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PREFACE.

AN experience of more than twenty-five years, in teach-
ing large classes in the U. 8. Military Academy, has
afforded the Author of the following pages unusual oppor-
tunities to become familiar with the difficulties encoun-
tered by most pupils, in the study of the Differential and
Integral Calculus.

The results of previous endeavors to remove ‘thes.e
difficulties, were given to the Public in former editions.
Prepared, as these editions were, solely as aids to him-
gelf, in the instruction of his own pupils, he is gratified to
know that they have proved acceptable to many other
teachers, and that he has thus aided in extending a
knowledge of this important branch of Mathematics, now
absolutely necessary to thorough analytical research in
the higher branches of Physical Science.

These editions have been carefully revised, and such
changes introduced in the arrangement of the matter, and
in the modes of demonstration, as the Author’s prolonged
expericnce has shown to be improvements. Such new
matter has also been added, as he deems necessary to the
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perfection of the work as an elementary text-book, for
those who will be satisfied with nothing short of a thor-
ough knowledge of the subject.

The pains which have been taken to secure accuracy in
the algebraic work and in the language of the text, and a
clear and neat typography, will, it is hoped, render the
present edition acceptable alike to teachers and pupils.

U. 8. MiLrrARY AcaApExy,
West Point, N. Y., January 1, 1861.
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PART I

DIFFERENTIAL CALCULUS.

DeriniTion AND CLASSIFICATION oF FUNcTIONS.

1. Ix the branch of Mathematics here treated, as in Analytical
Geometry, two kinds of quantities are considered, viz., variables
and constants ; the former admitting of an infinite number of
values in the same algebraic expression, while the latter admit of
but onme. The variables are gencrally designated by the last, and
the constants by the first letters of the alphabet.

2. One variable quantity is a function of another, when it is so
connected with it, that any change of value in the latter neces-
sarily produces a corresponding change in the former. Thus in
the expressions

v = bz, . au? = cz?,
u is a function of #, and z is also a function of u. Likewise, the
cxpressions
ay ,’ (b -y )iv
are functions of y, and in each case y is a fanction of the expres-

sion. One of these variables is usually called the function, and
1
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the other the independent variable, or simply the voriable; since
to one, any arbitrary values may be assigned, and from the con-
nection between the two, the corresponding values of the other
deduced.

This relation is expressed generally thus,

u = f (z), u = ¢ (z), or  f(yz) =0,

J/ and ¢ being mere symbols, indicating that  is a function of z.
The first two expressions are read, # a function of 2, or u equal
to a function of z; and the third, a function of v and z equal to
zero.  The result, obtained by assigning a particular value to the
variable, is called a state or value of the function, and each fune-
tion has an infinite number of such states. Thus, if we have the
function

(a — =)

al, 0, al, 4at, &ec.,

.

are states of the function corresponding to the particular values
of z, . .
0, a, 2a, ¢ 8a, &c.

3. Functions are Jncreasing and Decreasing :

Increasing, when they are increased if the variable be increased,
or decreased if the variable be decreased : Decreasing when they
are decreased if the variable be increased, or increased if the vari-
able be decreased. In the expressions

u = az’ u = (z + a)?
u is an increasing function of . In the expressions

y = =, ¥y = (a — z)}
y i8 a decreasing function of z. In the expression

z=(a—y)', L]
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z is a decreasing function for all values of y less than ¢, but in-
creasing for all values greater than a.

4. Functions are also Explicit and Implicit : -

Erplicit, when the value of the function is directly expressed in
terms of the variable : Jmplicit, when this value is not dircctly
expressed. In the examples

u = (a — z)}, y = Va' — 2,
u and y are explicit functions of . In the examples
au® 4+ br = czf, ' = a
or
au® + bxr — cz® = 0, ¥y 4 2 — a' = 0,

they are implicit functions of .

The relation between an implicit function and its variable may
be expressed, either by a single equation, as above, or by two or
more cquations, as

u = ay’, y' = bs,

in which v is an iroplicit function of z. The first relation is n-
dicated generally by

S (“1 zr) = 0
and the other thus,

v = f(y) y = ¢ (2)

5. Functions are also Algebraic and Transcendental :

Algebraic, when the relation between the function and variable
can be cxpressed by the ordinary operations of Algebra, that is,
by addition, subtraction, multiplication, division, the formation of
powers denoted by constant cxponents, and the extraction of roots
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indicated by coustant indices: Transcendental, when this relation
cannot be so expressed. In the examples

u = log 7, v = sin (¢ — z), u = a°

u is a transcendental function of z. If the variable entec the ex-
ponent, the function is called Ezponential. The logarithm of a
variable expression is a Logarithmic function. In the expressions

u = sin 2z, % = cos 7, ¥ = tan -,

u is said to be a Circular function.

6. Functions arc often mized, being formed by the union of
different kinds of simple functions, as in the expressions

log 2 + sin z, ar' 4 a?

7. Functions are also Continuous or Discontinuous :

Continuous, when every state obtained by substituting values
of the variable between the least and greatest which give real
values of the fanction, is real: Discontinuous, when any of such
states are imaginary.

In the expressions

b — b —
y=2VT TS, y=ivE o,
a a

y in the first is continuous, in the sccond discontinuous; as in
the one all values of z between — a and -+ e give real, while
in the other they give imaginary values for y.

8. A quantity is a function of two or more independent vari-
ables, when it is so connected with them that it will change if
either variable be changed, as in the examples
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d;a:c’-*-by, z = azy® — ux?
denoted in general thus,
v = f(5y), z = F (2, 9,u).

If in a function of a single variable, the latter be made equal to
zero, the function reduces to a constant, as in the examples

v = ay’, u = ¢ + br?;
if y=10,we have u = 0; ifz =0, u =,

If in a function of two or more variables any one be made
equal to zero, all the terms coutaining it will disappear, and the
result will be entirely independent of this variable, as in the ex-
ample

v = az + by’ + ez* + d,
z = 0 gives

v=a + b +d=rf(5y);
z = 0and y = 0 give

v =az + d = f(z).

If all the variables be made equal to zero, the result will be
constant, as in the same example,
z2 =0y =0, and z = 0, give
u = d = a constant.

Likewise, when the variable which is made equal to zero is a
factor of all the terms containing any of the others, as in the ex-
ample

v =c + ax’y + bzy' = f (2,9, 2),

y = 0 gives

® = C. .
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DeriniTioN AND ProperTIES OF T™HE DIFFERENTIAL AND
D1rrerenTIAL COEFFICIENT.

\

9. To explain what is meant by the differential of a quantity or
Sunction, let us take the simple expression

in which « is a function of z. Suppose z to be increased by
another variable % the original function then becomes « (z + £)’;
calling this new state of the function u’, we have

' =a (2 4+ R)! = az® + 202k 4 ek’

From this, subtracting equation (1), member from member, we
have
w — u = 2azh + ak............ (2).

The se¢ond member of this equation is the difference between
the primitive and new state of the function ar?®, while 4 is the djf-
ferenee between the two corresponding states of the independent
variable r.  As & is eutirely arbitrary, an infinite number of
values may be assigned to it. ‘Let one of these values, which is to
remain the same, while x is independent, be denoted by dx, and
called differential of x, to distinguish it from all other values of .
This particular value being substituted in equation (2), gives for
the corresponding differeuce between the two states of «, or ax?,

v — u = 2ez.dr 4+ a (dr)*

Now, the first tesm of this particulur difference is called the
differential of u, and is written

dn = 2ax ., dx.

The coefficient (2ax) of the differential of z, in this expression, is
called the differential coefiicicnt of the function u, and is cvidently
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obtained by dividing the differential of the function by the differ-
ential of the variable, and is in general written

du

d_:r = 2az.

A R.esmfning the eipression
u — u = 2azh + ak®,

and-dividing by &, we have

U — U

h

= 2az + aI:.

In the first member of this equation, the denominator is the
variable increment of thec variable z, and the numerator the cor-
responding increment of the function 4; the second member 1s
then the value of the ratio of these two increments. As / is
diminished, this value diminishes and becomes nearer and nearer
equal to 2az, and finally when % = 0, it becomes equal to 2au.
From this we sece, that as these increments decrease, their ratio
‘approaches nearer and nearer to the expression 2uz, and that by
giving to % very small values, this ratio may be made to differ
from 2az, by as small a quantity as we please. This expression
is then properly, the limit of this ratio, and is at once obtained
from the valuc of the ratio, by making the increment 4 = 0. It
will also be seen that this Hinit is precisely the same expression as
the one which we have called the ditferential coefficient of the
function u.

What appears in this particular example is general, for let

u = f(z),
u being any function of z, and let z be increased by 4, then
u = f(z+ k)
Suppose f (z + k) to be developed, and arranged according to
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the ascending powers of A, and u to be subtracted from both

members, we then have ’

w— u=Ph + Qi' + RR* + &c........(3),

P, Q, R, &c., being fanctions of z, and every term of the second -
member containing A, because «' — v must reduce to 0 when
h = 0. Substituting for & the particular value dz, and taking
the first term for the differential of v, we have
du
du = Pdz, and = P.
Dividiug both members of equation (3) by A, we have

v — u

A =P + Qh 4+ RA® 4, &c........ (4).

Obtaining the limit of this ratio by making 4 = 0, and denoting
it by L, we have

L =P,
du s .
the same.value found above for o hence, the differential co-

efficient of a function is always equal to the limit of the ratio of
the increment of the variable lo the corresponding increment of the
function.

10. The differential of a function of a single variable may then
be thus defined. If the variable be increa.ed by a particulur val-
e, called the differential of the variable, and the difference be-
tween the new and primitive states of the function be developed
according to the ascending powers of the increment ; that term of
this difference’which contains the first power of the increment is the
differential of the function.

It will in general be found most convenient to obtain first the
differential coefficient, for which we have the following rule:
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Ghive to the variable a variable incremerd, find the corresponding
state of the function, from whick subtract the primitive state, divide
the remainder by the increment, obtain the limit of this ratio by
making the increment equal to zero, the result will be the differen-
tial coefficient: This, multiplied by the differential of the varia-
ble, will give the differential of the function.

The object of the Differential Calculus is, to explain the mode
of obtaining and applying the differentials of functions.

1]1. Let the preceding principles be illustrated by the following

1. 'Let u = bz’

For z substitute z + &, then,

Y
=b(z + k) = b2* 4 8bz'h + 3lxh? + bR},
u' — u = 3bz*h 4 3bzh® + bR,

v — u

P = 3bx® 4+ 8bzxh 4 bL';
(3

passing to the limit, and denoting it by L, we have

du
whence
du = 3bz'dz.
2. Let
u = ar® — cz.

Substituting z + & for z, and subtracting, we have
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making k = 0, we have

DIFFERENTIAL CALCULUS.

2azh + ah® — ch,

2az + ah — c¢;

du
L=2wz—:¢c= Iz
whence
du = 2azxdz — cdz.
3. Let
a
v = -
then
u = ¢
Tz 4+ R
W —u= % _8_ _—ak
Tz 4+ h z z® + zh'
v — u _ —a
h T z* 4 zb’
and
a du
L=-a=a
whence
de = ~ (:Lf
4. If
v = 3ar’ — mz' du = (9az' — 4mz?) dz.
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12. Equation (4), article (9), may be put under the form

u — u

—= =P + 4(Q+ Rk + &),

and if the expression Q.4 Rh + &c. (which is a function of
Y and k) be represented by P, this becomes

whence
v = u 4+ Ph 4+ PA%;

that is, the new state of the function is equal fo its primitive state,
Plus the differential coefficient of the function into the first power
of the increment of the variable, plus a function of the variable and
its increment into the second power of the increment, This expres-
sion for the new state of the function being an important one,
should be carefully remembered.

13. If we resume equation (3), Art. (9), divide by & and trans-
pose P, we have

L;_'_"'_P—_—Qh-}-Rk’—{-&c.'

. . v —u
Since when A = 0, the expression for the ratio - A

reduces

to I, Art. (9), if & be infinitely small, we shall have

¥ p v >
__’;,<r_>1, or A P <P

whence
Q: + RA® 4+ &e. < P,

and multiplying by &,

Pr > Q' + RL* + &e.
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That is, in a series arranged according to the ascending powers of
an infinitely small quantity, the first term is numerically greater
than the sum of all the others.

14. If u be an increasing function of z, its new state u' will be
greater than u, and

u — u

k

=P + Ph....Art. (12),

will be positive for all values of A.

If » be a decreasing function, the reverse will be the case, and
the ratio be negative for all values of k.

But we see, by the preceding article, that when & is infinitely
small, the sum of all the terms that follow P, in the above equ#-
tion, will be less than P, and therefore the sign of P will be the
same as that of the ratio; that is, positive when u is an increasing,
and regative when u is a decreasing fanction. But P is the dif-
ferential coefficient of u, Art. (9). Hence, the differential coeffi-
cient of an increasing function ts always positive; and of o decreas-
ing function, negative.

It should be observed, that the signs of the differential and dif-
ferential cocfficient are always the same.

15, Let -

% = v,

u and » being functions of the variable z, which are equal to each
other for every value of z. If = be increased by %, and u' and o’
be the new states of « and v, we have

% = v, u—-u:v'—v, = - .
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Passing to the limit of these eqhal ratios by making & = 0,
we have, Art. (10),
du dv
_ = — = d H
7 ) or, du v;
that is, if two functions of the saiié variable are equal, their differ-
entials will also be equal.

16. But if
u=1w»=xC(C

u and v being functions of z, and C a constant, and 2 be in-
creased by &, we have

=19 x C, v —u =1 -9, = ,

and passing to the limit

%:Z—:, ar du = d (v Q) = dv;
that is, if two differentials are equal, it does not follow that the
expressions from which they were derived are equal. We see also,
that a constant connected by the sign o= with a variable, disap-
pears by differentiation. In fact, the differential of a constunt is
zero,; since, as it admits of no increase, there is no difference
between two states, and of course no differential, Art. (10).

17. Let

then
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and passing to the limit,

du dy
&= A or du = d(Av) = Ade;

that is, the differential of the product of a constant by a variable
Sunction, s equal to the constant multiplied by the differential of
the function.

18. When two variable quantities are so connected that one is
a function of the other, either may be regarded as the function,
and the other as the independent variable. Thus, from the ex-

. . . u . .
pression u = az’, we readily obtain z = “/:; in which z
a

may be considered a function of the variable .
In general, let

u=f(2)eeerenon... (1);
then by deducing the value of z,
z=f (4)eeee...... 2)

In this last expression, let the variable » be increased by any
variable increment w’' — u = k, z will receive the correspond-
ing increment z' — z, and the ratio of these increments will -be

If the increment 2’ — z be denoted by A, and we substitute
z + h for z, in equation (1), we shall obtain, Art. (12),

w — uw = Ph + PRt = Fk,
and sabstituting these values of 2’ — z and % in expression (3),
we have

¥ —z h _ 1
k T~ Ph 4+ Pr T P 4+ PR
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Passing to the limit by making %, the increment of u, equal
to 0, in which case & = 0, we have .

dz 1

- 1
Frial il
Z

. du

since P = prt
a3 a function of u, is.the reciprocal of the differential coeffi-ient
of u regurded as a function of z, -

It should be observed that du in the first member of the above
equation is constant, u being the independent variable, Art. (9),
while dr is variable. In the second member, the reverse is the
case, dz being constant, and du variable.

To illustrate, take the example

that is, the differential coefficient of z regarded

u = az?;

u
z = g
a

In article (9) we have found du _ 2az; then

whence

dz
d 1 1 1 _ 1
il TR T AW
;z. 20‘/;

19. Let u be an implicit function of z of the second kind,
Art. (4), as

w=f(g)eeronns (1), y =9 (x).oo. .. (2).

If = be increased by A, y will receive an incrcment y' — v,
which we denote by 4 ; and these increased values of y and z in
the second members of (1) and (2) will give, Art. (12),
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w=u+ Qk+ Qk, y=y+ Ph+ Phr;

whence

’ ’

u;“:Q-{-Q’k, Y=Y _ P 4+ Ph,

and by multiplication,

“__;__" x Z_;_-" = QP + QPk + QP'h + &c.;

or, since ¥’ — y = k, 4 N
u — u

h

= QP + QPk + QP4 + &o.

Passing to the limit by making 2 = 0, which gives ¥ = 0,
we have
du
dz
But

du __dy,
Q = d—y, and P = E’
whence
du du dy
— = — X ==
dr dy dr

that is, the differential coefficient of u regarded as a function of z,
is equal to the differential cocfficient of u regarded as a function of
y, multiplied by the differential cocfficient of y regarded as a func-
tion of z.
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in which case u is evidently an implicit function of v, we find
from equation (4)

and app]y{ng the preceding principles to equations (3) and (5),
we have

du du dz

‘Tv— = E X E ....... _...(6).
Bat )
dz 1
F il »EETREE .. Art. (18),
dz

which value in (6) gives

du
du_a_
dv ~ v’
dz

that is, the differential coefficient of u regarded as a function of v,
is equal to the differential coefficient of u regarded as a function of
z, divided by the differential coefficient of v regarded as a function

of 2.
<

ParricoLar Rurks ror THE DIFFERENTIATION OF
Avrcesrarc Funcrions.

20. In order to deduce a particular rule for the differentiation
of any species of expressions, we have simply to apply to the rep-
resentative of the expression, the general rule for obtaining the
differential coefficient, as given in article (10), multiply by the
differential of the independent variable, and then translate the
result.

2
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Let
v =vkwkxz....... ()

in which v, w, and z are functions of z. Increase z by A, then
= vk vt

subtracting (1), member from member, and dividing by 4,

u —u V- w — w 2 — z
A - h :h A * A

Passing to the limit of these ratios, we have

du dv dw dz

dz ~ dz ~ dz = dz’
and multiplying by dz,

du = dv £ dw * dz;
that is, the differential of the sum or difference of any number of
Junctions of the same variable, is equal to the sum or difference of
their differentials taken separately. Thus, if

u = ez — b2’

du = d (az') — d (42*) = 2azdz — Sbadz...Ars. (9 & 11).

21. Let r = uv be the product of any two functions of z.
If = be increased by &, we have .

r = uwv' = (u+ Ph+ PhY) (v + Qb + QR)....Art. (12),

or performing the multiplication, subtracting the primitive prod-
uct, and dividing by 4,
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r—r

5 = vP + uQ 4 terms containing A.

Pagsing to the limit,

whence
dr = d(w) = vPdz + uQdzr = vdu + udp,

since Pdz = du, and Qdz = dv, Art. (10); that is, the differen-
tial of the product of two functions of the same variable, is equal to
the sum of the products obtained by multiplying the differential of
each function by the other. .

22. Let uvs be the product of three functions. Place

ww = r, then uvs = re,
and

d(uvs) = d(rs) = rds + sdr........ (1).
But since

r = up, dr = udv 4 vdu;

hence, by substitution in equation (1),
d(uvs) = uvds + sudv + svdu.

If we have the product of four functions uvsw, we may place
sw = r, and, by a process precisely similar to the above, obtain

d(uvsw) = wvsdw + wvwds + uwsdv + vwsdu........ (2);
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and we readily see, that by increasing the number of functions, we
may in the same way prove, that the differential of the product of
any number of functions of the same variable, is equal to the sum
of the products obtained by multiplying the differential of each into
all the others. Thus, if

uv = azt. bz,

d(uv) = az'.d(bz) + br.d(az’) = az’.bdz 4 bx.2azdz = 3abr'dz.

23. If we divide both members of equation (2) of the preceding
article by uvsw, we have

dome) _dw | dr dv  du

uvsw ) s v u
and we should have a similar result for any number of functions;
whence we may conclude in general, that the differential of the
product of any number of functions divided by the product, is equal
to the sum of the quotients oblained by dividing the differential of
each function by the function itself.

24. Let " = v*

v being any function of z, and m any number, entire or fractional,
positive or negative. Increase z by #, then

u= o= (v+ Qh + QA")"........Art. (12),
or placing in the binomial formula,

(z 4+ a)" = 2™ + maz™""' + m_(;n__;l) a'z""' 4+ &ec,

v for zz and (Qh + Qh?) for g
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we have
' =[v+ (Qh + Qa")]* = v= + m(Qk + Q4*)v™" + &,

v —u

= m(Q 4+ Qh)v=' + &e,

each of the following terms containing % as a factor. Then

D
du = dv™ = my™~'Qdz = mv™dv....,...(1),

since Qriz = dp, Art. (10). That is, to obtain the differential of
any power of a function: Diminish the exponent of the power by
unity, und then multiply by the primitive expoment, and by the dif-
ferential of the function.

Framples.

1. If u = az',
then, Art. (17),

dy = a.dz' = a.4z’dz = 4azidz.

2. If © = bz!,
2 - 2 2bdz
du = =bz¥ 7 'dr = Zhr—tdx = "=
3 3 3‘5’,7
s. If u = cx7¥,
dy = — 8cx—'dr = — w
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4. If v = (ax — z')},
du = 5(az — z')* d(az — z'),

but
d(az — ') = adr — 28z.,...... Art. (20);

hence
du = 5(az — z')*(a — 2z) dz.

#

1
m = -, we have
n

26. If in equation (1) of the preceding article we make

! Y _ 1—»
dv® = -o* ldv: -v* dv = dv ,
n Se=]
ny *
or .
dy
dvv = — .,
nVYvr—!

If n = 2, we have

dv
dvv - 23
2vv

that is, the differential of a radical of the second degree, is equal
to the differential of the quantity under the radical sign divided by

twice the radical.

If n == 8, we have

dv
d\}’v = ——)
3V

and in general, the differential of a radical of the nth degree, is
equal to the differential of the quantity wnder the radical sign di-

vided by n times the (v — 1)th power of the radical.
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Examples.
1. If . % = Vaz}

daz?® 8az'dx 3
du = = = —Vaz.dz
2V azx? 2vax? 2

2. If u = Vb —az, du:-—;‘t:.
: 3¥(b —2)*

8. Let u = Vba', 4, Let ¥ = V2az — 2.

26. Let © = 5 = sv~),
# and v being functions of the same variable, then, Art. (21),

du = v='ds + sdv™' = v'ds — sv—ldy,

or

du

whence, by reducing to a common denominator,

s vdx—sdz;'
du = d; = -——”—’-— ........ (1);

23

that is, the differential of a fraction is equal to the denominator
into the differential of the numerator, minus the numerator into the
differential of the denominator, divided by the square of the denom-

inalor.

If the denominator be constant, dv = 0, and equation (1) becomes

du:'-?-.':?.
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If the numerator be constant, ds = 0, and equation (1) becomes

In this last case, it is evident that u is a decreasing function of
v, and that its differential, when expressed in terms of dv, should
be negative, Art. (14).

1. If u = z

(a—z)dz—zd(a—a:)=_(a—z)dz+zdz adz

du = (e —2)* (a—2z)" “ (=2
4
2. If ¥ = L";—,
du = daz' _ 4axldr
YET TS
e
s. If u = =z
du — cdaz® S8cdz
- (azl)' u‘

27. By a proper application of the preceding principles every
algebraic function may be differentiated. Let them be applied to
the following :
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Miscellaneous Examples.
1. u = (a + bz‘)’,(

du = p(a + bz*)r~'d(a + bz*)........ Art. (24);
but
d(a 4 bz*) = nbz*—'dz;
hence

du = bnp(a + bz*)*»'z*"'dz.

The solution of this example and many others may be simplified
by applying the rule of article (19) thus; make

a 4+ bz = 2, then u = z?,
dz a1 du _ -1,

. == nbz*—", el T
whence
du du dz
=% X = 22?7 x nbz*—' = bnp(a + bz*)*~'z*"),
snd_

du = bnp (a + bz*)?—'z*'dx.
2. If u = (1 —z*)%.

du = 8(1 — 2")%d(1 — 2*) = — 6 (1 — 2*)'zdz.

3. Let

az

z+ Vot a2

©w =
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Place
=z + Ve 4+ 2, then u=;—$,
_ zdz aydz — azdy
dy = dz + m: du = pr ’
hence
I
z4 vVa - 2t)des — 2z — }
of (e + VT s
du = -
+ Va+a2)
or, after reduction,
du — aldz
- (z+1/a+x’)'\/a+:c’.
— ]
/4.Ifu—(——- , de = =
5. w=¢Va" — z%, du = — ”—'z""(a"—z')' 'dz.
6. = — 2 . du = S2(a — o)t
a — z 3
v = z — dz
) —z—VI—z’, ‘V — 2 (z — V1 =z z')"
z
8. Iﬂtu:(a-—m)‘. 9. Let u=m.
. .
10. “=:t:- ll.u=(a—1/b——£;)‘.
2 , —
o= YEEL-1 gy, Vided+ VI-v

DIFFERENTIAL CALCULUS.

Vits—vVies
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SvocessivE DIFFERENTIATION.

28. It is readily seen from what precedes, that the differential
coefficient of a function of a single variable is, in general, a func-
tion of the same variable. It may then be differentiated, and its
differential coeflicient obtained.

Thus in the example,

*du ,
% = az? = 8az'....(1),
Saztis a functipn of z, different from the primitive function.
If we differentiate both members of equation (1), we have

du
d ( -‘E) = 6azdz.
But since dz is a constant, Art. (26),

d

gg) _ d(du) _ d'u,
dz) — “dr ~ dz’

4
the symbol d*u (which is read second differential of u) being used
to indicate that the function u has been differentiated twice, or that
the differential of the differential of u has been taken. Hence
d'u d*u

= 6axdz, or

dz dzt T 6 az,

in which #z? represents the square of dr, and is the same as if
written (/z)".

The expression, 6cz, being the differential coefficient of the first
differential coefficient, is called the second differential coeffirient.

To make the discussiow general, let © = f(z) and p be its
differential coecfficient, then
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Since p is usually a function of 2, let it be differcntiated and its
differential coefficient be denoted by g, then

In the same way let- ¢ be differentiated and its differential co-
efficient be r, then

d
d—:; A (4).

By differentiating equation (2), we have
d' _

du
d(d—z =dp, o T =dp

and by the substitution of this value of dp in (3),

du
dz du
P T S FETRERRE (5),

which is the second differential coefficient of the function.
By differentiating (5), we have

du
=

and by the substitution of this value of dg in (4),

d3u
dz* du
2= g =

which is the differential coefficient of the second differential coeffi-
cient, and is called the third differential coefficient.

In the same way the fourth, fifth, &c., may be derived, cach
from the preceding, precisely as the first is obtained from the
primitive function,
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For this reason, the successive differential coefficients are often
called, derived functions, and are designated thus,

¥ = f(z)? Z_: = fl(z)v gd;:': = f”(z)) &c.,

JS(z) being the primitive function, f'() its first derived function,
JS"'(z) its second derived function, &c.

From the differential coeflicients or derived fanctions, we may
at once obtain the corresponding differentials, by multiplying by
that power of the differential of the variable, which indicates the
order of the required differential, thus,

' |
du = 0 gt = p(z)az,

dz*
\
d. _d.udn_ [/ dn&c
_u_w‘z _.f‘(z)z, 2

Ezamples.
1. Let ¥ = az"

r being a positive whole number, ¢hen

du d*u

i naz*—*, o = n(n — 1)az"""%
3

% = n(n — 1) (n — 2)az"?,

"~

du =n(n—1)(n—2)......2.2.1.a.

dz*
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Since the last differential coefficient is constant, ita differential
will be 0, and we have

drt+ig
& =0
2. Let v = (a — 2)7),
then
du d'u
= (a — z)—, o = 2(a — 2)7?,
d*u
—_— — —(n1)
o = 23 n{a — z) .
3. Let u = (a -_ z’)i.

By examining the successive differential coefficients in the above
examples, it will be seen that by each differentiation the exponent
of the power is diminished by unity. When this exponent is
entire and positive, it will finally be reduced to 0; aud, if there be
no negative or fractional exponents in the expression, the corre-
sponding differential coeflicient will be constant. The next in
order, as well as all which follow, will then be 0, and there will be
a limited number. If the exponent be fractional, by the continned
subtraction of unity the result can never be 0, but will finally, if
the differentiation be continued, become negative; the successive
differential coefficients will then always contain z, and there will
be an infinite number. So also if the exponent be negative.
And, in general, if all the exponents of an algebraic expression
are cntire and positive, there will be a limited number of dif-
ferential coefficients. If any are negative or fractional, this num-
ber will be unlimited.



DIFFERENTIAL CALCULUS. 31

MacravriN’s THEOREM.

29. The object of this theorem is, o ezplain the manner of
developing a function of a single variable, inlo a series arranged
according to the ascending powers of the variable with constant co-
efficients. ’

Let u = f(z),

A Y

and let us assume a development of the proposed form,
v =B + Cz + Dz’ + Ez* + &e......... (1),

in which B, C, D, &c., are entirely independent of 2, and depend
upon the constants which enter into the given function. It is
now required to determine such values for the constants B, C, &c.,
as will cause the assumed development to be a true one, for all
values of z. Since these constants are independent of z, they
will not change when we make z = 0. If then in (1) we sup-
pose z = 0, and denote by A what f(z) or u becomes under this
supposition, we have
' A = B

Differentiating (1), and dividing by dz, we have

%-_—_C+2Dx+3Ez’+&c ......... @);

d
making 2 = 0, and denoting by A’ what d_: reduces to in this

case, we have
A'= C.

Differentiating (2), and divi&ing by dz, we have

du



32 DIFFFRENTIAL CALOULUS.

?
making z = 0, and denoting by A”’ what '27': becomes, we have
i A"
A" = 2D; whence D = wh
1, q,
In the same way, denoting by A", A", &c., what ZT':’ %, &ec.,
become when z = ‘0, we shall find'
ANI A’IH
E=i%3 Feigs0%

Substituting these values in equation (1), we have

u=f(@) =A+Az+A" 1’ e+ A 1_2_3_. + &...(3),

in which the general term, or the one which has » terms before it,
is what the nth differential coefficient of the function to be devel-
oped becomes when the variable is made equal to 0, multiplied by
the nth power of the variable, and divided by the product of the
consecutive numbers from 1 to n inclusive.

This formula is often written thus,

du z d™u z"
u=f(2) = soy + (J;)_o?.........+ b )M izsat &c.;

or
z!

u = f(z) = £(0) +./(0)z + £(0) Tt S (0) ;5 + &oii

in which the coefficients of the diffcrent powers of z are symbols

denoting the same quantities as the letters A, A’, A", &c, in
formula (8).
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Eramples.

1. Let
v = (a+ z)~

This, when z = 0, reduces to a™; hence A = a™.
By differentiation, &c.; we obtain

d d’
d—: = m(a + z)"", d_::: = m(m — 1) (a + z)"",

3
I = m(m— 1) (m — 2)(a 4 2)", &e.

Making z = 0 in each of these differential coefficients, we have
A'=ma~', A'"=m(m—1)a™", A" =m(m—1) (m—2)a™?, &ec.
Substituting these values in the formula (38), we have

—_— w—2,2
(a+2)" =a™ + me"'2 + m(m--—ll—é)‘—‘r -5+ &

2. Let

°u = = a(b—z)".

By differentiation, &c., we have

du N e a d s 2a
z = - =gy =t =g
d*u -« _ 2.3.a
—d—z—;'— 2.30-(6—2) ——'(T._-x)‘ ........ &ec.

* Making z =0 ‘in the original fanction, and in each differential

coefficient, we have
3
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A=3  AN=F A= &e.
These values in the formula (3) give
biz=%+:—,x+%z’+ .......... bf+,x‘+ ........
3.Letu=1_l‘_z 4.Lctu=‘/—l-1_z.
5. u=:i-z. 6. u=(1+z’)*.

Whenever the function to be developed contains the second or
higher power of the variable, the work will be much abridged by
substituting for this power a single variable, then making the
devclopment, and in the result resubstituting the power. Thus,
in example 6, by putting z for 2°, we have

v =1 +20 = 1 + 29},

which is easily developed according to the ascending powers of z.

30. Functions which become infinite, when the variable on
which they dcpend is made equal to 0; or any of the differential
coefficients of which become infinite, under the same supposition,
cannot be developed by Maclaurin'’s formula, as in such cases,
cither the first or some succeeding term of the series would be
infinite, while the function itself would not be so.

u = log z, u = cotz, u = az*,
are examples of such functions. In the first two A, and in the
third A’, would be infinite.
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DerFinrrion aAnp Prorerry oF Fexcrions ov THe SuMm oF
TWO0 ¥V ARIABLES.

31. A guantity is a function of the sum of two variables, when
in the algebraic expression for the function, a single variable may
be substituted for the sum, and the original function thus reduced,
without a change of form, to a function of the single variable.
Thus

v = e(z +‘y)‘

is such a function, for if in the ptace of z -+ y we substitute z, the
function becomes u' = «¢z*, a function of z of the same form as
the primitive fanction.

IOg (3‘-’ - y)o

is also such a function of the two variables z and — y, which,
when for # — y we put 2, becomes log z.

If in such a function either variable be made cqual to 0, the
result will be a function of the other variable, of the same form
as the primitive function, since the effect of this is to substitute
a single variable for the sum of the other two. Thus, in the first
of the above examples, if « be 0, we have

ay";
if y be 0, we have
az";
two functions, one of y, the other of z, of the same form, which

become identical if z be changed into y, or the reverse.

32. Let
v = f(z +y)
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For z 4+ y substitute z, then
= f(z)

If we differentiate this, first as a function of x, y being regarded
as a constant; and then as a funetion of y, # being in turn rve-
garded as constant, we shall have, Art. (19),

de’  du' dz du’ du' Jdz
dr ~ Tdz "de’ dy ~ dz "dy’
But, since z = * 4 », when y is regarded as constant, dz = dr;
when r is constant, dz = dy, and the second factor in the second
member of each of the above equations reduces to 1, and we have
du’ _ du’ du' _ du’
dr ~ dz’ dy —
hence '

’

du’ - du’

= a4y

That is, if @ function of the sum of two variables be differentiated
as though one of the pariables were constant, and then the sume
Sunction be differentiated as though the other variuble were constant,
and the differential coefficients be taken, these two corfficients will
be equal.

To illustrate, let

W' = (x4 y)" then du' = n(z+ y)"~'d(z+ y)

which if ¥ be regarded as constant becomes

du' = n(z + y)*~'dz; whence —% =n(z+y)"""

And if z be regarded as constant, the same expression becomes

du' = n(z + y)*~'dy; whence fd"; = n(xr 4 y)* L
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)
/ " - ) ’\)" Ly "\}, L .
/I / i Tayror’s THEOREM.

33. The object of Taylor's Theorem is, to explain the manner
of developing « function of the alyebraic sum of two variables, into
a series arranged according to the ascending powers gf one of the
variables, with coefficients which are functions of the other and de-
pendent also upon the constants which enter the giver function.

Let us write a devclopment of the proposed form,

= (z+y)=P + Qv+ Ry® + Sy* + &e.....(1),
A =
in which P, Q, R, &c., independent of ¥, are functions of z.

It is required to determine values for them, which substituted
in equation (1) will make it true for all values of z and y. it we
regard z as constant, differentiate both members of equation (1)
with respect to y and divide by dy, we obtain
M _ Q4 2Ry + 38" + &

(7!; = + y + 38y" + &e.

If we regard y as a coustant, differentiate equation (1) with

respect to # and divide by dz, we obtain -
du’ dp dQ dR | _
G bRyt Yyt s

du’  du’
But by the preceding article we have ﬁ = ‘—1:_—' ; therefore

P dQ dR
9 R, 3,9 e . ik | IO
Q + 2Ry + 3Sy? + &c. = a'.r+ Y + Y + &e.;
and since, by the principle of indeterminate coeflicients, the co-
cfficients of the like powers of y in the two members must be

tqual,
)
= = eueneenen (2), 2R = Zaoe 3 38 = (4).
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If in equation (1) we make y = 0; f(z + y) will reduce to
a function of x, Art. (31), which we denote by u. Then

u = P,
Substituting this value of P in equation (2), we have

du
Q=7

This value of Q in equation (3), gives

d*u

2R = - 5 = whence R = ﬁw;'
and this value of R in (4) gives
d(—l_.—dét 1;1:_’) d*u d*u
38 = d;: = T whence 8 =

1.2.8.dz%

By the substitution of these values of P, Q, R, &c.; in equation
(1), we have Taylor’s formula ;

dey d*u y? d ey

=/t =uvt p it it e

By an examination of the several terms of this formula, we see
that the first () is what the function to be developed becomes,
when the variable, according to the ascending powers of which
the series is to be arranged, is made equal to 0. The sccond

d
(d—': %) is the first diffcrential coefficient of the first term, multi-

plicd by the first power of this variable; and the general term is
the wth differential coefficient of the first term, multiplied by thé
nth power of the variable, and divided by the product of the con-
sccutive numbers from 1 to n inclusive.



DIFFERENTIAL OALCULUS. 39

The development of f(z — y) is obtained from the formula
by changing + y into — y; thus

du d*u y? ey

JE—y)=v—gy+ is ~ @res T ¥

Ezamples. .

1. Let
v = (z + y)™

» Making y = 0, we obtain » = 2™, and thence by differentiation,

?
% = ma™~', fl—.; =m(m — 1)z~
3 »
d—’f:m(m—l)(m—2)z"‘“, '—l—z;l:m(m—l)...(m—n+l)x"—‘.

dz dz

These values being substituted in the formula, give

m(m—1)z=—'y!
1.2

"I= (z+y)-=x- +mz--—ly+_.

m(m — 1) (m—n41)z"—"y"
1.2. 3. n

T erernenene

If it were required to develop the function in terms of the
ascending powers of z, we should make z = 0, and obtain y™ for
the first term, fromn which the other terms are derived as before.

2. Let u = -, .

"Making y = 0, we obtain « = ;; for the first term ; thence
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If in equation (1) we make ¥y = 0; f(z + y) will reduce to
a function of z, Art. (31), which we denote by u. Then

u =P
Substituting this value of P in equation (2), we have

du
Q=7;-

This value of Q in equation (3), gives

du .
_ _"(E) d'u. d'u

2R '—Tlx——' = z—i' whence R = I_.E-_??’-;

and this value of R in (4) gives

d*u )
. 1.2.dz° d*u d*u
38 = = -39 whenece 8 = m.TI'.

dr 1.2.dx

By the substitution of these values of P, Q, R, &c., in equation
(1), we have Taylor's formula;

duvy 4 d*u y? d*u y*
del U dri1.2 dr*1.2.3..n

w=f(e+y)=u+

......

By an examination of the scveral terms of this formula, we see
that the first («) is what the function to be developed becomes,
when the variable, according to the ascending powers of which

the series is to be arranged, is made equal to 0. The sccond
d

(QL_: %) is the first differential coefficient of the first term, multi-

plied by the first power of this variable; and the general term is

the nth differential cocfficient of the first term, multiplied by the

nth power of the variable, and divided by the product of the con-

secutive numbers from 1 to x inclusive.
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The development of f(z — y) is obtained from the formula
by changing + y into — y; thus

1 ] ] 3 3
f(z—y)4=u-3—uy+duy du_y

Yt @ie " dwizs T

Examples. -

1. Let
v = (z+ ¥)"

» Making y = 0, we obtain « = z*, and thence by differentiation,

du d*u

= = mz™=!, Fri m(m — 1)z=—%
3 L)
%:m(m—l)(m—ﬂz"’, %:m(m—])...(m-—n-{-l)z"".

These values being substituted in the formula, give

m(m — 1)z=—"y?
1.2

Ww=(z+y)"=z"4+m"'y + o

m(m — 1)es (m —n41)z"y*
1.2.3.cceunt

If it were required to develop the function in terms of the
ascending powers of 2, we should make z = 0, and obtain y™ for
the first term, from which the other terms are derived as before.

2. Let u = ‘. ]

"Making y = 0, we obtain u = 2 for the first term ; thence
z
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du _ a d'uv _ 2a
dz — ~ zV dz* T P
du _ 2.3.a d u + 2.8...na
Pl =

These values being substituted in the formula, give

e @, 4 % 42 ..
=z F v =3 —_ Fy x—ay secsseesanens F"—ly sonsere
b .
3. Develop v’ = C=L according to the powers of — y.
4. Develop v’ = F_—a—y)_’ according to the powers of z.

34. Since in the formula of Taylor, the coefficients of the differ-
ent powers of one variable arc functions of the other, it is plain
that if such a value be assigned to the other, as to reduce any of
these cocflicients to infinity, the second member will become in-
finite, and the formula fail to give a development for this particu-
Jar valuc; as, in this case, the first nember will become a funetion
of the first variable, which function is not necessarily equal to in-
finity for a particular value of the second variable, on which it in
no way depends. Thus, in the example

W= vVa¥ity

which, when developed according to the ascending powers of y,
gives

/-—-1' =Y 1 y*
2 a + z 8“/(-(1,—-_":3—)’ esevesenencsy

the particular value # = — a reduces the cocfficients of the

w=va+z+
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powers of ¥ to infinity, while the original function is reduced to
vy. We should thus have V¥ = w, which cannot be. For
every other value of z, however, these cocﬁiclcnt.s will be finite
and the development true.

The difference between this failing case and that of Maclaurin’s
formula is marked. In this, the failure is only for a particular
value of that variable which enters the cocflicicnts, all other values
of both variables giving a true development; while in the former
case, if the formula fails to develop a function for one value of the
variable, it fails for every other value.

35. 1If, u = f(z),
and z be increased by %, we have for the second state

v = f(z + k),
and by changing y into % in Taylor’s formula, we obtain

, _ du du h?
Ww=Sleth) =t +onTs

+ &e..... (1),
which is the development of the second state of a function,
du d*
Otherwise, by substituting for «, du, ] T 1,[, &c., the expres-

sions f(z), f'(2), f"(z), &c, asin Art. (28), we have
W= fle ) = () + P+ ) s + e

that is, the new state of the function is equal to its primitive state,
plus its first derived function into the first power of the increment,
plus its second derived Sunction into the second power of the incre-
ment, divided by 1.2, plus, &c.; and this is but another form o
Taylor’s formula.
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If the second state corresponding to a particular value of x,
as z = a, be required, we have simply to substitute e for ur,
and obtain

h ’
I + &c.;

fla+i ) + f(a)h + /7 (a) 1
in which f(a), f'(a), f"'(a), &c., are symbols denoting what
the primitive function and its successive ditferential coefficients,
or derived functions, become when « is substituted for z.

From (1) we have

du d'u A° d*u A? .

vow=ght it e T O
If we now put for 4 the particular value dir, we have
, d’u d*u
u—u-..du+m+l————.2.3_+&c.

36. If in the development of f(z + y) by Taylor's formula, we
H
suppose z = 0, and represent by A, A’y A", &c., what «, %, 3}—:

&c., become under this supposition, we have

_ , Ally’ A”’yx
f(y) = A+ Ay + T2 + 12,3 + &ec.

A, A’y A", &c,, being constant, and since y is the only variable,
we may write z for it, and thus have

Ave | AT

fl2) = A+ Az + 75 + 755 + &

which is identical with Maclaurin’s formula.
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> IR

DrrrERENTIATION OF LOGARITHMIC AND EXPONENTIAL
Funcrions.

" 37. Let u = logv,

in which v is any function of z, and the Jogarithm is taken in any
system. Increase r by &, then

.
’
’

= log ?', u -—-u:logv’—logv:]ogl—v.

Substitating for »' its value, Art. (12), this becomes

v — u=log —

Pk + P'A? Pk + P'A?
vt v+ lg(l+ + )(l)

By placing fk_t L for y in the formula (Davies' Bourdon,
Art. 236),

log (1 + y) = (y——+——&()
we obtain

Ph+P’Iz Ph4+Ph' A (P+Ph)*
o (14 EEEE) L (B2

14+ —— +&c.) ;

and this in equation (1), after dividing by £, gives

W —u P+ Pr A(P+ PR) .
R M ( v - ' +&c') !

whence, by passing to the limit,
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D>
‘2‘:‘\11, du:MgE:Md—v,
dz v v v

since Pdz = dv.

For the Naperian systemn, M = 1, and this expression becomes

_du

dlu = *

u

The differential of the logarithm of a quantity is, then, equal to
the modulus of the systew into the differential of the quantity
divided by the quantity; and this in the Naperian system, be-
comes the differential of the quantity divided by the quantity

.

Framples.
1. If u = I(az?),
3 < 2
du — dax _ 3axidx _ 3d_.z:.
ax? v’ z

2, If u—_—l( ¢ ),
o —

The ditferentiation of logarithmie functions will be much sim-
plified by the application of the principles for multiplication, di-
vision, &c., by means of logarithms, Thus, in the above example,

* Thronghout the book, the xymbol  before a quantity will indicate the
Naperian logarithm of that quantity.
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a

- = lg — -

u l(a z) la l(a — 2),
dz

o — Z

du = dla — dl(a — z) =

3. Also,if u = I[(a 4+ 2)'Va — z],

v = 2l(a +2z) + %l(a — z),

2dz 1 dx (5¢ — Tx)dz

du = -_—— = - —_——

a + =z 3a — z 3(a* — 1%
. Lot w = (YL ).
1/1 + z' — 2

Multiply both terms of the fraction by the numerator ; then

u = l(\/lﬂi-{-z)’ = 21(1/1 + ' + z),

e = 28V + 2 +2) _ 2de
R V1 + 2

Vitr+ V1 —= dr
5 If u dy = — —————,
(1/1-}-.1:—\/1—;) z V1 —
6. Let u—z("“z). T. Let w = I(a 4 2)! (@ — .

8. u (“;l—i—:) 9. v =1I(a— z'). Vz.

T e
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10. Let u = (lz)*;
then, Art. (24),

du = n(lz)—'die = “{E)S 1
z

11, Let v = I(lz);
dlz dz
then du = o =B

38. 1t has been seen, Art. (30), that log z caunot be developed
according to the ascending powers of z. To obtain a logarithmic
scrics, let us take « = log (¢ + z), and develop it by Maclan-
rin’s formula. By differentiation, &ec.,

_ Mdr | de. M 1.
dfl—-.;—?l——;, '—I-;_;_*.J_M(a-}.-z) H
du . =M @& oM
&= Mt = Lt T Gy

Making £ = 0, we have for the values of A, A’, A", &c,, in the
formula,

M 2M

M " Y
A= ]()g Uy A= 7, A = — I’, A =-T’_’ &C.;
whence )
. l + LI (1 I' z‘ Iﬂ . -
U = Og a ; - E’? + —3—;;-.....-...:*: ;‘a—; ......... ) y .

in which the logarithm of a quantity is expressed by a secries,
arranged according to the ascending powers of a quantity less
by a.

If a=1, since loga =1log1l = 0, the above series be- .
comes,




_DIFFERENTIAL CALCULUS. ) 47

zt 2

. . gn
v = log(1 4+2) = M(z— 5 + g = = -,T.........),

the ordinary logarithmic series.

39. Let us now take the exponential function,
©u = a'

in which » is any function of 2. Taking the Naperian logarithm
and differentiating both members, we have
du
lu = vla, - = la dv, du = wulady,
or
du = da® = a'ludv;

that is, the differential of a coustant raised to a power denoted by
a variable exponent, is equal to the power, multiplied by the Nape-
rian logarithin of the constant into the differential of the exponent.

Examples.
1. Let
u = a"’,
du = a*'la d.bs* = 2ba*lazde.
2. Let
© = ab,

40. If the successive differential coefficients of the function
% = a® be taken, we have
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du . d*n . d*u R
il la, i = a®(la)?’, o = a®(lu)’) &e.

It in the primitive function and in each of these differential cocffi-
cients we make = = 0, we have for the values of A, A’ &c.,
m Maclaurin’s formula,

A=a"=1 A =lq A = (la)he AY = (lu)",

and these in the formula give

+ e (la)*

= a*=1+ (la) z + (la)’ ‘)-{-(lu)’]23 T

41. By the aid of logarithms we may simplify the differentia-
tion of complicated exponential fanctions. For example :

1. Let u = 2,

= and y being any functions of the same variable. Take the
Naperian logarithms of both members, then

e = 22 = ylz;

and by differentiation

= dylz + y—;
whence

du = u(dylz + y‘?) = z'lzdy + yz'—'ds,

which is evidently the sum of the differentials, taken by first re-
warding y as the only variable, and then z.
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2. Let

v = a,
Taking the logarithms of both members,

u = b°la, d.;u = la.db* = lab*lb dz,

du = o* bolald dz.

3. Let .
u = 2,
then '
= b, d_:_‘ = ? + E(tlde + s0dl),
.. fdz )
du = 2"t (? + leltds + lzdt).

4, Let u = z* 5. u = (Vz)~
1
2 _ T

6 u==z 7. u P (

DrrrerENTIATION OF THE CrRcuLar FuNcrioNs.

42. Since auy arc of a circle, when less than 90°, is greater
than its sine, and less than its tangent, we must have for all

values of y less than 90°,
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But

tan y = :—;%%; whence E:—z = cosy....(1).

Making y = 0, cos y becomes 1, and we have for the limit of
the ratio (1),

L =1;

and since sy cannot exceed unity, nor be less than ik y, it
y tan y

must, for all small values of y, be included between them; and

as ;‘2—‘; approaches the limit 1, smTy must approach the same

limit; that is, the limit of the ratio of an arc lo its sine €8 unity.

43. Let
u = sinz.
Iocrease z by k, then
v’ = sin(z + k), v — u = sin(z + k) — sinz,

or by placing »r + h for p and x for ¢ in the formula,

sinp — sing = 2 [sin §(p — g)cos §(r + ¢)),
@ — v = 2sin 4k cos(z + 1k).

Dividing both members by 4, and then both terms of the frac-
tion in the second member by 2,

v — u _ singh

R~ ik

cos(z + %k),

and passing to the limit, since
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55_“5") — 1

b ’
du
72— = CO8 ¥,
whence
du = d sinz = cos zdz.
If U = cos z,

du=4d cos 2 =d sin (90° — z) = cos (90° — z) d(90° — z);

whence
d cosz = — sinz dz.
If u = ver-sin z,
du = d versinz = d(1 —cosz) = — d cos z;
whence
d ver-sin 2 = sin z dz.
It 4 = tanux,
sin
de = dtanzr = d - —
cos T
(cos zd sin x — sinzd cos z) dz(cos’s + sin'z)
- cos'z - cos'z !
whence
dz
d tan x = —
cos*z

* This notation indicates that the expression tor the quantity within
the parenthesis becomes unity when & =0.
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If u = cot 2,
d(90° — z)
— —_ o __ —_ AT T .
du = d cotz = d tan (90 z) cos* (90° = z)°
d
whence dcotz = — f
sin'z
If ¥ = sceC 7,
1 .
du = desecz =d L = HnZde,
cos = cos’z
whence
d secz = mll:dz = tan z sec z dz.
cos
I ) % = cosec Z,

du = d cosec z = d sec (90° — z) = cot z.cosec z d(90° — z);
whence d cosec ¢ = — cot z.cosec z dz.

If any other radius than 1 be used, it must be introduced into
these formulas, by rendering them homogeneous, as in Trigo-
nometry. Thus the formulas for the differential of the sine and
cosine become

-

d & x_coszdz d cos z — sin z dz
ginz = T —-___R—°
Examples.
1. If u:sinb—z,
Y a
du:oosb—z-dbi":{)cos—fdz.
a a a
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2. If - u = cosl,
z
du = —sinsdl=lanlan
z z z z
3. If u = tan (@ — z)*,
du — d{a —_z)_'_ — 2(a — z)dz
YT eost(a —2)' T cost(a — )"
4. If u = cot’z,
dy = 2cotzdcotz = — 2_co_t_:’:£
sin‘zr
5. lf °U = ((‘,OSZ)'-',

make cosz = z, sinz = y;  then u = 2,  and Art. (41),

COR I

T d
du = 2'lzdy + yz*~'dz = dz (cos z)""(cosz leosz — =" z).
6. Let u= I 7. Let u = tan(— m V).

44, In the preceding article we have found the differentials of
the sine, cosine, dec., in terms of the arc as an independent vari-
able; let it now be required to find the differential- of the are, in
terms of its sine, cosine, &c.

If u = sin 7z, then z = sin~'u*
dn
du = cosz dz, and o = cost

# The notation sin—1u, tan=—1u, &c., i3 used to designate the are whose
sine is u; whose tangent is u, &c.
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@ _vP au = MEF o n%,
dx v v v

since Pdz = dv.

For the Naperian system, M = 1, and this expression becowmes
dlu = (13.*
u

The differential of the logarithm of a quantity is, then, equal to
the modulus of the system into the differential of the quantity
divided by the quantity; and this in the Naperian system, be-
comes the differential of the quantity divided by the quantity

.

Eramples.
1L If u = [(az?),
3 « !d
o oo s i
ax vz z
2. If u = l( ¢ ),
@ — r
d( a ) adz
- i
du = e —-_1‘__ = ——(a .'L') = dt
a «@ a — r
o — z « — z

The differentiation of logarithmic functions will be much sim-
plified by the application of the principles for multiplication, di-
vision, &c., by means of logarithms. Thus, in the above example,

* ‘Throughout the book, the symbol ! before a quantity will indicate the
Naperian logarithm of that quantity.
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u= (= ) =t~ 1a—2),

a—2x

du=dla—dl(a—x)=o‘fz

3. Also,if  w = I[(a + 2)'Va — z),

= 2a+2) + 3i(a—2),

2dz 1 de (50 — Tz)dz
du = _—— = - ——
a + z 8a — =z 3(a* — x?)
)
4. Let w = (YLt T+ ).
Vi + 2t — =z

Multiply both terms of the fraction by the numerator ; then

u = l(x/l-:{-_.r;+z)’ = 21(1/1 + 2zt 4 z),

2d(VIi+a'+a) _  2de
Vi ¥ 2 + 2 V1 ¥ 2*

du =

5. 1¢ uzz(v‘/lfr’f‘/l_’) du = — 3
) 1/1+.1:——\/_1——.r’ z V1l — o'

a—:r)’. 7. Let v = l(a + 2)* (@ — 2).

x

6. Let u = z(

u = l(‘—/l_t—l) 9. u=1(a—z")Vaz.
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1 — dz
4. If % = versin—'- dy = ————,
2 zViz =1

A Y 2N
45. To develop the sine and cosine of z, in terms of the as-
cending powers of z, we use Maclaurin's formula, Thus:

. du
1. 4 = 8z, az = Co8 7,
d* . d
d-z—':=-smz, dT'—::—eosz,&c.

Making z = 0, we obtain for the values of A, A’, &c., in the
formula,

=1 A"=0 A" =—1, &.;

. z z} 2z
w=smE=1-13s Yizsas ¥

2. . % = CO8 2,
du . d'u ‘u .
= —snz o = —cwn 5 =sing &e.;

dz

in which, making z = 0, we obtain
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These series, for small values of z, are very converging, aud
will give with great accuracy the values of sin z and cos z for
small arcs, and may therefore be used in the calculation of a table
of natural sines, &c. Thus, R being unity, we have for the semi-
circumference or m, the number 3,14159.....; this divided by 180,
and the quotient by 60, will give the length of the arc 1/, which
value, substituted for z in the series, will give the sine and cosine
of one minute. )

46. We can also develop the arc in terms of its sine, tangent,
&e. If

dz 1
z = sin"'u — = —— ., ...Art. (44
] du 1 — u’ ( )’
L 3
:—u’,=u(1-u*)—§, :—;=(1—u')-§+3u*(1—u')-i, &e.

Making « = 0, we obtain
A =0, Al =1, A" = o, A" =1, &e.;
and by substitution in Maclaurin’s formula,

ul - 3ub
— o p— — e [
z=sinle = u+ 9 gty T o

If 4 = } = sin 30°, this series becomes

1 3

i3 Tisige T4

1
=-80° = 2 +

2N

z = sin™!

by the summation of which, we find
30° = 0,52359...ccrm

and multiplying by 6, 180° = m = 8§,14159..........
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4. i
dz 1

EwT T Ty w

= (1 + u")~"'....Art (44),
and the development may be made as in the preceding article;
or otherwise thus: Developing (1 4 u')~' by the binomial
formula, we have

dz . . . N

d-—u—l—u+u—u+&c ......... (1);
and since, by differentiation, the exponent of u in each term is
diminished by unity, we must have, before the differentiation, an
expression of the form,

z = Au 4+ Bu® + Cu® 4 &c.;

whence

:_3 = A + 3Bu' 4 5Cu* + &0oreernn.n(2).

Comparing the coefficients of the like powers of « in (1) and (2),

A=1,3B=—1, and B=—§-; 5C =1, and C=%,&c.;

whence
ul ut

z=tsn"u=u———+—5—

u7
5 — &+ & (3).

If » 2= 1 = tan 45° this series becomes

. 1 -1 1
— (- J— — - _ — -
T = 45° = 1 3+5 7+&c.,

which is not sufficiently converging to enable us to determine the
length of the arc with accuracy. To obviate this difficulty, we
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will make use of the principle that the arc 45° is equal to the arc
whose tangent is 4, plus the arc whose tangent is §.*

From equation (3), by the substitution of } and § for u, we
bave

1
tan“—:i——-—— ——+&C.,

tnn"—:%— s —_ ——x 4 &c.;

1 1
o _ - -1- —
45° = tan 2+t.an 3=

1 1 1

1 1
2 et N

41 + 5g7 — Y. =0,78530....

—&e.t 5.8

which, being multiplied by 4, gives = = 3,14159.........
. /- e v
Ipa%/rl () g()j\\{y\\\\.ﬂd«% R . -
DEVELOPMENT OF THE SECOND STATE oF A FunorioN or
ANY NUMBER oF VARIABLES.

48. Heretofore our rules for differentiation have been limited
to functions of a single variable; it is now proposed to extend
them to functions of any number of independent variables.

* To prove this principle, take the formula

tana 4 tand
tan (a +5) T 1 — tanatand
Make tana =}, and a4 b=45°
then, tan48° = 1 = $ + an ~b-; whence tan b= };
1 — 3wund

hence 45° =a 4 b = tan~'} 4 tan—'}.
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Let v = f(z¥);

z and y being entirely independent of each other. The second
state of the function will evidently be obtained by giving to both
z and y variable increments.  First let z receive the increment 4 ;
S (2, y) then becomes f(z + Ak, y), which (if y for a moment
be regarded as constant) may be developed according to the
ascending powers of A, by Taylor’s formula; whence

du d'u k'  d*u A?
fe+hy)=u+ Eh+ 12 + RN + &e.....(1),

du d'u
dz’ dz*’
% = f(z, y), taken uhder the supposition that z alone is variable;
and are evidently all functions of z and y. If in this development
we now put y + k for y, we shall obtain in the first member
f(z + h, y + k), which is the second state of the function u.
The first term of the second member (u), being a function of »
and y, will, wheu for y we put y + &, become

in which &c., are the differential coeflicients of

du k* d*u &°

du
f(z,y+k)=u+;i;—yk+-dﬁl—'—2 ’d!,,"l.—é"é-f-&c.

In the same manner, :—;’—;, when for y we put y + k, may

be developed, and will give, Art. (33),

du du
dn dy dz dz] k?
a),_,+. R s S e O B

or reducing,

s s
(du du d*u & + &

+ d L
dt)yeyyy  dz ' drdy dzdy*1.2
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Also,

d'u &*

d' d’
EF)'_'_’_. = dzt + dz’dy k + E?d_;/’l—.—i + &c.,

diu du
E),_#, e dz'd gyt

These values being substituted in the second member of (1),
give for the development of the second state of # function of two.
variables,

dru k| du B

du
Sle+hy+k) =.+Ek+ﬁi—i-_2-+ dy31.2.3 + &c.,
du d'u d®u  hk'
+Eh+dzdy k+ dzdy' 1.2 + &e, )
.......... (2).
d'u A d*u hk
tate Taayie T
d*u A?
+ —d:t_'l_f.é + &e.
. . . . . du ,
Tn this development u is the original function; &y is its

differential cocflicient taken under the supposition that y alone

varies, and is called the partial differential coefficient of the first
. d*u d'u .

order, taken with respect to y ; 3}7’ o &c., are successive

differential coefficients taken under the same supposition, and are

called partial differential coefficients of the second, third, d'c., order,
du d'u d’u

taken with respect to y. i I

original function under the supposition that z alone varies, and

are obtained from the



62 DIFFERENTIAL CALCULUS.

are called partial differential coefficients of the first, second, de.,

- [}
order, taken with respect lo z; g;%; is obtained by differen-

tiating j——: with respect to y and dividing the result by dy, and

is called 8 partial differential coefficient of the second order, tuken
by differentiating first with respect to x and then with respect to y ;
d=+*y ‘
dzdy*
the m + n* order, and is obtained by differentiating first n times
with respect to z, and then m times with respect to y.

By an examination of these results, we see that from a function
of two variables there are derived two partial differential coeffi-
cients of the first order, viz.:

and, in general, is a partial differential coefficient of

du d du
j; an d—y H

three of the second order, viz, :

d*u d'u d'u

&' dedy' Ay
four of the third order, &c. The expressions,

du du , ~  d'uw, dtu
Edﬁ-‘, @dy, Ztsz ) md@dy, &C.,

obtained by multiplying the several partial differential coefficients
respectively by dz, dy, dz*, dzdy, &c., are called partial differen-
tials, and ave the resulls obiained by differentialing a function of
twa or more variables, as though, at each differentiation, all the
variables but one were constant.

49. If, instead of first increasing z by &, we increase y by k&, we
shall obtain
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du k* d*u &*

f(””'*'k):""' ittt otes

+ &e.;

and if in this we put z 4 A for z, we shall evidently deduce

L 2
el 4 ke,

J(z + A y+k)_u+—h+ a5 1

du d'u_

du k*°

+d’12

+ &e,
which development must be identical with the one in the pre-
ceding article; hence the terms containing the like powers of %
and £ must be equal to each other, and we must have

du _ d'u dlv _ d'u d*+»y _d*try
Tady = dyds’ dedyt = dpdeTd Ayt T dgede

which shows that we shall obtain the same result, whether we
differentiate first with reference to z and then with reference to y,
or the reverse. .

N A

B50. Let it now be required to develop the second state of the
expression

Now differentiating (2), first with reference to z, and afterwards
with reference to y, we obtain
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d'u d'u

—d?zm(m—l)z“"'y'....@), m—y—

= mnz™"'y"~'. . (5).
In the same manuoer, by differentiating (3), first with reference
to z, and then with reference to y, we obtain

dtu d'u  d'u

=mnz*"'y*"' = ey’ dyt =n(n—1)zy*"....(6);

dydz

and by continuing the differentiation of (4), (5), and (6),

] '
d u_m(m—l)(m—2)z"‘"y : dd =m(m—1)nz>"'y"~", &e.

de? 'dy

Substituting these values in the formula of article (48), we have
. .
(z+h)*(y+k)* = z=y* + nz™y" "'k + n(n._l)_,-y-_;_l_é +&e.
+ mz=~'yh+ mn2z=~""y*~'hk + &e.

+ m(m— l)z'—'y‘ +&.c.

51. Let us now take the general case in which u is a function
of any number of independent variables ; that is, let

u = f(z 9,2 &c).

It is plain that we may deduce the development of the second
state of this function in precisely the same way as in article (48),
by first increasing # and y; then in the result thus obtained in-
creasing z, and in the new result iucreasing one of the other vari-
ables, and so on until each shall have received an increment : We *
shall thus find

f(z+h y+k 241, &) = f(z, 9, 2, &c)+ h+ k+
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D rrERENTIATION OF FUNOTIONS OF TWO OR MORE
V ARIABLES.

62. If from both members of the last equation of the preceding
article we subtract f(z, v, 2, &c.), we have

S(@+h y+k 2+l &c) — f(z, 9, 2, &e)) = h+ I:+ l &e.,

plus other terms which will be of the second degree at least, with
reference to the increments A, £, /, &c.; and this-is the develop-
ment of the difference between the new and primitive states of a
function of any number of variables, If in this development we
substitute for A, &, [, &c., the constants dx, dy, dz, &c., and take
the sum of all the terms of the first degree with reference to these
constants for the differential of the function, thus extending the
definition in Art. (10}, to functions of any number of variables,
we have )

dj(:r,y,z,&c) = d d + d + —dz + &e.

The first member, which is the symbol for the differential of
the function, is often called the totel differential of the function,
to distinguish it from the terms in the second member, each of
which is a symbol for a partial differential. From this we see
that the differential of a function of any nuwmber of variables is
cqual to the sum of the partial differentials of the function,

It is important, in all operations, to preserve the notation as
given for the partial differentials, as we thus not only distinguish
them from the total differential du, but know in each case with

reference to which variable the partial differential is taken.
b
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LEzamples.
1. I u = az'y’
du, N du , ty0dy
d_zdz = 2azy'dz, d_ydy = 8az'y'dy;
hence
du = 2azy’dz + 8az'y'dy.
2. If
)Y .
u= biz_?z_)_’ du = — -i—-?(a — z') [2zydz + (a — 2z*)dy].
8. If % = azy’z?,

du = ay'2'dz + 2azyz'dy + 3azy'z'dz,

= tan—1% o = Yiz — =y
4 If u = tan 7 du = LR
5. ht u =—a___y_—-_. 6. IEt u = =z,
Vel + ¢t

53. Having obtained the first differential of a function of two
variables, we may from this at once derive the successive differen-
tials. Since

du du
du = a;dz + d—ydy,

. du du
3 —_— — —_—
d'v = d(dzd.c) + d(dydy).
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Differentiating %dz, first with reference to z, and then with

reference to y, we have

du d'u , d*u
d(‘zdz) = 3de' + Ty 2o

and in the same way,

du d*u
cu —_ y*;
d (dy dy) ~ dydz dydz Y% + !
whence, since
d*u dn
m—; = d—ydx cSeersasene An. (49),
dlu

du d'u
0, — 2%, U0
d'uy = e dz* + 2d—zdydzdy + &y dy*.

Differentiating this result, since

du N du,,  dw o,
d(a;‘dx) = a?d-‘t + dz’dydz dy,

Il

d'u d'y -
d(dxdydﬂiyl dody Wt ddy'd'd/ ’

d*u , , d*u . d*u
d(ﬁ,-dy) Ty + Tidy

we derive

du 3d% d*u
8y — - 233 il ] g Y
d*u = dx‘dz + dz’dyd dy + dd —— :tdy + d'y'dy'
In the same way the differentials of a higher order may be
derived ; and in like manner we may deduce the successive differ-
entials of a function of any number of variables.
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DEeveLoPMENT OF ANY FUNCTION OF TWO OR MORE
'V ARIABLES.

54. If in the development (2), article (48), we make both z’
and y equal to 0, the first member will become a function of A
and 4 ; the first term of the second member, and the differeut co-
cfficients of & and k will, under the same supposition, become
constants. Denoting by A what « or f(r, ¥) becomes when
z and y are made 0; by B and B’ what the partial differential
coeflicients of the first order; by C, C’, and C’ what thosc of
the sccond order; and by D, D', D", and D"’ what those of
the third order become under the same supposition, we obtain

(k) = A + (Bh + B) + 1= (Ch + 2Chk + C'4")

1 ,
+ ;5 (Db + 3D'A% + &o);

~.
~%r since we may change A and k into z and y, we have for the
general development of any function of two variables,

) ®
1 ’ ’
£ 9) = A+ (Bz+ By) + = (Co'+ 2Czy + C'y')
1 ] L ) ),
+ 123 (Dz* 4+ 3D'z'y + &e.).

If in development (2), above referred to, we make y and % each
cqual to 0, u becomes a function of z alone, and we have

d*u At d*n  h?

du
feth) =+ Zh+omistamizs T4

which is Taylor’s formula.
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In the same devclopment, making z, y, and k, each equal to @,

. y du d'u
and denoting by 4, A’, A", &c, what u, & o &c, reduce

to under this supposition, we obtain

S(h) = A + A'h + A" + A”’ I
or changing A into z,
J(z) = A + A’z 4 A” + A”' + &e.,

which is Maclaurin’s formula.

55. By making z, , z, &c., each equal to. 0, in the developmeﬁt
of Art. (51), and then changing A, k, I, &c., into z, v, 2, &c., we
may deduce the development of a function of any number of

variables.
'y
-y

<+ DIFFERENTIAL EQUATIONS.

56. The most general form of an equation containing the two
variables z and y, is '

fay) = (5y)een.... (1).

Since y, in this case, is an implicit function of z, Art. (4), we
may suppose its value in terins of z to be substituted in equation
(1). Each member will then be an explicit function of r; and
since these functions are equal, their differentials will be equal,
Art. (15). Hence, to obtain the differential equation of a given
equation containing two variables, or the equation expressing the
relation between the variables and their differentials : Differentiate
cach member as a function of a single variable, and place the two
results equal.
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Should either member be 0 or a constant, thé differential of the
other will be equal to 0.

Bince every term of the differential equation thus derived will
contain dz or dy, we may, by transposition, place it under the
form,

from which, after dividing by dr, we may at once obtain an ex-
. . d

pression for the differential coefficient, ZZ—

It is also manifest that the first member of the above equation
(2), may be obtained by transposing all the terms of the given
equation into the first member, and taking the sum of the partial
differentials, as though z and y were independent variables. It
should be observed, however, that owing to the relation between
z and y, dy is not constant, but will in general be a function of z.

57. If an equation contain three variables, one will necessarily
be a function of the other two: and cach member may be re-
garded as a function of two independent variables, and may be
difterentiated as in Art. (52), and the two results placed equal to
each other.

In accordance with the same principles, and in precisely the
same manuer, the differential equation of one containing any num-
ber of variables may be derived.

If the ditferential equation derived by one differentiation be
again differentiated, the new differential equation will be of the
second order ; and if this be differentiated, we shall have one of
the third order, and so on.

Eramples.
1. If we take the equation of the circle

y* = R? — z’..........(l),
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differentiate each member, and equate the results, we have
| 2ydy = — 2zdz........ (2);
from which, after dividing by dz and 2y, we obtain

dy T
Tp = T ogrrretrees (3).

Dividing equation (2) by 2, and then differentiating, z, ¥, and
" dy, being variable, we have

dy' + yd'y = — da’;
whence '
dy*? z*
ay_ _ta Tty g
dz' y vy v
. y? z* .
since -5 = pIRRLREEE equation (3).

Equivalent results may be obtained by differentiating the ex-
pression y = V' R' — 2", deduced from equation (1).

2. If y* — 2mzy + z¥ — a* = O........ (1),
2ydy — 2mady — 2mydz + 2xdz = O0........ 2);
whence
dy wmy — z
dz ~ y — mz'

Differentiating (2), and dividing by 24z? we obtain

d'y , dy’ dy _a.
(y—me) 5 + g5 — 2m + 1 =05
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d
o, we

may obtain the expression for the second differential coefficient.

from which, after the substitution of the expression for

8. Let y* — 8azy + z* = 0.

Equations derived as above, immediately from the primitive
equation by differentiation, are named immediate differentiul
equations,

58. Differential equations arise, not only from simple differen-
tiation, as in the preceding article, but from the combination of
the successive immediate differential equations with each other
and the primitive equation, in such a way as to eliminate certain
constants, or particular functions, which enter the primitive equa-
tion. Thus, if we take the equation of the right line,

differcntiate, and divide by dz, we have

dy
i C RERCTPPRRTPPRT 2),

a result which is the same for all values of &. By the substitation
of this value of a in equation (1), we have

ydz = zdy + bdz,

which is the same for all values of a.
Differentiating (2) and dividing by dz, we obtain

which is entirely independent of both a and &.
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2. Take also the equation of the conic sections

By two differentiations, we get
2ydy = 2pdz + 2r'zdz,
dy® + yd’y = ridz’
By combining the three equations, 2p and r* may readily be

eliminated, and an equation obtained which will be entirely inde-
pendent of them. The result of this elimination is .

y'dz + z'dy® + yx'd'y — 2yxdydz = 0.

3. By differentiating the equation
y* — éa:’ + a' = 0,
and eliminating e, we obtain
16 yz*dz® — 24x'd_a/c.ir + 9y'dy* = 0.

And, in general, all the constants of any equation may be clim-
inated by differentiating it as many times as there are constanta.
The differential equations thus obtained, with the given equation,
make one more than the number of constants to be eliminated;
an equation may thercfore be derived which will be freed from
these constants. Equations thus obtained are properly the differ-
ential equations of the species of lines, one of which is represented
by the given equation, since, being independent of the constants,
they are evidently the same for all lines of the same kind referred
to the same co-ordinate axes.

4. Let
y = (aa + z:):’
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=_ 2 1 ] 1 ] l:d
b= o Pl

or substituting y for (a® + ::’):, and clearing of fractions,
n(a® + 2')dy = 2maydz;
a differential equation free from the irrational function.

5. Let
' y = asinz — bcoez,

dy = a coszdz + b sinxdz,
d'y = — asinzdz® + b coszdz?,

d'y = — ydz*; .
" Y
which is free from the circular fun'ct.lons..’ -
[
i : " ."
6. y=e"cosz._- i 7.y = l(sinz).

r

59. The Ditferential Calculus enables us also to eliminate, from /
an equation containing three variables, an arbitrary function of
either two, the form of which may be entircly unknown. Thus, if

v = F[f (%)}

the form of the function designated by the symbol F being
arbitrary, we can find a differential equation expressing a relation
du du
&' dy’
which will be the same, no matter what the form of the function
F may be.

between z, y, and the partial differential coeflicients
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Make flzy) =z..........0),
then u = F(z2).

Differentiating this, first with reference to z, as the independent
variable, and then with reference to y, we obtain, Art. (19),

du _ du dz du _ du dz
de ~ dz'dz’ dy ~ dz'dy’
dividing these equations member by member, and then clearing

of fractions, we have, :

du dz du dz

a,; '-1; = d_y . d—x ........ (2)
T . dz dz
By substituting in this the values of o and = taken by

differentiating equation (1), we shall have the required differential
equation. Such equations are called partial differential equations.
To illustrate, suppose

. f(ny) = ez + by, and uw = F(azx + by).
Place ux + by =z, then

3—::41, and d—z_—.b.

These values'in equation (2), give

du du
ba — a@ = 0.

2. Let
S(z,y) = 2* 4+ y* =2 and ¥ = F(2* 4 ).

Differentiating 2, we find



76 DIFFERENTIAL CALCULUS.

de dz
= 2z, and P = 2y

These values in equation (2), give

d—u xd"—o
Yz dy —

8. Let f(zy) = z. and " u = F(:—;)

4. Let u = F(e*siny).

NYELLE
X’”q) Lwﬁd s y D

CHANGE OF THE INDEPENDENT VARuBLE.

60. In the discussion of expressions containing the successive
differentials or differential coefficients of a function, it is often
desirable to change the independent variable, and to regard the
primitive function, or some other xariable quantity, as the inde-
pendent one.

This has been done in Art. (44), and is simple in cases like this,
when the first differential coeflicient alone is considered. Should -

'y
dz?
must remember that it was obtained, as in Art. (28), by differen-

the second differential coefficicnt enter the expression, we

. d . . .
tiating ‘TZ as a fraction with a constant denominator, thus

obtaining
d'y
E .

" If we now consider both dy and dz as variable, and differentiate

dy . o
47 ain Art (26), we have
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d(dy __dzd'y — dyd'z
E) - dz? !

d? . .
and this should replace d—: whenever it enters an expression,

if we desire a result in which neither dz nor dy is regarded as the
d’

independent variable ; or for c—h—"{ we should substitute the above

expression divided by dz, that is

dzd'y — dyd'z

o e (1).
3
If we recollect, also, that 'y is obtained by differentiatin
dz. y g
2
dy and dividing by dz, we shall obtain an expression to replace
dz! g by P P

it by differentiating expression (1), without regarding any of the
differentials.as constant, and dividing by dz. Thus, differentiating
and reducing, we have

(dzd®y — dyd*z)dz + 8(dyd*z — drd’y)d'z
dz® .o (2)5

and in a similar way, by differentiating this expression and divi-
4
ding by dz, we shall obtain an expression to replace y°

dz*’

d'y d*y
v & o
in which z has been regarded as the independent variable, and it
is desirable to change to a more general one, in which neither x
d'y d'y
dr*’ dr’’
&c., the expressions (1) and (2). If in the result we desire to
make y the independent variable, we must place

Whenever we have any expression containing

nor y is independent, we have simply to substitute for

d'y = 0, dy = 0, . &e.;
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in which case the particular expressions (1) and (2) reduce to

dyd'z , 3dy db’z ! — dydzd’z ,
— () ( )dz, e (2)

which may be used directly when we wish to change from z'to ¥.

Ezample.
If we take the equation
d? dy*
S )

. a: . .
and substitute for d_z!: expression (1), we have, after reduction,

y(dzdty — dyd®z) + dy'dz 4+ dz* = 0,

in which neither z nor y is regarded as the independent variable.
If y be regarded as the independent variable, d*y = 0, and
we have, after dividing by dy* and reducing,
d*z  dz* dz

Yap Tap Ty T "

61. If we have a differential equation containing’z, y, and the
successive differential coefficients of ¥; and we also have z given
as a function of another variable, or z aud y as functions of two
other variables, and desire to deduce an expression, in the first
case, independent of z and its differentials, and in the second,
independent of both r and y and their differcntials, we must first
transform the given equation into its most general form, as indi-
cated in the preceding article, and then deduce the values of dy,
dz, d'y, and d'z, from the equations cxpressing the relation
bLetween z and y and the new variables, and substitute them in
the general form.
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1. Let us have
dty z dy y _
—i_l—z'dz-l-l—z’_o"' ..... (1),
and z =co8f................. (2)

2
Substitute in (1), for %, expression (1) of the preceding
article, and we obtain the general form,

d'ydz — d'zdy =z dy

= . Y = 0....03)

1 — 2!

+

Differentiating equation (2), regarding 8 as the independent
variable, we have

dz = — sin6do, d'z = — cos0do°.
Substitating these in (3), and recollecting that
1 —2' =1 — cos*@ = sin’h,
we have, after reduction,

d?
Tty =0

independent of z and its differentials.

2. Let
zdy — ydz z=rcosv)
vdy Fods " (1); y=remo] (2).

Differentiating equations (2), we have

dz = cosvdr — rsinvdy, dy = sinvdr + rcosvdv.
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Substituting these in (1), and reducing, we obtain

__rdy
T e
in which either » or v may be regarded as the independent
variable.

Vansaine Fracrions.

62. In the discussion of the results obtained by the application
of the Calculus, we often meet with expressions which, for a par-
ticular value of the variable, become §. This, although in general
the algebraic symbol of an indeterminate quantity, does not indi-
cate such a quantity in the particular cases referred to. As in the
example

az — z*
at ¥

which becomes § when # = a; if we divide both namerator aud
denominator by the common factor @ — z, we obtain

z

e + 2

and this, when z = a, reduces to 4, which is the true value of
the fraction in the particular case.

Expressions of this kind are called varisking fractions, and
reduce to § in consequence of the existence of a factor common
to both terms; which factor becomes O under the particular
supposition.

All such fractions may be represcnted genmcrally by the ex-
pression

P(z — o),
Q(z —a)*’
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in which P and Q are functions of z, not containing the factor

(z — a).
There are three cases:

1. When m = =, the fraction becomea

Pz —a)* _ _I_’
Q(z—a)»~ Q'

which, when z = a, becomes a finite quantity,

P,

2. When m > n, it may be put under the form

P(z—a)=

m — n being positive; and this, when z = a, becomes

0

.. ="

8. When m < n, the fraction may be put under the form

P
Q(z — a)*™’

n - m being positive; and this, when r = a, becomes

P-—-
—-0 =

We see from the above, that if we can, by any process, ascer-
tain the relative values of m and n; we shall know the true value

of the fraction when z = a.
(]
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63. Whenever the common factor can be readily discovered,
the simplest method of obtaining the true value of the fraction ia
to strike it out, and then put for the variable its particular value.
But as In most cases it is not easy to detect this factor, other
methods become necessary.

r i . . .
Let by be a vanishing fraction,  and s being functions of «,

and let @ be the particular value which, substituted for r, reduces
the fraction to §.

It is plain that, if we substitute a + A for z, aud, after reduc-
tion, make & = 0, it will amount ouly to the substitution of a
for x. Suppose this substitution made, and that in the resuit
both numerator and denominator are arranged so that the expo-
nents of / shall increase from left to right; we then have

r __ Ah™ 4 BA™ 4 &c.
(’s),_,_“ T AR+ BRY + &t

in which A, A’ B, B, m, n, &c., are constants. After reducing
this fraction to its lowest terms, by dividing both numerator and
denominator by that power of 2 which is indicated by the smallest
exponent, we shall have one of three cases.

1LY m=n,

r _ Aw-i:ml‘?’h:"‘_"_-k &c.
(s),-.“ T A BAYTT 4 &

2. Iftm > n,

’ ~ AT A+ e
(’)-_a+l T A+ &

3. Ifm < n,

1

(E)t-.“ - A’fﬁg"gc e
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Now making 'A*= 0, we have for the true value in the three
cases,

r A r 0
1. (;),_. = & 2. (:)._. a =0

Whence we derive the general rule: For the variable, substitute
that value which causes the fraction to reduce to 3, plus an incre-
ment ; reduce the resull to its stmplest form, and then make the
increment equal fo 0. The final result will be the true value of
the fraction for the particular value of the variable, and may be
finite, zero, or infinite.

The effect of the application of this rule is evidently, by the
reduction of the fraction to its lowest terms, to cause the common

- factor to disappear. To illustrate, take the fraction

@—ayf
(z — o)t

which becomes § when z = a.

For x, put @ + %; the primitive fraction then becomes

(2ab + A}
%1 '

Dividing both terms by h%, we obtain
(2a + h)"};

which, when 2 = 0, becomes (2a)%, the true value.
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In this case the common factor (¢ — a)i is "evident ; striking
it out, we have

(= + “)gv
which becomes (21)¥, when z = a.
L
/\(\S/ ;
X< 43 G4, The application of the general rule of the preceding article,

which is strictly algebraic, will, in most cases, give rise to compli-
cated algebraic work.  We may, however, by the aid of the Dif-
ferential Calculus, deduce a practical rule of much more easy
application. Thus, if the vanishing fraction, as in the preceding
article, be

¥ = ;, then r = us
dr = uds + sdu;
in which, if we make # = a, we shall have (since s,_, = 0),

(dr)ece = (uds)e_.;

whence
Uy = (;)._' = g:))—-:' cereeD)
for the true value of the fraction in the particular case.
If (@r)e—ee = 0, this value is 0.
If (d8)se = 0, it is @.

If both are O at the same time, the second member of (1)

dr . . .
becomes §, and d—: is & new vanishing fraction; then, as above,
we take the differentials of both its terms, put a for 2, and thus

obtain
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(d*r)e_.
Upy = (@)

If' this again becomes §, we continue the same process, and have

(d*r).._.
Ugea = '(E')._.9

and so on. The rule may then be thus enunciated: Toke the
differentials of the numerator and depominator ; in each, substituts
that value of the variable whick reduces the original fraction to §;
if both do not reduce to O or infinity, what the former becomes
divided by what the latter becomes, will be the true value of the
Jraction. * If both reduce to O, lake the second differentials, and
muke the same substitution ; or continue the differentiation, e,
until two differentials of the same order are obtained, both of which
do not become 0 or infinity ; what one becomes divided by what the
other becomes, will be the true value of the fraction.

It should be observed, that the effect of the application of this
rule is, at each differcntiation, to diminish by unity the exponent
of the factor which causcs the fraction to reduce to §, Art. (28).
If the exponents of this factor in the numerator and denuminator
are fractional, and not contained between the same two conscen-
tive whole numbers, it is plain that the least one will be reducad to
a negative number, by a less number of differentiations than will
be required by the other. The differential of that term of the
fraction which contains it, will then, by the substitution of the
particular value of the variable, reduce to infinity, while that of the
other reduces to 0, and the true value of the fraction will be cither

@ 0
T w, or ;—:0.

If, however, these exponents are contained between the same
two consecutive whole numbers, they will become negative by the
same number of differentiations, and the differentials of both terms
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of the fraction reduce to infinity at the same time, as will the suc-
cessive differentials. In this, the only failing case of the rule, we
shall not be able, by its application, to obtain the true valye of
the fraction, but must fall back opon the general rule, Art. (63).
As an illustration of this, we may refer to the example in article
(63), in which the second diffcrentiais, and all which follow, be-
come infinite when z = a.

Eramples.
LIf

z‘A—l
z —1'

LR

which becomes § when z = 1,

dr = nz""'dz, ds = dz;
making z = 1, in each of these, we have
(dr)e., = ndz, (d#)eny = dz,
and '
r _.ndr n
).=%="~
2. If .
r 1 — ginz
¥~ cosz !
which becomes § when z = ;—r,

dr == — coszdz, . ds = — sinadz;
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. T,
making z = 5 in each, we have

(dr),_% = 0,

(da),_;_ = — d:t,

the quotient of which is 0, the true value of the fraction.

8. If

dr =

az! — 2acx + ac’

r
4

(2az — 2ac)dz,

bzt — 2ber + be*-

ds = (2bz — 28c)dz,

both of which reduce to 0, when z = ¢. Differentiating again,

and

d'r = 2adz?,

(...

a® — b
Tz
ml(l +f)
a
z
1 — sinz + cosz
smz + cosz — 1

a —z —ala + alz

a — vV2az — 2}

2" — =z
1 — 2z 4 iz

d*s = 2bdz*,
. a
= 3
when z = 0. Ans. la — 0.
z 0. Ans. ﬁ.
a
T
z '2‘- fy /
z a.
4
z 1. :
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9. z— 2enz £ =0 )
. Zanz
10. f-:;,"L" 2= 0.
:
1L — L =0
1 — cosmz .
(L’\-\ el

65. We sometimes meet with the product of two factors, one
of which becomes 0, and the other =, for a particular value of
the variable. Let r¢ be such a product, in which # becomes 0,
and ¢ infinite. It may be written

rt = ’

Lt E gl ]

which, for the particular value, becomes §. Its value may then
be determined as in the preceding articles.

Frample.
Let rt = (1 —z)tan zr;’ when 2z =1

‘Writing it under the proposed form, we have

1 —2 1 — 2
= — =
1 L2 7

oot 5

T
tan —
2

the true value of which, when z = 1, is ;2}
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66. The fraction ; may become &, in which case it may

be written

which becomes o x ;lp- = o X 0, and may then be treated

as in the preceding article.

67. Sometimes, also, we find expressions which become o — .

1
s

N -

Let

be such an expression, r and ¢ becoming 0. It may be written

which will reduce to §. For an example, take

z ®
cotz 2 cosz’

By reduction we obtain

IQ.I 3

which becomes ® — o, when z =

. s
ZBNZ - — =
2.

Cos
.

the true value of which is — 1, when z = ;.

(,/': BN
’ X
e
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Q(\h N ‘e(.\\)\“‘ \ 0% '
?QT N\DT\&-%E)
Maxmma AND MINmMA oF FrNcTioNs oF A SINGLE V ARIABLE.

68. Let u = f(z), and suppose z to be increased by insensible
degrees from its least value, until we obtain a corresponding state
of the function which is greater than the state which immediately
precedes it, and greater also than that which immediately follows
it; this state of the function is called @ mazimum. If we obtain
a state which is less than both of these consecutive states, it is
@ minimum. We say, then, that a function of a single variable is
at a maximum state, or @ marimum, when it i3 greater than the
slate which immediately precedes, and greater also than the stote
which immediately jollows it ; and a minimum, when it is less than
botl of these states.

69. If u is a function of z, and z supposed to be increasing,
it is evident that when passing from the preceding states to its
maximum, ¥ must increase as z increases, that is, be an increasing
Sunction of z; and when passing from its maximum to the suc-
ceeding states, it must decrease as z increascs, that is, be ¢ decreas-
ing function of x. In the first case, Art. (14), the sign of its first
differential coefficient must be positive, and in the second, nega-
tive; therefore at the maximum state the first differential coefficient
must change its sign from plus o minus, as the variable increases,
For a similar reason at a minimum state, the first differential
coefficient must change its sign from minus to plus; and these
changes of sign, in the first ditferential coefficient, are respectively
the analytical characteristics of the maximum and minimum states
of a function. But, as a function which is continuous can change
its sign only by becoming zero or infinity, it follows that no value
of the variable will give a maximum or minimum value to the
function, unless the same value reduces the first differential coeffi-
cient to zero or infinity.
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The roots of the two equations,

:: = 0....(1), and % = ®, or %:0....(2).,
will then give all the values of « which can possibly make u a
maximum or a minimum. After having obtained these roots, let
cach, first with an infinitely small decrcment and then with an
infinitely small iucrement, be substituted in the given function;
the results will be the states which immediately precede and
follow the one obtained by substituting the root itself'; if both
arc less than this, the latter will be a maximmum; if both are
greater, a minimun,

Or, as will in general be more convenient, let each of these
roots, with an infinitcly small decrement and increment, be suc-
cessively substituted in the first differential coefficient ; if the first
result be positive, and the second negative, the root will make the
fanction a maximumg if the reverse, a minimum. If the two
results have the same sign, the root under consideration will give
neither a maximum nor a minimum,

Since equations (1) and (2) may give several roots which will
fulfil the required conditions, there may be more than one maxi-
mum or minimum state of the same function; and, thercfore, the
maximum state is not necessarily the greatest state, nor the mini-
mum the least.

1. If y=a+ (z—05)......... cerees (3),

di
Placing 2; = 0, we have

2(z—b) = 0; whence z = b,
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If in equation (3) we substitute first & — & for z, and then
) b + A, denoting the corresponding states of the function by «”
and u’, we have

u'=a + A and u = a + R

both of which are greater than u = e, the result obtained by
substituting b for z; kence u = a {18 a minimum.

d .
The only value of z which will reduce (—l—z to 0,i8 z = w;

there is then nd finite value of x which will satisfy this condition,
hence £ = b gives the only minimum state, and there is no
maximuin. :

2, If 4=a— (z— b)g ....... (4),
du — 2 g & =3 - 2)}
_—= Y —_— = - .
dz 8(z — b)% du 2
. du . . . .
Placing o= 0, we obtain z = o, which gives no finite
solution.

Placing g— = 0, we have

3(z —b) = 03 whence z = b

If, then, in (4), we substitute first & — A, and then & + &, for
z, we have

v =a — h%, and v =a — h},

both of which are less than « = a, the result of the substitution
of b for x; u = a is then a mazimum ard the orly one, and
. there iz no minimum.
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If, in the first differential coefficients in the above examples, we
substitute & — & and & 4 & for z, we obtain in the first, for
b — h a negative, and for b + % a positive result; and in the
second the reverse, as it should be.

70. When the states which immediately precede and follow the
maximum or minimum state of u, can be deduced from Taylor's
formula, a more convenient practical rule may be applied. To
demonstrate it, let

u = f(z);

then let z + & be substituted for z, and the difference between
the two states be developed, as in Art. (35), and we shall have

3 ? 3 ’!
dul+dub. du h

El

@it artes T e ()

y — =

If, in this, % be infinitely small and negative, »’ will be the state
immediately preceding u; and if & be positive, #’ will be the state
immediately following = ; and in both cases, the first term of the
second member will be greater numerically than the sum of all
the others, Art. (13), and the sign of the second member will be
the same as that of its first term. Now, if u be a maximum, it
must be greater than «', whether 2 be positive or negative ; that
is, ' — u must be negative in beth cases; and if u be a mini-

du .
mum, u’ — » must be positive. But PP h  eovidently changes
its sign as & changes from negative to positive; u cannot, there-
. u
fore, be cither a8 maximum or a minimum, unless the term Eh

disappears, which, since % is not zero, requires that

du
— = 0ieeecvensearsnnsrasa(2)
= =0 (2



94 DIFFERENTIAL CALCULUS.

The roots of this cquation will then, in the case under consid-
eration, give all the values of z which can possibly make u either
a maximum or minimum.

Let a be one of these roots; to ascertain whether it will make
» a maximum or minimum, substitute it in equation (1), and we
b . du

ave, since (d—z),_. =0,
d'u) s d‘u) R

W= 9)e = (G iz ), Tes T e 0

The sign of the seeond member will now be the same as

d'u . . " d'u i i
- , since A* is positive. If drt is negative,

then u will be greater than u’, whether & be positive or negative,

d’
and u,_, will be a maximum. If ( d;';) be positive,

' ]
%,_, will be a minimum, If (—d—;:) = 0, then the sign
hl

Wl which

3
of (3) will depend upon the sign of ((27':)
cvidently changes its sign as % changes; and there can be neither

. .. d'u
a maximum nor minimum for z = a, unless (F) = 0.
x S

4
In this case the sign will depend npon that of (‘—:—;‘1) , and

Swa

there will be a maximum when this is negative, and a minimum
when it is positive, and so on; if the first differential coefficient
which does not reduce to 0, is of an odd order, there will be no
maximum nor minimum for r = ¢; if of an even order, there
will be one or the other, according as its sign is negative or
positive. If the first differential coefficient which does not reduce
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to 0, becomes infinity, this is a failing case of Taylor’s formula,
Art. (34), and the rule thus demonstrated fails with it. Whence,
to determine the maximum or mirimum states of a given func-
tion: Find its first differential coefficient and place it equal to 0
substitute each of the real rools of the equation thus formed, in the
second differential coefficient. Eack one which gives a negative
result will, when substituted in the function, make it a mazimumn;
and each which gives « positive resull, will make it @ minimum.
If either reduce the second differential coefficient to 0, substitute
in the third, fourth, dc., until one be obtuined which does not reduce
to 0. If this be of an odd order, the root will correspond to neither
a mazimum nor minimum; if of an even order uand negyative, there
will be a corresponding maximum ; if positive, @ minimum. Sub-
stitule the root in the function; the result will be the corresponding
mazimum or minimum. :
To illustrate, take the example

z%
v == + az! — 8a'z,*

= = 2 + 2z — 3a! % _ 9z 4+ 2a....(1)
7z s e e @)
. . du
Placing the expression for —— = 0, we have

dz
2 + 2ar — 3a' = 0,

the roots of which are *+ = a, and z = — 3a. The first sub-
gtituted in (1) gives 4a, which being positive, indicates a mini-
mum. The second substituted in (1) gives — 4o, which indi-
cates & maximum. Substituting the roots in the given function,

- 5a? .
we have for the minimum u = — 3 and for the maximum

4 = Bal.
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ABBREVIATIONS IN THK APPLICATION OF THE RULES FOR
Maxmma anp Mintma.

71. Let v = Au,

u being any function of z, and A a positive constant. By differ-
entiation, &c., we have

lil' _ du d'v - d’u

ir = Mg i = S

from which it appears that those values of z, which make

du . dv
= 0, will also make = 0, and the reverse. Also, that

. . d'u . .

any of these values which will make 257 Degative, will make
dy . . . d'u - .
277 hegative; anl any which will make 257 Positive, will

d'v - . .
make Jo¢ Positive. Hence every value of z which will make
% a maximum or minimum, will make v or Ax a maximum or
minimum. Therefore a constant positive fuctor may be omilted
during the search for those values of the variable corresponding
{o a maximum or minimum,

To illustrate, take the example

2bx* M b
v = 22 :; a% - ;—,(2::‘+a'z).

Omitting the constant factor, we may write
u = 2z* + a’z

?
%: 8z* + a’, T4 et (1),
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Placing the expreasion for Z—’—; = 0, we have

8z% 4 a'® = 0; whence T = — —,
This value in (1) gives 8a®* and indicates 8 minimum, which is
8at 3a'd

6 =— —; whence v == —5

72. Let ? = u"

u and v being functions of z, and n entire. Then

dv . du

- ™ @
a*» . d'u a_adu’
= nu e + n(n — 1)u el

Now every value of z which will make :—: = 0, will also
dv

make &= 0; and if the same value makes nu™~' positive,

2 3 ?

it will give to ‘%;1: the same sign as g—x—:—‘ (since %‘,— = 0);
that is, if it makes ¥ a maximum or minimum, it will make »
a maximum or minimum. If it makes nu*—' negative, it will

13
zt
makes w a maximum, it will’ mgke ¥ a minimum, and the re-
verse.

All values of z, however, which will make v = u* a maximum
or minimum, will not necessarily make ¥ a maximum or mini-
mum, for the equation

£
give to a sign contrary to that of #; that is, if it

7
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__':__. n—ld__u_
=TT

may be satisfied by making either

* nutmt = 0, or —

Those values of z which satisfy the first, and not the second of
these equations, will make u neither a maximum nor mininrum,
but may make ¥ = u#* a maximum or minimum. As in the
example

We may make % = 0, by placing either
2u = 2(a* —2') = 0, whence z = a;
or -— = — 32' = 0, whence z = 0.

The value z = a evidently makes v a minimum, bat as it

does not reduce Z—: = — 32! to 0, it will make u neither a

maximum nor minimum,

The value z = 0 answers to neither a maximum nor a mini-
mum. As the corresponding power of a radical expression is
formed by omitting the radical sign, we may, in accordance with,
the above principles, omit it, and_sedk those values of the variuble
which will make the power a marimum or minimum. We are
sure thus to get all the values which will make the root a maxi-
muin or minimum. Care should be taken, however, not to use
any of those which belong only to the power.
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To illustrate, take the example

4 = Vaz® — 3z2°,

Omitting the radical sign, we have
v = ax® — 3z

Taking the first differential coefficient of v and placing it equal to
0, we find the two roots, z = 0 and z = ;. The first gives a

maximum value, 0, for both v and u. The second gives a mini-
mum value for both v and w, viz.:

4 4

4 v = - —.

V= —

a

1t would not be proper to extract the root of a function before
applying the rule, as those values which make the power, and not
the root, & maximum or minimum, would thus be excluded.

4 v }'\fj(e v

73. In a manner similar to the above, it may be shown that
any value of the variable which will render v a maximum or
minimum, will also render log » and ¢* a maximum or minimum;

. . . . 1
and also any value which will make » a maximum, will make a

a minimum, and the converse.

74. It often h'appcns that the first differential coefficient is
composed of two or more variable factors, each of which, when

d
placed equal to 0, will give real roots of the equation al: = 0,

In this case we may easily ascertain what the second differential
coefficient reduces to, by the substitution of any one of these roots,
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without deducing the expression for the second differential coeffi-
cient itself. Thus, let

© du ,
o = XX

be such a coefficient, X beiog 0 wher # = a. Then

d*u ).4 X

=X+ x'd

or, since X = 0 when z = g,

)= ()

That is, to obtain the corresponding value of the second dif-
ferential coefficient: Multiply the differential coefficient of that
Jactor which i8 O, by the other factors, and then substitute the
particular value of the variable. To illustrate, let

u = z'(z — a)},

du = 2z(x — a)(22 — a),

dz

which is equal to 0, when

2z = 0; whence z=0....(1).
(z—a) = 0; u“ z = a....(2).
(22 — a) = 0; “ z=;i....(3).

Taking the first factor, 27, and multiplying its differential co-
efficient by the other factors, we obtain the expression

2(z — a) (22 — a);
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from which, by making z = 0, we obtain

dtu _ .
(w)._., = 2e%

which indicates a minimum.

Multiplying the differential cocficient of the second factor by
the other factors, and making z = a, we obtain 2a’, which
indicates a minimum.

Proceeding in the same way with the third factor, we obtain
— a*, which indicates & maximum.

75. As the principles and rules for maxima and minima, in the
preceding articles, are demonstrated independently of the nature
or kind of the function, they are equally applicable to all kinds of
functions of a single variable. To apply them to an smplicit fune-
tion, we have then only to find its first and successive differential
cocflicients, by the rules previously given, Arts. (19) and (56), and
then proceed precisely as in the foregoing examples.

To illustrate, take the example

y' — 2mzy + 2 — a' = (1 I (1),

and let it be required to find the value of 2 which will make » a
maximum or minimum. By differentiating as in article (56), we
obtain :

2ydy — 2mady — 2mydz + 2zdx = 0;
whence

dy my — z
d; — I R R ) (2).

Placing this equal to 0, we have
n‘zy —z =0 whence z = my,

which, in equation (1), gives
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a
y = == whence T = — - ce——,

1/1—m vl —m

Differentiating the factor my — =z, equation (2), dividing by
dz, and multiplying by ;Jm, Art. (714), we obtain the
expression

which, by the substitution of the values of y and z (since then
dy '
= 0), becomes

-1

avV1l — m*

" and indicates a maximum,

Sorvrion or Pracricar. ProBrems 1N Maxma anp Minmma
oF Fexcrions oF oNE VARIABLE.

76. The ‘only difficulty in the application of the preceding
principles to the solution of problems, consists in obtaining a con-
venient algebraic expression for the function whose maximum or
minimum state is required. No general rule can well be given by
which this expression can be found. In order to indicate as clearly
as possible the methods to be pursued, we will give, in detail, the
solution of several cases differing from each other.

1. Required the dimensions of the maximum cylinder which
can be inscribed in a given right cone.
Suppose a cylinder inscribed, as represented in the figure. Let
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VA = gq, BA = b, VC =z,

then AC = a — 2, and the volume of the
cylinder, which we denote by v, is equal to

From the similar triangles VCO and VAB, /i,,__vm
3

we have the proportion L~ ™
bz .l.'\\__‘ -
z:y::a:b; whence y = = \\"/
Bubstituting this value in (1), we have
wb?
= zHa —2).iiiiennnn (2)

Omitting the constant factor, Art. (71), we may write

v = az® — z%;
whence
du d*u -
== 2aa: - 82%, v = 20 — 6z.....(8).
. du
Placing oz = 0 ve find the roots, z = 0 and z = fa.
The second value of # in (3) gives — 2a, and thgrefore will make
4 mab®

v a maximum, which is o7

For the altitude of the maximum cylinder, we have ¢ — z = }a,
and for the radius of the base, y = £b.
* The first value of z in (3) gives 24, which indicates a minimum,

which is evidently v = 0.
.

2. Required to draw a tangent to the given quadrant ABD, so
that the triangle CFG shall be a minimum,
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Iet CB=R, FB =12 BG = y;
then FG = z + y. The area of the
triangle is equal to }CB x FG, which,
since $CB is constant, will be 2 minimum
when FG is a minimum, Art. (71). In the

¢ A r_ right-angled triangle CFG, since CB is per-
peudicular to FG, we have

Rl
R* = zy; whence y =7
and
L]
FG = u =2 + 2,
z
du R? z' — R?
=1 5= —F

dz z?
which, being placed equal to 0, gives z = R, and y = R.

Hence the angle BCF = 45°. Obtaining the corresponding
]

value of as in Art. (74), we find for a result 3

d*u
dz® R

3. The whole surface of a right cylinder being given, it is
required to find the radius of the base and the altitude, when the
volume is a maximum. .

Let m*® = the surface, # — the radius of the base, and z = the
altitude ; then

v = mzrlz,
Bat
. . m* — 2mz?
m® = 2mwrz 4 27wzt whence g = ————
. 2nz
therefore ° .
miz s
v = — mzd,
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m*? m*®
and =z = o and z = 21/—?, when v is a

maximum.

4. Required the minimum distance from a point without a
given circle to the circunference.

Let O be the centre of the given <y
circle, OM its radius = R, C the PR NN
given point, CO = a. Join C and 7 B s
O, and take OC as the axis of X, B ~o P e
the origin being at O. Denote the W
co-ordinates of M by # and y, and 19
the distance CM by u; then

v = VR' + o' — 2az

Omitting the radical sign, we have

u' =9 = R* 4+ a® — 2az.......(2).

which cannot be 0 or . We should not, therefore, conclude
that CM admits of no minimum value; for it is evident, from
the inspection of the figure, that CA, corresponding to the value
z = R, is a minimum. Cases of this kind are remarkable, but
readily explained by a reference to either demonstration of the
rule; for it depends entirely upon the principle, that the function
is expressed in terms of a variable which admits of a value both
less and greater than the one which corresponds to a maximumn or
minimum. Now, in the case under consideration, there is no
value of z greater than R, which corresponds to a real state of the
function. Both rules must therefore fail in cases of this kind.
The remedy is, to deduce an expression for the function, in terms
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of some other variable which will admit of proper values. Thus,

if the value of z = V' R' — y® be substituted in equation (1),
we have

which gives # = R, and z = — R. The first value corresponds
to a minimum, and the sccond to a maximum value of CM.

The same result might have been obtained directly, by taking
any other line than CO as the axis of X, in which case 2 would
have admitted of proper values.

5. Required the minimum isosceles triangle circumseribing a
given circle.

c
A

Let O be the centre of the circle, ABC
the circumscribing triangle, AC and BC
being the equal sides, OM = R, PC =z,
AB = 2y, and denote the area by u; then

From the similar triangles COM and CPB,
A ® B we have

PB : OM :: CB : CO,

or

y:R:: Ve + ¢ iz —R;
whence :
(e —R)y = RV& 57
and Yy = RV_J_

z — 2R’
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Substituting this in (1), we have

"=R¢Iz—22I;=R‘/z-—f'2_R'

Omitting the constant factor R, and the radical sign, Arts. (71)
and (72), we have

z3 dv (z — 2R)3z* — 2

T z— 2R dz (z —2R)*

Placing g—z = 0,

(z —2R)82 — z* = 0, 2z — 6Rz' = 03

whence

z =0, z = 3R,

The value z = 38R gives a minimum, which is the circum-
scribed equilateral triangle. The value 2 = 0 corresponds to no
maximum nor minimum, as there is ro reul slate of the function
immediately following the state corresponding to z = 0; all
states, from = 0 to = = 2R, being imaginary.

6. Required to divide a given quantity, «, into two parts, such
that the mth power of one, multiplied by the nth power of the

other, shall be a maximum.
ma
If x = one of the parts, then z = i

B

. . . - i »
7. In a given triangle, it is required to inscribe a maximum
N

rectangle.

The altitude of the rectangle = % altitude of triangle.
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8. A certain quantity of water being given, it is required to
find the relation between the radius of the base and the altitude
of a cylindrical vessel, open at the top, which shall just hold the
water and have its interior surface & minimum.

The radius = the altitude.

9. Required the maximum rectangle which can be inscribed
in a circle,

Each side = R V2.
10. Required the maximum cone which can be inscribed in a
given sphere. . = 47
11. Required the minimum cone circumscribing a given sphere.

12. Required the minimum triangle formed by the axis, the
produced ordinate ’of the extreme point, and a tangent to the arc
of a parabola. ¥z o

13. Required the maximum cylinder that can be inscribed in a
given ellipsoid of revolution.

14, Required the axis of the maximum parabola that can be
cut from a given right cone. % = §_‘:.

15. Required the minimum value of y in the equation y = z*,

. ?nﬂe 133 j'or T\LCS&C}H.
Maxiva anp Miniva oF FuNcTIONS OF TWO OR MORE

V ARIABLES.

77. A function of two or more variables is 4 maximum when it
is greater, and a minimum when it is less, than all of its consecu-
tive states. Let

6 - flz,y), then o =f(z+hy+Ek),
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h!
W —u=~hk(p+p't)+ l—é(q +2¢t 4+ ¢"'t*) + &e....(1);
. L]

after placing in the development of article (48),

du du ,

k= ke, & = . Zy =D,

d*u d'u , d*u . .
(7;:91 a}‘:—‘i;:q’ Ey—;'—‘Qr&c-

The sign of this series, when & is infinitely small, will depend
npon the sign of its first term. We shall obtain all of the con-
sccutive states of u by giving to 2 and & proper infinitely small
valucs, both positive and negative; and therefore, when « is either
a maximum or a minimum, the sign of ' — u for all these
values of & and & must be the same. DBut the first term of the
series (1) evidently changes its sign when the sign of & changes;
there can, then, be neither a maximum nor a minimum, unless

hip +p't) =0, or P+ pt=0;

k [ ]
and since this must be 0 for all values of ¢ = e must have
scparately

p=0 and =0,
du du
or 3‘; - 0----(2), E;: 0....(3).

The values of = and y, deduced from these equations and sub-
stituted in the second term of series (1), (k and & being infinitely
small), should make it negative for a maximum, and positive for
a minimum. This term may be put under the form

"’9”(9 2q' '
T.2\" + ;,7‘ + ‘):
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which, if there be a8 maximum or minimum, must not change its
sign for any value of ¢; that is, the quantity within the paren-

thesis must be positive for all values of ¢. By adding and sub-
’g
tracting %, Wwe may write

’

2¢’ 7\, ¢ g
L,, + T‘ + t’ p—yg (t + q—,—,) + F —_— q—”—‘..--(4).

<

14

¥ L — -qg"_" which is entirely independent of ¢, be negative,

"

such values may be assigned to ¢ as to make expression (4) either
positive or negative. To render the entire cxpression positive,
¢ and ¢’ must then have the same sign, and

that is, we must have

99" — ¢* > 0, or 99" — ¢ =0
*
The conditions then are
(d’u)' d*u d*u _d'u d'u_
dedy) S @7 X @ T o X g
d'u d?u .

and also that F and PP have the same sign, after the
values of z and y deduced from the equations ;1; =0 and
1 . .
Zﬁ = 0 have been ‘substituted. And since the sign of the

2
second term will then depend upon ¢”, the sign of 3—;; must

be negative for a maximum, and positive for a minimum.
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If the second term becomes 0, we must substitute the values of
z and y in the third, which must also be 0, and the sign of the
fourth negative for a maximum, and positive for a2 minimum ; the
discussion of the several conditions of which, although compli-
cated, may be made in a manner similar to the above.

Ezamples.

1. Required to divide a number a into three parts, such that
the cube of the first, into the square of the second, into the first
power of the third, shall be a maximam.

Let z = the first part, and y = the second; then a — 2z — y
= the third, and

v = 2y (a — 2 — y),

du o du’ |
o =Y (8a — 3y — 4z), Fri z'y(2e¢ — 8y — 2z).

Placing these equal to 0, we have

8¢ — 38y — 4z = 0, 2a¢ — 8y — 2z = 0;

whence z = g, y = g.,
‘We have also
L
g = g;',f = 2zy%*(3e — 3y — 62),
, __ dlw
q dzdy z'y(6a — 9y — 8z),
e
"' = v _ z*(2a — 6y — 2z);
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which, for the particular values of z and y, become

a‘ a‘ al
9’ 12’ 8"
Hence
a® at dtu at
=g l<e=gp =™ gEp=-g

u is therefore a maximum when its value is YeTR

2. Make the preceding proposition general, by putting for the

cube, square, and first power, the mth, nth, and rth powers.
Then

u = z"y*(e — z — y),

mna

;n_+n+r’ y =

na
z =

m <+ n + 7

3. Required the shortest distance from a given point to a given
plane.

Let the equation of the plane be placed under the form

2 =cx + dy + g,

and the co-ordinates of the given point be ', y’, and 2'; then

w=VE= F -y F =

or putting for z its value,

u=V(e—2) + (y—9) + (= +dy+9—7).

Calling the radical, R, we shall have
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du _y—y + (& +dy +g—2)d
-— ’

dy R

du z — 2 4 (ez +dy + g — £)c
dz R '

Placing these equal to 0, and solving the resulting equations,
we may obtain the valuos of  and v, and thence of z.  Or other-
wise, putting for ¢z 4 dy + g its value z, we have -

y—y +d(z—2)=0, ad z—2 +¢c(z—2)=0,

which are evidently the equations of a perpendicular to the plane,
and if combined with the equation of the plane will give the
valnes of 2, y, and = ’

4. The volume of a rectangular parallelopipedon being given,
required its three edges when its surface is a minimum.

5. Requi.red the maximum rectangular parallelopipedon which
can be inscribed in a sphere.

78. In order that a function of three or more variables be a
maximum or a minimumn, we 1nust have

du du du
= =0 7= =0
snd the relation between the partial differential coefficients of the
second order must be such, that the second term, in the develop-
ment of the difference u' ~ uw  shall remain of the same sign,
for all the consecutive values of the function.
8
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\'/\' P
794,3\,W||‘{AW-JAA\ ‘%b ‘3"., .
FEOMETRICAL SIGNIFICATION OF A FUGNCTION OF A BINGLE
VARIABLE, AND oF 118 DiFrereNTIAL COEFFICIENT.

79. Let y be any function of z expressed by the symbol
y = f(z),

and let any value be assigned to z, and the corresponding value of
¥ be deduced; these two values may be regarded, the first as the
abecissa and the second as the ordinate of a point which may be
constructed. Any number of values may thus be assigned to z,
the corresponding values of y deduced, and a series of points thus
constructed, through which, if a line be traced, ¥ will be its vari-
able ordinate and = the abscissa. Ience, we conclude that every
Sunction of a single variable may be regarded as the ordinate of a
line, of which the variable is the abscissa. .

80. Let BMM’ be a curve, the equation of which is y = f(z),
and M any point of this curve, the co-ordinates being » and y.
Increase the abscissa AP or z, by
" the variable increment PP’ = A;
denote the corresponding ordinate
N P’M’ by y'; draw the secant M'MT’,
the tangent MT, and MQ parallel

7 TA P v i = to AX. Then '

Y!

M'Q=PM — PM =y —y=Ph 4 Pht... Art. (12)
From the triangle M'MQ, we have

tan M'MQ = 111—9 = tan MT'X,
MQ
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and placing for M'Q and MQ = PP/, their values, this becomes

tan MT'X = =P + Pho......(l).

Pr + P'A?
h

Now, if & be diminished, the point M’ approaches M, and the
secant M'T’ approaches the tangent MT, and finally, when & = 0,
the point M’ coincides with M, and the secant with the tangent.
If then, in (1), we make A = 0, we have

dy.

tan MTX = P = s

that is, the tangent of the angle whick a tangent at any point of &
line makes with the axis of X, 1s equal to the first differential coeffi-
cient of the ordinate of the line.

To show the application of this principle, let us take the equa-
tion of a circle,

2t + y* = R
whence
dy z
d—z- = - ;......-.--.........(2),

for the general value of the tangent of the angle, made by a
tangent at any point of the circumfcrence, with the axis of X.

If the particular value at a point whose co-ordinates are z'’ and
y"’ be required, for z and y let =" and y” be substituted ; then

dy” z! ’
&=
& diy”

* The symbole &e, are used to indicate what the first,

dr'’’ dz''%’
second, &c., differential coefficients become, when for the general variables
z and y the particular values z"° and ' are substituted; and are called
the first, second, d&c, differential coefficicnts of the ordinate of the curve
taken at the point z", ¥".
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Take also the equation of the conic sections,

yt = 2pz + riz%;
whence

dy _p+r'z _ p+rz
d_I = - -- e

y T V2 pr + rizt
For the particular point y'’ and z”, this expression becomes

(1]/" P + riz”

dz"’ - vﬁ_},;;;i r’z"'.

81. If it be required to find the point of a given curve, at which
the tangent line makes a given angle with the axis of X, we know
that at this point the first differential coefficient must be equal to
the tangent of the given angle. Calling this tangent a, we must
then have

dy _ .
=%
and this, combined with the equation of the curve, will give the
particular values of z and y, for the required point.
If the tangent line is to be parallel to the axis of X, then for
d /
the point of tangency, d—;{ = 0; and if perpendicular, :l—:/: =
We will illustrate each of these cases by an example,

1. Let it be required to find the point on a given parabola, at
which the tangent line makes an angle of 45° with the axis. The
cquation of the parabola is y* = 2pr, by the differentiation of
which, &c, we.have

dy p

dz v

But as tan 45° = 1, we have, for the required point,
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and, combining this with the equation y* = 2pz, we find
’ y=p

The tangent at the extremity of the ordinate passing through
the focus, will then fulfil the required condition,

2. Let
y=a+4 (¢c—2z)...... ..(1)

represent a curve; then

dy

= 2 (e — z),

which is equal to 0, when z = ¢; and this value of # in (1) gives
y = a. These are then the co-ordinates of the point at which the
tangent is parallel to the axis of X.

3. Let
y=a+ (c—z)*

represent a curve; then

dy 1
T - Tyt
dz 2(c — z)¥

which is equal to infinity, when 2 =¢. z=1¢ and y = a are
then the co-ordinates of the point at which the tangent is perpen-
dicular to the axis of X,
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T eyt R

i, )

/ / D' H TOoy 4 Z .

afre = )

EqQuatmions oF TANGeNT AND NormaL. EXPRESsSIONS FoRr
Ste-TancenT, StB-NorMaL, &c.

82. If 2" and y"' represent the co-ordinates of a given point
on a given curve, whose cquation is y = f(), the equation of a
straight line passing through this point will be

.
r

.'y -y =a(z—-2")......(),

¢

& being indeterminate. In order that this line be a tangent at
the given point, « must be the first differential coefficient of the
ordinate of the curve taken at this point, Note, Art. (80); that is,

. dy"’ .
for a we must substitute ‘—‘ZT ‘We thus obtain

r

1 d r’’
y—y' = E%(z—z ) RN () 8

By differentiating the equation of an ellipse,

a9y1 + bizi = alb!’

we deduce
d b, d " 2?7
Y- _ 2z, whence —y,—, =-! z;;;
dzx a’y dz’’ - a’y

and this value in (2) gives, for the equation of a tangent to an
ellipse at the point y”, z"’,

bz
y —_ yll — — ;’7(2_ x")’

which, by reduction, becomes a'yy” + d'zz’’ = a'b’.
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83, If the cquation of a tangent be required, which shall be
parallel to a given line, or make a given angle with the axis of X,
we may determine the co-ordinates of the point of contact as in
article (81); and knowing these, the equation may be deduced as
above.

Thus, if a tangent to a circle be required to make with the axis
of X an angle whose tangent is 2,,we must have for the required
point, equation (2), Art. (80),

dy z
Et- = - !7 = 2-
From this, we find y = — "5’, which, combined with the
equation of the circle, gives
2R " R ,
r=%x ==2" | y=F —=19"

Vs
and equation (2), Art. (82), becomes, when we use the upper signs,

R

y+7§-=2 z—%), or y =2 — Rv5.

84. Equation (1), Art. (82), will become the equation of a nor-
mal at the point z”, y”, if for «, we substitute

1 d ’r
i -‘% .+« .(Analyt. Geo.);
dxll

and we thus obtain for the general equation of a normal,

4

y — yll_: — a-y—‘,,(-’l'—zl’)-
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85. The right-angled triangle MTP (Figure of Art. 80) gives

. PM
PM = PT tan MTP; hence PT = o MTP’
or
dz
Subtangent = 2 = y2=.
g dy y dy
dz
Also,
MT = VNP’ + PT"
or
dz? dx?
[ — 1 ] [ Dt— et
Tangen: = 1/11 +ys = yi/l + g
The right-angled triangle PMR .gives
PR = MP tan PMR; but PMR = MTP;
hence,
dy
PR = MP tan MTP, or Subnormal = Y
Also,
MR = VEF TR
hence,

T dyt T dyt
Normal = 1/_1/' + y’%i =y 1+ E—%

To apply these formulas to a particular curve, it is only neces-

dz d
dy’ or %, de-

duced from the differential equation of the curve. The results

sary to substitute in each the expression for
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will be general for all points of the curve. If the values for a
given point be required, in these results let the co-ordinates of the
point be substituted for.z and y.

For example, take the general equation of Conic Sections,

¥y = 2pz + riz?;

whence
dy  p+riz dz _ /2pz + r'a'
dz Vvepr + rz¥ dy —  p + r'z

These expressions substituted in the formulas, give

PT = T Y PR = p + 'z,

2px -W;A’ji

MT = ¢/2ps + riat + ( bt

MR = V2pz + r'z* + (p + r'z)t
For the parabola r' = 0, and these expressions become,

PT = 22, PR = p,

MT = V2pzx + 427 MR = Vv2pz + pt

Convexrry AND Concavity oF CuRrvVEs.

86. A curve, at a point, is conver towards another line, when,
in the immediate vicinity of the point, its tangent lies between it
and the line. It is concave when it lies between its tangent and
the line.
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If a curve be convex towards the axis of X, and the ordinate
Positive, as in the annexed figure, it is plain, that as the abscissas
AP, AP, &c., increasc, the angles
MTX, M'T'X, &c., will increase, and
the reverse; conscquently their tan-
gents will also increase as z increases,
or decreasc as r decreases. Since
these tangents are represented by
the corresponding values of the first differential coeflicient of the

. d . ) . . .
ordinate ( d—Z), it must be an increasing function of z, and its

differential coefficient, i. e, must be positive, Art. (14).

¢y
dz*’
If the curve be still convex, and

the ordinate negative, the angles
STX, 8'T'X, &c., and their tangents

A
. . dy
plainly decrease as z increases; T
. is a decreasing function of z, and

d* ,
I}: must be negative.

If, then, a curve be convex towards the axis of abscissas, the
ordinate and its second differential cocfficient, taken at the different
points, will have the sume sign.

If the curve be concave, and
the ordinate positive, as in the

Y
{ .
i N
! figure, the angles MTX, M'T'X,
/(‘l/' M &c., and their tangents will de-
A dy o

crease as r incrcases; a—
z

. . d? .
be a decreasing function, and ——‘Z negative.

dz
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If the curve be concave, and the ordinate negative, the reverse

1
will evidently be the case, and :—; will be positive.

" Hence, if a curve be concave
towards the axis of abscissas,
the ordinate and its second dif-
Sferential coeflicient will have
conlrary signs.

Q\&XVW snllapgy RE%RET “\
87. A

asymptote is a line which, continually approaching a
curve, becomes tangent to-it at an infinite distance. Asymptotes
may be curvilinear or rectilinear. The latter only will be consid-
ered here.

Let MV be any curve, and BC a
rectilinear asymptote. Also, let MT
be a tangent, the equation of which,
article (82), is

y—y' = %(z — ).

If we make ¥ = 0 in this equation, we obtain

"
g =z y"%,, = AT......(1).
If we make z = 0, we obtain
,’d H
y=v -5 =880

Now, as the point of contact, M, the co-ordinates of which are
z”" and y”, is removed farther from the origin, the tangent MT

A
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will approach nearer to the asymptote BC; and finally, when M
is at an infinite distance, the two will coincide, and the distances
AT and AS become respectively equal to the distances AB and
AC.

If, then, the expressions for AT and AS, when suck values are
substituted for 2’ and y'' as to remove the point M to un infinite
distance, arc both finite, there will be an asymptote, which may be
drawn through the points B and C.

If one of these expressions becomes infinite, and the other finite,
there will be an asymptote parallel to the axis, on which the dis-
tance is infinite.

If both expressions become infinite, there will be no asymptote.
If both become 0, the asymptote will pass through the origin of
co-ordinates, and the tangent of the angle which it makes with the

1!

(7‘:7” when

axis of X may be obtained from the expression for

for z'" and y'’ the proper values are substituted.

Hence, to construct the asymptote of a given curve: Find, by
differcntiating the equation of the curve, the expressions for
dy dz”
i and e
results thence obtained by substituting for z'* and y'’ their values
for that point of the curve which is at an infinite distance, will be
the distances cut off from the co-ordinate axes by the asymptote,
if there is one,

which substitute in formulas (1) and (2); the

Eramples.
1. Take the equation of lines of the second order,
y* = 2px + rizt

By differentiation, &c., we obtain
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dy p+ rr ? + r'z .
N T
whence
dy"” r + r'z”

&7 Tk ap ¥ rat

Substituting this and the value of ¥ = % V2p2"' 4 rtz'"*

in (1) and (2), we have

AT = 2 — 2qu + izt — pzn — P_—.

= ; = .o (3).
P+ riz p + 2 P—,,+r’
z
AS =V 2p: 72— - px_”_+ir{”’ = P_—-_—.- .(4).
+V2pa riz" V‘.’ .
=+ z—,,+7‘

In this case, the co-ordinates of that point of the curve which
is at an infinite distance are z'' = o and y”’' = w. Making
#'" = o in (3) and (4), we have

AB::-————F =—2;.
Py 4
o
AC= — 2 ___ _ = %.
=+ ?—’3-{-1" T
o]

For the hyperbola »! is positive, these expressions are both

finite, and, as there are two different values of AC, there are two
2 bt :
asymptotes; and since p = - and r'= oo We have

AB = — q, AC = =% b,
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For the parabola r* = 0, the expressions are both infinite, and
there is no asymptote.

For the ellipse 7* is negative, and AC imaginary, as it should
be, since there is no point of the curve at an infinite distance, and
of course no asymptote.

2. Take the equation
2} — 3azy + y* = 0.
From formulas (1) and (2), we obtain in this case

az"y" aznyu
AT = .Z"”——E/T'..-.'(s)’ AS = —— TEEEE) (8).

Aw it is difficult to obtain the value of y in terms of z from the
given equation, we cannot at once eliminate ¥" from (5) and (8);
but if we make # = ¢y and substitate in the given equation, it
will be divisible by ¥, and we then find ,

Sat
y = -——-—l + t'.
’ If in this we make ¢ = — 1, we have
¥ = o; hence, when y is infinite it is
cqual to — z, and for that point of the
curve which is at an infinite distance we

’”

have ' = — 2"’ = .

Changing y' into — z'’ in (5) and
(6), they become

) - a

AT = ———, AS
a
z

and making 2"’ = o, we find
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AB = — q, and AC = — a;

hence, BC is the asymptote.

8. Take the equation
z'y' = p,

in the curve represented by which, the points at an infinite dis-
tance have for their co-ordinates

2'=0, ¥ = w, and y'=0 2= w.

“0 e |4‘l ‘f\‘\\\'ibku

ADVANTAGES OF REGARDING THE DIFFERANTIAL OF THE
INDEPENDENT VARIABLE A8 INFINITELY SMALL.

88. Heretofore, in our treatment of the subject, we have re-
garded the differential of the independent variable merely as a
constant, Art. (9), without having fixed upon the particular value
for it. All the demonstrations are then as true for one value as
for another. '

It is, however, of the greatest convenience, in the application of
the Calculus to the higher branches of Mathematics and Physical
Science, to regard this differential as infinitely small, that is, so
smoll as to be contained in unity an infinile number of times ; and
hereafter it will be so regarded.

The advantages of so regarding it will appear evident after a few
illustrations. Let us take first the simple function discussed in
article (9),

After 2 has been increased by dz, we have there found

% — u = 2axdz + adz’,



128 DIFFERENTIAL CALCULUS.

Now, if the increment (dz) of the variable be infinitely small,
the two states u and u’ will plainly be consecutive, the expression
for their difference being

2axrdz 4 adz'.......... 1.

But since dz is infinitely small, its square will be infinitely small
when compared with it; as may be shown by taking the identical
equation

1 dz dz*

el Bl e B &ec.;
from which, since dz is contained an infinite number of times in
unity, it appears that dx? will be contained an infinite number of
times in dr; dz' in dx? &c.: adz® will then be infinitely small
with reference to 20xdr, and its addition will give no sensible in-
crease; hence, wdz® may be omitted from expression (1) without
materially affecting its value, and in this case 2uzdr may be taken
Jory or i3 the meaxure of, the difference v’ — u.

This is true also in the general case; for if we take equation (3),
Art. (9), after substituting d for &, we have

‘v — u = Pdr 4+ Qdzr® 4+ Rdz® + &c.;

in which all the terms except Pdz, which is the differential of the
function, coutain the sccond or a higher power of dz, and are
therefore infinitely small with reference to this first term; and
may be rejected, and the differential of the function taken, as the
measure of the difference between two conseculive states of the function.
It is plain, also, since :

du = pdz, d'u = ¢dz’, du = rdz% &c.....Art (28),

that the sccond differential of a function is infinitcly small when
compared with the first, and the third when compared with the
second, and so on. It is usual to call these, infinitely small quan-
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titics of the first, second, and third orders; and we sce, from what
precedes, that every infinitely small quantity may be omitted with-
out error, when connected by the sign F with a finite quantity, or
with an infinilely small quantity of a lower order.

In the application of the Calculus to curves, these principles are
of great use. Let BMM’ be a curve; MP, i
M’P’, any two consecutive ordinates; PI’ | A
= P'P" = P"P"”, &c, being cach equal to N q, '
dz; then the difference between y and ¥, or
¥ —y = MQ, if equal to dy; and 2/ — 2
= MM’ = dz. Or, since 2’ — z may repre-
sent the difference MM', M'M’’, M''M’", between any two con-
sccutive states of the arc, the different values of dz may, in suc-
cession, represent the infinitely small elementary ares MM’, M'M”,
&c., the sum of all of which will be equal to the entire arc 2.

So the difference between the two areas BM'P’ and BMP is
equal to PMM'P’ = ds; and the different values of ds may, in
sticcession, represent the infinitely small elementary areas PMM'Y’,
PM'M""P", &c., the sum of all of which will equal the entirc area
s. And in general, if the variable be increased by its differential,

A PTVY VP

the corresponding increment of' the fuuction may be represented by
the differential of the function; and the sum of all the different
vilues of this differentiul will equal the function itself. The differ-
ential coefficient will, in this cuse, express the rate of increuse or
‘change of the function, in passing from stale lo state,

DirrerENTIALS OF AN ARc, PLANE AREA, SURFACE AND
VoLoME oF RevoLuTion.

89. The differentials of an are, plane area, &c., which, as will be
seen, are functions of a single variable, may be ebtained by the ap-
plication of the general rule in Art. (9); but as the process in these
cases is long and complicated, it will be found much more simple
to make use of the principles developed in the preceding article.

9
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¢ “90, Let BM = z be any arc of a curve, the equation of which
is ¥ = (). Although z changes whenever z or y is changed,
yet the equation y = r(z) establishes
such a rclation between z and y that one
is necessarily a function of the other. z
may, therefore, be regarded as a function
of cither. Let us regard it as a function
of z, and let AP =, M = y, and
increase x by PP’ = dr; then, Art. (83),

BM' =2, MM =2 —z=4dz, MQ=y — y = dy.

Since the arc MM’ is infinitely small, it will not differ from its
chord MM’, which is therefore equal to dz. From the right-
angled triangle MQM’, we have
MM = ‘/MQ’ + N'Q, or dz = Vdz' + dy';
that is, the differential of an arc is equal to the square root of the
sum of the squares of the differentiuls of the co-ordinates of its points.

Since we regard z as a function of z, we should express its dif-
ferential in terms of x alone. To do this, we differentiate the
given equation of the curve, combine the differential equation thus
deduced with the given equation, and obtain an expression for dy
in terms of 2 and dx, and substitute in the above formula, If z
should be regarded as a function of 7, we should, by the same
process, obtain an expression for dz in terms of ¥ and dy, and
substitute in the formula.

To illustrate, take the equation of a circle,

' + ¥ = Ry
whence
dy = — Wz _ _ _ xz_
T T TS
and
z'dr? Rdz

—_ 2 — —
gfs_-. A Sl ey
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91. If z, y, and z denote the co-ordinates of the points of a
curve 3 in space, ds will be the diagonal of a rectangular parallelo-
pipedon, and we deduce

ds = Vdz* + dy* + dz\

) g
" 92. Let BMP = be any plane area, limited by a curve and
the axis of X; it will evidently be a function of z.
qw&\/ Increase z by PP’ = dz; then, in the figure of Art. (90),
PMM'P = &' — s = ds;
but since the chord MM’ coincides with the arc MM’, this area

is the same as that of the trapezoid PMM'P’, the measure of
which, o bging the middle point of MM’, is 0s x PP’. But

os = MP 4 no = y 4 }dy;
hence,
PMM'P’

(v + §dy) dz,

or, rejecting % dy,
ds = ydz.....ovnnnn (1)3

that is, the differential of the area is equal to the ordinate of the
bounding curve into the differential of the abscissa,

The differential of the area included between the curve and axis
of Y, may be found in the same way to be

If the axes of co-ordinates are oblique to each other, PMM'P’
would be a trapezoid, and its arca would be ydr sin3, B being
the angle made by the co-ordinate axes; hence, in this case,
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To express these differentials in terms of a single variable, we
find, from the equation of the curve, the value of y in terms of z;
or from this equation and its differential equation, deduce the
value of dz in terms of y and dy, and substitute in equations (1)
and (3); or deduce in a similar way 2 or dy, and substitute in
cquation (2).

For examples, take the equation

y: = R — 31;
whence
ds = ydz = VR Z iz,

Also the equation
3

y' = 2p'z,

the axes of co-ordinates being oblique ; then -

= V2p'z sin fdz.

A f\.“/\ 93 Lct the curve BM revolve about the axis of X; it will
generate a smface of revolution which will be a function of z, and
which we denote by u.

The notation being as in the preceding articles, the increment
(2" — ) of the surface, when z is in-
creased by de, will be generated by the
= arc MM’. DBut this surface is the same
as that of the frustum of the cone, gen-
crated by the chord MM, which is. meas-
0 % ured by circumference os multiplied by

MM'; whence

n

du = 27 (y + Jdy)dz = 2mydz,

rejecting §dy. Substituting for dz its value, Art. (90), we have



DIFFERENTIAL CALCULUS. 133

that ig, the differential of a surface of revolution ix equul to the
circumference of a circle perpendicular to the azis, multiplied by the
differential of the arc of the generating curve, If the curve revolve
about the axis of Y, we may determine in the same way

du = 2mz Vdz' + dy’.

To obtain the differential in terms of a single variable, we find
from the equation and differential equation of the generating curve,
the expressions for y and dy in terms of z, or of dz in terms of Y
and dy, and substitute in (1).

If we suppose a parabols, whose equation is y* = 2pz, to
revolve about its axis, we shall have

_ ydy
T p

L]

L SR
du = 21ry1/‘1;;;7/ + dy* = %ﬂ‘/w ¥

1 '
| UL

)94, Let the ares BMP revolve about the axis of X it will
generate a volume of revolution, which is a function of z, and
which we denote by v. If  be increased by PP’ = dx, then the
area PMM'P’ will generate the increment (v' — v) of the volume.
But this is the same as that of the frustum generated by the
trapezoid PMM'P’, which is measured by

T4[v* + (»p+ dy)' + y(y + dy)]dz;

hence, rejecting dy, we have

B

dv = my'dz.......... 1);

that is, the differential of a volume of revolution fs equal to the
area of a circle perpendicular to the axis, multiplied by the differ-
ential of the abscisse of the curve which generates the bounding
surfuce.
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For the volume gencrated by the area included between the
curve and axis of Y, we may find, in the same way,

dv = mztdy.

By deducing the value of y* in terms of z from the equation
of the meridian or generating curve, or the value of dr in terms of
y and dy from this equation and its differential equation, and sub-
stituting in (1), we shall have the differential of the volume in
termns of one variable winl its differential.

If we take the purticular case of the ellipsoid, the equation of
the generating curve being

bl
y' = a—.(a' — '),
we have

e
dv = myldz = w-z—'(a’ — z*)da.

TenpeENcy oF Curves To coINCIDE. OscuLATory Curves
AND CURVATURE.

95. It is now proposced to examine the tendency which curves,
with a common point, have to coincide with each other in the
vicinity of this point; and also the use which may be made of this
property of curves. Let .

y = f(z), and ¥ = f'(2),

be the equations of any two curves BB’ and
CC’, having the point M in common. In-
crease the abscissa of each by 4; then, by
Art. (35), we have for the second states of the
ordinates,

A,
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d’y h? ddy A®

_ dv
Fe+h) =y+ b+t omst mites

+ &e.....(1),
d'y' k' d'y R

f@+h) =y + +d'n.2+mrfz‘.§

+ &e....(2).

As these curves have the point M in common, for this point we
must have

=1z, and y =9;

and if the co-ordinates of this point be substituted in the preced-
ing equations, f(z + A) and f'(2' + k) will represent, respect-
. . ot - dy d% .
ively, the ordinates M'P’ and M"P’; ot a—‘é, &e.,, will
represent the successive differential coefficients of the ordinate of
d ’
the first curve tuken at the point M, Note, Art. (80); and 7’;,-,,
«
diy'
d ponrll

If, under this supposition, we subtract equation (2) from (1),
member from member, and place

&c., corresponding valucs for the second curve.

dy dy' _ ,, dy d%% _ .,
iz " dr =N @ T =AY e
we obtain .
MM = A+ AT A B 3
= P 12 m + c...-.( ).

If now we make 4 infinitely small, each term of the series will
exceed the sum of all the succeeding terms, Art. (13), the points
M and M will be consecutive with M, and it is cvident that the
smaller the distance M'M"” becomes, the greater will be the ten-
dency of the curve CC' to coincidence with BB, in the vicinity
of M. If A'=0, or

dy _ dy
dz — da’

Loa
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by which M'M” will be made very small, the curves are said to
have a contact of the first order. In this case they have a com-
mon tangent at M, or arc simply tangent, Art. (80).
If A" = 0, also, or
d'y dy’
dz* — dz'"

|

the sccond member of equation (3) becomes still less, the tendency
to coincidence still greater, and the curves are said to have a con-
tact of the second order.

If A" = 0, the second member is smaller still, and the con-
dition

Ay _ dly

dz* — dr*

gives the curves a contact of the third order; and, in general, two
curves have a contact of the m™ order when they have a point in
common, and the first m differential coefficients of their ordinates,
taken at this point, respectively equal.

To ascertain the order of contact of two given curves, we have
simply to combine their equations and deduce the values of the
variables; for cach set of real values they will have a common
point; then differentiate both equations, deduce the first differen-
tial coeflicient of the ordinate of each curve, and substitute in them
the co-ordinates of the common point; if the results are equal, the
curves have a contact of the first order. Ditferentiate again, and
find the second differential coeflicients of the ordinates taken at
this point; if they are equal, the curves have a contact of the
second order; and so on, the order of contact being always de-
noted by the number of equal successive differential coefficients
thus taken.

To illustrate, take the two equations

y' = 4z........(1), y=z 4+ l........(2):
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By combining them we find a common point, the co-ordinates

of which are

2" =1, y' = 2.

By differentiation, we find from (1),

dy 2 . dy" .

d_z = ; ....... .(3), whence d_.’CTI_ = 1,
and from (2),

dy _ dy” _

e loooooo..(4), whence o = I

Differentiating again, we have from (3),

dy 4 dy" 1

I = i whence R
and from (4),

a: dty"”

d—_g =0, whence ?‘:{, = 0.

The two lines having a point in common, and the first differen-
tial coeflicients of the ordinate taken at this point equal, have a
contact of the first order. Since the sccond differential coeficients
are not equal, the order of contact is no higher than the first.

Take also the equations,

4y = 2% — 4, y! — 2y = 8 — 2,
and ascertain the order of contact of the curves.
96. The constants which enter into the equation of a curve

determine its extent and position with respeet to the co-ordinate
axes. If, then, one curve be given completely, and another in
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kind only, by its general cquation, the constants in this equation
being arbitrary, we can evidently assign such values to them as
shall require this curve to fulfil as many conditions as its equation
contains constants; that is, we may cause its cquation to be satis-
fied by the substitution of the co-ordinates of a given point of the
first curve, thus making it pass through this point; and, in addi-
tion, may make as many differential coefficicnts of ite ordinate
taken at this point, equal to the corresponding ones of the first, as
there are constants to be disposed of, less one, thus giving to the
second curve an order of contact at a given point of the first,
denoted by the number of constants less one,

To ascertain the values which must be assigned to the arbitrary
constants, first substitute the co-ordinates of the given point in the
equation of the second curve; obtain then the first differential co-
efficients of the ordinate by differentiating the equation of each
curve, substitute in these the co-ordinates of the given point, and
place the results equal; do the same with the successive differen-
tial coeflicients, until as many equations arc thus formed as there
are arbitrary constants. By the solution of these cquations, we
can find those values of the constants which will cause the condi-
tions to be fulfilled. These, substituted .in the equation of the
second curve, will give an equation which will represent the par-
ticular curve having the required order of contact.

The curve which, at a given point of a given curve, has a higher
order of contact than any other of the same kind, is called an
osculatrie.  Thus, an osculatory circle is one whick has a higher
order of contact than any other circle,

Since no more conditions can be assigned than there are con-
stants, the highest order of contact which can be yiven to a curve is
denoted by the number of constants, less one, which enter its most
general equation.

97. Let these principles be applied :
First: To find the equation of an osculatory right line.
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Let the equation of the given curve be

y = f(2),

and the co-ordinates of the given point, 2 and y".
The most general equation of the right line is

containing but two arbitrary constants, The first condition to be
fulfilled is that the co-ordinates z” and y” shall satisfy equation
(1); that is, we must have

The first differential coefficient of the ordinate derived from

. d . .
the equation of the given eurve is I‘Z, which for the given
dy" . . .o
point becomes E% The first differential coefficient derived

.4 s
from equation (1) is d—‘Z = a; hence, the second condition is

Z‘?,, = Beveiinenions (3).

¢

By the solution of equations (2) and (3), we find

dy” o dy" ’
= b=Y -

These values in (1), give the equation

dyll dll " , dyll ,
y=mr+y — 5D o y—y = 5E—)

This, as it should be, is the same equation as that deduced in
Art. (82).
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98. Sccond: To find the equation of the osculatory circle at any
point of the curve whose equation is y = f(z).

Denote the given point, or point of osculation, by z’ and y".

The most general equation of the circle is

(z—a)' + (v —B) = R*....... ),

containing three arbitrary constants. A contact of the second
order may thercfore be given to the circle.

Substituting 2” and y” for z and y in the above equation, we
have, for the first equation of condition,

(#'—a) + (y'—=B)' = R...... (2).

By differentiating the equaéi,on y = f(z), and substituting ="
and y” in the first and second differential coefficients, we obtain

dyll
pcd] and PP IR E (3)-

Differentiating equation (1) twice, we have

dy T —a

(2 —a)dz + (y — B)dy = 0, whence it
d’

dz! + dy* + B)d'y =0, wh d'y _ 1+d%
y (y—B) = 0, whence iRl

Substituting z” and y" for z and y in the expressions for these
ditferential coefficients, we obtain

dy'"t
' — a 1+ .d%'_’
- I;’Tﬁ, and - ’yu _ ﬂ H

and placing thesc respectively equal to expressions (3), we have,
for the second apd third cquations of condition,
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dyllj
dy" zll — a dqyll 1 + dxll,
E,,: -_— m....(4), Hﬁ = - T—ﬁ .---(5)-

By the solution of these equations, we can find the values of R,
a, and B, which, substituted in (1), will give the equation of the
osculatory circle.

To illustrate, let us seek the equation of the circle osculatory to
the parabola whose equation is

y? = 4z,
at the point whose co-ordinates are =1 'y'=o2
Differentiating the given equation twice, and substituting the

co-ordinates 1 and 2, we find .

d 2 dy"

& = -y whence l,,_ = 1;

dr y - dx

dy _ _ 4 “ @y _ 1

dzr? y*’ dz'’* 2

These values, with the co-ordinates of the given point, placed in
the equations of condition, give

(1—ea) + (2—8)° =R,
N . 1 _ 2
T T =g T 27 T 2-—-p
whence

"and the equation of the osculatory circle will then l.ae

(zx—35) + (v 4+ 2)" = 82.
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Find also the cquation of the circle osculatory to the curve
represented by the equation

4y = z' — 4,

at the point whose co-ordinates are 2" = 0, y"”" = — L
. 0., . \ L.
'/ i?‘ 7 .Lf\.’([(%j_ ‘\/\)\'\i—/'\'
99. Since in the thre¢ Tquations of condition just considered,”

which are called the equations of condition for the osculatory cirele,

#'" and y'/ may, in succession, be made to represent every point

of the given curve, we may omit the dashes and write the equa-

tion thus,

(z—a)*+ (y—B8)'=R%.... (1),
z—u:—z—i(y—.ﬁ) ........ ),

dr* 4 dy* .
y—p8=— Ty e (3);

in which, it must be recollected, 2 and y are the co-ordinates of
the point of osculation, & and 3 the co-ordinates of the centre of
the osculatory circle, and R its radius,

Substituting in (1) the value of z — a«, and reducing, we
obtain

B = (v =B + L - oy = v - o (L),

whence, by the substitution of the value of y — 3,

_ (dz* +dy');
. R=E—s,

which is a general value for the radius of the osculatory circle.
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If z denote the arc of the given curve, then
dz = Vdz' + dy'....Art (80);
hence, the above expression for R becomes

dz?

R==x oy

100. If ¢ denote the angle made by the radius of the oscula-
tory circle drawn to the point of osculation, with a fixed linc as
OP, M and M’ two consecutive points, and

MC and M'C the corresponding radii inter- o
secting at C, then n/\/\
N/

MC = R, MM' = dz, nn' = dp; ,Z \
{ ¢

and we have ) °
nC : MC :: nn' : MM/,
or
1:R::de: dzy
hence,
dz
dz = Rdp, and R = &

101. Let A be any point in the planc
of an osculatory circle, C its centre, MP
a tangent at the point of osculation, and
AP a perpendicular to the tangent. Join
AC, and denote CM by R, AM by r,
and AP by p; then

AC' = R' + r' — 2+R cos AMC;
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but cos AMC = sin AMP = %’;
hence, AC' = R' + r* — 2Rp.

Differentiating, since AC and R are constant as we pass from
one point of the circle to another, we have

0 = 2rdr — 2Rdp,

or

102, If two lines have the first order of contact, or arc simply
tangent to each other, they are eaid to have two consecutive points
in common. If they have the sccond order of contact, they have
three consccutive points in cominon, and so on.

If, then, M, M’, and M” be any three consccutive points of a
curve of double curvature referred to the axes AX, AY, and AZ,

the circle passing through

these points, having its
centre at C, will be the
osculatory circle of the
curve, It is now proposed
to determine a gencral ex-
pression for its radius. De-

X note the co-ordinates of M
by =, v, and z; the co-
ordinates of M’ will then
be

s

z 4 dz, y + dy, z 4+ dz........(1)

Differentiating these, we have



DIFFERENTIAL OALCULUS. 145

dz + d'z, dy + d', dz + d'z;

and adding these to expressions (1} respectiveiy, we have
z + 2dz. + d'z, y + 2dy + d%, 2z + 2dz + d’z,

for the co-ordinates of M”. Produce the element MM’ to N,
making M'N = MM’; then the co-ordinates of N will be

z + °2dz, y 4 2dy, z + 2dz.

These co-ordinates of M’ and N being substituted in the gen-
eral formula

D=+vV(E—2)+ (y—¢) & (z—2)5

will give

M"N = V(d%2)* + (d'y)' + (d*2)%
With M’ as a centre, describe the arc NO; then, from the ele-
mentary triangle NOM”, we have
= VN - ¥0';
or since, the arc being denoted by s, MM’ = ds and M"'O = d?s,
= V@ (@) F @ @

The elementary triangle NM'O bemg similar to MM'C, we
have the proportion,

M'N : MC :: NO : MM/,
or
ds : R :: NO : ds;

whence
10
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i‘_' L _ ds?
NO ™ ‘/('di‘;')! -F(t“y)' + (a,z). _ (ds,)‘s"

R= ..(2),

the expression sought, in which cither variable may be regarded
as the independent one.

If the curve become of single curvature, its plane may be taken
as the plane XY; z will be equal to 0, and the above expression
reduce to

R = ds? .
T V@ (@)= (@)

the most general expression for the radius of an osculatory circle
referred to rectangular co-ordinate axes in its own plane.

If in this, s be regarded as the independent variable, d*s = 0,
and the expression becomes

R—= 9
C V(@) + (@)
If y be the independent variable, d'y = 0, and expression
(8) becomes
. ]
R = ——:_-‘z::—_-?'_f:. ............ (4).
V(@) — (@%)"
But
ds' = dz' + dy*;

differentiating this, dy being constant, we have

_ ded’z
T ds

2dsd's = 2dzd'z, or d's

Substituting this in (4), and reducing, we obtain
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If z be the independent variable, a similar process wili give

__ (ds)?
T dzdty’

R

the same expression as in Art. (99), since in this case s represents
the arc.

103. Since the curve and osculatory circle at a given point
have a tangent in common, they must alsohave the same normal ;
but the normal to the circle passes through its centre; the normal
to the curve must then pass through this centre; or the radius of
the osculatory circle, drawn to the point of osculation, €8 normal to
the curve,

104. Let BB’ be any curve, and CC’ an R
arc of the osculatrix of the first order, at M, | & b:7i'<].“%
Since in this case A’ = 0, the expression | n/ " i
for M'M"", Art. (95), becomes ‘__.____'_g_

° A [
M;Mu — AII_’_.‘i + Aru ~ ’L + &c (]).
1.2 1.2.3 e !

in which, 2 being infinitely small, the sign of M'M’’ will be the
same as that of A”', whether 2 be positive or negative; that is,
M'M’” and m'm” will have the same sign ; hence, if M’ is below
the curve BB’, m'’ will also be below, and the converse; and the
osculatrix canno? intersect the curve at M.
If the contact be of the second order, we have also A" = 0,
and
R ht

M’h’l” — AHI + A‘\””

1.2.3 T 2.3 T &

which will have the same sign as A’’’ when A is positive, and a
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contrary sign when 4 is negative; that is, M'M"”’ and m'm” have
contrary signs; hence, it M" is below the curve BB’, m” will be
above it, and the converse; and the osculutriz must cut the curve
at M,

It may be shown, in the same way, that ony osculatriz of un
even order intersects the curve at the point of osculation ; while one
of an uneven order does not,  As, when the order of contact is
even, the first term of (1) will contain 4 with an odd exponent,
and will therefore change its sign when % becomes — A. This
will not be the ease when the exponent of & in the first term of
(1) is an even number.

The osculatory circle, however, does not intersect at those points
about which the curve is symmetrical with its normal. For, ordi-
nates being drawn from the points of both, perpendicular to the
common normal, if the ordinate of the curve on one side is greater
than the corresponding ordinate of the circle, it will be so on the
other side; as may be scen in the figure,
in which, if pn > po, then pr’ > po';
or if pn < pn, then pr’ < po’; hence,
in this case, in the vicinity of the point
M, the circle lics entirely withiu or en-
tirely without the curve. In these cases
it will be found that the order of contact
of the circle is odd, and higher than the second; for, unless
A'"'= 0, the circle must intersect, as shown by the preceding
demonstration,

Since the osculatory circle has a more intimate contdct with a
curve at a given point than any other circle, it will necessarily
separate those circles which are tangent without the curve from
those which are tangent within,

105. The curvature of a curve at a given point is its tendency to
depart from ils tangent at that point ; or ix the anqular space in-
cluded between the curve and ils tangent. Thus, of the two curves
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AC and AB, having the common tangent AD,
the former has a greater tendency to depart from
the tangent, and has the greatest curvature, since
the angular space DAC > DAB.

The curvature of the circumference of s circle is evidently the
same at all of its points; but of two different circumferences, that.
one curves the most which has the least radius; as in the figure,
the tendency of abd to depart fiom the
tangent is greater than that of ab'd’, and
this tendency plainly increases as the radius
decreases, and the reverse ; that is, the cur-
valure in two different circles varies inversely
as their radii.

A D

¢ b

This being the case, the expression —I!{.— may be taken as the

measure of the curvature of a circle whose radius is R.

Since the contact of the osculatory circle with a curve is so
intimate, its curvature may be taken for the curvature of the curve
at the point of osculation; and the two in the immediate vicinity
of this point may be regarded as one and the same curve ; hence,
to compare the curvatures at dif-
ferent points of a curve, we have - /
only to compare the curvatures of
the osculatory circles drawn at these
points. Thus, in the curve MM,

1 1
curvature al M : curvature at M’ :: i

106. The radius of the osculatory circle at a given point of a
curve is called the radins of curvature, at that point; and the
centre of the circle is the centre of curvature. A general expression
for this radius is given in article (99), and it may be found for any
particular curve by differentiating the equation of the curve, and
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aubstituting the derived expressions for dy and d'y in the
formula,

o (d2* + dyt)d
R=& —0iy

It the value at any particular point of the curve be required,
for z and y in the expression just deduced, substitute the co-
ordinates of the particular point.

As only the absolute length of the radius of curvature is re-
quired in determining the curvature of curves, we may use cither
the plus or minus sign of the formula. It is best, in general, to
use that which, taken with the sign resulting from the expression,
will make R essentially positive. .

Let it now be required to find the general expression for the
radius of curvature of Conic Sections.

Their equation is

'2)dz

y' = 2pz + r'z*; whence dy = Q—"'—;—zl——,
¥ 9 2 d : ]
Ao + dy' = L"_iip_l;i z)'1d="

2 rlydz® — (p 4 riz)dzdy [y — (p + r'z)]de"
y:——»-f-———f;—,Afffffff = y‘ .

w

These expressions substituted in the formula give, after re-
duction,

R = (222 402 4 (p + ')
pi

the numerator of which is the cube of the normal, Art. (85).
Hence, the radius of curvature at any point of a conic section, is
equal to the cube of the normal divided by the square of half the
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parameler, and the radii at different points are to each other us
the cubes of the corresponding normals, ’
If in (1) we make z = 0, we have, at the principal vertex,

R = p = one-half the parameter,

which for the ellipse and hyperbola is b;.

The radius of curvature at the vertex of the conjugate axis of
the ellipse, is obtained by substituting in (1),

2 —
, e - and z = a

b . 5
pr = z

The result is

'
R = ‘—‘b— = one-hulf the parameter of the conjugate axis.

It may be readily shown that p is the least value of R; there-

fore the curvature at the principal vertex of a conic section, is
3

greater than at any other point. Likewise, % is the greatest

value of R in the ellipse; hence, the curvature of the ellipse is
least at the vertex of the conjugate axis. The curvature of the
other two curves diminishes as we recede from the vertex.

For the parabola »* = 0, we then have
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107. If, atthe different points of a given curve, osculatory
circles be drawn, and a second curve traced through their centres,
k' the latter is called the evolute of the
former, which is the involute. Thus,
CC" is the evolute of the involute MM''.
Points of the evolute may always be
constructed by drawing normals at the
different points of the involute, and on
each of these normals laying off the
corresponding value of R, deduced as in
article (106).

108. If « and B, the co-ordinates of the centre of the osculatory
eircle, be regarded as variables, they will determine all the points
of the cvolute; but «, B, and R, are functions of z and y, the
co-ordinates of the points of osculation; and the relation between
these five variables is expressed by the three equations of Art. (99)
which may be written thus,

(7 —2)" + (y —B) = R'....Q1),
(z —a)dz + (y — B)dy = 0.....(2),
(y — B)d*y + dy® +.dz* = 0..... (3).

If we differentiate (1) and (2), regarding all the quantities,
except dz, as variables, we obtain

(z—a)dz 4+ (y — B)dy — (z — a)da — (y — B)dB = RdR,

dz* + dy* + (y — B)d'y — dede — dydB = o,
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and these, by means of equations (2) and (3), are reduced to

— (z—a)da — (y — B)dB = RdR.......(4),

~ dzde — dydB = 0.........(5).

Equation (5) gives |

dz _ dB
&y S dactee e, (6).

dr . . .
- ¢T; is the tangent of the angle which a normal to the invo-

lute at the point (r, ) makes with the axis of X, Art. (84), and
j—ﬁ is the tangent of the angle which a tangent to the evolute at
a
the point (x, 3) makes with the same axis; hence, these angles
are equal. But the normal at the point (r, y) passes through
the point («, 3), Art. (103); therefore the normal and tangent
form one and the same line; that is, the radius of curvuture is
normal to the involute, and tanyent to the evolute.

The evolute may therefore be constructed by drawing a curve
tangent to the normals at the different points of the involute.

From what precedes, it is plain that the evolute may be re-
garded as formed by the intersections of the consecutive normals
to the involute, and that the point of intersection of any two con-
sccutive normals may be taken as the centre of ghe opculatory
circle, which passes through the two consecutive points of the
involute at which the normals are drawn, )

- 2

109, Equation (68) of the preceding article, combined with (2),
gives :

T —a= Z%(y—'ﬁ).
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Substituting this value in (1), we have, after reduction,

_ gyldet + 48

(v G — = Rl ).

Substituting the same value in (4), reducmg and squaring both
members, we obtain

(da* + dB*)

(y — B)! a3 = R!R*

. Dividing this by (7), member by member, and taking the root,

Vda® + d3* = dR

But if z represent the arc of the evolute, we have

= Vda' + dB3%........ Art. (90);
hence
dR = dz, and R=2z+c¢c...... Art. (16).

110. If any two radii of curvature be drawn, as one at M’ and
the other at M’’; the first being denoted
by R, the sccond by R’, and the corre-
sponding arcs CC’ and CC” by z and 2/,
we have

R=2+y¢ R' =2 4+ ¢;

whence

’

R —R =2 —z;

that is, the difference between any two radii of curvature is equal to
the arc of the evolute intercepted between them.
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If in the equation R = z + ¢, we make z = 0, and denote '
by r, the corresponding value of R, we shall have

r=04c¢ = c;

that is, the constant ¢ is always equal to the radius of curvature
which passes through the point of the evolute, from which its arc
is estimated.

If we estimate the evolute ot the ellipse
from the point C, we have

c=MC=—........ Art. (106);
hence
bi
R=2 4 —.
a
. at
Also, since MC = 3

' !
M’C’—MC:%—%:CC'.

If the evolute and one point of the involute be given, and a
thread be wound upon the evolute and drawn tight, passing
through the given point M, when the thread is unwound or
evolred, the point of a pencil first placed at M will describe the
involute ; for by the nature of the operation, CC’ is always equal
to M'C' — MC.

111. The equation of the evolute of any curve may be found
thus: Differentiate the equation of the involute twice; deduce |
the expressions for dy and d%y, and substitute in the equations
(2) and (3), Art. (99),
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d-
z — =‘TZ(”_‘8)t ....... (1)
_ dz* + dy*
Y= 8= T ),

combine the results, which will contain the four variables, a, £,
z, and y, with the equation of the involute, and eliminate = and
v; the final cquation will contain only a, 8, and constants, and
will therefore be the required equation.

As an example, let it be required to find the equation of the
evolute of the common parabola.

The cquation of the involute is

d
y: = 2pa, . whence ‘Tz = 5,
i
pldz® pldr’
dy' = ) dly = — o

Substituting these values in (1) and (2), and reducing, we have

)]
T
2 —a=— -"; — Pereeena(3)
3 y‘
y-ﬁ:%;-{-y, whence '—-B:F....(4);
and putting for y, in (3) and (4), its value V' 2px = (2p)%z},

we have

z —a=— 2z — p, -8 =
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The value of z = %(a — p) taken from the first equation,
and substituted in the last, gives

8

'—_
R — 21p

(e — p),
which is the required equation.

If we make B8 =0, we have « = p, and laying off
AC = p, C will be the point at which the .

evolute mecets the axis of X. If we trans- '
fer the origin of co-ordinates to this point, /

we have v
a = p + ”"7 B = B';

hence

8
27p

a's,

B =

Bince every value of a’ gives two values of 8’, equal with con-
trary signs, the curve is symmetrical with the axis of X. If o’
be negative, 8’ is imaginary, and the curve does not extend to
the left of C. The branch CC’ belongs to AM, and CC” to
AM',

ExvELopEs.

112, Let - v = f(#,y,8) = 0........ 1),

N

represent a curve given in kind only, a being the only arbitrery
consfrnt in the equation, If ¢ be regarded as variable, and be
changed so.a3 not to change the form of the equation, we may
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obtain an infinite number of curves of the same species as that
represented by (1). If a be increased by da, we shall evidently
obtain the curve of the species which is consecutive with the first.
By increasing a again by du, we shall obtain the next consecutive
curve, and so on. In gencral, these consecutive curves will inter-
sect each other two and two, and by their intersections form a
new curve, which is called the envelope of the species represented
by equation (1).

113. To explain the mode of obtaining the equation of this
envelope, we substitute, in equation (1) of the preceding article,
a + da for a, and obtain

v = f(z,9,¢ + da) = 0;
or by Taylor’s theorem, Art. (35),

d d*u da'
R

7 + &c. = 0........ (1.

Since u = f(2,9,8) = 0,

and since, du being infinitely small, all terms after %da may

be rejected, equation (1) becomes

du du
E.-da = 0, or = [ 2),

which is the equation of the first consecutive curve.

If this be combined with equation (1) of the preceding article,
the values of = and y, in the result, will be the co-ordinates of
the points of intersection of these two curves; and if they be com-
bined in such a way as to eliminate a; = and y will be the co-
ordinates of the points of intersection of any two consecutive
curves of the same species, or the general co-ordinates of the
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curve formed by these intersections. To obtain, then, the equation
of the envelope of a curve given in kind, we combine its equation
with its differential equation, taken with respect to the arbitrary
constant, and eliminate the constant; the result will be the re-
quired equation.

114, This elimination may be effected by deducing the expres-
sion for «, in terms of z and y, from the equation

du
= Oiveeinnnann. (1),

and substituting it in equation (1) of article (112). This expres-
sion may be represented by e = ¢ (=2, ¥).

If, then, in equation (1) of Art. (112), a@ be regarded as equal
to ¢(#, ¥), that equation will represent the envelope. If, under
this supposition, the equation be differentiated, we have, for its
differential equation,

du du du

d
= 0, reduces to

which, since T

du du
Edz + @dy = 0; N

an equation identical with that obtained by differentiating equa-
. . d
tion (1), Art. (112), when « is constant. The expressions for 3%’

deduced from these two equations, will then be the same; hence,
at the point of intersection of two consecutive curves, the tangent
to the envelope will be the same as the tangent to the first curve;
or, the envelope is tangent to the different curves of the species,
hence its name.
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115. We may illustrate by the following examples :
1. Deduce the equation of the envelope formed by the intersec-
tions of the consecutive right lines given by the equation

u =y —a ——-= O.........(1),

when a varics. Differentiating with respect to a, we have

du b
(—1-;=—$+;—'—0,

a =.:b Vg.

Substituting this value in (1), reducing, and squaring both
members, we have

whence

y: = 4z,

the equation of a parabola.

2. Deduce the equation of the envelope of the parabolas, given
by the equation ’

(1 +a*)z* — 2dpz + 2py = 0O,

when a varies. - \ ~

116. If the equation of the curve have two constants, we may
limit the species of curves represented by it, by requiring an equa-
tion of condition to exist between these constants, such uas to make
one dependent upon the other. In this case, the expression for
ong, in terms of the other, may be obtained from the equation of
condition and be substituted in the cquation or the curve, and then
the equation of the cnvelope of the species be deduced as in the
preceding article. Or otherwise, the given equation may be dif-
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ferentiated, regarding one of the comstants as a function of the
other; the equation of condition may also be differentiated under
the same supposition, and then, by the combination of the four
equations, the differential coefficient and constants be eliminated,
thus giving the equation of the envelope.

In the same way, the equation of the envelope, when there is
any number of constants with a proper number of equations of

condition, may be determined. .

Examples.
1. Find the equation of the envelope of the different positions

of a right line of given length, which is moved with its extremities

in two rectangular axes.
Let- I be the length of the line, a .

and b the distances cut off from the |-

axes of X and Y respectively. The

equation of the line may be put under

the form b J
T4Y = A o x
s FF =1 6]

Differentiating, regarding a as a function of 4, we have

ydb

v
g%t 3 =0

ada 4+ bddb = 0.

Deducing from these the expressions for Z—:, and equating,

11
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Substituting this in (1), we have
%y+%= 1, or (a* + b))y = b%;
and gince at 4+ b =1, )
b = yl, b = 173/?
In the same way, we find
a = Val'.

Substituting these expressions in (2), and reducing, we have,
for the equation of the envelope,

z§ +y;= lg.

2. Find the equation of the envelope of a series of ellipses
having the same centre, same co-ordinate axes, and same area.
Let the equation of the ellipse be put under the form,

Since the areas are the same, we must have

ab = c¢'iiiiniinnn, 2),

¢® being constant. By differentiating, &c., as in the preceding
article, we find for the envelope,

cﬂ
w=73

the equation of an equilateral hyperbola, referred to its asymptotes.
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ArruicaTioN oF THE DrFrERENTIAL CALCULUS TO THE

ConstrrerioN AND DiscussioN oF CurvEs. SINGULAR
PoixTs.

117. The most general division of curves is into the classes,
Algebraic and Transcendental.

‘When the relation between the ordinate and abscissa of a curve
can be expressed entirely in algebraic terms, Art. (5), it belongs
to the first class; and when such relation cannot be expressed
without the aid of transcendental quantities, it belongs to the
second class,

We have seen, in Analytical Geometry, the mode of constructing
and discussing curves when their equations are given. By the aid
of the Differential Calculus, this discussion may not only be sim-
plified but much extended, and the nature, form, and propertics of
the curve be thus more fully ascertained.

On many curves points are found, at which there exists some
remarkable property not enjoyed by the other points of the curve.
These are called singulur points. They are entirely independent
of the system or position of the co-ordinate axes, and are easily
discovered and characterized by the Calculus.

A detailed discussion of the general equation

y=b+c(z—a)............ (1),
in which m is any positive number, will illustrate these principles,

First: Let m be entire and even.

Since every value of z, positive or negative, gives one real value
for y, the curve is continuous, and extends indefinitely in the direc-
tion of the axis of X.

By the differentiation, &c., of (1), we have
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dy / - a’ -
a=mc\:c—a) ' (2) E%:m(m—l)c(z—-a) '..(8),
d*y .
E; = m(m —_ l).......-.-2.1-¢.
. d; .
Placing Zl.—?: =0, we obtain z = a.

This value of z, when substituted in (1), (2), (8), &c., gives
y = b, and reduces the successive differential coefficients to 0, as
far as the wth, which, if ¢ be positive, becomes a positive constant,
and is of an even order; hence, y = b is a minimum ordinate,
Art. (70).

. d .
Since for # = a, we have fi.i: = 0, the tangent line at the
extremity of this minimum ordinate is parallel
to the axis of X; and since (m and m — 2

being even) for all values of z except z = q,

d* -
y and d.r?f are positive, the curve at all of
¥ its points is convex towards the axis of X,
Art. (86).

If ¢ be neqative; the mth differential coefficient will be negative;
and z = a and y = b will be the co-ordinates of a point at which
the ordinate is a maximum. In this case, the second differential

coefficient for all values of z, except z = a,
is negative, and the curve, for all positive
values of y, concave, and for all negative
values of y, convex, towards the axis of X.
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118. Second: LZLet m be entire and odd.

In this case, each value of z gives one real value for y; and
each value of y, a real value for z; hence, the curve is unlimited.
in either direction.

When z = ¢, the first differential cocfficient, as before, is equal
to 0; as also the second, third, &c. The mth, however, if ¢ be
positive, is a positive constant, and of an odd order; there is then,
in this case, neither a maximum nor a minimum, Art. (70).

By examining the second differential coefficient, we see (since
m — 2 is odd), that for every value of z < g,
it is negative; that for 2z = a, it is 0; and
when z > a, it is positive: hence, for all values
of « < a, which give ¥ positive, the curve is
concave towards the axis of X; and for all
values of z > g, it is convex, as in the figure.
Therefore, at the point whose co-ordinates ate £ = a and y = b,
as r increases, the curve changes from being concave, and becomes
convex, towards the axis of X.

A P

If ¢ be negative; the rcverse will be the case, and as in the
second figure, at the point M, whose co-ordinates are 2 = a and
y = b, there is a change from convexity to
concavity towards the axis of X. Such points
are singular, and are called points of inflexion.

In both cases the tangent line at the point of
inflexion is parallel to the axis of X, and also
cuts the curve. X ¥

119. Third: Let m be a fraction, the numerator and denomi-
nator of which are odd, as 3.

Then y =5+ c(z — a)%,

dy 3¢ d’y 2 3¢

ul AP L =5 = — &
dz 5(::—4)é ds? 55(::—(1)*
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z = a gives

dy dly
y:b, Z;:w, F:m,&c.
. dy . .
If ¢ be positive; p for all values of r < @, will be posi-

tive, and for all values of z > a, negative; hence,
for all valnes of z less than a which give y posi-
tive, the curve will be convex, and for all values
of z greater than e it will be concave towards
the axis of X, as in the figure.

I7 ¢ be neqative ; the reverse is the case, as in the second figure.
The point M, whose co-ordinates are z = a and y = b, is in
both cases a point of inflexion at which the
tangent line is perpendicular to the axis of X.
Whence we may say: A point of inflexion is one
at which, as the ubscissa increases, a curve changes
Jrom being concave towards any right line, not
passing through the point, and becomes conver, or
the reverse.
If the right line be taken as the axis of abscissas, this point will
always be characterized by a chunge o sign in the second differen-
tial roqﬂim'ent.qf the ordinate. For, since the curve on one side of
the point is concave, and on the other convex, the second differen-
tial coefficient in one case has a different sign from that of the
ordinate, and in the other the same; hence, at the point the sign
maust have changed. In order that this may be the case, the sec-
ond differential coeflicient must be cqual to zero, of infinity.
The roots of the two equations,

od,y_

-— = 0, and = @

will then g:ive all the values of the variable which can belong to
points of intlexion.
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It sometimes happens that a point of inflexion lies on the axis
of X, as in the second case above discussed when 4 = 0. In this
case £ = a gives

d
y =0, and Z‘Z =0,

and the corresponding point M is a point of in- |

flexion, at which both the second differential |

coefficient and ordinate change their signs. \ _/_
It is evident, from the preceding discussion, A~

that if any right line be drawn through a point /

of inflexion, the curve on both sides of the point will either be
convex towards the line, or concave.

120. Fourth: Let m be a fraction with an even numerator, as §.

Then ¥y =0b 4 ¢(z— a)g,
dy _ 2¢ dy _ 1 2¢
dz 8(z — a)i, dz? 8 8(z — a)é’
z = a gives
- dy _ d'y _
y=5b  p= =
.. dy . .
If ¢ be positive; for z < a, 7z will be negative, and for

z > a, it wil) be positive; hence at the point whose co-ordinates
d . .

are z=u¢ and y=1 d—.:{ mugt change its sign from
minus to plus, which change indicates 8 minimum ordinate,
Art. (69).

If ¢ be negative ; the reverse will be the case, there will be a
change of sign from plus to minus, and the ordinate will be a
maximum,
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!
|

.
In the second case, :—z—’,’ is always positive. For all positive

values of y the curve will then be convex, and for all negative

. values of y concave, as in fig. (). The tangent

M at the point M is in both cases perpendicular to

@ the axis of X.

—  The point M is singular, and is called @ cusp.

It is a point at which the curve, when inter-

rupted in its course in one direction, turns immediately into a con-
trary one.

In the first case, the second differential co-
efficient for all values of z is megative, and the
ordinate positive; the curve is therefore con-
cave towards the axis of X, as represented in

—T T fig. (a).

A

121. Fifth: Let m be a fraction with an even denominator, as §.
Since the denominator of the fraction indicates that the
square root is to be taken, the double sign &= must be placed

before (z — a)%, and we then have
y=5b=x c(z—a)%,

dy 3 1 d'y 8¢
d—z_:béc(z—a), F_i_

Every value of z <"a gives y imaginary; z =a gives
y=>5b and z > a gives two values, one greater and the
other less than &. There is then no point on the left of that one
whose co-ordinates are z ==a and y = b; but on the right
of this point the curve must extend indefinitely, and consist of
two branches.
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the tangent at M is then parallel to the axis
of X. ' /
Each valne of 2 > a gives two values for M‘T
dy
(TtT’
greater value of y, and the other ncgative; hence, the upper
branch is convex, and the lower, until it crosses the axis of X,
concave, as in the figure, and the point M is a cusp.

the one positive corresponding to the | L. — -

122. Let us now take the equation
(v — ") = 2,

from which we deduce

y:z'd:z‘},
dy 5 3 dy 53 }
- = += - —_— = - =
dz — % 2% = 2 E3 57

When 2z =0, we have y = 0. If = be negative, y is
imaginary. For every positive value of z, there are two real

values of y, both of which are positive as long as z? > zt or
z < 1; after which, one is positive and the other negative.

When z =0, % = 0; also when

5 16
2:!:§z*=0, or z = 55
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hence the axis of X is tangent to the curve at the origin; and
the tangent to the lower branch, at the point whose abscissa is

'-;1,%’ is parallel to the axis of X.

d :
The first value of (ET'/ belongs to the upper branch, and is

always positive. The second value is also positive as Jong as

2> 33 a:%, or r < %% after which it is negative.

| The origin is then a cusp, at which
both branches lie on the same side of

L_ A the common tangent, and is of the

Ll ~N second  species, those before discussed

being of the first species. The point of the lower branch whose
abscissa is % is a point of inflexion,

123. From the equation,

ay’ — 2* + bz' = 0,
we derive

, z'(z — b) dy 3z — 2b
= —_—— — = =% ettt
Y 1/ a dr 2va(z — b)

Since z = 0 gives y = 0, the origin A is a point of the curve.
All negative values of £ make y imaginary, as also all positive
values less than b; hence, A has no consecutive
\ point. Such points, given by the equation of
a curve, but having no consecutive points on
either side, are singular, and are called isolated
or conjugute points.
. . d
Substituting 0 for # in the expression I!:’
\ it reduces to
x b
V= ab
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an imaginary expression; and, in general, at a conjugate point,
one or more of the differential coefficients of the ordinate must be
tmaginary, since y’, the consecutive ordinate, when developed as
in Art. (35), can only be imaginary under this supposition.

If we take the equation,

4 4

aly? = 2¢ — a'z!,

whence

z' d 3z — 2a'z
_1/ - 3 F‘\/:c’ —_ a*, —!{ = =%+ _.____1.‘.

dz a' Ve — ot

z = 0 and y = 0 will satisfy the equation, while no ‘other value
of z, numerically less than e, will give real values for y. The
dy
dz
reduces to 0. If the second differential coefficient be taken, it
will, for # = 0, reduce to an imaginary expression. \

origin is then « conjugate point. In this case, for z = 0,

124. Take the equation,
y=0b=x(z—a)Vz — ¢

and suppose a > ¢. By differentiating, we derive

For every value of z < ¢, except # = a, y is imaginary.

dy
For z =c y = b, and ==

For every value of z > ¢, there are two real valucs of y.

d .
For z = a, y = b and I‘Z::ﬁ:x/a—-c,
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and at the corresponding point M there are two tangents, one
making an angle, the tangent of which is + Va — ¢, and

, the other — va — ¢. The
i point M is singular, and belongs to
N a class called multiple points, or

points at which two or more branches

of a curve intersect. If but two in-
tersect, the point is a double multiple point; if three, a triple; and
so on. Since there will be a scparate tangent to each branch, at
one of these points, it will be characterized by two or more values
of the first differential coeficient, for the same values of the variables.

If a<c¢ z=u4a and y = b give a conjugate point.

125. We will close the discussion of algebraic curves by con-
structing the curve given by the equation

ay* — 28 4+ (b —c)z* + bex = 0;
whence

MRV ) G N B S TR

dx 2 Vaz(z —b)(s +¢)
Each of the values, 2 =0, 2 = b, 2 = — ¢, gives y = 0.

Every negative value of z, numerically greater than ¢, gives y
imaginary ; while every such value less than ¢ gives two equal
values of y with contrary signs. Every positive value of z < &
gives y imaginary; and every such value greater than b, gives two
equal values of y with contrary signs. The curve is then symmet-
rical with reference to the axis of X.

Each of the values, z = 0, = =>b, z = — ¢, reduces g to @;

hence, at the three corresponding points the tangent is perpendic-
ular to the axis of X.
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By solving the equation,
3z — 22(b —c¢)— b = 0,

we shall find two real values for 2, one positive and the other
negative, and thus determine the points at which the tangent is
parallel to the axis of X. The positive value will be found to be
less than b, and hence will give no
point of the curve. The negative
value is numerically less than ¢, and

gives two points, one above and the -
[ N—s

other below the axis of X. The ¢
curve may then be drawn as in the
figure, in which AC = — ¢, and
AB = b

If ¢ = 0, the equation becomes

ay’ — 2* + bz* = O,

and the oval AC reduces to the conjugate point A, as in article
(123).
If & = 0, the equation becomes

ay? — ' — cz' = 0,

and the curve takes the form indicated in figure
(b), the origin being a double multiple point, since

d
TZ becomes equal to =+ 1/%. A

If b and ¢ are both equal to 0, the equation becomes -

z* ©
ay? — 28 = 0; whence y = =% o

»

and the curve will be as in figure (c), the point A
being a cusp of the first species.
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126, One of the moss important of the transcendental curves is

. A s S YIRS

WL e S ~
- 'an Loearrramic Curve,

s0 named because it may always be referred to a set of co-ordinate
axes, such that one co-ordivate will be the logarithm of the other.
Its equation is usually written

y = loga,
or, if a be the base of the system of logarithms,
z = a'.

Hime The curve is given when a is known, and
may be constructed by laying off on the axis
of X the different numbers, and on the cor-
responding perpendiculars the logarithms of
these numbers. Or it may be comstructed
from the equation z = a?, by making y = },
3, 1, &c.; whence, the corresponding values
of z are

z:V;, z=a‘\/;, z=1‘/;,&c.

When y = 0, r = 1. This being the case for all systems of
logarithms, shows that all logarithmic curves, when referred to the
same axes, cut the axis of X, or aris of numbers, at a distance
from the origin equal to unity.

If a > 1, and z > 1, y is positive, and increases as z increases;
if 2 < 1, y is negative, and increases numerically as z decreases,
until z = 0, when ¥y = — . If z be negative, there will be
no corresponding value of y. The curve will then be of the form
indicated by the full line in the figure.

If a < 1, the reverse will be the case, and the curve will be
represented by the dotted line. )
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127. If now we differentiate the equation y = logz, M being
the modulus, we deduce

dy M dy M
z — z’ dz' ~  zV
dy M
When z = 0, =0 = ®
hence, the tangent at the corresponding point is the axis of Y
and since for = 0, y = — w, this tangent is an asymptote.
dy M
‘When z = o, E:g:O.

But £ =  gives ¥y = o ; hence, there is no tangent parallel
to the axis of X, at a finite distance from it.
The value for the subtangent on the axis of X is

dz z
PT = y@ = log N
If the subtangent be taken on the axis of Y, we have

4,
B = 22 = M;

that is, the sublangent on the azis of logarithms is constant, and
equal to the modulus of the system in which the logarithms are
taken. '

If M=1, SS’:I:AB.

. dly
Since, when a > 1, Tt is negative for all values of 2, the

part BM is concave towards the axis of X, and BM’ convex.

. . d* . .
When a < 1, M is negative, ;l;g will be positive, the part
Bm' convex, and Bm concave, '
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128, The curve given by the equation
y = zla,

is remarkable. Each value of 2 gives but a single value of y.
For values of # > 1, y is positive; for values of z < 1, ¥ is
negative; and for small values of z, decreases numerically and
approaches the limit 0, which it reaches when z = 0. Negative
values of z give no values for y. The origin is then a point of the
curve at which it is interrupted in its course, but does not turn
into a contrary one as at a cusp, Such points are called termi-
naling points,
Y The value z = 1 gives y = 0;
. hence, the curve cuts the axis of X at
/ a distance from the origin equal to 1.
Differentiating the equation, we huve

p d
X '

dx dzt z

Placing &+ 1 =0, we have Iz = — 1,
or, z=e“‘=—1:-—

which corresponds to & minimum value of y, Art. (70).

At the point B, gz becomes equal to 1, and the tangent

makes an angle of 45° with the axis of X. Betwcen the points
A and B the curve is concave, and from the point B it is convex
towards the axis of X, Art. (86).

129. Let . .
Each value of z gives a single positive value of y. z =

gives ¥y = 1. As 2z decreases, y decreases, until r = 0 gives

.
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y = 0. If z be negative and infivitely small, y is infinitely great,

and as z increases numer-

ically, ¥ decreases, until i
z=— o gives y = 1.
At the origin the curve is .
interrupted, as in the pre- ° =
ceding article.
Differentiating, we have
A p 4 P2 :
1 1
by _: dly _ e :(1 —22)
dz — z’ dz* z4 '

d .
For z = 0, -d—: becomes w, and the axis of Y is an asymp-

tote of the left-hand branch of the curve. For z = @ or — o,

d

d——z becomes 0, and the line OS at a distance from the axis of X

equal to 1, is an asymptote to both branches. For all negative
?

values of z, -d—:-{ is positive, and the curve convex towards the

axis of X. Also, for all positive values of # < §. For z =},
1

% becomes 0, and is negative for all values of z > 3. The

point M, whose abscissa is 1, is a point of inflexion, Art. (119),
and beyond this point the curve is concave towards the axis of X.

130. Another singular point is given by the equation,

y=1056+ ztan"';l:-,

whence

8
S
I
8
8
”»
+|®
b
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Each value of z gives but a single value for y. For values of z
which are numerically equal, one positive and the other negative,
the corresponding values of y arc
equal; hence, the curve is symmetrical
with respect to the axis of Y, and
z=20 gives y = b.

d

For all positive values of z, :l% is

positive, and as z is diminished to 0,

d
2y increases to
dz

dy _ S 1 _
(a;)-_n... tan 0= tan—! © = 3
. dy . . .

For negative values of z, o e negative, and increascs nu-

merically as z is thus decreased to 0, when we have
L]

@), =) ===

We thus have two branches terminating at the point M, not
tangent to each other as at a cusp. This, which is but a particu-
lar case of a multiple point, is called a salient point.

131. The most remarkable transcendental curve is

A

| ‘- W

FU Tue Crerom,

which is generated by a point in the circumference of a circle,
when the circle is rolled in the same plane, along & given
straight line.

IRy
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Let AB be the given line, and suppose the circle to have been
placed upon it, so that the generating point was at A, and then
to have been rolled to the position RME. :

The generating point now at M, has generated the arc AM.

Y

Take the origin of co-ordinates at A, and let AP = a,
PM = y and RE, the diameter of the generating circle = 2r;
then

AP = AR — PR........ (1).

But since every point of the circumference from M to R, as
the circle was rolled, came in contact with AR, we have

AR = arc MR = ver€in='RN = versin—'y.
Also,
PR = MN = VRN x NE = Vy(2r = y) = V2ry — 4"

Substituting the values of AP, AR, and PR in (1), we have

z = versin~'y — V2ry — y'........ (2),
which is the equation of the Cycloid.
After the circle has been rolled over once, every point of the
circumference will have been in contact with AB, and the gener-

ating point will have arrived at B; we have then

AB = circumference of generating circle = 2ar.
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The given line is called the base of the Cycloid, and the line
CD = 2» perpendicular to AB at its middle point, is the axis.

If the rolling of the circle be continned beyond the point B, an
infinite number of arcs, each equal to ADB, will be generated.

Every negative value of ¥ in equation (2) makes » imayinary;
hence there is no point of the curve below the axis of X.

y = 2r, gives 2 = versin~'2r = «r = AC,

l::very value of ¥ > 2r makes z imaginary; hence the great-
est ordinate of the curve is equal to the diameter of the genera-
ting circle. For the points of each branch between D and B,
the cssential sign of the radical must evidently be plus. .
By differentiating (2) we have, Art. (44), after introducing the
radius r,
rdy rdy — ydy

dr = —m— T o
Vary — ¢ Very — gt

or reducing

d
dz = ——24 ... .o (8),
which is tho differential equation of the Cycloid.

132. Substituting the preceding value of dz in the formulas of
article (85), and reducing, we have

1
Subtan ent, PT = - _‘y;:-
gent, e

_yvary

: Tangent, MT = —— < _
ng td 1/27-3, - y'

Subnormal, PR = v2ry — y*.°
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[

Nvimal, MR = V2ry.

Since the subnormal PR = v2ry — y* = MN, the diameter
ER and normal MR intersect the base at the same point. Hence,
to construct the normal at a given point, join it with the point
at which the corresponding position of the generating circle is
tangent to the base. Or, upon the greatest ordinate CD as a
diameter, describe a circle, and through the given point M draw
a line parallel to the base; from the point F in which it cuts the
circle, draw the two chords CF and DF to the extremities of the
diameter; a line through the given point parallel to CF will be
the normal, and one parallel to DF the tangent.
~ If it be required to draw a tangent parallel to a given line, as
T'T", draw the chord DF parallel to the given line, from F draw
FM parallel to the base; the point M is the point of cuntact,
through which draw a line parallel to T"T"".

133. From equation (3), article (131), we have

dy _ Very — y? 4/
dz — y - y

which becomes 0 when y = 27, and © when y = 0; hence, at
the extremity of the greatest ordinate, the tangent is parallel to
the base; and at the points A, B, &c., where the carve meets the
base, it is perpendicular.

If we square both members of equation (1), we have

dy*  2r

=y b

Differentiating both members of this, we have

2dyd’y 27rdy d'y _
et T yb? or

de* — g
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This second differential coeflicient being negative for all values
of y, the cutve is concave towards the axis of X, Art. (86).

134. Substituting the values of dy and d'y in the expression

R o _ (4" +dy)

. : T dzd'y !
we obtain
(erdz’)%
?
R =Yt = obrdyd = 2 vy
o

orsince V2ry is the expression for the normal, Art. (132), the
radius of curvature ts equal to twice the normul at the point of
osculution.

If y=0 R =0; andif y = 2r, R = 4r;
hence, the radius of curvature at A (see figure in next article) is

equal to 0; and at D is 4r; therefore, Art. (110), the arc
AA' = 4r,

135. To obtain the equation of the evolute, let us substitute the
values of dy and d°y in equations (1) and (2) of article (111).
After reduction, we find

y—B=2y z-—a=-2Vlry -y
whence

y = — B, z=a— 2vV— 2r3 — %
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These values, in the equation of the involute, Art. (131), give
e = versin='(— B) + vV — 278 — B'...... (1),
for the required equation,

If we produce DC to A’, making .
CA’ = DC, and then transfer the
origin to A’, the new axes being

A’X’ and A'D, and the new co- A Ny ©
ordinates a’-and 3', we shall have

for any point, as M’, X’ A
AG = aq, GM' = — §,
A'Y = o, PM = 3.
Since AC = n7, and CG = A’P’,
o = mr— a0 N
and since GP’ = 27,
GM' = 2r — @, or — B =2r - 3.

Substituting these values in (1), we have
mr — & = versin='(2r — ') + V2rf — B,

whence

"a = mr — versin—!(2r — ') — Verf — B'%;

But mr — ver-sin—'(2r — ') = ver-sin—'83'; hence, the last

equation becomes

o' = versin~'f’ — vVerf — (7,
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which is the equation of the evolute referred to the new axes, and
is of the same form and contains the same constants as the cqua-
tion of the involute ; therefore the two curves are equal.

Since arc AA’ = 4r, its equal AD = 4r, and ADB = 4.2r;
that is, equal to four times the diameter of the generating circle.

\/\ ,\J,, ’\

S
Porar Curves. SPRALS.

136. In Analytical Geometry we have seen, that we may obtain
the polar equation of any curve, given in terms of rectangular
co-ordinates, by substituting for these co-ordinates their values, in
terms of the polar co-ordinates, taken from the formulas

z = a + rcosv, y =0b 4 rsinv....(1).

Also, if we have the differential equation of the curve, or any
expression containing the differentials of the variables, we at once
pass to the corresponding equation or expression in terms of polar
co-ordinates and their differentials, by substituting for z and y the
above cxpressions, and for dz and dy the expressions below, ob-
tained by differentiating equations (1).

dz = cosvdr — rsinvdy,

dy = sinvdr + r cosvdr.

137. If a right line be revolved uniformly, in the same plane,
about one of its points, a second peint of the line continually
approaching, or receding from the fixed point, in accordance with
some prescribed law, will generate a curve called 2 spiral.

M
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The fixed point is called”the pole or eye of the spiral. The
portion of the spiral generated while the line makes one revolution,
is called a spire; and since there is no limit
to the number of revolutions, the number of
spires is infinite, and any straight line drawn
through the pole of the spiral will intersect it
in an infinite number of points. For this
reason, the relation between the ordinate and
abscissa of a spiral cannot be expressed alge-
braically, Art. (117). '

The s.ystem of polar co-ordinates is generally used to detertine
the different points of a spiral, and its equation may be repre-
sented by

r = f(v),

in which r denotes the radius vector, and » the variable angle.

138. Before discussing the particular spirals, it will be necessary
to determine gencral expressions for the subtangent, &ec., and the
differentials of the arc and area, in terms of polar co-ordinates.

The subtangent, in such case, is the part of the perpendicular to
the radius vector of the point of contact, intercepted between the
pole and the point where the tangent meets this perpendicular.
Thus, if A be the pole, and MT the tangent, AT perpendicular to
AM is the subtangent. To find the expression for it, let the arc v
receive the increment PP’ (AT being
= 1); describe MC with the radius
AM = r; draw the chords MC and
MM’, and the line AT’ parallel to MC,
and produce MM’ to T’. From the sim-
ilar triangles MM'C and M'AT’, we
have '

M'C : MC :: AM’ : AT'; AT’ = %‘51‘—{....(1).
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Also, from the similar sectors APP’ and AMC,
1: PP :: AM : arc MC; arc MC = AM x PP

Now, suppose the increment PP’ = dv, then M'C = dr,
Art. (88), M’ becomes consecutive with M, the secant M'T’
coincides with the tangent MT, AT’ = AT, AM' = AM =5
and chord MC = arc MC = rdv.

Making these substitutions in (1), we have

.

AT = sublangent = e A N 1

From this we deduce

AT AT rdy

Ty T -3 — dv'
The tangent MT = V AM® + AT' = ri/l + r-‘;_:,.

The similar triangles AMT and AMR, give

rt dr
AT :r:: 7 : AR AR=-Iﬁ-‘=7‘-;=mbnorma1.

‘When M’ is consecutive with M, MM'C may be regarded as a
triangle, right-angled at C; hence,

MM = VNMTC' + MC.
But MM’ is the differential of the arc; therefore

If ADM be any segment, AMM’ will be its increment when »
is increased by dv. Calling the segment s, AMM'’ will then be ds,
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and may be measured by the sector AMC. But the area of the
sector,

9
AMC = %AM x are MC = '-;’;
hence,
]
d.! = 5ﬂ’-.
2

139. An equation from which the particular equations of most
of the spirals may be deduced, by assigning particular values to a
and n, is

r = av”.

If n be positive, v =0  willgive »r =70,

and the spirals represented by the eqnation have their origin at
the pole.

If n be negative, v =0 willgive r = o,

and the spirals have their origin at an infinite distance, continually
approach the pole, and » becomes equal to 0 only when v = .

140. Let n =1, then r = ay,

and if #’ and v, #"" and v”, represent the co-ordinates of any two
points of the spiral, we shall have

r = av, = av'’;

whence

or the law in accordance with which the generating point must
move is, that the radius veclors shall be proportional to the corre-
sponding unyles.
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The curve thus generated is the Spiral of Archimedes.

If we take for the unit of distance, the length of the radins
vector after one revolution; then » = 1, » = 2m, and the
equation gives

1
1l = a.2m, a = o
and the primitive equation becomes
v dv
r= 5o whence dr = o

This spiral may be constructed by dividing a circumference into
any number of equal parts, as 8, and the radius AB into the same
number of equal parts. On the radius AC lay off one of these

parts; on AD two, AE three, &c.; on

R AB eight, then again on AC nine, &ec.
E ,:"‘)\\ The-distances tlrus laid off will be propor-

\ tional to the angles BAC, BAD, &c., and
B the curve through their extremities the
required spiral.
Substituting the values of » and dr in
equation (2), Art. (138), we have

-
hN i -~

AL S

v?

= sub t = —.
AT subtimgen ™

‘

If v = 2m, thatis, if the tangent be drawn at the extremity
of the arc generated in one revolution, we have

AT = 27 = circumference of neasuring circle,

If v = m.2m or the tangent be drawn at the extremity of
the arc generated in m revolutions,

AT = m'.27 = m.2mm;
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that is, equal to m times the circumference deveribed with the radius
veclor of the point of contact.
For the subnormal we find

141. If n =}, the general equation becomes
r = av?, or r* = a'v,

This equation being of the same form as that of the parabola,
the curve given by it is called the Parabolic Spiral.

It may be constructed by first constructing
the parabola whose equation is y* = a’z,
and then laying off from P to B, C, D, &c,
along the circumference, any assumed ab-
+ scissas, and from A to M, M’, &c,, the corre-
sponding ordinates; the points M, M’, &c,
will be points of the spiral, since for each
we have

y!' = a's, or - rt.= a'v
.y 2r®
The subtangent at any point is AT = -
142. If n = —1, r = av® becomes
-1 a . —
r=al =, or ry = a,

and the spiral thus given is called the Hyperbolic Spiral.
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If ' and ', "’ and v"”, be the co-ordinates of any two points

. a a
of the spiral, we have r' = —, and 7’ = —;; whence
v v

1
el

1
r o r i =
v v

or the radius veclors are inversely proportional to the angles.

c — If M be any point of the spiral,
/ ‘ . AM =7, MAP =
N b The right-angled triangle MAP,
gives r = E

sin v

Substituting this value of r in the equation rv = a, we find

MP:aw.

v
As v ig diminished, this value approachcs nearer to a, and
v

since (E—v) =1, when » =0, wehave MP = a.
90

If then, at a distance, AC = @, a line be drawn parallel to
AP, it will continually approach the curve, and touch it at an
infinite distance.

e
The cubtangml AT = % = — d.

It is then constant, and equal to AC. Also,

rdv
> = tan AMT = — v;
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that is, the tangent of the angle made by the tangent and radius
vector, i3 equal to the arc which measures the angle made by the
radius vector and fized line.

‘We may apply these properties to the construction of the curve
by points, thus: With A as
a centre and radius — a,
describe a circle; join any
point T with A, draw the
indefinite radius vector AM
perpendicular to AT. Make
AD = arc PN; join D and
N, and draw TM parallel to DN, M will be a point of the
curve; for by the construction

AD = tan AND = tan AMT = arc NP.

Yorzzz b .

143. The spiral represented by the equation
v =logr
is called the Logarithmic Spiral.

Differentiating, we find

dv = -
whence
tan AMT = ? = M;
g

that is, the angle formed by the radius vector and tangent is con
stant, and the tangent of this angle is equal to the mogulus of th¢
system of logarithms used.

If the Naperian system be chosen, M = 1, and AMT = 45°
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Since v is the logarithm of r, if it be increased uniformnly, so
that the different ares #, »', v”, &c., shall be in arithmetical pro-
gression, then 7, ¢/, 7"/, &c., must be in geometrical progression,

and the curve may be constructed thus:
5 With AO = 1 describe a circle, and divide

the circumference into any number of equal

! //’y: ) :

c__..J;?/-fi‘:_,_}g“ parts, and draw the lines AO, Ap, A/,
’ /// &c. The distances laid off on these lines
N I are to be in geometrical progression, since

the arcs Op, Op', Op”, &c., increase by
the constant difference Op. To find the ratio of this progression,
let ¥ = 0, then »r = AO = 1. Now make » = the arc Op,
and find the corresponding value of r in the system of logarithms
used, which lay off to m, then

Am .
A0 = the ratio.

On Ap', Ap", dac., lay off Awm’; Am”, so that
AO : Am : Am' : Am" : Am"" : &c,,

m, m', m", &c., will be points of the curve.
| T\ :
‘ L}

»
Vo :
0 f W A
\\. \) ) L 1(, u"/w/\ (I’\M ({
ApprricaTION oF THE CALCULUS TO SURFACES.
144. Since the equation of every surface expresses the relation

between the co-ordinates of its points, it must contain three varia-
bles, and may be generally written

= F(z,y,2) = 0........(1);

or since either two of these variables may be assumed at pleasure,
and the remaining one determined from the equation, the latter
may be regarded as a function of the other two, they being en-
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tirely independent of each other, and the equation of the surface

bz thus otherwise expressed, R

z2=f(2¥y) . eeennn.. «.(2).

By the same course of reasoning as that in Art. (79). it may
be proved that every function of two variables may be regarded
as the ordinate of a surface of which the variables arc abscissas.

In the equation of every surface considered, z will be regarded
as a function of z and y; and the co-ordin-~te planes will be taken
at right angles to each other.

The ditferential equation of a surface may then be obtained,
cither by differentiating equation (1), as in article (57), or by
differentiating equation (2), as in article (52). By the latter
method, we obtain

dz 'dz
dz = (Edaz + Eldy(B)

145. Let M be any point of
a surface, a portion of which is f
represented in the annexed fig- - '
ure. . The co-ordinates of this
point are

2=Ab, y=Ac z=MP s A '
VRPN E: -
Let-a plane be passed through ! I I
> : bt N ;
M, parallel to YZ. For every E A Hoi/ 1/
i is plane, {1/ A
point of this plane, ! 12N g
 a = . o S
. 'I Il
Y ! / -
If, then, in the equation of the Y &

surface, we make z = z', and
suppose z and y to vary, they can only belong to points in the

curve dMd’, the intersection of the plane and sarface.
13
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In the same way, if ¥ = y”, in the equation of the surface,
and z and z vary, we shall have the curve eMN.

If z and y vary at the same time, and receive the increments
b = k. and ¢’ = k, we have

MP =z = f(z+h y + k),

which may be developed as in Art. (48).
When =z = z', equation (3), Art. (144), gives

dz ’ ’
dz = @dy =pdy or — =p......(4);

equations which evidently belong only to the section dMd’ par-
allel to YZ.

If y = ", the corresponding equations for the section par-
allel to XZ are

dz dz
dz:-‘Ed:::pdz, _or Al ELTRE (5).

The value of equation (4), is the tangent of the angle

dz
dy’
which a tangent to the scction dMd’, at any point, makes;with

the axis of Y, or with the plane XY ; and equation (5),

z
'(E!
the corresponding expression for the section eMN; and since these
angles are the same as those made by the curves, at the point of
contact, with XY, they give the inclination or slope of the surface
in the direction of these curves.

146. If it be required to find the slope of the surface at any
point, as M, along the section MM’ made by the plane MM'PP’,
we take the equation of this plane,

y =az 4 B....(1), z indelerminate ;
\
.-
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« being the tangent of the angle made with the axis of X by the
, dy _ k '
trace PP’, and equal to 7 =0
Now, in order that z shall represent only the ordinates of points
in the section MM’, the relation expressed in equation {1) musf

exist between the variables z and y, and we must have
dy = adz,
which, in equation (38) of article (144), gives
dz = (p + ap’)dz.

pr o >
The limit of the ratio M I)P;h—i-l— is evidently the tangent

of the angle (S) which the tangent, and consequently the curve at
the point M, makes with PP’, or with the plane XY.
But since

PP = VPQ + PQ = hvV1 F af,
we have

MP — MP _ 2 —z
PP T AT + b

the limit of which is

1 dz _ p+ap
V1 +at " dz T F af

To find the direction in which the section MM’ must be made,
in order that the slope at a given point M, along' the curve cut
out, be greater than along any other, it is only necessary to -obtain
that value of « which will render the expression

»+
V1l + o
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a maximum, the values of p and p’ being taken at the given point
M. Differentiating the expression with reference to «, and placing
the result equal to 0, we have

P _ .
a+ani

whenee

p— pa =0, 0 = -

This value of « substituted in equation (1), (3 being first deter-
mined by the vondition that the line PI shall pass through 1),
will give an cquation which, combined with that of the surface,
will determine the line of greatest slope.
\‘ aA ‘ NS oo

X \_,
0 T
. \

Equations or TaxcexT Praxe axp Noryar Line.

1147, The co-ordinates of a given point M, being 2", »”, and 2",
the equations of a tangent to the section parallel to XZ at this
point, will be ‘ |

o (I, 23 ’
z — 2 = ‘,(.r—z), y=y"....(1);
and to the section parallel to YZ,
zn —_ d"” rr p— ’r
z — _;l!}'_’(y-y)’ z=2"....(2).

The equationsof a plane passing through the same point,
Aunalyt. Geom., Art. (64), will be

r— 2" =c(z—2") + d(y —¥")eeer . (3)
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The intersection of this plane by the plane through M parallel
to XZ, will be represented by

s =z, oy =y
and the intersection by the plane parallel to YZ, by
z — 2" =d(y—3") z = 2.

If the pl;me (8) is tangent to the surface at M, these lines
should be tangent to the sections of the surface, and thercfore
identical with those represented by equations (1) and (2), and we
must have

dz"’ dz"

c:dT:;,, d:d_y'—';

and equation (3) becomes the equation of the tangent plane,

. " o__ dz"” " L "
z—z_l—ﬁw(x——z)+dy,,(g/—y) ..... (4).

To illustrate, take the equation of the ellipsoid

il" 2 z’
- "/+-?=1,

a? b? ¢

from which, by differentiating, first with reference to z, and then
with reference to y, and substituting 2", 2", and y’’, we obtain

’” 9 et " 9,
dz fe dz'" e’y

c
aszln dy” e bszll’

- =

dr
These expressions in equation (4) give, after reduction,

1l ’
ze vy 2z
a! bt
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148. The equations of a straight line passing through the point
M, are

z —z' = a(z —2"), y—y' =b(z—2")

This will beecome perpendicular to the tangerit plane, if we have
the conditions, Analyt. Geom., Art. (59),

dz’ b dz"
- 'd_zTn - - "‘{'yTir

and we thus deduce the equations of a normal line,

" dz" " ” dz" .
T — 2 =—-J?7(z—-z), y—y =—W(z—z').

By substituting these expressions for 2 — z” and y — " i
the general expression

=ViE=2"V+(y—y)+ (z—-72)}

we obtain for the distance from any point of the normal to the
point of contact,

-1 () (),

Y N} dz" \*
=2z ‘/1 -+ (dl”) + (W) ’

for the distance from the point where the normal pierces the plane
XY to the point of contact, the minus sign being omitted, as the
numerical value only is required. z” divided by this distance,
gives the sine of the angle which the normal makes with the plane
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XY ; and this angle is the complement of the angle made by the
tangent plane with the plane XY ; hence, we have, denoting this

angle by 3,

cos 3 = —.

V1 + (;"'.',)' + ()
5doy.

- f -:. A
b R RV IV ;
PABTIAL Dnzx-*rm ALS OF A SURFAbE AND VOLUME.

149. Let BMM’ be any curve in space, and B'PP’ its projectior
on the co-ordinate plane XY. Let the plane of the curve MM
make an angle 8 with the plane
XY, and let its intersection with
that plane be taken for the axis 7
of X. Then, if the ordinate of B/f:\'
the curve be denoted by y, the ’ !
ordinate of its projection by ¥', x 3
the area of the curve by s, and
that of its projection by &', we
have, Art. (92),

ds = ydz; ds' = y'dax.
The right-angled triangle MPQ gives y' = y cos 8; hence,
ds' = cos Bydz = cosBds,

and the sum of all the values of ds' is equal to the sum of all the
values of ds- multiplied by cos 3. But the sum of all the values
of d¥' is the area &', Art. (88), and the sum of all the values of ds
is the area s; hence,

& = cosfBs;
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that is, the projection of any plane arca is equal to the area multi-
plicd by the cosine of the angle included between ils plane and the
plune of projection,

150, Now, let « denote the area of any surface, as ZeMd, and
M any point of the surface, whose co-ordinates are ., , and z.
Since the equation of the surface gives
| z in terms of x and y, the area # is maun-
if®tly a function of & and y. Let r be
increased by 8" = de, y remaiuing the
same, the increment of the surface will be
MdyN, which will be the partial differen-
tial ot u taken with respect to x; that is

d
MyN = d__" dr. ().

If now in this,  be increased by PQ’ = dy, and r remain
the samne, the increment MNM'N' will be the partial differential
of (1) taken with respect to y; that i,

N d*u
MNM'N' = dezdy.

The same result may be obtained by first increasing y and
then 2. _

The infinitely small area MNM'N’ may be regarded as a plane
area in the tangent plane at M, and will, by the preceding article,
be equal to the arca of its projection PQIYQ" = drdy, divided
by cos 8. B being the angle made by the tangent plane with
XY ; hence

u%dzdy —dﬁ dzd,1/1+("> (—) . Art. (148),
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or du = drdy Y1 +—(£) + (:—j ...... @),

in which it should be remembered that d*u is the partial differ-
ential of the second order, obtained by differentiating first with
respect to one variable, and then with resvect to the other.

151. Let v represent any volume limited by a surface, and the
co-ordinate planes as AbPc-MZ. Tt will be a function of z and ».
If z and y be increased in succession by dz and dy, as in the
preceding article, we obtain first the increment volume

. dv
WQP-Nd = Edr,

and for the increment of this, the volume

PQr'Q-M'M = v dz dy.
' dxdy

But this infinitely small volume does not differ from the par-
allelopipedon whose base is PQP'Q = dedy, and altitude
MP = z; hence

d?v
dzdy

dedy = zdzdy, or d'v = zdzdy....(1);

in which d*'v is a partial differential.

152. One surface is osculatory to another, when it has with it
a more intimate contact than any other surfuce of the same kind;
and the conditions which must exist in order that a surface, given
in kind only, shall be osculatory to a given surface at a given
point, can be determined by a method similar to that pursued in
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article (93). But from the nature of the case, these conditions
arec more numerous and complicated, and their determination
more difficult; so much so as to render osculatory surfaces of
little use in the measure of curvature; hence another method has
been devised which will now be explained.

Let M be any point of a surface, at which it is proposed to ex-
amine the curvature. Let this point be taken as the origin of
co-ordinates, and let the normal at

z / this point be the axis of Z, the axes
,,'r/ of X and Y having any position in

the tangent plane XMY. The equa-
tion of the surface, Art. (144), will be

z = f(#,9)..... .o (1)

Through the normal let any plane
ZMX', making an angle ¢ with the
plane ZX, be passed; it will cut from the surface a curve MO.
For any point of this curve, as O, denoting the abscissa MX' by
', we shall-have

b ¢

z = z' cos g, y =2 sing........(2),

and these values, substituted in equation (1), will evidently give
the equation of the curve referred to the two axes MZ and MX'.
Now, by varying the angle ¢, all the normal sections at the point
M may be obtained, and by examining the curvatures of these
different sections at the given point, an accurate idea of the curva-
ture of the surfaice may be formed.

Differentiating equations (2), we have
dz = dz’ cos o, dy = dz'sing.....(3).

The general expression for the radius of curvature of one of the
normal sections, Art. (106), is
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T (det 4 de)d
R=" (4).

Differentiating equation (3), Art. (144), we have, Art. (58),

d?z
dzdy

d*z
diz = Fdr’ + 2

d’z
dzdy + t?y_'dy’ ...... (5).
Substituting the above values of dr and dy in equation (3),
Art. (144), and in (5), we have

dz = (pcosop + p’sinq:)da:’ ............ (8),
dz = (gcos®e + 2¢'cospsing + ¢”'sin’p)dz’?...(6°);

» and p’ representing the partial differential coefficients of the
first, and ¢, ¢’, and ¢"’ those of the second order of the function z.

If these values of dz and d%z be substituted in expression (4),
we shall have the expression for the radius of curvature of any one
of the normal sections. But as we only desire this for the point
M, we may first substitute the co-ordinates of this point, which are

and since the normal at this point coincides with the axis of Z, we
must also have, Art. (148),
dzll dzll ,
"17—0, 2?'-—0, or p._O, p_O.
Substituting these values in equations (6) and (6'), and the re-
sults in equation (4), we obtain

1

= T v - = -+ --(1);
gcos'e + 2¢9'cospsing + ¢ sme

in which ¢, ¢’, and ¢" are what the partial differential coeflicients
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of the second order of the function z beedme, when 0 is substituted
for z, y, and 2.

s . 1
Dividing by cos®p, and recollecting that cosp =1 4 tan’y,
this value may be put under the form
R = - 1 + tan'p
T g + 2¢ tang + ¢'tan’p

We have taken the positive value of R, Art. (106), since, as the
surfuce is represented in the figure, the sections are above the axis
diz
de'?

Art. (86), and the value of R positive, as it should be when laid
oft from M above the plane XY. If the section at the point M

lics below the plane XY, it must still be convex towards this tan-
?

diz . . :
gent plane; a7 will be negative, and R negative, and must

therefore be laid off from M below XY.

By assigning all values to » from 0 to 360° in equation (8), we
shall obtain a value of R for each normal scction.  Among these
values there must be one which is greater, and another which is

of X', and convex towards it; must therefore be pesitive,

less than all the others. The values of o which will give these
principal values of R, will be obtained as in Art. (69).
Ditferentiating equation (8), wo have

dR _ 2(q'tan’e + (¢ — ¢")tano — g')

dtang *“(}[’4‘-5?[’ tanp + y' tantp)*

If the denominator be placed equal to 0, we shall obtain values
of the tan @ which, when real, will reduce the value of R to in-
finity. The curvature of the corresponding section will then be
zero, and the section itself a right line, or the point M a siugular
point, Art. (118), cases which do not oceur in all surfaces. Let us
then place the numerator equal to 0; we thus have
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”

tan’p - g—;,—g—tancp — 1.= 0.......(9).

This being either of the first or second form of equations of the
sccond degree, the roots will always be real, and their product
cqual to — 1, that is, denoting them by tan ¢’ and tan g,

tanp  tang”’ + 1 = 0;

hence, the normal planes in which the greatest and least radii of
curvature are found, must be perpendicular to each other. The
sections by these planes are called principal sections, and their
exact position will be determined by solving equation (9).

The values of tan " and tan ¢’* being determined, and the

traces of the normal planes con- ’

structed as in the figure; let us

take MX" as a new axis of X, |
and MY” as a mew axis of Y, \
M

and suppose the surface to be

referred to them, with MZ as an

axis of Z. Then we must have
for these new axes,

A

tang’ = 0, tau 3"’ = o, tan o’ + tang”’ = o,

which requires in equation (9), that ¢’ = 0. Substituting this
value of ¢’ in equation (7), we have

1
= -3~ “—,.—'.........1'0.
g cos’p + ¢"sin’p (10)
Substituting in this the values of @, corresponding to the maxi-
mum and minimum radii as above determined, viz, ¢ = 0 and
¢ = 90°% and denoting the values of the principal radii thus
determined by R’ and R”, we have
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1
’ R" = 'q"/'n

R =

o e

and finally, from equation (10),
1 —_ 4 " an? —
E_qcos<p+q sin’p = R,cosqa-{—R,,smq;,

which expresses the reciprocal of the radins of curvature of any
normal section, in terms of the principal radii and the angle .

If R’ and R” are both positive, all values of R will be positive,
and the greatest of the two will be a maximum, and the least a
minimum; and all the normal sections at the point M will lie
above the plane XY,

If R’ and R” are both negative, the sections will lie below XY.
If one is positive and the other negative, a part of the values of R
will be positive and a part negative, and a part of the sections will
be above and a part below the plane XY ; and this plane will cut
the surface at the point M, giving a point analogous to the point
of inflexion, Art. (92).

If R’ = R”, all the values of R become equal to R’ or R”,
and the curvature of all the sections will be the same; as at any
point of a sphere, or at the vertex of a surface of revolution.

153. If R be a value of R, in any section perpendicular to
the one which makes the angle g, we may obtain its reciprocal by

substituting in the last expression for —Il{, 90° 4+ ¢ for o;
and since

8in (90° 4+ @) = cosg, co8(90° + @) = — sing,
this expression will become

1
IW = van L4 + Rn 'Q'
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Adding this to the expression for %, member to meinber,
we have
1 1 1 1
Rtem=w TR

that is, Art. (105), the sum of the curvatures of any two normal
sections at the same point, which are perpendicular to each other, is
constant, and equal to the sum of the curvatures of the principal
sections,

i g N '
L {'n. /0 . ,#
4 o '\.va N '

7w A

,J_" V‘jj, NJJCC/U'






PART I

INTEGRAL CALCULTUS.

First PrixcieLEs.

154. WE have scen that the sum of all the values of a differen-
tinl is the function from which it is derived, Art. (88). By what-
ever process this function may be obtained from its differential, it
amounts to the summation of the infinite number of its elements, or
infinitely small values of the differential. This process is called
integration, and its symbol is /, which always indicates an oper-
ation the reverse of differentiation ; thus '

Sdu = u,

The object of the Integral Calculus is to explain how to pass
from differentials to the functions from which they may be de-
rived; or in any particular case, to find an expression which, if it
be differentiated, will produce the given differential.

This expression is called the integral of the differential.

155. We have found, article (17), dAx = Adu; therefore

SJAdu = fdAu = Au = A [fdu.
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From which we see that a constant factor may be placed with-
out the sign of integration, without affecting the value of the in-
tegral ; thus,

Jb(a — 2)dz = bf(a — z,)dx, zide = ]‘_/‘x’dz.

¢ c
Also, in article (20), we have

d(u + v £ &c.) = du 4+ dv £ de.;
hence

S(du 4 dv % &) = fd(u 4+ v £ &c.) = u + v & &e.
= fdu + fdv £ &ec.;

that is, the integral of the sum or difference of any number of dif-
Jerentiuls, is equal to the sum or difference of their respective inte-
grals.

\lso, in article (16), we have

d(u + C) = du,

no matter what the value of the constant C may be; hence an
infinite number of expressions differing from each other in a con-
stant term, when differentiated will produce the same differential.
For this reason, /o complete the integral immediutely found, we add
a constant ; thus,

Sdu = u 4+ C,
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InTEGRATION OF MoNoMIAL DIFFERENTIALS.
156. By article (24), we have

ede=+' = c(m + 1)z~dz;

and from this,
Cd-’t-+l zl+l
cx™dz = = ¢ H
m 4 1 m 4+ 1
hence
- I-+l _ czn-}-l
_/'c:t:¢zl.t_‘/‘cdm_|_1 = wF1 + C.

Therefore, to obtain the integral of a monomial differential :
Multiply the variable, with its primitive ezpén.ent increased by
unity, by the constant factor, if there is one, and divide the result
by the new exponent.

Eramples.

v _ 1, ., _ =z
2. If du = ) Sdu z'/'x dz = Yy + C.

3 $

3. If du:bzgdz, u=£§_=ﬂ+c
T 5

L de =29 " 4+ C
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adz ar_gdx e'zidr

udz 32~ 34z setzidr .
u _/’_‘/_; +/_._ — - S - Art.(155).

The application of the above rule does not give the proper

integral when m = — 1, as in this casec we have
z—1+! 1
fz_‘dz___-_._l-i-l:a:w;
whereas
d
Srldr = ;’f =&+ Cueernnnn. Art.(37).

) . . dr
This result was to be expected, since f - o lr cannot be

expressed in algebraic terms, Art. (5).

adz
If du:—b-';-,
_ e dz_al c
v=3 =35 +¢C
or u = logz + C,

the logarithm being taken in the system whose modulus is %.

157. If we have an expression of the form
du = (a 4 bz + cz* + &c.)"z"dz,

in which m is a positive whole number, the integral may be found
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by raising the quantity within the parenthesis to the mth power,
multiplying each term by z"dz, and then integrating it as in the
preceding article.

Ezamples.
1. Let du = (e + 2*)'z'dz,
or’ .
du = (a® + 202* + z4)2%dz;
then

2.4 [} s
v = f(a’z'dz + 2a2'dz + 2'dz) = 541 + _2%1 + % + C.

2. Let du = (b — 2%)'z%dz.

3. Let du = (b — czj’“)’z—adz.

IntEGRATION OF BinoMIAL DIFFERENTIALS oF PArTICULAR
Forums.

168. Many expressions, by the introduction of an auxiliary
variable, may be transformed into monomials, and then integrated

as in the preceding article. .
L Let du = (a 4 bz*)"c'z*='dz.
Place a + bz* = 2,
«hen
nbz*~'dz = dz, z*'de = dj

bn
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Substituting in the given expression, and integrating, we have

iwe’'z™dz ¢ zm+!

Sdu = [ bn bnfz ~ bnm + l;

and replacing the value of z, we have, finally,

_c (u + brr)m+!

. v = (m-i-_l)ub

+ C;

that is, to integrate a binomial ditferential when the exponent of
the variable without the parenthesis is one less than that within:
Multiply the binomial, with its primitive exponent increased by
unity, by the constant jactor, if there is one ; then divide this result
by the product of the new exponent, the coefficient, and the exponent
of the variable within the parenthesis,

: Framples.
. v
1. If du = (a+ bz*)iexds, _¢tfa +bbz ) e
3

-1 2 %
2. If du = (2 — 3z 2324, u=-—3(2—3z') + C.

o _ J é
8. If du=(a—br¥) 32 3dz, u= 3(a bbr ) L.
LIt du=a(—ah) i

ar*~'dr

I Let du = F—
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Place . b X 2* = z;
then '
=+ nz"—'dz = dz, z*~'dzr = % ‘—i;'-
and
adz a .
u_ﬂ:f—-_:t Sl =% Zl(b£2") + C.

In the same way, we may find the integrals of the following
expressions :

m(b 4+ 2c2)dx

l.Let du=a+bz+c.‘¢’

Place ¢ + br + ¢z = z, then (b4 2¢z)dz = dz,

u=m u{_z_ = mlz = ml(a + bz + cz') + C.
2d
2. If du:a_yy, u=—2l(a—y) + C
2 4+ 2z)dz
8. If du = —(—é—x——+ :)::* , v =1I(2z+ 2*) + C.
' 2ta
4, Let duy = - o .
1 — z*
Since, in general,
‘ﬂ = alu,'
0

we see that in all cases where the numerator of an expression is
the product of a constant and the differential of the denominator,
ils inteyral will be the product of the constant and the Naperian
logarithm of the denominator,
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159. Every cxpression of the form
du = Az"(a + br)*dz,
can be integrated, when either m or n is a positive whole number.

If n be positive and ‘entire, we may integrate as in article (157).
If m be positive and entire, n being either fractional or negative,

place
a 4 bz = then z:z:a,
dz z —a\™ dz
d = — = —_— .
z X du A( 3 )zb,

A z —a\*
u_z‘/.(b)zdz,

which may be integrated as in article (157). The value of z being
then replaced, the integral will be cxpressed in terms of z.

Erxamples.
1. Let du = bz*(a — z)¥da.
Place ¢ — 2 = z, then z = a — 2, dxr = — dz,

w = f— b(a—z)z¥dz = —
and finally, by replacing the value of 2,

“ = — %ba’(a R 91 %ba(a —)i— ;b(a ~—attc
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2. I du = __g_’ff’f_l.,
(1 — 38z)7
it may be placed under the form
_1 2 1
de = 2z (1 — 3z)"%dr; whence u = — 6/‘(1 —2)z27%dz
and finally,
4 4 3
v=—Z(-3t + Z(1-3)f tC
]
3. Let du = — lz dz « 4. Let du = ydy__!.
B (8 —29)7
_ (Az™ + Bz? 4 Cz® + &c.) ’
If du = (az + b)" dz,
we may place it under the form
du Azmdz Bzrdzx + &,

= (ax + b)" + (ox + b)*

and may then integrate each fraction as above, if m, p, ¢, &c., are
entire and positive,

Usk oF THE ARBITRARY CONSTANT. INTEGRATION BETWEEN
Limrts. )

160. To complete each integral as determined by the preceding
rules,we have added a constant quantity C. If, in the particular
case under consideration, we happen to know what the integral
must be for a particular valuc of the variable, this constant can be
determined.  Thus, if
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SXdr = X'+ Coooeili(1),

X’ representing the function of x, obtained at once by the applica-
tion of the rules for integration, and we know the integral must
reduce to N when r = a, we have
N=X,_..+ ¢ ¢ =N-X,...
In general, however, this constant is entirely arbitrary, sinece
whatever value be assigned to ity it will disappear by ditferentia-
tion, Art. (16).  This arbitrary nature of the constant cnables” us
to cause the integral to fulfil any rcasonable condition. Thus if,
in ¢quation (1), it be required that the integral reduce to the par-
ticular expression M, when # = a5 we may determine the value
which must be assigned to C, by writing M for /'Xdr, and sub-
stitnting « for z in the function X', Calling the result of this
substitiition A, the cquation reduces to

M=A4 C; whence C=M_— A
and

JXdr = X'+ M — A.....(2),

which will fulfil the required condition.
¥ M=0, C=—A ad /Xdzr =X — A

The integral /' Xdr = X' + C, before any particular value
has been assigned to C, is called a complete, or indefinite integral,
and expresses the indefinite sum of all the values of the difterential.
After a particular value has been assigned to C, as in equation (2),
it is called @ particular inteqrel, and expresses the sum of all values
of the differential, commencing at the oriyin of the inteyral, that is,
at that particular value of the integral which is 0. If, in ths par-
ticular fntegral; a particular value be given to z, the resualt is called
w definite intcgral,  We should thus have, when « = b,
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SXdz =B + M — A...... (3)

B representing X',_,; and this cxpresses the definite sum of
all values of the differential, from the value at the origin to that
which corresponds to z = b.

That value of the variable which causes the integral to reduce
to 0, and belongs to the origin, is always found by placing the
particular integral equal to 0, and solving the resulting equation.

If in (1) wemake z = ¢, andthen z = b, wc have

S(Xdr),_, = A + C, S (Xdr),_, = B + C,
whence, by subtraction,
S(Xdz),y — f(Xde),, = B — A

_This is the integral tuken between the limits a and b, and is
usually written

/:Xdz=B—A,

the limit corresponding to the subtractive integral being placed
below. This expresses the definite sum of all values of the differ-
ential, between those which correspond to + = « and r = b.

This inteyral between limits may always be obtained from either
the complete or particulur integral, by substituting, in succession,
those values of the variable which indicats the limits, and sub-
tracting the results,

If a, b, cuinky I, be several increasing values of 2, and we have
*d ve al

_/ Xdr = A/, / Xdr = B, ... Xdz = K';
e [ &

then evidently

' /"Xd; = A" 4+ B + Claueut K.
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Frampls.
Serldz = 22 4+ C,

is a complete or indefinite integral.

If it be required that this reduce to 4, when z = 1, we have

4 = 2 4+ C, C=2,

and
J6zldz = 22* + 2,

the particular integral.

For the integral between the limits z = 0 and z = 3,

JS(6z'dz),_, = 2, S(6z'dz), ., = 56;
- 3
‘dr = 54.
hence, fOG: z

The value of z corresponding to the origin of the particular
integral, is obtained by placing

2z + 2 = 0; whence 2} = — 1, z =— 1

INTEGRATION OF THE DIFFERENTIALS OF THE SIMPLE
Circrrar Fuxcrions, aNp oF CircrLar ARcs.

161. By a refercuce to article (43), we see that

1. Sfcoszdr = sinz, 2. S — sinzdzr = cosz.
. . dz

8. fsinzdzr = versinz, 4, f i~ = tanz.
cos’r

dr
5./— —y = cotr, 6. [tanr.secrdr = secz, &c.
sin’z
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and from these we readily derive the integrals of the expres-
sions,

7. ~ S2zcosz'dz = fcosz'.2zdr = sinz’.

d.
8. f—-—sm dz.__f—sml J:=----cos§.

2rdzx — d(a — z*) _ ,
9 / cos‘(a — z?) /cOsi(a 2 tan (@ — z*).

These integrals will be completed by adding to cach a constant.
Hereafter, as in these examples, this constant will be understood,
and written only when it is necessary for the discussion of the
integral.

162. By a reference to article (44), we see that

/ = sin—'u 2 —du cos~'u
i = Jvize T "

d . du
3. /- A = versin—'u. 4. —— = tan"'u.

Viu = u? 1+’

And from these we derive the integrals of the similar expressions,
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-y

/'_211_3__ _/'_? __d.t__ _ ——2-sin"-—z—
S iTer Jvivit e s vt e

\/a‘_ w? = 7u' a
Vi
d
9 - —-—2—52——— =2 f - % = cos~!
Vi — o Vi — ut
du
1o - du _ @ - . ,n_lu
Ve = TS e T
a al

» 3 (II . 3
11. et = —— —_ . —— = —versin—'z,
-/ Viar — 217 \/2/1/2.1: — 7! V2

du du
du at 1 a 1, _|u
N e R e A T .
1+ av 1 + i

» 2dz 2 dz 2 o, =
N e R i A
_+z| ‘/..

3 : 3
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InteEGRATION OF RaTiONAL FRACTIONS.

163. Every rational fraction which is the differential of a func-
tion of x, will appear as a particular case of the general form

(Az™ + Br=—! + Cz~~' 4 &c.)dx
A':i" '+ B';tn—l_ :‘__'C";n_—i —_}__ 'E’

in which » and % are whole numbers, and positive.

If m be greater than n, the numerator may be divided by the
denominator, and the division continued until the greatest expo-
nent of « in the remainder is, at least, one less than in the denom-
inator; the quotient will then consist of an entire and rational
part, plus the remainder divided by the denominator, and may be
written

(Az™ 4+ Be™' 4 &e)dr

T (A"z* + B"z* " 4 &e)dr,
Az 4 B+ &e.

=X+ R e e,

and the integral of the primitive fraction will be the sum of the
integrals of the two parts.

It will be necessary, then, to explain only the manner of inte-
grating the second part, or those rational fractions in which the
greatest exponent of the variable in the numerator is at least one
less than in the denominator.

* First, suppose the denomiuator to be divided into its simple
factors of the first degree, and let them be represented by

z — a z — b, z — ¢ &ec
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There will be four different cases, each of which will require a
separate discussion.

I. When the fuctors are real and unequal ;

IL. When they are real und equal ;

IIl. When they are imaginary, und no two alike;

IV. When they are imuginary and alike, two and two.

164. I. As an cxample of the first case, let us take the fraction

(er 4 c)dz !

z' — b

The two factors of the denominatorare z 4+ b and =z — b;
then

(ux +_c)d1' _ (02 + ¢)dr
zt — b0 T (24 b)(x = 0b)
Place
ax + ¢ A A
T T T b .+ iy TEEPRER: (1),

A and A’ being constants to be determined. For the purpose of
determining thein, clear the cquation of its denominators; then

ar 4+ ¢ = Ar — Ab 4+ Az 4+ A'b.
Since this is true for all values of x, by the principle of indcter-
minate coefficients, we may place the coeflicients of the like powers

of r, in the two members, cqual to each other, and have

a=A + A, ¢ = A'b — Ab,

A= A=r5

ab — ¢ db + ¢
i
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Substituting these values in (1), multiplying by dz, and prefix-
ing the sign /, we have

(az + c)dz _ ab — ¢ dz ab + ¢ dz
/z'—b’ ~ T2 z + b 2b Jz—b
_ab—c ab + ¢
= Tb_—l(x+ b)) + T l(z — b).

If there be n factors in the denominator.of the given expression,
there should be n corresponding fractions of the above form; and
these, when reduced to a common denominator with the first
member, will give an identical equation, containing n different
powers of the variable (including the zero power), from which, as
above, # equations may be formed and the values of the n numer-
ators be determined. '

The method pursued above indicates the following rule for all
similar expressions :

Place the primitive fraction (omitting the differential of the vari-
able) equal to the sum of as many partial fractions as there are
Sactors of the first degree in its denominator; the numeralors of
these fractions being constanis to be determined, and the denominutors
the several factors of the original denominator ; clear the resulling
eguation of denominators, equate the coefficients of the like powers
of the variable in the two members, and thence determine the con-
stants ; then multiply each partial fraction by the differential of
the variable, and take the sum of their integrals as in case 1L,
article (158).

2. Integrate the expression

The factors of the denominator are, z + 1, z — 1, and z;

then
15
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326
8z — 1 A A’ A"
: = + + =.
z — 1 F

2 —z  z 41

Clearing of denominators,
8z' — 1 = Az' — Az + A'z2' + Az + Az

!

e AII;

whence

83=A+A+A, 0=—A+A4, 1= A"

A=1=A"= A",

and
(82 —1), dz dz dz
:n:'—av:d"—~ z+l+fz—l+ x

=lz+1) +l(x—1) + &z = I(2* — z),

as may be seen at once, since the numerator of the given differen-
tial is the exact differential of the denominator.

8. Integrate the expression

(1 —y)dy
y' — 2y — 2

Placing the denominator equal to 0, we have

y' — 2y — 2 = 0;

whence y = 1 =% V3, and the corresponding factors are

y—(1+V8), y—(1—v8), or y—m and y—n

Finally,
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(1—y)dy m-—1 n—1 _
/y'—2y—2 - n—ml(y—m) - n—ml(y n)-
. 4. Integrate

(22 + 3)dzx
¥ — z* — 22°
Integrate
‘ (z.—l)d‘? 7 4 *

7 R

z* — 4 -

165. IL In the second case it may be remarked, that if all‘the
factors of the demominator are equal, the fraction will take the
form

Az*~' + Bz~ 4 &
Sl dz,

which may be integrated as in article (159).

‘We need, then, only consider the case where a portion of the
factors are equal. The rule of the preceding article is not appli-
cable here, as will be seen by taking the expression

adz
(z —b)*(z —¢)’
in which two of the factors are equal to 2 — 5.
By an application'of the rule referred to, we should have

a A A’ A

(z—b)’(z—c)=z—b+z—-b+z—c

_ A+ A A B A”
- z-——b—-+z—,c—x—b+z—c’

since A -+ A’ must be regarded as a single constant.
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If this equation be cleared of denominators, and the cocflicients
of the like powers of z in the two members placed equal to each
other, we shall evidently form three independent equations, with
only two unkuown quantities, 3 and A",

We obviate this difficulty by writing, for the equal factors, the

B B’

(T— b)' Z——_E’ and thus have

two fractions

. a B B’ A
GoiEo - - tiTs T ¢

which, being cleared of denominators, gives

a=B(x—c) + B(z—b)(z—c) + Az — b)*;
whence
B+A=0 B— Bs— Bb— 24b = 0,
B'c — Bc + Ab' = q,

three equations with three unknown quantities, which can then be
determined.

And in general, if there be = equal factors, we should write n
partial fractions in the form

B B’ Bir—1?

[CE =0

the numerators of which are constants, and the denominators the
different powers of the equal factor, from the nth down to the first
power. After B, B', &c., are dctermined, each partial fraction,
being first multiplied by the differential of the variable, will be
integrated as in article (158).
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Ezamples.
(2 + z)dz
1. Integrate E=1)z=2)
Place
2 + =z B B’ A

(z—l)'(z—2)=(z—-l)’+z—l ti=zs

Clearing of denominators, and equating the coeflicients of the
like powers of z, we have

0=B+A, 1=B-—3B —2A, 2=—2B+2B'4/\A,

B =-3, B' = — 4, A = ¢
and finally
(2 + z)d=z I _
/'.(z_l),(z_2)_z_l 4l(z —1) + 4l(z —2).

2. Integrate zdz
Hntegrate 4 e oY

If there are different sets of equal factors, partial fractions must
be written for cach set; thus, ’

2 A A’ B B’
1) e+ 1)y (21 Tz —1 + (z + 1)'+z+ 1

166. III. We know, from the general theory of equations, that
imaginary roots are found only in pairs, and that for each pair we
must have a factor of the second degree, which, placed equal to 0,
will give the imaginary roots. Each pair of roots will always
appear as a particular case of the general form
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and the corresponding factor of the second degree will be
2'— 2z +a'+ b =[z—(a+V—=08)][z—(a—V-=0")]

By a comparison of the imaginary factors, in any given case,
with these general expressions, we determine the corresponding
values of a and 4. Thus, if the factor of the second degree be

2 — 2z + 5,
we place it equal to 0, and find the two roots
z=1=xvV—4;
whence, by comparison, a =1, b =4, b = 2.

Now, in the third case, for each pair of imaginary factors, let a
partial fraction be written, of the form

Mz + N Mz + N

z' — 2ar + a* + b T (z — ai)’rTi-—b-”

By clearing of denominators, &c., as in the preceding articles,
M and N may be determined. We shall have then to integrate
the expression

(Mz + N)dz
(e —a) + o

For this purpose, make z — @ = 2, then z = z + a,

dz = dz,

Substituting these, the original expression becomes

!Mz + Ma + N)dz‘

2t 4+ b? ?
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or, by making Ma + N = P, and dividing the expression
into two parts,
Mzdz Pdz
Py B e 1K

The first part may be integrated as in case IL, Art. (158).
Thus,
7

S z?f:;, = —lgl(z’+b') =MV +b = MIV{z—a) + b

The integral of the second part is N

dz P, 'z
P m = Etan"s.....Art.(IOZ);

or, by substituting the values of P and ¢z,

Pd:z _N+Ma i fz —ay,
/z’+b'— b t"“'(b)’

and finally,

f(,(,-M_z :-),N,i)_d:, = MlV(z — a)f + &

+ ¥ "; M“tan-‘(“;“).....(z).

Take the particular example
(z —1)dz
2 + 2 + 2z

The factors of the denominator are z and z* + z 4 2, the
latter being the product of the two factors corresponding to the
imaginary roots
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z=—%:h"—7

Is
which, compared with (1), give a=—13}, b'=13 b=3}V7
Place

z—1 _A Mz 4+ N
2 + z' + 2z z

Clearing of denominators, &c., we find

Substituting these values of M, N, a, and b, in formula (2),
. Adz 1dz 1
observing that f - =J—3z7=— Elz, fnd re-

ducing, we have

(z —1)dz 1 1, o 5
./E'+¢""—?-2z_—il’+2l‘/f+z+2
5 L fr+3
+ ——tan'(ZT2).
avio (51/7

167. IV. In the fourth case, where there are several imaginary
factors, alike two and two, those of cach pair multiplied together
will give the same factor of the second degree; and if there be p
such pairs, the denominator will contain a factor of the forin

(2! — 2ar 4 a* 4 b)*.
For this, we write p partial fractions; thus,

Mz + N + Mz 4+ N 4+ Mir=Wg 4 NOP=W
(= +5F T [G—a + 0T g
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Clearing of denominators, &c., the values of M, N, M’, N’, &c,,
may be determined as before; and since the several partial frac-
tions, after multiplying by dz, are all of the same form, we have
only to explain the mode of integrating any one of them, except
the last, which is to be integrated as in the preceding article.
Take the first,

_ (Mz + N)dz

[G—ay +&6P -

and make z — @ = z; the fraction then becomes

(Mz + Ma + N)dz
(= + 6 '

or, placing Ma + N = P,

Mzdz + Pdz
ey T e

The first part is integrated as in case I, Art. (158). Thus,
M(z* + b*) 2+ M
/(z +b’>' T (=P DY T2 p by T

By means of a formula hereafter to be determined [Formula D,
Art. (181)], we shall find

Pdz , dz c. .z
/(z Top = 0O +C g = 00 + 3 e

/(\Iz+ P)dz _ M

C, _,z
) IO TP O A Al

b’

after which, substituting the value of z, we shall obtain the com-
plete integral of the primitive expression.
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168. By a review of the preceding discussion, it will be seen
that all differentials which are rational fractions can be integrated,
provided the factors of the denominator can be discovered; and
that the integrals will depend upon one or more of the four forms,

dz zdz dz
z + a' fz @z, (2* + a?)?’ /z‘iﬁ'

INTrGRATION BY PARTS.
169. In article (21), we have found
duv = udv + vdu; whence wuy = fudo + fvdy,
and SJudv = w — fudu...... m;

from which we see that the integral of udv can be obtained, when-
ever we are able to integrate »du. This method of integrating
udv is called inteyration by parts. To apply it to a particular
example, divide the given differential into two factors, one of which
shall contain the differential of the variable, and be capable of im-
mediate integration ; substitute this factor for dv, its integral for v,
and the other factor for u, in formula (1).

Examples.
1. Integrate the expression  z%dz Va — z°
This may be divided into the two factors,

z*°  and zdz Va — z%.
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"Place z'=1u and zdzVa — z' = dv;

then

_e—at

du = 2zdz, v=f:ﬂizx/a—z’= 3

Substituting these in formula (1), we have

’ 3 n3
__2(a—x)" (8 —2")%, 4.
Sudv = — - +/‘ - 2adz;

and finally,

3
fPdzVa =& = — 11_3—.’_)3 - ;_5 (@ — e,
—
2. Integrate @ ;) @
Place (1 —2")7 =4, and %’; = dv;
then
1
/(l —az’)ad - vi-—= sin~'z.
z z
]
3. Integrate #'ds .
(a* — a0}
. z3dz

4. Integrate ——
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INTEGRATION OF CERTAIN IRRATIONAL DIFFERENTIALS.

170. In the preceding articles, rules have been given by which
every rational differential may be inteyrated, except the case
referred to in article (168). It may then be taken for granted,
that, in general, every irrational differential which can be made
rational in terms of a new variable, can also be integrated, Let

be a differential, all the frrational parts of which are monomials.
Make

LIt g

z = 2, then zt = M,
= z o
Zt = z™, z? = z', dz = kngz*1—'dz,

These values substituted in the given expression, evidently make
it rational in terms of z and dz. It may then be integrated, after
which the value of z in terms of z must be substituted. Ve may
then enunciate the following rule for the integration of expressions
of this kind : For the variable substitute anuvther, with an exponent
equal to the least common multiple of the indices of the radicals;
then integrate by the known rules, and substitute in the result the
value of the new variable in terms of the primitive.

2::* - 3:§

53}

1. Let du =

dz......(1).
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The least common multiple of the denominators or indices being

6, we place

z = 2% then dz = 6z'dz z = z%.

Bubstituting in (1), we have

and integrating,

_12, 18, 3 4 23
= 10° B T 10° 5"
2 d.
2. Let du = ——fz-gf—. 8. Let du = —-‘E—I—_.
9z% _ . b — cVz

4
171. If the irrational parts are all of the form (a + bz)1,
the expression may be made rational in terms of 2, by placing

a + bz = =z,
r being the least common multiple of the indices of the radicals.
We shall thus have

r __ r—ld
x:_f,,__.‘_” dz:rzbz,

b

which, substituted in the primitive expression, with the value of
a + bz, will evidently give a rational result. Take the examples:

dz

1. du = . .
(1+2)F + (1+2)}

Place 1 + z = 2*; then dr = 22zdz, z = (1 +z)§.
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These values substituted in (1), give

dy = 2zdz __ 2de
e T T ¥
whence
—_ e _ -y o -1 }
u_2fl+z,_2tan g = 2tan~'(1 4 z)%.
2. Let du-_--—dz
zvVl + 2
3. Let du = adz

a-at+ -2t

172. Differentials of the form

a + bz \7
Xdz (rm)

X being a rational function of z, may be made rational by placing

%‘?g = z*, deducing the values of z and dz, and subeti-
tuting them.
For example, let
L
du = zd (: f:) ....... )
1+2z_ gt —1 _ 6z'ds
Pl — = 2, then z = TET dz_(z'+'l_)’
These values in (1), give
_ (s* —1)6z'ds
du = GESYH

which is rational.
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173. Every radical of the form Ve + bz =% cz’. can be
written thus .

VeV 24 2ok o = ViVa T RIE S,

b -8
[

after making g = a, and

To render rational a differential, the only irrational part of which
is a radical of the above form, it will then only be necessary to find

rational values for z, dz, and Va + Bz =& z*, in terms of
a new variable and its differential.

I. Take the case in which the sign of 2* is 4, and place
Vo + fz + 2 =2z — z......(1).
Squaring both members, we have

a + Bz = 2* — 2zz;

whence
2! — a

z = BT-T:""""""&)'

By differentiating this value of z, we obtain

__2(z" + Bz + a)dz
dz = (B F 22)° (3),

and by substituting the value of z in the second member of (1),

g+ Bz + a

. Vo + Bz + 2* = R ... (4).
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These values of #, dr, and Va + £z + %, substituted in
the primitive ditferential, will evidently give a rational expression
in terms of z and dz. After integrating this, the valuc of 2z, taken
from (1), must be substituted.

Ezamples.

dr dr
1. Llet dd = ———— = ——— —_—,
. \/a+b.t+cz’ veva + pr + 2t

Substituting for dz and Ve + Br + z'  their values
as found above, and reducing, we have

du — dr _ 2dz .
T Veva + pr + 20 Ve(B+22)
whence
= il(ﬁ +22) = —l—z[ﬁ + 2(Va + Bz +2* 4 2)]..(5).

Ve Ve

2 Let du= _/}.'_if__’ = ___Z{z )
3
+¢'1' CV‘,_:-*-I’

By comparison with the similar expression in the preceding
example, we see that

L2

l=a.

Substituting these values in (5), we deduce
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% = dz__:%l2("%+z'+z)

£
12 (____W) = %z% + .1.1(1/_h+cs,.+ cz);

and, finally, after uniting the constant -—:- lf—- with the arbitrary
constant,

_ dz R P e e
“—/V—h_ﬁ;?—cl( h+cz +¢2).

_ flz1/2z + 2

zl

8. Let du

'Comparing this with formulas (2), (3), and (4), we see that

il
»
]

Il

u.

0 = a 2

.
dr = 2 F 2V 2

(2 + 22)* °’ 2 + 2z’
whence
’ _ (2 + 2)'dz
du = 2}z + 1)
4, Let du = dzvVm? 4+ 2
)
5. Let du = — &

16
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174, II. If the sign of z' be minus, it will be necessary to pur-
sue a different qlethod, and deduce other formulas; for if we write

Ve + Bz — ' = z — 1z,

the second powers of z in the squares of the two members will
have contrary signs, and not cancel each other, as in the first case;
and therefore the deduced valune of z in térms of z will not be
rational.

Denoting the roots of the equation z' — 8z — a = 0, byd
and &', we have

* — Bz — a = (z—d)(x — ')

or, changing the signs,

a4 Br—2'=(z—98)(0'—2), Va+pfz—2z'=V(z—08)(0" —2).

Now, if we make
V(z=0)( —2) = (z — 8)z...... (1),

square both members, and strike out the common factor r — 3§,
we have

, & + ézt
O -z = (z _— 6).2’, xr = 1—4_—7,
_ &4 6 & —3
z — 6 — 'i‘—+'-—z‘?‘ - 6 — m-.--(2)-

Substituting this value in equation (1), we obtain

Vix P =V -7 =892

1 4+ 2¢°

By differentiating equation (2), we find
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_2(8 — 8)zdz
®E-TaEey

These values of 2z, Va + Bz — z% and dz, substituted
in the primitive expression, will make it rational,

Examples.

dz
1. Let dy = ————
Ve + Bz — 2°

By snbstltutmg the values of dz and Vo 4 Bz — z% we
obtain -

2dz
du = — T
—_ +dz — ran —1 ..
— 2/m e 2tan z5
and since, from equation (1),
¢ — =z

we have, ﬁm;lly,

0 — =z
— ——— . T e -1
s R A

If in this we make 8 = 0, @ = 1, the expression rednces to

1 —
v = =C — 2tan"1/ z;
1/1 —z‘ z

gince, by placing 2* — 1 = 0, we find
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z==1, or 0 =1, ¢ = 1.

It we now introduce the condition that the integral shall be 0,
when z = 0, we have

3

0 = O — ¢ -1y _o_"T _r
0=2C 2tan~!'1 = C 3 C—2v

and

3

2 1l 4+ =

/ﬁfi_“_-_—:_’=—— 2 an—'y/ L%,

The direct integral of the first member is sin—'z, Art. (162);

hence,
sin—'z = & — 2 tan—'¥ 1 - z.
2 1 + z
1z — 2%
2. Let du = "‘—‘/2“},—’-.

Placing 2ar — z* = 0, we deduce z = 0, and z = 2a;
hence, § = 0, and ¢’ = 2a. Substituting these in the formulas,

&c., we have
dr V2ar — z' _ 22%dz
I e

a simple rational fraction.

2 — z?
zdz 4 du:sz? a:‘

8. du = — .
viz — z* z
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INTEGRATION OF BiNoMIAL DIFFERENTIALS.

175. 1. If we have a differential of the form

2z
1 ]
’

z*~'dz(az" + bz")

z" (r being supposed less than n) may be taken out of the paren-
thesis, and for the primitive expression we may write

z £ ” 2
e 'dzz?(a + b2* )" = 2"V 77 dz(a + b2t 0)"

in which but one of the terms, in the parénthesis, contains the
variable z, and the exponent of this variable will be positive.

2. If, after this, the exponent of z should be fractional, cither
within or without the parenthesis, or both, we can substitute for
« another variable, with an exponent equal to the least common
multiple of the denominators of the given exponents, and thus get
rid of the fractions; as in the example

1 1 2
z3dz(a + bz¥)1,
by making =z = 2%, we obtain
\

1 y B 2
z3dz(a + bz3)7 = 62'dz(a + b2*)’,

in which the exponents of z are whole numbers. Hence, every
binomial differential can be placed under the form

2
z"~'dz(a + bz*)1,

in which m and n are whole numbers, and n positive.
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176. 1. The binomial differential being placed under the pro-

posed form, if 5 is entire and positive, it may be integrated as

in article (157); if %’ is entire and negative, we have

_r -1
£n—'dz(a + bz") T = ’—ﬁ"—’,
(a + bz*)*
which is a rational fraction. .

2. If L isa fraction, either positive or negative, place

g
a + bz* = st}
then
@+be)i =@  e=T70
e (IR = () e

The values (1) and (2), substituted in the primitive expression,
give

2.

)' e (8),

a

N £ q 2 —
z*~'dz(a + b2*)! = Ez"""‘dz (— b

which is rational in terms of z and dz, when % is a whole
number,
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Example.
Let du = zdz(a — bzt)},
in which
m—1=38 n=2 %:2, p=28 ¢=2

These values in equation (3), give
s —
z*dz(a — b:lv')g = z‘dz(z—blg-)-,

in which"
2! = a — bzt

4.

8. If '3 i8 not a whole number, we may write

947

] a I3
2"~ 'dz (a + bz*)? = :r“‘d.r[:r‘(? + 8)]*

»_ - L
= z~+7"'dz(az—" + b)1,

and, in accordance with the preceding principle, this may be

made rational if
m - i
q

1 _ _ (% + ﬁ) 8 a whole Rumber,

To obtain the proper rational expression in terms of z, we need

ouly make in equation (3),
m=m+1;£, n=—n a = b
Thus,

.
ze+ 7zt = — L

grte—1de (z'-— b)":’c
a

PLo
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Erample.
Let du = zdz(a + bs*)},
in which
m—1=1 n=38 p=1 g¢=3, '£+-§=1.
These values in equation (4) give
3 1 py-t
wiz(a + b2')} = — ’—?(’ . b) ,
in which : 28 = az~? 4+ b.

From what precedes, we sec that every binomial differential of
the proposed form can be integrated, if' the exponent of the puren-
thesis is @ whole number; if the exponent of the variable without
the parenthesis, plus unity, divided by the expunent of the variable
within, is @ wkole number ; or if this quotient, plus the exponent of
the parenthesis, is @ whole number.

177. Let us now write p for ,—’, and then divide the
expression !
z="'dz(a + bz*)* = z**z*"'dz(a + bz*)?,
into the two factors
"3t = u, and z*~ldz(a + bz*)? = dv;

whence
_ (a4 bz)r¥!

du = (m — n)z=—""dz, = p+nym .Art. (1568).



INTEGRAL CALCULUS. : .. M9

Substituting these values in the formala

-

Sudv = uv — fodu..... Art. (169),

and making (e + 8z*) = X, we have
g X! (m —n)
(p+1)nb  (p+1)nd

/'z"‘de

Sz dgXe (1),

But since
Xr+! = XrX = X?(a + bz*) = aX? + bz*X?,
Szm==1dzXPH = afz=— —'deX? 4 b zm—'dzXP,
Substituting this value in (1), and clearing of denominators,
(p + 1)nb zm1dzX?
= z=*XrH — (m — n)[afS2" " 'dzX? 4 bz 'dzX"];
transl;osing, &c., we obtain .

- _ n—-X}-{-I — a(m_ n)fzn -—|dIX’ )
pomtiaXe = TR SRR A

By a single application of this formula, we cause
Sz~ deX? to depend upon . Sz=~*"'dzX>,

in which the exponent of the variable without the parenthesis is
diminished by the exponent of the variable within. By an appli- .
cation of the same formula to fz=~*~'dxX? it may be made
to depend upon  fz*~'*~'drX?; and finally, by repeated
applications, /'z™~'dzX? will depend npon the expression

a(m — rn) fz*~"~"dzX?,
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in which r represents the number of times m will contain ». If
m is positive and an exact multiple of »n, then m — rn = 0, the
term containing the expression to be integrated disappears, and
the integration is cowplete.

If pn 4+ m = 0, the second member of the formula becomes
infinite, and it fails to answer the purpose; but in this case
»+ %‘- = 0, which, substituted in equation (4) of article (176),

gives an expression which may at once be integrated.

178. We may also write
S dXP = [z XX = o f'deXP + b e tide X,

If now in formula A we change m into m + n, and p into
P — 1, we have

XP — am fr®-'dzXr-!
b(pn + m)

Srotr—lde X! =

Substituting this value in the preceding equation, and reducing,
we obtain

2X? + pra/edeXr!

n—1 . .
fz drXr = m + m

R : H

by which the primitive expression is made to depend upon an-
other, in which the exponent of the parenthesis is one less than
before. By repeated applications, this exponent, if positive, may
be reduced to a fraction less than unity, either positive or negative.

179. The use of the preceding formulas may be illustrated by
the example

fxidr(a + bz’);.
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Place a + b:'=X, m=3 =«a=2 7»p=4%;
then, from formula A,
2.4 xt _a jdei
SotldeXt = |
: 6b
Applying formula B to the expression fde;, making
m =1 n=2 p=1§ wehave

. _ :rl.(g + éafde‘}
'/dzx’} =y ’

and by another application

zX’} + a dz
xi
JdaXt = — — —

Substituting these values, we bave, finally,

poasxt = X _ el _ ol

The expression = _ da

= —— may be in mt.ed
xl'r Va + bzt v g
as in Art. (173).

180. If, in the primitive expressions, m and p are negative, the
effect of the application of formulas A and B, would evidently

be to increase them numerically. Other formulas are then re-
quired. ‘

From A, by transposition and reduction, we find

fz""“"de’ =

2= Xr+ — b(m + wp)S2=""d2X?
a(m —a) :
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If in this we change m into — m 4 n, we have

SormdeXr = — T bn —m tnp) R
am

C;

by the application of which, — m will be numerically diminished
by the number of units in n.

If n—m+4np =0, or'uzp—q_—l-,

the part to be integrated will disappear, and the integration will
be complete. If m = 0, the formula fails.
181. From B, by transposition and reduction, we find

/‘z""d.tX'" —_ — z~X* 4+ (m + "P)./‘-'-'--'d’x'.

pna

If in this we change p into — p 4 1, we obtain

JrdiX e = DX = (mdn o ap) AKX
an(p — 1) :

in which the exponent of X is numerically one less than in the
primitive expression.
If p — 1 = 0, the sccond member becomes infinite; but

in this case p = 1, and the primitive expression reduces to a
rational fraction.

If m4+n—np =0, or n =

the simple application of the formula gives the integral at once.
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182. Let us illustrate the use of these formulas by the example

Srtdz (2 — 2t) 7k,

hillakinginC, m=1la=2 b=—=1n=2 p=—3}
we have
e
Sz 'z (2 — x')-g = — 3—2—X— + fd;tX"g...(l).

By formula D, after making m =1, 2 =2, a = 2,
b=—1, p =3 wehave

_
-3 _ zX™13
JSdzX =—

Making the proper substitutions in (1), we obtain, finally,

a:"‘X_i zX7%
2 + 2

fz‘;dt(2 - a:’)_% = —

inwhich X =2 — 2",

183. By the aid of formula D, we are now able to integrate
the expression

= dz(z' + b')’....Art. (167).

By making m = 1,

]

=z a=5% b=1 n =2
dz . .
we causo / NCEY UL to depend upon the integration of

another expression, in which the exponent is one less; and by
repeated applications, we shall find that the integral will depend
upon the expression *

S = lad
2t b b b
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184. For the expression
. / zvdz
Vi — 2
we may write
Szidz (2¢cz — z')_* = fz"*dz(h - z)"*,
to which applying formula A, making

=¢+ % a=2¢ b=-—1,

i

R n=1,

and recollecting that 27 = z'-‘z‘}, and 2~ ¥ = z"'z”‘},
we obtain

/ ztdz _ z"'_}{bcz — z'
V2ez — 2t

cz — 2t q9
+ - 4¥—-_'_ - __::._-<_——:IQI.EI

By repeated applicatious of this formnula, when ¢ is a whole
number, we make the primitive expression depend upon

/—‘/—2——:_—._7 = ver-aln" ... Art. (161),
cz — z*

INTEGRATION BY SERIES.

186. If it be required to integrate the expression Xdz, X
being any function of z, it is often conveniept and useful to de-
velop X into a series by any of the known methods, generally by
the binomial formula; and then, after multiplying-by dz, to inte-
grate each term separately. This is called integrating by series ;
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since we thus obtain a series equal to the integral of the given
expression, from which, when the series is converging, we can, for
particular values of the variable, deduce the approximate value of

the integral.
1. Let us take the example

9z -1
du_.l+x_dz(l+z).

By the binomial forinula, we have
(l42)'=1—2 4+ 2° — 2* + &e

Multiplying by dr, and prefixing the sign /,

dr —_ 3 “
/l_-l-—:c- = f(dz — zdz + z'dz — 2'dz + &c.);

whence )
dz z* z? 4

Sire=r-THs ot

or since
dz
/1+z=l(1+”)’

1 = =242 % ke....Ar (38

( +z)—- — 2 —3'— n + &ec..... ( ).
2. Let du = z’:‘(l —_ z')*dx.

By the binomial formula, we have

- (1 - z‘)’} =1 — — — — — — — &e.
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Multiplying each term by z*dz, &ec.,

S = 2z = p(atda Adr _ she

-3 T s 4k
whence
n
b1 —aybae = 2,4 10 2
S (1 z)dz_sz 7% Fr &e.
8. Let * du = a*dz.
In article (40), we have found
[ Jp— i li'_ 3 Z' .
a* =1+ Ia] + (la) i3 + (la) T 5.3 + &c;
hence,
1 1,8
- fa'dz=x+{a—;— _(l_a‘)’_z_'_&c-

If a =¢ then /e = 1, and

xz* z

. _. 2 .
f‘d’—3+'§'+i+2—‘+&c.
dz dz
4 Lot du—=-_9%2 _ __ ‘%
. * Vz =2 Vzvl — 2

Make vz = u; then dz = 2 Vzdu, and

\/;1/1 ——z_ Vl:u',

dz _ 2du

which may be readily integrated, and we shall obtain
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dz S z 32!
/ —— = 24n Ve =2Va(l + 55 + 505 + do).
5. du = e*dz. 6. du = dzV2ez — 2°
P P )
7. Let ay = LV = 2
vl — 2t
Developing V1 — ez = (1 — c"z’)*, we have

1
et — 1 s P |
V1 — 2! = 2ez

1
- 53"3‘ — &c.;-

hence
1/ it
—di——l_—e_z' = f(l ol le"z' ol 10"2‘ —_ &C»)—dz .
v1i-24t 2 8 1 — 2!
After the multiplication, each term of the second member will
- L]
be of the form A / —"f—i{—l ’ which, by formula A,
1l -2z

may be made to depend upon

/'_fj__ = sin—'z
Vi -z )

8 Let du = — 9% = dz )

V(2ez—z*)(b—2z) V2ez—2'Vb—12z

If we develop ﬁ_x = (b —2)"}, and multiply by
dz Az'dz

—_— each term will be of the form @ —————

V2ez — z ¢ V2cr — o

which may be reduced and integrated as in the preceding article.

17
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186. By the application of the formula for integration by parts,
Art. (169), to the expression Xdz, we obtain

SXdz = Xz — fzdX........... oo (1),

and then to dX, &c.,

dX z*dX »ztd'X
ffdx = d—x-zdz = ?FI— -_— —é-—d;-. ..... (2),
Ad'X _ pd'X2dr | 2 X 2 I'X
2dz ~J dit 2 T 2.3dr ~J 2.8 dz"’
—

Substituting in succession the values above deduced, equation
(1) will become

2 1
SXdz = Xe = X 24X &

12 T a1 — e

a series, expressing the integral of Xdz in terms of X, and its
differential coefficients; which has received the name of its distin-
guished discoverer, John Bernouilli.

\

187. If in the integral
SXdz = f(z) = w
wemake r — z + h, we have
(/Xdz)oorgs = f(z + A) = o5

and, by Taylor’s formuls,

’

du d'u A*

% — u = dxh + 2;71—.2- + &c.....----(l)-
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But since
SXdz = u, Xdz = du, du = X,
dz
d*v _ dX d'sv _ d'X &
dz' ~ dz’ dzt ~ dz"’ o
These values substituted in (1), give
. dX ha? aX R
' __ - ga r T r o 3
vow=Xt Eis T mies T &
If in this series we make 2z = a, h = b — a, anddenote
' dX d*X
by A, A, A", &c, what X, 0 &c., become

under this supposition, it is plain that what » becomes will repre-
sent the value of the integral when z = a; what u’ becomes,
its value when z = a 4+ b — a = b; then what ' — u
becomes, will be the value of the integral between the limits
£ =a, and z = b; whence

144

1.2.3

‘/"de = A(b—e) + —léé(b—a)‘ + (b —a)*+ &,

a series from which the approximate value of a definite integral
may be obtained. If b — a is so large that the series does not
- converge, or does not converge rapidly emough, then let it be
divided into n equal parts, so that

b — a = na,
and take the value, first between the limits ¢ and a + a, then

between a 4+ « and @ 4+ 2a, &c, and suppose the results
to be



200 INTEGRAL OALOULUS.

al A
T.z.8 T &

, a* "
Ba-i-B-m--l-B

1
Ca + C'l“_2 + Cnl >3 + & p....(2),

o
Tzs T &

]
Da + D'Ta—o + D"

&ec.;

then, by article (160), we have
J'Xdz = (B+C+D+&o)a +
]
(B'+ C + am.)l_“tE + &e.....(3),

and as « is arbitrary, the scparate serics (2) [and of course the
final serics (3)] may be made to converge as rapidly as we please.

INTEGRATION OF DIFFERENTIALS CONTAINING TRANSCENDER-
TAL QUANTITIES.

188. But few of these differentials admit of exact integrals.
We can, however, by the aid of formulas previously deduced,
obtain, by series, their approximate integrals.

By the examination of a few expressions, we will endeavor, as
far as possible, to indicate to the pupil the general method to be
pursued, and then leave to his ingenuity and industry its applica-
tion to the different cases with which he may meet.

Take first the expression

X (ir)*dz,
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in which X is an algebraic function of z. If we divide it into the
two factors

Xdz

dy, and . (lz)* = u;
whence .

SXdz = v =X, du = n(lz)"'i:f;
and then substitute in the formula of Art. (169), we have
SX(Iz)*dz = X'(lz)* — qu’(lz)“‘id;...;.(l).

By this the integral of the primitive expression, when the inte-
gral of Xdz can be found, is made to depend upon the integral of
another similar one, in which the exponent of ({z) is one less than
at first.

If, then, n be entire and positive, after repeated applicatious of
the formula, the exponent of (iz) will become 0, and the expression
upon which the integral depends, algebraic.

For a particular case, let

X = 2%, then fz‘dz=m+l_

and this in (1) will give

~ () —

- z
jz(lz)dz=m+1 -

1 - Sx ()" dz. .. (2).

If in this we substitute for n, in succession, .

n— 1, n — 2 n — 8, &c,

we have
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fl"(l-’l‘)'"‘dl = mz-:‘l (lz)*—' — : - fz‘(lz)“’d.r
» =9 — z-+,. e ) n — 2 - a=3
Sz (lz)*~%dr = s l(1.1:) ~ o E ijz (lz)*~%dz,

These values in (2), will give a general formula, in which, if »
be positive and entire, the last term will be

n{n —1)..2.1 , _ ot n(n — 1)..1z%+!
+= -—(-sz (l:t) dr = %= (m + 1)-+l
We shall therefore have
(lr\ade — a(l)>t | n(r—1).d
JSz* (i) dz = [( ) =T T T I <]

The sign of the last term will be plus when n is even, and
minus when » is odd.

If m =1 and n = 1, we have

Srlzdz = = (:c——)
If m =0 and n = 1, we have
Slzdz = z(lz — 1).

If m = — 1, the second member of (3) becomes infinite.
In this case the differential becomes

=4
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. dz
Making Iz = 2, we have - = dz, and

z-+l _ (lz)l-l-l
n+1 a+1

f(l:t)'t—i-? =fz'dz =

which is true for all values of n, except when n = — 1. In
this case the expression becomes
dz
zlz’
Making & = 2, wehave — = dz, and
dz dz
\
189. Take now the expression
Xa*dz,

in which X is an algebraic function of z. If we divide it into
the two factors X and a®dz, and recollect that

a*ladz = da*.........Art (39),

whence
da® a®

a*dz = T and Ja%dz = —;

we shall have, from the formula for integration by parts,

SXa*dz = %‘ T S ).

If we take the successive differentials of X, and place
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dX = X'dr, dX'= X"dz, dX" = X"dz, &o,
we obtain

a*dX  X'a* a® .,
a = (W) “‘./(za)'dx

ldxl x’l » s "
Sy = @y ~S

&e.

These values, in equation (1), give

X’ 4+ X¥ a*dX~
JSXatdz = “'(% (ays™ (za)X+') -/|(la‘)i'+’

If the function X is of such a nature that.one of its differential
coefficients X', X", &c., is constant, the differential of this will
be 0, and the corresponding term

'Xm’
. ¥ / ( la)""‘ -
The integral will then be exact.
The expression z*a"dz,

admits of an exact integral when 7 is entire and positive.

If n be fractional or negative, we write for a* its development,
Art. (40), aud then integrate as in Art. (185).

190. By article (43), we have
d sinnz = ndz cos nz, d cosnz = — ndr sinnzx;

hence



INTEGRAL CALCULUS. 265

Jdzsinnz = — co:m:, Jdzcosnz = !m:z.
In the expression
dz sin'z,
P 1 ' cos 2z
we can place for sin'z, its value, 3 g and then have

dz cos 2zdz z 1
ca, 92 dz 2z 1., .
fdznnz_/2 / — = g — 38023

and, in general, the integral of similar expressions, containing any
power of cither the sine or cosine of z, can be obtained by first
substituting the value of the power in terms of the functions of the
double, triple, &c., arc, as determined in Trigonometry.

The expressions
dz sin™z, dz cos™z,
when m is entire, may also be integrated as follows: Make

sinz = 5 then =z =sin"'z, dz = ——dz——;

(1 — st
whence
z"dz-_
—_ z')*

Jdz sin™z =/
(1

This expression, by repeated applications of formula A or O,
may be made to depend upon .

/ dz or /- eds

- (1=t
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In the expression

dz tan®z,
place . tanz = &g,
then
dz -~ z2%de
d2=m, fdzhnf——/'l'—-*—.?i’
which is a rational fraction.
Fxamples.
Integrate
L du = desin'z, 2 du = 9%
cos*z
3 du = jf— 4 du = dz tan'z.
sln 2
191. In the general expression
dz sin®z cos"z,
we may place
. ni de
sinz=¢ then cosz=(1-32"% de=_—"_
(1—ah

and finally,

Sdzgin™z cos*z = [z dz(1 — z')-;nl,
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which may be reduced by formulas A, B, O, and D, and in
some cases integrated, as in the example

du = drsin‘zcos'z; whence u = fz'dz(1 — z')*.

192. Take finally the expression
Xdz sin—'z.

Place Xdz = dy, and sin—'z = y, then

SEdzr = v =X, ad du=—%__,
(1— a2}

Substituting in the formula of Art. (169), we have

SXdzgin~'z = X'sin"'z _/__X_dz_
(1 -}

Thus the integral of the primitive expression is made to depend
d:
upon the integral of the algebraic expression _Xldz -
(1—12%)

Let X =z
then

zl+l

n 41

SXdz = fz*dz = = X,

and we have

Srrdzsin~'z =

g+ 1 / z*+ldz

e gin~lz — n t 1 (l—z')*.



268 INTEGRATL CALCULUS.

By the application of formula A or ©, when n is entire, the
last term may be reduced, and then integrated; except when
8 = — 1, in which case the expression becomes

dz . _,
— gin 'z,
z

which can only be integrated by series.

In the same way, like expressions may be found for

JSXdz cos™ 'z, JSXdz tan—'z, &e.

IntEGRATION OF DIFFERENTIALS OF TBE HiceER ORDERS.

193. By an application of the rules previously demonstrated,
we may readily obtain the primitive function, from which differ- )
entials, of a higher order thau the first, containing a single varia-
ble, may have been derived.

Let there be the differential
d*y = Xdz'.,
k being any function of 2.
Dividing i)y dz*=', we have

e . d-u
PP

‘= Xdr,

and since dz*—' is a constant, this may be written, Art. (26),

a—1
d("’ ") = Xd.

dx-—l
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Integrating both memhers, we have

d--l
(7:?—'#=fXdz =X+ C.

After multiplying both members of this equation by dz, it may
bs written '

=

»—1
d(d ") = X'dz + Cdz;

and integrating as before)

d*—*u . ,
e = X' 4 G + C
which by another transformation and integration, may be reduced
one degree lower, and finally after n integrations, we shall obtain

_ Cr*- Czr « .
v=F@)+t oy tinao PO

The above operation may be indicated -t.bus,
u = f[*Xdr*;

the symbol /* indicating that n successive integrations are re-
quired.

At each intcgration an arbitrary constant is introduced. The
complete integral may thercfore be required to fulfil # arbitrary
conditions.

Lramples.
1. Let dlu = ax'dz®

The requircd operation is indicated thus,



270 INTEGRAL CALCULUS.
v = flaz'ds’,
and may be read, the double integral of axdz".

Let the expression, after dividing by dx, be written
d'u du C,
d_; =d ((Tt- = az'dz H

whence, by integration,

du azr® az®

Integrating again, we obtain

azt

_ ’
v =53 + Cz 4+ C.
2. If ®
du = bdz!, u = f[*bdz?,

which is called a triple integral. We may write

d*u d'u
= 4(g) = ¥

whence
d*u
and finally, as in the last example,

3 2
u=/"bdz'=b-:—+9§—+0’z+0".

"
8. diu = — %—. 4. d'y = Vzdz'
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INTEGRATION OF PARTIAL DIFFERENTIALS.

194. Hitherto, we have explained the mode of integrating only
the differentials of functions of a single variable. It yet remains to
extend our rules to the integration of those which contain more
than one variable.

These differentials are either partial or total, Art. (52). When
partial, they belong to one of two classes :

I. Those obtained from the primitive function by differentiating
with reference to one variable only.

I1. Those obtained by differentiating first with reference to one
variable, and then with reference to another, &c., Art. (48).

195. The differentials of the first class may be expressed gener-
ally thus,

d*u = f(z, 9,2 &c)dz*; d°u = f'(z, 9,z &c)dy*; &c,

in which « is a function of z, y, 2, &c., and may evidently be
obtained by successive integrations, precisely as in article (193);
all the variables, except the one with reference to which the differ-
entiation was made, being regarded as constant, and care being
taken to add, instead of constants, arbitrary functions of those
variables which are regarded as constant during the integration.

Erzamples.
1. Let d*u = bz'ydz®,

which, after dividing by dz, may be written
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d(%) = ba'yde;

whence
du . __ b2'y
-a—z_fblydz——s—""Y’
3
du = é-%-zdz + Ydz,
and *

4
u = fz'ydzt = '_’%-'l + Yz 4+ Y/,
in which Y and Y’ are arbitrary functions of y.

2. Let d'u = cz'y'z'dy’.

196. The differentials of the second class may be written gener-
ally thus,

dotrby = f(z,y,z2 &c)dz"dy dzlum,
and the mode of integrating is plainly to integrate first, m times
with reference to z, then n times with reference to y, and so on

until all the required integrations are made.
To illustrate, let

1. d'u = 2r'ydzdy,
which may be written
H
d (E) = 2z'%dy,

whence, by integration with reference to ¥,
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. gl; = 2'y* + X, or du = z'y'dz 4 Xdz,

and
zlyl
u = [*2z'ydzdy = < + fXdz + Y;

there being no necessity of indicating with reference to which
variable the integration is first to be made, Art. (49).

2. Let d*u = az'ydy'dz. °

This may be written

d*v | duy
W-azydz, or d -a?-) = aztydz.
Integrating with reference to z,
d®u azrly
@y =5 th

which may now be integrated as in the preceding article.

3. d'w = azz'dzdydz. 4, d'u = (z + y)'dz*dy’.

IntEGRATION OF TorAL DIFFERENTIALS OF THE Frmrsr

OrDEE.
197. ¥ v = f(%y),
we bave found, Art, (52),
du du
du = :Edz + Z;dy,
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. . du du
in which J;dz and Ty

JS(z,¥); and also, Art. (49),

du du
Py dbw d (z) d :z;)
= or =
dy

dy  are the partial differentials.of

be the total differential of a function of z and y; Pdr and Qdy
must be the two partial differentials of the function, and by the
integration of cither, we shall obtain the function itself.

To ascertain, in any given expression of the above form, whether
Pdz and Qdy are such partial differentials, we have simply to see
if the condition (1), or

dP  dQ

dy — ds’

is fulfilled. If so, the given expression is the differential of a
function of # and y, and we have

u=fPde + Y..c.ooov0..nn (8),

Y being a function of y, which is to be determined so as to satisfy

.. dn
the condition 2 Q.

Since the differential of every term of # which contains x, when
taken with respect to z, must contain dr, the integral of Pdz will
give all that part of ¥ which contains 2. The differential of those
terms which contain y and do not contain z, will be found only in
the cxpression Qdy. If, then, we integrate those terms of Qdy
which do not contain z, we shall have that part of # which con-
tains ¥ and not x. This will be the required expression for Y
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which added, with an arbitrary constant, to /'Pdz, will give the
complete integral.

If all the terms of the given differential contain z or dz, Y will
be 0, and we complete the integral by the addition of an arbitrary
constant to the integral of Pdz.

Examples.
1. Let
du = (2azy — 3bz’y)dz 4 (az' — b2')dy,

which, compared with equation (2), gives

P = 2azy — 8b2%, © Q = ax® — bz}
dP . _ dQ
d—y = 2ar — 3b2* = Iz

This condition being fulfilled, we then have, since all the terms
of du contain z or dz,

u = f(2azy — 3bz*y)dz = az’y — byz* 4 C.

dz z :
2, If du:-;—+ (2y—;;)dy,
% = E=£+Y
y y

The term of Qdy which does not contain z, is
2ydy,
the integral of which is y*; hence

Y =y
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and the above expression for ¥ becomes
z
v=-+4+ y' 4+ C
p y

ydzr — zdy

8. If du = 2 4y

« = tan'Z 4+ C
. y
4. Let du = (6rxy — y*)dz 4 (3z' — 2zy)dy.

198. The method of obtaining the integral of a differential,
containing several variables, is readily deduced from what pre-
cedes, Let

. du = Pdr + Qly + Rdz = df(z,¥,2)....(1).

If for a moment we regard z as a constant, and then, in succes-
sion, y and =, it is plain that we shall have the three expressions

Pdz + Qdy, Pdr 4+ Rdz, Qdy + Rdz...(2),

which, taken separately, are ‘differentials of functions of two vari-
ables, if the primitive expression is a differential of a function of
three, and the reverse.

But the conditions that these be each an exact differential, are

P _dq AP _dR 4 _dR .
dy ~ dz’ dz T dz’ dz —-d? '

hence, if wo have given an expression of the form
Pdz 4+ Qdy + Rdz,

and the conditions (8) are fulfilled, it will be the differential of a
function of three variables, aud we can obtain the function by
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integrating either of the expressions (2), as in the preceding
article, taking care to add to the integral a function of that vari-

able which is regarded as constant. Thus, denoting the integral
of Pdz 4+ Qdy by v, we have

S(Pdz + Qdy + Rdz) = v + Z.....(4),

Z being independent of # and y, and a function of z alone; and
may be determined by taking the integral of those terms of Rdz
which contain neither z nor y.

199. If a function of two variables, composed of entire terms, is
homogeneous with reference to the variables, its differential will
also be homogeneous ; and such a relation will exist between the
function and its partial differential coefficients, as will enable us at
once to obtain the function when the differential is given.

To cxplain this relation, let

g :f(zv.'/)v

and m denote the sum of the exponents of z and y in each term.
For z and y, substitute ¢tz and ¢ty respectlvely, the primitive
function then becomes (™u

In this expression, for ¢ put (1 + s); then

= (1 + s)™u.

Under these suppositions, z and ¥, in the primitive function,
have become, respectively, z + sz, and y 4 sy.

Developing this new state of the primitive function, as in article
(48), we have

u+( dy)+2(d

= (1+38)"w = u + mus +

m{m — 1)us’

1.2 + &e.
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Equating the coefficients of the first powers of the indeterminate
s, we have

du du
az + a—yy = mu.......(l).

Hence, in the differcntial

du = Pdz + Qdy,

if P and Q are homogeneous of the (m — 1)th degree, we shall
have, by comparizon with equation (1),

=t

Pz 4+ Qy = mu,

For example, let

du = 4zy'dz 4 ay'dz 4 4z'ydy + Sazy'dy,

inwhich m — 1 =3, m = 4,
4zy’ + ay* = P, 4z'y + 3azy' = Q;
whence
« = Pz :'& _ 22'_1/, + azy'.

200. If we denote /'Pdz by v, we have, by passing to the
differential coefficient,

dv

a —

P.

Differentiating this with reference to the variable y, we find
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t.lv dv
(z) = %)

dy ~ dy dz

dv
i(3)
X

d

... At (19%) ;

whence

dpP
dz = -‘Edz.
Integrating with reference to the variable z, we have
dv dap
=S5

or, since (dP)dz = d(Pdz),

dfPde _ pd(Pdz)
dy _./ dy °

By which we see, that we may differentiate with reference to
another variable, the indicated integral of a partial differential, by
simply differentiating the quantity under the sign.

InTEGRATION OF DIFFERENTIAL EQUATIONS.

201. These equations, when of the first order, and when derived
from equations containing but two variables, will appear as partic-
ular cases of the general form

Pdz + Qdy = 0,

and may of course be integrated as in article (107), when

’
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dP _ dQ
dy — ds’
and give
SJPdz + Y = C.

In practice, however, it will in general be found that, in conse-
quence of the disappearance of a factor common to both terms of
the differential equation, or when the differential equation has been
obtained by the elimination of a constant from the primitive and
its immediate differential’ equation, Art. (58), this condition is not
fulfilied; hence other means of obtaining the integral must be

sought for.
In the first place, it is evident that, if by any transformation the

equation can be placed under the form
Xdz + Ydy = 0,

X being a function of z, and Y of y, the integral can be found
by taking the sum of the integrals of the two terms; thus,

SXdz + fYdy = C,

202. Among the most simple forms with which we meet, are
L Ydz + Xdy = 0.
J18 XYdr + X'Y'dy = o.

The variables may be separated, in I, by dividing by YX; and
in 1L, by dividing by YX’. The results,

dz dy

—x-+'Y-'—°:
and

X Y

le + Tdy = 0,
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are under the proposed form. In general, if the value of
_deduced from the equation, be under the form
dy _
= Xy,
we have
dy _ dy _
¥ = Xdz, and ¥ = S Xdz,
Examples.
1. Let ydz — zdy = 0,
[ J
Dividing by yz, we have
dz d
;—73’=o, It —ly = C;

or, making C = IC’, we have

z , z ,
l;:lC, ;:C’, gz = Cly.

2. Let zy'dz 4 dy = 0.
Dividing by y*,
zdz 4+ d—-": =0
y
integrating, and reducing,

2y — 2 = 2Cy.

281

Ea
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S.Let (1 —z)'ydr — (1 4 y)2'dy = 0;

whence
(1-2) 14y
—z‘—)dz——y—dy=0,
and
1
—;—2lz+z—ly—y=C.
4. Let (1 + z')dy — Vydz = o.

5. Let z'ydz — (3y + 1) Vzidy = 0.

203. IIL In all cases where the equation is homogeneouns with
reference to the variables, they can be separated, and the equation
placed under the proposed form. *

Suppose the general form of the given differential to be

Az*y*dz 4 Bzly*dy = 0,
in which n+m==h44+k=y.
Make y = zz, and substitute; we thus obtain
Aztzndz 4 Bz’z'dy = 0;
dividing by 2, and putting for dy its value, zdz 4 2dz, we
have
Azvdr + Bz'(zdz + zdz) = 0;
dividing by (Az"™ + Bz*+')z, we have

¢_if + Bz*dz

z tam v e - O

which is under the proposed form.
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Examples.
1. Let z'dy — y'dzr — zydr = 0.
Make y = 2z, then dy = zdz 4 zdz.
Substitating in the given equation, we have
z'zdz + z'dz — 2’z'dz — z'zdz = 0}
redneing and integrating,

zdz — 2%z = O, —~=—lk=0C
2

Putting for z its value, we have finally

lz=-—(C+£).
y

z' + yz _ _ = y
8. Let . zdy — ydz = dz vz + yt

204. 1V. The equation
(e + bz + cy)dz + (o' + ¥z + c'y)dy = 0,

may be so transformed, that the variables can be separated and
the integral found. For this purpose let us make

z =1+ 6, y=u + &
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whence *
dz = dt, dy = du,

These values in the primitive equation, give
(@ + 8 + c8' + bt + cu)dt + (a' + b5 + ¢'d’ 4 't + ¢'u)du = O.
By placing
a+ b + ¢ =0, a4+ b3 + ¢d =0,

we can determine proper values for the arbitrary quantities  and
d’, and our equation reduces to

(bt + cu)dt 4+ (b't 4 c'u)du = 0;
which being homogeneous with reference to ¢ and u may be
treated as in the preceding article.

This transformation is always possible, save when the values of
d and &' become infinite, which will be the case only when

be' — cb' = 03
whence

b’
¢ = -b—;

Ve + ¢y = 3 (b + o)
The prim‘itive equation thus becomes |
adz + a'dy + (bz + cy) (dr + %’dy) =0,
in which the variables may be separated by making

bz + cy = 2
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Substituting this, and the resulting value of dy, tha equation’
reduces to

(a'b + b'z) dz

T F (e =)z
It be — B = 0,
we have at once the integral
2a'bz + b2
z + -2_(ubc—a’b’) =6
in which the value of z is to be substituted
205. V. In the equation
dy + Pydr = Qdz....... (1),*

P and Q being functions of z, the variables may be readily sepa-
rated by making

X being a function of z, for which a proper value is to be deter-
niined. By differentiating equation (2), we have

dy = adX + Xdz,
and by substitution in (1),
2dX + X (dz + Pzdz) = Qdz....(3).
Suppose X to have such a value that
2dX = Qdz........... OF

* Equations of this kind, being of the first degree with reference to y
and dy, are sometimes improperly called linear equations.
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equation (3) then becomes

X (dz + Pzdz) = 0
whence

df:—sz, =—dez;

or, taking the numbers,

g = ¢/t

From equation (4), we have

13

dX = == = Qe/Medx;

H

whence
X = SQe/"dz,

These values of z and X, in equation (2), give

y = e~/T% erfu-d,.

Ezample.
Let dy +°ydz = e—*dz,
then P=, Q = e, SPdz = z;

hence, by eubstitution in the above value of ¥,

y = e *fe*.edx = ¢e*(z 4 C).
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208.. If we divide the form
dy + Pydz = Qy~dz......(Q1),

by y=, we have

:—’./. + Py—=+'dz = Qdz.....(2),

In this make
y ot =g whence — (m = 1)y~™dy = dz,

o dy = — my_le.

Substituting these values in (2), and reducing, we obtain
dz — (m — 1) Pzdz. = — (m — 1) Qdz,

the same form as equation (1) of the preceding article. Inte-
grating this, and substituting the value of 2, we shall have the
primitive equation, from which equation (1) may be derived.

207. Equations of the form

ay*z*dz + bz?dr + cz'dy = 0,

may sometimes be rendered homogeneous by making

y = 2%
k being a constant to be determined. From this, we have
dy = kz*-'dz, y™ = 2™ :

These values in the primitive equation give
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az®™z*dr 4 bx?dz 4 ckztz*~'dz = 0,
which will be homogeneous, if

km+n=p=q+l'—l;
[}
that is, when

=p+1—9qgq=k

Or THE FacroRs BY WHICH CERTAIN DIFFERENTIAL EQUA-
TIONS ARE RENDERED INTEGRABLE.

208. It has been remarked, article (201), thatSdiﬁ'erential equa-
tions sometimes fail to fulfil the candition of integrability, in con-
sequence of the disappearance of a common factor. Whenever
this factor can be discovered, by trial or otherwise, the integral
can at once be found, as in article (197).

Let Pdz + Qdy.= 0,

be a differential equation in which the condition is not fulfilled,
and suppose that

z = f(z,9)

is the factor by the disappearance of which the given equation has
resulted. The immediate differential equation will then be

Pzdz 4+ Qzdy = 0,
from which we have the condition, Art. (197),

dPz dQz

P
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or, performing the differentiation,

zdP Pdz de th
dy t & day = &
or

(P:—;— Q:—;) + %—3—8)2 = 0.....Q1).

This equation expresses a relation between z, z, and y, but its
solution in the general case is so difficult, that nothing will be
gained by attempting it.

209. If it be possible to find one factor which will render the
differential equation integrable, an infinite number of others will at
once result. For, suppose an expression for z has been found ; then

zPdz + zQéy =

is a differential which is integrable. If we multiply both members
by any arbitrary function of u, denoted by U, we have

UzPdz 4+ UzQdy = Udu.

Udu, containing % alone, is a differential; hence the first mem-
ber is also a differential of some function of z and y, which admits
of integration; and zU, or

2F [/ (zPdz + 2Qdy),

is a factor which will render the given differential equation
integrable.

210. In the particular case where z is a function of z only, its

value can be determined, as we shall then have
19
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de

ay ="

and equation (1), of Art. (208), will reduce to

oY)

But by hypothesis 2z is a function of z, therefore

or

then
/‘d?z = S Xdz;

whenoe
Iz = [fXdr, g = e/,

Let this be illustrated by the example

dz + 2zydy + 2y'dz = 0,

in which
P=1+ 2y, Q = 22y;
whence
1/dP d 1
=) =:=%
and '
z2 = efXie — c/%" = e = g

z being the common factor, the immediate differential equation
muset be ’
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zdx + 2z%'ydy + 2zy'dz = 0,
which c;m be integrated as in article (197).
In a similar way, if z = f’(y), its value may be determined.

To ascertain whether a proper expression for z has been thus
obtained, we multiply by it, and then apply the test as given in
Art. (197).

211. If the given differential equation be homogeneous with
respect to the variables, a proper cxpression for z may be found.
Let :

Pdz 4+ Qdy = 0

be homogeneous and of the m — 1* degree, and suppose z is of
the n® degree; then

zPdz + zQdy = 0,

will be of the m — 1 4 n*™ degree. Hence, by Art. (199), we
have
Pr + :Q _ .

m + n !

S (zPdz 4 2Qdy) =

whence

z_C(m-{-n)__ 1
~— Pz + Q Pz +TQ?’

since, C being arbitrary, we may make

Cim+4n) =1

212. If the given differential equation can be divided into two
parts, and a scparate factor can be found which will render each
part integrable, a third factor may sometimes be deduced from
these, which will render the given equation integrable. Thus, let
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Pdz + Qdy = 0
be divided into the two parts
(P'dz + Q'dy) + (P"dz + Q"dy) = o,

and suppose 2’ to be a factor which will render the first part inte-
grable, and 2’ a like factor for the second part; then

2’Pdz + 2'Qdy = du, 2"P'dz- + 2'Q"dy = du"’;

from which »’ and u’’ may be obtained as in Art. (197). Then,
from Art. (209), z’U’ and z"'U"’ are alro fuctors which will render
the respective parts integrable, U’ and U”’ being arbitrary functions
of u” and u”. If, therefore, we can assign, by trial or otherwise,
such values to U’ and U” as to make

’lU' — zHUH,

the cxpression resulting will be a factor which will render the two
parts integrable, and of course the given equation.

INTEGRATION OF DIFFERENTIAL EQUATIONS CONTAINING THE
IHioner Powers oF dy.

213. Differential equations of the first order, containing the
higher powers of dy, may arise, as in the third example of article
(58), from the elimination of the higher powers of a constant.
Such equations, after division by dz*, may be put under the form

(:—1) + M(%)'_'m+ U = 0....(1).
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The determination of the primitive equation will then depend
upon the solution of equation (1), or upon the division of the first
member into its factors of the first degree. There are n such
factors, and it is plain that each, when placed equal to zero and
integrated, will give an equation between y and z which may be
regarded as a primitive equation.

If, then, the values of 52 b denotedl by V, V', V", &c,
equation (1) may be written

V) (&) (- )=

which may be satisfied by placing

d ’
¥ _v=o é_v =0, &c....(2);

and if the corresponding primitive equations be denoted by
P=0 P =0, P'"= 0, &c, respectively, we shall have

PP'P'&c. = 0.......... ceeea(3),

for the most general primitive equation, particular cases of which
may be obtained by placing P = 0, P’ = 0, or the product
of any of these factors taken two and two, or three and three, &c.

It would appear, since a constant is to be added in the integra-
tion of cach of the equations (2), that (3) ought to contain n
arbitrary constants; but equation (1) can only be deduced from
its primitive equation by the climination of the nth power of a
constant: [Or by raising ( j—'z - V) to the nth power, in
which case the primitive equation must be y = /'Vdz]. It is
plain, then, that the constants added ought to be equal, or that
the same should be added in each integration.
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The n differential equations of the first degrec which are factors
of (1), are readily accounted for, by supposing the primitive equa-
tion to be solved with reference to C, which will have n values,
cach of which, differentiated, will give one of the equations
referred to.

As there will be difficulty in the solution of equation (1), when
the degree is higher than the =econd, it will be well to discuss
some particular cases Which admit of integration by other means.

214. L If the proposed equation does not contain y, and it be

. o , . d,
easier to solve it with reference to z than with reference to cy

dx’
which we will denote by #. we can then obtain
I = ZUfieeenoans ceee(1),
Bﬂt d_'/ = lﬂ/l‘, ~

and by parts, article (169),
y =pz — Srdp = pz — fo(p)dp + C;

whence, if @ (p)dp can be integrated, p may be eliminated by
the aid of equation (1), and the primitive equation between z, y,
and C, deduced.

II. If the proposed equation docs pot contain z, and may be
solved with reference to y, we shall have

. Y =S(P)eeeeerenenn. (3),
dy = df(p), or pdz = df(p);
whence
_ 4f(p) _ [df(»)
dz = pP s z —/T + C.
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Combining this with equation (3), and eliminating p, a primitive
equation will result between z, y, and C.

IIL If the proposed equation is homogeneous with respect to
the variables of the nth degree, we may make

and then divide by 2*, and, if possible, solve the equation with
respect to ¢, and have

L= f()errerenenns(B)

Differentiating (4), we have
dy = zdt + tdz, or pdz = zdt +.td1",

dz _ dt  df(p)

zt  p—t p—f(p)

the integral of which is
iz = ¢(p).

By combining this with (4) and (5), a primitive equation be-
tween y and z may be obtained.

1V. When both variables enter, but y enters only to the first
power, we may take its value in terms of p and z, differentiate it,
and thus obtain
dy = Rdx + Sdp;

or, since dy = pdz,

(R —p)dz + S8dp = 0.
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If this can be integrated, the fesult may be combined with the
proposcd equation, p climinated, and a primitive equation between
y and z determined.

Buppose the deduced value of y to be

y=pz+P ....... cesecae (6),

in which P = f(p). By differentiation, we obtain

dP
dy = pdz zd —dp;
y = piz + 2dp + 5 dp;
or
dpP
(z+-$)dp_0,

which may be satisfied by making

dpP
z + :i;’—z 0..... (7), or dp = 0.....(8).
Equation (8) gives p =C;

whence, by substitution in (6),
y=0Cz+ C,
C’ being what P becomes when p = C.

Equation (7) exprosses a relation between z and p, and if it be
combined with (6), and p be eliminated, an equation between z
and y will result, which will contain no arbitrary constant.

Let there be for a particular example

ydz — zdy = nVdz' + dy';

whence
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npdp

dy:ﬂ’*"h"*‘m‘;v *
d. z-}-—..'l_P__):O'
i vV1+pt ’
whence
z+—”p dp =0, o p=2C

—— = 0,
vi+p
This value of p in (9) gives
y=Cz 4+ avl1 4+ C’

Frow the other factor we have

d P=i;

V! ——z',

which, in (9), gives

y* + 2* = ),

a resalt containing no arbitrary constant, which will be further
explained in the following article. .

SiveuLAR SoLuTiONS.

215. It has been seen, that many differential equations of the
first order result from the elimination of a constant from the
primitive equation and its immediate differential. -Thus, let

f(z,9,C) = 0........ (1),

be the primitive equation containing the variables z and y, and
the constant C;
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Pdz + Qdy = 0........(2),
its immediate differential equation ; and
Pdz 4+ Qdy = 0........ (3),

the result obtained by the climination of C from (1) and (2). It

may now be asked : May not such a function of x and y be sub-

stituted for C, that the result of the combination of equation (1),

under this supposition, with its immediate differential, shall be the
- same as before? To answer this, let equation (1) be differentiated,
7, y, and C being regarded as variables; we thus ‘obtain

Pdz 4+ Qdy 4+ CdC = 0....(4).

Now, if CdC = 0, it is plain that equation (4) will be the
- same as equation (2), and the result of the elimination of C be-
. tween it and (1), will then be the same as equation (3).
If, then, for C in equation (1), we substitute the variable value
deduced from the equation

CdC = o,

that equation will contain no arbitrary constant, and yet will be
as much a primitive equation as any onc containing the arbitrary
constant.

Such results are termed singular solutions, inasmuch as they
cannot possibly be obtained from the complete integral, Art. (160),
by assigning to the arbitrary constant a particular value; the latter
results being called particuler integrals.

The equation ~ C'dC = 0  can be satisfied, by making
dC = 0, or C=o0.

The first gives C = a constant, the particular values of which,
when substituted in equation (1), give particular integrals,
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The values of C deduced from C’ = 0, if variable, will then
give the only singular solutions. ’

To illustrate, let us rcsume the complete integral of equation
(9), in the preceding article,

y=Cr+ nVIiFC.....(5).

Differentiating with reference to C, we have

' CdC
0 = de + " =
Vi + Ci.
whence
- aC
z 4+ ‘/1 T C_* ...... (6),
and
z* + 2'C! = n'CY, or C = — Wi——?;

the ncg'ative. value of C being plainly the only one which will
satisfy equation (6). Its substitution in (5) gives

— 2 L | Jp—
y = vn' — 2 or y' 4 z' = at

the singular solution found in the preceding article.

InTEGRATION OF DIFFERENTIAL EQUATIONS OF THE SECOND
ORDER.

216. Of these equations, which, in their most general form,

d'y dy

contain L b s and constants, we shall only discuss

those particular cases which admit of integration.
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1]
1. The proposed vquation may contain only %{ , T, and con-

d’
stants; in which case, solving it with reference to Z;Z,, we have

d.
5 =70
which may be integrated as in article (1§s).

]
217. IL. It may contain.only %;!., ¥, and constants. Solving
the equation as before, we obtain

'y
= Y.
Multiplying by 2dy,
2dyd'y
& & = YW
and integrating,
" dy? dy
I = J2Ydy + C, or = V2/‘Ydy + C;
whence
dy dy
dz = —— ——— 2= f— +
v2/Ydy + C fV2dey + C
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Examples.
1. If atd®y + ydz* = 0,
By oy pdydy _ _ 2vdy
dz* =~ a"’ dz dz T Tat?
dy' y! dy y!
w="at0  F=VC-5
i .
Ve
al

which may be integrated as in example (5), article (162).
2. Let d'y Vay. = dz*
dy - dy
218, III. The equation may contain only 9 2z and
constants, being expressed generally thus, )
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which is of the first order with reference to dp, and may be solved
with reference to dr; whence

dr = F(p)dp ...(2), z = fF(p)dp + C....(8)
Multiplying (2) by p, we have
pdr = dy = pF'(p)dp, y = [pF(p)dp + C'....(4).

Eliminating 2 from (3) and (4), we have the primitive equa-
tion between z, y, and the two arbitrary constants C and C'.

For an example, let

? ] li :
(de' + dy )i = a or az(1 +p')° _ a;

dzdy dp

whence
apdp

adp .
(1+p91

dz =

= -————-—%. sz = dy =
(1 +p"

Integrating the last two expressions, we have

ap . , a
z=C + —— =C - ————
Yt p'v ¥y T 1 o T P”
and eliminating p,

(z—C)'+ (y — C)' = a,

as was to be expected, since the proposed equation expresses a
constant radius of curvature.
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219. IV. If the given equation does not contain y, it may be
expressed

]
F(jz‘:/, dy x) = 0, or F(Z—I:, ya z) = 0,

which is of the first order with reference to dp. Its integral will
give an equation of the form

f(pz) =0

in which, p being replaced by %, and the result integrated,

we shall have

S (% z) =0,
with two arbitrary constanta.

For an example, let ‘

d'y _ dy1l
dz' = dzz’
or
dp _p dp dz
dz ~ 7' P =z
p=1&+C p=20C
& _ o _ C= "
E;_.Cz, and y——+C

220. V. If the given equation does not contain z, it may be
expressed

&y d
F(de', 2 9) = o)
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Bince dy = pdz,

and equation (1) may be written

pdp _
F(d—y’ y 2 .'/) - 01

which is of the first order with reference to dp and dy. Its in-
tegral will then be expressed

d
Fpy) =0 o F(Z y) =0,

and this may be treated as in case II., Art. (214).

221. VL If the equation be of the form

d'y '

T + X + X'y = 0.....(1).

\

Mnke y=e/** o (2)s
then

Y e dly _ ,....(. u

-— = ue/"®, 2?—‘ u +¢E

These values in (1) give (since the common factor ¢/*¢* dis-

appears)
‘;—: 4+ u' 4+ Xu + X' =
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which is of the first order with reference to du. After integration,
the value of u being determined and substituted in (2), will give
the required primitive equation,

y = e/fnm,

IntEGRATION OF DrFFERENTIAL EQUATIONs oF HiGHER
ORDERS THAN THE SECOND.

222, Of these, it will also be sufficient for our purpose to discuss
a few of the most simple cases. ‘
d- v d- -1 y

& v

I. Suppose the equation to contain only

constants; it may then be expi‘essed,

dny dn—ly
F(EF, a}-——T) = 0...... ).
Make
'y | d*y _ du
-dle- = u, then 7;‘;‘ = :i;'

These values in (1) give

du .
F (d—z', u) = 0,
which is of the first order; and its integfal will give u in terms of
z, or .
v =X + C

and finally,
y ="YX+ C)dz""",



806 INTEGRAL OALOULUS.

223. 11. Suppose the equation expressed thus,

d-—'y
F(dz" i) = 1 TR (1).
Make
d 'y d*y _ d'u
T =W the =

and equation (1) will become

F(d,,u)=0,

which may be integrated as in article (217), and the value of
= f(z) determined; we shall then have

d- l
F =f(z), sad y=/"""f(2)dz""
224, III. Suppose the equation to be of the form
d*y + Ad'ydz 4+ Bdydz® + Dydz* = 0...(1).
Make

u being an arbitrary function of z; then
dy = e*du, d'y = e*(d'u + du'),
dly = e*(d’u + 8dud’u + du’),
These values in (1) give
d*u + 8dud’u + du* + A(d'u 4 du')dz

+ Bdudz® + Ddz' = 0.......... +(3).
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Since u, in equa.tio;l (2), is arbitrary, let such a value be
assigned to it, that its differential shall be constant; in which case

du = mdz, du = 0, d*u = 0,
Equation (3), under this supposition, reduces to
m* + Am* + Bm 4+ D = O........ (4).

From this equation we may determine the value of the constant
m. Denoting the three roots by

m, m, m,
we have for du the three values

du = mdz, du = m'dz, du = m''dz;
whence

u=mz+C w=mz+C, u=mnm"r4+ C

and

y = e"'+°, y = e..r.+cr, ) y = e-u-+cn;
or, calling

e = C, e = C’,. e = ¢,

y = Ce™, y = Clem, y = C'e™",

But since thése values of y each contain but one arbitrary con-
stant, they must be particular cases of the general value of y,
which must be of such a form that cither of the above particular
values can be deduced from it; that is,

e y = Ce™ + Qle™e + C"G'"',
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from which the first particular value is deduced by making C’ and
C”" = 0; and in a similar way, the others.

If two of the roots m, m’, m'’, are equal, that is, if m = m’,
we should have the equation

y = (C+ C)e™ + C'e™* = Ce™ + C'e™",

containing but two arbitrary constants, C 4 C’ being denoted
by C. It is not then general. But in this case, y = Ce™,
being a particular value,

will be another; for, differentiating it, we have
dy = Ce™(1 + mz)dr,
d'y = C'e™(2m + m'z)dz’,
dy = C'e™(3m* + m'z)dz,
and these, substituted in equation (1), give
(m*+ Am?* 4+ Bm + D)z 4 (3m* + 2Am 4+ B) = 0....(8).

But the cocfficient of z is the same as the first member of equa-
tion (4), which has two roots equal to m; and 3m' 4+ 2Am 4 B
is its first derived polynomial, which, when placed cqual to 0, must
have one root equal to m (sce Algebra); hence both terms of (6)
are 0, and y = C're™ satisfies the given differential equation,
and must therefore be a particular value of the general one,

y = Ce™ 4 Cze™ 4 Clem's,

If m=m=m

that

", it may be shown also by trial, as above,

y = Cl'zte™
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is a particular value; whence the general value must be
y = ev(C+ Cz + C'z*).

Two of the roots 'may be imaginary ; but, as the discussion in
this oase is quite complicated, and of little value to the student, we
omit it.

To illustrate the above, let .

d*y + 2d'ydz — dyds® — 2yds® = 0.

Comparing this with equation (1), we have

A =2 B=—-1 D=—2;
and equation (4) becomes
m* 4+ 2m' — m — 2 = 0;
whence the three values of m are
— 2, 1, and -1,
and the general value of y is
y = Ce~* 4 Cle* + Ce.

225. It is plain that the preceding principles can readily be

extended to the general equation
d*y + Ad*'ydz 4+ Bd*—'ydzl.....+ Mydz‘. = 0,
and that the general value of y will be

y = Ce™ 4 Cle™* + C'e~" + &o.
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226. If the equation be
d'y + Xd'ydr + X'dydz* + X"ydz* = 0...(1),

in which X, &c., are functions of 2, the difficulty of integration
is much increased. If, however, we know three particular valuea
of y; Cy', 'y, C"¥", each of which will satisfy the given
equation, then the general value of y will equal their sum, that is,

y=Cy + Cy"”" + C'y'".coooviili(2)

To verify this, let equation (2) be differentiated three times, and
the proper values substituted in (1); we shall thus obtain
C(d*y' + Xd'y'de + X'dy'dz* 4+ X"y'dz?)
+ C’(d’ylﬂ + xd’y”df + xldylldz. + X'ly'ldx,) — o'
+ Cu(d;yvf + ngyu'd.t + xldyn’dz’ + X”y”’dz')

which is satisfied, since each of the three terms is, by hypothesis,
equal to 0.

227. The above demonstration can be generalized, and a similar
result obtained for the equation
d*y + Xd*='ydr +.oyX®™~Vdz* = 0.

This, and the equations discussed in the three preceding articles,
belong to the class termed linear. Sce note to article (205).
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InTEGRATION OF PARTIAL DIFFERENTIAL EQUATIONS OF THE
Fimzsr ORDER.

L4

298, A partial differential equation of the first order, derived
from an equation between the three variables 2, y, and z, z being
regarded as a function of z and y, contains, in its most general
form, the threc variables, the two partial differential cocfficients,
dz dz
E ilnd. @,
the most general, we will confine ourselves to a few of the most
simple cases,

and constants. Without attempting to discuss

L. If the equation contains but one partial differential coefficient
and the two independent variables, that is, if

dz
&=

P being a function of z and y; we integrate at once as in article
(195). For example, if

dz

z ! L ot
?d_:;-:v—-:;:l_—;.'ﬁ’ z= Vs +y' + Y.

229, II. Let the equation be

dz
iz =B

R being a function of the three variables. Since the partial dif-
ferential coefficicnt has been obtained under the supposition that
y is constant, the proposed equation may be regarded as a differ-
ential equation between z and r, and may be integrated as in
article (201), taking care to add an arbitrary function of .
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Ezamples.

K -‘/!_,
1. Let ) :'—;=——y————z—2.

By the separation of the variables, we have

edz
rdz = Vy—___;Tz—’i
and by integration,
z? o —
2 e VST 4 el

2

2. Let — =

dz v+
dz ~ ¥y + =%

230, III. Let the cquation be

dz dz
Ma‘; + N(I'c = 0,

M and N being functions of = and y.
. . . dz
Solving the equation with reference to P

dz N dz

dy ~ ~ Mdz

But, since £ is a function of z and y,
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or, by the substitution of the value of ﬁ,
y dy
__ dz N __ dz (Mdz — Ndy
de = —(dz — yzdy) = E( — M )---(1)-

If S be the factor which will make Mdz — Ndy integrable,
we may write

8 (Mdz — Ndy) = du,

which, in (1), gives
1 dz

dz:—s—ﬁﬁu,

to satisfy which, it is only necessary that & % = F(u);
whence
de = F(u)du, e = p(u),

the form of this function being arbitrary.

Examples.
. i dz dz
1L X 12-!; — yd—z = 0,

Mdz — Ndy = zdz + ydy,
which is made integrable by the factor 2, and we have
zt + y' =y, and z = g(2' + ¥7),

which is the general equation of a surface of revolution,
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%

dz dz

2. If y@-i'xa.:o,

Mdz — Ndy = ydz — zdy,

which may be integrated by the aid of the factor —l—,; whence

y
z z
- = u, and z = (—-)
Y ° y

ArpricaTioN oF THE CarcuLus To THX DETERMINATION OF
Curves wrtH Particrrar ProrERTIES.

231. By means of the preceding principles, we are often ena-
bled to deduce the equation of a curve which shall passess a
particular property.

I. Let it be required to find a curve whose subnormal shall be
constant. The constant being denoted by «, we place the general
expression for the subnormal, Art. (85), equal to a, and have

dy

VYV =% whence ydy = adz;
and integrating,
yl
?=M+C, y'=2“+2c,

the equation of a parabola.
IL. Find the equation of a curve whose subtangent is constant.

Place

dr . dy
yd—!/ = a, whence a; = dz.
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Integrating,
aly = 2, or z =logy + C,

the equation of a logarithmic curve, the modulus of the system
being o.

III. Let problem I. be generalized, and let it be required to find
a curve whose subnormal shall be a given function of the abscissa,
denoted by X. Then

d
y;g = X, ydy = Xdz,
y‘ = 2 f Xdz.

]
As a particular case, let X = %—. Then
z? 2 z*
* — pa —_ - —
D} _2/adz_3a + C.
IV. Let problem II. be generalized in like manner. Then
dz dr _dy _ pdrx
yd__:/'_x’ XT3y ly——f'i-

As a particular case, let¢ X = 2z. Then

ly'= % = %lz + G
2ly = Iz 4+ 2C, ly'* = Iz + 2C;
or, denoting 2C by IC’, |
ly* = IC'z, y! = C'z,

the equation of a common parabola.
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V. To find a curve whose normal is constant. Place the gen-
oral expression for the normal, Art. (85),

S
y‘/l + a? = a,
whence

dy’ ydy

Y
v+ 9L = a° = dz;
d.‘l:’ ! (as — yl)* !

and by integration,
—(@—-y)i=2+C or a' —y' = (z+C)",
the equation of a circle.

VI. The curve whose tangent is constant may also be found by
placing

o dr?
y1/1 +@-’.=a,

and this problem and the preceding may be generalized as in
problems II1. and IV.

VII. Reguired to find a curve, such that its normal shall be a
mean proportional between a given line and the sum of its abscissa
and subnormal.

We have at once from the conditions,

Qa(z + yj%) = !/'(1 + :TV:),

2a denoting the given line. Solving this with reference to :i—i%’

Art. (213), we have, for the first value,
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1
dy a a'  2az ¥
z=;+(G+yr—1)

whence
2adz — 2ydy

= — dz.

2(a® + 2ax — y’)‘-l'

The integral of the first member is evidently the radical in the
denominator, Art. (25), and we have

(a’.+2a:c-—y’)§=— z + C,
or
a* + 2az — y' = (C — 2)},

the equation of a circle.

232. Let it be required to find a curve which shall intersect, at
a given angle, a class of curves whose equation contains but one
arbitrary constant. )
Let the general equation of the class of curves be

i

Y =S(0,2)cceiniii (1)

@ being the only arbitrary constant; by assigning values to which,
in sugcession, the particnlar curves are determined ; and let z and
y denote the co-ordinates of the required curve. Then if T denote
the tangent of the angle at which this curve intersects each partic-
ular curve, we have

_p=7r

- 1 + p},' 2 (2)1
in which p and p’ are the tangents of the angles which the
tangents to the curves, at their point of intersection, make with
the axis of X. '
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If the given equation be differentiated, and the cxpression for
P’ be found and substituted in (2), and then the result combined
with (1), and a be eliminated, the final equation will belong to no
one of the particular curves more than to another. If, in this
equation, z’ be madc equal to r, and y’ = ¥, since for the point
of intersection of the curves these variables are equal, we shall
have the differential equation of the required curve.

1. Let the equation of the class be

y=uar........ (3), whence Z—:j;; =a = p

and let the angle be 45°, in which case T = 1.

Substituting these in (2), and reducing, we have

dy _ dy
d—z-—a_l-i-a‘?‘—z.

" Eliminating a by substituting its value taken from equation (3),
making at the same time 2’ = z, and ¥’ = y, we have

dy
dz

|iQ
RlE

¥ =14
z

This, being homogeneous, may be integrated as in Art. (203)
or Art. (211), and we shall obtain

R -
C z

If in this we put for 2, r cos», and for y, rsinv, by which
the reference is changed to the system of polar co-ordinates, we
have
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g = tanv, V' ¥ g =1,
l(—'; = tan—'(tan#), or l-é =,
the equation of a logarithmic spiral, Art. (143).
2. Take the parabol;xs given by the equation
" dy' _ m '
y*=mz...... (4))  whence —— = oy = P

and let it be required to find the curve which cuts these parabolas
at right angles. Inthiscase T = «, and we must have

’
dycg__o

1 +pp'=0 or 1+ — o0 =

Substituting the above value of p', we have
mp
1 + 5y = 0.

Eliminating m by equation (4), and making ¥y’ = y,

y dy = 0. .
1+?;E;_0, or 2:uh'+ydy_.0.
Integrating,
y!
z'+—2—=C, or 2z' 4+ y* = 20,

the equation of an ellipse.
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RectiricaTion oF CrURVES.

233. The rectification of a curve is any operation by which the
measure of its length is obtained.

In article (90), we have shown how to find an expression for
the differential of au arc of a plane curve, in terms of cither vari-
able and its diffcrential.  If this cexpression can be integrated, we
can, by its integration, obtain an expression for the curve itself.
From this resuits the following simple rule for the rectification of
any plane curve: Deduce, as in Art. (90), an expression for the
diffirential of the are, in terms of either variable and its differential,
and inteyrate the result. 'We shall thus obtain an expression for
an indefinite portion of the are. For the length of a definite
portion, take the integral between the limits designated by those
values of the variable which correspond to its extremities, Art.,
(160), and the numecrical value of this expression will be the
required measure.

234. The curves represented by the general equation
y* = pz%,

in which m and n are entire and positive, are called parabolas,
This equation can be written

1
n ’

y = p*z* = pz'........(l). '

By differentiation, we have
dy = rp'z"'dz.

By substituting this in the cxpression
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&t = VIF Ty,
and indicating the integration, we have
2 = fVdz' + dy' = j:dz (1 + rpraev—i,
This admits of an exact integral, when either

is equal to a whole number, Art. (176); and a general expression
for the length of the curves may thus be found in terms of z.

If, in equation (1), we make r =

(-1 K-

, Wwe have

y = p'sl, or y' = pah,

which is the equation of a cubic parabola. In this case,
9, 8 9 , .3
g = fdz(1 +ZP ’x)é = 571?(1 + 37 'z)? 4 C.

If we wish the length from that point whose abscissa is a, to
that whose abscissa is b, we take the integral between the limits
a and b.

Let us, however, estimate the arc from the vertex, or suppose
the origin of the integral to be at the point where z = 0, Art.
(160) ; we then have ‘

8 8
= ———271’,' + C, or C =-— .———271),.;

whence, denoting this particular integral by 2/,

’ 8 9 4
¢ = gl + i - 1),
21
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for the length of any arc from the vertex to the point whose
abscissa is z.

y = p'at, or y' = r'%

the equation of the common parabola. In this case,

1r 4L u'?
s = fdz(1 + 1p,.,_.); _ 1/3: gl APA
4 4z
which may be made rational, and intcgrated as in Art. (172).
2356. The length of the common parabola may also be deter-
mined in terms of y. By differentiating the equation

y' = 2ps,
we obtain

2ydy = 2pdz, dz = %

This value in the expression 2z = f'Vdz* 4 dy', gives
! 1
e = fiy¥1 + ;7, = Sy (P' + i,
which, by formula B, may be reduced to

pr’+y’+_z_J_/ dy
2p 2 v+t

But
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L. T YN o pruge <. Art. (173);
‘/fp'+y‘ (Vo' +y' +v) (173)

hence

Vvp' & i —_—

If we estimate the arc f;rom the vertex, where y = 0, we have
0=—§lp+C, or C=—§lp;
and finally, deﬂoting the particular integral by 2/,

g YV +9
= T

+ 2(VETF Y + ) - )

236. For the arc of the circle, we have, Art. (90),

z =R

¥
vR' — &

=R uin”%,
which can be expressed by a series, and the length of z determined

approximately.
Differentiating the equation of the ellipse, we deduce

btz
dy = — a’ydz’
whence
_ l/ b'z' 1 rdiva' — (a' —bY)2*
e T I

which can only be expressed by a series,
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237. The differential equation of the cycloid, Art. (131), is

dr —_ V&

T Vi =y

By the substitution of this value of dz, we obtain

e = SVETG = iV Y = VE e

whence, article (158),
5= — 2\/5(21'——3/)% 4+ C=—2v2r(2r—y) + C

If we estimate the arc from the point D, where y = 2r, we

have
0=0+GC o GC=o

and

From the figure we sce that
DF = vDC x DH = \/‘27'—(_21' - ¥);
hence
DM = — 2DF,

or the arc is equal to twice the corresponding chord of the generating

circle.

If in equation (1) we make y = 0, and denote the definite
integral by 2, we have

2’ = DMA = — 4r = — 2DC,

as in article (185).
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238. For the rectification of the spirals, we take the expression
in article (138),

dz = Vdr' + r'dv’.
By differentiating the general equation r = av®, we dedl;ce
dr?* = n'a'v**tdv?;
whence, by substitution, &c.,

z = fav*—ldvvVn' + v'.....(1),
For the spiral of Archimedes, At (140), » = 1, & = o,
and the expression becomes

.

z = ;;rfdv‘V]. + oY,

and the particular integral estimated from the pole may be ob-
tained by placing 1 for p, and v for y, in the expression for 2,

in Art. (235); whence, after moltiplying by -,

7 = Zl;(vt/l +v’). + 1(V1 +v' 4 v).

For the hyperbolic spiral n = — 1, and expression (1)
becomes

z = afv'dv V1 + o'
For the logarithmic spiral, when M = 1, we have

v = Ir, du,:‘irt,

8= fdrvV2 = rv2 + C;
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or, cstimating the arc from the pole, where r = 0, we have
2Z=r \/5,

or the diagonal of the square upon the radius vector.

QuaprATCRE oF CrrvEs.

239. The quadrature of.a curve is the operation by which the
measure of the area limited by it, is determined.

To determine the area limited by the curve and either of the
co-ordinate axes, we find, as in article (92), an expression for the
differentiul of the area in terms of one variable and its differential,
and integrate this. The result will be a general expression for an
indefinite portion of the area. For a definite portion, we take the
* integral between the limits designated by those values of the vari-
able belouging to the extremities of the limiting curve. The
numerical value of this will be the required measure.

240. The value of y, taken from the general equation of parab-
olas, Art. (234), is
Y = P2 ciiieinniad(l),

which, in the formula ds = ydx, gives

— prreg, . P!
8 = fp'ride = I 4+ C.
If we estimate the area from the origin, where z = 0, we
have
C =o0;

whence
pzrt!  yz
r+ 1" r+ 70

¢ =
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that is, the area of a portion of a parabola, included between the
curve, the axis of X, and any assumed ordinate, is equal to the
rectangle of the ordinate and corresponding abscissa, divided by
.r 4+ 1. Hence this portion of any parabola is always commen-
surable with this rectangle.

The same result may be obtained otherwise, thus: The value of
« from (1) is

z = y” whence dr = ¥ fy,
p'! ’?I'
and this, in the formuls, gives
L .
_ fydy 1 1 _:+| _ oy
o=/ ITrr1 Y Treito
rp r ’
as before.
For the common parabola, we have » = %; whence
8y = 1 ¥z = gxy.
5+ 1

241. The value of y taken from the equation of the ellipse
referred to its centre and axes, is
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Va' — 2%

RO

y =
hence

s = gf(a' - x')*dz.
By formula B, we have
S(@ = bz = Za(a' — e + lataz(ar — 2y

But

TS S dz — an—1Z .
fdz(a' 2”) —fm = 1l la + C,
whence, finally,

_b —~ 3 ab._z
c_ﬁan/a —z +Esm ‘;-I-C.

Taking the area between the limits
ﬁl, z =0, and z = a

we have
for z = 0, a=%bhin"‘0+0=0;

_ _ab . | _abm .
for z = q, ¢ = sin 1+C_-2»§+C,

and for the difference, or definite integral,.
¢ =% = CDB = %th of the ellipse;

hence the entire.area is mab.
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If a = b the ellipse becomes a circle, of which a is the
radius; whence the area of the circle is

ma’ = m(radius)’.
The same result may be obtained by taking the valuo
y = V2Rz — 27

whence

s = fdzvV2Rz — 2*;

for the area of an indefinite portion of the circle.

242. In order to find an expression for the area of a portion of
the hyperbola, it will be best to take its equation when referred to
the centre and asymptotes,

Yy = m;

and, since the asymptotes are oblique to each other, we must use
the formula deduced in article (92),

ds = sin Sydz,

B being the angle included by the asymptotes.

a3

The value y =
being stibstituted in the formula, gives

. d.
ds =,sml3Tf; whence s = sinBmiz 4+ C.
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If we call the distance CB = 1, and estimate the area from
the ordinate AB, for which z = 1, we have

m = 1, and C = o0;

s = sin3ir; :

or, since sin 3 may be regarded as
the modulus of a new system of log-
arithms, we have

= log z;

or, the area between the curve and asymplote, estimated from the
ordinale of the vertez, is cqual to the logarithm of the abscissa of its
exireme point, taken in a system whose modulus is the sine of the
angle made by the asymptotes.

243. The value of dx taken from the differential equation of the
cycloid, and substituted in the expression 8 = fydz, gives

yvidy

’ _‘/‘/2’./ — v

which can be reduced by formula E, and finally integrated.

A more simple method, however, is to obtain directly the area
ALD. If wedenote P'M = 2r — y by z, we shall have

dALP'M = ds = zdz,
or

= (2r — y)dz = dyV2ry — y*;

A P c whence
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8 = fdy V2ry — y'.

But this is evidently the area of a portion of a circle whose
radius is 7, and abscissa y, Art. (241); that is, the area of the
scgment CFH. If we estimate these areas, the first from AL,
and the second from thé point C, they will both be 0, when
y = 0; the arbitrary constant to be added in each case will

then be 0, and we have

ALP'M = CFH,
and when y = 2r,
]
ALD = CFD = T

But the area of the rectangle

ALDC = AC x CD = nr.2r = 27r';

hence
area AMDC = ALDC — ALD = _=r!,

double of which, or the area included between one branch of the
cycloid and its base, is equal to three times the area of the yen-

erating circle,

From this we sce, also, that the arca incladed between one
branch of the cycloid and its base, is equal to threesfourths of the

rectanyle described upon the base and azis,

244. For the logarithmic curve

y = logz;
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hence s = [flogzdz,
or

s = zlogz — Mz + C....Art(169).
M being the modulus.

If we estimate from the point B, where
z = 1, we have

0=—M+4 C, C=M,

¢ = zlogz — Mz + M.
If we take the area included between the curve and axis of Y,
dz
c=fzdy=_/‘zM?=Mz+C,

or, estimating from the line AB, for which z = 1,
C = — M; whence ¢ = M(z—1)
If 2 =0, wehave ' = — M = area YYABM'.

¥ z=29 “ ¢’ = M = areca ABMS',

246. The curve give;x by the equation

) 1
Yjp v 2
y =2
F  to which, as in the figure, the axes of co-ordinates
3 X are asymptotes, presents a similar case.

By differentiation, we obtain



INTEGRAL CALCULUS. 333

2dy
dzx = — ‘—yT;
whence
2d
Yy Yy

Estimating the area from the line AY, where y = ®, we have

2 .
0_—_;-'-(,, C=0,

and

By making y =1 = MP, we have
&' = 2 = APMD;

that is, the area APMD is finite, and equal to twice the square
APMC, although' the curve does not touch the axis of Y at a finite
distance.

If we take the area between the limits y =1, and y =0,
we have

area FMPX = (—2) — 2 = o.

246. For the quadrature of spirals, we take

ridv

e (1)

ridvy
ds = T....Art. (138), or s =/

The value of r* taken from the general equation of spirals, Art.
(189),is8 r* = a’v*. This, substitated in formula (1), gives

a'vdy atytrtt
8—/ 2 —4n+2+‘c'
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Estimating the area from the pole, where v = 0 when n is
positive, and @ when n is negative, we have, in all cascs except
when n is negative and numerically equal to or less than 4,
C =0, and

alyt+
Ty

For the spiral of Archimedes, n = 1, and a = —21;; whence

”l
24n?’

4
§ =

If in this we make v = 2m, we have

which is the area PMA included within the first spire, or. that
described by one revolution of the radius
vector. Since PA = 1, 7 represents the
area of the circle PA; hence

area PMA = % of the circle PA.

¥ v=2(2m),
o (4m)
we have =T = 3™

which is the whole area described by the radius vector during two
revolutions. But it is plain that, during the second revolution, the
part PMA will be described a second time; hence, to obtain the
arca- PAM’B, we must subtract that described during the first
revolution ; we then have
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and in general it will be seen, that by each revolution of the
radius vector, the area before described will be increased by the
area from the pole out to the last spire; hence, to obtain the area
from the pole out to the mth spire; from the whole area described
during m revolutions, take the area described during m — 1
revolutions; or take the integral between the limits

v = (m — 1)2m, and v = m2m,

which gives

(mem)  [(m—1)27] _ m — (m— 1y
247! 247t - E) ’

The area terminated by the (m <+ 1)th spire is then

[} | 3
(m+1; mﬂ_’

and the difference between the two expressions gives the area
included between the mth and (m + 1)th spires, thus

(m 4+ 1) — 2m® + (m'— 1)}
3 4

= 2mT = m.27.

If m = 1 in this expression, we have the area included
between the first and second spire equal to 27; hence, in general,
the area between the mth and (m 4+ 1)th spires is equal to m
times that included between the first and second.

If the area PAC be required, AC being a portion of the second

spire corresponding to the arc AD = 2"_1:’ we should have, for
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the whole area gencrated when the generating point has arrived

. 2m
at C, since v = 27 + O

2m\?

(21r + —
' = 1/
24 ! '

from which subtracting the area PMA, we have

2m\?
(211' 4+ — )
. " (2m)® 1r 1
are = e - = (et

l -
3n")’

or, if we call AP (which has been regarded as unity), R,

=T 1 1 \ge
APC = n,.(l + o+ 3",,)3.

]
If AC = ; circumference = 2%’, then »' = 4, and
T 1 1 .
arc = T(1+5 +55) B
*For the hyperbolic spiral # = — 1, and the general value
of &' becomes
’ a,
38y = — ﬂ’

which is infinite when v = 0. For the integral between the
limits v = & and v = ¢, we have

a' 71 1
"o e = — =
£ =3 (b c)'
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In the logarithmic spiral, when M = 1,

v = Ir, dv=g,
ridv rdr r”
=T =T =T+

or, estimating from the pole, where r = 0 and C = 0, we
have '

2
’
"'=T;

that is, equal to onefourth the square described upon the radius
vector of the extreme point of the curve,

ARreA oF CurveED SURFACES.

247. L Of surfaces of revolution. In article (93), we have
found, for the differential of the area of a surface of revolution,

du = 2y Vdz* + d?; whence, for the indefinite area, we have,
u = f2my Vdz' + dy'....... (1),

the axis of X being the axis of revolution, and Vdz' + dy*
the differential of the arc of the generating curve.

The indefinite area of any particular surface will then be ob-
tained by deducing, as in Art. (93), the expression jfor the differen-
tial of the surface, in terms of one variable and its differential, and

tntegrating the result.
22
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248, Let the line AC, by its revolution about AB, generate the
surface of a right cone. The origin of
co-ordinates being at A, the equation of
AC is ’

y = ar; whence dy = adz,
and

u = fenaxdz Va* + 1 = maz*'va' + 1 4 C.

Eatimating the area from the vertex, where z = 0, we have
C =0, aud

v = maz'vVa® + 1.

Making z = AB = A, we have the area of the cone whose
altitude is %, and the radius of the base BC = b,

u'" = mah'Va® + 1;

L. b
or, since a¢ = z,
-" [} [
u' = 2_"b_b2_-*-_h_ -— qubATC;

that is, the circumference of the base into half the side.

249. From the equation of the circle, we have

(R — z)dz

y = V2Rz — 2, dy = m

The surface of the sphere is then
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_— fdr® .
u=f211’y‘/dz' +(R—;& = [f2nRdz,

or
u = 2nRz 4 C.
Taking the area between the limits - z = 0, and z = 2R,

we have

u” = 47R? = four great circles.

250. From the equation of the ellipse, we have

b=

a? — z7, dy = — a,ydz;

whence, for the area of the ellipsoid of revolution,

u =/'-2—”dez Vat = (a' =)t

a
2nb — B .
=?VA al — bt d.z‘/a,_b,—-x';
—— . 4
o, placing o2 Vai = B = C, and = R,

u = C'fd.z:\/—R_" — 2z

But sdz VR™ = z* = area of a circular segment whose
radius is R’, and abscissa z, Art.(92). Integrating this between .
the limits 2 =0, and z = CB = ¢, .
and calling the segment CBFG = D, o r

we have '," /—N
" , 1 o / k
- u’'=CD = 3 Wes of ellipsoid. :
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If a = & in the primitive value of u, we shall have
u = f2madz = 2mazr + C,
for the surface of the circumscribing spher(;.

Let the area of a paraboloid of revolution be determined.

251, By the substitution of the value of dz, Art. (287), in the
general expression for u#, we have for the surface generated by the
revolution of a cycloid about its base,

v = 2w Verfydy(2r — y)'*.

Placing 2r — y = 2, and integrating as in Art. (159), we
have

u = 2#\/57(— 4r(2r —y)* +§(2r—y)§) + C.

Taking the area between the limits y = 0, and y = 2r,
we have

32,
= ?m',

4
u

for onc-haif the surface. The whole is &% the area of the gen-
erating circle,

252, II. Of curved surfuces generally. 1In article (150), we
have found, for a partial differential of the second order of a
surface, the expression

& = deay 1 + (gj’ + (g—;)' ..... (1).
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If we differentiate the equation of any surface, first with refer-
ence to one independent variable, and then with reference to the
other, and find expressions for the partial differential coefficients
:—: and j—;, in terms of z and y, and substitute in (1), and
then intégrate between proper limits, we shall obtain an expression
for a definite portion of the surface.

For the sphere, we have

3' +y! + " - R.;

whence
E_ z — =z
dz_—;—VR’-—z’—y’
dz _ _y -y
R Y kT
R
‘/l+() () z'_y'
and
u ? _ Rdedy
- VRY =zt — ¢

Making VRT — y* = R/, and integrating with reference
to z, we have

= [Rdysin—',

u =fRdy_/ VR" = R

= fRdy (sin—'- + Y)

=
Vi =g
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Taking the integral betwcen the limita

- z = 0, and z =c' = VR — ¥,

we have

T
¥ = _/'Rdya.

Integrating again with reference to y, we
have

R
“='2_7'r.'/+cv

for one-eighth of the surface. The entire surface is then

4nR%

CuBATURE OF VOLUMES.

263. The cubature of a volume is any operation by which the
measure of its contents is determined.

I. Of volumes of revolution. For the differential of a volume of
revolution, we have found, Art. (94),

dv = my'dz; whence v = frmy'dr.

For the cubature of any particular volume, we find, us in Art.
(94), an expression for its differential, in terms of one variable and
its differential, and then integrate; the result of the integration will
be an expression for an indefinite portion of the volume.
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254. Let the rectangle ABCD revolve about AB and generate
aright cylinder. The origin of co-ordinates
being at A, the equation of DC will be

Yy = AD = b,
then
v = fry'ds = fnb'dz = bz + C.

| o

Taking this between the limits z =0, and z = AB = &,
we have

v’ = wb'h = the base into the altitude,
255. The equation of the ellipse gives

v = 2—:(“’ - 2); é:

whence, for the ellipsoid of revolution,
bt nb? z
v = f‘rr;—,(a' —z')dz = ;'—-(a’z - ?) + C.

Estimating the volume from the plane through the centre per-
pendicular to the transverse axis, we have z =0, C = 0, and

b? z*
v =Gr(e-3)

Making z = a, we obtain, for one-half the volume,

wh* at 2
v = o at — ?) = §1rb'a;

and for the whole,
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4 2
sﬂ'b’a = §1rb' X 2a;

or, equal to two-thirds of the circumscribing cylinder.

If the same ellipse revolves about its conjugate axis, we have
a’
v = frzrldy = f‘rrF(b’ — y')dy,

which, between the limits y = — b, and y = b, gives

v = %na’b = gmz’ x 20,

The latter volume is called the oblate spheroid, and the former
the prolate spheroid ; and we have the proportion

the prolate : the oblate :: ;ﬂ’b’a : ;m’b i b a
If in either expression a = b, we have
4
3 ma = volume of a sphere.
Let the origin be now taken at A, when
bl

y = a—.(2az — z%),

and the volume be determined.

Give also the cubature of a sphere directly, by using the
equation

y* + z' = RY,
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256. Give also the cubatures of the following volumes of revo-
lution :

1. The right cone, v" = base x } of altitude.

2. The paraboloid, v’ = % circumseribing cylinder.
8. The volume generated by a given portiou of the common
parabola revolving about the tangent at its vertex,
. v"" = } cylinder with same base and altitude.
4. The volume, the bounding surface of which is generated by
a

the curve whose equation is  y* = P

5. The volume, the bounding surface of which is generated by
one branch of the cycloid revolving about its base.

257. IL Of volumes bounded by any surface. We have found
in article (151), for the partial differential of a volume limited by
a surface and the co-ordinate planes, the expression

To obtain an expression for the volume, we have simply to
deduce from the equation of the bounding surface the value of 2
in terms of z and y, substitute it in (1), and then take the integral
between proper limits. The result will be an expression for a
definite portion of the volume. To indicate the process, we place
equation (1) under the form

dv
da—z- = zdy.

Integrating with respect to y,
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dv
= Szdy + X,

From this,
’ dv = dzfzdy + Xdz.

Integrating with reference to z,
v = fdzfzdy + fXdz;

or, Art. (196),

v = f'zdzdy + fXdz + Y..

The integral fzdy + X is evi;.lently the area of one of the

parallel sections dMd’, Art. (239). To
obtain the whole volume represented in
the figure, we must first take the inte-
gral between the limits y = 0, and
y = bd', this value of y being that
deduced in terms of z from the equation
of the curve Yd’'X, and then the second
integral between the limits 2 = 0,
and z = AX.

To illustrate, let us determine the

volume of the pyramid ABD-C; the equation of the plane BDC,

being

z 4+ 2y + 82 — 2 = 0

whence

z + 2y = 2, or y=1--
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AD = 1, AC = 2, AB=§,
v =_/"zii:fdy = fdzfdy(2 - 23"’_ z)
Integrating with respect to y,
— $ —
v =jd12———-—y g LA X;
or, taking the integral between the limits
y = 0 and y=bd'=l—;,
] 3 3
v = fdz 3 - = 3 + C.

Taking this between the limits
z =0, and z = AC = 2,

we obtain for the volume,

2 2 1 1
x§x1x§_§ABxADx§AC
1
=BADx§AC.

258. As the first integral with respect to y will often be com-
Plicated, it will be better, if possible, to obtaif directly an expression
for the area of the parallel section as dMd”, in terms of x, multiply
this by dz, and then integrate between the proper limits = = 0,
and z = AX. Thus, for the elliptical paraboloid (see Analyt.

Geometry) whose equation is
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ny' + pst = m's,

by making first y = 0, and then z = 0, we have, for any
section at a distance z from the plane YZ,

= bd,

= o,

Multiplying this by dz, we have

"zd "y
P ;’—:, and v = .i. C
Vnp 2Vnp
Taking the integral between the limits z =0 and
z = AB = A, we have

dv =

”II

mm 'k __ mm"h  k
2V E) Vnp 2
The first factor of this is the area of the entire ellipge DBD’;

hence, the volume of the paraboloid is equal to kalf that of the
circumscribing cylinder.

In like manner, it may be shown that the volume of an ellipsoid
whose equation is .

b!clzi + a’clyl + a’bizl = aib!cl'

is equal to two-thirds that of the circumscribing cylinder.



PART IIL

CALCULUS OF VARIATIONS.

Firar PrincipLEs.

259. A ruxcTioN may be regarded as given, when the form of
the algebraic expression, which determines the relation between it
and the variable or variables, is given, and the constants which
enter this expression are known.

In this case, the only change which the function can be made
to undergo, is that which arises from a change in the variables.
When these variables receive infinitely small increments, the cor-
responding infinitely small increment or change of the function is
taken for the differential of the function, Art. (88). All our previ-
ous applications of the Calculus bave been made to functions of
the kind above referred to, and the term differential can, with
propriety, be applied to no other change.

It will at once be seen, that if a function be not given as above
described, but merely subjected to certuin conditions, it may be made
to undergo a change by altering the relation which exists between
it and the variables; and this may be done by changing cither the
form of the expression for the function, or the constants which
enter it, in any way consistent with the given conditions. Now, if
such a change be made as to give another funetion consccutive with
the first, the infinitcly small change which the first undergoces is
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called its variation, and the corresponding changes of the variables
are their variations.
The difference between the terms “differential” and “variation,”
will be made more plain by geometrical illustration.
Let BC be any curve, a function of #, Art. (90), of which M
and M’ are any two consecutive pointa, the co-ordinates of M
. being x and y. Now, if the constants
,1,:'/(— which determine the curve be changed

n

, i €. in any way so as to give a different
%‘y/_ curve B'C’, infinitely neur to BC, and
p *sR so that the pointe M and M’ shall take
; the positions m and m', Pp will be the
A TPYA X variation of 2, and mS the variation of
R y, while PP’ is the differential of z,

and M'Q the differential of y, Art. (88).
The conditions under which the variation is made, may be such
that one of the variables will have no variation; and when this is
the case, the operations to be performed

Y

Y m’ will be much simplified.
) //?/{;‘ Thus, if it be required that the points
Y N M and M’ shall be found in lines parallcl
> | to the axis of Y at m and m’, Mm will
be the variatien of y, while # bas no
AL——'--],——P,—T- variation; the differentials of z and y

being PP’ and M'Q, as before. *

As the differential is denoted by the symbol d, the Greek
character § is used to denotc the variation; and from the illus-
trations just given, it appears that while the former symbol denotes
the changes which take place in passing from one point to another
of the same curve, the latter is used for a very different purpose, to
denote the changes in passing from points of one curve to the
corresponding points of another infinitely near to it.

260. From the nature of the term as above explained, we see
that to obtain the variation of any function of z, ¥, 2, &c., we
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have only to put for z, y, 2, &c,’ z + dz, y + Oy, &c.;
oz, dy, &c., being, not arbitrary, but the infinitely small changes
which take place in z, y, z, &c., in consequence of that change
in the function which gives its variation; and then take, as in the
Differential Calculus, Art. (52), those terms of the development
which are of the first degrec with reference to the variations of the
variables. Or, since the development may be made precisely as in
Art. (51), by substituting 0z, dy, &c., for &, k, &c, it is plain
that we shall have

du du ‘ du
ou = 2;63 + d—yay + -d—z-th + &c-

It is also plain that the principles contained in articles (15) and
(17), as also the particular rules demonstrated in articles (20)
(26), are equally applicable to variations.

261. In the function

let us substitute z + dz for z, and denote the new function
by f'(z); then, by the definition, Art, (259),

du = f'(2) — f(2)...... (2);

and since, from the relation.expressed in equation (1), z is a
function of u, the second member of equation (2) will be a function
of u, and we may write

If, in this equation, we put for v, % 4 du = vu', we shall
have :

ou' = ¢ (u');
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and, subtracting equation (3),
0u' — du = ¢ (u') — p(u) = dp(u) = ddu.

Taking the variation of the cxpression

’

u — 4 = du,
we have
0w’ — du = ddu;
hence
bdu = ddu....... eeoo(4)

That is, the variation of the differential of a function of a single
variable is equal to the differential of its variation. Or, when both
of the symbols d and & are prefixed to a function, the order in
which they are written, or in which the operations indicated are
performed, can be changed at pleasure without affecting the result.

The principle above enunciated is true for any order of the
differential ; for if, in equation (4), we put du for », we have

b(du) = didu, or  dd'w = ddou = du.
If, in the last equation, we put du for u, we have
éd*(du) = d*du, or dd'u = d'u,
and so on; hence we may conclude that

dd*u = d*ou.

262. Let v be any differcntial of a function of z, and place
Sv =7, then dv' = v,

cdv' = 4y, or dév' = ov,
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and by integration,
0y’ = fdv, or ifv = fév

The principles demonstrated in this and the preceding article,
are evidently true for functions of any number of variables; since
the variation of the differential of such a function is but the sum
of the partial variations, and the converse.

263. In order to consider the subject of variations in its most
gencral sense, when applied to differential expressions, we must
regard the differentials of all the variables as variable, as well as
the variables themsclves. In this sense, if  be a function con-
taining 7, y, and their successive differentials, we shall have,
Art. (260),

du = Mdz 4+ M'ddz 4+ M"dd'z 4 &c.

(D),
+ Noy + Nody + N'éd'y + &e.

in which M, M’, M", &c., are the partial diffcrential cocfficicnts
of u taken with respect to x, dr, d'x, &c.; and N, N’, N”, &c,
the corresponding omnes taken with respect to y, dy, d'y, &ec.
This expression may be extended to any number of variables, by
adding for each, an expression of the form

Miz + M'ddz + M"dd'z + &ec.;

and may then be made to give every particular case which can
arise, by making the particular suppositions upon dz, d'z, dy,
d'y, &c., which the case requires.

264. If the differential expression contains only the variables z,
dy dly

YW =P g
have, as in Art. (260),

= ¢, &c.,, we may denote it by v, and shall

23
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dv = Mdz + Ndy + N'dp 4+ N"dg += &e....(2).

And if this expression be taken in its most general sense, dz
must be regarded as variable; in which case, we put for dp, dg,
&c., their values obtained as in Art. (26), viz.:

_ %y _ doddy — dyddr _ diy — pdiz

p =062 = — 7 77 AN
? dz dzt dr !
o — de __ dzddp — dpddz _ dip — gdiz
. 1=z dz* - dz )

If dz be regarded as constant, equation (2) is under its most
simple form.

265. If we indicate the integration of both members of equation
(1), Art. (263), we have

Sou = f(Méz + M'ddz + M"éd*z + &e.)
+ /(Noy + N'ddy + N"sd’y + &) % o)
By the application of the rule for i.ntegra;i.ng by parts, we find
SMédz = fM'diz = M'éz — fdM'éz;
S Mz = fM'dzr = M'"déz — fdM"diz
= M"déz — dM'"éz + fd*M'dz;
SN = SM7dY = M7dsee — fdM'd%
= M'"d%z — dM"'déz + fd*M'"'ddz
= M'd*z — dM'"'déz + d*M'"éz — fd*M"'éz,
Also, '
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SNy = N'éy — fdN'dy;
S N'dd'y = N'"ddy — dN"'8y + fd*N"dy;
S N"dd*y = N"'d*y — dN'"'déy + d*N""'éy — fd*N'"dy,

Observing that the second member of equation (1) is equal to .
the sum of the integrals of the terms taken separately, and substi-
tuting the above values, we obtain

Sou= (M'—dM" +d*M"' — &c.) 0z + (M"'— dM""'+ &c.)dbz

+ (N'—dN"4-d*N""'— &) Sy + (N"'—dN"" 4 &c.)ddy
+ (N"'— &c....)d*0y + &e.

+ S(M = dM'4d*M" — d*M"" + &c.) 8z

4+ S(N—dN'+d'N"— d'N"" + &e.)dy %

By examining the above expression, it will be seen that there
is no term under the sign / which contains the symbols d and ¢
applied the one to the other; and also that the parts containing
0z are exactly similar to those containing dy. The formula may
therefore be extended to any number of variables, by adding, for
each new variable, similar parts containing its variation.

266. It should be remarked, that if the multipliérs of éz and
dy following the sign £, in equation (2) of the preceding article,
are both equal to zero, 'du will be complete, or du will be the
differential of some function. But in the expression

f&u = qu,
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it is cvident that if f'u contain any terms which cannot be freed
from the sign /, 6/« must contain the variations of these terms
still under the sign, and /0«4 cannot be complete. Hence, if éo
is a differential, u itself must be so. And conversely; for if S u
is entirely freed from the sign /; then 6 /u cannot contain this
sign, and its equal /'du must be complete, or du be a differential.
Hence, if the conditions

M — dM' + d'M” — &e = O,
N — dN”+ d'N" — &c. = 0,

are eatisfied, u will be the differential of some function, which may
be obtained by integration. If the above conditions are not satis-
fied, u cannot be an exact differential, and /" cannot be obtained.

267. If we take the variation of the expression fvdz, in which
v, as in Art. (204), is a function of z, ¥, p, ¢, &c., We have, Arta,
(21) and (155),

$fvdz = f3(vdz) = [vddz + Jdzév.
But, Art. (169),

Sodde = fuddz = viz — fdviz;
hence
0fvdz = vix + f(drdv — dvdz)....... (1).

Substituting in that part of the second member which follows
the sign /; tho values of dv and dv, Arts. (52) and (264),

" 4w = Mdz + Ndy + N'dp + N"dg + &,
v = Méz 4+ Ndy + N'ép + N"4g + &e,

we have
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dzdy — dobz = N(d.tt'iy' — dyéz) + N'(d2dp — dpdz)
+ N"(dzdg — dgéz) + &e..ocvvnnnn.. (2).
Since dy = pdz, we have
dzdy — dydz = dz(dy — piz) = wdyz,
by making dy — péz = w.
Also, if for dp, we put its value, Art. (264), we have
"dxip — dpdz = ddy — pdéx — dpdr = d (8y — piz) = du.
If, in this last expreseion, we put p for y, and ¢ for p, and

dp
d-.t- )

dzd"p — Zip51 L, fdu
dzdqg — dgdz = d(8p — ¢dz) = d( ) =d E)

recollect that ¢ = we have

Substituting these values in equation (2), and prefixing the sign
J, we have

J(debo— dwiz) = fNudz + [N'du + [N'd (j—';’) + &c...(3).
Again, by Art. (169),

SNdo = N'uw — /‘ o wdz,

1, A . dw dN"
SNdZ Na—fdzdu

,do  dN” 1, (dN"
= N Zz‘ — —d;—w +fd_zd(_dz)”dx"
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Now, substituting thesc expressions in (3), and the result in (1),
we obtain

lel

" dw
dz——-{- &c.)w + (N — &c.)z + &c.

Sfvdz = viz 4 (N’ —

dN’ 1 ,dN”
+ /(N - 2t Ed»dz- — &o.)wdz....(4).

If we now put for w, its value dy — pdz, the part affected with
the sign /* will become

dN’ aN’
S(N — o + &e.)dzdy — fS(N — i +.&c.)pdz§z.

From which we see that, in this case, the coefficients of dy and
Sz have such a relation that if one becomes equal to zero the
other will,

MaxiMa AND MiniMA oF INDETERMINATE INTEGRALS.

268. The principal, and far the most important application of
variations, is to the determination of the marima and minima of
indeterminate integrals, that is, of integral expressions of the form

L)

fx/d:t’ + dyt, Srytde, &e,

containing z, y, &c., and their differentials, in which the relation
between the variables is entirely unknown. Thus, if it be required
to determine the relation between z and w, in order that /'wy*dz
taken under certain conditions, shall be a maximum or minimum,
the problem is one not capable of solution by the ordinary method
of article (60), since the principles there developed require the
form of the function to which they are to be applied, and the con-
stants which enter it, to be given, and the search is for particular
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values of the variables, which will make one or more values of the
function a maximum or minimum; whercas the object now pro-
posed, is to ascertain what this form and these constants must be,
in order that the function, when subjected to the given conditions,
shall be a maximum or minimum, the variables being entirely,
indeterminate. Questions of this kind are readily solved by the
aid of variations.

269. Let » be a function of the nature discussed in Art. (263),
and suppose z, dz, y, dy, &c., to be increased by their variations;
and let the difference between the corresponding function ' and
u be developed, which is done at once by putting iz, dy, ddr, &e.,
for &, k, I, &c., in the development of Art. (51); we shall thus
obtain

v — u = Mdz 4+ Ndy + M'ddr + N'ddy + &ec,

plus a term of the second degree with respect to dr, dy, &c.; plus
other terms. ' .

By the same course of reasoning as that contained in Art. (77),
we see that u can be neither greater nor less than o', for all values
of dz, dy, &c., unless the term, of the first degree with reference
to these variations, is equal to zero. But this term, Art. (263), is
the variation of w: Hence, in order thut u be a maximum or
mintmum, ou must be equal to zero.

If the conditions which make the variation of u equal to zero,
make the term of the second degree, in the above development,
positive, for all values of dr, dy, &c.,, u will be a minimum; if
negative, « will be a maximum. The discussion of the various
circumstances in which this term will not change its sign, is of too
cowplicated a nature, and likely to lead too far, for an elementary
treatise. Neither is it necessary in geucral, as we shall be able,
from the nature of nearly every case, to determine, without a
reference to this second term, whether we have a maximum or
minimum. ‘
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270. In the application of the foregoing principles to the inde-
terminate integrals referred to in Art. (268), it may at first be
rewarked, that if the integral be indefinite, Art. (160), from its
nature it can have no maximum nor minimum. The application
can then only be made to definite integrals, or those which are
taken between some well-defined limits.

If, then, it be required that fu be a maximum or minimum,
we may write the variation of f'u, Art, (265), thus:

$fu = féu = mér + ndy + m'ddr 4 n'ddy + &c,
+ S(kix + ¥dy)..... oo (1)

and this, when taken between the preseribed limits, must be equal
to zero. .

We have seen, Art. (266), that this expression cannot be inte-
grated unless the quantity which follows the sign ; in the second
menber, is equal to zero; that is, there can be no integral to be
taken between Jimits, and of course no maximum nor minimum.
‘We must then have, for the first condition,

kir + k'dy = 0............ @)

If, in the particular case under discussion, the variations of 2
and y are cntirely independent of cach other, we must also have

k =0, and k= 0;
or, Art. (265),
M — dM' + d'M” — & = 0
N — dN’' + d'N” — &c. = 0 -0

Again, if we denote by I and !’ the results obtained by substi-
tuting the limits in succession in the remaining part of equation
(1), we must have, for a sccond condition,

r—i=o..... e (&)
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Should there be more than two variables in the function v, the
quantity following the sign /, in equation (1), will consist of as
many terms as there are variables, each of which, if the variations
are independent of each other, must be placed equal to zero, and
will thus give an equation expressing a relation between these
variables and their differentials,

If, however, the conditions under which the variations are inade
are-such as to render these variations in any way dependent, we
shall be able, by means of the cquations which express these
conditions, to eliminate from equation (1) onc or more of these
variations; then, by placing the coeflicients of those which remain
under the sign f; equal to zero, we shall have a system of
equations from which we may determine the nature and cxtent
of the required function. * The system of equations (3) will, in
every case, express the -relation which must exist between the
variables and their differentials, in order that the functiou shall be
a maximum or minimum; but they must be subjected to the
conditions deduced from the equation

! =1 =0,

which can, of course, contain no variables except those which
belong exclusively to the limits,

‘Where » is under the form vdz, it has been seen, Art. (267),
that the two equations (3) will both be satisfied, if one is. They
will therefore give but one independent equation, viz.: ‘

dN’ 1 dNII

N— =+ 5;d—— — & = 0....(4);

and the condition
) '—1=0

must be deduced by substituting the limits in that part of equa-
tion (4), Art. (267), which is independent of the sign /.

The solution and discussion of thé following problems will serve
to illustrate and more fully develop the preceding principles.
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271. Problem 1.—Required the nature of the shortest line
joining two given poim.s in a plane.

Let 2, ¥, and 2", y"', be the co-ordinates of the points. The
general expression for the length of the line, Art. (234), is

z = fVdr + dy'.

Taking the variation of this, we have

ifu _/(dzédt a'yody .

which, upon comparison with equation (1), Art. (263), gives

and all the other terms cqual to zero. In this case, since ér and
dy are independent of each other, we use cquations (3) of the
preceding article, and have

dz dy
d@ = 0, and d— = 0;

whence, by integration,

dz dy ,
dz ~ " dz

Eliminating dz, and integrating again, we have
dy = Z—-dx = adz, y = az + b....(1),

which gives the required relation between y and z, and indicates
that the line must be straight.
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The first part of equation (2), Art. (265), becomes

M'éz + N'dy.

Since, in this case, the limits z’, y’, and z”, y"', are absolutely
fixed, we must have dz’, 8y’, &c., equal to zero, which, being sub-
stituted in the above expression, give

Moz’ + N'dy' = o, M'sz” + N'éy” = 0;
whence results the fulfilment of the second condition,
r—1=0o,
and it remains only to determine the constants a and &, in equa-

tion (1), on condition that the line shall pass through the two
given points,

272. Problem 2.—Required the shortest line that can be drawn
from one given curve to another, in the same plane.

Let y=S(z), ad y=f(2)
be the equations of the curves; their differential equations being
dy = p'dz, dy = p'dz....... (1).

As in the preceding problem, we have
— dz dy
: = fVdr' + dy', ofu =/(E6dz+d—zt$dy);

from which is deduced, precisely as before, the equation of the
required line,
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Baut since the ends of this line must be in the given curves, the
variations of r and y, at the limits, must be confined to these
curves, that is, dy’, éx’, 0y”', 62’ must be the same as dy and d=z
in equations (1) ; whence

’

6]/' — 1}'61', 6.1/" —_ p"&z".

Substituting these, in succession, in the first part of equation (2),
Art. (263), and subtracting the results, wé must have

, _ d’  dy’ \., dz' dy” ,, o .
Vb= (G gew)s - (G ) = 0

and since this contains two independent variations, it can only be
satisfied by making the coeflicients separately equal to zero; hence

dz’ + dy'p’ = 0, dz''+ dy''p"” = 0;
whence
dy' 1 dy"” 1
Iz‘r' _ ;7) dz’’ - pn'

But these are the equations of condition that the required line
shall be normal to both curves at the points (', ¥'), (27, ¥"'),
respectively, Art. (81).

In order to determine the constants ¢ and b, in equation (2),
we tnust first find the values of ', ¥/, x”, ¥", on condition that
the normal to the first curve.at the point (', y') shall also be
normal to the second at the point (2", ¥'’'), and then cause the
line to pass through these points,

This problem and the preceding may also be solved by placing

— e _— e — Ll ! %
z = fVid £ dyf =/(1 +Z—Z;) dz = fvdz,

in which » is a function of :% = p. In this case, we should use

cquations (4), Arts, (267) and (270).
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273. Problem '3.—chnired the shortest line, on the surface of
a sphere, joining two given points of the surface.
Let the equation of the sphere be

The general expression for the length of a line joining the two
points will be, Art. (91),

s.= [Vdz* + dy* + d2,
the variation of.which is
vfdz dy dz
3fu _/(Eﬁdz + d—a-de + 2;6(12),

whence, by adding an expression containing dz to the second
member of equation (2), Art. (263), and comparing, we find

Li = 0, N = 0, P = O’
. dr - dy ° dz
| — A hat. _— e
M=Z N =2 P=o

and all the other terms equal to 0. The first condition required
in Art. (270), is then

d(j_:)a: + d-(%) 5y + d(:%)d‘z =0....2).

In this case the variations are not independent, but must, be
confined to the surface of the sphere; that is, taking the variation
of equation (1), we must have

210z + 2ydy + 226z = O,
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Combining this with equation (2), and eliminating dz, we obtain

dz zdz
(a5 - 245 ) +(d——— )ay=o,

which, containing two independent varjations, gives

dz dz dy dz
Zd:i-;—'l'dd—s‘—_-o, Zda;——ydz_

Now, if we regard ds as constant, these equations become

d'z d*z d'y diz-
T EFL T Y g TV =

from which we deduce

dy _ dis

17; da

Integrating the last three equations, we have

dz dz dy dz_b zdy dz
25— — ¥—-— = a, zz;—yd—a_, -‘K——yd—a-_

ds ds
Multiplying the first by y, the second by — z, the third by
and adding, we obtain

ay — bz 4+ ¢z =0....... (3),

which is the equation of a plane passing through the centre of the
sphere. The required curve must lie in this plane, and therefore
is the arc of a great circle.

The limits in this case, as in problem 1, being absolutely fixed,
we have at once, as in that problem, the fulfilinent of the second
condition,

V—1=0.
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Equation (3) may be put under the form
a b ' , ,
;y—;z+z=0, or z = ¢z + d'y,

and the constants ¢’ and d’ determined, by causing the plane to
pass through the given points.

274. In many cases where there are conditions confining the
variations, whether at the limits or not, the method of reducing
the number of independent variations, explained in Art. (270), and
pursued in Arts, (272, 273), will be found of very difficult appli-
cation. In all these cases, the following less direct, but very ele-
gant method may be used. Let

r=20, s = 0, &e.,

be the equations between z, y, &c., expressing the conditions to
which the variations are subject; then, at the same time that we
have

ifu = 0,
we must also have
or = 0, és = 0, &e.;

or, denoting by ¢, ¢/, &c., arbitrary constants, we must have the
equation

0fu + cdr + 08 + &c. = O...... (1),

for all values of the variations of z, y, &c. Placing the coeffi-
cients of these variations separately equal to zero, we obtain equa-
tions from which we can climinate the constants r, ¢, &c., and
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thus deduce an equation or eguations which will express the proper
relation between z, y, &c.  As an illustration, let us take

Problem 4.—Required the nature of the line, of a given length,
joining two points, which, with the ordinates of the points and
axis of X, will inclose the greatest area. In this case we have,
Art. (239),

6fu = 6 ydz;
and since the length of the arc between the limits is to be constant,
the variations must be subject to the condition

Sdz =_/'Vd;’ + dy' = a;
hence
8/ Vdet + dy' = o.
Equation (1) will then become
Sfydz + 3 fVdz' + dy = 0;
or, putting for the variations their values, we have

f(y6dx + driy +rdr¢5d.t;};cdﬁ¢{y_’ = o. -

Comparing this with cquation (1), Art. (263), we see that

dy_

dz
’ E'

M=0 M=y+ec-, N=ds N =c¢

and thesc, being substituted in equations (8), of Art. (270), give
dr . avy _ ..

and by integrating,
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d
y+c§—:=ﬁ, z —ct = a

Eliminating ¢ from these two equations, we obtain

. dy z— a
dr — gy =@
which is evidently the differential equation of a circle whese equa-
tion is, Art. (98),
(y—B) + (z—a) =R}

B, o, and R being arbitrary constants, which must be determined
on condition that the circle pass through the two given points,
and that the included arc be of the given length.
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