q3 § 11
T1,%2,01,Q2,a3 > 0,a1,a0,a3 < 1

where c¢1, ca, c3 are cost coefficients which we can vary. When ¢; = cg >>
c3 we can obtain the solution of

28 5 33
: (3 > * <3) 3

where o] = % = 0.53..., a5 = l,az3 = 0 and 27 = % = 93..,z5 =
% = 1.6.... This example illustrates that the Zimmermann approach is not
optimal according to the Pareto criterion.

5.8.2  Flexible optimization that returns fuzzy interval
solutions

The second approach in our classification returns solutions that are fuzzy
intervals rather than real-number solutions. The solutions examined so
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far for the fuzzy programming problem have been real-valued solutions.
Ralescu [115] first suggested that a fuzzy problem should have a fuzzy
solution, and Verdegay [152] proposes a method for obtaining a fuzzy so-
lution. However, in fuzzy interval optimization, it was Verdegay who first
considers a problem with fuzzy constraints,

z = f(z) (5.31)
xCC, (5.32)

where the set of constraints have a membership function p~, with alpha-
cuts C,. The containment form of the constraint set as given by (5.32)
was originally suggested, in the context of interval optimization, by [135],
[136] and then again by [104] in the context of fuzzy optimization.

Verdegay defines z,, as the set of solutions that satisfy constraints Cl.
Then a fuzzy solution to the flexible optimization problem is

max z, = f(z) (5.33)
zeCy

0<a<l.

Verdegay proposes solving (5.33) parametrically for « € [0, 1] to obtain a
fuzzy solution Z, with a-cut z,, which yields fuzzy objective value Z, with
a-cut z,.

It should be noted that the (crisp) solution obtained via Zimmermann’s
method corresponds to Verdegay’s solution in the following way. If the
objective function is transformed into a goal, with membership function y,
then Zimmermann’s optimal solution, z*, is equal to Verdegay’s optimal
value z(«) for the value of @ which satisfies

In other words, when a particular a-cut of the fuzzy solution, (z,) yields
an objective value (z, = cz,) whose membership level for goal G, (g (24))
is equal to the same «, then that solution x, corresponds to Zimmermann’
optimal solution, x*.

5.8.8  Fuzzy interval right-hand sides

The third approach of our classification uses surprise functions. This is a
newer approach that is useful in large “industrial-sized” optimization prob-
lems. The use of surprise functions for right sides that are fuzzy intervals
whose meaning is tied to gradual set belonging. Once the fuzzy interval
membership function has been determined, it is transformed into a sur-
prise function. The sum of the surprise functions are then minimized. It
is should be clear from the example how to proceed in general.
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Example 162 Consider the flexible optimization problem given by FExam-
ple 151 but restricted to the first and second constraints being fuzzy inter-
vals. In this context we have

max z = 1 + T2
Subject to:
Ty + 4wy < pyg(T1, T2)
r1 + 22 < fig9(71, T2)
x1, w2 2 0,

where we have for the first constraint, the membership function is given by

1 Zfl‘l + 4x9 < 16
pig(z1,22) = ¢ —%(xy +4wa) + 22 if 16 <zy+a <19

and whose trapezoidal graph is Figure 5.6. The corresponding surprise func-
tion s
s16(71,T2) =

m —1 for16 <xy + 29 <19

1 1 0f07'0§1’1+1’2§16
1= 1
) —%(I1+4I2)+%9

whose graph is Figure 5.7. For the second constraint, the membership func-
tion is given by

1 ifxy+29 <10
tqo(z1, 2) = —x1 —xo+ 11 if 10 <z +20 <11
0 if 1+ a0 > 11
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and whose trapezoidal graph is Figure 5.8 The corresponding surprise func-
tion s
1 1= 0 for0<zy+z5<10

) =

pio(@1, 72) ; =1 for10 <z +z2 <11

sio(z1,22) = ( -
—(z1+x2)+

whose graph is 5.9. The problem becomes

1 2 1 2
maxz:x1+x2—(—1) +<—1>
(1, 72) Hio(T1,2)

Subject to: (5.34)
T+ 4ze < 19
r1+x2 <11

1,72 >0

which is a nonlinear programming problem (where we have changed the sign
of the original object).

5.4 Chapter Summary

This section developed the components of flexible optimization clearly link-
ing the semantics and the construction of the fuzzy constraint set with the
fuzzy objective function via the interpretation of what a fuzzy relationship
is. The translation of flexibility into optimization models was given.
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5.5 Chapter Exercises

Exercise 163 Consider the flexible optimization problem given by Exam-
ple 151. Solve this problem using the Tanaka-Asai method, with oy = %, €=
0.01, and r = %

Exercise 164 Consider the flexible optimization problem given by FExam-
ple 151. Solve this problem using the Verdegay method (5.33).

Exercise 165 Complete Example 162. In particular, optimize problem
(162).

Exercise 166 Prove the theorems whose proofs were not given.
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Generalized Uncertainty
Optimization

Abstract

This chapter focuses on generalized uncertainty optimization. Specifi-
cally, we develop in more detail four types of generalized uncertainty opti-
mization, two of historical significance, Tanaka, Asai, Ichihashi [142, 1/5]
Buckley [8, 9], and two newer ways due to Jamison, Lodwick, Thipwiwat-
potjana [57, 81, 83, 148]. These four types of generalized uncertainty and
mini-maz regret optimization capture the central themes of generalized un-
certainty optimization.

6.1 Introduction to Generalized Uncertainty
Optimization

It is clear that when the coefficients in the body of the problem and/or
the right-hand side and/or the costs of an optimization problem are fuzzy
intervals whose semantics are tied to information deficiency, a generalized
uncertainty optimization problem ensues. Since this chapter focuses on
lack of information, we are not dealing with gradual set belonging. Also,
recall that for generalized uncertainty optimization, a decision = generates a
distribution (for flexible optimization a decision x generates a real number).
The reader may consult our previous chapters. In particular, the reader
might look at Chapter 4, Section 4.4 and Example 134 and Example 135.

© Springer International Publishing AG 2017 157
W.A. Lodwick and P. Thipwiwatpotjana, Flexible and Generalized Uncertainty
Optimization, Studies in Computational Intelligence 696,

DOI 10.1007/978-3-319-51107-8_6
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The mathematical statement of the generalized uncertainty optimization
model is

opt z = f(é&,x), f: HxR—H (6.1)
subject to:g(a,z) < b,g: H xR — H (6.2)

where H is the function space of generalized functions. As stated before, the
generalized uncertainty problem (6.1), (6.2) is ill-defined unless an order for
the relationship < and the operation “optimize” is specified for generalized
uncertainty functions. Two broad approaches have emerged to obtain an
equivalent problem translated into a space where an order for distributions
does exists. They are:

1. Fuzzy Banach space approaches such as [21], [22], [53], and [127];

2. Real Euclidean space approaches such as Tanaka, Asai [142, 145],
Buckley [8, 9], Inuiguchi, Sakawa, Kume [40, 42, 43, 44, 50|, and
Lodwick, Jamison, Thipwiwatpotjana [57, 81, 83, 148].

Each of these two broad approaches has its own way of dealing with
how the associated generalized uncertainty distributions are mapped onto
an ordered field which is necessary for the determination of the constraint
inequalities and what is “best”. Thus, once the order relationships has been
resolved, all relations (opt, =, <, €) are those associated with real numbers,
that is, our usual ones. There are three places in a generalized uncertainty
optimization problem (6.1), (6.2) where uncertainty occurs.

1. The objective function rim parameters ¢;
2. Body coefficients parameters a;

3. The right-hand side rim parameters b.

6.1.1 Distributions

We next review distributions since distributions characterize generalized
uncertainties. We focus on two types of generalized uncertainty distribu-
tions, (1) those arising from fuzzy intervals and (2) those arising from pairs
of bounding functions. The first of these are fuzzy intervals whose semantic
is tied to information deficiency. The way to construction these has been
developed in previous chapters.

A. Fuzzy Intervals

A fuzzy interval tied to lack, partial and/or deficient information is a pos-
sibility distribution such as that depicted in Figure 6.1. Given a fuzzy
interval, one can generate:
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FIGURE 6.1. Fuzzy Interval as an Uncertainty

1. A possibility which is the fuzzy interval itself (the trapezoid 1/2/4/6
depicted in Figure 6.1);

2. An upper possibility from a fuzzy interval (the “trapezoid” 1/2/00/00
depicted in Figure 6.1) representing an optimistic view of the values
of a fuzzy interval;

3. A lower necessity from a fuzzy interval (the “trapezoid” 4/6/00/00
depicted in Figure 6.1) representing a pessimistic or conservative risk
averse view of the values of a fuzzy intervals

4. Any distribution between the upper and lower distribution such as
the “trapezoid” 1/6/00/c0 depicted in Figure 6.1, the middle distri-
bution;

5. Both upper (possibility) and lower (necessity) distributions taken to-
gether that generates a mini-max optimization problem.

B. Pairs of Bounding Functions

The previous chapters discussed pairs of bounding functions which are ei-
ther provided by the problem itself or the problem specifies the enough data
to construct pair of bounding functions. For example, recall that interval-
valued probabilities arise when a cumulative distribution function F(x) of
a probability density function p(x) is known to exist inside a bounding pair
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of functions o
F(z) € [E(x), F(z)] (6.3)

in which case the bounding functions are the possibility/necessity pair.
Bounding pairs of functions can also be constructed (see [57]) in cases
in which complete information is missing to enable a single probability
distribution to be obtained. These bounding functions, as we have seen,
have the form

Cumyprop(X € A) € [Nec(A), Pos(A)] (6.4)

for all measurable sets A, where Cumyp,qp is the cumulative probability of
the probability distribution prob(X € A). Note that (6.4) has the same
structure as the necessity/possibility pairs of Figure 6.1.

6.1.2 Fuzzy Optimization Mapped to Fuzzy Banach Spaces

The fuzzy Banach space approaches deal directly with function spaces.
The solution methods compute a sequence approximate solution functions
whose limit is the solution function to which the method converges. There-
fore the researchers work in a Banach space since the sequence of functions
generated by their methods convergent once the sequence of functions are
shown to be a Cauchy sequence. Partial orders on generalized functions,
such as integral norms or stochastic dominance approaches (see [72, 111])
need to be used. That is, fuzzy Banach space methods work in the function
spaces directly.

The solution(s) to optimization problems many times involve iteration
and/or approximation such as steepest descent in function spaces, the ap-
proximations are functions. It is clear that for generalized uncertainty
optimization problems in function spaces, convergence analysis associated
with any iterative or approximation algorithmic method is facilitated by
having the iterates in a Banach space. When one keeps the iterates and/or
approximations as generalized uncertainty entities in a fuzzy Banach space,
each successive iterate and/or approximate is a generalized uncertainty en-
tity (a distribution, a function) which in turn means that the convergent
entity or approximation is back in the space - it is again a generalized un-
certainty entity. Thus, the convergence analysis is one associated with a
space of generalized uncertainty functions and once one has convergence,
the result is a function and at this point a decision is made based on this
distribution, this function. In the case where the problem is solved in a
fuzzy Banach space, the general fuzzy optimization problem (6.1), (6.2)
returns a distribution, a function. There is no translation necessary except
that of inclusion into an appropriate Banach space. Diamond and Kloeden
[21], [22] use a space in which their set of fuzzy sets, which they denoted E",
over R" is endowed with a neighborhood systems and metric that renders
it a Banach space. After this the Kurush-Kuhn-Tucker (KKT) conditions
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are worked out (see [22], [11]). Saito and Ishii [127] also develop the KKT
conditions for optimization over fuzzy numbers. Diamond [20] and Jamison
[63], [54] consider equivalence classes in developing a Banach space of fuzzy
sets. Jamison [53] goes on to use the Banach space developed from the
equivalence classes to solve optimization problems. Once the embedding
to the generalized uncertainty optimization problem into the fuzzy Banach
space is made, decisions are based on the resulting function solution which
means that there still remains a mapping from a function to the decision
space. This process is often called defuzzification. Prior to that, the en-
tities that are used in the analysis come directly from the model (6.1),
(6.2) as is. This approach endows the set of fuzzy sets with a metric and
neighborhood system rendering it a Banach space in which optimization
problems are then solved. We leave aside the Banach space approach since
it involves the transformation of the space of fuzzy numbers into a Banach
space which will, in general, lose an isomorphic copy of fuzzy intervals (see
[84, 76]). The method developed here is based on real Euclidean spaces.

6.1.3 Real Euclidean space approaches

The real Euclidean space approaches are distinguished by the way they map
each of the three structural types. Recall that the three structural types
in R™ are: (1) Objective function rim coefficients, é (2) Body coefficients,
a; and (3) Right-hand side rim parameters, I;, which is where generalized
uncertainty occurs in a generalized uncertainty optimization problem. That
is, the real Euclidean space methods need to first map the problem from the
function space H to R™ and the way different researchers map the problem
distinguishes the various types of methods. The different Euclidean types
are subsequently developed more fully. However, generally speaking, the
mappings of the three structural places are the following.

1. The objective is a function of generalized uncertainty optimization
uses a scalarized function (see [34, 52]) that maps the objective func-
tion of generalized distributions into real numbers in a similar way
that an expected value maps a probability function into real num-
bers. The various scalarized functions have been used. This is the
approach of [83].

2. When we have body coefficients, we have two types of approaches.

(a) The first is a fuzzy alpha-level approach of Negoita, Sularia [104],
and Lodwick [70] based on the interval analysis constraint inter-
pretation of the 1973 Soyster method [135].

(b) The second is Tanaka, Okuda, Asai [145], who use degrees of
satisfaction.
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(¢) The third approach use modalities of Dubois [23], and Inuiguchi,
Ichihashi, Kume [46], which are generalizations of degrees of sat-
isfaction and work like a chance constraint of Charnes, Cooper
[12] on generalized uncertainty fuzzy interval relations.

(d) The fourth method is that of Lodwick, Jamison [83], who con-
sider violations of constraints in a penalized way putting these
violations into the objective function with the aim of minimizing
these violations.

3. When the right-hand side rim parameters are a generalized uncer-
tainty type, it is moved to the left side and considered as a body
coefficient and handled by one of the methods listed above.

We will focus on three types of methods since these are distinct varia-
tions. The first set is that of Tanaka, Ichihashi, and Asai (2.b above) who
look at the generalized uncertainty problem from a chance constraint point
of view. The second is that of Lodwick and Jamison who take violations of
constraints into the objective as penalties. And the third type is a minimax
regret approach of Thipwiwatpotjana and Lodwick.

A. An Historically Important Generalized Uncertainty Optimization
Method - Tanaka, Asai, Ichihashi

Much of the material in this section can also be found in Inuiguchi, Lod-
wick [48]. Recall that fuzzy imprecision arises when elements of a set (for
instance, a feasible set) are members of the set to varying degrees, which
are defined by the membership function of the set. Possibilistic imprecision
arises when elements of a set (say, again, a feasible set) are known to exist
as either full members or non-members, but whether they are members
or non-members is known with a varying degree of certainty, which is de-
fined by the possibility distribution of the set. This possibilistic uncertainty
arises from a lack of information. In the present section, we examine this
historically important possibilistic programming formulation.

Tanaka and Asai [142] and Tanaka, Ichihashi, and Asai [145] in the
mid-1980s, proposed a technique for dealing with ambiguous coefficients
and right hand sides based upon a possibilistic definition of “greater than
zero.” The reader will note that this approach bears many similarities to
the flexible programming proposed by Tanaka, Okuda, and Asai a decade
earlier, which is discussed in Chapter 5. Indeed, the 1984 publications re-
fer to fuzzy variables. This approach has subsequently been classified by
Inuiguchi [40], and Lai, Hwang [67] as possibilistic programming because
the imprecision it represents stems from a lack of information about the
values of the coefficients.

Consider a programming problem with non-interactive possibilistic 121, l;,
and ¢, whose possible values are defined by fuzzy sets as was developed by
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Zadeh’s initial possibilistic distribution formulation:

opt z =¢lx (6.5)
Ax < b
x > 0.

Tanaka, Ichihashi, and Asai [145] transform the problem in several steps.
First, the objective function is viewed as a goal, which is the idea of sat-
isficing found in Simon [132, 133]) discussed in Chapter 1. As in flexible
programming, the goal becomes a constraint with the aspiration level for
the objective function on the right-hand-side of the inequality. Next, a new
decision variable xg is added. Finally, the right-hand side rim values, the
b’s, are moved to the left hand side, so that the form of the possibilistic
linear programming problem is

v

(6.6)

N
a;T;

~. S
|

2,...,m,

)

0
1
0

Y

x
where 2’/ = (1,27)T = (1,21, 29, ...,3,) 7, and a; = (I;i,&ﬂ, celiin).

Note that all the parameters, A,b, and ¢ are now grouped together in
the new constraint matrix A. Because the objective function(s) has(have)
become goals, the cost coefficients, ¢, are part of the constraint coefficient
matrix A. Furthermore, because the right-hand side values have been moved
to the left-hand side, the b’s are also part of the constraint coefficient ma-
trix. The right-hand-sides corresponding the former objective functions are
the aspiration levels of the goals. So each constraint becomes

Yi =a,x = 0,

where .
a; = (b, @1y . Gin).

“Y; is almost positive”, denoted by Y, > 0, is defined by

Y20 (6.7)
)
max h
subject to: py. (0) <1—h, (6.8)
SEtOzi > 0.

The measure of the non-negativity of Y; is h. The greater the value of h,
the stronger the meaning of “almost positive”. Actually, h is 1 — «, where
« is the level of membership used by Bellman and Zadeh. For the Tanaka,
Ichihashi, Asai approach, the problem is to maximize h.
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B. Interval-Valued Probability Optimization

Tt is assumed that the data of the coefficients and /or parameters have been
obtained or constructed as interval-valued probabilities

F(z) € [E(z), F ()],

which could also be any set of bounding functions. For example, [posa(z),

posi(x)], [nec(x), pos(x)], [bel(z), pl(x)], and so on. Here we assume we have
an IVPM. Furthermore, we will assume that we choose a functions from
the family of functions defined by bounding functions or use the pair of
bounding functions together. Parts of this section can also be found in [83].

1. Interval-Valued Integration, Extension and Independence

Three key concepts are needed for the application of Interval-Valued Prob-
ability Measures (IVPMs) to mathematical programing problems. They
are integration, extension and independence which are defined next.

Definition 167 Given an F-probability field R = (S, A, i) and an inte-
grable function f: S — R we define:

/A f (&) digy = Leiﬁfm /A F)dn, s / e dp] (6.9)

It is easy to see that if f is an A—measurable simple function such that

f(;v):{ Y i;i with 4 € A, then

/A F (@) ding = y(im (A)) (6.10)

Further, if f is a simple function taking values {yx |k € K} on an at
most countable collection of disjoint measurable sets {Ay | k € K} that

is, f(:E) = { Y T E Ay ’ where A = Ugc i Ag, then

0 w¢A
/Af(x)dim: [a‘ </Af(x)dim>,a+ </Af(x)dim>], (6.11)
where
a*([ 1 @)din) = sup (SrexmPr(4) [PreMR) (6.2

and

a /A J (@) din) = inf {Spexy Pr(A) [Pre M(R)}.  (6.13)
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Note that these can be evaluated by solving two linear programing prob-
lems since Pr € M (R) implies that Xpcx Pr(A) = 1 and Pr (UjepcrxAi) €
im (Uiencix4;). In general, if f is an integrable function and {fx} is a
sequence of simple functions converging uniformly to f, then we can deter-
mine the integral with respect to f by noting that

[ @i = Jim [ g @) i

where

Jim /A fi (2) iz, = [ im o /A Fo (@) din),
im a*t im,
lim a </Afk<x>dz )

k—o0
provided the limits exist.

Example 168 Consider the IVPM constructed from the interval [a,b).
Then fR xdiy, = [a,b], that is, the interval-valued expected value is the
interval itself.

We next define an extension principle in the context of IVPMs. This
extension principle generalizes the united extension of Strother [139, 140,
141], Moore, Strother, Yang [102], and Moore [98] as well as the extension
principle of Zadeh [164].

Definition 169 Let R = (S, A, i,,) be an F-probability field and f : S — T

a measurable function from measurable space (S,A) to measurable space
(T, B). Then the F-probability (T, B,1,,) defined by l,,, (B) = [inf{Pr (f_l (B)) |
Pr e M (R)},sup{Pr (f~* (B)) | Pr € M (R)}] is called the extension of
the R-probability field to (T, B).

That this defines an F'—probability field is clear from our earlier chapters.
In addition, it’s easy to see that this definition is equivalent to setting

lm (A) =im (f_l (A))

which allows us to evaluate. The combination of IVPMs when the variables
are independent is addressed next. The situation when dependencies may
be involved and is not discussed here.

Given measurable spaces (S,.A) and (T, B) and the product space

(SxT,AxB),
assume ix,y is an IVPM on A x B. Call ix and ¢y defined by

iX (A) = iXXy (A X T)
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and
iy (B) = ixxy (S X B)

the marginals of ix «xy. The marginals, ix and iy, are [IVPMs.

Definition 170 Call the marginal IVPMs independent iff ix «y (AxB) =
ix (A) iy (B) VA,BCS.

Definition 171 Let R = (S5, A,ix) and Q =(T, B,ly) be F-probability fields
representing uncertain random variables X andY . Define the F-probability
ﬁeld (S X T,.A X B,iXXy) by

%y (A2B) = sup{Pr (B)Pr (B) | Br € M(R),Pr e M (Q)},

5y (A x B) = nf(Pr (B) Pr (B) | Pr & M (R) . Pr € M(Q)}.
where (S x T, A x B) is the usual product of c—algebra of sets.
It is clear from this definition that
ixxy (Ax B)=ix (A)iy (B),VA€ Aand VB € B.

Thus, if several uncertain parameters in a problem are present with the
uncertainty characterized by IVPMs, and all independent, an IVPM for
the product space can be formed by multiplication and subsequently used
as an IVPM.

2. Interval-Valued Probability Optimization
Interval-valued probability functions occurring as parameters to (6.1), (6.2)
are considered next. Suppose we wish to solve the following,

opt z = f(z,q)

subject to :  g(x,b) =0,

=

where we assume that @, and b are vectors of independent uncertain para-
meters, each with an associated IVPM. That is, ¢ = @ and b=">b. Assume
the constraint can be violated at a cost so that the problem to be solved
(dropping the vector notation) is

h (m,&, l;) = f(z,a) — pg (az7 i)) , (6.14)

where p is the penalty vector.

The IVPM for the product space can be readily formed given the as-
sumption that the uncertainty variables are independent. In this case, the
IVPM, i4xp, is the joint distribution. The interval-valued expected value
with respect to this IVPM is

/Rh (fab) iy .
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To optimize over such a value requires an ordering of intervals. One such
ordering is to use the midpoint of the interval on the principle that in the
absence of additional information, the midpoint is the best estimate for the
true value. Another possible ordering is to use an interval risk /return multi-
objective decision making similar to Markowitz’s mean-variance models
(see [93] and [137]). For example, we can define functions

uw:R?—> R
and
v:Intgp — R?

by setting, for any interval I = [a,b], v (I) = (“7%, b— a). Thus, v gives the
midpoint and width of an interval. Then uw would measure the preference
for one interval over another considering both its midpoint and width (a
risk measure). In this case, the optimization problem is

maxu (v ( /R h (2, 0,b) diwb» .

Example 172 Consider the problem

max f(Z,c) = 4x1 + x2

subject to

gl(f,dl,gﬂz 3’)1—[1,3]$2+4:0
gg(f,dg,ég): QZL'175C[72+1:0

where 2 = 1/2/3/, that is, 2 is the triangular number with support [1,3]
and modal value at 2. For p= (1,1)T

h(Z,a,b) = 3x1 + 6xo — 211 + [1, 3]z — 5,

so that

1 1
=3z — [[(a = 3)da, [(—a —1)dajzy + 6z + [1,3]as — 5
0 0
35
= 3wy — [57 §]$1 +6x9 + [1,3]z2 — 5
13
= [[5, 5]331 + [7,9]x2 — 5.

Note that —5 will not affect the optimization. It will be taken out of the
optimization and then re-inserted at the end. Continuing,

v(/Rh(f,a,b) disy) = (1, 1)1 + (8, 2)0.



168 6. Generalized Uncertainty Optimization

As an example, let u(yi,y2) = y1 +y2. Then

h( b) diggp)) = 2 10
znew})xz]u / T, a,b) digzp)) m?elﬁ)},g]{ x1 + 1022}

=24.

And putting the —5 back in, our solution is 19.

B. Penalty Method

The penalized approach given above can also be used for single distribu-
tions. Much of this section can also be found in [56]. Consider the following
mathematical uncertainty optimization problem

max z = f(é,z)=¢x
subject to:g(a,z) = Az <b (6.15)
x>0,

where the uncertainties in the components of A and/or b are possibility
distributions. Now consider a penalty on violations of the following form

hi(/l, b, ) = max {0, Az — ZAJZ} ,

where A; is the it" row of A. Let d; > 0 be a cost per unit of violation
penalty chosen a-priori. Note that h; is a distribution where h is the
corresponding vector-valued entity. Now form a new objective function

F(z)=¢"z—dh.

Again, Fisa generalized uncertainty entity. For generalized uncertainty
types that are fuzzy intervals, F' defines a fuzzy function. It is shown in
[55] that the image at any vector , F', is a fuzzy interval. Thus, this fuzzy
interval is completely characterized by its a — cuts,

F(x), = (ch —d" max {0, Az — b)} | ¢, A,b € éq, Ay and b, respectively) .

This fuzzy number provides the possibility distribution for the outcome
of taking action z. We wish to find the most favorable possibility distrib-
ution over all possible actions. Now that we have defined the distribution
associated with the problem, we seek to determine a “best” solution. One
reasonable approach is a minimax regret which is the subject of the next
section. Another way is by using a type of expectation we call the expected
average (see [161, 162]) of the fuzzy interval as the basis of comparing two
fuzzy interval. The expected average provides the additional advantage of
turning the range space into a Banach space for some applications (see [53]).
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Using the expected average point of view, the new optimization problem is
as follows

max EA(F(z)) = EA( z — d"h),
subject to:x > 0.

Now,

where these two functions define the right and left endpoints of the a-cut
of the fuzzy function evaluated at x where F, () is called the optimistic
value of F'(z) at possibility level o and F (z) is called the pessimistic value
of F(z). The modified problem now becomes

max EA(F(z)) = % /U (E,(2) + Folx))de

1 1 - . _ N ~
=5 / (ng —d¥" max(0, Az — ba) + é::c —dr max(0, A,z — b,))de.
0

(6.16)

There is a closed form expression of (6.16) which is found in [75].

6.2 Minimum Maximum Regret

The concept of minimum of maximum (minimax) regret is a well known
approach in making a decision based on many alternatives that could be
choosen. In the context of generalized uncertainty optimization, a general-
ized uncertainty entity is a set of distributions that contains the unknown
distribution of our problem. All that is known with certainty is that the
true distribution is bracketed between the given lower and upper cumula-
tive probabilities. The uncertainty we consider in this section is random
set. Fuzzy intervals with a possibility /necessity semantic, and plausibil-
ity and belief are uncertainties that can be transformed to random sets.
Given a set of n realizations of an uncertainty @ as {uy,us,. .., u,}, where
up < wug < ... < u,, Nguyen [109] proved that the lowest and largest ex-
pected values of 4 can be evaluated by using the following density functions
f and f, where, recalling our development of belief/plausibility of Demster

[17] and Shafer [128, 129],

f(ur) = Bel ({ug, ks, .- un}) — Bel ({ugs1, Ukya, ..., un})  (6.17)
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and

flug) = Bel ({uy,ug,...,ux}) — Bel ({uy,ua, ..., up_1}). (6.18)

Our general linear programming problem with uncertainty is

minc’ z

st.Az >b, = >0. (6.19)

Based on the concept of an expected recourse model in stochastic program-
ming (see, for example, [6]), we could use the bounds (6.17), (6.18), f and
f, to generate an optimistic and pessimistic expected recourse problems
for system (6.19). Here, we are only considering the discrete pairwise in-
dependent case for the generalized uncertainties in the linear optimization
model. The optimistic expected recourse problem is the minimum of the
expected recourse values over a set M of probability vector measures asso-
ciated with the uncertainties in (6.19). An element in the set M is a vector

of probability f = [f1, fa, ..., fm], where m is the number of constraints in
(6.19).
Given the pairwise independence assumption, let f; = { fi(l), fi(2), ce fi(Ki)

be a joint probability vector for the ith constraint, that is, fi(k) is a joint
probability for the kth scenario, k = 1,2,...,K; where ZkK:ll fi(k) =1 and
let the vector y = [y1,¥2,...,Ym] be the recourse action of scenarios for
each constraints with y; = [ygl), ny) ...,yZ(K )} Then, the following the-

orem translates optimistic and pessimistic expected recourse problems as
linear programs. The proof of the theorem could be found in [148, 149].

Theorem 173 (see [148, 149])Let q; be the penalty price of violating con-
straint i of (6.19). Assume that all uncertainties are pairwise independent
from each other. Given

. .
z(m,y) = ¢ 1?+Q1Zf( 'y + a Zf() A+ G Zf7r’f)y£’f),
k=1

suppose that min, , zy(z,y) is bounded for each f € M. Then there exist
constructible f and f € M such that

_ (1), (4 (1), (b) (), ()
min min z(z,y) = ¢ x+q1kzlf +ay Zf +. A am Zf yik

(k) (k (k) (k (k)
g‘ré%(r?l;lzf(x y) = clatq Zfl y§ ) tay ZfQ )+...+q Zf y.
k=1 k=1
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We do not know the exact probability distribution of (6.19) so that all
probabilities in M are considered as the alternatives in a minimum maxi-
mum expected regret approach. That is, we would like to know the best of
the worst regret over f € M. Concretely, the minimum maximum regret
is given by

i Ly) —minz(z,y) ) . 6.20
i (25(o.0) — iz () (6.20)

A standard procedure to deal with a minimax regret problem is to do the
relaxation procedure by increasing the constraint of the relaxed problem in
each iteration until reaching some termination criteria.

Relaxation procedure

1. Initialization. Choose f! = f. Solve min, zf(w,y) and obtain an
optimal solution (w!,v!). Set j = 1.

2. Solve the following current relaxed problem to obtain an optimal
solution (R7, (z7,97)).

min R
R,(;E,y)

st.R>0
R > zpi(w,y) — zpi(w',0"), i=1,2,...,7.

3. Obtain an optimal solution (f/*!, (w/*! v7T1)) where its optimal
value Z7 is

77 = max (z(2?,y7), z¢(x, .
feM,(m,y)(f( y), z(,y))

4. 1f Z7 < RJ, terminate the procedure. An optimal solution to the
minimax expected regret model (6.20) is (z7,4?). Otherwise, set j =
j + 1 then return to step 2.

Step 3 of the relaxation procedure is the most complicated. A modified
relaxation problem developed by Thipwiwatpotjana and Lodwick, [148], is
applied to the upper and lower probability functions of the random set to
speed up the calculation of step 3 in the original procedure. In particular,
given a probability f, there is a sequence of probabilities generated upon
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the order of 47 — y through the following relationship.

4
= max (z7(27,7) — 2s(z,y))
(z,9)
K (k> k (k)
= max|ec (2" —2) + chf( ) — ")+t Zf,(f)(yfn —y))
k), j® o NN
= @ —ay) + qlzf” )+t am Zf"“’ )
k: 1
T e o (k)
< e (@ —ay) + qlzfl (i ylf))+~-+qm2fm'“)(yin v
where f7, (orrespondmg to the order of (yJ " ygj)), is obtained
by applying the system (6.21)
1
T, S (k) %
< ¢ (:Jc]—wfv-)+Q1Zf1 (1 y§f1)+4-~+

(k) (k)
dm Zf - y’sr]f;r)

- 1(322’)‘ (Zfr(l” y') = 25 (w,y))

— i
= Zp

(6.21)
The procedure continues to find a new f” using the above relation (6.21)
until the new probability f™ can be applied to the each suborder of (yf "
yl(fr) ). Tt is clear that Z;,,, < Z7. However, if Zj,,* > RF, then quit step 3
even if Z7 is not computed and return to step 2 in the relaxation procedure
with j = j+1 to find an updated optimal solution (Rj, (29, yJ)) Otherwise,
select f that has not been used in this iteration of step 3 and reprocess the
system (6.21) until f is found such that ij,‘* > RF and obtain an optimal
solution to the minimax regret problem. Hence, these new steps alter step
3 and a modified version of the relaxation procedure is the following.

Modified relaxation procedure

1. Initialization. Choose f' = f. Solve min z¢(x,y), and obtain an opti-

)

mal solution (w!,v!). Set j = 1.

2. Solve the following current relaxed problem to obtain an optimal
solution (RJ, (z7,y7)).

min R
R, (z,y)
s.t. R>0

R> zpi(z,y) — zpi(w',0'), i=1,2,...,].

3. Start with f7 and work on the system (6.21) to find f™. Calculate
Z}T* and its optimal solution (w/*! vi+1),
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4. If 74

e > RI, set f as fit1. Set j = j + 1, then return to step 2.

5. If Z; < R7, select f that has not been used in this iteration of step
3, and reprocess the system (6.21) until we find f™ such that Z}T* >
RF, then continue step 4. Otherwise, we terminate the procedure.

An optimal solution to the minimax expected regret model (6.20) is
(z7,97). O

Example 174 A linear program Py with uncertain vector (ai1,a12, 131)

Pi: min 3z + 219
s.t.  a11%T1 + a12T2 > by
T1,T2 Z 0

Suppose we know realizations of (d11,d12, 131) and their probabilities as :
Below average(realizationl) : (aﬁ),a%),b( )) (7,8,45), with probabzlztyfl ,
Average(realization2) : (a(121), 12) b(Z)) (8,9,50), with ;1)7‘0balnlzzfyf1 and
Above average(realization3) : (agl), g), b(d)) = (9,10, 53), with probabilityfl(g)
The corresponding stochastic expected recourse problem with recourse vari-
ables of the demand constraints wi, wq, w3 s

Py :min  3x1 + 229 + slfl wll) + slf@) —l— s f 53)
s.t. Txy+ 8xo + w( ) > 45
821 + 9zg + w(2> > 50 (6.22)
921 + 1025 + w§ ) > 53 '
whmg,wgl),w%m,w%& > 0.

How do we interpret a result of Ps if we do not know the exact proba-
bility, for example, if fl(l) € [%,%], 1(2) € [6, 3] and f13) [6,2] One
of the approaches is to use an idea of interval expected value. There-
fore, to find an interval expected value to the objective function of P
with unknown probability (f; (1) (2) (3)) we have to know the ordering
of wy (1) wi ), gs) All possible ordermg cases of wll),wg ),wgd) are in the
following table (next page). Hence, the set M of probability vector measures
associated with uncertainty (a11, G12, 31) can be reduced to only 4 probabil-
ties as (fu g fi) = (33 3) (b 4.3 (3,3 1) and (.3,3). Afer
applying modified relazation procedure, the result of the minimazx regret ap-
proach to Py is

R=0,2; = 0,25 = 5625w’ =0,w? =0 and v =0.
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Ordering cases Lower prob f; Upper prob f;

FOT O O FO 770
DT (= (IR SHE T E A E A
e A R
e o e e e
e S e
e o B B A
wy” Swy” Swyp | g & 2 2 3 2

6.3 Chapter Summary

This chapter presented five different ways that optimization under general-
ized uncertainty can be carried out. A study about which methods to use
depending on the problem was discussed in [150]. <WELDON more>

6.4 Chapter Exercises

Exercise 175 Provide an example that an optimal solution to a minimazx
regret problem is not one of the optimal solutions of realizations.

Exercise 176 Given U = {u1,uz,us}, where pr(uy) € [1/3,1/2],pr(usz) €
[1/6,2/3],pr(us) € [1/4,1/2], verify that the interval range of probability
represents belief and plausibility or not. Moreover if u1 = 1,us = 2,us = 3,
find the minimum and maximum expected values.

Exercise 177 Generate the corresponding stochastic expected recourse model
and minimazx regret model (when not considering probabilities) for the fol-
lowing linear programming with uncertainty.

min 2x1 +3xo

s.t.  apix +6xy > 61
3ZE1 +d22$2 Z 62
x1, z2 > 0,

where each of the uncertainties has 2 realizations together with their prob-
ability density mass functions. The details are
L P =t [ P2y =}
Y12 P2 =5, P13 Pr{3) =1,
170, Pr({170}) =1
b — 3
by =4 180, Pr({180}) = 3,

) 160, Pr({160}) =
by ={ 162, Pr({162}) =

SIS

with penalty prices s1 =5 and s = 7.
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Exercise 178 Suppose that uncertainties a1, and 51 in the first constraint
of the previous problem do not have probability interpretations. Instead,
two realizations, 1 and 2 of a11 and other two realizations, 170 and 180
of by have random set information as follows: m({1}) = 1.m({1,2}) =
3.m({170}) = & and m({180}) = 2. Generate pessimistic and optimistic
stochastic expected recourse models.
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