Other titles of interest:

CHIRGWIN & PLUMPTON:
A Course of Mathematics for Engineers and Scientists (6 volumes)

FLETCHER & HOWELL:
Mathematics with Understanding (2 volumes)

GOODSTEIN:
Fundamental Concepts of Mathematics, 2nd edition

PLUMPTON & TOMKYS:
Sixth Form Pure Mathematics (2 volumes)

PLUMPTON & TOMKYS:
Theoretical Mechanics for Sixth Forms (2 volumes)



ELEMENTARY
VECTORS

by

E.E. WOLSTENHOLME, M.A. Cantab.

Formerly Principal Lecturer and
Head of the Mathematics Department,
Sheffield City College of Education

THIRD EDITION (S.I. UNITS)

PERGAMON PRESS
OXFORD - NEW YORK - TORONTO - SYDNEY * PARIS - FRANKFURT



UK.

U.sA.
CANADA
AUSTRALIA
FRANCE

FEDERAL REPUBLIC
OF GERMANY

Pergamon Press Ltd.. Headington Hill Hall.
Oxford OX3 O0BW, England

Pergamon Press Inc., Maxwell House, Fairview Park,
Elmsford, New York 10523, U.S.A.

Pergamon of Canada Ltd.. 75 The East Mall,
Toronto, Ontario, Canada

Pergamon Press (Aust.) Pty. Ltd., 19a Boundary
Street, Rushcutters Bay, N.S.W. 2011, Australia
Pergamon Press SARL, 24 rue des Ecoles,

75240 Paris, Cedex 05, France

Pergamon Press GmbH. 6242 Kronberg-Taunus,
Pferdstrasse 1. Federal Republic of Germany

Copyright ©1978 Pergamon Press Ltd.

All Rights Reserved. No part of this publication may be reproduced. stored in a
retrieval svstem or transmitted in any form or hy any means: electronic,
electrostatic. magnetic tape, mechanical, photocopying. recording or otherwise.
without permission in writing from the publishers

First edition 1964

Revised and reprinted with corrections 1967

Second edition 1971

Third edition 1978 (S.I. Units)

British Library Cataloguing in Publication Data

Wolstenholme, Eunice (Enone
Elementary vectors. - 3rd ed. - (Pergamon

international library).
1. Vector analysis
1. Title II1. Series
515°.63 QA433

77-30311

ISBN 0-08-021679-X Hardcover
ISBN 0-08-021654-4 Flexicover
ISBN 0-08-021655-2 Flexicover (non-net)

Printed in Great Britain by Biddles Ltd.. Guildford. Surrey



PREFACE TO THIRD EDITION

THE main text of this edition is the same as that of the second
edition, but an appendix has been added. The appendix is in-
tended mainly for students who have already met vectors as a
concept of elementary pure mathematics, and will, it is hoped,
help to bridge the gap between purely numerical applications and
the applications to the physical world which occupy the main
body of the book. Such students may prefer to read the appendix
first. S.1. units replace C.G.S. and F.P.S. units in this edition.

The aim of this book is, as stated in previous editions, to
provide an introductory course in vector analysis which is both
rigorous and elementary, and to illustrate the elegance of vector
methods in geometry and mechanics, or “natural philosophy.

I am indebted to the Senate of London University for per-
mission to use examples from London B.Sc. papers, and to the
Senate of Sheffield University for permission to use examples
from B.Sc. and other Sheflield University papers.

Note for American readers: In Chapters 11, IV, and V the term
“integration” should be regarded as synonymous with ‘“‘anti-
differentiation”.

E. (E. WOLSTENHOLME



CHAPTER I

§1.1. Real Numbers and Scalar Quantities

Any physical quantity which can be completely represented by
a real number is known as a scalar quantity, or simply as a scalar.
Thus a scalar quantity has magnitude, including the sense of being
positive or negative, but no assigned position, and no assigned
direction. Examples of scalars are mass, energy, time, work, power,
electrical resistance, and temperature.

§1.2. Vector Quantities

Consider now a space Z in which a point O has been arbitrarily
chosen as an origin. Then any point 4 in 2 may be said to define
both a magnitude, represented by the distance between O and A4,
and a direction, represented by the direction from O to A. Any
quantity which can be completely represented by such a pair of
points O and A is known as a vector quantity, or a vector. Thus if a
vector is known to have a certain direction, and a certain magni-
tude a, an origin O may be chosen and through O aline 04 may
be drawn in the given direction and of a length to represent a; the
vector is then completely represented by the displacement from O
to A.

§1.3. Notation

The vector quantity represented by the pair of points O and A4
in §1.2 above is denoted by OA or a. The number a represented
by the distance OA is always positive and is known as the modulus
of the vector quantity. The modulus may be written as | 04 | or
[a] or 04 or a according to convenience in any particular
context.



2 NOTATION

If OA represents the vector a, then A0 is said to represent the
vector — a.

§1.4. Nomenclature

A vector quantity as defined in §1.2 has magnitude and direc-
tion but no assigned position in space, as the initial point O was
arbitrarily chosen. Such a vector quantity is known as a free vector.
When the term vector is used, it is assumed that it refers to a free
vector.

If, however, the vector quantity has not only a specified magni-
- tude and direction, but must be located in a specified line in the
given direction, the vector quantity is known as a line vector.

If, on the other hand, instead of an arbitrarily-chosen origin O
there is a specified point O which must be taken as origin, then
only one point A4 is needed to complete the representation of this
restricted vector quantity which is known as a position vector, or,
more precisely, as the position vector of A.

If a, b are two free vectors, the expression “the plane of a and
b”’ is understood to mean any plane in which can be drawn two
lines, one parallel to a and one parallel to b. There is an infinite
number of such planes, for through an arbitrary point O it is
always possible to draw two lines OA4, OB in the directions of a, b
respectively, thus defining a plane @A4B which conforms with the
definition.

§1.5. Equivalence of Two Vectors

If a is a vector and P, R are two poiuts in space, then points 0,5
may be found such that PQ = RS = q, the displacement from P
to Q is in the same direction as a, and the displacement from R to
S'is also in the same direction as a. The vectors PO and RS are then
said to be equivalent vectors. This may be written

PO=RS=a.
OP=3R= —a.

Similarly
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§1.6. Sum of Two Vectors

Assuming a vector to be completely represented by a displace-
ment, suppose two vectors, a,b are represented by the displace-
ments FG and GH respectively. Then the vector represented by the
displacement FH, which is equivalent to the displacement from F
to G followed by the displacement from G to H, is defined to be
the sum of the vectors a and b.

This may be written
FB=FG+GH=a+b.

If the parallelogram FGHK is completed, the displacement from
F to H can be seen to be equivalent also to the displacement from
F to K followed by the displacement from K to H,

ie. FA = FK + KA.
But FR=GH="»
and KRH=FG = a,
hence FH=b + a.

Thus a + b = b + a, and the commutative law for addition in
scalar algebra is found to apply also to addition in vector algebra.
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§1.7. Difference of Two Vectors

Suppose that a and b are two vectors, and, with the notation of
§1.6, that points F, G, H are taken so that FG = a, GH = b;
suppose further that HG is produced to H’ so that GH' = HG.
Then

HG=GH=b

GH = HG = — b.

The displacement from F to G followed by the displacement from
G to H' is equivalent to the displacement from Fto H’,

Fig. 2
ie. FH' = FG + GH,
ie. FH =a+ (—b). (4]

Assuming as in real scalar algebra that a — b is equivalent to
a + (— b), equation (1) becomes

FH =a —b.

§1.8. Multiplication of a Vector by a Real Number

Suppose that a is a vector and that z is a real number. The result
of multiplying a by n is defined to be the vector na whose modulus
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na is n times the modulus of a and whose direction is the same as

the direction of a.

§1.9. Sum of a Number of Vectors

Suppose that ay, ag, ..., a, is a set of vectors whose sum is
required. An arbitrary point O may be chosen, and then a point
A; may be found such that O4; = a;. A point 42 may then be
found such that 414> = az. Then by §1.6,

.O_Az = 62-1 + A1A2,

i.e. OA2 = a; + as.

~
N

a+a, /+a,+

a, //
/

0] q A,
Fig. 3

A point 43 may now be found such that 4243 = as.

Then 67:-3 == UZZ + A2A3
ie. OAs = a1 + a2 + as,

and in general,

Odn=a; + a2+ ... + ap.
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If some of the vectors are to be subtracted, e.g. a; — a2 + ag+...,
the problem may be reduced to the process of addition by writing
the expression in the form

a + (—az) + a3+ ...
§1.10
THEOREM. If a and b are two vectors represented by OA and OB
and if C is a point in AB such that AC : CB = p:A, where A, p are
real numbers, then Aa + pb = (A + w) ¢ where ¢ = OC.

Since OA=0C+ CA4,
therefore A0A = \OC + A\CA.
Similarly OB = OC + CB,
therefore pOB = pOC + uCB.
B
b
c
) a A
Fig. 4

Therefore  A0OA + pOB = (A + w)OC + ACA + xCB. (1)
But AC.CB = p:A,
ie. AAC = uCB.
Hence, having regard to sense,
ACA = — .CB
i.e. ACA + uCB = 0.
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Therefore (1) now becomes
204 + pOB = (A + w)OC,
ie. Aa + pb = (A 4 pe.

Example 1. If ABCD is a quadrilateral in which H, K are the
mid points of BC, AD respectively, show that AB + DC = 2KH.
Considering the quadrilateral ABHK,

AB = 4K + KH + HB;

considering the quadrilateral DCHK
DC = DK + KH + HC.

Therefore AB + DC = (4K + DK) + 2 KR + (AB + HC).
But since H, K are the mid-points of BC, AD,

therefore BH = HC, and AK = KD.

Therefore HB = — HC, and 4K = — DK,

i.e. HAB + HC = 0 and 4R + DR =0,
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therefore AB + DC = 2 KH.

Example 2. ABCD is a square. A system of forces is completely
represented by the lines AB, BC, AC, the directions of the forces
being indicated by the order of the letters. Find the resultant of these
Jforces and state where its line of action cuts AB.

Let P1, Pz, P; be the three given forces where P; = AB,
P. = BC, P3 = AC. Let L, M, be the mid-points of AB, BC
respectively.

Then P1+P3=-E+R

=2AM
= Py, say.

Since the forces P1, P both act through A, then their resultant Py
is a force of magnitude 2 AM acting in the line AM in the direction
from A to M.

g P 4M c
"
LY W
s/
L/ R
/
/
/
/
A D
Fig. 6
Then P14+ P+ Ps=P1+Ps) + P
=P;+ P
=24M + 2 MC

= 24C in magnitude and direction.
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Since both P, Py act through M, their resultant also acts through
M, and is of magnitude 2 AC acting in the direction from L to M,
i.e. the resultant of Py, P2, Psis a force of magnitude 2 AC acting
through the mid point of 4B in a direction parallel to, and in the
same sense as, AC.

N.B. If AB is a straight line and n is a real number, a force P is
said to be completely represented by nAB if the magnitude of P is
nAB, and the line of action of P is AB in the direction AB.

Examples Ia

1. F, H, are the mid-points of the diagonals AC, BD of the quadrilateral
ABCD. Prove that _
B4 + BC + DA + DC = 4HF.

2. ABC is a triangle and O is any point in space. Prove that
OA + OB + OC = OD + OE + OF where D, E, F are the mid-points of
BC, CA, AB respectively.

3 VQC is a tetrahedron and X is the mid-point of BC. Prove that
VA + AC + VB =27%.

4. ABCD is a quadrilateral. Show that the resultant of forces represented
completely by AB, BC, AD, DC, the directions being indicated by the order
of the letters, ii_al force acting through the mid-point of BD, and represented
by the vector 2A4C.

5. ABC is a triangle and_ (0] i&n arbitrary po_int. If G is the centroid of
triangle ABC, show that O4 4+ OB + OC = 30G.

6. A, B, are two fixed points on the circumference of a circle and P is a
variable point on the circumference of the same circle. Show that if the
resultant of forces completely represented by 2P4 and 3PB, in the directions
indicated by the order of the letters, is completely represented by PQ, then
the locus of Q is a circle. Find the radius of this circle in terms of the radius
of the circle APB.

7. XY is a fixed diameter of a circle and A is an arbitrary point on the
circumference. If AX + AY = AB find the locus of B as 4 moves on the
circle.

8. If AB, A’B’ are any two lines in space, show that
A4’ + BB = 26T
where G. G’ are the mid-points of 4B, A’B’ respectively.
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9. If A, B, C, D, E, F, are the angular points of a regular hexagon, prove

that
AB + AC + AD + AE + AF = 34D.

10. If AA’, BB’, CC’, DD’ are parallel edges of a parallelepiped, and AC’
is a diagonal, show that

AB+ AC + AD + A4’ + 4B’ + AC' + AD' = 44C".
11. Forces represented by 4B, BC, AD, DC act at A. Show that their
resultant is a force acting at 4 and represented by 24C.

12. Prove that the resultant of the forces A0A4 and uOB acting at O is
(A + ®)OC also acting at O, where C i8 the point in AB such that AC : CB =
IRy

13. Forces ABC, nCA, vBA act along the sides of the triangle ABC. The
resultant cuts BC, CA in P, QQ respectively. Show that the resultant is

v=1(4 + 9)u + »)PQ.
§1.11. Unit Vector

Suppose a is a vector and suppose € is a unit vector in the direc-
tion of a, i.e. a vector whose direction is the same as that of a and
whose modulus is unity. Then a = qe.

§1.12. Components of a Vector
Suppose OP represents the vector P, Let OA, OB, OC be three

Fig. 7
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non-coplanar lines through O. Complete the parallelepiped
ODEFRSPQ, having its edges OD, OF, OR, along OA, OB, OC
respectively. Then

OP = OD + DE + EP,

ie. OP = OD + OF + OR. n
If the vectors represented by OD, OF, OR are Py, P3, P3 respec-
tively, then (1) can be written

P=P; +P; | Ps.

P1, P2, P3 are known as the component vectors of P along OA, OB,
OC respectively.

It is usual to take the three directions OA4, OB, OC, to be mutu-
ally perpendicular, and to conform in cyclic order to the right-
handed screw rule: i.e. if a right-handed screw were placed with its

[

Fig. 8

axis along OA4 and turned in the positive sense so that the point
travelled in the direction from O to A, a line fixed in the screw
normal to its axis, would rotate in the sense which would bring it,
in a right-angle turn, from the direction OB to the direction OC;
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similarly if the screw were turned right-handedly so that iis point
travelled along OB, the fixed line normal to the axis would rotate
through one right-angle from the direction of OC to the direction
of 04 ; and if the point travelled along OC, the normal to the axis
would rotate through one right angle from the direction of 04 to
the direction of OB.

Suppose O X, OY, OZ is such a right-handed system of mutually
perpendicular axes, and suppose OA represents the vector a.
Complete the rectangular parallelepiped OPQRMNAL having its
edges OP, OR, OM, along OX, OY, OZ respectively, Suppose

Z
M L
I
N [[ ——=1A
O)_—:‘_’:_g ______ R
, Y
/
p
Q
X
Fig. 9

i1, iz, i3, are unit vectors along OX, 0Y, OZ respectively and
suppose OP = a1, OR = az and OM = a3.

Since OA=0P+P0+ 04
ie. OA = OP + OR + OM,
then a=ay + as iz + azis.

a1, az, az are known as the components of a in the directions O X,
0Y, OZ respectively.
It will in future be assumed that, when a fixed right-handed
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system of mutually perpendicular axes OX, OY, OZ, is being used,
i1, iz, i3 will denote unit vectors in the directions OX, OY, OZ
respectively, and that the components of any vector a or b ...
will be denoted by the corresponding suffixes, e.g. a1, as, as; or
by, be, bs. . ..

§1.13. The Components of the Sum of Two Vectors
Let OA, AB represent the vectors a, b, respectively where
a = mi; + a2 + asis
and b = by + bois + bsis.

Complete the rectangular parallelepipeds OAi142A3sAsAsAAs
and ABl Bz Bs B4 Bs BBe.

Z
Ca
————— A —————xCs¢
// 84// ! Bs// I
B < i
o~ L8 | 5 '
| b,y
: Asl Al -7 |
-~ | de B
|- |
S e
l 1 9 Ay L Y
L s
I ‘ ! pad Az__—r-—.—_;)’
b - e
———e — T e
X G C,
Fig. 10
By definition, O4 + 4B = OB,
ie. a-+ b= OB

Complete the rectangular parallelepiped OC1C2C3CsCs5BCs.
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Then (see Fig. 10) the components of OB are OC1, OCs, OCq.
But OC) = OA; + A1C1L = OAy + ABL = a1 + by,

O0C3 = OA3 + A3C3 = OAz + AB3 = az + b,

OCy = OAy + AsCy = OAs + ABy = az + bs.
Hence, OB = (a1 + b1 + (a2 + ba)iz + (a3 + ba)is,

i.e. the component of the sum of two vectors in any direction is equal
to the sum of the components of the two vectors in the same direction.

The student would be well advised to draw his own diagram
and to construct his own three-dimensional model to illustrate
this result.

§1.14

By analogy with §1.13 above, if a, b, ¢... is a system of
vectors such that
a = aii1 4 aziz + asis

b = by + baiz + bsis

¢ = aiy + ¢z + csi3

then a+b+c+4+...=@+b+a+.. )i
+(@+b+ca+ .. )i
+ (a3 + b3+ cs + . . ia.

§1.15. Modulus of a Vector in Terms of its Components in Three
Mutually Perpendicular Directions

From Fig. 9, 042 = 0Q2 + QA2
= OP% + PQ? + Q4?2 1)
ie. 0A? = OP? + OR® + OM?

— 2 2 2
=a;+ a, + az
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ie. a= 04 =+/(a} + al + ad).
Similarly from Fig. 10
OB = (a1 + b1)% + (a2 + b2)? + (a3 + bs)?
ie. [a+b| =q/{(a+ 0)? + (a2 + b2)? + (a3 + b3)2,
and in general
la+b+c+...| =/ {l@a+b+a+..)?
+(@+betcat..)?

+ (a3 + bz + ca+ .. .)?%}

§1.16. Oblique Axes

The results of §§1.12, 1.13, 1.14 would be true whether the axes
were rectangular or not, as the only properties used are those of
any parallelepiped. The iy, i, i3, notation is, however, reserved
for use with rectangular axes only. The results of §1.15 are valid
only when rectangular axes are used, since equation (1) of §1.15
depends upon the Theorem of Pythagoras.

§1.17. Direction Cosines and Direction Ratios

Suppose that the vector represented by OA, makes angles a3,
az, ag, with the rectangular axes OX, OY, OZ, respectively, and

4
M L
|
|
N t A
| >
-
&
9# G | R Y
) ~
/// \\\\
~
P Q

Fig, 11
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suppose that ai, a3, as are the components of a. Complete the
rectangular parallelepiped OPQRMNAL.
Then in right-angled triangle OPA,

_O0P _a ]
cos a1 = pr =
.« . OR a
Similarly, cos az = 5 =, )
d _OM  as
an COSaa——OA—a.J

The three cosines are known as the direction cosines of the line
OA, and are unique for a given line OA.
From equations (I),
a}+d} +a} a

2 2 2 ga — z -
cos? ay -+ cos2 ag 4 cos® ag = o = =1.

[

Also, from equations (I),
COS a1 :COSag :COSag=4ay :Aa :as
= kay : kaz : kas,

where k is any convenient number. If Ay = ka1, Az = kaz, A3 = kas
this result may be written

COS a) :COS az : COS ag == Ap : Ag : Ag.

A set of ratios of the form A; : A2 : Ag is known as a set of
direction ratios of the line OA. There is an infinite number of such
sets of direction ratios, and for convenience a set is usually chosen
so that A1, A, Ag are as simple as possible to handle, e.g. integers,
or simple surds.

Since COS a1 :COS ag :COS ag = A1 : Ag : Ag,

then cosap CoSaz COSag 1
M 2 A A/ 2+ A
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A
Hence COSs a1 = m‘wg)‘,
VR R

A3

VS R
Thus, if a set of direction ratios of a line is known, the direction
cosines can be calculated.
From §1.13 (see Fig. 10), the direction cosines of (a + b) are
a4+ b az -+ ba as + bs
la+b[’ [a+b|” [a+b]’
Similarly, the direction cosines of (a — b) are

a—b  a—b  a—bs
la—b|’ [a—b|’ [a—Db]"

§1.18. Geometrical Application

Suppose that a, b are the position vectors of two points 4, B
referred to a fixed origin O. Then

OA=a and OB=h.
Hence AB =40 4+ OB
= —04+ OB

P

Fig. 12
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ie. AB=b —a, M
and AB—= |b—a]
ie.  AB=+/{b1 — a)? + (b2 — a)® + (bs — az)?}  (ID)

The direction ratios of AB are (b1 — a1) : (b2 — az) : (ba — a3).
If P is any point in 4B such that AP : AB =t :1 and if r is the
position vector of P, then

since AP :AB=1:1,

therefore AP = t4B,

ie. r—a=fb— a),

ie. r=a-+ #b— a). (I1I)

which may be regarded as the vector equation of the line 4AB.
Further, suppose AP : PB == A : u, then (see §1.10)

(A + p)r = pa + Ab,
r__,ua—l—)\b
= i

ie. v
§1.19. Centroid of a Triangle

Suppose a, b, ¢ are the position vectors of the vertices 4, B, C
of a triangle referred to a fixed origin O. Let D be the mid-point
of BC and let d be the position vector of D. Then from equation
(IV) of §1.18,

_b+c

=—"

If G, having position vector g, is the centroid of triangle ABC,
then G lies on AD and divides AD so that

AG:GD=2:1

_ 1@ +2(d)
241

i.e. g=13{a+b+c}

d

Hence
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Example 3. If a, b, ¢ are the position vectors of the vertices A, B
C of parallelogram ABCD, find the position vector of D.

’

B C
[
l
/ A = D
b‘ // c/ //
o d
// ///
7z
0]
Fig. 13

Since AB, DC are equal and parallel,

DC = 4B.

Then, if d is the position vector of D,
c—d=b-—a,
ie. d=a—b+ec

Example 4. If the position vectors of the points A, B are
2iy + 4iz — 5is, 3i1 + 2iz + 7is, find the magnitude and direction

of 4B.
Let a and b be the position vectors of 4 and B.

Then a = 2i) + 4i; — 5is,

b = 3i; + 2is + T7is.
Therefore AB=0Db — a,
ie. AB = i; — 2iz + 12is.
Hence AB2=1 +4 4 4 144.
Therefore AB = 4/(149),

and the direction ratios of ABare 1 : (—2) :12.
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Example 5. Show that the points A(2,6,3), B(1,2,7) and
C(@3, 10, —1) are collinear.
Let a, b, ¢ be the position vectors of 4, B, C respectively.
Then a = 2i) + 6iz + 3is,
b =i + 2iz + 7i3,
¢ =3i + 10ig — i3
Thus AB=1b — a = —i; — 4iz + 4is
and AC =c — a =1 + 4iz — dis.

Hence the direction ratios of AB, AC are both 1 :4 :(—4);
the two lines AB, AC have a common point A4, and, therefore,
the points 4, B, C, must be collinear.

Example 6. Show that the points whose position vectors are
a + 3b, 4a — b, 7a — 5b are collinear.

Let P, Q, R be the points whose position vectors are a + 3b,
4a — b, 7a — 5b, respectively. Then

PO = 3a — db,
and PR = 6a — 8b;
i.e. PR = 2PQ.

Hence PQ, PR are two vectors both passing through the point P
and having the same direction. Thus P, Q, R, are collinear.

Examples Ib

1. If the position vectors of two points P and Q are 7iy + 3ia — i3 and
2i; — 5la -+ 4is respectively, find the magnitude and direction of the vector

2.. If the position vectors of the points 4, B are 4i1 + 3ia — 7is and
12i1 + 6ig — 2is respectively, find the magnitude and direction of the vector
AB.

3. The position vectors of the pomts A, B,C, Darea,b,2a + 3b,a — 2b
respectively. Express the vectors AC, DB, BC, CA in terms of a, b,
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4. If a, b, ¢ are the position vectors of the three vertices 4, B, C of the
regular hexagon 4ABCDEF, find the position vectors of the remaining three
vertices in terms of a, b, c.

5. Prove that if ABCD is any quadrilateral (skew or plane) the lines
joining the mid-points of opposite sides meet in a point, and that they bisect
each other at that point.

6. Prove that if 4, B, C are any three points, and G is another point such

that _
AG+BG+ TG =0

then G is the point of intersection of the medians of the triangle 4BC.
7. A, B, C, D are the vertices of a tetrahedron, and G is a point such that

AG + BG + CG + DG = 0.

Show that G lies on the line joining 4 to the centroid of triangle BCD. By
showing similarly that G lies on the lines joining each of the other vertices
to the centroid of the opposite face, show that if 4’, B’, C’, D’ are the centroids
of the faces BCD, CDA, ABD, ABC, respectively, the lines 44’, BB’, CC’,
DD’ are concurrent and divide each other in the ratio 3 : 1.

8. Prove that the lines which join the mid-points of opposite edges of a
tetrahedron are concurrent and bisect each other.

9. Show that the points whose position vectors are a, b, 3a — 2b, are
collinear,

10. Show that the points whose position vectors are a, b, 5a — 4b, are
collinear.

11. Show that the points whose position vectors are a 4 b, 2a + 3b,
5a -+ 9b, are collinear.

12. Show that the points (1, 3, 5), (2, —1, 3) and (4, —9, —1) are collinear.

13. Show that the points (2, —1, 3), 3, —5, 1), (—1, 11, 9) are collinear.

14. A4, B are the points whose position vectors referred to the origin O
are iy~ 2ig — ig, 2is + 3is. Cis the point which divides 4B in the ratio 2 : 3;
find the direction ratios and length of OC.

15. Show that if O, 4, B, C are four points, and A, u, v are three real
numbers such that A + u + v = 0, then if A0A4 + uOB + vOC = 0, the
points 4, B, C are collinear.

16. Prove that the four diagonals of a parallelepiped are concurrent and
bisect each other. Prove also that the joins of the mid-points of opposite
edges are concurrent at the same point and that they also bisect each other.

17. ABCD is a parallelogram and P is the mid-pgint of BC. Prove that Q,
the point of intersection of AP and BD is a point of trisection of both AP and
BD.

18. A, B are the points whose position vectors are i,+2i,—2i, and
2i,+3i,+6i5. Forces of 6 N and 21 N act along OA4, OB. Write down the
resultant force in the form Xi,+ Yi,+ Zi; and hence find the magnitude and
direction of the resultant.
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19. A, B, C are the points (0, 3, 4), (2, 3, 6), (2, 1, 2). Forces of 15N, 14 N,
9 N act along OA, OB, OC respectively. Find the magnitude and direction
of their resultant.

20. O is a vertex of a cube and forces of 2N, 4 N, 3 N act along the
diagonals OA4, OB, OC of the three faces of the cube which contain O.
Find the resultant of these forces.

21. OABCDEFG is a cube in which 04, OC, OD are three mutually
perpendicular edges, and DE is parallel to OA. Forces of 1 N, 2 N, 3 N, 4 N,
act at O in the directions of the vectors DA, AC, OF and DF respectively.
Find the magnitude and direction of the resultant of these forces.



CHAPTER 11

§2.1

In the development of elementary algebra, as the concept of a
number has been extended to include not only positive integers,
but also fractions, directed numbers and complex numbers, so
also have the operations of adding and multiplying two numbers
been redefined at each stage so as to give to the operations mean-
ings which are reasonable for application to the new members
of the family of numbers, and yet not to conflict with previous
definitions. The inverse processes of subtracting and dividing
retain at each stage the property of being inverse processes, and
do not, therefore, demand separate consideration. Thus, in
elementary algebra, if d is the result of subtracting b from a, so
that

d=a—b=a+ (-b)
then d+b=a
thus d is that number which when added to b gives the number a.

Similarly, if g is the result of dividing a by b, so that

q=

U

then gb=a
thus g is that number which when multiplied by b gives the
number a.

§2.2

In defining the operations of addition and multiplication at each
stage of elementary algebra, two laws have remained invariant,

23
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viz, the commutative law and the associative law. Thus for any
two numbers g, b, real or complex,

a+b=>5+aq,
and ab = ba,
also for three or more numbers, say a, b, c,
a+b+c=a+bB+c)=b+(c+a)=c+ (a+b),
and abc = a(bc) = b(ca) = c(ab).
The operation of multiplication obeys also the distributive law

so that
alb + ¢) = ab + ac.

In the operations of subtraction and division neither the com-
mutative nor the associative laws are obeyed but the operations of
subtraction and division are completely defined, as stated in
§2.1, by their characteristics of being inverse operations, and
hence if the operations of addition and multiplication can be
performed, the results of subtraction and division can always be
found.

§2.3
It is convenient at this stage to examine the extent to which the

Fig. 14

definition of addition adopted in vector algebra conforms with
the definition of addition adopted in real and complex algebra.
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If in Fig. 2 of §1.7, the parallelogram EFGH is completed
(see Fig. 14), then by definition,

FG+ GH=FH=FE+ EH
ie. atb=FH=b-+a.

Thus the sum of a and b obeys the commutative law (see also §1.6).
Consider now the sum of three vectors a, b, ¢. Let O4, 4B, BC
represent a, b, ¢ respectively (see Fig. 15).

C

o)

a A
Fig. 15

Then a—}—bzb_z—}—ﬂi
= OB,

and (a+b)+c=ZB+FC

= OC.

Also b+c=£1-_—12+_C
= AC,

and a+t+(+c)= OA + 4AC
= 0C.

Thus (a+b)+c=a-+ (b+ o).

Since the addition of two vectors is commutative,

a+®b+c)=(Mb+c)t+a
=b+ (c + a)
= (c+ a)+b.
Hence at+b+c)=@+b)+c=(c+a)+b,
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i.e. the associative law holds for the addition of three vectors.
This argument can be extended to the addition of four or more
vectors.

§2.4

It remains to discuss whether the further development of vector
algebra requires an operation in any way analogous to the opera-
tion of multiplication as used in real and complex algebra; and
if such an operation is required, how to define it. An examination
of elementary mechanics provides two examples in which vector
quantities are combined in such a way that the result is propor-
tional to the arithmetical product of their moduli, but as the result
in the one case is scalar, and in the other a vector, the idea of two
forms of product, a scalar product and a vector product, is
suggested.

§2.5. Scalar Produci of Two Vectors

Consider the work done by a force F as its point of application
is displaced from the point A to the point B. If 4B = s, the work

Fig. 16

done is the scalar quantity (s cos 6)F where 6 is the angle made
by the direction of F with the direction of s. This suggests that the
scalar result of multiplying a by b should be ab cos 6 where 8 is
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the angle made by the direction of b with the direction of a. If
this definition is adopted, then the scalar result of multiplying b
by a should be ba cos (—6). But ba = ab and cos (—¥8) = cos 6.
Hence the scalar result of multiplying a by b is the same as the
scalar result of multiplying b by a. This form of the product of
a and b is known as the scalar product of a and b and is written
a . b, and read as “a dot b” or “the scalar product of a and b”. It
has been shown thata.b =b. a.

Hence

a.b=abcosf@=b.a.

Thus the scalar product of two vectors obeys the commutative
law.

Adopting this definition of a scalar product, the work done by
the force F when the displacement of its point of application is
siss.F.

§2.6. Vector Product of Two Vectors

Suppose A is the point whose position vector with respect to
an origin O is s, and suppose F is a force acting through A along
the line AB. Then the points O, 4, B define a plane. Let § be the
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angle which 4B makes with 04 and let n be the unit vector normal
to the plane of O,A4,B such that s, F, n form a right-handed system
of vectors (see §1.12)., The moment of F about O is of magnitude
(s sin 6)F, i.e. sF sin 8; this moment is considered to be positive
if its turning effect is in the direction in which 8 increases, i.e. if
0 < 6 < 7; the moment of F about O is considered to be negative
if its turning effect is in the direction in which 8 decreases, i.e.
if m << 6 < 27, Thus the vector (sF sin 6)n has the magnitude of
the moment of F about O; moreover the vector (sFsin f)n is
positive for 0 < 6 < = and negative for = < § < 2w, thus it has
the sign of the moment of F about 0. It is, therefore, convenient
to say that the moment of F about O is the vector (sF sin )n,
where a vector in one line implies a turning effect in a plane
perpendicular to that line, in a sense determined by the right-hand
screw rule. This suggests that the vector result of multiplying the
vector a by the vector b should be the vector (ab sin 6)n,where a,
b, n form a right-handed system of vectors and @ is the angle
made with the direction of a by the direction of b. This form of
the product a and b is known as the vector product of a and b,
and is written a X b. The expression a X b is read as “a cross b”’
or ‘“‘the vector product of a and b”. If this definition of a vector
product is adopted, the vector product b X a should be equal to
{ba sin (—0)}n, i.e. (—ab sin O)n, i.e. —a X b,
ie. aXb=_(absinfn = —b X a.
Thus the vector product of two vectors does not obey the com-
mutative law.

Adopting this definition of a vector product the moment of the
force F about the origin is s X F where s is the position vector
of the point of application of F.

§2.7. Distributive Law—Scalar Product
(i) By definition, if 8 is the angle between the vectors a and b,

a.b=abcos b
= a(b cos 6)
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Similarly, if ¢ is the angle between the vectors a and ¢,
a.c=adaccos¢
= a(c cos ¢)
therefore a.b+a.c=a(bcos ) + alccos ¢)
= a(bcos § + ccos ¢)

If r is the sum of b and ¢ making an angle ¢ with a, then

a.r=arcosy
= a(r cos )
But r=b+ec
hence, by §1.13, resolving in the direction of a,
rcosy = bcos @+ ccos ¢

therefore a.r=a(rcos y)
= a(bcos 8 + ccos ¢)
=a.b+a.c,

i.e. a.b+c)=a.b+ta.c

This argument can be extended to include any number of vectors,
so that

a.b+c+d+..)=a.bt+a.c+a.d+...

Thus the distributive law is obeyed in the scalar multiplication of
vectors.
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(ii) The result of §2.7 (i) can be extended to include a product of
the form
@+bte+...).P+qg+r+...)
For suppose thata + b 4+ ¢ 4 ... = A, then
@+bt+te+...). P+q+r+...)
=A.(p+q+r+...)
=A.p+A.q+A.r+ ...
But A.p=p.A
=p.(a+b+c+...)
=p.a+p.b+p.cH...
=a.p+b.pt+c.p+...
Similarly
A.q:a}.q+b.‘q+c.q+...,etc.
Hence
@t+btec+..).p+q+r+...)
=a.p+b.p+c.p+...
+a.q+b.q+c.q+ ...
+a.r+4+...
etc.

§2.8

By definition, if the vector b makes an angle § with the vector
a, and »n is a real number

n(a.b) = nab cos 8
also (na).b = nab cos 0
and a.(nb) = nab cos 6.

Hence n(a.b) = (na).b = a. (nb) = nab cos 6.
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§2.9. Distributive Law—Vector Product

(i) Suppose the vectors a and b are represented by 04 and OB
and suppose II is the plane through O perpendicular to OA.
Let BB’ be the perpendicular from B to II and let b’ be the vector
represented by OB'. Then if b makes an angle 6 with a,

b = bsin @

Suppose n; is the unit vector perpendicular to a, b so thata, b, m
form a right-handed system, then

a X b = (ab sin O)n;.

Also axb = (ab' sin g)m
= (ab")m;
= (ab sin §)n;.
i.e. axXb=aXxb =abm. n

Suppose ¢ is a third vector represented by OC. Let CC’ be
drawn perpendicular to II and let ¢’ be the vector represented by
OC’. Complete the parallelogram OBDC and draw DD’ per-
pendicular to II (see Fig. 21). Since OC, BD are equal, and equally
inclined to II, then OC’ and B’D’ are equal. Similarly OB’ and
C'D' are equal. Hence OB'D'C’ is a parallelogram. Let ¢, d,
d’ be the vectors represented by OC’, OD, OD' respectively.
Since OBDC, OB’ D’C’ are parallelograms,

d=b+c¢c and & =Vb" +¢
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Using the result (1) above,

axXb=aXxb =a'm,

axc=aXxc =acn,
and axd=axd =adng,
where nj, Dz, D3 are three unit vectors in plane II perpendicular
to OB, OC’, OD' respectively. Lines OB”, OC"”, OD" can be
drawn in Llane II perpen_dicular to OB’, OC’, OD’ respectively,
so that OB” = ab'm, OC” = ac’ms, and OD" = ad’'ns. Since
the sides of the quadrilateral OB” D"'C"’ are proportional to the
sides of parallelogram OB’D'C’, and the angles of quadrilateral
OB"”"D”(C" are equal to the angles of parallelogram OB'D'C’,
then the quadrilateral OB”D''C" is also a parallelogram, and

0D = 0B" + 0",

ie. ad'ng == ab'n; + ac'ng
i.e. axd=axb}+axeg,
ie. ax(b+t+c)=axb-+t+axec

As in the case of the scalar product, this argument can be extended
to include any number of vectors so that

axbtecet+et+..)=axbt+taxXct+taxXe+...
Hence the distributive law is obeyed in the vector multiplication
of vectors.
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(ii) The result of §2.9 (i) can be extended to include a product of
the form

@a+b+c+...)x@P+q+r+...).
For suppose thata +- b + ¢ + ... = A, then
@+btec+..)Xx@P+q+r+...)
=AX(Pt+qt+r+...)
=AXp+AXqQ+AXTH . ...
Now AXp=—pXxXA
=—px(@a+b+c+4...)
=—pXa—pXb—pxe—...
=axXxp+bxpt+exp+....

Similarly,

AXq=axXq+bxq+cxq+...etc
Hence

@+btet+...)xpPt+tagt+r+...)

=axp+bxpt+exp+...
+axq+bxqtexq+...
+axr+bxr+...
+ ...

§2.10

If the vector b makes an angle 6 with the.vector a, and m is a
real number, and n is the unit vector perpendicular to a and b
so that a, b, n form a right-handed system, then, by definition,

m(a X b) = (mab sin O)n.
Also (ma) x b = (mab sin )n,
and a X (mb) = (mab sin O)n.

Hence m(a X by =ma X b= a X mb = (mab sin O)n,
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§2.11
With the usual notation, if iy, i2, i3 are unit vectors in the direc-
tions of the right-handed system of mutually perpendicular
axes Ox, Oy, Oz, it follows from the definitions of §§2.5 and
2.6 that
h.ii=lk.ik=i3.i3=1 4y

and il.iz=i2.i1=i2.i3=i3.i2:is.i1=i1.i3=0 (II)

Also, hh Xip=i Xig=i3 Xig=0 (III)
and h Xig= —lp X i1 =i3 (IV)
iz X ig = —ig X iz =11 W)
i3 X ip=—i) Xig=1 (VD
§2.12

It follows from (I) and (II) of §2.11 that if the vectors a, b
are expressed in the forms

a = aji1 + aqiz + asis,

and b = b1 + bois + bais,
then a.b = (ai; + aziz + asis) . (b1l + boig + bsis)
i.e. a.b = ab + asbs + azbs. v

Also, if b makes an angle 6 with a,

a.b=abcosb

therefore ab cos 0 = ayb) + azbs + asbs,
ie. cos § — aiby + asbs + aabs'
ab

Buta = (a} + a2 + a2)* and b = (b% + b} -+ b2 and the direction
ratios of the lines representing aandb are a; : @2 :azand by : b2 : b3
respectively. Hence the angle between two lines whose direction
ratios are @1 : az : asand by : by : b3 is 6 where
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aiby + azbs + asbs
(@ + g + ad)*(} + b3 + bDY

= cos~1 (VIID)

§2.13

Using the notation of §2.12 and the results (II1), (IV), (V), (VI)
of §2.11, it follows that

a X b = (aii1 + aziz -+ agig) X (briz + beiz + bsia)
ie. a X b = (aghs — asb2)iy + (asbl — abg)is + (a1b2 — axby)is
aIx)

From (IX) it can be seen that the components of the vectora X b
are the second order determinants contained in the matrix

a az as

(b1 by bs)'
Alternatively the result (IX) could be obtained by expanding the
determinant

ip ig i

a az as X)

by bs b3

treating iy, ig, ig as if they were real algebraic quantities. This is a
quick way of obtaining the result, and an easy symmetrical form
for remembering it, but the student should bear in mind the fact
that iy, Iz, i3 are not real algebraic quantities, and that the deter-
minant X is no more than a convenient symbolic form of the
result expressed in (IX).

Example 1. Find the scalar product of the two vectors
2i; + 3iz — 4ig and 4i; — 2ix — 3is.

Let a= 2i1 + 3i2 - 4i39

and b = 4i; — 2ip — 3is.

Then a.b=(2)4) + B)— 2) + (—4)-3),
=8 —64 12

ie. a.b=14.
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Example 2. Find the vector product of the two vectors
2iy + iz — 5i3 and 3iy — 4is + 6is.
Let a =20 + iz — Sig
b = 3i; — 4ix + 6i3
Then
axb=(6—20)i; + (—15—12)iz + (—8—3I)is

i da s
2 1 -5

3 -4 6

i.e. a xX b= —14i; — 27iz — 1li3

Example 3. Find the work done by a force of 3 N acting parallel to
the line AB, if its point of application moves from A to C, where
A, B, C are the points whose position vectors are i; + 4i, + 3i3,
3iy + 2iy + 6i3, Sij + Tip -+ i3 respectively, the distances being
measured in metres.

Let a, b, ¢ be the position vectors of 4, B, C where
a =i -+ 4i; + 3is
== 3i; 4 2iz + 6ig
= 51 + Tiz + i3
Then AB=b—a
ie. AB = 2i, — 2ip + 3is

Hence the direction cosines of 4B, the line of action of the force
of 3N, are 2/4/17, —2/4/17, 3/4/17, and if F denotes the force,

F = 3(2iy — 2iz + 3is)/4/17 newtons.
The displacement of the point of application of F is 4C where
AC=c—a
== 4i; + 3iz — 2i3, metres
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Then the work done by F is W where
W=AC.F
3
"4/17
-3 (8 — 6 — 6) joules
Y4y !
ie. W= —12/4/17 joules

Example 4. Find the moment about a point C of a force of T N
acting along the line AB, where A, B, C, are the points (1, 2, —1),
(3, 5, 4), (2, 3, 6) respectively, the distances being measured in
metres.

Let a, b, ¢, be the position vectors of the points 4, B, C, then

= (41 + 3iz — 2is) Qi1 — 2iz + 3is) joules

a= i+ 2z —is
b = 3i1 + 5iz + 4is
= 2i; + 3iz + 6i3
Let F be the force of 7 N acting along AB.
Since AB=Db—a
= 2i; + 3iz + Sis

7
=1 . .
therefore F V3% (2i; + 3iz + 5is) newtons.

Since any point in the line of action of a force may be taken to
be its point of application, suppose A is taken to be the point of
application of F. Then the moment of Fabout Cis CA X F = G say.

But CA=a—c¢

ie. CZ=—h—iz——7i3
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therefore
G=CAXF
—35 + 147, —98 4 35,
v T oe
+ i_{:_m is ne\'vton-metre i, i is
'\58 units -1 -1 -7
112 63 ., 7 . newton-metre] | 14/V3821/v/3835//38
BPVAT h—= VAT 2 — \/38 " units

ie. G =7(16iy — iz — iz)/4/38 newton-
metre units
Examples Ila

Find the scalar products of the following pairs of vectors:

1. —4i; + 5ig + 3is and  2i; + Tiz — 8is.

2. 3i; + 9is — 2i3 and ir — iz — 4dis.

3. Sir+ ia+ 2is and —2i; + iz + 3ia.

4. 2i; — 3is + 6is and  2i; — 3iz — Sis.

Find the vector products of the following pairs of vectors:

5. —2i; — ig — 3izg and 4i; + 7iz + 2is.

6. 2i; — 3ia + Sis and ir — 2i2 — 3is.

7. i1 + 3iz — 8is and ~—3iy — 5ia + 4is.

8. 4diy+ ia— iz and 5i; + 2ip — Tis.

9, Find the work done by a force of 15 N acting in the direction of the
displacement 4B, if its point of application moves from 4 to C where 4, B, C
are the points (1, 3, 5), (2, 1, 3), (3, 4, 7) respectively, the length measurements
being in metres.

10. A force of 21 N acts along the line AB, where A, B are the points
1, 1, 3), (3, 4, 9) respectively. Find the moment of the force about the point
(2, 2, 2), distances being measured in metres.

11. Find (i) the scalar product, (i) the vector product, of 4B, BC where
the position vectors of 4, B, C are i,-3is, 5i,+6i,+2i5, 7i;+i,+3i;,
respectively.

12. Find (i) the scalar product, (ii) the vector product, of 4B, CD where
A, B, C, D are the points (1, —1, 1), (2, 3, 4), (1, 3, 5), (2, 6, —4) respectively.

13. A force of 2 N acts in the direction of AB where A, B are the points
@, 4, 3), (5, 5, 4. The point of application moves from 4 to the point C
(6, 4, 4). Find the work done by the force of 2 N, assuming the length
measurements to be in metres.
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14. A force of 6 N acts along the line 4B, in the direction of the vector
AB, where A, B are the points (2, 3, 6), (1, 1, 8). Find the moment of this
force about C (0, 0, —1), the distances being measured in metres.

15. Calculate the angles of triangle ABC where 4, B, C are the points
(1,2,4), 3,1, —2), 4, 3, 1) respectively.

16. Fy, Fy, F; . . . F, are n coplanar forces localized at the points 4,, A4,,
As ... An whose position vectors relative to an origin O are a1, a2, a3 ... an
respectively. Show that the line of action of the resultant of Fy, F2, F3 ... Fp
cuts the line through O in the direction of the unit vector i at a distance
r from O where

MX@EFE+Fa+Fs+ ... +Fy)=a1 XF1+as XxFz+
+az X Fs+ ... +a, X Fp.

ABCD is a square of side 6 cm.Forces 6, 4, 3, 44/2, 44/2 N act along 4B,
AD, DC, BD, AC respectively, in the directions indicated by the order of
the letters. Show that the line of action of their resultant cuts 4B at a point
05 cm from A, and find the distance from B of the point at which this line of
action cuts BC.

17. If a, b, ¢ are the position vectors of the vertices of triangle 4BC, show
that

bXxec+exataxb=2Aw
where A is the area of triangle ABC and w is the unit vector perpendicular to
the plane of triangle ABC.

§2.14. Vector Area

If OA, OB represent the vectors a, b and 8 is the angle made by
OB with 04, and if n is the unit vector perpendicular to a and b
such that a, b, n form a right-handed system, then by definition,

a X b= (absin 6)n

Fig. 22

But the area, A, of triangle OA4B is given by
A = }absin 8
a X b=2An,
or ia X b= An
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Thus the vector 4a x b has modulus A and direction normal to
the plane of triangle OAB. This vector, }a X b, is defined to be
the vector area of triangle OAB.

§2.15. Triple Products of Three Vectors

If a, b, ¢ are three vectors, any pair of them may be multiplied
vectorially to form a new vector d; the third of the original vectors
may then be multiplied by d, either scalarly to form what is known
as the scalar triple product, or vectorially to form what is known
as the vector triple product.

§2.16. Scalar Triple Product

Suppose a, b, ¢ are three non-coplanar vectors, which when
taken in cyclic order, form a right-handed system. Let a, b, ¢ be
represented by OA, OB, OC respectively.

Complete the parallelepiped OBDCAB'D'C’, where OA4, BB/,
DD’', CC’ are parallel edges. Then if A is the area of triangle
OBC and a (=2A) is the area of parallelogram OBDC, by §2.14,

b X ¢ =2Am
ie. bXc¢c=oam
c D'
a D
o b
Fig. 23

where m, is the unit vector perpendicular to the plane of b, ¢ such that
b, ¢, m; form a right-handed system. If 8; is the angle between a
and m,
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a.bxec)=a.am
= a(a . n1)
= a(a cos 61)
= ah
=V,
where h (= acos 8;) is the altitude and V the volume of

parallelepiped OBDC AB’ D' C’, having OBCD as base. By a
similar argument it can be shown that

b.cxa)=c.(axb=V.

Hence a.bxc)=b.cXxa)y=c.(axb)=V 1))
Since a.bxc)=(dbXxXc).a
and a.bxc)=b.(c X a)
from (I) above,
therefore b.(cxa)=(bXc).a,
Similarly c.(axb)y=(cxa).b, an
and a.(bxc)y=(axb).c.
Further, since b X c= —(c xXb),
therefore a.(bxc)=—a.(cXxbh).
Similarly b.(cxa)=—b.(a xc¢), 1m
and c.(axb)=—c.(b X a).

From equations (I) it follows that the value of the scalar triple
product is unaltered by changing the order of the letters, provided
cyclic order is maintained.

From equations (II) it follows that the value of the scalar triple
product is unaltered if the dot and cross are interchanged.

From equations (III) it follows that if one pair of letters in a
scalar triple product is interchanged, thus reversing the cyclic
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order, the sign of the result is changed. It is usual to denote the
scalar triple product of a, b, ¢ by [a b ¢]. Equations III can then
be expressed more shortly in the form [acb] = —[ab¢].

It follows that if a, b, ¢ are coplanar, ¥V = 0, and therefore
[abc] = 0.

§2.17
Suppose that with the usual notation
a = aiiy + aziz + asis,
b = biiy + baiz + bais,
¢ = aiy + cziz + csis.
Then
b X ¢ = (bacs — bscp)ir + (bac1 — bicg)iz + (bicz — bacy)is,
therefore
a.(b x ¢) = (a1 + a,iy + asiz) . {(sza — baca)iy
+ (bsc1 — bica)iz + (brcz — bacr)is)}
= ai(bacs — baca) + aa(bscr — bics) + as(bicz — baca)
a a2 4as
ie. [abe] = |b by b3

1 C2 C3

§2.18. Vector Triple Product

Suppose vectors a, b, ¢, m are defined as in §2.16, and suppose
ng is the unit vector in the direction of b while n3 is the unit vector in
the plane of b, ¢ such that ny, ns, n3 form a mutually perpendicular
right-handed system of unit vectors. Then if A is the area of
triangle OBC (see Fig. 23) and w denotes the vector product
aXx(Xxec),

w=aXx (bXxc)
=a X (2Am)
= 2A(a X m)
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Since a X mp is a vector perpendicular to the plane of a and m,
then w is a vector perpendicular to a and mny, i.e. w is a vector in
the plane of b and ¢, perpendicular to a. Thus w may be expressed
in the form

w = b + uc,
where A, u are real numbers.

Suppose a, b, ¢ are expressed in terms of their components in
the directions of m, ms, 3 in the forms

a = aim | aznz + asng
b= bnz,

€ = camg + C3n3

c
o n, b B
Fig. 24
Then b X ¢ = bng X (canz + c3ng) = beany
Hence w=aX(bXxc

= (@m + agnz + asng) X begm
= —aghcsng + asbeans
i.e. w = (asbcs + asbea)ng — (asbeong + asbegng)
= (azc2 + ascs)bng — (azb){conz + can3)
=(a.c)h —(a.b)
Thus A=a.c and p= —(a.h),
therefore axdxc)=(@a.chb—(a.b)

Examples IIb
1. Find the scalar triple product [a b ¢] in the following cases:
() a =i + 3iz + Sis, b = 2i; — i3 + 7is, ¢ = 3i1 + 2iz — i3;
(ii) a = —3iy + 2iz + 6is, b = 4i1 + ia + 2is, ¢ = 5i1 + 4iz — 2is;
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(iif) a = 4iy + 2ig — 3is, b = iy — 2ig + 3is, ¢ = 5i1 + 6iz2 + 7is;

(iv) a = 8ir — 3iz + 3is, b = 4iy + 2iz + 3i3, ¢ = 3i1 — diz — is;

(v) a = 5iy + 3ig — 2is, b = 2iy — 3iz — 3is, ¢ = 3i; + 2iz — 6is.

2. Find the vector triple producta X (b X c¢) in each of the cases (i) to (v)
in question 1.

3. Find the scalar triple product [pqr] and the vector triple product
q X (r X p) in each of the following cases:

(i) p = 2iy + 3ia + 3i3, ¢ = 31 — 2iz — is, r = 2i1 + 5iz — 4ia;

(ii) p = 2i1 + 3iz, q = 3iz + 4z, r = 4iy + 5i2 + 6i3;

(i) p = i1 — 3ia + 4is, q = 2iy + 4is — i3, ¥ = 3h1 + 2y — 3is;

(iv) p = Siz — i3, q = 2iy + 3is, r = 4iz — 3ia — 2is;

) p = 3i1 + 4iz + 5is, q = 7iy + 24ia2 + 25is, r = Siy + 13iz + 12is.

4. Prove the formula

ax®dxec)=(@.ch —(a.bk,

and verify in the case where a = i1 + 2i2 + 3is, b = 31 + 4i2 — i3,
¢ = 2iy —3iz + 4is.

5. Prove that if a, b, ¢ are three non-zero vectors, and (@ X b) X ¢ =
a X (b X ¢), then (a X ¢) X b is zero.
Discuss the geometrical significance of this result.

6. Verify the formula

axX®xc)=(@.ch—(@.b),
in the case where
a =21 + iz, b = 3i; — 2z + is, ¢ = 2i1 — 2is + is.
7. If p, q, r, s are any four vectors, prove that

PxX@.cxs)=@.1)q.5)—(@q.r)Xp.s)



CHAPTER 111

§3.1

Suppose the vector r is a continuous single-valued function of
the scalar variable ¢. Suppose that when ¢ increases by a small
scalar quantity 8¢, r increases by a small vector quantity dr.
Then the derivative of r with respect to ¢ is defined to be

dt st Of
Thus the existence of the derivative depends upon the existence
of the limit
or
a0 O
The derivative of r, when it exists, is in general also a function of

t, and if dr/dt is differentiable its derivative is the second derivative
of r with respect to # and is written d2r/ds2. Similarly for the third,

fourth, ... derivatives which are written
Pr di
d® dit

If x, y, z are the components of r in the directions of the fixed
coordinate axes Ox, Oy, Oz, we may write

r = xi + yiz + zis,
where the scalar quantities x, y, z are functions of ¢.

Then r+ 8r=(x + 8k + (v + iz + (z + 82)is.
45
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Therefore or = 8xi1 + Syig + bzl
or
Y, _‘
and in the limit as 8¢ — 0 this becomes

dr dx, dy .+ & dz

a- ittt gk

. oz
and tlz + 5t is

Similarly
dr  d%x, dzy d%
g g T gpht gl o

Example. Suppose
r = (312 + 20i1 + (sin 30z + e,
dar

then 7 (61 + 2)i1 + (3 cos 3n)ia + 4dettis,
dr
and S = 6i1 — (9 sin 30)iz + 16e%s.

§3.2. Derivative of a Sum of Two Vectors

Suppose the vectors ry and r; are differentiable functions of the
scalar variable ¢, and suppose

r=n-+r

Then r+ 3r = (r1 + 8r) + (r2 + ory),
and or = 8r, + org

& on  or
Hence Y =515
and in the limit as 6t -0

dr _dn | dro

dt dt dt

Thus, as inscalar algebra, the derivative of the sum of two vectors
is equal 1o the sum of their derivatives. ~
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§3.3. Derivative of a Product

Suppose the scalar  and the vectors r; and rp are all differenti-
able functions of the scalar variable ¢.
(i) Suppose the vector r is given by

r = ur.
Then with the usual notation,
r+ or = (u + du)(r1 + Or),
= ur; + u(8r1) + (duw)r1 + (Su)(dry),

therefore 8r = u(dr1) + (Su)r, + (3u)(8ry),
o dr | du (du)(ér1)
and ;o\—t—us—t+8—trl+ Y,
In the limit as 8z — O this becomes
dr dry | du
o “atan

(ii) Suppose the scalar r is given by

r=r1.r
Then
r+ &r=(r1 + 9ry). (rz + Ory),

ie. r4+8r=r.rp+r.(8rz) + (dry).rs + (8r;) . (8rz)
Hence 8r=r1.(8rz) + (8r1) .12 + (8r1) . (Org),

ér . 8]‘2 5!‘1 (8!‘1) . ( 3['2)
and §t~rl'?t+§f'r2+T
In the limit as 8¢ — 0 this becomes

dr _ drs  dn
d_t =TI. E + E .2

(iii) Suppose the vector r is given by

r=mr Xrg
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Then
r -+ 8r = (r; + o) X (rz2 + org)
= (r1 X rz) + (r1 X 8rz) + (8ry X rg) + (8r1 X 8ry);
therefore 8r = (r1 X 8rg)  (8r1 X rz) + (6r1 X drz),

ér 8ry on én
and ——(1x8t)+(8—txr2)+(§x8r2).

In the limit as 8¢ — O this becomes

di_
dt dt dt
Thus, in each case, the derivative of a product of two functions,
at least one of which is a vector, is formed in the same way as the
derivative of a product of two scalar functions, with the restriction
that, in the case of the vector product of two vectors, the order of the
two functions, vy and ra, must remain unaltered.

§3.4. Derivative of a Triple Product of Three Vectors
Let 1y, r2, rs be three differentiable vector functions of the scalar
variable 1.
(i) Let r = [ryrers].
Then
r=rn.(r Xry

therefore, from §3.3 (ii),

dr_ d(l'zXl‘a)
Zt—n —_dt—+d .(rz X r3)
ie. drt=r1 (rzxdr)-i-r (3,2 )~I—‘iLl (r2 X rg)

dt
. dr drs drs dr
ie. 7 [r zz]-l—[l' ~d7r]+[dt l'zl‘s]
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(ii) Letr =11 X (rz X rs).
Then from §3.3 (iii)

& drsXr3) , dn
G- X T g Ty XX
. dr drs | drs dry
ie. Et—nx (rzxgi—k—d—txrs)—i—ax(rzxra)
i.e.
dr_ drs drs dry
zt‘_‘rlx (er 2;)+r1x (Exrs)'i‘?t X (r2 X rs).

Thus the derivatives of the scalar and vector triple products of three
vector functions are found in the same manner as the derivative of a
product of three scalar functions, with the limitations that in the case
of a scalar triple product the cyclic order of the three functions in the
original product must be maintained, and in the case of a vector triple
product the actual order of the functions in the original product
must remain unaltered.

Example 1. If a is a fixed vector, and the vectors r1, ¥z are functions
of the scalar variable t, find the derivatives of (1) a.11, (2) a X 11,
(3) [arr2), (4) ar1 . 12

(1) Letr=a.mn.

dr__ _dn
Then = a. @
. . da
since a is constant and therefore T =0.
Q) Letr=a X .
dr dny
Then &= a X v
(3) Letr = [anrg).
dr _ dre dny ]
Then e [an 717] + [a El‘z

(4) Let r=ar .ra.
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dr _ drz dry
Then ;1—’——'ar1.—2;+a—d?.l'2

Example 2. If n = #2i; 4 Big -+ ts,
and Iz = 2ti) — 31%s + 243,

find the derivative with respect to t of xr1 X rzand of r1. 19
Letr =1 X rs.

S

1 X X re
dt dt dt

= (%) + iz + tig) X (i — 6tiz 1+ 6123)
+ 24y + 3% + i) X (2tiy — 3%z 1+ 26%)
= 6(15 + )i, — (614 — 21)is — 8733
+ (615 + 3e2)iy — (4% — 20)ia — 12133
ie. g = 3r2(483 + 3)iy — 2(58 — )iz — 20833

Alternatively, the product r; X rz may be evaluated (see Ch. II,
Ex. 2) before being differentiated.
Let s =r;.ro.

Then ds=r d_rz_*_dil

a v aTa"

i.e. s—“: = (% + 8§ + tig) . (201 — 6tiz + 62%iy)

+ (2t + 322 + i3) . (240 — 322 + 2£3ig),
ie. g = (212 — 614 + 61%) + (412 — 914 4 215),
ie. ds

2= 612 4+ 88 — 1514,
dt +
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Example 3. If r = e3ta + e%b where a, b are constant vectors,
show that

d®r dr
— — — 1 == .
I 7 7 +12r=10
Since r = eda 4- etth,
dr
Then -— = 3e3ta + 4eth,
dt
2
and gtg = 9e3ta 4 16e%th,
dr dr
o741
therefore I 7 7 + 12r

= 9¢3%a + 16ethb — 21le3a — 28elh
+ 12e3ta + 12¢%b
=0
§3.5. Integration
As in scalar calculus, the process of integration consists of
being given a certain vector function r of the scalar variable ¢,
and finding another function R of ¢ such that dR/ds = r. When

this process can be performed, we may write R = f rde.

Suppose the function R has been found such that dR/df = r;
then, if ¢ is any constant vector, d(R -+ ¢)/dt is also equal to r.
Hence, in general, if it is known that dR/dt = r, it is usual to
write

frdt=R+c,

where ¢ is a constant whose value can be determined in a particular
problem by the specific conditions which govern that problem.

§3.6

In order to carry out the process of integration, it is necessary
to express the function to be integrated in a form which is the
recognizable derivative of some other known function,

e.g. f a sin 3rdt = —lacos 3t + c.
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The following devices adapted from scalar calculus will be
found useful:

2
G) If g—t: = ur, where p is a constant scalar, then

dr dr dr
2 -d—‘tz . Et = 2[1- ‘Tt . I,
. dr dr
1.e. Zt'c?t="r'r+c
where ¢ is a scalar constant.
2
Hence Z = pre + ¢
(i) If
dz? dr
‘F;—(m+n)a+mnr=0,

where m, n are scalars of the form m = ¢ + ik and n = ¢ — ik
so that both (m + n) and mn are real, then
r = e™a | enth
where a, b are constant vectors;
ie. r = ect(etkta | e-tkib),
ie. r = e®(A cos kt -+ B sin kt)
where A, B are constant vectors, and are functions of a, b.

Examples III
1. Differentiate with respect to ¢:
(i) 2sint)iy + (3 cost)ia + (sin 21)is;
(i) 3r41 + S5t%e + 4tis;
(iii) e2t1 + e%is + etiy;
Gv) (32 + 5)i1 + (#3 — 412 + 30)iz -+ (sin 40)is;
V) (£2 + 1)4; + (log £)is -+ 3t4s.
2. If r1 = 2th + 3t%: + 5t%s, and ra = ¢3; + tis — %, and
a = 25 — 3is + 4is, find the derivatives with respect to 7 of:

@) r1 4 rse; (i) a.ry; (iii) a X re;
(iv) r1 X rg; ™) @+r).ry;  (vi) [arira];
(vi) & X (r1 X rs); (viii) ry1.113 (ix) r1.re;

(x) rs.rs.
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3. If a, b are constant vectors, and r = (cos 2¢)a + (sin 2¢)b show that

., dr
(1)m+4r=0,and

.. dr
@) r X i 2a X b.
4. Evaluate the following integrals:

10 f (%1 + tis + ia)dt ; (i) f {(sin 1)iy + (cos 1)is + tis}dt ;

(iii) f getdt ; @iv) J' (tiy + 133 + is) . (1z + 2ia)dr.
5. Verify that
f ({n + (cos ia} x {(cos )iz — tiz)
+ (s + Gsinia} x {(—sinniy — I}t

is equal to — {¢2 + (sin #)(cos #) }is.
6. Evaluate the following integrals:

) f e'(1 4+ Na.badr,

(i) J’ {Gsin )a + (cos )b} x {(cos 1)a + (sin £)b}dr,
where a, b are constant vectors.
7. Show that if ry = ra + %b, and rg = %a + tb,

where a, b are constant vectors, then

d(r1 X ra) _ ( i)
T_Z t+t’ aXxbhb.

8. Differentiate with respect to 7 the vector 36131 + (log t)is + %h.

9. Differentiate with respect to ¢, (i) r1 X ra, (i) ri.rs, where
r1 = t2i; — tia + 3is and ra = 3i; -+ tig — 2%s.



CHAPTER 1V
§4.1

Suppose O is a fixed origin, and suppose that at time f a moving
point is at the point P, whose position vector referred to O js r.
Suppose that after a small interval of time &z, the moving point
has reached the point P’, whose position vector is r -+ dr, and
let the arc PP’ be of length 8s.

Fig. 25
Then PP’ = or,
and PP = | or | = &s.
If 7 is the unit vector along the tangent at P,
dr — ¢(8s),
and if v is the velocity of the moving point at time ¢,
. or dr .
R T
Also v=lim (:61) (ﬁ) = TV
8t—0 ds 8t
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where v = | v| = lim §s’ and is the speed of the moving point
st>0 Of

along its path.
If f is the acceleration of the moving point,

£ =t =%
= st dt
dr ..
or f=vde=r.

§4.2

As the moving point moves from P to P’, suppose
thg line joining it to the origin turns through an angle 86, so that
POP' = 86. Let Q be a point on OP’ such that 0Q = OP = r.

Then QP' = ér,
and PQ ==réé.

As 8t — 0, the lines OP, OP’, may be taken to be perpendicular
to PQ.

Fig. 26

Let 11, I» be unit vectors along OP and in the transverse direction
where the transverse direction is defined to be the direction
perpendicular to OP in the plane of OP, OP’, whose positive
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sense is that of PQ. Then when 8¢ — 0, I is in the direction PQ.
Let I3 be a third unit vector, perpendicular to the plane of OP,
OP’ such that I, I, Is form a mutually perpendicular right-handed
system of unit vectors.

Then with the same notation,

v= lim E'-',
a0 Of
ie. v=lim PP
a0 Of
ie. v= 1m PCTOF
30 3t
ie. v= lim ﬂQ + lim Q—P,
20 O s, Of
. do dr
.. =r—} — 1
1e vErat Tt ah
ie. V=i =il + rfl. 1))
§4.3

Using the same notation as in the preceding paragraphs, let
81y, 81z be the small increments in b, Iz, as the moving point moves

Fig. 27
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from P to P’, so that I, l; are in the directions OP, and the
transverse direction while Iy -+ 8ly, Iz + 8l are also unit vectors,
but in the directions OP’ and perpendicular to OP’ respectively.
Let unit lengths Op, Op’ be cut off on OP, OP’, and let lines
Oq, Oq’ be drawn, of unit length, Bgrpendicular to Op, Op’ so
that Op, Og, represent I, Iz and Op’, Og’, represent Iy 4 8y,
1z - 8lz. Then ﬁ' = 8l; and q—q' = dls.

But pp’ =0pd6, and gq = 0q?d0b,

ie. pp’ == 80, and gqq' = §6.

Since pp’ is in the direction of Og, and gq’ is in the direction of pO,
then as 6r > 0,

pp’ — (80)k and qq’ — (86)(—1y)

But p’ = 8h and qq’ = 8k
therefore 8l; — (80)Ls, and 8l — —(80)L,
. dh dls .
L. _— = 0 d _ = — 0
i.e r I, an ar I
§4.4
From §4.2, V=1 = + rbl
. - dv
d .1, = [——J—
and from §4.1 f=r at
d,. :
Hence f=_— (th + rélp),
dt
. .. . dl ¥ = - dl
i.e. f=rl1+rz;+ralz+r0]2+r03;2
i.e. f=7rl + 5'8-12 + i‘élz + rblz — ré211
ie. f=( — ro®l + (r6 + 276k,

Thus the radial component of the acceleration is (r — réz), and

the transverse component is (2;‘[9 + ré) or ;lgt (rzé).
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Example 1. A point moves so that at time t its position vector ¢
is given by
r = (sin 20)i; + (cos 37)ig + etis.

Find the velocity and acceleration of the point at time t.

Since r = (sin 20)i; + (cos 3Niz |- eis,
therefore F = (2 cos 28)iy — (3 sin 30z -+ etis,
and r = —(4sin 20)i; — (9 cos 30)iz + ctiz

Hence the velocity has components 2 cos 2f, —3 sin 3¢ and ¢f;
and the acceleration has components —4 sin 2¢, —9 cos 3¢, et.

Example 2. A particle moves on the plane curve r = asin 0,
where a is a constant number. Find the radial and transverse com-
ponents of the velocity and acceleration at any time t.

Since the particle moves in a plane curve, 6 and 8 are the
angular velocity and acceleration of the line joining the particle
to the origin.

The equation of the path of the particle is

r=asiné,
therefore i = a(cos 8)8,
and 7 = (—asin )82 + (a cos 6)6.

Hence if v is the velocity of the particle
v = (acos O)éll + rfly
i.e. v = (acos O)éll + (asin 0)49]2
and if f is the acceleration of the particle,
f = {(—asin 6)62 + (acos 6)8 — ré2}i; '
+ {(2acos 6)62 + ro}la
ie. f=af(cos §)8 — 2(sin )62}, + a{2(cos 6)62
+ (sin 0)5}]2
Hence the radial and transverse components of the velocity are
{a cos O)é and (asin 0)9, while the radial and transverse com-
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ponents of the acceleration are af(cos 8)8 — 2(sin 0)92} and
a{2(cos 6)82 + (sin 6)8} respectively.

Examples IVa

1. Find the velocity and acceleration of a particle which moves so that at
time ¢ its position vector is r where:
(i) r = (sin )iz + (cos #)iz + tiz;
(i) r = 30y + r%ip + 3tia;
(iii) r = (log t)ir — e?a + 12s;
(iv) r = ae? where a is a constant vector;
(v) r = asin 2¢ + b cos 2¢ where a, b are constant vectors.

2. Find the velocity and acceleration of a particle which moves along the
plane curve r = gef in such a way that the line joining the particle to the
origin turns with constant angular velocity .

3. Find the radial and transverse components of the acceleration of a

particle P which moves in the plane curve 3 =1 + cos 0 in such a way that

OP rotates with constant angular velocity w, O being the origin.
4. Find the velocity and acceleration of a particle which moves so that at
time ¢ its position vector r is given by

@) r = a(t — sintis + a(l — cos )iz + btis;
(ii) r = a(cos Hi; + a (sin 1)i, + a (cos 21)i,.

5. If a particle moves along the plane curve r = af where 0 = k¢, find the
radial and transverse components of its velocity and acceleration.

6. Find the radial and transverse components of the velocity and accelera-
tion of a particle moving along a plane curve given that

(i) the equation of the curve is r = /0, and 6 = ¢ -+ 1/t
(ii) the equation of the curve is r26 = 4, and 0 = ¢/2;

(iii) the equation of the curveis r = 1 — 1/0, and 0 = ¢?;

(iv) the equation of the curve is r = 4 — cos 8, and § = 21,

7. Find the radial and transverse components of the velocity and accelera-
tion of a particle moving along a plane curve in such a way that r26 =1,
given that the equation of the curve is

@) r = 6/(2 — cos 0); (i) r = 5/(3 + 2 cos 6).
8. Find the velocity and acceleration of a particle moving along the line
r=a-+pb
where a and b are constant vectors, and p is a scalar function of ¢ such that
@) p = 32

(ii) p = 4s;

(iii) p = sin¢;

V)Y p=1t+logt.
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§4.5. Momentum

If at time ¢ a particle of mass m is situated at a point P, whose
position vector referred to a fixed origin O is r, its linear momentum
is defined to be the vector mk. The product r X mi is called the
moment of momentum, or angular momentum of the particle, and
is the moment about O of a vector mi drawn through P. The
linear momentum is usually called simply the momentum.

If K denotes the linear momentum, and H the angular momen-
tum, of a moving particle whose position vector at time ¢ is r, then

H=r x K.

§4.6. Newton’s Laws of Motion Applied to a Particle
I. Every body continues in its state of rest, or of uniform motion
in a straight line, unless it is compelled to change that state by an

external impressed force.

Motion implies direction, and hence that which changes the
motion of a body must be a vector, and is known as a force.

II. The rate of change of linear momentum of a body is pro-
portional to the external impressed force and takes place in the

same direction.
Thus, if a particle of mass m, acted upon by a force F is at a
point whose position vector is r at time f, then

d, .
F oc — (mr),
dt( )
i.e. F oc mr, if m is constant.
If the units are suitably chosen (the absolute units of classical
mechanics), this may be written
. dK
F=mr=—.
dt

III. To every action there is an equal and opposite reaction.
Thus if a body A acts upon a body B with a force F, then B will

act upon A with a force —F.
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§4.7

If a force F acts upon a particle of mass m whose position
vector at time ¢ is r, then

F = mr,
therefore rX F=r X mr. m
Now H=r X mr
dH . ] N
therefore T r X mr-+r X mr,
But rxmr=0
therefore aH _ r X mr. )
dt
Thus, from (1) and (2)
rx F= d—H
dt

i.e. the moment, about an arbitrary point O, of the force acting on a
particle is equal to the rate of change of angular momentum of the
particle about O. This result is analogous to the statement that
the force acting on a particle is equal to the rate of change of linear
momentum of the particle, and the two statements together make
Newton’s Second Law generally applicable in Vector Mechanics.

Example 3. A particle of mass 2 kg starts from the origin with
a velocity of 15 m/s along the line whose direction ratios are 1: 2 : 2.
The particle is acted upon by a force whose value at any time 1 is
(2i1 + tiz + r2i3) N where t is measured in sec. Find the position
of the particle at time t.

Let r be the position vector of the particle at time . Then

2F = 2iy + tig 4 f2g
therefore 20 = 2ti; + %2 + 1893 + a §))

where a is a constant vector.
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But when t =0, r= 1531 + iz + %is) 2
therefore 30(4i; + 4i2 + %ig) =0 4 a
Hence equation (1) may be written
2r = (2t + 10)i1 + (32 + 20)iz + (33 + 20)is

therefore 2r = (12 + 100)iy + (323 + 200z + (24 + 20¢t)is + b,
where b is a constant vector.
But r = 0 when r = 0, therefore b = 0,
therefore r = (322 + 5Oi1 + (#:83 + 100)iz + (3414 + 100)i3.

Example 4. A particle of mass 5 kg is projected from the point
(2, 3, 6) with a speed of 70 m/s. If the particle is at the point whose
position vector is ¥ at time t, and is acted upon by a force of (—5r) N.
find the speed of the particle when it is 15 m from the origin.

Since the particle is subject to a force (—5r) N, then

5t = —Jr,
i.e. r=—r.
Multiplying both sides of this equation scalarly by 2f,
2t .= —2r.r1,

therefore F.r=—r.r+a, ()]

where a is a scalar constant.
Equation (1) may be written

vZ=a—r? 9))
where v (= 1) is the velocity of the particle at time ¢. But v = 70
when r2 = 22 4 32 4 62 = 49,
therefore 4900 = a — 49
a = 4949,
Then equation (2) may be written
v2 = 4949 — r2 3)
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If v is the speed of the particle when it is 15 m from the origin,
then v = v; when r = 15. Hence from equation (3)

v = 4949 — 225

= 4724,
therefore v = 4/(4724) m/s
ie. v = 68.73; m/s

Example 5. A particle is projected with a velocity of 60 m/s
in a direction making an angle cos-1 4/5 with the upward vertical.
Find the velocity and position of the particle at time t, assuming
that the particle is moving freely under the action of gravity.

Fig. 28

Let OX, OY, OZ be a mutually perpendicular right-handed
system of axes through the point of projection O, such that OZ
is along the upward vertical through O, and OY, OZ are in the
plane of the initial velocity u. Then, with the usual notation, if r
is the position vector of the particle at time ¢,

i; = _gi39
therefore r = —gtis + a,
where a is a constant vector. But when t = 0,
r = u = 36iz 1 48i3
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therefore a = 36ix + 48is.
Hence r = —gt i3 + 36iz + 48is. )]
Integrating again, ‘

r = —J3gr%ig 4+ (36i; + 48is)t + b,

where b is a constant vector. But r = 0 when 1 = 0,

therefore b=0,
hence r = 36t + (48t — 1gt2)is. )
Equation (1) may be written

r = 36iz + (48 — ghis. 3)

Hence at time ¢ the particle is at the point (0, 367, 48 — 4:912)m
and is moving with velocity v where v = 36i, 4+ (48 — 9-8¢)i3 m/s.

Examples IVb

Assume g to be 9-8 m/s?, and take the time 7 to be measured in seconds
unless stated otherwise.

1. A particle of mass 10 kg is acted upon by a constant force F, where
F = (50i,+25i,+4 30i;) newtons. Initially the particle has a velocity of 36 m/s
along the line whose direction ratios are 4 : 4 : 7. Find the position and
velocity of the particle at any time ¢.

2. A particle of mass 5 kg is projected from the origin with a velocity of
28 m/s along the line whose direction ratios are 2 : 3 : 6. The particle is acted
upon by a force F, whose value at time ¢ is given by

F = {(10sin 1)i, — 320i,} newtons.
Find the velocity and position of the particle at time ¢

3. A particle is projected from a point O with a velocity of 88 m/s along
the line whose direction ratios are 2 : 6 : 9. The particle is subject to an
acceleration|whose value at time ¢ is {ri; +'(sin )i, — 32is} m/s% Find the
velocity and position of the particle at time #.

4. A particle is projected from the origin with a velocity of 91 m/s along
a line making an angle tan~15/12 with the upward vertical. If the particle
moves freely under gravity, find its velocity and position at any time ¢, and
show that its trajectory is a curve in a vertical plane. Find also the time at
which the particle again reaches the horizontal plane through O, and its
distance from O at that instant.
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5. A particle is projected with a velocity of 49 m/s in a direction making
an angle of n/6 with the horizontal. Find (i) the time at which the particle
reaches the horizontal plane through the point of projection, (ii) the distance
at that time from the point of projection, (jii) the greatest height attained
during the motion.

6. A missile is fired horizontally from a height of 16,000 m, with a velocity
of 7000 m/s. Find the horizontal distance from the point of firing of the
point where the missile hits the ground.

7. Show that the relative velocity of two particles, moving in any directions
under the acceleration of gravity, is constant.

N.B. The velocity of a body A, relative to another body B, is the velocity
which A appears to have to an observer moving with B. Thus if v4, Vg are the
velocities of A, B respectively, the velocity of A relative to B is v4 — Vg, while
the velocity of B relative to A is vg — V4.

8. A particle is projected from a point A in the direction B with the speed
u, while a second particle is simultaneously projected from B in the direction
BA with speed v. Show that the particles will collide and that the point of
collision is vertically below C, the point in AB such that AC : CB = u : v.

9. A ball just clears two walls of the same height 4 and at distances d, ds
from the point of projection. Prove that if a is the angle of projection,

tan a = h(dy + dz)/d1d>.

10. A stone is projected horizontally from the top of a tower 80 m high,
with a velocity of 40 m/s. At the same moment another stone is projected
from the foot of the tower with a velocity of 80 m/s in a direction inclined
to the horizontal at an angle n/3. The two stones move in the same vertical
plane. Show that the stones collide, and find the position vector of their
point of collision.



CHAPTER V

§5.1

If a particle is acted upon by a force directed towards (or away
from) a fixed point O, the force is called a central force, and the
fixed point O is called the centre of force. The path of the particle
is called its orbit.

§5.2

Suppose that at time ¢, a particle of mass m is at the point P,
whose position vector referred to a fixed point O is r. Suppose that
the particle is acted upon by a force F in the direction OP. Then
if H is the angular momentum of the particle about O,

Fig. 29
H=r X (mr)
therefore ‘%I =1 X (mr) +r X (mf)
=0+4+rXxF,

= 0, sincer, F are in the same direction,
i.e. H is constant.

66
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Since H is a constant vector, its direction is constant and since
also H=r x mi, H is perpendicular to r. Hence the vector r
passes through the fixed point O and is always perpendicular
to a fixed direction; i.e. r lies in a fixed plane, and the path of the
particle is a plane curve. Thus the orbit of a particle moving under
the action of a central force is a plane curve.

Suppose H = mh, where h is the angular momentum per unit
mass of the particle about O. Then since H is a constant vector,
and m a constant scalar, h also is a constant vector.

Since H=r x mr,
therefore mh =71 X mr,
therefore h=rXxF @

Using the notation of Chapter IV, equation (I) may be written
h=rh x (Fh + rfly)

ie. h = r2fl,, an
since L xLh=0 and L1 X b= I3.
But h is a constant vector, hence r28 is constant throughout the
motion, and I3 is in a constant direction, normal to the plane ¢~
the orbit of the particle.

Suppose that at time ¢, when the particle is at P, the perpendicu-
lar from O to the tangent to the orbit at P is of length p. Then

h = pvl3 where v is the velocity of the particle at P.
Hence

h=py= 726 = constant. (IT1)
§5.3
Let A be the vector area swept out in time ¢ by the radius OP.
Then if 8A, 8r, are the small increments in A, r corresponding
to a small rotation 88 of OP, in the small interval of time 8¢,
A = (3r280)13
3A 80

h s — 12
therefore 5t ir 57 ls.
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In the limit as 6t — 0,
dA .
—_ = 2 =
@ 4r2fls = 1h,

A
ie. % l = 4h, which is constant. aw)

This fact was observed by Kepler in his astronomical observa-
tions of the movements of the planets, before it had been
demonstrated mathematically, and was stated by Kepler as his
second law of planetary motion, in the form: “The areas described
by radii drawn from the sun to a planet are proportional to the times
of describing them”, or, more shortly, the radius joining the sun
(proved to be a centre of force) to a planet describes equal areas in
equal times.

§5.4. The Inverse Square Law (First Method)

Suppose that at any time ¢ a particle is at the point P, whose
position vector referred to the fixed point O is r. Suppose that the

Fig. 30

particle is attracted towards O by a force of magnitude u/r? per
unit mass of the particle, where p is a constant scalar. Then if
m is the mass of the particle,

mr = — ’:—'2" I, (1)
: 1. 1
ie. —F=—5h )
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Hence if h is the constant angular momentum per unit mass of
the particle,

1. 1
~TXh=—5h X h,
I r
i L b= =L n x reing
ie. " =—5h
where 8 is the angular velocity of OP,
1. :
i.e. -t X h= 6,
}L
_dh
Todt
Integrating with respect to ¢, this becomes
I,
’;rxh=ll+e, A3)
where e is a constant vector.
From (3),
1.
r.{;r xh} =r.{h+ ¢
. 1,
ie. I:{r.(rxh)}=r.h+r.e
. 1 .
i.e. ;{(rxr).h}=r.ll+r.e
. 1
ie. ’—L(h.h)=r.ll+r.e
. 1
ie. M h2 =r -+ recos 8, )

where 6 is the angle between OP and the constant vector e.
Equation (4) may be written.
h¥p

r—='l + ecos 4, (5)

which is the polar equation of a conic having O as one focus, e as
eccentricity, and its major axis in the direction of e.
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From equation (5) the semi-latus rectum is A%/u. The conic is
an ellipse, parabola, or hyperbola according as e < 1, e = 1, or
e> 1.

Example 1. A particle is attracted towards a fixed point O by a
Jorce p/OP? per unit mass, where P is the position of the particle
at time t. The particle is projected from the point A, where OA = a,
with velocity (1/2a)t in a direction making an angle =/4 with OA.
Find the eccentricity of the orbit and the periodic time of the particle
in its orbit.

Fig. 31

Let r be the position vector of the particle, referred to O, at
any time ¢, and let m be its mass. Let l; be the unit vector in the dir-
ection OP, and let I> be the unit transverse vector. Letls be the unit
vector perpendicular to kj, Iz so that I, k, Is form a right-handed
system of mutually perpendicular unit vectors. Let h be the angular
momentum per unit mass of the particle about O. Then h is a
constant vector such that

24 'w)(#i
h=r 13=(asmz Z_a) Is

where @ is the angular velocity of OP,

ie. b = r201; = 1(aw)'ls 0
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Considering the force acting on the particle,

mr = %mh,
r
1. 1
1.€ -l':“-———r—zll
i.. 1
Therefore ~FXh=—=5h xh
m r
) 1. 1
ie. “r X h=— 2l x r2l,
I r
= — 9]1 X 13,
=k
therefore —lf X h 2‘1]1.
© dt

Integrating with respect to ¢, equation (4) becomes
1.
—rxXh=1+e,
s

where e is a constant vector.

71

@)

3)

4)

&)

Let L1, Io1, Is1 be the initial values of the unit vectors by, I, I3;

then if iy is the initial value of I,

i= (2 ) (cos” B (sin 2
e () e ()

‘ ) 1 1
i.e. n= 5 (%)2 (li1 + l2p).
Substituting in equation (5)
1\ (1 4 1
(;) (f) (%)2 (1 + 121) X (3) (ap-)é Iss=hi+e
ie. e=—3%la+3ilu—In
i.e. e=—3l1 — %Iy,

and e =\%)

(6)
Q)
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From equation (5)

1.
r.(—rxh):r.ll+r.e
I

1
ie. ;{r.(i'xb)}=r.ll+r.e
1
ie. ;{(rxi-).h}=r.ll+r.e
ie. —l(h.h)=r.11+r.e,
w"
K2
ie. — =r-+recosd
I
where 0 is the angle between r and the constant vector e,
h2
i.e. i r(l 4+ ecos ) 8)

which is the polar equation of a conic having O as one focus, e
as eccentricity, and h2?/u as semi-latus rectum, the major axis
of the conic being in the direction of the vector e. Since e < 1,
(e = (1/10)/4), equation (8) represents an ellipse of eccentricity

(n/10)/4.
If «, B, are the semi-major and semi-minor axes of this ellipse,

then e

- = a(l —_ 82)

il
. aup 10
i.e. i =a (1 — 1—6)
] 2a
1.¢. a = T

442 10

and ﬁz = -9— (l — 1—6)
. ar/6
1.€. = —6—.

Since the rate at which OP describes areas is constant, and equal
to 3h, i.e. }1/(ap), and the area of the ellipse is wap, then the time
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T required by the particle to travel completely round its orbit is
given by

maf
= w2

== (3) (%) ()

] 47 (6(13)
i.e. =— [|l—).
9 p

T

§5.5. The Inverse Square Law (Second Method)
Equation (1) of §5.4 may be written

oo P'
P=—5h )
Hence 2%.F= — (.’iz) 2 . Iy,
r
. . 2. .
i.e. 2r.r= — & (rh + rély) . L,
ie. 2% . F= — 2_’2‘ . 2
r

Integrating with respect to ¢, equation (2) becomes
Pob= 27" +e, 6

where ¢ is a scalar constant. If v (= F) is the velocity of the
particle at time ¢, equation (3) may be written.

v2=2‘-‘+c,
r
2
i.e. h*2=2—p'+6‘,
p r
2
ie. h—ic=2—"——/c+1,
p r

which is the (p, r) equation of a conic.
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Example 2. Applying this method to the example in
equation (1) of §5.4 gives

.._ . ‘LL
r = ;—le,
therefore 2F . F = — %21".]1
r
. .. 2u .
i.e. 2r.r==—-gr.

r

Integrating with respect to ¢, equation (2) becomes
P.i= 2 +c,
r

where ¢ is a scalar constant,

i.e. v: = g"f + ¢,
r
where \ = A
But initially v = A/ (’i) and r = a,
2a
b 2u
therefore — ="+,
2a a
3p
therefore c= — .
2a
Hence equation (3) may be written
o2 3w
r 2a

Since pv = h = }+/(ap), equation (4) may be written
ap _ 2p  3p

4p2 r 2a

a6 _ 4a/3 _

ie. —
p? r

§5.4,

M

2

3

@
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which is the (p, r) equation of an ellipse whose semi-major axis,
a, and semi-minor axis, B, are given by

o= 28 g= 2
3’ 16
Hence the eccentricity e is given by
B2 = a¥(1 — e);
a?  4a?
. @t _4a% e,
i.e. ; 9 (1 —e?
3
ie. 1l —et="7;
ie e 3
5
therefore 2 = §;
and e= ﬂ
4
The periodic time, T, is obtained from the relation
__ 2map
"~ h

as in §5.4.

§5.6. Laws of Force Other than the Inverse Square Law

An examination of the methods demonstrated in §5.4 and §5.5,
shows that the method of §5.4 can only conveniently be used when
the law of force is the inverse square law, while the method of
§5.5 has a wider general application, but has the disadvantage of
giving the equation of the orbit in the (p, r) form which is less
familiar than the polar equation given by the method of §5.4.

An example should suffice to illustrate the method of §5.5
when the law of force is not the inverse square law.

Example 3. A particle is attracted towards a fixed point O by a
Jorce (1/r?) +- (ua/4rd) per unit mass, where r is the distance of the
particle from O at any time t. The particle is projected from the
point A, whose distance from O is a, with velocity \/(u/3a) per-
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pendicular to QA. Find the (p,r) equation of the orbit of the
particle, and show that its distance from O never exceeds a and is

never less than af23.

Suppose that the particle is at the point P at any time ¢, and
that the position vector of P referred to O is r. Then with the usual

notation,

i;=_lt(l +43)|1,

therefore 2r. l"——2;1.(1 +43)r I
ie %= —2 (l+_“_ (i + rélg) .1
.C. LI = " 72 ar3 1 2) .- 11,
where @ is the angular velocity of OP,
. 1 ay.
.e. 2F.r = — 2
i.e F.T= p.( -+ 4r3) r.
Integrating, equation (2) becomes
2 pa
rr=_timto

where c is a constant scalar. Then if v =,

-
r + 4r2 +
But v = 4/(p/3a) whenr = a
bk e
therefore c = 3a p iz
. 23p
1.€. cC = — 1—2;1

Then equation (3) may be written

o2 pa_ 2
Vet 4 T 12

(M

@

3)

4)

If h is the angular momentum per unit mass of the particle
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about O, and p is the length of the perpendicular from O to the
tangent at P to the path of the particle, then

r=i=a /()

Hence equation (4) may be written
pa  2p  pa  23p

32 r 42 12a
. a 2 a 23
i.e. gp—g‘—;-i-a—r—z—m (5)

From equation (5) since p < r,
a 2 a 23

therefore S;t e 1

i.e. 4a? < 24ar + 3a® — 23r2
i.e. at — 24ar + 23r2 <0
ie. (@—r)a—23) <0
ie. 2% Srsa

Hence, the distance r of the particle from O never exceeds a and is
never less than af23.

Examples V

1. A particle of mass m is attracted towards the fixed point S by a force
3mcu®/r® where r is the distance of the particle from S at any time ¢, and ¢,
are constants. Initially the particle is projected from a point C with velocity u
in a direction inclined to SC at an angle n/3, the distance SC being ¢. Find the
eccentricity of the orbit of the particle and determine whether it is arj ellipse,
parabola, or hyperbola.

2. A particle is attracted towards a fixed point O by a force u/OP? per
unit mass, where P is the position of the particle at time . Write down the
vector equation of motion of the particle, and prove that its path is a conic
with one focus at O.

If the particle is projected from the point 4, where OA4 = a, with velocity
+/(#/a) in a direction making an angle 7/4 with OA, find the eccentricity of
the orbit, and the periodic time of the particle in its orbit.

3. A particle moves under the action of a central force attracting the particle
towards a point O with a force inversely proportional to its distance from O,
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the force of attraction being 32 N per unit mass when the distance is 2 m.
If the particle is projected from a point A in a direction perpendicular to 04
with a velocity of 16 m/s, OA being 1 m, determine the equation of the orbit.

4. A particle of mass M moves under the action of an attractive central
force nM/r2, Show that the path of the particle is a conic section whose semi-
latus rectum is h3/u, where Mh is the angular momentum of the particle about
the centre of attraction.

The particle originally moves in a circular orbit. Show that if x is instan-
taneously decreased by a fraction ¢ of its original value, then in the subsequent
motion the ratio of the distance of the particle from the centre of force at the
perihelion to its distance at the aphelion is (1 — 2¢) : 1.

N.B. In planetary motion the perihelion is the point of the orbit which is
nearest to the centre of attraction and the aphelion is the point of the orbit
which is furthest from the centre of attraction.

5. A particle P is projected, with speed V, from a point at a distance R from
a centre of force O, and is attracted towards O by a force x/OP? per unit
mass. Show that the path of the particle is an ellipse, parabola, or hyperbola
according as V2 is less than, equal to, or greater than 2u/R.

Two particles of masses M and m, describing coplanar parabolic orbits
about a centre of force at their common focus, impinge at right angles, and
coalesce, at a distance R from the centre of force. Show that the path of the
composite particle is an ellipse whose major axis is of length R(M + m)2/2Mm.

6. A particle P of unit mass is attracted towards a fixed point .S by a force
of magnitude #/SP2. The particle is projected from a point P, with speed u
(not in the line SP,). Prove that the path of the particle is a conic with S as
focus.

Find the conditions that the path should be (i) elliptic, (ii) hyperbolic,
(iii) parabolic.

Show that if the path is elliptic, the periodic time is

8P, }3 12
2"#{2,; Zu2SP,

7. Obtain expressions for the radial and transverse components of velocity
and acceleration of a particle P moving in a plane.

P has velocities u, v of constant magnitudes, u in a fixed direction and v
perpendicular to OP where O is a fixed point. Show that the acceleration of
the particle is always directed towards O, and varies inversely as the square
of the distance from O. Find the eccentricity of the orbit in terms of «, v.

8. A particle describes an ellipse under an attraction ur per unit mass
towards a fixed point O. Prove that, with the usual notation,

V2 =p(a® + b2 —r?), h=abyu

An equal particle, subject to the same attractive force, is projected from O
with speed by/(11x) along the major axis of the ellipse. The two particles
collide and coalesce at the end of the major axis. If a = 2b prove that the
orbit of the composite particle is an ellipse whose axes are 25(/2 + 1).
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9. A missile P is projected from a point 4 on the earth’s surface with
speed 4/(2gd), the earth being supposed spherical, of radius c¢(c > d), and
centre 0. The missile is assumed to be attracted towards O by a force gc?/r2
per unit mass where OP = r. Show that the path of P is an ellipse, having O
as focus, and that the speed v of P is given by

P
V2 = 2g(d— c+ 7).

Show that the locus of the second focus S, for all paths in which the particle
leaves A4 in the same vertical plane with the same speed, is a circle of centre
A and radius cd/(c — d).

10. A particle P describes an ellipse under an attraction towards a focus §.
Prove that the attraction varies inversely as SP2. Prove also that the Kinetic
Energy of the particle is proportioned to {(2/SP) — (1/a)} where a is the semi-
major axis of the ellipse. If the greatest and least speeds of the particle are
v1 and vz respectively, show that the eccentricity of the path is (vi — va)/(v1 + vs).

11. A particle P moves in the plane of the rectangular axes OX, OY under
an attraction n20P per unit mass towards O. When the particle is at the point
(a, 0) its velocity is « in the direction OY. Show that the path of the particle
is an ellipse.

Find the velocity of the particle at time ¢ after leaving (a, 0), and also the
periodic time of the particle in its orbit.

12. A particle P is moving under a central force u/r? per unit mass towards
a fixed point S where SP = r. Initially the particle is at a distance R from S
and has a velocity ¥ in a direction making an angle ¢ with SP. If V2R = 2au
show that the path of P is a conic with one focus at S, semi-latus rectum
2aR sin? ¢ and eccentricity ¢ where e2 = 1 — 4a(l — a) sin2 .

13. A particle is attracted to a fixed point O by a force varying inversely
as the square of the distance of the particle from O. Prove that the orbit
is a conic with one focus at O and, with the usual notation, semi-latus rectum
h2/u. Show also that the speed v is given by

oo 2 plet— 1)
r )
where [ is the semi-latus rectum.

While describing a circular orbit with speed U, the particle explodes into
two equal parts. The initial velocity of separation of the two parts is in the
line of the velocity immediately before the explosion and is of magnitude 2V.
Show that if ¥V < (/2 — 1)U, both parts subsequently describe elliptic
orbits.

14. (a) If r is any vector function of 7, prove that

@) rg—: = r.;';
.. d {1 .
(ii) rsd_t (;) =|-r.T;

iy 5 () =1 < @ xD.

r,
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(b) The sun attracts a planet of mass m with a force of magnitude MmG/r?,
where M is the mass of the sun, G is a constant, and r the distance of the
planet from the sun. Write down the equation of motion of the planet relative
to the sun, which may be assumed to be fixed, and show that the speed v
of the planet is given by

_]_' sz — ”M = E’
2 r
where E is a constant.

When the planet is at a distance 2a from the sun its speed is ¥, and when
half ;his distance away, its speed is 2V. Show that the mass of the sun is
3V2a/G.

15. A particle of mass M has the position vector r referred to a fixed point
0, and is acted on by a force —Mu(r)~%r. Initially it is given a velocity V
such that V2 < 2u/a, where a is the position vector of the initial position
of the particle. Show that the path of the particle is an ellipse and that the
velocity v of the particle at any time ¢ satisfies the relation

hxv=—“$r+,uee1,

where Mh is the angular momentum about O, e the eccentricity of the ellipse
and e; the unit vector in the direction of the major axis. Hence by evaluating
h X (h X v), or otherwise, show that v can be expressed as the sum of a vector
of constant magnitude perpendicular to r, and a constant vector perpendicular
to e1.

16. A particle moves in an elliptic orbit of major axis 2q under a central
attraction u/r® per unit mass. Prove that the magnitude of its velocity v is

given by . g _1
=4 (’, a)r

where the relation 42 = ul, using the usual notation, may be assumed.

A satellite is moving uniformly tn a circular orbit of radius 4¢ about the
earth’s centre O, the radius of the earth being ¢. The speed of the satellite is
suddenly reduced in magnitude, its direction remaining unaltered, so that it
subsequently pursues an elliptic orbit such that its least distance from O in
the subsequent motion is 2¢. Show that the speed must be reduced in the
ratio 4/2 : 4/3. Show also that the time taken by the satellite to reach this
distance 2¢ from O is 7+/(27¢/g) and find its speed at this point in terms of
g and ¢, g being the acceleration due to gravity at the earth’s surface.



CHAPTER V1

§6.1

It will be convenient to use the notation *“the point 4 (a)”
to denote ‘“‘the point 4 whose position vector referred to the
origin O is a”.

§6.2. Equation of a Straight Line Throngh a Given Point in a
Given Direction

Let O be the origin, and let P (r) be any point on the line AB
drawn through A4 (a), in the direction of the vector b. Then there
is a number ¢, dependent on the position of P, such that AP = tb.

Fig. 32
Then OP = 04 + 4P,
ie. r=a- tb. o

For any point P on the line AB there is a unique value of ¢;
also for any value of ¢ there is a unique point P on the line AB.

81
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For suppose f; is a particular value of ¢, then the point P; deter-
mined by equation (I) has position vector r; where

rn = a 4 tib,
ie. .(Tﬁl =04 + b
i.e. Wl — UZ = nhb,
i.e. Zﬁl = nb.

Hence the line AP; passes through A and is parallel to b; i.e. the
line AP, coincides with 4B, and therefore P; lies on AB. Thus
any point P, such that AP - tb, whose parameter ¢ satisfies
equation (1), lies on 4 B. Hence equation (I) is the equation of the
line through A in the direction of b.

§6.3. Equation of a Straight Line through Two Given Points
Let O be the origin and let A4 (a), B (b) be the two given points.
Let P (r) be any point on the line AB. Then for any position of P

on AB there must be a number ¢ such that AP : AB=1t:1.
P

Fig. 33
therefore AP = (4B,
ie. r—a=1tb—a
ie. r=a-+ b — a) an
or r=(1— fa - rb. (§1109)

Hence the parameter ¢ of any point P on 4B, where AP:AB—1:1,
satisfies equations (I1), (II1). By an argument similar to that of
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§6.2 it can be shown that if P is a point such that AP:4AB=t:1,
and the parameter 7 satisfies equation (II), then P must lie on AB.

§6.4. Equation of a Plane Through a Given Point and Parallel
to Two Given Vectors

Let O be the origin and let II be the plane parallel to the vectors
a, b containing the given point C (¢). Then lines C4, CB may be
drawn in plane II so that CA — aand CB = b.

A i
/XP
B
c A
I/ /

o]

Fig. 34

Let K (k) be an arbitrary point in CB such that CK = Ab.
Then OA4 = ¢ + a and OK = ¢ + Ab. If P (r) is any point on the
line AK, there must be a number u such that,

r=(c+ a) + p{(c + Ab) — (c + a)}
from equation (II) of §6.3,
ie. r=c+a+p{db—a},
ie. r=c -+ (1 — pa -+ Aub.
By a suitable choice of A, g, the point P can be made to take any
position in plane II. Hence the equation

r=c+4 (1 —p)a 4 Apb
gives the position vector of an arbituary point P in plane II.
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Writing s instead of (1 — p) and ¢ instead of A, the equation of
plane IT can be written in the form

r =c+ sa+ b (1v)

By an argument similar to that of §6.2, it can be shown that if
a pair of values of s and ¢ are substituted in equation (IV), the
point so determined lies in the plane through A parallel to the
vectors a, b.

§6.5. Equation of a Plane Containing Three Given Points
Let O be the origin, and let 4 (a), B (b), C (c) be the three given

Fig. 35

points which define the plane II. Then 4B =b —a and
AC = ¢ — a. Hence II is the plane, containing the point A4 (a),
parallel to the vectors (b — a) and (¢ — a). Hence (§6.4) the
equation of plane 1 is

r=a -+ 5(b — a) + f(c — a),

ie. r=(0~—s—0a-+ sb+ ™

where s, ¢ are parameters.
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§6.6. Equation of a Plane Containing a Given Point and Normal
to a Given Direction

Let O be the origin and let 4 (a) be the given point. Let n be
unit vector in the given direction, and let p be the length of the

n

(o}
Fig. 36

perpendicular from O to the plane through 4 normal to n. Let
N be the foot of the perpendicular from O to I1. Then the position
vector of N is pn. If P (r) is any point in plane II, 4P is perpen-
dicular to ON,

i.e. AP.n =0,
i.e. r—a).n=0
or r.n=a.n (6'%))

whence it can be seen that the length of the perpendicular from
the origin to plane IT is a . n.

§6.7. Alternative Forms of the Equation of a Plane and of its
Distance from the Origin

Let A (a), B (b), C (c) be three points in the plane IL. Let P (r)
be any point in '1. Then the vectors 4P, B4, CB are coplanar;
i.e. the vectors (r — a), (a — b), (b — ¢) are coplanar.
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therefore [r—a)a—Db}b—0c)]=0
ie. r—a).{a—b)yx.(b—c¢c)}=0,
i.e. r—a).{axb+cxa+bxec}=0,

i.e. r.(bxc+cxataxb)—a.(bxc=0,
which may be written

r.bxe+cxat+axb)=I[abc], (VIII)
or (rbc] 4+ [rca] +[rab]l =[abc] Ix)

If n is the unit vector normal to plane II, and A is the area of
triangle ABC, then,

BA X CB = + 2An,

the positive or negative sign being used according as B4, CB, n,
do, or do not, form a right-handed system,

i.e. (a—b) x (b —c) =+ 2An,

i.e. axb—aXxXe+bXc=42An,

i.e. bxec+cecxat+axb=42An,

i.e. 2A = |bxc+cXat+aXxb] X)

Then from §6.6, the length p of the perpendicular from O to
plane I is given by

p=a.n

_4+a.{bxec+ecxa+axb}
- 2A

[abc]
|[bxXc+exa+axb]

i.e. p=+
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§6.8. Vector Area and Condition for Collinearity

Suppose 4 (a), B (b), C (¢c) are any three points. Then AB-—b—a,
AC = ¢ — a, and if A is the area of triangle ABC, then from

A b-a B8
Fig. 37

§2.14 An = }(b — a) x (¢ — a), where n is unit vector normal to
the plane of triangle 4BC, such that AB, AC, n, form a right-
handed system.
Then An=13{bxc—bxa—axc}
ie. An=13{b X c+cXxa+axbh}
If the points 4, B, C are collinear, the area of triangle ABC is
zero, hence a condition for the collinearity of A, B, C is
bXxc+exXxat+axb=0

Example 1. Write down the equation of the straight line joining
the points (1, —3, 1) and (0, —3, 2). Write down the equation of
the plane containing the origin and the points (3, 4, 1) and (6, 0, 2).
Find the coordinates of the point in which the line cuts the plane.

The straight line joining the points (1, —3, 1) and (0, -3, 2)
has the equation

r = (i — 3iz + ig) + #(—i1 + i)
where ¢ is the parameter of any point on the line,
ie. r=(1— iy — 3iz + (1 + Nis. ¢y
The plane containing O and the points (3, 4, 1), (6, 0, 2) has the
equation
r =0 + p(Gi1 + 4iz + ig) + q(6i1 + 2is),

where p, q are the parameters of any point on the plane,

ie. r = (3p + 69)ky + 4piz + (p + 29)is ¥3)]
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Suppose line (1) meets plane (2) in the point 4 (a) whose
parameters are f1, p1, q1. Then

1 —t6=3p+6q1 3)
—3 =4p, C))
1+a=p+2q %)
From (3) and (5)
3+n=1—n
therefore = — 2,
therefore Hh=—4%

Hence A is the point whose position vector is a where
a=(1—ni— 3+ 0+ n)is,
= $i1 — 3iz + dis
i.e. A is the point (§, —3, 4).

Example 2. Find the distance from the point (7, 8, 5) to the
plane which contains the points (1,2, 3), (2,4, 5),(3, 5, 9).

Let A, B, C be the points (1, 2, 3), (2, 4, 5), (3, 5, 9) respectively
and let D be the point (7, 8, 5). Let a, b, ¢, d, be the position
vectors of A, B, C, D, and let n be the unit vector normal to
the plane ABC in the direction from O to the plane.

Then a =i + 2ix + 3is,
b = 2i) 4 4iz 4 5i3
¢ = 3iy + Siz + 9is,
d = 7i, + 8iz + Sis.
Let n = mi; + iz 4 nsis
where n+nk+4nd=1
4B =i + 2iz + 2is
AC = 2i1 + 3iz + 6is.
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Since n is perpendicular to both 4B and 4C,

therefore n + 2ng + 2n3 =0
2nm + 3ng 4+ 6ng =0
n o na . ng =~l__
therefore 6 2" =1~ yAr M
Therefore n= — 6 i + 2 iz + ! (2)
T TAVAL T AT AR

Then if p; is the length of the perpendicular from O to the plane
ABC,

pL=a.n,
6 4 3
T 4/41 + 4/41 + A/4r
: 1
1.C. pl == j\_/?l'

If ps is the length of the perpendicular from O to the plane
through D parallel to the plane ABC,

pz=4d.n,
_ 42 16 5
V41 /41 4 /ar
: 21
1.e. D2 = —V‘ﬁ.

Therefore the distance from D to the plane ABC is 22/4/41 units.

Note 1. It will be seen that equation (1) gives the result
m:ng:ng=6:(—=2):(—Dorm :ns:n3=(—6):2:1, while
n? + n + n = 1. The signs in equation (2) have been chosen
to make a . n positive, thus ensuring that the sense of n is from
O to the plane ABC.

Note 2. The student should note that the choice of signs in
equation (2) produces a negative result for the product d.n,
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thus showing that the perpendicular from O to the plane II
through D, parallel to the plane ABC is in the opposite sense to
the perpendicular from O to the plane 4ABC, and that the per-
pendicular from O to plane 11 is in fact in the direction of —n.
The negative result d . n indicates, therefore, that plane II is on
the side of O remote from plane 4BC.

If ps is the perpendicular from O to the plane II’ through
E (-1, 3, 2), then

ps=¢.1n
where e is the position vector of E.
6 6 2
Hence p3 = Val + VAl — \747
. 10
1.C. p3 = \721

showing that I’ is on the same side of O as plane 4BC, but
further away from O.
The distance of E from plane ABC is therefore 9/4/41 units.
Example 3. Find the coordinates of the point in which the linc
Jjoining A (2, 3, 4) and B (1, 4, —3) cuts the (x, y) plane.
The position vector r of any point P on A B satisfies the equation
r = (2ih + 3ip + 4is) + H(—i1 + iz — Tis)
ie. r=Q2— i+ @+ Niz + @4 —Tis
where ¢ is the parameter of P.
If P lies on the (x, y) plane

4 — 7t =0,
. 4
B~ ! = —
ie 7.
Hence l'=1,;—)i1+g7§i2+0i3

. .. (10 25
i.e. P is th t|= =0
i.e is the poin (7 7 )
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Examples VI

1. Find the equations of the lines joining the pairs of points

@ 235, 00,7

(“) (lr 5: 2)’ (—'3: 2) 4);
(i) 4,2,5), (—1,1,-2);
@iv) (-5, 4,2, @4, ——3 1);
™ @5, —1), (-17,1,3).

2. Find the equation of the line which

(i) passes through A4 (1, —1, 3) and has direction ratios 2 ; —1 :2;

(ii) passes through 4 (—2, 1, 5) and has direction ratios 2 : 3 : 4;

(iii) passes through 4 (—1, —2, 1) and has direction ratios 3 : 4 : 6.

(iv) passes through A (2, —3, 4) and has direction ratios 1 :3 : —2;

(v) passes through 4 (2, —3, 4) and is normal to the plane BCD where
B, C, D are the points (1, 2, 9), (4, 5, 6), (2, —3, 4) respectively;

(vi) passes through 4 (—1, —2, 4) and is normal to the plane FGH, where
F, G, H are the points (—2, 3, —4), (3, 1, 8), (4, —1, 0) respectively.

3. Find the equation of the plane which contains the points

(i) A (l) 1! _3/4), B(4r _—3: ‘_2), C(2’ _3) _3);
(ll) 4 (2’ l; 2)9 B (_2, —1- 3)) C(7’ 2) —3);
(i) 4 (3,1, —4), B2, —1,2), C(-3,21;
(lV) A (_2, "‘3, 5)1 B (9’ 1’ 4)9 C (71 —3, 2)~

4. Find the equation of the plane which passes through the point (1, 3, —4)
and is normal to the vector (2i1 + 2iz + is).

5. Find the equation of the plane which contains the point (—2, 1, 5) and
is normal to the vector (3i1 + 4i2 + 6is).

6. Find the equation of the plane which contains the point (3, —2, 1) and
is normal to the vector (—2i; + 3ia + 4ia).

‘7. Find the equation of the plane which contains the point (1, 1, 8) and
is normal to the line

r = 2i1 + 3i2 + Siz + #(3i1 — 2ia + 2is)

8. Find the position vector of the point in which the line joining 4 (2, 1, 7)
and B (—3, 2, 1) cuts the (y, z) plane.

9. Find the position vector of the point of intersection of AB and CD
where A, B, C, D are the points whose position vectors are 8i1 — 7ia + 2is,
18iy — 17ia — 3is, 2i1 + Siz — 3is, 4i1 -} 6iz—8is.

10. A rectangular box has threﬂd_ja_ce_ri edges OA, OB, OC of lengths
3, 2, 1 units respectively, the lines OA4, OB, OC forming a right-handed system
of axes. The corners of the box dlagonally opposite to 0, 4, B, Care 0’, A’, B’,
C’ respectively. Taking i1, iz, is as unit vectors along OA, OB, OC respectively,
show that the equation of the plane A’B’C’ is

r.(2iy + 3is + 6i3) = 12
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Find (i) the perpendicular distance from O to this plane, and (ii) the
position vector of the point where OO’ cuts the plane A’B’'C’.

11. Find the perpendicular distance between the point 4 (4, 3, 3) and the
line joining the points B (3, 5, 3) and C (3, 3, 6).

12. O, A, B, C and O’, A’, B’, C’ are corresponding corners of opposite
faces (i a @_l_)e gf_ side 2a; i.e. O0’, AA’, BB’, CC’ are parallel edges of the
cube. OA, OC, OO’ form a right-handed system of axes, and H, K, are the
mid-points of 0A4, O’C’ respectively. Find (1) the perpendicular distance from
O’ to the plane HKA’, (2) the perpendicular distance between the plane HKA’
and the plane parallel to it through B.

13. Find the perpendicular distance of the plane through the points
1,2, -1),(1,1,2), (2, 3, 2) from the parallel plane through the point (4, —5, 1).

14. A (a), B (b), C (¢) are three points on the surface of a sphere of unit
radius, whose centre is at the origin. Show that

() @xb).@xc)=b.c—(a.c)a.b);
(i) (@ xb)yx(@xe)=1{a.( xc)a.

15. Define the product u X v of two vectors u, v and show that if u is of
unit magnitude, then (u X v) X u is the component of v perpendicular to u.

A, B are two fixed points, and w is a fixed vector perpendicular to A4B.
Describe in geometrical terms the loci defined by

(i) AP . BP = 0, and (ii) AP x BP = w.

16. The line joining A4 (a) to B (b) cuts the line joining P (p) to Q (q) at R.
Show that the position vector r of R satisfies the relations

axXr+rxb+4+bxa=0
and pXr+rxq+qxp=0

If R is the mid-point of both 4B, PQ find a relationship between the position
vectors of A, B, P, Q and show that APBQ is a parallelogram.

17. A, B, C, D and A’, B’, C’, D’ are the corresponding corners of opposite
faces of a cube of side 2a. (Thus 44", BB’, CC’, DD’ are parallel edges and
are perpendicular to the faces ABCD and A'B’C’D’.) The cube is so lettered
that the unit vectors i1, iz, is along AB, AD, A4’, form a mutually perpendicular
right-handed system. X, Y, Z are the mid-points of 4D, D’'D, BC. Express
AX,AY, AZ, AC in the form riiy + reiz + rais.

Find the equation, referred to 4 as origin, of the plane XYC, and find
the perpendicular distance of this plane from Z.

18. (i) Show that the perpendicular distance from the origin, of the plane
passing through the points (2,0, —2), (1, 4, —2), (—1, 2, 2), is 6/4/93 units.

(ii) Find the points 4, B at which the straight line through the points
(6, —3, —5) and (—3, 12, 10) intersects the planes through the origin, which
are perpendicular to i; and is respectively, and show that the distance between
A and B is 4/59 units,

(iii) Find the point at which the line of (ii) intersects the plane of (i).
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19. Prove that the shortest distance, p, between two lines r = a + tb and

r =a’ 4 tb’, is given by
_ [(a - a/)’ b, b/]
p—inIbAXbﬂ .

The edges of a tetrahedron are all of length 2/. Prove that the shortest
distance between a pair of opposite edges is /1/2.

20. Prove that if n, a are vectors parallel to the lines ON, OA, then
(n X a) X n is parallel to the projection of OA4 on a plane perpendicular to
ON.

Two planes are inclined at an angle 0 and a straight line makes angles a, 8
with their normals. Show that if the projections of the line on the two planes
are at right-angles then,

1 —cos2a — cos? f = + cos acos fcos 0.



CHAPTER VII

§7.1. Parametric Equations

If r is the position vector of a point P then r may be expressed
in the form

r = xi, + yi2 + zi3 )

where each of the components x, y, z must be known to determine
uniquely the position of P. Suppose that each of x, y, z is a one-
valued continuous function of a continuous real variable ¢, so
that

x = fi(t),
y = ft),
z = fi(t);

then ¢ is the parameter of the point P. If T is the set of values
which ¢ can take so that 7e7, the relation (1) defines a set of
points {P}. Since any particular point P of the set is determined
by a particular element ¢ of the set T, the set of points {P} is said
to have one degree of freedom. Geometrically, such a set of points
defines a line.

Next suppose that each of x, y, z is a one-valued function of
the two continuous real variables ¢, s, the set of values of ¢ being
T and the set of values of s being S, so that

X = Fl(t, s),
y = F2(t’ S),
z = F3(t,5),

where tel’ and seS. The position vector r is now determined
uniquely only if the values of both the parameters ¢t and s are
94
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known; the point P is said to have two degrees of freedom. Geo-
metrically, the set of points {P} is said to define a surface.

We have already in Chapter VI considered the case in which
Si(0), f2(2), fs(t) are all expressions of the first degree in ¢, and
the set of points P lies on a straight line. We have also considered
the case where Fi(t, s5), Fo(t, 5), Fi(t, s) are of the first degree in
t, s, and the set of points P determines a plane surface. We shall
now consider a few simple cases in which the functions fi(z),
Fx(t, s) (k =1, 2, 3) are not algebraic functions of the first
degree.

§7.2. Tangent to a Curve
Suppose the equation of a curve is
r = xiy + yis + zis, (73]
where x = fi(1), y = fa(t), z = f3(t). Let P be a point on the curve

with parameter ¢, and let P’ be a point on the curve, near to P,
with parameter ¢ + 8. Then

r+ 8 = (x + 8x)iy + (¥ + )iz + (z + 82)is, 3
therefore or = dx1iy + dyis + dzis,
hence

or =~ (Zf i1 + 12 + @t 13) 8t. “@
For a given small increment &¢ of ¢, there is a unique point P’ on
the curve; as 8¢ — 0, P’ — P, and the line PP’ tends to the tangent
at P. From (4) it can be seen that the direction ratios of PP’ are
dx/dt : dy/dt : dz/dt, i.e. the direction ratios of the tangent at P
are dx/dt : dy/dt : dz/dt.

Any line through P perpendicular to the tangent at P is normal
to the curve, thus there is an infinite number of such normals and
these all lie in the plane through P normal to the vector

d l1+ lz+
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§7.3. Tangent Plane to a Surface

Suppose the equation of a surface is given by
r=xiy+ yiz + zis (5)

where x = F1 (¢, 5), y = Fa (1, 5), z = F3 (1, 5). Let P be a point
on the surface whose position vector is r and parameters ¢, s;
let P’ be a neighbouring point on the surface whose position
vector is r + ér and whose parameters are ¢ + 8¢, s + 8s. Then
with the usual notation

or == bx i1 + dyiz 4 bzis (6)
hence

ox ox . oy oy .
= [= iy hd 28
or (at St+as 8s)11+(at St—{—as S)lz

+(228z+_8) is (1)

ie.

81--'“(—8—1 + = |2+~13)8t

+(g—x1 +%lz+—|3)8s. ®

Since 8¢, 3s, are independent small increments, the relation (7)
defines a set of lines PP’ all of which become tangents to the
surface (5) as 8t — 0, 8s — 0. Let A, u, v, be chosen so that

ox oy 0z
E + 5“ + v E =0
and 6]

ax oy oz
Yo THa Va0
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Then the vector n = Ai; + pis + viz is perpendicular to PP’ for
all points P’ determined by (7) since

ox dy 0z
Lor=(A = = =
n.or ( o T Fa +”a:)8’
ox oy 0z
=2 =18
+( as+"as+”as) s
= o,
i.e. all the tangents through P to the surface (5) are normal to the
vector n. Hence all the tangents at P to the surface (5) lie in the
plane through P whose normal has direction ratios A: u: v,
This plane is known as the tangent plane to the surface (5).

The ratios A : p : v are equal to the ratios of the second order
determinants of the matrix

ox oy 0z
o o ot
(10)
ox @z 0z
s os as

Hence the tangent plane to the surface (5) at the point whose
parameters are f, s is the plane through that point whose normal
has direction ratios given by the ratios of the second order
determinants of the matrix (10).

Example 1. Find the equation of the tangent at the point t = =/3
to the curve r = (log cos )iy + (log sin t)iz + (t\/3)is.
The given curve is
r = (log cos p)iy + (log sin )iz + (11/3)is.
Then the direction ratios of the tangent at the point P whose
parameter is f are
1

—sin t1) ¢ —— (cos t1) : /3,
cos t1( ) sin t1( DV
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ie. 1
—tan t1)) : —— /3.
( an 1) tan f; \/

Hence the direction ratios of the tangent at the point 4 whose
parameter is =/3 are

(—Vv3): \/3 V3,

ie. (—3):1:3
therefore the equation of the tangent at A is
r = (log 1/2)i1 + (log 1/3/2)iz
+ (mv/3/3)is + (— 3i1 + iz + 3ig)s

where s is a parameter,

ie r= ( 3s + log - )h + (s + log \_g_),z + (3s + "\/3)

Example 2. Find the equation of the plane which touches the
surface x = (t 4+ 25)iy + (1 — 2s)iz + 4tsis at the point where it is
cut by the line r= (5 — Oi) + (1 — iz + (12 — )iz where
t, s, 0 are parameters. ’

Suppose the line

r=(5—0i + ({1 — Oiz + (12 — b)is )
cuts the surface
r = (t + 2s)is + (¢ — 2s)iz + 4tsig (1)
at the point P; whose parameters are ¢, s, 1.
Then 5—0,=1t 425 (iii)
1—bi=1n—25 (@iv)

12 — 6 =415 (V)
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From (i) and (iv), si = 1,3 — 11 = 6;

and from (v) 12 — 6, = 4(3 — 61)(1)
6, =0
and 1= 3.

Hence (i) and (ii) intersect at the point Py (5, 1, 12).
From (ii) we see that the direction ratios of the normal to the
surface at the point P are A : p : v where
WA+ (D + @s)y =0,
QDA+ (—2p + @y =0.
Hence the direction ratios of the normal to the surface at P, are
given by
A4+ p+4v=0
20—2u+12v =0
{ At pu+4v=0

A—p+6vr=20

A op v
therefore T )
. A p
l-e- 5__-—1_——1

therefore the equation of the tangent plane at P; is
r. (51 — iz — i3) = (5i) + iz + 12ig) . (5iy — iz — ig)
i.e. r. (5i1 — iz - is) = 12.

§7.4. Some Special Cases
{a) Consider the curve whose equation is

r = at?; + 2atis. M



100 EXAMPLES

Since there is no component in the direction of i3, the vector r
must lie in the plane of i; and is. Hence the curve (I) must be a
plane curve lying in the (x, y) plane. Also, since it has parametric
coordinates x = at?, y = 2at, we see that the curve is a parabola
with OX as axis, O as vertex, and OY as the tangent at the
vertex.

(b) Similarly the curve

r = (a cos Oiy + (b sin b)ig (11)

can be seen to be an ellipse in the (x, y) plane having its major
axis of length 2a along the axis OJX, its minor axis of length 2b
along 07, and its centre at O.

(c) The surface
r = (a cos )iy + (b sin O)iz + cdi3 (1I1)

can be seen to be a cylinder with its axis along OZ, any cross-
section parallel to the (x, y) plane being an ellipse with its centre
on OZ, and axes of lengths 2¢ and 2b parallel to OX and OY
respectively.

(d) The equation
r = (a cos )iy + (b sin )iz + cbis (v)

represents a curve since it has only one degree of freedom.
Moreover, the set of points which define this curve is the sub-set
of the points which define the surface (III) for which 6 = ¢.
Hence the curve (IV) is a curve described on the surface of the
cylinder (I11).

(e) If in equation (III) above we put a = b, the surface becomes
the circular cylinder whose equation is

r = (a cos )iy + (a sin Oiz + cdis. )
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(f) If, in equation (IV) above, a = b, the equation of the curve
becomes
r = (a cos i1 + (a sin )iz 4 cblis (VD)

which represents a curve described on the surface of a circular
cylinder of radius a.

From equation (VI) we see that the direction ratios of the
tangent at the point P whose parameter is 8 are

(—asin 6) :(acos ) : c.
therefore the direction cosines of the tangent at P are

_a sin 0 acos 6 c
V@£ V@t @+

From this result it can be seen that the tangent at P is inclined
to the z-axis at a constant angle cos™! ¢/4/(a? + ¢?). Any curve
with the property that the tangent makes a constant angle with
a fixed direction is a helix. Thus the curve represented by equation
(VD) is a helix; since this curve is described on the surface of a
circular cylinder it is known as a circular helix.

Examples VII

1. Show that the tangent at any point of the helix
r = (a cos 0)i1 + (asin )iz + abis
makes an angle n/4 with OZ. Find the equation of the circular helix which
makes a constant angle #/3 with OX.
2. Show that the parabolas
r = 4121 + 2tiz
and
r = (4 + s2i; + 2iz + 2sis

intersect. Find their point of intersection, and the angle between their tangents
at this point.
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3. Find the points of intersection of the circle

r = (4 cos 0)iz + (4 sin 0)iz
and the parabola
r == 2ti) + (12 — 4)is.

4. Show that the curve
r = (a cosh 7 cos 1)iy + (a cosh ¢ sin t)iz + atis

touches the helix
r = (a cos )iy + (a sin O)iz + abis.

Find the position vector of the point of contact, and the equation of their
common tangent.

5. Show that the curve
r = (a2 + bit + c1)ir + (ast? + bat + coiz + (ast? 4+ bat + c3)is
is a plane curve and find the equation of the plane in which it lies.

6. Show that a circular helix cuts off equal intercepts on any generator of
the cylinder on which it is described.

7. Show that the helices
r = (a cos 0)i1 + (a sin )iz + abis

and
r = (a cos ¢)ir + (a sin ¢)iz + 2adia

have an infinite number of points of intersection. Show also that all these
points of intersection lie on the same line parallel to OZ. If Py, P2 ... are
successive points of intersection, show that the distances PiP2, P2Ps ...
are equal; find this common distance.

8. If A is the point 7 = =/4 on the curve
r = (log cos 1)i; + (log sin #)iz + (4/2)ia,

and if OB is the perpendicular from the origin to the tangent at A, find the
coordinates of B.

9. Show that the curve
r=aih+a ( J ;) s + atly
cuts the surface
r = (a cos 0 cos ¢)i1 + (a cos 0 sin $)iz + (a sin O)is
at points whose parameter ¢ satisfies the equation
21434+ 212 -2 =0.
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Show that one solution of this equation is # = 1/4/2, and find the correspond-

ing values of 0, ¢. If A is the point for which ¢ = 1/4/2, find the angle between
the curve and the surface at 4.

(N.B. The angle between a curve and a surface at a point of intersection is
the angle between the tangent to the curve and the tangent plane to the surface.)
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It will be assumed that the student is familiar with the concepts
of (i) natural numbers, (ii) integers, (iii) rational numbers, and
(iv) real numbers. It will also be assumed that he is familiar with
the idea of defining an element of each new set of numbers as an
ordered pair of elements of the previously defined set of numbers.
Each set of numbers has its own set of rules and operations to
enable it to be used for the purpose for which it was invented ; we
then say that we have invented a mathematical system. In the
course of our daily life we use many such systems. In this book we
discuss mathematical systems using numbers other than those
enumerated in (i) to (iv) above, to serve purposes for which those
numbers have proved inadequate.

§A2. Vectors

An obvious step forward in extending our number system is to
consider the significance of an ordered pair of real numbers. We
have been able to represent natural numbers, integers, rational
numbers, and real numbers by segments of an arbitrarily chosen
straight line; or, if an origin O is chosen on a line A, any such
number can be defined by a unique point P on A where the length

of OP represents the number (see Fig. A(i)). When we consider an

Fig. A(i)
ordered pair of real numbers it becomes somewhat complicated to
continue the idea of representation on a single straight line, and as
graphical representation is intended to simplify rather than compli-
cate a concept, we seek a simple form of graphical representation.
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This we find by taking an arbitrary plane /7. Suppose OX, OYis a
pair of intersecting straight lines in /7 and suppose (a, b) is an
ordered pair of real numbers. Then there is a unique point 4 on
OX such that OA represents a; similarly, there is a unique point
B on OY such that OB represents b. If we now complete the
parallelogram OAQB we define a unique point Q. We can
therefore regard the line OQ as representing the ordered pair of
real numbers (a, b) (see Fig. A(ii)).

Y,

7 a A, X
Fig. A(il)

Similarly, suppose that £ is an arbitrarily chosen space and
O'X’, 0'Y', O'Z’ are three non-coplanar intersecting lines in £2.
Suppose points A’, B’, C’ are taken on O'X’, O'Y’, O'Z’ respect-

’

z

x’ Fig. A (iii)
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ively to represent the real numbers &', &', ¢’; then there is a unique
point Q' such that O'Q’ is the diagonal of the parallelepiped
having O'A’, O'B’, O'C’ as conterminous edges. O'Q’ may be
taken to represent the ordered triad (a’, ¥, ¢’) (see Fig. A(iii)).

From the foregoing we see that the ordered pair of real numbers
(a, b) is represented by a line which needs not only a length to
define it but also a direction in the chosen plane I7. Similarly, the
ordered triad (a’, b', ¢’) is represented by a line having a specified
length and a specified direction referred to the chosen axes
O'X', 0'Y', O'Z' in the space Q.

We can proceed to consider ordered sets of 4, S, . . ., n real
numbers, where n is a natural number. These ordered sets can no
longer be represented graphically by lines in the three-dimensional
world of our experience, though mathematically they have as real
an existence as ordered pairs or triads of real numbers. Their use,
however, will not be investigated in this book, which is restricted to
a discussion of quantities encountered in the study of natural
philosophy. Any number which is defined as an ordered set of real
numbers is known as a vector.

§A3. Notation

In §A2 we have written a vector only in terms of the set of real
numbers which define it. As this is somewhat tedious, we shall
represent a vector by a single letter in heavy type, while natural
numbers, real numbers, integers, and rational numbers will be
represented by lower-case letters in italic type. Thus if (a, b) is the
ordered pair of real numbers in §A2 we can use the letter r to
denote the length of the line OP and r to denote the vector (a, b).
Sometimes it may be convenient, when referring to the diagram,
to refer to the line OP. When we are considering only the
geometrical configuration we shall write OP; when we are con-
sidering the vector significance of the line we shall write OP. The
order of the letters indicates the direction of the vector; thus OP
indicates the direction from O to P. Hence the vector (a, b) can be
written (@, b)) = r = OP. Also we have r = OP.
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Similarly, if ¢ is the length of OQ in Fig. A(iii), we may write
(a,b,c) =q= 00 and q = 00Q.

A further simplification in notation consists of omitting the
brackets in writing an ordered n-tuple and instead use symbols
such as ey, ey, etc., to indicate the position in the ordered n-tuple
of each of its real number elements. Thus, for example, we could
write

(a, b) = ae + be;

and (a, b, ¢) = ae; + bey + cey
and in general (ay, a3, . . ., a,) = aje; + azes + . . . aqen,
where 7 is a natural number, and the symbols e, e,, etc., have no
numerical significance, serving only to indicate the position in the
original n-tuple of their respective coefficients. Using this notation
the terms may be written in any order which suits our convenience,
without confusion as to the correct position in the original ordered
n-tuple. Thus if u is the ordered quadruple (5, 2, 3, 7) the vector
may be expressed

u=1(523"7
or u = S¢; + 2e, + 3e3 + Tey
or u = 2e; + Teq + 5e; + 3e;
or u = Teq4 + 3e3 + 2¢; + Seq
or.. . etc.

As in elementary algebra it is customary to omit the number 1
when it is a coefficient; thus the ordered quintuple (2, 1, 3, 4, 8)
would be written 2e; + e; + 3e3 + 4e4 + 8es.

When we consider the set of all ordered n-tuples, using the

notation outlined above, the set of symbols {e, e5, . . ., €.} is
known as the basis of the set. Suppose {ij, i, . . ., i,} is the set of
vectors

i =(1,0,...,0) = ¢
i2=(0,1,...,0)=€2
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Then we see that the basis e}, e,, . . ., forms a set of vectors of unit
magnitude, or, as it is usually expressed, a set of unit vectors. We
$hall, therefore, in future use the appropriate set of unit vectors as
the basis for expressing any given vector. The vector u above, for
example, would now be written

u= (52317 = 5if + 2i; + 3i; + 7i4.

The terms 5i;, 2i,, etc., are known as the components of the vector.

§A4. Examples of Vector Notation

Any physical quantity which is completely defined by a magni-
tude and a direction can be represented by a straight line, and this
in turn is the graphical representation of an ordered pair of real
numbers, or an ordered triad of real numbers, according as our
study is confined to quantities in one plane or refers to quantities
in a three-dimensional space, i.e. a physical quantity which can be
completely defined by a given magnitude and a given direction is a
vector quantity; it can be represented graphically by a straight line
and algebraically by an ordered pair or triad of real numbers.

Example 1. Suppose r is the displacement of a body which
moves a distance of 5 km on a plane surface in a direction N 6 E;
where 8 = sin~! 4/5. Let AB be drawn tp represent r and let
AX, AY be lines in easterly and northerly directions respectively.
Let C and D be points on AX, AY, respectively, such that ACBD .
is a rectangle; then AC represents 4 km, AD represents 3 km, and
/ DAB = / ABC = 0 (see Fig. A(iv)).

Y
D B
g
g
A 3 X

Fig. A(iv)
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The displacement r can thus be represented graphically by the line
AB and algebraically by the ordered pair of real numbers (4, 3),
or, if iy, iy are unit vectors in the directions 4X, 4Y respectively,
we may write

r — 4l| + 3]2

Referring to §A2 we see that it is not essential that perpendicular
directions for AX, AY be chosen, though it is usually more
convenient that they should be so chosen, as in this example where
the given direction referred to two perpendicular lines.

Example 2. Suppose a force F of magnitude 13N acts in the
direction of the diagonal OC of the rectangular parallelepiped
OPQRABCD (see Fig. A(v)) in which the conterminous edges
0OA, OP, OR are respectively of lengths 3, 4, 12 units. Then the
diagonal OC is of length 13 units and represents graphically the
force F. Using the axes OA, OP, OR the force can be represented
by the ordered triad (3, 4, 12) or 3i; + 4i; -+ 12i3. Referred to the
origin O, the line OA represents the ordered triad (3, 0, 0), or the
vector 3i;. Similarly, the line OP represents the ordered triad
(0, 4, 0) or the vector 4i,, and the line OR represents the ordered
triad (0, 0, 12) or the vector 12i3, while the line OC represents the
ordered triad (3, 4, 12) or the vector 3i; -+ 4ip + 12i;. Considered
geometrically, the displacement from O to C can be effected by a
displacement from O to A4 together with a displacement from
A to B together with a displacement from B to C. Thus it will be

E
R Q
|
5 |
: /// C
///
o) | — ;_
//)‘ { 7
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convenient to regard AB which is equal and parallel to OP as
also representing the vector 4i, while BC, which is equal and
parallel to OR, will be regarded as representing the vector 12is.
In general, any line equal and parallel to OA will be regarded as
equivalent to the vector 3ij, any line equal and parallel to OP
will be regarded as equivalent to the vector 4i,; any line equal and
parallel to OR will be regarded as equivalent to the vector 12is.
Similarly, any line equal and parallel to OC will be regarded as
equivalent to the vector 3i; -+ 4i; + 12i5; suppose. for example,
the line BC is produced to £ where BC - CF, then the line RE will
represent the vector 3i; + 4i, + 12i3. When we are considering
sets of equal and parallel lines as equivalent vectors we use the
vector notation OA = PB — QC — RD; OP - RB — DC = RQ
OR == AD —- BC - PQ; OC - RE. As in example 1, it is not
essential to use mutually perpendicular axes, but it is usually
more convenient to do so.

§AS. Historical Note
Like other mathematical systems, vector analysis has evolved

gradually over a considerable period of time. The mathematical
systems involving first natural numbers, then successively rational
numbers, integers, and real numbers, were developed as the
existing systems were found to be inadequate for practical pur-
poses. The first mathematician known to use ordered pairs of
numbers was Cardin in the sixteenth century, though no very
satisfactory notation was invented until the nineteenth century.
These pairs of real numbers were first used in the solution of
quadratic equations. It was found that although two real num-
bers could be found to satisfy the equation

x2 — 6x + 8 =0, (1)
no such numbers could be found to satisfy the apparently similar
equation

x2 — 6x 4+ 13 = 0. 2)
It was found, however, that if x were allowed to be something
other than a real number, then the ordered pairs of real numbers,



112 APPENDIX

(3, 2) and (3, —2), could provide a solution to equation (2) given
suitable laws of composition of these new numbers. These num-
bers were later given the name ‘“‘complex numbers” the first
number of the pair being known as the “real part” of the number
and the second number being known as the “imaginary part” of
the number. Complex numbers were found so useful in elemen-
tary algebra and trigonometry that their study was included in
the study of number theory and the notation was devised of using
the symbol i to denote the “imaginary part” of the number; thus
the solutions of equation (2) are usually written 3 + 2i and
3 — 2

At the same time that number theory and pure mathematical
analysis were developing in the nineteenth century, the study of
natural philosophy was attracting the attention of mathematicians
in both Europe and the United States. Several very similar
theories were developed for dealing with quantities which re-
quired both magnitude and direction to define them. The terms
“vector”” and “‘scalar” were introduced, a vector quantity being
one which is only completely defined when both its magnitude
and its direction are known, while a scalar quantity is com-
pletely defined by a magnitude only. As the study of natural
philosophy is concerned with the quantities encountered in the
world about us, such as force, momentum, acceleration, etc., the
mathematical system developed, known as vector analysis, con-
cerned vectors which could be represented by straight lines,
either in a given plane (see §A4, example 1) or in three-dimensional
space (see §A4, example 2). The notation adopted in the United
Kingdom used as basis the perpendicular unit vectors i, j, if
considering a set of coplanar vectors, or the mutually perpen-
dicular unit vectors i, j, k if considering a set of vectors in three-
dimensional space. It was not until this century that the concepts
of complex numbers, vectors, and ordered n-tuples of real
numbers were unified in the general concept of a vector space.
The notation i, j, k for a basis is not capable of generalization
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conveniently, so although physicists and engineers still use the
i, j, k notation we shall use the suffix notation as already outlined
in order that the non-specialist will more readily see vector
analysis as part of his general studies in mathematics. The suffix
notation was found necessary as soon as theories of n-dimensional
spaces were discussed and was developed largely in the study of
tensor calculus.

§A6. Operations

As each new set of numbers has been invented, appropriate
operations have been defined in order that the new set of numbers
might serve the purpose for which it was invented. This book is
concerned with operations on two- and three-dimensional vectors
in order to use them in the contexts of geometry and the physical
world of force, momentum, etc. Here, however, it is worth noting
a few features common to all vector calculations:

(i) Any ordered n-tuple of real numbers can be multiplied by a
real number by multiplying each element of the n-tuple by the
real number:

Thus 2(4i1 + 3i2) = 8i1 + 6i2

(ii) Two or more vectors may only be added if they are of the
same dimension—i.e. they must all be triads of real numbers, or
all quadruples, etc. This does not preclude some of the n com-
ponents of an n-tuple from being zero.

(iii) Two or more vectors are added by adding their corres-
ponding components. Thus if {a, b, ...k} is the set of ordered
n-tuples of real numbers,

a=a1i1 +a2i2+... +a,.in
b=b1i1 +b2i2+ +b,,i,.

Thena+b+...+k=(a;+ b1+ ...+ kit + (@ + by +
+k2)i2+—§—(a,.—|—b,.—|——|—k,.)i,.

(iv) Subtraction is the inverse of addition and may be per-
formed by multiplying the vector to be subtracted by (—1) and
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then carrying out the operation of addition. Thus if a, b, are
defined as in (iii) above,
a—b=a+(—Db
= (aii) + @iy + ...) + (—b)i; + (—br)ia + .. )
= (al - bl)il + (ax — bz)i2 ... F (a,, - b,,)i,,.
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ANSWERS

Examples In Page 9

. Radius of locus of Q = 4 (Radius of locus of P).
. B moves on the arc XY remote from A.

Examples Ib Page 20
PQ = —5i1 — 8iz + Sis; dir. rat. 5 : 8 : —5; magnitude v/114.
AB = 8i1 + 3iz + 5is; dir. rat. 8 :3 : 5; magnitudi_7\/2.
AC=a+3b;DB= —a+ 3b; BC=12a+ 2b; CA = —a — 3b.
D...a—2b+2c;E...2a—3b+2¢;F...2a—2b+c.

. Dir. rat. 3:10 :3; OC = 3+/118.
. Resultant = 8i,-+13i,+ 14i;N; dir. rat. 8 : 13 : 14;

magnitude 20-7 N.

. Resultant = 36-38N; dir. rat. 5 : 9 : 15.
. 7-42 N; dir. rat. 5 : 6 : 7.
. 7'18 N; dir. rat. 3(v/2+4/3) : 3(W/24+2v3) : (3v/2—+/3).

Examples [Ia Page 38

. +3. 2. +2. 3. 3. 4. —17.

. 19i; — 8i2 — 10is. 6. 19iy + 1liz — is.

. —28iy + 20iz + 4is. 8. —5iy + 23iz + 3is.

. —207J. 10. (—27i,+24i,— 3i,) newton-metre units.
. (@) —23; (i) iy — 6iz — 32ia.

. () —14; (i) —45i + 12iz — i3.

. 26/4/11 .

. (4011 22i,—2i,) newton-metre units.

= cos~123/(v/41)(+/19); B = cos~118/(v/14)(v/41);
C = cos~{(—4/(+/19)(+/19).

. 7-33 cm.

Examples IIb Page 43

. (?) 91, (i) 132; (i) —160; (iv) —25; (v) 103.
. () —94i: — 72z + 62is; (i) —86iz — 27iz — 34is;

(i) 56ix + 32ia + 96ls; (iv) 27iy + 206iz + 134is;
(v) 45i1 — 113iz — 57is.

. (i) 113; —6i1 — 15iz + 12is (i) 44; —42iy — 72is -+ 54is

(iii) ~51; —59iy + 23iz — 26ia (iv) 86; —12i; — iz + 8is
V) —92; —731i; + 558iz — 33lis.
Examples III Page 52
(i) (2cost)iy — (3 sint)iz + (2 cos 2¢)is;
(u) (1263)y + (15¢2)iz + 4is;

s
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(iii) (2e29)iy + (3e?¥)iz + (dedt)is;
(iv) (61)i1 + (3£2 — 8¢ + )iz + (4 cos 41)is;
W {1V {2+ D+ (10 + (1263)is.
2. (1) 2+ 3Diy + (62 + Dis + (121is;
(ii) 4 — 18¢ + 60:2;
(iii) (912 — 4)iz + (18¢%)iz + (2 + 9¢2)is;
@iv) —(15¢% + 20¢3)iy + (305 + 8¢3)iz + (—15¢4 + 4e)is;
(V) (—3 + 32 + 8¢3 — 3015);
(vi) (16¢ — 6413 — 9014 — 90¢5);
(vii) (—12f — 3213 + 4514 — 12015)i; + (—81 — 8013 — 30¢3)iz
+ (—27¢2 — 4443 + 60¢5)is;
(viii) 8¢ + 3613 + 150¢5;
(ix) 912 + 813 — 3015,
(x) 2¢ + 12¢5,
In the following solutions k is a constant vector and ¢ a constant scalar.

N £ 12
4. @) §—i1 + —2~i2+tia+ k;
2
(ii) (—costix + (sin t)is + %is +k;
2 4

(iii) eta + k; )5 +5+6
6. () (tet)a.b + c;

@) (—3sin2/)a X b + k.

8. (911 + (1/0)iz — (1/2)is.
9. (i) 3(12 — iy + 4132 + 3(e2 4 Dis; (i) —2r.

Examples IVa Page 59

1. (i) (cost)ir — (sint)iz + is; —(sin¢)i; — (cos t)ie;
(ii) 31%; + 2tiz + 3is; 6tiy + 2ia;
(iii) (;) b — 2e%g + 2ti5; — (;'-2) iy — de?is + 2is;
(iv) 2ae?t; 4ae?;
(v) 2acos 2t — 2bsin 2r; —4asin 2t — 4b cos 2¢.
2. Velocity = awe®l + awe®ls;
Acceleration = 2aw?efls,
3. Velocity = {}(r?w sin D1 + rols; \
Acceleration = §riw?2 — cos 8) ~rw?}ly + $r2w?(sin O)la
4, (i) = a(l — cos 1)ir + (asin 1)iz + bis;
F = (asin 2)i1 + (a cos t)is;
(ii)) ¥ = (—asin t)i1 + (acos t)iz — (2a sin 2¢)is;
F = (—acos t)iy — (asin #)is — (4a cos 2t)ia.
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5. ¢ = gkl + ak¥ls;
r = —aksth + Zak’lz
6 r= "?,(::. Nz h+ :z((:2 + 1 h;
oo [ - i B (oo - G

@) F = —i( ) L+ (2)1/ Ie;
T TN

@if) r = el + (et — Die;

r=—(e — et + e~ + (¢! + Dhe.
(iv) r = (2sin 20)1 -+ 2(4 — cos 21)ke;

r = —8(2 — cos 20)ly + (8 sin 2¢)l2.

7. @) r= —5"6'—911+2~_695~9h,
_ 2 —cos 6y
r= __ES_—-_II
L. 2, 3+ 2cos 6y, .
Gyr = (3 sin 0) I + (-——.s———) |PH
r= -3 (3 + 2 cos 0)3 h.
8. (1)r-—-6tb r—6b;
(ll)l_"' ; 5—0;
(iii) r = (cost)h; r = (— sint)b;
L. AV |
(1v)r=(l+—,)b,r- 'zb.

Examples IVb Page 64

1. Velocity = (5¢ + 16)ii + (3¢ + 16)iz + (3¢ + 28)is.
Position vector w.r.t. point of projection,

(212 + 160)ir + (312 + 16¢)is + (312 + 280)is.

2. Velocity = (10 — 2 cos t)ir + (12 — 64¢)is + 24is.
Position vector w.r.t. point of projection,
(10t — 2 sin t)iy + (12t — 32¢2)is -+ 24tis.
3. Velocity = (312 - 16)iy + (49 — cos t)is + (72 — 32¢)is.
Position vector w.r.t. point of projection,

(313 + 162)i1 + (49t — sint)is + (72t — 16¢2)is.

4. Velocity = 35i, -+ (84 — 9-80)i,.
Position vector = 35ti, + (84 — 4:9¢?) i,
17 1/7 s, 600 m.

117
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5. (i) 5s.; (ii)ﬁg.\_/ﬁ m; (iii) 30-625 m.
6. 300,000 m.

10. r — (80 - zf)n +

80 where n, a are unit vectors in the plane
V3 * of motion, n being vertical and a horizontal.

Examples V Page 77
1. Ellipse; eccentricity §4/21.

2. Eccentricity = \—}2; Periodic time = 2ma+/(a/u).
3. Orbit; 2/p? =2 —logr.

11. Velocity = :(n2a2 — uz) sin? nt—f-uz} } ; periodic time = 2z/n,

Examples VI Page 91
1. () r = 2i1 + 3iz + Siz — (i1 + 3iz — 2i3);
(ii) r =iy + Sig + 2is — 1(di1 + 3iz — 2ia);
(iii) r = 4iy + 2z + 5iz — 1(Si1 + i2 + 7is);
(iv) r = —5i; + iz + 2is + t(%9% — 4i, — is);
(v) r = 2iy + Sie — iz — t(9i1 + 4iz — 4i3).
2. (@) r =iy — i+ 3is + 121 — iz + 2i3);
(ii) r = —2i + iz + Siz + t(2i1 + 3iz + 4iz);
(iii) r = —i1 — 2iz + iz + 1(3i1 + 4i2 + 6i3);
(iv) r = 2i; — 3ig + 4ia + #(i1 + 3iz — 2i3);
V) r = 2i; — 3ig + 4iz + t(5i1 — 2i2 + 3is);
(vi) r = —iy — 2ig + 4iz + t(10i1 + 13iz — 2i3).
3. () r=i1+ iz — dis + sGBir — diz — 3is) + (i — 4i2 — %ia);
(i) r = 2iy + iz + 2is + s(—4i1 — 2iz + i3) + #(5i1 + iz — 5i3);
(iii) r = 3iy + iz — 4ia + s(—i1 — 2ia + 6i3) + 1(—6i1 + iz + Sis);
(iv) r = —2iy — 3i2 + Sis + s(11iy + 4iz — is) + 1(9i1 — 3is).
4. r. Qi+ 2is + is) = 4.
5. r. (3i1 + 4iz + 6i3) = 28.
6. r.(—2i) + 3iz + 4is) = —8.
7. . (i1 — 2is + 2i3) = 17.
8. (7/9)iz + (23/5)ia.
9. —2iy + 3iz + Tia.
10. (i) 12/7 units; (i) 2i, + 3, + %i,.
11. 7/4/13.
12. (i) 4a/+4/21; (i) 10a/+/21.
13. 37/+/46.
17. AX = aiz; AY = 2aiz + ais; AZ = 2aiy -+ aiz; AC = 2air + 2ai».
Plane XYC :r = giz + s(aiz + ai3) + #(2ai; + ais).
Distance: 2a/3.

18. (iii) (9, —8, —10).
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Examples VII Page 101

a 6i1 + (a cos 0)iz + (a sin 6)is.

"TV3
. (4,2,0); n/2.
. (+ 4, 0, 0).
. ¥ = ai1;

r = aiy + siz + siz.
. 1 . {(a2bs — asba)ir + (asbr — a1badiz + (a1b2 — azhy)is} = 0.
4na.

1 n 1 n\ 7ma/2
— 3102 =)~ 5 0g2+ 5). 2

. AT oo 13 )
. n/4; =f3; (2 cos 0y2)"

119



INDEX

Acceleration 55

radial and transverse 55, 57
Addition of vectors 3, 5, 6
Area, vector 39, 67, 68, 87

Central forces 66ff
Centre of force 66
Centroid 18

Circle 102 (ex)
Collinear points 20, 87
Complex numbers 112,
Components of a vector 10, 12
Concurrent lines 21(ex)
Coplanar points 42
Cross product 27
Cylindrical surface 100

Differentiation of vectors 45ff
Direction cosines and direction ratios
15, 16

Distance between two points 19
Distance of a point from

a plane 86, 88

a line 92(ex)
Dot product 26

Ellipse 100

Elliptic orbit 70, 74

Energy 1

Equation of straight line 18, 81
Equation of plane 83, 84, 85
Equivalent vectors 2

Helix 101
Hyperbolic orbit 70

Integration of a vector 51
Inverse square law 68, 73

Modulus of a vector 1, 14
Moment of a force 28, 37
Momentum

linear 60

angular 60, 66

Newton’s Laws of Motion 60

Parabola 100
Parabolic orbit 70
Plane of two vectors 2
Product of vector and scalar 4
Product of two vectors
scalar 26
vector 27
Product of three vectors
scalar 40
vector 42
Projectiles 63

Right~hand screw rule 11

Scalar 1
Subtraction of vectors 4

Vector

basis 108

definition 1, 106, 107

free 2

line 2

position 2

system of unit vectors 11, 12, 108
Velocity 54

radial and transverse 55, 56
Volume of parallelepiped 41

Work 26, 37



