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Preface

This book aims to provide a thorough introduction to smooth and nonsmooth
(convex and nonconvex) optimization theory on finite dimensional normed vector
spaces (RP spaces with p € N\ {0}). We present several important achievements
of nonlinear analysis that motivate optimization problems and offer deeper insights
into the further developments. Many of the results in this book hold in more general
normed vector spaces, but the fundamental ideas of the theory are similar in every
setting. We chose the framework of finite dimensional vector spaces since it offers the
possibility to simplify some of the proofs and permits an intuitive understanding of
the main ideas.

This book is intended to support courses of optimization and/or nonlinear anal-
ysis for undergraduate students, but we hope that graduate students in pure and ap-
plied mathematics, researchers and engineers could also benefit from it. We base our
hopes on the following five facts:

— Thisbook is largely self-contained: the prerequisites are the main facts of the clas-
sical differential calculus for functions of several real variables and linear algebra.
They are recalled in the first chapter, so that this book can be then used without
other references.

- We give necessary (and sometimes sufficient) optimality conditions in several
cases of regularity for each problems’ data: in the case of smooth functions, con-
vex nonsmooth functions, and locally Lipschitz nonconvex functions in order to
cover a large part of optimization theory.

—  We present many deep results of nonlinear analysis under natural assumptions
and proofs.

— Basic theoretical algorithms and their effective implementation in Matlab, to-
gether with the results of these numerical simulations are presented, and this
shows both the power and practical applicability of the theory.

— An extended chapter of problems and their solutions gives the reader the possi-
bility to solidify theoretical facts and to have a better understanding on various
aspects of the main results in this book.

It should be clearly stated that we do not claim any originality in this monograph,
but the selection and the organization of the material reflects our point of view on
optimization theory. Based on our scientific and teaching criteria, the material of this
book is organized into seven chapters which we briefly describe here.

The first chapter is introductory and fixes the general framework, the notations
and the prerequisites.

The second chapter contains several concepts and results of nonlinear analysis
which are essential to the rest of the book. Convex sets and functions, cones, the Bouli-
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viii =—— Preface

gand tangent cone to a set at a point are studied, and we give complete proofs of fun-
damental results, among which Farkas Lemma, Banach Principle of fixed point and
Graves Theorem.

The third chapter is the first one fully dedicated to optimization problems; it
presents in detail the main aspects of the theory for the case of smooth data. We
present general necessary and sufficient optimality conditions of first and second-
order for problems with differentiable cost functions and with geometrical or smooth
functional constraints. We arrive at the famous Karush-Kuhn-Tucker optimality con-
ditions and we investigate several qualification conditions needed in this celebrated
result.

The fourth chapter concerns the case of convex nonsmooth optimization prob-
lems. We introduce here, in compensation for the missing differentiability, the concept
of the subgradient and we deduce, in this setting, necessary optimality conditions in
Fritz John and Karush-Kuhn-Tucker forms.

The fifth chapter generalizes the theory. We work with functions that are neither
differentiable nor convex, but are locally Lipschitz. This is a good setting to present
Clarke and Mordukhovich generalized differentiation calculus, which finally allows
us to arrive, once again, at optimality conditions with similar formulations as in the
previous two chapters.

The sixth chapter is dedicated to the presentation of some basic algorithms for
smooth optimization problems. We show Matlab code that accurately approximate the
solutions of some optimization problems or related nonlinear equations.

The seventh chapter contains more than one hundred exercises and problems
which are organized according to main themes of the book: nonlinear analysis,
smooth optimization, nonsmooth optimization.

In our presentation we used several important monographs as follows: for the-
oretical expositions we mainly used (Zadlinescu 1998; Pachpatte 2005; Nocedal and
Wright 2006; Niculescu and Persson 2006; Radulescu et al. 2009; Mordukhovich 2006;
Hiriart-Urruty 2008; Clarke 2013; Carja 2003;), while for examples, problems and ex-
ercises we used (Pedregal 2004; Nocedal and Write, 2006; Isaacson and Keller 1966;
Hiriart-Urruty 2009; Hestenes 1975; Forsgren et al. 2002; Clarke, 1983) and (Bazaraa
et al. 2006). Finally, for the Matlab numerical simulations we used (Quarteroni and
Saleri 2006).

In the case of the Ekeland Variational Principle, which was obtained in 1974 in
the framework of general metric spaces, and whose original proof was based on an
iteration procedure, the simpler proof for the case of finite dimensional vector spaces
we present here was obtained in 1983 by J.-B. Hiriart-Urruty in (Hiriart-Urruty 1983).
The very simple and natural proof of Farkas Lemma that is given in this book is based
on the paper of D. Bartl (Bartl 2012) and on a personal communication to the authors
from C. Zalinescu. The Graves theorem is taken from (Carja 2003).



Of course, the main reference for convex analysis is the celebrated R. T. Rockafel-
lar monograph (Rockafellar 1970), but we also used the books (Niculescu and Pers-
son 2006; Zalinescu 1998) and (Zalinescu 2002). For the section concerning the fixed
points for function of real variable, we used several problems presented in (Radulescu
et al. 2009).

For the section dedicated to the generalized Clarke calculus, we used the mono-
graphs (Clarke 1983; Clarke 2013; Rockafellar and Wets 1998). Theorem 5.1.32 is taken
from (Rockafellar 1985). For the second part of Chapter 5, dedicated to Mordukhovich
calculus, we mainly used (Mordukhovich 2006). The calculus rules for the Fréchet
subdifferential of difference of functions, as well as the chain rule for the Fréchet sub-
differential were taken from (Mordukhovich et al. 2006).

Many of the optimization problems given as exercises are taken from (Hiriart-
Urruty 2008) and (Pedregal 2004), but (Hiriart-Urruty 2008) was used as well for some
other theoretical examples such as the second problem from Section 3.4 or the Kan-
torovich inequality. The rather complicated proof of the fact that the Mangasarian Fro-
movitz condition is a qualification condition is taken from (Nocedal and Write 2006)
which is used as well for presenting the sufficient optimality conditions of second
order in Section 3.3. The Hardy and Carleman inequalities correspond to material in
(Pachpatte 2005).

Chapter 6 is dedicated to numerical algorithms. We used the monographs: (Isaac-
son and Keller 1966) (for the convergence of Picard iterations and the Aitken methods),
(Nocedal and Write 2006) (for the Newton and the SQP methods). For the presentation
of the barrier method, we used (Forsgren et al. 2002).

Acknowledgements: We would like to thank Professor Vicentiu Radulescu, who
kindly showed us the opportunity to write this book. Then, our thanks are addressed to
dr. Aleksandra Nowacka-Leverton, Managing Editor to De Gruyter Open, for her sup-
port during the preparation of the manuscript, and to the Technical Department of De
Gruyter Open, for their professional contribution to the final form of the monograph.
We also take this opportunity to thank our families for their endless patience during
the many days (including weekends) of work on this book.

01.10.2014 Marius Durea
lasi, Romania Radu Strugariu



1 Preliminaries

The aim of this chapter is to introduce the notations, notions and results which
will be useful in subsequent chapters. The results will be given without proof as they
refer to basic notions of mathematical analysis, differential calculus and linear alge-
bra.

1.1 R? Space

Let N be the set of natural numbers and N* := N\ {0} . Take p € N". We denote by R
the set of real numbers and we introduce the set

RP := {(x', X%, ..., xP) | X' € R, Vi € 1, p}.

This set can be organized as a p dimensional real vector space, with respect to the stan-
dard operations defined as follows: for every x = (x, x%, ..., x*), y = (¥}, ¥%, ..., yP) €
R? and every a € R

x+y =t ey, x2+y%, L xP +yP) e RP,
ax := (ax', ax?, ..., ax*) € RP.

Recall that the canonical base in R? is the set {eq, ..., ep}, where for any i € 1, p,
e; :=(0,...,1,...,0), and 1is placed on the i—th coordinate. In some situations, when
there is no risk of confusion, we will use the notation with subscript indices of the
components. We will extend these operations also for sets: if A, B C R? are nonempty,
a € R\ {0} and C C R is nonempty, one defines A+ B := {a+b | a € A, b € B},
aA:={aalacA},CA:={aalaecC,ac A},A-B:=A+(-1)B.

One can consider an element x of R” as a matrix of dimension 1 x p. The corre-
sponding transposed matrix will be denoted by x!. Also, one defines the usual scalar
product of two vectors x, y € R? by

14
xy) = xy =xy.

i=1
Moreover, R? can be seen as a normed vector space (in particular, as a metric space)
endowed with the Euclidean norm ||-|| : R? — R, given by

Il == v/, %) =

It is easy to prove that for every x, y € RP, the next relation (the parallelogram law)
holds
I+ yl? +1lx = ylI? = 2 |Ix|* + 2 ly]|* -

[ ATl © 2014 Marius Durea and Radu Strugariu
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.



2 —— Preliminaries

The angle between two vectors x, y € R? \ {0} is the value 0 € [0, 7] given by
ey
1[Iyl

The open (closed) ball and the sphere centered at x ¢ R? with radius € > O are given,
respectively, by:

cos @

B(x,€) :={x e R | |x-X| < €},
D(x,€) :={x cRP | ||x-X| < &},

and
S(x,€) :={x e R? | |x—X|| = €}.

One says that a subset A C R” is bounded if it is contained in an open ball centered

in the origin i.e., if there exists M > 0 such that A ¢ B(0, M).

A neighborhood of an element X € R? is a subset of R which contains an open
ball centered in X. We denote by V(%) the class of all neighborhoods of X. Let us sum-
marize some facts:

— A subset of R? is open if it is empty or it is neighborhood for all of its points.

— A subset of R? is closed if its complement with respect to R? is open.

— Anelement a is an interior point of the set A C R? if A is a neighborhood of a. We
denote by int A the interior of A (i.e., the set of all interior points of A).

— Anelement a is an accumulation point (or a limit point) of A c R? if every neigh-
borhood of a has at least one element in common with the set A which is different
from a. We denote by A’ the set of all limit points of A. If a € A\ A’, one says that
a is an isolated point of A.

— An element a is an adherent point (or a closure point) of A C RP if every neigh-
borhood of a has at least one element in common with the set A. We will use the
notations cl A and A to denote the closure of A (i.e., the set of all the adherent
points of A).

— A subset of R? is compact if it is bounded and closed.

We denote by bd A the set cl A \int A = cl A N cl(R? \ A) and we call it the boundary of
A.

Proposition 1.1.1. (i) A subset of R? is open if and only if it coincides with its interior.
(i) A subset of R? is closed if and only if it coincides with its closure.

Definition 1.1.2. One says that a function f : N — RP is a sequence of elements from
RP.

The value of the function f in n € N, f(n), is denoted by x, (or yn, zn, ...), and the
sequence defined by f is denoted by (x») (respectively, by (yn), (zn), ...).

Definition 1.1.3. A sequence is bounded if the set of its terms is bounded.
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Definition 1.1.4. One says that (y;) is a subsequence of (x») if for every k € N, one has
Yk = Xn,, Where by (n;) one denotes a strictly increasing sequence of natural numbers
(i.e., ny < ny,, forevery k € N).

Definition 1.1.5. One says that a sequence (x,) C RP is convergent (or converges) if
there exists x € RP such that

YVeVix),IngeN,Vnny: xpeV.

The element x is called the limit of (xn).

If it exists, the limit of a sequence is unique.
We will use the notations x, — x, li_1>n Xn = x or, simplified, lim x, = x to formalize
n oo

the previous definition.

Proposition 1.1.6. A sequence (xn) is convergent to x € RP if and only if

Ve>0, Ine e N,Vn=ng: ||xn—x|| <e.

Proposition 1.1.7. The sequence (xn) C RP converges to x € RP if and only if the
coordinate sequences (x},) converge (in R) to x' for everyi € 1, p.

Proposition 1.1.8. A sequence is convergent to x € RP? if and only if all of its subse-
quences are convergent to Xx.

Proposition 1.1.9. Every convergent sequence is bounded.

Proposition 1.1.10 (Characterization of the closure points using sequences).  Con-
sider A C R?. A point x € R? is a closure point of A if and only if there exists a sequence
(xn) C A such that x, — x.

Proposition 1.1.11. The set A C R? is closed if and only if every convergent sequence
from A has its limitin A.

Proposition 1.1.12. Theset A C R? is compact if and only if every sequence from A has
a subsequence which converges to a point of A.

Theorem 1.1.13 (Cesaro Lemma). Every bounded sequence contains a convergent sub-
sequence.

Definition 1.1.14. One says that (x,) C RP is a Cauchy sequence or a fundamental
sequence if
Ve>0, Ine € N, Vn,m 2 ne : ||xn — xm|| < €.

The above definition can be reformulated as follows: (x») is a Cauchy sequence if:
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Ve>0, 3ne €N, Ynzne, Vp € Nt ||Xnip — Xn|| < €.

Theorem 1.1.15 (Cauchy). The space R? is complete, i.e., a sequence from RP? is con-
vergent if and only if it is a Cauchy sequence.

The next results are specific to the case of real sequences.

Definition 1.1.16. One says that a sequence (x,) of real numbers is increasing (strictly
increasing, decreasing, strictly decreasing) if for every n € N, xps1 2 Xn (Xne1 > Xn,
Xn+1 £ Xn, Xnt1 < Xn). If (xn) is either increasing or decreasing, then it is called monotone.

Let R := R U {-oo0, +oo} be the set of extended real numbers. A neighborhood of +co
is a subset of R which contains an interval of the form (x, +oo], where x € R. The
neighborhoods of —oo are defined in a similar manner.

Definition 1.1.17. (i) One says that the sequence (x,) C R has the limit equal to +oo if
YV € V(+o0), Iny eN, Vnz2ny : xp V.
(i) One says that the sequence (x,) C R has the limit equal to —oo if

YV € V(-00), Iny €N, Vnz2ny : xp € V.

Proposition 1.1.18. (i) A sequence (x») C R has the limit equal to +oc if and only if
VA>0, dng e N, Vn>ny : xp > A.
(i) A sequence (x,) C R has the limit equal to —os if and only if

VA >0, 3dng € N, Vn=ny : xp < -A.

Proposition 1.1.19. Let (xn), (yn), (zn) be sequences of real numbers, x,y € Randng €
N. Then:

(i) (Passing to the limit in inequalities) if x, — X, yn — y and x, < yn for every
n=ng, thenx <y;

(ii) (The boundedness criterion) if |xn — x| < yn for every n = no, and y, — O, then
Xn — X;

(iii) if xn = yn for every n = ng, and yn — +oo, then x, — +oo;

(iv) if xn = yn for every n = ng, and x, — —oo, then y, — —oo;

(v) if (xn) is bounded and yn, — 0, then xnyn — 0O;

(Vi) if xn < yn < zn forevery n = ng, and xn — X, zZn — X, then yn — x;

(vii) Xn — 0 & |xn| = 0 = x2 — 0.

We now present some fundamental results in the theory of real sequences.
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Theorem 1.1.20. Every monotone real sequence has its limit in R. Moreover, if the se-
quence is bounded, then it is convergent, as follows: if it is increasing, then its limit is the
supremum of the set of its terms, and if it is decreasing, the limit is the infimum of the set
of its terms. If it is unbounded, then its limit is either +oo if the sequence is increasing, or
—oo if the sequence is decreasing.

Theorem 1.1.21 (Weierstrass theorem for sequences). If (x,) is a bounded and mono-
tone sequence of real numbers, then (xy) is convergent.

Definition 1.1.22. Let (x,)ns0 be a sequence of real numbers. An element x € Ris called
a limit point of (xn) if there exists a subsequence (xn,) of (xn) such that x = klim Xny -
—> 00

We finalize this section with two useful convergence criteria.

Proposition 1.1.23. Let (x») be a sequence of strictly positive real numbers such that

there exists lim % =x.Ifx <1, thenx, — 0, andif x > 1, then x, — +oo.

n

Proposition 1.1.24 (Stolz-Cesaro Criterion). Let (xn) and (y») be real sequences such
that (yn) is strictly increasing and its limit is equal to +o. If there exists lim L;" =
n+l — Yn

x € R, thenlim ;—" exists and is equal to x.
n

1.2 Limits of Functions and Continuity

In this section, we expand on some issues related to the concepts of limit and conti-
nuity for functions. Let p, g € N".

Definition 1.2.1. Letf : A — R%, A C R? and a € A’. One says that the element | € R?
is the limit of the function f at a, if for every V. € V(1) there exists U € 'V (a) such that
ifxe UNA, x #a, then f (x) € V. We will denote this situation by limf (x) = L.

X—a

Theorem 1.2.2. Letf : A — R9,A C RP and a € A’. The next assertions are equiva-
lent:

@ limf (x) = 13

X—a

(ii) for every B (1, €) C RY, there exists B (a, §) C RP such that if x € B(a,6) N A,
x#a,thenf(x) € B(l,¢€);

(iii) for every € > O, there exists § > 0, such that if ||x - a|| < §, x € A, x # a, then
IF ) -1l < & -

(iv) for every € > 0, there exists 6 > 0, such that if |x; — a;| < 6 foreveryi € 1,p,
where x = (X1, X2, .., Xp) € A, a = (a1, az, .., ap) , X # a, then ||[f (x) - 1]| < &

(v) for every sequence (xn) C A\ {a}, xn — a implies that f (xn) — L.
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Theorem1.2.3. Letf: A — R?, A C RP,1 € R?and a € A’. If the function f has the
limit | at a, then this limit is unique.

Remark 1.2.4. If there exist two sequences (xy,), (xn) € A\{a},x, — a,x; — a
such that f(xy) — U, f(x})) — " and l' # 1", then the limit of the function f at a € A’
does not exist.

Theorem 1.2.5. Letf : A - RY, A C R?, f = (f1,f2,...,fq) and a € A’. Then f has
the limit | = (11, 13, ..., l) € RY at a if and only if there exists )}gr(lzfl (x) = 1;, for every

iel,q.
Definition 1.2.6. Leta € R, A C Rand denote As = AN(-oo, al, Az = ANla, o). One
says that the element a is a left (right) accumulation point for A, if it is an accumulation

point for As (A4, respectively). We will denote the set of left (right) accumulation points
of A by A} (A',, respectively).

Definition 1.2.7. Letf : A — R%, A C R and a be a left (right) accumulation point of
A. One says that the element | ¢ RY is the left-hand (right-hand) limit of the function f
in a if for every neighborhood V € V (1) there exists U € V(a), such thatif x € U N As
(x € UNAy, respectively), x # a, then f (x) € V. In this case we will write X_l}iaryr)lmf x) =

L, or Xlggl_f(x) =1 or lxlTl:{zlf(X) = l(x_l>1ar’r)1(>af(x) =1 or xlg&f(x) =1 or lxlirglf(x) =1,

respectively).

Theorem 1.2.8. LetI C R beanopeninterval,f : I — R, and a € I. Then there exists
1i_r>n f (x) = lif and only if the left-hand and the right-hand limits of f at a exist and they
X—a

are equal. In this case, all three limits are equal:
xlgg—f ()= xli>n(}+f () = L

A well-known result says that the monotone real functions admit lateral limits at every
accumulation point of their domains.

Theorem 1.2.9 (The boundedness criterion). Letf : A - R%, g : A - R, A C RP
and a € A'. If there exist | € R? and U € V (a) such that ||f (x) - || < |g (x)| for every
x e U\{a}, and liﬁmg(x) = 0, then there exists 1i£1f ) =L

X—a X—a

Theorem 1.2.10. Letf,g: A C R’ — R?, anda € A'. If limf (x) = O and there exists
X—a
U € V (a) such that g is bounded on U, then there exists the limit 1i_r>n f(x)gx)=0.
X—a

Theorem 1.2.11. Letf : A c R? — R, and a € A’. If there exists limf (x) = 1, 1> 0
X—a

(1 < 0), then there exists U € V (a) such that forevery x € UNA, x # a, onehas f (x) > 0
(respectively, f (x) < 0).



Limits of Functions and Continuity == 7

Theorem 1.2.12. Letf : A C R? — RY, and a € A'. If there exists li_r>n f(x) =1, then
X—a

there exists U € V (a) such that f is bounded on U (i.e., there exists M > O such that for
every x € U, one has ||f (x)|| = M).

Definition 1.2.13. Let f : A ¢ R? — Rand a € A’. One says that the function f
has the limit equal to +oo (respectively, —oo) at a, if for every V € 'V (+o0) (respectively,
V € V(-o0)), there exists U € V (a) such that for every x € UN A, x # a, one has
f (x) € V. In this case, we will write )}1_% f (x) = +oo (respectively, ll_rg f(x) = -o0).

Theorem 1.2.14. Letf : A ¢ RP — Rand a € A’. Then there exists li_r>n f(x) = +o0
X a
(respectively, li_r}n f (x) = —o0) if and only if for every € > O, there exists § > 0, such that
X—a
if|lx-a| <8,x €A, x+#a,onehas f (x) > € (respectively, f (x) < —€).

Definition 1.2.15. Letf : A C R — RY, such that +oo (respectively, —oo) is an accumu-
lation point of A. One says that the element | € RY is the limit of f at +oo (respectively,
—o0), if for every V. e V(l), there exists U € 'V (+o0) (respectively, U € 'V (—o0)) such
that for every x € U N A, one has f (x) € V. In this case, we will write Xl_i)r&f x) =1

(respectively, lim f (x) = 1.
X——o00

Theorem 1.2.16. Letf : A C R — RY, such that +oo (respectively, —oo) is an accumu-
lation point of A. Then there exists Xgrpoof (%) = L (respectively, Xllqlwf (x) = Difand only
if for every € > 0, there exists § > 0, such that if x > § (respectively, x < -6), x € A, one
has ||f (x)-1|| < e.

Definition 1.2.17. Letf : A ¢ R? — RY, and a € A. One says that the function f
is continuous at a if for every V. € V(f(a)), there exists U € V(a) such that for every
xcUnNA,onehasf(x)eV.

If the function f is not continuous at a, one says that f is discontinuous at a, or that a
is a discontinuity point of the function f.

Theorem 1.2.18. Letf : A C R? — RY, and a € A’ N A. The function f is continuous
at a if and only if li_r)n f(x) = f(a). If a is an isolated point of A, then f is continuous at a.
X—a

Theorem 1.2.19. Letf : A C R? — RY, and a € A. The next assertions are equivalent:
(i) f is continuous at a;
(ii) (¢ - 6 characterization) for every € > 0, there exists § > 0, such that if ||x - a|| <
8, x € A, then ||f(x) - f(a)]| < &
(iii) (sequential characterization) for every (xn,) C A, xn — a, one has f(x,) —

f(a).
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Theorem 1.2.20. The image of a compact set through a continuous function is a com-
pact set.

Theorem 1.2.21 (Weierstrass Theorem). Let K be a compact subset of RP. Iff : K — R
is a continuous function, then f is bounded and it attains its extreme values on the set K
(i.e., there exist a, b € K, such that sup f(x) = f(a) and inf f(x) = f(b)).

xeK xek
Definition 1.2.22, Let f : D Cc R? — RY. One says that the function f is uniformly
continuous on the set D if for every € > 0, there exists § > 0, such that forevery x', x" € D
with || x" - x"|| < 8, one has ||f(x") - f(x")]| < e.

Remark 1.2.23. Every function which is uniformly continuous on D is continuous on D,
i.e., it is continuous at every point of D.

Theorem 1.2.24 (Cantor Theorem). Every function which is continuous on a compact
set K C R? and takes values in R? is uniformly continuous on K.

Definition 1.2.25. Let L > 0 be a real number. One says that a functionf : A C R? —
R is Lipschitz on A with modulus L, or L-Lipschitz on A, if ||f(x) - f)| < L|Ix -y,
forevery x,y € A.

Proposition 1.2.26. Every Lipschitz function on A C RP is uniformly continuous on A.

Theorem 1.2.27. LetI C R be aninterval. Iff : I — R is injective and continuous, then
f is strictly monotone on I.

Definition 1.2.28. Let I C R be an interval. One says that the function f : I — R
has the Darboux property if for every a,b € I, a < b and every A € (f(a), f(b)) or
A € (f(b), f(a)), there exists ¢, < (a, b) such that f(c;) = A.

Theorem 1.2.29. Let I C R be an interval. If the function f : I — R has the Darboux
property and there exist a,b € I, a < b, such that f(a)f(b) < 0, then the equation
f(x) = 0 has at least one solution in (a, b).

Theorem 1.2.30. Let I C R be an interval. The function f : I — R has the Darboux
property if and only if for every interval ] C 1, f (J) is an interval.

Theorem 1.2.31. Let I C R be aninterval. If f : I — R is continuous, then f has the
Darboux property.
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Recall that every linear operator T : R? — RY is continuous. For such a map, one uses
the constant

IT| :=inf{M >0 | | Tx|| < M||x], Vx € RP}
=sup {||Tx| | x € D0, 1)} .

The mapping T — || T|| satisfies the axioms of a norm, therefore it is called the norm of
the operator T. Consequently, the set of linear operators from R? to R? is a real normed
vector space, with respect to the usual algebraic operations and to the norm previously
defined. This space is denoted by L(R?, R?) and can be isomorphically identified with
RP4, Every operator T € L(RP,R?) can be naturally associated with a g x p matrix,
denoted by Ay = (aii)jefq,ieﬁ’ as follows: if (ei)ieﬁ and (eg)iefq are the canonical
bases of the spaces R” and RY, respectively, then (aii)jeﬁ,i <1 are the coordinates of
the expressions of the images of the elements (e;) through T with respect to the
basis (e}) ie.,

i€1l,p
i€1,q°

q
T(ei) = Z ajiel'-, Vi e ﬁ
j=1

Consequently, T +— Ay is an isomorphism of linear spaces between L(R?, R?) and the
space of real g x p matrices. Also, for every x € R? :

T(x) = (Arx")".
Moreover, for every x € R” and y € R, one has that
<(ATX[)I; y> = <x, (Atryt)‘> .

If A is a g x p matrix, then the linear operator associated with A is surjective if and only
if the map associated with A’ is injective.
Recall also that if T : R? — RY is a linear operator, then its kernel,

Ker(T) := {x € R? | T(x) = 0},
is a linear subspace of R?, and its image,
Im(T) := {T(x) | x € RP},
is a linear subspace of RY. Moreover,
p = dim(Ker(T)) + dim(Im(T)),

where by dim we denote the algebraic dimension.

From the theory of linear algebra, one knows that if A is a symmetric square ma-
trix of order p, then its eigenvalues are real and, moreover, there exists an orthogonal
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matrix B (i.e., BB! = BB = I) such that B!AB is the diagonal matrix having the eigen-
values on its main diagonal. Recall that, as usual, I denotes the identity matrix.

One says that a matrix A as above is positive semidefinite if ((Ax")", x) > 0 for
every x € RP, and positive definite if <(Axt)‘ ,X) > 0 for every x € R” \ {0}. Actually,
A is positive definite if and only if it is positive semidefinite and invertible.

We end this section by mentioning the celebrated result of Hahn-Banach. Recall
that a function f : R? — R is called sublinear if it is positive homogeneous (i.e.,
f(ax) = af(x) for all « > 0 and x € R?) and subadditive (i.e., f(x + y) < f(x) + f(y) for
all x, y € RP),

Theorem 1.2.32 (Hahn-Banach). Let X be a linear subspace of RP, xy : RP — R be a
sublinear function, and ¢o : X — R be a linear function. If po(x) < (x) for every x € X,
then there exists a linear function ¢ : R — R such that (p| ¥ = @o and @(x) < x(x) for
every x € RP.

1.3 Differentiability

Definition1.3.1. Letf : D ¢ R? — R? and a € intD. One says that f is Fréchet
differentiable (or, simply, differentiable) at a if there exists a linear operator denoted by
Vf(a) : R? — RY such that

f(a +h) - f(a) - Vf(a)(h) im fx) - f(a) - Vf(a)(x - a)

h—>0 Kdl x—a |x —al|

The map Vf(a) is called the Fréchet differential of the function f at a.

=0.

The previous relation is equivalent to the following conditions:

Ve > 0,36 >0,Vx € B(a, §) : ||[f(0) - f(a) - Vf(a)(x - a)|| < e || x - a]| ;
Ja:D-{a} - R?: }llin})a(h) =a(0) =0,

fla+h) = f(a) + Vf(a)(h) +||h|| a(h), Yh € D - {a}.

One says that f : D ¢ R? — RYis of class C! on the open set D if f is Fréchet
differentiable on D and Vf is continuous on D. Obviously, f can be written as f =
(f1, f25 +++» fq), where f; : RP — R, i € 1, q and, in general, the map Vf(a) € L(R?, R?)
will be identified to the g x p matrix

N T - T

a?z a}z . a?z
axP

ax1 ax2 ,
af of, af
S @ 5@ 3 @
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called the Jacobian matrix of f at the point a, where %(a) is the partial derivative of

the function f; with respect to the variable X’ at a.

We will subsequently refer several times to the Jacobian matrix instead of the dif-
ferential. Based on a general result, if f : D ¢ RP — R” and a < intD, Vf(a) is an
isomorphism of R? if and only if the Jacobian matrix of f at a is invertible.

The next calculus rules hold.

- Letf : R — RY be an affine function, i.e., it takes the form f(x) := g(x) + u for
every x € RP, where g : RP — RY is linear, and u € RY. Then for every x € R?,
Vfx) =g.

- Letf:RP — Rbeoftheform f(x) = % ((AxY, x) + (b, x) , where A is a symmetric
square matrix of order p, and b € R?. Then for every x € R?, Vf(x) = (Ax))! + b.

- LetD c RP,EC RY, X cintD,y € intEandf,g: D - RY, ¢ : D - R,
h:E — Rk,

- Iff, g are differentiable at X, and a, § € R, then the function af + g is differ-

entiable at X and

Vaf + Bg)x) = aVf(x) + V().

- Iff, g are differentiable at X, then ¢f is differentiable at x at
V(pf)x) = px)Vf(&x) + XV (),

where (F(V@(X) () := VoK) - (0,
— (Chainrule) Iff(D) C E, y = f(x), f is differentiable at X and h is differentiable
aty, then h o f is differentiable at X and

V(h o f)X) = Vh(y) o VF(X).

A case which deserves special attention is p = 1. In this case one says that f is derivable
at a if there exists

lim ’w € RY. (1.3.1)

h—0

One denotes this limit by f’(a) and it is called the derivative of f at a.

Proposition 1.3.2. Letf : D C R — RY and a < int D. The next assertions are equiva-
lent:

(i) f is derivable at a;

(ii) f is Fréchet differentiable at a.
In every one of these cases, Vf(a)(x) = xf'(a) for every x € R.

Letr € N.Iff : D ¢ RP xRY — R’, and (a,b) € intD is fixed, one defines
Dy :={x e R | (x,b) € D}and f; : D; — R, f1(x) := f(x, b). One says that f is
Fréchet differentiable with respect to x at a if f; is Fréchet differentiable at a, and in
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this case the differential is denoted by V,f(a, b). If f is differentiable at (a, b), then f
is differentiable with respect to x and y at a and b, respectively, and

Vif(a, b) = Vf(a, b)(-,0), V,f(a,b) = Vf(a, b)(O, ).

In the general case, one says that f : D ¢ RP — R? is twice Fréchet differentiable
at a € intD if f is Fréchet differentiable on a neighborhood V c D of a and Vf :
V — L(RP, RY) is Fréchet differentiable at a, i.e., there exists a functional denoted by
V2f(a), from the space L?(R?, RY) := L(R?, L(R?,RY)),and a : D - {a} — L(R?, RY),
such that limy_,, a(h) = a(0) = 0 and for every h € D - {a}, one has

Vf(a +h) = Vf(a) + V*f(a)(h, -) + ||h|| a(h).

Recall that the space L?(R?, R?) mentioned above can be identified with the space
of bilinear maps from R? x R to RY.

One says that f is of class C? on the open set D if it is twice Fréchet differentiable
on D and V?f : D — L%(RP, RY) is continuous.

Theorem 1.3.3. Letf : D c R? — R? and a < int D. If f is twice Fréchet differentiable
at a, then V2f(a) is a symmetric bilinear map.

In the case when g = 1, the map V2f(a) is defined by the symmetric square matrix

2
H(a) = a. f -(a) , which is called the Hessian matrix of f at a. Moreover,
oxiox Ljeip

<(H(a)ut)t , v> = V2f(a)(u, v) for every u,v € R?, i.e.,

n

2
V@ -3 2L @uw,
ij=

oxioxi
1

If a, b € RP, one defines the closed and the open line segments between a and b
as follows:

la,b] :={aa+(1-a)b|ac]o,1]},
(a,b) :={aa+(1-a)b|ac(0,1)}.

Theorem 1.3.4 (Lagrange and Taylor Theorems). Let U C R? be an open set, f : U —
Randa, b € Uwith[a, b] c U.Iff is of class C' on U, then there exists c € (a, b) such
that

f(b) = f(a) + VF()(b - a).

Iff is of class C* on U, then there exists c € (a, b) such that

f(b) - f(@) + V(@b - @) + 3 V()b - a, b - a).
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Theorem 1.3.5 (Implicit Function Theorem). Let D C RP xR? be an open set,h : D —
R? be a function and X € RP, y € RY be such that:

() h(x,y) = 0;

(i) the function h is of class C* on D;

(iii) Vyh(x, y) is invertible.

Then there exist two neighborhoods U and V of x and y, respectively, and a unique
continuous function ¢ : U — V such that:

(a) h(x, ¢(x)) = O for every x € U;

(b)if (x,y) € Ux Vandh(x,y) =0, theny = ¢p(x);

(c) ¢ is differentiable on U and

Vo(x) = -[Vyh(x, P())] ' Veh(x, p(x)), Vx € U.

Some fundamental results from the theory of differentiability of the real functions are
briefly given at the end of this section.

In the case p = g = 1 one can apply Proposition 1.3.2. It is also sensible to speak of
the existence of the derivative at points of the domain which are accumulation points
of it: consider the limit from the relation (1.3.1) at accumulation points. Moreover, as in
the case of the lateral limits, one can speak about the left and right-hand derivatives,
by considering the lateral limits in the expression from relation (1.3.1). When they ex-
ist, we will call these limits the left, and the right-hand derivatives of the function f at
a and we will denote them by f’(a) and f{(a), respectively.

Definition 1.3.6. Let A C Rand f : A — R. One says that a € A is a local minimum
(maximum) point for f if there exists a neighborhood V of a such that f(a) < f(x) (re-
spectively, f(a) = f(x)), for every x € AN V. One says that a point is a local extremum if
it is a local minimum or a local maximum.

Theorem 1.3.7 (Fermat Theorem). Let I C R be anintervaland a € intL. Iff : I — R
is derivable at a, and a is a local extremum point for f, then f'(a) = 0.

Theorem 1.3.8 (Rolle Theorem). Leta,b € R, a < b, andf : [a, b] — R be a function
which is continuous on [a, b], derivable on (a, b), and satisfies f(a) = f(b). Then there
exists ¢ € (a, b) such that f'(c) = 0.

Theorem 1.3.9 (Lagrange Theorem). Let a,b € R, a < b, andf : [a,b] — R bea
function which is continuous on [a, b], derivable on (a, b). Then there exists ¢ € (a, b)
such that f(b) - f(a) = f'(c)(b - a).

Proposition 1.3.10. LetI C R be an interval and f : I — R be derivable on I.
@) Iff'(x) = 0 for every x € I, then f is constant on I.
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(i) If f'(x) > O (respectively, if f'(x) = 0) for every x € I, then f is strictly increasing
(respectively, it is increasing) on I.

(i) If f' (x) < O (respectively, if f'(x) < 0), for every x € I, then f is strictly decreasing
(respectively, it is decreasing) on I.

Theorem 1.3.11 (Rolle Sequence). Let I C R be an interval and f : I — R be a deriv-
able function. If x1,x, € I, x; < x, are consecutive roots of the derivative f’ (i.e.,
f'(x1) =0, f'(x2) = 0 and f'(x) # O for any x € (x1, x;)) then:

@) if f(x1)f(x2) < O, the equation f(x) = O has exactly one root in the inter-
val (x1, x2);

(ii) if f(x1)f (x2) > O, the equation f(x) = 0 has no roots in the interval (x1, x2);

(iii) if f(x1) = 0 or f(x2) = 0, then x; or x; is a multiple root of the equation f(x) = 0
and this equation has no other root in the interval (x1, x2).

Theorem 1.3.12 (Cauchy Rule). LetI C R be anintervalandf,g : I — R, a € I, which
satisfy:

() f(a) = g(a) =

(ii) f, g are derivable at a;

(iii) g'(a) # 0.
Then there exists V € V(a) such that g(x) # 0, forany x € V \ {a} and

fO) _ f'(@)
x—ag(x) g'(a)’

Theorem 1.3.13 (’Hopital Rule). Letf, g : (a, b) = R, where —co<a < b < oo, If:
(i) f, g are derivable on (a, b) with g’ # 0 on (a, b);

/
(ii) there exists 11m fix /E ; LeR;

(iii) hmf(x) = hmg(x) =0or

X>L1 (1

(iii)’ hmg(x) oo,

X>(1
then there exists lim —— fx) =L.
X—

ag(x)

Theorem 1.3.14. Let I C R be an open interval, f : I — R be a n-times derivable
functionat a € I, (n € N, n > 2), such that

fl(a)=0, f'(@)=0,...,f" V() = 0, f"(a) # 0.

(i) If n is even, then a is an extremum point, more precisely: a local maximum if
f™(a) < 0, and a local minimum if f™(a) > 0.
(ii) If n is odd, then a is not an extremum point.
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1.4 The Riemann Integral

At the end of this chapter we discuss the main aspects concerning the Riemann inte-
gral.Leta,b e R, a< b.

Definition 1.4.1. (i) A partition of the interval [a, b] is a finite set of real numbers
X0, X1, ..., Xn (n € N"), denoted by A, such that

a=Xg<X{<...<Xn-1<Xn=b.
(ii) The norm of the partition A is the number
1A := max{x; ~ x;1 | i € T, n}.

(iii) A tagged partition of the interval [a, b] is a partition A, together with a finite set
of real numbers E := {&; | i € 1, n}, such that & € [x;_1, x;] forany i € 1, n. The set £
is called the intermediate points system associated to A.

@iv) Let f : [a, b] — R be a function. The Riemann sum associated to a tagged
partition of the interval [a, b] is

S(f,4,8) = fENi = xi-1).

i=1

Definition 1.4.2. Letf : [a, b] — R be a function. One says that f is Riemann integrable
on [a, b] if there exists I € R such that for every € > 0, there exists § > O such that for
any partition A of the interval [a, b] with the property ||A|| < 8, and for any intermediate
points system = associated to A, the next inequality holds:

IS(F,4,8)-1| <e.

The real number I from the previous definition, which is unique, is called the Riemann
integral of f an [a, b] and is denoted by

b
/f(x)dx.

Theorem 1.4.3. Any function which is Riemann integrable on [a, b] is bounded on
[a, b].

Definition 1.4.4. Letf : [a, b] — R be a function. One says that a function F : [a, b] —
R is an antiderivative (or, equivalently, a primitive integral, or an indefinite integral) of
fonla, b if F is derivable on [a, b] and F'(x) = f(x) for any x € [a, b].

If an antiderivative exists for a given function, then infinitely many antiderivatives
exist for that function and the difference of any two such antiderivatives is a constant.
The next result is sometimes called the fundamental theorem of calculus.
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Theorem 1.4.5 (Leibniz-Newton). Iff : [a, b] — R is Riemann integrable on the inter-
val [a, b] and it admits an antiderivative F on [a, b], then

b
/ f0dx = F(b) - F(a).

Continuous functions satisfy both hypotheses of the preceding theorem.

Theorem 1.4.6. Iff : [a, b] — R is continuous on [a, b], then f is Riemann integrable
on [a, b] and it admits antiderivatives on [a, b].

Theorem 1.4.7. Iff : [a, b] — Ris bounded and has a finite set of discontinuity points,
then f is Riemann integrable on [a, b]. Every function which is monotone on |a, b] is
Riemann integrable on [a, b].

We present now the main properties of the Riemann integral.

Theorem 1.4.8. (i) Iff, g : [a, b] — R are Riemann integrable on [a, b], and a, B € R,
then af + Bg is Riemann integrable on [a, b] and

b b b
/ (&f () + Bg(0)dx = a / f(odx + B / g(x)dx.

@) Iff : [a, b] — R is Riemann integrable on [a, b], and m < f(x) < M for every
x € [a, b] (m, M € R), then

b
m(b -a) < /f(x)dx <M(b - a).
In particular, if f(x) = O for every x € [a, b], then

/bf(x)dx >0,

andiff, g : [a, b] — R are Riemann integrable and f(x) < g(x) for every x € [a, b], then

/bf(x)dxs/bg(x)dx.

(iii) If f : [a, b] — R is Riemann integrable on [a, b], then |f| is Riemann integrable
onla, b].

) Iff,g : la, b] — R are Riemann integrable |a, b), then f - g is Riemann inte-
grableon [a, b].
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Theorem 1.4.9. (i) Iff : [a, b] — R is Riemann integrable on [a, b], then f is Riemann
integrable on every subinterval of [a, b].

(ii) If ¢ € (a, b) and f is Riemann integrable on [a, c] and on [c, b], then f is Rie-
mann integrable on [a, b] and

/bf(X)dx = /Cf(X)dX+/bf(x)dx.

Theorem 1.4.10. Let f : [a, b] — R be a function, and f~ : [a, b] — R be another
function which coincides with f on [a, b], except on a finite set of points. If " is Riemann
integrable on [a, b], then f is Riemann integrable on [a, b] and

b b
/f(x)dx=/f*(x)dx.

Theorem 1.4.11 (integration by parts). Iff, g : [a, b] — R are Clfunctions, then
b b
/ F0)g'(x) dx = F()g(x)| & - / f'(0)g(x) dx.
a a

Theorem 1.4.12 (change of variable). Let ¢ : [a, b] — [c, d] be a C* function, and let
f : [c, d] — R be a continuous function. Then

b o(b)
/ fle@®) - @' () dt = / f(x) dx. (14.1)
a o(a)

We end this section by the next multidimensional variant of Taylor Theorem. In what
follows, the equality is understood on components (i.e., for every function f; : R —
R,i=1,p, wheref = (f1, ..., fp)).

Theorem 1.4.13. Suppose f : RP — RP? is continuously differentiable on some convex
open set D and that x, x +y € D. Then thereis t ¢ (0, 1) such that

1
FOc+y) = F00 + / TFc + 1)) dt.
0



2 Nonlinear Analysis Fundamentals

In this chapter we study convex sets and functions, convex cones, the Bouligand
tangent cone to a set at a point, and semicontinuous functions. We prove fundamental
results, which will be the main investigation tools in subsequent chapters. The Farkas
Lemma and its consequences will be decisive for establishing optimality conditions
in Karush-Kuhn-Tucker form, while the Banach fixed point Principle will be used for
discussing some optimization algorithms. We also study some important inequalities
related to the study of convex functions.

2.1 Convex Sets and Cones

Definition 2.1.1. One says that a nonempty set D C RP? is convex if for every x,y € D,
[x,y]={ax+(1-a)y|ae[0,1]} C D.

In other words, D is convex if and only if together with two points as, a,, it contains
the whole segment [a;, a,]. It is sufficient to take a € (0, 1). By mathematical in-
duction one can show that if D is convex, then for every n € N*, X1, X2, ..., Xn € D,
a1, 02, ..., tn € [0, 1] with Y a; =1

n
Z a;x; € D.
i=1

A sum like the one above is called a convex combination of the elements (x;). In R, the
convex sets are intervals.
One of the main objects for our study is defined next.

Definition 2.1.2. A nonempty subset K C RP? is a cone if the next relation holds:
vy € K, VA € R, :=[0,00) : Ay € K.

According to the definition, every cone contains the origin.

Proposition 2.1.3. A cone C is convex if and only if C + C = C.

Proof Suppose first that C is a convex cone. As 0 € C, itis clear that C ¢ C + C. Let
u € C+ C. Then there exist ¢, ¢; € C such that c; + ¢, = u. But, using the properties
of C and the obvious relation

u=2 (2"1c1 + 2'1c2) ,

[ =ZT=Tl © 2014 Marius Durea and Radu Strugariu
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.
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one can deduce that u € C. For the converse implication, suppose that C is a cone
which satisfies C + C = C. Fix a € (0, 1) and c1, ¢> € C. Then, from the cone property
of C, one knows that acq, (1 - a)c, € C, therefore ac, + (1 — a)c, € C+ C = C, which
ends the proof. O

Definition 2.1.4. Let A C R? be a nonempty set and x € R?. One defines the distance
from x to A by the relation:

d(x, A) :=inf{||x —a| | a € A}.

We also consider the function d4 : R — R given by
da(x) :=d(x, A).

We now introduce some basic properties of the distance from a point to a
(nonempty) set.

Theorem 2.1.5. Let A C RP, A # (). Then:

(i) d(x,A) =0ifand onlyif x € cl A.

(ii) The function d4 is 1-Lipschitz.

(iii) If A is closed, then for every x € RP, there exists ax € A such that d (x, A) =
lx — ax|| . If, moreover, A is convex, then ax having the previous property is unique and
it is characterized by the relations

ax €A
(x —ax,u—ax) <0, Yu € A.

Proof (i) The following equivalences hold
d(x,A)=0< inf ||x-al|=0
acA

& 3(an) C Awith lim |x - an| =0&xcA.
n oo

(ii) For every x, y € R? and every a € A, these relations hold:
d(x,A) < [|x—all<|x=yl +ly-all.
As a is taken arbitrary from A, one deduces
d(x,A) <|x-yl+d(y,A),

ie.,
d(x,A)-d(y,A) <|[x-yl.

By reversing the roles of x and y, one has:

[d(x,A)=d(y, A)| < [x-yl,
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which is the desired conclusion.

(iii) If x € A, then ay := x is the unique element having the previously introduced
property. Let x ¢ A. As d(x, A) is a real number, there exists r > 0 such that A; :=
AND(x,r) # 0. Since A, is a compact set and the functiong : A; — R, g(y) =
d (x,y) is continuous, according to Weierstrass Theorem, g attains its minimum on
Ay, i.e., there exists ax € A1 with g (ax) = inf,c4, g (y) = d(x, A1). Now, one can check
that d (x, A1) = d(x, A) and the first conclusion follows. Suppose that, moreover, A
is convex. If x € A, there is nothing to prove. Take x ¢ A. Consider a;, a, € A with
d(x,A) = ||x - ai]| = ||x - az]| . Using the parallelogram law we know:

|G- an) + (- a)|)* +]|(x - ar) - (x - a2)||* = 2 x - au|* + 2 |Ix - @z,
ie.,
2x - a1 — ay||* + ||az — a1 ||* = 4d°(x, A),
and dividing by 4 one gets

a,+a
HX_ 1 2
2

2
H +471 llaz - alH2 = d?*(x, A).

> d?(x, A). This relation and
the previous equality show that ||a, — a1 || = 0, hence a; = a;. The proof of uniqueness
is now complete. Let us prove now that ay verifies the relation (x — ax, u — ax) < 0 for
any u € A. For this, take u € A. Then for every a < (0, 1], one has

. . _ a +as |2
Since A is convex, 2" (a; +a,) € A, hence ||x — 172’

v=au+(1-a)ay € A.

Hence,

>

[[x = ax|| < ||x - au - (1 - @)ax|| = ||x - ax - a(u - ax)

and, consequently,
X = ax||® < ||x = ax||* = 2a (x - ax, u — ax) + a* ||[u - ax||*.
After reducing terms and dividing by a > 0, we can see that
0<-2(X—ax,U-ax)+au-ax.

If we let &« — 0, the desired inequality follows. For the converse, if an element a € A
satisfies (x — a, u — a) < O forany u € A, then for every v € A one has

Ix-al® - |x-v|*=2(x-a,v-a) - a-v|* <0,

hence a coincides with ay. The proof is now complete. O

In the case when A is closed, then for x € R? one denotes the projection set of x
on A by
pryx:={acAldx,4)=|x-al}.
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If, moreover, A is convex, then, according to the above theorem, this set consists of
only one element, which we still denote by pr, x, and we call this the projection of x
onA.

Let S C R” be a nonempty set. The polar of S is the set
S :={uekRl|(ux) <0, ¥x € S}.

It is easy to observe that S™ is a closed convex cone and that, in general, S C (S7)". If
we consider the reverse inclusion, the next result follows.

Theorem 2.1.6. Let C C R? be a closed convex cone. Then C = (C7)".

Proof Consider z € (C7)” and z = pr. z. We will prove that z = Z. From the last part of
Theorem 2.1.5, for any ¢ € C, one has

(z-z,c-2z)<0.
As O € Cand 2z € C, we deduce
-(z,z-2)<0, (z,z-2)<0

hence
(z-z,c)<0

foreveryc e C,i.e.,z-zc C .Asz € (C")”, one gets

(z,z-2) < 0.
But
lz-2Z|*=(z-2,2) - (z-2,2) <0
which means that z = Z, so z € C. This establishes the theorem. O

Example 2.1.7. 1. Consider S = {(x,0) € R? | x > 0}. One can observe that S~ =
{(x,y) € R? | x < 0}. Obviously, (S)" =S".

2. The polar of R? := {(x,y) € R? | x,y = 0} isR? := {(x,y) € R? | x,y < O}. The
polar of the set S = {(x,0) € R? | x > 0} U {(0,y) € R? | y > 0} is also R2. From this
example one can see that, in general, S = S; does not imply S; = S,.

The next result, which has an algebraic character, it was obtained by the Hungarian
mathematician Julius Farkas in 1902.

Theorem 2.1.8 (Farkas’ Lemma). Let n € N', (¢;)
Then

C L(R?,R) and ¢ € L(R?,R).

i€l,n
VX €RP : [p1(x)20,...,0:(x)20] = p(x) <0 (2.1.1)

if and only if there exists (a;) C [0, o0) such that ¢ = 31, a;p;.

i€l,n
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Proof The converse implication is obvious. We prove the other one by induction for
n = 1. Define the proposition P(n) which says that for every ¢, @1, ..., ¢n € L(R?,R)
satisfying (2.1.1), there exist (ai)ieﬁ C [0, 00) such that ¢ = 3", a;p;.

Let us prove that P(1) is true. Indeed, let ¢, ¢; € L(RP, R) such that

P1(x) 0= px)<o0.
If ¢ = 0 then, obviously, ¢ = 0¢. Suppose ¢ # 0. Then, by the assumption:
9100 =0 [p1(x) <0, 91(-x) < 0] = [p(x) < 0, p(-x) < 0] & ¢(x) =0,

hence Ker ¢; C Ker ¢. Since ¢ # 0, one has ¢;1 # 0, so there exists x; € R? with
@1(x) = —-1. Also by the assumption, ¢(x) < 0. Take x € R” arbitrarily. Then it is easy
to verify that

X + @1(x)x € Ker ¢4,

hence
X + @1(x)x € Ker ¢,

i.e.,
¢ (x+p1(0)x) =0,

which proves that
(0 = -p()p1(x).

Notice that x was arbitrarily chosen, so the desired relation is proved for a; := —(X) 2
0.

Suppose now that P(n) is true for a fixed n > 1 and we will try to prove that P(n+1)
is true.

Take @, ¢1,..., Pn, Pns1 € L(R?, R) such that

VX €R? : [p1(x) £0,...,0n(x) 20, Pni1(x) 0] = @(x) < 0. (2.1.2)

If
Vx € RP : [p1(x) £0,...,0ax) 0] = @) <0, (2.1.3)

then, from P(n), there exist (al,-),.el’—,1 C [0, 00) such that ¢ = 31", @;p;; take ap.q := 0
and the conclusion follows.

Suppose relation (2.1.3) is not satisfied. Then there exists X € R” such that ¢(x) > 0
and @;(x) < O foranyi € 1,n. As (2.1.2) holds, ¢,.1(X) > 0; we may suppose (by
multiplying by the appropriate positive scalar) that ¢,.1(x) = 1. But

Pni1(X — P (X)X) = 0, Vx € R?,
and from (2.1.2) we deduce

vx € R : [01(x = 0ns1(0)X) < 0, ..., @n(X = @rs100X) < 0] = @(X - @ps1(X)X) < 0.
(214)
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Take @} := @; — @i(X)@n+1 fori € 1, nand ¢’ := ¢ — (X)@n+1, and then relation (2.1.4)
becomes
VxeX:[pi(x)<0,...,0,(x) <0] = ¢'(x) <0.

As P(n) is true, there exist (a;) C [0, o) suchthat ¢’ = 3", a;¢;. We deduce that

i€el,n

n
© - P)Pni1 = Z a; [Qoi - (Pi(y)§0n+1] >
i-1
hence ¢ = Z?:f a;p;, where an,1 = (%) - Y1, a;9;(X) = 0 from the choice of X and
from the fact that a; > 0 for any i € 1, n). The proof is now complete. O

Throughout this book we shall use several different concepts of tangent vectors to
a set at a point. We introduce now one of these concepts.

Definition 2.1.9. Let M C RP be a nonempty set and x < clM. One says that a
vector u ¢ RP is tangent in the sense of Bouligand to the set M at X if there exist
(tn) C (0, o0), tn — 0 and (un) — u such that for any n € N, one has

X+ thun € M.
It is sufficient that the above inclusion holds for every n € N sufficiently large.

Theorem 2.1.10. The set, denoted by Tg(M, X), which contains all the tangent vectors
to the set M at X is a closed cone, which we call the Bouligand tangent cone (or the
contingent cone) to the set M at the point x.

Proof Let us prove first that 0 € Tz(M,X). If X € M, then the assertion trivially
follows, because it is sufficient to take (u,) constantly equal to 0. If X ¢ M, then
there exists (xn)nen C M such that x, — X, and we consider t, := /||xn - X|| and

-1
Up = ( |Ixn - Y||) (xn —X) for every n € N. Since t, — 0 and u, — 0, one obtains
the conclusion.

Consider now u € Tg(M,x) and A > 0. According to the definition, there exist
(tn) C (0, 00), tn — 0 and (un) — u such that for every n € N,

X + thun € M.

This is equivalent to
X + t—"(/lun) € M.
A
tn

As (X) — 0 and (Aun) — Au, one deduces that Au € Tg(M, X), hence Tg(M, X) is

a cone. We prove that the closure of Tg(M, X) is contained in Tg(M, X). Take (un) C
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Tg(M,x) and (un) — u. One must prove that u € Tg(M, X). For every n € N, there
exist (%), € (0, o0), t& ¥ 0 and (uk) ¥ u, such that for every k € N,

X+ thuk e M.

By using a diagonalization procedure, for every n € N, there exists k, € N such that
the next relations hold:

It is easy to observe that the positive sequence (t“), converges to 0, and using the

inequality

ukn — uy,

+ [[un —ulf,
one can deduce that (uy;") — u. Moreover, for every n € N,
X+ thuln e M,
hence u € Tg(M, X) and the proof is complete. ]

Our first example is given next.

Example 2.1.11. 1. Consider the ball M ¢ R*, M := {(x,y) € R* | (x - 1)* +y? < 1}.
Then Tg(M, (0, 0)) = {(x,y) € R?* | x = 0}.
2. One can easily observe that if C C R? is a closed cone, then Tg(C, 0) = C.

Proposition2.1.12. If) # M C RP and X € clM, then Tg(M,Xx) = Tg(clM, x). If
X € int M, then Tg(M,X) = RP.

Proof The inclusion Tg(M,X) C Tg(cl M, X) is obvious by the use of M C cl M. Take
u € Tp(clM,X). There exist (t,) C (0, o0), t, — 0 and (un) — u such that for every
neN,

X + thun € cl M.

Using the sequence characterization of the closure, for any fixed n, there exist (vX), c

M such that

k —
v’,‘l — X + thun.

As above, for any fixed n, there exists kn, € N such that

Vi _ X+ taun)|| < 2.

Then, one can write

— Un

+|lun —ul| < tn + |lun —ul|,
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/ VI;" -X n—oo
hence uy, := 7 - u. But
n

X+ tauly = vk e M,

hence u € Tg(M, X). The second part of the conclusion easily follows: if X ¢ int M,
then for every u € RP and every (t,) C (0, o), t, — 0, one has X + thu, € M for any
n sufficiently large. This shows, in particular, that u ¢ Tz(M, X), and the conclusion
follows. O

In general, the Bouligand tangent cone is not convex and the relation Tz(M, Xx) =
RP can be satisfied, even if x ¢ int M.

Example 2.1.13. 1. Consider theset M c R*, M = {(x,y) | x 20,y =0} U{(x,y) | x =
0,y 2 0}. Then Tg(M, (0, 0)) = M is not a convex set.

2. Let set M represent the plane domain bounded by the curve (the cardioid) which
has the parametric representation

=-2 2t+ 1
X 'COS t +.COS t+ ’ te [0’ 27_[].
y = 2sint - sin 2t
Then Tg(M, (0, 0)) = R?, but (0, 0) ¢ int M.
AL il
0
b )l
0 1 2 3 .

Figure 2.1: The cardioid.
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Proposition 2.1.14. Let A1, A, C RP be closed sets. Then the next relations hold:
(l) lfY € A1 NA,, then TB(Al UA,, Y) = TB(Al,Y) U TB(Az,Y);
(i)ifx € A1 NA,, then Tg(A1 N A>,X) C Tg(A1,X) N Tg(4>, X);
(lll) lfY € bd A4, then TB(bdAl,Y) = TB(Al, Y) n TB(R‘D \A1,Y).

Proof The first two relations easily follow, as well as the inclusion Tg(bdA1,X) C
Tg(A1,x) N Tp(RP \ Ay, x) from (iii), which can be proved by using (ii) and Propo-
sition 2.1.12. Let us prove now the other inclusion from (iii). Take u € Tg(A1,X) N
Tg(R? \ A1, X). According to the definition, there exist (t,), (t;) C (0, o), tn, t, — O
and (un), (uy) — u such that for every n € N,

Y"’tnun eAl,

and
X+ thu, e RP\ A;.

If an infinite number of terms from the first or the second relation are on the boundary
of A1, there is nothing to prove. Suppose next, without loss of generality, that for every
n € N, there exists A, € (0, 1) such that

An (Y"' tn“n) + (1 - /\n)(Y"’ t;u;, S bdAl.

Consider the sequences

(Antn +(1 - /\n)t;z) C (0, e0)
thAn th(1-An)

o Un 17 ne
th th

(tn) :

(up) :=

It is clear that (¢t//) — 0. On the other hand,

>

[|lun — u| < ljun —ul| + ||jup - u

hence (u})) — u. Since

X+ thu) € bdAq,

one gets the desired conclusion. O
Denote by Nz(M, X) the polar of Tg(M, X) (i.e., Ng(M, ) := Tg(M, X)), and we call
this set the Bouligand normal cone to M at x.

If the set M is convex, then the Bouligand tangent and normal cones have a special
form.

Proposition 2.1.15. Let ) # M C R? be a convex set and X € M. Then
Tg(M,x) = clR+:(M - X),

and
NgM,x) ={ueR? | (u,c-X)<0,VYc € M}.
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Proof Take ¢ € M and d := ¢ - X. Consider (t;); — 0. Then
X+ tkd = (1 - tk)f+ tyc € M,

hence M —x C Tg(M, X). Since Tg(M, X) is a closed cone, one gets that cl R.(M - X) C
Tg(M,X). Take u € Tg(M, X). Then there exist (t;) C (0,00),t; — Oand (u) — u
such that for every k € N,

X = X + tug € M.

Hence u = lim; Xk t_ X But (X" t_ X) C R+(M -X%). One can deduce that Ts(M, %) C
k k k

clR:(M - X). Recall that, by definition,
Ng(M,X) = Tg(M,X)” = {u cR” | (u,v) <0, vv € Tz(M,X)}.

Now, taking into account the particular form of Tz(M, X), the conclusion follows. [

For a reason we make clear later on, in the case of convex sets, we do not use the
subscript B in the notation of these cones.

Example 2.1.16. We want to compute the tangent and normal cones, at different points,
totheset M C RP,

p
M= {X= (X1, X2, 000, Xp) €ERP [ X;20, Vie T,p, > X = 1} ,
i=1
which is called the unit simplex. This set is convex and closed. According to the previous
result, for every x € M,

T(M,X) =clR,(M -X)
=cl{uckR’ 320, xeM, u=alx-x)}.

Take u from the right-hand set. It is clear that, on one hand, > | u; = 0, and, on the
other hand, if X; = 0, then u; > 0. Denote by I(x) := {i € 1, p | X; = 0} . It follows that

p
T(M,X) C {u ERP|D uj=0andu; =0, Vic I(x)} .
i=1
Let us now prove the reverse inclusion. It is easy to verify that the right-hand set is closed.
Take u from this set. If u = 0, then, obviously, u € T(M, X). If u # 0, then we must prove
that there exists a > O such that x+au € M. Onone hand, it is clear that Z{Ll(fi +au;) =
1 is satisfied for any a. If there is no i with u; < 0, then it is also easy to observe that
X; +au; 20, foranyi ¢ 1, p, hence u € T(M, X). Suppose that the set ] of indices for
which u; < 0 is nonempty. Then ] C 1,p \ I(x), hence X; > O for any j € J. One can
choose the positive a such that

a<min{-u;'x; | j € J},
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and again one has x; + au; = 0, forany i € 1, p. Hence, u € T(M, X), and the double
inclusion follows.
We prove next that

NM,X)={(a,a,...,a)eRP lac R} +{veRF|v;<0,VielX), vi=0, i¢I(X)}.
For this, consider the elements
ap=(1,1,...,1), a; =-(1,0,...,0), ..., ap=-(0,0,...,1)
and observe that T(M, X) can be equivalently written as:
T(M,X) = {u € R? | (ao,u) <0, (-ao,u)<0, (a;,u)<0,VieclX)}.

The polar of this set is

NM, %) = { aao - Bao + Z aa; | a, B, a; >0, Vi e I(X)
icI®
Indeed, the fact that the right-hand set is contained in the normal cone is obvious, and
the reverse inclusion follows from Farkas’ Lemma (Theorem 2.1.8). We now obtain the
desired form of the normal cone.

At the end of this section, we discuss the concepts of convex hull and conic hull of a
set. Let A C R” be a nonempty set. The convex hull of A is the set

n n
convA = {Z aixi | n e N, (), C [0, 00), Z @i =1, (X)ieis C A} .
i=1 i=1
It is not difficult to see that conv A is a convex set which contains A. One can easily
verify that conv A is the smallest set (in the sense of inclusion) with these properties
(see Problem 7.26).

The conic hull of the set A is

coneA :=[0,00)A :={ax|a=0, x € A}.

In fact, cone A is the smallest cone which contains A.

We give next two results concerning these sets. The first one refers to the structure
of the set conv A and it is called the Carathéodory Theorem, after the name of the Greek
mathematician Constantin Carathéodory, who proved this result in 1911 for compact
sets.

Theorem 2.1.17 (Carathéodory Theorem). Let A C R” be a nonempty set. Then

p+1 p+1
convA = {Z aixi | (@)1 51 C [0, 00), Zai =1, Xi);e1p1 C A} .

i=1 i=1
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Proof We must prove that every element from conv A can be written as a combination
of at most p + 1 elements from A. Consider x € conv A. According to the definition
of conv A, x can be written as a convex combination of elements from A. Suppose,
by means of contradiction, that the minimal number of elements from A which can
form a convex combination equal to x is n > p + 1. So there exist x1, X2, ..., Xn € A,
ai, Ay, ..., an € (0, 1) with Z;Ll a; = 1 such that Z;Ll a;x; = x. Then the elements
(Xi = Xn);_1 ;7 are linearly dependent (their number is greater than the dimension p
of the space), so there exist (Ai)i=m, not all equal to 0, such that

n-1
ZAI'(XI' - Xfl) = Oy
i=1

which means
n-1 n-1
ZAiXi - <ZA]> Xxn =0.
i=1 i=1

By denoting - (2;1‘11 )ll-) = An,onehas Y, A; = 0and >, A;x; = 0. Then for every

teR,
n n n
X=>axi+ty Axi=> (a;+th)x;
i-1 i-1

i=1

and .
Z((Xi + tAi) =1.
i=1

As lel A; = 0 and there is at least one nonzero element, there exists at least one
negative value among the numbers (Ai)iefn- Denote  := min{-a;A;! | A; < 0}. Then
all the values (a; + tA;) are in the interval [0, o0), and the corresponding value of the
index which gives the minimum from above is zero, whence x is a convex combina-
tion of less than n elements from A, contradicting the minimality of n. Therefore, the
assumption that we made was false, and the conclusion follows. O

We now discuss the necessary conditions one needs in order that the conic hull of
a set is closed. This does not happens automatically, as one can see from the example
givenby A ¢ R?, A := {(x,y) € R? | (x - 1)? + y* = 1}, for which cone A = {(x,y) €
R? | x >0} U {(0,0)}.

First, one defines for a nonempty set A C X the asymptotic cone of A as
A” ={u e X|3ta) = 0, Ian) C A, than — u}.

It is clear, by repeating the arguments from the case of the Bouligand tangent cone,

that A* is a closed cone. If A is bounded, then A~ = {0}, and the converse also holds

(if A would contain an unbounded sequence (a,), then (ﬁ) would also have a
n
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subsequence which converges to a nonzero element, which must be from A*). Let us
observe also that if A is a cone, then A~ = Tg(4, 0) = cl A.
The next result concerns decomposition.

Theorem 2.1.18. Let A C R? be a nonempty closed set.
(@) If0 ¢ A, thenclconeA = cone A U A*.
(ii)If0 € A, thenclcone A = cone A UA™ U Tg(A, 0).

Proof (i) Suppose that 0 ¢ A. It is clear that coneA C clconeA. From the def-
inition of A%, one also has that A~ C clconeA. For the reverse inclusion, take
(un) C coneA,u, — u. We must prove that u € coneA U A*. If u = 0, then the
relation u € cone A is obvious. Suppose that u # 0, then for every n € N, there ex-
ist t, > 0 and an € A such that u, = taan. If (an) is unbounded, one can pass to a
subsequence (an,), where ||dan, | — o=. Hence t,, — 0, and u € A*. Suppose (an) is
bounded. Since 0 ¢ A and A is closed, there exists y > 0 such that ||an|| = y for every
n. One can deduce that (t,) is bounded, so it converges (on a subsequence (tn, ), even-
tually) to a number t > 0. If t = 0, then un, — O = u (a situation which is excluded at
this point of the proof). Accordingly, t > 0 and

Hence an, — t 'uand since A is closed, u € cone A. The proof of this part is complete.

(ii) The inclusion cone AUA*UT3g(A, 0) C clcone A is obvious. Take u € clcone A.
In the above it is possible as well that (a,) converges to 0. Then ¢, — oo, hence u €
Tz(A, 0), which completes the proof. O

ank - tiluH = t71 Htank - u” = t71 thkank -u+ (t - tnk)ankH

<t [tnean, —ull + |t = tn | £ [|an,|| — O.

We finish with the following characterization result:

Corollary 2.1.19. Let A C R? be a nonempty closed set.
(i) If0 ¢ A, then cone A is closed if and only if A~ C cone A.
(ii) If O € A, then cone A is closed if and only if A~ U Tg(A, 0) C cone A.

2.2 Convex Functions

2.2.1 General Results

In this section we present the special class of convex functions. These functions are
defined on convex sets.

Definition 2.2.1. Let D C R? be a convex set. One says that a functionf : D — R is
convex if

fAx+ (@ -Ay) < Af(x) + (1 - Df(y), Vx,y € D, VA € [0, 1]. (2.2.1)
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It is clear that in the above definition it is sufficient to take A € (0, 1).

As said before, in R the convex sets are exactly the intervals. In this framework, the
convexity has the following geometric meaning: for every two points x,y € D, x < y,
the graph of the restriction of f to the [x, y] interval lies below the line segment joining
the points (x, f(x)) and (y, f(y)). This can be written as follows: for every u € [x, y],

fw < fx) + L= (y’ el 0y~ ), (2.2.2)

inequality which can be deduced from (2.2.1) by replacing A with the value given by
the relation u = Ax + (1 - A)y. Therefore, (2.2.1) and (2.2.2) are equivalent (for functions
defined on R).

Definition 2.2.2. Let D C R? be a convex set. One says that a functionf : D — R is
concave if —f is convex.

All of the properties of concave functions can be easily deduced from the similar prop-
erties of the convex functions, so in what follows we will consider only the later case.
We first deduce some general properties of the convex functions.

Proposition 2.2.3. Let D C R? be a convex set and f : D — R. The following relations
are equivalent:

(i) f is convex;

(ii) the epigraph of f,

epif :={(x,t) e DxR| f(x) < t},

is a convex subset of RP x R;
(iii) for any x, y € D, define

Lyy:={teR|tx+(1 -ty e D};

then the function @x,y : Iv,y— R, @x(t) = f(tx + (1 - t)y) is convex.

Proof We prove first the implication from (i) to (ii). Take A € (0, 1) and (x, t), (v, s) €
epi f. By the convexity of D, one knows that Ax + (1 -A)y € D, and using the convexity
of f, one can say:

fAx+ (1 -Dy) < Af()+ (A -ADfy) < At+ (1 - A)s,

ie., ()lx +(@ -y, At+(1- )l)s) € epif. Therefore, epif is a convex set.
We prove now the converse implication. Take x,y € D and A € [0, 1]. Then
(x, f(x), (y, f(y)) € epif and by assumption, A(x, f(x)) + (1 - A)(y, f(y)) € epif, hence

fAx+(1-Ay) < Af(x) + (1 - Df(y),

which shows that f is a convex function.
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We prove now the equivalence between (i) and (iii). Observe first that I, is an
interval which contains [0, 1]. Suppose that f is convex and take u, v € I, A € [0, 1].
One knows that:

OxyAu+ @1 -Dv) =f([Au+ @2 -Avlx +[1 - Au-(1-)vly)
=fAux+ (1 -wy)+ (1 -Avx+ (1 -Vv)y))
<Aflux + (1 -wy)+ (A -Df(vx + (1 - v)y)
= A@x,y(u) + (1 = D)@,y (v).
For the converse implication, take x,y € D and ¢t € [0, 1]. Then ¢, is convex, hence
forevery A € [0, 1], u, v € I,y
Or,y AU+ (1 = V) < Ay, (W) + (1 = Dpx,y(v)
=AM (ux+ (1 -wy)+@-D)f(vx+ (1 -Vv)y).

By taking u = 1, v = 0, A = t we deduce that

Oxy(t) < tf) + (1 - Of (),

hence f is convex. O

Theorem 2.2.4. Let D C R? be a convex setand f : D — R be a convex function. Then
f is continuous at every interior point of D.

Proof Take x € int D. A translation permits us to consider the case x = 0. We prove
first that f is bounded on a neighborhood of 0. If we denote by (e;);.1 7 the canonical
base of R?, then there exists an a > 0 such that ae; and -ae; arein D forany i € 1, p.
Under these conditions, the set

V= {XG]R”IX lee,, |x1\<— Welp}

i=1

is a neighborhood of 0 contained in D. For x € V, there exist (x;);c1, with [x;| < g,
iel,pandx = Zil x;e;. Suppose first that x; # 0 foranyi € 1, p. One has

f(x)=f<i2pl:xiei>= <Z|X'“‘”’ (1_2171:');') O>
z”:xzf<ae) <1_i§_1;";"'>f(0)

< max{f (ae;), f(-ae;) | i € 1, p} + |f(0)] .

IN

We can now observe that if there are indices i for which x; = 0, then these can be
excluded from the above calculations, and the estimation holds.
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Since the right-hand part is a constant (which we denote by M), the proof is fin-
ished. Take € € (0, 1) and U a symmetric neighborhood of 0 such that e U c V.
Then, forany x € U,

f00 = £ (e + (1 - £)0) = ef(e™x) + (1 - )f(0) < eM + (1 - £)f(0),
i.e.,
f0) - £(0) < eM - £f(0).
From the fact that U is symmetric, one deduces that for every x € U
f(=x) < eM + (1 - £)f(0).

Moreover,
1 1 1 1 1 1
f©)=f (5" + 5("‘)> < 3700+ 5F(2) < 5£00 + 5 (M + (1 - £)f(0)) ,

hence
f(0) - f(x) < eM - £f(0).

This relation can be combined with the similar one from above, and gives
[f(x) - £(0)| < eM - f(0).

This inequality proves the continuity of f at 0. a

We want to emphasize now some characterizations of differentiable convex func-
tions. Some preliminary results on convex functions defined on a real intervals are
necessary.

Proposition 2.2.5. Let I C R be an interval and f : I — R be a function. The next
relations are equivalent:

(i) f is convex;

(ii) for every x1, x2, x3 € I satisfying the relation x1 < x, < x3 one has

fx2) = f(x1) < f(x3) = f(x1) < f(x3) —f(Xz),

X2 — X1 X3 —X1 X3 — X2

(iii) for every a € int |, the function g : I\ {a} — R given by
_ ) -f(a)
s ="
is increasing.

Proof We prove the (i) = (ii) implication. Take A = iz —X

" € (0, 1). Then the equality
37 A1
X, = Ax3 + (1 - A)x; holds and one must prove now that

fo) - fOa) _ fls) -f(xa) o fxs3) - f(x2)

Axs=x1) = x3-x1 ~ (1-Mxs-x1)
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After some calculations, one can show that:
f(x2) < Af(x3) + (1 = Df (xq).

The proof of the implication (ii) = (i) follows the inverse path of the proof of (i) = (ii),
hence (i) and (ii) are equivalent.

In order to prove (ii) = (iii), we fix x1, xo € I'\ {a} with x; < x, and we find three
situations. If x; < x, < a, then we apply (ii) for the triplet (x1, x2, a). If x; < a < x,,
then we apply (ii) for the triplet (x1, a, x»). Finally, if a < x; < x,, then we apply (ii)
for the triplet (a, x1, x2).

We prove now (iii) = (i). Take x,y € I'withx < yand A € (0,1). Then x <
Ax + (1 - Ay < y, and by applying (iii) with a = Ax + (1 — 1)y, one deduces

fO) - fAx+ (A -Ay) _ fy) - fAx+ (1 -A)y)
X-Ax-(1-)y =~ y-Ax-(1-dy °

After some calculations, the relation follows from the definition of convexity. The fact
that this relation holds for any x, y € I with x < y and for any A € (0, 1) is sufficient to
prove the desired assertion. The proof is complete. O

Proposition 2.2.6. LetI C R be aninterval and f : I — R be a convex function. Then f
admits lateral derivatives in every interior point of I and for every x, y € intI withx < y,
one has

fL00 = fi00 = fLy) < £ ().
Proof Fix a € int I. Since the function g : I\ {a} — R given by

_f0) - f(a)
8 ="
is increasing (see the previous result) one deduces that g admits finite lateral limits,
which implies the existence of the lateral derivatives of f at a. Moreover, f’(a) < fi(a).
For x,y € intl, x < y and for any u,v € (x,y), u < v, by using again the argument
given by the last conclusion of Proposition 2.2.5, one deduces that

fW-f) fO-fX) _fO-fO) _fW-f0) _fW)-fG)

u-x - v-x xX-v = y-v v-y

Passing to the limit for u — x and v — y, one gets f1(x) < f/(y). O

Here we characterize differentiable convex functions of one variable.

Theorem 2.2.7. Let I be an openinterval and f : I — R be a function.

(i) I f is differentiable on I, then f is convex if and only if f is increasing on I.

(ii) If f is twice differentiable on I, then f is convex if and only if f" (x) = O for every
x el
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Proof In the case of real functions of one variable, the equivalence between the mono-
tonicity of f” and the sign of f”/ is sufficient to prove that f is convex if and only if f’ is
increasing on I. If f is convex, the monotonicity of the derivative follows from Propo-
sition 2.2.6. Conversely, suppose that f’ is increasing and we prove that f is convex.
Take a, b € I. Define g : [a, b] — R given by

g(0) = f(x) - f(a) - (x - a)]w‘

Obviously, g(a) = g(b) = 0, and

The function f satisfies the conditions of Lagrange Theorem on [a, b], hence there
exists ¢ € (a, b) such that

FOF@ _ g

Consequently, g’(x) = f'(x) - f/(c). From the monotonicity of f’, we deduce that g is
decreasing on (a, ¢) and increasing on (c, b), and since g(a) = g(b) = 0, we know that
g is negative on the whole interval [a, b]. Take x € (a, b). Then there exists A € (0, 1)
such that

x=Aa+(1-2A)b.

By replacing x in the expression of g and taking into account that g(x) < 0, we deduce
that

fa+ (- 0b) - f(@ - (- Mo - P ID o,

relation which reduces to the definition of the convexity. O

Example 2.2.8. Based on the above result, one deduces the convexity of the following
functions: f : R - R, f(x) = ax+ b, witha,b € R;f : (0,00) = R, f(x) = -1lnx;
f:00,00) 5 R, f(x) =xInx;f:(0,00) =2 R, f(X) =x% a>1;f : R =R, f(x) = e
f:(-1,1) =R, f(X)=-vV1-xZf:(0,1) = R, f(x) = sin! x.

Another example is given by the next result.

Proposition 2.2.9. Let D C R? be a nonempty convex set. Then the functiondp : R? —
R given by dp(x) = d(x, D) is convex.

Proof Take x,y € RP and a € [0, 1]. For any € > 0, there exist dy,¢, dy,c € D such that

lldx,e — x|| < dp(x) + €

Idy.e =yl < dply) +e.
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Using the convexity of D, one knows:

dplax + (1 - a)y) < ||ax +(1-a)y-(adye+(1- a)dy,g)||
< al|dxe = x| + (1 - @) [|dy,e -yl
<adp(x)+ (1 - a)dp(y) + €.

As ¢ is arbitrarily chosen, we may pass to the limit for &¢ — 0 and the conclusion
follows. U

We now characterize differentiable convex functions in the general case.

Theorem 2.2.10. Let D C R? be an open convex set and f : D — R be a function.
(i) If f is differentiable on D, then f is convex if and only if for any x,y € D,

fly) = f00) + VFX)(y - x).

(i) If f is twice differentiable on D, then f is convex if and only if for every x € D
andy € RP, one has
V2f(0)(y,y) = 0.

Proof (i) Consider first the case when p = 1. Fix x € D with y # x and take A € (0, 1].
Since f is convex, we get

fx+Ay=-x))=f((A-x+Ay)
<(1-NfO)+Af(y) = fFO)+A(F (V) - f (X))

Consequently,

fx+Ay-x)-f(x)
Ay -x)
Passing to the limit for A — 0, one gets f' (x) (y - x) < f () - f (%).
We pass now to the general case. For x € D, consider the function ¢y, x from Propo-
sition 2.2.3, which we already know that is convex. Moreover, ¢y x is differentiable on
the open interval I x, and

V=0 <fOM-f).

@y () = Vf(ty + (1 - )x)(y - X).
According to the preceding step,
Pyx(1) 2 yx(0) + 9}, 1(0)

which means that

f) =z f(x) + VI - x).
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Conversely, fix x,y € D and A € [0, 1]. Therefore, by assumption,

fE)=2f (Ax+(1-y) + (1 -DVf (Ax+ (1 -A)y) (x-y)

and
fO) = f (Ax+@1-2y) +AVf (Ax+ (1 -Ay) (y - x).

Multiplying the first inequality by A, the second one by (1 - A), and summing up
the new inequalities, one obtains

M)+@A-Df )= f (Ax+(1-2Ay),

which proves that f is convex.

(ii) The case p = 1 is proved in Theorem 2.2.7. Now, in order to pass to the general
case, take x € D, y € RP. Suppose f is convex. Since D is open, there exists an a > 0
such that u := x + ay € D. According to the assumption, ¢y x is convex, and taking
into account the case that we have already studied, ¢, ,(t) = 0 for any ¢ € I, x. For
t = 0, one deduces that

0 < 91 x(0) = V2 F)(u - x, u - x),

and the conclusion follows. Conversely, for x,y € Dand ¢t € Iy,y, (pj{,y(t) > 0. From the
case p = 1, we get that ¢,y is convex, hence f is convex. The proof is now complete.[]

From these results, one may observe that some properties of the convex functions
have a global character, an aspect which will persist in subsequent sections.

At the end of this subsection, we will discuss a property which is stronger than
convexity.

Definition 2.2.11. Let D C R? be a convex set. One says that a functionf : D — R is
strictly convex if

fAx+ (@1 =-Dy) <Af(x) + (1 -ADf(), ¥x,y €D, x £y, VA€ (0, 1).

Definition 2.2.12. Let D C R? be a convex set. One says that a functionf : D — R is
strictly concave if —f is strictly convex.

Every strictly convex function is convex, but the converse is false. To see this, consider
a convex function which is constant on an interval. Again, the properties of the strictly
concave functions easily follow from the corresponding ones of the strictly convex
functions.

By the use of very similar arguments as in the proofs of preceding results, one can
deduce the next characterizations.
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Theorem 2.2.13. Let I be an open interval and f : I — R be a differentiable function.
The next assertions are equivalent:

(i) f is strictly convex;

@) f(x)>f(a)+f (a)(x-a), foranyx,a € I, x # a;

(iii) f' is strictly increasing.

If, moreover, f is twice differentiable (on I), then one more equivalence holds :

(i) f"(x) 2 0 forany t € I and {x € I | f"(x) = 0} does not contain any proper
interval.

Example 2.2.14. Using this result, one gets the strict convexity of the following func-
tions: f : (0,00) = R, f(x) = —=Inx; f : (0,00) = R, f(x) = xIlnx; f : (0,00) = R,
fO)=x% a>1;f: R R, f(x) = €5 f:(0,00) » R, f(x) = (1L +x")7, p > 1.

Theorem 2.2.15. Let D c RP an open convex set and f : D — R be a differentiable
function. The next assertions are equivalent:

(i) f is strictly convex;

(i) f (x) > f(a) + Vf(a) (x — a), forany x,a € D, x # a.

If, moreover, f is twice differentiable (on D), then the preceding two items are implied
by the relation:

(iii) V2f(x)(y, y) > O forany x € D and y € R? \ {0}.

2.2.2 Convex Functions of One Variable

In this subsection we will focus on some properties and applications of convex func-
tions defined on real intervals, even if some of the results hold in more general situa-
tions.

The class of convex functions is stable under several algebraic operations, an as-
pect which makes it very useful. Here are some of these operations:

Proposition 2.2.16. LetI,] C R be intervals.

(i) Letn € N" and fi, f>, ..., fa : I — R be convex functions, and A1, s, ..., An =
0. Then Y"1, Aif; is convex. If at least one of the functions is strictly convex, and the
corresponding scalar is not zero, then > "1, Af; is strictly convex.

(ii) Let f : I — ] be (strictly) convex, g : ] — R be convex and (strictly) increasing.
Then g o f is (strictly) convex.

(iii) Let f : I — ] be strictly decreasing, (strictly) convex, and surjective. Then f ! is
(strictly) convex.

\

The next result emphasizes some monotonicity properties of convex functions of one
variable.
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Theorem 2.2.17. Let I be a nondegenerate interval (i.e., not a singleton set) and f : I —
R be convex. Then either f is monotone on int I, or there exists X € intI such that f is
decreasing on I N (-0, X], and increasing on I N [x, o).

Proof Because of relation (2.2.2), it is sufficient to restrict our attention to the case
when [ is open, i.e., I = intI. Suppose that f is not monotone on I. Then there exist
a,b,c €1,a < b < csuchthat f(a) > f(b) < f(c) or f(a) < f(b) > f(c). The second
situation cannot hold, since in that case, using (2.2.2), one would have

1)< @) + LT @ gy S@eD SO0
Hence, f(a) > f(b) < f(c). As f is continuous on [a, c], its minimum on this interval
must be attained at a point x (from the Weierstrass Theorem). Take x € I N (-0, a).

According to Proposition 2.2.5,

fO-f& _fl@-fX)

X-X a-x

>

i.e.,

(x - a)f(x) 2 (x - a)f(x) + (x - 0)f (a) = (x - a)f (%),
hence f(X) < f(x). Similarly, one can prove that f(x) < f(x) for x € In(c, o). It follows
that f(x) = inf f(I). We next prove that f is decreasing on I N (o0, X). Take u,v €
IN(-o0,X), u <v.Ononehand,

fM-fQ) f(Yl—f(u),

v-u X-u

and on the other hand,

O -f@) _ @ -f® _ f0)-F@ _

X—-Uu u-x V—-X

hence f(v) - f(u) < 0, which is exactly what we wanted to prove. Similarly, one can
show that f is increasing on I N (X, +o0). The continuity of f on I finalizes the proof.(]

As we saw before, a convex function defined on an interval can have discontinu-
ities only at the extremities of the interval. The previous theorem allows us to consider
a different function in those eventual discontinuity points, without losing the convex-
ity. In this way one obtains the next consequence.

Corollary 2.2.18. Leta,b c R,a < bandf : [a, b] — R be a convex function. Then
there exist limy_sq+ f(x) and lim,_,,_ f(x), and the function

limy—q+ f(X), x=a
fx) =< fx), x € (a, b)

limxﬁb—f(x)y X = b

is convex and continuous on [a, b].
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From the proof of Theorem 2.2.17 one can also obtain the next result, which will be
restated in a more general framework in the next chapter.

Corollary 2.2.19. Let I C R be a nondegenerate interval. If f : I — R is a convex and
non-monotone function, then it has a global minimum on int I.

The next proposition, sometimes called the Jensen inequality, follows by applying the
definitions and the mathematical induction principle.

Proposition 2.2.20. Let D C R? be a convex set and f : D — R. If the function f is
convex, then
FAxy + oo + Amxm) € A f(x1) + oo + Af(xm)

forany m € N, X1y eeesXm € Dy Aly ooty A 2 0, A1 + oo + Ay = 1. The inequality is
strict if the function f is strictly convex, at least two of the points (x;) are different and
the corresponding scalars (A;) are strictly positive.

Actually, for the convexity of a continuous function it is sufficient that the inequality
from the definition is satisfied for A = 271.

Theorem 2.2.21. LetI C R be aninterval and f : I — R be a continuous function. The
function f is convex if and only if

f(x+y)sf(x);f(y),Vx,yeI. 2.2.3)

2

Proof The necessity of the condition (2.2.3) is obvious. Let us prove that it is also suf-
ficient. Suppose, by contradiction, that f is not convex, which means (2.2.2) is not
satisfied. Then there exist x,y € I, x < y and u € (x, y) such that

> 0+ LO=TW g ), (2.24)
Observe by the relation (2.2.4) that the cases u = x and u = y cannot hold. Consider
theng: [x,y] = R,

80 = £(0 - 10 - L= TW e,

which is continuous and satisfies the relations g(x) = g(y) = 0. By (2.2.4) and Weier-
strass’ Theorem, there exists z € (x, y) such that g(z) = supc[,, g(f) > 0. Denote
by
w:=inf{z € (x,y) | g(z) = sup g(t)}.
telx,yl
By the continuity of g, it follows that g(w) = sup;c(, 5 g(t) > 0, and hence w € (x, ).
Consequently, there exists h > O such thatw + h,w - h € (x,y). Butw = 27X (w + h) +
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27Y(w - h), and also g(w) = g(w + h) and g(w) > g(w - h). Accordingly,
glw-h)+gw+h)

< g = fw) - £ - 2Ly -

2
fw+h)+fw-h) . o fy)-fx) (w+rh+w-h
< 3 f0 =" 5 X
_sw-h)+gw+h)
= . ,
which is a contradiction. It follows that the assumption made is false, hence f is con-
vex. O

Corollary 2.2.22. LetI C R be anintervaland f : I — R be a continuous function. The
function f is convex if and only if for any x € I and h > O with x + h, x — h € I, one has

fx+h)+f(x-h)-2f(x) = 0.
In the case of strictly convex functions, the results are similar.

Proposition 2.2.23. Let I C R be aninterval and f : I — R be a continuous function.
The function f is strictly convex if and only if

f (xgy) ity ;f(y)

, VX, yel, x#y.

Corollary 2.2.24. LetI C R beaninterval and f : I — R be a continuous function. The
function f is strictly convex if and only if forany x € Iand h > Owithx + h,x —h € I,
one has

fx+h)+f(x-h)-2f(x) > 0.

For the case of triplets, a result was proved in 1965 by the Romanian mathematician
Tiberiu Popoviciu.

Theorem 2.2.25. LetI C R be aninterval and f : I — R be a continuous function. The
function f is convex if and only if for any x, y, z € I, one has

g[f(xJZrY) +f(y;Z) +f(z;x” Sf(x+;/+2) +f(x)+f(3y)+f(z). (2.25)

Proof We prove first the necessity of condition (2.2.5). As in the case of Theorem 2.2.21,
continuity is not involved in this step. Without losing the generality, suppose that x <
y<z.Ify <37 Yx+y+z), then

X+y+z XxX+z _ X+y+z y+z

3 < 3 <zand 3 <75 <z,

hence there exist s, t € [0, 1] such that

X+z X+y+z
7 ~°

+(1-9)z
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y+tz _ x+y+z

5 3 +(1-1t)z.

By summation, one gets
(x+y-2z)(s+t-2"13)=0.

If x +y = 2z, then x = y = zand (2.2.5) is obvious. If s + t = 2713, then by summing
the inequalities

F(575) ssf (F375) + (@-9/(@)

F(55) <o (F5) - 01

f(x;y) Sf(x);f(y)

and by multiplying with 3712, one gets (2.2.5). The case y > 371 (x + y + z) is similar.
In order to prove the sufficiency, observe that for y = z in (2.2.5), one gets

%f(x) f<x+2y> _f(x;ry),\fx,yel.

From now on, one can follow the arguments from the proof of the sufficiency in The-
orem 2.2.21. 0

If f is strictly convex, then the Popoviciu inequality (2.2.5) is strict, except the case
whenx =y =z.

2.2.3 Inequalities

We shall now formulate several inequalities which follow from the general results pre-
viously given. In many cases, these inequalities can be seen as examples of discrete
optimization and have, in general, a wide applicability in different mathematical ar-
eas.

We begin with a refinement of the inequality from Theorem 2.2.21, widely known
under the name of Hermite-Hadamard inequality.

Theorem 2.2.26 (Hermite-Hadamard). Leta,b € R,a < bandf : [a,b] — R bea
convex function. Then the next inequality holds:

f<a+b> /f(x)d a)+f(b)

The equality is obtained if and only if f is affine.
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Proof Observe first that, because of the continuity of f on (a, b), f is Riemann inte-
grable on [a, b] . Moreover, from convexity, one has, for any A € [0, 1],

fQla + (1 - )b) < Af(a) + (1 - Df(b).

By integration with respect to A, one gets
1
/f()la +(1=A)b)dA < w.
0

On the other hand, for any A,

a+h Aa+(1-Nb _ (1-Na+Ab
P55 r (Rt )

< %f(}la +(1-A)b)+ %f((l —Na+Ab).

By integrating again with respect to A and changing the variable, it follows that

1 1
f (a;b) < %/f()la+(1—/\)b)d/1+%/f((l"\)a“\b)d/\
0 0

1
_ / fAa + (1 - Db)dA.
0

Therefore,

1
f(a;b> S/f(/‘a“l—/l)b)d)lsw.
0

Finally, if we change the variable to Aa + (1 - A)b = x in the integral, then we get the
desired inequalities.

The second inequality can be deduced by the integration of (2.2.2) written for the
interval [a, b].

For the second conclusion, define g : [a, b] — R, where

g0 1= fa)+ O T@ g
In general, f(x) < g(x) for any x € [a, b]. If f is affine, then

f(x) = gx), vx € [a, b],

and a direct calculation shows the equality in this case. Conversely, suppose that f is
not affine. Then there exists x € (a, b) with

f&) < g(x).
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Take a > 0 such that
f(x) < g0 - a.
By using the continuity of the both parts in x, there exists € > O such that (x-&, x+€) C
(a, b) and
f)<gx)-a, vx e (Xx-¢£,X+¢).

Hence
/f(x)dx /f dx+/f(x)dx+/f(x)dx
/ (x)dx+/(g(x) a)dx+/ g(x)dx
, X+e
= /g(x)dx— 2ae = (b - a)w - 2ae.

Therefore,

b

[ rooax < - O3S0,
which is a contradiction. O

By using the Jensen inequality (Theorem 2.2.20) for several functions, we can de-
duce some classical inequalities. Such an example is provided by the convex function
f:R=>R, f(x) = . Taken € N and x1,x2, ..., xn € R, 1,25, ..., An > 0 with
> k-1 Ak = 1. By applying Theorem 2.2.20, we deduce that

n
@21 Mikic ZAke"k, (2.2.6)
k=1
with equality only in the case x; = x5 = ... = xn. Take a1, az, ..., an > 0and x = In ay

for any k € 1, n. Then, from (2.2.6), we deduce that

a1 a2 cah < ZAkak 2.2.7)
Again, equality holds if and only if a; = a, = ... = ax. This inequality is sometimes
called the general means inequality, because if one takes A; = A, = ... = A, = n"1in

(2.2.7), one recovers the well-known inequality between the geometric and the arith-

metic means:
ap+a+...+an

1
a,a...an)n <
(12 n) n
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By the transform x; — x;', instead of (2.2.7), one gets
1
A bl
el o

and from here (again for A; = A, = ... = A, = n"!) the inequality between the harmonic
and the geometric means:

Ao A
ayay..ay =

1
T < (a1az...an)"

ail‘l'aiz “es an
Alsofrom (2.2.7),forn=2,a1=u>0,a,=v>0,A; = I%,/\z = %Withp,q >1, 117+% =
1, one deduces that
wvi <44 Y, (2.2.8)
b q
By taking u = €a?, v = 1b? with a, b, € > 0, one has
D q
absea—+1b—,
€ q
andfore =1,
a’ bl 1 1
abs —+=—,V¥p,g>1, =+==1, a,b>0. (2.2.9)
b q b4 b q

The equality holds if and only if @’ = b9. The relation (2.2.9) is called the Young in-
equality.

The Hélder inequality can be proved in several ways. We now deduce it as a con-
sequence of (2.2.8). Take p,q > 1, + + 2 =1, X1,X2, eeuy Xn > Oandyl,yz, vy Yn > 0.

One takes, for a natural k arbltranly ﬁxed, u:= . From (2.2.8),

one gets

p
and v :
Zk 1 Xp

Zn
X Vi 1 X 1 ¥

(k- 1Xp) (k- 1)’;()l EZLH‘i Q> vl

We write this relation for k € 1, n and make the sum. We find the Hélder inequality:

n n ;% n %
o (£9) (£
k=1 k=1 k=1

As one may observe, the equality holds if and only if the elements (xf)keﬁ and
(VD1 are proportional.

From here one can deduce the Minkowski inequality. Take p > 1 and x1, X2, ..., Xn
> 0, y1,¥2, ..., ¥n > 0. Then, by applying the previous inequality (and by taking q =
p%l), we obtain

n n n
D 0ty =) ala+ v Y yilac+ v

k=1 k=1 k=1
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1

() (Gen ) (£ (o)

k=1 k=1

= (Zxﬁ) +<Zyﬁ) (Z(Xk+)/k)p> .
k=1 k=1 k=1

From this, one gets
n 7 n H n 5
(Z(Xk+Yk)p) < (Z%) + <Z)’i>
k=1 k=1 k=1

Several inequalities can also be obtained based on the following observation,
which follows from the Jensen inequality: if f is a convex function defined on (0, o),
and x1, X2, ..., Xn > 0, ¥1,¥2, ..., ¥n > 0, then

f (ZLl Xkyk> < >k 1X1<f(Yk)
D e Xk > ke Xk

Another example is provided by the inequality

x1+x2+ +Xn

—_— X X X,
(X1X2...Xn) S XIUXR e X" YX1, X2, ey X0 > 0,

which can be obtained by combining the means inequality and the Jensen inequality

for the convex function f : (0, o) — R, f(x) = xInx.
Another result is obtained on the same basis as the previous ones, but is formu-

lated in a slightly different way.

Theorem 2.2.27. Takep > 1and a, b > 0. Then
1 1 1 1
(i) infro [%ti‘la ‘ (1 - I%) tib] —arb's.

(i) infocrr [tl’pap +(1-ptP bp} —(a+bY.
Proof (i) The function e* is (strictly) convex on R. Therefore, for every ¢t > 0,

1 1 1 117l

arb' s = [ti‘la} ’ [ti b} ’

+(1-1) (m)

The equality is obtained when ¢ =
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(ii) For p > 1, the function f : (0, 00) — R, f (u) = uP is strictly convex. Conse-
quently,

a b 17
(a+ b)Y = {t?+(1—t)ﬁ}

<t (%)p +(1-t) <H>p = (1PaP 4 (1- )P BP

forany O < t < 1. The equality holds for t = _%;. |

a+

Besides these well-known inequalities, we present some refinements and gener-
alizations. The next result is an improvement of Young inequality.

Proposition 2.2.28. Takep € (1, 2] and q € R such that p' + g”! = 1. Then for every
x,y > 0, one has

1 (x% _y%)z BESE SR (X% _y%)z

q P q P '
Proof For p = 2, one has equalities. Suppose p € (1, 2). Then one must have g > 2.
Let us prove the first inequality, which reduces to

2-p p 2. p ¢
—x" +—=x2y2 —xy 20.

) q y y
Consider the function f : [0,) — R, f(y) = z;Tpo + %x% y% - xy. Its only critical
point is y = x?"1. Since f”/(y) = x2y? ! (4-1) > 0foranyy > 0, one deduces that
y = xP7! is a global minimum for f. From f(x*"!) = 0, one gets the conclusion. The
other inequality can be similarly proved. |

We present next one of the most important and profound numerical inequalities,
due to Hardy.

Theorem 2.2.29 (Hardy Inequality). Take p > 1 and a sequence (an) ey C [0, 00).
Then the next inequality holds:

i’:(a1+az;...+an)pS (pljl)piag, (2.2.10)
n=1

n=1

If the series Y | ah, is convergent, the equality holds if and only if (an) is constantly
equal to 0. Moreover, the constant of the right-hand side is sharp (cannot be made
smaller).

Proof If all the terms a, are equal to zero, the conclusion is obvious. Suppose that at
least one of these terms is strictly positive. Moreover, suppose that the series > | ah
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is convergent, because otherwise the result is again trivial. Denote, for every n € N”,
the partial sum of the sequence (a,) by S, i.e., Sp = a; + a» + ... + an. Also, denote

An' &VTIEN
n

For completeness, take So = Ap = 0. We will use the following elementary inequality:

n+1

(n+ Dxy" < x™ + ny™, vx,y =0, ne N, (2.2.11)

where equality holds if and only if x = y.
Then, for a fixed n € N”, one has

Aﬁ —_ pp%lAﬁilan = Ag - { l(nAn - (n - 1)An—1)Aﬁ71

_ap(q__1P (n-1)p ,p1
An<1 p—l) e 1A An-

sAg<1—p_1> (- 1)(p 1)AD + AP )

1
= pj [(n - 1)Aﬁ71 - nAg] .

Therefore,

A - p%lAﬁ‘lan < 1 - [(n-1)A2 - nal], vne N (2.212)

Fix N e N".Forn =1, 2,..., N, we write the relations (2.2.12) and then compute their
sum. We deduce then

p

N N
NA
p_ D p-1 _ N
,,E_l Ay -1 ng_l Ay an < o1 <0,

from where

IN

N p N
p p-1
> oA -1 > Al an.
n=1 n=1
For the right-hand side of this relation, we use the Hélder inequality to deduce

et (£4) (£4)

From here we get, after taking the power p,

N p N
2 (55) 2o

n=1

IN

By making N — oo, one gets (2.2.10).
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In order to have equality in the final relation, one must also have equality when
inequality (2.2.11) is applied, which reduces to A, = A,_1, for any n € N”. This proves
that the sequence (an) is constantly equal to O.

The same conclusion follows when one analyzes the case of equality in the Hélder
inequality when it is applied at a particular point. Therefore, from this analysis, we
must have that the sequences (a),cn- and (A%),cn are proportional. If a finite num-
ber of terms a, are nonzero, this proportionality cannot hold, hence the inequality is
strict. Otherwise, if all the terms ay are strictly positive, then there must exista c € R
such that a, = cAn foranyn e N*. We deduce from this fact that ¢ = 1 and, moreover,
the sequence (a,) is constant, but in this case the series Z‘,’;l ab diverges. Therefore, if
the series >~ | al; converges, the equality holds if and only if (ax) is constantly equal
to 0.

In order to show that one cannot decrease the constant ( I%)p from the right-

hand side, we use the following argument. Take N € N" and a, = n’f?, fori<ns<N
and a, = 0 forn > N. Then

andforn <N,

Therefore

() ) (52) - ) (2 -3)
=) > = nre-=1 .
n p-1 n p-1 n
Then there exists (g,,) C [0, oo) such that &, — 0 and

Su p> » \ [1-6n

n p-1 n ’

an assertion which follows based on the fact that

lim n (n’z% - i)p = lim M - lim M

n—oo

Consequently,
oo N N N
Sn\? Sa\? p \’ 1-én r \ v
S () GGl) () - (Gl) Saena
n=1 n=1 n=1 n=1
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Then there exists vy =5~ 0 such that

oo Sn p p p N »
Z<?> > (1-vy) (zﬁ) > o dh. (2.2.13)
n=1

n=1

In order to justify this relation, we remark first that it reduces to the fact that there
exists vy "= 0 such that

On the other hand, this becomes clear by the use of the Stolz-Cesaro criterion (Propo-
sition 1.1.24), one has

N & EN+1
lim 2L o g B g
1 1 :

N=eo S mn V7w

Therefore, the relation (2.2.13) is true and, by taking into account the last part of
p
the proof, we deduce that the value of the constant (}%) cannot be smaller. The
proof is now complete.

We now present the Carleman inequality.

Theorem 2.2.30 (Carleman Inequality). Let (an),en+ C [0, o) be a sequence. Then
the next inequality holds:

oo oo

1
Z(alaz...an)n < eZan.
n=1 n=1

Proof Again, without losing the generality, we may suppose that all the terms are

1
strictly positive. We use the Hardy inequality, where a, is replaced by a?. Then we
can write

1 1 1 p
had P p p
Z al + az + cee + an
n

P V' o
s(p_l) S an.
n=1 n=1

11 1
L \p B <,11P saP vral ) “an
p p p
al +al +...+aj
n

But

For passing to the limit, we have utilized the fact that

lim In(ai+a5+...+aj)-Inn _In(aia;...an)
x—0 X n ’

P pyeo

which easily follows based on L’H6pital Rule. Since, on the other hand, ( 1%) S e
(increasingly), we get the desired inequality. 0

We end this section by presenting the Kantorovici inequality.
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Theorem 2.2.31 (Kantorovici Inequality). Let A be a symmetric and positive definite
square matrix of dimension p. Then for every x € R?, one has

2
Il < (Caxty,x) - (a7, x) < 7 (@ ¥ \/ﬂ IxI1*,

where A1 and Ap are respectively the greatest and the smaller eigenvalue of A.

Proof 1t is sufficient to prove the inequality for any x of unit norm. As we observed in
the first chapter, the eigenvalues of A are strictly positive reals and, without loss of
generality, one may decreasingly arrange them: A; = A, = ... = A,. We denote the diag-
onal matrix having the eigenvalues on its main diagonal (in the mentioned order) by
D := diag(A, A3, ..., Ap). We also know that there exists an orthogonal matrix B such
that A = B'DB. Then A! = (B'DB)™" = B'D™'B, and D" = diag(A;%, A5, ..., A;)).

Hence
<(Ax‘)‘,x> - <(BtDth)t,x> - <(D3xf)f, (Bxf)‘>

t
<(A’1xt)t,x> = <(BtD’1th) ,x> = <(D’1th)t, (Bxf)f> .
On the other hand, the mapping x — (Bx!)! is a bijection from the unit sphere of R?

into itself, hence in order to get the desired conclusion it is sufficient to prove that for
every u € R” with ||u|| = 1, one has

()2 ([ )

If A1 = Ap, then one has the equality. Suppose that A, < 1;. One has

¢ _ L 29. t\t _ 2 ;l.
<(Du),u> ;u,}ll, <(Du),u> ;ul/\i

Then the first inequality becomes
p 1 p
(k) ()
i= i=

B S
(3P, uzhy) _.Zul A

Since >°7 | u? = 1, the previous inequality follows from Jensen inequality applied to
the convex function (0, o0) > x — 1.

and

2

i.e.,
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For the second inequality, observe that for any i € 1, p,

2 Soha Ui
() (3 h =)

_ (i ui)li) A+ =320, uizAi)
Al/‘p ’

N
214
=
~N
=
"
N
214
=
~ N
=
~_—
A

The second-degree polynomial

Ay + Ay = A)

A Al/\p

/11+/1p

attains its maximum for A = , hence

iuzl iuzA < A1+Ap ’ 1 —1 &4_ Al 2
— " A — R 2 MAp 4 A VA

The proof is now complete. O

2.3 Banach Fixed Point Principle

This section is dedicated to the Banach fixed point theorem (also known as Contrac-
tion Principle, or Banach Principle), which is one of the fundamental results in non-
linear analysis.

Take f : R? — RP. A point x € RP for which f(x) = x is called a fixed point of
f. By a fixed point result we understand a result concerning the existence of the fixed
points for a given function.

Banach fixed point theorem is a result which provides, under certain conditions,
both the existence and the uniqueness of the fixed point. This theorem also creates
the basis for getting several other remarkable mathematical results, such as, to name
a few, the implicit function theorem, or theorems about the existence and the unique-
ness of solution for differential equations or systems of differential equations.
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2.3.1 Contractions and Fixed Points

We begin with a definition:

Definition 2.3.1. Let A ¢ RP. A mapping f : A — RY is a contraction on A if there
exists a real constant A € (0, 1) such that ||f(x) - f(y)|| < A||x - y|| for any x, y € A.

Remark that A does not depend on x and y, and by applying the function f to a pair of
points from A, the distance between them shrinks (contracts). The contraction notion
is a particular case of the concept of Lipschitz function (Definition 1.2.25), hence, in
particular, every contraction is a (uniformly) continuous function (Proposition 1.2.26).

The next assertion, often used in order to prove that a function is Lipschitz, holds:
if A ¢ R? is an open convex set, f : A — R is of class C! on 4, and there exists M > 0
such that | Vf(x)|| < M for any x € A, then f is Lipschitz on A. The proof of this fact
relies on Taylor formula: for every two points x, y € A we can apply Theorem 1.3.4 to
the function f on [x, y], hence we deduce the existence of a point cx,, € (x,y) C A
such that

[f0) = fW)| = |Vf(ex)x =) < MlIx -yl

Accordingly, f is Lipschitz on A. We now formulate a particular case of this observa-
tion.

Proposition 2.3.2. Let A ¢ RP be an open convex set and f : A — R of class C* on
A, satisfying the condition that there exists M € (0, 1) such that ||Vf(x)|| < M for any
x € A. Then f is a contractionon A.

Obviously, for p = 1 we may consider in the previous proposition also closed, or half-
open intervals.

Example 2.3.3. The function f : R” — RP? defined by f(x) = 3x is a contraction of R?
into itself, because:

£60- £ = 5 Ix-vll.

Example 2.3.4. Take A = [0, o) and the functionf : A — A, given by f(x) = 1+1x2' The

function f is a contraction on A, and this fact can be proven using Proposition 2.3.2. The
derivative of the function f is

/ 1 ! 2x
fed= (1+x2> CES O

hence
2x

(1+x2)2°

If (0] =
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Define the auxiliary function g : [0, oo) — [0, oo) given by g(x) = Its derivative is

et
00 = 20 +x%)? - 2x-2(1 +x%) - 2x
g (1 +x2)4
_ 201+ )1+ x% - 4x?) 5 1-3x?
(1+x2)* (1+x2)3°
_ 1 . sy . . 1
Remark that x = 758 the positive maximum for the function g and g (ﬁ) 87 <1.

Hence ’ f (x)] < % < 1 for every x € [0, oo). It follows from Proposition 2.3.2 that f is a
contraction.

We now formulate the announced principle. We mention here that the Banach fixed
point theorem was proved by the Polish mathematician Stefan Banach in 1922 in the
framework of complete normed vector spaces.

Theorem 2.3.5 (Banach Principle). Let A C R? be a closed nonempty set and f : A —
A be a contraction. Then f admits a unique fixed point.

Proof As usual in the case of existence and uniqueness results, we divide the proof
into two steps. We prove first the existence, and then the uniqueness of the fixed point.
According to the definition, there exists a real number A € (0, 1) such that

G0 = fW)|| < Allx -y

for any x,y € A. Consider xo € A as an arbitrary point and denote x; = f(xo), X =
f(x1), ..., xn = f(xy-1), an operation which can be made for every natural n. Observe
that x, = f(f(x0)) = f%(xo) and, in general, x, = f*(xo) (we have denoted f? instead of
f of, and, in general, f" instead of n times f o f o ... o f). We prove that (xn),cn is a
Cauchy sequence. The next relations hold

%2 = x| = ||f(x1) = f(xo0)|| < AlIx1 = X0l »
X3 = x2| = [|f(x2) = fx1)|| < Allx2 = xa]| < A |12 = xol| -
Using an inductive procedure, one gets the inequality
[Xne1 = xall < A" [lx1 = Xol|
for any n € N*. For m, n € N” arbitrarily taken, one can successively write:

|Xmen = Xnl| < || Xne1 = Xnl| + [|Xne2 = Xnaa || + =+ + [ Xnem = Xnem-1]]

< A" ||x1 = xo|| + A™ ||Ix1 = xo]| + -+ + AT

llx1 = Xol|
1-A"

1-1

= |Ix1 = Xo|| A" + A™ 4+ ALY = 1xq — x| AT
n

A
< Jx1 = Xoll 7.
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Hence,
n

A
1-A
forany n,m € N". If ||x1 - xo|| = 0, it follows that f(xo) = Xo, i.e., X is a fixed point
and then the existence of the fixed point is assured. If || x; — xo|| # O, then, using the
fact that A € (0, 1), one deduces that

HX1 —XQH (2.3.1)

||Xn+m - Xn” <

n

nh—>nolo 1-A =0,
hence 0
nhﬁrr; i1 lx1 = xo|| = O.

By using the € characterization of this convergence, it follows that for any € > 0, there
exists ne € N*, such that for any n = ng, one has

By combining this relation with (2.3.1), it follows that for any € > 0, there exists ne €
N, such that for every n > n., and every m € N, one has

HXer —XnH <E.

This proves that (x,) is a Cauchy sequence, and because R? is a complete space, the
sequence (xn)nen is convergent, so there exists X € RP with limp—e xn = X. Since
(xn) C A and A is closed, we deduce that X € A. Recall that the sequence is given by
the relation

Xo € A, f(xn) = Xp+1, Yn € N. (2.3.2)

The function f is continuous (since every contraction has this property, see Proposi-
tion 1.2.26). Hence, from the properties of the continuous functions, the limit of the
sequence (f(xn))n exists and equals f(x). In the relation (2.3.2), we pass to the limit for
n — oo and we get

lim f(xn) = lim xp1,

n—oo n—oo
i.e.,

f) =x,
hence X is a fixed point. The existence is proved.
In order to prove the uniqueness, suppose there are two different fixed points x
and y. Then
Ix =yl =[|fC) - fW)|| < Allx -yl

Since ||x - y|| > O, it follows that 1 < A, which is absurd. Therefore, there exists a
unique fixed point for f. O

The above result is very important and deserves an extended comment. The anal-
ysis of the statement, and also of the proof, provides us with some useful conclusions.
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Firstly, observe (in the proof of the existence) how the fixed point was obtained: for
every initial point xo € A, the sequence given by the relation (2.3.2) converges to the
unique fixed point x of the mapping f. Coming back to the above inequalities, the next
relations hold:

l[xn = Xoll < lIx1 = Xoll + [[x2 = Xal[ + -+ + [[Xn = Xp-a |

< |Ix1 = Xol| + A||x1 = X0 + - + A" [|x1 — x0]|

AH

— 11 = ol (14 A+ A2+ + A1) = [[x; = x| & T
and, by passing to the limit for n — oo, we deduce that
X0 = XI| < —— [|xo - f(x0)]| -
1-1
In this way, we see that for every x € A, one has
_ 1
HX—XH < m ||X—f(X)H. (2.3.3)

Moreover, one gets the following estimations:
An
_ 2.3.
(13 = X[ < [lx1 = Xoll T3 (23.4)
for any n € N", which follows from (2.3.1) passing to the limit for m — oo.

The “a priori” estimation we get in this way is useful in determining the maxi-
mum number of steps of the iteration (2.3.2) which one needs, in order to obtain the
desired precision in the estimation of the fixed point, by knowing the initial value xo
and the value x; = f(xo), a fact which we will use in the study of some algorithms.

More exactly, for getting an error smaller than € > 0, one needs that

n

I - xo| A <
1- 01/1

which drives us to the conclusion that we need a number n of iterations greater than

the value
Ine+1In(1 - A) - In(||x; - XOH)

™ (2.3.5)

For example, if we need ¢ to be of the form 10™™, the size order of n is of the type

|lm}l\ + constant,

and for additional decimal places of accuracy, one needs to supplement the number of
iterations by [In A| " . Therefore, the closer A approaches to 0, this value is smaller, and
we will need to iterate less in order to obtain the desired precision. Also, one observes
from the relation (2.3.5) that a smaller value of ||x; — xo|| implies that the decrease of
the number of iterations which are necessary for a prescribed precision. Therefore, in
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case of some algorithms, it is preferable to start from points as close as possible to the
initial point. We will later discuss examples on the computational effects described
here in the Chapter 6.

One can also get the following estimate:

_ A
HXn - XH < m HXn - Xn_1|| N (2.3.6)
which is obtained by passing to the limit for m — oo in the relation

|Xn+m = Xnl| < ||Xne1 = Xnl| + || Xne2 = Xnea || + == + [ Xnem = Xnem-1]|
< A|Xn = Xnoa || + A% X0 = Xpoa || + o+ A || Xn = Xp_a |

=A+A2 A X0 = Xna | -
The speed of convergence of the sequence (x;) is given by the approximation
[[Xn1 = XI| < Allxn = X]|,
which is deduced from the relations
PXner = XI| = || Ocn) = FG]| < Allxn - ]| -

More details regarding the speed of convergence will be given in Chapter 6.
Another inequality which follows immediately from the definition of the contrac-
tion is
|xn —X|| < A" ||xo = X||, Vn € N.
Besides these observations regarding the convergence type of the iterations to-
wards the fixed point, we make some other remarks concerning the assumptions of
the Banach Principle.

Remark 2.3.6. The Banach fixed point theorem shows not only the existence, but the
uniqueness of the fixed point and, at the same time, shows us a method to approximate
the fixed point x, and allows us to emphasize an estimation of the error produced by con-
sidering this approximation. This approximation method of the solution by the terms of
the sequence x, = f"(xo) is called the successive approximations method, or the Picard
method, after the name of the French mathematician Charles Emile Picard, which initi-
ated it in 1890.

Remark 2.3.7. The assumption A < 1 is essential both for the existence, as for the
uniqueness of the fixed point. One can see, for instance, that for the identity map f(x) = x,
forany x € R, every point of R is a fixed point, while the map f(x) = x+1, forany x € R,
does not have any fixed point. In both cases, A = 1.

Remark 2.3.8. If A is not closed, one loses the completeness argument and the conclu-
sion of Banach Principle does not hold. For example, the mapping f : (0, 1] — (0, 1]

given by f(x) = 5 does not have any fixed point, although is a contraction.
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Aiming to further illustrate the assumptions of the Banach Principle, we introduce a
weaker notion than the one of contraction.

Definition 2.3.9. A function f : RP — RP? is called a weak contraction if

vx,y eR?, x#y, |[f0)-fW|| < llx-yll.

Example 2.3.10. There exist weak contractions, defined on closed sets, without fixed
points. We consider the next example. Take f : R — R, defined by

X

f(x)=1+x—1+7|xl.

Obviously, f(x) > x for any x € R, hence f does not have any fixed point. On the other
hand, f is a weak contraction, which one can show by considering the relation

B X y
fO)-fW)] = |6-y) - (m ) 1+y|>‘

in several situations.
Ifx,y =0, then:

x—y- (2 - Y = lx—y- XY
y 1+x 1+y y @+x)@+y)

1
(x-y) (1_(14')()(14')’)>‘ <|x -y

IF6) - £0)] =

because x # y and
1

1—m€(0,1).

Ifx,y < 0, one has:

— X y = b 4
If0) - f(y)] = x—y—<1_x—1_y>‘— (X—}/)—m
1
= (X—)/)(l—(:l_)()(:l_)/))‘(P(_y
because x # y and
1
oy <O
Ifx >0andy < 0, one has:
x oy | (x-y) - 2xy
’f(X)—f()/)|< X_y_<1+x_1—y>‘_ (x—y)—m
ey XV =2y
=x-y (1+x)(1—y)<x y=I|x-y|,

where the last inequality can be obtained by direct calculation.
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Observe that the Picard iterations associated to f diverge to +oo for any initial data
Xo: if xo 2 0, then (xn) is strictly increasing, has positive values and cannot have a finite
limit, while if xo < 0, then the terms of the sequence become positive from a certain rank,
and we are again in the previous framework.

The weak contractions may yet have a fixed point, if at least a sequence of Picard iter-
ations has a convergent subsequence. More precisely, the next assertion holds.

Proposition 2.3.11. Let A C R? be a closed set and f : A — A be a function such that

1F00 ~FO| < Ix=yll, ¥x,y € A, x #,

i.e., f is a weak contraction on A. If there exists a € A such that the sequence of Picard
iterations, having the initial data a, and given by x, = f(a), xn+1 = f(xn), n 2 1, has a
subsequence which is convergent to a point X € A, then X is the unique fixed point of f
onA.

Proof Suppose, by contradiction, that f(x) # x. Consider
D:={(x,y) e AxA|x#y}

and the mapping g : D — R given by

IF0-£0)
sy = R

From the assumptions made, we have that g(x,y) < 1. But (x, f(X)) € D, hence
8(x, f(X)) < 1. Let (xn, ),y be a subsequence of (xn), oy Which converges to x. Then

If () = £ GOl < lIxm = XI|» VK €N,
from which one deduces that f (xn,) — f (x). It follows that
Xn, = f )l = ||[X = fGO|| and  glxn,, fxn)) — g, f(X)) < 1.

Take r such that g(x, f(x)) < r < 1. Taking into account the continuity of f (in
particular, f is Lipschitz), there exists a ko € N such that for every k > ko,

1,- _
3 1K= FO < lhxn = £ G|
and g(xn,, f(xn,)) < r or, equivalently,

Hf(xnk) —f(f(xnk))H <r Hxnk —f(Xnk)H .

Then for every i > k > ko, one has:

S %= £ < [ = £ = [FCen 1) = Fxn)]|
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< Hxni—l _X"iH <. < ||f(XTli—1) _f(f(XﬂH))H

<r ||Xfli—1 _f(Xni—l)H <. < ri_k HXnk _f(Xnk)H .

We make i — oo and we get ||X - f(¥)|| = 0, which contradicts (X, f(x)) € D. The
uniqueness of the fixed point is straightforward. |

We present next some generalizations and consequences of the Banach Principle.

A first generalization of the Banach Principle mainly says that it is sufficient for
one of the iterations of the function to be a contraction to obtain the conclusions of the
Banach Principle. We will see that such an assumption is weaker than the condition
that f is a contraction. Remark first that if f is a contraction with constant A < 1, then f"
is a contraction with constant A" < 1, hence, in the assumptions of Banach Principle,
has a unique fixed point. As every fixed point of f is a fixed point for every iteration,
one deduces that f and all its iterations have the same fixed point. The role of the next
theorem is also to formulate a partial converse of this observation.

Theorem 2.3.12. Take f : RP? — RP. If there exists q € N such that f? is a contraction,
then f has a unique fixed point. Moreover, for every initial data x, € R?, the sequence
of the Picard iterations converges to the fixed point of f.

Proof Let g € N" be such that f? is a contraction. From the Banach Principle, f¢ has a
unique fixed point, which we denote by Xx. Observe, based on the previous comment,
that X is the sole candidate to be a fixed point for f (any fixed point for f is a fixed point
for any iteration). The next relations hold:

fX) = f(F() = fF1(F (),

i.e., f(x)is afixed point for f9. As f9 has a unique fixed point, one deduces that f(x) = Xx.
Let us now prove the assertion concerning the convergence of the Picard iterations. We
start from a fixed element xo, € R” and we construct the associated Picard sequence
(f"(x0))n. We must prove that this sequence converges tox. Taker € 0, g — 1. Then, the
set of the terms of sequence (f"(xo))x is the union of the sets of terms of subsequences
of the type (f7*"(xo))x. On the other hand, (f7"(xo))x can be seen as the sequence of
Picard iterations associated to f?, with the initial point f"(x,), because:

FHT(0) = (FD (" (x0)).

Since f7 is a contraction, we know from the Banach Principle that all the Picard itera-
tions of f9 converge to the fixed point x. Hence all the g subsequences which partition
the initial sequence have the same limit (i.e., X), which shows that lim, e f"(xo) = X
and the theorem is completely proved. |

As in the case of Banach Principle, the result holdsif f : A — A, where Aisa
closed (hence, complete) subset of R”. Observe that in this theorem is not necessary



Banach Fixed Point Principle = 61

for f to have any special property (even continuity of f is not assumed). For instance,
the function f : [0, 1] — [0, 1] given by

£00 - { 0ifx € [0, 1]

Tifx e (3,1]

is discontinuous, but f2(x) = 0 for any x € [0, 1], hence is a contraction. Of course,
the unique fixed point of f is X = 0.

Let us give now another example which proves that the assumption that an iterate
of f is a contraction is weaker than the condition that f is a contraction. Consider the
function f : R — R given by f(x) = e”*. This function is not a contraction on R: for
instance

[f(-2)-f(0)| =€*-1>|-2-0] = 2.

But f2(x) = e~¢ " is a contraction. To prove this, we evaluate the absolute value of the
derivative (in order to apply Proposition 2.3.2):

’(fz)’(X)’ = (e‘eﬂe"‘

=" <el<1, VxR,

based on the observation that
l<x+e™, vxeR.

Therefore, according to Theorem 2.3.12, there exists a unique fixed point X of the func-
tion f (hence X = e*) which can be approximated using the Picard iterations. A nu-
merical calculation (made on a computer, see Chapter 6) suggests the approximate
value X ~ 0.567. We will return in Chapter 6 to the possibility of approximating the
fixed points in some concrete situations.

At the end of this section, we consider another two interesting consequences of
the Banach fixed point principle. The first one refers at the continuous dependence of
the fixed point with respect to a parameter.

Theorem 2.3.13. Let g : RP x R? — R? be a continuous function. Suppose that there
exists a € (0, 1) such that

||g(xa t) _g(ya t)” sa Hx_y”

foreveryt € R? and x,y € RP. For fixed t in R, denote by u(t) the unique fixed point
of the contraction g(-, t). Then the mapping u : R? — R? is continuous.

Proof Take to € R? and € > 0. The continuity of g in (u(to), to) implies the existence
of a number 6 > 0 such that for any fixed ¢, with ||t — ¢o|| < §, one has

|g(u(to), O) - g(u(to), to)|| < (1 - o),
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which is equivalent to
l|g(u(to), ) - u(to)|| < e(1 - a).

From the relation (2.3.3) and the above relations, we deduce that for any t with
It - to]| < 6, one has

[|u(to) - g(u(to), )| <e

[[1(O) = ulto)|| < T a

This proves the theorem. O

Theorem 2.3.14. Let f : R? — RP be a contraction. Then the mapping v : R? — RP
given by v(x) = x + f(x) is a bicontinuous bijection (i.e., is a homeomorphism of RP ).

Proof ltis clear that v is continuous. Moreover, f is injective because the relation v(x) =
v(y) and the contraction property of f imply x = y. Consider g : R x RP — R” given
by

g8, y) =y -f(x).

It is clear that g satisfies the property from the assumption of the previous theorem,
hence the mapping x — g(x, y) has a unique fixed point u(y) forany y € RP. Therefore,

uy) =y - f(uy)),

i.e.,
y =v(u®)), (2.37)

hence v is surjective. It remains to prove that v is continuous. Relation (2.3.7) shows
that the functions v and u are inverse one to each other, and the continuity of u (hence
of v'1) is assured by the previous theorem. Hence, v is a homeomorphism. |

2.3.2 The Case of One Variable Functions

We now present some fixed point results for real functions of one variable. Geomet-
rically, the fixed points of a function f in this context are those points x for which
(x, f(x)) lays on the first bisector, i.e., the abscissae of points where the graph of f in-
tersects the first bisector.

Obviously, the first result which we must mention is the particular case of the Ba-
nach Principle, which works for contractions which map a closed subset of R into
itself. The first result which is different from the Banach Principle is the Knaster fixed
point theorem.

Theorem 2.3.15 (Knaster). Leta,b ¢ R,a < bandf : [a, b] — |a, b] be an increasing
function. Then f has at least one fixed point.
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Proof Define the set
A:={xela,b]|f(x) = x}.

It is clear, on one hand, that A is nonempty (because a € A) and, on the other hand,
that A is bounded (being a subset of [a, b]). Hence, according to the completeness
axiom, A admits a supremum in R. Denote this number by x. Therefore, X = sup A
and it is clear that X € [a, b]. As X > x for any x € A, the monotony of f allows us to
write the inequality f(x) = f(x) = x for any x € A. Hence, f(X) is a majorant for A4, so
f(x) = x. It also follows from monotony that f(f(x)) > f(x) and hence f(x) € A4, i.e.,
f(x) = x. Consequently, one has the equality f(x) = X and X is a fixed point. O

Remark 2.3.16. Ifinthe previous result one takes f to be decreasing, then the conclusion
does not hold. One may consider the following counterexample: f : [0, 1] — [0, 1] given

by
00 = { 1-xifxe[0,1)

1-%ifxeli, 1]

It is clear that f is decreasing on [0, 1], but still does not admit any fixed point.

The next result is simple, but will be useful in many situations.

Theorem 2.3.17. Leta,b c R,a< bandf : [a, b] — [a, b] be a continuous function.
Then there exists X < [a, b] such that f(X) = X, i.e., f has at least one fixed point.

Proof Define the function g : [a, b] — R, given by g(x) = f(x) — x. It is obvious that g
is continuous it is the difference of continuous functions and, in particular, it has the
Darboux property. Obviously, because f(a), f(b) € [a, b], one has the inequalities

g@=f(a)-az=0
gb)=f(b)-b <0,

hence g(a) - g(b) < 0, and by the use of the Darboux property, one deduces that there
exists a point X € [a, b] such that g(x) = 0. Therefore, f(x) = X and the proof is now
complete. |

Remark 2.3.18. In this situation, the uniqueness of the fixed point is not ensured. The
immediate example is the identity function of the [a, b] interval. It is also essential that
the interval is closed. For example, the function f : [0, 1) — [0, 1) given by f(x) = %
does not have any fixed point. It is equally essential that the interval is bounded: the
function f : [1, +e0) — [1, +o0) given by f(x) = x + x* does not have any fixed point.
Finally, the result does not hold anymore in the case where the function is not defined on
an interval. For instance, f : [-2,-1] U [1, 2] — [-2,-1] U [1, 2], f(x) = —x does not
have any fixed point.
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In some situations, we can say something about the structure of the set of fixed points.

Theorem 2.3.19. Letf : [0, 1] — [0, 1] be a 1-Lipschitz function on [0, 1]. Then the set
of the fixed points of f is a (possibly degenerate) interval.

Proof Let
F:={xe[0,1]|f(x) = x}

be the set of fixed points of f. It is clear, from the continuity of f, that F is a compact set,
so it admits a minimum and a maximum, denoted respectively by a and b. Obviously,
F C [a, b]. If we fix now an arbitrary X € [a, b], it is sufficient to prove that X is a fixed
point of f, i.e., x € F. Since a is a fixed point of f and a < X, one gets

f® -as<|fx)-a| = |f® - f@) <X -a,
so f(X) < X. By a similar argument in the case of b, one has:
b-f(0) < |b-f0)] = |f(b) - fX)| < b-7%,

which shows that f(x) > x. Consequently, f(x) = X and the proof is complete. O

We now emphasize a supplemental condition, which assures the uniqueness of
the fixed point.

Theorem 2.3.20. Leta,b € R,a < bandf : [a, b] — [a, b] be a continuous function
on [a, b], which is differentiable on (a, b) and has the property that f'(x) # 1 for any
x € (a, b). Then f has a unique fixed point.

Proof Theorem 2.3.17 assures the existence of the fixed point. If, by contradiction, there
are two fixed points of f, denoted by x; and x,, then the Lagrange Theorem applied
to f on the interval [x, x,], implies the existence of a point ¢ € (x1, x2) C (a, b) such
that

f(x1) - f(x2) = f/(©)0x1 - x2).

But this relation implies f’(c) = 1, which contradicts the assumption. This proves the
result. d

There is an important difference between the proof of Banach fixed point theorem
and the proof of Theorem 2.3.17 above, which is that we are not given any information
concerning the position of the fixed point, or a method to approximate it. Recall that
the successive approximations method from the Banach’s proof works like this: we
start with an arbitrary point xo (this time, from the interval [a, b]), and we construct
by recurrence a sequence (the sequence of Picard approximations) from [a, b] by the
relation x,,1 = f(xn) for every n € N. All of the hard work in the proof of the Banach
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Principle was to show that (x,) converges. In case we know this, the continuity of f fur-
nishes the conclusion that the limit of x,, denoted by X, is a fixed point for f. Indeed,
we may write:
fX) = f(lim x,) = lim f(x,) = lim Xp41 = X. (2.3.8)
n—oo n—oo n—oo

In order to prove that sequence of the successive approximations is convergent,
one usually shows that this sequence is fundamental.

A
y=x)
i y:X
P; Ql/’/’
v P2
P PD
Qo
A
=1 S
P, APy 7] ’
/,' Qo
O, 1

Figure 2.2: Behavior of the Picard iterations.

We can show that in certain conditions, the Picard iterations are convergent to
a fixed point, outside the standard assumptions of the Banach Principle. This result
is called the Picard convergence theorem, and its geometric meaning stems from the
following discussion. Take xo € [a, b] arbitrary and consider the Picard iteration as-
sociated with the function f and the initial point xo, xn+1 = f(xn), for any n € N. We
may describe this procedure of determining the Picard sequence geometrically. Con-
sider first Py(xo, f(x0)) on the curve of equation y = f(x) (the graph of f). Take the
point Qo(f(xo), f(xo0)) on the first bisector y = x, and we project it vertically on the
curve y = f(x) in order to find the point P;(x1, f(x1)). We project the point P; horizon-
tally in Q1, which lies on the first bisector, and continue this procedure by the vertical
projection of Q; on y = f(x) in the point P,(x,, f(x2)). One can repeat this procedure
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in such a way that a “spider net” is obtained, where the fixed point of f is “captured”
(i.e., the intersection of the curves y = f(x) and y = x). Actually, one may observe that
this “capturing” happens if the slopes of the tangents to the curve y = f(x) are smaller
in absolute value than the slope of the line y = x (which equals 1). If this condition
concerning the slopes is not satisfied, then the points Qo, Q1, ... move away from the
fixed point (see Figure 2.2 for the two different situations).

Therefore, the Picard Theorem analytically transposes this geometric observation.

Theorem 2.3.21 (Picard Theorem). Let a,b € R, a < band f : [a,b] — |a, b] be
a continuous function on [a, b] and differentiable on (a, b), having the property that
| f (x)| < 1 forany x € (a, b). Then f has a unique fixed point, and the sequences of
Picard iterations are convergent to the unique fixed point of f .

Proof Theorem 2.3.20 assures the existence and the uniqueness of the fixed point. De-
note it by X. Take xo € [a, b] and let (x,) be the Picard sequence which is generated
starting at xo. If for n € N we have x, = xp11, then xj is the fixed point, and the se-
quence becomes stationary. In this case the convergence is obvious. Suppose then that
(xn) is not stationary. From the Lagrange Theorem (applied to the function f on an in-
terval having endpoints X and x,) one deduces the existence of an element ¢, € (a, b)
for which we can write the relation:

Xns1 =X = fn) = f(X) = f'(cn) (xn - X).
This inequality and the assumption on the derivative of f imply collectively that
|Xn+1 = X| < |xn - X]| . (2.3.9)

We prove now that (x,) converges to X. Since (x,) is a bounded sequence (in [a, b]), itis
sufficient to prove that every convergent subsequence has its limit equal to x. Consider
then a convergent subsequence (xn, )i of (xn) and denote by x € [a, b] its limit. Since
(ny) is strictly increasing, by applying inductively the inequality (2.3.9), one gets:

[Xny = X| < [Xnes1 = X| < |Xn, = X] . (2.3.10)
But [Xn, - X] “=° [x - X, and |Xn,,, - X| “= |x - X|,, and also
Xngs1 = X| = |fOn) = FR)] 7 |F00) - F3)| -
Passing to the limit in (2.3.10), one gets then
[f0) - f(] = [x-X] .

If x # X, by applying again the Lagrange Theorem, we have

F() - FR)| < [x - %],
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which provides a contradiction. Therefore, x = x, and the theorem is proved. O

We want to emphasize now that if the condition |f'(x)| < 1 does not hold for any
x € (a, b), then, even if f has a unique fixed point, the Picard sequence may not con-
verge to this fixed point. For instance, consider the function f : [-1, 1] — [-1, 1] given
by f(x) = —x. Obviously, f is differentiable on its domain, but the absolute value of its
derivative equals 1. The sole fixed point of f is X = 0. By construction the Picard it-
eration starting from xo # 0, the Picard sequence has the form xq, —xo, X0, —Xo, ...,
hence is not convergent. Remark also that a function which satisfies the assumptions
of the previous theorem is not necessarily a contraction, hence the Picard Theorem
cannot be obtained from the Banach Principle. To illustrate this aspect, we have the
following example. Take f : [0, 1] — [0, 1], f(x) = 3. Obviously, f’(x)| € (0,1) for
any x ¢ (0, 1), but f is not a contraction because

fO-fo] . 1 B

0.0y X=Y[ =000y 0+ Dy +1)
However, we could apply the Banach Principle for the function f if we restrict it to an
interval on which it is a contraction. Observe that for x € [1,1], f(x) € [3, 2], so
we can define f : [3,1] — [}, 1] and remark that this restriction is a contraction,
because SUP,e(1,1] | f (x)| = & < 1. Therefore, there exists a unique fixed point of f in

[3,1] , and since the initial function has a unique fixed point, the fixed point of the
restriction coincides with it.

Also in the framework of this example, one can apply Theorem 2.3.12, because
f*(x) = £5 is a contraction (sup, o 1 | (F?)' (¥)| = 7 < 1).

In some cases, it may happen that we cannot restrict the function to a contraction,
nor can we find an iteration which is a contraction, so one cannot apply any of the
two methods from the preceding example. For example, take the function f : [0, 1] —
[0,1], f(x) = {%. Again, f’(x)| € (0, 1) for any x € (0, 1), and for every n € N" and
every x € [0, 1], f*(x) = —Z%-. As above:

1+nx

. f" ) - ()| . 1
lim — = li —_— =
)—=0,0xy X =Y ()= 0,0,x2y (nx + 1)(ny + 1)

and hence f" is not a contraction. Moreover, it is impossible to find any restriction of
the function f which is a contraction from a set into itself, because the fixed point of
fis x = 0, so, such a restriction should be defined on an interval which contains 0,
which is impossible in view of relation

lim M =1.

wN—=0,0x2y  |X =]

However, the function from the Picard Theorem is necessarily a weak contraction,
and we will see in the subsequent sections how one can reobtain the Picard Theo-
rem by using a more general result concerning weak contractions (Theorem 2.3.24 and
Corollary 2.3.25).
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In the assumptions of the Picard Theorem, the sequence of iterations is convergent
to the fixed point of the function f for any possible choice of the initial term x; in the
interval [a, b]. In order to obtain a quicker convergence, it is natural to try to start with
this first term as close as we can to X. Observe that, because of equality X = f(x), the
point X lies in the image of f, and since X is a fixed point, it would be in the images of
the functions f" for every natural nonzero n. Therefore, X will lie in the intersection of
all the images of the above functions. Hence, if we could calculate ﬂ Im ", we could

nen*
be close enough to the fixed point. In case this intersection consists of only one point,

that point is the desired fixed point. For example, consider the function f : [0, 1] —
[0, 1] given by f(x) = 1. Inductively, one can show that for every n € N',

3x+4"-1

") = T3.4n

and
n_o|lq_1y14,2
Im f" = [3(1 4n), 3(1+ 4n)} .
If we take the intersection of all these intervals, we get
n_J1
- {54
neN

hencex = % is the fixed point of the function f we are looking for.

The next result highlights the most important assumption of Picard Theorem, by
emphasizing a partial converse.

Proposition 2.3.22. Let f : R — R be a continuous function and xo € R. If the se-
quence of Picard iterations starting from x, converges to a number | € R, without being
stationary, and f is differentiable at 1, then |f'(])| < 1.

Proof Suppose by contradiction that | f’ (l)| > 1. Itis clear, from the continuity of f and
from a previous comment, that [ must be a fixed point of f. Since

im0 _ o

X—>

we get

x—>l

Take

= 7|f/(l)2’ -1 > 0.
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Then for this &, there exists § > 0 such that forany x € (I1- 6,1+ 6) \ {I},

F'O]-e <|f)|+e
or
\f/(l)] +1 . -1
2 x-11
In particular, since |f'(1)| > 1,
"1
Ix—1 <|x-1| % < |f0)-f

for every x € (I-6, 1+ 6) \ {l}. Since the sequence (x,) of the Picard iterations starting
from xo converges to I, without being stationary, there exists ns € N such that for any
n = ng,

xn€(-6,1+86)\{1}.

One gets from the above relations that
1] < |fOa) = FD)| = Pnsr - 1]
for every n > ng. In particular, we get
|Xns = 1| < |Xnge1 = 1| < |Xn = 1]

for every n > ng + 1. Passing to the limit in the last relation for n — oo, we get the
contradiction:
[Xns = 1] < |Xng+1 =1 < 0.

Consequently, the assumption made is false, hence | f’ (l)| <1. a

Remark 2.3.23. In general, one cannot obtain the inequality on the derivative if the
sequence is stationary. If one considers the function f : R — R, f(x) = x> + 2x, the
sequence of Picard iterations starting from 0 is convergent (even stationary) to 0, but

f(0)=2

We now present a very interesting result due to Beardon, which says that in case of
a weak contraction on R (which, as we already saw in Example 2.3.10, may not have
fixed points), the Picard iteration process gives the same limit point (possibly equal to
+o0 Or —o0), for any choice of the initial data.

Theorem 2.3.24 (Beardon’s Theorem). Let f : R — R be a function which is a weak
contraction on R, i.e., for any two distinct real numbers x and y, one has

IfO) - fW)] < Ix -yl
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Then there exists X € R such that for any x € R, the Picard sequence generated by
Xn = f"(x),vn e N’
has the limit x.

Proof Suppose firstly that f has a fixed point, X € R. Obviously, this will be the unique
fixed point of f. Without loss of generality, we may consider x = 0, hence

[FC| < Ix|

for any x # 0. Fix x € R. Then the sequence (‘ f"(x)|)n is decreasing and hence is
convergent to a number u(x) = 0. We will prove that pu(x) = 0 for any initial data
x. Suppose by contradiction that u(x) > 0. Then f(u(x)) =: y1, and f(-u(x)) =: y,,
where |y1], |y2] < |y(x) . By the continuity of f, there are two neighborhoods of u(x)
and -p(x), respectively, which are applied through f in the interval I := (-pu(x), pu(x)),
which contains y; and y,. Then, for n sufficiently large, f"(x) also lies in I, which
contradicts the inequality |f"(x)| > |u(x)|. Therefore, for every x € R, one has the
convergence f"(x) — 0.

Suppose now f does not have any fixed point. Then f(x) > x or f(x) < x for any
real x. We will only prove the case f(x) > x, the other situation following analogously.
It is clear that for any real x, the sequence (f"(x)) is strictly increasing, so it has the
limit in (—oo, +oo]. If the limit would be a real number I, then f"(x) # I for any natural
nonzero n, and we get

1100 - )] <[00 - 1]

from where, by passing to the limit, we get that f(I) = [, i.e., l is a fixed point, which is
a contradiction. Hence, f™(x) — +oo. Obviously, in case f(x) < x, we get f"(x) — —oo.
The proof is now complete. O

Remark also from the proof that if x € R, then X is necessarily the sole fixed point
of f. Actually, if f has a fixed point (which is necessarily unique from the contraction
condition), then all the iterations converge to this fixed point, and if f does not have a
fixed point, then the Picard iterations converge to +oo or —oo, according to f(x) > x or
f(x) < x, respectively.

Based on this result we can deduce the next corollary.

Corollary 2.3.25. Leta,b € R,a < band f : [a, b] — |a, b] be a weak contraction.
Then f has a unique fixed point, and for any initial data x < [a, b], the sequences of the
Picard iterations are convergent to this fixed point.

Proof The existence and the uniqueness of the fixed point are assured by the Theorem
2.3.17 and by the contraction condition. By repeating the arguments from the first part
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of the proof of the previous theorem, one gets the conclusion concerning the Picard
iterations. O

The preceding corollary one can obtain also the Picard theorem of convergence
(Theorem 2.3.21), because in the assumptions of that theorem, the function is a weak
contraction.

2.4 Graves Theorem

We dedicate this section to an important result, known as the Graves Theorem, which
gives sufficient conditions for a function f : R" — R™ to be open (i.e., the image
through f of an open set in R" is open in R™). If f is linear, this is an well-known
and deep result, known in Functional Analysis as the Open Mapping Principle (and is
applicable, as well as the Graves Theorem, in a much wider setting). We give this prin-
ciple next and illustrate it through a very short and elementary proof (in our particular
framework).

Theorem 2.4.1 (Open Mapping Principle). Let T : R — R™ be a linear surjective map
(m,p € N°). Then T is open.

Proof First of all, we recall that T is continuous. Let {e1, ez, ..., em} be the canonical
base of R™. Taking into account the surjectivity of T, for any i € 1, m, there exist
x; € RP with T(x;) = e;. Now take 1 : R™ — R?, ip(a) = P(ay, ..., am) = D) QiX;.
Clearly, i is continuous and, moreover, T o i : R™ — R™ is the identity of R™. In
particular, i is injective. Now, consider U c R? an open set. Since i is continuous,
1~1(U) is open and since 1 is injective, U = ¥("(U)) . But

T(U) = T ' (0) = (To ) (V) = p (V).

So, T(U) is open. O

Remark that, in fact, a stronger property than the usual openness can be deduced
from the Open Mapping Principle: there exists L > 0 such that B(Tx, Lr) c T(B(x, r))
forevery x € R? and r > 0.

To see this, observe that it is sufficient to prove the above relation for x = 0. In
this case, since T(B(0, 1)) is an open set, there exists an L > O such that B(0,L) C
T(B(0, 1)). The fact that B(0, Lr) c T(B(0, r)) for every r > O easily follows.

The property mentioned before is called linear openness, and the corresponding
constant L > 0 is called the linear openness modulus.

We now present two results given in 1950 by the American mathematician
Lawrence Murray Graves. For a general function f : RP — R™, one says that f is lin-
early open at xo with modulus L > Oif thereis p > 0 such that B(f(x,), Lr) C f(B(xo, )
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for every r € (0, p). Of course, in case of linear operators, the linear openness at a sin-
gle point is equivalent to the linear openness at every point.

Theorem 2.4.2 (Graves). Let T : R? — R™ be a linear surjective map, and denote its
linear openness modulus by L > 0. Let M € (0,L), r > 0, U C R? be an open set,
Xo € U,and f : U — R™ be a continuous function such that

[f@) - f(v) - T(u-V)|| <« M |u-v|

forany u, v € B(xo, r). Then f is linearly open at xo with modulus L — M > 0.

Proof Take y € R™ such that || y - f(x0)|| < r(L - M). We construct inductively a se-
quence (&) as follows: take &, := 0 and, for n = 1, &, satisfies

T(&n —&n1) =y — fxo + &-1) (2.4.1)
and
1n = &1l S L7 |y = fOxo + &) - (2.4.2)
We easily deduce
T(&n — &n-1) = T(&n-1 — &n-2) = f(x0 + &n-1) + f(xo0 + &n-2),
hence
[€n = &nall < LT[ T(En = &nen)|| < L7 || T(éno1 - €n2) = f(Xo + &ne1) + fxo + £nm))|

<LM &1 - &l (2.4.3)

if &n, €4-1 € B(0, r). This is true for every n. Indeed, from (2.4.1) and (2.4.2), we obtain
that
Il < L7 |y - fOo)|| < r(1 = L7'M) <1,

and since &, = 0, we obtain &1, &, € B(0, r), hence (2.4.3) holds for n = 2. From this,
&) = (162 - &+ & < & (L+ L7 M) <,
hence (2.4.3) holds for n = 3. Suppose (2.4.3) holds until n, and deduce that
-1 1\
[l < 1€+ LM+ ok (L7M) ) <, 244)

which means that (2.4.3) holds for n + 1. Moreover, from (2.4.3) we know that the se-
quence (&) is Cauchy, and hence is convergent to an element ¢ € R”. From (2.4.1) and
the continuity of f, y = f(xo + £), and (2.4.4) shows that

1€ < [l Q-L7'M) < L7 |ly - fxo)|[| A - L7'M) " < L' (L -M)A-L7'M) ' =1,
But this means exactly that

B(f(xo), (L - M)r) C f(B(xo, 1)).
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Since this is true if one replaces r above with arbitrary r' € (0, r), we have the
conclusion. O

Corollary 2.4.3. Let T : R — R™ be a linear surjective map, with linear openness
modulus L > 0. If S is a linear map such that ||S - T|| < L/2, then S is surjective, hence
linearly open, with the linear openness modulus L[2.

Proof Apply the previous theorem for f := S and x( := 0. |

On the basis of the previous results, one deduces the celebrated Lyusternik-Graves
Theorem.

Theorem 2.4.4 (Lyusternik-Graves). Let U C RP be anopenset, xo € U, andf : U —
R™ a Fréchet differentiable function, with Vf continuous at xo, and Vf(xo) surjective.
Then f is linearly open at xg.

Proof Denote by L the openness modulus of Vf(xo), given by the Open Mapping Prin-
ciple. Since Vf is continuous at xo, there exists § > 0 such that for every x € B(xy, §),
one has

|Vf(x) - Vf(xo)|| < L/8 < L/2. (2.4.5)

This means, on the basis of Corollary 2.4.3, that for every x € B(xo, 6), Vf(x) is linearly
open with modulus L/2. For such x, one can apply Lagrange Theorem to the function

y — f(y) + Vf(x)y, to get that

[0 ~£0) = V=] < Ju=vI| sup [ VF©)- V10| < v,
te|xo,x

if u,v € B(xo, 6), where (2.4.5) was used in the last inequality. The conclusion now
follows from Theorem 2.4.2, with L/2 instead of L, and L/4 instead of M. O

The condition that Vf(xo) is surjective, as the iterative procedure from the proof of
Theorem 2.4.2, was introduced in 1934 by the Russian mathematician Lazar Aronovich
Lyusternik. For more extensions, developments and historical facts, see (Dontchev
and Rockafellar, 2009) and (Klatte and Kummer, 2002).

2.5 Semicontinuous Functions
The aim of this section is to introduce and study some generalizations of the continuity

concept, which will be useful in the subsequent discussion concerning the existence
of the solutions of the optimization problems.
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Observe that a function f : R — R is continuous at a if and only if the next two
conditions simultaneously hold:

VA€ R, A< f(a), 3U € V(a), Vx c U, A< f(x) (2.5.1)

and
VA e R, A> f(a), U € V(a), Vx € U, A > f(x). (2.5.2)

By taking each of these two conditions separately, we can define lower and upper
semicontinuity. Therefore, the function f : R — R is lower semicontinuous at a € R
if the condition (2.5.1) is satisfied, and f is upper semicontinuous at a if the condition
(2.5.2) is satisfied. Similarly, if the respective conditions hold in every point of R”, one
says that f is lower semicontinuous, or respectively upper semicontinuous. Obviously,
according to the definitions, a function is continuous at a € RP? if and only if it is
simultaneously upper and lower semicontinuous at a. It is easy to provide examples
of functions which are semicontinuous without being continuous. For instance, the
functionf : R — R,

1,x#0
X =
f(x) { om0
is lower semicontinuous (on R), but is discontinuous at 0. Similarly, the function f :
R - R,
0,x#0
X) =
f00) { Tl

is upper semicontinuous (on R), but is discontinuous at 0.
A more elaborate example is the Riemann function f : [0, 1] — R, given by

£00) = F x€(0,1,x=2,mneN, (mn)=1
0, x<€[0,1]\Qorx=0,

which is continuous on [0, 1] \Q U {0} and discontinuous on (0, 1]N Q. This function
has its limit equal to O at every point. This shows that it is upper semicontinuous.

One can easily show that f is upper semicontinuous if and only if —f is lower semi-
continuous. As consequence, we will restrict our study to lower semicontinuous func-
tions, since the results can be easily reformulated in the case of the upper semicontin-
uous functions.

Having a function f : R? — R, besides the epigraph of the function previously
introduced (Proposition 2.2.3), that is

epif = {(x,t) e R" xR | f(x) < t},
we introduce now the level sets: if v € R,

Nof 1= {x € R | () = v} = f (=0, V]).
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Those functions which are globally lower semicontinuous, have the following
characterization theorem.

Theorem 2.5.1. Let f : R” — R. The next assertions are equivalent:
(i) f is lower semicontinuous (on RP);
(ii) Nvf is closed in R? for any v € R;
(iii) epif is a closed set in R” x R;
(iv) {x e R? | f(x) > B} is open in R? for any § € R.

Proof (i) = (ii) Take v € R. We prove that N,f has an open complement. Take x ¢ N,f,
i.e., f(x) > v. Since f is lower semicontinuous at x, there exists U, a neighborhood of
X, such that f(y) > vforanyy € U. Therefore, UNnN,f = ), i.e., U C RP\N,f. It follows
that the complement of N, f is open, i.e., N,f is closed.

(ii) = (iii) We prove that (R? x R) \ epi f is open. Take (x, t) ¢ epi f, which means
f(x) > t. There exists v such that f(x) > v > t. Then x ¢ N,f and according to (ii), there
exists U, aneighborhood of x, such that UNN,f = (. It follows that Ux(-oco, v]Nepif =
(. Since U x (-0, v] is a neighborhood of (x, t), we obtain the conclusion.

(iii)) = (i) Take x € R? and t € R such that f(x) > t. Then (x, t) ¢ epif and
hence there exists U, a neighborhood of x, and € > 0, such that U x (t — &,t + &) N
epif = (). Therefore, foreveryy € U, (y, t) € epif, i.e., f(y) > t. Accordingly, f is lower
semicontinuous.

(ii) < (iv) The relation

{x eR? [ f(x) > B} = R” \ Ngf

proves the equivalence between (ii) and (iv). |

A function is upper semicontinuous if and only if for any y € R, the sets of the
type {x € R? | f(x) = y} are closed, which is equivalent to the fact that the sets of the
type {x € R? | f(x) < y} are open.

Letf : A C R? — R be a function. Its lower and upper limits at a € cl A are given,
respectively, by

liminf f(x) :== sup inf f(x)and limsupf(x):= inf sup f(x). (2.5.3)
x—a UcV(a) XEUNA x—a UeV(a) xeUNA

From their definitions, it is obvious that

liminf f(x) < lim sup f(x) and lim sup f(x) = - lim inf(-f)(x).
x—a x—a x—a x—a

Moreover, for a sequence (x), one defines its lower and upper limits as

lim inf x, := supinf x; and and lim sup x, := inf sup x;. (2.5.4)
n—roo nen ken n—oo n k=n
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In fact, the definitions (2.5.4) naturally follow from (2.5.3) for the function f : N — R,
f(n) :==xy,and a := o € cIN.

Theorem 2.5.2. Letf : R — R and x € R?. Then:

(1) f is lower semicontinuous at x if and only if f(x) = lim inf,_,, f(y).

(ii) If f is lower semicontinuous at x, then for every (xn) — X, one has
liminf, e f(xn) 2 f(x).

Proof (i) It is easy to observe that for every U € V(x), infycy f(y) < f(x), hence
liminf, f(y) < f(x), and this is true for an arbitrary function. Suppose f is lower
semicontinuous at x and take A € R, A < f(x). Then, according to the definition of the
lower semicontinuity, there exists U € V(x) such that A < f(y), forany y € U. It means
that A < infycy f(y) < liminfy ,x f(y). Since A was taken arbitrary and assumed to be
smaller than f(x), it follows that f(x) < liminf,_x f(y), and hence we have equality.
Suppose now f(x) = liminf,_, f(y) and take A € R, A < f(x). According to the defi-
nition of liminf, we know that there is U € V(x) such that A < inf,cy f(y) < f(2), for
every z € U, hence f is lower semicontinuous at x.

(ii) Take arbitrary U € V(x). Observe that since (x,) — x, there exists ny € N
such that, for every k = ny, one has x; € U. Accordingly, infy.,, f(x) = inf,cy f(y). It
follows that

supinf f(x;) = inf f(y), YU € V(x).
neN ken yeU

Passing to the supremum for U € V(x), and taking into account (i), the conclusion
follows. O

For upper semicontinuous functions, similar results can be deduced.

The next result is a generalization of the Weierstrass Theorem.

Theorem 2.5.3. Let f : R? — R be a lower semicontinuous function and K C R? be a
compact set. Then f is lower bounded on K and it attains its minimum on K.

Proof Take (x;) C K such that f(x;) — inf{f(x) | x € K}. From the compactness of
K, the sequence (x;) has a convergent subsequence to an element X ¢ K. From the
fact that the sets of the type K N N,f are closed for any v € R, v > inf{f(x) | x € K},
we deduce that X lies in all these sets (because for every v, the terms x are, from a
certain rank, in K N N,f). Then we deduce that f(x) < v for any v > inf{f(x) | x € K}.
Consequently, f(X) < inf{f(x) | x € K}. On one hand, this means that inf{f(x) | x €
K} € R, hence f is lower bounded on K, and, on the other hand, that X is the point we
are looking for, which realizes the minimum of f on K. The proof is complete. |

Obviously, for upper semicontinuous functions, we will have the other “half” of
the Weierstrass Theorem.



Semicontinuous Functions =— 77

Theorem 2.5.4. Let f : R? — R be an upper semicontinuous function and K C R? be
a compact set. Then f is upper bounded on K and it attains its maximum on K.

We know that, in general, the (pointwise) supremum of a family of continuous func-
tions is not a continuous function. For instance, if we define for everyn € N, f, :
[0, 1] = R, fu(x) = —x", then the pointwise supremum is the function

0, xe[0,1)

fO) = i‘égf"(x) - { -1, x=1,

which is not continuous on [0, 1]. In turn, f is lower semicontinuous on [0, 1], a fact
which is not accidental, as the following result shows.

Theorem 2.5.5. Let I be a nonempty arbitrary family of indices, and (f;);c; a family of
lower semicontinuous functions from R? into R. If for any x € RP,

sup{fi(x) |i eI} € R,

then the function f : R”— R given by f(x) = sup{fi(x) | i € I} is lower semicontinuous
onRP,

Proof For any a € R, one has:

F1((a,00)) = {x € RP | f(x) > a}
= J(x e R | fi(x) > a}.

icl

Since the functions f; are lower semicontinuous, the sets {x € R? | f;(x) > a} are open
according to Theorem 2.5.1. Since every union of open sets is an open set, we deduce
that f~! ((a, o)) is open, and by applying again Theorem 2.5.1, we get that f is lower
semicontinuous on R?. O



3 The Study of Smooth Optimization Problems

This chapter plays a central role in this monograph. In its first section, we present
smooth optimization problems and deduce existence conditions for minimality. We
take this opportunity to prove and discuss the Ekeland Variational Principle and its
consequences. We then obtain necessary conditions for optimality as well as suffi-
cient optimality conditions of the first and second-order for smooth objective func-
tions under geometric restrictions (i.e., restrictions of the type x ¢ M, where M is
an arbitrary set). The second section is dedicated to the investigation of optimality
conditions under functional restrictions (with equalities and inequalities). The main
aim is to deduce Karush-Kuhn-Tucker conditions and to introduce and compare sev-
eral qualification conditions. Special attention is paid to the case of convex and affine
data. Subsequently, we derive second-order optimality conditions for the case of func-
tional restrictions. The last section of this chapter includes two examples which show
that, for practical problems, the computational challenges posed by the optimality
conditions are sometimes not easy to solve.

3.1 General Optimality Conditions

Let U C R” be a nonempty open set, f : U — R be a function and M C U a nonempty
set. We are interested in studying the minimization problem for the function f when
its argument belongs to M. Formally, we write this problem in the following form:

(P) min f(x), subjecttox € M.

The function f is called the objective function, or cost function, and the set M is called
the set of feasible points of the problem (P), or the set of constraints, or the set of
restrictions.

We should say from the very beginning that we shall study the minimization of f,
but, by virtue of the relation max f = — min(-f), similar results for its maximization
could be obtained. Let us start by defining the notion of a solution associated to the
problem (P).

Definition 3.1.1. One says that X € M is a local solution (or, simply, solution) of the
problem (P) or minimum point of the function f on the set M if there exists a neighbor-
hood V of X such that f(x) < f(x) forevery x ¢ MN V.IfV = RP, one says that X is a
global solution of (P) or minimal global point of f on M.

[ =ZT=Tl © 2014 Marius Durea and Radu Strugariu
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Of course, for the maximization problem, the corresponding solution is clear. Let us
mention that in this chapter we will only deal with the case of smooth functions (up
to the order two, i.e., f € C?).

Remark 3.1.2. We shall distinguish two main situations for the study of problem (P) : (i)
the case where M = U and (ii) the case where M appears as an intersection between a
closed set of RP and U. In the former case, we say that the optimization problem (P) has
no constraints (or restrictions), while in the latter, we call this a problem with constraints.
In the case of a problem without constraints, we use as well the term “local minimum
point of f” instead of local solution. Let us observe that in Definition 3.1.1, if X € int M,
then X is a local solution of the unconstrained problem (it is enough to take a smaller
neighborhood V such that V. C M). So, in the case of problems with restrictions, the
interesting situationis whenx € bd M. Ifx € int M we say that the restriction is inactive.

In the next sections, the two cases mentioned above will be treated together, but
afterwards the discussion will split.

The basis of Optimization Theory consists of two fundamental results: the Weierstrass
Theorem which ensures the existence of extrema and the Fermat Theorem (on station-
ary, or critical points) which gives a necessary condition for a point to be an extremum
(without constraints) of a function. The theory follows the main trajectory of these fun-
damental results: on one hand, the study of existence conditions, and, on the other
hand, the study of the (necessary and sufficient) optimality conditions.

We now recall these basic results. The classical Weierstrass Theorem, also given in
the first chapter, states that a continuous function on a compact interval has a global
minimum point on that interval. We have shown already that some conditions can be
relaxed. Here is the theorem again.

Theorem 3.1.3 (Weierstrass Theorem). Iff : K ¢ RP — R is a lower (upper) semicon-
tinuous function and K is a compact set, then f is lower (upper) bounded on K (i.e., f(K)
is a bounded below (above) set) and f attains its minimum (maximum) on K, i.e., there
exists X € K such that }r€11f< fx) =fXx) (SIEJE f(x) = f(%), respectively).

X

Remark 3.1.4. The compactness of K is essential in the Weierstrass Theorem because
otherwise the conclusion does not hold. As an example, let us consider the continuous

function f : (0, 1] — R, f(x) = x L sin(x™1). Clearly, (ionlfrf(x) = —oo, and supf(x) = +oo.
> 0,1]

We now present Fermat Theorem. The particular case of a function of one real vari-
able was presented in Section 1.3. The proof of the theorem will be given later in this
chapter.



80 =—— The Study of Smooth Optimization Problems

Theorem 3.1.5 (Fermat Theorem). Let S C R” beasetand a € intS.Iff : S — Ris of
class C! in a neighborhood of a, and a is a local minimum or maximum point of f, then
a is also a stationary (or critical) point of f, i.e., Vf(a) = 0.

Some remarKks are in order to understand the applications of Fermat Theorem.

Remark 3.1.6. 1. The converse of Fermat Theorem is not true: for instance, the derivative
of f : R — R, f(x) = x> vanishes at 0, but this point is neither minimum nor maximum
of f.

2. The interiority condition for a is essential since, without this assumption, the con-
clusion does not hold: take f : [0, 1] — [0, 1], f(x) = x which has at x = 0 a minimum
point where the derivative is not 0. Therefore, in view of Remark 3.1.2, one can say that
Fermat Theorem applies only to unconstrained problems.

3.If S is compact and f is continuous on S and differentiable on int S, it is possible
to have Vf(x) # O for every x € intS, and in such a case the extreme points of f on S,
which surely exist from Weierstrass Theorem, lie on the boundary of S.

We now start our discussion on the existence conditions for the minimum points.

Theorem 3.1.7. Let f : R? — R be a lower semicontinuous function and M C R? be a
nonempty, closed set. If there exists v > inf, ¢ f(x) such that the level set of f relative to
M,ie., MNN,f ={x € M| f(x) < v}, is bounded, then f attains its global minimum on
M.

Proof It is obvious that if f has a global minimum on M. Similarly, it also has a global
minimum on M N N,f. Since this set is compact and f is lower semicontinuous, from
Weierstrass Theorem 3.1.3, we infer that f is lower bounded and attains its global min-
imum on M N N,f, whence on M, too. O

Obviously, in the above result, if M is bounded, then the hypothesis is automati-
cally fulfilled. The interesting case is where M is unbounded and in this situation we
ensure the boundedness assumption by imposing a certain condition on f.

Proposition 3.1.8. Let f : RP — R be a function and M C R? be a closed, unbounded
set. If im, ¢y ||| o0 f(X) = oo (i.e., for every sequence (x;) C M with ||x;|| — oo, one
has f(x;) — o), then the set Nvf N M is bounded for every v > inf ¢y f(x).

Proof Let v > inf,cy f. If the set N,f N M would be unbounded, then there exists
(xx) € Nvf N M with ||xi|| — oo. On one hand, by our assumption, lim f(x;) = oo and,
on the other hand, f(x;) < v for every k € N, which is absurd. So N,f N M is bounded.
O
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If the condition lim, ¢y, | || f(X) = oo holds, we say that f is coercive relative to
M. If limj o0 f(x) = oo, the we say that f is coercive.

Some special conditions to ensure the existence and the attainment of the mini-
mum on a bounded, not closed set can be given as well. We present here such a result
which we are going to use in Chapter 6.

Proposition 3.1.9. Let D, C C R” be two sets such that C is compact and DN C # (). Let
¢ : DN C — R be a continuous function. Suppose that the following condition holds: for
every sequence (x;) C DN C, x; — X € bd D n C, the sequence (¢(xy)) is unbounded
above. Then ¢ is lower bounded and attains its minimum on D N C.

Proof Firstly, let us observe that ¢ cannot be constant. Let xo € DN C such that ¢(xo) >
infyepnc @(x). It is enough to show that the level set A := {x € DN C | p(x) < ¢(xo)} is
compact (see the proof of Theorem 3.1.7). Obviously, A is bounded (as a subset of C).
It remains to show that A is closed. Let (x;) C A, x; — X. Suppose, by contradiction,
that x ¢ A. Then, from the closedness of C,

xe(cD\D)nCchdDnC.

By assumption, (¢(x;)) is unbounded above, which contradicts the definition of the
set A. Hence, A is compact and the conclusion follows. |

In general, a global minimum is local minimum, but, of course, the converse is
false. We shall derive a condition for the fulfillment of this converse. We now give a
necessary and sufficient condition for a point to be a global minimum.

Theorem 3.1.10. Let f : R — R be a continuous function and x € RP. Then the
following assertions are equivalent:

(i) x is a global minimum point of f;

(ii) every x € RP with f(x) = f(X) is a local minimum point of f.

Proof The implication (i) = (ii) is obvious. Suppose that (ii) holds, but x is not a global
minimum point. Then, there exists u € R? with f(u) < f(x). We define ¢ : [0, 1] = R
by ¢(t) := f(tx + (1 - H)u). The set S := {t € [0, 1] | ¢(t) = f(X)} is nonempty (1 € S),
closed (from the continuity of f) and bounded. Then there is ¢, = min S. Clearly, to €
(0, 1]. From the hypothesis, f(toX+ (1 - to)u) = f(x) tells us that the point tox + (1 - to)u
is alocal minimum of f. Consequently, there is € > 0 such that forevery t € [0, 1]N(to—
g, to+€), p(t) = p(to). Since to = min S, if one takes t; € [0, 1] N (¢ - €, to), the strict
inequality ¢(t;) > @(to) > @(0) holds. The function f being continuous, it has the
Darboux property (or intermediate value property), whence there exists t, € (0, t1)
with @(t2) = ¢(to) = f(X), and this contradicts the minimality of ty. Therefore, the
assumption made was false, hence the conclusion holds. O
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Notice that, if f is not continuous, the result does not hold. For this, it is sufficient
to analyze the following function f : R — R,

-x-1,x € (-0, -1]
x+1,x€(-1,0)
fx)=¢ -1,x=0
-x+1,x€(0,1)
x-1,x €[1,00).

Let us observe that, by using the function f : R — R, f(x) = x> and X = 0, that one
cannot replace in the item (ii) above the local minimality by the stationarity.

The above results ensure sufficient conditions for the existence of minimum
points under compactness assumptions for the level sets. Conversely, it is clear that
the lower boundedness of the function is a necessary condition for the existence of
minimum points, but the boundedness of the level sets is not. For instance, the func-
tion f : (0, 00) — R, f(x) = (x — 1)?e™* attains its minimum at X = 1 and the minimal
value is 0, but N, f is not bounded for every value of v > 0 = inf{f(x) | x € (0, o)}

Figure 3.1: The graph of (x — 1)2e~*.

One may like to have a notion of approximate minimum which is advantageous
to always exist if f is lower bounded. We work here with unconstrained problems in
order to better illustrate the main ideas.

Definition 3.1.11. Let f : R? — R be a lower bounded function and take € > 0. A point
Xe is called e-minimum of f if

f(xe) < inf f(x) +e.
xERP
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Since inf,cgre f(x) € R, the existence of e-minima for every positive ¢ is ensured. We
use the generic term of approximate minima for e-minima.

We now present a very important result, the Ekeland Variational Principle, which
states that close to an approximate minimum point one can find a genuine minimum
point for some perturbation of the initial function. This results was proved by the
French mathematician Ivar Ekeland in 1974.

Theorem 3.1.12 (Ekeland Variational Principle). Let f : R? — R be a lower semicon-
tinuous and lower bounded function. Let € > 0 and let x. be an e—~minimum of f. Then,
for every § > O there exists X € RP that have the following properties:

f(Xe) < fxe),
[[Xe = xe|| < 8,
f(x) < f(x) + 671 ||x - X¢||, Vx € RP.

Proof Let us consider the functiong : R — R
800 =f0) +e67! x - xe||.

Using the assumptions on f, we infer that g is lower semicontinuous and lower
bounded. Moreover, g is coercive, i.e.,

lim g(x) = +oo.
[lx[|—e0

From Theorem 3.1.7 and Proposition 3.1.8, the function g has a global minimum
point, which we denote by Xx.. Consequently,

F(Xe) + €671 ||Xe — Xe|| < f(X) + €67 ||x — x|, VX € RP. (3.11)

For x = x., we get
f(xe) < fxe).

That is the first relation in the conclusion. On the other hand, using this inequality
f0x) = inf f0) + e,
with the relation (3.1.1), for x = x, implies that:
671 ||Xe — xe| < 1.

This is the second part of the conclusion. Relation (3.1.1) allows us to write, succes-
sively, for any x € R,

f%e) < OO + €87 (|Ix — xel - [|Xe =~ xel)

<fO)+e8t||x -%e|.

That is the last part of the conclusion. The proof is complete. O
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Remark 3.1.13. Notice that the Ekeland Variational Principle holds (with minor changes
in the proof) if instead of the whole space R? one takes a closed subset of it.

Clearly, the point X is a global minimum point for the function
x> fO)+e67t |x - X .

On the other hand, if we want X; to be close to x¢ (i.e., § to be small), then the pertur-
bation term, €671 || - X;|| is big. A compromise would be to choose § := v/, and in
this case one gets the next consequence.

Corollary 3.1.14. Let f : R? — R be a lower semicontinuous and lower bounded func-
tion. Take € > 0 and let x; be an e—~minimum of f. Then there exists X ¢ R? having the
properties:

f(Xe) < fxe),

I%e - xe | < Ve,

f(xe) < f(X) + Ve||x - Xe||, ¥Xx € RP,

The Ekeland Variational Principle has many applications. Some of these refer to the
same issues of extreme points. The next example of such an application asserts that
every differentiable function has approximate critical points (for which the norm of
the differential is arbitrarily small).

Theorem 3.1.15. Let f : R? — R be a differentiable, lower bounded function. Then for
every €, 8 > 0, there exists Xe € R” with f(Xe) < infyerr f(X) + € and || Vf(Xe)|| < €67".
In particular, there exists (xn) C RP with

f(xn) — inf f(x), Vf(xn) — O.
XERP

Proof Let x¢ be an e-minimum of f. According to Theorem 3.1.12, there exists X¢
RP with the three mentioned properties. Since f(x:) < f(x:), we infer that f(x.)
infycre f(x) + €. Let x := X. + tu with u € R” and t > 0. The relation f(x¢)
f(0) + €671 ||x — X¢|| holds for any x € R?, so we have

flxe + tu) - f(xe) -
—

In M

IN

-6 ul|.
Passing to the limit with t — 0, we deduce
ViXe) () > -6 ||u||, Yu € RP,

that is,
~Vf(Xe)(u) < €67 ||u||, Yu € R?.

Changing u into —u, we get

VI(Xe)(u) < €87 ||ul, Vu € R?,
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whence

|Vf(xe)w)| < €67 |Jull, Yu € RP,
and this implies ||Vf(Xe)|| < €67".Fore := n”!, § = Vn1, n € N" we obtain the second
part of the conclusion. O

The Ekeland Variational Principle also allows us to prove the equivalence of sev-
eral existence conditions for minimum points.

Theorem 3.1.16. Let f : R’ — R be a differentiable, lower bounded function. The
following assertions are equivalent:

() limyy oo f(X) = o003

(ii) Nyf is bounded for any v > inf,cgs f(x);

(iii) every sequence (x,) for which (f(x,)) is convergent and Vf(x,) — O has a con-
vergent subsequence.

Proof The implication (i) = (ii) was already proved in Proposition 3.1.8, while (ii) =
(iii) is a consequence of the fact that every bounded sequence has a convergent sub-
sequence. Let us show that (iii) = (i). Suppose, by way of contradiction, that there
exist ¢ € R and a sequence (x,) C R" with ||xu|| — oo and f(x,) < c, for every n € N,
Clearly, ¢ = inf,cpe f(x). For every n € N* we choose

en:=c+n - inf f(x) >0,
XERP
so,
fOxn) < inf f(x) + &n.
X€ERP
Let 8, := 27! ||xn|| > 0. Like in Theorem 3.1.15 (and its proof) there exists X, with

f(xn) < f(xn) < infyepre f(X) + &,

[Xn = Xn|| < n,

| Vf(Xn)|| < €n8r".
But,

[Xnll = [[xnll = 1Xn = Xnll 2 [Xnll =27 [xn] = 27" ||xal|

whence |[Xn|| — oo. On the other hand,

—_ 2 1.

| VfGen)|| < m(c +n Xlenﬂgpf(x)) — 0.

Since (f(xn)) is bounded, it has a convergent subsequence. From (iii), one deduces
that (x») should also have such a subsequence, but this is not possible. Consequently,
(i) holds. |

The condition (iii) in the above result is called Palais-Smale condition.
On the basis of Ekeland Variational Principle one obtains a new condition for the
existence of the minimum points.
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Theorem3.1.17. Let a > O and f : R’ — R be a lower semicontinuous and lower
bounded function. Suppose that for every x € RP with inf,crs f(X) < f(x) there exists
z € RP \ {x} such that

f@) <fO)-allz-x].

Then f has a minimum global point.

Proof Suppose, to obtain a contradiction, that the conclusion does not hold. Then,
for every x € R?, inf,cp» f(x) < f(x), so, by the assumptions made, there exists zy €
R? \ {x} such that
fz) < fO) - alzx = x]|..
By the Ekeland Variational Principle for & > 0, § > O with €67! = a, there is an element
u € RP with
fWsfW+alv-ul, v eRP.

Then
Q) = f(zu) + allzu —ul| < fw),

which is absurd. Hence the conclusion hold. O

A straightforward example of a function which satisfies the conditions of the
aboveresultis f : R — R, f(x) = B |x| for B > a.

In the second part of this section, we present necessary optimality conditions and
sufficient optimality conditions. At first, we deduce necessary optimality conditions
that use the ideas developed around the construction and the study of the Bouligand
tangent cone.

Theorem 3.1.18 (First-order necessary optimality condition). Ifx is a local solution of
(P) and f is differentiable at x, then Vf(x)(u) = 0 for every u € Tz(M, X).

Proof Let V be a neighborhood of X where f(X) < f(x) for every x ¢ VN M. Letu <
Tg(M, X). Then there exists (t,) C (0, o) with t, — 0 and (un) — u such that for every
n,

X + thun € M.

Obviously, the sequence (tnun) converges towards O € RP and, for n large enough,
X + tnun belongs to V. Taking into account the differentiability of f at X, there exists
(an) C R, an — O such that for every n € N,

FX + taun) = f(X) + ta VX (Un) + tn |un]| an,

whence,
V) (un) + |[un|| an = 0,

for all n large enough. Passing to the limit for n — oo, we get the conclusion. |



General Optimality Conditions = 87

Remark 3.1.19. The conclusion of Theorem 3.1.18 could equivalently be written as
-Vf(X) € Ng(M, %).

Remark 3.1.20. Taking into account Proposition 2.1.12, if X € int M (inactive restric-
tion), Theorem 3.1.18 gives Vf(X)(u) = O for every u € RP. The linearity of Vf(X) implies
Vf(x) = 0, i.e., the Fermat Theorem on stationary points.

We present now a second-order necessary optimality condition for the problem with-
out restrictions.

Theorem 3.1.21 (Second-order necessary optimality condition). Let U C RP be an
opensetand X € U.Iff : U — R is of class C* on a neighborhood of X, and X is a
local minimum point of f, then Vf(X) = 0 and V*f(X) is positive semidefinite (that is,
V2f(%)(u, u) = 0 for every u € RP).

Proof Let V C U be a neighborhood of x such that f(x) < f(x) for every x € V and f
is of class C? on V. The fact that Vf(x) = 0 follows from Fermat Theorem. As before,
take u € R? and (t,) C (0, o) with t, — 0. Taylor Theorem 1.3.4 says that for every
n € N there exists ¢, € (X, X + tyu) such that

FG+ tat) - FD) = 6 VF W) + 5 EVAF(En)u, 1) = SV (et ),
For n sufficiently large, f(X + tou) - f(x) = 0, whence
V2f(en)u, u) = 0,
and passing to the limit as n — oo we get ¢, — X. Since f is of class C2, we infer
V() (u, u) = 0,

whence V2f(X) is positive semidefinite. |

Obviously, if X € int U is a local maximum of f, then Vf(x) = 0 and V2f(x) is
negative semidefinite (i.e., V2f(x)(u, u) < O for every u € RP). Further, if V2f(X) is
neither positive semidefinite, or negative semidefinite, then x is not an extreme point
of f.

In fact, many results in this book are generalizations, refinements of these results,
or answer to different issues which naturally arise from their analysis.

One may consider whether the converses of these results are true. The answer is
negative in both cases: it is sufficient to consider the function f : R — R, f(x) = x>
and x = 0.

One can however impose supplementary conditions in order to get some equiva-
lences, and the most important of these relates to convex functions.
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Theorem 3.1.22. Let U C RP be an open convex set and let f : U — R be a convex
differentiable function. The next assertions are equivalent:

(i) X is a global minimum point of f (on U);

(i) X is a local minimum point of f;

(iii) X is a critical point of f (i.e., Vf(x) = 0).

Proof The implication (i) = (ii) is obvious for every function, and (ii) = (iii) follows
from Fermat Theorem. Finally, the implication (iii) = (i) relies on the convexity of f
and follows from Theorem 2.2.10. O

Therefore, for convex functions, the first-order necessary optimality condition (in
the unconstrained case) is also sufficient. In this situation, the second order condition
is automatically satisfied (according to Theorem 2.2.10).

Concerning the nature of the extreme points for convex functions, we record here
some important aspects.

Proposition 3.1.23. Let M C RP be a convex set and let f : M — R be a convex
function. If x € M is a local minimum point of f on M, then X is in fact a global minimum
point of f on M. If u € int M is a local maximum point of f, then u is a global minimum
point of f.

Proof Let x be a local minimum point of f on M. Then there exists a convex neigh-
borhood V of X such that for every x € V. n M, f(x) < f(x). Let x € M. There exists
A€ (0,1)suchthaty := (1 -A)Xx+Ax € Mn V. Then,

fG) < f(y) = f((1 - Vx + Ax) < (1 - Vf(X) + Af (x),

that is,
Af(x) < Af(x),

and the conclusion of the first part follows.

For the second part, there is a convex symmetric neighborhood V of 0 (a ball with
the center 0, for instance) such that forevery v € V, f(u+v) < f(u) and f(u-v) < f(u).
Then

P =F (S0 + 50=v)) 2 3w+ =) < ),

for all v € V. Consequently, f(u + v) = f(u) for every v € V. Therefore, u is a local
(hence global) minimum point of f. d

Proposition 3.1.24. Let M C RP be a convex set and let f : M — R be a convex
function. If nonempty, the set of minimum points of f on M is convex. If, moreover, f is
strictly convex, then this set has at most one element.
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Proof From the preceding result, if x;, x, € M are (global) minima of f on M, then
f(x1) = f(x2). The convexity implies f(x) = f(x;) for every x € [x1, x>]. Therefore, the
first part is proved. Suppose now that f is strictly convex. If this is so, then we would
have two different global minima, then f(x) < f(x;) for every x € (x1, x,), which is not
possible. |

For constrained problems involving convex functions, the first-order necessary
optimality condition is, again, a sufficient optimality condition.

Proposition 3.1.25. Let U C R? be a convex open set and let f : U — R be a convex,
differentiable function. Let M C U be convex. The element x € M is a minimum point of
f on M if and only if

-Vf(x) € N\M, X).

Proof Let X € M be a minimum point of f on M. Then, according to Theorem 3.1.18,
Vf(x)(u) = 0 for every u € T(M, X), that is

-Vf(x) € T(M,x)” = N(M, X).
Conversely, we know from the convexity of f (Theorem 2.2.10), that
fx) 2 fX) + VX)X -x), vx € U.
But, using the hypothesis and the convexity of M (Proposition 2.1.15),
-Vf(x) e NAM,X) = {u € R? | (u,x -x) <0, Vx € M},

whence Vf(X)(x —X) = 0 for every x ¢ M. From these relations we know f(x) > f(x) for
every x € M. O

Coming back to Theorems 3.1.18 and 3.1.21, in order to formulate sufficient opti-
mality conditions, we strengthen the conclusion of these results. The good point is
that we get stronger minimality concepts.

Definition 3.1.26. Let a > 0. One says that x € M is a strict local solution of order a
for (P), or a strict local minimum point of order a for f on M if there exist two constants
r, 1 > 0 such that for every x ¢ M N B(X, r),

fO) = fGO + Lx ="
The announced results are as follows.
Theorem 3.1.27. Suppose that f is differentiable at x € M and
Vi) (u) > 0, Yu € Tg(M, x) \ {0}.

Then X is a strict local solution of order a = 1 for (P).
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Proof Suppose, by way of contradiction, that X is not a strictly local solution of order
1. Then, there exists a sequence (x,) — X, (xn) C M such that for every n € N,

fO) < fGO +n7" xn = %]

By virtue of this inequality,
Xn#X, Vne N,

Since f is differentiable, there exists a sequence of real numbers (y,) — 0 such that
foreveryn e N,
fxn) = £ + VG (xn =X) + yn [[Xn = X .

The combination of these two relation yields
nt xn = X|| > V) xn = %) + yn [|xn - X,
whence, by division with ||x, — X|| , we deduce

Xn—X
[Ixn - X||

nt!> vfX) < > +yn, VneN". (3.1.2)

Since the sequence (ﬁ) is bounded, there exists a convergent subsequence of
it. The limit, denoted by u, of this subsequence is not zero (being of norm 1) and,
furthermore, from ||x, - X| — O, we infer that u € Tp(M, X). Consequently, u <

Tp(M, x) \ {0}, and passing to the limit in the relation (3.1.2) we have
0> VX)),

which is in contradiction with the hypothesis. O

Notice that for differentiable functions, the concept of a local strict solution of
order 1 is specific to the case of active restrictions (that is, x € M \ int M): if f is dif-
ferentiable at X € int M, then X cannot be a local strict solution of order 1. Indeed,
if X € int M would be local strict solution of order 1, then, on one hand, Vf(x) = 0
(Fermat Theorem), and, on the other hand, Vf(X) # 0 from the definition of strict so-

lutions.
Concerning second-order optimality conditions, one has the following results.

Theorem 3.1.28. Suppose that f is of class C%, Vf(x) = 0 and
V2 f(x)(u, u) > 0, Yu € Tg(M, )\ {0}.

Then X is a local strict solution of order a = 2 for problem (P).

Proof As before, one supposes, by contradiction, that the conclusion does not hold.
Then there exists a sequence (xn) — X, (xn) C M \ {X} such that for every n € N,

FO) < fGO) +n 7t {|xn - X||?.
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From Taylor Theorem 1.3.4, for every n € N there exists c, on the segment joining X
and xy such that

FOm) = £ = VF@n =0 + 3 V(ca)on = %, Xn = 9)
= %sz(cn)(xn =X, Xn = X).
We get
n o = %2 > 2V2F(En)n = T X0 = ),

whence, in order to finish the proof, we divide by ||x, - X||* and we repeat the above
arguments. O

In the unconstrained case, this result gives the following consequence.

Corollary 3.1.29. Let U C R? be a nonempty, opensetand f : U — R be a C? function.
Ifx € Uis a critical point of f and V2f(X) is positive definite (i.e., V2f(X)(u, u) > O for
every u € RP \ {0}), then X is a local strict solution of order a = 2 for f.

One can identify V2f(x) with the Hessian matrix of f at X, (%(Y)) __,and a
i,jel,p

sufficient condition for the positive definiteness of it is given by the next criterion,

known from linear algebra (Sylvester criterion): all the determinants of the matrices

( o°f (Y)) _— k € 1, p are strictly positive. Analogously (for —f), if the determi-

oxiox ijel

nants of the matrices ( aﬁfng (Y)) — k € 1, p are not zero and change the signs
i,jet,

starting with minus, then V2f(x) is negative definite and X is a maximum point. Fur-
thermore, if all these determinants are not zero, then any other distribution of their
signs leads to the conclusion that the reference point is not an extreme point.

3.2 Functional Restrictions

The restriction of the problem (P) introduced in the previous section is x € M. Many
times, in practice this set M of feasible points is defined by means of functions. Let
us consider g : R? — R"and h : R? — R™ as C! functions. As usual, g and h can
be thought of as g = (g1, g2, ...,8n), and h = (hy, h,, ..., hm), respectively, where
gi:RP 5 R(ie1,n)andh;: R” - R (j € 1, m)are C' real valued functions.

Let the set of feasible points be defined as:

M:={xecU|gkx) <0, h(x) =0} c R®.

Let us observe that we have two types of constraints: equalities and inequalities. Let
x € M.Ifforan i € 1, n, one has that g;(x) < 0, then the continuity of g ensures
the existence of a neighborhood V of x such that g;(y) < 0 forall y € V. Therefore,
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when one looks for a certificate that x is a local solution of (P), the restriction g; < 0
does not effectively influence the set of points u where one should compare f(x) and
f(u). For this reason, one says that the restriction g; < 0 is inactive at x and these kind
of restrictions should be eliminated from the discussion. In the opposite case, when
gi(x) = 0, we call this active (inequality) restriction. For X € M, we denote the set of
indexes corresponding to active inequality type restrictions by

Ax)={ie1,n| gk =0}

We are now going to present two types of optimality conditions for problem (P)
with functional constraints as described above. These two types of conditions are
formally very close, but their differences are important for the detection of extreme
points. We start with the Fritz John necessary optimality conditions where the objec-
tive function does not play any special role with respect to the functions which define
the restrictions. We shall consider the drawbacks of these conditions, and next we
shall impose supplementary conditions in order to eliminate then. By this procedure,
we get the famous Karush-Kuhn-Tucker necessary optimality conditions which will be
extensively used for solving nonlinear optimization problems.

3.2.1 Fritz John Optimality Conditions

The result of this subsection refers to necessary optimality conditions for problem (P)
with functional restrictions without any additional assumption to the general frame-
work already described. These conditions were obtained in 1948 by the German math-
ematician Fritz John.

Theorem 3.2.1 (Fritz John). Let X € M be a solution of (P). Then there exist Ag € R,
Ao 20, =(A1,2A2,...,An) € R", u = (U1, U2, ooy Um) € R™, with Ao + ||| + [|u]| # O
such that

n m

AVF(R) +> " AiVgi(X) + > uVhi(x) = 0

i-1 j=1

and
Ai 20, Aigi(x) =0, foreveryic1,n.

Proof Let us take 6 > 0 such that D(x, §) c U and for every x € MND(X, 6), f(X) < f(x).
For all k € N” we consider the function ¢ : D(X, §) — R given by

N\»

P00 =00 + 5 Z (8700)" +5 3 (m00)" +3 Ix -2,
j=1
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where g{ (x) = max{g;(x), 0}. Clearly, ¢ attains its minimum on D(X, §) and we de-
note by x; such a minimum point. We also observe that

0 <) = flxi) + = Z g7 )’ %Z hj(xi)) +%|\xk—i\|2
j=1

< () = f(X).

Since the sequence (x;) is bounded and f in continuous on D(X, 6), we infer that (f(x;))
is also a bounded sequence. Letting k — oo in the above relation, we get

n

2
Jim 1 (8i(xQ)" =0
i=

m
. 2
lim h; =0.
koo £ ( ](Xk)) 0
Jj=1
The boundedness of (x;) ensures that one can extract a convergent subsequence of it.
Without relabeling, we can write x, — x* € D(%, §), and the previous relations yield

x" € M. Consequently, passing to the limit in the inequality above, we have
* 1 * p— 2 s
f(x)+E Hx —XH < f(x).

On the other hand, f(x) < f(x), x|| = 0, thatis x* = X. Therefore x; — X.

An essential remark here is that ¢, is differentiable since the (nondifferentiable)
scalar functions gj(x) are squared, whence V (gi*(x))2 = g{(x)Vg(x). Since x; is a
minimum for ¢, on D(x, §), we deduce that

-Voixy) € N(D(x, 6), x).

For k sufficiently large, x; belongs to the interior of the ball D(x, §) and we conclude
that for these numbers k, one has N(D(X, 6), xx) = {0}. The combination of these facts
allow us to write

V) + k> gi ) vela) + k> hi(xi)Vhi(x) +x-X = 0, (3.21)
i=1 j=1

for every k large enough. Fori € 1, n, j € 1, m, we denote a%‘ = kgi (xy), ﬁ]’f = khj(xy)

and y* = \/1 + Zl" L () + > (B¥)?. It is clear that y* > 1 and we take A} := S

Ak = “—’k, pf := 7. We observe that
n m

(/1’6)2 +Z (/lf)z +Z (y}‘)z =1,

i=1 j=1
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whence the sequences (A%), (A¥), (}l,lf) (i € 1, n,j € 1, m) are bounded. Then there exist
subsequences (we keep the indexes) convergent to some real numbers, respectively
denoted by

Ao, A1, Ag,y ey An, His U2y eees Um.

These numbers cannot be zero simultaneously. The positivity of the terms of the se-
quences (A¥), (A¥) (i € T, n) implies the positivity of their limits Ao, A1, A2, ..., An. Now,
we divide relation (3.2.1) by y*, and we get

n m 1 B
ASVFOG) + > AfVEa) + > pfVhi(a) + JE (k=) = 0.

i=1 j=1

Letting k — oo we have the first relation in the conclusion. Now we show the second
one. Leti € 1,n.If A; = 0, there is nothing to prove. Otherwise, if A; > 0, from the
definition of A; we infer that for k sufficiently large, g7 (x;) > 0, whence g{ (x;) = g(xy).
The relation

0 < gilxx) — gi(x) <0

leads us to the conclusion g;(x) = 0. So, the second part of the conclusion holds and
the theorem is completely proved. O

The relations in the conclusion of Theorem 3.2.1 are called Fritz John necessary
optimality conditions. The major drawback of this result is that it does not eliminate
the possibility that the real number associated to the objective function (i.e., Ag) can
be zero. This means that it would be possible to have too many points where the con-
ditions in the conclusion are satisfied and therefore, in such a case, the result would
not give important practical hints on the solutions. For instance, if a feasible point x
satisfies Vg;(x) = 0 for a certain i € A(x) or Vh;(x) = 0 foran j € 1, m, then it satisfies
Fritz John conditions (with A = 0), the objective function being then completely elim-
inated. In the next subsection we shall impose a condition in order to avoid A = 0.

Let us first illustrate the possibilities created by Theorem 3.2.1 through two con-
crete examples.

Example 3.2.2. Let us consider the problem of minimization of f : R? — R,
flx, x2) = (x1 - 3)° + (x2 - 2)°
under the restriction g(x) < 0, where g : R? — R*,
g(x1,x2) = (X7 + X3 = 5, X1 +2X2 — 4, —X1, —X2).

One can observe graphically that x = (2, 1) is solution of the problem and A(X) = {1, 2}.
We want to verify Fritz John condition at this point. From the second condition, since
3,4 ¢ A(x), we get A3 = A, = 0. Since Vf(x) = (-2,-2), Vg1(x) = (4,2), Vg,(x) =
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(1, 2), we have to find positive real numbers Ag, A1, A, = 0, not simultaneously zero, such
that
AO(—Z, _2) + A1(49 2) + AZ(la 2) = (O’ O)-

We get A1 = $Ao and A; = %o, whence, by taking Ao > 0, the first Fritz John condition
is fulfilled.

Let us now have a look to the point x = (0, 0). This time A(x) = {3, 4}, whence
A1 = Ay = 0. We have that Vf(x) = (-6,-4), Vg3(x) = (-1,0), Vg4s(x) = (0,-1). A
computation shows that the equation

/10(—6, —4) + /13(—1, O) + /\4(0, —1) = (0, 0)

has no solution (Ao, A3, A4) different to zero with positive components. Then x does not
fulfill the Fritz John conditions, hence it is not a minimum point for the given problem.

Example 3.2.3. Let us consider the problem of minimization of f : (0, o0)x(0, o0) — R,
f(x1, x2) = =2x> under the restriction g(x) < 0, where g : R? — R3, g(x1, x2) = (x1 —
X2 —-2,-X1+X2+2, X1+ X2 —6). The set M of feasible points is [(2, 0), (4, 2)]\ {(2, 0)},
and the minimum point is X = (4, 2). It is easy to observe that any feasible point satisfies
the Fritz John conditions, but the solution is the only point where one can choose Ao # 0.
Indeed, if x is a feasible point different to X, then A3 = 0, A; = A; and Ao = 0.

3.2.2 Karush-Kuhn-Tucker Conditions

As seen before, it is desirable to have a Fritz John type result, but with 1o # 0. We
could directly impose an extra condition in Theorem 3.2.1 in order to ensure this, but
we prefer a direct approach because we aim at working with weak assumptions.

Let consider the sets

m
GX) =4 > AVe®+ > uVh(R |20, Vie AR, eR,VjeT,my CRP.
icA®X) j=1
(where, as usual, we used the identification between L(R?, R) and R?) and
D(x) = {u e R? | Vg;(x)(u) < 0, Vi € A(X) and Vh;(X)(u) =0, Vj € 1, m} .

Before the main result, we need to shed some light on some important relations
for these sets.

Proposition 3.2.4. For every X € M we have:
(1) G(X) =D();
(ii)) Tg(M, x) c D(X).
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Proof (i) The inclusion G(x) ¢ D(x) is obvious, while the reverse one is a direct con-
sequence of Farkas Lemma (Theorem 2.1.8).

(ii) Clearly, 0 € D(x). Let u € Tg(M, X) \ {0}. By the definition of tangent vectors,
there exist (t,) C (0, o), tn — 0 and (u,) — u such that for every n,

X + thun € M.

The sequence (t,un) converges towards O in R?. Taking into account the differentia-
bility of h at X, there exists (an) C R?, an — 0 such that for every n € N,

h(X + taun) = h(X) + tn VAX)(Un) + tn ||Un| an.

Since h(X + taun) = h(x) = 0, dividing by t, and passing to the limit as n — oo, we get
Vh(x)(u) = 0. Now, for every i € A(X) there exist (a};) C R, a}; — 0 such that for every
neN,

8i(X + tnun) = gi(X) + taVgi(X)(un) + tn ||un|| ai,.

As before, since g;(X + tnun) < 0 and g;(x) = 0, we have Vg;(x)(u) < 0, and the propo-
sition is proved. O

The next example shows that the reverse inclusion in the item (ii) above is false.

Example 3.2.5. Letg : R> — R, g(x1,x2) = —x1 — X2, h : R? = R, h(x1, x2) = x1%2
and the feasible point x = (0, 0). Then:

D(x) = {(u1, u2) | ~us —uy <0},
Tg(M, %) = {(u1, u2) | uy 2 0,uy =20, uu, = 0}.

We establish now a generalized form of a classical result known under the name
of Karush-Kuhn-Tucker Theorem, since it was obtained (with stronger assumptions)
by the American mathematicians William Karush, Harold William Kuhn and Albert
William Tucker. It is interesting to note that William Karush obtained the result in
1939, but the mathematical community become aware of its importance when Harold
William Kuhn and Albert William Tucker got the result, in a different way, in 1950.

Theorem 3.2.6 (Karush-Kuhn-Tucker). Let x € M be a solution of the problem (P).
Suppose that Tg(M,%x)” = D(X)". Then there exist A = (A1,A3,...,An) € R", u =
(M1, U2y -.er Um) € R™, such that

V@) +> AVgi(®)+ > wVhix) =0 3.2.2)
i=1 j=1

and
Ai 20, A;gi(x) =0, foreveryic1,n. (3.2.3)
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Proof From Theorem 3.1.18, Vf(x)(u) > O for every u € Tg(M, X), whence -Vf(X) ¢
Tz(M, X)". We use now the assumption Tg(M, X)~ = D(x)" to infer that —-Vf(x) € D(x)".
From Proposition 3.2.4 (i), we get -Vf(x) € G(x). Consequently, there exist A; 2 0,i €
A(), pj € R,j € 1, m such that -Vf(X) = > 45 i V8i(X) + Z,‘”:l1 U;Vh;(x). Now, for
indexesi € 1, n \ A(X) we take A; = 0, and we obtain the conclusion. O

If one compares Theorem 3.2.6 and Theorem 3.2.1, one notices the announced dif-
ference concerning the real number associated to the objective function.
The function L : U x R™™ & R,

Lo, (A, 1) 5= FO0 + > g0 + > pihi(x)

i=1 j=1

is called the Lagrangian of (P). Therefore, the conclusion given by relation (3.2.2) can
be written as
VXL(Ya (Ay H)) = 0,

and the elements (A, u) € RY x R™ are called Lagrange multipliers. This name is due
to the fact that the first time this method was used to investigate constrained opti-
mization problems was given in some of Lagrange’s works on calculus of variations
problems.

The preceding theorem does not ensure the uniqueness of these multipliers. We
denote by M(X) the set of Lagrange multipliers at X, i.e.,

M(X) := {(A, p) € RY xR™ | V4L(X, (A, p)) = 0},

where R” := [0, oo)".

On the other hand, L(x, (A, 1)) is an affine function with respect to the variables
(A, u). We can observe the following fact which will appear later in the discussion: if
X € M and (A, 1) is a maximum on R” x R™ for (A, u) — L(X, (A, u)), then A;g;(X) = 0
foreveryi € 1, n.

Theorem 3.2.6 gives necessary optimality conditions for (P). If, instead of mini-
mization, we are looking for maximization of the objective function f under the same
constraints, then, from max f = — min(—f), the necessary condition (3.2.2) can be writ-
ten as

n m
—VfE) + > AVgi(®) + > pVhi(x) = 0.
i-1 j=1
Furthermore, let us notice that if one has only equalities as constraints, taking into

account that h(x) = 0 is equivalent to —h(x) = 0, the necessary optimality condition
can by written, for both maxima and minima, as

V) +> 1 VhiX) = 0.

j=1
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Coming back to the main results, let us observe two more things. Firstly, if the
problem has no restrictions (for instance, U = M = RP), then relation (3.2.2) reduces
to the first-order necessary optimality condition (Fermat Theorem): Vf(x) = 0. Sec-
ondly, the key relation (3.2.2) does not hold without supplementary conditions (here,
Tg(M,x)” = D(x)"). To illustrate this consider the following example.

Example 3.2.7. Letf : R> —» Randg : R> — R? given by f(x1, x2) = x1 and g(x1, x») =
(=x2+(1-x1)3, x2). It is easy to see that X = (1, 0) is @ minimum point of the associated
problem, but (3.2.2) does not hold. Clearly, Fritz John conditions are fulfilled for Ao = 0.

So, in the next section, every condition which ensures the validity of the Karush-Kuhn-
Tucker Theorem is called a qualification condition, and in view of the decisive impor-
tance of such requirements, we shall discuss it into detail in the next section.

Before that, let us observe that under certain assumptions, Karush-Kuhn-Tucker
conditions (3.2.2) and (3.2.3) are also sufficient for minimality.

Theorem 3.2.8. Suppose that U is convex, f is convex on U, his affineand g;,i € 1,n
are convex. Let X € M. If there exists (A, u) € R" x R™ such that (3.2.2) and (3.2.3)
hold, then x is a minimum point for (P) (or minimum of f on M).

Proof The condition (3.2.2) expresses the fact that
VxL(x, (A, p)) = 0.

Under our assumptions, L is a convex function in x, so according to Theorem 3.1.22, X
is a minimum (without constraints) of the map x — L(x, (A, u)). Therefore, for every
xeU,

L0t (A, ) = OO+ > Aigi0) + Y pihy(x0) = LE, (A, ) = f(X).

i-1 j=1
But, for any x € M,
n m
> g+ uihi() <0,
i=1 j=1
whence f(x) > f(x). The proof is complete. O

Concerning the structure of the set of Lagrange multipliers, we have the following
result.

Proposition 3.2.9. For data with the structure mentioned in the above theorem, the set
M(x) of the Lagrange multipliers is the same for all minimum points of f an M.
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Proof Clearly, M is a convex set. Let x1, x, € M be two minimum points of (P). Accord-
ing to Proposition 3.1.23, one has f(x1) = f(x2). Let (A, u) € M(x1). Then

Vf(x1) + Z AiVgi(x1) + ZH;th(Xl) =0

i-1 i1
and
Ai 20, Aigi(x1) =0, foreveryi e 1,n.

As before,

n
flx2) + ZAigi(Xz) = f(x1) = f(x2).
i=1
Taking into account the information on the numbers A; and g;(x,), we infer that
Aigi(x2) = 0foreveryi € 1, n. From

L(x2, (A, @) = f(x2) = f(x1) = L(x1, (4, p)),

we get that x, is a minimum point for the convex function L(:, (A, u)) on U. Hence

VF0R) + > AiVgi(xa) + Y pjVhixa) = 0.

i=1 j=1

We have that (A, u) € M(x3). The other inclusion follows by exchanging x; and x; in
the above proof. O

We now interpret Theorem 3.2.6 by using the concept of saddle point applied to
the Lagrangian function. Firstly, we define the concept.

Definition 3.2.10. Let X, Y be two setsand F : X x Y — R. A saddle point of F is a pair
(X,¥) € X x Y with the property that

max F(x, y) = F(x,y) = min F(x, ). (3.2.4)
yeyY xeX

It is clear that the relation (3.2.4) is equivalent to
F(x,y) < F(X,y) < F(x,y), V(x,y) e Xx Y
and to
F(x,y) < F(x,y), ¥(x,y) € Xx Y.

For instance, the point (0, 0) is a saddle point of F : R xR — R, F(x, y) = x> - y?
(the figure below).
The following general result is in order.

Proposition 3.2.11. For all saddle points (X, y) of F, the value F(X,Y) is constant. If
(x1,y1) and (x3, y») are saddle points, then (x1, y,) and (x2, y1) are saddle points as
well.
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Figure 3.2: A saddle point.

Proof The following relations hold:

F(x1,y) < F(x1,y1) < F(x, y1), ¥(x,y) € Xx Y
F(x2,y) < F(x2,y2) < F(x,y2), V(x,y) € Xx Y.

If, in the first one, we take x = x, and y = y,, and in the second one we put x = x; and
y =y1, we get F(xq, y1) = F(x2, y2) = F(x2, y1) = F(x1, y2). Moreover, we can write for
every (x,y) e Xx Y,

F(x1,y) < F(x1,y2) < F(x, y2),

whence (x1, y,) is a saddle point. For (x;, y1), the proof is similar. O

For the general form of problem (P), we consider again the Lagrangian function
L:Ux(R}xR™ = R,

LOG A, ) = fO) + > AigiC) + > pihy(0).

i=1 j=1

Theorem 3.2.12. An element (x, (A, 1)) € U x (R* x R™) is a saddle point for the La-
grangian function L if and only if the following relations hold:

(i) X is @ minimum point for L(-, (A, it)) on the open set U;

(ii)x € M;

(iii) A;g:(x) = 0, foreveryic 1, n.

Proof Let (X, (A, 1)) € U x (R? x R™) be a saddle point for L. Then, according to the
definition,

L, (A, w) = L(x, A, 7)) = min L(x, (A, 7).
A (x, (A, W) = L(x, (A, 1)) min (x, (A, 1)
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The second part of this relation is equivalent to (i). It remains to be shown that the
first equality is equivalent to the combination of (ii) and (iii), and this is based on
the fact that L is affine with respect to (A, u) and, moreover, the particular form of
RIxR™ allows us to easily compute the polar of its Bouligand tangent cone. According
to Proposition 3.1.25, (A, 1) with the property

max L(X,(A, p) = LX, (A, 1))
(A, W) ERXR™

is characterized by the relation
~Vaul® A, 1) € NRExR™, (A, 0)).
It is not difficult to see that

NR! xR™, (A, 1) = {u € R" | u; = 0if A; > 0, u; < 0if A; = 0} x {O}gn.

Then _
oL ~+ . [ =0,ifl;>0 .
TM(X’( ) = gi(X) { <0, if; =0 Vi=1,n,
and
OL & @) = h(® =0, ¥j=T,m
ou; » WL ] j s V] , M.
The proof is complete. O

Corollary 3.2.13. If (x,(A, 1)) € U x (R? x R™) is a saddle point for the Lagrangian
function L, then X is a solution of (P).

Proof The preceding result shows that x € M and
f(y) = L(Yr (X’ ﬁ)) = L(Xr (X’ ﬁ))a Vx e U.

Since for x € M,
L(x, (A, 1) = f(0),

we get f(X) < f(x) for every x € M. |
As usual, for convex data the converse holds as well.

Theorem 3.2.14. Suppose that U is convex, f is convexon U, his affineand g;,i € 1, n
are convex. The next relations are equivalent:

(i) (x, (A, W) € U x (R? x R™) is a saddle point for the Lagrangian function L;

(i) X is @ minimum point for (P) and (A, 1) is a Lagrange multiplier.

Proof According to Theorem 3.2.12, relation (i) above is equivalent to all three relations
in that result. One applies now Theorem 3.1.22 and the conclusion follows. O
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3.2.3 Qualification Conditions

The qualification condition Tg(M, X)~ = D(x)” imposed in Theorem 3.2.6 is called the
Guignard condition at x (after the name of the French mathematician Monique Guig-
nard who proposed it back in 1969) and it is one of the weakest qualification con-
ditions. The difficulty with this condition is that the effective calculations of the in-
volved objects can be tricky in certain situation, and for this reason we want to in-
vestigate and to compare it with other qualification conditions as well. Clearly, rela-
tion Tg(M, x) = D(X) is in turn a qualification condition (called the quasiregularity
condition), since implies Guignard condition. As expected, the two conditions are not
equivalent, as one can see from the next example (see also Example 2.1.7).

Example 3.2.15. Let g : R> — R?, g(x1, x3) = (x1,x2) and h : R?> = R, h(x1, x3) =
X1X>. Let us consider the feasible point x = (0, 0). Then:

D(Y) = {(uly uZ) | up 2 09 U < 0};
Tg(M, %) = {(u1, uz) | ur 2 0, us <0, usuy = 0}

and
Tg(M,X)” = D(x)” = {(u1, u2) | us <0, u = 0}.

The qualification conditions are linked to the reference point (X in our notation). Every
time when no confusion concerning the reference point could appear, we avoid, for
simplicity, writing it explicitly.

Two of the most important (from a practical point of view) qualification conditions
are listed below. The first one is called the linear independence qualification condition
(at x) and is as follows:

the set {Vgi(x) | i € AX)} U{Vh;(X) | j € 1, m} is linearly independent.
The second one is called Mangasarian-Fromovitz qualification condition (at x):

the set {Vh;(x) | j € 1, m} is linearly independent and
Ju e R? : VA(X)(u) = 0 and Vg;(X)(u) < 0, Vi € A(X).

(The American mathematicians Olvi Leon Mangasarian and Stanley Fromovitz pub-
lished this condition in 1967.)

We will now establish the relations between these conditions and then show that
they are indeed qualification conditions.

Theorem 3.2.16. If the linear independence qualification condition at X € M holds,
then the Mangasarian-Fromovitz qualification condition at X is satisfied.
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Proof Without loss of generality, we suppose that A(X) = {1, ..., g}. Let T be the matrix
of dimensions (g + m) x p with the lines Vg;(X), i € 1, g, Vh;(X),j € 1, mand let b be
the column vector with b; = -1,i € 1,¢q, b; = 0, j € g + 1, g + m. Since the lines of T
are linearly independent, the system Td = b has a solution. If one denotes by u such
a solution, then

Vg =-1, vie 1,gand Vh(x)u) =0, vj € 1, m,

hence the Mangasarian-Fromovitz condition at X is satisfied. O
The two conditions are not, however, equivalent.
Example 3.2.17. Letg; : R? » R, i € 1, 3 defined by:
100 =01-17+0-1)7-2
2200 =01 -1+ +1)° -2
g3(x) = —x1

and the feasible point x = (0, 0). Surely, the set

is not linearly independent since it consists of three elements in the two dimensional
space R?. On the other hand, for u = (1,0), Vg;(x)(u) < O foreveryi € 1, 3.

Theorem 3.2.16 tells us that in order to show that the two conditions above are quali-
fications conditions, it is enough to show this only for Mangasarian-Fromovitz condi-
tion. This becomes obvious if one applies Theorem 3.2.1 and argues by contradiction.
Suppose that 1 = 0. Then

ST Avei® + > uvhix) =0,
1

icA® j=
We multiply by the vector u from Mangasarian-Fromovitz condition and deduce that
> Ai(Veix),u) =0,
i€A()
whence A; = 0 for every i € A(X). Therefore,
m
> uiVhi(®) =0,
j=1

and the linear independence of the gradients {Vh;(x) | j € 1, m} implies that y; = 0
for every j € 1, m. Putting together these remarks, we get the contradiction to |Ao| +
IA]| + ||p|| # O. Consequently, Aq # O.
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In order to more precisely classify the qualification conditions introduced so far,
we show that the Mangasarian-Fromovitz condition implies the quasiregularity con-
dition.

We need an auxiliary result.

Lemma3.2.18. Lete > O and y : (-€, &) — RP be a differentiable function such that
y(0) = X, y'(0) = u # 0. Then there exists a sequence (x;) C Imy \ {X}, (xy) — X such

that _
Xk —X u
X=X ull

Proof We have

Yy -x . y@®)-y0)
i 5% - fiy KO -y 0) - w o
In particular, for t # 0 sufficiently small one has y(t) # X. We consider a sequence

(ty) — O of positive numbers and we define x; = y(t;). Then,

X —X Xx—X tg u
— = — = —.
=Xt lxe=xI ull

This ends the proof. O

Theorem 3.2.19. If the Mangasarian-Fromovitz condition is satisfied at x € M, then
Tg(M, x) = D(X).

Proof As already observed, one inclusion is always true. We show only the opposite
one, so we start with an element u € D(X). Denote by u € R” the vector given by the
Mangasarian-Fromovitz condition. Let A € (0, 1) and d, := (1 -A)u +Au. We show that
d, € Tg(M,x) for every A ¢ (0, 1), and then, taking A — 0 and using the closedness
of Tg(M, X) the conclusion will follow. Suppose that d; # 0, since otherwise, there is
nothing to prove.

Let P be the operator defined by the matrix (of dimensions m x p) which has on
the lines the vectors Vh;(x), j € 1, m of R”. These vectors are linearly independent
and form a basis in the linear space Im(P). Clearly, from the linear independence of
Vhj(x), j € 1, m one deduces that m < p. But p = dim(Im(P)) + dim(Ker(P)), and
we complete the above linear independent set up to a base of R” with a set of vectors
{v1, V2, ..., Vp-m}, and we denote by Z the matrix (of dimensions (p — m) x p) which
has on the lines these vectors (which give a base in Ker(P)). Then the square matrix

( IZJ ) is nonsingular. We define ¢ : RP*! — R by
p(x, 1) = (h(x), (Z(x - X - Td))")").

_ p
Then Vxp(x,0) = 7 is a nonsingular matrix, whence, from Implicit Functions

Theorem (Theorem 1.3.5), there exist € > 0 and a differentiable function y : (-¢, &) —
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R? such that
¢ (y(1),1) =0,

for every 7 € (-¢, €). Then
h(y(1)) = 0 and Z(y(t) - X - td;)" = 0. (3.2.5)
At the same time, for every T € (¢, €) and every x close enough to X we have
o, 7)=0=x=y(1).

Since ¢(x, 0) = 0, we infer that y(0) = X. According to the relations (3.2.5), we get, on
one hand (by differentiation),
Py'(0) =0,

and, on the other hand (by dividing with 7 # 0 and passing to the limit),
Zy'(0)' = Zd}.

Since u, u € D(x), we get P(d;) = 0. We obtain

( 1; )(y’(on - ( g )(du,

that is d; = y’(0). Using the above lemma, there exists a sequence (x;) C Imy \
{x}, (xi) — X with
Xi — X d}l
i =xI| "~ [ldall”

Then h(x;) = 0. In order to deduce that d; € Tg(M, X), it is sufficient to prove that,
for k large enough, g(x;) < 0. Ifi ¢ A(X), then g;(xX) < 0, and the continuity of g;
implies that g;(x;) < O for large k. If i € A(x), (Vgi(x),u) < 0and (Vg;(x),u) < 0,
hence <Vgl~(Y), d ,1> < 0. Since g; is smooth (of class C?), there exists a sequence (a;) —
0 such that for every k € N,

8i(x) = gi(0) + Vg0 = X) + ax [Ixx — X[ -

Therefore,

gilx) _ Vg -Xx) koo ooy Ay
o~ o-x o~ VED (g5 ) <O

Then g;(x;) < O for sufficiently large k . Since there are a finite number of indexes i,
we obtain the conclusion. |

In order to show that all four qualification conditions introduced are different, it
remains to prove that the quasiregularity condition does not imply the Mangasarian-
Fromovitz condition.
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Example 3.2.20. Let g : R? — R?, g(x1, x2) = (X3 + x2, -X3 — X,) and the feasible
point X = (0,0). Then, D(x) = {(u1,0) | uy € R}. On the other hand, is it easy to
check that Tg(M,%) D D(X) (whence the equality holds), but there is no u € R? with
vg(x)(u) < 0.

We have shown the following implications :

Linear independence condition

¢

Mangasarian-Fromovitz condition

¢

Quasiregularity condition

4

Guignard condition

and none of the converses hold.

Remark 3.2.21. Let us notice that, in particular, Theorem 3.2.19 shows as well that if
h: RP — Risa C! function, and X € RP has the property that Vh(X) # 0, then the
Bouligand tangent cone to the level curve {x € R? | h(x) = h(x)} at X is the hyperplane
{u € R? | Vh(X)(u) = 0} (or Ker Vh(x)). Therefore, Vh(x) is a normal vector to this
hyperplane. We recall here that the affine subspace (of RP*!) tangent to the graph of h
at (x, h(x)) has the equation

y =hX) + Vh(X)(x - %),

and a normal vector to it is (Vh(x), -1).

Therefore, the Mangasarian-Fromovitz condition ensures that the set M(X) is
nonempty at X, which is local minimum of the problem (P). Moreover, we will now
show that this condition implies special properties of the set of Lagrange multipliers.

Proposition 3.2.22. If the Mangasarian-Fromovitz condition at X holds, then M(X) is
convex and compact (in R™™M),

Proof According to the definition of M(X), an element (A, u) € M(x) satisfies
n m
VI® + Y AVei(®) + > pVhi(x) =0
i=1 j=1

and
Ai =0, A;gi(x) =0, foreveryic1,n.

Therefore, checking the convexity and the closedness of M(x) is straightforward. We
will now show that M(x) is bounded. Let, from the Mangasarian-Fromovitz condition,
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u € RP such that
Vh(x)(u) = 0 and Vg;(¥)(u) < 0, Vi € A(X).

Then, for every (A, u) € M(x),

VAOW + Y Avgm + > VW) =0,

icA(X) j=1

whence
> A-VE®W) = VW),
icAX)
from where we deduce
Z A; min (-Vg(x)(w)) < VX)),
icaw A0

SO

S A V)W)
1= . — .

T min; e ) (-Vgi (X))

Since the right-hand side is constant, we deduce that the set of multipliers associated

to inequalities constraints is bounded. Suppose, by contradiction, that there exists a

sequence (U)ren C R™ unbounded (without loss of generality, we can suppose that

ltk]l — =) and a sequence (A )reny C RY such that (A, ) € M(X). Then, for every

keN,

VIx) + Z (A Vil + Z(ﬂj)thj(Y) =0.
i€A®) j=1

We divide by ||| and we infer that

Il VA + > Il ™ A Vg + D Il (e VA3 = 0. (.26
i€A® j=1

From the previous step of the proof we have
ST ™ AV 50
i€cAX)
and,
el ™ VFGR) 0.

On the other hand, the sequence (||;1k\|'1 Ui) is bounded (in R™), whence, without
relabeling, we can suppose that (||| ! uy) is convergent towards a limit denoted by
% € R™\ {0}. Passing to the limit in (3.2.6), we get

m

> HVR(X) = 0.

j=1
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Since ¥ # 0, this is in contradiction to the linear independence assumed in the
Mangasarian-Fromovitz condition. Then M(x) is bounded. O

Let us discuss now two special cases of the problem data.

Firstly, we consider the situation where the inequality restrictions are convex
functions, while the equality restriction is affine. The Slater condition takes place if
h is affine, g;, i € 1, n are convex and there exists u € R? such that h(u) = 0 and
g(u) < 0. This condition was introduced in 1950 by the American mathematician Mor-
ton Slater.

Theorem 3.2.23. The Slater condition implies T(M, x) = D(x) for every x € M whence,
in particular, is a qualification condition.

Proof Let x € M. The inclusion T(M,X) C D(x) is always true. Let v € D(X). By the
Slater condition (using the convexity of g;) we deduce (by virtue of Theorem 2.2.10)
that

0> gi(u) = g;(x) + Vgi()(u - x),

whence, fori € A(X), Vg;(x)(u - x) < 0. We denote w := u — x, and for A € (0, 1), we
define
wy =1 -D)v+Aw.

We show that w; € T(M, X) for every A € (0, 1). Fori € A(X),
Vgix)(v) <0, Vgi(x)(w) <0,

hence Vg;(x)(w,) < 0. By Taylor’s Formula, there exists t > O such that g;(x + tw;) <
gi(x) = O forevery i € A(x). Let (t;) C (0, o), t; — 0. Then

Xp 1= (1 = )X + £ (X + twy) = X + trtwy “=5° %,

In order for the conclusion to follow, we need to show that for k sufficiently large all
(xy) arein M. As usual, for i ¢ A(X), the continuity of g ensures this, while fori € A(X),
we have

gi() < (1 - 1)gi(X) + g (X + twy) < 0.
Since h is affine and h(x) = 0, we get
h(xi) = hX + tetwy) = GEVRE)(Wy).
Butv € D(X), VA(X)(v) = 0, so
Vh(@)(W;) = AVAX)(W) = AVAX)(u - %) = Ah(u) = 0.

Therefore, h(x;) = O for any k, so, finally, (x;)sx, C M, and this means that w, €
T(M, x). We let now A — 0; since T(M, x) is closed, we get v € T(M, X), and the proof
is complete. O
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We consider now the case of affine restrictions. Take a matrix A of dimensions
nxp, amatrix B of dimensions mxp and b € R", ¢ € R™. Therefore the set M become
M = {x € RP | Ax' < b', Bx' = '}, where the relationship "<" is understood in the
componentwise sense. Hence g(x) = (Ax! - b%)t, h(x) = (Bx! - c")'.

Theorem 3.2.24. In the above conditions and notation, the quasiregularity condition
is automatically fulfilled.

Proof As before, it is enough to prove that D(x) ¢ T(M, x). Without loss of generality,
one can suppose that A(X) = 1, n. Let v € D(X). Then Av! < 0, Bv! = 0. If v = 0, there
is nothing to prove. Otherwise, we define

X=X+ %v, vk e N,

The relations
Axt <b', Bxl =c', xy = X

show that v € T(M, x). O

For affine restrictions, every minimum point of (P) satisfies the conclusions of The-
orem 3.2.6.

3.3 Second-order Conditions

In this section we obtain second-order optimality conditions for the optimization
problem with functional constraints and to this end, we assume that the data are C 2
functions. Let X ¢ M and (A, 1) € R™™ be a vector which satisfies Karush-Kuhn-
Tucker conditions (i.e., the conclusion of Theorem 3.2.6). We define the set of critical
directions C(x, (A, i) as the set of vectors u € R? for which

vgi(®¥)(u) =0, ifi € A(x)and A; > 0,
Vgi(x)(u) <0, ifi e A(X)and A; = 0,
Vh;(X)(u) =0, foreveryj e 1,m.

Clearly, C(x, (A, 1)) is a cone.

Remark 3.3.1. Obviously, C(X, (A, 1)) C D(x). In particular, under quasiregularity qual-
ification condition, i.e., Tz(M, X) = D(X), one has the inclusion C(X, (A, 1)) C Tz(M, X).
Moreover, if one has only equalities constraints, then one has the equality, since A does
not intervene in such a case.

Theorem 3.3.2. Let X € M be a solution of the problem (P) and (A, i) € R™™ a vec-
tor which satisfies Karush-Kuhn-Tucker conditions. If the linear independence condition
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holds at x, then
V)Z(X-L(Y’ (Z; ﬁ))(u, u) 2 0

foreveryu € C(x, (A, ).

Proof Without loss of generality, we suppose that all the inequality constraints are
active. We split the proof into several steps.

At the first step, we repeat, with some modifications, several arguments from the
proof of Theorem 3.2.19 in order to get a sequence of feasible points with special prop-
erties. Let d € D(x), and let P be the operator defined by the matrix (of dimensions
(n+m)x p) with the lines consisting of vectors Vg;(x), i € 1, n, Vh;(X),j € 1, minRP.
These vectors are linearly independent and form a basis in the linear subspace Im(P).
Let us denote by Z the matrix (of dimensions (p — (n + m)) x p) whose lines are some

p
vectors that form a basis in Ker(P). The the square matrix 7 is nonsingular. We
define ¢ : RP*! — R? by

o(x, 1) = (800, k() - 1(Pd)', (Z(x - x - td)")").

p
Then Vxp(X, 0) = 7 is nonsingular and, from Implicit Function Theorem (i.e.,

Theorem 1.3.5), there exists € > 0 and a differentiable function y : (-¢, €) — R such
that
¢ (y(1),1) =0,

for every T € (¢, €). Moreover, for every T € (¢, €) and every x close enough to X,
o, 1) =0= x=y(1).

Let (t;) C (0, o0), (t;) — 0. Then, using the fact that @(y(t), t;) = 0, there exists, for
every k large enough, z; = y(t,) such that

gi(zi) = t,Vgi(X)(d) <0, Vie 1,n (33.1)
h]'(Zk) = thhj(Y)(d) = 0, Vj S 1,7?7'1

Therefore, (z) C M and the sequence (t;l(zk —Y)) is convergent. We show that
t;l(zk -X) — d, which would imply d € Tg(M, X). According to the Taylor Theorem,
from ¢@(zy, ty) = 0, there exists (u;) € R™™, yy — 0 such that

0= ((P(Zk -x-td)"), (Z(zx - X - tkd)t)t) + ||z = X|| M

_ t p -1
Zr— X - _
(3% -a) - ( Z) (- - X

from where, after passing to the limit, one gets the announced relation.

whence
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Let now u € C(X, (A, 1)) C D(x). We use now the above construction of the se-
quence (z;) — x corresponding to u. We have

Lz, AL W) = f(z) + > Aigi(z) + > Fihi(zi) = fz) - i Y AiVei(0W) = f(z0).

i=1 j=1 i€eAX)
From Taylor second-order condition, there exists (y;) — 0 such that for every k,
Lz, A, 1) = L(x, A, 1) + V£L(X, (A, W) (2, - X)

1 N o _
+ 5 Vil (6, (R )z = X, 26 =) + iz = X

But, from the Karush-Kuhn-Tucker conditions, L(x, (A, 1)) = f(X) and V«L(X, (A, i) =
0, whence

flzi) = fX) + %VxxL(Y, A, )zx =X, zi = %) + yi ||z - X||* .

Since z; — X and X is a solution for the problem (P), we obtain f(z)) — f(x) > 0 for
every sufficiently large k. Then

1 — T — _ — _
5 VL (%, (L W)z = %, 2 = X) + Yiellzi = X]* 2 0.
We divide by ¢; and we pass to the limit in order to get
VXXL(Y9 (X’ ﬁ))(u) u) 2 0'

The proof is complete. O

We formulate now a converse of the previous result. As shown before, the suffi-
cient optimality condition returns a stronger type of solution (i.e., strict solution).

Theorem 3.3.3. Let X € M and (A, i) € R™™ a vector which satisfies Karush-Kuhn-
Tucker conditions. Suppose that

Vil (X, A, 1)1, u) > 0
forevery u e C(X, (A, W) \ {0}. Then X is a local strict solution of second order of (P).

Proof Since the set C(x, (A, 1)) N {u € R? | ||u|| = 1} is compact, and C(X, (A, 1)) is a
cone, the relation V2, L(X, (A, 1))(u, u) > 0 for every u € C(x, (A, n)) \ {0} is equivalent
to the existence of a strictly positive number p with the property

Vil &, A, ) (u, ) = p ||ul?, Vu € CX, (4, ).
Suppose that there exists (z;) — X, (zx) C M such that

f@) < f&) + k7 |z - X)),
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for every k sufficiently large. Then, without loss of generality, we suppose that
lzi = X|| " (zx = %) — d € Tg(M,%) \ {0} c D(%). On the other hand,

L(zx, A, ) = f(zi) + Z Aigi(zi) < f(z),

icA®)
and, as before, there exists (y;) — 0 such that for every k,
- _ _ 1 o _ _ _
L(zi, A, 1)) = fOO) + 5 Vax L, (A, )2k = X, 24 = 3) + Y| 2k = x||%. (3.3.2)

Suppose that d ¢ C(X, (A, ). Then there exists iy € A(x) with A;,Vg;,(X)(d) < 0. For
the other indices i € A(x) we have A;Vg;(X)(d) < 0. Then, it exists () — O such that
for every k,

Aio8io(Z1) = Ay 81y (%) + Ay Vi, X2k — X) + Tiey, |2k — X]|
— |12k - X A, V&3, (%) <|| ,H) R
Hence

Lzis A, ) = fz) + > Aigi(ze) < f(z1) + Aiy 8o (20)

ICA®)
= f(z1) + ||z - X[ Ai, Vi, () <ﬁ> +Ti Ay, |2k = X|| -
From (3.3.2), we get
£00+ 3 Vil (%, (L )z~ %, 21— ) + yie i = X
< flen) + o =51 3, V8,0 (225, )+l =)
Furthermore,

lim |z, - x|t Vi L (X, (A, ) (zk - X, 2 — X)

X  zZx-X
_11m\|zk—x||VxxL(x A, ) <sz Sk HZZ—YH) =0.

After relabeling, one can see that there exists (v;) — 0 such that
_ X _
)= 9 - a1 R V0 (225 ) w v
From the assumption made, f(z;) < f(X) + k™! ||z - X||* , whence

F0 + 1 |1z = X1 = O - llzic - XI| i, V83, (%) (ﬁ) + vz =X,
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that is _
Kz - x| = A, Ve (% <i,>
|| k || 1o glo( ) ||Zk_X|| k
Passing to the limit, we arrive at a contradiction to the relation A;, Vg;, (%)(d) < 0. Con-
sequently, d € C(x, (A, 1)) \ {0}, whence VZ,L(x, (A, 0))(d, d) = p. Since L(zx, (A, 1)) <
f(zi), coming back to (3.3.2), we can write

_ 1 = _ _ _
f(z) 2 f®) + 5Vl (&, (A, D)z = % 2 = %)+ yi|zic - %I
But V2, L(X, (A, ;) is continuous, whence for k large enough,
VL%, A, 1)z - X, zi - %) > 27" p ||z - X .

Finally,
£+ Kz =XI 2 £+ 5 iz = X1 + vz =X

and a new contradiction occurs. O

3.4 Motivations for Scientific Computations

In this section, we examine the computational limits of the theoretical results from
the previous sections. In some cases, it is not possible to get the exact solution of the
optimization problems. The theory leads us to solve some nonlinear (systems of) equa-
tions, which do not admit analytical expressions for the solutions. This motivates us
to subsequently study numerical algorithms for solving such equations, and this will
be done in Chapter 6.

1. (Least squares method) We discuss now a special case of an optimization
problem without restrictions. This problem belongs to the general approach called
the method of least squares which is designed for the interpretation of numerical data
issued from experiments in physics, biology, astronomy, chemistry. From historical
perspective, this kind of problem arose from the study of the movements of planets
and in questions linked to navigation techniques. The mathematician who founded
this method is considered to be Gauss, but the method was published for the first time
by Legendre.

In few words, the method of least squares refers to the following situation: we dis-
pose of a data set vy, vy, ..., vy obtained after some measurements made at the (dif-
ferent) moments t4, t,, ..., ty. The objective is to determine the best model function
of the form t — ¢(t, x) (Where x = (x1, X2, ..., X;) are parameters to optimize) which
fits with the measurements. Therefore, for every i € 1, N, one defines the residual at
the moment t; as the absolute difference between the measurement v; and the value
of the model at same time:

ri = |vi- o(ti, )

B
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and now the problem is to minimize the function

N N
=371 =" [vi- ot;, 0]
i=1 i=1

It should be said that another possible objective function (even more natural to

be considered) would be
N

Z‘W“P(ti,X)’

i=1
but this construction does not preserve the differentiability. For this reason, one
prefers the sum of the squares of the residuals, whence the name of the method.

Let us now consider the simplest case of a linear dependence. Let us suppose that
one has made N measurements at the different moments of time ¢4, ¢,, ..., ty > O and,
correspondingly, one has the values vq, v,, ..., vy. We know that the dependence be-
tween these two sets of data is linear, and we are interested in obtaining a line which
better fits the collection of observations. Let be aline v = at+b. As above, the residual
at the moment ¢; is ‘v,- — (at; + b)| and in order to “measure” the sum of these residu-
als, we consider the function f : R? — R,

N

fla,b) = Z [vi - (at; + b)]2

i=1

The line with respect to which this sum of residuals will be the smallest, will be that
which we seek. Then, we arrive at the problem of minimization (without restrictions)
of the function f. We compute the partial derivatives of f:

a—f(a b) = i 2(-t) [vi - (at; + b)]
aa ’ — 1 1 1

(a b) = Z - (at; + b)],

and the calculus of critical points is reduced to computation of the solutions of the
system:

Zg\il tzz) a+ (Zil ti) b= Zfil tivi
Z?il l’i) a+Nb = Zf\il Vi.

The determinant of this system is

(8] () - () () (54)
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From the Holder inequality, this number is positive (equality would be possible only
if all the values t; are equal, but this is not possible). Then the system admits a unique

solution: o
a\ _ Z%l it Zf\%’l tvi |
b Zi:l t; N Zi:l Vi

Let us observe that, furthermore, the function is coercive since
lim“(a,b)” _efla,b) = oo, hence, according to Theorem 3.1.7, it admits a mini-
mum point which is necessarily the critical point determined above. Therefore this
pair (a, b) is the solution of the problem.

Another remark is that an important part of the above calculations can be repeated
with obvious changes if one supposes a dependence of the type v =a - p(t) + b - q(t),
where p, q : R — R. One obtains the system

S Spa) \ (a ) _ [ SN ptvi
Shptat) SN, @) b Shattvi )
Again, the Holder inequality ensures that the associated matrix is invertible if and only
if (Pz(ti))i:m and (qz(ti)),-:m are not proportional.
In general, for more complicated models (nonlinear in x) the method of least
squares does not have an easily computable solution and this will be an impetus for

us to study several algorithm in order to get good approximation of solution in fast
computational time.

2. (The projection on a closed convex set) Let ai, a,, ..., ap € (0, o) and the
set (generalized ellipsoid)

M;={xeRP|é(2>2s1}.

Obviously, this is a convex and compact set. Let v ¢ M. From Theorem 2.1.5, there
exists v € M, the projection of v on M. Again, we want to find an expression of this
element.

As before, ¥ is the solution of the minimization problem of f(x) = ||x - v||* under
the restriction x € M. If it would exist a solution X € int M, then Vf(x) = 0, whence
X - v =0, thatis v € M, which is false. Therefore, the restriction is active in v, that is

b (Z—) g 1. Moreover, the function which defines (with inequality) the constraint
xeM,ie,g: R - R,
B )2
g(x) := 121: (m) 1,
is convex, and the Slater condition holds. Moreover, f is convex as well, so we can
conclude that v is a solution of the problem if and only of there exists A = 0 such that
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for all indexes i,

Sincev # v, A > 0 and

—_ aiv;
Taz+
N2
On the other hand, by Y7 (;41) =1,
p 2 2
; a2+)l b

so finding A (and then V) requires solving the above equation. Let us remark that the
equation has a unique solution, since the mapping

0<A»—>Z

is strictly decreasing, its value at O is strictly greater than 1 (notice that v ¢ M), while
its limit at +oo is 0. So, to get Vv one must to solve an algebraic equation of degree 2p,
and, in general, this is impossible. We will be interested in approximation methods of
the solutions of nonlinear equations, and this will be one of the subjects of Chapter 6.

a2+}l



4 Convex Nonsmooth Optimization

In this chapter we study optimization problems involving convex functions that
are not necessarily differentiable. Naturally, several new tools are needed in order to
compensate for the lack of differentiability. On one hand, we need to study convex
sets which were briefly defined and studied in Section 2.1. A new object to replace the
differential is introduced and studied. With all these tools in hand, we will be able to
derive a generalized Karush-Kuhn-Tucker theorem in the case of convex nonsmooth
optimization.

4.1 Further Properties and Separation of Convex Sets

We start with some results concerning the fundamental topological properties of con-
vex sets in R”.

Theorem 4.1.1. Let C C R? be a convex set. Then
(i) c1 C is convex;
(i) ifx cintCandy € clC, then [x, y) C int C;
(iii) int C is convex;
(iv) ifint C # 0, then cl C = cl(int C) and int C = int(cl C).

Proof (i) Let us take x,y € cIC and a € (0, 1), and a neighborhood V of 0 € R?. It is
well known that there is a neighborhood U of 0 such that aU + (1 - a)U C V. Since
X,y € clC, there are xy,yy € Csuchthatxy € (x+ U)nCandyy € (y + U)n C.
Consequently, from the convexity of C, one has

Coaxy+(l-a)ypcax+U)+(1-a)(y+U)
=ax+(1-a)y+aU+(Q1-a)UcCcax+(1-a)y+V,
whence C N (ax + (1 — a)y + V) # 0. Since V is an arbitrary neighborhood of 0, this
shows that ax + (1 - a)y € cl C. Of course, an argument based on a characterization
of cl C that used sequences is also possible.

(ii) Take a € (0, 1). It is enough to show that ax + (1 — a)y € int C. Since x € intC,
there is a neighborhood V of 0 € R? with x + V + V C C. On the other hand, y € cIC
implies that CN (y - a(1 - a)"V) # ), whence y can be written as ¢ + a(1 — a) v, with
ce Candv e V. We get that

ax+(l-ay+aV=ax+1-a)c+av+aV=>01-a)c+alx+v+V)

c(l-a)c+aCcC.

Since aV is still a neighborhood of 0, we conclude that ax + (1 — a)y € int C.

[ ATl © 2014 Marius Durea and Radu Strugariu
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.
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(iii) If x, y € int C, then the above implication means that [x, y] c int C, whence
int C is convex.

(iv) Clearly, cl(int C) c cl C. Consider x € clC. By (ii), forany y € intC, (x,y] C
int C, which means that x can be approached by a sequence of points in int C, that
is x € cl(int C). For the second part, one inclusion always holds: int C c int(cl C).
Consider x ¢ int(cl C), which means that there exists a neighborhood V of 0 ¢ R?
such that x + V C cl C, whence, once again from (ii), forany y € int C, a € (0, 1) and
vel,

a(x+v)+(1-a)y €intC.

But V is absorbing (that is, for every x € R”, there is A > 0 such that Ax € V), so for a
sufficiently close to 1,
CET ST

and for such an a,
X=a<X+w) +(1—a)y
=a(x+Vv)+(1 -a)y cintC.

The proof is complete. O

Now we need a supplementary investigation into the projection of a point on a
closed convex set (see Theorem 2.1.5 (iii)).

Proposition 4.1.2. Let C C R? be a nonempty closed and convex set. Then the appli-
cation RP 3 x — pr. x is 1-Lipschitz. In particular, it is continuous.

Proof As proved in Theorem 2.1.5 (iii), the projection pr, x of a point x on C is charac-
terized by the properties

prcxeC
(x-prex,u-prcx) <0, Vu e C.

Take x1, x, € RP. Then the above system gives

(X1 = PIreXa, Pre Xz — PreXa) <

(X2 = Pre X2, Pre X1 — prexz) < 0.

This means that (X1 — pr x1 — X2 + pr¢ X2, pre X2 — pre X1) < 0, whence
(X1 =X + pIre X2 — Pre X, Pre X2 — prex1) < O.

We get that

l[pre x2 - pre xul|® < (X = X1, pre X2 — PreX1) < ||x2 = x| - [|pre X2 = pre xa||
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so the desired inequality holds. Since every Lipschitz function is continuous, so the
second part follows as well. |

Now we are able to prove a separation result for convex sets.

Theorem 4.1.3. Let C C R” be a nonempty convex set and X ¢ C. Then there is an
a € R? \ {0} such that for all c € C one has

(a,x) < {a,c).

Proof First, suppose that X ¢ cl C. In fact, in this case we can prove a stronger inequal-
ity. Notice that Theorem 4.1.1 (i) ensures that cl C is a closed convex set, so there exists
pryc X € cl C, which is not equal to x. The properties of projection ensure that

(PrgcX—X, X —prycXx) 20, Vx e clC.
Define a := pry X — x € RP \ {0} and rewrite the above inequality as
(a,x-X-a)=0, Vx eclC.

This means that
(a,c-X)=|a|*>0, VceC,

and the desired inequality follows.
Take now that case when X € cl C \ C. Observe (by the use of Theorem 4.1.1 (iv))
that
cl(R” \clC) =RP \intclC=R? \intC > clC\C,

so X € cl(R? \cl C), which means that there exists a sequence (x;)xcy Of points outside
cl C with x; — X as k — oo. Then, for all k € N, pr, - Xx # X and we can define

ay = Pro ¢ Xk — Xk
1Pt ¢ Xk = Xkl

with the property that for every k € Nand x € clC,
<ak’ X—PIgc Xk> 2 0.

The sequence (a;) is bounded, whence it has a convergent subsequence. As usual,
without relabeling, we assume that (a;) converges to a limit a € R”. Since ||a;|| = 1
for all k, we deduce that a # 0. By means of Proposition 4.1.2,

Plac Xk = PlycX = X,
and passing to the limit in the previous inequality, one gets
(a,c-x)=0, Vc € C.

The result is proved. O
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Theorem 4.1.4. Let A and B be two nonempty convex sets in RP. If AN B = ), then
there exists a € R? \ {0} such that

(a,x)<{a,y), Vx € A, Yy € B.

Proof Consider the convex set
C:=A-B.

Since A N B = (), we deduce that X := 0 ¢ C, and from Theorem 4.1.3 we get the
existence of an element a € R? \ {0} such that for all ¢ € C one has

(a,x) <{a,c).

This proves the result. O

4.2 The Subdifferential of a Convex Function

We have seen (Theorem 2.2.10) that if f is a differentiable function on an open convex
set D C RP, then f is convex if and only if for every x, y € D,

fly) = f00) + VFX)(y - x).

As explained before, the differential Vf(x) is a linear functional from R? to R and it
can actually be identified to an element of RP. By this identification, the expression
Vf()(y - x) can be written as well as (Vf(x),y - x) .

Consider now the case of a convex function defined on a convex subset D of R?,
i.e., f : D — R which is not necessarily differentiable. Fix x € D. Then it is natural to
consider those elements u € R having the property that forally € D,

(u,y -xy < f(y) - f(x). (4.2.0)

In this way, it is possible to replace in many results the missing differential at x with the
set consisting of such elements. More precisely, an element satisfying (4.2.1) is called a
subgradient of f at x, and the set of all such elements is denoted by of(x) and is called
the subdifferential of f at x.

We will observe that, in the case of a differentiable convex function, of(x) reduces
to {Vf(x)} for any x € int D. Before that, we investigate some generalized differentia-
tion properties of a convex function.

Proposition 4.2.1. Let D C R? be a convexset, f : D — R be a convex function, and let
x € intD. Then for every v € R?, then a directional derivative of f at x in the direction
v exists and is defined as

£06,v) 5= Jim w ’

1
—0
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which can be written as

/ o fx+tv) - f(X)
R

Proof Fix x € intD. For any v € R? there exists t > 0 such that x + tv € D, so by the
convexity of D, x + sv € D forall s € [0, t]. It is enough to prove that the map

R f(X+t1;)—f(X)

is increasing (since every monotone function admits lateral limits, the conclusions
follow). Indeed, if O < s < t, then

flx+sv) - f(x) < fx+tv) - f(x)

S t
means that s s
flx+sv) < ?f(x+ tv) + (1 - ?)f(x),
that is s s s s
f (?(x+ tv) + (1 - ?) x) < ?f(x +tv) + (1 - ?)f(x),
an inequality which follows from the convexity of f. |

Proposition 4.2.2. Let D C R? be a convex set, f : D — R be a convex function, and
let x € int D. Then

of () ={u e R? | f'(x,v) = (u,v), Vv € RP}.
Proof Take u € of (u). Then
flx+tv) - f(x) = (u, tv),
forall v € RP and t > O with x + tv € D. This implies that
f,v) 2 (u,v), vweR?,

Conversely, suppose that the above inequality holds. Take y € D. Thenv := y — x
satisfies the inclusion x + v € D. The monotonicity of

f s f(X+tvt)—f(X)

(see the proof of Proposition 4.2.1) allows us to write

(x+tv)-f(x) .
—f

FO) ~F0) = fx+) - 00 = inf . (w,v) = 0,y =),

which confirms that u € of(x). 0

Proposition 4.2.3. Let D C R” be a convex set, f : D — R be a convex function, and
letx € int D. If f is differentiable at X, then of (x) = {Vf(x)}.
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Proof Theorem 2.2.10 yields the inclusion Vf(x) € of(x). Now, if u € of (x) then, by
Proposition 4.2.2,
V)2 (u,v), W eRP.

But, since f is differentiable it is easy to observe that f'(x, v) = <Vf ), v> , SO we have
that
(VF(x),v) = (u,v), Wv € RP.

This implies that u = Vf(x) and the proof is complete. O

It is important to see that at a point of nondifferentiability, the subdifferential is
not, in general, a singleton set, as the next example illustrates.

Example 4.2.4. Consider f : R — R, f(x) = |x|. It is easy to see that this function is
convex and it is differentiable on R \ {0}. An easy computation reveals that the subdif-
ferential of this convex function is

-1, ifx<0
ofx)=<¢ [-1,1], ifx=0
1, ifx>0.

Another important fact about convex functions refers to their local Lipschitz be-
haviour, which induces important properties of the subdifferential. One can say that
a function is locally Lipschitz if for every point in its domain there exists a neighbor-
hood where f is Lipschitz. More precisely, f : D ¢ RP — R is locally Lipschitz on D if
for every point x € D, there exist £ > 0 and L > 0 such that

FG) - FO)| < L Ix -yl

for every x,y € B(x, ) N D.

Theorem 4.2.5. Let D C R? be a convex set and f : D — R be a convex function. Then
fitis locally Lipschitz on int D.

Proof As shown in the first part of the proof of Theorem 2.2.4, for every point in int D,
there is a neighborhood on which f is bounded. Take arbitrary X € intD and r > O,
M > 0 such that for every x € D(X, r) C intD, f(x) < f(xX) + M. We show that for any
r' € (0,r)and any x, y € D(x, r'),

IF6) - £O)] <

M7 x-y)
r r-r i

which implies that f is Lipschitz around X. We can suppose, without loss of generality,
that x = 0 and f(x) = O (otherwise, we consider instead of f the function g(x) :=

f(x+X)-f(x)). Consider r' € (0, r)and x, y € D(xX, r'), x # y. There exist z with ||z|| = r
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and a € (0, 1) such that y = (1 — a)x + az. Indeed, taking ¢(t) := ty + (1 - t)x, the map
= |ly|| < r" andlim; e ||@(8)|| — o, since
|lo(®)] = t]x -yl - [Ix|| . Therefore, there exists £ > 1 such that ||@(f)|| = r € (, o).
Take z := (1), i.e.,

z=ty+(1-1tx.

Taking a := f_l, we obtain that
y=0-a)x+az.
Moreover, a = ||z - x|| ™! ||y - x]|| . Since
fy) = (@ - a)f () + af (2),

we get

F0) - £ < WX e~ pny).

Iz = x|l

From

0=£(0)=f (27 +27(=x)) = 27f(0) + 27 f(-),

we obtain —f(x) < f(-x). But, if x # 0, u := r||x||* (-x) € D(0, ), so
N Xl g I
f(=x) = f( )—Tf(u)—Mr.

Clearly, this is true also for x = 0. Since ||z - x|| 2 r - and r + ||x|| < r + I, we finally

obtain u
== P (oo lB) B2y,

Interchanging x and y, the theorem is proved. O

A cornerstone for the development of a subdifferential calculus (i.e., calculus with
subdifferentials) is to observe that, in general, the subdifferential at a given point is a
nonempty set.

Theorem 4.2.6. Let D C R be a convex setand f : D — R be a convex function. Then
for every x ¢ int D, the subdifferential of (x) is a nonempty compact set.

Proof Fix x € intD. First we show that of(x) is nonempty. From Theorem 2.2.4, the
function f is continuous at x. In particular, this shows that the convex set intepi f is
nonempty (one applies here both Proposition 2.2.3 (ii) and Theorem 4.1.1 (iii)). Clearly,
(x,f(x)) ¢ intepif, so, from Theorem 4.1.3, there exists (u, a) € R’ xR\ {(0, 0)} such
that for every (y, t) € intepif,

(u,y) + at < (u, x) + af(x).
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Moreover, this is true for every (y, t) € cl(int epif) = clepif = epif. If we suppose that
a = 0, then the inequality (u, x — y) = O holds forall y € D, and this means thatu = 0O,
which contradicts the fact that the pair (u, a) is not zero. Consequently, a # 0. But,
letting t — oo in the above inequality, one deduces that a < 0. Therefore, we can take
a = -1, and then we get

(u,y) —t<(u,x) - f(x), v(y, t) € epif.

In particular, for every y € D,

<Ll, y> _f(y) < <Ll,X> —f(X),

that is
(u,y -x) < fy) - 0,

ie., u € of(x).

Let us notice now that the fact that of(x) is always a closed set is an easy remark. It
remains to show that of(x) is a bounded set. By virtue of Theorem 4.2.5, f is Lipschitz
on aneighborhood of x. Denote by L the corresponding Lipschitz constant on the given
neighborhood V := D(x, €) C D of x. Take u € of(x). Then foranyy € V,

(u,y=x) < fy) - f0) < |[f(y) - f()| < L |ly - x]|.
Since y = x + ev € V for any v in the unit ball, this implies that
{u,vy < L|v|, Vv € D(0, 1),

which means that |ju|| < L. Then of(x) is bounded. O

The next calculus rule is fundamental.

Theorem 4.2.7 (sumrule). D C RP be a convex set with nonempty interior and let
f, g : D — R be convex functions. Then for any x € D,

o(f + 2)(x) = of (x) + 9g(x).

Proof The inclusion of(x) + 0g(x) c o(f + g)(x) easily follows from the definition of
the subdifferential. Consider u € o(f + g)(x). We can consider the case x = 0, f(0) =
8(0) = 0 directly, simply by taking f1(y) := f(y + x) - f(x) and g1(y) := g(y + x) - g(x).
Denote

A :=intepifand B:= {(v,t) e DxR |t < {(u,v)-gv)}

Both these sets are nonempty and convex. If (v, t) € A n B did exist, then, on one
hand, f(v) < t, and, on the other hand, since u € 3(f + g)(0),

fv)<ts(u,v)-gv)<fv),
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which is not possible. Therefore, A N B = ). Theorem 4.1.4 ensures the existence of an
element (a, a) € R? xR \ {(0, 0)} such that for all (u, s) € A and (v, t) € B,

(a,v) +at < (a,u) +as.

It follows that this inequality holds for any (u,s) € clA = epif and any (v, t) € B.
If a = 0, then {a, v) < (a, u) for every u, v € D, which means that a = 0 (otherwise,
a would have positive scalar product with all the elements of a ball centered at 0,
because D has nonempty interior), an impossible situation. Therefore, a # 0. Letting
s — oo, we infer that a > 0 and therefore we can take a = 1, so

{a,v)+t<{a,u)+s, V(u,s) €epif, V(v,t) € B.
For (v, t) = (0, 0) and s = f(u), we get
(-a,u) < f(u), Yu € epif,
i.e., —a € 0f(0). On the other hand, for (u, s) = (0, 0), we obtain
{a,v)+t<0, ¥(v,t) € B,

which implies that
(a+u,v)y<g(v), vweD,

ie.,a+ucog(0),sou=-a+a+uc of(0)+0g(0). O

4.3 Optimality Conditions

We give now optimality conditions for convex nondifferentiable data for the basic op-
timization problems already studied in the smooth case. We start with the case of op-
timization without constraints.

Theorem 4.3.1. Let D C R? be a convex set, and f : D — R be a convex function. An
element x € D is a (local) minimum point of f if and only if 0 € of(X).

Proof If X is a local minimum point, then it is a global one (see Proposition 3.1.23), and
therefore
0=(0,y-x) <f(y)-f
forall y € D. Then, 0 € of (x).
Conversely, suppose that 0 € of(x). From the definition of the subgradients, this
means that (0, y - X) < f(y) - f(x) for all y € D, whence X is a minimum point for f. O

We now consider the optimization problems with geometric constraints. In order
to tackle this case, we need a general penalization result. Generally speaking, to pe-
nalize an optimization problem means to transform it in such a way that a (local) min-
imum point of the initial constrained problem becomes a (local) minimum point of the
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unconstrained problem. This can be done by adding to the objective function a penalty
term which somehow contains the constraints of the initial problem. We present here
a method to penalize a given optimization problem (not necessarily convex) with geo-
metric constraints due to Canadian—French mathematician Frank H. Clarke, who pro-
posed it in 1983.

Theorem 4.3.2. Let f : RP — R be a function and M C R? a closed set. Consider the
problem
min f(x), x € M.

Suppose that X is a (local) solution of this problem and f is locally Lipschitz of constant
L > 0 around x. Then X is a (local) minimum without constraints of the mapping x
fO) + Ldy(x).

Proof Let U be the neighborhood of x such that f is L-Lipschitz on U and f(x) < f(x)
for every x € U N M. Then there exists a > 0 such that B(x, ) ¢ U. Consider V =
B(x, 371a) and take x € V arbitrarily. First, if x € VN M c Un M, itis clear that

f() + Ldu(X) < f(x) + Ldy(x).
Then, if x € V \ M, for every € € (0, 37'a), there exists x. € M such that
1% = Xe|| < du(x) + &
<|x-X||+e
<3 lg+e<2-37qa.
Then,
[[xe = X|| < [[xe = x|| + [|x = X]|
<2-3'%+3'a=a.
Consequently, x. € U N M, whence,
FO) + Ly < f0xe) < f00) + L [1x - xe

< f(xX) + L(du(0) + €)
= f(x) + Ldy(x) + Le.

Letting € — 0, we get the conclusion. |

We now connect the normal cone to a convex set to the subdifferential of the (non-
differentiable) distance function: see Propositions 2.1.15 and 2.2.9. We shall see that
similar relations hold in more general settings, as shown in Chapter 5.

Proposition 4.3.3. Let C C R? be a nonempty closed convex set and X € C. Then

[0, >0)odc(x) = N(C, X).
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Proof Take u € d0d¢(X). Then
(u,y-x) <dc(y) - dc(x), vy € RP.

In particular, fory € C,
(u,y-x)<0,

which proves that u € N(C, x). Consequently, 0d¢(x) C N(C, x) and since the latter
set is a cone, one infers that [0, 0)dd(X) C N(C, x).
Conversely, take u € N(C, x) with |Ju| < 1, i.e.,

(u,c-Xx)<0, vc e C.

Then
(-u,c)=(-u,xy, vc e C,

which means that X is a minimum point of the mapping f : R? — R, f(x) := {-u, x)
on the set C. It is clear that f is 1-Lipschitz (since ||u|| < 1), and therefore, by virtue
of Theorem 4.3.2, X is a minimum without restrictions of the convex function f + d.
Therefore, Theorem 4.3.1 gives

0 S a(f + dC)(Y))
and, by means of Theorem 4.2.7, we get
0 € of (%) + odc(x).

Since f is differentiable and Vf(x) = -u, from Proposition 4.2.3, of (x) = {-u}. Conse-
quently, u € 0d¢(x), so we have shown that

N(C,x)nD(0, 1) C odc(x),

and the conclusion follows. O

Now we are able to present the optimality condition for convex geometric con-
straint problems.

Theorem 4.3.4 (Pshenichnyi-Rockafellar). Let D C R” be an open convex set,f : D —
R be a convex function, and C C D be a nonempty closed convex set. A pointx € Cis a
local minimum point of f on C if and only if

0 € of (x) + N(C, x).

Proof Suppose thatx € Cisalocal minimum point of f on C. Since f is locally Lipschitz
(Theorem 4.2.5) on D (notice that we assume that int D = D), we can apply Theorem
4.3.2 to deduce that X is a local minimum (without constraints) of the convex function
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f + Ld¢ defined on D, where L > O is the Lipschitz constant of f around x. Using
Theorem 4.3.1, we can write
0 € o(f + Ldc)(x),

and by virtue of Theorem 4.2.7,
0 € of (%) + o(Ldc)(X).

It is easy to see that d(Ld)(x) = Lo(dc)(x) and, finally, Proposition 4.3.3 allows us to
write
0 € of(x) + N(C, x).

Conversely, suppose that the above condition holds. This means that there exists
a € -N(C,x) N of(x), i.e., forevery y € C,

0<(a,y-x) <f(y)-f(),

which confirms that X is a minimum point of f on C. ]

Let now us consider an open convex set D C R”. We study the case of convex
optimization with functional constraints, that is the problem (P) of minimizing a con-
vex objective function f : D — R under the constraint x € C := {x € D | g(x) < 0,
h(x) = 0} where g : D — R" has all the component functions g1, 82, ...,8n : D - R
convex and h : D — R™ is affine. Due to the assumptions on D, g and h, the set C
is convex. We discussed this problem in Section 3.2 with smoothness assumptions on
f, g and h. Now, this problem is investigated without the differentiability hypotheses,
but using subdifferential calculus.

To begin with, we give a Fritz John type result. We use the notations R? := (R.)?
and R? := (-R,)P.

Theorem 4.3.5. Suppose that X is a solution of the convex problem (P). Then there exist
Ao 20, =1, A2, ...,An) € R, u = (U1, U2y .ovs Um) € R™, with Ag + ||A]| + ||| # O,
such that

n m

0 € Adf (X) + > Aidgi(®) + > _ u;oh;(x),

i=1 j=1

and
Ai >0, Algl(Y) =0, Vie ﬁ

Proof As discussed in the smooth case, we can suppose, without loss of generality,
that A(x) = 1, n. Take

A= {(f0)-f()+t,80)+s,h(x) | x € D, t €[0,0),s € RY},

and
B :=(-o0, 0) x R? x {O}™.
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Itis easy to see that the properties of f, g and h (i.e., f convex, g; convex foralli € 1, n,
and h affine) ensure the convexity of A, while the convexity of B is obvious. On the
other hand, if a common element of A and B exists, then there also exists x € D with
f(x) - f(x) <0, g(x) <0, h(x) = 0, which would contradict the (global) minimality of
X. Consequently, A N B = (). We apply Theorem 4.1.4 in order to deduce the existence
of some elements Agp € R, A = (A1, Az, ..., An) € R", u = (U1, Y2, ..., um) € R™, with
|[Ao| + ||A]] + ||p|| # O such that

Aoa + (A, u) < Ao(f(x) - f(X) + £) + (A, g(x) + s) + (u, h(x))

forallx € D,t € [0,00),5s € RY, a € (-o0, 0), u € R?. It is not possible to have A < 0.
Indeed, if we suppose so, then for fixed x, ¢, s and u, letting a — —oo, we arrive at a
contradiction, since the right-hand side is fixed, while the left-hand side goes to +oo.
A similar argument employed for s; — oo (forall i € 1, n) allows us to conclude that
A; 20, foralli € 1, n. Lettinga — 0,t — 0, u — 0 and s — 0, we actually get that

0 < Ao(f() - f(X) + (A, 8(0)) + (u, h(x))

for all x € D. Since g(x) = 0, we deduce that A;g;(x) = 0, for all i € 1, n. Finally, we
can write

0= (Aof(X) = Aof () + > _(Aig() = Aigi(®) + > _(uih;(0) - ujh;(X)), Vx € D,

i=1 j=1

which means that
n m
0€9d (Aof Y Aigi+ Yy y,-h,-) X).
i=1 j=1

Theorem 4.2.7 allows us to write

0 € 0N+ oAig)® + > o(uh)(X).

i=1 j=1

Since Ag > 0, one has that 0Aof (X) = A90f (x). The same argument is applicable to the
equality 04;8;(x) = A;0g8;(x) for all i € 1, n. The equality ou;h;(x) = p;oh;(x) for all
j € 1, mis true by the fact that h is affine. The proof is complete. O

As we already saw several times, in order to pass from Fritz John type conditions to
Karush-Kuhn-Tucker type condition (i.e., to ensure Ay # 0) one needs a supplementary
(constraint qualification) assumption. Since we are now in the convex case, we use
here a Slater type condition, which for the nondifferentiable case looks as follows:
there exists u € D such that g(u) < 0, h(u) = 0, and the set {Vh;(u) | j € 1,m} is
linearly independent (for u € D; notice that Vh;(u) is the same for any u € D). Under
this condition, we can deduce from Theorem 4.3.5 a Karush-Kuhn-Tucker theorem, as
follows.
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Theorem 4.3.6. Suppose that X is a solution of the convex problem (P) and that the
Slater condition holds. Then there exist A = (A1, A2, ..., An) € R™, pt = (U1, Y2, «.es Pm) €
R™ such that

0€of(®)+> Aiogi(X) + > uohi(x),

i=1 j=1
and
/11' >0, Aig,'(f) =0, Vi e H

Proof 1t is sufficient to show that in Theorem 4.3.5 is not possible to have Ao = O.
Suppose, by way of contradiction, that Ao = 0. Then

n m n m
0> N0gi(®) + > pohi(x) =0 | > Aigi+ > _ mh | )
i=1 j=1 i=1 j=1
that is, for every x € D,

ZAi(gi(X) -gi(x0) + Z ui(h;(x) - h;(x)) = 0,

i=1 j=1
i.e.,

n m
Z)ligi(x) + Zyjhj(x) >0.
i=1 j=1

For x = u (the element from Slater condition), this becomes
n
Z/\igi(u) 20,
i-1
which is possible only if A; = 0 foralli € 1, n. So, in fact,
m m
Z}l]'h}'(X) > Z],l}hj(f) =0, Vx e D.
j=1 j=1

This means that X is a minimum point (without constraint) for the function x +
erL y,-h,-(x), so, from the Fermat Theorem,

> wVhix) = 0.

j=1

The linear independence condition says that the above relation holds only if y1; = 0 for
allj € 1, m. The facts obtained up to now, collectively imply that Ao + ||A|| + ||u]| = O,
which is a contradiction. The proof is complete. |
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Smooth and convex functions, which we discussed in the previous two chap-
ters, are also (locally) Lipschitz. This chapter aims to introduce a more general frame-
work, which provides optimality conditions for problems with Lipschitz data. We first
present the theory of generalized gradients for locally Lipschitz functions, developed
by Frank H. Clarke in the 1970’s, and we then pass to a more general framework, by
giving some comprehensive elements of the modern theory developed by Boris S. Mor-
dukhovich and his collaborators in the last three decades. Of course, we limit our ex-
position to the finite dimensional spaces framework, but both of these theories can be
developed in much more general situations. It is beyond the scope of this book to dis-
cuss the case of multifunctions (i.e., mappings with values given by sets), and of the
associated generalized differentiation objects (derivatives and coderivatives, associ-
ated by means of corresponding tangent and normal cones), although many interest-
ing results, which link the whole machinery of calculus for functions, multifunctions
and tangent cones exist in literature.

5.1 Clarke Generalized Calculus

Consider the following optimization problem:
min f(x1,x,) suchthatx? +x3<1, (5.1.1)

where f : R? — R is the function f(x;, x,) = max {min {2x1, x>}, X1 + 2x2} . Remark
that this function is neither convex nor smooth on the admissible set of points given
by the unit ball. Therefore, the theory developed until now cannot apply. Remark that
f, as well as the function which gives the restrictions (i.e., g(x1, x) := x? + x3 - 1), do
exhibit nice regularity properties: they are both Lipschitz functions.

It is interesting to develop a theory which could solve such a problem. This is the
main purpose of this chapter.

5.1.1 Clarke Subdifferential

Consider a function f : R? — R and suppose that f is locally Lipschitz with modulus
L > 0 around a point x € RP, which means that there is an € > 0 such that f is
L-Lipschitz on D(x, €), i.e.,

[fO) - f@)| <L-||Ix-ul, vx,u € DX, €).

[ ATl © 2014 Marius Durea and Radu Strugariu
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.
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One can define the (Clarke) generalized directional derivative of f at X in the di-
rection u, denoted f°(x, u), as follows:

P, u) = limsupfw.

1.2
xX—X, t}0 t (5 )

Some useful basic properties of this function are given bellow.

Proposition 5.1.1. Let f : RP — R be a locally Lipschitz function with modulus L > O
around a point X € RP. Then
(i) The function u — f°(x, u) is finite, sublinear and L-Lipschitz on R?, and it sat-
isfies
If°x,u)| < Lul|, Yu c RP. (5.1.3)

Moreover,
o, -u) = (-f)°(x, u), Yu € RP. (5.1.4)
(ii) For every u € RP, the function (x,v) — f°(x,v) is upper semicontinuous at

(x, w.

Proof (i) By the Lipschitz condition of f around X, it follows that for every x and positive
t sufficiently close to X and 0, respectively, one has

‘f(X+ tu) - f(x)
t

which shows (5.1.3) and the fact that f°(x, -) is everywhere finite.
Moreover, for every A = 0, one has

fOe+tAw) - ) _ Af(x + tAu) - f(x)
t At ’

which shows the positive homogeneity of f°(x, ), i.e.,
o, Au) = Af°(x, u), VA= 0.

Also, for every u, v ¢ R?,

flc+ tu+tv) - f(x)

f°(X,u+v)=limsup

xX—X, t}0 t
< limsupf(x +tu+tv) - flx + tu) + limsupfi()“r tu) —f(x).
x—X, t}0 t xX—X, t}0 t
But, since forany r, § > 0,
sup flx+tu+tv)-f(x+ tu) < sup f(y+tv)—f(y),

XEBE, 1, t€(0,6) t yEB®,r+8||ul)), t€(0,8) t
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it follows, by letting r — 0, 6 — 0, that

Jim sup flx+tu+tv) - f(x + tu) < lim sup fly+tv)-f(y)
X—X, t}0 t y—X, t}0 t

and, finally, that f°(x, -) is subadditive, i.e.,
feOu+v) <fo0x,u) + f°(x,v), VYu,v e RP.

Concerning relation (5.1.4), observe that for every u ¢ R?,

(=) - (-)x - tu)

f°(x, —u) = limsup fO-fle-tw) lim sup
x—X, t|0 t x—X, t}0 t
_ limsup O - tw) + tu) - (-f)x - tw)
x—X, t}0 t
_ 111'11 sup (_f)(y + tu) - (_f)(y) - (_f)O(Y’ u).
y—X, t}0 t

Now, by the subadditivity and relations (5.1.3), (5.1.4), one gets that
ffEuw-f°xv)<f°&u-v)<L|u-v|, Yu,v € RP,

which implies the expected Lipschitz property of f°(x, -).
(ii) Concerning the upper semicontinuity of the function (x, v) — f°(x, v) at (x, u),
take an arbitrary sequence (xn, un) converging to (x, u). It follows that for each n,

fo(Xn, un) — 1 < ]imsup fw.
X—¥Xp, t}O t

Using the definition of the upper limit, one can find y, € R? with |y, - xx| < + and
tn € (0, %) such that

fyn + tatn) = f(yn)

1
(e}
- =<
f°(xn, un) - ‘,

_ fyn + tau) - f(yn) + fyn + taun) — f(yn + taut)
tn tn '

By the Lipschitz property of f, we get that the final term is smaller than L ||un — u|| .
Passing to lim sup for n — oo, it follows that

lim SupfO(Xn, un) < fO(Yy u)’
n—oo

which shows the desired upper semicontinuity. a

Given a nonempty subset A C R”, its support function is the function h, : R? —
(—oo, oo] given as
ha(u) :=sup{{é,u) | £ € A}.
Some properties of the support function, useful in the sequel, are given in the next
result.
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Proposition 5.1.2. (i) Let A be a nonempty subset of RP. Then h, is positively homo-
geneous, subadditive, hence convex and continuous.
(ii) If A is convex and closed, then

EcA —= (& u) <hy(w), Yu c RP,
(iii) If A and B are two nonempty, convex and closed subsets of R?, then
ACB <= hyu)<hp(u), vu c R®. (5.1.5)

(iv) If p : RP? — R is positively homogeneous, subadditive and bounded on the unit
ball, then there is a uniquely defined nonempty, convex and compact subset A of RP such
that @ = hy, and the supremum is realized at every u € R?.

Proof (i) It is straightforward from the definition that h, is positively homogeneous
and subadditive.

(ii) It is obvious that & € A implies (&, u) < hy(u) for every u € RP. Consider now
& ¢ A. Since {¢} is convex, and A is convex and closed, it follows by applying the first
argument of the proof of the separation Theorem 4.1.3, that there exist u € R” and
a € Rsuch that ({,u) > a > (y, u), forany y € A. This means (£, u) > hy(u), hence
the converse implication is proved.

(iii) Again, the direct implication is straightforward. For the converse, take ¢ ¢
A such that ¢ ¢ B. Using the proof of (ii), one gets that there is u € R” such that
(&, u) > hg(u), which means that h(u) = (&, u) > hg(u).

(iv) Given ¢, define

A={EecR [ (& u) <o), YuecR"}.
Clearly, A is a convex set. Now, because A can be written as

A= () {EeR (& u) <0},

ucRp

it follows that A is closed as intersection of closed sets. Moreover, denoting by M > 0
the boundedness constant of ¢ on the unit ball, one has, for any ¢ € A and any u €
D(0, 1), that (¢, u) < ¢(u) < M, hence ||£]| < M. So A is bounded, therefore compact.
The inequality h, < ¢ is obvious from the definition of A. Let us show the equality.
Take arbitrary u € R and consider the linear subspace H := {Au | A € R}. Pick { € RP
suchthat ({, u) = (u). For instance, one can take { := 0ifu = 0, and { := |[u " @(u)u
ifu # 0. Then, if A > 0, one has ({, Au) = ¢(Au), and if A < 0,

(¢, Au) = (Do) = -p(-Au) < p(Au).

In any case, the linear functional ({, -) is majorized on H by the sublinear func-
tional ¢. By applying the Hahn-Banach Theorem, one gets that there is & € R? such
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that (¢,v) < @(v) for any v € R? and ({,u) = (¢,u) = @(u). It means that § € A
and ¢(u) < ha(u). Since u was chosen arbitrarily, we have ¢ = hy. The proof of the
uniqueness follows by the use of (iii). |

Now, consider a locally Lipschitz function f, and take instead of the function ¢
from the previous proposition the generalized directional derivative f°(x, -), Clarke de-
fined the generalized gradient as the nonempty compact set whose support function

is f°(x, -).

Definition 5.1.3. Let f : RP? — R be a locally Lipschitz function with modulus L > 0
around a point X € RP. The Clarke generalized gradient, or the Clarke subdifferential of
f at x is the set

ocf(X) = {&€eRP | f°(x,u) 2 (§,u), Vu e RP}. (5.1.6)

Some basic properties of the Clarke subdifferential are given next.

Proposition 5.1.4. Let f : R’ — R be a locally Lipschitz function with modulus L > 0O
around a point x € R?. Then
(i) ocf(X) is a nonempty, compact and convex set;
(ii) One has
o, u) =max {(¢,u) | & € ocf(X)} . (5.1.7)

Proof Both (i) and (ii) follow from Proposition 5.1.2. O

Example 5.1.5. Consider the function f : R — R, f(x) = ||x|| . Of course, this function
is Lipschitz with modulus 1. We know by Proposition 5.1.1 that f°(0, u) < ||u| for any
u € RP, Also, since
fOe+tu) - fx) _ [lx + tu — [|x]]
t t
it follows, by passing to lim sup for x — 0, that f°(0, u) = ||u||, for any u € R?, hence
f°(0,u) = ||ul|, forany u € R”. Then

, Vx,u e RP,vt >0,

0cf(0) = {& € R” | |lu| = (£, u), Yu € RP} = D(0, 1).

The next proposition provides a convergence result, which is useful in the subsequent
sections.

Proposition 5.1.6. Let f : R? — R be locally Lipschitz around x, and take the se-
quences (xn) and (&,) such that

Xn — X and &, € ocf(xy) for every n.
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If € is a cluster point of (&) (in particular, if &, — &), then & € ocf(x).

Proof Consider u € RP. Then, for every n, one has f°(xn, u) = (&, u). Denote the
subsequence of (¢,) which converges to & by (x»). It follows that (yn, u) — (¢, u) and,
moreover, using the upper semicontinuity of f° proven in Proposition 5.1.1, we deduce
that f°(x, u) = (£, u) . Since u € R” was arbitrarily chosen, we get the conclusion. [

Usually, the generalized directional derivative will not be computed directly, but,
rather by taking the upper limit of the difference quotients (keep in mind the usual
case of the derivative, where the same applies). This is quite clear from the definition:
one must compute the upper limit of a quotient which contains two variables chang-
ing simultaneously. Nevertheless, we emphasize two cases where the situation is sim-
pler, and which also justify the name of generalized gradient: the cases of smooth and
convex functions.

Theorem 5.1.7. Let f : R” — R be a function.
() Iffis CY, then f°(x, u) = Vf(x)(u) for every x,u € R?, and o.f(x) = {Vf(x)} .
(i) I f is convex, then f°(x, u) = f'(x, u) for every x, u € R?, and o.f(x) = of (x).

Proof (i) Remark, firstly, that because f is C!, it is locally Lipschitz around any x € R?
(by the mean value theorem). Consider x, u € R? and take x, — x and t, | O (that is,
(tn) C (0, o) and t, — 0) two sequences for which lim sup in the definition of f°(x, u)
is attained, that is

lim
n—oo

Fln + tntl:) S0 _ poy ),

By Lagrange Theorem, one can find y, € [xn, xn + tnu] such that
fOn + tawd) = f(xn) = V(yn)(tntd) = taVf(yn)(u).
As fis Ct, Vf(yn) — Vf(x) for n — oo, which finally gives
folx,u) = V) (), vx,u € R,

Then
ocf() = {& € RP | (&, u) < VF(X)(w), Vu e R},

which shows, due to the linearity of Vf(x)(u) (by changing u — —u), that in fact one
has equality above, hence the conclusion.

(ii) Consider now the case of a convex function f. We know in this case that f
is locally Lipschitz (Theorem 4.2.5), and also its directional derivative f’(x, u) always
exists and is finite (Proposition 4.2.1). Because

fOx +tu) - f(x)
t b

f(x, u) = lim
t10
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immediately follows that f'(x,u) < f°(x,u). On the other hand, since t —

fly +tu) - f(y)

inition of f°(x, u), one has

is always increasing (see the proof of Proposition 4.2.1), using the def-

fo(X, U)= inf sup sup M
1.6>0 ||y—x||<r t(0,6) t

_inf sup f(y+6t(;)—f(y)_
18>0 ||y—x||<r

Due to the Lipschitz property of f (with modulus L), it follows that

fly +6u) - f(y) = f(x + 6u) - f(x) + [f(y + 6u) - f(y) - f(x + 6u) + f(x)]
< fOx+8u) - f(x) + 2L ||y - x| < fOx + 6u) - f(x) + 2Lr,

hence

F°(x,u) < inf (w + 2Lr> = f'(x, u).
r,6>0 6
It means that f'(x, u) = f°(x, u). Then

ocf(x) = {§ e RP | f°(x,u) > (£, u) Vu e RP}
={EeRP|f'(x,u) = (§,u) Yu e RP}
= of (x). O

We now consider the general case, where the next theorem will provide a useful
method to compute the generalized gradient of a locally Lipschitz function. We will
use the celebrated theorem of Rademacher, which asserts that locally Lipschitz func-
tions are differentiable almost everywhere (in the sense of the Lebesgue measure), i.e.,
the points where the function is not differentiable form a set whose Lebesgue measure
is zero.

Theorem 5.1.8. Let f : RP — R be a locally Lipschitz function around a point x € R?.
Let Q C RP be any set of zero measure in R?, and Qy be the set of points where f fails
to be differentiable. Then

ocf(x) = conv {HILm Vixn) | Xn — X, Xn € QU [)f} . (5.1.8)

Proof Remark that, by the Rademacher Theorem, the measure of Q U )y is zero, hence
there are sequences which satisfy the conditions from (5.1.8). Since f is locally Lips-
chitz around x (we denote its Lipschitz modulus by L), we deduce that its differential
satisfies
V)W - lim L =TO)
t—0 t
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for every y near x where f is differentiable, hence

V)| <L,

for any such y. Consequently, if x, — x, xn ¢ Q U Qf, one can extract a subsequence
of (xn), denoted also by (x,) for simplicity, for which (Vf(x»)) converges to a limit &.
By the very definitions of the differential and of the generalized directional derivative,
it follows that

(o), ) = Vf ) = lim L0+ ) =00

< lim sup fy+tw)-fy) _
y—Xn, t}O t

f°(xn, u),

for any n € Nand u € R?. Using the upper semicontinuity of f°(x,, u) at (x, u), and
passing to the limit for n — oo above, it follows that

(& u)y < f°(x, u)

for any u € R?. Hence ¢ € 0¢f(x), and in fact
A := {nh_>m vf(Xn) | Xn — X, Xn & Qu .Qf} C acf(X), (519)

since ¢ is an arbitrary limit of the kind taken in A. Since o¢f(x) is a convex set, it
contains also the convex hull of A.
For the reverse inclusion, we will show that for any u # 0 in R?,

f°(x,u) < limsup Vf({y)(u).

y—X, yEQUQs

For this, denote the lim sup in the right-hand side by ¢, and take arbitrary € > 0. Since

limsup Vf(y)(u)=inf sup Vf(y)(u)<<+e¢,
y—X, ygQuQy >0 e B(x,r)
yQOUQf

it follows that there exists r > 0 such that
V)W) < +¢, Vy € B(x,1),y ¢ QU Q.

Without loss of generality, we may suppose that r is sufficiently small such that f is
Lipschitz on B(x, r). By the definition of the differential, we know that
Vf()/)(u)=tlgr(l)w <l+eg, Yy € B(x,1),y ¢ QU Q.
Then there exists § > 0 such that, for any t € (0, 6), and any y € B(x, 1),y ¢
QU Qy, one has
fly +tuw) - f(y) < t{L + €).



Clarke Generalized Calculus =— 139

Since f is continuous, and the above inequality is true for any y in B(x, r) with the
exception of a set of zero measure, it follows that the same inequality, but nonstrict,
is satisfied by the all points y in B(x, r). Consequently,

fly+tw)-f(y) <t +¢), vVt € (0, 6),y € B(x, ),

hence
folx,u)<t+e.

As € was taken arbitrarily, it follows f°(x, u) < £ = lim SUP,_,yx, yeQuo; Vi) (w).
Then for any realizing sequence (for which the lim sup is attained) x, — x, xn ¢ QU
Qy, and for any u € R? \ {0}, one has that

fo06u) = (lim VG, u) < ha(u) = heomea@),

where the last equality is easy to prove for any set A. Since f°(x, ) is hy ¢, the con-

clusion follows from Proposition 5.1.2 (iii). O
E ,‘,5/(\ o+
X,
(1,2)
(0,1)
@) (2,0) X,

9f(x,,x,)=conv{(2,0),(0,1),(1,2)}

Figure 5.1: The domain of f and its Clarke subdifferential at (0, 0).

Example 5.1.9. Coming back to the problem (5.1.1) from the beginning of this chap-
ter, observe that one can use the gradient formula in order to compute 0.f(0, O) for the
function f(x1, x2) = max {min {2x1, X2} , X1 + 2x2} . The function f can equivalently be
written as

2x4, if (x1,x2) € S1:= {(x1,x2) | 2x1 < X2 and x1 = 2x, }
fx1,x2) = ¢ xa, if (x1,x2) € Sz := {(x1,x2) | 2x1 2 X2 and x1 < -x, }
X1+2xy, if(x1,%2) € S3:={(x1,x2) | X1 € 2x2 0rx1 2 -x2} .

(5.1.10)
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Remark, moreover, that S; U S> U S3 = R?, and the union of their boundaries, A, is
a set of zero measure. Moreover, f is differentiable on R? \ A, the gradient having three
possiblevalues: (2, 0), (0, 1) and (1, 2). According to the gradient formula, one gets that
0cf (0, 0) is the triangle obtained by the convex hull of these three points (see Figure 5.1).

Remark 5.1.10. Observe that o.f(x) can fail to be a singleton even f is differentiable.
An example is provided by the functionf : R — R,

1.
flo = { x* sin X Ix#20 (5.1.11)
o, ifx=0.

One can see that f is differentiable at 0 and f'(0) = 0. Moreover,

£00) = 2xsin% —cos%, ifx#0
0, ifx=0,

L . . .1
which is not continuous. Observe also that, if x, — 0, then 2x, sin P 0, hence for
n

every such sequence, if it exists, li_r>n f'(xn) € [-1, 1] . Furthermore, for yn := ﬁ -0
n—oo
o 1 . . / _ . / _
and zp := GnsDn — 0, one gets respectively nll_I}I;lof (yn) = -1, and nh_r)llof (zn) = 1.

In conclusion, by the gradient formula, we obtain that o.f(0) = [-1, 1]. This example
shows that the generalized gradient extends the notion of continuous differentiability.

The next property will be useful in the development of the generalized gradient cal-
culus.

Definition 5.1.11. A functionf : R? — Ris said to be regular at x if it is locally Lipschitz
around x and admits directional derivatives f'(x, u) (formally defined as in the convex
case) satisfying f'(x, u) = f°(x, u) for any u € R?.

Theorem 5.1.7 shows that convex and C* functions are regular at any point. One can see
thatif f, gareregular functionsat xand A = 0, then Af and f+g are regular at x. The first
assertion easily follows, and the second one will be also proven (see the proof of The-
orem 5.1.13). A first example of a function which is not regular is given by (5.1.11). This
is because f'(0, 1) = Vf(0)(1) = 0, but f°(0, 1) = max {¢ | § € 0¢f(0) = [-1,1]} = 1.
Let us now provide another example of a function which is not regular.

Example 5.1.12. Consider f : R — R given by f(x) := — |x| for any x € R. This function
is not regular at 0. Observe first that it is Lipschitz and f'(0, u) = - |u| for any u € R.
Moreover, since f is differentiable on R\{0}, with Vf(x) being either -1 or 1 at any point
different from 0, one gets that ocf(0) = [-1, 1] in view of the gradient formula. Formula
(5.1.7) shows that f°(0,1) =1 # -1 = f/(0, 1).
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In fact, the example above is a particular instance of the following general case: every
concave function that has a corner at x fails to be regular at x. This is because, for such
a situation,

oG w) # =f' 0, —w) = (-f) (x, —u) = (-)°(x, ) = f°(x, u).

An important calculus rule is provided next.

Theorem 5.1.13 (sum rule). Let f,g : RP — R be two functions which are Lipschitz
around x. Then
oc(f +8)0) C 9cf(x) + 0cg(x). (5.1.12)

Equality holds if f and g are regular at x.

Proof Observe that the definition of the upper limit allows us to write

(F + 9)°(t, u) = limsup L+ OV + W) - F+8)¥)
’ y—x,tL0 t

fly +tu) - f(y)
t

+ lim sup gly +tu) - gy)

A1
y—x,t}0 t (5 3)

< limsup
y—x,t}0

=0, u) +g°(x, u), Yu e R,

Now, take y € oc(f + g)(x). This means that (y,u) < (f + 8)°(x,u) = f°(x,w) +
g°(x, u), for any u. Using (5.1.7), there exists & € ocf(x) such that (&, u) = f°(x, w).
Therefore, (y - &, u) < g°(x, u) for any u, which proves that y - & € 9cg(x), i.e,, x €
ocf(x) + 0cg(x).

Suppose now that f and g are regular. Then, using the regularity and the defini-
tions of the Clarke generalized derivative and of the directional derivative, one gets

FPoLw+g°cuw=F,u+g(xu)=>F+g)(x u)<(f+2°x,u), Vu e R,

Combined with (5.1.13), this proves that f + g is regular at x. Now, for any & € o.f(x),
¢ € 0cg(x), we have from definitions that (&, u) < f°(x, u), ({, u) < g°(x, u) for any u,
hence (¢ + {, u) < fo(x, u)+g°(x, u) < (f +2)°(x, w). It follows that & + { € d¢(f +g)(x),
which ends the proof. O

Remark 5.1.14. Since for any scalar A € R, we have d¢(Af)(x) = Aocf (x), it follows that
for any two locally Lipschitz functions around x, and for any scalars a, 8 € R, one has

oclaf + Bg)(x) C adcf(x) + Bocg(x). (5.1.14)

Moreover, since the regularity is preserved by summation and multiplication with posi-
tive scalars, we deduce that for any two regular functions f, g, and any positive scalars
a,fB =0,

oclaf + Bg)(x) = adcf(x) + Bocg(x).
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Remark 5.1.15. An easy example of strict containment in (5.1.12) is given by the func-
tionsf,g : R — R, f(x) := —|x|, gx) := |x| for any x. We saw before that f is
not regular at 0 and dcf(0) = [-1, 1]. One can easily prove (see Example 5.1.5) that
0cg(0) =[-1,1]. Then

{0} = oc(f +8)(0) < 0cf(0) +9cg(0) = [-2,2].

The next important result is a generalized Fermat rule.

Theorem 5.1.16 (Fermat rule for Clarke calculus). Let f : R? — R be a locally Lips-
chitz function. If f has a local minimum or maximum at x, then

0¢e acf(X)
Proof One has, if x is a local minimum, that

f°(x, u) = limsup fy+tw) - () > lim sup

flx+tu) - f(x) 0
y—x, t}0 t tl0 t

On the other hand, if x is a local maximum,

f°(x, u) = limsup w > lim sup
y—x, t{0 tlo

fO-fx-ty g
; > 0.

Hence, in both cases, f°(x, u) > 0 for any u, which gives the conclusion. O

The next result is a mean value theorem for locally Lipschitz functions due to
Gérard Lebourg, see (Lebourg, 1975).

Theorem 5.1.17 (Lebourg). Let x,y € RP, and suppose that f : R’ — R is locally
Lipschitz on a neighborhood of the line segment joining the points x and y. Then there
exists z € (x, y) such that

f0) - f0) € (3cf @),y - x).
Proof Denote by x; := x + t(y — x) and consider the function g : [0, 1] — R given by
8(8) = fxe).
Observe that for any ¢4, ¢, € [0, 1],

|8(t1) - g(t2)] = [flx + t1(y = X)) - f(x + t2(y - X))
<llly-x||-|t1 - ta],

where ¢ is the Lipschitz constant of f, hence g is Lipschitz on [0, 1] .
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Now, for every v € R,

g°(t,v) = limsup g(s +Av) - g(s)

s—t, AL0 A

 lim sup fO+ (s +A)(y - x)) - flx +s(y - X))
s—t, AL0 A

< limsup fe+ vy =x) - 1@ _ £ e, vy = x)).
z—X¢, ALO A

But this means that for any ¢ € d¢g(x) and any v € R,
&v < g°(t,v) < f(xe, v(y - x)) = maxv - (3cf(x0),y - x).

Observe that <acf(xt), y- x> is a compact interval of reals. Take above v = %1 to
deduce that there is y € 0cf(x;) such that & = (x,y-x). This gives dcg(x) C
<aCf(Xt)9 y- X> .

Consider now the function h : [0, 1] — R given as

h(t) == g(6) - t(f(y) - f(x)).

One easily gets that h is locally Lipschitz and, by Theorem 5.1.13 and Remark 5.1.14,
that

och(t) € ocg(t) - (f) - f)) € (9cfxo),y = x) = F(y) + f(). (5.1.15)

Since h(0) = h(1) = f(x), one gets by the continuity of h that there is to € (0, 1)
such that ¢, is a local minimum or a local maximum for h. In view of the Fermat rule
(Theorem 5.1.16), one has

0 € ochl(to),

which gives, by the use of (5.1.15), the conclusion of the theorem with z := x;,. O

For a function f : R? — R¥ and a vector ¢ € R¥, define the function (¢, f) : RP —
Ras

(&) 00 = (&, f00)). (5.1.16)

Theorem 5.1.18 (chain rule 1). Let f := (f1,....fi) : R> — Rfandg : R* — R be
locally Lipschitz around x and f(x), respectively. Then the functionh :=gof : RP — R
is locally Lipschitz around x, and

och(x) c clconv {0¢ (v, f) ) | y € ocg(f(x)) } . (5.1.17)

Moreover, iff1, ..., f, are regular at x, g is also regular at f(x), and d:g(f(x)) C RX, then
h is regular at x and equality holds in (5.1.17).
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Proof The fact that h is locally Lipschitz around x is straightforward.
Pick & € ach(x), and take arbitrary u € RP. Take some realizing sequences y, —
X, tn | O for h°(x, u), that is

hO(X, u) — hm g(f()/n + tnu)) - g(f()’n)) .

n—oo tn

By Theorem 5.1.17, for every n sufficiently large, there is zn € [f(yn), f(yn + tatt)]
such that

8(f(yn + taw)) - g(f(yn)) € <ac§(Zn),f(J/n + tau) —f()/n)> .
It follows that there is yn € 0cg(zn) such that

h(yn + tawt) = h(yn) _ (Xn, fQyn + taut) = f(yn)) _ <X f(yn + tatd) —f(yn)>
tn tn " tn :

Denote by B(f(x), 2¢) a neighborhood of f(x) where g is Lipschitz and by Lg its
Lipschitz modulus. As z, — f(x) for n — oo, it follows that for every n sufficiently
large, z, € B(f(x), €), and g is Lipschitz with modulus Lg on B(zn, €). Then, by relation
(5.1.3) applied for z, and the definition of the generalized gradient, one has for any n
sufficiently large and any v € R* that

(Xn,v) <8°(zn,v) < Lg ||v||.

It follows that ||xx|| < Lg for any n sufficiently large, hence (y») is bounded. With-
out loss of generality, we may suppose that y, — x. As zn — f(x) and y» € 0cg(zn) for
any n sufficiently large, we obtain that y € o.g(f(x)).

Also by Theorem 5.1.17, applied for (x, f) , we get that there is pn € [yn, yn + tald]
such that

06 n+ tad) = (X, f) (yn) € (Oc (¢, f) (pn), taut)
hence there is gn € o¢ (, f) (pn) such that

<X f(Yn+tnu)_f(Yn)> _ O ) n + taw) = (¢, f) (yn) _
’ tn tn

<qn, u> M

Since y» — x and t, | O, it follows that p, — x. Reasoning as above for the
locally Lipschitz function (y, f), it follows that (g») is bounded, so we may suppose
again, without loss of generality, that g, — q. Therefore, g € o¢ {x, f) (x).

Combining the previous relations, we get

h(yn + tau) — h(yn) _ flyn + tau) = f(yn)
tn An> tn

- <Xn -y L o) —f(yn)> . <X, Flyn +to) - ) >

_ <xn . flyn+ tnl:) —f(yn)> + (gnu).
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Observe that the Lipschitz property of f implies that (f(yn + tatt) — f(yn))/tn is
bounded, hence passing to the limit we get

h°(x,u) = (q,u),

where g € d¢ (x, f) (x) and y € 0cg(f(x)).

This means that for any u € R?, h°(x, u) < h,(u), where by A we have denoted
the setclconv {d¢ (y, f) (%) | y € 0cg(f(x))} , and by h, its support function. The con-
clusion follows by taking into account the equivalence (5.1.5) from Proposition 5.1.2.

Now, suppose that f, ..., f; are regular at x, g is regular at f(x), and d.g(f(x)) C
RX. Take arbitrary u € R? and observe that

g(f(x + tu)) - g(f(x))
t

K (x, u) = lim
£10

_ i 80D + 1 (%, W) - g(F(x + tu)
tlo t

+8'(F00), f'(x, u),

where by f’(x, u) we have denoted the vector whose components are f(x, u), i = 1, k.

Since
g(fl) +tf'(x, ut)) —8(flx+ tw) | %Lg 16/ G ) - (FOx + tu) - F0O) |
L |l w) - fle+ tut) ~f| .,
when ¢ | 0, it means that
h'(x,w) = g'(F), f'(x, w)). (5.1.18)

Now, take y € dcg(f(x)) c R¥ and remark that the function (y, f) is regular at x,
since

W, Y X) = y1fi(x) + ... + yific (0,

i.e., (y, f) is a positive linear combination of regular functions. Then

max {(y, f)° (x,u) | y € 9cg(f(x))} = max {(y, ) (x,u) | y € ocg(f(x))}
=max {{y,f'(x,u)) | y € 0cg(f(x))}
=g°(f(0), f'(x, )
= g'(f(x), f'(x, u)) (since g is regular)
= h'(x, u) (from (5.1.18))
< h°(x, u).

It means also from (5.1.5) that for any y € 9.g(f(x)),

oc (¥, f) (%) C och(x).
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But this shows that
{ocy, ) 1y € dcg(f(x)} € och(),

and, as the set from the right-hand side is convex and closed, one has equality in
(5.1.17). O

Theorem 5.1.19 (chain rule 2). Let f : R? — R* be locally Lipschitz around x and
g : RX 5 R be continuously differentiable at f(x). Then the function h := gof : R — R
is locally Lipschitz around x, and

och(x) = oc (Vg(f(x)), f) (x). (5.1.19)
Proof Take y and t > 0 near x and 0, respectively, and observe that the Lagrange The-
orem applied for g asserts that there is z € [f(y), f(y + tu)] such that

g(f(y + tw) = g(f(y) + (Vg(2), fly + tw) - f(¥)) .
This gives us, for arbitrary u € RP, that
g(f(y + tw) - g(f(y))

h°(x, u) = limsup

y—x, t}O t
= lim sup <Vg(z), fy+ ) - 1) —f(y)> .
y—x, t}O t

Observe that the Lipschitz property of f implies that (f(y + tu) - f(y)) [t is
bounded. Moreover, y — x, t | 0, combined with the same property of f, gives us
z — f(x). Using also the C! property of g, one gets from above that

h°(x, u) = lim sup <Vg(f(x)), w>

y—x, t}O
(Vg(fe)), fly + tu)) - (Ve(f(x)), f¥))

= lim sup
y—x, t}0 t
= (Vg(f()), f)° (x, w).
The relation (5.1.19) follows now from Proposition 5.1.2 (iii). |

Remark 5.1.20. The inclusion “C” from (5.1.19) immediately follows from Theorem
5.1.18.

Recall that for a differentiable function, its differential Vf(x) can be identified with
the Jacobian matrix.

Theorem 5.1.21 (chain rule 3). Let f : RP — RK be continuously differentiable near x
and g : R* — R be locally Lipschitz around f(x). Then the function h := gof : RP - R
is locally Lipschitz around x, and

och(x) € (9cg(f(0)), V(X)) := {{&, V(X)) | & € 0cg(f(x)} . (5.1.20)
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Moreover, if Vf(x) : RP — RX is surjective, then equality holds.

Proof The proof of (5.1.20) follows taking into account in Theorem 5.1.18 that for any
y € 0cg(f(x)),
oc (v, f) ) = (y, V) ,

hence, since 0.g(f(x)) is compact and convex and Vf(x) is linear and bounded,

cleonv {d¢ (v, f) () | y € 0cg(f())} = (9cg(f(x)), V(X)) .

Suppose now that Vf(x) is surjective. By the Lyusternik-Graves Theorem (i.e., The-
orem 2.4.4), it follows that f is open, i.e., for any neighborhood U of x, f(U) is a neigh-
borhood of f(x). This implies

SO+ (9FIW) - 80) _ o 8(E) + T/ (W) - 8 ().

limsu
b t z—x, t}0 t

y—f(x), t}0

Also, since f is C! near x,

im fErt0-f@-tvfOw) _ o flz+tw) - f(2) - (V)W)

z—X, t[0 t z—X, t[0 t

+ gl_rg (Vf(2) - Vf(x) (u) = 0.

Therefore, it follows that

& (F(x), V)W) = limsup SY IV -gl)

y—f(x), tL0 t

= lim sup 8(f(2) + tVf ()W) - g(f(2))
z—x, t}0 t

- lim sup 8(f(z +tw) - 8(f(2) _ T
z—x, t}0 t

where for the third equality the local Lipschitz of g around f(x) is used. Take now
arbitrary y € 0cg(f(x)) and u € R?. Then

(X VD) () = (x, VF(0OW)) < g°(f(x), VF(x)(w)) = h°(x, u).
It means that <)(, Vf (X)> € dch(x). Therefore, the conclusion follows. O

Finally, we present a result which will be useful in deriving optimality conditions.

Proposition 5.1.22. Consider ¢ : R? — R locally Lipschitz around x, K c R a
compact set, and define
F(x) := r;leajg( ¥, p() .

Then F is locally Lipschitz around x. For any u around x, denote by

K@) := {y € K| F) = (y, o)}
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the set of active indices at u. If K(x) is a singleton set (i.e., K(x) = {yo}), then
ocF(x) C o¢ (o, @) (x).

Proof Denote by L the Lipschitz constant of ¢. The fact that F is locally Lipschitz
around x is straightforward.

Pick ¢ € d¢F(x) and take arbitrary u € RP. Take some realizing sequences y, — X,
tn | 0O for F°(x, u). Moreover, take y, € K(yn + tnu). Since K is compact, we may
suppose, without loss of generality, that y, converges to some y. As F(yn + tqu) =
<y,,, o(yn + tnu)> for every n and y, + thu — x, we obtain by passing to the limit that
F(x) = (7, p(x)) , i.e., y € K(x), which means that y = y,. It follows that

F(yn + tnu) - F(yn) (Yn, @y + tatt)) = (Yn, 9(yn))

F°(x,u) = lim < lim sup
n—oo tn n—oo tn
~ limsup Y22 @) On+ tatd) = (yo, @) ()
n—oo tn
— s t —
+ limsup (Yn = Yo, P(yn + tatt) = 9(yn))
n—oo tn

|@On + tatt) - @(yn) ||
tn

< (Yo, 9)° (¢, u) + limsup [[yn = yol| L llu]l = (yo, )° (x, u).
n—oo

< (Yo, @)° (x, u) + limsup |[yn - yol|
n—oo

Hence, we obtained F°(x,u) < (yo,®)° (x,u), which shows the inclusion
0cF(x) C a¢ (Yo, @) (x) by Proposition 5.1.2. O

5.1.2 Clarke Tangent and Normal Cones

Throughout this section, we will discuss the notions of tangent and normal cones, as
defined by Clarke. In the sequel, A denotes a nonempty closed subset of R”. Recall
that the distance function associated to the set A is given by

= inf ||y -
da(x) ;relAHy x|

and has the important property (in our context) that is 1-Lipschitz. The announced
tangency notion will be constructed through the generalized gradient of this function,
and the normal cone will be defined by polarity. One of the main reasons for which
these notions were introduced by Clarke in the early 1980’s is given by the next pe-
nalization principle. Notice that a local version of the first item of the next result was
proved and used in the previous chapter (see Theorem 4.3.2).

Theorem 5.1.23 (penalization principle). Let U C R? be an open set which contains
A, andf : U — R be a Lipschitz function with modulus L > 0. Consider the minimization
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problem
(P) minf(x), subjecttox c A.

(i) If x € A is a global solution of (P), then for every K > L, the function x
f(x) + Kd4(x) attains an (unconstrained) minimum on U at x.

(ii) Conversely, suppose that, for some K > L, the function x — f(x)+Kd(x) attains
its minimum on U at x. Then x € A and solves (P).

Proof Suppose first that X € A is a solution of (P). Take x € U and € > 0 arbitrarily.
Pick y. € A such that ||y, — x|| < d4(x) + €. Using the Lipschitz property of f, one gets

f&) = fye) < f(x) + Llye - x|| < f(x) + Lda(x) + Le.

Letting € to tend at O, one gets the conclusion of the first part for K = L. If K > L, the
conclusion is now obvious.

For the converse, suppose by contradiction that X ¢ A, hence x € U \ A. Since A
is closed, it follows that d4(x) > 0. Then one can find y € A such that

_ _ K K, _
Iy <da+ (' ~1) ds = T a0,
Using the minimality assumption and the Lipschitz property of f, one gets
fG)+Kda() < f(y) < fGO + L ||y - X|| < f() + Kda(x),
a contradiction which shows that X € A. Then for every x € A,
f(X) = fG) + Kda(X) = f(x) + Kda(x) = f(x),
hence X solves (P). |
In view of the generalized Fermat rule (Theorem 5.1.16) and of sum rule (5.1.14),
solutions of (P) satisfy
0e ac(f + I(dA)(X) C acf(X) + I(ach(X) (5121)
It is interesting to study the geometric interpretation of the term dcd4(x).
Definition 5.1.24. Let X € A. The Clarke tangent and normal cones to A at X are re-
spectively the sets
Tc(A,%) := {u e R | dj(x,u) =0} = {u e R? | d3(X,u) < 0} (5.1.22)
N¢(A,X) == Tc(A,X) = {E €RF | (£,x) <0, Vx € Tc(A,%)}. (5.1.23)
Remark that the second equality from (5.1.22) follows from the fact that one always has
dg(x, u) = 0, since d4 attains a minimum at x.
One may easily observe that T¢(A,x) = R? and N¢(4, %) = {0} if X € intA. The

following theorem collects some other important properties of the Clarke tangent and
normal cones.
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Theorem 5.1.25. Letx € A. Then:

(i) Tc(A, X) is a closed convex cone;

(i) u € T¢(A, X) if and only if, for every (xn) C A, xn — X and every (t,) C (0, o),
(tn) — O, there exists (un) — u such that x, + taun € A for any n; as consequence,
T¢(A,X) C Tg(A,X);

(iii) Nc(A, x) = cl cone 0cd4(x);

(iv) T¢(A, X) = Nc(4,X)7;

(v) Nc(A, x) is a closed convex cone containing Ng(A, X).

Proof (i) We know by Proposition 5.1.1 that the function u — dj(x, u) is a positively ho-
mogeneous convex function, which shows, in light of (5.1.22), that T-(A4, X) is a convex
cone. The continuity of the same function proves the closedness of T¢(4, X).

(ii) Take u € T¢(A, X) and take arbitrary sequences (x,) C 4, (xn) — x and (tn) C
(0, o), (tn) — 0. Since d4 (X, u) = 0, one gets that

inf  sup da(y + tu) - daly) _

0.
0 yeB(x,n), t(0,r) t

daly + tu) - day) _ .

Take € > 0. One can find r > 0 such that sup,cpx ). tec(0.1)

t
For this r, there is np € N such that, for any n > ng, xn € B(X, r) and t, € (0, r). This
means that

e> sup da(y + tu) - du(y) 5 da(xn + tau) — da(xn)
XEB(,1), t€(0,1) t tn
_ daln + tatt) |

tn 0’

for any n = ng, which shows that

lim da(xn + tat) _
n—soo tn

0.

Take yn € A such that [|xn + tntt = yn|| < da(xn + taw) + 2, and define uy := Y.
Using the relation above, we obtain that u, — u and x, + thnun = yn € A, as claimed.

For the converse inclusion, take u € R? such that for every (xn) C A, (xn) — X
and every (t,) C (0, o), (tn) — 0, there exists (un) — u such that x, + t,u, € A for

any n. Fix some sequences (yn) — X and (t,) | 0 such that

lim da(yn + tau) — da(yn) = d5(%, u).

n—oo tn

Let x, € A such that ||xn — yn| < da(yn) + % It follows that (x,) — X, hence from the
property of u there is (un) — u such that x, + thun € A for any n. But then, since d is
1-Lipschitz, one gets

1
da(yn + taut) < dp(xn + tatin) + [|[Xn = ynll + tn [|un — ul| < da(yn) + ta (E +|lun - u||) )
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which implies that d§ (x, u) < 0, i.e., the conclusion.
(iii) Take nonzero &1, & € d0cda(x), A1, A, > 0, and choose t € [0, 1] . Define

. (1 - t)/ll t/lz
{ T (1 - t)Al + tAz é’l * (1 - t)/\l + tAz

& € 0cda(),

and observe that (1-t)A;1 &1 +tA;&, = [(1 - H)A; + tA;] & € cone d¢dx(X), which means
that cone 0.d4(x) is a convex cone. It follows that cl cone d.d 4 (X) is a closed convex
cone.

Take u € d¢cda(x)™. If one would have d§(x, u) = sup {(.{, u)|ée aCdA(Y)} >0,
then there exists & € 0¢d4(X) such that (¢, u) > 0, which is a contradiction that shows
that d3(x, u) <0, i.e., u € T¢(4, X). The reverse inclusion is easy to prove in the same
manner, hence

0cda(X)” = [clcone dcds(X)] ™ = Tc(A, X). (5.1.24)

By applying the bipolar theorem (Theorem 2.1.6) in the last equality, one gets that
Nc(A,x) = clcone 0¢cda(x).

(iv) Follows from (5.1.24) and (iii).

(v) This is straightforward, taking into account thatif A ¢ B, then A" > B~. O

The following proposition continues the idea from (5.1.21).

Proposition 5.1.26. Let f : RP — R be Lipschitz with modulus L around x and suppose
x is a solution of (P). Then

0€0c(f+Ldy)x) Cocf(x) +Locda(x) C ocf(x) + Nc(A4, x). (5.1.25)

Proof 1t follows from (5.1.21) and (iv) from the previous theorem. O

It is interesting to further study the structure of N¢(4, x) in some special situa-
tions. To this end, a useful notion is introduced next.

Definition 5.1.27. A set A is said to be regular at x € A if T¢(A, x) = T(A4, x).
It admits the following characterization.
Proposition 5.1.28. A is regular if and only if Nc(A, x) = Ng(4, X).
Proof For the necessity, observe that if A is regular, then
Nc(A,x) = Tc(A,x)” = Tg(A, x)” = Ng(4, x).
For the sufficiency, suppose that N¢(4, x) = Ng(4, X). Then

Tc(A,x) = Nc(A,x)” = Np(4, %) = (Tg(A,x)7) D Tg(A,x) D Tc(A, x),
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which shows the desired conclusion. O

In the case of closed convex sets, we have the following result.

Theorem 5.1.29. Suppose A is a closed convex set, and x € A. Then A is regular and

Tg(A, x) = Tc(A, x) = clcone(4 - x),
Np(A,x) = Nc(A,x) ={u e R” | (u,y -x) <0,Vy € A}.

Proof In view of the Propositions 2.1.15 and 5.1.28, we only have to prove that A is
regular.

Take u € A - x, and choose arbitrary (x,) C A, (xn) — x and (t,) | 0. Define
Un := (x — xn) + u for every n and remark that (u,) — u. Moreover, observe that

Xn+taun = (1 - ta)xn + th(u +x) € A,

since A is convex. It follows from Theorem 5.1.25 that u € T¢(4, x). As T¢(4, x) is a
convex cone, we have clcone(4 - x) C T¢(4, x). But we already know that

Tc(A, x) c Tg(A, x) = clcone(4 - x),

which ends the proof. O

Recall that if A is a nonempty closed set in R?, we denote by pr, x the nonempty
projection set {y € A | da(x) =[x - y||} .

Theorem 5.1.30. Let A be a nonempty closed subset of R?, and x € bd A. Then

N¢(A, %) = clconv{ A lim XnZVn 1450, xn 2 A, Xn— X, Yn € DIy Xn
n—eo ||Xn = yn|

(5.1.26)
Proof Observe first that if x € A is such that Vd4(x) exists, it follows that
Vda(x)(u) = lim dabx+ tu) - dy () = lim dalx + tu) >0, VYuecR?,
t—0 t—0 t

hence Vd4(x) = 0.
Suppose x ¢ A and Vd4(x) exists. Take y € pr, x and u € R?, and denote g(x) :=
Ix —y||. Then

0,10 > i sup EXF 0 =800 _ o e tu—yl - [x -yl
t10 t £10 t
> lim sup dy(x +tu) - da(x)
) t

= Vda()(w),
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since ||[x - y|| = da(x) and Vd,(x) exists. But this means that Vd,(x) € ocglx) =

ﬁ} ,l.e., Vda(x) = ﬁ Suppose now there are two points y1, ¥, € pry X.
It means that Vd,(x) = XZ _X7)2 i.e., pr, x consists in only one point.

da(x)  da(0)’
Take now X € bd A. Using the gradient formula (5.1.8) for d4, we have that

ocda(X) = conv{nliﬁrrolo Vdaxn) | xn — X, xn & _QdA} s

where by Q,, one denotes the set of points at which d fails to be differentiable. Taking
into account the discussion above, one gets

dcds(X) C conv {0, lim Xrn—Yn_

n—oo [|Xn = ynl|

| Xn € A, Xn = X, Yn €PI, xn}. (5.1.27)

Now, observe that for any x € A, the function d, attains a minimum at x, hence
by applying the generalized Fermat rule (Theorem 5.1.16), one gets that 0 € d¢d4(x).
Take now x ¢ A and y € pr, x. Consider the function f(z) := ||x — z|| . This func-
tion, which is 1-Lipschitz, attains its minimum on A at y, hence by applying Proposi-
tion 5.1.26 it follows that
0 € ocf(y) + ocda(y).

As x # y, f is C! around y, hence ocf(y) = {Vf(y)} = {—ﬁ} . It follows that
X-y

— 2 ¢ 0cdy(y). Hence,
= y] € eV

{0, lim X"V |y, 2 A, xn — X, Yn € PIy xn} C 0cds(X)

n—oo [|Xn = yn|

and, as d¢d,(X) is a convex set, one has equality in (5.1.27). The result now follows
from the fact that N¢(4, x) = clcone 0¢cd 4 (X). O

The next example emphasizes the utility of the formula (5.1.26), and at the same
time exhibits a case where the Bouligand and the Clarke tangent cones are different.

Example 5.1.31. Consider the set A := {(x1,x;) € R? | x; = |x1|} . Then it is easy to
see, using Definition 2.1.9, that Tg(A, (0, 0)) = A. Moreover, using the polarity, one gets

N5(4,(0,0)) = 4" = {(x1,x2) € B | x2 = = }
Now, for the Clarke normal cone, one gets, by using formula (5.1.26), that
N¢(4,(0,0)) = clconv{(xl,xz) cR? | xp = |x1] orxz < - |x1\} =R?,

hence T¢(4, (0,0)) = {(0,0)} .
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The next theorem shows that the Clarke tangent and normal cones to the graphs of
Lipschitz mappings are always linear subspaces. Among other things, this result em-
phasizes the importance of studying also other types of normal cones, such as the ones
in the next chapter. In what follows, gr f denotes the graph of a function f.

Theorem 5.1.32 (Rockafellar). Let U C R? be an open set, and f : U — R¥ be a Lip-
schitz function. Consider x ¢ U andy := f(x). Then T¢(gr f, (X, ¥)) and N¢(gr f, (X, ¥))
are linear subspaces of RP x RX,

Proof According to Theorem 5.1.25 (ii), (¢, ) € Tc(grf, (X, ¥)) if and only if for every
(xn, yn) C grf, (xn, yn) — (X, y) and every (t,) | O, there exists ({1, nn) — (&, 1) such
that (xn, yn) + tn(én, nn) € gr f for any n. Since f is continuous, this condition reduces
to the following: for every (x,) — X and every (tn) | O, there is & — & such that

flxn + tntE:) - f(xn) .

(5.1.28)

Since f is Lipschitz, it follows that

Hf(xn + tndn) = flxn + tng)H < Ltn [|§n - &1I,

where by L we have denoted the Lipschitz modulus of f. The limit from (5.1.28) is the
same when one replaces &, by &. It follows that (¢, 1) € Tc(grf, (x,y)) if and only if
for every (x,) — X and every (tn) | O, there is & — & such that

O + tnti) - f(xn) Lo,
that is,

lim fe+td) - f0) _ n,

tlo t

i.e., the generalized directional derivative of f at X in the direction ¢ is in fact a usual
lim and equals 7. This is also equivalent to
o= gy o 1 fO) - fX - t&)
ffx,8)=n= ltlfg —

x' =X
where x' := x + t&, hence if (&,n) € Tc(grf, (X,¥)), one necessarily has also
that (-&,-n) € Tc(grf, (X,y)). Since we also know from Theorem 5.1.25 (i) that
Tc(grf, (x,y)) is a closed convex cone, it follows that Tc(grf, (x,y)) is actually a
(closed) linear subspace of RP x RX, Since the dual set of a linear subspace is also
a linear subspace, it follows that N¢(gr f, (X, ¥)) is also a (closed) linear subspace of
RP x Rk, O

We have seen that the distance function serves as a link between the analytical
theory of generalized gradients and the geometric constructions given by the tangent
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and normal cones. The next result shows other interesting connections, this time for
a general function; the final equivalence in the section about the Fréchet and Mor-
dukhovich normal cones arises from very definitions, proving that in fact all the nor-
mal constructions we use can be seen in a unifying way.

Theorem 5.1.33. Let f : RP — R be Lipschitz around Xx. Then:
() Tc(epif, (x, f(x))) = epif°(X, -);
(i) § € ocf(x) & (§,-1) € Nc(epif, (x, f(x)).

Proof (i) Take (u, r) € Tc(epif, (X, f(X))). Moreover, take some realizing sequences for
f°(x, u) : we have (x,) — X and (t,) | O such that

i { O+ tntd) = ) _ & u).
n—oo tn
Since (xn, f(xn)) belongs to epi f and converges to (x, f(X)), we have, due to Theo-
rem 5.1.25 (ii), that there is (un, rn) — (u, r) such that (xn, f(xn)) + tn(un, rn) € epif for
every n, i.e.,
f(Xn + tnlin) Sf(Xn) + tnln,

and using the Lipschitz property of f (with constant /), it follows that

fOn + tau) - f(xn)
tn

srn+/l|un—u|.

Passing to the limit for n — oo, we get f°(x, u) < r, i.e., (u,r) € epif°(x, -).

For the converse inclusion, we prove that for every § > 0, we have (u, f°(x, u)+6) €
Tc(epif, (X, f(X))). Take arbitrary (xn, rn) C epif, (xn, rn) — (X, f(X)), and (t») | O.
Define u, := u for every n, and take

Sn := max {fo(Y, u)+ 8, fOtn + tatt) - fxn) } .

tn

Since lim sup,,_, ., ’M < f°(x, u), it follows that s, — f°(x, u) + 8, hence

(un, sn) — (u, f°(x, u)+6). In order to show by Theorem 5.1.25 (ii) the desired assertion,
we must prove that (xn, rn) + tn(un, Sn) € epif for every n, i.e.,

f(Xn+tnu)S rn+tnsn, vn.
The definition of s, and the fact that (xn, rn) € epif for every n, imply that
'+ taSn = Tn + O + tat) — f(xn) 2 f(xn + tau),

so the proof of (i) is now finished.

(if) Remark that ¢ € ocf(x) if and only if f°(x, u) = (¢, u) for every u, that is, for
every u € RP and every r > f°(x, u), one has <({, -1), (u, r)> < 0. Using (i), the last
assertion is equivalent to: for every (u, r) € epif°(x, -) = T¢(epif, (x, f(X))), one has

(€,-1),(u,n) <0, ie., (& ~1) € Tclepif, (x, (X))~ = Nc(epif, (x, f(X))). O
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5.1.3 Optimality Conditions in Lipschitz Optimization

In this section, we will derive necessary optimality conditions in Fritz John form for
the minimization problem

(MP) min f(x) subject to g(x) <0, h(x) =0, x € A,

where f,g = (g1,...,8n) and h = (hy, ..., hn) are locally Lipschitz functions which
map from R? into R, R" and R™, respectively, and the set A is closed. Notice that the
(MP) problem combines both functional and geometrical constraints, which were sep-
arately analyzed in the smooth case, since the presence of the set A along the smooth
functions introduces a nonsmooth behaviour, which cannot be investigated with the
tools of classical differentiation.

Theorem 5.1.34 (Fritz John conditions for Clarke calculus). Let X be a solution of
(MP), where f, g and h are Lipschitz around x. Then there exist Ag =2 0, A = (A1, ..., An) €
R"and p = (U1, ..., um) € R™, with Ao + ||A|| + ||p|| # O, such that

0e Aoacf(f) + ZA,an,(Y) + Z}l}achj(Y) + Nc(A, 7) (5129)
i=1 j=1
and
Ai 20, Aigi(x) =0foranyic 1,n. (5.1.30)

Proof Suppose, without loss of generality, that the functions f, g and h are Lipschitz
on a neighborhood of the set A (otherwise, replace A by A N B(X, 6) for some § > 0,
and observe that neither the assumptions, nor the conclusion change).

Fix € € (0, 1), denote the compact set S(0, 1) N [R+ x RY x R™] by S, and define
the function

n m
Fe() := max < Ao(fO0) - f(X) + &)+ > Aigi) + > pihy(x)
(Ao, AWES — =
Suppose there is an x such that F¢(x) < 0. It follows that
n m
Ao(f() - FOO +€) + > Aigi(®) + > k() <0,
i-1 j=1

for any (Ao, A, ) € S. By taking successively one of the scalars
Aos A1y eees Ay U1s -.., Um equal to 1, and the rest equal to 0, one gets

fO) < f(x)-¢, gx) =0, h(x) <0,

a contradiction which shows that the assumption made was false. Consequently,
F¢(x) > O for any x € A. Moreover, being the max of Lipschitz functions, F; is Lip-
schitz on a neighborhood of A, with a constant we denote by L which may be chosen
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such that it does not depend on €. Consider the closed set A and apply the Ekeland
Variational Principle (see Remark 3.1.13) to get the existence of x, € A such that

Fe(xe) < Fe(X) - Ve ||xe - X||

and
Fe(xe) < Fe(x) + Ve ||xe — x|| forany x € A.

Observe that F¢(x) = €. One gets from the first relation that ||x. - X|| < V€. On
the other hand, from the second relation, one sees that the Lipschitz function x
Fe(x) + V€ ||xe — x| attains its minimum on A at x., hence by applying Proposition
5.1.26, one gets the existence of L > 0 such that

0e ach(xg) + \/ED(O, 1) + La(;dA(Xg). (5.1.31)

Denote by
S(xe) := {y €S| Fe(xe) = <y’ (P(X£)>} )
where y := (Ao, A, u) and @(x) := (f(x) - f(X) + &, g(x), h(x)) . In order to apply Propo-
sition 5.1.22, we want to prove that S(x.) is a singleton. Suppose the contrary. Then
there exist y' := (A}, AL, u!) (I = 1, 2), two different points in S(x;). Remember that S is
a subset of the unit sphere in R™*"™*!, and choose ¢ > 1 such that y := {(y* + y?) € S.
Then, since F¢(x¢) > 0,

Fe() > (7, 0)) = 5 (¥, 00)) + {2, 0(x)) ) = tFe(0) > Felxe),

a contradiction. Hence, S(x) = {(A§, A%, u°)} .
We can apply now Proposition 5.1.22, to get that

n m
OcFe(xe) C o¢ ( of + ZAfgi + prh) (xe).
i=1 j=1

By the use of the sum rule (Theorem 5.1.13), we get from (5.1.31) that

n m
0 € A50cf(xe) + Y “Afcgilxe) + > M5 dchj(xe) + VeD(0, 1) + Locda(xe).
i-1 =1
Set now ¢ from the above equal to % for any k > 2. One gets hence x; such that

X = X]|| < ﬁ, and also (A, A%, u¥) € S, as well as ¢¥ € D (O, ﬁ) such that

& e Adcf i) + Y _Afocgibau) + > ochi(a) + Ne(A, xn).

i=1 j=1

Observe that we may suppose again, since S is compact, that (/1’3, Ak, y") converges
to some (Ag, A, 4) € S. As x;, — X and ¢ k _, 0, by passing to the limit in the relation
above (see Proposition 5.1.6), one gets (5.1.29).
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Suppose now that there is iy € 1, n such that g;,(x) < 0. If A;, > 0, we will have

FO) =25 (o) -+ ) + TN DHIES R TR

j=1 i=1

but this contradicts the fact that F(x;) > O for every k. O

Notice again that specific constraint qualification conditions could be imposed in
order to avoid the situation Ao = 0. We mention that, for this case of nonsmooth cal-
culus, the qualification conditions are beyond the aim of this book, but the interested
reader is invited to consult (Clarke, 1983).

Example 5.1.35. Let us examine again the problem (5.1.1). We are now close to our ini-
tial aim, which was to provide optimality conditions and, furthermore, to find the mini-
mum.

Observe first that, by Weierstrass Theorem, this problem admits at least one solu-
tion, since the function f is continuous, and the set of restrictions is compact. If (x1, x3)
is a minimum point, we know by Theorem 5.1.34 that there exists (Ag, A1) # (0, 0) such
that

(0,0) € A00cf(x1, x2) + A10cg(x1, X2)
= Ao0cf(x1, x2) + M1 Vg(x1, x2)
= Ao0cf(x1, x2) + 221 + (x1, X2),

as g(x1, x2) = x2 + x2 - 1 is continuously differentiable and Vg(x1, x2) = 2(x1, X2).

Suppose Ao = 0. Then, again by Theorem 5.1.34, A; > 0 and g(x1,x;) = O, ie.,
x2 +x3 = 1. On the other hand, one must have (x1, x,) = (0, 0), which gives us a contra-
diction which means that we can take Ao = 1.

Suppose Ay = 0. Then (0,0) € 0cf(x1,x2). We know from Example 5.1.9 that
0¢f(0,0) = conv {(2,0), (0, 1), (1, 2)} , hence (x1, x) cannot be (0, 0). Recall that the
function f can equivalently be written as in (5.1.10). Suppose (x1, x>) lies in the interior
of one of the sets S1, S and Ss. But in this case ocf(x1, x2) = {Vf(x1,x2)} , and the
gradient Vf(x1, x2) equals, respectively, (2, 0), (0, 1) and (1, 2), so (0, 0) € dcf(x1, x2)
cannot hold. Suppose now the nonzero vector (x1, x2) is on the boundary between two
of the sets S1,S, and Ss. For instance, take (x1,x2) € S1 N Sy \ {(0,0)}. Then
0cf(x1,x2) = conv{(2,0),(0,1)}, so the inclusion (0,0) € dcf(x1, x2) cannot hold.
The same happens in the other two similar cases. In conclusion, our assumption, that
A1 = 0, must be false. Therefore, we can write:

(Xl’ XZ) € _iacf(xly XZ), Al > 0.
211

We know from Theorem 5.1.34, that x> + x5 = 1. Suppose now (xi,X;)
lies in the interior of one of the sets S1,S, and S3. If (x1,x;) € intS; =
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{(x1,x2) | 2x1 < x5 and x1 > 2x,} , one must have, since d¢f(x1, x2) = {(2,0)} , that

(le XZ) = <_%’ 0) ’

which is obviously a contradiction. If (xq,Xx2) c intS; =
{(x1,x2) | 2x1 > x; and x; < -x,} , one would obtain (0, —zih) € intS,, again
a contradiction. Finally, if (x1,x;) € intS3 = {(xl, X2) | x1 < 2x, or x1 > —xz} , it
should happen that —2171(1, 2) < intSs for some positive A1, which is false. Only
three points remain as candidates for the minimum points: the points from the unit
sphere which lie on the boundary between two of the sets S1,S, and Ss. Suppose
(x1,x2) € S21n S5\ {(0,0)}. Then (x1, x,) must be of the form (e, —¢), with € > 0,
and should be an element of the set —ﬁ conv {(O, 1), (1, 2)} for some positive A1,
which is false. If (x1, x2) € S1 N S3\ {(0,0)}, then (x1, x2) = (-2¢, —¢) for some € > 0.
It should satisfy (-2¢, -¢€) € —% conv {(2,0),(1,2)}, and taking into account that

X1 + x2 = 1, one gets the point f’ VG
if (x1,x2) € S1 NS>\ {(0,0)}, then (x1, x,) must be of the form (-¢, -2¢), for some
e > 0, and should be an element of —% conv {(2,0), (0, 1)} for some positive A,

L ) as a candidate for the minimum. Finally,

which set equals in fact -R2. The equality x> + x5 = 1 gives the point ( N —%) as
another candldate for provzdmg us the minimum. Observe, though, that for sufficiently
small 6, ( 7 +36, - 6) € S, and is feasible. Moreover, for 5§ — 0, it tends to

( f) andf( +386, —f—d)=—7—6<—E=f(—7,—ﬁ),hence
2

( V5 V5

l(s a local maximum, too. It means that the minimum point we are looking for is
1

1
f

2
N \/g) is not a local minimum. Analogously, one can prove that ( )
not
2
-

5

5.2 Mordukhovich Generalized Calculus

We saw in the previous section an approach which provided us with useful generalized
differentiation tools, in order to solve some nonconvex and nonsmooth optimization
problems. We saw that the Clarke tangent and normal cones, as well as the associated
subdifferential, have the property that they are convex. In order to pass to a fully non-
convex case, we present in this section some other (even more general) differentiation
objects, which have the advantage, besides allowing us to work in the fully nonconvex
case, to exhibit robust (exact) calculus rules.
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5.2.1 Fréchet and Mordukhovich Normal Cones

Let us begin our presentation by introducing two important constructions.

Definition 5.2.1. Let A be a nonempty subset of RP.
(i) Given x € A, the Fréchet normal cone to A at x is the set

Nr(4, x) := {E e RP | limsup% < 0} , (5.2.1)

where by u A x we understand u — x with u € A. An element & € Ni(A, x) is called
Fréchet normalto A at x. If x ¢ A, we define Np(A, x) := 0.
(ii) Let x € A. The Mordukhovich (or limiting, or basic) normal cone to A at X is

Nu(4, %) := {g ER? [3xn A X, & = &, & € Np(A, xn),Vn € N} . (522
Ifx ¢ A, weput Ny(A, x) := 0.

Remark 5.2.2. Observe that & € Np(A,X) if and only if for every € > 0, there exists a
neighborhood V of x such that, for every x € ANV, one has

(& x-x) <ellx-Xx]. (5.2.3)

In the next proposition we collect some basic properties of the Fréchet and Mor-
dukhovich normal cones.

Proposition 5.2.3. Let A be a nonempty subset of R? andx € A. Then:
(i) One has

NF(A, Y) = NF(CIA, Y) and NM(A, Y) C NM(CIA, Y) (524)

(ii) If x € int A, one has Ng(A,X) = Ny(A,x) = {0} .
(iii) Nr(A, X) is a closed convex cone, and Ny (A, X) is a closed cone.
(iv) If A is a convex set, then

Np(A,X) = Ny(A,X) = {E € RP | ({,x-X) < Oforeveryx c A}, (5.2.5)

i.e., it coincides with the normal cone N(4, X).
(v) If B is a nonempty subset of RX and y € B, then

Np(A x B, (X,¥)) = Np(A, X) x Ne(B, ),
Nu(A x B, (x,¥)) = Ny(A, X) x Nu(B, ).

Proof (i) Observe first that for every two sets A C B with x € X, one has
Nr(B,x) C Nr(A, x). This follows immediately from the fact that A C B implies
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Eu=n) g G-
= =T =

u—Xx

ulbx=ulx , which gives us that lim sup . Con-

sequently, one has that Nx(clA,X) C NF(A x)

For the reverse inclusion, take £ € Nr(4, X). Then the equivalence from Remark
5.2.2 is valid, where the neighborhood V can be taken as being open, without loss of
generality. Fix y € clAN V. If y € A, then it satisfies (5.2.3). If y € clA\A, then
there exists (yn) C A, yn — y. Since V is open, one has that y, € A N V for every
n sufficiently large. Then y, satisfies (5.2.3), which implies when passing to the limit

that (£,y -X) < €|y - || . Consequently, lim sup <ﬁ ¥~ \|> < ¢ for every € > 0, which
clA,
shows that & € Ng(cl A, X).

For the second relation from (5.2.4), observe that
Xn Ax= Xn a4 Y} and [NF(A, xn) = Np(clA, xn)]

give us the desired inclusion.

(i) If X € intA and & € Ng(A, X), then for every € > 0, there exists § > 0 such
that D(x, 6) C Aand (¢, x - X) < €||x - X|| for every x € D(x, 6). It follows that (¢, u) <
e|jul|, for every u € D(0, 1), hence ||£]| < €. Since € was arbitrarily chosen, we have
that ¢ = 0. The formula (5.2.2) and the fact that x A X imply that x, € int A for every
n sufficiently large gives us that Ny/(4, X) = {0}.

(iii) The fact that Nr(A, X) and Ny;(A, X) are cones easily follows from their defini-
tions. Taking into account, for instance, the equivalence from Remark 5.2.2, one easily
gets the convexity and closedness of Nx(4, X).

Consider now (&) C Ny(4,X), & — &. Then, for every € > 0, thereisng € N
such that ||&, — || < 271& for every n > ng. Fix n = no. Since &, € Ny(A, X), there exist
(xp)x — x and (§})x — & such that & € Np(A, x3), for every k. Consequently, one can
find k%, k2 = n = ng such that

Hx,’j —7|| <g, vk = k} and
&8 - &l < 27, Vk 2 ki

Define ky, := max {ky, kz } , yn := x and 1, := & . One has

llyn —X|| < € and

[Mn =&l < [Inn = &nll + 160 = &1l < &,
hence, as n was taken arbitrary such that n > ny, it follows that y, — x and n, — ¢£.
Moreover, since 1, € Np(4, yn) for every n = ng, we obtain that ¢ € Ny(A, X). Hence,

Ny (A, X) is a closed set.
(iv) We prove first that

Np(A,x) = {{ e RP | ({,x-X) <Oforeveryx € A}. (5.2.6)
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The “>” inclusion from (5.2.6) immediately follows for an arbitrary set A. Suppose
now A is a convex set, and take & € Np(A,X) and x € A. Thenx; :=(1-A)x+Ax € A
for every A € [0, 1], and x; — X for A | 0. It follows that for every € > 0, there exists
A > 0 sufficiently small such that

(§,xa-X%) <ellxy—Xxll,
which means, successively, that
(&, AMx-x)) <€ H/\(x -X)
% <g, Ve>0,Vx € A\{x},
(§,x-X) <0, Vx € A.

>

Now, since Np(4,X) C Ny(4A, X), take any & € Ny (A4, X). There exist (xn) A Yand
(&én) — & such that &, € Nr(A, xp) for every n. It means, in view of (5.2.6), that

(én, x—xn) <0, Vn e N,Vx € A.

Passing to the limit for n — oo, one gets the conclusion.
(v) Both equalities follow straightforward. O

The following representation of the Mordukhovich normal cone can be useful in
computations.

Theorem 5.2.4. Suppose A C R? is a closed set and let X € A. Then

Ny(A, ) - { FeR?| 3(An) € [0, 00), (xn) = X, (yn) C R? such that } (527)

Yn € Pry Xn for every n and Ap(xn — yn) — &

Proof We will prove first that for every x € A, the next inclusion holds:

N4, x) {f CRP| 3(An) C [0, o), (xn) — X, (¥n) C RP such that } . 5.28)

Yn € pry xn for every nand An(xn — yn) — &

Take x € A and & € Np(A, x). Set xn := x + 2& and pick y» € pry xn for any n.
Observe that y, € pr, xn if and only if

1Xn = yull < [[xn = V||, Vv € 4,
that is

0 < [[Xn = V||* = [Ixn = ynll* = (Xn = V, Xn = yn)
+(Xn =V, Yn=V) = (Xn=Yn, V—=Yn) = (Xn = ¥Yn, Xn — V)

= (2Xn =V =Y, Yn = V) = =2 (Xn = Yn, V= Yn) + ||V = yn* -
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By replacing v with x and using the form of x,, one gets

1
2 (e 2E-ynx-yn) 2 lx-pl?,

2(E,Yyn -
i -yl ¢ 280X,

llyn =x||

Moreover, because x € A and yn € pry xn, we know that

[yn =x[I < [[lyn = Xnll + {1 = Xn||

2
< [l =]l +[Ix = xall = — €] = O,

2(§,yn—x)
lyn = x|l

hence, since y, A xand & € Ni(A, x), one has that — 0. Consequently,

n||x —yn| — 0and
n(xn—yn) =nx-yn) +& = &,
which proves (5.2.8).
To prove now the “C” in (5.2.7), take & € Ny(4, X). Then there exists x, A X,

&n — & such that &, € Np(A, x,) for every n. For every € > 0, there exists then np € N
such that, for every n = no,

I =X < 27",
16n = &Il < 27"e.

Fix n = no. Since x, € A, one has using (5.2.8) that there exist (A}); C [0, =0),
(xk — xn, (yP)r such that y; € pr, xj for every k, and Ay (x} - y;) — & for k — oo.
For the e chosen before, there are ki, k2 > n = ng such that

[|xk = xn]| < 27, vk = kb,

[AROE - y9) - &) < 27, VK = k2.
Take k, := max {k, ki } and set un := X} , Vn := Y} , an := A7 . One has then

[[tn = X[ < [lun = X[ + [[xn - X|| < &,

”an(un - Vn) —fH < ||an(un - Vn) - an + an _'f” <E,

and since v, € pr, un, we have proved the desired inclusion in (5.2.8).

Let us prove the “>” inclusion in (5.2.8). Now consider ¢ € R” such that there
exist (Ax) C [0, o) and (x) — X such that An(xn — yn) — &, where y, € pry x, for
every n.

Take arbitrary v € A and use the above characterization of the projection y, €
pr, Xn to deduce successively that

1
(Xn = Yn, V= yn) < 5 HV—)’HHZ’
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<An(Xn ~Yn), v —)’n> - An

v =yl <5 lv=ynl, Vv € A.
Taking the lim sup for fixed n in the previous inequality and setting &, := An(xn — yn),
Vi)y,,
we get that
llm sup M < 0’
A [V = ynll

V—VYn
hence &, € Ng(4, yn) for every n. Moreover, since x, — X and y» € pr, x», one can
prove as above that y, — X. It follows that & € Ny(A4, X) and the reverse inclusion is
now proved. |

Let us provide some examples which contain the calculus of the Fréchet and Mor-
dukhovich normal cones to some sets.

Example 5.2.5. Consider the set A := {(x1,X;) € R* | x5 = —|x1|} . Let us compute
first Np(4, (0, 0)). Take arbitrary € > 0. One should find a neighborhood V of (0, 0) such
that, for every (u,v) € AnV,

(€& n), w,v) <el|(u,v) .
The form of the set A allows us to deduce that
&u-nlu < V2elul,

for every u close to 0. One gets from the above inequality that n = |&| . As for every such
element (¢, 1) and (u, v) € A one has <(.§’, n), (u, v)> < 0, we deduce that

Nr(4,(0,0) = {(€.m) € B I > |¢]}.

Let us use now formula (5.2.7) to calculate Ny (A, (0, 0)). For this, let us observe
first how the projection set of different elements from R? on A looks. If (x1, x») € R? is
such that x, > |x1|, then pry(x1,x2) = {(0,0)}. If (x1,x2) € {(u,v)|u=0,v<u},
then pr,(x1, x2) is the unique point from {({, IIEE O} such that the line passing
through (x1, x3) is orthogonal on it. Similarly, if (x1, x3) € {(u, v)|us<0,v< —u} , then
pr,(x1, X2) is the unique point from {(£, &) | & < 0} such that the line passing through
(x1, x2) is orthogonal to this line. It follows that when (xn, yn) — (0, 0) and A, = 0, the
all possible limits of sequences of the type An((Xn, Yn) — Pr4(Xn, yn)) lie in the set

{€wer In=1g orn=-1g},
which is equal to Ny (A4, (0, 0)).

It can be observed from the previous example that the Mordukhovich normal cone is
nonconvex in general, which shows that it cannot be the polar to any tangent cone,
since polarity always implies convexity. It is not the case with the Fréchet normal cone,
as the next result shows.
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Theorem 5.2.6. Let A C R” be a nonempty set and x € A. Then
NF(A’ Y) = TB(A’ Y)_'

Proof Take ¢ € Nr(A,Xx) and choose arbitrary v € Tp(A4, X). There exist sequences
(tn) | O and (vq) — v such that X + t,v, € A for every n. Using the definition of the
Fréchet normal cone, it follows that for every € > 0, exists ny € N such that

tn <f, Vn> < gtn ||Vn|| N vn = no.

This shows, after dividing by ¢, and passing to the limit above, that (¢, v) < g]v||.
Letting € — 0, one gets that (¢, v) < 0 and, furthermore, taking into account the
arbitrariness of v, that & € Tg(4,%)".

For the reverse inclusion, suppose (&, v) < O for every v € Tp(A, X). Now, choose
an sequence Xy A X for which the lim sup from the definition of the Fréchet normal
cone is attained: B B

lim sup M = lim M
[x =Xl n—ee [xn =X

A _
X—X

o i Xn—X - .
Since X + ||xn — X|| ”X"iy = xn € A for every n, ||x, - x| | 0, and without loss
-

of generality we may suppose that

Tg(A, x), and hence

Xn—X

XnZ X
llxn = X[l

converges to some u. It follows that u €

n—oo

. Xn—X
lim e ,u) < 0:
<€ Per =] > it
which shows that ¢ € Nr(4, X) and ends the proof. O

Theorem 5.1.32 shows that, in case of a Lipschitz function f, N¢(gr f, X) is always
a linear subspace, which drives us to the idea that, in many situations, especially
when dealing with graphical sets, considering the Mordukhovich normal cone could
be more appropriate.

Let us now formulate a result which gives us a smooth variational description of
Fréchet normals, useful in many instances, including calculus rules for the Fréchet
subdifferential of the difference of two functions.

Theorem 5.2.7. Let A be a nonempty subset of RP and x € A. For ¢ € R?, suppose
that there exists a function s : U — R defined on a neighborhood of x, which is Fréchet
differentiable at X, and such that Vs(x) = & and s achieves a local maximum relative
to A at X. Then & € Nr(A, X). Conversely, for every & € Ng(A,X), there is a function
s : R? — R such that s(x) < s(x) = O for every x € A and s is Fréchet differentiable at X
with Vs(x) = ¢&.

Proof For the direct implication, we know that there is a continuous function a with

lim,_,5 “(”|L"_?H”) = 0 such that

s() = s(x) + (£, x = x) + a(||x - x||) = s(x),
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for every x € A near X. It means that (£, x - X) + a(||x - X||) < O for every x € A near X,
which implies for such x that

(€x-% __al(x-%|)

e=x|| [ =X]|

Passing to lim sup for x A X, we deduce that ¢ € Nr(4, x).
For the converse, consider the function s : R” — R given by

__J min{0, ({,x-Xx)}, ifxeA
s(x) := { (&,x-%), otherwise.

Remark that s(x) < 0 = s(x) for every x € A and s(x) < (£, x — X) for every x € RP. Then

s() -sX) - (§,x-%)| _ (§,x-X)-s(x)
[x =X [Ix =X
o, B ifxgAorxeAand ({,x-X) <0
- %’ ifxeAand (¢{,x-X) > 0.

Since ¢ € Nr(A,X), for every € > 0 there exists a neighborhood V of X such that

% < ¢ for every x € ANV, which means that

s(x) - s(x) - (¢, x-X)

= <g, Vxel.
[lx = X||

But this means that s is Fréchet differentiable at X with Vs(x) = £. |

We close this section with a result useful for the next.

Proposition 5.2.8. Suppose A C R? is a closed set and x € bd A. Then
NM(A, Y) C NM(bdA, Y)

Proof Pick & € Ny (A, X)\{0} . According to the definition of the Mordukhovich normal
cone, there exist (x,) A Yand (&n) — & such that &, € Ni(A, xn) for every n. Due to
the continuity of the norm, it follows that ||{x]| — ||&]| > O, hence x, ¢ intA, i.e.,
xn € bd A for every n sufficiently large, because otherwise one would have &, = 0
From this,

. X—-X . X—X
lim sup X =Xn) i g o X=Xn)
bd A HX_X"H A HX_X"H
X =5 Xn X9 Xp

hence &, € Np(bd A, x,) for every n, so & € Ny(bd A, X). ]
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5.2.2 Fréchet and Mordukhovich Subdifferentials

Let us introduce now the subdifferentials associated to the normal cones defined be-
fore. We begin with the Fréchet subdifferential.

Definition 5.2.9. Let f : RP — R. The set
Orf(X) := {&§ € RP | (&, -1) € Ne(epif, (X, f(X)) }

is called the Fréchet subdifferential of f at x, and its elements are called Fréchet sub-
gradients of f at X.

Observe that, since the Fréchet normal cone is a closed convex cone, the Fréchet subd-
ifferential is a closed convex set in R”. The next example shows that the subdifferential
can be empty, even for simple Lipschitz functions.

Example 5.2.10. Consider the function f : R — R, f(x) = —|x|. Then epif =
{(x1,x2) | x2 = = |x1|} . One can easily see that Tg(epif, (0, 0)) = epif, hence

N(epif, (0,0)) = (epif)” = {(0,0)}.
It follows that o0¢f(0, 0) = (.

Let us provide an analytical characterization of the Fréchet subgradients.

Theorem 5.2.11. Letf : R’ — R. Then

Orf () = {5 € R? | liminf /X S0 (&, x-%) | o} . (5.29)

[[x =X

Proof Take ¢ from the right-hand side set. We want to prove that £ € d¢f(x). Observe
that, from the choice of ¢, for every € > 0, there exists a neighborhood V of X such
that, for every x € V, one has

fO)-fR) - (§,x-%) 2 -¢|x-X]|.
Pick such x and fix a > f(x). Then
(6, -1), 0, @) - (5, fD)) = (£, x - %) + (D -
<&, x=-X)+f(X) - f(x)
<ex =X
<el|(x, a) - (x, f(x))
which proves that (¢, -1) € Ng(epif, (x, f(X)).

For the converse inclusion, take ¢ € orf(x) and suppose that there is € > 0 such

that _ _
sup inf fx) - f(x) —56, X-X)
vevE XEV llx = ]|

]

< —E€.
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It means that one can construct a sequence x, — x such that

fOn) = fx) - (5, xn - X

[ = X[l

-,

which implies that (xn, ax) € epif, where a, := f(x)+ (&, xn — X) —€ ||xn — X|| . We have

(| Gtn, @n) = X, FGO)|| < |30 = X[ + (&, Xn = X) = £ [|Xn - X]|
<X+ 811 +&) lxn = X|

whence

(&, -1, Gty ) = (B f®)) & xn—X]

|| Gens @) = (X, £G))|| [| Gens @) = (X, £G))|
&
S 1+[lgl e

It follows that (&,-1) ¢ Ne(epif, (x, f(X))), a contradiction. The proof is now
complete. a

The next proposition partially justifies the name of Fréchet subgradients for the
elements of drf(X).

Proposition 5.2.12. Let f : R — R be Fréchet differentiable at X. Then orf(X) =
{vi®}.

Proof 1t is obvious from the definition of Fréchet differentiability and the analytical
characterization of the Fréchet subgradients that Vf(x) € orf(X).
Suppose ¢ € 9pf(x). Using (5.2.9), one gets that

liminf (Vf09 - &, x=%)

— 20
X—X [Ix —X|| ’

which means that for every € > 0, there exists § > 0 such that, for every x € D(x, 6),
(£-Vfx),x-X)<e|x-X].

It follows that
¢~ i) <

for every positive ¢, i.e., & = Vf(x), and hence the conclusion. O

The next smooth variational description of Fréchet subgradients follows from
Theorem 5.2.7.

Theorem 5.2.13. Let f : R — R be a function. Then & € 9pf(X) if and only if there
exists a function s : RP — R, Fréchet differentiable at X, which satisfies:

s(x) = f(x), s(x) < f(x), vx € R?, and Vs(x) = £. (5.2.10)
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Proof Suppose & € dpf(%). Consider the function s : R” — R given as
s(x) := min {f(x), f(X) + ({,x-X) }, Vx € R,

Then, obviously, s(x) = f(x) and s(x) < f(x) for every x € RP from the definition. Also
from the definition of s, it immediately follows that

s(x) - s(x) - (£, x - X)

lim su =) <0. (5.2.11)

ey x=x]
Moreover, one has
s)-s@®-(&x-x) | 0, iff) 2 fR)+ (6, x-%)
[x = X|| T WO o ptherwise,
[Ix=x]|
which implies, using ¢ € 9pf(x), that

lim inf s0) - s() _,<€’ X=X, 0. (5.2.12)

X—X HX - X||

Relations (5.2.11) and (5.2.12) mean that s is Fréchet differentiable at x and Vs(x) =
£.

Conversely, suppose ¢ € R? and there existsan s : R”? — R, Fréchet differentiable
at X and satisfying (5.2.10). Then

(00~ (D) - (&, x - %) s() - 5(0) = (£, x- %)

limin = > liminf = =0,
X—X [|x = X|| X—X [|x = X]||
hence & € 9rf(X). O

If f : RP — R is convex, then the Fréchet subdifferential reduces to the usual
convex subdifferential given in the previous chapter.

Proposition 5.2.14. Suppose f : RP — R is convex. Then
orf(X) = ouf(x) = of ().

Proof This immediately follows from the fact that epif is a convex set and from the
formula (5.2.5). |

Let us proceed now in introducing the Mordukhovich subdifferential. For this, we
need first the next result.

Proposition 5.2.15. Let f : R? — R be a function and (X, @) € epif. Then A > O for
every (&,-1) € Nyl(epif, (x, @), hence there exist the subsets D and D*° of RP such that

Ny(epif, (x, @) = {A(¢,-1)| £ € D,A>0)} U{(£,0)|§ € D™} .
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Proof Choose arbitrary (&, -1) € Ny(epif, (X, @)). Then by formula (5.2.2), it follows
that 3(xn, an) epif (%, @), & — &, and A, — A, such that

(§n, X = xn) = An(a — an)
(6, @) = (xn, an) |

lim sup <0, Vn.

060 (i, t0) ’

Then, for every € > 0, there exists §¢,» > 0 such that, for every (x, «) € D((xn, an), 6),

one has
<£n, X —Xn) — An(a - an)

[|(x, @) = (xn, ) |

By taking x := x, and a := an + 8, it follows that (x, a) € D((xn, an), 6), hence

Mnla-an)
o — an|

Passing to the limit for n — oo, one gets that -A < ¢ for every positive &, hence the
conclusion. O

Definition 5.2.16. Let f : R? — R be a function and x € R?.
(i) The set

duf(x) == {§ € R? | (¢, -1) € Nu(epif, (%, F0O)}

is called the Mordukhovich (or limiting, or basic) subdifferential of f at x, and its ele-
ments are called the basic subgradients of f at x.
(ii) The set

O=f(X) := {£ € R? | (£, 0) € Ny(epif, (%, fR))}

is called the singular subdifferential of f at X, and its elements are called the singular
subgradients of f at X.

It follows from the definitions that for every function f : R” — R, and every x € R?,
Orf(X) C omf (). (5.213)

Example 5.2.17. Consider again the function f : R — R, f(x) := —|x|. Since epif =
{(x1,x2) | x2 = = |x1|} , one easily deduces, using the formula (5.2.7), that

Ny(epif,(0,0)) = {(x,x) [ x <0} U{(x,-x) | x>0}.

Hence, dyf(0) = {-1, 1} and 0=f(0) = {0} . Recall that drf(0) = 0, hence the in-
clusion (5.2.13) can be strict. Note that the Mordukhovich subdifferential is a nonconvex
set, and this should not be surprising, since its definition is based on the Mordukhovich
normal cone, which is nonconvex in general.
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The next result emphasizes estimates for the subdifferential of locally Lipschitz func-
tions.

Theorem 5.2.18. Let f : R? — R. Iff is locally Lipschitz around X with modulus ¢ = 0,
then

€1l < ¢, ¥& € omf(x) (5.2.14)

and
0=f(x) = {0}. (5.2.15)

Proof Take (¢, 1) € Ny(epif, (x, f(x))). Since f is continuous, epi f is closed, and since
grf = bd epif, it follows from Proposition 5.2.8 that (&, A) € Ny(grf, (x, f(x))). Then
there exist (x,) — X, ({x) — & and (A4) — A such that (é, An) € Ne(grf, (xn, f(xn)))
for every n.

Now, from the Lipschitz property of f, we know that there exists § > 0 such that,
for every x, u € D(x, 26), one has

[F00) - f)| < £]|x - ul| . (5.2.16)

Moreover, for every € > 0, and for every n, there is y < min {6, ¢6} such that, for
every u € D(xn, y),

(Eny = Xn) + An(F ) = FOxn)) < & (It = x| + [F@0) = FOxn)]) - (5.217)
Take n sufficiently large such that x,, € D(X, §) and u € D(xy, y¢™1). It follows that
lu=x|| < |[u=xn| + | xn = X|| <yt + 6 < 26.
One can employ now (5.2.17) and (5.2.16) for u and x, in order to get that

(ns = Xn) < ~An(Fu) = FOxn)) + € (| = xnl| + [f(W) - FOxn)|)
< (|An] £+ €+ €0) ||u - xn||

<|Anly +eyrt +ey.
Since the previous relation holds for every u € D(xn, y[l), it follows that
vl <y (Ml + o0 +e).
Dividing by y, passing to the limit for n — oo, and then for € — 0, one gets that
) <A (5.2.18)

Now, if & € 9,f(X), it means that A from above equals -1, hence from (5.2.18) one
gets (5.2.14). If ¢ € 0°°f(x), it means that A from above is 0 and (5.2.15) follows. O
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Remark 5.2.19. In view of relation (5.2.13), the previous theorem also shows that for
every locally Lipschitz function f around a point x, having the Lipschitz modulus ¢ = 0,
one has

181 < £, V& € opf(). (5.2.19)

We now emphasize a case when the Mordukhovich subdifferential reduces to the usual
Fréchet differential.

Proposition 5.2.20. Suppose f : R — R is C! around X. Then
omf(X) = {Vf(X)} .

Proof Pick & € oyf(x). Then (¢, -1) € Nyf(epif, (x, f(x))) C Nu(gtf, (x, f(x))), which
means that there exist (x,) — X, (&x) — & and (A,) — 1 such that for every € > 0,
there exists 6 > 0 such that for every x € D(xn, 6),

(§ny x = xn) = An(f(x) - f(xn)) < € (HX = Xn|l + |f(X) _f(Xn)|) .

Using the Taylor expansion for the function f at every such point x,, one gets that
there is y, on the segment [x, x,] such that

00 = FOta) = (V) X = Xn) -

It means that

(&n = A Vf(yn), X = xn) < € (|IX = x| + [0 = f(xn)])
<(e+¢&f)||x - xnl|
< (e + €08, vx € D(xn, 6),

where ¢ > 0 is a Lipschitz modulus for the C* function f. Hence,
6 ||§n - Anvf()/n)H < (e +¢&0)b.

Passing to the limit for ¢ — 0 and n — oo, and taking into account that y, — X,
hence Vf(yn) — Vf(X) since f is C?, one gets that ¢ = Vf(x). O

The representation of singular subgradients will be useful in the following sec-
tions. The notation x, 1, % means Xn — X and f(xn) — f(x).

Theorem 5.2.21 (representation of singular subgradients). Let f : RP — R be lower
semicontinuous around x. Then

ouf(x) = {.{ € R? | 3x, EN X, & — & suchthat &, € opf(xn), ¥n € N} . (5.2.20)
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Proof The “>” inclusion follows immediately. Suppose ¢ € Jyf(x), i.e., (§,-1) €
Ny (epif, (x, f(x))). Since f is lower semicontinuous around X, epif is locally closed
around (X, f(x)), hence by employing Proposition 5.2.8, (£, -1) € Ny(grf, (x, f(x))).
There exist then (xn, f(x1)) — (X, f(X)) and (¢n, An) — (&, 1) such that (&, -A,) €
Nr(gr f, (xn, f(xn))) for every n. It means that for every € > 0, there exists § > 0 such
that

(&, X = Xn) = An(F(X) = f(xn)) < € (|IX = x| + |FOO) = f(xn)|)

for every x € D(xn, 6) and f(x) € D(f(xn), 6). Since A, — 1, for every € > 0, and every
n such that |1, - 1| < €, one has from above that
(&n, x = xn) = (FOO) = fn)) < & (Jx = Xl + |fOO = fOen)|) + [An = 1] - () = fOxn) |
< 2& ([ = x| + |[fO) = f(xn)])
for every x € D(xu,6) and f(x) € D(f(xn),6). It means that (&,,-1) €
Ne(grf, (xn, f(xn))) for every n sufficiently large. Suppose, by contradiction, that

(&n, —1) & Ng(epif, (xn, f(xn))). Pick y € (0, 1) and sequences (u;, a;) epif (xn, f(xn)
such that

(&ns uj = xn) = (@ = fOn)) > y || (W, @) = Cen, FO0))]| - (5.2.21)

Since f is lower semicontinuous at x,, we have

f(xn) = lim a; = limsup f(u;) = liminf f(;) = f(xx),
j—roo j—voo j—roe

hence f(u;) — f(xx). Moreover,

||(uj,f(uj)) - (Xn,f(Xn))H < H(uj, a;) - (Xn,f(Xn))H +a; - fu).
It follows from (5.2.21) that

(&> tj = xn) = (@ = f(xn)) > y ||y, f(W))) = (tn, fO))|| = ¥ (@ = f(wy)
>y || (s, f@)) = On, FOD)|| = (o = fwp)
i.e.,

(&ns uj = xn) = (Fuy) = fOn)) > y ||z, F(w)) = Ocn, fO))]| 5
with u; — xn and f(u;) — f(xn), which contradicts (&n, -1) € Ng(grf, (xu, f(xn))).
Hence, (&én, —1) € Ne(epif, (xn, f(xn))), i.e., &n € 0rf(xn), and the desired inclusion is
now proved. a

Example 5.2.22. Let us consider the function f : R — R given as

x’sini, ifx#0
ﬂx)'{o, ifx = 0.
Using formula (5.2.20), one gets that 0,f(0) = [-1, 1], while Vf(0) = 0. This shows that
the Mordukhovich subdifferential does not reduce in general to the gradient, in case of
a differentiable function.
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The following result is yet another nonsmooth version of the Fermat rule.

Theorem 5.2.23 (Fermat rule for Mordukhovich calculus). Letf : RP — R.Iff has a
local minimum at x, then
0 € 0pf(x) C ouf(X).

Proof Since f(x) = f(x) for every x close to X, it follows that

lim inf f00 - 1) _,<O’ X-X)
X—X [|x = X||

>0,

hence 0 € d¢f(X) due to the analytical characterization of Fréchet subgradients. The
inclusion between the two subdifferentials is true in general. O

We continue by presenting some considerations about the links between the
Fréchet and Mordukhovich normal cones and the corresponding subdifferentials of
the distance function.

Proposition 5.2.24. Foranyset A C R? andx € A, one has

drda(X) = Np(A,%) N D(O, 1), Nr(4,%) = UAaFdA(Y). (5.2.22)
A>0

Proof Take ¢ € 9rd,(x). Using the analytical description of the Fréchet subgradients
given by (5.2.9), we get that for every € > 0, thereis § > 0 such that, for any x € D(x, §),
one has

dy(x)-dax) - (&, x-X) 2 -¢€||x=X|| . (5.2.23)

This means that for any x € A N D(x, 6), one has (£, x -X) < €]|x - X|| , which
shows that & € Nr(A, X). Moreover, since d, is 1-Lipschitz, we get from (5.2.23) that

(&, x-X)<(e+1D)|x-X|| = (e+1)8, Vx € D(x, 8),

hence § ||¢|| < (e +1)6, i.e., ||| < 1 + € for every € > 0. The “C” inclusion from the first
relation in (5.2.22) holds.
Take now & € Nr(4, X) such that ||£]| < 1. For x ¢ A, we find u € A such that

Ix —ull < da() + |x - %% .
Then

lu=%] < [lu-x| +[x-X|
<da() + |x = X||* + [Ix - X|

<3 [x=x|,
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for any x close to x. Hence

da(x) —da(x) - (£, x - X)

gl =l = flx - x| - (§,x-%)

lim inf — > limin
X=X |lx = X|| X=X |Ix = X||
X¢A x¢A
X —ul - (& x - u-Xx
> liminf I I <{ u) -1lim sup<£7>
xx [[x =X wox X=X
x¢A xgA
> liminf A= gD e —ull _ limsup 22—~ (G, u-x ~limsup 2>~ (& u-x)
§EZ§ ‘ _'XH x—+x " H x—»x || XH

If (¢, u-X) > 0 (hence u # X), then
<'{’u_f> < 3(5,11—?).

=%~ [lu=x|

This implies that —lim supx_m % > 0, since & € Np(A,X). Because in case that

(¢, u —X) < 0 one trivially has the same inequality, we have hence

lim inf da0) - daX) — (6, x-%) > 0.

X=X llx = X||
xX<gA

Moreover, from & € Nr(4, X), we get that

o =] e e

This implies that ¢ € 0rd,(x), and the first equality from (5.2.22) is completely proved.
To finish the proof, observe that the second equality from (5.2.22) easily follows
from the first one. U

Theorem 5.2.25. Let A C RP be a closed set and X € A. Then

Nuy(A, %) = UAaMdA(Y). (5.2.24)
A>0

Proof For the direct inclusion, take & € Ny(4,Xx) \ {0}, and find by definition se-
quences (xn) A ¥ and (&n) — & such that &, € Np(4, xp) for any n. Since (&) is
bounded, there is a bounded sequence of A, > 0 such that w < 1 for any n. It
means that j—: € 0rd(xn) for any n, by the first relation from (5.2.22). Without loss
of generality, because A, = ||¢x|| , we may suppose that A, converges to some A > 0.
Moreover, using the representation of the Mordukhovich subgradients (5.2.20), we get
that f S AaMdA(i).

Suppose now A is closed and prove the opposite inclusion in (5.2.24). Take ¢ €
opda(x), and find by (5.2.20) some sequences (xn) — X and (&) — & such that &, €
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0rd 4 (xy) for any n. If there is (x;), a subsequence of (x), which belongs to A, then the
desired inclusion follows by passing to the limit for k — oo and taking into account
that &, € opda(xy) = Nr(4, x;) N D(0, 1) for any k. Suppose next that x, ¢ A for all
n € N. Since

lim inf a0 — da(Xn) = (5n, X = Xn) >0> —1, (5.2.25)
X—Xn [|x = xnl| n
it follows that there is n, | 0 such that
(&n, X — Xn) < % Ix = xn||, foranyx e D(xn,nn)NA, neN.

Choose p, | 0 such that p, < min {nz, 2ds(xn)}, and take v, | 1 such that (v, -
1)da(xn) < pj. We can find then X, € A such that ||Xn - Xn|| < vada(xn), and because
of (5.2.25) we get that

(0, ) < ot + 1) = da ) + [

< da(xn +u) = vy' ||Xn - xnl| + % [lul|

< dg(Gin+u) + (1= Vi) |[Xn — x| + % [lul|
whenever ||u|| < 1n. It follows that

(& x =) € (1 =) [T = | + [~ |
whenever x € D(Xn, nn) N A, hence
0 < @n(X) := = (&, X = Xn) + % |x = Xn|| +y7, X €DG&n,nn)NA,

where y; := (1 - v3") ||Xn = xn|| . This implies that

ya=@a(n) < inf @) +y;

XED(Xn,Mn)NA

for any n. We can apply hence the Ekeland Variational Principle to the continuous
function ¢, on the closed set D(xn, 1n) N A (see Remark 3.1.13), in order to get X, €
D(Xn, n) N A such that ||Xn - Xn|| < yn and

S R L ARG SRR YN A PSP AICEED

for all x € D(Xn, nn) N A. By the fact that y2 < vu(1 - vy;})da(xn) < p2, defining ry, :=
Ppn —yn > 0, we get that

| X =Xn|| <7 = ||x = Xnl| < [|x = Xn|| + yn < pn < 1.
It follows from (5.2.26) that

1

~ ~ ~ o~ ~ 1 ~
(grox =) 2 3 (b=l = [Ra =) v =] = (5 ) =]
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whenever x € D(Xn, rn) N A.
Since A is a closed set, for each n we form X, + a&, with some parameter a > 0,
and select wy, € pr,(Xn + @é,). It means that

|[%n + @& = wa||* < @ ||,
because X, € A. We have that
([%n + a&n — wa|* = |[%n - w,1||2 + 20 (&, Xn — wa) + o ||&a]”,
hence we obtain that
[|%n - WnHZ <2a (én, Wn —Xn) forany a > 0. (5.2.27)

Using the convergence w, — Xn if « | 0, we find from above a sequence (a,) | 0
such that

‘fn,Wn_?n < 1+)/r1 Wn = Xnl| .
n

But this implies that ||wy —Xn|| < 2an (+ +yn) due to (5.2.27). Hence, wp, — X for
n — oo. Moreover, by defining

1 -
Xn = fn + 7(Xn - Wn),
Qn

we get that |[xn — &nl| < 2 (5 + yn) , hence xn — & for n — oo.
To end the proof of the theorem, it remains to show that y» € Nr(A, wy) for any n.
Indeed, for every fixed x € A we have that

0 < |[Xn + anén —xH2 = ||%n + anén - wnH2
= (@nén +Xn = X, Qnén + Xn = Wn) + (Qnén + Xn — X, Wn — X)
- <an€n +Xn - Wn, X — Wn> - <an€n +Xn - Wn, anfn + Xn —X>

==20n (Xn, X —Wn) + ||x - WnH2 .

It means that
l|x = wn||* forall x € A,

(Xns X —Wn) < 24,

which shows that y, € Ng(4, wy) for any n, and this ends the proof of the theorem.[]

5.2.3 The Extremal Principle

We dedicate this section to an important concept concerning the local extremality of
sets, which will provide us, by different variants of the associated Extremal Principle,
powerful tools of understanding and proving further results.
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Definition 5.2.26 (local extremality of sets). Let A1, ..., Ay be nonempty subsets of R?
fork = 2, andletx € Ay N ...N Ay. We say that X is a local extremal point of the set
system {A1, ..., Ay} if there are sequences (x;,) C R?,i =1, ..., k, and a neighborhood
U of X such that x;, — 0 for n — oo and
k
() (Ai - xin) N U = 0 for sufficiently large n € N.
i-1

In this case {A1, ..., Ay, X} is called an extremal system in RP .

The local extremality of sets at a common point means, intuitively, that these sets can
be locally “pushed apart” by a small translation of one of them. If n = 2, the local ex-
tremality of {A1, A, X} can be equivalently written as follows: there exists a neighbor-
hood U of X such that for any € > 0, thereis x € D(0, €) such that (4; +x)NA,NU = 0.
For instance, if one takes the sets A; := {(x,x) | x e R} and A, := {(x,-x) | x e R},
then {Al, Ay, (0, O)} is not an extremal system in R?. In this example, the condition
A1 NA; = {x} does not mean in general that {A1, A,, X} is an extremal system. It is
the case, though, if A, = {x} and X € bd A;.

Another important example of extremal system follows. Consider the constrained
minimization problem

min f(x) forx € S c R?,

where f : R — R, and suppose X is a local solution of this problem. If one takes
Ay :=epif and A; := Sx {f(X)}, then {A1, A3, (X, f(X))} is an extremal system in
RP*1. This can be seen from the fact that V, a neighborhood of , exists and f(x) = f(%),
for every x € V N S, hence if (an) C (-oo, 0) converges to 0, a — an > f(x) — an > f(X)
for every (x, a) € epif N[V N S x R]. Consequently, taking x1, =: (0, an), x2n, := (0, 0)
and U := V x R, one has

(x,a) cepif N[VNSxR]
a-an=fx)

(A1 -x1)NA2-x20)NTU ={(x,a— an) |
= (.

We proceed by introducing two versions of the extremal principle, which can be
seen, as we will justify in the next, as local extensions of the separation theorems for
nonconvex sets around the extremal points (see Theorems 4.1.3, 4.1.4). We say that a
set A ¢ R? is closed around X € A if there is € > 0 such that A N D(x, €) is closed.
Notice that every closed set, as well as every open set, is locally closed.

Definition 5.2.27. Let {A4, ..., Ay, X} be an extremal system in R”.
(i) {A1, ..., Ay, X} satisfies the approximate extremal principle if for every € > 0,
there are x; € A; N D(X, €) and ¢&; € Np(A;, x;) + D(0, €), i =1, ..., k such that

S+ &=0, |&|+...+||&] = 1. (5.2.28)
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(i) {A1, ..., Ay, X} satisfies the exact extremal principle if there are &; € Ny(4A;, %),
i=1,..., ksuchthat (5.2.28) holds.

We say that the corresponding version of the extremal principle holds in R? if it holds
for every extremal system {A1, ..., Ay, X} , where all the sets A; are closed around X.

If {A4, ..., Ay, X} satisfies the exact extremal principle, then it also satisfies the ap-
proximate extremal principle. This follows immediately: from the definition of the
Mordukhovich normal cones, since &; € Ny(4;, X), there are the sequences (x;,) A%
and (&) — ¢&; such that &, € Nr(4;, x;), Vi = 1, ..., k. Then for every € > 0, one can
choose n sufficiently large such that x;, € A; N D(X, €), and also &; = &, + (& — &) €
Nr(4;, x;) + D(0, &), foreveryi =1, ..., k.

Observe also that in case n = 2, and A; and A, are convex sets, due to the form
of the normal cones in the convex case, if the exact extremal principle holds, then it
reduces to the existence of

& e Ny(A1, %) N (-Ny(A2,%)) \ {0},
which yields
(&,x1) < (&, x3) forevery x; € A1, and x; € Ay,

i.e., exactly the separation property of A; and A,.
The main result of this section, proven by Mordukhovich by the method of metric
approximations, is the following:

Theorem 5.2.28 (exact extremal principle). The exact extremal principle holds in RP.

Proof Consider the extremal system {41, ..., Ak, X} , where we suppose without loss
of generality that all the sets A; are closed. Also, without loss of generality, suppose
that the neighborhood U of x from Definition 5.2.27 is R”, and consider the sequences
(xjn) CRP,i=1,..., ksuch that x;, — 0 and

k
[ (Ai = xin) = O foralln € N. (5.2.29)

i=1
Moreover, for every n, consider the minimization problem

1/2

k
min dn(x) := [Zdii(x + xin)} +x-%|>, xeRP.

i=1

By using Theorem 3.1.7, the above problem admits a solution x,. Denote

. 1/2
an = {Zdii(xn + Xin):| .

i=1
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If ay, would be 0, this would mean, due to the closedness of the sets A;, that x, ¢
k

ﬂ (A; - xin) , which obviously contradicts (5.2.29). Hence,
i=1

X 1/2
0 < dn(Xn) = an + ||Xn - X||* < {Zdii(x+x,~n)}

i=1
1/2

k
< [Zx?n] 1o,
i=1

which shows that x, — xand a, | O.

Now, since the sets A; are closed, consider the elements u;, from the nonempty
projection sets pry, (Xn + Xin) : Uin € A; and dy,(Xn + Xin) = ||Xn + Xin = Uin|| . Also, for
all n, consider the minimization problem

X 1/2
min pn(x) := [Z 1% + X — uin|2] +x-X|*, xeRP. (5.2.30)
i=1

Because

pn(X) = dn(x) = dn(xn) = pn(xn),
it follows that the problem (5.2.30) has the optimal solution x,,. Moreover, since a, > 0,
the functions p, are C! around x,. Due to the classical Fermat rule, this means that

k
Vpn(xn) = > “&in +20a -X) = 0, (5.2.31)
i=1

where &, := ai (Xn + Xin — Uin) , 1 = 1, ..., k. Remark that
n

€]l + . + [1€knll” = 1. (5.2.32)

It follows that all ¢, belong to the unit ball of R”, which is a compact set. We may
suppose then, without loss of generality, that there are elements &; in D(0, 1) such that
&in — & foreveryi =1, ..., k. Passing to the limit in (5.2.31), we get that &; +...+ &, = 0.
Moreover, due to the fact that u;, € pry,(xn + Xin), a—ln c (0, 00), xn + X;, — X and
&n — &, it means, based on formula (5.2.7), that &; € Ny(4;,x) foralli = 1,..., k.
Passing to the limit in (5.2.32), it means that not all &; are 0, which gives us

[§all + e + 1€kl = 1,
eventually by replacing & with (||&1]| + ... + | &) 7" - &. O

As consequence, we get the next result. We say that a set is proper if it is nonempty
and different from the whole space.
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Corollary 5.2.29. For every proper closed set A C R” andx € A, one has

Nu(A,x) # {0} <= X ehdA.

Proof 1t follows immediately that if X ¢ bd A, then X € int A, hence Ny(4, X) = {0} . If
X € bd A, then {4, {x}, X} is an extremal system in R”, hence using Theorem 5.2.28,
one has that there are é; € Ny(4,%) and & € Ny({x},X) = R, not equal both to 0,
such that &; = -¢&. It follows that 0 # & € Ny(4,%). O

5.2.4 Calculus Rules

One of the main advantages of the generalized differentiation objects (i.e., normal
cones, subdifferentials) presented in this chapter is their rich associated calculus. As
we presented in the introduction of this chapter, since it would be outside the aim of
this book, we do not present generalized differentiation objects related to set-valued
mappings (derivatives and coderivatives), which are closely interrelated in the calcu-
lus rules mentioned before. In what follows, we will concentrate on rules involving
subdifferentials of sums and differences of functions. Moreover, such sum rules have
the advantage to fully employ some important results previously given, in such a way
that one can draw an intuitive picture on how the whole machinery of calculus associ-
ated to Mordukhovich differentiation objects works. For many other results involving
calculus rules for Mordukhovich generalized differentiation objects, the reader could
consult (Mordukhovich, 2006).

We begin our exposition with a sum rule where one of the functions is differen-
tiable.

Proposition 5.2.30. Letf : R? — R.
(i) For any g : RP — R Fréchet differentiable at X, one has

Or(f + 8)(X) = 0pf(X) + Vg(x). (5.2.33)

(ii) If f is lower semicontinuous around X, for any g : R’ — R continuously differ-
entiable around x, one has

ou(f +8)(X) = ouf () + Vg(x). (5.2.34)
(iii) For any g : RP — R Lipschitz continuous around X, one has
0= (f +8)() = 07f(X). (5.2.35)

Proof (i) Let us prove the “c” inclusion in (5.2.33). Suppose ¢ € or(f + g)(x). Fix ar-
bitrary € > 0. Using the analytical characterization of the Fréchet subgradients (i.e.,
Theorem 5.2.11), there exists § > 0 such that, for every x € D(x, 6),

fO) +800) - f(x) - g(x) - (£, x-X) > —g Ix-x%].
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Also, from the Fréchet differentiability of g at X, there exists y € (0, §) such that,
for every x € D(x, y),

~5() + 800 + (Vg(®), x - %) = -5 |[x %] .

Adding the previous relations, one gets that & - Vg(x) € orf(X).

For the reverse inclusion, take & € 0pf(X). Then & € o ((f +8) -g) %) C Or(f +
2)(x) - Vg(x) from the already proven inclusion. It means that £ + Vg(x) € or(f +g)(x).

(ii) Consider now ¢ € oy (f+g)(%), i.e., (¢, -1) € Ny(epi(f+g), (X, (f+2)(X))). Since
f+gisalower semicontinuous function, the set epi f is closed, hence using Proposition
5.2.8 we know that (&, -1) € Ny(gr(f + g), (%, (f + g)(x))). This means, based on the
definition of basic subgradients, that there exist (xn) — X, ({n) — & and (A) — 1such
that (&n, —An) € Np(gr(f + g), (xn, (f + g)(xn))) for every n. This means that for every
€ > 0, there exists § > 0 such that for every (x, (f + g)(x)) € D((xn, (f + g)(xn)), 6), one
has

(&n, X = xn) = An(f(x) + g(x) — f(xn) — g(xn)) < (|| x — xa|| (5.2.36)
+ |f00 = fOn)| + |00 - 80xn) ).

On the other hand, for every fixed such x and x,, due to the fact that g is C!, there
exists y, on the segment which joins x and x, such that

800 - glxn) = (V8(yn), X - xn) .

Combining relation (5.2.36) with the Lipschitz property of g (with modulus ¢ = 0),
one gets that

(&n = AnVgYn), X = Xn) = An(fO)—f(xn)) < £(1+£) (|Ix = xnl + [f(X) = f(xn)]) . (5.2.37)

Since if x is close to xn, and (f + g)(x) is close to (f + g)(xn), one gets from the
Lipschitz property of g that f(x) must be close to f(x»). The previous relation shows
that (&n = AnVg(yn), —An) € Ne(gr f, (xn, f(xn))). Set nn := & — AnVg(yn) and suppose,
by contradiction, that (1, -An) € Ng(epif, (xn, f(xn))). Then there exist y € (0, An)

and sequences (uj, ;) 2 (xn, f(xx)) such that
(Mny uj = Xn) = An (a5 = FOn)) > y || (s, @) = Gn, fOn))|| -
On the other hand, since a; > f(4;), one has
11, £ ) = Gen, FO)|| = || @y, @) = Gty FO)|| + (a5 - F)
hence

<rl"’ uj — X"> —An (aj _f(Xn)) >y H(uj:f(uj)) - (Xn,f(xn))H -y (Cl'j —f(u]-))
>y ||y, F@) = G FOR))|| = An (@5 = F(y)) -
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It means that

<rln, uj —Xn> - (f(u]) _f(xn)) >y ||(uj;f(uj)) - (Xn,f(xn))H )

which contradicts the fact that (1, -An) € Ng(grf, (xn, f(xn))). It follows that (&, -
AnVg(yn), —An) € Nr(epif, (xn, f(xn))) for every n. Since & — AnVg(yn) — & - Vg(x)
due to the fact that g is Ct, and (xn, f(xn)) Pl (x, f(x)) due to the fact that x, — X,
g(xn) — g(x¥) and (f+g)(xn) — (f+g)(x), it follows that £ - Vg(x) € oyf(x). We proved
the “c” inclusion in (5.2.34). The other inclusion can be deduced as in (i).

(iii) Let us prove now the “C” inclusion in (5.2.35). Take & € 0°(f + g)(X). There

exist the sequences (xn, an) epilire) x, (f + (), (én) — & and (An) — O such that, for
every € > 0, there exists § > 0 such that

(€0, X~ Xn) = An (@ = an) < £ (X~ Xa| + [~ )

for every (x, a) € epi(f + g) such that x € D(x, §) and a such that |a — an| < 8.
Suppose / is the Lipschitz modulus of g around X, and take 8, := an — g(xn). We have

that (xn, B) ™ (X, f(X)) and if (x, @) € epif, x € D (Xu, 5y ) » and |a =Bl < 5y,
one has (x, g(x) + @) € epi(f + g), and
(800 + @) — an| < |g(0) — g(xn)| + |@ — (an — g(xn))|
< £][x = Xnl + |a ~ Bl < g <8,
hence
(8n, X = xn) = An(&t = Bn) = (§n, X = xn) = An((& + 8(x)) — an) = An(g(xn) - g(x))

<& (||x = xal| + |(a + () - an|) +An |8(xn) - g(X)]
& (|Ix = xall + [(a + g(xn)) = @n|) + (& + An)t ||X = Xu|

IN

< (e+el+Anl) (J|x = Xnl|| + |a = Bnl),

for every (x, a) € epif,x € D (xn, 2(%4)) ,and |a - fn| < %. Since &’ 1= e+el+Anl
can be taken positive and arbitrarily small due to the fact that A, — O and € > 0 is
arbitrary, it follows from above that (¢,, -An) € Ng(epif, (xn, Bn)) for every n, hence
(¢,0) € Ny(epif, (x, f(x))). The other inclusion can be proved similarly to the final
part of (i). O

Lemma 5.2.31. Consider f1, f> : RP — R such that f; is Lipschitz continuous around X,
and f> is lower semicontinuous around this point. If f1 + f> attains a local minimum at
X, then for every € > 0, there are x; € D(X, €) with |f,-(xl-) —fi(Y)‘ <g,i=1,2,suchthat

0 € 9rf1(x1) + 0rf2(x2) + D(O, ). (5.2.38)
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Proof Fix € > 0. Without loss of generality, suppose X = 0, fi(x) = f2(x) = 0, f is
Lipschitz on D(0, €) with modulus ¢ > 0, and f, is lower semicontinuous on D(0, €).
Then the sets

Ay :=epifiand A, := {(x, @) | f2(x) < -a}

are closed around (0, 0). Moreover, since f; + f, attains a local minimum at 0, and
(f1 + f2)(0) = 0, it follows that (0, 0) is an extremal point for {4, A,} . Using Theo-
rem 5.2.28, it follows that the exact extremal principle, hence also the approximate
extremal principle hold for the system {41, A,, (0,0)} .

Then for every y > 0, there are (x;, a;) € A;, and (&3, A;) € RP*1,i =1, 2, such that

({19 _Al) € NF(Aly (Xl’ al))’ (_527 AZ) S NF(A27 (XZ’ aZ))’ (5°2-39)
[| G ad)|| <y, % -y < || A < % +y,i=1,2 (5.2.40)
(€1, A1) + (=&2, A2)|| < y. (5.2.41)

Due to the form of the sets A;, A, and (5.2.39), it follows that A1, A, > 0. Choose
y € (O, min { ﬁ, Wi@z }) such that relations (5.2.39)—(5.2.41) hold. Using the fact
that f; is Lipschitz continuous on D(0, €), one gets (see the proof of Theorem 5.2.18)
from (&1, -A1) € Np(A1, (x1, a1)) with ] (x1, al)H <y < e that ||&1] < ¢A;. Hence,

[|(¢1, )| < (0 + DA,

One can now employ (5.2.40) and (5.2.41) to get

1 1 y
Ay 2 7+1 ||(‘51’A1)H > m T+l >0
and
A= 2g <Ay - Ag] < | (€1, -A0) + (=82, 2| <y,
hence

: 1 Yy 1
Moy sy vt Y aeen 0

due to the choice of y. Since a; = fi(x1), suppose a; > fi(x1). From (%, —1) €
Nr(Aq, (x1, a1)), one gets that for every § € (0, 1), there exists T > 0 such that for
every (u, a) € D((x1, a1), T) N epifi, one has

<%,u—xl>—(a—al)<6||(u-x1,a—a1)||. (5.2.42)
1

Choosing u := x1, one can find from a; > fi(x1) that there is & € (f(x1), a1)
arbitrarily close to a;. For such (u, ), it follows from (5.2.42) that a; — a < 6(a; - a),
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hence § > 1, a contradiction. Then, a; = f;(x;). Similarly, one can prove that a, =
-f>(x3). Hence,

n = % € orfi(x1) and i3 := —% € 0rf2(x2).

By (5.2.40), we have that

Ixil| <y < eand |fi(x;) - fiX)| = |a;| <y <&, i=1,2.

Moreover,
151 -A) & -S| NSl (A=A | (161 - &l
2+ mall === LS L )L
y .Y _Y 2
S€E+E = A2(£+1)s4y(6+1) <e.
We have hence (5.2.38). g

Theorem 5.2.32 (sum rule). Consider f1, f> : RP — R such that f is Lipschitz contin-
uous around X, and f, is lower semicontinuous around this point. Then:
(i) for every € > 0, one has

or(f1 +f2)%) C U {0rfi(x1) + 0rf2(x2) | x; € D(X, €), (5.2.43)
Ifix;) - fiX)| < €, i=1,2} + D(0, &).

(ii) one has
ou(f1 +£2)X) C omfr(X) + ouf2(%). (5.2.44)

Proof (i) Fix € > 0 and take & € or(f1 + f>)(x). Then one can find 7 such that

O<p<mind &, &
n L Erer2 [

By using the analytical characterization of the Fréchet subgradients given by
(5.2.9), one deduces that the function

(fi0) = (&, x=%) +ellx=X||) + f2(x)

attains a local minimum at x. One may apply Lemma 5.2.31 for the chosen 7 to find
x; € D(x,n) and & € R?, i =1, 2, such that

i) = (&, 1 =%) + e|lx1 =X - D] < m,  [f202) - (0] <1
§1eor(fi— (&) +nll--xI)(x1), & € drfalxa),
-& -& € D(,n).
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By (5.2.33), it follows that &7 := & + & € OF (f1 + n||- — X||) (x1), and hence & - &] -
& € D(0, ). Moreover,

fi(x) = A0 <+ (18] + &) llxe =Xl < n (81| + €+ 1).

Now, due to the analytical characterization of the Fréchet subgradients given by
(5.2.9), we have from & € 9 (f1 + 11 || — X||) (x1) that the function f; + ¢ with

() ==n|lx-X| - (1, x - x1) + N ||x - x4 ||

attains a local minimum at x;. Remark that, because ¢ is the sum of three convex
(hence, continuous) functions on RP, one has by Proposition 5.2.14 that oy ¢@(x) =
0p((x) C -&; +D(0, 2n7) for any x € RP. Using again Lemma 5.2.31 for the chosen 1 and
for the sum f; + @, we find x] € D(x;, n7) such that

[fi(x1) - fi(x1)| < n and &] € 9pfi(x1) + D(0, 37).
Concluding, we found
& € opfi(x1) + 0rf2(x2) + D(O, 41),

with ||x; -X|| < 2n < & |x2-X|| < n < & [A(X) -A1X)| < n(€l+e+2) < &,
| fo(x2) - fz(Y)| < 1 < €. Hence, (5.2.43) is completely proved.

(ii) Take arbitrary & € 9y (f1+f2)(X). Since f1+f; is lower semicontinuous, it follows
by (5.2.20) that there are sequences (x,) — X and () — & such that f; (xn) + fo(xn) —
f1(x) + f2(x) and &, € 9r(f1 + f2)(xn) for every n. Using now (5.2.43) for € := %, we can
find sequences (x;;) — X and (¢;,) € RP with fi(x;,) — fi(x), éin € Orfilxin), i = 1,2,
and

€ = Ein — Eon| < % vn > 1. (5.2.45)

Because f; is Lipschitz continuous around X, we know that the sequence (£1,) is
bounded by the Lipschitz modulus of f; due to (5.2.19). Also, (&) is bounded because
it is convergent. It follows from (5.2.45) that (&2,) is also bounded. Without loss of
generality, we may suppose hence that there are &;,&, € R? such that &, — ¢,
i = 1,2. From (5.2.45), we know that & = &, + &,. Moreover, due to (5.2.20), we have
that &; € oufi(x;), which ends the proof of (5.2.44). O

We continue our exposition dedicated to calculus rules by providing a difference
rule for the Fréchet subgradients. As mentioned before, its proof uses the smooth vari-
ational description of the Fréchet subgradients, given in Theorem 5.2.13.

Theorem 5.2.33. Letf, g : RP — R be two functions, and X € RP. Then

(- c (] [0ef(X)-¢&] C 3f(X) - drg(x), (5.2.46)

§eorg(x)

provided drg(X) # .
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Proof Take y € or(f - g)(x) arbitrarily and & € 0rg(x). Using Theorem 5.2.13 for
& € org(x), one gets the existence of s : R” — R, Fréchet differentiable at X, which
satisfies:

s(x) = g(x), s(x) < g(x) vx € RP, and Vs(x) = ¢&. (5.2.47)

For any € > 0, by applying the definition of the Fréchet subgradients for y € op(f-
8)(%), there is § > 0 such that

0 X - X) < () - g(0) — (FX) - g(X)) + & |x - X|
< f00) -s() - (fG) - s(0) +eIx - X]|

whenever ||x — X|| < §. Using now (5.2.47) and (5.2.33), one gets that
X € 0r(f = 5)(%) = 0pf(X) - Vs(X) = 0pf(X) - &,

which ends the proof. a

By Proposition 5.2.30, (5.2.46) becomes equality if one of the functions f, g is
Fréchet differentiable at x. There exist as well other cases when the equality holds:
take f,g : R — R given as f(x) = \/m and g(x) = |x|. Then 0pf(0) = R,
0rg(0) = [-1,1], and or(f - 2)(0) = R, hence equality holds in (5.2.46). Also, ob-
serve that the assumption that 0rg(x) # 0 is essential for the fulfillment of the result:
take, for instance, f, g : R — R, f(x) = |x| and g(x) = — |x| . Then or(f - g)(0) = [-2, 2],
but org(x) = 0.

As corollaries of the Theorem 5.2.33, we obtain some other interesting facts. The
first one concerns the so-called DC-functions, i.e., differences of convex functions. We
denote, as always, by of (x) the convex subdifferential.

Corollary 5.2.34. Letf, g : RP — R be convex functions, and x ¢ RP. Then

(-0 = ) [of®)-¢]

§eogx)

Proof 1t follows from Theorem 5.2.33 and Proposition 5.2.14. |

The second corollary gives us a calculus rule for the Mordukhovich subdifferential
of the difference of two functions.

Corollary 5.2.35. Let f : R — R be lower semicontinuous around x € RP, and g :
RP — R be locally Lipschitz around X, and such that d,;g(x) is nonempty for every x
close tox. Then

om(f - 8)(X) C omf(x) - omg(x).
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Proof Take & € oy (f - g)(x) arbitrarily. By using Theorem 5.2.21, there exist sequences
(xn) 2% % and (é1) — & such that &, € or(f - g)(xn) for every n. Applying Theorem
5.2.33 for the previous relation, one gets that there are sequences (xn), (1) such that
Xn € 0rf(xn) and nn, € 0pg(xn) for every n and &, = yn — nn, for every n. Since g is
locally Lipschitz around X, we know by (5.2.19) that the sequence (1) is bounded, so
we may suppose, without loss of generality, that there is 5 € R? such that n, — n. The
Lipschitz property of g implies g(x,) — g(x), and by f(xn)-g(xn) — f(x)-g(X) one gets
that f(x,) — f(x). Moreover, we have that n € 0yg(x). Furthermore, since &, = xyn-1n,
for every n, &, — ¢, and 1, — 1, we get that y, — &+ n, hence ¢ + n € oyf(x). But
this means that & € 9,f(X) — og(x), and the proof is finished. O

Observe that all the assumptions on g from the previous corollary are automati-
cally satisfied if g is convex.

Recall that for a function f : R? — R and a vector & € R, the function (¢, f) :
R? — R is given by
(&, f)(x) = (&, f(0).

We can present a chain rule for the Fréchet subdifferential.

Theorem 5.2.36 (chain rule). Let f : RP — R¥ be Lipschitz around X € R, g : RK —
R be a function, and denotey := f(x). Then

dUgeN®cC [ o (ENHG, (5.248)
-¢car(-8)y)
provided or(-g)(y) # 0. Moreover, (5.2.48) holds as equality if g is Fréchet differentiable
aty.

Proof Take y € 90r(g o f)(x) and —¢ € 9r(-g)(y). Using Theorem 5.2.13, one gets the
existence of s : R — R, Fréchet differentiable at ¥, which satisfies:

s¥) = g¥), gy) <s(y) vy € R, and Vs(y) = ¢. (5.2.49)

Now, from the definition of the Fréchet subgradients, applied for y € dr(go f)(x),
and then from (5.2.49), one gets that for any € > 0, there is § > 0 such that

> x =) < g(f(x) - g(f(x)) + & ||x - x||
<s(f(x) - s(f(X) + || x = x|
= (&, f0) - fR) + allx =X|| + ||[fx) - fX)|)) + e [Ix - x| ,

A WS@D _

whenever ||x - X|| < §, where a is a function such that lim,_,5 EEIEIREEE

Hence, for every € > 0,

X x=%) = (&,f0) - f(X)) = 2¢ (||x = x|| + ||f(0) - FR)|

)
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whenever ||x — X|| < §, which implies that
(6, /)= (&, /) X) = ), x -X) > —2e(l + 1) [|Ix - X]|
whenever || x - X|| < §, since f is Lipschitz around x (with modulus ¢ > 0). This implies

that _ _
lim inf <$’f> (X) - <§’f> (X) - <X,X—X> > —ZS(Z + 1)

X—X |Ix = X||

Since € > 0 was arbitrarily chosen, we have that y € 9or (¢, f) (x), and (5.2.48) is
proved.

Suppose now that g is Fréchet differentiable. Then or(-g)(y) = -Vg() =: -¢, so
the intersection from the right-hand side of (5.2.48) reduces to an element. We have
then from (5.2.48)

or(g o /)X) C 9r (4, f) ().

Suppose y ¢ 0r(g o f)(x), and prove that y ¢ of (¢, f) (X). Observe, moreover, that
n € or (&, f) (X) is equivalent to (1, —-1) € Nr(epi (¢, f) , (x, (£, f) (x))). By Proposition
5.2.8, it is sufficient to prove that (y, —1) ¢ Nr(gr (¢, f) , (X, (£, f) (x))). But since if x —

X, due to the continuity of the function x — (£, f) (x), this is equivalent to x gr(iﬁf ) X,

it means that we must prove that

x=X) - (£, 00 - fR)
1 .
P =X+ (&, f0 - F)Y]

But then, since

I =X + | (&, FOO) - £ < (1 + [|]1.0) [x - |,

it is sufficient to prove that

o x =% - (5.0 -f00) |

liril_s;p =X (5.2.50)
But from y ¢ or(g o f)(x), we know that
liming &N 0 - €N O -ux-%)
xox b~ | ’
which means exactly (5.2.50). The theorem is completely proved. (]

The next result is an approximate mean value theorem for lower semicontinuous
functions.

Theorem 5.2.37. Let ¢ : R? — R be a lower semicontinuous function and a # b.
Consider any point ¢ € [a, b) at which the function

@(b) - p(a)

PY(x) := () - b=

Ix ~al
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attains its minimum on [a, b]; such a point always exists. Then there are sequences
() & cand &n € Op@(xy) such that

liminf ({,, b — xn) 2 llc-all, (5.2.51)
n—oo

lirfgglf (&, b —a) 2 p(b) - p(a). (5.2.52)

Moreover, when ¢ # a one has
lim (&, b —a) = o(b) - p(a).
n—oo

Proof The function 1 is lower semicontinuous, and therefore attains its minimum on
[a, b] at some point c. Because (a) = P(b), we may suppose ¢ € [a, b). Without loss
of generality, suppose ¢(a) = ¢(b), which means that )(x) = ¢(x) on [a, b]. Because
¢ is lower semicontinuous, there exists r > 0 and y € R such that ¢(x) = y for every
X € P :=[a, b] + D(0, r). Then for every n € N, one can find r, € (0, r) such that

o(x) 2 @(c) - %, forall x € [a, b] + D(0, rn).
Moreover, choose t, > nsuch that y + tnra = ¢(c) - 5. We have then
@(c) < inf @a(x) + S
xXeP n2’

where @n(x) := @(x) + tnd|,, ) (x) is lower semicontinuous. By the use of Ekeland Vari-
ational Principle on the closed set P (see Remark 3.1.13), we get x, € P such that

1
lIxn=cll < —, @n(xn) < ¢(c), and

1
@n(xn) < @n(x) + - [|x — xn|| forany x € P.

The last relation shows that the function @,(x) + 1 ||x - x,|| attains its minimum on P
at x = x,. Taking into account that x, € int P for large n, we can conclude that this
function attains a local minimum (without restrictions) at x,. Using Lemma 5.2.31 for
€ = & | 0, we find sequences (un) > ¢, (va) — ¢, &n € 0r@(un), Nn € Ordjy )(Vn),
and e, € D(0, 1) such that

En+tain+ 1 ten|| <en, neN. (5.2.53)

Since nn € Ord(, p)(Vn) = 0d|q,p)(Vn), it follows that ||na|| < 1, and
(Mn, b—vn) < d[a,b](b) - d[a,b](vn) <0, neNlN.
Picking wy € pry, (vn), we get

(Mns b = Wn) = (M, b= Vn) + (Mns Vi = Wn) < dig,p)(B) = dig,p) (Vi) + [[7n]| - [[Vn = wa]|
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< —djg.p)(Va) + |[Vn = wn|| = 0.

It means that (nn, b — ¢) < O for large n, since w, — ¢ # b, and hence, sincea, b, ¢

are colinear,
lla-b|
llc- bl

By using now (5.2.53), we get that there exists b, € D(0, €,) such that

(Mn,b—-a)=n, b-c) < O for large n.

{n = —tnNn - nilen — &nbn,

hence,
liﬂifolf (éns b —un) 20, lir{gigf (én,b—a) =0,

which prove (5.2.51) and (5.2.52). Suppose that ¢ # a. Then v, # a for large n, hence
{Nn, b - ¢) = 0. This implies that

la-b] » la-bj
n,b_a: n,b_C' = _tn n—n en_enbn,b_c . *}0,
(§ub=a) = (G b=c) =g = (<t ) e=bl

where b, € D(0, 1) exists from (5.2.53). This concludes the proof. |

We end this subsection with a result which links the Clarke and Mordukhovich
constructions presented throughout this chapter.

Theorem 5.2.38. The following assertions hold:
(i) Let A € R? be a closed set and x € A. Then

N¢(A,X) = clconv Ny(A, X). (5.2.54)
(ii) Let f : RP — R be locally Lipschitz around x. Then
ocf(x) = clconv oy f(X). (5.2.55)

Proof We prove first that
ouf() C ocf(), (5.2.56)

which will show that clconv oy f(x) C 0cf(x), due to the fact that o.f(x) is a closed

convex set. Take y € 90yf(X). Then there are (x») I, % and (xn) — x such that y, €
0rf(xn) for every n. This means, due to the definition of the Fréchet subgradients, that
for every n there is a neighborhood U, of x, such that

1
OO = f(xn) = (Xn, X = Xn) 2 — x=xall,  vx € Un.
But this shows that the function

Pn0) 1= £+ Xn) = (s X) + ]
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attains a local minimum at 0. This proves, by Theorem 5.1.16, that
1
0 € 0 |+ 50t + 1 1] ©)

Since all the involved functions are locally Lipschitz, it follows from the sum rule
for the Clarke subdifferential that

Xn € 0cf(xn) + D (0, %) .

Using Proposition 5.1.6, we get that y € d¢f(x). Hence, the desired inclusion holds.
For proving the reverse inclusion in (5.2.55), we will show the representation

fo0uw) =sup {(&,u) | & € ouf(X)} (5.2.57)
=max {(&,u) | & eclouf(X)}.

This will prove that f°(x, u) is the support function of the set P := 0;f(x). Observe,
by definition, that the support function of a set coincides with the support function of
the closed convex hull of this set, hence

fo(X,u) =sup {(&,u) | & € clconvoyf(X)} .

Moreover, we know that two convex and closed sets coincide if and only if their sup-
port functions coincide. Since df(x) and cl conv 0f(x) are both closed and convex,
we get (5.2.55).

Take some realizing sequences for f°(x, u). This means that there are (t,) | 0 and
(xn) — X such that

fxn + tau) — f(xn)
tn

— f°(x, u) for n — oo.

By applying Theorem 5.2.37 to f on the interval [xn, xn + tnu] for every n, we get (v) —
Cn € [Xn, xn + tau) for k — oo and &, € 9rf(vy) such that

f(xn + tatt) — f(xn) < tn lign inf (&, u), VneN.
—r 00

Since f is locally Lipschitz around X and & < 0rf(vy), we know that (&) is
bounded, hence without loss of generality we may suppose that (¢;) is convergent to
some £. Passing to the limit above first for k — oo, and then for n — o, we get that

el uw < (& u),

for some & € 0y f(X). Since (&', u) < f°(X, u) for any &’ € ocf(X) O ouf(X), we get the
representation (5.2.57). Hence, the proof of (5.2.55) is complete.
Let us prove now (5.2.54). Since due to (5.2.24) and (5.2.56) we have that

Nu(4,x) = UAaMdA(Y) - UAach(Y) =N¢(A, %),
A>0 A>0
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we also have cl conv Ny(4, x) = Nc(4, X), since Nc(4, x) is closed and convex. For the
reverse inclusion, we use (5.2.55) to get that

(JA0cda(®) = | JA [clconv oyda ()] C clconv| JAduda(X).
A>0 A>0 A>0

The theorem is now completely proved. |

5.2.5 Optimality Conditions

In this section, we make use of the exact version of the extremal principle in order to
get necessary optimality conditions for the minimization problem considered in the
previous section:

(MP) minf(x), subjecttog(x)<0, h(x) =0, x € A, (MP)

where the functions f, g = (g1, ..., gn) and h = (h, ..., hn) are locally Lipschitz func-
tions which map from R? into R, R™ and R™, respectively, and theset A C R” is closed.
The final aim is to get Fritz John necessary optimality conditions for problem (MP).

Theorem 5.2.39. Let x be a solution of (MP), where f, g and h are Lipschitz around
X. Then there exist Ag 2 0, A = (A1, ...,Ax) € R"and p = (1, ..., um) € R™, with
Ao + ||A|| + ||| # O, such that

0e AoaMf(Y) + Z/IlaMg,(Y) + Zy,[aMh,(Y) @] aM(—h])(Y)] +Ny(A,Xx) (5.2.58)

i=1 j=1
and
Ai =0, 4igi(x)=0, Vie1,n, (5.2.59)
uj=20,vjel, m.

Proof Suppose, without loss of generality, that f(X) = 0. Then it is easy to observe that
the point (x, 0) is a local extremal point of the the following system of closed sets in

Rp+n+m+1 .
AO = {(Xs AOsAla "-’/\Yla His ooy }lm) | AO 2f(x)} )
Ai = {(X) AO: Aly ceey /\Yly yly ceey Hm) | Ai 2 gl(X)} ’ l S ﬁy
An+j = {(X’ AO’ Al’ ceey AYI’ His eeey Hm) | ’1] = h](X)} ) ] S 1’ m,
Anpimer 1= A x {O} .

Since by Theorem 5.2.28 the exact extremal principle holds in RP***1we find
elements

(‘fO’ _/\0) € NM(eplfy (Y) O))y
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(&, —Ai) € Nyl(epigi, (x,0)), ie 1,n
(én+j> —Ansj) € Ny(grhy, (x,0)), je1,m

£ € Ny(A,X)
such that
o+ oo + &nim +E =0, (5.2.60)
(€0, =A0)|| + -v + || (G ~An)|| + HEH - 1. (5.2.61)

Using Proposition 5.2.15 on basic normals to epigraphs, we deduce that A; = 0 for
ieo,n.

If gi(x) < O for some fixed i € 1, n, then g;(x) < O for all x around X due to the
Lipschitz property of g;. But this implies that (x, 0) is an interior point of epi g;, which
means by Ny(epig;, (x, 0)) = {0} that §; =0and A; = 0.

Now, by Proposition 5.2.15 and Theorem 5.2.18, we know that

(§,-A) € Nu(epio, (x, (X)) < § € Aoup(x), 120
if ¢ is Lipschitz around X. Also, by Proposition 5.2.8, for such function ¢, one has that
(§,-A) € Nu(gro, (x, p(x))) <= & € ou(Ap)(X).
Taking into account also that
om(A@)(X) C [A|[omep(X) U om(-@)(X)] for all A € R,

we have, by denoting y; := |}ln+,-| forj = 1, m and (5.2.60), that (5.2.58) holds, and also
u; 2 0 for any j € 1, m. This completes the proof of the theorem. O

Remark 5.2.40. Observe that the set 0y ¢(X)U0y(-¢)(X) reduces to { Vo (X), -V (X) }
when @ is C', so Theorem 5.2.39 is indeed a generalization to the nonsmooth case of the
known results.

Moreover, remark that, since 0@ (X) is always larger than 0@ (x), the previous the-
orem may provide more precise necessary optimality conditions than Theorem 5.1.34 in
case that the equality constraints are not present. To observe this, consider for instance
the minimization problem

minf(x) :=-|x|, xe€R.

Then X = 0 is not a minimum point of this problem, while 0 € o¢f(x) = [-1, 1]. On
the other hand, 0 ¢ oy f(X) = {-1, 1}.
Another example is given by the minimization problem

min x; subject to ¢(x1, x2) := |x1| - |x2| < 0.
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Then 0y (0,0) = {(y1,2) | y1 € [-1, 1],y = +1} . It follows by Theorem 5.2.39
that the point (0, 0) cannot be optimal for the considered problem. Since

0c®(0,0) = clconvoye(0,0) = [-1,1] x[-1,1],

it means that we cannot decide that (0, 0) is not an optimal candidate by Theorem 5.1.34.



6 Basic Algorithms

The aim of this chapter is to present some fundamental ideas concerning algo-
rithms for smooth optimization problems. We start by studying the Picard iterations
(introduced and discussed in the second chapter) as a method to approximate the
roots of certain nonlinear equations and this discussion naturally leads us to inves-
tigate some convergence acceleration techniques for the initial sequence of iterations.
We then present Newton’s method for solving nonlinear equations. In the convex
framework, we present the proximal point algorithm. For optimization problems with-
out restrictions we are interested in the line search method, which we discuss in de-
tail, while for constrained problems, we give the sequential quadratic and the interior
point methods. All the theoretical elements are then discussed and verified through
some Matlab-based numerical simulations.

The situations we met in the majority of the concrete examples of optimization
problems (see last chapter) are very hospitable, in the sense that we are able to find
the solutions exactly, by solving the systems which give the solution candidates, and
using the theoretical means we have previously developed. However, in many cases,
the systems are not solvable, as in Section 3.4, when we considered the nonlinear case
of the least square method, and the equation for finding the Lagrange multiplier for
the problem of the computation of a projection on a generalized ellipsoid. For prob-
lems of this nature, it is necessary to develop methods called algorithms, in order to
approximate the respective solutions. In general, there is a clear difference between
the design of the algorithms for unconstrained optimization problems and those for
constrained problems.

All the algorithms require a starting point, denoted x,. Generally speaking, it is
useful that this point is itself a good approximation of the solution we are looking for
(especially if the solution is not unique). For instance, the function f : R — R,

Xt X8,
fo) = % 3 X
has two minimal points: x = —1 is a local minimum and x = 2 is a global minimum.
If we start with a value x, close to one of these points, then (roughly speaking) it is
highly possible that the algorithm will converge to that point.

In general, after the choice of xq, the algorithm generates a sequence of iterations
(x1)ken With the aim of approaching the solution. The process of generating new it-
erations stops when no new progress can be made in the effort to come closer to the
solution (according to the internal rule of the algorithm), or when an accuracy pre-
viously established was attained. Any algorithm should generate new iterations from
the existing ones. In general, every new iteration should progress towards the solu-
tion. Some algorithms are called non-monotonic, and they do not necessarily progress
at every step.

[ =ZT=Tl © 2014 Marius Durea and Radu Strugariu
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.
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The study of efficient algorithms to detect (or to approximate) the solutions of op-
timization problems is a huge subject, several comprehensive monographs are fully
dedicated to it. We just point out here the main ideas. Many of the very efficient algo-
rithms are implemented into the functions of scientific software as Scilab or Matlab.
We illustrate this at the end of the chapter.

There are at least two problems to be studied when an algorithm is designed: we
are interested in knowing if the algorithm is global (i.e., it is convergent for any initial
data), and to know its speed of convergence. Therefore, for a sequence (x;) C R?
convergent to X € R? with x; # X for every k € N”, one calls order of convergence the
greatest natural number g for which

i i1 =%

—— € [0, 00).
8 - <1

If ¢ = 1, then one has linear convergence, and if the above limit is 0, we have su-
perlinear convergence. If g = 2, we have quadratic convergence. However, the aim
is to design global algorithms which have a very good speed of convergence (at least
quadratic).

We start with some methods to approximate the roots of some nonlinear equa-
tions. Some of the ideas from the next section make the link between the preceding
results in the case of optimization algorithms. We have already seen a nonlinear equa-
tion that cannot be solved at the end of Chapter 3. Furthermore, let us remark that
Theorem 3.2.6 transforms an optimization problem into the problem of solving the
equation L(x, (A, u)) = 0, which, in many cases, is highly nonlinear, and therefore not
solvable.

6.1 Algorithms for Nonlinear Equations

6.1.1 Picard’s Algorithm

To solve g(x) = 0 is equivalent to looking for the fixed points of the function f(x) =
g(x) + x. The first part of our discussion, therefore, concerns the convergence of the
Picard iteration, whose theoretical study was made in Section 2.3.2. Recall that if f :
[a, b] — [a, b]is a differentiable function such that its derivative is bounded on [a, b]
by a positive constant strictly smaller than one, then for any initial data x € [a, b] the
Picard iteration defined by x;,; = f(x;), k = 0 is convergent to the unique fixed point
X € [a, b] of f. Moreover, if the fixed point is not attained, then

X1 =X fxp) ~ X ke £ 0.

X —X X —X

Therefore, in general, we have a linear convergence: for k big enough, the error (the
absolute value of the difference between the iteration and the real value of the fixed
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point) at the step (k + 1) is proportional to the error at the step k. This kind of conver-
gence is not very fast.

Let us consider the contraction f : [0, o0) — [0, o) given by f(x) = ﬁ According
to Banach Principle, f has only one fixed point in [0, o) and this is the unique real
solution of the equation x> + x — 1 = 0, whose approximate value is X ~ 0.6823278.
Moreover, as before, for the Picard iterations, we have

Xis1 = X k=00 p7/— -2x
Rin X ke f1(5) =

—=— = -2X%’ ~ -0.63534438165.
X —X (1 +x°)2

See Section 6.3 for the numerical implementation which gives the value above. There-
fore, for k big enough, at every iterative step, the error is multiplied by the approxi-
mate value 0.6353. In contrast, if we study the restriction of sin x to the interval [0, 1],
which is a weak contraction with X = 0 as fixed point, we deduce that

X1 = X koo 7= _

x-x ffx=1,
and we do not expect a good speed of convergence. In the last section of the chapter,
we illustrate these theoretical predictions.

Remark 6.1.1. The actual speed of convergence for the Picard iterations is given by the

value of f'(x). In the best case where f'(X) = 0 we can have better convergence than the

linear case. In general, in the above framework, if f' (X) = 0 and f is twice differentiable,

then the double application of the L’Hopital rule gives
_y 11 (5

lim f®-X _f"®)

o -x2 2 (6.1.1)

so, for every nonstationary Picard iteration,

_ rev
lim Xk+1 7X2 _ f (X)
k—ro0 (Xk - X) 2

’

whence a quadratic convergence.

Remark 6.1.2. In fact, for the quadratic convergence described before it is enough for
lim,_,% {i{%’z‘ to exist or, more generally, lim,_,5 |{i’f)}_)’2‘ |, and this can happen without the

twice differentiability of f : for instance, for f : R — R,

f(x)={ x*, x=20

-x%, x <0,

there exists the limit

lim L(X) _ f|
x—x (x—-X)2
atx = 0, but the function is not twice differentiable at 0. This remark will be useful later.
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If f'(x) # 0, the speed of convergence of the Picard iterations is only linear. We present
in the next section a method to overcome this difficulty. This technique is called the
Aitken acceleration method, and was developed by the New Zealand-born mathemati-
cian Alexander Craig Aitken in 1926.

Consider f : [a, b] — [a, b] a differentiable function such that |f'(x)| € [0, 1) for
every x € [a, b]. For every xo € [a, b], the Picard iteration defined by x;,; = f(xy),
k > 0 is convergent to the unique fixed point of f in [a, b], denoted X. Suppose that
f'(®) #0,s0 |f'(x)] € (0, 1). If (x;) is nonstationary,

Xis1 -X _ f(Xk) -X k:>>oo f/(y) (612)

Xy — X Xy — X
Therefore, we can write
fxi) =% = pi(xy = %),

where p; k28 £(x), which means

5 = FO) — prxi
1-pr
that is F00)
- Xx) — Xy
x—xk+71_pk . (6.1.3)

Aitken’s initial idea was to find another sequence (i) to approximate f/(x). The result
is given in the next result.

Proposition 6.1.3. If (x;) is a nonstationary Picard sequence, then the sequence de-
fined by
FF(xa) = f(x)
=~ - X VkeN
Hi fOxa) = xi
has the limit f'(x).

Proof Since x;.,1 = f(x;), we have that x;,, = f(f(x;)) and from the definition of y; we
deduce that

_ Xke2 X = (Xjr1 = %)

S A A
-
- _ X=X ’
Xgs1—X
and from (6.1.2), we get
. ") -1 _
lim py = f'® — =f'(x).
T ®

The proposition is proved. O
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Now, relation (6.1.3) and the above result suggest that we should consider the
sequence:
_ fFOxa) = xi
Vie= Xt T ) )

FOr)-xx
(FOx) - x)*
FUFOa)) = 2f () + xx
_ xf(FOa)) - fa)?
FEGD) = 2f (i) + X
We prove that the sequence (y;) also converges to the fixed point X, but faster than

(xg).

=Xy —

Theorem 6.1.4. Let (x;) be a Picard nonstationary sequence convergent to x such that
lim X1 =X~ () € (-1, 1)\ {0},
Xk =

If the sequence (y;) given by
e = xp - 0w = x)?
FUEC)) = 2f 0 + x
is well defined, then it converges to X and, moreover,

Ye= X _ .
X — X

lim

Proof We show first that (y;) converges to X. In the definition of (y,), we add and sub-
tract X, and then we divide both numerator and denominator by x;,; — X. We obtain

XX
1+ xm_k;) (X1 = x1)
=X+ .
yk k Y*Xk _ Xk+2*} _
1+ < k22
Xi+1—X Xk+1—X

Passing to the limit (and denoting, for simplicity, f’(x) := «), we deduce:

1-at

Tt a1 M0 —X0) =X,

limy, =x+

We show now that (y;) converges faster than (x;). We have

- Cx— _ (w-x)?
Yi =X _ Xk X fila))-2foad e
X Xi — X
(F ) -xi)?

_ (a1 =X0)~(Xrs2=Xks1)
=14+ == ol

X — X
By the same method as above, we get

WX (1+x )(wﬁ*)

-X
X —Y X— xk Xk+2—X ’
xk 1— Xk+l
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so,
limy"_Y =1+ (1-a?)-1+a) =0
X —X 2-a-al )
Consequently, (y;) converges faster than (x;). O

Despite the fact that (y,) produces an acceleration of the speed of convergence,
the order of convergence does not change: similar calculations show that
hm Yi+1 _7y _ f/(y),
V=X
that is as well linear convergence. We call this the weak Aitken acceleration method.
However, starting from this idea, we consider a Picard iteration, but for the func-

tion
h(X) - Xf(f(X)) _f(x)2
fUEGD) - 2f00 +x
(this time, f(x)? means f(x) - f(x)). The function h cannot be formally defined at X, but
one can extend its definition at that point by continuity, since

lim R - FEO0) + XF (GO () - 2/ COf ()
X—% FIEGf G0 - 2f/(x) +1
X+ X' (®) - 2 (%)
P2 -2 0+ 1
(recall that | f’ (7)] < 1). So, with this extension (h(x) = X), the fixed point of f is a fixed
point of h. Suppose that there exists a neighborhood V := [x - u,x + u] of x (u > 0)
with the property that for every x € (V'\ {x}) N [a, b], f(f(x)) — 2f(x) + x # 0. Then
the converse holds as well: if u is a fixed point of h from V N [a, b], then the equality
h(u) = uleads to (f(u) — u)? = 0. Therefore, the sole fixed point of hin V N [a, b] is X.
It is also clear that h is derivable on (V' \ {X)} N [a, b].

Moreover, we suppose that f is of class C? on V N [a, b]. We can show that h is
derivable at X and its derivative at X is h’(x) = 0. For simplicity, suppose thatx € (a, b)
so that we can think that V C (a, b). However, this is not essential. Write down Taylor’s
Formula for f around X : for every € with |¢| < p, there exists 6, € (0, 1) such that
f//(Y + 0¢€) £2

f(x+e)=f® +f ®e+ 5
f//(Y + 0:€) 82.

=X,

=Y (%
=x+f'(xX)e+ 5
We fix €. For ease of computation, we denote
(< 1 (<
f (X;eg{;‘) =:A£ andf/(Y)€+f (X;'GEE)SZ = 68-

It is obvious that for € small enough, |8¢| < u, so

f(x+8:) =X+ f ()8 + As, 62.



202 —— Basic Algorithms

From the expression for h and a few computations, we obtain

(X + &)f (X + 8:) - (X + 6.)?
fx+6:)-2(x+6:)+(x+¢)
82 - f'(X)ebe — As, 6%
€—268: +f'(X)6: + A5, 62
=% - 2(f (%) + Ace)-
A - Aﬁgf/(i) - A6€As£
(1-f'(X))? - e(2Ac — Aef'(X) - As f'(X)? + 2A:As f' (X)e + As AZe?)

h(x+¢) =

=X-

We write the quotient @, and pass to the limit as ¢ — 0. Then, since f'(x) # 1
and

1 (=
A, 0 73,

e—o f(X)
2 2’

€

we deduce that there exists

lim M =0.
£—0 &
The claim is proved. Furthermore,
. h()-Xx .. hx+e-Xx_ ') [f®
e R R B e

In particular, if one changes the neighborhood V, if needed, h is a contraction
from V to V. By the use of this result and Remark 6.1.1, the sequence (x;) defined by

(FO) = xi)?
FUEOa)) = 2f () + x

with well chosen initial data is convergent towards X quadratically, i.e.,

Xi+1 = Xg —

o Xk —X
lim |(xl:1—7i)2| € [0, o).
We call this method the strong Aitken acceleration method.

The drawback is that xo should be chosen from V, so it should be close enough
to X (such that the equation f(f(x)) — 2f(x) + x = 0 should not have another root in
V, except ). Another supplementary assumption was linked to the order of smooth-
ness of f. In fact, this is the price which must be paid in order to have such a good
speed of convergence. Let us remark that, at first sight, the former requirement looks
pretty heavy: it is unnatural to ask for an initial data close to the point X we want to ap-
proximate. A possible solution to this would be to generate, for some steps, the Picard
iterations in order to get close to X and then to apply the strong Aitken method.
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6.1.2 Newton’s Method

The celebrated Newton’s method is one of the most well-known iterative procedures to
approximate the roots of a function with sufficient differentiability properties. We shall
see that this is a local algorithm (since in order to have the desired convergence one
should take as initial data a value sufficiently close to the solution), but it converges
quadratically.

Let us consider a function f : RP— R? of class C! and let X be a nondegenerate
root of f (i.e., f(X) = 0, and Vf(x) is nonsingular). We consider a value x, close enough
to X.

The sequence of Newton iterations starts from the equation

0 = f(xi) + VF(xi) (Xpea1 = Xip)- (6.1.4)

This equation, which gives the value of x;. 1, shows why it is necessary to have a simple
solution and we should start from a point close to x : we should put our initial point in
a neighborhood of X where Vf is invertible, and such neighborhood do exist exactly
because Vf is continuous and nonsingular at X. In this way, we formally define the
Newton iteration by:

Xjo1 = Xg = V)™ - (FOq))" (6.1.5)

Recall that Vf(x;) can be identified with the Jacobian matrix. As seen from the
previous relations, as well as from the convergence result given in the sequel, the main
drawbacks of the Newton’s method can be summarized as follows:

— when the starting point x, is not close enough to the solution X, the algorithm
associated to (6.1.5) does not converge;

- if Vf(x;) is singular, one cannot define x;,;

- it may be too expensive to compute exactly Vf(x;)! for large p;

— it may happen that Vf(x) is singular.

Theorem 6.1.5. Suppose f is Lipschitz continuously differentiable on an open convex
set D C RP. Let X be a nondegenerate root of the equation f(x) = 0, and let (x;) be a
sequence of iterates generated by (6.1.5). Then when xo € D is sufficiently close to X,

one has _
X = X

L elo,), (6.1.6)
koo |13 = X|?

i.e., we have local quadratic convergence.

Proof Since f(x) = 0, we have from Theorem 1.4.13 that
fOa) = FOa) = FX) = V) O = %) + wlx, X), (6.1.7)

where
1

W(xe, X) = / [VFG + tc - 9) — VO] (i - ) dt.

0



204 — Basic Algorithms

We have then
1
W )| = / [V + tox - 9) - V()] (i - ) dt (6.1.8)
0
1
< / VG + ta ~ ) = VG| xic - X i,
0
hence by Lagrange Theorem there is ¢ € [0, 1] such that
WO 0| < [|VFG& + el = %)) = VG || [l X1l -
This gives, due to the Lipschitz continuity of Vf, that
[|wxie, ¥ <L|x-%|?, (6.1.9)

where by L we have denoted the Lipschitz constant of Vf.
Moreover, since Vf(X) is nonsingular, there is a § > 0 sufficiently small and an
M > 0 such that Vf(x) is nonsingular on D(x, §) and

va(x)’l <M, VxeD®,S6).

One has, from (6.1.7) and (6.1.5), that

Xis1 = X — VO (FOx)
= xi = V)™ (V) (g = X) + wlxy, X))
=X+ Vf(x) " (Wlxy, X)),

hence

Xter = | < - w2 (6.110)

-1 12
|- L Ixic=x7.

Take xo such that xo € D(x, §) and ML ||xo — X|| := p < 1. It follows inductively
from (6.1.10) that ||x; — X|| < p¥||xo — X|| for every k > 1, hence (x;) ¢ D(x, ) and
Xx — X. Moreover, since

Pxess = XI| < ML |lxi = X%, vk

we get (6.1.6). O

Incasep =1, i.e, f : R = R, the equation (6.1.5) becomes
fx)

Xk+1 = Xg — o)
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In this case, the iterate xi, is exactly the one where the tangent to the graph of f
at (xi, f(x;)) intersects Ox.

As in the case of Aitken method of acceleration, we discuss in this context (p = 1)
some possibilities to choose the point xq sufficiently close to the solution such that the
Newton iteration converges to it. An empirical possibility would be to study the graph
of the function and to choose an xo value which seems to be close to the solution.
Another possibility is to apply the method of halving interval. Let us suppose that we
have a continuous function f and two real numbers a < b for which f(a)f(b) < 0.
Then f has a root in (a, b). We then generate two sequences (a;) and (b;) as follows:
ao=a, bo = b. Letxg = 27X (ao + bo). If f(xo) = 0 then x is the solution we are looking
for and the process stops. If f(ag)f(xo) < O then we choose a; = ag and b; = xo,
and if f(xo)f(bo) < 0 we choose a; = xo and by = bg. In the same way, we take x; =
27Y(ay + b1). Going further, we get close to the solution with (x;) by halving at every
step the interval which contains the solution. In general, this convergence is not very
rapid but is good enough to be used for some of the iterations in order to find initial
data for the Newton method.

In the general case (p > 1), we remark that some methods, known as quasi-
Newton methods, do not require the calculation of the Jacobian Vf(x). Instead, they
use an approximation of this matrix, updating it at each iteration in such a way that
it mimics the behavior of the Jacobian over the current step. If we denote this approx-
imation matrix by J;, then equation (6.1.4) becomes

0 = (FOu)) +Jic - (tgear — X",
which gives, when J; is nonsingular, the explicit formula
Xier = Xk =T+ (FO))" (6.1.11)
If we denote

Sk 1= Xger — X and  yg := fxpe1) = F(x),

then by using Theorem 1.4.13 we get that

1

Vi = / VF(x + 5105k dt = VF(te1)(s0) + r(Isil)s
0

where
i Tsel) _
koo [|Sk]|
So, in order that J; mimics the behavior of the Jacobian Vf(x;), one asks that J;,;
satisfies the so called secant equation:

Vi = Jks1Sks (6.1.12)
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which ensures that J;,; and Vf(xy.,) have similar behavior along s. In fact, (6.1.12)
can be seen as a system of p equations with p? unknowns, where the unknowns are
the elements of J;,, so for p > 1 the components of J;.; are not uniquely determined.

One of the best ways to find Ji,; is described by Broyden’s method, where the
matrix is given by the recurrence

e —Jksy) - sk

0, 510 (6.1.13)

Jisi =Tk +

As shown by the next result, the Broyden update makes the smallest change to Ji
(measured by the Euclidean norm) that is consistent to (6.1.12).

Proposition 6.1.6. The matrix ], given by (6.1.13) satisfies:
ier = Jiell = min {|[J = Jie|l | yx = Jsi} -

Proof Take ] any matrix which satisfies y} = Jsi. We have then

N0k =Tks) - si|| || (T = T)si) - sk
ieer = Jill = =
(Sk> Sk) (Sk» Sk)
t
_ Sk M Sk _ _
Rl el AR
which finishes the proof. |

6.2 Algorithms for Optimization Problems

6.2.1 The Case of Unconstrained Problems

There exist several general methods to design algorithms for unconstrained optimiza-
tion, but we concentrate on the line search method. The aim of this algorithm is to re-
alize at every step a decrease of the value of the objective function f : R” — R, which
is considered to be of class C2. One asks that f(x;.1) < f(x;). The algorithm computes
for every term k a direction p; (a vector of norm 1) and a step a; > O to move on the
direction p;. Therefore, starting from x;, the new iteration will be

Xir1 = X + APy (6.2.1)

With this approach, the choice of both the direction and the step are very important.
From Taylor’s Formula, for fixed a, p, there exists t € (0, a)

Fo + ap) = f0) + aVf)) + 3@V 0+ D). (6.2.)

Putting aside the second order term (which for small a is small), the direction on which
f decreases most is in fact the solution of the minimization on the unit ball of the
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function (of p), p — Vf(x;)(p). Since
V(x)(®) = Ipll || VF(x)]| cos 6 = ||V (xi)]| cos 6,

where 6 is the angle between p and Vf(xy), itis clear that the minimum is attained for

P VI (x)
| Vf x|

if |[Vf(xc)| # 0. So, if a critical point is attained, then we cannot go further. If is
not the case, the choice of p; as above is called the steepest descent method. On the
other hand, every other direction for which the angle with Vf(x,) is greater that Z (i.e.,
cos 6 < 0) produces a decrease of f if a is sufficiently small, since the second order term
in (6.2.2) contains a factor of a®. Such a direction (for which Vf(x;)(py) < 0) is called
a decrease direction. Now, one has the problem of the choice of a;. The ideal choice
would be the minimum for « > 0, of the function a — f(x; + apy), but, again, this
problem is not necessarily a simple one. Another possibility is to choose a number
a > 0 such that f(x; + api) < f(xi), but this choice could be insufficient, since the
function may have a not very important decrease. In order to avoid both the problem
of exact solvability of the optimization problem and the latter mentioned difficulty, a
compromise is to choose an a; which satisfies

fOxg + api) < f(xi) + c1aVF(x ) (i), (6.2.3)

where ¢; € (0, 1). The above inequality is called the Armijo condition (and was in-
troduced by the American mathematician Larry Armijo in 1966), and the possibility of
choosing a to fulfill (6.2.3) is ensured by (6.2.2) and by Vf(x;)(pi) < 0. In general, in
order that some values of a are sufficiently large to satisfy the condition (6.2.3), c¢; is
taken to be small. Even so, there is a risk of choosing a value a that is too small, such
that, usually, one needs a second condition of the type

2 VI(x)pi) < VI + api) (i), (6.2.4)

where ¢, € (c1, 1). This condition is called the curvature condition and says that the
derivative of the mapping a — f(x; + ap;) at a is bigger than the product between c-
and the derivative of the same function at 0. It is clear that a lower value of Vf(x;)(py)
implies a bigger decrease of f, so in condition (6.2.4) it is preferable that ¢, to be taken
close to 1. The conditions (6.2.3) and (6.2.4) are called the Wolfe conditions (after the
American mathematician Philip Wolfe who introduced them in 1968). If instead of
(6.2.4) one takes

|Vf (i + api)(pid)| < |c2VF0a) i)

then one talks about strong Wolfe conditions.
The consistency of these conditions is rigorously shown in the next sections.

il
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Proposition 6.2.1. Let f : R? — R be of class C*, p, a decrease direction at x, and
0 < ¢1 < ¢ < 1. Iff is lower bounded on the set {x; + Apy | A > 0}, then there exists
a > 0 which satisfies the Wolfe conditions and the strong Wolfe conditions.

Proof According to the assumption, the function a — f(xy + ap) is lower bounded on
(0, o). Since c; > 0 and Vf(x)(py) < 0, for a small enough,

FO + apy) < f(xi) + c1aVFx)(pi)

whence, taking into account the boundedness property, the equation (in )

f&x + apy) = f(xi) + c1aVf(x)(pi)

has at least a strictly positive solution. From the continuity (in a) of the functions in-
volved, there exists a smallest strictly positive solution which we denote by a’. Obvi-
ously, for every a € (0, a’), condition (6.2.3) holds. We apply again Taylor’s Formula,
and there exists a” € (0, a’) such that

fOa + a'pi) = FO) + &' VG + ' p) (i),

hence

Vi + a"pi) (i) = c1 V) 1) > 2 V) i)

Therefore, for a’’ condition (6.2.4) holds. Since for a”’ the inequalities in both (6.2.3)
and (6.2.4) are strict, there exists an interval around this point where these conditions
are fulfilled. By the fact that Vf(x; + a”p)(pr) < 0, we infer that the strong Wolfe
conditions hold in a whole interval around a” . O

We discuss now the convergence of the algorithm of the line search method.

Theorem 6.2.2. Let us consider the iteration (6.2.1), where (p)) are decrease directions,
and (ay) satisfy the Wolfe conditions. Suppose that f is of class C' and lower bounded,
and that Vf is Lipschitz. Then the series

z:cos2 0y HVf(xk)H2

k=0

(where 0, denotes the angle between Vf(x;) and p;) is convergent.

Proof From the Wolfe conditions, for each k € N*,

Vixe + arpid) i) = VI x) (i) = (c2 - DV (x) i),

that is
V(i) 01) = V) (i) 2 (c2 = D)VF(x)(Di)s
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and the Lipschitz condition on the differential gives a positive constant L such that
| Vf(iar) = V|| < L [|Xke1 = Xl »

from where,
(V1) = V() (1) < ailL [|pil|* -

We infer that
. €2 -1 V() ()
R TS R
[Pkl

From (6.2.3), taking again into account the inequality Vf(x;)(py) < 0, we get

-1 (Vf(Xk)(pk))2

Fn) < Fg) +¢1

L Ipill®
But 5
\Y
T
k
50 c 1
fOen) = i) < 12 cos” 6, [[VF x|

Summing up, we deduce

k

-1
f(pear) < f(x0) + €1 CZL S cos? 0; || VF 0|
i=0

Since ¢, - 1 < 0, the lower boundedness of f yields the convergence of the series. [

The above theorem ensures that
2
cos? 6y | Vf&xi)||” — o.

If the choice of p; is made in such a way that cos 8, > ¢ for every k and for a fixed
€ > 0, then Vf(x,) — 0. Such a situation is called the steepest descent method where
cos 0, = —1. The algorithm does not guarantee the convergence toward a minimum
point. The fact that one gets a sequence of points where the norm of the gradient is
smaller and smaller, however, gives us hope that we progress towards a critical point.
Clearly, it can be a saddle point, hence not a minimum. Moreover, the speed of con-
vergence is slow.

However, in particular situations, some versions of the line search algorithm can
be analyzed more accurately, as the next example shows.

Example 6.2.3. Let us consider the case of the function f : RP — R given by f(x) =
3 {(AxY)', x)+(b, x) where A is a symmetric, positive definite square matrix of dimension
p,and b € R?. Clearly, f is strictly convex and its level sets are bounded, so there exists
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a unique minimum point given by the equation Vf(x) = 0. Therefore, X = —(A"1b’)!. Let
us study the behaviour of the algorithm given by the relations xy,; = Xy + ady, where
dyx = -Vf(x) = -(Ax})" = b, and ay is the minimum of the function a — f(x; + ady).
Suppose that the gradient does not vanish at this iteration points, which is equivalent
(taking into account the convexity of the problem) to f(x;) > f, where f is the minimum
value of the function, that s f := f(X) = -3 ((A*b")", b) .

Thus,

flx + ady) = f(xk)+ Sa <(Ad ), dk>+(x<(Ad )Y+ b, dk>

Since d, # 0, the minimum of this function is attained at

oy - il
<(Ad]t()t’ dk> ’

and

dk+1 = —(AXk+1)t b= —(AXk)t - ak(Ad )t b= dk - ak(Adk)t
whence

(it i) = (i, de) - o ((Ad})', di) = 0
We infer that
ooy Lot
f(Xk+1) _f(Xk) P <(Ad;<)t, dk> s
so
4
fOn) ~F = (F00) - F) [1- 19, .
2 (f0a) - F) ((Ad}), di)

Therefore,

(A, di) = (A7) + b)Y, (Ax})' + b)

=2 [ <(Axk) > + (b, x;) + <(A’1bt)t, b>]
=2 (fe0) - F) -
So,
_F- A 1o I *
f(xk+1) f_ (f(xk) f) |:1 <(A ld )[ dk> <(Adt)t dk>:|

From the inequality of Kantorovici (Theorem 2.2.31), we have

il Ay \/7 A
(@dy, do - (@ays gy - VA V| T A e
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where A1 and A, are the greatest and the smallest eigenvalue of A, respectively. We de-
note ¢ := /11/1;1. We put together the above relations and get

fe)~ F < (00 - F) [1 - 4L] .

(c+1)?
It follows that
f0a) =T = (F(xo) - ) (g; }>2k, vk e N,
From Example 7.72,
£ = F = 5 {(Ax)' i) + (b, - F
- 2 {0 -0, X - %) = 345 -7
So

- k
X = X]|| < [ZU(XO) _f)} (C — 1> , Vk € N,
Ap c+1
and this relation allows us to conclude that the approximation of the minimum point
depends on the value of c : if the difference between the greater and the smaller eigen-
values of A is small, then the convergence is rapid. At the limit, for ¢ = 1, the first iteration
already attains the minimum point.

On the other hand, there are several possible improvements of the general line search
method and one of these possibilities would be to consider a second-order decrease
direction (of Newton type). Therefore, let us suppose that we have a functionf : R — R
of class C3. As above, the algorithm will search for critical points, i.e., to the solutions
of the equation f'(x) = 0. If one supposes that X is a nondegenerate solution, and
applies the Newton’s method for this equation, they would be lead to consider the
iterations
f'(xx)

(i)

For this algorithm we have a quadratic convergence (as shown in the previous section),
the drawback being the same as we discussed for the Newton’s method. On the other
hand, if f/(x;) is not positive, then the direction — J[,l,((’;kk)) is not necessarily a decreasing
one, so we can attain maximal points.

Xi+1 = Xg —

We close this section with a special look to the case of convex functions. Clearly,
the above algorithm is well suited to these functions, but the particular form of con-
vexity allows the design of some powerful specific algorithms. We now introduce the
proximal point algorithm. An initial form of this was published by the French mathe-
matician Bernard Martinet in 1970, and later generalized by the American mathemati-
cian Ralph Tyrrell Rockafellar in 1976.
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Let f : R? — R be a convex differentiable function. Thus, for every fixed y € R?,
we consider the function gy : R? — R,

800 = f00 + 2 [~y

This new application is convex and differentiable (as a sum of functions with these
properties). Moreover, gy, is strictly convex because x +— 1 ||x - y||? has this property
(see Theorem 2.2.15 (iv)).

Suppose that f satisfies the coercivity condition of Proposition 3.1.8, whence f at-
tains its global minimum on R?. It is easy to see that the same condition is satisfied by
gy as well, therefore there exists a global minimum point of g, on R”. By the fact that
gy is strictly convex, this minimum point is unique (Proposition 3.1.24), and we denote
it by X. Furthermore, according to Theorem 3.1.22 and the differentiation rules, X, is
characterized by the relation

V() +x, -y =0.

We generate now a sequence of iterations following the next rule: xo € R?, and
for every k = 0, x,1 = Xx,, that s,

Vf(Xke1) + Xje1 = Xi = 0.

Let X be a minimum point for f (it exists according to the above assumptions). The
next relation holds:

-2 -2 2 -
ka+1 - X” = HXk _X” - ||Xk+1 _Xk” +2 <Xk+1 = X5 Xg+1 — Xk> s vk.

But
(X1 = X, Xje1 = X)) = =V (Xpr1)(Xpe1 =X) < 0

(from Theorem 2.2.10), so
—2 —2 2 5|12
1Xker = XN° < [Ixx = X7 = [[Xpan = xl|” < (% = X[, Vk.

We deduce the following facts: the sequence (||x; — X||)x is decreasing, whence con-
vergent (being positive), while the sequence (||xx,1 — xi|])x is convergent to 0. In par-
ticular, the sequence (x;)y is bounded. We show that (x;) is convergent to a minimum
point of f. Let x € R arbitrary but fixed. Then

V1) (X = Xpa1) = (Xi = Xpr15 X = Xpa1) 2 = || X = Xpan || 1X = Xpeaa || -

Let z € RP be a limit point of (x;) (its existence is ensured by the boundedness of the
sequence). Passing to the limit in the above relation, using that ||x;,; — xi|| — 0 and
that (]|x — x¢.1||) is bounded, we deduce

Vf(iz)(x-2z)=20.



Algorithms for Optimization Problems = 213

Since x is arbitrary, we get Vf(z) = 0, that is z is a critical point, whence a minimum
point. Suppose that (x;) has at least two different limit points z; and z,. According
to the above stage of the proof, both are minimum points of f. With the same reason-
ing as in the case of X, we infer that the sequences (||x; — z1 | and (||x; — z2||)x are
convergent. But

Xk = z2|1” = X = z1l1* + 2 (i - 21, 21 - 22) + ||z1 - 22|, V.
Therefore, there exists
211{11 (Xk—2z1,21-22) = li{n Xk = 22| - li]{n Xk = z1]1* = llz1 — 22 % -

By the fact that z; is a limit point of (x;), limy (x - z1, z1 — z2) can be only 0, so

. 2 . 2 2

Hm |3 - 221" - lim [|xi - za[|” = [|21 - 22|~ > O.
Changing the roles of z; and z5,

lim [x¢ - 2212 = im [ = 22 = |22 = 22> > O,

K

so we arrive at a contradiction. Thus (x;) is convergent to a minimum point of f.

6.2.2 The Case of Constraint Problems

For constrained problems, we adopt a slightly simplified framework which allows,
nevertheless, the presentation of the main ideas of two important methods of search-
ing for extrema, namely the sequential quadratic programing and the interior point
methods.

6.2.2.1 Sequential quadratic programming

The sequential quadratic programming (SQP) is one of the most effective methods
used to solve nonlinear optimization problems with constraints. We will restrict our
approach to equality-constrained optimization, i.e., we consider for the problem (P)
defined in the second section of Chapter 3 only equalities constraints. We take then
the C! function h : R — R™ and

M:={x e R’ | h(x) = 0}.

The underlying idea of SQP is to model the problem (P) at the current iterate x; by
a quadratic programming subproblem, and then to construct the next iteration x;,4
by the use of the minimizer of this subproblem.

In order to continue our discussion in the general case of nonlinear optimization
problems with constraints, we present some elements about quadratic programming.



214 — BasicAlgorithms

An optimization problem where the objective function is quadratic and the constraints
are linear is called a quadratic program (QP). As above, we limit our analyses to the
case of equality constraints, i.e., we consider the problem

(QP) miny  f(x) := 3 {(Qx")", x) + (¢, x),
subjectto Ax' = b!,

where Q is a symmetric p x p matrix, A is a m x p matrix with m < p, x, c are vectors in
RP, and b is a vector in R™. If the Hessian matrix Q is positive definite, then we speak
about convex QP, and in this case the analysis is similar to the case of linear programs.
When Q is an indefinite matrix, more difficulties can arise, since in this case several
stationary and local minima may appear.

In what follows, we will restrict to the case of convex QPs, and we suppose that
the matrix A has full row rank (rank A = m). Then X, the unique minimum point of
(QP) (see Exercise 7.73), is fully characterized by the relations

Axt = bt
Ju € R™ such that Vf(x) + uA = 0,

which finally give
Ht — _(AoflAt)fl(b + AQflct)
and

X =-Qlct+ Q1A AQ A I(b + AQ7ICY.

Remark also that the first-order optimality conditions for X can be written under

matricial form as follows:
A[ it _Ct
(FOG)(F) -

Rewrite (6.2.5) in a form more useful for computation: take X = x + y, where x is an
estimate of the solution and y is the desired step. Then (6.2.5) becomes

Q At yt B dt
PRI -

el=-Ax'+b', d'=-c'-Qx', y=x-x.

where

The previous comments show that, in order to find the unique global solution of
(QP), we must solve the linear system (6.2.6). A first observation is that if p > 1, the
Karush-Kuhn-Tucker matrix

t
K := Q A
A O
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is always indefinite. One option is to use a triangular factorization, as the QR (House-
holder) factorization, or to use the so-called Schur-complement method. For details
see the book (Nocedal and Wrightm, 2006).

Coming back to the general case of constrained optimization problems with equal-
ity constraints, recall that the Lagrangian of (P) is the function

LOG W) = f0)+> k(0.

j=1
Denote the Jacobian matrix of the constraints by A(x), i.e.,

Vhi(x)
Alx) =
Vhm(x)

As shown by Theorem 3.2.6, the first order Karush-Kuhn-Tucker conditions for the
problem (P) can be written as

Flx, ) = ( vf (X;lzxg‘A(x) ) - 0. 6.27)

One method is to solve the nonlinear equation (6.2.7) by the use of Newton’s method.
We have

2 t
VF(x, p) = < ij(%’u) A(g) )

hence the Newton step, according to (6.1.5), is

( Xt ) _ ( X, ) ( VAL ) AG)! > - < (VF0a) + pieA () )
Mt Hi Alx) 0 (h(x))
(6.2.8)
Of course, in order that the Karush-Kuhn-Tucker matrix

; t
K(Xk,yk) = ( vxxjgiiiyk) A(Z()k) )

is nonsingular, we suppose that the constraint Jacobian A(x) has full row rank, and
that the matrix V2, L(x, u) is positive definite on the tangent space of the constraints,
i.e.,

<(v§XL(x, wd', d> >0, Vd # 0s.t. A)d" = 0. (6.2.9)

Another way to view the iterations (6.2.8) is to consider the quadratic problem
bellow at each iterate (x;., py) :

miny, 3 (VL0 mdy), y) + (V). y) + fxi)

6.2.10
subjectto  A(x)y! + (h(x,))! = 0. ( )
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Under the assumptions made, we know by the comments before that this problem
has a unique solution y, for which there is a multiplier [, such that:

(Vi L0, )y + VI0q) - LA(xi) = 0,
Alx)ys + (h(x))' = 0.

Moreover, the pair (yy, l;) can be identified with the one of (6.2.8). To see this,
denote y} := X1 — X and rewrite (6.2.8) as

VL O, ) Al)' ) _ [ (V) + mAGa))
A(xy) 0 Miur — My ~(h(x)" )

By subtracting pA(x;) in both sides of the previous relation, we get

Vil 0 ) Al 0\ _ [ (V)
A(x) 0 it ~(hGa))* )~
Hence, by the nonsingularity of the Karush-Kuhn-Tucker matrix K(x, u;) and by re-
lations (6.2.11), we obtain that y; = y; and py,1 = li.
Hence, the new iterate (xy,1,Mrs1) can be defined either as solution of the
quadratic program (6.2.10), or as the Newton type iterate given by (6.2.8) applied to
the optimality conditions of the problem.

We close our consideration with a result about the rate of convergence. Recall that
the set of critical directions is in our case

(6.2.11)

C(x, ) = {u € R? | Vhj(x)(u) = 0, foreveryj e 1, m.}

Theorem 6.2.4. Suppose X is a local solution of the problem
min f(x), subject to h(x) =0,

such that f and h are twice continuously differentiable functions with Lipschitz continu-
ous second derivatives. Moreover, suppose that the linear independence condition holds
at x, and that

Vi L&, A, W)(u,u) >0, Vue CX,n)\{0}.

Then, if (xo, Mo) is sufficiently close to (X, i), then the sequence generated by (6.2.8)
converges quadratically to (X, ).

Proof The proof follows from Theorem 6.1.5, because (6.2.8) is the Newton’s method
applied to the nonlinear system F(x, p) = 0, where F is given by (6.2.7). O

6.2.2.2 Interior-point methods
In the approach we present here, for the problem (P) defined in the second section of
Chapter 3, we consider only inequality constraints. Therefore, we take g : R? — R”"
and

M:={x e R’ | g(x) < 0}.
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We denote

strict M := {x € R? | g(x) < 0}
={xeRP|gx)<0,Viel,n}.

Let us observe that, in general, strict M does not coincide with the interior of M (it is
enough to consider g : R — R? with g(x) = (-x?, —x — 1), since in this case strict M =
int M\ {0}).

The main idea is to transform the constrained problem into an unconstrained one
through a penalization of the objective function f by an auxiliary function that con-
tains the constraints. In fact, this also happens when one introduces the Lagrangian
function, but then some parameters (A, u) depending on the solution were in force.
At this moment, we consider the function (called the logarithmic barrier of (P)),
B(x, p) : strict M x (0, o0) — R,

B(x, 1) := f() - Y In(-gi(x).

i=1

It is clear that this function preserves the smoothness properties of the prob-
lem data. On the other hand, if a solution X lies in strict M, then for x close to X,
lim, 0 B(x, p) = f(x). If x lies in M \ strict M then at least one constraint is active,
so for a sequence (xj) — X,

lil{n <f(xk) -u Z ln(_gi(xk))> = oo,

i=1

Consequently, a coercivity condition similar to that in Proposition 3.1.9 could be ful-
filled (under some conditions). The idea (in both situations) is to ensure the existence
of a unconstrained minimum for B(-, u) on strict M, denoted x,, then, for y — 0, to
show that x, converges towards a minimum of the problem (P). The below figure offers
an intuitive image for this remark for the case of the function f : R — R, f(x) = e - x>
under the constrains g1(x) = 1 - x < 0, g2(x) = x - 3 < 0. The minimum is X = 3, and
the Figure 6.1 presents, besides the graph of f, the graphs of B(x, 371) and B(x, 771).

In order to prepare the main result, we need an additional preliminary discussion.
We have already said that if we have minimum points that are close one to each other,
then it is difficult to design algorithms which make the distinction between them, and
in order to approach the desired point one should start from appropriate initial data.
The most unpleasant situation occurs when a minimum point is not isolated in the set
of local minima. Such an example for a C? function is given below. Let f : R — R,

) x*(2+cosi), x#0
f(x)_{ 0, x=0.
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Figure 6.1: Barrier method illustration.

05

0 ! !
-0.01 -0.005 0 0.005 0.01

Figure 6.2: Non isolated minimum.

This function has a global minimum at 0, but there is a sequence of local minima
which converges to O (see Figure 6.2).

It is now necessary to formulate some conditions concerning topological proper-
ties of the set of minima. We start with a definition.

Definition 6.2.5. Let A C B. We say that A is an isolated subset of B if there exists a
closed set Ewith A C intEand BN E = A.

The next result holds.

Proposition 6.2.6. Let M C R” and ¢ : M — R. We denote by N a set (that we suppose
to be nonempty) of a local minima of ¢ on M, for which the value of the function is the
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same (denoted by @). Suppose that N is an isolated compact subset of N. Then there
exists a compact set C such that N* C int C and ¢(x) > @ forevery x € (M N C) \N".

Proof According to the preceding definition, there exists a closed set Ewith N* C int E
and NN E = N”. Since N* consists only of minima, for every x € N" there exists an
open neighborhood Vy of x with

©(x) =@ < f(u), Yu € MN Vy.

Then the set G := U Vy is open and includes N*, and ¢(u) > @ for every u € M N G.
XEN*
Then, by the compactness of N* and the openness of G Nint E, there exists a compact

set C with
N'cintCcCc GnintEc GNnE

(it can be shown quite simply that one can take C as {x eRP|dx,C) < n‘l} for suf-
ficiently large n € N). Clearly, N° C int C N M. Take now x € (M n C) \ N". Since
X € Mn G, one has ¢(x) > @. On the other hand, since C ¢ E, onehasx € E\N",
whence x ¢ N. Therefore, ¢(x) # @. Consequently, ¢(x) > @ is the only possibility. O

We present now the main result of this section.

Theorem 6.2.7. Suppose that f and g are continuous. Let N be the set (supposed to
be nonempty) of local minima of f on M for which the value of the function is the same
(denoted by f), and let (u;) C (0, o) be a strictly decreasing sequence convergent to 0.
We suppose that:

(a) there exists an isolated compact subset N* of N;

(b) N* N cl(strict M) # 0.

Then:

(i) there exists a compact set C such that N C int C, and for every x € (MNC)\N",
fx)>f;

(ii) there exist an infinity of numbers k for which there exists a global minimum y; €
strict M N int C without restrictions of B(-, p) on strict M N int C with

BV, M) = min{B(x, uy) | x € strict M N C};

(iii) every limit point of (y,) is in N*, and if (x;) is a subsequence of (y)) convergent
to the underlying limit point, then

li}nf(XI) =f= 1i}11 B(xy, up)-

Proof The first item, (i), follows easily from (a) and from Proposition 6.2.6. So, there
exists a compact set C such that N ¢ int CN M, and the value of f at the points of N” is
the smallest one in CNM. Since the function B(:, u;) verifies the assumptions of Propo-
sition 3.1.9 for D = strict M, there exists a global minimum for B(-, y;) on strict M N C.
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At this moment, this minimum point, denoted by yy, is not without restrictions (note
that C is closed). Since (y;) is bounded, there exists a subsequence of it, denoted (x;),
which has a limit, denoted by X, lying in M N C. Therefore x- is a feasible point.
We show now that x.. € N*. Otherwise, from the preceding part, f(x) > f. In order
to arrive at a contradiction, we use (b). Take x € N™ N cl(strict M). We distinguish
two situations, and in both cases we show that there exists x;,; € C N strict M with
f(Xeo) > f(xine). Firstly, we consider that x* e strict M. Then f(x.) > f(x"), so we can
take xint = x*. Suppose that x™ € cl(strict M) \strict M. From N C int C, we deduce that
x" € int C. Since f(x-) > f = f(x”) and f is continuous, there exists a neighborhood V
of x" such that f(x.) > f(x) for every x € V. In particular, there exists x;,; € CNstrict M
with the desired property. Thus, in every situation, there exists xj,; € CNstrict M with
f(Xoo) > f(Xint). Again, from the continuity of f, for every [ big enough, f(x;) > f(Xint).
But x; is a global minimum on C n strict M for B(:, y;), so

fOx) - Z In(-gi(xp) < f(Xine) — 1 Z In(-g;(Xint)).

i=1 i=1

Since 31 | In(~g;(Xint)) € R, passing to the limit as | — oo,
i=1

11{[1 <f(Xint) - M Z 1n(_gi(xint))> = f(Xint)-

i=1

If X € strict M, as above,

lilm (f(Xz) -1 Z ln(—gi(Xl))> = f(xe),

i=1
whence
f(x0) = f(Xint),
in contradiction to the step before.

If Xo € (M N C)\strict M, adding —p; 3"}, In(-g;(Xine)) in the inequality f(x;) >
f(xint), we infer, by the use of the relation before,

FO) = Y In(-gi(in) > f(tind) = 1 Y _ In(=gi(Xint))

i=1 i=1
n
2 f00) - Y In(=gi(x)),
i=1
whence
n n
= In(-gi0and) > = Y In(-gi(x).
i=1 i=1
For I — oo, in the left-hand side we get a real number, and in the right-hand side we
get +oo, which is a contradiction. We conclude that the assumption made was false,
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S0 f(x«) = f, that is x. € N". We conclude that every limit point of (y;) satisfies
this property. From the fact that x.o € N”, we infer that x.. € int C, so, eventually, x;
belongs to int C. This means that the geometric restriction x € C is not active, whence
x; is a minimum without constraints for B(:, i;) on strict M N int C. The second item,
(ii), is proved.

The first part of (iii) is obvious, since lim; f(x;) = f(X-) = f. It remains to show
thatf = lim; B(x;, ;).

If X € strict M, then the sum >_} | In(-g;(x;)) is finite for all big I. Then

1

lim B(x, py) = fxee) = f.

Now, suppose that x.. ¢ strict M, so at least a constraint goes to 0 on (x;) for
l — oo. Since for every 1, x; is the minimum point for B(-, y;) on strict M N C, we have

B(xy, pp) < B(xpyq, pp) and B(xy.1, pps1) < Bxg, piaa).

We multiply the first inequality by u;* uy,; € (0, 1) and we add the second inequality.

We get
_ M _ Hin
f(xp) (1 m ) < f(x)) <1 u > ,

so f(xq.1) < f(x)).
For every I big enough, > 1, In(-gi(x;)) < 0, whence B(x;, u)) > f(x;). Since

fxi1) < f(x) and lim; f(x;) = f(x) = f, we infer that the sequence (B(x;, ;) is
lower bounded. On the other hand,

n
0 < ppq < pyand Zln(—gi(xl)) <0,

i=1

so for I big enough,

n n
i1 Y In(-gi(x) < - > In(-gi(x),
i=1 i=1
hence
B(x;, pie1) < Blxq, pp).
Therefore,
B(XlJrl: .ulJrl) < B(Xl’ .u1+1) < B(Xh l’ll)

We deduce that the sequence (B(x;, y;)) is monotone, and converges towards a limit
denoted by B. The inequality B > f is ensured by the above considerations. We sup-
pose, by way of contradiction, that B > f, and we take € := 271(B - f) > 0. From the
continuity of f, there exists a neighborhood V of x.. for which

fO) <flxe)+e=B-¢, Vx € V.
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There exists at least one point of x’ € strict M in V. So,

n
Blx;, ) < BOC, ) = f(X) =y ) In(-gi(x).
i-1
But "1, In(-g;(x")) € R, and for every [ big enough,

-1 Y In(-gi(x)) < 27%e.

i=1

But
f(xl) < E - &,
S0
B(x;,u)<B-e+2te=B-2"¢,
which contradicts B(x;, ;) — B. So B = f and the proof is complete. O

The hypotheses of the above result are quite weak. It is remarkable that the prob-
lem data are supposed to be only continuous. We can say that the assumption (b) is
the most demanding one, but it is quite natural. However, there exist situations when
this assumption is not fulfilled. To see this, it is sufficient to consider the problem of
minimizing the function f : R — R, f(x) = (x + 1)? under the constraint g(x) < 0,
where g : R — R?, g(x) = (x(1-x), -x). Then M = {0} U[1, o), and the only solution
is X = 0. But strict M = (1, o), hence N* N cl(strict M) = 0.

The good part of the conclusion is that we established convergence to the solutions
of the problem (P) without qualification conditions. However, the sequence (y;) can
be divergent: we know that it has convergent subsequences. Let us remark that

n

VB ) = VF0) + 3 s Vi),

i=1

If X is a minimum point without restrictions for B(-, u), then VxB(X, u) = 0, and if
is small enough and X is close to the solution of the problem (P), then the Lagrange
multipliers A; can be approximated by ug;*(x).

Subsequently, Theorem 6.2.7 can be combined with other hypotheses and tech-
niques in order to obtain several enhancements of the conclusions and in order to
include the equality constraints in the discussion.
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6.3 Scientific Calculus Implementations

In this section we aim at illustrating the theoretical discussions above through their
numerical implementation in the scientific calculus software Matlab. Thus we verify,
from a practical point of view, the results we have proved before, and we split our ex-
emplifications into two categories of codes: on one hand, there are codes which use
some default functions of Matlab (which, in turn, encapsulate various numerical algo-
rithms) and, on the other hand, we directly implement many of the studied algorithms.

1. (least squares method - linear dependence) The system obtained by the mod-
elling the least squares method for the affine dependence v = at + b, has, as estab-
lished before (Section 3.4), a unique solution:

a\_( =L Xt B S tvi
b B E:ﬁla N E:Zlvi '

Let us take the concrete example: N=5,¢t; =0,t, =1,t3 =2, t, =3, t5s = 4and
vi=1,v,=2.5,v3=5.1,v4 = 6.7, vs = 8.3.
For the calculus of the parameters a, b we implement the following Matlab code:

t=00,1,2,3,4];
v=[1,2.5,5.1,6.7,8.3];
A=[sum(t.”2) sum(t)
sum(t) 5]

B=[sum(t.*v)

sum(v) ]

U=A"(-1)*B
x=linspace(0,4.5,90);
y=U(1)*x+U(2) ;
plot(t,v,’ro’,’Linewidth’,2);
hold on;

plot(x,y);

Then we obtain the values 1.88 and 0.96 as well as the figure below (Figure 6.3).

2. (least squares method - nonlinear dependence) A dedicated Matlab func-
tion for solving nonlinear problems coming from the application of the least
squares method is the function 1sqnonlin which can be used with the syntax
[x,resnorm]=1lsqnonlin(@fun, x0), where fun is a function which depends upon
the parameters of the model. Therefore, 1sqnonlin takes as objective function the
sum of the squares of the components of the vector fun and returns both the mini-
mum point and the minimal value.
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10

Figure 6.3: Least squares method: linear case.

Let us suppose that from the direct observation of a specific physical phenomenon
at the moments t; we get the m; data, as in the table below.

i 1 2 3 4 5 6
t; | 0.1 | 0.3 | 0.5 0.7 | 0.8 0.9
m; | 0.7 | 1.5 | 4.5 | 22.3 94 | 387.9

Moreover, we suppose that one can observe a behaviour of type (1 -t)** around 0, and
a behaviour of type ¢t around 1. The suggested continuous model at every moment
tisf: R® - R,

fOO) =xs(1 -0t

The function 1sqnonlin will minimize the objective function

6
X — Z [m; - x3(1 -0 t”‘z]z .

i=1
The program consists of a function file with the code
function z=fun(p)

measures=[0.1 0.7;0.3 1.5;0.5 4.5;0.7 22.3; 0.8 94; 0.9 387.9];
z=measures (:,2)-p(3)*(1-measures(:,1)). p(1)./measures(:,1). 7 p(2)

and the main file as follows:
pO=[1 1 17;
[p,differencel=lsgnonlin(@fun,p0)
measures=[0.1 0.7;0.3 1.5;0.5 4.5;0.7 22.3; 0.8 94; 0.9 387.9];

which generates
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p = -0.9368 -6.7935 91.8653
difference =27.7334

while the additional lines
plot (measures(:,1) ,measures(:,2),’0’, ’Linewidth’,2)

hold on;
model= ’91.8653*(1-x)~(-0.9368)/x"(-6.7935)’;

fplot(model, [0 0.95],’-r’)

give, on the same figure, the discrete (measured) model and the continuous model

(see the figure below).
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Figure 6.4: Least squares method: nonlinear case.

3. (fixed points - basic approximations) We want to approximate the solution
of the equation cosx = x, x € [0, 1]. Clearly, a solution of this equation is a fixed
point of the restriction of the function cos to the interval [0, 1]. The cos function is a
contraction, since SUPyec(o,1] \cos’ x\ = sin1 < 1. Moreover, every calculator gives us

the approximate value of the contraction constant: sin1 ~ 0.84147, so
|cosx —cosy| < 0.8415|x -y|.

Thus, according to the Banach Principle, there exists a unique solution (denoted x) of
the mentioned equation which can be approximated arbitrarily well by the sequence
of the Picard iterations starting from every initial date xo € [0, 1]. We intend to in-
vestigate how accurately the solution has been approximated after a given number of
iterations. One may ask how many iterations are needed to obtain the value of x with
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an error smaller than ;5. Answering this question is now possible in view of the esti-

mations concerning the speed of convergence of Picard approximations in the Banach
Principle. We recall that:

n

_ A
|xn = X| < |x1 = Xo0| ) (6.3.1)

_ A
|xn —X| < -1 |Xn = Xn-1] (6.3.2)

This discussion helps us to understand these inequalities and to obtain the desired
approximation of x starting from xo = 0. Taking into account (6.3.1) and (6.3.2), we

have

o~ < 0.8415" and [xn — %] < 0.8415
" ~1-0.8415 " ~1-0.8415

In the Matlab programs given below, one sees that the second estimation is better than
the first one, since the value 10_'3.‘231451"5 isless than 0.001 starting from n = 51, while the
right-side member in the second part is under 0.001 faster (for n = 22). For instance,

for n = 22 in the second relation, we get

|Xn — Xn-1] .

X2 - X| < 0.0009,

soX € (x22 — 0.0009, x», + 0.0009), that is X is between 0.7381 and 0.7399.
The Matlab programs are as follow :

lambda=0.8415;

c=1/(1-1lambda)

i=0;

while c*lambda>0.001

i=i+1; c=c*lambda;

end
which gives

-> disp(i+1); disp(c*lambda);

51.

0.0009500
and, respectively,

u=0; i=0;

while (0.8415/(1-0.8415))*abs((u-cos(u)))>0.001

i=i+1; u=cos(u);

end

disp(i+1); disp((0.8415/(1-0.8415))*abs((u-cos(u))))
which gives

-> disp(i+1); disp((0.8415/(1-0.8415))*abs((u-cos(u))))

22.

0.0008820.
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Again, the approximation process is faster if one starts form an initial value close
to x. For instance, taking xo = 0.7, the estimations
_ 0.8415"

Xn =Xl < 10 8415

0.8415

1-0.8415 X~ Xn-1l

|cos(0.7) -0.7| and |xn - X| <
give an error less than 0.001 for n = 35, and n = 16, respectively. These new values
can be verified easily, by making the obvious modifications in the above programs.

4. (speed of convergence of Picard iterations: the case f'(X) € (0, 1)) Let us
consider the function f : [0, e0) — [0, o) given by f(x) = —,. We have seen that this

1+x2°
is a contraction, has a unique fixed point which is the unique positive solution of the
3

equation x° + x — 1 = 0, and the sequence of the Picard iterations satisfies:
Xn+1 =X n—soo 1 — -2Xx -3
—_— — X)=——— = _2X S 0, 1 .
W 0,1)

Let us study the speed of convergence of this sequence by means of a Matlab program.
The stopping criterion is the attainment of a maximum number of iterations (1000),
or the situation where the absolute value of the difference between two consecutive
iterations is under an admissible tolerance (1077).

funct="1/(1+x"2)’

tol=1e-7; maxiter=1000;

n=0; x=1; x_o0ld=0;

%Picard

while abs(x-x_old)>tol & n<maxiter

x_old=x; x=eval(funct); n=n+1;

end

%endPicard

disp(x);

disp(n);
The displayed results are:

->disp(u); 0.6823278 ->disp(n); 35
so the algorithm stopped after 35 iterations and found the approximate value of the
solution as being 0.6823278, starting from the initial data xo = 1. The speed of con-
vergence, which is a relatively good one, is due to the fact that |f'(X)| is smaller than
1

5. (speed of convergence of Picard iterations: the case f'(x) = 1) For the re-
striction of the function sin x to the interval [0, 1], which satisfies the assumptions in
the Picard Theorem with X = O as the unique fixed point, the speed of convergence
dramatically changes, as every Picard iteration (x;) satisfies

Xk+1—Yk~>oo J [—
T
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and we expect that the progress made in approaching the solution from a iteration to
another is very small. In the above program, we change f and we get the results:

->disp(u);

0.0545930

->disp(n);

1000
which means that after 1000 iterations we get a quite unsatisfactory approximation
of the fixed point. The situation changes insignificantly if one starts with the value
xo = 0.1, closer to x:

->disp(u); 0.0480222 ->disp(n); 1000.

6. (speed of convergence of Picard iterations: the case f’(x) = 0) Consider the
case of the function f : [v/2, e0) — [v/2, o) given by

x 1
f) = 3 + X
It is easy to see that f is well defined (the means inequality). Moreover,

1 1 1
|f/(x)| = ’2—)(2 55,

so f is a contraction and its unique fixed point is X = v/2. One observes that f/(x) = 0,
so, for every nonstationary Picard iteration,

Xie1 — X 1

1 1] f—
X=X _ -, S —f(x),
(X -%)?  2Xx  2V2
so we have quadratic convergence, and we expect a very good speed of convergence.
We repeat the above program for the new function and we get:

->disp(u); 1.4142136 ->disp(n); 5
so the algorithm stops after only 5 iterations and we have a very good approximation

of the fixed point X = v/2.

7. (the Aitken acceleration methods) We come back to the function sin (re-
stricted to the interval [0, 1]) for which the convergence of the Picard iterations se-
quence is slow. We want to test the two Aitken acceleration methods: the weak and
the strong ones (which actually work as well for the case ] f’ (Y)| = 1). Briefly, for the
weak method, besides a Picard sequence associated to f, one considers the sequence

Ve = X — (Fa) - xi)?
TR RFGG)) - 2f () + X

which converges faster, however, without a modification of the order of convergence.
For the strong method, we work directly with the sequence

e = )~ x)?
T R (F0a)) - 2f 0o + xi
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We have the code below:

funct=’sin(x)’

functcomp="sin(sin(x))’

tol=1le-7;

maxiter=20000;

y=1;x=1;y_0ld=0;n=0;

%Aitken (weak)

while abs(y-y_old)>tol & n<maxiter

y_old=y; x=eval(funct);
y=x-((eval (funct)-x)~2)/(eval (functcomp)-2*eval (funct) +x) ;

n=n+1;

end

disp(x); disp(y); disp(n);

The result is the following:
0.0122
0.0082

20000
which means that for the initial data xo = 1, after 20000 Picard iterations we are
not able to approximate the fixed point X = 0 with an error smaller that 1072 (we
get 0.0122449), while this happens after 20000 weak Aitken iterations (the value is
0.0081631).

For the strong Aitken method, we do not change the Picard method, and for the
code we made the following modifications: we introduce a new constant tol1=1e-4,
and eliminate the variable w, and the strong Aitken method looks like:

funct=’sin(x)’

functcomp="sin(sin(x))’

toll=1le-4; maxiter=1000;

n=0; x=1; x_0ld=0;

while abs(x-x_old)>toll & n<maxiter

x_old=x;
x=x-((eval(funct)-x)~2)/(eval (functcomp)-2*eval (funct)+x) ;
n=n+1;

end

disp(x);

disp(n);
with the result:

1.8779e-004
21
which is clear indication of the huge progress for the speed of convergence.

8. (particular acceleration of the Picard iterations) There are particular cases
where the Picard iterations can be accelerated by means of an auxiliary function. For
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instance, consider f : R — R, f(x) = x> + 4x? + x - 10. By the basic methods of math-
ematical analysis, the equation f(x) = x has only one real solution situated in the
interval [1, 2]. Clearly, f is not a contraction. However, the application g : [1, 2] — R,
g(x) = 233 +4x% + 10

3x2 + 8x
satisfies the fact that the equality g(x) = x is equivalent to f(x) = x. But

_(6x% + 8x)(3x% + 8x) — (6x + 8)(2x° + 4x* + 10)
B (3x2 + 8x)2

_ (6x+8)(X° + 4x* - 10)

- (3x2 + 8x)2 ’

g' ()

Since X is the solution of the equation x> + 4x% — 10 = 0, we conclude that g’(x) = 0.
This means that around X, g is a contraction and, moreover, the convergence of the
associated Picard iterations is quadratic. The next program shows that after only 9
steps, the Picard iterations of f blow up, while using g we get a good approximation
of the solution after only 5 iterations.

tol=le-7;maxiter=1000;

u=1l; u_old=0; n=0; t=1; t_old=0; p=0;

%Picard g

while abs(u-u_old)>tol & n<maxiter

u_old=u; u=(2%u”3+4xu”2+10)/(3*u"2+8*u); n=n+1;

end

Y%Picard f

while abs(t-t_old)>tol & p<maxiter

t_old=t; t=t"3+4xt"2+t-10; p=p+1;

end

disp(u); disp(n); disp(t); disp(p);
The result is:

-> disp(u); disp(n); disp(t); disp(p);

1.36523

5.

Nan

9.

9. (Newton method - one root) We test the Newton method for the function f :

R — R given by the relation
10
fO)=x+e+ 755 -5

which has a solution of order 1 in (-2, 0), as one can also observe in the figure below:

Starting with the initial data xo = 1.5 we converge rapidly to this solution, as
shown in the next code:



f_el=’x+exp(x)+10/(1+x72)-57;

Syms x
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10

Figure 6.5: The graph of x + e* + Tz 5

g=diff (f_el) ;tol=1le-5;maxiter=1000;

x=1.5;%x_01d=0;n=1;

%Newton

while abs(x-x_old)>tol & n<maxiter
x_old=x;x=x-eval(f_el)/eval(g) ;n=n+1;

end

X

n

eval (f_el)
which returns:

x = -0.9046

n = 35

ans = 8.8818e-016
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If one starts with the initial date u = -1.5, then one gets the approximation after only

5 iterations.

10. (distance to a generalized ellipsoid) Let have a look again at the nonlinear
equation whose solution gives the number needed to compute the projection of a point
on a generalized ellipsoid. Let us implement the Newton method for approximation

of the square of the equation

forp=5,a,=6-1i,v;
f el1="2500/((25+x) ~2)+1600/ ((16+x) ~2)+900/ ((9+x) ~2)

+400/ ((4+x)72)+100/ ((1+x)~2)-1";

Syms x

p

>t

i=1

a?v?
=1,

a2+)l

=9,ie1,5. The code:
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g=diff (f_el) ;tol=1le-5;maxiter=1000;
x=97;x_01d=0;n=1;

ZNewton

while abs(x-x_old)>tol & n<maxiter
x_old=x;x=x-eval(f_el)/eval(g) ;n=n+1;
end

X

n

eval (f_el)

returns:
x =57.5719; n =9; ans =-1.1102e-016

11. (Newton method- several roots) Let us consider f : R — R, f(x) = e* — 2x2.
It is not very difficult to see that f has three real roots, among which one is negative
and two are positive. We apply the Newton method (as in the previous examples) for

various initial data.

Figure 6.6: The graph of ¥ — 2x? on [-1, 4].

If we start with u = O we obtain:
x = -0.5398; n = 7.
Therefore, starting from 0 we find the approximation of the negative root after 7 iter-
ations.
Starting from u = 1, we get:
x = 1.4880; n =5
and for u = 3, we get:
x = 2.6179; n = 6.

12. (Newton method for fixed points) Besides Picard iterations which, in gen-
eral, have linear convergence, we can use the Newton’s method for approximating
fixed points with quadratic orders of convergence. For instance, in the above case of
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the fixed point of cos in [0, 1], according to the theory, it is sufficient to approximate
the solution of the equation cos x = x, and this means that we should consider the
Picard iterations associated to

g(x) —x+ COos X‘— X'
1+sinx
The next Matlab program proves the advantages of this new approach:
f_el="x+(cos(x)-x)/(1+sin(x)) ’;
syms x
tol=1le-5;maxiter=1000;
x=1;x_0ld=0;n=1;
%Newton
while abs(x-x_old)>tol & n<maxiter
x_old=x;x=eval(f_el) ;n=n+1;
end
%Picard
t=1;t_old=0; p=0;
while abs(t-t_old)>tol & p<maxiter
t_old=t; t=cos(t); p=p+l;

end
X
n
t
P
and the results are:
x = 0.7391
n=>5
t = 0.7391
p =29

13. (proximal point algorithm) We implement now the proximal point algorithm.
Letf: R — R,

This is a convex function since f”/(x) = 3x> + 1 > 0 for every x € R. Its graph is
below (Figure 6.7). In order to approximate the minimum point we use the proximal
point algorithm in the following code:

we define in a function file:

function F = prox_fun(x,y)

F = x.73+2.xx-3-y;
end
and in a M-file we use the default function fsolve in its parametric version:
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Figure 6.7: The graph of % + % -3x+1.

maxiter=100;n=0;y=-10;

while n<maxiter
y = fsolve(@(x) prox_fun(x,y),[-1;y(1)]);
n=n+1;

end

disp(y(1));

We get the approximate value x = 1.213411662762243.

14. (the algorithm of steepest descent direction) Let us consider the steepest
descent method. Usually, the direction is chosen as

P =— Vf(xi)
IV G|

if || Vf(x4)|| # 0 and, concerning the step a,, we use only the Armijo condition

fOxp + axpi) < FOx) + 1 VX (i)-

Therefore, we test, at every step, if the condition is fulfilled and, contrary, we multiply
ay by a factor less than 1, in order to obtain a smaller step.

For illustration, we chose the function f : R — R, f(x) = e¥ — 2x2. This function
has a local minimum point close to 2.

We have the code:

funct=0(x) exp(x)-2%x"2;

derivative=@ (x)exp(x)-4%*x;

tol=1le-7; maxiter=20;u=5; u_old=1; n=0; factor=0.5;

c1=0.01; alpha=1;

while abs(derivative(u))>tol

u_old=u;

u=u-alpha*derivative(u)/abs(derivative(u));

while funct(u)>=funct(u_old)+cl*alpha*abs(derivative(u_old))
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Figure 6.8: The graph of e¥ - 2x2 on [-2, 3].

alpha=factor*alpha;
u=u-alpha*derivative(u)/abs(derivative(u));
end

n=n+1;
end
u

n
alpha
derivative(u)

and the results are
u = 2.153292357921600

n =15
alpha = 5.960464477539063e - 008
ans = —-2.854974923138798e - 008
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So, the algorithm stops after it obtains a convenient approximation of the minimum.
The evolution of the decreasing of the gradient absolute value is also interesting.

15. (the algorithm of steepest descent direction: several variables) The next
example refers to the approximation of the minimum point for the Rosenbrock func-
tion (see Exercise 7.51). In code below, we implement the steepest descent method for
this function, with the chosen step following an heuristic rule. The graphic represen-
tations we get give us informations about the construction if the iterates. We have the

code:
t1=1linspace(-0.6,1.3,20);
t2=linspace(-0.4,1.3,20);
function z=r(x, y)
z=100.0*(y-x"2)72 + (1-x)"2
z=feval(tl,t2,r);contour(tl,t2,z,40,flag=[2, 2 0]);

function z=g_r(x)
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z=[-2%(1-x (1)) -400*x (1) * (x(2)-x (1) ~2) ,200% (x (2) -x (1)) ]
function z=r(x)

z=100.0*(x(2)-x(1)"2)72 + (1-x(1))"2
maxiter=50;u=[-0.4 0.6];n=1;v=u;alpha=0.25;
for i=1:maxiter

n=n+1;

u=u-alpha*g_r(u) /norm(g_r(u));v=[v;ul;

alpha=0.25/1log(n) ;

end
plot(v(:,1),v(:,2),’-?);plot(1,1, r*’)
We get the next picture:

Figure 6.9: The descent method for Rosenbrock function.

Observe that the iterations oscillate around the point (1, 1) which, due to Exercise
7.51, is the minimum point of the function. A detail of the previous picture convinces
us of this.
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Figure 6.10: Detail: the oscillation of the iterations.
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Supplemental details can be obtained by displaying at every step the value of the
iteration, the distance to the minimum and the norm of the gradient.

16. (the QP method) We consider the algorithm for the function f(x) =
3 {(AxY", x) + (b, x) from Example 6.2.3. We saw that the speed of this algorithm de-
pends of the ratio of the biggest and the smallest eigenvalue of A. We give a generic
code for the method described in Example 6.2.3 for the situation of a matrix A of the

form ( A0 > (having hence the eigenvalues A, A,), and for b = 0.

0o A
t1=1linspace(-0.3,0.3,20);t2=linspace(-0.3,0.3,20);
a=20;b=1;

function z=r(x, y)
z=ax*xx"2 + bxy~2
z=feval(tl,t2,r);
contour(tl,t2,z,10,flag=[2, 2 0]);
function z=g_r(x)
z=[2xa*x (1) ,2xb*x(2)]
function z=r(x)
z=axx(1)72 +b*x x(2)72
maxiter=10;u=[-0.1 0.3];v=u;
for i=1:maxiter
u=u-g_r(w)*norm(g_r(u)) "2/ (2*r(g_r(u))) ;v=_[v;ul;
end
plot(v(:,1),v(:,2),’-0’);plot (0,0, r*")
In the case considered here we have ¢ = 20, the level lines of the function being
ellipses with relatively big eccentricity.

Figure 6.11: The QP method.



238 —— BasicAlgorithms

We obtain the same phenomenon of oscillation of the iterations, according to the
next picture.

0012
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0.008
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0.004
0.002 -
0.000 | *

0.002

-0.004

T T T T T T T
0.006 0004 0.002 0.000 0.002 0.004 0.006

Figure 6.12: The QP method: detail.

17. (the SQP method) Consider the functions f, h : R*> — R given by
xo L1 (.3. .3 2 2, .2
fx)=e —E(X1+X2+1) , h(x)=xi+x5-5.

We implement the algorithm described in (6.2.8) to find the solution of the prob-
lem of minimizing f with the restriction h(x) = 0. Following the steps described at the
SQP method, we generate the code:

f="exp(x*xy)-1/2%(x"3+y~3+1) 72’

h="x"2+y"2-5’

L="exp (x*xy)-1/2*% (x"3+y~3+1) +1* (x"2+y~2-5)"’

syms x y 1

df=[diff (f,x);diff (f,y)]

dL=[diff (diff (L,x),x), diff(diff(L,x),y); diff(diff(L,x),y),
diff (diff(L,y),y)]

A=[diff (h,x) diff(h,y)]

At=[diff (h,x);diff (h,y)]

F=[df-1*At;h]

dF=[dL -At;A 0]

x=1;y=2;1=1;

v=[x;y;1];

i=0;

while(norm(eval(F))>10"-7)

i=i+1
v=v—-inv(eval (dF))*eval (F)
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x=v(1);y=v(2);1=v(3);
end

v

Taking as initial value (x10, X20, Ho) = (1, 2, 1), the code generates after 39 iter-
ations the solution (x1, X;) = (1.5811388, 1.5811388), i = -15.0304612. Starting
from (x10, X20, Mo) = (-v/2, /3, 1), the algorithm generates the same solution after 49
steps.

16. (the barrier method) Let f, g : R> — R,
2 X3
f(x) =x1+ ?2 +X1X2 + X1, 8X) =x1 + x5 — 1.

Consider the optimization problem of minimizing f with the restriction g(x) < 0. We
have shown that this problem has the solution x = (-2, 3) . We verify that the minimal
points of the barrier functions obtained for different values of the parameter u approx-
imate this solution. This can be done by considering the unconstrained minimization
problems given by the barrier functions.

A selection of the obtained values in this way is given in the table below:

71 1 0.0625 0.0123457 0.0004165 0.0001
X1 | -1.2928932 | -1.8232233 | -1.9214326 | -1.9855692 | -1.9929289
X2 0.8786797 2.4696699 2.7642977 | -0.9983152 2.9787868

Therefore, we have a good approximation of the actual solution since y is small.



7 Exercises and Problems, and their Solutions

This chapter is dedicated to the concrete application of the methods and tech-
niques from the previous chapters. All these applications are given as exercises, to-
gether with their solutions. At the same time, there are problems with complete solu-
tions that highlight different theoretical aspects which were not included in the previ-
ous chapters. This means that in what follows, there appear several theoretical conclu-
sions important on their own. The organization of the material in this chapter follows
the main topics of the book.

7.1 Analysis of Real Functions of One Variable

Exercise 7.1. Determine the extreme points of the functions below:
Of :R—R,f(x) = (x+2)*(x-1)%
(ii) f : R — R, f(x) = sin® x + cos’ x;
(i) f : R >R, f(x) = V/x2-vx2 - 1;
() f : R = R, f(x) = Xpx6,

x2+1

W) : (0,00)> R, f0x) =

(V) f TR\ {-V2,0} - R, f(x) = 25
(vii) f : R — R, f(x) = xarcsin \/2)2%11)

Solution (i) The derivative of the function is
£ = (x+2)(x - 1)*(5x + 4),

so the critical (stationary) points are —2; 1; —g. From the interval of monotonicity of
the function (according to the sign of derivative) one immediately infers that -2 is a
local maximum point, —% is alocal minimum point, while 1 is not an extremum point.

(ii) It is enough to study the function on the interval [0, 277) (taking into account
its periodicity). The derivative is

f'(x) = 3 sin x cos x(sin x - cos x),
with the roots
mom 5w 3w
472 4" 2

From the analysis of the sign of the derivative on the corresponding intervals, and
extending the argument to the entire real line, we obtain that 0+2km, 7 +2km, 57" +2km
(k € Z) are local maxima, and % + 2k, i + 2k, 37" + 2km are local minima.

Another possible solution is to compute the second order derivative of f and to
use the following result: for a critical point X, if f”/(x) > 0, then X is a local minimum,
and if /(%) < 0, then X is a local maximum.

0
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(iii) The function is differentiable on R \ {-1, 0, 1}, and the derivative is

20 -1)5 - x5
f /(X) = *%'
3 x3(x2-1)3
o . . _i i .
The critical points are NLRVL so the candidates for extrema are
1 1
-1,0,1,——, —.
V2 V2
From the analysis of the derivative sign around those points, we infer that —%ﬁ, %

are local maxima and 0 is a local minimum.

(iv) The discussion is similar to that from item (ii). One gets that 1 — v/2 is a local
maximum and 1 + +/2 is a local minimum.

(v) The function is differentiable on (0, =) \ {1}, and

2-1
f/(x) — - ZX\n/;’ xe (O’ 1)
2-Inx x € (1 Oo)
2xy/x” ’

The candidates for extrema are 1 and e2. From the variation of f, we decide that 1 is a
local minimum and e? is a local maximum.

(vi) Similar arguments show that -1 — v/2 is a local maximum and —v/2 + 2 is a
local minimum. We remark as well that for |f| both points are local minima, but no
one is global minimum, since inf,cr | f(x)| = 0 is obtained for x — 0 +.

(vii) In order to decide the behaviour of the first derivative, we should compute
the second one as well. Then

3 x-1 X
f’(x) _ arcsin Weica] + g X2 -1
3 x-1 _ X _
arcsin W 21 X < 1,
and
2 —
f/I(X) — (X2+1)Z ’ X > 1
2 _ < -1
(x?+1)?° X :

Finally, the function has neither critical points nor extrema (the only possible candi-
date is the point where f is not differentiable, i.e., —1). |

Exercise 7.2. Decideif x = 0 is an extreme point for f : R — R, f(x) = e¥+e™* +2 cos x.

Solution We successively compute the derivative at this point, until we find a nonvan-
ishing one. We obtain

£/(0) =0; £(0) = 0; £”(0) = 0; f(0) = 4.

So, x = 0 is a local minimum point, according to Theorem 1.3.14. |
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Problem 7.3. Leta,b € R,a < b, andf, g : [a, b] — R be a continuous functions. One
definesh : R — R,
h(t) = sup{f(x) + tg(x) | x € [a, b]}.

Show that h is a Lipschitz function.
Solution Let s, t € R. Since the applications x — f(x) + tg(x) and x — f(x) + sg(x) are

continuous, by virtue of Weierstrass Theorem, on the compact interval [a, b], there
exist x¢, xs € [a, b] such that

h(t) = f(x¢) + tg(xe)
h(s) = f(xs) + sg(xs).

Then
h(t) - h(s) = f(x¢) + tg(xe) = (f(xs) + sg(xs))
< fxe) + tg(xe) - fxe) — sglxe)
= g(xe)(t - 5).
Similarly,

h(t) - h(s) = f(xo) + tg(xe) = (f(xs) + s8(xs))
2 f(xs) + tg(xs) - fxs) — sg(xs)
= g(xs)(t - 5).
We denote M := max,c, 5 |g(x)| and observe that M € R (using again Weierstrass

Theorem). Then we get
|n(t) - h(s)| < M|t -s],

that is the conclusion. O

Exercise 7.4. Let f : R — R, f(x) = min{x + 1,0, 1 - x}. Show that X = 0 is a local
minimum point of f, but it is not global maximum for f.

Solution The easy-to-draw graph of f proves the assertions. Clearly, a more rigorous
proof could be given as well, also starting from the investigation of the graph. O

Exercise 7.5. Let x; < x3 < X, be real numbers, and f : R — R be a C' function on
[x1, x2]. Suppose that
max{f(x1), f(x2)} < f(x3).

Then there exists x € (x1, x») a critical point of f with

f() = max ]f(X).

XE[x1,%2
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Solution On [x1, x>], the function f admits a maximum point (Weierstrass’ Theorem).
From the assumption, this point cannot be x; or x,. So, this maximum point (denoted
by X) lies in the interior of the interval, so it is a local maximum of f. Fermat Theorem
gives the conclusion. O

Exercise 7.6. Let ai, ..., an be strictly positive real numbers such that
ai+as+..+ak=n, Vx € R.

Show that a1a;...an = 1.

SolutionLetf : R — R, f(x) = al + a5 +... + ay. Since f(0) = n, from the hypothesis we
infer that x = 0 is a global minimum point for f so, from Fermat Theorem, f/'(0) = 0,
which leads to the conclusion.

Another solution could be given using the well-known (fundamental) limit:

. X_
lim,_,0 % =Inafora > 0. O

Problem 7.7. Leta,b € R, a < b, and f : [a,b] — R be a continuous function,
derivable at a and b, with f'(a)f' (b) < 0. Show that f admits a local extremumin (a, b).

Solution From Weierstrass Theorem, f admits a minimum and a maximum on [a, b].
If the conclusion would not hold, then these points should be a and b. Without loss
of generality, suppose that f’(a) < 0 (whence, f’(b) > 0). Since
1o 1 f(X) = f(a)

fla)=lim == <0
for x sufficiently close to a, f(x) < f(a), so a should be the maximum point. Whence
b is the minimum point, so f(x) > f(b) for every x € [a, b]. Then

f0) - f(b) <0, Vx € [a, b].

x-b

We infer that f/(b) < 0, which is absurd. This contradiction can be resolved only if the
conclusion holds. O

Problem 7.8. Let f : R — R be a derivable function such that limy—,« @ = oo and
limy— e @ = —oo. Show that Im f' = R (i.e., f’ is surjective).

SolutionLetr c Rand g : R — R, g(x) := f(x) — rx. It is clear that lim)y| e g(x) = o0
and, therefore, g attains its (global) minimum at a point x € R. Then, from Fermat
Theorem, 0 = g’(x) = f'(x) - r. O

Exercise 7.9. Show that f : (1,00) — R, f(x) = —1In(Inx) is convex. Deduce that for
every a, b > 1, one has

Vinalnb <1ln (a;b) .
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Solution The second-order derivative on the definition interval is

1

i

fr = lenx lenzx.

Since x > 1, this function has only positive values, so f is convex.
Now, using this property, one gets

—ln (ln a ; b> < —% (ln(ln a) +In(Iln b)) =-In(VInalnb),
and the desired inequality follows. O

Problem 7.10. Let g : R — R be a continuous function. Show that g is convex if and
only if for every integrable (in the Riemann sense) function f : [0, 1] — R, the following

inequality holds
1 1
g f(u)du) < [ g(f(w)du.
[Jro)]

0

Solution If g is convex then for any partition of [0, 1] and for every system of interme-
diate points (with the notation from Definition 1.4.1) it holds that

g (Zf(fi)(xi _Xi1)> <> g(fEN (G - xi1).
i-1

i=1
Passing to the limit for the norm of the partition going to 0, we get the inequality from
the conclusion.

For the converse implication, we fix x,y € R, @ € (0, 1), and we consider f :

[0,1] = R,
_ x, ifu € [0, a]
f) = { y, ifu e (a, 1].
Then f is Riemann integrable on [0, 1] (see Theorems 1.4.9, 1.4.10). Applying the as-
sumption of this stage, we find g(ax + (1 — a)y) < ag(x) + (1 - a)g(y), whence the
convexity of g. a

Problem 7.11. (i) Letf : [1, o0) — R given by f(x) = x</x. Show that f is increasing and
concave.

(ii) Show that the sequence an := (n+1) "V/n+ 1-n/n, n € N\{0, 1} is monotone
and bounded. Find lim ay,.

Solution (i) The function f could be written as
f(X) _ e(1+%)lnx,

and
x+1- lnx) —X

£ = F) LTI gy - g
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Obviously, f’ has positive values, so f is increasing. In order to establish the sign of
f"" we compare, by use of some auxiliary functions, the expressions |1 — In x| and /x
considering, separately, the cases x < e and x = e. In both cases, we deduce that
f"(x) < 0, whence f is concave.

(ii) We can write, for every n € N\ {0, 1}, an = f(n+1)-f(n), and by the concavity
of f we get

f(n+1)=f(n+2 n) 2f(n+2)+@,

2 "2 2 2

which leads to an > an.1. Therefore, (a,) is a decreasing sequence. The monotonic-
ity of f proves that the terms of (an) are positive, whence (a,) is convergent. In order
to find its limit, we can apply the Stolz-Cesaro Criterion (Proposition 1.1.24) to the se-
quence

bn=W=L\n/ﬁ, n e N\{0,1}.

We have that
n+1)"Vn+1-nvn

= lim an. O
n+l-n

limby, =1 =1im

Problem 7.12. Leta,b € R,a < b, and f : [a, b] — R be a C? function with f(a) =

f(b) = 0. Let M := sup, [, |f"(x)| and
g0 1= £ - MO DL,y o iy - D0,
Show that g, h are convex and deduce the inequality
[f(x)| < M(X_a)zﬂ, vx € [a, b].

Solution We have

g')=f'x)+M=0, Vx € [a, b]
() =-f'"(x)+M=0, Vx € [a, b],
which shows that both functions are convex.

The convexity of g and the fact that g(a) = g(b) = 0 lead to the conclusion that
g(x) < 0 for every x € [a, b]. Hence,

f00 s =D,
Analogously, arguing for h,
—f(x) < MW'

These two relations lead to the conclusion. O
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Problem 7.13. Letf : R — R be a convex function.

(i) Let a, b € R, a < b. Study the position of the graph of f with respect to the line
joining the points (a, f(a)) and (b, f(b)).

(ii) Deduce that if f is bounded, then it is constant.

Solution (i) It is clear (from the geometrical interpretation of convexity) that for x ¢
[a, b], the graph of f is under the line joining (a, f(a)) and (b, f(b)). Notice that this
line has the equation

y_f(b) f(a)(x a) + f(a).

For x > b, from convexity and from a < b < x we deduce

f)-f(a) _ fx) - f(a)

b-a =~ x-a ’

that is
7002 O TD oy fra,

whence the graph of f is above the mentioned line. The same conclusion holds anal-
ogously for x < a.

(ii) Suppose that f would not be constant. Then it would exist a, b € Rwitha < b
and f(a) # f(b). We can consider, without loss of generality, that f(b) > f(a). Since for
x> b,

f) = W(x - a) +f(a),

we get that limy—, f(x) = +oo, that is f is not bounded. This is a contradiction, so f is
constant. U

Problem 7.14. Let a,b € R,a < b, and f : (a,b) — R be convex. Show that f is
bounded from below. It is true that f is bounded?

Solution Let xg < x1 < X, be three points in (a, b). For x < x;, we have

flx1) - f(x) < f(x2) —f(Xl),

X1—-X = X2-Xx1

which gives

O 0TSO g6y ¢ f),
X2 — X1
so f is bounded from below on (a, x;]. Similarly, for x > x,

fO) - f(x1) | fx1) - fxo)

X —X1 X1 — Xo

that is
CRE O O RPN Py )
1~ Xo
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We obtain that f is bounded from below on [x1, b), so it is also bounded from below
on (a, b).

Generally, the upper boundedness is not ensured by the convexity. As an example,
consider the function f : (-5, 5) — R, f(x) = |tg x]. O
Exercise 7.15. Let f : R — R be a convex, increasing function. Show that f is constant
or limy—eo f(X) = 00

Solution If f is not constant, then there exist a,b € R, a < b and f(a) < f(b). Let
y = mx + n be the line joining (a, f(a)) and (b, f(b)). Clearly, m > 0. For x > b, we
have, as seen before, f(x) > mx + n, whence limy_, o f(x) = oo. O

Problem 7.16. Letf : R — R be a convex function.
(i) Show that if limy_,. f(x) = O, then f(x) = 0, for every x € R.
(ii) Show that if f admits asymptote to +oo, then its graph is above the asymptote.

Solution (i) Suppose, by way of contradiction, that exists xo € R with f(xo) < 0. By
hypothesis, there exists x; > xo with f(x;) > f(xo). For x > x;, by means of convexity

fOa) - fxo) _ fO) - f(x1)

X1—-Xo = X-Xx1

whence

fO) +(x - x )M

We arrive at the contradiction limy—s e f(X) = oo.

(ii) Let y = ax + b be the equation of the asymptote. The function g : R — R,
g(x) = f(x) — ax - b is convex (as a sum between a convex function and an affine
one) and, moreover, limy_,. g(x) = 0. The application of the above step gives us the
conclusion. |

< f(x).

Problem 7.17. (i) Leta,b € R,a < b, M > 0, and (f,) : [a, b] — R be a sequence of
M-Lipschitz functions on [a, b]. Show that if (f,) is pointwise convergent on [a, b], then
(fn) is uniformly convergent on [a, b].

(ii)) Leta,b € R, a < b, and (fa) : (a, b) — R be a sequence of convex functions
which is pointwise convergent on (a, b). Show that (f,,) is uniformly convergent on every
closed subinterval of (a, b).

Solution (i) It is clear that the pointwise limit of (fy) is itself an M-Lipschitz function,
which we denote by f. Take € > 0. We fix as well a partition of the form
a=ap<a1<..<ap=>b

of the interval (a, b), with the norm smaller than ;. The pointwise convergence gives
a natural number ng sufficiently large such that for everyi € 0, p,

\fula;) - fla)| < e.
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Let x € [a, b]. There exists i € 0, p — 1 with x € [a;, @;.1]. We have

[fa(0) = fO)| < [fa(0) = fala))| + [fala) = fla)| + |fla) - f(X))|

<M|x—-a;|+e+M|x-a; < 3e.

So (fy) is uniformly convergent towards f.
(ii) We reduce this situation to the preceding one. Let [a, 8] € (a,b) and o’ €
(a, a), B’ € (B, b). Since f;, is convex, for every x, y € [a, Bl with x # y,

fn() —fn(a/) < 00 - fu(y) < fa(B) —fn(ﬁ/)
a-a’ -~ x-y BB
The outer members of this inequality are bounded (by the pointwise convergence), so
there exists M > 0 with

fn(X) = fa(y)
X-y

<M, vx,y €la,Bl, x#y, vn e N.

Therefore we can apply (i) to the functions (f,) on [a, S]. ]

Problem 7.18. (i) Let f,g : R — R. Show that if f is convex and increasing and g is
convex, then f o g is convex.

(ii) Let f : R —(0, o0). Show that Inf is convex if and only if for every a > 0, the
function f* is convex.

Solution (i) Let x,y € Rand A € (0, 1). Then using the properties of f and g, we have

(f o &)Ax + (1 -A)y) < f(Ag(x) + (1 - ()
< Af(g(0)) + (1 - Df (g(y)).

(ii) Suppose first that In f is convex. For every a > 0,
fa _ ealn f

Since the mapping x — e® is convex and increasing, the preceding item applies.
Conversely, suppose that for every & > 0, the function f* is convex. Hence, for
every x,y € Rand A € [0, 1], u(a) < v(a) where

u(a) _ ealnf(}lx+(1—/1)y)

V(@) = Ae® ™™ 4 (1 - et V),
But u(0) = v(0). From u(a) < v(a) and u(0) = v(0) we obtain u’(0) < v'(0), which leads

to
Inf(Ax + (1 - A)y) < Alnf(x) + (1 - A)Inf(y),

that is the desired relation. O
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Definition 7.1.1. Let I C R be an interval, and f : I — R be a function. We say that f
admits a support functional at x € I if there exists an affine function of the form s(u) =
f(x) + m(u — x) (where u € R) such that s(u) < f(u) foreveryu € I.

Problem 7.19. Leta,b € R, a < b. Show that f : (a, b) — R is convex if and only if it
admits a support functional at every x € (a, b).

Solution Suppose first that f is convex. We know already that f has lateral derivatives
at any point of the interval. Let X € (a, b) be fixed and m ¢ [f/(x), fi(X)]. Then, for
every x € (a, b), x > X we have

f0-f® .

X—-X
and for every x € (a, b), x < X the inverse inequality holds. In both cases,
m(x - X) < f(x) - f(x),

hence f admits a support functional at x.

Conversely, suppose that f admits a support functional at every x € (a, b). Let
x,y € (a,b)and A € (0, 1). Thenx = Ax + (1 - A)y € (a, b), so there exists m € R such
that

s(u) := fX) + m(u -X) < f(u), Vu € (a, b).

Consequently,
) =s(x) = As(x) + (1 - Ds(y) < AfC) + (1 - Df (y).

Therefore, f is convex. O
From the above problem and its solution one infers the next result.

Theorem 7.1.2. Leta,b € R, a < b. A function f : (a, b) — R is convex if and only if
for every c € (a, b) there exists y € R such that

f0) = f(c) +y(x - ¢), Vx € (a, b).

Moreover, y can be arbitrarily chosen in the interval [f!(c), f1(c)] = of ().

Problem 7.20. Leta,b € R, a < bandf : [a, b] — R be a convex, continuous function.
Show that for every c € (a, b), there exists y € R such that

a+b-2c

b
flo+y 3 < bia/f(x)dx.

Show that the equality holds if and only if f is affine, that is has the form

fO) =f(c) +y(x - ¢), Vx € (a, b).
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Infer that the first inequality in the Hermite-Hadamard Inequality holds as equality if
and only if f is affine.

Solution Using the preceding theorem and applying the Riemann integral, we get the
desired inequality. For the equality, if there exists x € (a, b) with

flo) +ylx - ) < f(x),

then from the continuity of the involved functions we arrive at a contradiction. So, in
order to have equality one must have an affine function.
The obtained inequality is a refinement of the first inequality in the Hermite-
Hadamard Inequality: it is enough to take c = %. O
From the above facts and the already known theory, we get that, under the conti-
nuity assumption, in both parts of the Hermite-Hadamard Inequality, equality holds
if and only if f is affine.

Exercise 7.21. Show that the following functions are convex and write Hermite-
Hadamard Inequality in every case on mentioned intervals:
() f:[0,00) 5 R, f(xX) = (x+ 1)t on[0,x] and [n -1, n];
(i)f:R—-R,f(x)=e on]|a, b];
(i) f : [0, 1] = R, f(x) = —sinxon|a, b].

Solution In all three cases, the convexity is easy to verify using the second-derivative
criterion. No one of these function is affine, so both inequalities in Hermite-Hadamard
Inequality are strict.

For the first function, Hermite-Hadamard Inequality on an interval of the form
[0, x], x € R (for instance) leads to

2 2

X
<1n(X+1)<X—m,

X X
X+2

and on an interval of the form [n - 1, n], n € N" to

1/1 1
<1n(n+1)—lnn<§(ﬁ+n+1).

_2
2n+1

For the second function we get

b a a b
R - e’+e
< < .
e:? ha 3 ,Va,beR, a#b
In particular,
_XTy X*y
VY < TIny <2 » VX, y €(0,00), x #y.

For the third function we find

sina+sinb cosa-cosb . [a+b
< < sin

5 ha ),Va,beR,aaéb.
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From here one can deduce the well-known inequalities

sinx < x <tgx, Vx € [0, g} O
Problem 7.22. Let a,b € R, a < b, and f : [a,b] — R be a convex, continuous
function. Show that for every ¢ < [0, %] one has

b
1 a+b a+b 1
(550 (1500 st f o

a+b

Solution We apply the inequality from Problem 7.20 for f on [a, %2] and [%2, b],
and take into account that one can choose y like in Theorem 7.1.2. Therefore, for c €
[0, 2:4] we find

a+b

a+b _
<b+a c>+ff(b;a—c> ta- i( c)

and

>+f (b+a c) #er_i(#w).

( b
After computation and considering the fact that

f <b;a+c> >f (b;a—c>

we get the conclusion. O

Problem 7.23. Leta,b € R,a < bandf : [a, b] — R be a C* function. Take m,M € R
suchthat m < f"(x) < M for every x € [a, b] (note that such constants do exist according
to Weierstrass’ Theorem). Show that

(b—a)2 a+b (b - a)?
m 55 S /f(x)d f( )sM 5%
and
(b-a)* _fla)+f(b) (b- a)
m 3 < 3 /f(x)dx<M 3

Solution It is easy to observe that the mappings

x> £ - ™
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X MTX -f()

are convex and continuous. Both inequalities follow from the application of Hermite-
Hadamard Inequality to these two functions. O

Problem 7.24. Let a,b € R, a < b, and f : [a,b] — R be a L-Lipschitz (L > 0)
function. Show that
b
1
e / fodt
a

Solution We can write successively,

f(x) -

IN
D=
+
VR

=
S
| Q
2 ML
N—
[\4
~~
>
|
Q
=

b
1
0o - -2 / (00 - F(O)de
b
< - t| dt
_ a+b

-3+ ( ) L(b-a),

and the inequality is proved. O

7.2 Nonlinear Analysis

Problem 7.25. Show that a nonempty set D C RP is convex if and only if it contains all
the convex combinations of its elements.

Solution Clearly, if D contains all the convex combinations of its elements it contains
as well all the convex combinations with two of its elements and this is the definition
of convexity.

Conversely, if D is convex then, by definition, contains all the convex combina-
tions of any two of its elements. Consider three elements x1, X, x3 € D, a1, a2, a3 €
(0, 1) with @y + a» + a3 = 1. Then

a1 [26)
X1+
a1+ ar a1+ ar

a1 X1+ ArX2 + azxz = (a1 + az) ( xz) + a3X3.

Now z := ﬁxl + ﬁxz is a convex combination of two elements of D, so z € D.
Furthermore, (a1 + a>)z + a3x3 is again a convex combination of two elements of D, so,
finally, a1 x1 + a2x> + asxs € D. Of course, the complete proof needs a mathematical
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induction argument which uses the idea from above: suppose that foran € N\ {1, 2},
D contains the convex combinations of n of its elements. Take x1, X2, ..., Xn, Xns1 € D,
A1, A2,y ouy An, Ansq € (0, 1) with a1 + ... + any1 = 1. Then

n+1

E aixi = E AiXi + An+1Xn+1 = E 6, E E Xz + An+1Xn+1.
i= 1

Nowz:=>"1, Zn - X; is a convex combinations of n elements of D, whence, from the

assumption, z € D. Next, Zi=1 Q;Z+ p1Xn+1 1S @ convex combination of two elements
of D, so "I a;x; € D and the proof is complete. O

Problem 7.26. Let D C R? be a nonempty set. Show that conv D is the smallest convex
set (with respect to the set inclusion order relation) which contains D.

Solution The inclusion D C conv D is obvious (take the elements with n = 1 in the
definition of conv D). On the other hand, if C is a convex set which includes D, from the
above problem, is contains, in particular, all the convex combinations of the elements
of D, that is it contains conv D. It remains to show that conv D is a convex set. Take
x,y € convDand ui, u; € (0, 1) with py+u; = 1. Since x € conv D, thereexistn € N*,
(@)iers € (0,00), 30, @ = 1, (i), € Dwithx = Y71, ax;. Similarly, for y, there
existm € N', (B));c1 € (0,00), S0, Bi = 1, (Vi);erm € Dwithy = 3", Biy;. Then

n m n m
JaX+ oy = M1 Y @Xi+ M2 D Biyi= D Miaixi+ Yy MoBiyi.
i=1 i=1 i=1 i=1

It is enough to observe that

n m n m
Zlhai +Zﬂzﬁi =leai+ll2 Zﬁi =i+ =1
i-1 i-1 i-1 i-1

in order to deduce that p1x + pyy is a convex combination of n + m elements of D, so
U1Xx + Uy € convD. O

Problem 7.27. Show that the convex hull of a closed set is not necessarily closed. Show
that the convex hull of a compact set is compact.

Solution For the first part, let us consider the following closed subset of R? :
= (10, ) x {0}) U ({0} x [0, 1]).

It is easy to observe that convD = ([0, o0) x [0, 1)) U {(0, 1)}. This set is not closed:
every point (a, 1) with @ > 1isin clconvD \ conv D.

For the second part, consider D C RP a compact convex set. We use the
Carathéodory Theorem (Theorem 2.1.17). Since

p+1 p+1
convD = {Zaixi | (@);erpr € [0,00), > =1, (ieqprr C D} ;

i=1 i=1



254 —— Exercises and Problems, and their Solutions

we define the function f : [0, 1]P*! x DP*! — R? given as

p+1
f(al, cees Opi1s X1y eeey Xp+1) = Z a;iX;
i-1
and observe that conv D = f(MxDP*!) where M is the unit simplex of RP*. Since M and
D are compact, we deduce that M x DP*! is also compact. Moreover, f is continuous,
whence conv D is the image of a compact set through a continuous function. Therefore,
conv D is compact. O

Problem 7.28. Let A C R? be a nonempty set. Recall that the conic hull of A is
coneA := [0, o0)A. Show that cone A is the smallest cone (with respect to the set in-
clusion order relation) which contains A. Show that cone(conv A) = conv(cone A) and
A™ =(clconeA)".

Solution All the affirmations are easy to prove by the use of the definitions of the in-
volved objects. |

Problem 7.29. Letf, g : R? — R be convex functions. Show that the function max(f, g)
is convex. Is it true for min(f, g)?

Solution Denote h : RP — R, h(x) = max(f, g). Forevery x,y € RP and a € (0, 1),

flax+ (1 - a)y) < af(x) + (1 - a)f (y) < ah(x) + (1 - a)h(y)
glax+ (1 -a)y) = agx) + (1 - a)g(y) < ah(x) + (1 - a)h(y),

so h(ax + (1 - a)y) < ah(x) + (1 — a)h(y), whence h is convex. For the min(f, g) it is not
longer true: it is enough to look at the convex functions f, g : R — R, f(x) = x* and
g0 = (x- 1) 0

Problem 7.30. Let K C RP be a closed convex cone with nonempty interior which does
not coincide with RP, and let e € int K. Show that:

(i) K + [0, 0)e C K;

(ii)) K + (0, oo)e = int K;

(iii) Re - K = R?;

(iv)forany x ¢ RP, x + Re ¢ K;

Solution Observe first that e # 0 since otherwise 0 ¢ int K implies K = R? which is
impossible.

(i) Since K is a convex cone, aK C K forany @ > O and K+ K C K. Since e € K, we
have successively that [0, co)e C K and then K + [0, o0)e C K.

(ii) We have that e € int K, so there exists € > 0 such that e + B(0, &) C K. Then
for any a > 0, ae + B(0, ag) C K, whence ae < intK for any a > 0. Fixnow a > 0
and take k € K. Since B(0, a¢) is absorbing, there exists t > 0 such that tk € B(0, ag).
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But since B(0, a¢) is open, it is a neighborhood of tk, so there exists § > 0 such that
tk+B(0, 6) c B(0, ac). Henceforth, ae + tk+ B(0, §) C ae+B(0, ac) C K, so ae+tk €
int K. The inclusion K + (0, s0)e C intK is proved. Let us prove the converse. Take
v € int K, that is there exists £ > 0 such that v - D(0, €) c K. Bute|je| " e € D(0, €),
whence ¢|le| ' e - v € -K, so there exists k € K withe|e| " e-v = -k, i.e, v =
k+elle] e c K+ (0, o0)e. The equality is proved.

(iii) Take x € RP. As above, there exists € > 0 such thate + B(0,&) c Kand t > 0
such that tx € B(0, £). Of course, we also have that —-tx € B(0, €), and we get that
e - tx € K, which means that x € t 'e- K c Re - K.

(iv) Assume that there exists x € R?P with x + Re C K. Take k € K and t € R. The
convexity of K allows us to deduce that

n-1

k+ %(x+tne) ek

for every n € N\ {0}. Passing to the limit as n — oo and taking into account the
closedness of K, we get k + te C K, so K + Re C K. Consequently, Re - K ¢ —-K. From
(iii) we infer that R? ¢ -K, whence R? = K, which is a contradiction. Therefore, the
conclusion holds. O

Problem 7.31. Show that f is sublinear if and only if its epigraph is a convex cone.

Solution Clearly the property f(ax) = af(x) for all a > 0 and x € R? is equivalent to
the fact that the epigraph of f is a cone, while the property f(x + y) < f(x) + f(y) for all
X,y € RP? is equivalent to the fact that this cone is convex. a

Problem 7.32. Let K C R? be a closed convex cone with nonempty interior, and let
e € int K. Show that for every v € K~ \ {0}, (v, e) < 0.

Solution The fact that (v, e) < O follows from the definition of K™. Suppose that (v, e) =
0. Since e € int K, there exists £ > 0 such that e + B(0, €) C K. Then one obtains that
{(v,u) <0 forall u € B(O, ). If follows that v = 0, a contradiction. O

Problem 7.33. Let K C RP be a closed convex cone with nonempty interior, and let
0 # A C RP. Show that the following assertions are equivalent:

(i) there exists v € K=\ {0}, (v,a) <O foralla € A;

(ii) convA N —intK = 0.

Solution Firstly, we prove that (i) implies (ii). If conv A N —int K # @, then there exists
u € conv A with u € -int K. Then, from the preceding proposition, (v, u) > 0, which
contradicts (i). Whence (ii) holds.

Suppose that (ii) holds. Then, from the convex sets separation theorem, there ex-
ists v € R? \ {0} such that

(vya)<{v,u), Va € convA, Yu € —intK.
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Easy arguments show that v € K~ \ {0} and (v, a) <0, forall a € A. O

Problem 7.34. Let K C RP be a closed convex cone with nonempty interior, and let
0 # A C RP. Show that the following assertions are equivalent:

(AN-intK = 0;

(ii)clA N -intK = 0;

(iii) (A + K) N —int K = ();

(iv) cl(cone(4 + K)) N —intK = 0.

Solution These assertions are simple applications of the definitions. |

The next result is named after the American mathematician James Caristi who
published it in 1976. A multifunction from R? to R? is an applications which maps
every point from R? into a subset of RY.

Theorem 7.2.1 (Caristi Fixed Point Theorem). Let ¢ : R — R be a lower semicontin-
uous and lower bounded function. Let T : R? = R be a multifunction (with nonempty
values) with the property that

P) < p(x) - |x -y, ¥x € RP, ¥y € T(x).

Then there exists x € RP withx € T(X).
Let us shed light on the links between this result and Ekeland Variational Principle.

Problem 7.35. Show that Caristi Fixed Point Theorem and the third conclusion from
Ekeland Variational Principle are equivalent.

Solution The proof of Caristi Fixed Point Theorem using Ekeland Variational Principle.
For function ¢ and € > 0, § := €+ 1, we apply Ekeland Variational Principle, and from
its third conclusion we deduce that there exists x € RP with

£

Ix-X]|, Vx € R?,
e+1

p() = p(x) +
from where
(X)) < () + || x-X||, ¥x € RP\ {x}.
If, ab absurdum, x ¢ T(x), then for every y € T(x) we have y # X, whence
o) < @y) +|ly -x,

in contradiction to the hypothesis of Caristi Theorem.

The proof of the third conclusion of Ekeland Variational Principle by the use of
Caristi Fixed Point Theorem. Suppose that the conclusion does not hold. Then for every
x € RP, we consider the nonempty set

10 - {y %1y #x, 210> Sy iy -xi}.
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For ¢(-) = g f(-) we can apply Caristi Theorem, so there exists X € RP with x € T(X),
which is, obviously, impossible. O

Problem 7.36. Show that Caristi Fixed Point Theorem implies the existence part from
Banach Fixed Point Principle.

Solution Let f : R — R? be a contraction of constant A € (0, 1), which we identify to
the mapping T from Caristi Fixed Point Theorem. Let ¢ : R? — R,

900 = = |- FO) .

Clearly, ¢ is continuous and lower bounded (by 0). Moreover, the condition from
Caristi Fixed Point Theorem is automatically fulfilled since y € T(x) (which here
means y = f(x)). So T has a fixed point. ]

Definition 7.2.2. One says that f : R”? — R? is a directional contraction if it is contin-
uous and there exists A € (0, 1) such that for every x ¢ RP with x # f(x) there exists

ye,f)={uecRl|3tec(0,1), u=tx+(1-6f(x)}

with the property
fO) = fO)|| < Allx =yl

Exercise 7.37. Using the function f : R? — R?,
_(3x_Y 4
f(X,J/)—(z 3)X+3>9
deduce that every contraction is a directional contraction, while the converse is false.

Solution From ||f(x, y) - f(z, y)|| = @ |x - z| for every x, y, z € R, we deduce that f is
not a contraction. Let (x, y) € R? with f(x, y) # (x, y). Denote f(x, y) = (a, b). Notice
that f(x,y) = (x,y) <= a =x <= b =y.Consider x # a and observe, after
calculations, that the point (u, v) = 27! (a + x, b + y) satisfies the required property
with A = 5/24, whence f is a directional contraction. O

Problem 7.38. Let f : R? — RP be a directional contraction of constant A. Then f has
a fixed point.

SolutionLet g : RP — R,

g00) = ||x - f(]| .
Clearly, g is continuous and lower bounded. We apply the last conclusion of Ekeland
Variational Principle for g and for € := 17’" , 0 := 1. We infer the existence of an element
x € R? such that for every y € R?

=] = [ly ~f0) + 252 -yl
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If x = f(x) the proof is over. We want to show that this is the only possible situation.
Suppose, by way of contradiction, that f(x) # x. From the directional contraction con-
dition there exists y # x with

Ix =yl +|ly = fX)| = [[x - FX)|
and
fO0) = fO)|| < Allx =yl
Therefore, putting together all the relations, we get
0 =< Alx -yl -[[f0)-f)|
<Alx =yl = [[fO) =y|| + ||y - fX)||

=A-Dx=-yll - [f0) -y +|x-FC
A1
T2

X =yll.-

Since A < 1, we obtain that x = y, which is a contradiction. Therefore, f(x) = x is the
sole possibility, and this ends the proof. |

Exercise 7.39. Decide if the directional contractions imply the uniqueness of the fixed
point.

Solution 1t is sufficient to analyze the case of the function from Exercise 7.37, where all
the elements of the form (x, 37"), x € R are fixed points. So, the uniqueness property
of the fixed point do not hold. O

Exercise 7.40. Let f, g : R, — R be defined by

L X#O
f(x)={ ex—l’o , 8(x) = (x-2)e* + (x + 2)e~.

)

(i) Show that g(x) = 0, for every x € R..
(ii) Show that f is of class C' on R,.
(iii) Show that
10\ _ g(x)
() - Vx € (0, o)
and |f'(x)| < 27" for every x € R..
(iv) One defines the sequence (xn) by xo = 0, and xn.1 = f(xn) for every n € N. Show
that
|xn—In2|<2™In2, Vn € N.

Solution (i) It is enough to prove that (x — 2)e* + x + 2 = 0, for every x € R.. This can
be done easily by studying the variation of this expression through its derivatives (up
to the order two).
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(ii) Clearly, f is derivable on (0, o) and, on this interval,

iy € —1-xe*
)= NCEE

We compute the limit of this derivative at O (with a combination between a fundamen-
tal limit and the I’Hopital Rule)

. . eX-1-xe¥ .. e -1-xe¢¥ x?
lim f/(x) = lim ———=— = lim >
x—0+ x—0+ (ex-1)2 x—0+ X (ex-1)2
_ lim e*-1-xe* _ im -e* 1
X—0+ x2 x—0+ 2 2°

By the use of some of Lagrange Theorem consequences, we deduce that f is differen-
tiable at 0, and its derivative is continuous at 0. Moreover, f(0) = —271.

(iii) The function f is twice derivable on (0, o), and the announced relation can
be shown by direct calculation. According to (i), f’ is increasing on (0, o), and the
continuity of f/, relation f/(0) = —27! and the remark

lim f/(x) =0
X—roco

show that f’(x) € [-271, 0) for every x € R,, whence the conclusion.

(iv) The preceding step shows that f is a 2~ ~contraction on R, which takes values
in R.. Since (x») is a Picard iteration with the initial data 0, we infer, by the Banach
Principle, that (x,) converges to the unique fixed point of f from R., which proves to
be, by direct calculus, X = In 2. The estimation follows by induction as

xn = X| = [f(Xn-1) - fX)| < 27 X1 X[ < ... <27 |x0 - X]|.
Consequently, the inequality holds. |

Exercise 7.41. Let consider the function f : R\{0} — R,

1.1
=1+ ->sin=.

fx) + g sins
For initial data xo € R\ {0} consider the Picard iteration associated to (xn). Study the
convergence of this sequence.
Solution The image of f is the interval I := [3, 7]|. We consider the restriction of f to
this interval and we show that this is a contraction from I to I. To this end, we compute
(forx € 1)

oy 1 1
fix) = 72 €05

from where 4
If ()| < 5 < 1, vx e L.
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Since x; = f(xo) € I, we can apply Banach Principle in order to obtain that (x,) is
convergent towards the unique fixed point of f from I.

Notice that the approximate value of the fixed point of f can be found by using the
Matlab code given in the previous chapter. O

Exercise 7.42. Let consider the equation x> -x -1 =0forx € I :=[1, 2].

(i) Transform this equation into a problem of finding a fixed point for a suitable
contraction.

(ii) Deduce the existence and the uniqueness of the solution of the initial equation
and indicate a sequence (xn) convergent towards this solution. Determine a sufficient
number of terms to be computed in order to approximate the solution with a less that
107° error.

Solution (i) The equation is equivalent to
x=x - 1,

but in this formulation we should take g(x) := x> — 1, but g([1, 2]) ¢ [1, 2], and g is
not a contraction. So, we write the initial equation equivalently as

C=x+1laox=vx+1.

Consider f : I — R, f(x) = v/x + 1. It is easy to observe that f(I) c I and
1

reoN 1 -
fo= ey 37 "

so f is a contraction from I to I.

(ii) From the Banach Principle and the above formulation we infer the existence
and the uniqueness of the solution (denoted by X) of the initial equation. Every Picard
iteration associated to f is convergent to the solution. We take xo = 1 and xn.1 = f(xn)
for every n € N. Furthermore, for every n,

_ 1 \" _ 1 \"
Xn—X| £ _— Xo — X| £ _— .
P = <3¢Z) o= (3\/17)

It is then sufficient to estimate n for which
1 \" .
— <107,

(50)

1 -5
5510 y

thatis n = 51og, 10. Therefore, n = 9 satisfies the requirement. O

Moreover, it is sufficient to have

Problem 7.43. Show that every weak contraction defined on a compact set K and taking
values into K has a unique fixed point.
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Solution The function f is continuous (being Lipschitz). Further, the function x € K
H f(x) - XH is continuous on K, hence admits a global minimum point. Consequently,
there exists X € K such that

IfG) - x| < [|[fx) - x|, vx € K.

If f(X) # X, then, from weak contraction property,
IfG) - FFG)|| < ||fG) - X]| -

Since f(X) € K, these two relations are in contradiction. So f(x) = X. The uniqueness
is obvious. O

Problem 7.44. Leta,b c R, a < b, andf : [a, b] — R be a continuous function. Show
that the next assertions hold:

(i) If [a, b]  f([a, b]), then f has at least a fixed point.

(ii) Every closed interval from f([a, b)) is the image of a closed interval from [a, b].

(iii) Let n € N". If there exist n closed intervals Iy, I, ..., In_1 contained in [a, b],
such that forevery k € 0,n -2, I, C f(I) and Iy C f(In_1), then f™ has at least one
fixed point.

Solution (i) By continuity, f([a, b]) is a compact interval which we denote by [m, M],
where m, M € R. By hypothesis [a, b] C f([a, b]), we deduce that

ms<a<bsM.

Since m, M € f([a, b]), there exist xm, x)r € [a, b] such that m = f(x;x) and M = f(xy).
But
fxm)—xm=m-xm<a-xm<0

and
fOu) —xu=M-xy=2b-x320,

and the function g(-) = f(-) - - vanishes in [a, b], that is f has a fixed point in this
interval.

(ii) Let I = [c, d] C f([a, b]). Obviously, there exist u, v € [a, b] such that f(u) = ¢
and f(v) = d. We can suppose that u < v. We consider the set A := {x € [u,v] | f(x) =
c}. This set is bounded (as a subset of [a, b]), nonempty (u € A) and closed (since f
is continuous and A = [u, v] N f~1(c)) so, there exist « = maxA € A. Similarly, the
set B := {x € [a,v] | f(x) = d} has a minimum point, denoted by B. Then, f(a) =
¢, f(B) = d and for every x € (a, B) one has f(x) # c and f(x) # d. From the Darboux
property, (c, d) C f((a, B)), and the interval f((«, B)) does not contain the points c and
d. Consequently, [c, d] = f([a, B]).

(iii) From the inclusion Iy C f(I,-1) and from (ii), there exists a closed interval
Jn-1 C In_q such that Iy = f(Ju-1). But J,o1 C In.1 C f(Iy—»). Again, using (ii), there
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exists a closed interval J,,-» C I,—, such that J,_1 = f(J,-2). We repeat this argument,
and we infer the existence of n closed interval Jo, J1, ..., Jn_1 such that

Jx C I, vkeO,n-1,

and
Jie1 = fUi), Vk € 0,n -2 and Iy = f(Jn-1).

So,
Jo CIo = fUn-1) = f(fUn-2)) = ... = f"Uo).

We now apply (i) for the continuous function f™ and for interval Jo, and we get the
conclusion. O

Problem 7.45. Letf : [0, 1] — [0, 1] be a continuous function with f(0) = 0 and f(1) =
1. Show that there exist m € N” such that f™(x) = x for every x € [0, 1], then f(x) = x
forevery x € [0, 1].

Solution Since f™ is a bijection, it follows that f itself is a bijection, from a well-known
result concerning the injectivity and surjectivity of the compositions. The continu-
ity ensures through Theorem 1.2.27 that f is strictly monotone, and since f(0) = 0,
f(1) = 1, we deduce that f is strictly increasing. Suppose, by way of contradiction,
that there exists x € (0, 1) such that f(x) > x (the case f(x) < x is similar). Then from
the monotonicity, for every n € N,

100> o0 > .. f(X) > x.

In particular, for n = m, we get a contradiction, hence the assumption made was
false. O

Problem 7.46. Let f : R — R be a continuous function such that f o f has a fixed point.
Show that f has a fixed point.

Solution If we suppose that f has no fixed point, from continuity, it follows that either
f (%) > x, forevery x € R, or f (x) < x, for every x € R. In the first situation, passing x
into f (x) we get: f (f (x)) > f (x) > x, for every x € R, so (f o f) (x) > x, for every x € R.
Therefore, f o f has no fixed point, which contradicts the assumptions. The second
case is similar. O

Problem 7.47. Leta,b c R, a < b, and f : [a, b] — [a, b] be a Lipschitz function of
constant L > 0. Define the sequence (x»),cn+ by X0 € la, b], and for every n = 0,

Xne1 = (1 = Dxn + Af(xn),

where A := ﬁ Show that (xy) is monotone and convergent towards a fixed point of f.
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Solution We observe that if one of the terms xy, is a fixed point for f, then starting from
n, the sequence is stationary, and the conclusion follows. Suppose that f(x,) # xn for
every n € N". Without loss of generality, suppose that f(xo) > xo, since the opposite
case is similar. Since f(b) < b, the continuity of f tells us that there exists a fixed point
in the interval (xo, b]. Also from continuity, there exists the least fixed point, denoted
by p, in this interval (otherwise, xo would be itself a fixed point since the set of fixed
points is closed). Let us observe that

x1 = (1 - A)xo + Af(x0) > xo.

We want to show, by induction, that the sequence is increasing and for every n € N*,
we have x, < p and x» < f(xn). Suppose that these relations hold up to rank n, and we
show it for rank n + 1. Suppose, by contradiction, that p < x,.1. Then x, < p < xp41,
whence

0 <P —Xn < Xps1 = Xn = A(f(xn) — xn),

from where
0< 3 X =pl=(L+1)lta-pl
< |f(xn) = xn| < |[fxn) = f®)| + [P = Xnl »
whence
L [xn - p| < |f(xa) - f)]
which contradicts the Lipschitz property of f. So x,.1 < p. Moreover,

Xne1 = (1 = A)xn + Af (xn) > xn.

If we would have f(xp.1) < Xn:1, then between x, and x,,,1, a fixed point would exist,
but since xn > xo and x,+1 < p, this would contradict the choice of p. Therefore, the
claims are proved. Now, since (x,) is monotone and bounded, it converges towards a
point X € [a, b]. We have

|Y—f(f){ < [X =Xl + ‘Xn —f(Xn)| + |f(Xn) —f(Y)|
= [~ Xal + 3 X =Xt + [f) ~ G|

At this moment, it is obvious that the right-hand side goes to 0 for n — oo and we get
X =f(x). O
7.3 Smooth Optimization

Exercise 7.48. Find the local extrema of the following functions:
() f : R* = R, f(x1,Xx2) = 6x3x2 + 2X3 — 45x1 — 51X, + 7;
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() f:R*\{(0,0,0)} = R, f(x1,x2,x3) = % Tt Rre g
(iii) f : R? = R, f(x1,x2) = x12(x3 + X3 - 4)

(V) f : R> = R, f(x1, X2, X3) = X} + X3 + X3 + 4x1X3 — 3X2 + 2;
W f:R* 5 R, flx1, x2) = X + x5

VD f:R? = R, f(x1,x2) = X3 +X3;

(vii) f : R? 5 R, f(x1, X3) = x,x3e*17%2,

Solution We have to deal with nonlinear optimization problems without restrictions.
The general method for finding the extrema is as follows. One finds the stationary
(critical) points by solving the equation Vf(x) = 0. In everyone of these points one
computes V2f(x), which in fact identifies to Hessian matrix.

- IfV*(X)is positive definite, then X is a local minimum;

- if V2f(X) is negative definite, then X is a local maximum;

- if V?f(x) is indefinite, then X is not a local extremum point.

In order to verify these aspects, in some cases, one can use the method described after
Corollary 3.1.29:
if the determinants of the matrices ( EET (x)) _— k € 1, p are strictly positive,
JET,

then X is a local minimum;
— if the determinants of the matrices ( P (x)) __, k € 1, p are nonzero and
x'ox) ijelk

alternate their signs starting as negative, then x is a local maximum;
2 —_
— if the determinants of the matrices (%(7)) — k € 1, p are nonzero, then
L,jel,
every other configuration of signs apart from those described above implies that
the point is not an extremum.

If no one of the above conclusions apply, then one should consider every case in its
particularities in order to decide the nature of the critical point.

(i) We solve the system coming from relation Vf(x) = 0 in order to find the critical
points. We obtain the system

12x1y1 =45
6x% + 6x§ =51

which have the solutions (3,3), (3,3), (-3,-3). (-3,-3) -

Therefore, by the application of the above method, we obtain the conclusions:
(3, 3) is alocal minimum, (3, 3), (-3, -3) are not local extrema and (-3,-3) is a
local maximum.

The item (ii) is similar.

(v) The only critical point is (0, 0), but the determinants given by the Hessian ma-
trix are zero, so we cannot decide on this basis. Nevertheless, it is easy to observe that

f(x1,x2) 20 =£(0,0), ¥(x1, x2) € R?,



Smooth Optimization =——— 265

so (0, 0) is a global minimum.

(vi) Again, (0, 0) is the unique critical point, but we cannot decide its nature on
the above theory. Observe that f(0, 0) = 0, but for the sequence x, = (%, 0) — (0,0),
f(xn) > 0, while for y, = (0, —%) — (0,0), f(yn) < 0. So, in every neighborhood of
(0, 0) there exist points where the objective function takes greater or smaller values.
Therefore, the point is not a local extremum.

For the other items one proceeds similarly: there exist critical points where the
above method works and critical points where we should use the structure of the prob-
lem. There are as well situations when one cannot decide if V2f(X) is positive (nega-
tive) definite or not, by using the direct calculus of it, the Sylvester Criterion being not
applicable. |

Problem 7.49. (i) Let us consider a differentiable function f : R — R. Show that if it
has only one critical (stationary) point X, which turns to be local extremum, then it is
necessarily a global extremum.

(ii) By the study of the function f : RP — R (p = 2) defined by

p-1
fO)=Q+x) > X+ x5,

k=1

show that the assertion of (i) is no longer true in the case of several variables.

Solution (i) Suppose that X is a local minimum and it is not a global minimum point.
Then, it would exist u € R with f(u) < f(X). One can suppose that u < X. But, from
the local minimality of X, there exists v € R with u < v < X and f(X) < f(v) (otherwise,
f would be constant on an interval (x - £, X) and therefore X would fail to be the only
critical point). Therefore, f(u) < f(x) < f(v), whence the value f(X) is attained inside
the interval (u, v), at a point which we denote by w. By virtue of Rolle Theorem applied
to f on [w, X, there exists t € (w, X) with f'(¢) = 0, which is a contradiction.

(ii) We show that O € R” is the only critical point of f, and it is a local strict mini-
mum (of order a = 2), but it is not a global minimum point (an illustration of the case
p = 2 is given in the figure below).

We have an optimization problem without restrictions. After computation,

i(x) =2x(1+ xp)3, vkel,p-1,
an

of 2.
2 2
E(x)=3(1+xp) E Xi + 2Xp,

k=1

and the only critical point X (i.e. Vf(X) = 0, that is 3’—){;(}) =0fork € 1,p)isx =
0. An easy calculus shows that the Hessian matrix of f at x is the square matrix of
dimensions p x p having the number 2 on the main diagonal and O in all the other
positions, whence it is positive definite. According to Corollary 3.1.29, we deduce that
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Figure 7.1: f(x) = (1 + x2)3x3 + x3.

X is a local strict solution of order two. Let us observe that f(1, 1, ..., xp) = (p - (1 +
xp)® + XIZ, is a third degree polynomial expression which attains, when x, € R, all the
real values. It follows that f cannot have a global minimum. d

Exercise 7.50. Let f : R*? — R, f(x1, x2) = 3x} — 4x3x, + x5. Find the minimum points
of the function f.

Solution Let us compute the critical points. The system

{ %(Xl,xz) =0

aaTQ(Xl,Xz) =0

has as a unique solution the element X = (0, 0). However, the sufficient optimality
condition of order two is not satisfied, since the Hessian matrix of f at x is the ma-

trix 8 (2) . Therefore, we cannot decide, on the basis of Corollary 3.1.29, if x is a

minimum point. In such cases, we use the structure of the problem to get the conclu-
sion. In our specific case, we observe that f(x1, x2) = (x3 - x2)(3x} - x2), and for the
sequence x; = (Vk1,-k1) = x

fo) = 5 > F®
while, for the sequence x} = (v/(2k)1, k™) — X,
fOR) = =7 < f®).

Then, X is not an extremum point of f. The picture of the localization of the graph of f
around X shows what happens there. O
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Figure 7.2: f(x) = 3x} - 4x3x; + x3.

Exercise 7.51. Consider the Rosenbrock function f : R?> — R, f(x1,x2) = (1 - x1)* +
100(x, - x2)2. Find the minima of this function.

Solution The graph of f is depicted below.

Figure 7.3: The Rosenbrock function.

The system
{ %(Xl, X2) =0

3672()(1,)(2) =0
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is equivalent to
-2(1 - x1) = 400x1(x2 - x¥) =0
200(x; - x3) = 0,

and its unique solution is (x1, x) = (1, 1). One could observe that f(1, 1) = 0, and
f(x1, x2) = 0 for every (x1, x,) € R?, whence (1, 1) is a global minimum. In fact, the
Hessian matrix at this point

802 -400
-400 200

is positive definite, whence (1, 1) is a local strict solution of order two.

This function is called the Rosenbrock function and it is used in order to test nu-
merical algorithms for the approximation of solutions. Generally speaking, because
of the fact that the minimum point is situated in a relatively planar region (see the
graph), this is not easy to approximate numerically. O

Exercise 7.52. Find the global extrema of f : R> — R, f(x1, X2, x3) = X3 + X3 + X3 on

the sphere X3 + X3 + x5 = 4.

Solution We have a problem with a restriction given as an equality h(x) = 0, where
h:R> =R, h(xi, x2,X3) = X7 + X3 + X3 - 4.

Let us observe that for every x # 0, Vh(x) # 0. Since x = 0 is not feasible, the linear
independence condition holds for every feasible point.

On the other hand, since the sphere is compact and f is continuous, from Weier-
strass Theorem, the global extrema of the problem do exist. We observe as well that
since we have only equalities (in fact a single one) as restrictions the necessary opti-
mality conditions from Karush-Kuhn-Tucker Theorem look the same for both minima
and maxima. Applying these conditions, we get the system

x1(3x1 +2u) =0

x2(3x2 +2u) =0

x3(3x3+2u)=0

X3+ x5+ x5 = 4,

where u is a real number. We distinguish between several situations.
— Ifx; = x, = x3 = 0, then the point is not feasible.
- Ifx; =x, =0and x3 # 0, we get x3 = +2 (u is not important at this stage).
- Ifx;1=0,x2,x3#0, wegetx; = x3 = +V/2.
- Ifx1,x2,x3#0,wegetx, =x, =x3 = t\%.

Taking into account the fact that the other cases are symmetric to these ones, we finally
get the points

(2,0,0);(0,£2,0);(0, 0, +2);
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(0,v2,v2);(0,-v2,-v2);(v2,0,V2);
(_\/Ea Os _\/E); (\/i, \/i, O); (\/E, \/E, O);

(i 2 i) . <_i _2 _i>

VvV3'V3'Vv3) T\ v3 V3 V3T

By direct computation of the function values, we infer that the maximum value is 8
and it is attained at (2, 0, 0), (0, 2, 0), (0, 0, 2), and the minimum value is -8, and it
is attained at (-2, 0, 0), (0, -2, 0), (0, 0, -2). O

Exercise 7.53. Find the global extrema of f : R> — R, f(x1,X2,x3) = X3 + X3 + X3 on

the set of points which satisfy x2 + x3 + x3 = 4and x; + x5 + x3 = 1.

Solution The points we are looking for do exist by the same reasons as before. We have
a restriction of the form h(x) = 0, where

h:R> = R% h(xi,x2,x3) = (X3 +x3+X5 -4, X1 + X2 +x3 — 1).

The linear independence condition is satisfied for all triples (x1, X2, x3) for which
at least two components are different. Since there are no feasible points with x; =
X, = x3, we deduce that the qualification condition do hold, so the extreme points are
among the critical points of the Lagrangian. We obtain the system

3x3 42U, + U2 = 0
3X3 + 21X, + U2 = 0
3x§ +2U1x3+ U2 =0

Xi+x3+x3=4

X1+X+x3=1,

where yu € R. In order to have a compatible system in the variables u1, u, from the
first three equations, it is necessary and sufficient that

3x 2x; 1
3x3 2x, 1 |=0,
3X% 2X3 1

whence
(x1 =x2)(x1 = x3)(x2 = x3) = 0
xI+x3+xi=4
X1+X2+x3=1.
We obtain
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376’3 6 '3 3

(1 V22 1 V22 1 x/ﬁ>

and their permutations. It is not difficult to verify that the first point (and its permuta-
tions) corresponds to the maximum, and the second one to the minimum. O

Exercise 7.54. Letn = 3 and a; > 0, for every i € 1, n. Determine the minimum of

n
> and
i=1
under the constraint
n
> xi=c
i=1

where c is a given constant. What is the maximum of the above expression under the
same constraint?

Solution Let us observe that if we denote by M := {x € R" | >, x; = c} the set of
feasible points, and by f : R" — R, f(x) = Y1, a;x} the objective function, then
forvz=3"1, “,;22 , the set M N N, f is nonempty (it contains, for instance, the element
(cn™, ..., cn') € R") and bounded. Hence, according to Theorem 3.1.7, there exists
the minimum of the proposed problem. Notice that the restriction function is affine, so
the quasiregularity qualification condition is fulfilled. The Karush-Kuhn-Tucker con-

ditions say that there exists y € R such that

2aix;+u =0, Vie 1,n,

whence

We replace this into restriction and we get

n
- H
C——;Tai,

SO

yoo_2¢
=T=n 1°
Yiw
Therefore,
c . —
Xi: T —n 1’ VIE 1,n.
ai i @

The given expression does not admit a maximum: we observe that for the se-
quence of feasible points (p, -p, c, O..., O)peN, the value of f goes to +oo. O
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Exercise 7.55. Minimize f : R> - R,

_ 1/ 5. 2. X3
fx1,x2,x3) =x3 + 5 <X1+X2+ 10

under constraints x, + x +x3 =r(r>0),x1 20, x, 20, x3 2 0.

Solution The existence of minimum is ensured by Weierstrass Theorem. The con-
straints are linear, so we do not have to verify the qualification conditions. In order
to bring the problem to the standard form, the inequalities restrictions are written as
-x1 £ 0, -x; <0, -x3 < 0. Karush-Kuhn-Tucker conditions ensure that at a minimum
point x there are A1, A5, A3 = 0 and y € R such that

x1-A1+u=0
x2-A2+u=0
1+)1%—)l3+,u=0
Aix1 =0

Aax; =0
A3x3=0

X1+X2+X3 =T1.

After the study of all the possibilities, we find the solution

- forr<2,
(X1’X2’X3) = (1’ 1’ 0) and (/11’ AZ’ A3a I’l) = (O’ Os 1- 1) 5
2’2 2
- forr>2,
(x1, X2, x3) = (210, rl0 5(’6‘2)) and
(AlyAZ)A39"l): 0,0’0,_1?-2*-7’).
The problem is solved. O

Exercise 7.56. Maximize f : R> — R, f(x) = x1x2x5 under the restrictions X1, X2, X3 =
0, 2x1 + 2x, + 4x3 < a, where a > 0.

Solution It is clear that the maximum is attained (Weierstrass Theorem) and it is strictly
positive. For standardization, we deal with the problem

min - x;x>x3

-X1, —X2,-Xx3 £ 0, 2x1 + 2x5 + 4x3 < a. Following the theory for a minimum point x,
there exist A1, A, A3, A4 = 0 such that

-X2x3-A1+2A4 =0
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-X1X3 —Az + 2/\4 =0
—-X1X2 —/13 + 4/\4 =0

/11)(1 =0
/12X2 =0
/\3X3 =0

(2x1 + 2x5 + 4x3 — a)A, = 0.
We infer that

x1(=x2x3 +2A4) =0
X2(=x1x3 +2A4) =0
x3(=x1x2 + 4A,) =0
(2x1 +2x2 +4x3 —a)d4, = 0

We add the first three equations and we get —3x1x,x3+44(2x1+2x,+4x3) = 0, therefore
-3x1x3x3 + al, = 0,

s0 A4 = 2120 Replacing in x1(-x2X3 + 2A4) = 0, since x1x2x3 # 0, we find x; = &.
Analogously, x, = ¢, x3 = {5. The multipliers are (0,0,0, %). So, the solution of the
problemis (£, £, &). O

Exercise 7.57. Find the extrema of f : R> — R, f(x) = x1x2x3 under the restriction
h(x) = 0, where h : R — R?, h(x) = (x1X2 + X1X3 + XaX3 — 8, X1 + X2 + X3 — 5).

Solution We show that the set of feasible points is bounded (hence compact).
Using the equality x3 = 5 — x1 — X2, we can eliminate x5 from the first restriction,
that is
X3+ X3+ X1%x2 - 5X1 - 5%, +8 =0,

whence
2 2 2
(£+£) +(£_i) +(Lz_i> 17
V2 V2 V2 V2 V2 V2 )
We deduce that x; and x; lie in a bounded set, as the x5 as well. Therefore, the set of
feasible points is compact and both minimization and maximization problems have
solutions.

We verify the linear independence qualification condition: we ask if there exist
two real numbers a,, a, with (aq, @) # (0, 0) such that

ar(x; +x3)+a, =0
ar(x1 +x3)+a,=0
a1(x1 +x2)+ar =0.
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Since we are interested only on the set of feasible points, we deduce

a1(5-x1)+a>, =0
a1(5-x)+a, =0
a1(5 - X3) +dy = 0.

Then, we find that x; = x, = x3, which cannot be true on the set of feasible points.
Therefore, the linear independence qualification condition holds on the set of feasible
points. The application of Theorem 3.2.6 (and the remarks afterwards) leads to the
conclusion that if X is a minimum or maximum point of the problem, then there exist
U1, U2 € R such that

Yzf3 + ]ll(fz +Y3) + M2 = 0

2123 + ]11(}1 +Y3) + M2 = 0

X1X2 + p1(X1 +X2) + p2 = 0

X1X2 +X1X3 + X2X3 = 8

X1+Xy+Xx3=5.

Obviously, u1, p» cannot be simultaneously 0. After easy manipulations we get

(u1X3 + u2)(X1 - %2) =0
(pix2 + u2)(X1 -x3) =0
(u1x1 +u2)(x, -%3) =0
Ylfz + Ylfg + Yzfg =8
X1+ X2+ Y3 =5.

If u; = 0, then X; = X, = X3, which is not possible. Then u; # 0 and since X1, X2, X3
cannot be equal, we find X = (2,2,1),x = (1,2,2), X = (2,1,2)and x = (4,4, Z

323230
X =(4,3,%),x = (%4, %, %). By easy comparison of function values we find that the
first ones are maxima, while the last ones, minima. O

Exercise 7.58. Find the global minima of f : R? — R, f(x1, X2,X3) = X + X3 + X3 on
the set of points satisfying x; + x3 + x3 < 4 and x; + x + x3 < 1.

Solution Once again, the existence of minimum is ensured by Weierstrass Theorem.
It is the same objective function as in Exercise 7.53, but this time the constraints are
written as inequalities. Observe that the restrictions are convex and, moreover, the
Slater condition holds. So, the minima are to be found among the critical points of the
Lagrangian. We have

BX% +2A1x1+A; =0
3x3+20x+ A =0
3x3+20x3+4, =0
MG +x3+x35-4)=0

A1 +x3+x3-1)=0
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xXI+xi+xi<4
X1+Xx+x3<1
Al, Az > 0.
Again, we distinguish several situations.
- IfA1=A2=O,thenX1=X2=X3=0.
- IfA; =0, x1 +x2 + x3 = 1, we deduce
Ay = -3x7 = -3x5 = -3x3,
so the unique solution X is (3, 3, 3) which gives A, = -1 < 0, and this is not
convenient.
- IfA; =0, x3 +x3 +x3 = 4, we have

12 +2(x1 +x2 +x3)A1 = 0,

that is
6

P —
X1+ X2 + X3

Replacing in the first three equations, we obtain the solutions
(_2, O, 0)9 (O, _2, 0), (O, 0, _2)
(-v2,-v2,0), (-v2,0,-v2), (0,-V2,-V?2)
(_i 2 _i)
- Ifx;+x+x3 =1, X3 +x3 +x% = 4, we are again in the situation from Exercise 7.53.
After the computation of the function values we get that the minimum is attained in

(-2,0,0), (0,-2,0), (0,0, -2), so, finally, the situation is different from that in Exer-
cise 7.53. O

Problem 7.59. Obtain the mean inequality from Karush-Kuhn-Tucker conditions ap-
plied for an appropriate optimization problem.

Solution Letf,g : R" — R,

X1+X2+ ...+ Xn

fx) = -

h(x) =1 -x1x3...xn.
We study the problem of minimization of f under the restrictions
h(x)=0, x; >0, Vie 1,n.

Firstly, we observe that f has a minimum on the compact set {x € R" | h(x) = 0,
x; 20,Vi € 1, n}NN,f (where v > 0). Since the point with at least one zero component
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is not in this set, we deduce that the minimum belongs to the set of feasible points of
the problem under consideration. On the other hand, the linear independence condi-
tion is satisfied at every feasible point. So, the Karush-Kuhn-Tucker condition means
that for a solution x of the problem, there exists u € R such that

0=1_K vieTn
n Xi

1

Therefore, x; = x; = ... = xp = 1. So, f(x) = f(1, ..., 1) = 1 for every feasible point x.
Let aq, a,...,an, > 0. Denote G = {/a;...a, and x; = % > 0, for every n. Then

h(x) = 0, therefore
X1+ X2+ oo+ Xn

that is

and the conclusion follows. O

Exercise 7.60. Find the global extrema for f : R? — R, f(x1, X2) = =2X3 + 4X1X3 + X3
on the unit circle.

Solution The existence of solutions is ensured by the Weierstrass Theorem. We take
h:R? - R, h(x1, x2) = 1 - x3 — x3 and we have to study the problem of extrema of f
under the constraint h(x) = 0. The linear independence qualification condition holds
and for both minima and maxima we have to find the critical points of the Lagrangian.
We have

(-2-wx1+2x2,=0
2x1+ (1 -wx2 =0

2 +x3=1.

We infer that

sou = 2 or u = -3 and, correspondingly, (x1, x,) = (—%, %) , (X1, x2) = (%, —%)
_ 1 _ 2 _1 2 . . .

or (x1, x2) = (f’ ﬁ)’ ( 75 fs) . By direct computation of the function f values

at these points, we find that the first two points are maxima, while the last two are

minima. i

Exercise 7.61. Show thatf : R> — R, f(x1, X2, X3) = X3 + X3 + x5 —x1 — X2 — X3 is convex.
Find its minimum value under the restrictions

XT+x5=4, —1<x3<1.
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Solution The convexity of f follows from the fact that V2f(x) is positive definite for
every x € R3. Obviously, the set M of feasible points is not convex. So, a point x € M
is a minimum if

-Vf(x) e N(M,x) = {u e R? | (u,c - x) <0, Vc € M},

i.e.,
Vf(x)(c-x)=20, Yc e M.
The expression of the normal cone leads to the result, but this can be complicated.
For instance, for a feasible point x with x5 € (-1, 1),
N(M) X) = R{(le X2, O)})

and the condition becomes

—(2X1 - 1, 2X1 - 1, 2X1 - 1) (S R{(Xl,XZ, O)},

and we get x3 = 1 and x; = x, = +v/2. Therefore (—ﬁ, -2, %) and <ﬁ, V2, %)

are minima. The global minimum is attained at (ﬂ V2, %) . The remaining reason-
ing is similar.

A useful remark which can lead to the solution in a simple manner is as follows:
the cost function on the feasible set is f(x1, X2, x3) = 4 — X1 — X2 + x3 — x3, and the
variables are now separated since it is sufficient to find minima of x% -x3on[-1,1]
and the minima of 4 — x; — x, under the restriction x% + x% = 4. These two problems
are much more easy to handle than the initial one (the former being elementary). We

obtain the minimum of the initial problem at (ﬁ , V2, %) . O

Exercise 7.62. Consider the region in R? defined by
x}-x3 <1, x]+x5 <4,
Find the extreme values on this region for
fiR? SR, f(x1,X2) = X3+ 2X3 + x1X2.

Solution The feasible set is compact. The linear independence condition means that
x1x3 # 0. If x;x, = 0, then we have two situations: for x; = 0, we get x, € [-2, 2], and
for those points the maximum of f is 8, while the minimum is 0; for x, = 0, we obtain
x1 € [-1, 1], and the maximum of f is 1, while the minimum is 0.

After these cases, we can suppose that x;x, # 0 and we treat separately the mini-
mization and the maximization problems. For minimization we have the conditions

2X1+ X2 +2A1x1 +2Ax1 =0
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X1 +4x; - 2A1x2 + 2452 =0
MOE-x3-1)=0

L3 +x3-4)=0

A =20

Ay 2 0.

The rest of the calculation is not very involved, and at the end we compare the objective
function values. For maximization, the reasoning is similar. O

Exercise 7.63. Find the closest point to the origin on the surfaces:
(1) x1x2 + X1X3 + Xox3 = 15
(i) X3 + x5 - x5 = 1.

Solution In both cases, the objective functionis f : R?> — R,
fx1,x2,x3) = X% + X% + X%,

and on the set of feasible points the linear independence qualification condition
holds.

For instance, at (i), for v > 1, the set MNN, f is nonempty (it contains, for example,
the point (1, 0, 0)) and bounded. According to Theorem 3.1.7 there exists the global
minimum of the proposed problem. For for a local minimum point, there exists y € R
such that

2x1 + u(x2 +x3) =0
2x; + pu(x1 +x3) =0
2x3 +u(x1 +x2) =0

X1X2 + X1X3 + Xox3 = 1.

For the first three equations we cannot have x; = x, = x3 = 0 (because of the fourth
equation), so we infer that

=0,

= =T N
= NN
N R OR

and calculations lead to

(L 1 ;) and x = <_i 1 _;>
V3 V3 V3 V3T V3 V3
which both are minima.

Let us observe that there is no maximum point, since for every n € N” the point
(n, n, %) is feasible, but f (n, n, 1522) T2 oo, O
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Exercise 7.64. Letf : R> — R,

2 2
f(x)=_)(1—2X2—2X1)(2+%+X272

and the set of feasible points
M := {xeR2|x1+x2s1, x1 20, xzzO}.
Solve the problem (P) of minimizing f on M.

Solution Let us remark that for every x R2,

V(0 = ( P ) .

Since this matrix is not positive definite (the determinant is negative), the function
is not convex. If it would exist a minimum point X lying in the interior of M, then
that point would be a minimum point without restrictions (according to Remark 3.1.2),
whence, from Fermat Theorem, Vf(x) = 0. But

Vf(i) = (—1 +Y1 - 2}2, -2- 2?1 +Yz) ’

and the resulting system has the solution x = (—% s —%) which actually does not belong
to M. Hence, the problem has no solutions in int M. However f is continuous, M is
compact, so the problem (P) has at least one solution.

We can approach the problem in two ways.

The first one takes advantage of the fact that the geometrical image of the set M is
a simple one (a triangle with the vertices at (0, 0), (0, 1), and (1, 0)). It is not difficult
to compute the Bouligand tangent and normal cones to M at its boundary points and
then to verify the necessary optimality condition: -Vf(X) € N(M, X) (see Theorem
3.1.18).

Therefore, if the point X is:

- on the open segment joining the vertices (0, 1), (1, 0) :

T(M, %) = {u € R* | uy +up <0}; NIM, %) = R+ {(1, 1)};
- on the open segment joining the vertices (0, 0), (0, 1) :
T(M, %) = {u € R* | uy > 0}; N\M, %) = R:{(-1, 0)};
- on the open segment joining the vertices (0, 0), (1, 0) :
T(M,X) = {u € R? | u, = 0}; N(M, %) = R:{(0,-1)};
- exactly (0, 1) :

T(M,x) = {u e R*|u; +u, <0, u; =0}
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NM,x) = {a(1,1) + b(-1,0) | a, b 2 0} ;
- exactly (1, 0) :

T(M,Y)={ueR2 | us +up <0, up 20}
NM,X) ={a(1,1)+b(0,-1) | a,b>0};

- exactly (0, 0) :

TM,%) = {u e R’ |u; 20, u, > 0};
N(M,x) = {a(-1,0)+ b(0,-1) | a,b > 0} .

A direct computation shows that there is only one point which satisfies the neces-
sary optimality condition, and this is X = (%, %) . Therefore, according to the preced-
ing remarK, this is the only minimum point of the problem.

One can also consider the problem of finding the global maximum of f on M
(the existence of such a maximum is ensured by the Weierstrass’ Theorem), which
is equivalent to the finding the global minimum of —f on M. With the same arguments
as above, we find two points which verify the necessary optimality condition (i.e.,
Vf(X) € N(M,%)): X = (0,0) and X = (1, 0). But f(0,0) = 0, while f(1,0) = -271,
so (0, 0) is the global maximum point.

The second possible solution is to consider the function

g:R* =R, g(0) = (x1 +x2 - 1, -X1, -X2)

and to reinterpret the problem as a problem with three functional inequalities given
by g(x) < 0. Since all the functions g; are linear, it is not necessary to verify qualifica-
tion conditions (according to Theorem 3.2.24). Then, if X ¢ int M is a solution of the
problem, there exists (A1, A, A3) € R2 such that

VX)) +A1Vg1(X) + A, Vg2(x) + A3Vegs(X) = 0
Aigi(i) = 0, ie 1, 3.

Now, again, the discussion should be divided into six cases which mirror those from
before. For instance, if X is on the open segment joining (0, 1) and (1, 0), then g,(X) <
0, g3(X) < 0, whence A, = A3 = 0, and the above system reduces to

—1—2?2 + X1 +A1 =0
—2—2?1 +Y2 +/11 =0
X1 +X2—1=O,

which gives the solution A; = 2, x = (%, %) . In the same way, in the other situations,

the Karush-Kuhn-Tucker system has no solution and the conclusion is the same as in
the first approach.. O
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Problem 7.65. Let f : R? — R be a convex and differentiable function. Write the opti-
mality conditions for the minimization of f on the unit simplex.

Solution According to Example 2.1.16 and Proposition 3.1.25, x € M is a minimum point
of f on M if and only if -Vf(x) € N(M, x). From the particular form of N(M, x), one
infers that this condition become

%(ﬁ) = ¢, (constant), Vi ¢ I(X)

of

ox; x)=c, Vie Ix). O

Exercise 7.66. Let us consider the objective function f : R* — R, f(x1,X2) = X1 + X3
and a function which defines a equality constraint as h : R*> — R, h(x1, x2) = X3 - x3.
Find the solution of the minimization of f under h(x) = 0.

Solution We have M = {x € R? | h(x) = 0}. In order to verify the linear independence
qualification condition at a point X € M, it is necessary and sufficient to have Vh(x) #
0, and this happens for all points in M, but x = (0, 0). For the moment, we avoid this
point. If x € M \ {(0, 0)} is a minimum point of (P), then, according to Theorem 3.2.6,
there exists u € R such that

Vi) + uVh(x) = 0.

A simple calculation shows that the resulting system has no solution, whence (P) has
no solution different from (0, 0). Let us remark that X = (0, 0) is a solution (even a
global one) since f(x) = 0, and for every x € M, x3 = x3 20,50 f(x) = x; +x320. [

Exercise 7.67. Letny,...,n, € N',andletf : R? — R, f(x) = -x}'x}?...x," . Minimize
this function on the unit simplex of R .

Solution Clearly, the problem has a solution, since f is continuos and M is compact.
Since f vanishes if at least one of the components of the argument is zero, it is clear
that the solutions will actually be from

p
{xeRP|xi>o, viel,p, le-=1}.
i=1
With the notation from Example 2.1.16, this means that I(x) = 0. Firstly, the necessary
optimality condition, -Vf(x) € N(M, X), could be written, with the expression of the
normal cone to the unit simplex in mind (Example 2.1.16), as

% f(X) = c, (constant) Vi € 1, p,
i

that is
f{ = ¢/, (constant) Vi € 1, p.
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Because Y7 | X; = 1, by denoting N := >°7 | n;, we find

3=

"N

Since the problem admits a solution and only one point satisfies the necessary condi-
tion, we deduce that this point is the solution we are looking for.

Another approach consists of transforming the geometrical restriction into a func-
tional one. Let h : R? — R, h(x) = >°F | x; - 1. Clearly, M = {x € R | h(x) = 0}. Let
X be a solution of the problem. As Vh(x) # 0, we can apply Theorem 3.2.6 in order to
deduce the existence of a number y € R such that

, Viel,p.

V(%) + uVAR) = 0,

that is
—%f(i) =y, (constant) Vi € 1, p.
i

So, as expected, the same conclusion follows. O

Exercise 7.68. Leta € R, f, h: R? = R, f(x) = (x; - 1)* +x3, h(x) = —x; + ax3. Decide
if X = (0, 0) is a minimum point for f under the restriction h(x) = 0.

Solution We have Vh(x) = (-1, 2ax;) # (0, 0), so the linear independence qualifica-
tion condition is fulfilled. We study the necessary optimality condition from Theorem
3.2.6 for X = (0, 0). There exists u € R with

Vf(x) + uvhx) =0,

and we obtain y = —2. We discuss now the second-order necessary optimality condi-
tion (Theorem 3.3.2). It is easy to see that Tg(M,x) = {0} x R, and for u = (0, uy) €
Tp(M, ),

VLG, (U, u) = 2(1 - 2a)u3.

Ifa> %, the condition from Theorem 3.3.2 is not satisfied, so the point is not a
minimum.

Ifa < %, the sufficient condition from Theorem 3.3.3 is satisfied, so the point is
even a strict solution of second order.

Fora = 1, only necessary optimality condition is satisfied. In this case we observe
that for x € M, x; = 27'x3, whence

fx,x2) =273 -1 +x5=4""x3+121=(0,0),
so (0, 0) is a minimum point. O

Exercise 7.69. Solve the problem of minimization of f : R} 5 R, f(x) = -Xx1-X2—XaX3—
x1x3 under the affine constraint h(x) = 0, where h : R> — R, h(x) = x1 + X, + x3 — 3.
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Solution Let X € R> be a feasible point, i.e., h(X) = 0. We verify if the necessary opti-
mality condition in Theorem 3.2.6 holds. There should exist some u € R with

V(X)) + uVh(x) = 0.

We get the linear system
X1+ X+ Y3 =3
-1-Xx3=-p
-X1-X2=-H
which gives p = 2, X = (1,2 - X1, 1), X1 € R.
Let us observe that these points also verify the second-order necessary optimal-
ity conditions (see Theorem 3.3.2 and Remark 3.3.1). It is clear (as in the case of unit
simplex) that T(M,X) = {u € R? | uy + u, + u3 = 0}. Then for every u € T(M, X),

0 0 -1
VLG W, u) = (ur, u,u3) | 0 0 -1 | (ug, uz, us)
1 -1 0

==2(uy + uz)us = 2(uy + uz)* = 0.

One can observe that for u = (uy, —uy, 0) with u; # 0, the sufficient second-order op-
timality condition in Theorem 3.3.3 is not satisfied, so we should decide if the above
points are solutions using different tools. More precisely, will try to exploit the partic-
ular form of the problem. We observe that for every x; € R, f(x1,2 - X1, 1) = -4, and
for an arbitrary x € M, f(x) + 4 = (x1 + x, — 2)% = 0, so all the points which satisfy the
necessary optimality conditions are solutions for our problem. O

Exercise 7.70. Leta > 4%, f,g : R? = R, f(x) = x3 + ax3 + x1x, + x; and g(x) =
X1 + X — 1. Solve the problem (P), with the usual notations.

Solution Let us observe that

aen (201
Vf(x)_<1 2a>

is positive definite, whence f is convex (Theorem 2.2.10). Since the remaining prob-
lem data is convex (affine, in fact), according to Theorems 3.2.6 and 3.2.8, a point X is
solution of (P) if and only is there exists A > 0 such that

Vfx)+Avgkx) =0
Ag(x) = 0.

This system can be written as X ¢ int M (i.e., g(x) < 0) orx € bd M (i.e., g(X) = 0) in
one of the following forms:

X1+X2-1<0

2X1+x,+1=0

Yl + 2afz =0
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and
Y1+Y2—1=0
2X1+X+1+1=0
71+2a72+/1=0
A=0,

respectively. The former one admits solution for a > 371, and thisis X
The latter one has solution for a € (47!, 37'], and thisis x = (1 - 1,

(~7a1 za1) -
),A=124. O

a

Q=

Exercise 7.71. Letf,g:R? = R, f(x) = x3 +x3 and g(x) = x3 +x5 - 9. Study the minima
of f under the restriction g(x) < 0.

Solution We remark from the beginning that the set of feasible points is compact. Since
f is continuous, the problem admits a solution. Let us remark that g is convex, since
its Hessian matrix is positive definite at every point. But g(0,0) < 0 and the Slater
condition holds, so a solution x of (P) verifies Karush-Kuhn-Tucker conditions that is,
there exists A > 0 such that

Vi) +Avgx) =0
Ag(x) = 0.

As before, we have two distinct situations and we get the solutions
X =(0,0),A=0and X = (-3,0),4 = ;

But (0, 0) is not a solution, because it is enough to consider the sequences (x,) =
1,0) — (0,0) and (y») = (-1, 0) — (0, 0) for which

fyn) < f(0,0) < f(xn), Yn € N".

The conclusion is that X = (-3, 0) is the only solution of the problem. O

Exercise 7.72. Let A be a symmetric square matrix of dimension p. We consider the
application f : R — R, f(x) = <(Axt)t, x) . Solve the problems of minimization and
maximization of this function on the unit sphere of RP.

Solution Clearly, in both cases there is a solution. We observe that, following Re-
mark 3.2.21, at a point x of the sphere, the Bouligand tangent cone to the sphere is
{u € R? | (x, u) = 0}, whence the corresponding normal cone is {ax | x € R}. Then,
from Theorem 3.1.18, a point X on the unit sphere is a solution for minimization or
maximization problems if there exists u € R with (AX")! = px, thatis u = ((AX")', X) .
We deduce that the points which satisfy the optimality conditions correspond to some
eigenvectors of A, while the values of f in those points are eigenvalues for f. We con-
clude that the greater eigenvalue of Ais A; := Max| -1 <(Axt ), x> , While the smallest
is Ap := min_; ((Ax")", x) . Therefore
t\t a4
. ((AxY', x) an . ((AxHh x)

5 dAdp= min ~—-——". O
xem\ (o} x| xemn\o} x|
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Exercise 7.73. Let us consider the function f : R? — R given by f(x) = 3 <(Qx‘)t, x> +
(c, x) , where Q is a symmetric positive definite square matrix of dimension p. We con-
sider as well the restriction Ax' = b! where A is a matrix of dimensions q x p of rank q,
where 1 < q < p and b € RY. Solve the problem of the minimization of f subject to the
given restriction.

Solution First of all, we see that f is strictly convex (V2f(x) = Q for every x € RP),
lim ;o0 f(x) = +oo and therestriction is affine. Therefore, there is a unique minimum
point X fully characterized by the relations

AX' = b'
Ju € R? such that VF(x) + A = 0.

So

AX' = bt

(Qx) +c+uA =0,
and

AX' = bt

Qx'+ct+ Alut = 0.

Since Q is invertible, we get

Ax' = b
Yt + Q—lCt + Q—lA[yt =0

and, by multiplication by A in the second relation,

Ax' = b!
b+AQlct+AQ AUt = 0.
But AQ !A! is a symmetric square matrix of dimension g and for every y € R?,
<(AQ—1Atyt)t’ y> _ <(Q—1Atyt)t’ (Atyt)t> > 0.

The equality in the above relation holds if and only if A’y = 0. Since the linear func-
tion associated with A is surjective (from the rank condition), we infer that the linear
function associated to A’ is injective, so A'y! = Oifand only if y = 0. Therefore AQ 1A!
is positive definite, whence invertible. We obtain

]Jt — _(AoflAt)fl(b + AQflct)
and

X =-0'ct+ QAN AQ A (b + AQ7' ). O

Exercise 7.74. Solve the problem to minimize and to maximize the objective function
f:R3 = R, f(x) = x1x2x3 under the constraint h(x) = 0, where h : R> — R, h(x) =
X1X2 + X1X3 + X2Xx3 — 8.
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Solution We remark that these problems do not admit global solutions because, for
instance, the points

nng_in2 -n,-n 8- neN
bl I’ 2” bl I’ b 2n I

2 2
lim f (n,n, 8-n > “limnS 2 e
n n 2

are feasible, but

lim f (—n, -n, _8- nz) —limn 2~ n’ 5 too,
n 2n 2
whence f is neither lower, nor upper bounded on the feasible set. So, we are looking
for local solutions.
It is easy to see that the linear independence qualification condition holds in every
feasible point. The application of Theorem 3.2.6 leads to the conclusion that if x is
solution of one of the problems, then there exists y € R such that

2273 + }1(}2 + Y3) =0
X1X3 + (X1 +%3) =0
X1X2 + u(X1 +%2) =0
X1X2 + X1X3 + X2X3 = 8.

Solving this system (by appropriate multiplication and subtraction of the equations),
We need to verify second-order optimality conditions. The set of critical directions in
both cases is {u € R® | u; + u, + u3 = 0}. For the first point, VZ,L(x, u)(u,u) =
‘T\/g(uluz + UuqUs + Urus3). Since

0=(uy +us+us)® = u +ud +ul +2(usus + urus + urus3)

we deduce that u;u; + ujus + upus < O for any nonzero critical direction, i.e.,
V2, L(X, u)(u, u) > 0 for such a direction, whence the sufficient optimality condition in
Theorem 3.3.3 do hold, and therefore the reference point is a local (strict) minimum.
The same holds for the second point and the corresponding sufficient condition for
maximization. Hence the second point is the solution of the maximization problem.]

Exercise 7.75. The Karush-Kuhn-Tucker conditions tell us that a solution of (P) is a crit-
ical point with respect to x for the Lagrangian function.
(i) Show that a solution of (P) is not necessarily a minimum point of x — L(x, (A, p)).
For this, consider f : R? = R, f(x1,x2) = X3 —x3-3x2 and h : R? = R, h(x1, x2) = x,.
(ii) Show that there exist as well situations when a solution of (P) is a minimum
point of x — L(x, (A, u)). For this, consider f : R? — R, f(x1,X2) = 5x2 + 4x1X2 + X3
and h : R? = R, h(x1,x3) = 3x1 + 2X5 + 5.
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Solution (i) It is clear that (0, 0) is a minimum point of f under linear restriction
h(x1, x») = 0. Implementing Karush-Kuhn-Tucker conditions, we get the multiplier
u = 3, but (0, 0) is not a minimum point for f(x1, x2) + 3h(x1, x2) = x - x3.

(ii) Clearly, f(x1, x2) = (2x1 +X2)? + X3 satisfies the conditions of Proposition 3.1.8,
whence the problem has solutions. Since the restriction h(x) = Ois affine, we can apply
Theorem 3.2.6 and we get the linear system

10x1 +4x2 +3u=0
4X1+2x+2u =0
3x1+2x2+5=0,

which has the solution (x1, x2, ) = (1, -4, 2). Then Lagrangian function in (x4, x,) is
[:R? 5 R,

I(x1,x3) = SX% +4x1%; + x% +6Xx1 +4x, + 10

=(2x1 +x2+2)2+(x1 - 1)* +5,

and (1, —4) is a global minimum without restrictions. ]

Exercise 7.76. Find the local minima of the function f(x1, x2) = X3 + (x, — 1) under the
constraints x, < x% and x> < X1.

Solution Consider the functions g;(x1, x2) = X2 — x2, g2(x1, X2) = X2 — x1. The the
constraints set is

M= {(X1,X2) e R?| gi(x1,x) <0, i= 1,2}.

By considering the gradients of the functions g;, equal to (-2x, 1), (-1, 1), respec-
tively, observe that the linear independence condition is not satisfied (for x = 3).

To find the minima, we write then the Fritz John necessary conditions (i.e., Theorem
3.2.1): we must find the scalars Ag, A1, A, = 0, not all 0, such that

AoV (x1, x2) + A1V E1(X1, X2) + A,V g2(x1,%2) = 0
A1+ g1(x1,x2) =0, Ay - g2(x1,Xx2) = 0,
g1(x1,%2) £ 0,82(x1,x) <0
hence we arrive at
2/10X1 - 2/11)(1 +/12 =0
2/10()(2 - 1) +/11 + /12 =0
M -x3)=0
A2 -x1)=0
X2 -x2<0,A; 20
X2 —-x1<0,A,20.

(7.3.1)

Suppose Ag = 0. Then we get from the second relation 1; + A, = 0, and since
A1 20,A, 20, it follows A; = A, = 0. We obtain the contradiction that not all scalars
are 0, hence Ay > 0, and we may suppose without loss of generality Ao = 1.
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Consider then the Lagrangian

L(x, x25 Y1, o) = f(x1, x2) + A181(x1, x2) + A282(x1, X2)
=xi+ 00 - 12 + A0 - x3) + 200 - x1).

The Karush-Kuhn-Tucker necessary conditions (see Theorem 3.2.6) will be then

2x1 - 2A1x1+A, =0
2x; -1)+A; +A, =0
/\1(X2—X%)=0

A(xy -x1)=0
X2-x3<0,A1 20
x2—-x1<0,1,20.

(7.3.2)

For A; = A, = 0, we get from the first two relations the solution (0, 1), which does
not satisfy x, — x; < 0.

For A1, A; > 0, we have x, —x2 = 0 and x, —x; = 0, with solutions (0, 0) and (1, 1).
For (0, 0), we obtain from the first relation A, = 0, and then A; = 2. For (1, 1), we get
from the second relation A; + A, = 0, which is impossible because A1, 1, > 0.

For A; = 0, A, > 0, we must solve the system

2X1 +A2=0
2(X2—1)+A2=0
X2 — X1 =0.

Subtracting the first two relations and adding the third, one gets the contradiction
-1=0.
For A; > 0, A; = 0, we must solve the system

X—/th =0
2(X2—1)+A1 =0
xz—x%=0.

From the first relation, if x; = O, one gets x, = 0 and A; = 2, that is, one obtains the
above solution. Suppose x; # 0. ThenA; = 1, and x, = 3, which gives x; = i%, From
the obtained solutions, the only feasible one is (%, %) .

For concluding, we have got the following Karush-Kuhn-Tucker points and asso-

ciated multipliers:

a=(0,0), Aq=(2,0)

1 1
b= (L.2). n-wo
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We calculate V2, L(x1, X2, A1, A2). Because

o°L o°L o°L
TX%(X19X2;A1;AZ)=2_2A11 TX%(X19X21A11A2)=2) W(Xl,XZ;A19A2)=O9
one gets

ViL(x1, x2, A1, A2)(h1, h2) = (2 = 2A1)hT + 2h3.
Using Theorem 3.3.3, we must verify that
VixL(a, Aa)(hi, hy) = -2h3 + 2h3

is positive definite on the linear subspace which is orthogonal to the gradients of those
restrictions which are active at a, for which the associated multiplier is strictly posi-
tive.

At a, both restrictions are active, but just A; > 0 (i.e., A(a) = {1}). We have
Vgi(a) = (0, 1), so we will consider the orthogonal subspace to this vector, that is

{(u, v) € R? | (Vgi(a), (u, v)) = o} - {@wv)[v=0}
={(u,0)|u e R}.

Since
v)Z(XL(a’ Aa)(u, 0) = _2u2

is not positive definite, we cannot apply Theorem 3.3.3 to decide if a is a local mini-
mum.

Observe, though, that in a both restrictions are active, and the gradients (0, 1),
(-1, 1) are linearly independent. We can apply then Theorem 3.3.2 for A(a) = {1},
and observe that the necessary optimality condition is not satisfied, hence a is not a
local minimum.

For b, we have

ViaxL(b, Ap)(h1, hy) = 2R3,

and again the first restriction is active. We consider the orthogonal subspace on
Vei(b) = (-v2,1), thatis

{(u,v)eRzl—\ﬁu+v=0}={(u,\/iu)lueR}.

V2,L(b, Ap) is positive definite on this subspace, hence b is a local minimum.
We end by mentioning that in (0, 0) the restriction g, is active, and the associated
multiplier is 0. |

Problem 7.77. Letu € RP \ {Op»} and a € R. We consider the set (called hyperplane)
M:={x e R? | (u,x) = a}

and a point v € RP \ M. Show that M is a convex, closed set, and determine the explicit
expression of the projection of v on M, as well as the value of the distance from v to M.
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Solution The convexity and the closedness of M are obvious. So, from Theorem 2.1.5,
there exists a unique projection of v on M, which we denote here by v,.

Then v, is the unique solution (see Theorem 2.1.5) of the problem of minimizing
the function

1
00 =5 Ix-vI?,
for x € M. The choice of the objective function above has the same motivation as in the

case of the least squares method. Since the constraint (in functional interpretation) is
affine and f is convex, the element v, is characterized by

(u,va) = a
Ju € R, Vf(vq) + pu = 0.

Then, by the differentiation of f,
(u,va) = a
Va-V+uu=0.

(va=v,u) +pul* =0,

The second relation gives

so
_uv)-a
]
Therefore, we finally get
(u,v) —a
Va=V=——5—
[[ull

To end, the distance from v to M has the value.

O

Problem 7.78. (i) Consider a function f : R — R of class C%, and let X be a simple root
of f (i.e. f(x) = 0, f'(X) # 0). Deduce the algorithm of Newton’s method from the Banach
Principle, applied to an appropriate contraction.

(ii) Show that, if the root is not simple, then the order of the convergence is not
quadratic. In the case that the order of the root is known, appropriately modify the it-
erations such that a quadratic convergence holds.

Solution (i) Recall that the Newton iterations are given by:
fxi)
Xie1 = Xy — .
T )

Let put now this into a rigorous perspective. Let L € (0, 1). Let us denote by V a
closed interval centered at X for which f’(x) # 0 forany x € V and

FOOf" (%)
f(x)?

<L, vxelV. (7.3.3)
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The above relation is possible exactly because f(x) = 0. Take now the functiong : V —

R

f(x)
10
Clearly, this function is well defined on V and since

ey 4 fO2=FOf" () _ fOOf" (x)
$O=1-"50 T e

from the choice of V, we deduce that g is a contraction. On the other hand, g(x) = X,
so, in particular,

gl =x-

|g) -X|<L|x-X|, vxeV

which means that g applies V in V. Now, if we start with xo, € V, let us observe that the
Newton iteration is in fact a Picard iteration associated to g. On the basis of the theory
previously developed, the Newton iteration converges (for any initial date xo € V) to
the fixed point of which is exactly the root of f in V, that is X. As shown before,

gx=0

and we can apply Remark 6.1.1 in order to deduce that one has a quadratic conver-
gence, that is

. X1 —X .. g -X
lim o -3~ e %
i L X0 -F0 X0 _ ')
x—x f7(x) (x-x)? 2f'(%)
(ii) The above discussion emphasizes that in order to be sure that the Newton it-
eration converges quadratically to the underlying root, it is necessary that x, to be in
a neighborhood V of the solution where the derivative do not vanish and condition
(7.3.3) takes place. Therefore, for functions with several roots, depending on initial
data, we can find different solutions.
Let us suppose that f is as f(x) = (x — x)?u(x), where g > 1 is a natural number, u
is of class C? and u(x) # 0. Then g is

eR.

(x = X)u(x)
qu(x) + (x —u’(x)

gx)=x-

and, after calculation,

_1 7 2u'x) _ 2 ')
(1 ‘1) +c-%) qu(x) +(x-%) q?u(x)

g'(x) =

— u'(x) 2
[1 +(x-%) e

For values close enough to X, |g’ (x)} < 1, so the Picard iterations converge to the fixed
point of g which is exactly X (in the neighborhood one considers). On the other hand,
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gx) =1- % # 0, so the convergence is only linear. Therefore, the Newton proce-
dure converges quadratically only for simple roots. If for a given root x the order of
multiplicity g is known, then one can consider the function
o f) (x -Xulx)
8alx) = x 00 =" " Tqubo+ - ow ()’
and a similar calculation shows that gfl(Y) = 0, so, by means of the above reasonings,
one gets again the quadratic convergence. |

7.4 Nonsmooth Optimization

Problem 7.79. Let g, h : R? — R be convex functions, and g of class C'. We denote
f:RP — R, f = g+ h. The next assertions are equivalent:

(i) x is a minimum point for f;

(ii) for every x € RP,

Vgx@)(x - x) + h(x) - h(x) = 0;
(iii) for every x € RP,

Vg(x)(x —x) + h(x) - h(x) = 0.

Solution (i) = (ii) Let X be a minimum point of f on R?, let x € R and A € (0, 1). Then
f&) < f(x + (1 - 2)x),
that is,
g(x) + h(x) < g(Ax + (1 - A)x) + h(Ax + (1 - )X)
< g(X + Alx = X)) + Ah(x) + (1 - Dh(X).

We obtain
0 < g(x + Alx - X)) - g(x) + A(h(x) - h(x)),

from where, if we divide by A,

0« SOXAD 80 iy o)

Making A — 0, we get 0 < Vg(x)(x - x) + h(x) - h(x).
(ii) = (i) The convexity of g gives
g(x) 2 g(x) + Vg(x)(x - ),
which together with the hypothesis leads us to

g(x) + h(x) = g(x) + h(x).
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(if) = (iii) Again, the convexity of g allows us to write
(Vg(x) - Vg(x)) (x-%) 2 0, Vx € R?,

which together with the hypothesis leads to the conclusion.

(iii) = (ii) Let x € R? with

Vg(x)(x -x) + h(x) - h(x) 2 0, Vx € R?.
Letx € RP and A € (0, 1). Then
AVg((1 - A)x + Ax)(x —=x) + h((1 - A)x + Ax) - h(x) = 0,
and using the convexity of h,
AVeg((1 - D)X + Ax)(x - %) + A [h(x) - h(X)] = O,

that is
Vg((1 - A)x + Ax)(x - x) + h(x) - h(x) = 0.

But Vg is a continuous application, so, for A — 0, we get the conclusion. |

Problem 7.80. Show that every sublinear function is convex. Show that for any x € RP,
of(x) = {u € of (0) | (x, u) = f(x)}.

Solution The first part is obvious by direct calculation: for any a € (0, 1) and any
X, X € R?, the sublinearity of f yields

flax + (1 - a)y) < flax) + f(1 - a)y) = af () + (1 - )f (y),

so f is convex.
Let us prove the second affirmation. Before that, notice that f(0) = 0. Take u €
0f(0) and x € R? with (x, u) = f(x). Then for every y € R?, (y, u) < f(y), whence

y=x,u) = (y,u) = (x, u) < fy) - f).

This shows that u € 9f(x). Conversely, consider x € RP and suppose that u € of(x).
So,
(y-x,u) < f(y) - fx), vy e R?

which for y = 0 gives (x, u) = f(x) and for y = x + tz with t > 0 and z € R” gives
t(z,u) < flx+tz) - f0) < fO) + tf(2) - F(O) = tf (2).

So, for every z € R?, (z,u - 0) < f(z) - f(0), i.e., u € 9f(0). In particular, we also get
{x, u) < f(x), so, in fact, coupled with the opposite inequality proved before, it follows
that (x, u) = f(x). O
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Problem 7.81. Find the subdifferential of the norm.

Solution The norm is a differentiable function away from 0. So, for any x € R? \ {0},
O 6x) = {V {11 G} = {0ex - Ixll™ s x2 = x| ™y ey X = X7}
Let us find the subdifferential of the norm at 0. Following the definition,

u €| (0) & (u,x) < [Ix||, ¥x € R
s (u,x) <1, ¥x € S0,1) & |[(u,x)| <1, ¥x € S(0,1) < |lu|| < 1.

Hence, 0 ||-|| (0) = D(0, 1). Notice that the norm is a sublinear function, so 0 ||-|| (x) at
x € R? \ {0} can be deduced as well from Problem 7.80.

Observe as well that, due to the convexity of the norm, one could also apply Ex-
ample 5.1.5. ]

Problem 7.82. Let K C R? be a closed convex cone with nonempty interior and let
e c int K. Consider the function s, : RP — R given by

Se(x) :=inf{t e R| x € te - K}. (7.4.1)

Show that:

(i) se is well defined, i.e., the set in the right-hand side cannot be () and the infimum
cannot be —oo.

(ii) for every A € R and v € R? one has

{x € R? | s¢(x) <A} = Ae - K, (7.4.2)
{x € R? | se(x) < A} = Ae - intK, (7.4.3)
{x € R? | se(x) = A} = Ae - bd K, (7.4.4)
and
Se(v +Ae) = se(v) + A; (7.4.5)

(iii) se is sublinear;

(iv) s. is strictly int K-monotone, i.e., for all x,, x, € RP with x, — x; € intK, one
has se(x1) < se(x2).

(v) the subdifferential of s. at a point x € R? is

0se(x) ={u € -K | u(e) =1, (u, x) = se(x)}.

Solution (i) The first item follows from Problem 7.30 (iii) and (iv).
(ii) Fix A € R. The inclusion

Ae-KC{xeRP|se(x) <A}
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follows directly from the definition of s.. Take now an element x from the second term
of the above inclusion. Then for every n = 1, one has that se(x) < A + n™!, therefore
there exists t, € R such that t; < A+ n~! and x € ty,e — K. Then, taking into account
Problem 7.30 (i),

xe (/1+n’1) e+ (tn—/l—n’l) e-K
C (/\+ n’l) e-K,vneN.
Making n — oo, the closedness of K yields the conclusion. So, we have proved that
Ae—K = {x € R? | se(x) < A}.

Notice that, in particular, a similar type of argument show that the infimum in defi-
nition of s, is actually attained, i.e., for any x € R”, x € s.(x)e — K. We prove now
the relation concerning the strict level sets. To this end, take first x € Ae —int K. Then
there exists € > 0 such that x € Ae - ge - int K, whence s.(x) < A - € < A. Take now
A € R and x € R? with se(x) < A. Then, by use of Problem 7.30 (ii),

X € Se(x)e—K Cc le — (A —se(y))e— K
C Ae —intK,

and the converse inclusion follows. Then (7.4.3) holds. Now, (7.4.2) shows that s. is
lower semicontinuous, while (7.4.3) shows that it is upper semicontinuous. Then s, is
continuous. Again, using in conjunction (7.4.2) and (7.4.3), one obtains (7.4.4).

Let us prove the last equality of (ii). Fix A € Rand v € RP. There exists a sequence
(tn) such that t, — se(v + Ae) and for every n € N,

v+Ae e the-K.

This means that
Vv E (tn - A)e -K

and from (7.4.2), it follows that
Se(V) <th - A.

Passing to the limit as n — oo, one gets se(v) + A < s¢(v + Ae). Conversely, one has from
(7.4.2) that
v € se(v)e - K,

ie.,
v+Ae € (se(v) +A)e-K,

whence
Se(v+Ae) < se(v) +A.

This final inequality completes the proof of (ii).
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(iii) The relation (7.4.2) equally shows that
epise = {(x,t) e RP xR | x € te - K}, (7.4.6)

and this is clearly a closed convex cone. So, s, is sublinear (see Problem 7.31).
(iv) Take x1, x, € RP with x> — x; € intK. Then

y2 € Se(y2)e - K,
whence

y1 € Y2 —intK C se(y;)e — K —intK
C Se(y2)e —int K.

Therefore, se(y1) < se(y2) and the conclusion follows.
(v) Taking into account Problem 7.80, it is enough to prove that the subdifferential
of seatOis
0Se(0) = {u € -K" | u(e) = 1}. (7.4.7)

Notice that s¢(0) = 0, so an element u € R? is in ds.(0) if and only if
se(y) = (u,y), vx € R?.

This means that for all y € RP and for all A € R with A > s¢(y), one has A > (u, y).
Consequently, taking into account (7.4.2), forall y € Ae — K one has A = (u, y), i.e.,

A=A(u,e)-(u, k), vk € K.

Since the above inequality holds for all A, making k = O, one deduces that (u, e) = 1.
On the other hand, (u, k) = 0 for all k € K, whence u € —K". The first inclusion in
relation (7.4.7) is proved. For the converse, take u € -K~ such that (u,e) = 1. Fix
y € R and take A > s¢(y). Then there exists k € K such that y = Ae — k. Accordingly,

(u,y) =Au, e) - (u, k) <A.
Since A > s.(y) was arbitrarily chosen, one has
(U, y) < se(y), vy e R?,

i.e., u € 9se(0). O

Remark 7.4.1. The mapping studied in the previous problem is the Gerstewitz (Tammer)
scalarization functional which successfully used in optimization problems with vector-
valued functions. For more details, the reader is invited to consult (Gopfert et al., 2003).
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Up until now, we have avoided speaking about functions which can take +oo as a value.
For the end of the discussion about convex functions we shall say something about
this subject. We consider a function with real-extended values f : R? — R U {+oo}.
For such a function the domain is

domf := {x € R? | f(X) < +oo}.

The definition of convexity for f is formally the usual one (for any x, y € R” and
a € [0, 1], flax + (1 — a)y) < af(x) + (1 — a)f (y)) with the convention +oo + r = +o0 and
S(+00) = +oo forany r € RU {+o0} and s € [0, oo]. It is clear that x, y € dom f implies
that ax + (1 - a)y € domf, so domf is a convex set. Moreover, it is enough to have
the inequality in the definition of convexity fulfilled only for x,y € dom f. Many of
the results given for convex functions with real values are still valid for functions with
real-extended values. It is a useful exercise for the reader to verify how this adaptation
can be made.

Problem 7.83. Letf,g : R? — R U {+oco} be convex functions. Suppose that the func-
tion fOg : RP — R U {+o0},

(fOg)(x) :=inf{f(x - y) +g(y) | y € R}

(called the convolution of f and g) is well defined (i.e., the infimum is not —oc). Show that
dom fClg = dom f + dom g, f1g = g0f, and fg is convex.

Solution Take x € dom f[g, thatisinf{f(x-y)+g(y) | y € RP} < +oo. Then there exists
y € RP such that f(x - y),g(y) € R,sox = (x - y) +y € domf + dom g. Conversely,
take x € dom f + dom g. Then x = x; + x, with x; € dom f and x, € dom g. We have

(fO2)00) = inf{f(x - y) + g) | y € RP} < f(x1) + f(x2) € R,

so x € dom f[g.

The equality fClg = g{f is obvious. We show that f(g is convex. Consider x1, x5 €
dom fOg and a € (0, 1). Take t1, t, € Rwith £; > (flg)(x1) and t, > (fOJg)(x2). Then
there exist yq, y, € R? with

fxi-y1)+g8ly1) < ta
fOa-y2) +802) < to.

Then
(fOg)ax1 + (1 - a)x2) < flaxy + (1 — a)xz —ay1 — (1 - @)y2) + glay, + (1 - a)y>)
= fla(xy - y1) + (1 - a)(x2 = y2)) + glays + (1 - a)y2)

saf(x; —y1)+ (1 - a)f(xa - y2) + agly1) + (1 - a)g(y2)
= a(f(x1 —y1) +gly1) + (1 - ) (f(x2 - y2) + g(y2))
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<at; +(1-a)ty.

Since t, t; are chosen arbitrarily such that t; > (fJg)(x1) and ¢, > (flJg)(x3), we infer
that
(fOg)(ax1 + (1 - a)x2) < aftg)(x1) + (1 - a)(fUIZ)(x2).

So, fJg is convex. O
Problem 7.84. Iff : R — R is strictly convex and differentiable, compute ff .

Solution To compute a convolution means in fact to solve an optimization problem (in
order to determine the infimum from the definition of the convolution). In our specific
case, consider, for fixed x, h : R — R, h(y) = f(x — y) + f(y). The derivative of h is
H(y) = -f'(x = y) + f'(y). Since f is strictly convex, its derivative is injective (being
strictly increasing), so ¥ = 2 1x is the only critical point. A study of the monotonicity
of h reveals that ¥ is a global minimum point for h, so, (fO0f)(x) = f(x-2"1x)+f(271x) =
2f(27x). O

Problem 7.85. Let A C R?, A # RP be a nonempty convex set. Show that the function
U RP — RU {+oo} given by

) —dra(y), yc A
u@y) = { oo Y2 AL

is convex.

Solution Take y1,y, € A = dom y and observe that D(y1, dgy\a(y1)) C cl A, and simi-
larly for y,. Then,

B := conv [D(y1, dre\a(y1)) U D(y2, dre\a(v2))] C clA.
For every A € [0, 1],
DAy1 + (1 = Ay2, Addrr\a(y1) + (1 = Adrr\a(y2)) C B,

whence
dRp\A(/\)ﬂ +(1-A)y2) = AdRp\A()ﬁ) +(1- A)d]Rn\A(yz)

which is exactly the desired property. |

Problem 7.86. Let A C R?, A # RP be a nonempty set. The oriented distance function
associatedto Ais Ay : RP — R, given as

Ap(y) := da(y) - dgpa(y).

Show that:
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(i) Ay is real-valued and 1-Lipschitz;

(ii)) Ay(y) < O foreveryy € intA, Ay(y) = O foreveryy € bd A and A,(y) > O for
every y € int(R? \ A);

(iii) if A is closed, then A = {y € RP | A4(y) < 0};

(iv) if A is convex, then A, is convex;

(v)if A is a cone, then Ay is positively homogeneous;

(vi) if A is a closed convex cone, then -A4 is A-monotone;

(vii) if A is a closed convex cone with nonempty interior, then —-A, is strictly
int A—-monotone;

(viii) if A is a closed convex cone, then for everyy € RP, 0A_4(y) C -A".

Solution (i) Lety1,y, € RP. If y1,y, € Aory,y, € RP \ A, the inequality

|4a(y1) = Aa(2)| < [ly1 - ya|

follows from the similar property of the distance to a set function. The same if at least
one of the points is on the boundary of A. Suppose now that y; € intA and y, €
int(RP \ A). Then it exists A € (0, 1) such that y := Ay; + (1 — A)y, € bd A. Then

|44(1) = Aa(2)| = dema(y1) + da(v2) < lyr =yl + [ly2 = VIl = [y1 - y2||

and the proof of the property is complete.

(ii) Clearly, if y € int A, then d4(y) = 0 and dgs\4(y) < O, and similar for the last
situation. If y € bd 4, since bd A = bd(R” \ A), then both d4(y) and dg»\4(y) are zero.

(iii) Suppose that A is closed. If y € A, then d4(y) = 0 whence A4(y) < 0. Con-
versely, if A4(y) < 0, then supposing that y ¢ A we would have y € int(R? \ A) whence
A4(y) > 0. The conclusion follows.

(iv) Observe now that

Aa(y) = inf{|ly - x|| + p(x) | x € RP}, (7.4.8)
where 1 is defined in the previous problem. Indeed, ify € A, A4(y) = —dgr\a(y), while
inf{lly - x|l + u() | x € R?} = inf{[ly - x|| - dppa () | x € A} < ~dpp\a(y)

is obvious. Now observe that for every x € A, ||y — x| + dgp\a(¥) = dgr\a(x), which
means that

lly = x|l + u0) = —dgna(y)
soinf{|ly - x||+u(x) | x € RP} = —dgy\4(y) and in this case (7.4.8) follows. If y € RP\A,
Ap(y) = da(y). Clearly,

inf{ly - x|| + u(x) | x € R”} < inf{[ly - x|| | x € A} = da(y).

In order to prove the reverse inequality, observe first that there always exists a se-
quence (yn) C A with ||y - yn|| — da(y). We claim that dgs\4(yn) — 0. Indeed, in the
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opposite case we can suppose, without loss of generality that there exists € > 0 such
that for every n € N, B(yn, €) C A. Take now § € (0, 1) such that § ||y — ya|| < € for
every n (note that such a § does exist). Consider z, := y + (1 — §)(y — yn). One has, on
one hand, that
lyn = zn|l = 6ly —yull <&,
hence z, € A and, on the other hand,
day) < |ly-zall =@ -8) |y —ynll = (1 -8)da(y) < da(y).
This contradiction can be eliminated only if we admit that dgs\4(yn) — 0. Therefore,
1Y = ¥nll = drp\alyn) 2 inf{[ly = x|| + u(x) | x € R”},
whence, passing to the limit, we get
da(y) = inf{[ly - x| + u(x) | x € R”},

so (7.4.8) is finally completely proven. So, according to relation (7.4.8), the function
A, appears as a convolution of two convex function, so it is itself a convex function.
(v) If A is a cone, then R? \ A shares the property to be closed at multiplication
with positive scalars, whence the property of A4, we are looking for comes from the
similar property of the distance to a set function.
(vi) If A is a convex cone then, from (iv) and (v), we deduce that A, is subadditive
since

Ap(yr +y2) = 28427 y1 +271y2) < 24,27 y1) + 24427 y2)
=Aa(y1) + Ax(y2).
Now, if y, — y1 € —A, we can write successively
0=2A4(y1-Yy2) 2 A4(y1) - Aa(y2).

(vii) The last assertion is similar, taking into account (ii).
(viii) Let u € 0A_4(y). One has

(U, z-Y) <A 4(2) —A4ly), VzecRP, (7.4.9)

From (vi), it follows A_4(a + y) < A_4(y) for every a € —A and whence, from (7.4.9),
(u, a) < 0. This implies that for every y € R?

()A,A(y) c -K".

The solution is complete. O

Problem 7.87. Letf : RP — R U {+oo} be a function. One defines the conjugate of f as
fiRP = RU {+o0},

f @ = sup{(x,u) - f(x) | x € R”}.

Show that f" is convex.
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Solution Take u1,u, € domf" and a € (0, 1). Consider t € R with ¢ < f*(au; + (1 -
a)uz). Then there exists x € R” such that ¢ < (x, au; + (1 - a)u,) - f(x). Thus,

t<a(x,u))-af(x)+(1-a)(x,uz) - (1 -a)f(x)
< af (u1) + (1 - Of (u2).

Since t < f*(au; + (1 — @)u,) was chosen arbitrarily, we deduce that
flauy + (1 - @uz) < af (ur) + (1 - a)f (u2),

so f~ is convex. Note that this is a direct proof. O

Exercise 7.88. Compute the conjugate for the following functions:
@D f :R—= R, f(x) = 3 |x|” wherep > 1;
(i) f: R — RU {+o0},

+o0, if x < 0;

00 = { -lnx,ifx>0

i) f: R = R, f(x) = 5
(iv)f : R — RU {+o0},

0,if x| <1
f00 = { too, ifx > 1.

Solution As in the case of convolution, to compute a conjugate is equivalent to solv-
ing an optimization problem (in order to determine the supremum in the definition
of the conjugate). For our functions, it is a routine to compute the derivatives for
h(x) = xu - f(u) and to get the variation of this function and, from that, the conclu-
sions. We obtain:

DfFfF :RoR, )= % [ul?, where 1% +

(i) f": R — RU {+oo},

F - { “In(-u),ifu<0

1_1.
=L

+o0o, otherwise;
(iii) f* : R = R U {+o0},

uln(u) - u,ifu>0
ffaw={ o,ifu=0
+oo, if u < 0;

(V) f :R=R, fW)=]ul. O
Problem 7.89. Let f : RX — R be a convex function. Show that for every x, u € Rk,

(u, x) < f0) + £ (W)
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with equality if and only if u € of (x).
Write the above inequality for the convex functionf : R — R, f(x) = 1% |x|P, wherep > 1.
Find of (x).

Solution From the definition of the conjugate, for every u € Rk,
f7() = sup{(x, u) - f(x) | x € R"} > (u, x) - f(x), vx € R,

so the inequality holds. The equality means that the supremum is attained at x, so for
anyy € RX,
(G u) = fO) 2 (y,u) - fy),

which means that u € of (x).
Taking into account (i) in the preceding problem, the inequality becomes the in-
equality of Young already studied before (see Subsection 2.2.3), namely

14 q
xusﬁ+M,Vx,ueR, where p,q > 1, 1+1=1.
q b q
We have seen that
p q
absa—+b—, vp,q > 1, 1+1=1, a,bz=0,
p q p q

with the equality if and only if a” = b9. Thus, for every x, u € R,

LT

+ ’

xu = (x,u) <|x||u| < 4

with the equality if and only of xu = |x|” = |u|?, whence of (x) = {u € R | xu = |x|P =
|ul}. U

Problem 7.90. Let C C R? be a nonempty closed convex set. Show that for every x €
bd C, N(C, x) # {0}. Deduce that the distance function d is not differentiable at the
points of bd C.

Solution Without loss of generality, we can suppose that x = 0 € bd C. There exists
a sequence (x;) C RP \ C such that x; — 0. Take, for every k, y, as the projection
of x; on C. From the continuity of the projection (Proposition 4.1.2), one deduces that
yr — 0. Consider z; := x; — yi # O (for every k) and the limit u # O of a convergent
subsequence of the bounded sequence ||z|| ™ z,. Take x € C. Since forany a < (0, 1),
ax + (1 - @)y, € C, one deduces that ||y, — x| < ||ax + (1 - @)y, - x| , so

2
Iy = xiell” < [Jax + (1 - @)y - x|
After some calculations, one gets that

2 (zi, x - yx) - aflx—yx|* <0.
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Making a — 0, one gets (zy, x — yi) < 0 for any k. In particular,
(llzill™ 210 x =y ) < O

for any k. Passing to the limit, we obtain that (i, x) < 0 forall x € C. Then u € N(C, 0),
so the conclusion.

If d¢ would be differentiable at a point X in its boundary, then od:(X) reduces to a
singleton (Proposition 4.2.3). But, as shown in Proposition 4.3.3, N(C,x) N D(0, 1) C
0d¢(X). In view of the above proved fact, N(C, X) N D(0, 1) cannot be a singleton, so a
contradiction arises. Therefore, d. cannot be differentiable at x.

Remark as well that a solution of the problem could be easily deduced from the
more general result of Corollary 5.2.29. O

Problem 7.91. Let C C R? be a nonempty closed, convex set. Show that d¢ is differen-
tiable and for every x € R?, and Vd(x) = 2(x - pr x).

Solution Let x € RP and h € R? \ {0}. Therefore,

d3(x+ h) - d(x) = d3(x + h) - ||x - prc(x + b)||?
= ||pre(x + h) - (x + h)H2 — ||x - pre(x + h)H2
=2 (x-pre(x+h), h) + Ih|%,

S0, using Proposition 4.1.2,

de(x +h) - dz(x) - 2 (x - prex, h) = 2 (x - pre(x + h), h) = 2 (x - prex, h) + ||h||*
> -2 ||prex - pre(e+ B[ 1R + 11>
2 ||kl .

On the other hand,

di(x + h) - da(x) < | (x+h) - prcx||2 — |Ix = prex||?
=2 (x - prcx, h) + Hth .

Finally, we can write
—||h||* < d&(x + h) - d2(x) - 2 (x — prcx, h) < ||h|?,

S0,
~ Rl = )T (d2Geo+ h) - dR0) = 2 (x = prex, by ) < Al

which confirms that dz is differentiable at every x € R? and Vd2(x) = 2(x - prcx). O

Problem 7.92. Let ai, a,, as € R? non colinear points. Show that there exists a unique
point X € RP which minimize on R? the function f : RP — R,

fO) = lIx = aa| +|lx = az|| + x - as]| .
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Then prove that x € conv{ai, a,, as}. Deduce thatifx ¢ {a1, az, as}, then the angle
betweenx - a; and X - a; is 23—” foralli,j €1,3,i#j.(The point X is called the Torricelli
point of the triangle of vertices a1, a,, az.)

Solution It is easy to observe that f is convex and coercive, so it has a global minimum
on RP. Moreover, f is strictly convex. Indeed, for x,y € R?, the equality || x| + ||y|| =
|lx + y]| is possible if and only if x, y are on a half-line passing through the origin. If
there exist x,y € R?, x # yand a € (0, 1) with f(ax + (1 - a)y) = af(x) + (1 - a)f(y),
then a1, a,, as must be on the same straight-line determined by x and y, which is a
contradiction. Therefore, there exists a unique element x € RP, global minimum of f.
Thus, from Theorem 4.3.1, 0 € of (x). But, by use of Theorem 4.2.7 and Problem 7.81,

o lx-ail| ™t (x-ay), ifx ¢ {a1, ax, as}
af(X) = l3 -1 .
D ey 1X = aill (x-a;) +D(0, 1), ifx = aj.

If x is one of the points a1, a,, as, then surely belongs to conv{a;, a, as}. Suppose
thatx ¢ {ai, az, as}. Then

3
S Ix-ail ™t & -a) =0,
i=1

whence

-1 3

3
%= (z nx-aiw) S %= ail as € convias, az as}.
i=1

i=1
For the last part, if X ¢ {a1, az, as}, again from Z?=1 [Ix - aiH'1 (x-a;) = 0 we deduce
that <||i — |t (x- ay),
quently, the angle between X - a; and X - q; is always 23—” This ends the solution. [

x-a|” (f-aj)> =2 'foralli,j € 1,3,i # j. Conse-

Problem 7.93. Consider the Fermat’s principle concerning the propagation of light: “in
an inhomogeneous medium a ray of light travels between two points along the path
requiring the shortest time”. Prove the law of refraction: when light passes from one
medium to another, the directions of the light satisfy % = Si“’/—f?, where a1, a, are the
angles between the directions of the ray and the normal to the surface which separates
the two media, and vy, v, are the speeds of the light in the two media, respectively.

Solution Suppose that the light travels from the point (0, a) in the first medium to the
point (b, d), b > 0 in the second one (see the figure below).

For easy calculus, suppose that the surface which separates the two media is the
Ox axis. Let v, v, be the speeds of the light in the two media, respectively. Suppose
that the light passes from the first medium to the second one at the point (x, 0), where
x is to be determined following Fermat’s principle. The amount of time spent by the
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A

[(0JF5)] A——

(x,0)

v

(0,0)
02

Figure 7.4: Propagation of light.

light in the first and the second media are, respectively,

£ = vaz + x?
1= ™
V(b -x)2+c?
h=——7"—"7,
V2

so the total time to minimize is ¥ “Vzl”‘z + ¥ “’7?“”2 .Takef: R — R,

Va2 +x? . V(b -x)?+c2
Vi V2 )

f&)

Now the problem is to minimize f on R. The derivative of f is
X . x-b
vival+x v Jx-bR+cr

Since f/(0) = VZ\/‘;;? <0andf'(b) = le/:uibz > 0 and

f'x) =

2 2
f”(x)=i-a73+i-c—3>0, vx € R,
Vi (a2+x2)2 V2 (x=b)2+c2)?

there exists a unique critical point of f situated in the interval [0, b]. Denote by X this
critical point. The variation of f shows that X is a minimum point. Then
X ~ b-X
vivaz+x2  va/(x-b)? +c?
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But,
X .
———— =sinm
Vaz+x*
and
b-x .
——————— =sinay,
V(X - D)2 +c?
so,
sina; _ sina,
141 V2 ’
and the light refraction law in proved. O

Exercise 7.94. Show that f : (0, o0) x (0, 00) — R,

1 1 1
fix,x)=—+—-

X1 X2 X1+ X2

is convex.

Solution The calculus of second-order partial derivatives leads to the following form
of the Hessian matrix at a point x in the domain of f :

2 _ 2 __ 2
X? (a1+x)? O +x2)
2 2 _ 2 )
(x1+x2)3 X% (1 +x2)3

On this basis, it is easy to verify that V2f(x) is positive definite for every x € (0, o) x
(0, =0), so0, according to Theorem 2.2.10, the function f is convex. O

Problem 7.95. Leta,b,c,d € Rwitha< b,c<d,andf : [a, b] x [c, d] — R. Define
¢ :la, b] - R,
o) =inf{f(x,y) |y € [c, dl}.

Show that ¢ is well defined and continuous.

Solution The mapping
[c,d]l >y — f(x,y)

is continuous and hence attains its minimum on [c, d]. Then there exist yx € [c, d]
such that ¢(x) = f(x, yx).

From Cantor Theorem (Theorem 1.2.24), f is uniformly continuous on the compact
set [a, b] x [c, d] : for every € > 0, there exists §: > 0, such that for every (x’,y’),
(",y") € la, b] x[c, d] with || (X', y') = (X", y")|| < 8, one has |f(x',y") - f(X", y")] <
e.

Let x’, x" € [a, b] with ‘x/ - x"| < 8¢. Then

p(X) = (") = f', ) = X", yur)
Sf(xly YX") —f(XN, )/x”) <E.
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Changing the roles of x’ and x”/, we get
p(x") - p(x') <&,

from where the conclusion. O

Problem 7.96. Let f : RP — R be a function and M C RP be a closed set. Consider the
problem
min f(x), x € M.

Suppose that x is a solution of this problem and that f is locally Lipschitz of constant
L > 0 around Xx. Let ¢ : R? — [0, oo) with ¢(X) = 0 a lower semicontinuous function.
Show that one and only one of the following holds:
(i) there exists A > 0 such that X is a local minimum without constraints for f + Ap;
(ii) there exists (zn)pene C RP \ M, zn — X such that for every n € N*, the mapping

x5 @(x) +nt||x - zn||
attains its minimum at zn,.

Solution We can have one and only one of the following possibilities:
— there exists a neighborhood V of X and a > 0 such that for every x € V,

ap(x) = d(x, M);
— there exists x, — X such that

2n@(xn) < d(xn, M).

In the first situation, let & > 0 such that B(x, a) C UN V, where U is the neighborhood
of X where the Lipschitz condition holds and where X is a minimum point.
For every x € B(x, a/3) there exists u € M with

Ix —ull <2d(x, M) <2 ||x-X] .
Hence, in particular,
lu-x| < flu-x|| +[x-X| <3[x-X| <a.

Then
fG) =2 fw)-Lju-x|=f(x)-2Lap(x)

so we are in the first alternative of the conclusion.
In the second situation, since ¢ has positive values, (x,) ¢ R” \ M and

@(xn) < ienﬂgp e(x) + 2 n"td(xn, M).
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We take € := 27'n"*d(x,, M) > 0 and § := 27*d(x,, M), and we apply Ekeland Varia-
tional Principle to ¢ for the e-minimum x,,. We infer that there exists z, € R? with

@(zn) < (xn) < 0" d(xn, M)

|zn = Xnl| < 271d(xn, M)

©(zn) < @) + N7V ||x - zn||, VX € RP.
The last relation shows that for every n € N” the mapping x — @(x) + n™! ||x — z4||
attains its minimum at z,. Moreover,

llzn = XI| < [|zn = Xn|| + [|Xn = X||
< d(xn, M) + ||xn —X|| £ 2|1 Xn = X]| ,
whence z, — X. If we would have z, € M, then
120 = Xn|| < 27 d(Xn, M) < d(Xn, M) < ||Zn = Xn]|,

which is a contradiction. The solution is now complete. O

Let us remark that Problem 7.96 is a generalization of Theorem 4.3.2.

Exercise 7.97. Consider the function f : R*> — R given by f(x, y) := |x1| - |x2| . Prove
that

0¢f(0,0) = conv {(-1,-1), (-1, 1),(1,-1),(1, 1)} .

Solution The formula can be deduced in a similar manner to Example 5.1.9, taking into
account formula (5.1.8). |

Other useful properties of the Clarke tangent and the normal cones are contained
in the next exercise.

Problem 7.98. Letf, g : RP — R belocally Lipschitz functions around Xx. The following
hold:
()f-g:RP - R, given by (f - g)(x) := f(x) - g(x) for every x is locally Lipschitz
around x, and
oc(f - 8)(x) C g()Acf(X) + f(X)0cg(X). (7.4.10)
If, moreover, f(x) = 0 and g(x) = O for every x, and f and g are both regular, then fg
is regular and equality holds in (7.4.10).
(ii) Suppose g(x) # O for every x. Then the function é : RP — R, given by
f ) f(x) ) L _
= | (x) := == for every x is locally Lipschitz around X and
( g ) ) fi y y Lip.
(7.4.11)
If, moreover, f(x) = 0 and g(x) > O for every x, and f and -g are both regular, then g is
regular and equality holds in (7.4.11).

I ()« RS - FRIcs®)
oc(p) 00 TG,
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Solution For (i), take h : R?> — R given by h(x1, x2) := X1 - X2. Then Theorem 5.1.18
applies, and one has the conclusion. The proof of (ii) is similar. |

Problem 7.99. Let fi, ..., fix : RP — R be locally Lipschitz functions around x. Then
the function h : R? — R given as

h(x) := max {f1(x), ..., fi(x) }

is locally Lipschitz around x and

dch(x) c conv U ocfi(x),
icA(x)

where, A(x) = {i €1,k|h(x) = ﬁ(x)} denotes the set of active indices at x.

Solution Observe that h = g o f, where f : R? — R¥is f(x) = (fi(x), ..., fi(x)) and
g : R¥ » Ris g(y) = max{y1, ..., yx} . Since f and g are locally Lipschitz, one may
apply Theorem 5.1.18.

Observe moreover that, since g is convex, its Clarke subdifferential coincides with
the convex subdifferential, i.e.,

0cg(f(0) = ag(f(x))
= {neRE Mt et = 1 A0 + e+ Mefil) 2 HOO |
= {neRE Mt et = 1, AR + e+ Meficl) = RO}
= {n e R¥ | n;i=0ifi ¢ A0, n1+---+nk=1}-
From (5.1.17), we get that

k
och(x) c clconv{ac M) I neRk, ni=0ifi ¢ A(x), Zni = 1}

i=1

=clconV{6c (Z rzifi(X)) |20, Zm=1}
)

ic€Ax) icA(x
C clconv Z niocfi(x) | n; = 0, Z ni=1;,.
i€AM) icA()
Since ), AG) n;ocfi(x) from above is a convex combination of the sets d¢f;(x) for

i € A(x), each of one being convex and compact, one gets the desired conclusion. [

Problem 7.100. Suppose A; C RP and A, C R? are two sets, and take x, ¢ Ay,
x> € A,. Prove that

Tc(Ar x Az, (x1,x2)) = Tc(Ar, x1) x Te(Az, x2)
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and
Nc(A1 x Az, (x1,x2)) = Nc(A1, x1) x Nc(A2, x2)

Solution The first equality follows easily from the characterization given by Theorem
5.1.25 (ii). Then the second equality follows by polarity. O

Problem 7.101. Consider a nonempty set A C R? and x € A. Define the indicator
functionof Aasiy : RP — R U {+co},

) 0, ifxeA
ta () "{ o, ifx¢A.

Prove that
Orta(X) = Np(4,X%)

and
opa(x) = 0714(%) = Ny(A, X).

Solution It follows from the fact that epi14 = A x[0, o), hence by Proposition 5.2.3 (vi)
NF(epi la, (Y’ O)) = NF(A’ Y) X (_00, 0]

and
Ny (epiiy, (X,0)) = Ny(A, X) x (—oo, 0]. O

Exercise 7.102. Consider the sets in R> given by
A={(t,p,9)|(p,q) € [(0,0),(cost,sint)] },

Q- {(t,p, q) | (p,q) € coneD ((cos t,sint), ?)} .

Compute the Fréchet and the Mordukhovich normal cones to these sets at (0, 0, 0).

Solution Observe first that the set A can be equivalently written as

x(u,v)=u
y(u,v)=vcosu, uecR,vel0,1].
z(u,v) =vsinu

Our intention is to compute the Fréchet normal cone to the set A using its equal-
ity to Tg(4, (x, y, 2))". Consider hence points (xo, yo, zo) from A close to (0, 0, 0). If
(x0, Y0, z0)issuch thatv € (0, 1), then the Fréchet normal cone to this point is the cone
generated by the normal vector to the surface, whose expression is (-v, — sin u, cos u).
In fact, it is the line

(7.4.12)

-V —sinu cosu

{(x,y,z)eR3 | X-u _y-veosu =Z—vsmu}.
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When (xn, yn, zn) — (0, 0, 0), it means that the corresponding (un, vn) — (0, 0),
which gives, when passing to the limit when considering elements from the set (7.4.12),
the line {0} x {0} xR, i.e., the Oz axis. Remark also that, for the point (xo, yo, o) € A4,
the Bouligand tangent cone is the tangent plane to the surface at (xo, yo, zo) translated
to (0, 0, 0). This plane is

{(x,y,z) eR3|-vx-ysinu+zcosu = O} . (7.4.13)

Consider now (xo, Yo, zo) € A is such that v = 0, i.e., points of the type (u, 0, 0).
In this case, the Bouligand tangent cone is the half-plane obtained by taking y = 0 in
the equation (7.4.13):

P:= {(X,y,z) eR?|-ysinu+zcosu=0, y= 0} .
In this case, the Fréchet normal cone is P, i.e.,
{(x,y,z) eR}|x=0, ycosu+zsinu =0, ysO}.

When (xn, yn, zn) — (0, 0, 0), one has again (un, vn) — (0, 0), hence passing to the
limit when taking elements from the previous set one obtains the half-plane

{(x,y,2) e R’ | x =0, y <0}
In conclusion,
Ny(A,(0,0,0) = {(x,y,2) e R’ | x =0, y <0}

Remark also that the structure of Q and the calculus of Ny (Q, (0, 0, 0)) are some-
how similar. This is because Q is bounded by two helicoids, given parametrically as

x(u,v)=u x(u,v)=u
(Hy):{ y(u,v)=vcos (u + %) » and (H,): { Y, v)=vcos (u - %) ,
z(u,v) = vsin (u+%) z(u,v) = vsin (u—%)

both parametrized for u € R, v = 0.
Taking points from (H;) or (H>) such that v > 0, one gets the normal cones

(x,y Z)€R3|x—u=y_VCOS(Ui%) =Z—vsin(ui%)
Ys -V —sin(ui%) cos (ur%) )

which tend when (u, v) — (0, 0) to the lines

{(0,y,y) |y e R} and {(0,y,-y) |y e R}.
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When (xo, Yo, 2z0) € Q is such that v = 0, then

—ysin(u+%)+zcos(u+%)s0
T5(Q, (x0, Y0, 20) =S (X, ¥,2) € R’| _ysin (u- " I
B 05 Y05 20 y ysm(u 4)+zcos(u 4)20
y=0
and
x=0
b4 . b4
ycos(u+—)+zsin{u+-—-)<0
NF(Q5 (X07 )/O,ZO)) = (X) y,Z) € R3 | ( 74[:; . ( #; 0
-— )+ -—) =
ycos(u 4 zsm(u 4
y<0
Passing to the limit for (u, v) — (0, 0), one gets
Nu(Q,(0,0,0) = {(x,y,2) e R’ |x=0, y<0, y < z<-y}. O

Problem 7.103. Letf, g : R? — R be Lipschitz around x € R?.
() If or(-f(x)g)(x) # 0, then

dHf-®c () [N -],
£E0r QM)

which holds with equality if g is Fréchet differentiable at x.
(i) If g(x) # 0, and if or(f(X)g)(X) # 0, then

\ N [0r(8()f)(X) - &1
aF () (X) C — )
§ §€ar(f(X)g)(x) (02

which holds with equality if g is Fréchet differentiable at X.
Solution (i) Define F : R? — R? and G : R? — R by

F(x) := (f(x),g(x)) and G(y1,y2):=y1-Y2.

Then f - g = G o F, hence one can apply the chain rule from Theorem 5.2.36 to get
that
or(f - 8)(%) = 0r(G o F)(X) = 0r (§, F) (%),

where & € VG(y), since G is Fréchet differentiable at y := (f(x), g(x)). Moreover,
VG(y) = (¥,, ), hence we have from above that

Or(f - 8)(X) = 0r(V,f +¥,8)(X) = 0F [8(X) - f - (-f(2)) - 8] (),

which gives, using Theorem 5.2.33, the conclusion.
The proof of (ii) is similar. |
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Problem 7.104. Let fi,...,fi : R? — R be some functions, and x € RP. Then the
function g : R? — R given as

g(x) :=min {fi(x), ..., i®)} , Vx € RP

satisfies

org(x) C ﬂ orfi(x),

i€AX)
where A(X) = { icl,klgk= fi(Y)} denotes the set of active indices at X.
Solution Take ¢ € dpg(x). Hence for any € > 0, one can find § > 0 such that
(§,x-%) <g) - g() +ex-X|
whenever ||x — X|| < 6. For such x, for any i € A(x), one has

(&, x-%) <g(x)-gx) +e|x-X|
=g(xX) - fix) +e|x-X|
<fi0) - fix) +e|Ix - x|,

which gives us that ¢ € opf;(%). O
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List of Notations

Operations and Symbols

Sets and Spaces

*

FOoNZ2ZS

RP,p €N

B(x,r)
D(x, 1)
S(x, 1)
intA
clA
bd A
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equal by definition
scalar product
cartesian product
x converges to x

x — xwithx e A

x — X with f(x) — f(x)
sequence (xp) has the limit x

x — X with (xp) C A

limit (for sequences or functions)
lower limit

upper limit

Euclidean norm of R?, p > 1
modulus (on R)

end of proof/solution

empty set

set of natural numbers

N\ {0}

set of integers

set of rational numbers

set of real numbers
p-dimensional Euclidean space
positive orthant of RP

open ball of center x and radius r
closed ball of center x and radius r
sphere of center x and radius r
interior of the set A

closure of the set A

boundary of the set A
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conv A
cone A
A-
Tg(A, X)
Tc(A,X)
N(A,X)
N3p(4, X)
N¢(A,X)
Nr(A,X)
Ny(A,x)
of ()
ocf()
orf(x)
ouf(x)
0=°f(x)
pry X
rank A
At Xt
dim X

Functions

f:A—B
f1

fog

grf

epif

Nof
dom f
Ker T
Imf
VIx)
V(X)

F

dg, d(-,A)
Ay

Se

convex hull of the set A

conic hull of the set A

polar of the set A

Bouligand tangent cone to A at x
Clarke tangent cone to A at x

normal cone to the convex set A at x
Bouligand normal cone to A at x
Clarke normal cone to A atx

Fréchet normal coneto A atx
Mordukhovich normal cone to A at x
convex subdifferential of f at X
Clarke subdifferential of f at x
Fréchet subdifferential of f at x
Mordukhovich subdifferential of f at X
singular subdifferential of f at X
projection set of x on A

rank of the matrix A

transpose of the matrix A/vector x
dimension of the linear (sub)space X

function from A to B

inverse of f

composition of functions

graph of f

epigraph of f

v-level set of f

domain of f

kernel of the linear operator T

image of the mapping f

gradient of f atx

second order differential of f at x
conjugate of f

distance function to the set A

oriented distance function to the set A
Gerstewitz (Tammer) scalarization functional
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approximate solution, 82
asymptotic cone, 29

Bouligand tangent cone, 23

Clarke normal cone, 149
Clarke tangent cone, 149
cone, 18

conic hull, 28

convex hull, 28

convex set, 18

extremal system, 178

Fréchet normal cone, 160
function

—coercive, 81

- continuous, 7

— contraction, 53

—convex, 30

- differentiable, 10
—Lipschitz, 8

—locally Lipschitz, 122
—lower semicontinuous, 74
— strictly convex, 37
—support, 133

—uniformly continuous, 8
—upper semicontinuous, 74
—weak contraction, 58

Hessian matrix, 12

inequality

— Carlemman, 50
—Holder, 45

—Hardy, 47
—Hermite-Hadamard, 42
—Jensen, 40

- Kantorovici, 51
—mean, 44

— Minkowski, 45
-Young, 45

Jacobian matrix, 11

Lagrangian, 97

least squares method, 113
Mordukhovich normal cone, 160

polar set, 21

projection
—Mangasarian-Fromovitz, 20
proximal point algorithm, 212

qualification condition, 98

- Guignard, 102

—linear independence, 102

- Mangasarian-Fromovitz, 102
- quasiregularity, 102

- Slater, 108

saddle point, 99

set

—closed, 2

—compact, 2

- of critical directions, 109
—-open, 2

solution, 78

speed of convergence

- Aitken acceleration method, 202
—line search algorithm, 208
—Newton method, 203

- Picard iterations, 198

- quadratic programming, 209
strict local solution, 89
subdifferential

- Clarke, 135

- convex, 120

- Fréchet, 167
—Mordukhovich, 169

theorem

- Banach fixed point Principle, 54
- barrier method, 219

- Beardon, 69

- Cantor, 8

- Carathéodory, 28

—Cauchy, 4

—Cauchy Rule, 14

—Cesaro Lemma, 3
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- Ekeland Variational Principle, 83 - Leibniz-Newton, 16

—exact extremal principle, 179 - Lyusternik-Graves, 73

- Farkas Lemma, 21 —Open Mapping Principle, 71

- Fermat, 13 - penalization principle: global case, 148
—Fermat rule for Clarke calculus, 142 - penalization principle: local case, 126

- Picard, 66

- Pshenichnyi-Rockafellar, 127

- Rockafellar, 154

—Rolle, 13

—Rolle Sequence, 14

- Second-order necessary optimality condition,
87

- separation of convex sets, 120

- Hahr.1-l.3anachj 10 - Stolz-Cesaro Criterion, 5
- Implicit Function Theorem, 13 —sum rule

—Karush-Kuhn-Tucker: convex case, 130 — Clarke subdifferential, 141
— Karush-Kuhn-Tucker: smooth case, 96

—Fermat rule for Mordukhovich calculus, 174

— First-order necessary optimality condition, 86
— Fritz John: Clarke calculus case, 156

— Fritz John: convex case, 128

— Fritz John: Mordukhovich calculus case, 193

— Fritz John: smooth case, 92

—Graves, 72

- convex subdifferential, 124

- Knaster, 62 - Fréchet subdifferential, 185
- L’Hopital Rule, 14 - Mordukhovich subdifferential, 185
—Lagrange, 13 —Weierstrass, 8

—Lagrange and Taylor, 12
—Lebourg, 142 unit simplex, 27



