
Chapter Five 

FURTHER LOGARITHMS 

We have learnt that when a number is written in the form C = ab, a is the base, 
while b is the index. This is the Index notation of a number. There is also 
logarithmic notation of a number. For example, a statement such as: 
25 = 52 can be written as; 
log,25 = 2 and read as; the 'logarithm of 25 to base 5 is 2'. We therefore interpret 
the logarithm as the power to which 5 must be raised to give 25. 

Consider the following cases: 
(i) 23 = 8 
(ii) 32 = 9  

(iii) (i)-2 = 25 

The three statements can be written in logarithmic notation as; 
(a) log28 = 3 
(b) 10g39 = 2 

Ni:. 
aP + 11 
.::. lb&J! =-g 
Also, ail= a 
.'. logaa = 1 
That is the logarithm of 1 to any base is zero and the logarithm of any number 
to the base equal to the number is 1. 

Logarithms of numbers can be read directly from the tables of logarithms 
or by using a calculator, which gives answers to base 10. 
From tables, log1$ = 0.6990, which is written as log 5 = 0.6990. (4 sf.) 
When using a calculator to get log,$, the procedure is as follows: 
Step I Key in 5. 
Step I1 Press the log buttom. 

The answer 0.6990 (to 4 sf.) will be displayed on the screen. 
Use a calculator to get logarithms of the following numbers: 
(i) Log4 
(ii) Log 12 
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(iii) Log 20 
Express the following in logarithmic notation: 

(i) 53 = 125 
(ii) 84 = 4 096 
(iii) 3) = 27 
(iv) 1 = 0.1 

5.1: Laws of Logarithms 
We saw earlier that: 
(i) a m x a n  = a("+") 
(ii) am an = a(m - n) 

(iii) (am)" = am 
Considering the above; 
(i) am x an = a(m + n, 

If x = am and y = an, then; 
logax = m and logy = n ............................ (1) 
Therefore, am x an = xy ........................ 
a(m+n)  = 

(2) 
XY 

Hence, logaxy = m + n ........................ (3) 
But from equation (1) logax = m and logay = n. 
Substituting this in equation (3), we get; 
logax = logax + logay.. .. (4) 

(b) am + an = a(m - n) 

If x = am and y = an, then; 
logx  = m and log, y = n ............................ (1) 
Therefore, am a an = x + y 

Hence, log, X = m - n ............................... 
Y 

(3) 

In equation (1). log, x = m and logay = n. 
Substituting in (3); 

(c) Suppose lo&xn = y ................................... (1) 
In index notation, this can be written as; 
ay = xn. 
Finding the nh root on both sides; 
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Y 
an = x ............................................................... : . . .  (2) 
Hence, logax = 4 
Multiplying both sides by n; 
n logax = y .............................................................. (3) 
From equation (1) log xn = y 
Substituting for y in eqbation (iii); 
n logax = log,x"r logaxn = nlog,x ............................ (4) 

Equation (4) in each of the above cases form the three laws of logarithms, 
stated as; 
(i) log,xy = logax + logay 

(ii) log, - = logax - logay (; 1 
(iii) logax"= n logax 

Example 1 
Express the following in terms of log a, log b and log c. 

(a) log ab (b) log abc (c) 1% % (d) log & 

Solution 
(a) log ab = log a + log b ..... .. i 
(b) log abc = log a + log b + log c &,&-{ ; ..-. c- ; , -& 2; 

. , .  . . . . " . .  : . .  ,.-, /" . , 7--* . 
(c) log ; = log a - log b ,,,: ;& .. i-: - pr3d i:j,,$: . li- r-2 *. , .. .:.$:. ,::',  if- 

(c) log $ = log a - (log b + log c) 

= loga-logb-logc 

Example 2 
(a) Express in terms of log a, log b and log c; 

(b) Write log 100 - 2 log 50 as a logarithm of a single number. 

Solution 

(a) log ($1 = log a2 - log by 
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(b) log 100 - 2 log 50 = log 100 - log 50' 

= log 1 
25 

Example 3 
Given that log 2 = 0.3010, and log 3 = 0.4771. simplify: 
(a) log 6 (b) log 1.5 (c) log 54 

Solution 
(a) log 6 = log (3 x 2) 

= log 3 + log2 
= 0.4771 + 0.3010 
= 0.7781 

(b) log 1.5 = log (3 + 2) 
= log 3 -log 2 
= 0.4771 - 0.3010 
= 0.1761 

(c) log 54 = log (27 x 2) 
= log (33 x 2) 
= 3log3+log2 
= 3(0.477 1) + 0.3010 
= 1.4313+0.3010 
= 1.7323 

Exercise 5.1 
1. Express the following in logarithmic notation: 

2 
(a) 72 = 49 (b) d = 32 (c) 1 331 = 1212 

(d) I O ? = O . O ~  (e) 9,- I (Q g-f = 1  2 

(g) 125 = (ir (h) 9t=-l- 27 (i) 1 = aO 

2. Express in index notation: 
(a) log5625 = 4 (b) log,, 1000 = 3 (c) 1og327 = 3 

(d) log 1 = 0 (el log ,4 = -2 (f) lo& = 
2 
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3. Express in terms of a, b and c, given that log x = a, log y = b and log z = c: 

(g) log 

4. Simplify: 
(a) log 3 + log 4 (b) log 6 - Log 2 
(c) log 30 - log 3 (d) log 2 + log 6 - log 4 

(e) $ log 4 - log 6 (0  2-2log5 

(g) log, 16 - log,8 (h) l0g~2.7 + log, 10 
5. Simplify: 

(a) log (x + 1) - log (x2- 1) (b) 2 loga5 + log,4 - 2 loga10 
(c) log x4 + log X (d) log$ + 10g927 

(e) log 3 + log 15 - log 4.5 ( 0  log,72 - log, { 
6. Given that log 2 = 0.3010 and log 3 = 0.4771, find: 

(a) log 12 (b) log 5 (c) log 108 

5.2: Logarithmic Equations and Expressions 
Consider the following equations; 
(i) log,81 = x (ii) log,8 = 3 

The value of x in each case is established as below: 
(i) l0g381 = x 

:. 3" 8 1 
y = 34 
x = 4  

(ii) log,8 = 3 
x3 = 8  
x3 = 23 
x = 2  

Example 4 
Solve far x in log r + log 5 = log 30. 
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Solutiorr 
log x + log 5 = log 30 or log x + log 5 = log 30 
:. log x = log 30 - log 5 :. log 5x = log 30 

log x = log - [:I 5x = 30 

log x = log 6 
:. x = 6  

Example 5 
Find y without using tables if 2 + log,3 + log,y = l0g,5 + 1 

Sollction 
2 + log,3 + 10g,y = log$ + 1 
-1 + 2 + 10g,3 + l0g2y = log25 
1 + log,3 + log,y = log$ 
But 1 = log22 
Substituting; 

+ 10g23 + 10g2Y = 10g25 
log,(2 x 3)' + log$' = 10g25 
log,6 + l0g2y = log25 
log2y = log$ - log26 

'0.y = 1og2(;) 

Exatnple 6 
Simplify without using tables; 

log 25 + log 625 
log 5 

Solution 

log 25 + log 625 - log 5' + log 54 - 
log 5 log 5 

- - 2log5 +4log5 
log 5 

- 6 log 5 - -  
log 5 
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Simplify without using tables: 
- 

log 8 

3 
ci) 

log x4 (ii) - 
log x 

log d 6 (iii) - 
log 6 

5.3: Further Computation using Logarithms 
Consider the expression log83 
The solution to log83 cannot be read from tables, which give logarithms to base 10 
only. However, if we let; 
log83 = x, then 8% 3. 
To solve for x, we introduce logarithms to base 10 on both sides. That is; 
log 8  ̂= log 3 
x log 8 = log 3 

log 3 x =  - 
log 8 

From tables the logarithms of 3 and 8 are 0.477 1 and 0.903 1 respectively. 
Substituting this is; 

Example 7 
Solve log62 

Solution 
: Let log62 = t. Then, 6'= 2 

Introducing logarithms to base 10 on both sides; 
log 6' = log 2 
t log 6 = log 2 

log 2 t = - 
log 6 

t = 0.3868 
:. 10g62 = 0.3868 
Consider the equation 22Q 3(2^) - 4 = 0. 
Taking logs on both sides cannot assist in getting the value of x, since 
2'" + 3(2^) cannot be combined into a single expression. However, if we let 2' = y, 
then the equation becomes quadratic in y. 
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Thus, let 2" y ............ (1) 
:. yZ.+ 3y -4  = 0. ........ (2) 
(Y + 4)(y - 1) = 0 
y = - 4 o r y = l  

Substituting for y in equation (1); 
2"-40r2"=1 
There is no real value of x for which 2" -4. 
Hence, 2" = 1 
x = o  

Example 8 
Solve for x in (10g,~x)~ = 3 - 

Solution 
(10g,~x)~ = 3 - 2 loglox 
Let loglox = t .................... (1) 
... t2 = 3 - 2t 
t 2 + 2 t - 3 = 0  
t 2 + 3 t - t - 3 = 0  
t ( t+3)- l ( t+3)=O 
(t - 1) (t + 3) = 0 
t =  1 or t=-3 
Substituting for t in equation (1). 
log,,x = 1 or loglox = -3 
:. lo1= xor lC3=  x 

X = 10 or 1 
loo0 

Note: 

Exercise 5.2 
Simplify: 

1. (a) (2) logaa2 i loga f i  (c) (log a2 + log b2) - log ab 
log 5 

2. Evaluate: 

(a) log34 (b) log717 (c) log514 (d) lob28 
(e) 10g1241 (f) log210 (g) log$ 
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(c) 10"=7 
( f )  3'"-1) = 7 

3. Find the value of x in the equation: 
(a) 4 '=3 (b) 7" 11 
(d) 6"= 15 (e) 2'" = 5 
(g) (5")s"-')= 10 (h) 2"+'=3" 

4. Express y in terms of x in the equation: 
 log,^ + log, y3 = 1. 

5. If log2x + log,2 = 2, find x. 
6.  Solve the simultaneous equations below: 

(a) logxy = 2 
xy = 8  

(b) 2 log y = log 2 + log x 
2y = 4' 

. (c) Log (x + y) = 0 
2 log x = log (y + 1). 

7. . Solve the following: 
(a) log x = 4 log 2 (b) log 12 + 31og x = log 96 
(c) 1 + log,x = log, 12 (d) log3y - 4 = log35 
(e) log,PZ = 2 1og45 (f) log34 + log3x + log 3 - log35 = 10g32 
(g) log2y = log,3 + log27 + 210g2y 
(h) 22 + log2x2 + 510g22 = 9 

8. Solve for x in log(3x + 4) - log(3 - x) = 1 
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