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Preface

Engineering Mathematics Sth Edition covers a wide
range of syllabus requirements. In particular, the book
is most suitable for the latest National Certificate and
Diploma courses and City & Guilds syllabuses in
Engineering.

This text will provide a foundation in mathemat-
ical principles, which will enable students to solve
mathematical, scientific and associated engineering
principles. In addition, the material will provide
engineering applications and mathematical principles
necessary for advancement onto a range of Incorporated
Engineer degree profiles. It is widely recognised that a
students’ ability to use mathematics is a key element in
determining subsequent success. First year undergrad-
uates who need some remedial mathematics will also
find this book meets their needs.

In Engineering Mathematics S5th Edition, new
material is included on inequalities, differentiation of
parametric equations, implicit and logarithmic func-
tions and an introduction to differential equations.
Because of restraints on extent, chapters on lin-
ear correlation, linear regression and sampling and
estimation theories have been removed. However,
these three chapters are available to all via the
internet.

A new feature of this fifth edition is that a free Inter-
net download is available of a sample of solutions
(some 1250) of the 1750 further problems contained in
the book — see below.

Another new feature is a free Internet download
(available for lecturers only) of all 500 illustrations
contained in the text — see below.

Throughout the text theory is introduced in each
chapter by a simple outline of essential definitions,
formulae, laws and procedures. The theory is kept to
a minimum, for problem solving is extensively used
to establish and exemplify the theory. It is intended
that readers will gain real understanding through see-
ing problems solved and then through solving similar
problems themselves.

For clarity, the text is divided into eleven topic
areas, these being: number and algebra, mensura-
tion, trigonometry, graphs, vectors, complex numbers,

statistics, differential calculus, integral calculus, further
number and algebra and differential equations.

This new edition covers, in particular, the following
syllabuses:

(i) Mathematics for Technicians, the core unit for
National Certificate/Diploma courses in Engi-
neering, to include all or part of the following
chapters:

1. Algebraic methods: 2, 5, 11, 13, 14, 28, 30
(1,4, 8,9 and 10 for revision)

2. Trigonometric methods and areas and vol-
umes: 18-20, 22-25, 33, 34

3. Statistical methods: 37, 38

4. Elementary calculus: 42, 48, 55

(ii) Further Mathematics for Technicians, the
optional unit for National Certificate/Diploma
courses in Engineering, to include all or part of
the following chapters:

1. Advanced graphical techniques: 29-31
2. Algebraic techniques: 15, 35, 38

2. Trigonometry: 23, 26, 27, 34

3. Calculus: 4244, 48, 55-56

(iii) The mathematical contents of Electrical and
Electronic Principles units of the City & Guilds
Level 3 Certificate in Engineering (2800).

(iv) Any introductory/access/foundation course
involving  Engineering =~ Mathematics  at
University, Colleges of Further and Higher
education and in schools.

Each topic considered in the text is presented in a way
that assumes in the reader little previous knowledge of
that topic.

Engineering Mathematics Sth Edition provides
a follow-up to Basic Engineering Mathematics and
a lead into Higher Engineering Mathematics Sth
Edition.

This textbook contains over 1000 worked problems,
followed by some 1750 further problems (all with
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answers). The further problems are contained within
some 220 Exercises; each Exercise follows on directly
from the relevant section of work, every two or three
pages. In addition, the text contains 238 multiple-
choice questions. Where at all possible, the problems
mirror practical situations found in engineering and sci-
ence. 500 line diagrams enhance the understanding of
the theory.

At regular intervals throughout the text are some 18
Revision tests to check understanding. For example,
Revision test 1 covers material contained in Chapters
1 to 4, Revision test 2 covers the material in Chapters
5 to 8, and so on. These Revision Tests do not have
answers given since it is envisaged that lecturers could
set the tests for students to attempt as part of their course

structure. Lecturers’ may obtain a complimentary set
of solutions of the Revision Tests in an Instructor’s
Manual available from the publishers via the internet —
see below.

A list of Essential Formulae is included in
the Instructor’s Manual for convenience of reference.
Learning by Example is at the heart of Engineering
Mathematics S5th Edition.

JOHN BIRD

Royal Naval School of Marine Engineering,
HMS Sultan,

formerly University of Portsmouth and
Highbury College,

Portsmouth
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Free web downloads
Additional material on statistics

Chapters on Linear correlation, Linear regression and
Sampling and estimation theories are available for free
to students and lecturers at http://books.elsevier.com/
companions/9780750685559

In addition, a suite of support material is available to
lecturers only from Elsevier’s textbook website.

Solutions manual

Within the text are some 1750 further problems arranged
within 220 Exercises. A sample of over 1250 worked
solutions has been prepared for lecturers.

Instructor’s manual

This manual provides full worked solutions and mark
scheme for all 18 Revision Tests in this book.

Illustrations

Lecturers can also download electronic files for all
illustrations in this fifth edition.

To access the lecturer support material, please go to
http://textbooks.elsevier.com and search for the book.
On the book web page, you will see a link to the Instruc-
tor Manual on the right. If you do not have an account
for the textbook website already, you will need to reg-
ister and request access to the book’s subject area. If
you already have an account but do not have access to
the right subject area, please follow the ’Request Access
to this Subject Area’ link at the top of the subject area
homepage.
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Chapter 1

Revision of fractions,
decimals and percentages

When 2 is divided by 3, it may be written as % or 2/3 or
2/3. % is called a fraction. The number above the line,
i.e. 2, is called the numerator and the number below
the line, i.e. 3, is called the denominator.

When the value of the numerator is less than the
value of the denominator, the fraction is called a proper
fraction; thus % is a proper fraction. When the value
of the numerator is greater than the denominator, the
fraction is called an improper fraction. Thus % is
an improper fraction and can also be expressed as a
mixed number, that is, an integer and a proper frac-
tion. Thus the improper fraction % is equal to the mixed
number 2%.

When a fraction is simplified by dividing the numer-
ator and denominator by the same number, the pro-
cess is called cancelling. Cancelling by 0 is not
permissible.

1 2
Problem 1. Simplify 3 + =

The lowest common multiple (i.e. LCM) of the two
denominators is 3 x 7, i.e. 21.

Expressing each fraction so that their denominators
are 21, gives:

1+2 1 7+2 3 7+6
—_ - = — X — - X = = — _
37 3 7 7 3 21 21
_7+6 13
21 21

Alternatively:
Step (2) Step (3)
\ |
1+2_ (7x1)4+Bx2)
307 21
1
Step (1)

Step 1:  the LCM of the two denominators;

Step 2:  for the fraction %, 3 into 21 goes 7 times,

7 x the numerator is 7 x 1;

Step 3: for the fraction %, 7 into 21 goes 3 times,
3 x the numerator is 3 x 2.
1 2 746 13

Thus 3 + T=%0 T2 as obtained previously.

2 1
Problem 2. Find the value of 33 — 28

One method is to split the mixed numbers into integers
and their fractional parts. Then

3 6
413
6 6 6 2

Another method is to express the mixed numbers as
improper fractions.

www.EngineeringBooksPdf.com
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. 9 2 9 2 11
Since3=—-, then 3-=—-+-=—
3 3 3 3 3
Similarl 21 12 n 1 13
1mi L= = — - —=
Y676 "6 6
2 1 11 1 22 1 1
Thus3——2—:——_3=___3:2=1_
3 6 3 6 6 6 6 2

as obtained previously.

Problem 3. Determine the value of
5 2

1
42 —3- 4 1=
s 413

5 1 2 5 1 2
4——3—+1§=(4—3+1)+ - — =4 =

8 4 8 4 5
5x5—10x14+8x%x2
=i 40
=2+25—10—i—16
40
31 31
=230 %0

14
Problem 4. Find the value of g X 5

Dividing numerator and denominator by 3 gives:

7 14 1 14 1x14
— X — == X — = —
7 Ms 15 7x5
Dividing numerator and denominator by 7 gives:
Ix M2 1x2 2
7x5 1x5 5
This process of dividing both the numerator and denom-

inator of a fraction by the same factor(s) is called
cancelling.

3
Problem 5. Evaluate 1= x 2l % 3§
5 3 7

Mixed numbers must be expressed as improper frac-
tions before multiplication can be performed. Thus,

3 1 3
1= x2- x3=
5 3 7

_5+3X6+1X21+3
“\5 5 33 7 7

8 17 248 8x1x8
=—- XX —= —n«—
5 13 71 S5x1x1

64 4
= — =12-
5 5
Problem 6. Simplify > = —
ropiem 0. implhty = =+ —
P T2
3
312 7
7721 12
21

Multiplying both numerator and denominator by the
reciprocal of the denominator gives:

3 3 27 3
7 _ ] Vs _4_3
27Ty T 1 4
21 T w7,

This method can be remembered by the rule: invert the
second fraction and change the operation from division
to multiplication. Thus:

3 12 3 213 biained previoust
- = — = — X —— = — as obtaine TEViously.
TR Rl v ol prEVIOEY

3 1
Problem 7. Find the value of 5§ - 7§

The mixed numbers must be expressed as improper
fractions. Thus,

3 1 28 22 4w 3 42
S—tls=—+—F=—7T X5 = —
5 375 3 5 22, 55

Problem 8.  Simplify
1 2 + 1\ (3 o 1
3 5 4) \8 3

The order of precedence of operations for problems
containing fractions is the same as that for integers,
i.e. remembered by BODMAS (Brackets, Of, Division,
Multiplication, Addition and Subtraction). Thus,

1 2+1 3 1
3 5 4 8 3
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1 4x245x1 3!

= = (B) 2 3 2 1 2
2. -+— b =-—=+-
3 20gz 245 (21)7+11 ()9 7t3
1 13
=————X— D 43 47
33201 (D) [(a)ﬁ ()
1 26
= - 3 2 1 4 5
3 5 M) 3. @10=—-8=- (b)3-—4-+1-
7 3 4 5 6
6 x1)—(@3x26)
= S) 16 17
15 (a) lﬁ (b) &
—73 413
=5 T T g 3 5 17 15
15 15 4, @>x= (b) — x —
4 9 35 119
Problem 9. Determine the value of 5 3
(@) 12 (b) E
7 ¢ 31 21 +51 3 1
— O —_—— _ ) 4+ Y- Y —— -
6 \2 4/ 8 16 5 @D L 12 () seda % B
' 5 9 7 17 11 39
7 ¢ 31 21 + 51 3 1 3 T
-0 - —2- -+t — — = s
6> \"2774) 8 16 2 [(a) 5 O
7 1 41 3 1 3 45 1 5
=—-ofl-+—+——= B -+ — - +2-—
G © 4+8 6 2 (B) 6. (21)8.64 (b)l?,.29
7 5 41 3 1 8 127]
=—-X-—4+—=+—=—= o a)— (b)) —
6 378 716 2 ©) [()15 ® 2]
7 5 41 16% 1 1 3 8 1 77
= X4+ —xX— — = 7. ==+ —=—-= 1—
6 4T g3 2 ®) 275715 [24_
35 82 1 7 5 3 15 47
=—+—=——-= M 8 —of [I5x = -+ — 5=
#1372 (M) 15°< X7>+(4 16) [5_
354656 1 .
=~>1 3 (A) 9. lxg_l+§+% L
4 3 3 5 17 126 |
691 1 -
_o1 1 (A) 2 1\ (2 1\ .3 28
24 2 10. §XIZ = §+4_1 +1§ 25
691 — 12 -
=51 S) 11. Ifastorage tankisholding 450 litres when itis
three-quarters full, how much will it contain
_079 87 when it is two-thirds full?
24 24 [400 litres]
12. Three people, P, Q and R contribute to a fund.
Now try the following exercise P pr0v1d<.35 3/5 of the totalf Q provides 2/3. of
the remainder, and R provides £8. Determine
(a) the total of the fund, (b) the contributions
Exercise 1 Further problems on fractions of P and Q. [(a) £60 (b) £36, £16]
Evaluate the following:
1 2 7 1 1.2 Ratio and proportion
1. - +- (b)) ——-
(a) 5+3 (b) 6 2
|:( a) 9 (b) i] The ratio of one quantity to another is a fraction, and
10 16 is the number of times one quantity is contained in
another quantity of the same kind. If one quantity is
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directly proportional to another, then as one quantity
doubles, the other quantity also doubles. When a quan-
tity is inversely proportional to another, then as one
quantity doubles, the other quantity is halved.

Problem 10. A piece of timber 273 cm long is
cut into three pieces in the ratio of 3 to 7 to 11.
Determine the lengths of the three pieces

The total number of parts is 3+ 7+ 11, that is, 21.
Hence 21 parts correspond to 273 cm

273
1 part corresponds to ETh 13cm

3 parts correspond to 3 x 13 =39cm

7 parts correspond to 7 x 13 =91 cm

11 parts correspond to 11 x 13 = 143 cm
i.e. the lengths of the three pieces are 39 cm, 91 cm
and 143 cm.
(Check: 39 +91 + 143 =273)

Problem 11. A gear wheel having 80 teeth is in
mesh with a 25 tooth gear. What is the gear ratio?

. 80 16
Gearratio=80:25= — = — =
25 5

i.e. gearratio=16:50r3.2:1

32

Problem 12. An alloy is made up of metals A and
B in the ratio 2.5 : 1 by mass. How much of A has
to be added to 6 kg of B to make the alloy?

Ratio A:B: :2.5:1 (i.e. Aisto B as 2.5isto 1) or
A 25

—=—=25

B 1

| >

When B =6kg, = 2.5 from which,

N

A=6x25=15kg

Problem 13. If 3 people can complete a task in
4 hours, how long will it take 5 people to complete
the same task, assuming the rate of work remains
constant

The more the number of people, the more quickly the
task is done, hence inverse proportion exists.

3 people complete the task in 4 hours.

1 person takes three times as long, i.e.
4 x 3=12 hours,
5 people can do it in one fifth of the time that one

12
person takes, that is 5 hours or 2 hours 24 minutes.

Now try the following exercise

Exercise 2 Further problems on ratio and
proportion

1. Divide 621 cm in the ratio of 3 to 7 to 13.
[81 cm to 189 cm to 351 cm]

2. When mixing a quantity of paints, dyes of
four different colours are used in the ratio of
7:3:19:5. If the mass of the first dye used
is 3% g, determine the total mass of the dyes
used. [17 g]

3. Determine how much copper and how much
zinc is needed to make a 99 kg brass ingot if
they have to be in the proportions copper :
zinc: :8 : 3 by mass. [72kg : 27 kg]

4. Tt takes 21 hours for 12 men to resurface a
stretch of road. Find how many men it takes to
resurface a similar stretch of road in 50 hours
24 minutes, assuming the work rate remains
constant. [5]

5. It takes 3 hours 15 minutes to fly from city A
to city B at a constant speed. Find how long
the journey takes if

(a) the speed is 1% times that of the original
speed and

(b) if the speed is three-quarters of the orig-
inal speed.
[(@) 2h 10min (b) 4 h 20 min]

The decimal system of numbers is based on the digits
0 to 9. A number such as 53.17 is called a decimal
fraction, a decimal point separating the integer part,
i.e. 53, from the fractional part, i.e. 0.17.

A number which can be expressed exactly as a deci-
mal fraction is called a terminating decimal and those
which cannot be expressed exactly as a decimal fraction
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are called non-terminating decimals. Thus, %: 1.5

is a terminating decimal, but % =1.33333... is a non-
terminating decimal. 1.33333. .. can be written as 1.3,
called ‘one point-three recurring’.

The answer to a non-terminating decimal may be
expressed in two ways, depending on the accuracy
required:

(i) correct to a number of significant figures, that is,
figures which signify something, and

(i) correct to a number of decimal places, that is, the
number of figures after the decimal point.

The last digit in the answer is unaltered if the next
digit on the right is in the group of numbers O, 1, 2, 3
or 4, but is increased by 1 if the next digit on the right
is in the group of numbers 5, 6, 7, 8 or 9. Thus the non-
terminating decimal 7.6183. . . becomes 7.62, correct to
3 significant figures, since the next digit on the right is
8, which is in the group of numbers 5, 6, 7, 8 or 9. Also
7.6183. .. becomes 7.618, correct to 3 decimal places,
since the next digit on the right is 3, which is in the
group of numbers 0, 1, 2, 3 or 4.

Problem 14. Evaluate 42.7 +3.04 + 8.7 + 0.06

The numbers are written so that the decimal points are
under each other. Each column is added, starting from
the right.

42.7
3.04
8.7
0.06

54.50

Thus 42.7 + 3.04 + 8.7 + 0.06 = 54.50
Problem 15. Take 81.70 from 87.23

The numbers are written with the decimal points under
each other.

87.23
—81.70

5.53

Thus 87.23 — 81.70 =5.53

Problem 16. Find the value of
23.4 —17.83 —57.6 +32.68

The sum of the positive decimal fractions is
23.4 4 32.68 = 56.08

The sum of the negative decimal fractions is
17.83 +57.6 =75.43

Taking the sum of the negative decimal fractions from
the sum of the positive decimal fractions gives:

56.08 —75.43
ie. —(75.43—-56.08)=-19.35

Problem 17. Determine the value of 74.3 x 3.8

When multiplying decimal fractions: (i) the numbers are
multiplied as if they are integers, and (ii) the position of
the decimal point in the answer is such that there are as
many digits to the right of it as the sum of the digits to
the right of the decimal points of the two numbers being
multiplied together. Thus

@) 743
38

5944
22290

28234

(i) As there are (1+1)=2 digits to the right of
the decimal points of the two numbers being
multiplied together, (74.3 x 3.8), then

74.3 x 3.8 =282.34

Problem 18. Evaluate 37.81 = 1.7, correct to (i) 4
significant figures and (ii) 4 decimal places

37.81
3781 - 1.7T= ———
1.7
The denominator is changed into an integer by multi-
plying by 10. The numerator is also multiplied by 10 to
keep the fraction the same. Thus

81 x 1
3781« 17— /81 x 10
17 x 10

_378.1

17
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8 Engineering Mathematics

The long division is similar to the long division of
integers and the first four steps are as shown:

22.24117..
17 i378.100000
34
38
34
41
34
70
68
20
(i) 37.81+1.7=22.24, correct to 4 significant
figures, and

(i) 37.81+1.7=22.2412, correct to 4 decimal
places.

Problem 19. Convert (a) 0.4375 to a proper
fraction and (b) 4.285 to a mixed number

0.4375 x 10000
10000

(a) 0.4375 can be written as without
changing its value,

4375

10000
By cancelling

4375 875 175 35 7

10000 2000 400 80 16

ie. 04375 =

ie. 04375= 7
16

285 57
(b) Similarly, 4.285=4——=4—
1000 200

Problem 20. Express as decimal fractions:

9 7
(a) Te and (b) 5§

(a) To convert a proper fraction to a decimal fraction,
the numerator is divided by the denominator. Divi-
sion by 16 can be done by the long division method,
or, more simply, by dividing by 2 and then 8:

4.50 0.5625
2)9.00 8)4.5000

9
Thus — =0.5625
us 16

(b) For mixed numbers, it is only necessary to convert
the proper fraction part of the mixed number to a
decimal fraction. Thus, dealing with the % gives:

0.875

7
8)7.000 ie. 3= 0.875

7
Thus 5§ =5.875

Now try the following exercise

Exercise 3 Further problems on decimals

In Problems 1 to 6, determine the values of the
expressions given:

1. 23.6414.71 —18.9 —7.421 [11.989]
2. 73.84 —113.247+8.21 — 0.068

[—31.265]
3. 3.8x4.1x0.7 [10.906]
4. 374.1 x 0.006 [2.2446]

5. 421.8=+17,(a) correct to 4 significant figures
and (b) correct to 3 decimal places.
[(a) 24.81 (b)24.812]
0.0147
2.3
(b) correct to 2 significant figures.
[(a) 0.00639 (b) 0.0064]

, (a) correct to 5 decimal places and

7. Convert to proper fractions:
(a) 0.65 (b) 0.84 (c) 0.0125 (d) 0.282 and
(e) 0.024
()13 (b)21 (©) ! (d)141 (e) )
Y20 ™25 Y80 Y300 ¥ 125
8. Convert to mixed numbers:

(a) 1.82 (b) 4.275 (c) 14.125 (d) 15.35 and
(e) 16.2125

()]41 (b)411
a — —
50 40

@ 15~ () 1622
20 %0

)141
(c g

In Problems 9 to 12, express as decimal fractions
to the accuracy stated:

4
9. 9’ correct to 5 significant figures.
[0.44444]
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17
10. 77 correct to 5 decimal places.

[0.62963]
11. 1126’ correct to 4 significant figures.
[1.563]
12. 13?—1, correct to 2 decimal places.
! [13.84]

13. Determine the dimension marked x in
the length of shaft shown in Figure 1.1.
The dimensions are in millimetres.

[12.52 mm]

82.92

< »
»

2741 832 x _ 34.67

Figure 1.1

14. A tank contains 1800 litres of oil. How many
tins containing 0.75 litres can be filled from
this tank? [2400]

1.4 Percentages

Percentages are used to give a common standard and

are fractions having the number 100 as their denomina-

25 1
tors. For example, 25 per cent means 100 ie. 7 and is

written 25%.

Problem 21. Express as percentages:
(a) 1.875 and (b) 0.0125

A decimal fraction is converted to a percentage by
multiplying by 100. Thus,

(a) 1.875 corresponds to 1.875 x 100%, i.e. 187.5%
(b) 0.0125 corresponds to 0.0125 x 100%, i.e. 1.25%

Problem 22. Express as percentages:

5 2
(a) Te and (b) 1§

To convert fractions to percentages, they are (i) con-

verted to decimal fractions and (ii) multiplied by 100
o 5 5

(a) By division, T6 = 0.3125, hence T6 corresponds

t0 0.3125 x 100%, i.e. 31.25%

2
(b) Similarly, 1- = 1.4 when expressed as a decimal

fraction.

2
Hence 1§ =1.4x100% =140%

Problem 23. It takes 50 minutes to machine a
certain part, Using a new type of tool, the time can
be reduced by 15%. Calculate the new time taken

15% of 50 minutes = 15 x 50 = 750
v ~ 100 ~ 100
= 7.5 minutes.

hence the new time taken is
50 — 7.5 = 42.5 minutes.

Alternatively, if the time is reduced by 15%, then

it now takes 85% of the original time, i.e. 85% of

50= E x 50= @ =42.5 minutes, as above.
100 100

Problem 24. Find 12.5% of £378

12.5
12.5% of £378 means 100 x 378, since per cent means

‘per hundred’.

1251 1
H 12.5% of £378 = 378 = = x 378 =
;;we o O 100, X A %

Problem 25. Express 25 minutes as a percentage
of 2 hours, correct to the nearest 1%

Working in minute units, 2 hours = 120 minutes.
25
Hence 25 minutes is mths of 2 hours. By cancelling,
25 _ 5
120 24

5 .
Expressing o as a decimal fraction gives 0.2083
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Multiplying by 100 to convert the decimal fraction to a

percentage gives: 4. When 1600 bolts are manufactured, 36

are unsatisfactory. Determine the percentage

0.2083 x 100 = 20.83% unsatisfactory. [2.25%]

Thus 25 minutes is 21% of 2 hours, correct to the 5. Express: (a) 140kg as a percentage of 1t

nearest 1%. (b) 47 s as a percentage of 5 min (¢) 13.4 cm
as a percentage of 2.5 m

Problem 26. A German silver alloy consists of [(a) 14% (b) 15.67% (c) 5.36%]

60% copper, 25% zinc and 15% nickel. Determine

the masses of the copper, zinc and nickel in a 3.74 6. Ablock of monel alloy consists of 70% nickel

kilogram block of the alloy and 30% copper. If it contains 88.2¢g of

nickel, determine the mass of copper in the

block. [37.8 g]

By direct proportion:

7. A drilling machine should be set to
250 rev/min. The nearest speed available on
the machine is 268 rev/min. Calculate the

100% corresponds to 3.74 kg

3.74
1% corresponds to To0 = 0.0374 kg

percentage over speed. [7.2%]
60% corresponds to 60 x 0.0374 = 2.244 kg
25% corresponds to 25 x 0.0374 = 0.935 kg 8. Two kilograms of a compound contains 30%
of element A, 45% of element B and 25% of
15% corresponds to 15 x 0.0374 = 0.561 kg element C. Determine the masses of the three
. . elements present.
Thus, the masses of the copper, zinc apd nickel are [A0.6ke, B09kg, CO0.5ke]
2.244 kg, 0.935 kg and 0.561 kg, respectively.
(Check: 2.2444-0.935+0.561 =3.74) 9. A concrete mixture contains seven parts by

volume of ballast, four parts by volume of
sand and two parts by volume of cement.
Now try the following exercise Determine the percentage of each of these
three constituents correct to the nearest 1%
and the mass of cement in a two tonne dry
mix, correct to 1 significant figure.

[54%, 31%, 15%, 0.3t]

Exercise 4 Further problems percentages

1. Convert to percentages:
(a) 0.057 (b) 0.374 (c) 1.285

[@)5.7% (b)37.4% (c)128.5%] 10. In a sample of iron ore, 18% is iron. How

much ore is needed to produce 3600kg of
2. Express as percentages, correct to 3 signifi- iron? [20 000 kg]

cant figures:
11. A screws’ dimension is 12.5 4= 8% mm. Cal-

() l (b) B (©) 12 culate the possible maximum and minimum
33 24 16 length of the screw.
[(@)21.2% (b)79.2% (c) 169%] [13.5mm, 11.5mm]
3. Calculate correct to 4 significant figures: o
(a) 18% of 2758 tonnes (b) 47% of 18.42 12. The output power of an engine is 450 kW. If
grams (c) 147% of 14.1 seconds the efficiency of the engine is 75%, determine
[(a) 496.4t (b)8.657g (c)20.73s] the power input. [600 kW]
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Chapter 2

Indices, standard form and
engineering notation

The lowest factorsof 2000 are2 x 2 x 2 x 2 x5 x 5 x 5.

These factors are written as 2% x 53, where 2 and 5 are
called bases and the numbers 4 and 5 are called indices.

When an index is an integer it is called a power. Thus,
24 is called ‘two to the power of four’, and has a base of
2 and an index of 4. Similarly, 53 is called ‘“five to the
power of 3’ and has a base of 5 and an index of 3.

Special names may be used when the indices are 2 and
3, these being called ‘squared’ and ‘cubed’, respectively.
Thus 77 is called ‘seven squared’ and 93 is called ‘nine
cubed’. When no index is shown, the power is 1, i.e. 2
means 2!.

Reciprocal

The reciprocal of a number is when the index is —1
and its value is given by 1, divided by the base. Thus the
reciprocal of 2 is 27! and its value is % or 0.5. Similarly,

the reciprocal of 5 is 5! which means % or 0.2.

Square root

The square root of a number is when the index is %, and
the square root of 2 is written as 2'/2 or +/2. The value
of a square root is the value of the base which when
multiplied by itself gives the number. Since 3 x 3 =9,
then /9 = 3. However, (—3) x (—3)=9, so /9= —3.
There are always two answers when finding the square
root of a number and this is shown by putting both
a+and a—sign in front of the answer to a square
root problem. Thus +/9=+3 and 4!/2=4=+2,
and so on.

Laws of indices

When simplifying calculations involving indices, cer-
tain basic rules or laws can be applied, called the laws
of indices. These are given below.

(1) When multiplying two or more numbers having
the same base, the indices are added. Thus

32 X 34 =32+4 =36

(ii)) When anumber is divided by a number having the
same base, the indices are subtracted. Thus

%z =35—2 =33

(iii)) When anumber which israised to apowerisraised
to a further power, the indices are multiplied. Thus

(35)2 — 35X2 — 310

(iv) When a number has an index of 0, its value is 1.
Thus 3" =1

(v) A number raised to a negative power is the recip-
rocal of that number raised to a positive power.
Thus 374 = 3% Similarly, 2%3 =23

(vi) When a number is raised to a fractional power
the denominator of the fraction is the root of the
number and the numerator is the power.

Thus 8>3 =V8=22)2=4
and 2512 =+/25'=/251 =45

(Note that J = \2/_)
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2.2 Worked problems on indices (1023
Problem 5. Evaluate:

104 x 102
Problem 1. Evaluate (a) 5% x 5%, (b) 32 x 3* x 3
and (c)2x2%2x2° From the laws of indices:
From law (i): (10%)3 102%3 106
4 2~ 106412 — 106
() 2x53=52+) =55 _5x5%x5x5x5=3125 1045102 104+ 10
2 24 244+41) _ 27 =10°%=10"=1
(b) 3% x3*x3=3H+D=3
=3x3x --- to7 terms
=2187 Problem 6. Find the value of
2 22 25 — 2(1+2+5) — 28 =256 23 24 32 3
(©) 2x2°x @222 ad ) 2
27 x 25 3x3
Problem 2. Find the value of:
75 57 From the laws of indices:
. d (b) = 3,4 3+4 7
(a)73 an ()54 @ 93 2 =2(+)=2_=27_12=2_5
27 % 25 2(7+5) 212
From law (ii): = i = l
S 25 32
243 2x3 6
(a) 7_=7(5—3>=72:49 (b) @) 3~ _3__36—10_3—4
73 3% 39 3149 310 — -
57 1 1
_— = (7_4)2 3:12 = — = —
(b) 5 5 5 S 34 81

Problem 3. Evaluate: (a) 52 x 53+ 5% and Now try the following exercise
(b) 3x3%) =32 x3%

From laws (i) and (ii): Exercise 5 Further problems on indices

In Problems 1 to 10, simplify the expressions

52 x 5% 5019 : . )
= = given, expressing the answers in index form and

(a) 5%2x5 =5*

5 5* 54 with positive indices:
=5—=5(5_4)=51=5 3 a4 2 43 gt
54 1. (a) 3° x3* (b) 4° x4° x4
3x3 3049 7 9
(b) (3 x 35)_(32 % 33): X — [(a) 3 (b) 4 ]
32 x 33 3(2+3)
36 2. (@) 2x2x 22 (b) PPxT*xTx7
= === (@ 25 () 7
4 37
3. — (b)) =
Problem 4. Simplify: (a) 23)* (b) (32)5, @ % ® 5 .
expressing the answers in index form. [(@ 2 (b) 3°]
4. (a) 5°=5% (b) 783710
From law (iii): [(@) 5 (b) 7°]
() (2%H)*=234=212(b) (3%)° =325 =310 5. (@ (77 (b) (3%)? [(@) 76 (b) 3°]
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22 x 23 37 x 34
6 @ —— © 3X5
[@ 2 (b) 3%
57 135
T @ ars ® s
[@ 5* (b) 13?]
(9 x 3%) (16 x 4)2
8 @ 32 ® axep
[@ 3* () 1]
5—2 32 3—4
9 @ 3% (b) —5—
T
[(a) 5% (b 3
72 %773 23 %274 x2°
0= @ =77 ® 557
(@) 7% (b) 1_
2_

2.3 Further worked problems on

indices

3 x 57
Problem 7. Evaluate: B3t

The laws of indices only apply to terms having the
same base. Grouping terms having the same base, and
then applying the laws of indices to each of the groups
independently gives:
3, 57 3 7
FXST 3 5 464 503)
53x3% 3¢ 5
5% 625
=3'x5'===

—2081
31 3773

Problem 8. Find the value of
23 x 3% x (7%)?
74 x 24 x 33

2P x 39 x (1% 534

74 24 33 — X 35—3 X 72><2—4
X X

=2"1x32x7°

1 9 1
=-—x3¥x1=-=4=
2 27 2

Problem 9. Evaluate:

(a) 4172 (b) 163/% (¢c) 27%/3 (d) 9~ 1/2

(@) 42=V4=%2

(b) 1634=J163 = (£2)’ =48
(Note that it does not matter whether the 4th root
of 16 is found first or whether 16 cubed is found
first — the same answer will result).

() 273 =V272=(3)>=9
1 I 1

d 971/2=—=—=—=:E—
@ 912~ 5 3 3
41.5 X 81/3

Problem 10. Evaluate: m

41'5=43/2=\/B=23=8
813 =J8=22"=4

1 1 1 1
-2/5 _ _ _ -t
and 32 =375 = _«5/37 =3 =3
415 %813 8x2 16
Hence 5 —575 = 1 =—=16
22 x 3272/ 4x g 1
Alternatively,
41.5 x 81/3 _ [(2)2]3/2 x (23)1/3 _ 23 x 21
22 % 32725 T 22 % (25725 T 22 x 22

— 23+1—2—(—2) — 24 =16

3?2 x5 +33x53
Problem 11. Evaluate: 2X0 TS X o X
34 x 54

Dividing each term by the HCF (i.e. highest common
factor) of the three terms, i.e. 32 x 53, gives:

32 x5 33x5

3 x554+3 x5 3253 32453
34 x 54 - 34X54
32 x 53

3(2—2) X 5(5—3) + 3(3—2) X 50
- 3(@-2) 5 5@-3)

30 x 52431 x50

32 x 5!
_1x25+3x1 28
B 9x5 45
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Problem 12. Find the value of
32 x 5°
34 x 54433 x 53

To simplify the arithmetic, each term is divided by the
HCEF of all the terms, i.e. 32 x 5°. Thus

32 x5
34 x 54 +33x 53

32 x5
32 x 53
3¥ x5
32 x 53
32-2) o 5(5-3)
T 3672 x 53-3) 1 3672 x 56-3)

RS
32 x 53

_ 30 x 52 25 25
T 32 x50 431 x50 T 45437 48

5

giving the answer with positive indices

Problem 13.  Simplify:

A fraction raised to a power means that both the numer-
ator and the denominator of the fraction are raised to

that e (F) =4
atpower,ie. | = | =—
P 3 3

A fraction raised to a negative power has the same
value as the inverse of the fraction raised to a positive
power.

- 3\ 2 1 1 1>(52 52
us, - = —_— = - =
5 3\2 32 32732
(5) =
2\ 3 5\* 53

Similarly, (2] =(2) ==

1milarly, (5) <2) K
ANNTEA
3 5 B

Thus, =

2 —3 53
3) -

43 52 23
PR s
_ (22)3 % 23
T 3G+2) x 53-2)

29
T 3¥xs5

Now try the following exercise

Exercise 6 Further problems on indices

In Problems 1 and 2, simplify the expressions
given, expressing the answers in index form and
with positive indices:

| ()33x52 ) 72 % 372
. a
54 x 34 35 x 74 x 73

(a) ! (b) !
Y %52 B3l

5 ()42x93 ) 82 x52x34

5 a

83 x 34 252 x 24 x 92

32 1
[@ » ©® 210—52]

1 —1
3. Evaluate (a) (3—2> (b) 810%

4\ 172
(c) 16V (@) (5)

|:(a) 9 b +3 (o) :I:% () ig]

In Problems 4 to 8, evaluate the expressions given.

92 x 74 [147]

34 x 74433 x 72 148
- Q24?2 —372x 4% [1]
’ 23 x 162 9

B -6 [5%]

72
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(3)
3 [64]

(32)3/2 x (81/3)2 1
(B)* x @)12 x 97!/ [ ]

2.4 Standard form

A number written with one digit to the left of the decimal
point and multiplied by 10 raised to some power is said
to be written in standard form. Thus: 5837 is written
as 5.837 x 103 in standard form, and 0.0415 is written
as 4.15 x 1072 in standard form.

When a number is written in standard form, the first
factor is called the mantissa and the second factor is
called the exponent. Thus the number 5.8 x 103 has a
mantissa of 5.8 and an exponent of 103.

(1) Numbers having the same exponent can be added
or subtracted in standard form by adding or sub-
tracting the mantissae and keeping the exponent
the same. Thus:

2.3 x 10" +3.7 x 10*
=(2.3+3.7) x 10* = 6.0 x 10*
and 5.9 x 1072 — 4.6 x 1072
=(5.9-46)x102=13x10"2
When the numbers have different exponents,
one way of adding or subtracting the numbers is
to express one of the numbers in non-standard

form, so that both numbers have the same expo-
nent. Thus:

23 x10* +3.7 x 10°
=23x 10" +0.37 x 10*
=(2340.37) x 10* =2.67 x 10*

Alternatively,

2.3 x 10* +3.7 x 10°
= 23000 + 3700 = 26 700

=2.67 x 10*

(i) The laws of indices are used when multiplying
or dividing numbers given in standard form. For
example,

(2.5 x 10%) x (5 x 10%)
= (2.5 x 5) x (10°*%)
=12.5x 10°or 1.25 x 10°

Similarly,
6 x 10* 6 i )
m:ﬁx(m y=4x 10

2.5 Worked problems on standard

form

Problem 14. Express in standard form:
(a) 38.71 (b) 3746 (c) 0.0124

For anumber to be in standard form, it is expressed with
only one digit to the left of the decimal point. Thus:

(a) 38.71 must be divided by 10 to achieve one digit
to the left of the decimal point and it must also be
multiplied by 10 to maintain the equality, i.e.

38.71
38.71 = x 10 = 3.871 x 10 in standard form
3746
(b) 3746="—— x 1000 =3.746 x 10> in standard
1000
form
100 1.24
(¢) 0.0124=0.0124 x — = ——
100 100

=1.24 x 10~2 in standard form

Problem 15. Express the following numbers,
which are in standard form, as decimal numbers:
(@) 1.725x 1072 (b) 5.491 x 10* (c) 9.84 x 10°

1.725
1725 x 1072 = —== =0.01725
@ x 100

(b) 5.491 x 10*=5.491 x 10000 = 54 910

(¢) 9.84 x 10°=9.84 x 1 =9.84 (since 10° = 1)
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Problem 16. Express in standard form, correct to
3 significant figures:

9
741 —
() il

§b19z
@ % ©) 193

(a)

=0.375, and expressing it in standard form
ives: 0.375=3.75 x 10!

U3 00| W

2 .
(b) 193 =19.6 =1.97 x 10 in standard form, correct

to 3 significant figures

9
(c) 741 T6 =741.5625 =7.42 x 102 in standard form,
correct to 3 significant figures

Problem 17. Express the following numbers,
given in standard form, as fractions or mixed
numbers: (a) 2.5 x 10~ (b) 6.25 x 1072 (c)
1.354 x 10?

25 25 1
25x107 =20 = = =
@ 2.5 10 100 4

625 625 1

b) 625x1072=—"= =
100 ~ 10000 16

4 2
() 1.354x102=135.4=135— =135=
10 5

Now try the following exercise

Exercise 7 Further problems on standard
form

In Problems 1 to 4, express in standard form:

1. (a) 73.9 (b) 284 (c) 197.72

(a) 7.39 x 10 (b) 2.84 x 10
(c) 1.9772 x 10?

2. (a) 2748 (b) 33170 (c) 274218

(a) 2.748 x 103 (b) 3.317 x 10*
(c) 2.74218 x 10°

3. (a) 0.2401 (b) 0.0174 (c) 0.00923

(a) 2.401 x 10~' (b) 1.74 x 1072
() 9.23x 1073

3 1

(@) 5x 107! (b) 1.1875x 10
(c) 1.306 x 10> (d) 3.125 x 1072

1 7

In Problems 5 and 6, express the numbers given
as integers or decimal fractions:
5. (a) 1.01 x 10> (b) 9.327 x 10?
(c) 5.41 x 10* (d) 7 x 10°
[(@) 1010 (b) 932.7 (c) 54100 (d) 7]

6. (a) 3.89 x 1072 (b) 6.741 x 107!
(c) 8x 1073

[(2) 0.0389 (b) 0.6741 (c) 0.008]

2.6 Further worked problems on

standard form

Problem 18. Find the value of:

(@ 7.9x1072—5.4x 1072
(b) 8.3 x 10 +5.415x 10° and

() 9.293 x 10>+ 1.3 x 10
expressing the answers in standard form.

Numbers having the same exponent can be added or
subtracted by adding or subtracting the mantissae and
keeping the exponent the same. Thus:

(@ 79x1072-54x10"2

=(79-54)x102=2.5x10"2
(b) 8.3 x103+5.415x% 103

=(8.345.415) x 10 =13.715 x 10°

=1.3715 x 10% in standard form
(c) Since only numbers having the same exponents can
be added by straight addition of the mantissae, the
numbers are converted to this form before adding.
Thus:

9.293 x 102+ 1.3 x 10°

=9.293 x 10> + 13 x 10?
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=(9.293 + 13) x 10?
=22.293 x 10% = 2.2293 x 103

in standard form.

Alternatively, the numbers can be expressed as
decimal fractions, giving:
9.293 x 10* + 1.3 x 10°
=929.3 + 1300 = 2229.3
=2.2293 x 10°
in standard form as obtained previously. This

method is often the ‘safest’ way of doing this type
of problem.

Problem 19. Evaluate (a) (3.75 x 103)(6 x 10%)

3.5 x 10°
d (b) =———
and - (b) 7 x 102

expressing answers in standard form

(@ (3.75x 10%)(6 x 10 =(3.75 x 6)(103t%)

=22.50 x 107
=2.25 x 108
35x10° 35 o,
b)) ———=""x10
7 % 10 7

=0.5 x 10° =5 x 102

Now try the following exercise

Exercise 8 Further problems on standard
form

In Problems 1 to 4, find values of the expressions
given, stating the answers in standard form:

1. (@ 3.7x10%>+9.81 x 10?
(b) 1431 x107'+73x 107!
[(a) 1.351 x 10° (b) 8.731 x 1071]

2. (a) 4831 x 10> +1.24 x 103
(b) 324x 103 —1.11x10~*
[(a) 1.7231 x 10>  (b) 3.129 x 1073]

3. (a) (4.5%x107H)(3 x 10%)
(b) 2 x (5.5 x 10%

[(@) 1.35%x 102 (b) 1.1 x 10°]

6 x 1073 (2.4 x 10%)(3 x 1072
@ ® @8 x 109
[(a) 2x10*> (b) 1.5x1073]

5. Write the following statements in standard
form:

(a) The density of aluminium is 2710kg m—3
[2.71 x 103 kg m3]
(b) Poisson’s ratio for gold is 0.44
[4.4 x 1071
(c) The impedance of free space is 376.73 Q
[3.7673 x 102Q2]
(d) The electron rest energy is 0.511 MeV
[5.11 x 107 MeV]
(e) Proton charge-mass
95789700C kg~!
[9.57897 x 10" C kg™ ]
(f) The normal volume of a perfect gas is
0.02241 m*® mol !
[2.241 x 1072 m? mol 1]

ratio is

2.7 Engineering notation and

common prefixes

Engineering notation is similar to scientific notation
except that the power of ten is always a multiple of 3.

For example, 0.00035 = 3.5 x 10~* in scientific
notation,

but 0.00035 = 0.35 x 1072 or 350 x 107 in
engineering notation.

Units used in engineering and science may be made
larger or smaller by using prefixes that denote multi-
plication or division by a particular amount. The eight
most common multiples, with their meaning, are listed
in Table 2.1, where it is noticed that the prefixes involve
powers of ten which are all multiples of 3:

For example,

5MV means 5 x 1000000 =5 x 10°
= 5000 000 volts
3.6 k2 means 3.6 x 1000 = 3.6 x 103

= 3600 ohms
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Table 2.1

T tera multiply by 1000000000000  (i.e. x 10'%)
G giga multiply by 1 000 000 000 (i.e. x 107)
M mega multiply by 1 000 000 (i.e. x 10%)

k kilo multiply by 1000 (.e. x 10%)
m milli divide by 1000 (i.e. x 1073)
v micro divide by 1 000 000 (i.e. x 1079)
n nano divide by 1 000 000 000 (.e. x 107%)
p pico divide by 1000000 000 000 (.e. x 10712)

7.5
7.5pC means 7.5+ 1000000 = 106 or Now try the following exercise
7.5 x 107% = 0.0000075 coulombs
4 Exercise 9 Further problems on
and 4mA means 4 x 1072 or = 15 engineering notation and
4 common prefixes
= —— = 0.004 amperes
1000

Similarly,
0.00006 J = 0.06 mJ or 60 nJ
5620000 N = 5620 kN or 5.62 MN

47 x 10°Q = 470000 = 470 k2 or 0.47 MK
and 12 x 1075A = 0.00012 A = 0.12mA or 120 pA

A calculator is needed for many engineering calcula-

tions, and having a calculator which has an ‘EXP’ and
‘ENG’ function is most helpful.
For example, to calculate: 3 x 10* x 0.5 x 107°
volts, input your calculator in the following order:
(a) Enter ‘3 (b) Press ‘EXP’ (or x10*) (c)
Enter ‘4’ (d) Press ‘x’(e)Enter ‘0.5’ (f) Press ‘EXP’
(or x10*) (g) Enter ‘—6’ (h) Press ‘=’

7
The answer is 0.015V (or m) Now press the ‘ENG’

button, and the answer changes to 15 x 1073 V.

The ‘ENG’ or ‘Engineering’ button ensures that the
value is stated to a power of 10 that is a multiple of
3, enabling you, in this example, to express the answer
as 15mV.

Express the following in engineering notation
and in prefix form:

(a) 100000W (b) 0.00054 A
() 15x10° (d) 225x107*V
() 35000000000Hz (f) 1.5x107'F
(g) 0.000017 A (h) 462002

[(a) 100kW (b) 0.54mA or 540pA
(c) 1.5MQ (d) 22.5mV (e) 35 GHz (f) 15 pF
(g) 17 pA (h) 46.2 k2]

Rewrite the following as indicated:

(@ 0.025mA=....... MA
(b) 1000 pF=....nF
() 62x10*V=....... KV

(d) 1250000 2=....MQ
[(a) 25 LA (b) 1nF (c) 620kV (d) 1.25M2]

Use a calculator to evaluate the following in
engineering notation:
(@)4.5x 1077 x 3 x 104
" (1.6 x 107)(25 x 10%)
®) (100 x 100)
[(@) 13.5x 1073 (b) 4 x 107]
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Chapter 3

Computer numbering

3.1 Binary numbers

The system of numbers in everyday use is the denary
or decimal system of numbers, using the digits O to 9.
It has ten different digits (0, 1, 2, 3, 4,5, 6,7, 8 and 9)
and is said to have a radix or base of 10.

The binary system of numbers has a radix of 2 and
uses only the digits 0 and 1.

3.2 Conversion of binary to decimal

The decimal number 234.5 is equivalent to
2x 102 +3x 10" +4 x 10° +5 x 107!
i.e. is the sum of term comprising: (a digit) multiplied
by (the base raised to some power).
In the binary system of numbers, the base is 2, so
1101.1 is equivalent to:

Ix2+1x224+0x2'+1x204+1x27!

Thus the decimal number equivalent to the binary
number 1101.1 is

1
8+4+O+1+§, that is 13.5

i.e. 1101.15 =13.5;9, the suffixes 2 and 10 denoting
binary and decimal systems of number respectively.

Problem 1. Convert 11011, to a decimal number

systems

From above: 11011, =1x2*4+1x23+0x 22
+1x2M+1x2°
=16+8+0+2+1
:2710

Problem 2. Convert 0.1011, to a decimal fraction

01011, =1 x2'+0x22+1x273
—i—1x2_4
1 1 1
=1X§+OX2—2+1X2—3
1
24
1+1+1
2 8 16
=0.5+0.125 + 0.0625
=0.687519

+1x

Problem 3. Convert 101.01015, to a decimal
number

101.0101, =1 x 224+ 0x 2" +1 x 2°
+0x27 ' +1x272
+0x23+1x27*

=440+140+025
+0 +0.0625
=5.3125
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Now try the following exercise

Exercise 10 Further problems on
conversion of binary to
decimal numbers

InProblems 1 to4, convert the binary number given
to decimal numbers.
1. (a) 110 (b) 1011 (c) 1110 (d) 1001
[@) 610 (b) 1110 (c) 1419 (d)910]
2. (a) 10101 (b) 11001 (c) 101101 (d) 110011
[(@) 2110 (b)2510 (c)4510 (d)S1i0]
3. (2)0.1101(b)0.11001 (c)0.00111 (d) 0.01011

(a) 0.8125,,  (b) 0.78125,,
(C) 0‘2187510 (d) 0.343751()

4. (a) 11010.11 (b) 10111.011 (c) 110101.0111
(d) 11010101.10111

|:(a)26.7510 (b) 23.375,9 ]

(c) 53.437510 (d) 213.718751¢

3.3 Conversion of decimal to binary

An integer decimal number can be converted to a cor-
responding binary number by repeatedly dividing by 2
and noting the remainder at each stage, as shown below
for 3919

2 39 Remainder

219 1

219 1

214 1

212 0

]

(most— 1 0 0 1 1 1« (least
significant bit) significant bit)

The result is obtained by writing the top digit of the
remainder as the least significant bit, (a bit is a binary
digit and the least significant bit is the one on the right).
The bottom bit of the remainder is the most significant
bit, i.e. the bit on the left.

Thus 3919 =100111,

The fractional part of a decimal number can be converted
to a binary number by repeatedly multiplying by 2, as
shown below for the fraction 0.625

0625 x 2= 1.,250
e

_j_1 -1

10.2501 x 2 = —— 0. 500

Iyt e

__

10.5001 x 2 = 1. 000

(most significant bit).1 0 1 (least significant bit)

For fractions, the most significant bit of the result is the
top bit obtained from the integer part of multiplication
by 2. The least significant bit of the result is the bottom
bit obtained from the integer part of multiplication by 2.

Thus 0.62519 = 0.101;

Problem 4. Convert 47,9 to a binary number

From above, repeatedly dividing by 2 and noting the
remainder gives:

2|47 Remainder
2123 1
211 1
2[5 1
22 1

0

1

211
0

2 I
1 0

1 1 1 1
Thus 4710 = 1011112

Problem 5. Convert 0.406251¢ to a binary
number

From above, repeatedly multiplying by 2 gives:

0.40625 x 2 = 0. §1T_25
_Y__ __,
1081251 x 2= —1-'_6%SJ
Y _ __
0,625, x 2= ——— L2
Y _
025 x2= 0.15]
|
l'_+'|
035 x2= 1.0
Y Y y r

i.e. 04062519 = 0.01101,
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Problem 6. Convert 58.3125¢ to a binary
number

The integer part is repeatedly divided by 2, giving:

2158 Remainder
2129 0
214
217
213
211

0

[ S S o T =

b

111010

The fractional part is repeatedly multiplied by 2 giving:

03125 x2 = 0.625
0.625 x2= 1.25
025 x2= 0.5
0.5 X2= r 1.0
0101

Thus 58.3125;9 =111010.0101,

Now try the following exercise

Exercise 11 Further problems on
conversion of decimal
to binary numbers

In Problem 1 to 4, convert the decimal numbers
given to binary numbers.

I. (@5 ()15 ()19 (d) 29

(a) 101,
(c) 10011,

2. (@31 (b)42 (c)57 (d)63

(a) 11111, (b) 101010,
(©) 111001,  (d) 111111,

3. (2)0.25 (b)0.21875 (c)0.28125
(d) 0.59375

(2) 0.01,
(c) 0.01001,

4. (a) 47.40625 (b)30.8125
(c) 53.90625 (d) 61.65625

(a) 101111.01101, (b) 11110.1101,
(c) 110101.11101, (d) 111101.10101,

(b) 1111,
(d) 111015

(b) 0.00111,
(d) 0.10011,

3.4 Conversion of decimal to binary

via octal

For decimal integers containing several digits, repeat-
edly dividing by 2 can be a lengthy process. In this
case, it is usually easier to convert a decimal number to
a binary number via the octal system of numbers. This
system has a radix of 8, using the digits 0, 1, 2, 3, 4,
5, 6 and 7. The denary number equivalent to the octal
number 43173 is

4x8 +3x8 +1x8 4+7x8°
ie. 4x51243x644+1x8+4+7x1or2255¢

An integer decimal number can be converted to a cor-
responding octal number by repeatedly dividing by 8
and noting the remainder at each stage, as shown below
for 493 10

8 [493 Remainder

gL 61 5
8.7 5
0 7‘l

7 55

Thus 49310 = 7558

The fractional part of a decimal number can be con-
verted to an octal number by repeatedly multiplying by
8, as shown below for the fraction 0.43751

04375 x8= —3.i3,

[iﬂ
'0.5] x8= j.o
3 4

For fractions, the most significant bit is the top integer
obtained by multiplication of the decimal fraction by 8,
thus

0.437510 = 0.34g

The natural binary code for digits O to 7 is shown
in Table 3.1, and an octal number can be converted
to a binary number by writing down the three bits
corresponding to the octal digit.

Thus 4375 = 100 011 111,

and 26.355 =010 110.011 101,

www.EngineeringBooksPdf.com




22 Engineering Mathematics

Table 3.1
0 000
1 001
2 010
3 011
4 100
5 101
6 110
7 111

The ‘0’ on the extreme left does not signify anything,
thus 26.35g =10 110.011 101,

Conversion of decimal to binary via octal is demon-
strated in the following worked problems.

Problem 7. Convert 37149 to a binary number,
via octal

Dividing repeatedly by 8, and noting the remainder
gives:

813714 Remainder

8 464 2

8 58 0

87 2
07T

720 2

From Table 3.1, 7202g = 111 010 000 010,
i.e. 371419 = 111 010 000 010,

Problem 8. Convert 0.593751¢ to a binary
number, via octal

Multiplying repeatedly by 8, and noting the integer
values, gives:

0.59375 x 8= 4.75
0.75 x 8= r 6.00
v
46

Thus 0.5937510 =0.463

From Table 3.1. 0.463 = 0.100 110,
i.e. 0.5937519 = 0.100 11,

Problem 9. Convert 5613.906251 to a binary
number, via octal

The integer part is repeatedly divided by 8, noting the
remainder, giving:

8 |5613 Remainder
8 | 701 5

o oo 0
j==l Bl Fenl BN
— N

ﬂ

12755

This octal number is converted to a binary number, (see
Table 3.1)

127553 = 001 010 111 101 101,
ie. 56131 =1010111101101,

The fractional part is repeatedly multiplied by 8, and
noting the integer part, giving:

0.90625 x 8= 7.25
0.25 X 8= 2.00
l v
72

This octal fraction is converted to a binary number, (see
Table 3.1)

0.723 = 0.111 010,

ie. 0.9062510 =0.111 01,
Thus, 5613.9062519p =1 010 111 101 101.111 01,

Problem 10. Convert 11 110 011.100 01, to a
decimal number via octal

Grouping the binary number in three’s from the binary
point gives: 011 110 011.100 010,
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Using Table 3.1 to convert this binary number to an
octal number gives: 363.42g and

363.423 =3x8 +6x8 +3x8°
+4x8!14+2x872
=192 448 +3 4 0.5 +0.03125
= 243.53125),

Now try the following exercise

Exercise 12 Further problems on
conversion between decimal
and binary numbers via octal

In Problems 1 to 3, convert the decimal numbers
given to binary numbers, via octal.

1. (a)343 (b)572 (c) 1265

(a) 101010111,
(c) 10011110001,

(b) 1000111100,

2. (a) 0.46875 (b)0.6875 (c)0.71875

(2) 0.01111, (b)0.1011,
(©)0.101115

3. (a)247.09375 (b)514.4375
(c) 1716.78125

() 11110111.00011
(b) 1000000010.0111,
(c) 11010110100.11.001,

4. Convert the following binary numbers to dec-
imal numbers via octal:

(a) 111.0111 (b) 101 001.01
(c)1110011 011 010.001 1

(a) 7.437510
(c) 7386.18751¢

(b) 41.251¢

3.5 Hexadecimal numbers

The complexity of computers requires higher order
numbering systems such as octal (base 8) and hexadeci-
mal (base 16), which are merely extensions of the binary
system. A hexadecimal numbering system has a radix
of 16 and uses the following 16 distinct digits:

0,1,2,3,4,5,6,7,8,9, A,B,C,D,E and F

‘A’ corresponds to 10 in the denary system, B to 11, C
to 12, and so on.

To convert from hexadecimal to decimal:
For example
1Alg=1x 16" + A x 16°
=1x16'+10x1=16+10=26
ie. 1A16=2619
Similarly,
2E16 =2 x 16! +E x 16°
=2x 16" +14 x 16° =32+ 14 = 46y
and 1BFj6 =1 x 16° +B x 16! + F x 16"
=1x16"+11x 16" +15 x 16°
=256+ 176 + 15 = 447y

Table 3.2 compares decimal, binary, octal and hexadec-
imal numbers and shows, for example, that

2310 = 10111, =273 = 1746

Problem 11. Convert the following hexadecimal
numbers into their decimal equivalents: (a) 7A1¢
(b) 3F16

(@) TA=7x16'+Ax16°=7x16+10x 1
=1124+10=122
Thus 7A16 = 12210

(b) 3F6=3x16'+Fx16°=3x16+15x 1
=48+ 15=63
Thus, 3F16 :6310

Problem 12. Convert the following hexadecimal
numbers into their decimal equivalents: (a) C91¢4
(b) BD16
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Table 3.2 (@ C96=Cx16'+9x16°=12x16+9x 1
 Decimal  Binary  Octal  Hexadecimal I
Thus C916 =201
0 0000 0 0
(b) BDjg=Bx16'+Dx16°=11x16+13x 1
1 0001 1 1
=176+ 13=189

2 0010 2 2 Thus, BD16 = 18910

3 0011 3 3

4 0100 4 4 Problem 13. Convert 1A4E ¢ into a denary

5 0101 5 5 number

6 0110 6 6 1A4E ¢

7 0111 7 7 3 5 ! 0

=1x16"+Ax16"4+4x 16" +E x 16

8 1000 10 8 ; ) | o

9 1001 1 9 =1x16"4+10x 16"4+4 x 16" + 14 x 16
10 1010 12 A =1x4096+ 10 x 256 4+4 x 16+ 14 x 1
1 1011 13 B = 4096 + 2560 + 64 + 14 = 6734
12 1100 14 C Thus, 1A4E ¢ = 6734
13 1101 15 D
14 1110 16 E To convert from decimal to hexadecimal:
15 1111 17 F This is achieved by repeatedly dividing by 16 and noting
16 10000 20 10 the remainder at each stage, as shown below for 261¢.
17 10001 21 11 1626 Remainder
18 10010 22 12 1611 10= Ay

0 1=1
19 10011 23 13 T
most significant bit - 1 A « least significant bit
20 10100 24 14
21 10101 25 15 Hence 2619 = 1A 16
22 1011 2 1
010 6 6 Similarly, for 44719
23 10111 27 17
24 11000 30 18 16 |447 Remainder
25 11001 31 19 12|_17 15=F¢
11=B
26 11010 32 1A = L1
16 _+
27 11011 33 1B 1BF
28 11100 34 1C
29 1101 35 ID Thus 44710 = 1BF 16
30 11110 36 1E
Problem 14. Convert the following decimal

31 11111 37 IF numbers into their hexadecimal equivalents:
32 100000 40 20 (@) 3710 (b) 10819
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(a) 16|37 Remainder
5=516

16| 2
0 2=25—)

most significant bit - 2 5 « least significant bit

Hence 3719 =251

(b) 16108 Remainder
16 6 12=Cy4
|
6C

Hence 10810 = 6C16

Problem 15. Convert the following decimal
numbers into their hexadecimal equivalents:
(a) 16219 (b) 23919

(@) 16162 Remainder
1610 2 =24
0 10= Aléﬂ
A2
Hence 16219 = A2
(b) 16239 Remainder

16| 14 15=Fy4
0 14:E16W
EF

Hence 23919 = EFy4

To convert from binary to hexadecimal:

The binary bits are arranged in groups of four, start-
ing from right to left, and a hexadecimal symbol is
assigned to each group. For example, the binary number
1110011110101001 is initially grouped in

fours as: 1110 0111 1010 1001

and a hexadecimal symbol

assigned to each groupas E 7 A 9
from Table 3.2

Hence 1110011110101001, = E7A94¢

To convert from hexadecimal to binary:

The above procedure is reversed, thus, for example,

6CF316=0110 1100 1111 0011
from Table 3.2
ie. 6CF316 = 110110011110011,

Problem 16. Convert the following binary
numbers into their hexadecimal equivalents:
(a) 11010110, (b) 1100111,

(a) Grouping bits in fours from the

right gives: 1101 0110
and assigning hexadecimal symbols
to each group gives: D 6

from Table 3.2
Thus, 11010110, = D646

(b) Grouping bits in fours from the

right gives: 0110 0111
and assigning hexadecimal symbols
to each group gives: 6 7

from Table 3.2
Thus, 11001112 = 6716

Problem 17. Convert the following binary
numbers into their hexadecimal equivalents:
(a) 11001111, (b) 110011110,

(a) Grouping bits in fours from the

right gives: 1100 1111
and assigning hexadecimal
symbols to each group gives: C F

from Table 3.2
Thus, 11001111, = CFy¢

(b) Grouping bits in fours from
the right gives: 0001 1001 1110
and assigning hexadecimal

symbols to each group gives: 1 9 E
from Table 3.2

Thus, 110011110, = 19E;¢

Problem 18. Convert the following hexadecimal
numbers into their binary equivalents: (a) 3F¢
(b) A616
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(@)

(b)

Spacing out hexadecimal digits gives: 3 F
and converting each into

0011 1111
from Table 3.2

binary gives:

Thus, 3F16 = 111111,

Spacing out hexadecimal digits

gives: A 6

and converting each into binary

gives: 1010 0110
from Table 3.2

Thus, A616 = 101001102

Problem 19. Convert the following hexadecimal
numbers into their binary equivalents: (a) 7Bj¢
(b) 17D16

(a)

(b)

Spacing out hexadecimal
digits gives: 7 B
and converting each into

0111 1011
from Table 3.2

binary gives:

Thus, 7B16¢ = 1111011,

Spacing out hexadecimal

digits gives: 1 7 D
and converting each into

0001 O111 1101
from Table 3.2

binary gives:

Thus, 17D16 = 101111101,

Now try the following exercise

Exercise 13 Further problems on
hexadecimal numbers

In Problems 1 to 4, convert the given hexadecimal
numbers into their decimal equivalents.

1. E746 [23119] 2. 2Cys
3. 9846 [15210] 4. 2Flyg

[4410]
[75310]

In Problems 5 to 8, convert the given decimal
numbers into their hexadecimal equivalents.

5. 544 [3616] 6. 2009 [C816]
7. 919 [5Bis] 8. 238ip [EE 6]

In Problems 9 to 12, convert the given binary
numbers into their hexadecimal equivalents.

9. 11010111, [D716]
10. 11101010, [EAj6]
11. 10001011, [8Bi6]
12. 10100101, [A516]

In Problems 13 to 16, convert the given hexadeci-
mal numbers into their binary equivalents.

13. 3756 [110111,]
14. EDyq [111011015]
15. 9F¢ [100111115]
16. A2l [101000100001,]
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Chapter 4

Calculations and evaluation

4.1 Errors and approximations

(i) Inall problems in which the measurement of dis-
tance, time, mass or other quantities occurs, an
exact answer cannot be given; only an answer
which is correct to a stated degree of accuracy
can be given. To take account of this an error
due to measurement is said to exist.

(ii) To take account of measurement errors it is usual
to limit answers so that the result given is not
more than one significant figure greater than
the least accurate number given in the data.

(iii) Rounding-off errors can exist with decimal frac-
tions. For example, to state that w =3.142 is not
strictly correct, but ‘m=3.142 correct to 4 sig-
nificant figures’ is a true statement. (Actually,
m=3.14159265...)

(iv) It is possible, through an incorrect procedure, to
obtain the wrong answer to a calculation. This
type of error is known as a blunder.

(v) An order of magnitude error is said to exist if
incorrect positioning of the decimal point occurs
after a calculation has been completed.

(vi) Blunders and order of magnitude errors can be
reduced by determining approximate values of
calculations. Answers which do not seem feasi-
ble must be checked and the calculation must be
repeated as necessary.

An engineer will often need to make a quick men-

tal approximation for a calculation. For exam-
49.1 x 18.4 x 122.1

61.2 x 38.1

ple, may be approximated

of formulae

50 x 20 x 120
0 ﬁ and then, by cancelling,
SOXI%XWI =50. An accurate answer
160 ><élr(7¢1 '

somewhere between 45 and 55 could therefore be
expected. Certainly an answer around 500 or 5
would not be expected. Actually, by calculator

49.1 x 18.4 x 122.1

61.2 x 38.1
nificant figures.

= 47.31, correct to 4 sig-

Problem 1. The area A of a triangle is given by

A= lbh. The base b when measured is found to be

3.26 cm, and the perpendicular height % is 7.5 cm.
Determine the area of the triangle.

1 1
Area of triangle = Ebh =5 x 3.26 x 7.5
=12.225 cm? (by calculator).

The approximate values is — x 3 x 8 =12cm?, so

there are no obvious blunder or magnitude errors. How-
ever, it is not usual in a measurement type problem to
state the answer to an accuracy greater than 1 significant
figure more than the least accurate number in the data:
this is 7.5 c¢m, so the result should not have more than
3 significant figures

Thus, area of triangle = 12.2 cm?

Problem 2. State which type of error has been
made in the following statements:

(a) 72x31.429=22629
(b) 16x0.08 x7=89.6
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(¢) 11.714 x 0.0088 =0.3247 correct to 4 decimal
places.

29.74 x 0.0512
(d) SZEX DL =0.12, correct to 2 significant
11.89
figures.

(a) 72 x31.429=2262.888 (by calculator), hence a
rounding-off error has occurred. The answer
should have stated:

72 x 31.429 =2262.9, correct to 5 significant fig-
ures or 2262.9, correct to 1 decimal place.

8 32 x7
() 16x0.08x7=16x —— x7=""x
100 25
_24_ 4
T 25 7 25

Hence an order of magnitude error has occurred.

(¢) 11.714 x0.0088 is approximately equal to
12x9 x 1073, i.e. about 108 x 10~3 or 0.108.
Thus a blunder has been made.

29.74 % 0.0512 30 x 5 x 1072
11.89 - 12

1 1 1
= 10 = 15 =-o0r0.125
12x 102 120 8

hence no order of magnitude error has occurred.
29.74 x 0.0512

(d)

However, =0.128 correct to 3

significant figures, which equals 0.13 correct to
2 significant figures.

Hence a rounding-off error has occurred.

Problem 3. Without using a calculator, determine
an approximate value of:
11.7 x 19.1
9.3 x5.7

2.19 x 203.6 x 17.91

@ 12.1 x 8.76

w Tx191, - o 1020
a — 1S approximately equal to
903x57 AP ¥y e 10x5

i.e. about 4
11.7 x 19.1

T 9.3x5.7
significant figures.)

2.19x203.6 x 17.91 2 x 29200 x 207
121x876 M0 x 10,

=2 x 20 x 2 after cancelling,

(By calculator, =4.22, correct to 3

(b)

2.19x203.6 x 17.91 _

i.e. ~ 80
12.1 x 8.76

2.19x203.6 x 1791 _

~'75.3,
12.1 x 8.76
correct to 3 significant figures.)

(By calculator,

Now try the following exercise

Exercise 14 Further problems on errors

In Problems 1 to 5 state which type of error, or
errors, have been made:

1. 25x0.06 x 1.4=0.21
[order of magnitude error]

2. 137 x6.842=9374
Rounding-off error—should add ‘correct

to 4 significant figures’ or ‘correct to
1 decimal place’

24 % 0.008
30 22X 1042

[Blunder]
12.6

4. For a gas pV = c. When pressure p = 103 400
Pa and V =0.54 m? then ¢ =55 836 Pam?.
Measured values, hence

|:c=55800Pam3 ]

4.6 0.
5, H6x007 5 oos
523x0274

Order of magnitude error and rounding-
off error—should be 0.0225, correct to 3
significant figures or 0.0225,

correct to 4 decimal places

In Problems 6 to 8, evaluate the expressions
approximately, without using a calculator.

6. 47x6.3 [~30 (29.61, by calculator)]

2.87 x 4.07
6.12 x 0.96

~2 (1.988, correct to 4 s.f., by
calculator)

72.1 x 1.96 x 48.6
139.3 x5.2

~10 (9.481, correct to 4 s.f., by
calculator)

8.
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4.2 Use of calculator

The most modern aid to calculations is the pocket-sized
electronic calculator. With one of these, calculations
can be quickly and accurately performed, correct to
about 9 significant figures. The scientific type of calcu-
lator has made the use of tables and logarithms largely
redundant.

To help you to become competent at using your cal-
culator check that you agree with the answers to the
following problems:

Problem 4. Evaluate the following, correct to 4
significant figures:

(a) 4.7826 4 0.02713 (b) 17.6941 — 11.8762
(c) 21.93 x 0.012981

(a) 4.782640.02713 =4.80973 =4.810, correct to
4 significant figures

(b) 17.6941 —11.8762=5.8179 =5.818, correct to
4 significant figures

(c) 21.93x0.012981 =0.2846733...=0.2847, cor-
rect to 4 significant figures

Problem 5. Evaluate the following, correct to 4
decimal places:

4.621
46.32 x 97.17 x 0.01258  (b) —e
@ x 9717 % ® 2376

1
(©) 5(62.49 x0.0172)

(a) 46.32x97.17 x 0.01258 =56.6215031. ..
=56.6215, correct to 4 decimal places

4.621
(b) ——— =0.19448653...=0.1945, correct to 4
23.76

decimal places

1
(c) 5(62.49 x 0.0172) =0.537414 = 0.5374, correct
to 4 decimal places

Problem 6. Evaluate the following, correct to 3
decimal places:

1 1 1 1

5273 Do 910 1o

(a)

1
(a) ———=0.01896453... =0.019, correct to 3
52.73 .
decimal places

(b) =36.3636363... =36.364, correct to 3

decimal places

0.0275

1 1
(©) T + To7 = 0.71086624 ... = 0.71?, correct to
3 decimal places

Problem 7. Evaluate the following, expressing
the answers in standard form, correct to 4
significant figures.

(2) (0.00451)?
(c) 46.27* — 31.792

(b) 631.7 — (6.21 +2.95)

(@) (0.00451)% =2.03401 x 1075 = 2.034 x 1073,
correct to 4 significant figures

(b) 631.7 — (6.21 +2.95)% = 547.7944
=5.477944 x 10> = 5.478 x 102, correct to 4
significant figures

(c) 46.27* —31.79*=1130.3088 =1.130 x 103,
correct to 4 significant figures

Problem 8. Evaluate the following, correct to 3
decimal places:

@& (@)2 - (wf
0.0526 1.92 2.45
15
©Te—ax
(a) @377 =106.785171. .. =106.785, correct to 3
0.0526

decimal places

3.60\° 5.40\2
® (=) + (2==) =8.37360084...=8.374,
1.92 2.45

correct to 3 decimal places

15

© e a8

=0.43202764. ..=0.432, correct to

3 decimal places

Problem 9. Evaluate the following, correct to 4
significant figures:

(@) v/5.462 (b) +/54.62 (c) +/546.2
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(a) +/5.462=2.3370922...=2.337, correct to 4 sig-
nificant figures

(b) +/54.62=7.39053448...=17.391, correct to 4
significant figures

(c) +/546.2 = 23.370922... = 23.37, correct to 4
significant figures

Problem 10. Evaluate the following, correct to 3
decimal places:

(a) ~/0.007328 (b) v/52.91 — /3176
(c) V1.6291 x 107

(a) +/0.007328 =0.08560373 =0.086, correct to 3
decimal places

(b) /5291 — +/31.76 = 1.63832491... = 1.638,

correct to 3 decimal places

() +1.6291 x 10* = /16291 = 127.636201. ..
=127.636, correct to 3 decimal places

Problem 11. Evaluate the following, correct to 4
significant figures:

(a) 4.723  (b) (0.8316)* (c) v/76.212 —29.102

(a) 4.72° =105.15404. ..=105.2, correct to 4 signif-
icant figures

(b) (0.8316)* =0.47825324. .. =0.4783, correct to 4
significant figures

() +/76.212 — 29.10%2 =70.4354605. . . = 70.44, cor-

rect to 4 significant figures

Problem 12. Evaluate the following, correct to 3
significant figures:

(a) Sle2 (b) v/47.291
252 x /7 ’
() V72132 +6.4183 +3.2914
6.092
(a) —— =0.74583457. . . =0.746, correct
252 x /7

to 3 significant figures

(b) /47.291 =3.61625876. ..=23.62, correct to 3
significant figures

(c) ~/7.2132+6.418% +3.2914 =20.8252991. . .,
=20.8 correct to 3 significant figures

Problem 13. Evaluate the following, expressing
the answers in standard form, correct to 4 decimal
places:

(@) (5.176 x 1073)2

) 1.974 x 10" x 8.61 x 10-2\*
3.462

(€) V1.792 x 10~*

(@) (5.176 x 10732 =2.679097... x 107>
=2.6791 x 10_5, correct to 4 decimal places

1.974 x 10! x 8.61 x 1072
(b)
3.462
=5.8089 x 10_2, correct to 4 decimal places

(¢) V1.792 x 10~4=0.0133865...=1.3387 x 1072,
correct to 4 decimal places

4
) =0.05808887...

Now try the following exercise

Exercise 15 Further problems on the use of
a calculator

In Problems 1 to 9, use a calculator to evaluate the
quantities shown correct to 4 significant figures:

1. (a) 3.249% (b) 73.78% (c) 311.4% (d) 0.0639>

()10.56  (b)5443  (c)96970
(d) 0.004083

2. (a) VAT35 (b)+/35.46 (c) /73280
(d) +/0.0256

(2)2.176  (b)5.955 (c)270.7
(d)0.1600
1 1 1

3 @ 7.768 ® %26 © oosie
(d)

1.118
[(a)o.1287

() 12.25

4. (a) 127.8 x 0.0431 x 19.8
(b) 15.76 = 4.329

(b) 0.02064
(d)0.8945

[(a) 109.1
11.82 x 1.736
0.041

[(a) 0.2489 (b) 500.5]

(b) 3.641]

137.6

> @Wimg ®
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6. (a)13.6° (b)3.476* (c)0.124°
[(a) 2515 (b) 146.0 (c) 0.00002932]

7 @ (24.68 x 0.0532>3
7.412
" (0.2681 x 41.22)4
32.6 x 11.89
[(a) 0.005559 (b) 1.900]
8 (@ @ ®) 48213
21.682 17.332 — 15.86 x 11.6
[(a) 6.248 (b) 0.9630]
9 @ (15.62)%
29.21 x 4/10.52

(b) v/6.9212 + 4.816% — 2.1614
[(2) 1.605 (b) 11.74]

10. Evaluate the following, expressing the
answers in standard form, correct to 3 dec-
imal places: (a) (8.291 x 107%)2

(b) v/7.623 x 1073
[(a) 6.874 x 1073 (b) 8.731 x 1072]

4.3 Conversion tables and charts

It is often necessary to make calculations from var-
ious conversion tables and charts. Examples include
currency exchange rates, imperial to metric unit con-
versions, train or bus timetables, production schedules
and so on.

Problem 14. Currency exchange rates for five
countries are shown in Table 4.1

Table 4.1
France £1 =1.46 euros
Japan £1 =220 yen
Norway £1 =12.10 kronor

Switzerland £1 =2.30 francs

U.S.A. £1=1.95 dollars ($)

Calculate:

(a) how many French euros £27.80 will buy

(b) the number of Japanese yen which can be
bought for £23

(c) the pounds sterling which can be exchanged
for 7114.80 Norwegian kronor

(d) the number of American dollars which can be
purchased for £90, and

(e) the pounds sterling which can be exchanged
for 2990 Swiss francs

(a) £1=1.46 euros, hence
£27.80=27.80 x 1.46 euros = 40.59 euros

(b) £1=220yen, hence
£23 =23 x 220 yen = 5060 yen

(c) £1=12.10 kronor, hence

7114.80
7114.80 kronor =£
12.10

(d) £1=1.95 dollars, hence
£90 =90 x 1.95 dollars = $175.50

(e) £1=2.30 Swiss francs, hence
2990

2990 franc = £ —— = £1300
2.30

= £588

Problem 15. Some approximate imperial to
metric conversions are shown in Table 4.2

Table 4.2
length linch=2.54cm
1 mile=1.61km
weight 22lb=1kg
(1lb=160z)

capacity 1.76 pints = 1 litre
(8 pints = 1 gallon)

Use the table to determine:

(a) the number of millimetres in 9.5 inches,

(b) aspeed of 50 miles per hour in kilometres
per hour,

(c) the number of miles in 300 km,

(d) the number of kilograms in 30 pounds weight,

(e) the number of pounds and ounces in 42
kilograms (correct to the nearest ounce),

(f) the number of litres in 15 gallons, and

(g) the number of gallons in 40 litres.
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(@) 9.5inches=9.5 x 2.54cm=24.13cm
Below is a list of some metric to imperial
24.13cm =24.13 x 10 mm =241.3 mm conversions.
() 50m.p.h. =50 x 1.61 km/h = 80.5 km/h Length  2.54 cm=1 inch
300 1.61 km =1 mile
(¢) 300km= Tel miles = 186.3 miles Weight 1kg=2.21b (1 Ib =16 ounces)
. Capacity 1 litre =1.76 pints
30 8 pints = 1 gall
(d) 30lb= % kg =13.64 kg (8 pints = 1 gallon)
. . _ Use the list to determine (a) the number
(©) 42kg=42x22lb=9241b of millimetres in 15 inches, (b) a speed of
0.41b=0.4 x 16 0z =6.4 0z = 6 0z, correct to the 35mph in km/h, (c) the number of kilome-
nearest ounce tres in 235 miles, (d) the number of pounds
and ounces in 24 kg (correct to the near-
Thus 42 kg:92 Ib 6 oz, correct to the nearest est ounce), (e) the number of kﬂograms in
ounce. 151b, (f) the number of litres in 12 gallons
(f) 15 gallons = 15 x 8 pints = 120 pints and (g) the number of gallons in 25 litres.
120 (a) 381 mm (b) 56.35 km/h
120 pints = —— litres = 68.18 litres (c)378.35km  (d) 521b 130z
1.76 (e) 6.82kg (f) 54.55 litre
(2) 40 litres =40 x 1.76 pints = 70.4 pints (g) 5.5 gallons

. 70.4
70.4 pints = e gallons = 8.8 gallons

Now try the following exercise

Exercise 16 Further problems conversion

1.

tables and charts

Currency exchange rates listed in a newspaper
included the following:

Italy £1 =1.48 euro
Japan £1=225yen
Australia £1 =2.50 dollars

Deduce the following information from the
train timetable shown in Table 4.3:

(a) At what time should a man catch a train
at Mossley Hill to enable him to be in
Manchester Piccadilly by 8.15 a.m.?

(b) A girlleaves Hunts Cross at 8.17 a.m. and
travels to Manchester Oxford Road. How
long does the journey take? What is the
average speed of the journey?

(c) A man living at Edge Hill has to be at
work at Trafford Park by 8.45 a.m. Ittakes
him 10 minutes to walk to his work from
Trafford Park station. What time train
should he catch from Edge Hill?

Canada £1=%$2.20
Sweden £1 =13.25 kronor (a) 7.09 a.m.
Calculate (a) how many Italian euros £32.50 () P, Sl iy,
(c) 7.04 am.

will buy, (b) the number of Canadian dol-
lars that can be purchased for £74.80, (c) the
pounds sterling which can be exchanged for
14 040 yen, (d) the pounds sterling which can
be exchanged for 1754.30 Swedish kronor, and

4.4 Evaluation of formulae

The statement v =u + at is said to be a formula for v
in terms of u, a and .

v, u, a and ¢ are called symbols.

The single term on the left-hand side of the equation, v,
is called the subject of the formulae.

(e) the Australian dollars which can be bought
for £55

[(a) 48.10 euros (b) $164.56

(c) £62.40 (d) £132.40

(e) 137.50 dollars]
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Table 4.3  Liverpool, Hunt’s Cross and Warrington — Manchester

- o

v B W
NI— N— P— —

304

Liverpool Lime Street
Edge Hill

Mossley Hill

West Allerton
Allerton

Liverpool Central

Garston (Merseyside)

Hunt’s Cross
Halewood

Hough Green
‘Widnes

Sankey for Penketh

‘Warrington Central

Padgate
Birchwood
Glazebrook
Iriam

Flixton
Chassen Road
Urmston
Humphrey Park
Trafford Park

Deansgate

Manchester Oxford Road

Manchester Piccadilly

Stockport

Shetfield

82,99
82,99

82
82

82

101

101

81
81

81

81,90

90

/e o o

0003
0013

0023
0027
0027
00 34

0525

05u38

05 50
0551

05 56

06 02
06 06
06 08
06 10
0613
06 15

06 22
0623
06 25
06 34
07 30

0537

05u50

06 02
06 03

06 08

0622
0623
0625
06 34
07 30

06 30
06 33
06 36
06 41
06 44
06 48
06 50
06 52
06 55
06 57
0703
07 05

06 03

06 17
06 20
0624
0627
06 32
06 37

0623

06 46
06 46

0651

07 08
07 09
07 11
07 32

07 00
0703
07 06
0711
07 14
0718
0720
0722
0725
0727
0733
07 35

06 30
06 34
06 39
06 41
0643
0673
06 26
06 47
06 50
06 54
06 57
0702

0707

06 54

06 45
06 56
07u07

07 19
07 20

0725

07 40
07 41
0743
07 54

08 42

0730
0733
0736
0741
07 44
07 48
07 50
0752
0755
0757
08 03
08 05

07 00
07 04
07 09
0711

0713

0717
0720
0724
0727
0732

07 37

0717

0735

0743
0743

0748

07 54

08 08
08 09
08 11
08 32

08 00
08 03
08 06
08 11
08 14
08 15
08 20
08 22
08 25
08 27
08 33
08 35
08 37

08 39

07 30
07 34
07 39
07 41
0743
0715
07 26
0747
07 50
07 54
07 57
08 02

08 07

0745
07 56
08u05

08 12

08 20
08 20

08 25

08 40
08 41
0843
08 54

08 42

08 34
08 38
08 40
08 42
0845
08 47
08 52
08 54
08 55
08 57
0919

08 30
08 33
08 34
08 41
08 44
08 48
08 50
08 52
08 55
08 57
09 03
09 05

08 00
08 04
08 09
08 11
08 13

08 17
08 20
08 24
0827
08 32
08 37

08 23

08 46
08 46

08 51

09 08
09 09
0911
09 32
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09 00
09 03
09 06
09 11
09 14
09 18
09 20
09 22
0925
0927
09 33
09 35

08 30
08 34
08 39
08 41
08 43
0875
08 26
08 47
08 50
08 54
08 57
09 02

09 07

(Continued)
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Table 4.3 Continued

Edge Hill 82,99 d 09 04 09 34 10 04 1034 1104 1134 1204 1234 13 04

West Allerton 82 d 0911 09 41 1011 1041 1111 1141 1211 1241 1311

Liverpool Central 101 d 0945 0915 0945 1015 1045 1175 1145 1215 1245

Hunt’s Cross d  09u09 0917 0947 10u09 1017 1047 11u09 1117 1147 12009 1217 1247 13u09 1317

Hough Green d 09 24 09 54 1024 10 54 1124 1154 1224 12 54 1324
Sankey for Penketh d 09 32 1002 10 32 1102 1132 12 02 1232 1302 1332

d 0922 0930 0946 1000 1022 10 46 11 00 1122 1146 1200 1222 1246 1300 1322

Birchwood d 09 36 0951 1006 1051 1106 1151 1206 1251 1304

Chassen Road d 09 50 1020 1120 1220 1320
Humphrey Park d 09 55 1025 1125 1225 1325
Deansgate 81 d 1003 1033 1133 1233 1333
d 0941 1006 1009 1041 1109 1141 1209 1241 1309 1341

Stockport 81,90 a 0954 1025 1032 10 54 1132 1154 1232 1254 1332 1354

Reproduced with permission of British Rail
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Calculations and evaluation of formulae 35

Provided values are given for all the symbols in a
formula except one, the remaining symbol can be made 1
the subject of the formula and may be evaluated by using circular cone is given by V = —7r2h. Given that
a calculator. r=4.321 cm and & = 18.35 cm, find the volume,

correct to 4 significant figures.

Problem 20. The volume V cm? of a right

Problem 16. In an electrical circuit the voltage V

is given by Ohm’s law, i.e. V = IR. Find, correct to 1 1

4 significant figures, the voltage when I =5.36 A V= -nr*h= —71(4.321)2(1 8.35)
and R = 14.76 . 3 3

1
= gn(18.671041)(18.35)

V =IR=(5.36)(14.76)
Hence volume, V = 358.8 cm?, correct to 4 significant

Hence, voltage V =79.11V, correct to 4 significant figures.
figures.
Problem 21. Force F newtons is given by the
Gm1m2
Problem 17. The surface area A of a hollow cone formula F = ———, where m; and m; are masses,
is given by A = zrrl. Determine, correct to 1 decimal d their distance apart and G is a constant. Find the
place, the surface area when r =3.0 cm and value of the force given that G=6.67 x 107!,
[=8.5cm. my =7.36, my = 15.5 and d = 22.6. Express the
answer in standard form, correct to 3 significant
A =nrl =7 (3.0)(8.5) cm? figures.
Hence, surface areaA = 80.1 cm?2, correct to 1 decimal
place. o Gmimy _ (6.67 x 107'1)(7.36)(15.5)
dr (22.6)2
N . . _
Problem 18. Velocity v is given by v=u+ at. If (667)(7.36)(155) _ 1490

u=9.86m/s,a=4.25m/s? and r = 6.84s, find v,
correct to 3 significant figures.

(1011)(510.76) 1011

Hence force F =1.49 x 10~!1 newtons, correct to
v =u+ar = 9.86 + (4.25)(6.84) 3 significant figures.

=9.86 +29.07 = 38.93 Problem 22. The time of swing ¢ seconds, of a

. .. [
Hence, velocity v = 38.9 m/s, correct to 3 significant simple pendulum is given by 7 =27 2

figures. Determine the time, correct to 3 decimal places,

given that /=12.0 and g =9.81
Problem 19. The power, P watts, dissipated in an
electrical circuit may be expressed by the formula

V2
P = — . Evaluate the power, correct to 3 significant =21 ! = Q)m,/ 120
R g 9.81

figures, given that V =17.48 V and R =36.12 Q.
= (2)m+/1.22324159
p_ V2 _ (17487 3055504

TR 3612 36.12 = (2)(1.106002527)

Hence power, P =8.46 W, correct to 3 significant Hence time ¢ = 6.950 seconds, correct to 3 decimal
figures. places.
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36 Engineering Mathematics

Problem 23. Resistance, RS2, varies with
temperature according to the formula

R =Ry(1 + at). Evaluate R, correct to 3 significant
figures, given Ry = 14.59, @ = 0.0043 and 7 = 80.

R = Ro(1 + at) = 14.59[1 + (0.0043)(80)]
= 14.59(1 + 0.344)
= 14.59(1.344)

Hence, resistance, R = 19.6 2, correct to 3 significant
figures.

Now try the following exercise

Exercise 17 Further problems on
evaluation of formulae

1. A formula used in connection with gases
is R=(PV)/T. Evaluate R when P = 1500,
V =5 and T =200. [R=37.5]

2. The velocity of a body is given by v =u + at.
The initial velocity « is measured when time
t is 15 seconds and found to be 12 m/s. If the
acceleration a is 9.81 m/s? calculate the final
velocity v. [159 m/s]

3. Find the distance s, given that s = % gtz, time
t =0.032 seconds and acceleration due to
gravity g =9.81 m/s’.

[0.00502 m or 5.02 mm]

4. The energy stored in a capacitor is given
by E = %CV2 joules. Determine the energy
when capacitance C =5 x 107 farads and
voltage V =240V. [0.144 7]

5. Resistance R, is given by Ry =R (1 + «at).
Find R», correct to 4 significant figures, when

R =220, «=0.00027 and t =75.6.
[224.5]

ass

6. Density =

volume
the mass is 2.462kg and the volume is
173 cm?. Give the answer in units of kg/m>.
[14 230 kg/m?]

. Find the density when

7. Velocity = frequency x wavelength. Find the
velocity when the frequency is 1825 Hz and
the wavelength is 0.154 m. [281.1 m/s]

10.

11.

12.

13.

14.

15.

16.

17.

18.

Evaluate resistance Ry, given

1 1 1 1
—_— = — 4 — h R1 =559,
Ry R1+R2+R3 when 1
Ry=7.42Q and R3 =12.6 Q2. [2.526 2]

force x distance .
Power = —— . Find the power

time
when a force of 3760 N raises an object a
distance of 4.73 m in 35s. [508.1 W]

The potential difference, V volts, available
at battery terminals is given by V=FE —Ir.
Evaluate V when E=5.62, I=0.70 and
R=4.30 [V=261V]

Given force F = %m(v2 —u?), find F when
m=183,v=12.7 and u=8.24
[F =854.5]

The current / amperes flowing in a number

of cells is given by I = . Evaluate the
nr

current when n =36. E =2.20, R=2.80 and

r=0.50 [I=3.81A]

The time, ¢ seconds, of oscillation for a sim-
l

ple pendulum is given by t =2m_[ —. Deter-
g

mine the time when 7 =3.142, [ = 54.32 and

=981 [t=14.795]

Energy, E joules, is given by the formula
E = 1LI*. Evaluate the energy when L =5.5
and/=1.2 [E=3.961]]

The current / amperes in an a.c. circuit is

given by I = ———". Evaluate the current
R? + X2
when V=250,R=11.0and X =16.2
[/ =12.77A]

Distance s metres is given by the formula

s=ut+% a’. If u=9.50, +=4.60 and

a = —2.50, evaluate the distance.
[s=17.25m)]

The area, A, of any triangle is given
by A=.s(s—a)s—b)(s—c) where

a+b+c
§=———

Evaluate the area given

a=3.60cm, b=4.00cm and ¢ =5.20 cm.
[A=7.184 cm?]

Given that a =0.290, b =14.86, ¢ =0.042,
d =31.8 and e = 0.650, evaluate v, given that

ab d
V=, — —— [v=17.327]
c e
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Revision Test 1

This Revision test covers the material contained in Chapters 1 to 4. The marks for each question are shown in brackets
at the end of each question.

1.

2 1
Simplif 2—=3-
implify (a) 3 3

(b) ! . (2 F ! F2 ! ©)

4 1y " \3 5 24

S x2-
7 4

A piece of steel, 1.69m long, is cut into three

pieces in the ratio 2 to 5 to 6. Determine, in

centimetres, the lengths of the three pieces. (4)

576.29
Evaluate

(a) correct to 4 significant figures
(b) correct to 1 decimal place )

Determine, correct to 1 decimal places, 57% of
17.64 ¢ 2

Express 54.7 mm as a percentage of 1.15 m, cor-
rect to 3 significant figures. 3)

Evaluate the following:

23 x2x22 (23 x 16)?
24 (8 x 2)3

1\! 1
(© <4—2) (d) @27)"3

(a)

(14)

Express the following in both standard form and
engineering notation

(a) 1623 (b)0.076 (c) 145% 3)

Determine the value of the following, giving the
answer in both standard form and engineering
notation

(a) 5.9 x 10> +7.31 x 10?
(0)2.75x 1072 —2.65 x 1073 4)

10.

11.

12.

13.

14.

15.

16.

Convert the following binary numbers to deci-
mal form:

(a) 1101 (b) 101101.0101 (5)

Convert the following decimal number to binary
form:

(a) 27 (b) 44.1875 (6)

Convert the following decimal numbers to bin-
ary, via octal:

(a) 479  (b) 185.2890625 ©)

Convert (a) SFj¢ into its decimal equiva-

lent (b) 132;¢ into its hexadecimal equivalent

(c) 110101011, into its hexadecimal equivalent
(6)

Evaluate the following, each correct to 4 signifi-
cant figures:
1
+0.0527 3
0045 © &

Evaluate the following, each correct to 2 decimal
places:

2 3
@) <36.2 X 0.561>

(a) 61.22% (b)

27.8 x 12.83

14.692
V17.42 x 37.98

If 1.6km=1 mile, determine the speed of
45 miles/hour in kilometres per hour. 3)

(b) )

Evaluate B, correct to 3 significant figures, when
W=720, v=10.0 and g=9.81, given that
Wu?
=% ®
g
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Chapter 5

5.1 Basic operations

Algebra is that part of mathematics in which the rela-
tions and properties of numbers are investigated by
means of general symbols. For example, the area of
a rectangle is found by multiplying the length by the
breadth; this is expressed algebraically as A=/ x b,
where A represents the area, [ the length and b the
breadth.

The basic laws introduced in arithmetic are gener-
alised in algebra.

Let a, b, ¢ and d represent any four numbers. Then:

i) a+b+o)=@+b)+c
@i1) a(bc)=(ab)c
(i) a+b=b+a

(iv) ab=ba
v) alb+c)=ab+ac
o a+b a b
(vi) =—+-
c c c

(vil) (a+b)(c+d)=ac+ ad +bc+ bd

Problem 1. Evaluate: 3ab — 2bc + abc when
a=1,b=3andc=5

Replacing a, b and ¢ with their numerical values gives:

3ab—2bc+abc=3x1x3—-2x3x5
+1x3x%x5
=9-30+15=-6

Problem 2. Find the value of 4p?qr°, given the
1 1
=2,g=-andr=1-
p g=zandr=1z

Algebra

Replacing p, g and r with their numerical values gives:

3
e

=4 x2Xx2xX=-X=X
2

(O8]

x — =27

N W
N W

[\

Problem 3. Find the sum of: 3x, 2x, —x and —7x

3x+2x=5x
The sum of the negative terms is: x4+ 7x =8x

The sum of the positive term is:

Taking the sum of the negative terms from the sum of
the positive terms gives:

S5x —8x = —-3x
Alternatively
3x+2x4+(—x)+(—7x)=3x+2x —x —Tx

=-3x

Problem 4. Find the sum of 4a, 3b, ¢, —2a, —5b
and 6¢

Each symbol must be dealt with individually.
For the ‘a’ terms: +4a — 2a =2a

For the ‘b’ terms: +3b — 5b = —2b

For the ‘¢’ terms: +c+6c=7c

Thus
4a+3b+c+ (—2a)+ (—5b)+ 6¢

=4a+3b+c—2a—5b+ 6¢
=2a—-2b+7c

Problem 5. Find the sum of: 5a — 2b, 2a + ¢,
4b —5d and b — a+ 3d — 4c
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The algebraic expressions may be tabulated as shown
below, forming columns for the a’s, b’s, ¢’s and d’s.
Thus:

+5a —2b

+2a +c
+4b —5d

—a+ b—4c+3d

6a+ 3b— 3c—2d

Adding gives:

Problem 6. Subtract 2x + 3y — 4z from
x—2y+5z

x —2y+5z
2x +3y—4z
Subtracting gives: —x —5y+9z

(Note that +57 ——4z =457+ 4z7=9z7)

An alternative method of subtracting algebraic
expressions is to ‘change the signs of the bottom line
and add’. Hence:

x—2y+5z
—2x —3y+4z

Adding gives: —x —5y+9z

Problem 7. Multiply 2a+3b by a+ b

Each term in the first expression is multiplied by a, then
each term in the first expression is multiplied by b, and
the two results are added. The usual layout is shown
below.
2a + 3b
a+ b

Multiplying by a —  2a* + 3ab
Multiplying by b — + 2ab + 3b?
Adding gives: 2a* + Sab + 3b*

Problem 8. Multiply 3x — 2y? 4+ 4xy by 2x — Sy

Algebra
3x — 2y% +d4xy
. 2x — Sy

Multiplying

by 2x — 6x2 — 4xy? +8x%y
Multiplying

by —5y — — 20xy? — 15xy + 10y?
Adding gives: 6x* — 24xy? + 8x2y — 15xy + 10y°

Problem 9. Simplify: 2p + 8pq

2

2p = 8pg means 8_p This can be reduced by cancelling
Pq

as in arithmetic.

2p B lzxgl l

Thus: — = =
8pq  Baxpixq 4q

Now try the following exercise

Exercise 18 Further problems on basic
operations

1. Find the value of 2xy+ 3yz—xyz, when
x=2,y=—2and z=4 [—16]

2
2. Evaluate 3pg®r® when p= 3’ q=—2 and

r=-—1 [—8]

3. Find the sum of 3a, —2a, —6a, 5a and 4a
[4a]
4. Add together 2a+3b+4c, —5a—2b+c,
4a — 5b — 6¢ [a—4b—c]
5. Add together 3d +4e, —2e-+f, 2d —3f,
4d — e +2f —3e [9d — 2e]

6. From 4x — 3y + 2z subtract x +2y — 3z

[3x — S5y + 5z]

3 b b
7. Subtract —a — = + ¢ from = — 4a — 3¢
2 3 2

1 5
|:—5§a 25 4c]
8. Multiply 3x +2y by x —y
[3x* —xy — 2y°]

9. Multiply 2a —5b+c by 3a+b
[6a% — 13ab + 3ac — 5b* + bc)

10.  Simplify (i) 3a = 9ab (i) 4a*b + 2a
1
[(i) 5 Zab]
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5.2 Laws of Indices

Problem 13. Simplify: IV Y and evaluate
. ) q'?r
The laws of indices are: a™ when p =16, g =9 and r =4, taking positive roots
(i) a™ x a® =am+n (ii) E =qgm" " only
(i) (@) =a™ @iv) a™n = W
1 . . . . .
—n_ 1 . 0_ Using the second law of indices gives:
v an_“" o=t 1/2)—(1/4) 2—(1/2) (2/3)—(1/6) __ 1/4 3/2 1/2
p(/)_(/)q_(/)r(/)_(/)zp/q/r/
Problem 10. Simplify: a’b%c x ab3c? When p=16,g=9 and r =4,

p1/4q3/2r1/2 _ (16)1/4(9)3/2(4)1/2
5 = (V16)(v/93)(v/4)
= (2)(3*)(2) = 108

Grouping like terms gives:

@ xaxb*xb xcxc

Using the first law of indices gives:

31 23 o 145 ba
o Problem 14. Simplify: =22
ie. a* x b° x c® =a%b5co Xy
Problem 11. Simplify: Algebraic expressions of the form can be split

— a b
a'?p?c2 x a'5p1/2¢ into — + —. Thus
c c

2,3 2 2,3 2
Using the first law of indices, Xy A xy _ Y + -
Xy Xy Xy

a2p2c2 % g V/Op1/2) o

=x2—1y3—1 +x7 1y

— QUDH/6) o 24172 | 24 ,
=xy’ +y
— 2PPp52e1

(since x0 = 1, from the sixth law of indices)

3204
Problem 12.  Simplify: ———- and evaluate X2y
abc Problem 15. Simplify: ———
Whena=3,b=§andc=2 xXys — Xy

The highest common factor (HCF) of each of the three

Using the second law of indices, terms comprising the numerator and denominator is xy.

e Dividing each term by xy gives:
it e i 2
Y
: x%y X
< Xy
and A=) 0 _ _
c—2 XyZ — Xy xy2 B )2 y— 1
3,2 4 e
abe Xy oxy
Thus =a?bct
abc—2

! Problem 16. Simplify: (p®)!/2(g%)*
Whena=3,b= 3 and c=2,

Using the third law of indices gives:
a*bc® = (3)? 1 2)°=(9) 1 (64)=172
- 8 - ] - (32,8

31/ 2x4 _ p32) g

p
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(mn?)?

Problem 17.  Simplify: m

The brackets indicate that each letter in the bracket must
be raised to the power outside. Using the third law of
indices gives:

(mn2)3 m1x3n2x3 m3n6
(m1/2p1/4)4

T (/2 xd 1744 T

m2n!
Using the second law of indices gives:

w325 = mn

Problem 18. Simplify:

1
(@® VbV cS)(/a /b2 ¢*) and evaluate when a = =
b=6andc=1

Using the fourth law of indices, the expression can be
written as:

(@b 25120 2?3 3
Using the first law of indices gives:

LD PA/D+C/3) (5/243 _ [1/21,7/6,:11/2

It is usual to express the answer in the same form as the
question. Hence

12p7/6,11/2

N~K AN

1
Whena:z,b=64andc:1,

Val Vb7 el \/> 64 11)
( ) @' =1

d2e2F112

(d3/2ef5/2)2
the answer with positive indices only

Problem 19. Simplify: expressing

Using the third law of indices gives:

dZerl/Z
d3€2f5

dZerl/Z
(d3/2ef5722 —

Using the second law of indices gives:
d2_3€2_2f(1/2)_5 — d—leOf—g/Z

= d*'f(*g/z) since ¢* = 1
from the sixth law of indices

1

- df9/2

from the fifth law of indices

o2 2)(x )

Problem 20. Simplify:
Pty 5y

Using the third and fourth laws of indices gives:

oy AV

(x5y3)1/2

(nyl/Z)(xl/2y2/3)
x5/2y3/2

Using the first and second laws of indices gives:

K2HU/D=6/2(1/D+2/3)=3/2) — 10,-1/3

— y—1/3
1
or 13 or %

from the fifth and sixth law of indices.

Now try the following exercise

Exercise 19 Further problems on laws of
indices

1. Simplify (x*y*z)(x*yz?) and evaluate when
——,y=2andz=3
5:y=2andz .
5.4,3
, 13-
|:x y'z 2]
2. Simplify (a*/?bc3)(a'/?*bc=1/?¢) and evalu-
ate whena=3,b=4and c =2
@222,

1
+4-
2_
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513 3
3. Simplify: TRy and evaluate when a = o
b=Zande=z [a*b~%c, 9]

In Problems 4 to 10, simplify the given
expressions:
x1/5y1/271/3

I T [x7/10y1/641/2]

5 a*b + a’b 1+a
’ a’b? b
6 P [ P’q ]
pa* —r’q q—p
7. (a2)1/2(b2)3(cl/2)3 [ab6c3/2]
(abe)? 475 11
8. m [a b’c ]
9. (VrVPVDEYVI) [0y V2]
0 (a3b1/zc_1/2)(ab)1/3
(Va3+/be)
6
a\1/6p1/3 =372 o a“%}
3

5.3 Brackets and factorisation

When two or more terms in an algebraic expression con-
tain a common factor, then this factor can be shown

outside of a bracket. For example

ab + ac = a(b + ¢)

which is simply the reverse of law (v) of algebra on

page 34, and
6px + 2py — 4pz = 2p(Bx +y — 22)

This process is called factorisation.

Problem 21. Remove the brackets and simplify
the expression:

Ba+b)+2b+c)—4(c+4d)

Both b and c in the second bracket have to be multiplied
by 2, and ¢ and d in the third bracket by —4 when the
brackets are removed. Thus:

Ba+b)+2(b+c)—4(c+d)
=3a+b+2b+2c—4c—4d

Collecting similar terms together gives:

3a+4+3b—2c—4d

Problem 22. Simplify:
a*> — (2a — ab) — a(3b + a)

‘When the brackets are removed, both 2a and —ab in the
first bracket must be multiplied by —1 and both 35 and
a in the second bracket by —a. Thus

a* — 2a — ab) — a(3b + a)
=az—2a+ab—3ab—a2

Collecting similar terms together gives: —2a —2ab
Since —2a is a common factor, the answer can be
expressed as: —2a(1 +b)

Problem 23. Simplify: (a + b)(a — b)

Each term in the second bracket has to be multiplied by
each term in the first bracket. Thus:

(a+ b)a—b)=ala—b)+ b(a—Db)
=a* —ab+ab—b*
=a2_b2

Alternatively a+ b
a— b

Multiplying by a — a* +ab
Multiplying by —b — —ab—b?

Adding gives: a* —b?

Problem 24. Simplify: (3x — 3y)?

(2x = 3y)* = (2x = 3y)(2x — 3y)
= 2x(2x — 3y) — 3y(2x — 3y)
=4x? — 6xy — 6xy + 9y2
= dx? — 12xy + 9y*
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Alternatively, 2x —3y

2x —3y
Multiplying by 2x —  4x* — 6xy
Multiplying by —3y — —6xy +9y?

Adding gives: 4x% — 12xy 4 9y?

Problem 25. Remove the brackets from the
expression: 2[p* —3(g+ 1)+ 4%

In this problem there are two brackets and the ‘inner’
one is removed first.

Hence, 2[p? —3(q+ 1) + ¢°]
=2[p* —3q —3r+ 4%
=2p% — 6q — 6r + 24>

Problem 26. Remove the brackets and simplify
the expression:

2a — [3{2(4a — b) — 5(a + 2b)} + 4a]

Removing the innermost brackets gives:
2a — [3{8a — 2b — 5a — 10b} + 4a]
Collecting together similar terms gives:
2a — [3{3a — 12b} + 44]
Removing the ‘curly’ brackets gives:
2a — [9a — 36b + 4a]
Collecting together similar terms gives:
2a — [13a — 36b]
Removing the outer brackets gives:
2a — 13a — 36b
ie.—11la+36b or 36b—1la
(see law (iii), page 38)
Problem 27. Simplify:
x(2x — 4y) — 2x(4x + y)

Removing brackets gives:

22 — 4xy — 8x? — 2xy

Collecting together similar terms gives:
—6x> — 6xy
Factorising gives:
—6x(x +y)

since —6x is common to both terms

Problem 28. Factorise: (a) xy — 3xz
(b) 42 + 16ab®  (c) 3a*b — 6ab* + 15ab

For each part of this problem, the HCF of the terms will
become one of the factors. Thus:

(@ xy—3xz=x(y—32)
(b)  4d? + 16ab® = da(a + 4b>)
(¢) 3a’b— 6ab* + 15ab=3ab(a —2b + 5)

Problem 29. Factorise: ax — ay + bx — by

The first two terms have a common factor of a and the
last two terms a common factor of 4. Thus:

ax —ay+bx —by=alx —y)+bx —y)

The two newly formed terms have a common factor of
(x —y). Thus:

ax —y) +b(x —y) = (x —y)a+b)

Problem 30. Factorise:

2ax — 3ay + 2bx — 3by

a is a common factor of the first two terms and b a
common factor of the last two terms. Thus:

2ax — 3ay + 2bx — 3by
= a(2x — 3y) + b(2x — 3y)
(2x — 3y) is now a common factor thus:
a(2x — 3y) + b(2x — 3y)
=(2x —3y)a+b)

Alternatively, 2x is a common factor of the original
first and third terms and —3y is a common factor of
the second and fourth terms. Thus:

2ax — 3ay + 2bx — 3by
=2x(a+ b) —3y(a+b)
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(a + b) is now a common factor thus:
2x(a + b) — 3y(a + b) = (a + b)(2x — 3y)

as before

Problem 31. Factorise x> +3x2 —x —3

x2 is a common factor of the first two terms, thus:

B3 —x—3 =x2(x—|-3)—x—3
—1 is a common factor of the last two terms, thus:
o +3)—x—3=x(x+3)— 1(x +3)
(x 4 3) is now a common factor, thus:

Pax4+3)—1x+3)=c+3)Z-1)

Now try the following exercise

Exercise 20 Further problems on brackets
and factorisation

In Problems 1 to 9, remove the brackets and
simplify where possible:

1. &c+2y)+R2x—y) [3x+y]
2. 2(x—y)=30y—x) [5(x—y)]

3. 2(p+3q—r)—40r—q+2p)+p
[—5p + 10g — 6r]

4. (a+b)a+2b) [a? + 3ab + 2b%]

5. (p+q9BCp—2q)

6. (i) (x —2y)? (ii) 3a — b)*
(D) x* —dxy+4y?
(ii) 9a® — 6ab + b*

7. 3a+42[a—(3a—2)] [4—a]

[3p* + pg — 24°]

8. 2—5[a(a—2b)—(a—b)?] [2 4 5b%]

9. 24p—[2{3(5p — q) — 2(p + 29)} + 3q]
[11g —2p]
In Problem 10 to 12, factorise:

10. () pb+2pc (i) 24> +8qn
(@) p(b+2c) (D) 2g(q +4n)]

11. (i) 21a2b* —28ab (i) 2xy* + 6x2y + 8x3y
(i) 7ab(3ab —4)
|:(ii) 2xy(y +3x + 4x2]
12. () ay+by+a+b (i) px+qx+py+qy
(iii) 2ax + 3ay — 4bx — 6by
A (@+b)y+1)
(i) @+ +y)
(i) (a —2b)(2x + 3y)

5.4 Fundamental laws and

precedence

The laws of precedence which apply to arithmetic also
apply to algebraic expressions. The order is Brackets,
Of, Division, Multiplication, Addition and Subtraction
(i.e. BODMAS).

Problem 32. Simplify: 2a+5a x 3a —a

Multiplication is performed before addition and sub-
traction thus:

2a+5ax3a—a=2a+ 154> —a
= a + 154% or a(1 + 15a)

Problem 33. Simplify: (a + 5a) x 2a — 3a

The order of precedence is brackets, multiplication, then
subtraction. Hence

(a+5a) x2a —3a = 6a x 2a — 3a
= 124> — 3a
or3a(da — 1)

Problem 34. Simplify: a + 5a x (2a — 3a)

The order of precedence is brackets, multiplication, then
subtraction. Hence

a+5ax 2a—3a)=a+ 5a x —a
=a+ —5a*

=a—5d%or a(l — 5a)

Problem 35. Simplify: a = 5a + 2a — 3a
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The order of precedence is division, then addition and
subtraction. Hence

a+5a+2a—3a=i+2a—3a
5a

1+2 3 !
=-+4+2a—3a=—-—a
5 5

Problem 36. Simplify:
a -+ (5a+2a) —3a
The order of precedence is brackets, division and
subtraction. Hence
a+0Ga+2a)—3a=a-+"7a—3a
a

1
=——3ad==--—3a
Ta 7

Problem 37. Simplify:
3c+2c x4c+c+5c— 8¢

The order of precedence is division, multiplication,
addition and subtraction. Hence:

3c+2¢ x4c+c+5¢c—8¢

=3c+20x4c+£—8c
5¢
, 1
=3¢+ 8¢ +§—8c
1 1
=8c2—5c+§ or c(Sc—5)+§

Problem 38. Simplify:
3¢+ 2c x 4c + ¢+ (5¢ — 8c)

The order of precedence is brackets, division, multipli-
cation and addition. Hence,

3c+2c x4c+c+ (5¢ —8¢)
=3c+2cx4c+c+ -3¢

=3c+2cx4c+L
—3c

c 1
Now — = —
—3c -3
Multiplying numerator and denominator by —1 gives:
1x—1 : 1
— ie. —<
—3x -1 3

Hence:

3c—i—2cx4c—}—L
—3c

1
=3c+2cx4c—§

1 1
=3c+8c%—= 3+8)— =
c + 8¢ 3 or ¢(3+ 8¢) 3

Problem 39. Simplify:
(Bc+2c)(dc +¢) + (5¢ — 8¢)

The order of precedence is brackets, division and
multiplication. Hence

(Be+2c)4c+c)+ (5¢ — 8c)
=5cx56+—3c=5cxl
—3c
5 25

=5 _ = -
Cc X 3 3C

Problem 40. Simplify:
2a—3)+4a+5%x6—3a

The bracket around the (2a — 3) shows that both 2a and
—3 have to be divided by 4a, and to remove the bracket
the expression is written in fraction form.

Hence, 2a—-3)+4a+5%x6—-3a
20 — 3
= +5x6—3a
4da
2a — 3
= + 30 — 3a
4a
_2 3 303
T 4a  4a a
_1 3+30 3
~2 4 “
1 3
=30-—-—-3
2 40 "

Problem 41. Simplify:

1
3 of 3p + 4p(Bp — p)

Applying BODMAS, the expression becomes

1
gof3p+4px2p
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and changing ‘of” to ‘x’ gives: When an increase or decrease in an independent
variable leads to an increase or decrease of the same pro-
portion in the dependent variable this is termed direct
proportion. If y =3x then y is directly proportional to
x, which may be written as y o x or y = kx, where k is

1
3 x3p+4p x2p

ie. p+8? or p1+8p) called the coefficient of proportionality (in this case,
k being equal to 3).
When an increase in an independent variable leads to
Now try the following exercise a decrease of the same proportion in the dependent vari-
able (or vice versa) this is termed inverse proportion.
1

Exercise 21 Further problems on If y is inversely proportional to x then y o — or y = k/x.
fundamental laws and Alternatively, k = xy, that is, for inverse proportionality

precedence the product of the variable is constant.

Examples of laws involving direct and inverse pro-

Simplify the following: portional in science include:
1
1. 2x-=4x+6x [5 TP 6x] (i) Hooke’s law, which states that within the elastic
limit of a material, the strain ¢ produced is directly
1 proportional to the stress, o, producingit,i.e. e o
2. 2x+(4x+ 6x) I:g] ore=ko.
(ii) Charles’s law, which states that for a given mass
3. 3a—2axdata [4a(l —2a)] of gas at constant pressure the volume V is directly
ional to its thermodynamic temperature 7
4. 3a—2a(4 3-10 proportiona y P ’
a—2a(4a+a) La( @) ie. VaT or V=kT.
5. 2y+4-+6y+3x4—>5y |:£ —3y+12 (iii) Ohm’slaw, which states that the current / flowing
3 J through a fixed resistor is directly proportional to
) - the applied voltage V,i.e. oV or I =kV.

6. 2y+4-=-6y+3(4—5y) [5 +12—13y (iv) Boyle’s law, which states that for a gas at constant
} temperature, the volume V of a fixed mass of a gas
) . 5 i is inversely proportional to its absolute pressure p,

o J=pi syl [‘“ ie.pa(1/V)orp=k/V,ie pV =k

2 .
8. p”—3pgx2p+6q+pq lpq] Problem 42. If y is directly proportional to x and
1 y=2.48 when x = 0.4, determine (a) the coefficient
9. x+DHx—4)=(2x+2) |:§(x — 4)] of proportionality and (b) the value of y when
x=0.65
10 ! f 2y +3y(2 ! 3
- 3° Y +3y(2y —) Y §+ Y (@ yax, ie. y=kx. If y=248 when x=0.4,
248 =k(0.4)
Hence the coefficient of proportionality,
2.48
k=—— =62
. . 04
5.5 Directand inverse (b) y=kx, hence, when x =0.65
proportionality y=(6.2)(0.65)=4.03

An expression such as y=3x contains two variables.
For every value of x there is a corresponding value of y.
The variable x is called the independent variable and
y is called the dependent variable.

Problem 43. Hooke’s law states that stress o is
directly proportional to strain ¢ within the elastic
limit of a material. When, for mild steel, the stress is
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25 x 10° Pascals, the strain is 0.000125. Determine
(a) the coefficient of proportionality and (b) the
value of strain when the stress is 18 x 10° Pascals

(a) oae,i.e. og=ke, from which k =ao/e. Hence the
coefficient of proportionality,

25 x 106
~0.000125
(The coefficient of proportionality & in this case is
called Young’s Modulus of Elasticity)
(b) Since 0 =ke, e =0lk
Hence when o = 18 x 10°,

= 200 x 109pascals

18 x 10°

strain & =

Problem 44. The electrical resistance R of a piece
of wire is inversely proportional to the cross-
sectional area A. When A =5 mm?, R =7.02 ohms.
Determine (a) the coefficient of proportionality

and (b) the cross-sectional area when the resistance
is 4 ohms

1
(a) Ra 1 i.e. R=k/A or k = RA. Hence, when

R=7.2and A =35, the coefficient of proportional-
ity, k =(7.2)(5) =36

(b) Since k=RA thenA=k/R
When R =4, the cross-sectional area,

36

A="—"=9mm?
4

Problem 45. Boyle’s law states that at constant
temperature, the volume V of a fixed mass of gas is
inversely proportional to its absolute pressure p. If a
gas occupies a volume of 0.08 m® at a pressure of
1.5 x 10° Pascals determine (a) the coefficient of
proportionality and (b) the volume if the pressure is
changed to 4 x 10° Pascals

1
(@ Va—-ie. V=k/pork=pV
Hence the coefficient of proportionality,

k = (1.5 x 10)(0.08) = 0.12 x 10°

kK 0.12 x 10°
(b) Volume V=-= x =0.03m3
P

4x106

Now try the following exercise

Exercise 22 Further problems on direct and
inverse proportionality

1. If p is directly proportional to g and p =37.5
when g =2.5, determine (a) the constant of
proportionality and (b) the value of p when ¢
is 5.2 [(a) 15 (b) 78]

2. Charles’s law states that for a given mass of
gas at constant pressure the volume is directly
proportional to its thermodynamic tempera-
ture. A gas occupies a volume of 2.25 litres at
300 K. Determine (a) the constant of propor-
tionality, (b) the volume at 420 K, and (c) the
temperature when the volume is 2.625 litres.

[(a) 0.0075 (b)3.15litres (c) 350 K]

3. Ohm’s law states that the current flowing in
a fixed resistor is directly proportional to the
applied voltage. When 30 volts is applied
across a resistor the current flowing through
the resistor is 2.4 x 1073 amperes. Deter-
mine (a) the constant of proportionality, (b)
the current when the voltage is 52 volts and
(c) the voltage when the current is 3.6 x 1073
amperes.

|:(a) 0.00008 (b) 4.16 x 1073 A:|

)45V

4. Ifyisinversely proportional to x and y =15.3
when x = 0.6, determine (a) the coefficient of
proportionality, (b) the value of y when x is
1.5, and (c) the value of x when y is 27.2

[(@) 9.18 (b)6.12 (c) 0.3375]

5. Boyle’s law states that for a gas at constant
temperature, the volume of a fixed mass of gas
is inversely proportional to its absolute pres-
sure. If a gas occupies a volume of 1.5m?> at
a pressure of 200 x 103 Pascals, determine (a)
the constant of proportionality, (b) the volume
when the pressure is 800 x 103 Pascals and (c)
the pressure when the volume is 1.25 m?.

(a) 300 x 10> (b) 0.375 m?
(c) 240 x 103 Pa
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Chapter 6

6.1 Polynominal division

Before looking at long division in algebra let us revise
long division with numbers (we may have forgotten,
since calculators do the job for us!)

208
For example, Tc is achieved as follows:

13

16 )208
16

48

48

(1) 16 divided into 2 won’t go
(2) 16 divided into 20 goes 1
(3) Put 1 above the zero
(4) Multiply 16 by 1 giving 16
(5) Subtract 16 from 20 giving 4
(6) Bring down the 8
(7) 16 divided into 48 goes 3 times
(8) Put the 3 above the 8
9) 3x16=48
(10) 48—-48=0

208
Hence 6 = 13 exactly

172
Similarly, s is laid out as follows:

11

15)172
15

SRRV

Further algebra

175 . 7 7
Hence — =11 remainder 7 or 11+ —=11—
15 15 15

Below are some examples of division in algebra, which
in some respects, is similar to long division with
numbers.

(Note that a polynomial is an expression of the form

f(x)=a+bx+cx2+dx3+

and polynomial division is sometimes required when
resolving into partial fractions — see Chapter 7).

Problem 1. Divide 2x*> +x —3 by x — 1

2x% 4 x — 3 is called the dividend and x — 1 the divi-
sor. The usual layout is shown below with the dividend
and divisor both arranged in descending powers of the
symbols.

2x+3

x—1 i2x2+x—3
2x% — 2x

3x -3

3x -3

Dividing the first term of the dividend by the first term of
2

the divisor, i.e. il gives 2x, which is put above the first
term of the divid)énd as shown. The divisor is then mul-
tiplied by 2x, i.e. 2x(x — 1) = 2x? — 2x, which is placed
under the dividend as shown. Subtracting gives 3x — 3.
The process is then repeated, i.e. the first term of the
divisor, x, is divided into 3x, giving +3, which is placed
above the dividend as shown. Then 3(x —1)=3x—3
which is placed under the 3x — 3. The remainder, on
subtraction, is zero, which completes the process.

Thus 2x?+x-3)+(x—-1)=Q2x+3)
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[A check can be made on this answer by multiplying
(2x +3) by (x — 1) which equals 2x2 4+ x — 3]

Problem 2. Divide 3x> + x> 4+3x+5by x+ 1

ey
2
3
“
®)
(6)
(N
®)
€))

Problem 3. Simplify

ey
@)
3)
“
&)
(6)

OH @ O
3x2 —2x 45
x+1)3x3+x2+3x+5
3x3 + 3x2
—2x2+3x+5
—2x% —2x
5x+5
5x+5

x into 3x> goes 3x2. Put 3x? above 3x>

3x2(x+ 1) =3x3 4+ 3x2

Subtract

x into —2x% goes —2x. Put —2x above the dividend
—2x(x+1)=—2x2 —2x

Subtract

x into 5x goes 5. Put 5 above the dividend
Sx+1)=5x+5

Subtract

33 +x24+3x+5 _
x+1 o

Thus 2 —2x+5

x3+3

xX+y

O @ O
xz_xy + y2
x+y)x3+ 0+ 0+)°

x3+x2y
_xzy +y3

x into x> goes x2. Put x> above x> of dividend
(x4 y) =2 +x%y

Subtract

X into —x2y goes —xy. Put —xy above dividend
—xy(x +y) = —x?y — xy?

Subtract

(7) x into xy? goes y%. Put y? above divided
@) Ya+y=x7+y
(9) Subtract
333
Thus + =x2—xy+y2
y

X

The zero’s shown in the dividend are not normally
shown, but are included to clarify the subtraction
process and to keep similar terms in their respective
columns.

Problem 4. Divide (x2 +3x —2) by (x —2)

x+5
x—2 ix2+3x—2
x2 —2x
S5x— 2
5x — 10
8
2
3x—2 8
Hence x+—x=x+5+
x—2 x—2

Problem 5. Divided 4a® — 6a%b + 5b> by 2a — b

2a* — 2ab — b*
2a — b>4a3 — 6a*b + 5b°
4a® — 24d°b

—4a%b + 5b3

—4a%b + 2ab?
—2ab* + 5b°
—2ab®> + b}
4b3

Thus
4a® — 6a’b + 5b° 4b*

= 24 — 2ab — b*
2a—b t—b

Now try the following exercise
Exercise 23 Further problem on polynomial
division
1. Divide Qx> +xy—y?)by (x+y)  [2x—Y]

2. Divide 3x>+5x—2)by (x+2)  [3x—1]
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3. Determine (10x% + 11x — 6) = (2x +3)

[5x —2]
14x> — 19x — 3
4. Fing: 1 193 [7x +1]
2x—3
5. Divide (x> +3x%y 4+ 3xy*> +y*) by (x +y)
[ +2xy 7]
6. Find 5x* —x+4)+(x—1) i
|:5x+4+
T

7. Divide (3x® 4+ 2x* — 5x +4) by (x +2)
[3x3 —4x+3—

x+2 ]

Sx*4+3x% —2x +1
x—3
3 5 481
S5x’ 4+ 18x —|—54x—i—160-i——3
x_

8. Determine:

6.2 The factor theorem

There is a simple relationship between the factors of
a quadratic expression and the roots of the equation
obtained by equating the expression to zero.
For example, consider the quadratic
x24+2x—8=0

To solve this we may factorise the quadratic expression
x% 4 2x — 8 giving (x — 2)(x +4)

Hence (x —2)(x +4)=0

Then, if the product of two number is zero, one or both
of those numbers must equal zero. Therefore,

equation

either (x — 2) =0, from which, x =2
or (x +4) =0, from which, x =—4

It is clear then that a factor of (x — 2) indicates a root
of 42, while a factor of (x 4+ 4) indicates a root of —4.
In general, we can therefore say that:

a factor of (x — a) corresponds to a root of x = a

In practice, we always deduce the roots of a sim-
ple quadratic equation from the factors of the quadratic
expression, as in the above example. However, we could
reverse this process. If, by trial and error, we could deter-
mine that x = 2 is a root of the equation x> 4+ 2x — 8 =0

we could deduce at once that (x — 2) is a factor of the
expression x> +2x — 8. We wouldn’t normally solve
quadratic equations this way — but suppose we have
to factorise a cubic expression (i.e. one in which the
highest power of the variable is 3). A cubic equation
might have three simple linear factors and the diffi-
culty of discovering all these factors by trial and error
would be considerable. It is to deal with this kind of
case that we use the factor theorem. This is just a
generalised version of what we established above for
the quadratic expression. The factor theorem provides a
method of factorising any polynomial, f(x), which has
simple factors.
A statement of the factor theorem says:

‘if x = a is a root of the equation f(x) = 0,
then (x — a) is a factor of f(x)’

The following worked problems show the use of the
factor theorem.

Problem 6. Factorise x> — 7x — 6 and use it to
solve the cubic equation: x> —7x —6=0

Let f(x)=x>—T7x—6
Ifx=1, then f(1)=1°-7(1) —6 = —12
Ifx=2, then f2)=2°-72)—6=—12
Ifx=3, then f3)=3"-73)—6=0

If £(3) =0, then (x — 3) is a factor — from the factor
theorem.

We have a choice now. We can divide x*> — 7x — 6 by
(x — 3) or we could continue our ‘trial and error’ by sub-
stituting further values for x in the given expression —
and hope to arrive at f(x) =0.

Let us do both ways. Firstly, dividing out gives:

x2+3x+2
x=3)@+0 —Tx—6
X3 —3x2
3x2—Tx—6
3x2 — 9x
2x—6
2x—6
3 _Tx—6
Hencei=x2+3x+2
X—
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i.e.x3—7x—6:(x—3)(x2+3x+2)

x3 4+ 3x + 2 factorises ‘on sight’ as (x + 1)(x + 2)
Therefore

B=Tx—6=x=3)x+D(x+2)

A second method is to continue to substitute values of
X into f(x).

Our expression for f (3) was 33 — 7(3) — 6. We can see
that if we continue with positive values of x the first
term will predominate such that f(x) will not be zero.
Therefore let us try some negative values for x:
f(=1)=(—1)> —=7(—1) — 6 =0; hence (x + 1) is a fac-
tor (as shown above).

Also, f(—2)=(—2)> —7(—2) —6=0; hence (x +2) is
a factor (also as shown above).

To solve x> — 7x — 6 = 0, we substitute the factors, i.e.

x=3)x+Dx+2)=0

from which,x=3,x=—1and x = -2

Note that the values of x, i.e. 3, —1 and —2, are all
factors of the constant term, i.e. the 6. This can give us
a clue as to what values of x we should consider.

Problem 7. Solve the cubic equation
x% — 2x? — 5x + 6 =0 by using the factor theorem

Let f(x)=x>—2x>—5x+6 and let us substitute

simple values of x like 1, 2, 3, —1, —2, and so on.
fH) =1 =21 —=5(1)+6 =0,

hence (x — 1) is a factor
F2)=23-22*-52)+6#0
f3)=3"-23-53)+6=0,

hence (x — 3) is a factor

f=D =1 =2(-1)* =5(= 1)+ 6 #0

f(=2)=(=2%-2(=2)* =5(-2)+ 6 =0,

hence (x 4 2) is a factor

Hence, x° —2x2 —5x+6=(x— 1)(x = 3)(x +2)
Therefore if x> —2x2 —5x+6=0
then (x—Dx—3)x+2)=0

from which,x=1,x =3 and x = -2

Alternatively, having obtained one factor, i.e. (x — 1)
we could divide this into (x> — 2x? — 5x + 6) as follows:

X—x—6
x— 1) =22 —5x 46
x3_ x2
— x2—-5x+6
— x2+ X
—6x+6
—6x+6

Hence x° —2x>—5x+6
=x—Dx*—x—6)
=x-Dx-3)(x+2)

Summarising, the factor theorem provides us with
a method of factorising simple expressions, and an
alternative, in certain circumstances, to polynomial
division.

Now try the following exercise

Exercise 24 Further problems on the factor
theorem

Use the factor theorem to factorise the expressions
given in problems 1 to 4.

1. x2+4+2x—3
2. X4x*—4x—4
2l b e

[(x = D(x +3)]
[+ D +2)(x —2)]

[(x 4+ D(2x2 +3x —7)]

4. 2x3 —x2—16x+15
[(x — D(x+3)2x —5)]

5. Use the factor theorem to factorise
X3 4+4x*+x—6 and hence solve the
cubic equation B 44x24+x—-6=0

B+ax’+x-6
=x—-Dx+3)x+2);
x=1,x=-3andx = -2

6. Solve the equation x> —2x> —x +2=0
[x=1,x=2and x=—1]
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6.3 The remainder theorem

Dividing a general quadratic expression (ax* 4 bx + )
by (x —p), where p is any whole number, by long
division (see Section 6.1) gives:
ax + (b + ap)
xX—p ) ax® + bx +c
ax? — apx

b+ap)x+c
(b + ap)x — (b + ap)p

c+ (b +ap)p

The remainder, ¢ + (b + ap)p = ¢ + bp + ap® or
ap2 4+ bp+c. This is, in fact, what the remainder
theorem states, i.e.

‘if (ax2 + bx + ¢) is divided by (x — p),
the remainder will be ap* + bp + ¢’

If, in the dividend (ax? + bx + ¢), we substitute p for x
we get the remainder ap® + bp + ¢

For example, when (3x> —4x+35) is divided by
(x —2) the remainder is ap® +bp +c, (where a=3,
b=—4,c=5and p=2),
i.e. the remainder is:

32°% +(—4)2)+5=12-84+5=9

We can check this by dividing (3x> —4x +5) by
(x —2) by long division:

3x+2
x—2i3x2—4x+5

3x% — 6x
245
2x — 4

9

Similarly, when (4x% —7x +9)is divided by (x 4+ 3), the
remainder is ap? + bp + ¢, (where a=4,b=—7,¢c=9
and p = —3)1i.e. the remainder is: 4(—3)? + (=7)(—3) +
9=36+4+21+9=66
Also, when (x2+3x—2) is divided by (x—1), the
remainder is 1(1)2 +3(1) —2=2
It is not particularly useful, on its own, to know the
remainder of an algebraic division. However, if the
remainder should be zero then (x — p) is a factor. This
is very useful therefore when factorising expressions.
For example, when (2x2+x—3) is divided by
(x — 1), the remainder is 2(1)> 4 1(1) —3 =0, which
means that (x — 1) is a factor of (2x> + x — 3).

In this case the other factor is (2x + 3), i.e.
2x* +x—3) = (x — D2x — 3).

The remainder theorem may also be stated for a cubic
equation as:

‘if (ax3 +bx% +ex + d) is divided by (x — p), the
remainder will be ap® + bp> + cp + d’

As before, the remainder may be obtained by substitut-
ing p for x in the dividend.

For example, when (3x3 + 2x? — x + 4) is divided by
(x — 1), the remainder is: ap® + bp?> +cp +d (where
a=3,b=2,c=—1,d=4 and p=1), i.e. the remain-
deris: 3(1)° +2(1)? + (= 1)(1)+4=3+2—1+4=8.

Similarly, when (x> — 7x — 6) is divided by (x — 3),
the remainder is: 1(3)° +0(3)?> —7(3) — 6 =0, which
mean that (x — 3) is a factor of (x> — 7x — 6).

Here are some more examples on the remainder
theorem.

Problem 8. Without dividing out, find the
remainder when 2x> — 3x + 4 is divided by (x — 2)

By the remainder theorem, the remainder is given by:
ap2 +bp+c,wherea=2,b=—-3,c=4and p=2.

Hence the remainder is:

222 +(=3)2)+4=8—6+4=6

Problem 9. Use the remainder theorem to
determine the remainder when (3x> — 2x2 +x — 3)
is divided by (x + 2)

By the remainder theorem, the remainder is given
by: ap3 —i—bp2 +cp+d, where a=3, b=-2, c=1,
d=—-5andp=-2

Hence the remainder is:

3(=2)° + (=2)(=2)> + (1)(=2) + (—5)
=-24-8-2-5=-39

Problem 10. Determine the remainder when
(x3 —2x% — 5x 4 6) is divided by (a) (x — 1) and
(b) (x 4+ 2). Hence factorise the cubic expression
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(a) When (x> —2x? — 5x +6) is divided by (x — 1),
the remainder is given by ap’ +bp>+cp+d,
wherea=1,b=—-2,c=—-5,d=6andp=1,

the remainder = (1)(1)> + (=2)(1)?

+(=5)(1)+6
=1-2-54+6=0

i.e.

Hence (x — 1) is a factor of (x> — 2x% — 5x + 6)
(b) When (x> —2x% — 5x +6) is divided by (x+2),
the remainder is given by
(D(=2)* + (=2)(=2)* + (=5)(-2) + 6
=-8-8+10+6=0

Hence (x + 2)is also a factor of (x3 — 2x2 — 5x + 6)
Therefore (x — D(x +2)( )=x>—2x2—5x+6
To determine the third factor (shown blank) we could

(i) divide (x> —2x>—5x+6) by (x—1)
x+2)
use the factor theorem where f(x) = X =

2x* — 5x+6 and hoping to choose a
value of x which makes f(x) =0

or (ii)

use the remainder theorem, again hoping
to choose a factor (x — p) which makes
the remainder zero

or (iii)

(i) Dividing (x* — 2x% — 5x + 6) by (x> + x — 2) gives:

x—3
x2+x—2>x3—2x2—5x+6
x4+ xr—2x
—3x2—3x+6
—3x2-3x+6

(3= 22— 5x +6)
=x-Dx+2x-=-3)

Thus

(i) Using the factor theorem, we let

f(x)=x3—2x2—5x+6
Then f(3) =3%—-2(3)>—-53)+6
=27-18—15+6=0

(iii)

Hence (x — 3) is a factor.

Using the remainder theorem, when (x3 —2x%—
5x+6) is divided by (x —3), the remainder is
given by ap3 + bp2 +cp+d, wherea=1,b=-2,
c=-5,d=6and p=3.

Hence the remainder is:
13)’ + (=2)3)* + (=5(3) + 6
=27—-18—15+6=0
Hence (x — 3) is a factor.

Thus (x3 — 22 -5+ 6)
=@x-Dx+2)x-3)

Now try the following exercise

Exercise 25 Further problems on the
remainder theorem

1. Find the remainder when 3x% —4x+2 is
divided by:

(@(x-2) (b)@x+1D [(@ 6 (b) 9]

2. Determine the remainder when

x> — 6x% + x — 5 is divided by:
(@ @x+2) (b)(x—3)
[(@) =39 (b) —29]

3. Use the remainder theorem to find the factors

of 3 —6x2+11x—6
[(x — Dx —=2)(x —3)]

4. Determine the factors of x> + 7x% + 14x + 8

and hence solve the cubic equation:
X3+ 7x* + 14x +8=0
[x=—1,x=-2and x = —4]

5. Determine the value of ‘a’ if (x + 2) is a factor
of (3 —ax? 4+ 7x + 10) [a=-3]

6. Using the remainder theorem, solve the equa-
tion: 2x> — x> —7x +6=0
[x=1,x=—2and x=1.5]
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Chapter 7

7.1 Introduction to partial fractions

artial fractions

must be divided by the denominator (see Problems 3
and 4).
There are basically three types of partial fraction

By algebraic addition, and the form of partial fraction used is summarised in
1 3 x4+ 1D +3x—2) Table 7.1 where f(x) is assumed to be of less degree than
P + Yl G-t D) the relevant denominator and A, B and C are constants
to be determined.

— ﬂ (In the latter type in Table 7.1, ax*>+bx+c is a
X2 —x—2 quadratic expression which does not factorise without

containing surds or imaginary terms.)
The reverse process of moving from 24x——5 to Resolving an algebraic expression into partial frac-
1 xf—x—=2 tions is used as a preliminary to integrating certain

+ is called resolving into partial fractions. functions (see Chapter 51).

x—2 x4+
In order to resolve an algebraic expression into partial

fractions:

(i) the denominator must factorise (in the above
example, x% —x — 2 factorises as (x — 2)(x + 1),
and

(ii) the numerator must be at least one degree less than
the denominator (in the above example (4x — 5) is
of degree 1 since the highest powered x term is x!
and (x2 —x —2) is of degree 2)

When the degree of the numerator is equal to or higher
than the degree of the denominator, the numerator

Table 7.1

7.2 Worked problems on partial

fractions with linear factors

X
Problem 1. Resolve —
v x24+2x—3

into partial

fractions

The denominator factorises as (x — 1)(x + 3) and the
numerator is of less degree than the denominator.

A B C
1 Linear factors (see Problems 1 to 4) F®) + +
x+a)(x—=Db)(x+c) (x+a) &—=>b) (x+c)
. Jf(x) A B C
2 Repeated linear factors (see Problems 5 to 7 P + ar
P ¢ ) (x+a) (x+a) (+a? (x+a)?
. fx) Ax+B C
3 dratic fact Probl 8 and 9
Quadratic factors (see Problems 8 and 9) @b tontd) @ltbito otd
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11-3
Thus a may be resolved into partial fractions.
x24+2x—3
Let
11 —3x 11 —3x A B

2123 G-D)etd o-D xt3)

where A and B are constants to be determined,

. 11 —3x Ax+3)+Bkx—-1)
ie =
x—Dx+3) x—Dx+3)
by algebraic addition.

Since the denominators are the same on each side of the
identity then the numerators are equal to each other.
Thus, 11 —-3x=Ax+3)+Bx—1)

To determine constants A and B, values of x are chosen
to make the term in A or B equal to zero.

When x =1, then 11 —3(1) = A(1 +3)+ B(0)
ie. 8=4A
ie. A=2

When x = —3, then 11 —3(=3)=A(0) + B(=3 — 1)

ie. 20=-4B
i.e. B=-5

11-3 2 -5
Thus X

Pim—3 G- G+t

_ 2 5
S =1 +3

2 _ 5
x—1 &+3)

[Check:

_2x+3) =5 —1)
T =D +3)

. 11 — 3x
T x242x—3

2% —9x—35
in
x4+ Dx—2)(x+3)
the sum of three partial fractions

Problem 2. Convert to

Partial fractions
2x2 —9x — 35
Let
x+ Dx—2)x+ 3)
A B C

S+ D 6= TG

Ax —2)(x 4+ 3) + B(x + D)(x + 3)
+Cx+ D(x —2)
(x + D —2)(x + 3)

by algebraic addition

Equating the numerators gives:
2% —9x —35=A(x — 2)(x +3) + B(x + D(x + 3)
+Cx + D(x—2)
Let x=—1. Then

2(—=1)? = 9(=1) — 35 = A(=3)(2)+B(0)(2)

+C(0)(=3)
ie. —24 = —6A
ie. A= _—24 =4
—6
Letx =2. Then

2(2)? — 9(2) — 35 = A(0)(5) + B(3)(5)

+ C(3)(0)
ie. —45 =15B
—45
ie. B= —=-3
15

Let x=—3. Then

2(—3)? — 9(=3) — 35 = A(=5)(0) + B(—2)(0)

+ C(—=2)(-5)
i.e. 10 = 10C
ie. C=1
2x2 — 9x — 35
Thus
x4+ Dx—2)(x+3)
4 3 1

“ot) ®=2 T =+3

2

Problem 3. Resolve

into partial
X2 —3x+2 P

fractions
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The denominator is of the same degree as the numerator.
Thus dividing out gives:

1
X2 —3x+2)2 41

x2—3x+42
3x—1

For more on polynomial division, see Section 6.1,
page 48.

Hence X241 _ 3x—1
X2 —3x+2 x2—3x+2
—14 3x—1
- x—Dx—-2)
3x—1 A B
Let

G-De-2 G-D  x-2

_Ax—-2)+Bkx-1)
T a-DHx—-2)

Equating numerators gives:

3x—1=Ax—2)+B(x—1)

Letx = 1. Then 2=-A
ie. A=-=-2
Letx =2. Then 5=B
3x—1 -2 5
Hence = +
x-Dx—-2) x—-1) -2
2
Thus ¥+, 2 5
x2 —3x +2 -1  @&-=2

x> —2% —4x—4

Problem 4. Express -
x“+x—=2

in partial

fractions

The numerator is of higher degree than the denomi-
nator. Thus dividing out gives:

x—3
x2+X—2)x3—2x2—4x—4
X4 x?—2x
—3x? —2x—4
—3x2 —3x+6

x—10

X —2x% —4x—4 x—10
Thus =x—
xX24+x-2 xX24x—=2
_ + x—10
- x+2)x -1
- 10 A B
Let al

Cr20-D x+2 TGx-D
_Ax-D+Bx+2)
T+ -1

Equating the numerators gives:

x—10=AGx— 1)+ Bk +2)

Letx = —2. Then —12=-3A

i.e. A=4
Letx=1. Then —-9=3B

ie. B=-

Hence x— 10 4 3

@+)a—1)  @+2) @—1)
-2 —dx—4

x24+x=-2

4 _ 3
*+2) -1

Thus

=x—-3+

Now try the following exercise

Exercise 26 Further problems on partial
fractions with linear factors

Resolve the following into partial fractions:

12 2 2
I
x2 -9 x=3) (x+3).
) 4(x —4) 5 _ 1 7
T ox2—-2x-3 x+1) x—3)]
3 x> —3x+6 z 2 B 4 ]
T oax(x—-2)x—1) x x=2) (x—1)
A 32x2 —8x—1)

F+Hx+DC2x—1)

|: 7 3 3 3 2 ]
x+4 @+ @x-1
x2+9x+8

1 2 6
xX2+x—6 [ +(x+3)+(x—2)]
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= — 14 2 3
6. L 177 1-—= 4+ =
x2—-2x-3 x—=3) &+1
3x3 — 2x%2 — 16x+20
(x—2)(x+2)

3 5 1 5
[x_ +(x—z)_(x+2>]

7.3 Worked problems on partial
fractions with repeated linear

factors

3. . .
into partial fractions
— 2)2

2x
Problem 5. Resolve ———

The denominator contains a repeated linear factor,
(x—2)?

Let 2x+3E A n B
(x —2)? x=2) (x—2)2
_Ax—-2)+B
T w22

Equating the numerators gives:

2x+3=Ax—2)+B
Letx=2. Then7 =A(0)+B

ie. B=7
2x+3=Ax—-2)+B
=Ax—2A+B

Since an identity is true for all values of the unknown,
the coefficients of similar terms may be equated.

Hence, equating the coefficients of x gives: 2=A
[Also, as a check, equating the constant terms gives:
3=—2A+B.WhenA=2and B=7,

RHS = —2(2) 4+ 7=3=LHS]

24+3 2 7

Hence -2 G=-2 T wo2p

5x2—2x—19

m as the sum of
X X —

Problem 6. Express

three partial fractions

The denominator is a combination of a linear factor and
a repeated linear factor.

5x2 —2x — 19
Let ————
(x +3)x — 1)?
__A B C
Tx+3) =D x—1)2

_ Al - D2 +B(x+3)(x — 1) + C(x + 3)
B (x +3)(x — 1)?
by algebraic addition

Equating the numerators gives:
5022 —2x—19=A(x — 1)’ +Bx +3)x—1)
+Cx+3) (1)
Let x =—3. Then

5(=3)* = 2(=3) — 19 = A(—4)* + B(0)(—4) + C(0)

i.e. 32 = 16A
i.e. A=2
Letx=1. Then

5(1)> = 2(1) — 19 = A(0)*> + B(4)(0) + C(4)
ie. —16 = 4C
ie. C=-4
Without expanding the RHS of equation (1) it can
be seen that equating the coefficients of x> gives:
5=A+B,andsinceA=2,B=3
[Check: Identity (1) may be expressed as:
502 —2x —19=AG2 —2x+ 1)
+B@G? 4+ 2x —3) + C(x + 3)
ie. 5x% —2x—19=Ax* —2Ax+A +Bx’
+2Bx —3B+Cx+3C

Equating the x term coefficients gives:
—2=-2A+4+2B+C

When A=2,B=3and C=—4 then —2A +2B+C=
—2(2)+23)—4=—-2=LHS
Equating the constant term gives:
—19=A-3B+3C
RHS=2-33)+3(-4)=2-9-12
=—19 = LHS]
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5¢2 —2x—19

(x+3)x—1)7>
2 3 4
“EAd) T a-D @-17

Hence

3x? +16x+ 15
Problem 7. Resolve o rloxt b into partial
(x+3)3
fractions
Let
3 +16x+15 A B __C
x+33 T @x+3) x+3)2 (xx+3)3
_Ax+3?+B@x+3)+C
B (x +3)3

Equating the numerators gives:
3+ 16x+15=Ax+3° +Bx+3)+C (1)
Let x =—3. Then
3(=3)2 + 16(=3) + 15 = A(0)* + B(0) + C
ie. —-6=C
Identity (1) may be expanded as:
3x?+16x+15=A(* +6x+9)+B(x+3)+C

ie. 3x2416x+ 15=Ax? +6Ax+9A
+Bx+3B+C

Equating the coefficients of x? terms gives:
3=A
Equating the coefficients of x terms gives:
16=06A+B
Since A=3, B=-2
[Check: equating the constant terms gives:
15=9A+3B+C
WhenA=3, B=—-2 and C=-6,
9A +3B+C=93)+3(-2)+ (-6)
=27—-6—-6=15=LHS]

3x2 4+ 16x + 15

Thus
x+3)°

_ 3 _ 2 _ 6
T @+3) @+3? «+3)°

Now try the following exercise

Exercise 27 Further problems on partial
fractions with repeated linear

factors
1 4x —3 [ 4 7 ]
(412 (x+1)  (x+1)?
x> +7x+3 1 2 1
2. ————— — 4+ - —
x2(x+3) X2 x (x+3)
5x% —30x + 44
3 -
(x—2)>
5 10 n 4
x—2) @®—22% x-=2)3
4 18 4+ 21x — x2

(x =5)(x+2)2

[ 2 3 N 4 ]
x=5 (+2) (x+2)?

7.4 Worked problems on partial

fractions with quadratic factors

7x2 +5x+ 13

Problem 8. Express —————
x*+2)x+1)

in partial

fractions

The denominator is a combination of a quadratic factor,
(x? +2), which does not factorise without introducing
imaginary surd terms, and a linear factor, (x + 1). Let

7x*+5x+13 _ Ax+B C
(x2+2)(x+1)=(x2+2)+(x+1)
_ (Ax+B)x+ 1) +CHx? +2)
- Z+2)x+ 1)

Equating numerators gives:
7x* +5x + 13 = (Ax +B)x + 1) + C(x* +2) (1)
Let x =—1. Then

7(=1)* + 5(—1) + 13 = (Ax + B)(0) + C(1 +2)
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ie. 15 =3C
i.e. C=5

Identity (1) may be expanded as:
7x* +5x + 13 = Ax> + Ax + Bx + B + Cx* + 2C

Equating the coefficients of x? terms gives:
7=A+C,andsinceC =5, A=2

Equating the coefficients of x terms gives:
5=A+B,andsinceA =2, B=3

[Check: equating the constant terms gives:

13=B+2C
WhenB=3and C=5,B+2C=3+10=13=LHS]

Tx? 4+ 5¢4+13  2x+3 5
Hence =
*2+2)x+1) (2+2) @+1
3+ 6x 4+ 4x% — 2x3
Problem 9. Resolve +Oox A a into

x2(x2 +3)
partial fractions

Terms such as x> may be treated as (x +0)2, i.e. they
are repeated linear factors

34 6x + 4x% — 2x°

x2(x2 4 3)

Cx+D
x2+3)
_ Ax(x* +3) + B(x?> + 3) + (Cx + D)x?
- xX2(x2 +3)

Let

A B
—+=+
X X

Equating the numerators gives:
34 6x 4 4x? — 2x° = Ax(x* + 3)
+B(x* 4 3) + (Cx + D)x*
= Ax’ + 3Ax + Bx” + 3B
+Cx® + Dx?

Letx = 0. Then 3 = 3B
ie. B=1

Equating the coefficients of x* terms gives:

—2=A+C (1)

Equating the coefficients of x? terms gives:
4=B+D

SinceB=1,D=3
Equating the coefficients of x terms gives:

6 =3A
ie. A=2
From equation (1), since A=2, C=—4

34 6x + 4x? — 223
Hence

x2(x2 +3)
2 1 —4x+3
=-+3 2
X X x*+3
_2, 1 34
Tx  x* x2+3

Now try the following exercise

Exercise 28 Further problems on partial
fractions with quadratic factors

xX2—x—13 2x +3 1
@2 +7(x—2) ®2+7 x-=2)
6x—5 1 2—x
2. — ——— +
x =42 +3) x—4) @2+3)
1545x+5x>—4x> [1 3 2—5x
3. 33 =gF = + PR
x*(x* +5) X X x*+5)
X 44xr4+20x—7
4,
x—12(x2+8)
3 . 2 . 1—2x
x—1) (—-1? (2+38)
5. When solving the differential equation
& 6 40 100=20—¢* by Laplace
T _e— _ —20—¢
dr? dt y P

transforms, for given boundary conditions,
the following expression for £{6} results:

39
453 — 5% + 425 — 40
s(s — 2)(s2 — 65+ 10)

Show that the expression can be resolved into
partial fractions to give:

2 1 55—3
o)== —
=3~ 36=2 T 2 —6s £ 10)
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Chapter 8

Simple equations

Expressions, equations and

identities

(3x—5) is an example of an algebraic expression,
whereas 3x — 5 =1 is an example of an equation (i.e.
it contains an ‘equals’ sign).

An equation is simply a statement that two quantities are

equal. For example, 1 m = 1000 mm or F = gc + 32 or
y=mx+c.

An identity is a relationship that is true for all values of
the unknown, whereas an equation is only true for par-
ticular values of the unknown. For example, 3x —5=1
is an equation, since it is only true when x =2, whereas
3x = 8x — 5xis anidentity since it is true for all values
of x. (Note ‘=" means ‘is identical to’).

Simple linear equations (or equations of the first
degree) are those in which an unknown quantity is raised
only to the power 1.

To “solve an equation’ means ‘to find the value of the
unknown’.

Any arithmetic operation may be applied to an equation
as long as the equality of the equation is maintained.

8.2 Worked problems on simple

equations

Problem 1. Solve the equation: 4x =20

Dividing each side of the equation by 4 gives: 4_x =—
(Note that the same operation has been applied to both
the left-hand side (LHS) and the right-hand side (RHS)
of the equation so the equality has been maintained).
Cancelling gives: x =S5, which is the solution to the
equation.

Solutions to simple equations should always be
checked and this is accomplished by substituting
the solution into the original equation. In this case,
LHS =4(5)=20=RHS.

2x
Problem 2. Solve: ? =6

The LHS is a fraction and this can be removed by
multiplying both sides of the equation by 5.

2x
Hence, 5 (?) =5(6)

Cancelling gives: 2x =30

Dividing both sides of the equation by 2 gives:
2x 30

ie. x=15
2 2

Problem 3. Solve:a—5=38

Adding 5 to both sides of the equation gives:
a—5+5=8+5
ie. a=13

The result of the above procedure is to move the ‘—5’
from the LHS of the original equation, across the equals
sign, to the RHS, but the sign is changed to +.

Problem 4. Solve:x+3=7

Subtracting 3 from both sides of the equation gives:
x+3-3=7-3

ie. x=4
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The result of the above procedure is to move the ‘43’
from the LHS of the original equation, across the equals
sign, to the RHS, but the sign is changed to —. Thus a
term can be moved from one side of an equation to the
other as long as a change in sign is made.

Problem 5. Solve: 6x+1=2x+9

In such equations the terms containing x are grouped
on one side of the equation and the remaining terms
grouped on the other side of the equation. As in Prob-
lems 3 and 4, changing from one side of an equation to
the other must be accompanied by a change of sign.

Thus since 6x+1=2x+9
then 6x —2x=9-1
4x =8
e _8
4 4
ie. x=2

Check: LHS of original equation =6(2) 4+ 1=13
RHS of original equation =2(2) +9=13

Hence the solution x =2 is correct.

Problem 6. Solve: 4 —-3p=2p—11

In order to keep the p term positive the terms in p are
moved to the RHS and the constant terms to the LHS.

Hence 4+ 11=2p+3p

15=>5p
15 5p
5 5

Hence 3=p or p=3

Check: LHS=4-33)=4—-9=-5
RHS=23)—-11=6—-11=-5
Hence the solution p =3 is correct.

If, in this example, the unknown quantities had been
grouped initially on the LHS instead of the RHS then:

3p—2p=—11—14

ie. —5p = —15
—5p —15
[

and p = 3, as before

It is often easier, however, to work with positive values
where possible.

Problem 7. Solve: 3(x —2)=9

Removing the bracket gives: 3x —6 =9

Rearranging gives: 3x=9+6
3x=15
15
3 3
ie. x=35

Check: LHS =3(5—-2)=3(3)=9=RHS
Hence the solution x =5 is correct.

Problem 8. Solve:
42r —3)—2(r—4)=3(r—3)— 1

Removing brackets gives:
8r—12-2r+8=3r—-9-1
Rearranging gives:

8r—2r—3r=-9-1+12-28

i.e. 3r=-6
—6
r=—=-2
3
Check:

LHS=4(—4—-3)—2(—2—-4)=-28+12=-16
RHS=3(-2-3)—1=-15—-1=-16
Hence the solution r = —2 is correct.

Now try the following exercise

Exercise 29 Further problems on simple
equations

Solve the following equations:

1. 2x+5=7 [1]
2. 8—-3t=2 (2]
3. 2x—1=5x+11 [—4]
4. T—4p=2p-3 [1%]
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5. 2a+6—-5a=0 [2]
1
6. 3x—2—5x=2x—4 I:E:I
7. 20d —3+3d=11d+5-8 [0]
8. S5(f—2)—32f+5+15=0 [—10]
9. 2x=4(x-—3) [6]

10. 6Q2—3y)—42=—2(y—1)
11. 23g—5)—5=0

12. 4Gx+1)=T(x+4)—2(x+5) 2]
13. 10+3(r—7)=16—(r+2)

14. 8+4(x—1)—5(x—3)=2(5—2x)

8.3 Further worked problems on

simple equations

3 4
Problem 9. Solve: —=—
x 5

The lowest common multiple (LCM) of the denomina-
tors, i.e. the lowest algebraic expression that both x and
5 will divide into, is Sx.

Multiplying both sides by 5x gives:

“(2)-5()

Cancelling gives:

15 = 4x (1
15_4x
4 4
15
ie. x=T or 31
Check:
LHS = 3 _ 3 =3 4 —12—4—RHS
_3§_§_ 15) 157 5
4 4

(Note that when there is only one fraction on each side of
an equation ‘cross-multiplication’ can be applied. In this

3 4

example, if — = 3 then (3)(5) =4x, which is a quicker
X

way of arriving at equation (1) above.)

2 3 1 3
Problem 10. Solve: w +—4+5=—— 2y
5 4 20 2

The LCM of the denominators is 20. Multiplying each
term by 20 gives:

20(2) 420 () + 205
5 4
=20 1) 20 3
20 2
Cancelling gives:

4(2y) +5(3) + 100 = 1 — 10(3y)

ie. 8y 4+ 154100 =1 — 30y
Rearranging gives:

8y +30y =1 — 15 — 100

—114
=—=—3
MY
2(=3) 3 -6 3
heck: LHS = —— + — - — 4 =
Chec S 5 +4+5 5 +4+5
-9 11
= 5 —4_
20 + 20

133 1 .9 11

RHS =

20 2 2017270

Hence the solution y = —3 is correct.

4

Problem 11. =
t—2 3t+4

Solve:

By ‘cross-multiplication’: 3(3f 4+ 4) = 4(t — 2)

Removing brackets gives:  9r+ 12 =41 — 8
Rearranging gives: 9t —4t=-8—12

ie. 5t =-20
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3 3 1
Check: LHS = - - - __
—4-2 -6 2
3(—4)+4 —12+4
_ 4 _ 1
)

Hence the solution t = —4 is correct.
Problem 12. Solve:y/x=2

[+/x =2 is not a ‘simple equation’ since the power of x
is % ie/x = x(I/D: however, it is included here since it
occurs often in practise].

Wherever square root signs are involved with the
unknown quantity, both sides of the equation must be
squared. Hence

(Vx)? = (2)?

i.e. x=4
Problem 13. Solve: 24/2 = 8

To avoid possible errors it is usually best to arrange the
term containing the square root on its own. Thus

2vd 8
2 T2

Squaring both sides gives: d =16, which may be
checked in the original equation

Problem 14. Solve: x2 =25

This problem involves a square term and thus is not
a simple equation (it is, in fact, a quadratic equa-
tion). However the solution of such an equation is often
required and is therefore included here for complete-
ness. Whenever a square of the unknown is involved,
the square root of both sides of the equation is taken.
Hence

Vx2 =25
i.e. x=35

However, x=—5 is also a solution of the equation
because (—5) x (—5) =+25. Therefore, whenever the

square root of a number is required there are always two
answers, one positive, the other negative.

The solution of x? = 25 is thus written as x = +5

Probl 15. Sol 15 2
ropiem o olve: — = —
42 3

‘Cross-multiplying’ gives: 15(3) = 2(41%)

ie. 45 = 8¢
45
- = t2
8

ie. 2 =5.625

Hence t =+/5.625 ==42.372, correct to 4 significant
figures.

Now try the following exercise

Exercise 30 Further problems on simple
equations

Solve the following equations:

3 2 5
1. 24+ —y=1+-y+— =2
+4y +3y+6 [—2]
1 1 1
2. —-2x—-1)+3=—- 4=
4(x )+ 5 |: 2]
3. LQf =3+ i(f—h+ = =0 2]
"5 6 15

1 1 1
4. F0m=6)= 2(Sm+4)+-Qm—9)=-3

[12]
X X
5. ——=-=2 15
3753 [15]
y y 'y
6. 1—2=34+2_2 —4
37°7376 =l
1 1 7
7. —+—=— 2
3n+4n 24 (21
x+3 x-3
8. = 2 13
7 5 + [13]
y, 7 5-y
Iy =2 2
% 5§t T % (21
-2 1
10, —2_= 3]
20—3 3
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2 3
11. = [—11]
a—3 2a+1
x x+6 x+3
2. Z_ET°_ .
4 5 2 (=6l
13. 3/5=9 91
4 g [4]
1—/x
15. 10=5/% 1 [10]
2
2
16. 16=— [+12]
9
17 P21 5t
y—2_2 3
18 11—5—|—8 [£4]
o2 x2

Practical problems involving

simple equations

Problem 16. A copper wire has a length [ of

1.5 km, a resistance R of 5 2 and a resistivity of
17.2 x 10~°  mm. Find the cross-sectional area, a,
of the wire, given that R = pl/a

Since R=pl/a
then

~(17.2 x 107 Qmm)(1500 x 10° mm)
a

5Q

From the units given, a is measured in mm?.

Thus 50 =17.2 x 107% x 1500 x 10°

17.2 x 107% x 1500 x 103
and a= 5

172 x 1500 x 10°
- 106 x 5

Hence the cross-sectional area of the wire is

5.16 mm?

Problem 17. The temperature coefficient of
resistance & may be calculated from the formula
R; =Ro(1 + ot). Find « given R, =0.928, Rg =0.8
and r =40

Since R; = Ro(1 + «t) then

0.928 = 0.8[1 + (40)]
0.928 = 0.8 + (0.8)()(40)
0.928 — 0.8 = 32a

0.128 = 32«
0.128
H = ——=10.004
ence o D

Problem 18. The distance s metres travelled in
time ¢ seconds is given by the formula:

s=ut+ %atz, where u is the initial velocity in m/s
and a is the acceleration in m/s2. Find the
acceleration of the body if it travels 168 m in 6,
with an initial velocity of 10 m/s

1
s=ut+Eatz,ands=168,u=10andt=6

1
Hence 168 = (10)(6) + 5a(6)2
168 = 60 + 18a
168 — 60 = 18a
108 = 18a
108
a=—=2=6
18

Hence the acceleration of the body is 6 m/s>

Problem 19. When three resistors in an electrical
circuit are connected in parallel the total resistance
R7 is given by:
11 " 1 n 1
Rr R Ry R3
Find the total resistance when R1 =5, R, =10 Q2
and R3 =302
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1 1 1 1

Rt

57103
_6+3+1 10 1
30 30 3
Taking the reciprocal of both sides gives: Rr =3 2

1 1 1 1
Alternatively, if — = - + — + — the LCM of th
ernalveleT 5+10+30 e of the

denominators is 30R7

Hence
30y (L) = 30, (1) + 308, (2
"\RrRy) =777 \5 "\ 10
30y
30

30 = 6Rr +3R7 + Rt

Cancelling gives:

30 = 10R7
30
Ry = 0 = 3 Q, as above

Now try the following exercise

Exercise 31 Practical problems involving

simple equations

1. A formula used for calculating resistance of a
cable is R=(pl)/a. Given R=1.25, [ =2500
and a =2 x 10~* find the value of p.

[1077]

2. Force F newtons is given by F = ma, where m
is the mass in kilograms and a is the acceler-
ation in metres per second squared. Find the
acceleration when a force of 4 kN is applied to
a mass of 500kg. [8 m/s?]

3. PV =mRT is the characteristic gas equation.
Find the value of m when P = 100 x 103 s

V' =3.00, R=288 and T =300. [3.472]

4. When three resistors R, R, and R3 are con-
nected in parallel the total resistance Rr is

1 1 1 1
determined from — = — 4+ — + —
Rr Ri Ry, R3
(a) Find the total resistance when
R =3Q, Rp=6% and R3; =18 Q.

(b) Find the value of R3 given that
Rr=3R, Ri=5Q2 and R, =10 Q.
[(a) 1.8 2 (b) 30 2]

5. Ohm’s law may be represented by / =V/R,
where / is the current in amperes, V is the volt-
age in volts and R is the resistance in ohms. A
soldering iron takes a current of 0.30A from
a 240V supply. Find the resistance of the
element. [800 2]

8.5 Further practical problems

involving simple equations

Problem 20. The extension x m of an aluminium
tie bar of length / m and cross-sectional area A m?
when carrying a load of F newtons is given by the
modulus of elasticity E = FI/Ax. Find the extension
of the tie bar (in mm) if E =70 x 10° N/m?,
F=20x10°N,A=0.1m?and /=1.4m

E =FI/Ax, hence

(20 x 10°N)(1.4 m)
B (0.1 m2)(x)

N
70 x 10° —
m

(the unit of x is thus metres)
70 x 10° x 0.1 x x =20 x 10° x 1.4

_20x10° x 1.4
T T 0% 109 x 0.1

2x14
7 x 100

Cancelling gives: X = m

_2><1.4
7% 100

x 1000 mm

Hence the extension of the tie bar, x =4 mm

Problem 21.
2

Vv
P= 53 where V is the supply voltage and R is the

Power in a d.c. circuit is given by

circuit resistance. Find the supply voltage if the
circuit resistance is 1.25 €2 and the power measured
is 320 W
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2 V2
Since P = — then 320=——
R 1.25
(320)(1.25) = V2
ie. V2 = 400

Supply voltage, V =4/400 = +£20V

Problem 22. A formula relating initial and final
states of pressures, P; and P;, volumes V| and V5,

and absolute temperatures, 71 and 73, of an ideal
P\Vi PV,
L1 _22"2 Find the value of P, given
T, T,
P =100 x 10%, V; = 1.0, V, =0.266, T1 =423

and T, =293

gas is

) PiVi PV
Since —_— =
T T>
(100 x 103)(1.0)  P»(0.266)
then —

423 293
‘Cross-multiplying’ gives:
100 x 10°)(1.0)(293) = P»(0.266)(423)

(100 x 10%)(1.0)(293)
B (0.266)(423)

2
Hence P, =260 x 10> or 2.6 x 105

Problem 23. The stress f in a material of a thick
f+p

f=r
Calculate the stress, given that D =21.5, d =10.75
and p = 1800

D
cylinder can be obtained from 7=

. D f+p
Since - = [—
d f-p
21.5 1800
then = r+

10.75  \ f — 1800

. £+ 1800
1.C. 2= —_—
£ — 1800

Squaring both sides gives:
_ f 4+ 1800
£ —1800
4(f — 1800) = f + 1800
4f — 7200 = f + 1800
4f — f = 1800 + 7200
3f = 9000
9000
f= 5 = 3000

Hence stress, f =3000

Now try the following exercise

Exercise 32 Practical problems involving
simple equations

1. Given Ry =R;(1 +at), find @ given R| =5.0,

R, =6.03 and t =51.5 [0.004]
2. Ifv>=u?+2as, find u given v =24, a=—40
and s =4.05 [30]

3. The relationship between the temperature on
a Fahrenheit scale and that on a Celsius scale

9
is given by F= §C+32. Express 113°F in
degrees Celsius. [45°C]

4. If t=2n./w/Sg, find the value of S given
w=1.219, g=9.81 and t =0.3132 [50]

5. Applying the principle of moments to a beam
results in the following equation:

Fx3=0GB-F)x7

where F is the force in newtons. Determine the
value of F. [3.5N]

6. A rectangular laboratory has a length equal to
one and a half times its width and a perimeter
of 40 m. Find its length and width.

[12m, 8 m]

www.EngineeringBooksPdf.com



Revision Test 2

This Revision test covers the material contained in Chapters 5 to 8. The marks for each question are shown in brackets
at the end of each question.

1.

4
Evaluate: 3xy’z3 —2yz when x= 3’ y=2
1
dz=- 3

and z = 3 (3)
Simplify the following:

- 8a2b/c?

(2ayv/by/c

(b) 3x+4+-2x+5x2—4x (©6)
Remove the brackets in the following expressions

and simplify:

(@) 2x—y)
(b) 4ab—[3{2(4a—Db)+ b2 —a)}] )
Factorise: 3x%y 4 9xy? + 6xy’ 3)

If x is inversely proportional to y and x = 12 when
y=0.4, determine

(a) the value of x when y is 3, and
(b) the value of y when x =2. 4)

Factorise x° +4x?>+x—6 using the factor
theorem. Hence solve the equation
B 4+4x2+x—6=0 (6)

10.

11.

Use the remainder theorem to find the remainder
when 2x3 +x2 — 7x — 6 is divided by

(@ x—=2) @+

Hence factorise the cubic expression. (@)
6x2 +7x—5
Simplify x;—xl by dividing out. (5)
i —

Resolve the following into partial fractions:

@) x—11 ®) 3—x

x2—x-2 *2+3)(x+3)

¥ —6x+9

—_—— 24
© 53— 24)
Solve the following equations:
(a) 3t—2=5t+4
(b) 4k—1)—23k+2)+14=0

a 2a s+1

———=1 =2 13
©3-%5=1 @,/ (13)

A rectangular football pitch has its length equal to
twice its width and a perimeter of 360 m. Find its
length and width. (@)
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Chapter 9

Simultaneous equations

9.1 Introduction to simultaneous

equations

Only one equation is necessary when finding the value
of a single unknown quantity (as with simple equa-
tions in Chapter 8). However, when an equation contains
two unknown quantities it has an infinite number of
solutions. When two equations are available connecting
the same two unknown values then a unique solution is
possible. Similarly, for three unknown quantities it is
necessary to have three equations in order to solve for a
particular value of each of the unknown quantities, and
SO on.

Equations that have to be solved together to find the
unique values of the unknown quantities, which are
true for each of the equations, are called simultaneous
equations.

Two methods of solving simultaneous equations
analytically are:

(a) by substitution, and (b) by elimination.

(A graphical solution of simultaneous equations is
shown in Chapter 31 and determinants and matrices are
used to solve simultaneous equations in Chapter 62).

9.2 Worked problems on

simultaneous equations
in two unknowns

Problem 1. Solve the following equations for x
and y, (a) by substitution, and (b) by elimination:

x+2y=-1 (1)
4x —3y =18 )

(a)

(b)

By substitution

From equation (1): x=—1—2y

Substituting this expression for x into equation (2)
gives:

4(—1—-2y)—-3y=18
This is now a simple equation in y.
Removing the bracket gives:
—4—-8y—3y=18
22

= — =2
Y=

Substituting y = —2 into equation (1) gives:

x+2(=2)=-1
x—4=-1
x=—1+4=3

Thus x=3 and y=-2 is the solution to the
simultaneous equations.

(Check: In equation (2), since x=3 and y=—2,
LHS =43) —3(—2)=12+4+6=18 =RHS)

By elimination

x+2y=-1 1)

4x — 3y =18 2)

If equation (1) is multiplied throughout by 4 the
coefficient of x will be the same as in equation (2),

giving:

4x +8y = —4 3)
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Subtracting equation (3) from equation (2) gives:

4x —3y= 18 2)
4x + 8y = —4 3)
0—11ly= 22

Hencey:Tz—

(Note, in the above subtraction,
18— (—4)=184+4=22).
Substituting y = —2 into either equation (1) or equa-
tion (2) will give x =3 as in method (a). The solution

x =3,y = —2is the only pair of values that satisfies both
of the original equations.

Problem 2. Solve, by a substitution method, the
simultaneous equations:

3x—2y=12 (1)
x+3y=-7 2)

From equation (2), x=—7 — 3y

Substituting for x in equation (1) gives:

3(=7 —3y) =2y = 12

ie. 21 -9y —-2y=12
—1ly=124+21=33
33
Hence y=——>—=-3
—11

Substituting y = —3 in equation (2) gives:

x+3(-3)=-7
i.e. x—9=-7
Hence x=-74+9=2

Thus x =2,y = —3 is the solution of the simultaneous
equations.

(Such solutions should always be checked by substitut-
ing values into each of the original two equations.)

Problem 3. Use an elimination method to solve
the simultaneous equations:

3x+4y= 5 (D
2x — 5y =—12 2)

Ifequation (1) is multiplied throughout by 2 and equa-
tion (2) by 3, then the coefficient of x will be the same
in the newly formed equations. Thus

2 x equation (1) gives: 6x+8 = 10 3)

3 x equation (2) gives: 6x — 15y =-36 (€))

Equation (3) — equation (4) gives:

0423y =46
46

=— =2

1.6 y 23

(Note+8y — —15y =8y + 15y =23yand 10 — (—36) =
10436 =46. Alternatively, ‘change the signs of the
bottom line and add’.)

Substituting y =2 in equation (1) gives:

x+42)=5
from which 3x=5-8=-3

and x=-1

Checking in equation (2), left-hand side =
2(—1) —5(2) = —2 — 10 = —12 = right-hand side.

Hence x = —1 and y =2 is the solution of the simulta-
neous equations.

The elimination method is the most common method
of solving simultaneous equations.

Problem 4. Solve :

Tx —2y =26 (D
6x + 5y =29 2

When equation (1) is multiplied by 5 and equation
(2) by 2 the coefficients of y in each equation are
numerically the same, i.e. 10, but are of opposite sign.

5 x equation (1) gives: 35x — 10y =130 (3)

2 X equation (2) gives: 12x+ 10y = 58 (4)

Adding equation (3)
and (4) gives: 47x+0 =188 (5
188
Hence x=— =
47
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[Note that when the signs of common coefficients are
different the two equations are added, and when the
signs of common coefficients are the same the two equa-
tions are subtracted (as in Problems 1 and 3).]

Substituting x =4 in equation (1) gives:

7(4) —2y =26
28 —2y =26
28 —26 =2y
2 =2y
Hence y=1

Checking, by substituting x =4 and y = 1 in equation
(2), gives:

LHS = 6(4) + 5(1) = 24 + 5 = 29 = RHS

Thus the solution is x =4, y=1, since these val-
ues maintain the equality when substituted in both
equations.

Now try the following exercise

Exercise 33 Further problems on
simultaneous equations

Solve the following simultaneous equations and
verify the results.

. a+b=7

a—b=3 [a=5, b=2]
2. 2x+5y=7

x+3y=4 [x=1, y=1]
3. 3s+2t=12

4s—t=5 [s=2, 1=3]
4. 3x—2y=13

2x+5y=—4 [x=3, y=-2]
5. 5x=2y

3x+Ty=41 [x=2, y=5]
6. Sc=1-3d

2d+c+4=0 [c=2, d=-3]

9.3 Further worked problems on

simultaneous equations

Problem 5. Solve

3p =2q (D
4p+qg+11=0 2)
Rearranging gives:
3p—2¢=0 3)
4p+qg=-11 )
Multiplying equation (4) by 2 gives:
8p+2q=-22 (5)

Adding equations (3) and (5) gives:

llp+0=-22
22 5
P=n =
Substituting p = —2 into equation (1) gives:
—6=2q
—6
= — = —3
=7

Checking, by substituting p=—2 and g=—3 into
equation (2) gives:

LHS =4(-2)+(-3)+11=-8-3+11
=0=RHS

Hence the solutionisp =-2,4g = -3

Problem 6. Solve

| =
_|_
W< D] W

ey

Il
<

—_
w o0

(€))

Il
w
=

Whenever fractions are involved in simultaneous equa-
tion it is usual to firstly remove them. Thus, multiplying
equation (1) by 8 gives:

()

ie. x +20 = 8y 3
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Multiplying equation (2) by 3 gives: Rearranging gives:
39 —y=09x 4) 250x — 300y = =75 3)
160x + 120y = 108 4
Rearranging equation (3) and (4) gives: ot Y “)
Multiplying equation (3) by 2 gives:
x—8y=-20 5)
9x +y = 39 6) 500x — 600y = —150 5)
Multiplyi tion (4) by 5 gives:
Multiplying equation (6) by 8 gives: ultiplying equation (4) by 5 gives
800x + 600y = 540 (6)

72x + 8y = 312 )

Adding equations (5) and (7) gives:

73x +0 =292

292
x=—=4

73

Substituting x =4 into equation (5) gives:

4—8y=—20
4420 =8y
24 = 8y
24

:—:3
Y=3

Checking: substituting x=4, y=3 in the original
equations, gives:

. ) 4 5 1 1
Equation (1): LHS=§+§=§+2§:3
=y =RHS
Equation(2): LHS =13 — % =13—-1=12

RHS =3x=314) =12

Hence the solutionisx =4,y =3

Problem 7. Solve

25x+0.75-3y=0
1.6x = 1.08 — 1.2y

It is often easier to remove decimal fractions. Thus
multiplying equations (1) and (2) by 100 gives:

250x + 75 — 300y = 0 (1)
160x = 108 — 120y )

Adding equations (5) and (6) gives:

1300x 4+ 0 = 390
390 39 3

X== = — =
1300 130 10

Substituting x = 0.3 into equation (1) gives:

250(0.3) +75 =300y =0

75 +75 = 300y

150 = 300y

150
=05

Y= 300

Checking x =0.3, y=0.5 in equation (2) gives:

LHS = 160(0.3) = 48
RHS = 108 — 120(0.5)
=108 — 60 = 48

Hence the solution isx =0.3,y =0.5

Now try the following exercise

Exercise 34 Further problems on
simultanuous equations

Solve the following simultaneous equations and
verify the results.

1. 7p+1142g=0

—1 =3¢g—5p [p=-1, g=-2]
X oy

2. —+==4
2+3
X oy
——Z=0 :4, =6
9 [x y=06]

www.EngineeringBooksPdf.com




72 Engineering Mathematics

2y 49

X
5 3 15

3x 'y 5

T _ 212

7 2+7 [x

5. 1.5x—22y=-—18

Il
&
~

I

~
=

2.4x+0.6y=33 [x=10, y=15]

6. 3b—2.5a=0.45
1.6a+0.8b=0.8

[a=0.30, b=0.40]

9.4 More difficult worked problems

on simultaneous equations

Problem 8. Solve

+
I
N

=lhs =2 lW

ey

Il
|
(S}

2

S |= x|

In this type of equation the solutions is easier if a

1 1
substitution is initially made. Let — =a and — =b

X y
Thus equation (1) becomes: 2a +3b="7 3)

and equation (2) becomes: a—4b=-2 @
Multiplying equation (4) by 2 gives:
2a—8b=—4 5)
Subtracting equation (5) from equation (3) gives:
0+11b=11
ie. b=1
Substituting » =1 in equation (3) gives:
2a+3="7
2a=7-3=4

i.e. a=2

Checking, substituting a =2 and b =1 in equation (4)
gives:

LHS=2—4(1)=2 —4=—2=RHS

Hencea=2and b=1

1 1 1
However, since —=a then x=-=-
X a 2
1 1 1
and since —=b then y=-=-=1
y b 1
L 1
Hence the solutions is x = 2 y=1,
which may be checked in the original equations.
Problem 9. Solve
1 3
—+ —=4 1
2a + 5b M
4 1
-+ —=10.5 2
p + % 2
1 1
Let—=x and -—=y
a b
x 3
th —+-y=4 3
en > + 57 (3
1
4x +§y= 10.5 @)

To remove fractions, equation (3) is multiplied by 10
giving:

10(3) +10 (gy) —10(4)
ie. 5x 4+ 6y =40 5)
Multiplying equation (4) by 2 gives:
8x+y=21 Q)
Multiplying equation (6) by 6 gives:
48x + 6y =126 @)

Subtracting equation (5) from equation (7) gives:
43x+0=286
86
= —= 2
T3
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Substituting x = 2 into equation (3) gives:

2 3
Z42y—4
213

3
Zy=4-1=3
Y

y=203)=5

I
= N = W W

= | =

. 1
Since —=x then a=
a

-

5

o

S

S
|

DN - ]| =

1
d since — =
an smceb y

1

Hence the solutions is a = x b

which may be checked in the original equations.

Problem 10. Solve

1 4
x+y=ﬁ
1 4
2x—y=§

(D

@)

To eliminate fractions, both sides of equation (1) are

multiplied by 27(x +y) giving:

27(x +y) (ﬁ) =27(x+y) (%)
ie. 27(1)=4(x+y)
27 =4x+4y
Similarly, in equation (2): 33 =4(2x — y)
ie. 33=8x—4y

Equation (3) + equation (4) gives:

60 =12x, i.e.x=@=5
12

Substituting x =5 in equation (3) gives:
27 =4(5)+ 4y
from which 4y=27-20=7

d y=1l-12
an =-=1=
V=T

3

“4)

3
Hence x =5, y=1- is the required solution, which

may be checked in the original equations.

Now try the following exercise

Exercise 35 Further more difficult problems
on simultaneous equations

In Problems 1 to 5, solve the simultaneous equa-
tions and verify the results

3 2
Z4+Z=14
Xy
5 3 1 1
———:—2 [x:—, y:—:I
X y 2 4
4 3
2. ——==18
a b
2 5 1 1
— —:—4 = =y b:——
A [a 3 2]
1 3
3. —4+—=
2p  5q
5 1 35 1 1
p 2 2 P=% 975
c+1 d+2
4 -~ 4+1=0
4 3 +
l—c 3—d 13
—_— _——= = =4
= + 2 +20 0 [c=3, d=4]
. 3r+2 2s—1 11
5 4 5
3+2r+5—s 15 3 1
e = = —
4 3 4 » =3

3 4 5
6 If 5x —— =1 and x + — = — find the value of
y y 2

xy+1
y

(1]

9.5 Practical problems involving

simultaneous equations

There are a number of situations in engineering and
science where the solution of simultaneous equations
is required. Some are demonstrated in the following
worked problems.

Problem 11. The law connecting friction ' and
load L for an experiment is of the form F =aL + b,
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where a and b are constants. When F =5.6,L =8.0
and when F =4.4, L =2.0. Find the values of a and
b and the value of F when L =6.5

Substituting F =5.6,L = 8.0 into F =aL + b gives:
5.6=8.0a+b @)
Substituting F =4.4, L =2.0 into F =aL + b gives:

4.4=20a+b )

Subtracting equation (2) from equation (1) gives:

12=6.0a
12 1
=560 5

1
Substituting a =3 into equation (1) gives:

1
5.6=8.0 (5) +b

5.6=1.6+b
5.6-1.6=>
ie. b=4

1
Checking, substituting a = 3 and b =4 in equation (2),

gives:

1
RHS=2.0 <§> +4=04+4=44=LHS
1
Hence azg and b=4

1
When L=6.5,F=al+b= 3(6.5)4—4
=13+44, ie. F=53

Problem 12. The equation of a straight line, of
gradient m and intercept on the y-axis c, is

y=mx + c. If a straight line passes through the
point where x =1 and y = —2, and also through the
point where x = 3% andy = 10%, find the values of
the gradient and the y-axis intercept

Substituting x =1 and y = —2 into y = mx + ¢ gives:

—2=m+c €))]

1 1
Substituting x =3 3 andy= 105 into y = mx + ¢ gives:

1 1

Subtracting equation (1) from equation (2) gives:
1

12—

1 1
12— =2—m from which, m= 2 _ 5
2 2 1

2=
2
Substituting m =5 into equation (1) gives:
—2=5+4c¢
c=-2-5=-7
Checking, substituting m=35 and ¢= —7 in equation
(2), gives:
RHS = 31 (5)+( 7)—171 7
2 2
1
=10- =LHS
2

Hence the gradient, m =5 and the y-axis intercept,
c=-17

Problem 13.  When Kirchhoff’s laws are applied
to the electrical circuit shown in Fig. 9.1 the
currents /1 and /5 are connected by the equations:

27 =151 + 81 — 1) (1)
—26 =21, — 8(I; — Iy) )
I1 I2
1
27VT (h=F) Tzev
9 H
150 20
Figure 9.1

Solve the equations to find the values of currents /;
and I,

Removing the brackets from equation (1) gives:
27=1.501 +81 8D
Rearranging gives:
9.51) — 8L, =27 3)
Removing the brackets from equation (2) gives:

—26=2I, — 81, + 81,
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Rearranging gives:

—81 + 101, =—26 4
Multiplying equation (3) by 5 gives:

47.511—40I, =135 4)
Multiplying equation (4) by 4 gives:

—3211 440, =—104 ©6)
Adding equations (5) and (6) gives:

15.51, +0=31
1= 155~

Substituting /; =2 into equation (3) gives:

9.52)—-8L =27

19 -8, =27
19 -27=8h
—8=38I
L=-1

Hence the solution is I1 =2and I, = —1

(which may be checked in the original equations).

Problem 14. The distance s metres from a fixed
point of a vehicle travelling in a straight line with
constant acceleration, a m/s?, is given by

s=ut + %atz, where u is the initial velocity in m/s
and 7 the time in seconds. Determine the initial
velocity and the acceleration given that s =42 m
when # =2 s and s = 144 m when ¢ =4 s. Find also
the distance travelled after 3 s

1
Substituting s =42, =2 into s = ut + Eat2 gives:

! 2
42 =2u+ Ea(Z)
ie. 42 =2u+2a (D
1
Substituting s = 144,t =4 into s = ut + Eat2 gives:
! 2
144 =4u + 5a(4)

ie. 144 =4u+ 8a 2)

Multiplying equation (1) by 2 gives:
84 =4u+4a 3)

Subtracting equation (3) from equation (2) gives:

60=0+4a
60
_ Y 15
=715

Substituting a = 15 into equation (1) gives:

42 =2u+2(15)

42 30 =2u
12

:—:6
“=3

Substituting @ = 15, u = 6 in equation (2) gives:
RHS =4(6) + 8(15) =24 4+ 120 = 144 =LHS

Hence the initial velocity, #=6m/s and the

acceleration, a = 15 m/s2.

1
Distance travelled after 3s is given by s=ut + 2 at?
wheret=3, u=6anda=15

Hence n4w$+gwmﬂ=m+m5

i.e. distance travelled after 3s=85.5m

Problem 15. The resistance R €2 of a length of
wire at °C is given by R = Ro(1 + «t), where Ry

is the resistance at 0°C and « is the temperature
coefficient of resistance in /°C. Find the values of «
and Rg if R=30 2 at 50°C and R =35 2 at 100°C

Substituting R =30, =50 into R = Ro(1 + «t) gives:
30 =Ro(1 + 50) ey

Substituting R =35, ¢ =100 into R = Ro(1 + a1) gives:
35=Ro(1 +100 ) 2)

Although these equations may be solved by the conven-
tional substitution method, an easier way is to eliminate
Ry by division. Thus, dividing equation (1) by equation
(2) gives:

30  Ro(1+50a) 1 4 50«

35 Ro(1+100) 1+ 100c
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‘Cross-multiplying’ gives: a=52-40=12

30(1 + 100a) = 35(1 + 50a) Hencea=12 and b=04

30 4 3000« = 35 + 1750«
3000« — 1750 = 35 — 30

Now try the following exercise

12500 =5
Exercise 36 Further practical problems
. 5 1 involving simultaneous
1.€. o= m = ﬁ or 0.004 equations
1 .
Substituting o« = —— into equation (1) gives: 1. Inasystem of pulleys, the effort P required to
250 raise a load W is given by P = aW + b, where
1 a and b are constants.
30=Roy1+ 50| —
250 If W=40 when P=12 and W =90 when
30 = Ry (1.2) P =22, find the values of a and b.
' 1
30 [a = -, b = 4]
Ry= = =25 5
1.2

2. Applying Kirchhoff’s laws to an electrical
circuit produces the following equations:

5=0.21 +2(; — Ip)
12 = 30, + 0.41, — 2(I; — )

1
RHS =25 {1 + (100) (—) } Determine the values of currents /; and I»
250 [ =647, L=4.62]
=25(1.4) =35 =LHS

1
Checking, substituting o« = 250 and Ry =25 inequation
(2) gives:

3. Velocity v is given by the formula v=u + at.
If v=20 when =2 and v=40 when t =7,
find the values of u and a. Hence find the
velocity when ¢ =3.5.

Thus the solution is o = 0.004/°C and Ry =25 Q.

Problem 16. The molar heat capacity of a solid =12, a=4, v=260]
compound is given by the equation ¢ = a + bT, 4.
where a and b are constants. When ¢ =52, 7 = 100

and when ¢ =172, T =400. Determine the values

y=mx+ c is the equation of a straight line
of slope m and y-axis intercept c. If the line
passes through the point where x=2 and

ofaandb y =2, and also through the point where x =5
and y= %, find the slope and y-axis intercept

1
When ¢ =52, T =100, hence of the straight line. [m = 5 c= 3]
52=a+100b ) 5. The resistance R ohms of copper wire at
When ¢ =172, T =400, hence > given by R=Ro(l —i—oz't ), where Ry is
the resistance at 0°C and « is the tempera-
172 =a +400b 2) ture coefficient of resistance. If R =25.44 Q
) ) ) at 30°C and R=32.17Q2 at 100°C, find «
Equation (2) — equation (1) gives: and Ro. [@=0.00426, Rp=22.56%]
120 =300b 6. The molar heat capacity of a solid compound
120 is given by the equation ¢ =a+ bT. When

from which, b= 04

¢=52,T=100 and when ¢ =172, T =400.
Find the values of a and b.
[a=12, b=0.40]

300
Substituting b = 0.4 in equation (1) gives:

52=a+ 100(0.4)
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Chapter 10

Transposition of formulae

10.1 Introduction to transposition of

formulae

When a symbol other than the subject is required to
be calculated it is usual to rearrange the formula to
make a new subject. This rearranging process is called
transposing the formula or transposition.

The rules used for transposition of formulae are the
same as those used for the solution of simple equa-
tions (see Chapter 8)—basically, that the equality of
an equation must be maintained.

10.2 Worked problems on

transposition of formulae

Problem 1. Transpose p =¢q + r + s to make r the
subject

The aim is to obtain » on its own on the left-hand side
(LHS) of the equation. Changing the equation around
so that r is on the LHS gives:

g+r+s=p ey
Substracting (g +s) from both sides of the equation
gives:

g+r+s—(q+s)=p—(q+s)

Thus q+r+s—qgq—s=p—q-—s
ie. r=p—q-s 2)
It is shown with simple equations, that a quantity can be
moved from one side of an equation to the other with an

appropriate change of sign. Thus equation (2) follows
immediately from equation (1) above.

Problem 2. Ifa+b=w— x4y, express x as the
subject

Rearranging gives:

w—x+y=a+b and —x=a+b—-w-—y

Multiplying both sides by —1 gives:
(=D(=x)=(=D@a+b—-w—-y
ie. x=—a—-b+w+y
The result of multiplying each side of the equation
by —1 is to change all the signs in the equation.
It is conventional to express answers with positive
quantities first. Hence rather than x=—a —-b+w+y,

x=w+y—a—b>b, since the order of terms connected
by + and — signs is immaterial.

Problem 3. Transpose v=fA to make A the
subject

Rearranging gives: faA=v
A

Dividing both sides by f gives: L =

o f

. A v

1.€. = —

f

Problem 4. When a body falls freely through
a height £, the velocity v is given by v* = 2gh.
Express this formula with £ as the subject

Rearranging gives: 2gh = v*
o . . 2¢h  V?
Dividing both sides by 2g gives: — = —
28 2

2

ie. h=~
2

1%
Problem 5. If7I= R rearrange to make V the
subject
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Vv
R
Multiplying both sides by R gives:

Rearranging gives: -7 Now try the following exercise

Exercise 37 Further problems on

V o e
R (_) — RU) transposition of formulae
Make the symbol indicated the subject of each of
Hence V =IR the formulae shown and express each in its simplest
form.
F
Problem 6. Transpose: a= — form 1. a+b=c—d—e (d) [d=c—a—b]
m
| -
. . F 2. x+3y=t ) [yz—(t—x)
Rearranging gives: —=a 3 _
m , ‘-
Multiplying both sides by m gives: 3. ¢=2nar (@) [r ~ ol
F . y—c]
m|—)=m(a) ie. F =ma 4, y=mx+c x) F=
m ZI
Rearranging gives: ma=F I
e 5. I=PRT (T) [T:ﬁ
Dividing both sides by a gives: — = — -
a a -
E E
. F 6. I=— (R) R=—
1e. m=— R I
a
S—a’]
ol a -
Problem 7. Rearrange the formula: R = — to 7. §= T (r) -
a — _Z
make (i) a the subject, and (ii) / the subject orl 1
[ 8 F—9C+32 ©) C—S(F 32)-
(i) Rearranging gives: L =R ’ -5 ) ]
a

Multiplying both sides by a gives:

pl

; (_) —a® ie. pl=aR 10.3  Further worked problems on
a

transposition of formulae

Rearranging gives: aR = pl

Dividing both sides by R gives: fi
aR ol Problem 8. Transpose the formula: v=u+ — to
m
®-R make f the subject
I
ie. a=? L Jt ft
R Rearranging gives: u+—=v and —=v—u
m m
[ S . .
(ii) Multiplying both sides of Ly by a gives: Multiplying each side by m gives:
a
1
pl = aR m (]i> =m(v—u) ie. ft=m{v—u)
. . . pl  aR m
Dividing both sides by p gives: —=—
1Y 1Y Dividing both sides by ¢ gives:
. aR 1
ie. l=7 é:?(v—u) ie. f:r;(v—u)
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Problem 9. The final length, /; of a piece of wire
heated through 6°C is given by the formula

I =11 (1 + «f). Make the coefficient of expansion,
o, the subject

Rearranging gives: Lhl+ab) =1

Removing the bracket gives: L+ Lot =1
Rearranging gives: had =L —1;
Dividing both sides by /16 gives:

l](xe_lz—l] _lz—ll

e - e ¢ %*T e

Problem 10. A formula for the distance moved by
1

a body is given by: s = E(v + u)t. Rearrange the

formula to make u the subject

1
Rearranging gives: E(v +uyp=s
Multiplying both sides by 2 gives: w4+ wt =2s
Dividing both sides by ¢ gives:

(v + u)t _ 2s
t ot

. 2s
1.€. vtu=—

t

2s 2s — vt

Hence u=7—v or u= p

Problem 11.

1
k= Emvz. Transpose the formula to make v the

A formula for kinetic energy is

subject

1
Rearranging gives: Emv2 =k
Whenever the prospective new subject is a squared

term, that term is isolated on the LHS, and then the
square root of both sides of the equation is taken.

Multiplying both sides by 2 gives: mv? = 2k
2 2%

Dividing both sides by m gives: = =&
m m

2k

ie. v ==
m

Taking the square root of both sides gives:
[2k
V2=, =
m
. [2k
ie. v=,/—
m

Problem 12. In a right-angled triangle having
sides x, y and hypotenuse z, Pythagoras’ theorem
states z> = x” 4 y2. Transpose the formula to find x

x2+y2=z2

2

Rearranging gives:
and =7 - y2

Taking the square root of both sides gives:
x = /22 —y2

l
Problem 13. Givent=2m \/j find g in terms of
8

t,land

Whenever the prospective new subject is within a square
root sign, it is best to isolate that term on the LHS and
then to square both sides of the equation.

l
Rearranging gives: 2w \/j =t
8
t

l
Dividing both sides by 2 gives: \/j =—
g 2r

. . . l t\* 2
Squaring both sides gives: —= | — | =-—
g 2w 472

Cross-multiplying, i.e. multiplying each term by 472,
gives:

47?1 = gr?
or gt2 = 47%1
2 2
t 4l
Dividing both sides by * gives: i—z = 7;—2
. 4l
1.€. g = t_2

Problem 14. The impedance of an a.c. circuit is
given by Z = ~/R? + X2. Make the reactance, X, the
subject
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R i ives: R2+X2=27
earranging gives + 1 1 1 RR
Squaring both sides gives: R*+Xx?> =72 5. R R, + R, (R2) Ry = R —R
Rearranging gives: x> =7>—R? E—e
6. I= (R)
Taking the square root of both sides gives: fiase E—eo—Ir E—e
[ = 7 or R= 7~ r
X =+Z2 —R2 A
_ dap?e _ [ 2]
Problem 15. The volume V of a hemisphere is = p=sare b) [b "\ 4ac?
) _
. _ = 3 . . =
given by V = 3 7rr°. Find 7 in terms of V/ . 2 B 1 o o
—_— —_— x —
X2y V-1
) i
Rearranging gives: =V 5 -
3 l g
o ) ] 3 9. t=2m |- () l=—
Multiplying both sides by 3 gives: 2xr’ =3V 8 47~ |
Dividing both sides by 27 gives: 10. v2=u2+2as () [u — = Zas-
2nr® 3V o A3 22 =
=— ie. r=— /
2 2r 2 11. A= s (R) R=,—
360 76

Taking the cube root of both sides gives:

a+x
[3v [3v 12. N=| (@) [a=N?y —x]
V3V3:32— le r=32— y
T J

2 _ p2
13. Z=/R*+Q2nfL)* (L) [L:ZszR]

Now try the following exercise

Exercise 38 Further problems on
transposition of formulae

10.4 Harder worked problems on
Make the symbol indicated the subject of each of P

the formulae shown and express each in its simplest

transposition of formulae

form.
Ax—d) Problem 16. Transpose the formula
1. y= (%) a’x+a*y .
d J p = ——— to make a the subject
x=—(@+A) or x=d+y— g
A A
3(F —f) . . a*x + ay
2. A= 2 o) Rearranging gives: — =
3F —AL AL’
= or f=F-— 3 Multiplying both sides by r gives: ax+d’y=rp
MI? MI2T Factorising the LHS gives: x4y =rp
Y= (E) E=—:
8EI 8yl . . .
- Dividing both sides by (x + y) gives:
R—Ro
4. R=Ro(1+ ot t =
LS o2 [ Roa | P4y 5 p

= .. a =
(x+y) x+y x+y)
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Taking the square root of both sides gives:

rp
xX+y

Problem 17. Make b the subject of the formula
XYy

v bd + be

X—y
Vbd+be
Multiplying both sides by ~/bd + be gives:
x —y=avbd + be
or avbd +be =x —y

Dividing both sides by a gives:
Vbd e =""2
a

Squaring both sides gives:

2
bd—i—be:(x y)
a

Factorising the LHS gives:

N2
b(d+e) = (%)

Dividing both sides by (d + e) gives:
2
xX=y
()
T (d+e)

_ (x—y)?
 a¥d+e)

Rearranging gives:

i.e.

Problem 18.

the formula

b
If a = —— make b the subject of
1+b

Rearranging gives:

1+b
Multiplying both sides by (1 + b) gives:

b=ua(l+b)

Removing the bracket gives: b=a + ab

Rearranging to obtain terms in b on the LHS gives:

b—ab=a

Factorising the LHS gives: b(1 —a)=a
Dividing both sides by (1 — a) gives:

R

1—a

Er
R+r

Problem 19. Transpose the formula V = to

make 7 the subject

Rearranging gives: Er =V
R+r

Multiplying both sides by (R + r) gives:
Er=V(R+r)

Removing the bracket gives: Er =VR + Vr

Rearranging to obtain terms in r on the LHS gives:
Er —Vr=VR

Factorising gives: r(E — V)=VR

Dividing both sides by (E — V) gives:

VR
yr = ——
E-V
D
Problem 20. Given that: — = fHp express p
d \f-p
in terms of D, d and f
L f+p D
Rearranging gives: |—— = —
f-p d
D2
Squaring both sides gives: ﬂ =—
f-p) &

Cross-multiplying, i.e.
d*(f —p), gives:

d*(f +p) = D*(f —p)

Removing brackets gives: d*f +d’p =D*f — D*p

multiplying each term by

Rearranging, to obtain terms in p on the LHS gives:

d*p + D*p = D*f — d*f
Factorising gives: p(d> + D?) =f(D* — d?)
Dividing both sides by (d* + D?) gives:

_fD*-d¥
P="a 2
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Now try the following exercise

Exercise 39 Further problems on

transposition of formulae

Make the symbol indicated the subject of each of
the formulae shown in Problems 1 to 7, and express
each in its simplest form.

1.

10.

a*m —a*n xy ]
y=——" (a) a=
X m—n |
- -
M=aR*-r") (R |:R= I —+r4
b4
o _ 3(x+y)
x+y_3+r ") [r_(l—x—y)
L CR ]
m=—t (L) ="
L+rCR w—m |
b2 — 2 c ]
S b b=
¢ b? ® [ V1—a2 ]
x 1472 xX—y ]
—= r) r=
y 1-r2 x+y ]
p [a+2b a(p* — ]
2= ) [”=ﬁ
qg Va=2b 2(p*+q*) |

A formula for the focal length, f, of a convex

1 1
lens is — = — 4 —. Transpose the formula to
u v

make v the subject and evaluate v when f =5
and u=6.
[v _ ¥ 30}
u—f

The quantity of heat, Q, is given by the formula
QO = mc(ty — t1). Make 1, the subject of the for-
mula and evaluate t, when m=10, #; =15,
c¢=4and Q = 1600.

[tz =h+ g 55:|
mc

The velocity, v, of water in a pipe appears in the
0.03Lv?

2dg

formula h =

. Express v as the subject

11.

12.

13.

14.

of the formula and evaluate v when 7 =0.712,
L=150,d=0.30 and g =9.81

y 2dgh ) 965
V= ey .
0.03L°

The sag S at the centre of a wire is given by the

3d(l—d)

formula: § = . Make [ the subject

of the formula and evaluate / when d =1.75

and S =0.80
852
l=— +d,
|: 3d +

In an electrical alternating current circuit the
impedance Z is given by:

2
Z=,R*+ a)L—L
wC

Transpose the formula to make C the subject
and hence evaluate C when Z =130, R =120,
w=314and L=0.32

2.725]

1

C= , 63.1x107°
a){a)L— «/ﬂ}

An approximate relationship between the num-
ber of teeth, 7', on a milling cutter, the diameter
of cutter, D, and the depth of cut, d, is given by:

125D

+4d
T =10 and d =4 mm.

. Determine the value of D when
[64 mm]

Make A, the wavelength of X-rays, the subject
of the following formula:

_ CZ4/\5n

lad
o a
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Chapter 11

Quadratic equations

11.1 Introduction to quadratic

equations

As stated in Chapter 8, an equation is a statement that
two quantities are equal and to ‘solve an equation’
means ‘to find the value of the unknown’. The value
of the unknown is called the root of the equation.

A quadratic equation is one in which the high-
est power of the unknown quantity is 2. For example,
x? —3x + 1 =0 is a quadratic equation.

There are four methods of solving quadratic
equations.
These are: (i) by factorisation (where possible)
(ii)) by ‘completing the square’
(iii) by using the ‘quadratic formula’
or (iv) graphically (see Chapter 31).

11.2 Solution of quadratic equations

by factorisation

Multiplying out (2x + 1)(x — 3) gives 2x> — 6x 4 x — 3,
i.e. 2x> — 5x — 3. The reverse process of moving from
2x% — 5x — 3 to (2x + 1)(x — 3) is called factorising.

If the quadratic expression can be factorised this
provides the simplest method of solving a quadratic
equation.

For example, if 2% —5x -3 = 0, then,

by factorising: 2x+Dx—=3)=0
1
Hence either (2x+1)=0 ie. x= —3
or x—3)=0 ie. x=3

The technique of factorising is often one of ‘trial and
error’.

Problem 1. Solve the equations:
(@)x>+2x—8=0  (b)3x>—1lx—4=0by
factorisation

(a) x%+2x—8=0. The factors of x2 are x and x.
These are placed in brackets thus: (x )(x )

The factors of —8 are +8 and —1, or —8 and +1, or
+4 and —2, or —4 and +2. The only combination
to given a middle term of +2x is +4 and —2, i.e.

x2+2x—8:(x+4)(x—2)
~— —
(Note that the product of the two inner terms added

to the product of the two outer terms must equal
to middle term, 4+2x in this case.)

The quadratic equation x?+2x—8=0 thus
becomes (x +4)(x —2)=0.

Since the only way that this can be true is for either
the first or the second, or both factors to be zero,

then
either x+4)=0 ie. x=—4
or x—2)=0 ie. x=2

Hence the roots of x2 + 2x — 8=0are
x=—4and2

(b) 3x2—1lx—4=0
The factors of 3x2 are 3x and x. These are placed
in brackets thus: 3x )(x )

The factors of —4 are —4 and +1, or +4 and —1,
or —2 and 2.

Remembering that the product of the two inner
terms added to the product of the two outer terms
must equal —11x, the only combination to give
this is +1 and —4, i.e.

3¢ — 1x —4=Gx + Dx —4)

www.EngineeringBooksPdf.com



84 Engineering Mathematics

The quadratic equation 3x> — 11x —4 =0 thus
becomes (3x + 1)(x —4)=0.

) 1
BGx+1)=0 ie. x= ~3

or x—4)=0 ie. x=4

Hence, either

and both solutions may be checked in the original
equation.

Problem 2. Determine the roots of:
(a) x> —6x+9=0, and (b) 4x> —25=0, by
factorisation

(@) x> —6x+9=0. Hence (x—3) (x—3)=0, i.e.
(x— 3)2 = 0 (the left-hand side is known as a per-
fect square). Hence x = 3 is the only root of the
equation x> — 6x +9=0.

(b) 4x*—25=0 (the left-hand side is the differ-
ence of two squares, (2x)? and (5)%). Thus
2x+52x -5 =0.

5

x:—i

Hence either (2x+5)=0 i.e.

5
or 2x—=5=0 ie. x:i

Problem 3. Solve the following quadratic
equations by factorising: (a) 4x> 4+ 8x+3=0
(b) 15x> 4+ 2x — 8=0.

(a) 4x2+8x+3=0. The factors of 4x2 are 4x and
x or 2x and 2x. The factors of 3 are 3 and 1, or
—3 and —1. Remembering that the product of the
inner terms added to the product of the two outer
terms must equal 4-8x, the only combination that
is true (by trial and error) is:

(x> +8x+3)=(2x+3)2x + 1)

~— —
Hence (2x 4 3)(2x + 1) = 0 from which, either
2x+3)=0 or x+1)=0
Thus, 2x = —3, from which, x = ~3

or 2x = —1, from which, x = ~3

which may be checked in the original equation.

(b) 15x%+2x—8=0. The factors of 15x2 are 15x
and x or 5x and 3x. The factors of —8 are —4 and
+2,or4 and —2, or —8 and +1, or 8 and —1. By
trial and error the only combination that works is:

15x% 4+ 2x — 8 = (5x + 4)(3x — 2)

Hence (5x +4)(3x — 2) =0 from which

either S5x+4=0
or 3x—2=0
0 2
encex=—— Oor XxX=-—
5 3

which may be checked in the original equation.

1
Problem 4. The roots of quadratic equation are 3

and —2. Determine the equation

If the roots of a quadratic equation are « and 8 then

(x— a)x— B=0.

1
Hence if o = 3 and § = —2, then

( —%)(x—<—2>)=0

( —%)(x+2)=0

x2—1x+2x—g—0
3 3
5 2
2
“x—2=0
R
Hence 32 4+5x—2=0

Problem 5. Find the equations is x whose roots
are: (a) Sand —5 (b) 1.2and —0.4

(a) If 5 and —5 are the roots of a quadratic equation
then:

x=5x+5=0
ie. x> —5x+5x—25=0
ie. x2—25=0
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(b) If 1.2 and —0.4 are the roots of a quadratic
equation then:

(x=12)x+04)=0
ie. x*—12x+0.4x—0.48=0
ie. x> —0.8x—0.48=0

11.3 Solution of quadratic equations

by ‘completing the square’

An expression such as x2or (x+2)% or (x — 3)% is called
a perfect square.

If x2 =3 thenx=++/3
If(x+2)2=5thenx+2==++5andx=—-2++/5
If (x—3)2=8thenx —3=++8andx=3++/8

Now try the following exercise

Exercise 40 Further problems on solving
quadratic equations by
factorisation

Hence if a quadratic equation can be rearranged so that
one side of the equation is a perfect square and the other
side of the equation is a number, then the solution of the
equation is readily obtained by taking the square roots
of each side as in the above examples. The process of
rearranging one side of a quadratic equation into a per-

In Problems 1 to 10, solve the given equations by
factorisation.

1. x> +4x-32=0 [4, —8] fect square before solving is called ‘completing the
square’.
2. x*—16=0 [4, —4] 2_ 2 2
) x+a)=x"4+2ax+a
- C us in order to make the quadratic expression x + 2ax
3. x+2)=16 [2, —6] Th d ke the quad P 20,
1 n . . .
4 22— x—3=0 |:_1, 15 into a perfect square 1t2 is Izlecessary to add (half the
- coefficient of x)? i.e. (;) or @2
1 17
5. 6x2—5x+1=0 |:§» 3 For example, x*>4 3x becomes a perfect square by
J 3\ 2
1 47 adding (—) ,1.e.
6. 10x>+3x—4=0 = —= 2
27 5] 3\ 2 1\ 2
2 _
7. x2—4x+4=0 2] x +3x+<§) —(x+§>
1 1 T . . .
8 2142 —25¢—4 1=, — = The method is demonstrated in the following worked
37 7] problems.
2 4 1 ] 2 .
9. 6x*—5x—4=0 32 Problem 6. Solve 2x“ + 5x =3 by ‘completing
- the square’
5 5 3
10. 8x"+2x—15=0 - —=
4 2] The procedure is as follows:

1. Rearrange the equations so that all terms are on the
same side of the equals sign (and the coefficient of
the x> term is positive).

In Problems 11 to 16, determine the quadratic
equations in x whose roots are:

11. 3and1 x> —4x +3=0] Hence 2x% +5x —3=0

12. 2 and =5 [x2+3x—10=0] 2. Make the coefficient of the x> term unity. In this
5 case this is achieved by dividing throughout by 2.

13. —land —4 [x“ 4+ 5x +4=0] Hence

1 1
14. 2= and —= [4x2 — 8x —5=0]
2 2

15. 6and —6
16. 2.4 and —0.7

[x2 —36=0]
[x2—1.7x— 1.68=0]

2x2+5x 3 0
2 2 27
5 3
2
———=O
i.e x+2x >
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Rearrange the equations so that the x> and x terms
are on one side of the equals sign and the constant
is on the other side, Hence

2

n 3
X xX==
2

Add to both sides of the equation (half the coeffi-
5
cient of x)2. In this case the coefficient of x is R
5\2
Half the coefficient squared is therefore (Z) .
Thus, <+ Jx+ 5’ . 5’
us, x° + —x - == -
2 4 2 4
The LHS is now a perfect square, i.e.
LS 203 (3 2
x+-) == -
4 2 4
Evaluate the RHS. Thus

+52_3+25_24+25_49
"T4) T2716T 16 16

Taking the square root of both sides of the equa-
tion (remembering that the square root of a number
gives a £ answer). Thus

ie. x+-==4-

4 4
Solve the simple equation. Thus
5 7
x=—-+-
4 4
_ 5+7_2_1
M XETYITIT T,
5 7 12
and x=——-—-=——=-3
4 4 4

Hence x = 3 or —3 are the roots of the equation
2x2+5x=3

Problem 7. Solve 2x2 + 9x + 8 = 0, correct to 3
significant figures, by ‘completing the square’

Making the coefficient of x* unity gives:
9
X4+ Zx+4=0
2
. . 2, 9
and rearranging gives: x~ + Ex =—4
Adding to both sides (half the coefficient of x)* gives:
9 N> [9)?
2
Z ) =(Z) -4
22+ (3) =(3)
The LHS is now a perfect square, thus:

L9 281 P
X —_ = —_— — = —
4 16 16

Taking the square root of both sides gives:

+9 ,/17 £1.031
X+ -=,/— ==L
4 16

9
Hence x= ~7 + 1.031

i.e.x = —1.22 or —3.28, correct to 3 significant figures.

Problem 8. By ‘completing the square’, solve the
quadratic equation 4.6y 4 3.5y — 1.75 =0, correct
to 3 decimal places

Making the coefficient of y? unity gives:

3.5 1.75
2
R _— = O
Yt 16" 46
and rearranging gives: y? + 3.5 — 1.75
ging gives: y 46y— 16

Adding to both sides (half the coefficient of y)> gives:

2 35 (35 2—1'75+ 35)°
Y a6 T \02) T a6 T\o2

The LHS is now a perfect square, thus:

3.5\2
22 = 0.5251654
(y + 9.2)

Taking the square root of both sides gives:

3.5
y+ 92— +/0.5251654 = £0.7246830

3.5
Hence, y= 592 + 0.7246830

ie y=0344 or -1.105
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Now try the following exercise . . . —b+ /b —4ac
i.e. the quadratic formula is: x= —
a

(This method of solution is ‘completing the square’ — as

Exercise 41 Further problems on solving . ; e
shown in Section 10.3.). Summarising:

quadratic equations by
‘completing the square’

if ax>+bx+c=0
Solve the following equations by completing the

square, each correct to 3 decimal places. th —b £ Vb* — dac
en x=-————
2a
1. x2+4x+1=0 [—3.732, —0.268] o
This is known as the quadratic formula.
2. 2x24+5x—4=0 [—3.137,0.637]
2 _

3. 3% —x=5=0 e, =L Problem 9. Solve (a) x> +2x — 8 =0 and
4. 5x2—8x+2=0 [1.290, 0.310] (b) 3x> — 11x — 4 =0 by using the quadratic
5. 42— 11x+3=0 [2.443,0.307] formula

(a) Comparing x> 4 2x — 8 =0 with ax®> + bx+c¢=0
givesa=1,b=2and c=—-8.

11.4 Solution of quadratic equations Substituting these values into the quadratic formula
by formula
—b + Vb — dac s
X=——0—/Z————giv
Let the general form of a quadratic equation be given by: 2a &
ax® +bx+c=0 =222 - 4()(=8)
X =
2(1)
where a, b and c¢ are constants.
Dividing ax* 4+ bx 4 ¢ =0 by a gives: _ 2% 24 t32_ 2 iz 36
JE S 246 246 —2-6
@ a 2 2 Y T2
Rearranging gives: 4
b c Hence x=-=2 or —=-4 (as in
X ox=—— 2
a a Problem 1(a)).

(b) Comparing 3x*>— 11x— 4 =0withax’>+ bx+c=0

Adding to each side of the equation the square of half the 3
givesa=3,b=—11 and c = —4. Hence,

coefficient of the terms in x to make the LHS a perfect
square gives:

Lo TN E VLD - 43)(—4)

AN EAS
et (2 -(2)' T s

a  \2a 2aj  a -1+ /121+48  11+/169

Rearranging gives: N 6 N 6
11£13 11+13 11—-13
Wb o ¢ b —dac =——-= Jg or —
X — = — - = —
a 4a®>  a 4a?
. . . 24 -2 1 .

Taking the square root of both sides gives: Hencex=—=4 or <=3 (as in Problem

1(b)).
b b2 —4ac  +b% —4dac ®))
X+ —= =
2a 4q2 2a

Problem 10. Solve 4x? + 7x + 2 =0 giving the

b b —4dac roots correct to 2 decimal places
Hence x=——4+ ——F—

2a 2a
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Comparing 4x>+7x+2=0 with ax®>4+bx+c=0
gives a=4, b="7 and c =2. Hence,

_ TV -4

2(4)
=T V1T 744123
- 8 - 8
744123 —7-4.123
= or
8 8

Hence, x=-0.36 or —1.39, correct to 2 decimal
places.

Now try the following exercise

Exercise 42 Further problems on solving
quadratic equations by formula

Solve the following equations by using the
quadratic formula, correct to 3 decimal places.

1. 2x24+5x—4=0 [0.637, —3.137]
2. 5.76x2+2.86x—1.35=0 [0.296, —0.792]
3. 2x2—7x+4=0 [2.781,0.719]

3
4. dx+5=1
X

[0.443, —1.693]

5
x—3

5. x+1)= [3.608, —1.108]

11.5 Practical problems involving

quadratic equations

There are many practical problems where a quadratic
equation has first to be obtained, from given informa-
tion, before it is solved.

Problem 11. Calculate the diameter of a solid
cylinder which has a height of 82.0 cm and a total
surface area of 2.0 m?

Total surface area of a cylinder

= curved surface area
+ 2 circular ends (from Chapter 20)
= 2nrh = 2772

(where r =radius and & = height)

Since the total surface area=2.0m> and the height
h=82cm or 0.82 m, then

2.0 = 27r(0.82) + 27r?
ie. 27r?+27r(0.82)—2.0=0
Dividing throughout by 27 gives:

2 1
r“+082r——=0
T

Using the quadratic formula:

—0.82+ \/(0.82)2 —4(1) <—%)

r=

2(1)
_ —0.82+£ 19456  —0.82 4 1.3948
- 2 - 2
=0.2874 or —1.1074

Thus the radius r of the cylinder is 0.2874m (the
negative solution being neglected).
Hence the diameter of the cylinder

=2 x 0.2874
=0.5748m or

correct to 3 significant figures

57.5cm

Problem 12. The height s metres of a mass
projected vertically upward at time ¢ seconds is

s = ut — —gt*. Determine how long the mass will

take after being projected to reach a height of 16 m
(a) on the ascent and (b) on the descent, when
u=30m/s and g =9.81 m/s?

1
When height s=16m, 16=3017— E(9.81)t2

ie. 49052 —30r+16 =0

Using the quadratic formula:

. —(=30) & /(—30)2 — 4(4.905)(16)
- 2(4.905)
_30£+4/586.1  30+2421

9.81 T 9381
=553 or 059

Hence the mass will reach a height of 16 m after 0.59 s
on the ascent and after 5.53 s on the descent.
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Problem 13. A shed is 4.0 m long and 2.0 m
wide. A concrete path of constant width is laid all
the way around the shed. If the area of the path is
9.50 m? calculate its width to the nearest centimetre

Figure 11.1 shows a plan view of the shed with its
surrounding path of width 7 metres.

Area of path = 2(2.0 x 1) 4 21(4.0 + 21)
ie. 9.50=4.0r + 8.0t + 4¢
or 42 +12.06 —9.50 =0

:| t la—
N T
’ 1 A {
1 < > |
1 20m |
I |
1 |
I |
| 40m | @.0+21)
1
! .
1 1
X SHED \
\ v |
P Ly

Figure 11.1

—(12.0) + /(12.0)2 — 4(4)( — 9.50)
2(4)
—12.0 + +/296.0

8
—12.0 £ 17.20465

- 8
Hence r=0.6506m or —3.65058m

Hence =

Neglecting the negative result which is meaningless, the
width of the path, £ =0.651 m or 65 cm, correct to the
nearest centimetre.

Problem 14. If the total surface area of a solid
cone is 486.2 cm? and its slant height is 15.3 cm,
determine its base diameter

From Chapter 20, page 157, the total surface area A
of a solid cone is given by: A = 77l + r> where [ is the
slant height and r the base radius.

If A=482.2 and [ = 15.3, then
482.2 = 7r(15.3) + mr?

ie. wri+1537r —482.2 =0

482.2
— =

0

or 24+ 153r —

Using the quadratic formula,

—153+ \/(15.3)2 —4 <_4i2‘2>

2

_ —15.3+/848.0461
2
_ —15.3+£29.12123
2
Hence radius »r =6.9106 cm (or —22.21 cm, which is
meaningless, and is thus ignored).
Thus the diameter of the base
=2r =2(6.9106) = 13.82 cm

r=

Now try the following exercise

Exercise 43 Further practical problems
involving quadratic equations

1. The angle a rotating shaft turns through in ¢
seconds is given by:

0 = wt + —at?. Determine the time taken to

complete 4 radians if w is 3.0 rad/s and « is
0.60 rad/s. [1.191 5]

2. The power P developed in an electrical cir-
cuit is given by P =101 — 812, where [ is the
current in amperes. Determine the current
necessary to produce a power of 2.5 watts in
the circuit. [0.345 A or 0.905 A]

3. The sag [ metres in a cable stretched between
two supports, distance x m apart is given by:

[ = — + x. Determine the distance between
X
supports when the sag is 20 m.
[0.619m or 19.38 m]

4. The acid dissociation constant K, of ethanoic
acid is 1.8 x 107> moldm~3 for a particu-
lar solution. Using the Ostwald dilution law

determine x, the degree of

[0.0133]

T U1 —x)

ionization, given that v =10 dm?.

5. A rectangular building is 15m long by 11 m
wide. A concrete path of constant width is laid
all the way around the building. If the area of
the path is 60.0 m?, calculate its width correct
to the neareast millimetre. [1.066 m]
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or 2% 4+x—-3=0
6. The total surface area of a closed cylindrical

container is 20.0 m?. Calculate the radius of Factorising gives: 2x+3)x -1 =0

the cylinder if its height is 2.80 m. . 3 _1
[86.78 cm] ie. x=-3 or x=
7. The bending moment M at a point in a beam In the equation y = 6x — 7
3x(20 —
is givenby M = u where x metres is 3 3
the distance from the point of support. Deter- when X = 5 y=6 (7) —-7=-16
mine the value of x when the bending moment
is 50 Nm. [1.835m or 18.165 m] andwhen x=1, y=6—-7=—1

8. A tennis court measures 24 m by 11 m. In the
layout of a number of courts an area of ground
must be allowed for at the ends and at the sides

[Checking the result in y = 5x — 4 — 2x?:

2
of each court. If a border of constant width is when x = _g’ y=5 <_§> _4-2 <_§>
allowed around each court and the total area 2 2 2
of the court and its border is 950 m2, find the 15 9
width of the borders. -7 4- 2= —16
[7m]
as above; and when x=1, y=5—4—-2=—1 as
9. Two resistors, when connected in series, have above.]

a total resistance of 40 ohms. When connected

. . . . Hence the simultaneous solutions occur when
in parallel their total resistance is 8.4 ohms. If

one of the resistors has a resistance R, ohms: = _g y=—16
(a) show that R — 40R, + 336 =0 and 2
(b) calculated the resistance of each. and when x=1, y=-1

[(b) 12 ohms, 28 ohms]

Now try the following exercise

11.6 The solution of linear and

Exercise 44 Further problems on solving

q.uadratlc 25 L linear and quadratic equations
simultaneously simultaneously
Sometimes a linear equation and a quadratic equation In Problems 1 to 3 determine the solutions of the
need to be solved simultaneously. An algebraic method simulations equations.
of solution is shown in Problem 15; a graphical solution 5
is shown in Chapter 31, page 281. 1. yzjr tx+1
y=4—x

. [x=1,y=3andx=-3,y=7]
Problem 15. Determine the values of x and y

which simultaneously satisfy the equations: 2. y=152+21x—11

y=5x—4—2x>and y=6x—7 y=2x—1
F . . 2 1 2 1
or a simultaneous solution the values of y must be =—,y=——andx=—-1-,y=—4-
equal, hence the RHS of each equation is equated. 5 5 3 3

Thus S5x—4—2x>=6x—7 5
Rearranging gives: 3. x*+y=4+5x

2 2 xt+y=4
Sx“—4 —2x _6x+7=O [x:o,y=4andx:3’y:1]

ie. —x4+3-2x>=0
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Chapter 12

12.1

Introduction in inequalities

An inequality is any expression involving one of the
symbols <, > < or >

p < g means p is less than g

p > g means p is greater than g

p < g means p is less than or equal to g

P > g means p is greater than or equal to g

Some simple rules

(i) When a quantity is added or subtracted to both
sides of an inequality, the inequality still remains.

For example, if p <3

then p+2 < 3 + 2 (adding 2 to both sides)

and p—2 < 3 — 2 (subtracting 2 from
both sides)

(ii)) When multiplying or dividing both sides of
an inequality by a positive quantity, say 5, the
inequality remains the same. For example,

4
> =
5

(iii) When multiplying or dividing both sides of an
inequality by a negative quantity, say —3, the
inequality is reversed. For example,

ifp>4 then5p >20 and

(S0

1
and L < —
-3 -3

(Note > has changed to < in each example.)

ifp>1 then —3p < -3

To solve an inequality means finding all the values of
the variable for which the inequality is true. Knowledge
of simple equations and quadratic equations are needed
in this chapter.

Inequalities

12.2 Simple inequalities

The solution of some simple inequalities, using only
the rules given in section 12.1, is demonstrated in the
following worked problems.

Problem 1. Solve the following inequalities:
(@ 3+x>7 (b) 3t<6
©:-225 @%5=<2

(a) Subtracting 3 from both sides of the inequality:
3+x>7 gives:

3+4x—3>7-3,1e.x>4

Hence, all values of x greater than 4 satisfy the
inequality.

(b) Dividing both sides of the inequality: 37 < 6 by 3

gives:

3t 6 .

— < —,let<2

3 3
Hence, all values of ¢ less than 2 satisfy the
inequality.

(c) Adding 2 to both sides of the inequality z —2>5
gives:

2—242>5+2,iez2>27
Hence, all values of z greater than or equal to 7
satisfy the inequality.
(d) Multiplying both sides of the inequality g < 2by
3 gives:

(3)§ <(3)2, ie.p<6

Hence, all values of p less than or equal to 6 satisfy
the inequality.
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Problem 2. Solve the inequality: 4x+1>x+5

Subtracting 1 from both sides of the inequality:
4x 4+ 1>x+5 gives:
4x > x+4

Subtracting x from both sides of the inequality:
4x > x + 4 gives:

3x >4
Dividing both sides of the inequality: 3x > 4 by 3 gives:

4

X > —

3

4
Hence all values of x greater than 3 satisfy the

inequality:
4x+1>x+5

Problem 3. Solve the inequality: 3 — 47 <84 ¢

Subtracting 3 from both sides of the inequality:
3 — 41 <8+t gives:
-4t <541t
Subtracting ¢ from both sides of the inequality:
—4t <54t gives:
=5t <5
Dividing both sides of the inequality —5¢ < 5 by —5
gives:
t > —1 (remembering to reverse the inequality)

Hence, all values of ¢ greater than or equal to —1 satisfy
the inequality.

Now try the following exercise

Exercise 45 Further problems on simple
inequalitites

Solve the following inequalities:

1. (a) 3t>6 (b) 2x<10

[(@A) t>2 (b) x<35]

2. (a)§>1.5 (b) x+2>5
[(@) x>3 (b)x>3]

(b) 5—x> —1
[(@) t<1

3. (a) 4—1<3
(b) x <6]

k
<1 (b) 3z4+2>z+3

3 1
|:(a) kZE (b) z> 5]

7 —
4. (a)

5. () 5—2y<9+y (b) 1—6x<5+2x
[(a)yz—%L (b)xz—%]

12.3 Inequalities involving a

modulus

The modulus of a number is the size of the number,
regardless of sign. Vertical lines enclosing the number
denote a modulus.

For example, [4| =4 and |—4| =4 (the modulus of a
number is never negative),

The inequality: |¢| <1 means that all numbers whose
actual size, regardless of sign, is less than 1, i.e. any
value between —1 and +1.

Thus || <1 means —1 <t < 1.

Similarly, |x| > 3 means all numbers whose actual size,
regardless of sign, is greater than 3, i.e. any value greater
than 3 and any value less than —3.

Thus |x| >3 means x >3 and x < —3.

Inequalities involving a modulus are demonstrated in
the following worked problems.

Problem 4. Solve the following inequality:
[Bx+ 1] <4

Since [3x+ 1| <4then -4 <3x+1<4

5
Now —4 < 3x + 1 becomes —5 < 3x, i.e. —5 <X
and 3x+1 <4 becomes 3x <3,ie. x <1

5
Hence, these two results together become —— <x < 1
and mean that the inequality |3x 4 1| <4 is satisfied for

any value of x greater than —3 but less than 1.
Problem 5. Solve the inequality: |1 +2¢] <5

Since [14+2¢t|<5then —=5<142t<5
Now —5 <1+ 2¢ becomes —6 <2t,i.e. —3 <t
and 1 +2¢ <5becomes 2t <4ie. t <2

Hence, these two results together become: —3 <t <2

Problem 6. Solve the inequality: |3z — 4| > 2

|3z —4| >2means 3z —4>2and 3z —4 < -2,
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i.e.3z>6and 3z <2,
i.e. the inequality: |3z — 4| > 2 is satisfied when

2
z>23ndz<§

Now try the following exercise

Exercise 46 Further problems on
inequalities involving
a modulus

Solve the following inequalities:

1. |t+1]<4 [-5<t<3]
2. ly+3]=2 [-5<y=<-1]
3 5

3. |2x—1]<4 ——<x< =
2 2

1

4. |3t—5|>4 I:t>3andt<§]
5. [1—k|=3 [k >4 and k < —2]

124

Inequalities involving quotients

If P > () then P must be a positive value.
q q

For b to be positive, either p is positive and ¢ is positive
q

or p is negative and ¢ is negative.

.+ -

ie.—=+and — =+
+ -

If d < 0 then d must be a negative value.
q

For d to be negative, either p is positive and ¢ is
q

negative or p is negative and ¢ is positive.

i.e.i:—andzz—
+

This reasoning is used when solving inequalities involv-
ing quotients as demonstrated in the following worked
problems.

t+1
Problem 7. Solve the inequality: + >0

3t—6

t+1 t+1
Since 3 + > ( then 3 + G must be positive.

t+1
For + to be positive,
3tr—6

either ()r+1>0 and 3r—6>0
or (ii)t+1<0 and 3r—6<0

(i) If t+1>0 then t>—1 and if 3r—6 >0 then
3t>6andt>2
Both of the inequalities > —1 and ¢ > 2 are only
true when ¢ > 2,

. .ot + 1 .
i.e. the fraction P is positive when ¢ > 2

(i) If t4+1<0 then t<—1 and if 3t —6 <0 then
3t<6andt <2
Both of the inequalities t < —1 and ¢ < 2 are only
true when r < —1,

. .ot + 1 .
i.e. the fraction 7 —6 is positive when t < —1

Summarising, 3t+ 6 >0whent >2ort < —1
2x+3
Problem 8. Solve the inequality: alns <
X
2
Since 202 < 1 then 212 _ 1 <0
. 2x+3 x+2
ie. - <0,
x+2 x4+2~
2 — 2 1
i.e. *+3-(+2) §Oorx+ <0
x+2 x+2
1
For e to be negative or zero,
X+
either ()x+1<0 and x+2>0

or (i)x+1>0 and x+2<0

(i) Ifx+1<Othenx <—1landifx+2>0Othenx > —2
(Note that > is used for the denominator, not >;
a zero denominator gives a value for the fraction
which is impossible to evaluate.)

. Cox+1 . .
Hence, the inequality ) <0 is true when x is
X

greater than —2 and less than or equal to —1, which
may be writtenas —2 <x < —1

(ii)) Ifx+1>0thenx> —1landifx+2 <Othenx < —2
It is not possible to satisfy both x > —1 and x < —2
thus no values of x satisfies (ii).
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Summarising, <lwhen -2 <x<-1

X+

Now try the following exercise

Exercise 47 Further problems on
inequalities involving
quotients

Solve the following inequalitites:

4
L Xty [-4<x<3]
6 —2x
2t +4
2. + > 1 [t>5o0rt<—9]
t—5
3z—4
3. <2 —5<z<14
z+5 [ |
4 2=ty [—3<x<-2]
. —_— <x p—
x+3 = -

12.5 Inequalities involving square

functions

The following two general rules apply when inequalities
involve square functions:

(i) ifx*>k thenx > vVkorx < —vk 1))
() ifx?>k then —vk <x <k 2)

These rules are demonstrated in the following worked
problems.

Problem 9.  Solve the inequality: 1> > 9

Since 1 >9 then > —9>0, i.e. (t+3)(t—3)>0 by
factorising
For (t 4 3)(r — 3) to be positive,

either () (t+3)>0 and (t—3)>0
or (i) (t+3)<0 and (—-3)<0
(i) If (t+3)>0 then t > —3 and if (r —3) > 0 then

t>3
Both of these are true only when ¢ > 3

(i) If (t+3)<0 then r < —3 and if (t —3) <O then
r<3
Both of these are true only when # < —3

Summarising, ?>9whent>3ort <—-3

This demonstrates the general rule:

x>~k or x<-vk (1)

if x> >k then
Problem 10.  Solve the inequality: x> > 4

From the general rule stated above in equation (1):
if x2> 4 then x > ~/4 or x < —/4

i.e. the inequality: x> >4 is satisfied when x > 2 or
x <=2

Problem 11.  Solve the inequality: (2z 4 1)*> > 9

From equation (1), if (2z 4 1)> > 9 then

2724+1>4/9 or 2z+1<—+9
i.e. 2z+1>3 or 2z+1<-3
ie. 2z>2 or 2z<-—4,
i.e. z>1 or z<-2

Problem 12.  Solve the inequality: > <9

Since 12 <9 then > —9 <0, i.e. (t+3)(t—3) <0 by
factorising. For (¢ + 3)(t — 3) to be negative,
either () (+3)>0 and (t—3)<0
or (i) (t+3)<0 and (—3)>0
(i) If (t4+3)>0 then r > —3 and if (t —3) <0 then
t<3

Hence (i) is satisfied when ¢ > —3 and t < 3 which
may be written as: =3 <¢ < 3

(i) If (#4+3) <0 then t <—3 and if (+ —3) > 0 then
>3
It is not possible to satisfy both t < —3 and 7 >3,
thus no values of ¢ satisfies (ii).

Summarising, > <9 when —3 < t < 3 which means
that all values of 7 between —3 and +3 will satisfy the
inequality.

This demonstrates the general rule:

ifx2 < k then —vk <x < vk )

Problem 13.  Solve the inequality: x> < 4

From the general rule stated above in equation (2): if
x2 <4 then —v4 <x<+/4
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i.e. the inequality: x> < 4 is satisfied when:
—2<x<?2

Problem 14.  Solve the inequality: (y —3)?> < 16

—V16<(y-3) <16

From equation (2),

i.e. —4<@y-3)<4
from which, 3—4<y<4+3,
i.e. -1<y=<7

Now try the following exercise

Exercise 48 Further problems on
inequalities involving
square functions

Solve the following inequalities:

1. 22>16 [z>4orz<—4]
2. 72<16 [—4 <z <4]
3. 2x2>6 [xzﬁorxf—«/g]
4. 3k*—-2<10 [-2<k<2]
5. t—1)?%<36 [—5<t<T7]
6. (t—1)>>36 [t>7ort<-5]
7. 1-3><-5 [y> 2o0ry<-2]

1
8. (4k+52>9 |:k>—§ork<—2]

12.6 Quadraticinequalities

Inequalities involving quadratic expressions are solved
using either factorisation or ‘completing the square’.
For example,

x2 —2x — 3 is factorised as (x + 1)(x — 3)
and 6x2 4 7x — 5 is factorised as (2x — )(3x + 5)

If a quadratic expression does not factorise, then the
technique of ‘completing the square’ is used. In general,
the procedure for x> +bx + c is:

2 2
X +bx+c= x—|—l—7 +c— 1—7
2 2

For example, x> 4 4x — 7 does not factorise; completing
the square gives:

A —T=@+27—T7-22=@x+27 - 11
Similarly,

bx—5=@+3)7-5-3"=x-37>-14
Solving quadratic inequalities is demonstrated in the

following worked problems.

Problem 15. Solve the inequality:
X +2x—3>0

Since x? 4+ 2x —3 > 0then (x — )(x +3) >0 by factor-

ising. For the product (x — 1)(x + 3) to be positive,

either () (x—1)>0 and (x+3)>0
or @) x—1)<0 and (x+3)<0

(i) Since (x — 1) >0 then x > 1 and since (x +3) >0

then x > —3
Both of these inequalities are satisfied only when
x>1

(i) Since (x — 1) <0 then x < 1 and since (x +3) <0

then x < —3
Both of these inequalities are satisfied only when
x<-3

Summarising, x2 +2x —3>0 is satisfied when either
x>1lorx <-3

Problem 16. Solve the inequality: 1> — 2 —8 <0

Since 1> —2t—8<0 then
factorising.
For the product ( — 4)(z 4 2) to be negative,

either ()(r—4)>0 and (t+2)<0
or (i)(r—4)<0 and (#+2)>0

(t—4)(t+2)<0 by

(i) Since (t —4) >0 then t >4 and since (t+2) <0
thenr < -2
It is not possible to satisfy both r >4 and r < —2,
thus no values of ¢ satisfies the inequality (i)

(i) Since (t —4) <0 then t <4 and since (t+2) >0
then t > —2
Hence, (ii) is satisfied when —2 <t <4

Summarising, 2—2t—8<0 is satisfied when

-2 <t<4
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Problem 17. Solve the inequality:
X +6x+3<0

x% 4 6x + 3 does not factorise; completing the square
gives:

P 4+6x+3=x+37>2+3-32
=@x+37-6

The inequality thus becomes: (x+3)>—6<0 or
x+3)2<6

From equation (2), V6 <(x+3)<6
from which, (—v/6 —3) <x < (+/6 — 3)

Hence, x2 + 6x + 3 < 0 is satisfied when
—5.45 < x < —0.55 correct to 2 decimal places.

Problem 18. Solve the inequality:
v —8y—10>0

y? — 8y — 10 does not factorise; completing the square
gives:
2 —8y— 10 = (y — 4)> — 10 — 4?
=(y—4)7>-26

The inequality thus becomes: (y—4)>—26>0 or
(y—4*=26

From equation (1), (y —4) > +/26 0or (y —4) < —+/26
y>=4+4++v26 or y<4-—+26

Hence, y2 — 8y — 10> 0 is satisfied when y >9.10 or
y < —1.10 correct to 2 decimal places.

from which,

Now try the following exercise

Exercise 49 Further problems on quadratic
inequalities

Solve the following inequalities:

1. xX>—x—6>0 [x>3orx<-—2]

2. 242r—8<0 [4<t<2]

1
3. 2x243x—-2<0 |:—2<x<§:|
4. y>—y—20=0 [y>5o0ry<—4]
5. Z2+4z+4<4 [-4<z=<0]

6. x>+6x—6<0
[(-vV3-3=x=(/3-3)]

7. 2—4t—7>0
[t>(/11+2)ort <2 —+/11)]

8. kK24+k—3>0

(et
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13.1 Introduction to logarithms

With the use of calculators firmly established, logarith-
mic tables are now rarely used for calculation. However,
the theory of logarithms is important, for there are sev-
eral scientific and engineering laws that involve the rules
of logarithms.

If a number y can be written in the form a¥, then the
index x is called the ‘logarithm of y to the base of a’,

ie. ify=a* then x =log,y

Thus, since 1000 = 103, then 3 = log;, 1000
z Check this using the ‘log’ button on your calculator.
(a) Logarithms having abase of 10 are called common
logarithms and log is usually abbreviated to 1g.

The following values may be checked by using a
calculator:

1g17.9 =1.2528...,
1g462.7 =2.6652. ..
and 1g0.0173 = —1.7619...

(b) Logarithms having a base of e (where ‘e’ is
a mathematical constant approximately equal to
2.7183) are called hyperbolic, Napierian or nat-
ural logarithms, and log, is usually abbreviated
to In.

The following values may be checked by using a
calculator:

In3.15=1.1474...,
In362.7 =5.8935...
and In0.156 = —1.8578...

For more on Napierian logarithms see Chapter 14.

Chapter 13

Logarithms

13.2 Laws of logarithms

There are three laws of logarithms, which apply to any
base:

(1) To multiply two numbers:
log (A x B) =logA + logB
The following may be checked by using a

calculator:
lgl0=1,
also lg5+1g2 =0.69897...
+0.301029... =1
Hence lg(5x2)=1gl0=1g5+1g2

(ii)) To divide two numbers:
1 4 logA —logB
og| =) =logA —lo
elp g g
The following may be checked using a calculator:
5
In <§> =1In2.5=0.91629...

Also In5—1n2=1.60943...—0.69314...
=0.91629...

Hence In (g) =In5—1In2

(iii)) To raise a number to a power:
IgA" =nlogA
The following may be checked using a calculator:
1g5% =1g25 = 1.3979% . ..
Also  21g5=2x0.69897...=1.397%...

Hence 1g5%=2Ig5
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Problem 1. Evaluate
(a)logz 9 (b)log;y10 (c)loge8

(a) Letx=logz9 then 3* =9 from the definition of a
logarithm, i.e. 3* = 32, from which x = 2.
Hence log3 9 =2

(b) Letx= log;, 10 then 10* = 10 from the definition
of a logarithm, i.e. 10* = 10!, from which x = 1.
Hence logy9 10 =1 (which may be checked by a
calculator)

(c) Let x=log8 then 16* =8, from the definition
of a logarithm, i.e. (24)" =23 ie. 2% =23 from

the laws of indices, from which, 4x=3 and x = %

3
Hence logis8= 1

Problem 2. Evaluate {
(a)1g0.001 (b)Ine (c)logs 3L

(a) Letx=1g 0.001 = log;,0.001 then 10* =0.001,
ie. 10° =103, from which x= -3

Hence 1g0.001 = —3 (which may be checked by
a calculator).

(b) Letx=Ine=log,ethene =e,ie. e = e! from
which x =1
Hence Ine=1 (which may be checked by a
calculator).

1 1 1
(©) Let. x= logs 31 then 3* = TRk 374, from
which x = —4

1
H logs — =—4
ence log3 81

Problem 3. Solve the following equations:
(a)lgx=3 (b)log,x=3 (c)logsx=—2

(@) If lgx=3 then log;px=3 and x=103, ie.
x=1000

(b) Iflog,x=3thenx=2%=8

1 1
(©) If10g5x=—2thenx=5_2=5—2=E

Problem 4. Write (a) log 30 (b) log 450 in terms
of log 2, log 3 and log 5 to any base

(a) log30=1log (2 x 15)=log (2 x 3 x 5)
=log2 +log3+log5
by the first law of logarithms
(b) log 450 =1log (2 x 225)= log (2 x 3 x 75)
=log (2 x 3 x 3 x25)
=log (2 x 32 x 5%)
=log2+ log3%+ log5°
by the first law of logarithms
ie log450=log2+2log3+2log5
by the third law of logarithms

4

Problem 5. Write log

5
) in terms of

log2, log 3 and log 5 to any base

8 x V/5
log< x V5 :10g8+10g\4/§—10g81,

81
by the first and second

laws of logarithms
= log2® + log 5/ —log 3*

by the law of indices

8 x V5 1
ie log< Zl‘/_)z3log2+zlog5—4log3

by the third law of logarithms.
Problem 6. Simplify log64 — log 128 4 log32

64 =25 128 =27 and 32 =25
Hence log 64 — log 128 + log 32
= log2® —log2’ + log 2’
=6log2 — 7log2 + 5log?2
by the third law of logarithms
=4 1log 2

Problem 7. Evaluate

1
log25 —log 125 + 5 log 625
3log5
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1
log25 —log 125 + 3 log 625
3log5

1
log 5> — log 5% + 3 log 54
3log5

4
2log5 —3log5+ zlogS

3log5
_llog5 1
" 3log5 3

Problem 8. Solve the equation:

log(x — 1)+ log(x+1)=2log (x +2)

loglx — 1) +logx+1)=loglx — D(x+ 1)
from the first
law of logarithms
=log(x’> — 1)
2log(x +2) = log (x + 2)?
= log (x* 4 4x + 4)

Hence if log (x? — 1) = log (x> + 4x + 4)
then X —1l=x*+4x+4
Le. —1=4x+4
i.e. —5 = 4_x

5 1
i.e. == -1=
1.€ X 4 or 4

Now try the following exercise

Exercise 50 Further problems on the laws of
logarithms

In Problems 1 to 11, evaluate the given expression:

1. log,10000  [4] 2. log,16 [4]

1
3. logs 125 [3] 4. log, 3 [—3]
1
5. logg?2 |:§:| 6. log,;343 [3]
7. 1g100 [2] 8. 1g0.01 [-2]

1 1
9. log,8 [15] 10. logy; 3 [5]

11. Ine? (2]

In Problems 12 to 18 solve the equations:

12. loggx=4 [10000]
13. lgx=5 (100 000]
14. logyx=2 [9]
15. 1 2! 4!
. (0) N=E=4= =

&4 2 2
16. lgx=-2 [0.01]
17. 1 4 !
. loggx=—= —

B8 =773 16
18. Inx=3 [e’]

In Problems 19 to 22 write the given expressions
in terms of log 2, log 3 and log 5 to any base:

19. log60 [2log?2 + log3 + log 5]
20. log300 [2log?2 + log3 +2log 5]
16 x V/5
21. log 165 5
27

1
|:410g2+zlog5—310g3]

125 x V16

22. log(x—3>
/81

[log2 —3log3+3log 5]

Simplify the expressions given in Problems 23
to 25:

23. log27 — log9+ log 81 [5log 3]
24. log64 4 log32 — log 128 [41og 2]
25. log8 — log4 + log32 [61og2]

Evaluate the expression given in Problems 26
and 27:

1 1

—log16 — —log 8 1
26. 2 . =
log 4 2

1
log9 — log3 + — log 81 3

2
27. =
2log3 2
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Solve the equations given in Problems 28 to 30:

28. logx* — logx3 = log 5x — log 2x
[x=2.5]
29. log2t’ — logt=log 16 + logt [t=28]

30. 2logh®> —3logh = log8b — log4b
[b=2]

13.3 Indicial equations

The laws of logarithms may be used to solve certain
equations involving powers — called indicial equa-
tions. For example, to solve, say, 3* =27, logarithms
to base of 10 are taken of both sides,

ie. log, 3" =log;, 27
and xlog g3 = log;y 27 by the third law of
logarithms.
1 27
Rearranging gives — DB/
logjo 3
_ 1.43136... _3
© 04771

which may be readily checked.
(Note, (log 8/1og2) is not equal to 1g(8/2))

Problem 9. Solve the equation 2* =3, correct to
4 significant figures

Taking logarithms to base 10 of both sides of 2* =3
gives:

logy 2" =logo3
ie. xlog;y2 =logy3
Rearranging gives:

logig3  0.47712125...
X = =
log;p2  0.30102999...

= 1.585

correct to 4 significant figures.

Problem 10. Solve the equation 2*+! = 3%¥=3
correct to 2 decimal places

Taking logarithms to base 10 of both sides gives:

logp 2! = log; 3%
ie. (x +1Dlogjp2 = (2x — 5)log 3
xlogjp2 +1logg2 = 2xlogyy3 — Slog; 3
x(0.3010) + (0.3010) = 2x(0.4771) — 5(0.4771)
ie. 0.3010x + 0.3010 = 0.9542x — 2.3855

Hence 2.3855 4 0.3010 = 0.9542x — 0.3010x

2.6865 = 0.6532x

‘e 2.6865
©0.6532
correct to 2 decimal places.

from which

Problem 11.  Solve the equation x3> =41.15,
correct to 4 significant figures

Taking logarithms to base 10 of both sides gives:

log g x>2 = log;o41.15
3.2loggx = logyy41.15

log;y41.15

= 0.50449
32

Hence log o x =
Thus x = antilog 0.50449 = 1099449 = 3,195 correct to

4 significant figures.

Now try the following exercise

Exercise 51 Indicial equations

Solve the following indicial equations for x, each
correct to 4 significant figures:

1. 3¥=64 [1.690]
2. 2*=9 [3.170]
3. ¢l =3%1 [0.2696]
4. x'3=1491 [6.058]
5. 25.28=4.2F [2.251]
6. 4%l =5+2 [3.959]
7. x7025=0.792 [2.542]
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In general, with a logarithm to any base q, it is noted

8. 0.027*=3.26 [—0.3272] that:
9. The decibel gain n of an amplifier is given i) log,1=0

by: n=101log & where P is the power 0=

10\ P, Let log, =x, then a¢* =1 from the definition of
input and P, is the power output. Find the the logarithm.
. P .
power gain 171 when n =25 decibels. If a* =1 then x =0 from the laws of logarithms.
[316.2]

Hence log, 1 =0. In the above graphs it is seen
that log;, 1 =0and log, 1 =0

(i) logsa=1
13.4 Graphs of Iogarlthmlc functions Let log, a =x, then a* = a, from the definition of

A graph of y = log;( x is shown in Fig. 13.1 and a graph a logarithm.

of y = log, x is shown in Fig. 13.2. Both are seen to be Ifa*=athenx=1
of similar shape; in fact, the same general shape occurs

for a logarithm to any base. Hence log, a=1. (Check with a calculator that

log,; 10=1and log,e=1)
y @iii) log, 0 > —o0

Let log, 0 =x then a* =0 from the definition of

0.5} .
a logarithm.
0 , , _ If a*=0, and a is a positive real number,

1 2 3 X then x must approach minus infinity. (For
P 3 2 1 05 02 o1 example, check with a calculator, 272 =0.25,
-0.5F y =logiox| 0.48 0.30 0 —0.30 —0.70 —1.0 2720-954 x 1077, 27290 =6.22 x 107!, and
SO on.)
-1.0 Hence log, 0 — —o0

Figure 13.1

N
>

X 6 5 4 3 2 1 05 02 O01
y =logex|1.79 1.61 1.39 1.10 0.69 0 —0.69 —1.61 —2.30

Figure 13.2

www.EngineeringBooksPdf.com



Revision Test 3

This Revision test covers the material contained in Chapters 9 and 13. The marks for each question are shown in
brackets at the end of each question.

1.

Solve the following pairs of simultaneous
equations:

(@ 7x—3y=23
2x+4y=-8

b
(b) 3a—8+§=0

b+~ =— 12)

In an engineering process two variables x and y

b

are related by the equation y=ax + — where a
X

and b are constants. Evaluate a and b if y=15

when x =1 and y=13 when x =3 )
Transpose the following equations:
(@) y=mx+c for m
2y —

(b) x= (yt 2 for z
© =t forR
¢c) —=—+— for

Rr Ra Rs A
(d x*—y>*=3ab  fory

pP—q

e) K=—— for 17
(e 1 Fpq q (17)

The passage of sound waves through walls is
governed by the equation:

K+4G
3

0

S
Il

Make the shear modulus G the subject of the
formula. )

Solve the following equations by factorisation:

(@ x2—=9=0 (b) 2x2—5x—3=0 (6)

6.

10.
11.

12.

Determine the quadratic equation in x whose roots
are 1 and —3 “)

Solve the equation 4x> —9x 43 =0 correct to 3
decimal places. )

The current i flowing through an electronic device
is given by:

i =0.005v% +0.014 v

where v is the voltage. Calculate the values of v
wheni=3x 1073 5)

Solve the following inequalities:

(@) 2—5x<9+2x (b) [3+21]<6

© ;x:rls >0 (d) Gr+2?>16

(e) 2x> —x—3<0 (14)
Evaluate log¢8 (3)
Solve

(a) logzx=-2

(b) log 2x% +logx =log 32 — log x (6)

Solve the following equations, each correct to 3
significant figures:

(a) 2*=5.5
(b) 32t— 1 _ 7t+2
(c) 3¢ =42 (10)
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Chapter 14

Exponential functions

14.1 The exponential function

An exponential function is one which contains ¢*, e
being a constant called the exponent and having an
approximate value of 2.7183. The exponent arises from
the natural laws of growth and decay and is used as a
base for natural or Napierian logarithms.

14.2 Evaluating exponential

functions

The value of ¢ may be determined by using:

(a) a calculator, or
(b) the power series for ¢* (see Section 14.3), or
(c) tables of exponential functions.

The most common method of evaluating an exponential
function is by using a scientific notation calculator,
this now having replaced the use of tables. Most
scientific notation calculators contain an ¢* function
which enables all practical values of ¢* and e~ to be
determined, correct to 8 or 9 significant figures. For
example,

e' =2.7182818
e** = 11.023176
e 1018 = 0.19829489
each correct to 8 significant figures.
In practical situations the degree of accuracy given
by a calculator is often far greater than is appropriate.
The accepted convention is that the final result is stated

to one significant figure greater than the least signifi-
cant measured value. Use your calculator to check the

following values:

%12 = 1.1275, correct to 5 significant figures
e 14T — 0.22993, correct to 5 decimal places
e 0T — 0.6499, correct to 4 decimal places

>3 = 11159, correct to 5 significant figures

e 2785 — 0.0617291, correct to 7 decimal places

Problem 1. Using a calculator, evaluate, correct
to 5 significant figures:

5
(a) e2.731 (b) e—3.l62 (C) g85.253

(a) €*>1=15.348227... =15.348, correct to 5 sig-
nificant figures.

(b) e 3162=0.04234097 ... = 0.042341, correctto 5
significant figures.

5 5
(c) §e5'253 = 5(191.138825 ...)=318.56, correct to
5 significant figures.

Problem 2. Use a calculator to determine the
following, each correct to 4 significant figures:

5
3.72¢018  (b) 53.2¢7 14 — ¢’
(a) 3.72¢ (b) 53.2¢ (© —

(a) 3.72¢%18 =(3.72)(1.197217...) = 4.454, correct
to 4 significant figures.

(b) 53.2¢714=(53.2)(0.246596...) =13.12, correct
to 4 significant figures.

5 5
(©) ——e’ =—— (1096.6331...)=44.94, correct to

1227 122 o
4 significant figures.
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Problem 3. Evaluate the following correct to 4
decimal places, using a calculator:

(a) 0.0256(e>2! — £249)
0.25 _ ,—0.25

5 (S )
eV e v

(a) 0.0256(e>2! — ¢249)

=0.0256(183.094058 ... —12.0612761...)
=4.3784, correct to 4 decimal places
0.25 _ ,—0.25
(b) 5(6025 > 025)
e e
_s (1.28402541 ... —0.77880078 .. )

1.28402541 ... +0.77880078. ..

0.5052246. ..
2.0628261 ...

=1.2246, correct to 4 decimal places

Problem 4. The instantaneous voltage v in a
capacitive circuit is related to time 7 by the equation
v="Ve /R where V, C and R are constants.
Determine v, correct to 4 significant figures, when
=30 x 1073 seconds, C = 10 x 10~° farads,

R =47 x 10? ohms and V = 200 volts

v=Ve !/CR = zooe(—SOX10*3)/(10x10*6x47x103)

Using a calculator, v = 200 0-0638297...
= 200(0.9381646. . .)
= 187.6 volts

Now try the following exercise

Exercise 52 Further problems on evaluating
exponential functions

In Problems 1 and 2 use a calculator to evaluate
the given functions correct to 4 significant figures:

L @e** (b)e ™ (c)e?
[(a) 81.45 (b)0.7788 (c)2.509]

2. (a) 6_1'8 (b) 6_0'78 (©) 610
[(a) 0.1653 (b) 0.4584 (c)22030]

3. Evaluate, correct to 5 significant figures:
6
(a) 3.5¢*8  (b) —ge—l-S (c) 2.16¢>7
[(a) 57.556 (b) —0.26776 (c) 645.55]

4. Use a calculator to evaluate the following, cor-
rect to 5 significant figures:

(a) 61'629 (b) 6_2'7483 (C) 0.6264‘178
[(a) 5.0988 (b) 0.064037 (c) 40.446]

In Problems 5 and 6, evaluate correct to 5 decimal
places:

1 562'6921
5. (a) 7e3.4629 (b) 8.526’_1'2651

© 3l 1171
(a) 4.55848 (b) 2.40444
(c) 8.05124

5.6823 21127 _ p—2.1127
(@) 021347 (b) >
4(e= 17295 _ 1y
© ——mm—
(a) 48.04106 (b) 4.07482
() —0.08286

7. The length of bar, [, at a temperature 6
is given by [=1Ipe*’, where Iy and « are
constants. Evaluate [, correct to 4 signifi-
cant figures, when [y =2.587, 6 =321.7 and
a=1.771 x 1074, [2.739]

14.3 The power series for e*

The value of ¢* can be calculated to any required degree
of accuracy since it is defined in terms of the following
power series:

X

ex=l+x+i+§+ﬂ+~-~ (H
(where 3! =3 x 2 x 1 and is called ‘factorial 3”)
The series is valid for all values of x.
The series is said to converge, i.e. if all the terms are
added, an actual value for e* (where x is a real number)
is obtained. The more terms that are taken, the closer
will be the value of ¢* to its actual value. The value of
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Exponential functions 105

the exponent e, correct to say 4 decimal places, may be
determined by substituting x = 1 in the power series of
equation (1). Thus

> @t ay
T TR Tt S

6 7 8
+ % + (17—)‘ + % +
=1+ 1+0.5+0.16667 +0.04167
+0.00833 + 0.00139 + 0.00020
+0.00002 + - - -
=2.71828

ie. e =2.71828 correct to 4 decimal places.

The value of 9, correct to say 8 significant figures,

is found by substituting x = 0.05 in the power series for
e*. Thus

o5 (0.05)2  (0.05)°
=140.05+ TR
0.05*  (0.05)°
toy st

=1+ 0.05+ 0.00125 4 0.000020833
+ 0.000000260 + 0.000000003

and by adding,

05 — 1.0512711,

correct to 8 significant figures

In this example, successive terms in the series grow
smaller very rapidly and it is relatively easy to determine
the value of €% to a high degree of accuracy. However,
when x is nearer to unity or larger than unity, a very large
number of terms are required for an accurate result.

If in the series of equation (1), x is replaced by —x,
then

- (—x)* | (=x)
X _ _
=1+(—x)+ 2 + 3 +
2 i3
_1—x+5—§+

In a similar manner the power series for ¢* may be used

to evaluate any exponential function of the form ae*,

where a and k are constants. In the series of equation (1),

let x be replaced by kx. Then

(kx)?  (kx)?
ac® = a 1+(kX)+T+T+ }
2 3
Thus 5¢* =5 1+(2)+(2x) +(2;) +}

=501+ — F—

452 8x3
2 6

4
ie. 5% =5 1+2x+2x2+§x3+...}

Problem 5. Determine the value of 5¢%, correct

to 5 significant figures by using the power series
for ¢*

X2 X3 4

X
F=ltxt b

0.5)%
@)
(0.5)*
T O30
N (0.5)°
©GHR®M)
=14+0.54+0.125 4+ 0.020833
4+ 0.0026042 4+ 0.0002604

0.5)°
(3)2)(1)
0.5)°
S)HB)2)(1)

Hence "2 =1+05+

+ 0.0000217

ie. %3 = 1.64872 correct to 6 significant
figures

Hence 5¢%3 = 5(1.64872) = 8.2436, correct to 5 signif-
icant figures.

Problem 6. Determine the value of 3¢~!, correct
to 4 decimal places, using the power series for ¢*

Substituting x = —1 in the power series
2 3 4
e’ _1+x+—+—+—+
31 41
2 3
- -1 _ (=D~ (=D
gives e =14+(—1+ T + 3
(- D
+ m +
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=1—-140.5—-0.166667 + 0.041667
— 0.008333 + 0.001389
—0.000198 + - - -

= 0.367858 correct to 6 decimal places

Hence 3e~1 = (3)(0.367858) = 1.1036 correct to 4 dec-
imal places.

Problem 7. Expand e*(x*> — 1) as far as the term
5
inx

The power series for ¢* is:

2 3 4 5

1 X X X
F=ltxt gt

Hence:
FxZ—1)
52 304 5

X 2
<1+x+2,+3,+5+5,+ )(x )

PR
=<x +x° +2+§+ )

x2 3 4 5
<l+x+ tat Tt )

Grouping like terms gives:

cxr—1)
x2 x3
:—1—x+( —2—!)+<x3—§>

TR IPUNE RS | IR CJ
= TN T T2t T120"

when expanded as far as the term in x°

Now try the following exercise

Exercise 53 Further problems on the power
series for e*

1. Evaluate 5.6~ !, correct to 4 decimal places,
using the power series for e*. [2.0601]

2. Use the power series for ¢* to determine, cor-
rect to 4 significant figures, (a) e2 (b)e %3 and
check your result by using a calculator.

[(a) 7.389 (b) 0.7408]

4

3. Expand (1 — 2x)e*" as far as the term in x*.

8
|:1 — oy §x3 — 2t

4. Expand (2e"2)(x1/ 2) to six terms.

2x1/2 4 2x3/2 4 5972 4 %xn/z
1 1
G ) V)
TR et |

14.4 Graphs of exponential functions

Values of ¢* and ¢~ obtained from a calculator, correct
to 2 decimal places, over a range x = —3 to x =3, are
shown in the following table.

x =30 -25 -20 —-15 —-1.0 -0.5 0
e 005 008 0.14 022 037 0.61 1.00

e 20.09 12.18 7.9 448 272 1.65 1.00

x 05 1.0 15 20 25 30
et 1.65 2.72 4.48 7.39 12.18 20.09

e 0.61 0.37 0.22 0.14 0.08 0.05
Figure 14.1 shows graphs of y=¢* and y=¢™*

Problem 8. Plot a graph of y = 2¢%-3* over a range
of x = —2 to x = 3. Hence determine the value of y
when x =2.2 and the value of x when y=1.6

A table of values is drawn up as shown below.

X =3 |=2 =1 |0 1 2 3
03x —-09 —-06 —-03 0 03 06 09
%3 0.407 0.549 0.741 1.000 1.350 1.822 2.460

2603 0.81 1.10 148 2.00 270 3.64 4.92
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Figure 14.1

Figure 14.2

0.3x

A graph of y =2¢"* is shown plotted in Fig. 14.2.

From the graph, when x =2.2, y=3.87 and when
y=16,x=-0.74

1
Problem 9. Plot a graph of y = ge_zx over the

range x = —1.5 to x = 1.5. Determine from the
graph the value of y when x = —1.2 and the value of
x wheny=14

A table of values is drawn up as shown below.

X -5 —-10 -05 0 05 1.0 15

—2x 3 2 1 0 -1 -2 =3
e 20.086 7.389 2.718 1.00 0.368 0.135 0.050
0.33 0.12 0.05 0.02

1
ge_z" 6.70 246 091

y
7L
B
5|
4l
--------------- . 3.67
3 |
2 -
N - 1.4
1 ! L ! 1 T
15110 05 05 10 15 x
212 o072

Figure 14.3

1
A graph of —e~%* is shown in Fig. 14.3.

From the graph, when x = —1.2, y =3.67 and when
y=14,x=-0.72

Problem 10. The decay of voltage, v volts, across
a capacitor at time ¢ seconds is given by
v=250e""/3. Draw a graph showing the natural
decay curve over the first 6 seconds. From the
graph, find (a) the voltage after 3.4 s, and (b) the
time when the voltage is 150V

A table of values is drawn up as shown below.

t 0 1 2 3
e !/3 1.00 0.7165 0.5134 0.3679
v=250e""3 250.0 179.1 128.4 91.97
t 4 5 6

e !/3 0.2636 0.1889 0.1353

v=250e""3 65.90 4722 33.83

The natural decay curve of v=250¢"'/3 is shown in
Fig. 14.4.
From the graph:

(a) when time ¢t = 3.4 s, voltage v = 80 volts and

(b) when voltage v =150 volts, time ¢ = 1.5 seconds.
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N
o
o

—_
(4]
o

100

Voltage v (volts)

a1 ™
o o
T

0 115 2 334 4 5 6
Time t (seconds)

Figure 14.4

Now try the following exercise

Exercise 54 Further problems on
exponential graphs

1. Plotagraphofy=3¢%>* overtherange x = —3
to x = 3. Hence determine the value of y when
x = 1.4 and the value of x when y =4.5

[3.95, 2.05]

U is
2. Plot a graph of y= Ee =X over a range
x=—1.5to x=1.5 and hence determine the
value of y when x =—0.8 and the value of x
when y=3.5 [1.65, —1.30]

3. In a chemical reaction the amount of starting

material C cm? left after # minutes is given by

C = 40e~090 Plot a graph of C against ¢ and

determine (a) the concentration C after 1 hour,

and (b) the time taken for the concentration to
decrease by half.

[(a) 28cm® (b) 116 min]

4. The rate at which a body cools is given by
6 =250e~90% where the excess of temper-
ature of a body above its surroundings at
time ¢ minutes is 8° C. Plot a graph show-
ing the natural decay curve for the first hour of
cooling. Hence determine (a) the temperature
after 25 minutes, and (b) the time when the
temperature is 195°C

[(a) 70°C (b) 5 minutes]

14.5 Napierian logarithms

Logarithms having a base of e are called hyper-
bolic, Napierian or natural logarithms and the
Napierian logarithm of x is written as log,x, or more
commonly, In x.

14.6 Evaluating Napierian

logarithms

The value of a Napierian logarithm may be determined
by using:

(a) a calculator, or

(b) a relationship between common and Napierian
logarithms, or

(c) Napierian logarithm tables.

The most common method of evaluating a Napierian
logarithm is by a scientific notation calculator, this
now having replaced the use of four-figure tables, and
also the relationship between common and Napierian
logarithms,

log,y =2.3026log;( ¥

Most scientific notation calculators contain a ‘In x’ func-

tion which displays the value of the Napierian logarithm

of a number when the appropriate key is pressed.
Using a calculator,

In4.692 = 1.5458589 ... = 1.5459,
correct to 4 decimal places

and 1n35.78 = 3.57738907 ... = 3.5774,

correct to 4 decimal places

Use your calculator to check the following values:

In 1.732 = 054928, correct to 5 significant figures
In1=0

In 593 = 6.3852, correct to 5 significant figures

In 1750 =7.4674, correct to 4 decimal places

In 0.17 = —1.772, correct to 4 significant figures
In 0.00032 = —8.04719, correct to 6 significant

figures
Ine’=3
Inel =1
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From the last two examples we can conclude that
log, e* =x

This is useful when solving equations involving expo-
nential functions.

For example, to solve ¢** =8, take Napierian loga-
rithms of both sides, which gives

Ine’* =1In8

i.e. 3x=1In8

1
from which X = 3 In8 = 0.6931,

correct to 4 decimal places

Problem 11. Using a calculator evaluate correct
to 5 significant figures:

(a)1n47.291 (b) In 0.06213
(c) 3.2 In 762.923

(a) In 47.291 =3.8563200... =3.8563, correct to
5 significant figures.

(b) In 0.06213 = —2.7785263... = —2.7785, correct
to 5 significant figures.

(¢) 3.2In762.923 =3.2(6.6371571...) =21.239, cor-
rectto 5 significant figures.

Problem 12. Use a calculator to evaluate the
following, each correct to 5 significant figures:
In 7.8693

1
“1n4.7291 (b
(@) 7 In ®) 5603

5.291n24.07
© — =18

1 1
(a) 7 In4.7291 = 1(1.5537349 ...)=0.38843,
correct to 5 significant figures.

In7.8693  2.06296911 ...
7.8693  7.8693
correct to 5 significant figures.

(b) —0.26215,

5.291n24.07  5.29(3.18096625...)

e—0.1762 0.83845027...
=20.070, correct to 5 significant
figures.

(©)

Problem 13. Evaluate the following:

In e 4¢*23 1g2.23
(a) (b) (correct to
1g100-5 In2.23
3 decimal places)
@ In €23 2.5 5
a —_— = =
1g1095 7 0.5
4¢*231g2.23
(b) L
In2.23
~4(9.29986607 ... )(0.34830486.. . .)
- 0.80200158. . .

=16.156, correct to 3 decimal places

Problem 14.  Solve the equation 7 = 4¢~>* to find
x, correct to 4 significant figures

7
Rearranging 7 = 4¢~3* gives: 1= e

Taking the reciprocal of both sides gives:

7—673)6:@

Taking Napierian logarithms of both sides gives:

In (‘7—‘) =In ()

4
Since log, ¢* = «, then ln<§> =3x
4 1

1
Hence x = 3 In 5) = 5(_0'55962) = —0.1865, cor-

rect to 4 significant figures.

Problem 15.  Given 20 = 60(1 — e~*/2) determine
the value of ¢, correct to 3 significant figures

Rearranging 20 = 60(1 — ¢~/?) gives:

20 _
60
and
e 1?2 = 1— E = z
60 3
Taking the reciprocal of both sides gives:
2 3

2
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Taking Napierian logarithms of both sides gives:

Ine'’? = lnE
2

i.e. =In-
2

t

2
. 3 ..

from which, t =2 lnz =0.881, correct to 3 significant

figures.

Problem 16. Solve the equation

372=1n (m) to find x
X

From the definition of a logarithm, since

5.14 5.14
3.72= (—> then 372 =="—
X X
5.14
Rearranging gives: x = pe i 5.14¢7372
ie. x = 0.1246,

correct to 4 significant figures

Now try the following exercise

Exercise 55 Further problems on evaluating
Napierian logarithms

In Problems 1 to 3 use a calculator to evaluate the
given functions, correct to 4 decimal places

1. @Inl.73 (b)In5413 (c)In9.412
[(2) 0.5481 (b) 1.6888 (c)2.2420]

2. (@ln173 (b)In541.3 (c)In 9412
[(a) 2.8507 (b) 6.2940 (c) 9.1497]

3. (2)In0.173 (b)In0.005413 (c)In0.09412
[(@)—1.7545 (b)—5.2190 (c)—2.3632]

In Problems 4 and 5, evaluate correct to 5 signifi-
cant figures:

4 (@ 1 1052932 (b In 82.473
. a) — InJd. —
6 4.829
5.621In321.62
(c 212942

[(a) 0.27774 (b) 0.91374 (c) 8.8941]

s 2.946Ine' 7 ) 5701629
' lg 10141 21n0.00165
In4.8629 —In2.4711
5.173

[(@)3.6773 (b) —0.33154 (c)0.13087]

In Problems 6 to 10 solve the given equations, each
correct to 4 significant figures.

6. 1.5=4¢* [—0.4904]

7. 7.83=291l¢"!'7* [—0.5822]

8. 16=24(1 —e1/?) [2.197]
X

9. 517=1In (m) [816.2]

10. 3.721In (?) =2.43 [0.8274]

11. The work done in an isothermal expansion of
a gas from pressure p; to p, is given by:

()
w=woln | —
P2

If the initial pressure p; = 7.0 kPa, calculate
the final pressure py if w=3wy
[p2 =348.5Pa ]

14.7 Laws of growth and decay

The laws of exponential growth and decay are of the
form y=Ae * and y = A(1 — ¢~ *), where A and k are
constants. When plotted, the form of each of these equa-
tions is as shown in Fig. 14.5. The laws occur frequently
in engineering and science and examples of quantities
related by a natural law include:

(i) Linear expansion [ = lpe*?
(i) Change in electrical resistance with
temperature Ry =Rpe*®
(iii) Tension in belts T1 = Toe!?
(iv) Newton’s law of cooling 0 =6pe X
(v) Biological growth y = yoel
(vi) Discharge of a capacitor g=Qe /R
(vii) Atmospheric pressure p=poe /¢
(viii) Radioactive decay N =Nge™
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Figure 14.5

(ix) Decay of current in an inductive

circuit —Rt/L

i=le
(x) Growth of current in a

capacitive circuit i=I(1— et/ CR)

Problem 17. The resistance R of an electrical
conductor at temperature §°C is given by R = Rye®?,
where « is a constant and Ry = 5 x 103 ohms.
Determine the value of «, correct to 4 significant
figures, when R =6 x 103 ohms and = 1500°C.

Also, find the temperature, correct to the nearest
degree, when the resistance R is 5.4 x 103 ohms

R
Transposing R = Roe®? gives = e*?
0

Taking Napierian logarithms of both sides gives:

R
In— =Ine* = af
Ro

Hence

1. R 1 6 x 103
a=-In— = In
0 Ry 1500 5 x 103

1
—(0.1823215...)
1500

=1.215477... x 10~*

Hence a=1.215x 104, correct to 4 significant
figures.

R 1 R
From above, In — =& hence 0 = —1In —

Ro o Ry
When R=5.4x103, a=1.215477... x 10~* and
Ry=5x 103

1 5.4 x 103
0= In
1.215477... x 10~4 5x 103
104

= (7.696104...x 1072
Ta15a77... %Y x 107

= 633°C correct to the nearest degree.

Problem 18. In an experiment involving
Newton’s law of cooling, the temperature 6(°C) is
given by 6 = 6pe~*. Find the value of constant k
when 6y = 56.6°C, 8 = 16.5°C and r = 83.0 seconds

0
Transposing 6 = fpe ' gives o= e~ from which
0

9() 1 kt
=

Taking Napierian logarithms of both sides gives:

)
In =2 =kt
0
from which,
16 1 .
k= tmP L (366
r 6 8.0 \165

1
= —(1.2326486. ..
83.0( )
Hence k = 1.485 x 1072

Problem 19. The current i amperes flowing in a
capacitor at time ¢ seconds is given by

i=8.0(1 — e~!/CR), where the circuit resistance R is
25 x 103 ohms and capacitance C is 16 x 10~°
farads. Determine (a) the current i after 0.5 seconds
and (b) the time, to the nearest millisecond, for the
current to reach 6.0 A. Sketch the graph of current
against time

(a) Currenti=238.0(1 — e /CR)
=8.0[1 — eO.S/(l6x10*6)(25x103)]

=8.0(1—e ')
=8.0(1 — 0.2865047 ....)
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=8.0(0.7134952...)
=5.71 amperes
(b) Transposing i =8.0(1 — e 1/CRy gives:

l

8.0

from which, e~

-1= e—t/CR

i 80—i
8.0 8.0
Taking the reciprocal of both sides gives:

t/CR=1 _

ik _ 80
8.0 —i

Taking Napierian logarithms of both sides gives:

t 8.0
— =1n -
CR 8.0—1i
Hence

8.0
t =CRIn -
8.0—1i

8.0
=(16 x 107925 x 10)In | ——
(16 > 1077325 x )n(8.0—6.0>

when i = 6.0 amperes,

4 .
ie. t= ﬂ In @ =0.41n4.0
103 2.0
= 0.4(1.3862943...) = 0.5545s
= 555 ms,

to the nearest millisecond

A graph of current against time is shown in Fig. 14.6.

L 1i=8.0(1 - eOR)

2 L
0 05N 1.0 15 s
0.555
Figure 14.6

Problem 20. The temperature 6, of a winding
which is being heated electrically at time 7 is given
by: 6, =601(1 — e/ ¥) where 0 is the temperature

(in degrees Celsius) at time t =0 and t is a
constant. Calculate

(a) 6y, correct to the nearest degree, when 6, is
50°C, tis 30s and tis 60s

(b) the time ¢, correct to 1 decimal place, for 6, to
be half the value of 6;

(a) Transposing the formula to make 6; the subject

gives:
gt 50
Lo 0 Sy — 1= e300
50 50

T 1—¢05 " 0393469 ...

i.e. 01 =127°C, correct to the nearest degree

(b) Transposing to make ¢ the subject of the formula

gives:
9_2 —1—e "
01
. —t/t 62
from which, e =1-—=
01
0>
Hence ——=In(1-=
T 91
0
1.e t:—rln(l——2>
01

1
Since 6, = -6
mce o B 1

t=—-60In (1 — %) =—-601n0.5

=41.59s

Hence the time for the temperature 6, to be one half
of the value of 07 is 41.6 s, correct to 1 decimal place.

Now try the following exercise

Exercise 56 Further problems on the laws
of growth and decay

1. The pressure p pascals at height & metres
above ground level is given by p = poe /€,
where po is the pressure at ground level
and C is a constant. Find pressure p when
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po=1.012 x 103 Pa, height &= 1420 m and
C =171500. [9.921 x 10* Pa]

The voltage drop, v volts, across an induc-
tor L henrys at time ¢ seconds is given
by v=200eR/L where R=1509 and
L=12.5 x 1073 H. Determine (a) the volt-
age when r =160 x 1079 s, and (b) the time
for the voltage to reach 85 V.

[(a) 29.32 volts  (b) 71.31 x 10~ %]

The length / metres of a metal bar at tem-
perature °C is given by [= [pe*, when
lp and « are constants. Determine (a) the
value of / when lp = 1.894, « =2.038 x 10~*
and r =250°C, and (b) the value of [y when
1=2.416,r=310°C and = 1.682 x 10~
[(@) 1.993m (b)2.293 m]

The temperature 6,°C of an electrical con-
ductor at time ¢ seconds is given by
6 =01(1 — e~/T), when 6; is the initial tem-
perature and 7 seconds is a constant. Deter-
mine (a) 6, when 6; = 159.9°C, r =30s and
T =80s, and (b) the time ¢ for 6, to fall to
half the value of 0; if T remains at 80s.

[(a) 50°C (b) 55.455]

A belt is in contact with a pulley for a sector
of 0 = 1.12 radians and the coefficient of fric-
tion between these two surfaces is = 0.26.
Determine the tension on the taut side of the
belt, T newtons, when tension on the slack
side is given by Tp=22.7 newtons, given
that these quantities are related by the law
T = Tpe?. Determine also the value of 6
when T = 28.0 newtons

[30.4N, 0.807 rad]

The instantaneous current { at time ¢ is
given by:
i=10e""/R

when a capacitor is being charged. The capac-
itance Cis 7 x 10~° farads and the resistance
R is 0.3 x 10° ohms. Determine:

(a) the instantaneous current when ¢ is 2.5
seconds, and

(b) the time for the instantaneous current to
fall to 5 amperes.

Sketch a curve of current against time from
t =0 to t = 6 seconds.
[(a) 3.04A (b) 1.465]

The amount of product x (in mol/cm?®)
found in a chemical reaction starting
with 2.5mol/cm® of reactant is given by
x=2.5(1 — e=*) where ¢ is the time, in min-
utes, to form product x. Plot a graph at
30 second intervals up to 2.5 minutes and
determine x after 1 minute. [2.45 mol/cm?]

The current i flowing in a capacitor at time ¢
is given by:

i=12.5(1 — e 1/CR)

where resistance R is 30 kilohms and the
capacitance C is 20 microfarads. Determine

(a) the current flowing after 0.5 seconds,
and
(b) the time for the current to reach 10
amperes.
[(a) 7.07A (b) 0.9665]

The amount A after n years of a sum invested
P is given by the compound interest law:
A =Pe™/1% when the per unit interest rate
r is added continuously. Determine, correct
to the nearest pound, the amount after 8 years
for a sum of £1500 invested if the interest rate
is 6% per annum. [£2424]
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Chapter 15

Number sequences

15.1 Arithmetic progressions

When a sequence has a constant difference between suc-
cessive terms it is called an arithmetic progression
(often abbreviated to AP).

Examples include:

1) 1,4,7,10,13, ... where the common
difference is 3
and (ii) a,a+d,a+2d,a+3d, ... where the
common difference is d.

If the 1stterm of an AP is ‘a’ and the common difference
is ‘d’ then

the n'th term is: a + (n — 1)d
In example (i) above, the 7th term is given by
1+ (7—1)3 =19, which may be readily checked.
The sum S of an AP can be obtained by multiplying the
average of all the terms by the number of terms.

1
The average of all the terms = i, where ‘a’ is the

1st term and [ is the last term, i.e. [ =a+ (n — 1)d, for
n terms.
Hence the sum of »n terms,

Sn=n<“;rl) - g{a+[a+(n—1)d]}

ie. S, = g[Za + (= d]

For example, the sum of the first 7 terms of the series
1,4,7,10, 13, ... is given by

7
S7=7[2(1)+(7—1)3 sinceca=1 and d=3

7 7
2[ + 18] 2[ ]

15.2 Worked problems on arithmetic

progressions

Problem 1. Determine (a) the 9th, and (b) the
16th term of the series 2, 7, 12, 17,. ..

2, 7, 12, 17, ... is an arithmetic progression with a
common difference, d, of 5

(a) The n'th term of an AP is given by a+ (n— 1)d
Since the first term a =2, d =5 and n =9 then the
9th term is:

2+0O0-1)5=2+@)5)=2+40=42
(b) The 16th term is:
24+(16—-1)5=24(15)(05)=2+75=T77

Problem 2. The 6th term of an AP is 17 and the
13th term is 38. Determine the 19th term.

The n'th term of an AP isa+ (n — 1)d

The 6th termis: a + 5d = 17 )
The 13th term is: a + 12d = 38 2)
Equation (2) —equation (1) gives: 7d = 21, from which,
d= 27—1 =3

Substituting in equation (1) gives: a+ 15=17, from
which, a =2

Hence the 19th term is:
a+n—1D)d=24+19—-1)3=2+(18)(3)

—2+54 =56
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Problem 3. Determine the number of the term
whose value is 22 is the series

1 1
2—,4,5-,7,...
2 2
1 1 .
2—,4,5=,7,... i1san AP
2 2
1 1
where a=2—andd=1-
2 2
Hence if the n'th term is 22 then: a + (n — 1)d =22
i 21—1—( 1) 11 22
ie. - - - )=
2 TV 2
1 1 1
—-D(1=)=22—-2-=19-
(n )<2> 2772
1
19—
n—l=—2=13
1=
2
and n=13+1=14

i.e. the 14th term of the AP is 22

Problem 4. Find the sum of the first 12 terms of
the series 5, 9, 13, 17, ...

5,9,13,17,...isan AP wherea=5andd =4
The sum of n terms of an AP,

S, = g[Za T (- Dd)
Hence the sum of the first 12 terms,

12
Si2 = 7[2(5) + (12 — 1)4]

= 6[10 + 44] = 6(54) = 324

Now try the following exercise

Exercise 57 Further problems on
arithmetic progressions

1. Find the 11th term of the series 8, 14, 20,

26, ... [68]
2. Find the 17th term of the series 11, 10.7, 10.4,
10.1, ... [6.2]

3. The 7th term of a series is 29 and the 11th term
is 54. Determine the sixteenth term. [85.25]

4. Findthe 15th term of an arithmetic progression
of which the first term is 2.5 and the 10th term
is 16. [23.5]

5. Determine the number of the term which is 29
in the series 7, 9.2, 11.4, 13.6, ... [11]

6. Find the sum of the first 11 terms of the series
4,7,10,13,... [209]

7. Determine the sum of the series 6.5, 8.0, 9.5,
11.0,...,32 [346.5]

15.3 Further worked problems on

arithmetic progressions

Problem 5. The sum of 7 terms of an AP is 35
and the common difference is 1.2. Determine the
1st term of the series

n=7,d=12and §7 =35

Since the sum of 7 terms of an AP is given by

S, = g[Za +(n—1ld

7 7

then 35 = E[Za +((7-D1.2]= 5[2(1 +7.2]
35x2
Hence TX =2a+72
10=2a+7.2

Thus 2a=10—-72=2.8

2.8
from which a = - =14

i.e. the first term, a = 1.4

Problem 6. Three numbers are in arithmetic
progression. Their sum is 15 and their product is
80. Determine the three numbers

Let the three numbers be (¢ — d), a and (a + d)

Then (a—d)+a+(a+d)=15, ie. 3a=15, from
which, a =5
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Also, a(a —d)(a+d) =80, ie. a(a*—d*) =80

Sincea=5, 5(5%—d?) =80

125 — 5d% = 80
125 — 80 = 542
45 = 542

45
from which, d? = 5 =9. Hence, d = J9=43

The three numbers are thus (5 —3), 5 and (5 + 3), i.e.
2,5and 8

Problem 7. Find the sum of all the numbers
between 0 and 207 which are exactly divisible by 3

The series 3, 6,9, 12, ... 207 is an AP whose first term
a =3 and common difference d =3

The last term is a + (n — 1)d =207

ie. 34+ (n—1)3 =207

207 — 3
from which n—1)= 3 =68
Hence n=68+1=69

The sum of all 69 terms is given by

Seo = g[2a +(n—1)d]
= %[2(3) 169 — 1)3]

69 69
= 16 +204] = =(210) = 7245

Problem 8. The 1st, 12th and last term of an
arithmetic progression are 4, 31.5, and 376.5
respectively. Determine (a) the number of terms in
the series, (b) the sum of all the terms and (c) the
80th term

(a) LettheAPbea,a+d,a+2d,...,a+(n—1)d,
where a =4

The 12th term is: a + (12 — 1)d =31.5

i.e. 4 4+ 11d = 31.5, from which,
11d =315—-4=275

275

Hence d=——=25
11

The last term is a + (n — 1)d

ie. 4+ (mn—1)2.5) =3765

(1) = 376.5 -4
2.5
2.5

Hence the number of terms in the series,

n=149+1=150

(b) Sum of all the terms,

Sis0 = g[za +(n— 1)d]

1
= %[2(4) + (150 — 1)(2.5)]
= 75[8 + (149)(2.5)]

— 85[8 + 372.5]

= 75(380.5) = 28537.5

(c) The 80th term is:

a+n—1d =4+ 80— 1)2.5)
=414 (79)2.5)
=4+197.5 = 201.5

Now try the following exercise

Exercise 58 Further problems on

arithmetic progressions

The sum of 15 terms of an arithmetic progres-
sion is 202.5 and the common difference is 2.
Find the first term of the series. [—0.5]

Three numbers are in arithmetic progression.
Their sum is 9 and their product is 20.25.
Determine the three numbers. [1.5,3,4.5]

Find the sum of all the numbers between 5 and
250 which are exactly divisible by 4. [7808]

Find the number of terms of the series 5, 8,
11, ... of which the sum is 1025. [25]

Insert four terms between 5 and 22.5 to form
an arithmetic progression.
[8.5, 12, 15.5, 19]

The 1st, 10th and last terms of an arithmetic
progression are 9, 40.5, and 425.5 respectively.
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Find (a) the number of terms, (b) the sum of
all terms and (c) the 70th term.
[(a) 120 (b) 26070 (c) 250.5]

7. On commencing employment a man is paid a
salary of £7200 per annum and receives annual
increments of £350. Determine his salary in
the 9th year and calculate the total he will have
received in the first 12 years.

[£10 000, £109 500]

8. An oil company bores a hole 80 m deep. Esti-
mate the cost of boring if the cost is £30 for
drilling the first metre with an increase in cost
of £2 per metre for each succeeding metre.

[£8720]

15.4 Geometric progressions

When a sequence has a constant ratio between succes-
sive terms it is called a geometric progression (often
abbreviated to GP). The constant is called the common
ratio, r

Examples include

i) 1,2,4,8, ... where the common ratio is 2

and (ii) a,ar, ar?, ar3, ... where the common ratio

isr
If the first term of a GP is ‘a’ and the common ratio is
r, then
the n’th term is; ar” !
which can be readily checked from the above examples.

For example, the 8th term of the GP 1, 2, 4, 8, ... is
((2)" =128, sincea=1and r=2

Leta GP be a, ar, ar?, ar?, ... ar" !
then the sum of » terms,
Sp=a+ar+ar*+ar+---+a" .. (1)
Multiplying throughout by r gives:
rSy = ar+ar*+ar* +ar*+- - +ar" ' +ar"... (2)
Subtracting equation (2) from equation (1) gives:

S, —rS, =a—ar"

ie. S,(1—r)=a(l—r"

Thus the sum of n terms,

1=
Sn = u which is valid whenr < 1
1—-r)

Subtracting equation (1) from equation (2) gives

_a@ -1

Sy = which is valid whenr > 1
r—1

For example, the sum of the first 8 terms of the GP
1,2,4,8, 16, ... is given by:

128 — 1
Sg=¥ sincea=1andr =2
2-1
1256 — 1
ie. Sg= % =255

When the common ratio » of a GP is less than unity, the
sum of n terms,

a(l —r") . .
S, = ———, which may be written as
(I=r)
S - a ar”
"T -1 (=7

Since, r < 1, " becomes less as n increases,

ie. =0 as n—
ar
Hence —0 as n— oo.
(1—=r)
Thus S, — a as n— o0
(1—=r)
The quantity is called the sum to infinity, S,

and is the limiting value of the sum of an infinite number
of terms,

ie. Soo = which is valid when —1 < r < 1

1-r

For example,

IR
— — ...S
27" !

the sum to infinity of the GP

1 1
Sooz—l,sinceazland r:zi.e.Soo=2

1— =
2
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15.5 Worked problems on geometric Problem 12.  Which term of the series: 2187, 729,
progressions 23 is Lo
> -8 5
Problem 9. Determine the 10th term of the series
3,6,12,24, ... . . . 1
2187, 729, 243, ... is a GP with a common ratio r = 3
and first term a =2187
3, 6, 12, 2.4, ... 1s a geometric progression with a The n'th term of a GP is given by: ar" !
common ratio r of 2.
The n'th term of a GP is ar"~!, where a is the first 1 !
term. Hence the 10th term is: Hence ) = (2187) <§) from which
3)2)'%! = (3)(2)° = 3(512) = 1536 N1 1 1 1y
3 T (9)(2187) 3237 39 \3
Problem 10. Find the sum of the first 7 terms of Thus (n — 1) =9, from which, n=9+1=10
o111 1
the series, —, 1=,4—,13—, ... o1,
272 2 2 ie. 3 is the 10th term of the GP
1 1 1 1
> 15, 45, 135, e Problem 13. Find the sum of the first 9 terms of
the series: 72.0, 57.6, 46.08, . ..
is a GP with a common ratio r =3
1 Th tio,
The sum of n terms, S,, = a(r—l) © common rato
=1 _ar 516
1 1 T a  T20 7
5(37 -1 5(2187 -1 1 5 16,08
H S7 = = = 546- ar .
Problem 11. The first term of a geometric The sum of  terms,
progression is 12 and the Sth term is 55. Determine a(l =" 72.0(1 — 0.8%)
o — _ 72 .
the 8th term and the 11th term 9 a—n 1-08)
72.0(1 —0.1342
The 5th term is given by ar* = 55, where the first term = (T) = 311.7
a=12 ’
4 S5 55 . P .
Hence r* = — = T and Problem 14. Find the sum to infinity of the series
1
3,1, e
55
4
=.]—=1.4631719...
TV
1
The 8th term is 3,1, 3 is a GP of common ratio, r = =
ar’ = (12)(1.4631719...)" = 1723 The sum to infinity,
The 11th term is g -4 _ 3 _3_2_41
10 10 T 1—r 12 27 "2
ar™” = (12)(1.4631719...)" = 539.7 1— 3 3
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Now try the following exercise

Exercise 59 Further problems on
geometric progressions

1. Find the 10th term of the series 5, 10, 20,
40, ... [2560]

2. Determine the sum to the first 7 terms of the
series 0.25, 0.75, 2.25,6.75, . .. [273.25]

3. The first term of a geometric progression is 4
and the 6th term is 128. Determine the 8th and
11th terms. [512, 4096]

4. Find the sum of the first 7 terms of the series
2,5, 125, ... (correct to 4 significant figures).

[812.5]

5. Determine the sum to infinity of the series
4,2,1,.... [8]

1
6. Find the sum to infinity of the series 25,
15

=ll=5 =500
48

15.6 Further worked problems on

geometric progressions

Problem 15. In a geometric progression the 6th
term is 8 times the 3rd term and the sum of the 7th
and 8th terms is 192. Determine (a) the common
ratio, (b) the 1st term, and (c) the sum of the 5th to
11th term, inclusive

(a) Letthe GPbe a, ar, ar?, ar?, ..., ar"!
The 3rd term = ar? and the 6th term = ar>
The 6th term is 8 times the 3rd
Hence ar’ = 8 ar? from which, > =8 and r = /8
i.e. the common ratio r =2
(b) The sum of the 7th and 8th terms is 192. Hence
ar® 4+ ar’ =192. Since r =2, then
64a + 128a = 192
192a = 192,

from which, a, the first term =1

(c) The sum of the 5th to 11th terms (inclusive) is

given by:
_a'' =1 a(t-1)
S =S == T o
et -n 12t -n
T 2-1n  @2-1
="' -D-@*' -1

=211 — 2% — 2408 — 16 = 2032

Problem 16. A hire tool firm finds that their net
return from hiring tools is decreasing by 10% per
annum. If their net gain on a certain tool this year is
£400, find the possible total of all future profits
from this tool (assuming the tool lasts for ever)

The net gain forms a series:
£400 + £400 x 0.9 + £400 x 0.9% + - - -,

which is a GP with a =400 and r =0.9
The sum to infinity,
a 400
(1-r) (1-0.9)

Soo =
= £4000 = total future profits

Problem 17. If £100 is invested at compound
interest of 8% per annum, determine (a) the value
after 10 years, (b) the time, correct to the nearest
year, it takes to reach more than £300

(a) Letthe GPbe a, ar, ar?, ... ar"
The first term a =£100 and
the common ratio r =1.08

Hence the second term is ar = (100)(1.08) = £108,
which is the value after 1 year, the 3rd term is
ar? =(100)(1.08)> = £116.64, which is the value
after 2 years, and so on.

Thus the value after 10 years
=ar'®=(100) (1.08)!° = £215.89

(b) When £300 has been reached, 300 = ar”

ie. 300 = 100(1.08)"
and 3 = (1.08)"

Taking logarithms to base 10 of both sides gives:
lg3 = 1g(1.08)" = n 1g(1.08),
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by the laws of logarithms from which,

1g3
n=—2_ _ 143
1g 1.08

Hence it will take 15 years to reach more than
£300

Problem 18. A drilling machine is to have 6
speeds ranging from 50 rev/min to 750 rev/min. If
the speeds form a geometric progression determine
their values, each correct to the nearest whole
number

Let the GP of n terms by given by a, ar, ar?, ... ar"!

The 1st term a = 50 rev/min.

The 6th term is given by ar®~!, which is 750 rev/min,
ie., ar® =750

750 750
a 50
Thus the common ratio, r = J15=1.7188

from which r° = 15

The 1st term is a = 50 rev/min.

the 2nd term is ar = (50)(1.7188) = 85.94,
the 3rd term is ar? = (50)(1.7188)% = 147.71,
the 4th term is ar® = (50)(1.7188)% =253.89,
the 5th term is ar* = (50)(1.7188)* =436.39,
the 6th term is ar® = (50)(1.7188)° = 750.06.

Hence, correct to the nearest whole number, the 6 speeds
of the drilling machine are: 50, 86, 148, 254, 436 and
750 rev/min.

Now try the following exercise

Exercise 60 Further problems on
geometric progressions

1. In a geometric progression the 5th term is 9
times the 3rd term and the sum of the 6th and
7th terms is 1944. Determine (a) the common
ratio, (b) the 1st term and (c) the sum of the
4th to 10th terms inclusive.

[@)3 (b)2 (c)59022]

2.  Which term of the series 3, 9, 27, .. .18 59 049?
[10th]

3. The value of a lathe originally valued at £3000
depreciates 15% per annum. Calculate its

value after 4 years. The machine is sold when
its value is less than £550. After how many
years is the lathe sold? [£1566, 11 years]

4. If the population of Great Britain is 55 million
and is decreasing at 2.4% per annum, what will
be the population in 5 years time?

[48.71M]

5. 100g of a radioactive substance disintegrates
at a rate of 3% per annum. How much of the
substance is left after 11 years? [71.53 g]

6. If £250 is invested at compound interest of

6% per annum determine (a) the value after

15 years, (b) the time, correct to the nearest
year, it takes to reach £750.

[(a) £599.14 (b) 19 years]

7. A drilling machine is to have 8 speeds rang-
ing from 100 rev/min to 1000 rev/min. If the
speeds form a geometric progression deter-
mine their values, each correct to the nearest
whole number.

100, 139, 193, 268, 373, 518,
720, 1000 rev/min

15.7 Combinations and

permutations

A combination is the number of selections of r differ-
ent items from n distinguishable items when order of
selection is ignored. A combination is denoted by "C,

n
or
r
n

where C,=——
ri(n —r)!

n!

where, for example, 4! denotes 4 x 3 x 2 x | and is
termed ‘factorial 4°.

Thus,
SCy = 5! =5><4><3><2><1
316-3)! @Bx2x1H2x1)
120
= =10
6 x2

For example, the five letters A, B, C, D, E can be
arranged in groups of three as follows: ABC, ABD,
ABE, ACD, ACE, ADE, BCD, BCE, BDE, CDE,
i.e. there are ten groups. The above calculation °Cj
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produces the answer of 10 combinations without having
to list all of them.
A permutation is the number of ways of selecting

Problem 20. Evaluate: (a) °P, (b) °Ps

r < n objects from n distinguishable objects when order @ opy— 6! _ g
of selection is important. A permutation is denoted by 6-2) 4!
"Pyor Py _ 6x5x4x3x2_
where "P, =n(n—D)(n—2)...(n —r+ 1) 4x3x2
9! 9!
! b) °Ps= =—
or  "P, = : " | ® =G5 T
n—r)!
Ix8xTx6x5x4!
4 4 = I 15120
Thus, *Py= — = _ 4t
4—2) 2
= # =12 Now try the following exercise

Exercise 61 Further problems on
permutations and
combinations

Problem 19. Evaluate: (a) 'Cs  (b)!9Cs

@ TC;= 7 _ 7_' Evaluate the following:
4(7—4) 413!
9 3
 Tx6x5x4x3x2 L @ @reh [(2)84 (b)3]
T @4x3x2)(3x2) 2. @°C (b)3Cs [(@) 15 (b)56]
o 19C = 0010 3. (%P, (b)'Py [(a) 12 (b) 840]
T 6(10-6) 64! 4. (a) %P3 (b)3Ps [(a) 720 (b) 6720]
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Chapter 16

The binomial series

16.1 Pascal’s triangle

A binomial expression is one that contains two terms
connected by a plus or minus sign. Thus (p+q),
(a+x)%, (2x+y)3 are examples of binomial expres-
sion. Expanding (a + x)" for integer values of n from 0
to 6 gives the results shown at the bottom of the page.
From the results the following patterns emerge:

(i) ‘a’ decreases in power moving from left to right.
(i) ‘x’ increases in power moving from left to right.

(iii)) The coefficients of each term of the expansions are
symmetrical about the middle coefficient when
n is even and symmetrical about the two middle
coefficients when » is odd.

(iv) The coefficients are shown separately in Table 16.1
and this arrangement is known as Pascal’s tri-
angle. A coefficient of a term may be obtained
by adding the two adjacent coefficients immedi-
ately above in the previous row. This is shown by
the triangles in Table 16.1, where, for example,
14+3=4,10+5=15, and so on.

(v) Pasal’s triangle method is used for expansions of
the form (a + x)" for integer values of 7 less than
about 8

Problem 1. Use the Pascal’s triangle method to

Table 16.1
(a+x)° 1
(a+x)! 1 1
(a+x)? 1 2 1
(a+x)} 1 3 3 1
(a+x)* 1 4 6 4 1

(a+x® 1 5 10 10 5 1

(a+x° 1 6 15 20 15 6 1

From Table 16.1 the row the Pascal’s triangle corre-
sponding to (a4 x)° is as shown in (1) below. Adding
adjacent coefficients gives the coefficients of (a + x)’
as shown in (2) below.

15 6 1 (1)
1 21 35 21 7 1 2)
The first and last terms of the expansion of (a + x)” and
a’ and x” respectively. The powers of ‘a’ decrease and

the powers of ‘x’ increase moving from left to right.
Hence,

(a+x)=d" +7a% + 21a°x>+ 35a*x> + 35a°x*

determine the expansion of (a + x)’ +21a%x5 + Tax® +x7
(a+x)°= 1
(a+x)'= a-+x
(@a+x)2=@+x)(a+x)= a* +2ax +x*
@+xP=@+x*a+x)= a3 +3a%x + 3ax? + 3
(a+x)*=@+x*@a+x) = a* +4a’x + 6a*x* + 4ax® + x*

(a+xP=(a+x)*a+x)=
(a+x)°=@+xP@+x)=

@+ 5a*x +10a3x% + 106253 + 5ax* + x°
a® + 6a°x + 15a*x2 4+ 2043 %3 + 15a%x* + 6ax® + x°
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Problem 2. Determine, using Pascal’s triangle
method, the expansion of (2p — 3q)5

Comparing (2p — 3¢)° with (a4 x)° shows that a =2p
and x = —3¢q

Using Pascal’s triangle method:
(a+x) =a +5a* + 10a°x> + 102> +

Hence

= (2p)’ + 5(2p)*(—3q)
+102p)*(=39)°
+102p)*(—34)
+50p)(=39)* + (=39

ie. (2p —3q)° =32p° — 240p*q + 720p°¢?

—1080p%4> + 810pg* — 2434°

2p - 39)°

Now try the following exercise

Exercise 62 Further problems on Pascal’s
triangle

1. Use Pascal’s triangle to expand (x — y)’
x7 — TxOy +21x5y% — 35x%y3
+35x3y* — 21x%y° + Ty —y7

2. Expand (2a + 3b)’ using Pascal’s triangle.
32a° + 240a*b + 720a°b?
+1080a’b> + 810ab* + 243b°

16.2 The binomial series

The binomial series or binomial theorem is a formula
for raising a binomial expression to any power without
lengthy multiplication. The general binomial expansion
of (a4 x)" is given by:

(a +x)n =a" + nan—lx + n(nZ'_ l)an—2x2
nn—1Dn-2) , 33
+ —3! a °x
O B

where, for example, 3! denote 3 x 2 x | and is termed
‘factorial 3’.

With the binomial theorem n may be a fraction, a
decimal fraction or a positive or negative integer.

In the general expansion of (a + x)" it is noted that the
4th term is:

nin—1)n — 2)an_3x3
3!

The number 3 is very evident in this expression.

For any term in a binomial expansion, say the r’th
term, (r — 1) is very evident. It may therefore be rea-
soned that the r’th term of the expansion (a + x)" is:

nn—1)(n—-2)...to(r — l)termsan_(,,_l)xr_l

r—1!
If a=1 in the binomial expansion of (a + x)" then:
nn-1
A+x)"=1+n +% g
nn—1)(n -2
. ( ) )x3 N

3!
which is valid for -1 <x <1
When x is small compared with 1 then:

1 +x)"~14+nx

16.3 Worked problems on the

binomial series

Problem 3. Use the binomial series to determine
the expansion of (2 + x)’

The binomial expansion is given by:

—1
(a+x)n =a”+na"71x+ %anf%@

Ww—%ﬁ 4.

Whena=2andn="7:

(7)(6)
(2)(1)

(M(6)(5)

453 4
T30 D"

Q24x"=2"+72)° + ———(2)°x*

(MOS)#

(4)(3)(2)(1)
(MOS)HOB) 2%
G)@HB3)2) (1)
(NDOS)HB)?2) 28
(©)S)HH(3)(2)(1)
(NOGC)HBIA)
DEGH@RD)"

(2)3x4
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ie. 2+x)" =128 + 448x + 672x2 + 560x>
+280x* + 84x5 + 14x% + x7

1\3
Problem 4. Expand <c — —> using the
c

binomial series

NN EATCOORYLS
(= 0) =+ (1) + e ()

6x4xacz(_1)3

@AM\ ¢
GHRQ) <_ 1 )4
@AM\ ¢
OIOIOENEY (_ 1 )5
GO@HR®M \ ¢
ie. (c—1)5=05—5c4+10c—9+%—15
c 4 4 4

Problem 5. Without fully expanding (3 +x)’,
determine the fifth term

The r’th term of the expansion (a + x)" is given by:

nn—1mn—2)...to(r—1) Lerms n—¢—1),r-1

r— 1!

Substitutingn=7,a=3 and r — 1 =5—1=4 gives:
(MO (3)7 4yt
@A)

i.e. the fifth term of (3 +x)7 =35(3)°x* = 945x4

10
Problem 6. Find the middle term of (2 — 2—)
q

In the expansion of (a +x)'0 there are 10+ 1, i.e. 11
terms. Hence the middle term is the sixth. Using the
general expression for the r’th term where a=2p,

x=——,n=10and r — 1 =5 gives:
2q

5
A0OSNE) , 105 (_i)
GG 2

1
= 252(32p°) GW)
5

1\10
Hence the middle term of (2q — 2—) is —252p—5
q q

Problem 7. Evaluate (1.002)° using the binomial
theorem correct to (a) 3 decimal places and (b) 7
significant figures

(l—l—)c)”zl—i—nx—}—#x2
—Dn-2
wxu...

(1.002)° = (1 +0.002)°

Substituting x =0.002 and n =9 in the general expan-
sion for (1 4 x)" gives:

(1+0.002)° = 14 9(0.002) + @(0.002)2

@0
O®7) .
0.002 cee
D) i

=14 0.018 4+ 0.000144
+ 0.000000672 + - - -
= 1.018144672...
Hence, (1.002)9 = 1.018, correct to 3 decimal places
= 1.018145, correct to

7 significant figures

Problem 8. Determine the value of (3.039)*,
correct to 6 significant figures using the binomial
theorem

(3.039)* may be written in the form (1 + x)" as:

(3.039)* = (3 + 0.039)*

)

=3%(140.013)*
“3) 2
(1+0.013)* = 14 4(0.013) + ——2(0.013)
@)(1)
HB3)(2)
3)2)(1)
=1+ 0.052 4 0.001014
+ 0.000008788 + - - -
= 1.0530228
correct to 8 significant figures
Hence (3.039)* = 3%(1.0530228)

= 85.2948, correct to
6 significant figures

0.013)> + - -+
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Now try the following exercise

Exercise 63 Further problems on the
binomial series

1. Use the binomial theorem to expand (a + 2x)*
a* + 8ax + 24a%x*
|: +32ax3 + 16x* |
2. Use the binomial theorem to expand (2 — x)°
64 — 192x + 240x> — 160x>]

[ +60x* — 12x° + x5

3. Expand (2x — 3y)*
16x* — 96x%y + 216x%y?]
—216xy°> + 81y*

2 5
4. Determine the expansion of (Zx F —)
X

32x° 4 160x> + 320x + 320
160 32 *
A |
5. Expand (p +2¢)"! as far as the fifth term
p'l +22p'% 4 220p°4?
[ +1320p8¢> + 5280p7¢* |

+

13
6. Determine the sixth term of (3p + g)

[34749 p¥4°]
7. Determine the middle term of (2a — 5b)®
[700 000 a*b*]

8. Use the binomial theorem to determine, cor-
rect to 4 decimal places:
(@) (1.003)® (b) (0.98)7
[(a) 1.0243 (b) 0.8681]

9. Evaluate (4.044)° correct to 3 decimal places.
[4373.880]

16.4 Further worked problems on

the binomial series

Problem 9.

1
(a) Expand m in ascending powers of x as
X

far as the term in x>

, using the binomial series.

(b) State the limits of x for which the expansion
is valid

(a) Using the binomial expansion of (1 4+ x)", where

n=—3 and x is replaced by 2x gives:

m = (1 + 2)6)_3
(=30 + %(2@2
N (—3)(—3' TEE NI

=1 — 6x + 24x% — 80x>+
(b) The expansion is valid provided |2x| < 1,
1

ie. |x] <= or ——<x<=
Il 2 2 2

Problem 10.

(a) Expand in ascending powers of x as

1
(4 —x)?
far as the term in x
theorem.
(b) What are the limits of x for which the
expansion in (a) is true?

3, using the binomial

1 1 1
(@) = =

S T )

Using the expansion of (1 + x)"
1 1 -2
L _1 (1 — ’—C)
4—-x?2 16 4

(D)

=3

L EDEHED (_{)3 n }

+

3! 4

_1 1_|_x_|_3x2_|_x3+
T 16 2 16 16

(b) The expansion in (a) is true provided G‘ <1,
ie. |x|<4 or —-4<x<4
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Problem 11. Use the binomial theorem to expand
/4 + x in ascending powers of x to four terms.
Give the limits of x for which the expansion is valid

Va+x = 4<1+§)
=4 1+§

1

X\ 2

:2(1 —)
*3

Using the expansion of (1 + x)",

1

2(1+3)
[ (5) O+ 220

L UDC12X372) vy +}
4

3!

.X'2 x3
=2(142 - 2— — ...
<+8 128 1024 )

X x2 x3

=24 ...
+4 64+512

This is valid when m <1,

. x
i.e. ‘—’<4 or 4<x<4

Problem 12. Expand in ascending

1
V1 =2t
powers of ¢ as far as the term in #>. State the limits
of ¢ for which the expression is valid

1
JT—2
— (122

=1+ <—l) (—21) + w(—znz

( 1/2)(=3/2)(=5/2)
3
using the expansion for(1 + x)"

(=20 +

3 5
=1+t+ -2+ +...
e SE 0+

The expression is valid when |2¢| < 1,

1 1 1

ie. |tf<=z or ——<t<—

2 2 2
J1=3x/1+x

Problem 13. Simplify given

(1+3)

that powers of x above the first may be neglected

JT=3x/THx
(1+3)

— (1 =301 + 07 (1+§)73

NG R T

when expanded by the binomial theorem as far as the
x term only,

:(1—x)<1+%c> (1-%)

< x 3x> when powers of x higher

I=x+ 2 2 ) than unity are neglected

14+ 2x .
—/——— as a power series
1 —3x

as far as the term in x?. State the range of values of
x for which the series is convergent

Problem 14. Express

V14 2x
J1=3x

(14207 =1+ (1) 2x)
(1/2)( 1/2)

= (142021 —3x)3

2x)* +
'2

=1+x—%+--~ which is valid for

1
2x| < 1, ie. |x| < =
2

(1 =3%)75 = 14 (—1/3)(=3%)
—1/3)(—4/3
L E3EA3) /;(‘ /3 a4
=1+ x +2x> + - -- which is valid for

1
3x] < 1, ie. |x| < 3

www.EngineeringBooksPdf.com



The binomial series 127

0 V1 +2x
ence 31 — 3x 6. Expand (2+3x)7° to three terms. For what
values of x is the expansion valid?
1 1
= (1+20)72(1 — 3x)3 LG g 22 s
64 4
x2 2 2
2
=14 x 422 Fx+x%— r 7. When x is very small show that:
2 1
i ; @ ———F——~1+-x
neglecting terms of higher power than 2 (1—x2J1T—x 2
5 1—2x)
=142+ -x* b (—xwl 10
2 (b) (1= 3x)° + 10x
Lo . 1 1
The series is convergent if —= <x < = ~/1+5x 19
3 3 © 5 ~l4—x
1 —=2x 6
. . 8. If x very small such that x> and higher powers
Now try the following exercise may be neglected, determine the power series
Vx+4 J8—x 31
for —— 4— —x
Exercise 64 Further problems on the 7 (1 +x)3 15

binomial series
9. Express the following as power series in

ascending powers of x as far as the term in
x2. State in each case the range of x for which
the series is valid.

In Problems 1 to 5 expand in ascending powers of x
as far as the term in x3, using the binomial theorem.
State in each case the limits of x for which the series
is valid.

@ I—x ®) (1+4+x) A —3x)?
a
14+x J/ 2
1. L4xtx? 4034 -, <1] i
(1—x) (a) 1—x+§x2, x| <1
2 3 7 1
2 1 1_2x+3x —4x +, (b)l_x_—xz, |x|<_
(14x)2 x| <1 2 3
1
3. ——
@ty . 16.5 Practical problems involvin
L(_3 3 57 : ical pt 9
g ) 2 the binomial theorem
x| <2
inomial expansions may be used for numerical approx-
- Bi ial expansi yb df ical app
4. T x imations, for calculations with small variations and in
sli4 PR N 2 7 probability theory.
4 32 128
|x] <2 i Problem 15. The radius of a cylinder is reduced
by 4% and its height is increased by 2%. Determine
1 the approximate percentage change in (a) its
PP P g g
/T 3x volume and (b) its curved surface area, (neglecting
3 27 , 135 4 the products of small quantities)
S R T
x| < % Volume of cylinder = r2h

Let r and A be the original values of radius and height.
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The new values are 0.96r or (1 —0.04)r and 1.02 h or
(140.02)h
(a) New volume = 7[(1 — 0.04)r]*[(1 + 0.02)A]

= 7r2h(1 — 0.04)2(1 +0.02)

Now (1 —0.04)2 =1 —2(0.04) + (0.04)?

= (1 — 0.08), neglecting powers
of small terms

Hence new volume
~ wr2h(1 —0.08)(1 4 0.02)

~ r’h(1 — 0.08 +0.02), neglecting products
of small terms

~ mtr?h(1 —0.06) or 0.9477r2h, i.e. 94% of the
original volume

Hence the volume is reduced by approxi-
mately 6 %

(b) Curved surface area of cylinder = 2xrh.

New surface area

= 27[(1 — 0.04)r][(1 + 0.02)A]
= 27rh(1 — 0.04)(1 + 0.02)

~ 2nrh(1 — 0.04 4+ 0.02), neglecting products
of small terms

~ 2nrh(1 — 0.02) or 0.98(2nrh), i.e. 98% of the
original surface area

Hence the curved surface area is reduced by
approximately 2%

Problem 16. The second moment of area (3)f a

rectangle through its centroid is given by L

Determine the approximate change in the second
moment of area if b is increased by 3.5% and [ is
reduced by 2.5%

New values of b and [ are (1 + 0.035)b and (1 — 0.025)!/
respectively.
New second moment of area

:%[(1 +0.035)b][(1 — 0.025)/]°

bi? 3
=5 (1+0.035)(1 - 0.025)

b 3
%E(l + 0.035)(1 — 0.075), neglecting powers

of small terms

bl
%E(l + 0.035 — 0.075), neglecting products

of small terms

bl b
%E(l — 0.040) or (0.96)5, i.e. 96% of the

original second moment of area

Hence the second moment of area is reduced by
approximately 4 %

Problem 17. The resonant frequency of a

k
7 where k is

the stiffness and [ is the inertia of the shaft. Use the
binomial theorem to determine the approximate
percentage error in determining the frequency using
the measured values of k and / when the measured
value of k is 4% too large and the measured value
of I is 2% too small

1
vibrating shaft is given by: f = o
b4

Let f, k and I be the true values of frequency, stiffness
and inertia respectively. Since the measured value of
stiffness, k1, is 4% too large, then

k= 2040040k
"Z 700" T '

The measured value of inertia, /1, is 2% too small, hence

98
1 = —I1=(1-0.02)/
1= 100 ( )

The measured value of frequency,

1 [k 1 1
L= ki

D=

f
1

——[(1 + 0.04)K]Z[(1 — 0.02)1]2
2

1 11 11

—— (14 0.04)2k2(1 — 0.02)"21>
2

1
—— k27314 0.04)2(1 — 0.02)"2
2
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ie. fi =f(1+0.08)2(1—0.02)"2

e

~ f(140.02)(1 4+ 0.01)

Neglecting the products of small terms,

fi~(1+0.02+0.01)f ~ 1.03f

Thus the percentage error in f based on the measured
values of k and I is approximately [(1.03)(100) — 100],
i.e. 3% too large

Now try the following exercise

Exercise 65 Further practical problems

involving the binomial theorem

Pressure p and volume v are related by
pv® =c, where ¢ is a constant. Determine the
approximate percentage change in ¢ when p
is increased by 3% and v decreased by 1.2%.

[0.6% decrease]

Kinetic energy is given by %mvz. Determine
the approximate change in the kinetic energy
when mass m is increased by 2.5% and the
velocity v is reduced by 3%.

[3.5% decrease]

An error of 41.5% was made when measuring
the radius of a sphere. Ignoring the products
of small quantities determine the approximate
error in calculating (a) the volume, and (b) the
surface area.

[(a) 4.5% increase (b) 3.0% increase]

The power developed by an engine is given
by I =k PLAN, where £ is a constant. Deter-
mine the approximate percentage change in
the power when P and A are each increased
by 2.5% and L and N are each decreased by
1.4%. [2.2% increase]

The radius of a cone is increased by 2.7%
and its height reduced by 0.9%. Determine the
approximate percentage change in its volume,
neglecting the products of small terms.

[4.5% increase]

10.

11.

12.

The electric field strength H due to a magnet
of length 2/ and moment M at a point on its
axis distance x from the centre is given by:

g M 1
_Z{(x—l)Z _(x+l)2}

Show that is / is very small compared with x,

2M
then H ~ e
B

The shear stress T in a shaft of diameter

D under a torque T is given by: t= e
b1

Determine the approximate percentage error

in calculating t if T is measured 3% too small

and D 1.5% too large. [7.5% decrease]

The energy W stored in a flywheel is given
by: W =kr°N2, where k is a constant, r is
the radius and N the number of revolutions.
Determine the approximate percentage change
in W when r is increased by 1.3% and N is
decreased by 2%. [2.5% increase]

In a series electrical circuit containing induc-
tance L and capacitance C the resonant fre-

quency is given by: f; = 2— If the values

54
of L and C used in the calculation are 2.6% too
large and 0.8% too small respectively, deter-
mine the approximate percentage error in the
frequency. [0.9% too small]
o o kr
The viscosity n of aliquid is given by: n = R
v
where k is a constant. If there is an error in r
of +2%, in v of +4% and [ of —3%, what is
the resultant error in n? [+7%]

A magnetic pole, distance x from the plane of
a coil of radius r, and on the axis of the coil, is
subject to a force F when a current flows in the

kx
V(2 +x2)3
where k is a constant. Use the binomial theo-
rem to show that when x is small compared to

r,then F~ — — %

’ s 2r7

The flow of water through a pipe is given by:
BdyH

coil. The force is given by: F =

G= . If d decreases by 2% and H by

1%, use the binomial theorem to estimate the
decrease in G. [5.5%]
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Chapter 17

Solving equations by
iterative methods

17.1 Introduction to iterative

methods

Many equations can only be solved graphically or
by methods of successive approximation to the roots,
called iterative methods. Three methods of successive
approximations are (i) by using the Newton-Raphson
formula, given in Section 16.2, (ii) the bisection meth-
ods, and (iii) an algebraic methods. The latter two meth-
ods are discussed in Higher Engineering Mathematics,
[ifth edition.

Each successive approximation method relies on a
reasonably good first estimate of the value of a root
begin made. One way of determining this is to sketch a
graph of the function, say y =f(x), and determine the
approximate values of roots from the points where the
graph cuts the x-axis. Another way is by using a func-
tional notation method. This method uses the property
that the value of the graph of f(x) =0 changes sign for
values of x just before and just after the value of a root.
For example, one root of the equation X2 —x—6=0is
x=3.

Using functional notation:

f(x):xz—x—6
f@)=22-2-6=—4
f@) =4 —4—=+6

It can be seen from these results that the value of f(x)
changes from —4 at f(2) to +6 at f(4), indicating that
aroot lies between 2 and 4. This is shown more clearly
in Fig. 17.1.

g
8
R e e f(x)=x?>—x—6
4
e s
—2NHH0 4
g

Figure 17.1

17.2 The Newton-Raphson method

The Newton—Raphson formula, often just referred to as
Newton’s method, may be stated as follows:

if r1 is the approximate value of a real root of the
equation f(x) =0, then a closer approximation to the
root ry is given by:

AU

f'r1)

The advantages of Newton’s method over other
methods of successive approximations is that it can
be used for any type of mathematical equation (i.e.
ones containing trigonometric, exponential, logarith-
mic, hyperbolic and algebraic functions), and it is
usually easier to apply than other methods. The method
is demonstrated in the following worked problems.

ra=ry
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17.3 Worked problems on the

Newton-Raphson method

Problem 1. Use Newton’s method to determine
the positive root of the quadratic equation

5x2 + 11x — 17 =0, correct to 3 significant figures.
Check the value of the root by using the quadratic
formula.

The functional notation method is used to determine the
first approximation to the root:

fx)=5x2 +11x — 17

£0) =5(0)* +11(0) — 17 = —17
(=512 +11(1)—17=—1
f2) =52 +11(2) — 17 =25

This shows that the value of the root is close to x =1
Let the first approximation to the root, r1, be 1. Newton’s
formula states that a closer approximation,

ALY
f(r)
fx) =5x* +11x — 17, thus,
f(r) = 5(r)* + 11(r) — 17
=512 +11(1)—17 = —1

n=n

f'(x) is the differential coefficient of f(x), i.e.
f'(x)=10x + 11 (see Chapter 42). Thus
fr)=10(r)+11=10(1)+11=21

By Newton’s formula, a better approximation to the
root is:

—1
rzzl—ﬁzl—(—0.048)=l.05,

correct to 3 significant figures

A still better approximation to the root, r3, is given by:

_ )
f'(r2)
[5(1.05)% 4 11(1.05) — 17]
[10(1.05) + 11]

r3=rn

=1.05—-

21.5
= 1.05 — 0.003 = 1.047,

i.e. 1.05, correct to 3 significant figures.

Since the value of r, and r3 are the same when
expressed to the required degree of accuracy, the
required root is 1.05, correct to 3 significant figures.

Checking, using the quadratic equation formula,

—11 £ /121 —4(5)(—17)
X =
2)(5)
_ —114£2147
N 10

The positive root is 1.047, i.e. 1.05, correct to 3
significant figures

Problem 2. Taking the first approximation as 2,
determine the root of the equation

x% — 3 sinx +2In(x 4+ 1) = 3.5, correct to 3
significant figures, by using Netwon’s method

Newton’s formula state that r, =r; — /—),
. o HGYS
is a first approximation to the root and r; is a better
approximation to the root.
Since fr=x*>—=3sinx+2In(x+1)—3.5
fr)=f2)=2%>—3sin2+2In3 — 3.5,
where sin 2 means the sin of 2 radians

=4-2.7279 4+ 2.1972 — 3.5 = —0.0307

f'x =2x —3cosx +

x+1
flr)=f'2) = 2(2)—300s2+§

=44 1.2484 4+ 0.6667 = 5.9151

Hence,
o — f(r)
f@r)
=2 —0.0307 _ 2.005 or 2.01,
5.9151

correct to 3 significant figures.

A still better approximation to the root, r3, is given by:

_ f(r2)
BERT P
5005 [2:005? — 35in2.005 + 21n3.005 — 3.5
2(2.005) — 3¢082.005 + ————
[( ) = 3cos +2.005+1}
(—0.00104)

—2.005 — " _ 5 005 4 0.000175

5.9376 +

i.e. r3 = 2.01, correct to 3 significant figures.
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Since the values of r, and r3 are the same when
expressed to the required degree of accuracy, then the
required root is 2.01, correct to 3 significant figures.

Problem 3. Use Newton’s method to find the
positive root of:

(x + 4)3 — e 4 5¢0s %C =09,
correct to 3 significant figures

The function notational method is used to determine the
approximate value of the root:

f(x)=(x+4)3—el'92x+5005§—9
FO)=(0+4)> —e”+5c0s0 —9 =59

1
f(1)=53—el‘92+500s§—9%114

2
f(2)=63—e3‘84+5c0s§—9% 164
fR) =7 -7 +5c0s1 -9~ 19

4
f4 =8 —e7'68+500s§ — 9~ —1660

From these results, let a first approximation to the root
be r; =3.

Newton’s formula states that a better approximation
to the root,

ry =y — VAGY)
EGY;
fr)=f3) =7 - +5c0s1 -9
=19.35

F/(x) = 3(x +4)> — 19219 —

5 . x
—sin —
3 3

Fr) =1'(3) =37 — 1.92¢>76 — g sin 1

= —463.7
19.35
Thus, r3=3- =3+40.042=3.042=3.04,
—463.7
correct to 3 significant figures
3.042
Similarly, r3 =3.042 — f(—)
f/(3.042)
—1.14
=3.042 — 1146
(=513.1)

= 3.042 — 0.0022 = 3.0398 = 3.04,

correct to 3 significant figures.

Since r, and r3 are the same when expressed to the
required degree of accuracy, then the required root is
3.04, correct to 3 significant figures.

Now try the following exercise

Exercise 66 Further problems on Newton’s
method

In Problems 1 to 7, use Newton’s method to solve
the equations given to the accuracy stated.

1. x2—2x—13=0, correct to 3 decimal places.

[—2.742, 4.742]

2. 3x3—10x=14,
figures.

correct to 4 significant
[2.313]

3. x*—3x34+7x—12=0, correct to 3 decimal
places. [—1.721, 2.648]

4. 3x*—4x3 +7x=12, correct to 3 decimal
places. [—1.386, 1.491]

5. 31Inx+44x=35, correct to 3 decimal places.
[1.147]

6. x> =5cos2x, correct to 3 significant figures.
[—1.693, —0.846, 0.744]

0
7. 300e 20 + §=6, correct to 3 significant

figures. [2.05]

8. A Fourier analysis of the instantaneous
value of a waveform can be represented by:

— =
S S

Use Newton’s method to determine the value
of ¢ near to 0.04, correct to 4 decimal places,
when the amplitude, y, is 0.880 [0.0399]

9. A damped oscillation of a system is given by
the equation: y = —7.4¢% sin 3¢. Determine
the value of 7 near to 4.2, correct to 3 sig-
nificant figure, when the magnitude y of the
oscillation is zero. [4.19]
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Revision Test 4

This Revision test covers the material contained in Chapters 14 to 17. The marks for each question are shown in
brackets at the end of each question.

1.

Evaluate the following, each correct to 4 signifi-
cant figures:

5(6’_2'73 _ 1)

—0.683

(@)e (b) T8 3)

Expand xe3* to six terms (®)]
1 ,—1.2x

Plot a graph of y = 5e over the range x = —2
to x = +1 and hence determine, correct to 1 deci-
mal place, (a) the value of y when x = —0.75, and
(b) the value of x when y =4.0. (6)

Evaluate the following, each correct to 3 decimal
places:
In3.68 — In2.91
In0.0753 (b) ——— 2

(@) In (b) 163 2
Two quantities x and y are related by the equation
y=ae‘k", where a and k are constants. Deter-
mine, correct to 1 decimal place, the value of y
when a =2.114, k = —3.20 and x = 1.429 3)

Determine the 20th term of the series 15.6, 15,
14.4,13.8,... 3

The sum of 13 terms of an arithmetic progression
is 286 and the common difference is 3. Determine
the first term of the series. (@]

Determine the 11th term of the series 1.5, 3,
6,12,... (@)

10.

11.

12.

13.

A machine is to have seven speeds ranging from
25rev/min to 500rev/min. If the speeds form
a geometric progression, determine their value,
each correct to the nearest whole number. (8)

Use the binomial series to expand
(2a — 3b)° (7)

Expand the following in ascending powers of ¢ as
far as the term in 73

1 1
a b
()1+t ( )«/1—3t
For each case, state the limits for which the
expansion is valid. (10)
R*

The modulus of rigidity G is given by G = —

where R is the radius, 6 the angle of twist and L
the length. Find the approximate percentage error
in G when R is measured 1.5% too large, 0 is
measure 3% too small and L is measured 1% too
small. (6)

The solution to a differential equation associated
with the path taken by a projectile for which the
resistance to motion is proportional to the velocity
is given by: y=2.5(¢* —e ") +x —25

Use Newton’s method to determine the value of x,
correct to 2 decimal places, for which the value of
y is zero. (11)
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Multiple choice questions on Chapters 1-17

All questions have only one correct answer (answers on page 570).

1.

The relationship between the temperature in
degrees Fahrenheit (F) and the temperature in
degrees Celsius (C) is given by: F=%C+32.
135°F is equivalent to:

(a) 43°C

(c) 185.4°C (d) 184°C

%
Transposing I = R for resistance R gives:

Vv
(b) -

@IlI-V 7

© <
K

11 mm expressed as a percentage of 41 mm is:

(a) 2.68, correct to 3 significant figures

12.

(b) 2.6, correct to 2 significant figures
(c) 26.83, correct to 2 decimal places

(d) 0.2682, correct to 4 decimal places

When two resistors R; and R, are connected in par-

1 1 1

allel the formula — = R + — 1is used to deter-
T 1 2

mine the total resistance Ryp. If Ry =470 and

Ry =2.7k2, Ry (correct to 3 significant figures)
is equal to:

(a) 2.68 2
() 473Q

(b) 400 ©
(d) 3170 ©

1%+1%+ 2%—%isequalto: 14.

@12 2 (©2%

Transposing v=fA to make wavelength A the
subject gives:

@13

15.

f

(b)v+f ()=
v

-3
The value of P 1 is equal to:

(@} ©f—v

16.

@l ®»2 ©-3 @3

Four engineers can complete a task in 5 hours.
Assuming the rate of work remains constant, six
engineers will complete the task in:

17.

(a) 126h
(¢) 3h 20 min

(b) 4h 48 min
(d) 7h 30 min

9.

(b) 57.2°C 10.

(d) VI 11.

13.

4
1
In an engineering equation ¥ =5 The value of
ris:
@-6 ®2 (©6 (@-2
Transposing the formula R = Ry(1 + a¢) for ¢ gives:
R—Ry R—Ry—1
a b) ——
(@ (I+a) ® o
(o 2=t @ =
C —
O[R() Root

2x% — (x — xy) — x(2y — x) simplifies to:

(@ x@Bx—1—y)
©) x(xy—y—1)

(b) x> — 3xy —xy
(d) 3x> —x +xy
The current / in an a.c. circuit is given by:
1%
N
When R=4.8, X =10.5 and I =15, the value of
voltage V is:

(a) 173.18
(c) 0.98

(b) 1.30
(d) 229.50

The height s of a mass projected vertically upwards
at time ¢ is given by: s = ut — Egtz. When g =10,
t=1.5 and s = 3.75, the value of u is:

@10 (-5 (45 (@ —10

The quantity of heat Q is given by the formula
Q=mc(t) —t;). When m=5, t; =20, c=8 and
0 = 1200, the value of 7, is:

(a) 10 (b) 1.5 (c)21.5 (d) 50

When p=3, g= —% and r = —2, the engineering
expression 2p*¢°>r* is equal to:

(a) =36 (b) 1296 (c) 36 (d) 18

[
Electrical resistance R = '0—; transposing this equa-
a

tion for [ gives:

Ra R a pa
@7 @5 @5 @ &
% = 143—1 is equal to:

@2 O®lgx ©l% (@21
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18.

19.

20.

21.

22.

23.

24.

25.

26.

(2e — 3f)(e +f) is equal to:

(a) 2¢2 — 3f?
(c) 2¢% + 32

(b) 2¢* — Sef — 3f?
(d) 2¢* — ef —3f2

The solution of the simultaneous equations
3x—2y=13and 2x + 5y = —4 is:

(@Qx=-2,y=3 b)x=1,y=-5
©x=3,y=-2 Dx=-7,y=2
1673/% is equal to:

1 1
@8 (b -3 ©4 @ 3

A formula for the focal length f of a convex lens is

1 1 1
—=—+4+—.Whenf=4and u=6, vis:
f u v

@-—2 b5 @12 @-3

57.06 x 0.0711
+/0.0635

statements is correct?

Ifx= cm, which of the following

(a) x =16 cm, correct to 2 significant figures
(b) x =16.09 cm, correct to 4 significant figures
(c)x=1.61x 10! c¢m, correct to 3 decimal places

(d) x =16.099 cm, correct to 3 decimal places

mass

Volume = 3 . The density (in kg/m®) when

ensity
the mass is 2.532 kg and the volume is 162 cm? is:

(a) 0.01563 kg/m>
(c) 15630kg/m>

(b) 410.2 kg/m?
(d) 64.0kg/m3

(5.5x 102 x 10®)cm  in standard form is
equal to:

(b) 1.1 x 10 cm
(d) 1.1 x 10° cm

(@) 11 x 10° cm
(c) 11 x 10° cm

PV =mRT is the characteristic gas equation. When
P =100 x 10°, V =4.0, R=288 and T = 300, the
value of m is:

(a) 4.630 (b) 313600
(c)0.216 (d) 100592
log;¢ 8 is equal to:

@i ®M44 ©3F (@:2

217.

28.

29.

30.

31.

32.

33.

34.

35.

The quadratic equation in x whose roots are —2 and
+5 is:

) x2+7x+10=0
(dxr=Tx—10=0

(@x2—3x—10=0
() x2+3x—10=0

The area A of a triangular piece of land of
sides a, b and c¢ may be calculated using

A= ./s(s —a)(s — b)(s — c) where s = #.

When a=15m, b=11m and ¢ =8 m, the area,
correct to the nearest square metre, is:

(a) 1836 m? (b) 648 m?
(c) 445 m? (d) 43 m?
iy L . (16 x4)? it
€ engineering expression —— —— 1S equal to:
g g exp 8x2)F s
_4 1
@4 (b2 (© 7 @t

In a system of pulleys, the effort P required to raise
a load W is given by P=aW 4 b, where a and b
are constants. If W =40 when P =12 and W =90
when P =22, the values of a and b are:

@a=50b=1
(©a=1b=-8

(bya=1,b=-28
(da=1b=4

1 2
(16~ 4 — 27 3) is equal to:

@5 -7 ©I1F (-8
Resistance R ohms varies with temperature ¢
according to the formula R = Ry(1 + «t). Given

R=21Q,2a=0.004 and t = 100, R has a value of:

(2)21.4Q
) 15Q

(b)29.4
(d) 0.067

(p+x)* =p* +4p>x + 6p2x> + 4px3 + x*. Using
Pascal’s triangle, the third term of (p + x)° is:

(a) 10p%x3
() 5p°x?

(b) 5p‘x
(d) 10p3x?

The value of £ of (43 —31)+5+ & — 1 is:

@174  (®80F (0161  (d)88
log, % is equal to:
@-3 ®3 @©3 @1l6
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37.

38.

39.

40.

41.

42.

43.

In2

The value of n—, correct to 3 significant
elg?2

figures, is:

(a) 0.0588 (b) 0.312

(c) 17.0 (d) 3.209

8x% + 13x — 6 = (x + p)(gx — 3). The values of p
and g are:

(@p=-2,q=4 b)p=3,q=2
©p=2,9=38 dp=1,9g=38
If log, x =3 then:

(@) x=8 (b)x=3
©x=9 d)x=12

The pressure p Pascals at height 7 metres above
ground level is given by p = poe~"/¥, where py is
the pressure at ground level and k is a constant.
When pg is 1.01 x 10’ Pa and the pressure at a
height of 1500 m is 9.90 x 10* Pa, the value of k,
correct to 3 significant figures is:

(a) 1.33 x 1077
(c) 173 000

(b) 75000
(d) 197

The fifth term of an arithmetic progression is 18
and the twelfth term is 46.

The eighteenth term is:

(a)72 (b) 74 (c) 68 (d) 70

The height S metres of a mass thrown verti-
cally upwards at time ¢ seconds is given by
S =801 — 16¢>. To reach a height of 50 metres on

the descent will take the mass:

(a) 0.73s
(c)4.27s

(b) 5.565
(d)81.77s

(2x — y)? is equal to:

(b) 2x% — 2xy +y?
(d) 4x% — 4xy +y?

(a) 4x% +y?
(€) 4x* —y?

The final length /; of a piece of wire heated
through 6°Cis given by the formulal, = /1 (1 + o).
Transposing, the coefficient of expansion « is
given by:

44.

45.

46.

47.

48.

49.

1 bL—1
- b
0 ®) Lo

Lh—10Db

;16

153
(a) E -

©b—l—hLo (d)

The roots of the quadratic equation
8x? 4+ 10x — 3=0 are:

(b) 4 and %
(d) % and —4

(a) —A—lt and %

(©) —% and }‘

The current i amperes flowing in a capacitor at time
t seconds is given by i=10(1 —e~"/CR), where
resistance R is 25 x 10> ohms and capacitance
C is 16 x 107® farads. When current i reaches 7
amperes, the time 7 is:

(a) —0.48s (b) 0.14 s
(c)0.21s (d) 0.48s
3.671In21.28
The value of %, correct to 4 significant
0.
figures, is:
(a) 9.289 (b) 13.56
(c) 13.5566 (d) —3.844 x 10°

The volume V; of a material when the temperature
is increased is given by Vo =V [l + y(t2 —11)].
The value of , when Vo =61.5cm?, V; = 60 cm?,
y =754 x 107% and 1; =250 is:

(a) 213
() 713

(b) 463
(d) 28028

A formula used for calculating the resistance of a

[
cable is R= ,0_ A cable’s resistance R =0.50 €2,

a
its length / is 5000m and its cross-sectional
area a is 4 x 107*m?. The resistivity p of the
material is:

(2) 6.25 x 107 Qm
(€) 2.5 x 107 Qm

(b)4 x 1078 Qm
(d)32%x 1077 Qm

2.9
In the equation 5.0=3.0In (—), x has a value
X

correct to 3 significant figures of:

(a) 1.59
(c) 0.548

(b) 0.392
(d) 0.0625
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50.

51.

52.

53.

54.

55.

Current / in an electrical circuit is given by

—e
I = —— . Transposing for R gives:
R+r P & &

E—e—1Ir E—e
BE=— G
E—e
©)(E—-e)+r) (d I
=
(Vx)(3/?)(x?y) is equal to:
@ /() (b) x¥2y5/2

() xy*/2 (d) xy/y3

The roots of the quadratic equation 2x> — 5x 4+ 1 =0,
correct to 2 decimal places, are:

(a) —0.22 and —2.28
(c) 0.19 and —2.69

(b) 2.69 and —0.19
(d) 2.28 and 0.22

[
Transposing ¢ =2m \/j for g gives:
8

_ 2
(a) w (b) <2_7T> 12
[ t
t
V2r 4%l
2 ORa

log; 9 is equal to:

@3 27 ©5 (D2

The second moment of area of a rectangle through
13
its centroid is given by TR

Using the binomial theorem, the approximate per-
centage change in the second moment of area if b
is increased by 3% and [ is reduced by 2% is:

(a) —6% (b) +1% (©) +3% (d) —3%

56.

57.

58.

59.

60.

61.

62.

The equation x* — 3x> — 3x + 1 =0 has:

(b) 2 real roots
(d) 4 real roots

(a) 1 real root
(c) 3 real roots

The motion of a particle in an electrostatic field is
described by the equation y = x> + 3x% 4 5x — 28.
When x =2, y is approximately zero. Using one
iteration of the Newton—Raphson method, a better
approximation (correct to 2 decimal places) is:

(a) 1.89 (b) 2.07 (c)2.11 (d) 1.93

In hexadecimal, the decimal number 123 is:

(a) 1111011
() 173

(b) 123
(d) 7B

6x2 — 5x — 6 divided by 2x — 3 gives:

(a)2x—1
(©)3x—2

(b) 3x+2
(d)6x+1

The first term of a geometric progression is 9 and
the fourth term is 45. The eighth term is:

(a) 225 (b) 150.5
(c) 384.7 (d) 657.9
3t
The solution of the inequality + <lis
r+1
@t>-21 (b)—1<t=<3
()t <—1 d—3<t=1

The solution of the inequality x> —x —2 <0 is:

@l<x<-2 b)x>2

©)—1<x<2 dx<-—1
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Chapter 18

Areas of plane figures

18.1 Mensuration

Mensuration is a branch of mathematics concerned
with the determination of lengths, areas and volumes.

18.2 Properties of quadrilaterals

Polygon

A polygon is a closed plane figure bounded by straight
lines. A polygon, which has:

(1) 3 sides is called a triangle
(ii) 4 sides is called a quadrilateral
(iii) 5 sides is called a pentagon
(iv) 6 sides is called a hexagon
(v) 7 sides is called a heptagon
(vi) 8 sides is called an octagon

There are five types of quadrilateral, these being:

(i) rectangle

(ii) square
(iii) parallelogram
(iv) rhombus

(v) trapezium

(The properties of these are given below).

If the opposite corners of any quadrilateral are joined
by a straight line, two triangles are produced. Since the
sum of the angles of a triangle is 180°, the sum of the
angles of a quadrilateral is 360°.

In a rectangle, shown in Fig. 18.1:

(i) all four angles are right angles,
(i) opposite sides are parallel and equal in length, and
(iii)) diagonalsAC and BD are equal in length and bisect
one another.

Figure 18.1

In a square, shown in Fig. 18.2:

(i) all four angles are right angles,
(i) opposite sides are parallel,
(iii) all four sides are equal in length, and
(iv) diagonals PR and QS are equal in length and bisect
one another at right angles.

Figure 18.2
In a parallelogram, shown in Fig. 18.3:

Figure 18.3

(i) opposite angles are equal,
(i) opposite sides are parallel and equal in length, and
(iii) diagonals WY and XZ bisect one another.

In a rhombus, shown in Fig. 18.4:

(i) opposite angles are equal,
(ii) opposite angles are bisected by a diagonal,
(iii) opposite sides are parallel,
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Table 18.1 (Continued)
(vii) Semicircle 9y rene L2 or nd?

Sy

. 2
Figure 18.4 (viii) Sector of @\ Area = ) or
i a circle 1% (0 in rads)

@iv) all four sides are equal in length, and
(v) diagonals AC and BD bisect one another at right

angles. (ix) Ellipse ‘ Area=rab
. R . Perimeter

In a trapezium, shown in Fig. 18.5:
~n(a+b)

(@]
[ e
=
—
O
(<B]
(Vo)

(i) only one pair of sides is parallel

Problem 1. State the types of quadrilateral shown

Q in Fig. 18.6 and determine the angles marked a to /

Figure 18.5

18.3 Worked problems on areas of

plane figures
Table 18.1 summarises the areas of common plane
figures.
Table 18.1
(i) Square & Area = x?
X
L
(ii) Rectangle 1y Area=1xb Figure 18.6

T
(iii) ABCD is a square

(iii) Parallelogram “h Area=b x h The diagonals of a square bisect each of the right
/ 4 angles, hence

b
90° o
(iv) Triangle i : Area=1 xbxh ‘= 2 45
(ii) EFGH is a rectangle
b In triangle FGH, 40° 4-90° + b = 180° (angles in
(v) Trapezium a Area— % @+bh a triangle add up to 180°) from which, b =50°.

Also ¢ =40° (alternate angles between parallel
h lines EF and HG).
. .

(Alternatively, b and ¢ are complementary, i.e.

add up to 90°)
(658 Chirells ' Area = 772 or 7T_dz d =90° 4 ¢ (external angle of a triangle equals
h 4 the sum of the interior opposite angles), hence

d =90° +40° = 130°
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(iii)

(iv)

(v)

JKLM is a rhombus

The diagonals of a rhombus bisect the interior
angles and opposite internal angles are equal.
Thus ZJKM = ZMKL = /JMK = ZLMK =30°,
hence, e = 30°

In triangle KLM, 30°+ ZKLM +30°=180°
(angles in a triangle add up to 180°), hence
ZKLM =120°.

The diagonal JL bisects ZKLM, hence

120°
f= 2

= 60°

NOPQ is a parallelogram

g = 52° (since opposite interior angles of a paral-
lelogram are equal).

In triangle NOQ, g + h 4 65° = 180° (angles in a
triangle add up to 180°), from which,

h =180° — 65° — 52° = 63°

i =65° (alternate angles between parallel lines
NQ and OP).

J=52°4i=52°465° =117° (external angle of
a triangle equals the sum of the interior opposite
angles).

RSTU is a trapezium

35° 4+ k =75° (external angle of a triangle equals
the sum of the interior opposite angles), hence
k=40°

/STR =135° (alternate angles between parallel
lines RU and ST).

I 4+ 35° =115° (external angle of a triangle equals
the sum of the interior opposite angles), hence

1 =115°—-35°=80°

Problem 2. A rectangular tray is 820 mm long

and 400 mm wide. Find its area in (a) mm~,

2

(b) cm?, (c) m2

(a) Area = length x width = 820 x 400

(b)

(©)

= 328 000 mm?

1 cm? = 100 mm?2. Hence

328000

2 2
= 2
100 cm 3280 cm

328 000 mm?

1 m? = 10000 cm?. Hence

3280
3280cm? = ——— m? = 0.3280 m?
10000

Problem 3. Find (a) the cross-sectional area of
the girder shown in Fig. 18.7(a) and (b) the area of
the path shown in Fig. 18.7(b)

50 mm

5mm 25m

—» [—2m

20m

~
o
=
=

A

) 4

(a) (b)
Figure 18.7

(a) The girder may be divided into three separate
rectangles as shown.

Area of rectangle A = 50 x 5 = 250 mm?
Area of rectangle B=(75—-8 —5) x 6

=62 x 6 = 372 mm?
Area of rectangle C = 70 x 8 = 560 mm?

Total area of girder = 250 +372 +560 = 1182 mm?>
or 11.82 cm?

(b) Area of path=area of large rectangle — area of
small rectangle

=(25 x 20) — (21 x 16) =500 — 336
=164 m?

Problem 4. Find the area of the parallelogram
shown in Fig. 18.8 (dimensions are in mm)

A B

15 h

D¢ 25 »C E
B 34

Figure 18.8

Area of parallelogram = base x perpendicular height.
The perpendicular height % is found using Pythagoras’
theorem.

BC? = CE* + W?
ie. 152 =(34-25%+n
W =152 —92=225—81 = 144
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144  Engineering Mathematics

Hence, h = +/144 = 12 mm (—12 can be neglected).
Hence, area of ABCD =25 x 12 =300 mm?

Problem 5. Figure 18.9 shows the gable end of a
building. Determine the area of brickwork in the

gable end
A
Ey AL
By h
(o

Figure 18.9

The shape is that of a rectangle and a triangle.
Area of rectangle =6 x 8 =48 m?
Area of triangle = % x base x height.

CD=4m, AD=5m, hence AC =3 m (since it is a 3,
4, 5 triangle).

Hence, area of triangle ABD = % x 8 x3=12m?

Total area of brickwork = 48 + 12 = 60 m?

Problem 6. Determine the area of the shape
shown in Fig. 18.10

27.4mm

5.5 mml:_

8.6 mm

Figure 18.10

The shape shown is a trapezium.

Area of trapezium

1
=5 (sum of parallel sides)(perpendicular
distance between them)

- %(27.4 +8.6)(5.5)

1
=3 x 36 x 5.5 = 99 mm?>

Now try the following exercise

Exercise 67 Further problems on areas of
plane figures

1. A rectangular plate is 85 mm long and 42 mm
wide. Find its area in square centimetres.
[35.7 cm?]

2. A rectangular field has an area of 1.2 hectares
and a length of 150m. Find (a) its width
and (b) the length of a diagonal (1 hectare
= 10000 m?).

[(a) 80m (b) 170 m]

3. Determine the area of each of the angle iron
sections shown in Fig. 18.11.

[(a)29cm?  (b) 650 mm?2]
L4 ]
7cm
30 mm
1) 2000
1cm c _E;_mm
E —1
0 10 mm _L
6 mm
2cm 1ecm  2cm 50 mm 1
(a) (b)

Figure 18.11

4. A rectangular garden measures 40 m by 15 m.
A 1m flower border is made round the two
shorter sides and one long side. A circular
swimming pool of diameter 8 m is constructed
in the middle of the garden. Find, correct to
the nearest square metre, the area remaining.

[482m?]

5. The area of a trapezium is 13.5cm? and the
perpendicular distance between its parallel
sides is 3 cm. If the length of one of the paral-
lel sides is 5.6 cm, find the length of the other
parallel side. [3.4cm]

6. Find the angles p, ¢, r, s and ¢ in Fig. 18.12(a)
to (c).
p =105°, g =35°, r = 142°,
s =95° t = 146°
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(1250
) GA
95°
<z O
()

(b)

Figure 18.12

7. Name the types of quadrilateral shown in Fig.
18.13(1) to (iv), and determine (a) the area,
and (b) the perimeter of each.

(i) rhombus (a) 14 cm? (b) 16 cm

(ii) parallelogram (a) 180 cm? (b) 80 mm
(iii) rectangle (a) 3600 mm? (b) 300 mm
(iv) trapezium (a) 190 cm? (b) 62.91 cm

120 mm
6{2;" ISO mm
ey N (i
- £ E E 26 cm )
o o £ T ~ 1
['e} ™M oo} Cd
~ @ 0
f— 10cm
594cm
N

i) (i) _ﬁj

16 cm

(iv)

Figure 18.13
8. Calculate the area of the steel plate shown in

Fig. 18.14 [6750 mm?]

25 )

Lz—s

Dimensions
In mm
100
25
60 N

! 140

Figure 18.14

18.4 Further worked problems on

areas of plane figures

Problem 7. Find the areas of the circles having
(a) aradius of 5 cm, (b) a diameter of 15 mm,
(c) a circumference of 70 mm

wd?

201'—
4

Area of a circle =nrr

(a) Area=nr?=mn(5)?%=257="78.54 cm>

d? 15)? _ 225
b) Area= T4 MU _ 25T o m?
4 4
(¢) Circumference, c = 2nr, hence
c 70 35
y=— = —_
21 2;1 T
35 35%
Area of circcle=nr2 =7 ( ) =—
T T
= 389.9 mm? or 3.899 cm?

Problem 8. Calculate the areas of the following
sectors of circles having:

(a) radius 6 cm with angle subtended at centre 50°

(b) diameter 80 mm with angle subtended at
centre 107°42’

(c) radius 8 cm with angle subtended at centre
1.15 radians

2
Area of sector of a circle = R(nr )

1
or §r29 (0 in radians).

(a) Area of sector

50 x T x 36

76%) = =5
360( )= ""360 i

= 15.71 cm?

(b) If diameter = 80 mm, then radius, r =40 mm, and
area of sector

10742’ 1072
— 40%) = —60 (77402
360 0D = g (140D

1077
- 360

(740%) = 1504 mm?> or 15.04 cm?
(c) Area of sector = %r29 =1 x8 x 115
=36.8 cm?

Problem 9. A hollow shaft has an outside
diameter of 5.45 cm and an inside diameter of
2.25 cm. Calculate the cross-sectional area of the
shaft
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146 Engineering Mathematics

The cross-sectional area of the shaft is shown by the
shaded part in Fig. 18.15 (often called an annulus).

Figure 18.15

Area of shaded part = area of large circle — area of small
circle

:”_Dz_n_dZZZ(DZ_aﬂ)
4 4 4

%(5.452 —2.25%) = 19.35 cm?

Problem 10. The major axis of an ellipse is
15.0 cm and the minor axis is 9.0 cm. Find its area
and approximate perimeter

If the major axis=15.0cm, then the semi-major
axis="7.5cm.

If the minor axis=9.0cm, then the semi-minor
axis=4.5cm.

Hence, from Table 18.1(ix),

area = wab = 7(7.5)(4.5) = 106.0 cm?

and perimeter ~ 7(a + b) = (7.5 +4.5)
=12.0r=37.7cm

Now try the following exercise

Exercise 68 Further problems on areas of
plane figures

1. Determine the area of circles having a
(a) radius of 4cm (b) diameter of 30 mm
(c¢) circumference of 200 mm.

(a) 50.27 cm?  (b) 706.9 mm?2
(c) 3183 mm?

2. An annulus has an outside diameter of 60 mm
and an inside diameter of 20 mm. Determine
its area. [2513 mm?]

If the area of a circle is 320 mm?, find (a) its
diameter, and (b) its circumference.
[(a) 20.19 mm (b) 63.41 mm)]

Calculate the areas of the following sectors of

circles:

(a) radius 9cm, angle subtended at centre
75°

(b) diameter 35 mm, angle subtended at cen-
tre 48°37’

(c) diameter 5 cm, angle subtended at centre
2.19 radians

(a) 53.01 cm?  (b) 129.9 mm?
(c) 6.84 cm?

Determine the area of the shaded template
shown in Fig. 18.16 [5773 mm?]

———80mm
120 mm radius

90 mm

Figure 18.16

An archway consists of a rectangular opening
topped by a semi-circular arch as shown in Fig.
18.17. Determine the area of the opening if the
width is 1 m and the greatest height is 2 m.

[1.89 m?]
N

im

Figure 18.17

The major axis of an ellipse is 200 mm and the

minor axis 100 mm. Determine the area and

approximate perimeter of the ellipse.
[15710mm?, 471 mm]
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8. If fencing costs £15 per metre, find the cost
(to the nearest pound) of enclosing an ellip-
tical plot of land which has major and minor
diameter lengths of 120 m and 80 m.

[£4712]

9. A cycling track is in the form of an ellipse, the
axes being 250 m and 150 m respectively for
the inner boundary, and 270 m and 170 m for
the outer boundary. Calculate the area of the
track. (6597 m?]

18.5 Worked problems on areas of

composite figures

Problem 11. Calculate the area of a regular
octagon, if each side is 5 cm and the width across
the flats is 12 cm

An octagon is an 8-sided polygon. If radii are drawn
from the centre of the polygon to the vertices then 8
equal triangles are produced (see Fig. 18.18).

1
Area of one triangle = 3 x base x height

oo 2o
==-Xx5x —= m
2 2 ¢

Area of octagon =8 x 15 = 120 cm?

12cm

[
5cm

Figure 18.18

Problem 12. Determine the area of a regular
hexagon that has sides 8 cm long

A hexagon is a 6-sided polygon which may be divided
into 6 equal triangles as shown in Fig. 18.19. The angle
subtended at the centre of each triangle is 360° /6 = 60°.
The other two angles in the triangle add up to 120° and

4cm

Figure 18.19

are equal to each other. Hence each of the triangles is
equilateral with each angle 60° and each side 8 cm.

1
Area of one triangle = 2 x base x height

1
=-—Xx8x%xh
2

h is calculated using Pythagoras’ theorem:
82 — p2 4 42
h=+/82—-42=6.928cm

Hence area of one triangle

from which,

1
=X 8 x 6.928 = 27.71 cm?

Area of hexagon = 6 x 27.71 = 166.3 cm?

Problem 13. Figure 18.20 shows a plan of a floor
of a building that is to be carpeted. Calculate the
area of the floor in square metres. Calculate the cost,
correct to the nearest pound, of carpeting the floor
with carpet costing £16.80 per m?, assuming 30%
extra carpet is required due to wastage in fitting

2m
K
0.6m 4m
J
|
A
0.6m / AR
1 300
A e o08m B'h----603Y B
2m /
F «
C o)
0.8m [Gi E! 5
2m 3m

Figure 18.20
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148 Engineering Mathematics

Area of floor plan
= area of triangle ABC + area of semicircle
+ area of rectangle CGLM
+ area of rectangle CDEF

— area of trapezium HIJK

Triangle ABC is equilateral since AB=BC =3 m and
hence angle B'CB = 60°
sin BPCB = BB’ /3, i.e. BB’ =3sin 60° = 2.598 m

Area of triangle ABC = $(AC)(BB')

= 1(3)(2.598) = 3.897 m*
Area of semicircle = $ 77 = 17(2.5)> =9.817 m?
Area of CGLM =5 x 7 =35m?
Area of CDEF=0.8 x 3=2.4m?
Area of HIJK = (KH +1J)(0.8)

Since MC =7 m then LG =7 m, hence
NN=7-52=18m

Hence area of HIJK = (3 + 1.8)(0.8) = 1.92 m?

Total floor area=3.897+9.817+35+2.4 —1.92
=49.194m?

To allow for 30% wastage, amount of carpet
required = 1.3 x 49.194 = 63.95 m?

Cost of carpet at £16.80 per m> =63.95 x 16.80 =
£1074, correct to the nearest pound.

Now try the following exercise

Exercise 69 Further problems on areas of
plane figures

1. Calculate the area of a regular octagon if each
side is 20 mm and the width across the flats is
48.3 mm. [1932 mm?]

2. Determine the area of aregular hexagon which
has sides 25 mm. [1624 mm?]

3. A plot of land is in the shape shown in

Fig. 18.21. Determine (a) its area in hectares

(1 ha=10* m?), and (b) the length of fencing

required, to the nearest metre, to completely
enclose the plot of land.

[(a) 0.918 ha (b) 456 m]

20m 30m 20m
¥ 1

20m

20m

15m

40 m

X
Figure 18.21

4. If paving slabs are produced in 250 mm x
250 mm squares, determine the number of
slabs required to cover an area of 2m?  [32]

18.6 Areas of similar shapes

The areas of similar shapes are proportional to the
squares of corresponding linear dimensions.

3x

AL

fe—> fe——F—
X 3x

(a) (b)

Figure 18.22

For example, Fig. 18.22 shows two squares, one of
which has sides three times as long as the other.

Area of Fig. 18.22(a) = (x)(x) = x°

Area of Fig. 18.22(b) = (3x)(3x) = 9x>

Hence Fig. 18.22(b) has an area (3)2, i.e. 9 times the
area of Fig. 18.22(a).

Problem 14. A rectangular garage is shown on a
building plan having dimensions 10 mm by 20 mm.
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If the plan is drawn to a scale of 1 to 250, determine
the true area of the garage in square metres

Area of garage on the plan = 10 mm x 20 mm

= 200 mm?
Since the areas of similar shapes are proportional to the
squares of corresponding dimensions then:

true area of garage = 200 x (250)?
= 12.5 x 10° mm?

12.5 x 10°
- 1—;(6 m? = 12.5m?

Now try the following exercise
Exercise 70 Further problems on areas of
similar shapes

1. The area of a park on a map is 500 mm?>. If
the scale of the map is 1 to 40 000 determine

the true area of the park in hectares (1
hectare = 10* m?). [80 ha]

A model of a boiler is made having an overall
height of 75 mm corresponding to an overall
height of the actual boiler of 6 m. If the area
of metal required for the model is 12 500 mm?
determine, in square metres, the area of metal
required for the actual boiler.

[80m?]

The scale of an Ordnance Survey map is
1:2500. A circular sports field has a diam-
eter of §cm on the map. Calculate its area
in hectares, giving your answer correct to 3
significant figures. (1 hectare = 10* m?)
[3.14 ha]
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Chapter 19

The circle and its properties

19.1 Introduction

A circle is a plain figure enclosed by a curved line, every
point on which is equidistant from a point within, called
the centre.

19.2 Properties of circles

(i) Thedistance from the centre to the curve is called
the radius, r, of the circle (see OP in Fig. 19.1).

Figure 19.1

(i) The boundary of a circle is called the circum-
ference, c.

(iii) Any straight line passing through the centre and
touching the circumference at each end is called
the diameter, d (see OR in Fig. 19.1). Thus
d=2r

. . circumference
(iv) The ratio —/—

- =a constant for any
. diameter
circle.

This constant is denoted by the Greek letter
(pronounced ‘pie’), where m =3.14159, correct
to 5 decimal places.

Hence c/d=m or ¢=mnd or ¢=2nr
(v) A semicircle is one half of the whole circle.

(vi) A quadrant is one quarter of a whole circle.

(vii)

(viii)

(ix)

69)

(xi)

(xii)

A tangent to a circle is a straight line that meets
the circle in one point only and does not cut
the circle when produced. AC in Fig. 19.1 is a
tangent to the circle since it touches the curve at
point B only. If radius OB is drawn, then angle
ABO is aright angle.

A sector of a circle is the part of a circle between
radii (for example, the portion OXY of Fig. 19.2
is a sector). If a sector is less than a semicir-
cle it is called a minor sector, if greater than a
semicircle it is called a major sector.

X

I

ST
R

Figure 19.2

A chord of a circle is any straight line that
divides the circle into two parts and is termi-
nated at each end by the circumference. ST, in
Fig. 19.2 is a chord.

A segment is the name given to the parts into
which a circle is divided by a chord. If the
segment is less than a semicircle it is called a
minor segment (see shaded area in Fig. 19.2).
If the segment is greater than a semicircle it is
called a major segment (see the unshaded area
in Fig. 19.2).

An arc is a portion of the circumference of a
circle. The distance SRT in Fig. 19.2 is called
a minor arc and the distance SXYT is called a
major arc.

The angle at the centre of a circle, subtended by
an arc, is double the angle at the circumference
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subtended by the same arc. With reference to
Fig. 19.3,

Angle AOC =2 x angle ABC

“

c

Figure 19.3

(xiii) The angle in a semicircle is a right angle (see
angle BOP in Fig. 19.3).

Problem 1. Find the circumference of a circle of
radius 12.0cm

Circumference,

¢ =2 x m x radius = 27r = 27(12.0)

=75.40 cm

Problem 2. If the diameter of a circle is 75 mm,
find its circumference

Circumference,

¢ = 7 x diameter = wd = 7(75) = 235.6 mm

Problem 3. Determine the radius of a circle if its
perimeter is 112 cm

Perimeter = circumference, ¢ = 2nr

112
Hence radius r = £ = — =17.83cm
2 2

Problem 4. In Fig. 19.4, AB is a tangent to the

circle at B. If the circle radius is 40 mm and
AB = 150 mm, calculate the length AO

B

Figure 19.4

A tangent to a circle is at right angles to aradius drawn
from the point of contact, i.e. ABO = 90°. Hence, using
Pythagoras’ theorem (see page 187):

AO? = AB? + OB?

AO = +/AB? + OB?
=+/1502 + 402 = 155.2mm

from which,

Now try the following exercise

Exercise 71 Further problems on

properties of a circle

1. Calculate the length of the circumference of a
circle of radius 7.2 cm. [45.24 cm]

2. Ifthe diameter of a circle is 82.6 mm, calculate
the circumference of the circle. [259.5 mm)]

3. Determine the radius of a circle whose circum-
ference is 16.52 cm. [2.629 cm]

4. Find the diameter of a circle whose perimeter
is 149.8 cm. [47.68 cm]

5. A crank mechanism is shown in Fig. 19.5,
where XY is a tangent to the circle at point X. If
the circle radius OX is 10 cm and length OY is
40 cm, determine the length of the connecting
rod XY. [38.73 cm]

o 40cm Y

Figure 19.5

6. If the circumference of the earth is 40 000 km
at the equator, calculate its diameter.
[12730km]
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152  Engineering Mathematics

7. Calculate the length of wire in the paper clip
shown in Figure 19.6. The dimensions are in

millimetres. [97.13 mm]
2.5rad
A
A
32
12
2.5rad > . 4 =
3rad 3 4
Figure 19.6

19.3 Arclength and area of a sector

One radian is defined as the angle subtended at the
centre of a circle by an arc equal in length to the radius.
With reference to Fig. 19.7, for arc length, s,

0 radians = s/r or arc length, s =r0 @))]

where 6 is in radians.

Figure 19.7
When s = whole circumference (=27r) then
0 =s/r=2nr/r =2m
i.e. 2 radians = 360° or
x radians = 180°

Thus 1 rad =180°/7 =57.30°, correct to 2 decimal
places.

Since 7 rad =180°,
/4 =45°, and so on.

then 7/2=90°, n/3=60°,

. 0 2
Area of a sector = —— (7r”)

360
when 6 is in degrees
= i(m2) = 1#0 )
2 2

when 6 is in radians

Problem 5. Convert to radians: (a) 125°
(b) 69° 47

(a) Since 180° =7 rad then 1° = 7/180 rad, therefore

125° = 125 (1%0) — 2.182 radians

(Note that © means ‘circular measure’ and indicates

radian measure.)

o

47
(b) 69°47 =69 0 =69.783°

T C
69.783° = 69.783 (@) — 1.218 radians

Problem 6. Convert to degrees and minutes:
(a) 0.749 radians (b) 37/4 radians

(a) Since m rad = 180° then 1 rad = 180°/x, therefore

180\°
0.749rad = 0.749 [ — | =42.915°
T

0.915° =(0.915 x 60) =55/, correct to the nearest
minute, hence

0.749 radians = 42°55’

180\°
(b) Since 1 rad= (—) then
b4

3 3r (180\°
—rad=— ( —
4 4 T

3
= —(180)° = 135°
4(80) 3

Problem 7. Express in radians, in terms of m:
(a) 150° (b) 270° (c) 37.5°

Since 180° = 7 rad then 1° = 180/, hence

5
(1) 150°=150 (%) rad = %rad

3
(b) 270° =270 (l) rad = X rad

180 2
R T 757 S5
© 37.5°=375 (ﬁ) rad = Serad = ~—rad
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Now try the following exercise

Exercise 72 Further problems on radians
and degrees

1. Convert to radians in terms of m: (a) 30°
(b) 75° (c) 225°
@ 02 o=
a) — — (¢) —
6 12 4
2. Convert to radians: (a) 48° (b) 84° 51’
(c) 232°15'

[(2) 0.838 (b) 1.481 (c) 4.054]

5 4
3. Convert to degrees: (a) grad (b) grad

7
(c) %rad

[(a) 150° (b) 80° (c) 105° ]

4. Convert to degrees and minutes:
(a) 0.0125 rad (b) 2.69 rad (c) 7.241 rad
[(a) 0° 43" (b) 154° 8" (c)414° 53]

19.4 Worked problems on arclength

and sector of a circle

Problem 8. Find the length of arc of a circle of
radius 5.5 cm when the angle subtended at the
centre is 1.20 radians

From equation (1), length of arc, s =r6, where 0 is in
radians, hence

s = (5.5)(1.20) = 6.60 cm

Problem 9. Determine the diameter and
circumference of a circle if an arc of length 4.75 cm
subtends an angle of 0.91 radians

4,
S_4TS _sorem.
60091

Diameter =2 x radius =2 x 5.22 = 10.44 cm.

Since s =r6 then r =

Circumference, ¢ = 7d = 71(10.44) = 32.80 cm.

Problem 10. If an angle of 125° is subtended by
an arc of a circle of radius 8.4 cm, find the length of
(a) the minor arc, and (b) the major arc, correct to

3 significant figures

Since 180° =mrad then 1° = (%) rad

and  125° =125 (%) rad

Length of minor arc,
bid
s = rf = (8.4)(125) (ﬁ) — 183 cm
correct to 3 significant figures.

Length of major arc = (circumference — minor
arc) =2m(8.4) — 18.3=34.5cm, correct to 3 signifi-
cant figures.

(Alternatively, major arc
=r6=28.4(360 — 125)(7/180) = 34.5 cm.)

Problem 11. Determine the angle, in degrees and
minutes, subtended at the centre of a circle of
diameter 42 mm by an arc of length 36 mm.
Calculate also the area of the minor sector formed

Since length of arc, s = r6 then 6 = s/r

diameter 42
————— =—=21 mm
2 2

36
0="2=2>_ 17143 radians
r 21

Radius, r=

hence

1.7143 rad = 1.7143 x (180/7)° =98.22° =98° 13/ =
angle subtended at centre of circle.
From equation (2),

1 1
area of sector = §r29 = 5(21)2(1.7143)

=378 mm?

Problem 12. A football stadiums floodlights can
spread its illumination over an angle of 45° to a
distance of 55 m. Determine the maximum area
that is floodlit

1
Floodlit area = area of sector = 5r29

- %(55)2 (45 x %)

from equation (2)
= 1188 m?

Problem 13. An automatic garden spray produces
a spray to a distance of 1.8 m and revolves through
an angle o which may be varied. If the desired
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spray catchment area is to be 2.5 m?, to what should
angle « be set, correct to the nearest degree

1 1
Area of sector = §r29, hence 2.5 = 5(1.8)205 from

. 25x%x2 .
which, o = = 1.5432 radians
1.82
180\°
1.5432rad = ( 1.5432 x — | = 88.42°
T

Hence angle o« =88° , correct to the nearest degree.

Problem 14. The angle of a tapered groove is
checked using a 20 mm diameter roller as shown in
Fig. 19.8. If the roller lies 2.12 mm below the top of
the groove, determine the value of angle 6

2.12mm

Figure 19.8

In Fig. 19.9, triangle ABC is right-angled at C (see
Section 19.2(vii), page 150).

2.12mm :
b 30mm
<
\(
A
Figure 19.9

Length BC = 10 mm (i.e. the radius of the circle), and
AB =30—10—2.12=17.88 mm from Fig. 19.8

10
17.88

Hence sin — = and

and angle 6 = 68°

Now try the following exercise

Exercise 73 Further problems on arc length

and area of a sector

Find the length of an arc of a circle of radius
8.32 cm when the angle subtended at the cen-
tre is 2.14 radians. Calculate also the area of
the minor sector formed.

[17.80 cm, 74.07 cm?]

If the angle subtended at the centre of a circle
of diameter 82 mm is 1.46 rad, find the lengths
of the (a) minor arc  (b) major arc.

[(a) 59.86 mm (b) 197.8 mm]

A pendulum of length 1.5 m swings through
an angle of 10° in a single swing. Find, in
centimetres, the length of the arc traced by
the pendulum bob. [26.2 cm]

Determine the length of the radius and circum-
ference of a circle if an arc length of 32.6 cm
subtends an angle of 3.76 radians.

[8.67 cm, 54.48 cm]

Determine the angle of lap, in degrees and

minutes, if 180mm of a belt drive are in

contact with a pulley of diameter 250 mm.
[82.5°]

Determine the number of complete revolu-
tions a motorcycle wheel will make in travel-
ling 2 km, if the wheel’s diameter is 85.1 cm.

[748]

The floodlights at a sports ground spread its
illumination over an angle of 40° to a distance
of 48 m. Determine (a) the angle in radians,
and (b) the maximum area that is floodlit.
[(a) 0.698 rad (b) 804.2 m?]

Find the area swept out in 50 minutes by the
minute hand of a large floral clock, if the hand
is 2m long. [10.47 m?]

Determine (a) the shaded area in Fig. 19.10
(b) the percentage of the whole sector that the
area of the shaded portion represents.

[(a) 396 mm? (b) 42.24%)]
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Figure 19.10

10. Determine the length of steel strip required to
make the clip shown in Fig. 19.11
[701.8 mm]

Figure 19.11

11. A 50° tapered hole is checked with a 40 mm
diameter ball as shown in Fig. 19.12. Deter-
mine the length shown as x. [7.74 mm]

70mm (

\(
v

%

X ‘

Figure 19.12

19.5 The equation of a circle

The simplest equation of a circle, centre at the origin,
radius r, is given by:
24y =r?

For example, Fig. 19.13 shows a circle x> +y*> =9.

y
3
xX2+y2=9
2
1
0
1
2
3

-3-2 -1

o

Figure 19.13

More generally, the equation of a circle, centre (a, b),
radius r, is given by:

x—a)* +(@y—bP*=r* (1)

Figure 19.14 shows a circle (x —2)> 4+ (y —3)*> =4

1N
A

Figure 19.14

The general equation of a circle is:
x2+y2+2ex+2fy+c=0 2)

Multiplying out the bracketed terms in equation (1)
gives:

x2—2ax+a2+y2—2by+b2:r2

Comparing this with equation (2) gives:

2e

2e = —2a, ie. a=——

2

2

and 2f = —2b, .. b=—7f

and c=d>+b> =12, e r=a*+b —c¢

Thus, for example, the equation
X4y —4x—6y+9=0
represents a circle with centre
o= (F) 0= ()

i.e. at (2,3) and radius r =22 +32-9=2

Hence x% + y*> — 4x — 6y + 9 =0 is the circle shown in
Fig. 19.14, which may be checked by multiplying out
the brackets in the equation

-2+ -3 =4

Problem 15. Determine (a) the radius, and (b) the
co-ordinates of the centre of the circle given by the
equation: x> 4+y? +8x —2y+8=0
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156 Engineering Mathematics

x% 4 3% 4+ 8x — 2y + 8 =0 is of the form shown in equa-
tion (2),

where a:—(%)=—4, b:—(%z)zl

and r=v(=42+12-8=+9=3

Hence x%+y*>+8x—2y+8=0 represents a circle
centre (—4, 1) and radius 3, as shown in Fig. 19.15.

Figure 19.15

Alternatively, x>+y>+8x—2y+8=0 may be

rearranged as:
x+4>+(-1%2-9=0
ie. x+4)>+(y—1)72=3
which represents a circle, centre (—4, 1) and radius 3,

as stated above.

Problem 16. Sketch the circle given by the
equation: x> 4+y? —4x 46y —3=0

The equation of a circle, centre (a,b), radius r is
given by:

x—af +@y—-b=r
The general equation of a circle is
X4y +2ex+2f+c=0

2 2
From above a = ——e,b = _l
2 2

and r=va+b—c
Hence if x> +y?> —4x 4+ 6y —3=0

then a=—(5)=2 b=—(8)=-3

and  r=+224 (32— (-3)=/16=4

Thus the circle has centre (2, —3) and radius 4, as
shown in Fig. 19.16

Figure 19.16

Alternatively, x*>+y?> —4x+6y—3=0 may be

rearranged as:
x—22+G+3?-3-13=0
ie. =22+ (+3)?*=4

which represents a circle, centre (2, —3) and radius 4,
as stated above.

Now try the following exercise

Exercise 74 Further problems on the
equation of a circle

1. Determine (a) the radius, and (b) the co-
ordinates of the centre of the circle given by
the equation x> 4+ y*> — 6x +8y +21=0

[@2 (b)(3 4]

2. Sketch the circle given by the equation
K +y?—6x+4y—3=0

[Centre at (3, —2), radius 4]

3. Sketch the curve x2 + (y — 1)2 —25=0

[Circle, centre (0,1), radius 5]

2
4. Sketch the curve x=6,/1— (%)

[Circle, centre (0, 0), radius 6]
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Chapter 20

Volumes and surface areas of

20.1 Volumes and surface areas of

regular solids

A summary of volumes and surface areas of regular
solids is shown in Table 20.1.

Table 20.1

(1) Rectangular prism
(or cuboid)

il /

Volume =[x b x h

— Surface area =
b 2(bh+ hl + Ib)
(i) Cylinder
(=3
h
—_- Volume = 72

Total surface area = 27rh + 27712
(iii) Pyramid

1
h Volume=§ XAXh

7~ 1+ where A = area of base
and h = perpendicular height

Total surface area = (sum of areas of
triangles forming sides) + (area of base)

common solids

(iv) Cone
1
Volume = —7r2h
I 3
b Curved surface area = 7rrl
Total surface area = 7rrl + 772
(v) Sphere

4
Volume = — 773

oo’

Surface area = 47r2

20.2 Worked problems on volumes

and surface areas of regular
solids

Problem 1. A water tank is the shape of a
rectangular prism having length 2 m, breadth 75 cm
and height 50 cm. Determine the capacity of the
tank in (a) m> (b) cm? (c) litres

Volume of rectangular prism =1 x b x h (see Table 20.1)

(a) Volume of tank =2 x 0.75 x 0.5 =0.75m>
(b) 1m?=10°cm?, hence

0.75m3 =0.75 x 10% cm? =750 000 cm?
(c) 1 litre =1000 cm?, hence

750 000
750000 cm3 = litres = 750 litres
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158 Engineering Mathematics

Problem 2. Find the volume and total surface area
of a cylinder of length 15 cm and diameter 8 cm

Volume of cylinder = 7%k (see Table 20.1)
Since diameter = 8 cm, then radius r =4 cm
Hence volume = 77 x 42 x 15 =754 cm?

Total surface area (i.e. including the two ends)

=2nrh+ 272 =2 x 7 x 4 x 15)
+ (2 x 7 x 4%) = 477.5cm?

Problem 3. Determine the volume (in cm?) of the
shape shown in Fig. 20.1.

16 mm

12 mm 40 mm

Figure 20.1

The solid shown in Fig. 20.1 is a triangular prism. The
volume V of any prism is given by: V =Ah, where A
is the cross-sectional area and # is the perpendicular
height.

Hence volume = % x 16 x 12 x 40

= 3840 mm> = 3.840 cm®
(since 1cm? = 1000 mm?>)

Problem 4. Calculate the volume and total
surface area of the solid prism shown in Fig. 20.2

11 cm

4 cml

15cm

5cm /Scm

5cm

Figure 20.2

The solid shown in Fig. 20.2 is a trapezoidal prism.

Volume = cross-sectional area x height
= 111454 x15=32x 15 = 480 cm®

Surface area = sum of two trapeziums + 4 rectangles
=2 x32)+ (G x 15+ (11 x 15)
+2(5 x 15)
=64 475 + 165 + 150 = 454 cm®

Problem 5. Determine the volume and the total
surface area of the square pyramid shown in
Fig. 20.3 if its perpendicular height is 12 cm.

A

Figure 20.3

Volume of pyramid

= %(area of base) x (perpendicular height)

= (5 x 5) x 12 = 100 em®

The total surface area consists of a square base and
4 equal triangles.

Area of triangle ADE

= % X base x perpendicular height

=%x5xAC

The length AC may be calculated using Pythago-
ras’ theorem on triangle ABC, where AB=12cm,
BC=1x5=25cm

Hence,  AC = VAB?+ BC? = /122 42.52
= 12.26cm

Hence area of triangle ADE = % x5 x 12.26
= 30.65cm”
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Total surface area of pyramid = (5 x 5) + 4(30.65)
= 147.6 cm?

Problem 6. Determine the volume and total
surface area of a cone of radius 5 cm and
perpendicular height 12 cm

The cone is shown in Fig. 20.4.

Figure 20.4

Volume of cone = %nrzh = % x 7T x 5% %12
—314.2cm’®

Total surface area = curved surface area

+ area of base

= rl 4 7r?

From Fig. 20.4, slant height / may be calculated using
Pythagoras’ theorem

[=+122 452 =13cm

Hence total surface area = (1 x 5 x 13) + (;r X 52)

= 282.7 cm?

Problem 7. Find the volume and surface area of a
sphere of diameter 8 cm

Since diameter = 8 cm, then radius, r =4 cm.

4 5 _4 3
Volume of sphere = gmf =3 x x4

= 268.1cm®

Surface area of sphere = drr? =4 x 7 x 42

= 201.1 cm?

Now try the following exercise

Exercise 75 Further problems on volumes

10.

and surface areas of regular
solids

A rectangular block of metal has dimensions
of 40 mm by 25 mm by 15 mm. Determine its
volume. Find also its mass if the metal has a
density of 9 g/cm3. [15cm?, 135 g]

Determine the maximum capacity, in litres, of
a fish tank measuring 50 cm by 40 cm by 2.5 m
(1 litre = 1000 cm?). [500 litre]

Determine how many cubic metres of concrete
are required for a 120 m long path, 150 mm
wide and 80 mm deep. [1.44 m3]

Calculate the volume of a metal tube whose
outside diameter is 8 cm and whose inside
diameter is 6 cm, if the length of the tube is
4m. [8796 cm?]

The volume of a cylinder is 400cm?. If its
radius is 5.20cm, find its height. Determine
also its curved surface area.

[4.709 cm, 153.9 cm?]

If acone has a diameter of 80 mm and a perpen-
dicular height of 120 mm calculate its volume
in cm® and its curved surface area.

[201.1 cm?, 159.0cm?]

A cylinder is cast from a rectangular piece of

alloy 5cm by 7cm by 12 cm. If the length of

the cylinder is to be 60 cm, find its diameter.
[2.99 cm]

Find the volume and the total surface area of
a regular hexagonal bar of metal of length 3 m
if each side of the hexagon is 6 cm.

[28 060 cm?, 1.099 m?]

A square pyramid has a perpendicular height
of 4cm. If a side of the base is 2.4 cm long
find the volume and total surface area of the
pyramid. [7.68 cm?, 25.81 cm?]

A sphere has a diameter of 6 cm. Determine its
volume and surface area.
[113.1cm?, 113.1 cm?]
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160 Engineering Mathematics

11. Find the total surface area of a hemisphere of
diameter 50mm.  [5890 mm? or 58.90 cm?]

12. How long will it take a tap dripping at a rate

of 800 mm?3/s to fill a 3-litre can?
[62.5 minutes]

20.3 Further worked problems on
volumes and surface areas of

regular solids

Problem 8. A wooden section is shown in Fig.
20.5. Find (a) its volume (in m?), and (b) its total
surface area.

Figure 20.5

The section of wood is a prism whose end comprises
a rectangle and a semicircle. Since the radius of the
semicircle is 8 cm, the diameter is 16 cm.

Hence the rectangle has dimensions 12 cm by 16 cm.
Area of end = (12 x 16) + $78% =292.5 cm?

Volume of wooden section

= area of end x perpendicular height

87750 m?3
10°

= 0.08775m>

=292.5 x 300 = 87750 cm> =

The total surface area comprises the two ends (each of
area 292.5 cm?), three rectangles and a curved surface
(which is half a cylinder), hence

total surface area = (2 x 292.5) + 2(12 x 300)

+ (16 x 300) + %(27‘[ x 8 x 300)
= 585 + 7200 + 4800 + 24007

=20125em* or 2.0125m’
Problem 9. A pyramid has a rectangular base
3.60 cm by 5.40 cm. Determine the volume and
total surface area of the pyramid if each of its
sloping edges is 15.0 cm

The pyramid is shown in Fig. 20.6. To calculate the
volume of the pyramid the perpendicular height EF is
required. Diagonal BD is calculated using Pythagoras’
theorem,

ie. BD = +/3.60% + 5.402 = 6.490 cm

Figure 20.6

Hence EB = %BD = @ =3.245cm

Using Pythagoras’ theorem on triangle BEF gives
BF* = EB* + EF*
from which, EF = \/m
=/15.02 = 3.245? = 14.64cm

Volume of pyramid
= %(area of base)(perpendicular height)
= 1(3.60 x 5.40)(14.64) = 94.87 cm®

Area of triangle ADF (which equals triangle BCF)
= %(AD)(F G), where G is the midpoint of AD. Using
Pythagoras’ theorem on triangle FGA gives:

FG =+/15.02 — 1.802 = 14.89cm
Hence area of triangle ADF = %(3.60)(14.89)
= 26.80 cm”

Similarly, if H is the mid-point of AB, then
FH = +/15.02 — 2,702 = 14.75cm,
hence area of triangle ABF (which equals triangle CDF)

= 1(5.40)(14.75) = 39.83 cm’
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Total surface area of pyramid Radius of cylindrical head = % cm=0.5cm and
= 2(26.80) + 2(39.83) + (3.60)(5.40) height of cylindrical head=2mm=0.2cm
= 53.60 + 79.66 + 19.44 Hence, volume of cylindrical head
= 152.7em’ — 7r2h = 7(0.5)2(0.2) = 0.1571 cm’

Problem 10. Calculate the volume and total Volume of cylindrical shaft

surface area of a hemisphere of diameter 5.0 cm

(@]
[ e
=
—
()
(<B}
v

0.2\
=nrth=mx <7> (1.5) = 0.0471 cm?

Volume of hemisphere = %(volume of sphere)

2 45 2 <5.0>3 Total volume of 1 rivet = 0.1571 + 0.0471
=—ar=-mx|—
3 3\2 — 0.2042 cm®
=327 cm’

Volume of metal in 2000 such rivets
Total surface area

_ _ 3
= curved surface area + area of circle = 2000 x 0.2042 = 408.4 cm

= 3(surface area of sphere) + 77’ Problem 13. A solid metal cylinder of radius

6 cm and height 15 cm is melted down and recast
into a shape comprising a hemisphere surmounted
by a cone. Assuming that 8% of the metal is wasted
in the process, determine the height of the conical
— 58.9 cm? portion, if its diameter is to be 12 cm

= $(4nr?) + nr?

2
=21 + r? =3nr” =31 (%)

Problem 11. A rectangular piece of metal having Volume of cylinder = 7r?h = 7 x 6> x 15
dimensions 4 cm by 3 cm by 12 cm is melted down
and recast into a pyramid having a rectangular
base measuring 2.5 cm by 5 cm. Calculate the
perpendicular height of the pyramid

= 5407 cm?

If 8% of metal is lost then 92% of 540 gives the
volume of the new shape (shown in Fig. 20.7).

Volume of rectangular prism of metal =4 x 3 x 12
= 144cm®

Volume of pyramid

= %(area of base)(perpendicular height)

Assuming no waste of metal, 12.cm
144 = %(2.5 x 5)(height) Figure 20.7
i.e. perpendicular height = 124g x3 = 34.56 cm Hence the volume of (hemisphere + cone)
g =0.92 x 5407 cm?,
Problem 12. A rivet consists of a cylindrical ie. % (%‘nr3) + %m’zh = 0.92 x 5407

head, of diameter 1 cm and depth 2 mm, and a shaft
of diameter 2 mm and length 1.5 cm. Determine the
volume of metal in 2000 such rivets %r3 " % 2h = 092 x 540

Dividing throughout by 7 gives:
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Since the diameter of the new shape is to be 12 cm, then
radius r =6¢cm,

hence  2(6)° + 1(6)°h = 0.92 x 540

144 4 12h = 496.8

i.e. height of conical portion,

| 496.8 — 144

h = 3 =294cm

Problem 14. A block of copper having a mass of
50kg is drawn out to make 500 m of wire of
uniform cross-section. Given that the density of
copper is 8.91 g/cm?, calculate (a) the volume of
copper, (b) the cross-sectional area of the wire, and
(c) the diameter of the cross-section of the wire

(a) A density of 8.91 g/cm® means that 8.91 g of cop-
per has a volume of 1.cm?, or 1 g of copper has a
volume of (1/8.91) cm?

Hence 50 kg, i.e. 50 000 g, has a volume

50000
8.91

(b) Volume of wire

cm?® = 5612 cm?

= area of circular cross-section
x length of wire.
Hence 5612 cm® = area x (500 x 100 cm),

5612,
———Cm
500 x 100

= 0.1122 cm?

from which, area =

wd?

2 or —, hence
4

(c) Areaofcircle=nr

wd? .
0.1122 = Tfrom which

/4 x 0.1122
d= — =0.3780cm

i.e. diameter of cross-section is 3.780 mm

Problem 15. A boiler consists of a cylindrical
section of length 8 m and diameter 6 m, on one end
of which is surmounted a hemispherical section of
diameter 6 m, and on the other end a conical section
of height 4 m and base diameter 6 m. Calculate the
volume of the boiler and the total surface area

The boiler is shown in Fig. 20.8

P
6m
|
1
8m ‘Q
:
A:Sm 5
4m ER i
-—I
I

Figure 20.8

Volume of hemisphere, P
:%nr3=%xnx33=18nm3
Volume of cylinder, Q
=ar*h =7 x 3> x 8 = 27 m?
Volume of cone, R

%nrzh:%xnx32x4:12nm3

Total volume of boiler = 187 + 727 + 127
= 1027 = 320.4m>
Surface area of hemisphere, P

%(4nr2) =2x7x3”=187m?
Curved surface area of cylinder, Q
=2nrh =2 x T x 3 x 8 = 487 m>

The slant height of the cone, /, is obtained by Pythago-
ras’ theorem on triangle ABC, i.e.

[=+/42+32=5
Curved surface area of cone, R

=qarl =7 x 3 x5=157rm?

Total surface area of boiler = 187 + 487 + 157

= 817 = 254.5m?
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Now try the following exercise

Exercise 76 Further problems on volumes

and surface areas of regular
solids

Determine the mass of a hemispherical cop-
per container whose external and internal
radii are 12cm and 10cm, assuming that
1 cm? of copper weighs 8.9 g. [13.57 kg]

If the volume of a sphere is 566 cm?, find its
radius. [5.131 cm]

A metal plumb bob comprises a hemisphere
surmounted by a cone. If the diameter of the
hemisphere and cone are each 4 cm and the
total length is 5 cm, find its total volume.
[29.32 cm?]

A marquee is in the form of a cylinder sur-
mounted by acone. The total heightis 6 m and
the cylindrical portion has a height of 3.5 m,
with a diameter of 15 m. Calculate the surface
area of material needed to make the marquee
assuming 12% of the material is wasted in the
process. [393.4 m?]

Determine (a) the volume and (b) the total
surface area of the following solids:

(i) acone of radius 8.0 cm and perpendic-
ular height 10 cm
(ii)) a sphere of diameter 7.0 cm
(iii)) a hemisphere of radius 3.0 cm
(iv) a2.5cm by 2.5 cm square pyramid of
perpendicular height 5.0 cm
(v) a4.0cmby 6.0 cmrectangular pyramid
of perpendicular height 12.0 cm
(vi) a 42cm by 42cm square pyramid
whose sloping edges are each 15.0cm
a pyramid having an octagonal base of
side 5.0cm and perpendicular height
20 cm.

(vii)

() (a)670cm>® (b) 523 cm?
(i) (a) 180cm? (b) 154 cm?
(iii) (a)56.5cm> (b) 84.8 cm?

11.

(iv) (a)10.4cm? (b)32.0cm?
(v) (a)96.0cm® (b) 146 cm?
(vi) (a)86.5cm? (b) 142 cm?
(vii) (a)805cm?® (b) 539 cm?

The volume of a sphere is 325cm?>. Deter-
mine its diameter. [8.53 cm]

A metal sphere weighing 24 kg is melted
down and recast into a solid cone of base
radius 8.0cm. If the density of the metal is
8000 kg/m3 determine (a) the diameter of the
metal sphere and (b) the perpendicular height
of the cone, assuming that 15% of the metal
is lost in the process.

[(a) 17.9cm (b) 38.0cm]

Find the volume of a regular hexagonal pyra-
mid if the perpendicular height is 16.0 cm and
the side of base is 3.0 cm. [125 cm?]

A buoy consists of a hemisphere surmounted
by acone. The diameter of the cone and hemi-
sphere is 2.5 m and the slant height of the cone
is 4.0 m. Determine the volume and surface
area of the buoy. [10.3 m?, 25.5m?]

A petrol container is in the form of a central
cylindrical portion 5.0 m long with a hemi-
spherical section surmounted on each end. If
the diameters of the hemisphere and cylinder
are both 1.2 m determine the capacity of the
tank in litres (1 litre = 1000 cm?).

[6560 litre]

Figure 20.9 shows a metal rod section. Deter-
mine its volume and total surface area.
[657.1cm?, 1027 cm?]

1.00 cm

radius 1.00m

2.50 cm
T

Figure 20.9
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12. Find the volume (in cm?) of the die-casting

13.

500 mm

shown in Figure 20.10. The dimensions are
in millimetres. [220.7 cm?]

o
QO

30 rad
50

Y24

Figure 20.10

The cross-section of part of a circular ventila-
tion shaft is shown in Figure 20.11, ends AB
and CD being open. Calculate (a) the vol-
ume of the air, correct to the nearest litre,
contained in the part of the system shown,
neglecting the sheet metal thickness, (given
1 litre=1000cm?), (b) the cross-sectional
area of the sheet metal used to make the sys-
tem, in square metres, and (c) the cost of the
sheet metal if the material costs £11.50 per
square metre, assuming that 25% extra metal

is required due to wastage.
[(a) 1458 litre (b) 9.77 m? (c) £140.45]

2m N
P

A
A

TB

1.5m

1.5m

Figure 20.11

20.4 Volumes and surface areas of

frusta of pyramids and cones

The frustum of a pyramid or cone is the portion remain-
ing when a part containing the vertex is cut off by a plane
parallel to the base.

The volume of a frustum of a pyramid or cone is given
by the volume of the whole pyramid or cone minus the
volume of the small pyramid or cone cut off.

The surface area of the sides of a frustum of a pyra-
mid or cone is given by the surface area of the whole
pyramid or cone minus the surface area of the small
pyramid or cone cut off. This gives the lateral surface
area of the frustum. If the total surface area of the frus-
tum is required then the surface area of the two parallel
ends are added to the lateral surface area.

There is an alternative method for finding the volume
and surface area of a frustum of a cone. With reference
to Fig. 20.12:

Figure 20.12

Volume = %nh(RZ +Rr+r?)
Curved surface area = /(R +r)

Total surface area = 7l(R+r) + nr? + nR?

Problem 16. Determine the volume of a frustum
of a cone if the diameter of the ends are 6.0 cm and
4.0 cm and its perpendicular height is 3.6 cm

Method 1

A section through the vertex of a complete cone is shown
in Fig. 20.13

Using similar triangles

AP DR
DP ~— BR
. AP 3.6
1 — = T
enee 20 1.0
2.0)(3.
from which AP = % =7.2cm

The height of the large cone =3.6 +7.2=10.8 cm.
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E

3.6 cm

Figure 20.13

Volume of frustum of cone
= volume of large cone
— volume of small cone cut off
= 17(3.0)%(10.8) — 17(2.0*(7.2)

=101.79 — 30.16 = 71.6 cm®

Method 2

From above, volume of the frustum of a cone
= 1mh(R* + Rr + r?),
where R = 3.0cm,

r=20cm and h=3.6cm
Hence volume of frustum
= 17(3.6)[(3.0)* + (3.0)(2.0) + (2.0)*]

= 17(3.6)(19.0) = 71.6 em®

Problem 17. Find the total surface area of the
frustum of the cone in Problem 16

Method 1

Curved surface area of frustum = curved surface area of
large cone—curved surface area of small cone cut off.

From Fig. 20.13, using Pythagoras’ theorem:

AB?> = AQ? + BQ? from which
AB=+10.82+3.02=11.21cm
and AD? = AP?> 4 DP?

AD =722 4202 =747cm

Curved surface area of large cone

from which

= 7rl = 1(BO)AB) = 7(3.0)(11.21)

= 105.65 cm?
and curved surface area of small cone
= 7(DP)(AD) = n(2.0)(7.47) = 46.94cm?
Hence, curved surface area of frustum

= 105.65 — 46.94
=58.71cm?

Total surface area of frustum

= curved surface area

+ area of two circular ends
=58.71 + 7(2.0)* 4+ 7(3.0)>
=58.71 + 12.57 + 28.27 = 99.6 cm®

Method 2

From page 164, total surface area of frustum
=nlR+r)+ 7r? + nR?
where [=BD=11.21—-7.47=3.74cm, R=3.0cm

and r =2.0cm.

Hence total surface area of frustum

= 7(3.74)(3.0 + 2.0) 4+ 7(2.0)*> + 7(3.0)*
= 99.6 cm?

Problem 18. A storage hopper is in the shape of a
frustum of a pyramid. Determine its volume if the
ends of the frustum are squares of sides 8.0 m and
4.6 m, respectively, and the perpendicular height
between its ends is 3.6 m
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The frustum is shown shaded in Fig. 20.14(a) as part
of a complete pyramid. A section perpendicular to the
base through the vertex is shown in Fig. 20.14(b)

Bv similar trianel C BH
similar triangles: — = —
o 8§86 T am
=
=
S BH\ (2.3)(3.6) oure 20,15
¥4 Height CG = BG (E) = T = 487m Figure 20.15
’ Area of trapezium PRSU = %(4.6 + 8.0)(3.98)
= 25.07m?
/\ . Lateral surface area of hopper = 4(25.07)
R fa6cm =100.3m’
I3 A/4.6 cm’ B D oo
o 36m Problem 20. A lampshade is in the shape of a
® . frustum of a cone. The vertical height of the shade
A ————F is 25.0 cm and the diameters of the ends are 20.0 cm
T T 17m23m 40m

and 10.0 cm, respectively. Determine the area of the
material needed to form the lampshade, correct to
Figure 20.14 3 significant figures

(a) (b)

The curved surface area of a frustum of a
cone = /(R 4+ r) from page 164.

Volume of large pyramid = %(8.0)2(8.47) Since the diameters of the ends of the frustum are
20.0 cm and 10.0 cm, then from Fig. 20.16,

Height of complete pyramid = 3.6 +4.87 =8.47m

= 180.69 m*
r=5.0cm,R=10.0cm

Volume of small pyramid cut off
and [ =+/25.02 +5.02 =25.50cm,

_ 1 2 _ 3
= 3(4.6)°(4.87) = 34.35m from Pythagoras’ theorem.

Hence volume of storage hopper r= 5.0cm

= 180.69 — 34.35 = 146.3 m>

Problem 19. Determine the lateral surface area of
the storage hopper in Problem 18

The lateral surface area of the storage hopper consists
of four equal trapeziums.
From Fig. 20.15, area of trapezium PRSU

Figure 20.16

= 3(PR + SUX(QT)
Hence curved surface area
0Q=3.6m.
By Pythagoras’ theorem, i.e. the area of material needed to form the lampshade

is 1200 cm?, correct to 3 significant figures.

OT = VOO + OT?2 = /3.62 + 1.72 = 3.98 m
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Problem 21. A cooling tower is in the form of a
cylinder surmounted by a frustum of a cone as
shown in Fig. 20.17. Determine the volume of air
space in the tower if 40% of the space is used for
pipes and other structures

12.0m

30.0 m

12.0 m|

Figure 20.17

Volume of cylindrical portion

25.0\?
=nr*h=nm (T) (12.0) = 5890 m*

Volume of frustum of cone
= Inh(R* + Rr +r%)
where h=30.0 —12.0=18.0m,
R=250/2=125mand r=12.0/2=6.0m
Hence volume of frustum of cone
= 17(18.0)[(12.5)* + (12.5)(6.0) + (6.0)*]
= 5038 m’

Total volume of cooling tower = 5890 + 5038
= 10928 m®

If 40% of space is occupied then volume of air

space =0.6 x 10928 = 6557 m>

Now try the following exercise

Exercise 77 Further problems on volumes
and surface areas of frustra of
pyramids and cones

1. The radii of the faces of a frustum of a cone
are 2.0 cm and 4.0 cm and the thickness of the
frustum is 5.0 cm. Determine its volume and
total surface area. [147 cm?, 164 cm?]

2. A frustum of a pyramid has square ends,
the squares having sides 9.0cm and 5.0cm,
respectively. Calculate the volume and total
surface area of the frustum if the perpendicular
distance between its ends is 8.0 cm.

[403 cm?, 337 cm?]

3. A cooling tower is in the form of a frustum of
a cone. The base has a diameter of 32.0 m, the
top has a diameter of 14.0 m and the vertical
height is 24.0 m. Calculate the volume of the
tower and the curved surface area.

[10480 m?, 1852 m?]

4. A loudspeaker diaphragm is in the form of a
frustum of a cone. If the end diameters are
28.0cm and 6.00 cm and the vertical distance
between the ends is 30.0 cm, find the area of
material needed to cover the curved surface of
the speaker. [1707 cm?]

5. A rectangular prism of metal having dimen-
sions 4.3cm by 7.2cm by 12.4 cm is melted
down and recast into a frustum of a square
pyramid, 10% of the metal being lost in the
process. If the ends of the frustum are squares
of side 3cm and 8 cm respectively, find the
thickness of the frustum. [10.69 cm]

6. Determine the volume and total surface area
of a bucket consisting of an inverted frustum
of a cone, of slant height 36.0cm and end
diameters 55.0 cm and 35.0 cm.

[55910cm?, 6051 cm?]

7. A cylindrical tank of diameter 2.0 m and per-
pendicular height 3.0 m is to be replaced by a
tank of the same capacity but in the form of a
frustum of a cone. If the diameters of the ends
of the frustum are 1.0m and 2.0 m, respec-
tively, determine the vertical height required.

[5.14 m]

20.5 The frustum and zone of

a sphere

Volume of sphere:%rn’3

sphere = 4772

and the surface area of

A frustum of a sphere is the portion contained
between two parallel planes. In Fig. 20.18, PQRS is
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afrustum of the sphere. A zone of a sphere is the curved 7.0 cm

surface of a frustum. With reference to Fig. 20.18:

Q
Surface area of a zone of a sphere =2nrh / P
Volume of frustum of sphere !

5.0cm
3.0cm i i
r

wh
- ?(h,z +3r} +3r3)

(@]
[ e
=
—
O
(<B}
(Vo)

P, INe)
7 Figure 20.19
h S .//Z///é/;///% R igure
.' The frustum is shown shaded in the cross-section of
| Fig. 20.19
e 2018 (a) Volume of frustum of sphere

_wh, , 2 2
Problem 22. Determine the volume of a frustum - ?(h +3ri 4 3r3)
f h f di 49.74 cm if the di f
RO e @ e e St T U e ) from above, where h=5.0cm, r; =14.0/2=7.0cm
the ends of the frustum are 24.0 cm and 40.0 cm,
and r, =26.0/2=13.0cm.

d the height of the frustum is 7.
and the height of the frustum is 7.00 cm Hence volume of frustum of sphere

From above, volume of frustum of a sphere _T .0 [(5.0)% + 3(7.0)% + 3(13.0)3]
6
h
= —(h* +3rf +313) 5.0
6 = ”(6 )[25.0 + 147.0 + 507.0]
where h=7.00cm, r1=24.0/2=12.0cm and
r2 =40.0/2=20.0cm. = 1780 cm? correct to 3 significant figures.
Hence volume of frustum
7(7.00) 5 5 5 (b) Theradius, r, of the sphere may be calculated using
= —[(7.00)" + 3(12.0)" + 3(20.0)] Fig. 20.19. Using Pythagoras’ theorem:
= 6161 cm’ 0S8* = PS* + OP?
Problem 23. Determine for the frustum of Le. r* = (13.0* + OP? )]

Problem 22 the curved surface area of the frustum
OR* = QR? + 00*

The curved surface area of the frustum = surfac.e area ie. 2= (7.0)2 + 0Q2
of zone=2mrh (from above), where r=radius of
sphere =49.74/2 =24.87 cm and h=7.00 cm. Hence, However OQ = QP + OP =5.0 4 OP, therefore

surface area of zone = 277(24.87)(7.00) = 1094 cm?

r? = (7.0)* 4+ (5.0 + OP)? )
Problem 24. The diameters of the ends of the
frustum of a sphere are 14.0 cm and 26.0 cm
respectively, and the thickness of the frustum is (13.0)2 + OP? = (7.0)2 + (5.0 + OP)?
5.0 cm. Determine, correct to 3 significant figures 5
(a) the volume of the frustum of the sphere, (b) the 169.0 + OP" =49.0 +25.0
radius of the sphere and (c) the area of the zone +10.0(OP) + OP?

formed 169.0 =74.0 + 10.0(0OP)

Equating equations (1) and (2) gives:
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Hence

_169.0 — 74.0

OP = =9.50cm
10.0

Substituting OP = 9.50 cm into equation (1) gives:

r? = (13.0)* + (9.50)?
from which r = +/13.02 + 9.502

i.e. radius of sphere, r =16.1 cm

(c) Area of zone of sphere

= 2nrh = 27(16.1)(5.0)

= 506 cm?, correct to 3 significant figures.

Problem 25. A frustum of a sphere of diameter
12.0 cm is formed by two parallel planes, one
through the diameter and the other distance / from
the diameter. The curved surface area of the frustum
is required to be ;11 of the total surface area of the
sphere. Determine (a) the volume and surface area
of the sphere, (b) the thickness % of the frustum,

(c) the volume of the frustum and (d) the volume of
the frustum expressed as a percentage of the sphere

(a) Volume of sphere,
4 5 4 [120)°
V=cnar=-n|{—
3 3 2
= 904.8 cm®

Surface area of sphere

5 12.0\?
=4nr° =4nx T

= 452.4 cm?

(b) Curved surface area of frustum

x surface area of sphere

=

=1 %4524 = 113.1cm?

IN|

From above,

12.0
113.1 =2nrh =2n <T> h

Hence thickness of frustum

(c) Volume of frustum,

h
V= ’%(h2 4317 4 312)

where h=3.0cm, r, =6.0cm and

r =002 — oP?

from Fig. 20.20,

ie. r1=+6.02—-3.02=5.196cm

Figure 20.20

Hence volume of frustum

- 71(2.0) [(3.0)2 + 3(5.196) + 3(6.0)]

= g[9.0 481+ 108.0] = 311.0cm®

Volume of frustum  311.0
Volume of sphere ~ 904.8

= 34.37%

(@ x 100%

Problem 26. A spherical storage tank is filled
with liquid to a depth of 20 cm. If the internal
diameter of the vessel is 30 cm, determine the
number of litres of liquid in the container

(1 litre = 1000 cm?)

The liquid is represented by the shaded area in the
section shown in Fig. 20.21. The volume of liquid com-
prises a hemisphere and a frustum of thickness 5 cm.
Hence volume of liquid

2 5 mh
= —nr’ +

3 ?[h2 +3r7 4 3r3]

where , =30/2 =15cm and

r1 =152 —52 = 14.14cm
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I

V o) _[som

7
V15 cm
15 cm

Y

Figure 20.21

Volume of liquid

2 5
= g71(15)3 + ?[52 +3(14.14)% + 3(15)%]

= 7069 + 3403 = 10470 cm?

Since 1 litre = 1000 cm?, the number of litres of liquid

104
= M = 10.47 litres
1000

Now try the following exercise

Exercise 78 Further problems on frustums
and zones of spheres

1. Determine the volume and surface area of a
frustum of a sphere of diameter 47.85 cm, if
the radii of the ends of the frustum are 14.0 cm
and 22.0cm and the height of the frustum is
10.0cm [11210cm?, 1503 cm?]

2. Determine the volume (in cm?) and the sur-
face area (in cm?) of a frustum of a sphere
if the diameter of the ends are 80.0 mm and
120.0 mm and the thickness is 30.0 mm.

[259.2cm?, 118.3 cm?]

3. A sphere has a radius of 6.50 cm. Determine
its volume and surface area. A frustum of the
sphere is formed by two parallel planes, one
through the diameter and the other at a distance
h from the diameter. If the curved surface area
of the frustum is to be % of the surface area of
the sphere, find the height 4 and the volume of
the frustum.

1150 cm?,531 cm?,
|:2.6O cm, 326.7 cm® ]

4. A sphere has a diameter of 32.0 mm. Calcu-
late the volume (in cm?) of the frustum of the

sphere contained between two parallel planes
distances 12.0mm and 10.00mm from the
centre and on opposite sides of it.

[14.84 cm’]

5. A spherical storage tank is filled with liquid
to a depth of 30.0cm. If the inner diam-
eter of the vessel is 45.0cm determine the
number of litres of liquid in the container
(1 litre = 1000 cm?). [35.34 litres]

20.6 Prismoidal rule

The prismoidal rule applies to a solid of length x divided
by only three equidistant plane areas, Aj, A2 and A3
as shown in Fig. 20.22 and is merely an extension of
Simpson’s rule (see Chapter 21)—but for volumes.

Figure 20.22
With reference to Fig. 20.22
x
Volume, V = E[Al +4A; + A3l

The prismoidal rule gives precise values of volume for
regular solids such as pyramids, cones, spheres and
prismoids.

Problem 27. A container is in the shape of a
frustum of a cone. Its diameter at the bottom is
18 cm and at the top 30 cm. If the depth is 24 cm
determine the capacity of the container, correct to
the nearest litre, by the prismoidal rule.

(1 litre = 1000 cm?)

The container is shown in Fig. 20.23. At the mid-point,
i.e. at a distance of 12 cm from one end, the radius rp
is (94 15)/2 =12 cm, since the sloping side changes
uniformly.

Volume of container by the prismoidal rule

X
= E[Al +4A; + A3]
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24 cm

Figure 20.23

from above, where x=24cm, A;= 71(15)2 cm?,
A> =7(12)? cm? and A3 = 7(9)? cm?
Hence volume of container

= %mmz + 47(12)% 4 7(9)*]

= 4[706.86 + 1809.56 + 254.47]

11 080

=11080cm’ = litres

= 11 litres, correct to the nearest litre
(Check: Volume of frustum of cone

= %Jrh[R2 + Rr + r2] from Section 20.4

= Lr@H(15? + (15)9) + (9)]

= 11080 cm3(as shown above)

Problem 28. A frustum of a sphere of radius

13 cm is formed by two parallel planes on opposite
sides of the centre, each at distance of 5 cm from
the centre. Determine the volume of the frustum
(a) by using the prismoidal rule, and (b) by using
the formula for the volume of a frustum of a sphere

The frustum of the sphere is shown by the section in
Fig. 20.24.

/ﬁ N\

G 5 cm)
\ 0

N

Figure 20.24

Radius 7| =y = PQ = +/132 — 52 = 12 cm, by Pythago-
ras’ theorem.

(a) Using the prismoidal rule, volume of frustum,

X
V= E[Al + 44, + As]

= %[n(12)2 + 47(13)% + 7(12)%]

10
- %[144 + 676 + 144] = 5047 cm®

(b) Using the formula for the volume of a frustum of

a sphere:
wh o 2 2
Volume V= ?(h +3r +3r3)
10
=T (6 )[102 4 3(12)2 + 3(12)?]

10
- T”(loo 1432 4 432)

= 5047 cm®

Problem 29. A hole is to be excavated in the form
of a prismoid. The bottom is to be a rectangle 16 m
long by 12 m wide; the top is also a rectangle, 26 m
long by 20 m wide. Find the volume of earth to be
removed, correct to 3 significant figures, if the
depth of the hole is 6.0 m

The prismoid is shown in Fig. 20.25. Let A;
represent the area of the top of the hole, i.e.
A1 =20 x26=520m?. Let A3 represent the area of
the bottom of the hole, i.e. A3 = 16 x 12 =192 m?. Let
A, represent the rectangular area through the middle
of the hole parallel to areas A; and A;. The length
of this rectangle is (26 4+ 16)/2 =21 m and the width
is (20+ 12)/2 = 16 m, assuming the sloping edges are
uniform. Thus area Ay =21 x 16 =336 m?.

Figure 20.25
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Using the prismoidal rule,
volume of hole = %C[A1 T 445 + A3]

6
= £[520 +4(336) + 192]

— 2056 m° = 2060 m?>,

correct to 3 significant figures.

Problem 30. The roof of a building is in the form
of a frustum of a pyramid with a square base of side
5.0 m. The flat top is a square of side 1.0 m and all
the sloping sides are pitched at the same angle. The
vertical height of the flat top above the level of the
eaves is 4.0 m. Calculate, using the prismoidal rule,
the volume enclosed by the roof

Let area of top of frustum be A1 = (1.0)> = 1.0 m?

Let area of bottom of frustum be Az = (5.0)? = 25.0 m?
Let area of section through the middle of the frustum
parallel to A; and Az be A;. The length of the side
of the square forming A, is the average of the sides
forming A; and Az, i.e. (1.0+5.0)/2=3.0m. Hence
Ar=(3.0)>=9.0m?

Using the prismoidal rule,

X
—[A1 +4A; + Aj]

volume of frustum =

4.0
= - [10+40.0) +25.0]

Hence, volume enclosed by roof =41.3 m3

Now try the following exercise

Exercise 79 Further problems on the
prismoidal rule

1. Use the prismoidal rule to find the volume of
a frustum of a sphere contained between two
parallel planes on opposite sides of the centre
each of radius 7.0 cm and each 4.0 cm from the
centre. [1500 cm?]

2. Determine the volume of a cone of perpendic-
ular height 16.0 cm and base diameter 10.0 cm
by using the prismoidal rule. [418.9 cm?®]

3. A bucket is in the form of a frustum of a cone.
The diameter of the base is 28.0cm and the
diameter of the top is 42.0 cm. If the height is
32.0 cm, determine the capacity of the bucket
(in litres) using the prismoidal rule (1 litre =
1000 cm?).

[31.20 litres]

4. Determine the capacity of a water reservoir,
in litres, the top being a 30.0m by 12.0m
rectangle, the bottom being a 20.0 m by 8.0 m
rectangle and the depth being 5.0 m (1 litre =
1000 cm?). [1.267 x 10 litre]

20.7 Volumes of similar shapes

The volumes of similar bodies are proportional to
the cubes of corresponding linear dimensions.

For example, Fig. 20.26 shows two cubes, one of
which has sides three times as long as those of the other.

XI @ 3x
(@)

Figure 20.26

Volume of Fig. 20.26(a) = (x)(x)(x) = x°
Volume of Fig. 20.26(b) = (3x)(3x)(3x) = 27x°

Hence Fig. 20.26(b) has a volume (3)3, i.e. 27 times the
volume of Fig. 20.26(a).

Problem 31. A car has a mass of 1000kg. A
model of the car is made to a scale of 1 to 50.
Determine the mass of the model if the car and its
model are made of the same material

Volume of model ( 1 )3

Volume of car  \ 50
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since the volume of similar bodies are proportional to Now try the following exercise
the cube of corresponding dimensions.
Mass = density x volume, and since both car and

model are made of the same material then: Exercise 80 Further problems on volumes

of similar shapes

1. The diameter of two spherical bearings are

Mass of model ( 1 )3
in the ratio 2:5. What is the ratio of their

Mass of car %

(@]
[
=
—
()
(<B}
v

1\3 9 .
Hence mass of model = (mass of car) (%> gl 1251
1000 2. An engineering component has a mass of
503 400 g. If each of its dimensions are reduced

—0.008kg or 8g by 30% determine its new mass. [137.2 ¢g]
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Chapter 21

Irreqular areas and volumes
and mean values of

21.1 Area of irregular figures

Area of irregular plane surfaces may be approximately
determined by using (a) a planimeter, (b) the trapezoidal
rule, (¢) the mid-ordinate rule, and (d) Simpson’s rule.
Such methods may be used, for example, by engineers
estimating areas of indicator diagrams of steam engines,
surveyors estimating areas of plots of land or naval
architects estimating areas of water planes or transverse
sections of ships.

(a) A planimeter is an instrument for directly mea-
suring small areas bounded by an irregular curve.

(b) Trapezoidal rule
To determine the areas PORS in Fig. 21.1:

R
Y1l YetYa | Ya|Ys| Ve | V7

Ph ottt s
d d'd'd’'d d

Figure 21.1

(i) Divide base PS into any number of equal
intervals, each of width d (the greater the
number of intervals, the greater the accu-
racy).

(i) Accurately measure ordinates yy, y2, 3, etc.

waveforms

(iii) Area PQRS

1+ y7 i
=d[yTy Y243 +ys+ys + e

In general, the trapezoidal rule states:

Area = width of 1 first 4+ last 4 i:::a(i)flin
~ \interval 2 \ ordinate g

ordinates

(c) Mid-ordinate rule
To determine the area ABCD of Fig. 21.2:

Figure 21.2

(i) Divide base AD into any number of equal
intervals, each of width d (the greater
the number of intervals, the greater the
accuracy).

(i1) Erect ordinates in the middle of each interval
(shown by broken lines in Fig. 21.2).

(iii)) Accurately measure ordinates y1, y2, y3, etc.

(iv) Area ABCD

=d0y1 +y2+y3+y4+ 5+ ye).

www.EngineeringBooksPdf.com



Irregular areas and volumes and mean values of waveforms

175

In general, the mid-ordinate rule states:

Area = width of sum of
~ \interval mid-ordinates

(d) Simpson’s rule
To determine the area PORS of Fig. 21.1:

(i) Divide base PS into an even number of inter-
vals, each of width d (the greater the number
of intervals, the greater the accuracy).

(i) Accurately measure ordinates yy, y2, y3, etc.
(iii) Area PQRS
d
= g[()’I +y7) + 42 + y4 + o)
+2(y3 + y5)]

In general, Simpson’s rule states:

1 ( width of first+ last

Area= - | . X .
3 \ interval ordinate
sum of even
+4 .
ordinates
+2 sum of rer.naining
odd ordinates

Problem 1. A car starts from rest and its speed is
measured every second for 6 s:

Timets) 0 1 2 3 4 5 6

Speed v

(m/s) 0 25 55 875 125 175 24.0

Determine the distance travelled in 6 seconds (i.e. the
are under the v/t graph), by (a) the trapezoidal rule,
(b) the mid-ordinate rule, and (c) Simpson’s rule

A graph of speed/time is shown in Fig. 21.3.

30|
Graph of speed/time

25|

"

15

Speed (m/s)

S —
20.25

17.5
24.0

0 1 2 3 4 5 6
Time (seconds)

Figure 21.3

(a) Trapezodial rule (see para. (b) above).

The time base is divided into 6 strips each of width
1's, and the length of the ordinates measured. Thus

0+24.0
area = (1) [(%) +25+55+8.75

+12.5+ 17.5:| =58.75m

(b) Mid-ordinate rule (see para. (c) above).
The time base is divided into 6 strips each of width
1 second. Mid-ordinates are erected as shown in
Fig. 21.3 by the broken lines. The length of each
mid-ordinate is measured. Thus
area = (1)[1.25+4.0+ 7.0 + 10.75

+15.0420.25] = 58.25m

(c) Simpson’s rule (see para. (d) above).
The time base is divided into 6 strips each of width

1's, and the length of the ordinates measured. Thus
1
area = g(l)[(O +24.0) + 4(2.5 +8.75
+17.5) +2(5.5412.5)] = 58.33 m
Problem 2. A river is 15 m wide. Soundings of

the depth are made at equal intervals of 3 m across
the river and are as shown below.

Depth(m) 0 22 33 45 42 24 0

Calculate the cross-sectional area of the flow of
water at this point using Simpson’s rule

From para. (d) above,

Area = %(3)[(0 +0)+4(2.2+4.5+2.4)
+2(3.3+4.2)]
= (1[0 + 36.4 + 15] = 51.4m?>

Now try the following exercise

Exercise 81 Further problems on areas of

irregular figures

1. Plot a graph of y=3x—x’ by completing
a table of values of y from x=0 to x=3.
Determine the area enclosed by the curve, the
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176 Engineering Mathematics

x-axis and ordinate x =0 and x = 3 by (a) the
trapezoidal rule, (b) the mid-ordinate rule and
(c) by Simpson’s rule. [4.5 square units]

2. Plot the graph of y=2x%+4 3 between x=0
and x =4. Estimate the area enclosed by the
curve, the ordinates x =0 and x =4, and the
x-axis by an approximate method.

[54.7 square units]

3. The velocity of a car at one second intervals is
given in the following table:

01 2 3 4 5 6
0 2.0 45 8.0 14.0 21.0 29.0

Determine the distance travelled in 6 sec-
onds (i.e. the area under the v/t graph) using
Simpson’s rule. [63.33m]

4. The shape of a piece of land is shown in
Fig. 21.4. To estimate the area of the land,
a surveyor takes measurements at intervals
of 50 m, perpendicular to the straight portion
with the results shown (the dimensions being
in metres). Estimate the area of the land in
hectares (1 ha=10*m?). [4.70 ha]

50'50150/50150'50

Figure 21.4

5. The deck of a ship is 35 m long. At equal inter-
vals of 5 m the width is given by the following
table:

.O 2.8 52 65 58 4.1 3.0 23

Estimate the area of the deck. [143 m?]

21.2 Volumes of irregular solids

If the cross-sectional areas A1, A, A3, . . . of an irregular
solid bounded by two parallel planes are known at equal

intervals of width d (as shown in Fig. 21.5), then by
Simpson’s rule:

d Vi
Volume, V = 3 [(Al +A7) +4(A2 + Ay +A6):|

+2(A3 +As)
|

falalalalaglal

Figure 21.5

Problem 3. A tree trunk is 12 m in length and has
a varying cross-section. The cross-sectional areas at
intervals of 2 m measured from one end are:

0.52, 0.55, 0.59, 0.63, 0.72, 0.84, 0.97 m?

Estimate the volume of the tree trunk

A sketch of the tree trunk is similar to that shown in
Fig. 21.5, where d =2m, A; =0.52m?, A =0.55m?,
and so on.

Using Simpson’s rule for volumes gives:

2
Volume = 5[(0.52 +0.97) + 4(0.55
4 0.63 4+ 0.84) 4+ 2(0.59 + 0.72)]
2
= g[1.49 +8.08 +2.62] = 8.13m>
Problem 4. The areas of seven horizontal

cross-sections of a water reservoir at intervals of
10 m are:

210, 250, 320, 350, 290, 230, 170 m?

Calculate the capacity of the reservoir in litres

Using Simpson’s rule for volumes gives:
10
Volume = ?[(210 + 170) + 4(250
+ 350 4 230) + 2(320 + 290)]
10
= ?[380 + 3320 + 1220]

= 16400 m?

16400 m = 16400 x 10° cm?
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Since 1 litre = 1000 cm?, capacity of reservoir

21.3 The mean or average value of a

16400 x 10° litres waveform
~ 1000
16 400000 = 1.64 x 107 litres The mean or average value, y, of the waveform shown

in Fig. 21.6 is given by:

Now try the following exercise )= area under curve
length of base, b

(@]
[
=
—
()
(<B}
v

Exercise 82 Further problems on volumes

of irregular solids
. . L
1. The areas of equidistantly spaced sections of AT - f‘ T -
the underwater form of a small boat are as 4 Vol vs y!4 Vs ylsr A L
follows: el el
d'd'd'd'd"d"d
1.76, 2.78, 3.10, 3.12, 2.61, 1.24, 0.85m> b
Determine the underwater volume if the sec- Figure 21.6
tions are 3 m apart. [42.59 m?].

If the mid-ordinate rule is used to find the area under

2. To estimate the amount of earth to be removed
the curve, then:

when constructing a cutting the cross-sectional

area at intervals of 8 m were estimated as _ sum of mid-ordinates

follows: Y= humber of mid-ordinates

0, 2.8, 3.7, 4.5, 4.1, 2.6, 0 m? <_ V14 Y2+ V3 + ya + ys5 + y6 + y7

Estimate the volume of earth to be excavated. 7

3
[147m7] for Fig. 21.6)

3. The circumference of a 12m long log of

timber of varying circular cross-section is For a sine wave, the mean or average value:

measured at intervals of 2 m along its length

and the results are: (i) over one complete cycle is zero (see Fig. 21.7(a)),

V 4
VmV\ Vm m\
/

280 TV

0
2 3.25 @) (b)
4 3.94 \‘,/mh
6 432 VAN

OI 7
8 5.16
C
10 5.82 ©
Figure 21.7
12 6.36

(i) over half a cycle is 0.637 x maximum value, or

Estimate the volume of the timber in cubic 2/m x maximum value,

metres. [20.42 m?] (iii)) ofafull-waverectified waveform (see Fig. 21.7(b))
is 0.637 x maximum value,
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178 Engineering Mathematics

(iv) ofahalf-waverectified waveform (see Fig. 21.7(c))

is 0.318 x maximum value, or — x maximum
T

value,

Problem 5. Determine the average values over
half a cycle of the periodic waveforms shown in

Voltage (V)
N
o
S

(b)

(©)

Area under waveform (b) for a half cycle
=(1x1)+Bx2)="7As
Average value of waveform

area under curve

Fig. 21.8 length of base
TA

= 22334
3s

A half cycle of the voltage waveform (c) is com-
pleted in 4 ms.

Area under curve
1 -3
= 5{(3 — 1H)107°}(10)
=10 x 1072 Vs

Average value of waveform

area under curve

length of base

Problem 6. Determine the mean value of current
over one complete cycle of the periodic waveforms
shown in Fig. 21.9

Voltage (V)
o

c <
(c) :

Figure 21.8 g 95
o

3

) o 4 8 12162024 28 {(ms)
(a) Areaunder triangular waveform (a) for a half cycle

is given by: <

2 2f
1 £

Area = E(base)(perpendicular height) a3 . " .
o} 2 4 6 8 1012t(ms)

1 -3
52 % 107)20)

Figure 21.9
=20 x 103 Vs

(a) One cycle of the trapezoidal waveform (a) is com-

Average value of waveform pleted in 10ms (i.e. the periodic time is 10 ms).

area under curve Area under curve = area of trapezium

length of base
20 x 1073 Vs
2% 1073

1
= E(sum of parallel sides)(perpendicular
=10V

distance between parallel sides)
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1
= E{(4 +8) x 107335 x 1079)
=30x 107% As

Mean value over one cycle

area under curve

length of base

30 x 1076 A

_ 30X 1077 As 5o
10 x 10735

(b) One cycle of the sawtooth waveform (b) is com-
pleted in 5 ms.
Area under curve

1 -3 -3
=53 x107)2) =3 x 107 As

Mean value over one cycle

area under curve
~length of base

3x1073A
5x107°s
Problem 7. The power used in a manufacturing
process during a 6 hour period is recorded at
intervals of 1 hour as shown below

O 1 2 3 4 5 6

0 14 29 51 45 23 0

Plot a graph of power against time and, by using the
mid-ordinate rule, determine (a) the area under the
curve and (b) the average value of the power

The graph of power/time is shown in Fig. 21.10.

Graph of power/time
50 ’\
|
|
_ 40 |
2 D]
T 30 | |
(]
z [ l
o 20}t | I
| | |
P
10+ | ! |
7.0121.5/42.0|49.5/37
0 1 2 3 4 5 6
Time (hours)
Figure 21.10

(a) Thetime base is divided into 6 equal intervals, each
of width 1 hour. Mid-ordinates are erected (shown
by broken lines in Fig. 21.10) and measured. The
values are shown in Fig. 21.10.

Area under curve

= (width of interval)(sum of mid-ordinates)
= (1)[7.04+21.5+42.0+49.5 +37.0 4+ 10.0]
= 167 kWh

(i.e. a measure of electrical energy)
(b) Average value of waveform

area under curve

length of base
167 kWh
= —— =27.83kW
6h

Alternatively, average value

Sum of mid-ordinates

" number of mid-ordinate

Problem 8. Figure 21.11 shows a sinusoidal
output voltage of a full-wave rectifier. Determine,
using the mid-ordinate rule with 6 intervals, the
mean output voltage

e

o

j=]

£

o

>

o | 30°60°90° 180° 270° 360° 4

5 b 3n 2n
2 2

Figure 21.11

One cycle of the output voltage is completed in 7 radians
or 180°. The base is divided into 6 intervals, each of
width 30°. The mid-ordinate of each interval will lie at
15°, 45°,75°, etc.

At 15° the height of the mid-ordinate is 10sin 15° =
2.588V

At 45° the height of the mid-ordinate is 10sin45° =
7.071V, and so on.
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The results are tabulated below: (b) Mean height of ordinates
f di 34
- Midordinate  Height of mid-ordinate = gt othae. = 12 = 283em
length of base 12
= I L2 S AT Since 1 cm represents 100 kPa, the mean pressure
~ 45° 10 sin 45°=7.071V in the cylinder
=
g 75° 10 sin 75°=9.659V =2.83cm x 100kPa/cm = 283 kPa
O . o
o 105 10 sin 105°=9.659V
135° 10 sin 135°=7.071V Now try the following exercise
165° 10 sin 165°=2.588V

Exercise 83 Further problems on mean or

Sum of mid-ordinates = 38.636 V
average values of waveforms

Mean or average value of 01.1tput V.oltage 1. Determine the mean value of the periodic
_ Sum of mid-ordinates waveforms shown in Fig. 21.13 over a half
number of mid-ordinate cycle. [(A)2A (b)S50V (c)2.5A]
38.636 =
= =6.439V <
€ 2
(With a larger number of intervals a more accurate §
answer may be obtained.) 0 10 20 t(ms)
For a sine wave the actual mean value is 0.637 x -2}
maximum value, which in this problem gives 6.37V
(@)
Problem 9. An indicator diagram for a steam =
engine is shown in Fig. 21.12. The base line has g 100 -
been divided into 6 equally spaced intervals and the &
lengths of the 7 ordinates measured with the results 2 }
. . . 0 © 10 H(ms)
shown in centimetres. Determine (a) the area of the \/
indicator diagram using Simpson’s rule, and (b) the —100 +
mean pressure in the cylinder given that 1 cm (b)
represents 100 kPa _
<
5
O o
0 15[/0 t(ms)
' 12.00m —‘ -5 r
Figure 21.12 (c)
12.0 Figure 21.13
(a) The width of each interval is T cm. Using 2. Find the average value of the periodic wave-
Simpson’s rule, form shown in Fig. 21.14 over one complete
1 cycle. [(@)2.5V (b)3A]
area = -(2.0)[(3.6 + 1.6) + 4(4.0 . .
3 3. Analternating current has the following values
+29+1.7)+2(3.5+2.2)] at equal intervals of 5 ms.
2
=3152+344 4 11.4] vosl v s A 2510
009 26 49 58 35 0
= 34 cm?
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Plot a graph of current against time and esti-
mate the area under the curve over the 30 ms
period using the mid-ordinate rule and deter-
mine its mean value. [0.093 As, 3.1 A]

2 4 6 8 10 t(ms)

MYAYA

2 4 6 8 10 f(ms)

Voltage (mV)

o

Current (A)
(6)]

o

Figure 21.14

Determine, using an approximate method, the
average value of a sine wave of maximum
value 50V for (a) a half cycle and (b) a
complete cycle.

[(a) 31.83V (b) 0]

An indicator diagram of a steam engine is
12 cm long. Seven evenly spaced ordinates,
including the end ordinates, are measured as
follows:

5.90, 5.52, 4.22, 3.63, 3.32, 3.24, 3.16cm

Determine the area of the diagram and the
mean pressure in the cylinder if 1cm repre-
sents 90 kPa. [49.13 cm?, 368.5 kPa]
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Revision Test 5

This Revision test covers the material contained in Chapters 18 to 21. The marks for each question are shown in
brackets at the end of each question.

(@] 1.
[ e
.2
-
o
(<P}
v

2.

3.

4.

5.

A swimming pool is 55 m long and 10 m wide. The
perpendicular depth at the deep end is 5 m and at
the shallow end is 1.5 m, the slope from one end
to the other being uniform. The inside of the pool
needs two coats of a protective paint before it is
filled with water. Determine how many litres of
paint will be needed if 1 litre covers 10 m2.  (7)

A steel template is of the shape shown in Fig. R5.1,
the circular area being removed. Determine the
area of the template, in square centimetres, correct

to 1 decimal place. @)
30mm
— [
130mm
70mm .
it 30mm
i
70mm 150 mm
Figure R5.1

The area of a plot of land on a map is 400 mm?.
If the scale of the map is 1 to 50000, deter-
mine the true area of the land in hectares
(1 hectare = 10* m?). 3)

Determine the shaded area in Fig. R5.2, correct to
the nearest square centimetre. 3)

Determine the diameter of a circle whose circum-
ference is 178.4 cm. 2)

Figure R5.2

10.

11.

12.

Convert
(a) 125°47 to radians
(b) 1.724 radians to degrees and minutes 2)

Calculate the length of metal strip needed to make
the clip shown in Fig. R5.3. 6)

30 mm rad

75 mm

/2(15 mm rad

70 mm

T —

0mm

Figure R5.3

A lorry has wheels of radius 50 cm. Calculate the
number of complete revolutions a wheel makes
(correct to the nearest revolution) when travelling
3 miles (assume 1 mile = 1.6 km). ®))

The equation of a circle is:
K24y +12x —dy+4=0.

Determine (a) the diameter of the circle, and (b)
the coordinates of the centre of the circle. ®)

Determine the volume (in cubic metres) and the
total surface area (in square metres) of a solid
metal cone of base radius 0.5 m and perpendicular
height 1.20 m. Give answers correct to 2 decimal
places. ®)

Calculate the total surface areaof a 10 cm by 15 cm
rectangular pyramid of height 20 cm. )

A water container is of the form of a central cylin-
drical part 3.0m long and diameter 1.0 m, with
a hemispherical section surmounted at each end
as shown in Fig. R5.4. Determine the maximum
capacity of the container, correct to the nearest

litre. (1 litre = 1000 cm?3.) 3)
: 3.0m g
< > 1.0m
Figure R5.4
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13.

14.

15.

Find the total surface area of a bucket con-
sisting of an inverted frustum of a cone, of
slant height 35.0cm and end diameters 60.0 cm
and 40.0 cm. “4)

A boat has a mass of 20000kg. A model of the
boat is made to a scale of 1 to 8. If the model is
made of the same material as the boat, determine
the mass of the model (in grams). 3)

Plot a graph of y=3x?+5 from x=1 to x=4.
Estimate, correct to 2 decimal places, using 6
intervals, the area enclosed by the curve, the ordi-
nates x =1 and x =4, and the x-axis by (a) the
trapezoidal rule, (b) the mid-ordinate rule, and
(c) Simpson’s rule. (12)

16. A vehicle starts from rest and its velocity is

measured every second for 6 seconds, with the
following results:

01 2 3 4 5 6
0 1.2 24 3.7 52 6.0 92

Using Simpson’s rule, calculate (a) the distance
travelled in 6s (i.e. the area under the v/t graph)
and (b) the average speed over this period.  (6)
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Chapter 22

22.1 Trigonometry

Trigonometry is the branch of mathematics that deals
with the measurement of sides and angles of trian-
gles, and their relationship with each other. There are
many applications in engineering where knowledge of
trigonometry is needed.

22.2 The theorem of Pythagoras

With reference to Fig. 22.1, the side opposite the
right angle (i.e. side b) is called the hypotenuse. The
theorem of Pythagoras states:

‘In any right-angle triangle, the square on the
hypotenuse is equal to the sum of the squares on the
other two sides.’

Hence b2 =a®+c?

Figure 22.1

Problem 1. In Fig. 22.2, find the length of EF.

D

f:5cml: e=13cm
E F

d

Figure 22.2

Introduction to

trigonometry

By Pythagoras’ theorem:  ¢* = d” + 2
Hence 132 = 4% + 57
169 = d* +25
d* =169 — 25 = 144
Thus d =~/144 = 12cm
ie. EF =12 cm

Problem 2. Two aircraft leave an airfield at the
same time. One travels due north at an average
speed of 300 km/h and the other due west at an
average speed of 220 km/h. Calculate their distance
apart after 4 hours

N

W+E B
S 1200 km
c A

880 km

Figure 22.3
After 4 hours, the first aircraft has travelled
4 x 300 = 1,200 km, due north, and the second aircraft
has travelled 4 x 220 =880 km due west, as shown in
Fig. 22.3. Distance apart after 4 hour = BC.
From Pythagoras’ theorem:
BC? = 12007 + 8807
= 1440000 + 774400 and

BC =+/2214400

Hence distance apart after 4 hours = 1488 km
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Now try the following exercise
7. Figure 22.5 shows a cross-section of a com-

ponent that is to be made from a round bar.
Exercise 84 Further problems on the If the diameter of the bar is 74 mm, calculate
theorem of Pythagoras the dimension x. [24 mm]

1. Inatriangle CDE, D=90°, CD = 14.83 mm X
and CE =28.31mm. Determine the length ld——-"

of DE. [24.11 mm]

2. Triangle PQOR is isosceles, Q being a right
angle. If the hypotenuse is 38.47 cm find (a)
the lengths of sides PQ and QOR, and (b) the
value of ZQPR. [(a) 27.20 cm each (b) 45°]

3. A man cycles 24 km due south and then 20 km
due east. Another man, starting at the same
time as the first man, cycles 32 km due east
and then 7km due south. Find the distance Figure 22.5
between the two men. [20.81 km]

Q’lb“(\“\ 72 mm

o
[ el
=
—
O
(<B}
v

4. A ladder 3.5m long is placed against a
perpendicular wall with its foot 1.0m from
the wall. How far up the wall (to the nearest
centimetre) does the ladder reach? If the foot
of the ladder is now moved 30cm further
away from the wall, how far does the top of

22.3 Trigonometric ratios of

acute angles

the ladder fall? [3.35m, 10cm] (a) With reference to the right-angled triangle shown
in Fig. 22.6:
5. Two ships leave a port at the same time. One

travels due west at 18.4km/h and the other . o opposite side
due south at 27.6km/h. Calculate how far @ = hypotenuse
apart the two ships are after 4 hours. b

[132.7 km] ie. sinf = —

c

6. Figure 22.4 shows a bolt rounded off at one . .
adjacent side

end. Determine the dimension 4.  [2.94 mm] (i) cosine § =
hypotenuse
=
1S . a
© | ie.cosf = —
¥ BT ¢
N opposite side

iii) tangentd = ———
(itt) & adjacent side

45 mm . b
ie. tanf = —
a

hypotenuse

iv secantf =
@) adjacent side

! . c
b;\_/ ie. secl=-—
a

hypotenuse

! (v) cosecant § = i
1 opposite side

i) c
Figure 22.4 i.e. cosecd = b
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adjacent side
(vi) cotangentf = ;
opposite side

a
i.e.cotf=—
b

b
) d
a
Figure 22.6
(b) From above,
b
0 sing . b a0
i == =—=tané,
cos 4 ¢
c
~3 0
ie. tanf = —
cos 0
a
cosf . a
1i == —--= te,
(it sind b b 0
c
» 0
ie. cotf = Lf)s
sin
1
(iii) secd =
cos 6
. 1
(iv) cosecl = —
sin 0
(Note ‘s’ and ‘c’ go together)
1
\% cotf =
W) tan 6

Secants, cosecants and cotangents are called the recip-
rocal ratios.

Problem 3.
the other five trigonometric ratios

If cos X = % determine the value of

Figure 22.7 shows a right-angled triangle XYZ.

V4

41

Figure 22.7

9
Since cos X = a then XY =9 units and
XZ = 41 units.
Using Pythagoras’ theorem: 41%>=9?+YZ? from
which YZ = +/412 — 92 =40 unts.

. 40 40 4
Thus, sinX = —, tanX = — =4,
41 9
41 1
cosecX = — = IE’ secX = 9= 4§
d cot X o
an = —
40
Problem 4. If sin # =0.625 and cos 8 =0.500

determine the values of cosec 0, sec 6, tan 6 and cot 6

cosec = L = ; = 1.60

sin 6 0.625
1 1
= — = ——— = 2.

sect =056 ~ 0500 ~ =00
sin 6 0.625

= = ——=1.25
and =056 = 0,500

cotg= 2080 _ 0500 _ ¢
sin & 0.625

o
NEh-——--=2
N
[«

3F--

[o'c Y

Figure 22.8

Problem 5. Point A lies at co-ordinate (2, 3) and
point B at (8, 7). Determine (a) the distance AB,
(b) the gradient of the straight line AB, and (c) the
angle AB makes with the horizontal

(a) Points A and B are shown in Fig. 22.8(a).
In Fig. 22.8(b), the horizontal and vertical lines
AC and BC are constructed. Since ABC is a
right-angled triangle, and AC =(8 —2)=6 and
BC = (7 — 3) =4, then by Pythagoras’ theorem:

AB> = AC? + BC? = 6> + 47
and AB=+62+42=4+/52="7.211,

correct to 3 decimal places
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(b) The gradient of AB is given by tan 6,
. . BC 4 2
i.e. gradient = tan 6= — =—=—
AC 6 3
(c) The angle AB makes with the horizontal is
2
given by: tan~! 3= 33.69°

Now try the following exercise

Exercise 85 Further problems on
trigonometric ratios of acute
angles

1. Intriangle ABC shown in Fig. 22.9, find sin A,
cos A, tan A, sin B, cos B and tan B.

Figure 22.9
SinA = g,cosA = g,tanA = %
sinB = A—t,cosB = g,tanB = é—‘
5 5 3
2. For the right-angled triangle shown in Fig.
22.10, find:

(a)sina (b) cosf (c)tan 6

Figure 22.10
15 15 8
|:(a) 17 (b) 17 (© E:I

12
3. IfcosA= 'l find sin A and tan A, in fraction

form.

. 5 5
sinA = —, tanA = —
13 12

4. Point P lies at co-ordinate (—3, 1) and point
0 at (5, —4). Determine (a) the distance PQ,
(b) the gradient of the straight line PQ, and (c)
the angle PO makes with the horizontal.

[() 9.434 (b) —0.625 (c) —32°]

22.4 Fractional and surd forms of

trigonometric ratios

In Fig. 22.11, ABC is an equilateral triangle of side 2
units. AD bisects angle A and bisects the side BC. Using
Pythagoras’ theorem on triangle ABD gives:

AD = /22 — 12 = /3.

D 1 AD 3
Hence, sin30°=—=—-,¢0s30°= — = £
AB 2 A 2
d tan 30° BD !
an an =——=—
AD /3
AD 3 D 1
sin60°=—=£,cos60° =—
AB 2 AB 2
AD
and tan 60° = — = /3
B
Figure 22.11
P
75°\0/2
SEEERCTAN
Q / R
Figure 22.12
In Fig. 22.12, PQR is an isosceles triangle

with PO= QR=1 unit. By Pythagoras’ theorem,

PR=V124+12=2

Hence,

sin45° = \2, cos45° = \lfz and tan 45° =1
A quantity that is not exactly expressible as a rational
number is called a surd. For example, /2 and /3 are
called surds because they cannot be expressed as a frac-
tion and the decimal part may be continued indefinitely.
For example,

V2 =1.4142135..., and v/3 = 1.7320508.. ...
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From above,
sin 30° = cos 60°, sin 45° = cos 45° and
sin 60° = cos 30°.
In general,
sin 0 = cos(90° — ) and cos @ =sin(90° — 0)

For example, it may be checked by calculator that
sin 25° =cos 65° , sin 42° = cos 48° and
cos 84° 10’ =sin 5° 50’, and so on.

Problem 6. Using surd forms, evaluate:
3 tan 60° — 2 cos 30°
tan 30°

3
From above, tan 60° = «/5, cos 30° = %— and

1
tan 30° = —, hence

V3
V3
3tan 60° — 2003 30° 3(v3) -2 (7)
tan 30° B 1
/3
_3V3-V3_ 243
=T 1 T
V3 V3
=23 <?> =23)=6

Now try the following exercise

Exercise 86 Further problems on
fractional and surd form of
trigonometrical ratios

Evaluate the following, without using calculators,
leaving where necessary in surd form:

1
1. 3sin 30° — 2 cos 60° I:E]
. 7
2. 5tan 60° — 3 sin 60° [5\/5]
tan 60°
— (1]
3 tan 30°

4. (tan 45°)(4 cos 60° — 2 sin 60°)

[2— /3]
tan 60° — tan 30° 1
1 + tan 30° tan 60° J3

22.5 Solution of right-angled

triangles

To ‘solve a right-angled triangle’ means ‘to find the
unknown sides and angles’. This is achieved by using
(i) the theorem of Pythagoras, and/or (ii) trigonometric
ratios. This is demonstrated in the following problems.

Problem 7. In triangle POR shown in Fig. 22.13,
find the lengths of PQ and PR.

P
QO (NR
7.5cm
Figure 22.13
P P
tan 38° = —Q = —Q hence
OR 175

PQ =7.5tan38° = 7.5(0.7813)

=5.860 cm
R 7.
cos 38° = Q— = —5 hence
PR PR
R = 75 75 =9.518cm

T c0s38°  0.7880

[Check: Using Pythagoras’ theorem
(7.5)% 4 (5.860)2 =90.59 = (9.518)?]

Problem 8. Solve the triangle ABC shown in
Fig. 22.14

35 mm
[
37 mm

(0]

Figure 22.14
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To ‘solve triangle ABC’ means ‘to find the length AC
and angles B and C’.

35
sin C = — = 0.94595 hence
37
/C = sin"10.94595 = 71.08° or 71°5’

/B =180°—90° —71.08° = 18.92° or 18°55’ (since

angles in a triangle add up to 180°)

. AC
sin B = — hence
37

AC = 37sin 18.92° = 37(0.3242)

= 12.0 mm,

or, using Pythagoras’ theorem, 372 =352 + AC?, from
which, AC = /372 — 352 =12.0 mm

Problem 9. Solve triangle XYZ given /X =90°,
/Y =23°17" and YZ = 20.0 mm. Determine also its
area

It is always advisable to make a reasonably accurate
sketch so as to visualize the expected magnitudes of
unknown sides and angles. Such as sketch is shown in
Fig. 22.15

/Z = 180° — 90° — 23°17" = 66°43'

XZ
sin23°17 = 00 hence XZ = 20.0sin 23°17’

=20.0(0.3953)
=17.906 mm

XY
cos23°17 = 300 hence XY = 20.0cos 23°17’

=20.0(0.9186)
=18.37 mm

Z
. 20.0 mm
X0 (> y

[Check: Using Pythagoras’ theorem
(18.37)* +(7.906)* = 400.0 = (20.0)?]

Figure 22.15

Area of triangle XYZ
1
= E(base)(perpendicular height)

= %(XY)(XZ) = %(18.37)(7.906)

= 72.62 mm>

Now try the following exercise

Exercise 87 Further problems on the
solution of right-angled
triangles

1. Solve triangle ABC in Fig. 22.16 (i).

D

B 3cm
GA N = i
AL 0o 15.0 mm
5.0cm F »

/
(0] (ii) (iii)

Figure 22.16
[BC=3.50cm, AB=6.10cm, /B =55°]

2. Solve triangle DEF in Fig. 22.16 (ii).
[FE=5cm, ZE=53.13°, ZF =36.87°]

3. Solve triangle GHI in Fig. 22.16(iii).
[GH =9.841 mm, GI =11.32 mm,
/H =49°]

4. Solve the triangle JKL in Fig. 22.17 (i) and
find its area.

J M 25°35’ 3.69m Q
P
6.7 mm N 8.75m
32.0 mm
K4 B R
O
(i) (if)

(i)
Figure 22.17

KL =5.43¢cm, JL = 8.62cm,
/J = 39°, area = 18.19 cm?

5. Solve the triangle MNO in Fig. 22.17(ii) and
find its area.

MN = 28.86 mm, NO = 13.82 mm.
/0 = 64.42°, area = 199.4 mm?
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6. Solve the triangle POR in Fig. 22.17(iii) and
find its area.

PR =17.934m, ZQ = 65.06°,
/R = 24.94°, area = 14.64 m?

7. Aladder rests against the top of the perpendic-
ular wall of a building and makes an angle of
73° with the ground. If the foot of the ladder is
2 m from the wall, calculate the height of the

building. [6.54 m]
8. Determine the length x in Fig. 22.18.
[9.40 mm]
h
10 mm
— 560 i W — — —
- 4
s

Figure 22.18

22.6 Angle of elevation and

depression

(a) If, in Fig. 22.19, BC represents horizontal ground
and AB a vertical flagpole, then the angle of ele-
vation of the top of the flagpole, A, from the point
C is the angle that the imaginary straight line AC
must be raised (or elevated) from the horizontal
CB, i.e. angle 6.

_-1A
c =3¢ B
Figure 22.19
Ppre=y=r~---c--mmm—-
Q —=-R
Figure 22.20

(b) If, in Fig. 22.20, PQ represents a vertical cliff and
R a ship at sea, then the angle of depression of
the ship from point P is the angle through which
the imaginary straight line PR must be lowered
(or depressed) from the horizontal to the ship, i.e.

angle ¢.

(Note, ZPRQ is also ¢ — alternate angles between
parallel lines.)

Problem 10. An electricity pylon stands on
horizontal ground. At a point 80 m from the base of
the pylon, the angle of elevation of the top of the
pylon is 23°. Calculate the height of the pylon to
the nearest metre

Figure 22.21 shows the pylon AB and the angle of
elevation of A from point C is 23° and
AB AB
tan23° = — = —
BC 80
A
c < HB
80m

Figure 22.21
Hence, height of pylon AB = 80 tan 23°

—80(0.4245) = 33.96m

= 34 m to the nearest metre.

Problem 11. A surveyor measures the angle of
elevation of the top of a perpendicular building as
19°. He move 120 m nearer the building and finds
the angle of elevation is now 47°. Determine the
height of the building

The building PQ and the angles of elevation are shown
in Fig. 22.22

In triangle PQS, tan19° =
n triangle PO an TF120
hence h = tan 19°(x + 120)
ie. h=0.3443(x + 120) N
P
hj[
47° R o
19 s
Q le »le »|

X 120

Figure 22.22
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In triangle POR, tan 47° =

= |

hence h = tan47°(x), i.e. h=1.0724x 2)
Equating equations (1) and (2) gives:
0.3443(x 4 120) = 1.0724x
0.3443x + (0.3443)(120) = 1.0724x
(0.3443)(120) = (1.0724 — 0.3443)x

41.316 =0.7281x

From equation (2), height of building,
h=1.0724x=1.0724(56.74) = 60.85 m

Problem 12. The angle of depression of a ship
viewed at a particular instant from the top of a 75 m
vertical cliff is 30°. Find the distance of the ship
from the base of the cliff at this instant. The ship is
sailing away from the cliff at constant speed and 1
minute later its angle of depression from the top of
the cliff is 20°. Determine the speed of the ship in
km/h

Figure 22.23

Figure 22.23 shows the cliff AB, the initial position of the
ship at C and the final position at D. Since the angle of
depression is initially 30° then ZACB =30° (alternate
angles between parallel lines).

AB 75
tan30° = — = —
BC BC
75 75
hence BC = =
tan30°  0.5774
=129.9m
= initial position of ship from base of cliff
In triangle ABD,
AB 75 75
tan 20° =

BD BC+CD 1299 +x

Hence
75 75
1299 +x = = = 206.0m
tan20°  0.3640
from which,

x=206.0—-1299 =76.1m

Thus the ship sails 76.1 m in 1 minute, i.e. 60, hence,

distance  76.1
- = ——m/s
time 60

. 76.1 x 60 x 60
T 60 x 1,000

= 4.57 km/h

speed of ship =

Now try the following exercise

Exercise 88 Further problems on angles of
elevation and depression

1. If the angle of elevation of the top of a vertical
30 m high aerial is 32°, how far is it to the
aerial? [48 m]

2. From the top of a vertical cliff 80.0 m high the
angles of depression of two buoys lying due
west of the cliff are 23° and 15°, respectively.
How far are the buoys apart? [110.1 m]

3. From a point on horizontal ground a surveyor
measures the angle of elevation of the top of
a flagpole as 18°40’. He moves 50 m nearer
to the flagpole and measures the angle of ele-
vation as 26°22’. Determine the height of the
flagpole. [53.0m]

4. A flagpole stands on the edge of the top of
a building. At a point 200 m from the build-
ing the angles of elevation of the top and
bottom of the pole are 32° and 30° respectively.
Calculate the height of the flagpole.

[9.50m]

5. From a ship at sea, the angle of elevation of the
top and bottom of a vertical lighthouse stand-
ing on the edge of a vertical cliff are 31° and
26°, respectively. If the lighthouse is 25.0m
high, calculate the height of the cliff.

[107.8 m]

6. From a window 4.2 m above horizontal ground
the angle of depression of the foot of a building
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across the road is 24° and the angle of elevation
of the top of the building is 34°. Determine,
correct to the nearest centimetre, the width of
the road and the height of the building.
[9.43m, 10.56 m]

7. The elevation of a tower from two points, one
due east of the tower and the other due west
of it are 20° and 24°, respectively, and the two
points of observation are 300 m apart. Find the
height of the tower to the nearest metre.

[60m]

22.7 Evaluating trigonometric ratios

of any angles

The easiest method of evaluating trigonometric func-
tions of any angle is by using a calculator. The
following values, correct to 4 decimal places, may be
checked:

sine 18° = 0.3090,
sine 172° = 0.1392
sine 241.63° = —0.8799,
cosine 56° = 0.5592
cosine 115° = —0.4226,
cosine 331.78° = 0.8811
tangent 29° = 0.5543,
tangent 178° = —0.0349
tangent 296.42° = —2.0127

To evaluate, say, sine 42°23’ using a calculating means
o

since there are 60 minutes in 1

23
finding sine 42

60
degree.

23 . .
a0 = 0.3833, thus 42°23’ = 42.3833°
Thus sine 42°23’ = sine 42.3833° = 0.6741, correct to

4 decimal places.

38
Similarly, cosine 72°38 = cosine 72 <0

=0.2985,
correct to 4 decimal places.
Most calculators contain only sine, cosine and tan-

gent functions. Thus to evaluate secants, cosecants and
cotangents, reciprocals need to be used.

The following values, correct to 4 decimal places, may
be checked:

secant 32° = =1.1792
cos 32°
cosecant 75° = — =1.0353
sin 75°
cotangent 41° = =1.1504
tan41°
1
secant 215.12° = ————— =—1.2226
cos215.12°
cosecant 321.62° = —— =—1.6106
sin 321.62°
cotangent 263.59° = ———— =0.1123
tan 263.59°

Problem 13. Evaluate correct to 4 decimal places:

(a) sine 168°14’ (b) cosine 271.41°
(c) tangent 98°4

o

14
(a) sine 168°14' =sine 168 0

=0.2039

(b) cosine 271.41° =0.0246

4
(c) tangent 98°4’ = tan 98@ = —7.0558

Problem 14. Evaluate, correct to 4 decimal
places:

(a) secant 161° (b) secant 302°29’

161° = = —1.0576
@ sec cos 161°
(b) sec302°29 = ! = !
"~ c0s302029" cos 30229°
60
=1.8620

Problem 15. Evaluate, correct to 4 significant
figures:

(a) cosecant 279.16° (b) cosecant 49°7’

1
(a) cosec279.16°= —— =-1.013
sin 279.16°
1
b 49°7 = = = 1.32
(b) cosec49°7 Sna9°7 ) 7 323
sin49 —
60
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Problem 16. Evaluate, correct to 4 decimal
places:

(a) cotangent 17.49° (b) cotangent 163°52’

(@) cotl17.49° = ——— =3.1735
tan 17.49°
(b) cot163°52" = ! = !
© tan 163°52 52°
tan 163
60
= —3.4570

Problem 17. Evaluate, correct to 4 significant
figures:

(a) sin 1.481 (b) cos (37/5) (c) tan 2.93

(a) sin 1.481 means the sine of 1.481 radians. Hence
a calculator needs to be on the radian function.

Hence sin 1.481 = 0.9960
(b)
(c) tan2.93=-0.2148

cos(3m/5) =cos 1.884955... = —0.3090

Problem 18. Evaluate, correct to 4 decimal
places:

(a) secant 5.37 (b) cosecant /4

(c) cotangent /24

(a) Again, with no degrees sign, it is assumed that 5.37
means 5.37 radians.

Hence sec 5.37 = = 1.6361
0s5.37

(b) cosec(r/4) = -

COSECTI) = in(/4) ~ sin0.785398 ...

=1.4142
1
(c) cot (57/24) = =
tan (57/24)  tan0.654498 ...
=1.3032

Problem 19. Determine the acute angles:

(a) sec™12.3164 (b) cosec™! 1.1784
(c) cot™12.1273

1
123164 =cos™!
(a) sec cos 73164

=cos~ 1 0.4317...

= 64.42° or 64°25' or 1.124 radians

1
b ~11.1784 =sin~!
(b) cosec sin (1.1784)

=sin—! 0.8486...
=58.06° or 58°4’ or 1.013 radians

t—12.1273 =tan!
(©) co an (2.1273)

=tan~! 0.4700...
=25.18° or 25°11’ or 0.439 radians

Problem 20. Evaluate the following expression,
correct to 4 significant figures:

4sec32°10" — 2 cot 15°19’
3 cosec 63°8’ tan 14°57’

By calculator:

sec32°10" = 1.1813, cot 15°19' =3.6512
cosec 63°8’ = 1.1210, tan 14°57' =0.2670

Hence

4sec32°10' — 2cot 15°19’
3 cosec 63°8 tan 14°57'

 4(1.1813) — 2(3.6512)
T 3(1.1210)(0.2670)

4725273024 —2.5772
- 0.8979 0.8979

= —2.870, correct to 4 significant figures.

Problem 21. Evaluate correct to 4 decimal places:
(a) sec (—115°) (b) cosec (—95°17")

(a) Positive angles are considered by convention to be
anticlockwise and negative angles as clockwise.

Hence —115° is actually the same as 245° (i.e.
360° — 115°).

1
cos 245°

= —2.3662

Hence sec(—115°) =sec 245° =

1

sin 95 47
in( =
60

(b) cosec(—95°47") = = —1.0051
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Now try the following exercise

Exercise 89 Further problems on

In Problems 15 to 18, evaluate correct to 4 signifi-
cant figures.

evaluation trigonometric 15. 4 cos 56°19' — 3 sin 21°57’ [1.097]
L5 11.5tan49°11 — sin 90°
, 16. an b [5.805]
In Problems 1 to 8, evaluate correct to 4 decimal 3 cos 45°
laces: 5sin 86°3’
’ 7. 3% 14025;[/1 2cos 31°9/ [=5.325]
1. (a) sine 27° (b) sine 172.41° (c) sine 302°52’ an i cos .
[(a) 04540 (b) 0.1321 (c) —0.8399] g, Qcosec2975 — sec8l [0.7199]
2cot 12°

2. (a) cosine 124° (b) cosine 21.46°
(c) cosine 284°10/
[(a) —0.5592 (b) 0.9307 (c) 0.2447]

3. (a) tangent 145° (b) tangent 310.59°
(c) tangent 49°16/
[(a) —0.7002 (b) —1.1671 (c) 1.1612]

4. (a) secant 73° (b) secant 286.45°
(c) secant 155°41’
[(a) 3.4203 (b) 3.5313 (c) —1.0974]

5. (a) cosecant 213° (b) cosecant 15.62°

19. Determine the acute angle, in degrees and
minutes, correct to the nearest minute, given
by: sin-1 4.325sin42°16’ [21°42']

: sin _—

d 7.86

20. If tan x=1.5276, determine sec x, cosec

x, and cotx. (Assume x is an acute angle)
[1.8258, 1.1952, 0.6546]

In Problems 21 to 23 evaluate correct to 4 signifi-
cant figures.

(sin 34°27")(cos 69°2")

(c) cosecant 311°50’ [0.07448]
2t 3039/
[(2) —1.8361 (b) 3.7139 (c) —1.3421] (2 tan 53°39')
22. 3 cot 14°15 sec 23°9 [12.85]
6. (a) cotangent 71° (b) cotangent 151.62° o1 oy
(c) cotangent 321°23/ 3. cosec27°19" + sec 45°29 [—1.710]

[(a) 0.3443 (b) —1.8510 (c) —1.2519]

2
7. (a) sine?n (b) cos 1.681 (c) tan 3.672
[(a) 0.8660 (b) —0.1010 (c) 0.5865]

8. (a) sine% (b) cosec 2.961 (c) cot 2.612
[(a) 1.0824 (b) 5.5675 (c) —1.7083]

In Problems 9 to 14, determine the acute angle
in degrees (correct to 2 decimal places), degrees
and minutes, and in radians (correct to 3 decimal
places).

9. sin~!0.2341 [13.54°, 13°32, 0.236 rad]

10. cos™! 0.8271 [34.20°, 34°12, 0.597 rad]

1 — cosec27°19’ sec 45°29’

24. Evaluate correct to 4 decimal places:

(a) sin(—125°)  (b) tan(—241°)
(c) cos(—49°15")
[(a) —0.8192 (b) —1.8040 (c) 0.6528]

25. Evaluate correct to 5 significant figures:

(a) cosec (—143°) (b) cot(—252°)
(c) sec(—67°22")
[(a) —1.6616 (b) —0.32492 (c) 2.5985]

22.8 Trigonometric approximations

for small angles

o
[ e
2
—
o
(<B]
v

11. tan~'0.8106 [39.03°,39°2, 0.681 rad]

[51.92°, 51°55’, 0.906 rad]

If angle x is a small angle (i.e. less than about 5°) and is
1 expressed in radians, then the following trigonometric

12, sec™" 1.6214 approximations may be shown to be true:

13. cosec™! 2.4891

[23.69° ,23°41’, 0.413 rad]
[27.01°,27°1, 0.471 rad]

(i) sinx~x
(ii) tanx~x
14. cot™! 1.9614

X
sx~A1 ——
(iii) cosx 5

www.EngineeringBooksPdf.com



o
[ el
=
—
O
(<B}
v

198 Engineering Mathematics

For example, let x=1° , ie. 1x%=0.01745

radians, correct to 5 decimal places. By calculator,
sin 1°=0.01745 and tan 1° =0.01746, showing that:
sin x=x~ tan x when x=0.01745 radians. Also,
cos 1°=0.99985; when x =1°, i.e. 0.001745 radians,

. X2 | 0.01745% 0.99985
2 2 ’
correct to 5 decimal places, showing that

2
cosx=1— % when x = 0.01745 radians.

Similarly, let x=5° , i.e. 5 x % —0.08727 radians,

correct to 5 decimal places.

sin 5° = 0.08716, thus sin x ~ x,

tan 5° = 0.08749, thus tanx =~ x,

By calculator,

and cos5° = 0.99619;

since x = 0.08727 radians,

1— %2 =1- M = 0.99619 showing that:
2

cosx=1— % when x = 0.0827 radians.

. sin x .
If sin x &~ x for small angles, then —— A~ 1, and this
x
relationship can occur in engineering considerations.
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Chapter 23

Trigonometric waveforms

23.1 Graphs of trigonometric

functions

By drawing up tables of values from 0° to 360°, graphs
of y=sinA, y= cosA and y=tanA may be plotted.
Values obtained with a calculator (correct to 3 deci-
mal places — which is more than sufficient for plotting
graphs), using 30° intervals, are shown below, with the
respective graphs shown in Fig. 23.1.

(a) y=sinA

A 0 30° 60° 90° 120° 150°  180°
sinA 0 0.500 0.866 1.000 0.866 0.500 O

A 210° 240° 270° 300° 330°  360°
sinA —0.500 —0.866 —1.000 —0.866 —0.500 0

(b) y=cosA

A 0 30° 60°  90°  120° 150° 180°
cosA 1.000 0.866 0.500 0  —0.500 —0.866 —1.000

A 210° 240°  270° 300°  330°  360°
cosA —0.866 —0.500 O 0.500 0.866 1.000

(¢) y=tanA

A 0 30° 60° 90° 120° 150°  180°
tanA 0 0577 1732 oo —1.732 -0.577 O

A 210°  240°  270° 300° 330°  360°
tanA 0577 1732 oo —-1.732 -0.577 0

From Fig. 23.1 it is seen that:

(1) Sine and cosine graphs oscillate between peak
values of 1.

(i) The cosine curve is the same shape as the sine
curve but displaced by 90°.

(iii) The sine and cosine curves are continuous and
they repeat at intervals of 360°; the tangent
curve appears to be discontinuous and repeats at
intervals of 180°.

| |
10 y!— sin A :
y -

05 |- ! I |

I ] It L
0 30 60 90 120 1501
0.5

|

|

10} :
(a) |
|

|

|

104 =cos A

.
|
|
I
| |
| |
| |

0.5 | | I

L i l 1 i I 1 H I

0 30 60 9 120 150 180 210 240

—05 |

1 1 I
270 300 330 360 A°

-1.0

|

I |

I I

I |
(b) | |
I |
l [
l |
l |
1

—4 F

o

w

oS

(2]

S
—_——— o —

330
(c)

0 120 o750 210240 2(0 300 s IO A°
I
| t |
| I I
! | [
Figure 23.1

23.2 Angles of any magnitude

Figure 23.2 shows rectangular axes XX’ and YY’ inter-
secting at origin 0. As with graphical work, measure-
ments made to the right and above O are positive, while
those to the left and downwards are negative. Let OA be
free to rotate about 0. By convention, when 0A moves
anticlockwise angular measurement is considered pos-
itive, and vice versa. Let 0OA be rotated anticlockwise
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90°
Y
Quadrant 2 Quadrant 1
+ \-i-
180° + 0
X' 0 A X 360°
Quadrant 3 Quadrant 4
v
270°
Figure 23.2
Quadrant 2 Quadrant 1
A A
i
+ : +
OO
d
180°
C B 360°
A A
Quadrant 3 Quadrant 4
Figure 23.3

so that 6 is any angle in the first quadrant and left per-
pendicular AB be constructed to form the right-angled
triangle OAB in Fig. 23.3. Since all three sides of the tri-
angle are positive, the trigonometric ratios sine, cosine
and tangent will all be positive in the first quadrant.
(Note: 0A is always positive since it is the radius of a
circle.)

Let 0A be further rotated so that 65 is any angle in the
second quadrant and let AC be constructed to form the
right-angled triangle OAC. Then

sinth, = =+ costh = — = —
h y) n

tan 6 =

I+ 41+

Let OA be further rotated so that 65 is any angle in the
third quadrant and let AD be constructed to form the
right-angled triangle OAD. Then

sinf = = - COS@3:I=_

+11

tan 03 = =+

Let OA be further rotated so that 64 is any angle in the
fourth quadrant and let AE be constructed to form the
right-angled triangle OAE. Then

Sinfy = — = — 00594=$:+

+11

tanfy = — = —
*TF

The above results are summarized in Fig. 23.4. The
letters underlined spell the word CAST when starting
in the fourth quadrant and moving in an anticlockwise
direction.

90°

Sine All positive

OO
180°

360°

Tangent Cosine

270°

Figure 23.4

In the first quadrant of Fig. 23.1 all of the curves have
positive values; in the second only sine is positive; in the
third only tangent is positive; in the fourth only cosine
is positive — exactly as summarized in Fig. 23.4. A
knowledge of angles of any magnitude is needed when
finding, for example, all the angles between 0° and 360°
whose sine is, say, 0.3261. If 0.3261 is entered into a cal-
culator and then the inverse sine key pressed (or sin™!
key) the answer 19.03° appears. However, there is a
second angle between 0° and 360° which the calculator
does not give. Sine is also positive in the second quad-
rant [either from CAST or from Fig. 23.1(a)]. The other
angle is shown in Fig. 23.5 as angle 6 where 6 = 180°
—19.03° =160.97° . Thus 19.03° and 160.97° are the
angles between 0° and 360° whose sine is 0.3261 (check
that sin 160.97° =0.3261 on your calculator).

Be careful! Your calculator only gives you one of
these answers. The second answer needs to be deduced
from a knowledge of angles of any magnitude, as shown
in the following worked problems.

Problem 1. Determine all the angles between
0° and 360° whose sine is —0.4638
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90°

180° 19.03°

270°

Figure 23.5

The angles whose sine is —0.4638 occurs in the third and
fourth quadrants since sine is negative in these quadrants
— see Fig. 23.6.

y y =sinx
1.0
207.63° 332.37°
0 X
—0.4638
-1.0
Figure 23.6

From Fig. 23.7, 6= sin~! 0.4638 =27.63°. Mea-
sured from 0°, the two angles between 0° and 360°
whose sine is —0.4638 are 180° +27.63°, i.e. 207.63°
and 360° — 27.63°, i.e. 332.37°
(Note that a calculator only gives one answer, i.e.
—27.632588°)

90°
S A
o OO
180 0 6 360°
T c
270°

Figure 23.7

Problem 2. Determine all the angles between 0°
and 360° whose tangent is 1.7629

A tangent is positive in the first and third quadrants —
see Fig. 23.8.

From Fig. 23.9, 6= tan~! 1.7629 = 60.44° Mea-
sured from 0° the two angles between 0° and 360°

1.7620[ A1~ —T— N
b
N N |
0 7 90" /71807 270° /1360° x
60.44 I I240.44I |
TR I
! ! | I
Figure 23.8
90°
s A
¢
180° s60°
6
T c
270°

Figure 23.9

whose tangent is 1.7629 are 60.44° and 180° + 60.44°,
i.e. 240.44°

Problem 3. Solve the equation
cos~! (—0.2348) = « for angles of o between 0°
and 360°

Cosine is positive in the first and fourth quadrants and
thus negative in the second and third quadrants — from
Fig. 23.5 or from Fig. 23.1(b).

In Fig. 23.10, angle 6 = cos~ ! (0.2348) =76.42°

90°
S A
6 0°
180° o
0 360
T C
270°

Figure 23.10

Measured from 0° , the two angles whose cosine
is —0.2348 are a=180° —76.42° i.e. 103.58° and
a=180° +76.42°, i.e. 256.42°
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Now try the following exercise

Exercise 90 Further problems on angles
of any magnitude

1. Determine all of the angles between 0° and
360° whose sine is:

(a) 0.6792 (b) —0.1483

(a) 42.78° and 137.22°
(b) 188.53° and 351.47°

2. Solve the following equations for values of x
between 0° and 360°:

(a) x= cos~! 0.8739
(b) x= cos~! (—0.5572)

(a) 29.08° and 330.92°
(b) 123.86° and 236.14°
3. Find the angles between 0° to 360° whose
tangent is:

() 0.9728 (b) —2.3418

(a) 44.21° and 224.21°
(b) 113.12° and 293.12°

23.3 The production of a sine and

cosine wave

In Fig. 23.11, let OR be a vector 1 unit long and free
to rotate anticlockwise about O. In one revolution a cir-
cle is produced and is shown with 15° sectors. Each
radius arm has a vertical and a horizontal component.
For example, at 30° , the vertical component is 7S and
the horizontal component is OS.

From trigonometric ratios,

. . IS s . . R
sin30° = — = —, 1e. TS =sin30
TO 1
., 0S8 oS . o
and c0s30° = — = —, ie. OS =cos30
TO 1

The vertical component 7S may be projected across
to T'S’, which is the corresponding value of 30° on the
graph of y against angle x°. If all such vertical compo-
nents as 7S are projected on to the graph, then a sine
wave is produced as shown in Fig. 23.11.

If all horizontal components such as OS are projected
on to a graph of y against angle x° , then a cosine wave
is produced. It is easier to visualize these projections by
redrawing the circle with the radius arm OR initially in
a vertical position as shown in Fig. 23.12.

From Figs. 23.11 and 23.12 it is seen that a cosine
curve is of the same form as the sine curve but is
displaced by 90° (or 7/2 radians).

23.4 Sine and cosine curves

Graphs of sine and cosine waveforms

(i) A graph of y =sin A is shown by the broken line
in Fig. 23.13 and is obtained by drawing up a
table of values as in Section 23.1. A similar table
may be produced for y = sin 2A.

A° 0 30 45 60 90 120
2A 0 60 90 120 180 240
sin2A 0 0866 1.0 0866 O —0.866
A° 135 150 180 210 225 240
2A 270 300 360 420 450 480
sin2A  —1.0 —0.866 0 0.866 1.0 0.866

A° 270 300 315 330 360
2A 540 600 630 660 720
sin2A 0 —-0.866 —1.0 —-0.866 0

A graph of y =sin 2A is shown in Fig. 23.13.
(i) Agraphofy=sin %A is showninFig.23.14 using
the following table of values.

A 0 30 60 90 120 150 180
A 0 15 30 45 60 75 90
sinfA 0 0259 0500 0.707 0.866 0.966 1.00

A° 210 240 270 300 330 360
%A 105 120 135 150 165 180
sin %A 0966 0.866 0.707 0.500 0.259 0

(iii) A graph of y =cos A is shown by the broken line
in Fig. 23.15 and is obtained by drawing up a
table of values. A similar table may be produced
for y = cos 2A with the result as shown.

(iv) A graph of y=cos %A is shown in Fig. 23.16
which may be produced by drawing up a table
of values, similar to above.
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y
%0 1.0}
-1 y=sin x
150° Tis| T/ /
I
[, ] Angle x°
180° R 1S 1 4 1 I U T N
S ]360° 30° 60° 120° 210° 270° 330°
210° agoe [1°
5700 —1.0F
Figure 23.11
s y =cos x
st 1
| Angle x°
90° [0 | W B N N L1 )
30° 60° 120° 180° 240° 300° 360°
Figure 23.12
Y /y=sinA Y /y=sinA y:sin%A
= sin2A o~
10F A~ N y / <
N
/ \ / \
/ /
\
/ \ L \ 1 /
I 0 90° 180° 270° 360°,  A°
0 90° 180°  270°  360° @ A° \ ’
\ p \ /
\ \
\ / N4
N / -1.0f ~
-1.0F ~—
Figure 23.14
Figure 23.13
e g e . =co0s 2A repeat themselves every 180° (or &
Periodic time and period y=cos . .
P radians); thus 180° is the period of these wave-
(i) Each of the graphs shown in Figs. 23.13 to 23.16 forms.
will repeat themselves as angle A increases and (iii) In general, if y=sinpA or y =cospA (where p
are thus called periodic functions. is a constant) then the period of the waveform is
(i) y=sin A and y =cos A repeat themselves every 360°/p (or 27t/p rad). Hence if y = sin 3A then the
360° (or 27 radians); thus 360° is called the period is 360/3, i.e. 120° , and if y = cos 4A then
period of these waveforms. y=sin2A and the period is 360/4, i.e. 90°
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y y .
10 y=cosA y =cos2A 1ok y=sin3A
. . .
<« ,
\ /
\ /' I I I
\ ] ‘L ! 0 90° 180° 270° 360° A°
0 90° 180° 270° 360° A°
A\ /
/s -1.0r
N s

~10f ~—
e Figure 23.17
)=4 Figure 23.15
£ y

=3sin2A
A y alL y
_ 1 =CcosA
1.0 y=cos 5A y -
(4
/ 0 90°  180°  270°  360° A
L
0 90° 180 270° 360° A°
\ / -3}
\ /
“10f N7 Figure 23.18

Figure 23.16
Problem 6. Sketch y =4 cos 2x form x =0° to

x=360°
Amplitude

Amplitude is the name given to the maximum or peak Amplitude = 4 and period = 360%/2 = 180° .
value of a sine wave. Each of the graphs shown in
Figs. 23.13 to 23.16 has an amplitude of +1 (i.e. they
oscillate between +1 and —1). However, if y =4 sin A,

A sketch of y =4 cos 2x is shown in Fig. 23.19.

y

each of the values in the table is multiplied by 4 and V= 4 cos 2x
the maximum value, and thus amplitude, is 4. Simi- 4
larly, if y = 5 cos 2A, the amplitude is 5 and the period is
360°/2, i.e. 180° . | . .
0 90° 180° 270° 360° x°
Problem 4. Sketch y = sin 3A between A =(°
and A = 360° “4r

Amplitude = 1 and period = 360%/3 = 120° Figure 23.19

A sketch of y =sin 3A is shown in Fig. 23.17.
Problem 7. Sketch y =2 sin %A over one cycle

Problem 5. Sketch y =3 sin 2A from A =0 to

A=2 i
7 radians 360° _ 360° x 5

Amplitude = 2; period = —— = —5 = 600°
5

Amplitude = 3 and period =27/2 = 7 rads (or 180°)
A sketch of y =3 sin 2A is shown in Fig. 23.18.

A sketch of y=2 sin %A is shown in Fig. 23.20.
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y 45°
21 .3
y=singA A
= cos(A+45°) » ™~
/
o o ) o o / |
0 180 360 540°] 600° A TR A
_2 -
Figure 23.20 =
Figure 23.22 (=)
S
Lagging and leading angles Z
(i) A sine or cosine curve may not always start at 0°. Problem 8.  Sketch y =5 sin(A + 30°) from

To show this a periodic function is represented A=0°to A =360°
by y =sin(A + «) or y =cos(A + «) where « is a

hase displacement d with y=sin A
et coment compaie Wi Y= O Amplitude =5 and period = 360°/1 = 3607

(i) By drawing up a table of values, a graph of 5sin(A +30°) leads 5sinA by 30° (i.e. starts 30°
y=sin(A —60°) may be plotted as shown in earlier).

Fig. 23.21. If y=sinA is assumed to start at 0° . o -
then y = sin(A — 60°) starts 60° later (i.c. has a A sketch of y =15 sin(A 4 30°) is shown in Fig. 23.23.

zero value 60° later). Thus y=sin(A — 60°) is

said to lag y =sin A by 60° ——|30°|-—
y — —
60° N
y —gi e
ol " A | y = sin(A—60°) /
OF \ .~ / /
N
/ \ 0 90°
. \ . , 30—
0 90° 1807 270° 360° A°
\ / -5
AN /

~1.0 ~~ Figure 23.23

y=>5sinA

y = 5sin(A+30°)
\ /

1 L
1 82° 270° 360° A°

60°
Figure 23.21 Problem 9. Sketch y =7 sin(24 — 77/3) in the

. range 0 <A <360°
(iii) By drawing up a table of values, a graph of

y=cos(A+45°) may be plotted as shown in
Fig. 23.22. If y=cosA is assumed to start Amplitude = 7 and period = 27/2 = 7 radians.

at 0° then y=-cos(A +45°) starts 45° earlier . .
(i.e. has a maximum value 45° earlier). Thus In general, y = sin(pt — «) lags y = sin pt by o/p, hence

y=cos(A +45°) is said to lead y = cos A by 45° 7sin(2A — 7/3) lags 7sin2A by (7/3)/2, i.e. /6 rad
(iv) Generally, a graph of y = sin(A — ) lags y = sin or 30°
Aby angle o, and a graph of y =sin(A +-e) leads A sketch of y =7 sin(24 — 7/3) is shown in Fig. 23.24.
y=sinA by angle «.
(v) A cosine curve is the same shape as a sine curve
but starts 90° earlier, i.e. leads by 90°. Hence Problem 10. Sketch y =2 cos(wt — 37/10) over
one cycle

cosA = sin (A + 90°)
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/6 y = T7sin 2A
_-I I‘— y = 7sin(2A—n/3)
7r ,/\ Vg
/
/ \ / \
/ / \
L} 74 X |
0 90° 180° 270° 360° A°
/2 JT 3n/2 21
\ \
_7 — ~ N
—»in/6
Figure 23.24

Amplitude = 2 and period = 27/w rad.
2 cos(wt — 31/10) lags 2 cos wt by 37/10w seconds.

A sketch of y=2 cos(wt—37/10) is shown in
Fig. 23.25.

3n/10wrads
y
—2\
< y = 2 cos wt
/ \ y = 2 cos (wt—3n/10)
\ /
Y ] L
0 2w /o  3n2w 2n/w t
\ /
N /
—2L - o
Figure 23.25

Now try the following exercise

Exercise 91 Further problems on sine and

cosine curves

In Problems 1 to 7 state the amplitude and period
of the waveform and sketch the curve between 0°
and 360° .

1. y=cos3A [1, 120°]
2. y=2sin 57x [2, 144°]
3. y=3sin4t [3,90°]
4. y=3cos g [3,720° ]

7 .3 7
5. y=§sin§x [5, 960"]
6. y=6sin(r —45°) [6, 360°]
7. y=cos(26+30°) [4, 180°]

23.5 Sinusoidal form A sin (ot £+ «)

In Fig. 23.26, let OR represent a vector that is free to
rotate anticlockwise about O at a velocity of w rad/s.
A rotating vector is called a phasor. After a time ¢ sec-
ond OR will have turned through an angle wt radians
(shown as angle TOR in Fig 23.26). If ST is constructed
perpendicular to OR, then sin wt =ST/0T, i.e. ST = OT
sin wt.

y
wrads/s 1.0 y = sin ot

Wt I 90° 180° 270° 360"/

/ i
!j R o ot n/2 T 3n/2 2n ot
1.0 \/

Figure 23.26

If all such vertical components are projected on to a
graph of y against wt, a sine wave results of amplitude
OR (as shown in Section 23.3).

If phasor OR makes one revolution (i.e. 2 radians) in
T seconds, then the angular velocity, w = 27/T rad/s,

from which, 7 = 27/wseconds

T is known as the periodic time.
The number of complete cycles occurring per second is
called the frequency, f

number of cycles

Frequency =
second
1 w
=—=—Hz
T 2m
®
ie. = —H
i.e f oy zZ
Hence angular velocity, o =2zf rad/s
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Amplitude is the name given to the maximum or peak
value of a sine wave, as explained in Section 23.4. The
amplitude of the sine wave shown in Fig. 23.26 has an
amplitude of 1.

A sine or cosine wave may not always start at 0°.
To show this a periodic function is represented by
y=sin(wt + &) or y = cos(wt &), where « is a phase
displacement compared with y= sinA or y=cosA.
A graph of y=sin(wt —a) lags y =sinwt by angle
a, and a graph of y =sin(wf + «) leads y =sin wt by
angle o.

The angle wt is measured in radians

. rad .
|:1.e. <a)—) (ts) = wt radlans]
S

hence angle « should also be in radians.
The relationship between degrees and radians is:

360° = 2z radians or 180° = & radians

180
Hence 1 rad = — = 57.30° and, for example,
T

b4
71° =71 x — = 1.239 rad
180
Summarising, given a general sinusoidal function
y =Asin(wt £+ a), then:

(i) A =amplitude
(i) w=angular velocity =2 f rad/s

2
(ili) — =periodic time T seconds
w

(iv)

— =frequency, f hertz
2 '

(v) a=angle of lead or lag
y=Asinwt)

(compared with

Problem 11. An alternating current is given by
i =30sin (1007r¢ 4-0.27) amperes. Find the
amplitude, periodic time, frequency and phase
angle (in degrees and minutes)

i=30sin(100 77+ 0.27)A, hence amplitude =30A.
Angular velocity w = 100 7, hence

e ye e 2 2 1
periodic time, T = — = —— = —
w 100# 50

=0.02s or 20ms

1 1
Frequency, f = T=00m= S0Hz

180\°
Phase angle, « = 0.27 rad = (0.27 X —)
b4

= 15.47° or 15°28’ leading

i = 30 sin(1007x¢)

Problem 12. An oscillating mechanism has a
maximum displacement of 2.5 m and a frequency of
60 Hz. At time 7 = 0 the displacement is 90 cm.
Express the displacement in the general form

A sin (wt £ @)

Amplitude = maximum displacement =2.5m
Angular velocity, w =2m f = 27(60) = 1207 rad/s
Hence displacement = 2.5 sin(1207¢ 4+ o) m

When ¢ =0, displacement =90 cm = 0.90 m

Hence, 0.90 = 2.5sin(0 + «)
0.90
ie. inag = — = 0.36
1.€ sSin @ 2.5
Hence o = sin"10.36 = 21.10°

=21°6' = 0.368rad

Thus, displacement = 2.5 sin (120z¢ + 0.368) m

Problem 13. The instantaneous value of voltage
in an a.c. circuit at any time ¢ seconds is given by
v =340 sin (507t — 0.541) volts. Determine the:

(a) amplitude, periodic time, frequency and phase
angle (in degrees)

(b) value of the voltage when r =0
(c) value of the voltage when t = 10 ms
(d) time when the voltage first reaches 200V, and

(e) time when the voltage is a maximum

Sketch one cycle of the waveform
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(a) Amplitude =340V A sketch of v=2340sin(507t —0.541) volts is
Angular velocity, @ =50 shown in Fig. 23.27.
2 2 1

H iodic ti T=—=—=—

ence periodic time, » Som = 35

= 0.04s or 40 ms Voltage v

F f : : 25H 2 31491 340 sin(50n{—0.541)

requenc == = Z . V= i nf—0.

weney S =7 =004 A

v = 340 sin 50nt

180
Phase angle = 0.541rad = <0.541 X —)
b4
0

= 31° lagging v = 340 sin(5077) 1751

o
[ el
=
—
O
(<B}
v

(b) Whent=0,
—340

v = 340sin(0 — 0.541)
— 340sin(—31°) = —175.1V Figure 23.27

(¢) Whent¢=10ms,

10 Now try the following exercise
then v =340 sin | 507 — — 0.541
103
— 340 sin(1.0298) Exercise 92 Further problems on the

sinusoidal form A sin(wt + «)
=340 sin 59° = 291.4 volts
In Problems 1 to 3 find the amplitude, periodic

(d) When v=200 volts, time, frequency and phase angle (stating whether

then 200 = 340 sin(50rt — 0.541) it is lc.aa.ldlng. or lagging sin wt) of the alternating
quantities given.

0
= sin(507t — 0.541)

340 1. =40 sin(507z +0.29) mA
200 40, 0.04 s, 25 Hz, 0.29 rad
_ o _1 = ) ) 9
Hence (50wt —0.541) =sin™" = [ (or 16°37') leading 40 sin Sm]
= 36.03° or 0.6288 rad 2. y=75sin(40z — 0.54) cm
S0t = 0.6288 4 0.541 75 cm, 0.157 s, 6.37 Hz, 0.54 rad
= 1.1698 (or 30°56") lagging 75 sin 40t |
Hence when v=200V, 3. v=300sin(20077 — 0.412) V
_ 1.1698
time, £ 7447 ms 300V, 0.01's, 100 Hz, 0.412 rad
(or 23°36") lagging 300 sin 20077 |

(e) When the voltage is a maximum, v =340V
4. A sinusoidal voltage has a maximum value of

Hence 340 = 340 sin(50m7 — 0.541) 120V and a frequency of 50 Hz. At time # =0,
1 = sin(5077 — 0.541) the voltage i.s (a) zero, and (b) SOV.'
Express the instantaneous voltage v in the form
507t — 0.541 = sin~' 1 = 90° or 1.5708 rad v=Asin(ot + a).
2.1118 = i .
Hence time, . — 13.44ms (b) v = 120 sin(1007t + 0.43)volts

50
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5. An alternating current has a periodic time of
25 ms and a maximum value of 20A. When
time ¢t =0, current i = —10 amperes. Express
the current i in the form i = A sin(wt £ @).

i=20sin ( 80ms — r amperes
==

6. An oscillating mechanism has a maximum dis-
placement of 3.2 m and a frequency of 50 Hz.
At time t=0 the displacement is 150cm.
Express the displacement in the general form

A sin(wt £ @).
[3.25in(1007¢ 4 0.488)m]

7. The current in an a.c. circuit at any time ¢
seconds is given by:

i =5sin(1007rt — 0.432) amperes

Determine (a) the amplitude, periodic time,
frequency and phase angle (in degrees) (b) the
value of current at r =0, (c) the value of cur-
rent at = 8 ms, (d) the time when the current is
first a maximum, (e) the time when the current
first reaches 3A.

Sketch one cycle of the waveform showing
relevant points.

(a) 5A,20ms, 50 Hz,
24°45’ lagging

(b) —2.093 A

(c)4.363A

(d) 6.375 ms

(e) 3.423 ms

23.6 Waveform harmonics

Let an instantaneous voltage v be represented by
v =V sin 2r f ¢ volts. This is a waveform which varies
sinusoidally with time #, has a frequency f, and a
maximum value Vy,. Alternating voltages are usually
assumed to have wave-shapes which are sinusoidal
where only one frequency is present. If the waveform is
not sinusoidal it is called a complex wave, and, what-
ever its shape, it may be split up mathematically into
components called the fundamental and a number of
harmonics. This process is called harmonic analysis.
The fundamental (or first harmonic) is sinusoidal and
has the supply frequency, f; the other harmonics are
also sine waves having frequencies which are integer

multiples of f. Thus, if the supply frequency is 50 Hz,
then the thid harmonic frequency is 150 Hz, the fifth
250 Hz, and so on.

A complex waveform comprising the sum of the
fundamental and a third harmonic of about half the
amplitude of the fundamental is shown in Fig. 23.28(a),
both waveforms being initially in phase with each other.
If further odd harmonic waveforms of the appropriate
amplitudes are added, a good approximation to a square
wave results. In Fig. 23.28(b), the third harmonic is
shown having an initial phase displacement from the
fundamental. The positive and negative half cycles of
each of the complex waveforms shown in Figs. 23.28(a)
and (b) are identical in shape, and this is a feature of
waveforms containing the fundamental and only odd
harmonics.

Complex Complex
-~ waveform waveform
/ Fundamental ¢~ Fundamental
AN A T Y, N
[ /v harmonic Voo
0 T 7 7 1
\\ /[ \‘}/ \ t /l / ,l N\ / ;
\ 7 ’ ~ \ . /
X Third Ny 4
harmonic
(a) (b)
Complex Complex
X"~ waveform waveform
;7 \'\s—Fundamental Fundamentsal g
vif/. \ v econd
720N \ /—\\/Second ! /~\v/harmon|c
\\V Y harmonic SN S ¥
0 t Ol/ A 7 \\II t
4
A\, )’\ )
\\,
(d)
Complex Complex
waveform waveform
\~+— Fundamental Fundamental
v / \ ,-Second Vv
) \ ~\ .
SN N /" ysharmonic
\\ \ l/ ’I\ \
0 Y ; t 0
[
Third
. Second .
harmonic harmonic :Q,rgomc
(e) ®
Figure 23.28

A complex waveform comprising the sum of the
fundamental and a second harmonic of about half the
amplitude of the fundamental is shown in Fig. 23.28(c),
each waveform being initially in phase with each other.
If further even harmonics of appropriate amplitudes are
added a good approximation to a triangular wave results.
In Fig. 23.28(c), the negative cycle, if reversed, appears
as a mirror image of the positive cycle about point A.
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In Fig. 23.28(d) the second harmonic is shown with an
initial phase displacement from the fundamental and the
positive and negative half cycles are dissimilar.

A complex waveform comprising the sum of the fun-
damental, a second harmonic and a third harmonic is
shown in Fig. 23.28(e), each waveform being initially
‘in-phase’. The negative half cycle, if reversed, appears
as a mirror image of the positive cycle about point B.
In Fig. 23.28(f), a complex waveform comprising the

sum of the fundamental, a second harmonic and a third
harmonic are shown with initial phase displacement.
The positive and negative half cycles are seen to be
dissimilar.

The features mentioned relative to Figs. 23.28(a) to
(f) make it possible to recognise the harmonics present
in a complex waveform.
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Chapter 24

Cartesian and polar

24.1 Introduction

There are two ways in which the position of a point in
a plane can be represented. These are

(a) by Cartesian co-ordinates, i.e. (x, y), and

(b) by polar co-ordinates, i.e. (r, 6), where r is a
‘radius’ from a fixed point and 6 is an angle from
a fixed point.

24.2 Changing from Cartesian into

polar co-ordinates

In Fig. 24.1, if lengths x and y are known, then the
length of r can be obtained from Pythagoras’ theorem
(see Chapter 22) since OPQ is a right-angled triangle.

Hence r2 =2 4y?)
from, which r= \/m
y A
P
1
r 1
Ly
|
6 ay
0 =i Q X
X
Figure 24.1
From trigonometric ratios (see Chapter 22),
tan@ = X
X
. ~1y
from which f=tan"'—
X

co-ordinates

r=+/x2+y2 and f =tan™! Y are the two formulae we

need to change from Cartegian to polar co-ordinates.
The angle 6, which may be expressed in degrees or
radians, must always be measured from the positive
x-axis, i.e. measured from the line OQ in Fig. 24.1. It is
suggested that when changing from Cartesian to polar
co-ordinates a diagram should always be sketched.

Problem 1. Change the Cartesian co-ordinates
(3, 4) into polar co-ordinates

A diagram representing the point (3, 4) is shown in
Fig. 24.2.

P
VA
i
|
r |
|4
|
!
0 1
nl >
O<—>| X
3

Figure 24.2

From Pythagoras’ theorem, r = +/3% + 4% = 5 (note that
—5 has no meaning in this context). By trigonometric
ratios, = tan~! g—‘ =53.13° or 0.927 rad

[note that 53.13° =53.13 x (7/180) rad = 0.927 rad.]

Hence (3, 4) in Cartesian co-ordinates corresponds
to (5, 53.13°) or (5, 0.927 rad) in polar co-ordinates.

Problem 2. Express in polar co-ordinates the
position (—4, 3)
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212 Engineering Mathematics

A diagram representing the point using the Cartesian
co-ordinates (—4, 3) is shown in Fig. 24.3.

From Pythagoras’ theorem r =+/4%2 + 32 =5

By trigonometric ratios, o= tan~! %:36.87° or
0.644 rad.

Hence 6 = 180° — 36.87° = 143.13°
or 0 =m — 0.644 = 2.498 rad.

P yik
I
1
r
3 |
!
g
L PN
|<—>Ox
4

Figure 24.3

Hence the position of point P in polar co-ordinate
form is (5, 143.13°) or (5, 2.498 rad).

Problem 3. Express (—5, —12) in polar
co-ordinates

A sketch showing the position (—5, —12) is shown in
Fig. 24.4.

r=vV52+122=13

12
and o =tan~! 5 =67.38° or 1.176 rad.

Hence 6 = 180° + 67.38° = 247.38°
or 6 =m+1.176 = 4.318 rad.
y A
5 6
e—
H (0] X
1 o
|
|
12|l
|
|
P
Figure 24.4

Thus (—5, —12) in Cartesian co-ordinates corre-
sponds to (13, 247.38°) or (13, 4.318 rad) in polar
co-ordinates.

Problem 4. Express (2, —5) in polar co-ordinates.

A sketch showing the position (2, —5) is shown in Fig.
24.5.

r = 1/224_52 = \/29:5385

correct to 3 decimal places

a=tan"' = =68.20° or 1.190rad

N | W

vy

3
2 UI

o

1 /

oI

6]

Figure 24.5

Hence 6 = 360° — 68.20° = 291.80°
or 0 =2m — 1.190 = 5.093 rad
Thus (2, —5) in Cartesian co-ordinates corresponds

to (5.385, 291.80°) or (5.385, 5.093 rad) in polar
co-ordinates.

Now try the following exercise

Exercise 93 Further problems on changing
form Cartesian into polar
co-ordinates

In Problems 1 to 8, express the given Cartesian
co-ordinates as polar co-ordinates, correct to 2
decimal places, in both degrees and in radians.

1. (3,5)
[(5.83, 59.04°) or (5.83, 1.03 rad)]

2. (6.18,2.35)
[(6.61, 20.82°) or (6.61, 0.36 rad)]

3. (=2,4)
[(4.47, 116.57°) or (4.47, 2.03 rad)]

4. (=54,3.7)
[(6.55, 145.58°) or (6.55, 2.54 rad)]
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5. (=7,-3)
[(7.62, 203.20°) or (7.62, 3.55 rad)]

6. (=2.4,-3.6)
[(4.33, 236.31°) or (4.33, 4.12 rad)]

7. (5, -3)
[(5.83, 329.04°) or (5.83, 5.74 rad)]

8. (9.6, —12.4)
[(15.68, 307.75°) or (15.68, 5.37 rad)]

24.3 Changing from polar into

Cartesian co-ordinates

From the right-angled triangle OPQ in Fig. 24.6.

X . y
cosf = — andsin 6 = =
r

from trigonometric ratios

Hence x = rcosf and y = rsiné
VA
P
I
i
r |
i1y
I
6 ny
(0] B —— Q )7
X
Figure 24.6

If length » and angle 6 are known then x =r cos 6 and
y =r sin 6 are the two formulae we need to change from
polar to Cartesian co-ordinates.

Problem 5. Change (4, 32°) into Cartesian
co-ordinates.

A sketch showing the position (4, 32°) is shown in
Fig. 24.7.

Now x =rcosf =4cos32° =3.39
and y=rsinf =4sin32° =2.12

Hence (4, 32°) in polar co-ordinates corresponds to
(3.39, 2.12) in Cartesian co-ordinates.

VA
r=4 :
1Y
§=32° .
Ol . X
X

Figure 24.7

Problem 6. Express (6, 137°) in Cartesian
co-ordinates

A sketch showing the position (6, 137°) is shown in
Fig. 24.8.

x=rcosf =6cos137° = —4.388

which corresponds to length OA in Fig. 24.8.
y =rsinf = 6sin 137° = 4.092

which corresponds to length AB in Fig. 24.8.

)Z

@

\
Il
(o]

L/

Figure 24.8

Thus (6, 137°) in polar co-ordinates corresponds to
(—4.388, 4.092) in Cartesian co-ordinates.

(Note that when changing from polar to Cartesian
co-ordinates it is not quite so essential to draw a sketch.
Use of x = r cos # and y = r sin 6 automatically produces
the correct signs.)

Problem 7. Express (4.5, 5.16 rad) in Cartesian
co-ordinates.

A sketch showing the position (4.5, 5.16 rad) is shown
in Fig. 24.9.

x=rcosf =4.5c0s5.16 = 1.948
which corresponds to length OA in Fig. 24.9.

y=rsinf = 4.5sin5.16 = —4.057
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214  Engineering Mathematics

VA
3. (7, 140°) [(—=5,362, 4.500)]
/\0 =5.16 rad
\Q ‘j‘ > 4. (3.6,2.5rad) [(—2.884, 2.154)]
! X
i
r=45 5. (10.8,210°) [(—9.353, —5.400)]
i
| 6. (4, 4rad) [(=2.615, —3.207)]
B
7. (1.5,300°) [(0.750, —1.299)]
Figure 24.9
2 8. (6,5.5rad) [(4.252, —4.233)]
=) which corresponds to length AB in Fig. 24.9.
i~ . . . 9. Figure 24.10 shows 5 equally spaced holes
< Thus (1.948, —4.057) in Ca.rtes1an co-ordl.nates cor- on an 80 mm pitch circle diameter. Calculate
responds to (4.5, 5.16 rad) in polar co-ordinates. their co-ordinates relative to axes Ox and Oy in
(a) polar form, (b) Cartesian form. Calculate
also the shortest distance between the centres
244 Useof R—PandP—R of two adjacent holes.
functions on calculators
y
Another name for Cartesian co-ordinates is rectangu-
lar co-ordinates. Many scientific notation calculators
possess R— P and P — R functions. The R is the first
letter of the word rectangular and the P is the first let-
ter of the word polar. Check the operation manual for
your particular calculator to determine how to use these
two functions. They make changing from Cartesian to
polar co-ordinates, and vice-versa, so much quicker and 0 X
easier.
Now try the following exercise
Exercise 94 Further problems on changing
polar into Cartesian
co-ordinates Figure 24.10
In Problems 1 to 8, express the given polar
co-ordinates as Cartesian co-ordinates, correct to [(a) (40, 18°), (40, 90°), (40, 162°), (40, 234°)
3 decimal places. and (40, 306°)
(b) (38.04, 12.36), (0, 40), (—38.04, 12.36),
1. (5,75° [(1.294, 4.830)] (—23.51, —32.36), (23.51, —32.36)
2. (44,1.12rad) [(1.917, 3.960)] (¢) 47.02 mm]
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Revision Test 6

This Revision test covers the material contained in Chapter 22 to 24. The marks for each question are shown in
brackets at the end of each question.

1.

Fig. R6.1 shows a plan view of a kite design.
Calculate the lengths of the dimensions shown
asaandb. 4)

In Fig. R6.1, evaluate (a) angle 6 (b) angle o (5)

Determine the area of the plan view of a kite shown
in Fig. R6.1. “)

20.0cm

Figure R6.1

If the angle of elevation of the top of a 25 m per-
pendicular building from point A is measured as
27°, determine the distance to the building. Cal-
culate also the angle of elevation at a point B, 20 m
closer to the building than point A. (&)

Evaluate, each correct to 4 significant figures:

3
(a) sin231.78° (b) cos 151°16 (c) tan ?ﬂ 3)

6.

10.

Sketch the following curves labelling relevant
points: (a) y=4 cos(6 + 45°)
(b) y=15 sin (2t — 60°) (6)

Solve the following equations in the
range 0° to 360° (a) sin—!(—0.4161)=x
(b) cot ~1(2.4198) =0 (6)

The current in an alternating current cir-
cuit at any time ¢ seconds is given by:
i =120sin(100xz 4 0.274) amperes. Determine

(a) the amplitude, periodic time, frequency and
phase angle (with reference to 120 sin 100s¢)

(b) the value of current when r =0

(c) the value of current when t = 6 ms

(d) the time when the current first reaches 80 A

Sketch one cycle of the oscillation. (17)

Change the following Cartesian coordinates into
polar co-ordinates, correct to 2 decimal places, in
both degrees and in radians: (a) (—2.3, 5.4)

(b) (7.6, —9.2) (6)

Change the following polar co-ordinates into
Cartesian co-ordinates, correct to 3 decimal
places: (a) (6.5, 132°) (b) (3, 3 rad) 4)
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Chapter 25

Triangles and some
practical applications

25.1 Sine and cosine rules

To ‘solve a triangle’ means ‘to find the values of
unknown sides and angles’. If a triangle is right-angled,
trigonometric ratios and the theorem of Pythagoras
may be used for its solution, as shown in Chapter 22.
However, for a non-right-angled triangle, trigono-
metric ratios and Pythagoras’ theorem cannot be used.
Instead, two rules, called the sine rule and cosine rule,
are used.

Sine rule

With reference to triangle ABC of Fig. 25.1, the sine
rule states:

a b _ ¢
sinA ~ sinB ~ sinC

Figure 25.1

The rule may be used only when:
(i) 1 side and any 2 angles are initially given, or

(ii)) 2 sides and an angle (not the included angle) are
initially given.

Cosine rule

With reference to triangle ABC of Fig. 25.1, the cosine
rule states:
a*=b? + ¢* — 2bc cosA
or b*=a®+ ¢ —2ac cosB
or c¢*=a’®+b* —2ab cosC
The rule may be used only when:
(i) 2sides and theincluded angle are initially given, or

(i) 3 sides are initially given.

25.2 Area of any triangle

The area of any triangle such as ABC of Fig. 25.1 is
given by:
(i) % x base x perpendicular height, or
(ii) %ab sin C or %ac sin B or %bc sinA, or
(iii) /s(s—a)(s —b)(s —c¢)

a+b+c
2

where s =

25.3 Worked problems on the
solution of triangles and their

areas

Problem 1. In atriangle XYZ, /X =51°,
ZY =67° and YZ = 15.2 cm. Solve the triangle and
find its area
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The triangle XYZ is shown in Fig. 25.2. Since
the angles in a triangle add up to 180°, then
z=180° —51° — 67° =62°.

X

O

A
Y x=152cm Z

Figure 25.2

Applying the sine rule:
15.2 y z
sinSI1°  sin67°  sin62°
Using 152 -2 and transposing gives:
sin51°  sin67°
y= w =18.00cm = XZ
sin51°
. 15.2 z . .
Using SnSI° — sin62e and transposing gives:
7= 15.25in62° =1727cm = XY

sin51°
Area of triangle XYZ = %xy sinZ
= %(15.2)(18.00) sin 62° = 120.8 cm?
(orarea = %xz sinY = %(15.2)(17.27) sin 67°
= 120.8 cm?)

It is always worth checking with triangle problems
that the longest side is opposite the largest angle, and
vice-versa. In this problem, Y is the largest angle and
XZ is the longest of the three sides.

Problem 2. Solve the triangle ABC given
B=78°51",AC =22.31 mm and AB =17.92 mm.

Find also its area

Triangle ABC is shown in Fig. 25.3.

A

Figure 25.3

Applying the sine rule:
2231 17.92
sin78°51’ ~ sinC
17.92sin 78°51’
from which,  sinC = ———Sm 027 _ 17881
22.31

Hence C =sin~! 0.7881 =52°0' or 128°0’ (see Chap-
ters 22 and 23).

Since B=78°51’, C cannot be 128°0/, since

128°0" + 78°51’ is greater than 180°.

Thus only C =52°0/ is valid.

Angle A =180° —78°51" — 52°0" =49°Y

Applying the sine rule:

a 2231

sin49°9’  sin78°51’

_22.315sin49°9’
sin 78°51’
Hence A =49°9', C =52°0' and BC =17.20 mm.

from which, =17.20mm

Area of triangle ABC = %ac sin B

= %(17.20)(17.92) sin 78°51’ = 151.2 mm?
Problem 3. Solve the triangle POR and find its

area given that OR = 36.5 mm, PR = 26.6 mm and
0 =36°

Triangle POR is shown in Fig. 25.4.

P
L g =29.6mm
a
Q p=36.5mm R
Figure 25.4
Applying the sine rule:
29.6 365
sin36°  sin P
36.5 sin 36°
from which, sinP = 2SI =0.7248
29.6
Hence P =sin~!0.7248 = 46°27" or 133°33
When P =46°27 and Q=36°
then R = 180° — 46°27" — 36° = 97°33’
When P =133°33 and Q=36°
then R = 180° — 133°33’' — 36° = 10°27’
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218 Engineering Mathematics

Thus, in this problem, there are two separate sets of
results and both are feasible solutions. Such a situation
is called the ambiguous case.

Case 1. P =46°27', 0 =36°, R=97°33', p=36.5mm
and ¢ =29.6 mm
From the sine rule:

r 296
sin97°33 ~ sin 36°
29.6sin 97°33’
from which, = L = 49.92 mm
sin 36°
Area = IpgsinR = 1(36.5)(29.6) sin 97°33’
= 535.5mm?

Case2. P =133°33/,0=36°, R=10°27",p=36.5mm
and ¢ =29.6 mm

From the sine rule:

ro 296
sin 10°27' ~ sin 36°
29.65sin 10°2’
from which, p= 22202 9134 mm
sin 36°

Area = 1pgsinR = (36.5)(29.6)sin 10°27’
= 97.98 mm’
Triangle POR for case 2 is shown in Fig. 25.5.
133°3%3’
29.6 mm

P
9.134 mm /
R
Q E 36.5 mm ;

36° 10°27’

Figure 25.5

Now try the following exercise

Exercise 95 Further problems on the
solution of triangles and
their areas

In Problems 1 and 2, use the sine rule to solve the
triangles ABC and find their areas.

1. A=29°, B=68°, b=27 mm.
C =83°a=14.4mm,c = 28.9mm,
area = 189 mm?

2. B=71°26/, C =56°32', b=28.60 cm.

A=52°2"c=7.568 cm,
a = 7.152 cm, area = 25.65 cm?

In Problems 3 and 4, use the sine rule to solve the
triangles DEF and find their areas.

3. d=17cm,f=22cm, F =26°
D = 19°48',E = 134°12/,
[e = 36.0cm, area = 134 cmz:l
4. d=32.6mm, e=25.4mm, D=104°22'
E =49°0",F = 26°38,
[f = 15.09 mm, area = 185.6mm2]

In Problems 5 and 6, use the sine rule to solve the
triangles JKL and find their areas.

5. j=3.85cm, k=3.23cm, K =36°
J =44°29',L = 99°31',] = 5.420 cm, |
area = 6.133 cm?
OR J = 135°31',L = 8°29’,
1 =0.811cm, area = 0.917 cm?
6. k=46 mm, /=36 mm, L =35°
K =47°8',J = 97°52/, 7]
j = 62.2mm, area = 820.2 mm?
OR K = 132°52/,J = 12°%/,
Jj = 13.19mm, area = 174.0 mm? |

25.4 Further worked problems on

the solution of triangles
and their areas

Problem 4. Solve triangle DEF and find its area
given that EF = 35.0 mm, DE =25.0 mm and
/E =64°

Triangle DEF is shown in Fig. 25.6.

D
f=25.0mm e
A
E d=350mm F
Figure 25.6
Applying the cosine rule:

¢ =d® +f? —2df cosE
ie.  e* = (35.00 + (25.0)% — [2(35.0)(25.0) cos 64°]
= 1225 + 625 — 767.1 = 1083
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from which, e = /1083 = 32.91 mm

Applying the sine rule:

3291 250

sin 64° sin F

25.0 sin 64°
from which, sinF = 22500% g 6808
32.91
Thus /F =sin"10.6828
=43°4  or 136°56

F=136°56" is not possible in this case since
136°56 + 64° is greater than 180°. Thus only F = 43°4/
is valid.

/D = 180° — 64° — 43°4’ = 72°56/
Area of triangle DEF = L1df sin E
= 1(35.0)(25.0) sin 64° = 393.2 mm’”

Problem 5. A triangle ABC has sides a=9.0cm,
b="7.5cm and ¢ = 6.5 cm. Determine its three
angles and its area

Triangle ABC is shown in Fig. 25.7. It is usual first
to calculate the largest angle to determine whether the
triangle is acute or obtuse. In this case the largest angle
is A (i.e. opposite the longest side).

A

c=6.5¢cm b=75cm

B a=90cm C
Figure 25.7

Applying the cosine rule:
a*> = b* + c? — 2bccosA

from which,

2bccosA = b? + ¢? — a?
b+ % — a2

2bc

1.5 46.5% —9.0%
T 2(7.5)(6.5)

and COSA =

=0.1795

Hence A= cos™! 0.1795 =79.66° (or 280.33°, which
is obviously impossible). The triangle is thus acute
angled since cos A is positive. (If cos A had been

negative, angle A would be obtuse, i.e. lie between 90°
and 180°).

Applying the sine rule:
90 75
sin 79.66°  sinB

from which, sinB = w = 0.8198
Hence B =sin~'0.8198 = 55.06°
and C = 180° — 79.66° — 55.06° = 45.28°
Area=+/s(s — a)(s — b)(s — ¢), where

— a+b+c _ 9.04+7.5+6.5 — 115cm

2 2
Hence

area = /11.5(11.5 — 9.0)(11.5 — 7.5)(11.5 — 6.5)

= /11.5(2.5)(4.0)(5.0) = 23.98 cm>
Alternatively,
area = tabsin C = 1(9.0)(7.5)sin 45.28°
= 23.98 cm?

Problem 6. Solve triangle XYZ, shown in Fig.
25.8, and find its area given that ¥ = 128°,
XY=72cmandYZ=4.5cm

X

z=7.2cm

S
Yx=45cm

Figure 25.8

Applying the cosine rule:
y2 =x> 472 — 2xzcos Y
=4.5% +7.2% — [2(4.5)(7.2) cos 128°]
=20.25 + 51.84 — [—39.89]
=20.25+51.84 +39.89 = 112.0
y =+/112.0 = 10.58 cm

Applying the sine rule:
10.58 7.2
sin128°  sinZ
" hich 7 7.2 sin 128° 0.5363
rom whic sinZ = ———— =0.
’ 10.58
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220 Engineering Mathematics

Hence Z = sin~10.5363 = 32.43° (or 147.57° which,
here, is impossible).

X =180° — 128° —32.43° = 19.57°

Area = {xzsinY = 1(4.5)(7.2)sin 128°
=12.77 cm?

Now try the following exercise

Exercise 96 Further problems on the
solution of triangles and
their areas

In Problems 1 and 2, use the cosine and sine rules
to solve the triangles POR and find their areas.

1. g=12cm,r=16cm, P=54°
p=132cm,Q = 47.35°,
R = 78.65°, area = 77.7 cm?

2. q=325m,r=4.42m, P=105°

p=6.127m,Q = 30.83°,
R = 44.17°, area = 6.938 m?

In Problems 3 and 4, use the cosine and sine rules
to solve the triangles XYZ and find their areas.

3. x=10.0cm,y=8.0cm, z="7.0cm.
X =83.33°,Y = 52.62°,Z = 44.05°,
|: area = 27.8 cm2:|
4, x=21mm, y=34mm, z=42mm.
Z =29.77°,Y = 53.50°,Z = 96.73°,
[ area = 355 mmZ]

25.5 Practical situations involving

trigonometry

A section of the roof is shown in Fig. 25.9.

B

33° 40°
A 8.0m C

Figure 25.9
Angle at ridge, B=180° —33° —40° =107°

From the sine rule:

8.0 . a
sin 107° ~ sin 33°
from which, _ 80sin33" _  ss6m
sin 107°
Also from the sine rule:
8.0 _ c
sin 107° ~ sin40°
from which, _ 80sind0% o0
sin 107°

Hence the roof slopes are 4.56 m and 5.38 m, correct
to the nearest centimetre.

Problem 8. A man leaves a point walking at

6.5 km/h in a direction E 20° N (i.e. a bearing of
70°). A cyclist leaves the same point at the same
time in a direction E 40° S (i.e. a bearing of 130°)
travelling at a constant speed. Find the average
speed of the cyclist if the walker and cyclist are
80km apart after 5 hours

After 5 hours the walker has travelled 5 x 6.5 =32.5km
(shown as AB in Fig. 25.10). If AC is the distance the
cyclist travels in 5 hours then BC = 80 km.

There are a number of practical situations where the
use of trigonometry is needed to find unknown sides
and angles of triangles. This is demonstrated in the
following worked problems.

Figure 25.10

Applying the sine rule:
Problem 7. A room 8.0 m wide has a span roof 80 325
which slopes at 33° on one side and 40° on the = =
other. Find the length of the roof slopes, correct to sin 60 %1; SC sin 60°
the nearest centimetre from which, sinC = T =0.3518
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Hence C = sin~! 0.3518 =20.60° (or 159.40°, which
is impossible in this case).

B = 180° — 60° — 20.60° = 99.40°.

Applying the sine rule again:

80 b
sin60°  sin 99.40°
in 99.40°
from which, p— B0sin9940° o i
sin 60°

Since the cyclist travels 91.14 km in 5 hours then

distance . 91.14

average speed = =— = 18.23 km/h

time

Problem 9. Two voltage phasors are shown in
Fig. 25.11. If V; =40V and V, =100V determine
the value of their resultant (i.e. length OA) and the
angle the resultant makes with V;

A
Vo =100V

45°

o B
V, =40V

Figure 25.11

Angle OBA = 180° — 45° = 135°
Applying the cosine rule:
OA? = V} 4 V3 — 2V V, cos OBA
= 40% + 100? — {2(40)(100) cos 135°)
= 1600 + 10000 — {—5657}
= 1600 + 10000 + 5657 = 17257

The resultant

OA =+17257=1314V

Applying the sine rule:
1314 100
sin 135° ~ sinAOB
100 sin 135°
from which,  sin AOB = % = 0.5381

Hence angle AOB = sin~10.5381 = 32.55° (or 147.45°,
which is impossible in this case).

Hence the resultant voltage is 131.4 volts at
32.55° to V3

Problem 10. In Fig. 25.12, PR represents the
inclined jib of a crane and is 10.0 m long. PQ is
4.0 m long. Determine the inclination of the jib to
the vertical and the length of tie OR

Figure 25.12
Applying the sine rule:
PR PQ
sin 120°  sinR
. . PQsin 120°
from which, SinR = ——
PR
4.0) sin 120°
_ GOsin 1207 _ 6 2i6s
10.0

Hence /R = sin~! 0.3464 = 20.27° (or 159.73°, which
is impossible in this case).

/P =180° —120° — 20.27° =39.73°, which is the
inclination of the jib to the vertical.

Applying the sine rule:
100 OR
sin 120° ~ sin 39.73°
10.0sin 39.73°
from which, length of tie, QR = L
sin 120°
=7.38m

Now try the following exercise

Exercise 97 Further problems on practical
situations involving
trigonometry

1. A ship P sails at a steady speed of 45 km/h in
a direction of W 32° N (i.e. a bearing of 302°)
from a port. At the same time another ship O
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222 Engineering Mathematics

leaves the port at a steady speed of 35 km/h in

a direction N 15° E (i.e. a bearing of 015°).

Determine their distance apart after 4 hours.
[193 km]

2. Twosides of atriangular plot of land are 52.0 m
and 34.0 m, respectively. If the area of the plot
is 620 m? find (a) the length of fencing required
to enclose the plot and (b) the angles of the
triangular plot.

[(a) 122.6 m (b) 94.80°, 40.66°, 44.54°]

3. A jib crane is shown in Fig. 25.13. If the tie
rod PR is 8.0 long and PQ is 4.5 m long deter-
mine (a) the length of jib RQ and (b) the angle
between the jib and the tie rod.

[(a) 11.4m (b) 17.55°]

Figure 25.13

4. A building site is in the form of a quadrilateral
as shown in Fig. 25.14, and its area is 1510 m2.
Determine the length of the perimeter of the

site. [163.4m]
28.5m
),
34.6m
52.4m (>

Figure 25.14

5. Determine the length of members BF and EB
in the roof truss shown in Fig. 25.15.
[BF=39m, EB=4.0m]

E

4m I 4mD
F

A 5m B 5m C

Figure 25.15

6. A laboratory 9.0m wide has a span roof that
slopes at 36° on one side and 44° on the other.
Determine the lengths of the roof slopes.

[6.35m, 5.37 m]

7. PQ and QR are the phasors representing the
alternating currents in two branches of a cir-
cuit. Phasor PQ is 20.0A and is horizontal.
Phasor QR (which is joined to the end of PQ
to form triangle POR) is 14.0A and is at an
angle of 35° to the horizontal. Determine the
resultant phasor PR and the angle it makes with
phasor PO [32.48 A, 14.31°]

25.6 Further practical situations

involving trigonometry

Problem 11. A vertical aerial stands on
horizontal ground. A surveyor positioned due east
of the aerial measures the elevation of the top as
48°. He moves due south 30.0 m and measures the
elevation as 44°. Determine the height of the aerial

In Fig. 25.16, DC represents the aerial, A is the initial
position of the surveyor and B his final position.

DC
From triangle ACD, tan 48° = i’ from which
DC

" tan48°

Figure 25.16
DC

tan 44°
For triangle ABC, using Pythagoras’ theorem:

Similarly, from triangle BCD, BC =

BC? = AB*> + AC?

DC \? DC \?
= (30.0)%
(tan44°> ¢ r+ (tan48°)
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2 < 1 _ 1 ) —30.02 (b) Figure 25.18 shows the initial and final positions of
tanZ44°  tan2 48° ’ the crank mechanism. In triangle OA’B’, applying
DC?(1.072323 — 0.810727) = 30.0° the sine rule:
5 30.0 10.0
2 30.0 - = —
C = —— =34404 sin120°  sinA’B'O
0.261596
) e 10.0sin 120°
Hence, height of aerial, DC = +/3340.4 from which, sinA'B'O = 300
= 58.65m. — 0.2887

Problem 12. A crank mechanism of a petrol

engine is shown in Fig. 25.17. Arm OA is 10.0 cm

long and rotates clockwise about 0. The connecting —=
rod AB is 30.0 cm long and end B is constrained to
move horizontally

oN
[ e
2
—
o
(<B]
v

Figure 25.19

Hence A’B'O = sin—10.2887 = 16.78° (or 163.22°
which is impossible in this case).

Angle OA’B’ = 180° — 120° — 16.78° = 43.22°
Figure 25.17

Applying the sine rule:
(a) For the position shown in Fig. 25.17 determine
the angle between the connecting rod AB and 300 OB
the horizontal and the length of OB. sin 120°  sin43.22°
(b) How far does B move when angle AOB . , 30.0sin43.22°
changes from 50° to 120°? from which, OB = — 0

=23.72cm

a) Applying the sine rule:
(@) Applying Since OB =35.43 cm and OB’ =23.72 ¢cm then

AB A0
sin50°  sinB BB =35.43-23.72=11.71cm
. . AO sin 50°
from which, sinB = T AB Hence B moves 11.71cm when angle AOB
. changes from 50° to 120°
10.0 °
_ 10080307 _ 5553
30.0

Hence B= sin~! 0.2553 =14.78° (or 165.22°,

S ar e Problem 13. The area of a field is in the form of a
which is impossible in this case).

quadrilateral ABCD as shown in Fig. 25.19.
Hence the connecting rod AB makes an angle Determine its area
of 14.78° with the horizontal.

Angle OAB =180° — 50° — 14.78° =115.22°

Applying the sine rule:
30.0 OB

sin50° ~ sin115.22°

30.0sin 115.22°
from which, OB = sm—
sin 50°

— 3543 cm Figure 25.19
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224 Engineering Mathematics

A diagonal drawn from B to D divides the quadrilateral
into two triangles.

Area of quadrilateral ABCD
= area of triangle ABD + area of triangle BCD

= 1(39.8)(21.4) sin 114° + £(42.5)(62.3) sin 56°
= 389.04 + 1097.5 = 1487 m*

Now try the following exercise

Exercise 98 Further problems on practical
situations involving
trigonometry

1. Three forces acting on a fixed point are repre-
sented by the sides of a triangle of dimensions
7.2cm, 9.6cm and 11.0cm. Determine the
angles between the lines of action and the three
forces. [80.42°, 59.38°, 40.20°]

2. A vertical aerial AB, 9.60 m high, stands on
ground which is inclined 12° to the horizontal.
A stay connects the top of the aerial A to a point
C on the ground 10.0 m downhill from B, the
foot of the aerial. Determine (a) the length of
the stay, and (b) the angle the stay makes with
the ground. [(a) 15.23 m (b) 38.07°]

3. A reciprocating engine mechanism is shown
in Fig. 25.20. The crank AB is 12.0cm long
and the connecting rod BC is 32.0cm long.
For the position shown determine the length
of AC and the angle between the crank and the
connecting rod. [40.25 cm, 126.05°]

4. From Fig. 25.20, determine how far C moves,
correct to the nearest millimetre when angle
CAB changes from 40° to 160°, B moving in
an anticlockwise direction. [19.8 cm]

Figure 25.20

A surveyor, standing W 25° S of a tower
measures the angle of elevation of the top of
the tower as 46°30’. From a position E 23°S
from the tower the elevation of the top is
37°15’. Determine the height of the tower if the
distance between the two observations is 75 m.

[36.2m]

Calculate, correct to 3 significant figures, the
co-ordinates x and y to locate the hole centre
at P shown in Fig. 25.21.

[x=69.3 mm, y =142 mm]

Figure 25.21

An idler gear, 30 mm in diameter, has to be
fitted between a 70 mm diameter driving gear
and a 90 mm diameter driven gear as shown
in Fig. 25.22. Determine the value of angle 6

between the centre lines. [130°]
90 mm
dia
s 30 mm
99.78mm g — (- (¥ dia

~_70mm
dia

Figure 25.22

16 holes are equally spaced on a pitch circle
of 70 mm diameter. Determine the length of
the chord joining the centres of two adjacent
holes. [13.66 mm]
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Chapter 26

Trigonometric identities and

26.1 Trigonometric identities

A trigonometric identity is a relationship that is true
for all values of the unknown variable.

tan 0 sin 6 » cos @ 0 1
anf= —— cotd = — secl=—
cos 6 sin 0 cos 6
1 1
cosecl=—— and cotd=——
sin 6 tan 6

are examples of trigonometric identities from Chapter 22.

Applying Pythagoras’ theorem to the right-angled trian-
gle shown in Fig. 26.1 gives:

at+b>=¢c? (1)
[0}
”
- a

Figure 26.1

Dividing each term of equation (1) by ¢? gives:

at  b? c?
2ta=z
a\2 h\?
e (4 +(2) -
& C

(cos ) + (sin6)* = 1

Hence cos’ 0 +sin0=1 2)

Dividing each term of equation (1) by a? gives:

a® b2 2

a? a?> a2

equations

. b\? c\2
ie. 1+ (;) = (;)
Hence 1 + tan? 0 = sec? 0 3)

Dividing each term of equation (1) by b? gives:
at b» 2

R e e @
. a\2 c\2
ie. <E) +1= <E)
Hence cot? @ + 1= cosec? 0 (5)

Equations (2), (3) and (4) are three further examples of
trigonometric identities.

26.2 Worked problems on

trigonometric identities

Problem 1. Prove the identity

sin” @ cot O sec @ = sin O

With trigonometric identities it is necessary to start with
the left-hand side (LHS) and attempt to make it equal
to the right-hand side (RHS) or vice-versa. It is often
useful to change all of the trigonometric ratios into sines
and cosines where possible. Thus

LHS = sin? 6 cot O sec 6

.2 cos 6 1
=sin“ 0| — —_—
sin 6 cosf

= sin @ (by cancelling) = RHS
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Problem 2. Prove that:
tanx + secx

tan x -
secx (1 + )
Sec x

tanx 4+ secx

LHS =
tan x
secx |1+ —
secx
sinx 1
m —_—
= _ COSX  COSX
= sin x
it 1
b, 1 4+ Losx
e COS X 1
cos X
sinx + 1
COS X

sinx + 1
CcoS X

<L> [1 4 sinx]
COS X

_ sinx + 1 COoS X
- Ccos X 1+ sinx

= 1 (by cancelling) = RHS

1+cot0_

Problem 3. Prove that:
14 tan@

() [ () (=]

cotd

cos 6 sin @ + cos 6

LHS — 1+cot9_ sinf _

sin @

1+tan6 |

sinf ~ cosf +sinf

cos

cos 6

cosf
= —— =cotf =RHS
sin 0

Problem 4. Show that:

cos? 0 — sin*0=1—2sin’0

cos2f@=1— sin%0

Hence, LHS = cos? 6 — sin 0
= (1 —sin®0) —sin® 6
=1—sin’6 —sin’0
=1—2sin’6 = RHS

_ sin @ + cos 6 cosd
- sin @ cos@ + sind

From equation (2), cos? @+ sin?@ =1, from which,

Problem 5. Prove that:
1 —sinx

———— —secx —tanx
1+ sinx

1 —sinx
LHS =,/ ——

1+ sinx
_ /(1 = sinx)(1 — sinx)
"\ (1 +sinx)(1 — sinx)

(1 —sinx)?
VA =sin?x)
2

Since cos? x + sin?x =1 then 1 — sin?x = cos?x

(1 — sinx)? (1 — sinx)?
LHS = =
(1 —sin®x) cosZ x

1 —sinx 1 sin x

COS Xx COS x COS x

=secx — tanx = RHS

Now try the following exercise

Exercise 99 Further problems on
trigonometric identities

Prove the following trigonometric identities:

1. sinxcotx= cosx
1

2. ———— =cosecf
V11— cos26
3. 2cos?A—1=cos?A— sin?A
cosx — cos® x .
4, ————— = sInxcosx
sin x

5. (14 cot0)? + (1 — cot#)% =2 cosec?

sin® x( sec x 4 cosec x)
6. =1+ tanx
cos x tan x

26.3 Trigonometric equations

Equations which contain trigonometric ratios are called
trigonometric equations. There are usually an infinite
number of solutions to such equations; however, solu-
tions are often restricted to those between 0° and 360°.
A knowledge of angles of any magnitude is essential in
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Trigonometric identities and equations 227

the solution of trigonometric equations and calculators
cannot be relied upon to give all the solutions (as shown
in Chapter 23). Figure 26.2 shows a summary for angles
of any magnitude.

90°
Sne "
(and cosecant) All positive
positive

00
180°
360°

Tangent Cosine
(and cotangent) (and secant)
positive positive

270°

Figure 26.2
Equations of the type a sin?A +b sinA +¢c =0
(i) When a=0, bsinA+ c=0, hence sinA = —%
and A =sin~! <_§>
There are two values of A between 0° and

360° that satisfy such an equation, provided
—-1< % <1 (see Problems 6 to 8).

(i) Whenb =0, asin®> A+ ¢ =0, hencesin’> A = —E,
a

_< and A —sin™! ¢
V a V a

If either a or c is a negative number, then the value
within the square root sign is positive. Since when
a square root is taken there is a positive and nega-
tive answer there are four values of A between 0°
and 360° which satisfy such an equation, provided

—1< l_c) <1 (see Problems 9 and 10).

SinA =

When a, b and ¢ are all non-zero:

asin? A+ b sinA 4 c =0 is a quadratic equation
in which the unknown is sin A. The solution of
a quadratic equation is obtained either by fac-
torising (if possible) or by using the quadratic

(iii)

formula:
. —b + Vb2 — 4ac

(see Problems 11 and 12).

Often the trigonometric identities

cos?A+ sin2A=1, 1+ tan?A= sec2A and
cot? A+ 1 =cosec?A need to be used to reduce
equations to one of the above forms (see Problems
13 to 15).

@iv)

26.4 Worked problems (i) on

trigonometric equations

Problem 6. Solve the trigonometric equation:
5sin 8 4 3 =0 for values of 8 from 0° to 360°

5sin 6 + 3 =0, from which

sinf =—-3/5=—-0.6000

y
1.0} y = sing
216-870 323.130
1 /I "l
0 90° 18Q7 270° |360° ¢
—06f———— —_
-1.0F
(a)
90°
S A

Figure 26.3

Hence 6 = sin~'(—0.6000). Sine is negative in the third
and fourth quadrants (see Fig. 26.3). The acute angle
sin~! (0.6000) = 36.87° (shown as « in Fig. 26.3(b)).
Hence 6 =180° + 36.87°, i.e. 216.87° or 0 =360° —
36.87°, i.e. 323.13°

Problem 7. Solve: 1.5tanx — 1.8 =0 for
0° <x <360°

1.5tanx — 1.8 =0, from which
1.8

tanx = — = 1.2000
1.5

Hence x = tan~! 1.2000

Tangent is positive in the first and third quadrants (see
Fig. 26.4).

The acute angle tan~! 1.2000 = 50.19°.
Hence, x =50.19° or 180° + 50.19° =230.19°
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Y y=tanx
| | |
| I | I
1Y S N— | |
L HE L
of / 90° 180° A 270° 36p°
50.19° 230.19° 1
A
[ I |
(@)
90°

S L/ :
180° 50.19 0°
50.19° 360°

T C

270°
(b)

Figure 26.4

Problem 8. Solve: 4 sect =75 for values of ¢
between 0° and 360°

4sect =235, from which sect = % =1.2500
Hence ¢t = sec™! 1.2500

90°
s A
. 36.87° 0°
180 36.87° 360°
T c
270°

Figure 26.5

Secant (=1/cosine) is positive in the first and
fourth quadrants (see Fig. 26.5). The acute angle
sec™! 1.2500 = 36.87°. Hence

t = 36.87° or 360° — 36.87° = 323.13°

Now try the following exercise

Exercise 100 Further problems on
trigonometric equations

Solve the following equations for angles between
0° and 360°

1. 4—7sin6=0 [0 =34.85° or 145.15°]

2. 3cosecA+55=0
[A=213.06° or 326.94°]

3. 4(2.32—5.4cott)=0
[t = 66.75° or 246.75°]

26.5 Worked problems (ii) on

trigonometric equations

Problem 9. Solve: 2 — 4 cos? A = 0 for values of
A in the range 0° <A < 360°

2
2 —4cos? A =0, from which cos?A = 1= 0.5000

Hence cos A = +/0.5000 = £0.7071 and
A= cos™! (£0.7071)

Cosine is positive in quadrant one and four and negative
in quadrants two and three. Thus in this case there are
four solutions, one in each quadrant (see Fig. 26.6).The
acute angle cos~! 0.7071 =45°.

Hence A = 45°,135°,225° or 315°
y 1.0 y=cos A
0.7071 —_— — = f—
135° , 225° \
0| 45° 180° /3150 360° A°
—0.7071 -
-10
(a)
Figure 26.6

Problem 10. Solve: § cot? y=1.3 for
0° <y < 360°

1 cot? y = 1.3, from which, cot’y = 2(1.3) = 2.6
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Hence coty =4/2.6 =%1.6125, and
y= cot™1 (£1.6125). There are four solutions, one in
each quadrant. The acute angle cot™! 1.6125=31.81°.

Hence y=31.81°,148.19°,211.81° or 328.19°

Now try the following exercise

Exercise 101 Further problems on

trigonometric equations
Solve the following equations for angles between
0° and 360°

1. 5sin’y=3

y=50.77°,129.23°,
230.77° or 309.23°

2. 5+3cosec2D=38
3. 2cot’0=5

[D=90° or 270°]

[6=32.32°, 147.68°,
212.32° or 327.68°]

26.6 Worked problems (iii) on

trigonometric equations

Problem 11. Solve the equation:
8sinZ 0+ 2sin6 — 1 =0, for all values of &
between 0° and 360°

Factorising 8 sin? 6 +2sinf — 1 =0 gives
(4sinf—1) (2sinf+1)=0

Hence 4 sin 6 — 1 =0, from which,

sinf = }‘ =0.2500, or 2sin6+1=0, from which,
sin = —1 =—0.5000

(Instead of factorising, the quadratic formula can, of
course, beused). 6 = sin~10.2500 = 14.48° or 165.52°,
since sine is positive in the first and second quadrants,
or 6= sin~! (=0.5000) =210° or 330°, since sine is
negative in the third and fourth quadrants. Hence

0 = 14.48°, 165.52°, 210° or 330°

Problem 12. Solve:
6cos2 0+ 5 cosH — 6 =0 for values of 6 from 0° to
360°

Factorising 6 cos? 6 + 5 cos § — 6 =0 gives
(3cos — 2)(2cos6+3)=0.

Hence 3 cos§ — 2 =0, from which,

cosf=2%=0.6667, or 2cosf+3=0, from which,
cos = —3 =—1.5000

The minimum value of a cosine is —1, hence the latter
expression has no solution and is thus neglected. Hence

6 = cos ' 0.6667 = 48.18° or 311.82°

since cosine is positive in the first and fourth quadrants.

Now try the following exercise

Exercise 102 Further problems on
trigonometric equations

Solve the following equations for angles between
0° and 360°

1. 15sin?A+ sinA—2=0
A=19.47°,160.53°,
203.58° or 336.42°

2. 8tan’H+2tanf=15
0=751.34°,123.69°,
231.34° or 303.69°

3. 2cosec?r—5 cosect=12
[t=14.48°,165.52°,221.81° or 318.19°]

26.7 Worked problems (iv) on

trigonometric equations

Problem 13. Solve: 5cos?7+3sint — 3 =0 for
values of ¢ from 0° to 360°

Since cos?t + sin’t =1, cos’ t =1 — sin’¢.
Substituting for cos” 7 in 5 cos? r + 3 sint — 3 =0 gives
5(1 —sin®#) + 3sint —3 =0
5—5sin*7+3sint —3=0
—5sin? 7 +3sinr+2=0
5sin?t —3sint —2 =0

Factorising gives (Ssint—+2)(sinf —1)=0. Hence
5sint +2 =0, from which, sint= —% = —0.4000, or
sint — 1 =0, from which, sint=1.

t = sin~! (=0.4000) =203.58° or 336.42°, since sine
is negative in the third and fourth quadrants, or
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r=sin~! 1=90°. Hence
t =90°, 203.58° or 336.42°

as shown in Fig. 26.7.

1.0 — y=sint

/

203.58° 336.42°

Figure 26.7

Problem 14. Solve: 18 secZA — 3 tan A =21 for
values of A between 0° and 360°

1+ tan? A= sec>A. Substituting for sec’A in
18sec? A —3tan A =21 gives

18(1 + tan”> A) — 3tan A = 21

ie. 18+ 18tan*A —3tanA —21=0

18tan’ A —3tanA —3 =0
Factorising gives (6tanA —3) (3tanA+1)=0
Hence 6 tan A — 3 =0, from which, tan A = 2 = 0.5000
or3tanA + 1 =0, from which, tanA = —1 = —0.3333.
Thus A = tan—1(0.5000) = 26.57° or 206.57°, since
tangent is positive in the first and third quadrants, or
A= tan~!(—=0.3333) = 161.57° or 341.57°, since tan-

gent is negative in the second and fourth quadrants.
Hence

A = 26.57°,161.57°, 206.57° or 341.57°

Problem 15. Solve: 3 cosec?6 — 5 =4 cot 6 in the
range 0 <6 < 360°

cot2 0 + 1 =cosec? 0, Substituting for cosec? 6 in
3 cosec? § — 5 =4 cot 6 gives:

3(cot?9+1)— 5 =4cotd
3cot’0+3—5=4coth
3cot?0 —dcoth —2 =0

Since the left-hand side does not factorise the quadratic
formula is used.

—(=4) £ /(—=49? - 4(3)(-2)
2(3)

_ 4+ V16 +24 _ 4 + /40
N 6 6
10.3246 2.3246
= or —
6 6

Hence cot & =1.7208 or —0.3874
6= cot—!1.7208 =30.17° or 210.17°, since cotangent
is positive in the first and third quadrants, or

6= cot™' (—0.3874)=111.18° or 291.18°, since
cotangent is negative in the second and fourth quadrants.

Hence, 6 =30.17°, 111.18°, 210.17° or 291.18°

Thus, coth =

Now try the following exercise

Exercise 103 Further problems on
trigonometric equations

Solve the following equations for angles between
0° and 360°

1. 12sin20—6= cosf
0=48.19°,138.59°,
221.41° or 311.81°

2. 16secx —2=14tan%x
[x = 52.93° or 307.07°]

3. 4cot?A—6cosecA+6=0 [A=90°]

4. 5sect+2tan’r=3
[t=107.83° or 252.17°]

5. 2.9cos2a—T7sina+1=0
[a=27.83° or 152.17°]

6. 3cosec’f=8—7cotp
B=60.17°,161.02°,
240.17° or 341.02°
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Chapter 27

Compound angles

27.1 Compound angle formulae

An electric current i may be expressed as
i= Ssin(wt — 0.33) amperes. Similarly, the displace-
ment x of a body from a fixed point can be expressed
as x = 10 sin(2¢ + 0.67) metres. The angles (wt — 0.33)
and (2 4 0.67) are called compound angles because
they are the sum or difference of two angles.

The compound angle formulae for sines and cosines
of the sum and difference of two angles A and B are:

sin(A + B)=sinA cos B + cosA sin B
sin(A — B)=sinA cos B — cosA sin B
cos(A + B)=cosA cos B — sinA sin B
cos(A — B)=cosA cos B + sinA sin B

(Note, sin(A + B) is not equal to (sin A+ sin B), and
SO on.)

The formulae stated above may be used to derive two
further compound angle formulae:

tanA +tan B
tan(A + B)= ;
1—tanA tanB
tanA —tan B
tanA —B)= —————
1+tanA tan B

The compound-angle formulae are true for all values
of A and B, and by substituting values of A and B into
the formulae they may be shown to be true.

Problem 1. Expand and simplify the following
expressions:

(a) sin(r + o)

(c) sin(A — B) — sin(A + B)

(b) —cos(90° + B)

(a) sin (7w + )= sinw cos o + cos 7 sin & (from
the formula for sin (A 4+ B))
=(0)(cosa)+(—1) sina
=—sina

(b) —cos(90°+ pB)
= —[c0s 90° cos B — sin 90° sin 8]
=—[(0)(cos B) — (1) sin B] =sin B

(c) sin(A—B)— sin(A+ B)
=[sinA cos B — cos A sin B]
— [sin A cos B + cos A sin B]
=—2cosA sinB

Problem 2. Prove that:

cos(y—n)—l—sin(y—l— g) =0

cos(y — m) = cosycosm + sinysinmw

= (cosy)(—=1) + (sin y)(0)
= —cCoSy
. s . 4 .
s1n(y + 5) = siny cos ) ~+ cosy sin )
= (siny)(0) + (cos y)(1) = cosy
Hence

cos (y — ) + sin (y + g)

= (—cosy)+ (cosy) =0

Problem 3. Show that

tan(x + %) tan( — %) =—1
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b4
. tan x + tan 1
tan (x + —) =—Fx
4 1 —tanx tan —
4
(from the formula for tan(A + B))

. tanx + 1 . 1+ tanx
T 1—(tanx)(1)  \1—tanx

. T
since tan — = 1
4

T
n>_ tanx—tanz 3 tanx — 1
4/ T \I+tanx

1 + tanx tan —
+tanx 1

T T
Hence, tan (x + Z) tan ( — —)

4
_ 1+ tanx tanx — 1
" \l—tanx/ \ I +tanx
_tanx—1 —(1—tanx)
" 1—tanx  1—tanx
Problem 4. If sin P =0.8142 and

cos Q =0.4432 evaluate, correct to 3 decimal
places: (a) sin(P — Q), (b) cos(P + Q) and (c)
tan(P + Q), using the compound angle formulae

Since sin P =0.8142 then
P=sin"! 0.8142=54.51°

Thus cos P = cos 54.51° =0.5806 and
tan P = tan 54.51° =1.4025

Since cos 0 =0.4432, Q0 = cos~! 0.4432 =63.69°

Thus sin Q = sin 63.69° =0.8964 and

tan Q = tan 63.69° =2.0225

(@) sin(P—0Q)
= sin Pcos Q — cos Psin Q
= (0.8142)(0.4432) — (0.5806)(0.8964)
= 0.3609 — 0.5204 = —0.160

(b) cos(P+0Q)
= cosPcosQ — sinPsin Q
= (0.5806)(0.4432) — (0.8142)(0.8964)
=0.2573 —0.7298 = —0.473

(¢) tan(P+Q)
_tanP+tanQ  (1.4025)+(2.0225)
~ 1—tanPtanQ 1 — (1.4025)(2.0225)

42
= —3 >0 = —1.865
—1.8366

Problem 5. Solve the equation:
4 sin(x — 20°) = 5 cos x for values of x between
0° and 90°

4 sin (x — 20°) = 4[sin x cos 20° — cos x sin 20°]
from the formula for sin (A — B)
= 4[sin x(0.9397) — cos x(0.3420)]
= 3.7588 sinx — 1.3680 cos x

Since 4 sin(x — 20°) =5 cos x then
3.7588 sin x — 1.3680 cosx =5 cos x

Rearranging gives:

3.7588 sinx = 5cosx + 1.3680 cos x

= 6.3680 cos x
sin x 6.3680
and = —=1.6942
cosx  3.7588

i.e. tanx = 1.6942, and
x= tan~! 1.6942 = 59.449° or 59°27’

[Check: LHS = 45sin(59.449° — 20°)
= 45in 39.449° = 2.542
RHS = 5cosx = 5¢0s59.449° = 2.542]

Now try the following exercise

Exercise 104 Further problems on
compound angle formulae

1. Reduce the following to the sine of one angle:
(a) sin37°cos21°+ cos37°sin21°
(b) sin7tcos 3t — cos 7t sin 3¢

[(a) sin 58°  (b) sin 4¢]

2. Reduce the following to the cosine of one
angle:
(@) cos71°cos33° — sin71°sin 33°
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(b) cos g cos % + sin % sin %
(a)cos 104° = —cos76°
b4
b il
(b) cos T

Show that: 5
(@) Sin<x+ %) + Sin<x+ g) =
V3 cosx
3
(b) —sin(g —¢> = cos ¢

Prove that:

(a) sin<9+ %) — sin(&— 3%) =

V2(sin 6 + cos 6)

270° +6
cos@M" 49 _ tano

cos (360° — 6)
Given cos A =0.42 and sin B=0.73 evaluate
(a) sin(A — B), (b) cos(A — B), (¢) tan(A + B),
correct to 4 decimal places.

[(a) 0.3136 (b) 0.9495 (c) —2.4687]

(b)

In Problems 6 and 7, solve the equations for values
of 0 between 0° and 360°

6. 3sin(@+30°)=7cosH

[64.72° or 244.72°]

7. 4sin(@ —40°)=2sin0

[67.52° or 247.52°]

27.2 Conversion of a sin wt + b cos wt

®

(i)

into R sin(wt + o)

R sin(wt 4+ o) represents a sine wave of maximum
value R, periodic time 27/w, frequency w/2m and
leading R sin wt by angle «. (See Chapter 23).

R sin(wt +«) may be expanded using the
compound-angle formula for sin (A + B), where
A =wt and B=«. Hence

R sin(wt + )
= R[ sin wt cos a + cos wt sin «]
= Rsinwt cosa + R cos wt sin «

= (Rcos ) sin wt 4+ (R sin &) cos wt

(iii)) Ifa=R cosa and b =R sin «, where a and b are
constants, then
R sin(wt+a)=a sinwt+bcoswt, i.e. a sine
and cosine function of the same frequency when
added produce a sine wave of the same frequency
(which is further demonstrated in Chapter 34).

. . a .
(iv) Since a=R cosw, then cosa= R and since

b
b =R sin ¢, then sin @ = ®

If the values of a and b are known then the values of
R and o may be calculated. The relationship between
constants a, b, R and « are shown in Fig. 27.1.

Figure 27.1

From Fig. 27.1, by Pythagoras’ theorem:

R=a +p?
and from trigonometric ratios:

b
o =tan"1=
a

Problem 6. Find an expression for

3 sin wt + 4 cos wt in the form R sin(w? + «) and
sketch graphs of 3 sin wt, 4 cos wt and

R sin(wt + ) on the same axes

Let 3 sin wt + 4 cos wt = R sin(wt + o)
then 3 sinwt 44 cos wt
= R[sin wt cos o + cos wt sin o]
= (R cos @) sin wt + (R sin «) cos wt

Equating coefficients of sin wt gives:

3
3 =Rcos «, from which, cos a« = 7

Equating coefficients of cos wt gives:

4
4 = R sin «, from which, sin o = 1_3
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234  Engineering Mathematics

There is only one quadrant where both sin « and cos «
are positive, and this is the first, as shown in Fig. 27.2.
From Fig. 27.2, by Pythagoras’ theorem:

R=+32+42=5

Figure 27.2

From trigonometric ratios:

4
a=tan"! 3 =53.13° or 0.927radians

Hence, 3 sin t + 4 cos wt =5 sin(wt + 0.927)

A sketch of 3 sin wt, 4 cos wt and 5 sin(wt + 0.927) is
shown in Fig. 27.3.

0.927 rad
y=4cos wt

y=23sin wt

\é sin (wt+ 0.927)_/

27 wt(rad)
0.927 rad /

Figure 27.3

Two periodic functions of the same frequency may be
combined by

(a) plotting the functions graphically and combining
ordinates at intervals, or
(b) by resolution of phasors by drawing or calculation.

Problem 6, together with Problems 7 and 8 following,
demonstrate a third method of combining waveforms.

Problem 7. Express: 4.6 sin wt — 7.3 cos ot in
the form R sin(wt + )

Let 4.6 sin wt — 7.3 cos wt =R sin(wt + «)
then 4.6 sin wt — 7.3 cos wt

= R[sin wt cos @ + cos wt sin «]

= (R cos ) sin wt 4 (R sin «) cos wt

Equating coefficients of sin wt gives:

4.6 =R cos «a, from which, cos a« = 4?
Equating coefficients of cos wt gives:

—7.3 =Rsin «, from which sin « = %3

There is only one quadrant where cosine is positive and
sine is negative, i.e. the fourth quadrant, as shown in
Fig. 27.4. By Pythagoras’ theorem:

R = /4.6 +(—7.3)> = 8.628

4.6

-7.3

Figure 27.4

By trigonometric ratios:

(=13
o = tan —_—
46

= —57.78° or —1.008 radians.

Hence,
4.6 sin wt —7.3 cos wt = 8.628 sin(wt — 1.008)

Problem 8. Express: —2.7 sin wt — 4.1 cos wt in
the form R sin(w? + o)

Let —2.7 sin wt — 4.1 cos wt = R sin(wt + «)
= R[sin wt cos @ + cos wt sin «]

= (R cos &) sin wt + (R sin &) cos wt

Equating coefficients gives:

-2.7
—2.7 = Rcos «, from which, cosa = =
. . . —4.1
and —4.1 = Rsin«, from which, sino = e
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There is only one quadrant in which both cosine and
sine are negative, i.e. the third quadrant, as shown in
Fig. 27.5.

90°
_ o 0°
180° 27 (N
7 360°
—4. R
270°

Figure 27.5

From Fig. 27.5,

R =(=2.7)% + (—4.1)2 = 4.909

4.1
and f=tan"! —— =56.63°
2.7

Hence o =180° 4+ 56.63° =236.63° or 4.130 radians.
Thus,

—2.7 sin wt — 4.1 cos wt =4.909 sin(wt — 4.130)

An angle of 236.63° is the same as —123.37° or —2.153
radians.

Hence —2.7 sin wt — 4.1 cos wt may be expressed also
as 4.909 sin(wt — 2.153), which is preferred since it is
the principal value (i.e. —7 <o <m).

Problem 9. Express: 3 sin 8 + 5 cos 6 in the
form R sin(6 + «), and hence solve the equation
3 sin 6 + 5 cos 8 =4, for values of 6 between 0°
and 360°

Let 3sinf45cosf =R sin(6 + )

=R|[sin 6 cos & + cos 6 sin o]
= (R cosa) sinf + (Rsin«) cosd

Equating coefficients gives:

3 = Rcos «, from which, cosa =

x| v = W

and 5 = Rsin«, from which, sino =

Since both sin « and cos « are positive, R lies in the first
quadrant, as shown in Fig. 27.6.

Figure 27.6

From Fig. 27.6, R =+/32+52=5.831 and

5
o=tan"! 3= 59.03°

Hence 3sinf + 5cosf = 5.831 sin(f + 59.03°)
However 3sinf 4+ 5cosf =4
Thus 5.831sin(f + 59.03°) = 4,

4
fi hich 6 +59.03°) =sin~! [ ——
rom whic 0+ ) = sin <5.831>

ie. 0 +59.03° =43.32° or 136.68°
Hence 6 =43.32°—-59.03°=—15.71° or

0 = 136.68° —59.03°=77.65°
Since —15.71° is the same as —15.71° 4+ 360°, i.e.
344.29°, then the solutions are @ =77.65° or 344.29°,
which may be checked by substituting into the original
equation.

Problem 10. Solve the equation:
3.5c0sA — 5.8 sinA =6.5 for 0° <A <360°

Let 3.5 cos A—5.8sin A=R sin(A + «)
=R|[sin A cos @+ cos A sin «]

=(R cos «) sinA + (Rsina)cosA

Equating coefficients gives:

3.5
3.5 =Rsin «, from which, sina = 3
. —5.8
and —5.8 = R cos «, from which, cosa = =

There is only one quadrant in which both sine is positive
and cosine is negative, i.e. the second, as shown in
Fig. 27.7.
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90°

3.5

180°

-5.8 360°

270°

Figure 27.7

From Fig. 27.7, R=./3.524+(-5.8)2=6.774 and

3.5
f=tan~! == =31.12°
an s
Hence o = 180° — 31.12° = 148.88°

= (—75.23° + 360°) = 284.77°
or A =106.35° — 148.88° = —42.53°
= (—42.53° +360°) = 317.47°

The solutions are thus A =284.77° or 317.47°, which
may be checked in the original equation.

Now try the following exercise

Exercise 105 Further problems on the
conversion of
asin wt + b cos wt into
R sin(wt + o)

In Problems 1 to 4, change the functions into the
form R sin(wt + o)

1. 5sinwt—+ 8coswt
[9.434 sin(wt + 1.012)]

Thus 3.5cosA—5.8sinA

=6.774 sin (A + 148.88°) =6.5
Hence sin(A + 148.88°) = 6.5

’ 6774

from which (A +148.88°) = sin”! ﬂ

’ R 6.774

= 73.65° or 106.35°

Thus, A =73.65° — 148.88° = —75.23°

2. 4 sinwt — 3 cos wt [5 sin(wt — 0.644)]

3. —7 sinwt + 4 cos wt
[8.062 sin(wt + 2.622)]

4. —3sinwt — 6 cos wt
[6.708 sin(wt — 2.034)]

5. Solve the following equations for values of 6
between 0° and 360°:
(a) 2sinf+4cosf=3
(b) 12sinf —9cosO="7
(a) 74.44° or 338.70°
[(b) 64.69° or 189.05"]

6. Solve the following equations for
0° <A < 360°:
(@) 3cosA+2sinA=2.8
(b) 12 cosA —4sinA=11
(a) 72.73° or 354.63°
[(b) 11.15° or 311.98"]

7. The third harmonic of a wave motion is given
by 4.3 cos 360 — 6.9 sin 36.

Express this in the form R sin(36 & «)
[8.13 sin(36 + 2.584)]

8. The displacement x metres of a mass from
a fixed point about which it is oscillating is
given by x =2.4 sin wt + 3.2 cos wt, where ¢
is the time in seconds. Express x in the form
R sin (wt + o).

[x =4.0sin(wt + 0.927)m]

9. Two voltages, v = Scos wt and v, = —8sin wt
are inputs to an analogue circuit. Determine
an expression for the output voltage if this is
given by (v] + v2).

[9.434 sin(wt 4-2.583)]

27.3 Double angles

(i) If, in the compound-angle formula for sin (A + B),
we let B=A then

sin 2A =2 sinAcosA

Also, for example, sin4A =2sin2Acos2A and
sin 84 =2 sin4A cos 4A, and so on.

(i1) If, in the compound-angle formula for cos(A + B),
we let B=A then

c0s 24 = cos?A — sin’A
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Since cos? A + sin? A = 1, then
cos?A=1— sin?A, and sin?A=1— cos? A,
and two further formula for cos 2A can be produced.
Thus cos 24 = cos? A — sin? A
=(1— sin®?A) — sin®A

ie. cos24 =1-—2sin?A
and cos 24 = cos? A — sin? A

= cos?A — (1— cos? A)
i.e. cos 24 =2 cos?A — 1
Also, for example,
cos4A = cos?2A — sin?2A or 1—2sin?24 or
2 cos22A — 1 and cos 6A = cos? 3A — sin? 34 or
1 —2sin% 3A or 2 cos? 3A — 1 and so on.

(iii) If, in the compound-angle formula for tan(A + B),
we let B=A then

2 tanA
tan 2A = ———
1—tan-A
2tan 2A
Also, for example, tan4A = ———
1 — tan2 24
2 tan %A
and tan 5A = = and so on.
1 — tan® 3A

Problem 11. I3 sin 360 is the third harmonic of a
waveform. Express the third harmonic in terms of
the first harmonic sin 6 , when I3 = 1

When I3 =1,
I3sin 30 = sin 30 = sin(26 + 6)
= sin 260 cos 0 + cos 20 sin O

from the sin (A + B) formula
= (2sinfcosB)cosd + (1 —2 sin? 0)sin 6,
from the double angle expansions
= 2sinfcos’ 6 + sin 6 — 2 sin’ O
= 2sin6(1 — sin®6) 4 sin® — 2sin’ 6,
(since cos?f = 1 — sin® 0)
= 2sin6 — 2sin> 6 + sin6 — 2sin> 6
ie. sin30=3sin6—4sin’0
1 —cos20

Problem 12. Prove that: ———— = tan@
sin 260

1 —cos 20 1 — (1 —2sin? )

LHS = -
sin 26

2sin 6 cos 6

2sin? 6 sin 0

= — = = tanf = RHS
2sin 6 cos 6 cosf

Problem 13. Prove that:

cot 2x + cosec 2x = cot x

LHS = cot 2x + cosec 2x

_ cos2x + 1

cos2x 1
" sin2x  sin2x  sin2x

_ 2cos’x—1)+1 _ 2cos?x
- sin 2x "~ sin2x

2 cos? x COSX

= — = —— = cotx = RHS
2 sin x cos x sin x

Now try the following exercise

Exercise 106 Further problems on double
angles

1. The power p in an electrical circuit is given by

v . .
p = — . Determine the power in terms of V, R
and cos 2t when v=V cost.

Vv
[ﬁ(l + cos 2t)]

2. Prove the following identities:

cos 2¢ 2
- —t

(@) cos? ¢ an”¢

1 2t
(b) f# =2cot?¢

sin” ¢

(tan 2x)(1 4 tanx) 2

(© =
tan x 1— tanx

(d) 2 cosec 26 cos26= cotf — tanH

3. If the third harmonic of a waveform is given
by V3cos36, express the third harmonic in
terms of the first harmonic cos 6, when V3 = 1.

[cos 30 =4 cos’ 6 — 3 cos 0]
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From equation (3),

27.4 Changing products of sines and

cosines into sums or differences

1
3cos4tcost = 3{ 3 [cos(4t + t) + cos(4t — 1)] }
(i) sin(A + B) + sin(A — B) =2sin A cos B (from 3
the formulae in Section 27.1), i.e. = E(cos 5¢ + cos 3t)

1
sinA cos B = E[sin(A + B) + sin(A — B)] (1) Thus, if the integral f3cos4zcostdtr was required,
then

(i) sin(A+ B) —sin(A — B)=2cosAsinB ie. 3
2 /3005 4tcostdt = / E(COS 5t 4 cos 3t)dt
1
= cosA sin B = —[sin(A + B) — sin(A — B)] (2)
T 2 3[sin5t sin3¢
(<B} = — +
v 2] 5 3

(iii) cos(A + B)+ cos(A —B)=2cosAcosB ie.

1
cos A cos B = E[COS(A + B) + cos(A — B)] (3)
Problem 17. In an alternating current circuit,

(iv) cos(A+B)—cos(A—B)=-2sinAsinB  ie. voltage v=>5 sinwt and current i = 10 sin(wt — 71/6).
1 Find an expression for the instantaneous power p at
sin A sin B=— 3 [cos(A 4+ B) — cos(A — B)] time ¢ given that p = vi, expressing the answer as a
) sum or difference of sines and cosines
P.roblem 14. .Express: sin 4x cos 3x as a sum or p=vi=(5 sinwn)[10 sin (wt — 7/6)]
difference of sines and cosines . .
=50 sin wt sin (wt — 7/6).

From equation (4),

From equation (1), 50 sin wt sin(wt — 7/6)
. 1 . . 1
sin4x cos 3x = E[sm(4x -+ 3x) + sin(4x — 3x)] = (50) I:_E{COS(wt + wt — 77/6)
1. .
= 5(sm 7x + sin x) —cos[wt — (wt — n/6)]}]

= —25[cosRwt — 7/6) — cos /6]

Problem 15. Express: 2 cos 56'sin 26 as a i.e. instantaneous power,

sum or difference of sines or cosines
P =25[cos 7/6 — cos(Qwt — 1/6)]

From equation (2),
Now try the following exercise

2 cos 50 sin 20

Exercise 107 Further problems on changing

1 . .
= 2{ E[sm(SO + 26) — sin(560 — 26)]} products of sines and cosines
into sums or differences

— sin 70 — sin 36 In Problems 1 to 5, express as sums or differences:

. L . :
Problem 16. Express: 3 cos4¢cost as a sum 1. sin7tcos 2t |:§(s1n 9t + sin 5t)]

or difference of sines or cosines
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Problem 18. Express: sin 56 + sin 36 as a

1
2. cos8xsin2x I:E(sin 10x — sin 6x)] product
3. 2sin7¢sin 3¢t [cos4t — cos 10¢]
From equation (5),
4. 4 cos36cosd [2(cos 46 + cos 20)] s s
0+ 30 0 — 36
x - 3, & oy sin56+sin39=251n< _; )cos( > )
5. 3sm§cos€ 7 (smz—l— sin E)
- = 2sin46 cos 0
6. Determine | 2sin37cos 7 dr 2
cos4t  cos2t Problem 19. Express: sin 7x — sinx as a =
— - e =
4 2 | product b<7]
(%2
/2 207
7. Evaluate fo 4 cos 5x cos 2x dx 51 From equation (6),
8. Solve the equation: 2 sin2¢ sin¢ = cos ¢ in sin7x — sinx = 2 cos <7x + x) sin(7x - x)
the range ¢ = 0 to ¢ = 180° 2 2
(307, 907 or 150°] = 2 cos 4x sin 3x

Problem 20. Express: cos 2t — cos 5t as a
product
27.5 Changing sums or differences

of sines and cosines into From equation (8),

2t + 5t 2t — 5t
cosZt—cosSt:—ZSin( —; )sin( )

products

In the compound-angle formula let (A+ B)=X and 2
A—-B)=Y
Solving the simultaneous equations gives — _2sin z fsin (_E t)
X+Y X—-Y
A= Aty and B= ——
2 2 2 7 /i 3t
Thus sin(A 4+ B) + sin(A — B) =2 sin A cos B becomes o Sln2 Slll2
. . 3 .3
. . ([ X+Y X-Y since sin| ——=t | = —sin—t
sz+smY=Zsm< > )cos( > ) 5) 2 2
. 6. 2
Similarly, Problem 21. Show that m = cot4x
sin 6x 4 sin 2x
. . X+Y\ . /X-Y
s1nX—s1nY=2cos< )sm( > (6)
2 2 From equation (7), cos 6x + cos 2x =2 cos 4x cos 2x
From equation (5), sin 6x + sin 2x =2 sin 4x cos 2x
X+Y X-Y
cosX 4+ cosY = 2 cos 2 cos > (7 H cos 6x + cos2x  2cos4x cos 2x
ence =
sin 6x + sin 2x 2 sin 4x cos 2x
X+Y X—-Y S _ ot
— = = CO
cosX—cosY:—Zsin( 3 )sin( 5 ) (8) sin 4x o

www.EngineeringBooksPdf.com



240 Engineering Mathematics

Now try the following exercise
3. cos5t+ cos3t [2 cos 4t cos t]
i 1 1
Exercise 108 Furthe.r problems on 4. =(cos5t— cost) [__ sin 3¢ sin Zt]
changing sums or 8 4
diff.eren.ces of si:es and S 1 ( . . n) 77 -
cosines into products o 5 I8 3 e COS Ty Heesy
In Problems 1 to 5, express as products: sindx — sin 2x
6. Show that: (a) ———— = tanx
1. sin3x+ sinx [2 sin 2x cos x] 1 Cos 4x - cos 2x
1 (b) 5[ sin (5x — &) — sin (x + )]
2. E(Sin 96 — sin 76) [cos 86 sin 6] — cos 3x sin (2x — @)

o
[ el
=
—
O
(<B}
(Vo)
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Revision Test 7

This Revision test covers the material contained in Chapter 25 to 27. The marks for each question are shown in
brackets at the end of each question.

1. Atriangular plot of land ABC is shown in Fig. R7.1. 3. Prove the following identities:

Solve the triangle and determine its area. (10)
@) 1 —cos?6 tan 0
a) ,/———— =tan
cos2 6

A
@

3
15.0m (b) cos (_n + qb) = sin¢ (6) 2
2 S
N
O
B 4. Solve the following trigonometric equations in the o
c range 0° <x <360°:
(@) 4cosx+1=0 (b) 3.25 cosec x =5.25
Figure R7.1 (c) 5sin’x+3sinx =4 (13)

2. Figure R7.2 shows a roof truss POR with rafter 5
PQ =3 m. Calculate the length of (a) the roof rise '
PP/, (b) rafter PR, and (c) the roof span OR.

Solve the equation 5 sin(6 — 77/6) = 8 cos 6 for val-
ues 0<6<2rw ®)

Find also (d) the cross-sectional area of the roof 6. Express5.3cost —7.2sintinthe form R sin(f + o).
truss. (11) Hence solve the equation 5.3 cost — 7.2 sint =4.5
in the range 0 <t <2m (12)
P
3m
40° 32°
ml
Q P R
Figure R7.2
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Multiple choice questions on Chapters 18-27

All questions have only one correct answer (answers on page 570).

1. In the right-angled triangle ABC shown in
Figure M2.1, sine A is given by:

(a) b/a (b) c¢/b (c) b/c (d) a/b
A
b c
© a B
Figure M2.1

2. In the right-angled triangle ABC shown in
Figure M2.1, cosine C is given by:

(@) a/b ) ¢/b (©) a/c

3. In the right-angled triangle shown in Figure M2.1,
tangent A is given by:

(d) b/a

(a) b/c ®) a/c (c) a/b (d c/a
4. ?%T radians is equivalent to:
(a) 135° (b) 270° (c) 45° (d) 67.5°

5. In the triangular template ABC shown in Figure
M2.2, the length AC is:

(a) 6.17cm
(c) 9.22cm

(b) 11.17cm
(d) 12.40cm

6. (—4, 3) in polar co-ordinates is:

(a) (5, 2.498 rad) (b) (7,36.87°)
(©) (5,36.87°) (d) (5,323.13°)

A

42°
gLl c
8.30 cm

Figure M2.2

7.

10.

11.

Correct to 3 decimal places, sin(—2.6 rad) is:

(@) 0516 (b) —0.045 (c) —0.516 (d) 0.045

For the right-angled triangle POR shown in
Figure M2.3, angle R is equal to:

(a) 41.41° (b) 48.59° (c) 36.87° (d) 53.13°
P
3cm
o
Q 4cm R
Figure M2.3

A hollow shaft has an outside diameter of 6.0 cm
and an inside diameter of 4.0cm. The cross-
sectional area of the shaft is:

(a) 6283 mm?2 (b) 1257 mm?
(c) 1571 mm? (d) 628 mm?

12
If cosA= 'EL then sin A is equal to:

5 13 5 12
(@) 13 (b) 12 (©) 2 (d 35
The area of triangle XYZ in Figure M2.4 is:

(a) 24.22 cm? (b) 19.35 cm?
(c) 38.72 cm? (d) 32.16 cm?

X

37°

z 5.4cm Y
Figure M2.4
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12.

13.

14.

15.

16.

17.

18.

The value, correct to 3 decimal places, of
(=)
cos | — )is:
4
(a) 0.999 (b) 0.707 (c) —0.999 (d) —0.707

The speed of a car at 1 second intervals is given in
the following table:

Time t(s) 0 1 2 3 4 5 6
Speed

v(m/s) 0 25 59 90 15.0 220 30.0

The distance travelled in 6 s (i.e. the area under the
v/t graph) using the trapezoidal rule is:
(@ 83.5m (b) 68m (c¢) 68.5m (d) 204m

A triangle has sides a=9.0cm, b=8.0cm and
¢=6.0cm. Angle A is equal to:

(a) 82.42° (b) 56.49°
() 78.58° (d) 79.87°

An arc of a circle of length 5.0 cm subtends an angle
of 2 radians. The circumference of the circle is:

(a) 2.5cm (b) 10.0cm
(¢) 5.0cm (d) 15.7cm

In the right-angled triangle ABC shown in
Figure M2.5, secant C is given by:
b b
(© - (@ -
c a

a a
(@) A (b) p

A

(o a B

Figure M2.5

In the right-angled triangle ABC shown in
Figure M2.5, cotangent C is given by:
b
() -
c

a c
(a) 5 (©) A

In the right-angled triangle ABC shown in
Figure M2.5, cosecant A is given by:

@
C

b b
@= - ©= @-
a a b c

19.

20.

21.

22.

23.

24.

The mean value of a sine wave over half a cycle is:

(a) 0.318 x maximum value
(b) 0.707 x maximum value
(c) the peak value

(d) 0.637 x maximum value

Tan 60° is equivalent to:

7

1 3 1
— b) — = d) v3
(a) 7 (b) 5 (© > d V3
An alternating current is given by:
i=15sin(1007r¢z — 0.25) amperes. When time
t =5 ms, the current i has a value of:
(a) 0.35A (b) 1453A
() 15A (d) 0.41A
The area of the path shown shaded in
Figure M2.6 is:
(@) 300m2 (b) 234m? (c) 124m? (d) 66 m?
| 20 m |
A
— i ‘_2 m 15m
¢2 m
? A
Figure M2.6

Correct to 4 significant figures, the value of
sec 161° is:

(a) —1.058
() 3.072

(b) 0.3256
(d) —0.9455

Which of the following trigonometrical identities
if true?

1 1
(a) cosecf=—— (b) cotf=—
cos 6 sin 6
sin 0 1
(©) =tan@ (d) secf=——
cos 6 sin 6
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25.

26.

28.

29.

30.

31.

32.

The displacement x metres of a mass from a fixed
point about which it is oscillating is given by
x=3coswt —4sinwt, where t is the time in
seconds. x may be expressed as:

(a) 5 sin(wt + 2.50) metres

(b) 7 sin(wt — 36.87°) metres

(c) 5 sin wt metres

(d) —sin(wt — 2.50) metres

The solutions of the equation 2tanx —7 =0 for
0° <x <360° are:

(a) 105.95° and 254.05°
(b) 74.05° and 254.05°
(c) 74.05° and 285.95°
(d) 254.05° and 285.95°

A sinusoidal current is given by: i = R sin(w? + ).
Which of the following statements is incorrect?
(a) R is the average value of the current
(b) frequency = 2 Hz

2w
(c) w=angular velocity

2
(d) periodic time = il S
w

If the circumference of a circle is 100 mm its area is:
(a) 314.2cm? (b) 7.96 cm?

(c) 31.83 mm? (d) 78.54cm?

The trigonometric expression cos?f —sin?@ is

equivalent to;

(a) 2sin20—1
(c) 2sin?6+1

(b) 142 sin%0
(d) 1—2sin%0
A vehicle has a mass of 2000kg. A model of the
vehicle is made to a scale of 1 to 100. If the vehicle

and model are made of the same material, the mass
of the model is:

(@ 2g (b) 20kg (c) 200g (d) 20g

A vertical tower stands on level ground. At a point
100 m from the foot of the tower the angle of ele-
vation of the top is 20° . The height of the tower is:

(a) 274.7m (b) 36.4m
(c) 343m (d) 94.0 m

(7, 141°) in Cartesian co-ordinates is:

(a) (5.44, —4.41) (b) (—5.44, —4.41)
() (5.44, 4.41) (d) (—5.44, 4.41)

33.

34.

35.

36.

37.

38.

39.

If tan A = 1.4276, sec A is equal to:
(a) 0.8190 (b) 0.5737 (c) 0.7005 (d) 1.743

An indicator diagram for a steam engine is as shown
in Figure M2.7. The base has been divided into
6 equally spaced intervals and the lengths of the
7 ordinates measured, with the results shown in
centimetres. Using Simpson’s rule the area of the
indicator diagram is:

(a) 32cm?
(c) 16cm?

(b) 17.9 cm?
(d) 96 cm?

12.0cm

Figure M2.7

The acute angle cot~!2.562 is equal to:

(a) 67.03° (b) 21.32°

(c) 22.97° (d) 68.68°

Correct to 4 significant figures, the value of

cosec(—125°) is:

() —1.221
(c) —0.8192

(b) —1.743
(d) —0.5736

The equation of a circle is
x% 4 y? — 2x + 4y — 4 =0. Which of the following
statements is correct?

(a) The circle has centre (1, —2) and radius 4
(b) The circle has centre (—1, 2) and radius 2
(c) The circle has centre (—1, —2) and radius 4
(d) The circle has centre (1, —2) and radius 3

Cos 30° is equivalent to:

2 V3 1
b) — X d) —
()ﬁ (C)Z ()ﬁ

The angles between 0° and 360° whose tangent is
—1.7624 are:

1
(a) >

(a) 60.43° and 240.43°

(b) 119.57° and 299.57°
(c) 119.57° and 240.43°
(d) 150.43° and 299.57°
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40.

41.

42.

43.

44.

45.

The surface are of a sphere of diameter 40 mm is:

(a) 201.06 cm? (b) 33.51 cm?
(c) 268.08 cm? (d) 50.27 cm?

In the triangular template DEF show in Figure
M2.8, angle F is equal to:

(a) 43.5° (b) 28.6° (c) 116.4° (d) 101.5°

30 mm

35°
D 36 mm F

Figure M2.8

The area of the triangular template DEF shown in
Figure M2.8 is:

(a) 529.2 mm?
(c) 483.7 mm?

(b) 258.5 mm?
(d) 371.7 mm?

A water tank is in the shape of a rectangular prism
having length 1.5m, breadth 60cm and height
300 mm. If 1 litre = 1000 cm?, the capacity of the
tank is:

(a) 27 litre
(c) 2700 litre

(b) 2.7 litre
(d) 270 litre

A pendulum of length 1.2m swings through an
angle of 12° in a single swing. The length of arc
traced by the pendulum bob is:

(a) 14.40cm (b) 25.13cm
(d) 10.00cm (d) 45.24cm

In the range 0° <6 <360° the solutions of the
trigonometrical equation

9tan?0 — 12tan § + 4 =0 are:

(a) 33.69°,146.31°, 213.69° and 326.31°

(b) 33.69°, and 213.69°

(c) 146.31° and 213.69°

(d) 146.69° and 326.31°

46.

47.

48.

49.

50.

51.

52.

53.

A wheel on a car has a diameter of 800 mm. If the
car travels 5 miles, the number of complete revo-
lutions the wheel makes (given 1 km = % mile) is:

(a) 1989 (b) 1591 (c) 3183 (d) 10000

A rectangular building is shown on a building plan
having dimensions 20 mm by 10 mm. If the plan is
drawn to a scale of 1 to 300, the true area of the
building in m? is:

(b) 18 m?
(d) 1800 m?

(a) 60000 m?>
(c) 0.06 m>

An alternating voltage v is given by

v=100sin (1007rt + %) volts. When v = 50 volts,

the time ¢ is equal to:
(a) 0.093s (b) —0.908 ms
(¢c) —0.833 ms (d) —0.162s

Using the theorem of Pappus, the position of the
centroid of a semicircle of radius r lies on the axis
of symmetry at a distance from the diameter of:

3 b 3r 4r d 47
(a)E ()E (C)g ()5

The acute angle cosec™!1.429 is equal to:

(a) 55.02°
(c) 44.41°

(b) 45.59°
(d) 34.98°

The area of triangle POR is given by:

(a) %pr cosQ

ptrq+r

(b) /(s —p)s—q)(s—r) where s = 5

1 1
(c) Erq sin P (d) 3 pqsin Q

The values of 6 that are true for the equation
5sinf 42 =0 in the range 6 = 0° to 6 =360° are:

(a) 23.58° and 336.42°
(b) 23.58° and 203.58°
(c) 156.42° and 336.42°
(d) 203.58° and 336.42°

(—3, —7) in polar co-ordinates is:

(a) (=7.62,—-113.20°)  (b) (7.62,246.80°)

(c) (7.62,23.20°) (d) (7.62,203.20°)
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54. In triangle ABC in Figure M2.9, length AC is: 58. An alternating current i has the following values at
equal intervals of 2 ms:
(a) 14.90cm (b) 18.15cm
(c) 13.16cm (d) 14.04cm Time ¢ (ms) 0 2.0 4.0 6.0
A Current/ (A) 0O 4.6 7.4 10.8
Time 7 (ms) 80 100 12.0
Current I (A) 8.5 3.7 0
Charge ¢g (in millicoulombs) is given by
14.0) @ q= f012'0 idt. Using the trapezoidal rule, the
approximate charge in the 12 ms period is:
o (a) 70mC (b) 72.1mC
= (c) 35mC (d) 216.4mC
§ 59. In triangle ABC in Figure M2.10, the length AC is:
= (a) 18.79cm (b) 70.89 cm
B 100 ‘ (c) 22.89cm (d) 16.10cm
.0cm c
Figure M2.9 A
55. The total surface area of a cylinder of length 20 cm
and diameter 6 cm is:
(a) 56.55cm? (b) 433.54cm? 9.0cm
(c) 980.18 cm? (d) 226.19 cm?
56. The acute angle sec™!2.4178 is equal to: o
(a) 24.43° (b) 22.47° B 15.0 cm %

(c) 0.426rad (d) 65.57 Figure M2.10

57. The solution of the equation 3 — 5 cos®> A =0 for

values of A in the range 0° <A < 360° are: 60. The total surface area of a solid hemisphere of
(a) 39.23° and 320.77° diameter 6.0 cm is:

(b) 39.23°, 140.77°, 219.23° and 320.77° (a) 56.55cm> (b) 339.3 cm?

(c) 140.77° and 219.23° (©) 2262 cm? (d) 84.82 cm?

(d) 53.13°, 126.87°, 233.13° and 306.87°
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Chapter 28

Straight line graphs

28.1 Introduction to graphs

A graph is a pictorial representation of information
showing how one quantity varies with another related
quantity.

The most common method of showing a relation-
ship between two sets of data is to use Cartesian or
rectangular axes as shown in Fig. 28.1.

YA
B(-4, 3) I
o ‘Absmssa A3, 2)
Origin 4 L Ordinate
y 1 1 1 1 1 4 1 >
432 -10] 1 2 3 4 x
—1F
C-3,-2)
4+

Figure 28.1

The points on a graph are called co-ordinates. Point
A in Fig. 28.1 has the co-ordinates (3,2), i.e. 3
units in the x direction and 2 units in the y direc-
tion. Similarly, point B has co-ordinates (—4, 3) and C
has co-ordinates (—3,—2). The origin has co-ordinates
(0, 0).

The horizontal distance of a point from the vertical
axis is called the abscissa and the vertical distance from
the horizontal axis is called the ordinate.

28.2 The straightline graph

Let a relationship between two variables x and y be
y=3x+2

When x=0, y=3(0)+2=2.

Whenx=1, y=3(1)+2=5.

When x =2, y=3(2)+2 =38, and so on.

Thus co-ordinates (0, 2), (1, 5) and (2, 8) have been
produced from the equation by selecting arbitrary values
of x, and are shown plotted in Fig. 28.2. When the points
are joined together, a straight line graph results.

y

A

8
6
4
0

Figure 28.2

The gradient or slope of a straight line is the ratio of
the change in the value of y to the change in the value of
x between any two points on the line. If, as x increases,
(—), y also increases (1), then the gradient is positive.
In Fig. 28.3(a),

changeiny CB

the gradient of AC = — = —
changeinx BA
7-3 4
=== 2
3—-1 2

If as x increases (— ), y decreases ({ ), then the gradient
is negative.
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y=2x+1
y
4 y=-3x+2 Y,
8r c
11
7 F 10t
6—
°F 6
ab A
3 B
2/
2
4 E D
|y | 1 1 i o —
Aol 12 s a7 EFEEENRY
(@) y (0)
A
el I
2| y=3
1_
0 12 3 x

Figure 28.3

In Fig. 28.3(b),

changeiny FE

the gradient of DF = - = —
changeinx  ED
11-2 9
= = — = —3
-3-0 -3

Figure 28.3(c) shows a straight line graph y = 3. Since
the straight line is horizontal the gradient is zero.

The value of y when x = 0 is called the y-axis inter-
cept. In Fig. 28.3(a) the y-axis intercept is 1 and in
Fig. 28.3(b) is 2.

If the equation of a graph is of the form y =mx + ¢,
where m and ¢ are constants, the graph will always be
a straight line, m representing the gradient and c the
y-axis intercept.

Thus y =5x 42 represents a straight line of gradi-
ent 5 and y-axis intercept 2. Similarly, y=—3x —4
represents a straight line of gradient —3 and y-axis
intercept —4.

Summary of general rules to be applied when draw-
ing graphs

(i) Give the graph a title clearly explaining what is
being illustrated.

(i) Choose scales such that the graph occupies as
much space as possible on the graph paper
being used.

(iii)) Choose scales so that interpolation is made as
easy as possible. Usually scales such as 1 cm=
1 unit, or 1 cm =2 units, or 1 cm =10 units are
used. Awkward scales such as 1 cm =3 units or
1 cm =7 units should not be used.

(iv) The scales need not start at zero, particularly
when starting at zero produces an accumulation
of points within a small area of the graph paper.

(v) The co-ordinates, or points, should be clearly
marked. This may be done either by a cross, or a
dot and circle, or just by a dot (see Fig. 28.1).

(vi) A statement should be made next to each axis
explaining the numbers represented with their
appropriate units.

(vii) Sufficient numbers should be written next to each
axis without cramping.

Problem 1. Plot the graph y =4x 4 3 in the range
x = —3 to x = +4. From the graph, find (a) the
value of y when x =2.2, and (b) the value of x
when y= -3

Whenever an equation is given and a graph is required,
a table giving corresponding values of the variable is
necessary. The table is achieved as follows:

When x=-3,y=4x+4+3=4(-3)+3

=—-1243=-9

When x=-2,y=4(-2)+3

= —8+3 = -5, and so on.

Such a table is shown below:

x -3 -2 -1 0 1 2 3 4
y -9 -5 -1 3 7 11 15 19

The co-ordinates (—3, —9), (=2, —5), (=1, —1), and
so on, are plotted and joined together to produce the
straight line shown in Fig. 28.4. (Note that the scales
used on the x and y axes do not have to be the same.)
From the graph:

(a) whenx=2.2,y=11.8, and
(b) wheny=-3,x=-1.5

Problem 2. Plot the following graphs on the same
axes between the range x = —4 to x = +4, and
determine the gradient of each.

(b)yy=x+2
(dy=x-3

(@y=x
©y=x+5
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10} y=4x+3

Figure 28.4

A table of co-ordinates is produced for each graph.

(@ y=x
w| =4 | =3 | =2 =1 |01|2]3]4
g | =2l =al=alalill2]3]4
(b) y=x+2
| =4 =3 =2=i1|01|23]4

y -2 -1 0 1 2 3 4 5 6

() y=x+5

x -4 -3 -2 -1 0
y 1 2 3 45 6 7 8 9

._.
o
w
o~

(d y=x-3

x 4 -3 -2 -1 0 1 2 3 4
y =7 -6 -5 -4 -3 -2 -1 0 1
The co-ordinates are plotted and joined for each graph.
The results are shown in Fig. 28.5. Each of the straight
lines produced are parallel to each other, i.e. the slope
or gradient is the same for each.

To find the gradient of any straight line, say,
y=x — 3 a horizontal and vertical component needs to
be constructed. In Fig. 28.5, AB is constructed vertically
at x =4 and BC constructed horizontally at y = —3.

AB 1—(-3
The gradient of AC = — = #
BC 4-0
4
=—=1
4

i.e. the gradient of the straight line y=x — 3 is 1. The
actual positioning of AB and BC is unimportant for the

W N o N o o<

Figure 28.5

gradient is also given by, for example,

DE_—l—(—Z)_l_l
EF 2—-1 1

The slope or gradient of each of the straight lines in
Fig. 28.5 is thus 1 since they are all parallel to each
other.

Problem 3. Plot the following graphs on the same
axes between the values x = —3 to x = +3 and
determine the gradient and y-axis intercept of each.
(a) y=3x ®)y=3x+7
(©)y=—4x+4 (dy=—4x-5

A table of co-ordinates is drawn up for each equation.
(@) y=3x
x =3 -2 -1 0 1 2 | 3
y -9 -6 -3 0 3 6 9
(b) y=3x+7

| =3 | =2 | =] 0 1 2 3
y =2 1 4 7 10 13 16

www.EngineeringBooksPdf.com

<
[ ==
=
+—
o
v
v




<
| =
=
—
O
(<%
(%)

252 Engineering Mathematics

(c) y=—-4x+4

—_
[\
W

x -3 -2 -1 0
y 16 12 8 4 0 -4 -8

d y=-4x—5

w | =3 | =2 | =l 0 1 2 3
y 7 3 =1 =5 =9 =13 =17

Each of the graphs is plotted as shown in Fig. 28.6,
and each is a straight line. y=3x and y=3x+47 are
parallel to each other and thus have the same gradient.
The gradient of AC is given by:

CB_16—7 9
BA  3—-0 3

=3

Figure 28.6

Hence the gradient of both y =3x and y =3x 4 7 is 3.
y=—4x+4 and y = —4x — 5 are parallel to each other
and thus have the same gradient. The gradient of DF is
given by:
FE —-5—-(—17) 12
ED  0-3 -3
Hence the gradient of both y = —4x + 4 and
y=—4x-5is —4.
The y-axis intercept means the value of y where the
straight line cuts the y-axis. From Fig. 28.6,

—4

y = 3x cuts the y-axisaty = 0

y = 3x 4+ 7 cuts the y-axis aty = +7

y = —4x + 4 cuts the y-axis aty = +4
and y = —4x — 5 cuts the y-axisaty = —5

Some general conclusions can be drawn from the graphs
shown in Figs. 28.4, 28.5 and 28.6.

When an equation is of the form y =mx + ¢, where m
and ¢ are constants, then

(i) a graph of y against x produces a straight line,
(i) m represents the slope or gradient of the line, and

(iii) ¢ represents the y-axis intercept.

Thus, given an equation such as y =3x+ 7, it may be
deduced ‘on sight’ that its gradient is +3 and its y-axis
intercept is 47, as shown in Fig. 28.6. Similarly, if
y=—4x —35, then the gradient is —4 and the y-axis
intercept is —5, as shown in Fig. 28.6.

When plotting a graph of the form y=mx+c,
only two co-ordinates need be determined. When the
co-ordinates are plotted a straight line is drawn between
the two points. Normally, three co-ordinates are deter-
mined, the third one acting as a check.

Problem 4. The following equations represent
straight lines. Determine, without plotting graphs,
the gradient and y-axis intercept for each.

(@)y=3 (b) y=2x
©)y=5x—1 (d)2x+3y=3

(@) y=3 (which is of the form y = Ox + 3) represents
a horizontal straight line intercepting the y-axis at
3. Since the line is horizontal its gradient is zero.

(b) y=2xis of the form y =mx + ¢, where c is zero.
Hence gradient = 2 and y-axis intercept = 0 (i.e.
the origin).

(¢) y=5x—11is of the form y =mx + c. Hence gra-
dient =5 and y-axis intercept = —1.

(d) 2x+4+3y=3 is not in the form y=mx +c as it
stands. Transposing to make y the subject gives
3y=3—2x,i.e.

_3—2x 3 2x

YET3T T3 3

which is of the form y =mx + ¢

2
Hence gradient = -3 and y-axis intercept = +1
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Problem 5. Without plotting graphs, determine
the gradient and y-axis intercept values of the
following equations:

() y=Tx—3 (b) 3y =—6x+2

(©y—2=4x+9 @2=%_1

C = L= = —
Y * 35

@ 2x+9y+1=0

(a) y="7x—3is of the form y = mx + ¢, hence gradi-
ent, m =7 and y-axis intercept, c = -3

(b) Rearranging 3y = —6x + 2 gives
b n 2
YTTE T3
i 2x + 2
ie. =-2x+ -
y 3

which is of the form y=mx+c. Hence

2
gradient m = —2 and y-axis intercept, ¢ = 3

(¢) Rearranging y—2=4x+9 gives y=4x+11,
hence gradient =4 and y-axis intercept =11

(d) Rearrangin y_x_1 ives
ing = =—- — — giv
g g3 275 g

x 1 3 3
y = 3 —_— = = —X — —
2 5 2 5
. 3 - 3
Hence gradient = 2 and y-axis intercept = — 3

(e) Rearranging 2x 4+ 9y + 1 =0 gives

9y = —2x — 1
. 21
ie. =——x— =
YT Ty

2 1
Hence gradient = — 9 and y-axis intercept = — 9

Problem 6. Determine the gradient of the straight
line graph passing through the co-ordinates
(@) (—2,5)and (3,4) (b) (=2, —3) and (-1, 3)

A straight line graph passing through co-ordinates
(x1, ¥1) and (x2, y2) has a gradient given by:

Y2 — )1
m =
X2 — X1

(see Fig. 28.7)

y
Xo,
Yo L ___________ ( _2__y2) 7
(X1, ¥1)
e (Y2=y4)
>
Vit
L
~—1 1 (e—x) !
! 1
oF x4 Xo X
Figure 28.7

(a) A straight line passes through (-2, 5) and (3, 4),
hence x; =—2, y; =5, x, =3 and y, =4, hence
gradient

Y2 — )i 4-5 1
m = = = e——
X2 — X1 3—(—2) 5

(b) A straight line passes through (—2,—3) and
(=1, 3), hence x; =-2, yy=-3, x,=—1 and
y2 =3, hence gradient,

=y _ 3-(3)
m = =
—1-(-2)
343 6
1

X2 —Xx

—1+2

=6

Problem 7. Plot the graph 3x +y+ 1 =0 and
2y — 5 =x on the same axes and find their point of
intersection

Rearranging 3x +y+ 1 =0 gives: y=—3x — 1

Rearranging 2y —5=x gives: 2y=x+5 and
y= %x + 2%

Since both equations are of the form y =mx + ¢ both
are straight lines. Knowing an equation is a straight
line means that only two co-ordinates need to be plot-
ted and a straight line drawn through them. A third
co-ordinate is usually determined to act as a check.
A table of values is produced for each equation as shown
below.

X 1 0 —1
“3x—-1 -4 -1 2
x 2 0 -3
x+23 3% 23 1
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Figure 28.8

The graphs are plotted as shown in Fig. 28.8.

The two straight lines are seen to intersect at
(-1,2)

Now try the following exercise

Exercise 109 Further problems on straight
line graphs

1. Corresponding values obtained experimen-
tally for two quantities are:

—2.0 -05 0 1.0 25 3.0 50
—13.0 -55 -30 20 95 120 220

Use a horizontal scale for x of 1cm= % unit

and a vertical scale for y of 1 cm =2 units
and draw a graph of x against y. Label the
graph and each of its axes. By interpolation,
find from the graph the value of y when x
is 3.5 [14.5]

2. The equation of a line is 4y =2x + 5. A table
of corresponding values is produced and is
shown below. Complete the table and plot a
graph of y against x. Find the gradient of the
graph.

-4 -3 -2 -1 0 1 2 3 4
—0.25 1.25 3.25

(5]

Determine the gradient and intercept on the
y-axis for each of the following equations:

() y=4x-2 (b)y=—x
(©y=-3x—4 dy=4
(@4,—-2 (b)—1,0

(c)—3,—4 (d)0,4

Find the gradient and intercept on the y-axis
for each of the following equations:

(a)2y—1=4x b)6x—2y=5
X
©32y—1= 1
21 b) 3 21 1 1
(a) ,E (b) 3, — 5 (C)ﬁ,z

Determine the gradient and y-axis intercept
for each of the following equations and sketch
the graphs:

(a)y=6x—3
(d)2x+3y+5=0

®y=3x (©y=7

(@) 6,—3 (b)3,0

2 2
(c)0,7 (d) —5,—1—

3

Determine the gradient of the straight line
graphs passing through the co-ordinates:

(a) (2,7) and (-3, 4)
(b) (=4, —1) and (-5, 3)

1 3 d 15
(©) (Z’ _Z> an (—z, g)
[(a) g (b)—4 (o —12]

State which of the following equations will
produce graphs which are parallel to one
another:

@y—4=2x (b)dx=—-(@+1)

() = 5 @1 ly=3
cx_z(y-l- +2y_2x

(e) 2x= %(7 —)
[(a) and (c), (b) and (e)]
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8. Draw a graph of y — 3x 4+ 5 =0 over a range
of x=—3 to x =4. Hence determine (a) the
value of y when x = 1.3 and (b) the value of x
when y =—-9.2 [(a) —1.1 (b) —1.4]

9. Draw on the same axes the graphs of
y=3x—5 and 3y+2x=7. Find the
co-ordinates of the point of intersection.
Check the result obtained by solving the two
simultaneous equations algebraically.

(2, D]

10. Plot the graphs y=2x+3 and 2y =15 —2x
on the same axes and determine their point of
intersection. [(1.5,6)]

28.3 Practical problems involving

straight line graphs

When a set of co-ordinate values are given or are
obtained experimentally and it is believed that they fol-
low a law of the form y =mx + c, then if a straight line
can be drawn reasonably close to most of the co-ordinate
values when plotted, this verifies that a law of the form
y=mx + c exists. From the graph, constants m (i.e. gra-
dient) and ¢ (i.e. y-axis intercept) can be determined.
This technique is called determination of law (see also
Chapter 29).

Problem 8. The temperature in degrees Celsius
and the corresponding values in degrees Fahrenheit
are shown in the table below. Construct rectangular
axes, choose a suitable scale and plot a graph of
degrees Celsius (on the horizontal axis) against
degrees Fahrenheit (on the vertical scale).

°C 10 20 40 60 80
°F 50 68 104 140 176

100
212

From the graph find (a) the temperature in degrees
Fahrenheit at 55°C, (b) the temperature in degrees
Celsius at 167°F, (c) the Fahrenheit temperature at
0°C, and (d) the Celsius temperature at 230°F

The co-ordinates (10, 50), (20, 68), (40, 104), and
so on are plotted as shown in Fig. 28.9. When the
co-ordinates are joined, a straight line is produced.
Since a straight line results there is a linear relationship
between degrees Celsius and degrees Fahrenheit.

240 |- -
230 “"'""""“---------------/;1'
7
1
200 [~ !
t
[y '
& 167 FEr oo |F !
5 160 I~ H '
£ ! :

o D
£ 131 frmmem e o ! H
& 120 |- H | I
[%] i I 1
L |
2 1 1 I
A 80 1 1 (
I | 1
I I |
I | 1
. 1 I 1
40 .7 | 1 {
2F | i i
I | i
1 L A G [
0 0 40 5560 7580 100110120
Degrees Celsius (°C)
Figure 28.9

(a) To find the Fahrenheit temperature at 55°C a verti-
cal line AB is constructed from the horizontal axis
to meet the straight line at B. The point where the
horizontal line BD meets the vertical axis indicates
the equivalent Fahrenheit temperature.

Hence 55°C is equivalent to 131°F

This process of finding an equivalent value in
between the given information in the above table
is called interpolation.

(b) Tofindthe Celsius temperature at 167°F, a horizon-
tal line EF is constructed as shown in Fig. 28.9. The
point where the vertical line F'G cuts the horizontal
axis indicates the equivalent Celsius temperature.

Hence 167°F is equivalent to 75°C

(c) If the graph is assumed to be linear even outside
of the given data, then the graph may be extended
at both ends (shown by broken line in Fig. 28.9).

From Fig. 28.9, 0°C corresponds to 32°F
(d) 230°F is seen to correspond to 110°C.

The process of finding equivalent values outside of
the given range is called extrapolation.

Problem 9. In an experiment on Charles’s law,
the value of the volume of gas, V m?3, was measured
for various temperatures 7 °C. Results are shown
below.

vm? 250 258 266 274 282 29.0
T°C 60 65 70 75 80 85
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Plot a graph of volume (vertical) against
temperature (horizontal) and from it find (a) the
temperature when the volume is 28.6 m?, and (b)
the volume when the temperature is 67°C

If a graph is plotted with both the scales starting at
zero then the result is as shown in Fig. 28.10. All of
the points lie in the top right-hand corner of the graph,
making interpolation difficult. A more accurate graph is
obtained if the temperature axis starts at 55°C and the
volume axis starts at 24.5 m>. The axes corresponding to
these values is shown by the broken lines in Fig. 28.10
and are called false axes, since the origin is not now
at zero. A magnified version of this relevant part of the
graph is shown in Fig. 28.11. From the graph:

15

T

Volume (md)

10

0 20 40 60 80 100
Temperature (°C)

Figure 28.10

29
2861

28

27

Volume (m°)

25

55 60 656770 75 8048
Temperature (°C) 82:5

Figure 28.11

(a) when the volume is 28.6 m?, the equivalent tem-
perature is 82.5°C, and

(b) when the temperature is 67°C, the equivalent
volume is 26.1 m3

Problem 10. In an experiment demonstrating
Hooke’s law, the strain in an aluminium wire was
measured for various stresses. The results were:

Stress N/mm? 4.9 8.7 15.0
Strain 0.00007  0.00013  0.00021
Stress N/mm? 18.4 242 27.3
Strain 0.00027  0.00034  0.00039

Plot a graph of stress (vertically) against strain
(horizontally). Find:

(a) Young’s Modulus of Elasticity for aluminium
which is given by the gradient of the graph,

(b) the value of the strain at a stress of 20 N/mm?,
and

(c) the value of the stress when the strain is
0.00020

The co-ordinates (0.00007, 4.9), (0.00013, 8.7), and so
on, are plotted as shown in Fig. 28.12. The graph pro-
duced is the best straight line which can be drawn corre-
sponding to these points. (With experimental results it
is unlikely that all the points will lie exactly on a straight
line.) The graph, and each of its axes, are labelled. Since
the straight line passes through the origin, then stress
is directly proportional to strain for the given range of
values.

(a) The gradient of the straight line AC is given by

AB 28 -7 21
BC — 0.00040 — 0.00010 _ 0.00030
21 7
T3x104  10*
=7 x 10* = 70 000 N/mm?

Thus Young’s Modulus of Elasticity for alu-
minium is 70 000 N/mm?.

Since 1 m? = 10%mm?, 70000 N/mm? is equiva-
lent to 70 000 x 10° N/m?, i.e. 70 x 10° N/m? (or
Pascals).
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28} A
24}
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16}
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0 0.00005 0.00015 0.00025% 0.00035
Strain  0.000285

Figure 28.12

From Fig. 28.12:

(b) the value of the strain at a stress of 20 N/mm? is
0.000285, and

(c) the value of the stress when the strain is 0.00020
is 14 N/mm?>.

Problem 11. The following values of resistance R
ohms and corresponding voltage V volts are
obtained from a test on a filament lamp.

R ohms 30 485 73 107 128
V volts 16 29 52 76 94

Choose suitable scales and plot a graph with R
representing the vertical axis and V the horizontal
axis. Determine (a) the gradient of the graph, (b)
the R axis intercept value, (c) the equation of the
graph, (d) the value of resistance when the voltage
is 60 V, and (e) the value of the voltage when the
resistance is 40 ohms. (f) If the graph were to
continue in the same manner, what value of
resistance would be obtained at 110 V?

The co-ordinates (16, 30), (29, 48.5), and so on, are
shown plotted in Fig. 28.13 where the best straight line
is drawn through the points.

(a) The slope or gradient of the straight line AC is
given by:

AB  135-10 125

— = —=—=125
BC 100 -0 100

147 fmmmmmm e e
140 -
A

120 |
100 |-
:1-Y
80 F

60

Resistance R ohms

40 f-=---

20 |-

I
]
)
)
]
]
]
]
3
1
I
I
1
i
i
1
1
[l
1
I

. i L [
0 2024 40 60 80 100110120
Voltage V volts

Figure 28.13

(Note that the vertical line AB and the horizon-
tal line BC may be constructed anywhere along
the length of the straight line. However, calcula-
tions are made easier if the horizontal line BC is
carefully chosen, in this case, 100.)

(b) The R-axis intercept is at R = 10 ohms (by extrap-
olation).

(c) The equation of a straight line is y = mx + ¢, when
y is plotted on the vertical axis and x on the hor-
izontal axis. m represents the gradient and c the
y-axis intercept. In this case, R corresponds toy, V
corresponds to x, m = 1.25 and ¢ = 10. Hence the
equation of the graph is R = (1.25V +10) @

From Fig. 28.13,

(d) when the voltage is 60 V, the resistance is 85

(e) when the resistance is 40 ohms, the voltage is 24V,
and

(f) by extrapolation, when the voltage is 110 V, the
resistance is 147 2.

Problem 12. Experimental tests to determine the
breaking stress o of rolled copper at various
temperatures ¢ gave the following results.

Stress ¢ N/cm? 8.46 8.04 7.8
Temperature £ °C 70 200 280
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6.63
640

7.37
410

7.08
500

Stress ¢ N/cm?
Temperature ¢ °C

Show that the values obey the law o = ar + b,
where a and b are constants and determine
approximate values for a and b. Use the law to
determine the stress at 250°C and the temperature
when the stress is 7.54 N/cm?

The co-ordinates (70, 8.46), (200, 8.04), and so on,
are plotted as shown in Fig. 28.14. Since the graph is
a straight line then the values obey the law ¢ = at + b,
and the gradient of the straight line is:

AB 36 —6.7 1.
8366 6: 60 — —0.0032
—500

T BC 100 — 600

8.68
8.50 —\\
8.36 |-----
8.00 |

7.50 |

Stress o N/cm?

7.00

T

6.76 |-----
B c

6'50 L L L L 1 L L
0 100 200 300 400 500 600 700
Temperature t°C

Figure 28.14

Vertical axis intercept, b = 8.68
Hence the law of the graph is: o = 0.0032¢ + 8.68
When the temperature is 250°C, stress o is given by:
o = —0.0032(250) + 8.68
=7.88 N/em?
Rearranging o = —0.00327 4 8.68 gives:

0.0032t = 8.68 — o,

_ 868—0o

i.e. =
0.0032

Hence when the stress o = 7.54 N/cm?, temperature

_ 8.68—7.54
T 0.0032

= 356.3°C

Now try the following exercise

Exercise 110 Further practical problems
involving straight line graphs

1. The resistance R ohms of a copper winding
is measured at various temperatures ¢ °C and
the results are as follows:

112 120 126 131 134

20 36 48 58 64

Plot a graph of R (vertically) against ¢ (hori-
zontally) and find from it (a) the temperature
when the resistance is 122 Q2 and (b) the
resistance when the temperature is 52°C

[(a) 40°C (b) 128 Q2]

2. The speed of a motor varies with armature
voltage as shown by the following experimen-
tal results:

285 517 615 750 917 1050

60 95 110 130 155 175

Plot a graph of speed (horizontally) against
voltage (vertically) and draw the best straight
line through the points. Find from the graph:
(a) the speed at a voltage of 145V, and (b) the
voltage at a speed of 400 rev/min.

[(a) 850rev/min (b) 77.5V]

3. The following table gives the force F
newtons which, when applied to a lifting
machine, overcomes a corresponding load of
L newtons.

25 47 64 120 149 187

50 140 210 430 550 700
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Choose suitable scales and plot a graph of
F (vertically) against L (horizontally). Draw
the best straight line through the points.
Determine from the graph

(a) the gradient, (b) the F-axis intercept,
(c) the equation of the graph, (d) the force
applied when the load is 310N, and (e) the
load that a force of 160N will overcome.
(f) If the graph were to continue in the same
manner, what value of force will be needed
to overcome a 800 N load?

(a) 0.25 (b) 12
() F=025L+12 (d)89.5N
(e) 592 N (212N

The following table gives the results of tests
carried out to determine the breaking stress
o of rolled copper at various temperature, :

8.51 8.07  7.80

75 220 310

7.47 7.23 6.78

420 500 650

Plot a graph of stress (vertically) against
temperature (horizontally). Draw the best
straight line through the plotted co-ordinates.
Determine the slope of the graph and the
vertical axis intercept.

[—0.003, 8.73]

The velocity v of a body after varying time
intervals ¢ was measured as follows:

2 5 8 11 15 18
16.9 19.0 21.1 23.2 26.0 28.1

Plot v vertically and ¢ horizontally and draw
a graph of velocity against time. Determine
from the graph (a) the velocity after 10s,
(b) the time at 20 m/s and (c) the equation of
the graph.

(a)

(b)

(©)

(a)22.5m/s (b)6.5s
(©)v=0.7t+15.5

The mass m of a steel joint varies with length
L as follows:

80 100 120 140 160
3.00 3.74 4.48 5.23 597

Plot a graph of mass (vertically) against
length (horizontally). Determine the equation
of the graph.

[m=26.9L —0.63]

The crushing strength of mortar varies
with the percentage of water used in its
preparation, as shown below.

1.64 1.36 1.07 0.78 0.50 0.22

6 9 12 15 18 21

Plot a graph of F (vertically) against w
(horizontally).

Interpolate and determine the crushing
strength when 10% of water is used.

Assuming the graph continues in the same
manner extrapolate and determine the per-
centage of water used when the crushing
strength is 0.15 tonnes.

What is the equation of the graph?
(a) 1.25¢ (b) 21.65%

(c) F = —0.095w 4 2.25

In an experiment demonstrating Hooke’s
law, the strain in a copper wire was measured
for various stresses. The results were:

10.6 x 100 18.2 x 10° 24.0 x 10°

0.00011  0.00019  0.00025

www.EngineeringBooksPdf.com

<
[ ==
=
+—
o
v
v




<
=
=
—
O
<¥)
(%)

260 Engineering Mathematics

9.

30.7 x 10°  39.4 x 10°

0.00032 0.00041

Plot a graph of stress (vertically) against
strain (horizontally). Determine (a) Young’s
Modulus of Elasticity for copper, which is
given by the gradient of the graph, (b) the
value of strain at a stress of 21 x 10° Pa, (c)
the value of stress when the strain is 0.00030

(a) 96 x 10° Pa  (b) 0.00022
(c) 29 x 10° Pa

An experiment with a set of pulley blocks
gave the following results:

9.0 11.0 13.6 17.4 20.8 23.6

15 25 38 57 74 88

Plot a graph of effort (vertically) against load
(horizontally) and determine (a) the gradient,
(b) the vertical axis intercept, (c) the law
of the graph, (d) the effort when the load is
30N and (e) the load when the effort is 19 N.

@02 16 (C)E=02L+6
12N (e)65N

The variation of pressure p in a vessel with
temperature 7 is believed to follow a law of
the form p =aT + b, where a and b are con-
stants. Verify this law for the results given
below and determine the approximate values
of a and b. Hence determine the pressures at
temperatures of 285 K and 310 K and the tem-
perature at a pressure of 250 kPa.

244 247 252 258 262 267

273 277 282 289 294 300

a=0.85 b=12, 254.3KkPa,

275.5 kPa, 280 K
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Chapter 29

Reduction of non-linear
laws to linear form

29.1 Determination of law

Frequently, the relationship between two variables, say
x and y, is not a linear one, i.e. when x is plotted against
y a curve results. In such cases the non-linear equation
may be modified to the linear form, y = mx + ¢, so that
the constants, and thus the law relating the variables can
be determined. This technique is called ‘determination
of law’.

Some examples of the reduction of equations to linear
form include:

(i) y=ax?>+b compares with ¥ =mX + ¢, where
m=a,c=>band X =x2.
Hence y is plotted vertically against x> horizon-
tally to produce a straight line graph of gradient
‘a’ and y-axis intercept ‘b’
.. a
(i) y=—-+b
* 1
y is plotted vertically against — horizontally to
produce a straight line graph of gradient ‘a’ and
y-axis intercept ‘b’
(i) y=ax®+bx
Dividing both sides by x gives Y_ ax+b.
X

Comparing with Y = mX + ¢ shows that Y is plot-
X

ted vertically against x horizontally to produce

a straight line graph of gradient ‘a’ and Y axis

. , X
intercept ‘b

Problem 1. Experimental values of x and y,
shown below, are believed to be related by the law

y=ax?+ b. By plotting a suitable graph verify this
law and determine approximate values of a and b
x 1 2 3 4 5
y 98 152 242 36.5 530

If y is plotted against x a curve results and it is not possi-
ble to determine the values of constants a and b from the
curve. Comparing y = ax? + b with ¥ = mX + ¢ shows
that y is to be plotted vertically against x> horizontally.
A table of values is drawn up as shown below.

|l 2 3 4 5
x2 1 4 9 16 25
y 98 152 242 365 53.0

A graph of y against x> is shown in Fig. 29.1, with
the best straight line drawn through the points. Since a
straight line graph results, the law is verified.

From the graph, gradient

AB  53—17 36
a=— = = =18
BC  25-5 20

and the y-axis intercept,
b=28.0
Hence the law of the graph is:

y=1.8x2+8.0
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Figure 29.1

Problem 2. Values of load L newtons and
distance d metres obtained experimentally are
shown in the following table

Load, L N 323 296 27.0 232
distance,d m 0.75 037 024 0.17

Load, L N 183 128 100 64
distance,d m 0.12 0.09 0.08 0.07

Verify that load and distance are related by a law of
the form L = 4 + b and determine approximate

values of a and b. Hence calculate the load when
the distance is 0.20 m and the distance when the
load is 20 N.

1
Comparing L= j_i +b ie. L=a p +b with
Y =mX 4+ ¢ shows that L is to be plotted vertically

1
against — horizontally. Another table of values is drawn

up as shown below.

L 323 296 270 232 183 128 10.0 6.4

075 037 024 0.17 0.12 0.09 0.08 0.07

CWRCIEES

1.33 270 4.17 588 833 11.11 1250 14.29

1
A graph of L against 7 is shown in Fig. 29.2. A straight

line can be drawn through the points, which verifies
that load and distance are related by a law of the form

a
L==+b
5+

35

31
30

25F

20

Figure 29.2

Gradient of straight line,

a_AB_31—11_ 20
T BCT 2-—-12  —10

L-axis intercept,
b=235

Hence the law of the graph is
L= 2 +35
d
When the distance d = 0.20 m, load

-2
L=—= 435=250N
020

2
Rearranging L = ~7 + 35 gives:

2 2
—=35—L and d=
d 35—-L
Hence when the load L =20 N, distance
2 2
— =0.13m

1=35"20" 15

Problem 3. The solubility s of potassium chlorate
is shown by the following table:

t°C 10 20 30 40 50 60 80 100
s 49 7.6 11.1 15.4 204 26.4 40.6 58.0

The relationship between s and ¢ is thought to be of
the form s =3 + at + br>. Plot a graph to test the
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supposition and use the graph to find approximate
values of @ and b. Hence calculate the solubility of
potassium chlorate at 70°C

Rearranging s = 3 4 ar 4 b gives s — 3 =at + bt*> and
s—3 s—3

=a-+ bt or = bt + a which is of the form

-3
Y =mX + ¢, showing that 5

cally and ¢ horizontally. Another table of values is drawn
up as shown below.

is to be plotted verti-

t 10 20 30 40 50 60 80 100
s 49 7.6 11.1 154 204 264 406 580
: 0.19 023 027 031 035 039 047 055
s—3 . . S
A graph of against ¢ is shown plotted in Fig. 29.3.

t
A straight line fits the points, which shows that s and 7
are related by

s =3+ at + bt

1
0 20 40 60 80 100

Figure 29.3

Gradient of straight line,
AB  039-0.19 0.20
BC  60—10 50

Vertical axis intercept,

b= = 0.004

a=0.15
Hence the law of the graph is:
s = 3+ 0.15¢ + 0.004¢

The solubility of potassium chlorate at 70°C is given by

s = 3 4 0.15(70) + 0.004(70)>
=3+410.5+19.6 = 33.1

Now try the following exercise

Exercise 111 Further problems on reducing

non-linear laws to linear form

In Problems 1 to 5, x and y are two related vari-
ables and all other letters denote constants. For the
stated laws to be verified it is necessary to plot
graphs of the variables in a modified form. State
for each (a) what should be plotted on the vertical
axis, (b) what should be plotted on the horizon-
tal axis, (c) the gradient and (d) the vertical axis
intercept.

[(@y (b)x? (d d]

[(@y (b)x

1. y=d+cx?

2. y—a=b.x

(©c
(©b (d)adl

| -
3. y—e== [(a)y (b))—c ©f (@el

4, y—cx=hx [(a))y-c ®x ©b (d)c:

(c)a (d) b_

a 1
5. y=—+bx |:(a)X ) >
X X X i
6. Inanexperiment the resistance of wire is mea-
sured for wires of different diameters with the

following results:

It is thought that R is related to d by the law
R=(a/d*)+ b, where a and b are constants.
Verify this and find the approximate values for
a and b. Determine the cross-sectional area
needed for a resistance reading of 0.50 ohms.

[a=1.5,b=04, 11.78 mm?]

1.64
1.10

1.14 0.89 0.76 0.63
142 175 2.04 2.56

7. Corresponding experimental values of two
quantities x and y are given below.

15 3.0 45 6.0 7.5 9.0
11.5 25.0 475 79.0 119.5 169.0
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_ _ ) and shows that lgy is plotted vertically against
By plotting a suitable graph verify that y zand X lg x horizontally to produce a straight line graph
are connected by alaw of the form y = kx~ +c, of gradient n and lg y-axis intercept lga
where k and c are constants. Determine the law B .
of the graph and hence find the value of x when (i) y=ab
yis 60.0 [y=2x*+7,5.15] Taking logarithms to a base of 10 of the both sides
8. Experimental results of the safe load L kN, gives:
applied to girders of varying spans, d m, are _ .
show below: lgy = lg(ab™)
ie. lgy=1ga+1gb"
20 28 36 42 48 ie. lgy = xlgh +lga
475 339 264 226 198
Itis believed that the relationship between load by the laws of logarithms
and span is L =c/d, where c is a constant.
- ' ’ lgy=(gb 1
— Determine (a) the value of constant ¢ and (b) o gy =(ghx +lga
o
= the safe load for a span of 3.0 m. which compares with
5 [(a) 950 (b) 317kN]
(%) ) . . Y=mX+c
9. The following results give corresponding val- =m
ues of two quantities x and y which are believed . . .
2 and shows that Igy is plotted vertically against x
to be related by a law of the form y = ax~ + bx . . .
horizontally to produce a straight line graph of
where a and b are constants. . ..
gradient Ig b and lg y-axis intercept Iga
I33.86 55.54 72.80 84.10 111.4 168.1 (i) y=ae?
34 52 65 73 9.1 124 Taking logarithms to a base of e of both sides gives:
Verify the law and determine approximate bx
values of @ and b. Iny = In(ae™)
: b
Hence determine (i) the value of y when x is ie. Iny=Ina+Ine™
8.0 and (ii) the value of x when y is 146.5 iie. Iny=Ina+bxlne
=04,b=8.6 (i)944 (i)11.2 .
la @ (i) ] ie. Iny=bx+Ina
(since Ine=1), which compares with
29.2 Determination of law involving Y=mX+c
logarithms and shows that Iny is plotted vertically against x
. . . horizontally to produce a straight line graph of
Examples of r'eductl.on of equations to linear form gradient b and In y-axis intercept In a
involving logarithms include:
(i) y=ax" Problem 4. The current flowing in, and the
. . . power dissipated by, a resistor are measured
Tf“km.g logarithms to a base of 10 of both sides experimentally for various values and the results
gives: are as shown below.
— ny n
lgy =lg(ax’) =lga+lzgx Curent,/ 22 36 41 56 68
i.e. lIgy=nlgx+1ga amperes
by the laws of logarithms which compares with Power, P 116 311 403 753 1110
watts
Y=mX+c
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Show that the law relating current and power is of
the form P = RI", where R and n are constants, and
determine the law

Taking logarithms to a base of 10 of both sides of
P =RI" gives:
lgP =1g(RI") =1gR+1gI" =1gR+nlgl
by the laws of logarithms
ie. IgP =nlgl+1gR
which is of the form

Y=mX+c¢

showing that Ig P is to be plotted vertically against 1g /
horizontally.

A table of values for g I and 1g P is drawn up as shown
below:

1 22 3.6 4.1 5.6 6.8
g1 0.342  0.556 0.613 0.748 0.833
P 116 311 403 753 1110
lgP 2064 2493 2.605 2.877 3.045

A graph of 1g P against 1g/ is shown in Fig. 29.4 and
since a straight line results the law P = RI" is verified.

3.0L /
2,98 == / A
2.78fmmmmmmme oo D

25}

a
L=

218~~~

/C B
2.0

L L L 1 L 1
0.300.40 0.50 0.60 0.70 0.80 0.90
g/

Figure 29.4

Gradient of straight line,

AB _298-2.18 080

T BC 08-04 04

It is not possible to determine the vertical axis intercept
on sight since the horizontal axis scale does not start
at zero. Selecting any point from the graph, say point
D, where 1g1 =0.70 and 1g P =2.78, and substituting
values into

lgP =nlgl+1gR

gives: 2.78 = (2)(0.70) + IgR
from which IgR=2.78 —1.40 =1.38
Hence R = antilog 1.38 (=10"3%)

=24.0
Hence the law of the graph is P = 24.0I>

Problem 5. The periodic time, 7', of oscillation of
a pendulum is believed to be related to it length, /,
by a law of the form 7' = kl"*, where k and n are
constants. Values of T were measured for various
lengths of the pendulum and the results are as
shown below.

Periodic time, 1.0 13 15 1.8 2.0 2.3
T s
Length,/m 0.25 042 0.56 0.81 1.0 1.32

Show that the law is true and determine the
approximate values of k and n. Hence find the
periodic time when the length of the pendulum is
0.75m

From para (i), if T =k/" then
IgT =nlgl+1gk
and comparing with
Y=mX+c

shows that 1g T is plotted vertically against 1g / horizon-
tally. A table of values for 1g T and 1g ! is drawn up as
shown below.

T 1.0 1.3 1.5 1.8 2.0 23
lgeT O 0.114  0.176  0.255 0.301 0.362
l 0.25 0.42 0.56 0.81 1.0 1.32
Igl —-0.602 —0.377 —0.252 —-0.092 0 0.121

A graph of Ig T against 1g / is shown in Fig. 29.5 and the
law T =kl" is true since a straight line results.
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266 Engineering Mathematics

0.40 | shows that 1g y is plotted vertically and x horizontally.

0T / Another table is drawn up as shown below.
0.30

X 0 0.6 1.2 1.8 24 3.0

A
0.25
y 50 9.67 187 36.1 69.8 135.0
0.20 |
lgy 070 0.99 127 156 184 2.13
0.10 [ A graph of 1g y against x is shown in Fig. 29.6 and since
a straight line results, the law y = ab” is verified.
0.05
c B
360050040 0.30-0.20 0.10 0| 010 0.20
- 2,50 |-
v
[ i i \ 5
S Figure 29.5 213 A/
g 2.00
21 From the graph, gradient of straight line,
AB 0.25 —0.05 020 1 .
=== = =z o 1.50
BC —-0.10—-(-0.50) 040 2 =
Vertical axis intercept, 1g k = 0.30. Hence 117 5
k = antilog 0.30 (=10°-30) = 2.0 1.00 |-
Hence the law of the graph is: 070
T=20"2 o T=20VI 050 , . .
0 1.0 2.0 30 x
When length / =0.75 m then
T =2.0~/0.75 =1.73s Figure 29.6
Problem 6. Quantities x and y are believed to be Gradient of straight line,
related by a law of the form y = ab*, where a and b AB  2.13—1.17 0.96
arfe constants. Values of x and corresponding values g BC 30-1.0 20
of y are:

Hence b= antilog 0.48 (=10%%%)=3.0, correct to 2

x 0 06 12 18 24 30 significant figures.
Vertical axis intercept,

5.0 9.67 187 36.1 69.8 135.0
% lga = 0.70, from which
Verify the law and determine the approximate a = antilog 0.70 (=10°79)
values of a and b. Hence determine (a) the value of

y when x is 2.1 and (b) the value of x when y is 100 = 5.0, correct to 2 significant figures.

Hence the law of the graph is y = 5.0(3.0)*

F i), if y = ab* th
rom para (ii), if y = ab* then (@) Whenx=2.1,y=5.003.0)>! =50.2

lgy=(1gb)x+1ga (b) When y=100, 100=5.0(3.0)x
and comparing with from which ~ 100/5.0 = (3.0)"
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Taking logarithms of both sides gives

1220 = 1g(3.0)* = x123.0
_ 1g20 13010
~ 1g3.0

Hence X =2.73

Problem 7. The current i mA flowing in a
capacitor which is being discharged varies with
time ¢ ms as shown below:

imA 203 61.14 2249 6.13 249 0.615

tms 100 160 210 275 320 390

Show that these results are related by a law of the
form i = Ie'/T, where I and T are constants.
Determine the approximate values of / and T

Taking Napierian logarithms of both sides of i = Ie'/T

gives

t
Ini=Inle’Ty=InI+Ie/T =Inl + ?lne

t
ie. Ini=Inl+ T (sincelne = 1)

1
Ini=(=)t+In/
or Ini (T) + In

which compares with y =mx + ¢, showing that Ini is
plotted vertically against ¢ horizontally. (For methods
of evaluating Napierian logarithms see Chapter 14.)
Another table of values is drawn up as shown below

t 100 160 210 275 320 390

i 203 61.14 2249 6.13 249 0.615

Ini 531 411 311 181 091 —-0.49

A graph of In i againt ¢ is shown in Fig. 29.7 and since
a straight line results the law i = Ie'/T is verified.

Gradient of straight line,

1 AB 530-130 40 0.02
T BC 100—300 =200

1
Hence T = — =-50
-0.02

50 A

3.31 bomeannlooooo D (200, 3.31)

Ini

0 100 200 300 \400 t(ms)
-1.0

Figure 29.7

Selecting any point on the graph, say point D, where
t =200 and In i = 3.31, and substituting into

1
Ini=|=)t+Inl
ni (T)—i-n

1
3.31 = ——(200 In/
50( )+ In

gives:
from which, Inf =3.31+4.0=7.31
and I = antilog 7.31(=¢’>") = 1495

or 1500 correct to 3 significant figures.

Hence the law of the graph is, i = 1500 ¢~

Now try the following exercise

Exercise 112 Further problems on reducing
non-linear laws to linear form

In Problem 1 to 3, x and y are two related vari-
ables and all other letters denote constants. For
the stated laws to be verified it is necessary to plot
graphs of the variables in a modified form. State for
each (a) what should be plotted on the vertical axis,
(b) what should be plotted on the horizontal axis,
(c) the gradient and (d) the vertical axis intercept.

I y=ba* [@lgy Bx ©lga (@ lghl

2. y=kd  [@lgy ®lgx (o)l (d)1gk]

3. 2o [@hy ®)x ©n (d)lnm]
m
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268 Engineering Mathematics

4. The luminosity / of a lamp varies with the
applied voltage V and the relationship between
I and V is thought to be / = kV"*. Experimental
results obtained are:

192 432 9.72

15.87 2352 30.72
115 140 160

Verify that the law is true and determine the law
of the graph. Determine also the luminosity
when 75V is applied cross the lamp.

[/ =0.0012V?, 6.75 candelas]

5. The head of pressure /& and the flow velocity
v are measured and are believed to be con-
nected by the law v= ah?, where a and b are
constants. The results are as shown below:

106 134 172 246 293
9.77 11.0 12.44 14.88 16.24

Verify that the law is true and determine values
of a and b. [a=3.0,b=0.5]

6. Experimental values of x and y are measured
as follows:

0.4 0.9 1.2 2.3 3.8

835 1347 1794 51.32 21520
The law relating x and y is believed to be of
the form y = ab®, where a and b are constants.
Determine the approximate values of a and b.
Hence find the value of y when x is 2.0 and the

value of x when y is 100.
[a=5.6,b=2.6,37.86,3.0]

The activity of a mixture of radioactive iso-
tope is believed to vary according to the law
R=Ryt™¢, where Ry and c¢ are constants.
Experimental results are shown below.

9.72 2.65 1.15 047 032 0.23

2 5 9 17 22 28
Verify that the law is true and determine
approximate values of Rg and c.

[Ro=25.1,c=1.42]

Determine the law of the form y = ae®* which
relates the following values.

0.0306 0.285 0.841 5.21 173.2 1181
—4.0 53 98 174 320 400

[y=0.08¢"24"]

The tension 7 in a belt passing round a pulley
wheel and in contact with the pulley over an
angle of 6 radius is given by 7' = Toe"?, where
To and p are constants. Experimental results
obtained are:

479 52.8 60.3 70.1 80.9
1.12 148 197 253 3.06

Determine approximate values of 7o and w.
Hence find the tension when 6 is 2.25 radians
and the value of 6 when the tension is 50.0
newtons.

To =35.3N,u = 0.27,
64.8 N, 1.29 radians
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Chapter 30

Graphs with

logarithmic scales

30.1 Logarithmicscales

Graph paper is available where the scale markings along
the horizontal and vertical axes are proportional to the
logarithms of the numbers. Such graph paper is called
log-log graph paper.

L I I I
1 2 3 4

[
910

[ =
o
~N -
o

Figure 30.1

A logarithmic scale is shown in Fig. 30.1 where dis-
tance between, say 1 and 2, is proportional to 1g 2-Ig 1,
i.e. 0.3010 of the total distance from 1 to 10. Similarly,
the distance between 7 and 8 is proportional to 1g 8-
1g7,1.e.0.05799 of the total distance from 1 to 10. Thus
the distance between markings progressively decreases
as the numbers increase from 1 to 10.

With log—log graph paper the scale markings are from
1 to 9, and this pattern can be repeated several times.
The number of times the pattern of markings is repeated
on an axis signifies the number of cycles. When the
vertical axis has, say, 3 sets of values from 1 to 9, and
the horizontal axis has, say, 2 sets of values from 1 to 9,
then this log—log graph paper is called ‘log 3 cycle x 2
cycle’ (see Fig. 30.2). Many different arrangements, are
available ranging from ‘log 1 cycle x 1 cycle’ through
to ‘log 5 cycle x 5 cycle’.

To depict a set of values, say, from 0.4 to 161, on an
axis of log—log graph paper, 4 cycles are required, from
0.1to 1, 1to 10, 10 to 100 and 100 to 1000.

100

10

gl
Y
xu

0.1 1.0 10

Figure 30.2

30.2 Graphs of the form y = ax"

Taking logarithms to a base of 10 of both sides of
y=ax" gives:
lgy =1Ig (ax")
=lga+lgx"
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270 Engineering Mathematics

i.e. Igy=nlgx+Iga

which compares with Y=mX+c

Thus, by plotting lg y vertically against Ig x horizontally,
astraight line results, i.e. the equation y = ax”" is reduced
to linear form. With log-log graph paper available x
and y may be plotted directly, without having first to
determine their logarithms, as shown in Chapter 29.

Problem 1. Experimental values of two related
quantities x and y are shown below:

x 041 0.63 092 136 217 395

y 045 121 289 7.10 20.79 82.46

The law relating x and y is believed to be y = ax’,
where a and b are constants. Verify that this law is
true and determine the approximate values of a and b

If y=ax" then 1g y=b Ig x + g a, from above, which
is of the form Y =mX + ¢, showing that to produce a
straight line graph lg y is plotted vertically against 1g x
horizontally. x and y may be plotted directly on to log—
log graph paper as shown in Fig 30.2. The values of y
range from 0.45 to 82.46 and 3 cycles are needed (i.e.
0.1to 1, 1 to 10 and 10 to 100). The values of x range
from 0.41 to 3.95 and 2 cycles are needed (i.e. 0.1 to 1
and 1 to 10). Hence ‘log 3 cycle x 2 cycle’ is used as
shown in Fig. 30.2 where the axes are marked and the
points plotted. Since the points lie on a straight line the
law y = ax? is verified.

To evaluate constants a and b:

Method 1. Any two points on the straight line, say
points A and C, are selected, and AB and BC are measure
(say in centimetres).

. AB 11.5 units
Then, gradient, b= — = —— =
BC 5 units

Since lg y=b 1g x+1g a, when x=1, Ig x=0 and
Igy=lga.
The straight line crosses the ordinate x = 1.0 at y =3.5.

2.3

Hencelga=I1g3.5,ie.a=3.5

Method 2. Any two points on the straight line, say
points A and C, are selected. A has coordinates (2, 17.25)
and C has coordinates (0.5, 0.7).

y = ax” then 17.25 = a(2)” (D
and 0.7 = a(0.5)" )

Since

i.e. two simultaneous equations are produced and may
be solved for a and b.

Dividing equation (1) by equation (2) to eliminate a

gives:
1725 ()P 2\”
0.5

07 _ (05¢
ie.  24.643 = (4}

Taking logarithms of both sides gives

1g24.643 = blg 4
b 1g24.643
T Ig4

= 2.3, correct to 2 significant figures.

and

Substituting b = 2.3 in equation (1) gives:
17.25 = a(2)*3

17.25 17.25

(223  4.925

= 3.5, correct to 2 significant figures.

and a=

Hence the law of the graph is: y = 3.5x%3

Problem 2. The power dissipated by a resistor
was measured for varying values of current flowing
in the resistor and the results are as shown:

Current, /
amperes 14 47 68 9.1 11.2 13.1
Power, P
watts 49 552 1156 2070 3136 4290

Prove that the law relating current and power is of
the form P = RI", where R and n are constants, and
determine the law. Hence calculate the power when
the current is 12 amperes and the current when the
power is 1000 watts

Since P =RI" then lg P =nlg I +1g R, which is of the
form Y =mX + ¢, showing that to produce a straight
line graph lg P is plotted vertically against 1g / hori-
zontally. Power values range from 49 to 4290, hence 3
cycles of log—log graph paper are needed (10 to 100, 100
to 1000 and 1000 to 10 000). Current values range from
1.4 to 11.2, hence 2 cycles of log—log graph paper are
needed (1 to 10 and 10 to 100). Thus ‘log 3 cycles x 2
cycles’ is used as shown in Fig. 30.3 (or, if not avail-
able, graph paper having a larger number of cycles per
axis can be used). The co-ordinates are plotted and a
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straight line results which proves that the law relating
current and power is of the form P = RI". Gradient of
straight line,

values of p and corresponding values of v obtained
in a laboratory are:

g AB _ ldunits ppascals 228 x 105 8.04 x 10° 20.3 x 105
BC 7 units

vm3 32x1072 13x1072 6.7x1073

10000
ppascals  5.05x 10°  1.82x 107

vm3 3.5x 1073 1.4x1073

Verify that the law is true and determine
approximate values of ¢ and n

-
1000 —
Since p = cv", then g p =n 1g v+ 1g ¢, which is of the 8
9 form Y =mX + ¢, showing that to produce a straight
£ - ) . . . . ()
z Pt line graph lg p is plotted vertically against Ig v horizon-
5 tally. The co-ordinates are plotted on ‘log 3 cycle x 2
§ cycle’ graph paper as shown in Fig. 30.4. With the
data expressed in standard form, the axes are marked
in standard form also. Since a straight line results the
100 - B: . .
law p = cv" is verified.
1x10°
10
1.0 10 100
Current, / amperes A\‘ s
Figure 30.3 1107 ‘
At point C, I =2 and P=100. Substituting these é
values into P=RI" gives: 100=R(2)>. Hence “Z e
R=100/(2)*> =25 which may have been found from g
the intercept on the / = 1.0 axis in Fig. 30.3. 8
Hence the law of the graph is P = 251> *
When current =12, power P=25(12)’= 15108
3600 watts (which may be read from the graph).
When power P = 1000, 1000 = 251°.
1000
Hence I? = —— =40,
25
from which, I =440 =6.32A
Problem 3. The pressure p and volume v of a gas 1X110i10*3 1107 1107
are believed to be related by a law of the form Volume, vm?
p = cv", where ¢ and n are constants. Experimental
Figure 30.4
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The straight line has a negative gradient and the value
of the gradient is given by:

AB 14 units

BC = 10 units

hence n=-1.4

Selecting any point on the straight line, say point
C, having co-ordinates (2.63 x 1072, 3 x 105), and
substituting these values in p = cv" gives:

3% 10° = ¢(2.63 x 1072)~ 14

Hence ¢ — 3 x 10° __3x 10°
(2.63 x 10~2)~14 7 (0.0263)"14
3x10°
T 1.63 x 102

= 1840, correct to 3 significant figures.
Hence the law of the graph is:
p = 18400 or p v!* = 1840

Now try the following exercise

Exercise 113 Further problems on graphs
of the formy = ax"

1. Quantities x and y are believed to be related
by a law of the form y =ax", where a and n
are constants. Experimental values of x and
corresponding values of y are:

08 23 54 115 21.6 429

8 54 250 974 3028 10410
Show that the law is true and determine the
values of a and n. Hence determine the value

of y when x is 7.5 and the value of x when y is
5000. [a=12,n=1.8, 451, 28.5]

2. Show from the following results of voltage V
and admittance Y of an electrical circuit that
the law connecting the quantities is of the form
V =kY", and determine the values of k and n.

2.88 2.05 1.60 1.22 0.96

052 0.73 094 1.23 1.57

k=15,n=—1]

3. Quantities x and y are believed to be related by
a law of the form y = mx". The values of x and
corresponding values of y are:

05 10 15 20 2.5 3.0
053 3.0 827 1697 29.65 46.77

Verify the law and find the values of m and n.
[m=3,n=2.5]

30.3 Graphs of the form y = ab*

Taking logarithms to a base of 10 of both sides of y = ab*
gives:

lg y =lg(ab*) =lga+1gh* =1ga+ xlgh
ie. lgy=(1gb)x+1ga
which compares with Y =mX +c¢

Thus, by plotting Ig y vertically against x horizontally
a straight line results, i.e. the graph y = ab* is reduced
to linear form. In this case, graph paper having a linear
horizontal scale and a logarithmic vertical scale may
be used. This type of graph paper is called log-linear
graph paper, and is specified by the number of cycles
of the logarithmic scale. For example, graph paper hav-
ing 3 cycles on the logarithmic scale is called ‘log 3
cycle x linear’ graph paper.

Problem 4. Experimental values of quantities x
and y are believed to be related by a law of the form
y=ab*, where a and b are constants. The values of
x and corresponding values of y are:

x 07 14 21 29 37 43

y 184 451 111 308 858 1850

Verify the law and determine the approximate
values of a and b. Hence evaluate (i) the value of y
when x is 2.5, and (ii) the value of x when y is 1200

Since y =ab* then 1g y=(lg b)x +1g a (from above),
which is of the form ¥ =mX + ¢, showing that to pro-
duce a straight line graph Ig y is plotted vertically against
x horizontally. Using log-linear graph paper, values of
x are marked on the horizontal scale to cover the range
0.7 to 4.3. Values of y range from 18.4 to 1850 and 3
cycles are needed (i.e. 10 to 100, 100 to 1000 and 1000
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to 10000). Thus ‘log 3 cycles x linear’ graph paper is
used as shown in Fig. 30.5. A straight line is drawn
through the co-ordinates, hence the law y=ab" is
verified.

10000

1000

ab”

100 B

Figure 30.5

Gradient of straight line, 1g b =AB/BC. Direct mea-
surement (say in centimeters) is not made with log-
linear graph paper since the vertical scale is logarithmic
and the horizontal scale is scale is linear. Hence

AB 121000 —1g100 3 -2

BC  382-202  1.80
1
= =0.5556
1.80

Hence b = antilog 0.5556(=102-5356) = 3.6, correct to
2 significant figures.

Point A has coordinates (3.82, 1000).

Substituting these values into y = ab* gives:

1000 = a(3.6)>%?
1000
T (3.6)382

= 7.5, correct to 2 significant figures.

ie.

Hence the law of the graph is: y =7.5(3.6)*

(i) Whenx=2.5,y="7.5(3.6)>> =184
(i) When y = 1200, 1200 = 7.5(3.6)", hence

(3.6)" = % =160
Taking logarithms gives: x1g 3.6 =1g 160
o lelo0 22041
lg3.6  0.5563
= 3.96

Now try the following exercise

Exercise 114 Further problem on graphs
of the form y = ab*

1. Experimental values of p and corresponding
values of g are shown below.

—13.2 —27.9 —62.2 —383.2 —1581 —2931
030 075 123 232 317 354

Show that the law relating p and g is p = ab?,
where a and b are constants. Determine
(i) values of a and b, and state the law, (ii)
the value of p when ¢ is 2.0, and (iii) the value
of ¢ when p is —2000.

() a=—8,b=53,p=—8(53)
(i) — 224.7 (iii) 3.31

30.4 Graphs of the form y = ae®*

Taking logarithms to a base of e of both sides of y = aek*

gives:

kX)Z

Iny = In (ae Ina+Ine¥ =Ina+kxlne

ie. Iny=/kx+Ina (since In e=1) which compares
with Y=mX+c

Thus, by plotting In y vertically against x horizontally, a
straight line results, i.e. the equation y = aeX* is reduced
to linear form. In this case, graph paper having a linear
horizontal scale and a logarithmic vertical scale may be
used.

Problem 5. The data given below is believed to
be related by a law of the form y = ae**, where a
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274  Engineering Mathematics

and b are constants. Verify that the law is true and
determine approximate values of a and b. Also
determine the value of y when x is 3.8 and the value
of x when y is 85.

x —12 038 12 25 34 42 53

y 93 222 348 712 117 181 332

Since y = aek* then In y = kx 4 In a (from above), which
is of the form Y =mX + ¢, showing that to produce a
straight line graph In y is plotted vertically against x hor-
izontally. The value of y range from 9.3 to 332 hence
‘log 3 cycle x linear’ graph paper is used. The plot-

ted co-ordinates are shown in Fig. 30.6 and since a
kx

straight line passes through the points the law y = ae
is verified.

100

Figure 30.6
Gradient of straight line,
= AB In100 —In 10 _ 2.3026
~ BC  3.12—(—1.08) 420

=0.55, correct to 2 significant figures.

Sincelny=kx +Ina, whenx=0,Iny=Ing,ie.y=a.

The vertical axis intercept value at x =0 is 18, hence
a=18.

The law of the graph is thus: y = 18¢
When x is 3.8,

y= 1803368 = 180209 = 18(8.0849) = 146

When y is 85, 85 = 18¢0-3*
85

0.55x

Hence, %= T 4.7222
and 0.55x=1n 4.7222 =1.5523
1.5523
H = =2.82
ence X 055

Problem 6. The voltage, v volts, across an
inductor is believed to be related to time, # ms, by
the law v= Ve'/T, where V and T are constants.
Experimental results obtained are:

vvolts 883 347 90 555 186 5.2
t ms 104 21.6 37.8 43.6 56.7 72.0

Show that the law relating voltage and time is as
stated and determine the approximate values of V
and 7. Find also the value of voltage after 25 ms
and the time when the voltage is 30.0V

1
Since v=Ve!/T then In v= ?t+ InV

which is of the form Y =mX +c.

Using ‘log 3 cycle x linear’ graph paper, the points are
plotted as shown in Fig. 30.7.

Since the points are joined by a straight line the law
v=Ve'/T is verified.

Gradient of straight line,

I AB _ In100—Inl0 23026

T BC 365-642  —277
—-27.7 .
Hence T = = —12.0, correct to 3 significant
2.3026
figures.

Since the straight line does not cross the vertical
axis at +=0 in Fig. 30.7, the value of V is deter-
mined by selecting any point, say A, having coordinates
(36.5, 100) and substituting these values into v = Ve'/T .
Thus

100 = 36:5/-12.0
100
= ,—365/120
correct to 3 significant figures.

ie. 'V = 2090 volts,

Hence the law of the graph is: v = 2090120
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e
T
T

(36.5, 100)

100

Voltage, v volts

0 10 20 30 40 50 60 70 80 90
Time, tms

Figure 30.7

When time ¢ =25 ms, voltage v =2090¢~2%/12.0
=260V.

When the voltage is 30.0 volts, 30.0=2090¢"/12:0

hence

/120 _ 300
2090

2090
d e’ = —— =69.67
e e 300

Taking Napierian logarithms gives:

L 1n69.67 = 4.2438
12.0

from which, time ¢ = (12.0)(4.2438) = 50.9 ms.

Now try the following exercise

Exercise 115 Further problems on
reducing exponential laws
to linear form

1. Atmospheric pressure p is measured at varying
altitudes / and the results are as shown below:

500 1500 3000 5000 8000

73.39 68.42 61.60 53.56 43.41

Show that the quantities are related by the
law p —ae’", where a and k are constants.
Determine, the values of a and k and state
the law. Find also the atmospheric pressure at
10000 m.

a=176, k=—-7x107,
p=76e"77107h 3774 cm
2. At particular times, # minutes, measurements

are made of the temperature, 6°C, of a cooling
liquid and the following results are obtained:

922 559 339 20.6 12.5

10 20 30 40 50

Prove that the quantities follow a law of the
form 6 = yeX’, where 6 and k are constants,
and determine the approximate value of 6y
and k. [6p =152, k=—0.05]
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Chapter 31

Grap

31.1 Graphical solution of

simultaneous equations

Linear simultaneous equations in two unknowns may
be solved graphically by:

(i) plotting the two straight lines on the same axes,
and
(i) noting their point of intersection.

The co-ordinates of the point of intersection give the
required solution.

Problem 1. Solve graphically the simultaneous
equations:
2x—y=+4

x+y=>5

Rearranging each equation into y = mx + ¢ form gives:
y=2x—4 (1)
y=—x+5 2)

Only three co-ordinates need be calculated for each
graph since both are straight lines.

X 0 1 2
y=2x—4 -4 =2 0
X 0 1 2

y=—x+35 5 4 3

Each of the graphs is plotted as shown in Fig. 31.1. The
point of intersection is at (3, 2) and since this is the only

ical solution of

equations

Figure 31.1

point which lies simultaneously on both lines thenx =3,
y =2 1is the solution of the simultaneous equations.

Problem 2. Solve graphically the equations:

1.20x +y = 1.80
x — 5.0y = 8.50

Rearranging each equation into y = mx + ¢ form gives:

y=—1.20x+ 1.80 @)
X 8.5
YT507 50
ie. y=0.20x — 1.70 2)
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Three co-ordinates are calculated for each equation as
shown below:

X 0 1 2
y=-—1.20x+1.80 1.80 0.60 —0.60
X 0 1 2
y=020x—1.70 —1.70 —1.50 —1.30

The two lines are plotted as shown in Fig. 31.2. The
point of intersection s (2.50, —1.20). Hence the solution
of the simultaneous equation is x = 2.50, y = —1.20

y

y=—-0.20x + 1.70

y=—-120x+ 1.80

Figure 31.2

(It is sometimes useful initially to sketch the two
straight lines to determine the region where the point of
intersection is. Then, for greater accuracy, a graph hav-
ing a smaller range of values can be drawn to ‘magnify’
the point of intersection).

Now try the following exercise

Exercise 116 Further problems on the
graphical solution of
simultaneous equations

In Problems 1 to 5, solve the simultaneous equa-
tions graphically.

1. x+y=2

Jy—2x=1 [x=1,y=1]
2. y=5—x

x—y=2 [x=3%,y=1%]

3. 3x+4y=5
2x—5y+12=0

4. 1.4x—7.06=3.2y
2.1x — 6.7y =12.87

5. 3x—2y=0
dx+y+11=0 [x=-2,y=-3]

[x=—-1,y=2]

[x=23,y=-1.2]

6. The friction force F Newton’s and load L

Newton’s are connected by a law of the form

F =alL + b, where a and b are constants. When

F =4 Newton’s, L =6 Newton’s and when

F =2.4Newton’s, L =2 Newton’s. Determine
graphically the values of a and b.

[a=04,b=1.6]

31.2 Graphical solution of quadratic

equations

A general quadratic equation is of the form
y= ax® + bx +c, where a, b and ¢ are constants and
a is not equal to zero.

A graph of a quadratic equation always produces a
shape called a parabola. The gradient of the curve
between 0 and A and between B and C in Fig. 31.3
is positive, whilst the gradient between A and B is nega-
tive. Points such as A and B are called turning points. At
A the gradient is zero and, as x increases, the gradient of
the curve changes from positive just before A to negative
justafter. Such a point is called a maximum value. At B
the gradient is also zero, and, as x increases, the gradient
of the curve changes from negative just before B to pos-
itive just after. Such a point is called a minimum value.

y A c
B
0 X
Figure 31.3
Quadratic graphs
D y=ax?
Graphs of y=x2, y=3x? and y =%x2 are shown
in Fig. 31.4.
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278 Engineering Mathematics

All have minimum values at the origin (0, 0).

y y ) y
= _1
> y= X2 2 y 3x 2 y= EXZ
1 \ 1
1 1 1 1

-1 0 1x —1o| 1 x —1o| 1 x

(a) (b) ()
Figure 31.4
1.2

Graphs of y=—x?, y=—3x% and y= —5X° are
shown in Fig. 31.5.

All have maximum values at the origin (0, 0).

y
(a)
Figure 31.5
When y = ax?,

(a) curves are symmetrical about the y-axis,

(b) the magnitude of ‘a’ affects the gradient of
the curve, and

(c) the sign of ‘a’ determines whether it has a
maximum or minimum value.

(i) y=ax*+c

Graphsof y =x%>43,y=x?> —2,y=—x>+2and
y = —2x% — 1 are shown in Fig. 31.6.

Figure 31.6

When y = ax* +c,

(a) curves are symmetrical about the y-axis,

(b) the magnitude of ‘a’ affects the gradient of
the curve, and

(c) the constant ‘c’ is the y-axis intercept.

(i) y=ax’+bx+c

Whenever ‘b’ has a value other than zero the
curve is displaced to the right or left of the y-
axis. When b/a is positive, the curve is displaced
bl2a to the left of the y-axis, as shown in Fig.
31.7(a). When b/a is negative the curve is dis-
placed b/2a to the right of the y-axis, as shown in
Fig. 31.7(b).

5 4 3 2 10

(@) (b)

Figure 31.7

Quadratic equations of the form ax? + bx 4+ ¢ = 0 may
be solved graphically by:

(i) plotting the graph y = ax® + bx + ¢, and
(ii) noting the points of intersection on the x-axis (i.e.
where y =0).

The x values of the points of intersection give the
required solutions since at these points both y =0 and
ax® + bx + ¢ = 0. The number of solutions, or roots of
a quadratic equation, depends on how many times the
curve cuts the x-axis and there can be no real roots (as
in Fig. 31.7(a)) or one root (as in Figs 31.4 and 31.5) or
two roots (as in Fig. 31.7(b)).

Problem 3. Solve the quadratic equation
4x? 4 4x — 15 =0 graphically given that the
solutions lie in the range x = —3 to x =2.
Determine also the co-ordinates and nature
of the turning point of the curve

www.EngineeringBooksPdf.com



Graphical solution of equations 279

Let y =4x? +4x — 15. A table of values is drawn up as
shown below:

4x2 36 16 4 0 4 16
4x -12 -8 -4 0 4 8
—-15 —15 =15 —15 —15 —15 —15

y=4x*4+4x—15 9 -7 -15-15 =7 9
A graph of y=4x?+4x — 15 is shown in Fig. 31.8.
The only points where y =4x? + 4x — 15 and y =0 are
the points marked A and B. This occurs at x = —2.5
and x = 1.5 and these are the solutions of the quadratic
equation 4x? + 4x — 15 =0. (By substituting x = —2.5
and x=1.5 into the original equation the solutions
may be checked). The curve has a turning point at
(—0.5, —16) and the nature of the point is a minimum.

y

12 y=4x2+4x—15

L Bl
1 2 X
1.5
Figure 31.8
An alternative graphical method of solving

4x*4+4x—15=0 is to rearrange the equation as
4x> = —4x + 15 and then plot two separate graphs—
in this case y=4x? and y = —4x + 15. Their points of
intersection give the roots of equation 4x> = —4x + 15,
i.e.4x? 4+ 4x — 15 =0. Thisis shown in Fig.31.9, where
the roots are x = —2.5 and x = 1.5 as before.

Problem 4. Solve graphically the quadratic
equation —5x? + 9x + 7.2 = 0 given that the
solutions lie between x = —1 and x = 3. Determine
also the co-ordinates of the turning point and state
its nature

Let y = —5x% 4+ 9x + 7.2. A table of values is drawn up
as shown to the right. A graph of y = —5x% 4+ 9x +7.2

v 2

y=4x
30+
25
{
! 20
I
i 1
I
1
! 101
: |
E 5 i y=—4x+15
Lt I L L
-3 k2 -1 0o/ 1RX2 3 x
—2.5 15

Figure 31.9

is shown plotted in Fig. 31.10. The graph crosses

the x-axis (i.e. where y=0) at x=—0.6 and x =2.4
and these are the solutions of the quadratic equation
—5x% 4+ 9x 4 7.2=0. The turning point is a maximum
having co-ordinates (0.9, 11.25).

Y
12
11257~
10

y=—5x%+9x+72
8

Figure 31.10

— 55 —5 | —=lE | w | =5

+9x -9 45 0 9

+7.2 72 12 72 72
y=—5x*4+9x+72 —68 145 72 112

—5x2 —-20 3125 —45

+9x 18 225 27

+7.2 7.2 7.2 72
y=—5x>+9x+72 52 —155 —10.8
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280 Engineering Mathematics

Problem 5. Plot a graph of: y = 2x? and
hence solve the equations: (a) 2x> — 8 =0 and
(b)2x2—x—3=0

A graph of y =2x? is shown in Fig. 31.11.

[C) S,

Figure 31.11

(a) Rearranging 2x*> —8=0 gives 2x> =8 and the
solution of this equation is obtained from the
points of intersection of y =2x% and y =8, i.e. at
co-ordinates (—2, 8) and (2, 8), shown as A and B,
respectively, in Fig. 31.11. Hence the solutions of
2x> —8=0and x =—2 and x = +2

(b) Rearranging 2x> —x—3=0 gives 2x>=x+3
and the solution of this equation is obtained from
the points of intersection of y=2x” and y = x + 3,
i.e. at C and D in Fig. 31.11. Hence the solutions
of 2x> —x —3=0arex=—1and x=1.5

Problem 6. Plot the graph of y=—2x%> 4 3x 46
for values of x from x = —2 to x =4. Use the graph
to find the roots of the following equations:

(@) —2x*> +3x+6=0
(b) —2x> +3x+2=0
(¢) —2x*+3x+9=0
(d) —2x*>+x+5=0

A table of values is drawn up as shown below.

—2x? =2 | =8 | =18 | =32
+3x -6 -3 0 3 6 9 12
+6 6 6 6 6 6 6 6
y -8 1 6 7 4 -3 -4

A graph of y = —2x% 4 3x + 6 is shown in Fig. 31.12.

y
8| y=-2x%+3x+6
¥
6 =2x+1
o y
D
y=4

B

A ;3 =
1.85 2.63 \ |
F\ y=-8

N\ -
N [cIIIIIIIIIIIZ

Figure 31.12

(a) The parabola y=—2x?+3x+6 and the straight
line y =0 intersect at A and B, where x = —1.13
and x = 2.63 and these are the roots of the equa-
tion —2x> +3x+6=0

(b) Comparing

y=—-2x>+3x+6 (1)

with 0= —2x>+3x+2 )

shows that if 4 is added to both sides of equation
(2), the right-hand side of both equations will be
the same.

Hence 4 = —2x? + 3x + 6. The solution of this
equation is found from the points of intersection of
the line y = 4 and the parabola y = —2x? + 3x + 6,
i.e. points C and D in Fig. 31.12. Hence the roots
of —2x* +3x+2=0arex=—0.5and x =2

() —2x>+3x+9=0 may be rearranged as
—2x? + 3x + 6 = —3, and the solution of this equa-
tion is obtained from the points of inter-
section of the line y=—3 and the parabola
y=—2x>43x+6, ie. at points E and F in
Fig. 31.12. Hence the roots of —2x> +3x+9=0
arex=—-1.5andx=3

(d) Comparing
y=—2x2+3x+6 3)

with 0=—-2x>+x+5 4)
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shows that if 2x 4- 1 is added to both sides of equa-
tion (4) the right-hand side of both equations will
be the same. Hence equation (4) may be writ-
ten as 2x + 1 = —2x%2 4+ 3x+ 6. The solution of
this equation is found from the points of inter-
section of the line y=2x41 and the parabola
y= —2x% 4+ 3x+6, ie. points G and H in
Fig. 31.12. Hence the roots of —2x*>+x+5=0
are x = —1.35 and x = 1.85

Now try the following exercise

Exercise 117 Further problems on solving

1.

quadratic equations
graphically

Sketch the following graphs and state the
nature and co-ordinates of their turning
points:

(a) y =4x? (b)y=2x*—1
©y=—x>4+3 (dy=-12-1
(a) Minimum (0, 0)
(b) Minimum (0, —1)
(c) Maximum (0, 3)
(d) Maximum (0, —1)

Solve graphically the quadratic equations in Prob-
lems 2 to 5 by plotting the curves between the given
limits. Give answers correct to 1 decimal place.

2.

42 —x—1=0;x=—1tox=1

[—0.4 or 0.6]
¥*—3x=27;x=—5tox=8

[—3.9 or 6.9]
2% —6x—9=0;x=—2tox=5

[—1.1 or4.1]
2x(5x —2)=39.6; x=—2tox=3

[-1.8 or2.2]

Solve the quadratic equation 2x> + 7x + 6 =0
graphically, given that the solutions lie in the
range x = —3 to x=1. Determine also the
nature and co-ordinates of its turning point.

x=—150r -2,
Minimum at (—1.75, —0.1)

Solve graphically the quadratic equation
10x% — 9x — 11.2 =0, given that the roots lie
between x = —1 and x =2.

[x=—0.7 or 1.6]

8. Plot a graph of y=3x? and hence solve the
equations (a) 3x2 —8=0and
(b)3x?—2x—1=0

[(a) £1.63 (b) 1 or —0.3]

9. Plot the graphs y = 2x? and y = 3 — 4x on the
same axes and find the co-ordinates of the
points of intersection. Hence determine
the roots of the equation 2x* +4x —3=0

(—2.6,13.2),(0.6,0.8);
[x = —2.60r0.6 ]

10. Plot a graph of y=10x>—13x—30 for
values of x between x = —2 and x = 3. Solve
the equation 10x? — 13x —30=0 and from
the graph determine: (a) the value of y when x
is 1.3, (b) the values of x when y is 10 and (c)
the roots of the equation 10x> — 15x — 18 =0

x=—-120r25 (a)—30 (b)2.75
|:and —1.50 (c)2.30r —0.8 ]

31.3 Graphical solution of linear and
quadratic equations

simultaneously

The solution of linear and quadratic equations simul-
taneously may be achieved graphically by: (i) plotting
the straight line and parabola on the same axes, and (ii)
noting the points of intersection. The co-ordinates of the
points of intersection give the required solutions.

Problem 7. Determine graphically the values of x
and y which simultaneously satisfy the equations:
y=2x*—-3x—4andy=2—4x

y=2x%> —3x — 4 is a parabola and a table of values is
drawn up as shown below:

2x2 8 2 0 2 8 18

—3x 6 -3 -6 -9
—4 —4 -4 -4 -4 -4 4
y 10 1 -4 -5 =2 5

www.EngineeringBooksPdf.com

<
[
=
+—
&)
v
v




<
=
=
—
O
<¥)
(%)

282 Engineering Mathematics

y =2 —4x is a straight line and only three co-ordinates
need be calculated:

x 0 1 2
y 2 =2 =6

The two graphs are plotted in Fig. 31.13 and the
points of intersection, shown as A and B, are at
co-ordinates (—2, 10) and (1.5, —4). Hence the simul-
taneous solutions occur when x = —2,y = 10 and when
x=15y=—-4.

y=2x2—3x-4

Figure 31.13

(These solutions may be checked by substituting into
each of the original equations).

Now try the following exercise

Exercise 118 Further problems on solving
linear and quadratic
equations simultaneously

1. Determine graphically the values of x and
y which simultaneously satisfy the equations
y=2(x%—2x—4)and y +4 =3x.

[x=4,y=8andx=—1,y=—53]

2. Plot the graph of y=4x? — 8x — 21 for values
of x from —2 to +4. Use the graph to find the
roots of the following equations:

(a) 4x> —8x—21=0 (b) 4x* —8x—16=0
(c) 4x* —6x—18=0
(@) x=—15o0r 3.5 (b) x=—1.24
or 3.24 (c) x=-—1.5 or 3.0

31.4 Graphical solution of cubic

equations

A cubic equation of the form ax’ +bx*> +cx+d=0
may be solved graphically by: (i) plotting the graph
y=ax’+bx*+cx+d, and (ii) noting the points
of intersection on the x-axis (i.e. where y=0).
The x-values of the points of intersection give the
required solution since at these points both y=0 and
ax® +bx*> +cx+d=0.

The number of solutions, or roots of a cubic equation
depends on how many times the curve cuts the x-axis
and there can be one, two or three possible roots, as
shown in Fig. 31.14.

Figure 31.14

Problem 8. Solve graphically the cubic equation
4x3 — 8x% — 15x +9 =0 given that the roots lie
between x = —2 and x = 3. Determine also the
co-ordinates of the turning points and distinguish
between them

Let y =4x> — 8x> — 15x + 9. A table of values is drawn
up as shown below:

x 3| =] @ 1 2 3
43 32 —4 0 4 32 108
—8x2  —-32 -8 0 -8 |-32|-72
—15x 30 15 0 —15 30 —45
+9 9 9 9 9 9 9
y =25 12 9 -—10 -21 0

A graph of y=4x>—8x>—15x+9 is shown in
Fig. 31.15.

The graph crosses the x-axis (where y=0) at
x=-—1.5, x=0.5 and x =3 and these are the solu-
tions to the cubic equation 4x> — 8x> — 15x +9=0.
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14.2

y=14x3-8x2 —15x+9

[REUISURPE R S —— Y

— ===

Figure 31.15

The turning points occur at (—0.6, 14.2), which is a

maximum, and (2, —21), which is a minimum.

Problem 9. Plot the graph of

y =2x3 — 7x% 4 4x + 4 for values of x between

x = —1 and x = 3. Hence determine the roots of the
equation:

23 -T2 +4x+4=0

A table of values is drawn up as shown below.

N =
w3 -2 0 2 16 54

7> -7 0 -7 28 —63
+4x —4 0 4 8 12
+4 4 4 4
y -9 4 7

A graph of y=2x3—7x>+4x+4 is shown in
Fig. 31.16. The graph crosses the x-axis at x =—0.5
and touches the x-axis at x =2. Hence the solutions of
the equation 2x> — 7x> +4x +4 =0 are x = —0.5 and

x=2.

y=2x3-7x®+4x+4

Figure 31.16

Now try the following exercise

Exercise 119 Further problems on solving
cubic equations

1. Plot the graph y=4x+4x>—11x—6
between x = —3 and x =2 and use the graph
to solve the cubic equation
463 +4x2 — 1lx—6=0

[x=-2.0, —0.5 or 1.5]

2. By plotting a graph of y=x> —2x> —5x+6
between x = —3 and x =4 solve the equation
x® — 2x% — 5x + 6 = 0. Determine also the co-

ordinates of the turning points and distinguish

between them.

x=—2,1 or 3, Minimum at
(2.1, —4.1), Maximum at
(—0.8,8.2)

In Problems 3 to 6, solve graphically the cubic
equations given, each correct to 2 significant
figures.

3. ¥*—=1=0

4. P —x2—5x+2=0
[x=—2.0,0.4 or 2.6]
5. X—2r=2x-2 [x=0.7 or 2.5]

6. 2x3—x2—9.08x+8.28=0
[x=—2.3,1.0 or 1.8]

7. Show that the cubic equation
8x° +36x> + 54x+27=0 has only one
real root and determine its value.
[x=—1.5]
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Chapter 32

Functions and their curves

va
32.1 Standard curves sk Y= 2x+1

When a mathematical equation is known, coordinates at
may be calculated for a limited range of values, and
the equation may be represented pictorially as a graph,
within this range of calculated values. Sometimes it
is useful to show all the characteristic features of an
equation, and in this case a sketch depicting the equa-
tion can be drawn, in which all the important features
are shown, but the accurate plotting of points is less
important. This technique is called ‘curve sketching’
and can involve the use of differential calculus, with, 0 1 2 3 x
for example, calculations involving turning points.

If, say, y depends on, say, x, then y is said to be a func-
tion of x and the relationship is expressed as y =f(x);
x is called the independent variable and y is the
dependent variable.

In engineering and science, corresponding values are
obtained as a result of tests or experiments.

Here is a brief resumé of standard curves, some of
which have been met earlier in this text.

(i) Straight line (see Chapter 28, page 249)
The general equation of a straight line is
y =mx +c, where m is the gradient and c is the
y-axis intercept.
Two examples are shown in Fig. 32.1. : . : >

(ii) Quadratic graphs (see Chapter 31, page 277) )
The general equation of a quadratic graph is
y=ax*+bx+c, and its shape is that of a Figure 32.1
parabola.

The simplest example of a quadratic graph,
y=x2, is shown in Fig. 32.2.

(ili) Cubic equations (see Chapter 31, page 282)
The general equation of a cubic graph is
y=ax3 +bx*+cx +d. A
The simplest example of a cubic graph, y = x, is 2
shown in Fig. 32.3. Figure 32.2
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yA
r
X2 + y2 — r2
—r (o] r =X
-r
Figure 32.5
Figure 32.3 Figure 32.6 shows a circle
—
=2+ (=3’ =4 =
(iv) Trigonometric functions (see Chapter 23 _g
page 199) T
Graphs of y=sin6, y= cos6 and y = tan 6 are VA )
shown in Fig. 32.4
5L (x—2P2+(y-37°=4
4

1.0 y=-sing 3p------ v

y 5 |

b=3 i

0 T T 3n T O '

2 2 I 1 >
-1.0 0 2 4 X
@) a=2

1.0 y=cosé Figure 32.6
y \i
0 b b 3n 2n 6 (vi) Ellipse
10 2 2 The equation of an ellipse is:

(b) x? n y? 1
- y=tan@ az b2
Yo+ and the general shape is as shown in Fig. 32.7.
| | )
0 z n 3n 2n 6 yA
B c X2 y2 _

- 7y a® b2
() b \
Figure 32.4 A v B
(0] X
a %
(v) Circle (see Chapter 18, page 155) \
2

The simplest equation of a circle is x” + y* =77, D
with centre at the origin and radius r, as shown
in Flg 32.5. Figure 32.7
More generally, the equation of a circle, centre
(a, b), radius r, is given by: The length AB is called the major axis and CD
the minor axis. In the above equation, ‘a’ is the
x—a)’ + v- b =r )] semi-major axis and ‘b’ is the semi-minor axis.
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(Note that if b = a, the equation becomes

[
le ‘<N

+ =1a

Qlk
OS]

i.e. x> +y> =a?, which is a circle of radius a).

(vii) Hyperbola
2 2
The equation of a hyperbola is — — w2 =1
a
and the general shape is shown in Fig. 32.8.
The curve is seen to be symmetrical about
both the x- and y-axes. The distance AB in
Fig. 32.8 is given by 2a.
y
X2 y2
a2 p?
A B
0 X
Figure 32.8

(viii) Rectangular hyperbola

The equation of a rectangular hyperbolais xy =¢
or y= ¢ and the general shape is shown in
Fig. 32.)6.

Logarithmic function (see Chapter 13, page 101)

y =Inxandy = Ilgx are both of the general shape
shown in Fig. 32.10.

(x) Exponential functions (see Chapter 14, page 106)
y = ¢" is of the general shape shown in Fig. 32.11.

(ix)

Polar curves

The equation of a polar curve is of the form
r=j (0). Anexample of a polar curve, r =asin 6,
is shown in Fig. 32.12.

32.2 Simple transformations

From the graph of y =f(x) it is possible to deduce the
graphs of other functions which are transformations of
y=f(x). For example, knowing the graph of y =f(x),

(xi)

>

72 -
3 -
Figure 32.9
A
y
y =log x
0 1 x
Figure 32.10
y
y=¢e
1
0 X

Figure 32.11

can help us draw the graphs of y =af (x), y=f(x) +a,
y=fx+a),y=f(ax), y=—f(x) and y =f(—x).

® y=aflx)
For each point (x1, y;) on the graph of y =f(x)
there exists a point (xj, ay;) on the graph of
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: y= cos 6+ 2, as shown in Fig. 32.14(b). Also, if
| f(x)=x2, then y =f(x) 4+ 3 becomes y = x> + 3,
a r= asing as shown in Fig. 32.14(c).
"1
————— o | a el
: Y=x+3
!
! i
Figure 32.12 /
y=a f(x). Thus the graph of y=a f(x) can be 2r yex
obtained by stretching y = f(x) parallel to the y-
axis by a scale factor ‘a’. Graphs of y=x+1 <
and y=3(x + 1) are shown in Fig. 32.13(a) and 0 2 4 6 X 8
graphs of y= sinf and y =2sin# are shown in =
Fig. 32.13(b). (a) .
YA
3
81 \ y=cos 6+ 2
6L y =cos 6
1
y=38(x+1)
4
0 Q\j/iB_n on 0
2 2
2r y=x+1
/
Il Il Il Il >
0 1 2 x (b)
(@
}é“ — 7 2 sinég
y =siné@
1k
0 T bs 3n 2n 1;9
2 2
(b)
Figure 32.13 -2 -1 X
(i) y=/f(x)+a .
F 32.14
The graph of y=f(x) is translated by ‘@’ units e
parallel to the y-axis to obtain y=f(x)+a. (iii) y=f(x+a)
For example, if f(x) =x, y=f(x)+ 3 becomes The graph of y=f(x) is translated by ‘a’ units
y=x+3, as shown in Fig. 32.14(a). Simi- parallel to the x-axis to obtain y=f(x+ a).
larly, if f(6) = cos 6, then y=f(6) 4+ 2 becomes If ‘@>>0 it moves y=f(x) in the negative
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fiirection on the x-axis (i.e. to the left), -a.nd For example, if f(x) = (x — 1), and a = l, then
if ‘a’<0 it moves y=f(x) in the positive ) 2
direction on the x-axis (i.e. to the right). For flax)= (%C — 1) .
. . 4
example, if f(x) = sinx, y=f (x - E) becomes Both of these curves are shown in Fig. 32.17(a).
. v . .
y=sin ( - g) as shown in Fig. 32.15(a) and Similarly, y = cosx and y = cos 2x are shown in

y=sin (x + %) is shown in Fig. 32.15(b). Fig. 32.17(b).

y

y L y=(x-1?
yi sinx . - ()5(* 1)2
3 )
; <> y =sin(x— %)
0 1:[ T 3‘_7[ 2n X‘
< 3 2 -2 0 2 4 6 x
= < (a)
= [ 3 N
5 oo L
(<P} (a) o y=cos x  y=cos2x
- INVAW/
\ /
Y \ . l
0 \Téc% n K%r/ 2n X
/
1.0} N
‘ ~ (b)
Jon  x
Figure 32.17
v y=-f(
(b) The graph of y=—f(x) is obtained by reflect-
) ing y=f(x) in the x-axis. For example, graphs
Figure 32.15 of y=¢" and y = —¢* are shown in Fig. 32.18(a),
— 42 (2
Similarly graphs of y :x2’ y=(x— 1)2 and :lrllgwg;?EhFSl 0f3}é—1§6(b;|- 2 and y=—(x"+2) are
y = (x + 2)2 are shown in Fig. 32.16. g 22 10Lb):
y y
y=e*
1
y=(x+ 2)2 -1 X
y=—e*
(@)
Figure 32.16
(iv) y=flax)
For each point (x{, y;) on the graph of y =f(x),
there exists a point <ﬂ, y1> on the graph of w2
y=—(x
y=f(ax). Thus the graph of y=f(ax) can be
obtained by stretching y=f(x) parallel to the (b)
1
x-axis by a scale factor —. Figure 32.18
a
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(vi) y=f(=x)
The graph of y=f(—x) is obtained by reflect-
ing y=f(x) in the y-axis. For example, graphs
of y=x3 and y=(—x)>=—x> are shown in
Fig.32.19(a) and graphsof y= Inxandy = —Inx
are shown in Fig. 32.19(b).

(b) In Fig. 32.21 a graph of y=x> is shown by the
broken line. The graph of y=x>—8 is of the
form y=f(x) 4+ a. Since a = —8, then y=x> — 8
is translated 8 units down from y =x3, parallel to
the y-axis.

(See section (ii) above)

<
[ ==
=
+—
o
v
v

Figure 32.21

y=inx Problem 2. Sketch the following graphs, showing
relevant points:

\ @y=5—(x+2)> (b)y=1+3sin2x

|
N
4”
[=)
-
x

(b) (a) Figure 32.22(a) shows a graph of y=ux>

Figure 32.22(b) shows a graph of y=(x+2)?
Figure 32.19 (see f(x + a), section (iii) above). Figure 32.22(c)
shows a graph of y=—(x +2)3 (see —f(x), sec-

Problem 1. Sketch the following graphs, showing tion (v) above).SFlgure 32.22(d) ShO,WS tl}.e graph of
relevant points: y = 5—(x+2)° (see f(x)+ a, section (11) above).
@y=(x—4?2 (b)y=x>—8 (b) Figure 32.23(a) shows a graph of y = sin x.

Figure 32.23(b) shows a graph of y = sin 2x (see
f(ax), section (iv) above)

(a) In Fig. 32.20 a graph of y=x? is shown by the

Y
broken line. The graph of y=(x —4)? is of the y=x®
form y =f(x 4 a). Since a = —4, then y = (x — 4)?
is translated 4 units to the right of y=x?, parallel 201
to the x-axis.
(See section (iii) above). 10}
\ y
‘\\‘y=x2 8 2 X
‘ 4
4 2 ©

()

Figure 32.20 Figure 32.22
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4 .
1 y=sinx
20 r
0 b n 3n X
y=(x+27 4 2 2
10 | (a)
}; y =sin2x
—4 -2 0 2 X
0 T 314 T
~10 » g\/ 3? 2 x
(b)
20 y
(b) 3 y=3sin2x
2
< 1
S
."§ L 7(1) % T 3?1{ 21 x
v
-2
, © °
2 X
y
4 y=1+3sin2x
3
2
(c) 1 /
0 jud T 3n 2n  x
—1 2 2
-2
(d)
Figure 32.23
2 x
710 -
o0} Now try the following exercise
(d) . .
Exercise 120 Further problems on simple
Figure 32.22 (Continued) transformations with curve
sketching
Sketch the following graphs, showing relevant
points:
(Answers on page 295, Fig. 32.33)
Figure 32.23(c) shows a graph of y = 3 sin 2x (see l. y=3x-5 2. y=-3x+4
a f(x), section (i) above). Figure 32.23(d) shows a 3. y=x*+3 4. y=(x—3)?
graph of y = 1 + 3 sin 2x (see f(x) + a, section (i) 5. y=(x—4)?%+2 6. y=x—x2
above).

www.EngineeringBooksPdf.com



Functions and their curves 291

7. y=x342 8 y=142cos3x
9. y=3—2sin(x+z>

4
10. y=2Inx

32.3 Periodic functions

A function f(x) is said to be periodic if f(x + T) =f(x)
for all values of x, where T is some positive number. 7
is the interval between two successive repetitions and
is called the period of the function f(x). For exam-
ple, y= sinx is periodic in x with period 27 since sin
x = sin (x 4+ 2m) = sin (x + 4m), and so on. Similarly,
y= cosx is a periodic function with period 27 since
cos x = cos (x + 2m) = cos (x + 4), and so on. In gen-
eral, if y= sinwt or y = cos wt then the period of the
waveform is 27/w. The function shown in Fig. 32.24 is
also periodic of period 27 and is defined by:

Fx) = —1, when — 7 <x <0
o 1, when0 <x <m
f(x)
1
—-2n -7 0 b 2n X
-1
Figure 32.24

32.4 Continuous and discontinuous

functions

If a graph of a function has no sudden jumps or breaks
it is called a continuous function, examples being the
graphs of sine and cosine functions. However, other
graphs make finite jumps at a point or points in the
interval. The square wave shown in Fig. 32.24 has finite
discontinuities as x = 77, 27, 377, and so on, and is there-
fore a discontinuous function. y= tanx is another
example of a discontinuous function.

32.5 Even and odd functions

Even functions

A function y =f(x) is said to be even if f(—x) =f(x)
for all values of x. Graphs of even functions are always
symmetrical about the y-axis (i.e. is a mirror image).
Two examples of even functions are y = x* and y = cos x
as shown in Fig. 32.25.

(b)

Figure 32.25

Odd functions

A function y =f(x) is said to be odd if f(—x) = —f (x)
for all values of x. Graphs of odd functions are
always symmetrical about the origin. Two examples
of odd functions are y=x> and y = sinx as shown in
Fig. 32.26.

Many functions are neither even nor odd, two such
examples being shown in Fig. 32.27.

Problem 3. Sketch the following functions and
state whether they are even or odd functions:

(a) y=tanx
T
2, when 0 < x < o)

3
-2, Whengsxf—ﬂ

(b) f(x)= 5

3
2, when§§x§2n

and is periodic of period 27
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y y=x y y=tan x
27+
Il Il
-3 0 3 X
T 0 m 2n x
727 -
(a)
Y y=sin x
T (a)
\ 1
Il Il Il Il | 2
-~ ~37/2 %Y/:e/ 0 /2 n@% x
= /q b
=
= ! ! ! !
D (b) -2n | -n 0 T 2n  x
)
Figure 32.26 -2
y
201 y=e ©
Figure 32.28
10
- (@) A graph of y=Inx is shown in Fig. 32.29(a)
-10] 123 x and the curve is neither symmetrical about the
@) y-axis nor symmetrical about the origin and is thus
neither even nor odd.
y
y
‘ ‘ 10k i Y= In x
0 X
(b) 05t

Figure 32.27

(a) A graph of y= tanx is shown in Figure 32.28(a)
and is symmetrical about the origin and is thus an
odd function (i.e. tan (—x) = — tan x).

(b) A graph of f(x) is shown in Fig. 32.28(b) and is
symmetrical about the f(x) axis hence the function (a)
is an even one, (f(—x) =f(x)).

—0.5F

Y
Problem 4. Sketch the following graphs and state /\
whether the functions are even, odd or neither even )
nor odd: —-2n -7

(@ y=Inx

(b) f(x)=x in the range —m to  and is periodic (b)
of period 27

Figure 32.29
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(b) A graph of y=x in the range — to 7 is shown in
Fig. 32.29(b) and is symmetrical about the origin
and is thus an odd function.

Now try the following exercise

Further problems on even
and odd functions

Exercise 121

In Problems 1 and 2 determine whether the given
functions are even, odd or neither even nor odd.

1. (@x* (b)tan3x (c)2¢¥ (d)sin’x
(a) even (b) odd
(c) neither (d) even

2. @57 (b)e'+e* (c)% (d) e*

(a) odd (b) even
(c) odd (d) neither

3. State whether the following functions, which
are periodic of period 27, are even or odd:

6, when —7 <0 <0

@ fO)= —0, when0 <0 <m
X, when—gfxfg

b f@)= . -
0, when — <x < —

2 2

[(a) even (b) odd]

32.6 Inverse functions

If y is a function of x, the graph of y against x can be
used to find x when any value of y is given. Thus the
graph also expresses that x is a function of y. Two such
functions are called inverse functions.

In general, given a function y =f(x), its inverse may
be obtained by inter-changing the roles of x and y and
then transposing for y. The inverse function is denoted
by y=F"'(x).

For example, if y =2x + 1, the inverse is obtained by

. . . y—=1 y 1
t fi (e x=—m== — —
(1) transposing for x, i.e. x 5 773
and (ii) interchanging x and y, giving the inverse as
X
Y=373

1
Thus if f(x) = 2x+ 1, then f = (x) = %‘ =

A graph of f(x) =2x + 1 and its inverse
1
)= ’EC — 5 is shown in Fig. 32.30 and f~'(x) is
seen to be a reflection of f(x) in the line y = x.

y
y=0x+1 L
4 Ty =x
///
///
2 ol
el _x_1
1 e =372
L
4 /-8 1 2 3 4 X
7, g 71

Figure 32.30

Similarly, if y = x?, the inverse is obtained by

(i) transposing forx,i.e. x ==4./y
and (ii) interchanging x and y, giving the inverse

y==%x

Hence the inverse has two values for every value of
x. Thus f(x)=x> does not have a single inverse. In
such a case the domain of the original function may
be restricted to y=x? for x > 0. Thus the inverse is
then y=+4./x. A graph of f(x)=x? and its inverse
£~ (x) = /x forx > 0is shown in Fig. 32.31 and, again,
£~ 1(x) is seen to be a reflection of f(x) in the line y = x.

y
y=x*
4 .
>
LT Y=x
-
-
.
-
-
-
2 e
e y=x
>
A
=
=
-
-7
z
_-70 1 2 3 X
.

Figure 32.31

It is noted from the latter example, that not all func-
tions have a single inverse. An inverse, however, can be
determined if the range is restricted.
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294  Engineering Mathematics

Problem 5. Determine the inverse for each of the
following functions:

@f@W=x—1 Ob)fx)=x*—4 (x>0)

(©) f(x)=x*+1

(@ Ify=f(x),theny=x—1
Transposing for x gives x =y + 1
Interchanging x and y gives y=x+ 1
Hence if f(x) =x — 1, then f~1(x) =x +1

(b) Ify=f(x), then y=x>—4 (x>0)
Transposing for x gives x = /y + 4
Interchanging x and y gives y=+/x + 4
Hence if f(x) =x* — 4 (x > 0) then
Al =vx+4 ifx>-4

(¢) Ify=f(x), theny=x>+1
Transposing for x gives x =./y — |
Interchanging x and y gives y=+/x — 1, which
has two values. Hence there is no single inverse
of f(x)=x?+1, since the domain of f(x) is not
restricted.

Inverse trigonometric functions

If y=sinx, then x is the angle whose sine is Y.
Inverse trigonometrical functions are denoted either by
prefixing the function with ‘arc’ or by using ~'. Hence
transposing y = sin x for x gives x = arcsin y or sin"! y.
Interchanging x and y gives the inverse y = arcsin x or
sin~lx.

Similarly, y=cos™! x,y=tan"! x, y=sec ! x, y=
cosec™! x and y=cot™! x are all inverse trigonometric
functions. The angle is always expressed in radians.

Inverse trigonometric functions are periodic so it is
necessary to specify the smallest or principal value of the
angle. For y = sin~! x, tan™! X, cosec™! x and cot™! x,

. o b4 T
the principal value is in the range ) <y< 7 For
y=cos~!x and sec™! x the principal value is in the
range 0 <y<mw

Graphs of the six inverse trigonometric functions are

shown in Fig. 32.32.

Problem 6. Determine the principal values of

(a) arcsin 0.5 (b) arctan(—1)

<—£) (d) arccosec (ﬁ)

(c) arccos >

Using a calculator,

(a) arcsin0.5=sin"10.5=30°= %rad or0.5236 rad

3n/2f- |y=cosec™!x —\n o
_/I |
- — -1
! L | el y=cot lx
/2
| |
—ﬁ—o I X \O
—n/2r-

—3ul C -
| |

Figure 32.32
(b) arctan(—1)= tan~! (=1)=—45°
= —% rad or —0.7854 rad

(c) arccos <—§> = cos ! <—§> =150°

5
- ?” rad or 2.6180 rad
1 1
(d) arccosec(«/i) = arcsin(—) = sin~! <—>
V2 V2

—45° = % rad or 0.7854 rad

Problem 7. Evaluate (in radians), correct to 3
decimal places: sin~! 0.30 4 cos~! 0.65

sin™! 0.30 = 17.4576° = 0.3047 rad
cos ™1 0.65 = 49.4584° = 0.8632 rad

Hence sin~10.30 4+ cos~! 0.65 =0.3047 + 0.8632
=1.168, correct to 3 decimal places
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Now try the following exercise

Exercise 122 Further problems on inverse
functions

Determine the inverse of the functions given in
Problems 1 to 4.

1. fr)=x+1 F')=x—1]
2. f)=5x—1 I:f‘l(x)zé(x-i-l)-
3. f=x+1 ' eo=va—T1
4 f==+2 [f‘l(X)=]%:

Determine the principal value of the inverse func-
tions in Problems 5 to 11.

5. sin~l(=1) [—% or —1.5708 rad]

Answers to Exercise 120

y
10}
5.
y=3x-5
0 1 2 3 X
/5

Figure 32.33  Graphical solutions to Exercise 120, page 290.

6. cos™10.5 [g or 1.0472 rad]
—1 T
7. tan™' 1 [Z or 0.7854 rad]
8. cot™'2 [0.4636 rad]
9. cosec 2.3 [0.4115 rad]
10. sec”'1.5 [0.8411 rad]
11. sin~! <i> [f or 0.7854 rad]
. 7 2 ;
12. Evaluate x, correct to 3 decimal places:
.4 1 4 8
x=smn -+ cos — —tan " —
3 5
[0.257]
13. Evaluate y, correct to 4 significant figures:
y=23sec ' v/2—4cosec 'v/2+5¢cot™ 12
[1.533]
2.
y
4
ol
0 1 2 3 x
-2 y=-3x+4
4, y
8 K
y=(x-3f
4 L
0 2 4 6 X
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5. v
15
10 b =(x - 42+2
5
0 2 8 b's
7. Y
10
5 y=x3+2
2 ET) 2 X
-5
-10
9. vy

y=3-2 sin<x+41)

=3
S

Figure 32.33  (Continued)

27 X

ol

6.
y
0.50
0.25 y=x-x2
0, 1 X
8. v
=1+2cos3x
3 Y
2
1
0 z b 3 2n
2 2
-1
10. y
3
2 y=2Inx
1
0 2 3 4 x
-1
-2
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Revision Test 8

This Revision test covers the material contained in Chapters 28 to 32. The marks for each question are shown in
brackets at the end of each question.

1.

Determine the gradient and intercept on the y-axis
for the following equations:

(@) y=—5x+2 ®)3x+2y+1=0 5)

The equation of a line is 2y =4x + 7. A table of
corresponding values is produced and is as shown
below. Complete the table and plot a graph of y
against x. Determine the gradient of the graph.

(6)
% =3 =20 — [N RIN SR S3

y —25 75

Plot the graphs y=3x+2 and % +x =6 on the

same axes and determine the co-ordinates of their
point of intersection. 7

The velocity v of a body over varying time
intervals ¢ was measured as follows:

t seconds 2 5 7

v m/s 15.5 173 18.5

t seconds 10 14 17

v m/s 20.3 22.7 24.5

Plot a graph with velocity vertical and time hori-
zontal. Determine from the graph (a) the gradient,
(b) the vertical axis intercept, (c) the equation of
the graph, (d) the velocity after 12.5 s, and (e) the
time when the velocity is 18 m/s. ©)]

The following experimental values of x and y
are believed to be related by the law y = ax? + b,
where a and b are constants. By plotting a suit-
able graph verify this law and find the approximate
values of a and b.

x 25 42 60 84 98 11.4

y 154 325 60.2 111.8 150.1 200.9
€))

6. Determine the law of the form y=ae®* which
relates the following values:

y 0.0306 0.285 0.841

x —40 53 9.8

y 521 1732 1181

x 174 320  40.0

€))

7. State the minimum number of cycles on logarith-
mic graph paper needed to plot a set of values
ranging from 0.073 to 490. (@)

8. Plota graph of y =2x? fromx = —3 tox = +3 and
hence solve the equations:

(@2x2—8=0 (b)2x2—4x—6=0 9)

9. Plot the graph of y =x* +4x? 4+ x — 6 for values
of x between x = —4 and x = 2. Hence determine
the roots of the equation x> +4x% +x — 6 =0.

(N
10. Sketch the following graphs, showing the relevant
points:
(@y=x—2)?2  (b)y=3— cos2x
T
-1 —m<x<-=
2
b4 b4
o) f(x)= el d
(©) f(x) X —5SxX=3
1 T <x<
2_x_n
(10
11. Determine the inverse of f(x) =3x+ 1 3)

12. Evaluate, correct to 3 decimal places:

2tan"'1.64 + sec”12.43 — 3cosec”!13.85  (4)

www.EngineeringBooksPdf.com

<
[ ==
=
+—
o
(<%
v




This page intentionally left blank

www.EngineeringBooksPdf.com



Vectors

www.EngineeringBooksPdf.com



This page intentionally left blank

www.EngineeringBooksPdf.com



Chapter 33

33.1 Introduction

Some physical quantities are entirely defined by a
numerical value and are called scalar quantities or
scalars. Examples of scalars include time, mass, tem-
perature, energy and volume. Other physical quantities
are defined by both a numerical value and a direction in
space and these are called vector quantities or vectors.
Examples of vectors include force, velocity, moment
and displacement.

33.2 Vector addition

A vector may be represented by a straight line, the length
of line being directly proportional to the magnitude of
the quantity and the direction of the line being in the
same direction as the line of action of the quantity. An
arrow is used to denote the sense of the vector, that is,
for a horizontal vector, say, whether it acts from left to
right or vice-versa. The arrow is positioned at the end
of the vector and this position is called the ‘nose’ of
the vector. Figure 33.1 shows a velocity of 20 m/s at an
angle of 45° to the horizontal and may be depicted by
oa =20m/s at 45° to the horizontal.

a
20m/s
o (45

To distinguish between vector and scalar quantities,
various ways are used. These include:

Figure 33.1

(i) bold print,

(i) two capital letters with an arrow above them to

denote the sense of direction, e.g. AB, where A is
the starting point and B the end point of the vector,

Vectors

(iii) a line over the top of letters, e.g. AB or a
(iv) letters with an arrow above, €.g. a, A
(v) underlined letters, e.g. a

(vi) xi+jy, where i and j are axes at right-angles to
each other; for example, 3i + 4j means 3 units in
the i direction and 4 units in the j direction, as
shown in Fig. 33.2.

A(3,4)

nNow oA
—

—_
T

Figure 33.2

(vii) a column matrix ; for example, the vector

a
b
OA shown in Fig. 32.2 could be represented by
3
()
Thus, in Fig. 33.2,

— . . 3
0AEOAEOAESl+4JE(4>

The one adopted in this text is to denote vector quantities
in bold print. Thus, oa represents a vector quantity,
but oa is the magnitude of the vector oa. Also, positive
angles are measured in an anticlock-wise direction from
a horizontal, right facing line and negative angles in a
clockwise direction from this line—as with graphical
work. Thus 90° is a line vertically upwards and —90° is
a line vertically downwards.

The resultant of adding two vectors together, say V1
at an angle 01 and V;, at angle (—6»), as shown in
Fig. 33.3(a), can be obtained by drawing oa to represent
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Figure 33.3

V1 and then drawing ar to represent V. The resultant of
V14V, is given by or. This is shown in Fig. 33.3(b),
the vector equation being oa + ar =or. This is called
the ‘nose-to-tail’ method of vector addition.
Alternatively, by drawing lines parallel to V1 and V»
from the noses of V, and V1, respectively, and letting
the point of intersection of these parallel lines be R, gives
OR as the magnitude and direction of the resultant of
adding V; and V3, as shown in Fig. 33.3(c). This is
called the ‘parallelogram’ method of vector addition.

Problem 1. A force of 4N is included at an angle
of 45° to a second force of 7 N, both forces acting
at a point. Find the magnitude of the resultant of
these two forces and the direction of the resultant
with respect to the 7 N force by both the ‘triangle’
and the ‘parallelogram’ methods

The forces are shown in Fig. 33.4(a). Although the 7N
force is shown as a horizontal line, it could have been
drawn in any direction.

Scale in Newtons
0 2 4 6

— e

Figure 33.4

Using the ‘nose-to-tail’ method, a line 7 units long
is drawn horizontally to give vector oa in Fig. 33.4(b).
To the nose of this vector ar is drawn 4 units long at an
angle of 45° to oa. The resultant of vector addition is or
and by measurement is 10.2 units long and at an angle
of 16° to the 7 N force.

Figure 33.4(c) uses the ‘parallelogram’ method in
which lines are drawn parallel to the 7N and 4 N forces
from the noses of the 4 N and 7 N forces, respectively.
These intersect at R. Vector OR gives the magnitude
and direction of the resultant of vector addition and as
obtained by the ‘nose-to-tail’ method is 10.2 units long
at an angle of 16° to the 7 N force.

Problem 2. Use a graphical method to determine
the magnitude and direction of the resultant of the
three velocities shown in Fig. 33.5.

Figure 33.5

Often it is easier to use the ‘nose-to-tail’ method when
more than two vectors are being added. The order in
which the vectors are added is immaterial. In this case
the order taken is vy, then vy, then v3 but just the same
result would have been obtained if the order had been,
say, vy, v3 and finally vy. vy is drawn 10 units long
at an angle of 20° to the horizontal, shown by oa in
Fig. 33.6. v; is added to vy by drawing a line 15 units
long vertically upwards from a, shown as ab. Finally,
v3 is added to v| + v by drawing a line 7 units long at
an angle at 190° from b, shown as br. The resultant of
vector addition is or and by measurement is 17.5 units
long at an angle of 82° to the horizontal.

Thus vi+vy+v3=175m/s at 82°
horizontal.

to the

024681012
Scale in m/s

Figure 33.6

33.3 Resolution of vectors

A vector can be resolved into two component parts such
that the vector addition of the component parts is equal
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to the original vector. The two components usually taken
are a horizontal component and a vertical component.
For the vector shown as F in Fig. 33.7, the horizontal
component is F cos 8 and the vertical component is F'
sin 6.

Fsin 6
Fcos 6

Figure 33.7

For the vectors F1 and F» shown in Fig. 33.8, the
horizontal component of vector addition is:

H = Ficos6; + Fpcos 6,

F1 sin 91

F, sin 6,

Iy

Figure 33.8

and the vertical component of vector addition is:
V =Fsin6; + F>sin6;

Having obtained H and V, the magnitude of the resultant
vector R is given by: v H*+4V? and its angle to the

| 4
horizontal is given by tan=! —

Problem 3. Resolve the acceleration vector of
17 m/s? at an angle of 120° to the horizontal into a
horizontal and a vertical component

For a vector A at angle 6 to the horizontal, the hori-
zontal component is given by A cos 6 and the vertical
component by A sin 6. Any convention of signs may
be adopted, in this case horizontally from left to right
is taken as positive and vertically upwards is taken as
positive.

Horizontal component H =17 cos 120° = —8.50 m/s2,
acting from left to right.

Vertical component V = 17 sin 120° = 14.72 m/s2, act-
ing vertically upwards.

These component vectors are shown in Fig. 33.9.

+V

17 m/s?

14.72 m/s?

120°
-H - [\ +H

8.50 m/s?

Figure 33.9

Problem 4. Calculate the resultant force of the
two forces given in Problem 1

With reference to Fig. 33.4(a):
Horizontal component of force,
H = 7cos0° + 4 cos45°
=7+2.828 =9.828 N
Vertical component of force,
V =7sin0° + 4 sin 45°
=0+2.828 =2.828N

The magnitude of the resultant of vector addition

= VH? + V2 =/9.8282 4 2.8282
= V10459 = 10.23 N

The direction of the resultant of vector addition

%4 2.828
=tan"' (= | =tan”' [ === | = 16.05°
H 9.828
Thus, the resultant of the two forces is a single vector
of 10.23 N at 16.05° to the 7N vector.
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304 Engineering Mathematics

Problem 5. Calculate the resultant velocity of the
three velocities given in Problem 2

With reference to Fig. 33.5:

Horizontal component of the velocity,

H = 10¢c0s20° 4+ 15¢c0s 90° + 7 cos 190°
=9.397 + 0 + (—6.894) = 2.503 m/s

Vertical component of the velocity,

V = 105sin 20° + 15 sin 90° 4 7 sin 190°
— 3.420 + 15 + (—1.216) = 17.204 m/s

Magnitude of the resultant of vector addition

= VH? + V2 = /2.5032 + 17.2042

= 4/302.24 = 17.39 m/s

Direction of the resultant of vector addition

(Vv _1 (17.204
= tan — | = tan
H 2.503

=tan"! 6.8734 = 81.72°

Thus, the resultant of the three velocities is a single
vector of 17.39 m/s at 81.72° to the horizontal.

Now try the following exercise

Exercise 123 Further problems on vector
addition and resolution

1. Forces of 23N and 41 N act at a point and are
inclined at 90° to each other. Find, by drawing,
the resultant force and its direction relative to
the 41 N force. [47 N at 29°]

2. Forces A,B and C are coplanar and act at a

point. Force A is 12 kN at90°, Bis 5 kN at 180°
and C is 13 kN at 293°. Determine graphically
the resultant force. [Zero]

3. Calculate the magnitude and direction of

velocities of 3m/s at 18° and 7m/s at 115°
when acting simultaneously on a point.
[7.27 m/s at 90.8°]

Three forces of 2N, 3N and 4 N act as shown
in Fig. 33.10. Calculate the magnitude of the
resultant force and its direction relative to the

2 N force. [6.24 N at 76.10°]
4N
60°
60° 3N
2N

Figure 33.10

A load of 5.89 N is lifted by two strings, mak-
ing angles of 20° and 35° with the vertical.
Calculate the tensions in the strings. [For a sys-
tem such as this, the vectors representing the
forces form a closed triangle when the system
is in equilibrium].

[2.46N, 4.12N]

The acceleration of a body is due to four
component, coplanar accelerations. These are
2 m/s? due north, 3m/s? due east, 4 m/s> to
the south-west and 5m/s? to the south-east.
Calculate the resultant acceleration and its
direction.

[5.73 m/s* at 310.3°]

A current phasor iy is 5A and horizontal. A
second phasor i is 8 A and is at 50° to the
horizontal. Determine the resultant of the two
phasors, i + i, and the angle the resultant
makes with current 7.

[11.85A at 31.14°]

An object is acted upon by two forces of mag-
nitude 10 N and 8 N at an angle of 60° to each
other. Determine the resultant force on the
object.

[15.62 N at 26.33° to the 10 N force]

A ship heads in adirection of E 20° S at a speed
of 20 knots while the current is 4 knots in a
direction of N 30° E. Determine the speed and
actual direction of the ship.

[21.07 knots, E 9.22° S]
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33.4 Vector subtraction

In Fig. 33.11, a force vector F is represented by oa.
The vector (—oa) can be obtained by drawing a vector
from o in the opposite sense to oa but having the same
magnitude, shown as ob in Fig. 33.11, i.e. 0b = (—oa).

Figure 33.11

For two vectors acting at a point, as shown in
Fig. 33.12(a), the resultant of vector addition is
os =oa + ob. Fig. 33.12(b) shows vectors 0b + (—oa),
that is 0b — oa and the vector equation is 0b — oa = od.
Comparing od in Fig. 33.12(b) with the broken line
ab in Fig. 33.12(a) shows that the second diagonal of
the ‘parallelogram’ method of vector addition gives the
magnitude and direction of vector subtraction of oa
from ob.

Figure 33.12

Problem 6. Accelerations of a; = 1.5 m/s? at 90°
and ay = 2.6 m/s? at 145° act at a point. Find
ai + a3 and a; — a; by:

(i) drawing a scale vector diagram and
(i) by calculation

(i) The scale vector diagram is shown in Fig. 33.13.
By measurement,

ai +az = 3.7m/s* at 126°
a; —ap = 2.1 m/s? at 0°

(i) Resolving horizontally and vertically gives:
Horizontal component of aj + a;,

H = 1.5¢c0s90° + 2.6 cos 145° = —2.13

N 0 1 2 3

~ L | 1 !

|
1
1
! S Scale in m/s?
|
|

Figure 33.13

Vertical component of a; +aa,
V = 1.58in90° + 2.6 sin 145° = 2.99

Magnitude of

ar +ay = +/(—2.13)2 4 2.992
= 3.67 m/s?

9
Direction of a1 +az =tan™! (—13> and must

lie in the second quadrant since H is negative and
V is positive.

—-2.13
in the second quadrant, the true angle is 180°

displaced, i.e. 180° — 54.53° or 125.47°
Thus  ay +az=3.67 m/s? at 125.47°.

2.99
tan~! (—> =—154.53°, and for this to be

Horizontal component of aj;—ajz, that is,
a1+ (—az)

= 1.5¢0s90° + 2.6 cos (145° — 180°)
=2.6cos(—35°) =2.13

Vertical component of a; — aa, that is, a1 + (—az)
= 1.55in90° + 2.6sin (—35°) =0

Magnitude of @ — ap = v/2.13%2 + 02

=2.13 m/s?

0
Direction of a; —az = tan~ ! | — ) = 0°
2.13

Thus aj — az = 2.13m/s? at 0°
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Problem 7. Calculate the resultant of (ii) - The horizontal component of v; — vy — v3

(i) v1 — v2 + v3 and (ii) v — v1 — v3 when = (40 cos 190°) — (22 cos 140°)
v1 = 22 units at 140°, vy =40 units at 190 — (15c0s 290%)

and v3 = 15 units at 290°
=(—39.39) — (—16.85) — (5.13)
= —27.67 units

i) Th t h in Fig. 33.14.
M © Vectors afe shown m g The vertical component of v, — v; — v3

+V — (40 5in 190°) — (22 sin 140°) — (15 sin 290°)
oo = (—6.95) — (14.14) — (—14.10)
i = —6.99 units
19040

IR| = V/(=27.67)2 + (—6.99)2 = 28.54 units

—6.99
and arg R=tan"! ( )

“H o 290° \ TH Let R=v; — v; — v3 then
15

Y —27.67
7 ) and must lie in the third quadrant since both H and
— Figure 33.14 V are negative quantities.
o
g The horizontal component of vy — v + v3 tan~! —6.99 = 14.18°,
v —27.67
= (22 cos 140%) — (40 cos 190°%) hence the required angle is 180° +14.18° =
+ (15 cos 290°) 194.18°
= (—16.85) — (—39.39) + (5.13) Thus vy — v; — v3 =28.54 units at 194.18°
= 27.67 units This result is as expected, since vy —v; — V3=
—(vy —v2+v3) and the vector 28.54 units at
The vertical component of vy — v2 + v3 194.18° is minus times the vector 28.54 units at
14.18°

= (225in 140°) — (40in 190°)
+ (15in290°)
= (14.14) — (—6.95) 4 (—14.10)

Now try the following exercise

= 6.99 units Exercise 124 Further problems on

vectors subtraction
The magnitude of the resultant, R, which can be

represented by the mathematical symbol for ‘the

modulus of” as |v; — vy + v3| is given by: 1. Forces of F1=40N at 45° and F, = 30N at

125° act a point. Determine by drawing and by
calculation (a) F1+F, (b)F1—F;
— ./ 2 2 ;
IR| = +/27.67% + 6.99% = 28.54 units [(a) SAON at 78.16°:|

The direction of the resultant, R, which can be (b) 45.64N at 4.66

represented by the mathematical symbol for ‘the 2. Calculate the resultant of (a) v+ vz —v3
argument of” as arg (v; — v + v3) is given by: (b) v3—v2+v; when vy =15m/s at 85°,
vy =25m/s at 175° and v3 = 12 m/s at 235°
_ 6.99 (a) 31.71 m/s at 121.81°
o1 699 o
arg R = tan <27.67) = 14.18 |:(b) 19.55 m/s at 8.63° ]

Thus vy — vz + v3 = 28.54 units at 14.18°
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Chapter 34

Combination of waveforms

34.1 Combination of two periodic

functions

There are a number of instances in engineering and sci-
ence where waveforms combine and where it is required
to determine the single phasor (called the resultant) that
could replace two or more separate phasors. (A pha-
sor is a rotating vector). Uses are found in electrical
alternating current theory, in mechanical vibrations, in
the addition of forces and with sound waves. There are
several methods of determining the resultant and two
such methods — plotting/measuring, the resolution of
phasors by calculation — are explained in this chapter.

34.2 Plotting periodic functions

This may be achieved by sketching the separate func-
tions on the same axes and then adding (or subtracting)
ordinates at regular intervals. This is demonstrated in
worked problems 1 to 3.

Problem 1. Plot the graph of y; =3 sinA from
A =0°toA=360°. On the same axes plot

y2 =2 cos A. By adding ordinates plot
ygr=3sinA + 2 cos A and obtain a sinusoidal
expression for this resultant waveform

y1=3sinA and y;=2cosA are shown plotted in
Fig. 34.1. Ordinates may be added at, say, 15° intervals.
For example,

at 0°, yi+y=0+2=2

at15°,  y;+y2=0.784+1.93 =2.71
at 120°, y;+y, =260+ —-1=1.6
at210°, y;+y, =—1.50—-1.73

= —3.23,and so on

3 y, =3sin A
| Yp =3.6sin(A+34°),

J
0 90° 270° | 360° A

Figure 34.1

The resultant waveform, shown by the broken line, has
the same period, i.e. 360° , and thus the same frequency
as the single phasors. The maximum value, or ampli-
tude, of the resultant is 3.6. The resultant waveform
leads y; =3sinA by 34° or 0.593 rad. The sinusoidal
expression for the resultant waveform is:

yr =3.6sin(A 4+ 34°) or yg = 3.6 sin(A + 0.593)

Problem 2. Plot the graphs of y; =4 sin ot and
y2 = 3 sin(wt — 7r/3) on the same axes, over one
cycle. By adding ordinates at intervals plot

YR =1 + ¥2 and obtain a sinusoidal expression
for the resultant waveform

y1 =4sinwt and y; = 3 sin(wt — 7/3) are shown plot-
ted in Fig. 34.2. Ordinates are added at 15° intervals
and the resultant is shown by the broken line. The
amplitude of the resultant is 6.1 and it lags y; by 25°
or 0.436rad. Hence the sinusoidal expression for the
resultant waveform is:

Yr = 6.1sin(wt — 0.436)
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6.1

’ \ y, =4sin ot

\ Y,=3 sin(wt — ©/3)

\ YR=Y1 Y2
\

\ | |
180° “270°  360° ot
v \ 32 2r

Figure 34.2

Problem 3. Determine a sinusoidal expression for
y1 —y2 when y; =4 sin wt and y; = 3 sin(wt — 7/3)

y S Y
4 Y.
3 6/ Va ’ :
. /
\\ ,

| | yl y
90° N 180°  \270°/ 360°  wt

0
/ 2N \\j/éézn
2oL N

N 7
~ 7
~=

Figure 34.3

y1 and y, are shown plotted in Fig. 34.3. At 15° intervals
y> is subtracted from y;. For example:

at 0°, yi—y2=0—(=2.6) =+2.6
at30°, y;—y,=2—(—-15)=+435
at 150°, y; —yp» =2 —3 = —1,and so on.

The amplitude, or peak value of the resultant (shown by
the broken line), is 3.6 and it leads y; by 45° or 0.79
rad. Hence

y1 —y2 =3.6sin(wt + 0.79)

Now try the following exercise

Exercise 125 Further problems on plotting
periodic functions

1. Plot the graph of y=2sinA from A=0° to
A =360°. On the same axes 