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Preface
This book aims to provide a thorough introduction to smooth and nonsmooth

(convex and nonconvex) optimization theory on �nite dimensional normed vector
spaces (Rp spaces with p ∈ N \ {0}). We present several important achievements
of nonlinear analysis that motivate optimization problems and o�er deeper insights
into the further developments. Many of the results in this book hold in more general
normed vector spaces, but the fundamental ideas of the theory are similar in every
setting. We chose the framework of �nite dimensional vector spaces since it o�ers the
possibility to simplify some of the proofs and permits an intuitive understanding of
the main ideas.

This book is intended to support courses of optimization and/or nonlinear anal-
ysis for undergraduate students, but we hope that graduate students in pure and ap-
plied mathematics, researchers and engineers could also bene�t from it. We base our
hopes on the following �ve facts:
– This book is largely self-contained: the prerequisites are themain facts of the clas-

sical di�erential calculus for functions of several real variables and linear algebra.
They are recalled in the �rst chapter, so that this book can be then used without
other references.

– We give necessary (and sometimes su�cient) optimality conditions in several
cases of regularity for each problems’ data: in the case of smooth functions, con-
vex nonsmooth functions, and locally Lipschitz nonconvex functions in order to
cover a large part of optimization theory.

– We present many deep results of nonlinear analysis under natural assumptions
and proofs.

– Basic theoretical algorithms and their e�ective implementation in Matlab, to-
gether with the results of these numerical simulations are presented, and this
shows both the power and practical applicability of the theory.

– An extended chapter of problems and their solutions gives the reader the possi-
bility to solidify theoretical facts and to have a better understanding on various
aspects of the main results in this book.

It should be clearly stated that we do not claim any originality in this monograph,
but the selection and the organization of the material re�ects our point of view on
optimization theory. Based on our scienti�c and teaching criteria, the material of this
book is organized into seven chapters which we brie�y describe here.

The �rst chapter is introductory and �xes the general framework, the notations
and the prerequisites.

The second chapter contains several concepts and results of nonlinear analysis
which are essential to the rest of the book. Convex sets and functions, cones, the Bouli-
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gand tangent cone to a set at a point are studied, and we give complete proofs of fun-
damental results, among which Farkas Lemma, Banach Principle of �xed point and
Graves Theorem.

The third chapter is the �rst one fully dedicated to optimization problems; it
presents in detail the main aspects of the theory for the case of smooth data. We
present general necessary and su�cient optimality conditions of �rst and second-
order for problems with di�erentiable cost functions and with geometrical or smooth
functional constraints. We arrive at the famous Karush-Kuhn-Tucker optimality con-
ditions and we investigate several quali�cation conditions needed in this celebrated
result.

The fourth chapter concerns the case of convex nonsmooth optimization prob-
lems.We introduce here, in compensation for themissing di�erentiability, the concept
of the subgradient and we deduce, in this setting, necessary optimality conditions in
Fritz John and Karush-Kuhn-Tucker forms.

The �fth chapter generalizes the theory. We work with functions that are neither
di�erentiable nor convex, but are locally Lipschitz. This is a good setting to present
Clarke and Mordukhovich generalized di�erentiation calculus, which �nally allows
us to arrive, once again, at optimality conditions with similar formulations as in the
previous two chapters.

The sixth chapter is dedicated to the presentation of some basic algorithms for
smooth optimization problems.We showMatlab code that accurately approximate the
solutions of some optimization problems or related nonlinear equations.

The seventh chapter contains more than one hundred exercises and problems
which are organized according to main themes of the book: nonlinear analysis,
smooth optimization, nonsmooth optimization.

In our presentation we used several important monographs as follows: for the-
oretical expositions we mainly used (Zălinescu 1998; Pachpatte 2005; Nocedal and
Wright 2006;Niculescu andPersson 2006; Rădulescu et al. 2009;Mordukhovich 2006;
Hiriart-Urruty 2008; Clarke 2013; Cârjă 2003;), while for examples, problems and ex-
ercises we used (Pedregal 2004; Nocedal and Write, 2006; Isaacson and Keller 1966;
Hiriart-Urruty 2009; Hestenes 1975; Forsgren et al. 2002; Clarke, 1983) and (Bazaraa
et al. 2006). Finally, for the Matlab numerical simulations we used (Quarteroni and
Saleri 2006).

In the case of the Ekeland Variational Principle, which was obtained in 1974 in
the framework of general metric spaces, and whose original proof was based on an
iteration procedure, the simpler proof for the case of �nite dimensional vector spaces
we present here was obtained in 1983 by J.-B. Hiriart-Urruty in (Hiriart-Urruty 1983).
The very simple and natural proof of Farkas Lemma that is given in this book is based
on the paper of D. Bartl (Bartl 2012) and on a personal communication to the authors
from C. Zălinescu. The Graves theorem is taken from (Cârjă 2003).
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Of course, the main reference for convex analysis is the celebrated R. T. Rockafel-
lar monograph (Rockafellar 1970), but we also used the books (Niculescu and Pers-
son 2006; Zălinescu 1998) and (Zălinescu 2002). For the section concerning the �xed
points for function of real variable, we used several problems presented in (Radulescu
et al. 2009).

For the section dedicated to the generalized Clarke calculus, we used the mono-
graphs (Clarke 1983; Clarke 2013; Rockafellar and Wets 1998). Theorem 5.1.32 is taken
from (Rockafellar 1985). For the second part of Chapter 5, dedicated to Mordukhovich
calculus, we mainly used (Mordukhovich 2006). The calculus rules for the Fréchet
subdi�erential of di�erence of functions, as well as the chain rule for the Fréchet sub-
di�erential were taken from (Mordukhovich et al. 2006).

Many of the optimization problems given as exercises are taken from (Hiriart-
Urruty 2008) and (Pedregal 2004), but (Hiriart-Urruty 2008) was used aswell for some
other theoretical examples such as the second problem from Section 3.4 or the Kan-
torovich inequality. The rather complicated proof of the fact that theMangasarian Fro-
movitz condition is a quali�cation condition is taken from (Nocedal and Write 2006)
which is used as well for presenting the su�cient optimality conditions of second
order in Section 3.3. The Hardy and Carleman inequalities correspond to material in
(Pachpatte 2005).

Chapter 6 is dedicated to numerical algorithms. We used the monographs: (Isaac-
son andKeller 1966) (for the convergence of Picard iterations and theAitkenmethods),
(Nocedal andWrite 2006) (for the Newton and the SQPmethods). For the presentation
of the barrier method, we used (Forsgren et al. 2002).

Acknowledgements: We would like to thank Professor Vicenţiu Rădulescu, who
kindly showedus the opportunity towrite this book. Then, our thanks are addressed to
dr. Aleksandra Nowacka-Leverton, Managing Editor to De Gruyter Open, for her sup-
port during the preparation of themanuscript, and to the Technical Department of De
Gruyter Open, for their professional contribution to the �nal form of the monograph.
We also take this opportunity to thank our families for their endless patience during
the many days (including weekends) of work on this book.

01.10.2014 Marius Durea
Iaşi, Romania Radu Strugariu
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1 Preliminaries

The aim of this chapter is to introduce the notations, notions and results which
will be useful in subsequent chapters. The results will be given without proof as they
refer to basic notions of mathematical analysis, di�erential calculus and linear alge-
bra.

1.1 Rp Space

Let N be the set of natural numbers and N* := N\ {0} . Take p ∈ N*. We denote by R
the set of real numbers and we introduce the set

Rp := {(x1, x2, ..., xp) | xi ∈ R, ∀i ∈ 1, p}.

This set canbe organized as a p dimensional real vector space,with respect to the stan-
dard operations de�ned as follows: for every x = (x1, x2, ..., xp), y = (y1, y2, ..., yp) ∈
Rp and every a ∈ R

x + y := (x1 + y1, x2 + y2, ..., xp + yp) ∈ Rp ,
ax := (ax1, ax2, ..., axp) ∈ Rp .

Recall that the canonical base in Rp is the set {e1, ..., ep} , where for any i ∈ 1, p,
ei := (0, ..., 1, ..., 0), and 1 is placed on the i−th coordinate. In some situations, when
there is no risk of confusion, we will use the notation with subscript indices of the
components.Wewill extend these operations also for sets: if A, B ⊂ Rp are nonempty,
α ∈ R \ {0} and C ⊂ R is nonempty, one de�nes A + B := {a + b | a ∈ A, b ∈ B},
αA := {αa | a ∈ A}, CA := {αa | α ∈ C, a ∈ A}, A − B := A + (−1)B.

One can consider an element x of Rp as a matrix of dimension 1 × p. The corre-
sponding transposed matrix will be denoted by xt . Also, one de�nes the usual scalar
product of two vectors x, y ∈ Rp by

〈x, y〉 :=
p∑
i=1

xiyi = xyt .

Moreover, Rp can be seen as a normed vector space (in particular, as a metric space)
endowed with the Euclidean norm ‖·‖ : Rp → R+ given by

‖x‖ :=
√
〈x, x〉 =

√√√√ p∑
i=1

(xi)2.

It is easy to prove that for every x, y ∈ Rp , the next relation (the parallelogram law)
holds

‖x + y‖2 + ‖x − y‖2 = 2 ‖x‖2 + 2 ‖y‖2 .
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The angle between two vectors x, y ∈ Rp \ {0} is the value θ ∈ [0, π] given by

cos θ := 〈x, y〉
‖x‖ ‖y‖ .

The open (closed) ball and the sphere centered at x ∈ Rp with radius ε > 0 are given,
respectively, by:

B(x, ε) := {x ∈ Rp | ‖x − x‖ < ε},

D(x, ε) := {x ∈ Rp | ‖x − x‖ ≤ ε},

and
S(x, ε) := {x ∈ Rp | ‖x − x‖ = ε}.

One says that a subset A ⊂ Rp is bounded if it is contained in an open ball centered
in the origin i.e., if there exists M > 0 such that A ⊂ B(0,M).

A neighborhood of an element x ∈ Rp is a subset of Rp which contains an open
ball centered in x. We denote by V(x) the class of all neighborhoods of x. Let us sum-
marize some facts:
– A subset of Rp is open if it is empty or it is neighborhood for all of its points.
– A subset of Rp is closed if its complement with respect to Rp is open.
– An element a is an interior point of the set A ⊂ Rp if A is a neighborhood of a. We

denote by intA the interior of A (i.e., the set of all interior points of A).
– An element a is an accumulation point (or a limit point) of A ⊂ Rp if every neigh-

borhood of a has at least one element in commonwith the set Awhich is di�erent
from a. We denote by A′ the set of all limit points of A. If a ∈ A \ A′, one says that
a is an isolated point of A.

– An element a is an adherent point (or a closure point) of A ⊂ Rp if every neigh-
borhood of a has at least one element in common with the set A. We will use the
notations clA and A to denote the closure of A (i.e., the set of all the adherent
points of A).

– A subset of Rp is compact if it is bounded and closed.

We denote by bdA the set clA \ intA = clA ∩ cl(Rp \ A) and we call it the boundary of
A.

Proposition 1.1.1. (i) A subset of Rp is open if and only if it coincides with its interior.
(ii) A subset of Rp is closed if and only if it coincides with its closure.

De�nition 1.1.2. One says that a function f : N → Rp is a sequence of elements from
Rp .

The value of the function f in n ∈ N, f (n), is denoted by xn (or yn , zn , ...), and the
sequence de�ned by f is denoted by (xn) (respectively, by (yn), (zn), ...).

De�nition 1.1.3. A sequence is bounded if the set of its terms is bounded.
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De�nition 1.1.4. One says that (yk) is a subsequence of (xn) if for every k ∈ N, one has
yk = xnk , where by (nk) one denotes a strictly increasing sequence of natural numbers
(i.e., nk < nk+1 for every k ∈ N).

De�nition 1.1.5. One says that a sequence (xn) ⊂ Rp is convergent (or converges) if
there exists x ∈ Rp such that

∀ V ∈ V(x), ∃nV ∈ N, ∀n ≥ nV : xn ∈ V .

The element x is called the limit of (xn).

If it exists, the limit of a sequence is unique.
Wewill use the notations xn → x, lim

n→∞
xn = x or, simpli�ed, lim xn = x to formalize

the previous de�nition.

Proposition 1.1.6. A sequence (xn) is convergent to x ∈ Rp if and only if

∀ε > 0, ∃nε ∈ N, ∀n ≥ nε : ‖xn − x‖ < ε.

Proposition 1.1.7. The sequence (xn) ⊂ Rp converges to x ∈ Rp if and only if the
coordinate sequences (xin) converge (in R) to xi for every i ∈ 1, p.

Proposition 1.1.8. A sequence is convergent to x ∈ Rp if and only if all of its subse-
quences are convergent to x.

Proposition 1.1.9. Every convergent sequence is bounded.

Proposition 1.1.10 (Characterization of the closure points using sequences). Con-
sider A ⊂ Rp. A point x ∈ Rp is a closure point of A if and only if there exists a sequence
(xn) ⊂ A such that xn → x.

Proposition 1.1.11. The set A ⊂ Rp is closed if and only if every convergent sequence
from A has its limit in A.

Proposition 1.1.12. The set A ⊂ Rp is compact if and only if every sequence from A has
a subsequence which converges to a point of A.

Theorem 1.1.13 (Cesàro Lemma). Every bounded sequence contains a convergent sub-
sequence.

De�nition 1.1.14. One says that (xn) ⊂ Rp is a Cauchy sequence or a fundamental
sequence if

∀ε > 0, ∃nε ∈ N, ∀n,m ≥ nε : ‖xn − xm‖ < ε.

The above de�nition can be reformulated as follows: (xn) is a Cauchy sequence if:
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∀ε > 0, ∃nε ∈ N, ∀n ≥ nε , ∀p ∈ N : ‖xn+p − xn‖ < ε.

Theorem 1.1.15 (Cauchy). The space Rp is complete, i.e., a sequence from Rp is con-
vergent if and only if it is a Cauchy sequence.

The next results are speci�c to the case of real sequences.

De�nition 1.1.16. One says that a sequence (xn) of real numbers is increasing (strictly
increasing, decreasing, strictly decreasing) if for every n ∈ N, xn+1 ≥ xn (xn+1 > xn ,
xn+1 ≤ xn , xn+1 < xn). If (xn) is either increasing or decreasing, then it is calledmonotone.

Let R := R ∪ {−∞, +∞} be the set of extended real numbers. A neighborhood of +∞
is a subset of R which contains an interval of the form (x, +∞], where x ∈ R. The
neighborhoods of −∞ are de�ned in a similar manner.

De�nition 1.1.17. (i) One says that the sequence (xn) ⊂ R has the limit equal to +∞ if

∀V ∈ V(+∞), ∃nV ∈ N, ∀n ≥ nV : xn ∈ V .

(ii) One says that the sequence (xn) ⊂ R has the limit equal to −∞ if

∀V ∈ V(−∞), ∃nV ∈ N, ∀n ≥ nV : xn ∈ V .

Proposition 1.1.18. (i) A sequence (xn) ⊂ R has the limit equal to +∞ if and only if

∀A > 0, ∃nA ∈ N, ∀n ≥ nA : xn > A.

(ii) A sequence (xn) ⊂ R has the limit equal to −∞ if and only if

∀A > 0, ∃nA ∈ N, ∀n ≥ nA : xn < −A.

Proposition 1.1.19. Let (xn), (yn), (zn) be sequences of real numbers, x, y ∈ R and n0 ∈
N. Then:

(i) (Passing to the limit in inequalities) if xn → x, yn → y and xn ≤ yn for every
n ≥ n0, then x ≤ y;

(ii) (The boundedness criterion) if |xn − x| ≤ yn for every n ≥ n0, and yn → 0, then
xn → x;

(iii) if xn ≥ yn for every n ≥ n0, and yn → +∞, then xn → +∞;
(iv) if xn ≥ yn for every n ≥ n0, and xn → −∞, then yn → −∞;
(v) if (xn) is bounded and yn → 0, then xnyn → 0;
(vi) if xn ≤ yn ≤ zn for every n ≥ n0, and xn → x, zn → x, then yn → x;
(vii) xn → 0⇔ |xn| → 0⇔ x2

n → 0.

We now present some fundamental results in the theory of real sequences.
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Theorem 1.1.20. Every monotone real sequence has its limit in R. Moreover, if the se-
quence is bounded, then it is convergent, as follows: if it is increasing, then its limit is the
supremum of the set of its terms, and if it is decreasing, the limit is the in�mum of the set
of its terms. If it is unbounded, then its limit is either +∞ if the sequence is increasing, or
−∞ if the sequence is decreasing.

Theorem 1.1.21 (Weierstrass theorem for sequences). If (xn) is a bounded and mono-
tone sequence of real numbers, then (xn) is convergent.

De�nition 1.1.22. Let (xn)n≥0 be a sequence of real numbers. An element x ∈ R is called
a limit point of (xn) if there exists a subsequence (xnk ) of (xn) such that x = lim

k→∞
xnk .

We �nalize this section with two useful convergence criteria.

Proposition 1.1.23. Let (xn) be a sequence of strictly positive real numbers such that
there exists lim xn+1

xn
= x. If x < 1, then xn → 0, and if x > 1, then xn → +∞.

Proposition 1.1.24 (Stolz-Cesàro Criterion). Let (xn) and (yn) be real sequences such
that (yn) is strictly increasing and its limit is equal to +∞. If there exists lim xn+1 − xn

yn+1 − yn
=

x ∈ R, then lim xn
yn

exists and is equal to x.

1.2 Limits of Functions and Continuity

In this section, we expand on some issues related to the concepts of limit and conti-
nuity for functions. Let p, q ∈ N*.

De�nition 1.2.1. Let f : A → Rq , A ⊂ Rp and a ∈ A′. One says that the element l ∈ Rq

is the limit of the function f at a, if for every V ∈ V (l) , there exists U ∈ V (a) such that
if x ∈ U ∩ A, x ≠ a, then f (x) ∈ V . We will denote this situation by lim

x→a
f (x) = l.

Theorem 1.2.2. Let f : A → Rq , A ⊂ Rp and a ∈ A′. The next assertions are equiva-
lent:

(i) lim
x→a

f (x) = l;
(ii) for every B (l, ε) ⊂ Rq , there exists B (a, δ) ⊂ Rp such that if x ∈ B (a, δ) ∩ A,

x ≠ a, then f (x) ∈ B (l, ε) ;
(iii) for every ε > 0, there exists δ > 0, such that if ‖x − a‖ < δ, x ∈ A, x ≠ a, then

‖f (x) − l‖ < ε;
(iv) for every ε > 0, there exists δ > 0, such that if |xi − ai| < δ for every i ∈ 1, p,

where x = (x1, x2, .., xp) ∈ A, a = (a1, a2, .., ap) , x ≠ a, then ‖f (x) − l‖ < ε;
(v) for every sequence (xn) ⊂ A \ {a} , xn → a implies that f (xn)→ l.
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Theorem 1.2.3. Let f : A → Rq , A ⊂ Rp , l ∈ Rq and a ∈ A′. If the function f has the
limit l at a, then this limit is unique.

Remark 1.2.4. If there exist two sequences
(
x′n
)
,
(
x′′n
)
⊂ A \ {a} , x′n → a, x′′n → a

such that f (x′n) → l′, f (x′′n ) → l′′ and l′ ≠ l′′, then the limit of the function f at a ∈ A′

does not exist.

Theorem 1.2.5. Let f : A → Rq , A ⊂ Rp , f = (f1, f2, ..., fq) and a ∈ A′. Then f has
the limit l = (l1, l2, ..., lq) ∈ Rq at a if and only if there exists lim

x→a
fi (x) = li , for every

i ∈ 1, q.

De�nition 1.2.6. Let a ∈ R, A ⊂ R and denote As = A∩ (−∞, a], Ad = A∩ [a, ∞). One
says that the element a is a left (right) accumulation point for A, if it is an accumulation
point for As (Ad , respectively). We will denote the set of left (right) accumulation points
of A by A′s (A′d , respectively).

De�nition 1.2.7. Let f : A → Rq , A ⊂ R and a be a left (right) accumulation point of
A. One says that the element l ∈ Rq is the left-hand (right-hand) limit of the function f
in a if for every neighborhood V ∈ V (l) there exists U ∈ V(a), such that if x ∈ U ∩ As
(x ∈ U ∩Ad , respectively), x ≠ a, then f (x) ∈ V . In this case we will write lim

x→a,x<a
f (x) =

l, or lim
x→a−

f (x) = l, or lim
x↑a
f (x) = l ( lim

x→a,x>a
f (x) = l, or lim

x→a+
f (x) = l, or lim

x↓a
f (x) = l,

respectively).

Theorem 1.2.8. Let I ⊂ R be an open interval, f : I → Rq , and a ∈ I. Then there exists
lim
x→a

f (x) = l if and only if the left-hand and the right-hand limits of f at a exist and they
are equal. In this case, all three limits are equal:

lim
x→a−

f (x) = lim
x→a+

f (x) = l.

Awell-known result says that themonotone real functions admit lateral limits at every
accumulation point of their domains.

Theorem 1.2.9 (The boundedness criterion). Let f : A → Rq , g : A → R, A ⊂ Rp

and a ∈ A′. If there exist l ∈ Rq and U ∈ V (a) such that ‖f (x) − l‖ ≤ |g (x)| for every
x ∈ U \ {a} , and lim

x→a
g (x) = 0, then there exists lim

x→a
f (x) = l.

Theorem 1.2.10. Let f , g : A ⊂ Rp → Rq , and a ∈ A′. If lim
x→a

f (x) = 0 and there exists
U ∈ V (a) such that g is bounded on U, then there exists the limit lim

x→a
f (x) g (x) = 0.

Theorem 1.2.11. Let f : A ⊂ Rp → Rq , and a ∈ A′. If there exists lim
x→a

f (x) = l, l > 0
(l < 0), then there exists U ∈ V (a) such that for every x ∈ U∩A, x ≠ a, one has f (x) > 0
(respectively, f (x) < 0).
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Theorem 1.2.12. Let f : A ⊂ Rp → Rq , and a ∈ A′. If there exists lim
x→a

f (x) = l, then
there exists U ∈ V (a) such that f is bounded on U (i.e., there exists M > 0 such that for
every x ∈ U, one has ‖f (x)‖ ≤ M).

De�nition 1.2.13. Let f : A ⊂ Rp → R and a ∈ A′. One says that the function f
has the limit equal to +∞ (respectively, −∞) at a, if for every V ∈ V (+∞) (respectively,
V ∈ V (−∞)), there exists U ∈ V (a) such that for every x ∈ U ∩ A, x ≠ a, one has
f (x) ∈ V . In this case, we will write lim

x→a
f (x) = +∞ (respectively, lim

x→a
f (x) = −∞).

Theorem 1.2.14. Let f : A ⊂ Rp → R and a ∈ A′. Then there exists lim
x→a

f (x) = +∞
(respectively, lim

x→a
f (x) = −∞) if and only if for every ε > 0, there exists δ > 0, such that

if ‖x − a‖ < δ, x ∈ A, x ≠ a, one has f (x) > ε (respectively, f (x) < −ε).

De�nition 1.2.15. Let f : A ⊂ R→ Rq , such that +∞ (respectively, −∞) is an accumu-
lation point of A. One says that the element l ∈ Rq is the limit of f at +∞ (respectively,
−∞), if for every V ∈ V (l) , there exists U ∈ V (+∞) (respectively, U ∈ V (−∞)) such
that for every x ∈ U ∩ A, one has f (x) ∈ V . In this case, we will write lim

x→+∞
f (x) = l

(respectively, lim
x→−∞

f (x) = l).

Theorem 1.2.16. Let f : A ⊂ R → Rq , such that +∞ (respectively, −∞) is an accumu-
lation point of A. Then there exists lim

x→+∞
f (x) = l (respectively, lim

x→−∞
f (x) = l) if and only

if for every ε > 0, there exists δ > 0, such that if x > δ (respectively, x < −δ), x ∈ A, one
has ‖f (x) − l‖ < ε.

De�nition 1.2.17. Let f : A ⊂ Rp → Rq , and a ∈ A. One says that the function f
is continuous at a if for every V ∈ V(f (a)), there exists U ∈ V(a) such that for every
x ∈ U ∩ A, one has f (x) ∈ V .

If the function f is not continuous at a, one says that f is discontinuous at a, or that a
is a discontinuity point of the function f .

Theorem 1.2.18. Let f : A ⊂ Rp → Rq , and a ∈ A′ ∩ A. The function f is continuous
at a if and only if lim

x→a
f (x) = f (a). If a is an isolated point of A, then f is continuous at a.

Theorem 1.2.19. Let f : A ⊂ Rp → Rq , and a ∈ A. The next assertions are equivalent:
(i) f is continuous at a;
(ii) (ε − δ characterization) for every ε > 0, there exists δ > 0, such that if ‖x − a‖ <

δ, x ∈ A, then
∥∥f (x) − f (a)

∥∥ < ε;
(iii) (sequential characterization) for every (xn) ⊂ A, xn → a, one has f (xn) →

f (a).
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Theorem 1.2.20. The image of a compact set through a continuous function is a com-
pact set.

Theorem 1.2.21 (Weierstrass Theorem). Let K be a compact subset ofRp. If f : K → R
is a continuous function, then f is bounded and it attains its extreme values on the set K
(i.e., there exist a, b ∈ K, such that sup

x∈K
f (x) = f (a) and inf

x∈K
f (x) = f (b)).

De�nition 1.2.22. Let f : D ⊂ Rp → Rq. One says that the function f is uniformly
continuous on the set D if for every ε > 0, there exists δ > 0, such that for every x′, x′′ ∈ D
with

∥∥x′ − x′′∥∥ < δ, one has
∥∥f (x′) − f (x′′)∥∥ < ε.

Remark 1.2.23. Every function which is uniformly continuous on D is continuous on D,
i.e., it is continuous at every point of D.

Theorem 1.2.24 (Cantor Theorem). Every function which is continuous on a compact
set K ⊂ Rp and takes values in Rq is uniformly continuous on K.

De�nition 1.2.25. Let L ≥ 0 be a real number. One says that a function f : A ⊂ Rp →
Rq is Lipschitz on A with modulus L, or L−Lipschitz on A, if

∥∥f (x) − f (y)
∥∥ ≤ L ‖x − y‖,

for every x, y ∈ A.

Proposition 1.2.26. Every Lipschitz function on A ⊂ Rp is uniformly continuous on A.

Theorem 1.2.27. Let I ⊂ R be an interval. If f : I → R is injective and continuous, then
f is strictly monotone on I.

De�nition 1.2.28. Let I ⊂ R be an interval. One says that the function f : I → R
has the Darboux property if for every a, b ∈ I, a < b and every λ ∈ (f (a), f (b)) or
λ ∈ (f (b), f (a)), there exists cλ ∈ (a, b) such that f (cλ) = λ.

Theorem 1.2.29. Let I ⊂ R be an interval. If the function f : I → R has the Darboux
property and there exist a, b ∈ I, a < b, such that f (a)f (b) < 0, then the equation
f (x) = 0 has at least one solution in (a, b).

Theorem 1.2.30. Let I ⊂ R be an interval. The function f : I → R has the Darboux
property if and only if for every interval J ⊂ I, f (J) is an interval.

Theorem 1.2.31. Let I ⊂ R be an interval. If f : I → R is continuous, then f has the
Darboux property.
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Recall that every linear operator T : Rp → Rq is continuous. For such amap, one uses
the constant

‖T‖ := inf{M > 0 | ‖Tx‖ ≤ M ‖x‖ , ∀x ∈ Rp}

= sup
{
‖Tx‖ | x ∈ D(0, 1)

}
.

Themapping T 7→ ‖T‖ satis�es the axioms of a norm, therefore it is called the norm of
the operator T . Consequently, the set of linear operators fromRp toRq is a real normed
vector space,with respect to theusual algebraic operations and to thenormpreviously
de�ned. This space is denoted by L(Rp ,Rq) and can be isomorphically identi�ed with
Rpq . Every operator T ∈ L(Rp ,Rq) can be naturally associated with a q × p matrix,
denoted by AT = (aji)j∈1,q,i∈1,p , as follows: if (ei)i∈1,p and (e′i)i∈1,q are the canonical
bases of the spacesRp andRq , respectively, then (aji)j∈1,q,i∈1,p are the coordinates of
the expressions of the images of the elements (ei)i∈1,p through T with respect to the
basis (e′i)i∈1,q , i.e.,

T(ei) =
q∑
j=1

ajie′j , ∀i ∈ 1, p.

Consequently, T 7→ AT is an isomorphism of linear spaces between L(Rp ,Rq) and the
space of real q × p matrices. Also, for every x ∈ Rp :

T(x) = (ATxt)t .

Moreover, for every x ∈ Rp and y ∈ Rq , one has that〈
(ATxt)t , y

〉
=
〈
x, (AtTyt)t

〉
.

If A is a q×pmatrix, then the linear operator associatedwith A is surjective if and only
if the map associated with At is injective.

Recall also that if T : Rp → Rq is a linear operator, then its kernel,

Ker(T) := {x ∈ Rp | T(x) = 0},

is a linear subspace of Rp , and its image,

Im(T) := {T(x) | x ∈ Rp},

is a linear subspace of Rq . Moreover,

p = dim(Ker(T)) + dim(Im(T)),

where by dim we denote the algebraic dimension.

From the theory of linear algebra, one knows that if A is a symmetric square ma-
trix of order p, then its eigenvalues are real and, moreover, there exists an orthogonal
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matrix B (i.e., BBt = BtB = I) such that BtAB is the diagonal matrix having the eigen-
values on its main diagonal. Recall that, as usual, I denotes the identity matrix.

One says that a matrix A as above is positive semide�nite if
〈

(Axt)t , x
〉
≥ 0 for

every x ∈ Rp , and positive de�nite if
〈

(Axt)t , x
〉
> 0 for every x ∈ Rp \ {0}. Actually,

A is positive de�nite if and only if it is positive semide�nite and invertible.

We end this section by mentioning the celebrated result of Hahn-Banach. Recall
that a function f : Rp → R is called sublinear if it is positive homogeneous (i.e.,
f (αx) = αf (x) for all α ≥ 0 and x ∈ Rp) and subadditive (i.e., f (x + y) ≤ f (x) + f (y) for
all x, y ∈ Rp).

Theorem 1.2.32 (Hahn-Banach). Let X be a linear subspace of Rp , χ : Rp → R be a
sublinear function, and φ0 : X → R be a linear function. If φ0(x) ≤ χ(x) for every x ∈ X,
then there exists a linear function φ : Rp → R such that φ

∣∣
X = φ0 and φ(x) ≤ χ(x) for

every x ∈ Rp .

1.3 Di�erentiability

De�nition 1.3.1. Let f : D ⊂ Rp → Rq and a ∈ intD. One says that f is Fréchet
di�erentiable (or, simply, di�erentiable) at a if there exists a linear operator denoted by
∇f (a) : Rp → Rq such that

lim
h→0

f (a + h) − f (a) −∇f (a)(h)
‖h‖ = lim

x→a

f (x) − f (a) −∇f (a)(x − a)
‖x − a‖ = 0.

The map∇f (a) is called the Fréchet di�erential of the function f at a.

The previous relation is equivalent to the following conditions:

∀ε > 0, ∃δ > 0, ∀x ∈ B(a, δ) :
∥∥f (x) − f (a) −∇f (a)(x − a)

∥∥ ≤ ε ‖x − a‖ ;

∃α : D − {a} → Rq : lim
h→0

α(h) = α(0) = 0,

f (a + h) = f (a) +∇f (a)(h) + ‖h‖ α(h), ∀h ∈ D − {a}.

One says that f : D ⊂ Rp → Rq is of class C1 on the open set D if f is Fréchet
di�erentiable on D and ∇f is continuous on D. Obviously, f can be written as f =
(f1, f2, ..., fq), where fi : Rp → R, i ∈ 1, q and, in general, the map∇f (a) ∈ L(Rp ,Rq)
will be identi�ed to the q × p matrix

∂f1
∂x1 (a) ∂f1

∂x2 (a) · · · ∂f1
∂xp (a)

∂f2
∂x1 (a) ∂f2

∂x2 (a) · · · ∂f2
∂xp (a)

...
...

. . .
...

∂fq
∂x1 (a) ∂fq

∂x2 (a) · · · ∂fq
∂xp (a)


,
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called the Jacobian matrix of f at the point a, where ∂fi∂xj (a) is the partial derivative of
the function fi with respect to the variable xj at a.

We will subsequently refer several times to the Jacobian matrix instead of the dif-
ferential. Based on a general result, if f : D ⊂ Rp → Rp and a ∈ intD, ∇f (a) is an
isomorphism of Rp if and only if the Jacobian matrix of f at a is invertible.

The next calculus rules hold.
– Let f : Rp → Rq be an a�ne function, i.e., it takes the form f (x) := g(x) + u for

every x ∈ Rp , where g : Rp → Rq is linear, and u ∈ Rq. Then for every x ∈ Rp ,
∇f (x) = g.

– Let f : Rp → R be of the form f (x) = 1
2
〈

(Axt)t , x
〉

+ 〈b, x〉 , where A is a symmetric
square matrix of order p, and b ∈ Rp . Then for every x ∈ Rp , ∇f (x) = (Axt)t + b.

– Let D ⊂ Rp , E ⊂ Rq , x ∈ intD, y ∈ int E and f , g : D → Rq , φ : D → R,
h : E → Rk.
– If f , g are di�erentiable at x, and α, β ∈ R, then the function αf + βg is di�er-

entiable at x and

∇(αf + βg)(x) = α∇f (x) + β∇g(x).

– If f , φ are di�erentiable at x, then φf is di�erentiable at x at

∇(φf )(x) = φ(x)∇f (x) + f (x)∇φ(x),

where
(
f (x)∇φ(x)

)
(x) := ∇φ(x)(x) · f (x).

– (Chain rule) If f (D) ⊂ E, y = f (x), f is di�erentiable at x and h is di�erentiable
at y, then h ◦ f is di�erentiable at x and

∇(h ◦ f )(x) = ∇h(y) ◦ ∇f (x).

A casewhichdeserves special attention is p = 1. In this case one says that f is derivable
at a if there exists

lim
h→0

f (a + h) − f (a)
h ∈ Rq . (1.3.1)

One denotes this limit by f ′(a) and it is called the derivative of f at a.

Proposition 1.3.2. Let f : D ⊂ R→ Rq and a ∈ intD. The next assertions are equiva-
lent:

(i) f is derivable at a;
(ii) f is Fréchet di�erentiable at a.

In every one of these cases,∇f (a)(x) = xf ′(a) for every x ∈ R.

Let r ∈ N*. If f : D ⊂ Rp × Rq → Rr , and (a, b) ∈ intD is �xed, one de�nes
D1 := {x ∈ Rp | (x, b) ∈ D} and f1 : D1 → Rr , f1(x) := f (x, b). One says that f is
Fréchet di�erentiable with respect to x at a if f1 is Fréchet di�erentiable at a, and in
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this case the di�erential is denoted by∇x f (a, b). If f is di�erentiable at (a, b), then f
is di�erentiable with respect to x and y at a and b, respectively, and

∇x f (a, b) = ∇f (a, b)(·, 0), ∇y f (a, b) = ∇f (a, b)(0, ·).

In the general case, one says that f : D ⊂ Rp → Rq is twice Fréchet di�erentiable
at a ∈ intD if f is Fréchet di�erentiable on a neighborhood V ⊂ D of a and ∇f :
V → L(Rp ,Rq) is Fréchet di�erentiable at a, i.e., there exists a functional denoted by
∇2f (a), from the space L2(Rp ,Rq) := L(Rp , L(Rp ,Rq)), and α : D − {a} → L(Rp ,Rq),
such that limh→0 α(h) = α(0) = 0 and for every h ∈ D − {a}, one has

∇f (a + h) = ∇f (a) +∇2f (a)(h, ·) + ‖h‖ α(h).

Recall that the space L2(Rp ,Rq) mentioned above can be identi�edwith the space
of bilinear maps from Rp ×Rp to Rq .

One says that f is of class C2 on the open set D if it is twice Fréchet di�erentiable
on D and∇2f : D → L2(Rp ,Rq) is continuous.

Theorem 1.3.3. Let f : D ⊂ Rp → Rq and a ∈ intD. If f is twice Fréchet di�erentiable
at a, then∇2f (a) is a symmetric bilinear map.

In the case when q = 1, the map ∇2f (a) is de�ned by the symmetric square matrix

H(a) =
(

∂2f
∂xi∂xj (a)

)
i,j∈1,p

, which is called the Hessian matrix of f at a. Moreover,〈(
H(a)ut

)t , v〉 = ∇2f (a)(u, v) for every u, v ∈ Rp , i.e.,

∇2f (a)(u, v) =
n∑

i,j=1

∂2f
∂xi∂xj (a)uivj .

If a, b ∈ Rp , one de�nes the closed and the open line segments between a and b
as follows:

[a, b] := {αa + (1 − α)b | α ∈ [0, 1]},
(a, b) := {αa + (1 − α)b | α ∈ (0, 1)}.

Theorem 1.3.4 (Lagrange and Taylor Theorems). Let U ⊂ Rp be an open set, f : U →
R and a, b ∈ U with [a, b] ⊂ U . If f is of class C1 on U, then there exists c ∈ (a, b) such
that

f (b) = f (a) +∇f (c)(b − a).

If f is of class C2 on U, then there exists c ∈ (a, b) such that

f (b) = f (a) +∇f (a)(b − a) + 1
2∇

2f (c)(b − a, b − a).
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Theorem 1.3.5 (Implicit Function Theorem). Let D ⊂ Rp ×Rq be an open set, h : D →
Rq be a function and x ∈ Rp , y ∈ Rq be such that:

(i) h(x, y) = 0;
(ii) the function h is of class C1 on D;
(iii)∇yh(x, y) is invertible.
Then there exist two neighborhoods U and V of x and y, respectively, and a unique

continuous function φ : U → V such that:
(a) h(x, φ(x)) = 0 for every x ∈ U;
(b) if (x, y) ∈ U × V and h(x, y) = 0, then y = φ(x);
(c) φ is di�erentiable on U and

∇φ(x) = −[∇yh(x, φ(x))]−1∇xh(x, φ(x)), ∀x ∈ U .

Some fundamental results from the theory of di�erentiability of the real functions are
brie�y given at the end of this section.

In the case p = q = 1 one can apply Proposition 1.3.2. It is also sensible to speak of
the existence of the derivative at points of the domain which are accumulation points
of it: consider the limit from the relation (1.3.1) at accumulation points. Moreover, as in
the case of the lateral limits, one can speak about the left and right-hand derivatives,
by considering the lateral limits in the expression from relation (1.3.1). When they ex-
ist, we will call these limits the left, and the right-hand derivatives of the function f at
a and we will denote them by f ′−(a) and f ′+(a), respectively.

De�nition 1.3.6. Let A ⊂ R and f : A → R. One says that a ∈ A is a local minimum
(maximum) point for f if there exists a neighborhood V of a such that f (a) ≤ f (x) (re-
spectively, f (a) ≥ f (x)), for every x ∈ A ∩ V . One says that a point is a local extremum if
it is a local minimum or a local maximum.

Theorem 1.3.7 (Fermat Theorem). Let I ⊂ R be an interval and a ∈ int I. If f : I → R
is derivable at a, and a is a local extremum point for f , then f ′(a) = 0.

Theorem 1.3.8 (Rolle Theorem). Let a, b ∈ R, a < b, and f : [a, b]→ R be a function
which is continuous on [a, b], derivable on (a, b), and satis�es f (a) = f (b). Then there
exists c ∈ (a, b) such that f ′(c) = 0.

Theorem 1.3.9 (Lagrange Theorem). Let a, b ∈ R, a < b, and f : [a, b] → R be a
function which is continuous on [a, b], derivable on (a, b). Then there exists c ∈ (a, b)
such that f (b) − f (a) = f ′(c)(b − a).

Proposition 1.3.10. Let I ⊂ R be an interval and f : I → R be derivable on I.
(i) If f ′(x) = 0 for every x ∈ I, then f is constant on I.
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(ii) If f ′(x) > 0 (respectively, if f ′(x) ≥ 0) for every x ∈ I, then f is strictly increasing
(respectively, it is increasing) on I.

(iii) If f ′(x) < 0 (respectively, if f ′(x) ≤ 0), for every x ∈ I, then f is strictly decreasing
(respectively, it is decreasing) on I.

Theorem 1.3.11 (Rolle Sequence). Let I ⊂ R be an interval and f : I → R be a deriv-
able function. If x1, x2 ∈ I, x1 < x2 are consecutive roots of the derivative f ′ (i.e.,
f ′(x1) = 0, f ′(x2) = 0 and f ′(x) ≠ 0 for any x ∈ (x1, x2)) then:

(i) if f (x1)f (x2) < 0, the equation f (x) = 0 has exactly one root in the inter-
val (x1, x2);

(ii) if f (x1)f (x2) > 0, the equation f (x) = 0 has no roots in the interval (x1, x2);
(iii) if f (x1) = 0 or f (x2) = 0, then x1 or x2 is a multiple root of the equation f (x) = 0

and this equation has no other root in the interval (x1, x2).

Theorem 1.3.12 (Cauchy Rule). Let I ⊂ R be an interval and f , g : I → R, a ∈ I, which
satisfy:

(i) f (a) = g(a) = 0;
(ii) f , g are derivable at a;
(iii) g′(a) ≠ 0.

Then there exists V ∈ V(a) such that g(x) ≠ 0, for any x ∈ V \ {a} and

lim
x→a

f (x)
g(x) = f ′(a)

g′(a) .

Theorem 1.3.13 (L’Hôpital Rule). Let f , g : (a, b)→ R, where −∞ ≤ a < b ≤ ∞. If:
(i) f , g are derivable on (a, b) with g′ ≠ 0 on (a, b);
(ii) there exists lim

x→a
x>a

f ′(x)
g′(x) = L ∈ R;

(iii) lim
x→a
x>a

f (x) = lim
x→a
x>a

g(x) = 0 or

(iii)’ lim
x→a
x>a

g(x) = ∞,

then there exists lim
x→a

f (x)
g(x) = L.

Theorem 1.3.14. Let I ⊂ R be an open interval, f : I → R be a n−times derivable
function at a ∈ I, (n ∈ N, n ≥ 2), such that

f ′(a) = 0, f ′′(a) = 0, ..., f (n−1)(a) = 0, f (n)(a) ≠ 0.

(i) If n is even, then a is an extremum point, more precisely: a local maximum if
f (n)(a) < 0, and a local minimum if f (n)(a) > 0.

(ii) If n is odd, then a is not an extremum point.
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1.4 The Riemann Integral

At the end of this chapter we discuss the main aspects concerning the Riemann inte-
gral. Let a, b ∈ R, a < b.

De�nition 1.4.1. (i) A partition of the interval [a, b] is a �nite set of real numbers
x0, x1, ..., xn (n ∈ N*), denoted by ∆, such that

a = x0 < x1 < ... < xn−1 < xn = b.

(ii) The norm of the partition ∆ is the number

‖∆‖ := max{xi − xi−1 | i ∈ 1, n}.

(iii) A tagged partition of the interval [a, b] is a partition ∆, together with a �nite set
of real numbers Ξ := {ξi | i ∈ 1, n}, such that ξi ∈ [xi−1, xi] for any i ∈ 1, n. The set Ξ
is called the intermediate points system associated to ∆.

(iv) Let f : [a, b] → R be a function. The Riemann sum associated to a tagged
partition of the interval [a, b] is

S(f , ∆, Ξ) :=
n∑
i=1

f (ξi)(xi − xi−1).

De�nition 1.4.2. Let f : [a, b]→ Rbea function. One says that f is Riemann integrable
on [a, b] if there exists I ∈ R such that for every ε > 0, there exists δ > 0 such that for
any partition ∆ of the interval [a, b] with the property ‖∆‖ < δ, and for any intermediate
points system Ξ associated to ∆, the next inequality holds:∣∣S(f , ∆, Ξ) − I

∣∣ < ε.
The real number I from the previous de�nition,which is unique, is called the Riemann
integral of f an [a, b] and is denoted by

b∫
a

f (x)dx.

Theorem 1.4.3. Any function which is Riemann integrable on [a, b] is bounded on
[a, b].

De�nition 1.4.4. Let f : [a, b]→ R be a function. One says that a function F : [a, b]→
R is an antiderivative (or, equivalently, a primitive integral, or an inde�nite integral) of
f on [a, b] if F is derivable on [a, b] and F′(x) = f (x) for any x ∈ [a, b].

If an antiderivative exists for a given function, then in�nitely many antiderivatives
exist for that function and the di�erence of any two such antiderivatives is a constant.

The next result is sometimes called the fundamental theorem of calculus.
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Theorem 1.4.5 (Leibniz-Newton). If f : [a, b]→ R is Riemann integrable on the inter-
val [a, b] and it admits an antiderivative F on [a, b], then

b∫
a

f (x)dx = F(b) − F(a).

Continuous functions satisfy both hypotheses of the preceding theorem.

Theorem 1.4.6. If f : [a, b] → R is continuous on [a, b], then f is Riemann integrable
on [a, b] and it admits antiderivatives on [a, b].

Theorem 1.4.7. If f : [a, b]→ R is bounded and has a �nite set of discontinuity points,
then f is Riemann integrable on [a, b]. Every function which is monotone on [a, b] is
Riemann integrable on [a, b].

We present now the main properties of the Riemann integral.

Theorem 1.4.8. (i) If f , g : [a, b]→ R are Riemann integrable on [a, b], and α, β ∈ R,
then αf + βg is Riemann integrable on [a, b] and

b∫
a

(αf (x) + βg(x))dx = α
b∫
a

f (x)dx + β
b∫
a

g(x)dx.

(ii) If f : [a, b] → R is Riemann integrable on [a, b], and m ≤ f (x) ≤ M for every
x ∈ [a, b] (m,M ∈ R), then

m(b − a) ≤
b∫
a

f (x)dx ≤ M(b − a).

In particular, if f (x) ≥ 0 for every x ∈ [a, b], then

b∫
a

f (x)dx ≥ 0,

and if f , g : [a, b]→ R are Riemann integrable and f (x) ≤ g(x) for every x ∈ [a, b], then

b∫
a

f (x)dx ≤
b∫
a

g(x)dx.

(iii) If f : [a, b]→ R is Riemann integrable on [a, b], then |f | is Riemann integrable
on [a, b].

(iv) If f , g : [a, b] → R are Riemann integrable [a, b], then f · g is Riemann inte-
grable on [a, b].
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Theorem 1.4.9. (i) If f : [a, b]→ R is Riemann integrable on [a, b], then f is Riemann
integrable on every subinterval of [a, b].

(ii) If c ∈ (a, b) and f is Riemann integrable on [a, c] and on [c, b], then f is Rie-
mann integrable on [a, b] and

b∫
a

f (x)dx =
c∫

a

f (x)dx +
b∫
c

f (x)dx.

Theorem 1.4.10. Let f : [a, b] → R be a function, and f * : [a, b] → R be another
function which coincides with f on [a, b], except on a �nite set of points. If f * is Riemann
integrable on [a, b], then f is Riemann integrable on [a, b] and

b∫
a

f (x)dx =
b∫
a

f *(x)dx.

Theorem 1.4.11 (integration by parts). If f , g : [ a, b ]→ R are C1functions, then

b∫
a

f (x)g′(x) dx = f (x)g(x)| ba −
b∫
a

f ′(x)g(x) dx.

Theorem 1.4.12 (change of variable). Let φ : [a, b] → [c, d] be a C1 function, and let
f : [c, d]→ R be a continuous function. Then

b∫
a

f (φ(t)) · φ′(t) dt =
φ(b)∫
φ(a)

f (x) dx. (1.4.1)

We end this section by the next multidimensional variant of Taylor Theorem. In what
follows, the equality is understood on components (i.e., for every function fi : Rp →
R, i = 1, p, where f = (f1, ..., fp)).

Theorem 1.4.13. Suppose f : Rp → Rp is continuously di�erentiable on some convex
open set D and that x, x + y ∈ D. Then there is t ∈ (0, 1) such that

f (x + y) = f (x) +
1∫

0

∇f (x + ty)(y) dt.
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2 Nonlinear Analysis Fundamentals

In this chapter we study convex sets and functions, convex cones, the Bouligand
tangent cone to a set at a point, and semicontinuous functions.We prove fundamental
results, which will be themain investigation tools in subsequent chapters. The Farkas
Lemma and its consequences will be decisive for establishing optimality conditions
in Karush-Kuhn-Tucker form, while the Banach �xed point Principle will be used for
discussing some optimization algorithms. We also study some important inequalities
related to the study of convex functions.

2.1 Convex Sets and Cones

De�nition 2.1.1. One says that a nonempty set D ⊂ Rp is convex if for every x, y ∈ D,

[x, y] = {αx + (1 − α)y | α ∈ [0, 1]} ⊂ D.

In other words, D is convex if and only if together with two points a1, a2, it contains
the whole segment [a1, a2]. It is su�cient to take α ∈ (0, 1). By mathematical in-
duction one can show that if D is convex, then for every n ∈ N*, x1, x2, ..., xn ∈ D,
α1, α2, ..., αn ∈ [0, 1] with

∑n
i=1 αi = 1 :

n∑
i=1

αixi ∈ D.

A sum like the one above is called a convex combination of the elements (xi). InR, the
convex sets are intervals.

One of the main objects for our study is de�ned next.

De�nition 2.1.2. A nonempty subset K ⊂ Rp is a cone if the next relation holds:

∀y ∈ K, ∀λ ∈ R+ := [0,∞) : λy ∈ K.

According to the de�nition, every cone contains the origin.

Proposition 2.1.3. A cone C is convex if and only if C + C = C.

Proof Suppose �rst that C is a convex cone. As 0 ∈ C, it is clear that C ⊂ C + C. Let
u ∈ C + C. Then there exist c1, c2 ∈ C such that c1 + c2 = u. But, using the properties
of C and the obvious relation

u = 2
(

2−1c1 + 2−1c2

)
,
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one can deduce that u ∈ C. For the converse implication, suppose that C is a cone
which satis�es C + C = C. Fix α ∈ (0, 1) and c1, c2 ∈ C. Then, from the cone property
of C, one knows that αc1, (1 − α)c2 ∈ C, therefore αc1 + (1 − α)c2 ∈ C + C = C, which
ends the proof. �

De�nition 2.1.4. Let A ⊂ Rp be a nonempty set and x ∈ Rp . One de�nes the distance
from x to A by the relation:

d(x, A) := inf{‖x − a‖ | a ∈ A}.

We also consider the function dA : Rp → R given by

dA(x) := d(x, A).

We now introduce some basic properties of the distance from a point to a
(nonempty) set.

Theorem 2.1.5. Let A ⊂ Rp , A ≠ ∅. Then:
(i) d (x, A) = 0 if and only if x ∈ clA.
(ii) The function dA is 1−Lipschitz.
(iii) If A is closed, then for every x ∈ Rp , there exists ax ∈ A such that d (x, A) =

‖x − ax‖ . If, moreover, A is convex, then ax having the previous property is unique and
it is characterized by the relations{

ax ∈ A
〈x − ax , u − ax〉 ≤ 0, ∀u ∈ A.

Proof (i) The following equivalences hold

d (x, A) = 0⇔ inf
a∈A
‖x − a‖ = 0

⇔ ∃ (an) ⊂ A with lim
n→∞

‖x − an‖ = 0⇔ x ∈ A.

(ii) For every x, y ∈ Rp and every a ∈ A, these relations hold:

d (x, A) ≤ ‖x − a‖ ≤ ‖x − y‖ + ‖y − a‖ .

As a is taken arbitrary from A, one deduces

d (x, A) ≤ ‖x − y‖ + d (y, A) ,

i.e.,
d (x, A) − d (y, A) ≤ ‖x − y‖ .

By reversing the roles of x and y, one has:

|d (x, A) − d (y, A)| ≤ ‖x − y‖ ,
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which is the desired conclusion.
(iii) If x ∈ A, then ax := x is the unique element having the previously introduced

property. Let x ∈ ̸ A. As d(x, A) is a real number, there exists r > 0 such that A1 :=
A ∩ D (x, r) ≠ ∅. Since A1 is a compact set and the function g : A1 → R, g (y) =
d (x, y) is continuous, according to Weierstrass Theorem, g attains its minimum on
A1, i.e., there exists ax ∈ A1 with g (ax) = infy∈A1 g (y) = d(x, A1). Now, one can check
that d (x, A1) = d (x, A) and the �rst conclusion follows. Suppose that, moreover, A
is convex. If x ∈ A, there is nothing to prove. Take x ∈ ̸ A. Consider a1, a2 ∈ A with
d (x, A) = ‖x − a1‖ = ‖x − a2‖ . Using the parallelogram law we know:∥∥(x − a1) + (x − a2)

∥∥2 +
∥∥(x − a1) − (x − a2)

∥∥2 = 2 ‖x − a1‖2 + 2 ‖x − a2‖2 ,

i.e.,
‖2x − a1 − a2‖2 + ‖a2 − a1‖2 = 4d2(x, A),

and dividing by 4 one gets∥∥∥x − a1 + a2
2

∥∥∥2
+ 4−1 ‖a2 − a1‖2 = d2(x, A).

SinceA is convex, 2−1(a1+a2) ∈ A, hence
∥∥∥x − a1 + a2

2

∥∥∥2
≥ d2(x, A). This relation and

theprevious equality show that ‖a2 − a1‖ = 0, hence a1 = a2. Theproof of uniqueness
is now complete. Let us prove now that ax veri�es the relation 〈x − ax , u − ax〉 ≤ 0 for
any u ∈ A. For this, take u ∈ A. Then for every α ∈ (0, 1], one has

v = αu + (1 − α)ax ∈ A.

Hence,
‖x − ax‖ ≤

∥∥x − αu − (1 − α)ax
∥∥ =

∥∥x − ax − α(u − ax)
∥∥ ,

and, consequently,

‖x − ax‖2 ≤ ‖x − ax‖2 − 2α 〈x − ax , u − ax〉 + α2 ‖u − ax‖2 .

After reducing terms and dividing by α > 0, we can see that

0 ≤ −2 〈x − ax , u − ax〉 + α ‖u − ax‖2 .

If we let α → 0, the desired inequality follows. For the converse, if an element a ∈ A
satis�es 〈x − a, u − a〉 ≤ 0 for any u ∈ A, then for every v ∈ A one has

‖x − a‖2 − ‖x − v‖2 = 2 〈x − a, v − a〉 − ‖a − v‖2 ≤ 0,

hence a coincides with ax . The proof is now complete. �

In the case when A is closed, then for x ∈ Rp one denotes the projection set of x
on A by

prA x :=
{
a ∈ A | d(x, A) = ‖x − a‖

}
.
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If, moreover, A is convex, then, according to the above theorem, this set consists of
only one element, which we still denote by prA x, and we call this the projection of x
on A.

Let S ⊂ Rp be a nonempty set. The polar of S is the set

S− := {u ∈ Rp | 〈u, x〉 ≤ 0, ∀x ∈ S}.

It is easy to observe that S− is a closed convex cone and that, in general, S ⊂ (S−)−. If
we consider the reverse inclusion, the next result follows.

Theorem 2.1.6. Let C ⊂ Rp be a closed convex cone. Then C = (C−)−.

Proof Consider z ∈ (C−)− and z = prC z. We will prove that z = z. From the last part of
Theorem 2.1.5, for any c ∈ C, one has

〈z − z, c − z〉 ≤ 0.

As 0 ∈ C and 2z ∈ C, we deduce

− 〈z, z − z〉 ≤ 0, 〈z, z − z〉 ≤ 0

hence
〈z − z, c〉 ≤ 0

for every c ∈ C, i.e., z − z ∈ C−. As z ∈ (C−)−, one gets

〈z, z − z〉 ≤ 0.

But
‖z − z‖2 = 〈z − z, z〉 − 〈z − z, z〉 ≤ 0

which means that z = z, so z ∈ C. This establishes the theorem. �

Example 2.1.7. 1. Consider S = {(x, 0) ∈ R2 | x ≥ 0}. One can observe that S− =
{(x, y) ∈ R2 | x ≤ 0}. Obviously, (S−)− = S−.

2. The polar of R2
+ := {(x, y) ∈ R2 | x, y ≥ 0} is R2

− := {(x, y) ∈ R2 | x, y ≤ 0}. The
polar of the set S = {(x, 0) ∈ R2 | x ≥ 0} ∪ {(0, y) ∈ R2 | y ≥ 0} is also R2

−. From this
example one can see that, in general, S−1 = S−2 does not imply S1 = S2.

The next result, which has an algebraic character, it was obtained by the Hungarian
mathematician Julius Farkas in 1902.

Theorem 2.1.8 (Farkas’ Lemma). Let n ∈ N*, (φi)i∈1,n ⊂ L(Rp ,R) and φ ∈ L(Rp ,R).
Then

∀x ∈ Rp : [φ1(x) ≤ 0, . . . , φn(x) ≤ 0]⇒ φ(x) ≤ 0 (2.1.1)

if and only if there exists (αi)i∈1,n ⊂ [0,∞) such that φ =
∑n

i=1 αiφi .
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Proof The converse implication is obvious. We prove the other one by induction for
n ≥ 1. De�ne the proposition P(n) which says that for every φ, φ1, . . . , φn ∈ L(Rp ,R)
satisfying (2.1.1), there exist (αi)i∈1,n ⊂ [0,∞) such that φ =

∑n
i=1 αiφi .

Let us prove that P(1) is true. Indeed, let φ, φ1 ∈ L(Rp ,R) such that

φ1(x) ≤ 0⇒ φ(x) ≤ 0.

If φ = 0 then, obviously, φ = 0φ1. Suppose φ ≠ 0. Then, by the assumption:

φ1(x) = 0⇔ [φ1(x) ≤ 0, φ1(−x) ≤ 0]⇒ [φ(x) ≤ 0, φ(−x) ≤ 0]⇔ φ(x) = 0,

hence Kerφ1 ⊂ Kerφ. Since φ ≠ 0, one has φ1 ≠ 0, so there exists x1 ∈ Rp with
φ1(x) = −1. Also by the assumption, φ(x) ≤ 0. Take x ∈ Rp arbitrarily. Then it is easy
to verify that

x + φ1(x)x ∈ Kerφ1,

hence
x + φ1(x)x ∈ Kerφ,

i.e.,
φ
(
x + φ1(x)x

)
= 0,

which proves that
φ(x) = −φ(x)φ1(x).

Notice that xwas arbitrarily chosen, so the desired relation is proved for α1 := −φ(x) ≥
0.

Suppose now that P(n) is true for a �xed n ≥ 1 andwewill try to prove that P(n+1)
is true.

Take φ, φ1, . . . , φn , φn+1 ∈ L(Rp ,R) such that

∀x ∈ Rp : [φ1(x) ≤ 0, . . . , φn(x) ≤ 0, φn+1(x) ≤ 0]⇒ φ(x) ≤ 0. (2.1.2)

If
∀x ∈ Rp : [φ1(x) ≤ 0, . . . , φn(x) ≤ 0]⇒ φ(x) ≤ 0, (2.1.3)

then, from P(n), there exist (αi)i∈1,n ⊂ [0,∞) such that φ =
∑n

i=1 αiφi; take αn+1 := 0
and the conclusion follows.

Suppose relation (2.1.3) is not satis�ed. Then there exists x ∈ Rp such thatφ(x) > 0
and φi(x) ≤ 0 for any i ∈ 1, n. As (2.1.2) holds, φn+1(x) > 0; we may suppose (by
multiplying by the appropriate positive scalar) that φn+1(x) = 1. But

φn+1(x − φn+1(x)x) = 0, ∀x ∈ Rp ,

and from (2.1.2) we deduce

∀x ∈ Rp : [φ1(x − φn+1(x)x) ≤ 0, . . . , φn(x − φn+1(x)x) ≤ 0]⇒ φ(x − φn+1(x)x) ≤ 0.
(2.1.4)
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Take φ′i := φi −φi(x)φn+1 for i ∈ 1, n and φ′ := φ −φ(x)φn+1, and then relation (2.1.4)
becomes

∀x ∈ X : [φ′1(x) ≤ 0, . . . , φ′n(x) ≤ 0]⇒ φ′(x) ≤ 0.

As P(n) is true, there exist (αi)i∈1,n ⊂ [0,∞) such that φ′ =
∑n

i=1 αiφ
′
i . We deduce that

φ − φ(x)φn+1 =
n∑
i=1

αi
[
φi − φi(x)φn+1

]
,

hence φ =
∑n+1

i=1 αiφi , where αn+1 = φ(x) −
∑n

i=1 αiφi(x) ≥ 0 from the choice of x and
from the fact that αi ≥ 0 for any i ∈ 1, n). The proof is now complete. �

Throughout this book we shall use several di�erent concepts of tangent vectors to
a set at a point. We introduce now one of these concepts.

De�nition 2.1.9. Let M ⊂ Rp be a nonempty set and x ∈ clM. One says that a
vector u ∈ Rp is tangent in the sense of Bouligand to the set M at x if there exist
(tn) ⊂ (0,∞), tn → 0 and (un)→ u such that for any n ∈ N, one has

x + tnun ∈ M.

It is su�cient that the above inclusion holds for every n ∈ N su�ciently large.

Theorem 2.1.10. The set, denoted by TB(M, x), which contains all the tangent vectors
to the set M at x is a closed cone, which we call the Bouligand tangent cone (or the
contingent cone) to the set M at the point x.

Proof Let us prove �rst that 0 ∈ TB(M, x). If x ∈ M, then the assertion trivially
follows, because it is su�cient to take (un) constantly equal to 0. If x ∉ M, then
there exists (xn)n∈N ⊂ M such that xn → x, and we consider tn :=

√
‖xn − x‖ and

un :=
(√
‖xn − x‖

)−1
(xn − x) for every n ∈ N. Since tn → 0 and un → 0, one obtains

the conclusion.
Consider now u ∈ TB(M, x) and λ > 0. According to the de�nition, there exist

(tn) ⊂ (0,∞), tn → 0 and (un)→ u such that for every n ∈ N,

x + tnun ∈ M.

This is equivalent to
x + tn

λ (λun) ∈ M.

As
(
tn
λ

)
→ 0 and (λun) → λu, one deduces that λu ∈ TB(M, x), hence TB(M, x) is

a cone. We prove that the closure of TB(M, x) is contained in TB(M, x). Take (un) ⊂
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TB(M, x) and (un) → u. One must prove that u ∈ TB(M, x). For every n ∈ N, there
exist (tkn)k ⊂ (0,∞), tkn

k→∞→ 0 and (ukn) k→∞→ un such that for every k ∈ N,

x + tknukn ∈ M.

By using a diagonalization procedure, for every n ∈ N*, there exists kn ∈ N such that
the next relations hold:

tknn < 1
n∥∥∥uknn − un∥∥∥ ≤ 1
n .

It is easy to observe that the positive sequence (tknn )n converges to 0, and using the
inequality ∥∥∥uknn − u∥∥∥ ≤ ∥∥∥uknn − un∥∥∥ + ‖un − u‖ ,

one can deduce that (uknn )→ u. Moreover, for every n ∈ N,

x + tknn uknn ∈ M,

hence u ∈ TB(M, x) and the proof is complete. �

Our �rst example is given next.

Example 2.1.11. 1. Consider the ball M ⊂ R2, M := {(x, y) ∈ R2 | (x − 1)2 + y2 ≤ 1}.
Then TB(M, (0, 0)) = {(x, y) ∈ R2 | x ≥ 0}.

2. One can easily observe that if C ⊂ Rp is a closed cone, then TB(C, 0) = C.

Proposition 2.1.12. If ∅ ≠ M ⊂ Rp and x ∈ clM, then TB(M, x) = TB(clM, x). If
x ∈ intM, then TB(M, x) = Rp .

Proof The inclusion TB(M, x) ⊂ TB(clM, x) is obvious by the use of M ⊂ clM. Take
u ∈ TB(clM, x). There exist (tn) ⊂ (0,∞), tn → 0 and (un) → u such that for every
n ∈ N,

x + tnun ∈ clM.

Using the sequence characterization of the closure, for any �xed n, there exist (vkn)k ⊂
M such that

vkn
k→ x + tnun .

As above, for any �xed n, there exists kn ∈ N such that∥∥∥vknn − (x + tnun)
∥∥∥ ≤ t2n .

Then, one can write∥∥∥∥ vknn − xtn
− u
∥∥∥∥ ≤ ∥∥∥∥ vknn − xtn

− un
∥∥∥∥ + ‖un − u‖ ≤ tn + ‖un − u‖ ,
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hence u′n := vknn − x
tn

n→∞→ u. But

x + tnu′n = vknn ∈ M,

hence u ∈ TB(M, x). The second part of the conclusion easily follows: if x ∈ intM,
then for every u ∈ Rp and every (tn) ⊂ (0,∞), tn → 0, one has x + tnun ∈ M for any
n su�ciently large. This shows, in particular, that u ∈ TB(M, x), and the conclusion
follows. �

In general, the Bouligand tangent cone is not convex and the relation TB(M, x) =
Rp can be satis�ed, even if x ∈ ̸ intM.

Example 2.1.13. 1. Consider the set M ⊂ R2, M = {(x, y) | x ≥ 0, y = 0} ∪ {(x, y) | x =
0, y ≥ 0}. Then TB(M, (0, 0)) = M is not a convex set.

2. Let set M represent the plane domain bounded by the curve (the cardioid) which
has the parametric representation{

x = −2 cos t + cos 2t + 1
y = 2 sin t − sin 2t

, t ∈ [0, 2π].

Then TB(M, (0, 0)) = R2, but (0, 0) ∉ intM.

Figure 2.1: The cardioid.
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Proposition 2.1.14. Let A1, A2 ⊂ Rp be closed sets. Then the next relations hold:
(i) if x ∈ A1 ∩ A2, then TB(A1 ∪ A2, x) = TB(A1, x) ∪ TB(A2, x);
(ii) if x ∈ A1 ∩ A2, then TB(A1 ∩ A2, x) ⊂ TB(A1, x) ∩ TB(A2, x);
(iii) if x ∈ bdA1, then TB(bdA1, x) = TB(A1, x) ∩ TB(Rp \ A1, x).

Proof The �rst two relations easily follow, as well as the inclusion TB(bdA1, x) ⊂
TB(A1, x) ∩ TB(Rp \ A1, x) from (iii), which can be proved by using (ii) and Propo-
sition 2.1.12. Let us prove now the other inclusion from (iii). Take u ∈ TB(A1, x) ∩
TB(Rp \ A1, x). According to the de�nition, there exist (tn), (t′n) ⊂ (0,∞), tn , t′n → 0
and (un), (u′n)→ u such that for every n ∈ N,

x + tnun ∈ A1,

and
x + t′nu′n ∈ Rp \ A1.

If an in�nite number of terms from the �rst or the second relation are on the boundary
of A1, there is nothing to prove. Suppose next, without loss of generality, that for every
n ∈ N, there exists λn ∈ (0, 1) such that

λn (x + tnun) + (1 − λn)(x + t′nu′n) ∈ bdA1.

Consider the sequences

(t′′n ) := (λntn + (1 − λn)t′n) ⊂ (0,∞)

(u′′n ) := tnλn
t′′n

un + t′n(1 − λn)
t′′n

u′n .

It is clear that (t′′n )→ 0. On the other hand,∥∥u′′n − u∥∥ ≤ ‖un − u‖ +
∥∥u′n − u∥∥ ,

hence (u′′n )→ u. Since
x + t′′n u′′n ∈ bdA1,

one gets the desired conclusion. �

Denote byNB(M, x) the polar of TB(M, x) (i.e.,NB(M, x) := TB(M, x)−), andwe call
this set the Bouligand normal cone to M at x.

If the setM is convex, then theBouligand tangent andnormal cones have a special
form.

Proposition 2.1.15. Let ∅ ≠ M ⊂ Rp be a convex set and x ∈ M. Then

TB(M, x) = clR+(M − x),

and
NB(M, x) = {u ∈ Rp | 〈u, c − x〉 ≤ 0, ∀c ∈ M}.
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Proof Take c ∈ M and d := c − x. Consider (tk)k → 0. Then

x + tkd = (1 − tk)x + tkc ∈ M,

henceM − x ⊂ TB(M, x). Since TB(M, x) is a closed cone, one gets that clR+(M − x) ⊂
TB(M, x). Take u ∈ TB(M, x). Then there exist (tk) ⊂ (0,∞), tk → 0 and (uk) → u
such that for every k ∈ N,

xk: = x + tkuk ∈ M.

Hence u = limk
xk − x
tk

. But
(
xk − x
tk

)
k
⊂ R+(M − x). One can deduce that TB(M, x) ⊂

clR+(M − x). Recall that, by de�nition,

NB(M, x) = TB(M, x)− = {u ∈ Rp | 〈u, v〉 ≤ 0, ∀v ∈ TB(M, x)}.

Now, taking into account the particular form of TB(M, x), the conclusion follows. �

For a reason we make clear later on, in the case of convex sets, we do not use the
subscript B in the notation of these cones.

Example 2.1.16. Wewant to compute the tangent and normal cones, at di�erent points,
to the set M ⊂ Rp ,

M =
{
x = (x1, x2, ..., xp) ∈ Rp | xi ≥ 0, ∀i ∈ 1, p,

p∑
i=1

xi = 1
}
,

which is called the unit simplex. This set is convex and closed. According to the previous
result, for every x ∈ M,

T(M, x) = clR+(M − x)
= cl

{
u ∈ Rp | ∃α ≥ 0, x ∈ M, u = α(x − x)

}
.

Take u from the right-hand set. It is clear that, on one hand,
∑p

i=1 ui = 0, and, on the
other hand, if xi = 0, then ui ≥ 0. Denote by I(x) :=

{
i ∈ 1, p | xi = 0

}
. It follows that

T(M, x) ⊂
{
u ∈ Rp |

p∑
i=1

ui = 0 and ui ≥ 0, ∀i ∈ I(x)
}
.

Let us nowprove the reverse inclusion. It is easy to verify that the right-hand set is closed.
Take u from this set. If u = 0, then, obviously, u ∈ T(M, x). If u ≠ 0, then we must prove
that there exists α > 0 such that x+αu ∈ M. On one hand, it is clear that

∑p
i=1(xi+αui) =

1 is satis�ed for any α. If there is no i with ui < 0, then it is also easy to observe that
xi + αui ≥ 0, for any i ∈ 1, p, hence u ∈ T(M, x). Suppose that the set J of indices for
which uj < 0 is nonempty. Then J ⊂ 1, p \ I(x), hence xj > 0 for any j ∈ J. One can
choose the positive α such that

α < min{−u−1
j xj | j ∈ J},
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and again one has xi + αui ≥ 0, for any i ∈ 1, p. Hence, u ∈ T(M, x), and the double
inclusion follows.

We prove next that

N(M, x) =
{

(a, a, ..., a) ∈ Rp | a ∈ R
}

+
{
v ∈ Rp | vi ≤ 0, ∀i ∈ I(x), vi = 0, i ∈ ̸ I(x)

}
.

For this, consider the elements

a0 = (1, 1, ..., 1), a1 = −(1, 0, ..., 0), ..., an = −(0, 0, ..., 1)

and observe that T(M, x) can be equivalently written as:

T(M, x) =
{
u ∈ Rp | 〈a0, u〉 ≤ 0, 〈−a0, u〉 ≤ 0, 〈ai , u〉 ≤ 0, ∀i ∈ I(x)

}
.

The polar of this set is

N(M, x) =

αa0 − βa0 +
∑
i∈I(x)

αiai | α, β, αi ≥ 0, ∀i ∈ I(x)

 .

Indeed, the fact that the right-hand set is contained in the normal cone is obvious, and
the reverse inclusion follows from Farkas’ Lemma (Theorem 2.1.8). We now obtain the
desired form of the normal cone.

At the end of this section, we discuss the concepts of convex hull and conic hull of a
set. Let A ⊂ Rp be a nonempty set. The convex hull of A is the set

convA =
{ n∑

i=1

αixi | n ∈ N*, (αi)i∈1,n ⊂ [0,∞),
n∑
i=1

αi = 1, (xi)i∈1,n ⊂ A
}
.

It is not di�cult to see that convA is a convex set which contains A. One can easily
verify that convA is the smallest set (in the sense of inclusion) with these properties
(see Problem 7.26).

The conic hull of the set A is

coneA := [0,∞)A := {αx | α ≥ 0, x ∈ A} .

In fact, coneA is the smallest cone which contains A.
We give next two results concerning these sets. The �rst one refers to the structure

of the set convA and it is called theCarathéodory Theorem, after the nameof theGreek
mathematician Constantin Carathéodory, who proved this result in 1911 for compact
sets.

Theorem 2.1.17 (Carathéodory Theorem). Let A ⊂ Rp be a nonempty set. Then

convA =
{ p+1∑

i=1

αixi | (αi)i∈1,p+1 ⊂ [0,∞),
p+1∑
i=1

αi = 1, (xi)i∈1,p+1 ⊂ A
}
.



Convex Sets and Cones | 29

Proof Wemust prove that every element from convA can be written as a combination
of at most p + 1 elements from A. Consider x ∈ convA. According to the de�nition
of convA, x can be written as a convex combination of elements from A. Suppose,
by means of contradiction, that the minimal number of elements from A which can
form a convex combination equal to x is n > p + 1. So there exist x1, x2, ..., xn ∈ A,
α1, α2, ..., αn ∈ (0, 1) with

∑n
i=1 αi = 1 such that

∑n
i=1 αixi = x. Then the elements

(xi − xn)i=1,n−1 are linearly dependent (their number is greater than the dimension p
of the space), so there exist (λi)i=1,n−1, not all equal to 0, such that

n−1∑
i=1

λi(xi − xn) = 0,

which means
n−1∑
i=1

λixi −
( n−1∑

i=1

λi

)
xn = 0.

By denoting −
(∑n−1

i=1 λi
)

= λn , one has
∑n

i=1 λi = 0 and
∑n

i=1 λixi = 0. Then for every
t ∈ R,

x =
n∑
i=1

αixi + t
n∑
i=1

λixi =
n∑
i=1

(αi + tλi)xi

and
n∑
i=1

(αi + tλi) = 1.

As
∑n

i=1 λi = 0 and there is at least one nonzero element, there exists at least one
negative value among the numbers (λi)i∈1,n . Denote t := min{−αiλ−1

i | λi < 0}. Then
all the values (αi + tλi) are in the interval [0,∞), and the corresponding value of the
index which gives the minimum from above is zero, whence x is a convex combina-
tion of less than n elements from A, contradicting the minimality of n. Therefore, the
assumption that we made was false, and the conclusion follows. �

We now discuss the necessary conditions one needs in order that the conic hull of
a set is closed. This does not happens automatically, as one can see from the example
given by A ⊂ R2, A := {(x, y) ∈ R2 | (x − 1)2 + y2 = 1}, for which coneA = {(x, y) ∈
R2 | x > 0} ∪ {(0, 0)}.

First, one de�nes for a nonempty set A ⊂ X the asymptotic cone of A as

A∞ = {u ∈ X | ∃(tn)→ 0, ∃(an) ⊂ A, tnan → u}.

It is clear, by repeating the arguments from the case of the Bouligand tangent cone,
that A∞ is a closed cone. If A is bounded, then A∞ = {0}, and the converse also holds

(if A would contain an unbounded sequence (an), then
(

an
‖an‖

)
would also have a
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subsequence which converges to a nonzero element, which must be from A∞). Let us
observe also that if A is a cone, then A∞ = TB(A, 0) = clA.

The next result concerns decomposition.

Theorem 2.1.18. Let A ⊂ Rp be a nonempty closed set.
(i) If 0 ∈ ̸ A, then cl coneA = coneA ∪ A∞.
(ii) If 0 ∈ A, then cl coneA = coneA ∪ A∞ ∪ TB(A, 0).

Proof (i) Suppose that 0 ∉ A. It is clear that coneA ⊂ cl coneA. From the def-
inition of A∞, one also has that A∞ ⊂ cl coneA. For the reverse inclusion, take
(un) ⊂ coneA, un → u. We must prove that u ∈ coneA ∪ A∞. If u = 0, then the
relation u ∈ coneA is obvious. Suppose that u ≠ 0, then for every n ∈ N, there ex-
ist tn ≥ 0 and an ∈ A such that un = tnan. If (an) is unbounded, one can pass to a
subsequence (ank ), where ‖ank‖ → ∞. Hence tnk → 0, and u ∈ A∞. Suppose (an) is
bounded. Since 0 ∉ A and A is closed, there exists γ > 0 such that ‖an‖ ≥ γ for every
n. One can deduce that (tn) is bounded, so it converges (on a subsequence (tnk ), even-
tually) to a number t ≥ 0. If t = 0, then unk → 0 = u (a situation which is excluded at
this point of the proof). Accordingly, t > 0 and∥∥∥ank − t−1u

∥∥∥ = t−1 ‖tank − u‖ = t−1 ∥∥tnk ank − u + (t − tnk )ank
∥∥

≤ t−1 ‖tnk ank − u‖ + |t − tnk | t−1 ‖ank‖ → 0.

Hence ank → t−1u and since A is closed, u ∈ coneA. The proof of this part is complete.
(ii) The inclusion coneA∪A∞∪TB(A, 0) ⊂ cl coneA is obvious. Take u ∈ cl coneA.

In the above it is possible as well that (an) converges to 0. Then tn → ∞, hence u ∈
TB(A, 0), which completes the proof. �

We �nish with the following characterization result:

Corollary 2.1.19. Let A ⊂ Rp be a nonempty closed set.
(i) If 0 ∉ A, then coneA is closed if and only if A∞ ⊂ coneA.
(ii) If 0 ∈ A, then coneA is closed if and only if A∞ ∪ TB(A, 0) ⊂ coneA.

2.2 Convex Functions

2.2.1 General Results

In this section we present the special class of convex functions. These functions are
de�ned on convex sets.

De�nition 2.2.1. Let D ⊂ Rp be a convex set. One says that a function f : D → R is
convex if

f (λx + (1 − λ)y) ≤ λf (x) + (1 − λ)f (y), ∀x, y ∈ D, ∀λ ∈ [0, 1]. (2.2.1)
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It is clear that in the above de�nition it is su�cient to take λ ∈ (0, 1).
As saidbefore, inR the convex sets are exactly the intervals. In this framework, the

convexity has the following geometric meaning: for every two points x, y ∈ D, x < y,
the graph of the restriction of f to the [x, y] interval lies below the line segment joining
the points (x, f (x)) and (y, f (y)). This can be written as follows: for every u ∈ [x, y],

f (u) ≤ f (x) + f (y) − f (x)
y − x (u − x), (2.2.2)

inequality which can be deduced from (2.2.1) by replacing λ with the value given by
the relation u = λx+ (1− λ)y. Therefore, (2.2.1) and (2.2.2) are equivalent (for functions
de�ned on R).

De�nition 2.2.2. Let D ⊂ Rp be a convex set. One says that a function f : D → R is
concave if −f is convex.

All of the properties of concave functions can be easily deduced from the similar prop-
erties of the convex functions, so in what follows we will consider only the later case.

We �rst deduce some general properties of the convex functions.

Proposition 2.2.3. Let D ⊂ Rp be a convex set and f : D → R. The following relations
are equivalent:

(i) f is convex;
(ii) the epigraph of f ,

epi f := {(x, t) ∈ D ×R | f (x) ≤ t},

is a convex subset of Rp ×R;
(iii) for any x, y ∈ D, de�ne

Ix,y := {t ∈ R | tx + (1 − t)y ∈ D};

then the function φx,y : Ix,y→ R, φx,y(t) = f (tx + (1 − t)y) is convex.

Proof We prove �rst the implication from (i) to (ii). Take λ ∈ (0, 1) and (x, t), (y, s) ∈
epi f . By the convexity of D, one knows that λx+ (1− λ)y ∈ D, and using the convexity
of f , one can say:

f (λx + (1 − λ)y) ≤ λf (x) + (1 − λ)f (y) ≤ λt + (1 − λ)s,

i.e.,
(
λx + (1 − λ)y, λt + (1 − λ)s

)
∈ epi f . Therefore, epi f is a convex set.

We prove now the converse implication. Take x, y ∈ D and λ ∈ [0, 1]. Then
(x, f (x)), (y, f (y)) ∈ epi f and by assumption, λ(x, f (x)) + (1− λ)(y, f (y)) ∈ epi f , hence

f (λx + (1 − λ)y) ≤ λf (x) + (1 − λ)f (y),

which shows that f is a convex function.
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We prove now the equivalence between (i) and (iii). Observe �rst that Ix,y is an
interval which contains [0, 1]. Suppose that f is convex and take u, v ∈ Ix,y, λ ∈ [0, 1].
One knows that:

φx,y(λu + (1 − λ)v) = f ([λu + (1 − λ)v]x + [1 − λu − (1 − λ)v]y)
= f (λ(ux + (1 − u)y) + (1 − λ)(vx + (1 − v)y))
≤ λf (ux + (1 − u)y) + (1 − λ)f (vx + (1 − v)y)
= λφx,y(u) + (1 − λ)φx,y(v).

For the converse implication, take x, y ∈ D and t ∈ [0, 1]. Then φx,y is convex, hence
for every λ ∈ [0, 1], u, v ∈ Ix,y

φx,y(λu + (1 − λ)v) ≤ λφx,y(u) + (1 − λ)φx,y(v)
= λf (ux + (1 − u)y) + (1 − λ)f (vx + (1 − v)y).

By taking u = 1, v = 0, λ = t we deduce that

φx,y(t) ≤ tf (x) + (1 − t)f (y),

hence f is convex. �

Theorem 2.2.4. Let D ⊂ Rp be a convex set and f : D → R be a convex function. Then
f is continuous at every interior point of D.

Proof Take x ∈ intD. A translation permits us to consider the case x = 0. We prove
�rst that f is bounded on a neighborhood of 0. If we denote by (ei)i∈1,p the canonical
base of Rp , then there exists an a > 0 such that aei and −aei are in D for any i ∈ 1, p.
Under these conditions, the set

V :=
{
x ∈ Rp | x =

p∑
i=1

xiei , |xi| <
a
p , ∀i ∈ 1, p

}

is a neighborhood of 0 contained in D. For x ∈ V , there exist (xi)i∈1,p with |xi| < a
p ,

i ∈ 1, p and x =
∑p

i=1 xiei . Suppose �rst that xi ≠ 0 for any i ∈ 1, p. One has

f (x) = f
( p∑

i=1

xiei

)
= f
( p∑

i=1

|xi|
a a xi|xi|

ei +
(

1 −
p∑
i=1

|xi|
a

)
0
)

≤
p∑
i=1

|xi|
a f

(
a xi|xi|

ei
)

+
(

1 −
p∑
i=1

|xi|
a

)
f (0)

≤ max{f (aei) , f (−aei) | i ∈ 1, p} +
∣∣f (0)

∣∣ .
We can now observe that if there are indices i for which xi = 0, then these can be
excluded from the above calculations, and the estimation holds.
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Since the right-hand part is a constant (which we denote by M), the proof is �n-
ished. Take ε ∈ (0, 1) and U a symmetric neighborhood of 0 such that ε−1U ⊂ V .
Then, for any x ∈ U,

f (x) = f
(
ε(ε−1x) + (1 − ε)0

)
≤ εf (ε−1x) + (1 − ε)f (0) ≤ εM + (1 − ε)f (0),

i.e.,
f (x) − f (0) ≤ εM − εf (0).

From the fact that U is symmetric, one deduces that for every x ∈ U

f (−x) ≤ εM + (1 − ε)f (0).

Moreover,

f (0) = f
(

1
2 x + 1

2 (−x)
)
≤ 1

2 f (x) + 1
2 f (−x) ≤ 1

2 f (x) + 1
2
(
εM + (1 − ε)f (0)

)
,

hence
f (0) − f (x) ≤ εM − εf (0).

This relation can be combined with the similar one from above, and gives∣∣f (x) − f (0)
∣∣ ≤ εM − εf (0).

This inequality proves the continuity of f at 0. �

We want to emphasize now some characterizations of di�erentiable convex func-
tions. Some preliminary results on convex functions de�ned on a real intervals are
necessary.

Proposition 2.2.5. Let I ⊂ R be an interval and f : I → R be a function. The next
relations are equivalent:

(i) f is convex;
(ii) for every x1, x2, x3 ∈ I satisfying the relation x1 < x2 < x3 one has

f (x2) − f (x1)
x2 − x1

≤ f (x3) − f (x1)
x3 − x1

≤ f (x3) − f (x2)
x3 − x2

;

(iii) for every a ∈ int I, the function g : I \ {a} → R given by

g(x) = f (x) − f (a)
x − a

is increasing.

Proof We prove the (i)⇒ (ii) implication. Take λ = x2 − x1
x3 − x1

∈ (0, 1). Then the equality
x2 = λx3 + (1 − λ)x1 holds and one must prove now that

f (x2) − f (x1)
λ(x3 − x1) ≤ f (x3) − f (x1)

x3 − x1
≤ f (x3) − f (x2)

(1 − λ)(x3 − x1) .
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After some calculations, one can show that:

f (x2) ≤ λf (x3) + (1 − λ)f (x1).

The proof of the implication (ii)⇒ (i) follows the inverse path of the proof of (i)⇒ (ii),
hence (i) and (ii) are equivalent.

In order to prove (ii)⇒ (iii), we �x x1, x2 ∈ I \ {a}with x1 < x2 and we �nd three
situations. If x1 < x2 < a, then we apply (ii) for the triplet (x1, x2, a). If x1 < a < x2,
then we apply (ii) for the triplet (x1, a, x2). Finally, if a < x1 < x2, then we apply (ii)
for the triplet (a, x1, x2).

We prove now (iii) ⇒ (i). Take x, y ∈ I with x < y and λ ∈ (0, 1). Then x <
λx + (1 − λ)y < y, and by applying (iii) with a = λx + (1 − λ)y, one deduces

f (x) − f (λx + (1 − λ)y)
x − λx − (1 − λ)y ≤ f (y) − f (λx + (1 − λ)y)

y − λx − (1 − λ)y .

After some calculations, the relation follows from the de�nition of convexity. The fact
that this relation holds for any x, y ∈ I with x < y and for any λ ∈ (0, 1) is su�cient to
prove the desired assertion. The proof is complete. �

Proposition 2.2.6. Let I ⊂ R be an interval and f : I → R be a convex function. Then f
admits lateral derivatives in every interior point of I and for every x, y ∈ int I with x < y,
one has

f ′−(x) ≤ f ′+(x) ≤ f ′−(y) ≤ f ′+(y).

Proof Fix a ∈ int I. Since the function g : I \ {a} → R given by

g(x) = f (x) − f (a)
x − a

is increasing (see the previous result) one deduces that g admits �nite lateral limits,
which implies the existence of the lateral derivatives of f at a. Moreover, f ′−(a) ≤ f ′+(a).
For x, y ∈ int I, x < y and for any u, v ∈ (x, y), u ≤ v, by using again the argument
given by the last conclusion of Proposition 2.2.5, one deduces that

f (u) − f (x)
u − x ≤ f (v) − f (x)

v − x = f (x) − f (v)
x − v ≤ f (y) − f (v)

y − v = f (v) − f (y)
v − y .

Passing to the limit for u → x and v → y, one gets f ′+(x) ≤ f ′−(y). �

Here we characterize di�erentiable convex functions of one variable.

Theorem 2.2.7. Let I be an open interval and f : I → R be a function.
(i) If f is di�erentiable on I, then f is convex if and only if f ′ is increasing on I.
(ii) If f is twice di�erentiable on I, then f is convex if and only if f ′′(x) ≥ 0 for every

x ∈ I.
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Proof In the case of real functions of one variable, the equivalence between themono-
tonicity of f ′ and the sign of f ′′ is su�cient to prove that f is convex if and only if f ′ is
increasing on I. If f is convex, the monotonicity of the derivative follows from Propo-
sition 2.2.6. Conversely, suppose that f ′ is increasing and we prove that f is convex.
Take a, b ∈ I. De�ne g : [a, b]→ R given by

g(x) = f (x) − f (a) − (x − a) f (b) − f (a)
b − a .

Obviously, g(a) = g(b) = 0, and

g′(x) = f ′(x) − f (b) − f (a)
b − a .

The function f satis�es the conditions of Lagrange Theorem on [a, b], hence there
exists c ∈ (a, b) such that

f (b) − f (a)
b − a = f ′(c).

Consequently, g′(x) = f ′(x) − f ′(c). From the monotonicity of f ′, we deduce that g is
decreasing on (a, c) and increasing on (c, b), and since g(a) = g(b) = 0, we know that
g is negative on the whole interval [a, b]. Take x ∈ (a, b). Then there exists λ ∈ (0, 1)
such that

x = λa + (1 − λ)b.

By replacing x in the expression of g and taking into account that g(x) ≤ 0, we deduce
that

f (λa + (1 − λ)b) − f (a) − (1 − λ)(b − a) f (b) − f (a)
b − a ≤ 0,

relation which reduces to the de�nition of the convexity. �

Example 2.2.8. Based on the above result, one deduces the convexity of the following
functions: f : R→ R, f (x) = ax + b, with a, b ∈ R; f : (0,∞)→ R, f (x) = − ln x;
f : (0,∞)→ R, f (x) = x ln x; f : (0,∞)→ R, f (x) = xa , a ≥ 1; f : R→ R, f (x) = ex;
f : ( − 1, 1)→ R, f (x) = −

√
1 − x2; f : (0, π)→ R, f (x) = sin−1 x.

Another example is given by the next result.

Proposition 2.2.9. Let D ⊂ Rp be a nonempty convex set. Then the function dD : Rp →
R given by dD(x) = d(x, D) is convex.

Proof Take x, y ∈ Rp and α ∈ [0, 1]. For any ε > 0, there exist dx,ε , dy,ε ∈ D such that

‖dx,ε − x‖ < dD(x) + ε
‖dy,ε − y‖ < dD(y) + ε.
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Using the convexity of D, one knows:

dD(αx + (1 − α)y) ≤
∥∥αx + (1 − α)y − (αdx,ε + (1 − α)dy,ε)

∥∥
≤ α ‖dx,ε − x‖ + (1 − α) ‖dy,ε − y‖
< αdD(x) + (1 − α)dD(y) + ε.

As ε is arbitrarily chosen, we may pass to the limit for ε → 0 and the conclusion
follows. �

We now characterize di�erentiable convex functions in the general case.

Theorem 2.2.10. Let D ⊂ Rp be an open convex set and f : D → R be a function.
(i) If f is di�erentiable on D, then f is convex if and only if for any x, y ∈ D,

f (y) ≥ f (x) +∇f (x)(y − x).

(ii) If f is twice di�erentiable on D, then f is convex if and only if for every x ∈ D
and y ∈ Rp , one has

∇2f (x)(y, y) ≥ 0.

Proof (i) Consider �rst the case when p = 1. Fix x ∈ D with y ≠ x and take λ ∈ (0, 1].
Since f is convex, we get

f (x + λ (y − x)) = f ((1 − λ) x + λy)
≤ (1 − λ) f (x) + λf (y) = f (x) + λ (f (y) − f (x)) .

Consequently,

f (x + λ (y − x)) − f (x)
λ (y − x)

· (y − x) ≤ f (y) − f (x) .

Passing to the limit for λ → 0, one gets f ′ (x) (y − x) ≤ f (y) − f (x).
Wepass now to the general case. For x ∈ D, consider the functionφy,x fromPropo-

sition 2.2.3, which we already know that is convex. Moreover, φy,x is di�erentiable on
the open interval Iy,x, and

φ′y,x(t) = ∇f (ty + (1 − t)x)(y − x).

According to the preceding step,

φy,x(1) ≥ φy,x(0) + φ′y,x(0)

which means that
f (y) ≥ f (x) +∇f (x)(y − x).
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Conversely, �x x, y ∈ D and λ ∈ [0, 1]. Therefore, by assumption,

f (x) ≥ f
(
λx + (1 − λ)y

)
+ (1 − λ)∇f

(
λx + (1 − λ)y

)
(x − y)

and
f (y) ≥ f

(
λx + (1 − λ)y

)
+ λ∇f

(
λx + (1 − λ)y

)
(y − x) .

Multiplying the �rst inequality by λ, the second one by (1 − λ), and summing up
the new inequalities, one obtains

λf (x) + (1 − λ)f (y) ≥ f
(
λx + (1 − λ)y

)
,

which proves that f is convex.
(ii) The case p = 1 is proved in Theorem 2.2.7. Now, in order to pass to the general

case, take x ∈ D, y ∈ Rp . Suppose f is convex. Since D is open, there exists an α > 0
such that u := x + αy ∈ D. According to the assumption, φu,x is convex, and taking
into account the case that we have already studied, φ′′u,x(t) ≥ 0 for any t ∈ Iu,x . For
t = 0, one deduces that

0 ≤ φ′′u,x(0) = ∇2f (x)(u − x, u − x),

and the conclusion follows. Conversely, for x, y ∈ D and t ∈ Ix,y , φ′′x,y(t) ≥ 0. From the
case p = 1, we get that φx,y is convex, hence f is convex. The proof is now complete.�

From these results, onemay observe that some properties of the convex functions
have a global character, an aspect which will persist in subsequent sections.

At the end of this subsection, we will discuss a property which is stronger than
convexity.

De�nition 2.2.11. Let D ⊂ Rp be a convex set. One says that a function f : D → R is
strictly convex if

f (λx + (1 − λ)y) < λf (x) + (1 − λ)f (y), ∀x, y ∈ D, x ≠ y, ∀λ ∈ (0, 1).

De�nition 2.2.12. Let D ⊂ Rp be a convex set. One says that a function f : D → R is
strictly concave if −f is strictly convex.

Every strictly convex function is convex, but the converse is false. To see this, consider
a convex functionwhich is constant on an interval. Again, the properties of the strictly
concave functions easily follow from the corresponding ones of the strictly convex
functions.

By the use of very similar arguments as in the proofs of preceding results, one can
deduce the next characterizations.
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Theorem 2.2.13. Let I be an open interval and f : I → R be a di�erentiable function.
The next assertions are equivalent:

(i) f is strictly convex;
(ii) f (x) > f (a) + f ′ (a) (x − a) , for any x, a ∈ I, x ≠ a;
(iii) f ′ is strictly increasing.
If, moreover, f is twice di�erentiable (on I), then one more equivalence holds :
(iv) f ′′(x) ≥ 0 for any t ∈ I and {x ∈ I | f ′′(x) = 0} does not contain any proper

interval.

Example 2.2.14. Using this result, one gets the strict convexity of the following func-
tions: f : (0,∞)→ R, f (x) = − ln x; f : (0,∞)→ R, f (x) = x ln x; f : (0,∞)→ R,
f (x) = xa , a > 1; f : R→ R, f (x) = ex; f : (0,∞)→ R, f (x) = (1 + xp)

1
p , p > 1.

Theorem 2.2.15. Let D ⊂ Rp an open convex set and f : D → R be a di�erentiable
function. The next assertions are equivalent:

(i) f is strictly convex;
(ii) f (x) > f (a) +∇f (a) (x − a) , for any x, a ∈ D, x ≠ a.
If,moreover, f is twice di�erentiable (on D), then the preceding two itemsare implied

by the relation:
(iii)∇2f (x)(y, y) > 0 for any x ∈ D and y ∈ Rp \ {0}.

2.2.2 Convex Functions of One Variable

In this subsection we will focus on some properties and applications of convex func-
tions de�ned on real intervals, even if some of the results hold in more general situa-
tions.

The class of convex functions is stable under several algebraic operations, an as-
pect which makes it very useful. Here are some of these operations:

Proposition 2.2.16. Let I, J ⊂ R be intervals.
(i) Let n ∈ N* and f1, f2, ..., fn : I → R be convex functions, and λ1, λ2, ..., λn ≥

0. Then
∑n

i=1 λi fi is convex. If at least one of the functions is strictly convex, and the
corresponding scalar is not zero, then

∑n
i=1 λi fi is strictly convex.

(ii) Let f : I → J be (strictly) convex, g : J → R be convex and (strictly) increasing.
Then g ◦ f is (strictly) convex.

(iii) Let f : I → J be strictly decreasing, (strictly) convex, and surjective. Then f −1 is
(strictly) convex.

The next result emphasizes some monotonicity properties of convex functions of one
variable.
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Theorem 2.2.17. Let I be a nondegenerate interval (i.e., not a singleton set) and f : I →
R be convex. Then either f is monotone on int I, or there exists x ∈ int I such that f is
decreasing on I ∩ (−∞, x], and increasing on I ∩ [x, ∞).

Proof Because of relation (2.2.2), it is su�cient to restrict our attention to the case
when I is open, i.e., I = int I. Suppose that f is not monotone on I. Then there exist
a, b, c ∈ I, a < b < c such that f (a) > f (b) < f (c) or f (a) < f (b) > f (c). The second
situation cannot hold, since in that case, using (2.2.2), one would have

f (b) ≤ f (a) + f (c) − f (a)
c − a (b − a) = f (a)(c − b) + f (c)(b − a)

c − a < f (b).

Hence, f (a) > f (b) < f (c). As f is continuous on [a, c], its minimum on this interval
must be attained at a point x (from the Weierstrass Theorem). Take x ∈ I ∩ (−∞, a).
According to Proposition 2.2.5,

f (x) − f (x)
x − x ≤ f (a) − f (x)

a − x ,

i.e.,
(x − a)f (x) ≥ (x − a)f (x) + (x − x)f (a) ≥ (x − a)f (x),

hence f (x) ≤ f (x). Similarly, one can prove that f (x) ≤ f (x) for x ∈ I ∩ (c, ∞). It follows
that f (x) = inf f (I). We next prove that f is decreasing on I ∩ (−∞, x). Take u, v ∈
I ∩ (−∞, x), u < v. On one hand,

f (v) − f (u)
v − u ≤ f (x) − f (u)

x − u ,

and on the other hand,

f (x) − f (u)
x − u = f (u) − f (x)

u − x ≤ f (v) − f (x)
v − x ≤ 0,

hence f (v) − f (u) ≤ 0, which is exactly what we wanted to prove. Similarly, one can
show that f is increasing on I ∩ (x, +∞). The continuity of f on I �nalizes the proof.�

As we saw before, a convex function de�ned on an interval can have discontinu-
ities only at the extremities of the interval. The previous theorem allows us to consider
a di�erent function in those eventual discontinuity points, without losing the convex-
ity. In this way one obtains the next consequence.

Corollary 2.2.18. Let a, b ∈ R, a < b and f : [a, b] → R be a convex function. Then
there exist limx→a+ f (x) and limx→b− f (x), and the function

f (x) =


limx→a+ f (x), x = a
f (x), x ∈ (a, b)
limx→b− f (x), x = b

is convex and continuous on [a, b].
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From the proof of Theorem 2.2.17 one can also obtain the next result, which will be
restated in a more general framework in the next chapter.

Corollary 2.2.19. Let I ⊂ R be a nondegenerate interval. If f : I → R is a convex and
non-monotone function, then it has a global minimum on int I.

The next proposition, sometimes called the Jensen inequality, follows by applying the
de�nitions and the mathematical induction principle.

Proposition 2.2.20. Let D ⊂ Rp be a convex set and f : D → R. If the function f is
convex, then

f (λ1x1 + ... + λmxm) ≤ λ1f (x1) + ... + λmf (xm)

for any m ∈ N*, x1, ..., xm ∈ D, λ1, ..., λm ≥ 0, λ1 + ... + λm = 1. The inequality is
strict if the function f is strictly convex, at least two of the points (xk) are di�erent and
the corresponding scalars (λk) are strictly positive.

Actually, for the convexity of a continuous function it is su�cient that the inequality
from the de�nition is satis�ed for λ = 2−1.

Theorem 2.2.21. Let I ⊂ R be an interval and f : I → R be a continuous function. The
function f is convex if and only if

f
( x + y

2

)
≤ f (x) + f (y)

2 , ∀x, y ∈ I. (2.2.3)

Proof The necessity of the condition (2.2.3) is obvious. Let us prove that it is also suf-
�cient. Suppose, by contradiction, that f is not convex, which means (2.2.2) is not
satis�ed. Then there exist x, y ∈ I, x < y and u ∈ (x, y) such that

f (u) > f (x) + f (y) − f (x)
y − x (u − x). (2.2.4)

Observe by the relation (2.2.4) that the cases u = x and u = y cannot hold. Consider
then g : [x, y]→ R,

g(t) = f (t) − f (x) − f (y) − f (x)
y − x (t − x),

which is continuous and satis�es the relations g(x) = g(y) = 0. By (2.2.4) and Weier-
strass’ Theorem, there exists z ∈ (x, y) such that g(z) = supt∈[x,y] g(t) > 0. Denote
by

w := inf{z ∈ (x, y) | g(z) = sup
t∈[x,y]

g(t)}.

By the continuity of g, it follows that g(w) = supt∈[a,b] g(t) > 0, and hence w ∈ (x, y).
Consequently, there exists h > 0 such that w + h, w − h ∈ (x, y). But w = 2−1(w + h) +
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2−1(w − h), and also g(w) ≥ g(w + h) and g(w) > g(w − h). Accordingly,

g(w − h) + g(w + h)
2 < g(w) = f (w) − f (x) − f (y) − f (x)

y − x (w − x)

≤ f (w + h) + f (w − h)
2 − f (x) − f (y) − f (x)

y − x

(
w + h + w − h

2 − x
)

= g(w − h) + g(w + h)
2 ,

which is a contradiction. It follows that the assumption made is false, hence f is con-
vex. �

Corollary 2.2.22. Let I ⊂ R be an interval and f : I → R be a continuous function. The
function f is convex if and only if for any x ∈ I and h > 0 with x + h, x − h ∈ I, one has

f (x + h) + f (x − h) − 2f (x) ≥ 0.

In the case of strictly convex functions, the results are similar.

Proposition 2.2.23. Let I ⊂ R be an interval and f : I → R be a continuous function.
The function f is strictly convex if and only if

f
( x + y

2

)
< f (x) + f (y)

2 , ∀x, y ∈ I, x ≠ y.

Corollary 2.2.24. Let I ⊂ R be an interval and f : I → R be a continuous function. The
function f is strictly convex if and only if for any x ∈ I and h > 0 with x + h, x − h ∈ I,
one has

f (x + h) + f (x − h) − 2f (x) > 0.

For the case of triplets, a result was proved in 1965 by the Romanian mathematician
Tiberiu Popoviciu.

Theorem 2.2.25. Let I ⊂ R be an interval and f : I → R be a continuous function. The
function f is convex if and only if for any x, y, z ∈ I, one has

2
3

[
f
( x + y

2

)
+ f
( y + z

2

)
+ f
( z + x

2

)]
≤ f
( x + y + z

3

)
+ f (x) + f (y) + f (z)

3 . (2.2.5)

Proof We prove �rst the necessity of condition (2.2.5). As in the case of Theorem 2.2.21,
continuity is not involved in this step. Without losing the generality, suppose that x ≤
y ≤ z. If y ≤ 3−1(x + y + z), then

x + y + z
3 ≤ x + z

2 ≤ z and x + y + z
3 ≤ y + z

2 ≤ z,

hence there exist s, t ∈ [0, 1] such that
x + z

2 = s x + y + z
3 + (1 − s)z
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y + z
2 = t x + y + z

3 + (1 − t)z.

By summation, one gets

(x + y − 2z)(s + t − 2−13) = 0.

If x + y = 2z, then x = y = z and (2.2.5) is obvious. If s + t = 2−13, then by summing
the inequalities

f
( x + z

2

)
≤ sf

( x + y + z
3

)
+ (1 − s)f (z)

f
( y + z

2

)
≤ tf

( x + y + z
3

)
+ (1 − t)f (z)

f
( x + y

2

)
≤ f (x) + f (y)

2

and by multiplying with 3−12, one gets (2.2.5). The case y > 3−1(x + y + z) is similar.
In order to prove the su�ciency, observe that for y = z in (2.2.5), one gets

1
4 f (x) + 3

4 f
(
x + 2y

3

)
≥ f
( x + y

2

)
, ∀x, y ∈ I.

From now on, one can follow the arguments from the proof of the su�ciency in The-
orem 2.2.21. �

If f is strictly convex, then the Popoviciu inequality (2.2.5) is strict, except the case
when x = y = z.

2.2.3 Inequalities

We shall now formulate several inequalities which follow from the general results pre-
viously given. In many cases, these inequalities can be seen as examples of discrete
optimization and have, in general, a wide applicability in di�erent mathematical ar-
eas.

We begin with a re�nement of the inequality from Theorem 2.2.21, widely known
under the name of Hermite-Hadamard inequality.

Theorem 2.2.26 (Hermite-Hadamard). Let a, b ∈ R, a < b and f : [a, b] → R be a
convex function. Then the next inequality holds:

f
(
a + b

2

)
≤ 1
b − a

b∫
a

f (x)dx ≤ f (a) + f (b)
2 .

The equality is obtained if and only if f is a�ne.
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Proof Observe �rst that, because of the continuity of f on (a, b), f is Riemann inte-
grable on [a, b] . Moreover, from convexity, one has, for any λ ∈ [0, 1],

f (λa + (1 − λ)b) ≤ λf (a) + (1 − λ)f (b).

By integration with respect to λ, one gets

1∫
0

f (λa + (1 − λ)b)dλ ≤ f (a) + f (b)
2 .

On the other hand, for any λ,

f
(
a + b

2

)
= f
(
λa + (1 − λ)b

2 + (1 − λ)a + λb
2

)
≤ 1

2 f (λa + (1 − λ)b) + 1
2 f ((1 − λ)a + λb).

By integrating again with respect to λ and changing the variable, it follows that

f
(
a + b

2

)
≤ 1

2

1∫
0

f (λa + (1 − λ)b)dλ + 1
2

1∫
0

f ((1 − λ)a + λb)dλ

=
1∫

0

f (λa + (1 − λ)b)dλ.

Therefore,

f
(
a + b

2

)
≤

1∫
0

f (λa + (1 − λ)b)dλ ≤ f (a) + f (b)
2 .

Finally, if we change the variable to λa + (1 − λ)b = x in the integral, then we get the
desired inequalities.

The second inequality can be deduced by the integration of (2.2.2) written for the
interval [a, b].

For the second conclusion, de�ne g : [a, b]→ R, where

g(x) := f (a) + f (b) − f (a)
b − a (x − a).

In general, f (x) ≤ g(x) for any x ∈ [a, b]. If f is a�ne, then

f (x) = g(x), ∀x ∈ [a, b],

and a direct calculation shows the equality in this case. Conversely, suppose that f is
not a�ne. Then there exists x ∈ (a, b) with

f (x) < g(x).
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Take α > 0 such that
f (x) < g(x) − α.

By using the continuity of the both parts in x, there exists ε > 0 such that (x−ε, x+ε) ⊂
(a, b) and

f (x) < g(x) − α, ∀x ∈ (x − ε, x + ε).

Hence

b∫
a

f (x)dx =
x−ε∫
a

f (x)dx +
x+ε∫
x−ε

f (x)dx +
b∫

x+ε

f (x)dx

≤
x−ε∫
a

g(x)dx +
x+ε∫
x−ε

(g(x) − α)dx +
b∫

x+ε

g(x)dx

=
b∫
a

g(x)dx − 2αε = (b − a) f (a) + f (b)
2 − 2αε.

Therefore,
b∫
a

f (x)dx < (b − a) f (a) + f (b)
2 ,

which is a contradiction. �

By using the Jensen inequality (Theorem 2.2.20) for several functions, we can de-
duce some classical inequalities. Such an example is provided by the convex function
f : R→ R, f (x) = ex . Take n ∈ N* and x1, x2, ..., xn ∈ R, λ1, λ2, ..., λn > 0 with∑n

k=1 λk = 1. By applying Theorem 2.2.20, we deduce that

e
∑n

k=1 λkxk ≤
n∑
k=1

λkexk , (2.2.6)

with equality only in the case x1 = x2 = ... = xn . Take a1, a2, ..., an > 0 and xk = ln ak
for any k ∈ 1, n. Then, from (2.2.6), we deduce that

aλ1
1 a

λ2
2 ...aλnn ≤

n∑
k=1

λkak . (2.2.7)

Again, equality holds if and only if a1 = a2 = ... = an . This inequality is sometimes
called the general means inequality, because if one takes λ1 = λ2 = ... = λn = n−1 in
(2.2.7), one recovers the well-known inequality between the geometric and the arith-
metic means:

(a1a2...an)
1
n ≤ a1 + a2 + ... + an

n .



Convex Functions | 45

By the transform xk → x−1
k , instead of (2.2.7), one gets

aλ1
1 a

λ2
2 ...aλnn ≥

1∑n
k=1

λk
ak

,

and fromhere (again for λ1 = λ2 = ... = λn = n−1) the inequality between the harmonic
and the geometric means:

n
1
a1

+ 1
a2

+ ... + 1
an
≤ (a1a2...an)

1
n .

Also from (2.2.7), for n = 2, a1 = u > 0, a2 = v > 0, λ1 = 1
p , λ2 = 1

q with p, q > 1, 1
p + 1

q =
1, one deduces that

u
1
p v

1
q ≤ up + v

q . (2.2.8)

By taking u = εap , v = 1
ε b

q with a, b, ε > 0, one has

ab ≤ ε a
p

p + 1
ε
bq
q ,

and for ε = 1,
ab ≤ a

p

p + bq
q , ∀p, q > 1, 1

p + 1
q = 1, a, b > 0. (2.2.9)

The equality holds if and only if ap = bq . The relation (2.2.9) is called the Young in-
equality.

The Hölder inequality can be proved in several ways. We now deduce it as a con-
sequence of (2.2.8). Take p, q > 1, 1

p + 1
q = 1, x1, x2, ..., xn > 0 and y1, y2, ..., yn > 0.

One takes, for a natural k arbitrarily �xed, u := xpk∑n
k=1 x

p
k
and v := yqk∑n

k=1 y
q
k
. From (2.2.8),

one gets
xk(∑n

k=1 x
p
k
) 1
p

yk(∑n
k=1 y

q
k
) 1
q
≤ 1
p

xpk∑n
k=1 x

p
k

+ 1
q

yqk∑n
k=1 y

q
k
.

We write this relation for k ∈ 1, n and make the sum. We �nd the Hölder inequality:

n∑
k=1

xkyk ≤
( n∑

k=1

xpk

) 1
p
( n∑

k=1

yqk

) 1
q

.

As one may observe, the equality holds if and only if the elements (xpk )k∈1,n and
(yqk)k∈1,n are proportional.

From here one can deduce theMinkowski inequality. Take p > 1 and x1, x2, ..., xn
> 0, y1, y2, ..., yn > 0. Then, by applying the previous inequality (and by taking q =
p
p−1 ), we obtain

n∑
k=1

(xk + yk)p =
n∑
k=1

xk(xk + yk)p−1 +
n∑
k=1

yk(xk + yk)p−1
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≤
( n∑

k=1

xpk

) 1
p
( n∑

k=1

(xk + yk)(p−1)q

) 1
q

+
( n∑

k=1

ypk

) 1
p
( n∑

k=1

(xk + yk)(p−1)q

) 1
q

=

( n∑
k=1

xpk

) 1
p

+
( n∑

k=1

ypk

) 1
p
( n∑

k=1

(xk + yk)p
) 1

q

.

From this, one gets( n∑
k=1

(xk + yk)p
) 1

p

≤
( n∑

k=1

xpk

) 1
p

+
( n∑

k=1

ypk

) 1
p

.

Several inequalities can also be obtained based on the following observation,
which follows from the Jensen inequality: if f is a convex function de�ned on (0,∞),
and x1, x2, ..., xn > 0, y1, y2, ..., yn > 0, then

f
(∑n

k=1 xkyk∑n
k=1 xk

)
≤
∑n

k=1 xkf (yk)∑n
k=1 xk

.

Another example is provided by the inequality

(x1x2...xn)
x1+x2+...+xn

n ≤ xx1
1 x

x2
2 ...xxnn , ∀x1, x2, ..., xn > 0,

which can be obtained by combining the means inequality and the Jensen inequality
for the convex function f : (0,∞)→ R, f (x) = x ln x.

Another result is obtained on the same basis as the previous ones, but is formu-
lated in a slightly di�erent way.

Theorem 2.2.27. Take p > 1 and a, b > 0. Then
(i) inf t>0

[
1
p t

1
p −1a +

(
1 − 1

p

)
t

1
p b
]

= a
1
p b1− 1

p .

(ii) inf0<t<1

[
t1−pap + (1 − t)1−p bp

]
= (a + b)p .

Proof (i) The function ex is (strictly) convex on R. Therefore, for every t > 0,

a
1
p b1− 1

p =
[
t

1
p −1a

] 1
p
[
t

1
p b
]1− 1

p

= e
1
p ln
(
t

1
p −1a

)
+
(

1− 1
p

)
ln
(
t

1
p b
)

≤ 1
p e

ln
(
t

1
p −1a

)
+
(

1 − 1
p

)
e

ln
(
t

1
p b
)

= 1
p t

1
p −1a +

(
1 − 1

p

)
t

1
p b.

The equality is obtained when t = a
b .



Convex Functions | 47

(ii) For p > 1, the function f : (0,∞) → R, f (u) = up is strictly convex. Conse-
quently,

(a + b)p =
[
t at + (1 − t) b

1 − t

]p
≤ t
(a
t

)p
+ (1 − t)

(
b

1 − t

)p
= t1−pap + (1 − t)1−p bp

for any 0 < t < 1. The equality holds for t = a
a+b . �

Besides these well-known inequalities, we present some re�nements and gener-
alizations. The next result is an improvement of Young inequality.

Proposition 2.2.28. Take p ∈ (1, 2] and q ∈ R such that p−1 + q−1 = 1. Then for every
x, y > 0, one has

1
q

(
x
p
2 − y

q
2

)2
≤ x

p

p + xq
q − xy ≤

1
p

(
x
p
2 − y

q
2

)2
.

Proof For p = 2, one has equalities. Suppose p ∈ (1, 2). Then one must have q > 2.
Let us prove the �rst inequality, which reduces to

2 − p
p xp + 2

q x
p
2 y

q
2 − xy ≥ 0.

Consider the function f : [0,∞) → R, f (y) = 2−p
p x

p + 2
q x

p
2 y

q
2 − xy. Its only critical

point is y = xp−1. Since f ′′(y) = x
p
2 y

q
2 −1 ( q

2 − 1
)
> 0 for any y > 0, one deduces that

y = xp−1 is a global minimum for f . From f (xp−1) = 0, one gets the conclusion. The
other inequality can be similarly proved. �

We present next one of the most important and profound numerical inequalities,
due to Hardy.

Theorem 2.2.29 (Hardy Inequality). Take p > 1 and a sequence (an)n∈N* ⊂ [0,∞).
Then the next inequality holds:

∞∑
n=1

(a1 + a2 + ... + an
n

)p
≤
(

p
p − 1

)p ∞∑
n=1

apn . (2.2.10)

If the series
∑∞

n=1 a
p
n is convergent, the equality holds if and only if (an) is constantly

equal to 0. Moreover, the constant of the right-hand side is sharp (cannot be made
smaller).

Proof If all the terms an are equal to zero, the conclusion is obvious. Suppose that at
least one of these terms is strictly positive. Moreover, suppose that the series

∑∞
n=1 a

p
n
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is convergent, because otherwise the result is again trivial. Denote, for every n ∈ N*,
the partial sum of the sequence (an) by Sn , i.e., Sn = a1 + a2 + ... + an . Also, denote

An := Sn
n , ∀n ∈ N*.

For completeness, take S0 = A0 = 0. We will use the following elementary inequality:

(n + 1)xyn ≤ xn+1 + nyn+1, ∀x, y ≥ 0, n ∈ N*, (2.2.11)

where equality holds if and only if x = y.
Then, for a �xed n ∈ N*, one has

Apn −
p

p − 1A
p−1
n an = Apn −

p
p − 1 (nAn − (n − 1)An−1)Ap−1

n

= Apn
(

1 − np
p − 1

)
+ (n − 1)p

p − 1 Ap−1
n An−1

≤ Apn
(

1 − np
p − 1

)
+ (n − 1)
p − 1 ((p − 1)Apn + Apn−1)

= 1
p − 1

[
(n − 1)Apn−1 − nA

p
n
]
.

Therefore,

Apn −
p

p − 1A
p−1
n an ≤

1
p − 1

[
(n − 1)Apn−1 − nA

p
n
]
, ∀n ∈ N*. (2.2.12)

Fix N ∈ N*. For n = 1, 2, ..., N, we write the relations (2.2.12) and then compute their
sum. We deduce then

N∑
n=1

Apn −
p

p − 1

N∑
n=1

Ap−1
n an ≤ −

NApN
p − 1 ≤ 0,

from where
N∑
n=1

Apn ≤
p

p − 1

N∑
n=1

Ap−1
n an .

For the right-hand side of this relation, we use the Hölder inequality to deduce

N∑
n=1

Apn ≤
p

p − 1

( N∑
n=1

apn

) 1
p
( N∑
n=1

Apn

) p−1
p

.

From here we get, after taking the power p,

N∑
n=1

Apn ≤
(

p
p − 1

)p N∑
n=1

apn .

By making N →∞, one gets (2.2.10).
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In order to have equality in the �nal relation, one must also have equality when
inequality (2.2.11) is applied, which reduces to An = An−1, for any n ∈ N*. This proves
that the sequence (an) is constantly equal to 0.

The same conclusion followswhen one analyzes the case of equality in theHölder
inequality when it is applied at a particular point. Therefore, from this analysis, we
must have that the sequences (apn)n∈N* and (Apn)n∈N* are proportional. If a �nite num-
ber of terms an are nonzero, this proportionality cannot hold, hence the inequality is
strict. Otherwise, if all the terms an are strictly positive, then there must exist a c ∈ R
such that an = cAn for any n ∈ N*. We deduce from this fact that c = 1 and, moreover,
the sequence (an) is constant, but in this case the series

∑∞
n=1 a

p
n diverges. Therefore, if

the series
∑∞

n=1 a
p
n converges, the equality holds if and only if (an) is constantly equal

to 0.
In order to show that one cannot decrease the constant

(
p
p−1

)p
from the right-

hand side, we use the following argument. Take N ∈ N* and an = n−
1
p , for 1 ≤ n ≤ N

and an = 0 for n > N . Then
∞∑
n=1

apn =
N∑
n=1

1
n ,

and for n ≤ N,

Sn =
n∑
i=1

i−
1
p >

n∫
1

x−
1
p dx = p

p − 1

(
n

p−1
p − 1

)
.

Therefore (
Sn
n

)p
>
(

p
p − 1

)p(n p−1
p − 1
n

)p

=
(

p
p − 1

)p (
n−

1
p − 1

n

)p
.

Then there exists (εn) ⊂ [0,∞) such that εn → 0 and(
Sn
n

)p
>
(

p
p − 1

)p (1 − εn
n

)
,

an assertion which follows based on the fact that

lim
n→∞

n
(
n−

1
p − 1

n

)p
= lim
n→∞

(( 1
n
) 1
p − 1

n

)p
1
n

= lim
x→0+

(
x

1
p − x

)p
x

= lim
x→0+

(
x

1
p − x

)p
(
x

1
p

)p = lim
x→0+

(
1 − x1− 1

p

)p
= 1.

Consequently,

∞∑
n=1

(
Sn
n

)p
>

N∑
n=1

(
Sn
n

)p
>
(

p
p − 1

)p N∑
n=1

(
1 − εn
n

)
=
(

p
p − 1

)p N∑
n=1

(1 − εn) apn .



50 | Nonlinear Analysis Fundamentals

Then there exists νN
N→∞→ 0 such that
∞∑
n=1

(
Sn
n

)p
> (1 − νN)

(
p

p − 1

)p N∑
n=1

apn . (2.2.13)

In order to justify this relation, we remark �rst that it reduces to the fact that there
exists νN

N→∞→ 0 such that

νN
N∑
n=1

1
n >

N∑
n=1

εn
n .

On the other hand, this becomes clear by the use of the Stolz-Cesàro criterion (Propo-
sition 1.1.24), one has

lim
N→∞

∑N
n=1

εn
n∑N

n=1
1
n

= lim
N→∞

εN+1
N+1

1
N+1

= 0.

Therefore, the relation (2.2.13) is true and, by taking into account the last part of
the proof, we deduce that the value of the constant

(
p
p−1

)p
cannot be smaller. The

proof is now complete. �

We now present the Carleman inequality.

Theorem 2.2.30 (Carleman Inequality). Let (an)n∈N* ⊂ [0,∞) be a sequence. Then
the next inequality holds:

∞∑
n=1

(a1a2...an)
1
n ≤ e

∞∑
n=1

an .

Proof Again, without losing the generality, we may suppose that all the terms are
strictly positive. We use the Hardy inequality, where an is replaced by a

1
p
n . Then we

can write
∞∑
n=1

a 1
p
1 + a

1
p
2 + ... + a

1
p
n

n

p

≤
(

p
p − 1

)p ∞∑
n=1

an .

But a 1
p
1 + a

1
p
2 + ... + a

1
p
n

n

p

= e

ln

a 1
p

1 +a
1
p

2 +...+a
1
p
n

−ln n

1
p

p→∞→ (a1a2...an)
1
n .

For passing to the limit, we have utilized the fact that

lim
x→0

ln(ax1 + ax2 + ... + axn) − ln n
x = ln(a1a2...an)

n ,

which easily follows based on L’Hôpital Rule. Since, on the other hand,
(

p
p−1

)p p→∞→ e
(increasingly), we get the desired inequality. �

We end this section by presenting the Kantorovici inequality.
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Theorem 2.2.31 (Kantorovici Inequality). Let A be a symmetric and positive de�nite
square matrix of dimension p. Then for every x ∈ Rp , one has

‖x‖4 ≤
〈

(Axt)t , x
〉
·
〈

(A−1xt)t , x
〉
≤ 1

4

(√
λ1
λp

+
√
λp
λ1

)2

‖x‖4 ,

where λ1 and λp are respectively the greatest and the smaller eigenvalue of A.

Proof It is su�cient to prove the inequality for any x of unit norm. As we observed in
the �rst chapter, the eigenvalues of A are strictly positive reals and, without loss of
generality, one may decreasingly arrange them: λ1 ≥ λ2 ≥ ... ≥ λp . We denote the diag-
onal matrix having the eigenvalues on its main diagonal (in the mentioned order) by
D := diag(λ1, λ2, ..., λp). We also know that there exists an orthogonal matrix B such
that A = BtDB. Then A−1 =

(
BtDB

)−1 = BtD−1B, and D−1 = diag(λ−1
1 , λ−1

2 , ..., λ−1
p ).

Hence 〈
(Axt)t , x

〉
=
〈(

BtDBxt
)t

, x
〉

=
〈

(DBxt)t , (Bxt)t
〉

and 〈
(A−1xt)t , x

〉
=
〈(

BtD−1Bxt
)t

, x
〉

=
〈

(D−1Bxt)t , (Bxt)t
〉
.

On the other hand, the mapping x 7→ (Bxt)t is a bijection from the unit sphere of Rp

into itself, hence in order to get the desired conclusion it is su�cient to prove that for
every u ∈ Rp with ‖u‖ = 1, one has

1 ≤
〈

(Dut)t , u
〉
·
〈

(D−1ut)t , u
〉
≤ 1

4

(√
λ1
λp

+
√
λp
λ1

)2

.

If λ1 = λp , then one has the equality. Suppose that λp < λ1. One has

〈
(Dut)t , u

〉
=

p∑
i=1

u2
i λi;

〈
(Dut)t , u

〉
=

p∑
i=1

u2
i

1
λi
.

Then the �rst inequality becomes

1 ≤
( p∑

i=1

u2
i

1
λi

)( p∑
i=1

u2
i λi

)
,

i.e.,
1(∑p

i=1 u2
i λi
) ≤ p∑

i=1

u2
i

1
λi
.

Since
∑p

i=1 u
2
i = 1, the previous inequality follows from Jensen inequality applied to

the convex function (0,∞) 3 x 7→ 1
x .
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For the second inequality, observe that for any i ∈ 1, p,

1
λi
≤ 1
λ1

+ 1
λp
− λi
λ1λp

,

because λp ≤ λi ≤ λ1. Hence

p∑
i=1

u2
i

1
λi
≤ 1
λ1

+ 1
λp
−
∑p

i=1 u
2
i λi

λ1λp
.

One gets ( p∑
i=1

u2
i

1
λi

)( p∑
i=1

u2
i λi

)
≤
( p∑

i=1

u2
i λi

)(
1
λ1

+ 1
λp
−
∑p

i=1 u
2
i λi

λ1λp

)

=
(∑p

i=1 u
2
i λi
) (
λ1 + λp −

∑p
i=1 u

2
i λi
)

λ1λp
.

The second-degree polynomial

λ 7→ λ(λ1 + λp − λ)
λ1λp

attains its maximum for λ = λ1+λp
2 , hence( p∑

i=1

u2
i

1
λi

)( p∑
i=1

u2
i λi

)
≤
(
λ1 + λp

2

)2 1
λ1λp

= 1
4

(√
λ1
λp

+
√
λp
λ1

)2

.

The proof is now complete. �

2.3 Banach Fixed Point Principle

This section is dedicated to the Banach �xed point theorem (also known as Contrac-
tion Principle, or Banach Principle), which is one of the fundamental results in non-
linear analysis.

Take f : Rp → Rp. A point x ∈ Rp for which f (x) = x is called a �xed point of
f . By a �xed point result we understand a result concerning the existence of the �xed
points for a given function.

Banach �xed point theorem is a result which provides, under certain conditions,
both the existence and the uniqueness of the �xed point. This theorem also creates
the basis for getting several other remarkable mathematical results, such as, to name
a few, the implicit function theorem, or theorems about the existence and the unique-
ness of solution for di�erential equations or systems of di�erential equations.
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2.3.1 Contractions and Fixed Points

We begin with a de�nition:

De�nition 2.3.1. Let A ⊂ Rp. A mapping f : A → Rq is a contraction on A if there
exists a real constant λ ∈ (0, 1) such that

∥∥f (x) − f (y)
∥∥ ≤ λ ‖x − y‖ for any x, y ∈ A.

Remark that λ does not depend on x and y, and by applying the function f to a pair of
points from A, the distance between them shrinks (contracts). The contraction notion
is a particular case of the concept of Lipschitz function (De�nition 1.2.25), hence, in
particular, every contraction is a (uniformly) continuous function (Proposition 1.2.26).

The next assertion, often used in order to prove that a function is Lipschitz, holds:
if A ⊂ Rp is an open convex set, f : A → R is of class C1 on A, and there exists M > 0
such that

∥∥∇f (x)
∥∥ ≤ M for any x ∈ A, then f is Lipschitz on A. The proof of this fact

relies on Taylor formula: for every two points x, y ∈ A we can apply Theorem 1.3.4 to
the function f on [x, y], hence we deduce the existence of a point cx,y ∈ (x, y) ⊂ A
such that ∣∣f (x) − f (y)

∣∣ =
∣∣∇f (cx,y)(x − y)

∣∣ ≤ M ‖x − y‖ .
Accordingly, f is Lipschitz on A. We now formulate a particular case of this observa-
tion.

Proposition 2.3.2. Let A ⊂ Rp be an open convex set and f : A → R of class C1 on
A, satisfying the condition that there exists M ∈ (0, 1) such that

∥∥∇f (x)
∥∥ ≤ M for any

x ∈ A. Then f is a contraction on A.

Obviously, for p = 1 we may consider in the previous proposition also closed, or half-
open intervals.

Example 2.3.3. The function f : Rp → Rp de�ned by f (x) = 1
2 x is a contraction of Rp

into itself, because: ∥∥f (x) − f (y)
∥∥ = 1

2 ‖x − y‖ .

Example 2.3.4. Take A = [0,∞) and the function f : A → A, given by f (x) = 1
1+x2 . The

function f is a contraction on A, and this fact can be proven using Proposition 2.3.2. The
derivative of the function f is

f ′(x) =
(

1
1 + x2

)′
= − 2x

(1 + x2)2 ,

hence ∣∣f ′(x)
∣∣ = 2x

(1 + x2)2 .



54 | Nonlinear Analysis Fundamentals

De�ne the auxiliary function g : [0,∞)→ [0,∞) given by g(x) = 2x
(1+x2)2 . Its derivative is

g′(x) = 2(1 + x2)2 − 2x · 2(1 + x2) · 2x
(1 + x2)4

= 2(1 + x2)(1 + x2 − 4x2)
(1 + x2)4 = 2 1 − 3x2

(1 + x2)3 .

Remark that x = 1√
3
is the positive maximum for the function g and g

(
1√

3

)
= 9

8
√

3
< 1.

Hence
∣∣f ′(x)

∣∣ ≤ 9
8
√

3
< 1 for every x ∈ [0,∞). It follows from Proposition 2.3.2 that f is a

contraction.

We now formulate the announced principle. We mention here that the Banach �xed
point theorem was proved by the Polish mathematician Stefan Banach in 1922 in the
framework of complete normed vector spaces.

Theorem 2.3.5 (Banach Principle). Let A ⊂ Rp be a closed nonempty set and f : A →
A be a contraction. Then f admits a unique �xed point.

Proof As usual in the case of existence and uniqueness results, we divide the proof
into two steps.We prove �rst the existence, and then the uniqueness of the �xed point.
According to the de�nition, there exists a real number λ ∈ (0, 1) such that∥∥f (x) − f (y)

∥∥ ≤ λ ‖x − y‖
for any x, y ∈ A. Consider x0 ∈ A as an arbitrary point and denote x1 = f (x0), x2 =
f (x1), ..., xn = f (xn−1), an operation which can be made for every natural n. Observe
that x2 = f (f (x0)) = f 2(x0) and, in general, xn = f n(x0) (we have denoted f 2 instead of
f ◦ f , and, in general, f n instead of n times f ◦ f ◦ ... ◦ f ). We prove that (xn)n∈N is a
Cauchy sequence. The next relations hold

‖x2 − x1‖ =
∥∥f (x1) − f (x0)

∥∥ ≤ λ ‖x1 − x0‖ ,

‖x3 − x2‖ =
∥∥f (x2) − f (x1)

∥∥ ≤ λ ‖x2 − x1‖ ≤ λ2 ‖x1 − x0‖ .

Using an inductive procedure, one gets the inequality

‖xn+1 − xn‖ ≤ λn ‖x1 − x0‖

for any n ∈ N*. For m, n ∈ N* arbitrarily taken, one can successively write:

‖xm+n − xn‖ ≤ ‖xn+1 − xn‖ + ‖xn+2 − xn+1‖ + · · · + ‖xn+m − xn+m−1‖

≤ λn ‖x1 − x0‖ + λn+1 ‖x1 − x0‖ + · · · + λn+m−1 ‖x1 − x0‖

= ‖x1 − x0‖ (λn + λn+1 + · · · + λn+m−1) = ‖x1 − x0‖ λn
1 − λm
1 − λ

≤ ‖x1 − x0‖
λn

1 − λ .
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Hence,
‖xn+m − xn‖ ≤

λn
1 − λ ‖x1 − x0‖ (2.3.1)

for any n,m ∈ N*. If ‖x1 − x0‖ = 0, it follows that f (x0) = x0, i.e., x0 is a �xed point
and then the existence of the �xed point is assured. If ‖x1 − x0‖ ≠ 0, then, using the
fact that λ ∈ (0, 1), one deduces that

lim
n→∞

λn
1 − λ = 0,

hence
lim
n→∞

λn
1 − λ ‖x1 − x0‖ = 0.

By using the ε characterization of this convergence, it follows that for any ε > 0, there
exists nε ∈ N*, such that for any n ≥ nε , one has

λn
1 − λ ‖x1 − x0‖ < ε.

By combining this relation with (2.3.1), it follows that for any ε > 0, there exists nε ∈
N*, such that for every n ≥ nε , and every m ∈ N, one has

‖xn+m − xn‖ < ε.

This proves that (xn) is a Cauchy sequence, and because Rp is a complete space, the
sequence (xn)n∈N is convergent, so there exists x ∈ Rp with limn→∞ xn = x. Since
(xn) ⊂ A and A is closed, we deduce that x ∈ A. Recall that the sequence is given by
the relation

x0 ∈ A, f (xn) = xn+1, ∀n ∈ N. (2.3.2)

The function f is continuous (since every contraction has this property, see Proposi-
tion 1.2.26). Hence, from the properties of the continuous functions, the limit of the
sequence (f (xn))n exists and equals f (x). In the relation (2.3.2), we pass to the limit for
n →∞ and we get

lim
n→∞

f (xn) = lim
n→∞

xn+1,

i.e.,
f (x) = x,

hence x is a �xed point. The existence is proved.
In order to prove the uniqueness, suppose there are two di�erent �xed points x

and y. Then
‖x − y‖ =

∥∥f (x) − f (y)
∥∥ ≤ λ ‖x − y‖ .

Since ‖x − y‖ > 0, it follows that 1 ≤ λ, which is absurd. Therefore, there exists a
unique �xed point for f . �

The above result is very important and deserves an extended comment. The anal-
ysis of the statement, and also of the proof, provides us with some useful conclusions.
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Firstly, observe (in the proof of the existence) how the �xed point was obtained: for
every initial point x0 ∈ A, the sequence given by the relation (2.3.2) converges to the
unique �xed point x of themapping f . Coming back to the above inequalities, the next
relations hold:

‖xn − x0‖ ≤ ‖x1 − x0‖ + ‖x2 − x1‖ + · · · + ‖xn − xn−1‖

≤ ‖x1 − x0‖ + λ ‖x1 − x0‖ + · · · + λn−1 ‖x1 − x0‖

= ‖x1 − x0‖ (1 + λ + λ2 + · · · + λn−1) = ‖x1 − x0‖
1 − λn
1 − λ ,

and, by passing to the limit for n →∞, we deduce that

‖x0 − x‖ ≤
1

1 − λ
∥∥x0 − f (x0)

∥∥ .
In this way, we see that for every x ∈ A, one has

‖x − x‖ ≤ 1
1 − λ

∥∥x − f (x)
∥∥ . (2.3.3)

Moreover, one gets the following estimations:

‖xn − x‖ ≤ ‖x1 − x0‖
λn

1 − λ (2.3.4)

for any n ∈ N*, which follows from (2.3.1) passing to the limit for m →∞.
The “a priori” estimation we get in this way is useful in determining the maxi-

mum number of steps of the iteration (2.3.2) which one needs, in order to obtain the
desired precision in the estimation of the �xed point, by knowing the initial value x0

and the value x1 = f (x0), a fact which we will use in the study of some algorithms.
More exactly, for getting an error smaller than ε > 0, one needs that

‖x1 − x0‖
λn

1 − λ < ε,

which drives us to the conclusion that we need a number n of iterations greater than
the value ∣∣∣∣ ln ε + ln(1 − λ) − ln(‖x1 − x0‖)

ln λ

∣∣∣∣ . (2.3.5)

For example, if we need ε to be of the form 10−m, the size order of n is of the type

m
|ln λ| + constant,

and for additional decimal places of accuracy, one needs to supplement the number of
iterations by |ln λ|−1 . Therefore, the closer λ approaches to 0, this value is smaller, and
we will need to iterate less in order to obtain the desired precision. Also, one observes
from the relation (2.3.5) that a smaller value of ‖x1 − x0‖ implies that the decrease of
the number of iterations which are necessary for a prescribed precision. Therefore, in
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case of some algorithms, it is preferable to start from points as close as possible to the
initial point. We will later discuss examples on the computational e�ects described
here in the Chapter 6.

One can also get the following estimate:

‖xn − x‖ ≤
λ

1 − λ ‖xn − xn−1‖ , (2.3.6)

which is obtained by passing to the limit for m →∞ in the relation

‖xn+m − xn‖ ≤ ‖xn+1 − xn‖ + ‖xn+2 − xn+1‖ + · · · + ‖xn+m − xn+m−1‖

≤ λ ‖xn − xn−1‖ + λ2 ‖xn − xn−1‖ + · · · + λm ‖xn − xn−1‖

= (λ + λ2 + ... + λm) ‖xn − xn−1‖ .

The speed of convergence of the sequence (xn) is given by the approximation

‖xn+1 − x‖ ≤ λ ‖xn − x‖ ,

which is deduced from the relations

‖xn+1 − x‖ =
∥∥f (xn) − f (x)

∥∥ ≤ λ ‖xn − x‖ .
More details regarding the speed of convergence will be given in Chapter 6.
Another inequality which follows immediately from the de�nition of the contrac-

tion is
‖xn − x‖ ≤ λn ‖x0 − x‖ , ∀n ∈ N.

Besides these observations regarding the convergence type of the iterations to-
wards the �xed point, we make some other remarks concerning the assumptions of
the Banach Principle.

Remark 2.3.6. The Banach �xed point theorem shows not only the existence, but the
uniqueness of the �xed point and, at the same time, shows us a method to approximate
the �xed point x, and allows us to emphasize an estimation of the error produced by con-
sidering this approximation. This approximation method of the solution by the terms of
the sequence xn = f n(x0) is called the successive approximations method, or the Picard
method, after the name of the French mathematician Charles Émile Picard, which initi-
ated it in 1890.

Remark 2.3.7. The assumption λ < 1 is essential both for the existence, as for the
uniqueness of the �xedpoint. One can see, for instance, that for the identitymap f (x) = x,
for any x ∈ R, every point ofR is a �xed point, while the map f (x) = x+ 1, for any x ∈ R,
does not have any �xed point. In both cases, λ = 1.

Remark 2.3.8. If A is not closed, one loses the completeness argument and the conclu-
sion of Banach Principle does not hold. For example, the mapping f : (0, 1] → (0, 1]
given by f (x) = x

2 does not have any �xed point, although is a contraction.
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Aiming to further illustrate the assumptions of the Banach Principle, we introduce a
weaker notion than the one of contraction.

De�nition 2.3.9. A function f : Rp → Rp is called a weak contraction if

∀x, y ∈ Rp , x ≠ y,
∥∥f (x) − f (y)

∥∥ < ‖x − y‖ .
Example 2.3.10. There exist weak contractions, de�ned on closed sets, without �xed
points. We consider the next example. Take f : R→ R, de�ned by

f (x) = 1 + x − x
1 + |x| .

Obviously, f (x) > x for any x ∈ R, hence f does not have any �xed point. On the other
hand, f is a weak contraction, which one can show by considering the relation∣∣f (x) − f (y)

∣∣ =
∣∣∣∣(x − y) −

(
x

1 + |x| −
y

1 + |y|

)∣∣∣∣
in several situations.

If x, y ≥ 0, then:∣∣f (x) − f (y)
∣∣ =
∣∣∣∣x − y −( x

1 + x −
y

1 + y

)∣∣∣∣ =
∣∣∣∣x − y − x − y

(1 + x)(1 + y)

∣∣∣∣
=
∣∣∣∣(x − y)

(
1 − 1

(1 + x)(1 + y)

)∣∣∣∣ < |x − y|
because x ≠ y and

1 − 1
(1 + x)(1 + y) ∈ (0, 1).

If x, y < 0, one has:∣∣f (x) − f (y)
∣∣ =
∣∣∣∣x − y −( x

1 − x −
y

1 − y

)∣∣∣∣ =
∣∣∣∣(x − y) − x − y

(1 − x)(1 − y)

∣∣∣∣
=
∣∣∣∣(x − y)

(
1 − 1

(1 − x)(1 − y)

)∣∣∣∣ < |x − y|
because x ≠ y and

1 − 1
(1 − x)(1 − y) ∈ (0, 1).

If x > 0 and y < 0, one has:∣∣f (x) − f (y)
∣∣ < ∣∣∣∣x − y −( x

1 + x −
y

1 − y

)∣∣∣∣ =
∣∣∣∣(x − y) − (x − y) − 2xy

(1 + x)(1 − y)

∣∣∣∣
= x − y − (x − y) − 2xy

(1 + x)(1 − y) < x − y = |x − y| ,

where the last inequality can be obtained by direct calculation.
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Observe that the Picard iterations associated to f diverge to +∞ for any initial data
x0: if x0 ≥ 0, then (xn) is strictly increasing, has positive values and cannot have a �nite
limit, while if x0 < 0, then the terms of the sequence become positive from a certain rank,
and we are again in the previous framework.

The weak contractions may yet have a �xed point, if at least a sequence of Picard iter-
ations has a convergent subsequence. More precisely, the next assertion holds.

Proposition 2.3.11. Let A ⊂ Rp be a closed set and f : A → A be a function such that∥∥f (x) − f (y)
∥∥ < ‖x − y‖ , ∀x, y ∈ A, x ≠ y,

i.e., f is a weak contraction on A. If there exists a ∈ A such that the sequence of Picard
iterations, having the initial data a, and given by x1 = f (a), xn+1 = f (xn), n ≥ 1, has a
subsequence which is convergent to a point x ∈ A, then x is the unique �xed point of f
on A.

Proof Suppose, by contradiction, that f (x) ≠ x. Consider

D :=
{

(x, y) ∈ A × A | x ≠ y
}

and the mapping g : D → R given by

g(x, y) :=
∥∥f (x) − f (y)

∥∥
‖x − y‖ .

From the assumptions made, we have that g(x, y) < 1. But (x, f (x)) ∈ D, hence
g(x, f (x)) < 1. Let (xnk )k∈N be a subsequence of (xn)n∈N which converges to x. Then

‖f (xnk ) − f (x)‖ < ‖xnk − x‖ , ∀k ∈ N,

from which one deduces that f (xnk )→ f (x). It follows that

‖xnk − f (xnk )‖ →
∥∥x − f (x)

∥∥ and g(xnk , f (xnk ))→ g(x, f (x)) < 1.

Take r such that g(x, f (x)) < r < 1. Taking into account the continuity of f (in
particular, f is Lipschitz), there exists a k0 ∈ N such that for every k ≥ k0,

1
3
∥∥x − f (x)

∥∥ < ‖xnk − f (xnk )‖

and g(xnk , f (xnk )) < r or, equivalently,∥∥f (xnk ) − f (f (xnk ))∥∥ < r ∥∥xnk − f (xnk )∥∥ .
Then for every i > k ≥ k0, one has:

1
3
∥∥x − f (x)

∥∥ < ∥∥xni − f (xni )∥∥ =
∥∥f (xni−1) − f (xni )

∥∥
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< ‖xni−1 − xni‖ < ... <
∥∥f (xni−1 ) − f (f (xni−1 ))

∥∥
< r
∥∥xni−1 − f (xni−1 )

∥∥ < ... < ri−k ∥∥xnk − f (xnk )∥∥ .
We make i → ∞ and we get

∥∥x − f (x)
∥∥ = 0, which contradicts (x, f (x)) ∈ D. The

uniqueness of the �xed point is straightforward. �

Wepresent next some generalizations and consequences of the Banach Principle.
A �rst generalization of the Banach Principle mainly says that it is su�cient for

one of the iterations of the function to be a contraction to obtain the conclusions of the
Banach Principle. We will see that such an assumption is weaker than the condition
that f is a contraction. Remark�rst that if f is a contractionwith constant λ < 1, then f n

is a contraction with constant λn < 1, hence, in the assumptions of Banach Principle,
has a unique �xed point. As every �xed point of f is a �xed point for every iteration,
one deduces that f and all its iterations have the same �xed point. The role of the next
theorem is also to formulate a partial converse of this observation.

Theorem 2.3.12. Take f : Rp → Rp. If there exists q ∈ N* such that f q is a contraction,
then f has a unique �xed point. Moreover, for every initial data x0 ∈ Rp , the sequence
of the Picard iterations converges to the �xed point of f .

Proof Let q ∈ N* be such that f q is a contraction. From the Banach Principle, f q has a
unique �xed point, which we denote by x. Observe, based on the previous comment,
that x is the sole candidate to be a �xed point for f (any �xed point for f is a �xed point
for any iteration). The next relations hold:

f (x) = f (f q(x)) = f q(f (x)),

i.e., f (x) is a�xedpoint for f q . As f q has aunique�xedpoint, onededuces that f (x) = x.
Let us nowprove the assertion concerning the convergence of the Picard iterations.We
start from a �xed element x0 ∈ Rp and we construct the associated Picard sequence
(f n(x0))n . Wemust prove that this sequence converges to x. Take r ∈ 0, q − 1. Then, the
set of the terms of sequence (f n(x0))n is the union of the sets of terms of subsequences
of the type (f qk+r(x0))k . On the other hand, (f qk+r(x0))k can be seen as the sequence of
Picard iterations associated to f q , with the initial point f r(x0), because:

f qk+r(x0) = (f q)k(f r(x0)).

Since f q is a contraction, we know from the Banach Principle that all the Picard itera-
tions of f q converge to the �xed point x. Hence all the q subsequences which partition
the initial sequence have the same limit (i.e., x), which shows that limn→∞ f n(x0) = x
and the theorem is completely proved. �

As in the case of Banach Principle, the result holds if f : A → A, where A is a
closed (hence, complete) subset of Rp . Observe that in this theorem is not necessary
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for f to have any special property (even continuity of f is not assumed). For instance,
the function f : [0, 1]→ [0, 1] given by

f (x) =
{

0 if x ∈ [0, 1
2 ]

1
2 if x ∈ ( 1

2 , 1]

is discontinuous, but f 2(x) = 0 for any x ∈ [0, 1], hence is a contraction. Of course,
the unique �xed point of f is x = 0.

Let us give now another examplewhich proves that the assumption that an iterate
of f is a contraction is weaker than the condition that f is a contraction. Consider the
function f : R→ R given by f (x) = e−x . This function is not a contraction on R: for
instance ∣∣f (−2) − f (0)

∣∣ = e2 − 1 > |−2 − 0| = 2.

But f 2(x) = e−e
−x
is a contraction. To prove this, we evaluate the absolute value of the

derivative (in order to apply Proposition 2.3.2):∣∣∣(f 2)′(x)
∣∣∣ =
∣∣∣e−e−x e−x∣∣∣ = e−x−e

−x
≤ e−1 < 1, ∀x ∈ R,

based on the observation that

1 ≤ x + e−x , ∀x ∈ R.

Therefore, according to Theorem 2.3.12, there exists a unique �xed point x of the func-
tion f (hence x = e−x) which can be approximated using the Picard iterations. A nu-
merical calculation (made on a computer, see Chapter 6) suggests the approximate
value x ' 0.567. We will return in Chapter 6 to the possibility of approximating the
�xed points in some concrete situations.

At the end of this section, we consider another two interesting consequences of
the Banach �xed point principle. The �rst one refers at the continuous dependence of
the �xed point with respect to a parameter.

Theorem 2.3.13. Let g : Rp × Rq → Rp be a continuous function. Suppose that there
exists α ∈ (0, 1) such that ∥∥g(x, t) − g(y, t)

∥∥ ≤ α ‖x − y‖
for every t ∈ Rq and x, y ∈ Rp . For �xed t in Rq , denote by µ(t) the unique �xed point
of the contraction g(·, t). Then the mapping µ : Rq → Rp is continuous.

Proof Take t0 ∈ Rq and ε > 0. The continuity of g in (µ(t0), t0) implies the existence
of a number δ > 0 such that for any �xed t, with ‖t − t0‖ < δ, one has∥∥g(µ(t0), t) − g(µ(t0), t0)

∥∥ < ε(1 − α),
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which is equivalent to ∥∥g(µ(t0), t) − µ(t0)
∥∥ < ε(1 − α).

From the relation (2.3.3) and the above relations, we deduce that for any t with
‖t − t0‖ < δ, one has

∥∥µ(t) − µ(t0)
∥∥ ≤ ∥∥µ(t0) − g(µ(t0), t)

∥∥
1 − α < ε.

This proves the theorem. �

Theorem 2.3.14. Let f : Rp → Rp be a contraction. Then the mapping ν : Rp → Rp

given by ν(x) = x + f (x) is a bicontinuous bijection (i.e., is a homeomorphism of Rp).

Proof It is clear that ν is continuous.Moreover, f is injective because the relation ν(x) =
ν(y) and the contraction property of f imply x = y. Consider g : Rp × Rp → Rp given
by

g(x, y) = y − f (x).

It is clear that g satis�es the property from the assumption of the previous theorem,
hence themapping x 7→ g(x, y) has aunique�xedpoint µ(y) for any y ∈ Rp. Therefore,

µ(y) = y − f (µ(y)),

i.e.,
y = ν(µ(y)), (2.3.7)

hence ν is surjective. It remains to prove that ν−1 is continuous. Relation (2.3.7) shows
that the functions ν and µ are inverse one to each other, and the continuity of µ (hence
of ν−1) is assured by the previous theorem. Hence, ν is a homeomorphism. �

2.3.2 The Case of One Variable Functions

We now present some �xed point results for real functions of one variable. Geomet-
rically, the �xed points of a function f in this context are those points x for which
(x, f (x)) lays on the �rst bisector, i.e., the abscissae of points where the graph of f in-
tersects the �rst bisector.

Obviously, the �rst result which we must mention is the particular case of the Ba-
nach Principle, which works for contractions which map a closed subset of R into
itself. The �rst result which is di�erent from the Banach Principle is the Knaster �xed
point theorem.

Theorem 2.3.15 (Knaster). Let a, b ∈ R, a < b and f : [a, b]→ [a, b] be an increasing
function. Then f has at least one �xed point.
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Proof De�ne the set
A := {x ∈ [a, b] | f (x) ≥ x}.

It is clear, on one hand, that A is nonempty (because a ∈ A) and, on the other hand,
that A is bounded (being a subset of [a, b]). Hence, according to the completeness
axiom, A admits a supremum in R. Denote this number by x. Therefore, x = supA
and it is clear that x ∈ [a, b]. As x ≥ x for any x ∈ A, the monotony of f allows us to
write the inequality f (x) ≥ f (x) ≥ x for any x ∈ A. Hence, f (x) is a majorant for A, so
f (x) ≥ x. It also follows from monotony that f (f (x)) ≥ f (x) and hence f (x) ∈ A, i.e.,
f (x) ≤ x. Consequently, one has the equality f (x) = x and x is a �xed point. �

Remark 2.3.16. If in the previous result one takes f to bedecreasing, then the conclusion
does not hold. One may consider the following counterexample: f : [0, 1]→ [0, 1] given
by

f (x) =
{

1 − x if x ∈ [0, 1
2 )

1
2 −

x
2 if x ∈ [ 1

2 , 1].

It is clear that f is decreasing on [0, 1], but still does not admit any �xed point.

The next result is simple, but will be useful in many situations.

Theorem 2.3.17. Let a, b ∈ R, a < b and f : [a, b] → [a, b] be a continuous function.
Then there exists x ∈ [a, b] such that f (x) = x, i.e., f has at least one �xed point.

Proof De�ne the function g : [a, b] → R, given by g(x) = f (x) − x. It is obvious that g
is continuous it is the di�erence of continuous functions and, in particular, it has the
Darboux property. Obviously, because f (a), f (b) ∈ [a, b], one has the inequalities

g (a) = f (a) − a ≥ 0
g(b) = f (b) − b ≤ 0,

hence g(a) · g(b) ≤ 0, and by the use of the Darboux property, one deduces that there
exists a point x ∈ [a, b] such that g(x) = 0. Therefore, f (x) = x and the proof is now
complete. �

Remark 2.3.18. In this situation, the uniqueness of the �xed point is not ensured. The
immediate example is the identity function of the [a, b] interval. It is also essential that
the interval is closed. For example, the function f : [0, 1) → [0, 1) given by f (x) = x+1

2
does not have any �xed point. It is equally essential that the interval is bounded: the
function f : [1, +∞) → [1, +∞) given by f (x) = x + x−1 does not have any �xed point.
Finally, the result does not hold anymore in the case where the function is not de�ned on
an interval. For instance, f : [−2, −1] ∪ [1, 2] → [−2, −1] ∪ [1, 2], f (x) = −x does not
have any �xed point.
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In some situations, we can say something about the structure of the set of �xed points.

Theorem 2.3.19. Let f : [0, 1]→ [0, 1] be a 1-Lipschitz function on [0, 1]. Then the set
of the �xed points of f is a (possibly degenerate) interval.

Proof Let
F := {x ∈ [0, 1] | f (x) = x}

be the set of �xedpoints of f . It is clear, from the continuity of f , that F is a compact set,
so it admits a minimum and amaximum, denoted respectively by a and b. Obviously,
F ⊂ [a, b]. If we �x now an arbitrary x ∈ [a, b], it is su�cient to prove that x is a �xed
point of f , i.e., x ∈ F. Since a is a �xed point of f and a ≤ x, one gets

f (x) − a ≤
∣∣f (x) − a

∣∣ =
∣∣f (x) − f (a)

∣∣ ≤ x − a,
so f (x) ≤ x. By a similar argument in the case of b, one has:

b − f (x) ≤
∣∣b − f (x)

∣∣ =
∣∣f (b) − f (x)

∣∣ ≤ b − x,
which shows that f (x) ≥ x. Consequently, f (x) = x and the proof is complete. �

We now emphasize a supplemental condition, which assures the uniqueness of
the �xed point.

Theorem 2.3.20. Let a, b ∈ R, a < b and f : [a, b] → [a, b] be a continuous function
on [a, b], which is di�erentiable on (a, b) and has the property that f ′(x) ≠ 1 for any
x ∈ (a, b). Then f has a unique �xed point.

Proof Theorem2.3.17 assures the existence of the�xedpoint. If, by contradiction, there
are two �xed points of f , denoted by x1 and x2, then the Lagrange Theorem applied
to f on the interval [x1, x2], implies the existence of a point c ∈ (x1, x2) ⊂ (a, b) such
that

f (x1) − f (x2) = f ′(c)(x1 − x2).

But this relation implies f ′(c) = 1, which contradicts the assumption. This proves the
result. �

There is an important di�erence between the proof of Banach �xed point theorem
and the proof of Theorem 2.3.17 above, which is that we are not given any information
concerning the position of the �xed point, or a method to approximate it. Recall that
the successive approximations method from the Banach’s proof works like this: we
start with an arbitrary point x0 (this time, from the interval [a, b]), and we construct
by recurrence a sequence (the sequence of Picard approximations) from [a, b] by the
relation xn+1 = f (xn) for every n ∈ N. All of the hard work in the proof of the Banach
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Principlewas to show that (xn) converges. In casewe know this, the continuity of f fur-
nishes the conclusion that the limit of xn , denoted by x, is a �xed point for f . Indeed,
we may write:

f (x) = f ( lim
n→∞

xn) = lim
n→∞

f (xn) = lim
n→∞

xn+1 = x. (2.3.8)

In order to prove that sequence of the successive approximations is convergent,
one usually shows that this sequence is fundamental.

Figure 2.2: Behavior of the Picard iterations.

We can show that in certain conditions, the Picard iterations are convergent to
a �xed point, outside the standard assumptions of the Banach Principle. This result
is called the Picard convergence theorem, and its geometric meaning stems from the
following discussion. Take x0 ∈ [a, b] arbitrary and consider the Picard iteration as-
sociated with the function f and the initial point x0, xn+1 = f (xn), for any n ∈ N. We
may describe this procedure of determining the Picard sequence geometrically. Con-
sider �rst P0(x0, f (x0)) on the curve of equation y = f (x) (the graph of f ). Take the
point Q0(f (x0), f (x0)) on the �rst bisector y = x, and we project it vertically on the
curve y = f (x) in order to �nd the point P1(x1, f (x1)). We project the point P1 horizon-
tally in Q1, which lies on the �rst bisector, and continue this procedure by the vertical
projection of Q1 on y = f (x) in the point P2(x2, f (x2)). One can repeat this procedure
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in such a way that a “spider net” is obtained, where the �xed point of f is “captured”
(i.e., the intersection of the curves y = f (x) and y = x). Actually, one may observe that
this “capturing” happens if the slopes of the tangents to the curve y = f (x) are smaller
in absolute value than the slope of the line y = x (which equals 1). If this condition
concerning the slopes is not satis�ed, then the points Q0, Q1, ... move away from the
�xed point (see Figure 2.2 for the two di�erent situations).

Therefore, the Picard Theoremanalytically transposes this geometric observation.

Theorem 2.3.21 (Picard Theorem). Let a, b ∈ R, a < b and f : [a, b] → [a, b] be
a continuous function on [a, b] and di�erentiable on (a, b), having the property that∣∣f ′(x)

∣∣ < 1 for any x ∈ (a, b). Then f has a unique �xed point, and the sequences of
Picard iterations are convergent to the unique �xed point of f .

Proof Theorem 2.3.20 assures the existence and the uniqueness of the �xed point. De-
note it by x. Take x0 ∈ [a, b] and let (xn) be the Picard sequence which is generated
starting at x0. If for n ∈ N we have xn = xn+1, then xn is the �xed point, and the se-
quence becomes stationary. In this case the convergence is obvious. Suppose then that
(xn) is not stationary. From the Lagrange Theorem (applied to the function f on an in-
terval having endpoints x and xn) one deduces the existence of an element cn ∈ (a, b)
for which we can write the relation:

xn+1 − x = f (xn) − f (x) = f ′(cn)(xn − x).

This inequality and the assumption on the derivative of f imply collectively that

|xn+1 − x| < |xn − x| . (2.3.9)

Weprove now that (xn) converges to x. Since (xn) is a bounded sequence (in [a, b]), it is
su�cient to prove that every convergent subsequence has its limit equal to x. Consider
then a convergent subsequence (xnk )k of (xn) and denote by x ∈ [a, b] its limit. Since
(nk) is strictly increasing, by applying inductively the inequality (2.3.9), one gets:

|xnk+1 − x| ≤ |xnk+1 − x| < |xnk − x| . (2.3.10)

But |xnk − x|
k→∞→ |x − x| , and |xnk+1 − x|

k→∞→ |x − x| , and also

|xnk+1 − x| =
∣∣f (xnk ) − f (x)

∣∣ k→∞→ ∣∣f (x) − f (x)
∣∣ .

Passing to the limit in (2.3.10), one gets then∣∣f (x) − f (x)
∣∣ = |x − x| .

If x ≠ x, by applying again the Lagrange Theorem, we have∣∣f (x) − f (x)
∣∣ < |x − x| ,
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which provides a contradiction. Therefore, x = x, and the theorem is proved. �

We want to emphasize now that if the condition
∣∣f ′(x)

∣∣ < 1 does not hold for any
x ∈ (a, b), then, even if f has a unique �xed point, the Picard sequence may not con-
verge to this �xed point. For instance, consider the function f : [−1, 1]→ [−1, 1] given
by f (x) = −x. Obviously, f is di�erentiable on its domain, but the absolute value of its
derivative equals 1. The sole �xed point of f is x = 0. By construction the Picard it-
eration starting from x0 ≠ 0, the Picard sequence has the form x0, −x0, x0, −x0, ...,
hence is not convergent. Remark also that a function which satis�es the assumptions
of the previous theorem is not necessarily a contraction, hence the Picard Theorem
cannot be obtained from the Banach Principle. To illustrate this aspect, we have the
following example. Take f : [0, 1] → [0, 1], f (x) = 1

1+x . Obviously,
∣∣f ′(x)

∣∣ ∈ (0, 1) for
any x ∈ (0, 1), but f is not a contraction because

lim
(x,y)→(0,0),x≠y

∣∣f (x) − f (y)
∣∣

|x − y| = lim
(x,y)→(0,0),x≠y

1
(x + 1)(y + 1) = 1.

However, we could apply the Banach Principle for the function f if we restrict it to an
interval on which it is a contraction. Observe that for x ∈

[ 1
2 , 1
]
, f (x) ∈

[ 1
2 ,

2
3
]
, so

we can de�ne f :
[ 1

2 , 1
]
→
[ 1

2 , 1
]
and remark that this restriction is a contraction,

because supx∈[ 1
2 ,1]
∣∣f ′(x)

∣∣ = 4
9 < 1. Therefore, there exists a unique �xed point of f in[ 1

2 , 1
]
, and since the initial function has a unique �xed point, the �xed point of the

restriction coincides with it.
Also in the framework of this example, one can apply Theorem 2.3.12, because

f 2(x) = x+1
x+2 is a contraction (supx∈[0,1]

∣∣(f 2)′(x)
∣∣ = 1

4 < 1).
In some cases, it may happen that we cannot restrict the function to a contraction,

nor can we �nd an iteration which is a contraction, so one cannot apply any of the
two methods from the preceding example. For example, take the function f : [0, 1]→
[0, 1], f (x) = x

1+x . Again,
∣∣f ′(x)

∣∣ ∈ (0, 1) for any x ∈ (0, 1), and for every n ∈ N* and
every x ∈ [0, 1], f n(x) = x

1+nx . As above:

lim
(x,y)→(0,0),x≠y

∣∣f n(x) − f n(y)
∣∣

|x − y| = lim
(x,y)→(0,0),x≠y

1
(nx + 1)(ny + 1) = 1

and hence f n is not a contraction. Moreover, it is impossible to �nd any restriction of
the function f which is a contraction from a set into itself, because the �xed point of
f is x = 0, so, such a restriction should be de�ned on an interval which contains 0,
which is impossible in view of relation

lim
(x,y)→(0,0),x≠y

∣∣f (x) − f (y)
∣∣

|x − y| = 1.

However, the function from the Picard Theorem is necessarily aweak contraction,
and we will see in the subsequent sections how one can reobtain the Picard Theo-
rem by using amore general result concerningweak contractions (Theorem 2.3.24 and
Corollary 2.3.25).
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In the assumptions of thePicardTheorem, the sequence of iterations is convergent
to the �xed point of the function f for any possible choice of the initial term x0 in the
interval [a, b]. In order to obtain a quicker convergence, it is natural to try to start with
this �rst term as close as we can to x. Observe that, because of equality x = f (x), the
point x lies in the image of f , and since x is a �xed point, it would be in the images of
the functions f n for every natural nonzero n. Therefore, x will lie in the intersection of
all the images of the above functions. Hence, if we could calculate

⋂
n∈N*

Im f n , we could

be close enough to the �xed point. In case this intersection consists of only one point,
that point is the desired �xed point. For example, consider the function f : [0, 1] →
[0, 1] given by f (x) = x+1

4 . Inductively, one can show that for every n ∈ N*,

f n(x) = 3x + 4n − 1
3 · 4n ,

and
Im f n =

[
1
3 (1 − 1

4n ), 1
3 (1 + 2

4n )
]
.

If we take the intersection of all these intervals, we get⋂
n∈N*

Im f n =
{

1
3

}
,

hence x = 1
3 is the �xed point of the function f we are looking for.

The next result highlights the most important assumption of Picard Theorem, by
emphasizing a partial converse.

Proposition 2.3.22. Let f : R → R be a continuous function and x0 ∈ R. If the se-
quence of Picard iterations starting from x0 converges to a number l ∈ R, without being
stationary, and f is di�erentiable at l, then

∣∣f ′(l)∣∣ ≤ 1.

Proof Suppose by contradiction that
∣∣f ′(l)∣∣ > 1. It is clear, from the continuity of f and

from a previous comment, that l must be a �xed point of f . Since

lim
x→l

f (x) − f (l)
x − l = f ′(l)

we get

lim
x→l

∣∣∣∣ f (x) − f (l)
x − l

∣∣∣∣ =
∣∣f ′(l)∣∣ .

Take
ε :=

∣∣f ′(l)∣∣ − 1
2 > 0.
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Then for this ε, there exists δ > 0 such that for any x ∈ (l − δ, l + δ) \ {l},∣∣f ′(l)∣∣ − ε < ∣∣∣∣ f (x) − f (l)
x − l

∣∣∣∣ < ∣∣f ′(l)∣∣ + ε

or ∣∣f ′(l)∣∣ + 1
2 <

∣∣∣∣ f (x) − l
x − l

∣∣∣∣ .
In particular, since

∣∣f ′(l)∣∣ > 1,

|x − l| < |x − l|
∣∣f ′(l)∣∣ + 1

2 <
∣∣f (x) − f (l)

∣∣
for every x ∈ (l − δ, l + δ) \ {l}. Since the sequence (xn) of the Picard iterations starting
from x0 converges to l, without being stationary, there exists nδ ∈ N such that for any
n ≥ nδ ,

xn ∈ (l − δ, l + δ) \ {l}.

One gets from the above relations that

|xn − l| <
∣∣f (xn) − f (l)

∣∣ = |xn+1 − l|

for every n ≥ nδ . In particular, we get

|xnδ − l| < |xnδ+1 − l| < |xn − l|

for every n > nδ + 1. Passing to the limit in the last relation for n → ∞, we get the
contradiction:

|xnδ − l| < |xnδ+1 − l| ≤ 0.

Consequently, the assumption made is false, hence
∣∣f ′(l)∣∣ ≤ 1. �

Remark 2.3.23. In general, one cannot obtain the inequality on the derivative if the
sequence is stationary. If one considers the function f : R → R, f (x) = x3 + 2x, the
sequence of Picard iterations starting from 0 is convergent (even stationary) to 0, but
f ′(0) = 2.

We now present a very interesting result due to Beardon, which says that in case of
a weak contraction on R (which, as we already saw in Example 2.3.10, may not have
�xed points), the Picard iteration process gives the same limit point (possibly equal to
+∞ or −∞), for any choice of the initial data.

Theorem 2.3.24 (Beardon’s Theorem). Let f : R→ R be a function which is a weak
contraction on R, i.e., for any two distinct real numbers x and y, one has∣∣f (x) − f (y)

∣∣ < |x − y| .
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Then there exists x ∈ R such that for any x ∈ R, the Picard sequence generated by

xn = f n(x), ∀n ∈ N*

has the limit x.

Proof Suppose �rstly that f has a �xed point, x ∈ R. Obviously, this will be the unique
�xed point of f . Without loss of generality, we may consider x = 0, hence∣∣f (x)

∣∣ < |x|
for any x ≠ 0. Fix x ∈ R. Then the sequence (

∣∣f n(x)
∣∣)n is decreasing and hence is

convergent to a number µ(x) ≥ 0. We will prove that µ(x) = 0 for any initial data
x. Suppose by contradiction that µ(x) > 0. Then f (µ(x)) =: y1, and f (−µ(x)) =: y2,
where |y1| , |y2| <

∣∣µ(x)
∣∣ . By the continuity of f , there are two neighborhoods of µ(x)

and −µ(x), respectively, which are applied through f in the interval I := (−µ(x), µ(x)),
which contains y1 and y2. Then, for n su�ciently large, f n(x) also lies in I, which
contradicts the inequality

∣∣f n(x)
∣∣ ≥ ∣∣µ(x)

∣∣ . Therefore, for every x ∈ R, one has the
convergence f n(x)→ 0.

Suppose now f does not have any �xed point. Then f (x) > x or f (x) < x for any
real x. We will only prove the case f (x) > x, the other situation following analogously.
It is clear that for any real x, the sequence (f n(x)) is strictly increasing, so it has the
limit in (−∞, +∞]. If the limit would be a real number l, then f n(x) ≠ l for any natural
nonzero n, and we get ∣∣∣f n+1(x) − f (l)

∣∣∣ < ∣∣f n(x) − l
∣∣

from where, by passing to the limit, we get that f (l) = l, i.e., l is a �xed point, which is
a contradiction. Hence, f n(x)→ +∞. Obviously, in case f (x) < x, we get f n(x)→ −∞.
The proof is now complete. �

Remark also from the proof that if x ∈ R, then x is necessarily the sole �xed point
of f . Actually, if f has a �xed point (which is necessarily unique from the contraction
condition), then all the iterations converge to this �xed point, and if f does not have a
�xed point, then the Picard iterations converge to +∞ or −∞, according to f (x) > x or
f (x) < x, respectively.

Based on this result we can deduce the next corollary.

Corollary 2.3.25. Let a, b ∈ R, a < b and f : [a, b] → [a, b] be a weak contraction.
Then f has a unique �xed point, and for any initial data x ∈ [a, b], the sequences of the
Picard iterations are convergent to this �xed point.

Proof The existence and the uniqueness of the �xed point are assured by the Theorem
2.3.17 and by the contraction condition. By repeating the arguments from the �rst part
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of the proof of the previous theorem, one gets the conclusion concerning the Picard
iterations. �

The preceding corollary one can obtain also the Picard theorem of convergence
(Theorem 2.3.21), because in the assumptions of that theorem, the function is a weak
contraction.

2.4 Graves Theorem

We dedicate this section to an important result, known as the Graves Theorem, which
gives su�cient conditions for a function f : Rn → Rm to be open (i.e., the image
through f of an open set in Rn is open in Rm). If f is linear, this is an well-known
and deep result, known in Functional Analysis as the OpenMapping Principle (and is
applicable, as well as the Graves Theorem, in amuchwider setting). We give this prin-
ciple next and illustrate it through a very short and elementary proof (in our particular
framework).

Theorem 2.4.1 (Open Mapping Principle). Let T : Rp → Rm be a linear surjectivemap
(m, p ∈ N*). Then T is open.

Proof First of all, we recall that T is continuous. Let {e1, e2, ..., em} be the canonical
base of Rm . Taking into account the surjectivity of T, for any i ∈ 1,m, there exist
xi ∈ Rp with T(xi) = ei . Now take ψ : Rm → Rp , ψ(α) = ψ(α1, ..., αm) =

∑m
i=1 αixi .

Clearly, ψ is continuous and, moreover, T ◦ ψ : Rm → Rm is the identity of Rm . In
particular, ψ is injective. Now, consider U ⊂ Rp an open set. Since ψ is continuous,
ψ−1(U) is open and since ψ is injective, U = ψ(ψ−1(U)) . But

T(U) = T(ψ(ψ−1(U))) = (T ◦ ψ)(ψ−1(U)) = ψ−1(U).

So, T(U) is open. �

Remark that, in fact, a stronger property than the usual openness can be deduced
from the Open Mapping Principle: there exists L > 0 such that B(Tx, Lr) ⊂ T(B(x, r))
for every x ∈ Rp and r > 0.

To see this, observe that it is su�cient to prove the above relation for x = 0. In
this case, since T(B(0, 1)) is an open set, there exists an L > 0 such that B(0, L) ⊂
T(B(0, 1)). The fact that B(0, Lr) ⊂ T(B(0, r)) for every r > 0 easily follows.

The property mentioned before is called linear openness, and the corresponding
constant L > 0 is called the linear openness modulus.

We now present two results given in 1950 by the American mathematician
Lawrence Murray Graves. For a general function f : Rp → Rm , one says that f is lin-
early open at x0 withmodulus L > 0 if there is ρ > 0 such that B(f (x0), Lr) ⊂ f (B(x0, r))
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for every r ∈ (0, ρ). Of course, in case of linear operators, the linear openness at a sin-
gle point is equivalent to the linear openness at every point.

Theorem 2.4.2 (Graves). Let T : Rp → Rm be a linear surjective map, and denote its
linear openness modulus by L > 0. Let M ∈ (0, L), r > 0, U ⊂ Rp be an open set,
x0 ∈ U, and f : U → Rm be a continuous function such that∥∥f (u) − f (v) − T(u − v)

∥∥ ≤ M ‖u − v‖
for any u, v ∈ B(x0, r). Then f is linearly open at x0 with modulus L −M > 0.

Proof Take y ∈ Rm such that
∥∥y − f (x0)

∥∥ < r(L − M). We construct inductively a se-
quence (ξn) as follows: take ξ0 := 0 and, for n ≥ 1, ξn satis�es

T(ξn − ξn−1) = y − f (x0 + ξn−1) (2.4.1)

and
‖ξn − ξn−1‖ ≤ L−1 ∥∥y − f (x0 + ξn−1)

∥∥ . (2.4.2)

We easily deduce

T(ξn − ξn−1) = T(ξn−1 − ξn−2) − f (x0 + ξn−1) + f (x0 + ξn−2),

hence

‖ξn − ξn−1‖ ≤ L−1 ∥∥T(ξn − ξn−1)
∥∥ ≤ L−1 ∥∥T(ξn−1 − ξn−2) − f (x0 + ξn−1) + f (x0 + ξn−2)

∥∥
≤ L−1M ‖ξn−1 − ξn−2‖ , (2.4.3)

if ξn , ξn−1 ∈ B(0, r). This is true for every n. Indeed, from (2.4.1) and (2.4.2), we obtain
that

‖ξ1‖ ≤ L−1 ∥∥y − f (x0)
∥∥ < r(1 − L−1M) < r,

and since ξ0 = 0, we obtain ξ1, ξ0 ∈ B(0, r), hence (2.4.3) holds for n = 2. From this,

‖ξ2‖ = ‖ξ2 − ξ1 + ξ1‖ ≤ ‖ξ1‖ (1 + L−1M) < r,

hence (2.4.3) holds for n = 3. Suppose (2.4.3) holds until n, and deduce that

‖ξn‖ ≤ ‖ξ1‖ (1 + L−1M + ... +
(
L−1M

)n−1
) < r, (2.4.4)

which means that (2.4.3) holds for n + 1. Moreover, from (2.4.3) we know that the se-
quence (ξn) is Cauchy, and hence is convergent to an element ξ ∈ Rp . From (2.4.1) and
the continuity of f , y = f (x0 + ξ ), and (2.4.4) shows that

‖ξ‖ ≤ ‖ξ1‖ (1 − L−1M)−1 ≤ L−1 ∥∥y − f (x0)
∥∥ (1 − L−1M)−1 < L−1r(L −M)(1 − L−1M)−1 = r.

But this means exactly that

B(f (x0), (L −M)r) ⊂ f (B(x0, r)).
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Since this is true if one replaces r above with arbitrary r′ ∈ (0, r), we have the
conclusion. �

Corollary 2.4.3. Let T : Rp → Rm be a linear surjective map, with linear openness
modulus L > 0. If S is a linear map such that ‖S − T‖ ≤ L/2, then S is surjective, hence
linearly open, with the linear openness modulus L/2.

Proof Apply the previous theorem for f := S and x0 := 0. �

On the basis of the previous results, one deduces the celebrated Lyusternik-Graves
Theorem.

Theorem 2.4.4 (Lyusternik-Graves). Let U ⊂ Rp be an open set, x0 ∈ U, and f : U →
Rm a Fréchet di�erentiable function, with ∇f continuous at x0, and ∇f (x0) surjective.
Then f is linearly open at x0.

Proof Denote by L the openness modulus of∇f (x0), given by the Open Mapping Prin-
ciple. Since∇f is continuous at x0, there exists δ > 0 such that for every x ∈ B(x0, δ),
one has ∥∥∇f (x) −∇f (x0)

∥∥ ≤ L/8 < L/2. (2.4.5)

Thismeans, on the basis of Corollary 2.4.3, that for every x ∈ B(x0, δ),∇f (x) is linearly
open with modulus L/2. For such x, one can apply Lagrange Theorem to the function
y 7→ f (y) +∇f (x)y, to get that∥∥f (u) − f (v) −∇f (x)(u − v)

∥∥ ≤ ‖u − v‖ sup
t∈[x0,x]

∥∥∇f (t) −∇f (x)
∥∥ ≤ L4 ‖u − v‖ ,

if u, v ∈ B(x0, δ), where (2.4.5) was used in the last inequality. The conclusion now
follows from Theorem 2.4.2, with L/2 instead of L, and L/4 instead of M. �

The condition that∇f (x0) is surjective, as the iterative procedure from the proof of
Theorem 2.4.2, was introduced in 1934 by the Russianmathematician Lazar Aronovich
Lyusternik. For more extensions, developments and historical facts, see (Dontchev
and Rockafellar, 2009) and (Klatte and Kummer, 2002).

2.5 Semicontinuous Functions

The aimof this section is to introduce and study somegeneralizations of the continuity
concept, which will be useful in the subsequent discussion concerning the existence
of the solutions of the optimization problems.
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Observe that a function f : Rp → R is continuous at a if and only if the next two
conditions simultaneously hold:

∀λ ∈ R, λ < f (a), ∃U ∈ V(a), ∀x ∈ U, λ < f (x) (2.5.1)

and
∀λ ∈ R, λ > f (a), ∃U ∈ V(a), ∀x ∈ U, λ > f (x). (2.5.2)

By taking each of these two conditions separately, we can de�ne lower and upper
semicontinuity. Therefore, the function f : Rp→ R is lower semicontinuous at a ∈ R
if the condition (2.5.1) is satis�ed, and f is upper semicontinuous at a if the condition
(2.5.2) is satis�ed. Similarly, if the respective conditions hold in every point ofRp , one
says that f is lower semicontinuous, or respectively upper semicontinuous. Obviously,
according to the de�nitions, a function is continuous at a ∈ Rp if and only if it is
simultaneously upper and lower semicontinuous at a. It is easy to provide examples
of functions which are semicontinuous without being continuous. For instance, the
function f : R→ R,

f (x) =
{

1, x ≠ 0
0, x = 0

is lower semicontinuous (on R), but is discontinuous at 0. Similarly, the function f :
R→ R,

f (x) =
{

0, x ≠ 0
1, x = 0

is upper semicontinuous (on R), but is discontinuous at 0.
A more elaborate example is the Riemann function f : [0, 1]→ R, given by

f (x) =
{

1
n , x ∈ (0, 1], x = m

n , m, n ∈ N*, (m, n) = 1
0, x ∈ [0, 1] \Q or x = 0,

which is continuous on [0, 1] \Q ∪ {0} and discontinuous on (0, 1]∩Q. This function
has its limit equal to 0 at every point. This shows that it is upper semicontinuous.

One can easily show that f is upper semicontinuous if and only if −f is lower semi-
continuous. As consequence, we will restrict our study to lower semicontinuous func-
tions, since the results can be easily reformulated in the case of the upper semicontin-
uous functions.

Having a function f : Rp → R, besides the epigraph of the function previously
introduced (Proposition 2.2.3), that is

epi f = {(x, t) ∈ Rp ×R | f (x) ≤ t},

we introduce now the level sets: if ν ∈ R,

Nνf := {x ∈ Rp | f (x) ≤ ν} = f −1((−∞, ν]).
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Those functions which are globally lower semicontinuous, have the following
characterization theorem.

Theorem 2.5.1. Let f : Rp → R. The next assertions are equivalent:
(i) f is lower semicontinuous (on Rp);
(ii) Nνf is closed in Rp for any ν ∈ R;
(iii) epi f is a closed set in Rp ×R;
(iv) {x ∈ Rp | f (x) > β} is open in Rp for any β ∈ R.

Proof (i)⇒ (ii) Take ν ∈ R. We prove thatNνf has an open complement. Take x ∉ Nνf ,
i.e., f (x) > ν. Since f is lower semicontinuous at x, there exists U, a neighborhood of
x, such that f (y) > ν for any y ∈ U . Therefore, U∩Nνf = ∅, i.e., U ⊂ Rp \Nνf . It follows
that the complement of Nνf is open, i.e., Nνf is closed.

(ii)⇒ (iii) We prove that (Rp ×R) \ epi f is open. Take (x, t) ∉ epi f , which means
f (x) > t. There exists ν such that f (x) > ν > t. Then x ∈ ̸ Nνf and according to (ii), there
existsU, a neighborhood of x, such thatU∩Nνf = ∅. It follows thatU×(−∞, ν]∩epi f =
∅. Since U × (−∞, ν] is a neighborhood of (x, t), we obtain the conclusion.

(iii) ⇒ (i) Take x ∈ Rp and t ∈ R such that f (x) > t. Then (x, t) ∉ epi f and
hence there exists U, a neighborhood of x, and ε > 0, such that U × (t − ε, t + ε) ∩
epi f = ∅. Therefore, for every y ∈ U, (y, t) ∈ ̸ epi f , i.e., f (y) > t. Accordingly, f is lower
semicontinuous.

(ii)⇔ (iv) The relation

{x ∈ Rp | f (x) > β} = Rp \ Nβf

proves the equivalence between (ii) and (iv). �

A function is upper semicontinuous if and only if for any γ ∈ R, the sets of the
type {x ∈ Rp | f (x) ≥ γ} are closed, which is equivalent to the fact that the sets of the
type {x ∈ Rp | f (x) < γ} are open.

Let f : A ⊂ Rp → R be a function. Its lower and upper limits at a ∈ clA are given,
respectively, by

lim inf
x→a

f (x) := sup
U∈V(a)

inf
x∈U∩A

f (x) and lim sup
x→a

f (x) := inf
U∈V(a)

sup
x∈U∩A

f (x). (2.5.3)

From their de�nitions, it is obvious that

lim inf
x→a

f (x) ≤ lim sup
x→a

f (x) and lim sup
x→a

f (x) = − lim inf
x→a

(−f )(x).

Moreover, for a sequence (xn), one de�nes its lower and upper limits as

lim inf
n→∞

xn := sup
n∈N

inf
k≥n
xk and and lim sup

n→∞
xn := inf

n∈N
sup
k≥n

xk . (2.5.4)
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In fact, the de�nitions (2.5.4) naturally follow from (2.5.3) for the function f : N→ R,
f (n) := xn , and a := ∞ ∈ clN.

Theorem 2.5.2. Let f : Rp → R and x ∈ Rp . Then:
(i) f is lower semicontinuous at x if and only if f (x) = lim infy→x f (y).
(ii) If f is lower semicontinuous at x, then for every (xn) → x, one has

lim infn→∞ f (xn) ≥ f (x).

Proof (i) It is easy to observe that for every U ∈ V(x), infy∈U f (y) ≤ f (x), hence
lim infy→x f (y) ≤ f (x), and this is true for an arbitrary function. Suppose f is lower
semicontinuous at x and take λ ∈ R, λ < f (x). Then, according to the de�nition of the
lower semicontinuity, there exists U ∈ V(x) such that λ < f (y), for any y ∈ U . It means
that λ ≤ infy∈U f (y) ≤ lim infy→x f (y). Since λ was taken arbitrary and assumed to be
smaller than f (x), it follows that f (x) ≤ lim infy→x f (y), and hence we have equality.
Suppose now f (x) = lim infy→x f (y) and take λ ∈ R, λ < f (x). According to the de�-
nition of lim inf, we know that there is U ∈ V(x) such that λ < infy∈U f (y) < f (z), for
every z ∈ U, hence f is lower semicontinuous at x.

(ii) Take arbitrary U ∈ V(x). Observe that since (xn) → x, there exists nU ∈ N
such that, for every k ≥ nU , one has xk ∈ U . Accordingly, infk≥nU f (xk) ≥ infy∈U f (y). It
follows that

sup
n∈N

inf
k≥n
f (xk) ≥ inf

y∈U
f (y), ∀U ∈ V(x).

Passing to the supremum for U ∈ V(x), and taking into account (i), the conclusion
follows. �

For upper semicontinuous functions, similar results can be deduced.

The next result is a generalization of the Weierstrass Theorem.

Theorem 2.5.3. Let f : Rp → R be a lower semicontinuous function and K ⊂ Rp be a
compact set. Then f is lower bounded on K and it attains its minimum on K.

Proof Take (xk) ⊂ K such that f (xk) → inf{f (x) | x ∈ K}. From the compactness of
K, the sequence (xk) has a convergent subsequence to an element x ∈ K. From the
fact that the sets of the type K ∩ Nνf are closed for any ν ∈ R, ν > inf{f (x) | x ∈ K},
we deduce that x lies in all these sets (because for every ν, the terms xk are, from a
certain rank, in K ∩ Nνf ). Then we deduce that f (x) ≤ ν for any ν > inf{f (x) | x ∈ K}.
Consequently, f (x) ≤ inf{f (x) | x ∈ K}. On one hand, this means that inf{f (x) | x ∈
K} ∈ R, hence f is lower bounded on K, and, on the other hand, that x is the point we
are looking for, which realizes the minimum of f on K. The proof is complete. �

Obviously, for upper semicontinuous functions, we will have the other “half” of
the Weierstrass Theorem.
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Theorem 2.5.4. Let f : Rp → R be an upper semicontinuous function and K ⊂ Rp be
a compact set. Then f is upper bounded on K and it attains its maximum on K.

We know that, in general, the (pointwise) supremum of a family of continuous func-
tions is not a continuous function. For instance, if we de�ne for every n ∈ N, fn :
[0, 1]→ R, fn(x) = −xn , then the pointwise supremum is the function

f (x) = sup
n∈N

fn(x) =
{

0, x ∈ [0, 1)
−1, x = 1,

which is not continuous on [0, 1]. In turn, f is lower semicontinuous on [0, 1], a fact
which is not accidental, as the following result shows.

Theorem 2.5.5. Let I be a nonempty arbitrary family of indices, and (fi)i∈I a family of
lower semicontinuous functions from Rp into R. If for any x ∈ Rp ,

sup{fi(x) | i ∈ I} ∈ R,

then the function f : Rp→ R given by f (x) = sup{fi(x) | i ∈ I} is lower semicontinuous
on Rp .

Proof For any α ∈ R, one has:

f −1 ((α, ∞)
)

= {x ∈ Rp | f (x) > α}

=
⋃
i∈I
{x ∈ Rp | fi(x) > α}.

Since the functions fi are lower semicontinuous, the sets {x ∈ Rp | fi(x) > α} are open
according to Theorem 2.5.1. Since every union of open sets is an open set, we deduce
that f −1 ((α, ∞)

)
is open, and by applying again Theorem 2.5.1, we get that f is lower

semicontinuous on Rp . �
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3 The Study of Smooth Optimization Problems

This chapter plays a central role in this monograph. In its �rst section, we present
smooth optimization problems and deduce existence conditions for minimality. We
take this opportunity to prove and discuss the Ekeland Variational Principle and its
consequences. We then obtain necessary conditions for optimality as well as su�-
cient optimality conditions of the �rst and second-order for smooth objective func-
tions under geometric restrictions (i.e., restrictions of the type x ∈ M, where M is
an arbitrary set). The second section is dedicated to the investigation of optimality
conditions under functional restrictions (with equalities and inequalities). The main
aim is to deduce Karush-Kuhn-Tucker conditions and to introduce and compare sev-
eral quali�cation conditions. Special attention is paid to the case of convex and a�ne
data. Subsequently, we derive second-order optimality conditions for the case of func-
tional restrictions. The last section of this chapter includes two examples which show
that, for practical problems, the computational challenges posed by the optimality
conditions are sometimes not easy to solve.

3.1 General Optimality Conditions

Let U ⊂ Rp be a nonempty open set, f : U → R be a function andM ⊂ U a nonempty
set. We are interested in studying the minimization problem for the function f when
its argument belongs to M. Formally, we write this problem in the following form:

(P) min f (x), subject to x ∈ M.

The function f is called the objective function, or cost function, and the setM is called
the set of feasible points of the problem (P), or the set of constraints, or the set of
restrictions.

We should say from the very beginning that we shall study the minimization of f ,
but, by virtue of the relation max f = −min(−f ), similar results for its maximization
could be obtained. Let us start by de�ning the notion of a solution associated to the
problem (P).

De�nition 3.1.1. One says that x ∈ M is a local solution (or, simply, solution) of the
problem (P) or minimum point of the function f on the set M if there exists a neighbor-
hood V of x such that f (x) ≤ f (x) for every x ∈ M ∩ V . If V = Rp , one says that x is a
global solution of (P) or minimal global point of f on M.
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Of course, for the maximization problem, the corresponding solution is clear. Let us
mention that in this chapter we will only deal with the case of smooth functions (up
to the order two, i.e., f ∈ C2).

Remark 3.1.2. We shall distinguish twomain situations for the study of problem (P) : (i)
the case where M = U and (ii) the case where M appears as an intersection between a
closed set ofRp and U . In the former case, we say that the optimization problem (P) has
no constraints (or restrictions), while in the latter, we call this a problemwith constraints.
In the case of a problem without constraints, we use as well the term “local minimum
point of f ” instead of local solution. Let us observe that in De�nition 3.1.1, if x ∈ intM,
then x is a local solution of the unconstrained problem (it is enough to take a smaller
neighborhood V such that V ⊂ M). So, in the case of problems with restrictions, the
interesting situation is when x ∈ bdM. If x ∈ intMwe say that the restriction is inactive.

In the next sections, the two cases mentioned above will be treated together, but
afterwards the discussion will split.

The basis of Optimization Theory consists of two fundamental results: theWeierstrass
Theoremwhich ensures the existence of extrema and the Fermat Theorem (on station-
ary, or critical points) which gives a necessary condition for a point to be an extremum
(without constraints) of a function. The theory follows themain trajectory of these fun-
damental results: on one hand, the study of existence conditions, and, on the other
hand, the study of the (necessary and su�cient) optimality conditions.

Wenow recall these basic results. The classicalWeierstrass Theorem, also given in
the �rst chapter, states that a continuous function on a compact interval has a global
minimum point on that interval. We have shown already that some conditions can be
relaxed. Here is the theorem again.

Theorem 3.1.3 (Weierstrass Theorem). If f : K ⊂ Rp → R is a lower (upper) semicon-
tinuous function and K is a compact set, then f is lower (upper) bounded on K (i.e., f (K)
is a bounded below (above) set) and f attains its minimum (maximum) on K, i.e., there
exists x ∈ K such that inf

x∈K
f (x) = f (x) (sup

x∈K
f (x) = f (x), respectively).

Remark 3.1.4. The compactness of K is essential in the Weierstrass Theorem because
otherwise the conclusion does not hold. As an example, let us consider the continuous
function f : (0, 1]→ R, f (x) = x−1 sin(x−1). Clearly, inf

(0,1]
f (x) = −∞, and sup

(0,1]
f (x) = +∞.

We now present Fermat Theorem. The particular case of a function of one real vari-
able was presented in Section 1.3. The proof of the theorem will be given later in this
chapter.
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Theorem 3.1.5 (Fermat Theorem). Let S ⊂ Rp be a set and a ∈ int S. If f : S → R is of
class C1 in a neighborhood of a, and a is a local minimum or maximum point of f , then
a is also a stationary (or critical) point of f , i.e.,∇f (a) = 0.

Some remarks are in order to understand the applications of Fermat Theorem.

Remark 3.1.6. 1. The converse of FermatTheorem is not true: for instance, thederivative
of f : R → R, f (x) = x3 vanishes at 0, but this point is neither minimum nor maximum
of f .

2. The interiority condition for a is essential since, without this assumption, the con-
clusion does not hold: take f : [0, 1] → [0, 1], f (x) = x which has at x = 0 a minimum
point where the derivative is not 0. Therefore, in view of Remark 3.1.2, one can say that
Fermat Theorem applies only to unconstrained problems.

3. If S is compact and f is continuous on S and di�erentiable on int S, it is possible
to have ∇f (x) ≠ 0 for every x ∈ int S, and in such a case the extreme points of f on S,
which surely exist from Weierstrass Theorem, lie on the boundary of S.

We now start our discussion on the existence conditions for the minimum points.

Theorem 3.1.7. Let f : Rp → R be a lower semicontinuous function and M ⊂ Rp be a
nonempty, closed set. If there exists ν > infx∈M f (x) such that the level set of f relative to
M, i.e., M ∩ Nνf = {x ∈ M | f (x) ≤ ν}, is bounded, then f attains its global minimum on
M.

Proof It is obvious that if f has a global minimum onM. Similarly, it also has a global
minimum on M ∩ Nνf . Since this set is compact and f is lower semicontinuous, from
Weierstrass Theorem 3.1.3, we infer that f is lower bounded and attains its global min-
imum on M ∩ Nνf , whence on M, too. �

Obviously, in the above result, if M is bounded, then the hypothesis is automati-
cally ful�lled. The interesting case is where M is unbounded and in this situation we
ensure the boundedness assumption by imposing a certain condition on f .

Proposition 3.1.8. Let f : Rp → R be a function and M ⊂ Rp be a closed, unbounded
set. If limx∈M,‖x‖→∞ f (x) = ∞ (i.e., for every sequence (xk) ⊂ M with ‖xk‖ → ∞, one
has f (xk)→∞), then the set Nνf ∩M is bounded for every ν > infx∈M f (x).

Proof Let ν > infx∈M f . If the set Nνf ∩ M would be unbounded, then there exists
(xk) ⊂ Nνf ∩M with ‖xk‖ →∞. On one hand, by our assumption, lim f (xk) = ∞ and,
on the other hand, f (xk) ≤ ν for every k ∈ N, which is absurd. So Nνf ∩M is bounded.
�
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If the condition limx∈M,‖x‖→∞ f (x) = ∞ holds, we say that f is coercive relative to
M. If lim‖x‖→∞ f (x) = ∞, the we say that f is coercive.

Some special conditions to ensure the existence and the attainment of the mini-
mum on a bounded, not closed set can be given as well. We present here such a result
which we are going to use in Chapter 6.

Proposition 3.1.9. Let D, C ⊂ Rp be two sets such that C is compact and D∩C ≠ ∅. Let
φ : D∩C → R be a continuous function. Suppose that the following condition holds: for
every sequence (xk) ⊂ D ∩ C, xk → x ∈ bdD ∩ C, the sequence (φ(xn)) is unbounded
above. Then φ is lower bounded and attains its minimum on D ∩ C.

Proof Firstly, let us observe that φ cannot be constant. Let x0 ∈ D∩C such that φ(x0) >
infx∈D∩C φ(x). It is enough to show that the level set A := {x ∈ D∩C | φ(x) ≤ φ(x0)} is
compact (see the proof of Theorem 3.1.7). Obviously, A is bounded (as a subset of C).
It remains to show that A is closed. Let (xk) ⊂ A, xk → x. Suppose, by contradiction,
that x ∈ ̸ A. Then, from the closedness of C,

x ∈ (clD \ D) ∩ C ⊂ bdD ∩ C.

By assumption, (φ(xk)) is unbounded above, which contradicts the de�nition of the
set A. Hence, A is compact and the conclusion follows. �

In general, a global minimum is local minimum, but, of course, the converse is
false. We shall derive a condition for the ful�llment of this converse. We now give a
necessary and su�cient condition for a point to be a global minimum.

Theorem 3.1.10. Let f : Rp → R be a continuous function and x ∈ Rp . Then the
following assertions are equivalent:

(i) x is a global minimum point of f ;
(ii) every x ∈ Rp with f (x) = f (x) is a local minimum point of f .

Proof The implication (i)⇒ (ii) is obvious. Suppose that (ii) holds, but x is not a global
minimum point. Then, there exists u ∈ Rp with f (u) < f (x). We de�ne φ : [0, 1] → R
by φ(t) := f (tx + (1 − t)u). The set S := {t ∈ [0, 1] | φ(t) = f (x)} is nonempty (1 ∈ S),
closed (from the continuity of f ) and bounded. Then there is t0 = min S. Clearly, t0 ∈
(0, 1]. From the hypothesis, f (t0x+(1− t0)u) = f (x) tells us that the point t0x+(1− t0)u
is a localminimumof f . Consequently, there is ε > 0 such that for every t ∈ [0, 1]∩(t0−
ε, t0 + ε), φ(t) ≥ φ(t0). Since t0 = min S, if one takes t1 ∈ [0, 1] ∩ (t0 − ε, t0), the strict
inequality φ(t1) > φ(t0) > φ(0) holds. The function f being continuous, it has the
Darboux property (or intermediate value property), whence there exists t2 ∈ (0, t1)
with φ(t2) = φ(t0) = f (x), and this contradicts the minimality of t0. Therefore, the
assumption made was false, hence the conclusion holds. �
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Notice that, if f is not continuous, the result does not hold. For this, it is su�cient
to analyze the following function f : R→ R,

f (x) =



−x − 1, x ∈ (−∞, −1]
x + 1, x ∈ (−1, 0)
−1, x = 0
−x + 1, x ∈ (0, 1)
x − 1, x ∈ [1,∞).

Let us observe that, by using the function f : R → R, f (x) = x3 and x = 0, that one
cannot replace in the item (ii) above the local minimality by the stationarity.

The above results ensure su�cient conditions for the existence of minimum
points under compactness assumptions for the level sets. Conversely, it is clear that
the lower boundedness of the function is a necessary condition for the existence of
minimum points, but the boundedness of the level sets is not. For instance, the func-
tion f : (0,∞) → R, f (x) = (x − 1)2e−x attains its minimum at x = 1 and the minimal
value is 0, but Nνf is not bounded for every value of ν > 0 = inf{f (x) | x ∈ (0,∞)}.

Figure 3.1: The graph of (x − 1)2e−x.

One may like to have a notion of approximate minimum which is advantageous
to always exist if f is lower bounded. We work here with unconstrained problems in
order to better illustrate the main ideas.

De�nition 3.1.11. Let f : Rp → R be a lower bounded function and take ε > 0. A point
xε is called ε−minimum of f if

f (xε) ≤ inf
x∈Rp

f (x) + ε.
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Since infx∈Rp f (x) ∈ R, the existence of ε−minima for every positive ε is ensured. We
use the generic term of approximate minima for ε−minima.

We now present a very important result, the Ekeland Variational Principle, which
states that close to an approximate minimum point one can �nd a genuine minimum
point for some perturbation of the initial function. This results was proved by the
French mathematician Ivar Ekeland in 1974.

Theorem 3.1.12 (Ekeland Variational Principle). Let f : Rp → R be a lower semicon-
tinuous and lower bounded function. Let ε > 0 and let xε be an ε−minimum of f . Then,
for every δ > 0 there exists xε ∈ Rp that have the following properties:

f (xε) ≤ f (xε),
‖xε − xε‖ ≤ δ,
f (xε) ≤ f (x) + εδ−1 ‖x − xε‖ , ∀x ∈ Rp .

Proof Let us consider the function g : Rp → R

g(x) = f (x) + εδ−1 ‖x − xε‖ .

Using the assumptions on f , we infer that g is lower semicontinuous and lower
bounded. Moreover, g is coercive, i.e.,

lim
‖x‖→∞

g(x) = +∞.

From Theorem 3.1.7 and Proposition 3.1.8, the function g has a global minimum
point, which we denote by xε . Consequently,

f (xε) + εδ−1 ‖xε − xε‖ ≤ f (x) + εδ−1 ‖x − xε‖ , ∀x ∈ Rp . (3.1.1)

For x = xε , we get
f (xε) ≤ f (xε).

That is the �rst relation in the conclusion. On the other hand, using this inequality

f (xε) ≤ inf
x∈Rp

f (x) + ε,

with the relation (3.1.1), for x = xε , implies that:

δ−1 ‖xε − xε‖ ≤ 1.

This is the second part of the conclusion. Relation (3.1.1) allows us to write, succes-
sively, for any x ∈ Rp ,

f (xε) ≤ f (x) + εδ−1(‖x − xε‖ − ‖xε − xε‖)
≤ f (x) + εδ−1 ‖x − xε‖ .

That is the last part of the conclusion. The proof is complete. �
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Remark 3.1.13. Notice that the EkelandVariational Principle holds (withminor changes
in the proof) if instead of the whole space Rp one takes a closed subset of it.

Clearly, the point xε is a global minimum point for the function

x 7→ f (x) + εδ−1 ‖x − xε‖ .

On the other hand, if we want xε to be close to xε (i.e., δ to be small), then the pertur-
bation term, εδ−1 ‖· − xε‖ is big. A compromise would be to choose δ :=

√
ε, and in

this case one gets the next consequence.

Corollary 3.1.14. Let f : Rp → R be a lower semicontinuous and lower bounded func-
tion. Take ε > 0 and let xε be an ε−minimum of f . Then there exists xε ∈ Rp having the
properties:

f (xε) ≤ f (xε),
‖xε − xε‖ ≤

√
ε,

f (xε) ≤ f (x) +
√
ε ‖x − xε‖ , ∀x ∈ Rp .

The Ekeland Variational Principle has many applications. Some of these refer to the
same issues of extreme points. The next example of such an application asserts that
every di�erentiable function has approximate critical points (for which the norm of
the di�erential is arbitrarily small).

Theorem 3.1.15. Let f : Rp → R be a di�erentiable, lower bounded function. Then for
every ε, δ > 0, there exists xε ∈ Rp with f (xε) ≤ infx∈Rp f (x) + ε and

∥∥∇f (xε)∥∥ ≤ εδ−1.
In particular, there exists (xn) ⊂ Rp with

f (xn)→ inf
x∈Rp

f (x), ∇f (xn)→ 0.

Proof Let xε be an ε−minimum of f . According to Theorem 3.1.12, there exists xε ∈
Rp with the three mentioned properties. Since f (xε) ≤ f (xε), we infer that f (xε) ≤
infx∈Rp f (x) + ε. Let x := xε + tu with u ∈ Rp and t > 0. The relation f (xε) ≤
f (x) + εδ−1 ‖x − xε‖ holds for any x ∈ Rp , so we have

f (xε + tu) − f (xε)
t ≥ −εδ−1 ‖u‖ .

Passing to the limit with t → 0, we deduce

∇f (xε)(u) ≥ −εδ−1 ‖u‖ , ∀u ∈ Rp ,

that is,
−∇f (xε)(u) ≤ εδ−1 ‖u‖ , ∀u ∈ Rp .

Changing u into −u, we get

∇f (xε)(u) ≤ εδ−1 ‖u‖ , ∀u ∈ Rp ,
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whence ∣∣∇f (xε)(u)
∣∣ ≤ εδ−1 ‖u‖ , ∀u ∈ Rp ,

and this implies
∥∥∇f (xε)∥∥ ≤ εδ−1. For ε := n−1, δ =

√
n−1, n ∈ N* we obtain the second

part of the conclusion. �

The Ekeland Variational Principle also allows us to prove the equivalence of sev-
eral existence conditions for minimum points.

Theorem 3.1.16. Let f : Rp → R be a di�erentiable, lower bounded function. The
following assertions are equivalent:

(i) lim‖x‖→∞ f (x) = ∞;
(ii) Nνf is bounded for any ν > infx∈Rp f (x);
(iii) every sequence (xn) for which (f (xn)) is convergent and∇f (xn)→ 0 has a con-

vergent subsequence.

Proof The implication (i) ⇒ (ii) was already proved in Proposition 3.1.8, while (ii) ⇒
(iii) is a consequence of the fact that every bounded sequence has a convergent sub-
sequence. Let us show that (iii) ⇒ (i). Suppose, by way of contradiction, that there
exist c ∈ R and a sequence (xn) ⊂ Rn with ‖xn‖ → ∞ and f (xn) ≤ c, for every n ∈ N.
Clearly, c ≥ infx∈Rp f (x). For every n ∈ N* we choose

εn := c + n−1 − inf
x∈Rp

f (x) > 0,

so,
f (xn) < inf

x∈Rp
f (x) + εn .

Let δn := 2−1 ‖xn‖ > 0. Like in Theorem 3.1.15 (and its proof) there exists xn with

f (xn) ≤ f (xn) ≤ infx∈Rp f (x) + εn ,
‖xn − xn‖ ≤ δn ,∥∥∇f (xn)

∥∥ ≤ εnδ−1
n .

But,
‖xn‖ ≥ ‖xn‖ − ‖xn − xn‖ ≥ ‖xn‖ − 2−1 ‖xn‖ = 2−1 ‖xn‖ ,

whence ‖xn‖ →∞. On the other hand,∥∥∇f (xn)
∥∥ ≤ 2
‖xn‖

(c + n−1 − inf
x∈Rp

f (x))→ 0.

Since (f (xn)) is bounded, it has a convergent subsequence. From (iii), one deduces
that (xn) should also have such a subsequence, but this is not possible. Consequently,
(i) holds. �

The condition (iii) in the above result is called Palais-Smale condition.
On the basis of Ekeland Variational Principle one obtains a new condition for the

existence of the minimum points.
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Theorem 3.1.17. Let α > 0 and f : Rp → R be a lower semicontinuous and lower
bounded function. Suppose that for every x ∈ Rp with infx∈Rp f (x) < f (x) there exists
z ∈ Rp \ {x} such that

f (z) < f (x) − α ‖z − x‖ .

Then f has a minimum global point.

Proof Suppose, to obtain a contradiction, that the conclusion does not hold. Then,
for every x ∈ Rp , infx∈Rp f (x) < f (x), so, by the assumptions made, there exists zx ∈
Rp \ {x} such that

f (zx) < f (x) − α ‖zx − x‖ .

By the Ekeland Variational Principle for ε > 0, δ > 0 with εδ−1 = α, there is an element
u ∈ Rp with

f (u) ≤ f (v) + α ‖v − u‖ , ∀v ∈ Rp .

Then
f (u) ≤ f (zu) + α ‖zu − u‖ < f (u),

which is absurd. Hence the conclusion hold. �

A straightforward example of a function which satis�es the conditions of the
above result is f : R→ R, f (x) = β |x| for β > α.

In the second part of this section, we present necessary optimality conditions and
su�cient optimality conditions. At �rst, we deduce necessary optimality conditions
that use the ideas developed around the construction and the study of the Bouligand
tangent cone.

Theorem 3.1.18 (First-order necessary optimality condition). If x is a local solution of
(P) and f is di�erentiable at x, then∇f (x)(u) ≥ 0 for every u ∈ TB(M, x).

Proof Let V be a neighborhood of x where f (x) ≤ f (x) for every x ∈ V ∩ M. Let u ∈
TB(M, x). Then there exists (tn) ⊂ (0,∞) with tn → 0 and (un)→ u such that for every
n,

x + tnun ∈ M.

Obviously, the sequence (tnun) converges towards 0 ∈ Rp and, for n large enough,
x + tnun belongs to V . Taking into account the di�erentiability of f at x, there exists
(αn) ⊂ R, αn → 0 such that for every n ∈ N,

f (x + tnun) = f (x) + tn∇f (x)(un) + tn ‖un‖ αn ,

whence,
∇f (x)(un) + ‖un‖ αn ≥ 0,

for all n large enough. Passing to the limit for n →∞, we get the conclusion. �
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Remark 3.1.19. The conclusion of Theorem 3.1.18 could equivalently be written as

−∇f (x) ∈ NB(M, x).

Remark 3.1.20. Taking into account Proposition 2.1.12, if x ∈ intM (inactive restric-
tion), Theorem 3.1.18 gives∇f (x)(u) ≥ 0 for every u ∈ Rp . The linearity of∇f (x) implies
∇f (x) = 0, i.e., the Fermat Theorem on stationary points.

We present now a second-order necessary optimality condition for the problem with-
out restrictions.

Theorem 3.1.21 (Second-order necessary optimality condition). Let U ⊂ Rp be an
open set and x ∈ U. If f : U → R is of class C2 on a neighborhood of x, and x is a
local minimum point of f , then ∇f (x) = 0 and ∇2f (x) is positive semide�nite (that is,
∇2f (x)(u, u) ≥ 0 for every u ∈ Rp).

Proof Let V ⊂ U be a neighborhood of x such that f (x) ≤ f (x) for every x ∈ V and f
is of class C2 on V . The fact that ∇f (x) = 0 follows from Fermat Theorem. As before,
take u ∈ Rp and (tn) ⊂ (0,∞) with tn → 0. Taylor Theorem 1.3.4 says that for every
n ∈ N there exists cn ∈ (x, x + tnu) such that

f (x + tnu) − f (x) = tn∇f (x)(u) + 1
2 t

2
n∇2f (cn)(u, u) = 1

2 t
2
n∇2f (cn)(u, u).

For n su�ciently large, f (x + tnu) − f (x) ≥ 0, whence

∇2f (cn)(u, u) ≥ 0,

and passing to the limit as n →∞we get cn → x. Since f is of class C2, we infer

∇2f (x)(u, u) ≥ 0,

whence∇2f (x) is positive semide�nite. �

Obviously, if x ∈ intU is a local maximum of f , then ∇f (x) = 0 and ∇2f (x) is
negative semide�nite (i.e., ∇2f (x)(u, u) ≤ 0 for every u ∈ Rp). Further, if ∇2f (x) is
neither positive semide�nite, or negative semide�nite, then x is not an extreme point
of f .

In fact, many results in this book are generalizations, re�nements of these results,
or answer to di�erent issues which naturally arise from their analysis.

One may consider whether the converses of these results are true. The answer is
negative in both cases: it is su�cient to consider the function f : R→ R, f (x) = x3

and x = 0.
One can however impose supplementary conditions in order to get some equiva-

lences, and the most important of these relates to convex functions.
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Theorem 3.1.22. Let U ⊂ Rp be an open convex set and let f : U → R be a convex
di�erentiable function. The next assertions are equivalent:

(i) x is a global minimum point of f (on U);
(ii) x is a local minimum point of f ;
(iii) x is a critical point of f (i.e.,∇f (x) = 0).

Proof The implication (i) ⇒ (ii) is obvious for every function, and (ii) ⇒ (iii) follows
from Fermat Theorem. Finally, the implication (iii) ⇒ (i) relies on the convexity of f
and follows from Theorem 2.2.10. �

Therefore, for convex functions, the �rst-order necessary optimality condition (in
the unconstrained case) is also su�cient. In this situation, the second order condition
is automatically satis�ed (according to Theorem 2.2.10).

Concerning the nature of the extreme points for convex functions, we record here
some important aspects.

Proposition 3.1.23. Let M ⊂ Rp be a convex set and let f : M → R be a convex
function. If x ∈ M is a local minimum point of f on M, then x is in fact a global minimum
point of f on M. If u ∈ intM is a local maximum point of f , then u is a global minimum
point of f .

Proof Let x be a local minimum point of f on M. Then there exists a convex neigh-
borhood V of x such that for every x ∈ V ∩ M, f (x) ≤ f (x). Let x ∈ M. There exists
λ ∈ (0, 1) such that y := (1 − λ)x + λx ∈ M ∩ V . Then,

f (x) ≤ f (y) = f ((1 − λ)x + λx) ≤ (1 − λ)f (x) + λf (x),

that is,
λf (x) ≤ λf (x),

and the conclusion of the �rst part follows.
For the second part, there is a convex symmetric neighborhood V of 0 (a ball with

the center 0, for instance) such that for every v ∈ V , f (u + v) ≤ f (u) and f (u − v) ≤ f (u).
Then

f (u) = f
(

1
2 (u + v) + 1

2 (u − v)
)
≤ 1

2 f (u + v) + 1
2 f (u − v) ≤ f (u),

for all v ∈ V . Consequently, f (u + v) = f (u) for every v ∈ V . Therefore, u is a local
(hence global) minimum point of f . �

Proposition 3.1.24. Let M ⊂ Rp be a convex set and let f : M → R be a convex
function. If nonempty, the set of minimum points of f on M is convex. If, moreover, f is
strictly convex, then this set has at most one element.
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Proof From the preceding result, if x1, x2 ∈ M are (global) minima of f on M, then
f (x1) = f (x2). The convexity implies f (x) = f (x1) for every x ∈ [x1, x2]. Therefore, the
�rst part is proved. Suppose now that f is strictly convex. If this is so, then we would
have two di�erent global minima, then f (x) < f (x1) for every x ∈ (x1, x2), which is not
possible. �

For constrained problems involving convex functions, the �rst-order necessary
optimality condition is, again, a su�cient optimality condition.

Proposition 3.1.25. Let U ⊂ Rp be a convex open set and let f : U → R be a convex,
di�erentiable function. Let M ⊂ U be convex. The element x ∈ M is a minimum point of
f on M if and only if

−∇f (x) ∈ N(M, x).

Proof Let x ∈ M be a minimum point of f on M. Then, according to Theorem 3.1.18,
∇f (x)(u) ≥ 0 for every u ∈ T(M, x), that is

−∇f (x) ∈ T(M, x)− = N(M, x).

Conversely, we know from the convexity of f (Theorem 2.2.10), that

f (x) ≥ f (x) +∇f (x)(x − x), ∀x ∈ U .

But, using the hypothesis and the convexity of M (Proposition 2.1.15),

−∇f (x) ∈ N(M, x) = {u ∈ Rp | 〈u, x − x〉 ≤ 0, ∀x ∈ M},

whence∇f (x)(x − x) ≥ 0 for every x ∈ M. From these relations we know f (x) ≥ f (x) for
every x ∈ M. �

Coming back to Theorems 3.1.18 and 3.1.21, in order to formulate su�cient opti-
mality conditions, we strengthen the conclusion of these results. The good point is
that we get stronger minimality concepts.

De�nition 3.1.26. Let α > 0. One says that x ∈ M is a strict local solution of order α
for (P), or a strict local minimum point of order α for f on M if there exist two constants
r, l > 0 such that for every x ∈ M ∩ B(x, r),

f (x) ≥ f (x) + l ‖x − x‖α .

The announced results are as follows.

Theorem 3.1.27. Suppose that f is di�erentiable at x ∈ M and

∇f (x)(u) > 0, ∀u ∈ TB(M, x) \ {0}.

Then x is a strict local solution of order α = 1 for (P).
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Proof Suppose, by way of contradiction, that x is not a strictly local solution of order
1. Then, there exists a sequence (xn)→ x, (xn) ⊂ M such that for every n ∈ N*,

f (xn) < f (x) + n−1 ‖xn − x‖ .

By virtue of this inequality,
xn ≠ x, ∀n ∈ N*.

Since f is di�erentiable, there exists a sequence of real numbers (γn) → 0 such that
for every n ∈ N,

f (xn) = f (x) +∇f (x)(xn − x) + γn ‖xn − x‖ .

The combination of these two relation yields

n−1 ‖xn − x‖ > ∇f (x)(xn − x) + γn ‖xn − x‖ ,

whence, by division with ‖xn − x‖ , we deduce

n−1 > ∇f (x)
(

xn − x
‖xn − x‖

)
+ γn , ∀n ∈ N*. (3.1.2)

Since the sequence
(

xn−x
‖xn−x‖

)
is bounded, there exists a convergent subsequence of

it. The limit, denoted by u, of this subsequence is not zero (being of norm 1) and,
furthermore, from ‖xn − x‖ → 0, we infer that u ∈ TB(M, x). Consequently, u ∈
TB(M, x) \ {0}, and passing to the limit in the relation (3.1.2) we have

0 ≥ ∇f (x)(u),

which is in contradiction with the hypothesis. �

Notice that for di�erentiable functions, the concept of a local strict solution of
order 1 is speci�c to the case of active restrictions (that is, x ∈ M \ intM): if f is dif-
ferentiable at x ∈ intM, then x cannot be a local strict solution of order 1. Indeed,
if x ∈ intM would be local strict solution of order 1, then, on one hand, ∇f (x) = 0
(Fermat Theorem), and, on the other hand,∇f (x) ≠ 0 from the de�nition of strict so-
lutions.

Concerning second-order optimality conditions, one has the following results.

Theorem 3.1.28. Suppose that f is of class C2, ∇f (x) = 0 and

∇2f (x)(u, u) > 0, ∀u ∈ TB(M, x) \ {0}.

Then x is a local strict solution of order α = 2 for problem (P).

Proof As before, one supposes, by contradiction, that the conclusion does not hold.
Then there exists a sequence (xn)→ x, (xn) ⊂ M \ {x} such that for every n ∈ N*,

f (xn) < f (x) + n−1 ‖xn − x‖2 .
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From Taylor Theorem 1.3.4, for every n ∈ N there exists cn on the segment joining x
and xn such that

f (xn) − f (x) = ∇f (x)(xn − x) + 1
2∇

2f (cn)(xn − x, xn − x)

= 1
2∇

2f (cn)(xn − x, xn − x).

We get
n−1 ‖xn − x‖2 > 1

2∇
2f (cn)(xn − x, xn − x),

whence, in order to �nish the proof, we divide by ‖xn − x‖2 and we repeat the above
arguments. �

In the unconstrained case, this result gives the following consequence.

Corollary 3.1.29. Let U ⊂ Rp be a nonempty, open set and f : U → R be a C2 function.
If x ∈ U is a critical point of f and ∇2f (x) is positive de�nite (i.e., ∇2f (x)(u, u) > 0 for
every u ∈ Rp \ {0}), then x is a local strict solution of order α = 2 for f .

One can identify ∇2f (x) with the Hessian matrix of f at x,
(

∂2 f
∂xi∂xj (x)

)
i,j∈1,p

, and a
su�cient condition for the positive de�niteness of it is given by the next criterion,
known from linear algebra (Sylvester criterion): all the determinants of the matrices(

∂2 f
∂xi∂xj (x)

)
i,j∈1,k

, k ∈ 1, p are strictly positive. Analogously (for −f ), if the determi-

nants of the matrices
(

∂2 f
∂xi∂xj (x)

)
i,j∈1,k

, k ∈ 1, p are not zero and change the signs

starting with minus, then ∇2f (x) is negative de�nite and x is a maximum point. Fur-
thermore, if all these determinants are not zero, then any other distribution of their
signs leads to the conclusion that the reference point is not an extreme point.

3.2 Functional Restrictions

The restriction of the problem (P) introduced in the previous section is x ∈ M. Many
times, in practice this set M of feasible points is de�ned by means of functions. Let
us consider g : Rp → Rn and h : Rp → Rm as C1 functions. As usual, g and h can
be thought of as g = (g1, g2, ..., gn), and h = (h1, h2, ..., hm), respectively, where
gi : Rp → R (i ∈ 1, n) and hj : Rp → R (j ∈ 1,m) are C1 real valued functions.

Let the set of feasible points be de�ned as:

M := {x ∈ U | g(x) ≤ 0, h(x) = 0} ⊂ Rp .

Let us observe that we have two types of constraints: equalities and inequalities. Let
x ∈ M. If for an i ∈ 1, n, one has that gi(x) < 0, then the continuity of g ensures
the existence of a neighborhood V of x such that gi(y) < 0 for all y ∈ V . Therefore,
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when one looks for a certi�cate that x is a local solution of (P), the restriction gi ≤ 0
does not e�ectively in�uence the set of points u where one should compare f (x) and
f (u). For this reason, one says that the restriction gi ≤ 0 is inactive at x and these kind
of restrictions should be eliminated from the discussion. In the opposite case, when
gi(x) = 0, we call this active (inequality) restriction. For x ∈ M, we denote the set of
indexes corresponding to active inequality type restrictions by

A(x) = {i ∈ 1, n | gi(x) = 0}.

We are now going to present two types of optimality conditions for problem (P)
with functional constraints as described above. These two types of conditions are
formally very close, but their di�erences are important for the detection of extreme
points. We start with the Fritz John necessary optimality conditions where the objec-
tive function does not play any special role with respect to the functions which de�ne
the restrictions. We shall consider the drawbacks of these conditions, and next we
shall impose supplementary conditions in order to eliminate then. By this procedure,
we get the famous Karush-Kuhn-Tucker necessary optimality conditions whichwill be
extensively used for solving nonlinear optimization problems.

3.2.1 Fritz John Optimality Conditions

The result of this subsection refers to necessary optimality conditions for problem (P)
with functional restrictions without any additional assumption to the general frame-
work already described. These conditions were obtained in 1948 by the Germanmath-
ematician Fritz John.

Theorem 3.2.1 (Fritz John). Let x ∈ M be a solution of (P). Then there exist λ0 ∈ R,
λ0 ≥ 0, λ = (λ1, λ2, ..., λn) ∈ Rn , µ = (µ1, µ2, ..., µm) ∈ Rm , with λ0 + ‖λ‖ + ‖µ‖ ≠ 0
such that

λ0∇f (x) +
n∑
i=1

λi∇gi(x) +
m∑
j=1

µj∇hj(x) = 0

and
λi ≥ 0, λigi(x) = 0, for every i ∈ 1, n.

Proof Let us take δ > 0 such that D(x, δ) ⊂ U and for every x ∈ M∩D(x, δ), f (x) ≤ f (x).
For all k ∈ N* we consider the function φk : D(x, δ)→ R given by

φk(x) = f (x) + k
2

n∑
i=1

(
g+
i (x)

)2 + k
2

m∑
j=1

(
hj(x)

)2 + 1
2 ‖x − x‖

2 ,
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where g+
i (x) = max{gi(x), 0}. Clearly, φk attains its minimum on D(x, δ) and we de-

note by xk such a minimum point. We also observe that

0 ≤ φk(xk) = f (xk) + k
2

n∑
i=1

(
g+
i (xk)

)2 + k
2

m∑
j=1

(
hj(xk)

)2 + 1
2 ‖xk − x‖

2

≤ φk(x) = f (x).

Since the sequence (xk) is boundedand f in continuous onD(x, δ), we infer that (f (xk))
is also a bounded sequence. Letting k →∞ in the above relation, we get

lim
k→∞

n∑
i=1

(
g+
i (xk)

)2 = 0

lim
k→∞

m∑
j=1

(
hj(xk)

)2 = 0.

The boundedness of (xk) ensures that one can extract a convergent subsequence of it.
Without relabeling, we can write xk → x* ∈ D(x, δ), and the previous relations yield
x* ∈ M. Consequently, passing to the limit in the inequality above, we have

f (x*) + 1
2

∥∥∥x* − x∥∥∥2
≤ f (x).

On the other hand, f (x) ≤ f (x*), so
∥∥x* − x∥∥ = 0, that is x* = x. Therefore xk → x.

An essential remark here is that φk is di�erentiable since the (nondi�erentiable)
scalar functions g+

i (x) are squared, whence ∇
(
g+
i (x)

)2 = g+
i (x)∇g(x). Since xk is a

minimum for φk on D(x, δ), we deduce that

−∇φk(xk) ∈ N(D(x, δ), xk).

For k su�ciently large, xk belongs to the interior of the ball D(x, δ) and we conclude
that for these numbers k, one has N(D(x, δ), xk) = {0}. The combination of these facts
allow us to write

∇f (xk) + k
n∑
i=1

g+
i (xk)∇g(xk) + k

m∑
j=1

hj(xk)∇hj(xk) + xk − x = 0, (3.2.1)

for every k large enough. For i ∈ 1, n, j ∈ 1,m, we denote αki := kg+
i (xk), βkj := khj(xk)

and γk =
√

1 +
∑n

i=1
(
αki
)2 +

∑m
j=1
(
βki
)2. It is clear that γk > 1 and we take λk0 := 1

γk ,

λki := αki
γk , µ

k
j := βkj

γk . We observe that

(
λk0
)2

+
n∑
i=1

(
λki
)2

+
m∑
j=1

(
µkj
)2

= 1,
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whence the sequences (λk0), (λki ), (µkj ) (i ∈ 1, n, j ∈ 1,m) are bounded. Then there exist
subsequences (we keep the indexes) convergent to some real numbers, respectively
denoted by

λ0, λ1, λ2, ..., λn , µ1, µ2, ..., µm .

These numbers cannot be zero simultaneously. The positivity of the terms of the se-
quences (λk0), (λki ) (i ∈ 1, n) implies the positivity of their limits λ0, λ1, λ2, ..., λn . Now,
we divide relation (3.2.1) by γk , and we get

λk0∇f (xk) +
n∑
i=1

λki∇g(xk) +
m∑
j=1

µkj∇hj(xk) + 1
γk

(xk − x) = 0.

Letting k → ∞we have the �rst relation in the conclusion. Now we show the second
one. Let i ∈ 1, n. If λi = 0, there is nothing to prove. Otherwise, if λi > 0, from the
de�nition of λi we infer that for k su�ciently large, g+

i (xk) > 0, whence g+
i (xk) = gi(xk).

The relation
0 < gi(xk)→ gi(x) ≤ 0

leads us to the conclusion gi(x) = 0. So, the second part of the conclusion holds and
the theorem is completely proved. �

The relations in the conclusion of Theorem 3.2.1 are called Fritz John necessary
optimality conditions. The major drawback of this result is that it does not eliminate
the possibility that the real number associated to the objective function (i.e., λ0) can
be zero. This means that it would be possible to have too many points where the con-
ditions in the conclusion are satis�ed and therefore, in such a case, the result would
not give important practical hints on the solutions. For instance, if a feasible point x
satis�es∇gi(x) = 0 for a certain i ∈ A(x) or∇hj(x) = 0 for an j ∈ 1,m, then it satis�es
Fritz John conditions (with λ0 = 0), the objective function being then completely elim-
inated. In the next subsection we shall impose a condition in order to avoid λ0 = 0.

Let us �rst illustrate the possibilities created by Theorem 3.2.1 through two con-
crete examples.

Example 3.2.2. Let us consider the problem of minimization of f : R2 → R,

f (x1, x2) = (x1 − 3)2 + (x2 − 2)2

under the restriction g(x) ≤ 0, where g : R2 → R4,

g(x1, x2) = (x2
1 + x2

2 − 5, x1 + 2x2 − 4, −x1, −x2).

One can observe graphically that x = (2, 1) is solution of the problem and A(x) = {1, 2}.
We want to verify Fritz John condition at this point. From the second condition, since
3, 4 ∈ ̸ A(x), we get λ3 = λ4 = 0. Since ∇f (x) = (−2, −2), ∇g1(x) = (4, 2), ∇g2(x) =
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(1, 2),wehave to �nd positive real numbers λ0, λ1, λ2 ≥ 0, not simultaneously zero, such
that

λ0(−2, −2) + λ1(4, 2) + λ2(1, 2) = (0, 0).

We get λ1 = 1
3 λ0 and λ2 = 2

3 λ0, whence, by taking λ0 > 0, the �rst Fritz John condition
is ful�lled.

Let us now have a look to the point x = (0, 0). This time A(x) = {3, 4}, whence
λ1 = λ2 = 0. We have that ∇f (x) = (−6, −4), ∇g3(x) = (−1, 0), ∇g4(x) = (0, −1). A
computation shows that the equation

λ0(−6, −4) + λ3(−1, 0) + λ4(0, −1) = (0, 0)

has no solution (λ0, λ3, λ4) di�erent to zero with positive components. Then x does not
ful�ll the Fritz John conditions, hence it is not a minimum point for the given problem.

Example 3.2.3. Let us consider the problem ofminimization of f : (0,∞)×(0,∞)→ R,
f (x1, x2) = −2x2 under the restriction g(x) ≤ 0, where g : R2 → R3, g(x1, x2) = (x1 −
x2 − 2, −x1 + x2 + 2, x1 + x2 − 6). The set M of feasible points is [(2, 0), (4, 2)] \ {(2, 0)},
and theminimumpoint is x = (4, 2). It is easy to observe that any feasible point satis�es
the Fritz John conditions, but the solution is the only point where one can choose λ0 ≠ 0.
Indeed, if x is a feasible point di�erent to x, then λ3 = 0, λ1 = λ2 and λ0 = 0.

3.2.2 Karush-Kuhn-Tucker Conditions

As seen before, it is desirable to have a Fritz John type result, but with λ0 ≠ 0. We
could directly impose an extra condition in Theorem 3.2.1 in order to ensure this, but
we prefer a direct approach because we aim at working with weak assumptions.

Let consider the sets

G(x) =

∑
i∈A(x)

λi∇gi(x) +
m∑
j=1

µj∇hj(x) | λi ≥ 0, ∀i ∈ A(x), µj ∈ R, ∀j ∈ 1,m

 ⊂ Rp .

(where, as usual, we used the identi�cation between L(Rp ,R) and Rp) and

D(x) =
{
u ∈ Rp | ∇gi(x)(u) ≤ 0, ∀i ∈ A(x) and∇hj(x)(u) = 0, ∀j ∈ 1,m

}
.

Before the main result, we need to shed some light on some important relations
for these sets.

Proposition 3.2.4. For every x ∈ M we have:
(i) G(x) = D(x)−;
(ii) TB(M, x) ⊂ D(x).
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Proof (i) The inclusion G(x) ⊂ D(x)− is obvious, while the reverse one is a direct con-
sequence of Farkas Lemma (Theorem 2.1.8).

(ii) Clearly, 0 ∈ D(x). Let u ∈ TB(M, x) \ {0}. By the de�nition of tangent vectors,
there exist (tn) ⊂ (0,∞), tn → 0 and (un)→ u such that for every n,

x + tnun ∈ M.

The sequence (tnun) converges towards 0 in Rp . Taking into account the di�erentia-
bility of h at x, there exists (αn) ⊂ Rp , αn → 0 such that for every n ∈ N,

h(x + tnun) = h(x) + tn∇h(x)(un) + tn ‖un‖ αn .

Since h(x + tnun) = h(x) = 0, dividing by tn and passing to the limit as n →∞, we get
∇h(x)(u) = 0. Now, for every i ∈ A(x) there exist (αin) ⊂ R, αin → 0 such that for every
n ∈ N,

gi(x + tnun) = gi(x) + tn∇gi(x)(un) + tn ‖un‖ αin .

As before, since gi(x + tnun) ≤ 0 and gi(x) = 0, we have∇gi(x)(u) ≤ 0, and the propo-
sition is proved. �

The next example shows that the reverse inclusion in the item (ii) above is false.

Example 3.2.5. Let g : R2 → R, g(x1, x2) = −x1 − x2, h : R2 → R, h(x1, x2) = x1x2

and the feasible point x = (0, 0). Then:

D(x) = {(u1, u2) | −u1 − u2 ≤ 0},
TB(M, x) = {(u1, u2) | u1 ≥ 0, u2 ≥ 0, u1u2 = 0}.

We establish now a generalized form of a classical result known under the name
of Karush-Kuhn-Tucker Theorem, since it was obtained (with stronger assumptions)
by the American mathematicians William Karush, Harold William Kuhn and Albert
William Tucker. It is interesting to note that William Karush obtained the result in
1939, but the mathematical community become aware of its importance when Harold
William Kuhn and Albert William Tucker got the result, in a di�erent way, in 1950.

Theorem 3.2.6 (Karush-Kuhn-Tucker). Let x ∈ M be a solution of the problem (P).
Suppose that TB(M, x)− = D(x)−. Then there exist λ = (λ1, λ2, ..., λn) ∈ Rn , µ =
(µ1, µ2, ..., µm) ∈ Rm , such that

∇f (x) +
n∑
i=1

λi∇gi(x) +
m∑
j=1

µj∇hj(x) = 0 (3.2.2)

and
λi ≥ 0, λigi(x) = 0, for every i ∈ 1, n. (3.2.3)
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Proof From Theorem 3.1.18, ∇f (x)(u) ≥ 0 for every u ∈ TB(M, x), whence −∇f (x) ∈
TB(M, x)−. Weusenow the assumption TB(M, x)− = D(x)− to infer that −∇f (x) ∈ D(x)−.
From Proposition 3.2.4 (i), we get −∇f (x) ∈ G(x). Consequently, there exist λi ≥ 0, i ∈
A(x), µj ∈ R, j ∈ 1,m such that −∇f (x) =

∑
i∈A(x) λi∇gi(x) +

∑m
j=1 µj∇hj(x). Now, for

indexes i ∈ 1, n \ A(x) we take λi = 0, and we obtain the conclusion. �

If one compares Theorem 3.2.6 and Theorem 3.2.1, one notices the announced dif-
ference concerning the real number associated to the objective function.

The function L : U ×Rn+m → R,

L(x, (λ, µ)) := f (x) +
n∑
i=1

λigi(x) +
m∑
j=1

µjhj(x)

is called the Lagrangian of (P). Therefore, the conclusion given by relation (3.2.2) can
be written as

∇xL(x, (λ, µ)) = 0,

and the elements (λ, µ) ∈ Rn
+ × Rm are called Lagrange multipliers. This name is due

to the fact that the �rst time this method was used to investigate constrained opti-
mization problems was given in some of Lagrange’s works on calculus of variations
problems.

The preceding theorem does not ensure the uniqueness of these multipliers. We
denote by M(x) the set of Lagrange multipliers at x, i.e.,

M(x) := {(λ, µ) ∈ Rn
+ ×Rm | ∇xL(x, (λ, µ)) = 0},

where Rn
+ := [0,∞)n .

On the other hand, L(x, (λ, µ)) is an a�ne function with respect to the variables
(λ, µ). We can observe the following fact which will appear later in the discussion: if
x ∈ M and (λ, µ) is a maximum on Rn

+ × Rm for (λ, µ) 7→ L(x, (λ, µ)), then λigi(x) = 0
for every i ∈ 1, n.

Theorem 3.2.6 gives necessary optimality conditions for (P). If, instead of mini-
mization, we are looking for maximization of the objective function f under the same
constraints, then, from max f = −min(−f ), the necessary condition (3.2.2) can be writ-
ten as

−∇f (x) +
n∑
i=1

λi∇gi(x) +
m∑
j=1

µj∇hj(x) = 0.

Furthermore, let us notice that if one has only equalities as constraints, taking into
account that h(x) = 0 is equivalent to −h(x) = 0, the necessary optimality condition
can by written, for both maxima and minima, as

∇f (x) +
m∑
j=1

µj∇hj(x) = 0.
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Coming back to the main results, let us observe two more things. Firstly, if the
problem has no restrictions (for instance, U = M = Rp), then relation (3.2.2) reduces
to the �rst-order necessary optimality condition (Fermat Theorem): ∇f (x) = 0. Sec-
ondly, the key relation (3.2.2) does not hold without supplementary conditions (here,
TB(M, x)− = D(x)−). To illustrate this consider the following example.

Example 3.2.7. Let f : R2 → Rand g : R2 → R2 givenby f (x1, x2) = x1 and g(x1, x2) =
(−x2 + (1− x1)3, x2). It is easy to see that x = (1, 0) is a minimum point of the associated
problem, but (3.2.2) does not hold. Clearly, Fritz John conditions are ful�lled for λ0 = 0.

So, in the next section, every conditionwhich ensures the validity of theKarush-Kuhn-
Tucker Theorem is called a quali�cation condition, and in view of the decisive impor-
tance of such requirements, we shall discuss it into detail in the next section.

Before that, let us observe that under certain assumptions, Karush-Kuhn-Tucker
conditions (3.2.2) and (3.2.3) are also su�cient for minimality.

Theorem 3.2.8. Suppose that U is convex, f is convex on U, h is a�ne and gi , i ∈ 1, n
are convex. Let x ∈ M. If there exists (λ, µ) ∈ Rn × Rm such that (3.2.2) and (3.2.3)
hold, then x is a minimum point for (P) (or minimum of f on M).

Proof The condition (3.2.2) expresses the fact that

∇xL(x, (λ, µ)) = 0.

Under our assumptions, L is a convex function in x, so according to Theorem 3.1.22, x
is a minimum (without constraints) of the map x 7→ L(x, (λ, µ)). Therefore, for every
x ∈ U,

L(x, (λ, µ)) = f (x) +
n∑
i=1

λigi(x) +
m∑
j=1

µjhj(x) ≥ L(x, (λ, µ)) = f (x).

But, for any x ∈ M,
n∑
i=1

λigi(x) +
m∑
j=1

µjhj(x) ≤ 0,

whence f (x) ≥ f (x). The proof is complete. �

Concerning the structure of the set of Lagrangemultipliers, we have the following
result.

Proposition 3.2.9. For data with the structure mentioned in the above theorem, the set
M(x) of the Lagrange multipliers is the same for all minimum points of f an M.



Functional Restrictions | 99

Proof Clearly,M is a convex set. Let x1, x2 ∈ M be twominimumpoints of (P). Accord-
ing to Proposition 3.1.23, one has f (x1) = f (x2). Let (λ, µ) ∈ M(x1). Then

∇f (x1) +
n∑
i=1

λi∇gi(x1) +
m∑
j=1

µj∇hj(x1) = 0

and
λi ≥ 0, λigi(x1) = 0, for every i ∈ 1, n.

As before,

f (x2) +
n∑
i=1

λigi(x2) ≥ f (x1) = f (x2).

Taking into account the information on the numbers λi and gi(x2), we infer that
λigi(x2) = 0 for every i ∈ 1, n. From

L(x2, (λ, µ)) = f (x2) = f (x1) = L(x1, (λ, µ)),

we get that x2 is a minimum point for the convex function L(·, (λ, µ)) on U . Hence

∇f (x2) +
n∑
i=1

λi∇gi(x2) +
m∑
j=1

µj∇hj(x2) = 0.

We have that (λ, µ) ∈ M(x2). The other inclusion follows by exchanging x1 and x2 in
the above proof. �

We now interpret Theorem 3.2.6 by using the concept of saddle point applied to
the Lagrangian function. Firstly, we de�ne the concept.

De�nition 3.2.10. Let X, Y be two sets and F : X × Y → R. A saddle point of F is a pair
(x, y) ∈ X × Y with the property that

max
y∈Y

F(x, y) = F(x, y) = min
x∈X

F(x, y). (3.2.4)

It is clear that the relation (3.2.4) is equivalent to

F(x, y) ≤ F(x, y) ≤ F(x, y), ∀(x, y) ∈ X × Y

and to
F(x, y) ≤ F(x, y), ∀(x, y) ∈ X × Y .

For instance, the point (0, 0) is a saddle point of F : R ×R→ R, F(x, y) = x2 − y2

(the �gure below).
The following general result is in order.

Proposition 3.2.11. For all saddle points (x, y) of F, the value F(x, y) is constant. If
(x1, y1) and (x2, y2) are saddle points, then (x1, y2) and (x2, y1) are saddle points as
well.
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Figure 3.2: A saddle point.

Proof The following relations hold:

F(x1, y) ≤ F(x1, y1) ≤ F(x, y1), ∀(x, y) ∈ X × Y
F(x2, y) ≤ F(x2, y2) ≤ F(x, y2), ∀(x, y) ∈ X × Y .

If, in the �rst one, we take x = x2 and y = y2, and in the second one we put x = x1 and
y = y1, we get F(x1, y1) = F(x2, y2) = F(x2, y1) = F(x1, y2). Moreover, we can write for
every (x, y) ∈ X × Y ,

F(x1, y) ≤ F(x1, y2) ≤ F(x, y2),

whence (x1, y2) is a saddle point. For (x2, y1), the proof is similar. �

For the general form of problem (P), we consider again the Lagrangian function
L : U × (Rn

+ ×Rm)→ R,

L(x, (λ, µ)) = f (x) +
n∑
i=1

λigi(x) +
m∑
j=1

µjhj(x).

Theorem 3.2.12. An element (x, (λ, µ)) ∈ U × (Rn
+ × Rm) is a saddle point for the La-

grangian function L if and only if the following relations hold:
(i) x is a minimum point for L(·, (λ, µ)) on the open set U;
(ii) x ∈ M;
(iii) λigi(x) = 0, for every i ∈ 1, n.

Proof Let (x, (λ, µ)) ∈ U × (Rn
+ × Rm) be a saddle point for L. Then, according to the

de�nition,
max

(λ,µ)∈Rn+×Rm
L(x, (λ, µ)) = L(x, (λ, µ)) = min

x∈U
L(x, (λ, µ)).
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The second part of this relation is equivalent to (i). It remains to be shown that the
�rst equality is equivalent to the combination of (ii) and (iii), and this is based on
the fact that L is a�ne with respect to (λ, µ) and, moreover, the particular form of
Rn

+×Rm allows us to easily compute the polar of its Bouligand tangent cone. According
to Proposition 3.1.25, (λ, µ) with the property

max
(λ,µ)∈Rn+×Rm

L(x, (λ, µ)) = L(x, (λ, µ))

is characterized by the relation

−∇(λ,µ)L(x, (λ, µ)) ∈ N(Rn
+ ×Rm , (λ, µ)).

It is not di�cult to see that

N(Rn
+ ×Rm , (λ, µ)) = {u ∈ Rn | ui = 0 if λi > 0, ui ≤ 0 if λi = 0} × {0}Rm .

Then
∂L
∂λi

(x, (λ, µ)) = gi(x) :
{

= 0, if λi > 0
≤ 0, if λi = 0

, ∀i = 1, n ,

and
∂L
∂µj

(x, (λ, µ)) = hj(x) = 0, ∀j = 1,m.

The proof is complete. �

Corollary 3.2.13. If (x, (λ, µ)) ∈ U × (Rn
+ × Rm) is a saddle point for the Lagrangian

function L, then x is a solution of (P).

Proof The preceding result shows that x ∈ M and

f (x) = L(x, (λ, µ)) ≤ L(x, (λ, µ)), ∀x ∈ U .

Since for x ∈ M,
L(x, (λ, µ)) ≤ f (x),

we get f (x) ≤ f (x) for every x ∈ M. �

As usual, for convex data the converse holds as well.

Theorem 3.2.14. Suppose that U is convex, f is convex on U, h is a�ne and gi , i ∈ 1, n
are convex. The next relations are equivalent:

(i) (x, (λ, µ)) ∈ U × (Rn
+ ×Rm) is a saddle point for the Lagrangian function L;

(ii) x is a minimum point for (P) and (λ, µ) is a Lagrange multiplier.

Proof According to Theorem 3.2.12, relation (i) above is equivalent to all three relations
in that result. One applies now Theorem 3.1.22 and the conclusion follows. �
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3.2.3 Quali�cation Conditions

The quali�cation condition TB(M, x)− = D(x)− imposed in Theorem 3.2.6 is called the
Guignard condition at x (after the name of the French mathematician Monique Guig-
nard who proposed it back in 1969) and it is one of the weakest quali�cation con-
ditions. The di�culty with this condition is that the e�ective calculations of the in-
volved objects can be tricky in certain situation, and for this reason we want to in-
vestigate and to compare it with other quali�cation conditions as well. Clearly, rela-
tion TB(M, x) = D(x) is in turn a quali�cation condition (called the quasiregularity
condition), since implies Guignard condition. As expected, the two conditions are not
equivalent, as one can see from the next example (see also Example 2.1.7).

Example 3.2.15. Let g : R2 → R2, g(x1, x2) = (−x1, x2) and h : R2 → R, h(x1, x2) =
x1x2. Let us consider the feasible point x = (0, 0). Then:

D(x) = {(u1, u2) | u1 ≥ 0, u2 ≤ 0},
TB(M, x) = {(u1, u2) | u1 ≥ 0, u2 ≤ 0, u1u2 = 0}

and
TB(M, x)− = D(x)− = {(u1, u2) | u1 ≤ 0, u2 ≥ 0}.

The quali�cation conditions are linked to the reference point (x in our notation). Every
time when no confusion concerning the reference point could appear, we avoid, for
simplicity, writing it explicitly.

Twoof themost important (fromapractical point of view) quali�cation conditions
are listed below. The �rst one is called the linear independence quali�cation condition
(at x) and is as follows:

the set {∇gi(x) | i ∈ A(x)} ∪ {∇hj(x) | j ∈ 1,m} is linearly independent.

The second one is called Mangasarian-Fromovitz quali�cation condition (at x):

the set {∇hj(x) | j ∈ 1,m} is linearly independent and
∃u ∈ Rp : ∇h(x)(u) = 0 and∇gi(x)(u) < 0, ∀i ∈ A(x).

(The American mathematicians Olvi Leon Mangasarian and Stanley Fromovitz pub-
lished this condition in 1967.)

We will now establish the relations between these conditions and then show that
they are indeed quali�cation conditions.

Theorem 3.2.16. If the linear independence quali�cation condition at x ∈ M holds,
then the Mangasarian-Fromovitz quali�cation condition at x is satis�ed.
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Proof Without loss of generality, we suppose thatA(x) = {1, ..., q}. Let T be thematrix
of dimensions (q + m) × p with the lines∇gi(x), i ∈ 1, q, ∇hj(x), j ∈ 1,m and let b be
the column vector with bi = −1, i ∈ 1, q, bj = 0, j ∈ q + 1, q + m. Since the lines of T
are linearly independent, the system Td = b has a solution. If one denotes by u such
a solution, then

∇gi(x)(ut) = −1, ∀i ∈ 1, q and∇hj(x)(ut) = 0, ∀j ∈ 1,m,

hence the Mangasarian-Fromovitz condition at x is satis�ed. �

The two conditions are not, however, equivalent.

Example 3.2.17. Let gi : R2 → R, i ∈ 1, 3 de�ned by:

g1(x) = (x1 − 1)2 + (x2 − 1)2 − 2
g2(x) = (x1 − 1)2 + (x2 + 1)2 − 2
g3(x) = −x1

and the feasible point x = (0, 0). Surely, the set

{∇g1(x),∇g2(x),∇g3(x), i ∈ 1, 3}

is not linearly independent since it consists of three elements in the two dimensional
space R2. On the other hand, for u = (1, 0), ∇gi(x)(u) < 0 for every i ∈ 1, 3.

Theorem 3.2.16 tells us that in order to show that the two conditions above are quali-
�cations conditions, it is enough to show this only for Mangasarian-Fromovitz condi-
tion. This becomes obvious if one applies Theorem 3.2.1 and argues by contradiction.
Suppose that λ0 = 0. Then∑

i∈A(x)

λi∇gi(x) +
m∑
j=1

µj∇hj(x) = 0.

We multiply by the vector u from Mangasarian-Fromovitz condition and deduce that∑
i∈A(x)

λi
〈
∇gi(x), u

〉
= 0,

whence λi = 0 for every i ∈ A(x). Therefore,
m∑
j=1

µj∇hj(x) = 0,

and the linear independence of the gradients {∇hj(x) | j ∈ 1,m} implies that µj = 0
for every j ∈ 1,m. Putting together these remarks, we get the contradiction to |λ0| +
‖λ‖ + ‖µ‖ ≠ 0. Consequently, λ0 ≠ 0.
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In order to more precisely classify the quali�cation conditions introduced so far,
we show that the Mangasarian-Fromovitz condition implies the quasiregularity con-
dition.

We need an auxiliary result.

Lemma 3.2.18. Let ε > 0 and γ : (−ε, ε) → Rp be a di�erentiable function such that
γ(0) = x, γ′(0) = u ≠ 0. Then there exists a sequence (xk) ⊂ Im γ \ {x}, (xk) → x such
that

xk − x
‖xk − x‖

→ u
‖u‖ .

Proof We have
lim
t→0

γ(t) − x
t = lim

t→0

γ(t) − γ(0)
t = γ′(0) = u ≠ 0.

In particular, for t ≠ 0 su�ciently small one has γ(t) ≠ x. We consider a sequence
(tk)→ 0 of positive numbers and we de�ne xk = γ(tk). Then,

xk − x
‖xk − x‖

= xk − x
tk

tk
‖xk − x‖

→ u
‖u‖ .

This ends the proof. �

Theorem 3.2.19. If the Mangasarian-Fromovitz condition is satis�ed at x ∈ M, then
TB(M, x) = D(x).

Proof As already observed, one inclusion is always true. We show only the opposite
one, so we start with an element u ∈ D(x). Denote by u ∈ Rp the vector given by the
Mangasarian-Fromovitz condition. Let λ ∈ (0, 1) and dλ := (1−λ)u+λu. We show that
dλ ∈ TB(M, x) for every λ ∈ (0, 1), and then, taking λ → 0 and using the closedness
of TB(M, x) the conclusion will follow. Suppose that dλ ≠ 0, since otherwise, there is
nothing to prove.

Let P be the operator de�ned by the matrix (of dimensions m × p) which has on
the lines the vectors ∇hj(x), j ∈ 1,m of Rp . These vectors are linearly independent
and form a basis in the linear space Im(P). Clearly, from the linear independence of
∇hj(x), j ∈ 1,m one deduces that m ≤ p. But p = dim(Im(P)) + dim(Ker(P)), and
we complete the above linear independent set up to a base of Rp with a set of vectors
{v1, v2, ..., vp−m}, and we denote by Z the matrix (of dimensions (p − m) × p) which
has on the lines these vectors (which give a base in Ker(P)). Then the square matrix(
P
Z

)
is nonsingular. We de�ne φ : Rp+1 → Rp by

φ(x, τ) = (h(x), (Z(x − x − τdλ)t)t).

Then ∇xφ(x, 0) =
(
P
Z

)
is a nonsingular matrix, whence, from Implicit Functions

Theorem (Theorem 1.3.5), there exist ε > 0 and a di�erentiable function γ : (−ε, ε) →
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Rp such that
φ
(
γ(τ), τ

)
= 0,

for every τ ∈ (−ε, ε). Then

h(γ(τ)) = 0 and Z(γ(τ) − x − τdλ)t = 0. (3.2.5)

At the same time, for every τ ∈ (−ε, ε) and every x close enough to x we have

φ(x, τ) = 0⇒ x = γ(τ).

Since φ(x, 0) = 0, we infer that γ(0) = x. According to the relations (3.2.5), we get, on
one hand (by di�erentiation),

Pγ′(0) = 0,

and, on the other hand (by dividing with τ ≠ 0 and passing to the limit),

Zγ′(0)t = Zdtλ .

Since u, u ∈ D(x), we get P(dλ) = 0. We obtain(
P
Z

)
(γ′(0)) =

(
P
Z

)
(dλ),

that is dλ = γ′(0). Using the above lemma, there exists a sequence (xk) ⊂ Im γ \
{x}, (xk)→ x with

xk − x
‖xk − x‖

→ dλ
‖dλ‖

.

Then h(xk) = 0. In order to deduce that dλ ∈ TB(M, x), it is su�cient to prove that,
for k large enough, g(xk) ≤ 0. If i ∈ ̸ A(x), then gi(x) < 0, and the continuity of gi
implies that gi(xk) < 0 for large k. If i ∈ A(x),

〈
∇gi(x), u

〉
≤ 0 and

〈
∇gi(x), u

〉
< 0,

hence
〈
∇gi(x), dλ

〉
< 0. Since gi is smooth (of class C1), there exists a sequence (αk)→

0 such that for every k ∈ N,

gi(xk) = gi(x) +∇gi(x)(xk − x) + αk ‖xk − x‖ .

Therefore,

gi(xk)
‖xk − x‖

= ∇gi(x)(xk − x)
‖xk − x‖

+ αk
k→∞→ ∇gi(x)

(
dλ
‖dλ‖

)
< 0.

Then gi(xk) < 0 for su�ciently large k . Since there are a �nite number of indexes i,
we obtain the conclusion. �

In order to show that all four quali�cation conditions introduced are di�erent, it
remains to prove that the quasiregularity condition does not imply the Mangasarian-
Fromovitz condition.
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Example 3.2.20. Let g : R2 → R2, g(x1, x2) = (−x2
1 + x2, −x2

1 − x2) and the feasible
point x = (0, 0). Then, D(x) = {(u1, 0) | u1 ∈ R}. On the other hand, is it easy to
check that TB(M, x) ⊃ D(x) (whence the equality holds), but there is no u ∈ R2 with
∇g(x)(u) < 0.

We have shown the following implications :

Linear independence condition
⇓

Mangasarian-Fromovitz condition
⇓

Quasiregularity condition
⇓

Guignard condition

and none of the converses hold.

Remark 3.2.21. Let us notice that, in particular, Theorem 3.2.19 shows as well that if
h : Rp → R is a C1 function, and x ∈ Rp has the property that ∇h(x) ≠ 0, then the
Bouligand tangent cone to the level curve {x ∈ Rp | h(x) = h(x)} at x is the hyperplane
{u ∈ Rp | ∇h(x)(u) = 0} (or Ker∇h(x)). Therefore, ∇h(x) is a normal vector to this
hyperplane. We recall here that the a�ne subspace (of Rp+1) tangent to the graph of h
at (x, h(x)) has the equation

y = h(x) +∇h(x)(x − x),

and a normal vector to it is (∇h(x), −1).

Therefore, the Mangasarian-Fromovitz condition ensures that the set M(x) is
nonempty at x, which is local minimum of the problem (P). Moreover, we will now
show that this condition implies special properties of the set of Lagrange multipliers.

Proposition 3.2.22. If the Mangasarian-Fromovitz condition at x holds, then M(x) is
convex and compact (in Rn+m).

Proof According to the de�nition of M(x), an element (λ, µ) ∈ M(x) satis�es

∇f (x) +
n∑
i=1

λi∇gi(x) +
m∑
j=1

µj∇hj(x) = 0

and
λi ≥ 0, λigi(x) = 0, for every i ∈ 1, n.

Therefore, checking the convexity and the closedness of M(x) is straightforward. We
will now show thatM(x) is bounded. Let, from the Mangasarian-Fromovitz condition,
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u ∈ Rp such that

∇h(x)(u) = 0 and∇gi(x)(u) < 0, ∀i ∈ A(x).

Then, for every (λ, µ) ∈ M(x),

∇f (x)(u) +
∑
i∈A(x)

λi∇gi(x)(u) +
m∑
j=1

µj∇hj(x)(u) = 0,

whence ∑
i∈A(x)

λi(−∇gi(x)(u)) = ∇f (x)(u),

from where we deduce ∑
i∈A(x)

λi min
i∈A(x)

(
−∇gi(x)(u)

)
≤ ∇f (x)(u),

so ∑
i∈A(x)

λi ≤
∇f (x)(u)

mini∈A(x)
(
−∇gi(x)(u)

) .
Since the right-hand side is constant, we deduce that the set of multipliers associated
to inequalities constraints is bounded. Suppose, by contradiction, that there exists a
sequence (µk)k∈N ⊂ Rm unbounded (without loss of generality, we can suppose that
‖µk‖ → ∞) and a sequence (λk)k∈N ⊂ Rn

+ such that (λk , µk) ∈ M(x). Then, for every
k ∈ N,

∇f (x) +
∑
i∈A(x)

(λi)k∇gi(x) +
m∑
j=1

(µj)k∇hj(x) = 0.

We divide by ‖µk‖ and we infer that

‖µk‖−1∇f (x) +
∑
i∈A(x)

‖µk‖−1 (λi)k∇gi(x) +
m∑
j=1

‖µk‖−1 (µj)k∇hj(x) = 0. (3.2.6)

From the previous step of the proof we have∑
i∈A(x)

‖µk‖−1 (λi)k∇gi(x) k→∞→ 0

and,
‖µk‖−1∇f (x) k→∞→ 0.

On the other hand, the sequence (‖µk‖−1 µk) is bounded (in Rm), whence, without
relabeling, we can suppose that (‖µk‖−1 µk) is convergent towards a limit denoted by
µ ∈ Rm \ {0}. Passing to the limit in (3.2.6), we get

m∑
j=1

µj∇hj(x) = 0.
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Since µ ≠ 0, this is in contradiction to the linear independence assumed in the
Mangasarian-Fromovitz condition. Then M(x) is bounded. �

Let us discuss now two special cases of the problem data.
Firstly, we consider the situation where the inequality restrictions are convex

functions, while the equality restriction is a�ne. The Slater condition takes place if
h is a�ne, gi , i ∈ 1, n are convex and there exists u ∈ Rp such that h(u) = 0 and
g(u) < 0. This condition was introduced in 1950 by the American mathematician Mor-
ton Slater.

Theorem 3.2.23. The Slater condition implies T(M, x) = D(x) for every x ∈ M whence,
in particular, is a quali�cation condition.

Proof Let x ∈ M. The inclusion T(M, x) ⊂ D(x) is always true. Let v ∈ D(x). By the
Slater condition (using the convexity of gi) we deduce (by virtue of Theorem 2.2.10)
that

0 > gi(u) ≥ gi(x) +∇gi(x)(u − x),

whence, for i ∈ A(x), ∇gi(x)(u − x) < 0. We denote w := u − x, and for λ ∈ (0, 1), we
de�ne

wλ := (1 − λ)v + λw.

We show that wλ ∈ T(M, x) for every λ ∈ (0, 1). For i ∈ A(x),

∇gi(x)(v) ≤ 0, ∇gi(x)(w) < 0,

hence ∇gi(x)(wλ) < 0. By Taylor’s Formula, there exists t > 0 such that gi(x + twλ) <
gi(x) = 0 for every i ∈ A(x). Let (tk) ⊂ (0,∞), tk → 0. Then

xk := (1 − tk)x + tk(x + twλ) = x + tk twλ
k→∞→ x.

In order for the conclusion to follow, we need to show that for k su�ciently large all
(xk) are inM. As usual, for i ∉ A(x), the continuity of g ensures this, while for i ∈ A(x),
we have

gi(xk) ≤ (1 − tk)gi(x) + tkgi(x + twλ) < 0.

Since h is a�ne and h(x) = 0, we get

h(xk) = h(x + tk twλ) = tk t∇h(x)(wλ).

But v ∈ D(x), ∇h(x)(v) = 0, so

∇h(x)(wλ) = λ∇h(x)(w) = λ∇h(x)(u − x) = λh(u) = 0.

Therefore, h(xk) = 0 for any k, so, �nally, (xk)k≥k0 ⊂ M, and this means that wλ ∈
T(M, x). We let now λ → 0; since T(M, x) is closed, we get v ∈ T(M, x), and the proof
is complete. �
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We consider now the case of a�ne restrictions. Take a matrix A of dimensions
n×p, a matrix B of dimensionsm×p and b ∈ Rn , c ∈ Rm . Therefore the setM become
M = {x ∈ Rp | Axt ≤ bt , Bxt = ct}, where the relationship "≤" is understood in the
componentwise sense. Hence g(x) = (Axt − bt)t , h(x) = (Bxt − ct)t .

Theorem 3.2.24. In the above conditions and notation, the quasiregularity condition
is automatically ful�lled.

Proof As before, it is enough to prove that D(x) ⊂ T(M, x). Without loss of generality,
one can suppose that A(x) = 1, n. Let v ∈ D(x). Then Avt ≤ 0, Bvt = 0. If v = 0, there
is nothing to prove. Otherwise, we de�ne

xk := x + 1
k v, ∀k ∈ N*.

The relations
Axtk ≤ bt , Bxtk = ct , xk → x

show that v ∈ T(M, x). �

For a�ne restrictions, everyminimumpoint of (P) satis�es the conclusions of The-
orem 3.2.6.

3.3 Second-order Conditions

In this section we obtain second-order optimality conditions for the optimization
problem with functional constraints and to this end, we assume that the data are C2

functions. Let x ∈ M and (λ, µ) ∈ Rn+m be a vector which satis�es Karush-Kuhn-
Tucker conditions (i.e., the conclusion of Theorem 3.2.6). We de�ne the set of critical
directions C(x, (λ, µ)) as the set of vectors u ∈ Rp for which

∇gi(x)(u) = 0, if i ∈ A(x) and λi > 0,
∇gi(x)(u) ≤ 0, if i ∈ A(x) and λi = 0,
∇hj(x)(u) = 0, for every j ∈ 1,m.

Clearly, C(x, (λ, µ)) is a cone.

Remark 3.3.1. Obviously, C(x, (λ, µ)) ⊂ D(x). In particular, under quasiregularity qual-
i�cation condition, i.e., TB(M, x) = D(x), one has the inclusion C(x, (λ, µ)) ⊂ TB(M, x).
Moreover, if one has only equalities constraints, then one has the equality, since λ does
not intervene in such a case.

Theorem 3.3.2. Let x ∈ M be a solution of the problem (P) and (λ, µ) ∈ Rn+m a vec-
tor which satis�es Karush-Kuhn-Tucker conditions. If the linear independence condition



110 | The Study of Smooth Optimization Problems

holds at x, then
∇2
xxL(x, (λ, µ))(u, u) ≥ 0

for every u ∈ C(x, (λ, µ)).

Proof Without loss of generality, we suppose that all the inequality constraints are
active. We split the proof into several steps.

At the �rst step, we repeat, with some modi�cations, several arguments from the
proof of Theorem 3.2.19 in order to get a sequence of feasible points with special prop-
erties. Let d ∈ D(x), and let P be the operator de�ned by the matrix (of dimensions
(n+m)×p) with the lines consisting of vectors∇gi(x), i ∈ 1, n,∇hj(x), j ∈ 1,m inRp .
These vectors are linearly independent and form a basis in the linear subspace Im(P).
Let us denote by Z the matrix (of dimensions (p − (n + m)) × p) whose lines are some

vectors that form a basis in Ker(P). The the square matrix
(
P
Z

)
is nonsingular. We

de�ne φ : Rp+1 → Rp by

φ(x, τ) = ((g(x), h(x)) − τ(Pdt)t , (Z(x − x − τd)t)t).

Then ∇xφ(x, 0) =
(
P
Z

)
is nonsingular and, from Implicit Function Theorem (i.e.,

Theorem 1.3.5), there exists ε > 0 and a di�erentiable function γ : (−ε, ε) → Rp such
that

φ
(
γ(τ), τ

)
= 0,

for every τ ∈ (−ε, ε). Moreover, for every τ ∈ (−ε, ε) and every x close enough to x,

φ(x, τ) = 0⇒ x = γ(τ).

Let (tk) ⊂ (0,∞), (tk) → 0. Then, using the fact that φ(γ(tk), tk) = 0, there exists, for
every k large enough, zk = γ(tk) such that

gi(zk) = tk∇gi(x)(d) ≤ 0, ∀i ∈ 1, n (3.3.1)
hj(zk) = tk∇hj(x)(d) = 0, ∀j ∈ 1,m.

Therefore, (zk) ⊂ M and the sequence
(
t−1
k (zk − x)

)
is convergent. We show that

t−1
k (zk − x) → d, which would imply d ∈ TB(M, x). According to the Taylor Theorem,
from φ(zk , tk) = 0, there exists (µk) ⊂ Rn+m , µk → 0 such that

0 =
(

(P(zk − x − tkd)t)t , (Z(zk − x − tkd)t)t
)

+ ‖zk − x‖ µk ,

whence (
zk − x
tk

− d
)t

=
(
P
Z

)−1

(−t−1
k ‖zk − x‖ µk),

from where, after passing to the limit, one gets the announced relation.
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Let now u ∈ C(x, (λ, µ)) ⊂ D(x). We use now the above construction of the se-
quence (zk)→ x corresponding to u. We have

L(zk , (λ, µ)) = f (zk) +
n∑
i=1

λigi(zk) +
m∑
j=1

µjhj(zk) = f (zk) − tk
∑
i∈A(x)

λi∇gi(x)(u) = f (zk).

From Taylor second-order condition, there exists (γk)→ 0 such that for every k,

L(zk , (λ, µ)) = L(x, (λ, µ)) +∇xL(x, (λ, µ))(zk − x)

+ 1
2∇xxL(x, (λ, µ))(zk − x, zk − x) + γk ‖zk − x‖2 .

But, from the Karush-Kuhn-Tucker conditions, L(x, (λ, µ)) = f (x) and∇xL(x, (λ, µ)) =
0, whence

f (zk) = f (x) + 1
2∇xxL(x, (λ, µ))(zk − x, zk − x) + γk ‖zk − x‖2 .

Since zk → x and x is a solution for the problem (P), we obtain f (zk) − f (x) ≥ 0 for
every su�ciently large k. Then

1
2∇xxL(x, (λ, µ))(zk − x, zk − x) + γk ‖zk − x‖2 ≥ 0.

We divide by t2k and we pass to the limit in order to get

∇xxL(x, (λ, µ))(u, u) ≥ 0.

The proof is complete. �

We formulate now a converse of the previous result. As shown before, the su�-
cient optimality condition returns a stronger type of solution (i.e., strict solution).

Theorem 3.3.3. Let x ∈ M and (λ, µ) ∈ Rn+m a vector which satis�es Karush-Kuhn-
Tucker conditions. Suppose that

∇2
xxL(x, (λ, µ))(u, u) > 0

for every u ∈ C(x, (λ, µ)) \ {0}. Then x is a local strict solution of second order of (P).

Proof Since the set C(x, (λ, µ)) ∩ {u ∈ Rp | ‖u‖ = 1} is compact, and C(x, (λ, µ)) is a
cone, the relation∇2

xxL(x, (λ, µ))(u, u) > 0 for every u ∈ C(x, (λ, µ)) \{0} is equivalent
to the existence of a strictly positive number ρ with the property

∇2
xxL(x, (λ, µ))(u, u) ≥ ρ ‖u‖2 , ∀u ∈ C(x, (λ, µ)).

Suppose that there exists (zk)→ x, (zk) ⊂ M such that

f (zk) < f (x) + k−1 ‖zk − x‖2 ,
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for every k su�ciently large. Then, without loss of generality, we suppose that
‖zk − x‖−1 (zk − x)→ d ∈ TB(M, x) \ {0} ⊂ D(x). On the other hand,

L(zk , (λ, µ)) = f (zk) +
∑
i∈A(x)

λigi(zk) ≤ f (zk),

and, as before, there exists (γk)→ 0 such that for every k,

L(zk , (λ, µ)) = f (x) + 1
2∇xxL(x, (λ, µ))(zk − x, zk − x) + γk ‖zk − x‖2 . (3.3.2)

Suppose that d ∈ ̸ C(x, (λ, µ)). Then there exists i0 ∈ A(x) with λi0∇gi0 (x)(d) < 0. For
the other indices i ∈ A(x) we have λi∇gi(x)(d) ≤ 0. Then, it exists (τk) → 0 such that
for every k,

λi0gi0 (zk) = λi0gi0 (x) + λi0∇gi0 (x)(zk − x) + τkλi0 ‖zk − x‖

= ‖zk − x‖ λi0∇gi0 (x)
(

zk − x
‖zk − x‖

)
+ τkλi0 ‖zk − x‖ .

Hence

L(zk , (λ, µ)) = f (zk) +
∑
i∈A(x)

λigi(zk) ≤ f (zk) + λi0gi0 (zk)

= f (zk) + ‖zk − x‖ λi0∇gi0 (x)
(

zk − x
‖zk − x‖

)
+ τkλi0 ‖zk − x‖ .

From (3.3.2), we get

f (x) + 1
2∇xxL(x, (λ, µ))(zk − x, zk − x) + γk ‖zk − x‖2

≤ f (zk) + ‖zk − x‖ λi0∇gi0 (x)
(

zk − x
‖zk − x‖

)
+ τkλi0 ‖zk − x‖ .

Furthermore,

lim
k
‖zk − x‖−1∇xxL(x, (λ, µ))(zk − x, zk − x)

= lim
k
‖zk − x‖∇xxL(x, (λ, µ))

(
zk − x
‖zk − x‖

, zk − x
‖zk − x‖

)
= 0.

After relabeling, one can see that there exists (νk)→ 0 such that

f (zk) ≥ f (x) − ‖zk − x‖ λi0∇gi0 (x)
(

zk − x
‖zk − x‖

)
+ νk ‖zk − x‖ .

From the assumption made, f (zk) < f (x) + k−1 ‖zk − x‖2 , whence

f (x) + k−1 ‖zk − x‖2 ≥ f (x) − ‖zk − x‖ λi0∇gi0 (x)
(

zk − x
‖zk − x‖

)
+ νk ‖zk − x‖ ,
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that is
k−1 ‖zk − x‖ ≥ −λi0∇gi0 (x)

(
zk − x
‖zk − x‖

)
+ νk .

Passing to the limit, we arrive at a contradiction to the relation λi0∇gi0 (x)(d) < 0. Con-
sequently, d ∈ C(x, (λ, µ)) \{0}, whence∇2

xxL(x, (λ, µ))(d, d) ≥ ρ. Since L(zk , (λ, µ)) ≤
f (zk), coming back to (3.3.2), we can write

f (zk) ≥ f (x) + 1
2∇xxL(x, (λ, µ))(zk − x, zk − x) + γk ‖zk − x‖2 .

But∇2
xxL(x, (λ, µ)) is continuous, whence for k large enough,

∇xxL(x, (λ, µ))(zk − x, zk − x) > 2−1ρ ‖zk − x‖2 .

Finally,
f (x) + k−1 ‖zk − x‖2 ≥ f (x) + ρ

4 ‖zk − x‖
2 + γk ‖zk − x‖2 ,

and a new contradiction occurs. �

3.4 Motivations for Scienti�c Computations

In this section, we examine the computational limits of the theoretical results from
the previous sections. In some cases, it is not possible to get the exact solution of the
optimizationproblems. The theory leads us to solve somenonlinear (systems of) equa-
tions, which do not admit analytical expressions for the solutions. This motivates us
to subsequently study numerical algorithms for solving such equations, and this will
be done in Chapter 6.

1. (Least squares method) We discuss now a special case of an optimization
problem without restrictions. This problem belongs to the general approach called
themethod of least squares which is designed for the interpretation of numerical data
issued from experiments in physics, biology, astronomy, chemistry. From historical
perspective, this kind of problem arose from the study of the movements of planets
and in questions linked to navigation techniques. The mathematician who founded
this method is considered to be Gauss, but themethodwas published for the �rst time
by Legendre.

In fewwords, themethod of least squares refers to the following situation: we dis-
pose of a data set v1, v2, ..., vN obtained after some measurements made at the (dif-
ferent) moments t1, t2, ..., tN . The objective is to determine the best model function
of the form t 7→ φ(t, x) (where x = (x1, x2, ..., xk) are parameters to optimize) which
�ts with the measurements. Therefore, for every i ∈ 1, N, one de�nes the residual at
the moment ti as the absolute di�erence between the measurement vi and the value
of the model at same time:

ri :=
∣∣vi − φ(ti , x)

∣∣ ,
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and now the problem is to minimize the function

f (x) =
N∑
i=1

r2
i =

N∑
i=1

[
vi − φ(ti , x)

]2 .

It should be said that another possible objective function (even more natural to
be considered) would be

N∑
i=1

∣∣vi − φ(ti , x)
∣∣

but this construction does not preserve the di�erentiability. For this reason, one
prefers the sum of the squares of the residuals, whence the name of the method.

Let us now consider the simplest case of a linear dependence. Let us suppose that
one has made N measurements at the di�erent moments of time t1, t2, ..., tN > 0 and,
correspondingly, one has the values v1, v2, ..., vN . We know that the dependence be-
tween these two sets of data is linear, and we are interested in obtaining a line which
better �ts the collection of observations. Let be a line v = at+b. As above, the residual
at the moment ti is

∣∣vi − (ati + b)
∣∣ and in order to “measure” the sum of these residu-

als, we consider the function f : R2 → R,

f (a, b) =
N∑
i=1

[
vi − (ati + b)

]2 .

The line with respect to which this sum of residuals will be the smallest, will be that
which we seek. Then, we arrive at the problem of minimization (without restrictions)
of the function f . We compute the partial derivatives of f :

∂f
∂a (a, b) =

N∑
i=1

2(−ti)
[
vi − (ati + b)

]
∂f
∂b (a, b) =

N∑
i=1

−2
[
vi − (ati + b)

]
,

and the calculus of critical points is reduced to computation of the solutions of the
system: 

(∑N
i=1 t

2
i

)
a +
(∑N

i=1 ti
)
b =

∑N
i=1 tivi(∑N

i=1 ti
)
a + Nb =

∑N
i=1 vi .

The determinant of this system is

∆ := N
( N∑

i=1

t2i

)
−
( N∑

i=1

ti

)2

=
( N∑

i=1

12

)( N∑
i=1

t2i

)
−
( N∑

i=1

ti

)2

.
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From the Hölder inequality, this number is positive (equality would be possible only
if all the values ti are equal, but this is not possible). Then the system admits a unique
solution: (

a
b

)
=
( ∑N

i=1 t
2
i
∑N

i=1 ti∑N
i=1 ti N

)−1( ∑N
i=1 tivi∑N
i=1 vi

)
.

Let us observe that, furthermore, the function is coercive since
lim‖(a,b)‖→∞ f (a, b) = ∞, hence, according to Theorem 3.1.7, it admits a mini-
mum point which is necessarily the critical point determined above. Therefore this
pair (a, b) is the solution of the problem.

Another remark is that an important part of the above calculations canbe repeated
with obvious changes if one supposes a dependence of the type v = a · p(t) + b · q(t),
where p, q : R→ R. One obtains the system( ∑N

i=1 p
2(ti)

∑N
i=1 p(ti)q(ti)∑N

i=1 p(ti)q(ti)
∑N

i=1 q
2(ti)

)(
a
b

)
=
( ∑N

i=1 p(ti)vi∑N
i=1 q(ti)vi

)
.

Again, theHölder inequality ensures that the associatedmatrix is invertible if andonly
if (p2(ti))i=1,N and (q2(ti))i=1,N are not proportional.

In general, for more complicated models (nonlinear in x) the method of least
squares does not have an easily computable solution and this will be an impetus for
us to study several algorithm in order to get good approximation of solution in fast
computational time.

2. (The projection on a closed convex set) Let a1, a2, ..., ap ∈ (0,∞) and the
set (generalized ellipsoid)

M :=
{
x ∈ Rp |

p∑
i=1

(
xi
ai

)2
≤ 1
}
.

Obviously, this is a convex and compact set. Let v ∉ M. From Theorem 2.1.5, there
exists v ∈ M, the projection of v on M. Again, we want to �nd an expression of this
element.

As before, v is the solution of the minimization problem of f (x) = ‖x − v‖2 under
the restriction x ∈ M. If it would exist a solution x ∈ intM, then ∇f (x) = 0, whence
x − v = 0, that is v ∈ M, which is false. Therefore, the restriction is active in v, that is∑p

i=1

(
vi
ai

)2
= 1. Moreover, the functionwhich de�nes (with inequality) the constraint

x ∈ M, i.e., g : Rp → R,

g(x) :=
p∑
i=1

(
xi
ai

)2
− 1,

is convex, and the Slater condition holds. Moreover, f is convex as well, so we can
conclude that v is a solution of the problem if and only of there exists λ ≥ 0 such that



116 | The Study of Smooth Optimization Problems

for all indexes i,
vi − vi + λ vi

a2
i

= 0.

Since v ≠ v, λ > 0 and

vi = a2
i vi

a2
i + λ

.

On the other hand, by
∑p

i=1

(
vi
ai

)2
= 1,

p∑
i=1

a2
i v2
i(

a2
i + λ

)2 = 1,

so �nding λ (and then v) requires solving the above equation. Let us remark that the
equation has a unique solution, since the mapping

0 ≤ λ 7→
p∑
i=1

a2
i v2
i(

a2
i + λ

)2

is strictly decreasing, its value at 0 is strictly greater than 1 (notice that v ∈ ̸ M), while
its limit at +∞ is 0. So, to get v one must to solve an algebraic equation of degree 2p,
and, in general, this is impossible. We will be interested in approximation methods of
the solutions of nonlinear equations, and this will be one of the subjects of Chapter 6.
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4 Convex Nonsmooth Optimization

In this chapter we study optimization problems involving convex functions that
are not necessarily di�erentiable. Naturally, several new tools are needed in order to
compensate for the lack of di�erentiability. On one hand, we need to study convex
sets which were brie�y de�ned and studied in Section 2.1. A new object to replace the
di�erential is introduced and studied. With all these tools in hand, we will be able to
derive a generalized Karush-Kuhn-Tucker theorem in the case of convex nonsmooth
optimization.

4.1 Further Properties and Separation of Convex Sets

We start with some results concerning the fundamental topological properties of con-
vex sets in Rp .

Theorem 4.1.1. Let C ⊂ Rp be a convex set. Then
(i) cl C is convex;
(ii) if x ∈ int C and y ∈ cl C, then [x, y) ⊂ int C;
(iii) int C is convex;
(iv) if int C ≠ ∅, then cl C = cl(int C) and int C = int(cl C).

Proof (i) Let us take x, y ∈ cl C and α ∈ (0, 1), and a neighborhood V of 0 ∈ Rp . It is
well known that there is a neighborhood U of 0 such that αU + (1 − α)U ⊂ V . Since
x, y ∈ cl C, there are xU , yU ∈ C such that xU ∈ (x + U) ∩ C and yU ∈ (y + U) ∩ C.
Consequently, from the convexity of C, one has

C 3 αxU + (1 − α)yU ∈ α(x + U) + (1 − α)(y + U)
= αx + (1 − α)y + αU + (1 − α)U ⊂ αx + (1 − α)y + V ,

whence C ∩ (αx + (1 − α)y + V) ≠ ∅. Since V is an arbitrary neighborhood of 0, this
shows that αx + (1 − α)y ∈ cl C. Of course, an argument based on a characterization
of cl C that used sequences is also possible.

(ii) Take α ∈ (0, 1). It is enough to show that αx + (1− α)y ∈ int C. Since x ∈ int C,
there is a neighborhood V of 0 ∈ Rp with x + V + V ⊂ C. On the other hand, y ∈ cl C
implies that C∩ (y − α(1 − α)−1V) ≠ ∅, whence y can be written as c + α(1 − α)−1v, with
c ∈ C and v ∈ V . We get that

αx + (1 − α)y + αV = αx + (1 − α)c + αv + αV = (1 − α)c + α(x + v + V)
⊂ (1 − α)c + αC ⊂ C.

Since αV is still a neighborhood of 0, we conclude that αx + (1 − α)y ∈ int C.
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(iii) If x, y ∈ int C, then the above implication means that [x, y] ⊂ int C, whence
int C is convex.

(iv) Clearly, cl(int C) ⊂ cl C. Consider x ∈ cl C. By (ii), for any y ∈ int C, (x, y] ⊂
int C, which means that x can be approached by a sequence of points in int C, that
is x ∈ cl(int C). For the second part, one inclusion always holds: int C ⊂ int(cl C).
Consider x ∈ int(cl C), which means that there exists a neighborhood V of 0 ∈ Rp

such that x + V ⊂ cl C, whence, once again from (ii), for any y ∈ int C, α ∈ (0, 1) and
v ∈ V ,

α(x + v) + (1 − α)y ∈ int C.

But V is absorbing (that is, for every x ∈ Rp , there is λ > 0 such that λx ∈ V), so for α
su�ciently close to 1,

v := (1 − α)(x − y)
α ∈ V

and for such an α,

x = α
(
x + (1 − α)(x − y)

α

)
+ (1 − α)y

= α(x + v) + (1 − α)y ∈ int C.

The proof is complete. �

Now we need a supplementary investigation into the projection of a point on a
closed convex set (see Theorem 2.1.5 (iii)).

Proposition 4.1.2. Let C ⊂ Rp be a nonempty closed and convex set. Then the appli-
cation Rp 3 x 7→ prC x is 1−Lipschitz. In particular, it is continuous.

Proof As proved in Theorem 2.1.5 (iii), the projection prC x of a point x on C is charac-
terized by the properties{

prC x ∈ C
〈x − prC x, u − prC x〉 ≤ 0, ∀u ∈ C.

Take x1, x2 ∈ Rp . Then the above system gives

〈x1 − prC x1, prC x2 − prC x1〉 ≤ 0
〈x2 − prC x2, prC x1 − prC x2〉 ≤ 0.

This means that 〈x1 − prC x1 − x2 + prC x2, prC x2 − prC x1〉 ≤ 0, whence

〈x1 − x2 + prC x2 − prC x1, prC x2 − prC x1〉 ≤ 0.

We get that

‖prC x2 − prC x1‖2 ≤ 〈x2 − x1, prC x2 − prC x1〉 ≤ ‖x2 − x1‖ · ‖prC x2 − prC x1‖ ,
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so the desired inequality holds. Since every Lipschitz function is continuous, so the
second part follows as well. �

Now we are able to prove a separation result for convex sets.

Theorem 4.1.3. Let C ⊂ Rp be a nonempty convex set and x ∈ ̸ C. Then there is an
a ∈ Rp \ {0} such that for all c ∈ C one has

〈a, x〉 ≤ 〈a, c〉 .

Proof First, suppose that x ∉ cl C. In fact, in this case we can prove a stronger inequal-
ity. Notice that Theorem 4.1.1 (i) ensures that cl C is a closed convex set, so there exists
prcl C x ∈ cl C, which is not equal to x. The properties of projection ensure that

〈prcl C x − x, x − prcl C x〉 ≥ 0, ∀x ∈ cl C.

De�ne a := prcl C x − x ∈ Rp \ {0} and rewrite the above inequality as

〈a, x − x − a〉 ≥ 0, ∀x ∈ cl C.

This means that
〈a, c − x〉 ≥ ‖a‖2 > 0, ∀c ∈ C,

and the desired inequality follows.
Take now that case when x ∈ cl C \ C. Observe (by the use of Theorem 4.1.1 (iv))

that
cl(Rp \ cl C) = Rp \ int cl C = Rp \ int C ⊃ cl C \ C,

so x ∈ cl(Rp \cl C), whichmeans that there exists a sequence (xk)k∈N of points outside
cl C with xk → x as k →∞. Then, for all k ∈ N, prcl C xk ≠ xk and we can de�ne

ak := prcl C xk − xk
‖prcl C xk − xk‖

with the property that for every k ∈ N and x ∈ cl C,

〈ak , x − prcl C xk〉 ≥ 0.

The sequence (ak) is bounded, whence it has a convergent subsequence. As usual,
without relabeling, we assume that (ak) converges to a limit a ∈ Rp . Since ‖ak‖ = 1
for all k, we deduce that a ≠ 0. By means of Proposition 4.1.2,

prcl C xk → prcl C x = x,

and passing to the limit in the previous inequality, one gets

〈a, c − x〉 ≥ 0, ∀c ∈ C.

The result is proved. �
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Theorem 4.1.4. Let A and B be two nonempty convex sets in Rp . If A ∩ B = ∅, then
there exists a ∈ Rp \ {0} such that

〈a, x〉 ≤ 〈a, y〉 , ∀x ∈ A, ∀y ∈ B.

Proof Consider the convex set
C := A − B.

Since A ∩ B = ∅, we deduce that x := 0 ∉ C, and from Theorem 4.1.3 we get the
existence of an element a ∈ Rp \ {0} such that for all c ∈ C one has

〈a, x〉 ≤ 〈a, c〉 .

This proves the result. �

4.2 The Subdi�erential of a Convex Function

We have seen (Theorem 2.2.10) that if f is a di�erentiable function on an open convex
set D ⊂ Rp , then f is convex if and only if for every x, y ∈ D,

f (y) ≥ f (x) +∇f (x)(y − x).

As explained before, the di�erential ∇f (x) is a linear functional from Rp to R and it
can actually be identi�ed to an element of Rp . By this identi�cation, the expression
∇f (x)(y − x) can be written as well as

〈
∇f (x), y − x

〉
.

Consider now the case of a convex function de�ned on a convex subset D of Rp ,
i.e., f : D → R which is not necessarily di�erentiable. Fix x ∈ D. Then it is natural to
consider those elements u ∈ Rp having the property that for all y ∈ D,

〈u, y − x〉 ≤ f (y) − f (x). (4.2.1)

In thisway, it is possible to replace inmany results themissingdi�erential at xwith the
set consisting of such elements. More precisely, an element satisfying (4.2.1) is called a
subgradient of f at x, and the set of all such elements is denoted by ∂f (x) and is called
the subdi�erential of f at x.

Wewill observe that, in the case of a di�erentiable convex function, ∂f (x) reduces
to {∇f (x)} for any x ∈ intD. Before that, we investigate some generalized di�erentia-
tion properties of a convex function.

Proposition 4.2.1. Let D ⊂ Rp be a convex set, f : D → R be a convex function, and let
x ∈ intD. Then for every v ∈ Rp , then a directional derivative of f at x in the direction
v exists and is de�ned as

f ′(x, v) := lim
t→0+

f (x + tv) − f (x)
t ,
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which can be written as
f ′(x, v) = inf

t>0

f (x + tv) − f (x)
t .

Proof Fix x ∈ intD. For any v ∈ Rp there exists t > 0 such that x + tv ∈ D, so by the
convexity of D, x + sv ∈ D for all s ∈ [0, t]. It is enough to prove that the map

t 7→ f (x + tv) − f (x)
t

is increasing (since every monotone function admits lateral limits, the conclusions
follow). Indeed, if 0 < s < t, then

f (x + sv) − f (x)
s ≤ f (x + tv) − f (x)

t
means that

f (x + sv) ≤ st f (x + tv) +
(

1 − st

)
f (x),

that is
f
( s
t (x + tv) +

(
1 − st

)
x
)
≤ st f (x + tv) +

(
1 − st

)
f (x),

an inequality which follows from the convexity of f . �

Proposition 4.2.2. Let D ⊂ Rp be a convex set, f : D → R be a convex function, and
let x ∈ intD. Then

∂f (x) = {u ∈ Rp | f ′(x, v) ≥ 〈u, v〉 , ∀v ∈ Rp}.

Proof Take u ∈ ∂f (u). Then

f (x + tv) − f (x) ≥ 〈u, tv〉 ,

for all v ∈ Rp and t > 0 with x + tv ∈ D. This implies that

f ′(x, v) ≥ 〈u, v〉 , ∀v ∈ Rp .

Conversely, suppose that the above inequality holds. Take y ∈ D. Then v := y − x
satis�es the inclusion x + v ∈ D. The monotonicity of

t 7→ f (x + tv) − f (x)
t

(see the proof of Proposition 4.2.1) allows us to write

f (y) − f (x) = f (x + v) − f (x) ≥ inf
t>0

f (x + tv) − f (x)
t ≥ 〈u, v〉 = 〈u, y − x〉 ,

which con�rms that u ∈ ∂f (x). �

Proposition 4.2.3. Let D ⊂ Rp be a convex set, f : D → R be a convex function, and
let x ∈ intD. If f is di�erentiable at x, then ∂f (x) = {∇f (x)}.
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Proof Theorem 2.2.10 yields the inclusion ∇f (x) ∈ ∂f (x). Now, if u ∈ ∂f (x) then, by
Proposition 4.2.2,

f ′(x, v) ≥ 〈u, v〉 , ∀v ∈ Rp .

But, since f is di�erentiable it is easy to observe that f ′(x, v) =
〈
∇f (x), v

〉
, so we have

that 〈
∇f (x), v

〉
≥ 〈u, v〉 , ∀v ∈ Rp .

This implies that u = ∇f (x) and the proof is complete. �

It is important to see that at a point of nondi�erentiability, the subdi�erential is
not, in general, a singleton set, as the next example illustrates.

Example 4.2.4. Consider f : R→ R, f (x) = |x| . It is easy to see that this function is
convex and it is di�erentiable on R \ {0}. An easy computation reveals that the subdif-
ferential of this convex function is

∂f (x) =


−1, if x < 0
[−1, 1], if x = 0
1, if x > 0.

Another important fact about convex functions refers to their local Lipschitz be-
haviour, which induces important properties of the subdi�erential. One can say that
a function is locally Lipschitz if for every point in its domain there exists a neighbor-
hood where f is Lipschitz. More precisely, f : D ⊂ Rp → R is locally Lipschitz on D if
for every point x ∈ D, there exist ε > 0 and L > 0 such that∣∣f (x) − f (y)

∣∣ ≤ L ‖x − y‖
for every x, y ∈ B(x, ε) ∩ D.

Theorem 4.2.5. Let D ⊂ Rp be a convex set and f : D → R be a convex function. Then
f it is locally Lipschitz on intD.

Proof As shown in the �rst part of the proof of Theorem 2.2.4, for every point in intD,
there is a neighborhood on which f is bounded. Take arbitrary x ∈ intD and r > 0,
M > 0 such that for every x ∈ D(x, r) ⊂ intD, f (x) ≤ f (x) + M. We show that for any
r′ ∈ (0, r) and any x, y ∈ D(x, r′),

∣∣f (x) − f (y)
∣∣ ≤ Mr · r + r′

r − r′ · ‖x − y‖ ,

which implies that f is Lipschitz around x. We can suppose, without loss of generality,
that x = 0 and f (x) = 0 (otherwise, we consider instead of f the function g(x) :=
f (x+ x) − f (x)). Consider r′ ∈ (0, r) and x, y ∈ D(x, r′), x ≠ y. There exist z with ‖z‖ = r
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and α ∈ (0, 1) such that y = (1 − α)x + αz. Indeed, taking φ(t) := ty + (1 − t)x, the map
t 7→

∥∥φ(t)
∥∥ is continuous on [1,∞),

∥∥φ(1)
∥∥ = ‖y‖ < r′ and limt→∞

∥∥φ(t)
∥∥→∞, since∥∥φ(t)

∥∥ ≥ t ‖x − y‖ − ‖x‖ . Therefore, there exists t > 1 such that
∥∥φ(t)

∥∥ = r ∈ (r′, ∞).
Take z := φ(t), i.e.,

z = ty + (1 − t)x.

Taking α := t−1, we obtain that

y = (1 − α)x + αz.

Moreover, α = ‖z − x‖−1 ‖y − x‖ . Since

f (y) ≤ (1 − α)f (x) + αf (z),

we get
f (y) − f (x) ≤ ‖y − x‖‖z − x‖ (f (z) − f (x)).

From
0 = f (0) = f

(
2−1x + 2−1(−x

)
) ≤ 2−1f (x) + 2−1f (−x),

we obtain −f (x) ≤ f (−x). But, if x ≠ 0, u := r ‖x‖−1 (−x) ∈ D(0, r), so

f (−x) = f
(
‖x‖
r u

)
≤ ‖x‖r f (u) ≤ M ‖x‖r .

Clearly, this is true also for x = 0. Since ‖z − x‖ ≥ r − r′ and r + ‖x‖ ≤ r + r′, we �nally
obtain

f (y) − f (x) ≤ ‖y − x‖‖z − x‖

(
M + M ‖x‖r

)
≤ Mr ·

r + r′
r − r′ · ‖x − y‖ .

Interchanging x and y, the theorem is proved. �

Acornerstone for the development of a subdi�erential calculus (i.e., calculuswith
subdi�erentials) is to observe that, in general, the subdi�erential at a given point is a
nonempty set.

Theorem 4.2.6. Let D ⊂ Rp be a convex set and f : D → R be a convex function. Then
for every x ∈ intD, the subdi�erential ∂f (x) is a nonempty compact set.

Proof Fix x ∈ intD. First we show that ∂f (x) is nonempty. From Theorem 2.2.4, the
function f is continuous at x. In particular, this shows that the convex set int epi f is
nonempty (one applies here both Proposition 2.2.3 (ii) and Theorem4.1.1 (iii)). Clearly,
(x, f (x)) ∈ ̸ int epi f , so, from Theorem 4.1.3, there exists (u, α) ∈ Rp ×R \ {(0, 0)} such
that for every (y, t) ∈ int epi f ,

〈u, y〉 + αt ≤ 〈u, x〉 + αf (x).
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Moreover, this is true for every (y, t) ∈ cl(int epi f ) = cl epi f = epi f . If we suppose that
α = 0, then the inequality 〈u, x − y〉 ≥ 0 holds for all y ∈ D, and this means that u = 0,
which contradicts the fact that the pair (u, α) is not zero. Consequently, α ≠ 0. But,
letting t →∞ in the above inequality, one deduces that α < 0. Therefore, we can take
α = −1, and then we get

〈u, y〉 − t ≤ 〈u, x〉 − f (x), ∀(y, t) ∈ epi f .

In particular, for every y ∈ D,

〈u, y〉 − f (y) ≤ 〈u, x〉 − f (x),

that is
〈u, y − x〉 ≤ f (y) − f (x),

i.e., u ∈ ∂f (x).
Let us notice now that the fact that ∂f (x) is always a closed set is an easy remark. It

remains to show that ∂f (x) is a bounded set. By virtue of Theorem 4.2.5, f is Lipschitz
onaneighborhoodof x. Denote by L the correspondingLipschitz constant on thegiven
neighborhood V := D(x, ε) ⊂ D of x. Take u ∈ ∂f (x). Then for any y ∈ V ,

〈u, y − x〉 ≤ f (y) − f (x) ≤
∣∣f (y) − f (x)

∣∣ ≤ L ‖y − x‖ .
Since y = x + εv ∈ V for any v in the unit ball, this implies that

〈u, v〉 ≤ L ‖v‖ , ∀v ∈ D(0, 1),

which means that ‖u‖ ≤ L. Then ∂f (x) is bounded. �

The next calculus rule is fundamental.

Theorem 4.2.7 (sum rule). D ⊂ Rp be a convex set with nonempty interior and let
f , g : D → R be convex functions. Then for any x ∈ D,

∂(f + g)(x) = ∂f (x) + ∂g(x).

Proof The inclusion ∂f (x) + ∂g(x) ⊂ ∂(f + g)(x) easily follows from the de�nition of
the subdi�erential. Consider u ∈ ∂(f + g)(x). We can consider the case x = 0, f (0) =
g(0) = 0 directly, simply by taking f1(y) := f (y + x) − f (x) and g1(y) := g(y + x) − g(x).
Denote

A := int epi f and B := {(v, t) ∈ D ×R | t ≤ 〈u, v〉 − g(v)}

Both these sets are nonempty and convex. If (v, t) ∈ A ∩ B did exist, then, on one
hand, f (v) < t, and, on the other hand, since u ∈ ∂(f + g)(0),

f (v) < t ≤ 〈u, v〉 − g(v) ≤ f (v),
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which is not possible. Therefore, A ∩ B = ∅. Theorem 4.1.4 ensures the existence of an
element (a, α) ∈ Rp ×R \ {(0, 0)} such that for all (u, s) ∈ A and (v, t) ∈ B,

〈a, v〉 + αt ≤ 〈a, u〉 + αs.

It follows that this inequality holds for any (u, s) ∈ clA = epi f and any (v, t) ∈ B.
If α = 0, then 〈a, v〉 ≤ 〈a, u〉 for every u, v ∈ D, which means that a = 0 (otherwise,
a would have positive scalar product with all the elements of a ball centered at 0,
because D has nonempty interior), an impossible situation. Therefore, α ≠ 0. Letting
s →∞, we infer that α > 0 and therefore we can take α = 1, so

〈a, v〉 + t ≤ 〈a, u〉 + s, ∀(u, s) ∈ epi f , ∀(v, t) ∈ B.

For (v, t) = (0, 0) and s = f (u), we get

〈−a, u〉 ≤ f (u), ∀u ∈ epi f ,

i.e., −a ∈ ∂f (0). On the other hand, for (u, s) = (0, 0), we obtain

〈a, v〉 + t ≤ 0, ∀(v, t) ∈ B,

which implies that
〈a + u, v〉 ≤ g(v), ∀v ∈ D,

i.e., a + u ∈ ∂g(0), so u = −a + a + u ∈ ∂f (0) + ∂g(0). �

4.3 Optimality Conditions

We give now optimality conditions for convex nondi�erentiable data for the basic op-
timization problems already studied in the smooth case. We start with the case of op-
timization without constraints.

Theorem 4.3.1. Let D ⊂ Rp be a convex set, and f : D → R be a convex function. An
element x ∈ D is a (local) minimum point of f if and only if 0 ∈ ∂f (x).

Proof If x is a local minimumpoint, then it is a global one (see Proposition 3.1.23), and
therefore

0 = 〈0, y − x〉 ≤ f (y) − f (x)

for all y ∈ D. Then, 0 ∈ ∂f (x).
Conversely, suppose that 0 ∈ ∂f (x). From the de�nition of the subgradients, this

means that 〈0, y − x〉 ≤ f (y) − f (x) for all y ∈ D, whence x is a minimum point for f .�

We now consider the optimization problems with geometric constraints. In order
to tackle this case, we need a general penalization result. Generally speaking, to pe-
nalize an optimization problemmeans to transform it in such away that a (local) min-
imumpoint of the initial constrained problembecomes a (local)minimumpoint of the
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unconstrainedproblem. This canbedoneby adding to the objective function apenalty
term which somehow contains the constraints of the initial problem. We present here
a method to penalize a given optimization problem (not necessarily convex) with geo-
metric constraints due to Canadian–Frenchmathematician Frank H. Clarke, who pro-
posed it in 1983.

Theorem 4.3.2. Let f : Rp → R be a function and M ⊂ Rp a closed set. Consider the
problem

min f (x), x ∈ M.

Suppose that x is a (local) solution of this problem and f is locally Lipschitz of constant
L ≥ 0 around x. Then x is a (local) minimum without constraints of the mapping x 7→
f (x) + LdM(x).

Proof Let U be the neighborhood of x such that f is L−Lipschitz on U and f (x) ≤ f (x)
for every x ∈ U ∩ M. Then there exists α > 0 such that B(x, α) ⊂ U . Consider V =
B(x, 3−1α) and take x ∈ V arbitrarily. First, if x ∈ V ∩M ⊂ U ∩M, it is clear that

f (x) + LdM(x) ≤ f (x) + LdM(x).

Then, if x ∈ V \M, for every ε ∈ (0, 3−1α), there exists xε ∈ M such that

‖x − xε‖ < dM(x) + ε
≤ ‖x − x‖ + ε
≤ 3−1α + ε < 2 · 3−1α.

Then,

‖xε − x‖ ≤ ‖xε − x‖ + ‖x − x‖
< 2 · 3−1α + 3−1α = α.

Consequently, xε ∈ U ∩M, whence,

f (x) + LdM(x) ≤ f (xε) ≤ f (x) + L ‖x − xε‖
≤ f (x) + L(dM(x) + ε)
= f (x) + LdM(x) + Lε.

Letting ε → 0, we get the conclusion. �

Wenow connect the normal cone to a convex set to the subdi�erential of the (non-
di�erentiable) distance function: see Propositions 2.1.15 and 2.2.9. We shall see that
similar relations hold in more general settings, as shown in Chapter 5.

Proposition 4.3.3. Let C ⊂ Rp be a nonempty closed convex set and x ∈ C. Then

[0,∞)∂dC(x) = N(C, x).
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Proof Take u ∈ ∂dC(x). Then

〈u, y − x〉 ≤ dC(y) − dC(x), ∀y ∈ Rp .

In particular, for y ∈ C,
〈u, y − x〉 ≤ 0,

which proves that u ∈ N(C, x). Consequently, ∂dC(x) ⊂ N(C, x) and since the latter
set is a cone, one infers that [0,∞)∂dC(x) ⊂ N(C, x).

Conversely, take u ∈ N(C, x) with ‖u‖ ≤ 1, i.e.,

〈u, c − x〉 ≤ 0, ∀c ∈ C.

Then
〈−u, c〉 ≥ 〈−u, x〉 , ∀c ∈ C,

which means that x is a minimum point of the mapping f : Rp → R, f (x) := 〈−u, x〉
on the set C. It is clear that f is 1−Lipschitz (since ‖u‖ ≤ 1), and therefore, by virtue
of Theorem 4.3.2, x is a minimum without restrictions of the convex function f + dC .
Therefore, Theorem 4.3.1 gives

0 ∈ ∂(f + dC)(x),

and, by means of Theorem 4.2.7, we get

0 ∈ ∂f (x) + ∂dC(x).

Since f is di�erentiable and∇f (x) = −u, from Proposition 4.2.3, ∂f (x) = {−u}. Conse-
quently, u ∈ ∂dC(x), so we have shown that

N(C, x) ∩ D(0, 1) ⊂ ∂dC(x),

and the conclusion follows. �

Now we are able to present the optimality condition for convex geometric con-
straint problems.

Theorem 4.3.4 (Pshenichnyi-Rockafellar). Let D ⊂ Rp be an open convex set, f : D →
R be a convex function, and C ⊂ D be a nonempty closed convex set. A point x ∈ C is a
local minimum point of f on C if and only if

0 ∈ ∂f (x) + N(C, x).

Proof Suppose that x ∈ C is a localminimumpoint of f on C. Since f is locally Lipschitz
(Theorem 4.2.5) on D (notice that we assume that intD = D), we can apply Theorem
4.3.2 to deduce that x is a local minimum (without constraints) of the convex function
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f + LdC de�ned on D, where L > 0 is the Lipschitz constant of f around x. Using
Theorem 4.3.1, we can write

0 ∈ ∂(f + LdC)(x),

and by virtue of Theorem 4.2.7,

0 ∈ ∂f (x) + ∂(LdC)(x).

It is easy to see that ∂(LdC)(x) = L∂(dC)(x) and, �nally, Proposition 4.3.3 allows us to
write

0 ∈ ∂f (x) + N(C, x).

Conversely, suppose that the above condition holds. This means that there exists
a ∈ −N(C, x) ∩ ∂f (x), i.e., for every y ∈ C,

0 ≤ 〈a, y − x〉 ≤ f (y) − f (x),

which con�rms that x is a minimum point of f on C. �

Let now us consider an open convex set D ⊂ Rp . We study the case of convex
optimization with functional constraints, that is the problem (P) of minimizing a con-
vex objective function f : D → R under the constraint x ∈ C := {x ∈ D | g(x) ≤ 0,
h(x) = 0} where g : D → Rn has all the component functions g1, g2, ..., gn : D → R
convex and h : D → Rm is a�ne. Due to the assumptions on D, g and h, the set C
is convex. We discussed this problem in Section 3.2 with smoothness assumptions on
f , g and h. Now, this problem is investigated without the di�erentiability hypotheses,
but using subdi�erential calculus.

To begin with, we give a Fritz John type result. We use the notations Rp
+ := (R+)p

and Rp
− := (−R+)p.

Theorem 4.3.5. Suppose that x is a solution of the convex problem (P). Then there exist
λ0 ≥ 0, λ = (λ1, λ2, ..., λn) ∈ Rn , µ = (µ1, µ2, ..., µm) ∈ Rm , with λ0 + ‖λ‖ + ‖µ‖ ≠ 0,
such that

0 ∈ λ0∂f (x) +
n∑
i=1

λi∂gi(x) +
m∑
j=1

µj∂hj(x),

and
λi ≥ 0, λigi(x) = 0, ∀i ∈ 1, n.

Proof As discussed in the smooth case, we can suppose, without loss of generality,
that A(x) = 1, n. Take

A := {(f (x) − f (x) + t, g(x) + s, h(x)) | x ∈ D, t ∈ [0,∞), s ∈ Rp
+},

and
B := (−∞, 0) ×Rp

− × {0}m .
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It is easy to see that the properties of f , g and h (i.e., f convex, gi convex for all i ∈ 1, n,
and h a�ne) ensure the convexity of A, while the convexity of B is obvious. On the
other hand, if a common element of A and B exists, then there also exists x ∈ D with
f (x) − f (x) < 0, g(x) ≤ 0, h(x) = 0, which would contradict the (global) minimality of
x. Consequently, A ∩ B = ∅. We apply Theorem 4.1.4 in order to deduce the existence
of some elements λ0 ∈ R, λ = (λ1, λ2, ..., λn) ∈ Rn , µ = (µ1, µ2, ..., µm) ∈ Rm , with
|λ0| + ‖λ‖ + ‖µ‖ ≠ 0 such that

λ0a + 〈λ, u〉 ≤ λ0(f (x) − f (x) + t) +
〈
λ, g(x) + s

〉
+
〈
µ, h(x)

〉
for all x ∈ D, t ∈ [0,∞), s ∈ Rp

+, a ∈ (−∞, 0), u ∈ Rp
−. It is not possible to have λ0 < 0.

Indeed, if we suppose so, then for �xed x, t, s and u, letting a → −∞, we arrive at a
contradiction, since the right-hand side is �xed, while the left-hand side goes to +∞.
A similar argument employed for si → ∞ (for all i ∈ 1, n) allows us to conclude that
λi ≥ 0, for all i ∈ 1, n. Letting a → 0, t → 0, u → 0 and s → 0, we actually get that

0 ≤ λ0(f (x) − f (x)) +
〈
λ, g(x)

〉
+
〈
µ, h(x)

〉
for all x ∈ D. Since g(x) = 0, we deduce that λigi(x) = 0, for all i ∈ 1, n. Finally, we
can write

0 ≤ (λ0f (x) − λ0f (x)) +
n∑
i=1

(λig(x) − λigi(x)) +
m∑
j=1

(µjhj(x) − µjhj(x)), ∀x ∈ D,

which means that

0 ∈ ∂

λ0f +
n∑
i=1

λigi +
m∑
j=1

µjhj

 (x).

Theorem 4.2.7 allows us to write

0 ∈ ∂(λ0f )(x) +
n∑
i=1

∂(λigi)(x) +
m∑
j=1

∂(µjhj)(x).

Since λ0 ≥ 0, one has that ∂λ0f (x) = λ0∂f (x). The same argument is applicable to the
equality ∂λigi(x) = λi∂gi(x) for all i ∈ 1, n. The equality ∂µjhj(x) = µj∂hj(x) for all
j ∈ 1,m is true by the fact that h is a�ne. The proof is complete. �

Aswe already saw several times, in order to pass fromFritz John type conditions to
Karush-Kuhn-Tucker type condition (i.e., to ensure λ0 ≠ 0) one needs a supplementary
(constraint quali�cation) assumption. Since we are now in the convex case, we use
here a Slater type condition, which for the nondi�erentiable case looks as follows:
there exists u ∈ D such that g(u) < 0, h(u) = 0, and the set {∇hj(u) | j ∈ 1,m} is
linearly independent (for u ∈ D; notice that∇hj(u) is the same for any u ∈ D). Under
this condition, we can deduce from Theorem 4.3.5 a Karush-Kuhn-Tucker theorem, as
follows.
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Theorem 4.3.6. Suppose that x is a solution of the convex problem (P) and that the
Slater condition holds. Then there exist λ = (λ1, λ2, ..., λn) ∈ Rn , µ = (µ1, µ2, ..., µm) ∈
Rm such that

0 ∈ ∂f (x) +
n∑
i=1

λi∂gi(x) +
m∑
j=1

µj∂hj(x),

and
λi ≥ 0, λigi(x) = 0, ∀i ∈ 1, n.

Proof It is su�cient to show that in Theorem 4.3.5 is not possible to have λ0 = 0.
Suppose, by way of contradiction, that λ0 = 0. Then

0 ∈
n∑
i=1

λi∂gi(x) +
m∑
j=1

µj∂hj(x) = ∂

 n∑
i=1

λigi +
m∑
j=1

µjhj

 (x)

that is, for every x ∈ D,

n∑
i=1

λi(gi(x) − gi(x)) +
m∑
j=1

µj(hj(x) − hj(x)) ≥ 0,

i.e.,
n∑
i=1

λigi(x) +
m∑
j=1

µjhj(x) ≥ 0.

For x = u (the element from Slater condition), this becomes
n∑
i=1

λigi(u) ≥ 0,

which is possible only if λi = 0 for all i ∈ 1, n. So, in fact,

m∑
j=1

µjhj(x) ≥
m∑
j=1

µjhj(x) = 0, ∀x ∈ D.

This means that x is a minimum point (without constraint) for the function x 7→∑m
j=1 µjhj(x), so, from the Fermat Theorem,

m∑
j=1

µj∇hj(x) = 0.

The linear independence condition says that the above relation holds only if µj = 0 for
all j ∈ 1,m. The facts obtained up to now, collectively imply that λ0 + ‖λ‖ + ‖µ‖ = 0,
which is a contradiction. The proof is complete. �
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5 Lipschitz Nonsmooth Optimization

Smooth and convex functions, which we discussed in the previous two chap-
ters, are also (locally) Lipschitz. This chapter aims to introduce a more general frame-
work, which provides optimality conditions for problems with Lipschitz data. We �rst
present the theory of generalized gradients for locally Lipschitz functions, developed
by Frank H. Clarke in the 1970’s, and we then pass to a more general framework, by
giving some comprehensive elements of themodern theory developed by Boris S.Mor-
dukhovich and his collaborators in the last three decades. Of course, we limit our ex-
position to the �nite dimensional spaces framework, but both of these theories can be
developed in much more general situations. It is beyond the scope of this book to dis-
cuss the case of multifunctions (i.e., mappings with values given by sets), and of the
associated generalized di�erentiation objects (derivatives and coderivatives, associ-
ated by means of corresponding tangent and normal cones), although many interest-
ing results, which link the whole machinery of calculus for functions, multifunctions
and tangent cones exist in literature.

5.1 Clarke Generalized Calculus

Consider the following optimization problem:

min f (x1, x2) such that x2
1 + x2

2 ≤ 1, (5.1.1)

where f : R2 → R is the function f (x1, x2) = max {min {2x1, x2} , x1 + 2x2} . Remark
that this function is neither convex nor smooth on the admissible set of points given
by the unit ball. Therefore, the theory developed until now cannot apply. Remark that
f , as well as the function which gives the restrictions (i.e., g(x1, x2) := x2

1 + x2
2 − 1), do

exhibit nice regularity properties: they are both Lipschitz functions.
It is interesting to develop a theory which could solve such a problem. This is the

main purpose of this chapter.

5.1.1 Clarke Subdi�erential

Consider a function f : Rp → R and suppose that f is locally Lipschitz with modulus
L > 0 around a point x ∈ Rp , which means that there is an ε > 0 such that f is
L−Lipschitz on D(x, ε), i.e.,∣∣f (x) − f (u)

∣∣ ≤ L · ‖x − u‖ , ∀x, u ∈ D(x, ε).
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One can de�ne the (Clarke) generalized directional derivative of f at x in the di-
rection u, denoted f ◦(x, u), as follows:

f ◦(x, u) := lim sup
x→x, t↓0

f (x + tu) − f (x)
t . (5.1.2)

Some useful basic properties of this function are given bellow.

Proposition 5.1.1. Let f : Rp → R be a locally Lipschitz function with modulus L > 0
around a point x ∈ Rp . Then

(i) The function u 7→ f ◦(x, u) is �nite, sublinear and L−Lipschitz on Rp , and it sat-
is�es ∣∣f ◦(x, u)

∣∣ ≤ L ‖u‖ , ∀u ∈ Rp . (5.1.3)

Moreover,
f ◦(x, −u) = (−f )◦(x, u), ∀u ∈ Rp . (5.1.4)

(ii) For every u ∈ Rp , the function (x, v) 7→ f ◦(x, v) is upper semicontinuous at
(x, u).

Proof (i) By theLipschitz conditionof f around x, it follows that for every x andpositive
t su�ciently close to x and 0, respectively, one has∣∣∣∣ f (x + tu) − f (x)

t

∣∣∣∣ ≤ L ‖tu‖t = L ‖u‖ ,

which shows (5.1.3) and the fact that f ◦(x, ·) is everywhere �nite.
Moreover, for every λ ≥ 0, one has

f (x + tλu) − f (x)
t = λ f (x + tλu) − f (x)

λt ,

which shows the positive homogeneity of f ◦(x, ·), i.e.,

f ◦(x, λu) = λf ◦(x, u), ∀λ ≥ 0.

Also, for every u, v ∈ Rp ,

f ◦(x, u + v) = lim sup
x→x, t↓0

f (x + tu + tv) − f (x)
t

≤ lim sup
x→x, t↓0

f (x + tu + tv) − f (x + tu)
t + lim sup

x→x, t↓0

f (x + tu) − f (x)
t .

But, since for any r, δ > 0,

sup
x∈B(x,r), t∈(0,δ)

f (x + tu + tv) − f (x + tu)
t ≤ sup

y∈B(x,r+δ‖u‖), t∈(0,δ)

f (y + tv) − f (y)
t ,
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it follows, by letting r → 0, δ → 0, that

lim sup
x→x, t↓0

f (x + tu + tv) − f (x + tu)
t ≤ lim sup

y→x, t↓0

f (y + tv) − f (y)
t

and, �nally, that f ◦(x, ·) is subadditive, i.e.,

f ◦(x, u + v) ≤ f ◦(x, u) + f ◦(x, v), ∀u, v ∈ Rp .

Concerning relation (5.1.4), observe that for every u ∈ Rp ,

f ◦(x, −u) = lim sup
x→x, t↓0

− f (x) − f (x − tu)
t = lim sup

x→x, t↓0

(−f )(x) − (−f )(x − tu)
t

= lim sup
x→x, t↓0

(−f )((x − tu) + tu) − (−f )(x − tu)
t

= lim sup
y→x, t↓0

(−f )(y + tu) − (−f )(y)
t = (−f )◦(x, u).

Now, by the subadditivity and relations (5.1.3), (5.1.4), one gets that

f ◦(x, u) − f ◦(x, v) ≤ f ◦(x, u − v) ≤ L ‖u − v‖ , ∀u, v ∈ Rp ,

which implies the expected Lipschitz property of f ◦(x, ·).
(ii) Concerning the upper semicontinuity of the function (x, v) 7→ f ◦(x, v) at (x, u),

take an arbitrary sequence (xn , un) converging to (x, u). It follows that for each n,

f ◦(xn , un) − 1
n < lim sup

x→xn , t↓0

f (x + tun) − f (x)
t .

Using the de�nition of the upper limit, one can �nd yn ∈ Rp with ‖yn − xn‖ < 1
n and

tn ∈
(

0, 1
n
)
such that

f ◦(xn , un) − 1
n < f (yn + tnun) − f (yn)

tn

= f (yn + tnu) − f (yn)
tn

+ f (yn + tnun) − f (yn + tnu)
tn

.

By the Lipschitz property of f , we get that the �nal term is smaller than L ‖un − u‖ .
Passing to lim sup for n →∞, it follows that

lim sup
n→∞

f ◦(xn , un) ≤ f ◦(x, u),

which shows the desired upper semicontinuity. �

Given a nonempty subset A ⊂ Rp , its support function is the function hA : Rp →
(−∞,∞] given as

hA(u) := sup {〈ξ , u〉 | ξ ∈ A} .

Some properties of the support function, useful in the sequel, are given in the next
result.
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Proposition 5.1.2. (i) Let A be a nonempty subset of Rp . Then hA is positively homo-
geneous, subadditive, hence convex and continuous.

(ii) If A is convex and closed, then

ξ ∈ A ⇐⇒ 〈ξ , u〉 ≤ hA(u), ∀u ∈ Rp .

(iii) If A and B are two nonempty, convex and closed subsets of Rp , then

A ⊂ B ⇐⇒ hA(u) ≤ hB(u), ∀u ∈ Rp . (5.1.5)

(iv) If φ : Rp → R is positively homogeneous, subadditive and bounded on the unit
ball, then there is a uniquely de�ned nonempty, convex and compact subset A ofRp such
that φ = hA , and the supremum is realized at every u ∈ Rp .

Proof (i) It is straightforward from the de�nition that hA is positively homogeneous
and subadditive.

(ii) It is obvious that ξ ∈ A implies 〈ξ , u〉 ≤ hA(u) for every u ∈ Rp . Consider now
ξ ∈ ̸ A. Since {ξ} is convex, and A is convex and closed, it follows by applying the �rst
argument of the proof of the separation Theorem 4.1.3, that there exist u ∈ Rp and
α ∈ R such that 〈ξ , u〉 > α > 〈χ, u〉 , for any χ ∈ A. This means 〈ξ , u〉 > hA(u), hence
the converse implication is proved.

(iii) Again, the direct implication is straightforward. For the converse, take ξ ∈
A such that ξ ∈ ̸ B. Using the proof of (ii), one gets that there is u ∈ Rp such that
〈ξ , u〉 > hB(u), which means that hA(u) ≥ 〈ξ , u〉 > hB(u).

(iv) Given φ, de�ne

A :=
{
ξ ∈ Rp | 〈ξ , u〉 ≤ φ(u), ∀u ∈ Rp} .

Clearly, A is a convex set. Now, because A can be written as

A =
⋂
u∈Rp

{
ξ ∈ Rp | 〈ξ , u〉 ≤ φ(u)

}
,

it follows that A is closed as intersection of closed sets. Moreover, denoting by M > 0
the boundedness constant of φ on the unit ball, one has, for any ξ ∈ A and any u ∈
D(0, 1), that 〈ξ , u〉 ≤ φ(u) ≤ M, hence ‖ξ‖ ≤ M. So A is bounded, therefore compact.
The inequality hA ≤ φ is obvious from the de�nition of A. Let us show the equality.
Take arbitrary u ∈ Rp and consider the linear subspaceH := {λu | λ ∈ R}. Pick ζ ∈ Rp

such that 〈ζ , u〉 = φ(u). For instance, one can take ζ := 0 if u = 0, and ζ := ‖u‖−2 φ(u)u
if u ≠ 0. Then, if λ ≥ 0, one has 〈ζ , λu〉 = φ(λu), and if λ < 0,

〈ζ , λu〉 = −(−λ)φ(u) = −φ(−λu) ≤ φ(λu).

In any case, the linear functional 〈ζ , ·〉 is majorized on H by the sublinear func-
tional φ. By applying the Hahn-Banach Theorem, one gets that there is ξ ∈ Rp such
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that 〈ξ , v〉 ≤ φ(v) for any v ∈ Rp and 〈ζ , u〉 = 〈ξ , u〉 = φ(u). It means that ξ ∈ A
and φ(u) ≤ hA(u). Since u was chosen arbitrarily, we have φ = hA . The proof of the
uniqueness follows by the use of (iii). �

Now, consider a locally Lipschitz function f , and take instead of the function φ
from thepreviousproposition the generalizeddirectional derivative f◦(x, ·), Clarkede-
�ned the generalized gradient as the nonempty compact set whose support function
is f ◦(x, ·).

De�nition 5.1.3. Let f : Rp → R be a locally Lipschitz function with modulus L > 0
around a point x ∈ Rp . The Clarke generalized gradient, or the Clarke subdi�erential of
f at x is the set

∂Cf (x) =
{
ξ ∈ Rp | f ◦(x, u) ≥ 〈ξ , u〉 , ∀u ∈ Rp} . (5.1.6)

Some basic properties of the Clarke subdi�erential are given next.

Proposition 5.1.4. Let f : Rp → R be a locally Lipschitz function with modulus L > 0
around a point x ∈ Rp . Then

(i) ∂Cf (x) is a nonempty, compact and convex set;
(ii) One has

f ◦(x, u) = max
{
〈ξ , u〉 | ξ ∈ ∂Cf (x)

}
. (5.1.7)

Proof Both (i) and (ii) follow from Proposition 5.1.2. �

Example 5.1.5. Consider the function f : Rp → R, f (x) = ‖x‖ . Of course, this function
is Lipschitz with modulus 1. We know by Proposition 5.1.1 that f◦(0, u) ≤ ‖u‖ for any
u ∈ Rp . Also, since

f (x + tu) − f (x)
t = ‖x + tu‖ − ‖x‖

t , ∀x, u ∈ Rp , ∀t > 0,

it follows, by passing to lim sup for x → 0, that f ◦(0, u) ≥ ‖u‖ , for any u ∈ Rp , hence
f ◦(0, u) = ‖u‖ , for any u ∈ Rp . Then

∂Cf (0) =
{
ξ ∈ Rp | ‖u‖ ≥ 〈ξ , u〉 , ∀u ∈ Rp} = D(0, 1).

The next proposition provides a convergence result, which is useful in the subsequent
sections.

Proposition 5.1.6. Let f : Rp → R be locally Lipschitz around x, and take the se-
quences (xn) and (ξn) such that

xn → x and ξn ∈ ∂Cf (xn) for every n.
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If ξ is a cluster point of (ξn) (in particular, if ξn → ξ), then ξ ∈ ∂Cf (x).

Proof Consider u ∈ Rp . Then, for every n, one has f ◦(xn , u) ≥ 〈ξn , u〉 . Denote the
subsequence of (ξn) which converges to ξ by (χn). It follows that 〈χn , u〉 → 〈ξ , u〉 and,
moreover, using the upper semicontinuity of f ◦ proven in Proposition 5.1.1, we deduce
that f ◦(x, u) ≥ 〈ξ , u〉 . Since u ∈ Rp was arbitrarily chosen, we get the conclusion. �

Usually, the generalized directional derivative will not be computed directly, but,
rather by taking the upper limit of the di�erence quotients (keep in mind the usual
case of the derivative, where the same applies). This is quite clear from the de�nition:
one must compute the upper limit of a quotient which contains two variables chang-
ing simultaneously. Nevertheless, we emphasize two cases where the situation is sim-
pler, andwhich also justify the name of generalized gradient: the cases of smooth and
convex functions.

Theorem 5.1.7. Let f : Rp → R be a function.
(i) If f is C1, then f ◦(x, u) = ∇f (x)(u) for every x, u ∈ Rp , and ∂Cf (x) =

{
∇f (x)

}
.

(ii) If f is convex, then f ◦(x, u) = f ′(x, u) for every x, u ∈ Rp , and ∂Cf (x) = ∂f (x).

Proof (i) Remark, �rstly, that because f is C1, it is locally Lipschitz around any x ∈ Rp

(by the mean value theorem). Consider x, u ∈ Rp and take xn → x and tn ↓ 0 (that is,
(tn) ⊂ (0,∞) and tn → 0) two sequences for which lim sup in the de�nition of f ◦(x, u)
is attained, that is

lim
n→∞

f (xn + tnu) − f (xn)
tn

= f ◦(x, u).

By Lagrange Theorem, one can �nd yn ∈ [xn , xn + tnu] such that

f (xn + tnu) − f (xn) = ∇f (yn)(tnu) = tn∇f (yn)(u).

As f is C1, ∇f (yn)→ ∇f (x) for n →∞, which �nally gives

f ◦(x, u) = ∇f (x)(u), ∀x, u ∈ Rp .

Then
∂Cf (x) =

{
ξ ∈ Rp | 〈ξ , u〉 ≤ ∇f (x)(u), ∀u ∈ Rp} ,

which shows, due to the linearity of ∇f (x)(u) (by changing u → −u), that in fact one
has equality above, hence the conclusion.

(ii) Consider now the case of a convex function f . We know in this case that f
is locally Lipschitz (Theorem 4.2.5), and also its directional derivative f ′(x, u) always
exists and is �nite (Proposition 4.2.1). Because

f ′(x, u) = lim
t↓0

f (x + tu) − f (x)
t ,
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immediately follows that f ′(x, u) ≤ f ◦(x, u). On the other hand, since t →
f (y + tu) − f (y)

t is always increasing (see the proof of Proposition 4.2.1), using the def-
inition of f ◦(x, u), one has

f ◦(x, u) = inf
r,δ>0

sup
‖y−x‖<r

sup
t∈(0,δ)

f (y + tu) − f (y)
t

= inf
r,δ>0

sup
‖y−x‖<r

f (y + δu) − f (y)
δ .

Due to the Lipschitz property of f (with modulus L), it follows that

f (y + δu) − f (y) = f (x + δu) − f (x) + [f (y + δu) − f (y) − f (x + δu) + f (x)]
≤ f (x + δu) − f (x) + 2L ‖y − x‖ ≤ f (x + δu) − f (x) + 2Lr,

hence
f ◦(x, u) ≤ inf

r,δ>0

(
f (x + δu) − f (x)

δ + 2Lr
)

= f ′(x, u).

It means that f ′(x, u) = f ◦(x, u). Then

∂Cf (x) =
{
ξ ∈ Rp | f ◦(x, u) ≥ 〈ξ , u〉 ∀u ∈ Rp}

=
{
ξ ∈ Rp | f ′(x, u) ≥ 〈ξ , u〉 ∀u ∈ Rp}

= ∂f (x). �

We now consider the general case, where the next theorem will provide a useful
method to compute the generalized gradient of a locally Lipschitz function. We will
use the celebrated theorem of Rademacher, which asserts that locally Lipschitz func-
tions are di�erentiable almost everywhere (in the sense of the Lebesguemeasure), i.e.,
the points where the function is not di�erentiable form a set whose Lebesguemeasure
is zero.

Theorem 5.1.8. Let f : Rp → R be a locally Lipschitz function around a point x ∈ Rp .
Let Ω ⊂ Rp be any set of zero measure in Rp , and Ωf be the set of points where f fails
to be di�erentiable. Then

∂Cf (x) = conv
{

lim
n→∞

∇f (xn) | xn → x, xn ∈ ̸ Ω ∪ Ωf
}
. (5.1.8)

Proof Remark that, by the Rademacher Theorem, themeasure of Ω∪Ωf is zero, hence
there are sequences which satisfy the conditions from (5.1.8). Since f is locally Lips-
chitz around x (we denote its Lipschitz modulus by L), we deduce that its di�erential
satis�es

∇f (y)(u) = lim
t→0

f (y + tu) − f (y)
t ≤ L ‖u‖
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for every y near x where f is di�erentiable, hence∥∥∇f (y)
∥∥ ≤ L,

for any such y. Consequently, if xn → x, xn ∉ Ω ∪ Ωf , one can extract a subsequence
of (xn), denoted also by (xn) for simplicity, for which (∇f (xn)) converges to a limit ξ .
By the very de�nitions of the di�erential and of the generalized directional derivative,
it follows that 〈

∇f (xn), u
〉

= ∇f (xn)(u) = lim
t→0

f (xn + tu) − f (xn)
t

≤ lim sup
y→xn , t↓0

f (y + tu) − f (y)
t = f ◦(xn , u),

for any n ∈ N and u ∈ Rp . Using the upper semicontinuity of f ◦(xn , u) at (x, u), and
passing to the limit for n →∞ above, it follows that

〈ξ , u〉 ≤ f ◦(x, u)

for any u ∈ Rp . Hence ξ ∈ ∂Cf (x), and in fact

A :=
{

lim
n→∞

∇f (xn) | xn → x, xn ∈ ̸ Ω ∪ Ωf
}
⊂ ∂Cf (x), (5.1.9)

since ξ is an arbitrary limit of the kind taken in A. Since ∂Cf (x) is a convex set, it
contains also the convex hull of A.

For the reverse inclusion, we will show that for any u ≠ 0 in Rp ,

f ◦(x, u) ≤ lim sup
y→x, y∈ ̸Ω∪Ωf

∇f (y)(u).

For this, denote the lim sup in the right-hand side by `, and take arbitrary ε > 0. Since

lim sup
y→x, y∈ ̸Ω∪Ωf

∇f (y)(u) = inf
r>0

sup
y∈B(x,r)
y∈ ̸Ω∪Ωf

∇f (y)(u) < ` + ε,

it follows that there exists r > 0 such that

∇f (y)(u) < ` + ε, ∀y ∈ B(x, r), y ∈ ̸ Ω ∪ Ωf .

Without loss of generality, we may suppose that r is su�ciently small such that f is
Lipschitz on B(x, r). By the de�nition of the di�erential, we know that

∇f (y)(u) = lim
t→0

f (y + tu) − f (y)
t < ` + ε, ∀y ∈ B(x, r), y ∉ Ω ∪ Ωf .

Then there exists δ > 0 such that, for any t ∈ (0, δ), and any y ∈ B(x, r), y ∉
Ω ∪ Ωf , one has

f (y + tu) − f (y) < t(` + ε).
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Since f is continuous, and the above inequality is true for any y in B(x, r) with the
exception of a set of zero measure, it follows that the same inequality, but nonstrict,
is satis�ed by the all points y in B(x, r). Consequently,

f (y + tu) − f (y) ≤ t(` + ε), ∀t ∈ (0, δ), y ∈ B(x, r),

hence
f ◦(x, u) ≤ ` + ε.

As ε was taken arbitrarily, it follows f ◦(x, u) ≤ ` = lim supy→x, y∉Ω∪Ωf ∇f (y)(u).
Then for any realizing sequence (for which the lim sup is attained) xn → x, xn ∈ ̸ Ω ∪
Ωf , and for any u ∈ Rp \ {0}, one has that

f ◦(x, u) ≤
〈

lim
n→∞

∇f (xn), u
〉
≤ hA(u) = hconv A(u),

where the last equality is easy to prove for any set A. Since f ◦(x, ·) is h∂Cf (x), the con-
clusion follows from Proposition 5.1.2 (iii). �
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Figure 5.1: The domain of f and its Clarke subdi�erential at (0, 0).

Example 5.1.9. Coming back to the problem (5.1.1) from the beginning of this chap-
ter, observe that one can use the gradient formula in order to compute ∂Cf (0, 0) for the
function f (x1, x2) = max {min {2x1, x2} , x1 + 2x2} . The function f can equivalently be
written as

f (x1, x2) =


2x1, if (x1, x2) ∈ S1 :=

{
(x1, x2) | 2x1 ≤ x2 and x1 ≥ 2x2

}
x2, if (x1, x2) ∈ S2 :=

{
(x1, x2) | 2x1 ≥ x2 and x1 ≤ −x2

}
x1 + 2x2, if (x1, x2) ∈ S3 :=

{
(x1, x2) | x1 ≤ 2x2 or x1 ≥ −x2

}
.
(5.1.10)
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Remark, moreover, that S1 ∪ S2 ∪ S3 = R2, and the union of their boundaries, A, is
a set of zero measure. Moreover, f is di�erentiable on R2 \ A, the gradient having three
possible values: (2, 0), (0, 1) and (1, 2). According to the gradient formula, one gets that
∂Cf (0, 0) is the triangle obtained by the convex hull of these three points (see Figure 5.1).

Remark 5.1.10. Observe that ∂Cf (x) can fail to be a singleton even f is di�erentiable.
An example is provided by the function f : R→ R,

f (x) =
{
x2 sin 1

x , if x ≠ 0
0, if x = 0.

(5.1.11)

One can see that f is di�erentiable at 0 and f ′(0) = 0. Moreover,

f ′(x) =
{

2x sin 1
x − cos 1

x , if x ≠ 0
0, if x = 0,

which is not continuous. Observe also that, if xn → 0, then 2xn sin 1
xn
→ 0, hence for

every such sequence, if it exists, lim
n→∞

f ′(xn) ∈ [−1, 1] . Furthermore, for yn := 1
2nπ → 0

and zn := 1
(2n + 1)π → 0, one gets respectively lim

n→∞
f ′(yn) = −1, and lim

n→∞
f ′(zn) = 1.

In conclusion, by the gradient formula, we obtain that ∂Cf (0) = [−1, 1] . This example
shows that the generalized gradient extends the notion of continuous di�erentiability.

The next property will be useful in the development of the generalized gradient cal-
culus.

De�nition 5.1.11. A function f : Rp → R is said to be regular at x if it is locally Lipschitz
around x and admits directional derivatives f ′(x, u) (formally de�ned as in the convex
case) satisfying f ′(x, u) = f ◦(x, u) for any u ∈ Rp.

Theorem5.1.7 shows that convex and C1 functions are regular at anypoint. One can see
that if f , g are regular functions at x and λ ≥ 0, then λf and f+g are regular at x. The�rst
assertion easily follows, and the second one will be also proven (see the proof of The-
orem 5.1.13). A �rst example of a function which is not regular is given by (5.1.11). This
is because f ′(0, 1) = ∇f (0)(1) = 0, but f ◦(0, 1) = max

{
ξ | ξ ∈ ∂Cf (0) = [−1, 1]

}
= 1.

Let us now provide another example of a function which is not regular.

Example 5.1.12. Consider f : R→ R given by f (x) := − |x| for any x ∈ R. This function
is not regular at 0. Observe �rst that it is Lipschitz and f ′(0, u) = − |u| for any u ∈ R.
Moreover, since f is di�erentiable onR\{0},with∇f (x) being either −1 or 1 at any point
di�erent from 0, one gets that ∂Cf (0) = [−1, 1] in view of the gradient formula. Formula
(5.1.7) shows that f ◦(0, 1) = 1 ≠ −1 = f ′(0, 1).
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In fact, the example above is a particular instance of the following general case: every
concave function that has a corner at x fails to be regular at x. This is because, for such
a situation,

f ′(x, u) ≠ −f ′(x, −u) = (−f )′(x, −u) = (−f )◦(x, −u) = f ◦(x, u).

An important calculus rule is provided next.

Theorem 5.1.13 (sum rule). Let f , g : Rp → R be two functions which are Lipschitz
around x. Then

∂C(f + g)(x) ⊂ ∂Cf (x) + ∂Cg(x). (5.1.12)

Equality holds if f and g are regular at x.

Proof Observe that the de�nition of the upper limit allows us to write

(f + g)◦(x, u) = lim sup
y→x ,t↓0

(f + g)(y + tu) − (f + g)(y)
t

≤ lim sup
y→x ,t↓0

f (y + tu) − f (y)
t + lim sup

y→x ,t↓0

g(y + tu) − g(y)
t (5.1.13)

= f ◦(x, u) + g◦(x, u), ∀u ∈ Rp .

Now, take χ ∈ ∂C(f + g)(x). This means that 〈χ, u〉 ≤ (f + g)◦(x, u) ≤ f ◦(x, u) +
g◦(x, u), for any u. Using (5.1.7), there exists ξ ∈ ∂Cf (x) such that 〈ξ , u〉 = f ◦(x, u).
Therefore, 〈χ − ξ , u〉 ≤ g◦(x, u) for any u, which proves that χ − ξ ∈ ∂Cg(x), i.e., χ ∈
∂Cf (x) + ∂Cg(x).

Suppose now that f and g are regular. Then, using the regularity and the de�ni-
tions of the Clarke generalized derivative and of the directional derivative, one gets

f ◦(x, u) + g◦(x, u) = f ′(x, u) + g′(x, u) = (f + g)′(x, u) ≤ (f + g)◦(x, u), ∀u ∈ Rp .

Combined with (5.1.13), this proves that f + g is regular at x. Now, for any ξ ∈ ∂Cf (x),
ζ ∈ ∂Cg(x), we have from de�nitions that 〈ξ , u〉 ≤ f ◦(x, u), 〈ζ , u〉 ≤ g◦(x, u) for any u,
hence 〈ξ + ζ , u〉 ≤ f ◦(x, u) + g◦(x, u) ≤ (f + g)◦(x, u). It follows that ξ + ζ ∈ ∂C(f + g)(x),
which ends the proof. �

Remark 5.1.14. Since for any scalar λ ∈ R, we have ∂C(λf )(x) = λ∂Cf (x), it follows that
for any two locally Lipschitz functions around x, and for any scalars α, β ∈ R, one has

∂C(αf + βg)(x) ⊂ α∂Cf (x) + β∂Cg(x). (5.1.14)

Moreover, since the regularity is preserved by summation and multiplication with posi-
tive scalars, we deduce that for any two regular functions f , g, and any positive scalars
α, β ≥ 0,

∂C(αf + βg)(x) = α∂Cf (x) + β∂Cg(x).
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Remark 5.1.15. An easy example of strict containment in (5.1.12) is given by the func-
tions f , g : R → R, f (x) := − |x| , g(x) := |x| for any x. We saw before that f is
not regular at 0 and ∂Cf (0) = [−1, 1] . One can easily prove (see Example 5.1.5) that
∂Cg(0) = [−1, 1] . Then

{0} = ∂C(f + g)(0) ( ∂Cf (0) + ∂Cg(0) = [−2, 2] .

The next important result is a generalized Fermat rule.

Theorem 5.1.16 (Fermat rule for Clarke calculus). Let f : Rp → R be a locally Lips-
chitz function. If f has a local minimum or maximum at x, then

0 ∈ ∂Cf (x).

Proof One has, if x is a local minimum, that

f ◦(x, u) = lim sup
y→x, t↓0

f (y + tu) − f (y)
t ≥ lim sup

t↓0

f (x + tu) − f (x)
t ≥ 0.

On the other hand, if x is a local maximum,

f ◦(x, u) = lim sup
y→x, t↓0

f (y + tu) − f (y)
t ≥ lim sup

t↓0

f (x) − f (x − tu)
t ≥ 0.

Hence, in both cases, f ◦(x, u) ≥ 0 for any u, which gives the conclusion. �

The next result is a mean value theorem for locally Lipschitz functions due to
Gérard Lebourg, see (Lebourg, 1975).

Theorem 5.1.17 (Lebourg). Let x, y ∈ Rp , and suppose that f : Rp → R is locally
Lipschitz on a neighborhood of the line segment joining the points x and y. Then there
exists z ∈ (x, y) such that

f (y) − f (x) ∈
〈
∂Cf (z), y − x

〉
.

Proof Denote by xt := x + t(y − x) and consider the function g : [0, 1]→ R given by

g(t) := f (xt).

Observe that for any t1, t2 ∈ [0, 1] ,∣∣g(t1) − g(t2)
∣∣ =
∣∣f (x + t1(y − x)) − f (x + t2(y − x))

∣∣
≤ ` ‖y − x‖ · |t1 − t2| ,

where ` is the Lipschitz constant of f , hence g is Lipschitz on [0, 1] .
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Now, for every v ∈ R,

g◦(t, v) = lim sup
s→t, λ↓0

g(s + λv) − g(s)
λ

= lim sup
s→t, λ↓0

f (x + (s + λv)(y − x)) − f (x + s(y − x))
λ

≤ lim sup
z→xt , λ↓0

f (z + λv(y − x)) − f (z)
λ = f ◦(xt , v(y − x)).

But this means that for any ξ ∈ ∂Cg(x) and any v ∈ R,

ξv ≤ g◦(t, v) ≤ f ◦(xt , v(y − x)) = max v ·
〈
∂Cf (xt), y − x

〉
.

Observe that
〈
∂Cf (xt), y − x

〉
is a compact interval of reals. Take above v = ±1 to

deduce that there is χ ∈ ∂Cf (xt) such that ξ = 〈χ, y − x〉 . This gives ∂Cg(x) ⊂〈
∂Cf (xt), y − x

〉
.

Consider now the function h : [0, 1]→ R given as

h(t) := g(t) − t(f (y) − f (x)).

One easily gets that h is locally Lipschitz and, by Theorem 5.1.13 and Remark 5.1.14,
that

∂Ch(t) ⊂ ∂Cg(t) −
(
f (y) − f (x)

)
⊂
〈
∂Cf (xt), y − x

〉
− f (y) + f (x). (5.1.15)

Since h(0) = h(1) = f (x), one gets by the continuity of h that there is t0 ∈ (0, 1)
such that t0 is a local minimum or a local maximum for h. In view of the Fermat rule
(Theorem 5.1.16), one has

0 ∈ ∂Ch(t0),

which gives, by the use of (5.1.15), the conclusion of the theorem with z := xt0 . �

For a function f : Rp → Rk and a vector ξ ∈ Rk , de�ne the function 〈ξ , f 〉 : Rp →
R as

〈ξ , f 〉 (x) :=
〈
ξ , f (x)

〉
. (5.1.16)

Theorem 5.1.18 (chain rule 1). Let f := (f1, ..., fk) : Rp → Rk and g : Rk → R be
locally Lipschitz around x and f (x), respectively. Then the function h := g ◦ f : Rp → R
is locally Lipschitz around x, and

∂Ch(x) ⊂ cl conv
{
∂C 〈γ, f 〉 (x) | γ ∈ ∂Cg(f (x))

}
. (5.1.17)

Moreover, if f1, ..., fk are regular at x, g is also regular at f (x), and ∂Cg(f (x)) ⊂ Rk
+, then

h is regular at x and equality holds in (5.1.17).
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Proof The fact that h is locally Lipschitz around x is straightforward.
Pick ξ ∈ ∂Ch(x), and take arbitrary u ∈ Rp . Take some realizing sequences yn →

x, tn ↓ 0 for h◦(x, u), that is

h◦(x, u) = lim
n→∞

g(f (yn + tnu)) − g(f (yn))
tn

.

By Theorem 5.1.17, for every n su�ciently large, there is zn ∈
[
f (yn), f (yn + tnu)

]
such that

g(f (yn + tnu)) − g(f (yn)) ∈
〈
∂Cg(zn), f (yn + tnu) − f (yn)

〉
.

It follows that there is χn ∈ ∂Cg(zn) such that

h(yn + tnu) − h(yn)
tn

=
〈
χn , f (yn + tnu) − f (yn)

〉
tn

=
〈
χn ,

f (yn + tnu) − f (yn)
tn

〉
.

Denote by B(f (x), 2ε) a neighborhood of f (x) where g is Lipschitz and by Lg its
Lipschitz modulus. As zn → f (x) for n → ∞, it follows that for every n su�ciently
large, zn ∈ B(f (x), ε), and g is Lipschitzwithmodulus Lg on B(zn , ε). Then, by relation
(5.1.3) applied for zn and the de�nition of the generalized gradient, one has for any n
su�ciently large and any v ∈ Rk that

〈χn , v〉 ≤ g◦(zn , v) ≤ Lg ‖v‖ .

It follows that ‖χn‖ ≤ Lg for any n su�ciently large, hence (χn) is bounded. With-
out loss of generality, we may suppose that χn → χ. As zn → f (x) and χn ∈ ∂Cg(zn) for
any n su�ciently large, we obtain that χ ∈ ∂Cg(f (x)).

Also by Theorem 5.1.17, applied for 〈χ, f 〉 , we get that there is pn ∈ [yn , yn + tnu]
such that

〈χ, f 〉 (yn + tnu) − 〈χ, f 〉 (yn) ∈
〈
∂C 〈χ, f 〉 (pn), tnu

〉
,

hence there is qn ∈ ∂C 〈χ, f 〉 (pn) such that〈
χ, f (yn + tnu) − f (yn)

tn

〉
= 〈χ, f 〉 (yn + tnu) − 〈χ, f 〉 (yn)

tn
= 〈qn , u〉 .

Since yn → x and tn ↓ 0, it follows that pn → x. Reasoning as above for the
locally Lipschitz function 〈χ, f 〉, it follows that (qn) is bounded, so we may suppose
again, without loss of generality, that qn → q. Therefore, q ∈ ∂C 〈χ, f 〉 (x).

Combining the previous relations, we get

h(yn + tnu) − h(yn)
tn

=
〈
χn ,

f (yn + tnu) − f (yn)
tn

〉
=
〈
χn − χ,

f (yn + tnu) − f (yn)
tn

〉
+
〈
χ, f (yn + tnu) − f (yn)

tn

〉
=
〈
χn − χ,

f (yn + tnu) − f (yn)
tn

〉
+ 〈qn , u〉 .
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Observe that the Lipschitz property of f implies that (f (yn + tnu) − f (yn))/tn is
bounded, hence passing to the limit we get

h◦(x, u) = 〈q, u〉 ,

where q ∈ ∂C 〈χ, f 〉 (x) and χ ∈ ∂Cg(f (x)).
This means that for any u ∈ Rp , h◦(x, u) ≤ hA(u), where by A we have denoted

the set cl conv
{
∂C 〈γ, f 〉 (x) | γ ∈ ∂Cg(f (x))

}
, and by hA its support function. The con-

clusion follows by taking into account the equivalence (5.1.5) from Proposition 5.1.2.
Now, suppose that f1, ..., fk are regular at x, g is regular at f (x), and ∂Cg(f (x)) ⊂

Rk
+. Take arbitrary u ∈ Rp and observe that

h′(x, u) = lim
t↓0

g(f (x + tu)) − g(f (x))
t

= − lim
t↓0

g(f (x) + tf ′(x, u)) − g(f (x + tu))
t + g′(f (x), f ′(x, u)),

where by f ′(x, u) we have denoted the vector whose components are f ′i (x, u), i = 1, k.
Since∣∣∣∣ g(f (x) + tf ′(x, u)) − g(f (x + tu))

t

∣∣∣∣ ≤ 1
t Lg

∥∥tf ′(x, u) −
(
f (x + tu) − f (x)

)∥∥
= Lg

∥∥∥∥f ′(x, u) − f (x + tu) − f (x)
t

∥∥∥∥→ 0

when t ↓ 0, it means that

h′(x, u) = g′(f (x), f ′(x, u)). (5.1.18)

Now, take γ ∈ ∂Cg(f (x)) ⊂ Rk
+ and remark that the function 〈γ, f 〉 is regular at x,

since
〈γ, f 〉 (x) = γ1f1(x) + ... + γkfk(x),

i.e., 〈γ, f 〉 is a positive linear combination of regular functions. Then

max
{
〈γ, f 〉◦ (x, u) | γ ∈ ∂Cg(f (x))

}
= max

{
〈γ, f 〉′ (x, u) | γ ∈ ∂Cg(f (x))

}
= max

{〈
γ, f ′(x, u)

〉
| γ ∈ ∂Cg(f (x))

}
= g◦(f (x), f ′(x, u))
= g′(f (x), f ′(x, u)) (since g is regular)
= h′(x, u) (from (5.1.18))
≤ h◦(x, u).

It means also from (5.1.5) that for any γ ∈ ∂Cg(f (x)),

∂C 〈γ, f 〉 (x) ⊂ ∂Ch(x).
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But this shows that {
∂C 〈γ, f 〉 (x) | γ ∈ ∂Cg(f (x))

}
⊂ ∂Ch(x),

and, as the set from the right-hand side is convex and closed, one has equality in
(5.1.17). �

Theorem 5.1.19 (chain rule 2). Let f : Rp → Rk be locally Lipschitz around x and
g : Rk → R be continuously di�erentiable at f (x). Then the function h := g ◦ f : Rp → R
is locally Lipschitz around x, and

∂Ch(x) = ∂C
〈
∇g(f (x)), f

〉
(x). (5.1.19)

Proof Take y and t > 0 near x and 0, respectively, and observe that the Lagrange The-
orem applied for g asserts that there is z ∈

[
f (y), f (y + tu)

]
such that

g(f (y + tu)) = g(f (y)) +
〈
∇g(z), f (y + tu) − f (y)

〉
.

This gives us, for arbitrary u ∈ Rp , that

h◦(x, u) = lim sup
y→x, t↓0

g(f (y + tu)) − g(f (y))
t

= lim sup
y→x, t↓0

〈
∇g(z), f (y + tu) − f (y)

t

〉
.

Observe that the Lipschitz property of f implies that
(
f (y + tu) − f (y)

)
/t is

bounded. Moreover, y → x, t ↓ 0, combined with the same property of f , gives us
z → f (x). Using also the C1 property of g, one gets from above that

h◦(x, u) = lim sup
y→x, t↓0

〈
∇g(f (x)), f (y + tu) − f (y)

t

〉
= lim sup
y→x, t↓0

〈
∇g(f (x)), f (y + tu)

〉
−
〈
∇g(f (x)), f (y)

〉
t

=
〈
∇g(f (x)), f

〉◦ (x, u).

The relation (5.1.19) follows now from Proposition 5.1.2 (iii). �

Remark 5.1.20. The inclusion “⊂” from (5.1.19) immediately follows from Theorem
5.1.18.

Recall that for a di�erentiable function, its di�erential ∇f (x) can be identi�ed with
the Jacobian matrix.

Theorem 5.1.21 (chain rule 3). Let f : Rp → Rk be continuously di�erentiable near x
and g : Rk → R be locally Lipschitz around f (x). Then the function h := g ◦ f : Rp → R
is locally Lipschitz around x, and

∂Ch(x) ⊂
〈
∂Cg(f (x)),∇f (x)

〉
:=
{〈
ξ ,∇f (x)

〉
| ξ ∈ ∂Cg(f (x))

}
. (5.1.20)
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Moreover, if∇f (x) : Rp → Rk is surjective, then equality holds.

Proof The proof of (5.1.20) follows taking into account in Theorem 5.1.18 that for any
γ ∈ ∂Cg(f (x)),

∂C 〈γ, f 〉 (x) =
〈
γ,∇f (x)

〉
,

hence, since ∂Cg(f (x)) is compact and convex and∇f (x) is linear and bounded,

cl conv
{
∂C 〈γ, f 〉 (x) | γ ∈ ∂Cg(f (x))

}
=
〈
∂Cg(f (x)),∇f (x)

〉
.

Suppose now that∇f (x) is surjective. By the Lyusternik-Graves Theorem (i.e., The-
orem 2.4.4), it follows that f is open, i.e., for any neighborhood U of x, f (U) is a neigh-
borhood of f (x). This implies

lim sup
y→f (x), t↓0

g(y + t∇f (x)(u)) − g(y)
t = lim sup

z→x, t↓0

g(f (z) + t∇f (x)(u)) − g(f (z))
t .

Also, since f is C1 near x,

lim
z→x, t↓0

f (z + tu) − f (z) − t∇f (x)(u)
t = lim

z→x, t↓0

f (z + tu) − f (z) − t∇f (z)(u)
t

+ lim
z→x

(
∇f (z) −∇f (x)

)
(u) = 0.

Therefore, it follows that

g◦(f (x),∇f (x)(u)) = lim sup
y→f (x), t↓0

g(y + t∇f (x)(u)) − g(y)
t

= lim sup
z→x, t↓0

g(f (z) + t∇f (x)(u)) − g(f (z))
t

= lim sup
z→x, t↓0

g(f (z + tu)) − g(f (z))
t = h◦(x, u), ∀u ∈ Rp ,

where for the third equality the local Lipschitz of g around f (x) is used. Take now
arbitrary χ ∈ ∂Cg(f (x)) and u ∈ Rp . Then〈

χ,∇f (x)
〉

(u) =
〈
χ,∇f (x)(u)

〉
≤ g◦(f (x),∇f (x)(u)) = h◦(x, u).

It means that
〈
χ,∇f (x)

〉
∈ ∂Ch(x). Therefore, the conclusion follows. �

Finally, we present a result which will be useful in deriving optimality conditions.

Proposition 5.1.22. Consider φ : Rp → Rk locally Lipschitz around x, K ⊂ Rk a
compact set, and de�ne

F(x) := max
γ∈K

〈
γ, φ(x)

〉
.

Then F is locally Lipschitz around x. For any u around x, denote by

K(u) :=
{
γ ∈ K | F(u) =

〈
γ, φ(u)

〉}
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the set of active indices at u. If K(x) is a singleton set (i.e., K(x) = {γ0}), then

∂CF(x) ⊂ ∂C 〈γ0, φ〉 (x).

Proof Denote by L the Lipschitz constant of φ. The fact that F is locally Lipschitz
around x is straightforward.

Pick ξ ∈ ∂CF(x) and take arbitrary u ∈ Rp . Take some realizing sequences yn → x,
tn ↓ 0 for F◦(x, u). Moreover, take γn ∈ K(yn + tnu). Since K is compact, we may
suppose, without loss of generality, that γn converges to some γ̄. As F(yn + tnu) =〈
γn , φ(yn + tnu)

〉
for every n and yn + tnu → x, we obtain by passing to the limit that

F(x) =
〈
γ̄, φ(x)

〉
, i.e., γ̄ ∈ K(x), which means that γ̄ = γ0. It follows that

F◦(x, u) = lim
n→∞

F(yn + tnu) − F(yn)
tn

≤ lim sup
n→∞

〈
γn , φ(yn + tnu)

〉
−
〈
γn , φ(yn)

〉
tn

= lim sup
n→∞

〈γ0, φ〉 (yn + tnu) − 〈γ0, φ〉 (yn)
tn

+ lim sup
n→∞

〈
γn − γ0, φ(yn + tnu) − φ(yn)

〉
tn

≤ 〈γ0, φ〉◦ (x, u) + lim sup
n→∞

‖γn − γ0‖
∥∥φ(yn + tnu) − φ(yn)

∥∥
tn

≤ 〈γ0, φ〉◦ (x, u) + lim sup
n→∞

‖γn − γ0‖ L ‖u‖ = 〈γ0, φ〉◦ (x, u).

Hence, we obtained F◦(x, u) ≤ 〈γ0, φ〉◦ (x, u), which shows the inclusion
∂CF(x) ⊂ ∂C 〈γ0, φ〉 (x) by Proposition 5.1.2. �

5.1.2 Clarke Tangent and Normal Cones

Throughout this section, we will discuss the notions of tangent and normal cones, as
de�ned by Clarke. In the sequel, A denotes a nonempty closed subset of Rp . Recall
that the distance function associated to the set A is given by

dA(x) = inf
y∈A
‖y − x‖ ,

and has the important property (in our context) that is 1−Lipschitz. The announced
tangency notionwill be constructed through the generalized gradient of this function,
and the normal cone will be de�ned by polarity. One of the main reasons for which
these notions were introduced by Clarke in the early 1980’s is given by the next pe-
nalization principle. Notice that a local version of the �rst item of the next result was
proved and used in the previous chapter (see Theorem 4.3.2).

Theorem 5.1.23 (penalization principle). Let U ⊂ Rp be an open set which contains
A, and f : U → R be a Lipschitz functionwithmodulus L > 0. Consider theminimization
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problem
(P) min f (x), subject to x ∈ A.

(i) If x ∈ A is a global solution of (P), then for every K ≥ L, the function x 7→
f (x) + KdA(x) attains an (unconstrained) minimum on U at x.

(ii) Conversely, suppose that, for some K > L, the function x 7→ f (x)+KdA(x) attains
its minimum on U at x. Then x ∈ A and solves (P).

Proof Suppose �rst that x ∈ A is a solution of (P). Take x ∈ U and ε > 0 arbitrarily.
Pick yε ∈ A such that ‖yε − x‖ ≤ dA(x) + ε. Using the Lipschitz property of f , one gets

f (x) ≤ f (yε) ≤ f (x) + L ‖yε − x‖ ≤ f (x) + LdA(x) + Lε.

Letting ε to tend at 0, one gets the conclusion of the �rst part for K = L. If K > L, the
conclusion is now obvious.

For the converse, suppose by contradiction that x ∉ A, hence x ∈ U \ A. Since A
is closed, it follows that dA(x) > 0. Then one can �nd y ∈ A such that

‖y − x‖ < dA(x) +
(
K
L − 1

)
dA(x) = K

L dA(x).

Using the minimality assumption and the Lipschitz property of f , one gets

f (x) + KdA(x) ≤ f (y) ≤ f (x) + L ‖y − x‖ < f (x) + KdA(x),

a contradiction which shows that x ∈ A. Then for every x ∈ A,

f (x) = f (x) + KdA(x) ≤ f (x) + KdA(x) = f (x),

hence x solves (P). �

In view of the generalized Fermat rule (Theorem 5.1.16) and of sum rule (5.1.14),
solutions of (P) satisfy

0 ∈ ∂C(f + KdA)(x) ⊂ ∂Cf (x) + K∂CdA(x). (5.1.21)

It is interesting to study the geometric interpretation of the term ∂CdA(x).

De�nition 5.1.24. Let x ∈ A. The Clarke tangent and normal cones to A at x are re-
spectively the sets

TC(A, x) :=
{
u ∈ Rp | d◦A(x, u) = 0

}
=
{
u ∈ Rp | d◦A(x, u) ≤ 0

}
(5.1.22)

NC(A, x) := TC(A, x)− =
{
ξ ∈ Rp | 〈ξ , x〉 ≤ 0, ∀x ∈ TC(A, x)

}
. (5.1.23)

Remark that the second equality from (5.1.22) follows from the fact that one always has
d◦A(x, u) ≥ 0, since dA attains a minimum at x.

One may easily observe that TC(A, x) = Rp and NC(A, x) = {0} if x ∈ intA. The
following theorem collects some other important properties of the Clarke tangent and
normal cones.
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Theorem 5.1.25. Let x ∈ A. Then:
(i) TC(A, x) is a closed convex cone;
(ii) u ∈ TC(A, x) if and only if, for every (xn) ⊂ A, xn → x and every (tn) ⊂ (0,∞),

(tn) → 0, there exists (un) → u such that xn + tnun ∈ A for any n; as consequence,
TC(A, x) ⊂ TB(A, x);

(iii) NC(A, x) = cl cone ∂CdA(x);
(iv) TC(A, x) = NC(A, x)−;
(v) NC(A, x) is a closed convex cone containing NB(A, x).

Proof (i)We knowby Proposition 5.1.1 that the function u 7→ d◦A(x, u) is a positively ho-
mogeneous convex function, which shows, in light of (5.1.22), that TC(A, x) is a convex
cone. The continuity of the same function proves the closedness of TC(A, x).

(ii) Take u ∈ TC(A, x) and take arbitrary sequences (xn) ⊂ A, (xn)→ x and (tn) ⊂
(0,∞), (tn)→ 0. Since d◦A(x, u) = 0, one gets that

inf
r>0

sup
x∈B(x,r), t∈(0,r)

dA(y + tu) − dA(y)
t = 0.

Take ε > 0. One can �nd r > 0 such that supx∈B(x,r), t∈(0,r)
dA(y + tu) − dA(y)

t < ε.
For this r, there is n0 ∈ N such that, for any n ≥ n0, xn ∈ B(x, r) and tn ∈ (0, r). This
means that

ε > sup
x∈B(x,r), t∈(0,r)

dA(y + tu) − dA(y)
t ≥ dA(xn + tnu) − dA(xn)

tn

= dA(xn + tnu)
tn

≥ 0,

for any n ≥ n0, which shows that

lim
n→∞

dA(xn + tnu)
tn

= 0.

Take yn ∈ A such that ‖xn + tnu − yn‖ ≤ dA(xn + tnu) + tn
n , and de�ne un := yn−xn

tn .
Using the relation above, we obtain that un → u and xn + tnun = yn ∈ A, as claimed.

For the converse inclusion, take u ∈ Rp such that for every (xn) ⊂ A, (xn) → x
and every (tn) ⊂ (0,∞), (tn) → 0, there exists (un) → u such that xn + tnun ∈ A for
any n. Fix some sequences (yn)→ x and (tn) ↓ 0 such that

lim
n→∞

dA(yn + tnu) − dA(yn)
tn

= d◦A(x, u).

Let xn ∈ A such that ‖xn − yn‖ ≤ dA(yn) + tn
n . It follows that (xn) → x, hence from the

property of u there is (un)→ u such that xn + tnun ∈ A for any n. But then, since dA is
1−Lipschitz, one gets

dA(yn + tnu) ≤ dA(xn + tnun) + ‖xn − yn‖ + tn ‖un − u‖ ≤ dA(yn) + tn
(

1
n + ‖un − u‖

)
,
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which implies that d◦A(x, u) ≤ 0, i.e., the conclusion.
(iii) Take nonzero ξ1, ξ2 ∈ ∂CdA(x), λ1, λ2 > 0, and choose t ∈ [0, 1] . De�ne

ξ := (1 − t)λ1
(1 − t)λ1 + tλ2

ξ1 + tλ2
(1 − t)λ1 + tλ2

ξ2 ∈ ∂CdA(x),

and observe that (1− t)λ1ξ1 + tλ2ξ2 =
[
(1 − t)λ1 + tλ2

]
ξ ∈ cone ∂CdA(x), whichmeans

that cone ∂CdA(x) is a convex cone. It follows that cl cone ∂CdA(x) is a closed convex
cone.

Take u ∈ ∂CdA(x)−. If one would have d◦A(x, u) = sup
{
〈ξ , u〉 | ξ ∈ ∂CdA(x)

}
> 0,

then there exists ξ ∈ ∂CdA(x) such that 〈ξ , u〉 > 0, which is a contradiction that shows
that d◦A(x, u) ≤ 0, i.e., u ∈ TC(A, x). The reverse inclusion is easy to prove in the same
manner, hence

∂CdA(x)− =
[
cl cone ∂CdA(x)

]− = TC(A, x). (5.1.24)

By applying the bipolar theorem (Theorem 2.1.6) in the last equality, one gets that
NC(A, x) = cl cone ∂CdA(x).

(iv) Follows from (5.1.24) and (iii).
(v) This is straightforward, taking into account that if A ⊂ B, then A− ⊃ B−. �

The following proposition continues the idea from (5.1.21).

Proposition 5.1.26. Let f : Rp → R be Lipschitz withmodulus L around x and suppose
x is a solution of (P). Then

0 ∈ ∂C(f + LdA)(x) ⊂ ∂Cf (x) + L∂CdA(x) ⊂ ∂Cf (x) + NC(A, x). (5.1.25)

Proof It follows from (5.1.21) and (iv) from the previous theorem. �

It is interesting to further study the structure of NC(A, x) in some special situa-
tions. To this end, a useful notion is introduced next.

De�nition 5.1.27. A set A is said to be regular at x ∈ A if TC(A, x) = TB(A, x).

It admits the following characterization.

Proposition 5.1.28. A is regular if and only if NC(A, x) = NB(A, x).

Proof For the necessity, observe that if A is regular, then

NC(A, x) = TC(A, x)− = TB(A, x)− = NB(A, x).

For the su�ciency, suppose that NC(A, x) = NB(A, x). Then

TC(A, x) = NC(A, x)− = NB(A, x)− =
(
TB(A, x)−

)− ⊃ TB(A, x) ⊃ TC(A, x),
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which shows the desired conclusion. �

In the case of closed convex sets, we have the following result.

Theorem 5.1.29. Suppose A is a closed convex set, and x ∈ A. Then A is regular and

TB(A, x) = TC(A, x) = cl cone(A − x),
NB(A, x) = NC(A, x) = {u ∈ Rp | 〈u, y − x〉 ≤ 0, ∀y ∈ A}.

Proof In view of the Propositions 2.1.15 and 5.1.28, we only have to prove that A is
regular.

Take u ∈ A − x, and choose arbitrary (xn) ⊂ A, (xn) → x and (tn) ↓ 0. De�ne
un := (x − xn) + u for every n and remark that (un)→ u. Moreover, observe that

xn + tnun = (1 − tn)xn + tn(u + x) ∈ A,

since A is convex. It follows from Theorem 5.1.25 that u ∈ TC(A, x). As TC(A, x) is a
convex cone, we have cl cone(A − x) ⊂ TC(A, x). But we already know that

TC(A, x) ⊂ TB(A, x) = cl cone(A − x),

which ends the proof. �

Recall that if A is a nonempty closed set in Rp, we denote by prA x the nonempty
projection set

{
y ∈ A | dA(x) = ‖x − y‖

}
.

Theorem 5.1.30. Let A be a nonempty closed subset of Rp, and x ∈ bdA. Then

NC(A, x) = cl conv
{
λ lim
n→∞

xn − yn
‖xn − yn‖

| λ ≥ 0, xn ∉ A, xn → x, yn ∈ prA xn
}
.

(5.1.26)

Proof Observe �rst that if x ∈ A is such that∇dA(x) exists, it follows that

∇dA(x)(u) = lim
t→0

dA(x + tu) − dA(x)
t = lim

t→0

dA(x + tu)
t ≥ 0, ∀u ∈ Rp ,

hence∇dA(x) = 0.
Suppose x ∈ ̸ A and∇dA(x) exists. Take y ∈ prA x and u ∈ Rp , and denote g(x) :=

‖x − y‖ . Then

g◦(x, u) ≥ lim sup
t↓0

g(x + tu) − g(x)
t = lim sup

t↓0

‖x + tu − y‖ − ‖x − y‖
t

≥ lim sup
t↓0

dA(x + tu) − dA(x)
t = ∇dA(x)(u),
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since ‖x − y‖ = dA(x) and ∇dA(x) exists. But this means that ∇dA(x) ∈ ∂Cg(x) ={
x − y
‖x − y‖

}
, i.e.,∇dA(x) = x − y

‖x − y‖ . Suppose now there are two points y1, y2 ∈ prA x.

It means that∇dA(x) = x − y1
dA(x) = x − y2

dA(x) , i.e., prA x consists in only one point.
Take now x ∈ bdA. Using the gradient formula (5.1.8) for dA , we have that

∂CdA(x) = conv
{

lim
n→∞

∇dA(xn) | xn → x, xn ∉ ΩdA
}
,

where byΩdA onedenotes the set of points atwhich dA fails to bedi�erentiable. Taking
into account the discussion above, one gets

∂CdA(x) ⊂ conv
{

0, lim
n→∞

xn − yn
‖xn − yn‖

| xn ∈ ̸ A, xn → x, yn ∈ prA xn
}
. (5.1.27)

Now, observe that for any x ∈ A, the function dA attains a minimum at x, hence
by applying the generalized Fermat rule (Theorem 5.1.16), one gets that 0 ∈ ∂CdA(x).

Take now x ∈ ̸ A and y ∈ prA x. Consider the function f (z) := ‖x − z‖ . This func-
tion, which is 1−Lipschitz, attains its minimum on A at y, hence by applying Proposi-
tion 5.1.26 it follows that

0 ∈ ∂Cf (y) + ∂CdA(y).

As x ≠ y, f is C1 around y, hence ∂Cf (y) = {∇f (y)} =
{
− x − y
‖x − y‖

}
. It follows that

x − y
‖x − y‖ ∈ ∂CdA(y). Hence,

{
0, lim

n→∞
xn − yn
‖xn − yn‖

| xn ∈ ̸ A, xn → x, yn ∈ prA xn
}
⊂ ∂CdA(x)

and, as ∂CdA(x) is a convex set, one has equality in (5.1.27). The result now follows
from the fact that NC(A, x) = cl cone ∂CdA(x). �

The next example emphasizes the utility of the formula (5.1.26), and at the same
time exhibits a case where the Bouligand and the Clarke tangent cones are di�erent.

Example 5.1.31. Consider the set A :=
{

(x1, x2) ∈ R2 | x2 = |x1|
}
. Then it is easy to

see, using De�nition 2.1.9, that TB(A, (0, 0)) = A. Moreover, using the polarity, one gets

NB(A, (0, 0)) = A− =
{

(x1, x2) ∈ R2 | x2 ≤ − |x1|
}
.

Now, for the Clarke normal cone, one gets, by using formula (5.1.26), that

NC(A, (0, 0)) = cl conv
{

(x1, x2) ∈ R2 | x2 = |x1| or x2 ≤ − |x1|
}

= R2,

hence TC(A, (0, 0)) =
{

(0, 0)
}
.
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The next theorem shows that the Clarke tangent and normal cones to the graphs of
Lipschitz mappings are always linear subspaces. Among other things, this result em-
phasizes the importance of studying also other types of normal cones, such as the ones
in the next chapter. In what follows, gr f denotes the graph of a function f .

Theorem 5.1.32 (Rockafellar). Let U ⊂ Rp be an open set, and f : U → Rk be a Lip-
schitz function. Consider x ∈ U and y := f (x). Then TC(gr f , (x, y)) and NC(gr f , (x, y))
are linear subspaces of Rp ×Rk .

Proof According to Theorem 5.1.25 (ii), (ξ , η) ∈ TC(gr f , (x, y)) if and only if for every
(xn , yn) ⊂ gr f , (xn , yn)→ (x, y) and every (tn) ↓ 0, there exists (ξn , ηn)→ (ξ , η) such
that (xn , yn) + tn(ξn , ηn) ∈ gr f for any n. Since f is continuous, this condition reduces
to the following: for every (xn)→ x and every (tn) ↓ 0, there is ξn → ξ such that

f (xn + tnξn) − f (xn)
tn

→ η. (5.1.28)

Since f is Lipschitz, it follows that∥∥f (xn + tnξn) − f (xn + tnξ )
∥∥ ≤ Ltn ‖ξn − ξ‖ ,

where by L we have denoted the Lipschitz modulus of f . The limit from (5.1.28) is the
same when one replaces ξn by ξ . It follows that (ξ , η) ∈ TC(gr f , (x, y)) if and only if
for every (xn)→ x and every (tn) ↓ 0, there is ξn → ξ such that

f (xn + tnξ ) − f (xn)
tn

→ η,

that is,
lim
t↓0
x→x

f (x + tξ ) − f (x)
t = η,

i.e., the generalized directional derivative of f at x in the direction ξ is in fact a usual
lim and equals η. This is also equivalent to

f◦(x, ξ ) = η = lim
t↓0
x′→x

f (x′) − f (x′ − tξ )
t ,

where x′ := x + tξ , hence if (ξ , η) ∈ TC(gr f , (x, y)), one necessarily has also
that (−ξ , −η) ∈ TC(gr f , (x, y)). Since we also know from Theorem 5.1.25 (i) that
TC(gr f , (x, y)) is a closed convex cone, it follows that TC(gr f , (x, y)) is actually a
(closed) linear subspace of Rp × Rk . Since the dual set of a linear subspace is also
a linear subspace, it follows that NC(gr f , (x, y)) is also a (closed) linear subspace of
Rp ×Rk . �

We have seen that the distance function serves as a link between the analytical
theory of generalized gradients and the geometric constructions given by the tangent
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and normal cones. The next result shows other interesting connections, this time for
a general function; the �nal equivalence in the section about the Fréchet and Mor-
dukhovich normal cones arises from very de�nitions, proving that in fact all the nor-
mal constructions we use can be seen in a unifying way.

Theorem 5.1.33. Let f : Rp → R be Lipschitz around x. Then:
(i) TC(epi f , (x, f (x))) = epi f ◦(x, ·);
(ii) ξ ∈ ∂Cf (x)⇔ (ξ , −1) ∈ NC(epi f , (x, f (x)).

Proof (i) Take (u, r) ∈ TC(epi f , (x, f (x))). Moreover, take some realizing sequences for
f ◦(x, u) : we have (xn)→ x and (tn) ↓ 0 such that

lim
n→∞

f (xn + tnu) − f (xn)
tn

= f ◦(x, u).

Since (xn , f (xn)) belongs to epi f and converges to (x, f (x)), we have, due to Theo-
rem 5.1.25 (ii), that there is (un , rn)→ (u, r) such that (xn , f (xn)) + tn(un , rn) ∈ epi f for
every n, i.e.,

f (xn + tnun) ≤ f (xn) + tnrn ,

and using the Lipschitz property of f (with constant `), it follows that

f (xn + tnu) − f (xn)
tn

≤ rn + ` ‖un − u‖ .

Passing to the limit for n →∞, we get f ◦(x, u) ≤ r, i.e., (u, r) ∈ epi f ◦(x, ·).
For the converse inclusion,weprove that for every δ ≥ 0, wehave (u, f ◦(x, u)+δ) ∈

TC(epi f , (x, f (x))). Take arbitrary (xn , rn) ⊂ epi f , (xn , rn) → (x, f (x)), and (tn) ↓ 0.
De�ne un := u for every n, and take

sn := max
{
f ◦(x, u) + δ, f (xn + tnu) − f (xn)

tn

}
.

Since lim supn→∞ f (xn+tnu)−f (xn)
tn ≤ f ◦(x, u), it follows that sn → f ◦(x, u) + δ, hence

(un , sn)→ (u, f ◦(x, u)+δ). In order to showbyTheorem5.1.25 (ii) thedesiredassertion,
we must prove that (xn , rn) + tn(un , sn) ∈ epi f for every n, i.e.,

f (xn + tnu) ≤ rn + tnsn , ∀n.

The de�nition of sn and the fact that (xn , rn) ∈ epi f for every n, imply that

rn + tnsn ≥ rn + f (xn + tnu) − f (xn) ≥ f (xn + tnu),

so the proof of (i) is now �nished.
(ii) Remark that ξ ∈ ∂Cf (x) if and only if f ◦(x, u) ≥ 〈ξ , u〉 for every u, that is, for

every u ∈ Rp and every r ≥ f ◦(x, u), one has
〈

(ξ , −1), (u, r)
〉
≤ 0. Using (i), the last

assertion is equivalent to: for every (u, r) ∈ epi f ◦(x, ·) = TC(epi f , (x, f (x))), one has〈
(ξ , −1), (u, r)

〉
≤ 0, i.e., (ξ , −1) ∈ TC(epi f , (x, f (x)))− = NC(epi f , (x, f (x))). �
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5.1.3 Optimality Conditions in Lipschitz Optimization

In this section, we will derive necessary optimality conditions in Fritz John form for
the minimization problem

(MP) min f (x) subject to g(x) ≤ 0, h(x) = 0, x ∈ A,

where f , g = (g1, ..., gn) and h = (h1, ..., hm) are locally Lipschitz functions which
map from Rp into R, Rn and Rm , respectively, and the set A is closed. Notice that the
(MP) problemcombines both functional and geometrical constraints,whichwere sep-
arately analyzed in the smooth case, since the presence of the set A along the smooth
functions introduces a nonsmooth behaviour, which cannot be investigated with the
tools of classical di�erentiation.

Theorem 5.1.34 (Fritz John conditions for Clarke calculus). Let x be a solution of
(MP), where f , g and h are Lipschitz around x. Then there exist λ0 ≥ 0, λ = (λ1, ..., λn) ∈
Rn and µ = (µ1, ..., µm) ∈ Rm , with λ0 + ‖λ‖ + ‖µ‖ ≠ 0, such that

0 ∈ λ0∂Cf (x) +
n∑
i=1

λi∂Cgi(x) +
m∑
j=1

µj∂Chj(x) + NC(A, x) (5.1.29)

and
λi ≥ 0, λigi(x) = 0 for any i ∈ 1, n. (5.1.30)

Proof Suppose, without loss of generality, that the functions f , g and h are Lipschitz
on a neighborhood of the set A (otherwise, replace A by A ∩ B(x, δ) for some δ > 0,
and observe that neither the assumptions, nor the conclusion change).

Fix ε ∈ (0, 1), denote the compact set S(0, 1) ∩ [R+ × Rn
+ × Rm] by S, and de�ne

the function

Fε(x) := max
(λ0,λ,µ)∈S

λ0(f (x) − f (x) + ε) +
n∑
i=1

λigi(x) +
m∑
j=1

µjhj(x)

 .

Suppose there is an x such that Fε(x) ≤ 0. It follows that

λ0(f (x) − f (x) + ε) +
n∑
i=1

λigi(x) +
m∑
j=1

µjhj(x) ≤ 0,

for any (λ0, λ, µ) ∈ S. By taking successively one of the scalars
λ0, λ1, ..., λn , µ1, ..., µm equal to 1, and the rest equal to 0, one gets

f (x) ≤ f (x) − ε, g(x) = 0, h(x) ≤ 0,

a contradiction which shows that the assumption made was false. Consequently,
Fε(x) > 0 for any x ∈ A. Moreover, being the max of Lipschitz functions, Fε is Lip-
schitz on a neighborhood of A, with a constant we denote by L which may be chosen
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such that it does not depend on ε. Consider the closed set A and apply the Ekeland
Variational Principle (see Remark 3.1.13) to get the existence of xε ∈ A such that

Fε(xε) ≤ Fε(x) −
√
ε ‖xε − x‖

and
Fε(xε) ≤ Fε(x) +

√
ε ‖xε − x‖ for any x ∈ A.

Observe that Fε(x) = ε. One gets from the �rst relation that ‖xε − x‖ ≤
√
ε. On

the other hand, from the second relation, one sees that the Lipschitz function x 7→
Fε(x) +

√
ε ‖xε − x‖ attains its minimum on A at xε , hence by applying Proposition

5.1.26, one gets the existence of L > 0 such that

0 ∈ ∂CFε(xε) +
√
εD(0, 1) + L∂CdA(xε). (5.1.31)

Denote by
S(xε) :=

{
γ ∈ S | Fε(xε) =

〈
γ, φ(xε)

〉}
,

where γ := (λ0, λ, µ) and φ(x) :=
(
f (x) − f (x) + ε, g(x), h(x)

)
. In order to apply Propo-

sition 5.1.22, we want to prove that S(xε) is a singleton. Suppose the contrary. Then
there exist γl := (λl0, λl , µl) (l = 1, 2), two di�erent points in S(xε). Remember that S is
a subset of the unit sphere in Rn+m+1, and choose t > 1 such that γ̄ := t

2 (γ1 + γ2) ∈ S.
Then, since Fε(xε) > 0,

Fε(xε) ≥
〈
γ̄, φ(xε)

〉
= t

2

(〈
γ1, φ(xε)

〉
+
〈
γ2, φ(xε)

〉)
= tFε(xε) > Fε(xε),

a contradiction. Hence, S(xε) =
{

(λε0, λε , µε)
}
.

We can apply now Proposition 5.1.22, to get that

∂CFε(xε) ⊂ ∂C

λε0f +
n∑
i=1

λεi gi +
m∑
j=1

µεj hj

 (xε).

By the use of the sum rule (Theorem 5.1.13), we get from (5.1.31) that

0 ∈ λε0∂Cf (xε) +
n∑
i=1

λεi ∂Cgi(xε) +
m∑
j=1

µεj ∂Chj(xε) +
√
εD(0, 1) + L∂CdA(xε).

Set now ε from the above equal to 1
k for any k ≥ 2. One gets hence xk such that

‖xk − x‖ ≤ 1√
k
, and also (λk0, λk , µk) ∈ S, as well as ξ k ∈ D

(
0, 1√

k

)
such that

ξ k ∈ λk0∂Cf (xk) +
n∑
i=1

λki ∂Cgi(xk) +
m∑
j=1

µkj ∂Chj(xk) + NC(A, xn).

Observe thatwemay suppose again, since S is compact, that (λk0, λk , µk) converges
to some (λ0, λ, µ) ∈ S. As xk → x and ξ k → 0, by passing to the limit in the relation
above (see Proposition 5.1.6), one gets (5.1.29).
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Suppose now that there is i0 ∈ 1, n such that gi0 (x) < 0. If λi0 > 0, we will have

F(xk) = λk0
(
f (xk) − f (x) + 1

k

)
+

n∑
i=1

λki gi(xk) +
m∑
j=1

µkj hj(xk)→
n∑
i=1

λigi(x) < 0,

but this contradicts the fact that F(xk) > 0 for every k. �

Notice again that speci�c constraint quali�cation conditions could be imposed in
order to avoid the situation λ0 = 0. We mention that, for this case of nonsmooth cal-
culus, the quali�cation conditions are beyond the aim of this book, but the interested
reader is invited to consult (Clarke, 1983).

Example 5.1.35. Let us examine again the problem (5.1.1). We are now close to our ini-
tial aim, which was to provide optimality conditions and, furthermore, to �nd the mini-
mum.

Observe �rst that, by Weierstrass Theorem, this problem admits at least one solu-
tion, since the function f is continuous, and the set of restrictions is compact. If (x1, x2)
is a minimum point, we know by Theorem 5.1.34 that there exists (λ0, λ1) ≠ (0, 0) such
that

(0, 0) ∈ λ0∂Cf (x1, x2) + λ1∂Cg(x1, x2)
= λ0∂Cf (x1, x2) + λ1∇g(x1, x2)
= λ0∂Cf (x1, x2) + 2λ1 · (x1, x2),

as g(x1, x2) = x2
1 + x2

2 − 1 is continuously di�erentiable and∇g(x1, x2) = 2(x1, x2).
Suppose λ0 = 0. Then, again by Theorem 5.1.34, λ1 > 0 and g(x1, x2) = 0, i.e.,

x2
1 + x2

2 = 1. On the other hand, one must have (x1, x2) = (0, 0), which gives us a contra-
diction which means that we can take λ0 = 1.

Suppose λ1 = 0. Then (0, 0) ∈ ∂Cf (x1, x2). We know from Example 5.1.9 that
∂Cf (0, 0) = conv

{
(2, 0), (0, 1), (1, 2)

}
, hence (x1, x2) cannot be (0, 0). Recall that the

function f can equivalently be written as in (5.1.10). Suppose (x1, x2) lies in the interior
of one of the sets S1, S2 and S3. But in this case ∂Cf (x1, x2) =

{
∇f (x1, x2)

}
, and the

gradient∇f (x1, x2) equals, respectively, (2, 0), (0, 1) and (1, 2), so (0, 0) ∈ ∂Cf (x1, x2)
cannot hold. Suppose now the nonzero vector (x1, x2) is on the boundary between two
of the sets S1, S2 and S3. For instance, take (x1, x2) ∈ S1 ∩ S2 \

{
(0, 0)

}
. Then

∂Cf (x1, x2) = conv
{

(2, 0), (0, 1)
}
, so the inclusion (0, 0) ∈ ∂Cf (x1, x2) cannot hold.

The same happens in the other two similar cases. In conclusion, our assumption, that
λ1 = 0, must be false. Therefore, we can write:

(x1, x2) ∈ − 1
2λ1

∂Cf (x1, x2), λ1 > 0.

We know from Theorem 5.1.34, that x2
1 + x2

2 = 1. Suppose now (x1, x2)
lies in the interior of one of the sets S1, S2 and S3. If (x1, x2) ∈ int S1 =
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{
(x1, x2) | 2x1 < x2 and x1 > 2x2

}
, one must have, since ∂Cf (x1, x2) =

{
(2, 0)

}
, that

(x1, x2) =
(
− 1
λ1

, 0
)
,

which is obviously a contradiction. If (x1, x2) ∈ int S2 ={
(x1, x2) | 2x1 > x2 and x1 < −x2

}
, one would obtain

(
0, − 1

2λ1

)
∈ int S2, again

a contradiction. Finally, if (x1, x2) ∈ int S3 =
{

(x1, x2) | x1 < 2x2 or x1 > −x2
}
, it

should happen that − 1
2λ1

(1, 2) ∈ int S3 for some positive λ1, which is false. Only
three points remain as candidates for the minimum points: the points from the unit
sphere which lie on the boundary between two of the sets S1, S2 and S3. Suppose
(x1, x2) ∈ S2 ∩ S3 \

{
(0, 0)

}
. Then (x1, x2) must be of the form (ε, −ε), with ε > 0,

and should be an element of the set − 1
2λ1

conv
{

(0, 1), (1, 2)
}

for some positive λ1,
which is false. If (x1, x2) ∈ S1 ∩ S3 \

{
(0, 0)

}
, then (x1, x2) = (−2ε, −ε) for some ε > 0.

It should satisfy (−2ε, −ε) ∈ − 1
2λ1

conv
{

(2, 0), (1, 2)
}
, and taking into account that

x2
1 + x2

2 = 1, one gets the point
(
− 2√

5
, − 1√

5

)
as a candidate for the minimum. Finally,

if (x1, x2) ∈ S1 ∩ S2 \
{

(0, 0)
}
, then (x1, x2) must be of the form (−ε, −2ε), for some

ε > 0, and should be an element of − 1
2λ1

conv
{

(2, 0), (0, 1)
}

for some positive λ1,
which set equals in fact −R2

+. The equality x2
1 + x2

2 = 1 gives the point
(
− 1√

5
, − 2√

5

)
as

another candidate for providing us the minimum. Observe, though, that for su�ciently
small δ,

(
− 1√

5
+ 3δ, − 2√

5
− δ
)
∈ S2 and is feasible. Moreover, for δ → 0, it tends to(

− 1√
5
, − 2√

5

)
, and f

(
− 1√

5
+ 3δ, − 2√

5
− δ
)

= − 2√
5
− δ < − 2√

5
= f
(
− 1√

5
, − 2√

5

)
, hence(

− 1√
5
, − 2√

5

)
is not a local minimum. Analogously, one can prove that

(
− 1√

5
, − 2√

5

)
is not a local maximum, too. It means that the minimum point we are looking for is(
− 2√

5
, − 1√

5

)
.

5.2 Mordukhovich Generalized Calculus

Wesaw in theprevious sectionanapproachwhichprovideduswithuseful generalized
di�erentiation tools, in order to solve some nonconvex and nonsmooth optimization
problems. We saw that the Clarke tangent and normal cones, as well as the associated
subdi�erential, have the property that they are convex. In order to pass to a fully non-
convex case, we present in this section some other (evenmore general) di�erentiation
objects, which have the advantage, besides allowing us towork in the fully nonconvex
case, to exhibit robust (exact) calculus rules.
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5.2.1 Fréchet and Mordukhovich Normal Cones

Let us begin our presentation by introducing two important constructions.

De�nition 5.2.1. Let A be a nonempty subset of Rp .
(i) Given x ∈ A, the Fréchet normal cone to A at x is the set

NF(A, x) :=
{
ξ ∈ Rp | lim sup

u A→x

〈ξ , u − x〉
‖u − x‖ ≤ 0

}
, (5.2.1)

where by u A→ x we understand u → x with u ∈ A. An element ξ ∈ NF(A, x) is called
Fréchet normal to A at x. If x ∈ ̸ A,we de�ne NF(A, x) := ∅.

(ii) Let x ∈ A. The Mordukhovich (or limiting, or basic) normal cone to A at x is

NM(A, x) :=
{
ξ ∈ Rp | ∃xn A→ x, ξn → ξ , ξn ∈ NF(A, xn), ∀n ∈ N

}
. (5.2.2)

If x ∈ ̸ A,we put NM(A, x) := ∅.

Remark 5.2.2. Observe that ξ ∈ NF(A, x) if and only if for every ε > 0, there exists a
neighborhood V of x such that, for every x ∈ A ∩ V , one has

〈ξ , x − x〉 ≤ ε ‖x − x‖ . (5.2.3)

In the next proposition we collect some basic properties of the Fréchet and Mor-
dukhovich normal cones.

Proposition 5.2.3. Let A be a nonempty subset of Rp and x ∈ A. Then:
(i) One has

NF(A, x) = NF(clA, x) and NM(A, x) ⊂ NM(clA, x). (5.2.4)

(ii) If x ∈ intA, one has NF(A, x) = NM(A, x) = {0} .
(iii) NF(A, x) is a closed convex cone, and NM(A, x) is a closed cone.
(iv) If A is a convex set, then

NF(A, x) = NM(A, x) =
{
ξ ∈ Rp | 〈ξ , x − x〉 ≤ 0 for every x ∈ A

}
, (5.2.5)

i.e., it coincides with the normal cone N(A, x).
(v) If B is a nonempty subset of Rk and y ∈ B, then

NF(A × B, (x, y)) = NF(A, x) × NF(B, y),
NM(A × B, (x, y)) = NM(A, x) × NM(B, y).

Proof (i) Observe �rst that for every two sets A ⊂ B with x ∈ X, one has
NF(B, x) ⊂ NF(A, x). This follows immediately from the fact that A ⊂ B implies
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[
u A→ x ⇒ u B→ x

]
, which gives us that lim sup

u A→x

〈ξ , u − x〉
‖u − x‖ ≤ lim sup

u B→x

〈ξ , u − x〉
‖u − x‖ . Con-

sequently, one has that NF(clA, x) ⊂ NF(A, x).
For the reverse inclusion, take ξ ∈ NF(A, x). Then the equivalence from Remark

5.2.2 is valid, where the neighborhood V can be taken as being open, without loss of
generality. Fix y ∈ clA ∩ V . If y ∈ A, then it satis�es (5.2.3). If y ∈ clA\A, then
there exists (yn) ⊂ A, yn → y. Since V is open, one has that yn ∈ A ∩ V for every
n su�ciently large. Then yn satis�es (5.2.3), which implies when passing to the limit
that 〈ξ , y − x〉 ≤ ε ‖y − x‖ . Consequently, lim sup

ycl A→x

〈ξ , y − x〉
‖y − x‖ ≤ ε for every ε > 0, which

shows that ξ ∈ NF(clA, x).
For the second relation from (5.2.4), observe that[

xn A→ x ⇒ xn cl A→ x
]
and

[
NF(A, xn) = NF(clA, xn)

]
give us the desired inclusion.

(ii) If x ∈ intA and ξ ∈ NF(A, x), then for every ε > 0, there exists δ > 0 such
that D(x, δ) ⊂ A and 〈ξ , x − x〉 < ε ‖x − x‖ for every x ∈ D(x, δ). It follows that 〈ξ , u〉 <
ε ‖u‖ , for every u ∈ D(0, 1), hence ‖ξ‖ < ε. Since ε was arbitrarily chosen, we have
that ξ = 0. The formula (5.2.2) and the fact that xn A→ x imply that xn ∈ intA for every
n su�ciently large gives us that NM(A, x) = {0}.

(iii) The fact that NF(A, x) and NM(A, x) are cones easily follows from their de�ni-
tions. Taking into account, for instance, the equivalence fromRemark 5.2.2, one easily
gets the convexity and closedness of NF(A, x).

Consider now (ξn) ⊂ NM(A, x), ξn → ξ . Then, for every ε > 0, there is n0 ∈ N
such that ‖ξn − ξ‖ < 2−1ε for every n ≥ n0. Fix n ≥ n0. Since ξn ∈ NM(A, x), there exist
(xnk )k → x and (ξ nk )k → ξ such that ξ nk ∈ NF(A, xnk ), for every k. Consequently, one can
�nd k1

n , k2
n ≥ n ≥ n0 such that ∥∥xnk − x∥∥ < ε, ∀k ≥ k1

n and∥∥ξ nk − ξn∥∥ < 2−1ε, ∀k ≥ k2
n .

De�ne kn := max
{
k1
n , k2

n
}
, yn := xnkn and ηn := ξ nkn . One has

‖yn − x‖ < ε and
‖ηn − ξ‖ ≤ ‖ηn − ξn‖ + ‖ξn − ξ‖ < ε,

hence, as n was taken arbitrary such that n ≥ n0, it follows that yn → x and ηn → ξ .
Moreover, since ηn ∈ NF(A, yn) for every n ≥ n0, we obtain that ξ ∈ NM(A, x). Hence,
NM(A, x) is a closed set.

(iv) We prove �rst that

NF(A, x) =
{
ξ ∈ Rp | 〈ξ , x − x〉 ≤ 0 for every x ∈ A

}
. (5.2.6)
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The “⊃” inclusion from (5.2.6) immediately follows for an arbitrary set A. Suppose
now A is a convex set, and take ξ ∈ NF(A, x) and x ∈ A. Then xλ := (1 − λ)x + λx ∈ A
for every λ ∈ [0, 1] , and xλ → x for λ ↓ 0. It follows that for every ε > 0, there exists
λ > 0 su�ciently small such that

〈ξ , xλ − x〉 < ε ‖xλ − x‖ ,

which means, successively, that〈
ξ , λ(x − x)

〉
< ε
∥∥λ(x − x)

∥∥ ,
〈ξ , x − x〉
‖x − x‖ < ε, ∀ε > 0, ∀x ∈ A\{x},

〈ξ , x − x〉 ≤ 0, ∀x ∈ A.

Now, since NF(A, x) ⊂ NM(A, x), take any ξ ∈ NM(A, x). There exist (xn) A→ x and
(ξn)→ ξ such that ξn ∈ NF(A, xn) for every n. It means, in view of (5.2.6), that

〈ξn , x − xn〉 ≤ 0, ∀n ∈ N, ∀x ∈ A.

Passing to the limit for n →∞, one gets the conclusion.
(v) Both equalities follow straightforward. �

The following representation of the Mordukhovich normal cone can be useful in
computations.

Theorem 5.2.4. Suppose A ⊂ Rp is a closed set and let x ∈ A. Then

NM(A, x) =
{
ξ ∈ Rp | ∃(λn) ⊂ [0,∞), (xn)→ x, (yn) ⊂ Rp such that

yn ∈ prA xn for every n and λn(xn − yn)→ ξ

}
(5.2.7)

Proof We will prove �rst that for every x ∈ A, the next inclusion holds:

NF(A, x) ⊂
{
ξ ∈ Rp | ∃(λn) ⊂ [0,∞), (xn)→ x, (yn) ⊂ Rp such that

yn ∈ prA xn for every n and λn(xn − yn)→ ξ

}
. (5.2.8)

Take x ∈ A and ξ ∈ NF(A, x). Set xn := x + 1
n ξ and pick yn ∈ prA xn for any n.

Observe that yn ∈ prA xn if and only if

‖xn − yn‖ ≤ ‖xn − v‖ , ∀v ∈ A,

that is

0 ≤ ‖xn − v‖2 − ‖xn − yn‖2 = 〈xn − v, xn − yn〉
+ 〈xn − v, yn − v〉 − 〈xn − yn , v − yn〉 − 〈xn − yn , xn − v〉
= 〈2xn − v − yn , yn − v〉 = −2 〈xn − yn , v − yn〉 + ‖v − yn‖2 .
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By replacing v with x and using the form of xn , one gets

2
〈
x + 1

n ξ − yn , x − yn
〉
≤ ‖x − yn‖2 ,

n ‖x − yn‖ ≤
2 〈ξ , yn − x〉
‖yn − x‖

.

Moreover, because x ∈ A and yn ∈ prA xn , we know that

‖yn − x‖ ≤ ‖yn − xn‖ + ‖x − xn‖

≤ ‖x − xn‖ + ‖x − xn‖ = 2
n ‖ξ‖ → 0,

hence, since yn A→ x and ξ ∈ NF(A, x), one has that 2 〈ξ , yn − x〉
‖yn − x‖

→ 0. Consequently,
n ‖x − yn‖ → 0 and

n(xn − yn) = n(x − yn) + ξ → ξ ,

which proves (5.2.8).
To prove now the “⊂” in (5.2.7), take ξ ∈ NM(A, x). Then there exists xn A→ x,

ξn → ξ such that ξn ∈ NF(A, xn) for every n. For every ε > 0, there exists then n0 ∈ N
such that, for every n ≥ n0,

‖xn − x‖ < 2−1ε,
‖ξn − ξ‖ < 2−1ε.

Fix n ≥ n0. Since xn ∈ A, one has using (5.2.8) that there exist (λnk )k ⊂ [0,∞),
(xnk )k → xn , (ynk )k such that ynk ∈ prA xnk for every k, and λnk (xnk − ynk ) → ξn for k → ∞.
For the ε chosen before, there are k1

n , k2
n ≥ n ≥ n0 such that∥∥xnk − xn∥∥ < 2−1ε, ∀k ≥ k1

n ,∥∥λnk (xnk − ynk ) − ξn
∥∥ < 2−1ε, ∀k ≥ k2

n .

Take kn := max
{
k1
n , k2

n
}
and set un := xnkn , vn := ynkn , αn := λnkn . One has then

‖un − x‖ ≤ ‖un − xn‖ + ‖xn − x‖ < ε,∥∥αn(un − vn) − ξ
∥∥ ≤ ∥∥αn(un − vn) − ξn

∥∥ + ‖ξn − ξ‖ < ε,

and since vn ∈ prA un , we have proved the desired inclusion in (5.2.8).
Let us prove the “⊃” inclusion in (5.2.8). Now consider ξ ∈ Rp such that there

exist (λn) ⊂ [0,∞) and (xn) → x such that λn(xn − yn) → ξ , where yn ∈ prA xn for
every n.

Take arbitrary v ∈ A and use the above characterization of the projection yn ∈
prA xn to deduce successively that

〈xn − yn , v − yn〉 ≤
1
2 ‖v − yn‖

2 ,
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〈
λn(xn − yn), v − yn

〉
‖v − yn‖

≤ λn2 ‖v − yn‖ , ∀v ∈ A.

Taking the lim sup
v A→yn

for �xed n in the previous inequality and setting ξn := λn(xn − yn),

we get that
lim sup
v A→yn

〈ξn , v − yn〉
‖v − yn‖

≤ 0,

hence ξn ∈ NF(A, yn) for every n. Moreover, since xn → x and yn ∈ prA xn , one can
prove as above that yn → x. It follows that ξ ∈ NM(A, x) and the reverse inclusion is
now proved. �

Let us provide some examples which contain the calculus of the Fréchet andMor-
dukhovich normal cones to some sets.

Example 5.2.5. Consider the set A :=
{

(x1, x2) ∈ R2 | x2 = − |x1|
}
. Let us compute

�rst NF(A, (0, 0)). Take arbitrary ε > 0. One should �nd a neighborhood V of (0, 0) such
that, for every (u, v) ∈ A ∩ V ,〈

(ξ , η), (u, v)
〉
< ε
∥∥(u, v)

∥∥ .
The form of the set A allows us to deduce that

ξu − η |u| <
√

2ε |u| ,

for every u close to 0. One gets from the above inequality that η ≥ |ξ | . As for every such
element (ξ , η) and (u, v) ∈ A one has

〈
(ξ , η), (u, v)

〉
≤ 0, we deduce that

NF(A, (0, 0)) =
{

(ξ , η) ∈ R2 | η ≥ |ξ |
}
.

Let us use now formula (5.2.7) to calculate NM(A, (0, 0)). For this, let us observe
�rst how the projection set of di�erent elements from R2 on A looks. If (x1, x2) ∈ R2 is
such that x2 ≥ |x1| , then prA(x1, x2) = {(0, 0)}. If (x1, x2) ∈

{
(u, v) | u ≥ 0, v ≤ u

}
,

then prA(x1, x2) is the unique point from
{

(ξ , −ξ ) | ξ ≥ 0
}

such that the line passing
through (x1, x2) is orthogonal on it. Similarly, if (x1, x2) ∈

{
(u, v) | u ≤ 0, v ≤ −u

}
, then

prA(x1, x2) is the unique point from
{

(ξ , ξ ) | ξ ≤ 0
}
such that the line passing through

(x1, x2) is orthogonal to this line. It follows that when (xn , yn) → (0, 0) and λn ≥ 0, the
all possible limits of sequences of the type λn((xn , yn) − prA(xn , yn)) lie in the set{

(ξ , η) ∈ R2 | η ≥ |ξ | or η = − |ξ |
}
,

which is equal to NM(A, (0, 0)).

It can be observed from the previous example that the Mordukhovich normal cone is
nonconvex in general, which shows that it cannot be the polar to any tangent cone,
since polarity always implies convexity. It is not the casewith the Fréchet normal cone,
as the next result shows.
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Theorem 5.2.6. Let A ⊂ Rp be a nonempty set and x ∈ A. Then

NF(A, x) = TB(A, x)−.

Proof Take ξ ∈ NF(A, x) and choose arbitrary v ∈ TB(A, x). There exist sequences
(tn) ↓ 0 and (vn) → v such that x + tnvn ∈ A for every n. Using the de�nition of the
Fréchet normal cone, it follows that for every ε > 0, exists n0 ∈ N such that

tn 〈ξ , vn〉 < εtn ‖vn‖ , ∀n ≥ n0.

This shows, after dividing by tn and passing to the limit above, that 〈ξ , v〉 ≤ ε ‖v‖ .
Letting ε → 0, one gets that 〈ξ , v〉 ≤ 0 and, furthermore, taking into account the
arbitrariness of v, that ξ ∈ TB(A, x)−.

For the reverse inclusion, suppose 〈ξ , v〉 ≤ 0 for every v ∈ TB(A, x). Now, choose
an sequence xn A→ x for which the lim sup from the de�nition of the Fréchet normal
cone is attained:

lim sup
x A→x

〈ξ , x − x〉
‖x − x‖ = lim

n→∞
〈ξ , xn − x〉
‖xn − x‖

.

Since x + ‖xn − x‖
xn − x
‖xn − x‖

= xn ∈ A for every n, ‖xn − x‖ ↓ 0, and without loss

of generality we may suppose that xn − x
‖xn − x‖

converges to some u. It follows that u ∈

TB(A, x), and hence
lim
n→∞

〈
ξ , xn − x
‖xn − x‖

〉
= 〈ξ , u〉 ≤ 0,

which shows that ξ ∈ NF(A, x) and ends the proof. �

Theorem 5.1.32 shows that, in case of a Lipschitz function f , NC(gr f , x) is always
a linear subspace, which drives us to the idea that, in many situations, especially
when dealing with graphical sets, considering the Mordukhovich normal cone could
be more appropriate.

Let us now formulate a result which gives us a smooth variational description of
Fréchet normals, useful in many instances, including calculus rules for the Fréchet
subdi�erential of the di�erence of two functions.

Theorem 5.2.7. Let A be a nonempty subset of Rp and x ∈ A. For ξ ∈ Rp , suppose
that there exists a function s : U → R de�ned on a neighborhood of x, which is Fréchet
di�erentiable at x, and such that ∇s(x) = ξ and s achieves a local maximum relative
to A at x. Then ξ ∈ NF(A, x). Conversely, for every ξ ∈ NF(A, x), there is a function
s : Rp → R such that s(x) ≤ s(x) = 0 for every x ∈ A and s is Fréchet di�erentiable at x
with∇s(x) = ξ .

Proof For the direct implication, we know that there is a continuous function α with
limx→x

α(‖x−x‖)
‖x−x‖ = 0 such that

s(x) = s(x) + 〈ξ , x − x〉 + α(‖x − x‖) ≤ s(x),
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for every x ∈ A near x. It means that 〈ξ , x − x〉 + α(‖x − x‖) ≤ 0 for every x ∈ A near x,
which implies for such x that

〈ξ , x − x〉
‖x − x‖ ≤ −α(‖x − x‖)

‖x − x‖ .

Passing to lim sup for x A→ x, we deduce that ξ ∈ NF(A, x).
For the converse, consider the function s : Rp → R given by

s(x) :=
{

min {0, 〈ξ , x − x〉} , if x ∈ A
〈ξ , x − x〉 , otherwise.

Remark that s(x) ≤ 0 = s(x) for every x ∈ A and s(x) ≤ 〈ξ , x − x〉 for every x ∈ Rp . Then∣∣∣∣ s(x) − s(x) − 〈ξ , x − x〉
‖x − x‖

∣∣∣∣ = 〈ξ , x − x〉 − s(x)
‖x − x‖

=

 0, if x ∉ A or x ∈ A and 〈ξ , x − x〉 ≤ 0
〈ξ , x − x〉
‖x − x‖ , if x ∈ A and 〈ξ , x − x〉 > 0.

Since ξ ∈ NF(A, x), for every ε > 0 there exists a neighborhood V of x such that
〈ξ , x − x〉
‖x − x‖ < ε for every x ∈ A ∩ V , which means that

∣∣∣∣ s(x) − s(x) − 〈ξ , x − x〉
‖x − x‖

∣∣∣∣ < ε, ∀x ∈ V .
But this means that s is Fréchet di�erentiable at x with∇s(x) = ξ . �

We close this section with a result useful for the next.

Proposition 5.2.8. Suppose A ⊂ Rp is a closed set and x ∈ bdA. Then

NM(A, x) ⊂ NM(bdA, x).

Proof Pick ξ ∈ NM(A, x)\{0} . According to the de�nition of theMordukhovichnormal
cone, there exist (xn) A→ x and (ξn) → ξ such that ξn ∈ NF(A, xn) for every n. Due to
the continuity of the norm, it follows that ‖ξn‖ → ‖ξ‖ > 0, hence xn ∈ ̸ intA, i.e.,
xn ∈ bdA for every n su�ciently large, because otherwise one would have ξn = 0.
From this,

lim sup
xbd A→ xn

〈ξn , x − xn〉
‖x − xn‖

≤ lim sup
x A→xn

〈ξn , x − xn〉
‖x − xn‖

≤ 0,

hence ξn ∈ NF(bdA, xn) for every n, so ξ ∈ NM(bdA, x). �
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5.2.2 Fréchet and Mordukhovich Subdi�erentials

Let us introduce now the subdi�erentials associated to the normal cones de�ned be-
fore. We begin with the Fréchet subdi�erential.

De�nition 5.2.9. Let f : Rp → R. The set

∂F f (x) :=
{
ξ ∈ Rp | (ξ , −1) ∈ NF(epi f , (x, f (x)))

}
is called the Fréchet subdi�erential of f at x, and its elements are called Fréchet sub-
gradients of f at x.

Observe that, since the Fréchet normal cone is a closed convex cone, the Fréchet subd-
i�erential is a closed convex set inRp . Thenext example shows that the subdi�erential
can be empty, even for simple Lipschitz functions.

Example 5.2.10. Consider the function f : R → R, f (x) = − |x| . Then epi f ={
(x1, x2) | x2 ≥ − |x1|

}
. One can easily see that TB(epi f , (0, 0)) = epi f , hence

NF(epi f , (0, 0)) = (epi f )− =
{

(0, 0)
}
.

It follows that ∂Ff (0, 0) = ∅.

Let us provide an analytical characterization of the Fréchet subgradients.

Theorem 5.2.11. Let f : Rp → R. Then

∂Ff (x) =
{
ξ ∈ Rp | lim inf

x→x

f (x) − f (x) − 〈ξ , x − x〉
‖x − x‖ ≥ 0

}
. (5.2.9)

Proof Take ξ from the right-hand side set. We want to prove that ξ ∈ ∂Ff (x). Observe
that, from the choice of ξ , for every ε > 0, there exists a neighborhood V of x such
that, for every x ∈ V , one has

f (x) − f (x) − 〈ξ , x − x〉 ≥ −ε ‖x − x‖ .

Pick such x and �x α ≥ f (x). Then〈
(ξ , −1), (x, α) − (x, f (x))

〉
= 〈ξ , x − x〉 + f (x) − α
≤ 〈ξ , x − x〉 + f (x) − f (x)
≤ ε ‖x − x‖
≤ ε
∥∥(x, α) − (x, f (x))

∥∥ ,
which proves that (ξ , −1) ∈ NF(epi f , (x, f (x)).

For the converse inclusion, take ξ ∈ ∂Ff (x) and suppose that there is ε > 0 such
that

sup
V∈V(x)

inf
x∈V

f (x) − f (x) − 〈ξ , x − x〉
‖x − x‖ < −ε.
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It means that one can construct a sequence xn → x such that

f (xn) − f (x) − 〈ξ , xn − x〉
‖xn − x‖

< −ε,

which implies that (xn , αn) ∈ epi f , where αn := f (x)+〈ξ , xn − x〉− ε ‖xn − x‖ . We have∥∥(xn , αn) − (x, f (x))
∥∥ ≤ ‖xn − x‖ + |〈ξ , xn − x〉 − ε ‖xn − x‖|
≤ (1 + ‖ξ‖ + ε) ‖xn − x‖ ,

whence 〈
(ξ , −1), (xn , αn) − ((x, f (x))

〉∥∥(xn , αn) − ((x, f (x))
∥∥ = ε ‖xn − x‖∥∥(xn , αn) − ((x, f (x))

∥∥
≥ ε

1 + ‖ξ‖ + ε .

It follows that (ξ , −1) ∉ NF(epi f , (x, f (x))), a contradiction. The proof is now
complete. �

The next proposition partially justi�es the name of Fréchet subgradients for the
elements of ∂Ff (x).

Proposition 5.2.12. Let f : Rp → R be Fréchet di�erentiable at x. Then ∂Ff (x) ={
∇f (x)

}
.

Proof It is obvious from the de�nition of Fréchet di�erentiability and the analytical
characterization of the Fréchet subgradients that∇f (x) ∈ ∂Ff (x).

Suppose ξ ∈ ∂Ff (x). Using (5.2.9), one gets that

lim inf
x→x

〈
∇f (x) − ξ , x − x

〉
‖x − x‖ ≥ 0,

which means that for every ε > 0, there exists δ > 0 such that, for every x ∈ D(x, δ),〈
ξ −∇f (x), x − x

〉
≤ ε ‖x − x‖ .

It follows that ∥∥ξ −∇f (x)
∥∥ ≤ ε

for every positive ε, i.e., ξ = ∇f (x), and hence the conclusion. �

The next smooth variational description of Fréchet subgradients follows from
Theorem 5.2.7.

Theorem 5.2.13. Let f : Rp → R be a function. Then ξ ∈ ∂Ff (x) if and only if there
exists a function s : Rp → R, Fréchet di�erentiable at x, which satis�es:

s(x) = f (x), s(x) ≤ f (x), ∀x ∈ Rp , and∇s(x) = ξ . (5.2.10)
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Proof Suppose ξ ∈ ∂Ff (x)̇. Consider the function s : Rp → R given as

s(x) := min
{
f (x), f (x) + 〈ξ , x − x〉

}
, ∀x ∈ Rp .

Then, obviously, s(x) = f (x) and s(x) ≤ f (x) for every x ∈ Rp from the de�nition. Also
from the de�nition of s, it immediately follows that

lim sup
x→x

s(x) − s(x) − 〈ξ , x − x〉
‖x − x‖ ≤ 0. (5.2.11)

Moreover, one has

s(x) − s(x) − 〈ξ , x − x〉
‖x − x‖ =

{
0, if f (x) ≥ f (x) + 〈ξ , x − x〉
f (x)−f (x)−〈ξ ,x−x〉

‖x−x‖ , otherwise,

which implies, using ξ ∈ ∂Ff (x), that

lim inf
x→x

s(x) − s(x) − 〈ξ , x − x〉
‖x − x‖ ≥ 0. (5.2.12)

Relations (5.2.11) and (5.2.12)mean that s is Fréchet di�erentiable at x and∇s(x) =
ξ .

Conversely, suppose ξ ∈ Rp and there exists an s : Rp → R, Fréchet di�erentiable
at x and satisfying (5.2.10). Then

lim inf
x→x

f (x) − f (x) − 〈ξ , x − x〉
‖x − x‖ ≥ lim inf

x→x

s(x) − s(x) − 〈ξ , x − x〉
‖x − x‖ = 0,

hence ξ ∈ ∂Ff (x). �

If f : Rp → R is convex, then the Fréchet subdi�erential reduces to the usual
convex subdi�erential given in the previous chapter.

Proposition 5.2.14. Suppose f : Rp → R is convex. Then

∂Ff (x) = ∂Mf (x) = ∂f (x).

Proof This immediately follows from the fact that epi f is a convex set and from the
formula (5.2.5). �

Let us proceed now in introducing the Mordukhovich subdi�erential. For this, we
need �rst the next result.

Proposition 5.2.15. Let f : Rp → R be a function and (x, α) ∈ epi f . Then λ ≥ 0 for
every (ξ , −λ) ∈ NM(epi f , (x, α)), hence there exist the subsets D and D∞ ofRp such that

NM(epi f , (x, α)) =
{
λ(ξ , −1) | ξ ∈ D, λ > 0)

}
∪
{

(ξ , 0) | ξ ∈ D∞
}
.
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Proof Choose arbitrary (ξ , −λ) ∈ NM(epi f , (x, α)). Then by formula (5.2.2), it follows
that ∃(xn , αn) epi f→ (x, α), ξn → ξ , and λn → λ, such that

lim sup
(x,α)epi f→ (xn ,αn)

〈ξn , x − xn〉 − λn(α − αn)∥∥(x, α) − (xn , αn)
∥∥ ≤ 0, ∀n.

Then, for every ε > 0, there exists δε,n > 0 such that, for every (x, α) ∈ D((xn , αn), δ),
one has

〈ξn , x − xn〉 − λn(α − αn)∥∥(x, α) − (xn , αn)
∥∥ < ε.

By taking x := xn and α := αn + δ, it follows that (x, α) ∈ D((xn , αn), δ), hence

−λn(α − αn)
|α − αn|

= −λn < ε.

Passing to the limit for n →∞, one gets that −λ ≤ ε for every positive ε, hence the
conclusion. �

De�nition 5.2.16. Let f : Rp → R be a function and x ∈ Rp .
(i) The set

∂Mf (x) :=
{
ξ ∈ Rp | (ξ , −1) ∈ NM(epi f , (x, f (x)))

}
is called the Mordukhovich (or limiting, or basic) subdi�erential of f at x, and its ele-
ments are called the basic subgradients of f at x.

(ii) The set

∂∞f (x) :=
{
ξ ∈ Rp | (ξ , 0) ∈ NM(epi f , (x, f (x)))

}
is called the singular subdi�erential of f at x, and its elements are called the singular
subgradients of f at x.

It follows from the de�nitions that for every function f : Rp → R, and every x ∈ Rp ,

∂Ff (x) ⊂ ∂Mf (x). (5.2.13)

Example 5.2.17. Consider again the function f : R → R, f (x) := − |x| . Since epi f ={
(x1, x2) | x2 ≥ − |x1|

}
, one easily deduces, using the formula (5.2.7), that

NM(epi f , (0, 0)) =
{

(x, x) | x ≤ 0
}
∪
{

(x, −x) | x > 0
}
.

Hence, ∂Mf (0) = {−1, 1} and ∂∞f (0) = {0} . Recall that ∂Ff (0) = ∅, hence the in-
clusion (5.2.13) can be strict. Note that the Mordukhovich subdi�erential is a nonconvex
set, and this should not be surprising, since its de�nition is based on the Mordukhovich
normal cone, which is nonconvex in general.
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The next result emphasizes estimates for the subdi�erential of locally Lipschitz func-
tions.

Theorem 5.2.18. Let f : Rp → R. If f is locally Lipschitz around x with modulus ` ≥ 0,
then

‖ξ‖ ≤ `, ∀ξ ∈ ∂Mf (x) (5.2.14)

and
∂∞f (x) = {0} . (5.2.15)

Proof Take (ξ , λ) ∈ NM(epi f , (x, f (x))). Since f is continuous, epi f is closed, and since
gr f = bd epi f , it follows from Proposition 5.2.8 that (ξ , λ) ∈ NM(gr f , (x, f (x))). Then
there exist (xn) → x, (ξn) → ξ and (λn) → λ such that (ξn , λn) ∈ NF(gr f , (xn , f (xn)))
for every n.

Now, from the Lipschitz property of f , we know that there exists δ > 0 such that,
for every x, u ∈ D(x, 2δ), one has∣∣f (x) − f (u)

∣∣ ≤ ` ‖x − u‖ . (5.2.16)

Moreover, for every ε > 0, and for every n, there is γ ≤ min {δ, `δ} such that, for
every u ∈ D(xn , γ),

〈ξn , u − xn〉 + λn(f (u) − f (xn)) ≤ ε
(
‖u − xn‖ +

∣∣f (u) − f (xn)
∣∣) . (5.2.17)

Take n su�ciently large such that xn ∈ D(x, δ) and u ∈ D(xn , γ`−1). It follows that

‖u − x‖ ≤ ‖u − xn‖ + ‖xn − x‖ ≤ γ`−1 + δ ≤ 2δ.

One can employ now (5.2.17) and (5.2.16) for u and xn in order to get that

〈ξn , u − xn〉 ≤ −λn(f (u) − f (xn)) + ε
(
‖u − xn‖ +

∣∣f (u) − f (xn)
∣∣)

≤ (|λn| ` + ε + ε`) ‖u − xn‖
≤ |λn| γ + εγ`−1 + εγ.

Since the previous relation holds for every u ∈ D(xn , γ`−1), it follows that

γ`−1 ‖ξn‖ ≤ γ
(
|λn| + ε`−1 + ε

)
.

Dividing by γ, passing to the limit for n →∞, and then for ε → 0, one gets that

`−1 ‖ξ‖ ≤ |λ| . (5.2.18)

Now, if ξ ∈ ∂Mf (x), it means that λ from above equals −1, hence from (5.2.18) one
gets (5.2.14). If ξ ∈ ∂∞f (x), it means that λ from above is 0 and (5.2.15) follows. �
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Remark 5.2.19. In view of relation (5.2.13), the previous theorem also shows that for
every locally Lipschitz function f around a point x, having the Lipschitz modulus ` ≥ 0,
one has

‖ξ‖ ≤ `, ∀ξ ∈ ∂Ff (x). (5.2.19)

Wenowemphasize a casewhen theMordukhovich subdi�erential reduces to theusual
Fréchet di�erential.

Proposition 5.2.20. Suppose f : Rp → R is C1 around x. Then

∂Mf (x) =
{
∇f (x)

}
.

Proof Pick ξ ∈ ∂Mf (x). Then (ξ , −1) ∈ NM(epi f , (x, f (x))) ⊂ NM(gr f , (x, f (x))), which
means that there exist (xn) → x, (ξn) → ξ and (λn) → 1 such that for every ε > 0,
there exists δ > 0 such that for every x ∈ D(xn , δ),

〈ξn , x − xn〉 − λn(f (x) − f (xn)) ≤ ε
(
‖x − xn‖ +

∣∣f (x) − f (xn)
∣∣) .

Using the Taylor expansion for the function f at every such point xn , one gets that
there is yn on the segment [x, xn] such that

f (x) − f (xn) =
〈
∇f (yn), x − xn

〉
.

It means that〈
ξn − λn∇f (yn), x − xn

〉
≤ ε
(
‖x − xn‖ +

∣∣f (x) − f (xn)
∣∣)

≤ (ε + ε`) ‖x − xn‖
≤ (ε + ε`)δ, ∀x ∈ D(xn , δ),

where ` > 0 is a Lipschitz modulus for the C1 function f . Hence,

δ
∥∥ξn − λn∇f (yn)

∥∥ ≤ (ε + ε`)δ.

Passing to the limit for ε → 0 and n → ∞, and taking into account that yn → x,
hence∇f (yn)→ ∇f (x) since f is C1, one gets that ξ = ∇f (x). �

The representation of singular subgradients will be useful in the following sec-
tions. The notation xn

f→ x means xn → x and f (xn)→ f (x).

Theorem 5.2.21 (representation of singular subgradients). Let f : Rp → R be lower
semicontinuous around x. Then

∂Mf (x) =
{
ξ ∈ Rp | ∃xn

f→ x, ξn → ξ such that ξn ∈ ∂Ff (xn), ∀n ∈ N
}
. (5.2.20)
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Proof The “⊃” inclusion follows immediately. Suppose ξ ∈ ∂Mf (x), i.e., (ξ , −1) ∈
NM(epi f , (x, f (x))). Since f is lower semicontinuous around x, epi f is locally closed
around (x, f (x)), hence by employing Proposition 5.2.8, (ξ , −1) ∈ NM(gr f , (x, f (x))).
There exist then (xn , f (xn)) → (x, f (x)) and (ξn , λn) → (ξ , 1) such that (ξn , −λn) ∈
NF(gr f , (xn , f (xn))) for every n. It means that for every ε > 0, there exists δ > 0 such
that

〈ξn , x − xn〉 − λn(f (x) − f (xn)) ≤ ε
(
‖x − xn‖ +

∣∣f (x) − f (xn)
∣∣)

for every x ∈ D(xn , δ) and f (x) ∈ D(f (xn), δ). Since λn → 1, for every ε > 0, and every
n such that |λn − 1| < ε, one has from above that

〈ξn , x − xn〉 − (f (x) − f (xn)) ≤ ε
(
‖x − xn‖ +

∣∣f (x) − f (xn)
∣∣) + |λn − 1| ·

∣∣f (x) − f (xn)
∣∣

≤ 2ε
(
‖x − xn‖ +

∣∣f (x) − f (xn)
∣∣) ,

for every x ∈ D(xn , δ) and f (x) ∈ D(f (xn), δ). It means that (ξn , −1) ∈
NF(gr f , (xn , f (xn))) for every n su�ciently large. Suppose, by contradiction, that
(ξn , −1) ∈ ̸ NF(epi f , (xn , f (xn))). Pick γ ∈ (0, 1) and sequences (uj , αj)

epi f→ (xn , f (xn))
such that 〈

ξn , uj − xn
〉
− (αj − f (xn)) > γ

∥∥(uj , αj) − (xn , f (xn))
∥∥ . (5.2.21)

Since f is lower semicontinuous at xn , we have

f (xn) = lim
j→∞

αj ≥ lim sup
j→∞

f (uj) ≥ lim inf
j→∞

f (uj) ≥ f (xn),

hence f (uj)→ f (xn). Moreover,∥∥(uj , f (uj)) − (xn , f (xn))
∥∥ ≤ ∥∥(uj , αj) − (xn , f (xn))

∥∥ + αj − f (uj).

It follows from (5.2.21) that〈
ξn , uj − xn

〉
− (αj − f (xn)) > γ

∥∥(uj , f (uj)) − (xn , f (xn))
∥∥ − γ (αj − f (uj))

≥ γ
∥∥(uj , f (uj)) − (xn , f (xn))

∥∥ − (αj − f (uj)) ,
i.e., 〈

ξn , uj − xn
〉
− (f (uj) − f (xn)) > γ

∥∥(uj , f (uj)) − (xn , f (xn))
∥∥ ,

with uj → xn and f (uj) → f (xn), which contradicts (ξn , −1) ∈ NF(gr f , (xn , f (xn))).
Hence, (ξn , −1) ∈ NF(epi f , (xn , f (xn))), i.e., ξn ∈ ∂Ff (xn), and the desired inclusion is
now proved. �

Example 5.2.22. Let us consider the function f : R→ R given as

f (x) =
{
x2 sin 1

x , if x ≠ 0
0, if x = 0.

Using formula (5.2.20), one gets that ∂Mf (0) = [−1, 1], while∇f (0) = 0. This shows that
the Mordukhovich subdi�erential does not reduce in general to the gradient, in case of
a di�erentiable function.
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The following result is yet another nonsmooth version of the Fermat rule.

Theorem 5.2.23 (Fermat rule for Mordukhovich calculus). Let f : Rp → R. If f has a
local minimum at x, then

0 ∈ ∂Ff (x) ⊂ ∂Mf (x).

Proof Since f (x) ≥ f (x) for every x close to x, it follows that

lim inf
x→x

f (x) − f (x) − 〈0, x − x〉
‖x − x‖ ≥ 0,

hence 0 ∈ ∂Ff (x) due to the analytical characterization of Fréchet subgradients. The
inclusion between the two subdi�erentials is true in general. �

We continue by presenting some considerations about the links between the
Fréchet and Mordukhovich normal cones and the corresponding subdi�erentials of
the distance function.

Proposition 5.2.24. For any set A ⊂ Rp and x ∈ A, one has

∂FdA(x) = NF(A, x) ∩ D(0, 1), NF(A, x) =
⋃
λ>0

λ∂FdA(x). (5.2.22)

Proof Take ξ ∈ ∂FdA(x). Using the analytical description of the Fréchet subgradients
given by (5.2.9), we get that for every ε > 0, there is δ > 0 such that, for any x ∈ D(x, δ),
one has

dA(x) − dA(x) − 〈ξ , x − x〉 ≥ −ε ‖x − x‖ . (5.2.23)

This means that for any x ∈ A ∩ D(x, δ), one has 〈ξ , x − x〉 ≤ ε ‖x − x‖ , which
shows that ξ ∈ NF(A, x). Moreover, since dA is 1−Lipschitz, we get from (5.2.23) that

〈ξ , x − x〉 ≤ (ε + 1) ‖x − x‖ ≤ (ε + 1)δ, ∀x ∈ D(x, δ),

hence δ ‖ξ‖ ≤ (ε + 1)δ, i.e., ‖ξ‖ ≤ 1 + ε for every ε > 0. The “⊂” inclusion from the �rst
relation in (5.2.22) holds.

Take now ξ ∈ NF(A, x) such that ‖ξ‖ ≤ 1. For x ∈ ̸ A, we �nd u ∈ A such that

‖x − u‖ ≤ dA(x) + ‖x − x‖2 .

Then

‖u − x‖ ≤ ‖u − x‖ + ‖x − x‖
≤ dA(x) + ‖x − x‖2 + ‖x − x‖
≤ 3 ‖x − x‖ ,
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for any x close to x. Hence

lim inf
x→x
x∈ ̸A

dA(x) − dA(x) − 〈ξ , x − x〉
‖x − x‖ ≥ lim inf

x→x
x∈ ̸A

‖x − u‖ − ‖x − x‖2 − 〈ξ , x − x〉
‖x − x‖

≥ lim inf
x→x
x∈ ̸A

‖x − u‖ − 〈ξ , x − u〉
‖x − x‖ − lim sup

x→x
x∈ ̸A

〈ξ , u − x〉
‖x − x‖

≥ lim inf
x→x
x∈ ̸A

(1 − ‖ξ‖) ‖x − u‖
‖x − x‖ − lim sup

x→x
x∈ ̸A

〈ξ , u − x〉
‖x − x‖ ≥ − lim sup

x→x
x∈ ̸A

〈ξ , u − x〉
‖x − x‖ .

If 〈ξ , u − x〉 > 0 (hence u ≠ x), then

〈ξ , u − x〉
‖x − x‖ ≤ 3 〈ξ , u − x〉

‖u − x‖ .

This implies that − lim supx→x
x∈ ̸A

〈ξ ,u−x〉
‖x−x‖ ≥ 0, since ξ ∈ NF(A, x). Because in case that

〈ξ , u − x〉 ≤ 0 one trivially has the same inequality, we have hence

lim inf
x→x
x∉A

dA(x) − dA(x) − 〈ξ , x − x〉
‖x − x‖ ≥ 0.

Moreover, from ξ ∈ NF(A, x), we get that

lim inf
x→x
x∈A

dA(x) − dA(x) − 〈ξ , x − x〉
‖x − x‖ = − lim sup

x→x
x∈ ̸A

〈ξ , x − x〉
‖x − x‖ ≥ 0.

This implies that ξ ∈ ∂FdA(x), and the �rst equality from (5.2.22) is completely proved.
To �nish the proof, observe that the second equality from (5.2.22) easily follows

from the �rst one. �

Theorem 5.2.25. Let A ⊂ Rp be a closed set and x ∈ A. Then

NM(A, x) =
⋃
λ>0

λ∂MdA(x). (5.2.24)

Proof For the direct inclusion, take ξ ∈ NM(A, x) \ {0}, and �nd by de�nition se-
quences (xn) A→ x and (ξn) → ξ such that ξn ∈ NF(A, xn) for any n. Since (ξn) is
bounded, there is a bounded sequence of λn > 0 such that ‖ξn‖λn ≤ 1 for any n. It
means that ξn

λn ∈ ∂FdA(xn) for any n, by the �rst relation from (5.2.22). Without loss
of generality, because λn ≥ ‖ξn‖ , we may suppose that λn converges to some λ > 0.
Moreover, using the representation of theMordukhovich subgradients (5.2.20), we get
that ξ ∈ λ∂MdA(x).

Suppose now A is closed and prove the opposite inclusion in (5.2.24). Take ξ ∈
∂MdA(x), and �nd by (5.2.20) some sequences (xn) → x and (ξn) → ξ such that ξn ∈
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∂FdA(xn) for any n. If there is (xk), a subsequence of (xn), which belongs to A, then the
desired inclusion follows by passing to the limit for k → ∞ and taking into account
that ξk ∈ ∂FdA(xk) = NF(A, xk) ∩ D(0, 1) for any k. Suppose next that xn ∉ A for all
n ∈ N. Since

lim inf
x→xn

dA(x) − dA(xn) − 〈ξn , x − xn〉
‖x − xn‖

≥ 0 > −1
n , (5.2.25)

it follows that there is ηn ↓ 0 such that

〈ξn , x − xn〉 ≤
1
n ‖x − xn‖ , for any x ∈ D(xn , ηn) ∩ A, n ∈ N.

Choose ρn ↓ 0 such that ρn < min
{
η2
n , 1

n dA(xn)
}
, and take νn ↓ 1 such that (νn −

1)dA(xn) < ρ2
n . We can �nd then x̃n ∈ A such that

∥∥x̃n − xn∥∥ ≤ νndA(xn), and because
of (5.2.25) we get that

〈ξn , u〉 ≤ dA(xn + u) − dA(xn) + 1
n ‖u‖

≤ dA(xn + u) − ν−1
n
∥∥x̃n − xn∥∥ + 1

n ‖u‖

≤ dA(x̃n + u) + (1 − ν−1
n )
∥∥x̃n − xn∥∥ + 1

n ‖u‖

whenever ‖u‖ ≤ ηn . It follows that〈
ξn , x − x̃n

〉
≤ (1 − ν−1

n )
∥∥x̃n − xn∥∥ + 1

n
∥∥x − x̃n∥∥

whenever x ∈ D(x̃n , ηn) ∩ A, hence

0 ≤ φn(x) := −
〈
ξn , x − x̃n

〉
+ 1
n
∥∥x − x̃n∥∥ + γ2

n , x ∈ D(x̃n , ηn) ∩ A,

where γ2
n := (1 − ν−1

n )
∥∥x̃n − xn∥∥ . This implies that

γ2
n = φn(x̃n) ≤ inf

x∈D(̃xn ,ηn)∩A
φn(x) + γ2

n

for any n. We can apply hence the Ekeland Variational Principle to the continuous
function φn on the closed set D(x̃n , ηn) ∩ A (see Remark 3.1.13), in order to get x̂n ∈
D(x̃n , ηn) ∩ A such that

∥∥x̂n − x̃n∥∥ ≤ γn and
−
〈
ξn , x̂n − x̃n

〉
+ 1
n
∥∥x̂n − x̃n∥∥ ≤ − 〈ξn , x − x̃n〉 + 1

n
∥∥x − x̃n∥∥ + γn

∥∥x − x̂n∥∥ (5.2.26)

for all x ∈ D(x̃n , ηn) ∩ A. By the fact that γ2
n ≤ νn(1 − ν−1

n )dA(xn) < ρ2
n , de�ning rn :=

ρn − γn > 0, we get that∥∥x − x̂n∥∥ ≤ rn ⇒ ∥∥x − x̃n∥∥ ≤ ∥∥x − x̂n∥∥ + γn ≤ ρn ≤ ηn .

It follows from (5.2.26) that〈
ξn , x − x̂n

〉
≤ 1
n
(∥∥x − x̃n∥∥ − ∥∥x̂n − x̃n∥∥) + γn

∥∥x − x̂n∥∥ ≤ (1
n + γn

)∥∥x − x̂n∥∥
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whenever x ∈ D(x̂n , rn) ∩ A.
Since A is a closed set, for each n we form x̂n + αξn with some parameter α > 0,

and select wn ∈ prA(x̂n + αξn). It means that∥∥x̂n + αξn − wn
∥∥2 ≤ α2 ‖ξn‖2 ,

because x̂n ∈ A. We have that∥∥x̂n + αξn − wn
∥∥2 =

∥∥x̂n − wn∥∥2 + 2α
〈
ξn , x̂n − wn

〉
+ α2 ‖ξn‖2 ,

hence we obtain that∥∥x̂n − wn∥∥2 ≤ 2α
〈
ξn , wn − x̂n

〉
for any α > 0. (5.2.27)

Using the convergence wn → x̂n if α ↓ 0, we �nd from above a sequence (αn) ↓ 0
such that 〈

ξn , wn − x̂n
〉
≤
(

1
n + γn

)∥∥wn − x̂n∥∥ .
But this implies that

∥∥wn − x̂n∥∥ ≤ 2αn
( 1
n + γn

)
due to (5.2.27). Hence, wn → x for

n →∞. Moreover, by de�ning

χn := ξn + 1
αn

(x̂n − wn),

we get that ‖χn − ξn‖ ≤ 2
( 1
n + γn

)
, hence χn → ξ for n →∞.

To end the proof of the theorem, it remains to show that χn ∈ NF(A, wn) for any n.
Indeed, for every �xed x ∈ A we have that

0 ≤
∥∥x̂n + αnξn − x

∥∥2 −
∥∥x̂n + αnξn − wn

∥∥2

=
〈
αnξn + x̂n − x, αnξn + x̂n − wn

〉
+
〈
αnξn + x̂n − x, wn − x

〉
−
〈
αnξn + x̂n − wn , x − wn

〉
−
〈
αnξn + x̂n − wn , αnξn + x̂n − x

〉
= −2αn 〈χn , x − wn〉 + ‖x − wn‖2 .

It means that
〈χn , x − wn〉 ≤

1
2αn
‖x − wn‖2 for all x ∈ A,

which shows that χn ∈ NF(A, wn) for any n, and this ends the proof of the theorem.�

5.2.3 The Extremal Principle

We dedicate this section to an important concept concerning the local extremality of
sets, which will provide us, by di�erent variants of the associated Extremal Principle,
powerful tools of understanding and proving further results.
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De�nition 5.2.26 (local extremality of sets). Let A1, ..., Ak be nonempty subsets ofRp

for k ≥ 2, and let x ∈ A1 ∩ ... ∩ Ak . We say that x is a local extremal point of the set
system {A1, ..., Ak} if there are sequences (xin) ⊂ Rp , i = 1, ..., k, and a neighborhood
U of x such that xin → 0 for n →∞ and

k⋂
i=1

(Ai − xin) ∩ U = ∅ for su�ciently large n ∈ N.

In this case {A1, ..., Ak , x} is called an extremal system in Rp .

The local extremality of sets at a common point means, intuitively, that these sets can
be locally “pushed apart” by a small translation of one of them. If n = 2, the local ex-
tremality of {A1, A2, x} can be equivalentlywritten as follows: there exists a neighbor-
hood U of x such that for any ε > 0, there is x ∈ D(0, ε) such that (A1 + x)∩A2∩U = ∅.
For instance, if one takes the sets A1 :=

{
(x, x) | x ∈ R

}
and A2 :=

{
(x, −x) | x ∈ R

}
,

then
{
A1, A2, (0, 0)

}
is not an extremal system in R2. In this example, the condition

A1 ∩ A2 = {x} does not mean in general that {A1, A2, x} is an extremal system. It is
the case, though, if A2 = {x} and x ∈ bdA1.

Another important example of extremal system follows. Consider the constrained
minimization problem

min f (x) for x ∈ S ⊂ Rp ,

where f : Rp → R, and suppose x is a local solution of this problem. If one takes
A1 := epi f and A2 := S ×

{
f (x)

}
, then

{
A1, A2, (x, f (x))

}
is an extremal system in

Rp+1. This can be seen from the fact thatV , a neighborhood of x, exists and f (x) ≥ f (x),
for every x ∈ V ∩ S, hence if (αn) ⊂ (−∞, 0) converges to 0, α − αn ≥ f (x) − αn > f (x)
for every (x, α) ∈ epi f ∩ [V ∩ S × R]. Consequently, taking x1n =: (0, αn), x2n := (0, 0)
and U := V ×R, one has

(A1 − x1n) ∩ (A2 − x2n) ∩ U =
{

(x, α − αn) | (x, α) ∈ epi f ∩ [V ∩ S ×R]
α − αn = f (x)

}
= ∅.

We proceed by introducing two versions of the extremal principle, which can be
seen, as we will justify in the next, as local extensions of the separation theorems for
nonconvex sets around the extremal points (see Theorems 4.1.3, 4.1.4). We say that a
set A ⊂ Rp is closed around x ∈ A if there is ε > 0 such that A ∩ D(x, ε) is closed.
Notice that every closed set, as well as every open set, is locally closed.

De�nition 5.2.27. Let {A1, ..., Ak , x} be an extremal system in Rp .
(i) {A1, ..., Ak , x} satis�es the approximate extremal principle if for every ε > 0,

there are xi ∈ Ai ∩ D(x, ε) and ξi ∈ NF(Ai , xi) + D(0, ε), i = 1, ..., k such that

ξ1 + ... + ξk = 0, ‖ξ1‖ + ... + ‖ξk‖ = 1. (5.2.28)
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(ii) {A1, ..., Ak , x} satis�es the exact extremal principle if there are ξi ∈ NM(Ai , x),
i = 1, ..., k such that (5.2.28) holds.

We say that the corresponding version of the extremal principle holds inRp if it holds
for every extremal system {A1, ..., Ak , x} , where all the sets Ai are closed around x.

If {A1, ..., Ak , x} satis�es the exact extremal principle, then it also satis�es the ap-
proximate extremal principle. This follows immediately: from the de�nition of the
Mordukhovich normal cones, since ξi ∈ NM(Ai , x), there are the sequences (xin) Ai→ x
and (ξin) → ξi such that ξin ∈ NF(Ai , xi), ∀i = 1, ..., k. Then for every ε > 0, one can
choose n su�ciently large such that xin ∈ Ai ∩ D(x, ε), and also ξi = ξin + (ξi − ξin) ∈
NF(Ai , xi) + D(0, ε), for every i = 1, ..., k.

Observe also that in case n = 2, and A1 and A2 are convex sets, due to the form
of the normal cones in the convex case, if the exact extremal principle holds, then it
reduces to the existence of

ξ ∈ NM(A1, x) ∩
(
−NM(A2, x)

)
\ {0} ,

which yields
〈ξ , x1〉 ≤ 〈ξ , x2〉 for every x1 ∈ A1, and x2 ∈ A2,

i.e., exactly the separation property of A1 and A2.
The main result of this section, proven by Mordukhovich by the method of metric

approximations, is the following:

Theorem 5.2.28 (exact extremal principle). The exact extremal principle holds inRp .

Proof Consider the extremal system {A1, ..., Ak , x} , where we suppose without loss
of generality that all the sets Ai are closed. Also, without loss of generality, suppose
that the neighborhood U of x from De�nition 5.2.27 isRp , and consider the sequences
(xin) ⊂ Rp , i = 1, ..., k such that xin → 0 and

k⋂
i=1

(Ai − xin) = ∅ for all n ∈ N. (5.2.29)

Moreover, for every n, consider the minimization problem

min dn(x) :=
[ k∑
i=1

d2
Ai (x + xin)

]1/2

+ ‖x − x‖2 , x ∈ Rp .

By using Theorem 3.1.7, the above problem admits a solution xn . Denote

αn :=
[ k∑
i=1

d2
Ai (xn + xin)

]1/2

.



180 | Lipschitz Nonsmooth Optimization

If αn would be 0, this would mean, due to the closedness of the sets Ai , that xn ∈
k⋂
i=1

(Ai − xin) , which obviously contradicts (5.2.29). Hence,

0 < dn(xn) = αn + ‖xn − x‖2 ≤
[ k∑
i=1

d2
Ai (x + xin)

]1/2

≤
[ k∑
i=1

x2
in

]1/2

↓ 0,

which shows that xn → x and αn ↓ 0.
Now, since the sets Ai are closed, consider the elements uin from the nonempty

projection sets prAi (xn + xin) : uin ∈ Ai and dAi (xn + xin) = ‖xn + xin − uin‖ . Also, for
all n, consider the minimization problem

min ρn(x) :=
[ k∑
i=1

‖x + xin − uin‖2

]1/2

+ ‖x − x‖2 , x ∈ Rp . (5.2.30)

Because
ρn(x) ≥ dn(x) ≥ dn(xn) = ρn(xn),

it follows that the problem (5.2.30) has the optimal solution xn . Moreover, since αn > 0,
the functions ρn are C1 around xn . Due to the classical Fermat rule, this means that

∇ρn(xn) =
k∑
i=1

ξin + 2(xn − x) = 0, (5.2.31)

where ξin := 1
αn (xn + xin − uin) , i = 1, ..., k. Remark that

‖ξ1n‖2 + ... + ‖ξkn‖2 = 1. (5.2.32)

It follows that all ξin belong to the unit ball ofRp , which is a compact set. Wemay
suppose then,without loss of generality, that there are elements ξi in D(0, 1) such that
ξin → ξi for every i = 1, ..., k. Passing to the limit in (5.2.31), we get that ξ1 +...+ξk = 0.
Moreover, due to the fact that uin ∈ prAi (xn + xin), 1

αn ⊂ (0,∞), xn + xin → x and
ξin → ξi , it means, based on formula (5.2.7), that ξi ∈ NM(Ai , x) for all i = 1, ..., k.
Passing to the limit in (5.2.32), it means that not all ξi are 0, which gives us

‖ξ1‖ + ... + ‖ξk‖ = 1,

eventually by replacing ξi with (‖ξ1‖ + ... + ‖ξk‖)−1 · ξi . �

As consequence, we get the next result.We say that a set is proper if it is nonempty
and di�erent from the whole space.
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Corollary 5.2.29. For every proper closed set A ⊂ Rp and x ∈ A, one has

NM(A, x) ≠ {0} ⇐⇒ x ∈ bdA.

Proof It follows immediately that if x ∉ bdA, then x ∈ intA, hence NM(A, x) = {0} . If
x ∈ bdA, then {A, {x} , x} is an extremal system in Rp , hence using Theorem 5.2.28,
one has that there are ξ1 ∈ NM(A, x) and ξ2 ∈ NM({x} , x) = Rp , not equal both to 0,
such that ξ1 = −ξ2. It follows that 0 ≠ ξ1 ∈ NM(A, x). �

5.2.4 Calculus Rules

One of the main advantages of the generalized di�erentiation objects (i.e., normal
cones, subdi�erentials) presented in this chapter is their rich associated calculus. As
we presented in the introduction of this chapter, since it would be outside the aim of
this book, we do not present generalized di�erentiation objects related to set-valued
mappings (derivatives and coderivatives), which are closely interrelated in the calcu-
lus rules mentioned before. In what follows, we will concentrate on rules involving
subdi�erentials of sums and di�erences of functions. Moreover, such sum rules have
the advantage to fully employ some important results previously given, in such a way
that one can draw an intuitive picture on how thewholemachinery of calculus associ-
ated to Mordukhovich di�erentiation objects works. For many other results involving
calculus rules for Mordukhovich generalized di�erentiation objects, the reader could
consult (Mordukhovich, 2006).

We begin our exposition with a sum rule where one of the functions is di�eren-
tiable.

Proposition 5.2.30. Let f : Rp → R.
(i) For any g : Rp → R Fréchet di�erentiable at x, one has

∂F(f + g)(x) = ∂Ff (x) +∇g(x). (5.2.33)

(ii) If f is lower semicontinuous around x, for any g : Rp → R continuously di�er-
entiable around x, one has

∂M(f + g)(x) = ∂Mf (x) +∇g(x). (5.2.34)

(iii) For any g : Rp → R Lipschitz continuous around x, one has

∂∞(f + g)(x) = ∂∞f (x). (5.2.35)

Proof (i) Let us prove the “⊂” inclusion in (5.2.33). Suppose ξ ∈ ∂F(f + g)(x). Fix ar-
bitrary ε > 0. Using the analytical characterization of the Fréchet subgradients (i.e.,
Theorem 5.2.11), there exists δ > 0 such that, for every x ∈ D(x, δ),

f (x) + g(x) − f (x) − g(x) − 〈ξ , x − x〉 ≥ − ε2 ‖x − x‖ .
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Also, from the Fréchet di�erentiability of g at x, there exists γ ∈ (0, δ) such that,
for every x ∈ D(x, γ),

−g(x) + g(x) +
〈
∇g(x), x − x

〉
≥ − ε2 ‖x − x‖ .

Adding the previous relations, one gets that ξ −∇g(x) ∈ ∂Ff (x).
For the reverse inclusion, take ξ ∈ ∂Ff (x). Then ξ ∈ ∂F

(
(f + g) − g

)
(x) ⊂ ∂F(f +

g)(x)−∇g(x) from the already proven inclusion. It means that ξ +∇g(x) ∈ ∂F(f +g)(x).
(ii) Consider now ξ ∈ ∂M(f+g)(x), i.e., (ξ , −1) ∈ NM(epi(f+g), (x, (f+g)(x))). Since

f+g is a lower semicontinuous function, the set epi f is closed, henceusingProposition
5.2.8 we know that (ξ , −1) ∈ NM(gr(f + g), (x, (f + g)(x))). This means, based on the
de�nition of basic subgradients, that there exist (xn)→ x, (ξn)→ ξ and (λn)→ 1 such
that (ξn , −λn) ∈ NF(gr(f + g), (xn , (f + g)(xn))) for every n. This means that for every
ε > 0, there exists δ > 0 such that for every (x, (f + g)(x)) ∈ D((xn , (f + g)(xn)), δ), one
has

〈ξn , x − xn〉 − λn(f (x) + g(x) − f (xn) − g(xn)) ≤ ε(‖x − xn‖ (5.2.36)
+
∣∣f (x) − f (xn)

∣∣ +
∣∣g(x) − g(xn)

∣∣).
On the other hand, for every �xed such x and xn , due to the fact that g is C1, there

exists yn on the segment which joins x and xn such that

g(x) − g(xn) =
〈
∇g(yn), x − xn

〉
.

Combining relation (5.2.36) with the Lipschitz property of g (with modulus ` ≥ 0),
one gets that〈
ξn − λn∇g(yn), x − xn

〉
−λn(f (x)− f (xn)) ≤ ε(1+`)

(
‖x − xn‖ +

∣∣f (x) − f (xn)
∣∣) . (5.2.37)

Since if x is close to xn , and (f + g)(x) is close to (f + g)(xn), one gets from the
Lipschitz property of g that f (x) must be close to f (xn). The previous relation shows
that (ξn − λn∇g(yn), −λn) ∈ NF(gr f , (xn , f (xn))). Set ηn := ξn − λn∇g(yn) and suppose,
by contradiction, that (ηn , −λn) ∉ NF(epi f , (xn , f (xn))). Then there exist γ ∈ (0, λn)
and sequences (uj , αj)

epi f→ (xn , f (xn)) such that〈
ηn , uj − xn

〉
− λn

(
αj − f (xn)

)
> γ
∥∥(uj , αj) − (xn , f (xn))

∥∥ .
On the other hand, since αj ≥ f (uj), one has∥∥(uj , f (uj)) − (xn , f (xn))

∥∥ ≤ ∥∥(uj , αj) − (xn , f (xn))
∥∥ +
(
αj − f (uj)

)
,

hence〈
ηn , uj − xn

〉
− λn

(
αj − f (xn)

)
> γ
∥∥(uj , f (uj)) − (xn , f (xn))

∥∥ − γ (αj − f (uj))
> γ
∥∥(uj , f (uj)) − (xn , f (xn))

∥∥ − λn (αj − f (uj)) .
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It means that〈
ηn , uj − xn

〉
− λn

(
f (uj) − f (xn)

)
> γ
∥∥(uj , f (uj)) − (xn , f (xn))

∥∥ ,
which contradicts the fact that (ηn , −λn) ∈ NF(gr f , (xn , f (xn))). It follows that (ξn −
λn∇g(yn), −λn) ∈ NF(epi f , (xn , f (xn))) for every n. Since ξn − λn∇g(yn) → ξ − ∇g(x)
due to the fact that g is C1, and (xn , f (xn)) epi f→ (x, f (x)) due to the fact that xn → x,
g(xn)→ g(x) and (f +g)(xn)→ (f +g)(x), it follows that ξ −∇g(x) ∈ ∂Mf (x). We proved
the “⊂” inclusion in (5.2.34). The other inclusion can be deduced as in (i).

(iii) Let us prove now the “⊂” inclusion in (5.2.35). Take ξ ∈ ∂∞(f + g)(x). There
exist the sequences (xn , αn) epi(f+g)→ (x, (f + g)(x)), (ξn)→ ξ and (λn)→ 0 such that, for
every ε > 0, there exists δ > 0 such that

〈ξn , x − xn〉 − λn (α − αn) ≤ ε (‖x − xn‖ + |α − αn|)

for every (x, α) ∈ epi(f + g) such that x ∈ D(xn , δ) and α such that |α − αn| < δ.
Suppose ` is the Lipschitz modulus of g around x, and take βn := αn − g(xn). We have
that (xn , βn) epi f→ (x, f (x)) and if (x, α) ∈ epi f , x ∈ D

(
xn , δ

2(`+1)

)
, and |α − βn| ≤ δ

2(`+1) ,
one has (x, g(x) + α) ∈ epi(f + g), and∣∣(g(x) + α) − αn

∣∣ ≤ ∣∣g(x) − g(xn)
∣∣ +
∣∣α − (αn − g(xn))

∣∣
≤ ` ‖x − xn‖ + |α − βn| ≤

δ
2 < δ,

hence

〈ξn , x − xn〉 − λn(α − βn) = 〈ξn , x − xn〉 − λn((α + g(x)) − αn) − λn(g(xn) − g(x))
≤ ε
(
‖x − xn‖ +

∣∣(α + g(x)) − αn
∣∣) + λn

∣∣g(xn) − g(x)
∣∣

≤ ε
(
‖x − xn‖ +

∣∣(α + g(xn)) − αn
∣∣) + (ε + λn)` ‖x − xn‖

≤ (ε + ε` + λn`) (‖x − xn‖ + |α − βn|) ,

for every (x, α) ∈ epi f , x ∈ D
(
xn , δ

2(`+1)

)
, and |α − βn| ≤ δ

2(`+1) . Since ε
′ := ε+ ε`+ λn`

can be taken positive and arbitrarily small due to the fact that λn → 0 and ε > 0 is
arbitrary, it follows from above that (ξn , −λn) ∈ NF(epi f , (xn , βn)) for every n, hence
(ξ , 0) ∈ NM(epi f , (x, f (x))). The other inclusion can be proved similarly to the �nal
part of (i). �

Lemma 5.2.31. Consider f1, f2 : Rp → R such that f1 is Lipschitz continuous around x,
and f2 is lower semicontinuous around this point. If f1 + f2 attains a local minimum at
x, then for every ε > 0, there are xi ∈ D(x, ε) with

∣∣fi(xi) − fi(x)
∣∣ ≤ ε, i = 1, 2, such that

0 ∈ ∂Ff1(x1) + ∂Ff2(x2) + D(0, ε). (5.2.38)
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Proof Fix ε > 0. Without loss of generality, suppose x = 0, f1(x) = f2(x) = 0, f1 is
Lipschitz on D(0, ε) with modulus ` > 0, and f2 is lower semicontinuous on D(0, ε).
Then the sets

A1 := epi f1 and A2 :=
{

(x, α) | f2(x) ≤ −α
}

are closed around (0, 0). Moreover, since f1 + f2 attains a local minimum at 0, and
(f1 + f2)(0) = 0, it follows that (0, 0) is an extremal point for {A1, A2} . Using Theo-
rem 5.2.28, it follows that the exact extremal principle, hence also the approximate
extremal principle hold for the system

{
A1, A2, (0, 0)

}
.

Then for every γ > 0, there are (xi , αi) ∈ Ai , and (ξi , λi) ∈ Rp+1, i = 1, 2, such that

(ξ1, −λ1) ∈ NF(A1, (x1, α1)), (−ξ2, λ2) ∈ NF(A2, (x2, α2)), (5.2.39)

∥∥(xi , αi)
∥∥ < γ, 1

2 − γ <
∥∥(ξi , λi)

∥∥ < 1
2 + γ, i = 1, 2 (5.2.40)

∥∥(ξ1, −λ1) + (−ξ2, λ2)
∥∥ ≤ γ. (5.2.41)

Due to the form of the sets A1, A2 and (5.2.39), it follows that λ1, λ2 ≥ 0. Choose
γ ∈

(
0, min

{
1

4(2+`) ,
ε

4(1+`)2

})
such that relations (5.2.39)–(5.2.41) hold. Using the fact

that f1 is Lipschitz continuous on D(0, ε), one gets (see the proof of Theorem 5.2.18)
from (ξ1, −λ1) ∈ NF(A1, (x1, α1)) with

∥∥(x1, α1)
∥∥ < γ < ε that ‖ξ1‖ ≤ `λ1. Hence,∥∥(ξ1, λ1)

∥∥ ≤ (` + 1)λ1.

One can now employ (5.2.40) and (5.2.41) to get

λ1 ≥
1

` + 1
∥∥(ξ1, λ1)

∥∥ > 1
2(` + 1) −

γ
` + 1 > 0

and
λ1 − λ2 ≤ |λ1 − λ2| ≤

∥∥(ξ1, −λ1) + (−ξ2, λ2)
∥∥ ≤ γ,

hence
λ2 ≥ λ1 − γ >

1
2(` + 1) −

γ
` + 1 − γ >

1
4(` + 1) > 0

due to the choice of γ. Since α1 ≥ f1(x1), suppose α1 > f1(x1). From
(
ξ1
λ1
, −1

)
∈

NF(A1, (x1, α1)), one gets that for every δ ∈ (0, 1), there exists τ > 0 such that for
every (u, α) ∈ D((x1, α1), τ) ∩ epi f1, one has〈

ξ1
λ1

, u − x1

〉
− (α − α1) < δ

∥∥(u − x1, α − α1)
∥∥ . (5.2.42)

Choosing u := x1, one can �nd from α1 > f1(x1) that there is α ∈
(
f (x1), α1

)
arbitrarily close to α1. For such (u, α), it follows from (5.2.42) that α1 − α < δ(α1 − α),
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hence δ > 1, a contradiction. Then, α1 = f1(x1). Similarly, one can prove that α2 =
−f2(x2). Hence,

η1 := ξ1
λ1
∈ ∂Ff1(x1) and η2 := − ξ2

λ2
∈ ∂Ff2(x2).

By (5.2.40), we have that

‖xi‖ ≤ γ < ε and
∣∣fi(xi) − fi(x)

∣∣ = |αi| ≤ γ < ε, i = 1, 2.

Moreover,

‖η1 + η2‖ =
∥∥∥∥ ξ1(λ1 − λ2)

λ1λ2
− ξ1 − ξ2

λ2

∥∥∥∥ ≤ ‖ξ1‖
λ1

(
|λ1 − λ2|
λ2

)
+ ‖ξ1 − ξ2‖

λ2

≤ ` γλ2
+ γ
λ2

= γ
λ2

(` + 1) ≤ 4γ(` + 1)2 < ε.

We have hence (5.2.38). �

Theorem 5.2.32 (sum rule). Consider f1, f2 : Rp → R such that f1 is Lipschitz contin-
uous around x, and f2 is lower semicontinuous around this point. Then:

(i) for every ε > 0, one has

∂F(f1 + f2)(x) ⊂
⋃{

∂Ff1(x1) + ∂Ff2(x2) | xi ∈ D(x, ε), (5.2.43)∣∣fi(xi) − fi(x)
∣∣ ≤ ε, i = 1, 2

}
+ D(0, ε).

(ii) one has
∂M(f1 + f2)(x) ⊂ ∂Mf1(x) + ∂Mf2(x). (5.2.44)

Proof (i) Fix ε > 0 and take ξ ∈ ∂F(f1 + f2)(x). Then one can �nd η such that

0 < η < min
{
ε
4 ,

ε
‖ξ‖ + ε + 2

}
.

By using the analytical characterization of the Fréchet subgradients given by
(5.2.9), one deduces that the function(

f1(x) − 〈ξ , x − x〉 + ε ‖x − x‖
)

+ f2(x)

attains a local minimum at x. One may apply Lemma 5.2.31 for the chosen η to �nd
xi ∈ D(x, η) and ξi ∈ Rp , i = 1, 2, such that∣∣f1(x1) − 〈ξ , x1 − x〉 + ε ‖x1 − x‖ − f1(x)

∣∣ ≤ η, ∣∣f2(x2) − f2(x)
∣∣ ≤ η

ξ1 ∈ ∂F (f1 − 〈ξ , ·〉 + η ‖· − x‖) (x1), ξ2 ∈ ∂Ff2(x2),
− ξ1 − ξ2 ∈ D(0, η).
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By (5.2.33), it follows that ξ ′1 := ξ + ξ1 ∈ ∂F (f1 + η ‖· − x‖) (x1), and hence ξ − ξ ′1 −
ξ2 ∈ D(0, η). Moreover,∣∣f1(x1) − f1(x)

∣∣ ≤ η + (‖ξ‖ + ε) ‖x1 − x‖ < η (‖ξ‖ + ε + 1) .

Now, due to the analytical characterization of the Fréchet subgradients given by
(5.2.9), we have from ξ ′1 ∈ ∂F (f1 + η ‖· − x‖) (x1) that the function f1 + φ with

φ(x) := η ‖x − x‖ −
〈
ξ ′1, x − x1

〉
+ η ‖x − x1‖

attains a local minimum at x1. Remark that, because φ is the sum of three convex
(hence, continuous) functions on Rp , one has by Proposition 5.2.14 that ∂Mφ(x) =
∂φ(x) ⊂ −ξ ′1 +D(0, 2η) for any x ∈ Rp . Using again Lemma 5.2.31 for the chosen η and
for the sum f1 + φ, we �nd x′1 ∈ D(x1, η) such that∣∣f1(x′1) − f1(x1)

∣∣ ≤ η and ξ ′1 ∈ ∂Ff1(x′1) + D(0, 3η).

Concluding, we found

ξ ∈ ∂Ff1(x′1) + ∂Ff2(x2) + D(0, 4η),

with
∥∥x′1 − x∥∥ ≤ 2η < ε, ‖x2 − x‖ ≤ η < ε,

∣∣f1(x′1) − f1(x)
∣∣ ≤ η (‖ξ‖ + ε + 2) < ε,∣∣f2(x2) − f2(x)

∣∣ ≤ η < ε. Hence, (5.2.43) is completely proved.
(ii) Take arbitrary ξ ∈ ∂M(f1+f2)(x). Since f1+f2 is lower semicontinuous, it follows

by (5.2.20) that there are sequences (xn)→ x and (ξn)→ ξ such that f1(xn) + f2(xn)→
f1(x) + f2(x) and ξn ∈ ∂F(f1 + f2)(xn) for every n. Using now (5.2.43) for ε := 1

n , we can
�nd sequences (xin) → x and (ξin) ∈ Rp with fi(xin) → fi(x), ξin ∈ ∂Ffi(xin), i = 1, 2,
and

‖ξn − ξ1n − ξ2n‖ ≤
1
n , ∀n ≥ 1. (5.2.45)

Because f1 is Lipschitz continuous around x, we know that the sequence (ξ1n) is
bounded by the Lipschitz modulus of f1 due to (5.2.19). Also, (ξn) is bounded because
it is convergent. It follows from (5.2.45) that (ξ2n) is also bounded. Without loss of
generality, we may suppose hence that there are ξ1, ξ2 ∈ Rp such that ξin → ξi ,
i = 1, 2. From (5.2.45), we know that ξ = ξ1 + ξ2. Moreover, due to (5.2.20), we have
that ξi ∈ ∂Mfi(xi), which ends the proof of (5.2.44). �

We continue our exposition dedicated to calculus rules by providing a di�erence
rule for the Fréchet subgradients. Asmentioned before, its proof uses the smooth vari-
ational description of the Fréchet subgradients, given in Theorem 5.2.13.

Theorem 5.2.33. Let f , g : Rp → R be two functions, and x ∈ Rp. Then

∂F(f − g)(x) ⊂
⋂

ξ∈∂Fg(x)

[
∂Ff (x) − ξ

]
⊂ ∂Ff (x) − ∂Fg(x), (5.2.46)

provided ∂Fg(x) ≠ ∅.
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Proof Take χ ∈ ∂F(f − g)(x) arbitrarily and ξ ∈ ∂Fg(x). Using Theorem 5.2.13 for
ξ ∈ ∂Fg(x), one gets the existence of s : Rp → R, Fréchet di�erentiable at x, which
satis�es:

s(x) = g(x), s(x) ≤ g(x) ∀x ∈ Rp , and∇s(x) = ξ . (5.2.47)

For any ε > 0, by applying the de�nition of the Fréchet subgradients for χ ∈ ∂F(f −
g)(x), there is δ > 0 such that

〈χ, x − x〉 ≤ f (x) − g(x) −
(
f (x) − g(x)

)
+ ε ‖x − x‖

≤ f (x) − s(x) −
(
f (x) − s(x)

)
+ ε ‖x − x‖

whenever ‖x − x‖ < δ. Using now (5.2.47) and (5.2.33), one gets that

χ ∈ ∂F(f − s)(x) = ∂Ff (x) −∇s(x) = ∂Ff (x) − ξ ,

which ends the proof. �

By Proposition 5.2.30, (5.2.46) becomes equality if one of the functions f , g is
Fréchet di�erentiable at x. There exist as well other cases when the equality holds:
take f , g : R → R given as f (x) =

√
|x| and g(x) = |x| . Then ∂Ff (0) = R,

∂Fg(0) = [−1, 1], and ∂F(f − g)(0) = R, hence equality holds in (5.2.46). Also, ob-
serve that the assumption that ∂Fg(x) ≠ ∅ is essential for the ful�llment of the result:
take, for instance, f , g : R→ R, f (x) = |x| and g(x) = − |x| . Then ∂F(f −g)(0) = [−2, 2],
but ∂Fg(x) = ∅.

As corollaries of the Theorem 5.2.33, we obtain some other interesting facts. The
�rst one concerns the so-called DC-functions, i.e., di�erences of convex functions. We
denote, as always, by ∂f (x) the convex subdi�erential.

Corollary 5.2.34. Let f , g : Rp → R be convex functions, and x ∈ Rp . Then

∂F(f − g)(x) =
⋂

ξ∈∂g(x)

[
∂f (x) − ξ

]
Proof It follows from Theorem 5.2.33 and Proposition 5.2.14. �

The second corollary gives us a calculus rule for theMordukhovich subdi�erential
of the di�erence of two functions.

Corollary 5.2.35. Let f : Rp → R be lower semicontinuous around x ∈ Rp , and g :
Rp → R be locally Lipschitz around x, and such that ∂Mg(x) is nonempty for every x
close to x. Then

∂M(f − g)(x) ⊂ ∂Mf (x) − ∂Mg(x).
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Proof Take ξ ∈ ∂M(f − g)(x) arbitrarily. By using Theorem 5.2.21, there exist sequences
(xn) f−g→ x and (ξn) → ξ such that ξn ∈ ∂F(f − g)(xn) for every n. Applying Theorem
5.2.33 for the previous relation, one gets that there are sequences (χn), (ηn) such that
χn ∈ ∂Ff (xn) and ηn ∈ ∂Fg(xn) for every n and ξn = χn − ηn , for every n. Since g is
locally Lipschitz around x, we know by (5.2.19) that the sequence (ηn) is bounded, so
wemay suppose, without loss of generality, that there is η ∈ Rp such that ηn → η. The
Lipschitz property of g implies g(xn)→ g(x), and by f (xn)−g(xn)→ f (x)−g(x) one gets
that f (xn)→ f (x). Moreover, we have that η ∈ ∂Mg(x). Furthermore, since ξn = χn−ηn ,
for every n, ξn → ξ , and ηn → η, we get that χn → ξ + η, hence ξ + η ∈ ∂Mf (x). But
this means that ξ ∈ ∂Mf (x) − ∂Mg(x), and the proof is �nished. �

Observe that all the assumptions on g from the previous corollary are automati-
cally satis�ed if g is convex.

Recall that for a function f : Rp → Rk and a vector ξ ∈ Rk , the function 〈ξ , f 〉 :
Rp → R is given by

〈ξ , f 〉 (x) =
〈
ξ , f (x)

〉
.

We can present a chain rule for the Fréchet subdi�erential.

Theorem 5.2.36 (chain rule). Let f : Rp → Rk be Lipschitz around x ∈ Rp , g : Rk →
R be a function, and denote y := f (x). Then

∂F(g ◦ f )(x) ⊂
⋂

−ξ∈∂F (−g)(y)

∂F 〈ξ , f 〉 (x), (5.2.48)

provided ∂F(−g)(y) ≠ ∅.Moreover, (5.2.48) holds as equality if g is Fréchet di�erentiable
at y.

Proof Take χ ∈ ∂F(g ◦ f )(x) and −ξ ∈ ∂F(−g)(y). Using Theorem 5.2.13, one gets the
existence of s : Rp → R, Fréchet di�erentiable at y, which satis�es:

s(y) = g(y), g(y) ≤ s(y) ∀y ∈ Rk , and∇s(y) = ξ . (5.2.49)

Now, from the de�nition of the Fréchet subgradients, applied for χ ∈ ∂F(g ◦ f )(x),
and then from (5.2.49), one gets that for any ε > 0, there is δ > 0 such that

〈χ, x − x〉 ≤ g(f (x)) − g(f (x)) + ε ‖x − x‖
≤ s(f (x)) − s(f (x)) + ε ‖x − x‖
=
〈
ξ , f (x) − f (x)

〉
+ α(‖x − x‖ +

∥∥f (x) − f (x)
∥∥) + ε ‖x − x‖ ,

whenever ‖x − x‖ < δ, where α is a function such that limx→x
α(‖x−x‖+‖f (x)−f (x)‖)
‖x−x‖+‖f (x)−f (x)‖ = 0.

Hence, for every ε > 0,

〈χ, x − x〉 −
〈
ξ , f (x) − f (x)

〉
≤ 2ε

(
‖x − x‖ +

∥∥f (x) − f (x)
∥∥) ,
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whenever ‖x − x‖ < δ, which implies that

〈ξ , f 〉 (x) − 〈ξ , f 〉 (x) − 〈χ, x − x〉 ≥ −2ε(` + 1) ‖x − x‖

whenever ‖x − x‖ < δ, since f is Lipschitz around x (with modulus ` ≥ 0). This implies
that

lim inf
x→x

〈ξ , f 〉 (x) − 〈ξ , f 〉 (x) − 〈χ, x − x〉
‖x − x‖ ≥ −2ε(` + 1)·

Since ε > 0 was arbitrarily chosen, we have that χ ∈ ∂F 〈ξ , f 〉 (x), and (5.2.48) is
proved.

Suppose now that g is Fréchet di�erentiable. Then ∂F(−g)(y) = −∇g(y) =: −ξ , so
the intersection from the right-hand side of (5.2.48) reduces to an element. We have
then from (5.2.48)

∂F(g ◦ f )(x) ⊂ ∂F 〈ξ , f 〉 (x).

Suppose χ ∈ ̸ ∂F(g ◦ f )(x), and prove that χ ∉ ∂F 〈ξ , f 〉 (x). Observe, moreover, that
η ∈ ∂F 〈ξ , f 〉 (x) is equivalent to (η, −1) ∈ NF(epi 〈ξ , f 〉 , (x, 〈ξ , f 〉 (x))). By Proposition
5.2.8, it is su�cient to prove that (χ, −1) ∈ ̸ NF(gr 〈ξ , f 〉 , (x, 〈ξ , f 〉 (x))). But since if x →
x, due to the continuity of the function x 7→ 〈ξ , f 〉 (x), this is equivalent to x gr〈ξ ,f〉

→ x,
it means that we must prove that

lim sup
x→x

〈χ, x − x〉 −
〈
ξ , f (x) − f (x)

〉
‖x − x‖ +

∣∣〈ξ , f (x) − f (x)
〉∣∣ > 0.

But then, since

‖x − x‖ +
∣∣〈ξ , f (x) − f (x)

〉∣∣ ≤ (1 + ‖ξ‖ `) ‖x − x‖ ,

it is su�cient to prove that

lim sup
x→x

〈χ, x − x〉 −
〈
ξ , f (x) − f (x)

〉
‖x − x‖ > 0. (5.2.50)

But from χ ∈ ̸ ∂F(g ◦ f )(x), we know that

lim inf
x→x

〈ξ , f 〉 (x) − 〈ξ , f 〉 (x) − 〈χ, x − x〉
‖x − x‖ < 0,

which means exactly (5.2.50). The theorem is completely proved. �

The next result is an approximate mean value theorem for lower semicontinuous
functions.

Theorem 5.2.37. Let φ : Rp → R be a lower semicontinuous function and a ≠ b.
Consider any point c ∈ [a, b) at which the function

ψ(x) := φ(x) − φ(b) − φ(a)
‖b − a‖ ‖x − a‖
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attains its minimum on [a, b]; such a point always exists. Then there are sequences
(xn) φ→ c and ξn ∈ ∂Fφ(xn) such that

lim inf
n→∞

〈ξn , b − xn〉 ≥
φ(b) − φ(a)
‖b − a‖ ‖c − a‖ , (5.2.51)

lim inf
n→∞

〈ξn , b − a〉 ≥ φ(b) − φ(a). (5.2.52)

Moreover, when c ≠ a one has

lim
n→∞

〈ξn , b − a〉 = φ(b) − φ(a).

Proof The function ψ is lower semicontinuous, and therefore attains its minimum on
[a, b] at some point c. Because ψ(a) = ψ(b), we may suppose c ∈ [a, b). Without loss
of generality, suppose φ(a) = φ(b), which means that ψ(x) = φ(x) on [a, b]. Because
φ is lower semicontinuous, there exists r > 0 and γ ∈ R such that φ(x) ≥ γ for every
x ∈ P := [a, b] + D(0, r). Then for every n ∈ N, one can �nd rn ∈ (0, r) such that

φ(x) ≥ φ(c) − 1
n2 , for all x ∈ [a, b] + D(0, rn).

Moreover, choose tn ≥ n such that γ + tnrn ≥ φ(c) − 1
n2 . We have then

φ(c) ≤ inf
x∈P

φn(x) + 1
n2 ,

where φn(x) := φ(x) + tnd[a,b](x) is lower semicontinuous. By the use of Ekeland Vari-
ational Principle on the closed set P (see Remark 3.1.13), we get xn ∈ P such that

‖xn − c‖ ≤
1
n , φn(xn) ≤ φ(c), and

φn(xn) ≤ φn(x) + 1
n ‖x − xn‖ for any x ∈ P.

The last relation shows that the function φn(x) + 1
n ‖x − xn‖ attains its minimum on P

at x = xn . Taking into account that xn ∈ int P for large n, we can conclude that this
function attains a local minimum (without restrictions) at xn . Using Lemma 5.2.31 for
ε = εn ↓ 0, we �nd sequences (un) φ→ c, (vn) → c, ξn ∈ ∂Fφ(un), ηn ∈ ∂Fd[a,b](vn),
and en ∈ D(0, 1) such that∥∥∥ξn + tnηn + n−1en

∥∥∥ ≤ εn , n ∈ N. (5.2.53)

Since ηn ∈ ∂Fd[a,b](vn) = ∂d[a,b](vn), it follows that ‖ηn‖ ≤ 1, and

〈ηn , b − vn〉 ≤ d[a,b](b) − d[a,b](vn) ≤ 0, n ∈ N.

Picking wn ∈ pr[a,b](vn), we get

〈ηn , b − wn〉 = 〈ηn , b − vn〉 + 〈ηn , vn − wn〉 ≤ d[a,b](b) − d[a,b](vn) + ‖ηn‖ · ‖vn − wn‖
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≤ −d[a,b](vn) + ‖vn − wn‖ = 0.

Itmeans that 〈ηn , b − c〉 ≤ 0 for large n, sincewn → c ≠ b, andhence, since a, b, c
are colinear,

〈ηn , b − a〉 = 〈ηn , b − c〉 ·
‖a − b‖
‖c − b‖ ≤ 0 for large n.

By using now (5.2.53), we get that there exists bn ∈ D(0, εn) such that

ξn = −tnηn − n−1en − εnbn ,

hence,
lim inf
n→∞

〈ξn , b − un〉 ≥ 0, lim inf
n→∞

〈ξn , b − a〉 ≥ 0,

which prove (5.2.51) and (5.2.52). Suppose that c ≠ a. Then vn ≠ a for large n, hence
〈ηn , b − c〉 = 0. This implies that

〈ξn , b − a〉 = 〈ξn , b − c〉 ·
‖a − b‖
‖c − b‖ =

〈
−tnηn − n−1en − εnbn , b − c

〉
· ‖a − b‖‖c − b‖ → 0,

where bn ∈ D(0, 1) exists from (5.2.53). This concludes the proof. �

We end this subsection with a result which links the Clarke and Mordukhovich
constructions presented throughout this chapter.

Theorem 5.2.38. The following assertions hold:
(i) Let A ∈ Rp be a closed set and x ∈ A. Then

NC(A, x) = cl convNM(A, x). (5.2.54)

(ii) Let f : Rp → R be locally Lipschitz around x. Then

∂Cf (x) = cl conv ∂Mf (x). (5.2.55)

Proof We prove �rst that
∂Mf (x) ⊂ ∂Cf (x), (5.2.56)

which will show that cl conv ∂Mf (x) ⊂ ∂Cf (x), due to the fact that ∂Cf (x) is a closed
convex set. Take χ ∈ ∂Mf (x). Then there are (xn) f→ x and (χn) → χ such that χn ∈
∂Ff (xn) for every n. This means, due to the de�nition of the Fréchet subgradients, that
for every n there is a neighborhood Un of xn such that

f (x) − f (xn) − 〈χn , x − xn〉 ≥ −
1
n ‖x − xn‖ , ∀x ∈ Un .

But this shows that the function

ψn(x) := f (x + xn) − 〈χn , x〉 + 1
n ‖x‖
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attains a local minimum at 0. This proves, by Theorem 5.1.16, that

0 ∈ ∂C
[
f (· + xn) − 〈χn , ·〉 + 1

n ‖·‖
]

(0).

Since all the involved functions are locally Lipschitz, it follows from the sum rule
for the Clarke subdi�erential that

χn ∈ ∂Cf (xn) + D
(

0, 1
n

)
.

UsingProposition 5.1.6,we get that χ ∈ ∂Cf (x). Hence, the desired inclusionholds.
For proving the reverse inclusion in (5.2.55), we will show the representation

f ◦(x, u) = sup
{
〈ξ , u〉 | ξ ∈ ∂Mf (x)

}
(5.2.57)

= max
{
〈ξ , u〉 | ξ ∈ cl ∂Mf (x)

}
.

Thiswill prove that f ◦(x, u) is the support function of the set P := ∂Mf (x). Observe,
by de�nition, that the support function of a set coincides with the support function of
the closed convex hull of this set, hence

f ◦(x, u) = sup
{
〈ξ , u〉 | ξ ∈ cl conv ∂Mf (x)

}
.

Moreover, we know that two convex and closed sets coincide if and only if their sup-
port functions coincide. Since ∂Cf (x) and cl conv ∂Mf (x) are both closed and convex,
we get (5.2.55).

Take some realizing sequences for f ◦(x, u). This means that there are (tn) ↓ 0 and
(xn)→ x such that

f (xn + tnu) − f (xn)
tn

→ f ◦(x, u) for n →∞.

By applying Theorem 5.2.37 to f on the interval [xn , xn + tnu] for every n, we get (vk)→
cn ∈ [xn , xn + tnu) for k →∞ and ξk ∈ ∂Ff (vk) such that

f (xn + tnu) − f (xn) ≤ tn lim inf
k→∞

〈ξk , u〉 , ∀n ∈ N.

Since f is locally Lipschitz around x and ξk ∈ ∂Ff (vk), we know that (ξk) is
bounded, hence without loss of generality we may suppose that (ξk) is convergent to
some ξ . Passing to the limit above �rst for k →∞, and then for n →∞, we get that

f ◦(x, u) ≤ 〈ξ , u〉 ,

for some ξ ∈ ∂Mf (x). Since
〈
ξ ′, u

〉
≤ f ◦(x, u) for any ξ ′ ∈ ∂Cf (x) ⊃ ∂Mf (x), we get the

representation (5.2.57). Hence, the proof of (5.2.55) is complete.
Let us prove now (5.2.54). Since due to (5.2.24) and (5.2.56) we have that

NM(A, x) =
⋃
λ>0

λ∂MdA(x) ⊂
⋃
λ>0

λ∂CdA(x) = NC(A, x),
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we also have cl convNM(A, x) = NC(A, x), since NC(A, x) is closed and convex. For the
reverse inclusion, we use (5.2.55) to get that⋃

λ>0

λ∂CdA(x) =
⋃
λ>0

λ
[
cl conv ∂MdA(x)

]
⊂ cl conv

⋃
λ>0

λ∂MdA(x).

The theorem is now completely proved. �

5.2.5 Optimality Conditions

In this section, we make use of the exact version of the extremal principle in order to
get necessary optimality conditions for the minimization problem considered in the
previous section:

(MP) min f (x), subject to g(x) ≤ 0, h(x) = 0, x ∈ A, (MP)

where the functions f , g = (g1, ..., gn) and h = (h1, ..., hm) are locally Lipschitz func-
tionswhichmap fromRp intoR,Rn andRm , respectively, and the setA ⊂ Rp is closed.
The �nal aim is to get Fritz John necessary optimality conditions for problem (MP).

Theorem 5.2.39. Let x be a solution of (MP), where f , g and h are Lipschitz around
x. Then there exist λ0 ≥ 0, λ = (λ1, ..., λn) ∈ Rn and µ = (µ1, ..., µm) ∈ Rm , with
λ0 + ‖λ‖ + ‖µ‖ ≠ 0, such that

0 ∈ λ0∂Mf (x) +
n∑
i=1

λi∂Mgi(x) +
m∑
j=1

µj[∂Mhj(x) ∪ ∂M(−hj)(x)] + NM(A, x) (5.2.58)

and

λi ≥ 0, λigi(x) = 0, ∀i ∈ 1, n, (5.2.59)
µj ≥ 0, ∀j ∈ 1,m.

Proof Suppose, without loss of generality, that f (x) = 0. Then it is easy to observe that
the point (x, 0) is a local extremal point of the the following system of closed sets in
Rp+n+m+1 :

A0 :=
{

(x, λ0, λ1, ..., λn , µ1, ..., µm) | λ0 ≥ f (x)
}
,

Ai :=
{

(x, λ0, λ1, ..., λn , µ1, ..., µm) | λi ≥ gi(x)
}
, i ∈ 1, n,

An+j :=
{

(x, λ0, λ1, ..., λn , µ1, ..., µm) | µj = hj(x)
}
, j ∈ 1,m,

An+m+1 := A × {0} .

Since by Theorem 5.2.28 the exact extremal principle holds in Rp+n+m+1, we �nd
elements

(ξ0, −λ0) ∈ NM(epi f , (x, 0)),
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(ξi , −λi) ∈ NM(epi gi , (x, 0)), i ∈ 1, n
(ξn+j , −λn+j) ∈ NM(gr hj , (x, 0)), j ∈ 1,m

ξ̂ ∈ NM(A, x)

such that
ξ0 + ... + ξn+m + ξ̂ = 0, (5.2.60)

∥∥(ξ0, −λ0)
∥∥ + ... +

∥∥(ξn+j , −λn)
∥∥ +
∥∥∥ξ̂∥∥∥ = 1. (5.2.61)

Using Proposition 5.2.15 on basic normals to epigraphs, we deduce that λi ≥ 0 for
i ∈ 0, n.

If gi(x) < 0 for some �xed i ∈ 1, n, then gi(x) < 0 for all x around x due to the
Lipschitz property of gi. But this implies that (x, 0) is an interior point of epi gi , which
means by NM(epi gi , (x, 0)) = {0} that ξi = 0 and λi = 0.

Now, by Proposition 5.2.15 and Theorem 5.2.18, we know that

(ξ , −λ) ∈ NM(epiφ, (x, φ(x))) ⇐⇒ ξ ∈ λ∂Mφ(x), λ ≥ 0

if φ is Lipschitz around x. Also, by Proposition 5.2.8, for such function φ, one has that

(ξ , −λ) ∈ NM(grφ, (x, φ(x))) ⇐⇒ ξ ∈ ∂M(λφ)(x).

Taking into account also that

∂M(λφ)(x) ⊂ |λ| [∂Mφ(x) ∪ ∂M(−φ)(x)] for all λ ∈ R,

we have, by denoting µj :=
∣∣λn+j

∣∣ for j = 1,m and (5.2.60), that (5.2.58) holds, and also
µj ≥ 0 for any j ∈ 1,m. This completes the proof of the theorem. �

Remark 5.2.40. Observe that the set ∂Mφ(x)∪∂M(−φ)(x) reduces to
{
∇φ(x), −∇φ(x)

}
when φ is C1, so Theorem 5.2.39 is indeed a generalization to the nonsmooth case of the
known results.

Moreover, remark that, since ∂Cφ(x) is always larger than ∂Mφ(x), the previous the-
orem may provide more precise necessary optimality conditions than Theorem 5.1.34 in
case that the equality constraints are not present. To observe this, consider for instance
the minimization problem

min f (x) := − |x| , x ∈ R.

Then x = 0 is not a minimum point of this problem, while 0 ∈ ∂Cf (x) = [−1, 1]. On
the other hand, 0 ∉ ∂Mf (x) = {−1, 1} .

Another example is given by the minimization problem

min x1 subject to φ(x1, x2) := |x1| − |x2| ≤ 0.
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Then ∂Mφ(0, 0) =
{

(y1, y2) | y1 ∈ [−1, 1], y2 = ±1
}
. It follows by Theorem 5.2.39

that the point (0, 0) cannot be optimal for the considered problem. Since

∂Cφ(0, 0) = cl conv ∂Mφ(0, 0) = [−1, 1] × [−1, 1] ,

it means thatwe cannot decide that (0, 0) is not an optimal candidate by Theorem 5.1.34.
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6 Basic Algorithms

The aim of this chapter is to present some fundamental ideas concerning algo-
rithms for smooth optimization problems. We start by studying the Picard iterations
(introduced and discussed in the second chapter) as a method to approximate the
roots of certain nonlinear equations and this discussion naturally leads us to inves-
tigate some convergence acceleration techniques for the initial sequence of iterations.
We then present Newton’s method for solving nonlinear equations. In the convex
framework, we present the proximal point algorithm. For optimization problemswith-
out restrictions we are interested in the line search method, which we discuss in de-
tail, while for constrained problems, we give the sequential quadratic and the interior
point methods. All the theoretical elements are then discussed and veri�ed through
some Matlab-based numerical simulations.

The situations we met in the majority of the concrete examples of optimization
problems (see last chapter) are very hospitable, in the sense that we are able to �nd
the solutions exactly, by solving the systems which give the solution candidates, and
using the theoretical means we have previously developed. However, in many cases,
the systems are not solvable, as in Section 3.4, whenwe considered the nonlinear case
of the least square method, and the equation for �nding the Lagrange multiplier for
the problem of the computation of a projection on a generalized ellipsoid. For prob-
lems of this nature, it is necessary to develop methods called algorithms, in order to
approximate the respective solutions. In general, there is a clear di�erence between
the design of the algorithms for unconstrained optimization problems and those for
constrained problems.

All the algorithms require a starting point, denoted x0. Generally speaking, it is
useful that this point is itself a good approximation of the solution we are looking for
(especially if the solution is not unique). For instance, the function f : R→ R,

f (x) = x4

4 − x
3

3 − x2

has two minimal points: x = −1 is a local minimum and x = 2 is a global minimum.
If we start with a value x0 close to one of these points, then (roughly speaking) it is
highly possible that the algorithm will converge to that point.

In general, after the choice of x0, the algorithm generates a sequence of iterations
(xk)k∈N with the aim of approaching the solution. The process of generating new it-
erations stops when no new progress can be made in the e�ort to come closer to the
solution (according to the internal rule of the algorithm), or when an accuracy pre-
viously established was attained. Any algorithm should generate new iterations from
the existing ones. In general, every new iteration should progress towards the solu-
tion. Some algorithms are called non-monotonic, and they do not necessarily progress
at every step.
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The study of e�cient algorithms to detect (or to approximate) the solutions of op-
timization problems is a huge subject, several comprehensive monographs are fully
dedicated to it. We just point out here the main ideas. Many of the very e�cient algo-
rithms are implemented into the functions of scienti�c software as Scilab or Matlab.
We illustrate this at the end of the chapter.

There are at least two problems to be studied when an algorithm is designed: we
are interested in knowing if the algorithm is global (i.e., it is convergent for any initial
data), and to know its speed of convergence. Therefore, for a sequence (xk) ⊂ Rp

convergent to x ∈ Rp with xk ≠ x for every k ∈ N*, one calls order of convergence the
greatest natural number q for which

lim
k→∞

‖xk+1 − x‖
‖xk − x‖q

∈ [0,∞).

If q = 1, then one has linear convergence, and if the above limit is 0, we have su-
perlinear convergence. If q = 2, we have quadratic convergence. However, the aim
is to design global algorithms which have a very good speed of convergence (at least
quadratic).

We start with some methods to approximate the roots of some nonlinear equa-
tions. Some of the ideas from the next section make the link between the preceding
results in the case of optimization algorithms.We have already seen a nonlinear equa-
tion that cannot be solved at the end of Chapter 3. Furthermore, let us remark that
Theorem 3.2.6 transforms an optimization problem into the problem of solving the
equation L(x, (λ, µ)) = 0, which, in many cases, is highly nonlinear, and therefore not
solvable.

6.1 Algorithms for Nonlinear Equations

6.1.1 Picard’s Algorithm

To solve g(x) = 0 is equivalent to looking for the �xed points of the function f (x) =
g(x) + x. The �rst part of our discussion, therefore, concerns the convergence of the
Picard iteration, whose theoretical study was made in Section 2.3.2. Recall that if f :
[a, b]→ [a, b] is a di�erentiable function such that its derivative is bounded on [a, b]
by a positive constant strictly smaller than one, then for any initial data x0 ∈ [a, b] the
Picard iteration de�ned by xk+1 = f (xk), k ≥ 0 is convergent to the unique �xed point
x ∈ [a, b] of f . Moreover, if the �xed point is not attained, then

xk+1 − x
xk − x

= f (xk) − x
xk − x

k→∞→ f ′(x).

Therefore, in general, we have a linear convergence: for k big enough, the error (the
absolute value of the di�erence between the iteration and the real value of the �xed
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point) at the step (k + 1) is proportional to the error at the step k. This kind of conver-
gence is not very fast.

Let us consider the contraction f : [0,∞)→ [0,∞) given by f (x) = 1
1+x2 . According

to Banach Principle, f has only one �xed point in [0,∞) and this is the unique real
solution of the equation x3 + x − 1 = 0, whose approximate value is x ≈ 0.6823278.
Moreover, as before, for the Picard iterations, we have

xk+1 − x
xk − x

k→∞→ f ′(x) = −2x
(1 + x2)2

= −2x3 ≈ −0.63534438165.

See Section 6.3 for the numerical implementation which gives the value above. There-
fore, for k big enough, at every iterative step, the error is multiplied by the approxi-
mate value 0.6353. In contrast, if we study the restriction of sin x to the interval [0, 1],
which is a weak contraction with x = 0 as �xed point, we deduce that

xk+1 − x
xk − x

k→∞→ f ′(x) = 1,

and we do not expect a good speed of convergence. In the last section of the chapter,
we illustrate these theoretical predictions.

Remark 6.1.1. The actual speed of convergence for the Picard iterations is given by the
value of f ′(x). In the best case where f ′(x) = 0 we can have better convergence than the
linear case. In general, in the above framework, if f ′(x) = 0 and f is twice di�erentiable,
then the double application of the L’Hôpital rule gives

lim
x→x

f (x) − x
(x − x)2 = f ′′(x)

2 , (6.1.1)

so, for every nonstationary Picard iteration,

lim
k→∞

xk+1 − x
(xk − x)2 = f ′′(x)

2 ,

whence a quadratic convergence.

Remark 6.1.2. In fact, for the quadratic convergence described before it is enough for
limx→x

f (x)−x
(x−x)2 to exist or, more generally, limx→x

|f (x)−x|
(x−x)2 , and this can happen without the

twice di�erentiability of f : for instance, for f : R→ R,

f (x) =
{

x2, x ≥ 0
−x2, x < 0,

there exists the limit
lim
x→x

∣∣f (x) − x
∣∣

(x − x)2 = 1

at x = 0, but the function is not twice di�erentiable at 0. This remark will be useful later.
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If f ′(x) ≠ 0, the speed of convergence of the Picard iterations is only linear. We present
in the next section a method to overcome this di�culty. This technique is called the
Aitken accelerationmethod, andwas developed by theNewZealand-bornmathemati-
cian Alexander Craig Aitken in 1926.

Consider f : [a, b] → [a, b] a di�erentiable function such that
∣∣f ′(x)

∣∣ ∈ [0, 1) for
every x ∈ [a, b]. For every x0 ∈ [a, b], the Picard iteration de�ned by xk+1 = f (xk),
k ≥ 0 is convergent to the unique �xed point of f in [a, b], denoted x. Suppose that
f ′(x) ≠ 0, so

∣∣f ′(x)
∣∣ ∈ (0, 1). If (xk) is nonstationary,

xk+1 − x
xk − x

= f (xk) − x
xk − x

k→∞→ f ′(x). (6.1.2)

Therefore, we can write

f (xk) − x = ρk(xk − x),

where ρk
k→∞→ f ′(x), which means

x = f (xk) − ρkxk
1 − ρk

,

that is
x = xk + f (xk) − xk

1 − ρk
. (6.1.3)

Aitken’s initial idea was to �nd another sequence (µk) to approximate f ′(x). The result
is given in the next result.

Proposition 6.1.3. If (xk) is a nonstationary Picard sequence, then the sequence de-
�ned by

µk = f (f (xk)) − f (xk)
f (xk) − xk

, ∀k ∈ N

has the limit f ′(x).

Proof Since xk+1 = f (xk), we have that xk+2 = f (f (xk)) and from the de�nition of µk we
deduce that

µk = xk+2 − x − (xk+1 − x)
(xk+1 − x) − (xk − x)

=
xk+2−x
xk+1−x − 1
1 − xk−x

xk+1−x
,

and from (6.1.2), we get
lim µk = f ′(x) − 1

1 − 1
f ′(x)

= f ′(x).

The proposition is proved. �
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Now, relation (6.1.3) and the above result suggest that we should consider the
sequence:

yk = xk + f (xk) − xk
1 − f (f (xk))−f (xk)

f (xk)−xk

= xk −
(f (xk) − xk)2

f (f (xk)) − 2f (xk) + xk

= xkf (f (xk)) − f (xk)2

f (f (xk)) − 2f (xk) + xk
.

We prove that the sequence (yk) also converges to the �xed point x, but faster than
(xk).

Theorem 6.1.4. Let (xk) be a Picard nonstationary sequence convergent to x such that

lim xk+1 − x
xk − x

= f ′(x) ∈ (−1, 1) \ {0}.

If the sequence (yk) given by

yk = xk −
(f (xk) − xk)2

f (f (xk)) − 2f (xk) + xk
is well de�ned, then it converges to x and, moreover,

lim yk − x
xk − x

= 0.

Proof We show �rst that (yk) converges to x. In the de�nition of (yk), we add and sub-
tract x, and then we divide both numerator and denominator by xk+1 − x. We obtain

yk = xk +

(
1 + x−xk

xk+1−x

)
(xk+1 − xk)(

1 + x−xk
xk+1−x

)
−
(
xk+2−x
xk+1−x − 1

) .
Passing to the limit (and denoting, for simplicity, f ′(x) := α), we deduce:

lim yk = x + 1 − α−1

1 − α−1 − α + 1 lim(xk+1 − xk) = x.

We show now that (yk) converges faster than (xk). We have

yk − x
xk − x

=
xk − x − (f (xk)−xk)2

f (f (xk))−2f (xk)+xk
xk − x

= 1 +
(f (xk)−xk)2

(xk+1−xk)−(xk+2−xk+1)
xk − x

.

By the same method as above, we get

yk − x
xk − x

= 1 +

(
1 + x−xk

xk+1−x

)(
−1 + xk+1−x

xk−x

)
(

1 + x−xk
xk+1−x

)
−
(
−1 + xk+2−x

xk+1−x

) ,
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so,
lim yk − x

xk − x
= 1 + (1 − α−1)(−1 + α)

2 − α − α−1 = 0.

Consequently, (yk) converges faster than (xk). �

Despite the fact that (yk) produces an acceleration of the speed of convergence,
the order of convergence does not change: similar calculations show that

lim yk+1 − x
yk − x

= f ′(x),

that is as well linear convergence. We call this the weak Aitken acceleration method.
However, starting from this idea, we consider a Picard iteration, but for the func-

tion
h(x) = xf (f (x)) − f (x)2

f (f (x)) − 2f (x) + x
(this time, f (x)2 means f (x) · f (x)). The function h cannot be formally de�ned at x, but
one can extend its de�nition at that point by continuity, since

lim
x→x

h(x) = f (f (x)) + xf ′(f (x))f ′(x) − 2f (x)f ′(x)
f ′(f (x))f ′(x) − 2f ′(x) + 1

= x + x(f ′(x))2 − 2xf ′(x)
(f ′(x))2 − 2f ′(x) + 1 = x,

(recall that
∣∣f ′(x)

∣∣ < 1). So, with this extension (h(x) = x), the �xed point of f is a �xed
point of h. Suppose that there exists a neighborhood V := [x − µ, x + µ] of x (µ > 0)
with the property that for every x ∈ (V \ {x}) ∩ [a, b], f (f (x)) − 2f (x) + x ≠ 0. Then
the converse holds as well: if u is a �xed point of h from V ∩ [a, b], then the equality
h(u) = u leads to (f (u) − u)2 = 0. Therefore, the sole �xed point of h in V ∩ [a, b] is x.
It is also clear that h is derivable on (V \ {x)} ∩ [a, b].

Moreover, we suppose that f is of class C2 on V ∩ [a, b]. We can show that h is
derivable at x and its derivative at x is h′(x) = 0. For simplicity, suppose that x ∈ (a, b)
so thatwe can think thatV ⊂ (a, b). However, this is not essential.Write downTaylor’s
Formula for f around x : for every ε with |ε| < µ, there exists θε ∈ (0, 1) such that

f (x + ε) = f (x) + f ′(x)ε + f ′′(x + θεε)
2 ε2

= x + f ′(x)ε + f ′′(x + θεε)
2 ε2.

We �x ε. For ease of computation, we denote

f ′′(x + θεε)
2 =: Aε and f ′(x)ε + f ′′(x + θεε)

2 ε2 =: δε .

It is obvious that for ε small enough, |δε| < µ, so

f (x + δε) = x + f ′(x)δε + Aδε δ
2
ε .
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From the expression for h and a few computations, we obtain

h(x + ε) = (x + ε)f (x + δε) − (x + δε)2

f (x + δε) − 2(x + δε) + (x + ε)

= x − δ2
ε − f ′(x)εδε − Aδε εδ

2
ε

ε − 2δε + f ′(x)δε + Aδε δ2
ε

= x − ε2(f ′(x) + Aεε)·
Aε − Aδε f

′(x) − AδεAεε
(1 − f ′(x))2 − ε(2Aε − Aεf ′(x) − Aδε f ′(x)2 + 2AεAδε f ′(x)ε + AδεA2

ε ε2)
.

We write the quotient h(x+ε)−x
ε , and pass to the limit as ε → 0. Then, since f ′(x) ≠ 1

and
Aε ε→0→ f ′′(x)

2 , Aδε
ε→0→ f ′′(x)

2 ,

we deduce that there exists
lim
ε→0

h(x + ε) − x
ε = 0.

The claim is proved. Furthermore,

lim
x→x

h(x) − x
(x − x)2 = lim

ε→0

h(x + ε) − x
ε2 = − f

′′(x)
2 · f ′(x)

1 − f ′(x) ∈ R.

In particular, if one changes the neighborhood V , if needed, h is a contraction
from V to V . By the use of this result and Remark 6.1.1, the sequence (xk) de�ned by

xk+1 = xk −
(f (xk) − xk)2

f (f (xk)) − 2f (xk) + xk

with well chosen initial data is convergent towards x quadratically, i.e.,

lim |xk+1 − x|
(xk − x)2 ∈ [0,∞).

We call this method the strong Aitken acceleration method.
The drawback is that x0 should be chosen from V , so it should be close enough

to x (such that the equation f (f (x)) − 2f (x) + x = 0 should not have another root in
V , except x). Another supplementary assumption was linked to the order of smooth-
ness of f . In fact, this is the price which must be paid in order to have such a good
speed of convergence. Let us remark that, at �rst sight, the former requirement looks
pretty heavy: it is unnatural to ask for an initial data close to the point xwewant to ap-
proximate. A possible solution to this would be to generate, for some steps, the Picard
iterations in order to get close to x and then to apply the strong Aitken method.
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6.1.2 Newton’s Method

The celebratedNewton’smethod is one of themostwell-known iterative procedures to
approximate the roots of a functionwith su�cient di�erentiability properties.We shall
see that this is a local algorithm (since in order to have the desired convergence one
should take as initial data a value su�ciently close to the solution), but it converges
quadratically.

Let us consider a function f : Rp→ Rp of class C1 and let x be a nondegenerate
root of f (i.e., f (x̄) = 0, and∇f (x) is nonsingular). We consider a value x0 close enough
to x.

The sequence of Newton iterations starts from the equation

0 = f (xk) +∇f (xk)(xk+1 − xk). (6.1.4)

This equation,which gives the value of xk+1, showswhy it is necessary to have a simple
solution andwe should start from a point close to x : we should put our initial point in
a neighborhood of x where ∇f is invertible, and such neighborhood do exist exactly
because ∇f is continuous and nonsingular at x. In this way, we formally de�ne the
Newton iteration by:

xtk+1 = xtk −∇f (xk)−1 · (f (xk))t . (6.1.5)

Recall that ∇f (xk) can be identi�ed with the Jacobian matrix. As seen from the
previous relations, aswell as from the convergence result given in the sequel, themain
drawbacks of the Newton’s method can be summarized as follows:
– when the starting point x0 is not close enough to the solution x, the algorithm

associated to (6.1.5) does not converge;
– if∇f (xk) is singular, one cannot de�ne xk+1;
– it may be too expensive to compute exactly∇f (xk)−1 for large p;
– it may happen that∇f (x) is singular.

Theorem 6.1.5. Suppose f is Lipschitz continuously di�erentiable on an open convex
set D ⊂ Rp . Let x be a nondegenerate root of the equation f (x) = 0, and let (xk) be a
sequence of iterates generated by (6.1.5). Then when x0 ∈ D is su�ciently close to x,
one has

lim
k→∞

‖xk+1 − x‖
‖xk − x‖2 ∈ [0,∞), (6.1.6)

i.e., we have local quadratic convergence.

Proof Since f (x) = 0, we have from Theorem 1.4.13 that

f (xk) = f (xk) − f (x) = ∇f (xk)(xk − x) + w(xk , x), (6.1.7)

where

w(xk , x) =
1∫

0

[
∇f (x + t(xk − x)) −∇f (xk)

]
(xk − x) dt.
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We have then

∥∥w(xk , x)
∥∥ =

∥∥∥∥∥∥
1∫

0

[
∇f (x + t(xk − x)) −∇f (xk)

]
(xk − x) dt

∥∥∥∥∥∥ (6.1.8)

≤
1∫

0

∥∥∇f (x + t(xk − x)) −∇f (xk)
∥∥ ‖xk − x‖ dt,

hence by Lagrange Theorem there is ck ∈ [0, 1] such that∥∥w(xk , x)
∥∥ ≤ ∥∥∇f (x + ck(xk − x)) −∇f (xk)

∥∥ ‖xk − x‖ .
This gives, due to the Lipschitz continuity of∇f , that∥∥w(xk , x)

∥∥ ≤ L ‖xk − x‖2 , (6.1.9)

where by L we have denoted the Lipschitz constant of∇f .
Moreover, since ∇f (x) is nonsingular, there is a δ > 0 su�ciently small and an

M > 0 such that∇f (x) is nonsingular on D(x, δ) and∥∥∥∇f (x)−1
∥∥∥ ≤ M, ∀x ∈ D(x, δ).

One has, from (6.1.7) and (6.1.5), that

xk+1 = xk −∇f (xk)−1(f (xk))
= xk −∇f (xk)−1 (∇f (xk)(xk − x) + w(xk , x)

)
= x +∇f (xk)−1(w(xk , x)),

hence

‖xk+1 − x‖ ≤
∥∥∥∇f (xk)−1

∥∥∥ · ∥∥w(xk , x)
∥∥ (6.1.10)

≤
∥∥∥∇f (xk)−1

∥∥∥ · L ‖xk − x‖2 .

Take x0 such that x0 ∈ D(x, δ) and ML ‖x0 − x‖ := ρ < 1. It follows inductively
from (6.1.10) that ‖xk − x‖ ≤ ρk ‖x0 − x‖ for every k ≥ 1, hence (xk) ⊂ D(x, δ) and
xk → x. Moreover, since

‖xk+1 − x‖ ≤ ML ‖xk − x‖2 , ∀k,

we get (6.1.6). �

In case p = 1, i.e., f : R→ R, the equation (6.1.5) becomes

xk+1 = xk −
f (xk)
f ′(xk) .
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In this case, the iterate xk+1 is exactly the one where the tangent to the graph of f
at (xk , f (xk)) intersects Ox.

As in the case of Aitken method of acceleration, we discuss in this context (p = 1)
some possibilities to choose the point x0 su�ciently close to the solution such that the
Newton iteration converges to it. An empirical possibility would be to study the graph
of the function and to choose an x0 value which seems to be close to the solution.
Another possibility is to apply the method of halving interval. Let us suppose that we
have a continuous function f and two real numbers a < b for which f (a)f (b) < 0.
Then f has a root in (a, b). We then generate two sequences (ak) and (bk) as follows:
a0 = a, b0 = b. Let x0 = 2−1(a0 +b0). If f (x0) = 0 then x0 is the solution we are looking
for and the process stops. If f (a0)f (x0) < 0 then we choose a1 = a0 and b1 = x0,
and if f (x0)f (b0) < 0 we choose a1 = x0 and b1 = b0. In the same way, we take x1 =
2−1(a1 + b1). Going further, we get close to the solution with (xk) by halving at every
step the interval which contains the solution. In general, this convergence is not very
rapid but is good enough to be used for some of the iterations in order to �nd initial
data for the Newton method.

In the general case (p ≥ 1), we remark that some methods, known as quasi-
Newton methods, do not require the calculation of the Jacobian ∇f (x). Instead, they
use an approximation of this matrix, updating it at each iteration in such a way that
it mimics the behavior of the Jacobian over the current step. If we denote this approx-
imation matrix by Jk , then equation (6.1.4) becomes

0 = (f (xk))t + Jk · (xk+1 − xk)t ,

which gives, when Jk is nonsingular, the explicit formula

xtk+1 = xtk − J−1
k · (f (xk))t . (6.1.11)

If we denote

sk := xk+1 − xk and yk := f (xk+1) − f (xk),

then by using Theorem 1.4.13 we get that

yk =
1∫

0

∇f (xk + tsk)sk dt ≈ ∇f (xk+1)(sk) + r(‖sk‖),

where
lim
k→∞

r(‖sk‖)
‖sk‖

= 0.

So, in order that Jk mimics the behavior of the Jacobian∇f (xk), one asks that Jk+1
satis�es the so called secant equation:

ytk = Jk+1stk , (6.1.12)
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which ensures that Jk+1 and ∇f (xk+1) have similar behavior along sk . In fact, (6.1.12)
can be seen as a system of p equations with p2 unknowns, where the unknowns are
the elements of Jk+1, so for p > 1 the components of Jk+1 are not uniquely determined.

One of the best ways to �nd Jk+1 is described by Broyden’s method, where the
matrix is given by the recurrence

Jk+1 = Jk + (ytk − Jkstk) · sk
〈sk , sk〉

. (6.1.13)

As shown by the next result, the Broyden update makes the smallest change to Jk
(measured by the Euclidean norm) that is consistent to (6.1.12).

Proposition 6.1.6. The matrix Jk+1 given by (6.1.13) satis�es:

‖Jk+1 − Jk‖ = min {‖J − Jk‖ | yk = Jsk} .

Proof Take J any matrix which satis�es ytk = Jstk . We have then

‖Jk+1 − Jk‖ =
∥∥∥∥ (ytk − Jkstk) · sk

〈sk , sk〉

∥∥∥∥ =
∥∥∥∥ ((J − Jk)stk) · sk

〈sk , sk〉

∥∥∥∥
≤ ‖J − Jk‖

∥∥∥∥ stk · skstk · sk

∥∥∥∥ = ‖J − Jk‖ ,

which �nishes the proof. �

6.2 Algorithms for Optimization Problems

6.2.1 The Case of Unconstrained Problems

There exist several general methods to design algorithms for unconstrained optimiza-
tion, but we concentrate on the line search method. The aim of this algorithm is to re-
alize at every step a decrease of the value of the objective function f : Rp → R, which
is considered to be of class C2. One asks that f (xk+1) < f (xk). The algorithm computes
for every term k a direction pk (a vector of norm 1) and a step αk > 0 to move on the
direction pk . Therefore, starting from xk , the new iteration will be

xk+1 = xk + αkpk . (6.2.1)

With this approach, the choice of both the direction and the step are very important.
From Taylor’s Formula, for �xed α, p, there exists t ∈ (0, α)

f (xk + αp) = f (xk) + α∇f (xk)(p) + 1
2α

2∇2f (xk + tp)(p, p). (6.2.2)

Putting aside the secondorder term (which for small α is small), the directiononwhich
f decreases most is in fact the solution of the minimization on the unit ball of the
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function (of p), p 7→ ∇f (xk)(p). Since

∇f (xk)(p) = ‖p‖
∥∥∇f (xk)

∥∥ cos θ =
∥∥∇f (xk)

∥∥ cos θ,

where θ is the angle between p and∇f (xk), it is clear that theminimum is attained for

p = − ∇f (xk)∥∥∇f (xk)
∥∥

if
∥∥∇f (xk)

∥∥ ≠ 0. So, if a critical point is attained, then we cannot go further. If is
not the case, the choice of pk as above is called the steepest descent method. On the
other hand, every other direction forwhich the anglewith∇f (xk) is greater that π2 (i.e.,
cos θ < 0) produces a decrease of f if α is su�ciently small, since the secondorder term
in (6.2.2) contains a factor of α2. Such a direction (for which∇f (xk)(pk) < 0) is called
a decrease direction. Now, one has the problem of the choice of αk . The ideal choice
would be the minimum for α > 0, of the function α 7→ f (xk + αpk), but, again, this
problem is not necessarily a simple one. Another possibility is to choose a number
α > 0 such that f (xk + αpk) < f (xk), but this choice could be insu�cient, since the
function may have a not very important decrease. In order to avoid both the problem
of exact solvability of the optimization problem and the latter mentioned di�culty, a
compromise is to choose an αk which satis�es

f (xk + αpk) < f (xk) + c1α∇f (xk)(pk), (6.2.3)

where c1 ∈ (0, 1). The above inequality is called the Armijo condition (and was in-
troduced by the Americanmathematician Larry Armijo in 1966), and the possibility of
choosing α to ful�ll (6.2.3) is ensured by (6.2.2) and by ∇f (xk)(pk) < 0. In general, in
order that some values of α are su�ciently large to satisfy the condition (6.2.3), c1 is
taken to be small. Even so, there is a risk of choosing a value α that is too small, such
that, usually, one needs a second condition of the type

c2∇f (xk)(pk) ≤ ∇f (xk + αpk)(pk), (6.2.4)

where c2 ∈ (c1, 1). This condition is called the curvature condition and says that the
derivative of the mapping α 7→ f (xk + αpk) at α is bigger than the product between c2

and the derivative of the same function at 0. It is clear that a lower value of∇f (xk)(pk)
implies a bigger decrease of f , so in condition (6.2.4) it is preferable that c2 to be taken
close to 1. The conditions (6.2.3) and (6.2.4) are called the Wolfe conditions (after the
American mathematician Philip Wolfe who introduced them in 1968). If instead of
(6.2.4) one takes ∣∣∇f (xk + αpk)(pk)

∣∣ ≤ ∣∣c2∇f (xk)(pk)
∣∣ ,

then one talks about strong Wolfe conditions.
The consistency of these conditions is rigorously shown in the next sections.
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Proposition 6.2.1. Let f : Rp → R be of class C1, pk a decrease direction at xk , and
0 < c1 < c2 < 1. If f is lower bounded on the set {xk + λpk | λ > 0} , then there exists
α > 0 which satis�es the Wolfe conditions and the strong Wolfe conditions.

Proof According to the assumption, the function α 7→ f (xk + αpk) is lower bounded on
(0,∞). Since c1 > 0 and∇f (xk)(pk) < 0, for α small enough,

f (xk + αpk) < f (xk) + c1α∇f (xk)(pk)

whence, taking into account the boundedness property, the equation (in α)

f (xk + αpk) = f (xk) + c1α∇f (xk)(pk)

has at least a strictly positive solution. From the continuity (in α) of the functions in-
volved, there exists a smallest strictly positive solution which we denote by α′. Obvi-
ously, for every α ∈ (0, α′), condition (6.2.3) holds. We apply again Taylor’s Formula,
and there exists α′′ ∈ (0, α′) such that

f (xk + α′pk) = f (xk) + α′∇f (xk + α′′pk)(pk),

hence
∇f (xk + α′′pk)(pk) = c1∇f (xk)(pk) > c2∇f (xk)(pk).

Therefore, for α′′ condition (6.2.4) holds. Since for α′′ the inequalities in both (6.2.3)
and (6.2.4) are strict, there exists an interval around this point where these conditions
are ful�lled. By the fact that ∇f (xk + α′′pk)(pk) < 0, we infer that the strong Wolfe
conditions hold in a whole interval around α′′. �

We discuss now the convergence of the algorithm of the line search method.

Theorem 6.2.2. Let us consider the iteration (6.2.1), where (pk)are decrease directions,
and (αk) satisfy the Wolfe conditions. Suppose that f is of class C1 and lower bounded,
and that∇f is Lipschitz. Then the series

∞∑
k=0

cos2 θk
∥∥∇f (xk)

∥∥2

(where θk denotes the angle between∇f (xk) and pk) is convergent.

Proof From the Wolfe conditions, for each k ∈ N*,

∇f (xk + αkpk)(pk) −∇f (xk)(pk) ≥ (c2 − 1)∇f (xk)(pk),

that is
∇f (xk+1)(pk) −∇f (xk)(pk) ≥ (c2 − 1)∇f (xk)(pk),



Algorithms for Optimization Problems | 209

and the Lipschitz condition on the di�erential gives a positive constant L such that∥∥∇f (xk+1) −∇f (xk)
∥∥ ≤ L ‖xk+1 − xk‖ ,

from where, (
∇f (xk+1) −∇f (xk)

)
(pk) ≤ αkL ‖pk‖2 .

We infer that
αk ≥

c2 − 1
L
∇f (xk)(pk)
‖pk‖2 .

From (6.2.3), taking again into account the inequality∇f (xk)(pk) < 0, we get

f (xk+1) ≤ f (xk) + c1
c2 − 1
L

(
∇f (xk)(pk)

)2

‖pk‖2 .

But (
∇f (xk)(pk)

)2

‖pk‖2 = cos2 θk
∥∥∇f (xk)

∥∥2 ,

so
f (xk+1) − f (xk) ≤ c1

c2 − 1
L cos2 θk

∥∥∇f (xk)
∥∥2 .

Summing up, we deduce

f (xk+1) ≤ f (x0) + c1
c2 − 1
L

k∑
i=0

cos2 θi
∥∥∇f (xi)∥∥2 .

Since c2 − 1 < 0, the lower boundedness of f yields the convergence of the series. �

The above theorem ensures that

cos2 θk
∥∥∇f (xk)

∥∥2 → 0.

If the choice of pk is made in such a way that cos θk > ε for every k and for a �xed
ε > 0, then∇f (xk)→ 0. Such a situation is called the steepest descent method where
cos θk = −1. The algorithm does not guarantee the convergence toward a minimum
point. The fact that one gets a sequence of points where the norm of the gradient is
smaller and smaller, however, gives us hope that we progress towards a critical point.
Clearly, it can be a saddle point, hence not a minimum. Moreover, the speed of con-
vergence is slow.

However, in particular situations, some versions of the line search algorithm can
be analyzed more accurately, as the next example shows.

Example 6.2.3. Let us consider the case of the function f : Rp → R given by f (x) =
1
2
〈

(Axt)t , x
〉

+〈b, x〉where A is a symmetric, positive de�nite squarematrix of dimension
p, and b ∈ Rp . Clearly, f is strictly convex and its level sets are bounded, so there exists
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a unique minimum point given by the equation∇f (x) = 0. Therefore, x = −(A−1bt)t . Let
us study the behaviour of the algorithm given by the relations xk+1 = xk + αkdk , where
dk = −∇f (xk) = −(Axtk)t − b, and αk is the minimum of the function α 7→ f (xk + αdk).
Suppose that the gradient does not vanish at this iteration points, which is equivalent
(taking into account the convexity of the problem) to f (xk) > f , where f is the minimum
value of the function, that is f := f (x) = −1

2
〈

(A−1bt)t , b
〉
.

Thus,

f (xk + αdk) = f (xk) + 1
2α

2
〈

(Adtk)t , dk
〉

+ α
〈

(Adtk)t + b, dk
〉
.

Since dk ≠ 0, the minimum of this function is attained at

αk = ‖dk‖2〈
(Adtk)t , dk

〉 ,
and

dk+1 = −(Axtk+1)t − b = −(Axtk)t − αk(Adtk)t − b = dk − αk(Adtk)t ,

whence
〈dk+1, dk〉 = 〈dk , dk〉 − αk

〈
(Adtk)t , dk

〉
= 0.

We infer that

f (xk+1) = f (xk) − 1
2

‖dk‖4〈
(Adtk)t , dk

〉 ,
so

f (xk+1) − f =
(
f (xk) − f

)1 − ‖dk‖4

2
(
f (xk) − f

)〈
(Adtk)t , dk

〉
 .

Therefore, 〈
(A−1dtk)t , dk

〉
=
〈

(A−1((Axtk)t + b)t)t , (Axtk)t + b
〉

= 2
[

1
2

〈
(Axtk)t , xk

〉
+ 〈b, xk〉 +

〈
(A−1bt)t , b

〉]
= 2
(
f (xk) − f

)
.

So,

f (xk+1) − f =
(
f (xk) − f

)[
1 − ‖dk‖4〈

(A−1dtk)t , dk
〉
·
〈

(Adtk)t , dk
〉] .

From the inequality of Kantorovici (Theorem 2.2.31), we have

‖dk‖4〈
(A−1dtk)t , dk

〉
·
〈

(Adtk)t , dk
〉 ≥ 4

[√
λ1
λp

+
√
λp
λ1

]−2

= 4 λ1λ−1
p

(λ1λ−1
p + 1)2 ,
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where λ1 and λp are the greatest and the smallest eigenvalue of A, respectively. We de-
note c := λ1λ−1

p . We put together the above relations and get

f (xk+1) − f ≤
(
f (xk) − f

)[
1 − 4 c

(c + 1)2

]
.

It follows that

f (xk) − f ≤
(
f (x0) − f

)( c − 1
c + 1

)2k
, ∀k ∈ N.

From Example 7.72,

f (xk) − f = 1
2

〈
(Axtk)t , xk

〉
+ 〈b, xk〉 − f

= 1
2

〈
(A(xk − x)t)t , xk − x

〉
≥ 1

2 λp ‖xk − x‖
2 ,

so

‖xk − x‖ ≤

√[
2(f (x0) − f )

λp

](
c − 1
c + 1

)k
, ∀k ∈ N,

and this relation allows us to conclude that the approximation of the minimum point
depends on the value of c : if the di�erence between the greater and the smaller eigen-
values of A is small, then the convergence is rapid. At the limit, for c = 1, the �rst iteration
already attains the minimum point.

On the other hand, there are several possible improvements of the general line search
method and one of these possibilities would be to consider a second-order decrease
direction (ofNewton type). Therefore, let us suppose thatwehavea function f : R→ R
of class C3. As above, the algorithmwill search for critical points, i.e., to the solutions
of the equation f ′(x) = 0. If one supposes that x is a nondegenerate solution, and
applies the Newton’s method for this equation, they would be lead to consider the
iterations

xk+1 = xk −
f ′(xk)
f ′′(xk) .

For this algorithmwehave aquadratic convergence (as shown in theprevious section),
the drawback being the same as we discussed for the Newton’s method. On the other
hand, if f ′′(xk) is not positive, then the direction − f ′(xk)

f ′′(xk) is not necessarily a decreasing
one, so we can attain maximal points.

We close this section with a special look to the case of convex functions. Clearly,
the above algorithm is well suited to these functions, but the particular form of con-
vexity allows the design of some powerful speci�c algorithms. We now introduce the
proximal point algorithm. An initial form of this was published by the French mathe-
matician BernardMartinet in 1970, and later generalized by the Americanmathemati-
cian Ralph Tyrrell Rockafellar in 1976.
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Let f : Rp → R be a convex di�erentiable function. Thus, for every �xed y ∈ Rp ,
we consider the function gy : Rp → R,

gy(x) = f (x) + 1
2 ‖x − y‖

2 .

This new application is convex and di�erentiable (as a sum of functions with these
properties). Moreover, gy is strictly convex because x 7→ 1

2 ‖x − y‖
2 has this property

(see Theorem 2.2.15 (iv)).
Suppose that f satis�es the coercivity condition of Proposition 3.1.8, whence f at-

tains its global minimum onRp . It is easy to see that the same condition is satis�ed by
gy as well, therefore there exists a global minimum point of gy on Rp . By the fact that
gy is strictly convex, thisminimumpoint is unique (Proposition 3.1.24), andwe denote
it by xy . Furthermore, according to Theorem 3.1.22 and the di�erentiation rules, xy is
characterized by the relation

∇f (xy) + xy − y = 0.

We generate now a sequence of iterations following the next rule: x0 ∈ Rp , and
for every k ≥ 0, xk+1 = xxk , that is,

∇f (xk+1) + xk+1 − xk = 0.

Let x be a minimum point for f (it exists according to the above assumptions). The
next relation holds:

‖xk+1 − x‖2 = ‖xk − x‖2 − ‖xk+1 − xk‖2 + 2 〈xk+1 − x, xk+1 − xk〉 , ∀k.

But
〈xk+1 − x, xk+1 − xk〉 = −∇f (xk+1)(xk+1 − x) ≤ 0

(from Theorem 2.2.10), so

‖xk+1 − x‖2 ≤ ‖xk − x‖2 − ‖xk+1 − xk‖2 ≤ ‖xk − x‖2 , ∀k.

We deduce the following facts: the sequence (‖xk − x‖)k is decreasing, whence con-
vergent (being positive), while the sequence (‖xk+1 − xk‖)k is convergent to 0. In par-
ticular, the sequence (xk)k is bounded. We show that (xk) is convergent to a minimum
point of f . Let x ∈ Rp arbitrary but �xed. Then

∇f (xk+1)(x − xk+1) = 〈xk − xk+1, x − xk+1〉 ≥ − ‖xk − xk+1‖ ‖x − xk+1‖ .

Let z ∈ Rp be a limit point of (xk) (its existence is ensured by the boundedness of the
sequence). Passing to the limit in the above relation, using that ‖xk+1 − xk‖ → 0 and
that (‖x − xk+1‖) is bounded, we deduce

∇f (z)(x − z) ≥ 0.
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Since x is arbitrary, we get∇f (z) = 0, that is z is a critical point, whence a minimum
point. Suppose that (xk) has at least two di�erent limit points z1 and z2. According
to the above stage of the proof, both are minimum points of f . With the same reason-
ing as in the case of x, we infer that the sequences (‖xk − z1‖)k and (‖xk − z2‖)k are
convergent. But

‖xk − z2‖2 = ‖xk − z1‖2 + 2 〈xk − z1, z1 − z2〉 + ‖z1 − z2‖2 , ∀k.

Therefore, there exists

2 lim
k
〈xk − z1, z1 − z2〉 = lim

k
‖xk − z2‖2 − lim

k
‖xk − z1‖2 − ‖z1 − z2‖2 .

By the fact that z1 is a limit point of (xk), limk 〈xk − z1, z1 − z2〉 can be only 0, so

lim
k
‖xk − z2‖2 − lim

k
‖xk − z1‖2 = ‖z1 − z2‖2 > 0.

Changing the roles of z1 and z2,

lim
k
‖xk − z1‖2 − lim

k
‖xk − z2‖2 = ‖z1 − z2‖2 > 0,

so we arrive at a contradiction. Thus (xk) is convergent to a minimum point of f .

6.2.2 The Case of Constraint Problems

For constrained problems, we adopt a slightly simpli�ed framework which allows,
nevertheless, the presentation of the main ideas of two important methods of search-
ing for extrema, namely the sequential quadratic programing and the interior point
methods.

6.2.2.1 Sequential quadratic programming
The sequential quadratic programming (SQP) is one of the most e�ective methods
used to solve nonlinear optimization problems with constraints. We will restrict our
approach to equality-constrained optimization, i.e., we consider for the problem (P)
de�ned in the second section of Chapter 3 only equalities constraints. We take then
the C1 function h : Rp → Rm and

M :=
{
x ∈ Rp | h(x) = 0

}
.

The underlying idea of SQP is tomodel the problem (P) at the current iterate xk by
a quadratic programming subproblem, and then to construct the next iteration xk+1
by the use of the minimizer of this subproblem.

In order to continue our discussion in the general case of nonlinear optimization
problems with constraints, we present some elements about quadratic programming.
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Anoptimizationproblemwhere the objective function is quadratic and the constraints
are linear is called a quadratic program (QP). As above, we limit our analyses to the
case of equality constraints, i.e., we consider the problem

(QP) minx f (x) := 1
2
〈

(Qxt)t , x
〉

+ 〈c, x〉 ,
subject to Axt = bt ,

where Q is a symmetric p × pmatrix, A is am × pmatrix withm ≤ p, x, c are vectors in
Rp , and b is a vector inRm . If the Hessian matrix Q is positive de�nite, then we speak
about convex QP, and in this case the analysis is similar to the case of linear programs.
When Q is an inde�nite matrix, more di�culties can arise, since in this case several
stationary and local minima may appear.

In what follows, we will restrict to the case of convex QPs, and we suppose that
the matrix A has full row rank (rankA = m). Then x, the unique minimum point of
(QP) (see Exercise 7.73), is fully characterized by the relations

Axt = bt

∃µ ∈ Rm such that∇f (x) + µA = 0,

which �nally give
µt = −(AQ−1At)−1(b + AQ−1ct)

and
xt = −Q−1ct + Q−1At(AQ−1At)−1(b + AQ−1ct).

Remark also that the �rst-order optimality conditions for x can be written under
matricial form as follows:(

Q At

A 0

)(
xt

µt

)
=
(
−ct

bt

)
. (6.2.5)

Rewrite (6.2.5) in a form more useful for computation: take x = x + y, where x is an
estimate of the solution and y is the desired step. Then (6.2.5) becomes(

Q At

A 0

)(
yt

µt

)
=
(
dt

et

)
, (6.2.6)

where
et = −Axt + bt , dt = −ct − Qxt , y = x − x.

The previous comments show that, in order to �nd the unique global solution of
(QP), we must solve the linear system (6.2.6). A �rst observation is that if p ≥ 1, the
Karush-Kuhn-Tucker matrix

K :=
(
Q At

A 0

)
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is always inde�nite. One option is to use a triangular factorization, as the QR (House-
holder) factorization, or to use the so-called Schur-complement method. For details
see the book (Nocedal and Wrightm, 2006).

Comingback to the general case of constrainedoptimizationproblemswith equal-
ity constraints, recall that the Lagrangian of (P) is the function

L(x, µ) = f (x) +
m∑
j=1

µjhj(x).

Denote the Jacobian matrix of the constraints by A(x), i.e.,

A(x) =

 ∇h1(x)
...

∇hm(x)

 .

As shown by Theorem 3.2.6, the �rst order Karush-Kuhn-Tucker conditions for the
problem (P) can be written as

F(x, µ) :=
(
∇f (x) + µA(x)

h(x)

)
= 0. (6.2.7)

One method is to solve the nonlinear equation (6.2.7) by the use of Newton’s method.
We have

∇F(x, µ) =
(
∇2
xxL(x, µ) A(x)t

A(x) 0

)
,

hence the Newton step, according to (6.1.5), is(
xtk+1
µtk+1

)
=
(

xtk
µtk

)
−
(
∇2
xxL(xk , µk) A(xk)t

A(xk) 0

)−1

·
(

(∇f (xk) + µkA(xk))t

(h(xk))t

)
.

(6.2.8)
Of course, in order that the Karush-Kuhn-Tucker matrix

K(xk , µk) :=
(
∇2
xxL(xk , µk) A(xk)t

A(xk) 0

)

is nonsingular, we suppose that the constraint Jacobian A(x) has full row rank, and
that the matrix∇2

xxL(x, µ) is positive de�nite on the tangent space of the constraints,
i.e., 〈

(∇2
xxL(x, µ)dt)t , d

〉
> 0, ∀d ≠ 0 s.t. A(x)dt = 0. (6.2.9)

Another way to view the iterations (6.2.8) is to consider the quadratic problem
bellow at each iterate (xk , µk) :

miny 1
2
〈

(∇2
xxL(xk , µk)yt)t , y

〉
+
〈
∇f (xk), y

〉
+ f (xk)

subject to A(xk)yt + (h(xk))t = 0.
(6.2.10)
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Under the assumptionsmade, we knowby the comments before that this problem
has a unique solution yk for which there is a multiplier lk such that:

(∇2
xxL(xk , µk)ytk)t +∇f (xk) − lkA(xk) = 0,

A(xk)ytk + (h(xk))t = 0.
(6.2.11)

Moreover, the pair (yk , lk) can be identi�ed with the one of (6.2.8). To see this,
denote y′k := xk+1 − xk and rewrite (6.2.8) as(

∇2
xxL(xk , µk) A(xk)t

A(xk) 0

)(
(y′k)t

µtk+1 − µtk

)
=
(
−(∇f (xk) + µkA(xk))t

−(h(xk))t

)
.

By subtracting µkA(xk) in both sides of the previous relation, we get(
∇2
xxL(xk , µk) A(xk)t

A(xk) 0

)(
(y′k)t

µtk+1

)
=
(
−(∇f (xk))t

−(h(xk))t

)
.

Hence, by the nonsingularity of the Karush-Kuhn-Tucker matrix K(xk , µk) and by re-
lations (6.2.11), we obtain that yk = y′k and µk+1 = lk .

Hence, the new iterate (xk+1, µk+1) can be de�ned either as solution of the
quadratic program (6.2.10), or as the Newton type iterate given by (6.2.8) applied to
the optimality conditions of the problem.

We close our considerationwith a result about the rate of convergence. Recall that
the set of critical directions is in our case

C(x, µ) =
{
u ∈ Rp | ∇hj(x)(u) = 0, for every j ∈ 1,m.

}
Theorem 6.2.4. Suppose x is a local solution of the problem

min f (x), subject to h(x) = 0,

such that f and h are twice continuously di�erentiable functions with Lipschitz continu-
ous second derivatives. Moreover, suppose that the linear independence condition holds
at x, and that

∇2
xxL(x, (λ, µ))(u, u) > 0, ∀u ∈ C(x, µ) \ {0}.

Then, if (x0, µ0) is su�ciently close to (x, µ), then the sequence generated by (6.2.8)
converges quadratically to (x, µ).

Proof The proof follows from Theorem 6.1.5, because (6.2.8) is the Newton’s method
applied to the nonlinear system F(x, µ) = 0, where F is given by (6.2.7). �

6.2.2.2 Interior-point methods
In the approach we present here, for the problem (P) de�ned in the second section of
Chapter 3, we consider only inequality constraints. Therefore, we take g : Rp → Rn

and
M := {x ∈ Rp | g(x) ≤ 0}.
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We denote

strictM := {x ∈ Rp | g(x) < 0}
=
{
x ∈ Rp | gi(x) < 0, ∀i ∈ 1, n

}
.

Let us observe that, in general, strictM does not coincide with the interior of M (it is
enough to consider g : R→ R2 with g(x) = (−x2, −x − 1), since in this case strictM =
intM \ {0}).

Themain idea is to transform the constrained problem into an unconstrained one
through a penalization of the objective function f by an auxiliary function that con-
tains the constraints. In fact, this also happens when one introduces the Lagrangian
function, but then some parameters (λ, µ) depending on the solution were in force.
At this moment, we consider the function (called the logarithmic barrier of (P)),
B(x, µ) : strictM × (0,∞)→ R,

B(x, µ) := f (x) − µ
n∑
i=1

ln(−gi(x)).

It is clear that this function preserves the smoothness properties of the prob-
lem data. On the other hand, if a solution x lies in strictM, then for x close to x,
limµ→0 B(x, µ) = f (x). If x lies in M \ strictM then at least one constraint is active,
so for a sequence (xk)→ x,

lim
k

(
f (xk) − µ

n∑
i=1

ln(−gi(xk))
)

= ∞.

Consequently, a coercivity condition similar to that in Proposition 3.1.9 could be ful-
�lled (under some conditions). The idea (in both situations) is to ensure the existence
of a unconstrained minimum for B(·, µ) on strictM, denoted xµ , then, for µ → 0, to
show that xµ converges towards aminimumof the problem (P). The below�gure o�ers
an intuitive image for this remark for the case of the function f : R→ R, f (x) = ex − x3

under the constrains g1(x) = 1 − x ≤ 0, g2(x) = x − 3 ≤ 0. The minimum is x = 3, and
the Figure 6.1 presents, besides the graph of f , the graphs of B(x, 3−1) and B(x, 7−1).

In order to prepare themain result, we need an additional preliminary discussion.
We have already said that if we have minimum points that are close one to each other,
then it is di�cult to design algorithms whichmake the distinction between them, and
in order to approach the desired point one should start from appropriate initial data.
Themost unpleasant situation occurs when aminimumpoint is not isolated in the set
of local minima. Such an example for a C2 function is given below. Let f : R→ R,

f (x) =
{
x4 (2 + cos 1

x
)
, x ≠ 0

0, x = 0.
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Figure 6.1: Barrier method illustration.
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Figure 6.2: Non isolated minimum.

This function has a global minimum at 0, but there is a sequence of local minima
which converges to 0 (see Figure 6.2).

It is now necessary to formulate some conditions concerning topological proper-
ties of the set of minima. We start with a de�nition.

De�nition 6.2.5. Let A ⊂ B. We say that A is an isolated subset of B if there exists a
closed set E with A ⊂ int E and B ∩ E = A.

The next result holds.

Proposition 6.2.6. Let M ⊂ Rp and φ : M → R.Wedenote by N a set (thatwe suppose
to be nonempty) of a local minima of φ on M, for which the value of the function is the
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same (denoted by φ). Suppose that N* is an isolated compact subset of N . Then there
exists a compact set C such that N* ⊂ int C and φ(x) > φ for every x ∈ (M ∩ C) \ N*.

Proof According to the preceding de�nition, there exists a closed set Ewith N* ⊂ int E
and N ∩ E = N*. Since N* consists only of minima, for every x ∈ N* there exists an
open neighborhood Vx of x with

φ(x) = φ ≤ f (u), ∀u ∈ M ∩ Vx .

Then the set G :=
⋃
x∈N*

Vx is open and includes N*, and φ(u) ≥ φ for every u ∈ M ∩ G.

Then, by the compactness of N* and the openness of G ∩ int E, there exists a compact
set C with

N* ⊂ int C ⊂ C ⊂ G ∩ int E ⊂ G ∩ E

(it can be shown quite simply that one can take C as
{
x ∈ Rp | d(x, C) ≤ n−1} for suf-

�ciently large n ∈ N*). Clearly, N* ⊂ int C ∩ M. Take now x ∈ (M ∩ C) \ N*. Since
x ∈ M ∩ G, one has φ(x) ≥ φ. On the other hand, since C ⊂ E, one has x ∈ E \ N*,
whence x ∈ ̸ N . Therefore, φ(x) ≠ φ. Consequently, φ(x) > φ is the only possibility. �

We present now the main result of this section.

Theorem 6.2.7. Suppose that f and g are continuous. Let N be the set (supposed to
be nonempty) of local minima of f on M for which the value of the function is the same
(denoted by f ), and let (µk) ⊂ (0,∞) be a strictly decreasing sequence convergent to 0.
We suppose that:

(a) there exists an isolated compact subset N* of N;
(b) N* ∩ cl(strictM) ≠ ∅.
Then:
(i) there exists a compact set C such that N* ⊂ int C, and for every x ∈ (M∩C) \N*,

f (x) > f ;
(ii) there exist an in�nity of numbers k for which there exists a global minimum yk ∈

strictM ∩ int C without restrictions of B(·, µ) on strictM ∩ int C with

B(yk , µk) = min{B(x, µk) | x ∈ strictM ∩ C};

(iii) every limit point of (yk) is in N*, and if (xl) is a subsequence of (yk) convergent
to the underlying limit point, then

lim
l
f (xl) = f = lim

l
B(xl , µl).

Proof The �rst item, (i), follows easily from (a) and from Proposition 6.2.6. So, there
exists a compact set C such that N* ⊂ int C∩M, and the value of f at the points of N* is
the smallest one in C∩M. Since the function B(·, µk) veri�es the assumptions of Propo-
sition 3.1.9 for D = strictM, there exists a global minimum for B(·, µk) on strictM ∩ C.
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At this moment, this minimum point, denoted by yk , is not without restrictions (note
that C is closed). Since (yk) is bounded, there exists a subsequence of it, denoted (xl),
which has a limit, denoted by x∞, lying in M ∩ C. Therefore x∞ is a feasible point.
We show now that x∞ ∈ N*. Otherwise, from the preceding part, f (x∞) > f . In order
to arrive at a contradiction, we use (b). Take x* ∈ N* ∩ cl(strictM). We distinguish
two situations, and in both cases we show that there exists xint ∈ C ∩ strictM with
f (x∞) > f (xint). Firstly, we consider that x* ∈ strictM. Then f (x∞) > f (x*), so we can
take xint = x*. Suppose that x* ∈ cl(strictM)\strictM. FromN* ⊂ int C, we deduce that
x* ∈ int C. Since f (x∞) > f = f (x*) and f is continuous, there exists a neighborhood V
of x* such that f (x∞) > f (x) for every x ∈ V . In particular, there exists xint ∈ C∩strictM
with the desired property. Thus, in every situation, there exists xint ∈ C∩ strictM with
f (x∞) > f (xint). Again, from the continuity of f , for every l big enough, f (xl) > f (xint).
But xl is a global minimum on C ∩ strictM for B(·, µl), so

f (xl) − µl
n∑
i=1

ln(−gi(xl)) ≤ f (xint) − µl
n∑
i=1

ln(−gi(xint)).

Since
∑n

i=1 ln(−gi(xint)) ∈ R, passing to the limit as l →∞,

lim
l

(
f (xint) − µl

n∑
i=1

ln(−gi(xint))
)

= f (xint).

If x∞ ∈ strictM, as above,

lim
l

(
f (xl) − µl

n∑
i=1

ln(−gi(xl))
)

= f (x∞),

whence
f (x∞) ≤ f (xint),

in contradiction to the step before.
If x∞ ∈ (M ∩ C) \ strictM, adding −µl

∑n
i=1 ln(−gi(xint)) in the inequality f (xl) >

f (xint), we infer, by the use of the relation before,

f (xl) − µl
n∑
i=1

ln(−gi(xint)) > f (xint) − µl
n∑
i=1

ln(−gi(xint))

≥ f (xl) − µl
n∑
i=1

ln(−gi(xl)),

whence

−
n∑
i=1

ln(−gi(xint)) > −
n∑
i=1

ln(−gi(xl)).

For l → ∞, in the left-hand side we get a real number, and in the right-hand side we
get +∞, which is a contradiction. We conclude that the assumption made was false,
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so f (x∞) = f , that is x∞ ∈ N*. We conclude that every limit point of (yk) satis�es
this property. From the fact that x∞ ∈ N*, we infer that x∞ ∈ int C, so, eventually, xl
belongs to int C. This means that the geometric restriction x ∈ C is not active, whence
xl is a minimum without constraints for B(·, µl) on strictM ∩ int C. The second item,
(ii), is proved.

The �rst part of (iii) is obvious, since liml f (xl) = f (x∞) = f . It remains to show
that f = liml B(xl , µl).

If x∞ ∈ strictM, then the sum
∑n

i=1 ln(−gi(xl)) is �nite for all big l. Then

lim
l
B(xl , µl) = f (x∞) = f .

Now, suppose that x∞ ∈ ̸ strictM, so at least a constraint goes to 0 on (xl) for
l →∞. Since for every l, xl is the minimum point for B(·, µl) on strictM ∩ C, we have

B(xl , µl) ≤ B(xl+1, µl) and B(xl+1, µl+1) ≤ B(xl , µl+1).

We multiply the �rst inequality by µ−1
l µl+1 ∈ (0, 1) and we add the second inequality.

We get

f (xl+1)
(

1 − µl+1
µl

)
≤ f (xl)

(
1 − µl+1

µl

)
,

so f (xl+1) ≤ f (xl).
For every l big enough,

∑n
i=1 ln(−gi(xl)) < 0, whence B(xl , µl) > f (xl). Since

f (xl+1) ≤ f (xl) and liml f (xl) = f (x∞) = f , we infer that the sequence (B(xl , µl)) is
lower bounded. On the other hand,

0 < µl+1 < µl and
n∑
i=1

ln(−gi(xl)) < 0,

so for l big enough,

−µl+1

n∑
i=1

ln(−gi(xl)) < −µl
n∑
i=1

ln(−gi(xl)),

hence
B(xl , µl+1) < B(xl , µl).

Therefore,
B(xl+1, µl+1) ≤ B(xl , µl+1) ≤ B(xl , µl).

We deduce that the sequence (B(xl , µl)) is monotone, and converges towards a limit
denoted by B. The inequality B ≥ f is ensured by the above considerations. We sup-
pose, by way of contradiction, that B > f , and we take ε := 2−1(B − f ) > 0. From the
continuity of f , there exists a neighborhood V of x∞ for which

f (x) < f (x∞) + ε = B − ε, ∀x ∈ V .
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There exists at least one point of x′ ∈ strictM in V . So,

B(xl , µl) ≤ B(x′, µl) = f (x′) − µl
n∑
i=1

ln(−gi(x′)).

But
∑n

i=1 ln(−gi(x′)) ∈ R, and for every l big enough,

−µl
n∑
i=1

ln(−gi(x′)) < 2−1ε.

But
f (x′) < B − ε,

so
B(xl , µl) < B − ε + 2−1ε = B − 2−1ε,

which contradicts B(xl , µl)→ B. So B = f and the proof is complete. �

The hypotheses of the above result are quite weak. It is remarkable that the prob-
lem data are supposed to be only continuous. We can say that the assumption (b) is
the most demanding one, but it is quite natural. However, there exist situations when
this assumption is not ful�lled. To see this, it is su�cient to consider the problem of
minimizing the function f : R→ R, f (x) = (x + 1)2 under the constraint g(x) ≤ 0,
where g : R→ R2, g(x) = (x(1 − x), −x). ThenM = {0}∪ [1,∞), and the only solution
is x = 0. But strictM = (1,∞), hence N* ∩ cl(strictM) = ∅.

Thegoodpart of the conclusion is thatweestablished convergence to the solutions
of the problem (P) without quali�cation conditions. However, the sequence (yk) can
be divergent: we know that it has convergent subsequences. Let us remark that

∇xB(x, µ) = ∇f (x) +
n∑
i=1

µ
gi(x)∇gi(x).

If x is a minimum point without restrictions for B(·, µ), then ∇xB(x, µ) = 0, and if µ
is small enough and x is close to the solution of the problem (P), then the Lagrange
multipliers λi can be approximated by µg−1

i (x).

Subsequently, Theorem 6.2.7 can be combined with other hypotheses and tech-
niques in order to obtain several enhancements of the conclusions and in order to
include the equality constraints in the discussion.
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6.3 Scienti�c Calculus Implementations

In this section we aim at illustrating the theoretical discussions above through their
numerical implementation in the scienti�c calculus software Matlab. Thus we verify,
from a practical point of view, the results we have proved before, and we split our ex-
empli�cations into two categories of codes: on one hand, there are codes which use
some default functions ofMatlab (which, in turn, encapsulate various numerical algo-
rithms) and, on the other hand,wedirectly implementmanyof the studied algorithms.

1. (least squaresmethod - lineardependence)The systemobtainedby themod-
elling the least squares method for the a�ne dependence v = at + b, has, as estab-
lished before (Section 3.4), a unique solution:(

a
b

)
=
( ∑N

i=1 t
2
i
∑N

i=1 ti∑N
i=1 ti N

)−1( ∑N
i=1 tivi∑N
i=1 vi

)
.

Let us take the concrete example: N = 5, t1 = 0, t2 = 1, t3 = 2, t4 = 3, t5 = 4 and
v1 = 1, v2 = 2.5, v3 = 5.1, v4 = 6.7, v5 = 8.3.

For the calculus of the parameters a, b we implement the following Matlab code:

t=[0,1,2,3,4];
v=[1,2.5,5.1,6.7,8.3];
A=[sum(t.^2) sum(t)
sum(t) 5]
B=[sum(t.*v)
sum(v) ]
U=A^(-1)*B
x=linspace(0,4.5,90);
y=U(1)*x+U(2);
plot(t,v,’ro’,’Linewidth’,2);
hold on;
plot(x,y);

Then we obtain the values 1.88 and 0.96 as well as the �gure below (Figure 6.3).

2. (least squares method - nonlinear dependence) A dedicated Matlab func-
tion for solving nonlinear problems coming from the application of the least
squares method is the function lsqnonlin which can be used with the syntax
[x,resnorm]=lsqnonlin(@fun, x0), where fun is a function which depends upon
the parameters of the model. Therefore, lsqnonlin takes as objective function the
sum of the squares of the components of the vector fun and returns both the mini-
mum point and the minimal value.
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Figure 6.3: Least squares method: linear case.

Let us suppose that from the direct observation of a speci�c physical phenomenon
at the moments ti we get the mi data, as in the table below.

i 1 2 3 4 5 6
ti 0.1 0.3 0.5 0.7 0.8 0.9
mi 0.7 1.5 4.5 22.3 94 387.9

Moreover, we suppose that one can observe a behaviour of type (1− t)x1 around 0, and
a behaviour of type t−x2 around 1. The suggested continuous model at every moment
t is f : R3 → R,

f (x) = x3(1 − t)x1 t−x2 .

The function lsqnonlin will minimize the objective function

x →
6∑
i=1

[
mi − x3(1 − t)x1 t−x2

]2 .

The program consists of a function �le with the code
function z=fun(p)
measures=[0.1 0.7;0.3 1.5;0.5 4.5;0.7 22.3; 0.8 94; 0.9 387.9];
z=measures(:,2)-p(3)*(1-measures(:,1)).^p(1)./measures(:,1).^p(2)

and the main �le as follows:
p0=[1 1 1];
[p,difference]=lsqnonlin(@fun,p0)
measures=[0.1 0.7;0.3 1.5;0.5 4.5;0.7 22.3; 0.8 94; 0.9 387.9];

which generates
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p = -0.9368 -6.7935 91.8653
difference =27.7334

while the additional lines
plot(measures(:,1),measures(:,2),’o’,’Linewidth’,2)
hold on;
model= ’91.8653*(1-x)^(-0.9368)/x^(-6.7935)’;
fplot(model,[0 0.95],’-r’)

give, on the same �gure, the discrete (measured) model and the continuous model
(see the �gure below).
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Figure 6.4: Least squares method: nonlinear case.

3. (�xed points - basic approximations) We want to approximate the solution
of the equation cos x = x, x ∈ [0, 1]. Clearly, a solution of this equation is a �xed
point of the restriction of the function cos to the interval [0, 1]. The cos function is a
contraction, since supx∈[0,1]

∣∣cos′ x
∣∣ = sin 1 < 1. Moreover, every calculator gives us

the approximate value of the contraction constant: sin 1 ' 0.84147, so

|cos x − cos y| ≤ 0.8415 |x − y| .

Thus, according to the Banach Principle, there exists a unique solution (denoted x) of
the mentioned equation which can be approximated arbitrarily well by the sequence
of the Picard iterations starting from every initial date x0 ∈ [0, 1]. We intend to in-
vestigate how accurately the solution has been approximated after a given number of
iterations. One may ask how many iterations are needed to obtain the value of x with
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an error smaller than 1
1000 . Answering this question is now possible in view of the esti-

mations concerning the speed of convergence of Picard approximations in the Banach
Principle. We recall that:

|xn − x| ≤ |x1 − x0|
λn

1 − λ (6.3.1)

|xn − x| ≤
λ

1 − λ |xn − xn−1| (6.3.2)

This discussion helps us to understand these inequalities and to obtain the desired
approximation of x starting from x0 = 0. Taking into account (6.3.1) and (6.3.2), we
have

|xn − x| ≤
0.8415n

1 − 0.8415 and |xn − x| ≤
0.8415

1 − 0.8415 |xn − xn−1| .

In theMatlab programs given below, one sees that the second estimation is better than
the �rst one, since the value 0.8415n

1−0.8415 is less than 0.001 starting from n = 51, while the
right-side member in the second part is under 0.001 faster (for n = 22). For instance,
for n = 22 in the second relation, we get

|x22 − x| < 0.0009,

so x ∈ (x22 − 0.0009, x22 + 0.0009), that is x is between 0.7381 and 0.7399.
The Matlab programs are as follow :

lambda=0.8415;
c=1/(1-lambda)
i=0;
while c*lambda>0.001
i=i+1; c=c*lambda;
end

which gives
–> disp(i+1); disp(c*lambda);
51.
0.0009500

and, respectively,
u=0; i=0;
while (0.8415/(1-0.8415))*abs((u-cos(u)))>0.001

i=i+1; u=cos(u);
end
disp(i+1); disp((0.8415/(1-0.8415))*abs((u-cos(u))))

which gives
–> disp(i+1); disp((0.8415/(1-0.8415))*abs((u-cos(u))))
22.
0.0008820.
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Again, the approximation process is faster if one starts form an initial value close
to x. For instance, taking x0 = 0.7, the estimations

|xn − x| ≤
0.8415n

1 − 0.8415
∣∣cos(0.7) − 0.7

∣∣ and |xn − x| ≤ 0.8415
1 − 0.8415 |xn − xn−1|

give an error less than 0.001 for n = 35, and n = 16, respectively. These new values
can be veri�ed easily, by making the obvious modi�cations in the above programs.

4. (speed of convergence of Picard iterations: the case f ′(x) ∈ (0, 1)) Let us
consider the function f : [0,∞)→ [0,∞) given by f (x) = 1

1+x2 . We have seen that this
is a contraction, has a unique �xed point which is the unique positive solution of the
equation x3 + x − 1 = 0, and the sequence of the Picard iterations satis�es:

xn+1 − x
xn − x

n→∞→ f ′(x) = −2x
(1 + x2)2

= −2x3 ∈ (0, 1).

Let us study the speed of convergence of this sequence bymeans of a Matlab program.
The stopping criterion is the attainment of a maximum number of iterations (1000),
or the situation where the absolute value of the di�erence between two consecutive
iterations is under an admissible tolerance (10−7).

funct=’1/(1+x^2)’
tol=1e-7; maxiter=1000;
n=0; x=1; x_old=0;
%Picard
while abs(x-x_old)>tol & n<maxiter

x_old=x; x=eval(funct); n=n+1;
end
%endPicard
disp(x);
disp(n);

The displayed results are:
–>disp(u); 0.6823278 –>disp(n); 35

so the algorithm stopped after 35 iterations and found the approximate value of the
solution as being 0.6823278, starting from the initial data x0 = 1. The speed of con-
vergence, which is a relatively good one, is due to the fact that

∣∣f ′(x)
∣∣ is smaller than

1.

5. (speed of convergence of Picard iterations: the case f ′(x) = 1) For the re-
striction of the function sin x to the interval [0, 1], which satis�es the assumptions in
the Picard Theorem with x = 0 as the unique �xed point, the speed of convergence
dramatically changes, as every Picard iteration (xk) satis�es

xk+1 − x
xk − x

k→∞→ f ′(x) = 1
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and we expect that the progress made in approaching the solution from a iteration to
another is very small. In the above program, we change f and we get the results:

–>disp(u);
0.0545930
–>disp(n);
1000

which means that after 1000 iterations we get a quite unsatisfactory approximation
of the �xed point. The situation changes insigni�cantly if one starts with the value
x0 = 0.1, closer to x:

–>disp(u); 0.0480222 –>disp(n); 1000.

6. (speed of convergence of Picard iterations: the case f ′(x) = 0) Consider the
case of the function f : [

√
2,∞)→ [

√
2,∞) given by

f (x) = x
2 + 1

x .

It is easy to see that f is well de�ned (the means inequality). Moreover,∣∣f ′(x)
∣∣ =
∣∣∣∣12 − 1

x2

∣∣∣∣ ≤ 1
2 ,

so f is a contraction and its unique �xed point is x =
√

2. One observes that f ′(x) = 0,
so, for every nonstationary Picard iteration,

xk+1 − x
(xk − x)2 = 1

2xk
→ 1

2
√

2
= f ′′(x),

so we have quadratic convergence, and we expect a very good speed of convergence.
We repeat the above program for the new function and we get:

–>disp(u); 1.4142136 –>disp(n); 5
so the algorithm stops after only 5 iterations and we have a very good approximation
of the �xed point x =

√
2.

7. (the Aitken acceleration methods) We come back to the function sin (re-
stricted to the interval [0, 1]) for which the convergence of the Picard iterations se-
quence is slow. We want to test the two Aitken acceleration methods: the weak and
the strong ones (which actually work as well for the case

∣∣f ′(x)
∣∣ = 1). Brie�y, for the

weak method, besides a Picard sequence associated to f , one considers the sequence

yk = xk −
(f (xk) − xk)2

f (f (xk)) − 2f (xk) + xk
which converges faster, however, without a modi�cation of the order of convergence.
For the strong method, we work directly with the sequence

xk+1 = xk −
(f (xk) − xk)2

f (f (xk)) − 2f (xk) + xk
.
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We have the code below:
funct=’sin(x)’
functcomp=’sin(sin(x))’
tol=1e-7;
maxiter=20000;
y=1;x=1;y_old=0;n=0;
%Aitken (weak)
while abs(y-y_old)>tol & n<maxiter
y_old=y; x=eval(funct);
y=x-((eval(funct)-x)^2)/(eval(functcomp)-2*eval(funct)+x);
n=n+1;
end
disp(x); disp(y); disp(n);

The result is the following:
0.0122
0.0082
20000

which means that for the initial data x0 = 1, after 20000 Picard iterations we are
not able to approximate the �xed point x = 0 with an error smaller that 10−2 (we
get 0.0122449), while this happens after 20000 weak Aitken iterations (the value is
0.0081631).

For the strong Aitken method, we do not change the Picard method, and for the
code we made the following modi�cations: we introduce a new constant tol1=1e-4,
and eliminate the variable w, and the strong Aitken method looks like:

funct=’sin(x)’
functcomp=’sin(sin(x))’
tol1=1e-4; maxiter=1000;
n=0; x=1; x_old=0;
while abs(x-x_old)>tol1 & n<maxiter
x_old=x;
x=x-((eval(funct)-x)^2)/(eval(functcomp)-2*eval(funct)+x);
n=n+1;
end
disp(x);
disp(n);

with the result:
1.8779e-004
21

which is clear indication of the huge progress for the speed of convergence.

8. (particular acceleration of the Picard iterations) There are particular cases
where the Picard iterations can be accelerated by means of an auxiliary function. For
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instance, consider f : R→ R, f (x) = x3 + 4x2 + x − 10. By the basic methods of math-
ematical analysis, the equation f (x) = x has only one real solution situated in the
interval [1, 2]. Clearly, f is not a contraction. However, the application g : [1, 2]→ R,

g(x) = 2x3 + 4x2 + 10
3x2 + 8x

satis�es the fact that the equality g(x) = x is equivalent to f (x) = x. But

g′(x) = (6x2 + 8x)(3x2 + 8x) − (6x + 8)(2x3 + 4x2 + 10)
(3x2 + 8x)2

= (6x + 8)(x3 + 4x2 − 10)
(3x2 + 8x)2 .

Since x is the solution of the equation x3 + 4x2 − 10 = 0, we conclude that g′(x) = 0.
This means that around x, g is a contraction and, moreover, the convergence of the
associated Picard iterations is quadratic. The next program shows that after only 9
steps, the Picard iterations of f blow up, while using g we get a good approximation
of the solution after only 5 iterations.

tol=1e-7;maxiter=1000;
u=1; u_old=0; n=0; t=1; t_old=0; p=0;
%Picard g
while abs(u-u_old)>tol & n<maxiter

u_old=u; u=(2*u^3+4*u^2+10)/(3*u^2+8*u); n=n+1;
end
%Picard f
while abs(t-t_old)>tol & p<maxiter

t_old=t; t=t^3+4*t^2+t-10; p=p+1;
end
disp(u); disp(n); disp(t); disp(p);

The result is:
–> disp(u); disp(n); disp(t); disp(p);
1.36523
5.
Nan
9.

9. (Newton method - one root) We test the Newton method for the function f :
R→ R given by the relation

f (x) = x + ex + 10
1 + x2 − 5

which has a solution of order 1 in (−2, 0), as one can also observe in the �gure below:

Starting with the initial data x0 = 1.5 we converge rapidly to this solution, as
shown in the next code:
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Figure 6.5: The graph of x + ex + 10
1+x2 − 5.

f_el=’x+exp(x)+10/(1+x^2)-5’;
syms x
g=diff(f_el);tol=1e-5;maxiter=1000;
x=1.5;x_old=0;n=1;
%Newton
while abs(x-x_old)>tol & n<maxiter

x_old=x;x=x-eval(f_el)/eval(g);n=n+1;
end
x
n
eval(f_el)

which returns:
x = -0.9046
n = 35
ans = 8.8818e-016

If one starts with the initial date u = −1.5, then one gets the approximation after only
5 iterations.

10. (distance to a generalized ellipsoid) Let have a look again at the nonlinear
equationwhose solution gives the number needed to compute the projection of a point
on a generalized ellipsoid. Let us implement the Newton method for approximation
of the square of the equation

p∑
i=1

a2
i v2
i(

a2
i + λ

)2 = 1,

for p = 5, ai = 6 − i, vi = 9, i ∈ 1, 5. The code:
f_el=’2500/((25+x)^2)+1600/((16+x)^2)+900/((9+x)^2)
+400/((4+x)^2)+100/((1+x)^2)-1’;
syms x
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g=diff(f_el);tol=1e-5;maxiter=1000;
x=97;x_old=0;n=1;
%Newton
while abs(x-x_old)>tol & n<maxiter
x_old=x;x=x-eval(f_el)/eval(g);n=n+1;
end
x
n
eval(f_el)

returns:
x =57.5719; n =9; ans =-1.1102e-016

11. (Newton method- several roots) Let us consider f : R→ R, f (x) = ex − 2x2.
It is not very di�cult to see that f has three real roots, among which one is negative
and two are positive. We apply the Newton method (as in the previous examples) for
various initial data.
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Figure 6.6: The graph of ex − 2x2 on [−1, 4].

If we start with u = 0 we obtain:
x = -0.5398; n = 7.

Therefore, starting from 0 we �nd the approximation of the negative root after 7 iter-
ations.
Starting from u = 1, we get:

x = 1.4880; n = 5
and for u = 3, we get:

x = 2.6179; n = 6.

12. (Newton method for �xed points) Besides Picard iterations which, in gen-
eral, have linear convergence, we can use the Newton’s method for approximating
�xed points with quadratic orders of convergence. For instance, in the above case of
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the �xed point of cos in [0, 1], according to the theory, it is su�cient to approximate
the solution of the equation cos x = x, and this means that we should consider the
Picard iterations associated to

g(x) = x + cos x − x
1 + sin x .

The next Matlab program proves the advantages of this new approach:
f_el=’x+(cos(x)-x)/(1+sin(x))’;
syms x
tol=1e-5;maxiter=1000;
x=1;x_old=0;n=1;
%Newton
while abs(x-x_old)>tol & n<maxiter

x_old=x;x=eval(f_el);n=n+1;
end
%Picard
t=1;t_old=0; p=0;
while abs(t-t_old)>tol & p<maxiter

t_old=t; t=cos(t); p=p+1;
end
x
n
t
p

and the results are:
x = 0.7391
n = 5
t = 0.7391
p = 29

13. (proximalpoint algorithm)We implement now theproximal point algorithm.
Let f : R→ R,

f (x) = x4

4 + x2

2 − 3x + 1.

This is a convex function since f ′′(x) = 3x2 + 1 > 0 for every x ∈ R. Its graph is
below (Figure 6.7). In order to approximate the minimum point we use the proximal
point algorithm in the following code:

we de�ne in a function �le:
function F = prox_fun(x,y)

F = x.^3+2.*x-3-y;
end

and in a M-�le we use the default function fsolve in its parametric version:
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maxiter=100;n=0;y=-10;
while n<maxiter

y = fsolve(@(x) prox_fun(x,y),[-1;y(1)]);
n=n+1;

end
disp(y(1));
We get the approximate value x = 1.213411662762243.

14. (the algorithm of steepest descent direction) Let us consider the steepest
descent method. Usually, the direction is chosen as

pk = − ∇f (xk)∥∥∇f (xk)
∥∥

if
∥∥∇f (xk)

∥∥ ≠ 0 and, concerning the step αk , we use only the Armijo condition

f (xk + αkpk) < f (xk) + c1αk∇f (xk)(pk).

Therefore, we test, at every step, if the condition is ful�lled and, contrary, wemultiply
αk by a factor less than 1, in order to obtain a smaller step.

For illustration, we chose the function f : R→ R, f (x) = ex − 2x2. This function
has a local minimum point close to 2.

We have the code:
funct=@(x) exp(x)-2*x^2;
derivative=@ (x)exp(x)-4*x;
tol=1e-7; maxiter=20;u=5; u_old=1; n=0; factor=0.5;
c1=0.01; alpha=1;
while abs(derivative(u))>tol
u_old=u;
u=u-alpha*derivative(u)/abs(derivative(u));
while funct(u)>=funct(u_old)+c1*alpha*abs(derivative(u_old))
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Figure 6.8: The graph of ex − 2x2 on [−2, 3].

alpha=factor*alpha;
u=u-alpha*derivative(u)/abs(derivative(u));
end
n=n+1;
end
u
n
alpha
derivative(u)

and the results are
u = 2.153292357921600
n = 15
alpha = 5.960464477539063e − 008
ans = −2.854974923138798e − 008

So, the algorithm stops after it obtains a convenient approximation of the minimum.
The evolution of the decreasing of the gradient absolute value is also interesting.

15. (the algorithm of steepest descent direction: several variables) The next
example refers to the approximation of the minimum point for the Rosenbrock func-
tion (see Exercise 7.51). In code below, we implement the steepest descent method for
this function, with the chosen step following an heuristic rule. The graphic represen-
tations we get give us informations about the construction if the iterates. We have the
code:

t1=linspace(-0.6,1.3,20);
t2=linspace(-0.4,1.3,20);
function z=r(x, y)

z=100.0*(y-x^2)^2 + (1-x)^2
z=feval(t1,t2,r);contour(t1,t2,z,40,flag=[2, 2 0]);
function z=g_r(x)
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z=[-2*(1-x(1))-400*x(1)*(x(2)-x(1)^2),200*(x(2)-x(1))]
function z=r(x)

z=100.0*(x(2)-x(1)^2)^2 + (1-x(1))^2
maxiter=50;u=[-0.4 0.6];n=1;v=u;alpha=0.25;
for i=1:maxiter

n=n+1;
u=u-alpha*g_r(u)/norm(g_r(u));v=[v;u];
alpha=0.25/log(n);

end
plot(v(:,1),v(:,2),’-’);plot(1,1,’r*’)
We get the next picture:

Figure 6.9: The descent method for Rosenbrock function.

Observe that the iterations oscillate around the point (1, 1) which, due to Exercise
7.51, is the minimum point of the function. A detail of the previous picture convinces
us of this.

Figure 6.10: Detail: the oscillation of the iterations.
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Supplemental details can be obtained by displaying at every step the value of the
iteration, the distance to the minimum and the norm of the gradient.

16. (the QP method) We consider the algorithm for the function f (x) =
1
2
〈

(Axt)t , x
〉

+ 〈b, x〉 from Example 6.2.3. We saw that the speed of this algorithm de-
pends of the ratio of the biggest and the smallest eigenvalue of A. We give a generic
code for the method described in Example 6.2.3 for the situation of a matrix A of the

form
(
λ1 0
0 λ2

)
(having hence the eigenvalues λ1, λ2), and for b = 0.

t1=linspace(-0.3,0.3,20);t2=linspace(-0.3,0.3,20);
a=20;b=1;
function z=r(x, y)

z=a*x^2 + b*y^2
z=feval(t1,t2,r);
contour(t1,t2,z,10,flag=[2, 2 0]);
function z=g_r(x)

z=[2*a*x(1),2*b*x(2)]
function z=r(x)

z=a*x(1)^2 +b* x(2)^2
maxiter=10;u=[-0.1 0.3];v=u;
for i=1:maxiter

u=u-g_r(u)*norm(g_r(u))^2/(2*r(g_r(u)));v=[v;u];
end
plot(v(:,1),v(:,2),’-o’);plot(0,0,’r*’)
In the case considered here we have c = 20, the level lines of the function being

ellipses with relatively big eccentricity.

Figure 6.11: The QP method.
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We obtain the same phenomenon of oscillation of the iterations, according to the
next picture.

Figure 6.12: The QP method: detail.

17. (the SQP method) Consider the functions f , h : R2 → R given by

f (x) = ex1x2 − 1
2

(
x3

1 + x3
2 + 1

)2
, h(x) = x2

1 + x2
2 − 5.

We implement the algorithm described in (6.2.8) to �nd the solution of the prob-
lem of minimizing f with the restriction h(x) = 0. Following the steps described at the
SQP method, we generate the code:

f=’exp(x*y)-1/2*(x^3+y^3+1)^2’
h=’x^2+y^2-5’
L=’exp(x*y)-1/2*(x^3+y^3+1)+l*(x^2+y^2-5)’
syms x y l
df=[diff(f,x);diff(f,y)]
dL=[diff(diff(L,x),x), diff(diff(L,x),y); diff(diff(L,x),y),

diff(diff(L,y),y)]
A=[diff(h,x) diff(h,y)]
At=[diff(h,x);diff(h,y)]
F=[df-l*At;h]
dF=[dL -At;A 0]
x=1;y=2;l=1;
v=[x;y;l];
i=0;
while(norm(eval(F))>10^-7)
i=i+1
v=v-inv(eval(dF))*eval(F)



Scienti�c Calculus Implementations | 239

x=v(1);y=v(2);l=v(3);
end
v

Taking as initial value (x10, x20, µ0) = (1, 2, 1), the code generates after 39 iter-
ations the solution (x1, x2) = (1.5811388, 1.5811388), µ = −15.0304612. Starting
from (x10, x20, µ0) = (−

√
2,
√

3, 1), the algorithm generates the same solution after 49
steps.

16. (the barrier method) Let f , g : R2 → R,

f (x) = x2
1 + x2

2
3 + x1x2 + x1, g(x) = x1 + x2 − 1.

Consider the optimization problem of minimizing f with the restriction g(x) ≤ 0. We
have shown that this problem has the solution x = (−2, 3) . We verify that theminimal
points of the barrier functions obtained for di�erent values of the parameter µ approx-
imate this solution. This can be done by considering the unconstrained minimization
problems given by the barrier functions.
A selection of the obtained values in this way is given in the table below:

µ 1 0.0625 0.0123457 0.0004165 0.0001
x1 −1.2928932 −1.8232233 −1.9214326 −1.9855692 −1.9929289
x2 0.8786797 2.4696699 2.7642977 −0.9983152 2.9787868

Therefore, we have a good approximation of the actual solution since µ is small.
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7 Exercises and Problems, and their Solutions

This chapter is dedicated to the concrete application of the methods and tech-
niques from the previous chapters. All these applications are given as exercises, to-
gether with their solutions. At the same time, there are problems with complete solu-
tions that highlight di�erent theoretical aspects which were not included in the previ-
ous chapters. Thismeans that inwhat follows, there appear several theoretical conclu-
sions important on their own. The organization of the material in this chapter follows
the main topics of the book.

7.1 Analysis of Real Functions of One Variable

Exercise 7.1. Determine the extreme points of the functions below:
(i) f : R→ R, f (x) = (x + 2)2(x − 1)3;
(ii) f : R→ R, f (x) = sin3 x + cos3 x;
(iii) f : R→ R, f (x) = 3√x2 − 3√x2 − 1;
(iv) f : R→ R, f (x) = x2−5x+6

x2+1 ;
(v) f : (0,∞)→ R, f (x) = |ln x|√x ;

(vi) f : R \ {−
√

2, 0} → R, f (x) = x2e
1
x

x+
√

2
;

(vii) f : R→ R, f (x) = x arcsin x−1√
2(x2+1)

.

Solution (i) The derivative of the function is

f ′(x) = (x + 2)(x − 1)2(5x + 4),

so the critical (stationary) points are −2; 1; −4
5 . From the interval of monotonicity of

the function (according to the sign of derivative) one immediately infers that −2 is a
localmaximumpoint, −4

5 is a localminimumpoint, while 1 is not an extremumpoint.
(ii) It is enough to study the function on the interval [0, 2π) (taking into account

its periodicity). The derivative is

f ′(x) = 3 sin x cos x(sin x − cos x),

with the roots
0, π4 , π2 , π, 5π

4 , 3π
2 .

From the analysis of the sign of the derivative on the corresponding intervals, and
extending the argument to the entire real line,we obtain that 0+2kπ, π2 +2kπ, 5π

4 +2kπ
(k ∈ Z) are local maxima, and π

4 + 2kπ, π + 2kπ, 3π
2 + 2kπ are local minima.

Another possible solution is to compute the second order derivative of f and to
use the following result: for a critical point x, if f ′′(x) > 0, then x is a local minimum,
and if f ′′(x) < 0, then x is a local maximum.
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(iii) The function is di�erentiable on R \ {−1, 0, 1}, and the derivative is

f ′(x) = 2
3

(x2 − 1) 2
3 − x 4

3

x 1
3 (x2 − 1) 2

3
.

The critical points are − 1√
2
, 1√

2
, so the candidates for extrema are

−1, 0, 1, − 1√
2
, 1√

2
.

From the analysis of the derivative sign around those points, we infer that − 1√
2
, 1√

2
are local maxima and 0 is a local minimum.

(iv) The discussion is similar to that from item (ii). One gets that 1 −
√

2 is a local
maximum and 1 +

√
2 is a local minimum.

(v) The function is di�erentiable on (0,∞) \ {1}, and

f ′(x) =
{
−2−ln x

2x
√
x , x ∈ (0, 1)

2−ln x
2x
√
x , x ∈ (1,∞).

The candidates for extrema are 1 and e2. From the variation of f , we decide that 1 is a
local minimum and e2 is a local maximum.

(vi) Similar arguments show that −1 −
√

2 is a local maximum and −
√

2 + 2 is a
local minimum. We remark as well that for |f | both points are local minima, but no
one is global minimum, since infx∈R

∣∣f (x)
∣∣ = 0 is obtained for x → 0 + .

(vii) In order to decide the behaviour of the �rst derivative, we should compute
the second one as well. Then

f ′(x) =
{

arcsin x−1√
2(x2+1)

+ x
x2+1 , x > −1

arcsin x−1√
2(x2+1)

− x
x2+1 , x < −1,

and

f ′′(x) =
{

2
(x2+1)2 , x > −1
− 2

(x2+1)2 , x < −1.

Finally, the function has neither critical points nor extrema (the only possible candi-
date is the point where f is not di�erentiable, i.e., −1). �

Exercise 7.2. Decide if x = 0 is an extreme point for f : R→ R, f (x) = ex + e−x + 2 cos x.

SolutionWe successively compute the derivative at this point, until we �nd a nonvan-
ishing one. We obtain

f ′(0) = 0; f ′′(0) = 0; f ′′′(0) = 0; f iv(0) = 4.

So, x = 0 is a local minimum point, according to Theorem 1.3.14. �
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Problem 7.3. Let a, b ∈ R, a < b, and f , g : [a, b]→ R be a continuous functions. One
de�nes h : R→ R,

h(t) = sup{f (x) + tg(x) | x ∈ [a, b]}.

Show that h is a Lipschitz function.

Solution Let s, t ∈ R. Since the applications x 7→ f (x) + tg(x) and x 7→ f (x) + sg(x) are
continuous, by virtue of Weierstrass Theorem, on the compact interval [a, b], there
exist xt , xs ∈ [a, b] such that

h(t) = f (xt) + tg(xt)
h(s) = f (xs) + sg(xs).

Then

h(t) − h(s) = f (xt) + tg(xt) − (f (xs) + sg(xs))
≤ f (xt) + tg(xt) − f (xt) − sg(xt)
= g(xt)(t − s).

Similarly,

h(t) − h(s) = f (xt) + tg(xt) − (f (xs) + sg(xs))
≥ f (xs) + tg(xs) − f (xs) − sg(xs)
= g(xs)(t − s).

We denote M := maxx∈[a,b]
∣∣g(x)

∣∣ and observe that M ∈ R (using again Weierstrass
Theorem). Then we get ∣∣h(t) − h(s)

∣∣ ≤ M |t − s| ,
that is the conclusion. �

Exercise 7.4. Let f : R→ R, f (x) = min{x + 1, 0, 1 − x}. Show that x = 0 is a local
minimum point of f , but it is not global maximum for f .

Solution The easy-to-draw graph of f proves the assertions. Clearly, a more rigorous
proof could be given as well, also starting from the investigation of the graph. �

Exercise 7.5. Let x1 < x3 < x2 be real numbers, and f : R→ R be a C1 function on
[x1, x2]. Suppose that

max{f (x1), f (x2)} < f (x3).

Then there exists x ∈ (x1, x2) a critical point of f with

f (x) = max
x∈[x1,x2]

f (x).
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Solution On [x1, x2], the function f admits a maximum point (Weierstrass’ Theorem).
From the assumption, this point cannot be x1 or x2. So, this maximum point (denoted
by x) lies in the interior of the interval, so it is a local maximum of f . Fermat Theorem
gives the conclusion. �

Exercise 7.6. Let a1, ..., an be strictly positive real numbers such that

ax1 + ax2 + ... + axn ≥ n, ∀x ∈ R.

Show that a1a2...an = 1.

Solution Let f : R→ R, f (x) = ax1 +ax2 + ... +axn . Since f (0) = n, from the hypothesis we
infer that x = 0 is a global minimum point for f so, from Fermat Theorem, f ′(0) = 0,
which leads to the conclusion.

Another solution could be given using the well-known (fundamental) limit:
limx→0

ax−1
x = ln a for a > 0. �

Problem 7.7. Let a, b ∈ R, a < b, and f : [a, b] → R be a continuous function,
derivable at a and b, with f ′(a)f ′(b) < 0. Show that f admits a local extremum in (a, b).

Solution From Weierstrass Theorem, f admits a minimum and a maximum on [a, b].
If the conclusion would not hold, then these points should be a and b. Without loss
of generality, suppose that f ′(a) < 0 (whence, f ′(b) > 0). Since

f ′(a) = lim
x→a+

f (x) − f (a)
x − a < 0,

for x su�ciently close to a, f (x) < f (a), so a should be the maximum point. Whence
b is the minimum point, so f (x) ≥ f (b) for every x ∈ [a, b]. Then

f (x) − f (b)
x − b ≤ 0, ∀x ∈ [a, b].

We infer that f ′(b) ≤ 0, which is absurd. This contradiction can be resolved only if the
conclusion holds. �

Problem 7.8. Let f : R → R be a derivable function such that limx→∞
f (x)
x = ∞ and

limx→−∞
f (x)
x = −∞. Show that Im f ′ = R (i.e., f ′ is surjective).

Solution Let r ∈ R and g : R → R, g(x) := f (x) − rx. It is clear that lim|x|→∞ g(x) = ∞
and, therefore, g attains its (global) minimum at a point x ∈ R. Then, from Fermat
Theorem, 0 = g′(x) = f ′(x) − r. �

Exercise 7.9. Show that f : (1,∞) → R, f (x) = − ln(ln x) is convex. Deduce that for
every a, b > 1, one has

√
ln a ln b ≤ ln

(
a + b

2

)
.
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Solution The second-order derivative on the de�nition interval is

f ′′(x) = 1
x2 ln x + 1

x2 ln2 x
.

Since x > 1, this function has only positive values, so f is convex.
Now, using this property, one gets

− ln
(

ln a + b
2

)
≤ −1

2
(

ln(ln a) + ln(ln b)
)

= − ln(
√

ln a ln b),

and the desired inequality follows. �

Problem 7.10. Let g : R→ R be a continuous function. Show that g is convex if and
only if for every integrable (in the Riemann sense) function f : [0, 1]→ R, the following
inequality holds

g

 1∫
0

f (u)du

 ≤ 1∫
0

g(f (u))du.

Solution If g is convex then for any partition of [0, 1] and for every system of interme-
diate points (with the notation from De�nition 1.4.1) it holds that

g
( n∑

i=1

f (ξi)(xi − xi−1)
)
≤

n∑
i=1

g(f (ξi))(xi − xi−1).

Passing to the limit for the norm of the partition going to 0, we get the inequality from
the conclusion.

For the converse implication, we �x x, y ∈ R, α ∈ (0, 1), and we consider f :
[0, 1]→ R,

f (u) =
{

x, if u ∈ [0, α]
y, if u ∈ (α, 1].

Then f is Riemann integrable on [0, 1] (see Theorems 1.4.9, 1.4.10). Applying the as-
sumption of this stage, we �nd g(αx + (1 − α)y) ≤ αg(x) + (1 − α)g(y), whence the
convexity of g. �

Problem 7.11. (i) Let f : [1,∞)→ R given by f (x) = x x
√
x. Show that f is increasing and

concave.
(ii) Show that the sequence an := (n+ 1) n+1√n + 1−n n

√
n, n ∈ N \{0, 1} is monotone

and bounded. Find lim an .

Solution (i) The function f could be written as

f (x) = e(1+ 1
x ) ln x ,

and
f ′(x) = f (x) x + 1 − ln x

x2 , f ′′(x) = f (x) (1 − ln x)2 − x
x4 .
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Obviously, f ′ has positive values, so f is increasing. In order to establish the sign of
f ′′ we compare, by use of some auxiliary functions, the expressions |1 − ln x| and

√
x

considering, separately, the cases x ≤ e and x ≥ e. In both cases, we deduce that
f ′′(x) ≤ 0, whence f is concave.

(ii) We canwrite, for every n ∈ N\{0, 1}, an = f (n+1)− f (n), and by the concavity
of f we get

f (n + 1) = f
(
n + 2

2 + n
2

)
≥ f (n + 2)

2 + f (n)
2 ,

which leads to an ≥ an+1. Therefore, (an) is a decreasing sequence. The monotonic-
ity of f proves that the terms of (an) are positive, whence (an) is convergent. In order
to �nd its limit, we can apply the Stolz-Cesàro Criterion (Proposition 1.1.24) to the se-
quence

bn = n√n = n n
√
n

n , n ∈ N \ {0, 1}.

We have that
lim bn = 1 = lim (n + 1) n+1√n + 1 − n n

√
n

n + 1 − n = lim an . �

Problem 7.12. Let a, b ∈ R, a < b, and f : [a, b] → R be a C2 function with f (a) =
f (b) = 0. Let M := supx∈[a,b]

∣∣f ′′(x)
∣∣ and

g(x) := f (x) −M (x − a)(b − x)
2 ; h(x) := −f (x) −M (x − a)(b − x)

2 .

Show that g, h are convex and deduce the inequality

∣∣f (x)
∣∣ ≤ M (x − a)(b − x)

2 , ∀x ∈ [a, b].

SolutionWe have

g′′(x) = f ′′(x) + M ≥ 0, ∀x ∈ [a, b]
h′′(x) = −f ′′(x) + M ≥ 0, ∀x ∈ [a, b],

which shows that both functions are convex.
The convexity of g and the fact that g(a) = g(b) = 0 lead to the conclusion that

g(x) ≤ 0 for every x ∈ [a, b]. Hence,

f (x) ≤ M (x − a)(b − x)
2 .

Analogously, arguing for h,

−f (x) ≤ M (x − a)(b − x)
2 .

These two relations lead to the conclusion. �
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Problem 7.13. Let f : R→ R be a convex function.
(i) Let a, b ∈ R, a < b. Study the position of the graph of f with respect to the line

joining the points (a, f (a)) and (b, f (b)).
(ii) Deduce that if f is bounded, then it is constant.

Solution (i) It is clear (from the geometrical interpretation of convexity) that for x ∈
[a, b], the graph of f is under the line joining (a, f (a)) and (b, f (b)). Notice that this
line has the equation

y = f (b) − f (a)
b − a (x − a) + f (a).

For x > b, from convexity and from a < b < x we deduce

f (b) − f (a)
b − a ≤ f (x) − f (a)

x − a ,

that is
f (x) ≥ f (b) − f (a)

b − a (x − a) + f (a),

whence the graph of f is above the mentioned line. The same conclusion holds anal-
ogously for x < a.

(ii) Suppose that f would not be constant. Then it would exist a, b ∈ Rwith a < b
and f (a) ≠ f (b). We can consider, without loss of generality, that f (b) > f (a). Since for
x > b,

f (x) ≥ f (b) − f (a)
b − a (x − a) + f (a),

we get that limx→∞ f (x) = +∞, that is f is not bounded. This is a contradiction, so f is
constant. �

Problem 7.14. Let a, b ∈ R, a < b, and f : (a, b) → R be convex. Show that f is
bounded from below. It is true that f is bounded?

Solution Let x0 < x1 < x2 be three points in (a, b). For x < x1, we have

f (x1) − f (x)
x1 − x

≤ f (x2) − f (x1)
x2 − x1

,

which gives
(x1 − x) f (x2) − f (x1)

x2 − x1
+ f (x1) ≤ f (x),

so f is bounded from below on (a, x1]. Similarly, for x > x1,

f (x) − f (x1)
x − x1

≥ f (x1) − f (x0)
x1 − x0

that is
(x − x1) f (x1) − f (x0)

x1 − x0
+ f (x0) ≤ f (x).
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We obtain that f is bounded from below on [x1, b), so it is also bounded from below
on (a, b).

Generally, the upper boundedness is not ensuredby the convexity. As an example,
consider the function f : (− π2 ,

π
2 )→ R, f (x) = |tg x|. �

Exercise 7.15. Let f : R→ R be a convex, increasing function. Show that f is constant
or limx→∞ f (x) = ∞.

Solution If f is not constant, then there exist a, b ∈ R, a < b and f (a) < f (b). Let
y = mx + n be the line joining (a, f (a)) and (b, f (b)). Clearly, m > 0. For x > b, we
have, as seen before, f (x) ≥ mx + n, whence limx→∞ f (x) = ∞. �

Problem 7.16. Let f : R→ R be a convex function.
(i) Show that if limx→∞ f (x) = 0, then f (x) ≥ 0, for every x ∈ R.
(ii) Show that if f admits asymptote to +∞, then its graph is above the asymptote.

Solution (i) Suppose, by way of contradiction, that exists x0 ∈ R with f (x0) < 0. By
hypothesis, there exists x1 > x0 with f (x1) > f (x0). For x > x1, by means of convexity

f (x1) − f (x0)
x1 − x0

≤ f (x) − f (x1)
x − x1

,

whence
f (x1) + (x − x1) f (x1) − f (x0)

x1 − x0
≤ f (x).

We arrive at the contradiction limx→∞ f (x) = ∞.
(ii) Let y = ax + b be the equation of the asymptote. The function g : R→ R,

g(x) = f (x) − ax − b is convex (as a sum between a convex function and an a�ne
one) and, moreover, limx→∞ g(x) = 0. The application of the above step gives us the
conclusion. �

Problem 7.17. (i) Let a, b ∈ R, a < b, M > 0, and (fn) : [a, b] → R be a sequence of
M−Lipschitz functions on [a, b]. Show that if (fn) is pointwise convergent on [a, b], then
(fn) is uniformly convergent on [a, b].

(ii) Let a, b ∈ R, a < b, and (fn) : (a, b) → R be a sequence of convex functions
which is pointwise convergent on (a, b). Show that (fn) is uniformly convergent on every
closed subinterval of (a, b).

Solution (i) It is clear that the pointwise limit of (fn) is itself an M−Lipschitz function,
which we denote by f . Take ε > 0. We �x as well a partition of the form

a = α0 < α1 < ... < αp = b

of the interval (a, b), with the norm smaller than ε
M . The pointwise convergence gives

a natural number n0 su�ciently large such that for every i ∈ 0, p,∣∣fn(αi) − f (αi)
∣∣ < ε.
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Let x ∈ [a, b]. There exists i ∈ 0, p − 1 with x ∈ [αi , αi+1]. We have∣∣fn(x) − f (x)
∣∣ ≤ ∣∣fn(x) − fn(αi)

∣∣ +
∣∣fn(αi) − f (αi)

∣∣ +
∣∣f (αi) − f (x)

∣∣
< M |x − αi| + ε + M |x − αi| ≤ 3ε.

So (fn) is uniformly convergent towards f .
(ii) We reduce this situation to the preceding one. Let [α, β] ⊂ (a, b) and α′ ∈

(a, α), β′ ∈ (β, b). Since fn is convex, for every x, y ∈ [α, β] with x ≠ y,

fn(α) − fn(α′)
α − α′ ≤ fn(x) − fn(y)

x − y ≤ fn(β) − fn(β′)
β − β′ .

The outer members of this inequality are bounded (by the pointwise convergence), so
there exists M > 0 with∣∣∣∣ fn(x) − fn(y)

x − y

∣∣∣∣ ≤ M, ∀x, y ∈ [α, β], x ≠ y, ∀n ∈ N.

Therefore we can apply (i) to the functions (fn) on [α, β]. �

Problem 7.18. (i) Let f , g : R→ R. Show that if f is convex and increasing and g is
convex, then f ◦ g is convex.

(ii) Let f : R→(0,∞). Show that ln f is convex if and only if for every α > 0, the
function f α is convex.

Solution (i) Let x, y ∈ R and λ ∈ (0, 1). Then using the properties of f and g, we have

(f ◦ g)(λx + (1 − λ)y) ≤ f (λg(x) + (1 − λ)g(y))
≤ λf (g(x)) + (1 − λ)f (g(y)).

(ii) Suppose �rst that ln f is convex. For every α > 0,

f α = eα ln f .

Since the mapping x 7→ eαx is convex and increasing, the preceding item applies.
Conversely, suppose that for every α > 0, the function f α is convex. Hence, for

every x, y ∈ R and λ ∈ [0, 1], u(α) ≤ v(α) where

u(α) = eα ln f (λx+(1−λ)y)

v(α) = λeα ln f (x) + (1 − λ)eα ln f (y) .

But u(0) = v(0). From u(α) ≤ v(α) and u(0) = v(0) we obtain u′(0) ≤ v′(0), which leads
to

ln f (λx + (1 − λ)y) ≤ λ ln f (x) + (1 − λ) ln f (y),

that is the desired relation. �
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De�nition 7.1.1. Let I ⊂ R be an interval, and f : I → R be a function. We say that f
admits a support functional at x ∈ I if there exists an a�ne function of the form s(u) =
f (x) + m(u − x) (where u ∈ R) such that s(u) ≤ f (u) for every u ∈ I.

Problem 7.19. Let a, b ∈ R, a < b. Show that f : (a, b) → R is convex if and only if it
admits a support functional at every x ∈ (a, b).

Solution Suppose �rst that f is convex. We know already that f has lateral derivatives
at any point of the interval. Let x ∈ (a, b) be �xed and m ∈ [f ′−(x), f ′+(x)]. Then, for
every x ∈ (a, b), x > x we have

f (x) − f (x)
x − x ≥ m,

and for every x ∈ (a, b), x < x the inverse inequality holds. In both cases,

m(x − x) ≤ f (x) − f (x),

hence f admits a support functional at x.
Conversely, suppose that f admits a support functional at every x ∈ (a, b). Let

x, y ∈ (a, b) and λ ∈ (0, 1). Then x = λx + (1 − λ)y ∈ (a, b), so there existsm ∈ R such
that

s(u) := f (x) + m(u − x) ≤ f (u), ∀u ∈ (a, b).

Consequently,

f (x) = s(x) = λs(x) + (1 − λ)s(y) ≤ λf (x) + (1 − λ)f (y).

Therefore, f is convex. �

From the above problem and its solution one infers the next result.

Theorem 7.1.2. Let a, b ∈ R, a < b. A function f : (a, b) → R is convex if and only if
for every c ∈ (a, b) there exists γ ∈ R such that

f (x) ≥ f (c) + γ(x − c), ∀x ∈ (a, b).

Moreover, γ can be arbitrarily chosen in the interval [f ′−(c), f ′+(c)] = ∂f (c).

Problem 7.20. Let a, b ∈ R, a < b and f : [a, b]→ Rbe a convex, continuous function.
Show that for every c ∈ (a, b), there exists γ ∈ R such that

f (c) + γ a + b − 2c
2 ≤ 1

b − a

b∫
a

f (x)dx.

Show that the equality holds if and only if f is a�ne, that is has the form

f (x) = f (c) + γ(x − c), ∀x ∈ (a, b).
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Infer that the �rst inequality in the Hermite-Hadamard Inequality holds as equality if
and only if f is a�ne.

Solution Using the preceding theorem and applying the Riemann integral, we get the
desired inequality. For the equality, if there exists x ∈ (a, b) with

f (c) + γ(x − c) < f (x),

then from the continuity of the involved functions we arrive at a contradiction. So, in
order to have equality one must have an a�ne function.

The obtained inequality is a re�nement of the �rst inequality in the Hermite-
Hadamard Inequality: it is enough to take c = a+b

2 . �

From the above facts and the already known theory, we get that, under the conti-
nuity assumption, in both parts of the Hermite-Hadamard Inequality, equality holds
if and only if f is a�ne.

Exercise 7.21. Show that the following functions are convex and write Hermite-
Hadamard Inequality in every case on mentioned intervals:

(i) f : [0,∞)→ R, f (x) = (x + 1)−1 on [0, x] and [n − 1, n] ;
(ii) f : R→ R, f (x) = ex on [a, b] ;
(iii) f : [0, π]→ R, f (x) = − sin x on [a, b] .

Solution In all three cases, the convexity is easy to verify using the second-derivative
criterion. No one of these function is a�ne, so both inequalities in Hermite-Hadamard
Inequality are strict.

For the �rst function, Hermite-Hadamard Inequality on an interval of the form
[0, x], x ∈ R (for instance) leads to

x − x2

x + 2 < ln(x + 1) < x − x2

2(x + 1) ,

and on an interval of the form [n − 1, n], n ∈ N* to

2
2n + 1 < ln(n + 1) − ln n < 1

2

(
1
n + 1

n + 1

)
.

For the second function we get

e
a+b

2 < e
b − ea
b − a < e

a + eb
2 , ∀a, b ∈ R, a ≠ b.

In particular,
√xy < x − y

ln x − ln y < x + y
2 , ∀x, y ∈ (0,∞), x ≠ y.

For the third function we �nd
sin a + sin b

2 < cos a − cos b
b − a < sin

(
a + b

2

)
, ∀a, b ∈ R, a ≠ b.
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From here one can deduce the well-known inequalities

sin x < x < tg x, ∀x ∈
[

0, π2

]
. �

Problem 7.22. Let a, b ∈ R, a < b, and f : [a, b] → R be a convex, continuous
function. Show that for every c ∈ [0, b−a4 ] one has

1
2

(
f
(
a + b

2 − c
)

+ f
(
a + b

2 + c
))

≤ 1
b − a

b∫
a

f (x)dx.

Solution We apply the inequality from Problem 7.20 for f on
[
a, a+b

2
]
and

[ a+b
2 , b

]
,

and take into account that one can choose γ like in Theorem 7.1.2. Therefore, for c ∈[
0, b−a4

]
we �nd

2
b − a

a+b
2∫

a

f (x)dx ≥ f
(
b + a

2 − c
)

+ f ′−
(
b + a

2 − c
) a+b

2 + a − 2
( a+b

2 − c
)

2

and

2
b − a

b∫
a+b

2

f (x)dx ≥ f
(
b + a

2 + c
)

+ f ′−
(
b + a

2 + c
) a+b

2 + b − 2
( a+b

2 + c
)

2 .

After computation and considering the fact that

f ′−
(
b + a

2 + c
)
≥ f ′−

(
b + a

2 − c
)

we get the conclusion. �

Problem 7.23. Let a, b ∈ R, a < b and f : [a, b]→ R be a C2 function. Take m,M ∈ R
such that m ≤ f ′′(x) ≤ M for every x ∈ [a, b] (note that such constants do exist according
to Weierstrass’ Theorem). Show that

m (b − a)2

24 ≤ 1
b − a

b∫
a

f (x)dx − f
(
a + b

2

)
≤ M (b − a)2

24 ,

and

m (b − a)2

12 ≤ f (a) + f (b)
2 − 1

b − a

b∫
a

f (x)dx ≤ M (b − a)2

12 .

Solution It is easy to observe that the mappings

x 7→ f (x) − mx
2

2
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x 7→ Mx2

2 − f (x)

are convex and continuous. Both inequalities follow from the application of Hermite-
Hadamard Inequality to these two functions. �

Problem 7.24. Let a, b ∈ R, a < b, and f : [a, b] → R be a L-Lipschitz (L > 0)
function. Show that∣∣∣∣∣∣f (x) − 1

b − a

b∫
a

f (t)dt

∣∣∣∣∣∣ ≤
1

4 +
(
x − a+b

2
b − a

)2
 L(b − a).

SolutionWe can write successively,∣∣∣∣∣∣f (x) − 1
b − a

b∫
a

f (t)dt

∣∣∣∣∣∣ =

∣∣∣∣∣∣ 1
b − a

b∫
a

(f (x) − f (t))dt

∣∣∣∣∣∣
≤ L
b − a

b∫
a

|x − t| dt

=

1
4 +

(
x − a+b

2
b − a

)2
 L(b − a),

and the inequality is proved. �

7.2 Nonlinear Analysis

Problem 7.25. Show that a nonempty set D ⊂ Rp is convex if and only if it contains all
the convex combinations of its elements.

Solution Clearly, if D contains all the convex combinations of its elements it contains
as well all the convex combinations with two of its elements and this is the de�nition
of convexity.

Conversely, if D is convex then, by de�nition, contains all the convex combina-
tions of any two of its elements. Consider three elements x1, x2, x3 ∈ D, α1, α2, α3 ∈
(0, 1) with α1 + α2 + α3 = 1. Then

α1x1 + α2x2 + α3x3 = (α1 + α2)
(

α1
α1 + α2

x1 + α2
α1 + α2

x2

)
+ α3x3.

Now z := α1
α1+α2

x1 + α2
α1+α2

x2 is a convex combination of two elements of D, so z ∈ D.
Furthermore, (α1 +α2)z+α3x3 is again a convex combination of two elements of D, so,
�nally, α1x1 + α2x2 + α3x3 ∈ D. Of course, the complete proof needs a mathematical
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induction argument which uses the idea from above: suppose that for a n ∈ N\{1, 2},
D contains the convex combinations of n of its elements. Take x1, x2, ..., xn , xn+1 ∈ D,
α1, α2, ..., αn , αn+1 ∈ (0, 1) with α1 + ... + αn+1 = 1. Then

n+1∑
i=1

αixi =
n∑
i=1

αixi + αn+1xn+1 =
n∑
i=1

αi
n∑
i=1

αi∑n
i=1 αi

xi + αn+1xn+1.

Now z :=
∑n

i=1
αi∑n
i=1 αi

xi is a convex combinations of n elements of D, whence, from the
assumption, z ∈ D. Next,

∑n
i=1 αiz+αn+1xn+1 is a convex combination of two elements

of D, so
∑n+1

i=1 αixi ∈ D and the proof is complete. �

Problem 7.26. Let D ⊂ Rp be a nonempty set. Show that convD is the smallest convex
set (with respect to the set inclusion order relation) which contains D.

Solution The inclusion D ⊂ convD is obvious (take the elements with n = 1 in the
de�nition of convD). On the other hand, if C is a convex setwhich includesD, from the
above problem, is contains, in particular, all the convex combinations of the elements
of D, that is it contains convD. It remains to show that convD is a convex set. Take
x, y ∈ convD and µ1, µ2 ∈ (0, 1)with µ1+µ2 = 1. Since x ∈ convD, there exist n ∈ N*,
(αi)i∈1,n ⊂ (0,∞),

∑n
i=1 αi = 1, (xi)i∈1,n ⊂ D with x =

∑n
i=1 αixi . Similarly, for y, there

exist m ∈ N*, (βi)i∈1,m ⊂ (0,∞),
∑m

i=1 βi = 1, (yi)i∈1,m ⊂ D with y =
∑m

i=1 βiyi . Then

µ1x + µ2y = µ1

n∑
i=1

αixi + µ2

m∑
i=1

βiyi =
n∑
i=1

µ1αixi +
m∑
i=1

µ2βiyi .

It is enough to observe that
n∑
i=1

µ1αi +
m∑
i=1

µ2βi = µ1

n∑
i=1

αi + µ2

m∑
i=1

βi = µ1 + µ2 = 1

in order to deduce that µ1x + µ2y is a convex combination of n + m elements of D, so
µ1x + µ2y ∈ convD. �

Problem 7.27. Show that the convex hull of a closed set is not necessarily closed. Show
that the convex hull of a compact set is compact.

Solution For the �rst part, let us consider the following closed subset of R2 :

D =
(

[0,∞) × {0}
)
∪
(
{0} × [0, 1]

)
.

It is easy to observe that convD =
(

[0,∞) × [0, 1)
)
∪ {(0, 1)}. This set is not closed:

every point (a, 1) with a > 1 is in cl convD \ convD.
For the second part, consider D ⊂ Rp a compact convex set. We use the

Carathéodory Theorem (Theorem 2.1.17). Since

convD =
{ p+1∑

i=1

αixi | (αi)i∈1,p+1 ⊂ [0,∞),
p+1∑
i=1

αi = 1, (xi)i∈1,p+1 ⊂ D
}
,
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we de�ne the function f : [0, 1]p+1 × Dp+1 → Rp given as

f (α1, ..., αp+1, x1, ..., xp+1) =
p+1∑
i=1

αixi

andobserve that convD = f (M×Dp+1)whereM is theunit simplex ofRp+1. SinceM and
D are compact, we deduce that M × Dp+1 is also compact. Moreover, f is continuous,
whence convD is the imageof a compact set througha continuous function. Therefore,
convD is compact. �

Problem 7.28. Let A ⊂ Rp be a nonempty set. Recall that the conic hull of A is
coneA := [0,∞)A. Show that coneA is the smallest cone (with respect to the set in-
clusion order relation) which contains A. Show that cone(convA) = conv(coneA) and
A− = (cl coneA)−.

Solution All the a�rmations are easy to prove by the use of the de�nitions of the in-
volved objects. �

Problem 7.29. Let f , g : Rp → R be convex functions. Show that the function max(f , g)
is convex. Is it true for min(f , g)?

Solution Denote h : Rp → R, h(x) = max(f , g). For every x, y ∈ Rp and α ∈ (0, 1),

f (αx + (1 − α)y) ≤ αf (x) + (1 − α)f (y) ≤ αh(x) + (1 − α)h(y)
g(αx + (1 − α)y) ≤ αg(x) + (1 − α)g(y) ≤ αh(x) + (1 − α)h(y),

so h(αx + (1 − α)y) ≤ αh(x) + (1 − α)h(y), whence h is convex. For the min(f , g) it is not
longer true: it is enough to look at the convex functions f , g : R→ R, f (x) = x2 and
g(x) = (x − 1)2. �

Problem 7.30. Let K ⊂ Rp be a closed convex cone with nonempty interior which does
not coincide with Rp , and let e ∈ int K. Show that:

(i) K + [0,∞)e ⊂ K;
(ii) K + (0,∞)e = int K;
(iii) Re − K = Rp;
(iv) for any x ∈ Rp , x + Re ⊄ K;

Solution Observe �rst that e ≠ 0 since otherwise 0 ∈ int K implies K = Rp which is
impossible.

(i) Since K is a convex cone, αK ⊂ K for any α ≥ 0 and K + K ⊂ K. Since e ∈ K, we
have successively that [0,∞)e ⊂ K and then K + [0,∞)e ⊂ K.

(ii) We have that e ∈ int K, so there exists ε > 0 such that e + B(0, ε) ⊂ K. Then
for any α > 0, αe + B(0, αε) ⊂ K, whence αe ∈ int K for any α > 0. Fix now α > 0
and take k ∈ K. Since B(0, αε) is absorbing, there exists t > 0 such that tk ∈ B(0, αε).
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But since B(0, αε) is open, it is a neighborhood of tk, so there exists δ > 0 such that
tk+B(0, δ) ⊂ B(0, αε). Henceforth, αe+ tk+B(0, δ) ⊂ αe+B(0, αε) ⊂ K, so αe+ tk ∈
int K. The inclusion K + (0,∞)e ⊂ int K is proved. Let us prove the converse. Take
v ∈ int K, that is there exists ε > 0 such that v − D(0, ε) ⊂ K. But ε ‖e‖−1 e ∈ D(0, ε),
whence ε ‖e‖−1 e − v ∈ −K, so there exists k ∈ K with ε ‖e‖−1 e − v = −k, i.e., v =
k + ε ‖e‖−1 e ⊂ K + (0,∞)e. The equality is proved.

(iii) Take x ∈ Rp . As above, there exists ε > 0 such that e + B(0, ε) ⊂ K and t > 0
such that tx ∈ B(0, ε). Of course, we also have that −tx ∈ B(0, ε), and we get that
e − tx ∈ K, which means that x ∈ t−1e − K ⊂ Re − K.

(iv) Assume that there exists x ∈ Rp with x + Re ⊂ K. Take k ∈ K and t ∈ R. The
convexity of K allows us to deduce that

n − 1
n k + 1

n (x + tne) ∈ K

for every n ∈ N \ {0}. Passing to the limit as n → ∞ and taking into account the
closedness of K, we get k + te ⊂ K, so K + Re ⊂ K. Consequently, Re − K ⊂ −K. From
(iii) we infer that Rp ⊂ −K, whence Rp = K, which is a contradiction. Therefore, the
conclusion holds. �

Problem 7.31. Show that f is sublinear if and only if its epigraph is a convex cone.

Solution Clearly the property f (αx) = αf (x) for all α ≥ 0 and x ∈ Rp is equivalent to
the fact that the epigraph of f is a cone, while the property f (x + y) ≤ f (x) + f (y) for all
x, y ∈ Rp is equivalent to the fact that this cone is convex. �

Problem 7.32. Let K ⊂ Rp be a closed convex cone with nonempty interior, and let
e ∈ int K. Show that for every v ∈ K− \ {0}, 〈v, e〉 < 0.

Solution The fact that 〈v, e〉 ≤ 0 follows from the de�nition of K−. Suppose that 〈v, e〉 =
0. Since e ∈ int K, there exists ε > 0 such that e + B(0, ε) ⊂ K. Then one obtains that
〈v, u〉 ≤ 0 for all u ∈ B(0, ε). If follows that v = 0, a contradiction. �

Problem 7.33. Let K ⊂ Rp be a closed convex cone with nonempty interior, and let
∅ ≠ A ⊂ Rp . Show that the following assertions are equivalent:

(i) there exists v ∈ K− \ {0}, 〈v, a〉 ≤ 0 for all a ∈ A;
(ii) convA ∩ − int K = ∅.

Solution Firstly, we prove that (i) implies (ii). If convA ∩ − int K ≠ ∅, then there exists
u ∈ convA with u ∈ − int K. Then, from the preceding proposition, 〈v, u〉 > 0, which
contradicts (i). Whence (ii) holds.

Suppose that (ii) holds. Then, from the convex sets separation theorem, there ex-
ists v ∈ Rp \ {0} such that

〈v, a〉 ≤ 〈v, u〉 , ∀a ∈ convA, ∀u ∈ − int K.
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Easy arguments show that v ∈ K− \ {0} and 〈v, a〉 ≤ 0, for all a ∈ A. �

Problem 7.34. Let K ⊂ Rp be a closed convex cone with nonempty interior, and let
∅ ≠ A ⊂ Rp . Show that the following assertions are equivalent:

(i) A ∩ − int K = ∅;
(ii) clA ∩ − int K = ∅;
(iii) (A + K) ∩ − int K = ∅;
(iv) cl(cone(A + K)) ∩ − int K = ∅.

Solution These assertions are simple applications of the de�nitions. �

The next result is named after the American mathematician James Caristi who
published it in 1976. A multifunction from Rp to Rq is an applications which maps
every point from Rp into a subset of Rq .

Theorem 7.2.1 (Caristi Fixed Point Theorem). Let φ : Rp → R be a lower semicontin-
uous and lower bounded function. Let T : Rp ⇒ Rp be a multifunction (with nonempty
values) with the property that

φ(y) ≤ φ(x) − ‖x − y‖ , ∀x ∈ Rp , ∀y ∈ T(x).

Then there exists x ∈ Rp with x ∈ T(x).

Let us shed light on the links between this result and Ekeland Variational Principle.

Problem 7.35. Show that Caristi Fixed Point Theorem and the third conclusion from
Ekeland Variational Principle are equivalent.

Solution The proof of Caristi Fixed Point Theorem using Ekeland Variational Principle.
For function φ and ε > 0, δ := ε+ 1, we apply Ekeland Variational Principle, and from
its third conclusion we deduce that there exists x ∈ Rp with

φ(x) ≤ φ(x) + ε
ε + 1 ‖x − x‖ , ∀x ∈ Rp ,

from where
φ(x) < φ(x) + ‖x − x‖ , ∀x ∈ Rp \ {x}.

If, ab absurdum, x ∉ T(x), then for every y ∈ T(x) we have y ≠ x, whence

φ(x) < φ(y) + ‖y − x‖ ,

in contradiction to the hypothesis of Caristi Theorem.
The proof of the third conclusion of Ekeland Variational Principle by the use of

Caristi Fixed Point Theorem. Suppose that the conclusion does not hold. Then for every
x ∈ Rp , we consider the nonempty set

T(x) =
{
y ∈ Rp | y ≠ x, δε f (x) ≥ δε f (y) + ‖y − x‖

}
.
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For φ(·) = δ
ε f (·) we can apply Caristi Theorem, so there exists x ∈ Rp with x ∈ T(x),

which is, obviously, impossible. �

Problem 7.36. Show that Caristi Fixed Point Theorem implies the existence part from
Banach Fixed Point Principle.

Solution Let f : Rp → Rp be a contraction of constant λ ∈ (0, 1), which we identify to
the mapping T from Caristi Fixed Point Theorem. Let φ : Rp → R,

φ(x) = 1
1 − λ

∥∥x − f (x)
∥∥ .

Clearly, φ is continuous and lower bounded (by 0). Moreover, the condition from
Caristi Fixed Point Theorem is automatically ful�lled since y ∈ T(x) (which here
means y = f (x)). So T has a �xed point. �

De�nition 7.2.2. One says that f : Rp → Rp is a directional contraction if it is contin-
uous and there exists λ ∈ (0, 1) such that for every x ∈ Rp with x ≠ f (x) there exists

y ∈ (x, f (x)) = {u ∈ Rp | ∃t ∈ (0, 1), u = tx + (1 − t)f (x)}

with the property ∥∥f (x) − f (y)
∥∥ ≤ λ ‖x − y‖ .

Exercise 7.37. Using the function f : R2 → R2,

f (x, y) =
(

3x
2 − y3 , x + y

3

)
,

deduce that every contraction is a directional contraction, while the converse is false.

Solution From
∥∥f (x, y) − f (z, y)

∥∥ =
√

13
2 |x − z| for every x, y, z ∈ R, we deduce that f is

not a contraction. Let (x, y) ∈ R2 with f (x, y) ≠ (x, y). Denote f (x, y) = (a, b). Notice
that f (x, y) = (x, y) ⇐⇒ a = x ⇐⇒ b = y. Consider x ≠ a and observe, after
calculations, that the point (u, v) = 2−1 (a + x, b + y) satis�es the required property
with λ = 5/24, whence f is a directional contraction. �

Problem 7.38. Let f : Rp → Rp be a directional contraction of constant λ. Then f has
a �xed point.

Solution Let g : Rp → R,
g(x) =

∥∥x − f (x)
∥∥ .

Clearly, g is continuous and lower bounded. We apply the last conclusion of Ekeland
Variational Principle for g and for ε := 1−λ

2 , δ := 1.We infer the existence of an element
x ∈ Rp such that for every y ∈ Rp

∥∥x − f (x)
∥∥ ≤ ∥∥y − f (y)

∥∥ + 1 − λ
2 ‖x − y‖ .
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If x = f (x) the proof is over. We want to show that this is the only possible situation.
Suppose, by way of contradiction, that f (x) ≠ x. From the directional contraction con-
dition there exists y ≠ x with

‖x − y‖ +
∥∥y − f (x)

∥∥ =
∥∥x − f (x)

∥∥
and ∥∥f (x) − f (y)

∥∥ ≤ λ ‖x − y‖ .
Therefore, putting together all the relations, we get

0 ≤ λ ‖x − y‖ −
∥∥f (x) − f (y)

∥∥
≤ λ ‖x − y‖ −

∥∥f (y) − y
∥∥ +
∥∥y − f (x)

∥∥
= (λ − 1) ‖x − y‖ −

∥∥f (y) − y
∥∥ +
∥∥x − f (x)

∥∥
≤ λ − 1

2 ‖x − y‖ .

Since λ < 1, we obtain that x = y, which is a contradiction. Therefore, f (x) = x is the
sole possibility, and this ends the proof. �

Exercise 7.39. Decide if the directional contractions imply the uniqueness of the �xed
point.

Solution It is su�cient to analyze the case of the function from Exercise 7.37, where all
the elements of the form (x, 3x

2 ), x ∈ R are �xed points. So, the uniqueness property
of the �xed point do not hold. �

Exercise 7.40. Let f , g : R+ → R be de�ned by

f (x) =
{ x

ex − 1 , x ≠ 0
1, x = 0.

, g(x) = (x − 2)e2x + (x + 2)ex .

(i) Show that g(x) ≥ 0, for every x ∈ R+.
(ii) Show that f is of class C1 on R+.
(iii) Show that

f ′′(x) = g(x)
(ex − 1)3 , ∀x ∈ (0,∞)

and
∣∣f ′(x)

∣∣ ≤ 2−1 for every x ∈ R+.
(iv) One de�nes the sequence (xn) by x0 = 0, and xn+1 = f (xn) for every n ∈ N. Show

that
|xn − ln 2| ≤ 2−n ln 2, ∀n ∈ N.

Solution (i) It is enough to prove that (x − 2)ex + x + 2 ≥ 0, for every x ∈ R+. This can
be done easily by studying the variation of this expression through its derivatives (up
to the order two).
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(ii) Clearly, f is derivable on (0,∞) and, on this interval,

f ′(x) = ex − 1 − xex
(ex − 1)2 .

We compute the limit of this derivative at 0 (with a combination between a fundamen-
tal limit and the L’Hôpital Rule)

lim
x→0+

f ′(x) = lim
x→0+

ex − 1 − xex
(ex − 1)2 = lim

x→0+

ex − 1 − xex
x2

x2

(ex − 1)2

= lim
x→0+

ex − 1 − xex
x2 = lim

x→0+

−ex
2 = −1

2 .

By the use of some of Lagrange Theorem consequences, we deduce that f is di�eren-
tiable at 0, and its derivative is continuous at 0. Moreover, f ′(0) = −2−1.

(iii) The function f is twice derivable on (0,∞), and the announced relation can
be shown by direct calculation. According to (i), f ′ is increasing on (0,∞), and the
continuity of f ′, relation f ′(0) = −2−1 and the remark

lim
x→∞

f ′(x) = 0

show that f ′(x) ∈ [−2−1, 0) for every x ∈ R+, whence the conclusion.
(iv) The preceding step shows that f is a 2−1−contraction onR+ which takes values

in R+. Since (xn) is a Picard iteration with the initial data 0, we infer, by the Banach
Principle, that (xn) converges to the unique �xed point of f from R+, which proves to
be, by direct calculus, x = ln 2. The estimation follows by induction as

|xn − x| =
∣∣f (xn−1) − f (x)

∣∣ ≤ 2−1 |xn−1 − x| ≤ ... ≤ 2−n |x0 − x| .

Consequently, the inequality holds. �

Exercise 7.41. Let consider the function f : R\ {0}→ R,

f (x) = 1 + 1
4 sin 1

x .

For initial data x0 ∈ R\ {0} consider the Picard iteration associated to (xn). Study the
convergence of this sequence.

Solution The image of f is the interval I :=
[ 3

4 ,
5
4
]
. We consider the restriction of f to

this interval andwe show that this is a contraction from I to I. To this end, we compute
(for x ∈ I)

f ′(x) = − 1
4x2 cos 1

x ,

from where ∣∣f ′(x)
∣∣ ≤ 4

9 < 1, ∀x ∈ I.
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Since x1 = f (x0) ∈ I, we can apply Banach Principle in order to obtain that (xn) is
convergent towards the unique �xed point of f from I.

Notice that the approximate value of the �xed point of f can be found by using the
Matlab code given in the previous chapter. �

Exercise 7.42. Let consider the equation x3 − x − 1 = 0 for x ∈ I := [1, 2].
(i) Transform this equation into a problem of �nding a �xed point for a suitable

contraction.
(ii) Deduce the existence and the uniqueness of the solution of the initial equation

and indicate a sequence (xn) convergent towards this solution. Determine a su�cient
number of terms to be computed in order to approximate the solution with a less that
10−5 error.

Solution (i) The equation is equivalent to

x = x3 − 1,

but in this formulation we should take g(x) := x3 − 1, but g([1, 2]) ⊂ ̸ [1, 2], and g is
not a contraction. So, we write the initial equation equivalently as

x3 = x + 1⇔ x = 3√x + 1.

Consider f : I → R, f (x) = 3√x + 1. It is easy to observe that f (I) ⊂ I and

f ′(x) = 1
3 3
√

(x + 1)2
≤ 1

3 3√4
< 1,

so f is a contraction from I to I.
(ii) From the Banach Principle and the above formulation we infer the existence

and the uniqueness of the solution (denoted by x) of the initial equation. Every Picard
iteration associated to f is convergent to the solution. We take x0 = 1 and xn+1 = f (xn)
for every n ∈ N. Furthermore, for every n,

|xn − x| ≤
(

1
3 3√4

)n
|x0 − x| ≤

(
1

3 3√4

)n
.

It is then su�cient to estimate n for which(
1

3 3√4

)n
≤ 10−5.

Moreover, it is su�cient to have
1

4n ≤ 10−5,

that is n ≥ 5 log4 10. Therefore, n = 9 satis�es the requirement. �

Problem 7.43. Show that everyweak contraction de�ned on a compact set K and taking
values into K has a unique �xed point.
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Solution The function f is continuous (being Lipschitz). Further, the function x ∈ K 7→∥∥f (x) − x
∥∥ is continuous on K, hence admits a global minimum point. Consequently,

there exists x ∈ K such that∥∥f (x) − x
∥∥ ≤ ∥∥f (x) − x

∥∥ , ∀x ∈ K.
If f (x) ≠ x, then, from weak contraction property,∥∥f (x) − f (f (x))

∥∥ < ∥∥f (x) − x
∥∥ .

Since f (x) ∈ K, these two relations are in contradiction. So f (x) = x. The uniqueness
is obvious. �

Problem 7.44. Let a, b ∈ R, a < b, and f : [a, b]→ R be a continuous function. Show
that the next assertions hold:

(i) If [a, b] ⊂ f ([a, b]), then f has at least a �xed point.
(ii) Every closed interval from f ([a, b]) is the image of a closed interval from [a, b].
(iii) Let n ∈ N*. If there exist n closed intervals I0, I1, ..., In−1 contained in [a, b],

such that for every k ∈ 0, n − 2, Ik+1 ⊂ f (Ik) and I0 ⊂ f (In−1), then f n has at least one
�xed point.

Solution (i) By continuity, f ([a, b]) is a compact interval which we denote by [m,M],
where m,M ∈ R. By hypothesis [a, b] ⊂ f ([a, b]), we deduce that

m ≤ a < b ≤ M.

Sincem,M ∈ f ([a, b]), there exist xm , xM ∈ [a, b] such thatm = f (xm) andM = f (xM).
But

f (xm) − xm = m − xm ≤ a − xm ≤ 0

and
f (xM) − xM = M − xM ≥ b − xM ≥ 0,

and the function g(·) = f (·) − · vanishes in [a, b], that is f has a �xed point in this
interval.

(ii) Let I = [c, d] ⊂ f ([a, b]). Obviously, there exist u, v ∈ [a, b] such that f (u) = c
and f (v) = d. We can suppose that u ≤ v. We consider the set A := {x ∈ [u, v] | f (x) =
c}. This set is bounded (as a subset of [a, b]), nonempty (u ∈ A) and closed (since f
is continuous and A = [u, v] ∩ f −1(c)) so, there exist α = maxA ∈ A. Similarly, the
set B := {x ∈ [α, v] | f (x) = d} has a minimum point, denoted by β. Then, f (α) =
c, f (β) = d and for every x ∈ (α, β) one has f (x) ≠ c and f (x) ≠ d. From the Darboux
property, (c, d) ⊂ f ((α, β)), and the interval f ((α, β)) does not contain the points c and
d. Consequently, [c, d] = f ([α, β]).

(iii) From the inclusion I0 ⊂ f (In−1) and from (ii), there exists a closed interval
Jn−1 ⊂ In−1 such that I0 = f (Jn−1). But Jn−1 ⊂ In−1 ⊂ f (In−2). Again, using (ii), there
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exists a closed interval Jn−2 ⊂ In−2 such that Jn−1 = f (Jn−2). We repeat this argument,
and we infer the existence of n closed interval J0, J1, ..., Jn−1 such that

Jk ⊂ Ik , ∀k ∈ 0, n − 1,

and
Jk+1 = f (Jk), ∀k ∈ 0, n − 2 and I0 = f (Jn−1).

So,
J0 ⊂ I0 = f (Jn−1) = f (f (Jn−2)) = ... = f n(J0).

We now apply (i) for the continuous function f n and for interval J0, and we get the
conclusion. �

Problem 7.45. Let f : [0, 1]→ [0, 1] be a continuous function with f (0) = 0 and f (1) =
1. Show that there exist m ∈ N* such that f m(x) = x for every x ∈ [0, 1], then f (x) = x
for every x ∈ [0, 1].

Solution Since f m is a bijection, it follows that f itself is a bijection, from a well-known
result concerning the injectivity and surjectivity of the compositions. The continu-
ity ensures through Theorem 1.2.27 that f is strictly monotone, and since f (0) = 0,
f (1) = 1, we deduce that f is strictly increasing. Suppose, by way of contradiction,
that there exists x ∈ (0, 1) such that f (x) > x (the case f (x) < x is similar). Then from
the monotonicity, for every n ∈ N,

f n(x) > f n−1(x) > ... > f (x) > x.

In particular, for n = m, we get a contradiction, hence the assumption made was
false. �

Problem 7.46. Let f : R→ R be a continuous function such that f ◦ f has a �xed point.
Show that f has a �xed point.

Solution If we suppose that f has no �xed point, from continuity, it follows that either
f (x) > x, for every x ∈ R, or f (x) < x, for every x ∈ R. In the �rst situation, passing x
into f (x) we get: f (f (x)) > f (x) > x, for every x ∈ R, so (f ◦ f ) (x) > x, for every x ∈ R.
Therefore, f ◦ f has no �xed point, which contradicts the assumptions. The second
case is similar. �

Problem 7.47. Let a, b ∈ R, a < b, and f : [a, b] → [a, b] be a Lipschitz function of
constant L > 0. De�ne the sequence (xn)n∈N* by x0 ∈ [a, b], and for every n ≥ 0,

xn+1 = (1 − λ)xn + λf (xn),

where λ := 1
L+1 . Show that (xn) is monotone and convergent towards a �xed point of f .
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SolutionWe observe that if one of the terms xn is a �xed point for f , then starting from
n, the sequence is stationary, and the conclusion follows. Suppose that f (xn) ≠ xn for
every n ∈ N*. Without loss of generality, suppose that f (x0) > x0, since the opposite
case is similar. Since f (b) ≤ b, the continuity of f tells us that there exists a �xed point
in the interval (x0, b]. Also from continuity, there exists the least �xed point, denoted
by p, in this interval (otherwise, x0 would be itself a �xed point since the set of �xed
points is closed). Let us observe that

x1 = (1 − λ)x0 + λf (x0) > x0.

We want to show, by induction, that the sequence is increasing and for every n ∈ N*,
we have xn < p and xn < f (xn). Suppose that these relations hold up to rank n, and we
show it for rank n + 1. Suppose, by contradiction, that p < xn+1. Then xn < p < xn+1,
whence

0 < p − xn < xn+1 − xn = λ(f (xn) − xn),

from where

0 < 1
λ |xn − p| = (L + 1) |xn − p|

<
∣∣f (xn) − xn

∣∣ ≤ ∣∣f (xn) − f (p)
∣∣ + |p − xn| ,

whence
L |xn − p| <

∣∣f (xn) − f (p)
∣∣

which contradicts the Lipschitz property of f . So xn+1 < p. Moreover,

xn+1 = (1 − λ)xn + λf (xn) > xn .

If we would have f (xn+1) < xn+1, then between xn and xn+1, a �xed point would exist,
but since xn > x0 and xn+1 < p, this would contradict the choice of p. Therefore, the
claims are proved. Now, since (xn) is monotone and bounded, it converges towards a
point x ∈ [a, b]. We have∣∣x − f (x)

∣∣ ≤ |x − xn| + ∣∣xn − f (xn)
∣∣ +
∣∣f (xn) − f (x)

∣∣
= |x − xn| +

1
λ |xn − xn+1| +

∣∣f (xn) − f (x)
∣∣ .

At this moment, it is obvious that the right-hand side goes to 0 for n → ∞ and we get
x = f (x). �

7.3 Smooth Optimization

Exercise 7.48. Find the local extrema of the following functions:
(i) f : R2 → R, f (x1, x2) = 6x2

1x2 + 2x3
2 − 45x1 − 51x2 + 7;
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(ii) f : R3 \ {(0, 0, 0)} → R, f (x1, x2, x3) = x1
x2

+ x2
4 + x3

x1
+ 1
x3

;
(iii) f : R2 → R, f (x1, x2) = x1x2(x2

1 + x2
2 − 4);

(iv) f : R3 → R, f (x1, x2, x3) = x4
1 + x3

2 + x2
3 + 4x1x3 − 3x2 + 2;

(v) f : R2 → R, f (x1, x2) = x4
1 + x4

2;
(vi) f : R2 → R, f (x1, x2) = x2

1 + x3
2;

(vii) f : R2 → R, f (x1, x2) = x1x2
2ex1−x2 .

Solution We have to deal with nonlinear optimization problems without restrictions.
The general method for �nding the extrema is as follows. One �nds the stationary
(critical) points by solving the equation ∇f (x) = 0. In everyone of these points one
computes∇2f (x), which in fact identi�es to Hessian matrix.
– If∇2f (x) is positive de�nite, then x is a local minimum;
– if∇2f (x) is negative de�nite, then x is a local maximum;
– if∇2f (x) is inde�nite, then x is not a local extremum point.

In order to verify these aspects, in some cases, one can use themethod described after
Corollary 3.1.29:
– if the determinants of the matrices

(
∂2 f
∂xi∂xj (x)

)
i,j∈1,k

, k ∈ 1, p are strictly positive,
then x is a local minimum;

– if the determinants of the matrices
(

∂2 f
∂xi∂xj (x)

)
i,j∈1,k

, k ∈ 1, p are nonzero and
alternate their signs starting as negative, then x is a local maximum;

– if the determinants of the matrices
(

∂2 f
∂xi∂xj (x)

)
i,j∈1,k

, k ∈ 1, p are nonzero, then
every other con�guration of signs apart from those described above implies that
the point is not an extremum.

If no one of the above conclusions apply, then one should consider every case in its
particularities in order to decide the nature of the critical point.

(i) We solve the system coming from relation∇f (x) = 0 in order to �nd the critical
points. We obtain the system

12x1y1 = 45
6x2

1 + 6x2
2 = 51

which have the solutions
( 3

2 ,
5
2
)
,
( 5

2 ,
3
2
)
,
(
−3

2 , −
5
2
)
,
(
−5

2 , −
3
2
)
.

Therefore, by the application of the above method, we obtain the conclusions:( 3
2 ,

5
2
)
is a local minimum,

( 5
2 ,

3
2
)
,
(
−5

2 , −
3
2
)
are not local extrema and

(
−3

2 , −
5
2
)
is a

local maximum.
The item (ii) is similar.
(v) The only critical point is (0, 0), but the determinants given by the Hessianma-

trix are zero, so we cannot decide on this basis. Nevertheless, it is easy to observe that

f (x1, x2) ≥ 0 = f (0, 0), ∀(x1, x2) ∈ R2,
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so (0, 0) is a global minimum.
(vi) Again, (0, 0) is the unique critical point, but we cannot decide its nature on

the above theory. Observe that f (0, 0) = 0, but for the sequence xn =
( 1
n , 0
)
→ (0, 0),

f (xn) > 0, while for yn = (0, − 1
n ) → (0, 0), f (yn) < 0. So, in every neighborhood of

(0, 0) there exist points where the objective function takes greater or smaller values.
Therefore, the point is not a local extremum.

For the other items one proceeds similarly: there exist critical points where the
abovemethodworks and critical pointswherewe should use the structure of the prob-
lem. There are as well situations when one cannot decide if ∇2f (x) is positive (nega-
tive) de�nite or not, by using the direct calculus of it, the Sylvester Criterion being not
applicable. �

Problem 7.49. (i) Let us consider a di�erentiable function f : R → R. Show that if it
has only one critical (stationary) point x, which turns to be local extremum, then it is
necessarily a global extremum.

(ii) By the study of the function f : Rp → R (p ≥ 2) de�ned by

f (x) = (1 + xp)3
p−1∑
k=1

x2
k + x2

p ,

show that the assertion of (i) is no longer true in the case of several variables.

Solution (i) Suppose that x is a local minimum and it is not a global minimum point.
Then, it would exist u ∈ R with f (u) < f (x). One can suppose that u < x. But, from
the local minimality of x, there exists v ∈ R with u < v < x and f (x) < f (v) (otherwise,
f would be constant on an interval (x − ε, x) and therefore x would fail to be the only
critical point). Therefore, f (u) < f (x) < f (v), whence the value f (x) is attained inside
the interval (u, v), at a pointwhichwedenote byw. By virtue of Rolle Theoremapplied
to f on [w, x], there exists t ∈ (w, x) with f ′(t) = 0, which is a contradiction.

(ii) We show that 0 ∈ Rp is the only critical point of f , and it is a local strict mini-
mum (of order α = 2), but it is not a global minimum point (an illustration of the case
p = 2 is given in the �gure below).

We have an optimization problem without restrictions. After computation,

∂f
∂xk

(x) = 2xk(1 + xp)3, ∀k ∈ 1, p − 1,

∂f
∂xp

(x) = 3(1 + xp)2
p−1∑
k=1

x2
k + 2xp ,

and the only critical point x (i.e. ∇f (x) = 0, that is ∂f
∂xk (x) = 0 for k ∈ 1, p) is x =

0. An easy calculus shows that the Hessian matrix of f at x is the square matrix of
dimensions p × p having the number 2 on the main diagonal and 0 in all the other
positions, whence it is positive de�nite. According to Corollary 3.1.29, we deduce that
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Figure 7.1: f (x) = (1 + x2)3x2
1 + x2

2.

x is a local strict solution of order two. Let us observe that f (1, 1, ..., xp) = (p − 1)(1 +
xp)3 + x2

p is a third degree polynomial expression which attains, when xp ∈ R, all the
real values. It follows that f cannot have a global minimum. �

Exercise 7.50. Let f : R2 → R, f (x1, x2) = 3x4
1 − 4x2

1x2 + x2
2. Find the minimum points

of the function f .

Solution Let us compute the critical points. The system{
∂f
∂x1

(x1, x2) = 0
∂f
∂x2

(x1, x2) = 0

has as a unique solution the element x = (0, 0). However, the su�cient optimality
condition of order two is not satis�ed, since the Hessian matrix of f at x is the ma-

trix
(

0 0
0 2

)
. Therefore, we cannot decide, on the basis of Corollary 3.1.29, if x is a

minimum point. In such cases, we use the structure of the problem to get the conclu-
sion. In our speci�c case, we observe that f (x1, x2) = (x2

1 − x2)(3x2
1 − x2), and for the

sequence xk = (
√
k−1, −k−1)→ x

f (xk) = 8
k2 > f (x)

while, for the sequence x′k = (
√

(2k)−1, k−1)→ x,

f (x′k) = − 1
4k2 < f (x).

Then, x is not an extremum point of f . The picture of the localization of the graph of f
around x shows what happens there. �
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Figure 7.2: f (x) = 3x4
1 − 4x2

1x2 + x2
2.

Exercise 7.51. Consider the Rosenbrock function f : R2 → R, f (x1, x2) = (1 − x1)2 +
100(x2 − x2

1)2. Find the minima of this function.

Solution The graph of f is depicted below.

Figure 7.3: The Rosenbrock function.

The system {
∂f
∂x1

(x1, x2) = 0
∂f
∂x2

(x1, x2) = 0
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is equivalent to {
−2(1 − x1) − 400x1(x2 − x2

1) = 0
200(x2 − x2

1) = 0,

and its unique solution is (x1, x2) = (1, 1). One could observe that f (1, 1) = 0, and
f (x1, x2) ≥ 0 for every (x1, x2) ∈ R2, whence (1, 1) is a global minimum. In fact, the
Hessian matrix at this point (

802 −400
−400 200

)
is positive de�nite, whence (1, 1) is a local strict solution of order two.

This function is called the Rosenbrock function and it is used in order to test nu-
merical algorithms for the approximation of solutions. Generally speaking, because
of the fact that the minimum point is situated in a relatively planar region (see the
graph), this is not easy to approximate numerically. �

Exercise 7.52. Find the global extrema of f : R3 → R, f (x1, x2, x3) = x3
1 + x3

2 + x3
3 on

the sphere x2
1 + x2

2 + x2
3 = 4.

SolutionWe have a problem with a restriction given as an equality h(x) = 0, where

h : R3 → R, h(x1, x2, x3) = x2
1 + x2

2 + x2
3 − 4.

Let us observe that for every x ≠ 0, ∇h(x) ≠ 0. Since x = 0 is not feasible, the linear
independence condition holds for every feasible point.

On the other hand, since the sphere is compact and f is continuous, from Weier-
strass Theorem, the global extrema of the problem do exist. We observe as well that
since we have only equalities (in fact a single one) as restrictions the necessary opti-
mality conditions from Karush-Kuhn-Tucker Theorem look the same for both minima
and maxima. Applying these conditions, we get the system

x1(3x1 + 2µ) = 0
x2(3x2 + 2µ) = 0
x3(3x3 + 2µ) = 0
x2

1 + x2
2 + x2

3 = 4,

where µ is a real number. We distinguish between several situations.
– If x1 = x2 = x3 = 0, then the point is not feasible.
– If x1 = x2 = 0 and x3 ≠ 0, we get x3 = ±2 (µ is not important at this stage).
– If x1 = 0, x2, x3 ≠ 0, we get x2 = x3 = ±

√
2.

– If x1, x2, x3 ≠ 0, we get x1 = x2 = x3 = ± 2√
3
.

Taking into account the fact that the other cases are symmetric to these ones,we�nally
get the points

(±2, 0, 0); (0, ±2, 0); (0, 0, ±2);
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(0,
√

2,
√

2); (0, −
√

2, −
√

2); (
√

2, 0,
√

2);
(−
√

2, 0, −
√

2); (
√

2,
√

2, 0); (
√

2,
√

2, 0);(
2√
3
, 2√

3
, 2√

3

)
;
(
− 2√

3
, − 2√

3
, − 2√

3

)
.

By direct computation of the function values, we infer that the maximum value is 8
and it is attained at (2, 0, 0), (0, 2, 0), (0, 0, 2), and the minimum value is −8, and it
is attained at (−2, 0, 0), (0, −2, 0), (0, 0, −2). �

Exercise 7.53. Find the global extrema of f : R3 → R, f (x1, x2, x3) = x3
1 + x3

2 + x3
3 on

the set of points which satisfy x2
1 + x2

2 + x2
3 = 4 and x1 + x2 + x3 = 1.

Solution The points we are looking for do exist by the same reasons as before. We have
a restriction of the form h(x) = 0, where

h : R3 → R2, h(x1, x2, x3) = (x2
1 + x2

2 + x2
3 − 4, x1 + x2 + x3 − 1).

The linear independence condition is satis�ed for all triples (x1, x2, x3) for which
at least two components are di�erent. Since there are no feasible points with x1 =
x2 = x3, we deduce that the quali�cation condition do hold, so the extreme points are
among the critical points of the Lagrangian. We obtain the system

3x2
1 + 2µ1x1 + µ2 = 0

3x2
2 + 2µ1x2 + µ2 = 0

3x2
3 + 2µ1x3 + µ2 = 0
x2

1 + x2
2 + x2

3 = 4
x1 + x2 + x3 = 1,

where µ ∈ R. In order to have a compatible system in the variables µ1, µ2 from the
�rst three equations, it is necessary and su�cient that∣∣∣∣∣∣∣

3x2
1 2x1 1

3x2
2 2x2 1

3x2
3 2x3 1

∣∣∣∣∣∣∣ = 0,

whence

(x1 − x2)(x1 − x3)(x2 − x3) = 0
x2

1 + x2
2 + x2

3 = 4
x1 + x2 + x3 = 1.

We obtain (
1
3 +
√

22
6 , 1

3 +
√

22
6 , 1

3 −
√

22
3

)
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(
1
3 −
√

22
6 , 1

3 −
√

22
6 , 1

3 +
√

22
3

)
and their permutations. It is not di�cult to verify that the �rst point (and its permuta-
tions) corresponds to the maximum, and the second one to the minimum. �

Exercise 7.54. Let n ≥ 3 and ai > 0, for every i ∈ 1, n. Determine the minimum of

n∑
i=1

aix2
i

under the constraint
n∑
i=1

xi = c,

where c is a given constant. What is the maximum of the above expression under the
same constraint?

Solution Let us observe that if we denote by M := {x ∈ Rn |
∑n

i=1 xi = c} the set of
feasible points, and by f : Rn → R, f (x) =

∑n
i=1 aix

2
i the objective function, then

for ν ≥
∑n

i=1
aic2

n2 , the set M ∩ Nνf is nonempty (it contains, for instance, the element
(cn−1, ..., cn1) ∈ Rn) and bounded. Hence, according to Theorem 3.1.7, there exists
theminimumof the proposed problem. Notice that the restriction function is a�ne, so
the quasiregularity quali�cation condition is ful�lled. The Karush-Kuhn-Tucker con-
ditions say that there exists µ ∈ R such that

2aixi + µ = 0, ∀i ∈ 1, n,

whence
xi = − µ

2ai
.

We replace this into restriction and we get

c = −
n∑
i=1

µ
2ai

,

so
µ = − 2c∑n

i=1
1
ai
.

Therefore,
xi = c

ai
∑n

i=1
1
ai
, ∀i ∈ 1, n.

The given expression does not admit a maximum: we observe that for the se-
quence of feasible points (p, −p, c, 0..., 0)p∈N, the value of f goes to +∞. �
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Exercise 7.55. Minimize f : R3 → R,

f (x1, x2, x3) = x3 + 1
2

(
x2

1 + x2
2 + x2

3
10

)
under constraints x1 + x2 + x3 = r (r > 0), x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

Solution The existence of minimum is ensured by Weierstrass Theorem. The con-
straints are linear, so we do not have to verify the quali�cation conditions. In order
to bring the problem to the standard form, the inequalities restrictions are written as
−x1 ≤ 0, −x2 ≤ 0, −x3 ≤ 0. Karush-Kuhn-Tucker conditions ensure that at a minimum
point x there are λ1, λ2, λ3 ≥ 0 and µ ∈ R such that

x1 − λ1 + µ = 0
x2 − λ2 + µ = 0

1 + x3
10 − λ3 + µ = 0

λ1x1 = 0
λ2x2 = 0
λ3x3 = 0

x1 + x2 + x3 = r.

After the study of all the possibilities, we �nd the solution
– for r ≤ 2,

(x1, x2, x3) =
( r

2 ,
r
2 , 0

)
and (λ1, λ2, λ3, µ) =

(
0, 0, 1 − r2

)
;

– for r > 2,
(x1, x2, x3) =

(
r+10

12 , r+10
12 , 5(r−2)

6

)
and

(λ1, λ2, λ3, µ) =
(

0, 0, 0, −10+r
12
)
.

The problem is solved. �

Exercise 7.56. Maximize f : R3 → R, f (x) = x1x2x3 under the restrictions x1, x2, x3 ≥
0, 2x1 + 2x2 + 4x3 ≤ a, where a > 0.

Solution It is clear that themaximum is attained (Weierstrass Theorem) and it is strictly
positive. For standardization, we deal with the problem

min − x1x2x3

−x1, −x2, −x3 ≤ 0, 2x1 + 2x2 + 4x3 ≤ a. Following the theory for a minimum point x,
there exist λ1, λ2, λ3, λ4 ≥ 0 such that

−x2x3 − λ1 + 2λ4 = 0
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−x1x3 − λ2 + 2λ4 = 0
−x1x2 − λ3 + 4λ4 = 0

λ1x1 = 0
λ2x2 = 0
λ3x3 = 0

(2x1 + 2x2 + 4x3 − a)λ4 = 0.

We infer that

x1(−x2x3 + 2λ4) = 0
x2(−x1x3 + 2λ4) = 0
x3(−x1x2 + 4λ4) = 0

(2x1 + 2x2 + 4x3 − a)λ4 = 0

Weadd the�rst three equations andweget −3x1x2x3+λ4(2x1+2x2+4x3) = 0, therefore

−3x1x2x3 + aλ4 = 0,

so λ4 = 3x1x2x3
a . Replacing in x1(−x2x3 + 2λ4) = 0, since x1x2x3 ≠ 0, we �nd x1 = a

6 .
Analogously, x2 = a

6 , x3 = a
12 . The multipliers are (0, 0, 0, a2

144 ). So, the solution of the
problem is ( a6 ,

a
6 ,

a
12 ). �

Exercise 7.57. Find the extrema of f : R3 → R, f (x) = x1x2x3 under the restriction
h(x) = 0, where h : R3 → R2, h(x) = (x1x2 + x1x3 + x2x3 − 8, x1 + x2 + x3 − 5).

SolutionWe show that the set of feasible points is bounded (hence compact).
Using the equality x3 = 5 − x1 − x2, we can eliminate x3 from the �rst restriction,

that is
x2

1 + x2
2 + x1x2 − 5x1 − 5x2 + 8 = 0,

whence (
x1√

2
+ x2√

2

)2
+
(
x1√

2
− 5√

2

)2
+
(
x2√

2
− 5√

2

)2
= 17.

We deduce that x1 and x2 lie in a bounded set, as the x3 as well. Therefore, the set of
feasible points is compact and both minimization and maximization problems have
solutions.

We verify the linear independence quali�cation condition: we ask if there exist
two real numbers α1, α2 with (α1, α2) ≠ (0, 0) such that

α1(x2 + x3) + α2 = 0
α1(x1 + x3) + α2 = 0
α1(x1 + x2) + α2 = 0.
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Since we are interested only on the set of feasible points, we deduce

α1(5 − x1) + α2 = 0
α1(5 − x2) + α2 = 0
α1(5 − x3) + α2 = 0.

Then, we �nd that x1 = x2 = x3, which cannot be true on the set of feasible points.
Therefore, the linear independence quali�cation condition holds on the set of feasible
points. The application of Theorem 3.2.6 (and the remarks afterwards) leads to the
conclusion that if x is a minimum or maximum point of the problem, then there exist
µ1, µ2 ∈ R such that

x2x3 + µ1(x2 + x3) + µ2 = 0
x1x3 + µ1(x1 + x3) + µ2 = 0
x1x2 + µ1(x1 + x2) + µ2 = 0
x1x2 + x1x3 + x2x3 = 8
x1 + x2 + x3 = 5.

Obviously, µ1, µ2 cannot be simultaneously 0. After easy manipulations we get

(µ1x3 + µ2)(x1 − x2) = 0
(µ1x2 + µ2)(x1 − x3) = 0
(µ1x1 + µ2)(x2 − x3) = 0
x1x2 + x1x3 + x2x3 = 8
x1 + x2 + x3 = 5.

If µ1 = 0, then x1 = x2 = x3, which is not possible. Then µ1 ≠ 0 and since x1, x2, x3

cannot be equal, we �nd x = (2, 2, 1), x = (1, 2, 2), x = (2, 1, 2) and x = ( 4
3 ,

4
3 ,

7
3 ),

x = ( 7
3 ,

4
3 ,

4
3 ), x = ( 4

3 ,
7
3 ,

4
3 ). By easy comparison of function values we �nd that the

�rst ones are maxima, while the last ones, minima. �

Exercise 7.58. Find the global minima of f : R3 → R, f (x1, x2, x3) = x3
1 + x3

2 + x3
3 on

the set of points satisfying x2
1 + x2

2 + x2
3 ≤ 4 and x1 + x2 + x3 ≤ 1.

Solution Once again, the existence of minimum is ensured by Weierstrass Theorem.
It is the same objective function as in Exercise 7.53, but this time the constraints are
written as inequalities. Observe that the restrictions are convex and, moreover, the
Slater condition holds. So, theminima are to be found among the critical points of the
Lagrangian. We have

3x2
1 + 2λ1x1 + λ2 = 0

3x2
2 + 2λ1x2 + λ2 = 0

3x2
3 + 2λ1x3 + λ2 = 0

λ1(x2
1 + x2

2 + x2
3 − 4) = 0

λ2(x1 + x2 + x3 − 1) = 0
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x2
1 + x2

2 + x2
3 ≤ 4

x1 + x2 + x3 ≤ 1
λ1, λ2 ≥ 0.

Again, we distinguish several situations.
– If λ1 = λ2 = 0, then x1 = x2 = x3 = 0.
– If λ1 = 0, x1 + x2 + x3 = 1, we deduce

λ2 = −3x2
1 = −3x2

2 = −3x2
3,

so the unique solution x is ( 1
3 ,

1
3 ,

1
3 ) which gives λ2 = −1

3 < 0, and this is not
convenient.

– If λ2 = 0, x2
1 + x2

2 + x2
3 = 4, we have

12 + 2(x1 + x2 + x3)λ1 = 0,

that is
λ1 = − 6

x1 + x2 + x3
.

Replacing in the �rst three equations, we obtain the solutions

(−2, 0, 0), (0, −2, 0), (0, 0, −2)
(−
√

2, −
√

2, 0), (−
√

2, 0, −
√

2), (0, −
√

2, −
√

2)(
− 2√

3
, − 2√

3
, − 2√

3

)
.

– If x1 + x2 + x3 = 1, x2
1 + x2

2 + x2
3 = 4, we are again in the situation from Exercise 7.53.

After the computation of the function values we get that the minimum is attained in
(−2, 0, 0), (0, −2, 0), (0, 0, −2), so, �nally, the situation is di�erent from that in Exer-
cise 7.53. �

Problem 7.59. Obtain the mean inequality from Karush-Kuhn-Tucker conditions ap-
plied for an appropriate optimization problem.

Solution Let f , g : Rn → R,

f (x) = x1 + x2 + ... + xn
n

h(x) = 1 − x1x2...xn .

We study the problem of minimization of f under the restrictions

h(x) = 0, xi > 0, ∀i ∈ 1, n.

Firstly, we observe that f has a minimum on the compact set {x ∈ Rn | h(x) = 0,
xi ≥ 0, ∀i ∈ 1, n}∩Nνf (where ν > 0). Since the point with at least one zero component
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is not in this set, we deduce that the minimum belongs to the set of feasible points of
the problem under consideration. On the other hand, the linear independence condi-
tion is satis�ed at every feasible point. So, the Karush-Kuhn-Tucker condition means
that for a solution x of the problem, there exists µ ∈ R such that

0 = 1
n −

µ
xi
, ∀i ∈ 1, n.

Therefore, x1 = x2 = ... = xn = 1. So, f (x) ≥ f (1, ..., 1) = 1 for every feasible point x.
Let a1, a2, ..., an > 0. Denote G = n

√a1...an and xi = ai
G > 0, for every n. Then

h(x) = 0, therefore
x1 + x2 + ... + xn

n ≥ 1,

that is
1
n

(a1
G + ... + an

G

)
≥ 1,

and the conclusion follows. �

Exercise 7.60. Find the global extrema for f : R2 → R, f (x1, x2) = −2x2
1 + 4x1x2 + x2

2
on the unit circle.

Solution The existence of solutions is ensured by the Weierstrass Theorem. We take
h : R2 → R, h(x1, x2) = 1 − x2

1 − x2
2 and we have to study the problem of extrema of f

under the constraint h(x) = 0. The linear independence quali�cation condition holds
and for bothminima andmaximawe have to �nd the critical points of the Lagrangian.
We have

(−2 − µ)x1 + 2x2 = 0
2x1 + (1 − µ)x2 = 0

x2
1 + x2

2 = 1.

We infer that ∣∣∣∣∣ −2 − µ 2
2 1 − µ

∣∣∣∣∣ = 0,

so µ = 2or µ = −3and, correspondingly, (x1, x2) =
(
− 2√

5
, 1√

5

)
, (x1, x2) =

(
2√

5
, − 1√

5

)
or (x1, x2) =

(
1√

5
, − 2√

5

)
,
(
− 1√

5
, 2√

5

)
. By direct computation of the function f values

at these points, we �nd that the �rst two points are maxima, while the last two are
minima. �

Exercise 7.61. Show that f : R3 → R, f (x1, x2, x3) = x2
1 +x2

2 +x2
3 −x1 −x2 −x3 is convex.

Find its minimum value under the restrictions

x2
1 + x2

2 = 4, − 1 ≤ x3 ≤ 1.
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Solution The convexity of f follows from the fact that ∇2f (x) is positive de�nite for
every x ∈ R3. Obviously, the set M of feasible points is not convex. So, a point x ∈ M
is a minimum if

−∇f (x) ∈ N(M, x) = {u ∈ R3 | 〈u, c − x〉 ≤ 0, ∀c ∈ M},

i.e.,
∇f (x)(c − x) ≥ 0, ∀c ∈ M.

The expression of the normal cone leads to the result, but this can be complicated.
For instance, for a feasible point x with x3 ∈ (−1, 1),

N(M, x) = R{(x1, x2, 0)},

and the condition becomes

−(2x1 − 1, 2x1 − 1, 2x1 − 1) ∈ R{(x1, x2, 0)},

and we get x3 = 1
2 and x1 = x2 = ±

√
2. Therefore

(
−
√

2, −
√

2, 1
2

)
and

(√
2,
√

2, 1
2

)
areminima. The globalminimum is attained at

(√
2,
√

2, 1
2

)
. The remaining reason-

ing is similar.
A useful remark which can lead to the solution in a simple manner is as follows:

the cost function on the feasible set is f (x1, x2, x3) = 4 − x1 − x2 + x2
3 − x3, and the

variables are now separated since it is su�cient to �nd minima of x2
3 − x3 on [−1, 1]

and the minima of 4 − x1 − x2 under the restriction x2
1 + x2

2 = 4. These two problems
are much more easy to handle than the initial one (the former being elementary). We

obtain the minimum of the initial problem at
(√

2,
√

2, 1
2

)
. �

Exercise 7.62. Consider the region in R2 de�ned by

x2
1 − x2

2 ≤ 1, x2
1 + x2

2 ≤ 4.

Find the extreme values on this region for

f : R2 → R, f (x1, x2) = x2
1 + 2x2

2 + x1x2.

Solution The feasible set is compact. The linear independence condition means that
x1x2 ≠ 0. If x1x2 = 0, then we have two situations: for x1 = 0, we get x2 ∈ [−2, 2], and
for those points the maximum of f is 8, while the minimum is 0; for x2 = 0, we obtain
x1 ∈ [−1, 1], and the maximum of f is 1, while the minimum is 0.

After these cases, we can suppose that x1x2 ≠ 0 and we treat separately the mini-
mization and the maximization problems. For minimization we have the conditions

2x1 + x2 + 2λ1x1 + 2λ2x1 = 0
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x1 + 4x2 − 2λ1x2 + 2λ2x2 = 0
λ1(x2

1 − x2
2 − 1) = 0

λ2(x2
1 + x2

2 − 4) = 0
λ1 ≥ 0
λ2 ≥ 0.

The rest of the calculation is not very involved, andat the endwe compare the objective
function values. For maximization, the reasoning is similar. �

Exercise 7.63. Find the closest point to the origin on the surfaces:
(i) x1x2 + x1x3 + x2x3 = 1;
(ii) x2

1 + x2
2 − x2

3 = 1.

Solution In both cases, the objective function is f : R3 → R,

f (x1, x2, x3) = x2
1 + x2

2 + x2
3,

and on the set of feasible points the linear independence quali�cation condition
holds.

For instance, at (i), for ν > 1, the setM∩Nνf is nonempty (it contains, for example,
the point (1, 0, 0)) and bounded. According to Theorem 3.1.7 there exists the global
minimum of the proposed problem. For for a local minimum point, there exists µ ∈ R
such that

2x1 + µ(x2 + x3) = 0
2x2 + µ(x1 + x3) = 0
2x3 + µ(x1 + x2) = 0

x1x2 + x1x3 + x2x3 = 1.

For the �rst three equations we cannot have x1 = x2 = x3 = 0 (because of the fourth
equation), so we infer that ∣∣∣∣∣∣∣

2 µ µ
µ 2 µ
µ µ 2

∣∣∣∣∣∣∣ = 0,

and calculations lead to

x =
(

1√
3
, 1√

3
, 1√

3

)
and x =

(
− 1√

3
, − 1√

3
, − 1√

3

)
,

which both are minima.
Let us observe that there is no maximum point, since for every n ∈ N* the point(

n, n, 1−n2

2n

)
is feasible, but f

(
n, n, 1−n2

2n

)
n→∞→ ∞. �
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Exercise 7.64. Let f : R2 → R,

f (x) = −x1 − 2x2 − 2x1x2 + x2
1

2 + x2
2

2
and the set of feasible points

M :=
{
x ∈ R2 | x1 + x2 ≤ 1, x1 ≥ 0, x2 ≥ 0

}
.

Solve the problem (P) of minimizing f on M.

Solution Let us remark that for every x ∈ R2,

∇2f (x) =
(

1 −2
−2 1

)
.

Since this matrix is not positive de�nite (the determinant is negative), the function
is not convex. If it would exist a minimum point x lying in the interior of M, then
that point would be aminimumpoint without restrictions (according to Remark 3.1.2),
whence, from Fermat Theorem,∇f (x) = 0. But

∇f (x) = (−1 + x1 − 2x2, −2 − 2x1 + x2) ,

and the resulting system has the solution x = (−5
3 , −

4
3 ) which actually does not belong

to M. Hence, the problem has no solutions in intM. However f is continuous, M is
compact, so the problem (P) has at least one solution.

We can approach the problem in two ways.
The �rst one takes advantage of the fact that the geometrical image of the setM is

a simple one (a triangle with the vertices at (0, 0), (0, 1), and (1, 0)). It is not di�cult
to compute the Bouligand tangent and normal cones to M at its boundary points and
then to verify the necessary optimality condition: −∇f (x) ∈ N(M, x) (see Theorem
3.1.18).

Therefore, if the point x is:
– on the open segment joining the vertices (0, 1), (1, 0) :

T(M, x) = {u ∈ R2 | u1 + u2 ≤ 0}; N(M, x) = R+{(1, 1)};

– on the open segment joining the vertices (0, 0), (0, 1) :

T(M, x) = {u ∈ R2 | u1 ≥ 0}; N(M, x) = R+{(−1, 0)};

– on the open segment joining the vertices (0, 0), (1, 0) :

T(M, x) = {u ∈ R2 | u2 ≥ 0}; N(M, x) = R+{(0, −1)};

– exactly (0, 1) :

T(M, x) = {u ∈ R2 | u1 + u2 ≤ 0, u1 ≥ 0}
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N(M, x) =
{
a(1, 1) + b(−1, 0) | a, b ≥ 0

}
;

– exactly (1, 0) :

T(M, x) = {u ∈ R2 | u1 + u2 ≤ 0, u2 ≥ 0}
N(M, x) =

{
a(1, 1) + b(0, −1) | a, b ≥ 0

}
;

– exactly (0, 0) :

T(M, x) = {u ∈ R2 | u1 ≥ 0, u2 ≥ 0};
N(M, x) =

{
a(−1, 0) + b(0, −1) | a, b ≥ 0

}
.

A direct computation shows that there is only one point which satis�es the neces-
sary optimality condition, and this is x =

( 1
3 ,

2
3
)
. Therefore, according to the preced-

ing remark, this is the only minimum point of the problem.
One can also consider the problem of �nding the global maximum of f on M

(the existence of such a maximum is ensured by the Weierstrass’ Theorem), which
is equivalent to the �nding the global minimum of −f onM. With the same arguments
as above, we �nd two points which verify the necessary optimality condition (i.e.,
∇f (x) ∈ N(M, x)): x = (0, 0) and x = (1, 0). But f (0, 0) = 0, while f (1, 0) = −2−1,
so (0, 0) is the global maximum point.

The second possible solution is to consider the function

g : R2 → R3, g(x) := (x1 + x2 − 1, −x1, −x2)

and to reinterpret the problem as a problem with three functional inequalities given
by g(x) ≤ 0. Since all the functions gi are linear, it is not necessary to verify quali�ca-
tion conditions (according to Theorem 3.2.24). Then, if x ∉ intM is a solution of the
problem, there exists (λ1, λ2, λ3) ∈ R3

+ such that{
∇f (x) + λ1∇g1(x) + λ2∇g2(x) + λ3∇g3(x) = 0
λigi(x) = 0, i ∈ 1, 3.

Now, again, the discussion should be divided into six cases which mirror those from
before. For instance, if x is on the open segment joining (0, 1) and (1, 0), then g2(x) <
0, g3(x) < 0, whence λ2 = λ3 = 0, and the above system reduces to

−1 − 2x2 + x1 + λ1 = 0
−2 − 2x1 + x2 + λ1 = 0
x1 + x2 − 1 = 0,

which gives the solution λ1 = 2, x =
( 1

3 ,
2
3
)
. In the same way, in the other situations,

the Karush-Kuhn-Tucker system has no solution and the conclusion is the same as in
the �rst approach.. �
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Problem 7.65. Let f : Rp → R be a convex and di�erentiable function. Write the opti-
mality conditions for the minimization of f on the unit simplex.

SolutionAccording to Example 2.1.16 and Proposition 3.1.25, x ∈ M is aminimumpoint
of f on M if and only if −∇f (x) ∈ N(M, x). From the particular form of N(M, x), one
infers that this condition become

∂f
∂xi

(x) = c, (constant), ∀i ∈ ̸ I(x)

∂f
∂xi

(x) ≥ c, ∀i ∈ I(x). �

Exercise 7.66. Let us consider the objective function f : R2 → R, f (x1, x2) = x1 + x2
2

and a function which de�nes a equality constraint as h : R2 → R, h(x1, x2) = x3
1 − x2

2.
Find the solution of the minimization of f under h(x) = 0.

Solution We have M = {x ∈ R2 | h(x) = 0}. In order to verify the linear independence
quali�cation condition at a point x ∈ M, it is necessary and su�cient to have∇h(x) ≠
0, and this happens for all points in M, but x = (0, 0). For the moment, we avoid this
point. If x ∈ M \ {(0, 0)} is a minimum point of (P), then, according to Theorem 3.2.6,
there exists µ ∈ R such that

∇f (x) + µ∇h(x) = 0.

A simple calculation shows that the resulting system has no solution, whence (P) has
no solution di�erent from (0, 0). Let us remark that x = (0, 0) is a solution (even a
global one) since f (x) = 0, and for every x ∈ M, x3

1 = x2
2 ≥ 0, so f (x) = x1 + x2

2 ≥ 0. �

Exercise 7.67. Let n1, ..., np ∈ N*, and let f : Rp → R, f (x) = −xn1
1 x

n2
2 ...xnpp . Minimize

this function on the unit simplex of Rp .

Solution Clearly, the problem has a solution, since f is continuos and M is compact.
Since f vanishes if at least one of the components of the argument is zero, it is clear
that the solutions will actually be from{

x ∈ Rp | xi > 0, ∀i ∈ 1, p,
p∑
i=1

xi = 1
}
.

With the notation from Example 2.1.16, this means that I(x) = ∅. Firstly, the necessary
optimality condition, −∇f (x) ∈ N(M, x), could be written, with the expression of the
normal cone to the unit simplex in mind (Example 2.1.16), as

ni
xi
f (x) = c, (constant) ∀i ∈ 1, p,

that is
ni
xi

= c′, (constant) ∀i ∈ 1, p.
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Because
∑p

i=1 xi = 1, by denoting N :=
∑p

i=1 ni , we �nd

xi = ni
N , ∀i ∈ 1, p.

Since the problem admits a solution and only one point satis�es the necessary condi-
tion, we deduce that this point is the solution we are looking for.

Another approach consists of transforming the geometrical restriction into a func-
tional one. Let h : Rp → R, h(x) =

∑p
i=1 xi − 1. Clearly, M = {x ∈ Rp | h(x) = 0}. Let

x be a solution of the problem. As∇h(x) ≠ 0, we can apply Theorem 3.2.6 in order to
deduce the existence of a number µ ∈ R such that

∇f (x) + µ∇h(x) = 0,

that is
−nixi

f (x) = µ, (constant) ∀i ∈ 1, p.

So, as expected, the same conclusion follows. �

Exercise 7.68. Let a ∈ R, f , h : R2 → R, f (x) = (x1 −1)2 + x2
2, h(x) = −x1 +ax2

2. Decide
if x = (0, 0) is a minimum point for f under the restriction h(x) = 0.

Solution We have ∇h(x) = (−1, 2ax2) ≠ (0, 0), so the linear independence quali�ca-
tion condition is ful�lled. We study the necessary optimality condition from Theorem
3.2.6 for x = (0, 0). There exists µ ∈ R with

∇f (x) + µ∇h(x) = 0,

and we obtain µ = −2. We discuss now the second-order necessary optimality condi-
tion (Theorem 3.3.2). It is easy to see that TB(M, x) = {0} × R, and for u = (0, u2) ∈
TB(M, x),

∇2
xxL(x, µ)(u, u) = 2(1 − 2a)u2

2.

If a > 1
2 , the condition from Theorem 3.3.2 is not satis�ed, so the point is not a

minimum.
If a < 1

2 , the su�cient condition from Theorem 3.3.3 is satis�ed, so the point is
even a strict solution of second order.

For a = 1
2 , only necessary optimality condition is satis�ed. In this casewe observe

that for x ∈ M, x1 = 2−1x2
2, whence

f (x1, x2) = (2−1x2
2 − 1)2 + x2

2 = 4−1x4
2 + 1 ≥ 1 = f (0, 0),

so (0, 0) is a minimum point. �

Exercise 7.69. Solve the problem ofminimization of f : R3 → R, f (x) = −x1−x2−x2x3−
x1x3 under the a�ne constraint h(x) = 0, where h : R3 → R, h(x) = x1 + x2 + x3 − 3.
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Solution Let x ∈ R3 be a feasible point, i.e., h(x) = 0. We verify if the necessary opti-
mality condition in Theorem 3.2.6 holds. There should exist some µ ∈ R with

∇f (x) + µ∇h(x) = 0.

We get the linear system 
x1 + x2 + x3 = 3
−1 − x3 = −µ
−x1 − x2 = −µ

which gives µ = 2, x = (x1, 2 − x1, 1), x1 ∈ R.
Let us observe that these points also verify the second-order necessary optimal-

ity conditions (see Theorem 3.3.2 and Remark 3.3.1). It is clear (as in the case of unit
simplex) that T(M, x) = {u ∈ R3 | u1 + u2 + u3 = 0}. Then for every u ∈ T(M, x),

∇2
xxL(x, µ)(u, u) = (u1, u2, u3)

 0 0 −1
0 0 −1
−1 −1 0

 (u1, u2, u3)t

= −2(u1 + u2)u3 = 2(u1 + u2)2 ≥ 0.

One can observe that for u = (u1, −u1, 0) with u1 ≠ 0, the su�cient second-order op-
timality condition in Theorem 3.3.3 is not satis�ed, so we should decide if the above
points are solutions using di�erent tools. More precisely, will try to exploit the partic-
ular form of the problem. We observe that for every x1 ∈ R, f (x1, 2 − x1, 1) = −4, and
for an arbitrary x ∈ M, f (x) + 4 = (x1 + x2 − 2)2 ≥ 0, so all the points which satisfy the
necessary optimality conditions are solutions for our problem. �

Exercise 7.70. Let a > 4−1, f , g : R2 → R, f (x) = x2
1 + ax2

2 + x1x2 + x1 and g(x) =
x1 + x2 − 1. Solve the problem (P), with the usual notations.

Solution Let us observe that

∇2f (x) =
(

2 1
1 2a

)
is positive de�nite, whence f is convex (Theorem 2.2.10). Since the remaining prob-
lem data is convex (a�ne, in fact), according to Theorems 3.2.6 and 3.2.8, a point x is
solution of (P) if and only is there exists λ ≥ 0 such that{

∇f (x) + λ∇g(x) = 0
λg(x) = 0.

This system can be written as x ∈ intM (i.e., g(x) < 0) or x ∈ bdM (i.e., g(x) = 0) in
one of the following forms: 

x1 + x2 − 1 < 0
2x1 + x2 + 1 = 0
x1 + 2ax2 = 0
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and 
x1 + x2 − 1 = 0
2x1 + x2 + 1 + λ = 0
x1 + 2ax2 + λ = 0
λ ≥ 0,

respectively. The former one admits solution for a > 3−1, and this is x =
(
− 2a

4a−1 ,
1

4a−1
)
.

The latter one has solution for a ∈ (4−1, 3−1], and this is x =
(

1 − 1
a ,

1
a
)
, λ = 1−3a

a . �

Exercise 7.71. Let f , g : R2 → R, f (x) = x3
1 +x2

2 and g(x) = x2
1 +x2

2−9. Study theminima
of f under the restriction g(x) ≤ 0.

SolutionWe remark from the beginning that the set of feasible points is compact. Since
f is continuous, the problem admits a solution. Let us remark that g is convex, since
its Hessian matrix is positive de�nite at every point. But g(0, 0) < 0 and the Slater
condition holds, so a solution x of (P) veri�es Karush-Kuhn-Tucker conditions that is,
there exists λ ≥ 0 such that {

∇f (x) + λ∇g(x) = 0
λg(x) = 0.

As before, we have two distinct situations and we get the solutions

x = (0, 0), λ = 0 and x = (−3, 0), λ = 9
2 .

But (0, 0) is not a solution, because it is enough to consider the sequences (xn) =
( 1
n , 0)→ (0, 0) and (yn) = (− 1

n , 0)→ (0, 0) for which

f (yn) < f (0, 0) < f (xn), ∀n ∈ N*.

The conclusion is that x = (−3, 0) is the only solution of the problem. �

Exercise 7.72. Let A be a symmetric square matrix of dimension p. We consider the
application f : Rp → R, f (x) =

〈
(Axt)t , x

〉
. Solve the problems of minimization and

maximization of this function on the unit sphere of Rp .

Solution Clearly, in both cases there is a solution. We observe that, following Re-
mark 3.2.21, at a point x of the sphere, the Bouligand tangent cone to the sphere is
{u ∈ Rp | 〈x, u〉 = 0}, whence the corresponding normal cone is {αx | x ∈ R}. Then,
from Theorem 3.1.18, a point x on the unit sphere is a solution for minimization or
maximization problems if there exists µ ∈ R with (Axt)t = µx, that is µ =

〈
(Axt)t , x

〉
.

We deduce that the points which satisfy the optimality conditions correspond to some
eigenvectors of A, while the values of f in those points are eigenvalues for f . We con-
clude that the greater eigenvalue of A is λ1 := max‖x‖=1

〈
(Axt)t , x

〉
, while the smallest

is λp := min‖x‖=1
〈

(Axt)t , x
〉
. Therefore

λ1 = max
x∈Rp\{0}

〈
(Axt)t , x

〉
‖x‖2 and λp = min

x∈Rp\{0}

〈
(Axt)t , x

〉
‖x‖2 . �
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Exercise 7.73. Let us consider the function f : Rp → R given by f (x) = 1
2
〈

(Qxt)t , x
〉

+
〈c, x〉 , where Q is a symmetric positive de�nite square matrix of dimension p. We con-
sider as well the restriction Axt = bt where A is a matrix of dimensions q × p of rank q,
where 1 ≤ q ≤ p and b ∈ Rq . Solve the problem of the minimization of f subject to the
given restriction.

Solution First of all, we see that f is strictly convex (∇2f (x) = Q for every x ∈ Rp),
lim‖x‖→∞ f (x) = +∞and the restriction is a�ne. Therefore, there is auniqueminimum
point x fully characterized by the relations

Axt = bt

∃µ ∈ Rq such that∇f (x) + µA = 0.

So {
Axt = bt

(Qxt)t + c + µA = 0,

and {
Axt = bt

Qxt + ct + Atµt = 0.

Since Q is invertible, we get{
Axt = bt

xt + Q−1ct + Q−1Atµt = 0

and, by multiplication by A in the second relation,{
Axt = bt

b + AQ−1ct + AQ−1Atµt = 0.

But AQ−1At is a symmetric square matrix of dimension q and for every y ∈ Rq ,〈
(AQ−1Atyt)t , y

〉
=
〈

(Q−1Atyt)t , (Atyt)t
〉
≥ 0.

The equality in the above relation holds if and only if Atyt = 0. Since the linear func-
tion associated with A is surjective (from the rank condition), we infer that the linear
function associated to At is injective, so Atyt = 0 if and only if y = 0. Therefore AQ−1At

is positive de�nite, whence invertible. We obtain

µt = −(AQ−1At)−1(b + AQ−1ct)

and
xt = −Q−1ct + Q−1At(AQ−1At)−1(b + AQ−1ct). �

Exercise 7.74. Solve the problem to minimize and to maximize the objective function
f : R3 → R, f (x) = x1x2x3 under the constraint h(x) = 0, where h : R3 → R, h(x) =
x1x2 + x1x3 + x2x3 − 8.
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Solution We remark that these problems do not admit global solutions because, for
instance, the points(

n, n, 8 − n2

2n

)
,
(
−n, −n, −8 − n2

2n

)
, n ∈ N*

are feasible, but

lim
n
f
(
n, n, 8 − n2

2n

)
= lim

n
n8 − n2

2 → −∞

lim
n
f
(
−n, −n, −8 − n2

2n

)
= lim

n
n−8 + n2

2 → +∞,

whence f is neither lower, nor upper bounded on the feasible set. So, we are looking
for local solutions.

It is easy to see that the linear independence quali�cation conditionholds in every
feasible point. The application of Theorem 3.2.6 leads to the conclusion that if x is
solution of one of the problems, then there exists µ ∈ R such that

x2x3 + µ(x2 + x3) = 0
x1x3 + µ(x1 + x3) = 0
x1x2 + µ(x1 + x2) = 0
x1x2 + x1x3 + x2x3 = 8.

Solving this system (by appropriate multiplication and subtraction of the equations),
we get x =

(
−2
√

6
3 , −2

√
6

3 , −2
√

6
3

)
, µ =

√
6

2 and x =
(

2
√

6
3 , 2

√
6

3 , 2
√

6
3

)
, µ = −

√
6

2 .
We need to verify second-order optimality conditions. The set of critical directions in
both cases is {u ∈ R3 | u1 + u2 + u3 = 0}. For the �rst point, ∇2

xxL(x, µ)(u, u) =
−
√

6
3 (u1u2 + u1u3 + u2u3). Since

0 = (u1 + u2 + u3)2 = u2
1 + u2

2 + u2
3 + 2(u1u2 + u1u3 + u2u3)

we deduce that u1u2 + u1u3 + u2u3 < 0 for any nonzero critical direction, i.e.,
∇2
xxL(x, µ)(u, u) > 0 for such a direction, whence the su�cient optimality condition in

Theorem 3.3.3 do hold, and therefore the reference point is a local (strict) minimum.
The same holds for the second point and the corresponding su�cient condition for
maximization. Hence the second point is the solution of the maximization problem.�

Exercise 7.75. The Karush-Kuhn-Tucker conditions tell us that a solution of (P) is a crit-
ical point with respect to x for the Lagrangian function.

(i) Show that a solution of (P) is not necessarily aminimumpoint of x 7→ L(x, (λ, µ)).
For this, consider f : R2 → R, f (x1, x2) = x2

1 − x2
2 − 3x2 and h : R2 → R, h(x1, x2) = x2.

(ii) Show that there exist as well situations when a solution of (P) is a minimum
point of x 7→ L(x, (λ, µ)). For this, consider f : R2 → R, f (x1, x2) = 5x2

1 + 4x1x2 + x2
2

and h : R2 → R, h(x1, x2) = 3x1 + 2x2 + 5.
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Solution (i) It is clear that (0, 0) is a minimum point of f under linear restriction
h(x1, x2) = 0. Implementing Karush-Kuhn-Tucker conditions, we get the multiplier
µ = 3, but (0, 0) is not a minimum point for f (x1, x2) + 3h(x1, x2) = x2

1 − x2
2.

(ii) Clearly, f (x1, x2) = (2x1 + x2)2 + x2
1 satis�es the conditions of Proposition 3.1.8,

whence theproblemhas solutions. Since the restriction h(x) = 0 is a�ne,we canapply
Theorem 3.2.6 and we get the linear system

10x1 + 4x2 + 3µ = 0
4x1 + 2x2 + 2µ = 0
3x1 + 2x2 + 5 = 0,

which has the solution (x1, x2, µ) = (1, −4, 2). Then Lagrangian function in (x1, x2) is
l : R2 → R,

l(x1, x2) = 5x2
1 + 4x1x2 + x2

2 + 6x1 + 4x2 + 10
= (2x1 + x2 + 2)2 + (x1 − 1)2 + 5,

and (1, −4) is a global minimum without restrictions. �

Exercise 7.76. Find the local minima of the function f (x1, x2) = x2
1 + (x2 −1)2 under the

constraints x2 ≤ x2
1 and x2 ≤ x1.

Solution Consider the functions g1(x1, x2) = x2 − x2
1, g2(x1, x2) = x2 − x1. The the

constraints set is

M =
{

(x1, x2) ∈ R2 | gi(x1, x2) ≤ 0, i = 1, 2
}
.

By considering the gradients of the functions gi, equal to (−2x, 1), (−1, 1), respec-
tively, observe that the linear independence condition is not satis�ed (for x = 1

2 ).
To �nd the minima, we write then the Fritz John necessary conditions (i.e., Theorem
3.2.1): we must �nd the scalars λ0, λ1, λ2 ≥ 0, not all 0, such that

λ0∇f (x1, x2) + λ1∇g1(x1, x2) + λ2∇g2(x1, x2) = 0
λ1 · g1(x1, x2) = 0, λ2 · g2(x1, x2) = 0,
g1(x1, x2) ≤ 0, g2(x1, x2) ≤ 0

hence we arrive at 

2λ0x1 − 2λ1x1 + λ2 = 0
2λ0(x2 − 1) + λ1 + λ2 = 0
λ1(x2 − x2

1) = 0
λ2(x2 − x1) = 0
x2 − x2

1 ≤ 0, λ1 ≥ 0
x2 − x1 ≤ 0, λ2 ≥ 0.

(7.3.1)

Suppose λ0 = 0. Then we get from the second relation λ1 + λ2 = 0, and since
λ1 ≥ 0, λ2 ≥ 0, it follows λ1 = λ2 = 0. We obtain the contradiction that not all scalars
are 0, hence λ0 > 0, and we may suppose without loss of generality λ0 = 1.
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Consider then the Lagrangian

L(x, x2; µ1, µ2) = f (x1, x2) + λ1g1(x1, x2) + λ2g2(x1, x2)
= x2

1 + (x2 − 1)2 + λ1(x2 − x2
1) + λ2(x2 − x1).

The Karush-Kuhn-Tucker necessary conditions (see Theorem 3.2.6) will be then

2x1 − 2λ1x1 + λ2 = 0
2(x2 − 1) + λ1 + λ2 = 0
λ1(x2 − x2

1) = 0
λ2(x2 − x1) = 0
x2 − x2

1 ≤ 0, λ1 ≥ 0
x2 − x1 ≤ 0, λ2 ≥ 0.

(7.3.2)

For λ1 = λ2 = 0, we get from the �rst two relations the solution (0, 1), which does
not satisfy x2 − x1 ≤ 0.

For λ1, λ2 > 0, we have x2 −x2
1 = 0 and x2 −x1 = 0, with solutions (0, 0) and (1, 1).

For (0, 0), we obtain from the �rst relation λ2 = 0, and then λ1 = 2. For (1, 1), we get
from the second relation λ1 + λ2 = 0, which is impossible because λ1, λ2 > 0.

For λ1 = 0, λ2 > 0, we must solve the system

2x1 + λ2 = 0
2(x2 − 1) + λ2 = 0

x2 − x1 = 0.

Subtracting the �rst two relations and adding the third, one gets the contradiction
−1 = 0.

For λ1 > 0, λ2 = 0, we must solve the system

x − λ1x1 = 0
2(x2 − 1) + λ1 = 0

x2 − x2
1 = 0.

From the �rst relation, if x1 = 0, one gets x2 = 0 and λ1 = 2, that is, one obtains the
above solution. Suppose x1 ≠ 0. Then λ1 = 1, and x2 = 1

2 , which gives x1 = ± 1√
2
. From

the obtained solutions, the only feasible one is
(

1√
2
, 1

2

)
.

For concluding, we have got the following Karush-Kuhn-Tucker points and asso-
ciated multipliers:

a = (0, 0) , λa = (2, 0)

b =
(

1√
2
, 1

2

)
, λb = (1, 0).
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We calculate∇2
xxL(x1, x2, λ1, λ2). Because

∂2L
∂x2

1
(x1, x2, λ1, λ2) = 2−2λ1,

∂2L
∂x2

2
(x1, x2, λ1, λ2) = 2, ∂2L

∂x1∂x2
(x1, x2, λ1, λ2) = 0,

one gets
∇2
xxL(x1, x2, λ1, λ2)(h1, h2) = (2 − 2λ1)h2

1 + 2h2
2.

Using Theorem 3.3.3, we must verify that

∇2
xxL(a, λa)(h1, h2) = −2h2

1 + 2h2
2

is positive de�nite on the linear subspacewhich is orthogonal to the gradients of those
restrictions which are active at a, for which the associated multiplier is strictly posi-
tive.

At a, both restrictions are active, but just λ1 > 0 (i.e., A(a) = {1}). We have
∇g1(a) = (0, 1), so we will consider the orthogonal subspace to this vector, that is{

(u, v) ∈ R2 |
〈
∇g1(a), (u, v)

〉
= 0
}

=
{

(u, v) | v = 0
}

=
{

(u, 0) | u ∈ R
}
.

Since
∇2
xxL(a, λa)(u, 0) = −2u2

is not positive de�nite, we cannot apply Theorem 3.3.3 to decide if a is a local mini-
mum.

Observe, though, that in a both restrictions are active, and the gradients (0, 1),
(−1, 1) are linearly independent. We can apply then Theorem 3.3.2 for A(a) = {1} ,
and observe that the necessary optimality condition is not satis�ed, hence a is not a
local minimum.

For b, we have
∇2
xxL(b, λb)(h1, h2) = 2h2

2,

and again the �rst restriction is active. We consider the orthogonal subspace on
∇g1(b) =

(
−
√

2, 1
)
, that is{

(u, v) ∈ R2 | −
√

2u + v = 0
}

=
{

(u,
√

2u) | u ∈ R
}
.

∇2
xxL(b, λb) is positive de�nite on this subspace, hence b is a local minimum.

We end bymentioning that in (0, 0) the restriction g2 is active, and the associated
multiplier is 0. �

Problem 7.77. Let u ∈ Rp \ {0Rp} and a ∈ R. We consider the set (called hyperplane)

M := {x ∈ Rp | 〈u, x〉 = a}

and a point v ∈ Rp \M. Show that M is a convex, closed set, and determine the explicit
expression of the projection of v on M, as well as the value of the distance from v to M.
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Solution The convexity and the closedness of M are obvious. So, from Theorem 2.1.5,
there exists a unique projection of v on M, which we denote here by va .

Then va is the unique solution (see Theorem 2.1.5) of the problem of minimizing
the function

f (x) = 1
2 ‖x − v‖

2 ,

for x ∈ M. The choice of the objective function above has the samemotivation as in the
case of the least squares method. Since the constraint (in functional interpretation) is
a�ne and f is convex, the element va is characterized by{

〈u, va〉 = a
∃µ ∈ R,∇f (va) + µu = 0.

Then, by the di�erentiation of f ,{
〈u, va〉 = a
va − v + µu = 0.

The second relation gives
〈va − v, u〉 + µ ‖u‖2 = 0,

so
µ = 〈u, v〉 − a

‖u‖2 .

Therefore, we �nally get
va = v − 〈u, v〉 − a

‖u‖2 u.

To end, the distance from v to M has the value.

‖v − va‖ = |〈u, v〉 − a|‖u‖ . �

Problem 7.78. (i) Consider a function f : R→ R of class C2, and let x be a simple root
of f (i.e. f (x̄) = 0, f ′(x) ≠ 0). Deduce the algorithm of Newton’s method from the Banach
Principle, applied to an appropriate contraction.

(ii) Show that, if the root is not simple, then the order of the convergence is not
quadratic. In the case that the order of the root is known, appropriately modify the it-
erations such that a quadratic convergence holds.

Solution (i) Recall that the Newton iterations are given by:

xk+1 = xk −
f (xk)
f ′(xk) .

Let put now this into a rigorous perspective. Let L ∈ (0, 1). Let us denote by V a
closed interval centered at x for which f ′(x) ≠ 0 for any x ∈ V and∣∣∣∣ f (x)f ′′(x)

f ′(x)2

∣∣∣∣ < L, ∀x ∈ V . (7.3.3)
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The above relation is possible exactly because f (x) = 0. Take now the function g : V →
R

g(x) = x − f (x)
f ′(x) .

Clearly, this function is well de�ned on V and since

g′(x) = 1 − f
′(x)2 − f (x)f ′′(x)

f ′(x)2 = f (x)f ′′(x)
f ′(x)2 ,

from the choice of V , we deduce that g is a contraction. On the other hand, g(x) = x,
so, in particular, ∣∣g(x) − x

∣∣ ≤ L |x − x| , ∀x ∈ V
whichmeans that g applies V in V . Now, if we start with x0 ∈ V , let us observe that the
Newton iteration is in fact a Picard iteration associated to g. On the basis of the theory
previously developed, the Newton iteration converges (for any initial date x0 ∈ V) to
the �xed point of which is exactly the root of f in V , that is x. As shown before,

g′(x) = 0

and we can apply Remark 6.1.1 in order to deduce that one has a quadratic conver-
gence, that is

lim
k

xk+1 − x
(xk − x)2 = lim

x→x

g(x) − x
(x − x)2

= lim
x→x

1
f ′(x)

xf ′(x) − f (x) − xf ′(x)
(x − x)2 = f ′′(x)

2f ′(x) ∈ R.

(ii) The above discussion emphasizes that in order to be sure that the Newton it-
eration converges quadratically to the underlying root, it is necessary that x0 to be in
a neighborhood V of the solution where the derivative do not vanish and condition
(7.3.3) takes place. Therefore, for functions with several roots, depending on initial
data, we can �nd di�erent solutions.

Let us suppose that f is as f (x) = (x − x)qu(x), where q > 1 is a natural number, u
is of class C2 and u(x) ≠ 0. Then g is

g(x) = x − (x − x)u(x)
qu(x) + (x − x)u′(x)

and, after calculation,

g′(x) =

(
1 − 1

q

)
+ (x − x) 2u′(x)

qu(x) + (x − x)2 u′′(x)
q2u(x)[

1 + (x − x) u′(x)
qu(x)

]2 .

For values close enough to x,
∣∣g′(x)

∣∣ < 1, so the Picard iterations converge to the �xed
point of g which is exactly x (in the neighborhood one considers). On the other hand,
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g′(x) = 1 − 1
q ≠ 0, so the convergence is only linear. Therefore, the Newton proce-

dure converges quadratically only for simple roots. If for a given root x the order of
multiplicity q is known, then one can consider the function

gq(x) = x − q f (x)
f ′(x) = x − q (x − x)u(x)

qu(x) + (x − x)u′(x) ,

and a similar calculation shows that g′q(x) = 0, so, by means of the above reasonings,
one gets again the quadratic convergence. �

7.4 Nonsmooth Optimization

Problem 7.79. Let g, h : Rp → R be convex functions, and g of class C1. We denote
f : Rp → R, f = g + h. The next assertions are equivalent:

(i) x is a minimum point for f ;
(ii) for every x ∈ Rp ,

∇g(x)(x − x) + h(x) − h(x) ≥ 0;

(iii) for every x ∈ Rp ,

∇g(x)(x − x) + h(x) − h(x) ≥ 0.

Solution (i)⇒ (ii) Let x be aminimumpoint of f onRp, let x ∈ Rp and λ ∈ (0, 1). Then

f (x) ≤ f (λx + (1 − λ)x),

that is,

g(x) + h(x) ≤ g(λx + (1 − λ)x) + h(λx + (1 − λ)x)
≤ g(x + λ(x − x)) + λh(x) + (1 − λ)h(x).

We obtain
0 ≤ g(x + λ(x − x)) − g(x) + λ(h(x) − h(x)),

from where, if we divide by λ,

0 ≤ g(x + λ(x − x)) − g(x)
λ + h(x) − h(x).

Making λ → 0, we get 0 ≤ ∇g(x)(x − x) + h(x) − h(x).
(ii)⇒ (i) The convexity of g gives

g(x) ≥ g(x) +∇g(x)(x − x),

which together with the hypothesis leads us to

g(x) + h(x) ≥ g(x) + h(x).
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(ii)⇒ (iii) Again, the convexity of g allows us to write(
∇g(x) −∇g(x)

)
(x − x) ≥ 0, ∀x ∈ Rp ,

which together with the hypothesis leads to the conclusion.
(iii)⇒ (ii) Let x ∈ Rp with

∇g(x)(x − x) + h(x) − h(x) ≥ 0, ∀x ∈ Rp .

Let x ∈ Rp and λ ∈ (0, 1). Then

λ∇g((1 − λ)x + λx)(x − x) + h((1 − λ)x + λx) − h(x) ≥ 0,

and using the convexity of h,

λ∇g((1 − λ)x + λx)(x − x) + λ
[
h(x) − h(x)

]
≥ 0,

that is
∇g((1 − λ)x + λx)(x − x) + h(x) − h(x) ≥ 0.

But∇g is a continuous application, so, for λ → 0, we get the conclusion. �

Problem 7.80. Show that every sublinear function is convex. Show that for any x ∈ Rp ,

∂f (x) = {u ∈ ∂f (0) | 〈x, u〉 = f (x)}.

Solution The �rst part is obvious by direct calculation: for any α ∈ (0, 1) and any
x, x2 ∈ Rp , the sublinearity of f yields

f (αx + (1 − α)y) ≤ f (αx) + f ((1 − α)y) = αf (x) + (1 − α)f (y),

so f is convex.
Let us prove the second a�rmation. Before that, notice that f (0) = 0. Take u ∈

∂f (0) and x ∈ Rp with 〈x, u〉 = f (x). Then for every y ∈ Rp , 〈y, u〉 ≤ f (y), whence

〈y − x, u〉 = 〈y, u〉 − 〈x, u〉 ≤ f (y) − f (x).

This shows that u ∈ ∂f (x). Conversely, consider x ∈ Rp and suppose that u ∈ ∂f (x).
So,

〈y − x, u〉 ≤ f (y) − f (x), ∀y ∈ Rp

which for y = 0 gives 〈x, u〉 ≥ f (x) and for y = x + tz with t > 0 and z ∈ Rp gives

t 〈z, u〉 ≤ f (x + tz) − f (x) ≤ f (x) + tf (z) − f (x) = tf (z).

So, for every z ∈ Rp , 〈z, u − 0〉 ≤ f (z) − f (0), i.e., u ∈ ∂f (0). In particular, we also get
〈x, u〉 ≤ f (x), so, in fact, coupled with the opposite inequality proved before, it follows
that 〈x, u〉 = f (x). �
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Problem 7.81. Find the subdi�erential of the norm.

Solution The norm is a di�erentiable function away from 0. So, for any x ∈ Rp \ {0},

∂ ‖·‖ (x) = {∇‖·‖ (x)} = {(x1 · ‖x‖−1 , x2 · ‖x‖−1 , ..., xp · ‖x‖−1)}.

Let us �nd the subdi�erential of the norm at 0. Following the de�nition,

u ∈ ∂ ‖·‖ (0)⇔ 〈u, x〉 ≤ ‖x‖ , ∀x ∈ Rp

⇔ 〈u, x〉 ≤ 1, ∀x ∈ S(0, 1)⇔ |〈u, x〉| ≤ 1, ∀x ∈ S(0, 1)⇔ ‖u‖ ≤ 1.

Hence, ∂ ‖·‖ (0) = D(0, 1). Notice that the norm is a sublinear function, so ∂ ‖·‖ (x) at
x ∈ Rp \ {0} can be deduced as well from Problem 7.80.

Observe as well that, due to the convexity of the norm, one could also apply Ex-
ample 5.1.5. �

Problem 7.82. Let K ⊂ Rp be a closed convex cone with nonempty interior and let
e ∈ int K. Consider the function se : Rp → R given by

se(x) := inf{t ∈ R | x ∈ te − K}. (7.4.1)

Show that:
(i) se is well de�ned, i.e., the set in the right-hand side cannot be ∅ and the in�mum

cannot be −∞.
(ii) for every λ ∈ R and v ∈ Rp one has

{x ∈ Rp | se(x) ≤ λ} = λe − K, (7.4.2)

{x ∈ Rp | se(x) < λ} = λe − int K, (7.4.3)

{x ∈ Rp | se(x) = λ} = λe − bd K, (7.4.4)

and
se(v + λe) = se(v) + λ; (7.4.5)

(iii) se is sublinear;
(iv) se is strictly int K−monotone, i.e., for all x1, x2 ∈ Rp with x2 − x1 ∈ int K, one

has se(x1) < se(x2).
(v) the subdi�erential of se at a point x ∈ Rp is

∂se(x) = {u ∈ −K− | u(e) = 1, 〈u, x〉 = se(x)}.

Solution (i) The �rst item follows from Problem 7.30 (iii) and (iv).
(ii) Fix λ ∈ R. The inclusion

λe − K ⊂ {x ∈ Rp | se(x) ≤ λ}
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follows directly from the de�nition of se . Take now an element x from the second term
of the above inclusion. Then for every n ≥ 1, one has that se(x) < λ + n−1, therefore
there exists tn ∈ R such that tn < λ + n−1 and x ∈ tne − K. Then, taking into account
Problem 7.30 (i),

x ∈
(
λ + n−1

)
e +
(
tn − λ − n−1

)
e − K

⊂
(
λ + n−1

)
e − K, ∀n ∈ N*.

Making n →∞, the closedness of K yields the conclusion. So, we have proved that

λe − K = {x ∈ Rp | se(x) ≤ λ}.

Notice that, in particular, a similar type of argument show that the in�mum in de�-
nition of se is actually attained, i.e., for any x ∈ Rp , x ∈ se(x)e − K. We prove now
the relation concerning the strict level sets. To this end, take �rst x ∈ λe − int K. Then
there exists ε > 0 such that x ∈ λe − εe − int K, whence se(x) ≤ λ − ε < λ. Take now
λ ∈ R and x ∈ Rp with se(x) < λ. Then, by use of Problem 7.30 (ii),

x ∈ se(x)e − K ⊂ λe − (λ − se(y))e − K
⊂ λe − int K,

and the converse inclusion follows. Then (7.4.3) holds. Now, (7.4.2) shows that se is
lower semicontinuous, while (7.4.3) shows that it is upper semicontinuous. Then se is
continuous. Again, using in conjunction (7.4.2) and (7.4.3), one obtains (7.4.4).

Let us prove the last equality of (ii). Fix λ ∈ R and v ∈ Rp . There exists a sequence
(tn) such that tn → se(v + λe) and for every n ∈ N*,

v + λe ∈ tne − K.

This means that
v ∈ (tn − λ)e − K

and from (7.4.2), it follows that
se(v) ≤ tn − λ.

Passing to the limit as n →∞, one gets se(v) + λ ≤ se(v+ λe). Conversely, one has from
(7.4.2) that

v ∈ se(v)e − K,

i.e.,
v + λe ∈ (se(v) + λ)e − K,

whence
se(v + λe) ≤ se(v) + λ.

This �nal inequality completes the proof of (ii).
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(iii) The relation (7.4.2) equally shows that

epi se = {(x, t) ∈ Rp ×R | x ∈ te − K}, (7.4.6)

and this is clearly a closed convex cone. So, se is sublinear (see Problem 7.31).
(iv) Take x1, x2 ∈ Rp with x2 − x1 ∈ int K. Then

y2 ∈ se(y2)e − K,

whence

y1 ∈ y2 − int K ⊂ se(y2)e − K − int K
⊂ se(y2)e − int K.

Therefore, se(y1) < se(y2) and the conclusion follows.
(v) Taking into account Problem 7.80, it is enough to prove that the subdi�erential

of se at 0 is
∂se(0) = {u ∈ −K− | u(e) = 1}. (7.4.7)

Notice that se(0) = 0, so an element u ∈ Rp is in ∂se(0) if and only if

se(y) ≥ 〈u, y〉 , ∀x ∈ Rp .

This means that for all y ∈ Rp and for all λ ∈ R with λ ≥ se(y), one has λ ≥ 〈u, y〉.
Consequently, taking into account (7.4.2), for all y ∈ λe − K one has λ ≥ 〈u, y〉, i.e.,

λ ≥ λ 〈u, e〉 − 〈u, k〉 , ∀k ∈ K.

Since the above inequality holds for all λ, making k = 0, one deduces that 〈u, e〉 = 1.
On the other hand, 〈u, k〉 ≥ 0 for all k ∈ K, whence u ∈ −K−. The �rst inclusion in
relation (7.4.7) is proved. For the converse, take u ∈ −K− such that 〈u, e〉 = 1. Fix
y ∈ Rp and take λ ≥ se(y). Then there exists k ∈ K such that y = λe − k. Accordingly,

〈u, y〉 = λ 〈u, e〉 − 〈u, k〉 ≤ λ.

Since λ ≥ se(y) was arbitrarily chosen, one has

〈u, y〉 ≤ se(y), ∀y ∈ Rp ,

i.e., u ∈ ∂se(0). �

Remark 7.4.1. Themapping studied in the previous problem is theGerstewitz (Tammer)
scalarization functional which successfully used in optimization problems with vector-
valued functions. For more details, the reader is invited to consult (Göpfert et al., 2003).
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Upuntil now,wehaveavoided speakingabout functionswhich can take+∞asavalue.
For the end of the discussion about convex functions we shall say something about
this subject. We consider a function with real-extended values f : Rp → R ∪ {+∞}.
For such a function the domain is

dom f := {x ∈ Rp | f (x) < +∞}.

The de�nition of convexity for f is formally the usual one (for any x, y ∈ Rp and
α ∈ [0, 1], f (αx + (1 − α)y) ≤ αf (x) + (1 − α)f (y)) with the convention +∞+ r = +∞ and
s(+∞) = +∞ for any r ∈ R ∪ {+∞} and s ∈ [0,∞]. It is clear that x, y ∈ dom f implies
that αx + (1 − α)y ∈ dom f , so dom f is a convex set. Moreover, it is enough to have
the inequality in the de�nition of convexity ful�lled only for x, y ∈ dom f . Many of
the results given for convex functions with real values are still valid for functions with
real-extended values. It is a useful exercise for the reader to verify how this adaptation
can be made.

Problem 7.83. Let f , g : Rp → R ∪ {+∞} be convex functions. Suppose that the func-
tion f�g : Rp → R ∪ {+∞},

(f�g)(x) := inf{f (x − y) + g(y) | y ∈ Rp}

(called the convolution of f and g) is well de�ned (i.e., the in�mum is not −∞). Show that
dom f�g = dom f + dom g, f�g = g�f , and f�g is convex.

Solution Take x ∈ dom f�g, that is inf{f (x−y)+g(y) | y ∈ Rp} < +∞. Then there exists
y ∈ Rp such that f (x − y), g(y) ∈ R, so x = (x − y) + y ∈ dom f + dom g. Conversely,
take x ∈ dom f + dom g. Then x = x1 + x2 with x1 ∈ dom f and x2 ∈ dom g. We have

(f�g)(x) = inf{f (x − y) + g(y) | y ∈ Rp} ≤ f (x1) + f (x2) ∈ R,

so x ∈ dom f�g.
The equality f�g = g�f is obvious.We show that f�g is convex. Consider x1, x2 ∈

dom f�g and α ∈ (0, 1). Take t1, t2 ∈ R with t1 > (f�g)(x1) and t2 > (f�g)(x2). Then
there exist y1, y2 ∈ Rp with

f (x1 − y1) + g(y1) < t1
f (x2 − y2) + g(y2) < t2.

Then

(f�g)(αx1 + (1 − α)x2) ≤ f (αx1 + (1 − α)x2 − αy1 − (1 − α)y2) + g(αy1 + (1 − α)y2)
= f (α(x1 − y1) + (1 − α)(x2 − y2)) + g(αy1 + (1 − α)y2)
≤ αf (x1 − y1) + (1 − α)f (x2 − y2) + αg(y1) + (1 − α)g(y2)
= α(f (x1 − y1) + g(y1)) + (1 − α)(f (x2 − y2) + g(y2))
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< αt1 + (1 − α)t2.

Since t1, t2 are chosen arbitrarily such that t1 > (f�g)(x1) and t2 > (f�g)(x2), we infer
that

(f�g)(αx1 + (1 − α)x2) ≤ αf�g)(x1) + (1 − α)(f�g)(x2).

So, f�g is convex. �

Problem 7.84. If f : R→ R is strictly convex and di�erentiable, compute f�f .

Solution To compute a convolution means in fact to solve an optimization problem (in
order to determine the in�mum from the de�nition of the convolution). In our speci�c
case, consider, for �xed x, h : R → R, h(y) = f (x − y) + f (y). The derivative of h is
h′(y) = −f ′(x − y) + f ′(y). Since f is strictly convex, its derivative is injective (being
strictly increasing), so y = 2−1x is the only critical point. A study of the monotonicity
of h reveals that y is a globalminimumpoint for h, so, (f�f )(x) = f (x−2−1x)+f (2−1x) =
2f (2−1x). �

Problem 7.85. Let A ⊂ Rp, A ≠ Rp be a nonempty convex set. Show that the function
µ : Rp → R ∪ {+∞} given by

µ(y) :=
{
−dRp\A(y), y ∈ A
+∞, y ∈ ̸ A.

is convex.

Solution Take y1, y2 ∈ A = dom µ and observe that D(y1, dRp\A(y1)) ⊂ clA, and simi-
larly for y2. Then,

B := conv
[
D(y1, dRp\A(y1)) ∪ D(y2, dRp\A(y2))

]
⊂ clA.

For every λ ∈ [0, 1],

D(λy1 + (1 − λ)y2, λdRp\A(y1) + (1 − λ)dRp\A(y2)) ⊂ B,

whence
dRp\A(λy1 + (1 − λ)y2) ≥ λdRp\A(y1) + (1 − λ)dRp\A(y2)

which is exactly the desired property. �

Problem 7.86. Let A ⊂ Rp, A ≠ Rp be a nonempty set. The oriented distance function
associated to A is ∆A : Rp → R, given as

∆A(y) := dA(y) − dRp\A(y).

Show that:
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(i) ∆A is real-valued and 1−Lipschitz;
(ii) ∆A(y) < 0 for every y ∈ intA, ∆A(y) = 0 for every y ∈ bdA and ∆A(y) > 0 for

every y ∈ int(Rp \ A);
(iii) if A is closed, then A = {y ∈ Rp | ∆A(y) ≤ 0};
(iv) if A is convex, then ∆A is convex;
(v) if A is a cone, then ∆A is positively homogeneous;
(vi) if A is a closed convex cone, then −∆A is A−monotone;
(vii) if A is a closed convex cone with nonempty interior, then −∆A is strictly

intA−monotone;
(viii) if A is a closed convex cone, then for every y ∈ Rp , ∂∆−A(y) ⊂ −A−.

Solution (i) Let y1, y2 ∈ Rp . If y1, y2 ∈ A or y1, y2 ∈ Rp \ A, the inequality∣∣∆A(y1) − ∆A(y2)
∣∣ ≤ ‖y1 − y2‖

follows from the similar property of the distance to a set function. The same if at least
one of the points is on the boundary of A. Suppose now that y1 ∈ intA and y2 ∈
int(Rp \ A). Then it exists λ ∈ (0, 1) such that y := λy1 + (1 − λ)y2 ∈ bdA. Then∣∣∆A(y1) − ∆A(y2)

∣∣ = dRp\A(y1) + dA(y2) ≤ ‖y1 − y‖ + ‖y2 − y‖ = ‖y1 − y2‖

and the proof of the property is complete.
(ii) Clearly, if y ∈ intA, then dA(y) = 0 and dRp\A(y) < 0, and similar for the last

situation. If y ∈ bdA, since bdA = bd(Rp \ A), then both dA(y) and dRp\A(y) are zero.
(iii) Suppose that A is closed. If y ∈ A, then dA(y) = 0 whence ∆A(y) ≤ 0. Con-

versely, if ∆A(y) ≤ 0, then supposing that y ∉ A wewould have y ∈ int(Rp \A) whence
∆A(y) > 0. The conclusion follows.

(iv) Observe now that

∆A(y) = inf{‖y − x‖ + µ(x) | x ∈ Rp}, (7.4.8)

where µ is de�ned in the previous problem. Indeed, if y ∈ A, ∆A(y) = −dRp\A(y), while

inf{‖y − x‖ + µ(x) | x ∈ Rp} = inf{‖y − x‖ − dRp\A(x) | x ∈ A} ≤ −dRp\A(y)

is obvious. Now observe that for every x ∈ A, ‖y − x‖ + dRp\A(y) ≥ dRp\A(x), which
means that

‖y − x‖ + µ(x) ≥ −dRp\A(y)

so inf{‖y − x‖+µ(x) | x ∈ Rp} ≥ −dRp\A(y) and in this case (7.4.8) follows. If y ∈ Rp \A,
∆A(y) = dA(y). Clearly,

inf{‖y − x‖ + µ(x) | x ∈ Rp} ≤ inf{‖y − x‖ | x ∈ A} = dA(y).

In order to prove the reverse inequality, observe �rst that there always exists a se-
quence (yn) ⊂ A with ‖y − yn‖ → dA(y). We claim that dRp\A(yn) → 0. Indeed, in the
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opposite case we can suppose, without loss of generality that there exists ε > 0 such
that for every n ∈ N, B(yn , ε) ⊂ A. Take now δ ∈ (0, 1) such that δ ‖y − yn‖ < ε for
every n (note that such a δ does exist). Consider zn := y + (1 − δ)(y − yn). One has, on
one hand, that

‖yn − zn‖ = δ ‖y − yn‖ < ε,

hence zn ∈ A and, on the other hand,

dA(y) ≤ ‖y − zn‖ = (1 − δ) ‖y − yn‖ → (1 − δ)dA(y) < dA(y).

This contradiction can be eliminated only if we admit that dRp\A(yn)→ 0. Therefore,

‖y − yn‖ − dRp\A(yn) ≥ inf{‖y − x‖ + µ(x) | x ∈ Rp},

whence, passing to the limit, we get

dA(y) ≥ inf{‖y − x‖ + µ(x) | x ∈ Rp},

so (7.4.8) is �nally completely proven. So, according to relation (7.4.8), the function
∆A appears as a convolution of two convex function, so it is itself a convex function.

(v) If A is a cone, then Rp \ A shares the property to be closed at multiplication
with positive scalars, whence the property of ∆A we are looking for comes from the
similar property of the distance to a set function.

(vi) If A is a convex cone then, from (iv) and (v), we deduce that ∆A is subadditive
since

∆A(y1 + y2) = 2∆A(2−1y1 + 2−1y2) ≤ 2∆A(2−1y1) + 2∆A(2−1y2)
= ∆A(y1) + ∆A(y2).

Now, if y2 − y1 ∈ −A, we can write successively

0 ≥ ∆A(y1 − y2) ≥ ∆A(y1) − ∆A(y2).

(vii) The last assertion is similar, taking into account (ii).
(viii) Let u ∈ ∂∆−A(y). One has

〈u, z − y〉 ≤ ∆−A(z) − ∆−A(y), ∀z ∈ Rp . (7.4.9)

From (vi), it follows ∆−A(a + y) ≤ ∆−A(y) for every a ∈ −A and whence, from (7.4.9),
〈u, a〉 ≤ 0. This implies that for every y ∈ Rp

∂∆−A(y) ⊂ −K−.

The solution is complete. �

Problem 7.87. Let f : Rp → R ∪ {+∞} be a function. One de�nes the conjugate of f as
f * : Rp → R ∪ {+∞},

f *(u) = sup{〈x, u〉 − f (x) | x ∈ Rp}.

Show that f * is convex.
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Solution Take u1, u2 ∈ dom f * and α ∈ (0, 1). Consider t ∈ R with t < f *(αu1 + (1 −
α)u2). Then there exists x ∈ Rp such that t <

〈
x, αu1 + (1 − α)u2

〉
− f (x). Thus,

t < α 〈x, u1〉 − αf (x) + (1 − α) 〈x, u2〉 − (1 − α)f (x)
≤ αf *(u1) + (1 − α)f *(u2).

Since t < f *(αu1 + (1 − α)u2) was chosen arbitrarily, we deduce that

f *(αu1 + (1 − α)u2) ≤ αf *(u1) + (1 − α)f *(u2),

so f * is convex. Note that this is a direct proof. �

Exercise 7.88. Compute the conjugate for the following functions:
(i) f : R→ R, f (x) = 1

p |x|
p where p > 1;

(ii) f : R→ R ∪ {+∞},

f (x) =
{
− ln x, if x > 0
+∞, if x ≤ 0;

(iii) f : R→ R, f (x) = ex;
(iv) f : R→ R ∪ {+∞},

f (x) =
{

0, if |x| ≤ 1
+∞, if x > 1.

Solution As in the case of convolution, to compute a conjugate is equivalent to solv-
ing an optimization problem (in order to determine the supremum in the de�nition
of the conjugate). For our functions, it is a routine to compute the derivatives for
h(x) = xu − f (u) and to get the variation of this function and, from that, the conclu-
sions. We obtain:

(i) f * : R→ R, f *(u) = 1
q |u|

q , where 1
p + 1

q = 1;
(ii) f * : R→ R ∪ {+∞},

f *(u) =
{
− ln(−u), if u < 0
+∞, otherwise;

(iii) f * : R→ R ∪ {+∞},

f *(u) =


u ln(u) − u, if u > 0
0, if u = 0
+∞, if u < 0;

(iv) f * : R→ R, f *(u) = |u| . �

Problem 7.89. Let f : Rk → R be a convex function. Show that for every x, u ∈ Rk ,

〈u, x〉 ≤ f (x) + f *(u)
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with equality if and only if u ∈ ∂f (x).
Write the above inequality for the convex function f : R→ R, f (x) = 1

p |x|
p ,where p > 1.

Find ∂f (x).

Solution From the de�nition of the conjugate, for every u ∈ Rk ,

f *(u) = sup{〈x, u〉 − f (x) | x ∈ Rk} ≥ 〈u, x〉 − f (x), ∀x ∈ Rk ,

so the inequality holds. The equality means that the supremum is attained at x, so for
any y ∈ Rk ,

〈x, u〉 − f (x) ≥ 〈y, u〉 − f (y),

which means that u ∈ ∂f (x).
Taking into account (i) in the preceding problem, the inequality becomes the in-

equality of Young already studied before (see Subsection 2.2.3), namely

xu ≤ |x|
p

p + |u|
q

q , ∀x, u ∈ R, where p, q > 1, 1
p + 1

q = 1.

We have seen that

ab ≤ a
p

p + bq
q , ∀p, q > 1, 1

p + 1
q = 1, a, b ≥ 0,

with the equality if and only if ap = bq. Thus, for every x, u ∈ R,

xu = 〈x, u〉 ≤ |x| |u| ≤ |x|
p

p + |u|
q

q ,

with the equality if and only of xu = |x|p = |u|q , whence ∂f (x) = {u ∈ R | xu = |x|p =
|u|q}. �

Problem 7.90. Let C ⊂ Rp be a nonempty closed convex set. Show that for every x ∈
bd C, N(C, x) ≠ {0}. Deduce that the distance function dC is not di�erentiable at the
points of bd C.

Solution Without loss of generality, we can suppose that x = 0 ∈ bd C. There exists
a sequence (xk) ⊂ Rp \ C such that xk → 0. Take, for every k, yk as the projection
of xk on C. From the continuity of the projection (Proposition 4.1.2), one deduces that
yk → 0. Consider zk := xk − yk ≠ 0 (for every k) and the limit µ ≠ 0 of a convergent
subsequence of the bounded sequence ‖zk‖−1 zk . Take x ∈ C. Since for any α ∈ (0, 1),
αx + (1 − α)yk ∈ C, one deduces that ‖yk − xk‖ ≤

∥∥αx + (1 − α)yk − xk
∥∥ , so

‖yk − xk‖2 ≤
∥∥αx + (1 − α)yk − xk

∥∥2 .

After some calculations, one gets that

2 〈zk , x − yk〉 − α ‖x − yk‖2 ≤ 0.
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Making α → 0, one gets 〈zk , x − yk〉 ≤ 0 for any k. In particular,〈
‖zk‖−1 zk , x − yk

〉
≤ 0

for any k. Passing to the limit, we obtain that 〈µ, x〉 ≤ 0 for all x ∈ C. Then µ ∈ N(C, 0),
so the conclusion.

If dC would be di�erentiable at a point x in its boundary, then ∂dC(x) reduces to a
singleton (Proposition 4.2.3). But, as shown in Proposition 4.3.3, N(C, x) ∩ D(0, 1) ⊂
∂dC(x). In view of the above proved fact, N(C, x)∩ D(0, 1) cannot be a singleton, so a
contradiction arises. Therefore, dC cannot be di�erentiable at x.

Remark as well that a solution of the problem could be easily deduced from the
more general result of Corollary 5.2.29. �

Problem 7.91. Let C ⊂ Rp be a nonempty closed, convex set. Show that d2
C is di�eren-

tiable and for every x ∈ Rp , and∇d2
C(x) = 2(x − prC x).

Solution Let x ∈ Rp and h ∈ Rp \ {0}. Therefore,

d2
C(x + h) − d2

C(x) ≥ d2
C(x + h) −

∥∥x − prC(x + h)
∥∥2

=
∥∥prC(x + h) − (x + h)

∥∥2 −
∥∥x − prC(x + h)

∥∥2

= 2
〈
x − prC(x + h), h

〉
+ ‖h‖2 ,

so, using Proposition 4.1.2,

d2
C(x + h) − d2

C(x) − 2 〈x − prCx, h〉 ≥ 2
〈
x − prC(x + h), h

〉
− 2 〈x − prCx, h〉 + ‖h‖2

≥ −2
∥∥prCx − prC(x + h)

∥∥ ‖h‖ + ‖h‖2

≥ − ‖h‖2 .

On the other hand,

d2
C(x + h) − d2

C(x) ≤
∥∥(x + h) − prCx

∥∥2 − ‖x − prCx‖
2

= 2 〈x − prCx, h〉 + ‖h‖2 .

Finally, we can write

− ‖h‖2 ≤ d2
C(x + h) − d2

C(x) − 2 〈x − prCx, h〉 ≤ ‖h‖
2 ,

so,
− ‖h‖ ≤ ‖h‖−1

(
d2
C(x + h) − d2

C(x) − 2 〈x − prCx, h〉
)
≤ ‖h‖ ,

which con�rms that d2
C is di�erentiable at every x ∈ Rp and∇d2

C(x) = 2(x − prC x). �

Problem 7.92. Let a1, a2, a3 ∈ Rp non colinear points. Show that there exists a unique
point x ∈ Rp which minimize on Rp the function f : Rp → R,

f (x) = ‖x − a1‖ + ‖x − a2‖ + ‖x − a3‖ .
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Then prove that x ∈ conv{a1, a2, a3}. Deduce that if x ∉ {a1, a2, a3}, then the angle
between x− ai and x− aj is 2π

3 for all i, j ∈ 1, 3, i ≠ j. (The point x is called the Torricelli
point of the triangle of vertices a1, a2, a3.)

Solution It is easy to observe that f is convex and coercive, so it has a global minimum
on Rp . Moreover, f is strictly convex. Indeed, for x, y ∈ Rp , the equality ‖x‖ + ‖y‖ =
‖x + y‖ is possible if and only if x, y are on a half-line passing through the origin. If
there exist x, y ∈ Rp , x ≠ y and α ∈ (0, 1) with f (αx + (1 − α)y) = αf (x) + (1 − α)f (y),
then a1, a2, a3 must be on the same straight-line determined by x and y, which is a
contradiction. Therefore, there exists a unique element x ∈ Rp , global minimum of f .
Thus, from Theorem 4.3.1, 0 ∈ ∂f (x). But, by use of Theorem 4.2.7 and Problem 7.81,

∂f (x) =
{ ∑3

i=1 ‖x − ai‖
−1 (x − ai), if x ∉ {a1, a2, a3}∑3

i=1,i≠j ‖x − ai‖
−1 (x − ai) + D(0, 1), if x = aj .

If x is one of the points a1, a2, a3, then surely belongs to conv{a1, a2, a3}. Suppose
that x ∈ ̸ {a1, a2, a3}. Then

3∑
i=1

‖x − ai‖−1 (x − ai) = 0,

whence

x =
( 3∑

i=1

‖x − ai‖−1

)−1 3∑
i=1

‖x − ai‖−1 ai ∈ conv{a1, a2, a3}.

For the last part, if x ∈ ̸ {a1, a2, a3}, again from
∑3

i=1 ‖x − ai‖
−1 (x−ai) = 0 we deduce

that
〈
‖x − ai‖−1 (x − ai),

∥∥x − aj∥∥−1 (x − aj)
〉

= 2−1 for all i, j ∈ 1, 3, i ≠ j. Conse-
quently, the angle between x − ai and x − aj is always 2π

3 . This ends the solution. �

Problem 7.93. Consider the Fermat’s principle concerning the propagation of light: “in
an inhomogeneous medium a ray of light travels between two points along the path
requiring the shortest time”. Prove the law of refraction: when light passes from one
medium to another, the directions of the light satisfy sin α1

v1
= sin α2

v2
, where α1, α2 are the

angles between the directions of the ray and the normal to the surface which separates
the two media, and v1, v2 are the speeds of the light in the two media, respectively.

Solution Suppose that the light travels from the point (0, a) in the �rst medium to the
point (b, d), b > 0 in the second one (see the �gure below).

For easy calculus, suppose that the surface which separates the two media is the
Ox axis. Let v1, v2 be the speeds of the light in the two media, respectively. Suppose
that the light passes from the �rst medium to the second one at the point (x, 0), where
x is to be determined following Fermat’s principle. The amount of time spent by the
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(0,0)

(0,a)

(x,0)

(b,d)

α1

α2

Figure 7.4: Propagation of light.

light in the �rst and the second media are, respectively,

t1 =
√
a2 + x2

v1

t2 =
√

(b − x)2 + c2

v2
,

so the total time to minimize is
√
a2+x2

v1
+
√

(b−x)2+c2

v2
. Take f : R→ R,

f (x) =
√
a2 + x2

v1
+
√

(b − x)2 + c2

v2
.

Now the problem is to minimize f on R. The derivative of f is

f ′(x) = x
v1
√
a2 + x2

+ x − b
v2
√

(x − b)2 + c2
.

Since f ′(0) = −b
v2
√
b2+c2 < 0 and f ′(b) = b

v1
√
a2+b2 > 0 and

f ′′(x) = 1
v1
· a2

(a2 + x2) 3
2

+ 1
v2
· c2(

(x − b)2 + c2
) 3

2
> 0, ∀x ∈ R,

there exists a unique critical point of f situated in the interval [0, b]. Denote by x this
critical point. The variation of f shows that x is a minimum point. Then

x
v1
√
a2 + x2

= b − x
v2
√

(x − b)2 + c2
.
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But,
x√

a2 + x2
= sin α1

and
b − x√

(x − b)2 + c2
= sin α2,

so,
sin α1
v1

= sin α2
v2

.

and the light refraction law in proved. �

Exercise 7.94. Show that f : (0,∞) × (0,∞)→ R,

f (x1, x2) = 1
x1

+ 1
x2
− 1
x1 + x2

is convex.

Solution The calculus of second-order partial derivatives leads to the following form
of the Hessian matrix at a point x in the domain of f :( 2

x3
1
− 2

(x1+x2)3 − 2
(x1+x2)3

− 2
(x1+x2)3

2
x3

2
− 2

(x1+x2)3

)
.

On this basis, it is easy to verify that ∇2f (x) is positive de�nite for every x ∈ (0,∞) ×
(0,∞), so, according to Theorem 2.2.10, the function f is convex. �

Problem 7.95. Let a, b, c, d ∈ R with a < b, c < d, and f : [a, b] × [c, d] → R. De�ne
φ : [a, b]→ R,

φ(x) = inf{f (x, y) | y ∈ [c, d]}.

Show that φ is well de�ned and continuous.

Solution The mapping
[c, d] 3 y 7−→ f (x, y)

is continuous and hence attains its minimum on [c, d]. Then there exist yx ∈ [c, d]
such that φ(x) = f (x, yx).

FromCantor Theorem (Theorem 1.2.24), f is uniformly continuous on the compact
set [a, b] × [c, d] : for every ε > 0, there exists δε > 0, such that for every (x′, y′),
(x′′, y′′) ∈ [a, b] × [c, d] with

∥∥(x′, y′) − (x′′, y′′)
∥∥ < δε , one has

∣∣f (x′, y′) − f (x′′, y′′)∣∣ <
ε.

Let x′, x′′ ∈ [a, b] with
∣∣x′ − x′′∣∣ ≤ δε . Then

φ(x′) − φ(x′′) = f (x′, yx′ ) − f (x′′, yx′′ )
≤ f (x′, yx′′ ) − f (x′′, yx′′ ) < ε.
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Changing the roles of x′ and x′′, we get

φ(x′′) − φ(x′) < ε,

from where the conclusion. �

Problem 7.96. Let f : Rp → R be a function and M ⊂ Rp be a closed set. Consider the
problem

min f (x), x ∈ M.

Suppose that x is a solution of this problem and that f is locally Lipschitz of constant
L ≥ 0 around x. Let φ : Rp → [0,∞) with φ(x) = 0 a lower semicontinuous function.
Show that one and only one of the following holds:

(i) there exists λ > 0 such that x is a local minimum without constraints for f + λφ;
(ii) there exists (zn)n∈N* ⊂ Rp \M, zn → x such that for every n ∈ N*, the mapping

x 7→ φ(x) + n−1 ‖x − zn‖

attains its minimum at zn .

SolutionWe can have one and only one of the following possibilities:
– there exists a neighborhood V of x and a > 0 such that for every x ∈ V ,

aφ(x) ≥ d(x,M);

– there exists xn → x such that

2nφ(xn) < d(xn ,M).

In the �rst situation, let α > 0 such that B(x, α) ⊂ U∩V , where U is the neighborhood
of x where the Lipschitz condition holds and where x is a minimum point.

For every x ∈ B(x, α/3) there exists u ∈ M with

‖x − u‖ ≤ 2d(x,M) ≤ 2 ‖x − x‖ .

Hence, in particular,

‖u − x‖ ≤ ‖u − x‖ + ‖x − x‖ ≤ 3 ‖x − x‖ < α.

Then
f (x) ≥ f (u) − L ‖u − x‖ ≥ f (x) − 2Laφ(x)

so we are in the �rst alternative of the conclusion.
In the second situation, since φ has positive values, (xn) ⊂ Rp \M and

φ(xn) ≤ inf
x∈Rp

φ(x) + 2−1n−1d(xn ,M).
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We take ε := 2−1n−1d(xn ,M) > 0 and δ := 2−1d(xn ,M), and we apply Ekeland Varia-
tional Principle to φ for the ε−minimum xn . We infer that there exists zn ∈ Rp with

φ(zn) ≤ φ(xn) < n−1d(xn ,M)
‖zn − xn‖ ≤ 2−1d(xn ,M)
φ(zn) ≤ φ(x) + n−1 ‖x − zn‖ , ∀x ∈ Rp .

The last relation shows that for every n ∈ N* the mapping x 7→ φ(x) + n−1 ‖x − zn‖
attains its minimum at zn . Moreover,

‖zn − x‖ ≤ ‖zn − xn‖ + ‖xn − x‖
≤ d(xn ,M) + ‖xn − x‖ ≤ 2 ‖xn − x‖ ,

whence zn → x. If we would have zn ∈ M, then

‖zn − xn‖ ≤ 2−1d(xn ,M) < d(xn ,M) ≤ ‖zn − xn‖ ,

which is a contradiction. The solution is now complete. �

Let us remark that Problem 7.96 is a generalization of Theorem 4.3.2.

Exercise 7.97. Consider the function f : R2 → R given by f (x, y) := |x1| − |x2| . Prove
that

∂Cf (0, 0) = conv
{

(−1, −1), (−1, 1), (1, −1), (1, 1)
}
.

Solution The formula can be deduced in a similar manner to Example 5.1.9, taking into
account formula (5.1.8). �

Other useful properties of the Clarke tangent and the normal cones are contained
in the next exercise.

Problem 7.98. Let f , g : Rp → R be locally Lipschitz functions around x. The following
hold:

(i) f · g : Rp → R, given by (f · g)(x) := f (x) · g(x) for every x is locally Lipschitz
around x, and

∂C(f · g)(x) ⊂ g(x)∂Cf (x) + f (x)∂Cg(x). (7.4.10)

If, moreover, f (x) ≥ 0 and g(x) ≥ 0 for every x, and f and g are both regular, then fg
is regular and equality holds in (7.4.10).

(ii) Suppose g(x) ≠ 0 for every x. Then the function f
g : Rp → R , given by(

f
g

)
(x) := f (x)

g(x) for every x is locally Lipschitz around x and

∂C
(
f
g

)
(x) ⊂ g(x)∂Cf (x) − f (x)∂Cg(x)

g2(x) . (7.4.11)

If, moreover, f (x) ≥ 0 and g(x) > 0 for every x, and f and −g are both regular, then fg is

regular and equality holds in (7.4.11).
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Solution For (i), take h : R2 → R given by h(x1, x2) := x1 · x2. Then Theorem 5.1.18
applies, and one has the conclusion. The proof of (ii) is similar. �

Problem 7.99. Let f1, ..., fk : Rp → R be locally Lipschitz functions around x. Then
the function h : Rp → R given as

h(x) := max
{
f1(x), ..., fk(x)

}
is locally Lipschitz around x and

∂Ch(x) ⊂ conv
⋃
i∈A(x)

∂Cfi(x),

where, A(x) =
{
i ∈ 1, k | h(x) = fi(x)

}
denotes the set of active indices at x.

Solution Observe that h = g ◦ f , where f : Rp → Rk is f (x) = (f1(x), ..., fk(x)) and
g : Rk → R is g(y) = max {y1, ..., yk} . Since f and g are locally Lipschitz, one may
apply Theorem 5.1.18.

Observemoreover that, since g is convex, its Clarke subdi�erential coincides with
the convex subdi�erential, i.e.,

∂Cg(f (x)) = ∂g(f (x))

=
{
η ∈ Rk

+ | η1 + ... + ηk = 1, η1f1(x) + ... + ηkfk(x) ≥ h(x)
}

=
{
η ∈ Rk

+ | η1 + ... + ηk = 1, η1f1(x) + ... + ηkfk(x) = h(x)
}

=
{
η ∈ Rk

+ | ηi = 0 if i ∈ ̸ A(x), η1 + ... + ηk = 1
}
.

From (5.1.17), we get that

∂Ch(x) ⊂ cl conv
{
∂C 〈η, f 〉 (x) | η ∈ Rk

+, ηi = 0 if i ∈ ̸ A(x),
k∑
i=1

ηi = 1
}

= cl conv

∂C
∑
i∈A(x)

ηifi(x)

 | ηi ≥ 0,
∑
i∈A(x)

ηi = 1


⊂ cl conv

∑
i∈A(x)

ηi∂Cfi(x) | ηi ≥ 0,
∑
i∈A(x)

ηi = 1

 .

Since
∑

i∈A(x) ηi∂Cfi(x) from above is a convex combination of the sets ∂Cfi(x) for
i ∈ A(x), each of one being convex and compact, one gets the desired conclusion. �

Problem 7.100. Suppose A1 ⊂ Rp and A2 ⊂ Rq are two sets, and take x1 ∈ A1,
x2 ∈ A2. Prove that

TC(A1 × A2, (x1, x2)) = TC(A1, x1) × TC(A2, x2)
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and
NC(A1 × A2, (x1, x2)) = NC(A1, x1) × NC(A2, x2)

Solution The �rst equality follows easily from the characterization given by Theorem
5.1.25 (ii). Then the second equality follows by polarity. �

Problem 7.101. Consider a nonempty set A ⊂ Rp and x ∈ A. De�ne the indicator
function of A as ıA : Rp → R ∪ {+∞},

ıA(x) :=
{

0, if x ∈ A
∞, if x ∈ ̸ A.

Prove that
∂F ıA(x) = NF(A, x)

and
∂MıA(x) = ∂∞ıA(x) = NM(A, x).

Solution It follows from the fact that epi ıA = A × [0,∞), hence by Proposition 5.2.3 (vi)

NF(epi ıA , (x, 0)) = NF(A, x) × (−∞, 0]

and
NM(epi ıA , (x, 0)) = NM(A, x) × (−∞, 0]. �

Exercise 7.102. Consider the sets in R3 given by

A =
{

(t, p, q) | (p, q) ∈
[
(0, 0), (cos t, sin t)

]}
,

Q =
{

(t, p, q) | (p, q) ∈ coneD
(

(cos t, sin t),
√

2
2

)}
.

Compute the Fréchet and the Mordukhovich normal cones to these sets at (0, 0, 0).

Solution Observe �rst that the set A can be equivalently written as
x(u, v) = u
y(u, v) = v cos u,
z(u, v) = v sin u

u ∈ R, v ∈ [0, 1] .

Our intention is to compute the Fréchet normal cone to the set A using its equal-
ity to TB(A, (x, y, z))−. Consider hence points (x0, y0, z0) from A close to (0, 0, 0). If
(x0, y0, z0) is such that v ∈ (0, 1), then theFréchet normal cone to this point is the cone
generated by the normal vector to the surface, whose expression is (−v, − sin u, cos u).
In fact, it is the line{

(x, y, z) ∈ R3 | x − u−v = y − v cos u
− sin u = z − v sin u

cos u

}
. (7.4.12)
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When (xn , yn , zn) → (0, 0, 0), it means that the corresponding (un , vn) → (0, 0),
which gives,whenpassing to the limitwhen considering elements from the set (7.4.12),
the line {0}×{0}×R, i.e., the Oz axis. Remark also that, for the point (x0, y0, z0) ∈ A,
the Bouligand tangent cone is the tangent plane to the surface at (x0, y0, z0) translated
to (0, 0, 0). This plane is{

(x, y, z) ∈ R3 | −vx − y sin u + z cos u = 0
}
. (7.4.13)

Consider now (x0, y0, z0) ∈ A is such that v = 0, i.e., points of the type (u, 0, 0).
In this case, the Bouligand tangent cone is the half-plane obtained by taking y ≥ 0 in
the equation (7.4.13):

P :=
{

(x, y, z) ∈ R3 | −y sin u + z cos u = 0, y ≥ 0
}
.

In this case, the Fréchet normal cone is P−, i.e.,{
(x, y, z) ∈ R3 | x = 0, y cos u + z sin u = 0, y ≤ 0

}
.

When (xn , yn , zn) → (0, 0, 0), one has again (un , vn) → (0, 0), hence passing to the
limit when taking elements from the previous set one obtains the half-plane

{(x, y, z) ∈ R3 | x = 0, y ≤ 0}.

In conclusion,

NM(A, (0, 0, 0)) = {(x, y, z) ∈ R3 | x = 0, y ≤ 0}.

Remark also that the structure of Q and the calculus of NM(Q, (0, 0, 0)) are some-
how similar. This is because Q is bounded by two helicoids, given parametrically as

(H1) :


x(u, v) = u
y(u, v) = v cos

(
u + π

4

)
,

z(u, v) = v sin
(
u + π

4

) and (H2) :


x(u, v) = u
y(u, v) = v cos

(
u − π4

)
,

z(u, v) = v sin
(
u − π4

)
both parametrized for u ∈ R, v ≥ 0.

Taking points from (H1) or (H2) such that v > 0, one gets the normal cones(x, y, z) ∈ R3 | x − u−v =
y − v cos

(
u ± π4

)
− sin

(
u ± π4

) =
z − v sin

(
u ± π4

)
cos
(
u ± π4

)
 ,

which tend when (u, v)→ (0, 0) to the lines{
(0, y, y) | y ∈ R

}
and

{
(0, y, −y) | y ∈ R

}
.
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When (x0, y0, z0) ∈ Q is such that v = 0, then

TB(Q, (x0, y0, z0)) =

(x, y, z) ∈ R3 |
−y sin

(
u + π

4

)
+ z cos

(
u + π

4

)
≤ 0

−y sin
(
u − π4

)
+ z cos

(
u − π4

)
≥ 0

y ≥ 0


and

NF(Q, (x0, y0, z0)) =

(x, y, z) ∈ R3 |

x = 0
y cos

(
u + π

4

)
+ z sin

(
u + π

4

)
≤ 0

y cos
(
u − π4

)
+ z sin

(
u − π4

)
≥ 0

y ≤ 0

 .

Passing to the limit for (u, v)→ (0, 0), one gets

NM(Q, (0, 0, 0)) = {(x, y, z) ∈ R3 | x = 0, y ≤ 0, y ≤ z ≤ −y}. �

Problem 7.103. Let f , g : Rp → R be Lipschitz around x ∈ Rp .
(i) If ∂F(−f (x)g)(x) ≠ ∅, then

∂F(f · g)(x) ⊂
⋂

ξ∈∂F (−f (x)g)(x)

[∂F(g(x)f )(x) − ξ ],

which holds with equality if g is Fréchet di�erentiable at x.
(ii) If g(x) ≠ 0, and if ∂F(f (x)g)(x) ≠ ∅, then

∂F
(
f
g

)
(x) ⊂

⋂
ξ∈∂F (f (x)g)(x)

[∂F(g(x)f )(x) − ξ ]
(g(x))2 ,

which holds with equality if g is Fréchet di�erentiable at x.

Solution (i) De�ne F : Rp → R2 and G : R2 → R by

F(x) := (f (x), g(x)) and G(y1, y2) := y1 · y2.

Then f · g = G ◦ F, hence one can apply the chain rule from Theorem 5.2.36 to get
that

∂F(f · g)(x) = ∂F(G ◦ F)(x) = ∂F 〈ξ , F〉 (x),

where ξ ∈ ∇G(y), since G is Fréchet di�erentiable at y := (f (x), g(x)). Moreover,
∇G(y) = (y2, y1), hence we have from above that

∂F(f · g)(x) = ∂F(y2f + y1g)(x) = ∂F
[
g(x) · f − (−f (x)) · g

]
(x),

which gives, using Theorem 5.2.33, the conclusion.
The proof of (ii) is similar. �



312 | Exercises and Problems, and their Solutions

Problem 7.104. Let f1, ..., fk : Rp → R be some functions, and x ∈ Rp . Then the
function g : Rp → R given as

g(x) := min
{
f1(x), ..., fk(x)

}
, ∀x ∈ Rp

satis�es
∂Fg(x) ⊂

⋂
i∈A(x)

∂Ffi(x),

where A(x) =
{
i ∈ 1, k | g(x) = fi(x)

}
denotes the set of active indices at x.

Solution Take ξ ∈ ∂Fg(x). Hence for any ε > 0, one can �nd δ > 0 such that

〈ξ , x − x〉 ≤ g(x) − g(x) + ε ‖x − x‖

whenever ‖x − x‖ < δ. For such x, for any i ∈ A(x), one has

〈ξ , x − x〉 ≤ g(x) − g(x) + ε ‖x − x‖
= g(x) − fi(x) + ε ‖x − x‖
≤ fi(x) − fi(x) + ε ‖x − x‖ ,

which gives us that ξ ∈ ∂Ffi(x). �
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List of Notations

Operations and Symbols

:= equal by de�nition
〈·, ·〉 scalar product
× cartesian product
x → x x converges to x
x A→ x x → x with x ∈ A

x f→ x x → x with f (x)→ f (x)
xn → x, (xn)→ x sequence (xn) has the limit x
xn

A→ x x → x with (xn) ⊂ A
lim limit (for sequences or functions)
lim inf lower limit
lim sup upper limit
‖·‖ Euclidean norm of Rp , p > 1
|·| modulus (on R)
� end of proof/solution

Sets and Spaces

∅ empty set
N set of natural numbers
N* N \ {0}
Z set of integers
Q set of rational numbers
R set of real numbers
Rp , p ∈ N* p-dimensional Euclidean space
Rp+ positive orthant of Rp

B(x, r) open ball of center x and radius r
D(x, r) closed ball of center x and radius r
S(x, r) sphere of center x and radius r
int A interior of the set A
cl A closure of the set A
bd A boundary of the set A



316 | List of Notations

conv A convex hull of the set A
cone A conic hull of the set A
A− polar of the set A
TB(A, x) Bouligand tangent cone to A at x
TC(A, x) Clarke tangent cone to A at x
N(A, x) normal cone to the convex set A at x
NB(A, x) Bouligand normal cone to A at x
NC(A, x) Clarke normal cone to A at x
NF(A, x) Fréchet normal cone to A at x
NM(A, x) Mordukhovich normal cone to A at x
∂f (x) convex subdi�erential of f at x
∂Cf (x) Clarke subdi�erential of f at x
∂F f (x) Fréchet subdi�erential of f at x
∂Mf (x) Mordukhovich subdi�erential of f at x
∂∞f (x) singular subdi�erential of f at x
prA x projection set of x on A
rank A rank of the matrix A
At , xt transpose of the matrix A/vector x
dim X dimension of the linear (sub)space X

Functions

f : A → B function from A to B
f −1 inverse of f
f ◦ g composition of functions
gr f graph of f
epi f epigraph of f
Nν f ν-level set of f
dom f domain of f
Ker T kernel of the linear operator T
Im f image of the mapping f
∇f (x) gradient of f at x
∇2f (x) second order di�erential of f at x
f * conjugate of f
dA , d(·, A) distance function to the set A
∆A oriented distance function to the set A
se Gerstewitz (Tammer) scalarization functional
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approximate solution, 82
asymptotic cone, 29

Bouligand tangent cone, 23

Clarke normal cone, 149
Clarke tangent cone, 149
cone, 18
conic hull, 28
convex hull, 28
convex set, 18

extremal system, 178

Fréchet normal cone, 160
function
– coercive, 81
– continuous, 7
– contraction, 53
– convex, 30
–di�erentiable, 10
– Lipschitz, 8
– locally Lipschitz, 122
– lower semicontinuous, 74
– strictly convex, 37
– support, 133
–uniformly continuous, 8
–upper semicontinuous, 74
–weak contraction, 58

Hessian matrix, 12

inequality
–Carlemman, 50
–Hölder, 45
–Hardy, 47
–Hermite-Hadamard, 42
– Jensen, 40
–Kantorovici, 51
–mean, 44
–Minkowski, 45
– Young, 45

Jacobian matrix, 11

Lagrangian, 97

least squares method, 113

Mordukhovich normal cone, 160

polar set, 21
projection
–Mangasarian-Fromovitz, 20
proximal point algorithm, 212

quali�cation condition, 98
–Guignard, 102
– linear independence, 102
–Mangasarian-Fromovitz, 102
–quasiregularity, 102
–Slater, 108

saddle point, 99
set
– closed, 2
– compact, 2
–of critical directions, 109
–open, 2
solution, 78
speed of convergence
–Aitken acceleration method, 202
– line search algorithm, 208
–Newton method, 203
–Picard iterations, 198
–quadratic programming, 209
strict local solution, 89
subdi�erential
– Clarke, 135
– convex, 120
– Fréchet, 167
–Mordukhovich, 169

theorem
–Banach �xed point Principle, 54
–barrier method, 219
–Beardon, 69
–Cantor, 8
–Carathéodory, 28
–Cauchy, 4
–Cauchy Rule, 14
–Cesàro Lemma, 3
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–Ekeland Variational Principle, 83
–exact extremal principle, 179
– Farkas Lemma, 21
– Fermat, 13
– Fermat rule for Clarke calculus, 142
– Fermat rule for Mordukhovich calculus, 174
– First-order necessary optimality condition, 86
– Fritz John: Clarke calculus case, 156
– Fritz John: convex case, 128
– Fritz John: Mordukhovich calculus case, 193
– Fritz John: smooth case, 92
–Graves, 72
–Hahn-Banach, 10
– Implicit Function Theorem, 13
–Karush-Kuhn-Tucker: convex case, 130
–Karush-Kuhn-Tucker: smooth case, 96
–Knaster, 62
– L’Hôpital Rule, 14
– Lagrange, 13
– Lagrange and Taylor, 12
– Lebourg, 142

– Leibniz-Newton, 16
– Lyusternik-Graves, 73
–Open Mapping Principle, 71
–penalization principle: global case, 148
–penalization principle: local case, 126
–Picard, 66
–Pshenichnyi-Rockafellar, 127
–Rockafellar, 154
–Rolle, 13
–Rolle Sequence, 14
–Second-order necessary optimality condition,

87
– separation of convex sets, 120
–Stolz-Cesàro Criterion, 5
– sum rule
–Clarke subdi�erential, 141
– convex subdi�erential, 124
– Fréchet subdi�erential, 185
–Mordukhovich subdi�erential, 185

–Weierstrass, 8

unit simplex, 27


