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Preface

Faults can occur in every system, but when they occur in control systems, they
may cause not only economic losses but also damage to human being, material,
and to the environment. But, how is a fault in a control system defined? A fault
is defined as an unpermitted deviation of at least one characteristic property or
parameter of a system from the acceptable, usual, or standard operating condition
[57, 61, 78, 115]. The area of knowledge related to methods for diagnosing faults
is called Fault Diagnosis or Fault Detection and Isolation (FDI). The name Fault
Detection and Isolation indicates how are conceived many Fault Diagnosis methods:
first detecting if there are faults that are affecting the system and then isolating them,
i.e., deciding which fault is affecting the system.

On diagnosing a system relies a big interest. Topics so important in the industry
such as reliability, safety, and efficiency are related to FDI. Fault Diagnosis is
also crucial for the topic of maintenance. It is also recognized that the increase
of the automation in the industry enhances the probability of faults occurrence
[61]. Therefore, it is easy to conclude that Fault Diagnosis is a current area of
intense research and real applications interest. But FDI is not a simple and easy
problem to formulate and solve. For diagnosing faults in systems, measurements
need to be used. These measurements are commonly corrupted by noise. Moreover,
the measurements can be affected by spurious disturbances acting on the system.
All these facts can lead to the conclusion that the system may be deviated from
its acceptable behavior, even when no faults are affecting it. This implies in false
alarms. In order to avoid this situation, the methods developed and applied for FDI
should be robust. Robustness means rejection of false alarms, which are attributable
to disturbances or spurious signals. With the increase of the robustness it could
occur, that some faults can not be diagnosis, for example when the fault effects
in the system output are within the range of deviation due to the noise. This fact
is related to the system loss of sensitivity. Therefore, useful FDI methods must
present two properties: robustness and sensitivity. Moreover, in complex systems,
the propagation of faults can rapidly occur [57, 115]. As a consequence, Fault
Diagnosis also take into consideration the diagnosis time [57, 115].



A great variety of FDI methods can be found in the literature, and they
may be brought down to two types of methods: model-based methods and non-
model-based methods. Model-based methods make use of a mathematical or a
physical/mathematical model of the system.

In this book, it is presented and formalized a recent methodology for Fault
Diagnosis which falls into the category of model-based methods. The name of
the methodology is Fault Diagnosis—Inverse Problem Methodology (FD-IPM). It
unifies the results of some years of cooperation among researchers from the fields
of FDI, Inverse Problems, and Optimization. Some of the contributions that resulted
from this cooperation are described in Refs. [1, 18–21]. As its name indicates, it is
based on the formulation of Fault Diagnosis as an Inverse Problem. In particular, the
Fault Diagnosis Inverse Problems are formulated as optimization problems, which
are solved using metaheuristics. Therefore, in the proposed methodology, the areas
of FDI, Inverse Problems, and Metaheuristics are linked.

The main objective of this book is to formalize, generalize, and present in a
systematic, organized, and clear way the main ideas, concepts, and results obtained
during the last years which are based on the formulation of Fault Diagnosis as
Inverse Problems which are solved as optimization problems.

For readers familiarized with Inverse Problems, some questions could arise: why
formulate FDI as an Inverse Problem, if it is well known that Inverse Problems
are usually ill-posed problems (sometimes the ill- posed problems are called hard
problems), there are already well established FDI methods, which are not based on
the Inverse Problem approach?

It is true that Inverse Problems are usually not easy to solve. The main difficult
point to deal with, when solving them, is the effect on the solution when the
observed data (e.g., measurements) present noise, i.e., amplification of the noise
which is always present in the observable variable affects the Inverse Problem
solution. Inverse problems belong to the class of ill-posed problems: the existence
or uniqueness of the solution are not guarantee; or it does not show continuous
dependence on the input values. From the latter condition, the noise in the
measurements can be amplified in the inverse solution. But, in turn FDI also deals
with noisy data (measurements of the system), and it is very important to know how
the noise in the data influences the diagnosis of the faults, in order to avoid, for
example, false alarms or to identify faults that may be masked within the noise. It
is recognized that obtaining robust and sensitive FDI methods, at the same time,
continues to be a current research field of high interest [114]. Moreover, Inverse
Problems is an interdisciplinary area that matches the mathematical model of a
problem with its experimental data [94]. That is exactly the idea behind FDI, when
a mathematical or physical/mathematical model of the system is considered known.

Formulating FDI as an Inverse Problem also brings some insight to the under-
standing of the FDI problem by means of the introduction of ideas and method-
ologies from Inverse Problems. Inverse Problems, which arise from practical
applications, deal with observable information from the system. How this infor-



mation can be used is a key issue for solving Inverse Problems. Fault Diagnosis
can be understood as a problem based on information (e.g., model of the system
and measurements). Therefore, the ideas from Inverse Problems allowed to identify
some results that could help solve problems of the area of Faults Diagnosis.

Moreover, the formulation of the Fault Diagnosis Inverse Problems as opti-
mization problems allows to apply metaheuristics for computing the solution, i.e.,
diagnosing the faults.

Metaheuristics are a group of nonexact algorithms that allow to solve opti-
mization problems based on a search strategy in the feasible solution space.
Metaheuristics may provide a sufficiently good solution to an optimization problem,
especially with incomplete information. Naturally an obvious question comes to
mind. Which is the best metaheuristic for Fault Diagnosis Inverse Problems? In
[137], it is demonstrated that there is not a unique answer to this question. Instead,
this book describes in an easy way, but with rigor, four well-known metaheuristics
for optimization (Differential Evolution, Particle Collision Algorithm, Ant Colony
Optimization, and Particle Swarm Optimization), which were also used during the
application of the methodology to Fault Diagnosis in three benchmark problems
(DC Motor, Inverted Pendulum System, and Two Tanks System) from the FDI area.
These examples are useful for showing how to analyze and interpret the influence
of some metaheuristics parameters in the quality of the diagnosis. Furthermore, this
book presents the main ideas and concepts from optimization and metaheuristics,
which may be useful for readers that are not familiarized with these topics.

The formulation of FDI as Inverse Problems also allowed to develop two new
hybrid metaheuristics: Particle Swarm Optimization with Memory and Differential
Evolution with Particle Collision. New metaheuristics constantly arise in the
literature, but for being accepted by the computational community, they have
to be formalized and validated, following the well-recognized methodology for
metaheuristic validations [30, 45, 125]. This is also presented in this book.

The analysis of the results obtained along the experiments for the validation of
the new metaheuristics, as well as in their application to the benchmark problems,
made use of basic concepts and test from statistics. During the analysis of the
experiments, different tables and graphics were constructed in order to facilitate
the presentation of the results, as well as their interpretation.

Formulating Fault Diagnosis as an Inverse Problem and solving it by means
of metaheuristics bring together readers from at least three different areas: Fault
Diagnosis, Inverse Problems, and Metaheuristics. This represents the nature of the
authors of this book.

The prerequisites to read this book are calculus of several variables and linear
algebra. Some basics about programming are also useful for a better understanding
of the chapter that presents the topic of metaheuristics.

The chapters of this book are summarized as follows:

• Chapter 1: In this chapter, the main concepts, ideas, advantages, and disad-
vantages related to the use of model-based FDI methods are presented. The
main ideas on the formulation and solution of Inverse Problems are also briefly
described.



• Chapter 2: This chapter presents and formalizes Fault Diagnosis as an Inverse
Problem, as well as the new methodology for Fault Diagnosis: Fault Diagnosis—
Inverse Problem Methodology. The three benchmark problems used during the
experiments are also described.

• Chapter 3: This chapter makes an introduction to metaheuristics for optimiza-
tion. In particular, the metaheuristics Differential Evolution, Particle Collision
Algorithm, Ant Colony Optimization for continuous problems, and Particle
Swarm Optimization are described. This chapter also presents two new meta-
heuristics: Particle Swarm Optimization with Memory and Differential Evolution
with Particle Collision.

• Chapter 4: This chapter presents the application of Fault Diagnosis—Inverse
Problem Methodology to the three benchmark problems considered. In particular,
the experiments are designed in order to analyze robustness and sensitivity of the
diagnosis obtained with FD-IPM.

Chapter 1 can be read independently when the reader is only interested in the
main concepts and ideas from model-based Fault Diagnosis or Inverse Problems.
For readers interested in metaheuristics, we recommend Chap. 3 which can be read
independently. For the new methodology, Chap. 2 has to be read. We recommend
to read Chap. 1 before reading Chap. 2. Chapter 4 presents the applications of the
methodology to three benchmark problems. Before reading Chap. 4, we recommend
reading Chap. 2.

Appendices A and B show the Matlab� codes for the algorithms of the new
metaheuristics Differential Evolution with Particle Collision and Particle Swarm
Optimization with Memory, respectively.
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Chapter 1
Model Based Fault Diagnosis and Inverse
Problems

This chapter introduces the main concepts and ideas concerning Model based Fault
Diagnosis in Sect. 1.1. Fault Diagnosis based on parameter estimation is presented
in Sect. 1.2 and Inverse Problems are briefly introduced in Sect. 1.3.

1.1 Model Based Fault Diagnosis Methods

The first Fault Diagnosis methods were introduced at the beginning of the 60s of the
twentieth century. They were based on monitoring certain observable parameters.
The objective was to verify if the values of such parameters were within certain
acceptable ranges [57]. Those methods do not allow the early detection of faults,
which slowly affect the monitored parameters. Therefore, the system cannot be
diagnosed [57, 60].

Many of the initial works in Fault Detection and Isolation (FDI) were linked
with chemical processes. In 1978, D. M. Himmeiblau published the first book about
model based FDI methods and their applications to chemical processes [64].

Important works that intended to unify the first results in the FDI are [42, 55,
59, 64]. In 1991 was created the SAFEPROCESS (Fault detection, supervision and
safety for technical processes) Committee as part of the International Federation of
Automatic Control, IFAC.

Nowadays, the FDI methods are divided into two main groups: those which are
based on a mathematical or physical model of the system to be diagnosed, and those
which do not use a model [130–132]. The methods of the first group are called
Analytical Methods or simply Model based Methods. The methods of the second
group are known as historical data or data driven based methods.

Within the historical data based methods, it is possible to find methods based on
statistics, pattern recognition, heuristic knowledge, and artificial intelligence [16, 53,



2 1 Model Based Fault Diagnosis and Inverse Problems

109, 120]. All these methods have, as main disadvantage, the need of big amount of
historical measurements of the system, which should contain information about all
the faults to be diagnosed [2].

The structure of model based FDI methods can be represented by the general
scheme shown in Fig. 1.1. The idea behind these methods is the generation of
residuals to be used for diagnosing the system. These residuals are generated based
on the input, output, and a model of the system [42]. For this purpose, the system
is usually divided into three main parts to be diagnosed: actuators, process, and
sensors. As a consequence, the faults are also classified considering the part of the
system that they affect, as [31, 42, 61]:

• fu: faults in actuators
• fp: faults in process
• fy : faults in sensors

In Fig. 1.2 it is represented the classification of the faults used throughout this
book.

Fault Alarm

Faults

Residual
Evaluation

Residual
Generation

Model

ProcessActuators
Input u(t)

Sensors
Output y(t)

Fig. 1.1 General structure of model based FDI methods

ProcessActuators

Faults (fu )

Faults (fp )

Faults (fy )

Sensors
OutputInput

Fig. 1.2 Classification of faults considering the part of the system that they affect
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The faults are also classified based on their nature. There are incipient faults,
abrupt faults, constant faults, intermittent faults, and faults that combined more than
one kind of fault.

The model based methods are divided into three main groups, which correspond
to three main approaches: observers; parity space; and parameters estimation [55,
57, 58, 64, 76, 96].

The methods based on observers were introduced for linear systems during
the 70s of the twentieth century. In [134] it is presented a summary about these
first steps. Parity Space was introduced during the 80s and they were formally
established in [99]. Some works that show the relationship among these methods
are in Refs. [24, 31, 41, 61, 115, 130, 136]. FDI based on parameters estimation
was formalized in 1987, by H. Hohmann, in his doctoral thesis [56]. Isermann [57]
summarizes about FDI based on parameters estimation.

Despite the fact that these three approaches have been extensively studied and
developed, their limitations are also well recognized. For example, in [41, 136], it is
presented a clear description of each approach and their limitations:

• Methods based on observers: They do not always allow the isolation of actuators
faults. In the case of nonlinear systems, the complexity on designing the observer
increases. As a consequence, its applications are focused on laboratory systems.

• Methods based on Parity Space: They also do not allow the isolation of actuators
faults in many situations. In the case of nonlinear systems, it is needed an exact
model of the system.

• Methods based on Parameters Estimation: They demand the knowledge of the
relation faults/physical coefficients of the system/model parameters. They are not
useful for diagnosing sensors faults. Their computational costs are high. In case
of not having a one-to-one relationship between model parameters and system
parameters, the isolation of faults is very difficult or not possible. It is recognized
that these methods have also limitations for detecting actuators faults.

Recent techniques for model based FDI are mostly a variation of methods
based on observer or parity space, with the introduction of other techniques (e.g.,
classification methods from Bayes classification, neural networks with decision
trees, inference methods from approximate reasoning with fuzzy logic and hybrid
neuro-fuzzy) [62]. Therefore, they maintain the main limitations of the original
methods [40, 80, 95, 96]. In [63] it is presented the application of the basic methods
of FDI to selection of twenty real technical components and processes as examples.

In FDI, there are two main desirable characteristics to be reached:

• Robustness: The systems can be affected by internal or external disturbances.
Moreover, they are usually immersed in noisy environments. As a consequence,
the impact of these situations can be confused with the effect of faults. Therefore,
desirable FDI methods should be able to handle these situations in a proper way.
Meaning they should be robust.

• Sensitivity: With the aim of increasing the robustness, FDI methods could not
able to detect small magnitude faults. For example, those whose effects in the
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system output are within the range of deviation due to the noise in the system.
Therefore, another desirable characteristic of the FDI methods is the sensitivity
for diagnosing small magnitude faults.

A proper balance between robustness and sensitivity, as well as a proper
diagnosis time (latency time) which allows the on-line diagnosis, is the key of
success measuring to FDI [31, 114, 115].

In order to obtain robust and sensitive diagnosis, the FDI methods based on
observers or parity space make additional efforts for generating robust and sensitive
residuals. Due to the fact that the residual generation depends on the kind of model
used to describe the system, and on the kind of faults to be diagnosed, these schema
for residual generation do not allow an easy generalization [41, 136].

Therefore, obtaining robust and sensitive FDI methods continues to be a current
research field of high interest [114, 115].

Within the computational intelligence framework, the fuzzy logic and neural
networks have been widely applied in model based and historical data-based FDI
methods [29, 44, 88, 135, 142]. On the other hand, just a few papers have reported
applications of metaheuristics to FDI [41, 66, 82, 106, 133, 135, 143].

Witczak [136] presents a state of the art of FDI, considering also the application
from the computational intelligence area. Applications of evolutionary algorithms
and neural networks to FDI are worked in [135].

1.2 Fault Diagnosis Methods Based on Parameter Estimation

FDI based on model parameters, which are partially unknown, requires online
parameters estimation methods [57–59, 61]. For that purpose, the input vector
u(t) ∈ R

m, the output vector y(t) ∈ R
p, and the basic model structure must be

known [61].
The models for describing the systems depend on the dynamics of the process,

and the objective to be reached with the simulation. These models can be linear or
nonlinear, and can be represented or not in the state space. The most used model is
the linear time invariant (LTI), which has two representations: the transfer function
or transfer matrix, and the state space representation [97]. This latter representation
is also valid for nonlinear models [97].

Let’s consider a state space representation of a controlled system [61]:

ẋ(t) = f (x(t),u(t),Θ)

y(t) = g (x(t),u(t),Θ)
(1.1)

where the vector of state variables is represented by x(t) ∈ R
n. The measurable

input signals u(t) ∈ R
m and output signals y(t) ∈ R

p may be directly obtained by
the use of physical sensors; and Θ ∈ R

j is the model parameters vector.
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The LTI models can be represented by the following equations:

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)
(1.2)

being A,B,C, and D matrices with appropriate dimensions: A ∈ Mn×n(R), B ∈
Mn×m(R), C ∈ Mp×n(R), and D ∈ Mp×m(R).

For the case of a model based on the input/output behavior of SISO (single
input single output) processes by means of ordinary linear differential equations,
its vectorial form is represented as:

y(t) = ψ(t)ΘT (t) (1.3)

being

Θ(t) = (a1 . . . an b0 . . . bm) (1.4)

i.e., j = n + m + 1, and

ψ(t) =
(
−y(1)(t) . . . − y(n)(t) − u(1)(t) . . . − u(m)(t)

)
(1.5)

where y(n)(t) and u(m)(t) indicate derivatives:

y(n)(t) = dny(t)

dtn
(1.6)

and

u(m)(t) = dmu(t)

dtm
(1.7)

The respective transfer function becomes, through Laplace transformation:

Gp = y(s)

u(s)
= B(s)

A(s)
= bmsm + bm−1s

m−1 + . . . + b1s + b0

ansn + an−1sn−1 + . . . + a1s + 1
(1.8)

The components of the model parameter vector can be identified with compo-
nents of the physical process coefficients vector ρ ∈ R

r . The variations of these
coefficients can also be associated with faults. In this situation, the diagnosis of
faults can be obtained using the estimations of these process parameters once the
relationships between Θ − ρ and ρ − faults are established [57].

This divides the diagnosis based on parameter estimation into two steps. The first
one considers the estimation of the parameter vector Θ , permitting the detection;
and the second includes isolation and identification of faults based on the mentioned
relationships [57].
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If j ≤ r , then the relationship between Θ and ρ will be not one to one. In that
case, some faults will not be isolated from the rest, which means that some faults
cannot be eventually isolable from at least one other fault [42, 43, 57, 61]. This is
one of the drawbacks of this method; the process of fault isolation may become
extremely difficult because model’s parameters do not uniquely correspond to those
of the system under analysis.

The two methods that are commonly used for estimating the model parameters
Θ are classified with respect to the minimization function that they use [42, 61]:

1. Least squares of the summation of the equation errors: These methods
require numerical optimization methods. They give more precise parameter
estimations, but the computational effort is higher. Therefore, they are in general
not suitable for on-line applications [61].

2. Least squares of the summation of the output errors: They usually need the
use of filters in order to improve the estimations [61].

Therefore, it can be concluded that one feature of FDI based on parameter
estimation is that the model parameters should have physical meaning. This
approach is only recommended for the case of faults having a direct influence on
the model’s parameters, causing lack of success for cases of sensor and actuators
faults [89, 136].

A drawback of FDI based on parameter estimation is the resulting high com-
putational time [42, 58, 61, 135, 136]. This brings difficulties in applications
for real on-line processes [61]. It is also added a typical limitation regarding
parameter estimation-based approaches: the input signal should be persistently
excited [89, 136].

1.3 Inverse Problems

A direct problem considers known: the phenomena involved in the system under
study; their physical or mathematical model; and a certain cause (e.g., initial
conditions, boundary conditions, and internal sources/sinks). It is then possible to
simulate or describe the effect that the given cause provokes [111–113]. It means
that the problem can be solved.

On the other hand, in Inverse Problems, the model of the system and its output are
known or partially known, and it is necessary to determine the causes that yield such
output (the direct problem effects) [17, 84, 85, 94, 111–113, 117]. A typical example
is when for a given set of numerical values or measurements, which correspond
to the solution of a direct problem, it is necessary to determine unknown initial
conditions, boundary conditions, model parameters, or source/sink functions.

A widely cited general description of Inverse Problems is: We call two problems
inverses of one another if the formulation of each involves all or part of the solution
of the other. Often, for historical reasons, one of the two problems has been studied
extensively for some time, while the other is newer and not so well understood. In



1.3 Inverse Problems 7

Process
Model

Model

Effect

Effect?

Inverse Problem

Process

Direct Problem

Model Parameters?

Cause?

Cause

Fig. 1.3 Relation between direct and inverse problems [111]

such cases, the former problem is called the direct problem, while the latter is called
the Inverse Problem [68]. This description shows that both problems, the direct and
the inverse, are connected.

There are several definitions for Inverse Problem [17]. One definition can be
stressed as:

Definition 1.1 Solving an Inverse Problem is to determine unknown causes from
observed or desired effects [17, 39]

Figure 1.3 shows a scheme, which represents the relation between a direct
(forward) problem and its Inverse Problem.

Considering the causes to be determined, Inverse Problems are classified into
three main groups: parameter estimation inverse problems, inverse problems for
estimating initial conditions, and inverse problems for estimating boundary con-
ditions [39]. In [9] the inverse problems are classified considering the dimension
(finite or not) of the cause to be determined: parameter estimation inverse problems
(finite dimension) and function estimation inverse problems (infinite dimension).

When studying Inverse Problems, there is an important definition which was
introduced in 1923 by Hadamard, the well-posed problems by Hadamard:

Definition 1.2 Let’s Ax = f with x ∈ X; f ∈ F ; and A a differential operator
with the domain of definition DA. The problem is well-posed, in the Hadamard’s
sense, if the three following conditions are satisfied [51]:

1. Existence of the solution: ∀f ∈ F −→ ∃ x ∈ DA : Ax = f

2. Uniqueness of the solution: ∀x1, x2 ∈ DA : Ax1 = Ax2 = f −→ x1 = x2
3. Stability: ∀x1, x2 ∈ DA : Ax1 = f1, Ax2 = f2 if x1 → x2 in X −→ f1 → f2

in F

If a problem does not satisfy any of the three above conditions, then it is an ill-posed
problem.
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The first two conditions in Definition 1.2 are related with the mathematical
determination in the sense that they demand that the solution exists, and if it is
determined by non-numerical methods, it can be uniquely determined. The third
condition is related with the numerical determination, which means that if the
solution is computed by numerical methods, the stability condition is needed.

In many Inverse Problems, small variations in the data do not necessarily imply
small variations in the causes to be determined. Therefore, a difficult point, when
solving an Inverse Problem, is the effect on the solution when the observed data
(e.g., measurements) present noise, i.e. amplification of the noise present in the
observable variable affects the inverse problem solution. Inverse Problems are ill-
posed.

If the observable data in the Inverse Problem is defined as a solution or a set of
solutions to the direct problem, then the first condition in Definition 1.2 is clearly
satisfied. But in many Inverse Problems, the existence of the solution can fail if
the observable data is corrupted with noise, which is a typical situation in Inverse
Problems that arise from real applications [6].

If condition 2 from Definition 1.2 is not satisfied, the problem should be
reformulated by means of incorporating additional observable data; or restricting
the set of feasible solutions. For restricting the set of feasible solutions, a priori
information about the problem is usually needed [6].

For Inverse Problems, which the existence and uniqueness of their solutions
is not clear and there are enough observable noisy data, it is useful to search an
approximate solution of the Inverse Problem instead the exact one, by means of the
minimization of a certain measure of discrepancy between the data without noise
that can be obtained from the direct model and the observable data corrupted by
noise [94].

If the third condition from Definition 1.2 is not satisfied, it can occur that
noise present in the measurements and round-off errors during computations can be
amplified by an arbitrarily large factor, and make a computed solution completely
useless to deal with [6]. This is a typical situation when dealing with Inverse
Problems and make them specially interesting and difficult [94].

It can be concluded that an important point in Inverse Problems is determining
the quantity and the quality of information about it. Another point is that in practice,
it is usual to deal with nonexact data. Therefore, to have too much observable data
is the best, even if some repetition occurs [94].

Concerning the methods for solving Inverse Problems, there are two main
classifications [94, 112, 113]:

• Explicit methods: Methods, which are obtained through direct inversion of the
operator that represents the direct model problem.

• Implicit methods: Iterative methods, which explore the space of feasible solutions
of the Inverse Problem until a certain criterion is reached. It means, that they
usually look for a good enough approximated solution of a certain Inverse
Problem.
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The implicit methods for Inverse Problems are related to the formulation of
Inverse Problems as optimization problems, usually involving the minimization of
an objective function. The optimization problems arise when a certain measure
of discrepancy between the data without noise, which can be obtained from the
direct model and the observable data, corrupted by noise, is minimized in order
to find an approximated solution to the Inverse Problem. For these methods, it is
usual to have as the objective function, the sum of the quadratic errors between
the observations and the calculated values for such observations by means of the
direct problem model [5]. Therefore, the solution of the Inverse Problem involves
the solution of the direct problem model. The formulation as an optimization
problem addresses the existence and uniqueness of the Inverse Problem. For
solving the optimization problem, it is usual to use computational methods, in
particular metaheuristics for optimization [74, 84, 85, 104, 105, 111, 112]. These
metaheuristics are usually applied to solving parameter estimation inverse problems
and they are complemented with a sensitivity analysis of the output of the system
with respect to the parameters to be estimated. As a result of the sensitivity analysis,
it can be decided which parameters can be correctly estimated. Therefore, the
sensitivity analysis is an alternative way for studying how the noise in the data can
influence in the quality of the solution to the Inverse Problem under study [112].

As previously mentioned, a usual way to deal with an ill-posed inverse problem
is to add more previous information about it, e.g. information concerning the
derivatives of the solution of the Inverse Problem. When enough good a priori
information about the solution of the Inverse Problem is available, it can be added to
the objective function in the optimization problem. The most usual way to add this
information is by means of a regularization term, which allows the Inverse Problem
to become a well-posed problem. The regularization methods are therefore very
useful [92, 94, 103, 116], being the Tikhonov Regularization the most common
approach. Moreover, Tikhonov re-defined the conditions for well-posed problem.
As a consequence, there are new conditions for defining a well-posed problem, in
the Tikhonov’s sense.

In recent years, it has been observed an increase in the use of statistical
techniques for the formulation and solution of Inverse Problems [98, 113, 126–128],
with special interest in the Bayesian Theory [93].

1.4 Remarks

In this chapter, the main concepts, ideas, advantages, and disadvantages related
to the use of model based FDI methods are presented. The main ideas on the
formulation and solution of Inverse Problems are also briefly described.



Chapter 2
Fault Diagnosis Inverse Problems

This chapter deals with FDI as an Inverse Problem. Section 2.1 presents and formal-
izes Fault Diagnosis as an Inverse Problem. In Sect. 2.1, it is also formalized a new
methodology for Fault Diagnosis: Fault Diagnosis—Inverse Problem Methodology
(FD-IPM). Section 2.2 describes the mathematical models to be used by FD-IPM.
Section 2.3 describes an alternative approach for determining uniqueness in Fault
Diagnosis Inverse Problems, which is based on the structural analysis of the model
that describes the system.

Section 2.4 describes the three benchmark problems considered: DC Motor,
Inverted Pendulum System, and Two Tanks System [31, 86] in Sect. 2.4.3. Sec-
tion 2.5 shows the application of the first step of FD-IPM to each benchmark
problem.

2.1 Formulation of Fault Diagnosis as an Inverse Problem
and the Fault Diagnosis: Inverse Problem Methodology
(FD-IPM)

The Fault Diagnosis Problem can be seen as an Inverse Problem: taking as known
partial information on output and input of the system, as well as a mathematical
or physical model that describes the system, one wants to determine the causes
that affect the response of the system. In this case, the faults are the causes in the
definition of Inverse Problem, see Definition 1.1 in Sect. 1.3. However, as described
in Sect. 1.1, other causes may be affecting the system, e.g. disturbances or noise.
In Fig. 2.1, it is represented the Fault Diagnosis Inverse Problem, and its direct
problem.
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Fig. 2.1 (b) Fault Diagnosis
Inverse Problem and its (a)
direct problem
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Despite the fact that FDI can be described as an Inverse Problem, this approach
has not been intensively used. Some recent incursions have been reported in this
sense [22, 143], but they were limited to a particular part of a system, and no
generalizations are provided.

From the representation of the Fault Diagnosis Inverse Problem in Fig. 2.1, it
is clear that a model that represents the system is needed. Moreover, this model
of the system should incorporate the faults in an explicit way. For this purpose,
it is used the fault classification that was shown in Sect. 1.1 (see Fig. 1.2). This
fault classification is also used in other model based FDI methods [31, 42, 61].
Following this classification, a fault vector, represented by θf = (fu fp fy)

T can be
explicitly introduced in the model that describes the system. As a consequence, the
estimation of the fault vector θf allows to diagnose the system. Therefore, the Fault
Diagnosis Inverse Problem may be described as an Inverse Problem of parameter
estimation, being θf the parameter to be estimated. Moreover, it can be formulated
as an optimization problem: find the estimated value of θf that minimizes a certain

residual. The estimated value for θf is denoted by θ̂f .
Next are listed some of the key points addressed so far:

• The disadvantages of the current FDI model based methods are well recognized,
see Sect. 1.1. It is also recognized that new FDI model based methods should be
developed [114, 115].

• It is well known that the computational methods are suitable for solving
Inverse Problems, specifically, the metaheuristics for optimization [111]. Some
metaheuristics were reported to be successfully applied in the solution of FDI
[35, 41, 82, 106, 133, 135, 143].

• Fault Diagnosis may be formulated as an Inverse Problem.
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In this section, it is formalized a new methodology for FDI. It is called Fault
Diagnosis—Inverse Problem Methodology (FD-IPM). This methodology is based
on the direct estimation of a fault vector θ̂f , instead of estimating a model parameter
vector Θ . For this, Fault Diagnosis is formulated as an Inverse Problem of parameter
estimation. In order to solve the Fault Diagnosis Inverse Problem, it is formulated
as an optimization problem, which is solved with the use of metaheuristics.

For solving the Inverse Problem of estimating θf , an optimization problem will
be formulated. It is clear that the estimation of θf , whose result is denoted as

θ̂f , should provide the minimal difference between the observations of the system
(measurement of the output of the system under the effect of the fault vector θf ) and
the estimations of these observations when considering that the system is under the
effect of a fault vector θ̂f . Therefore, the solution of the Fault Diagnosis Inverse
Problem can be obtained by solving a minimization problem. Let’ s note that
obtaining the estimations for the output corresponds to solving the direct problem
represented in Fig. 2.1, i.e. solving the model that describes the system with the
estimated values for the fault vector θ̂f . The measurements of the output are usually
obtained at certain instants of time, which are called sampling times.

Let’s call I the number of sampling times; Yt ∈ R contains the measurements of
the output of the system to be diagnosed at a certain time t , with t = 1, 2, . . . , I ;
Ŷt ∈ R are the estimated (calculated) values for the output of the system at each
instant of time t , which are obtained from the solution of the direct problem for the
system to be diagnosed. The output of the system should represent the effect of the
faults that affect the system. Therefore, it can be written: Yt (θf ) and Ŷt (θ̂f ). The
estimations of the output are obtained solving the direct model of the system, taking
as known as estimation value θ̂f of the fault vector affecting the system. The opti-
mization problem for solving the Fault Diagnosis Inverse Problem is formulated as:

min f (θ̂f ) =
I∑

t=1

[
Yt (θf ) − Ŷt (θ̂f )

]2
(2.1)

The solution of the optimization problem in Eq. (2.1) is an estimation of the
fault vector affecting the system: θ̂f . The reliability of the diagnosis based on this
formulation is intrinsically related with the quality of the estimation of the fault
vector. The optimization problem in Eq. (2.1) corresponds to a system with only
one output Yt (θf ) ∈ R. Its generalization to systems with more than one output, i.e.
Yt (θf ) ∈ R

p, leads to the following optimization problem:

min f (θ̂f ) =
∥∥∥∥∥

I∑
t=1

[
Yt (θf ) − Ŷ t (θ̂f )

]2
∥∥∥∥∥

∞
(2.2)

as in the optimization problem in Eq. (2.1), I represents the number of sampling
times; Yt (θf ) ∈ R

p contains the measurements of the output at a certain time t ;
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Ŷt (θ̂f ) ∈ R
p are estimated (calculated) values for the output of the system at each

instant of time t . For obtaining an objective function f (θ̂f ) with image in R, it is
introduced the infinite norm ‖g‖∞ = max gi .

For the solution of the minimization problem in Eq. (2.2), it is proposed the use
of metaheuristics for optimization. For a better performance of the metaheuristics,
it is convenient to add restrictions to the possible values of the fault vector to
be estimated. Therefore, the optimization problem for the solution of the Fault
Diagnosis Inverse Problem is reformulated as:

min f (θ̂f ) =
∥∥∥∥∥

I∑
t=1

[
Yt (θf ) − Ŷt (θ̂f )

]2
∥∥∥∥∥

∞
s.t. θf (min) ≤ θ̂f ≤ θf (max) (2.3)

The values θf (min) and θf (max) can be obtained with the help of experts, or
analyzing the nature of the system to be diagnosed.

Let’s note that when applying the metaheuristics for solving the optimization
problem in Eq. (2.3), each evaluation of the objective function implies the solution
of the direct problem in order to obtain the estimations Ŷt (θ̂f ) ∈ R

p. This can imply
to solve a system of differential equations, for example. In Sect. 2.2, are described
in detail, the models that can be used for representing the systems to be diagnosed.

In Fig. 2.2 is presented a schematic representation of the Fault Diagnosis Inverse
Problem, formulated as an optimization problem.

For the application of the Fault Diagnosis—Inverse Problem Methodology (FD-
IPM), the system must satisfy the following three hypotheses:

H1. There is a known model of the system, M, which incorporates the dynamics
of the faults in an explicit way, by means of the fault vector θf ∈ R

(m+p+q). This
model represents the dynamics of a maximum of (m +p + q) faults: where each

Estimation

Model

Plant
u(t) Residual

+

ƒƒ(q̂ ƒ)

ŷ t(q̂ ƒ)
q̂ ƒ

yt   t   (qƒ)

Fig. 2.2 Schematic representation of the Fault Diagnosis Inverse Problem, formulated as an
optimization problem
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of the m actuators and the p output sensors can be affected only by one fault at
each time instant; and a total of q faults may occur in the in process.

H2. The faults are represented in the model as functions that do not change with
time (constant functions); or functions that can be approximated by a constant
function during the sampling time considered in the diagnosis.

H3. The system satisfies structural detectability and structural isolability (separa-
bility) for all faults.

Hypothesis H1 is related with the fact that FD-IPM is a model based method-
ology. Therefore, it needs a model of the system to be diagnosed. The kind of
models that are needed for diagnosing with FD-IPM are described in Sect. 2.2.
These models are also used in other model based methods [31, 42, 61]. They may
be obtained by identification techniques or by recommendation of experts.

In hypothesis H2, it is important to know for which faults it is possible to consider
the approximation by constant functions, without losing too much information.
Lemma 2.1 next shows for which faults such approximation is adequate.

Lemma 2.1 The approximation of a fault f1 = g1(t) by a constant function will be
better for faults that do not change in an abrupt way.

Proof

Consider a fault f1 = g1(t) which is not constant in time.
Consider t0 the initial sampling time and tf = tI = t0 + IΔt the final time of

sampling, being I the number of sampling instants; Δt the sampling interval;
and ti = t0 + iΔt , with i = 1, 2, . . . , I , are the time instants.

Consider g1(t) to be continuous in [t0, tf ], and also that

g1(t) =
∞∑

n=0

g
(n)
1 (t0)

n! (t − t0)
n in [t0, tf ] (2.4)

The function f1 = g1(t) can be approximated in [t0, tf ] by Taylor Polynomials, in
particular by the grade zero polynomial f1 = T0 = g1(t0).

If
∣∣∣ dg1

dt
(ti)

∣∣∣ ≤ Mf 1 ∀i = 1, 2, . . . , I , then the error of this approximation is:

R0(t) ≤ Mf 1(t − t0) (2.5)

From expression (2.5), the error R0(t) is proportional to the value of Mf 1.
Therefore, for a fault f1 such that dg1

dt
(ti) ≈ 0 (it means that its variation on

time is almost zero), it is possible to approximate it by a constant function
f1 = T0 = g1(t0) with error R0 ≈ 0.


�
Hypothesis H2 is easy to verify, once a description of the system to be diagnosed

is known. Let’s note that in hypothesis H2 it is declared for which kind of fault,
based on its nature, that the FD-IPM may be used.
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Hypothesis H3 guarantees that all the faults affecting the system can be estimated
based on the output of the system. It means that the Fault Diagnosis Inverse Problem
of the system under study has a unique solution, see Sect. 2.3 for more details
concerning this hypothesis and its verification.

The Fault Diagnosis—Inverse Problem Methodology (FD-IPM) is described
as follows:

Step 1. Verify hypothesis H1–H3. If the system satisfies the three hypotheses,
formulate the optimization problem that corresponds to the Fault Diagnosis
Inverse Problem for the system to be diagnosed; see optimization problem in
Eq. (2.3), and go to Step 3. If the system satisfies H1 and H2, but does not satisfy
H3 because the isolability requirement fails, then formulate the optimization
problem that corresponds to the Fault Diagnosis Inverse Problem for the system
to be diagnosed; see optimization problem in Eq. (2.3), and go to Step 2.
Otherwise, the FD-IPM cannot be applied.

Step 2. Detection: Take the vector θ̂f = 0 as a solution of the optimization

problem obtained in Step 1 and compute the objective function f (θ̂f ). If

f (θ̂f ) < fumbral , where fumbral is a relatively low value defined a priori, then
the system is not under the influence of faults. Otherwise, the system is affected
by faults.

Step 3. Solving the Fault Diagnosis Inverse Problem: Apply metaheuristics for
solving the optimization problem formulated in Step 1. Start the execution of the

metaheuristics taking as the initial solution θ̂f

(0) = 0
Step 4. Diagnosis: If any component of θ̂f , obtained in Step 3, is different from

zero, then the fault that corresponds with to that specific component is affecting
the system. The magnitude of the fault coincides with the value of its estimate.

Step 1 verifies the hypothesis for the application of the methodology, as well as
formulates the optimization problem to be solved in order to diagnose the system.
Step 2 is related to the detection of faults for those systems where the isolability
of faults is not possible; Steps 3 and 4 are related to the detection and isolation of
the faults for the systems that satisfy the three hypotheses H1, H2, and H3 of the
FD-IPM. With the detection and isolation of faults, the diagnosis is complete.

When the system satisfies hypothesis H1 and H2, but does not satisfy hypothesis
H3, the condition of detectability or isolability of the faults is not satisfied.
Therefore, the system cannot be diagnosed. Two situations can occur:

• Situation 1: The system satisfies detectability and not the separability. In this
case, the detection of the faults can be made, i.e. it is possible to determine if
the system is under the effect of faults, but reliable estimations of the fault vector
cannot be obtained. This detection is made with the help of Step 2 of the FD-IPM.

• Situation 2: The system does not satisfy detectability (as a consequence the
separability is also not satisfied). In this case, the detection of the faults is not
possible.
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For systems in Situation 1, Step 2 is important. In such systems, the diagnosis
cannot be made, but it can be determined if the system is affected or not by faults,
even when the fault values cannot be estimated, and it cannot be decided which
fault is affecting the system. This is made in Step 2, by computing the objective
function of the optimization problem formulated in Step 1, considering that no faults
are affecting the system, i.e. taking initially θ̂f = 0. If the value of the objective
function is zero, it means that there are no differences between the measurements
of the system output and the computed output when solving the direct problem of
the system under study considering θ̂f = 0. Therefore, the system is not affected
by faults and the detection is complete. If this value is different from zero, then
the system is affected by faults and the detection is complete. However, due to
model uncertainties noise in the measurements and other disturbances the value of
the objective function is not equal to zero, even when the estimated fault vector θ̂f

coincides with the real fault vector θf . Moreover, the fault vector can be different
from zero even when the system is not affected by faults. This causes uncertainties
in the decision. The introduction of the fumbral in Step 2 of the methodology tries
to avoid this disadvantage: The threshold value of the objective function, fumbral in
Step 2, should be related with the value of the noise that is affecting the system, and
it depends on the system to be diagnosed. In Chap. 4 are shown examples on how to
incorporate the prior information about the noise level affecting the system in order
to determine fumbral .

The value of fumbral is computed prior to the application of the Step 2 of FD-
IPM. It is logic to think that fumbral should depend on the external disturbances
affecting the system, e.g., noise. Therefore, deciding the value of fumbral needs
some efforts. Therefore, a value of fumbral is a key point for a correct detection of
faults in systems described in Situation 1 (Application of Step 2 of the FD-IPM).

If the system satisfies hypotheses H1, H2, and H3, then Step 2 is avoided, and
one may go directly to Step 3. The Step 3 of the methodology is very important.
At this step, the optimization problem is solved with the help of metaheuristics,
and the estimated value for the fault vector is obtained. Based on this estimation,
in Step 4 of FD-IPM, the conclusion about the diagnosis of the system is given.
As a consequence, the reliability of the diagnosis depends on the performance of
the metaheuristics when solving the optimization problem formulated in Step 1 of
the FD-IPM. In the solution of the optimization problem in Step 3, the information
about the external disturbances or noise affecting the system can be incorporated in
the stopping criterion of the metaheuristic methods used (similar as it is incorporated
in the fumbral of Step 2, see Chap. 4 for more details). Moreover, the metaheuristics

may be initiated considering that θ̂f

(0) = 0 is the initial solution candidate. With
this, the Step 2 is incorporated in Step 3.

In Fig. 2.3 it is shown a diagram with the steps of the methodology.
The proposed methodology allows to alleviate the following limitations of the

current model based FDI methods:
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Fig. 2.3 Fault Diagnosis—Inverse Problem Methodology

• The direct fault estimation instead of the model parameters estimation allows
to simplify the diagnosis: it does not need to know the relation parameters
model/physical parameters of the system/faults.

• It is a general methodology, it does not depend on the model of the system once
it incorporates the faults.

• FD-IPM also permits the direct estimation of the faults indistinctly if they take
place in actuators, process, or sensors.

• It does not need additional efforts for generating robust residuals: the application
of robust metaheuristics allows robust fault estimations. Moreover, metaheuristic
control parameters can be handled and tuned in order to improve robustness and
sensitivity of the diagnosis.

• The use of metaheuristics and the analysis of the influence of their parameters
allow to reduce the computational cost, which is an important issue related to
diagnosis time.
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2.2 Mathematical Models for the Fault Diagnosis: Inverse
Problem Methodology

This section describes the main models, which are used to describe a system, and
how they incorporate the fault vector θf .

2.2.1 State Space Model

Within the State Space Models, it is possible to distinguish two groups: nonlinear
models and linear models (it also includes linearized models).

For nonlinear models, see Eq. (1.1), the fault vector θf is incorporated as:

ẋ(t) = f
(
x(t),u(t),Θ, θf

)
y(t) = g

(
x(t),u(t),Θ, θf

) (2.6)

The use of Linear Time Invariant (LTI) models allows obtaining a general
structure for incorporating the faults. Let’s consider, as in hypothesis H1 (see
Sect. 2.1), that each of the m actuators may be affected by only one fault at each time
instant: fu = (fu1 fu2 . . . fum)T ; each of the p output sensors may be affected by
only one fault at each time instant: fy = (fy1 fy2 . . . fyp)T ; and q faults may
occur in the process: fp = (fp1 fp2 . . . fpq)T . Now the model represented by
Eq. (1.2), but taking the faults in consideration, is written as:

ẋ(t) = Ax(t) + Bu(t) + Ef θf

y(t) = Cx(t) + Du(t) + Ff θf
(2.7)

The matrices A, B, C, and D coincide with those from the representation of the
system under no faults, see Eq. (1.2). The matrices Ef and Ff are also well known:

Ef = (B Ep 0n×p) Ff = (D 0p×q Ip×p) (2.8)

where the matrix Ep ∈ Mn×q(R) represents the influence of the process faults; I is
an identity matrix [31]; Ef ∈ Mn×(m+q+p)(R); and Ff ∈ Mp×(m+q+p)(R).

2.2.2 Models Based on Transfer Function

Let’s consider explicitly the faults in a Single Input Single Output (SISO) process,
which is represented by a transfer function. Then the model is represented by the
following equation:

y(s) = Gyu(s)u(s) + Gyfu(s)fu(s) + Gyfy (s)fy(s) + Gyfp(s)fp(s) (2.9)
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where u(s) ∈ R represents the output of the system. The transfer function Gyu(s)

represents the dynamic of the system, and Gyfu(s), Gyfp(s), and Gyfy are the
transfer functions that represent the faults fu, fp, and fy , respectively [31].

2.3 Structural Analysis of Fault Diagnosis Inverse Problems:
Verifying Hypothesis H3

As described in Sect. 1.3, the main characteristic of Inverse Problems is that they
are usually ill-posed problems. This makes them hard to solve due to no guarantee
of uniqueness or stability of the solution.

In the case of Fault Diagnosis Inverse Problems, as formulated in Sect. 2.1, the
non-uniqueness or non-stability implies that three may exist more than one set
of values for θ̂f that leads to the same observed behavior of the system. As a
consequence, a wrong diagnosis may be obtained.

The problem of detectability and isolability of faults can be used to understand
the problem of existence and uniqueness in Fault Diagnosis Inverse Problems. For
that reason, and in order to obtain some prior information about the existence and
uniqueness of the solution of Fault Diagnosis Inverse Problems, some results related
with sensors placement for fault detectability and separability are applied [77, 78].

With the structural analysis of a model of a system, it is possible to decide if the
current sensors of the system make possible detecting and isolating the faults that
are modeled [77, 78]. It means that it is possible to determine if vector θf can be
estimated in a unique way.

Detectability of a fault indicates if the effect of the fault in the system can be
monitored. It means that it is possible to recognize if the system is under the effect
of a fault or not. It could be understood as determining if for the Fault Diagnosis
Inverse Problem for a certain system to be diagnosed, the solution exists.

The condition of isolability is related with the separability of a fault from the
other faults that may be eventually affecting the system. It means, that the isolability
of the faults in a system is needed, in order to complete the diagnosis. This is directly
linked with the uniqueness of the inverse problem solution.

Some recent works show that information concerning this topic may be extracted
from the structural representation of the model [77, 78]. These results are based
on the description of the model as a bipartite graph and its Dulmage-Mendelsohn
Decomposition [78].

Let’s denote E = {e1, e2, . . . eh}, with h ≥ (n + m), the set of equations in
the model (linear or nonlinear) of a system; and X = {x1, x2..xk}, with k ≥ n,
the set of variables. Let’s also assume that each fault fl only affects one equation
efl

. Let’s construct the biadjacency matrix M of the bipartite graph Gb = (E,X),
which represents the structural information of the model M formed by equations in
E and variables in X, whose element mij is equal to one if the variable xj or its
first derivative ẋj appears in equation ei , and it is zero in other case. This can be
summarized as:
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mij =
{

1 if xj ∨ ẋj ∈ ei

0 otherwise
(2.10)

where i = 1, 2, . . . , h and j = 1, 2, . . . , k.

Definition 2.1 A set of equations E is structurally overdetermined with respect to
a set of variables X if and only if

∀X́ ⊆ X, X́ �= φ :
∣∣∣X́

∣∣∣ <

∣∣∣ecEX́

∣∣∣ (2.11)

where |P | denotes the cardinality of the set P , and ecEX́ denotes the set of equations
E that contains all the variables in X́ [36].

An alternative definition indicates that it corresponds to the minimal subset in E

such that it has the maximum surplus. The definition of surplus is presented next.

Definition 2.2 Let’s consider a bipartite graph Gb = (E,X) and É ⊆ E, the
surplus of É is defined as:

ϕ(É) =
∣∣∣É

∣∣∣ −
∣∣∣var(É)

∣∣∣ (2.12)

where var(P ) denotes the number of unknown variables that appear in equations of
P [36].

Definition 2.2 indicates that the surplus of a subset of equations É is the
differences between its cardinality and the cardinality of the subset of variables that
appear in the equations of É.

It has been demonstrated that there is a unique overdetermined part of a
model, see [36]. It has also been proved that based on the Dulmage-Mendelsohn
Decomposition, also known as canonical decomposition, it is possible to obtain such
part. The decomposition divides the model into three parts [78]:

• Structural overdetermined part M+ = M∞.
• Determined part M− = ⋃n

i=1 Mi .
• Underdetermined part M0.

In terms of the graph theory, the Dulmage-Mendelsohn Decomposition finds a
maximal matching in the bipartite graph Gb = (E,X). Let’s call Em and Xm the
sets of equations and variables, respectively, which are in the maximal matching.
The following definitions are equivalent [36]:

Definition 2.3 The overdetermined part of a model M is the set of equations such
that there is an alternate path in M\Em. Its notation is M+.

Definition 2.4 The undetermined part of a model M is the set of equations such
that there is an alternate path in X\Xm. Its notation is M0.

Definition 2.5 The determined part of a model M is M− = M\(M+ ∪ M0).
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Fig. 2.4 Schematic
representation of the
Dulmage-Mendelsohn
Decomposition [78]

M•

X•

b•

Mn

Mn–1

Xn–1

bn–1

M1

M0 b0

b1

b2

bn

X0 X1 X2 Xn

M2

...

...

...

Therefore, the decomposition defines a partition M0,M1, . . .Mn,M∞ in E,
which allows to define a partition in X. This allows to establish a partial order among
Mi . Each pair (Mi , Xi) is linked with a block bi .

Definition 2.6 The blocks b1, b2, . . . .bn from the determined part of a model are
called strongly connected components.

In Fig. 2.4 is presented a schematic representation of the Dulmage-Mendelsohn
Decomposition.

The previously presented results were applied for determining detectability and
isolability of faults; as well as the minimum number of sensors required in a system
in order to reach certain predefined diagnosis criteria [77].

The overdetermined part of a model indicates that there is a larger number
of equations than unknown variables. In other words, this part presents a certain
analytical redundancy, which permits the monitoring of the system. Therefore, this
part is very useful in FDI and it is also known as monitorable part of the system..

It is clear that a fault cannot be detected if it does not appear in the monitorable
part of the system. As a consequence, the following definitions are introduced:

Let M+ be the overdetermined part of the model M. The structural detectability
is defined as:

Definition 2.7 The fault fl is structurally detectable if and only if ef l ∈ M+ [77].

Definition 2.7 indicates that a fault fl is structurally detectable, if there exists
an observation that is consistent with the fault mode fl , and inconsistent with the
non-fault mode. In other words, the equation ef l which is affected by the fault fl

appears in the monitorable part of the model M+. It means that when the fault fl

affects the system, the monitorable part of the system changes. This is known in FDI
as a violation of the monitorable part of the system. It is concluded that a fault fl is
structurally detectable if fl can violate the monitorable part of the system.
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On the other hand, the definition of structurally separable is [77]:

Definition 2.8 A fault fl can be isolated or separated from another fault fj in a
model M if and only if ef l ∈ (M\efj )

+ [77].

The Dulmage-Mendelsohn Decomposition also gives the order among the
strongly connected components, bi , of M. This order allows to know which
variables must be measured in order to make a certain equation eh part of M+.
The following lemma shows this result [77]:

Lemma 2.2 Let M be the determined part of a set of equations; bi a strongly
connected component in M with equations Mi; and eh /∈ M an equation that
measures the variable in bi . Then, it is obtained that [77]:

(M ∪ eh)
+ = eh ∪ (∪Mj ≤Mi

Mj ) (2.13)

See [77], for demonstration of this lemma. Based on this lemma, it is clear that
a fault fj can be detected measuring any of the variables that appear in a bigger
block (following the order of the strongly connected components) than the block,
which is affected by the fault under study fj . The isolability or separability can be
understood as a particular detectability problem. As a consequence, Lemma 2.2 can
also be applied to the isolability analysis.

These results will be applied in order to know if the system under analysis
satisfies the requirements for detectability and isolability of its faults when no
extra sensors are added. In other words, one wants to know if the fault vector can
be correctly estimated when only the information from the current sensors of the
system is available. This is the way to verify hypothesis H3 of FD-IPM. It is an
alternative existence-uniqueness analysis for the Fault Diagnosis Inverse Problem.

In Refs. [77, 78] it is presented an efficient algorithm and its implementation
in Matlab, which allows to make the structural analysis in systems with a very
large number of equations. In the study cases considered in this book the Dulmage-
Mendelsohn Decomposition is obtained with the function dmperm from Matlab�.

2.4 Description of Three Benchmark Problems

This section describes the three benchmark problems that will be used in the
numerical experiments in Chap. 4.

The benchmark problems selected are:

• DC Motor: Its model is represented by a transfer function. It is a SISO system. It
can be affected by three faults: actuator fault, process fault, and sensor fault.

• Inverted Pendulum System (IPS): Its model is represented by an LTI model in
state variables. It has one input and two outputs. The system can be affected by
three faults: actuator fault and two sensors faults.
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• Two Tanks System: Its model is nonlinear in state variables. It has two inputs and
two outputs. The system can be affected by two faults: two sensor faults.

For each benchmark is made a general description of the system and correspond-
ing faults, as well as a presentation and description of the mathematical model.

2.4.1 Benchmark 1: DC Motor

The DC Motor control system DR300 has been widely used for studying and testing
new methods of FDI, due to its similitude with high speed industrial control systems
[31].

The system is formed by a permanent magnet, which is coupled to a DC
generator. The main function of this generator is to simulate the effect of a fault
that results when a load torque is applied to the axis of the motor. The speed is
measured by a tachometer, which feeds the signal to a Proportional-Integral (PI)
Speed Controller. In Fig. 2.5 is shown the block diagram of the DC Motor control
system AMIRA DR300.

The voltage UT is proportional to the rotational speed of the motor axis ω.
UT is compared with Uref in order to use the error for computing the control
signal UC for the PI speed controller. The AMIRA DR300 system also includes
an internal control loop for the armature current IA. The controller computes the
motor armature voltage UA as a function of the reference, that is obtained by means
of the gain K1 and the output IA. The units are volts (V) for UT , Uref , UC and UA;
amperes (A) for IA; rpm for ω; and A/V for K1.

The technical parameters considered in the DC Motor benchmark problem are
shown in Table 2.1.

Controller W Controller IA

tachometer

− − −

−UA

E

1/RA IA
KM

CΦ

M

ML

MB 1
Js

w

1+TA
S

Uref UC
K1

KT

UT

PI

Fig. 2.5 Block diagram of the DC Motor control system AMIRA DR300 [31]
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Table 2.1 Values of the
parameters for the laboratory
DC Motor DR300 [31]

Element Parameter Value

Motor Nominal tension, Un 24 V

Nominal speed, Vn 3000 rpm

Nominal current, In 2 A

Nominal power, Pn 30 W

Nominal torque, Mn 0.096 Nm

Starting torque, Marr 0.4 Nm

Armature resistance, Ra 2.6 Ohm

Armature inductance, La 0.003 H

Motor’s constant, KM 6 Nm/A

Total inertia, J 0.06 Nm/A

Tension constant, Cφ 6.27 mV/rpm

Gain, K1 0.4 A/V

Tachometer Gain, KT 5 mV/rpm

Maximum speed 5000 rpm

Charge impedance 2500 Ohm

Controller Proportional gain, Kp 1.96

PI of ω Integral gain, Ki 1.6

2.4.1.1 Mathematical Model

For this study, the internal current loop, the DC Motor, and the tachometer are
considered as a single block. The block diagram of the closed loop is formed by
the process and the PI controller.

The dynamics of the control system in the open loop is described in the frequency
domain by:

UT (s) = Gyu(s)UC(s) + Gd(s)ML(s) (2.14)

Gyu(s) = 8.75

(1 + 1.225s)(1 + 0.03s)(1 + 0.005s)
(2.15)

Gd(s) = − 31.07

s(1 + 0.005s)
(2.16)

where UT is the controlled variable; UC is the control signal, ML is the torque
applied in the axis of the motor, and Gd(s) its transfer function. Gyu(s) represents
the dynamics of the process in open loop [31].

The dynamics of the control system in the open loop is represented in Fig. 2.6.
As it is shown, the PI controller does not take the feedback of the output in the open
loop.
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Fig. 2.6 Block diagram of AMIRA DR300 DC Motor control system in open loop [31]

The transfer function of the PI speed controller is:

Gc(s) = UC(s)

E(s)
= 1.96 + 1.6

s
(2.17)

E(s) = Uref (s) − UT (s) (2.18)

where E(s) denotes the error signal.

2.4.1.2 Modeling the Faults

The system may be affected by three additive faults θf = (fu fp fy)
T :

• Fault 1: fu represents a fault in actuator. It is modeled as a deviation of the control
signal.

• Fault 2: fy represents a fault in the sensor that measures the motor speed.
• Fault 3: fp = ML represents a fault in the process itself due to a load torque,

which acts on the axis of the motor.

The following equation describes the system response under the effect of faults
by means of a closed loop transfer function:

UT (s) = Gyu(s)Uref (s) + Gyfu(s)fu(s) + Gyfy (s)fy(s) + Gd(s)fp(s) (2.19)

It is assumed that the faults are time invariant once they appear. The restrictions
for the components of the fault vector are:

fu, fy ∈ R : −1V ≤ fu, fy ≤ 1 V
fp ∈ R : −1 Nm ≤ fp ≤ 1 Nm

(2.20)

2.4.1.3 Simulations of the Benchmark DC Motor

All simulations of the speed control system for the closed loop presented in this
book were performed with Matlab�. In all test cases, it was considered that the
system was affected by noise. The reference speed is 3000 rpm, which corresponds
to 15 V.
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Fig. 2.7 Inverted Pendulum
System (IPS) [97]

2.4.2 Benchmark 2: Inverted Pendulum System (IPS)

This system is also considered as a benchmark for control and diagnosis [31]. It is
formed by an inverted pendulum with mass m and length l mounted on a motor-
driven car with mass mc. The objective is to keep the beam aligned with the vertical
position. Here, it has been considered only a two-dimensional problem, where the
pendulum only moves in the plane of the paper, see Fig. 2.7.

2.4.2.1 Mathematical Model

The mathematical model of the IPS has been widely studied [31, 97]. The system
is described by a state-space representation of a linear time invariant system (LTI
model). The state vector is x = (γ γ̇ x ẋ)T , where γ and γ̇ are the angle of the
pendulum with respect to the vertical position and the angular velocity, respectively;
and x and ẋ represent the car position and velocity, respectively. The output vector
of the system is y = (γ x)t . The input u = F is the control force applied to the car.
The LTI model in state variables is:

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t)
(2.21)
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being matrices A, B, and C given by:

A =

⎛
⎜⎜⎜⎝

0 1 0 0
m+mc

mcl
g 0 0 0

0 0 0 1
− m

mc
g 0 0 0

⎞
⎟⎟⎟⎠ B =

⎛
⎜⎜⎜⎝

0
− 1

mcl

0
− 1

mc

⎞
⎟⎟⎟⎠ (2.22)

C =
(

1 0 0 0
0 0 1 0

)
(2.23)

where g is the gravity acceleration, and the other mathematical symbols have
already been defined.

2.4.2.2 Modeling the Faults

The system may be affected by three additive faults:

• Fault 1: fu represents an actuator fault that causes undesired movement of the
car.

• Fault 2: fy(1) represents a fault in the sensor that measures γ .
• Fault 3: fy(2) represents a fault in the sensor that measures x.

The fault vector is θf = (
fu fy(1) fy(2)

)T , and the system with the faults is
described by the model:

ẋ(t) = Ax(t) + Bu(t) + Ef θf

y(t) = Cx(t) + Ffθf
(2.24)

being Ef ∈ M4×3(R). In the present model D = 02×1, and therefore Ff ∈
M2×3(R):

Ef = (B 04×2), Ff = (02×1 I 2×2) (2.25)

It is assumed that the faults keep constant values once they appear.
Considering the nature of faults and the properties of the IPS under study, see

Table 2.2, the elements of θf have the following restrictions:

fu ∈ R : −0.5 N ≤ fu ≤ 0.5 N (2.26)

fy(1) ∈ R : 0 rad ≤ fy(1) ≤ 0.01 rad (2.27)

fy(2) ∈ R : 0 m ≤ fy(2) ≤ 0.02 m (2.28)
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Table 2.2 Parameter values
for the IPS under analysis

Parameter Value

Mass of the car, mc 2 kg

Mass of the pendulum, m 0.1 kg

Length of the pendulum, l 0.5 m

2.4.2.3 Simulations of the Benchmark IPS

Considering the system with the reported characteristics in Ref. [97], which leads to
the parameter values shown in Table 2.2, the following matrices are obtained:

A =

⎛
⎜⎜⎝

0 1 0 0
20.601 0 0 0

0 0 0 1
−0.4905 0 0 0

⎞
⎟⎟⎠ B =

⎛
⎜⎜⎝

0
−1
0

0.5

⎞
⎟⎟⎠ (2.29)

C =
(

1 0 0 0
0 0 1 0

)
(2.30)

Using the parameter values from Table 2.2, the following numerical values for
the matrices Ef and Ff are obtained:

Ef =

⎛
⎜⎜⎝

0 0 0
−1 0 0
0 0 0

0.5 0 0

⎞
⎟⎟⎠ , Ff =

(
0 1 0
0 0 1

)
(2.31)

The behavior of the system was simulated both free of faults and under different
faulty situations. The direct problem in Eq. (2.24) was numerically solved with the
fourth order Runge-Kutta method. All the implementations were made in Matlab�.

2.4.3 Benchmark 3: Two Tanks System

The Two Tanks System was adopted as a benchmark for control and diagnosis
starting in the 90s of the last century [31, 86], see Fig. 2.8. It is a simplified version
from another benchmark, the Three Tanks System [86]. The mathematical symbols
shown in Fig. 2.8 are described in the next section.
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Fig. 2.8 Two Tanks System

2.4.3.1 Mathematical Model

The system is formed by two tanks of liquid. Each tank is filled with an independent
pump. Both pumps are similar, and both tanks have the same value for the cross
section S1 = S2 = S. In order to keep the liquid level at certain nominal values, L̃1
and L̃2, in tanks 1 and 2, respectively, the pumps feed the tanks with the flow rates
q1 and q2, respectively. The tanks are interconnected and drained with lower pipes,
as shown in Fig. 2.8. All pipes have the same cross section Sp.

The liquid levels L1 and L2, at tanks 1 and 2, respectively, are the outputs of the
system, y = (L1 L2)

T . They are measured with sensors. The control variables are
q1 and q2, u = (q1 q2)

T .
The system model is derived from the application of the Conservation of Mass

Principle and considering that the flow obeys Torricelli’s law:

⎧⎪⎪⎨
⎪⎪⎩

L̇1 = q1
S

− C1
S

√
L1 − C12

S

√|L1 − L2|sign (L1 − L2)

L̇2 = q2
S

− C2
S

√
L2 + C12

S

√|L1 − L2|sign (L1 − L2)

y1 = L1

y2 = L2

(2.32)

where C1 = μ1Sp

√
2g, C2 = μ2Sp

√
2g, and C12 = μ12Sp

√
2g. The second term

on the right-hand side of the first two equations represents the outflow in each tanks,
q10 and q20; and the third term represents the value of the flow rate between the two
tanks, q12. Here, μ1, μ2, and μ12 are related to the resistance to the flow in the lower
pipes.
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Table 2.3 Parameter values
used in the simulation of the
Two Tanks System

Parameter Value

C1, C2, C12 0.3028 m5/2/s

S1 = S2 = S 2.54 m2

Sp 0.1 m2

Gravity acceleration, g 9.8 m/s2

2.4.3.2 Modelling the Faults

The system can be affected by two process faults:

• Fault 1: fp(1) is the output flow rate value of an undesired leakage in Tank 1.
• Fault 2: fp(2) is the output flow rate value of an undesired leakage in Tank 2.

The fault vector is θf = (
fp(1) fp(2)

)T . The nonlinear model in state variables
of the Two Tanks System with the incorporation of the faults is:

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

L̇1 = q1
S

− C1
S

√
L1 − C12

S

√|L1 − L2|sign (L1 − L2) − fp(1)

S

L̇2 = q2
S

− C2
S

√
L2 + C12

S

√|L1 − L2|sign (L1 − L2) − fp(2)

S

y1 = L1

y2 = L2

(2.33)

As a first approximation, it is assumed that the leaks in both tanks do not change
with time. It is also assumed that the leaks do not allow a flow rate bigger than
1 m3/s. This restriction can be modeled as:

fp(1), fp(2) ∈ R : 0 ≤ fp(1), fp(2) ≤ 1 m3/s (2.34)

2.4.3.3 Simulations of the Benchmark Two Tanks System

The parameter values used in the simulation of the Two Tanks System are presented
in Table 2.3. A PID controller has been designed with parameters Kp = (12 14);
Ki = (1.15 0.3) and Kd = (1.0 1.5). The nominal values for the liquid level in
tanks are L̃1 = 4.0 m and L̃2 = 3.0 m,

The implementations were made in Matlab�. The direct problem was solved
using the fourth order Runge Kutta method.

2.5 Application of the First Step of the Fault Diagnosis:
Inverse Problem Methodology

This section presents the application of the first step of the Fault Diagnosis—Inverse
Problem Methodology (FDIPM) to each benchmark problem. In this first step, it
is formulated the FDI as an Inverse Problem for each benchmark, followed by the
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corresponding optimization problem, see Eq. (2.3), to be solved in step number three
of FD-IPM. The first step contains also the verification of hypothesis H1–H3, see
Sect. 2.1.

The optimization problems formulated for the three benchmarks considered are
solved in Chap. 4, with the use of metaheuristics.

2.5.1 Benchmark Problem: DC Motor

The model that describes the DC Motor, which can be affected by three faults, was
presented in Sect. 2.4.1, see Eq. (2.19). The model and its incorporation of the three
faults satisfy hypothesis H1. It is also assumed that the faults are time invariant once
they appear. As a consequence, the system also satisfies hypothesis H2.

The optimization problem that corresponds to the Fault Diagnosis Inverse
Problem for this benchmark is derived from Eq.(2.1), since there is only one
output,and considering also restrictions to the fault values given by Eq. (2.20), it
is written:

min f (θ̂f ) =
I∑

t=1

[
UT t (θf ) − ÛT t (θ̂f )

]2

s.t. (2.35)

f̂u, f̂y ∈ R : −1 V ≤ f̂u, f̂y ≤ 1 V

f̂p ∈ R : −1 Nm ≤ f̂p ≤ 1 Nm

where UT t (θf ) is measured with a sensor that can present a fault with value fy ;

ÛT t (θ̂f ) is the calculated value of the motor speed obtained with Eq. (2.19) and the
Inverse Laplace Transform.

In order to diagnose the DC Motor based on the FD-IPM, the optimization
problem described by Eq. (2.36) is solved in FD-IPM Step 3 with the help of
metaheuristics.

2.5.2 Benchmark Problem: Inverted Pendulum System

The model that describes the IPS, which can be affected by three faults, was
presented in Sect. 2.4.2, see Eq. (2.24). The model and its incorporation of the three
faults satisfy hypothesis H1. It is also assumed that the faults keep constant values
once they appear. As a consequence, the system satisfies hypothesis H2.

Considering the optimization problem described by Eq. (2.3) and the restrictions
represented by Eqs. (2.26)–(2.28), it is obtained the following optimization problem,
after applying the FD-IPM Step 1:
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min f (θ̂f ) =
∥∥∥∥∥

I∑
t=1

[
yt (θf ) − ŷt (θ̂f )

]2
∥∥∥∥∥

∞
s.t. (2.36)

f̂u ∈ R : −0.5 N ≤ f̂u ≤ 0.5 N

f̂y(1) ∈ R : 0 rad ≤ f̂y(1) ≤ 0.01 rad

f̂y(2) ∈ R : 0 m ≤ f̂y(2) ≤ 0.02 m

being yt = (γ (t) x(t))T the values of the output at the instant of time t measured
with sensors; and ŷt = (

γ̂ (t) x̂(t)
)T are the calculated values obtained with the

model given by Eq. (2.24) at the instant of time t .
In order to diagnose the IPS based on the FD-IPM, the optimization problem

described by Eq. (2.37) is solved in the FD-IPM Step 3 with the help of metaheuris-
tics.

2.5.2.1 Structural Analysis: Verifying Hypothesis H3

Next will be presented the verification of hypothesis H3 for the Fault Diagnosis
Inverse Problem of the IPS, which was formulated as an optimization problem
in Eq. (2.37). For that, the structural analysis of the direct model of the IPS, see
Eq. (2.24), need to be made.

In order to show clearly the results presented in Sect. 2.3, the Structural Analysis
of the IPS is made in a constructive way, i.e. the faults and their equations are added
step by step until the Structural Analysis of the IPS model described in Sect. 2.4.2
is obtained, see Eq. (2.24).

Let’s denote as follows the equations that represent the model of the IPS under
study:

e1 : ẋ1 = x2 (2.37)

e2 : ẋ2 = 20.601 x1 − u − fu (2.38)

e3 : ẋ3 = x4 (2.39)

e4 : ẋ4 = −0.4905 x1 + 0.5 u + 0.5fu (2.40)

e6 : y2 = x3 + fy(2) (2.41)

e7 : y1 = x4 + fy(1) (2.42)

Let’s start considering the model of the IPS when no sensors are present, i.e.
removing equations e6 and e7 from the model given by Eqs. (2.37)–(2.42). Therefore
only an actuator fault fu is affecting the system. The model of the system in this case
is formed by four equations e1, e2, e3, and e4:
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e1 : ẋ1 = x2 (2.43)

e2 : ẋ2 = 20.601 x1 − u − fu (2.44)

e3 : ẋ3 = x4 (2.45)

e4 : ẋ4 = −0.4905 x1 + 0.5 u + 0.5fu (2.46)

In model given by Eqs. (2.43)–(2.46), the fault fu affects two equations:

efu = e2, e4 (2.47)

With the aim of satisfying the requirement that a fault affects only one equation,
the new artificial variable x5 and the new equation e5 : x5 = fu are introduced to the
model given by Eqs. (2.43)–(2.46). The equations e2 and e4 from the model adopted
now the form:

e2 : ẋ2 = 20.601 x1 − u − x5 (2.48)

e4 : ẋ4 = −0.4905 x1 + 0.5 u + 0.5x5 (2.49)

The model with the introduction of the artificial variable x5 and the equation e5
is described as:

e1 : ẋ1 = x2 (2.50)

e2 : ẋ2 = 20.601 x1 − u − x5 (2.51)

e3 : ẋ3 = x4 (2.52)

e4 : ẋ4 = −0.4905 x1 + 0.5 u + 0.5x5 (2.53)

e5 : x5 = fu (2.54)

Let’s denote by M the model given by Eqs. (2.50)–(2.54). In this model the
fault fu only affects equation e5, i.e. ef u = e5. Considering the bipartite graph
of model M: Gb = (E,X), being E = {e1, . . . , e5} and X = {x1, . . . , x5}, then its
biadjacency matrix MIPS(1) has the form:

MIPS(1) =

⎛
⎜⎜⎜⎜⎝

x1 x2 x3 x4 x5

e1 1 1 0 0 0
e2 1 1 0 0 1
e3 0 0 1 1 0
e4 1 0 0 1 1
e5 0 0 0 0 1

⎞
⎟⎟⎟⎟⎠

(2.55)

From this biadjacency matrix, MIPS(1) in Eq. (2.55), the Dulmage-Mendelsohn
Decomposition is obtained with the help of the function dmperm from Matlab�,
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yielding the matrix in Eq. (2.56). It can be concluded that M+ = M0 = [Φ] and
M− = ∪n

i=1Mi = M. Therefore, ef u /∈ M+, and the actuator fault fu cannot be
detected without sensors, which is a logical result.

DMDIPS(1) =

⎛
⎜⎜⎜⎜⎝

x3 x4 x1 x2 x5

e3 1 1 0 0 0
e4 0 1 1 0 0
e1 0 0 1 1 0
e2 0 0 1 1 1
e5 0 0 0 0 1

⎞
⎟⎟⎟⎟⎠

(2.56)

In this case, the order for the strongly connected components b1 = (x3, e3);
b2 = (x4, e4); b3 = (x1, x2, e1, e2); b4 = (x5, e5) is

b1 > b2 > b3 > b4 (2.57)

As a consequence of the strongly connected components order and Lemma 2.2
from Sect. 2.3, it is concluded that measuring any of the variables that appear in
blocks b1, b2, b3, b4 permits equation efu = e5 to be part of M+. It means that
incorporating a new equation e6 : y = xi with i = 1, 2, 3, 4, or 5, it is obtained that
efu = e5 is part of (M∪ e6)

+. As a consequence, the incorporation of this equation
e6 makes the fault efu structurally detectable, see Definition 2.7 in Sect. 2.3.

For the new equation e6, it is chosen the form: e6 : y2 = x3. Its means that it
is added a sensor for measuring variable x3 (position of the car), which corresponds
to block b1. This equation e6 differs from e6 in the original model of the IPS under
study, see model given by Eqs. (2.37)–(2.42), in the term fy(2) that appears in e6
from the original model of the IPS. It means that in the original model, the sensor
of variable x3 is affected by a fault which is denoted as fy(2). In order to reach
the conditions of the sensor of x3 in the original problem, let’s assume that the
new added sensor in the new equation e6 can be affected by a fault fy(2). Now,
equation e6 has the same form as in the original model e6 : y2 = x3 + fy(2).
Moreover, the fault fy(2) affects only one equation: efy(2) = e6. Let’s note that the
fault fy(2) is detectable with the current sensor because e6 = efy(2) ∈ (M ∪ e6)

+.
This is a consequence of the strongly connected components order of the Dulmage-
Mendelsohn Decomposition represented in matrix DMDIPS(1), see Eq. (2.56),
and Lemma 2.2 from Sect. 2.3: adding equation e6 to the model with Dulmage-
Mendelsohn Decomposition represented in matrix DMDIPS(1) makes that all the
equations in DMDIPS(1) and equation e6 will be part of the overdetermined part
of the new model given by equations e1 − e6 because e6 is the equation of a sensor
that measures variable x3, which belongs to block b1 of the Dulmage-Mendelsohn
Decomposition of the model formed by equations e1 − e5 in matrix DMDIPS(1).

At this point, an important question is related to the separability of the faults fu

and fy(2). Based on the definition of faults structurally separable, see Definition 2.8
in Sect. 2.3, fu will be separated from fy(2) if ef u ∈ ((M ∪ e6)\efy(2))

+. The
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model (M ∪ e6)\efy(2) is formed by equations e1 − e5 which coincide with
the equations of model M. As a consequence, its biadjacency matrix coincides
with MIPS(1), see Eq. (2.55).Therefore, its Dulmage-Mendelsohn Decomposition
and order for the strongly connected components coincide with the presented in
Eqs. (2.56) and (2.57), respectively. As a consequence of Lemma 2.2, it is necessary
to add another sensor for obtaining that fu is separable from fy(2). It is decided to
add a sensor for measuring variable x1, i.e. the angle of the pendulum with respect to
the vertical position, which forms part of the block b3 and corresponds to the other
sensor that is present in the original model of the IPS. Therefore, there is added a
new equation e7 : y1 = x1 and:

ef u ∈ (M ∪ e7)
+ = {e7, e1, e2, e5} (2.58)

being represented the Dulmage-Mendelsohn Decomposition of M ∪ e7 in the
following matrix:

DMDIPS(2) =

⎛
⎜⎜⎜⎜⎜⎜⎝

x3 x4 x1 x2 x5

e3 1 1 0 0 0
e4 0 1 1 0 0
e7 0 0 1 0 0
e1 0 0 1 1 0
e2 0 0 1 1 1
e5 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

(2.59)

It is observed that with the two added sensors, it is possible to achieve
detectability and separability of faults fu and fy(2). It means that the Fault Diagnosis
Inverse Problem when considering only these two faults fu and fy(2), and the
measurements of the two added sensors, but the sensor of x1 cannot be affected by
faults, can be solved. For this case, which is called Case 1, the IPS can be diagnosed
with the FD-IPM.

In a similar way, the Fault Diagnosis Inverse Problem by considering only the
two faults fu and fy(1), the measurements of the two considered sensors and with
the condition that the sensor x3 cannot be affected by faults, can be solved. For this
case, which is called Case 2, the IPS can be diagnosed with the FD-IPM.

Case 3 represents the IPS with no actuator fault, i.e. it can only be affected by the
two sensor faults fy(1) and fy(2). In this case, the artificial variable and equation x5
and e5, respectively, do not need to be introduced. Let’s denote by Mcase3 the model
of the system in this case. Its biadjacency matrix MIPS(2) has the form:

MIPS(2) =

⎛
⎜⎜⎜⎜⎜⎜⎝

x1 x2 x3 x4

e1 1 1 0 0
e2 1 1 0 0
e3 0 0 1 1
e4 1 0 0 1
e6 1 0 0 0
e7 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

(2.60)
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The Dulmage-Mendelsohn Decomposition of the model of Case 3, which was
represented by the biadjacency matrix MIPS(2) in Eq.(2.60), is:

DMDIPS(3) =

⎛
⎜⎜⎜⎜⎜⎜⎝

x3 x4 x1 x2

e6 1 0 0 0
e3 1 1 0 0
e4 0 1 1 0
e7 0 0 1 0
e1 0 0 1 1
e2 0 0 1 1

⎞
⎟⎟⎟⎟⎟⎟⎠

(2.61)

The matrix DMDIPS(3) in Eq. (2.61) shows that the overdetermined part of
the model Mcase3 coincides with the complete model, i.e. M

+
case3 = Mcase3.

As a consequence, both sensor faults fy(1) and fy(2) are detectable. For the
separability analysis, from the Definition 2.8 in Sect. 2.3, fy(2) will be separated
from fy(1) if efy(2) ∈ (Mcase3\efy(1))

+. The Dulmage-Mendelsohn Decomposition
of Mcase3\efy(1) is:

DMDIPS(4) =

⎛
⎜⎜⎜⎜⎝

x3 x4 x1 x2

e6 1 0 0 0
e3 1 1 0 0
e4 0 1 1 0
e1 0 0 1 1
e2 0 0 1 1

⎞
⎟⎟⎟⎟⎠

(2.62)

The matrix DMDIPS(4) shows that (Mcase3\efy(1))
+ = Mcase3\efy(1). As a

consequence, efy(1) which is e6 is part of the overdetermined part of Mcase3\efy(1).
It is concluded that for Case 3, the IPS can be diagnosed with FD-IPM.

It is necessary to emphasize that for the IPS benchmark problem under analysis,
both sensors and the actuator may have faults. Let’s call Case 4 the description of
the IPS at its original form, i.e. the three faults can affect the system. In this case,
the last added sensor y1 = x1 is also affected by a fault fy(1), being represented by
the following equation:

efy(1) = e7 : y1 = x1 + fy(1) (2.63)

The new fault fy(1) is detectable because efy(1) ∈ (M ∪ e6 ∪ e7)
+. Therefore,

in the Case 4 all the faults can be detected. It means FD-IPM Steps 1 and 2 can be
applied. But regarding separability, the following analysis must be done:

• Analysis 1: fu separable from fy(2).
It is necessary to analyze if ef u ∈ (M ∪ e7)

+. The Dulmage-Mendelsohn
Decomposition of M ∪ e7 is:
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DMDIPS(5) =

⎛
⎜⎜⎜⎜⎜⎜⎝

x3 x4 x1 x2 x5

e6 1 0 0 0 0
e3 1 1 0 0 0
e4 0 1 1 0 0
e1 0 0 1 1 0
e2 0 0 1 1 1
e5 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

(2.64)

Matrix DMDIPS(5) shows that (M ∪ e7)
+ = M ∪ e7. Therefore, ef u = e5

is in (M ∪ e7)
+ and the fault fu is separable from fy(2).

• Analysis 2: fu separable from fy(1).
It is necessary to analyze if ef u ∈ (M ∪ e6)

+. The Dulmage-Mendelsohn
Decomposition of M ∪ e6 is:

DMDIPS(6) =

⎛
⎜⎜⎜⎜⎜⎜⎝

x3 x4 x1 x2 x5

e3 1 1 0 0 0
e4 0 1 1 0 0
e7 0 0 1 0 0
e1 0 0 1 1 0
e2 0 0 1 1 1
e5 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

(2.65)

Matrix DMDIPS(6) shows that (M ∪ e6)
+ = {e7, e1, e2, e5}. Therefore,

ef u = e5 is in (M ∪ e6)
+ and the fault fu is separable from fy(1).

• Analysis 3: fy(1) separable from fy(2).
It is necessary to analyze if efy(1) ∈ (M ∪ e6)

+. In this case the Dulmage-
Mendelsohn Decomposition coincides with DMDIPS(6), see Eq. (2.65) in the
Analysis 2. Therefore, efy(1) = e7 is in (M ∪ e6)

+. As a consequence, the fault
fy(1) is separable from fy(2).

• Analysis 4: fu separable from fy(1) and fy(2).
From applying Definition 2.8 from Sect. 2.3, it is clear that fu is separable

from fy(1), fy(2) when efu ∈ ((M ∪ {e6, e7}) \{efy(1), efy(2)})+. The biadja-
cency matrix of ((M ∪ {e6, e7}) \{efy(1), efy(2)}) coincides with the biadjacency
matrix of M because ((M ∪ {e6, e7}) \{efy(1), efy(2)}) = M. Therefore, its
Dulmage-Mendelsohn Decomposition coincides with the presented in matrix
DMDIPS(1), see Eq. (2.56). Therefore M+ = [Φ] and fu is not separable from
fy(1) and fy(2). Therefore, for the IPS under study, in its original description, the
separability condition is not reached and the system cannot be diagnosed with
FD-IPM.

• Analysis 5: fy(1) separable from fu and fy(2).
• Analysis 6: fy(2) separable from fu and fy(1).
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Analysis 5 and Analysis 6 are not necessary because it was already shown in
Analysis 4 that the separability is not reached for the original model of the IPS.
Moreover, it can be shown in a similar way as in Analysis 4 that the separability is
not reached.

As a conclusion, for the model of the IPS as described in Sect. 2.4.2, see model
in Eq. (2.24), there is no separability among faults with the two current sensors, but
the detectability is reached. The IPS does not satisfy hypothesis H3, because it does
not satisfy the separability conditions. Therefore, for this benchmark, the faults can
only be detected (FD-IPM Steps 1–2).

For the simplified version of the IPS, which corresponds to the Situations 1,
2, and 3, the system can be diagnosed with FD-IPM. For this reason, it is only
necessary to make the analysis of the performance of metaheuristics for cases which
correspond to these situations.

2.5.3 Benchmark Problem: Two Tanks System

The model that describes the Two Tanks System direct problem, which can be
affected by two faults, was presented in Sect. 2.4.3, see Eq. (2.33). The model and
its incorporation of the two faults satisfy hypothesis H1. As a first approximation, it
is assumed that the leaks in both tanks do not change with time. As a consequence,
the system satisfies hypothesis H2.

Considering the optimization problem described by Eq. (2.3) and the restrictions
given by Eq. (2.34), it is obtained the following optimization problem, after applying
the FD-IPM Step 1:

min f
(
f̂p(1), f̂p(2)

)
=

∥∥∥∥∥
I∑

t=1

[
Lt

(
fp(1), fp(2)

) − L̂t

(
f̂p(1), f̂p(2)

)]2
∥∥∥∥∥

∞
s.t. f̂p(1), f̂p(2) ∈ R : 0 ≤ f̂p(1), f̂p(2) ≤ 1 m3/s (2.66)

where Lt
T = (L1(t) L2(t)) ∈ R

2 contains the measurements of the liquid level of

each tank at a certain instant of time t ; L̂t
T =

(
L̂1(t) L̂2(t)

)
∈ R

2 contains the

calculated values of L at the instant of time t which is obtained from the model of
the system, see Eq. (2.33).

The optimization problem in Eq. (2.66) has to be solved in Step 3 of FD-IPM, in
order to obtain the fault estimations and provide the result of the diagnosis (FD-IPM
Step 4) for this system.
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2.5.3.1 Structural Analysis: Verifying Hypothesis H3

Now, it is necessary to verify if the Fault Diagnosis Inverse Problem, formulated
as an optimization problem in Eq. (2.66), satisfies hypothesis H3. For that, it is
performed the structural analysis of the direct model in Eq. (2.33).

Let’s denote by M the model of the Two Tanks System. This model has four
equations: e1, e2, e3, e4 and two unknown state variables: L1, L2:

e1 : L̇1 = q1
S

− C1
S

√
L1 − C12

S

√|L1 − L2|sign (L1 − L2) − fp(1)

S

e2 : L̇2 = q2
S

− C12
S

√
L2 + C1

S

√|L1 − L2|sign (L1 − L2) − fp(2)

S

e3 : y1 = L1

e4 : y2 = L2

(2.67)

Each fault only affects one equation:

efp(1)
= e1

efp(2)
= e2

(2.68)

Considering the bipartite graph of the model M: Gb = (E;X), being E =
{e1, . . . , e4} and X = {L1, L2}, its biadjacency matrix is:

M2Tanks(1) =

⎛
⎜⎜⎝

L1 L2

e1 1 1
e2 1 1
e3 1 0
e4 0 1

⎞
⎟⎟⎠ (2.69)

From the Dulmage-Mendelsohn Decomposition of the model with biadjacency
matrix M2Tanks(1), it is obtained that M+ = M. Therefore, both faults are
detectable.

For a separability analysis, it is only necessary to study one case: fp(1) separable
from fp(2). Taking into consideration Definition 2.8, the fault fp(1) is separable from
fp(2) if:

efp(1)
∈ (M\efp(2)

)+ (2.70)

in other words, fp(1) is separable from fp(2) if:

e1 ∈ (M\e2)
+ (2.71)
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The biadjacency matrix for M\e2 is:

M2Tanks(2) =
⎛
⎝

L1 L2

e1 1 1
e3 1 0
e4 0 1

⎞
⎠ (2.72)

and its Dulmage-Mendelsohn Decomposition shows that (M\e2)
+ = M\e2.

Therefore, e1 ∈ (M\e2)
+ and fp(1) is separable from fp(2).

As a consequence, the Two Tanks System satisfies the three hypothesis H1, H2,
and H3 and it can be diagnosed with FD-IPM.

2.6 Remarks

In this chapter, it was formulated and formalized FDI as a parameter estimation
inverse problem. It was also presented an alternative way of determining the
uniqueness of the Fault Diagnosis Inverse Problem solutions. All these results are
summarized in a methodology for diagnosis: Fault Diagnosis—Inverse Problem
Methodology (FD-IPM).

The three chosen benchmark problems that were used during the experiments
were also described. The application of FD-IPM Step 1 for each benchmark was
also presented.



Chapter 3
Metaheuristics for Optimization
Problems

An introduction to metaheuristics for optimization problems is presented in this
chapter. In Sect. 3.1 a classification of metaheuristics is put forward. The meta-
heuristics Differential Evolution (DE); Particle Collision Algorithm (PCA); Ant
Colony Optimization (ACO) in its version for continuous problems; and Particle
Swarm Optimization (PSO) are described in Sects. 3.2, 3.3, 3.4, and 3.5, respec-
tively. These metaheuristics were applied to the benchmark problems diagnosis
described in Chap. 2, based on Fault Diagnosis-Inverse Problem Methodology (FD-
IPM) as described in Chap. 2.

Sections 3.6 and 3.7 present two new metaheuristics that are proposed in
this book: Particle Swarm Optimization with Memory (PSO-M); and Differential
Evolution with Particle Collision (DEwPC).

3.1 Introduction to Metaheuristics for Optimization
Problems

An optimization problem consists to find the best solution among all possible
ones, with respect to some goals. Nowadays, the best solution can be interpreted
as a solution, which is near enough to the best solution, or it is a good enough
solution, [12].

An optimization problem is continuous, when it is necessary to find the maximum
or the minimum of a function with continuous decision variables [12]. Let’s denote
as f the function at the optimization continuous problem and D ⊂ R

nˇ its definition
dominion. The description of f is summarized as: f : D ⊂ R

n → R
m. If m > 1,

the optimization problem is multi-objective.
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Let’s consider the case when m = 1. Due to the fact that:

min f = − max f (3.1)

it is possible to restrict the studies to the problem of finding the minimum of f ,
without loss of generality.

The function f is called objective function.
The optimization problem in Eq. (3.1) may be, or not, subject to equality

constraints:

g1(x1, x2, . . . xn) = 0

g2(x1, x2, . . . xn) = 0

... (3.2)

gp(x1, x2, . . . xn) = 0

or inequality constraints:

h1(x1, x2, . . . xn) ≤ 0

h2(x1, x2, . . . xn) ≤ 0

... (3.3)

hr(x1, x2, . . . xn) ≤ 0

Metaheuristics for optimization are a group of non-exact algorithms, which allow
to solve optimization problems based on a search strategy in the feasible solution
space [111, 139]. This search strategy intends to explore the feasible solution space
in an efficient-effective way, and it can be easily applied to different optimization
problems [111, 112, 138, 139].

Metaheuristics do not provide any guarantee about the quality of the solution.
But, they have important advantages, e.g. the ability to look not only for local
optima, but also for the global optimum; and the need to evaluate the value of
the function only at selected points of the search space without requiring the
computation of derivatives [111].

Metaheuristics can be classified considering different criteria and, therefore,
there is not a universal classification. With the aim of helping to understand
their nature or historical roots, more than their differences, the most common
classification features are described in the following subsections.
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3.1.1 Classification of Metaheuristics

3.1.1.1 Classification Based on the Number of Solution Candidates at
Each Iteration of the Algorithm

• Population-based Metaheuristics (PMs):
These are metaheuristics that at each iteration I ter work with a set of feasible

solutions PIter (Population). The population from the previous iteration, PIter−1,
is used for generating PIter . The scheme of these methods can be summarized as:

PIter = h(F (PIter−1)) (3.4)

where F is a fitness function that evaluates the quality of each member of the
population; and h is a function that handles the current population in order to
generate a new one [3].

Examples of PMs are:

– Evolutionary Algorithms (EAs), [4].
– Swarm Intelligence Algorithms (SIs), [14].
– Algorithms based on physical processes such as Multiple Particle Collision

Algorithm (MPCA), [87].
– Memetic Algorithms (MAs), [52, 145].

• Non-Population-based Metaheuristics (NPMs):
These are metaheuristics that at each iteration I ter work with only one

feasible solution XIter−1 for generating a new one XIter . The scheme of these
methods can be summarized as:

XIter = h(XIter−1) (3.5)

where h is a function that handles the current feasible solution XIter−1 in order
to generate a new one [3].

Examples of NPMs are:

– Simulated Annealing (SA), [73].
– Tabu Search (TS), [46].
– Particle Collision Algorithm (PCA), [104].

Let’s note that the sets PMs and NPMs are mutually exclusive, it means that
PMs

⋂
NPMs = Φ

Classification of Population-based Metaheuristics (PMs):

• Evolutionary Algorithms (EAs):
These algorithms simulate the principles of the Theory of Evolution: election,

mutation, reproduction, and selection. These principles are incorporated in the
function h, which is described as:

h(F (PIter−1)) = μ(s(PIter−1)) (3.6)

where μ is called mutation function; and s is the selection function [3].
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At the beginning, these methods were all inspired by the well-known evolu-
tionary mechanisms from nature, being, therefore, also known as bio-inspired
algorithms (e.g., Genetic Algorithms were inspired by the Theory of Evolution
of the Species proposed by Darwin). With the hybridization of algorithms, new
evolutionary mechanisms, which are not bio-inspired were introduced. As a
consequence, EAs is divided into two big groups: Bio-inspired and non-bio-
inspired.

Examples of EAs are:

– Genetic Algorithms (GAs), [47].
– Differential Evolution (DE), [100].
– Evolutionary Programming (EP) [3, 4].
– Genetic Programming (GP), [47].
– Biogeography-Based Optimization (BBO), [49, 50].
– Generalized Extremal Optimization (GEO), [121].
– Estimation of Distribution Algorithms (EDAs), [79].

• Memetics Algorithms (MAs):
Memetics Algorithms were developed in the 80s of the twentieth century.

They are similar to EAs, but in this case, the algorithms are inspired by the
Theory of the Cultural Evolution [52, 145] and the gens from EAs are substituted
by memes. The concept of meme was introduced by R. Dawkins in the 70s [28]:
A meme represents a unit of cultural evolution that can exhibit local refinement.

In MAs, the members of the population compete and cooperate among
them [52, 145], in order to improve the quality of the population. Here the
concept of imitation plays an important role for generating the population. As
a consequence, function h in Eq. (3.6) incorporates these principles.

MAs can also be understood as extensions of EAs, in which are applied
separate processes in order to refine individuals [75].

• Swarm Intelligence Algorithms (SIs):
The term Swarm Intelligence (SI) was introduced by Beni and Wang [11],

in the late 80s of the past century in the context of cellular robotic systems.
However, SI has been extended and nowadays it involves algorithms that model
the collective behavior of social agents in nature, such as ant colonies, honey
bees, and bird flocks [14]. Therefore, these algorithms are Population-based
algorithms [3].

In SIs, the function h is based on a model that describes certain auto
organization characteristics within groups of agents [3]. For that reason, many
authors do not consider that Swarm Intelligence Algorithms are Evolutionary
Algorithms (the algorithms in SI do not generate a populations based on the
basic operators from EAs: election, mutation, reproduction, and selection).

On the other hand, other authors consider that Swarm Intelligence Algorithms
are evolutionary. In Ref. [37], it is presented a comparison between GAs and the
scheme of Particle Swarm Optimization (PSO, one of the classic algorithms from
SI), with the aim of showing the evolutionary characteristics in PSO.
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Examples of SIs are

– Ant Colony Optimization (ACO), [13, 33, 34, 119].
– Particle Swarm Optimization (PSO), [69, 71].
– Artificial Bee Colony (ABC), [67].
– Cuckoo Search (CS), [139–141].
– Firefly Algorithm (FA), [138, 139].
– Intelligent Water Drops algorithm (IWD), [108].

3.1.1.2 Classification Based on the Metaheuristic Inspiration Source

The metaheuristics may be inspired or not by processes or phenomena observed in
nature. Therefore, they may be classified based on their inspiration source into two
groups: Nature-inspired Metaheuristics and those which are not Nature-inspired.
When the processes or phenomena from the nature are biological, it is said that the
metaheuristics are Bio-inspired.

This classification is summarized as follows:

• Non-Nature-inspired Metaheuristics (NNMs): They may be derived simply from
mathematical operations, with no inspiration in nature mechanisms.

Examples of NNMs are:

– Tabu Search (TS), [46].
– Differential Evolution (DE), [100].

• Nature-inspired Metaheuristics (NMs): They are based on processes or phenom-
ena from nature.

Examples of NMs are:

– Bio-inspired Metaheuristics (BMs).
– Metaheuristics inspired on physical phenomena: SA, PCA.
– Metaheuristics inspired on cultural phenomena: MAs.

• Bio-inspired Metaheuristics (BMs): Metaheuristics based on biological mecha-
nisms.

Examples of BMs are:

– Most of EAs: GAs, GEO, BBO, and GP.
– SI algorithms: ACO, PSO, ABC, CS, and FA.

The relation between BMs and NMs is expressed as:

BMs ⊂ NMs (3.7)

In Fig. 3.1 a diagram with the metaheuristics previously mentioned and their
classification based on the described criteria is presented
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Fig. 3.1 Proposed classification of the metaheuristics mentioned in this chapter

3.2 Differential Evolution (DE)

The methods denominated Differential Evolution (DE) is an evolutionary algorithm
proposed in 1995 for optimization problems. Since the beginning, it was described
by its authors as a simple and efficient adaptive scheme for global optimization
over continuous spaces [123]. Some of its most important advantages are: simple
structure, simple computational implementation, speed and robustness [91, 100,
123, 124].

The metaheuristic DE is based on three operators: Mutation, Crossover, and
Selection [123, 124]. These operators have the same names as the operators from
GA, but they are based on vector operations [100, 111, 124]. For this reason, many
authors do not consider it as a bio-inspired algorithm.

3.2.1 Description of the DE Algorithm

The algorithm generates at each iteration I ter a new population of Z feasible
candidate solutions PIter = {

X1
I ter

,X2
I ter

, . . . ,XZ
Iter

}
with the application of the

three operators to the previous population PIter−1.
The algorithm needs to be initialized, so the initial population P0 ={

X1
0,X

2
0, . . . ,X

Z
0

}
is formed by Z feasible candidate solutions for the problem

by Eqs. (3.1–3.4). The candidate solutions are vectors in R
n.

At every iteration, the operators Mutation, Crossover, and Selection are applied.
First Mutation is applied over the population of the previous iteration, and a candi-
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date population of Z vectors is generated: P̂I ter =
{
X̂1

I ter
, X̂2

I ter
, . . . , X̂Z

Iter

}
. To

the population obtained from Mutation, it is applied the Crossover. The Crossover
operator incorporates components with a certain probability, from a candidate vector
X̂z

I ter
to the corresponding vector Xz

Iter−1. After the Crossover, it is obtained a
population of Z vectors, which are usually called trial vectors. Finally, the operator
Selection is applied in order to decide which of the Z trial vectors obtained after
the Crossover will be part of the population generated at the current iteration.
With the new population PIter = {

X1
I ter

,X2
I ter

, . . . ,XZ
Iter

}
, the best solution is

updated. This scheme is executed until the best solution provided by the algorithm
is considered good enough according to a prescribed stopping criterion.

Following, the most used Mutation operators are described:

• Xδ
Iter−1/1: one pair of solutions is used for perturbing another solution Xδ

Iter−1
from population PIter−1. The solutions are randomly selected. This mechanism
is executed Z times, in order to obtain Z candidate solutions after Mutation:
X̂z

I ter
, with z = 1, . . . , Z,

X̂z
I ter

= Xδ
Iter−1 + Cscal

(
Xα

Iter−1 − X
β

Iter−1

)
(3.8)

being Xδ
Iter−1,X

α
Iter−1,X

β

Iter−1 ∈ R
n solutions from PIter−1; and Cscal a

parameter called Scaling factor.
• Xbest/1: one pair of solutions is used for perturbing the current best solution

Xbest. This pair of solutions is randomly selected. This mechanism is executed
Z times, in order to obtain Z candidate solutions after Mutation: X̂z

I ter
, with

z = 1, . . . , Z,

X̂z
I ter

= Xbest + Cscal

(
Xα

Iter−1 − X
β

Iter−1

)
(3.9)

where Xbest,Xα
Iter−1,X

β

Iter−1 ∈ R
n are solutions from PIter−1.

• Xbest/2: two pairs of solutions are used for perturbing the current best solution
Xbest. These two pairs of solutions are randomly selected. This mechanism is
executed Z times, in order to obtain Z candidate solutions after Mutation: X̂z

I ter
,

with z = 1, . . . , Z,

X̂z
I ter

= Xbest + Cscal

(
Xα1

I ter−1 − Xα3
I ter−1 + Xα2

I ter−1 − Xα4
I ter−1

)
(3.10)

where Xbest,Xα1
I ter−1,X

α2
I ter−1,X

α3
I ter−1,X

α4
I ter−1 ∈ R

n are solutions from
PIter−1.

After the Mutation, the Crossover operator is applied according to the following
description:
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Each component x̂z
(I ter)i of the candidate solution X̂z

I ter
with i = 1, 2, .., n and

z = 1, 2, . . . , Z, which has been previously generated by Mutation, goes through
the following procedure:

x̂z
(I ter)i =

{
x̂z
(I ter)i if qrand ≤ Ccross

xδ
(I ter−1)i otherwise

(3.11)

where 0 ≤ Ccross ≤ 1 is the Crossover Factor, another parameter from DE; qrand

is a random number, which is generated by means of the distribution function
represented by λ in the generation mechanism.

The Z solutions obtained after the Crossover are called trial vectors.

The Selection operator has the following description:
For the vector Xz

Iter
, to be part of the new population, it is selected following

the rule:

Xz
Iter

=
{

X̂z
I ter

if f (X̂z
I ter

) ≤ f (Xδ
Iter−1)

Xδ
Iter−1 otherwise

(3.12)

The difference within the generation mechanisms lead commonly in differences
in the operator Mutation. The most used generation mechanisms, which correspond
to the three schemes for Mutation described in this section, are:

• DE/Xδ
Iter−1/1/bin: where bin is the notation for a binomial distribution

function, that is used during the Crossover.
• DE/Xbest/1/bin

• DE/Xbest/2/bin

The control parameters in DE are: size of the population, Z; Crossover Factor,
Ccross; and Scaling Factor, Cscal. In the algorithms presented in this chapter,
MaxI ter represents the maximum number of iterations to be performed.

Some modifications on the original version of DE have been made, in order to
improve its ability on escaping from local minima. The more successful variants
of DE are focused on changes performed on the Mutation operator and in the self
adaptation of parameters Ccross and Cscal [15, 27, 91, 102, 129, 144, 146, 148]. The
method DE has also been hybridized with other metaheuristics [50].

A general description of the algorithm for DE is given in Algorithm 1. This
description is based on the original version, which was proposed in Refs. [123, 124].

3.2.2 Remarks on DE

• The search directions and the possible step sizes depend on the candidate
solutions used in Mutation.

• The parameter Ccross determines the influence of Xδ
Iter−1: a higher value of this

parameter indicates a lower influence.
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Algorithm 1: Algorithm for the Differential Evolution (DE)
Data: Ccross , Cscal , Z, MaxI ter , Generation Mechanism
Result: Xbest

Generate an initial random population of Z solutions;
Select the best solution Xbest ;
for I ter = 1 to I ter = MaxI ter do

Execute Mutation, Eq. (3.10);
Execute Crossover, Eq. (3.11);
Execute Selection, Eq. (3.12);
Update Xbest ;
Verify stopping criteria;

end
Solution: Xbest

• The parameter Cscal determines the influence of the vectors used in the Muta-
tion [91].

• Simple rules for selecting values for Ccross and Cscal depending on the application
considered are given in [124].

• A better diversification in the search can be obtained by means of increasing the
number of pair of vectors used by the Mutation operator and also the size of the
population, Z. However, this may cause a decrease in the probability of finding
the right search direction [91].

3.3 Particle Collision Algorithm (PCA)

The metaheuristic Particle Collision Algorithm (PCA) was developed with the
aim to improve some of the disadvantages of the metaheuristic entitled Simulated
Annealing (SA). It is based on the particle collision phenomena inside a nuclear
reactor [104, 111].

Initially, it was developed as a non-population-based metaheuristic, but after it
was extended to populations. This new variant is called Multiple Particle Collision
Algorithm (MPCA), [87].

PCA is also a member of the well-known class of Metropolis Algorithms [90]. It
means that during its random search, it can accept, at any iteration, a solution that
does not improve the objective function [111].

3.3.1 Description of the PCA Algorithm

In this section, the original version of PCA is presented [104, 111]. PCA starts with
an initial solution X0 and it generates a new feasible candidate solution X̂Iter at
every iteration I ter . The generation scheme is based on stochastic modifications on
the previous candidate solution XIter−1.
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Inside a nuclear reactor two situations may occur after the interaction between
a particle, the neutron, and a nucleus: the particle may be absorbed or scattered.
These interactions are computationally simulated, and this is used as the basis for
the decision of acceptance or not of the new feasible candidate solution X̂Iter as the
new solution XIter [104, 111]: the absorption means that the new feasible candidate
solution X̂Iter is accepted as the new solution XIter ; and the scattering is identified
with its rejection, followed by the random generation of a new candidate solution.

The Absorption-Scattering operator is explained next:

• Absorption:
If f (X̂Iter) ≤ f (XIter−1), then X̂Iter is absorbed (accepted as new feasible

solution XIter ); and a random locally restricted search by means of an operator
called Local is made around it. It can be summarized as follows:

f (X̂Iter) ≤ f (XIter−1) �⇒ XIter = X̂Iter (3.13)

and operate with Local(XIter)

• Scattering with probability pr(I ter):
In order to escape from eventual local optima, the rejection of a candidate

solution is designed as a rejection with a probability pr(I ter) = 1 − f (Xbest)

f (X̂I ter )
.

This means that even when the new feasible solution X̂Iter does not improve
the value of the objective function, it may be accepted with a certain probability
pr(I ter). This probability depends on the values of the objective function for the
best current solution and of the new candidate solution for the current iteration
I ter .

If f (X̂Iter) > f (XIter−1), then the new feasible solution X̂Iter is not
immediately rejected. Instead, PCA generates a random number q and two
possible situations may occur:

– If q < pr(I ter), then Absorption is applied to X̂Iter .
– If q ≥ pr(I ter), then X̂Iter is rejected, and a new candidate solution is

randomly generated.

The algorithm of Absorption-Scattering is presented in Algorithm 2. In this
algorithm MaxI terc stands for the maximum number of iterations to be performed
for the operator Local.

The operator Local makes MaxI terc consecutive stochastic perturbations of the
same order, to every component of a certain feasible solution X. Being XIterc the
vector, that results from applying the operator Local to X in iteration I terc of this
operator; denoting by xi , with i = 1, 2, . . . , n, the components of the vector X;
and x(I terc)i , with i = 1, 2, . . . , n, the components of XIterc , the perturbations are
described as:

x(I terc)i = x(I terc−1)i + (xU
(I terc)i

− x(I terc−1)i )q1

−(xL
(I terc)i

− x(I terc−1)i )(1 − q1) (3.14)
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Algorithm 2: Algorithm for the Absorption-Scattering operator of the Particle
Collision Algorithm (PCA)

Data: X̂I ter , Xbest , XIter−1, MaxI terc
Result: Solution: XIter

if f (X̂I ter ) ≤ f (XIter−1) then
XIter = Local(X̂I ter , MaxI terc);

else
Generate a random number q;

if q < 1 − f (Xbest )

f (X̂I ter )
then

XIter=Local(X̂I ter , MaxI terc);
else

Randomly generate a new candidate solution XIter ;
end

end

being q1 a random number in [0; 1], and:

xL
(I terc)i

=
{

q2 x(I terc−1)i if q2 x(I terc−1)n ≥ Li

Li otherwise
(3.15)

xU
(I terc)i

=
{

q3 x(I terc−1)i if q3 x(I terc−1)i ≤ Ui

Ui otherwise
(3.16)

where Li and Ui are the minimum and the maximum values in the search space,
respectively, for the variable, that corresponds to the component xi ; q2 is a random
number in the range [0.8; 1.0]; and q3 is also a random number in the range
[1.0; 1.2], [104, 105].

The algorithm for the Local operator is represented in Algorithm 3.
The metaheuristic PCA has only two control parameters: the maximum number

of iterations MaxI ter of the main loop of the algorithm; and the maximum number
of iterations MaxI terc of Absorption-Scattering operator, as already shown in
Algorithms 2 and 3. The original version of PCA is represented in Algorithm 4
[104].

3.3.2 Remarks on PCA

• The search space is explored based on consecutive absorption-scattering events
[104, 111].

• The operator Local allows to make an intensification of the search, i.e. exploita-
tion.

• The algorithm has only two control parameters. That makes it feasible, and
robust, for a great number of applications.
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Algorithm 3: Algorithm for the Local operator of the Particle Collision
Algorithm (PCA)

Data: X, MaxI terc
Result: Solution after search: X

X0 = X;
for l = 1 to l = MaxI terc do

Random generation of Xl′ based on Eq. (3.14);
if f (Xl′ ) ≤ f (Xl−1) then

Xl = Xl′ ;
end
Xl = Xl−1;

end
X = XMaxIterc ;

Algorithm 4: Algorithm for the Particle Collision Algorithm (PCA)
Data: MaxI ter , MaxI terc
Result: Best solution: Xbest

Generate a random initial solution X0;
Xbest = X0;
for l = 1 to l = MaxI ter do

Generate X̂l within the search domain;
Apply Absorption-Scattering(X̂l , Xbest , Xl−1, MaxI terc);
Update Xbest ;
Verify stopping criteria;

end
Best Solution: Xbest

• The values of the objective function f used in different steps of PCA may be
substituted for values of a certain fitness function F , according to the problem of
interest to be solved.

3.4 Ant Colony Optimization (ACO)

The metaheuristic entitled Ant Colony Optimization (ACO) was proposed by Marco
Dorigo in 1992, as part of the results of his doctoral thesis [32]. It was initially
proposed for integer programming problems [33, 34], but it has been successfully
extended to continuous optimization problems [13, 111, 118, 119].

The metaheuristic ACO is inspired on the behavior of ants, specifically when
they are seeking a path between their colony and a food source. It is observed in
nature that after a certain time the ants of a colony are able to find the shortest path
between these two positions [13, 33, 34, 113, 119]. This behavior is explained with
the deposition and evaporation of a substance: the pheromone [13, 33, 34, 113, 119].
The ways with greater concentration of this substance attract the other ants; and they
will deposit their pheromone in these ways.
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The idea of the deposit and evaporation of the pheromone is simulated by means
of a pheromone matrix F, which is updated at each iteration and is accessible to all
the ants in the colony [13, 33, 34, 119].

In ACO, each ant is associated to a feasible candidate solution and the best
solution is the best ant.

3.4.1 Description of the ACO Algorithm for Continuous
Problems

This subsection describes the adaptation of ACO to the continuous case that was
reported in [111, 122]. This variant was successfully applied to other problems
[7, 122].

At each iteration I ter , ACO generates a new colony with Z ants: PIter ={
X1

I ter
, X2

I ter
, . . . ,XZ

Iter

}
. Each ant Xz

Iter
, with z = 1, 2, . . . , Z represents

a feasible solution. Therefore, each ant is a vector of n components Xz
Iter

=
[x(z)

(I ter)1 x
(z)
(I ter)2 . . . x

(z)
(I ter)n]T . The generation of PIter is based on a probability

matrix PC which depends on F.
In this variant, the first step consists of discretizing the feasible interval of each

decision variable xi , with i = 1, 2, . . . , n, of the problem into K possible values
xk
i , with k = 1, 2, . . . , K . The generation of the ants paths at each iteration uses the

information that was obtained from the previous paths. The information is saved in
the pheromone accumulative probability matrix PC ∈ Mn×K(R), whose elements
are updated at each iteration I ter as a function of F ∈ Mn×K(R):

pcij (I ter) =
∑j

l=1 fil(I ter)∑K
l=1 fil(I ter)

(3.17)

being fij elements of F and they express the pheromone level of the j th discrete
value of the ith decision variable.

The elements of F are also updated at each iteration based on the evaporation
factor Cevap, and on the incremental factor Cinc:

fij (I ter) = (1 − Cevap)fij (I ter − 1) + δij,bestCincfij (I ter − 1) (3.18)

being

δij,best =
{

1 if x
j
i = x

(best)
i

0 otherwise
(3.19)

and x
(best)
i is the ith component of the best solution Xbest.

Matrix F is randomly initialized. All its elements take random values within the
interval [0; 1].
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Algorithm 5: Algorithm for the Ant Colony Optimization (ACO)
Data: Cevap , Cinc, q0, K , Z, MaxI ter

Result: Best solution: Xbest

Discretize the interval for each variable in K values;
Generate a random initial pheromone matrix F with the same value for all the elements fij ;
Compute matrix PC based on Eq. (3.17);
Generate the initial set of ants paths with Eq. (3.20) and update Xbest ;
for l = 1 to l = MaxI ter do

Update matrix F based on Eq. (3.18);
Update matrix PC based on Eq. (3.17);
Generate a new set of ants paths with Eq. (3.20);
Update Xbest ;
Verify stopping criteria;

end
Solution: Xbest

The scheme for generating the new ants paths considers a prescribed parameter
q0. Each zth ant to be generated uses the following scheme:

• Generate n random numbers qrand
1 , qrand

2 ,. . . , qrand
n .

• The value of the ith component, with i = 1, 2, . . . , n, of the zth ant is:

x
(z)
i =

{
xm̄
i if qrand

i < q0

xm̂
i if qrand

i ≥ q0
(3.20)

where m̄ : fim̄ ≥ fim ∀ m = 1, 2, . . . , K and m̂ : (
pcim̂ > qrand

i

) ∧
(pcim̂ ≤ pcim) ∀m ≥ m̂

The control parameter q0 allows controlling the level of randomness during
the ant generation. This fact determines, jointly to Z and K , the level of search
intensification or diversification in ACO [113]. At the end of each iteration, the best
solution Xbest is updated.

The pseudo-code for this version of ACO is given in Algorithm 5.

3.4.2 Ant Colony Optimization with Dispersion (ACO-d)

Ant Colony Optimization with Dispersion, ACO-d, intends to simulate a pheromone
deposit, which is nearer to the real: the pheromone affects the path where it is
deposited, and the paths next to it [8]. This is called dispersion. Another variants
of ACO are also based on changes to the pheromone updating [107].

The dispersion is established as a variation in the updating equation (Eq. (3.18)),
of the elements in matrix F. As a consequence, a new parameter is introduced:
coefficient of dispersion, Cdis .
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Therefore, the difference between ACO and ACO-d is based on the way the
pheromone matrix is updated [8]. In [8] this scheme is applied to the traveling
salesman problem. In the present work, ACO-d is adapted to continuous problems.

3.4.2.1 Adaptation of ACO-d to Continuous Problems

The pheromone deposition considers the scheme described by Eq. (3.18), and it also
includes an extra deposit (dispersion) of the pheromone in solutions that are close
to the best one Xbest. Therefore, the first step is to define the maximum number of
neighbors of Xbest, which will receive an extra deposit of pheromone. For that, it
is adopted a scheme for which each component xbest

i , with i = 1, 2, . . . , n, has a
maximum number of neighbors for receiving pheromone. Let’s denote such set of
neighbors V [xbest

i ] and let’s introduce its definition:

Definition 3.1 Let’s denote by Xbest the vector that represents the best solution
provided by ACO-d until a given iteration, and by xbest

i the ith component of
this solution. The Neighborhood for dispersion of xbest

i , denoted by V [xbest
i ], is

defined as:

V [xbest
i ] =

{
xm
i : d

(
xbest
i , xm

i

)
< dmax, 1 < m ≤ K

}
(3.21)

The distance dmax, that appears in Definition 3.1, is computed taking the average
of the half of all the possible distances between values xm

i , and xr
i with m, r =

1, 2, . . . K , in ascending order [8]. This adaptation of ACO-d to the continuous
optimization case is based on the version of ACO that was described in the previous
Sect. 3.4.1. As a consequence of the discretization, the value for dmax is computed
by means of:

dmax = h + 2h + 3h + . . . + [
K
2

]
h[

K
2

] (3.22)

where h = b−a
K

with xi ∈ (a, b), and [x] represents the nearest integer to x.
Working with Eq. (3.22), and considering the sum of the n first integers, this

equation can be reformulated as:

dmax = h

[
K
2

] + 1

2
(3.23)

Noticing that d
(
xm
i , xm+1

i

)
= h, then Definition 3.1 is expressed as:

V [xbest
i ] =

{
xm
i : d

(
xbest
i , xm

i

)
<

∣∣K
2

∣∣ + 1

2
, 1 < m ≤ K

}
(3.24)
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Making xm
i = a+hm and xbest

i = a+hm̄, Definition 3.1 can also be expressed as:

V [xbest
i ] =

{
xm
i : m̄ −

∣∣K
2

∣∣ + 1

2
< m < m̄ +

∣∣K
2

∣∣ + 1

2
, 1 < m ≤ K

}
(3.25)

Therefore, the scheme for the pheromone deposit for xm
i ∈ V [xbest

i ] is
expressed as:

fim(I ter) = fim(I ter) + Cdis

m̄ − m
(3.26)

where fim(I ter) is the value from ACO, see Eq. (3.18).

3.4.3 Hybrid Strategy Ant Colony Optimization with
Differential Evolution (ACO-DE)

This hybridization was proposed after analyzing the results of the experiments with
the Two Tanks system, see Chap. 4. During the experiments, it was observed that
the quality of the estimations of DE was very dependent on its initial population.
It was also observed that ACO was able to give reasonable good estimations
in a few number of iterations. As a consequence, the idea of hybridizing both
algorithms in order to reduce the number of objective function evaluations for DE,
together with improving the accuracy of estimations for DE emerged [19]. The
idea of the hybridization may be summarized as using ACO for obtaining a good
initial population for DE. The hybrid ACO-DE was then originally proposed for
continuous problems [19] and its description is as follows:

Apply ACO with a small K value, i.e. using a not refined mesh for the discrete
values for each variable, reducing then the possible values of the variables, and
therefore, the search space. Subsequently, it is used the best ants of the history of
ACO (the number of ants could be a fraction of the total number of ants) as the
initial population of DE, with the aim of performing an intensification around an
already identified promising area. In summary:

1. Apply ACO with a small value of K , see algorithm in Algorithm 5, in order to
make a first rapid search.

2. Use the better ants of the colony obtained at the end of the application of ACO
(from previous step) as the initial population for DE. Apply DE, see algorithm in
Algorithm 1.

The validation process for this approach is not presented because it is just a
hybridization, not a new metaheuristic. This algorithm is just the application of ACO
and DE, without changes on their structure, in a sequential procedure.
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3.4.4 Remarks on ACO

• An advantage of ACO is that its parameters may be manipulated in order to
achieve more diversification or intensification during the search. This allows an
efficient hybridization with other algorithms.

• The hybrid strategy ACO-DE is inspired by the study of the evolution of the best
objective function value for DE and ACO, see Sect. 4.4.

3.5 Particle Swarm Optimization (PSO)

Particle Swarm Optimization is an algorithm classified within the field of Swarm
Intelligence. It was introduced by Kennedy and Eberhart in 1995 [69, 71] for solving
optimization problems, and it is based on the social behavior of birds flocks and
fishes schools [69, 71, 113]. It is a population-based algorithm [14].

PSO has been applied to different fields requiring optimization in high dimen-
sional spaces. This is a result of its simplicity, high efficiency in searching, easy
implementation, and its fast convergence to the global optimum [65].

3.5.1 Description of the PSO Algorithm

PSO considers a group or population (swarm) of Z agents or particles (birds),
which are dedicated to finding a good approximation to the global minimum in a
search space. Each particle moves throughout the search space D. The position of
the zth particle, in iteration I ter , is identified with a solution Xz

Iter
∈ R

n of the
optimization problem. At each iteration, all the particles update their positions.

In order to update its position, each particle saves its best historical position
Xz(pbest). This is a way to accumulate its individual experience. Each particle also
has access to the collective experience, which is represented by the best historical
position for the whole swarm: Xgbest .

The scheme for generating the new position for each particle is:

Xz
Iter

= Xz
Iter−1 + V z

Iter
(3.27)

being Xz
Iter−1 the position of this particle in the previous iteration I ter − 1; and

V z
Iter

∈ R
n its velocity at the current iteration.

The vector V z
Iter

is also updated at each iteration:

V z
Iter

= V z
Iter−1 + c1Ξ

(
Xz(pbest) − Xz

Iter−1

)
(3.28)

+c2Ξ
(
Xgbest − Xz

Iter−1

)
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being V z
Iter−1 the velocity of this particle in the previous iteration; Ξ denotes

a diagonal matrix with random numbers in the interval [0;1]; and c1, c2 are
parameters, which characterize the trend during the velocity updating [65, 69].

Parameters c1 and c2 (cognitive and social parameter, respectively) represent
how the individual and social experience influence in the next particle decision.
Some studies have been made in order to determine the best values for c1 and c2.
The values c1 = c2 = 2, c1 = c2 = 2.05 or c1 > c2 with c1 + c2 ≤ 4.10 are
recommended [10, 23, 70].

The main difference within the variants of PSO is in updating the position
and velocity of each particle. Equations (3.27) and (3.29) represent the canonical
algorithm. A well-known variant is the one with inertial weight. The idea behind this
variant is to add an inertial factor ω for balancing diversification and intensification
of the search [10, 65]. The inertial weight can be constant or not. This parameter ω

affects the updating velocity through the expression:

V z
Iter

= ωV z
Iter−1 + c1Ξ

(
Xz(pbest) − Xz

Iter−1

)
(3.29)

+c2Ξ
(
Xgbest − Xz

Iter−1

)

It is usual to start with ω = 1, and to reduce its value by an exponential law [65].
Nowadays, the most accepted strategy for ω is to establish ω ∈ [ωmin;ωmax] and to
reduce its value according to the current iteration number I ter by means of:

ω = ωmax − ωmax − ωmin

MaxI ter
I ter (3.30)

where MaxI ter is the maximum number of iterations to be reached. It is recom-
mended to take ωmax = 0.9 and ωmin = 0.4 [81].

In order to control the velocity, sometimes it is added a new parameter called
constriction factor χ . The new expression for updating the velocity [26, 65] then
written as:

V z
Iter

= χ
[
V z

Iter−1 + c1Ξ
(
Xz(pbest) − Xz

Iter−1

)
(3.31)

+c2Ξ
(
Xgbest − Xz

Iter−1

)]
(3.32)

being

χ = 2∣∣∣2 − ϕ − √
ϕ2 − 4ϕ

∣∣∣
(3.33)

and ϕ = c1 + c2 > 4.



3.6 Differential Evolution with Particle Collision (DEwPC) 61

Algorithm 6: Algorithm of the Particle Swarm Optimization (PSO)
Data: c1, c2, Z, MaxI ter

Result: Best solution: Xbest

Compute χ with Eq. (3.33);
Generate randomly Xz

0 and V z
0 for Z particles;

Update Xz(pbest) and Xgbest ;
for l = 1 to l = MaxI ter do

for z = 1 to z = Z do
Update V z

l
with Eq. (3.32);

Update Xz
l

with Eq. (3.27);

Update Xz(pbest);
end
Update Xgbest ;
Verify stopping criteria;

end
Solution: Xgbest

The values c1 = c2 = 2.05, and therefore χ = 0.729, are recommended in
the literature [38]. Moreover, from Eqs. (3.30) and (3.32), it is obtained that these
values are equivalent to use constant inertial weight with ω = 0.729, and c1 = c2 =
1.49 [38].

There are different topologies for PSO. Here the Gbest topology is used. It
determines that all the particles are connected to each other and they are part of
a unique neighborhood [65].

The general algorithm of PSO, with constriction factor, is shown in Algorithm 6.

3.5.2 Remarks on PSO

• PSO is able to find good enough solutions faster than other evolutionary
algorithms [3].

• PSO has been hybridized with other optimization methods with success. The
interest of combining PSO with other methods is mostly based on the fact that
PSO does not have the ability of improving the quality of the solutions as the
number of iterations is increased [3].

3.6 New Metaheuristic for Optimization: Differential
Evolution with Particle Collision (DEwPC)

In this section the new metaheuristic Differential Evolution with Particle Collision,
DEwPC, is described. Its objective is to improve the performance of DE based on
the incorporation of some ideas from PCA. The idea for this algorithm emerged
after the analysis of the results of the experiments with the Two Tanks system, see
Chap. 4.
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The new algorithm keeps the same structure of operators Mutation and Crossover
from DE, while introduces a modification in the Selection operator.

Comparing with the traditional version of DE, DEwPC improves the Selection
with the incorporation of the mechanism Absorption-Scattering of PCA. This new
selection only increases in one of the number of parameters of DE. The added
parameter is MaxI terc, which comes from the Local operator in PCA.

The new Selection also provides DE with a simple Metropolis strategy. This
allows to balance the levels of intensification and diversification of the search. As
a consequence, DEwPC is better than DE in case of search in more complicated
spaces, or when dealing with very noisy data.

From the point of view of PCA, DEwPC provides PCA with the structure of
a population-based method. DEwPC also improves the stochastic generation of
feasible solutions, by means of operators Mutation and Crossover from DE. These
operators provide DEwPC with a higher memory than in PCA.

3.6.1 Description of the DEwPC Algorithm

DEwPC has the same operators Mutation and Crossover as the algorithm DE (see
descriptions in Sect. 3.2), with the generation mechanism DE/Xbest/2/bin.

The new selection operator was denominated Selection with probability. It
applies the Absorption-Scattering mechanism (see algorithm in Algorithm 2) from
PCA (see Sect. 3.3).

The application of the new operator Selection with probability to all the Z

possible new members Xz
Iter

of the population could be very expensive com-
putationally. In the worst case DEwPC could need MaxI ter × Z × MaxI terc
evaluations of the objective function; while DE needs MaxI ter × Z; and PCA
needs MaxI ter × MaxI terc. Considering MaxI ter = Z = MaxI terc = n, the
complexity of the considered algorithms are: O(n2) for DE and PCA; and O(n3)

for DEwPC. Therefore, it was decided to execute the new selection operator only to
a certain number of members of the population: integer part of

√
Z. For the rest of

the members, DEwPC applies the operator Selection of DE in its original version.

This reduces the complexity of DEwPC to O(n
5
2 ).

The algorithm for DEwPC is presented in Algorithm 7.

3.6.2 Remarks on DEwPC

• DEwPC was inspired by the results of the comparison of the application of DE
and PCA to diagnosing the benchmark Two Tanks (see Sect. 4.4).

• The objective of DEwPC is to improve the ability of DE to escape from local
optima), based on the incorporation of some ideas from PCA.
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Algorithm 7: Algorithm for Differential Evolution with Particle Collision
(DEwPC)

Data: Ccross , Cscal , Z, MaxI ter , MaxI terc
Result: Best solution: Xbest

Generate an initial random population of Z solutions;
Select best solution Xbest ;
for l = 1 to l = MaxI ter do

Apply Mutation, Eq. (3.10);
Apply Crossover, Eq. (3.11);
For X̂

(z)

l
, with z ≤ √

Z, apply Selection from DE, Eq. (3.12);

For X̂
(z)

l
, with z >

√
Z, apply Absorption-Scattering(X̂l , Xbest , Xl−1, MaxI terc)

from PCA (see algorithm in Algorithm 2);
Update Xbest ;
Verify stopping criteria;

end

• The operators Mutation and Crossover from DE provide DEwPC with an easy
structure and easy implementation.

• In DEwPC the operator Selection from DE was modified. Most variations of
DE are focused on modifications in Mutation and in the self-adaptation of its
parameters [15, 27, 91, 102, 129, 144, 146, 148]. This is an important difference
between this proposal and the well-known variations of DE.

• The modification in the Selection from DE adds only one new parameter to
DEwPC with respect to DE.

3.6.3 Validation of DEwPC

In order to validate DEwPC for continuous optimization problems without con-
strains, five test functions have been considered. They are within the suite of test
functions recommended in the literature [30, 45, 125]:

• F1: Shifted Sphere Function.
• F2: Shifted Schwefel’s Problem 1.2 (Let’s remark that here Problem 1.2 is

referred to the name of this function and not to a problem described in this book).
• F4: Shifted Schwefel’s Problem 1.2 with noise in fitness.
• F6: Shifted Rosenbrock’s Function.
• F7: Shifted Rotated Griewank’s Function without bounds.

In References [30, 45, 125] the readers can find the description of the mentioned test
functions.

The experiments and evaluation criteria follow the indications recommended in
[45, 125]. The experiments consider (D ⊂ R

n) first n = 10 and later n = 30.
Functions F1, F2, and F4 are unimodal; F6 is multimodal for the dimensions used
in the experiments (n = 10 and n = 30); and F7 is also multimodal. The description
of the experiments is as follows:
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• Experiment A: The stopping criteria are the maximum number of objective
function evaluations, Evalmax = 10,000n, or the maximum error ErrT er =
10−8. The latter is a convergence tolerance. The following quantities are
separately computed for each problem:

– Average and standard deviation of the number of evaluations of the objective
function and error.

– Success Rate, SR = EE
ET

: being EE the number of successful runs, and ET

the number of total runs.
– Success Performance, SP = EvalEE

SR , where EvalEE is the average of the
number of function evaluations for successful runs.

A successful run is understood as a one in which the algorithm achieves a fixed
accuracy level, ErrT er , within the prescribed maximum number of function
evaluations, Evalmax.

• Experiment B: It was considered Evalmax as the only one stopping criterion.
Different values were taken: Evalmax = 100n, 1000n, and 10,000n, respectively.
The Final error, Errorf , was determined for each case:

Errorf = f ∗ − f best (3.34)

being f ∗ the optimal value of the function and f best the best value of the function
that the algorithm provided.

For each test function, the algorithms were run 25 times, for each experiment.
This number allows to reach statistically valid conclusions, concerning the perfor-
mance of the algorithms [30, 45, 125]. The computer used during all the experiments
has a processor Inter(R) Core(TM) i7-4500U CPU @ 1.80 GHz 2.40 GHz and a
RAM of 8 GB.

In order to suggest values for the parameters of DEwPC, some tests with different
sets of values for Z and MaxI terc were made, see Table 3.1. With the aim of
decreasing the computational cost of DEwPC (with respect to DE), the size of the
population Z is decreased; and MaxI terc is made dependent on Z (which depends
on the size of the problem dimD = n).

In Table 3.1 the different sets of values are shown. In all cases, the constants
parameters Ccross = 0.9 and Cscal = 0.5 were considered as recommended in [111,
124]. The notation [.] indicates the nearest integer to the value inside.

For function F6, it is well known that the global optimum is inside a long,
narrow, parabolic shaped valley. Therefore, the convergence to the global optimum
is difficult. Hence, this problem is often used in assessing the performance of
optimization algorithms. Therefore, this function was used for deciding the set of
parameter values to be used in the further implementations of DEwPC.

In Fig. 3.2 it is shown a comparison of results for F6, with n = 10 and n = 30,
and the sets of values shown in Table 3.1. In all cases, Evalmax = 10,000n

was considered as the stopping criterion. The better results are for Cases 4, 5,
and 6, which have half of recommended population in DE. The best result is for
MaxI terc = 0.2Z, i.e. Set 5 in Table 3.1.
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Table 3.1 Sets of values for
parameters of DEwPC

Set Z MaxI terc

1 10n [0.3Z]

2 10n [0.2Z]

3 10n [0.1Z]

4 5n [0.3Z]

5 5n [0.2Z]

6 5n [0.1Z]

7 2n [0.3Z]

8 2n [0.2Z]

9 2n [0.1Z]

0 0

50

100

150

1 2 3 4 5
Set

F
in

al
 E

rr
or

, E
rr

or
f

F
in

al
 E

rr
or

, E
rr

or
f

n=10, Function F6 n=30, Function F6

6 7 8 9 1 2 3 4 5
Set

6 7 8 9

0.5

1

1.5

2

2.5

3

3.5

a b

Fig. 3.2 Final error Erf obtained with DEwPC in the minimization of F6, n = 10 (a) and n =
30 (b)

Table 3.2 Recommended
parameter values for DEwPC

Alg Z Cscal Ccross MaxI terc

DEwPC 5n 0.5 0.9 [0.2Z]

Therefore, it was used the Set 5 during Experiments A and B, see Table 3.2. These
are then considered as the recommended values for the parameters of DEwPC.

3.6.3.1 Results for Experiment A with DEwPC

In Tables 3.3 and 3.4 are shown the results for the test cases with n = 10. Table 3.3
shows the information related with the final error. The error values for the most
representative runs are presented: the best; the worst; and runs in the 7th, 13th,
and 19th position (the runs are in ascending order considering the final error as the
ordering criterion). The values for the error average and its standard deviation for
each algorithm are also presented. Table 3.4 shows similar information but regarding
the number of evaluations of the objective function.
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Table 3.3 Error analysis for Experiment A with DEwPC and test cases with dimension n = 10

Run (ordered) F1-DE F1-DEwPC F2-DE F2-DEwPC

1(best) 0.2736·10−8 0.3217·10−8 0.4254 ·10−8 0.4302·10−8

7 0.5682·10−8 0.7789·10−8 0.7419·10−8 0.7175·10−8

13 (median) 0.7975 ·10−8 0.8443·10−8 0.8257·10−8 0.7737·10−8

19 0.9488 ·10−8 0.9316·10−8 0.9364·10−8 0.8731·10−8

25(worst) 0.9817·10−8 0.9885·10−8 0.9984·10−8 0.9977·10−8

Average 0.74713·10−8 0.81668·10−8 0.81417·10−8 0.75799·10−8

Standard deviation 0.22110·10−8 0.15113·10−8 0.14600·10−8 0.15254·10−8

Run (ordered) F4-DE F4-DEwPC F6-DE F6-DEwPC

1(best) 0.4809·10−8 0.4542·10−8 0.110−8 0.110−8

7 0.7892·10−8 0.7944·10−8 0.110−8 0.110−8

13(median) 0.8753·10−8 0.8915·10−8 0.110−8 0.110−8

19 0.9138·10−8 0.9506·10−8 0.110−8 0.110−8

25(worst) 0.9706·10−8 0.9933·10−8 3.9866 4.506

Average 0.81994·10−8 0.84913·10−8 0.3189 0.6379

Standard deviation 0.14243·10−8 0.12822·10−8 1.1038 1.4916

Run (ordered) F7-DE F7-DEwPC

1(best) 0.0616 0.0172

7 0.1304 0.0369

13(median) 0.2978 0.0590

19 0.3855 0.0786

25(worst) 0.5067 0.1402

Average 0.2737 0.0643

Standard deviation 0.1475 0.0346

In Table 3.3 it is shown that both algorithms, DE and DEwPC, reached the desired
error, i.e Errorf < ErrT er = 10−8, for functions F1, F2, and F4. Table 3.4 shows
that for these cases, the best value for the average Eval and SP were obtained with
DEwPC. It can be concluded that DEwPC improves the accuracy of estimations
for unimodal functions (F1 and F2), and also with noisy environments (F4). For
function F6 not all the runs were successful and the SP of DEwPC is better, i.e.
smaller value for SP. Table 3.4 also shows that for function F6 the SR achieved
by DEwPC is better than the one with DE, i.e. higher value for SR. This is an
indication that the new Selection operator provides DEwPC with a better local
search capability and better searching diversity. DE and DEwPC did not reach the
desired error for F7, i.e. ErrT er = 10−8 but, as shown in Table 3.3, the error that
DEwPC reached for the 100,000 evaluations of the objective functions, was smaller.

The results for the test cases with n = 30 are shown in Tables 3.5 and 3.6. They
show that for n = 30 the algorithms only reached the desired error in all the runs for
functions F1 and F2. In these cases, the values of SP from DEwPC are better, i.e.
smaller values. It means that for unimodal functions DEwPC leads to a reduction
on the computational cost. DE did not have successful runs for F4, F6, and F7,
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Table 3.4 Analysis of the number of evaluations of the objective function for Experiment A with
DEwPC and test cases with dimension n = 10

Run (ordered) F1-DE F1-DEwPC F2-DE F2-DEwPC

1(best) 21,900 15,530 23,000 18,040

7 22,700 16,090 23,800 18,860

13(median) 23,300 16,200 24,300 19,330

19 23,600 16,840 24,800 19,920

25(worst) 24,400 17,980 25,400 20,720

Eval 23,148 16,431 24,312 19,363

Standard deviation 651.3 576.8 656.5 764.2

EE 25 25 25 25

SR% 100 100 100 100

SP 23,148 16,431 24,312 19,363

Run (ordered) F4-DE F4-DEwPC F6-DE F6-DEwPC

1(best) 40,200 29,870 45,500 39,080

7 41,700 30,620 47,400 47,990

13(median) 42,500 31,710 49,000 49,010

19 43,300 32,680 56,700 66,000

25(worst) 45,900 34,760 100,000 100,000

Eval 42,700 31,826 57,800 50,767

Standard deviation 1570.6 1403.8 16,417 19,761

EE 25 25 23 21

SR% 100 100 92 84

SP 42,700 31,826 59,828 61,031

Run (ordered) F7-DE F7-DEwPC

1(best) 100,000 100,000

7 100,000 100,000

13(median) 100,000 100,000

19 100,000 100,000

25(worst) 100,000 100,000

Eval 100,000 100,000

Standard deviation 0 0

EE 0 0

SR% 0 0

SP – –

while DEwPC was able to obtain successful runs for F4 and F7. Therefore, it can be
concluded that for more complex search spaces DEwPC offers a better performance
than DE.

Table 3.7 shows a summary of the evaluation criteria, as well as the normalized
SP with respect to the best, SPbest, between both algorithms; and the index δSP,
which indicates the percentage increase in SP when going from a space with n = 10
to n = 30. In case, that some of the indicators cannot be computed due to lack of
successful runs, it is indicated by means of a bar −, and the average of the final error
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Table 3.5 Error analysis for Experiment A with DEwPC and test cases with dimension n = 30

Run (ordered) F1-DE F1-DEwPC F2-DE F2-DEwPC

1(best) 0.8534·10−8 0.7026·10−8 0.3779·10−8 0.3103·10−8

7 0.8978·10−8 0.8290·10−8 0.5973·10−8 0.8166·10−8

13(median) 0.9277·10−8 0.9046·10−8 0.8233·10−8 0.8792·10−8

19 0.9497·10−8 0.9320·10−8 0.8908·10−8 0.9653·10−8

25(worst) 0.9817·10−8 0.9924·10−8 0.9923·10−8 0.9942·10−8

Average 0.92594·10−8 0.87839·10−8 0.74867·10−8 0.83785·10−8

Standard deviation 0.04.1291·10−8 0.083257·10−8 0.17459·10−8 0.17361·10−8

Run (ordered) F4-DE F4-DEwPC F6-DE F6-DEwPC

1(best) 299.50 2.12·10−9 71.50 3.263

7 362.70 0.180 131.41 16.89

13(median) 0.426 236.44 184.85 18.69

19 495.21 0.267 299.784 19.56

25(worst) 687.64 0.406 553.90 76.68

Average 441.3 0.228 300.01 25.87

Standard deviation 110.1 0.87 143.4 20.8

Run (ordered) F7-DE F7-DEwPC

1(best) 0.0025 10−8

7 0.0085 10−8

13(median) 0.0220 10−8

19 0.0673 0.0099

25(worst) 0.7435 0.0222

Average 0.1096 0.0051

Standard deviation 0.1931 0.0065

is put inside brackets. The bold values represent the best values obtained between
DE and DEwPC.

Table 3.7 shows that DEwPC, for n = 10, has the best SP in four out of the five
test functions (F1, F2, F4, and F6). For F7 both algorithms did not achieve successful
runs, but the final error with DE was higher than the final error with DEwPC.
Table 3.7 also shows that for function F6, with n = 10, the SR achieved by DEwPC
was better than the SR obtained with DE (see Fig. 3.3 for a graphical representation
of these results). This indicates that the new Selection operator provides DEwPC
with a better local search capability and better searching diversity. Table 3.7 also
shows that for the test cases with n = 30, DEwPC achieved successful runs in
also four out of the five test functions (F1, F2, F4 and F7), while DE did it only
twice (F1 and F2). These results indicate that in more complex search spaces (with
higher dimension), DEwPC allows to reach better results than DE. In other words,
the modification in the Selection operator provides DEwPC with a more effective
way to avoid being in local minima.

It was also applied the Wilcoxon’s Test in order to reach a conclusion on the
differences between the SP values. For this purpose, it was used the function
signrank from Matlab�. The results showed, that the SP values obtained with
DEwPC are better with p-value p = 0.013.
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Table 3.6 Analysis of the number of evaluations of the objective function for Experiment A with
DEwPC and test cases with dimension n = 30

Run(ordered) F1-DE F1-DEwPC F2-DE F2-DEwPC

1(best) 234,090 163,500 111,600 103,890

7 249,240 169,800 113,400 109,050

13(median) 253,020 173,100 114,300 114,030

19 255,270 174,740 116,400 116,100

25(worst) 271,830 175,200 119,400 122,100

Eval 252,560 172,752 114,744 113,600

Standard deviation 7723.0 4550.3 1975.1 4873.8

EE 25 25 25 25

SR% 100 100 100 100

SP 252,560 172,752 114,744 113,600

Run (ordered) F4-DE F4-DEwPC F6-DE F6-DEwPC

1(best) 300,000 256,200 300,000 300,000

7 300,000 300,000 300,000 300,000

13(median) 300,000 300,000 300,000 300,000

19 300,000 300,000 300,000 300,000

25(worst) 300,000 300,000 300,000 300,000

Eval 300,000 298,248 300,000 300,000

Standard deviation 0 8760 0 0

EE 0 1 0 0

SR% 0 4 0 0

SP – 6,405,000 – –

Run (ordered) F7-DE F7-DEwPC

1(best) 300,000 243,100

7 300,000 255,970

13(median) 300,000 272,340

19 300,000 300,000

25(worst) 300,000 300,000

Eval 300,000 276,640

Standard deviation 0 22,858

EE 0 14

SR% 0 56

SP – 460,960

3.6.3.2 Results for Experiment B with DEwPC

In Tables 3.8 and 3.9 are presented the average values of the final errors from
Experiment B. Let’s note that the bold values in Tables 3.8 and 3.9, represent the
best values obtained between PSO-M and PSO. In particular, Table 3.8 shows that
for F1, F2, F4 and test cases with n = 10, DEwPC always provides a smaller error.
For F6 and F7, this does not occur.
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Table 3.7 Summary of the evaluation criteria for Experiment A with DEwPC

n = 10 n = 30

Alg Function SR SP SP/SPbest SR SP SP/SPbest δSP · 100%

DE F1 100 23,148 1.41 100 252,560 1.46 90.8

DEwPC F1 100 16,431 1 100 172,752 1 90.5

DE F2 100 24,312 1.26 100 114,744 1.01 78.8

DEwPC F2 100 19,363 1 100 113,600 1 82.9

DE F4 100 42,700 1.34 0 – [441.3151] –

DEwPC F4 100 31,826 1 4 6,405,000 1 99.5

DE F6 84 61,031 1.02 0 – [300.01] –

DEwPC F6 92 59,828 1 0 – [25.8751] –

DE F7 0 – [0.2737] 0 – [0.1096] –

DEwPC F7 0 – [0.0643] 56 460,960 1 –

0
F1 F2

Results for Experiment A and test cases with n=10
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Fig. 3.3 Summary of the evaluation criteria: SP, SR and error for Experiment A with DEwPC, and
test cases with dimension n = 10

Table 3.9 shows that for F1 and F2, DEwPC reached 30,000 evaluations with a
smaller error. For F4, F6, and F7, DEwPC always had the best result.

In Fig. 3.4 it is represented the value of the ratio between the average error
obtained with DE and DEwPC, for each function, for the test cases with n = 30.
The average error for DEwPC is smaller than the average error for DE. For F4 and
F7, a big difference keeps until the final number of evaluations.

In Fig. 3.5 it is graphically shown the results for Experiment B, and the test
functions F4, F6, and F7, for the test cases with n = 10 and n = 30. It can be
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Table 3.8 Final error analysis for Experiment B with DEwPC, and test cases with dimension
n = 10

Alg Function Errorf (Evalmax=1000) Errorf (Evalmax=10,000) Errorf (Evalmax=100,000)

DE F1 65.73 0.0604 0

DEwPC F1 36.13 2.490·10−5 0

DE F2 59.97 1.1252 0

DEwPC F2 57.04 0.0017 0

DE F4 102.95 6.8093 0

DEwPC F4 18.83 0.0045 0

DE F6 7.646·104 41.260 0.63

DEwPC F6 2.091·104 5.995 0.32
DE F7 0.7039 0.6347 0.2181

DEwPC F7 0.9223 0.3735 0.07

Table 3.9 Final error analysis for Experiment B with DEwPC, and test cases with dimension
n = 30

Alg Function Errorf (Evalmax=3000) Errorf (Evalmax=30,000) Errorf (Evalmax=300,000)

DE F1 613.4 257.7 0

DEwPC F1 461.0 22.09 0

DE F2 36.92 1.117 0

DEwPC F2 52.64 0.032 0

DE F4 1.071·103 863.7 431.3151

DEwPC F4 867.6 167.2 0.237
DE F6 2.362·106 1.164·106 303.0

DEwPC F6 8.295·105 1.585·103 18.60
DE F7 1.119 1.055 0.539

DEwPC F7 1.134 0.936 0.017

observed that the final error for DEwPC is in almost all cases lower than the final
error for DE, no matter the dimension n on the problem considered.

Furthermore, the Wilcoxon’s test showed that the error that achieves DEwPC,
when the algorithm has executed 10% of the maximum number of objective function
evaluations, is lower than the error achieved with DE, under the same conditions,
with p-value p = 0.0020. For this analysis, it was used the function signrank from
Matlab�.

3.7 New Metaheuristic for Optimization: Particle Swarm
Optimization with Memory (PSO-M)

In this section the new metaheuristic Particle Swarm Optimization with Memory
(PSO-M) is presented. PSO-M is inspired on the metaheuristics PSO and ACO, that
were described in Sects. 3.5 and 3.4, respectively.
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PSO-M has the objective of reducing the number of iterations/generations that
PSO needs to execute, in order to obtain reasonably good quality solutions. For
that, the new algorithm adds to PSO, in a simple way, a learning mechanism. That
allows to use previous information in a better way and, as a consequence, the search
is upgraded. PSO-M incorporates the pheromone matrix of ACO for storing the
historical behaviors (memory) that are addressed in the future search directions.

The algorithm has two stages:

• First stage: A swarm explores the search space, i.e. canonical PSO is applied. A
pheromone matrix stores the information of the exploration performed.

• Second stage: Another swarm makes an intensification on the promising regions
of the search space. For that purpose, its initial position is generated using the
generation scheme of ACO with the pheromone matrix achieved in the first stage.

3.7.1 Description of the PSO-M Algorithm

In the first stage, a swarm of Z1 agents explores the search space D following the
canonical structure of PSO. The new position Xz

Iter1
∈ R

n and the new velocity
V z

Iter1
of each particle z, with z = 1, 2, . . . Z1, are obtained from Eqs. (3.27)

and (3.32), respectively.
The values for PSO’s parameters in this stage are the ones recommended in the

literature [69, 111], except for Z1. For the size of the swarm, its value is reduced
to a half of the recommended. The maximum number of iterations in this stage is
taken as 10% of the maximum number of iterations for the whole algorithm.

Following the idea of ACO for the continuous optimization case, the prescribed
permissible interval for each decision variable xi , with i = 1, 1, . . . , n, is divided
into K possible values xk

i , with k = 1, 2, . . . , K . The pheromone matrix F ∈
Mn×K(R) is generated and updated at each iteration of this first stage of the PSO-M
algorithm.

In order to update the pheromone matrix F, the following strategy is proposed:

1. At each iteration I ter1, each component of the vector Xgbest is identified with
only one of the K discrete values, which are assigned to the variable, that
corresponds to that component. This connection generates the vector Xgbest (d).
The components Gn of a vector function G : Rn �−→ R

n are defined as:

Definition 3.2 Let x
gbest
i and x

gbest (d)
i be the ith components of the vectors

Xgbest and Xgbest (d), respectively. Let Gi be the ith component function from
the vector function G.The components Gi of the vector function G are defined
as:

Gi(X
gbest ) = x

gbest (d)
i = xm̄

i (3.35)
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where

m̄ :
∣∣∣xgbest

i − xm̄
i

∣∣∣ = min
m

∣∣∣xgbest
i − xm

i

∣∣∣ with m = 1, 2 . . . K (3.36)

2. With the new vector G(Xgbest ) = Xgbest (d), matrix F is updated as in ACO, see
Eq. (3.18).

The second stage of the PSO-M algorithm considers a swarm of Z2 particles,
with Z2 < Z1. This swarm performs an intensification of the promising regions of
the search space D, taking advantage of the information that was stored in matrix
F, from the first stage. For that purpose, the swarm is generated based on the
mechanism from ACO using the pheromone matrix F from the first stage of PSO-
M algorithm, see Eq. (3.20). With the parameter q0, the level of confidence on the
results from the first stage is weighted.

The inclusion of the second stage may increase the ability to escape from local
optima to which the traditional PSO may converge. It also allows to make an
intensification of the promising areas in the search space.

In Algorithm 8, the algorithm for the PSO-M metaheuristic is given.

Algorithm 8: Algorithm for Particle Swarm Optimization with Memory (PSO-
M)

Data: c1, c2, Z1, Z2, MaxI ter1, MaxI ter2, Cevap, Cinc, q0, K

Result: Xbest

Discretize the domain of the n variables in K values;
Generate a random initial pheromone matrix F;
Compute matrix PC with Eq. (3.17);
Generate randomly Xz

0 and V z
0 for the Z1 particles;

Update Xz(pbest) and Xgbest ;
First Stage (c1, c2, Z1, MaxI ter1)
for l = 1 to l = MaxI ter1 do

for z = 1 to z = Z1 do
Update V z

l
with Eq. (3.32);

Update Xz
l

with Eq. (3.27);

Update Xz(pbest)

end
Update Xgbest ;
Compute Xgbest (d) with Eq. (3.35);
Update F with Eq. (3.18);

end
Second Stage (F,q0,c1,c2,Z2,MaxI ter2)
Generate Xz

0, for the Z2 particles with F and mechanism of ACO;
Execute PSO (see Algorithm 6), with parameters (c1, c2, Z2, MaxI ter2) and
the following variation: only V z

0 are randomly generated, the Xz
0 are from the

previous line;
Solution: XbestXgbest
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Table 3.10 Recommended parameter values for PSO-M

First stage

Z1 c1 c2 ω Eval1max k q0 Cinc Cevap

15n 2.05 2.05 0.729 10%Evalmax 63 0.55 0.30 0.10

Second stage

Z2 c1 c2 ω Eval2max

5n 2.05 2.05 0.729 90%Evalmax

The idea behind PSO-M is to reduce the computational cost based on the
introduction of a pheromone matrix, and not in variations on parameter values
of PSO. As a consequence, in both stages of PSO-M, the values of the PSO’s
parameters coincide with the parameter values of the PSO most recommended in
the literature (c1 = c2 = 2.05, w = 0.729). The values of the parameters related
to the pheromone matrix, i.e. the parameters in PSO-M which comes from ACO,
were taken as recommended in literature [113]. The recommended values for the
parameters of PSO-M are summarized in Table 3.10.

3.7.2 Remarks on PSO-M

• PSO-M can be understood as the PSO with a learning mechanism. Other variants
of PSO were also focused on this idea, e.g. [83, 147].

• PSO-M has an easy structure, simple implementation, and a lower computational
cost than PSO.

• There are other works that also present two-stages algorithms based on ACO
[48, 101].

• Other algorithms have also resulted from the hybridization of PSO and ACO.
For example, in Ref. [110] it is proposed an algorithm in which ACO is used to
perform a local search around each particle of PSO, at each iteration. In Ref. [72]
birds and ants make a simultaneous search, and share the information at each
iteration.

3.7.3 Validation of PSO-M

For the validation of PSO-M, the experiments described in Sect. 3.6.3 are replied.
The comparison is made with the variant of PSO with the constriction coefficient
and the recommended values in the literature (c1 = c2 = 2.05, w = 0.729). The
parameter values for PSO-M coincide with the presented in Table 3.10.
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Table 3.11 Error analysis for Experiment A with PSO-M, and test cases with dimension n = 10

Run(ordered) F1-PSO F1-PSO-M F2-PSO F2-PSO-M

1(best) 0.4724·10−8 0.6015·10−8 0.0011 10−9

7 0.7270·10−8 0.7274·10−8 0.0099 10−9

13(median) 0.8645·10−8 0.8342·10−8 0.0294 0.0001

19 0.9530·10−8 0.9568·10−8 0.0668 0.0003

25(worst) 0.9930·10−8 0.9992·10−8 1.1736 0.0027

Average 0.82705·10−8 0.83371·10−8 0.0999 3.1591·10−4

Standard deviation 0.15326·10−8 0.12733·10−8 0.2351 5.5881·10−4

Run(ordered) F4-PSO F4-PSO-M F6-PSO F6-PSO-M

1(best) 0.0131 0.0006 0.01 0.0450

7 0.3188 0.0217 5.5 2.2675

13(median) 0.5504 0.0571 6.6 4.7256

19 1.1457 0.3006 173.1 5.1776

25(worst) 15.2542 3.7647 5434.3 291.1

Average 1.6974 0.3631 476.2 21.97

Standard deviation 3.3522 0.7816 1237.8 59.89

Run(ordered) F7-PSO F7-PSO-M

1(best) 0.0099 0.0172

7 0.0492 0.0590

13(median) 0.0713 0.0762

19 0.1033 0.1009

25(worst) 0.1920 0.1305

Average 0.0791 0.0770

Standard deviation 0.0438 0.0308

3.7.3.1 Results for Experiment A with PSO-M

Tables 3.11 and 3.12 show the results for the test cases with n = 10. The notations
used in these tables are the same as those described in Sect. 3.6.3. From the results in
Tables 3.11 and 3.12 it is observed that both algorithms always reached the desired
error on the estimations for the test function F1, being the value for SP obtained
with PSO-M better. For the test function F2, only PSO-M had successful runs, with
SR = 32%. For the more complex test functions F4, F6, and F7, the algorithms
did not reach the desired error, but for these three functions, the average errors on
estimations obtained with PSO were higher than the ones obtained with PSO-M
bigger: 4.72; 21.7; and 1.02 times higher, respectively. Therefore, PSO-M improves
the performance of PSO in noisy environments and more complex search spaces.

Tables 3.13 and 3.14 show the results for the test cases with dimension n = 30.
In Table 3.13 it is observed that the desired error on the estimations, i.e. Errorf <

ErrT er = 10−8, was reached only once: with PSO-M for test function F1 and in
Table 3.14 it is observed that this desired error was obtained with SR = 64%. For
the test functions F4, F6, and F7, the average error on the estimations obtained with
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Table 3.12 Analysis of the number of evaluations of the objective function for Experiment A with
PSO-M, and test cases with dimension n = 10

Run (ordered) F1-PSO F1-PSO-M F2-PSO F2-PSO-M

1(best) 86,000 80,500 100,000 70,000

7 88,500 82,450 100,000 70,050

13(median) 83,100 82,900 100,000 100,000

19 90,600 84,150 100,000 100,000

25(worst) 93,700 85,700 100,000 100,000

Eval 89,668 83,326 100,000 88,960

Standard deviation 1841.8 1456.2 0 2094

EE 25 25 0 8

SR% 100 100 0 32

SP 89,668 83,326 – 218,750

Run (ordered) F4-PSO F4-PSO-M F6-PSO F6-PSO-M

1(best) 100,000 100,000 100,000 100,000

7 100,000 100,000 100,000 100,000

13(median) 100,000 100,000 100,000 100,000

19 100,000 100,000 100,000 100,000

25(worst) 100,000 100,000 100,000 100,000

Eval 100,000 100,000 100,000 100,000

Standard deviation 0 0 0 0

EE 0 0 0 0

SR% 0 0 0 0

SP – – – –

Run (ordered) F7-PSO F7-PSO-M

1(best) 100,000 100,000

7 100,000 100,000

13(median) 100,000 100,000

19 100,000 100,000

25(worst) 100,000 100,000

Eval 100,000 100,000

Standard deviation 0 0

EE 0 0

SR% 0 0

SP – –

PSO was higher than the ones obtained with PSO-M: 5.69; 6.59; and 1.55 times
higher, respectively. From Table 3.13 it is observed that for the test function F2, the
estimations obtained with PSO were better.

Table 3.15 shows a summary with the results obtained for Experiment A. The
notation is the same as the one introduced in Sect. 3.6.3 and the bold values
in represent the best values obtained between PSO-M and PSO. PSO reached
successful runs in one of the ten situations considered, i.e. five test functions F1, F2,
F4, F6, and F7, and problems with two different dimensions: n = 10 and n = 30,
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Table 3.13 Error analysis for Experiment A with PSO-M, and test cases with n = 30

Run(ordered) F1-PSO F1-PSO-M F2-PSO F2-PSO-M

1(best) 0.0001 0.83·10−8 8121 7548

7 0.0005 0.96·10−8 15,680 13,195

13(median) 0.001 0.98·10−8 14,474 23,574

19 0.0018 2.31·10−8 17,963 34,364

25(worst) 0.0074 2.038·10−5 25,651 69,773

Average 0.0016 2.4605·10−8 14,911 30,144

Standard deviation 0.0018 4.0366·10−8 4973.1 20,124

Run(ordered) F4-PSO F4-PSO-M F6-PSO F6-PSO-M

1(best) 13,369 1923 300 30

7 20,532 3925 2300 380

13(median) 29,822 5165 10,700 920

19 32,400 6565 31,000 3440

25(worst) 48,820 10,736 475,970 424,890

Average 29,977 5267 21,608 3276

Standard deviation 9770.3 2109 947,390 990,34

Run(ordered) F7-PSO F7-PSO-M

1(best) 0.0172 0.0074

7 0.0567 0.0418

13(median) 0.0887 0.0713

19 0.0994 0.0824

25(worst) 0.1657 0.1083

Average 0.0981 0.0633

Standard deviation 0.0312 0.0281

while PSO-M was successful in three of them in 3 (always for unimodal functions).
The metaheuristics PSO-M achieved success for function F1 in both dimensions,
but its SR decreased from n = 10 to n = 30 in 36%. These results are graphically
presented in Figs. 3.6 and 3.7.

Figure 3.6 shows a summary of the results for Experiment A with PSO-M and
PSO, and test cases with dimension n = 10. It is observed in Fig. 3.6a that for
the test function F1, both algorithms achieved success, but the SP obtained with
PSO-M is better (smaller). Figure 3.6a also shows that for the test function F2, the
algorithm PSO-M achieved success and the algorithm PSO did not reach successful
runs. Figure 3.6b–d shows that for the test functions F4, F6, and F7, respectively,
both algorithms PSO and PSO-M did not reach success, but the errors obtained with
PSO-M are always smaller than the ones obtained with PSO.

Figure 3.7a–d shows a summary of the results for Experiment A with PSO-M
and PSO, test cases with dimension n = 30 and functions F2, F4, F6, and F7,
respectively. It is observed that both algorithms, PSO and PSO-M, did not reach
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Table 3.14 Analysis of the number of evaluations of the objective function for Experiment A
with PSO-M, and test cases with dimension n = 30

Run (ordered) F1-PSO F1-PSO-M F2-PSO F2-PSO-M

1(best) 300,000 293,100 300,000 300,000

7 300,000 295,050 300,000 300,000

13(median) 300,000 297,900 300,000 300,000

19 300,000 300,000 300,000 300,000

25(worst) 300,000 300,000 300,000 300,000

Eval 300,000 297,336 300,000 300,000

Standard deviation 0 2564.8 0 0

EE 0 16 0 0

SR% 0 64 0 0

SP – 462,250 – –

Run (ordered) F4-PSO F4-PSO-M F6-PSO F6-PSO-M

1(best) 300,000 300,000 300,000 300,000

7 300,000 300,000 300,000 300,000

13(median) 300,000 300,000 300,000 300,000

19 300,000 300,000 300,000 300,000

25(worst) 300,000 300,000 300,000 300,000

Eval 300,000 300,000 300,000 300,000

Standard deviation 0 0 0 0

EE 0 0 0 0

SR% 0 0 0 0

SP – – – –

Run (ordered) F7-PSO F7-PSO-M

1(best) 300,000 300,000

7 300,000 300,000

13(median) 300,000 300,000

19 300,000 300,000

25(worst) 300,000 300,000
¯Eval 300,000 300,000

Standard deviation 0 0

EE 0 0

SR% 0 0

SP – –

success, but the errors obtained with PSO-M are smaller than the ones obtained
with PSO for three of the four test functions represented, i.e. F4, F6, and F7. For the
test function F1, only PSO-M achieved success with SR = 64% and for that reason
a graphic comparison of the errors between both algorithms is not presented.
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Table 3.15 Summary of the evaluation criteria for Experiment A with PSO-M

n = 10 n = 30

Alg Function SR SP SP/SPbest SR SP SP/SPbest δSP · 100%

PSO F1 100 89,668 1.08 0 – [0.0016] –

PSO-M F1 100 83,326 1 64 462,250 1 81.97

PSO F2 0 – [0.0999] 0 – [14,911] –

PSO-M F2 32 218,750 1 0 – [30,144] –

PSO F4 0 – [1.6974] 0 – [29,977] –

PSO-M F4 0 – [0.3631] 0 – [5267] –

PSO F6 0 – [476.2820] 0 – [21,608] –

PSO-M F6 0 – [21.9764] 0 – [3276] –

PSO F7 0 – [0.0791] 0 – [0.0981] –

PSO-M F7 0 – [0.0770] 0 – [0.0633] –
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Fig. 3.6 Summary of evaluation criteria: SP, SR and error for Experiment A with PSO-M, and test
cases with dimension n = 10

3.7.3.2 Results for Experiment B with PSO-M

Tables 3.16 and 3.17 show the behavior of the error on the estimations, obtained
with both algorithms, PSO and PSO-M, for each test function, and test cases with
n = 10 and n = 30, respectively. Let’s note that the bold values in Tables 3.16
and 3.17, represent the best values obtained between PSO-M and PSO.

Table 3.16 shows that for both maximum number of function evaluations
Evalmax = 10,000 and Evalmax = 100,000, PSO-M always achieved a smaller
error. In Table 3.17 it is observed that the error averages obtained with PSO-M, for
the different values of the maximum number of objective functions evaluations, are
always smaller, except for the test function F2.

In Fig. 3.8 it is shown that the value of the ratio between the average errors
obtained with PSO and PSO-M, for the test cases with n = 30, is greater than
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Table 3.16 Final error analysis for Experiment B with PSO-M, and test cases with dimension
n = 10

Alg Function ErrorEvalmax=1000 ErrorEvalmax=10,000 ErrorEvalmax=100,000

PSO F1 7.2640·104 0.10714·10−3 0.22204·10−15

PSO-M F1 1.7541·104 7.2868 0
PSO F2 1.0526·104 1.023·104 0.099

PSO-M F2 1.9721·104 5878.2 0.31591·10−3

PSO F4 1.0643·104 9193.3 1.6974

PSO-M F4 2611.0 35.809 0.3631
PSO F6 2.7044·109 4.8213·108 476.28

PSO-M F6 1.0336·109 3.4432·105 21.976
PSO F7 4.6760 2.8009 0.0791

PSO-M F7 3.2104 1.0481 0.0770

Table 3.17 Final error analysis for Experiment B with PSO-M, and test cases with n = 30

Alg Function ErrorEvalmax=3000 ErrorEvalmax=30,000 ErrorEvalmax=300,000

PSO F1 5.9806·104 3.6615·104 0.0016

PSO-M F1 5.1804·104 5760.2 0.4037·10−7

PSO F2 1.0323·105 8.0768·104 14911
PSO-M F2 1.1256·105 1.2044·105 30144

PSO F4 1.2580·105 8.1390·104 29977

PSO-M F4 1.1561·105 7.6299·102 5267
PSO F6 5.8157·1010 1.5416·1010 21,608

PSO-M F6 5.9771·104 1477.6 3276
PSO F7 17.8861 13.2519 0.0981

PSO-M F7 7.7348·104 8.9843 0.0633
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one, except for the test function F7, when the maximum of 3000 evaluations is
considered. At the end of the 30,000 and 300,000 evaluations, the value of this ratio
is always greater than one. This situation does not occur for function F2, see Fig. 3.9.
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Furthermore, the Wilcoxon’s test showed that the average error of PSO-M at
Evalmax = 10000n is lower than the error achieved by PSO, under the same
conditions, with p-value p = 0.0488. For this analysis, it was used the function
signrank from Matlab�.

3.8 Remarks

In this chapter was made an introduction to metaheuristics for optimization, as well
as a classification of them. Description for the metaheuristics Differential Evolution;
Particle Collision Algorithm; Ant Colony Optimization for continuous problems;
and Particle Swarm Optimization was presented.

For the case of ACO-d, its adaptation and formalization to continuous optimiza-
tion problems was also made and described in Sect. 3.4.

Two new metaheuristics for continuous optimization were described and vali-
dated: DEwPC and PSO-M, see Sects. 3.6 and 3.7, respectively. A hybrid strategy
with ACO and DE was also presented in Sect. 3.4. These are powerful tools that
will be used in Chap. 4 to Fault Diagnosis Inverse Problems for the benchmarks
presented in Sect. 2.4.



Chapter 4
Applications of the Fault Diagnosis:
Inverse Problem Methodology to
Benchmark Problems

This chapter presents the application of the last three steps (2, 3, and 4) of the Fault
Diagnosis—Inverse Problem Methodology (FD-IPM), as described in Sect. 2.1, to
the three benchmark problems that were presented in Sect. 2.4. Step 2 is to evaluate
the faults for which only the detection is possible. The third step deals with the
solution of an optimization problem with metaheuristics. The fourth step provides
the conclusion on the diagnosis of the system, based on the results from the third
step. The experiments with the DC Motor, Inverted Pendulum System, and Two
Tanks System are presented in Sects. 4.2, 4.3, and 4.4, respectively. The Inverted
Pendulum System is affected by faults which cannot be diagnosed, only detected.
For that reason, Step 2 was only applied to the the Inverted Pendulum System.

Table 4.1 shows the acronyms of the metaheuristics that were applied to each
benchmark problem. Section 4.1 describes important aspects to be considered
during the experiments. The experiments are designed in order to analyze robustness
and sensitivity of the diagnosis obtained with FD-IPM.

4.1 Experimental Methodology

For diagnosing with the Fault Diagnosis—Inverse Problem Methodology (FD-
IPM), the first step is to formulate the FDI problem as an Inverse Problem for each
benchmark problem and checking the hypothesis H1–H3, presented in Sect. 2.1.
That was made in Sect. 2.5 for each benchmark problem. Based on Step 1 of FD-
IPM, it is possible to decide if the faults can only be detected (go to Step 2 of
FD-IPM), diagnosed (go to Step 3 of FD-IPM), or cannot be detected with FD-IPM.

If the faults can only be detected, then the second step of the methodology must
be applied. In this step the value of the objective function f (θ̂f ) of the optimization
problem, which is formulated in Step 1 is computed and compared with a certain
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Table 4.1 Algorithms
applied to each benchmark
problem

Benchmark Algorithms

DC Motor ACO, PSO, PSO-M

IPS ACO, ACO-d

Two Tanks System ACO, DE, PCA, DEwPC, ACO-DE

threshold value, fumbral . As described in Chap. 2, the value of fumbral is important
in order to have a good balance between robustness and sensitivity of the detection
result. The application of Step 2 for detecting the faults in the Inverted Pendulum
System is used to show how to determine this value.

If the faults can be diagnosed, then the third step of FD-IPM must be applied
in order to estimate the fault values. Step 3 of FD-IPM deals with the solution of
the optimization problem, see the definition of the optimization problem given in
Eq. (2.3), which is solved with the use of metaheuristics. Step 4 of the methodology
provides the result of the diagnosis: If any component of θ̂f , which is obtained from
Step 3, is different from zero, then the fault that corresponds to that component
is affecting the system. The magnitude of the faults coincides with the estimated
obtained in Step 3. Therefore, the diagnosis is concluded when the estimated values
for the faults are obtained.

It is clear that Step 3 is of major importance: the final result of the diagnosis
is intrinsically linked to the quality of fault estimated values that it can provide.
Therefore, this chapter is mainly interested in the study of the performance of the
metaheuristics when solving the optimization problems in Step 3.

In particular, this chapter is interested in the performance analysis of each one
of the metaheuristics, which are used for the diagnosis in the benchmark problems.
The study is based on three basic desirable characteristics of diagnosis: robustness,
sensitivity, and computational cost.

With that purpose, the chosen experiments consider different faulty situations:

• with a single fault: only a fault can affect the system.
• with multiple faults: more than one fault affect at the same time the system.
• with incipient faults: faults, whose effects in the output are within the rank of the

noise affecting the output. In other words, faults of small magnitude.
• without faults.

The measurements are corrupted with different noise levels. The robustness
analysis is based on experiments with situations in which the noise is high (up to
8%). The system can be affected by single or multiple faults. The use of high noise
levels has the objective of simulating in the output the effect of external disturbances
that can eventually affect the system.

The sensitivity analysis is based on experiments with incipient faults and a highly
noisy environment (up to 8%).

It is also tested how some parameters of the applied metaheuristics influence the
quality of the diagnosis.
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Some elements of descriptive statistics, the Sign Test and Wilcoxon’s test, are
applied in order to analyze the results [30, 45]. The results are presented in different
tables and graphs, with the aim of showing different ways of presenting and
interpreting the results.

The Sign Test is an easy way to compare the overall performance of two
algorithms [30]. For this test, it is analyzed the number of cases that an algorithm is
the overall winner. The null hypothesis H0 considers that both algorithms are equiv-
alent. The number of wins is distributed according to a binomial distribution [30].

The Wilcoxon’s test is a simple and safe nonparametric test for pairwise
statistical comparisons [30, 45]. The null hypothesis H0 considers that given two
vectors of data x and y, the vector d = x − y can be represented by a continuous
symmetric distribution with null median. In this test, the statistical parameter
T = min

{
R+, R−}

is computed and compared with the value of the Wilcoxon’s
distribution for a total of Num degrees of freedom (critical value of W ), where Num

is the number of cases for which the performance of the algorithms is compared
[30]. The ranks R+ and R− are computed as follows:

R+ =
∑
di>0

rank(di) + 1

2

∑
di=0

rank(di) (4.1)

R− =
∑
di<0

rank(di) + 1

2

∑
di=0

rank(di) (4.2)

where di are the elements of the vector d which provide the difference between
the performance of both algorithms for the ith case. These differences should be in
ascending order. The assigned position of the component di in the new ascending
order is taken as rank(di).

As stochastic algorithms are of intensive search, with high computational costs,
it is necessary to establish the stopping criteria, when the metaheuristics are used.
The three stopping criteria used in this book are:

• Criterion 1: Maximum number of iterations allowed, MaxI ter . This is related to
the maximum computational cost which is permitted.

• Criterion 2: Maximum number of iterations for which the best value of the
objective function remains constant, I trcte.

• Criterion 3: Value of the objective function f (θ̂f ), which is compared with a
certain value fstop. The value of fstop is taken as 0.01y2

max, being ymax the
maximum value of all the measured output of the system during the considered
sample time. Next it is presented under which reasoning this value was computed.

As described in Chap. 2, the value of the objective function cannot be zero due to
a number of reasons, such as model uncertainties, noise in the measurements, and
other disturbances. When some prior information about the disturbances is known,
for example the level of noise affecting the system, it can be incorporated in the
stopping criterion, leading a more realistic value for fstop. For the test cases under
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investigation in this book, it is considered a small value, fstop = 0.01y2
max, where

ymax is the maximum value of all the measured output of the system during the
considered sample time. A small value for fstop allows to analyze the performance
of the metaheuristics when estimating the faults without previous knowledge on the
noise level. This value will be used in all the benchmark problems considered. It was
computed considering that the number of sampling times I = 100, the relative error
ε between the measured output value and the computed output value is ε ≤ 0.01 (it
means, less or equal than 1%).

Being yi
t (θf ) and ŷi

t (θ̂f ), with i = 1, 2, . . . p, the components of the output

measured vector Yt (θf ) ∈ R
p and the computed output vector Ŷt (θ̂f ), respectively,

and at the instant of time t , with t = 1, 2, . . . , I . Then for every ith component it is
obtained:

yi
t (θf ) − ŷi

t (θ̂f )

yi
t (θf )

≤ ε (4.3)

Therefore,

(
yi
t (θf ) − ŷi

t (θ̂f )

yi
t (θf )

)2

≤ ε2 (4.4)

and

(
yi
t (θf ) − ŷi

t (θ̂f )
)2 ≤ ε2(yi

t (θf ))2 (4.5)

Considering the maximum absolute value within all the measured values for this
component during the considered sample time ymax i , then:

(
yi
t (θf ) − ŷi

t (θ̂f )
)2 ≤ ε2y2

max (4.6)

and

I∑
t=1

[
yi
t (θf ) − ŷi

t (θ̂f )
]2 ≤ Iε2y2

max (4.7)

Considering the objective function of the optimization problem for the Fault
Diagnosis Inverse Problem, see Eq. (2.2), it is obtained:

f (θ̂f ) =
∥∥∥∥∥

I∑
t=1

[
Yt (θf ) − Ŷt (θ̂f )

]2
∥∥∥∥∥

∞
≤ Iε2y2

max (4.8)
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For I = 100 and a small relative error ε = 0.01, it is obtained: fstop = 0.01y2
max.

The computation of fumbral in Step 2 can be made following the same criteria, see
Sect. 4.3.

As a remark, Criterion 1 was included explicitly in the description of all
algorithms presented in Chap. 3. All implementations, whose results are presented
in this book, were made in Matlab�. The computer used during all the experiments
has a processor Inter(R) Core(TM) i7-4500U CPU @ 1.80 GHz 2.40 GHz and a
RAM of 8 GB. The codes for the metaheuristics DEwPC and PSO-M are presented
in Appendices A and B, respectively.

4.2 Experiments with the DC Motor

This benchmark problem satisfies hypothesis H1–H3 of FD-IPM, as shown in
Chap. 2. Therefore, the faults can be diagnosed with FD-IPM. The algorithms PSO,
ACO, and PSO-M were applied in Step 3, i.e. the three metaheuristics were applied
to solve the optimization problem that results from the application of Step 1 of FD-
IPM to the DC Motor described in Chap. 2, see Eq. (2.36). The experiments for this
benchmark problem were divided into three parts:

• General analysis
Designed for the general analysis of the diagnosis based on PSO and ACO.

This part includes multiple faults situations (Cases 1–4 from Table 4.2). The
output of the system is corrupted up to a 2% noise level.

• Robustness analysis
Same situations as in the General Analysis, but with a noise level up to 8%.

• Sensitivity analysis
The cases include simple and incipient faults, Cases 6–8 from Table 4.2,

as well as multiple and incipient faults, see Case 5 from Table 4.2. The
measurements are corrupted with a noise level up to 8%.

Table 4.2 Faulty situations
considered for the
experiments with the DC
Motor benchmark system

Case fu fy fp

1 0.87 −0.12 0.53

2 −0.27 0.96 0

3 0.63 0 0.29

4 0 0.47 0.86

5 −0.08 0.09 0.2

6 0.15 0 0

7 0 −0.1 0

8 0 0 0.12
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In order to analyze the influence of some of the PSO and ACO algorithms
parameters in the diagnosis, different values for such parameters were considered.
In order to obtain statistically valid conclusions, each variant of both algorithms
was run 30 times, for each faulty situation under study. A descriptive statistics
parameter was computed: mean value of the fault estimates. This statistics provides
a measure of central tendency of the estimations for each fault. The notations used
in the tables and figures presented in this chapter were: f̄ (θ̂f ) for the mean value
of the objective function; Eval for the mean of the objective function number
of evaluations performed until the minimum value of the objective function is
achieved; f̄u, f̄y , and f̄p for the mean values of the estimates for the faults fu,
fy and fp, respectively.

In these algorithms, the evaluation of the objective function represents the highest
cost in the computational aspect. Every evaluation of the objective function implies
the solution of the direct problem, see model described by Eq. (2.19). Therefore, the
metrics related to the computational cost in this study is based on Eval.

The best set of parameters for PSO and ACO, respectively, were selected based
on the results from the experiments performed. For that, Sign Test was applied to
the results.

The conclusion about the comparison between the best variant of PSO and the
best variant of ACO, and between PSO and PSO-M, was based on the Wilcoxon’s
test.

4.2.1 Implementations

• Implementation of PSO
Two variants of PSO algorithm were implemented: PSO Canonical (PSOB ),

and PSO with inertial weight (PSOI ). The fundamental difference among them
is the way the velocity of each particle is updated, see Sect. 3.5, which influences
the trend of the search.

For PSO with inertial weight, it was considered different recommended values
for the parameters c1 and c2 [23, 65, 70]. These parameters also determine the
balance diversification-intensification of the search. Therefore, it can be analyzed
the influence of the trend of the search in the quality of the diagnosis. In Table 4.3
are presented the different values considered for the parameters, and the name
adopted for each variant of the PSO algorithm. In Table 4.3 the number of the
current iteration is denoted by I ter , the maximum number of birds is Z, and the
maximum number of iterations to be performed by the algorithms is MaxI ter .
The implementation was based on the algorithm shown in Algorithm 6.

• Implementation of ACO
For ACO, the parameters q0 and K were selected by analyzing their influence

in the quality of the diagnosis. Parameter q0 determines the level of randomness
in the selection of the discrete value for each of the known variables, i.e. in the
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Table 4.3 Parameter values used for the PSO algorithm in the experiments with the DC Motor
benchmark problem

Notation ω c1 c2 Z ωmax ωmin

PSOB 1 2 2 30 – –

PSOI1 ωmax − ωmax−ωmin
MaxI ter

I ter 2 2 30 0.4 0.9

PSOI2 ωmax − ωmax−ωmin
MaxI ter

I ter 3 1 30 0.4 0.9

PSOI3 ωmax − ωmax−ωmin
MaxI ter

I ter 3.5 0.5 30 0.4 0.9

Table 4.4 Parameter values
used for the ACO algorithm
in the experiments with the
DC Motor benchmark
problem

Notation K q0 Z Cinc Cevap

ACO1.1 63 0.15 30 0.30 0.10

ACO1.2 63 0.55 30 0.30 0.10

ACO1.3 63 0.85 30 0.30 0.10

ACO2.1 127 0.15 30 0.30 0.10

ACO2.2 127 0.55 30 0.30 0.10

ACO2.3 127 0.85 30 0.30 0.10

process of ant generation [111]. Therefore, its value influences the trend of the
search. For this analysis, the selected values for q0 were:

– q0 = 0.15: this value determines a greater diversification of the search.
– q0 = 0.55: this value determines a balance between diversification and

intensification.
– q0 = 0.85: this value determines a greater intensification of the search.

For parameter K that determines the size of the search space, by defining the
number of discrete values used for each unknown, two values were used: 63 and
127.

In Table 4.4 are presented the different values considered for the parameters,
and the name adopted for each variant of the ACO algorithm. The value of Z

represents the number of ants, Cinc and Cevap are the incremental factor and the
evaporation factor, respectively. The implementation was based on the algorithm
shown in Algorithm 5.

• Implementation of PSO-M
The implementation of PSO-M is based on the algorithm shown in Algo-

rithm 8. The values of the PSO-M parameters used during its implementation
were selected based on the recommendations shown in Table 3.10. In Table 4.5
are presented the values considered for the PSO-M parameters in its application
to the DC Motor benchmark problem.

• Stopping Criteria
The stopping criteria used for PSO and ACO algorithms were:

– Criterion 1: Maximum number of iterations: MaxI ter = 100.
– Criterion 2: Maximum number of iterations for which the best value of the

objective function remains constant: I trcte = 10.
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Table 4.5 Parameter values used for the PSO-M algorithm in the experiments with the DC Motor
benchmark problem

First stage

Z1 c1 c2 ω MaxI ter1 K q0 Cinc Cevap

45 2.05 2.05 0.729 10 63 0.55 0.30 0.10

Second stage

Z2 c1 c2 ω MaxI ter2

15 2.05 2.05 0.729 90
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Fig. 4.1 Performance comparison for PSOB and PSOI1 when diagnosing faults in Cases 1–4 from
Table 4.2, using data with up to 2% noise level

– Criterion 3: Value of the objective function f (θ̂f ) ≤ 0.01y2
max, being ymax

the maximum value of all the measured output of the system during the
considered sampling time.

For the first stage of PSO-M, it was only considered stopping criterion number
1, with MaxI ter = 10. In the second stage of PSO-M, criteria 1 and 3 were
considered, with MaxI ter2 = 90..

In the results presented next, at the end of the experiments with the algorithms,
it is also presented a comparison with other FDI model based methods.

4.2.2 Results of the Diagnosis with Particle Swarm
Optimization

4.2.2.1 General Analysis

In Fig. 4.1 it is shown that both variants PSOB and PSOI1 (see Table 4.3) detect
the faults for the Cases 1–4 (see Table 4.2), in the sense that their estimations are
different from zero. Based on the average value of the objective function f̄ (θ̂f ), see
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up to 2% noise level

Fig. 4.1a, it can be concluded that PSOI1 is more precise in the estimations of the
faults than PSOB . Based on the average number of function evaluations Eval, see
Fig. 4.1b, it can be concluded that PSOI1 has a higher computational cost.

With the objective to illustrate better the previous results just presented, Case 3
from Table 4.2 will be analyzed in detail. In Fig. 4.2 it is shown the average (for
the 30 runs) of best value of the objective function at each iteration f̄best(I ter). From
the results shown in Fig. 4.2b it is possible to observe the effect of reducing the
value of the inertial weight ω as a function of the number of iterations with the
algorithm PSOI1. This indicates a higher intensification around the better solutions.
For this reason, PSOI1 executes more evaluations of the objective function than
PSOB . However, PSOI1 gives better fault estimations. Note in Fig. 4.2b how the
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Fig. 4.3 Performance comparison for PSOI1, PSOI2, and PSOI3 when diagnosing faults in Cases
1–4 from Table 4.2, using data with up to 8% noise level

final value of the objective function is closer to zero. That seems to be related with
how the algorithm explores the search space due to the inertial weight, which allows
to modify the trend of the search.

Taking into account the results just presented, in the next section will be only
considered the variants of PSO with different values for parameters c1 and c2, see
Table 4.3.

4.2.2.2 Robustness Analysis

The variants PSOI1, PSOI2, and PSOI3, from Table 4.3, were applied to diagnosing
faults in the DC Motor benchmark problem. In Fig. 4.3a it is shown that there are
no big differences in the estimates that each algorithm provides. Therefore, no big
differences in the robustness of the diagnosis are obtained. However, in Fig. 4.3b
there are clear differences with respect to the computational cost involved. It can
be observed that PSOI3 required, in most of the experiments, the lowest number of
objective function evaluations. It can be concluded that parameters c1 and c2 do not
have a great influence in the robustness, but they have a significant influence on the
computational cost.

4.2.2.3 Sensitivity Analysis

In Fig. 4.4a it is shown that the worst result in the estimation of the faults for the
Cases 5–8, see Table 4.2, is obtained with PSOI3, while PSOI1 and PSOI2 provide
similar results. In Fig. 4.4b it is shown that there is no a clear trend regarding the
computational cost. Each PSO variant performs better in one case, but requires more
function evaluations in the others.
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Fig. 4.4 Performance comparison for PSOI1, PSOI2, and PSOI3 when diagnosing faults in Cases
5–8 from Table 4.2, using data with up to 8% noise level
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Fig. 4.5 Comparison between the search of (a) PSOI1 and (b) PSOI3 for Case 5 in Table 4.2

In order to analyze the effect of diversification on the sensitivity, Fig. 4.5 shows a
comparison between the search with PSOI1 and PSOI3 along the iterative procedure
for the Case 5 in Table 4.2. As observed in Fig. 4.5a, PSOI1 performs a greater
diversification than PSOI3. Therefore, it can be concluded from the results presented
in Figs. 4.4a and 4.5 that a greater diversification in the search could be important
for obtaining a sensitive diagnosis.

Taking into account all these results, it is possible to conclude that the best
variants for obtaining a sensitive diagnosis are PSOI1 and PSOI2. Based on the
Sign Test (see Sect. 4.1) it is chosen PSOI1 as the best variant with a significance
level α = 0.05. For this test, were considered Cases 1–8 from Table 4.2 using data
up to 8% noise level. The results of the Sign Test are presented in Table 4.6. The
number of cases used for the application of the test is denoted by Num and lost

denotes the number of cases for which the algorithm was the worst.
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Table 4.6 Results of Sign Test: PSOI1 versus PSOI2, when diagnosing fault Cases 1–8 from
Table 4.2, using data with up to 8% noise level

Comparison Criterion Wins Lost Num Critical value α

PSOI1vs PSOI2 f̄ (θ̂f ) 7 1 8 7 0.05
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Fig. 4.6 Performance comparison for ACO1.1 and ACO2.1, taking as criterium (a) mean of the
value of the objective function (f̄ (θ̂f )) and (b) mean of the number of function evaluations (Eval),
in both cases diagnosing faults in Cases 1–4 from Table 4.2, using data with up to 2% noise level

4.2.3 Results of the Diagnosis with Ant Colony Optimization

4.2.3.1 General Analysis

The variants ACO1.1 and ACO2.1, see Table 4.4, are considered in this section. The
difference between these two variants is the value of the parameter K . In Fig. 4.6
are shown the results of the faults diagnosis for the test Cases 1–2 in Table 4.2. Both
variants were able to detect the faults. Variant ACO1.1 shows the best performance
for Case 1: better value of the objective function and lower computational cost
than ACO2.1. For Case 2, ACO2.1 obtains a better value of the objective function,
but with a higher computational cost than ACO1.1. For Case 3 the values of the
objective functions obtained by both algorithms are similar, but the computational
cost is higher for ACO2.1. For Case 4 ACO2.1 is better than ACO1.1 with respect to
both criteria: lower value for the objective function, and smaller average number of
function evaluations.

In Fig. 4.7 it is shown a comparison between ACO1.1 and ACO2.1, based on
the evolution of the best value of the objective function obtained at each iteration
for Case 3 from Table 4.2, using data with up to 2% noise level. The greater
discretization of the search space of ACO2.1, with a low value for parameter q0,
produces smaller variations in the value of the objective function along the each
iteration of the algorithm than ACO1.1. Therefore, ACO2.1 executes a higher number
of function evaluations, which means a higher computational cost than ACO1.1, for
similar fault estimations.
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Fig. 4.8 Performance comparison obtained for the six variants of ACO listed in Table 4.4, taking
as criteria (a) mean of the value of the objective function (f̄ (θ̂f )) and (b) mean of the number of
function evaluations (Eval), in both cases diagnosing faults in Cases 1–4 from Table 4.2, using
data with up to 8% noise level

4.2.3.2 Robustness Analysis

In Fig. 4.8 it is shown a performance comparison for the six variants of ACO
listed in Table 4.4, when applied to Cases 1–4 in Table 4.2. The results fluctuated
within a wide range for some of these variants. Variants ACO1.3 and ACO2.3, which
correspond to the algorithms with the higher intensification due to the higher value
q0 = 0.85, give the worst estimations. The estimates obtained with ACO1.1 and
ACO2.1, which correspond to the algorithms with the higher diversification due to



98 4 Applications of the FD-IPM to Benchmark Problems

f- (θ̂
f)

E
va

l

0 0

100

200

300

400

500

600

700

800

Case 5 Case 6 Case 7 Case 8

ACO1.1

ACO1.2
ACO1.3

ACO2.1

ACO2.2

ACO2.3

Case 5 Case 6 Case 7 Case 8

50

100

150

200

250

300

350
a b

Fig. 4.9 Performance comparison obtained for the six variants of ACO listed in Table 4.4, taking
as criteria (a) mean of the value of the objective function (f̄ (θ̂f )) and (b) mean of the number of
function evaluations (Eval), in both cases, diagnosing Cases 5–8 from Table 4.2, using data with
up to 8% noise level

the lower value q0 = 0.15, are more accurate than those obtained with ACO1.2 and
ACO2.2, respectively, as can be observed in Fig. 4.8a. It can be concluded that the
higher diversification obtained with the lower value q0 = 0.15 has a good influence
on the robustness of the diagnosis. Regarding the computational cost, there is no a
clear trend.

4.2.3.3 Sensitivity Analysis

In Fig. 4.9 it is shown a performance comparison for the six variants of ACO
under study, when applied to Cases 5–8 in Table 4.2. As in the robustness analysis
performed in the previous section, ACO1.1 and ACO2.1 give the most accurate
estimates. Thus, it can be concluded that the higher diversification obtained with
the lower parameter value q0 = 0.15 has also a good influence on the diagnosis
sensitivity. Concerning the computational cost, it is observed in Fig. 4.9b that
ACO2.1 is the best in two out of the four cases under study, i.e. Cases 5 and 8.

In order to analyze the effect of diversification on the sensitivity, Fig. 4.10 shows
a comparison of the search for the six variants of ACO, along the iterative procedure,
when diagnosing faults in Case 5 from Table 4.2, using data with up to 8% noise
level. The figures show that the variants ACO1.1 and ACO2.1 perform a greater
diversification than the other. It can be concluded that a greater diversification in
the search could be important for obtaining a sensitive diagnosis.

Taking into consideration the results of the previous analysis, it is possible to
conclude that the best variants of ACO are ACO1.1 and ACO2.1. The application
of the Sign Test, see Sect. 4.1, confirmed that the best variant is ACO1.1, with a
significance level α = 0.05. Table 4.7 shows for the results.
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diagnosing faults in Case 5 from Table 4.2, using data with up to 8% noise level

Table 4.7 Results of Sign Test: ACO1.1 versus ACO2.1, when diagnosing faults in Cases 1–8 from
Table 4.2, using data with up to 8% noise level

Comparison Criterion Wins Lost Num Critical value α

ACO1.1vs ACO2.1 f̄ (θ̂f ) 7 1 8 7 0.05

Based on the previous study, PSOI1 and ACO1.1 were chosen as the best variants
of PSO and ACO, respectively. The numerical values obtained for the faults with
both algorithms, during the experiments, are presented in Table 4.8. In Table 4.8 the
bold values are used to emphasize the best numerical value obtained between PSOI1
and ACO1.1 for each criterium represented in this table at every faulty case under
study.

The results presented in Table 4.8 show that PSOI1 gives better fault estimations
than ACO1.1 in six out of the eight cases considered. In Fig. 4.11 it is shown that the
number of objective function evaluations needed by ACO1.1 is smaller than what is
needed by PSOI1, while the value of the objective function is always smaller in the
diagnosis with PSOI1.

Table 4.9 shows the results of the application of the Wilcoxon’s test, see Sect. 4.1.
For the first line R+ represents the sum of the ranks for which PSOI1 outperformed
ACO1.1, taking as the comparison metrics the average value of the objective
function. For the second line R+ represents the sum of the ranks for which ACO1.1
outperformed PSOI1, taking as the comparison metrics the average of the number
of objective function evaluations.

From the results shown in Table 4.9, it can be concluded that PSOI1 shows a sig-
nificant improvement over the estimations obtained by ACO1.1, with a significance
level α = 0.01. On the other hand, ACO1.1 permits to obtain acceptable estimates
with a computational cost significantly lower, when compared to PSOI1, with the
same significance level α = 0.01. This issue is important for online diagnosis.
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Table 4.8 Results for the fault diagnosis with ACO1.1 and PSOI1, using data with up to 8% noise
level

Case Variant f̄u f̄y f̄p f̄ (θ̂f ) Eval

(fu = 0.87) (fy = −0.12) (fp = 0.53)

1 ACO1.1 0.8508 −0.0794 0.5429 1.4702 510
PSOI1 0.8778 −0.0985 0.5402 0.7018 1491

(fu = −0.27) (fy = 0.96) (fp = 0)

2 ACO1.1 −0.2349 0.7556 −0.0857 9.5828 591
PSOI1 −0.2496 0.9944 0.01734 9.1491 2244

(fu = 0.63) (fy = 0) (fp = 0.29)

3 ACO1.1 0.6159 0.0889 0.3270 2.4367 549
PSOI1 0.6428 0.0275 0.3040 2.1905 1734

(fu = 0) (fy = 0.47) (fp = 0.86)

4 ACO1.1 −0.0063 0.4889 0.8667 1.0940 483
PSOI1 −0.0010 0.4576 0.8545 0.3261 1761

(fu = −0.08) (fy = 0.09) (fp = 0.2)

5 ACO1.1 −0.1397 0.0444 0.1746 3.3207 660
PSOI1 −0.0775 0.0951 0.2023 2.8132 1716

(fu = 0.15) (fy = 0) (fp = 0)

6 ACO1.1 0.1714 0.0349 0.0222 4.9194 576
PSOI1 0.1633 0.0175 0.0088 4.3135 1941

(fu = 0) (fy = −0.1) (fp = 0)

7 ACO1.1 0.0032 −0.2127 −0.0508 4.3432 606
PSOI1 −0.0103 −0.0884 0.0043 3.7786 1473

(fu = 0) (fy = 0) (fp = 0.12)

8 ACO1.1 −0.0190 0.0063 0.1175 3.6654 633
PSOI1 −0.0028 0.0135 0.1261 3.1340 1830
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Fig. 4.11 Performance comparison for ACO1.1 and PSOI1, taking as criteria (a) mean of the value
of the objective function (f̄ (θ̂f )) and (b) mean of the number of function evaluations (Eval), in
both cases, diagnosing faulty situations from Table 4.2, using data with up to 8% noise level
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Table 4.9 Wilcoxon’s test results: PSOI1 versus ACO1.1

Comparison Criterion R+ R− T = min
{
R+, R−}

Critical value of W α

PSOI1 vs ACO1.1 f̄ (θ̂f ) 36 0 0 0 0.01

ACO1.1 vs PSOI1 Eval 36 0 0 0 0.01

4.2.4 Diagnosis with Particle Swarm Optimization with
Memory (PSO-M)

With the application of the metaheuristic PSO-M, it is expected to be kept the quality
of the estimations provided by PSOI1 (which means robust and sensitive diagnosis),
while reducing the number of objective function evaluations, using the pheromone
strategy from ACO in that sense, which can be understood as a learning mechanism
(see Sect. 3.7). This approach leads to an improvement of the PSOI1 performance
for online diagnosis.

PSO-M was applied for diagnosing faults in the same cases that were considered
in the previous robustness and sensitivity analysis. The numerical results are
presented in Table 4.10. The results obtained with PSOI1 and ACO1.1 are also
presented, in order to allow a direct comparison. The bold values are used to
emphasize the best numerical value obtained at each case. Table 4.10 shows that
PSO-M obtains more accurate fault estimates in six out of the eight cases. The
algorithm PSO-M also reduces the number of function evaluations required by
PSOI1 in all cases considered.

In order to evaluate the performance of PSO-M, it was applied the Wilcoxon’
test for the comparison between PSOI1 and PSO-M. In Table 4.11 the results are
presented. R+ represents the sum of the ranks for which PSO-M outperformed
PSOI1. That holds for both lines in Table 4.11. The value of the objective function
and the number of objective function evaluation were chosen as the comparison
metrics.

The results on the first line of Table 4.11 indicate that the null hypothesis cannot
be rejected, which means that there are no differences between the fault estimations
performed with PSO-M and PSOI1. The results from the second line indicate that
there is an over performance of PSO-M with respect to PSOI1, with a significance
level α = 0.01, which implies less computational cost.

The performance comparison among PSOI1, ACO1.1, and PSO-M is also shown
in Fig. 4.12. The algorithm PSO-M obtains similar estimates to PSOI1, as the
Wilcoxon’s test validated, and it also permits to reduce the computational time
required. Therefore, PSO-M improves the diagnosis in comparison to PSO and
ACO.
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Table 4.10 Results for the Fault Diagnosis with ACO1.1, PSOI1, and PSO-M, using data with up
to 8% noise level

Case Algorithm f̄u f̄y f̄p f̄ (θ̂f ) Eval

(fu = 0.87) (fy = −0.12) (fp = 0.53)

1 ACO1.1 0.8508 −0.0794 0.5429 1.4702 510

PSOI1 0.8778 −0.0985 0.5402 0.7018 1491

PSO-M 0.8635 −0.1496 0.5526 0.5966 1037

(fu = −0.27) (fy = 0.96) (fp = 0)

2 ACO1.1 −0.2349 0.7556 −0.0857 9.5828 591

PSOI1 −0.2496 0.9944 0.01734 9.1491 2244

PSO-M −0.2995 0.9587 −0.0015 9.0020 1083

(fu = 0.63) (fy = 0) (fp = 0.29)

3 ACO1.1 0.6159 0.0889 0.3270 2.4367 549

PSOI1 0.6428 0.0275 0.3040 2.1905 1734

PSO-M 0.6412 0.0859 0.3293 2.1881 991

(fu = 0) (fy = 0.47) (fp = 0.86)

4 ACO1.1 −0.0063 0.4889 0.8667 1.0940 483

PSOI1 −0.0010 0.4576 0.8545 0.3261 1761

PSO-M 0.0087 0.4614 0.8570 0.3548 947

(fu = −0.08) (fy = 0.09) (fp = 0.2)

5 ACO1.1 −0.1397 0.0444 0.1746 3.3207 660

PSOI1 −0.0775 0.0951 0.2023 2.8132 1716

PSO-M −0.0720 0.1126 0.2113 2.8339 1051

(fu = 0.15) (fy = 0) (fp = 0)

6 ACO1.1 0.1714 0.0349 0.0222 4.9194 576

PSOI1 0.1633 0.0175 0.0088 4.3135 1941

PSO-M 0.1483 0.0247 0.0109 4.3073 963

(fu = 0) (fy = −0.1) (fp = 0)

7 ACO1.1 0.0032 −0.2127 −0.0508 4.3432 606

PSOI1 −0.0103 −0.0884 0.0043 3.7786 1473

PSO-M −0.0039 −0.0547 0.0194 3.6969 1077

(fu = 0) (fy = 0) (fp = 0.12)

8 ACO1.1 −0.0190 0.0063 0.1175 3.6654 633

PSOI1 −0.0028 0.0135 0.1261 3.1399 1830

PSO-M 0.0118 0.0315 0.1358 3.1353 1109

Table 4.11 Results for the Wilcoxon’s test: PSO-M versus PSOI1

Comparison Criterion R+ R− T = min
{
R+, R−}

Critical value of W α

PSO-M vs PSOI1 f̄ (θ̂f ) 27 9 9 6 0.1

PSO-M vs PSOI1 Eval 36 0 0 0 0.01
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Fig. 4.12 Performance comparison for ACO1.1, PSOI1, and PSO-M, taking as criteria (a) mean
of the value of the objective function (f̄ (θ̂f )) and (b) mean of the number of function evaluations
(Eval), in both cases, diagnosing faults in Cases 1–8 in Table 4.2, and using data with up to 8%
noise level

4.2.5 Comparison of the Fault Diagnosis: Inverse Problem
Methodology with Other FDI Model Based Methods

A comparison with other FDI model based methods is presented in this section. As
described in Sect. 1.1, the main model based approaches for FDI are Parity Space
and Diagnostic Observers. Therefore, Parity Space and Diagnostic Observers are
used next, for comparison purposes with FD-IPM.

Both approaches generate residuals, which are used to construct appropriate
decision functions.

The idea is to generate a structured set of residuals, such that at least one
measured quantity has no impact on a specific residue. In case of a faulty
measurement, the decoupled residue remains small, while the others increase their
value. This feature helps to locate the fault [42, 55].

Both approaches are formulated based on the state representation, but in the
linear case it can be connected with the transfer function models [31].

• Parity Space approach:
For the intended comparison, it is considered the original form of Parity Space,

which is based on the assumption of a state space model of a linear discrete time
system [25] in the form:

x (k + 1) = Ax(k) + Bu(k) + Ef θf (k)

y (k) = Cx(k) + Ff θf (k)
(4.9)

where x ∈ R
n is the vector of state variables; u ∈ R

m and y ∈ R
p the measurable

input and output signals, respectively. The matrices A,B,C,Ef , and Ff are
known, and with appropriate dimensions.
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It is further assumed that (C,A) is observable and rank(C) = p. A
continuous time parity space can be generated in a similar way to the design
of the discrete one [54].

Using the notations:

ys(k) = [y(k − s) y(k − s + 1) . . . y(k)]T ; (4.10)

us(k) = [u(k − s) u(k − s + 1) . . . u(k)]T ; (4.11)

θf,s(k) = [
θf (k − s) θf (k − s + 1) . . . θf (k)

]T ; (4.12)

Hu,s =

⎡
⎢⎢⎢⎢⎣

D 0 · · · 0

CB D
.. .

...
...

. . .
. . . 0

CAs−1B · · · CB D

⎤
⎥⎥⎥⎥⎦

(4.13)

and

Hf,s =

⎡
⎢⎢⎢⎢⎣

Ff 0 · · · 0

CEf Ff

. . .
...

...
. . .

. . . 0
CAs−1Ef · · · CEf Ff

⎤
⎥⎥⎥⎥⎦

(4.14)

The matrix Ho,s is called the extended observability matrix of the system. It
is defined as [31]:

Ho,s = [C CA · · · CAs]T (4.15)

The parity relation is obtained by:

ys(k) = Ho,sx(s − k) + Hu,sus(k) + Hf,sθf,s(k) (4.16)

If s ≥ n exists at least one vector vs ∈ R
p×(s+1) (parity vector) with vs �= 0

such that vsHo,s = 0. The residual generator based on parity relation, in the
absence of faults, is constructed by:

rs(k) = vsHo,sx(k − s) = vs(ys(k) − Hu,sus(k)) = 0 (4.17)

In the presence of faults, the residual becomes:

rs(k) = vsHo,sx(k − s) + vsHf,sθf,s(k), vs : vsHo,s = 0 (4.18)

rs(k) = vsHf,sθf,s(k) �= 0 (4.19)
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• Diagnostic Observers:
The basic idea of the observer approach is to reconstruct the state of the system

from the measurements of its input and output. The estimation error can be used
as the residual for the fault diagnosis [31, 42].

In the case of a linear time invariant process with state equations

ẋ (t) = Ax(t) + Bu(t) + Ef θf (t)

y (t) = Cx(t) + Ff θf (t)
(4.20)

the estimated state x̂ obtained at the output of a full-order observer is governed
by the following equations:

˙̂x = (A − HC)x̂ + Bu + Hy

ŷ = Cx̂ (4.21)

where H denotes the feedback gain matrix that has to be chosen properly in order
to achieve a desired performance of the observer.

The relations for the state estimation error, ξ = x − x̂, and the output
estimation error, e = y − ŷ, become:

ξ̇ = (A − HC)ξ + Ef θf + HFf θf

e = Cξ + Ff θf
(4.22)

where e is used as the residual, r , for the purpose of detection and isolation of
faults.

• Connections between Parity Space and Diagnostic Observers:
It has been already demonstrated that exists a one-to-one mapping between

the design parameters of diagnostic observers and parity relation based residual
generators [31]. It has also been shown that for a given residual generator based
on parity relation there exists a set of corresponding observer-based residual
generators. It is also known how to calculate the respective parity vector when an
observer-based residual generator is provided, and vice-versa [31].

The system design based on parity space is characterized by its simple
mathematical handling. It only deals with matrix and vector valued operations. In
the case of observers, the design is more complex. Due to the connection between
the parity space approach and observer-based approach, a strategy called parity
space design-observer-based implementation was developed [31]. This strategy
makes use of the computational advantage of the parity space approach for the
system design (selection of a parity vector or matrix), and then realizes the
solution in the observer form to ensure a numerically stable and less consuming
online computation.
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4.2.5.1 Results of the Comparison Between Parity Space, Diagnostic
Observers and Fault Diagnosis: Inverse Problem Methodology

In the DC Motor benchmark problem, as shown in Sect. 2.4, one seeks to diagnose
three faults with only one output (one sensor). Parity Space and Diagnostic
Observers do not permit to diagnose (detect and isolate) additive faults when their
number is larger than the number of the sensors [31]. Therefore, the system cannot
be diagnosed with Parity Space or Diagnostic Observers, only the fault detection is
possible. That is the first advantage of FD-IPM: the three faults can be diagnosed
using only one sensor.

Nonetheless, considering that only one fault can affect the system, then it
is possible to make a comparison among FD-IPM, Parity Space and Diagnostic
Observers. The actuator fault fu is selected. In order to determine the parity vector
and to design the observer, the model of the DC Motor is transformed into its state
space representation. This permits to compute the elements for both approaches in
an easier way. In the case of FD-IPM, it can be applied independently on the type
of model used to describe the system and no further elements need to be designed
or computed. The algorithm PSO-M was used for the fault estimations.

The parity vector vs = [0.1057 − 0.4499 0.7162 − 0.5056 0.1336]T and matrix
H = [−194.1163 − 1.8394 0.021 − 1.3084]t were computed.

• Robustness analysis:
In Fig. 4.13 are shown the residuals resulting from the application of Parity

Space and Diagnostic Observers when no faults are affecting the system, and
the output of the system is not affected by noise. Under these circumstances, the
residuals are equal to zero.
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conditions of no faults affecting the system (fu = 0), and no noise affecting the output
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In Fig.4.14 are shown the residuals for the situation when the system is not
affected by faults, but the output is corrupted with up to 8% noise level. In
Fig. 4.14b a zoom on the residual obtained by the Diagnostic Observer is shown.
Both approaches, Parity Space and Diagnostic Observers, generate residuals
different from zero due to the noise affecting the output of the system. As a
consequence, both approaches provide false alarms. This fact is related to the lack
of robustness in the implementation of both FDI model based methods applied.
In order to increase robustness, some thresholds could be established.

In Fig. 4.15 it is shown the result of the estimation of fu with FD-IPM when
the output is also corrupted with up to 8% noise level. Its estimation is close
to zero but not equal. In this case, it is also needed some thresholds, which are
represented with red lines, and indicates that the estimation values are within the
0.1% of the maximum value allowed to this fault.

The residual obtained with the Parity Space for the situation when the system
is affected by the actuator fault fu = 0.9 happening at t = 50 s is shown in
Fig. 4.16. A zoom on the residual obtained by the application of the Diagnostic
Observer is shown in Fig. 4.17. The residuals exceeded the thresholds values at
this time, in both approaches. Thus, it indicates that the system is under a fault
fu. Both approaches were able to detect the fault.

On the other hand, with FD-IPM the fault was diagnosed with an estimated
value f̄u = 0.8940, see Fig. 4.18.

• Sensitivity analysis:
The residual when the system is affected by an incipient fault, fu = 0.08,

starting at t = 50 s is shown in Fig. 4.19. In Fig. 4.19a it is also shown that the
Parity Space based residual did not exceed the threshold values adopted, which
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Fig. 4.16 Residuals obtained with (a) Parity Space and (b) Diagnostic Observers, under the
conditions of actuator fault affecting the system (fu = 0.9), and up to 8% noise level in the output.
The horizontal red lines indicate the thresholds adopted

are needed for a robust diagnosis. Thus, for Parity Space the thresholds that avoid
false alarms do not allow detecting incipient faults. In Fig. 4.19b it is shown that
Diagnostic Observers detected the fault. A zoom on the residual obtained by the
Diagnostic Observer is shown in Fig. 4.20.
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Fig. 4.18 Diagnosis obtained with FD-IPM, under the conditions of actuator fault affecting the
system (fu = 0.9), and up to 8% noise level in the output

The fault is also detected with the PSO-M application. Its estimated value
is fu = 0.08, see Fig. 4.21. The same thresholds established in order to obtain
robustness were used for obtaining sensitivity.

A few remarks regarding the computational effort are necessary. The main
disadvantage of FD-IPM, when compared with the Parity Space and Diagnostic
Observers approach, is the computational time required. Once the parity vector
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is computed, the Parity Space approach only needs matrix multiplications, while
the diagnosis based on FD-IPM needs to perform many simulations of the model
of the system. For the cases whose results are presented in Figs. 4.16 and 4.19, the
diagnosis based on FD-IPM required 906 (174 s) and 1081 (305 s), respectively.
On the other hand, Diagnostic Observers took around 16 s for computing the
residual. It must be emphasized though that most industrial processes have high
time constants, and therefore the processing time required by FD-IPM poses no
impairment regarding its application in practical situations.
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4.2.6 Conclusions

The experiments performed indicate that the diagnosis based on FD-IPM is feasible.
The study of the influence of the PSO and ACO parameters permitted the analysis

of the influence of diversification and intensification in the quality of the diagnosis.
The manipulation of these parameters in order to increase robustness and sensitivity
avoided the efforts demanded by the robust residual generation in other model-
based FDI methods. The PSO and ACO variants that gave the best results for each
algorithm were those that allowed a higher diversification during the search.

The study performed revealed that an adequate balance between diversification
and intensification is essential for the development of a robust and sensitive
diagnosis based on FD-IPM.

After the comparison of FD-IPM with other two model-based methods, Parity
Space and Diagnostic Observers, other advantages of this proposal were identified:
it permits to diagnose the system even when the number of faults is higher than the
number of sensors; it allowed to obtain robust and sensitive diagnosis in a simple
way; it is a general methodology that does not depend on the type of model used to
describe the system; no further elements need to be designed or computed, and only
the simulations of the model of the system are required.

The application of the Wilcoxon’s test indicated that PSO-M over performed
PSOI1 taking the computational cost as metrics, while maintaining the quality of
the estimates obtained.
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4.3 Experiments with the Inverted Pendulum System (IPS)

It was shown in Sect. 2.5 that for the IPS, as described in Sect. 2.4, only the detection
is possible (Step 2 of FD-IPM). This section shows the application of Step 2 for
detecting the faults in the IPS. Moreover, the Step 3 of the FD-IPM was applied, in
order to confirm the conclusion after the verification of hypothesis H3 of FD-IPM in
Chap. 2: the faults affecting the system can only be detected. The experiments were
divided into four parts:

• Part 1: Analysis of the diversification influence in the diagnosis
Designed for analyzing the influence in the diagnosis of the diversification

in the ACO and ACO-d search procedures. The variants ACO1.1, ACO1.2, and
ACO1.3, which were also applied to the experiments with the DC Motor, see
Table 4.4, were applied. The difference between these variants is in the value of
the parameter q0 which influences the trend of the search, because it handles its
balance between diversification and intensification. The variants of ACO-d are in
correspondence with the variants of ACO, taking Cdis = 0.10 in all cases. For
this part, Cases 1 and 2 from Table 4.12 were considered. These cases represent
faulty situations for the simplified IPS, which can be diagnosed based on FD-
IPM. The output of the system is corrupted with up to 5% noise level.

• Part 2: Detecting faults with Fault Diagnosis-Inverse Problem Methodology (FD-
IPM)

In order to test the results of the Structural Analysis of Fault Diagnosis Inverse
Problem for the IPS obtained in Sect. 2.5, which allowed to verify hypothesis H3
of FD-IPM, this part includes experiments with the IPS with no simplifications,
i.e. the IPS cannot be diagnosed. As shown in Table 4.12, Case 3 represents a
multiple fault situation and Case 4 a situation with no faults. The application of
the FI-IPM Step 2 for the detection and the influence of the fumbral in the quality
of the result of the detection are presented. For these cases the system output is
also corrupted with up to 5% noise level.

• Part 3: Robustness analysis

Table 4.12 Faulty situations
considered for the
experiments with the Inverted
Pendulum System (ISP)

Case fu fy(1) fy(2) Noise (%)

1 0.5 - - 5

2 0.5 - 0.02 5

3 0.5 0.01 0.02 5

4 0 0 0 5

5 0.5 - - 8

6 0.5 - 0.02 8

7 0.5 0.01 - 8

8 - 0.01 0.02 8

9 0.012 - - 8

10 0.012 - 0.005 8
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The situations under study are Cases 5–8 from Table 4.12, corresponding also
to the simplified version of the IPS, which can be diagnosed. The output of the
system is corrupted with up to 8% noise level. The variants used for ACO and
ACO-d were selected taking into account the results in the previous part of the
experiments with IPS.

• Part 4: Sensitivity analysis
The situations under study are Cases 9 and 10 from Table 4.12, corresponding

also to the simplified version of the IPS, which can be diagnosed. The output of
the system is corrupted with up to 8% noise. The variants of ACO and ACO-d
algorithms are taken as in the robustness analysis.

In order to obtain statistically valid conclusions, each algorithm was run 30
times for each faulty situation under study. The notations used in tables and
figures coincide with the one introduced in Sect. 4.2: f̄ (θ̂f ) for the mean value
of the objective function; Eval for the mean of the objective function number
of evaluations performed until the minimum value of the objective function is
achieved; f̄u, f̄y(1), and f̄y(2) for the mean values of the estimates for the faults
fu, fy(1), and fy(2), respectively. It was also computed the variance of the fault
estimated values. This statistics gives a measure of dispersion of the estimates from
its mean. For denoting the variance of each fault estimation, the following notation
is also introduced: σ 2

f̄u
, σ 2

f̄y(1)
, and σ 2

f̄y(2)
. The symbols I ter and t̄ were introduced

for denoting mean of the number of iterations and mean of CPU time, respectively,
until the stopping criteria are reached. The analysis of the computational cost was
based on I ter , by considering that all the runs were made in a same computer.

In Figs. 4.22 and 4.23 the output of the IPS, in its original version, for two
different faulty situations is presented.
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Table 4.13 Parameter values
used for the ACO and ACO-d
algorithms in the experiments
with the IPS

Notation K q0 Z Cinc Cevap

ACO1.1, ACO-d1 63 0.15 30 0.30 0.10

ACO1.2, ACO-d2 63 0.55 30 0.30 0.10

ACO1.3, ACO-d3 63 0.85 30 0.30 0.10

A performance comparison between ACO and ACO-d is made, using the value of
q0 that was selected in the first part of the experiments with the IPS. The conclusions
of the comparison are based on Wilcoxon’s test [30]. The criteria for the comparison
were: mean value of the objective function f̄ (θ̂f ), and mean number of iterations
that were performed until the value of the objective function did not improve, I ter .

4.3.1 Implementations

• Implementation of ACO and ACO-d
The implementations were based on the algorithms presented in Algorithm 5.

In Table 4.13 are shown the parameter values used for each ACO and ACO-d
variant. For ACO-d it was also considered Cdis = 0.10 for all cases.

• Stopping Criteria
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The stopping criteria used for the ACO and ACO-d algorithms were:

– Criterion 1: Maximum number of iterations: MaxI ter = 100.
– Criterion 2: Maximum number of iterations for which the best value of the

objective function remains constant: I trcte = 10
– Criterion 3: Value of the objective function f (θ̂f ) ≤ 0.01y2

max, being ymax the
maximum value of all the measured output of the system during the considered
sampling time.

4.3.2 Results of the Diagnosis with Ant Colony Optimization
and Ant Colony Optimization with Dispersion

4.3.2.1 Part 1: Analysis of the Diversification Influence in the Diagnosis

As shown in Sect.2.5, in the structural analysis for the IPS benchmark problem, see
Chap. 2, the three faults can only be detected (FD-IPM Steps 1 and 2) because there
is no separability among them with the two sensors considered (the system does not
satisfy hypothesis H3 due to the non-separability of the faults, but the detectability
condition is met).

It was also concluded in Chap. 2 that when considering in the IPS model that the
system cannot be affected by more than two faults (a simplification of the described
IPS benchmark problem), then the system can be diagnosed with the FD-IPM.
Therefore, it has only sense the analysis of the performance of metaheuristics for this
simplification of the IPS. The numerical results presented in Table 4.14 are related
to the diagnosis of Cases 1 and 2 listed in Table 4.12. These two cases consider that
the IPS cannot be affected by more than two faults (the system satisfies H3). In Case
1 there is only one fault, in the actuator, while in Case 2 two faults are considered,
one in the actuator and the other in the sensor that measures the position of the car.
The bold values are used to emphasize the best numerical value obtained at each
Case 1 and 2, respectively. The results show that the diagnosis of the IPS simplified
problem based on FD-IPM is possible for these two cases. That corroborates the
conclusion achieved in the IPS structural analysis performed in Sect.2.5. The best
estimated values for the faults, with the smallest variance, the lowest number of
iterations, and the lowest computational time, were obtained in both cases, 1 and 2,
with ACO-d1. The variant ACO1.1 gave the second better results for both cases.

In Fig. 4.24 are graphically shown the mean values and standard deviations for
the fault estimates in Cases 1 and 2 from Table 4.12. The standard deviation is
one descriptive statistics for the estimates dispersion. It is computed as σ = √

σ 2,
and it has the same dimension as the mean value. Therefore it can be used for the
estimate dispersion in the same graphic with the mean value of the fault estimates.
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Table 4.14 Results for the fault diagnosis faults in Cases 1 and 2 in Table 4.12 with ACO and
ACO-d variants listed in Table 4.13, using data up to 5% noise level

Case Variant f̄u f̄y(1) f̄y(2) σ 2
f̄u

σ 2 ¯fy(1)
σ 2 ¯fy(2)

t̄ (sec) I ter

(fu = 0.5) (–) (–)

1 ACO1.1 0.4900 – – 1.2·10−6 – – 35.007 32

ACO1.2 0.4755 – – 2.1·10−5 – – 50.620 48

ACO1.3 0.4606 – – 1.5·10−5 – – 45.421 41

ACO-d1 0.4980 – – 1.0·10−6 – – 34.655 30
ACO-d2 0.4795 – – 4.2·10−5 – – 39.032 38

ACO-d3 0.4723 – – 3.1·10−5 – – 48.530 47

(fu = 0.5) (–) (fy(2) = 0.02)

2 ACO1.1 0.4891 – 0.0190 9.3·10−6 – 1.4·10−8 46.154 43

ACO1.2 0.4701 – 0.0188 7.4·10−5 – 1.0·10−7 59.962 57

ACO1.3 0.4499 – 0.0185 7.6·10−5 – 3.1·10−7 60.005 58

ACO-d1 0.4958 – 0.0198 8.1·10−6 – 1.2·10−8 45.094 42
ACO-d2 0.4797 – 0.0182 7.4·10−5 – 2.8·10−7 57.082 55

ACO-d3 0.4555 – 0.0170 8.0·10−5 – 9.0·10−8 61.992 60

In Fig. 4.24 are then represented the mean values, and the range with ne standard
deviation above and below, i.e. f̄u ± σ 2

f̄u
, f̄y(1) ± σ 2 ¯fy(1)

, and f̄y(2) ± σ 2 ¯fy(2)
. The best

fault estimates value, with the smaller standard deviation, are obtained in both Cases
1 and 2, with ACO-d1.

In Fig. 4.25 are represented the accumulative relative percentage errors obtained
with the variants of ACO and ACO-d, when estimating faults in Cases 1 and 2 in
Table 4.12. It can be observed that ACO provided a higher accumulative error for
Case 1. For Case 2, ACO shows a higher accumulative error for fu, and ACO-d for
fy(2). It can also be observed that for ACO and ACO-d, the smaller relative error is
always obtained with the variant that considers q0 = 0.15 (ACO1.1 and ACO-d1 in
Table 4.13 both indicated in blue in Fig. 4.25). Therefore, it can be concluded that
the best value for q0 is 0.15 which corresponds, as showed in Sect. 4.2, to a higher
diversification of the search.

Figure 4.26 is similar to Fig. 4.25, but it shows the results from Table 4.14
regarding the computational effort, represented by the average number of iterations
required, I ter . The best results are also obtained with the variants ACO1.1 and ACO-
d1. Furthermore, the three variants of ACO-d achieved a lower sum of the mean
value of iterations than the three variants of ACO. It can be concluded, as in the
DC Motor benchmark problem, that a higher diversification improves the diagnosis
results. For the experiments that will be presented next, it is only considered the
variants ACO1.1 and ACO-d1.
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Fig. 4.24 Mean value and
standard deviation
representation for the fault
estimates in Cases 1 and 2
from Table 4.12, using ACO
and ACO-d variants, and with
up to 5% noise level. (a) Case
1, fu = 0.5. (b) Case 2,
fu = 0.5. (c) Case 2,
fy(2) = 0.02
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Fig. 4.26 Accumulative mean value of iterations required by ACO and ACO-d for the fault
diagnosis in Cases 1 and 2 from Table 4.12, using data with up to 5% noise level

Table 4.15 Results for the
fault diagnosis with ACO1.1
and ACO-d1 variants, for the
Cases 3 and 4 in Table 4.12,
and using data with up to 5%
noise level

Case Variant f̄u f̄y(1) f̄y(2)

(fu = 0.5) (fy(1) = 0.01) (fy(2) = 0.02)

3 ACO1.1 0.3892 0.007 0.017

ACO-d1 0.0013 0.0001 0.0173

(fu = 0) (fy(1) = 0) (fy(2) = 0)

4 ACO1.1 0.2197 0.01 0.016

ACO-d1 0.3540 0.0093 0.02

4.3.2.2 Part 2: Detecting Faults with Fault Diagnosis: Inverse Problem
Methodology

The objective here is to show the importance of the verification of hypothesis H3,
in order to know the limitations of the diagnosis based on FD-IPM, as well as the
application of Step 2 of FD-IPM for detecting faults. For that reason, Cases 3 and
4 from Table 4.12 are considered. For these two cases, the original IPS, and not
its simplified version, is considered, i.e. the three faults fu, fy)1), and fy)2) are
represented in the model that describes the system. The results of the structural
analysis for the IPS indicate, see Sect. 2.5, that in these cases the faults affecting the
system can only be detected. It means that the Step 2 of FD-IPM can be applied,
but there is no sense in applying Steps 3 and 4 to these cases. However, Step 3
was applied in order to corroborate this conclusion. It is reasonable to expect that
the fault estimates obtained for these cases will not be good. Table 4.15 shows the
results of the fault estimations for Cases 3 and 4 with the application of the ACO1.1
and ACO-d1 variants. As expected from the results of the structural analysis of the
IPS, the mean value of the fault estimates in these cases are very different from their
real values:
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and ACO-d1 when diagnosing Case 4 from Table 4.12, with respect to its maximum permissible
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• Case 3: If the diagnosis is based on the fault estimated values for Case 3, then
a wrong diagnosis is made. In Fig. 4.27 it is represented the relative percentage

error for each estimation, i.e.
∣∣∣fu−f̂u

fu

∣∣∣ 100,

∣∣∣∣
fy(1)−f̂y(1)

fy(1)

∣∣∣∣ 100, and

∣∣∣∣
fy(2)−f̂y(2)

fy(2)

∣∣∣∣ 100,

in Case 3. The percentage relative errors obtained with ACO-d1 are higher than
90% for two out of the three faults.

• Case 4: In Fig. 4.28 it is shown which percentage represents the value of
each fault estimate for Case 4, with respect to its maximum permissible value
θf (max) = [0.5 0.01 0.02]T (see restrictions in the optimization problem
for the IPS described in Eq. (2.37)). The smaller percentage relative error was
observed for the estimation of fu with the ACO1.1 variant: 43.94%. In two cases
the fault estimations coincide with the maximum permissible value for the fault.
Considering that the system was not under the action of faults, the diagnosis
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Table 4.16 Results for the application of the FD-IPM Step 2, in Cases 3 and 4 from Table 4.12,
using data with up to 5% noise level

Maximum relative error between
Case fumbral f (0) Result measured and computed output (%)

3 0.0003 1.7 The system is affected by faults 1

4 0.00025 0.008 The system is affected by faults 1

3 0.0026 1.7 The system is affected by faults 8

4 0.0020 0.008 The system is not affected by faults 8

based on these estimations will provoke false alarms. As a consequence, the
system diagnosis is not satisfactory.

The results of the experiments for Cases 3 and 4, described in Table 4.12, confirm
the importance of performing the structural analysis for verifying hypothesis H3
of FD-IPM, in order to know the application limits of the diagnosis based on this
methodology. In these cases the system does not satisfy hypothesis H3, for this
reason, it is only possible the detection by means of the application of the FD-IPM
Step 2.

For the application of Step 2, a value for the fumbral is needed. This value can be
determined following the ideas for computing fstop in the stopping criterion number
3 of the metaheuristics, as shown in Sect. 4.1, that will be described next. Let’s
consider, as in the computation of fstop, that the relative error between the measured
and computed output is less than 1% and the total number of sampling time I = 100.
In that case, fumbral = 0.01y2

max. For Cases 3 and 4 it is obtained that ymax =
0.1788 and ymax = 0.15876, respectively. In the fourth column of Table 4.16, f (0)

is the value of the objective function, f (θ̂f ), considering that there are no faults, i.e.

θ̂f = 0. Therefore, when f (0) < fumbral , it is considered that system is not affected
by faults. The results of the application of Step 2 for fumbral = 0.01y2

max are showed
in the first two lines of Table 4.16 is the value The results of the application of Step
2 with the considered fumbral indicate that in both cases the system is affected by
faults. This is a good result for Case 3, but it is false for Case 4. The explanation
to the wrong result for Case 4 can be found in the value of fumbral , which was
computed considering that the relative error between the measured and computed
output of the system is less than 1%. But in both cases the noise affecting the system
is up to 5%. Therefore, the relative error between the measured and computed output
should be greater than 1%. Considering a fumbral based on a small relative error
between the measured and computed output does not give a wrong result of the
detection if the system is affected by faults (this is the situation in Case 3), but it is
problematic if the system is not affected by faults (this is the situation in Case 4).
The last two lines of Table 4.16 also show the results of the application of Step 2 to
Cases 3 and 4, but considering a new fumbral . This time the value for fumbral was
determined considering that the relative error between the measured and computed
output of the system is less than 8%, i.e fumbral = 0.08y2

max. As the third and fourth
lines of Table 4.16 show, the results are in both cases right. This example shows how
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a previous knowledge about the level noise affecting the system can be introduced
in fumbral in order to improve the reliability of the diagnosis.

4.3.2.3 Part 3: Robustness Analysis

The robustness analysis is based on experiments performed with Cases 5–8 from
Table 4.12, where the high noise level (up to 8%) has the objective of simulating
in the output the effect of disturbances affecting the system. In all these cases, the
system satisfies hypothesis H3 because it has been considered the simplified version
of the IPS benchmark, i.e. no more than two faults can affect it and only two faults
are represented in the model of the IPS.

Table 4.17 shows that ACO-d1 over performed ACO1.1 in three out of the four
cases with respect to the objective function value. The bold values are used to
emphasize the best numerical value obtained at each situation represented in this
table. Therefore, the fault estimates obtained with ACO-d1 were better in three out
of the four cases. Considering the value for I ter , ACO-d1 is also better in three out
of the four cases. In two of the three cases in which ACO-d1 over performed ACO1.1
with respect to the objective function, it also occurred with respect to I ter .

In Fig. 4.29 are shown the percentage relative errors of the fault estimates
obtained with ACO1.1 and ACO-d1 when diagnosing faults in Cases 5–8 from
Table 4.12, using data with up to 8% noise level. For Cases 5, 6, and 8, the
percentage relative errors obtained with ACO-d1 are smaller for all the estimations
performed. For Case 7, the relative errors obtained with ACO1.1 for both faults
are smaller, but the maximum relative error obtained with ACO-d1 is not so high
as the one obtained for fy(2) in Case 8 with ACO1.1. ACO-d1 shows a more
uniform behavior when diagnosing different fault situations than ACO1.1. The

Table 4.17 Results for the fault diagnosis with ACO1.1 and ACO-d1 variants, for the Cases 5–8
from Table 4.12, and using data with up to 8% noise level

Case Variant f̄u f̄y(1) f̄y(2) I ter f̄ (θ̂f )

(fu = 0.5) (–) (–)

5 ACO1.1 0.4863 – – 43 4.2330

ACO-d1 0.4946 – – 41 2.7280
(fu = 0.5) (–) (fy(2) = 0.02)

6 ACO1.1 0.4788 – 0.0181 59 4.4304

ACO-d1 0.4936 – 0.0192 62 4.4119
(fu = 0.5) (fy(1) = 0.01) (–)

7 ACO1.1 0.4932 0.0091 – 73 2.9860
ACO-d1 0.4901 0.0083 – 60 3.9746

(–) (fy(1) = 0.01) (fy(2) = 0.02)

8 ACO1.1 – 0.0070 0.00183 78 5.8285

ACO-d1 – 0.0083 0.0190 64 4.0975
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Fig. 4.29 Percentage of relative error for the estimates obtained with the variants ACO1.1 and
ACO-d1 when diagnosing faults in Cases 5–8 from Table 4.12, using data with up to 8% noise
level. (a) Cases 5. (b) Cases 6. (c) Cases 7. (d) Cases 8

smaller percentage relative errors obtained with ACO-d1 could be explained, as
observed in the results of the experiments with the DC Motor, by the fact that ACO-
d1 performs a higher diversification of the search than ACO1.1.

4.3.2.4 Part 4: Sensitivity Analysis

The sensitivity analysis that will be presented next for the IPS is based on
experiments performed with Cases 9 and 10 in Table 4.12, which consider incipient
faults (faults of small magnitude), and a highly noisy environment (up to 8% noise
level). In all these cases, the system satisfies hypothesis H3 because it has been
considered the simplified version of the IPS benchmark, i.e. the model of the IPS
considers that only two faults can affect the system.

Table 4.18 shows that ACO-d1 over performed ACO1.1 in both Cases 9 and 10.
As occurred with the results presented in the previous section, related to Part 3,
it indicates that a higher diversification of the search is better for a more sensitive
diagnosis. In this table the bold values are also used to emphasize the best numerical
value obtained at each situation.
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Table 4.18 Results for the
fault diagnosis with ACO1.1
and ACO-d1 variants, for
Cases 9 and 10 from
Table 4.12, and using data
with up to 8%

Case Variant f̄u f̄y(1) f̄y(2) I ter f̄ (θ̂f )

(fu = 0.012) (–) (–)

9 ACO1.1 0.010 – – 100 6.1390

ACO-d1 0.011 - - 95 4.1216
(fu = 0.012) (–) (fy(2) = 0.005)

10 ACO1.1 0.0098 – 0.0040 100 6.066

ACO-d1 0.014 – 0.0046 95 4.8123
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Fig. 4.30 Performance comparison for ACO1.1 and ACO-d1 when diagnosing faults in Cases 5–
10 from Table 4.12, using data with up to 8% noise level. (a) Mean value of the objective function.
(b) Mean value of the number of iterations

4.3.3 Comparison Between Ant Colony Optimization and Ant
Colony Optimization with Dispersion

In the first part of the experiments, ACO1.1 and ACO-d1 were selected as the best
variants of ACO and ACO-d. Their performances were compared when diagnosing
faults in the cases that considered the simplified version of the ISP, i.e. Cases 1 and
2 and Cases 5–10 from Table 4.12.

In Fig. 4.30 it is shown a graphical comparison for the results of the Fault
Diagnosis in Cases 5–10 with the variants ACO1.1 and ACO-d1.

The results obtained with the application of Wilcoxon’s test for the variants
ACO1.1 and ACO-d1 performance comparison are shown in Table 4.19. The
results indicate that ACO-d1 shows a significant improvement over the estimations
obtained by ACO1.1 with a lower number of iterations, with a significance level
α = 0.1. In other words, ACO-d1 permits to obtain more accurate estimates,
yielding a more reliable diagnosis, and at a lower computational effort.
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Table 4.19 Wilcoxon’s test results: ACO-d1 versus ACO1.1

Comparison Criterion R+ R− T = min
{
R+, R−}

Critical value of W α

ACO-d1 vs ACO1.1 f̄ (θ̂f ) 31 5 5 6 0.1

ACO-d1 vs ACO1.1 I ter 32 4 4 6 0.1

Table 4.20 Faulty situations
considered for the first part of
experiments (Part
1—Diagnosis with ACO and
DE) with the Two Tanks
System

Case fp(1) fp(2) Noise (%)

1 0.2 0.2 5

2 0.05 0 5

3 0.6 0 8

4 0.6 0.6 8

5 0 0 8

6 0.05 0.05 8

4.3.4 Conclusions

The study performed with the ISP benchmark problem also indicates that the fault
diagnosis based on the FD-IPM is feasible. FD-IPM also permitted the direct
estimation of faults in the simplified version of IPS.

The study of the influence of the search performed by the algorithms ACO and
ACO-d in the desired characteristics of fault diagnosis indicated that a greater
diversification of the search is important for a sensitive and robust diagnosis.
Based on the results obtained for the experiments considered, it is evident that
a better diagnosis was performed with ACO-d1. This is due to the fact that the
ACO-d conception is based on a pheromone dispersion that helps to enhance the
diversification of the search. This is confirmed with statistical tests.

The results based on structural analysis for verifying hypothesis H3 provide prior
information for determining the limitations of the diagnosis based on FD-IPM. That
was confirmed for the cases of study. The application of Step 2 allows to detect if
the IPS, in its general (original) version is under the effect of faults.

4.4 Experiments with the Two Tanks System

As described in Sect. 2.5.3, the Two Tanks System satisfies hypothesis H1-H3 of
the FD-IPM. The algorithms ACO, DE, PCA, and DEwPC were applied in the FD-
IPM Step 3, i.e. they were applied in order to solve the optimization problem, see
Eq. (2.66), that results after the application of the first step of the methodology FD-
IPM to the Two Tanks System, which was described in Sect. 2.4.3. The experiments
for this benchmark were divided into two parts:

• Part 1: Diagnosis with ACO and DE
Designed for the analysis of the diagnosis based on ACO and DE, in order to

obtain a hybrid strategy designed to improve their performances. The situations
under study are presented in Table 4.20. This Part 1 is also divided into two parts:
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Table 4.21 Faulty situations
considered for the second part
of experiments (Part
2—Diagnosis with PCA and
DE) with the Two Tanks
System

Case fp(1) fp(2) Noise (%)

7 0.25 0.25 2

8 0.25 0.25 5

9 0.08 0 8

10 0 0 8

11 0.02 0.02 8

– General analysis
It is designed for the general analysis of the diagnosis based on ACO and

DE. The situations under study are Cases 1 and 2 from Table 4.20 using data
with up to 5% noise level.

– Performance comparison for ACO, DE, and ACO-DE
It is designed for comparing the diagnosis based on ACO, DE and the

hybrid algorithm ACO-DE (described in Sect. 3.4.3). The situations under
study are Cases 3–6 from Table 4.20, which consider a noise level in the output
up to 8%.

• Part 2: Diagnosis with PCA and DE
It is designed for the analysis of the diagnosis based on PCA and DE, with

the aim of obtaining a new algorithm which improves their performances (see
algorithm DEwPC in Sect. 3.6). The situations to be studied are presented in
Table 4.21.

The experiments are divided into two parts:

– General and robustness analysis
It is designed for the analysis of the diagnosis based on PCA and DE. The

situations under study are Cases 7 and 8 from Table 4.21.
– Sensitivity analysis and comparison with DEwPC

It is designed for the sensitivity analysis of the diagnosis with DE, PCA,
and DEwPC. The situations under study are Cases 9–11 from Table 4.21.
These cases represent situations of incipient faults (Cases 9 and 11), and
situations free of faults (Cases 10). The noise level in the output in Cases
9–11 is up to 8 %.

In order to obtain statistically valid conclusions, each algorithm was run 30 times
for each faulty situation under study. The notation used in the following tables and
figures used to present the diagnosis results are compatible with the one introduced
in Sects. 4.2 and 4.3: f̄p(i) and σ 2

fp(i)
correspond to the mean value and variance,

respectively, of the estimates for fault fp(i). The computational time was computed
during the experiments in order to evaluate the feasibility of the application of the
algorithms in real time diagnosis.

Just to give an example of the time response for the Two Tanks System, in
Fig. 4.31 are shown the input (inflow to the tanks) and the output (level of the tanks)
for one faulty situation considered in the simulations.
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4.4.1 Implementations

• Implementation of ACO
In this case the influence of ACO’s parameters in the diagnosis was not

analyzed. The parameters were set as: Z = 20 (ten times the number of faults
to be diagnosed); q0 = 0.85; K = 127; Cinc = 0.30 and Cevap = 0.10. These
values correspond to the variant ACO2.3, see Table 4.4, which was also applied
to the experiments with the DC Motor benchmark problem. The implementation
was based on the algorithm presented in Algorithm 5.

• Implementation of DE
The DE implementation was based on the algorithm shown in Algorithm 1.

The parameters were set as Z = 20; Ccross = 0.9 and Cscal = 0.5.
• Implementation of PCA

The PCA implementation was based on the algorithm shown in Algorithm 4.
The parameter was set as: MaxI terc = 10.

• Implementation of ACO-DE
The implementation was based on the description of the hybrid strategy made

in Sect. 3.4.3. The parameters were set as described next: (1) for ACO, Z = 20,
q0 = 0.55, K = 63, Cinc = 0.30 and Cevap = 0.10; (2) for DE, Z = 10,
Ccross = 0.7 and Cscal = 0.6.

• Implementation of DEwPC
The implementation was based on the algorithm shown in Algorithm 7.

Following the recommended parameter values for DEwPC (see Table 3.2 in
Sect. 3.6), in the experiments performed its parameters were set as: Z = 10;
Ccross = 0.9; Cscal = 0.5 and MaxI terc = 2.

• Stopping Criteria
The stopping criteria for ACO, DE, PCA, and DEwPC were:

– Criterion 1: Maximum number of iterations: MaxI ter = 100.
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– Criterion 2: Maximum number of iterations for which the best value of the
objective function remains constant (does not improve): I trcte = 10.

– Criterion 3: Value of the objective function f (θ̂f ) ≤ 0.01y2
max, being ymax the

maximum value of all the measured output of the Two Tanks System during
the considered sampling time.

The stopping criteria for ACO-DE were:

– Criterion 1: Maximum number of iterations for ACO and DE: MaxI terACO =
30 and MaxI terDE = 70.

– Criterion 2: Maximum number of iterations for which the best value of the
objective function remains constant for DE (does not improve): I trcte = 10.

– Criterion 3: Value of the objective function for DE f (θ̂f ) ≤ 0.01y2
max, being

ymax the maximum value of all the measured output of the Two Tanks System
during the considered sampling time.

4.4.2 Results of Part 1: Diagnosis with Ant Colony
Optimization and Differential Evolution

4.4.2.1 General Analysis

Table 4.22 shows the results of the diagnosis with ACO and DE for Cases 1 and 2
from Table 4.20. In this table the bold values are also used to emphasize the best
numerical value obtained between ACO and DE at each case. Case 1 represents a
situation where both faults are affecting the system, and have the same value. In Case
2, only one fault is affecting the system, fp(1). Both cases consider a noise level up
to 5%. The fault estimates provided by DE are better in both cases considering
the mean value of the objective function. The number of the objective function
evaluations is higher for DE in both cases, but its computational time is smaller
than the one needed for ACO, even for the latter performing a smaller number of
function evaluations.

In Fig. 4.32 it is shown the sum of the absolute error for both fault estimates
obtained with DE and ACO, i.e. Δf̄T = Δf̄p(1) + Δf̄p(2), when diagnosing
Cases 1 and 2 from Table 4.20, being Δf̄p(1) = ∣∣f̄p(1) − fp(1)

∣∣ and Δf̄p(2) =

Table 4.22 Results for the
Fault Diagnosis with the
algorithms ACO and DE for
the Cases 1 and 2 from
Table 4.20, using data with up
to 5% level noise

Alg Case f̄p(1) f̄p(2) Eval t̄(s)

Case Alg (fp(1) = 0.2) (fp(2) = 0.2)

1 DE 0.1983 0.2001 1342 68.774
ACO 0.1801 0.2114 1118 102.0047

(fp(1) = 0.05) (fp(2) = 0)

2 DE 0.05082 0.00016 1168 64.858
ACO 0.06676 0.00032 664 78.1
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∣∣f̄p(2) − fp(2)

∣∣. It was not considered the relative error of the estimates for the
comparison purpose because the value of both faults to be diagnosed is the same for
Case 1, which means that the absolute error can be used as the metrics for comparing
the quality of the estimations. For Case 2, one of the faults to be estimated is zero
(fp(2) = 0), which does not make feasible the use of the relative error, and the other
which is different from zero (fp(1) = 0.05) gave absolute errors in the order of the
absolute error of fp(2)). Therefore, the absolute error can be used for the quality of
the estimations comparison. In Fig. 4.32 it is shown that for both Cases 1 and 2, DE
provides the smallest sum for the absolute error. Moreover, in each case the sum
of the absolute error for both fault estimates obtained with DE is smaller than the
absolute error obtained with ACO for the fp(1) fault estimate.

In Fig. 4.33 it is represented the mean value of the objective function at each
iteration, f̄ (θ̂f ), in order to show the evolution of both algorithms, when diagnosing
faults in Case 1 from Table 4.20. It is observed that ACO does not provide a
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significant improvement of the objective function after iteration I ter = 25. This
fact is related to the value of the parameter q0 = 0.85, which does not permit a
higher diversification during the search. In its turn, DE seems to be very dependent
on the initial population solution candidates, i.e. the quality of its result improves
with a better initial population. This result suggests a convenient way to hybridize
both algorithms, see hybrid strategy ACO-DE in Sect. 3.4.3. In such strategy it is
applied ACO with a relative small value for K (it is used K = 63), for reducing the
possible values of the variables, and therefore, the search space. For ACO it is also
considered the value q0 = 0.55, which keeps a balance between the intensification
and the diversification of the search. Subsequently, it is used the better ants of the
history of ACO (in this case the best ten ants will be used, i.e. the 50% of the
population of ants), for the initial population of DE with the aim of performing
an intensification around a promising area obtained with ACO. The parameters
considered for DE in the hybrid are Ccross = 0.7 and Cscal = 0.6, which determine
a greater intensification of the search.

4.4.2.2 Comparison Among Ant Colony Optimization, Differential
Evolution and ACO-DE

Table 4.23 shows the numerical results for the Fault Diagnosis in Cases 3 and 4 from
Table 4.20, using DE, ACO, and ACO-DE. In this table the bold values are also used
to emphasize the best numerical value obtained between DE, ACO and ACO-DE at
each case. Case 3 represents a situation in which only one fault, fp(1), affects the
system, while in Case 4 multiple faults are present (both faults fp(1) and fp(2) are
affecting the system). Both cases consider a noise level up to 8% in order to analyze
the robustness. The best results concerning quality of the estimations and number of
evaluations of the objective function are obtained with the hybrid strategy ACO-DE.

In Table 4.24 are shown the best and the worst results obtained with each
algorithm, when diagnosing faults in Case 5 from Table 4.20, taking as the
comparison metrics the sum of the absolute error for both fault estimates. In this
table the bold values are also used to emphasize the best numerical value obtained at
each situation. Case 5 represents a situation in which the system is free of faults, but
the noise level is up to 8%. It can be observed that ACO-DE reduces the number of

Table 4.23 Performance
comparison of the algorithms
DE, ACO, and ACO-DE
when diagnosing faults in
Cases 3 and 4 from
Table 4.20, using data with up
to 8% noise level

Alg Case f̄p(1) f̄p(2) Eval

(fp(1) = 0.6) (fp(2) = 0)

3 DE 0.5459 0.0000 1532

ACO 0.5038 0.0009 1020

ACO-DE 0.6081 0.0000 530
(fp(1) = 0.6) (fp(2) = 0.6)

4 DE 0.6068 0.6109 1018

ACO 0.5901 0.4683 1020

ACO-DE 0.6001 0.6013 440
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Table 4.24 Best and worst results for the Fault Diagnosis with the algorithms DE, ACO, and
ACO-DE for the Case 5 from Table 4.20, using data with up to 8% noise level

Alg Type of Result f̂p(1) f̂p(2) Eval t (s)

(fp(1) = 0) (fp(2) = 0)

DE Best 0 0 1240 32.684

ACO Best 0.0600 0.0900 500 29.865

ACO-DE Best 0 0 140 13.929
DE Worst 0.1191 0 2000 135.13
ACO Worst 0.1900 0.0300 2000 222.06

ACO-DE Worst 0 0 710 142.04
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objective function evaluations: its worst result is better than the best results obtained
with DE and ACO.

In Fig. 4.34 are graphically shown the results from Table 4.24. In Fig. 4.34a it
is shown the sum of the absolute errors of the estimates for the best and the worst
performance of each algorithm. The estimations performed with ACO-DE in both
cases were successful: the sum of the absolute errors of the estimates provided
by ACO-DE in both cases (best and worst) is equal to zero. In Fig. 4.34b it is
shown the sum of the number of objective function evaluations for both best and
worst performances of each algorithm. The sum of the number of objective function
evaluations required by the hybrid strategy ACO-DE, in its best and worst cases,
is smaller than the one required in the best case of DE, and it is less than half of
the sum of the worst and best cases of ACO. In Fig. 4.34c it is shown the sum of
the computational time for the best and the worst performances of each algorithm.
The sum of the computational time required by ACO-DE in both cases, i.e. best and
worst, is less than the sum for the other two algorithms DE and ACO.
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Table 4.25 Best results for
the Fault Diagnosis with the
algorithms DE, ACO, and
ACO-DE for the Case 6 from
Table 4.20, using data with up
to 8% noise level

Alg f̂p(1) f̂p(2) Eval

(fp(1) = 0.05) (fp(2) = 0.05)

ACO-DE 0.0646 0.051 220
DE 0.0690 0.0681 1360

ACO 0.07900 0.0900 740

Table 4.26 Nature of iterations in the hybrid strategy ACO-DE: mean value of the number of
iterations required by each method (I terACO and I terDE) when diagnosing faults in Cases 3 and
4 from Table 4.20

Case I terACO I terDE

3 16 37

4 20 22

Table 4.27 Nature of iterations in the hybrid strategy ACO-DE: number of iterations required by
each method (I terACO and I terDE) for the best and the worst performances when diagnosing faults
in Cases 5 and 6 from Table 4.20

Case Type of results I terACO I terDE

5 Best 10 4

Worst 30 41

6 Best 8 14

Table 4.25 presents the best results for the Fault Diagnosis in Case 6 from
Table 4.20, taking as the comparison metrics the sum of the absolute error of both
fault estimates. In this table the bold values are also used to emphasize the best
numerical value obtained for each fault. Case 6 represents a situation of multiple
incipient faults, with a higher noise level (up to 8%). This situation is for analyzing
the sensitivity of the diagnosis. The results show that ACO-DE yields again the best
results.

Table 4.26 is intended to show the nature of iterations of ACO-DE. Cases 3 and
4 from Table 4.20 were chosen for such purpose. Each row in Table 4.26 indicates
the mean value of the number of iterations executed by ACO and DE, in the hybrid
ACO-DE. Table 4.27 has the same purpose of Table 4.26, but it shows the number
of iterations for the best and the worst performances of ACO-DE when diagnosing
faults in Cases 5 and 6 from Table 4.20.

In Fig. 4.35 are graphically shown the results from Tables 4.26 and 4.27. In
Fig. 4.35a it is shown the mean value of the number of iterations required by ACO
and DE in the hybrid ACO-DE, for Cases 3 and 4: both algorithms do not reach their
maximum prescribed number of iterations in the hybrid strategy (MaxI terACO =
30 and MaxI terDE = 70). From Fig. 4.35b it can be observed that ACO-DE only
reached the maximum number of iterations for ACO (MaxI terACO = 30) in the
worst run for Case 5.
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Table 4.28 Results for the Fault Diagnosis with algorithms PCA and DE for the Cases 7 and 8
from Table 4.21, using data with up to 2% and 5% noise level, respectively

Case Alg f̄p(1) f̄p(2) σ 2
f̂p(1)

σ 2
f̂p(2)

Eval

(fp(1) = 0.25) (fp(2) = 0.25)

7 DE 0.2463 0.2478 2.092·10−4 5.05·10−5 1260

PCA 0.2429 0.2532 2.473·10−4 4.513·10−4 250
(fp(1) = 0.25) (fp(2) = 0.25)

8 DE 0.2482 0.2480 2.468·10−4 3.096·10−4 1440

PCA 0.2454 0.2458 3.764·10−4 4.359·10−4 309

4.4.3 Results of the Part 2: Diagnosis with Particle Collision
Algorithm and Differential Evolution

4.4.3.1 General and Robustness Analysis

Table 4.28 shows the numerical results for the experiments of the second part related
to the Two Tanks System. The cases under study are Cases 7 and 8 from Table 4.21,
which consider the same magnitude for both faults f(p(1) and f(p(2), but different
levels of noise (up to 2% and 5%, respectively). In this table the bold values are also
used to emphasize the best numerical value obtained for each fault at each Case 7
and 8, respectively. In Figs. 4.36 and 4.37, the results presented in Table 4.28 are
graphically shown. From Fig. 4.36 it can be observed that DE provides better fault
estimates with smaller values for the standard deviation (σ = √

σ 2) than those
obtained with PCA. From Fig. 4.37 it can be observed that the mean value for the
objective function evaluations performed by DE is almost five times higher than
the number of evaluations performed by PCA. Based on results, it is logic to think
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about redesigning DE in order to keep the quality of its estimations, while reducing
its computational cost. This was the inspiration for the algorithm DEwPC described
in Sect. 3.6.

4.4.3.2 Sensitivity Analysis, Comparison Among Differential Evolution,
Particle Collision Algorithm and Differential Evolution with
Particle Collision

Table 4.29 shows the numerical results for the Fault Diagnosis in Cases 9 and 10
from Table 4.21, using DE and PCA. Case 9 represents a situation in which one
fault is incipient, fp(1), and the other is not affecting the system, fp(2) = 0, while
Case 10 represents a situation free of faults, i.e. fp(1) = fp(2) = 0, but for both
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Table 4.29 Results for the Fault Diagnosis with the algorithms DE and PCA for the Cases 9 and
10 from Table 4.21, using data with up to 8% noise level

Case Alg f̄p(1) f̄p(2) σ 2
f̂p1

σ 2
f̂p1

Eval

(fp(1) = 0.08) (fp(2) = 0)

9 DE0.0760 0.0010 4.847·10−5 4.2·10−7 1880

PCA 0.0688 0.0022 1.417·10−4 1.9·10−6 911
(fp(1) = 0) (fp(2) = 0)

10 DE 0.00060 0.00050 1.818·10−7 1.489·10−7 1780

PCA 0.00072 0.00059 1.689·10−7 1.966·10−7 659
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cases high noise levels are considered, up to 8%, in order to analyze the sensitivity.
In this table the bold values are also used to emphasize the best numerical value
obtained for each fault at each Case 9 and 10, respectively. In Fig. 4.38 the results
are graphically shown. In Figs. 4.38a and b, the results related to the error in the
fault estimates for Case 9 are shown. Figure 4.38a shows the percentage relative
error obtained in the estimation of fp(1), and Fig. 4.38b shows the absolute error in
the estimation of fp(2). For fp(2) it is presented the absolute error because the real
value is fp(2) = 0. For both faults, the errors obtained with PCA are more than
twice the errors provided due to the application of the algorithm DE. Figure 4.38c
shows the absolute error for the estimates in Case 10. In this case both real fault
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Table 4.30 Best and worst
results for the Fault Diagnosis
with the algorithms DE, PCA,
and DEwPC for the Cases 9
and 11 from Table 4.21, using
data with up to 8% noise level

Case Alg Type of result f̂p(1) f̂p(2) Eval

(fp(1) = 0) (fp(2) = 0)

9 DE Best 0.0003 0.0080 1240

PCA Best 0.0009 0.0085 770

DEwPC Best 0.0000 0.0000 400

DE Worst 0.1191 0.0050 2000

PCA Worst 0.0183 0.0486 1100

DEwPC Worst 0.0150 0.0196 600

(fp(1) = 0.02) (fp(2) = 0.02)

10 DE Best 0.0221 0.0250 5114

PCA Best 0.0253 0.0285 880

DEwPC Best 0.0203 0.0201 455

DE Worst 0.0517 0.0421 2000

PCA Worst 0.0626 0.0455 1100

DEwPC Worst 0.0222 0.0268 900

values to be estimated are fp(1) = fp(2) = 0, and for that reason it is considered the
absolute error in the comparison. From Fig. 4.38c it can be observed that DE gives
better estimates, but for both algorithms the absolute error values for each fault are
below 10−5. Figure 4.38d shows that DE executes in both Cases 9 and 10 more than
twice the number of function evaluations than PCA executes. As in the robustness
analysis presented in Sect. 4.4.3.1, it is concluded that a redesign of DE based on
PCA, seeking to decrease its computational cost, could be interesting.

The new algorithm, based on DE and PCA, is denominated Differential Evolution
with Particle Collision (DEwPC), and has been described in Sect. 3.6. In Table 4.30
are shown the numerical results of the comparison among the algorithms DE, PCA,
and DEwPC when diagnosing faults in Cases 10 and 11 from Table 4.21. Case 11
represents a situation of incipient faults with a high noise level. In this table the
bold values are also used to emphasize the best numerical value obtained for each
fault at each Case 10 and 11, respectively. In the worst results, DE and PCA are
able to detect the faults, but they overestimate their values, which can lead to wrong
decisions. The estimations with DEwPC are more accurate.

Figure 4.39 graphically represents the best and the worst results obtained when
diagnosing faults in Case 10 with DE, PCA, and DEwPC. In Fig. 4.39a it is shown
the sum of the absolute error of the fault estimates for the best and worst results.
It can be observed that the errors for the worst result of the algorithm DEwPC
are smaller than the sum of the best and worst errors obtained with DE and PCA.
Concerning the computational cost, Fig. 4.39b shows that the sum of the number
of objective function evaluations of the best and worst cases for DEwPC is smaller
than the number of evaluations that executed DE at its best result, and almost half
of the fault estimates absolute error sum for the worst and best results obtained with
PCA.



136 4 Applications of the FD-IPM to Benchmark Problems

0.2

0.15

0.1

0.05

0

S
um

 o
f t

he
 fa

ul
t e

st
im

at
es

 a
bs

ol
ut

e 
er

ro
rs

,
C

as
e 

10

S
um

 o
f t

he
 E

va
l r

es
ul

t v
al

ue
s,

 C
as

e 
10

DEwPC DE PCA DEwPC DE PCA

4000

3000

3500

2000

2500

1000

1500

500

0

Worst
Best

Worst
Best

a b

Fig. 4.39 Performance comparison for the algorithms DE, PCA, and DEwPC when diagnosing
faults in Case 10 from Table 4.21, using data with up to 8% noise level. (a) Absolute errors. (b)
Eval

6000

5000

4000

3000

2000

1000

0

0.02
a b

0.015

0.01

0.005

0
DEwPC DE

N
um

be
r 

of
 fu

nc
tio

n
ev

al
ua

tio
ns

, E
va

l, 
C

as
e 

11

S
um

 o
f t

he
 fa

ul
t e

st
im

at
es

ab
so

lu
te

 e
rr

or
s,

 C
as

e 
11

Worst

Worst

Best

Best

Best

Best

PCA DEwPC DE PCA

Fig. 4.40 Comparison of the worst performance of DEwPC with the best performances of DE and
PCA, when diagnosing faults in Case 11 from Table 4.21, using data with up to 8% noise level. (a)
Absolute errors. (b) Eval

Figure 4.40 graphically represents a comparison between the worst performance
of the algorithm DEwPC when diagnosing faults in Case 11 from Table 4.21, and
the best performances of DE and PCA for the same case. In Fig. 4.40a it is shown
the sum of the absolute error for both fault estimates for the worst performance of
DEwPC, and the corresponding best results for DE and PCA. It can be observed
that the fault estimates absolute error in the worst result of DEwPC is smaller than
the error for the best result for PCA, and only approximately 30% higher than
the best performance of DE. Concerning the computational cost, Fig. 4.40b shows
that the number of objective function evaluations required by DEwPC at its worst
performance is smaller than the corresponding number required by DE, and almost
the same with PCA, at their best performances.
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4.4.4 Conclusions

The experiments performed and the analysis of their results indicate that the Fault
Diagnosis based on FD-IPM is feasible. The analysis of the results also showed how
to analyze results related to the performance of metaheuristics, in order to design
hybrid strategies or new algorithms with certain goals.

The analysis of the results of the first part of the experiments with the Two Tanks
System allowed to propose a hybrid strategy with ACO and DE. The main idea
of the proposed hybridization consists of using ACO for obtaining a good initial
population for DE. In general the hybrid strategy ACO-DE leads to faster, more
robust, and more sensitive (to faults) diagnosis than pure DE or pure ACO.

The general and robustness analysis of the second part of the experiments with
the Two Tanks System allowed to think about redesigning DE in order to keep the
quality of its estimations, while reducing its computational cost. As a consequence,
it was proposed a new algorithm DEwPC which was described and tested in Chap. 3.
In the case of the Two Tanks System, the experiments showed that the new algorithm
DEwPC provides a better diagnosis than DE and PCA.

4.5 Remarks

This chapter presented the experiments and results related with the application of the
third step of the methodology FD-IPM to the three benchmark problems considered,
i.e. DC-Motor, Inverted Pendulum System, and Two Tanks System. The third step
of FD-IPM consists of the solution of an optimization problem with the use of
metaheuristics. The solution of the optimization problem provides estimates for the
faults affecting the system. Therefore, the quality of the diagnosis, which is made in
step number four of the methodology, is based on the reliability of the estimations
obtained in the FD-IPM Step 3.

Experiments were performed for each benchmark problem, and different meta-
heuristics were applied for the solution of the optimization problems.

The numerical results for the experiments showed the quality of the fault
estimates obtained with the use of metaheuristics. Therefore, the results confirmed
the feasibility of the diagnosis based on FD-IPM.

The experiments with the DC Motor and the IPS showed how a study of the
influence of the metaheuristics parameters permitted the analysis of the influence of
diversification and intensification in the quality of the diagnosis. These parameters
can be manipulated in order to increase robustness and sensitivity.

The experiments performed with the DC Motor also showed how the analysis
of the results of the metaheuristic application can lead to the design of new
metaheuristics. In this case the new metaheuristic is denominated PSO-M and was
formalized in Chap. 3. In the experiments with the DC Motor, it was also shown a
comparison with other well-established model based methods for Fault Diagnosis.
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The experiments with the IPS also confirmed that the Structural Analysis,
presented in Chap. 2, permits to obtain prior information about the limitations of
the diagnosis based on FD-IPM. They also confirmed the importance of verifying
hypothesis H3 of FD-IPM.

The experiments with the Two Tanks System allowed to introduce the hybrid
strategy ACO-DE, and also the new algorithm denominated DEwPC, which were
formalized in Chap. 3.

The results in general showed that a greater diversification in the search is
related to higher robustness and sensitivity in the diagnosis. On the other hand,
this increment in robustness and sensitivity can provoke also an increase in the
computational cost. The experiments showed that the two metaheuristics proposed
in this book, DEwPC and PSO-M, and the hybrid strategy ACO-DE, provide an
adequate balance between these characteristics.



Chapter 5
Final Remarks

In this book, it is presented the Fault Diagnosis—Inverse Problem Methodology
(FD-IPM), see Sect. 2.1, which is based on the formulation of FDI as a parameter
estimation inverse problem. The FD-IPM consists of three hypotheses and four steps
which are extensively described in this book.

The proposed methodology provides a Fault Diagnosis of the system under study,
based on numerical estimations of the faults affecting the system. These estimations
are the solution of the optimization problem which corresponds to the Fault
Diagnosis Inverse Problem, and they are obtained with the use of metaheuristics.
Therefore, the quality of the diagnosis is related to the quality of the estimations
obtained with the metaheuristics. As a consequence, the selection of a proper
metaheuristic is an important task. With the aim of helping to understand the
nature or historical roots of the metaheuristics, which can be useful for choosing a
metaheuristic, the most common classification features are summarized in a diagram
in Fig. 3.1

However, the results of the experiments in Chap. 4, with the application of
the methodology to three benchmark problems, show that there is not a general
absolute answer to which is the best metaheuristic to be applied. Instead, it is
shown that a greater diversification in the search executed by the metaheuristics
is related to higher robustness and sensitivity in the diagnosis. An increase in the
diversification of the search can be obtained by calibrating some parameters of the
metaheuristics. On the other hand, an increase in the diversification can be related to
an increase in the computational cost which is related to a higher diagnosing time,
then, it is necessary to achieve an adequate compromise between the robustness
and sensitivity, and the computational cost. In order to face this problem, it is
recommended the combination or hybridization of metaheuristics. In this book
are proposed two new metaheuristics, DEwPC and PSO-M in Sects. 3.6 and 3.7,
respectively, which are based on a proper combination of metaheuristics, as well
as a hybrid strategy ACO-DE in Sect. 3.4.3. The experiments in Chap. 4 have also
shown that the two metaheuristics proposed in this book, DEwPC and PSO-M, and
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the hybrid strategy ACO-DE, provide an adequate balance between the desirable
characteristics in FDI: robustness, sensitivity, and computational cost.

Summarizing, we would like to list two final important remarks concerning FD-
IPM:

• The verification of hypothesis H3, see Sect. 2.1, is very important in order to
obtain prior information about the limitations of the diagnosis based on FD-IPM.

• For solving the optimization problem, which is formulated in Step 1 of FD-IPM,
see Sect. 2.1, it is recommended the use of combinations or hybridizations of
metaheuristics.

5.1 Future Trends

As already mentioned, there is not the single best metaheuristic for solving the opti-
mization problem formulated in Step 1 of FD-IPM. However, for real applications,
it could be very useful to provide those responsible for executing the FDI based on
FD-IPM with some recommended metaheuristics. For that reason, we consider that
future works with the aim of improving the practical applicability of the FD-IPM
should intend to develop proposals for collecting information regarding the quality
of the diagnosis obtained with certain metaheuristics. This information could be
used for building decision tables which can be presented to the experts. Based on
these tables, the experts can choose a metaheuristic from the ones recommended,
which better satisfies their priorities concerning the diagnosing of the system.

On the other hand, it is interesting to extend the FD-IPM to time variable faults,
which can eventually increase the spectrum of applications of this methodology.



Implementation in Matlab of
Differential Evolution with Particle
Collision (DEwPC)

A.1 Main Function: DEwPC

function [Errorfinal, Eval]=DEwPC(n,z,Cscal,Ccross,
a,b,... MaxIter,MaxIterc)

% Main function: Algorithm DEwPC
% Author: L\’{\i}dice Camps Echevarr\’{\i}a
% May-2017

% % Input / Entrada:
% n: dimension of the search space (number of

variables)
% z: number of solutions in the population
% Cscal: Scaling Factor
% Ccross: Crossover Factor
% a,b: minimal and maximum allowed values for the

variables
% (It is consideredthe same cotes for each

variable)
% MaxIter: maximum number of iterations of the main
% loop of the algorithm
% MaxIterc: maximum number of iterations to be
% performed for the operator Local

% % Output /Salida
% ErrorFinal: final error achieved by the algorithm
% Eval: number of final function evaluations performed
% by the algorithm
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% Choosing he function to minimize
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

strfitnessfct =’f2’;
funcMin=1;

%%%%%%%%%%%%%%%%%
% Stop Criteria
%%%%%%%%%%%%%%%%%

ErrorTarget=0.00000001;

EvalMax=10000*n;

%%% DEwPC parameters and inicialization %%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Initial Population matrix (X0) (1xk+1) (ACO)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

X0= a + (b-a).*rand(n,z);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Computing the remaining initial conditions for

PSO
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[Xbest, Errorfinal]=Initio(X0, z, funcMin,
strfitnessfct);

Xactual=X0;

XbestTotal=zeros(n,MaxIter);

ErrorfinalTotal=zeros(1,MaxIter);

Eval=z;

%%%%%%%%%%%%%%%%%%%%%
% Main Loop of DEwPC
%%%%%%%%%%%%%%%%%%%%%

for i=1:MaxIter

% Applying Operator Mutation
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Xtemp=Mutation(Xactual, z, Cscal, Xbest);

% Applying Operator Crossover
Xtemp=Crossover(Xactual, Xtemp, n, z, Ccross);

for j=1:z
FunObj(j)=feval(strfitnessfct, Xactual(:,j));

end

% Applying Operator Selection of DEwPC
for j=1:z

if j<=sqrt(z) % Apply Selection from DE

[Xtemp(:,j), Eval, FunObj(j)]=
Selection(Xtemp(:,j),...
Xactual(:,j),strfitnessfct,...
NumEval, FunObj(j), j);

else % Apply Absorption-Scattering
from PCA

[Xtemp(:,j), Eval, FunObj(j)]=
AbsScatt(Xtemp(:,j),...
Xactual(:,j), Fbest, MaxIterc,a,b,...
strfitnessfct, n, j, FunObj(j), NumEval);

end

end

Xactual=Xtemp;

[Xbest, Errorfinal]=Update(Xactual, funcMin,
FunObj, z);

Eval=NumEval+(i*z);

if Eval>=NumEvalMax

break

end
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if Errorfinal<= ErrorTarget

break

end

end

A.1.1 Function Initio

%%Function Initio
%%This function computes the best initial solution and
%%its value
%Function Name: Initio
%This function returns:
% Xbest: the best solution of the initial population
% Errorfinal: the error of the function value at the
% best solution Xbest

function [Xbest, Errorfinal]=Initio(X0, z, funcMin,...
strfitnessfct);

F=zeros(z,1);

for i=1:z
F(i)=feval(strfitnessfct, Xactual(:,i));

end

[Fbest, I]=min(F);

Xbest=Xactual(:,I);

Errorfinal=Fbest-funcMin;

A.1.2 Function Mutation

%%Function Mutation
%%This function applies Mutation operator to each

solution
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%%
%Function Name: Mutation
%This function returns:
% Xtemp: the solutions after the Mutation
%

function Xtemp=Mutation(Xactual, z, Cscal, Xbest)

q= floor(1 + (z).*rand(4,z));

Xtemp=Xactual;

for i=1:z

Xtemp(:,i)=Xbest+Cscal*(Xactual(:,q(1,i))-...
Xactual(:,q(2,i))+Xactual(:,q(3,i))-...
Xactual(:,q(4,i)));

end

A.1.3 Function Crossover

%%Function Crossover
%%This function applies Crossover operator to each

solution
%%
%Function Name: Crossover
%This function returns:
% Xtemp: the solutions after the Crossover
%

function Xtemp=Crossover(Xactual, Xtemp, n, z, Ccross)

q= rand(n,z);

for i=1:z

for j=1:n

if q(j,i) > Ccross



146 A Implementation in Matlab� of the Algorithm DEwPC

Xtemp(j,i)=Xactual(j,i);

end

end

end

A.1.4 Function Selection

%%Function Selection
%%This function applies Selection operator to the

choosen
%%solutions
%Function Name: Selection
%This function returns:
% Xtemp: the solutions after the Selection
%

function [Xgenerada, NumEval, FunObjj]=Selection
(Xgenerada,...Xanterior,strfitnessfct,
NumEval, FunObjj, k)

FunObjGenerada=feval(strfitnessfct, Xgenerada);

NumEval=NumEval+1;

if FunObjGenerada>= FunObjj;

Xgenerada= Xanterior;

end

A.1.5 Function AbsScatt

%%Function AbsScatt
%%This function applies Absorption-Scattering

operator to
%%the choosen solutions
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%Function Name: AbsScatt
%This function returns:
% Xtemp: the solutions after the Absorption-

Scattering
%

function [Xfinal, NumEval, FunObjj]=AbsScatt
(Xgenerada,... Xanterior, Fbest,MaxIterAbs,
a, b, strfitnessfct,... n, k, FunObjj,
NumEval)

fa=feval(strfitnessfct,Xgenerada);

NumEval=NumEval+1

if fa<= FunObjj

[Xfinal, FunObjj, NumEval]=Local
(Xgenerada,... MaxIterAbs,
a, b, n,... strfitnessfct,
NumEval);

else

if rand>1-(Fbest)/(fa)

[Xfinal, FunObjj, NumEval] =Local
(Xgenerada,... MaxIterAbs,
a, b, n,...strfitnessfct,
NumEval);

else

Xfinal=Xanterior;

end

end



148 A Implementation in Matlab� of the Algorithm DEwPC

A.1.6 Function Update

%%Function Update
%%This function updates the best values for the new
%%population
%%
%Function Name: Update
%This function returns:
% Xbest: best solution from the population
% Errorfinal: error for the function value at
% the best solution Xbest

function [Xbest, Errorfinal]=Update(Xactual,
funcMin,... FunObj,z)

[Fbesttemp, I]=min(FunObj);

Xbest=Xactual(:,I);

Errorfinal=FunObj(I)-funcMin;

A.1.7 Function Local

%%Function Local
%%This function makes a search arround a solution
%%
%Function Name: Local
%This function returns:
% Xbest: best solution from the population
% Fbest: function value at the best solution Xbest
% Errorfinal: error for the function value at the
% best solution Xbest
function [Xfinal, temp2FO, Eval]=Local(Xgenerada,...

MaxIterc,a, b, n, strfitnessfct, NumEval)

Xfinal=Xgenerada;

XfinalTemp=Xfinal;

temp2FO=feval(strfitnessfct, Xfinal);
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for i=1:MaxIterc

for j=1:n

q2=0.8+ (1-0.8)*rand;

q3=1.0+ (1.2-1.0)*rand;

if q2*Xfinal(j)>=a

Xlower=q2*Xfinal(j);

else
Xlower=a;

end

if q3*Xfinal(j)<=b

Xupper=q3*Xfinal(j);

else
Xupper=b;

end

q1=rand;

XfinalTemp(j)=Xfinal(j)+(Xupper-Xfinal(j))*
q1-...(Xlower-Xfinal(j))*(1-q1);

end

temp1FO=feval(strfitnessfct, XfinalTemp);

NumEval=NumEval+1;

if temp1FO <= temp2FO

Xfinal= XfinalTemp;

temp2FO=temp1FO;

end
end



Implementation in Matlab of Particle
Swarm Optimization with Memory
(PSO-M)

B.1 Main Function: PSOM

function [ErrorFinal, Eval]=PSOM(n,z1,z2,C11,C12,...
C21,C22,a,b,Cevap,Cinc,k,qo,itr1,itr2)

% Main function: Algorithm PSO-M
% Author: L\’{\i}dice Camps Echevarr\’{\i}a
% May-2017

% % Input / Entrada:
% n: dimension of the search space (number of

variables)
% z1: number of particles in the first stage of PSO-M
% z2: number of particles in the second stage of PSO-M
% C11,C12: cognitive and social parameter values
% in the first stage of PSO
% C21,C22: cognitive and social parameter values in
% the second stage of PSO-M
% a,b: minimal and maximun allowed values for the

variables
% (It is considered the same cotes for each

variable)
% Cevap: evaporation factor
% Cinc: incremental factor
% k: number of possible discrete values for each

variable
% qo: control parameter in ACO (level of randomness
% during the ant generation
% itr1: maximum number of iterations in the first
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% stage of PSO-M
% itr2: maximum number of iterations in the second
% stage of PSO-M

% % Output /Salida
% ErrorFinal: final error achieved by the algorithm
% Eval: number of final function evaluations performed
% by the algorithm

% Choosing he function to minimize
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

strfitnessfct =’f2’;
funcMin=1;

%%%%%%%%%%%%%%%%
% Stop Criteria
%%%%%%%%%%%%%%%%

ErrorTarget=0.00000001;

EvalMax=10000*n;

%%% ACO parameters and inicialization %%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Discreet Values (DV) (1xk+1) (ACO)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

DV = a:((b-a)/k):b;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Pheromone matrix (F) (ACO)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

F = 0.50*ones(n,k+1);

%%% PSO inicialization for the first stage %%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Initial position of particles in PSO (X) (PSO)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

X = a + (b-a).*rand(n,z1);
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Initial pi of particles in PSO
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Pi = X;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Initial velocity of particles in PSO (V)

(nxz)(PSO)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

V = 1 + (b-1).*rand(n,z1); % Save velocity value

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Computing the remaining initial conditions

for PSO
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[Pg, ErrorPg, FunObjPi]=best(X, z1, funcMin,...
strfitnessfct);

ErrorFinal=ErrorPg;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% First Stage of PSO-M (z1,c1,c2)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

for itr=1:itr1

for i=1:z1

% Updating position and velocity
[V,X] = UpdateVX(n,C11,C12,X,Pi,Pg,V,itr,i,

itr1);

end

% Updating Pg and Pi

[Pg,ErrorPg,Pi,FunObjPi]=UpdatePgPi(X,FunObjPi,
Pi,... strfitnessfct,z1,
funcMin);

if ErrorPg < ErrorFinal
ErrorFinal=ErrorPg;

end
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if ErrorFinal < ErrorTarget
break

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Updating pheromone matrix
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Ftemp=(1-Cevap)*F;
Ftemp1=zeros(n,k+1);
S=zeros(n,1);

for t=1:n

r = find( DV >= Pg(t,:));

tam = size(r);

if (tam(1,2) == 0)

S(t,:) = DV(1,k+1);
Ftemp1(t,k+1) = Cinc*F(t,k+1);

else

l = DV(1,r(1,1)) - Pg(t,:);

m = ((b-a)/k)/2;

if (l) > (m)

if r(1,1) == 1

S(t,:) = DV(1,r(1,1));
Ftemp1(t,r(1,1)) = Cinc*

F(t,r(1,1));

else

S(t,:) = DV(1,(r(1,1))-1);
Ftemp1(t,(r(1,1)-1)) = Cinc*F(t,

(r(1,1)-1));

end
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else

S(t,:) = DV(1,r(1,1));
Ftemp1(t,r(1,1)) = Cinc*F(t,r(1,1));

end

end

end

F=Ftemp+Ftemp1;

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Initial parameters for the Second Stage of PSO
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

PC = UpdatePC(F,n,k);

S = GenerateAnts(n,z2,qo,F,PC,DV);

X = S;

V = 1 + (b-1).*rand(n,z2);

[PgNo, ErrorPgNo, FunObjPi]=best(X, z2, funcMin,...
strfitnessfct);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Second Stage of PSO-M (z2,c1,c2)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

for itr=1:itr2



156 B Implementation in Matlab� of the Algorithm PSO-M

for i=1:z2

[V,X] = UpdateVX(n,C21,C22,X,Pi,Pg,V,itr,
i,itr2);

end
[Pg,ErrorPg,Pi,FunObjPi]=UpdatePgPi(X,FunObjPi,

Pi,... strfitnessfct,z2,
funcMin);

if ErrorPg < ErrorFinal
ErrorFinal=ErrorPg;

end

Eval=itr1*z1+z2*itr;

if Eval >= EvalMax
break

end

if ErrorFinal < ErrorTarget

break

end

end

B.1.1 Function Best

%%Function best
%%This function updates the best values for a swarm
%%
%Function Name: best
%This function returns:
% Pg: best particle from the swarm
% ErrorPg: error for the function value at
% the best particle Pg
% FuncObjPi: updated vector with the values of the
% function at the Pi of each particle
%
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function [Pg, ErrorPg, FuncObjPi]=best(Xactual, z,...
fmin, strfitnessfct)

FuncObjPi=zeros(z,1);

for i=1:z
FuncObjPi(i)=feval(strfitnessfct, Xactual(:,i));

end

[Ftemp, I]=min(FuncObjPi);

Pg=Xactual(:,I);

FuncPg= FuncObjPi(I);

ErrorPg=norm(FuncPg-fmin);

B.1.2 Function UpdateVX

%%Function UpdateVX
%%This function updates the position and velocity
%%of a particle of the swarm
%%
%Function Name: UpdateVX
%This function returns:
% V: the velocity of a particle
% X: the position of a particle
%

function [V,X] = UpdateVX(n,C1,C2,X,Pi,Pg,V,itr,...
i,iteraciones)

w=0.9-((0.9-0.4)/iteraciones)*itr;

V(:,i) = w*V(:,i) + C1*(diag(rand(1,n)))*
(Pi(:,i)... -X(:,i))+C2*(diag(rand
(1,n)))*(Pg - X(:,i));

X(:,i) = X(:,i) + V(:,i);

end
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B.1.3 Function UpdatePgPi

%%
%Function Name: UpdatePgPi
%This function returns:
% Pg: best particle from the swarm
% ErrorPg: error for the function value at the
% best particle Pg
% Pi: position of the ith particle
% FuncObjPi: updated vector with the values of the
% function at the Pi of each particle
%

function[Pg,ErrorPg,Pi,FunObjPi]=UpdatePgPi(X,
FunObjPi,... Pi,
strfitnessfct,z,fmin)

for k=1:z

temp=feval(strfitnessfct, X(:,k));

if temp<FunObjPi(k)

FunObjPi(k)=temp;
Pi(:,k)=X(:,k);

end

end

[Fbesttemp, I]=min(FunObjPi);

Pg=X(:,I);

FunObjPg=FunObjPi(I);

ErrorPg=norm(FunObjPg-fmin);
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B.1.4 Function UpdatePC

%%Function UpdatePC
%%This function updates Accumulative Probability

matrix
%%
%Function Name: UpdatePC
%This function receives three parameters:
% F: Pheromone Matrix
% n: Number of discreet variable
% k: Number of interval
% and returns:
% PC: Accumulative Probability matrix
%

function [PC] = UpdatePC(F,n,k)

PC=zeros(n,k+1);

for i=1:n % Loop to move through row (Variable)

for j=1:1:k+1 % Loop to move through col
%(Discreet Value)

PC(i,j) = sum(F(i,1:j))/sum(F(i,:));

end

end

end

B.1.5 Function GenerateAnts

%%Function GenerateAnts
%%This function generates a population of ants
%%
%Function Name: GenerateAnts
%This function receives seven parameters:
% n: number of discreet variable
% k: number of interval
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% qo: randomness parameter
% z: number of ants
% F:pPheromone Matrix
% DV: discreet Values
% PC: accumulative Probability matrix
% and returns:
% S: matrix with a new population of z ants
%

function [S] = GenerateAnts(n,z,qo,F,PC,DV)

S = ones(n,z);

for i=1:z % Loop to generate z ants

for j=1:n % Loop to generate n discreet values
% associate with n variables for
each ant

qn = rand;

if qn < qo

[C,I] = max(F(j,:)); e
S(j,i) = DV(1,I);

else

c = find(PC(j,:) >= qn);
S(j,i) = DV(1,c(1,1));

end
end

end

end
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