Chapter Four

SURDS

4.1: Rational and Irrational Numbers
A rational number is a number which can be written in the form g, where p

and q are integers and q # 0. The integers p and q must not have common

factors other than 1. Numbers such as 2, -;-, %, %, J& - Y8 and /9 are examples
of rational numbers. Terminating and recurring decimals are also rational

numbers since they can be expressed in the form %.

Irrational Numbers
Numbers such as 7, /2, /3, V5,3 +/10 cannot be written in the form %.

Such numbers are called irrational numbers.
Classify the following numbers as rational or irrational:

iy 11 (i) /8 (iii) 4/16 (iv) +/25
v) 432 (vi) 416 (vii) \[21 (viii) ¥27
Surds

1
Consider expressions such as 40, JE , 162, +/0.09 and /8. These numbers
have exact square roots or cube roots.

1
Thus, /9 =+3, 162 =+4, 4/0.09 =+ 0.3 and 38 =2.

However, expressions such as \/5 y JE , Q/% , W do not have exact
square roots or cube roots. Such numbers are called surds. All surds are irrational
numbers. Although a surd is an irrational number, the number under the root
stgn is a rational number.

The product of a surd and a rational number is called a mixed surd.
Examples are;

243, 44/7 and {2
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4.2: Order of Surds
«,/_5, «./_6_ , x/ﬁ , J1_2 are surds of order 2.

32, /6. 310, 330 are surds of order 3.
4[2— , 4/& 4/100 are surds of order 4.

In general, if R/; is a surd, then the order of the surd is n.

4.3: Simplification of Surds
A surd can be reduced to its lowest term possible, as follows;

Example 1
Simplify: (a) 18 (b) 48 © 712

Solution

@ J18=+9x2
=9 x 2
=32

() 48 =16 x 3
=16 x 3
=443

© 72=+36x2
= /36 x«fi
= 642

Simplify each of the following to the lowest term:

i 50 Gi) ~200  Gi) V12 v) V125 (v) 54

4.4: Operations on Surds
The four basic operation of addition, subtraction, division and multiplication
apply to surds in the same way as in algebra.

Addition and Subtraction

Surds can only be added or subtracted if they are of the same order and the
number under the root sign is the same. Otherwise, the surd is in its simplest
form.
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Example 2
Evaluate:
@ 2+ 42 () 3¥3+5V3 © 5¥3-2V3 (@ 3V6 + 4410
Solution
@ 2 +42
Leta= 2
N2+ 2 =a+a
= 2a
Buta= \/5
w2+ 2=2V2
®)  3¥3+543
Leta= \/5
3J_3+ 543 = 3a+35a
=8a
Buta= JE
~ 3V3+5V3=28V3
© 5v3-243
Leta= \/5
w543 -243=5-2a
=3a
Buta= \/3
5V3-2V3=3/3
(d 36 + 4410 = 36 + 4410; Expression already in its simplest form.

In g_eneral, (i) avn + byn = (a+b)vn

(i) avn - bvn = (a-b)vn

Multiplication and Division
Surds of the same order can be multiplied or divided irrespective of the number
under the root sign.
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Example 3
Evaluate:

@ V2 x42 ) V2 x 43 © 2V6 x 7410
@ 10 = +5 € 2v15 + 3

Solution
@ V2x+2 = 2x2
= 4
. =2
) V2x+3 = v2x3
= 6
© 2V6 x 110 = 2x7)6 x 10
= 14460
= 14 (V& x +15)
= 14 %2415
= 2815
@ V10 + V5= ¥

= 2
© 2415 « V3= 2[5
In general; (i) vAi X vO = ~/mn

.. _
@ E=
Note:

Jazo)y # vat Vb

Example 4
Simplify:

@ (V2+43) ® (2 - 3)
@ (2-VB)2+3) @ (243 + VT)V3 + ad1I)
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Solution

(a) (JE+J§)2 = (V2 + V3)(v2 + 3)
= V2(V2 + V3) + V3(v2 + 3)
= va+ J6+ Ja+ e
= 2+2J6+3
= 5+2-6

® (2-+5) = (2-+5)(2-5)
= 2(2-Vs5) - ¥5(2- 5)
= 4-2J5-2J/5+ 425

= 4-4J5+5
= 9-445
© (2-V3)(2++3) = 2(2 ++3) - V32 + V3)
=4+2\/§—2«/_—\f§
= 4-3

=1
@ (293 + V7)(V3 + aV11) = 243(V3 +4411)+7(v3+4411)
= 2J§ + 84—3_3 + «/ﬁ + 4ﬁ
= 2x3+ 833 +21 + 477

= 6+8w/§+ 21+4ﬁ

Exercise 4.1

1. Express each of the following surds in its simplest form:
@ 8 ®) V12 © 32 d V52
®© 1000 O V250 (9 V128 () V54
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Copy and complete the table:

83

443 42 (3)" V16 x3 V48

25 2'(Vs)’ 4x5 Y20

643 — — J108

- 7(2) | - V58

13v10 — V169 x 10 | —

20310 — — —

Simplify:

@ 2V3+5V3 () W7+ 1047 © 247 + %\ﬁ
@ sVI1 +411 € 3423 + 5V23 - 14423

®  2vx +3Vx @ 2vV9x +5v3x

(h) 4418 + 5472 - V108 (D wWx® + 71/(4{)_ 21‘/(16)(2)
M W9 - 2419 & 612 - 310 (1) 724 - 924

(m) 16+/40 m 8V32 - 232 (p %\/__ %\/E
@ %JE_ W5 () 10V216 - %/8 ©) %JE‘_ %@

® 24343 - 107

Simplify:
@ s5x 2 ® 23 x 57 (© 11 x 49
@ 313 %542 @ 6V4 x %\/3 ® 8Vx x 24y

(2

23xLsxams ) (45) G 22 x5
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G 248 x5+3
(m) /81 x 7
@ 196 x /5

SECONDARY MATHEMATICS
® V24 x+6 M V72 x 2
() V225 x /15 @ V169 x 14

) 625 x V71

() 2428 x 3Wa2

Simplify:

@ +(56x4) ® vY72x1 © Sy(125x6)

@ 400 © 124 ® 96

® J(92x168) mw Vox+2m @ J(64x13)

M 16 Vox" & (6 x6) M (49 +4)

m J(625x9) @ (169x18) (@ (156 x 25)

@ (72x19) (0 (324 x 3) ) (150 x 360)

® (125 x 2) w (81 - 16)

Simplify:

@ (2 ® & o [ CRE

© % ® & ® @ ONNES

W |2 0 IE w0 E o T

m T @ ) ———“*;gif‘j;? @ {FZE
5 256

® Y= © o

=R

)

Evaluate, leaving your answer in its simplest form:

(@)
(©
(e

N’

(2+V3)(2++3
(W3 - /33 + 2)
(Vo NR)(4T- 45)

® (3-5)(V10 + V2)

() (V2+ J?)(\/Z_ + \/5)
@ (3-+2)V5 - 2)
® V3+5)(+3 - V6)
(h) (JE— JBX\/2_+ w/g)
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O [3‘/7 - \/SX\/E +\/§) ) [2 + «/§X2 +J§)
© (V7 +4)¥7-4) O (43 - 2343 + 63)
m (B V5[3 - T) @ (Y49 +160)3 - ¥6)

4.5: Rationalising the Denominator
The process of expressing a fraction having a surd in the denominator in such a
way that there is no such a surd is called rationalising the denominator.

Example
Rationalise: (a) ﬁ (b) j}';
Solution
L = 1,5 1 o= 1 AT

@ £ = Lx3 ® F = ww

~ 5 _ 7

T J5x5 - J7Tx7

= 5 = T

T Vs ]

5 7

Consider the expressions;
@ (5-27)(5+27) ® (V3-v2)[V3+7)

Expanding and simplifying;
@@ (5-2v7)(5+247) =5(5+247) - 247(5+27)
25 + 107 - 107 - 449

25-4x7

25-28

= -3

® (V33|34 ¥2)= 3 (Y3447 - ¥2(43 + ¥2)
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(Y5 ++6) - (V6 - )

=3-2

=1
Note that each expression reduces to a rational number. If the product of two
surds gives a rational number, then the surds are called conjugates of each
other or simply conjugate surds.

5-2 ﬁ) is the conjugate of (5 + 2 «/7 ) and vice versa. Similarly, («/5 - «/5)

is the conjugate of (\E +42 ) and vice versa.

In general, the conjugate of (\/_ - «/E) is («/; + \/B)

Example 5
Simplify by rationalising the denominator:
8 N2+ 43
(a) 5+ 2 (b) W
Solution
(a) 8 = 8 « N5-42
V5 + 42 N5+42 0 J5-42
] 8(J5 - 42)
V5(/5 - ¥2) + V25 - +2)
_ 8(/5-+2)
Ja5- Jio+ V10— V4
o 8G/5-2)
5-2
8(/5 - +2)
3
@ J2Z+43 _ (2 +43) , (/6 ++3)
-3~ W6-3) e+

_ N2(W6+43)+ V3(V6+ V3
N6(V6+V3)- V3 (V6 ++3)

V12 + 6 + VI8 + /9
V36 + V18 - V18 - /9
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«/Tx«/§+«/3+x3/§xx/§+w/§
6 —

- 2V3+4/64+3/2+3
3

Note:
Fractional surds having a ‘one term’ expression in the denominator, €.g., 71—-2-, ;%
and ﬁ are rationalised by multiplying both numerator and denominator by

the denominator.
If the denominator is a ‘two term’ expression, ¢.g., 7’2375 7-7:‘7? and J‘Ts—_n
Then the fractional surd is rationalised by multiplying both numerator and
denominator by the conjugate of the denominator.

Express the following in such a way that there is no surd in the
denominator:

(a) NE] (b NEi (©) J3+1 @ V11 — 4410
Exercise 4.2
Rationalise and simplify the denominators in numbers 1 - 4.
L @ 5 © 7 © T
1 2 ==
@ 575 © 373 ® 353
2. (a 3—_6’73 ®) 3 _zf/j © 3 _Sﬁ @ 72—4«73
547 211 V2 + 3
3. o i L Y
@ 5l PO Ni-s 9 Flvs
V-5 V4 +1
4 Y1=A5 N4+l
) J5 + 7 © Va4 + 43
J7-243 32 - ST V3-4
“ @ Y= ® 527 9 G-
(d) M (e) J5

6 3J15-210
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11.

SECONDARY MATHEMATICS

Evaluate the following, given that JE =1.414, J§ =1.732, 5 =2.236,
J6 =2.449 and /7 = 2.646.

243 " NG
© © 2

Given thata = /5 and b= /7, express the following in terms of a and b
and simplify:

@@ 2+45-635 (b) 35 + 140

~20 + V112
c) Yt=——=—= dy . -
© “Fim @ 320 - 7
Simplify, leaving your answer in surd form:

(a) 1 _ 1 (b) 2 _ 5
17 =245 V17 +245 J6+43 Jv7-+5

Express in surd form and simplify by rationalising the denominator:

2 V10 1 + cos 30°
—_— b —— F S L A
@ T Tcosds® ® a6 © T in60°

Express as a surd the area of an equilateral triangle of sides 5 cm.
Find the longest side of right-angled triangle whose other sides are:

(w/E + l)cm and (\/5 - l)cm long.

Solve the equations:

@ Jx+5=5-+x ® Vx +Vx +7=7

Hint: square both sides.
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