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PREFACE TO THIRD EDITION 
THE main text of this edition is the same as that of the second 
edition, but an appendix has been added. The appendix is in­
tended mainly for students who have already met vectors as a 
concept of elementary pure mathematics, and will, it is hoped, 
help to bridge the gap between purely numerical applications and 
the applications to the physical world which occupy the main 
body of the book. Such students may prefer to read the appendix 
first. S.I. units replace C.G.S. and F.P.S. units in this edition. 

The aim of this book is, as stated in previous editions, to 
provide an introductory course in vector analysis which is both 
rigorous and elementary, and to illustrate the elegance of vector 
methods in geometry and mechanics, or "natural philosophy". 

I am indebted to the Senate of London University for per­
mission to use examples from London B.Sc. papers, and to the 
Senate of Sheffield University for permission to use examples 
from B.Sc. and other Sheffield University papers. 

Note for American readers: In Chapters III, IV, and V the term 
"integration" should be regarded as synonymous with "anti-
differentiation". 

E. Œ . WOLSTENHOLME 

VI 



CHAPTER I 
§1.1. Real Numbers and Scalar Quantities 

Any physical quantity which can be completely represented by 
a real number is known as a scalar quantity, or simply as a scalar. 
Thus a scalar quantity has magnitude, including the sense of being 
positive or negative, but no assigned position, and no assigned 
direction. Examples of scalars are mass, energy, time, work, power, 
electrical resistance, and temperature. 

§1.2. Vector Quantities 
Consider now a space Σ in which a point O has been arbitrarily 

chosen as an origin. Then any point A in Σ may be said to define 
both a magnitude, represented by the distance between O and A, 
and a direction, represented by the direction from O to A. Any 
quantity which can be completely represented by such a pair of 
points O and A is known as a vector quantity, or a vector. Thus if a 
vector is known to have a certain direction, and a certain magni­
tude a, an origin O may be chosen and through O a line OA may 
be drawn in the given direction and of a length to represent a; the 
vector is then completely represented by the displacement from O 
to A. 

§1.3. Notation 
The vector quantity represented by the pair of points O and A 

in §1.2 above is denoted by ~OÄ or a. The number a represented 
by the distance OA is always positive and is known as the modulus 
of the vector quantity. The modulus may be written as | Ü33 | or 
| a | or OA or a according to convenience in any particular 
context. 

1 



2 NOTATION 

If UÄ represents the vector a, then ÄÜ is said to represent the 
vector — a. 

§1.4. Nomenclature 
A vector quantity as defined in §1.2 has magnitude and direc­

tion but no assigned position in space, as the initial point O was 
arbitrarily chosen. Such a vector quantity is known as a free vector. 
When the term vector is used, it is assumed that it refers to a free 
vector. 

If, however, the vector quantity has not only a specified magni­
tude and direction, but must be located in a specified line in the 
given direction, the vector quantity is known as a line vector. 

If, on the other hand, instead of an arbitrarily-chosen origin O 
there is a specified point O which must be taken as origin, then 
only one point A is needed to complete the representation of this 
restricted vector quantity which is known as a position vector, or, 
more precisely, as the position vector of A. 

If a, b are two free vectors, the expression "the plane of a and 
b" is understood to mean any plane in which can be drawn two 
lines, one parallel to a and one parallel to b. There is an infinite 
number of such planes, for through an arbitrary point O it is 
always possible to draw two lines OA9 OB in the directions of a, b 
respectively, thus defining a plane OAB which conforms with the 
definition. 

§1.5. Equivalence of Two Vectors 
If a is a vector and P, R are two points in space, then points Q,S 

may be found such that PQ = RS = a, the displacement from P 
to Q is in the same direction as a, and the displacement from jR to 
S is also in the same direction as a. The vectors TQ and ~R$ are then 
said to be equivalent vectors. This may be written 

TQ = RS = a. 
Similarly 

{5? = 37? = - a. 
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§1.6. Sum of Two Vectors 
Assuming a vector to be completely represented by a displace­

ment, suppose two vectors, a,b are represented by the displace­
ments TO and GÏÏ respectively. Then the vector represented by the 
displacement FH, which is equivalent to the displacement from F 
to G followed by the displacement from G to H, is defined to be 
the sum of the vectors a and b. 

Fig. 1 

This may be written 

FR=FÙ + GÏÏ=a + b. 

If the parallelogram FGHK is completed, the displacement from 
F to H can be seen to be equivalent also to the displacement from 
F to K followed by the displacement from K to H, 

i.e. FTi=FK+Kn. 

But TR=GTI=b 

and KH = FG = a, 

hence TH = b + a. 

Thus a + b = b + a, and the commutative law for addition in 
scalar algebra is found to apply also to addition in vector algebra. 



4 DIFFERENCE OF TWO VECTORS 

§1.7. Difference of Two Vectors 
Suppose that a and b are two vectors, and, with the notation of 

§1.6, that points F, G, H are taken so that TO = a, GH = b; 
suppose further that HG is produced to H' so that GH' = HG. 
Then 

H7G = GH=b 

GH' = HG = - b. 

The displacement from F to G followed by the displacement from 
G to H' is equivalent to the displacement from F to H\ 

Fig. 2 

i.e. FTP = FG + GH', 

U. FÏÏ' = a + ( - b). (1) 

Assuming as in real scalar algebra that a — b is equivalent to 
a + (— b), equation (1) becomes 

TIT' = a - b. 

§1.8. Multiplication of a Vector by a Real Number 
Suppose that a is a vector and that n is a real number. The result 

of multiplying a by n is defined to be the vector na whose modulus 



SUM OF A NUMBER OF VECTORS 5 

«a is n times the modulus of a and whose direction is the same as 
the direction of a. 

§1.9. Sum of a Number of Vectors 
Suppose that ai, a2, ... , aw is a set of vectors whose sum is 

required. An arbitrary point O may be chosen, and then a point 
A\ may be found such that OAi = ai. A point Ai may then be 
found such that A\A% = a2. Then by §1.6, 

Ol2 = Oli + AÏT2, 

i.e. OA2 = ai + a2-

A point A3 may now be found such that A<iA% = as. 

Then UIz = Z5T2 + A^z 

i.e. OAz = ai + a2 + a3, 

and in general, 

UTn = ai + a2 + ... + an. 



6 THEOREM 

If some of the vectors are to be subtracted, e.g. ai — a2 + a3+..., 
the problem may be reduced to the process of addition by writing 
the expression in the form 

ai + (—a2) + a3 + . . . 
§1.10 

THEOREM. If a. andb are two vectors represented by OA and 77B 
and ifC is a point in AB such that AC : CB = μ:Χ, where λ, μ are 
real numbers, then Aa + /xb = (λ + μ) c where e = 7JÜ. 

Since 

therefore 

Similarly 

therefore 

U2 = Uc + CÄy 

XÔÂ = AÖÜ + XÜ2. 

OB=OÜ+ÜB, 

μ'ΟΒ = μθΌ + μϋΒ. 

Fig. 4 

Therefore λΖΤΆ + μΤΤΒ = (λ + μ)ΠΖ + λϋΐ + μΤΪΕ. 

But AC:CB = μ:λ9 

i.e. XAC = μCB. 

Hence, having regard to sense, 

XÜÄ = - μ"ϋΒ 

i.e. XÜ2 + μΓΒ = 0. 

(1) 



THEOREM 7 

Therefore (1) now becomes 

XÜÄ + μΟΒ = (λ + μ)Πϋ, 

i.e. Aa + /xb = (λ + /x)c. 

Example 1. If ABCD is a quadrilateral in which H, K are the 
midpoints ofBC, AD respectively, show that IE + "DÜ = 2KH. 
Considering the quadrilateral ABHK, 

IB = IR+KH+ HB; 

considering the quadrilateral DCHK 

WC = ΉΚ + KR + ffC. 

Therefore IB + DC = {AK + DR) + 2 RR + (ÏÏB + ITU). 

But since H, KSLTQ the mid-points of BC, AD, 

therefore BH = HC, and AK = KD. 

Therefore ΉΕ = - ΉΌ, and AK = - ÏÏR, 

i.e. 77S + HÜ = 0 and IR + DK = 0, 
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therefore AB + DC = 2 KH. 

Example 2. ABCD is a square. A system of forces is completely 
represented by the lines AB, BC, AC, the directions of the forces 
being indicated by the order of the letters. Find the resultant of these 
forces and state where its line of action cuts AB. 

Let Pi, P2, P3 be the three given forces where Pi = AB, 
p2 = "BCy p 3 = AC. Let L, M, be the mid-points of AB, BC 
respectively. 

Then Pi + P3 = IS + ΊΌ 

= 2ÂM 

= P4, say. 

Since the forces Pi, P3 both act through A, then their resultant P4 
is a force of magnitude 2 AM acting in the line AM in the direction 
from A to M. 

A D 
Fig. 6 

Then Pi + P2 + P3 = (Pi + P8) + P2 

= P4 + P2 

= 2lM + 2M? 

= 2*Jüin magnitude and direction. 
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Since both P2, P4 act through M, their resultant also acts through 
M, and is of magnitude 2 AC acting in the direction from L to M, 
i.e. the resultant of Pi, P2, P3 is a force of magnitude 2 AC acting 
through the mid point of AB in a direction parallel to, and in the 
same sense as, "ÄÜ. 

N.B. If AB is a straight line and n is a real number, a force P is 
said to be completely represented by nA B if the magnitude of P is 
nAB9 and the line of action of Y is AB in the direction ~AB. 

Examples la 
1. F, H, are the mid-points of the diagonals AC, BD of the quadrilateral 

ABCD. Prove that 
EÂ + EC+DA + UC^ 4HF. 

2. ABC is a triangle and O is any point in space. Prove that 
ÖA + OB + OC = OD + ÔE+ OF where D, E, F are the mid-points of 
BC, CAt AB respectively. 

3. VABC is a tetrahedron and X is the mid-point of BC. Prove that 
VA + 1C + VB = 2VX. 

4. ABCD is a quadrilateral. Show that the resultant of forces represented 
completely by AB, BC, AD, DC, the directions being indicated by the order 
of the letters, is a force acting through the mid-point of BD, and represented 
by the vector 2AC. 

5. ABC is a triangle and O is an arbitrary point. If G is the centroid of 
triangle ABC, show that OA + OB + OC = 30G. 

6. A, B, are two fixed points on the circumference of a circle and P is a 
variable point on the circumference of the same circle. Show that if the 
resultant of forces completely represented by IP A and 3PB, in the directions 
indicated by the order of the letters, is completely represented by PQ, then 
the locus of Q is a circle. Find the radius of this circle in terms of the radius 
of the circle APB. 

7. AT is a fixed diameter of a circle and A is an arbitrary point on the 
circumference. If AX -f AY' = AB find the locus of B as A moves on the 
circle. 

8. If AB, AB' are any two lines in space, show that 
Ίλ' + Bh' = 1GO' 

where G, G' are the mid-points of AB, Α'Β' respectively. 
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9. If A, B, C, Dt E, F, are the angular points of a regular hexagon, prove 
that 

IB + IC + AD + AÈ+ÂF^ 3 lb. 
10. If AA', ΒΒ', CC, DD' are parallel edges of a parallelepiped, and AC 

is a diagonal, show that 
JÈ + AC + AD + AÄ' + AB' + AC' + AD' = 4 ^ ' . 

11. Forces represented by ΛΪζ 5 c , ΛΪ), DC act at Λ. Show that their 
resultant is a force acting at A and represented by 2AC. 

12. Prove that the resultant of the forces λΟΑ and μΟΒ acting at O is 
(A + ß)OC also acting at 0, where C is the point in AB such that /4C : CB = 
μ:λ. 

13. Forces ABC, /iCA, \BA act along the sides of the triangle ABC. The 
resultant cuts BC, CA in P, Q respectively. Show that the resultant is 

νΗλ + ν)(μ + v)FQ. 
§1.11. Unit Vector 

Suppose a is a vector and suppose e is a unit vector in the direc­
tion of a, i.e. a vector whose direction is the same as that of a and 
whose modulus is unity. Then a = at. 

§1.12. Components of a Vector 
Suppose UP represents the vector P. Let OA, OB, OC be three 

Fig. 7 



COMPONENTS OF A VECTOR 11 

non-coplanar lines through O. Complete the parallelepiped 
ODEFRSPQ, having its edges OD, OF, OR, along OA, OB, OC 
respectively. Then 

ÔP= ÔD + DÊ + EP, 

i.e. UP=OD + OF+m. (1) 
If the vectors represented by OD, OF, OR are Pi, P2, P3 respec­
tively, then (1) can be written 

P = Pi + P2 + P3. 
Pi, P2, P3 are known as the component vectors of P along OA, OB, 
OC respectively. 

It is usual to take the three directions OA, OB, OC, to be mutu­
ally perpendicular, and to conform in cyclic order to the right-
handed screw rule: i.e. if a right-handed screw were placed with its 

Fig. 8 

axis along OA and turned in the positive sense so that the point 
travelled in the direction from O to A, a line fixed in the screw 
normal to its axis, would rotate in the sense which would bring it, 
in a right-angle turn, from the direction OB to the direction OC; 
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similarly if the screw were turned right-handedly so that its point 
travelled along OB, the fixed line normal to the axis would rotate 
through one right-angle from the direction of OC to the direction 
of OA ; and if the point travelled along OC, the normal to the axis 
would rotate through one right angle from the direction of OA to 
the direction of OB. 

Suppose OX, O Y, OZ is such a right-handed system of mutually 
perpendicular axes, and suppose UÄ represents the vector a. 
Complete the rectangular parallelepiped OPQRMNAL having its 
edges OP, OR, OM, along OX, O Y, OZ respectively. Suppose 

z 

M 

/ 
I ^ ^ / A 

/ 

1 

R 
Y 

Fig. 9 

il, Ì2, Ì3, are unit vectors along OX, O Y, OZ respectively and 
suppose OP = a\, OR = ai and OM = 03. 

Since (ΓΑ = UP + PQ + 'QA 

OA =ÔP + ÔR + ÔM, i.e. 

then a = aih + «2 Î2 + as i3. 

fli, «2, 03 are known as the components of a in the directions OX, 
O Y, OZ respectively. 

It will in future be assumed that, when a fixed right-handed 
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system of mutually perpendicular axes OX, O Y, OZ, is being used, 
il, Ì2, is will denote unit vectors in the directions OX, OY, OZ 
respectively, and that the components of any vector a or b . . . 
will be denoted by the corresponding suffixes, e.g. a\, a%, a*; or 
bi, i>2, bz... . 

§1.13. The Components of the Sum of Two Vectors 
Let UÄ, ΛΠΒ represent the vectors a, b, respectively where 

a = Ulli + Û2Î2 + 03Ì3 

and b = bih + 62I2 + Ma· 
Complete the rectangular parallelepipeds ΟΑχΑιΑζΑιΑζΑΑ* 

and AB\ B2 B3 BA B5 BB*. 

C 5 r - - h 5 

K 

A4 

B 4 / I 

%k 

%-

~^C& 

■M 

*-4~* 1-
J^< ^ 

Fig. 10 

By definition, 02 + IB = ÜB, 
i.e. a + b = UB. 

Complete the rectangular parallelepiped OCiCzCzCiCsBC*. 
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Then (see Fig. 10) the components of OB are OCi, ÖC3, ÜT4. 

But OCi = OAi + A1C1 = OAi + ABi = ai + bu 

OCz = OAz + AsC3 = 0 4 3 + ,453 = a2 + 62, 

OC4 = OA4 + Aid = OA* + AB^ = az + bz. 

Hence, 02? = (ai + 6i)ii + (a2 + 62)12 + O3 + 63)13, 

i.e. the component of the sum of two vectors in any direction is equal 
to the sum of the components of the two vectors in the same direction. 

The student would be well advised to draw his own diagram 
and to construct his own three-dimensional model to illustrate 
this result. 

§1.14 
By analogy with §1.13 above, if a, b, c . . . is a system of 

vectors such that 
a = tfiii + 02Ì2 + U3Ì3 

b = èiii + 62Ì2 + 63Ì3 

c = ah + C2Ì2 + C3Ì3 

then a + b + c + . . . = (01 + b\ + a + . . .)h 

+ (*2 + b2 + C2 + - - -)Ì2 

+ (μζ + h + cz + . . .)Î3. 

§1.15. Modulus of a Vector in Terms of its Components in Three 
Mutually Perpendicular Directions 

From Fig. 9, OA* = <9β2 + QA\ 
= OP2 + Ρβ2 + QA29 (!) 

i.e. OA* = OP2 + OR2 + OM* 

= a\ + a\ + a\ 
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•)2 

•)2 

•)2} 

i.e. a = OA = V(fl? + al + aD-
Similarly from Fig. 10 

OB = (m + èi)2 + fa + £2)2 + fa + *a)a 

i.e. | a + b | = y/{{ai + *i)2 + fa + *2)2 + fa + *3)2, 
and in general 

| a + b + c + . . . | = V{fa + *i + ci + 
+ fa + 2>2 + C2 + , 
+ ;fa + 63 + C3 + 

§1.16. Oblique Axes 
The results of §§1.12, 1.13, 1.14 would be true whether the axes 

were rectangular or not, as the only properties used are those of 
any parallelepiped. The h, 12, 13, notation is, however, reserved 
for use with rectangular axes only. The results of §1.15 are valid 
only when rectangular axes are used, since equation (1) of §1.15 
depends upon the Theorem of Pythagoras. 

§1.17. Direction Cosines and Direction Ratios 
Suppose that the vector represented by OA, makes angles ai, 

a2, a8, with the rectangular axes OX, O Y, OZ, respectively, and 

Fig. 11 
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suppose that a\, ai, as are the components of a. Complete the 
rectangular parallelepiped OPQRMNAL. 

Then in right-angled triangle OP A, 

Similarly, 

and 

COS a i = 

COS a2 = 

COS a3 = 

OF 
ÖÄ 
OR 
OA 
OM 
OA 

__ a\ 
~~ a 

a* 
~ a 

a ' 

(I) 

The three cosines are known as the direction cosines of the line 
OA, and are unique for a given line OA. 

From equations (I), 

a\ + a\ + al 
COS2 ai + COS2 a2 + COS2 as 

Also, from equations (I), 
= 1. 

cos ai : cos <i2 : cos a3 = ai : a2 : 03 
= kai : ka2 : kaz, 

where k is any convenient number. If λι = kau ^2 = kaz, As 
this result may be written 

cos ai : cos a2 : cos as = λι : λ2 : As. 

kaz 

A set of ratios of the form Ai : A2 : As is known as a set of 
direction ratios of the line OA. There is an infinite number of such 
sets of direction ratios, and for convenience a set is usually chosen 
so that Ai, λ2, As are as simple as possible to handle, e.g. integers, 
or simple surds. 

Since 

then 

cos ai : cos a2 : cos as = Ai : A2 : As, 
COS ai COS a2 COS as 1 

Ai A2 As V(Ai + A2 + AD' 
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Hence COS ai 

COS a2 = 

COS az 

Ai 
V(AÎ + λ| + XI)' 

λ, 
V(Af + Al + λ§)' 

λ3 

VW + Al + Al)' 
Thus, if a set of direction ratios of a line is known, the direction 
cosines can be calculated. 

From §1.13 (see Fig. 10), the direction cosines of (a + b) are 
a\ + b\ û2 + 62 as + bz 
ìT+τρ TïTST' 7^~+Tp 

Similarly, the direction cosines of (a — b) are 
a\ — b\ Ü2 — Ä2 az — bz 
I a - ÌTp I a - b p I a - b | * 

§1.18. Geometrical Application 
Suppose that a, b are the position vectors of two points Ay B 

referred to a fixed origin O. Then 
Ul = a and ÜB = b. 

Hence J B = "JO + OB 
= -02 + &B 

0 
Fig. 12 
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i.e. IB = b - a, (1) 

and AB = | b - a | 

i.e. AB = y/{(bi - *i)2 + (b2 - a2)2 + {h - a3)2} (II) 
The direction ratios of AB are (bi — ai) : (b2 — 02) : (̂ 3 — as). 
If P is any point in AB such that AP : Λ2? = t : 1 and if r is the 
position vector of P, then 
since AP : AB = t : 1, 
therefore ZP = tlB, 
i.e. r — a = /(b — a), 
i.e. r = a + i(b - a). (Ill) 
which may be regarded as the vector equation of the line AB. 

Further, suppose AP : PB = λ : μ, then (see §1.10) 
(λ + μ)τ = /xa + Ab, 

aa + Ab , „ ^ 
Γ = 4 Τ 7 Γ . (IV) 

§1.19. Centroid of a Triangle 
Suppose a, b, c are the position vectors of the vertices A, B9 C 

of a triangle referred to a fixed origin O. Let D be the mid-point 
of BC and let d be the position vector of D. Then from equation 
(IV) of §1.18, 

If G, having position vector g, is the centroid of triangle ABC, 
then G lies on ^4D and divides AD so that 

Hence g = 

AG:GD = 2:ì 
1(a) + 2(d) 

2 + 1 ' 
i.e. g = i{a + b + c}. 
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Example 3. //"a, b, c are the position vectors of the vertices A, B, 
C of parallelogram ABCD,find the position vector of D. 

Fig. 13 

Since AB, DC are equal and parallel, 
ÏÏC=AB. 

Then, if d is the position vector of Z>, 
c — d = b — a, 

i.e. d = a — b + c. 
Example 4· If the position vectors of the points A, B are 

2ii + 4Ì2 — 5Ì3, 3ii + 2Î2 + 7k, find the magnitude and direction 
ofJS. 

Let a and b be the position vectors of A and B. 

Then 

Therefore 
i.e. 
Hence 
Therefore 

a = 2ii + 4i2 — 5Î3, 
b = 3ii + 2i2 + 7Î3. 

IE = b - a, 
IS = h - 2i2 + 12Î3. 

AB* = 1 + 4 + 144. 

AB = y/{\A9)t 

and the direction ratios of AB are 1 : (—2) : 12. 
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Example 5. Show that the points A(2, 6, 3), 2?(1, 2, 7) and 
C(3, 10, —1) are collinear. 

Let a, b, c be the position vectors of A, B, C respectively. 

Then a = 2ii + 612 + 3Ì3, 

b = ii + 2i2 + 7i3, 

c = 3ii + IOÌ2 — 13. 

Thus AB = b — a = —ii — 4i2 + 4Ì3 

and AÜ = e — a = ii + 4Î2 — 4ia. 

Hence the direction ratios of AB, AC are both 1 : 4 : (—4); 
the two lines AB, AC have a common point A, and, therefore, 
the points A, B, C, must be collinear. 

Example 6. Show that the points whose position vectors are 
a + 3b, 4a — b, 7a — 5b are collinear. 

Let P, Q, R be the points whose position vectors are a + 3b, 
4a — b, 7a — 5b, respectively. Then 

PQ = 3a - 4b, 

and M = 6a - 8b; 

i.e. PR = 2PQ. 

Hence Ρζ), FR are two vectors both passing through the point P 
and having the same direction. Thus P, Q, R, are collinear. 

Examples lb 
1. If the position vectors of two points P and Q are 7ii + 3ia — is and 

2ii — 5Ì2 + 4ia respectively, find the magnitude and direction of the vector m 
2. If the position vectors of the points A, B are 4h 4- 3ia — 7ia and 

12ii -f 6ia — 2is respectively, find the magnitude and direction of the vector 
AB. 

3. The position vectors of the points A, Bf C, D are a, b, 2a 4- 3b, a — 2b 
respectively. Express the vectors AC, DB, BC, CA in terms of a, b. 
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4. If a, b, c are the position vectors of the three vertices A, B, C of the 
regular hexagon ABCDEF, find the position vectors of the remaining three 
vertices in terms of a, b, c. 

5. Prove that if ABCD is any quadrilateral (skew or plane) the lines 
joining the mid-points of opposite sides meet in a point, and that they bisect 
each other at that point. 

6. Prove that if A, B, C are any three points, and G is another point such 
that 

AG + w + εσ = o 
then G is the point of intersection of the medians of the triangle ABC. 

7. A,B,C,D are the vertices of a tetrahedron, and G is a point such that 
2Ö + 5G+CÖ + DO = 0. 

Show that G lies on the line joining A to the centroid of triangle BCD. By 
showing similarly that G lies on the lines joining each of the other vertices 
to the centroid of the opposite face, show that if Α', B', C, D' are the centroids 
of the faces BCD, CDA, ABD, ABC, respectively, the lines ΑΑ', ΒΒ', CC, 
DD' are concurrent and divide each other in the ratio 3 : 1 . 

8. Prove that the lines which join the mid-points of opposite edges of a 
tetrahedron are concurrent and bisect each other. 

9. Show that the points whose position vectors are a, b, 3a — 2b, are 
collinear. 

10. Show that the points whose position vectors are a, b, 5a — 4b, are 
collinear. 

11. Show that the points whose position vectors are a -f b, 2a -f 3b, 
5a + 9b, are collinear. 

12. Show that the points (1, 3, 5), (2, - 1 , 3) and (4, - 9 , - 1 ) are collinear. 
13. Show that the points (2, - 1 , 3), (3, - 5 , 1), ( - 1 , 11, 9) are collinear. 
14. A, B are the points whose position vectors referred to the origin O 

are h 4- 2Î2 — is, 2Ì2 + 3ia. C is the point which divides AB in the ratio 2 : 3 ; 
find the direction ratios and length of OC. 

15. Show that if O, À, B, C are four points, and A, μ, ν are three real 
numbers such that λ + μ + v = 0, then if λΟΑ + μΟΒ + vOC =» 0, the 
points A, B, C are collinear. 

16. Prove that the four diagonals of a parallelepiped are concurrent and 
bisect each other. Prove also that the joins of the mid-points of opposite 
edges are concurrent at the same point and that they also bisect each other. 

17. ABCD is a parallelogram and P is the mid-ppint of BC. Prove that β, 
the point of intersection of AP and BD is a point of trisection of both AP and 
BD. 

18. A, B are the points whose position vectors are ix-f-2i2—2i3 and 
2ÌÌ+3Ì2 + 6Ì3. Forces of 6 N and 21 N act along OA, OB. Write down the 
resultant force in the form Xh+ Yi2+Zi3 and hence find the magnitude and 
direction of the resultant. 
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19. A, B, C are the points (0, 3, 4), (2, 3, 6), (2, 1, 2). Forces of 15 N, 14 N, 
9 N act along OA, OB, OC respectively. Find the magnitude and direction 
of their resultant. 

20. O is a vertex of a cube and forces of 2 N, 4 N, 3 N act along the 
diagonals OA, OB, OC of the three faces of the cube which contain O. 
Find the resultant of these forces. 

21. OABCDEFG is a cube in which OA, OC, OD are three mutually 
perpendicular edges, and DE is parallel to OA. Forces of 1 N, 2 N, 3 N, 4 N, 
act at O in the directions of the vectors DA, AC OF and DF respectively. 
Find the magnitude and direction of the resultant of these forces. 



CHAPTER II 
§2.1 

In the development of elementary algebra, as the concept of a 
number has been extended to include not only positive integers, 
but also fractions, directed numbers and complex numbers, so 
also have the operations of adding and multiplying two numbers 
been redefined at each stage so as to give to the operations mean­
ings which are reasonable for application to the new members 
of the family of numbers, and yet not to conflict with previous 
definitions. The inverse processes of subtracting and dividing 
retain at each stage the property of being inverse processes, and 
do not, therefore, demand separate consideration. Thus, in 
elementary algebra, if d is the result of subtracting b from a, so 
that 

d=a-b = a + (-b) 

then d + b = a 

thus d is that number which when added to b gives the number a. 
Similarly, if q is the result of dividing a by b, so that 

a 
q=b 

then qb = a 

thus q is that number which when multiplied by b gives the 
number a. 

§2.2 
In defining the operations of addition and multiplication at each 

stage of elementary algebra, two laws have remained invariant, 
23 
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viz. the commutative law and the associative law. Thus for any 
two numbers a, b, real or complex, 

a + b = b + a9 

and ab = ba9 

also for three or more numbers, say a, 6, c, 
a + b + c = a + (b + c) = b + (c + a) = c + (a + b\ 

and abc = a(bc) = b{ca) = c(ab). 
The operation of multiplication obeys also the distributive law 

so that 
a{b + c) = ab + ac. 

In the operations of subtraction and division neither the com­
mutative nor the associative laws are obeyed but the operations of 
subtraction and division are completely defined, as stated in 
§2.1, by their characteristics of being inverse operations, and 
hence if the operations of addition and multiplication can be 
performed, the results of subtraction and division can always be 
found. 

§2.3 
It is convenient at this stage to examine the extent to which the 

Fig. 14 

definition of addition adopted in vector algebra conforms with 
the definition of addition adopted in real and complex algebra. 
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If in Fig. 2 of §1.7, the parallelogram EFGH is completed 
(see Fig. 14), then by definition, 

FG + GH=FH=FÈ+ÊH 
i.e. a + b = 77/=b + a. 
Thus the sum of a and b obeys the commutative law (see also §1.6). 
Consider now the sum of three vectors a, b, c. Let OA, AB, BC 
represent a, b, c respectively (see Fig. 15). 

Fig. 15 

Then a + b = ÜA + 1È 
= OB, 

and (a + b) + c - £ £ + W 
= OC. 

Also b + c = ÂB + W 
= AC, 

and a + (b + c) = ÇA + AC 
= OC. 

Thus (a + b) + c = a + (b + c). 
Since the addition of two vectors is commutative, 

a + (b + c) = (b + c) + a 
= b + (c + a) 
- (c + a) + b. 

Hence a + (b + c) = (a + b) + c = (c + a) + b, 
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i.e. the associative law holds for the addition of three vectors. 
This argument can be extended to the addition of four or more 
vectors. 

§2.4 
It remains to discuss whether the further development of vector 

algebra requires an operation in any way analogous to the opera­
tion of multiplication as used in real and complex algebra; and 
if such an operation is required, how to define it. An examination 
of elementary mechanics provides two examples in which vector 
quantities are combined in such a way that the result is propor­
tional to the arithmetical product of their moduli, but as the result 
in the one case is scalar, and in the other a vector, the idea of two 
forms of product, a scalar product and a vector product, is 
suggested. 

§2.5. Scalar Product of Two Vectors 
Consider the work done by a force F as its point of application 

is displaced from the point A to the point B. If ~AB = s, the work 

Fig. 16 

done is the scalar quantity (s cos 6)F where Θ is the angle made 
by the direction of F with the direction of s. This suggests that the 
scalar result of multiplying a by b should be ab cos θ where Θ is 

θ 

o ^ — * «jj A 

Fig. 17 
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the angle made by the direction of b with the direction of a. If 
this definition is adopted, then the scalar result of multiplying b 
by a should be ba cos (—0). But ba = ab and cos (— Θ) — cos 0. 
Hence the scalar result of multiplying a by b is the same as the 
scalar result of multiplying b by a. This form of the product of 
a and b is known as the scalar product of a and b and is written 
a . b, and read as "a dot b" or "the scalar product of a and b". It 
has been shown that a . b = b . a. 

Hence 
a . b = ab cos Θ = b . a. 

Thus the scalar product of two vectors obeys the commutative 
law. 

Adopting this definition of a scalar product, the work done by 
the force F when the displacement of its point of application is 
s is s . F. 
§2.6. Vector Product of Two Vectors 

Suppose A is the point whose position vector with respect to 
an origin O is s, and suppose F is a force acting through A along 
the line AB. Then the points O, A, B define a plane. Let Θ be the 

Fig. 18 
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angle which AB makes with ~ÔÂ and let n be the unit vector normal 
to the plane of Ο,Α,Β such that s, F, n form a right-handed system 
of vectors (see §1.12). The moment of F about O is of magnitude 
(s sin 0)F, i.e. .sFsin Θ; this moment is considered to be positive 
if its turning effect is in the direction in which Θ increases, i.e. if 
0 < Θ < TT; the moment of F about O is considered to be negative 
if its turning effect is in the direction in which Θ decreases, i.e. 
if TT < θ < 2π. Thus the vector (sF sin 0)n has the magnitude of 
the moment of F about 0\ moreover the vector (si7 sin θ)η is 
positive for 0 < Θ < π and negative for π < θ < 2ττ, thus it has 
the sign of the moment of F about O. It is, therefore, convenient 
to say that the moment of F about O is the vector (sF sin 0)n, 
where a vector in one line implies a turning effect in a plane 
perpendicular to that line, in a sense determined by the right-hand 
screw rule. This suggests that the vector result of multiplying the 
vector a by the vector b should be the vector (ab sin 0)n,where a, 
b, n form a right-handed system of vectors and 0 is the angle 
made with the direction of a by the direction of b. This form of 
the product a and b is known as the vector product of a and b, 
and is written a X b. The expression a x b is read as "a cross b" 
or "the vector product of a and b". If this definition of a vector 
product is adopted, the vector product b x a should be equal to 
{ba sin (—0)}n, i.e. (—ab sin 0)n, i.e. —a x b, 

i.e. a x b = (ab sin 0)n = —b x a. 
Thus the vector product of two vectors does not obey the com­
mutative law. 

Adopting this definition of a vector product the moment of the 
force F about the origin is s x F where s is the position vector 
of the point of application of F. 

§2.7. Distributive Law—Scalar Product 
(i) By definition, if Θ is the angle between the vectors a and b, 

a . b = ab cos Θ 
= a(b cos Θ) 
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Similarly, if <f> is the angle between the vectors a and c, 
a . c = ac cos φ 

= a(c cos φ) 
therefore a . b + a . c = a(b cos Θ) + a(c cos φ) 

= a(b cos Θ + c cos φ) 

Fig. 19 

If r is the sum of b and c making an angle φ with a, then 
a . r = ar cos φ 

= a{r cos φ) 
But r = b + c. 
hence, by §1.13, resolving in the direction of a, 

r cos φ = b cos Θ + c cos φ 
therefore a . r = a{r cos φ) 

= a(b cos Θ + c cos φ) 
= a . b + a . c, 

i.e. a . (b + c) = a . b + a . c. 
This argument can be extended to include any number of vectors, 
so that 

a.(b + c + d + ...) = a.b + a .c + a.d + ... 
Thus the distributive law is obeyed in the scalar multiplication of 
vectors. 
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(ii) The result of §2.7 (i) can be extended to include a product of 
the form 

(a + b + c + . . . ) . ( p + q + r + . . . ) . 
For suppose that a + b + c + . . . = A , then 
(a + b + c + . . . ) . ( p + q + r + . . . ) 

= A . (p + q + r + . . . ) 
= A . p + A . q + A . r + . . . 

But A . p = p . A 
= p . ( a + b + c + . . . ) 
- p . a + p . b + p . c + . . . 
= a . p + b . p + c . p + . . . 

Similarly 
A . q = a|. q + b . q + c . q + . . . , etc. 

Hence 
(a + b + c + . . . ) . ( p + q + r + . . . ) 

= a . p + b . p + c . p + . . . 
+ a . q + b . q + c . q + . . . 

+ a . r + . . . 
etc. 

§2.8 
By definition, if the vector b makes an angle Θ with the vector 

a, and n is a real number 
n(a . b) = nab cos θ 

also (fla). b = nab cos Θ 
and a . (nb) = nab cos Θ. 
Hence n(& . b) = (na) . b = a . (nb) = nab cos Θ. 
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§2.9. Distributive Law—Vector Product 
(i) Suppose the vectors a and b are represented by ÖA and OB 

and suppose Π is the plane through O perpendicular to OA. 
Let BB' be the perpendicular from B to Π and let b' be the vector 
represented by OB'. Then if b makes an angle Θ with a, 

V = b sin Θ 

Fig. 20 

Suppose ni is the unit vector perpendicular to a, b so that a, b, ni 
form a right-handed system, then 

a x b = (ab sin 0)m. 

Also a x b' = lab' sin ^ Ini 

= (ab')m 
= (ab sin 0)ni. 

i.e. a x b = a x b ' = ab'm. (1) 
Suppose e is a third vector represented by OC. Let CC be 

drawn perpendicular to Π and let c' be the vector represented by 
ÏÏC'. Complete the parallelogram OBDC and draw DD' per­
pendicular to Π (see Fig. 21). Since OC, BD are equal, and equally 
inclined to Π, then OC and B'D' are equal. Similarly OB' and 
CD' are equal. Hence OB'D'C is a parallelogram. Let c', d, 
d' be the vectors represented by ~OC', UD, OZ>' respectively. 
Since OBDC, OB'D'C are parallelograms, 

d = b + c and d' = b' + c' 
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Fig. 21 

Using the result (1) above, 
a X b = a X b' = ab'ni, 
a x c = a x c ' = ac'nz, 

and a x d = a x d ' = ad'n®, 
where m, 112, 113 are three unit vectors in plane Π perpendicular 
to OB', OC, OD' respectively. Lines OB", OC", OD" can be 
drawn in plane Π perpendicular to OB', OC, OD' respectively, 
so that ÖB" = ab'm, OC" = ac'n2, and 7)D" = ad'n3. Since 
the sides of the quadrilateral OB"D"C" are proportional to the 
sides of parallelogram OB'D'C, and the angles of quadrilateral 
OB"D"C" are equal to the angles of parallelogram OB'D'C, 
then the quadrilateral OB"D"C" is also a parallelogram, and 

CW" = ÔB" + <9C", 
i.e. ad'ns = ab'ni + ac'ik2 
i.e. a x d = a x b + a x c , 
i.e. a x ( b + c) = a x b + a x c . 
As in the case of the scalar product, this argument can be extended 
to include any number of vectors so that 

a x ( b + c + e + ...) = a x b + a x c + a x e + . . . 
Hence the distributive law is obeyed in the vector multiplication 
of vectors. 
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(ii) The result of §2.9 (i) can be extended to include a product of 
the form 

(a + b + c + . . . ) x ( p + q + r + . . . ) · 
For suppose that a + b + c + . . . = A, then 

(a + b + c + . . . ) x ( p + q + r + . . . ) 
= A x ( p + q + r + . . . ) 
= A x p + A x q + A x r + . . . . 

Now A x p = — p x A 
= - p x ( a + b + c + . . . ) 
= — p x a — p x b — p x c — . . . 
= a x p + b x p + c x p + . . . · 

Similarly, 
A x q = a x q + b x q + c x q + . . . etc. 

Hence 
(a + b + c + . . . ) x ( p + q + r + . . . ) 
= a x p + b x p + c x p + ... 
+ a x q + b x q + c x q + ... 
+ a x r + b x r + . . . 
+ ... 

§2.10 
If the vector b makes an angle Θ with the. vector a, and m is a 

real number, and n is the unit vector perpendicular to a and b 
so that a, b, n form a right-handed system, then, by definition, 

m(a xb ) = (mab sin 0)n. 
Also (ma) x b = (mab sin 0)n, 
and a x (mb) = (mab sin 0)n. 
Hence m(a X b) = ma X b = a x mb = (mab sin 0)n. 
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§2.11 
With the usual notation, if ii, 12,13 are unit vectors in the direc­

tions of the right-handed system of mutually perpendicular 
axes Ox, Oy, Oz, it follows from the definitions of §§2.5 and 
2.6 that 

il . il = Ì2 . Ì2 = Ì3 - Ì3 = 1 (I) 

and i i . 12 = Ì2 . ii = Ì2 .13 = is . 12 = is · il = h . is = 0 (II) 

Also, ii X ii = i2 X 12 = 13 X 13 = 0 (III) 

and ii x Ì2 = —12 x h = 13 (IV) 

Ì2 X Ì3 = —Ì3 X Ì2 = il (V) 

Ì3 X il = " i l X Ì3 = Î2 (VI) 

§2.12 
It follows from (I) and (II) of §2.11 that if the vectors a, b 

are expressed in the forms 

a = aiii + 02Ì2 + 03Ì3, 
and b = iiii + £212 + Ì3Ì3, 

then a . b = (aiii + 0212 + 0313). (iiii + Ì2Ì2 + Ì3Ì3) 
i.e. a . b = a\b\ + fl2Ì2 + a*bz- (VII) 
Also, if b makes an angle Θ with a, 

a . b = ab cos Θ 
therefore ab cos Θ = a\b\ + αφ% + 0363, 

a\bl + Ö2&2 + #3^3 i.e. cos Θ = ab 

But a = (al + al + *D* and b = (if + b\ + ig)* and the direction 
ratios of the lines representing a and b are a\\ a^\ as and i i : Ì2 : Ì3 
respectively. Hence the angle between two lines whose direction 
ratios are ai : #2 : az and i i : Ì2 : Ì3 is Θ where 
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= COS" 
aibl + 02^2 + #3^3 

(af + a\ + <®ψΙ + bl + *D*· (VIII) 

§2.13 
Using the notation of §2.12 and the results (III), (IV), (V), (VI) 

of §2.11, it follows that 

a X b = (aiii + a?fo + 0313) x (Mi + 2̂12 + Ms) 

i.e. a x b = (02*3 — 03*2)11 + (03*1 — 01*3)12 + (αι*2 — «2*1)13 
(IX) 

From (IX) it can be seen that the components of the vector a x b 
are the second order determinants contained in the matrix 

( a\ Ü2 a$\ 
bi b% bzj' 

Alternatively the result (IX) could be obtained by expanding the 
determinant 

1 ii ia is I 
a\ Û2 äs (X) 

b\ bi bz 
treating ii, 12,13 as if they were real algebraic quantities. This is a 
quick way of obtaining the result, and an easy symmetrical form 
for remembering it, but the student should bear in mind the fact 
that ii, Ì2,13 are not real algebraic quantities, and that the deter­
minant X is no more than a convenient symbolic form of the 
result expressed in (IX). 

Example 1. Find the scalar product of the two vectors 
2ii + 3Ì2 — 4Ì3 and 4ii — 2Ì2 — 3i3. 

Let a = 2ii + 3i2 — 4Ì3, 
and b = 4ii — 2Ì2 — 3Ì3. 
Then a . b = (2X4) + (3 ) ( - 2) + ( - 4 ) ( - 3 ) , 

= 8 - 6 + 1 2 
i.e. a . b = 14. 
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Example 2. Find the vector product of the two vectors 
2ii + Ì2 — 5Î3 and 3ii — 4Î2 + 613. 

Let a = 2ii + 12 — 5îa 

b = 3ii — 4Î2 + 6Ì3 
Then 
a x b = (6-20)i i + (—15 — 12)12 + (—8 —3)i3 

i.e. a X b = — 14ii — 27i2 — IH3 

il Ì2 Ì3 
2 1 - 5 
3 - 4 6 

Example 3. Find the work done by a force of3N acting parallel to 
the line AB, if its point of application moves from A to C, where 
A, B, C are the points whose position vectors are i\ + 4Î2 + 3Ì3, 
3ii + 2Î2 + 6Ì3, 5ii + 7Ì2 + 13 respectively, the distances being 
measured in metres. 

Let a, b, c be the position vectors of A, B, C where 

a = ii + 4i2 + 3Î3 

b = 3ii + 2i2 + 6Ì3 

c = 5ii + 7i2 + 13 

Then JB = b — a 

i.e. IB = 2ii - 2i2 + 3Ì3 

Hence the direction cosines of ~AB, the line of action of the force 
of 3 N, are 2/V17, - 2 / V 1 7 , 3/V17, and if F denotes the force, 

F = 3(2ii - 2i2 + 3Î3)/V17 newtons. 

The displacement of the point of application of F is 'AC where 

3 c = c - a 

= 4ii + 3Ì2 — 2Î3, metres 



P R O D U C T S  O F  T W O  V E C T O R S  37 

Then the work done by F is W where 

W = A C . F  
3 

= (4il + 3i2 - 2b). - (2i1 - 2i2 + 3is) joules 
1/17 

3 - -- - (8 - 6 - 6) joules 
2/17 

i.e. W = -12/2/17 joules 
Example 4. Find the moment about a point C of a force of 7 N 

acting along the line AB, where A ,  B, C, are the points (1, 2, - l),  
(3, 5,  4), (2, 3, 6 )  respectively, the distances being measured in 
metres. 

Let a, b, c, be the position vectors of the points A, B, C, then 

a = il + 2i2 - is 

b = 3il + 5i2 + 4is 

c = 2i1 + 312 + 6is 

Let F be the force of 7 N acting along AB. 

Since A B = b - a  
- 

= 2il + 3i2 + 54 

F=- ' (211 + 312 + 5is) newtons. 
1 / 3 8  

therefore 

Since any point in the line of action of a force may be taken to 
be its point of application, suppose A is taken to be the point of 
application of F. Then the moment of F about Cis a x F = G say. 

But E I ' = a - c  

i.e. CZ= - i i - i a - 7 h  
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therefore 

-35 + 147. , - 98 + 35. 
= V38 ll + ~738~ 1 2 

—21 + 14 . newton-metre 
-y/38 l3 units 

112 . 63 . 7 .newton-metre 
" V38 !l \/38 l2 ~ V38 l3units 

i.e. G = 7(16ii — 9i2 - is)/V 3 8 newton-
metre units 

Examples Ila 
Find the scalar products of the following pairs of vectors: 

1. -4 i i + 5ia + 3Î3 and 2ii + 7i2 - 8i3. 
2. 3ii + 9Ì2 — 2Î3 and ii — 12 — 4ia. 
3. 5ii + 12 + 2i3 and - 2 h + i2 + 3i3. 
4. 2ii - 3Î2 + 6i3 and 2h - 3i2 - 5i3. 

Find the vector products of the following pairs of vectors: 
5. -2i i - ia - 3i3 and 4h 4- 7i2 + 2i3. 
6. 2ii — 3Î2 -h 5is and h — 2i2 — 3i3. 
7. h 4- 3Ì2 - 813 and - 3 h - 5i2 + 4i3. 
8. 4ii + 12 - is and 5ii + 2i2 - 7i3. 
9. Find the work done by a force of 15 N acting in the direction of the 

displacement AB, if its point of application moves from A to C where A, B, C 
are the points (1, 3, 5), (2, 1, 3), (3, 4, 7) respectively, the length measurements 
being in metres. 

10. A force of 21 N acts along the line AB, where A, B are the points 
(1,1, 3), (3, 4, 9) respectively. Find the moment of the force about the point 
(2, 2, 2), distances being measured in metres. 

11. Find (i) the scalar product, (ii) the vector product, of Zß, BC where 
the position vectors of A, B, C are ii + 3i3, 5ÌX + 6Ì2+2Ì3, 7ÌÌ+Ì2 + 3Ì;, 
respectively. 

12. Find (i) the scalar product, (ii) the vector product, of ΉΊ3, "CD where 
A, B, C, D are the points (1, - 1 , 1), (2, 3, 4), ( 1 ^ 5), (2, 6, - 4 ) respectively. 

13. A force of 2 N acts in the direction of AB where A, B are the points 
(2, 4, 3), (5, 5, 4). The point of application nioves from A to the point C 
(6, 4, 4). Find the work done by the force of 2 N, assuming the length 
measurements to be in metres. 

h Î2 la 
- 1 - 1 - 7 

14/V38 21/V38 35/V38 
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14. A force of 6 N acts along the line AB, in the direction of the vector 

AB, where A, B are the points (2, 3, 6), (1,1, 8). Find the moment of this 
force about C (0, 0, —1), the distances being measured in metres. 

15. Calculate the angles of triangle ABC where A, B, C are the points 
(1, 2, 4), (3, 1, -2 ) , (4, 3, 1) respectively. 

16. F1} F2, F3 . . . Fn are n coplanar forces localized at the points Aly A2, 
As . . . An whose position vectors relative to an origin O are ai, a2, a3 . . . an 
respectively. Show that the line of action of the resultant of Fi, F2, F3 . . . Fn 
cuts the line through O in the direction of the unit vector i at a distance 
r from O where 

ri x (Fi + F2 + F3 + . . . + Fn) = ai x Fi + a2 x Fa + 
+ a8 x F8 + . . . + an x Fn. 

ABCD is a square of side 6 cm.Forces 6, 4, 3, 4\ /2, 4V2 N act along AB, 
AD, DC, BD, AC respectively, in the directions indicated by the order of 
the letters. Show that the line of action of their resultant cuts AB at a point 
0-5 cm from A, and find the distance from B of the point at which this line of 
action cuts BC. 

17. If a, b, c are the position vectors of the vertices of triangle A BC, show 
that 

b x c + c x a + a x b = 2Aw 
where Δ is the area of triangle ABC and w is the unit vector perpendicular to 
the plane of triangle ABC. 

§2.14. Vector Area 
If 04 , 02? represent the vectors a, b and Θ is the angle made by 

ÜB with 02, and if n is the unit vector perpendicular to a and b 
such that a, b, n form a right-handed system, then by definition, 

a x b = (ab sin 0)n 
B 

Fig. 22 

But the area, Δ, of triangle OAB is given by 
Δ = \ab sin Θ 

.·. a x b = 2Δη, 
or £a x b = Δη 
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Thus the vector £a x b has modulus Δ and direction normal to 
the plane of triangle OAB. This vector, | a X b, is defined to be 
the vector area of triangle OAB. 

§2.15. Triple Products of Three Vectors 
If a, b, c are three vectors, any pair of them may be multiplied 

vectorially to form a new vector d; the third of the original vectors 
may then be multiplied by d, either scalarly to form what is known 
as the scalar triple product, or vectorially to form what is known 
as the vector triple product. 

§2.16. Scalar Triple Product 
Suppose a, b, c are three non-coplanar vectors, which when 

taken in cyclic order, form a right-handed system. Let a, b, c be 
represented by OX UB, ÔC respectively. 

Complete the parallelepiped OBDCAB'D'C, where OA9 BB\ 
DD\ CC are parallel edges. Then if Δ is the area of triangle 
OBC and α (=2Δ) is the area of parallelogram OBDC, by §2.14, 

b X c = 2Δηι 
i.e. b x c = am 

Fig. 23 

where ni is the unit vector perpendicular to the plane of b, c such that 
b, e, DI form a right-handed system. If 0i is the angle between a 
and m, 
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a . (b x c) = a . am 
= a(a. ni) 
= a(a cos 0i) 
= aA 
= r, 

where h (=acos0i) is the altitude and V the volume of 
parallelepiped OBDC AB' D' C", having OBCD as base. By a 
similar argument it can be shown that 

b . (c x a) = c . (a x b) = V. 
Hence a . (b x c) = b . (c x a) = c . (a x b) = V (I) 
Since a . ( b x c ) = ( b x c ) . a 
and a . (b x c) = b . (c x a) 
from (I) above, 
therefore b . (c x a) = (b x c). a. 1 
Similarly c . (a x b) = (c X a) . b, \ (II) 
and a . (b x c) = (a x b) . c. J 

Further, since b X c = — (c x b), 
therefore a . (b x c) = —a . (c x b). ] 
Similarly b . (c x a) = — b . (a x c), \ (III) 
and c . (a x b) = —c . (b x a). J 

From equations (/) it follows that the value of the scalar triple 
product is unaltered by changing the order of the letters, provided 
cyclic order is maintained. 

From equations (II) it follows that the value of the scalar triple 
product is unaltered if the dot and cross are interchanged. 

From equations (III) it follows that if one pair of letters in a 
scalar triple product is interchanged, thus reversing the cyclic 
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order, the sign of the result is changed. It is usual to denote the 
scalar triple product of a, b, c by [abc]. Equations III can then 
be expressed more shortly in the form [a c b] = —[abc]. 

It follows that if a, b, c are coplanar, V — 0, and therefore 
[a b c] = 0. 

§2.17 
Suppose that with the usual notation 

a = fliil + 02Ì2 + 03Ì3, 

b = Mi + b&2 + 63Ì3, 
c = ciii + C2Ì2 + C3Î3. 

Then 
b x c = (b2C3 — bzC2)h + {bzci — 6103)12 + (bic2 — b2c\)h, 

therefore 
a . (b X c) = (αιίι + a2i2 + 0313). { ( ^ 3 — focaii 

+ (bzci — biCz)Ì2 H- (bic2 — 62̂ 1)13)} 
= ai(b2cz — bzc2) + a2(bzci — b\Cz) + az(bic2 — b2c{) 

I 01 #2 Ö3 

i.e. [abc] = \bi 62 bz \ 
ci c% cz 

§2.18. Vector Triple Product 
Suppose vectors a, b, c, ni are defined as in §2.16, and suppose 

112 is the unit vector in the direction of b while 113 is the unit vector in 
the plane of b, c such that m, 112,03 form a mutually perpendicular 
right-handed system of unit vectors. Then if Δ is the area of 
triangle OBC (see Fig. 23) and w denotes the vector product 
a x (b x c), 

w = a x (b x c) 
= a x (2Δηι) 
= 2A(a X m) 
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Since a x ni is a vector perpendicular to the plane of a and ni, 
then w is a vector perpendicular to a and ni, i.e. w is a vector in 
the plane of b and c, perpendicular to a. Thus w may be expressed 
in the form 

w = Ab + /ic, 
where λ, μ are real numbers. 

Suppose a, b, c are expressed in terms of their components in 
the directions of ni, H2, D3 in the forms 

a = a i m + 02112 + #3113 

b = bn2, 

C = C2II2 + C3II3 

Then 
Hence 

i.e. 

Thus 
therefore 

Fig. 24 

bC3ikl b X c = bü2 X (C2112 + C3113) 
w = a x (b x c) 

= (ami + 02Π2 + 03113) X bcziii 
= —a2bc2iRs + azbc3iï2 

w = (azbcz + 02^2)02 - (ci2bc2iï2 + encans) 
= (ö2^2 + Ö3C3)̂ n2 — (a2b)(C2ll2 + C3II3) 
= (a . c)b — (a . b)c 
λ = a . c and μ = —(a . b), 
a x (b x c) = (a . c)b — (a . b)c 

Examples lib 
1. Find the scalar triple product [a b c] in the following cases: 
(i) a = ii + 3Î2 + 5i3, b = 2ii - ia 4- 7i3, c = 3h + 2i2 - i3; 
(ii) a = -3 i i + 2i2 + 613, b = 4h + 12 + 2i3, c = 5ii + 4i2 - 2i3; 
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(iii) a = 4ii + 2i2 - 3i3, b = h - 2i2 + 3Ì3, c = 5h + 6i2 + 7i3; 
(iv) a = 8ii - 3i2 + 3i3, b = 4h + 2i2 + 3i3, c = 3ii - 4i2 - i3; 
(v) a = 5ii + 3i2 - 2i3, b = 2h - 3i2 - 3i3, c = 3ii + 2i2 - 6i3. 

2. Find the vector triple product a x (b x c) in each of the cases (i) to (v) 
in question 1. 

3. Find the scalar triple product [pqr] and the vector triple product 
q x (r X p) in each of the following cases : 

(i) p = 2ii + 3i2 + 3i3, q = 3ii — 2i2 — i3, r = 2ii -f 5i2 — 4i3; 
(ii) p = 2h + 3i2, q = 3i2 + 4i3, r = 4h + 5i2 + 6i3; 

(iii) p = h — 3i2 + 4Î3, q = 2ii + 4i2 — is, r = 3ii + 2i2 — 3i3; 
(iv) p = 5i2 - i3, q = 2ii + 3i3, r = 4h — 3i2 - 2i3; 
(v) p = 3ii + 4i2 + 5i3, q = 7ii + 24i2 + 25i3, r = 5ii + 13i2 + 12i8. 

4. Prove the formula 
a x (b x c) = (a . c)b - (a . b)c, 

and verify in the case where a = h + 2i2 + 3i3, b = 3ii + 4i2 — i3, 
c = 2ii — 3i2 + 4i3. 

5. Prove that if a, b, c are three non-zero vectors, and (a x b) x c = 
a x (b x c), then (a x c) x b is zero. 
Discuss the geometrical significance of this result. 

6. Verify the formula 
a x (b x c) = (a . c)b - (a . b)c, 

in the case where 
a = 2ii + Ì2, b = 3ii - 2i2 + i3, c = 2ii - 2i2 + i3. 

7. If p, q, r, s are any four vectors, prove that 
(p X q) . (r X s) = (p . r)(q . s) - (q . r)(p . s). 



CHAPTER III 
§3.1 

Suppose the vector r is a continuous single-valued function of 
the scalar variable t. Suppose that when t increases by a small 
scalar quantity 8/, r increases by a small vector quantity St. 
Then the derivative of r with respect to / is defined to be 

dt v 8r 
— = hm —. 
dt <M-*O °t 

Thus the existence of the derivative depends upon the existence 
of the limit 

lim — 

The derivative of r, when it exists, is in general also a function of 
/, and iidr/dt is diflferentiable its derivative is the second derivative 
of r with respect to / and is written d2r/dt2. Similarly for the third, 
fourth, . . . derivatives which are written 

(Pr d*t 
dt*9 dt*9 ' · · · 

If x, y, z are the components of r in the directions of the fixed 
coordinate axes Ox, Oy, Oz> we may write 

r = *ii + yh + ris, 

where the scalar quantities JC, J>, Z are functions of /. 

Then r + 8r = (x + Sx)h + O + ^)i2 + (z + to)b. 
45 
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Therefore Sr = δχίι + Syi2 + 8zh 
8r .Sx. Sy. bz. 

and Tr^ + Tp + Jt* 
and in the limit as St -► 0 this becomes 

dt dx. , dy. . ife. 
3- = -7- u + -j 12 + -j-13 rff Jf </* dt 

Similarly 
d2t d*x. , d*y. , </2z. , 

Example. Suppose 
r = (3/2 + 2/)ii + (sin 3/)Î2 + e*%, 

then * = (6/ + 2)ii + (3 cos 3f)h + 4<?4<Ì3, 

d2r 
and dt^==6ìl~ ( 9 Sin 3 '^2 + l6e*t[s· 

§3.2. Derivative of a Sum of Two Vectors 
Suppose the vectors ri and Γ2 are differentiable functions of the 

scalar variable f, and suppose 
r = ri + r2 

Then r + 8r = (ri + «n) + (r2 + 8r2), 
and 8r = 8n + 8r2 

„ δΓ δη δΓ2 
Hcnce S β 1 7 + 1 ? 
and in the limit as δί ->■ 0 

dr _ dri Λ2 

Thus, as in scalar algebra, the derivative of the sum of two vectors 
is equal to the sum of their derivatives. 
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§3.3. Derivative of a Product 
Suppose the scalar u and the vectors ri and Γ2 are all differenti-

able functions of the scalar variable /. 
(i) Suppose the vector r is given by 

r = WTI. 

Then with the usual notation, 

r + 8r = (11 + Sw)(n + δη), 

= un + κ(δη) + (δ«)η + (δκ)(δη), 
therefore Sr = u(Sri) + (SU)TI + (δί/)(δΓι), 

and * * + * , > + <***!> 
St St St St 

In the limit as St -> 0 this becomes 

dr dt\ t du 

(ii) Suppose the scalar r is given by 

r = r i . r2 
Then 

r + Sr = (n + δη) . (r2 + 8r2), 

i.e. r + Or = n . r2 + n . (Ôr2) + ( δη ) . r2 + (δη) . (Ôra) 

Hence Sr = n . (ôr2) + (δη) . r2 + (δη ) . (ôr2), 

. 8r ôr2 δΓι ( δη ) . (δΓ2) 
and Yt = I1--si + Tt-r2 + — δ 7 — 
In the limit as St -+ 0 this becomes 

dr dx<i . dri 

(iii) Suppose the vector r is given by 

r = ri X Γ2 
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Then 

r + 8r = (n + 8n) x (r2 + Sr2) 

= (ri x r2) + (ri x 3r2) + (δη x r2) + (δη χ δι·2) ; 

therefore Or = (n x δΓ2) + (δη x r2) + (δη x Br2), 

- S-(»*£)+(£*»)+(£* 4 
In the limit as St -► 0 this becomes 

dr dtz ck\ 
7 = Γ ΐ Χ - - + — X Γ2 

dt dt dt 
Thus, in each case, the derivative of a product of two functions, 

at least one of which is a vector, is formed in the same way as the 
derivative of a product of two scalar functions, with the restriction 
that, in the case of the vector product of two vectors, the order of the 
two functions, ri andx%, must remain unaltered. 

§3.4. Derivative of a Triple Product of Three Vectors 
Let x\, r2, Γ3 be three differentiable vector functions of the scalar 

variable /. 
(i) Let r = [r1r2r8]. 

Then 
r = r i . (r2 X r8) 

therefore, from §3.3 (ii), 

dr d(f2 X rs) . dr\ , x 

i.e. * - e . ( . x * ) + . . ( * x . ) + * M ^ 

î-h*]+[«*-]+[îH· 
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(ii) Let r = ri x (r2 x r3). 
Then from §3.3 (iii) 

dt d(T2 x Γ3) , dr\ , . 
^ = Γ 1 Χ - 4 Γ ^ + _Χ(Γ2ΧΓ3) 

i.e. 

i.e. 

*-»χ(»χ$) + »χ(*χ·) + * χ * χ * 

Thus the derivatives of the scalar and vector triple products of three 
vector functions are found in the same manner as the derivative of a 
product of three scalar functions, with the limitations that in the case 
of a scalar triple product the cyclic order of the three functions in the 
original product must be maintained, and in the case of a vector triple 
product the actual order of the functions in the original product 
must remain unaltered. 

Example 1. If& is a fixed vector, and the vectors n, Γ2 are functions 
of the scalar variable t,find the derivatives of{\) a . ri, (2) a X ri, 
(3) [anr2], (4) an . r2. 

(1) Let r = a . n. 

111611 Jt
 = *-lt' 

since a is constant and therefore —- = 0. 
at 

(2) Let r = a X n. 
dr w dri 

Then Λ = 8 Χ Λ 
(3) L e t r = [anr2]. 

a-h*] + ['S*] 
(4) Let r = ari.r2. 
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_ dr dr2 . dt\ 
T h e n _ β β Ι 1 . _ + β _ . η 

Example 2. If n = /2ii + /3i2 + /fc, 

and r2 = 2/ii — 3/2i2 + 2/3i3, 

^mrf the derivative with respect to t ofx\ X r2 tf«rf ofx\. r? 
Let r — n X Γ2. 

_ dr rfr2 , i/ri 
Then -r = ri x — + — x r2 A A A 

= (/2ii + t*h + tk) x (2ii - 6/i2 + 6r2i3) 

+ (2/ii + 3/2i2 + i3) X (2/ii - 3/2i2 + 2fik) 

= 6(/* + /2)il _ (6/4 _ 2 /) i2 - 8/3Î3 

+ (6/5 + 3/2)ii - (4/4 - 2/)i2 - 12/3Ì3 

i.e. ^ = 3/2(4/3 + 3)ii - 2/(5/3 - 2)i2 - 20/3i3 
dt 

Alternatively, the product ri x r2 may be evaluated (see Ch. II, 
Ex. 2) before being differentiated. 

Let s = r i . r2. 

Then ds A2 . Ai 

i.e. ^ = (f2ii + /3i2 + ria) · (2ii - 6/i2 + 6^13) 
at 

+ (2rii + 3/2Ì2 + 13) . (2rii - 3f2i2 + 2««), 

i>e< * = (2f2 - 6t* + 6/3) + (4f2 - 9f4 + 2t% 
dt 

ue· * = 6i2 + 8i3 - 15/4. 
at 
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Example 3. If r = ezta + e4'b where a, b are constant vectors, 
show that 

Since r = 

dt~ 
d2r 

d2i 
dt* 

dh -dr , ,„ 
Λ » - 7 Λ + Ι 2 Γ " 

= ezt* + e4'b, 

= 3e3'a + 4e*% 

-- 9e3ta + 16e4ib, 

■7f+i2' 
: 9<?3ia + 16e4<b - 21< 

= 0. 

? 3 i a - 28e«b 
+ 12e3ia + 12e4'b 

Then 

and 

therefore 

= 0 
§3.5. Integration 

As in scalar calculus, the process of integration consists of 
being given a certain vector function r of the scalar variable /, 
and finding another function R of t such that dR/dt = r. When 
this process can be performed, we may write R = ) rdt. 

Suppose the function R has been found such that dR/dt = r; 
then, if c is any constant vector, d(R + c)/dt is also equal to r. 
Hence, in general, if it is known that dR/dt = r, it is usual to 
write 

f r dt = R + c, 
where c is a constant whose value can be determined in a particular 
problem by the specific conditions which govern that problem. 
§3.6 

In order to carry out the process of integration, it is necessary 
to express the function to be integrated in a form which is the 
recognizable derivative of some other known function, 
e-8- Γ a sin 3tdt = —Ja cos It + c. 
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The following devices adapted from scalar calculus will be 
found useful: 

cPx (i) If —- = /xr, where μ is a constant scalar, then a/2 

0d*r dr dt 

dt dr 
- . - = ,* .r + c 

where c is a scalar constant. 

1*1 Hence 

(ii) If 

= /i.r2 ia* + e 

where m, n are scalars of the form m = c + ik and n — c — ik 
so that both (w + TI) and mn are real, then 

r = emfa + en'b 
where a, b are constant vectors; 
i.e. r = e<*(e<*<a + éH*«b), 
i.e. r = ect(A cos fc/ + B sin fc/) 
where A, B are constant vectors, and are functions of a, b. 

Examples ΙΠ 
1. Differentiate with respect to /: 
(i) (2 sin Oh + (3 cos 0*2 + (sin 2t)h; 

(ii) 3/«h + 5/*i2 + 4/i8; 
(iii)e2tii + e3iia + e4ti8; 
(iv) (3/2 + 5)ii + (/« - 4/« + 3/)i2 + (sin 4/)i8; 
(v)(f*+l)*ii + (logOÌ2 + 3/<Ì3. 

2. If n = 2/ii + 3tH» + 5/813, and r* = /8h + fit - /»is, and 
a «= 2ii — 3ii -f 4is, find the derivatives with respect to / of: 

(i) ri 4- r8; (ii) a. n; (iii) a x r«; 
(iv) n x r2; (v) (a + ri). r2; (vi) [arird; 

(vii) a x (n x rt); (viii) n -n ; (ix) n . r2; 
(x) r i . rt. 
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3. If a, b are constant vectors, and r = (cos 2f)a 4- (sin 2f)b show that 

(i) g + 4r = 0, and 

(ii) r x j t = 2a x b. 

4. Evaluate the following integrals: 

(i) f (/2h + ii2 4- h)dt ; (ii) f {(sin Ou + (cos /)ia 4- th}dt ; 

(iii) f te'dt ; (iv) f (/ii 4- tH2 + is) . (ii 4- 2i2)dt. 

5. Verify that 

17{h 4- (cos/)i2} x {(cos OU - /i2} 

4- {/ii+ (sin/)i2} x {(-sinOli-i i})*// 
is equal to — {t2 4- (sin /)(cos t)}h. 

6. Evaluate the following integrals: 

(i) f e'(l+/)a.b<// , 

(ii) f {(sin*)a 4- (cos OH x {(cosi)a 4- (sin Ob}*//, 

where a, b are constant vectors. 

7. Show that if n = /a 4- -b, and r2 = - a + /b, 

where a, b are constant vectors, then 

^ - ) = 2 ( f + l 8 ) . x b . 

8. Differentiate with respect to t the vector 36/8ii 4- (log f )Ì2 4- - ia. 

9. Differentiate with respect to t, (i) n x Γ2, (ii) ri . Γ2, where 
n = t2h - tÌ2 4- 3ia and ra = 3u 4- th - t%. 



CHAPTER IV 
§4.1 

Suppose O is a fixed origin, and suppose that at time / a moving 
point is at the point P, whose position vector referred to O is r. 
Suppose that after a small interval of time 8t, the moving point 
has reached the point P\ whose position vector is r + 3r, and 
Jet the arc PP' be of length 8s. 

r+&r 

Fig. 25 

Then PP' = 3r, 
and PP' = | 8r | = 8s. 

If τ is the unit vector along the tangent at P, 
8r -> τ(δ*), 

and if v is the velocity of the moving point at time /, 
δΓ dt v = lim -— — — = r 

ôt-^o ot at 

Also v = lim I — I ( — | = τν 
Ôt-+Q 

54 
my-
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Ss 
where v = | v | = lim --- , and is the speed of the moving point 

ôt^o St 
along its path. 

If f is the acceleration of the moving point, 
δν dv 

f = l i m y = 7 

f d*x .. 
or 

§4.2 
As the moving point moves from P to P', suppose 

the line joining it to the origin turns through an angle SO, so that 
POP' = Sd. Let Q be a point on OP' such that OQ = OP = r. 
Then QP' = Sr, 
and PQ =̂ rS6. 
As St -> 0, the lines OP, OP', may be taken to be perpendicular 
to PQ. 

r + sr 

Let h, I2 be unit vectors along OP and in the transverse direction 
where the transverse direction is defined to be the direction 
perpendicular to OP in the plane of OP, OP\ whose positive 
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sense is that of PQ. Then when St -> 0,12 is in the direction PQ. 
Let I3 be a third unit vector, perpendicular to the plane of OP, 
OP' such that h, I2, la form a mutually perpendicular right-handed 
system of unit vectors. 

Then with the same notation, 
ST 
St9 

PP' 
St i.e. 

▼ = 

v = 

lim 

lim 

i.e. 

i.e. 

i.e. 

i.e. 
§4J 

v = 

▼ = 

lim 
òt-*0 

lim 
dt-+0 

PQ + QP' 
St 

^O+limr 
St 
drt 

dt-*0 St 

άθ. , w . 
Y==rdth + dth 

v = r = fli + r«2. (I) 

Using the same notation as in the preceding paragraphs, let 
δΐι, 612 be the small increments in h, fe, as the moving point moves 

Fig. 27 
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from P to P', so that h, I2 are in the directions OP, and the 
transverse direction while li + δΐι, Ι2 + δ12 are also unit vectors, 
but in the directions 7)P' and perpendicular to OP' respectively. 
Let unit lengths Op, Op' be cut off on OP, OP', and let lines 
Oq, Oq' be drawn, of unit length, perpendicular to Op, Op' so 
that Up, Oq, represent h, I2 and "θρ', Ôq , represent h + δΐι, 
h + δ12. Then 'pp' = δΐι and qq' = δ12. 
But pp'd^OphO, and qq'^OqhQ, 
i.e. pp' =2= δ0, and qq' =̂= δ0. 
Since pp' is in the direction of Oq, and qq' is in the direction of pO, 
then as St -> 0, 

But 
therefore 

i.e. 

§4.4 
From §4.2, 

and from §4.1 

Hence 

PP' 
~pp' 
δΐι -

Λι 
dt 

1, 

r -

->(8fl)h 

= Sh 

■+{sm, 

= è h, 

y = 

f = 

f = 

, , .dli 

T = 

r ■■ 

d 
dt 

and 
and 
and 

and 

= rli + 
dr 
dt 

« ' - * ( M X - l i ) 
qq' = 812 

Sl2 -> -(δβ)1ι, 
<Λ2 à i 
Jt = ~eh 

rêh 

(Hi + réì2), 

. · a. . -À^Z 
i.e. 

i.e. f = Hi + rè\2 + réì2 + rèì2 — r02h 

i.e. f = (r - ré^h + (r'é + 2r0)l2. 

Thus the radial component of the acceleration is (r — Γ02), and 

the transverse component is (2f 0 + rè) or - - (r20). 
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Example 1. A point moves so that at time t its position vector r 
is given by 

r = (sin 2/jii + (cos 3r)i2 + e%. 
Find the velocity and acceleration of the point at time t. 

Since r = (sin 2/)ii + (cos 3/)i2 + e%, 
therefore r = (2 cos 2/)ii — (3 sin 2>t)\2 + e%, 
and r = —(4 sin 2t)h — (9 cos 3/)i2 + e% 
Hence the velocity has components 2 cos 2t, —3 sin 3/ and el\ 
and the acceleration has components —4 sin 2/, —9 cos 3t, el. 

Example 2. A particle moves on the plane curve r = a sin 0, 
where a is a constant number. Find the radial and transverse com­
ponents of the velocity and acceleration at any time t. 

Since the particle moves in a plane curve, 0 and Θ are the 
angular velocity and acceleration of the line joining the particle 
to the origin. 

The equation of the path of the particle is 

r = a sin 0, 

therefore r = a(cos 0)0, 

and r = (-a sin 0)0*2 + (a cos 0)£ 

Hence if v is the velocity of the particle 

v = (a cos 0)01i + r012 

i.e. v = (a cos 0)01i + (asin 0)012 

and if f is the acceleration of the particle, 

f = {(-a sin 0)02 + (a cos 0)0 - r02}li 
+ {(2acos0)02 + r0}l2 

i.e. f = a{(cos 0)0 - 2(sin 0)02}h + a{2(cos 0)02 

+ (sin 0)0}12 

Hence the radial and transverse components of the velocity are 
(a cos 0)0 and (a sin 0)0, while the radial and transverse com-
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ponents of the acceleration are a {(cos 0)0 — 2(sin 0)02} and 
a{2(cos 0)02 + (sin 0)0} respectively. 

Examples IVa 
1. Find the velocity and acceleration of a particle which moves so that at 

time / its position vector is r where : 
(i) r = (sinOh 4- (cosf)i2 + fia; 
(ii) r = f3h + f2i2 + 3fi3; 

(iii) r = (logOù - e2ti2 + '2Ì3ì 
(iv) r = ae2i where a is a constant vector; 
(v) r = a sin 2/ + b cos It where a, b are constant vectors. 

2. Find the velocity and acceleration of a particle which moves along the 
plane curve r = aed in such a way that the line joining the particle to the 
origin turns with constant angular velocity ω. 

3. Find the radial and transverse components of the acceleration of a 
3 

particle P which moves in the plane curve - = 1 + cos 0 in such a way that 

OP rotates with constant angular velocity ω, 0 being the origin. 
4. Find the velocity and acceleration of a particle which moves so that at 

time / its position vector r is given by 
(i) r = a(t — sin Oh + tf(l — cosf)Î2 + bth\ 
(ii) r = a(cos Oh + a (sin f)i2 + a (cos 2/)i3. 

5. If a particle moves along the plane curve r = ad where 0 = kty find the 
radial and transverse components of its velocity and acceleration. 

6. Find the radial and transverse components of the velocity and accelera­
tion of a particle moving along a plane curve given that 

(i) the equation of the curve is r = α/θ, and Θ = / + 1//; 
(ii) the equation of the curve is r20 = 4, and Θ = i/2; 

(iii) the equation of the curve is r = 1 — 1/0, and 0 = e* ; 
(iv) the equation of the curve is r = 4 — cos 0, and 0 = 2/. 
7. Find the radial and transverse components of the velocity and accelera­

tion of a particle moving along a plane curve in such a way that r20 = 1, 
given that the equation of the curve is 

(i) r = 6/(2 - cos 0); (ii) r = 5/(3 + 2 cos 0). 
8. Find the velocity and acceleration of a particle moving along the line 

r = a + pb 
where a and b are constant vectors, and p is a scalar function of / such that 

(0 P = 3/2; 
(ii) p = 4t; 

(iii) p = sin/; 
(iv) p = / + log /. 
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§4.5. Momentum 
If at time / a particle of mass m is situated at a point P, whose 

position vector referred to a fixed origin O is r, its linear momentum 
is defined to be the vector mx. The product r x mx is called the 
moment of momentum, or angular momentum of the particle, and 
is the moment about O of a vector mx drawn through P. The 
linear momentum is usually called simply the momentum. 

If K denotes the linear momentum, and H the angular momen­
tum, of a moving particle whose position vector at time / is r, then 

H = r x K . 

§4.6. Newton's Laws of Motion Applied to a Particle 
I. Every body continues in its state of rest, or of uniform motion 

in a straight line, unless it is compelled to change that state by an 
external impressed force. 

Motion implies direction, and hence that which changes the 
motion of a body must be a vector, and is known as a. force. 

II. The rate of change of linear momentum of a body is pro-
portional to the external impressed force and takes place in the 
same direction. 

Thus, if a particle of mass m, acted upon by a force F is at a 
point whose position vector is r at time /, then 

F o c ^ ( m r ) , 

i.e. F oc mx, if m is constant. 
If the units are suitably chosen (the absolute units of classical 
mechanics), this may be written 

.. Λ F = mx = —. dt 
III. To every action there is an equal and opposite reaction. 
Thus if a body A acts upon a body B with a force F, then B will 

act upon A with a force —F. 
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§4.7 
If a force F acts upon a particle of mass m whose position 

vector at time / is r, then 

F = mi, 

therefore r x F = r x mi. (1) 

Now H = r x mi 

dH 

(2) 

therefore 

But 

therefore 

-r- = f x mi + r x mr. at 
i x mi = 0 

dH 
—- = r x mr. dt 

Thus, from (1) and (2) 
π dH 

dt 
i.e. the moment, about an arbitrary point O, of the force acting on a 
particle is equal to the rate of change of angular momentum of the 
particle about O. This result is analogous to the statement that 
the force acting on a particle is equal to the rate of change of linear 
momentum of the particle, and the two statements together make 
Newton's Second Law generally applicable in Vector Mechanics. 

Example 3. A particle of mass 2 kg starts from the origin with 
a velocity of 15 m/s along the line whose direction ratios are 1:2 : 2. 
The particle is acted upon by a force whose value at any time t is 
(2ii + t\2 + t2h) N where t is measured in sec. Find the position 
of the particle at time t. 

Let r be the position vector of the particle at time /. Then 

li = 2ii + th + t2h 

therefore 2r = 2di + £/2ΐ2 + i'3Ì3 + a (1) 

where a is a constant vector. 
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But when t = 0, r = 15(±h + §i2 + fis) (2) 
therefore 30φι + $i2 + Jfe) = 0 + a 
Hence equation (1) may be written 

2r = (It + 10)ii + (it2 + 20)i2 + (ir» + 20)i3 

therefore 2r = (fl + I0t)h + (£f3 + 20f)i2 + (Λ/4 + 20f)«8 + b, 
where b is a constant vector. 
But r = 0 when / = 0, therefore b = 0, 
therefore r = (it2 + 5/)ii + (τ1**8 + 100*2 + (Λ*4 + lOOfa. 

Example 4. Λ particle of mass 5 /eg w projected from the point 
(2, 3, 6) with a speed of 70 m/s. If the particle is at the point whose 
position vector is r at time t, and is acted upon by a force of(—5r) N. 
find the speed of the particle when it is 15 m from the origin. 

Since the particle is subject to a force (—5r) N, then 
5 r = -5r , 

i.e. if = — r. 
Multiplying both sides of this equation scalarly by 2r, 

2r . r = —2r . r, 
therefore r . f = — r . r + a, (1) 
where a is a scalar constant. 

Equation (1) may be written 

V2 = a - r2 (2) 
where v ( = r) is the velocity of the particle at time /. But v = 70 
when r2 = 22 + 32 + 62 = 49, 
therefore 4900 = a - 49 

a = 4949. 
Then equation (2) may be written 

V2 = 4949 - r2 (3) 
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If vj is the speed of the particle when it is 15m from the origin, 
then v = vi when r = 15. Hence from equation (3) 

vf = 4949 - 225 
= 4724, 

therefore v = y"(4724); m/s 
i.e. v = 68.73 i m/s 

Example 5. A particle is projected with a velocity of 60 m/s 
in a direction making an angle cos'14/5 with the upward vertical. 
Find the velocity and position of the particle at time t, assuming 
that the particle is moving freely under the action of gravity. 

Fig. 28 

Let OX, OY, OZ be a mutually perpendicular right-handed 
system of axes through the point of projection 0 , such that OZ 
is along the upward vertical through O, and O Y, OZ are in the 
plane of the initial velocity u. Then, with the usual notation, if r 
is the position vector of the particle at time /, 

r = -gk, 
therefore i· = —gtia + a, 
where a is a constant vector. But when / = 0, 

r = u = 36Ì2 + 48Ì3 
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therefore a = 36Ì2 + 48Î3. 

Hence r = -gt h + 36i2 + 48is. (1) 
Integrating again, 

r = -Jgrts + (36i2 + 48is)/ + b, 

where b is a constant vector. But r = 0 when t = 0, 

therefore b = 0, 

hence r = 36ri2 + (48/ - ±gfi)h. (2) 

Equation (1) may be written 

r = 36i2 + (48 - gt)k. (3) 

Hence at time / the particle is at the point (0, 36/, 48/ — 4-9/2)m 
and is moving with velocity v where v = 36i2 + (48 — 9-8/)i3 m/s. 

Examples IVb 
Assume g to be 9-8 m/s2, and take the time t to be measured in seconds 
unless stated otherwise. 

1. A particle of mass 10 kg is acted upon by a constant force F, where 
F = (50i!+25i2 + 30i3) newtons. Initially the particle has a velocity of 36 m/s 
along the line whose direction ratios are 4 : 4 : 7. Find the position and 
velocity of the particle at any time *. 

2. A particle of mass 5 kg is projected from the origin with a velocity of 
28 m/s along the line whose direction ratios are 2 : 3 : 6. The particle is acted 
upon by a force F, whose value at time t is given by 

F = {(10 sin Où - 320i2} newtons. 
Find the velocity and position of the particle at time t. 

3. A particle is projected from a point O with a velocity of 88 m/s along 
the line whose direction ratios are 2 : 6 : 9 . The particle is subject to an 
acceleration!whose value at time / is {ti1 +'(sin t)\2 — 32i3} m/s2. Find the 
velocity and position of the particle at time /. 

4. A particle is projected from the origin with a velocity of 91 m/s along 
a line making an angle tan-15/12 with the upward vertical. If the particle 
moves freely under gravity, find its velocity and position at any time f, and 
show that its trajectory is a curve in a vertical plane. Find also the time at 
which the particle again reaches the horizontal plane through 0, and its 
distance from O at that instant. 
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5. A particle is projected with a velocity of 49 m/s in a direction making 
an angle of π/6 with the horizontal. Find (i) the time at which the particle 
reaches the horizontal plane through the point of projection, (ii) the distance 
at that time from the point of projection, (iii) the greatest height attained 
during the motion. 

6. A missile is fired horizontally from a height of 16,000 m, with a velocity 
of 7000 m/s. Find the horizontal distance from the point of firing of the 
point where the missile hits the ground. 

7. Show that the relative velocity of two particles, moving in any directions 
under the acceleration of gravity, is constant. 

N.B. The velocity of a body A, relative to another body B, is the velocity 
which A appears to have to an observer moving with B. Thus ifyA, VB are the 
velocities of A, B respectively, the velocity of A relative to B is ΎΛ — YB, while 
the velocity of B relative to A is 1B — ?A> 

8. A particle is projected from a point A in the direction XË with the speed 
i/, while a second particle is simultaneously projected from B in the direction 
M with speed v. Show that the particles will collide and that the point of 
collision is vertically below C, the point in AB such that AC : CB = u : v. 

9. A ball just clears two walls of the same height h and at distances d\% dt 
from the point of projection. Prove that if a is the angle of projection, 

tan a = h(di -f d^\d\d2, 
10. A stone is projected horizontally from the top of a tower 80 m high, 

with a velocity of 40 m/s. At the same moment another stone is projected 
from the foot of the tower with a velocity of 80 m/s in a direction inclined 
to the horizontal at an angle π/3. The two stones move in the same vertical 
plane. Show that the stones collide, and find the position vector of their 
point of collision. 
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§5.1 
If a particle is acted upon by a force directed towards (or away 

from) a fixed point O, the force is called a central force, and the 
fixed point O is called the centre of force. The path of the particle 
is called its orbit, 

§5.2 
Suppose that at time t, a particle of mass m is at the point P, 

whose position vector referred to a fixed point O is r. Suppose that 
the particle is acted upon by a force F in the direction OP, Then 
if H is the angular momentum of the particle about 0, 

therefore 

i.e. H is constant. 

Fig. 29 

H = r X (mi) 

-T- = r x (mi) + r x (mir) 

= 0 + r x F, 
= 0, since r, F are in the same direction, 

66 
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Since H is a constant vector, its direction is constant and since 
also H = r x mi, H is perpendicular to r. Hence the vector r 
passes through the fixed point O and is always perpendicular 
to a fixed direction; i.e. r lies in a fixed plane, and the path of the 
particle is a plane curve. Thus the orbit of a particle moving under 
the action of a central force is a plane curve. 

Suppose H = mh, where h is the angular momentum per unit 
mass of the particle about O. Then since H is a constant vector, 
and m a constant scalar, h also is a constant vector. 
Since H = r x mi, 
therefore mh = r x mi, 
therefore h = r x f . (I) 

Using the notation of Chapter IV, equation (I) may be written 

h = rli X (ili + rtffe) 
i.e. h = r2«3, (II) 
since li x h = 0 and U x I2 = I3. 
But h is a constant vector, hence r29 is constant throughout the 
motion, and I3 is in a constant direction, normal to the plane c" 
the orbit of the particle. 

Suppose that at time /, when the particle is at P, the perpendicu­
lar from O to the tangent to the orbit at P is of length p. Then 
h = pvh where v is the velocity of the particle at P. 

Hence 
h=s:pv = r2è = constant. (Ill) 

§5.3 
Let A be the vector area swept out in time / by the radius OP. 

Then if δΑ, Βτ, are the small increments in A, r corresponding 
to a small rotation 8Θ of OP, in the small interval of time St, 

SA = (ir*8fl)l8 

therefore — = \r* y I3. 
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In the limit as St ->■ 0, 
dk 
dt 

dk 
dt 

= ir««, = ih, 

= \h, which is constant. (IV) 

This fact was observed by Kepler in his astronomical observa­
tions of the movements of the planets, before it had been 
demonstrated mathematically, and was stated by Kepler as his 
second law of planetary motion, in the form: "The areas described 
by radii drawn from the sun to a planet are proportional to the times 
of describing them", or, more shortly, the radius joining the sun 
(proved to be a centre of force) to a planet describes equal areas in 
equal times. 
§5.4. The Inverse Square Law (First Method) 

Suppose that at any time t a particle is at the point P, whose 
position vector referred to the fixed point O is r. Suppose that the 

Fig. 30 

particle is attracted towards O by a force of magnitude μ/r2 per 
unit mass of the particle, where μ is a constant scalar. Then if 
m is the mass of the particle, 

urn. 
™ = - 7 r l i > (1) 

i.e. 
1 1 . 
" r = — Λ h 
μ r* 

(2) 
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Hence if h is the constant angular momentum per unit mass of 
the particle, 

- r x h = sii X h, 
μ Γ2 

1.. 1 i.e. - r x h = „ li x r26\s 
μ 

where Θ is the angular velocity of OP, 

i.e. - r x h = a2, 
/* 

_dh 
~ di 

Integrating with respect to t, this becomes 
- r x h = h + e, (3) 

where e is a constant vector. 
From (3), 

r j - J r x h j = r . { l ! + e} 

i.e. - {r . (r x h)} = r . li + r . e 

i.e. - {(r x r) . h} = r . h + r. e 

i.e. - (h .h) = r.Ii + r .e 
/* 

i.e. - A2 = r + re cos 0, (4) 
μ 

where Θ is the angle between UP and the constant vector e. 
Equation (4) may be written. 

Λ2/α 
— = l + é ? c o s 0 , (5) 

which is the polar equation of a conic having O as one focus, e as 
eccentricity, and its major axis in the direction of e. 
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From equation (5) the semi-latus rectum is Λ2//χ. The conic is 
an ellipse, parabola, or hyperbola according as e < 1, e = 1, or 
e> 1. 

Example 1. A particle is attracted towards a fixed point O by a 
force μ/ΟΡ2 per unit mass, where P is the position of the particle 
at time t. The particle is projected from the point A, where OA = a, 
with velocity (μ/2ά)* in a direction making an angle π/4 with ΤΓΑ. 
Find the eccentricity of the orbit and the periodic time of the particle 
in its orbit. 

Fig. 31 

Let r be the position vector of the particle, referred to O, at 
any time /, and let m be its mass. Let li be the unit vector in the dir­
ection ΌΡ, and let I2 be the unit transverse vector. Let I3 be the unit 
vector perpendicular to h, h so that li, I2,13 form a right-handed 
system of mutually perpendicular unit vectors. Let h be the angular 
momentum per unit mass of the particle about O. Then h is a 
constant vector such that 

h = ^ l 3 = ( a s i n ^ ) ( £ ) \ 

where Θ is the angular velocity of OP, 

i.e. h = r*h3 = 1(αμ)*ΐ3 (1) 
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Considering the force acting on the particle, 

i.e. 

Therefore 

i.e. 

therefore 

mx = — -2 m h, 
1 1 . r = — -s h. 
μ r* 

- r X h = pli X h 
μ rù 

- i i x h = - - ^ l i x r2013, 
μ rl 

= - Ì l i X la, 
=-- Ôh 

1 .. u dh 

ipect to t, equation (4) becomes 

- r x h = h + e, 

(2) 

(3) 

(4) 

(5) 

where e is a constant vector. 
Let In, I21,131 be the initial values of the unit vectors h, I2, I3; 

then if h is the initial value of r, 

»- (if (-;)"»+(£)1(*?) ■"■ 
'■'■ h- i ( i - ) 4n„ + w. 
Substituting in equation (5) 

il) {ϊ) (a)* (,u + ,2l) X (i) (αμ)έ'31 = ,u + e 

i.e. e = — i I21 + i In — In 
i.e. e = - f l u - i b i , (6) 

e = 4° (7) 
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From equation (5) 

r . ( - r x h ) = r . I i + r . e 

i.e. -{r . (r X h)} = r . Ii + r. e 

i.e. - {(r x f ) . h} = r . h + r. e 

i.e. - (h . h) = r . h + r . e, 

i.e. — = r + re cos θ 

where θ is the angle between r and the constant vector e, 
A2 

i.e. - = r(l + e cos Θ) (8) 

which is the polar equation of a conic having O as one focus, e 
as eccentricity, and A2//x as semi-latus rectum, the major axis 
of the conic being in the direction of the vector e. Since e < 1, 
(* = (\/Ό)/4)» equation (8) represents an ellipse of eccentricity 
(V1 0)/4· 

If α, β9 are the semi-major and semi-minor axes of this ellipse, 
then 

- = a(l - e2) 
αμ I 10\ 
τμ = a I1 - 16J 

2a i.e. a = -γ 

and ^ = τ ( , _ _ ) 

i.e. β - ^ · 

Since the rate at which OP describes areas is constant, and equal 
to %h, i.e. i y W ) , and the area of the ellipse is naß, then the time 
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T required by the particle to travel completely round its orbit is 
given by 

T_naß 

i.e. 

=π (τ) (V j (v^)· 

§5.5. The Inverse Square Law (Second Method) 
Equation (1) of §5.4 may be written 

Ï = - £ U . (i) 
Hence 2r . if = — 1^1 2r . lu 

i.e. 2 r . r = - ^ ( r l i + r0l2).li, 
r2 

i.e. 2r. ir = - ^ f. (2) 

Integrating with respect to t, equation (2) becomes 

r.r = ^ + c, (3) 
r 

where c is a scalar constant. If v (= r) is the velocity of the 
particle at time t9 equation (3) may be written. 

r 
A2 2μ , 

i.e. —„ = — + c, 
P2 r 

h*/c _ 2μ/ε i.e. 4 - = -Î2- + 1, 
P* r 

which is the (p, r) equation of a conic. 
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Example 2. Applying this method to the example in §5.4, 
equation (1) of §5.4 gives 

ï = -£u , 0) 

therefore 2r . r = — ̂  2r . h 

(2) i.e. 

Integrating with 

2r .r 

respect to /, ι 

Γ . Γ : 

where c is a scalar constant, 

i.e. 

where 

But initially v 

therefore 

therefore 

 = 

V = 

2μ. 
= -y*r· 
equation (2) becomes 

r 

- 2μ- + c, r 
= r. 

= J (£)and r=β· 
2α 

e 

a 
3μ 
2a 

Hence equation (3) may be written 

Since pv = h = 

i.e. 

V 2 = 
2μ 3μ 
~7 2a 

iyW1)» equation (4) may be written 
αμ 

a*/6 
P2 = 

2/x 3μ 
r 2a 

r 

(3) 

(4) 
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which is the (/?, r) equation of an ellipse whose semi-major axis, 
a, and semi-minor axis, ß, are given by 

2a ft a 

Hence the eccentricity e is given by 

i.e. 

i.e. 

therefore 

and 

The periodic time, 

0 2 = a2(l - e 2 ) ; 

a6 = T(l-e2); 

i-e^l; 
2 5 

pà — __* 

8' 
•v/io 

T, is obtained from the relation 
_ Ιτταβ 

as in §5.4. 

§5.6. Laws of Force Other than the Inverse Square Law 
An examination of the methods demonstrated in §5.4 and §5.5, 

shows that the method of §5.4 can only conveniently be used when 
the law of force is the inverse square law, while the method of 
§5.5 has a wider general application, but has the disadvantage of 
giving the equation of the orbit in the (p, r) form which is less 
familiar than the polar equation given by the method of §5.4. 

An example should suffice to illustrate the method of §5.5 
when the law of force is not the inverse square law. 

Example 3. A particle is attracted towards a fixed point O by a 
force (μ/r2) + (/xû/4r3) per unit mass, where r is the distance of the 
particle from O at any time t. The particle is projected from the 
point A, whose distance from O is a, with velocity \/(μβα) per-
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pendicular to OA, Find the (/?, r) equation of the orbit of the 
particle, and show that its distance from O never exceeds a and is 
never less than a/23. 

Suppose that the particle is at the point P at any time /, and 
that the position vector of P referred to O is r. Then with the usual 
notation, 

therefore 2r . if = - 2 μ l·l- + £ \ r . U 

2r .r=-2 i *(I+£ 3 ) ( f l 1 + röl2).I1, i.e. 

where Θ is the angular velocity of OP, 

(1) 

i.e. 2 r . r = - 2 p ( I + J i ) f . (2) 

Integrating, equation (2) becomes 
. . 2μ μα 

r 4r2 

where c is a constant scalar. Then if v = r, 

2 2 ^ i Pa i , i \ 
V2 = T + W + C· (3) 

But v = \/(μβα) when r = a 
IX 2/Lt U 

therefore c = = —, 
3ö Λ 4α 

23/x 
c Ï2i" 

Then equation (3) may be written 
2μ μα __ 2V. ( 4 ) 
r + 4 r 2 12a w 

If h is the angular momentum per unit mass of the particle 
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-M 
about 0 , and p is the length of the perpendicular from O to the 
tangent at P to the path of the particle, then 

pv — h 

Hence equation (4) may be written 
μα 2/x μα 23/x 
3p"2 = y + φΓ2 - γΐα 

L C ' 3p2 " 7 + 4 ^ ~~ \2a ( 5 ) 

From equation (5) since/7 < r, 

Ö 2 a 23 
therefore ζ-~ < - + j - s — τ^-

3r2 ^ r 4r2 i2a 
i.e. 4a2 < 24ar + 3a2 - 23r2 

i.e. a2 - 24ör + 23r2 < 0 

i.e. (a - r){a - 23r) < 0 

a , , 

Hence, the distance r of the particle from O never exceeds a and is 
never less than a/23. 

Examples V 
1. A particle of mass m is attracted towards the fixed point S by a force 

3mcu2/r2 where r is the distance of the particle from S at any time /, and c, u 
are constants. Initially the particle is projected from a point C with velocity u 
in a direction inclined to SC at an angle π/3, the distance SC being c. Find the 
eccentricity of the orbit of the particle and determine whether it is an| ellipse, 
parabola, or hyperbola. 

2. A particle is attracted towards a fixed point O by a force μ/ΟΡ2 per 
unit mass, where JP is the position of the particle at time t. Write down the 
vector equation of motion of the particle, and prove that its path is a conic 
with one focus at O. 

If the particle is projected from the point A, where OA = a, with velocity 
vOVtf) in a direction making an angle π/4 with OA, find the eccentricityl of 
the orbit, and the periodic time of the particle in its orbit. 

3. A particle moves under the action of a central force attracting the particle 
towards a point O with a force inversely proportional to its distance from Ot 
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the force of attraction being 32 N per unit mass when the distance is 2 m. 
If the particle is projected from a point A in a direction perpendicular to OA 
with a velocity of 16 m/s, OA being 1 m, determine the equation of the orbit. 

4. A particle of mass M moves under the action of an attractive central 
force μΜ/r2. Show that the path of the particle is a conic section whose semi-
latus rectum is Λ2/μ, where M h is the angular momentum of the particle about 
the centre of attraction. 

The particle originally moves in a circular orbit. Show that if μ is instan­
taneously decreased by a fraction c of its original value, then in the subsequent 
motion the ratio of the distance of the particle from the centre of force at the 
perihelion to its distance at the aphelion is (1 — 2c) : 1. 

N.B. In planetary motion the perihelion is the point of the orbit which is 
nearest to the centre of attraction and the aphelion is the point of the orbit 
which is furthest from the centre of attraction. 

5. A particle P is projected, with speed V, from a point at a distance R from 
a centre of force 0, and is attracted towards O by a force μ/ΟΡ2 per unit 
mass. Show that the path of the particle is an ellipse, parabola, or hyperbola 
according as V2 is less than, equal to, or greater than Ιμ/R. 

Two particles of masses M and m, describing coplanar parabolic orbits 
about a centre of force at their common focus, impinge at right angles, and 
coalesce, at a distance R from the centre of force. Show that the path of the 
composite particle is an ellipse whose major axis is of length R(M -f m)2/2Mm. 

6. A particle P of unit mass is attracted towards a fixed point S by a force 
of magnitude μ/SP2. The particle is projected from a point P0 with speed u 
(not in the line SP0). Prove that the path of the particle is a conic with S as 
focus. 

Find the conditions that the path should be (i) elliptic, (ii) hyperbolic, 
(iii) parabolic. 

Show that if the path is elliptic, the periodic time is 
ί SPo Y'2 

^κμχΐμ - u2SPo\ 
7. Obtain expressions for the radial and transverse components of velocity 

and acceleration of a particle P moving in a plane. 
P has velocities w, v of constant magnitudes, u in a fixed direction and v 

perpendicular to OP where O is a fixed point. Show that the acceleration of 
the particle is always directed towards Oy and varies inversely as the square 
of the distance from O. Find the eccentricity of the orbit in terms of u, v. 

8. A particle describes an ellipse under an attraction μr per unit mass 
towards a fixed point O. Prove that, with the usual notation, 

V2 = μ(α2 _|_ £2 _ r2)f n = ab^/μ 

An equal particle, subject to the same attractive force, is projected from O 
with speed 1)χ/(11μ) along the major axis of the ellipse. The two particles 
collide and coalesce at the end of the major axis. If a = 2b prove that the 
orbit of the composite particle is an ellipse whose axes are 2b(\/2 ± 1). 
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9. A missile P is projected from a point A on the earth's surface with 

speed \/(2gd), the earth being supposed spherical, of radius c(c > d), and 
centre O. The missile is assumed to be attracted towards O by a force gc2/r2 

per unit mass where OP = r. Show that the path of P is an ellipse, having O 
as focus, and that the speed v of P is given by 

v2 = 2g(d - c + j). 

Show that the locus of the second focus S, for all paths in which the particle 
leaves A in the same vertical plane with the same speed, is a circle of centre 
A and radius cd/(c — d). 

10. A particle P describes an ellipse under an attraction towards a focus S. 
Prove that the attraction varies inversely as SP2. Prove also that the Kinetic 
Energy of the particle is proportioned to {(2/SP) — (\/a)} where« is the semi-
major axis of the ellipse. If the greatest and least speeds of the particle are 
vi and V2 respectively, show that the eccentricity of the path is (vi — V2)/(vi + V2). 

11. A particle P moves in the plane of the rectangular axes OX, O Y under 
an attraction n2OP per unit mass towards O. When the particle is at the point 
(a, 0) its velocity is u in the direction O Y. Show that the path of the particle 
is an ellipse. 

Find the velocity of the particle at time t after leaving (a, 0), and also the 
periodic time of the particle in its orbit. 

12. A particle P is moving under a central force μ/r2 per unit mass towards 
a fixed point S where SP = r. Initially the particle is at a distance R from S 
and has a velocity V in a direction making an angle <f> with SP. If V2R = Ιαμ 
show that the path of P is a conic with one focus at S, semi-latus rectum 
laR sin2 φ and eccentricity e where e2 = 1 — 4a(l — a) sin2 φ. 

13. A particle is attracted to a fixed point O by a force varying inversely 
as the square of the distance of the particle from O. Prove that the orbit 
is a conic with one focus at O and, with the usual notation, semi-latus rectum 
Η2\μ. Show also that the speed v is given by 

2μ μ(β2-1) 
r + / 

where / is the semi-latus rectum. 
While describing a circular orbit with speed £/, the particle explodes into 

two equal parts. The initial velocity of separation of the two parts is in the 
line of the velocity immediately before the explosion and is of magnitude 2 V. 
Show that if V < (y/2 — \)U, both parts subsequently describe elliptic 
orbits. 

14. (a) If r is any vector function of /, prove that 

(0 r3i=r.r; 

GO " i ( 7 ) - I - ' · * 
(iii) r 3 - | Q = J - r x (rx io . 
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(b) The sun attracts a planet of mass m with a force of magnitude MmG/r2, 
where M is the mass of the sun, G is a constant, and r the distance of the 
planet from the sun. Write down the equation of motion of the planet relative 
to the sun, which may be assumed to be fixed, and show that the speed v 
of the planet is given by 

1 mMG _ 

where E is a constant. 
When the planet is at a distance la from the sun its speed is V, and when 

half this distance away, its speed is IV. Show that the mass of the sun is 
3KV<7. 

15. A particle of mass M has the position vector r referred to a fixed point 
O, and is acted on by a force — Λ/^(Γ)_8Γ. Initially it is given a velocity V 
such that V2 < Ιμ/α, where a is the position vector of the initial position 
of the particle. Show that the path of the particle is an ellipse and that the 
velocity ? of the particle at any time t satisfies the relation 

h χ τ = — - r + yucei, 

where Mb is the angular momentum about 0, e the eccentricity of the ellipse 
and ei the unit vector in the direction of the major axis. Hence by evaluating 
h x (h x v), or otherwise, show that v can be expressed as the sum of a vector 
of constant magnitude perpendicular to r, and a constant vector perpendicular 
toei. 

16. A particle moves in an elliptic orbit of major axis la under a central 
attraction μ/r2 per unit mass. Prove that the magnitude of its velocity v is 
given by 

" a = " ( ' - ! ) · 
where the relation A2 = μΐ, using the usual notation, may be assumed. 

A satellite is moving uniformly tn a circular orbit of radius Ac about the 
earth's centre 0 , the radius of the earth being c. The speed of the satellite is 
suddenly reduced in magnitude, its direction remaining unaltered, so that it 
subsequently pursues an elliptic orbit such that its least distance from 0 in 
the subsequent motion is 2c. Show that the speed must be reduced in the 
ratio \J1 : V$> Show also that the time taken by the satellite to reach this 
distance 2c from 0 is ny/Qlcjg) and find its speed at this point in terms of 
g and c, g being the acceleration due to gravity at the earth's surface. 



CHAPTER VI 
§6.1 

It will be convenient to use the notation "the point A (a)" 
to denote "the point A whose position vector referred to the 
origin O is a". 

§6.2. Equation of a Straight Line Through a Giyen Point in a 
Given Direction 

Let O be the origin, and let P (r) be any point on the line AB 
drawn through A (a), in the direction of the vector b. Then there 
is a number /, dependent on the position of P, such that "ÂP = th. 

Fig. 32 

Then OP = 02 + IP, 

i.e. r = a + rb. (I) 

For any point P on the line AB there is a unique value of /; 
also for any value of t there is a unique point P on the line AB. 

81 
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For suppose t\ is a particular value of /, then the point Pi deter­
mined by equation (I) has position vector ri where 

ri = a + fib, 
i.e. 0Pi = '02 + hb 
i.e. <7Pi - θ 3 = /ib, 
i.e. APi = hb. 
Hence the line ^4Pi passes through A and is parallel to b; i.e. the 
line AP\ coincides with AB, and therefore Pi lies on AB. Thus 
any point P, such that AP =- tb, whose parameter / satisfies 
equation (I), lies on AB. Hence equation (I) is the equation of the 
line through A in the direction of b. 

§6.3. Equation of a Straight Line through Two Given Points 
Let O be the origin and let A (a), B (b) be the two given points. 

Let P (r) be any point on the line AB. Then for any position of P 
on AB there must be a number / such that AP : AB = t : 1. 

Fig. 33 

therefore IP = tAB, 
i.e. r — a = r(b — o; 
i.e. r = a + /(b - a) (II) 
or r = (1 - r)a + tb. (Ill) 
Hence the parameter / of any point P on AB, where AP:AB=t:\, 
satisfies equations (II), (III). By an argument similar to that of 
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§6.2 it can be shown that if P is a point such that AP\AB=t\\, 
and the parameter / satisfies equation (II), then P must lie on AB. 

§6.4. Equation of a Plane Through a Given Point and Parallel 
to Two Given Vectors 

Let O be the origin and let II be the plane parallel to the vectors 
a, b containing the given point C (c). Then lines CA, CB may be 
drawn in plane II so that "CA = a and ~CB = b. 

Fig. 34 

Let K (k) be an arbitrary point in CB such that "CK = Ab. 
Then "ÖA = c + a and OK = c + Ab. If P (r) is any point on the 
line AK9 there must be a number /x such that, 

r = (c + a) + /x{(c + Ab) - (c + a)} 
from equation (II) of §6.3, 
i.e. r = c + a + /x{Ab — a}, 
i.e. r = c + (1 — /x)a + A/zb. 
By a suitable choice of A, μ, the point P can be made to take any 
position in plane Π. Hence the equation 

r = c -f (1 — /*)a + λμb 
gives the position vector of an arbituary point P in plane Π. 
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Writing s instead of (1 — μ) and t instead of λ/χ, the equation of 
plane Π can be written in the form 

r = c + sa + îb. (IV) 

By an argument similar to that of §6.2, it can be shown that if 
a pair of values of s and t are substituted in equation (IV), the 
point so determined lies in the plane through A parallel to the 
vectors a, b. 

§6.5. Equation of a Plane Containing Three Given Points 
Let O be the origin, and let A (a), B (b), C (c) be the three given 

0 
Fig. 35 

points which define the plane Π. Then AB = b — a and 
AC = c — a. Hence Π is the plane, containing the point A (a), 
parallel to the vectors (b — a) and (c — a). Hence (§6.4) the 
equation of plane Π is 

r = a + j(b - a) + /(c - a), 

i.e. r = (1 — s - Oa + & + ic, (V) 

where s91 are parameters. 
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§6.6. Equation of a Plane Containing a Given Point and Normal 
to a Given Direction 

Let O be the origin and let A (a) be the given point. Let n be 
unit vector in the given direction, and let p be the length of the 

Fig. 36 

perpendicular from O to the plane through A normal to n. Let 
N be the foot of the perpendicular from O to Π. Then the position 
vector of Nis pn. If P (r) is any point in plane Π, "ÄP is perpen­
dicular tO ON y 
i.e. ÂP. n = 0, 

i.e. 

or 

(r — a) . n = 0 

r . n — a.n (VI) 

whence it can be seen th^t the length of the perpendicular from 
the origin to plane Π is a . n. 

§6.7. Alternative Forms of the Equation of a Plane and of its 
Distance from the Origin 

Let A (a), B (b), C (c) be three poinjs_inJhe plane Π. Let P (r) 
be any point in Π. Then the vectors AP, BA, CB are coplanar; 
i.e. the vectors (r — a), (a — b), (b — c) are coplanar. 
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therefore [(r - a)(a - b)(b - c)] = 0 

i.e. (r - a ) . {(a - b) x.(b - c)} = 0, 

i.e. (r — a ) . {a x b + c x a + b X c} = 0, 

i.e. r . (b x c + c x a + a x b) — a . (b X c) = 0, 

which may be written 

r . (b x c + c x a + a x b) - [a b c], (V11I) 

or [r b c] + [r c a] + [r a b] = fa b c] (IX) 

If n is the unit vector normal to plane II, and Δ is the area of 
triangle ABC, then, 

BÄ x'CB= ± 2Δη, 

the positive or negative sign being used according as BÂ, CB, n, 
do, or do not, form a right-handed system, 

i.e. (a — b) X (b - c) = ± 2Δη, 

i.e. a x b — a x c + b x c = ± 2Δη, 

i.e. b x c + c x a + a x b = ± 2Δη, 

i.e. 2Δ = | b x c + c x a + a x b | (X) 

Then from §6.6, the length p of the perpendicular from O to 
plane Π is given by 

a. n 
± a . 

_L 

{b X c + c x a 
2Δ 

[abc] 

+ a X M 

L e · P = ± | b x c + c x a + a x b | ( M ) 
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§6.8. Vector Area and Condition for Collinearity 
Suppose A (a), B (b), C (c) are any three points. Then TB^b—a, 

AC =■- c — a, and if Δ is the area of triangle ABC, then from 

c 

A b-a B 

Fig. 37 

§2.14 Δη — ^(b — a) x (c — a), where n is unit vector normal to 
the plane of triangle ABC, such that AB, AC, n, form a right-
handed system. 
Then Δη = i{b x c — b x a — a x e } , 
i.e. Δη = i{b x c + c x a + a x b } . 
If the points A, B, C are collinear, the area of triangle ABC is 
zero, hence a condition for the collinearity of A, B, C is 

b x c + c x a + a x b = 0 
Example 1. Write down the equation of the straight line joining 

the points (1, —3, 1) and (0, —3, 2). Write down the equation of 
the plane containing the origin and the points (3, 4, 1) and (6, 0, 2). 
Find the coordinates of the point in which the line cuts the plane. 

The straight Une joining the points (1, —3, 1) and (0, —3, 2) 
has the equation 

r = (ii — 3i2 + fa) + /(—il + fa) 
where / is the parameter of any point on the line, 
i.e. r = (1 - Oil - 3Ì2 + (1 + fifa. (1) 
The plane containing O and the points (3, 4, 1), (6, 0, 2) has the 
equation 

r = 0 + />(3ii + 4i2 + fa) + tf(6ii + 2fa), 
where p, q are the parameters of any point on the plane, 
i.e. r = (3/7 + 6q)h + 4pi2 + (p + 2q)k (2) 
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Suppose line (1) meets plane (2) in the point A (a) whose 
parameters are h, pi, qi. Then 

l - / i = 3/* + 6qi (3) 

- 3 = 4/>i, (4) 

1 + h = Pi + 2?i. (5) 
From (3) and (5) 

3(1 + h) = 1 - /i 

therefore 4/i = — 2, 

therefore /i = — i. 

Hence Λ is the point whose position vector is a where 

a = (1 - /i)i! - 3i2 + (1 + fi)Ì3, 

= fil — 3Î2 + iÎ8 

i.e. A is the point (f, —3, £). 
Example 2. Find the distance from the point (7, 8, 5) to the 

plane which contains the points (1,2, 3), (2,4, 5), (3, 5, 9). 
Let A, B9 C be the points (1, 2, 3), (2, 4, 5), (3, 5, 9) respectively 

and let D be the point (7, 8, 5). Let a, b, c, d, be the position 
vectors of A, B, C, D, and let n be the unit vector normal to 
the plane ABC in the direction from O to the plane. 

Then a = ii + 2Î2 + 3fc, 

b = 2ii + 4i2 + 5Î3 

c = 3ii + 5i2 + 9Ì3, 

d = 7ii + 8i2 + 5Ì3. 

Let n = mh + Λ212 + «313 

where n\ + n\ + n\ = 1. 

ÄB = ii + 2i2 + 2Ì3 

ÂC = 2ii + 3i2 + 613. 
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Since n is perpendicular to both ÂB and AC, 
therefore n\ + 2/?2 + 2n$ = 0 

2ni + 3/72 + 6«3 = 0 
., r n\ «2 /Z3 1 / ,x 
therefore - = --.- - _ = - ^ . (1) 

Therefore Λ= - - * - h +-*-k +j-k (2) 

Then ifpi is the length of the perpendicular from O to the plane 
ABC, 

pi = a . n, 
6 +4v+ 3 

V4i V41 V41' 

If /?2 is the length of the perpendicular from O to the plane 
through D parallel to the plane ABC, 

P2 = d . n, 
42 16 5 

i.e. p2 

V4i V41 V41' 
21 

V41' 
Therefore the distance from D to the plane 4̂J5C is 22/y^41 units. 

Note 1. It will be seen that equation (1) gives the result 
«l : «2 : «3 = 6 : (—2) : (—1) or m : «2 : m = (—6) : 2 : 1, while 
n\ + n\ + n\— 1. The signs in equation (2) have been chosen 
to make a. n positive, thus ensuring that the sense of n is from 
O to the plane ABC. 

Note 2. The student should note that the choice of signs in 
equation (2) produces a negative result for the product d. n, 
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thus showing that the perpendicular from O to the plane Π 
through D, parallel to the plane ABC is in the opposite sense to 
the perpendicular from O to the plane ABC, and that the per­
pendicular from O to plane Π is in fact in the direction of —n. 
The negative result d . n indicates, therefore, that plane Π is on 
the side of O remote from plane ABC. 

If pz is the perpendicular from O to the plane Π' through 
E(-l, 3, 2), then 

P3 = e . n 
where e is the position vector of E. 

τι 6 i 6 2 

Hence „3 = ^ + ^ - ^ 
10 

showing that IT is on the same side of O as plane ABC, but 
further away from O. 

The distance of E from plane ABC is therefore 9/^41 units. 
Example 3. Find the coordinates of the point in which the line 

joining A (2, 3, 4) and 2? (1, 4, —3) cuts the (x, y) plane. 
The position vector r of any point P on AB satisfies the equation 

r - (2ii + 3Î2 + 4Î3) + /(- i i + i2 - 7Î3) 
i.e. r = (2 - Où + (3 + 0Ì2 + (4 — lt)h 
where / is the parameter of P. 

If P lies on the (x, y) plane 
4 - It = 0, 

,-% 

„ 10. . 25. . Λ. 
Hence r = — ii + -- 12 + O13 

i.e. P is the point »$w 
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Examples VI 
1. Find the equations of the lines joining the pairs of points 

( i ) ( 2 , 3 , 5 ) , ( 1 , 0 , 7 ) ; 
( i i ) ( l , 5 , 2 ) , ( - 3 , 2 , 4 ) ; 

(iii) (4 ,2 ,5 ) , ( - 1 , 1 , - 2 ) ; 
(iv) ( - 5 , 1, 2), (4, - 3 , 1); 
(v) (2, 5 , - 1 ) , ( - 7 , 1 , 3 ) . 

2. Find the equation of the line which 
(i) passes through A (1, — 1, 3) and has direction ratios 2 : —1 : 2; 

(ii) passes through A (—2,1, 5) and has direction ratios 2 : 3 : 4; 
(iii) passes through A (—1, —2, 1) and has direction ratios 3 : 4 : 6 . 
(iv) passes through A (2, —3, 4) and has direction ratios 1 : 3 : —2; 
(v) passes through A (2, —3, 4) and is normal to the plane BCD where 

B, C, D are the points (1, 2, 9), (4, 5, 6), (2, - 3 , 4 ) respectively; 
(vi) passes through A(—l, —2, 4) and is normal to the plane FGH, where 

F, G, HsiTt the points ( - 2 , 3, - 4 ) , (3, 1, 8), ( 4 , - 1 , 0) respectively. 
3. Find the equation of the plane which contains the points 

(i) A (1, 1, - 3 / 4 ) , B (4, - 3 , - 2 ) , C (2, - 3 , - 3 ) ; 
(ii) A (2, 1, 2), B ( - 2 , - 1 , 3), C (7, 2, - 3 ) ; 

(iii) A (3, 1, - 4 ) , B (2, - 1 , 2), C ( - 3 , 2, 1); 
(iv) A ( - 2 , - 3 , 5), B (9, 1, 4), C (7, - 3 , 2). 
4. Find the equation of the plane which passes through the point (1, 3, —4) 

and is normal to the vector (2ii + 2Ì2 4-13). 
5. Find the equation of the plane which contains the point (—2, 1, 5) and 

is normal to the vector (3ii + 4Ì2 + 613). 
6. Find the equation of the plane which contains the point (3, —2, 1) and 

is normal to the vector (—2ii -f 3Ì2 -f 4Î3). 
7. Find the equation of the plane which contains the point (1, 1, 8) and 

is normal to the line 

r = 2ii + 3Î2 + 5i3 + /(3ii - 2i2 + 2i3) 

8. Find the position vector of the point in which the line joining A (2, 1, 7) 
and B (—3, 2, 1) cuts the (y, z ) plane. 

9. Find the position vector of the point of intersection of AB and CD 
where A, B, C, D are the points whose position vectors are 8ii — 7Ì2 + 2is, 
18ii - 17Î2 - 3i3, 2ii + 5Î2 - 3i3, 4 i i + 6 i 2 - 8 i 3 . 

10. A rectangular box has three adjacent edges OA, OB, OC of lengths 
3 ,2 ,1 units respectively, the lines OA, OB, OC forming a right-handed system 
of axes. The corners of the box diagonally opposite to O, A, B, C are O', Ä, B\ 
C respectively. Taking ii, 12,13 as unit vectors along OA, OB, OC respectively, 
show that the equation of the plane A'B'C is 

r . (2ii + 3i2 + 6Ì3) = 12 
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Find (i) the perpendicular distance from O to this plane, and (ii) the 
position vector of the point where OO' cuts the plane AB'C. 

11. Find the perpendicular distance between the point A (4, 3, 3) and the 
line joining the points B (3, 5, 3) and C (3, 3, 6). 

12. O, A, B, C and O', A'f B', C are corresponding corners of opposite 
faces of a cube of side 2a; i.e. 00', ΑΑ', ΒΒ', CC are parallel edges of the 
cube. OA, OC, 00' form a right-handed system of axes, and H, K, are the 
mid-points of OA, O'C respectively. Find (1) the perpendicular distance from 
O' to the plane HKA', (2) the perpendicular distance between the plane HKA' 
and the plane parallel to it through B. 

13. Find the perpendicular distance of the plane through the points 
(1,2, -1) , (1,1,2), (2, 3,2) from the parallel plane through the point (4, -5,1). 

14. A (a), B (b), C (c) are three points on the surface of a sphere of unit 
radius, whose centre is at the origin. Show that 

(i) (a x b). (a x c) = b . c — (a . c)(a . b); 
(ii) (a x b) x (a x c) = {a. (b x c) }a. 
15. Define the product u x v of two vectors u, v and show that if u is of 

unit magnitude, then (u x v) x u is the component of v perpendicular to u. 
A, B are two fixed points, and w is a fixed vector perpendicular to AB. 

Describe in geometrical terms the loci defined by 
(i) IP .ΎΡ = 0, and (ii) IP X BP = w. 

16. The line joining A (a) to B (b) cuts the line joining P (p) to Q (q) at R. 
Show that the position vector r of R satisfies the relations 

a x r + r x b + b x a = 0 

and p x r + r x q + q x p = 0 
If R is the mid-point of both AB, PQ find a relationship between the position 

vectors of A, B, P, Q and show that APBQ is a parallelogram. 
17. A, B,C, D and A', B', C, D' are the corresponding corners of opposite 

faces of a cube of side 2a. (Thus AA', BB', CC, DD' are parallel edges and 
are perpendicular to the faces ABCD and A'B'C'D'.) The cube is so lettered 
that the unit vectors ii, 12,13 along AB, AD, AA', form a mutually perpendicular 
right-handed system. X, Y, Z are the mid-points of AD, D'D, BC. Express 
"ÄX, 35T, ~ÄZ, "ÄC in the form riii + ré% -f r3Ì3. 

Find the equation, referred to A as origin, of the plane XYC, and find 
the perpendicular distance of this plane from Z. 

18. (i) Show that the perpendicular distance from the origin, of the plane 
passing through the points (2, 0, -2) , (1, 4, -2) , ( - 1 , 2, 2), is 6/V93 units. 

(ii) Find the points A, B at which the straight line through the points 
(6, —3, —5) and ( — 3, 12, 10) intersects the planes through the origin, which 
are perpendicular to h and 13 respectively, and show that the distance between 
A and B is \/59 units. 

(iii) Find the point at which the line of (ii) intersects the plane of (i). 
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19. Prove that the shortest distance, p, between two lines r = a + f b and 

r = a' + tb', is given by 
n , [(a - a ) ,b ,b] 
p = ± — [ b x b ' l · 

The edges of a tetrahedron are all of length 21. Prove that the shortest 
distance between a pair of opposite edges is l\/2. 

20. Prove that if n, a are vectors parallel to the lines ON, OA, then 
(n x a) x n is parallel to the projection of OA on a plane perpendicular to 
ON. 

Two planes are inclined at an angle 0 and a straight line makes angles α, β 
with their normals. Show that if the projections of the line on the two planes 
are at right-angles then, 

1 — cos2 a — cos2 ß = ± cos a cos ß cos 0. 



CHAPTER VII 

§7.1. Parametric Equations 

If r is the position vector of a point P then r may be expressed 
in the form 

r = xh + yh + zh (1) 

where each of the components x, y, z must be known to determine 
uniquely the position of P. Suppose that each of JC, y, z is a one-
valued continuous function of a continuous real variable /, so 
that 

* = / i ( 0 , 
y=M0, 
z=/a(0; 

then / is the parameter of the point P. If T is the set of values 
which / can take so that teT, the relation (1) defines a set of 
points {P}. Since any particular point P of the set is determined 
by a particular element / of the set Γ, the set of points {P} is said 
to have one degree of freedom. Geometrically, such a set of points 
defines a line. 

Next suppose that each of x, y, z is a one-valued function of 
the two continuous real variables /, s, the set of values of t being 
T and the set of values of s being S, so that 

x = Fiif, s), 
y = F2(r, 5), 
z = F3(i, 5), 

where teT and seS. The position vector r is now determined 
uniquely only if the values of both the parameters t and s are 
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known; the point P is said to have two degrees of freedom. Geo­
metrically, the set of points {P} is said to define a surface. 

We have already in Chapter VI considered the case in which 
/i(0> fz(0> hi*) are all expressions of the first degree in t9 and 
the set of points P lies on a straight line. We have also considered 
the case where Fi(t, s), Fzit, s), Fz(t, s) are of the first degree in 
t, s, and the set of points P determines a plane surface. We shall 
now consider a few simple cases in which the functions /*(*)> 
Fjc(t, s) (k = 1, 2, 3) are not algebraic functions of the first 
degree. 

§7.2. Tangent to a Curve 
Suppose the equation of a curve is 

r = xh + yi2 + zh, (2) 
where A: = fi(t), y = fz(t), z = fz(t). Let P be a point on the curve 
with parameter t, and let P' be a point on the curve, near to P, 
with parameter / + St. Then 

r + Sr = (x + Sx)h + (y + Sy)i2 + (z + Sz)i3, (3) 
therefore ST = Sx h + δ>> i2 + 8z i3, 
hence 

For a given small increment St of t, there is a unique point P' on 
the curve; as St -> 0, P' -» P, and the line PP' tends to the tangent 
at P. From (4) it can be seen that the direction ratios of PP' are 
dx/dt : dy/dt : dz/dt9 i.e. the direction ratios of the tangent at P 
are dx/dt : </y/A : dz/dt. 

Any line through P perpendicular to the tangent at P is normal 
to the curve, thus there is an infinite number of such normals and 
these all lie in the plane through P normal to the vector 

dx . . dy . . dz . 
Λ , 1 + Λ , 2 + 7/'3· 
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§7.3. Tangent Plane to a Surface 

Suppose the equation of a surface is given by 

Γ = X l i + y Î2 + Z Ì3 (5) 

where x = Fi (t, s), y = F2 (t, s), z = Fz (t, s). Let P be a point 
on the surface whose position vector is r and parameters f, s; 
let P' be a neighbouring point on the surface whose position 
vector is r + ^r and whose parameters are t + St, s + Ss. Then 
with the usual notation 

hence 

H£ 
Sr 

os 

(6) Sx ii + Sy 12 + δζ is 

+ 
i.e. 

/3x . cty . .dz 
\ds ds ds 13) Ss. (8) 

Since δί, Ss, are independent small increments, the relation (7) 
defines a set of lines PP' all of which become tangents to the 
surface (5) as St -> 0, Ss -> 0. Let λ, /χ, v, be chosen so that 

and 

. dx By dz 

xdx dy vdz 
ds ds ds 

(9) 
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Then the vector n = Aii + μ\2 + vis is perpendicular to PP' for 
all points P' determined by (7) since 

+(4; 
= o, 

+'£+'ì)«· 

dx 
dt 
dx 
Js 

dy 
dt 
dy 
ds 

dz 
dt 
dz 
ds 

i.e. all the tangents through P to the surface (5) are normal to the 
vector n. Hence all the tangents at P to the surface (5) lie in the 
plane through P whose normal has direction ratios λ : μ : v. 
This plane is known as the tangent plane to the surface (5). 
The ratios λ : μ : v are equal to the ratios of the second order 
determinants of the matrix 

(10) 

Hence the tangent plane to the surface (5) at the point whose 
parameters are /, s is the plane through that point whose normal 
has direction ratios given by the ratios of the second order 
determinants of the matrix (10). 

Example 1. Find the equation of the tangent at the point t = π/3 
to the curve r = (log cos t)h + (log sin t)i2 + (t^/3)h. 

The given curve is 
r = (log cos f)ii + Gog sin 0*2 + (t\/3)'i3. 

Then the direction ratios of the tangent at the point P whose 
parameter is t are 

(— sin ti) : (cos h) : \ / 3 , 
cos ti sin ti 
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ιχ" ( - tan h) : — L : ̂ 3 . 
tan h v 

Hence the direction ratios of the tangent at the point A whose 
parameter is π/3 are 

( - V3) : f 3 : y/X 
i.e. ( - 3) : 1 : 3, 

therefore the equation of the tangent at A is 

r = (log l/2)h + (log V3/2)i2 

+ (7rV3/3)i3 + ( - 3ii + Î2 + 3i3> 
where s is a parameter, 

i.e. r = / - 3* + log I k + is + log ^ ? k + (3* + ^ W 

Example 2· Find the equation of the plane which touches the 
surface τ = (t + 2.y)ii + (t — 2s)\2 + 4tsh at the point where it is 
cut by the line r = (5 - 0)h + (1 - 0)i2 + (12 - 0)i3 where 
t, s, Θ are parameters. 

Suppose the line 

r = (5 - 0)h + (1 - 0)i2 + (12 - 0)i3 (i) 

cuts the surface 

r = (/ + 2s)h + (t- 2s)h + 4tsh (ii) 

at the point Pi whose parameters are t, s, 0i. 

Then 5 — 0i = t\ + 2si (iii) 

1 — 0i = h — 2s\ (iv) 

12 - 0i = 4/isi (v) 
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From (iii) and (iv), si = I, 3 — t\ = θχ 

and from (v) 12 - θλ = 4(3 - 00(1) 

0i = O 

and h = 3. 

Hence (i) and (ii) intersect at the point Pi (5, 1, 12). 
From (ii) we see that the direction ratios of the normal to the 

surface at the point P are λ : μ : v where 

(1)λ + (1)μ + (4s)v = 0, 

(2)λ + ( - 2)μ + (At)v = 0. 

Hence the direction ratios of the normal to the surface at Pi are 
given by 

i.e. 

therefore 

i.e. 

f \ + μ + 4ν==0 
\ 2X - 2μ + \2v = 0 
r A + μ + Av = 0 
\ λ - / χ + 6ν = 0 

λ μ ν 
Ϊ0"~ ^ 2 ~ ^ 2 

λ μ ν 
5 = ^ Τ ~ ^ Τ 

therefore the equation of the tangent plane at Pi is 

r . (51, - Ì2 - i3) = (5ii + Ì2 + 121») . (5ii - I» - is) 
i.e. r . (5ii - Ì2 - is) = 12. 

§7.4. Some Special Cases 

(a) Consider the curve whose equation is 

r = aflii + 2ati2. (I) 
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Since there is no component in the direction of 13, the vector r 
must lie in the plane of h and i2. Hence the curve (I) must be a 
plane curve lying in the (x, y) plane. Also, since it has parametric 
coordinates x = at2, y = lat, we see that the curve is a parabola 
with OX as axis, O as vertex, and O Y as the tangent at the 
vertex. 

(b) Similarly the curve 

T = (a cos 0)ii + (b sin 0)i2 (II) 

can be seen to be an ellipse in the (x, y) plane having its major 
axis of length 2a along the axis OX, its minor axis of length lb 
along O Y, and its centre at O. 

(c) The surface 

r = {a cos 0)ii + (b sin 0)i2 + c<£i3 (HI) 

can be seen to be a cylinder with its axis along OZ, any cross-
section parallel to the (x, y) plane being an ellipse with its centre 
on OZ, and axes of lengths la and lb parallel to OX and O Y 
respectively. 

(d) The equation 

r = (a cos 0)h + (b sin 0)i2 + c0i3 (IV) 

represents a curve since it has only one degree of freedom. 
Moreover, the set of points which define this curve is the sub-set 
of the points which define the surface (III) for which Θ = φ. 
Hence the curve (IV) is a curve described on the surface of the 
cylinder (III). 

(e) If in equation (III) above we put a = b, the surface becomes 
the circular cylinder whose equation is 

r = (a cos 0)ii + (a sin 0)i2 + c</>i3. (V) 
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(f) If, in equation (IV) above, a = b, the equation of the curve 
becomes 

r = (a cos 0)h + (a sin 0)i2 + c9i3 (VI) 

which represents a curve described on the surface of a circular 
cylinder of radius a. 

From equation (VI) we see that the direction ratios of the 
tangent at the point P whose parameter is Θ are 

(— a sin θ) : (a cos Θ) : c. 

therefore the direction cosines of the tangent at P are 

a sin Θ a cos Θ c 

~ via2 + c*y v(a2 + c*y via2 + c2)· 
From this result it can be seen that the tangent at P is inclined 
to the z-axis at a constant angle cos-1 c/Via2 + c2). Any curve 
with the property that the tangent makes a constant angle with 
a fixed direction is a helix. Thus the curve represented by equation 
(VI) is a helix ; since this curve is described on the surface of a 
circular cylinder it is known as a circular helix. 

Examples VII 

1. Show that the tangent at any point of the helix 

r = (a cos 0)ii + (a sin 0)i2 + αθΐ3 

makes an angle π/4 with OZ. Find the equation of the circular helix which 
makes a constant angle π/3 with OX. 

2. Show that the parabolas 
r = 4/2ii H- 2/Î2 

and 
r = (4 + 52)ii + 2Î2 + 2si3 

intersect. Find their point of intersection, and the angle between their tangents 
at this point. 
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3. Find the points of intersection of the circle 
r = (4 cos 0)ii + (4 sin 0)i2 

and the parabola 
r - 2/ii + (/2 - 4)i3. 

4. Show that the curve 

r = (a cosh t cos /)ii -f (a cosh / sin /)i2 + tf/13 
touches the helix 

r = (a cos 0)h + (a sin 0)i2 + aOiz. 
Find the position vector of the point of contact, and the equation of their 
common tangent. 

5. Show that the curve 

r = (ait2 + bit + ci)h + (a2/2 + b2t + c2)Ì2 + (α3/2 + fot + c3)Ì3 

is a plane curve and find the equation of the plane in which it lies. 
6. Show that a circular helix cuts off equal intercepts on any generator of 

the cylinder on which it is described. 
7. Show that the helices 

r = (a cos 0)ii -f (a sin 0)i2 + a6h 
and 

r = (a cos ^)h + (a sin φ)Ϊ2 + 2αφΪ3 
have an infinite number of points of intersection. Show also that all these 
points of intersection lie on the same line parallel to OZ. If Pi, P% . . . are 
successive points of intersection, show that the distances PiPi, P2Pz . . . 
are equal; find this common distance. 

8. If A is the point t = π/4 on the curve 

r = (log cos r)ii + (log sin 0*2 + (/\/2)Î3, 
and if OB is the perpendicular from the origin to the tangent at A, find the 
coordinates of B. 

9. Show that the curve 
r = atHi + a (J^j t2h + ath 

cuts the surface 
r = (a cos 0 cos ^)ii + (a cos 0 sin φ)Ϊ2 + (a sin 0)Ì3 

at points whose parameter / satisfies the equation 
2f« + 3/4 + 2 / 2 - 2 = 0. 
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Show that one solution of this equation is / = l / \ /2, and find the correspond­
ing values of 0, φ. If A is the point for which / = 1/Λ/2, find the angle between 
the curve and the surface at A. 

(N.B. The angle between a curve and a surface at a point of intersection is 
the angle between the tangent to the curve and the tangent plane to the surface.) 



APPENDIX 
§A1. 

It will be assumed that the student is familiar with the concepts 
of (i) natural numbers, (ii) integers, (iii) rational numbers, and 
(iv) real numbers. It will also be assumed that he is familiar with 
the idea of defining an element of each new set of numbers as an 
ordered pair of elements of the previously defined set of numbers. 
Each set of numbers has its own set of rules and operations to 
enable it to be used for the purpose for which it was invented; we 
then say that we have invented a mathematical system. In the 
course of our daily life we use many such systems. In this book we 
discuss mathematical systems using numbers other than those 
enumerated in (i) to (iv) above, to serve purposes for which those 
numbers have proved inadequate. 
§A2. Vectors 

An obvious step forward in extending our number system is to 
consider the significance of an ordered pair of real numbers. We 
have been able to represent natural numbers, integers, rational 
numbers, and real numbers by segments of an arbitrarily chosen 
straight line; or, if an origin O is chosen on a line λ, any such 
number can be defined by a unique point P on λ where the length 
of OP represents the number (see Fig. A(i)). When we consider an 

κ 1 λ 
o p 

Fig. A(i) 

ordered pair of real numbers it becomes somewhat complicated to 
continue the idea of representation on a single straight line, and as 
graphical representation is intended to simplify rather than compli­
cate a concept, we seek a simple form of graphical representation. 

105 
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This we find by taking an arbitrary plane 77. Suppose OX, OY is a 
pair of intersecting straight lines in 77 and suppose (a, b) is an 
ordered pair of real numbers. Then there is a unique point A on 
OX such that OA represents a; similarly, there is a unique point 
5 on OY such that OB represents b. If we now complete the 
parallelogram OAQB we define a unique point Q. We can 
therefore regard the line OQ as representing the ordered pair of 
real numbers (a, b) (see Fig. A(ii)). 

Fig. A(ii) 

Similarly, suppose that Ω is an arbitrarily chosen space and 
0'X\ ΟΎ', Ο'Ζ' are three non-coplanar intersecting lines in Ω. 
Suppose points A\ B', C are taken on O'X\ Ο'Υ', Ο'Ζ' respect­

if 

Fig. A(iii) 
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ively to represent the real numbers a', b', c'\ then there is a unique 
point Q' such that O'Q' is the diagonal of the parallelepiped 
having 0'A\ 0'B\ O'C as conterminous edges. O'Q' may be 
taken to represent the ordered triad (α', b\ c') (see Fig. A(iii)). 

From the foregoing we see that the ordered pair of real numbers 
(a, b) is represented by a line which needs not only a length to 
define it but also a direction in the chosen plane 77. Similarly, the 
ordered triad (α', b\ c') is represented by a line having a specified 
length and a specified direction referred to the chosen axes 
Ο'Χ', ΟΎ\ Ο'Ζ' in the space Ω. 

We can proceed to consider ordered sets of 4, 5, . . ., n real 
numbers, where n is a natural number. These ordered sets can no 
longer be represented graphically by lines in the three-dimensional 
world of our experience, though mathematically they have as real 
an existence as ordered pairs or triads of real numbers. Their use, 
however, will not be investigated in this book, which is restricted to 
a discussion of quantities encountered in the study of natural 
philosophy. Any number which is defined as an ordered set of real 
numbers is known as a vector. 

§A3. Notation 
In §A2 we have written a vector only in terms of the set of real 

numbers which define it. As this is somewhat tedious, we shall 
represent a vector by a single letter in heavy type, while natural 
numbers, real numbers, integers, and rational numbers will be 
represented by lower-case letters in italic type. Thus if (#, b) is the 
ordered pair of real numbers in §A2 we can use the letter r to 
denote the length of the line OP and r to denote the vector (a, b). 
Sometimes it may be convenient, when referring to the diagram, 
to refer to the line OP. When we are considering only the 
geometrical configuration we shall write OP; when we are con­
sidering the vector significance of the line we shall write OP. The 
order of the letters indicates the direction of the vector; thus OP 
indicates the direction from O to P. Hence the vector (a, b) can be 
written (a, b) = r = OP. Also we have r = OP. 
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Similarly, if q is the length of OQ in Fig. A(iii), we may write 
(a, b, c) = q = ÖQ and q = OQ. 

A further simplification in notation consists of omitting the 
brackets in writing an ordered «-tuple and instead use symbols 
such as e\, e2i etc., to indicate the position in the ordered «-tuple 
of each of its real number elements. Thus, for example, we could 
write 

(a, b) = aex + be2 
and (a, b, c) = ae\ + be2 + ce^ 
and in general (ah a2, . . ., a„) = axex + a2e2 + . . . a„en9 
where « is a natural number, and the symbols e\, e2, etc., have no 
numerical significance, serving only to indicate the position in the 
original «-tuple of their respective coefficients. Using this notation 
the terms may be written in any order which suits our convenience, 
without confusion as to the correct position in the original ordered 
«-tuple. Thus if u is the ordered quadruple (5, 2, 3, 7) the vector 
may be expressed 

u = (5, 2, 3, 7) 
or u = 5#! + 2e2 + 3é>3 + 7e4 

or u = 2e2 + 7e4 + 5e\ + 3e3 

or u = 7̂ 4 + 3̂ 3 + 2e2 + 5e\ 
or . . ., etc. 

As in elementary algebra it is customary to omit the number 1 
when it is a coefficient; thus the ordered quintuple (2, 1, 3, 4, 8) 
would be written 2e\ + e2 + 3e3 + ^e^ + 8^5. 

When we consider the set of all ordered «-tuples, using the 
notation outlined above, the set of symbols {^, e2, . . ., en} is 
known as the basis of the set. Suppose {ij, i2, . . ., i„} is the set of 
vectors 

Ì! = ( 1 , 0 , . . .,0) = ex 

i2 = (0, 1, . . .,0) = e2 

\n = (0,0, . . ., 1) = en. 
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Then we see that the basis e\, β2,. · ., forms a set of vectors of unit 
magnitude, or, as it is usually expressed, a set of unit vectors. We 
Shall, therefore, in future use the appropriate set of unit vectors as 
the basis for expressing any given vector. The vector u above, for 
example, would now be written 
u = (5, 2, 3, 7) - 5Î! + 2i2 + 3i3 + 7i4. 
The terms 5ii, 2i2, etc., are known as the components of the vector. 
§A4. Examples of Vector Notation 

Any physical quantity which is completely defined by a magni­
tude and a direction can be represented by a straight line, and this 
in turn is the graphical representation of an ordered pair of real 
numbers, or an ordered triad of real numbers, according as our 
study is confined to quantities in one plane or refers to quantities 
in a three-dimensional space, i.e. a physical quantity which can be 
completely defined by a given magnitude and a given direction is a 
vector quantity; it can be represented graphically by a straight line 
and algebraically by an ordered pair or triad of real numbers. 

Example 1. Suppose r is the displacement of a body which 
moves a distance of 5 km on a plane surface in a direction N Θ Ei 
where Θ = sin-1 4/5. Let AB be drawn tp represent r and let 
AX, AY be lines in easterly and northerly directions respectively. 
Let C and D be points on AX, A Y, respectively, such that ACBD 
is a rectangle; then AC represents 4 km, AD represents 3 km, and 
LDAB = LABC = Θ (see Fig. A(iv)). 

Fig. A(iv) 
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The displacement r can thus be represented graphically by the line 
AB and algebraically by the ordered pair of real numbers (4, 3), 
or, if ii, i2 are unit vectors in the directions AX, A Y respectively, 
we may write 

r = 4i] + 3i2. 

Referring to §A2 we see that it is not essential that perpendicular 
directions for AX, AY be chosen, though it is usually more 
convenient that they should be so chosen, as in this example where 
the given direction referred to two perpendicular lines. 

Example 2. Suppose a force F of magnitude 13iV acts in the 
direction of the diagonal OC of the rectangular parallelepiped 
OPQRABCD (see Fig. A(v)) in which the conterminous edges 
OA, OP, OR are respectively of lengths 3, 4, 12 units. Then the 
diagonal OC is of length 13 units and represents graphically the 
force F. Using the axes OA, OP, OR the force can be represented 
by the ordered triad (3, 4, 12) or 3ii + 4i2 + 12i3. Referred to the 
origin O, the line OA represents the ordered triad (3, 0, 0), or the 
vector 3ii- Similarly, the line OP represents the ordered triad 
(0, 4, 0) or the vector 4i2, and the line OR represents the ordered 
triad (0, 0, 12) or the vector 12i3, while the line OC represents the 
ordered triad (3, 4, 12) or the vector 3ΐχ + 4i2 + 12i3. Considered 
geometrically, the displacement from O to C can be effected by a 
displacement from O to A together with a displacement from 
A to B together with a displacement from B to C. Thus it will be 

R 

oj 
/ 
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/ ' 
B Fig. A(v) 
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convenient to regard AB which is equal and parallel to OP as 
also representing the vector 4i2 while BC, which is equal and 
parallel to OR, will be regarded as representing the vector 12i3. 
In general, any line equal and parallel to OA will be regarded as 
equivalent to the vector 3il5 any line equal and parallel to OP 
will be regarded as equivalent to the vector 4i2; any line equal and 
parallel to OR will be regarded as equivalent to the vector 12i3. 
Similarly, any line equal and parallel to OC will be regarded as 
equivalent to the vector 3ii + 4i2 + 12i3; suppose, for example, 
the line BC is produced to E where BC --= CE, then the line RE will 
represent the vector 3ΐχ + 4i2 + 12i3. When we are considering 
sets of equal and parallel lines as equivalent vectors we use the 
vector notation OÂ = FB = QC = RD; OP = RB - DC = RQ 
OR = ÄD = BC = PQ; OC = RË. As in example 1, it is not 
essential to use mutually perpendicular axes, but it is usually 
more convenient to do so. 

§A5. Historical Note 
Like other mathematical systems, vector analysis has evolved 

gradually over a considerable period of time. The mathematical 
systems involving first natural numbers, then successively rational 
numbers, integers, and real numbers, were developed as the 
existing systems were found to be inadequate for practical pur­
poses. The first mathematician known to use ordered pairs of 
numbers was Cardin in the sixteenth century, though no very 
satisfactory notation was invented until the nineteenth century. 
These pairs of real numbers were first used in the solution of 
quadratic equations. It was found that although two real num­
bers could be found to satisfy the equation 

χ2 - 6x + 8 = 0, (1) 
no such numbers could be found to satisfy the apparently similar 
equation 

χ2 _ 6x + 13 - 0. (2) 
It was found, however, that if x were allowed to be something 
other than a real number, then the ordered pairs of real numbers, 
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(3, 2) and (3, —2), could provide a solution to equation (2) given 
suitable laws of composition of these new numbers. These num­
bers were later given the name "complex numbers" the first 
number of the pair being known as the "real part" of the number 
and the second number being known as the "imaginary part" of 
the number. Complex numbers were found so useful in elemen­
tary algebra and trigonometry that their study was included in 
the study of number theory and the notation was devised of using 
the symbol / to denote the "imaginary part" of the number; thus 
the solutions of equation (2) are usually written 3 + 2/ and 
3 - 2/. 

At the same time that number theory and pure mathematical 
analysis were developing in the nineteenth century, the study of 
natural philosophy was attracting the attention of mathematicians 
in both Europe and the United States. Several very similar 
theories were developed for dealing with quantities which re­
quired both magnitude and direction to define them. The terms 
"vector" and "scalar" were introduced, a vector quantity being 
one which is only completely defined when both its magnitude 
and its direction are known, while a scalar quantity is com­
pletely defined by a magnitude only. As the study of natural 
philosophy is concerned with the quantities encountered in the 
world about us, such as force, momentum, acceleration, etc., the 
mathematical system developed, known as vector analysis, con­
cerned vectors which could be represented by straight lines, 
either in a given plane (see §A4, example 1) or in three-dimensional 
space (see §A4, example 2). The notation adopted in the United 
Kingdom used as basis the perpendicular unit vectors i, j , if 
considering a set of coplanar vectors, or the mutually perpen­
dicular unit vectors i, j , k if considering a set of vectors in three-
dimensional space. It was not until this century that the concepts 
of complex numbers, vectors, and ordered «-tuples of real 
numbers were unified in the general concept of a vector space. 
The notation i, j , k for a basis is not capable of generalization 



APPENDIX 113 

conveniently, so although physicists and engineers still use the 
i, j , k notation we shall use the suffix notation as already outlined 
in order that the non-specialist will more readily see vector 
analysis as part of his general studies in mathematics. The suffix 
notation was found necessary as soon as theories of «-dimensional 
spaces were discussed and was developed largely in the study of 
tensor calculus. 

§A6. Operations 
As each new set of numbers has been invented, appropriate 

operations have been defined in order that the new set of numbers 
might serve the purpose for which it was invented. This book is 
concerned with operations on two- and three-dimensional vectors 
in order to use them in the contexts of geometry and the physical 
world of force, momentum, etc. Here, however, it is worth noting 
a few features common to all vector calculations: 

(i) Any ordered «-tuple of real numbers can be multiplied by a 
real number by multiplying each element of the «-tuple by the 
real number: 
Thus 2(4i! + 3i2) = 8Î! + 6i2. 

(ii) Two or more vectors may only be added if they are of the 
same dimension—i.e. they must all be triads of real numbers, or 
all quadruples, etc. This does not preclude some of the « com­
ponents of an «-tuple from being zero. 

(iii) Two or more vectors are added by adding their corres­
ponding components. Thus if {a, b, . . . k} is the set of ordered 
«-tuples of real numbers, 

a = αχίι + a2i2 + . . . + a„i„ 
b = oiii + b2\2 + . . . + b„\„ 

k = Ατχΐι + k2\2 + . . . + knin 
Then a + b + . . . + k = (f l i+ *! + . . . + *i)ii + (a2 + b2 + 
. . . + k2)\2 + . . . + (an + bn + . . . + km)im. 

fiv) Subtraction is the inverse of addition and may be per­
formed by multiplying the vector to be subtracted by (—1) and 
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then carrying out the operation of addition. Thus if a, b, are 
defined as in fiii) above, 

a - b - a + ( - l ) b 
= (*iii + *2«2 + . . · ) + ((-*i)ii + i-b2)h + · . ·) 
= («i — bi)ii + (a2 — b2)i2 . . . + («„ — bn)\n. 



ANSWERS 
Examples la Page 9 

6. Radius of locus of Q = 4 (Radius of locus of P). 
7. B moves on the arc XY remote from A. 

Examples lb Page 20 
1. PQ = - 5 i i - 8i2 + 5i3; dir. rat. 5 : 8 : - 5 ; magnitude \ Λ 1 4 . 
2. AB = 8h 4- 3Î2 + 5i3; dir. rat. 8 :_3_: 5; magnitudejV2· 
3. AC = a + 3b; DB = - a + 3b; BC = 2a + 2b; CA = - a - 3b. 
4. D . . . a - 2b + 2c; E . . . 2a - 3b + 2c; F... 2a - 2b + c. 

14. Dir. rat. 3 : 10 : 3; OC = h / H 8 . 
18. Resultant = δ ^ + Π ^ + Ι ^ Ν ; dir. rat. 8 : 13 : 14; 

magnitude 20-7 N. 
19. Resultant = 36-38N; dir. rat. 5 : 9 : 15. 
20. 7-42 N ; dir. rat. 5 : 6 : 7 . 
21. 7-18 N ; dir. rat. 3 ( V 2 + \ / 3 ) : 3 ( ^ 2 + 2 ^ 3 ) : Oy/2- V3). 

Examples Ila Page 38 
1. + 3 . 2. + 2 . 3. - 3 . 4. - 1 7 . 
5. 19h - 8Î2 - 10Ì3. 6. 19ii + l l i 2 - i3. 
7. - 2 8 i i + 20Î2 + 4Î3. 8. - 5 h + 23i2 + 3ia-
9. —20 J. 10. (-27i1+24i2—3i3) newton-metre units. 

11. (i) - 2 3 ; (ii) i i - 6 Ì 2 - 3 2 Ì 3 . 
12. (i) - 1 4 ; (ii) - 4 5 i i + 12i2 - i3. 
13. 2 6 / y 11 J. 
14. (40ix—22i2—2i3) newton-metre units. 
15. A = cos-123/(V41)(\/19); B = cos-118/(V14)(v/41); 

C = cos" 1(-4/ (Vl4)( \ /19) . 
16. 7-33 cm. 

Examples Db Page 43 
1. ( i )91; (ii) 132; (iü) - 1 6 0 ; (iv) - 2 5 ; (v) 103. 
2. (i) - 9 4 i i - 72i2 + 62i3; (ii) - 8 6 i i - 27i2 - 34i8; 

(iii) 56h + 32Ì2 + 96i3; (iv) 27h + 206i2 + 134i3; 
( v ) 4 5 h - 113Ì2- 57Ì3. 

3. (i) 113; - 6 i i - 15i2 + 12i3 (ii) 44; - 4 2 i i - 72i2 + 54i3 
(iii) - 5 1 ; - 5 9 i i + 23i2 - 26i3 (iv) 86; — 12ii - h + 813 
(v) - 9 2 ; -731i i + 558Ì2 - 331Î3. 

Examples m Page 52 
1. (i) (2 cos Oh - (3 sin t)h + (2 cos 2/)i3; 

(ii) (12f»)li+(15/«)Ì! + 4ia; 

115 
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(iii) (2*2ί)ίι + (3e3t)Ì2 + (4*4i)i3; 
(iv) (6/)ίι + (3/2 - 8/ + 3)Ì2 4- (4cos4/)i3; 
(v) {tIVU2 + l)}ii + (1//)Ì2 + (12/3)Ì3. 

2. (i) (2 + 3 / % + (6/ + l)i2 + (12/%; 
(ii) 4 - 18/ + 60/2; 

(iii) (9/2 - 4)ii 4- (18/% + (2 + 9/2)i3; 
(iv) -(15/4 + 2 0 / % + (30/5 + 8/3)i2 4- ( -15/ 4 4- 4/)Ì3; 
(v) ( - 3 4- 3/2 4- 8/3 - 30/5); 
(vi) (16/ - 64/3 - 90/4 - 90/5); 
(vii) ( -12/ - 32/3 + 45/4 - 120/5)ii + ( - 8 / - 80/3 - 30/*)i2 

+ ( -27 / 2 -44 / 3 +60 / 5 ) i 3 ; 
(viii) 8/ + 36/3 4- 150/5; 
(ix) 9/2 4- 8/3 - 30/5; 
(x) 2/ + 12/». 

In the following solutions k is a constant vector and c a constant scalar. 

4. (i) y h + ^Ì2 + /Ì3 + k; 
(ii) (-cos/)ii + (sin/)i2 4- y is 4- k; 

(üi) *<a + k; (iv) ■£ 4- i* + c; 
6. (i) (/e«)a. b + c; 

(ii) (-isin2/)a x b + k. 
8. (9/2)h + (l//)i2 - (l//2)ia. 
9. (i) 3(/2 - l)h + 4/3i2 4- 3(/2 4- l)i3; (ii) -2t. 

Examples IVa Page 59 
1. (i) (cos/)ii — (sin/)Î2 4-13; — (sin/)ii — (cos/)Ì2; 

(ii) 3/2h + 2/ i2+3i3 ; 6/ii 4-212; 

(iii) (]) ii - 2<?2«Ì2 + 2/i3; - ( 1 ) h - 4*2'i2 4- 2i3; 

(iv) 2ae2t; 4ae2«; 
(v) 2a cos 2/ — 2b sin 2/; —4a sin 2/ — 4b cos 2/. 

2. Velocity = αωβ^ι 4- acoe^; 
Acceleration = 2aœ2e9Î2. 

3. Velocity = {J(r2co sin 0)h 4- τω12; > 
Acceleration = Jr2ct>2(2 - cos 0)-reo2}h 4- fr2û,2(sin 0)1ι 

4. (i) r = A(1 - cos /)ii 4- (a sin /)i2 4- biz; 
î = (a sin /)h 4- (0 cos /)Î2; 

(ii) t = (-a sin /)ii 4- (acos /)Ì2 — (2a sin 2/)i3; 
f = (—a cos /)ii — (a sin /)i2 — (4e cos 2/)i3. 
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r = akh 4- ak*th; 
r = -ak*th 4- 2ak*\%. 

r\ ' - _<***- 1), o(/2 7 1) 
U ) Γ ~~ (/2 + l)2 / ( ' 2 4- 1 )* ' 

r = a f
 (2/(/2 - 3) _ ( / 2 - l ) 2 i . 2α ί 1 _ _ (/» - 1W 
I (/2 4- l)3 /3(/2 4- 1)1u "*" /2 I (/2 4- 1) (/2 4- l)2/ * 

HI (Γ-16)'! »-'(IP-
(üi) r = e ' h 4- (e' - l)h; 

r = _(e« - e' 4- * " % + (e* + l)h. 
(iv) r = (2 sin 2/)h 4- 2(4 - cos 2/)l2; 

r = -8(2 - cos 2/)h 4- (8 sin 2/)l2. 
_ ... · sin 0 . . 2 — cos 0 . 
7. (ì) r = ^ - li H ^ h; 

;' (2-COS0)* 
Γ = ÎÔ8 h 

(n) r = U sin 0J li + I ^ j h ; 

r - - A (3 + 2 cos θ)^ h. 

8. (i) r = 6/b; r = 6b; 
(ii)r = 4b; r = 0; 
(iii) r = (cos /)b; r = (— sin /)b; 

(iv)r = (l + i ) b ; ' r = - | 2 b . 

Examples IVb Page 64 
1. Velocity = (5/ 4- 16)h 4- (£/ 4- 16)i2 4- (3/ 4- 28)i3. 

Position vector w.r.t. point of projection, 
(*/* 4- 16/)ii 4- (ir2 4- 16/)i2 + (V2 + 28r)b. 

2. Velocity = (10 - 2 cos /)h 4- (12 - 64/)i2 + 24i3. 
Position vector w.r.t. point of projection, 

(10/ - 2 sin Oh 4- (12/ - 3 2 / % 4- 24/i8. 
3. Velocity = (*/2 4- 16)ii 4- (49 - cos /)i2 4- (72 - 32/)i8. 

Position vector w.r.t. point of projection, 
( i / 8 4- 16/)iijf (49/ - sin/)iî 4- (72/ - 16/2)i3. 

4. Velocity = 35i2 + (84 - 9-8/)i3. 
Position vector = 35/i2 + (84/ - 4·9/2) i3 
17 1/7 s, 600 m. 
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5. (i) 5 s.; ( ü ) 2 4 V 3 m; (iii) 30-625 m. 

6. 300,000 m. 
— /»n ^g\ -i- ^ a w n e r e n> a a r e u n*1 v e c t o r s i n t n e plane 

10. r — ^80 - -y jn + ^73 ' 0 f motion, n being vertical and a horizontal. 

Examples V Page 77 

1. Ellipse; eccentricity \\/2\. 

2. Eccentricity = —^; Periodic time = 2πα\/(αΙμ). 

3. Orbit; 2//>2 = 2 - log r. 

11. Velocity = i(n2a2 - w2) sin2 nt + u2 j * ; periodic time = 2π//ι. 

Examples VI Page 91 
1. (i) r = 2ii + 3Ì2 + 5i3 - t(h + 3i2 - 2i3); 

(ii) r = ii -f 5Î2 + 2ia - /(4ii + 3i2 - 2i3); 
(iii) r = 4ii + 2i2 + 5Ì3 — /(5ii + 12 + 7i3); 
(iv) r = - 5 i x + i2 + 2i3 + /(9ii - 4i2 - i3); 
(v) r = 2ii + 5i2 - Ì3 - /(9ìi + 4i2 - 4i3). 

2. (i) r = h - i2 + 3Ì3 + /(2ii - i2 + 2i3); 
(ii) r = - 2 i i + Ì2 + 5i3 + /(2ii + 3i2 + 4i3); 

(iii) r = - i i - 2i2 + is + tOh + 4Î2 + 6i3); 
(iv) r = 2ii - 3i2 + 4Ì3 + /(ii + 3i2 - 2i3); 
(v) r = 2ii - 3i2 + 4ia + f(5ii — 2i2 + 3i3); 

(vi) r = - i i - 2i2 + 4i3 + t(ì0h + 13i2 - 2i3). 
3. (i) r = ii + Ì2 - | i 3 + s(3ii - 4i2 - £13) + /(ii - 4i2 - £13); 

(ii) r = 2ii + 12 + 2i3 + 5 ( -4 i i - 2Î2 + 13) + /(5ii + 12 - 5i3); 
(iii) r = 3ii + Ì2 - 4Ì3 + 5 ( - h - 2i2 + 6i3) + t(-6h + h + 5i3); 
(iv) r = - 2 i i - 3i2 + 5Ì3 + 5(1 Iii + 4i2 - i3) + /(9ii - 3i3). 

4. r . (2ii + 2Ì2 + i3) = 4. 
5. r . (3ii + 4i2 + 613) = 28. 
6. r . (—2ii + 3i2 + 4i3) = - 8 . 
7. r . (3 i i - 2 Ì 2 + 2 i 3 )= 17. 
8. (7/5)Ì2 + (23/5)Ì3. 
9. - 2 i i + 3i2 + 7i3. 

10. (i) 12/7 units; (ii) 2i t + Jia + $i8. 
11. 7/V13. 
12. (i) 4a /V21; (ii) 10a/V21. 
13. 37/V46. _ 
17. AX = a\2\ AY=2aÌ2 + 0Ì3; AZ = 2ah -f 012; AC = 2ah -f 2aÌ2. 

Piane XYC : r = 0X2 4- s(aÌ2 + oi3) 4- t(2aii -f 012). 
Distance: 2α/3. 

18. (iii) (9, - 8 , - 1 0 ) . 
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Examples VII Page 101 
1. r = -T= oil + (a cos 0)i2 + (a sin 0)i3. 

Λ/3 
2. (4,2,0); π/2. 
3. (± 4, 0, 0). 
4. r = ah; 

r = ah -f SÌ2 + s'i3. 
5. r . {(0263 — 0362)11 + («361 — 0163)12 + (0162 — 0261)13} = 0. 
7. 4πα. 
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Acceleration 55 

radial and transverse 55, 57 
Addition of vectors 3, 5, 6 
Area, vector 39, 67, 68, 87 

Central forces 66ff 
Centre of force 66 
Centroid 18 
Circle 102 (ex) 
Collinear points 20, 87 
Complex numbers 112, 
Components of a vector 10, 12 
Concurrent lines 21 (ex) 
Coplanar points 42 
Cross product 27 
Cylindrical surface 100 

Ellipse 100 
Elliptic orbit 70, 74 
Energy 1 
Equation of straight line 18, 81 
Equation of plane 83, 84, 85 
Equivalent vectors 2 

Helix 101 
Hyperbolic orbit 70 

Integration of a vector 51 
Inverse square law 68, 73 

Modulus of a vector 1, 14 
Moment of a force 28, 37 
Momentum 

linear 60 
angular 60, 66 

Newton's Laws of Motion 60 

Parabola 100 
Parabolic orbit 70 
Plane of two vectors 2 
Product of vector and scalar 4 
Product of two vectors 

scalar 26 
vector 27 

Product of three vectors 
scalar 40 
vector 42 

Projectiles 63 

Right-hand screw rule 11 

Scalar 1 
Subtraction of vectors 4 

Vector 
basis 108 
definition 1, 106, 107 
free 2 
line 2 
position 2 
system of unit vectors 11, 12, 108 

Velocity 54 
radial and transverse 55, 56 

Volume of parallelepiped 41 

Work 26, 37 

Differentiation of vectors 45ff 
Direction cosines and direction ratios 

15,16 
Distance between two points 19 
Distance of a point from 

a plane 86, 88 
a line 92(ex) 

Dot product 26 


