Chapter 5
Introduction to graph theory
5.1. Graph
A graph G consists a finite set of vertices (nodes) IV and a finite set of edges E.
I.e,G = (V,E), where E = {{v; Ui} v,V €V}
Example:-V ={1,2,3,4,5} and E = {{1,2},{1, 3}, {2, 3}, {2, 4}, {3, 4}} is

undirected edges.
1 2

Hence the undirected graph ¢ = (V, E) becomes
G.

Note:- i. Anedge {a, b} stands for {(a, b), (b, a) }
Ii. (a,b) = (b,a) onlywhen a =b
5.1.1 Order and size

The number of vertices in a graph G(V, E) is called its order, denoted by |V|

The number of edges in a graph G(V, E) is called its size, denoted by |E|

c d

e.g. Let G:

a b
Then order of G or |V| =4 and size of G or |E| =8

5.1.2 Adjacent vertices

Two vertices v; , v; are adjacencies if there exits an edge {v; ,v;} in G
2
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e.g. Let
G: E e >
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Then 1&2 are adjacent vertices, 1&3 are adjacent vertices,
2&3 are adjacent vertices, 4&5 are adjacent vertices

5.1.3 Parallel edges

If there is more than one edge between the same pair of vertices, then the edges are

said to be parallel edges.
€5

e.g. Let 1 2 5
G: '
€3 €s
e

€

3 * 4
Then e; and e5 are parallel edges.
5.1.4. Loop
It is an edge whose starting and ending vertex are the same.

eq 1

e.g. Let

Then e, is a loop.
Note :- A graph G has no loop is called loop — free.

5.2. Kinds of graph

5.2.1. Simple graph:-

It is a graph G (V, E) that has no self loop or parallel edges.
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e.g. Let

G G,:

Then Gy is not a simple graph but G, is a simple graph.



5.2.2. Multi graph:- if it contains parallel edges. e.g. G, is a multi graph
5.2.3. pseudo graph:- if it contains both parallel edges & loops.

e.g t S

u

5.3. Digraph (Directed graph)

Itis a graph (V, E), where V is a set of nodes or vertices and E is the set of edges
having direction.

Note:- If (v;, v;) is an edge, then there is an edge from v; to v;.

eg. letV ={1,2,3,4,5}and E ={(1,2),(1,3),(2,3),(2,4),(3,4),(4,5)}. Then the

digraph G becomes

1 2

3
and also i) 1 is said to be adjacent to 2
ii) 2 is said to be adjacent from 1
iii) 1 is called origin or source & 2 is terminus or terminating vertex.

5.4. Weighted graph:-

A graph (or digraph) is known as a weighted graph (or digraph) if each edge of the
graph has some weights.

Consider V ={1,2,3,4,5 }and E = {e;, e,, e3, €4, es},wWheree; = (1,2),
e; =(1,3),e3=(2,4),e, =(3,4),es = (4,5) and w(e;) = 5,w(e,) = 6,

w(esz) =1, w(e,) =6, w(es) = 3. Hence the weighted graph G becomes:



5.5. Degree of a vertex

v" The number of edges connected to the vertex v is called degree of vertex v,
denoted degree (v) or deg (v)

v’ In case of a diagraph, there are two degree, i.e. indegree & outdegree.

v" The number of edges coming to the vertex v is known as indegree of v.

v" The number of edges emanating from the vertex v is known as outdegree of v.

Note:- In case of loop, degree of a vertex is 2

e.g.

Then deg(b) = deg(d) = deg(f) = Deg(g) = 2, deg(c)=4, deg(e) = 0, deg(h)= 1, deg(a)=3.

5.5.1. Isolated vertex

A vertex is said to be an isolated vertex if there is no edge connected from any other
vertex to that vertex.

In other words a vertex is said to be an isolated vertex if the degree of that vertex is
zero.

e.g in the above example “e” is isolated vertex.



5.6. Path

A path in a graph is a sequence v, v,, V3, — — —, v} of vertices each adjacent to the
next, and a choice of an edge between each v; to v; ., so that no vertices is chosen
more than once.

eg. 1.

Let @G:

Then one path is wsuvt, 2™ path is wusvt
2. a b e f
Let G:
c d g
Then i) How many paths are there in G fromatoh? 9
ii) How many paths having length 5 from a to h? 3

a

Let G: ¢

Then

* G is directed multigraph.

# There are 3 edge from a to b.

* Edge (a, b) has multiplicity 3.

+ Edge (b, c) and (d, e) have multiplicity 2.
+ Edge (e, d) and (c, d) have multiplicity 1.



5.7. Cycle

If there is a path containing one or more edges which starts from a vertex v and
terminates into the same vertex, then the path is known as a cycle.

e.g. Let v w

Then one cycle is vwsv, an other cycle are vstv, vwstv.
5.8. Matrix representation of graphs

A. Adjacency matrix

_all a2 . . . aln_

Az1 Ay Qzn
The general form of adjacency matrix is: A =

lan1 Qn - . . Appd

Where ai o {1; if there is an edge from v; to v;
] = 0, otherwise

This is also known as bit matrix or Boolean matrix as each entry is either 1 or O.
Note:- 1. In the adjacency matrix,
if the graph is a simple graph, then the main diagonal elements are zero.

2. In a multi graph, the adjacency matrix can be found out with the relation

a _ {n; n be the number of edges from v; to vj
0, otherwise

3. In a weighted graph, the adjacency matrix can be found out with the relation

a. . _ {w; w is the weight of the edges from v; to v;
] = 0, otherwise



e.g 1. Let a graph

121 U, Then the adjacency matrix is given as:
o /Z/ vs Vi1 V2 U3z Vs Vs Uy
v.10 1 1 0 0 1
v 2
6 V3 Uy vy 1 0 1 0 0 O
A= v 1 1 0 1 0 O
a0 0 1.0 1 0
lo o0 0o 1 0 o0
Vél1 0 0O O 0 O
A B
e.g. Let Then the adjacency matrix of the
G: graph with respect to ordering A, B, C,
| and D is
c b ArA B C D
0 1 2 O
A= g 1 0 1 2}
2 1 0 2
Dlo 2 2 o
e.g. 3. Let
Then the adjacency matrix of the
G: 7 graph w.r.t the ordering A, B, Cand
ArA B C D
B 0O 0 3 O
DisA= 5 0 1 7
8 C
2 0 0 4
Dlp 6 8 o0

B. Incidence matrix

Suppose G be a simple undirected with ‘m’ vertices and ‘n” edges, then the incidence
matrix is a matrix of order (mxn), where the element a;; defined as

a _ {1; if vertex v;belongs to edges ej
0, otherwise

e.g. Let the graph V1 é1 1)

€s €6




Then the incidence matrix of G is of order (5x7) the incidence matrix relative to the

ordering v, V,, V3, Vs, Vs and eq,€,,€3,€4,€s,€,€7 IS :

Virer € e3 ey, €5 €5 €7
v,[1 0 0 0 1 01
= vsfl 1 0 0 0 10
v O 1. 1 0 O 0 O
1o 0 1. 1 1 1 0
Vstp 0 0 1 0O O 1-

5.9. Connected graph:-

A graph G is said to be connected if there is a path for every pair of distinct vertices ‘U’

and vV in G.

Definition:-

’

i) A directed graph is said to be strongly connected if for every distinct vertices ‘u
and ‘v’ in G, there is a directed path from ‘u’ to ‘v’ and also from ‘v’ to ‘u’.

i) A directed graph is said to be weakly connected if for every distinct vertices in
G, there is a path without taking the direction.

iii)  Adirected graph is said to be connected if its associated undirected graph
(obtained by ignoring the directions of the edges) is connected.

e.g. Let V, V, Vi
GZ: V3
Gl . Vo
V
V Vs ’
4 V6
V4 V3
V, V, V; V3
V7 VG
G 3 G4 .
V4 V3 VZ

V, Vs



Then G, is strongly connected.
G, is weakly connected
G; is connected
G4 is disconnected

5.10. Sub graph:-

If G = (V, E)isagraph (digraph), then G; = (V;, E;) is called a sub graph of G if
@ =V, € VandE; € E, where each edge in E; is incident with vertices in V/;.

e.g. 1. Let

b b b
G: @ ‘ . Gy °. Ic G,: 79
d d
d
s
v G;: /\v

Then G; and G, are subgraph of G.
2. Let y

3
G: : /\
w *w *w

Then Gy is subgraph of G
G, is not subgraph of G because(s, v) is a subset of E, but (s, v) is not a subset of E.
5.10.1. Vertex deleted subgraph:

Suppose G = (V, E) be graph. If we delete a subset U of VV and all the edges, which
have a vertex in U as an end, then the resultant graph is termed as vertex deleted
subgraph of G.

12 v,
e.g
Let
G:
U3
2
Uy

Then by deleting the vertex v, , H:

the vertex deleted subgraph H is



5.10.2. Edge deleted subgraph

Suppose G = (V, E) be a graph. If a subset F from the set of edges E is deleted from
the graph G, then the resultant graph is edge deleted subgraph of G.

e.g Let deleting e; and e,, then the edge

U1
M deleted subgraph is

5.11 Walks:-
Let x, y be (not necessary distinct) vertices in an undirected graph G = (V, E).
An x - y walkin G is (loop — free) finite alternating sequence
X = Xy, €1, X1, €3,— — —,Xp_1, €n, Xn = Y Of vertices and edges from G, starting
a vertex ‘x” and ending at vertex ‘y’ and involving the ‘n’ edges ¢; = {x;_1,x;},
1<i<n
1. The length of this walk is n, the number of edges in the walk.(whenn = 0,
there are no edges, x = y and the walk is called trivial)

2. Any x - y walk, where x = y (n > 1) is called closed walk. Otherwise the walk

is open.
3. If no vertex of the x - y walk occurs more than once, then the walk is called an
— y path.
e.g
° b f
C
Let G:

d
e

1. {a, b}, {b, d},{d, c}, {c, e}, {e, d}, {d, b} Thisisa — b walk of length 6.
2.b>c—>d—-e—c— f:inthiscase b — f walk haslength5and c is
repeated, but no edge appears more than once.
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3. {f, c},{c, e}, {e, d}, {d, a}:inthiscase f — a walk has length 4 with no
repetition of either vertices or edges.

5.12 Operations on graphs

A. Union

If G, = (V4, E1) and G, = (V,, E;) be two graphs, then the union (G,U G,)=(V, E)is a

graphwithV =1V, UV, andE= E; UE,

e.g Find the union of the following graphs v v,
V1 VZ '
G,:
Gl . 2 V3
v, v, Vy Vs

Solution: V= { Vi, Vp, V3, Vg, V5} ,
E={{ Vi, Vo), { va, v3), { V3, Va}, { Va, va}, { va, va}, { v, va}, { Vs, vs}, { vs, Vs}}

Hence the graph G,U G, becomes v Vs,
1

G]_U GZ:

V, Vs
B. Intersection
If G, = (V4, E1) and G, = (V,, E;) be two graphs with at least one vertex in common, then
their intersecton (G;N G,) =(V, E)isagraphwithV =V, NV, and E = E; NE,.
e.g Find the intersection of the following graph

V1 VZ
V1 VZ

Ga:
V3 V,
V3 V,

Vs

Vl = {V1; VZI V3/ V4I V5 } and VZ = { Vll V2/ V3/ V4r VS }/
Then V = {V1, V,, V3, V4, Vs }and E = {{vl, v4}, {vl, 175}, {Uz, 173}, {Uz, 175}, {U3, 174}}
Thus the graph G1N G, becomes:
V1 V2
Gz:
V3 V,

Vs 11



C. Complement

Suppose G be simple graph with n — vertices. Then the complement of G is given by G and
is defined to the simple graph with the same vertices G and where vertices (u, v) are
adjacent in G if u and v are not adjacent in G.

v, (%)
vy _ V3
eglet G: ™ ,then G: 1
Vg Uy Vg \V Uy
Vg Us

D. Product of graphs

Suppose G; = (V;, E;) and G, = (V,, E,) be graphs. The product of G, and G,,
denoted G, X G, isdefinedas G; X G, = (V, E), whereV =V, XV, and the edge set E
can be found out from the following relation:

If (uy, u,) and (v4, v,) be two vertices of G; X G, then there is an edge between them
When i) (u; = v; and u, is adjacent to v,) or

ii) (u, = v, and u, is adjacent to v,)
G: &———* Gy: '—Ivz
Uy Us U1

e.g Consider the graphs G; and G, as:
(ul' 173) Vs

(ug, vy) (uy, v3)

Then Gl X GZ .

(up, vq) (uz, v3) (uz, v3)

5.13 _Graph coloring and chromatic polynomials

Definition:- The digraph G = (V/, E) is said to be coloring if adjacent vertices have
different colors.

The minimum number of colors needed to proper color G is called the chromatic number
of g and is written as X (G).

e f
e.g
Let . ' Then X (G) = 3.
d ‘» h
b

12



Let A be the number of color. Then P(G, 1), in the variable 1 is called the chromatic
polynomial of G, that will tell us in how many different ways we can properly color the
vertices of G, using at most A colors.

5.14. Trees
Definition:- A tree is a non — directional graph is connected and does not have a circuit.
Or A tree is connected graph that i) has no cycles
ii) has no loopes
iii)has no multiple edges.

e.g a b
c d
Gl GZ: c d
e f
e f
a b a b
G4: ¢ d G3: ¢ d
e f . ;

Then G; and G, are tree. But G; and G, are not tree. Because G, is not connected.

Types of trees

1. Spanning tree
It is a subgraph of a given graph G and is obtained by eliminating the circuit in a graph
and it contains all vertices of G.
e.g Consider the graph v w

t

Then the spanning tree may be

\Y w Vv w Y w \Y w

or or or

13



2. Rooted Tree
A tree is a digraph with a non empty set of nodes such that
i) thereis exactly one node, called the root of the tree, which has indegree 0.
ii) Every node other than the root has indegree 1.
iii) For every node ‘a’ of the tree, there is a directed path from the root to ‘a’.

e.g V, Vs v, Vi
G,: : :
2 Gs: v, G v,
V V
V7 Vl V4 ¢ !
V3 V3

Then G; is tree but G,, G;, G, are not tree.
In G; ,- V4 is called root,

Vi

61: v,

Vs

-V,, V3 & V7 are internal nodes (vertices).
-V4, Vs, Vg, Vg & Vg are leaves, which do not have children

-V, is a father (parent) of V, & V3 thatis, V;, V3 are the son of V;

- Vsis a father (parent) of Vg, Vg & V5

- V1is ancester of Vg

- In a horizontal level, V;is on level ‘0’; V, & V3 are on level ‘1’; V4, Vs, Vg, Vs & V7 are on level ‘2’
Note: Length of the longest path to a leaf from the root is called height (depth) of the tree.

Binary tree:- Each nodes has 2, 1, or 0 sons, i.e, no nodes has more than 2 sons.
Ternary tree:- Each nodes has 3, 2, 1, or 0 sons, i.e, no nodes has more than 3 sons.
n-ary tree:- Each node has ‘| “sons, 0 < 1 < n.
Complete n- ary tree:- Each node has ‘0’ or ‘n’ sons.
Complete binary tree:- Each node has ‘0’ or ‘2’ sons.

Example:-
a) %and b) are complete binary tree.

but c¢) not complete binary tree, it is binary tree

14



Traversal Methods:-
Tree traversal algorism (or there are 3 methods in which we can traversal nodes)
Pre order:- 1. Process the root node r of tree ( T)
2.if T, (left sub tree) exists, then process Ty
3.if T, (right sub tree) exists, then process T, (i.e, root, left, right)
In order :- 1. if T; (left sub tree) exists, then process T;
2.Process the root node r of tree ( T)
3.if T, (right sub tree) exists, then process T, (i.e, left, root, right)
Post order:- 1. . if T, (left sub tree) exists, then process T;
2. if T, (right sub tree) exists, then process T,
3. Process the root node r of tree (T) (i.e, left, right, root)
e.g. 1. Consider the following tree:

H Then 1. Preorder:- abdegcfh
@ ’ 2. Inorder:- dbgeachf
/ 3. Postorder:- dgebhfca

Ex. 2. Let pre order is abcd and in order is badc. Then draw the tree.
3. Let pre order is abcd and post order is dcba. Then draw the tree.

4. Let pre order is abdehkcfigll and in order is dbhkeaficgl)
Solution:-

2. @ 3. ° 0
@/ & . !
() © Q@

15



Minimum spanning tree (MST) is a subset of edges that i) reaches every vertex.
ii) has minimum total weight
iii) has no cycles

To draw the tree, use the following steps:

1. Remove all the loops if exists.

2. Remove all parallel edges between two vertices except the one with least weight.

3. Select the sides of the minimum weighted graph G, enterinto T

4. Select the edge (u, v) in G which has a minimum weight and side by side with

vertices in T, which provide that side does not form a circuit in T.
5. Repeat step 2 for n-2 times.
e.g Find MST if the following graph is given.

Solution:- stepl:- Remove all the loops
Step2:- Remove all the parallel edges
Now, the graph becomes,

C 5 D
G: 10 4 11
A : B

16



4+ Start from vertex A. Find the smallest value in a A — row except ‘0’ (i.e, 5, so we
mark edge AB) and find the smallest value ina B—row & A—row (i.e, 4 is the
smallest unmarked value in A —row & B — row, so we mark edge BC)

+ Then find the smallest value in A —row, B —row, C—row. (i.e, 5 is the smallest un
marked value in A—row, B—row, C—row, so mark CD).

+ Finally, Draw MST,
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