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Preface to Book I-B

The present book is the second volume of a series of four, aimed to the investigation
of the relationship between a branch of complex analysis of functions of several
complex variables, which is the theory of tangential Cauchy—Riemann equations, and
a branch of mathematical physics, which is general relativity and gravitation theory,
including quantum mechanical aspects. The theory of Cauchy—Riemann manifolds
itself exhibits features belonging to mathematical disciplines culturally distinct from
complex analysis, i.e., differential geometry and the theory of partial differential
equations, both linear and quasi-linear. The announced volumes are

Book I-A. Differential Geometry: Manifolds, Bundles, Characteristic Classes
Chapter 1. Manifolds and Tensor Calculus
Chapter 2. Differential Actions and Principal Bundles
Chapter 3. Infinite Dimensional Differential Geometry
Chapter 4. Parallel Displacement and Exponential Mappings
Chapter 5. Holonomy
Chapter 6. Complex Line Bundles
Chapter 7. Characteristic Classes
Appendix A. Algebraic Topology Methods

Book I-B. Differential Geometry: Riemannian Geometry and Isometric Immersions
Chapter 1. Riemannian Geometry
Chapter 2. Finslerian Geometry
Chapter 3. Isometric Immersions
Chapter 4. Riemannian Foliations
Chapter 5. Sobolev Inequalities on Submanifolds

Book I-C. Differential Geometry: Foundations of Cauchy—Riemann and Pseudoher-
mitian Geometry

Chapter 1. Cauchy—Riemann Manifolds

Chapter 2. Pseudohermitian Geometry

Chapter 3. Tangential Cauchy—Riemann Complex
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Book I-D. Differential Geometry: Advanced Topics in CR and Pseudohermitian
Geometry.

Chapter 1. Pseudohermitian Geometry

Chapter 2. CR Manifolds-with-Boundary

Chapter 3. Jacobi Fields of the Tanaka-Webster Connection

Chapter 4. CR Immersions and Lorentzian Geometry

Chapter 5. Proper Holomorphic Maps in Harmonic Maps Theory

Chapter 6. Submanifolds of Hermitian and Sasakian Manifolds

Book I-B consists of five chapters, whose contents are described as follows:

Chapter 1 is introductory to Riemannian geometry, with an emphasis on the geom-
etry of geodesics in Riemannian manifolds. Smooth 1-parameter variations of a
given geodesic lead to Jacobi fields and the Jacobi equation. We give the needed
algebraic preparation on the Riemann—Christoffel tensor field and corresponding
sectional curvatures of 2-planes tangent to a Riemannian manifold. We discuss Ricci
curvature and Einstein manifolds, i.e., Riemannian manifolds whose Ricci tensor is
proportional to the metric. The natural geometric structures on the total space of the
tangent bundle over a Riemannian manifold (a Riemannian metric G, the so-called
Sasaki metric, and an almost complex structure compatible to G, i.e., making G
into an almost Hermitian metric) are briefly described. Some space is devoted to a
technique of integration on a Riemannian manifold, i.e., to the calculation if inte-
grals of functions on a Riemannian manifold by exploiting the exponential mapping
and therefore the geometry of geodesics on that Riemannian manifold. The Laplace—
Beltrami operator (on functions and on differential forms) on a Riemannian manifold
is discussed vis-a-vis to the geometry of geodesics, and in particular, one recalls an
important mathematical analysis tool, which is the Bochner-Lichnerowicz formula.
The familiar expression of the Laplace—Beltrami operator in radial coordinates is
prepared for applications considered later on in this book. Chapter 1 ends with a
review of Hodge—de Rham’s theory and its applications to the study of the topology
of compact semi-simple Lie groups.

Chapter 2 is a brief introduction to Finslerian geometry, focusing on the theory
of geodesics in a Finslerian manifold. The reason for the presence of Chap. 2 in a
book essentially devoted to Riemannian geometry and isometric immersions between
Riemannian manifolds is to be searched for in Shiing—Shen Chern’s manifest paper!
pleading in favor of the “return” en vogue of the study of the theory of Finsler spaces.

Chapter 3 starts with a detailed presentation of the fundamentals of the theory of
isometric immersions between Riemannian manifolds (the first and second funda-
mental forms of an isometric immersion, the normal bundle, the derivation of
the Gauss and Weingarten formulas and the Gauss—Ricci—-Codazzi equations). We
discuss classical results on totally geodesic and minimal isometric immersions,

1'S-S. Chern, “Finsler geometry is just Riemannian geometry without the quadratic restriction”,
Notices of Amer. Math. Soc., 43(1996), 959-963.
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including Cartan’s theorem (on the axiom of r-planes, belonging to the rather oppo-
site” philosophy at work in submanifold theory, i.e., regarding the manner in which
requirements on the geometry of the second fundamental form of the submanifolds
of a given Riemannian manifold, influence on the geometry of that ambient space),
Nomizu’s theorem relating the totally geodesic submanifolds of a Riemannian mani-
fold M to the structure of the fixed point set of an isometry [F' € Isom(M )] leading
to the determination of certain totally geodesic submanifolds of a Brieskorn sphere,
the study of minimal submanifolds of spheres embracing classical examples such as
Clifford tori, Chern’s theorem (on minimal submanifolds of a Riemannian manifold
of constant sectional curvature), and the classification of totally umbilical subman-
ifolds of Euclidean space. Minimal surfaces, their Weierstrass representations, and
(normal) Gauss maps are also treated in some detail. As a natural seguito of our
presentation of the geometry of minimal submanifolds, we introduce the basics of
the theory of harmonic maps. Examples abound. Chapter 3 also presents an array of
modern results known colloquially as “characterizations of the sphere”, e.g., descrip-
tions, in terms of their extrinsic and intrinsic geometry, of submanifolds of Euclidean
space that are, under requirements on their second fundamental form and (intrinsic)
curvature, isometric to a sphere. Submanifolds of spheres are discussed also vis-a-
vis to Chen’s conjecture. Some room is also given to the newer topic of biharmonic
isometric immersions.

Chapter 3 ends up with the detailed exposition of a beautiful result by Eugenio
Calabi on weak elliptic inequalities in Riemannian geometry. The reviewed work?
by Calabi is perhaps better known to experts in PDEs, yet the arguments in the proof
maintain a solid bond to the geometry of submanifolds in Riemannian manifolds, and
Riemannian geometry in general, hence authors’ choice to include Calabi’s result in
the present volume.* The ideas and techniques in Chap. 3 are perhaps the red thread
through the four volumes of the present book.

Chapter 4 is devoted to the theory of Riemannian foliations, to the geometry
of their second fundamental form and mean curvature, to the practical use of the
associated spectral sequences, and to a brief presentation of de Rham—Hodge theory
(for Riemannian foliations of compact Riemannian manifolds). Chapter 4 ends with
two more specialized topics, i.e., the study of I. Vaisman’s curvature groups of a
Riemannian foliation, and a ramification of the theory of harmonic maps within
foliation theory (the theory of foliated harmonic maps).

Chapter 5 aims to introduce the reader familiar with the differential geometric
aspects of the theory of isometric immersions, such as presented in Chap. 3, to certain

2 The first, direct, purpose of submanifold theory is perhaps to describe the intrinsic geometry of a
given submanifold, from information on the second fundamental form of the given immersion and
the geometry (mainly curvature properties) of the ambient space.

3 Cf. E. Calabi, “An extension of E. Hopf’s maximum principle with applications to Riemannian
geometry”, Duke Math. J., 25(1958), 45-56.

4 The PDEs preparation needed to fully understand the proof to Theorem 3.233 is relegated to
Volume VI, Functional Analysis and Partial Differential Equations: Basics of Partial Differential
Equations Theory, of our 11 volumes book project (the plan of the forthcoming volumes V-XI is
given in the Preface to Volume I).
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mathematical analysis themes within geometric analysis on submanifolds of Rieman-
nian manifolds, such as the extension of Sobolev and isoperimetric inequalities from
the Euclidean case to the realm of Riemannian geometry.

The approach to most proofs is frankly tailored for didactical purposes,’ and in few
cases, the approach is but “monographic”. The bibliographic references through Book
I-B embrace one of the following two forms: there is of course a list of references at
the end of the volume, yet a number of bibliographic items are indicated in a footnote,
placed in an e-neighborhood of the specific result discussed.®

Potenza, Italy Elisabetta Barletta
Potenza, Italy Sorin Dragomir
New Delhi, India Mohammad Hasan Shahid
Jeddah, Saudi Arabia Falleh R. Al-Solamy

5 Dedicated to authors’ many students over the years, and with the precise aim to furnish to the
reader the means for the differential geometric preparation that appears to the authors of this book
appropriate for ultimately studying differential geometric (and mathematical analysis) aspects of
the theory of tangential Cauchy—Riemann equations and its application to general relativity and
gravitation theory.

6 A choice also dictated by didactical purposes.



Contents

1 Riemannian Geometry .............. ... ... i 1
1.1 Riemannian and Semi-Riemannian Metrics ................... 1
1.1.1 Historical Note .......... ... . o i, 1
1.1.2 Bilinear Symmetric Forms .............. ... ... ... 4
1.1.3 Inner Products .............. ..o 6
1.1.4 Semi-Riemannian Manifolds ....................... 16
1.1.5 Canonical Measure ............ccoiineeiinnnnnann. 18
1.1.6 Levi—Civita Connection ..............ccovuieeeennn.. 20
1.2 Geodesics and Jacobi Fields .................. ... ... . ... 29
1.3 Riemann-Christoffel Tensor Field ............................ 32
1.4 Sectional Curvature . ............cooeiiiiiineeennninneennnnn. 34
1.5  Ricci Curvature, Einstein Manifolds .......................... 38
1.6 Canonical Structures on the Tangent Bundle ................... 40
1.7 Geodesics and Integration ..............c.cciiiiiiiiinnaan. 46
1.8  Laplace—Beltrami Operator ..................ccoiiiiinnnnn... 49
1.8.1 Bochner-Lichnerowicz Formula .................... 52
1.8.2 Laplacian in Radial Coordinates .................... 53
1.9  Hodge-de Rham Theory ............. .. ... ciiiiiiniiionn.. 57
1.9.1 Star Isomorphism ............. . .. i 57
1.9.2 HarmonicForms ............ ... ... ... ... ....... 59
1.9.3 Orthogonality Relations ........................... 60
1.9.4 Hodge—de Rham Decomposition Theorem ............ 61

1.9.5 The Operators d, § and A in Terms of Covariant
Derivatives . ........iii 62
1.9.6 Green’s Operator ..........oveeeiiiineeeennnnneenns 64
1.9.7 Killing Vector Fields ................ ... ... ... .. 65
1.10  Compact Lie Groups ... ... ......uuuunuuiiaiaanaaaaaaaannn. 67
1.10.1  Grassman AlgebraofalieGroup ................... 67
1.10.2  Invariant Differential Forms ........................ 70



Contents

1.10.3  Compact Semi-simple Lie Groups ................... 74
1.10.4  Harmonic Forms on Compact Semi-simple Lie
GIOUDPS - vttt et e e 82
1.11  Curvature and Fundamental Groups .................c.couuun. 87
1.12 Kanai Graphs . ...........uuuu 91
1.12.1  Quasi-isometries, Pseudo-isometries, and Rough
Isometries . ......ooouini i 91
1.12.2  Nets in Riemannian Geometry ...................... 96
1.12.3  Volume Growth Rate .............................. 102
1.12.4  Isoperimetric Constants ....................oooo... 104
1.12.5 Liouville’s Theorem .............. ... ... ... .. .. 106
1.12.6  Rough Isometries and Parabolicity of Riemannian
Manifolds ... 107
1.12.7  Rough Isometries and Harmonic Functions
onGraphs ............. .. 115
1.12.8  Parabolic and Hyperbolic Infinite Networks .......... 121
1.12.9  Parabolic Index and Rough Isometries ............... 125
1.12.10 Appendix: Martin Boundary in Potential Theory ...... 126
References ... .........uuuu 128
Finslerian Geometry ............. .. ... .. i, 131
2.1  Finslerian GEOMELIY .. .....ovvitiit et 131
2.1.1 PullbackBundle ........... ... .. .. ... o i L. 131
2.1.2 The Vertical Lift ........... ... ... ... ........... 133
2.1.3 Connections in the Pullback Bundle ................. 134
2.14 Nonlinear Connections ...................ccovven... 135
2.1.5 Finslerian Connections ............... ... ... ...... 138
2.1.6 Finslerian Metrics ......... ... ... o i i oL, 139
2.1.7 Cartan Connection ................. ... ... ... ... 142
2.2 Geodesics in Finslerian Manifolds ........................... 149
2.2.1 Regular Curves ............ ... i, 149
2.2.2 Parametrized Surfacesin V(M) ..................... 156
223 Existence and Uniqueness of Geodesics
in Finslerian Manifolds ............... ... ... .. ... 159
224 Geodesics with Given Initial Data ................... 160
2.2.5 Applying Banach’s Fixed Point Theorem ............. 164
2.2.6 Convex Neighborhoods .............. ... ... ... .. 167
2.3 Finslerian Distance Functions ............... ..., 183
2.4  Complete Finslerian Manifolds .............................. 187
2.5  First and Second Variations of the Energy Function ............. 192
2.5.1 The Energy Function .................. ... ........ 192
252 Critical Points of the Energy Function ............... 193
2.6 A Postface on Finslerian Geometry ..................ccoouuo.. 196

References .........c i 199



Contents xi
3 Isometric Immersions .............. ... i i 201
3.1  Fundamental Forms of an Immersed Manifold ................. 201
32 NormalBundle ......... ... . . 202
3.3 Gauss and Weingarten Formulas ............................. 205
3.4  Covariant Calculus in Q(F~'T(M)) ... .. 212
3.5 Gauss—Ricci—Codazzi Equations ....................ooovoi... 215
3.6  Totally Geodesic and Minimal Submanifolds .................. 225
3.7 Cartan’s Theorem ......... ... i, 227
3.8  Nomizu’s Theorem ..............ouiiiiiiiiiiinnn. 230
3.9  Submanifolds of Brieskorn Spheres .......................... 238
3.10 Topology of Brieskorn Spheres .............................. 239
3.11 Germs of Totally Geodesic Submanifolds ..................... 245
3.12  Minimal Submanifolds ......... .. ... .. . 247
3.12.1  Basic Notions and Results, Examples ................ 247
3.12.2  Minimal Surfaces in R” ............ ... ... ... L. 263
3.12.3  Weierstrass Representation of Minimal Surfaces . ...... 268
3.12.4  Gauss Map of a Minimal Surface .................... 274
3.12.5  Minimal Submanifolds of Spheres ................ ... 280
3.13 Harmonic Maps . .....ouuniiiii i 288
3.13.1  Harmonic Maps of Spheres ......................... 297
3.13.2  Fundamental Problems in the Theory of Harmonic
MaPS o 300
3.13.3  Lichnerowicz Theorem ............................ 302
3.13.4  Harmonic Maps of Surfaces ........................ 306
3.13.5 Isoparametric Functions ........................... 310
3.14 Submanifolds of Space Forms ............ ... ... ... 317
3.15 Chern’s Theorem ... 319
3.16 Allendoerfer—Erbacher’s Theorem ........................... 319
3.17 Totally Umbilical Submanifolds ............................. 321
3.18 Characterizations of the Sphere .............................. 323
3.18.1  Hypersurfaces in Euclidean Spaces .................. 324
3.18.2  Real Hypersurfaces in Euclidean Complex Space
Forms ... ... i i 334
3.18.3  Compact Submanifolds in Euclidean Spaces .......... 337
3.19 Submanifolds of Spheres ............ ... ... i 346
3.19.1  Hypersurfaces in Spheres .......................... 348
3.19.2  Small Spheres in Spheres .............. ... ... L. 351
3.19.3  Minimal Submanifolds in Spheres ................... 355
3.19.4  Biharmonic Immersions in Spheres .................. 367
3.20 Calabi’s Theorem ...........ccouuiiiiiiiine i 372

References ..........oo i 382



Xii Contents

4 Riemannian Foliations .............. ... .. ... . ... ... ... ... 385
4.1  Transverse Riemannian Structures, Transverse Metrics,
Bundle-Like MEtrics .........ouuiieiiiiiiieeiiiinaeennnnn. 385
4.2 Bott Connection, Canonical Adapted Connection .............. 388
4.3  Second Fundamental Form and Mean Curvature ............... 390
44 dz-Cohomology ......coviiiii 398
45  Atlyah Class . ...t 409
4.6 A Spectral Sequence ..............iiiiiiiii 412
4.6.1 Filtrations of the De Rham Complex
and Rummler’s Formula Revisited .................. 412
4.6.2 Appendix: Spectral Sequences ...................... 417
4.7  Foliations by Level Hypersurfaces ........................... 429
4.8  De Rham-Hodge Theory for Riemannian Foliations ............ 435
4.8.1 Alaoui—Hector-Sergiescu Foliated De Rham
Decomposition Theorem ........................... 435
4.8.2 Exterior Differential Calculus
on Q*(M)Vversus Qu(F) ..o 436
4.8.3 Sobolev Chainon Q§(F) ..., 439
484 Coercivity and Weak Solvability .................... 441
4.8.5 Regularity ........... . i i 442
4.8.6 Proof of Alaoui—Hector—Sergiescu Theorem .......... 442
4.9  Riemannian Foliations and Curvature Groups .................. 443
49.1 The Basic Vaisman Complex ....................... 447
49.2 Infinitesimal Conformal Transformations ............. 452
493 The Relationship to Basic Cohomology .............. 454
494 Basic Curvature Groups of Riemannian Foliations
Modeled on Space Forms .......................... 461
4.10 Foliated Harmonic Maps ............ciiiiiiiiinneneennn. 468
4.10.1  Lichnerowicz Type Theorem on Transversally
Holomorphic Maps ........... ... ... ... .. ..... 468
4.10.2 (%, ¢)-Harmonic Maps of Foliated Riemannian
Manifolds ........ .. i 485
References . ...........uuu 540
5 Sobolev Inequalities on Submanifolds ............................ 545
5.1  Sobolev Inequalities on Complete Manifolds .................. 545
5.1.1 Sobolev Inequalities on Euclidean Space ............. 547
5.1.2 Sobolev Inequalities on Complete Riemannian

Manifolds with Ricci Curvature Bounded
fromBelow ........ .. . . 548



Contents xiii
5.13 Poincaré Inequality ............... .. ... 551

5.14 Sobolev Inequalities on Complete Riemannian
Manifolds ............. 553
5.2 Sobolev Inequalities on Manifolds of Negative Curvature ....... 556
5.3 Sobolev Inequalities with Euclidean Best Constant ............. 557
5.4  Hoffman—Spruck Theorem ............. ..., 558
5.5 Brendle’s Theorems .............uuiiiiiiiiineeiiinnnenn. 583
5.6  Batista—Mirandola Theorem ............ ... ... .. ... ... 585
References .. ...........uuuun 588
Index . .. ... 589



About the Authors

Elisabetta Barletta is a Professor of Mathematical Anal-
ysis at the Department of Mathematics, Computer Science,
and Economy, Universita degli Studi della Basilicata,
Potenza, Italy. Her research interests regard complex anal-
ysis of functions of several complex variables, reproducing
kernel Hilbert spaces, geometry of Levi flat CR manifolds,
and proper holomorphic maps of pseudoconvex domains.

Sorin Dragomir is a Professor of Mathematical Analysis
at the Department of Mathematics, Computer Science, and
Economy, Universita degli Studi della Basilicata, Potenza,
Ttaly. His research interests regard the applications of subel-
liptic theory, Lorentzian geometry, and Cauchy—Riemann
geometry, to the theory of singularities of spacetime.

XV



Xvi

About the Authors

Mohammad Hasan Shahid is a Professor at the
Department of Mathematics, Jamia Millia Islamia, New
Delhi, India. He earned his Ph.D. in Mathematics from
Aligarh Muslim University, India, on the topic “On
geometry of submanifolds” in 1988 under (Late) Prof.
Izhar Husain. Earlier, he served as Associate Professor at
King Abdul Aziz University, Jeddah, Saudi Arabia, from
2001 to 2006. He was a recipient of the postdoctoral
fellowship from the University of Patras, Greece, from
October 1997 to April 1998. Recently, he was awarded
the Sultana Nahar Distinguished Teacher Award of the
Year 2017-2018 for his outstanding contribution to
research.

Falleh R. Al-Solamy is President at King Khalid
University, Abha, Saudi Arabia. Earlier, he was a
Professor of Differential Geometry at King Abdulaziz
University, Jeddah, Saudi Arabia. He studied Mathe-
matics at King Abdulaziz University, Jeddah, Saudi
Arabia, and earned his Ph.D. in Mathematics from
the University of Wales Swansea, Swansea, UK, in
1998, under Prof. Edwin Beggs. His research interests
concern the study of the geometry of submanifolds in
Riemannian and semi-Riemannian manifolds, Einstein
manifolds, and applications of differential geometry in
physics.



Chapter 1 ®)
Riemannian Geometry e

1.1 Riemannian and Semi-Riemannian Metrics

1.1.1 Historical Note

Modern Riemannian geometry arises essentially from the differential geometry of
surfaces' in Euclidean space R®. A surface S C R* may be described as the locus of
all points (x, y, z) € R3 which satisfy an equation of the form

o(x,y,z2) =0. (1.1)

By the implicit function theorem, if ¢ is of class C' and ¢, # 0 along (1.1) then (1.1)
may be written as

z=h(x,y). (1.2)

Equation (1.2) emphasizes on the bidimensional character of the surface. One may
argue that, with the passage from (1.1) to (1.2), a lack of symmetry? arises, as to the
role played by the Cartesian coordinates (x, y, z). The removal of this inadequacy,
allowing in particular for weakening the regularity conditions imposed on the defining
function ¢ [conditions sufficient to guarantee the representation (1.2)], is due to

ICfe. g., H.W. Guggenheimer, Differential Geometry (Dover Publications, Inc., New York, 1977),
pp. 206-356.

2By definition a surface S of Eq.(1.1) satisfies D¢(x) # 0 fro any point x € S. If D¢(xg) =
(¢x(x0), ¢y(x0), ¢:(X0)) # O then at least one of the components of the gradient of ¢ evaluated
at X¢ is nonzero, e.g., ¢,(Xo) # 0 and then, by the permanence of sign of continuous functions,
¢, (x) # 0 at any point x of a neighborhood €2 of xq in R?; then one arrives to the representation
(1.2) of the portion of surface S N 2. In this approach, the variable z appears as privileged. The
question is clearly formal and springs merely from the way notations have been fixed (a change of
basis in R3 followed by relabelling of variables, shows that there are no “favorite” variables).

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 1
E. Barletta et al., Differential Geometry, Infosys Science Foundation Series,
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2 1 Riemannian Geometry

Fig. 1.1 Carl Friedrich Gauss (1777-1855): German mathematician, astronomer and physicist. G.
contributed in a decisive manner to the development of several fields of mathematics and physics,
such as mathematical analysis, number theory, statistics, numerical calculus, differential geometry,
geodesy, geophysics, magnetism, electrostatics, astronomy, and optics

Gauss. Gauss represented (open pieces of) surfaces as images of parametrizations
(Fig.1.1)*

x =pi(u,v),
o=@, 02 03) : UCR >R, 1y=p@v), (v el.
Z = p3(u, v),

The parameters (4, v) may be thought of as coordinates of the point p = p(u, v) €
R3 (the Gaussian coordinates, or curvilinear coordinates, of the point p). For
the same surface, there exists an infinity of distinct parametrizations. Indeed if
F=(F,F):U—>VcR?isacC! diffeomorphism (a transformation of Gaus-
sian coordinates) u' = Fy(u, v), v' = F>(u, v), (u, v) € U, then the (parametrized)
surfaces

or=¢:U—>R py=poF VR,

have the same support in R3 [ie., p1(U) = v2(V)]. A fundamental question in
differential geometry is then to express the laws possessing an intrinsic geometric
meaning in a form not depending of the Gaussian coordinates of the given surface.
To give a simple example let us consider a surface ¢ : U — R? and a curve v :
[0, 1] = R3lyingon S = o(U),i.e.,v(t) = ¢(a(t)) forany 0 < ¢ < 1 and for some
a : [0, 1] — U. The scalar parametric equations of the curve ~y are

x =), y=p@®), z=¢@(), 0=<r=<L

Moreover let us assume that the maps ¢ : U — R and a : [0, 1] — U are respec-
tively of class C' and of class C' up to the boundary. The length L(7) of the curve

v is

3 A moment’s thought shows that a parametrization isn’t merely the inverse of a local chart (thinking
the given surface as a 2-dimensional differentiable manifold) but the local representation (with
respect to a given local chart) of the inclusion, assumed to be an immersion (of the given surface in
R3).



1.1 Riemannian and Semi-Riemannian Metrics 3
1 1 2 (v 21
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A=
the first fundamental form of the surface with respect to the Gaussian coordinates
', u)]. If W', u’®) = Fu', u?) is a coordinate transformation then

where we have set g;; = with u! = u and u? = v [the coefficients of

0 (F‘l)i 5} (F‘l)j
8u/k au/ﬁ

G = (gijo F71). (1.3)
As an elementary consequence of the transformation law (1.3) of the coefficients g;;
[with respect to a transformation of Gaussian coordinates (u', u?) (u’l , u’z)], for
any point p € § = ¢(U) the inner product g, on the tangent space at p to S

2
gp(X.Y) =" giiX'Y . XY €T, (S), p=p),

i,j=1

2
ngXi(aii

)p, Yzi:Yj<%)p, u=(u1,u2)eU,
j=1

is well defined, i.e., the definition doesn’t depend upon the choice of curvilinear
coordinates of the point p. As Gauss has shown, several geometric properties of
the surface S may be deduced* from the study of the first fundamental form (or
induced metric) g, : T,(S) x T,(S) — R, p € S. These considerations were the
starting point of the studies performed by Bernhard Riemann® in 1892. Riemann
observed that the confinement at the dimension two cases (surfaces in R?) as in
Gauss’ studies is incidental and proposed, in the language of modern differential
geometry, the study of n-dimensional Riemannian manifolds. Therefore one com-
monly attributes to Riemann the “discovery” of Riemannian manifolds, although
Riemann considered only open subsets of R” endowed with non-flat Riemannian
metrics (metrics distinct from the Euclidean metric on R"). Indeed the notion of an
abstract differentiable manifold, as operated within nowadays mathematics, belongs

4Cft. e.g., M.P. Do Carmo, Differential Geometry of Curves and Surfaces (Prentice Hall, Inc.,
Englewood Cliffs, New Jersey, 1976), pp. 92-99.

5 Cf. B. Riemann, On the Hypotheses which lie at the Bases of Geometry. Translated by William
Kingdon Clifford (Nature VIII(183, 184), 14-17, 36, 37).
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Fig. 1.2 Bernhard Riemann (1826-1866): German mathematician. R. has contributed to the devel-
opment of mathematical analysis and differential geometry. As an infant, R. is remembered as shy
and fearful yet in possession of exceptional mathematical abilities. R. was interested both in mathe-
matics and formal biblical studies, with an intention of embracing the ecclesiastical career. R. started
the systematic study of mathematics at the University of Gottingen, under the supervision of Gauss,
who also persuaded R. to give up theological studies and devote his efforts entirely to mathematics.
In his first lectures (in 1854) R. sets the basis of what today one calls Riemannian geometry which
may be thought of as the geometric basis (even if in a different signature) of GRG theory. While
the observation that Riemannian geometry (in its Lorentzian version) may be associated - form a
historical point of view—to the successive scientific creation by Einstein is a common occurrence
in nowadays textbooks, by far less emphasis is set on the suggestion by R. that dimensions higher
than 3 and 4 should be used in the description of physical reality (a suggestion proposing R. as a
precursor of Kaluza-Klein type theories)

to H. Poincaré® and it became clear only after the work by John Nash’ that a Rieman-
nian manifold may be isometrically immersed in an Euclidean space (of sufficiently
high dimension). At any rate, it is a fact, even in the original approach by Riemann,
that the intrinsic concepts introduced by Gauss (e.g., the curvature of a surface) may
be easily extended to the case of (abstract, n-dimensional) Riemannian manifolds
and the so-called non-Euclidean geometry (discovered by Lobacevski and Bolyai)
is but a particular case of Riemannian geometry, as well as the familiar Euclidean
geometry (Figs. 1.2, 1.3 and 1.4).

1.1.2 Bilinear Symmetric Forms

We start with a preparation of linear algebra. Let V be a n-dimensional and let
g:V — V — R be a R-bilinear and symmetric form.

Definition 1.1 (1) We say g is nondegenerate if

g, v) =0 forany veV <= u=0.

6 Jules Henri Poincaré (1854-1912), French mathematician. Poincaré’s work is fundamental for
an array of mathematical disciplines. The book On the theory of Fuchsian functions (1881) is
commonly regarded as one of Poincaré’s major contributions.

7 Cf. J. Nash, The imbedding problem for Riemannian manifolds. Ann. Math. 63(1), 20-63 (1956).
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Fig. 1.3 Nikolai Ivanovici Lobacevski (1792-1856), a Russian mathematician. L. discovered, inde-
pendently from J. Bolyai, the non-Euclidean geometry in the context of which the parallels axiom is
replaced by the prescription that by a given point non-incident to a given line one may conduct two
parallel lines (parallel to the given line). Although Lobacevki’s non-Euclidean geometry is but a par-
ticular example of Riemannian metric (the hyperbolic metric) on R?, of negative constant sectional
curvature (and then the efforts to “perceive” the new metric and its properties by considerations of
synthetic geometry, in the plane of Euclidean geometry and in the presence of the former, become
somewhat questionable), the discovery by L. may be looked at historically as a revolution in the
understanding of the concept of space and its influences substantially on the successive development
of mathematical thought. The main work by L. is Foundations of geometry (1830)

Fig. 1.4 Janos Bolyai (Cluj-Napoca 1802-Targu-Mures 1860), Hungarian mathematician native
of Transylvania. B. discovered, independently from N.I. Lobacevski, the non-Euclidean geometry.
B.’s main work is Appendix (1832), written in Latin as an appendix to the book Tentamen juventutem
studiosam in elementa matheseos purae introducendi by Farkas Bolyai (1775-1856), father of B.
Due to financial difficulties B. was forced to present his arguments in a short manuscript (24 pages,
the only ever published by B.) and developed an ad hoc formal language aimed to give maximum
concision to the manuscript yet resulting in a text rather difficult to read. As N.I. Lobacevski had
already published (in 1829) a similar work (also containing a generalization of the theory in question)
the historical importance of B.’s contribution appears as questionable. One should nevertheless stress
the great respect shown by Gauss to Appendix and the fact that B.’s mathematical legacy, even if in
manuscript form only, counts over 20.000 pages. These may be found in the library Bolyai-Teleki at
Targu Mures, in Romania, where B. passed away. For the purposes of this book, it is noteworthy that
B. suggested that a new (with respect to Newton’s universal attraction law) mathematics/physics
model would be necessary should space geometry be non-Euclidean

(2) We say g is positive definite (respectively negative definite) if g(u, u) >0
(respectively g(u, u) < 0)foranyu € V and g(u,u) =0 <= u =0.

(3) We say g is positive semi-definite (respectively negative semi-definite) if
g(v, v) > 0 (respectively g(v, v) < 0) forany v € V.

(4) We say g is definite (respectively semi-definite) if g is positive or negative
definite (respectively if g is positive or negative semi-definite). (]
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Any definite bilinear symmetric form is in particular nondegenerate.

Let g be a bilinear and symmetric form on V and let W C V be a subspace. The
restrictionof gto W x W,i.e.,themapg: W x W — R, is bilinear and symmetric,
too. Said restriction is denoted by g|y, (rather than g¢|y . ). If ¢ is (semi) definite
then g|y is (semi) definite, too.

Definition 1.2 The index v = ind(g) of a bilinear symmetric form g € V%2 is the
highest real dimension of a real subspace W C V such that g|y, be negative definite.
]

Hence 0 < v < n and v = 0 if and only if g is positive semi-definite.

Definition 1.3 The quadratic form associated to the bilinear symmetric form g is
the function ¢ : V — R defined by q(v) = g(v, v) forany v € V. O

It is often easier to work with g rather than g. On the other hand, by passing
from g to ¢ no information is lost, for ¢ may be recovered from g by the so-called
polarization formula

1
g(uav):E{CI(”+U)_CI(”)_5](U)}7 M’UGV-

Let{e; : 1 <i <n} C V bealinearbasisand let {¢! : | <i <n} C V* be the dual
linear basis. The matrix of g with respect to the basis {¢; : | <i <n}is

g,-jzg(ei,ej)eR, 1<i,j<n.

Since g is symmetric [g;;]i<i, j<n € Mat,x,(R) is symmetric.

Proposition 1.4 A symmetric bilinear form g is nondegenerate if and only if the
matrix of g with respect to some basis of V, and then with respect to any basis of V,
is nonsingular.

As g is also a (0, 2)-tensor, i.e., g € V%2 one has g = gij ¢ ® el. With respect
to the basis {e; : 1 <i < n} the quadratic form associated to the bilinear symmetric
form g reads

qg) =g, v) =v'v/gle;, ej) = gijv'v’

for any v = vie; € V.

1.1.3 Inner Products

Letg: V x V — R be a bilinear symmetric form.

Definition 1.5 If g is nondegenerate then g is an inner product. An inner product g
is indefinite if g is not definite. O
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The reader is certainly familiar with definite inner products (from standard courses
on linear algebra, taught to both physics and mathematics students). Several prop-
erties of definite inner products do survive for indefinite inner products. However
indefinite inner products also enjoy new and surprising properties.

Example 1.6 (Minkowski inner product on R?) Let V = R? and let g : R? x R?> —
R be given by g(u, v) = u'v' — u?v? for any u = (u', u?) and v = (v', v?). g is
nondegenerate. Indeed if g(u, v) = 0 for any v € R? then g(u, e;) = O for any i €
{1,2}. Here {e}, e2} C R? is the canonical basis. Consequently

0=g(u,e)=u', ief{l,2},
i.e., u = 0 or g is an inner product. On the other hand g(v, v) = wH? — v?)? so
that g(eq, e;) > 0 and g(es, e3) < 0, i.e., g is indefinite.

Definition 1.7 A pair (V, g) consisting of a real vector space of finite dimension,
and an inner product g on V is called an inner product space. O

Definition 1.8 Let (V, g) be an inner product space. A vector v € V is null if
g(v,v) =0yetv #0. (I

In Example 1.6 the null vectors form a degenerate quadric
C=q"'0) = {0 ") #0: () - )’ =0)
(the null cone) which is the union of two null lines
C=L,UL_, Li={wv)#0:v'+v>=0}.

If in turn ¢ € R\ {0} then the set g~!(c) is a hyperbola whose asymptotes are the
null lines L.

Definition 1.9 Let (V, g) be an inner product space.

(i) Two vectors u, v € V are orthogonal, and one adopts the notation u L v, if
g(u,v) =0.

(ii) A system of vectors {vi, ..., v,} C V is orthogonal if it consists of mutually
orthogonal vectors.

(iii) An orthogonal system {vy, ..., v,} is orthonormal if g(v;, v;) € {£1} for any
1<i<p. (I

Exercise 1.10 Any orthonormal system in an inner product space is free.

Solution. Let S = {vy, ..., v;} be an orthonormal system. If

k
Z)\,‘U,‘ =0
i=1
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then

k
0=g (ZAivia vj) = Z)\k gk, vj) = Ajg(vj, v;) = £A;
i—1

i=1
and hence A\; =0, forany 1 < j < k.Q.e.d.

Proposition 1.11 Let (V, g) be an inner product space. Then g is indefinite if and
only if g admits null vectors.

Proof The implication “<=="is obvious. The opposite implication is more difficult
to prove and requires a few classical ingredients, such as the Gramm-Schmidt process
and the canonical form of the quadratic form associated with the given inner product.

Lemma 1.12 Let g be an inner product on V possessing no null vectors, i.e.,
g(v,v) # 0 forany v € V \ {0}. Then V admits an orthonormal basis.

Proof Let {vy, ..., v,} be just any basis of V. We build, recurrently, a new system
of vectors {e; : 1 <i < n} by setting

. 1 R 1 .
ey =vy, = ———— €|, e‘:v~+2/\--e‘, e =—————=¢, 2<i<n,
R T = S (A

where the scalars \;; € R are chosen such that
eilej, 2<i<n, 1<j<i-1,
i.e., at every step i the new vector ¢; be orthogonal to the vectors precedingly built
{e; : 1 < j <i— 1}. Moreover each of the vectors {e; : 1 < j <i — 1} possesses
the property g(e;, e;) € {£1}. That is to say
i1

0=gle, e;) = g(vi, ej) + Z)\ikg(eka ej) =g(v;, ej) + Nijglej, e;) =
k=1

=>>\ij=——g(vi’€j), <i=zn, l=j=i-1
glej, e;j)
Hence
Zg(v“ ¢) 5o2<i<n (1.4)
“glej, ej)

Clearly {ey, ..., e,} isabasisin V and an orthonormal system. Lemma 1.12 is proved.
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The adopted method of proof is known as the Gramm-Schmidt process and may
obviously be used to produce, starting from a free system of vectors, an orthonormal
system having the same number of vectors.

The second ingredient needed in the proof of Proposition 1.11 is the representation
of g, and of the associated quadratic form ¢, with respect to an orthonormal basis,
provided such a basis exists. If {¢; : 1 <i <n} C V is an arbitrary basis and {e’ :
1 <i <n} C V*is the corresponding dual basis then (by g € V* ® V* = V02)

g:gijei e, qv) :g,-jvivj, v=1e; e V.

When {e; : 1 <i < n}isorthonormal one has ¢; = g(e;, ¢;) € {1} and hence

g=6[(5,'j€i®ej :Z€i€i®€i, q(v):eid,»jvivj ZZG,'(Ui)z. (15)

i=l1 i=I

Formula (1.5) gives the canonical form of q. The process of choosing an orthonormal
basis of V and representing ¢ as in (1.5) is commonly known as bringing g to the
canonical form.

Lemma 1.13 Let g be a bilinear symmetric form on V. Let us assume that there is
an orthonormal basis {e; : 1 <i < n}. Then €¢; =1 (respectively ¢; = —1) for any
1 <i < nifand only if g is positive definite (respectively negative definite).

Proof Letus assume thate; = 1 forany 1 <i <n.Theng(v,v) =Y /_ (v')* >0
and g(v,v) =0 <— V=0, (1<i<n)<v=0,ie, g is positive definite.

Exercise 1.14 Complete the proof of Lemma1.13.

Let us prove now Proposition 1.11. Let us assume that g is indefinite. We wish to
show that g possesses null vectors. We argue by contradiction, i.e., we assume that
g(v,v) # 0 for any v € V \ {0}. Then we are under the hypothesis of Lemma1.12
and hence we can choose an orthonormal basis {e; : 1 <i < n}. In particular

g, v) = WH P+ + 6,2, ¢ € {1}

The ¢; cannot have the same sign, for in that case (by Lemma1.13) g would be

definite. Hence, by eventually relabelling the vectors {ey, ..., e,}, there is an integer
O<v<nsuchthatey =---=¢,=—1=—€,,] =+ = —¢, 1.&,,
q) ==Y )Y+ Y ).
i=1 i=v+1

At this point one may easily produce examples of vectors v € V \ {0} such that
q(v) = 0. For instance, if s = min{v, n — v} then let us set
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1 if 1<i<s,
v:viei, vl =131 if v+1<i<v+s,

0 otherwise,

so that v is null. Q.e.d.

When g is an indefinite inner product, one may not think of two orthogonal vectors
as forming a right angle. Indeed, any null vector is orthogonal to itself. Let (V, g) be
an inner product space. If W C V is a subspace of V then one sets

Wh={(veV:ivlW}), viWVYweW :vlw.

Clearly W+ is a vector subspace of V.
Definition 1.15 W+ is called W perp. O

As seen in the preceding definition, one gives up calling W+ the orthogonal
complement of W since in general the sum W + W+ may fail to coincide with V.
For instance

Example 1.16 If (V, g) is the 2-dimensional Minkowski space (R?, ¢! ® ¢! — > ®
e?) and W C R? is the space spanned by the vector (1, 1) then W = W. Indeed

Wh=pweR2:vIlW)=weR: vl Di={veR2:v' =2 =0={(\, ) : AeR}=W.

Nevertheless W+ possesses the following familiar properties.

Proposition 1.17 Let W be a subspace of an inner product space V. Then
dimg(W) 4 dimg W+ = dimg V, (1.6)

(Wh'=w. (1.7)

Proof Let us assume that k = dimg W, 0 < k <n. If k =0, and hence W = (0),
then W' = V so that (1.6) holds trivially. Also V+ = (0) (as g is nondegenerate)
hence (1.7) holds good, too. The case k = n may be dealt with in a similar manner.
From now on we assume that0 < k < n.Let{ey, ..., e;} beabasis of W.By standard
results of linear algebra there exists a system of vectors {1, ..., e,} C V such that
{e; : 1 <i < n} is abasis of V (one “completed” the system {ej, ..., e} to get a
basis of V). Now

Wh={eV:ge)=0 l<a<ki={v=veecV:g =0 1<a<kl,

i.e., W is isomorphic to the space of solutions S of the linear system



1.1 Riemannian and Semi-Riemannian Metrics 11

As g is nondegenerate A = [g;;]i<;, j<n € GL(n, R). It follows that the columns of
A are linearly independent. Any subsystem of a free system is free, too, hence the

columns .
{(glas"'ygno_) . 150[5](}

are linearly independent. Hence the rectangular matrix

[gia] 1l<i<n € Mat,, .« (R)

l<a<k

has rank k so that dimg S = n — k. Finally W+ ~ S yields dimg W+ = n — k and
(1.6) is proved.

Onehas (WHt ={v eV :vLWtlhence W c (WH)L.Indeed if w € W then
g(w,v) =0 for any v € V, and in particular for any v € W+, hence w L W1, ie.,
w € (W+)L. On the other hand [by (1.6) applied twice]

dimpg(WHt = dimp(V) —dimg Wt =n — (n — k) = k = dimg W

and then it must be that (W)L = W. Q.e.d.

Definition 1.18 Let (V, g) be an inner product space. A subspace W C V is said to
be nondegenerate if the bilinear symmetric form g|y, is nondegenerate. Otherwise
W is degenerate. ([

If (V,g) is an inner product space with g definite, for any subspace W C V
the restriction g|y of g to W x W is a definite bilinear symmetric form, and in
particular g|y is nondegenerate. If in turn ¢ is an indefinite inner product then V
admits degenerate subspaces. For instance, the 1-dimensional space generated by a
nullvectorv € V \ {0} isclearly a degenerate subspace. Hence, in general, a subspace
of an inner product space may fail to be an inner product space. This difficulty adds
up to the one mentioned above, that in general W+ fails to be a complement to W.

Proposition 1.19 A subspace W C V of an inner product space is nondegenerate
ifand only if V.=W @ W+,

Proof By a basic result in linear algebra
dimg W + dimg W+ = dimp(W + W) + dimg(W N W)

(which is Grassmann’s formula). By Proposition1.17 one has dimg W +
dimg W+ = n and hence

dimg(W + W1) = n — dimg(W N W). (1.8)
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Now let us assume that W is a nondegenerate subspace. Then if v € Wt N W+ it
follows that v € W and v L W so that (by the nondegeneracy of g|y,) it must be
v=0,ie, WN W = (0) or equivalently the sum W 4+ W+ is direct (and we may
write W @ W), In particular formula (1.8) becomes dimg(W & W) = n, a fact
that, together with W @ W+ C V, yields W @ W+ = V. Q.e.d.

Exercise 1.20 Prove the opposite implication.

At this point, once the main properties of the space W+ (for a given subspace W
of an inner product space) were studied, we may prove a more general version of
Lemma 1.12. Precisely

Proposition 1.21 Any inner product space V # (0) admits an orthonormal basis.

Proof In any inner product space there exist non-null vectors. Indeed if g(v, v) =0
for any v € V then

O0=gv+w,v+w) =g, v)+290w, w) + glw, w) =29, w)

for any v, w € V. Finally the assumption that g(v, w) = 0 for any w € V yields, as
g is nondegenerate, that v = 0 and then V = (0), a contradiction.

Hence there is a vector v; € V such that g(vy, v;) # 0. Let us set e; =
lg(v1, v1)|~?v; so that g(ey, e1) € {£1}. If n =1 then the proof of the propo-
sition is complete. If in turn n > 2 then let us show that one may add a second vector
e; to the system S; = {e;} in such a manner that e, be orthogonal to e; and such
that g(e;, e;) € {£1}. Let W) = {)Xe; : A € R} be the space spanned by S;. That
space is certainly nondegenerate and then (by Proposition 1.11) W, @ Wit = V. As
dimg W, = landdimg V = n > 2itfollows that Wj* # (0). Then thereis v, € Wi
such that g(v,, v2) # 0 and we may set e, = |g(vs, v2)|’1/2v2 € Wf- sothat e, | e
e g(ez, e) € {£1} and then S, = {ey, e,} is an orthonormal system in V. For any
k € {1,...,n — 1} we consider the proposition P (k) asserting that given an orthonor-
mal system S = {ey, ..., e} there is a vector ¢;1; € V such that Sy U {e;,} be an
orthonormal system. As previously shown P (1) holds true. We wish to show that
the proposition P(k — 1) = P (k) is true. Let us assume that P(k — 1) is true. Let
Sy = {ei, - . ., e} be an orthonormal system and let

We={Mer+-+ Mex : Ap, ..o, M € R}
be the subspace of V generated by S;. The system Sy, is orthonormal and hence Sy is

free. Then dimg W; = k. Moreover let us observe that W, is nondegenerate. Indeed
if v e Wyand g(v, w) = 0 for any w € Wy then g(v,e;) =0forany 1 < j <kor

k
0 = g(U, e]) = ZAig(ei, e]) == Zl’:A]

i=1



1.1 Riemannian and Semi-Riemannian Metrics 13
so that v = 0. Next, by Proposition 1.11
1 _
Wi W, =V

and hence (by k <n) Wi # (0). There is a vector vy € Wt such that
g(Vk+1, Vkt1) € {£1} hence the system

1
12 Vk+1>

SeUfertt1), ey = ——m——
lg(Vks1, Vig1)]

is orthonormal and then P (k + 1) is true. Q.e.d.

Proposition 1.22 Let (V, g) be an inner product space and let {e; : 1 <i < n} be
an orthonormal basis. Let us set ¢; = g(e;, e;) € {£1}. Then

v =Ze,~g(v,e,~)e,~ (1.9)
i=1

foranyv e V.

The numbers g(v, ¢;) € R in the decomposition (1.9) are the Fourier coefficients
of v. The decomposition (1.9) is the orthonormal development of v.

Exercise 1.23 Prove (1.9).

Let (V, g) be an inner product space and W C V a nondegenerate subspace. Let
m: V — W be the map defined as follows. Let v € V and let us set 7(v) = w where
v=w+w, we W, wt e W, is the unique decomposition of v with respect to
the direct sum decomposition V.= W @ W+,

Definition 1.24 7 :V — W is the orthogonal projection on the nondegenerate
subspace W. ]

Exercise 1.25 Let W # (0) be a nondegenerate subspace of the inner product space
(V,g). Let {e, : 1 < a <k} be an orthonormal basis of W. If 7: V — W is the
orthogonal projection on W, show that

k
(W) =) €agv,ea) e, vEV.

a=1

Definition 1.26 Let (V, g) be an inner product space and let v be the index of g as
a bilinear symmetric form. The number v is called the index of (V, g) and we write
v = ind(V, g) or merely v = ind(V). O

Proposition 1.27 Let (V, g) be an inner product space of index v. Then for any
orthonormal basis {e; : 1 < i < n} the index v equals the number of minus signs in
the canonical form of the associated quadratic form, i.e.,



14 1 Riemannian Geometry
14 n
i\2 i\2
q)=—Y )+ Y @)
i=1 i=v+1
foranyv e V.

Proof Let {e; : 1 <i < n} be an orthonormal basis and let us set ¢; = g(e;, €;) €
{£1}. Let 0 < p < n such that

== =—l=—€ = =—¢.

We must show that v = u. We only discuss the case 1 < pu < n (while the cases
(1 € {1, n} are left as an exercise to the reader). Let W, C V be the subspace generated
by the vectors {e¢; : 1 <i < u}. Then dimg(W,) = p and g|Wﬂ is negative definite,
so that p < v.

Viceversa, let W C V such that g|y; be negative definite. Let us consider the map

o
fiWs W, fw)=-Y gw.e)e. weW.
i=1

Clearly f : W — W, is linear. Let w € Ker(f) so thatw € Wi ie.,

n

w = Z g(w, e)e; .

i=p+1

Moreover g|y, is negative definite hence

0> gw,w)y= Y gw,e)gw,e)gle, e) =Y  gw,e)’
i, j=p+l1 i=p+1

and then g(w,e;) =0 for any p+ 1 <i <n, i.e., w =0. We have shown that
Ker(f) = (0) and hence that f is injective. It follows that dimg (W) < dimg(W,) =
1 and then, by the arbitrariness of the choice of W, it follows that v < u. Q.e.d.

We have shown that for any nondegenerate subspace W C V of an inner product
space (V, g), one may build an orthonormal basis of V by completing an orthonormal
basis of W. This yields

Corollary 1.28 Let W C V be a nondegenerate subspace of the inner product space
(V, g). Then
ind(V) = ind(W) + ind(W™).
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Definition 1.29 Let (V, g) and (V’, ¢’) be two inner product spaces. A linear map
T : V — V/ preserves the inner products if

g (Tu, Tv) = g(u,v), u,vev.
O

Let us observe that any linear map 7 : V — V' preserving the inner products in
injective. Indeed if Tu = O then forany v € V

gu,v) =g (Tu, Tv) =0

and hence (as g is nondegenerate) u = 0. Moreover let us observe that a linear map
T : V — V’/ preserves the inner products if and only if T preserves the quadratic
forms associated to the inner products g e ¢/, i.e., ¢'(Tv) = q(v) per ogni v € V.
One of the implications is obvious. The other follows from the polarization formula.

Definition 1.30 A linear isomorphism 7 :V — V' is a linear isometry if T
preserves the inner products g e ¢'. (]

As any linear application preserving the inner products is already a monomor-
phism (of finite dimensional vector spaces) it follows that:

Corollary 1.31 LetT : V — V' be alinear map. Then T is a linear isometry if and
only if T preserves the inner products and dimg (V) = dimg(V").

One proves easily that

Proposition 1.32 Two inner product spaces Vand V' are equi-dimensional and have
the same index if and only if there is a linear isometry of V into V'.

Exercise 1.33 1. Let b € V%2 be a bilinear symmetric form on the vector space V.
By definition the null space of B is the set

Nullhp) ={veV:bw,w)=0, YweV}
Also the null cone of b is
A={v e V\{0}:b(,v) =0}

Let us set Ag = A U {0} so that A\g D Null(b). Show that

(1) Null(b) is a subspace of V.

(i) A is a subspace of V if and only if A\g = {0} or Ag = V.
(iii) b nondegenerate <= Null(b) = {0}.

(iv) b definite <= Ao = {0}.

(v) b semi-definite <= Null(b) = A¢.
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2. Let (V, g) be an inner product space of index v = ind(V'). Show that there is
a subspace W C V of dimension dimg (W) = min{v, n — v} such that gl = 0.

3. Let O(n) be the orthogonal group, i.e., O(n) = {A € GL(n,R) : AA" = I,}
where A’ is the transpose of A. Let us consider the inner products g and g; on R”
such that

g(x,y) = g(Ax, Ay), gi(x,y) = g1(Ax, Ay),

for any x, y € R”. Show that there is a constant ¢ € R \ {0} such that g; = cg.

1.1.4 Semi-Riemannian Manifolds

Let M be a differentiable manifold, of class C* and dimension 7.

Definition 1.34 A semi-Riemannian metric on M is a tensor field g € T%*(M) =
C>(7y;%) such that for any point p € M the bilinear map g, € T2 (M) =TH(M) ®
T;‘ (M) is an inner product of constant index v = ind (T,,(M ), g,,).

A pair (M, g) consisting of a differentiable manifold M and a semi-Riemannian
metric g on M is a semi-Riemannian manifold.

The number v € {0, 1,...,n} is the index of the semi-Riemannian manifold
(M, g).

A semi-Riemannian manifold (M, g) of index v = 0 is a Riemannian manifold
and g is a Riemannian metric.

A semi-Riemannian manifold (M, g) of index v = 1 is a Lorentzian manifold and
g is a Lorentzian metric. O

Given a semi-Riemannian metric ¢ on M, for any point p € M the map
gp : T,(M) x T,(M) — R is a nondegenerate bilinear symmetric form on 7,(M).
Clearly one may consider the function

vi:M—Z, v(p)=ind(T,(M), g,), peM.

In Definition 1.34 one requests that the function v : M — Z be constant. If g is a
Riemannian metric then g, is a positive definite inner product for any p € M. If
(U, x") is alocal coordinate system on M and g is a semi-Riemannian metric on M
then

9p = 9i;(P)(dx"), ® (dx)),, peU.

The functions g;; : U — R are differentiable of class C*°. One may also write g =
gijdx" ® dx’ on U. As each g, is nondegenerate one has det[g;;(p)] # 0 for any
p € U while for a Riemannian metric g one has det[g;;(p)] > O forany p € U.

Proposition 1.35 Any differentiable manifold admits a Riemannian metric.

Proof Let {U, : o € I} be a locally finite open cover such that U,, is a compact
subset of the domain of a local chart (V,,, xé). Let {¢, : a € I} be a smooth partition
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of unity subordinated to the cover {U, : a € I}. On each open set V,, we consider
the Riemannian metric g, given by

g<¥,p(u,v)=2uivi, pEVa, u,veTy(M), u=ui( 8i) ,ov=2 i .
ol 8xa p 8x(j1 p
Asthesets A, = U, are closed one may smoothly extend any g, | 4, € C®(Aq, T?f)
to a globally defined tensor field g, € 7%*(M) such that g.|, = galy ., and in
particular go|y, = galy, . Now let us set

9= @afa € T**(M).

ael

One may easily check that g is a Riemannian metric on M. Q.e.d.

Not every n-dimensional manifold admits a semi-Riemannian metric of index 0 <
v < n. For instance, if n = 2, the only compact differentiable manifolds admitting
semi-Riemannian metrics of index v = 1 are the Klein bottle and the torus, cf. e.g.,
N. Steenrod.®

Let (M, g) be aRiemannian manifold. The length of the tangent vector v € T, (M)
is ]l = g, (v, v)/2. If u, v € T,(M) \ {0} then the angle between u and v is the
number 0 € [0, 7] determined by

_ gp(u,v)

llaell ol

The angle 6 is well defined because of

1< gp(u, v) <
lluell Mo

[as following from the Cauchy-Schwartz inequality for the positive definite inner
product g, and cos : [0, 7] — [—1, 1] is a one-to-one and on-to function.

Definition 1.36 Let (M, g) be a Riemannian manifold and ~ : [a, b] — M differ-
entiable curve. The length of v is

b
uw=fnmwm.

Definition 1.37 A change of parameter is a C* diffeomorphism

¢ :[c,d] — [a,b].

8 Cf. N. Steenrod, Topology of Fiber Bundles (Princeton University Press, 1951).
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Given a differentiable curve v : [a,b] — M we set ¥(1) = v(¢~'(r)) for any
T € [c, d]. The differentiable curve 7 : [c,d] — M is got from ~y : [a, b] — M by
reparametrization. O

One checks easily that

Proposition 1.38 Let v : [a, b] — M be a differentiable curve and 5 = vy o ¢~ :
[c,d] = M a reparametrization of . Then L(v) = L(%), i.e., v and 7 have the
same length.

In other words, the length of a differentiable curve doesn’t depend upon its
parametrization.

A differentiable curve y : [a, b] — M isregularif¢(t) # Oforanyt € [a, b]. For
regular curves on Riemannian manifolds, one may use a canonical parametrization,
as furnished by the following:

Proposition 1.39 Let v : [a, b] — M be a regular curve in the Riemannian mani-
fold (M, g) and let us set

6:la,bl— [0, L()], o) = / Kl dr, a<t<b.

Then ¢ is a change of parameter and the curve 7y = o ¢ [0, L(y)] = M is
canonically parametrized, i.e., |Y(s)|| = 1 for any s € [0, L(7y)].

The reparametrization 7 : [0, L(y)] — M built within Proposition 1.39 is com-
monly referred to as the reparametrization of 7y : [a, b] — M by arc length. Clearly
s = fal (7))l dT is the length of the curve « : [a, t] — M for any ¢ € [a, b].

1.1.5 Canonical Measure

Let (M, g) be a n-dimensional Riemannian manifold. Let ¢ = (¢!, ..., &) : U —
IR™ be a local chart on M and let us set

gu.s =[5, ... D], gu.s| =det gy 4 > 0.
Note that ¢(U) is equipped with the positive measure
1/2 "
po.o = lgu.o| 7 gt dg".
We endow U with the measure

vy = ¢ (1. o)-
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If ¢ is a continuous function of compact support supp(¢) C U then

172

VU,@‘(SO)Z/ (<,00¢_1)|9U,¢,| det- .. der.
o)

If (U’, ¢')isanother local chart on M then (by a change of variable under the integral
sign)
V.6l gy = V0.6 lyar

so that (by a partition of unity argument) there is a unique measure v, on M such
that

Vg|U =Vu,¢

for any local chart (U, ¢). Said v, is a positive measure.’

Definition 1.40 The positive measure v, is called the canonical measure of the
Riemannian manifold (M, g). [l

Therefore, for any Riemannian manifold, the notions of a measurable subset and
of an integrable function are well defined. If M is compact, the total mass of M is
denoted by Vol(M, g) and called the volume of (M, g).

The canonical measure is invariant by isometries.

Let us assume that M is oriented. Then integration of a top degree differential
form makes sense on M, and so does the notion of a measure associated to that
form.' One may build,"" in a natural manner, a volume form 7, on (M, g) such that
v, is the measure associated to 7).

Definition 1.41 The volume form 7, on M is the differential n-form on M given
by!?
(ﬁg)x = n(Tx(M)), xeM.

O

9 Cf. Theorem 17, Chap. 4, in L. Schwartz, Cours d’Analuse de | "Ecole Polytechnique (Harmann,
1967).

10 Cf. L. Sewartz, op. cit., Chap. 6, § 6.

I A bit of linear algebra is needed, as follows. Let E be a n-dimensional oriented Euclidean vector
space. Let n(E) € A" E* be the exterior n-form taking the value 1 on any right-handed orthonormal
basis of E. Let avand /3 be two bases of E, with a right-handed and orthonormal, and let {u1 e, U}
and {v!, ..., v"} be the corresponding dual bases. Let P be the passage matrix from o to 3. Let
9o = I,, and g be the matrices associated to « and (3, vis-a-vis to the Euclidean structure of E.
Then

n

98 =P ga P =P P = |gs| = P>, nE)=u'n-ru"=|P|v' A- AV,

sothat n(E) =¢ }gd| Y2 UA - A V" where & € {1} (depending on whether (3 is right handed,
or left handed).
12 With respect to the notations in the previous footnote the Euclidean space E is (Tx (M), gx).
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With respect to a local chart ¢ = (¢!, ..., &) : U — R”

_ 1/2 7
nyod =clguo| P det A A dE

with ¢ € {£1} (according to whether (U, ¢) is positively oriented). Therefore v, is
the measure associated to the volume form 7,.

1.1.6 Levi-Civita Connection

Let (M, g) be a semi-Riemannian manifold.

Definition 1.42 A linear connection V on M is a metric connection if g is parallel
with respect to V, i.e., Vxg = 0 for any X € X(M). O

A linear connection V su M is a metric connection if and only if
X(g(Y’Z))Zg(VXY’ Z)+g(Y7 VXZ)7 Xa Y,ZG%(M),

an identity known as Ricci’s identity.

Exercise 1.43 Let us denote by C(7y, ¢) the set of all metric connections on (M, g),
ie.,C(ty, g) = {V € C(Tm) : Vg = 0}. Show that C(7y, g) is an affine subspace of
C(tu).

The property of a linear connection of being “metric” admits the following
geometric interpretation.

Proposition 1.44 Let ~:[a,b] - M be a differentiable curve and &’/ :
T,y (M) — Tyq)(M) the parallel displacement operator along -y, forany t € [a, b],
with respect to the linear connection V. Then V is a metric connection if and only if
52 is a linear isometry of (Tyay(M), g~0)) into (Tyy(M), g)) foranyt € [a, b].

Proof Letusassumethat Vg = 0.Letus observe that for any function f € C*°(I", R)
one has ¥()(f) = (f oy)'(¢) forany ¢ € [a, b]. Letv € T, ) (M) be afixed tangent
vector and let X € C*° (T, 7jr) be the solution to the Cauchy problem

(V5X) 0, a<t=<b,

O

Xy0) = .

By definition Sf/(v) = X, Let us define f € C*°(I", R) by setting f = g(X, X).
Let us observe that

FOO) = {9700 X500, X100}, = 970 (v, V).
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On the other hand
(fon)'® =70 () =3O [9(X, X)) =29(V;X, X)) =0
hence f o 7 is the constant function, i.e., f(y(¢)) = f(v(0)),a <t < b. Finally
G0 (&), E () = g(X, X)yiy = fF(v(1) = f(1(0)) = gy0) (v, ),

i.e., & preserves the quadratic forms associated to the inner products gy and gy

Viceversa, let us assume that for any differentiable curve v : [a, b] — M the
parallel displacement operator & : T,0)(M) — T, (M) withrespectto V is alinear

isometry of (T, 0) (M), gv)) onto (T (M), g,)) foranyt € [a, b]. Letus consider
a g-(0)-orthonormal basis {ey, ..., e,} C T, (M) and let us set

Ei(t) =& (&) € Tyy(M), 1<i<n, tela,bl
As 5;, is a linear isometry it follows that {E;(¢) : 1 <i < n}is a g()-orthonormal
basis in T,«)(M). Let us consider the arbitrary vector fields X, Y, Z € X(M) and
the point p € M. If v = X, € T,(M) then let us consider a differentiable curve

v : [a, b] — M such that v(fp) = p and (ty) = v for some £y € [a, b]. We may
then represent the vector fields ¥ and Z along -y in the following manner

Yooy =Y (YO)Ei (1), Zyu) = Z' (Y1) E: (1),

where Y, Z' : [a, b] — R are differentiable functions uniquely determined by that
representation. Moreover

9, 2 = Y (D Z) () gy (Ei (1), Ej(1)) = Y (1) Z (t)ei6;; = Y () Z' (1).
On the other hand
9(VxY, Z), + 9(Y,VxZ), = g,(VxY)p, Z,) + gp(Yp, (VxZ),) =

[as the tangent vector (VxY), is determined by the value of X at p, and the same is
true for (VxZ),]

= 970 ((V5Y)0)» Zy0) + 970 V0> (V52)50) =
= {90 (V)05 Zo0) + G0 Vars (V32502
andif f' € F(M)andV; € X(M) are respectively differentiable functions and vector

fields such that f*(7(t)) = Y'(1) e Vi,) = Ei(1) = E.(e;) perognia < t < b then
(V5 Vi) = 0 and hence
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(VsY)ai = (Vi (f VD = {3 Vi + f1V Vi) ) =

=50 Vine = (f o) (OE(t) = -

(DE;i(1)

and the same manner

o y(1) / t i
for any tela, b]. Flnally

9(VxY,2),+9(Y,VxZ), =

intht Y"tdzjt E: (1), E;(t =
{[dt() )+ ()7()}9«0( i), ]())},=o_

{[dyi ®OZ @) + Yi(t)d—Zj(t)i| 6»5»-} =¢ (YiZi)/ 0)
dt dt B P

and
v(g(Y, Z)) = 30)(g(Y, Z)) = (g(Y, Z) 0 1) (0) = (¢Y'Z") (0)

hence
XY, 2)) —g(VxY,Z) —g(Y,VxZ)}, =0

for any point p € M. Q.e.d.

Theorem 1.45 For any semi-Riemannian manifold (M, g) there is a unique linear
connection V such that 1) Vg =0and (ii) T = 0.

Theorem 1.45 is the fundamental theorem of semi-Riemannian geometry.

Definition 1.46 The linear connection furnished by Theorem 1.45 is called the Levi-
Civita connection of (M, g). O

Therefore Levi-Civita connection is a metric and symmetric linear connection. In
this sense it is canonical, i.e., equations (i)—(ii) in Theorem 1.45 allow us to choose,
in a manner which may be thought of as canonical, a linear connection in the affine
space C(Ty, g). By solving a certain tensorial system, one may determine all elements
of C(ty, 9).

Proof of Theorem 1.45 We first prove uniqueness, i.e., the set {V € C(1y, g) : T =
0} has cardinality < 1. If a metric and symmetric linear connection V exists then [by
Vg=_0]forany X, Y, Z € X(M)

XY, 2)) =g(VxY,Z) + g(Y, VxZ), (1.10)
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Y(9(Z, X)) = g9(VyZ, X) + 9(Z, Vy X), (1.11)
Z(g(X,Y)) =9g(VzX,Y) + g(X, VzY), (1.12)
where Eqs.(1.11)—(1.12) are respectively derived from (1.10) and from (1.11)
by a circular permutation of the arguments X — Y — Z — X. Let us sum up
Eqgs. (1.10)—(1.11) and subtract (1.12) from the resulting equation. We obtain
XY, 2)+Y(9(Z X)) —Z(g(X,Y)) =
=g9(VxY,Z2) +g9(Y,VxZ) + g(VyZ, X) + g(Z, Vy X) —
—9(VzX,Y) — g(X,VzY)
that is (by T = 0)
X(9(Y, 2)) + Y (9(Z, X)) — Z(g(X, Y)) =
=29(VxY,Z) + g(Z,[Y, XD + g(Y, [X, Z]) + g([Y, Z], X)
a relation which is commonly written in the form
29(VxY, Z) = X(9(Y, 2)) + Y (g(Z, X)) — Z(g(X. V) + (1.13)
+9(X, Y], Z2) —g(l¥, Z], X) + 9([Z, X1, Y)
and certainly (1.13) asserts that if a metric and symmetric linear connection V exists,
then it is unique, as implicitly given by the right-hand side of Eq.(1.13). The last
statement clearly relies on the fact that g is nondegenerate [and then g(X, Y) = 0 for
any Y € X(M) yields X = 0].
Now we prove existence, i.e., that {V € C(7y, g) : Ty = 0} # @. Let us consider
the map
V:XM)x X(M) — X(M)
defined as follows. Let X, Y € X(M) be two arbitrary vector fields and let VxY €
X (M) be the vector field implicitly defined by Eq. (1.13) for any Z € X(M). To start
with we must show that V € C(7)). The fact that V is a derivation in the second

argument may be proved as follows. For any f € F(M) and any X, Y, Z € X(M)
one has [by (1.13)]

29(Vx(fY), 2) = X(g(fY, 2)) + (fY)(9(Z, X)) = Z(9(X, fY)) +

+9(X, fY]. Z) —g(LfY, Z]. X) + 9([Z, X1, fY)
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or
29(Vx(fY), 2) =

=X(NgY,Z)+ f XY, 2))+ fY(9(Z, X)) —
—Z(H9X,Y) = fZ(g(X,Y)) +
+ X (g, Z)+ fg9(X. Y], Z) + Z(f)g(Y, X) +
+f9(Z, Y], X)+ f9(Z,X],Y)
and then, after a few simplifications
29(Vx(fY),Z2) =2X(f)gY,Z) +
+ XY, 2)+Y(9(Z, X)) — Z(9(X, Y)+
+ 9(X, Y], Z2) — g(IY, Z], X) + 9([Z, X1, Y)}
hence [once again by (1.13)]
g(Vx(fY),2) = X(gl¥,Z) + f g(VxY, Z)
and finally [as ¢ is nondegenerate and Z € (M) is arbitrary]

Vx(fY) = X(f)Y + fVxY.

Exercise 1.47 The reader should check, in a manner similar to the above, that (1.13)
also implies
Vaxitpx,Y = fiVx, Y + f2Vy,Y,

Vx (MY + 1) = VY + VYo,
v fl» f2 S f(M), A4 X], Xz, X, Y], Y2, Y e 3€(M), A4 )\1, )\2 e R.
Next we show that the linear connection given by (1.13) has zero torsion, i.e.,

T(X,Y)=0forany X, Y € X(M). It suffices to check that g(T (X, Y), Z) = 0 for
any Z € X(M). By (1.13)
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29(T(X,Y),Z)=2g(VxY,Z) —29(VyX,Z) —29([X, Y], Z) =
=X, 2)) +Y(g(Z, X)) = Z(9(X,Y)) +
+9(X, Y], Z) —g(IY, Z], X) + 9(IZ, X]. Y) —

—Y(g(X,2)) = X(9(Z,Y)) + Z(g(Y, X)) —

—9(lY. X1, Z) + g(IX, 2], ¥) = g(IZ, Y], X) = 29([X, Y], Z2) = 0

[by exploiting the symmetry of g and the skew-symmetry of the Lie product].

Exercise 1.48 Check that (Vxg)(Y, Z) = 0 per ogni X, Y, Z € X(M), once again
as a consequence of (1.13).

We devote the remainder of the section to certain considerations of local character.
Let V be the Levi-Civita connection of the semi-Riemannian manifold (M, g). Let
(U, x") be a local coordinate system on M. Let us consider the local coefficients
F;k e F(U) of V with respect to (U, x'), i.e.,

50 = Vo, 0 .
It is a classical matter that the functions F; , may be explicitly computed in terms of
the local coefficients g;; = g(0;, 0;) of the metric, and their partial derivatives (thus

providing an alternative proof of the uniqueness of the Levi-Civita connection). Let
us set as customary

gijie = Vo, 9)(0;, 9;) € F(U).

Then
gijik = O (9 (0 0;)) — g (Va.0i, 0;) — g (;. Vo, 0;) =

= giji — Thigej — 9ieTh;
and hence (as Vg = 0 = g;;jx = 0)

gijik = Thige + gieTy; - (1.14)
Let us derive a similar equation by a circular permutation of indicesi — j — k — i
in (1.14)

gixi =T gu + gjelfi - (1.15)

Again by a circular permutation of indices i — j — k — i in (1.15) one obtains

grity = T5pg6 + g, - (1.16)
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Letus sum up Egs. (1.14)—(1.15) and subtract Eq. (1.16). In classical local differential
geometry this approach is known as the Christoffel process. One obtains

Gijik + G — Gkilj = Thigej + gi@r‘[fj + Ffjgzk +gjeTh — Fﬁkgli - gkzF§[
or [by g;; = g;; and F;k = F,ij]
29T = Gijik + 9jkli — Gril) - (1.17)

If we set [¢"/] = [g;;]17! then g;,g’™ = &}" hence contraction by g/™ in (1.17) leads
to
2T5% = g™ (gijw + gjxii — 9xilj)

or )
T = 9" {ik, j} (1.18)

where we have set by definition

. 1
hLH=§QMu+mm—%mf

Definition 1.49 The functions {ij, k} € F(U) are the Christoffel symbols of the first
kind. (Il

It is customary to set
Pl ey

hence formulas (1.18) may also be written

m m
m-{2)

Definition 1.50 The functions {jlk} € F(U) are the Christoffel symbols of the
second kind. (]

Let {E; : 1 <i < n} be an arbitrary local frame of the tangent bundle, defined
on the open set U C M. Lep us set g;; = g(E;, E;) € F(U) and let us consider the
local differential 1-forms w; € Q'(U) determined by

vq=4®a
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where V is the Levi-Civita connection of (M, g).A If {w' : 1 <i < n)} are the local
1-forms dual to {E; : 1 <i <n},i.e., wi(Ej) = 63. then (by the symmetry of V)

0=T(X,Y)=VxY —VyX — [X, Y] = Vy {wi(Y)Ei} vy {w"(X)E,-} —IX.Y]=
= XWY)E +w (Y)VxE; = Y (W (X)E; —w/ (X)VyE; —[X,Y] =
= (X' (1) =Y (' (X)) = ([X, Y]) + @/ (N (X) —w; (X)W (VVE; =
= 2{(d)(X. V) + (@ Aw) (X, D)E;

hence . . A
du' +w’j Aw! =0. (1.19)

Moreover (by Vg = 0)

X(g;)) = X(9(Ei, E})) = g(VxEi, E;) + g(E;, VxE;) =
= wf(X)g(Ex, Ej) + g(E;, Ek)wi‘.(X)

hence
dgij = gij W + gix w]} . (1.20)

In particular if the local fields {E; : 1 <i <n} C X(U) are orthonormal, i.e., g;; =
€i0;; with ¢; € {£1} then Eq. (1.20) become

k k
0= ek5kjwi + e,-é,-kwj

or _
ejw] + el =0. (1.21)
Note that in formula (1.21) the indices i, j are free (aren’t summation indices).
Formulas written with respect to local orthonormal frames violate Einstein’s sum-
mation conventions. They are however simpler than formulas written with respect to
an arbitrary local frame.
If (M, g) is aRiemannian manifold (and then¢; = 1 perogni 1 <i < n)formulas
(1.21) become A
W= —w! . (1.22)

Let us examine a standard, yet important, example. Let M = R" and let V be the
connection associated to the full parallelism structure of R”, i.e.,

.0 .0
VxY=XY")—, Y=Y"—, 1.23
XY =X o o (1.23)
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where (x!, ..., x") are the Cartesian coordinates on R”. On the other hand R” admits
a natural Riemannian metric g given by

g(X,v) =Y XY, (1.24)
i=1
x=x2 y_yl
T oxt’ T ooxi

Definition 1.51 The Riemannian metric (1.24) is called the Euclidean metric su R".
O

Note that the linear connection (1.23) is symmetric. Indeed
T(X,Y)=Vx¥Y —VyX —[X,Y]=X{¥)H0 — Y(X)Hd —[X,Y]=0.
On the other hand (1.23) is also a metric connection. Indeed

(Vxp (Y, Z) = X(g(Y, Z2)) — g(VxY, Z) — g(Y, VxZ) =

=X (Z Y"Zf> ~X(Y)g(@:. 2) — X(ZNy(Y, ) =
i=1

=D AX(YHZ + Y X (Z)) - X(¥") Zéif'zf -X(ZH) Y/s/ =o0.

i=1 j=1 j=1

Here we set 9; = 9/0x' for the sake of simplicity. The uniqueness statement in the
fundamental theorem of semi-Riemannian geometry implies that (1.23) is the Levi-
Civita connection of the Riemannian manifold (R", g) where ¢ is the Euclidean
metric.

Let v € Z such that 0 < v < n. Let us observe that R” admits also the semi-
Riemannian metric g given by

g(X, Y):—ZXiYi+ Z X'y’ (1.25)
i=1

Jj=v+1

The linear connection (1.23) is the Levi-Civita connection of R” endowed with the
semi-Riemannian metric (1.25).

It is customary to denote by E” the n-dimensional Euclidean space, i.e., the pair
consisting of R” and the Euclidean metric (1.24). Also one denotes by [E the semi-
Euclidean space, i.e., the pair consisting of R” and the semi-Riemannian metric
(1.25). Then Ej = E". Both semi-Riemannian manifolds gotforv = lorv =n — 1
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(i.e., E} and E7 _,) are commonly referred to as Minkowski spaces. Other pieces of
terminology of frequent use indicate each [E!! with 0 < v < n as pseudo-Euclidean
spaces and E} and [E}_, as Lorentz spaces.

Another example of a Riemannian metric, frequently met in differential geometry
practice, is that induced by the Euclidean metric on any submanifold M C E". The
properties of these metrics, referred to as induced metrics or first fundamental forms,
will be studied in detail in subsequent subsections of the present section.

Exercise 1.52 1. Let M be a n-dimensional differentiable manifold. Let us assume
that M is parallelizable and let us consider a full parallelism structure {X1, ..., X,}
on M. Show that the formulas

9(Xi, X;)=10;;, 1=<i,j<n,

determine a Riemannian metric g on M and compute its Levi-Civita connection.

2. Show that for any Riemannian manifold (M, g) there is a canonical isomor-
phism of F(M)-modules X(M) ~ Q' (M).

3. Let (M, g) be a Riemannian manifold and let T e 7 '2(M). Show that there is
a unique linear connection V € C(7y) such that Vg = 0 and the torsion of V is T'.

4. Let (M;, g;),i € {1, 2} be two Riemannian manifolds. Moreover let m; : M| X
M, — M; be the canonical projections (i € {1, 2}). Show that

g=Tig1 + 79

is a Riemannian metric on the product manifold M = M, x M,. Compute the
Christoffel symbols of g with respect to a local coordinate system of M got as
the direct product of two local charts (U;, ;) of M;, i € {1, 2}.

5.Let (M, g) be an-dimensional Riemannian manifold and V € C(7y, g) a metric
linear connection. Show that the holonomy group of V at an arbitrary point is a
subgroup of the orthogonal group O(n).

1.2 Geodesics and Jacobi Fields

Let (M, g) be a n-dimensional semi-Riemannian manifold. The auto-parallel curves
of the Levi-Civita connection V of (M, g) are the geodesics of (M, g). Hence y(¢) €
M,t € [a, b], is a geodesic of (M, g) if

(Vid),, =0, a=<t=b.

Ricci’s identity yields ||¥(¢)|| = constant. Indeed

d . . . .
o0 GO A} =2g,0) ((5), ) 30) =0
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hence g (7(t), Y(t)) = gy (7(a), ¥(a)). Q.e.d. The geodesics equations may be
locally written
d2,yi
dr?

i dvyl  d~k _
@) + {jk } (’Y(f))w(t)?(t) =0

where v/ (1) = x' (y(t)), 1 <i < n, while jlk are the Christoffel coefficients of

the second kind. Of course all properties of auto-parallel curves of a given linear
connection hold good for the geodesics of a given Riemannian manifold.

Definition 1.53 A semi-Riemannian manifold is geodesically complete if any
geodesic of (M, g) is contained in a geodesic of (M, g) which is defined on the
whole real line R. O

Another way to state Definition 1.53 is to say that (M, g) is geodesically complete
when every geodesic v : [a, b] — M may be extended to a geodesic defined on the
whole of R, i.e., there is a geodesic y : R — M such that 7|, ,; = <. Let us observe
that E" e E! are geodesically complete semi-Riemannian manifolds.

Exercise 1.54 1. Let U = {(x, y) € R? : y > 0}. Compute the geodesics of U
knowing that the components of the Riemannian metric g prescribed on U are

1
gu=9gn=-, gnp=0
y

2. Let (M, g) be a Riemannian manifold and let V be its Levi-Civita connection.
Let V € C(y, g) be another metric connection on M. Let us assume that the torsion
T of V obeys to

g(T(X,Y),Y)=0, X,YeX(M).

Show that V and V have the same geodesics.

Let (M, g) be a n-dimensional semi-Riemannian manifold. Let U C R? be an
open set, and let ¢ : U — M be a parametrized surface.

Definition 1.55 A vector field along ¢ is a differentiable map
Vit s)eUr— Vi € Tppn(M).

O

Let us assume that for every fixed sy with (7, so) the curve f — (¢, s9) is a
geodesic parametrized by arc length. Let us set

E = go*(a/at), V= (p*(a/as).

Then
VeE = 0. (1.26)
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Moreover, note that [E, V] = 0. Then (as V is torsion-free)
VeV =VyE. (1.27)

Consequently
ViV = Vg (VeV) = Vg(Vy VE). (1.28)

Then [by (1.26) and the very definition of the curvature tensor R]

ViV — R(E, V)E = 0. (1.29)

0 0
Definition 1.56 V = ¢, (8_) = 8—4'0 is the infinitesimal variation induced by the
s s

family of geodesics s = constant. ]

Definition 1.57 A tangent vector field X () along a geodesic y(¢) is said to be a
Jacobi field if
VZX(1)
dr?

— R(3(), X(0))3(1) =0. (1.30)

O

Proposition 1.58 A Jacobi field X (t) along the geodesic y(t) is determined by X (t;)

VX
and W(l@) for some value t( of the parameter.

The set of all Jacobi vector fields along a geodesic () is a 2n-dimensional real
vector space J,. Also, the subspace {X € J, : X(t) = 0} of all Jacobi fields along
~ that vanish at a fixed point on the geodesic v, is n-dimensional.

Jacobi fields on M may be built by the following simple procedure. Letv € T,,(M)
and let v be the vector field on T, (M) associated to v by the canonical identification
of the tangent spaces at points of T,,(M) with Ty(T,(M)). Let vy, v, € T,(M) and
let U C R? be the open set consisting of all (¢, s) € R? such that exp,, is defined at
t(vy + s vy).

Proposition 1.59 The map
p:U—> M, ot s)=exp, [t(vz + svl)],
is a 1-parameter family of geodesics in M and the vector field
X = (expp)*(t 51)

is a Jacobi field along every geodesic of the family.
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Proposition 1.60 Let X (t) be a Jacobi field along the geodesic y(t) such that
\0. ¢
X(0) =0, ?(0) =v #0.

Then
X () = (expy) ), (19).

1.3 Riemann-Christoffel Tensor Field

Let (M, g) be a semi-Riemannian manifold and V the Levi-Civita connection of
(M, g). Let R =RV € T"3(M) be the curvature tensor field of the Levi-Civita
connection, i.e.,

R(X,Y)Z =VxVyZ —VyVxZ —VixnZ

perogni X, Y, Z € X(M).

Definition 1.61 R is called the curvature of the semi-Riemannian manifold
(M, g). O

Clearly R(X,Y) = —R(Y, X) as for any linear connection. In addition the
curvature of (M, g) satisfies the so-called Bianchi identities.

Theorem 1.62 Forany X, Y, Z € X(M)
R(X,Y)Z+ R(Y,Z)X + R(Z, X)Y =0, (1.31)
(VxR)(Y,Z)+ (VyR)(Z,X) + (VZzR)(X,Y) = 0. (1.32)
Proof Taking into account the symmetry of V and Jacobi’s identity
R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =
=VxVWZ —VyVxZ —Vixy|Z +VyVzX —V;VyX — Viy. 21X +
+ VzVxY —VxVzY —VizxY =
=Vx(VyZ —VzY)+ Vy (VzX —VxZ) + Vz (VxY — VyX) —
—VixrZ —Viy.z1X — VizxY =
= Vxl[Y, Z]+ Vy[Z, X1+ Vz[X, Y] = Vix 1Z — Viy 21X — Viz.x1¥ =

=[X Y, ZI|+ [V, [Z, X]1+ [Z,[X, Y]] = 0.
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The covariant derivative of R is given by
(VxR)(Y,Z)W =Vx(R(Y,Z)W) — R(VxY, Z)W — R(Y,VxZ)W — R(Y, Z)Vx W

forany X, Y, Z, W € X(M). A straightforward yet rather involved calculation shows
that the symmetry of V together with Jacobi identity implies (1.32). Q.e.d.

Definition 1.63 The identities (1.31)—(1.32) are called respectively the first and
second Bianchi identities. O

The first Bianchi identity may be written as

Z R(X,Y)Z=0 (1.33)
XYZ

where Yy, is the cyclic sum over all permutations of the arguments X, Y, Z.
Similarly, the second Bianchi identity may be written as

> (VxR)(Y, Z) =0. (1.34)

XYz
The writings (1.33)—(1.34) have only the advantage of shortness.
Theorem 1.64 Forany X, Y, Z, W € X(M)

g(R(X,Y)Z, W) = —g(R(X, Y)W, Z). (1.35)

Proof The identity (1.35) follows from Vg = 0 by a straightforward calculation.
Q.ed.

Definition 1.65 The Riemann-Christoffel tensor field of the semi-Riemannian
manifold (M, g) is

R:XM)x X(M) x X(M) x X(M) — F(M),
R(X,Y,Z,W)y=g(R(Z, W)Y, X), X,Y,Z,WeX(M).

]

Let us observe that the Riemann-Christoffel tensor field R € 7%*(M) is com-
monly denoted by the same symbol as the curvature tensor field.
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Theorem 1.66 The Riemann-Christoffel R is skew-symmetric in the first two
arguments and the last two arguments. Moreover

R(X,Y,Z,W)=R(Z,W,X,Y) (1.36)

forany X, Y, Z, W € X(M).

Follows from the first Bianchi identity.

1.4 Sectional Curvature

We confine ourselves to the Riemannian category. The case of semi-Riemannian
manifolds of index v > 0 is briefly discussed later on in this monograph. Let then
(M, g) be a Riemannian manifold.

Definition 1.67 A 2-plane is a 2-dimensional vector subspace of the tangent space
T,(M) at some p € M. The sectional curvature of a 2-plane o C T,(M) is the
number

k(o) = R,(u,v,u,v)

where {u, v} C o is a g,-orthonormal basis of o. [l

To check that the number k(o) € R is well defined we need to show that
R,(u, v, u,v) doesn’t depend upon the choice of orthonormal basis in o. Indeed
if {u’, v’} C o is another orthonormal basis

gp(l/l/, I/l/) = gp(v/v U’) = 1’ gﬂ(u,7 U/) = 05

then
(£)=()(): 4=(:5) e
Next
gpu, u) =g,(v,v) =1, g,(u,v) =0,
yields

1= gp(u/, u') = a? +b2, 1= gp(v/, V) = 2 +d2, 0= gp(u/, V') = ac + bd,
hence A € O(2).
Ry(u', v u', vy =aR,(u,v',u',v") +bR,(v, v, u', V') =

=acRp(u, u, u', V) +adRp(u, v, u', V) + bcRp (v, u, u, v/) +bdRp(v, v, u', v/) =
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(as R, is skew-symmetric in the first two variables)
= (ad — bc)R,(u, v, u',v") = (ad — bc) {aRp(u, v, u, V) +bR,(u, v, v, v’)} =
(by the skew-symmetry of R, in the last two variables)
= (ad — bc) {adR,(u, v, u,v) + beR,(u, v, v,u)} =
= (ad — bc)* R, (u, v, u, v) = det(A)?R,(u, v, u, v) = R,(u, v, u, v)

asdet(A) € {£1}. Q.e.d.
If {u, v} C o is a g,-orthonormal basis and {u’, v’} C o is an arbitrary basis then
9p ' u) g, (V' V) = g, V') = (ad — be)?
hence
Ry, v, u',v")

gp(u/a M')gp(v’, V') — gp(”/a U/)z .

k(o) = (1.37)

Given positive integers k, n € N such that k < n and a real n-dimensional vector
space V we denote by G, (V) the set of all vector subspaces o C V such that
dimg 0 = k. One may organize G (V) as a differentiable manifold (the Grassmann
manifold of k-subspaces in V). Let us set as customary

Ga(ry) = | Ga(T, (M)

pEM

so that the sectional curvature of (M, g) is a function k : Go(7y) — R.

Theorem 1.68 Let R, R' € T**(M) be two tensor fields of type (0,4) on M
possessing the symmetries of the Riemann-Christoffel tensor field, i.e.,

R(X,Y,Z,W)y=—-R(Y,X,Z,W), RX,Y,Z,W)=—-R(X,Y,W,2Z),
RW,Z, X, Y)+ RW,X,Y,Z)+ RWW,Y,Z,X) =0,
RX,Y,Z,W)=R(Z,W,X,Y),

forany X, Y, Z, W € X(M) and the same for R’. If
R(X,Y,X,Y)=R(X,Y,X.,Y) (1.38)

forany X, Y € X(M) then R = R'.

Consequently, if at a point p € M the sectional curvature of every 2-plane
o C T,(M) is known then the Riemann-Christoffel tensor field evaluated at p is
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determined. In other words, if two Riemannian metrics on M have the same sectional
curvature then their Riemann-Christoffel tensor fields coincide, as well.

Proof of Theorem 1.68 Let us set S = R — R’ so that [by the assumption (1.38)]
S(X,Y,X,Y)=0, X,YeX(M).

We wish to show that S =0. Let {e; : 1 <i <n} C T,(M) be a basis and let us
represent u, v € T,(M) as

n n
u= E ue, v= E v'e; .
i=1 i=1

Then o
0=S,(u,v,u,v)=u v/ S;u(p) (1.39)

where we have set S;jxe(p) = Sp(ei, ej, ex, eq). As u and v are arbitrary we may
choose their components such that for any fixed pair of indices iy, jo € {1, ..., n}

uo=1, iefl,...,n}\{io)=u' =0,

v =1, jefl,....,n}\{jo} = v/ =0,
so that [by (1.39)] Sj, ji,jo = 0. As the indices ip and jj are arbitrary it follows that
Sijij(p) = 0. (1.40)

If in turn we consider three distinct indices {io, jo, ko} C {1, ..., n} and the tangent
vectors # and v with the components

uo =1, iefl,....n}\{io)=u' =0,
v =l =1, je{l,....,n}\ {o, ko) = v/ =0,
then [by (1.39)]
0 = Sijre(pu'viu vt = S i (p)viv’ = 0* {Siojoiot + Siokoiot} =
= Siyjoiojo (P) T Sigjoioke (P) T+ Siskoiojo (P) + Sigkgioke (P) =

[by (1.40)]
= ZSinUioko (P)

due to (1.40) and to
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SX,Y,Z,W)=8SZ,W,X,Y), X,Y,Z,WeX(M).

We have proved that
Sijik(p) = 0. (1.41)

Finally we consider the tangent vectors « and v such that each of them has but two
nonzero components (1", u®) and (v/o, v*0) so that identity (1.39) yields

0= S;jre(p)u'viu*vt = {Sipjke(P) + Skyjke(p)} v/ ot =
= {Siojioe (P) + Skyjice(P) + Sigjkoe (P) + Skojkoe (P)} vivt =

[by (1.41)]

= {Skojoiot (P) + Sivjokot (P) + Skotaiot (P) + Sigtokot (P)} v°
= Skojoiojo (P) T Sigjokajo (P) Tt Skotoinjo (P) T Sigtokoju (P) +
+ Skojoioto (P) + Sigjokoto (P) + Skotoiote (P) + Sigtokete (P)
and all terms with two repeated indices are zero, e.g.,
Skojoiojo (P) = Sjokojoio (P) = 0
by the skew-symmetry of S in the first two variables and the last two variables
SX,Y,Z,W)=-S(Y,X,Z, W), SX,Y,Z,W)=-SX,Y,W,2Z),
and by (1.41). It follows that
Skeij (p) + Siekj (p) + Skjie(p) + Sijke(p) = 0. (1.42)
On the other hand
SW,Z, X, Y)+SW,X,Y,Z)+ S(W,Y,Z,X)=0

implies
Serij (P) + Seij(p) + Sejri(p) =0

which together with (1.42) yields S;jze(p) = 0. Q.e.d.

Definition 1.69 A Riemannian manifold (M, g) is said to be isotropic if the sectional
curvature of any 2-plane o C T,(M) depends only on the point p, i.e., there is a
function f : M — R such that k = f o w where 7 : G,(7)) — M is the canonical
projection. (]
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By the very definition of sectional curvature, if M is isotropic then

R(X,Y)Z = f[g(Y, Z9X — g(X, 2)Y]. (1.43)

Definition 1.70 A Riemannian manifold (M, g) is a space of constant curvature if
its sectional curvature k : Go,(M) — R is a constant function. ([l
Theorem 1.71 Every isotropic connected Riemannian manifold of dimensionn > 3
is a space of constant curvature.

Theorem 1.71 is the classical theorem of F. Schur. The proof is a mere exercise
relying on the second Bianchi identity.

The sectional curvature of indefinite semi-Riemannian manifolds was studied
by L. Graves and K. Nomizu,'* and by J.K. Beem.'* In particular the paper by L.
Graves and K. Nomizu (cf. op. cit.) generalizes (from the Riemannian to the semi-
Riemannnian case) Cartan’s theorem on manifolds satisfying the axiom of r-planes
(Theorem 3.31).

1.5 Ricci Curvature, Einstein Manifolds

Let (M, g) be a n-dimensional semi-Riemannian manifold, of index v. Let V be the
Levi-Civita connection of (M, g) and let K = KV be its Riemann-Christoffel tensor
field. The Ricci curvature of (M, g) is the (0, 2)-tensor field

Ric : X(M) x X(M) — C*®(M)

defined as follows. Let xo € M and let {E; : 1 < j < n} be a local orthonormal
frame

g(Ej,Ek):Gj(Sjk, Gj:—l, l§j<V, =1 v+1<k<n,

on T (M), defined on an open neighborhood U C M of xy. We set
Ricy, (v, w) = Y Kyy€j (Ejagr Vs Ejypr W) (1.44)
j=1

for any v, w € Ty,(M). The definition of Sy, (v, w) doesn’t depend upon the choice
of local orthonormal frame about xq. The scalar curvature of (M, g) is the function

13 Cf. L. Graves, K. Nomizu, On sectional curvature of indefinite metrics. Math. Ann. 232, 267-272
(1979).

14 Cf. .K. Beem, Pseudo-Riemannian manifolds with totally geodesic bisectors. Proc. Amer. Math.
Soc. 49, 212-215 (1975).
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p: M — R defined by

n

p(xo) = Y _ € Ric(E;, Ej)y, .
j=1

Theorem 1.72 Let (M, g) be a connected semi-Riemannian manifold of dimension
n > 3 such that Ric(X, Y) = A g(X, Y) for some \ € C*°(M). Then \ is constant.

Follows easily from the second Bianchi identity.

Definition 1.73 A n-dimensional (n > 3) Riemannian manifold such that
R(X,Y)=Xg(X,Y) (1.45)

for some A € R and any X, Y € X(M), is called an Einstein manifold. (I

Einstein manifolds are rich in geometrical properties, and are widely studied
within Riemannian geometry, cf. e.g., A.L. Besse.!” Several examples belonging
to the semi-Riemannian'® category will be exhibited!” in the volume of this book
devoted to General Relativity Theory.

Proposition 1.74 Any Riemannian manifold of constant sectional curvature is an
Einstein manifold.

Proof Follows from (1.43) and (1.44).

Proposition 1.75 Every Einstein manifold of dimension n = 3 has constant sec-
tional curvature.

The proof is a mere exercise, relying on the Schur theorem.

Example 1.76 (1) Let $"(r) C E"*! be the standard sphere of radius r > 0. The
induced metric on S"(r) has (positive) constant sectional curvature 1/72.
(2) Let L"*! denote R"*! equipped with the semi-Riemannian metric

dej Qdx! —dx"t' @ dx"t! .
j=1
Then L"*! is a Lorentzian manifold. The equation

_ (xn+1)2 + Z(xj)z — _r2

j=1

15 A L. Besse, Einstein Manifolds (Springer, Berlin-Heidelberg, 1987).
16 Actually, Lorentzian.
17 As solutions to the Einstein field equations.
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defines a hypersurface H" in L"*!. The manifold H" equipped with the induced
metric is the n-dimensional hyperbolic space. H" has (negative) constant sectional
curvature —1/r2. For r = 1, the hyperbolic space H, = H"(—1) is isometric to
RY ={y € R" : y" > 0} equipped with the Riemannian metric

- A A
o Zdy’ ®dy’ .
y =1

Note first that R’} is itself a space of constant curvature —1. Indeed, let us set

E; =y" 0

1= Gy
so that {E; : 1 < j <n} is a (globally defined) orthonormal frame on T (R’).
The sectional curvatures determined by {E; : 1 < j < n} equal —1. To build the
announced isometry, one considers first the map

4 J
. 1 +1y _ (1 __~ ;
th%Rn, h(x,...,x” )—(u,...,u”), M‘I—W, lfjfn,

and then the inversion 4’ in R” of center p = (0, 0, ..., —1) given by the vector
equation

- 2

Py = = pu.

I pull

This yields a diffeomorphism F' : H" — R" preserving the metrics. ]

Definition 1.77 A n-dimensional Riemannian manifold M = M" (k) of constant
sectional curvature k is called a space form if M is simply connected and complete.
O

E", S" and H" are examples of space forms. For a detailed study of space forms
one may see the classical monograph by J. Wolf.'3

1.6 Canonical Structures on the Tangent Bundle

Let (M, g) be a Riemannian manifold, and let V be its Levi-Civita connection. The
manifold 7 (M) [the total space of the tangent bundle over M] carries a natural
Riemannian metric G given by

G(A,B) = g" (KA, KB)+ ¢g"(LA, LB) (1.46)

18 7 A. Wolf, Spaces of Constant Curvature (Mc Graw-Hill, New York, 1967).
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for any A, B € X(T (M)). To explain the notations adopted in (1.46), we need a
few preparatory elements. Let 7 : T (M) — M be the canonical projection, and let
7T (M) — T (M) be the pullback of T (M) — M via 7. The fiber in the pullback
bundle over v € T (M) is

(7' TM), = Trw)(M).

Let L be the vector bundle morphism
L:T(T(M)) - « 'T(M),
L,A:=(d,mA, AeT,(T(M)), veT(M).

Let xg € M be a point, and let (U, %%) be a local coordinate system about xo. Let X;
be the sections in the pullback bundle given by

Xi e C¥(x W), 7' T(M), Xi(w) = ( 0 ) o Ve,

oxi

so that {X; : 1 <i <n} is a local frame in 7~ T (M), defined on the open set

71 (U). Let { !

ik } be the Christoffel symbols of the second kind, i.e.,

i 0
. 8,', 8,' = =7 .
Jk} ox!

Let (m~'(U), x', ') be the induced local coordinates on T (M), i.e.,

Va],ak = {

. A 0
X) = F (7)), v= )'c’(v)(

—1
- , € U).
ai’>ﬂ'(v) v T ( )

Let us consider the tangent vector fields

57 €X', 1=is=n,

S0 0
oxi  Oxi L oxi’

D B —1
Nj = {jk} Wec®(r ).
Next, let us consider the assignment
N : veT(M)+—> N, C T,(T(M))

defined as follows. Let v € T(M) and let x := 7(v) € M. Let (U, ¥') be a local
coordinate system on M about x. We set
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M=V (2) i eR 12j<
=), e =)
The definition of N, doesn’t depend upon the choice of local coordinates about 7 (v).
By the very definition N is a C* distribution on 7' (M). Next, let us consider
V:veT(M)+—V,:=Ker(dm) C T,(V(M)).

Locally V is the span of {9/0%/ : 1 < j < n}, so V is a C* distribution on T (M),
as well.

Definition 1.78 N and V are referred to as the horizontal and vertical distributions
on T (M), respectively. (]

Lemma 1.79 For everyv € T(M)
T,(V(IM)) =N, ®V,. (1.47)
The proof is left as an exercise to the reader. We shall need the vector bundle

morphisms
yio 'T(M) -V, B:x'T(M)— N,

W= (o) Bxw= (). 1=izn

The definitions of ~y, and (3, do not depend on the choice of local coordinates about

7(v).

Proposition 1.80 ~ : 7~ 'T(M) — V and 8 : 7~ 'T(M) — N are vector bundle
isomorphisms.

Proof Exercise.

Definition 1.81 ~ and [ are respectively called the vertical lift and horizontal lift.
O

Exercise 1.82 (1) Show that

ac
X = E(O)v X e Tﬂ(v)(M)v veT(M),

where
C:(—€¢,6e)>TM), Ct)=v+tX, |t|<e.

(2) Show that the restriction of L to N
L:N— o 'TM)

is a vector bundle isomorphism whose inverse in the horizontal lift.
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(3) Show that the following sequence of vector bundles and vector bundle
morphisms

0— 7' T(M) = T(T(M)) —> 7' T(M) - 0
is exact. O

Let Q,: T,(T(M)) — V, be the projection, with respect to the direct sum
decomposition (1.47). Let us consider the vector bundle morphism

K:T(T(M)) > 7 'T(M), K,A=Q,A, AeT,(T(M), veT(M).

Definition 1.83 K is referred to as the Dombrowski map. (I
Exercise 1.84 (1) Show that

K d 0, K g X 1<i<
- = VU, - = is <1=<n.
oxt oxi

(2) Show that the following sequence of vector bundles and vector bundle
morphisms

0— 7 'T(M) LN T(T(M)) =5 771 T(M) = 0

is exact. O

We end our explanation of the notations in (1.46) by recalling the bundle metric
g™. By definition, g" = 7~ g is the pullback of ¢ via 7, i.e., locally
”(X- X-)— iy L= (i i)
g i» Aj)=4gijom, Gij =g oxi oxi )
g™ is a Riemannian bundle metric on the pullback bundle T (M).

Lemma 1.85 The (0, 2)-tensor field G on T (M) given by (1.46) is a Riemannian
metricon T (M).

Proof Exercise.
Definition 1.86 G is called the Sasaki metric on T (M). O

Exercise 1.87 (1) Show that the local components of the Sasaki metric with respect
to the local coordinate system (7' (U), x', x') are

G =gijo7r+(grso7r)({l:i}ow)({;j}OW))&pfcq,

Gjkin=GCjni = ({rj, k) 07T) ', Gjink4n =gjkoT.
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(2) Show that the vertical and horizontal distributions on 7 (M) are orthogonal
with respect to the Sasaki metric. O

Every tangent vector field X € X(M) determines a section Xec™ (W_ITM)
(the natural lift of X) given by

X() = Xz, veTM).

For instance, every X; is the natural lift of 9/0%".

Definition 1.88 The Liouville vector is the section £ € C*(7~'T M) defined by
Lw)y=v, veTM).

O

Not every section in 7~ T (M) is' the natural lift of a tangent vector field on M.
For every X € X(M) we adopt the notations

x"=pX, xV=~X.

Definition 1.89 X7 XV e X(T(M)) are respectively called the horizontal lift and
the vertical lift of X. O

The curvature tensor field
R:X(M)xX(M) x X(M) — X(M)
induces a C*°(T (M))-multi-linear map
R™:C®(r 'TM) x C®(n ' TM) x C®(r~'TM) — C®(r~'TM)

locally given by

(R0t Z)0 = X1 2 (R (s 5 e o]

X, Y, ZeC®(n'TM), veTM),

— v Y. _vivy. _ 7k
XW’I(U)_X X” Y’ﬂ*‘(U)_Y X./’ Z’ﬂ—l(y)_z Xk‘

19 For instance, the Liouville vector £ isn’t the natural lift of any tangent vector field on M.
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The definition of {R"(X, Y)Z }(v) doesn’t depend upon the choice of local
coordinates (U, ') about 7(v).

Exercise 1.90 Show that
R"(X, )Z ={R(X,Y)Z}or
forany X, Y, Z € X(M). (Il

Proposition 1.91 The Levi-Civita connection NV of T (M) equipped with the Sasaki
metric G satisfies

() Vxu Y = (Vxv)" - %VR"()A(, e
(i) Vyv Y = %ﬁR”(E, X)Y,
(Gii) Vxn YV = (Vx¥)" + %/B R™(L, X,
(iv) Vv YV =0,

forany X, Y € X(M).

Proof The proof is standard, cf. e.g., Blair [Bla].

The geometry of the tangent bundle?® over a Riemannian manifold, including the
technique of horizontal, vertical, and complete lifts?! of vector fields, was a very
popular subject in the 1960s and 1970s, yet faded soon after into a collection of
more or less elementary examples. The topic was essentially abandoned?? as soon as
it became clear that most differential geometric objects (naturally associated to the
Riemannian structure g on M) on T (M) enjoy no particular geometric properties,
unless g is flat. For instance

Corollary 1.92 The vertical and horizontal distributions V and H on T(M) are
parallel with respect to the Levi-Civita connection V of (T(M ), G) if and only if
(M, g) is flat (i.e., R = 0).

Corollary 1.93 The horizontal distribution H on T (M) is integrable if and only if
(M, g) is flat.

Corollary 1.94 [f g is flat then the Sasaki metric G is flat.

20 Cf. K. Yano, Tangent and Cotangent Bundles (M. Dekker, Inc., New York, 1973).

21 Cf. K. Yano, S. Ishihara, Horizontal lifts of tensor fields and connections to tangent bundles. J.
Math. Mech. 16, 1015-1030 (1967).

22 A fauna of examples of Riemannian metrics on 7 (M), other than the Sasaki metric, were intro-
duced in an effort to produce examples of Riemannian structures which are less “rigid” than the
Sasaki metric, i.e., additional requirements, such as integrability, parallelism, etc., do not yield
severe limitations on the base metric g, cf. e.g., S. Dragomir, D. Perrone, Harmonic Vector Fields.
Variational Principles and Differential Geometry (Elsevier Inc., New York, 2012), § 5.1.
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Theorem 1.95 _If the curvature tensor field R of the Sasaki metric G is covariant
constant (i.e., VR = 0) then (M, g) is flat.

Proof See O. Kowalski.??
T (M) admits the almost complex structure J defined by

JXHF=x", Jjx"=-xH",

for every X € X(M).

Proposition 1.96 The Sasaki metric G is almost Hermitian, with respect to the
almost complex structure J. If the almost complex structure J is integrable then

(M, g) is flat.

1.7 Geodesics and Integration

We start with recalling a bit of linear algebra. Let E and F be two Euclidean spaces, of
the same dimension n, and let f : E — F be alinear map. Let 8z C E and B C F
be orthonormal bases, and let M3 be the matrix associated to f, relative to the bases
B and fF. Let B, C E and 3, C F be another pair of orthonormal bases, and My
the matrix of f with respect and 3 and 5. Let P be the matrix of passage from Gg
to B, and Q the matrix of passage from (3 to 5. Then

Mg =Q 'MgP=Q MyP
[because of O € O(n)] yielding
det Mz = (det Q) (det Mp) (det P) (1.48)

and then
|det M| = | det Mj|

[again,as P, Q € O(n) = |det P| |det Q| = 1]. The meaning of (1.48) is that
| det Mg| doesn’t depend on the choice of orthonormal bases Bg C E and 8 C F.

Definition 1.97 The number | det M| is called the modulus of the determinant of
f, and is denoted by | det f | ([

23 Cf. 0. Kowalski, Curvature of the Riemannian metric on the tangent bundle of a Riemannian
manifold. J. reine und angew. Math. 220, 124-129 (1971).
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Let b C E be an arbitrary basis. Let ® : E — F be an isometry. Let M}, be the
matrix of f relative to the bases b C E and &(b) C F. Then

|det M| = | det f].

We apply the previous consideration to Riemannian geometry, as follows. Let (M, g)
be a Riemannian manifold, and let x € M be a point. Let V C T, (M) and U C M
be respectively neighborhoods of the zero tangent vector O, € T, (M) and the point
x € M, such that the exponential map exp, gives a diffeomorphism

exp, |, : V> U.

For every v € V we set®*

O(v) := | det (d, expx)|.

Let v, be the Lebesgue measure on the Euclidean space (Tx M), gx).

Proposition 1.98 For any continuous function on U

/gpvg:/ (poexp,)Ovy.
U v

The proof is well known.?

Let S, (M) be the unit sphere in 7, (M), i.e.,
Sy (M) ={v e T (M) : g:(v,v) =1}

Letp: Sy, (M) — (0, 400) be a continuous function. Let

V= [v eT.(M) : |v| < p(ll—| v)]

Let W C S:(M) x R be the open set
W={W,r) : r<pul.

Then (u, r) —> ru is a diffeomorphism W >~ V \ {0}.

24 With respect to the notations in Definition 1.97 one has

E=T:(M) ~T,(Tc(M)), F=Tup (M), f=dyexp,.

25 Cf. e.g., Proposition C.IIL.2, p. 55, in M. Berger, P. Gauduchon, E. Mazet, Le Spectre d’une
Variété Riemannienne, Lecture Notes in Mathematics, vol. 194 (1971).
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Definition 1.99 Let v € V \ {0}. The unique (u, r) € W such that v = r u are the
polar coordinates of v. O

Let us consider the function § : W — R given by

0(r, u) = 0(ru)r*=". (1.49)

Proposition 1.100 For every continuous function @ on U

/ P Vg =/ <p(expx ru) O(u, r) dudr.
U w

Proof Follows by Proposition 1.98 and a coordinate change under the integral sign.
This is but a particular instance of a general method for computing integrals on
compact manifolds.

Let (M, g) be a compact Riemannian manifold and let x € M. For every u €
S,y (M) let C, be the geodesic of initial data (x, u), parametrized by arc length. For
sufficiently small values of the parameter s the curve C, | [0.5] is minimizing. Let A,
consist of all s such that C, ’[0’51 is minimizing. If s € A, then [0, s] C A,. Also A,
is bounded. Indeed, let

(M, g) = max d(x, x')

be the diameter of M. Then, if s > d(M, g) then certainly s ¢ A,. Let us set

p(u) :=supA,.

Then p(u) € A,. Indeed, let -y be a curve joining x to C,,(p(u)) and let {sz };>1 C A,
be a sequence tending to p(u) as k — oo. For every k

sk < L(y) + p(u) — sk

and tending with k — oo
pu) < £(7).

So actually A, = [0, p(u)]. One may show?® that p is continuous on S, (M). Thus
p is uniformly continuous, and one may deduce that the set

U, = {v el (M) : [v|= p(|71| v)}

26 Cf. [KoNo], vol. I, p. 98.
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has measure zero. On the other hand, let

U, = {v eT, (M) : |v| < p(% v)}

U, is an open neighborhood of the origin 0, and U, = dU,. The exponential mapping
exp, is a diffeomorphism of U, onto its image, and U, is the largest neighborhood
of 0, € T, (M) possessing this property. Let us set

C, = exp, (UX).

Definition 1.101 C, is called the cut locus of the point x in (M, g). ([l
Proposition 1.102 C, has measure zero and
M = exp, (Ux) uc,.

Corollary 1.103 Let (M, g) be a compact Riemannnian manifold, and let x € M.
Let Uy C T, (M) be the largest open neighborhood of 0, such that exp, is a diffeo-
morphism of U, on its image. Let f € L' (M, vy) be a v4-integrable function on M.

Then
/fv.,]z/~ (foexp,)Ov..
M Uy

1.8 Laplace—Beltrami Operator

Let (M, g) be a n-dimensional oriented Riemannian manifold.

Definition 1.104 Let £ € X(M). The divergence of ¢ is the function div(§) : M —
R determined by
d(ﬁj w) =div(§)w

where w =d v,. O

We shall need the operator
§:Q (M) > C®(M), Sa=—div(ef), aeQ'(M).

Let us assume M is compact. We endow 27 (M) with the scalar product

(o, ) =/ g (o, B)dvy, o, e QP(M). (1.50)
M
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Proposition 1.105 Forany f € QUM) and o € QY (M)

(df, o) = (f. ba)

i.e., 0 is the formal adjoint of d.

The identity in Proposition 1.105 may also be written

/9*(df, a)dvg:f foadv,.
M M

The proof of Proposition 1.105 follows by Green’s lemma.

Ifd : QP (M) — QP*T!(M) is the exterior differentiation operator on p-forms then

51 QPFI(M) — QP(M) is defined by

(da, f) =(a, 68),

a e QP(M), (et (M).

The operators div and 6 may be explicitly expressed in local coordinates, as follows.

Let (U, x%) be a local coordinate system on M and let us set

=49 9 =det[gij],

so that
w:dvgzedx1 Ao Adx"
on U. Then '
. 1008
d = - .
iv(§) 0 oxi

Let us set X; = 9/0x' for simplicity. Let v = o; dx'. Then

OétI = gUOé] X,‘ .
Consequently [by (1.52)—(1.53)]
1000g7 a;)
S = —— —Z 12,
CTTY T o

The operator 6 may be described as the trace of the covariant derivative.
Q' (M). Its covariant derivative Va is the C*(M)-bilinear form

Vo)X, Y) = (Vxa)Y = X(a(Y)) — a(VxY).

(1.51)

(1.52)

(1.53)

(1.54)

Leta €
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If{E; : 1 <i <n}isalocal g-orthonormal frame, the trace of Va is

trace (Vo) = Z(Va)(E,-, E)). (1.55)

i=1

Note that
9(Vxa, Y) = (Va)(X, ). (1.56)

Consequently trace V is the trace of the endomorphism X +— VyxaF.

Proposition 1.106 For any differential 1-form o« € Q'(M) on the Riemannian
manifold (M, g)
da = —trace Va.

Definition 1.107 The Laplacian is the operator

A:QUM) - QUM), Af=4ddf.

O
In local coordinates L 9 of
A =55 (9g” ﬁ). (1.57)
Proposition 1.108 For any u, v € Q°(M)
A(v) = ulAv — 2g*(du, dv) + vAu.
By Proposition 1.106
Af = —trace(Hess(f)) (1.58)

where
Hess(f) := Vdf.

With respect to a local g-orthonormal frame {E; : 1 <i < n}, defined on an open

setU C M
Af == Hess(f)(E;. E;). (1.59)

i=1

The expression (1.59) allows for the following geometric interpretation. Let x € U
and let us set v; = E; .. Let v;(¢) be the geodesic of initial data

dv;
dt

’Yi(o)=X, (O)ZUl'.



52 1 Riemannian Geometry

Then?’ .
" d o i
AHE) ==Y 0 ), (1.60)

‘ dt?
i=1

The Laplacian is a Riemannian invariant, i.e., for every isometry ¢ : M — N of two
Riemannian manifolds M and N

Au(fod)=(Anf)osd, [feQN). (1.61)

Proposition 1.109 If p: M — N is a Riemannian submersion with totally
geodesic®® fibers then

Au(fod)=(Anf)o¢ (1.62)

forany f € QU(N).

1.8.1 Bochner-—Lichnerowicz Formula

Let (M, g) be a compact, orientable, Riemannian manifold. As d and ¢§ are one the
formal adjoint of the other
(Au, v) = (u, Av), (1.63)

(Au, u) = ||dul (1.64)

27 1f ~(t) is a geodesic with v(0) = x and (0) = v then

d(fo

oDy = 2L iy D,
d*(f o) 0% f f i
dt2 (t) Oxi OxJ (7 dtz (I) —
2
[8 Jgk(V(l))f f(v(t)){ }(’Y(I))]i(l‘)—(z)—
= Hess( /) (Y1), Y1),

2 (0]

a (dftz il (0) = Hess(f)« (v, v).

28 Cf. the next section.
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Proposition 1.110 For every f € Q°(M)

1
-3 A(ldf?) = ]Hess(f)\2 — |Af* + Ric((df)*, @df)). (1.65)

The proof of (1.65) follows from:
Lemma 1.111 For every o € Q'(M) and any X, Y € X(M)

vayOé — Vyvxoé — V[X,y]Oé = (R(X, Y)Oén)b .
It is convenient to prove (1.65) on a neighborhood U C M of every point xg € M
endowed with a g-orthonormal frame {E; : 1 <i < n} build by parallel translation

of a given gy,-orthonormal basis {v; : 1 <i < n} C T,,(M). Parallel translation is
meant along the geodesics 7; (¢) of initial data

7 (0) = x0, 4 (0) =v;.
Said local frame has the advantage that
(VE,, Ej)xo =0, (1.66)

resulting in the customary simplification of calculations.

Definition 1.112 The Laplacian A : QP (M) — QP (M) is defined by
Ao =dda+ dda (1.67)

for any o € QP (M). O

The Bochner formula (1.65) generalizes to differential forms of arbitrary degree

- %A(lodz) = |Val’ = g*(a, Aa) + WBL(R, o) (1.68)

forevery a € QP (M). Here WBL(R, «) is quadratic in « and linear in the curvature
tensor R.

1.8.2 Laplacian in Radial Coordinates

Let B.(xo) C M be a metric ball of center xy and radius € > O sufficiently small,
such that the exponential map exp,  is a diffeomorphism onto B.(xo). Let f be a

29 Cf. formulas (2)—(3), p. 4, by A. Lichnerowicz, Géométrie des groups de transformations (Dunod,
Paris, 1958).
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C® function on B.(xy), depending only on the distance from xy, i.e., there is a C*°
function ¢ : [0, €) — R such that

fx)= ap(r(x)), r(x) =d(xo, x), x € Be(xp). (1.69)

Let 6 be the function in (1.51). Let us set

= 06 = g*(dr, d9).

9_5._

Proposition 1.113

d?p do0 n—1
! dr?  dr \9 + r
at every point x € B.(xp), x # Xp.

Proof Let x € B.(xp). There is a unique geodesic vy, parametrized by arc length s,
joining xq to x. Let v; € T, (M) be the tangent vector to -y at its point x. By the very
definition of r

v(r(x)) = x,

dz (r(x)) =.

d_
Let us complete v to a g,-orthonormal basis

{vi, v2, .., v} C Te(M). (1.70)

Let v;, 2 <i < n be the n — 1 geodesics, parametrized by arc length «, of initial
data

dyi ,
v (0) = x, 0)=v;, 2<i<n.
da
By (1.60)
d*(f o) — d*(f o)
(Af)(x) = _T(r(x)) - E T(O)' (1.71)

i=2
The first term on the right-hand side of (1.71) is
2

d~p
- W(r(x))o

We are left with the calculation of

d*(f o)
dao?

0).
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For every fixed 2 < i < n and « sufficiently small, let C,, be the geodesic joining x
and ; (). Then*
(f 0i)(@) = @(€(Ca)) (1.72)

where £(C,) is the length of C,,. Then [by (1.72)]

— bl [ o

2

P rw) e

As v; is orthogonal to ~y

d
~lecn) =
« a=
d2
As to the term T2 {Z(Ca)} [by the second variation formula for the length
o =
functional] ,
—fuca} | =smew. vew) (1.74)

where Y; € J, is the Jacobi field along v determined by the 1-parameter family of
geodesics C,, that is
Yi(0) =0, Yi(r(x))=v;.

where Y/ = V;Y;. Then

d2
(AN = = (r) + (1.75)

. ;
_d_f(r(x)) 9(Yi(r (), ¥/ (r)).

i=2

n

Next, we compute Z gy r(x)) (r (x))) in terms of 6 and its first derivative.
i=2

Recall that 6 is the determinant of the exponential map at xo, hence 67! is the

determinant of (expxU )71. Thus (by also applying the Gauss lemma3")

30 One has
(f omi)(@ = f(ri(@) = ¢(r(ni(@)) = p(¢(Ca))
as C, is the minimizing geodesic joining xo and ; («) [that achieves the distance r('yi (a)) from
Xo to i ()]
31 By the Gauss lemma in Riemannian geometry, the exponential is radially an isometry.
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0 (x) = ‘(dx expi)vs A+ A (dy expy ). (1.76)
Thus, if x is the point p = ~y(s) on the curve ~y
‘(d,, exp;)Ya(s) A A (d, exp;ol)Y,,(s)‘
=" (p) = ) (1.77)

2 A A Y00

Then (d, exp;Ol)Yi(s) € T,,(M) is realized as transverse vector of the family of
geodesics { exp;o1 oC, }, corresponding to the segments joining in 7, (M) the origin
0Oy, to

r4(0) + ——————— (dy expy )v; -
|(dx eXPxol)Ui| !
It follows that s
(dpexp,NYi(s) =~ (dx exp,, vy (1.78)
and hence
g1 ‘(dx expy s A -+ A (dy expy vy
0 (p) = o (1.79)
r V2) A A Y (9)]
Finally
rn—l
0p) = = ‘Yz(s) Ao A Y,,(s)‘ f(x). (1.80)

The derivative with respect to s of the determinant ‘Yz(s) A+ A Y(s)| equals
Yo 9(Yi(s), Y/(s)). Hence

00 rnt
S === D B A AK@ 00+ (18D

S N

n—1 n
+ =] > o). % ] 600,
Therefore, at the point x

a0 —1 .
S0 = = + [ Y g, Yo [ew.  (82)

i=2
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Then

n

0 —1
S0 =Y g(ri(s). ¥/(5) = ——. (1.83)

i=2

Consequently, (1.75) may be rewritten as

d? d o' -1
AN = =720 = e[+ ]
or briefly
B d>¢ dops0 n-—1
A =Gz =g G+ )

Proposition 1.113 is proved.

1.9 Hodge-de Rham Theory

1.9.1 Star Isomorphism

Let (M, g) be a n-dimensional, orientable, Riemannian manifold with the metric
tensor g. Let (U , xi) be a local coordinate system on M. Every differential p-form
o € QP(M) may be locally represented as

1 . . ) )
o= —aj.i, dx"" A Ndx' = ag,.)dx" A Adx, a;, € CO(U, R),
p!
on U. Writing (iy - - -i,) implies that i; < --- < i,. We shall need the (generalized)
Kronecker symbol

Ip

0 = det

11“'[’,

Jp Jp
..ol

ip
The Kronecker symbol enjoys the following properties®”

(i) 877" is skew-symetric both in the upper indices j and the lower indices i.

iip
1 Jp
3

(ir-ip) i

32 1t should be observed that (ii) <= (iii) <= (iv).
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(iii) For every system of numbers {a¢,..) €R : 1 <ij <--- <i, <n}

_shvdp
A(iy-ip) = 6i1---ip Ay jp) -

(iv) For every p-vector Qjy i,

1 ]l]p

Qiyiy, = E iy Girip

Ifa= a(,‘lmip) d.xi] VANRREIVAN dxil and ﬁ == b(lqu) dle A A d_x.jq then
AN B=Cipiy,, XA Adx'r (1.84)

_ cGregp)hrky)

(P + Q)' Cijiprg = i1 prg aji..j, bkl.“kq,

Jirip) 8a(,-]4..,»p)

(p+Dlda=§"" i dx¥i A Adxbe (1.85)

The definition (1.84) readily implies
anB=(DMEA«.
The star isomorphism x : QP (M) — Q"7 (M) is
* o = azkj.---j,l,p) dx/' Ao Adxier,

* I e )
@y = Elrmip)iny @7

€irip.iy = 00571 VG, G =det[gy].

air =g g ag o [g7] = [gy]

Then
x 1=¢€rpdx' A AdX" =Gdx" A+ Adx".

The operator * enjoys the following properties

@) *(a+ P) =*xa+*8, x(fa) = f *q,
() * * a =% (xa) = (=) q,

(iil) a A %0 = B A *a,
iVyaAn*xa=0<= a=0,
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forany a, 3 € QP(M) andany f € C®(M). Also, if & = agj,...;,) dx"" A--- Adx'r
and 6 = b(jl"'jp) dxj‘ VANCIERIVAN dij then

anxB=a"" by k1 (1.86)

The L? inner product on QP (M) is defined by

(a, B)p2 =f a A *0
M

whenever the integral is convergent. This is of course the case when we assume that
M is compact. The L? inner product enjoys the following properties

() (o, )2 >0and =0 & a =0,
(i) (a, B2 = (B, )12,
(iii) The L? inner product is R-bilinear,

(IV) (*av *ﬁ)L2 = (a1 /8)L2’
for any «, 8 € QP(M). The forms « and 3 are orthogonal (o, 3);2 = 0.

1.9.2 Harmonic Forms

The operator § : Q7 (M) — QP~'(M) is defined by
Sa= (=" wdxa.

The codifferential §a of o enjoys the following properties

(i) ¢ is R-linear,
(i) dda =0,
(iii) *da = (=1)? d * a and *da = (=1)?T! § % a.

Definition 1.114 The form « is coclosed if o = 0 and coexact if a« = §3 for some

B € QP (M) (one also says that a cobounds [3). O
Definition 1.115 The form o is harmonic® if itis closed (i.e., doe = 0) and coclosed
(b = 0). 0

Let A=dd+dd: QP(M) — QP(M) be the Laplace-Beltrami operator. K.
Kodaira calls’* ovharmonicif Ao = 0. Let QP (M) be the set of all harmonic p-forms.
Then Q’;, (M) is a subspace of Q27 (M) yet not an algebra.

33 The definition belongs to W.V.D. Hodge, The Theory and Applications of Harmonic Integrals
(Cambridge University Press, London, New York, 1952).

34 Cf. K. Kodaira, Harmonic fields in Riemannian manifolds (generalized potential theory). Ann.
Math. 50, 587-665 (1949).
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1.9.3 Orthogonality Relations

Let us assume M to be compact and orientable. If o € QP (M) and 8 € QP (M)
then (by the Stokes theorem?)

/ d(arxp) =0. (1.87)
M

dlanxp)=da A+ (=D andxj

formula (1.87) becomes

/daA*ﬂz(—l)P-lfa/\d*ﬁ
M M

or’®

da, B2 = (a, 608);2, (1.88)

i.e., d is the formal adjoint of d. Equation (1.88) may also be written

(O{, dﬂ)L2 = (50&, ﬁ)L2

for any a € QP (M) and 3 € P~ (M). As a consequence of (1.88).

Corollary 1.116 A differential p-form « is closed if and only if « is orthogonal to
every coexact p-form.

Proof Leta € QP (M)beclosed,i.e.,da = 0.Lety € QP (M) be acoexact p-form,
i.e., v = 3 for some 3 € QP! (M). Then [by (1.88)]

0= (dOé, ﬁ)L2 = (CV, 55)L2 = (Ol, ,Y)Lzs

i.e., o is orthogonal to . Viceversa, let o € Q7 (M) be orthogonal to § Q7+ (M).
Then, for every 8 € QP (M)

0=(a, 632 = (da, B2

35 Cf. e.g., S.I. Goldberg, op. cit., pp. 62—63.
36 Indeed (by the very definition of &)

55 = (_])V!(P+1)+n+l wdx 3,

dxBeQP(M) = QP(M) = QU P(M), *+dxB=(=1)=Pnte=-pg. 3
(_l)l’fl d* 8= (_1)1;—1+(n7p)(n+1) % xdx 3= (_l)n(n+1)+2n % 60 =x00.
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and in particular for § = da
0= (da, da);: = |dal?, = da = 0.

Q.ed.
Similar to the above.

Corollary 1.117 A differential form is coclosed if and only if is orthogonal to all
exact forms.

Next, we may easily show that on a compact manifold the definitions of
harmonicity as given by Hodge and Kodaira are equivalent, i.e.,

Corollary 1.118 Let M be a compact orientable Riemannian manifold. Let o €
QP(M). Then
a e QM) < Aa=0.

Proof Let a such that Ao = 0. Then
0= (Aa, @) 2 = (6da,a) 2 + (dda, @) 2 = (da, da) 2 + (B, da) 2 = |ldall?, + dal?,

yielding da = 0 and dae = 0. Q.e.d. The converse is trivial.

1.9.4 Hodge—de Rham Decomposition Theorem

Let M be a compact orientable Riemannian manifold, and let /(M) and Q5 (M)
denote the spaces of d-exact, respectively d-exact, p-forms on M.

Theorem 1.119 Let 3 € QP (M). The following statements are equivalent

(i) There is o € QP (M) such that Ao = (3.
(ii) 3 is orthogonal to QL,(M).

Proof (i)= (ii). Let a such that Ac = 3. Then for any harmonic formy € Q%,(M)
[i.e., Ay =0]
B, Vi = (A, V)12 = (o, Ay)2 =0.

Q.ed.

The opposite implication (ii) = (i) is highly nontrivial®’ and was first provided
by W.V.D. Hodge.*® Cf. also S.I. Goldberg, op. cit., Appendix C, pp. 296-300.

137

37 Relies on Fredholm’s theory of integral equations.
38 Cf. op. cit.
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As QF; (M) is finite dimensional,” say dimg 2, (M) = m, one may consider a
basis {¢1, ..., ¢} of harmonic forms that is orthonormal

(i @j)2 = 0ij -

For every a € QP (M) we set
m
Z a, @) i € QM.

We claim that o — avy is orthogonal to Q7 (M) Indeed

(a—au, ¢j), = (a. ¢;), (Z o, 9i)ss <p,) =0.

Q.e.d. Consequently (by Theorem 1.119) there is a form ~ such that
Avy=a—ag.

Let us set
ag=ddyeQi(M), a5:=0dvyeQi(M),

so that
a=oag +as+ay. (1.89)

The decomposition (1.89) is easily seen to be also unique. Formula (1.89) is the
Hodge-de Rham Decomposition Theorem.

1.9.5 The Operators d, 6 and A in Terms of Covariant
Derivatives

Let o be a p-form locally expressed as

1 . ) . )
a=—a;.; dx"AN---ANdx"" =a .. ydx" AN ANdx"?.
p‘ 11p (i1--1p)

39 Cf. again S.I. Goldberg, op. cit., Appendix C, p. 299.
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The covariant derivative of o [with respect to the Levi-Civita connection V9 of

(M, g)]is
Di ai|---i,, = (Vg’a) (8i| y sees al‘p) =

aaj, ...i P i
Litp J
= 8;" -> { i } Qi _y figirip - (1.90)

The exterior derivative of « is [by (1.85)]

‘ . G 9 Gy
do = (d a)(i1<.~ip+1) dx"" A Adxtrt! s (d a)il"'ip+l = i|---]ip+1’7 ij '

Let us substitute the ordinary (partial) derivatives in terms of covariant derivatives
[from (1.90)] and observe the cancelation of the Christoffel symbols

(d a)iyiyy dX" Ao AdxT =

p
JGrip) k i i
=0 i [Dj aGijy + Y { I } Oéjlmjuflkjmmjp] dx'" Ao Ndx =

o=1

iUy i i
=0y Dj a(jl...jp) dx" A - Adx'tt,
The codifferential of « is

oo = (504)(,‘1...1‘”71) dxi‘ VANEIEIVAN dx["“ s

i <Gedp)
=—g"6;3,.;"" Djag.j, -

TR - Pipip

(60, , = (=D (e d x a)

The Laplace-Beltrami operator Aa = dd o+ d d v is

p

(Aa) ——d'D:D: a: -—i—Ea- ORI 4

iyip g N S S B % ilg—1 Jlo+1lp TV,
o=1

P P
1 .
t3 § § Qiyiy s Jipaioiion iy R i
o=1 p=1

RV = g"" R e,

and in particular for p =0 -
Af = —g” Dj le
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1.9.6 Green’s Operator

Let M be a compact orientable Riemannian manifold.

Theorem 1.120 (i) For every o € QP (M) there is a unique harmonic p-form
Hla] € QF 1 (M) such that

(. 6),2 = (Hlal. B)

for any 3 € QL (M).
(ii) For any o € QP (M)
H[H[a]] = H[a].
(iii) For every o € QP (M) there is a solution 3 € QP (M) to the equation

AB =a— Hlal. (1.91)

Any two solutions differ by a harmonic function, hence there is a unique solution 8
to (1.91) that is orthogonal to Q7 g (M).

Proof (i) Let a € Q7(M). Then (by the Hodge-de Rham decomposition theorem)
a decomposes uniquely as

a =g+ a5 +ay € QM) D QM) & QL (M)

hence we may define H : Q7 (M) — QP (M) by H[a] := ay. Then a« — H[a] is
orthogonal of %, (M), so that for any 3 € Q4,(M)

0= (a— Hla], 6)L2 = (o, B2 — (H[od, B2 .
Q.ed.

(i) Let{p; : 1 <i <m}bea L? orthonormal basis in Q';I(M). For every o €
QP (M)

m

H[H[al] =) (Hlol, ¢;),. ¢; =

Jj=1

m

> (. o) i @j) = > i g gy =

i=1 L* =1

5

j=1

Q.ed.
(iii) Let « € QP (M) and let 3, 3 € Q7(M) such that

AB=a— H[al, AB =a-— H[a], (1.92)
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hence A(B — ') = 0,1i.e., 3 — (' is aharmonic form. In other words, § and 8’ differ
by a harmonic form. Next, let 5 and 5’ be two forms satisfying (1.92) and in addition
to that both 3 and 3’ are orthogonal to 25, (M). In particular 3 and 3’ are orthogonal
to 8 — (. Then

1B8=B81 =G, B=0)— B, B-0)=0=F=70.

Q.e.d.

The unique solution 3 to (1.91), orthogonal to QZ (M), furnished by (iii) in
Theorem 1.120 is denoted by 3 =: G . Summing up

a=AGa)+ Hla]l, (Ga, V=0, ~ve Q";I(M).

Definition 1.121 G : Q7 (M) — QP (M) is the Green operator. O

Theorem 1.122 (i) H[G a] = 0 for any o € QP (M).
(ii) The operators H and G commute with d, 6, A and *.
(iii) G is self-adjoint, i.e.,

(Ga, ) = (o GH),

forany o, B € QP (M).
@iv) (G a, Oz)L2 > 0 with equality if and only if o is harmonic, i.e.,

(Ga, O‘)U =0 ac QZ(M).
Exercise 1.123 Prove Theorem 1.122. |

1.9.7 Killing Vector Fields

Let (M, g) be a compact_orientable Riemannian manifold, and let X € X(M) be a
tangent vector field. Let Lx : QP (M) — QF(M) be the formal adjoint of £y [the
Lie derivative at the direction X1, i.e.,

(Zxa, B) 2 = (. ZxB),.

for any o, § € QP (M). On the other hand [by (1.86)]

(Zxa. B),, :/Mg*(.SfXa, 5) *1=/ (Zxa) A% =

M
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[as £Lx is a derivation]

Z/M{yx(w*g)_ng(* 9}

Note that o A (3 is a top degree form on M, hence d a A %3 = 0. Then [by Cartan’s
formula &£x = d oix + ix o d and the Stokes theorem]

/3){(0&/\*5):] dixOé/\*ﬂ:O.
M M

Finally*’
(@, ZxB) . = —f anZx(x B) =[ QA (=)D gk B =
M M
= (_1)(n+1)(n—p)+1 / /’l*(a, * Py * 5) %1
M
yielding

Pxf= (=D Py 3. (1.93)
Another useful expression of Zy is got from Cartan’s formula*!
(a, gxﬁ)y = (gxoz, B)LZ = (dixa—i—ixda, B)LZ =
=(ixa, 68), +(do, (X)) B), = (o, (X)) 6B+ 6e(X)B),,

so that .
Zx=e(m)d+de(n) (1.94)

where = X” (or X = n*). It follows that*?

Pra+ Pya= (1.95)

P
= (6n) a+ Zgjk (3X9)kip Qiyoviyy jipriy dX Ao AdX"

p=1

40 Because of

PxxBeQTP(M) S QP (M) S QP(M), sx = (1) Pnte-p g

41 Also e(m) B =nApand (ixa, ﬁ)Lz = (a, e(n) ﬁ)Lz with X = nf.
42 Cf. also (3.7.11) in S.I. Goldberg, op. cit., p. 109.
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Definition 1.124 Let L C X(M) be a Lie subalgebra. A p-form o € Q7 (M) is said
to be L-invariant if Zxya = 0 forevery X € L. O

Definition 1.125 A tangent vector field X € X(M) is a Killing vector field if
gxg =0. O

Let i(M, g) be the Lie algebra of all Killing vector fields (infinitesimal motions)
of (M, g). As a corollary to (1.95).

Theorem 1.126 Let M be a compact orientable Riemannian manifold. The har-
monic forms on M are i\(M, g)-invariant differential forms, i.e., £ xa = 0 for any
a € QF (M) and any Killing vector field X € i(M, g).

1.10 Compact Lie Groups

1.10.1 Grassman Algebra of a Lie Group

Let G be a compact, connected, n-dimensional Lie group, and let g be its Lie algebra.
Let g* be the dual of g. Let Q'(G),;. be the space of all left invariant differential
1-forms on G. For every a € G let j, : g >~ T,(G) be the isomorphism given by
Jja(A) = A,, for every left invariant vector field A € g.

Lemma 1.127 The map
aeg—aeQ(G), aW =qa(j'v), veT,(G), acq,
is Q'(G)1i.-valued, and determines an isomorphism
g~ Q' (G (1.96)

Proof Forany a, b € G the diagram

T,(G) 25 T,,(6)

jb T T jab
g = g

is commutative, where L, : G — G 1is the left translation with a € G. Hence, for
any v € T,(G)

(Lid), v =dw (L) v =a(jy L) v)=aj,' v)=dv,

i.e., & is left invariant. Q.e.d.
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Lemma 1.128 For any o € g* and any A € g the function
aeGr— da(Aa) eR (1.97)

is constant.

Proof Indeed the function (1.97) equals identically a(A) € R. Q.e.d.

By taking into account the isomorphism (1.96) the left invariant differential 1-form
« is often denoted by the same symbol a.

Corollary 1.129 Forany a € g* andany X, Y € g
1
da)(X,Y) = -3 a([X, Y]). (1.98)
Let {X, : 1 <« <n} C gbealinear basis, and let {w* : 1 <a <n} C g*be
the dual basis, i.e., o' (Xj) = 5; The forms « in g* or Q'(G),; are referred*® to
as the Maurer-Cartan forms. As g is a Lie algebra, there exist constants C3,* € R,
uniquely determined by
[X5. X,] = Cp," X
[the structure constants of g with respect to the basis {X,}]. Clearly

4 =—C2 (1.99)

[as the Lie product is skew-symmetric].
Corollary 1.130
1 )
duwt = =2 Cj W’ AW (1.100)

Proof By (1.98)

1 1
(dw*) (X3, X,) = -3 w*([X3, X,1) = -5 Cs,",

1
o (W A7) (X5, X)) = 5 € (W @7 —w” @) (X, X,) =
. 1 i 5[1 60’ (5” 6ﬂ Iy atet
- ECPU{ By T Yy 8} =Chy

yielding (1.100). Q.e.d.
Definition 1.131 The equations (1.100) are called the Maurer-Cartan equations.

43 According to the classical terminology, cf. e.g., S.I. Goldberg, Curvature and Homology (Dover
Publications, Inc., New York, 1982), p. 133.
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The Jacobi identity in g
[Xoo [Xs, X, ]+ [Xo, [X5 Xa]] + [ [Xa, Xs]] =0
yields further relations between the structure constants
ng, Cc: +C?

ap Yo

o 4 [
cj,+Ch,Co, =0.

af Zp T
Pullback by a C' map and exterior differentiation commute, hence for every Maurer-
Cartan form «
Lida=d(L;a)=da,
i.e., if «v is left invariant then so does do. In other words
d[2' (6] c G

For the same reason

[ @Gni]c @ Gn, p=1.

Lemma 1.132 (i) For every p € N and any set of constants

{Amm% eER: 150y, ..., qp <n}

the differential p-form
Ay, WA AW (1.101)

Qg

is left invariant, and (ii) every left invariant p-form may be expressed in the form
(1.101).

Lemma 1.133 (i) The map
w e AP(g%) — @ € QP (G),
(IJ(A;, cees Ap)a :w(Al, cees A,,), Ay, ...,A,eg, aecgG,
is QP (G)1;.-valued and determines an isomorphism

AP (g") ~ Q" (G)i. -

In particular dimg Q7 (G)y;. = (Z)
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(ii) The exterior differential d : QP (G)1;. — QPY(G)y;. induces a R-linear map
d: AP(g*) — APTY(g*) such that the diagram

QP (G5 > QPG
1 4
AP(g) S A ()

is commutative.
Lemma 1.134 Every Lie group is an orientable manifold.

Indeed w! A --- A w" is a top degree nowhere zero form on G.

1.10.2 Invariant Differential Forms

For every X € g we consider the map
ad(X):g—9g, adX)Y:=[X,Y], Yeg.

Clearly ad(X) is a R-linear map.
Lemma 1.135 The map

ad: g — Homg(g), X € g+ ad(X),

is a representation.**

Proof Homp (g) is organized as an algebra with the ordinary commutator of two
linear maps &/, & € Homg(g)

(o, Bl :=doB—Bod.
Then for any X, ¥, Z € g (by the Jacobi identity)
ad(X, Y1) Z =[[X, Y], Z] =—[l¥, Z], X]-[(Z, X1, Y] =
=ad(X)[Y, Z] +ad(Y)[Z, X] = ad(X) cad(Y) Z —ad(Y)ad(X) Z =
= [ad(X), ad(Y)] Z.

Q.ed.

44 That is ad is a morphism of Lie algebras.
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Definition 1.136 ad : ¢ — Homg(g) is called the adjoint representation of g. [

For every X € glet
Zx : QP (G) — QF(G)

be the Lie derivative at the direction X.

Lemma 1.137 For every X € g the Lie derivative £ xw of a left invariant p-form
w is a left invariant p-form, i.e.,

Zx[2 6] c @G

Proof Letw € Q7(G)yj. anda € G.Forany vy, ...,v, € T,(G)letAy, ..., A, €
g such that j,(A,) = Aap = v forany 1 < a < p. Then

[Lo(Zxw)] 1. v) = (Fxw) (Do Lvr . @oLa)vy) =

= (Zxw),, (L)AL b, ..., (dyLa)Ap ) =

[as each A, is left invariant]

= (ng)ab(Al,alh ey Ap,ab) = (wa)(Al, ey A/’)ab =
P
= {X(w(Al, R AP)) — Zw(Al, vy Aa—1, [X, Aa], Agtls 0 s Ap)}ab =
a=1
las w(Ay, ..., Ap) is a constant function on G]
p
= _Zwab(Al,aba ey A()’—l,abv [Xv Aa]ah’ A(Jt-‘rl,aba T Ap,ab) =
=1

(as [X, A,]is a left invariant vector field)

14
= _Zwab((dbLa)vh coos (dpLa)va1, (dpLa)[X, Ao, yLa)vatis -+ 5 (dpLa)vy) =

a=1

= —Z(ij)b(vl, cevy Vael, [X A(,]b, Vadls « -+ v,,) =
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[as w is left invariant, and once again w(Ay, ..., A,) € Rand v, = A, 5]
P
=X(w(AL ..., Ap)), = Y w(Al, ..., At [X, Aa]s Aagls -0 Ap), =
a=1
= (gxw)(Al, A,,)b = (Exw)b(vl, v,,).
Q.ed.
Lemma 1.138

i RS
ngw —ij w .

Proof Leta € G,v € T,(G) and A := j'(v) € g. Then

(&xe), v ={(Zxe) A} =[x @) = (x5, 4] =

a
[as w'(A) € Rand A = w¥(A) X; with w¥(A) € R]
=~ (@) [ (X5 X)) = A Cal = G whw).
Q.ed.
Let us recall Cartan’s formula
Fx=doix+ixod, X eX(G).
l‘.45

Cf. e.g., Lemma 3.5.1 in S.I. Goldberg, op. ci

Corollary 1.139
Pxod=doZLyx.

For every differential form w € Q'(G) we adopt the notation
eW) : QX (G) —» Q"NG), p=0,

ew)B=wApB, [eQ’G).

45 That is formula (3.5.1) in S.I. Goldberg, op. cit., p. 102.
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Lemma 1.140 !
d= 3 ew”) Zx, (1.102)

everywhere on QP (G, p = 0.

Proof We only need to check (1.102) for p = 0 and p = 1. As QU(G);;. ~ R the
equality (1.102) holds trivially (i.e., both sides are identically zero) for p = 0. Next

1
5 €W Zx, w? = [by Lemma 1.138]

1 1
=5 e Cyo W = -3 Co’ W N =d W’

[by (1.100)]. Q.e.d.
Let 8 € Q7(G),;. so that

B = Boya, " A AW,

with B, ..o, € R. Then (as the Lie derivative acts as a derivation on exterior
monomials)

P
ZLxB=Boyay P WA AW A Ly W™ AW A AW =
k=1

p
= By, ..a, E Con™ W Ao AW AWT AW A AW =
k=1

P
Boyag_ipogiray Capy” W™ Ao AW
k=1
hence [by (1.102)]
1
dp = 5 e(w”/) ZLx =

P
1
—— Y P, ... ap
=3 e(w ) E Bo, oy pagsr v, Coy/ W™ A AW
k=1

or
p

> Bayaisposray Capy” W AW™ A AW (1.103)
k=1

1
dB = -
i=3
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Definition 1.141 A differential form g € Q°(G) is said to be g-invariant it L x 3 =
O forevery X € g. O

Corollary 1.142 Every g-invariant form is closed.

Proof Follows from (1.102).

1.10.3 Compact Semi-simple Lie Groups

Definition 1.143 A Lie group is semi-simple if its Killing form
B(X,Y) = —trace{ad(X) ° ad(Y)}, X, Y eg,

is nondegenerate. (]

Let us set
Gop = Cao'/) Cpﬂa .

As the structure constants are skew-symmetric, [gag] is symmetric. It may be shown
that G is semi-simple if and only if the matrix [g(,ﬂ] has rank n. When G is a compact
semi-simple Lie group then [gag] is positive definite.*® The section is devoted to a
few local differential geometric properties of a compact semi-simple Lie group. Let

us set |
[9°7] = [9a5] -

Also, let us set
Caﬁ'y = Gra Caﬁa . (1104)

As a consequence of the Jacobi identity for g [and the resulting identities satisfied
by the structure constants C,37] Cq 3+ is skew-symmetric in any pair of indices.

Let (U, ul, ..., u”) be a local coordinate system on G. Then
0
X, =& -
S ou!

for some [¢! ] : U — GL(n, R). Next, let us set

Rl — é—(zl gfj guﬂ

46 Cf. S.I. Goldberg, op. cit., p. 136.
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so that [/ (a)] is positive definite for any a € U. Let us set
hi=hydi @dul, [h;]:=[n7]",

so that / is a Riemannian metric on G.

Exercise 1.144 Show that (i) / is a globally*’ defined Riemannian metric on G, (ii)
h is completely determined by G, i.e., the definition of # doesn’t depend upon the
choice of linear basis {X,} C g. O

Solution. (i) Let f ={X, : 1 <« < n} be a basis in g. Let (U’, u’i) be another
local coordinate system on G with U N U’ # @. Let us consider the Riemannian
metrics 2(f) and h'(f) [respectively on U and U’]

h(f) =hydu' @du’, h(f)=h;du" ®du",

(] =[] Y =€ g

«a -1 s
[g /}] = [gaﬁ] sy Gap = C(mp Cr)[j .
If ' A
;0 0 ou' 0O ou'
Xo = /l’_’ — = i _ dt[ :I 0 UﬂU/,
S ow’ Ou  Oul Au’ “Now #0 on
then .
. 8”” )
i — Jj
&a oul >
so that ‘
o ou ou'’
nj __ k ¢ af
W= Gk o Gt $09
or '
B gkt % ou'’
Ouk  Out
yielding
Ouk Out
W, =h,y, — _
Y ke ou" ou'’

and then h(f)|,~, = h ()| ny - Qed.

4T The common misunderstanding that / is a but locally defined Riemannian metric (on U) is
perhaps fueled by Sect. 4.3 in S.I. Goldberg’s popular monograph [4.3. Local geometry of a compact
semi-simple Lie group, S.1. Goldberg, op. cit, p. 136].
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(i) Let f = {)A(a : 1 < a < n} C gbe another basis, so that
Xﬁ = ag XQ

for some [ag‘] € GL(n, R). Then
5 0 fi ) fi a ¢
Xﬁ: /7 {HGC (U, R), fﬂzaﬁfa.

Leth ( f ) be the Riemannian metric on G defined by

h(f) = ii[j du' @ du’, [ﬁlj] — [fli_i]*l

A p oA O ALY oA A A

gaﬁ = Com C/)ﬂ B Caﬂ X’y = [Xnm Xﬂ]~

Then 8
a’l ag Cgp’\ = Cup ai
or / |
Cos' =y Co bl [05] =[]

Consequently

gaﬂ = [l; a; ey
or

A0 P 1O O

g =9 bu bp
yielding

R = g gfy gé
or ' = h'/ and then h;j = hy; or h(f) = h(f). Qe.d.

Let us consider the differential 1-forms

{v“ rl<ac< n} c Q' w), v = nlfydui, Ny = g"’aﬁéhij.

Lemma 1.145 . ' o,
g =0 & =0l

Next, let us set
; Onj

ri, = .
Jjk o 814"

=885 [ =[]

(1.105)

(1.106)
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Lemma 1.146 (i) There is a unique globally defined linear connection V on G such
that P

ngak = F;k 8,’, 8j = W

(1.107)

for any local coordinate system (U, u') on G. Moreover (ii) V is completely deter-
mined by G, i.e., the definition of V doesn’t depend upon the choice of basis {X,} C g.

Proof (i) Let (U " u”) be another local coordinate system with U N U’ # @, and
let us set

. . 817/9‘
jze B 1k 17 i i Jj
77,':90 §f3hjk’ ij_gaau/k'
The transformation laws
10 r s
5/,- _ ou iop— 814' Ou
« Qui Y ! ou’ ou* "
yield
e« aur
77, - nr au/]
and then

o' 5u o' ou" Ou’ .
Out ou*ou’  Out Au’ Awk "

/i

Iy=
which is the ordinary transformation law for the coefficients of a linear connection.
Therefore (1.107) determines a globally defined linear connection on G. Q.e.d.

(i) Let X 3 = ag X, be another basis in g. Then

N

~afl _ pa B, pp Fi o i o— b
g —bp bug , 53—@5 o hij = hij,
hence 7% = 57 €5 h ;i becomes

A o P
= by ;-

A . ON% . .
Finally I') = &, 8—u;‘ becomes I}, = T';. Q.e.d.

By & nj = 6; the definition (1.106) may also be written as

0% .

i = =560 -

(1.108)
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Therefore, the torsion tensor field Tj;' = Fj. ,— I ; of the linear connection furnished
by Lemma 1.146 is
o oy

Tyl =€ <W - W)' (1.109)

The equations [X 85 XW] = Cp,” X, may be written in local coordinates as

géa_g’i*_ /%

Oui >V oul Con" Ca-

Let us contract with n,j so that to obtain

9 5.9 _ 4

k€ g = O
Next, contraction with 7] leads to
o€t . OE! ‘ )
Y 2 3 B — 15 @ ¢l
i Dk — M %—77,‘ e Cpy " &, - (1.110)
Consequently [by (1.108) and (1.110)]
i i i agla « agla «
Tjk :ij_rkj:_ﬁuk j ou M =
= Cp, &) . (1.111)

Equation (1.111) implies.
Lemma 1.147 Tjie := hj, Tjki is skew-symmetric in each pair of indices.

Corollary 1.148 (i) The metric tensor h is parallel with respect to the linear
connection V, i.e., Vh = Q.

(ii) In particular, the connection coefficients I' ; « and the Christoffel symbols { jlk }

[of the Riemannian manifold (G, h)] are related by

rio=|! 1T" 1.112
(iii) Consequently
iy 1 on o
Uil =26 (G + 50 (L11)
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. g 9 .
Proof (i) Let us contract with 77? inTy =¢, 8—] so that to obtain
’ u
g
877/‘ _ B
Auk KON

Let us take the partial derivative of
B
hij = n; M Gap

with respect to u* so that to obtain

ouk

Ohij (377? 5 4o on)] ) _
Jof Ouk "y Auk) —

[by (1.114)]
- gaﬁ[n? e T +nf ) ka} -
[by gas 77;3 = & hj, a consequence of the very definition of 77}3 ]
= & hjs 1y Ui + 0 €, hes Ty

that is [by (1.105)]

Ohij
07%1 =hjTf +he TG

Next, we compute the covariant derivative of & with respect to V, i.e.,

Ouk

(Va.h)(0:, 0;) = — T4 hej — r‘llfj hie =

[by (1.115)]

79

(1.114)

(1.115)

= hje (ka - Flfi) + hie (rfk - F;;-) =hj Ti" +hio Tie" = Ty + Tjri =0

[by the skew-symmetry of 7;;;]. We may conclude that Vi = 0. Q.e.d.
(i) AsVh =0

Oh;;
8u’i = Flfi héj + Flfj hie,
Oh ik
8—14]" = Ffj ho +T5 hjo,
Ohyi

_1¢ . 14
oul - ijhm +Fji hkév
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hence [by adding the first two equations, and subtracting the third]
2{ki, j} = hy (F,fi + ka) + hie T* + he T

or
2{ki, j} =2h;e Ui + Tuij + Tiji + Tijk

where {i Js k} are the Christoffel symbols of the first kind, i.e.,

ou’ ou! Ouk

{ij, k} _ %(8%1,-/( Oh ji 8h,vj)‘

Moreover [by the skew-symmetry of 7]
2{ki, j} =2h; Tf + Tip
and contraction with 47/* leads to

SV _prs 4 Lo
[ki}_r”‘JrzT’”

which is (1.112). Q.e.d.

(iii) By statement (ii) in Corollary 1.148

i i L
Uil =T 3T

[by the very definition of F; « together with (1.109)]

o ,0n¢ a
=56 G+ 55,

Q.ed.

Corollary 1.149 The elements of the Lie algebra g of a compact semi-simple Lie
group G are infinitesimal isometries of (G, h), i.e., g C (G, h).

Proof The covariant derivative of the differential 1-form v® with respect to the
Levi-Civita connection V" of (G, h) is

, hoa , i ,
777||k = (Vakva) 9= 77?|k - {kj }777’

_%  Lecio
Oul
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Then [by (1.113) and &, nf* = 5]

, L (5 3 1
77?\|k:77?|k_§£;i (Wj\k"‘??k\j)nia: 5(77?|k_771?|j)

or [as (1. 109)1mphes771 k _77”,( nflj]

1 .
7I?W< =3 ni Tk
Let us contract with ££ so that to obtain

¢t lT-f (1.116)
M = 5 Lk - :

The covariant derivative of a tangent vector field X = X 1 0; € X(U) with respect to
Vhis .
i k l
X'y = (V5,X)0: = [X i+ X {jk”@'-

As &l ) =6
o« oo ol
&a Nine =~ 5a|\k

hence (1.116) becomes

a ¢l _ 7.t
- allk = 5 Lk

and contraction with §é leads to

1 .
5ff|u< = E% Ti;" . (1.117)

AsV'"h =0
(Zxh)(Y, Z) = h(VyX, Z) + h(Y, V) X)

forany X, Y, Z € X(G). Then
(Lx,h) @5, 0 = ha &G +hje &y =
[by (1.117) and the skew-symmetry of T; ;]
L ¢ ¢ Lei
- 55‘3 {Tji hoe + Ti; hjz} =3 s {Tjik + Tkij} =0,

that is X 3 is a Killing vector field on (G, h). Q.e.d.
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1.10.4 Harmonic Forms on Compact Semi-simple Lie Groups

Let G be a compact semi-simple Lie group.
Theorem 1.150 Let o € QP(G) be a g-invariant differential form. Then

(i) da is g-invariant.
(ii) * « is g-invariant.
(iii) If « = d then (3 is g-invariant.

Proof (i) Let X € g hence (by hypothesis) £xa = 0. Then
Pxda=dZLa=0,

i.e., da is g-invariant. Q.e.d.

(ii) By (1.95) for every X € X(G)

Zxa+ZLya=6n) a+

P
Jk i i
+Zh (3}( h)ki, Qi iy yioi du' A ANdu'’

r=1
where n = X°. If X € g C i(G, h) the previous formula simplifies accordingly, i.e.,

On) a=Zya=(—D)"7"1 w Zy xa.
Finally, we need to recall*® that X is an infinitesimal conformal transformation [i.e.,
Zxh = \h for some A € C*®°(G)] if and only if § X” = 0. Consequently * Zx *
a = 0, and hence Ly * a = 0 (as * is an isomorphism). Q.e.d.

(iii) Let o € Q7(G) be an arbitrary p-form on G. Then (by the Hodge-de Rham
decomposition theorem)

a=ay+a; + Hlol € Q5(G) & Q2(G) @ 24,(G)

hence
ag +as =a— H[a] = A(Ga)

where G : Q7(G) — Q(G) is the Green operator. Summing up, we have obtained the
following (tautologous yet useful) identity*’ (for the Hodge-de Rham decomposition
of a)

48 Cf. S.I. Goldberg, op. cit., p. 107.
49 Certainly holding true should one replace G by any compact orientable Riemannian manifold.
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a=A(Ga)+ Hla],
a=déGa+ddGa+ Hlal.

Letus assume that o« = d/3 forsome 3 € Q7~1(G). Thendd G o = 0and H[o] = 0,

so that
a=diGa.
Let us recall that 6 = (—1)"?T"*+! % d «, hence
a=d xd~, (1.118)
= (_1)np+n+1 £ Ga.
Next [as « is g-invariant, and by (1.118)] forany X € g
0=%Lxa=%Lx(d xdy)=dZx xdy=—d x Lxdy=
[by Zx = —Py for any X € g C i(G, h)]
=dx Lxdy=—-dxdLx~

or
d*dPFx~y=0. (1.119)

Then [as ZLx yisa (n — p 4+ 1)-form]
§d Ly~ = (=) Ptnt g 5 (d Fxy) =0
[by using (1.119) at the last step] or
§d Ly =0. (1.120)
Next [by (1.120)]
0=(5dZLx7, Zx7) . = 1dZxr| = dZxv=0

so that

implying that d+y is g-invariant. Therefore [by statement (ii) in Theorem 1.150] *d v
is g-invariant. Finally

a:d(* d’y):dﬂ

so that 3 is cohomologous to a g-invariant form. Q.e.d.
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Theorem 1.151 On any compact semi-simple Lie group G a differential form is
harmonic if and only if it is g-invariant.

Proof By Theorem 1.126 every harmonic form « € QZ (G) isi(G, h)-invariant. On
the other hand i(G, h) D g, hence every harmonic form is g-invariant.

Viceversa, let 3 be a g-invariant p-form on G. Any g-invariant form is closed, so
that d3 = 0. We claim that 3 is also coclosed, so it is harmonic. Indeed

6B=(_1)np+n+l * d * 52

las d = (1/2) e(w®) Zx,]

1 1
— 5 (_1)np+n+l % E(wa) an * ﬁ: 5(_1)np+n+l % 6(Wu) * *—13}(0 * ﬁ:

[asix = (—1)™*" % €(n) * on QP(G) withn = X¥, and (w“)* = X.l
L * 1 Py x B=
= > ix, X =

[asgxn*z*gxa]
1
=—7ixZx. =0

(as B is g-invariant). Q.e.d.

As a corollary of the proof

|
62—5 ;lxﬂogx“

showing that § is an anti-derivation in A‘(g*). Consequently

Corollary 1.152 On any compact semi-simple Lie group the exterior product of two
harmonic forms is harmonic.

Let us denote by Q‘g (G) the space of all g-invariant p-forms on G. The statement
in Theorem 1.151 is briefly that

QF(G) = Q4 (G)

for any compact semi-simple Lie group G.

Theorem 1.153 The first and second Betti numbers of a compact semi-simple Lie
group vanish.
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Proof Let 3 € Q%(G) be a harmonic p-form. By Theorem 1.151 the form {3 is
g-invariant

B = Baya, W' A AW, Baa, €R,

and hence closed, i.e.,

1< X
0=db= 2 rz—; Boy o,y pogyr o Co,of W AWM A= AW
yielding
p
Z Bulma,-,l POt] o C(x,- aﬂ =0. (1121)

r=1
Let p =1,ie.,let = B, w* € Q}i(G). Then [by (1.121)]
B, Coa” =0.
Let us contract with C,** [which is g*” C,,*'] and observe ’that
0= B, Cy." C,*" = —B,,

ie.,3=0.
Next let p = 2, i.e., let

a=Agw AW’ e Qy(G) = Q2 (G)

so that [by da = 0]
A3 Coyf + Ay, Cpy =0. (1.122)

By cyclic permutation of the indices « — § — v — «ain (1.122) we obtain another
two identities of the sort

A/)’)’ Cﬁtkp + Aﬁ/) C’yap =0,
Apa Cyp” + Aqp Cop” = 0.
Adding the three resulting relations leads to

2A,3Co"+2A,,C3,  +2A,,Cs," =0

501
ndeed
Calap Cﬂ,(’ml — Culap C’Wul — C’W(” Coq Go gaslf gap —

B
= _Cﬂ/aal Corop 9" 977 = =Cya™ Cay 0" 97" = —Gyo g’ = _5:/ .
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or [by using (1.122) once more]
A,y Cg” =0.

Finally, contraction with C,*” gives®! A,, =0, i.e., a = 0. Q.e.d.
If one sets as customary b,(G) = dimg HJy (G) (the Betti numbers of G) then
the brief statement of Theorem 1.153 is

b1(G) =0, b(G) =0,

for any compact semi-simple Lie group G. The proof of Theorem 1.153 relied on the
classical result that the pth Betti number b,(M) of a compact orientable manifold
equals? the maximum number of linearly independent harmonic forms.

Theorem 1.154 Let G be a compact n-dimensional Lie group> such that
b,(G) = <Z) for any 0 < p < n. Then the Euler characteristic of G is zero,

ie, x(G) =0.
Proof Indeed

x@ﬂ=§}4vmﬂh=§]—w1g)=o
p=0 p=0
Q.ed.

The rather strong assumption in Theorem 1.154 is realized in the abelian case.
Precisely

Theorem 1.155 Let G be a n-dimensional compact, connected, abelian Lie group.
Then

bp@=("). 0o=p=n.

Proof As G is abelian, so does its Lie algebra g. Hence the structure constants vanish
0 = [Xa’ Xﬂ] = Caﬁw X'\/ — Caﬂﬂf = O

If X, =& 0/0u’ we endow G with the Riemannian metric h given by

Wi =Yg ¢l. (1.123)
a=1

S1Cf. the calculation in the previous footnote.
32 Cf. e.g., S.I. Goldberg, op. cit., Appendix C.
53 Not necessarily semi-simple.
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Note that
ZLx,w" =Cyp" W =0

so that w® € Qé(G). Then (by the proof of Theorem 1.151) w® is a harmonic 1-
form with respect to the metric 4 [defined by (1.123)]. Yet & is a derivation,
hence Zxa = 0 for any X € g and any left invariant form o € QP (G),;, yielding
b, (G) = dimg A”(g*). Q.e.d.

1.11 Curvature and Fundamental Groups

Let I be a finitely generated group, and let {g;, ..., g,} C I' be a system of genera-
tors of I". For every positive integer s € N let y(s) be the number>* of distinct group
elements that can be expressed as words of length < s in the generators {g;, ..., g,}
and their inverses.

Definition 1.156 The function v : N — N is called the growth function associated
to I' and the system of generators {g;, ..., gp). (]

The inequality v(s + ) < y(s) v(¢) implies an exponential upper bound on the
growth function, i.e., y(s) < v(1)°.

Exercise 1.157 Show that the limit lim,_, o y(s)'/* exists and is finite.

Solution. For every fixed ¢, let us set> k := [s/t] + 1. Then
Y(s) < ykt) < @) <4 (' = limsupy(s)'/* < 4!

and hence
limsupy(s)"/* < inf {v(1)"/"} < liminf ~v(s)".
Q.ed. [l

The following lemma shows to what extent the asymptotic behavior of v(s) as
s — oo is independent of the choice of generators.

Lemma 1.158 Let A ={g\, ..., gp} and B = {hy, ..., h,} be two different gen-
erator systems for the same finitely generated group T'. Let v4 and ~yp be the
corresponding growth functions. Then

rYB(t) S’YA(kAt), ,YA(S)S’YB(](BS)’ t, SGN, (1124)

for some constants ks, kg € N.

54 For instance, if T is a free abelian group of rank 2 with generators {x, y} then y(s) = 2s% +
2s + 1.

3 If a € R then [a] denotes the integer part of a.
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Proof For sufficiently large k4, every h; € B can be written as a word of length
< k4 in the generators A U A~!. Hence () < vp (kA t). Q.e.d.

Definition 1.159 T has exponential growth if lim,_, o v(s)'/* > 1. O

Let M be a Riemannian manifold and let 7; (M) be the fundamental group of M.
Classical results by Milnor (cf. [Mil]) study the behavior of the growth function of
a finitely generated subgroup I' C 7 (M).

Theorem 1.160 Let M be a complete n-dimensional Riemannian manifold whose
Ricci curvature tensor is positive semi-definite. Then the growth function vy of every
finitely generated subgroup I C (M) satisfies

y(s) < Cs" (1.125)

for some constant C > 0 depending on the system of gemerators entering the
definition of .

Theorem 1.161 Let M be a compact Riemannian manifold, of negative sectional
curvature. Then the growth of the fundamental group 7, (M) is at least exponential,
ie.,

V() = a’

for some constant a > 1.

Cf. Theorems 1 and 2 in [Mil], p. 1. Theorems 1.160 and 1.161 should be paralleled
with the classical results by Myers® (cf. [Mye]), Preissmann®”’ (cf. [Pre]), and to the
Hadamard-Cartan theorem.”®

Proof of Theorem 1.160 Let M be the universal covering space of M and let xo € M
be a base point. Let V(r) := vol [B (xo)] be the volume of the closed ball of center

xo and radius r in (M d) where d = dj is the distance function associated to

the Riemannian metric § on M (the pullback of the Riemannian metric g on M).
By a classical result of Bishop (cf. [Bis]) if the Ricci curvature is non-negative
Ricz(X, X) > O then

V(i) <w,r" (1.126)

where wj, is the volume of the unit ball in the Euclidean space R”". Let us identify the
fundamental group 7, (M) to the group of all covering transformations of M over
M. LetI' C (M) be a finitely generated subgroup, and let gy, ..., g, : M—>M
be a finite generator system of I'. Let us set

S0 If M is a compact Riemannian manifold whose Ricci tensor is positive definite then 71 (M) is
finite.

STIfMisa compact Riemannian manifold of sectional curvature < 0 then every abelian subgroup
of m1 (M) is cyclic.

SBIfMisa complete Riemannian manifold of sectional curvature < 0 then 7; (M) = 0 for every
i>2.
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po=max {d(x0, i) 1 1 =i = pl

Let us observe that the ball EW (xo) contains at least y(s) distinct points of the set
{g(xo) T gEem (M)}. For sufficiently small € > 0

Be(x0) N g[Be(x0)] =@, g € m(M)\ {id}.

Then B,,,(xo) contains at least v(s) disjoint sets of the family {g[B.(x0)] : g €
71 (M)}, thus yielding
() V(e) < V(s +6). (1.127)

Finally [by (1.126)—(1.127)]

v(s) <cs", s=>1, cr=%-
Q.ed.

Proof of Theorem 1.161 Let —a? < 0 be an upper bound on the sectional curvature
of M. By aresult of Giinter (cf. [Gun])

r inh n—1
V(r)znw,,/ (Sm ax) dx. (1.128)
0

«

The number in the right-hand side of the inequality (1.128) is the volume of a ball
of radius r in a space form of negative sectional curvature, and asymptotically

r inh n—1
w,,/ <sm ax> dx ~2cexp(Ar), r — 00,
0 «Q

nwy

Cizm, /\=(n—1)a

Consequently
V(r) > c exp(Ar) (1.129)

for sufficiently large r. Let 6 be the diameter of M. Let I : M — M be the projection.
Then H[B(; (xo)] = M. Therefore, the family

{9 Bs(xo) : g € m(M)}
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is a locally finite® covering of M. Let

= {g e m(M) : Bs(xo) N g Bs(xo) # B}
Also, let
v := min [d(g Bs(x0), By(x0)) : g € m(M)\ F} >

‘We need

Lemma 1.162 Let B := E(g(xo). Ifd(xo, g B) < vt+ 0 forsomet €N, then there
exist fi, ..., fy € F suchthatg = fi--- f;.

Cf. Lemma 2 in [Mil], p. 3. To prove Lemma 1.162, let y € g B such that
d(xo, y) <vt+46

and let y;, y», -+, y;+1 = y be points on the minimizing geodesic /3 that joins x
and y. Then

d(xo, y1) <6, d(yi, yi1) > v,

and
yieh;B, 1<ic<t,

for some h; € m (M), with h; = 1 and k1 = g. Let us set f; := h; 'h;;1, so that
fifa oo fi=g. As

hi'yie B, by € fiB, d(hi'yi b7 yi) <,
it follows® that f; € F. Q.e.d.

In particular F is a system of generators of 7, (M). Let v be the growth function
of 71 (M), defined by using F as a set of generators. By Lemma 1.162 the family

{fifo. . fiB: fieF, 1<i=<t] (1.130)

is a cover of the interior of B, 1+6(x0). The family (1.138) has cardinality vyg(¢),
hence
Ye() V(0) > V(v +)9). (1.131)

39 Otherwise, for some r > 0 the (compact) neighborhood B, (xo) would intersect infinitely many
of the sets g Bg (x0), and hence B,+,)+F(x0) would contain infinitely many disjoint sets g B¢(xp),
each of which having volume V (¢) > 0, in contradiction with V(r + 0 + ¢) < oo.

0 By the very definitions of v and F.
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By Lemma 1.158 there is k € N such that y(kt) > vyr(¢) or

v = ([]) 5=k (1.132)

By (1.129) and (1.131)(1.132)
Y(s) = 1 exp (A s)

A0 —
2l G(Chal?) BRI
V() k

for sufficiently large s. As y(s) > 1foranys € N, thereisa > 1such thaty(s) > a°
for every s. Q.e.d.

1.12 Kanai Graphs

The exposition in this section relies on work by M. Kanai,®' P. Soardi,®?> and P.
Soardi and M. Yamasaki.®® The notion of a rough isometry is however implicit in the
work by M. Gromov®* while Kanai’s approach to the discretization, or combinatorial
approximation, of Riemannian manifolds was suggested by J. Milnor®, who also
provided examples of pairs of Riemannian manifolds that are roughly isometric to
each other.

1.12.1 Quasi-isometries, Pseudo-isometries, and Rough
Isometries

Let M and N be two n-dimensional Riemannian manifolds, equipped with the
Riemannian metrics g and 4.

Definition 1.163 A C* diffeomorphism ¢ : M — N is a quasi-isometry if there is
a constant ¢ > 1 such that

61 Cf. M. Kanai, Rough isometries, and combinatorial approximations of geometries of non-compact
manifolds. J. Math. Soc. Japan 37(3), 391-413 (1985); Rough isometries and the parabolicity of
Riemannian manifolds. J. Math. Soc. Japan 38(2), 227-238 (1986).

62 Cf. P. Soardi, Rough isometries and Dirichlet finite harmonic functions on graphs. Proc. Amer.
Math. Soc. 119(4), 1239-1248 (1993).

63 Cf. P. Soardi, M. Yamasaki, Parabolic index and rough isometries. Hiroshima Math. J. 23,333-342
(1993).

% M. Gromov, Hyperbolic Manifolds, Groups, and Actions. Annals of Mathematics Studies 97
(Princeton University Press, Princeton, 1981).

65 Cf. J. Milnor, A note on curvature and fundamental group. J. Diff. Geom. 2, 1-7 (1968).
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a™' ge (v, V2 < by ((ded)v, (ded))'? < a g, v)'7? (1.133)

forany v € T, (M) and any x € M. If there is a quasi-isometry ¢ : M — N then M
and N are quasi-isometric Riemannian manifolds. ([

Definition 1.164 A continuous map ¢ : M — N is a pseudo-isometry if there exist
constants a > 1 and b > 0 such that

a”'dy(x, y) — b < dy(¢(x), () < ady(x, y) (1.134)
forany x, y € M. O

Here d,; denotes the distance function on M associated to the Riemannian metric
g. Pseudo-isometries were introduced by G.D. Mostow®® as a tool for studying dis-
continuous subgroups of semi-simple Lie groups. Every quasi-isometry is a pseudo-
isometry. The converse is false, as the relation associated to (1.133) is an equivalence
relation, while the relation associated to (1.134) is not. Indeed examples of complete
Riemannian manifolds M and N exist such that there is a pseudo-isometry M — N
while there is no isometry N — M, i.e., the relation associated to (1.134) is not
symmetric.

Let M be a metric space, equipped with the distance function d : M x M —
[0, +00). For every x € M let B,(x) C M be the metric ball of center x and radius
r > 0.1If § C M is a subset then B, (S) denotes r-neighborhood of S, i.e., B,(S) =
{x eM :dix, S < r}.

Definition 1.165 Let e > 0. A subset S C M is e-full if M = B.(S). Also S is full
if it is e-full for some € > 0. (]

Definition 1.166 Let M and N be two metric spaces, with the distance functions d
and p, respectively. A map®’ ¢ : M — N is said to be a rough isometry if

(i) The set (M) is full in N,
(ii) There exist constants @ > 1 and b > 0 such that

a'd(x, y) —b < p(6(x), $(y)) <ad(x, y)+b (1.135)
forany x, y € M. (]

The requirement (1.135) is weaker than (1.134), and of course weaker than (1.133).
The notion is essentially due to M. Gromov® and the relation associated to (1.135)
is that of coarse equivalence.

66 Cf. G.D. Mostow, Strong Rigidity of Locally Symmetric Spaces. Annals of Mathematics Studies,
78 (Princeton University Press, Princeton, 1973).

67 Not necessarily continuous.
8 Cf. M. Gromov, op. cit., pp. 183-213.
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Every quasi-isometry (respectively pseudo-isometry) with a full image is a rough
isometry. Composition of two rough isometries is a rough isometry.

Lemma 1.167 For every rough isometry ¢ : M — N, there is a rough isometry
¢~ : N - M such that

X €Mr—d(¢” o¢(x), x) €[0, +00), y e N> p(¢po¢d™(y), y) €[0, +00),
(1.136)

are bounded functions.

Proof By definition the image of ¢ is full in N, i.e., there is € > O such that
BF[(b(M)] = N.Let y € N be an arbitrary point. Then

€ > p(y, ¢(M)) = inf {p(y, Pp(x)) : x € M} = glb. of {p(y, p(x)) : x € M} -

= ¢ isnotalb. = 3JIx. € M suchthat ¢ > p(y, gb(x()).
Let A(y) C M be the subset consisting of all x € M such that p(y, ¢(x)) < €. Then
Xx. € A(y) so that A(y) # (. For every y € N, let us pick up exactly one x € A(y)

and set®® by definition ¢~ (y) := x. To end the proof of Lemma1.167 we should
check (1.136). For instance, let us show that the set

B ={d(67[6(0)]. ) €10, +00) : x € M|

is bounded. For every x € M, letus set y := ¢(x) € N. By the very definition of ¢~
one has ¢~ (y) € A(y) hence

p(y, o[~ (M]) < e

[where € > 0 was previously chosen such that B, [¢(M )] = NJ]. Then (as ¢ is arough
isometry)

e > p(y, d[o~(M]) = p(¢(x), ¢[d~(W)]) = ad(x, ¢~ () — b=
= b+e> dg(x, ¢_(y)) = d(x, qb_[(b(x)]).

Q.e.d.
Definition 1.168 A rough isometry ¢~ : N — M such as furnished by
Lemma1.167 is called a rough inverse of ¢. ]

Definition 1.169 Two metric spaces M and N are roughly isometric if there is a
rough isometry ¢ : M — N. (]

% A construction clearly not independent from the axiom of choice.
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The relation in Definition 1.169 is an equivalence relation. This is one of the
advantages of weakening the requirement (1.134) to the requirement (1.135).

Any two metric spaces of finite diameter are roughly isometric. In particular,
the information that two metric spaces are roughly isometric is only interesting in
the non-compact case. Rough isometries “neglect” compact factors: for any roughly
isometric metric spaces M and N, and any compact metric space K, M is roughly
isometricto N x K.

The work by Milnor (cf. [Mil]) is thought of (by Kanai [Kan1]) as motivational””
for the discrete, or combinatorial, approach to Riemannian geometry. Let I" be a
finitely generated group, and let A C I" be a finite system of generators. For any
element x € I' \ {1} let |[x|4 € N be the smallest positive integer k such that x is a
product of k elements of A U A7 de.,

|x|A=min{keN c3ay, ..., a € AUA"" such that x=a1-~-ak}.

Here A= :={a™' : a € A}. Also we set 1|4 :=0.

Definition 1.170 The function | - |4 : ' — Z, is the word norm of I" with respect
to the system of generators A. (]

Lemma 1.171 Foranyx, y € I’

Q) |x|]a =0and |x|p =0 x =1,
(i) |x ' = |x]a,
(i) [x yla < |x[a + [y]a.

Also

(iv) The word norms corresponding to two systems of generators A and B are
equivalent, i.e., there is a constant a > 1 such that

p lxla < Ix|p < Ix[a, x€T.

The proof is straightforward. The word norm is of course formally related to the
growth function v = 4 : I' — N. Indeed, let us set

E(s) := {xeF : |x|A§s}, s € N.

Then y(s) = #[E(s)].

70 Examples of pairs of Riemannian manifolds that are but roughly isometric to each other, are
furnished in [Mil].
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Lemma 1.172 Let M be a complete Riemannian manifold, and let T" be a finitely
generated group acting freely on M as a properly discontinuous group of isometries
of M such that M/ T" is compact. Let o € M be a fixed point, and let us set

lxll =d(o, x0), x€T.

Then forany x, y € T’

() |Ix|l = 0 and x| =0 & x = 1,
@) [lx=1 = llxll,
@) flxyll < llxll + Nyl

The proof is straightforward. By a result of Milnor (cf. [Mil]) under the
assumptions of Lemma 1.172 there exist constants @ > 1 and b > 0 such that

1
—|xla—=b <|xll <alxla, xel. (1.137)
a

Next, let us set

Salx, y):=|x""y|,, x,yeTl.

Lemma 1.173 (i) 6,4 is a left invariant metric on T,
(ii) The map
p:I' > M, px)=x0, xeT

is a rough isometry of (I, §4) into (M, d) and

1
- 0alx, y)—b < d(<p(x), <p(y)) <adslx,y), x,yel.

In particular, as being roughly isometric is an equivalence relation, if I" is a discrete
group acting freely as a properly discontinuous group of isometries on the complete
Riemannian manifolds M and N such that the quotients M/ " and N/ I" are compact,
then M is roughly isometric to N. Once again as a consequence of (1.137), J. Milnor
has shown (cf. [Mil]) that the volume growth rate of M is dominated by that of I",
i.e., there are constants @’ > 1, " > 0 and ¢ > 1 such that

% . jj{x €T : [xly < %—b/} <vol[B ()] < ¢ - ti{x €T : |xly ga’r+b/}.
(1.138)
The inequalities (1.138) offer a clear indication that the geometry of the Riemannian
manifold M may be approximated by the combinatorial geometry of the discrete
group I'. The merit of the work by Kanai (cf. [Kanl,Kan2]) is to show that the
geometric properties of M (such as the volume growth rate of M, or the valid-
ity of an isoperimetric inequality on M) are mapped to N by any rough isometry
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¢ : M — N. As rough isometries aren’t assumed to be continuous maps, the local
geometry of M will not be mapped to that of N, in general. To compensate for
that, one confines oneself to n-dimensional Riemannian manifolds M obeying to the
following condition.

Fundamental Assumption. (i) The Ricci curvature of M is bounded from below by
a constant

Ric(X, X) > —(n — ) K>, X € X(M), (1.139)
with K > 0, and (ii) the injectivity radius of M is positive

inj(M) > 0. (1.140)

As well known,”! on every complete Riemannian manifold M satisfying the

fundamental assumption (1.139)—(1.140)
vol [B,(p) < V(r), (1.141)
area [0 B,(p)] < A(r), (1.142)
for any p € M and any r > 0. Also, the function

r s 0 WB@)] (1.143)
V(r)

is monotone non-increasing for any p € M, and
I
vol [B,(p)] = Vor", peM, re (0, 5mJ(M)] CR, (1.144)

Here V (r) is the volume of a geodesic ball in the simply connected complete n-
dimensional Riemannian manifold of constant sectional curvature —K 2, and A(r)
is the “area” of the corresponding geodesic sphere. Also V) is a constant depending
only on the dimension n and inj(M) denotes the injectivity radius of M.

1.12.2 Nets in Riemannian Geometry

M. Kanai’s results on the invariance under rough isometries of (certain) geometric
properties of a Riemannian manifold rely (cf. [Kan1,Kan2]) on the approximation
of said Riemannian manifold by a combinatorial structure called a net. J. Milnor’s

71 The inequalities (1.141)—(1.142) and the monotonicity of the function (1.143) follow from com-
parison theorems in Riemannian geometry, solely under the assumption that the Ricci curvature is
bounded from below. The inequality (1.144) is a result by Croke [Cro].
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work shows (cf. [Mil]) that the orbit I" 0 of the action of I" on M is a net in the sense
of Definitions 1.174 and 1.176 below, for every Riemannian manifold M obeying
to the fundamental assumptions (1.139)—(1.140) above, and by stating (1.138) we
emphasized that the geometry of the discrete group is indeed intimately tied to that
of the Riemannian manifold M. As it will be shown shortly, a net in a complete
Riemannian manifold has a canonical combinatorial metric, corresponding to the
word metric in the case of a finitely generated group. Also a net in a complete
Riemannian manifold with Ricci curvature bounded from below will obey to (1.137),
and hence the net will appear to be roughly isometric to the manifold.

1.12.2.1 Net Structures, Nets, Combinatorial Metrics

Let P be a countable set.

Definition 1.174 A family N = {N(p) : p € P} of parts N(p) of P is called a net
structure on P if

(i) N(p) is a finite subset of P,
(ii) Forany p, g € P
g€ N(p) < peN(@).

O

Definition 1.175 Let N = {N(p) : p € P} be a net structure on P. Every point
q € N(p) is called a neighbor of p. (I

Definition 1.176 A pair (P, N) consisting of a countable set P and a net structure
N of P is called a net. (]

Every net is a locally finite countable graph.

Definition 1.177 Let (P, N) be a net, and let {p; : 0 < j < £} be a system of
pointsin P. Then p = (po, ..., p¢) is called a path from pq to p if p; € N(p;—1)
for any 1 < j < £. The number £(p) := £ € Z, is the length of the path p. (I

Definition 1.178 A net (P, N) is connected if for any p, g € P there is a path
p=(po. .... pe) from py = pto p; =q. 0

Let Qp(p, g) be the set of all paths in the net { P, N} connecting p to g.

Definition 1.179 Let (P, N) be a connected net, the distance function

6(p. @) =min {£(p) : p € Qp(p. q)}

is the combinatorial metric of the net (P, N). O

Let #(A) denote the cardinality of the set A.
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Definition 1.180 A net (P, N) is uniform if sup {#[N(p)] : p€ P} <oo. O

Lemma 1.181 (i) Let (P, N) be a uniform, connected net. Then there is A > 1 such
that

i{pep:op s =rf=xus

for any r > 0 and any finite subset S C P.

(ii) Let P and Q be two connected nets, with P uniform, and let p : P — Q be
a rough isometry with respect to the combinatorial metrics of P and Q. Then there
is i > 0 such that

2(9) < ptfeS)]

for any finite subset S C P.

1.12.2.2 Nets on Riemannian Manifolds

Let (M, g) be a complete Riemannian manifold, and let d = d,, be the distance
function on M springing from the given Riemannian metric g.

Definition 1.182 Let P C M be a subset and € > 0 a positive number. The set P is
a said to be e-separated if

d(p, q) =z €
for any pair of distinct points p, g € M, p # q. |

Definition 1.183 Let P C M be an e-separated set. P is said to be maximal if it is
maximal with respect to inclusion, i.e., for every e-separated set Q C M,if P C Q
then P = Q. O

Exercise 1.184 Show that any maximal e-separated subset P C M is e-full
in M. O

Solution. We must show that B.(P) = M. We argue by contradiction, i.e., let us
assumethat M \ B.(P) # @,andletxy € M \ B.(P).Thenxy ¢ B.(P) = {x eM :
dx, P) < e} hence

€ <d(xo, P)=inf{d(xo, x) : x € P}
so that xo ¢ P and d(xg, x) > € for every x € P. This observation, together with

the fact that P is e separated, implies that Q := P U {xg} is e-separated, and Q O P
(strict inclusion), in contradiction with the maximality of P. Q.e.d.
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Let (M, g) be acomplete Riemannian manifold, and let d be the distance function
on M associated with g. Let e > 0 and let P C M be a maximal e-separated subset.
For every p € P letus set

N(p):={qeP : 0<d(p,q) <2¢}, N:={N(p): peP}. (1.145)

Exercise 1.185 Show that N is a net structure of P. O

Exercise 1.186 Let P C M be a maximal e-separated subset of a complete Rieman-
nian manifold M. Let N be the net structure of P given by (1.145). Show that the
net (P, N) is connected provided that M is connected. O

Definition 1.187 A maximal e-separated subset P C M of a complete Riemannian
manifold, together with the net structure given by (1.145), is called an e-net in M. [

Lemma 1.188 Let M be a complete n-dimensional Riemannian manifold with Ricci
curvature bounded by below, i.e.,

Ric(X, X) > —(n — DK?

forsome K > 0and any X € X(M). Let P C M be an e-separated set. Then for any
r > 0andany x € M thereisv = v(n, K, €, r) > 0 such that

ﬁ{peP:xeBr(p)}fu.

In particular, every e-net in a complete Riemannian manifold with Ricci curvature
bounded from below is uniform.

Cf. Lemma 2.3 in [Kanl], p. 397.

Proof of Lemma 1.188 Letr > 0 and x € M and let us set
P, = {p eP :xe Br(p)}.

Note that
B j2(p) C Bryej2(x) C Boryepa(p) (1.146)

forany p € P,.Indeed, lety € B.,»(p) sothatd(p, y) <e€/2.Yetp e P, = x €
B,(p) = d(p, x) < r and hence

€
dx,y) <dx, p)+d(p,y) <r+ > =y € By p(p),

ie., Bp(p) C Bryepp(x). Qee.d. Similarly, let y € B, /2(x) so that
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€
y e Br+e/2(x) = dx,y)<r+ 5»

€
d(p, y) <d(p, x)+d(x,y) <r+r+ 3 =y € Byye2(p)

yielding B, ¢/2(x) C Byr1¢2(p). Q.e.d. Next, let us observe that

€
v —
vol[Bej2(p)] = L)e vol[ Bar4e2(p)] - (1.147)
V(Zr + 5)

To check (1.147) let us consider the function

vol [B,(x)]

f:Mx (O, +o0) > R, f(x,r)= Vi

Asr; <r,=— f(x, r1) > f(x, rp) it follows that

€ _, +6=>f( €>>f( 5 +6)
€. € 4 4
2 =TS pr5)=T\P Ty

which is (1.147). Moreover, let us observe that the family

{Be/z(P) D€ P}

consists of mutually disjoint balls. We argue by contradiction. If there are p;, p, € P
such that P1 ;ﬁ 12 and BE/z(p]) N Bg/z(pz) ;é Q’, let y e Be/2(pl) N BE/Z(I72)- Then

d(pj. y) < % jefl, 2},

so that [as P is e-separated and p; # p;]

€ €
e <d(p1, p2) <d(p1, y)+d(, p2) < 2 + ;=6

a contradiction. In particular the balls {B.»(p) : p € P,} are mutually disjoint, and
[by (1.146)] are contained in B, ./>(x), hence

Vol [Bryepp(0)] = D vol [Bop(p)] = [by (1.147)]

PEP:

€
V(z)e) vol[Bzr+e/2 (P)] =

= V(Zr +5

>
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[of course Bayie/2(p) D Brye2(x) implies vol By ie/2(p)] = vol [ Bryesa(x)]]

V()

> W VOl By yepa(x)] 1 (Px)
that is ( )
Vi2r 4+ =
5 (P) < 2 =iy
V()
Q.e.d.

Lemma 1.189 Let M be a n-dimensional complete Riemannian manifold with Ricci
curvature bounded from below by —(n — 1) K?, and let P C M be an e-net. Let §
be the combinatorial metric of P. Then (P, §) >~ (M, d) (a rough isometry), i.e.,

1

Zd(Pl, p2) <6(p1. p2) <ad(pi, p2) +b. pi, pp€P (1.148)

for some constants a > 1 and b > 0 depending only on n, K and €. Consequently
the inclusion P — M is a rough isometry.

Cf. Lemma 2.5 in [Kan1], p. 397. Lemma 1.189 generalizes J. Milnor’s inequality
(1.137) and provides a basic tool for understanding the geometry of a Riemannian
manifold M in terms of the combinatorial geometry of a e-net in M.

Proof of Lemma 1.189 Let py, p, € P.If p; = p, there is nothing to check. Let
p1 # p2. To check the first inequality in (1.148) let q € Qp(p1, p2) be a path
connecting p; and p», i.e., q = (qo, ..., g¢) with g; € P forany 0 < j < ¢, and
4o = p1,qe = p2, and

qi € N(gj-)={qeP : 0<d(gj-1. q) <2¢}
forany 1 < j < ¢, and £(q) = £. Then
=1
d(Ph Pz) = Zd(qj, qj+1) <2el=2el(q)
j=0
so that (1/(26))d(p1, pz) is a lower bound of the set A(pi, p2) := {E(q) 1 qe
Qp(p1, pz)}. Consequently

. 1
5(p1. p2) =inf A(p1, p2) =g 1.b.of A(py, p2) > z—ed(m, p2).
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Q.e.d. To check the second inequality in (1.148) let v be a minimizing geodesic in
M, parametrized by arc length, joining p; and p,. Let us consider the set

P,:={q € P : Bqg) N~y #0}.

Claim 1. {Be(q) 1 q€ Pw} covers 7.

Proof The proof relies on the fact that any maximal e-separated subset P C M is
e-full. Indeed, let x be a point of , so that

x€YCM=B(P)=e>d(x, P)=inf{d(x, p): pe P} =

= e isnotal.b.oftheset {d(x, p): pe P} = ApeP : d(x, p)<e=>x € Bc(p).

Q.e.d.
Claim 2. 6(p1, p2) < #(P,).
Proof

1.12.3 Volume Growth Rate

The strategy of the proofs of M. Kanai’s results (cf. op. cit.) on the invariance under
rough isometries of Riemannian geometric properties may be briefly described as
follows. Let M and N be complete Riemannian manifolds obeying to the fundamental
assumptions (1.139)—(1.140), and let us assume that M >~ N (arough isometry). Any
rough isometry M ~ N will induce a rough isometry P >~ Q between nets P C M
and Q C N [as aconsequence of an inequality similar to (1.137)]. On the other hand,
an inequality such as (1.138) should imply that the geometries of P and Q are the
same as those of M and N. At this point, all one needs to show is that the roughly
isometric nets P >~ Q have the same geometry, which is commonly not a difficult
task. Therefore, M. Kanai’s work focuses on establishing discrete approximation
results such as (1.138).
Let M be a Riemannian manifold and 0 € M.

Definition 1.190 Let m € Z,. We say M is a Riemannian manifold of polynomial
growth of order m if

vol [B,(O)] ] .

T (1.149)

inf {k eN : limsup

r—00 r

O
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Definition 1.191 M is said to be a Riemannian manifold of exponential growth if

1 1| B,
i 08 YOUB@]

Fr—>0o0 r

(1.150)

O

Definitions 1.190 and 1.191 do not depend upon the choice of point o € M.

Theorem 1.192 Let V € {M, N} be two complete Riemannian manifolds of Ricci
curvature bounded from below by a constant —{ dim(V) — 1} K2 K >0, and of
positive injectivity radius inj(V) > 0. Assume that M >~ N (a rough isometry). Then

M is of polynomial growth of order m <= N is of polynomial growth of order m,

M is of exponential growth <= N is of exponential growth.

Cf. Theorem 3.3. in [Kan1], p. 398. The proof of Theorem 1.192 is to show that
the growth rate of a Riemannian manifold is approximated by that of a e-net in that
manifold, where the growth rate of a net is defined as follows.

Definition 1.193 Let P be a net and 0 € P a point. P is said to be of polynomial
growth of order m if

inf {k >0 : sy PP EP S0 <)

r—>00 rk

P is said to be of exponential growth if

1 P:4
lim inf og ﬁ{P € (0, p) < i’}

r—0o0 r

> 0.

O

The reader should observe that the definition of growth rate for a net is defined by
formally replacing VO][Br (0)] in (1.149)—(1.150) by g {p e P : (o, p) < r}. The
meaning of M. Kanai’s result is that the volume growth rates of geodesic balls in Rie-
mannian manifolds are invariant under rough isometries. The proof of Theorem 1.192
requires.

Lemma 1.194 Let P and Q be two roughly isometric uniform nets. Then
P is of polynomial growth of order m <= Q is of polynomial growth of order m,

P is of exponential growth <= Q is of exponential growth.
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Lemma 1.195 Let M be a complete Riemannian manifold of Ricci curvature
bounded from below by —(n — 1)K? and with inj(M) > 0. Let P C M be a e-net.
Then

M is of polynomial growth of order m <= P is of polynomial growth of order m,

M is of exponential growth <= P is of exponential growth.

Cf. Lemmas 3.4 and 3.6 in [Kanl1], p. 399.

Proof of Theorem 1.192 Let M and N be two Riemannian manifolds obeying to the
assumptions of Theorem 1.192, and let P C M and Q C N be nets. Note that both
P and Q are uniform. By Lemma 1.189 any rough isometry M =~ N induces a rough
isometry P ~ Q. Hence P and Q have the same growth rate. Yet (by Lemma 1.195)
the growth rates of P and Q coincide with those of M and N, respectively. We may
conclude that geodesic balls in M and N have the same volume growth rate. Q.e.d.

1.12.4 Isoperimetric Constants

Let M be a n-dimensional complete Riemannian manifold, and let 0 < m < oo. Let
us set

] GAt) B S
Q (m—1)/m ’
(Vol Q)
I (M) =
area (092) ,
inf ————~ if m=o0.
Q  vol ()

where Q2 ranges over all nonempty smoothly bounded domains €2 C M such that
area (092) is well defined.

Definition 1.196 1,,(M) is the m-dimensional isoperimetric constant I,,(M) of the
Riemannian manifold M. O

The isoperimetric inequality for the Euclidean space R" implies that

1/n

n—1

w

T if m=n,
I,(R") =

0 if m # n.
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The isoperimetric constant vanishes if M is compact. If M is a complete Riemannian
manifold then
L,(M) < I, R"),

and if m < n then” I,,(M) = 0.If M is a simply connected complete Riemannian
manifold M whose sectional curvature is bounded from above by a negative constant,
then Io,(M) > 0. Also, if M is a n-dimensional complete Riemannian manifold
of non-negative Ricci curvature then [,,(M) = 0 for any m > n. Cf. Buser [Bus],
Osserman [Oss], and Yau [Yau], for an array of results on isoparametric constants
and ramifications.

Theorem 1.197 Let V € {M, N} be two complete Riemannian manifolds of Ricci
curvature bounded from below by a constant —(dim(V) — 1) K? with K > 0, and
such that inj(V) > 0. Let us assume that M and N are roughly isometric and that
dim(V) <m < oco. Then

L,(M) > 0 <> I,,(N) > 0.

Cf. Theorem 4.1 in [Kanl1], p. 400. The strategy of the proof of Theorem 1.197
is the same as that of Theorem 1.192, that is one first introduces “isoperimetric
constants” for nets, and proves that the statement holds in the discrete approximation
setting.

Let P be a net.

Definition 1.198 The boundary OS of a subset S C P is

oS:={peP : 4(p, S)=1}.

|
Definition 1.199 The m-dimensional isoperimetric constant of P is
oS
I (P) = inf —09)__
S (@ S)m=D/m
where S ranges over all nonempty finite subsets of P. (I

The proof of Theorem 1.197 relies on the following lemmas.

Lemma 1.200 Let P and Q be roughly isometric uniform nets. Then

I,(P) >0 = 1,(0) > 0.

72 By looking at lim,_,( area [BB, (o)]/{vol B, (())}("171)/'7’.
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Lemma 1.201 Let M be a n-dimensional complete Riemannian manifold of Ricci
curvature bounded from below by —(n — 1)K? and of positive injectivity radius
inj(M) > 0. Let P C M be an e-net. Then

L,(M) > 0 <> I,,(P) > 0

for everym € [n, oo].

1.12.5 Liouville’s Theorem

By the classical theorem of Liouville, every positive harmonic function on the
Euclidean space is a constant. By a result of Yau (cf. [ Yau]) the statement holds’? on
any Riemannian manifold M of non-negative Ricci curvature. The work’* by Moser
[Mos], admits a geometric interpretation (cf. Greene and Wu [GrWu]) implying that
on any M ~ R" (a quasi-isometry), all positive harmonic functions are constants.
By Theorem 1.197 certain isoperimetric inequalities are invariant under rough isome-
tries. This suggests that J. Moser’s result (cf. op. cit.) should extend to Riemannnian
manifolds M that are roughly isometric to the Euclidean space. As shown by M.
Kanai (cf. op. cit.) this is indeed the case under the additional assumption that M has
Ricci curvature bounded from below by —(n — 1)K ? and inj(M) > 0. Precisely

Theorem 1.202 Let M be a n-dimensional complete Riemannian manifold with
Ric(X, X) > —(n — DK? and inj(M) > 0. Assume that M is roughly isometric to
R™ for some m > n. Then every positive harmonic function on M is a constant.

Cf. Theorem 5.1 in [Kanl1], p. 404. Theorem 1.202 follows immediately from the
following lemmas.

Lemma 1.203 Let M be a complete Riemannian manifold withRic(X, X) > —(n —
1)K? andinj(M) > 0, and such that M ~ R? (a rough isometry). Then every positive
superharmonic function is a constant.

Lemma 1.204 Let M be a complete Riemannian manifold withRic(X, X) > —(n —
DK? and inj(M) > 0, and such that M >~ R™ (a rough isometry) for some m >
max{n, 3}. Then there are bounded domains Q2 C M, k € N, such that

73 The proof relies on a gradient estimate for positive harmonic functions.

74 Relying on the Sobolev inequalities, which are known to be closely related to the isometrimetric
inequalities.
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@) ﬁk C Qk-‘rl and M = Ultil Qy,
(ii) For every k > 1 and every positive harmonic function u on S, the Harnack
inequality
supu < h infu (1.151)
N S

holds for some constant h > 0 independent of u and k.

Cf. Propositions 5.2 and 5.3 in [Kan1], p. 404.

1.12.6 Rough Isometries and Parabolicity of Riemannian
Manifolds

By a result of Kanai [Kan2], parabolicity is also preserved by rough isometries.

Definition 1.205 A complete Riemannian manifold M is parabolic if all positive
superharmonic functions on M are constants. (]

Parabolicity may be characterized as follows. Let p,(x, y),with? > Oandx, y €
M, be the minimal positive fundamental solution to the heat equation Ou /0t = Au
[with u defined on (0, +00) x M], cf. e.g., 1t6 [Ito1], Dodziuk [Dod1]. Then M is
non-parabolic if and only if the Green function

g(x, y) =/O pi(x, y)dt

exists (cf. It6 [Ito2]). The Euclidean space R” is non-parabolic if and only if n > 3.

Theorem 1.206 Let V € {M, N} be two complete Riemannian manifolds of Ricci
curvature bounded from below by —(dim(V) — l)K 2, of positive injectivity radius
inj(V) > 0, and such that M ~ N (a rough isometry). Then

M is parabolic <= N is parabolic.

Cf. Theorem 1 in [Kan2], p. 228.

Corollary 1.207 Let M be a normal covering of a compact Riemannian manifold
whose deck transformation group is abelian of rank m. Then

M is parabolic <= m <?2.



108 1 Riemannian Geometry

This is aresult by Lyons and Sullivan [LySu]. Corollary 1.207 follows from Theo-
rem 1.206 because M is roughly isometric to a Euclidean space, unless M is compact
(cf. [Kanl] or our preceding section). The proof of Theorem 1.206 relies again on
Kanai’s approximation of the “continuous” geometry of a Riemannian manifold M
by the combinatorial geometry of a e-net in M. Let P be a net, and let us consider
the linear operator L acting on functions u defined on P, given by

1
L = —— - , P.
u(p) NG 2 u(g) —u(p), pe

As well known L enjoys’” properties similar to those of the Laplace-Beltrami
operator on a Riemannian manifold.

Definition 1.208 A function u on P is superharmonic if Lu < 0. O

Definition 1.209 A net P is parabolic if every positive superharmonic function on
P is a constant. (I

Let M be a complete Riemannian manifold, and let P C M be a maximal e-
separated subset. Let us set N(p) :={g € P : 0 <d(p, q) < 3¢}. Then {N(p) :
p € P} is anet structure of P, and the resulting net will still’® be called a e-net.

Theorem 1.210 Let M be a n-dimensional complete Riemannian manifold of Ricci
curvature bounded from below by a constant —(n — 1) K> with K > 0, and of positive
injectivity radius inj(M) > 0. Let ¢ > 0 and let P C M be a e-net. Then

M is parabolic <= P is parabolic.

Cf. Theorem 2 in [Kan2], p. 229. Theorem 1.206 follows from Theorem 1.210.
Results similar to Theorem 1.210 were obtained by Varopoulos [Var], and Lyons
and Sullivan [LySu], by constructing a discrete random walk approximating the
Brownian motion on a Riemannian manifold. Instead, the approach in [Kan2] relies
on a criterion of parabolicity in terms of the capacity of a bounded domain in the given
Riemannian manifold, and said criterion is established by a variational argument.

75 Cf. e.g., Dodziuk [Dod1], Dynkin and Yushkevic [DyYu].

76 There is a slight discrepancy (with respect to the previous sections) in the definition of the set
N(p) of all neighbors of p [previously N(p) ={g € P : 0 <d(p, q) < 2¢}] that is required in
[Kan2] for technical reasons.



1.12 Kanai Graphs 109
1.12.6.1 Capacity and Parabolicity

Let (M, g) be a complete Riemannian manifold, and let & C M be a smoothly
bounded domain.

Definition 1.211 The capacity of Q2 is

cap(Q) = inf Vul*dv, 1 ueCM), ul, =1}
" g9 0 Q

Lemma 1.212 M is non-parabolic <= cap (2) > 0.

Cf. Proposition 3 in [Kan2], p. 230.

Proof of Lemmal.212 We follow the arguments by Fischer-Colbrie and
Schoen [FCSc].

“=—=" Let M be non-parabolic. Let p €  be a point, and let us set v(x) =
log g(p, x), where g is the Green function. Then, for any u € C°(M) with u =1
on 2 (by Green’s lemma)

/ u2|Vv|2dVg=—/ uzAvdvg:
M\Q M\Q

0
= — a—vda—i—Z/ ug(Vu, Vu) dv,
o oV M\Q

IA

IA

v

0
5—/ —vdx—i—/ |Vu|2dx+/ M2|VU|2dVg
an OV M\Q M\Q

/—d </|Vu| dv,.
oq Ov

Here v is the inward normal vector field on 2. Consequently

0
5—/ —vd0+2/ ul [Vul [Vo| d v,
oa O M\Q

yielding

ov
cap(R2) Z/ —do > 0.
oQ 81/

Q.ed.
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“«="Letcap(R2) > 0.Let Q; C M be a sequence of smoothly bounded domains
such that o o
QcQ. «wccUn, M=[Ju.
k=1

For each k > 1 there is a function u; € C*® (ﬁk \ Q) which is harmonic in €2; \ Q
and u; = 1 0 9Q and u; = 0 on 9€2. Let us observe that

cap(Q2) = lim |Vuk|2 dvg.

k—o00 2\Q

By Harnack’s inequality and using Schauder estimates, one may pick’’ up a subse-
quence {uy; }j>1 of {ug}x>1 that converges in the Holder C 2 %_norm, on any compact
subset of M \ ©, to a positive function u € C®(M \ ) that is harmonic in M \ €,
and satisfies # = 1 on Q. The extension of u by u = 1 on Q is a positive super-
harmonic function on M. Hence, to prove non-parabolicity of M, it suffices to show
that u is not constant. Indeed (by Green’s lemma)

Ou . Ouy, . 2
— do = lim do = lim |Vuk.| dvy =cap(2) >0
oq Ov i—o0 Joq Ov Jj=oo !

implying that u is not constant. Q.e.d.

1.12.6.2 Discrete Potential Theory

A few potential theoretic aspects of nets are briefly recalled, by following Dodz-
iuk [Dod2]. Let P be a net, and let us set

% if g € N(p),
vip) =[NP . ay=1{"" :

0 otherwise.

so that the combinatorial Laplacian reads

Lu(p)= Y w(p, q)u(g) —u(p), pe P,
qeN(p)

77 Cf. e.g., Gilbarg and Trudinger [GiTr].
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for any function u# : P — R. Recall that a function # : P — R is superharmonic if
Lu < 0, and that P is parabolic when’® there are no positive superharmonic functions
on P excepts for (positive) constants. Next, let us consider the functions

mw:PxP—>R, keZ,,
defined recurrently by

1 if p=gq,
m: PxP—R, w(p,q):=
0 if p#gq.

T (p, ) =Y mlp, ) w(r, @), k=0.

reP

T 1s a discrete analog to the heat kernel on a Riemannian manifold.

Definition 1.213 The Green function of P is

9(p, @) =Y _ m(p, 9.
k=0

Exercise 1.214 Show that

(1) If P is connected and g(pg, go) < oo forsome py, qo € P,theng(p, q) < oo
forany p, g € P.
(2) If g < oo then for any p, g € P

—1 if p=gq,
qu(P)=
0 if p#gq.

where
9q: P =R, g,(p)=g(p, q).

O

The following result is a discrete analog to a result by It6 [Ito2] (and will be
referred to as 110’ s Lemma).

78 A known characterization of parabolicity within probability theory is that P is parabolic <=
the Markov chain on P with transition probability 7 is recurrent.
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Lemma 1.215 P is non-parabolic <= g < oo.

Cf. Lemma 4 in [Kan2], p. 232. The proof (a mere algebraic manipulation) is left
as an exercise to the reader.

Definition 1.216 For every pair of functions u, v: P — R we consider the
functions
(Du, Dv), |Du|: P — R,

(Du, Dv)(p) == Y {u(q) —u(p)} {v(g) — v(p)}.

geN(p)

|Du|(p) := /(Du, Dv)(p), pe€P.
O

Definition 1.217 The support of a function u : P — R is Supp(u) = {p eP:
u(p) # 0. 0

Lemma 1.218 Let u, v: P — R be two functions, at least one of finite support.
Then

> {2vuLo+(Du, Du)(p) =0, (1.152)

peP

The proof of Lemma 1.218 is straightforward.
Definition 1.219 Let S C P be a finite set. The capacity of S is

cap(S) := inf {Z|Du|2(p) Cue %(P)}

peP

where F g(P) consists of all functions u : P — R such that Supp(#) < coandu = 1
on S. 0

Lemma 1.220 Let P be a net, and let S C P be a finite subset, S # (. Then

P is non-parabolic <= cap(S) > 0.

Cf. Proposition 6 in [Kan2], p. 233. Lemma1.220 is a discrete analog to
Lemma1.212. Given a net P, let us recall the combinatorial metric d(p, q) =
inf {£(p) : p € Qp(p. ¢)} on P, and that P is uniform when sup ., & [N (p)] <
Q.

Corollary 1.221 Let P and Q be two roughly isometric uniform nets. Then P is
parabolic <= Q is parabolic.
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Cf. Corollary 7 in [Kan2], p. 234.

Lemma 1.222 (Local Poincaré inequality) Let M be a n-dimensional complete
Riemannian manifold with Ricci curvature bounded from below by a constant
—(n — 1)K? with K > 0. Then for any geodesic ball B,(p) C M there is a constant
B =0, K, r) > 0 such that

/ |Vu|dvgzﬁ/ |u—u*|dvg, ueCDo(B,.(p)).
B, (p) B, (p)

Here
. 1 /
u =——= u dVg .
vol [B,(p)] /5,

Proof of Lemma1.222 Let us set B := B,(p) for brevity. It suffices to prove the
lemma for u € C*® (B) obeying to

D u*=0,
(i) u has but finitely many critical points,
(iii) vol {x € B : u(x) > 0} < vol{x € B : u(x) <0}.

Letus set D, = {x €B :ulx)> t} with ¢ > 0. Then
1
vol (D,) < 3 vol(B), t > 0.
By Buser’s local isoperimetric inequality (cf. Buser [Bus])

area (B N BD,) > Vol(D,), t >0,

for some constant ¢c; = ¢;(n, K, r) > 0. Hence

oo
/qu|dvq2/ |Vu|dvq=f (Bﬁ@D,)dtz
B ' Dy ' 0

[o¢]
201/ Vol(D,)dt:clf udvg:C—I/|u|dVg.
0 Do 2 Jg

Q.ed.

Let P C M be a e-net in M. Let us recall that the balls {B.,>(p) : p € P} are
mutually disjoint, and the balls {B.(p) : p € P}cover M, merely as a consequence
of the fact that P is maximal and e separated. Also, let us recall that, as a consequence
of the assumption on the Ricci curvature [bounded by below by —(n — 1)K?]
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(i) for every r > 0, there is a constant x(r) > 0, such that for any x € M

¢[PNB.(x)] < p@r),
and in particular P is uniform.
(i) (P, §) >~ (M, d) (arough isometry).
If in addition [to the assumption on the Ricci curvature] inj(M) > 0 then
1
(iii) vol B, (p) = Vy(r) forany p € M and any r € (O, > inj(M)],
@iv) vol B,(p) < Vi(r) forany p € M and any r > O,

where Vy(r) and V| (r) are positive constants independent of p € M. Also let us
recall that (iii) is a result by Croke [Cro], while (iv) follows from the Comparison
Theorem in Riemannian geometry.

Proof of Theorem 1.210 Let M be a complete Riemannian manifold of Ricci cur-
vature bounded from below by —(n — 1)K? and of positive injectivity radius. By
statements (i)—(ii) above any two nets in M are uniform and roughly isometric.
Hence (by Corollary 1.221) one of the two nets is parabolic if and only if so does
the other. Therefore, it suffices to prove Theorem 1.210 for a e-net P C M with
O0<e< %inj(M ). We illustrate the ideas of the proof by checking the implication
“==". Let us assume that M is not parabolic, and let 2 C M be a smoothly bounded
domain. Then (by Lemma 1.212) cap(£2) > O.

Claim 1. The finite subset S = {p € P : By.(p) N Q # B} has positive capacity.
Claim 1 clearly implies (by Lemma 1.220) that P is not parabolic.

Proof of Claim 1 Let p € P and let us consider a function 1, € C§°(M) such that

0<n,=<1, n,=1on B(p), n,=0 on M\ By (p),

|Vnp| < e on M,
where ¢; > 0 is a constant independent of p. Net, let us set

Mp (x)

Z Mg (x) ’

qgeP

& (x) = x eM.

Let us observe that there is a constant ¢, > 0 such that |V§ p‘ < ¢;. Indeed

\Y% \%7)
|VEp| < m‘i‘n 2y [Vl < |V + D V| < (o +2) e
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where 1 := sup,,cp 4 [N(p)] < 0o. Let u* : P — R be an arbitrary function such
that Supp(u™) < oo and u* = 1 on S, and let us set

u(x) =Y uw'(p)§(x). xeM.

peP

Then, for any x € B.(p)

Vu) = Y w @V = by Y VE(x) =0]

qeN (p)Uip} geN(p)Uip}

= Y {er@-wp}vEe =

geN(p)\{p}
= |Vu()c)|2 < c% Yy |Du*|2(p).

At this point [by statement (iv) above]

/ |Vu|2dvg52/ vl dv, < e 3 D)
M B.(p)

peP peP

where ¢; := c% Vg Vi(e). Finally [by u = 1 on ]

c3 Z |Du*|2(p) > cap(2) > 0

pepP

yielding cap(S) > 0. Q.e.d.

1.12.7 Rough Isometries and Harmonic Functions on
Graphs

Let G ={V(G), E(G)} be a graph with vertex set V(G), and edge set E(G).
Here E(G) C {E e 2(V(G)) : #(E)= 2}, an assumption that excludes “mul-

tiple edges” and “self-loops”. For every vertex x € V(G), a neighbor of x is a vertex
y € V(G) such that {x, y} € E(G). Let Ng(x) denote the set of all neighbors of
x. Graphs in this section are infinite [i.e., V(G) is an infinite set] and every vertex

x € V(G) hasneighbors, i.e., Ng(x) # 0. Apathin G isasetp = {xo, x1, ..., x¢}
withf e N,x; € V(G),0 < j <{,and x;;; € Ng(x;) forany 0 < j < £ — 1. The
length of the path p = {xo, X1y ovns .)Cg} is the number £(p) := £. Given two vertices

x, y € V(G),let Qs (x, y) bethe setof all paths p = {xg, x1, ..., x¢}joining x and
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y,1.e., xo = x and x;, = y. G is connected if Qg(x, y) # @ for any x, y € V(G).
The degree of a vertex x € V(G) is

deg(x) := [N (x)].
Graphs in this section are connected and of bounded degree, i.e., there is a positive
constant M > 0 such that
sup deg(x) < M. (1.153)
xeV(G)
The distance between two vertices x, y € V(G), x # y, is

dg(x, y) :==inf {£(p) : p € Qa(x, )}

If x = y we set by definition dg (x, x) = 0. Two vertices x, y € V(G) are adjacent
(and one occasionally writes x ~ y) if

X € Ng(y) < y € Ng(x) <= dg(x, y) = 1.
An orientation of G is a couple of functions i, t : E(G) — V(G) such that
e = {i(e), t(e)}, Vee E(G).

G is directed is an orientation (i, t) is prescribed on G. For every k € N the k-fuzz
of G is the graph G¥ = {V(G¥), E(G*)} with V(G*) = V(G) and

E(GH ={{x, y} : x, y e V(G), 1=<dg(x, y) <k}.

In particular E(G) C E(G¥). A morphism of graphs 1 : G| — G, is a map of
vertices ¢ : V(G1) — V(G») such that

dg(x, y) =1 = d, (v(x), ¥(») < 1.
For every morphism ) : G; — G, the image of G in G, is the graph G’ defined by

V(G) :=v(V(Gn) C V(G

E(G) = {{v@). v} € EG2) ¢ {x. v} € EG) with () #v()].

The function dg : V(G) x V(G) — Z, is a distance function, or metric, on V(G),
so that (V(G), dg) is a metric space. Two graphs G| and G, are roughly isometric
if the corresponding metric spaces (V(Ga), dG“), a € {1, 2}, are roughly isometric,
i.e., there is a map ¢ : V(G|) — V(G,) such that there are constants ¢ > 0 and
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b > 0 with the property

1
;dG](xv y) _b S dGz(¢(x)v d)(y)) S adG](-x7 y) +b (1154)

for any x, y € V(Gy).

Lemma 1.223 Let G, a € {1, 2}, be two roughly isometric graphs, and let ¢ :
V(G1) = V(Gy) be a rough isometry of (V(G1), dg,) into (V(G2), dg,), i.e., ¢
satisfies (1.154) for some a > 0 and b > 0. Then for every k € N, k > a + b, the
map ¢ determines a morphism G| — Gg.

The proof is left as an exercise to the reader.

1.12.7.1 Yamasaki’s Potential Theory

We recall a few elements of discrete potential theory, as created for the needs of the
theory of infinite networks. The results in this section belong to Yamasaki [Yaml,
Yam3], and Kayano and Yamasaki [KaYa]. Let f : V(G) — R be a function. The
Dirichlet sum of f is

D(f) =Y |f) = F|*. (1.155)

x~y

f is Dirichlet finite if D(f) < 0o. Let 0 € V(G) be a fixed reference vertex. Let
D(G) denote the space of all Dirichlet finite functions f : V(G) — R. For every
f € D(G) we set

5 12
1£lb@) = (IF@F + D)) . (1.156)

Equation (1.156) is a norm on D(G). Actually D(G) is a Hilbert space with the inner
product

(. @) = f©0) gl0)+ Y _{f(x) = FOM}{g(x) — 9(»)}

x~y

and (1.156) is the corresponding norm. Let £3(G) be the space of all functions
f 1 V(G) — R of finite support, i.e., Supp(f) < co. As (V(G), dg) is a metric
spaces, and in particular a Hausdorff space, one may adopt the ordinary notion of
support, i.e.,

Supp(f) :=V(G)\ Z(f), Z(f):={x e V(G) : f(x) =0}
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[here A denotes the closure of the subset A C V (G)]. However, a moment’s thought
shows”® that Supp(f) = V(G) \ Z(f). Let Dy(G) denote the closure of £7(G) in
D(G).

Definition 1.224 A graph G is said to be recurrent® if Do(G) = D(G). O

Exercise 1.225 Show that G is recurrent <= 1 € Dy(G), where 1: V(G) — R
is the constant function 1(x) = 1. O

Cf. Theorem 3.2 in [Yaml]. Let G be a directed graph, with the orientation
(i, t). For every vertex v € V(G), let O(v) be the set of neighbors u € Ng(v) such
thati(e) = v and t(e) = u, for some edge e € E(G). That is {{v, uy e E(G) : ue
O(U)} is the set of all outgoing edges of G issuing at v. Similarly, let 7 (v) be the
set of all neighbors u of v such thati(e) = u and t(e) = v, for some e € E(G), i.e.,
{{u, v} € E(G) : ue I(v)} is the set of all ingoing edges terminating at v. A flow
f from v is an assignment of a non-negative real number to every edge such that, at
every vertex distinct from v the incoming flow equals the outgoing flow, i.e.,

Z f({v, u}) = Z f({u, v}).

ue0(v) uel (v)

The net flow leaving v

> f(fv, ud)

ueO(v)

is the value of f. The energy of the flow is

=), [

ecE(G)

The graph G is transient from the vertex v if G admits a flow from v of positive value
and finite energy. When G is connected the definition doesn’t depend upon the choice
of v, and G is referred to merely as transient. Cf. also Markvorsen, McGuinness,
and Thomassen [MGT].

Exercise 1.226 Let G be a connected graph. Show that G is recurrent <= G is not
transient. u

7 Indeed, let x € Supp(f), hence there is a sequence {xy}v>1 C V(G)\ Z(f) such that
dg(xy, x) = 0 as v — oo. Let us assume that f(x) =0. Then x, # x for any v > 1 hence
dg(x,, x) > 1, a contradiction.

80 The ordinary definition of the notion is probabilistic, i.e., G is recurrent if the simple random
walk on G assigning equal probability of passing from a vertex to any of its neighbors, is recurrent.
For the time being we avoid the probabilistic treatment of the topic, by adopting as a definition (cf.
Definition 1.224) an equivalent description of recurrent graphs (cf. Theorem 3.2 in [Yam1]).
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More generally, the energy of a function ¢ : E(G) — Ris

W)= Y ()’

ecE(G)

and the energy of a function ¢ : V(G) — R is the energy of ¥(e) = |¢>(t(e)) —

¢(i(e))|, i.e., the energy of ¢ is the Dirichlet sum D(¢).
Definition 1.227 A function & : V(G) — R is harmonic if
1
h(x) = h(y), e V(G). 1.157
™) = 32 ; (»), x€V(G) (1.157)
|

Let HD(G) denote the space of harmonic functions 2 € D(G). By a result of
Yamasaki (cf. [Yam2]).

Theorem 1.228 Let G be a transient graph. Then for every f € D(G) there is a
unique g € Do(G) and a unique h € HD(G) such that

f=g+h. (1.158)

Formula (1.158) in Theorem 1.228 is referred to as Royden’s decomposition of
f € D(G).
1.12.7.2 Extremal Length of a Set of Paths in a Graph

Let P be a set of non-self-intersecting infinite paths in a graph G.

Definition 1.229 The extremal length g (P) is defined by

1 .
o) = IIul)f &(w) (1.159)

where the infimum is take over all functions w : E(G) — [0, +00) such that

Ew)<oo, Y wl)=1 PeP,

ecE(P)
where E(P) and V (P) are the edges and vertices of P. ([l

Definition 1.230 A property is said to hold for almost all paths in P if said property
holds for all P € P\ S, for some subset S C P with A\s(S) = oc. (I
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Leto € V(G), and let P, be the set of all non-self-intersecting infinite paths whose
first vertex is 0. Let f € D(G) and P € P,. Then

P={o=xqp, x1, ..., Xy, ...},
Xy4l € Ng(xl,).
Let us assume that lim,,_, o, f (x,,) exists and is finite. Said limit is denoted by

f(P)= lim f(x)eR.
X —> 0
x e V(P)

‘We recall

Theorem 1.231 Let f € D(G). Then

D) f(P)= lim f(x) exists and is finite for almost every P € P,.
X — 00
x € V(P)
) If f € Do(G) then f(P) = 0 for almost every P € Py.
3) If f € HD(G) is not a constant, then there is no constant v € R such that
f(P) = ~ for almost every P € P,.

Cf. Theorems 3.1 and 3.3 in Kayano and Yamasaki [KaYa], and Theorem 3.1 in
Yamasaki [ Yam3].

1.12.7.3 Dirichlet Finite Harmonic Functions

Let Oup denote the set of all graphs G which admit no nonconstant harmonic function
of finite Dirichlet sum.

Definition 1.232 An element G € Oyp is said to be a graph of class Oyp. O
The main result in Soardi [Soa] is

Theorem 1.233 Let G| and G, be roughly isometric infinite connected graphs of
bounded degree. Then
G € Ogp =— G, € Oyp .

Cf. [Soa], p. 1242. The proof of Theorem 1.233 follows from the three lemmas
below.

Lemma 1.234 Let G be a transient connected graph of bounded degree. If G € Oyp
then G* € Oyp for every k € N.
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Cf. Lemma 1 in [Soa], p. 1242.

Lemma 1.235 Let G and G’ be transient connected graphs of bounded degree. Let
us assume that

(1) There is a morphism 1) : G — G’ such that G’ is the image of G by 1,
(i) There is a constant m € R such that for any x, y € V(G)

Y(x) =yY(y) = dg(x, y) <m.

Then G € Ouyp = G’ € Onp.
Cf. Lemma 2 in [Soa], p. 1243.

Lemma 1.236 Let G be a transient connected subgraph of a connected graph H of
bounded degree, and let us assume that the inclusion G — H is a rough isometry.
Then G € Ogp — H € Oyp.

Cf. Lemma 3 in [Soa], p. 1244.

Proof of Theorem 1.233 If G| and G, are recurrent, then G, G, € Ogp by Theorem
6.1 in [Yam?2]. Let us assume that G| and G, are transient, and let ¢ : V(G;) —
V(G,) be a rough isometry, i.e., ¢ obeys to (1.154) for some constants a > 0 and
b > 0.Letk > a + b. Then ¢ is a morphism of G, into G5. Let G/ be the image of
G in G’g by ¢. Then [by Lemma 1.235 with m = ab, together with (1.154)] G| €
Oup. Therefore [by Lemma 1.236] Gé € Oyp. Finally [by Lemma 1.234] G, € Oyp.
Q.ed.

1.12.8 Parabolic and Hyperbolic Infinite Networks

Through the present section we follow mainly the work by Yamasaki [Yam1]. Let
X and Y be two infinite countable sets, and let K : X x ¥ — {0, 1} be a function
such that

(1) For every y € Y the set e(y) := {x € X : K(x, y) # 0} consists of exactly
two points e(y) = {x;, x»} such that K (x|, y) K(x, y) = —1,

(ii) For every x € X the set Y(x) :={y €Y : K(x, y) # 0} is nonempty and
finite,

(iii) For any x, x’ € X there exist x{, ..., x, € X and y;, ..., y,+1 € Y such
thate(y;) = {xj_1, xj}, 1 < j <n+ 1, withxp := x and x,,4; = x".

Elements of X are referred to as nodes, while elements in Y are called arcs. The
function K is the node-arc incidence function. A node x € X is incident with an arc
yeYif K(x, y) #0.If x € X isincident with y € Y one also says that the arc y is
incident with the node x. Once this terminology is adopted, e(y) is the set of all nodes
incident with the arc y, while Y (x) is the set of all arcs incident with the node x. By
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Axiom (i) above every edge y is incident precisely with two nodes e(y) = {x;, x»},
and one distinguishes between the two nodes as, up to eventually relabeling x; and
X2, one has

K(xl, y) = -1, K(xz, y) = +1.

With this distinction in mind, one may give the two nodes the new names x_ := x;
and x; := x,, and speak about the initial and terminal nodes x4 of the edge y. By
Axiom (ii) for every node x € X there exist finitely many arcs incident with x, and
in particular a node is never isolated, i.e., Y (x) # 0.

Definition 1.237 A synthetic object N = {X, Y, K, r} consisting of a triple
{X, Y, K}asabove, and a functionr : ¥ — (0, +00), is called an infinite network,
and r is the resistance of N. O

A graph G may be associated to an infinite network N = {X, Y, K, r} by setting
V(G):=X, EG):={e(y) : yeY}.

By Axiom (i) there are no loops. By Axiom (iii) the graph G is connected.

1.12.8.1 Function Spaces on an Infinite Network

Let N ={X, Y, K, r} be an infinite network. Let L(X) be the set of all func-
tions u : X — R. The support of u € L(X) is Supp(u) :={x € X : u(x) # 0}.
The Dirichlet sum of order p (with 1 < p < o0o)ofu € L(X) is

> k@ ue|

ex
Dp(u) == Z x T , 1< p<oo,
yey

> K )|

xeX

Do (1) := sup

, p=ooc.
yeY r(y)

Next, let us set
Lo(X) := {u e L(X) : g (Supp(u)) < oo},

DV (N):={u € L(X) : D,(u) < oo}.
Also, for any subset A C X
DP(N;A) ={ueDP(N) : u=0 on A},

L{(X)={ue Ly(X) : u=0 on A}.
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Then D (N; A), 1 < p < oo, is a reflexive Banach space with the norm u €
DP(N; A) > [Dp (u)]l/p. Also D®)(N; A) is a Banach space with the norm u €
D) (N; A) — Duo(u). Let DY’ (N A) be the closure of L& (X) in DP)(N; A).
Let xo € X be a fixed node, and let us set

PR
lully = [ Dy + [uCe)|"] ", 1< p < ox,

lulloo = Doo(u) + |u(x)|.

Lemma 1.238 For every finite subset F C X, there is a constant M(F) > 0 such
that

> |uo] < M(F) ull,

xeF

for any u € DP(N). Consequently, if u, € DP(N) and |u, — ull, — 0 then
u,(x) = u(x) asv — oo, forany x € X.

Cf.Lemma 2.1 and its corollary in [ Yam1], p. 137. The proof is left as an exercise
to the reader. Cf. also Lemma 1 in [ Yam4].

Lemma 1.239 D")(N) is a Banach space with the normu + |ul| ,. If1 < p < 00
then DY) (N) is reflexive.

Cf. Proposition 2.1 in [Yam1], p. 137. The proof is straightforward. Let D(()p ) (N)
be the closure of Ly(X) in D@ (N).

Lemma 1.240 Let A C X be a nonempty finite set. Then
D" (N; A) =D”(N; A)NDY (N).

Cf. Lemma 2.2 in [Yaml], p. 137. The choice of the node xy € X [used in the
definition of the norms || - ||,, 1 < p < oo] is rather immaterial. Indeed, if another

node x;, € X is used in the definitions of said norms, and Dép ) (N, x{) is the closure
of Ly(X) in D (N) endowed with said norms, then Dép) (N, x}) = D(()p).
A function T : R — R is a normal contraction if T (0) = 0 and

|T(t)—Tw)| <|n-n

, 1h, hel.
The functions
TP := max{r, 0}, T @) :=max{—r1, 0}, teR,

are normal contractions. Given a normal contraction 7 : R — R and a function
uelL(X)wesetTu :=T ou e L(X).
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Lemma 1.241 Let T be a normal contraction and let u € D) (N). Then
Tu e DP(N), D,(Tu) < D,w), |Tul, < llull,.

Cf. Lemma 2.3 in [Yam1], p. 138. The proof is straightforward.

1.12.8.2 Classifying Infinite Networks

Let N ={X, Y, K, r} be an infinite network, and let A C X be a nonempty finite
subset. Together with [Yaml], let us consider the following extremum problem
relative to the ideal boundary oo of N

d,(A, 00) 1= inf{D,,(u) cueLyX), u=1 on A}.

An explicit definition of the ideal boundary isn’t needed, yet may be provided as
follows. Let
1 x=x/,
mo: X x X =R, mx, x)=
0 x #£x/,

T X x X >R, k>1,

T (6, x) =Y m(x, X me(x”, x), k= 0.

xeX
Also, let
o0
Gx, x') = Z?Tk(x, x)

k=0
be the Green function of N. Let xy € X be fixed, and let us set

o= {G( %) xex}.
G(-, x0)

X is ametric space, with the distance dy (x, x’) = the length of the shortest set of arcs
connecting x and x’, and hence a topological space. By the Costantinescu-Cornea
Theorem (cf. the Appendix to this section) there is a compact space X such that X
is a dense open subspace of X and every function f € ® extends to a continuous
function f on X, separating points on 0o = =X \ X, the ideal boundary of X relative
to ®. The space oo is the ideal boundary of N.
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Theorem 1.242 Let A C X be a finite set, A # (. Then

d,(A, 00) =0 <= 1 € DY (N).

Cf. Theorem 3.1 in [Yam1], p. 138. The proof is straightforward.
Corollary 1.243 Let A C X and A’ C X be two nonempty finite subsets. Then

d,(A, 00) =0 <= d,(A’, o0) =0.

Cf. [Yaml], p. 138. As the most valuable results in mathematics, Theorem 1.242
and Corollary 1.243 lead to an important definition, by means of which one actually
classifies infinite networks.

Definition 1.244 N is said to be of parabolic type of order p (1 < p < o0) if there
is a nonempty finite set A C X such that d,(A, co) = 0. Also N is of hyperbolic
type of order p if N is not of the parabolic type of order p, i.e., d,(A, co) > 0 for
any nonempty finite subset A C X. (]

The main result in [Yam1] is

Theorem 1.245 Let 1 < p < 00, and let N be an infinite network. The following
statements are equivalent

(1) N is of parabolic type of order p.
(ii) 1 € DY (N).
(iii) DY (N) = DP/(N).

Cf. Theorem 3.2 in [Yam1], p. 139.

Corollary 1.246 Let 1 < p < oo and let A C X be a nonempty finite subset. The
following statements are equivalent

(1) N is of parabolic type of order p.
(i) ex\a € DY (N; A) and DY (N; A) = DP)(N; A).

Cf. [Yaml1], pp. 139-140. Here ¢4 = x4 is the characteristic function of the set
A C X,ie,e(x)=1foranyx € Aandes(x) =0forany x € X \ A.

1.12.9 Parabolic Index and Rough Isometries

Let G be an infinite, locally finite, connected graph of bounded degree, whose vertex
set V(G) and edge set E(G) are countable. Let K : V(G) x E(G) — {0, =1} be the
vertex-edge incidence function, or matrix. We shall work with the infinite network
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N ={V(G), E(G), K, r}, where r : V(G) — R is the constant function r = 1,
that throughout we identify to the graph G. In particular, we say that G is of parabolic
(respectively hyperbolic) type of order p if the network N with r = 1 is of that type.

Definition 1.247 The parabolic index ind G of the graph G is

ind G := inf {p > 1 : G is of parabolic type of order p}.

The main results in [SoYa] are
Theorem 1.248 Let G be a graph of bounded degree. Then ind G = ind G*.

Cf. Theorem 2.1 in [SoYa], p. 335.

Theorem 1.249 Let G| and G, be two roughly isometric infinite connected graphs
of bounded degree. Then ind G| = ind G».

Cf. Theorem 2.4 in [SoYa], p. 337.

1.12.10 Appendix: Martin Boundary in Potential Theory

Let © be a locally compact, non-compact, topological space, and let ® C C (2, R)
be a family of continuous functions f : 2 — R, where R = [—00, +0o0]. A classi-
cal result in Potential Theory, known as the Costantinescu-Cornea Theorem, is (cf.
Costantinescu and Cornea [CoCo]).

Theorem 1.250 There is a compact topological space Q, unique up to a homeo-
morphism, such that

(1) Q is a dense subspace of Q,

(2) Every f € ® extends continuously to a function f Q>R separating points
onA:=\Q,

(3) 2 is an open subset of Q.

Definition 1.251 A = Q \ Q is the ideal boundary of Q2 relative to ®. (]

Let @ C R*, n > 2, be a bounded domain, and let G(x, y) be the Green function
on 2 with pole y € €2, and let yp € Q2 be fixed. Next, let us set

K. y): G, y)

.:G(Tyo)’ x €, CD::{K(-,y) : yeQ}.

Let Q be the compact space associated to the pair (€2, ®) by the Costantinescu-
Cornea Theorem.
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Definition 1.252 <2 is the Martin space, or Martin compactification, of €2, and the
ideal boundary 2 \ 2 of 2 relative to ® is the Martin boundary of Q2. The Martin
topology is the topology of the Martin space €2. (]

Cf. also Martin [Mar], and Brelot [Bre]. Two Martin spaces ¢ and Si”,
corresponding to two different poles y;, y; € €2, are homeomorphic. Let

K(-, y): A xQ— [0, +00]

be the extension of K (-, y). Then K (€, y)is harmonic in y and jointly continuous in
the variables (¢, y). The Martin space €2 is metrizable. By a result in [Mar] (known
as Martin’s Fundamental Theorem).

Theorem 1.253 The class of all non-negative harmonic functions u(y) > 0 on Q
may be represented as

u(y) = /AK@, V) d ué) (1.160)

for some positive Radon measure on A.

Formula (1.160) is the Martin representation of u. The measure p in (1.160) is
not uniquely determined by u.

Definition 1.254 A harmonic function v > 0 is called minimal in Q if every
harmonic function w such that 0 < w < v in €2, is proportional to v. O

Minimal harmonic functions v # 0 are proportional to K (&, -);thecorresponding
points £ € A are referred to as minimal, and the set of minimal points A} C A is
called the minimal Martin boundary. Let us look at a few examples.

(i) Let © = Bx(0) C R", n > 2, Then

. R"2 (R2 — |y|?
R, yy= BB -
&=yl

is the Poisson kernel, Q=0 (the closure of €2), the Martin boundary is the sphere
A = S"1(R), all points of which are minimal. The Martin representation (1.160)
becomes the Poisson-Herglotz formula.

(ii) The Martin boundary is A = T", where I' := Q \ ©, whenever ' C R" is a
smooth hypersurface.
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Chapter 2 ®)
Finslerian Geometry e

2.1 Finslerian Geometry

2.1.1 Pullback Bundle

Let M be a n-dimensional C* manifold and let 7 (M) be the total space of the
tangent bundle over M. Let IT : T(M) — M be the canonical projection. Given a
local coordinate system (U, %) on M let (IT~'(U), x*, y') be the induced local
coordinate system on 7 (M), i.e.,

i __ =i I i 0 —1
x'=x"oll, v=y'(v) , vell " (U).
T(v)

Ox!

The very pedantic notational distinction between the point coordinates ¥’ : U — R
and x’ : [T7"(U) — R will be dropped in the sequel. Finslerian metrics (energy
functions) are defined on 7' (M) yet are commonly not sufficiently smooth along the
zero section in T (M). For this reason, we shall work with

V(M) =TM)\ o(M),
c:M— T(M), o(x)=0,¢€T (M), xeM.

V(M) is an open subsetin 7'(M) and (IT~'(U), x', y') induces the local coordinate
system (7~ ! (U), x*, y') on V(M), where  : V(M) — M is the projection.

Definition 2.1 The pullback bundle 7='T (M) — V(M) is the ordinary pullback of
T (M) by 7. O

The fiberin 7' T (M) overv € V(M) is (7~'T(M)) = Tr)(M). The following
diagram

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 131
E. Barletta et al., Differential Geometry, Infosys Science Foundation Series,
https://doi.org/10.1007/978-981-96-1631-2_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-96-1631-2_2&domain=pdf
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2
https://doi.org/10.1007/978-981-96-1631-2_2

132 2 Finslerian Geometry
1T (M) L v(M)
T I
TM) 5 M
is commutative. Here p and 7 are, respectively, the maps
pX)=v, #X)=X, Xe(a'T(M)),

forany v € V(M).Let U C M be an open set.

Definition 2.2 The natural lift of the tangent vector field X : U — T (M) is the
cross section
X" e C¥(r'(U), nT'T(M)), X"=Xor.

Definition 2.3 The Liouville vector is the (globally defined) cross section

LeC®M'T(M), L) =v, veV(M).

Given a local coordinate system (U, x') on M let

Xi= (=) :77'U) = = 'TM)
Oxi

be the natural lifts of the vector fields 9/0x' : U — T(M). Then {X; : 1 <i <n}
is a local frame in the pullback bundle 7' T (M) — V (M), defined on the open set
71 (U) C V(M). Therefore, for any v € 7' (U)

. 0
L) =v=y(v) (

o )M =y (v) Xi(v)

hence the Liouville vector admits the local representation

L=y X; on 7 Y(U). 2.1)
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2.1.2 The Vertical Lift

We shall need the vector bundle morphism
L:T(V(M)) - 7 'T(M), L,A=(d,mA, AeT,(V(M)), veVM).

‘We shall build a vector bundle morphism

via ' T(M) — T(V(M))
asfollows.Letv € V(M)and X € (W’IT(M))U = Try(M).If x = 7(v) € M,then
v # 0, hence there is € > 0 such that v + X € T, (M) \ {0,} for any |7]| < €. Let
C : (—€,€) = V(M) be the curve given by

Cty=v+1tX, |t|<e
Finally, we consider the R-linear maps

Yo i (7T (M), — T,(V(M)), ve VM),

given by
dcC
X) = —1(0).
Yo (X) dt()

Definition 2.4 The vertical lift is the vector bundle morphism ~ : 7' T (M) —
T(V(M)). O

The definition of 7,(X) doesn’t depend upon the various choices and
v[7~'T(M)] = Ker(d).
In particular v : 71T (M) — Ker(dr) is a vector bundle isomorphism and
0— 7 'TM) L T(VM) -5 7' T(M) — 0 (2.2)

is a short exact sequence of vector bundles and vector bundle morphisms. All these
statements are an easy consequence of the local representation of , i.e.,

X)) =, <i=<n,
v (Xi) By

Definition 2.5 A section X € C®(n~!T M) is referred to as a Finslerian vector field
on M. U

No Finslerian structure has been assigned to M so far, yet locally X = f! X;
on 7~ 1(U) for some C* functions f’ : 7~!(U) — R. The functions f* [the local
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components of X with respect to the local coordinate system (U, x’) on M] depend
both on the position arguments x' and the directional arguments y’, thus motivating
the chosen terminology.

2.1.3 Connections in the Pullback Bundle

The canonical connections (similar to the Levi-Civita connection of a Rieman-
nian manifold) in Finslerian geometry occur as connections in the pullback bun-
dle 7-'T (M) — V(M). Let C(7~'T M) be the affine space of all connections in
71T (M). To every connection V € C 27T_1TM ) one may associate its curvature
2-form

RV :Q(n7'TM) — Q*(x'TM).

Here we use the customary notation QF(E) = C*® (A" T"(M)® E ) for every vector
bundle E — M, so that QU(E) = C®(E) is the space of all C* sections in E. Then

RVX: X(V(M)) x X(V(M)) — C®(V(M)),

(RVX)(A, B) = [Va, VB]X — ViapX, XeQ(x~'TM), A, Bex(vVM)).

As well known, the notion of torsion makes sense for a linear connection, that is for a
connection in the tangent bundle over a differentiable manifold. However, a concept
of “torsion” may be associated to a connection V € C (ﬂ’l ™ ) in a natural manner,
by using the bundle morphism L. Indeed, one sets

T (A,B) =V4,LB —VgLA—L[A,B], A,BeX(V(M)).
Lemma 2.6 For every connection, V € C (Tl'_lTM)
T,(vX, 7Y) =0 (2.3)
forany X,Y € C°°(7T’ITM).

Proof By the exactness of the sequence (2.2) Ker(L) = Ker(dm), i.e., Ker(L) is
precisely the vertical distribution on V (M). As well known the vertical distribution
is involutive, hence

[vX, vY] € Ker(L)

for any pair of Finslerian vector fields X and Y on M. Then L o v = 0 yields (2.3).
Q.e.d.
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2.1.4 Nonlinear Connections

Definition 2.7 A nonlinear connection on M is a C* distribution
N:veVM)+—— N, C T,(V(M))

such that
T,(V(M)) = N, ® Ker(d,w), veV(M). 2.4)

O

Cf. N. Kawaguchi, [Kaw]. Given a nonlinear connection N on M and a tangent
direction v € V(M) the restriction of L, to N,

L,:N,— (x7'TM),

is a R-linear isomorphism. Hence, L : N — 7! T (M) is a vector bundle isomor-
phism whose inverse is denoted by 3 : 7~!T (M) — N, i.e.,

By=(Ly: Ny — (x"'TM),) ", veVM).

Definition 2.8 The vector bundle isomorphism 3: 7~ !'TM ~ N C T(V(M)) is
referred to as the horizontal lift with respect to the nonlinear connection N. O

Let (U, x") be a local coordinate system on M and (7~'(U), x*, y') the induced
local coordinates on V (M). Let us set for simplicity
. 0 0
{(9,‘, 6,‘ : 1<i§l’l}E —, — 1 1<i<ny.
oxt’ Qy!
For any v € 7~ (U), the space N, is the span of {§;(v) : 1 <i < n} where

)
5,‘5 ,E/BXl', lflffl
0 Xt

As{8;, &; : 1 <i <n}isalocal frame in T (V (M))
& = M/ 9; — N}/ (2.5)

for some C* functions M}, Ni:7~'(U) — R. Let us apply L to both sides of
(2.5) and take into account that

LOﬁ:lﬂ—ITM, L5‘,=X,
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It follows that M;. = 53 Therefore,

5i=0—Nl9; 1<izn. (2.6)
Definition 2.9 The C* functions N} : 71 (U) — Rare the local coefficients of the
nonlinear connection N [with respect to (U, x)]. O
For further use, let us consider the local differential 1-forms
5yi Edyi +N;dxj, 1<i<n.

Then {dx', 6y : 1 <i < n}isalocal framein T*(V (M)), defined on the open set
7~ N(U), dual to {&;, O; : 1 <i <n},ie.,

dx'(0;) =}, dx'(9;) =0, 8y'(8;) =0, 8y'(9)) =7

In particular, in the older language of Pfaffian systems (rather than C distributions
on manifolds) a nonlinear connection N is locally the Pfaffian system

dy"—i—Nj"-dxj =0, 1<i<n.
Definition 2.10 Given a nonlinear connection N on M the Dombrowski map is the
vector bundle morphism

K:T(VIM)) —» 7 'T(M), K=~"'oV,

where V : T(V(M)) — Ker(dm) is the projection associated to the direct sum
decomposition
T(V(M)) = N & Ker(dm).

O

Then locally K(6;) =0 and K (3,-) = X;. Also the short sequence of vector
bundles and vector bundle morphisms

0— 7 'TM) -5 TV =55 71T (M) = 0

is exact.

LetV e C(7r’1 TM) and let Ny, C T,(V(M)) be the subspace consisting of all
w € T,(V(M)) such that (VAE)U = 0 for some A € X(V(M)) such that A, = w.
Following B.T.M. Hassan (cf. [Has]), we adopt the following:
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Definition 2.11 A connection V in 7~ ! T (M) — V(M) is regular if
VxL=X 2.7

forany X € C*®(x~'TM). O

Lemma 2.12 For every regular connection, V € C (7r_1 ™™ ) the assignment
Ny :v e V(M) Ny, C T,(V(M))

is a nonlinear connection on M and for every local coordinate system (U, x') on M
the local coefficients of Ny are given by N} = F}kyk where Vo, X; = Ffik X;.

Proof Letv € V(M) and letus setx = 7(v) € M.Let (U, x') be alocal coordinate
system on M such that x € U [and in particular v € 7' (U)]. Let w € T,(V(M)).
Let A € X(V(M)) be a C* extension of w to a tangent vector field A defined on the
whole of V(M), i.e., A, = w. If w € Ny ,, then locally

w=w (9), +w ™ (8),, A=A +ATY, Aw=w, AT =wT"
and

0=(VaL), = {Val¥' Xi)}, = {A(yi)Xi +y' VAXi}v =

= {A”" Xi + Y [ATVo, X + ATHV, X,-]] = {w”" +y ! T ) + w/* cjk.,(u)]} X (v)
where we have set
k k
Vo X; =TL Xe, V5X;=C5Xy.
On the other hand, let us apply (2.7) for X = X, i.e., Vg,j[, = 0 yielding
iy =0 2.8
Ky =Y. (2.8)

Consequently

w4yl (v) Ff,-(v) w/ =0

so that ' )
w=w'{9; — yiFljiak}

v’

i.e., Ny is locally the span of

k
Jji
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This proves smoothness? ie., Nv is a C* distribution on V (M), of real rank n, whose
local coefficients are Nj’. = F;kyk. To end the proof let w € Ny, N Ker(d,7), i.e.,

w=N(0;—yTha) . w=u (),

J

for some X', u' € R. As {8;, 9;} is a local frame of T (V (M)) it follows that X' = 0
so that
Ny.» N Ker(dym) = (0)

proving that the sum Ny, + Ker(d, ) is direct. Finally, the equality
T,(V(M)) = Ny, @ Ker(d,m)

follows by comparing dimensions. (]

2.1.5 Finslerian Connections

Following the terminology of M. Matsumoto (cf. [Mat]), we adopt the following:

Definition 2.13 A Finslerian connection on M is a pair (V, N) consisting of a
connection V in the pullback bundle 7~! T (M) — V(M) and a nonlinear connection
NonM. ([

For any regular connection, V € C*(7~'T M) the pair (V, Ny) is a Finslerian
connection on M.

Let (V, N) be a Finslerian connection on M and let 3 : 7~ !T (M) — N be the
corresponding horizontal lift. Another analog to the torsion of a linear connection
[on V(M)]is

Tx(A,B) =V, KB —V3KA—K[A, B], A,BeX(V(M)).

Unlike 77 the new “torsion” Tx depends on the given nonlinear connection N.
Several fragments of interest (of the torsions 7, and Tk ) are defined by

T(X,Y)=T.(BX,pY), CX.Y)=T.(vX,BY),

RYX,Y) =Tk (BX,8Y), PL(X,Y)=Tx(yX,8Y), S'(X,Y)=Tg(X, V),

forany X,Y € C®(r~'TM).

Definition 2.14 T and C will be referred to as the horizontal and mixed components
of Ty, while R!, P! and S§' are, respectively, the horizontal, mixed, and vertical
components of Tk . O
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As argued above Ty (vX, vY) = 0 so there is no “vertical” component of 7. A
similar decomposition of the curvature form RV is feasible and useful in the sequel.
Precisely we set

R(X,Y)Z =RY(3X,8Y)Z, P(X,Y)Z=R"(vX,BY)Z, S(X,Y)Z=R"(vX,7Y)Z,

forany X, Y, Z € C®(n~'TM).

2.1.6 Finslerian Metrics

Definition 2.15 A C' function E : T (M) — R is said to be a Finslerian metric if
i) E € C®(V(M)).
ii) E(0,) = O forany x € M.
iii) For any A > 0 and any w € T (M),

E(Aw) =\ E(w). (2.9)
O

One often accepts that E be defined only on some open cone Q2 C T(M) and
refers £ : Q — R as a Finslerian metric, as well.

Let E : T(M) — R be aFinslerian metric on M and let (U, x') be a local coordi-
nate system on M. Let (7~'(U), x', y') be the induced local coordinates on V (M)
and let us consider the functions

V) S R 1 O’E
TRE >R, ¢gi==-——.
9ij 9ij 2 Oyt OyJ
Next, let g be the C* section in the vector bundle
(n7'TM) @ (n7'TM)" — V(M) (2.10)

defined as follows. Let v € V(M) and let us set x = 7(v). Let then (U, x?) be alocal
coordinate system on M about x. Given X, Y € (ﬁ’l ™™ )U locally represented as

X=XX;(v), Y= X)),

we set by definition o
Gu(X,Y) =gij() X' /.

The definition of g, doesn’t depend upon the choice of local coordinates about x, so
that
g:veVM)r— g,
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is a globally defined section in the vector bundle (2.10). As g;; € C* (77‘l w )) the
section g is C*°.

Note that [by axiom (iii) above] E is only required to be positively homogeneous
(of degree 2). When that is supplemented by the request

E(—w)=E(w), weTM),

the Finslerian metric E is referred to as symmetric. Let us differentiate with respect
to A in
EQv) =M E®W), veVM), A>0, (2.11)

so that to obtain
OE

oy!

)" = 2 E (w).

Differentiating once more with respect to A gives

OPE
ayt 0yJ

Av)v'v/ =2 Ew)

hence (for A = 1) o
9ijy'y = E (2.12)

on 71 (U). The identity (2.12) admits the following coordinate free reformula-
tion g(L, L) = E. As another consequence of positive homogeneity (iii) the func-
tions g;; : m'(U) — Rare positively homogeneous of degree 0. Indeed, the identity
(2.11) yields the following relationship between the local expressions of the functions
involved:

E(x, \y) = A E(x, y).

Differentiation with respect to y' then yields

OE
oy

OF i _ e
W(x, )\y)>\61 =\

or

OE OE
~ ) )\ = )\ ~ ) .
By (x, Ay) By (x,y)

Finally, one may differentiate once more with respect to y/ so that to obtain

O’E O0’E
I re—— 5 )\ - )
By Oyl (x, Ay) By Oyl (x, y)
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or
gij(Av) = gij (v) (2.13)

for any v € 7' (U) and any A > 0. Q.e.d.

Definition 2.16 A Finslerian metric £ on M is positive definite if g is positive
definite, i.e.,
gv(XaX)ZO, gU(X7X)=O<=>X=Oa

forany X € (n~'TM) and any v € V(M). O

If E is a positive definite Finslerian metric, then g is a Riemannian bundle metric
on the pullback bundle 7~! T (M) — V (M). In particular, any such E is nonnegative,
foronehas £ = g(L, £) > 0and E(w) =0 <= w € o(M).

Lemma 2.17 IfE : T(M) — [0, 400) is a positive definite Finslerian metric such
that E € C*(T (M), then forany X, Y € X(M) the function g(X’r, Y”) V(M) —
R is invariant along the fibers of m and descends to a unique C* function G(X,Y) :
M — R such that G is a Riemannian metric on M

Proof Let (U, x") be a local coordinate system on M and let (IT"!(U), x', y') be
the induced local coordinates on T(M).If E € C*(T (M)), and in particular E is C 2
along the zero section, then
1 DE
=5 dy' Oy’

are defined and continuous on IT~!(U). The same calculations as above, performed
on IT~1(U) rather than on 7' (U) only, lead to the identity

gij (Aw) = g;;(w) (2.14)
for every w € TI~1(U). Let {\,},=1 C (0, +00) be a sequence of positive numbers
such that lim,_, A, = 0. Then, for each fixed w € [T~ (U) with x = IT(w), the
sequence

w2 €I ()
converges to 0, in the topology of T (M). By (2.14) for A = A,
gij(Aw) = gij(w), v=>1,
and passing to the limit with  — oo one has (by the continuity of g;;)
9ij (0y) = gij(w).

In other words g;; depend on the position arguments x’ alone and determine a
(globally defined) Riemannian metric G on M. Q.e.d.
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2.1.7 Cartan Connection

Theorem 2.18 Let E : T(M) — [0, +00) be a positive definite Finslerian metric
and g the corresponding Riemannian bundle metric on n~'T (M) — V (M). There
is a unique regular connection V € C(n~'TM) such thati) Vg =0,ii) T = 0, and
iii) ' = 0.

Definition 2.19 The connection V furnished by Theorem 2.18 is referred to as the
Cartan connection of (M, E). O

Theorem 2.18 is most easily proved by a calculation in local coordinates. A few
local formulas established in the sequel hold for an arbitrary Finslerian connection
and that will be emphasized as we proceed. Let (V, N) be a Finslerian connection
on M. The following notations are adopted, as to the local connection coefficients
of V:

Vs Xj=FXe, VyX;=CiXp, VoX;=T}X;.

Moreover, we set
T(X;, X)) =T\ X, S'(Xi, X;) = S5X¢.
As KO, = X; and [0;, ;1 =0
S =Cf = C;. (2.15)

IfN Jl are the local coefficients of the given nonlinear connection, then §; = 0; —
N} ; yields

ONk  ONK\ .
5, 6] = L_ 119 2.16
[, ;] (&W Ox! : (2.16)
so that L [6,-, Jj] = 0 and then
Ti]; = Fi’; - F,kl ) (2.17)

We first attack uniqueness. Let V be a regular connection in 7~ ! T (M) — V(M)
such that Vg = 0 and T = S' = 0. The identity (V&,g) (X, Xi) = 0 implies

agjk
Ay

=Cfigu+ Clgje - (2.18)

Cyclic permutation i +— j +> k +> i of the indices i, j and k in (2.18) leads to two
more identities of the sort

dgii
57 = Cir s+ Cligie (2.19)
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9gij
8y’i = Ci; 9ij + C; gie - (2.20)
The so-called “Christoffel process” consists in adding the first two equations and

subtracting the third
(2.18) + (2.19) — (2.20).

Using the symmetry C}; = C*; one obtains

2C! g = Ogjk | OYri _ 9gij
ij dyl | Oyl Oyk

or [by gi; = (1/2) 0*E/dy" 0y’ ]

1 OE
Cl=—g% ———. 2.21
Vo4 g dy' OyJ dy* @21
To establish uniqueness, besides C lk] we ought to determine N j’ and F; « lequivalently
N; and Ffj]. Similar to the above, the identity (V(;, g) (X, Xi) = 0together with the
Christoffel process (relying on FI’; =F ;j) leads to

59jk OGri 591’,’

2Ff gre = =L - — : 2.22
ij Ikt oxt dx/  Oxk ( )

Formula (2.22) doesn’t determine Ffj yet, because the coefficients
N =Y F (2.23)

of the nonlinear connection Ny are unknown so far. An ingredient we shall need is
——
¥y Ci; =0 (2.24)

[a consequence of the regularity condition V,x £ = X, forany X € C®(x~'TM)].
Next let us substitute from §; = §; — N/ 3j into (2.61) so that to obtain

8é]jk O agij N¢ agjk N¢ O

9
¢ 9Yij
oxi  OxJ  Oxk Loyt I oyt A

4 —
2 FAj Jok = Py Byt

13

or

Fiﬁ' gex = Vijk = Ni Cjre — Nf Crie + Ni Cije (2.25)
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where we have set

Ox! OxJ  Ox*

_ 1 (0gjx | Ogui  Ogij 1 OE
’YI‘]k — 2 bl ’Jk — 4 8yl 6)}/ 8yk .

in particular [by (2.24)]
Ciy' =0, Cixy =0, Cijy*=0.
Contraction by y' in (2.25) yields [by (2.23)]
Nf gk =¥ ik — Nf y' Cipe . (2.26)
Next, contraction with y/ in (2.26) gives [by C jkzyj = 0]
Niy goc =i y' vy’ y*

or '
N; ¥ = g% Yoo (2.27)

where we have set
Yook = Vijk vyl

Moreover, substitution from (2.27) into (2.26) leads to
N§ = g% (5 yijk = C% voom) (2.28)

so the coefficients of the nonlinear connection Ny are determined. Finally, we
may substitute from (2.28) into (2.25) so that to determine Fl’j Q.e.d. Viceversa
the connection V defined by (2.21), (2.25), and (2.28) satisfies the requirements in
Theorem 2.18. O

While unnecessary towards establishing the existence and uniqueness of Cartan’s
connection, one may of course determine Fl’.‘j as well

k k £k
Iy =F; +N;Cy;.
Next, we state a couple of useful properties of the torsion of the Cartan connection.

Lemma 2.20 Let V be the Cartan connection of (M, E).
(i) Forany A, B € X(V(M)),

9(TL(A, B), £) =0.

(ii) For any X, Y € C®(n~'TM),
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m

.. OF!
P(X,Y)L =X yiyk I~
y!

X .

(iii) For any X € C*(x~'T M),

PX, L)L =0.

Proof (i) In local coordinates
A=AQ + A9, B=B 0,4+ B"0;.

Note that [as Ld; = X; and LJ; = 0]

TL (D, 0)) = Vo X; — Vo X; = (I = T%) X,

TL (@, 0)) = =V Xi = =C{; Xy, T(0;, 9;) =0.
Hence,
Ti(A, B) = A'BIT, (3, 9;) + A'BT"T(0;, 0;) + A" BIT,(9;, 9;) =
= {A'B/ (T}, —T%) — A'B/*"C}, + A" B/Cl} X,

On the other hand [by £ = y* X,] g(L, Xi) = y*gu so that

9(TL(A, B), L) = {A'B/ (T}, = T'%,) — A'BI*"CY, + A7 BICl Y 3 gur .

Let us recall that ijiggky‘Z = Cijey* = 0 so that

9(TL(A, B), L) = A'BY (T}, — %) " gu -

145

Moreover, we recall F;k =F }k + N JZ C ék and contract with y™ g,,; so that to obtain

Fj‘k ym Gmi = ][:k ym Gmi -

On the other hand [by (2.25)]

Ffguy* = (%’jk — Nf Cjke — Nj Crie + N{ Ciﬂ) = (’Yijk + N Ciﬂf) Y=

[by substitution from Nf. vy = g% voor (cf. (2.27)]

= ijo + 9" Yoom Cije = Vijo + Clkj Yook -
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Finally. k kY b k kY 0
(T = 1) ¥ g = (Fj = Fji) ¥ g = 0.

Q.ed.
(ii) Locally X = X'X; and Y = Y/ X; hence

P(X, V)L =XYIy*P(X;, X)X .

Moreover, )
P(X;, X)X =RY(v Xi. BX) X = RV (0r, 6,)Xx

where §; is short for §/dx/. Next

ON™

5= Ny = (8,5 =~ 3
so that )
RV(&-, 5]‘)Xk = V(F)iV5ij - V(j/V&Xk — V[&,o}]x" =
ON"
= V5, (FjXe) = V5, (CieXe) + a—yf CouXe =
OF™ FYol] ON?
_ Jjk l m ik 14 m J m

Hence [by Cliy* = 0],

. OF™ oCcm
YRV (D, )X = HF { ayjik + ka cr— ’k} X, .

The last term is

Syt (G vy ) = SRl — N ™ ) =
[by y* Cfi = 0] )
= -y Nj g™ % .
Also
Y Cirp = 0= 0} Cigp + H* 886;121) =0= ykaac—;zp = —Ciyp

so that
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v 9Ci

_ L ~m
s =NiCl.

Finally [by y* F, = N{],

oCr
k 14 m ik | _
y {ijciz_éxj}—o

so that

m
Fly

oy

YRV (i, 6) X = ¥ X .

Q.e.d.

(iii) The statement is a rather involved consequence of (ii)

m

. OFT
PX,V)L=X"Y/ yv—L X,
ay!

forY =L, ie.,
m
jk

P(X, L)L =Xyl yk L
ay!

Xom -

For the proof, we start from y* F ik = N7 and differentiate with respect to y' so that
to get

m m
 OF B ON7

oy! oyl

Fii+y

Next, let us contract with y/ so that [by y/ FJ} = N/"]

m m
i OF _ L ON;
oy!

— — N, 2.29
5y (2.29)

Next [by (2.27)] N7" v/ = ¢"* yo0 hence [differentiating with respect to y']

j ONT _ B
oy oy

Yy {gmk ’YOOk} —N". (2.30)

Next, we start from

_ 1 (Ogj  Ogi  Ogij
k=5 <8xi + OxJ  Oxk

and contract with y’y/ so that to obtain

L (Ogjx | Ogi  09ij\ i ;
ook =5 ( Ox? * ox7 Oxk Y
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or

.. 0g; 1 0E
'YOOk:ylyj%_EW' (2.31)
Also
dg™* Dk g™ Dgse
mk m mk lk _ms s
9 Gke = 0y By Jke + Dy Dy Dy
agmk s
oy = 26" 9" Cis- (2.32)
Going back to (2.29)—(2.30)
. OF™ ) g™k 13}
J kK Jjk — { mk }—2N-m= 9 mk 9700k —_ 2N =
Yy By oyl g Yook i Dy Yook + Dy i

[by N = g" (701']' - Clkj ’Yook), cf. (2.28)]

mk B)
mk 9 7Y00k mj
= Ty o0 +g™ Dy 29™ (voi; — Ci; ook) =
[by (2.32)]
k 000k

= —2g"% g™ Cits Yook + 9" —29™ (i — C; yoox) =

ay!

[by observing the cancellation of terms]

mj 900;
=g" < 8yij = 270 ) -

As customary, let us differentiate with respect to A in E(x, A\y) = A? E(x, y) and
set A = 1 in the resulting equation. We obtain

OE
ay!

y  =2E.

Taking the partial derivative with respect to y/ yields

. OE
2giy' = Byl (2.33)

Going back to (2.31) [by (2.33)]
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_ijOg 10E . 0 (10E 1 0FE
Tk =YY T 2axk Y ax \2 oyk 2 Oxk
or
5 ;0 (OE OE
Yook =Y Oxi \ Dyt Ok

Let us take partials with respect to y* so that to obtain

0 0’E O0’E . O’E

o T10k +y (2.34)

oyt Oxtoyk  oxk oyt Y oxi Oyk oyt ”

99ix 3gjk agij

OxJ + Ox! Oxk

. 1
Let us contract with y* in v = 3 ( ) and use again (2.33).

We obtain
1[0 (10E ;09 0 (10E
k==|=— =z ! - —— (== 2.35
10k = 5 |:8x-1 (2 ayk> ty Oxt Oxk (2 8y1>i| (2.35)
Finally [by (2.34)—(2.35)],
a’}/o()j 1 0 82E ag,-j
= — 2 = = )* —— | —y* =0.
ay! i 2 Y 0x* \ 0y’ 0y’ Y ox*
Q.e.d.

2.2 Geodesics in Finslerian Manifolds

2.2.1 Regular Curves

Let I C R be an interval.
Definition 2.21 A C' curve o : I — M is regularif ¢u(t) # O foranyt € I. [

If this is the case one may consider the continuous curve & : I — V(M). Let
(U, x') be a local coordinate system on M such that v(ty) € U for some t, € I.
By continuity there is € > 0 such that y(¢r) € U for any |t — t0| < €. The local
components of « are

o =Foa:(ty—¢ to+e) > U, 1<i<n,

while the local components of ¢ are

&, & (g —€, 1o+ €) — T (),
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do!
dt

& =x'oa=Fomoda=da, &M=y od =

Let o : I — M be a regular curve of class C2. Let N be a nonlinear connection on
M. The tangent vector field along ¢ is

da déf daitn : dao! - d>of .
S0 = (1) @iy + == O (B1) 3 = O (6 + N/ 8,-)@({) + 0 (D)
or

da do! d*af i da! .

Z(l) = (t) (0 aq + [F(t) + N/ (&) 7 (f)] (aj)dm (2.36)

which is the decomposition of d&/dt adapted to the direct sum decomposition

Td(,)(V(M)) = N@(,) (&) Kel‘(dd(,)ﬂ').

Definition 2.22 A regular C? curve o : I — M is a geodesic in (M, N), or a
geodesic of the nonlinear connection N, if

do

Kaw I

=0 (2.37)

foranyt € I, where K : T(V(M)) — m'T (M) is the Dombowski map associated
to N. O

Lemma 2.23 Let V be a regular connectionint™'T(M) — V(M) andleto : [ —
M be a regular C* curve. The following statements are equivalent:

1) v is a geodesic of the nonlinear connection Ny.

ii) For any local coordinate system (U, x') and for any ty € I such that a(ty) € U,
there is € > 0 such that o(t) € U and

20/

dt?

(1) + Ni(a()) %(t) =0, 1<i<n, (2.38)

for any |t - t0| <€

Proof (i) = (ii)
Let a be a geodesic of Ny. If K : T(V(M)) — 7' T (M) is the Dombrowski
map associated to the nonlinear connection Ny, then

dé o da
0= Kan 77O =Yaw Vao (1) =

[by (2.36)]
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Aol Lodd!

which is (2.38). O

For a regular connection V, the local coefficients of the nonlinear connection Ny
are given by N; = F;kyk and y¥ (c'v(t)) = (da* /dt)(t) hence the geodesics equation
(2.38) may also be written in the more familiar form

d*a!

: do’/  daot
— @)+ Fi (&) — @) — () =0. 2.39
3 (0 + Fiy(60) == () (1) (2.39)
For any regular connection V and any A € X(V(M)),
Vil =KA. (2.40)

Indeedif H : T(V(M)) — Ny is the projection,then A = HA 4+ VAand Vya L =
0 hence
VA,C = VVA,C = VW(W’_I(VA))E = VA/(KA),C = KA.

Lemma 2.24 Let E : T(M) — [0, 400) be a positive definite Finslerian metric on
M and V the Cartan connection of (M, E). Let o : I — M be a geodesic of Ny.
Then E (¢(t)) = constant.

Proof One has
de . d
E[E(Oé(t))] = E I:g(ﬁ’ ﬁ)d(r)] =

[by Vg = 0]
=2y (Vdd/dtﬁ’ E)aa) =

[by (2.67)] 9

&

=2g <Kd(t) E(t), £d(t)) =0
hence
E(a(1)) = e(a)

for some constant e(a) > 0. O

Definition 2.25 The constant e(a) in Lemma 2.24 is the energy of the
geodesic a. (]

The definition of the notion of a geodesic in a Finslerian manifold, as formulated in
Definition 2.22, doesn’t resemble much its Riemannian counterpart. In the sequel we
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make a few remarks, still following the exposition in B.T.M. Hassan (cf. [Has]) and
aiming to establish precise analogies between the theory of geodesics in Riemannian
and Finslerian geometry, starting from the basic fact that, at least for the time beeing,’
Cartan’s connection replaces the Levi-Civita connection of a Riemannian manifold.

Leta: I — V(M) beaC! curve, where I C R is an interval. Curves of the sort
occur mostly in relation with given regular C? curves o : I — M, for we may set
a(t) = &(t) forany t € I. Let V be a section in 7~ T (M) — V(M) defined along
&, ie.,aC! map

V:l—a'T(M), V@)e (w—‘TM)&m = Traay(M), tel

Given a connection V in the vector bundle 7~ 'T (M) — V(M) the covariant
derivative of V is a section defined along &

DV .
— ] > 7' T(M)
dt

DV _
(0= (vd&/drv)a(l), tel, (2.41)

where V : V(M) — 7#~'T(M) is a C' section extending V to the whole of V (M),
ie., V(a(r)) = V(r) for any 7 € I. Here we assume tacitly that & is injective (the
curve & has no self intersections) so that each value of the parameter identifies
precisely one point of the curve. Then V may be thought of as a map V : A —
7~ T (M) defined on the closed set A = &(I) C V(M) by Vawy = V(). Of course
a section which is C! on a closed set may be extended to a C' section defined
on the whole manifold. To simplify exposition let us assume that 0 € I and let
(U, x")bealocal coordinate system about the point a(0), where a(¢) := w(&(t)).Let
(ﬂ’l U), x', yi) be the induced local coordinate system on V (M), so that = I(U)
is an open neighborhood of & (0). By continuity, there is € > 0 such that () € U for
every |t| < ¢, and in particular &(t) € 7~ (U) for every |¢| < e. Let X; = (9/0%)"
be the natural lift of 9/0x". Starting from the local representations

! Unlike the case of Riemannian geometry, an array of canonical connections [mostly in the vector
bundle 7~ 17(M) — V(M)] are equally frequent substitutes of the Levi-Civita connection, useful
for various specific purposes (e.g., the Chern connection, the Berwald connection, the Rund con-
nection, etc., cf. M. Matsumoto, [Mat]). These will not be further discussed in the present chapter,
which is but introductory to Finslerian geometry, yet are needed for applications of sorts [e.g.,
Chern’s connection turns out to be useful in the construction of a theory of harmonic maps from a
Finslerian manifold].
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o' (1) = & (1)),

&0 =x'(am), @ =y)aw),

i

V()= Vi) X an, =V X;, |tl<e

7]
7 1)

one first observes that
a=mToa = a'(t) = d' (1),

(8) doz‘*”()(@)
Oxi ) dt ay! a([)

Vaoy = V(1) = V' (a@)) = Vi(0),

da do
— (1) =
dt ®) dt

and then [by plugging into (2.41)]

. dOéi . ~i+n
(Vdd/dt V)a([) = W([) (Vi)/(‘)xi V)d(t) ([) ( /0yt ) O
v vt
Vojou V = [W + V' T Xe ViV = [a—yi + V' Cl] X,

where we have set as customary
k k
Vde ZFU Xk, Va,Xj :Cl] Xk,

and 9; = 0/9x" and 9; = 0/dy" for the sake of simplicity. Then

L I LI

— dol
(Vd@/dzv)d(t) = { O [

~i+n

dt [ ( (t))

_ {dvk (am)

aﬂwm}&@m)
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k], ()] Xe(60) =

DV
thus showing that the definition of I (t) doesn’t depend upon the choice of exten-

sion V to V. Itis also customary to start with the last expression as a (local) definition

DV
of W(t)’ good for the portion of & (f) which is surely contained in 7~ (U), and

then cover the whole of & with (induced) local coordinate neighborhoods. Of course,
one then needs to check coherence on overlaps, and that the constructions do not

depend upon the choice of local coordinate systems.
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Let & : 1 — V(M) bea C' curve and let V, W be two sections in 7' T (M)
defined along &. Then

a1 Vv w — gan (2Y W an(V bW 2.42
E[ga(t)( (), ([):I—gn,(t)(W(t)a (t))+ga(t)( (), 7(1)) (2.42)

for any connection V in 7' T (M) such that Vg = 0. The proof of (2.42) relies on
an easy local coordinate calculation (and is left as an exercise to the reader).

By following the conventions in [Has], one may regard the very tangent vector
field of a regular curve « as a section in 7! T (M), defined along «

da
— 1 “IT(Mm),
dt - (M)

da . -1

E(I) =a(t) € Tory(M) = Traay(M) = (7r TM)d(,), tel
By recalling the Liouville vector field £ : V(M) — 7~ T (M), one may easily see
that

ill—(:(t) = L(&(1)), tel.

Let (M, E) be a Finslerian manifold.

Definition 2.26 A regular curve o : I — M of class C? is a geodesic of (M, E) if
it is a geodesic of the nonlinear connection Ny associated to the Cartan connection
of (M, E). O

Lemma 2.27 Let o: I — M be a regular curve, of class C>. The following
statements are equivalent:
(1) « is a geodesic.
.. D [da . o da .
(i) 7\ = 0, where the covariant derivative of — is meant with respect

dt
to the Cartan connection V.
(ii1) (Vd&/dzﬁ)&(,) = 0 where a(t) = a(t).

The reader will certainly note that the (equivalent) descriptions (ii) and (iii) are
closer to the formal definition of the notion of geodesic in Riemannian geometry.
Proof of Lemma 2.27. (i) = (iii). Let us assume that « is a geodesic, i.e.,

d
Ka(,)d—(:(t) =0 where K : T(V(M)) — 7 'T (M) is the Dombrowski map asso-
ciated to the nonlinear connection Ny. Let us recall [by (2.67)] that for any regular
connection V, and in particular for the Cartan connection, and forany A € X(V (M))

one has VoL = K A. Let A be an extension of da/dt (thought of as a tangent vector
field on V (M), defined along &) to the whole of V (M). Then
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da
<Vdd/dt£)&(t) = (VaLaa) = (KA)a(r) = K&(t)z(l) =0.

Q.e.d. The converse (iii) = (i) follows from the same calculation. Finally, (ii) <=
(iii) follows from
(Val)ayy = <Vd&/drd—a> .
dt o

Q.e.d.
Letaw: I — M and 3 : J — M betwo geodesics in (M, E) such that 3(¢(t)) =

a(t) for some C' diffeomorphism ¢ : I — J and any ¢ € I. Let us assume that
¢'(t) > 0. So « and (3 are equivalent curves, and have the same orientation. Then
(locally)

2 i
¢(r))+¢<t>2 ﬂ —(

d i d2 i
0 o L = (1)),

s (o(0)), d)”(t)
so that [as « is a geodesic]

d*af

;o | da
0=+ )| o] =

[as Ny’ are positively homogeneous of degree 2]

=0 2 o0) + 607 | L5 60) + () [ o) || =

[as 3 is a geodesic]

d i
dﬂs (o)) =

=¢"(1)

[as 3 is regular]
= ") =0= ¢(t) =at +b

for some a, b € R. If one also postulates L(—w) = L(w), then any two equivalent
geodesics in (M, E) differ by an affine transformation of the parameter.

Definition 2.28 The length of a regular C' curve 7 : [a, b] — M of class C' is

b
L(a) = / E(a(n)'"* dr
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Let ¢ : [a, b] — [0, L(a)] be the C! diffeomorphism given by
! 12
o(1) :/ E(d(T)) dr.

Let 3 : [0, L(c)] — M be defined by 3(s) = a(¢7"(s)).
Lemma 2.29 [ is parametrized by arc length, i.e., L (B(s)) = 1 for any value of the
parameter s.

Proof One has

&) = /() fp@), ¢@) = E(a@m)"* >0,

so that . .
E(&() = ¢ O* E(B(o(1)) = E(B(¢(1))) = 1.

Q.ed.

2.2.2 Parametrized Surfaces in V(M)

Following [Has], we introduce the following notion.

Definition 2.30 A parametrized surface in V(M) is a C' map s : D — V (M),
where D C R? is a domain. O

This very general notion works for our purposes through the present section.

Definition 2.31 A C' map V : D — 7~ 'T(M) is a Finslerian vector field along s
if

Vu,t)e (n7'TM) (u,1) € D.

s(u,t)’
O

If s is injective than V may also be thought of as a C! section in 7! T (M)
defined on the closed subset A = s(D) C V (M), mapping every point s(u,t) € A
onto V(u,t).

For every connection V € C (7r’1TM ), the covariant derivative of V is the
Finslerian vector field along s

bv D — 7 'T(M)
—_— s
ot

is built as follows. Let (ug, o) € D.Lets,, be the curve in V(M) defined by s,,(¢) =

DV . . . . .
s(ug, t). Then o (ug, to) is by definition the covariant derivative of the restriction
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Vi, of V to sy, [which is a Finslerian vector field along that curve, i.e., V,, () =

V(uo, 1)]
DV DV,

——(ug, 1p) = (to) = <V Vi ) .
ot dr dsig far )

The Finslerian vector field along s

DV
——:D->ralTm)
ou
in defined in the similar manner, i.e.,
DV( fo) DVTO( ) \Y Vi
— Uy, = u =
ou du ° d%/d“ 0 (o, 1)
Here
sto(u) = S(”’ to)s ‘/to = V(I/t, tO)
Next let
Os Os D TV M)
—, — —
ot Ou

be the tangent vector fields on V (M) defined along s, i.e.,
Os
Then

) . _ & . Os
T, U:D—-n'T(M), T=L U=L

ot’ ou’

are Finslerian vector fields associated to (2.43).

Lemma 2.32 For any parametrized surface, s : D — V(M)

(.)D Las D L@s _7 Os Os
VoullFor) "o \Fan) T \aw o )

)
(u1)

B 0, = ) (2 1) = nys) (5
ar T eIN G ) T en  Gy

(2.43)

(i) If X : D — 7 'T (M) is a Finslerian vector field defined along s, then

2 2 X =RV & & X
ot Os - ot Ou '
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The proof is a straightforward calculation in local coordinates. Precisely

Os Os' 9 Os
a(u’ t) - E(“» t) <$>s(u,t) M Ou (”’ t) < yi)s(uvf) ’

8s( 9 8si( 9 0 n 5Si+"( 0 (
R u’ = — l,t, B uv P ’
ot ot 0x" ) ) ot Y st

Os Os!
U(u,t) = Ly a(u, 1= E(u’ 1) Xi, squ,n)s

s'=x'os, st =y os,

i,s(u,t)s

ds
T(M, t) = Ls(u,t) E(M’ t) = P

so that
DT DU DT, DUu
T, 1) — ==, - 1) = (Vas jau T — (Vasyjar U -~
o (u, 1) o (u, 1) = ( ) @) = ( ds; /du r) ) ( dsy /dt u)s(w)

i+

dst Osd Os
_ {[r{;(s(u,t)) —F_’;,.(s(u,t))] %(u,z‘)%( 0+ Cli(sw.n)= " t) (u 1+

Jj+n Si
(0,0 5.0} X

— Chi(s(u, z))

gs g ) leads to

Similarly, a local coordinate calculation of the torsion term 7}, (

(). The proof of (ii) is left as an exercise to the reader.

Definition 2.33 Let f : D — M be a regular surface, of class C*. Then

s d u
s=f:D— VM), S(u,t)=d—i(t), Ju®) = fu,0), (u,t) €D,

is called the [ift of f to V(M). O
If f is the lift of f,thenTo f = f. By the chain rule
(dfunm) o unf) =dunf

which applied to (9/0u) ), respectively, to (0(01) .1, yields

of 0 of d
(df(u'r)ﬂ-)a_i(u7 l) = a—i(u, l‘), (df(,,,,)w)a—{(u, I) = 8—{(1/[, t). (244)
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Let X : D — T (M) be a tangent vector field along f,i.e.,

Xw,t) € TronM) = (WﬁlTM)f“(u,z)

so that X may be thought of as a Finslerian vector field X along f
X:D—-> 7 'TM), Xu,t)=XWu,1).

In particular

of of |

give rise, in a natural manner, to Finslerian vector fields along f

of of -1

Lemma 2.34 Let f : D — M be a regular surface. Then

_of Of

(I)La—u~— ({9__14’
. Of of
WL =

Proof Follows from the very definition of the morphism L : T(V(M)) — 7' T (M)
[by (2.44)].

2.2.3 Existence and Uniqueness of Geodesics in Finslerian
Manifolds

Next we wish to apply the classical Cauchy-Lipschitz-Picard (existence and unique-
ness) theorem to the Cauchy problem for the ODE system (2.38). This aims of course
to establish

Theorem 2.35 Let E : T(M) — [0, +00) be a positive definite Finslerian metric
on M and let V be the Cartan connection of (M, E). Then, for every xo € M, there
is a neighborhood U C M of xo and a number € > 0 such that for every x € U and
everyv € T, (M) \ {0,} with L(v) < € there is a unique geodesic of Ny

av:(—2,2)—>M
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satisfying the initial conditions

day,
dt

a,(0) = x, 0) = v.

Here L(w) = +/E(w) for any w € T (M). We give a proof to Theorem 2.35 that
willingly includes the proof to Cauchy-Lipschitz-Picard theorem. In doing so one
pinpoints the precise dependence of the domain of the solution on the various data
involved. On the other hand the proof of Cauchy-Lipschitz-Picard theorem relies, as
well known, on the contraction theorem, hence one may indicate an iterative process
for computing the geodesic «, as the unique fixed point of a certain contraction.

2.2.4 Geodesics with Given Initial Data

The indices through the present section range as follows:
i, j, k,---e{l,2,---,n}, a, b, c,---{1,2,---,2n}

Let xp € M and let x = (x', -+, x") : U — R" be a local coordinate system on
M such that xg € U. Let

5= (xl’ P N yn):ﬂq(u) — R
be the induced local coordinate system on V (M) and let us set
A=Y[r' ()] =xU) x (R*\ {0}) c R*.
Next let
f=(h - M) AR, Fixw=—N (Y'x w)
1<i<n, xexU)), u:(ul, cee, u”) e R",

where N; e C™® (7r‘1 v )) are the local coefficients of the nonlinear connection Ny
[associated to the unique regular Cartan connection of (M, E)]. Of course

(0
~—1 i
X '(x,u)=u (—~l> )
0% /109

Letx € U andletw € T, (M) \ {0,}. We set

Uy = (x(x), wh, o, w”) € A.
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With the notations in the previous section, the problem
5

o i do/ .
W(t)-’_Nj(a([)) 7(1) =0, 1=<i=<n,

0) = d—a(o)—
a(0) = x, T =w,

is equivalent to

dx du
- = u(t), o= f(x(1), u()), (2.45)
x(0) = x(x), u©0) = (w', ---, w"), (2.46)

where

X(t) = (xl(t)’ R xn(t))v u(t) = (ul(t)v R un(t))’

da

i
1), 1<i<n.
dt() st=n

X)) =ad @), u'@) =

Next we set U(¢) = (x(t), u(t)) so that the problem (2.45)—(2.46) may be written

P —¥(U0). VO = Uy, (2.47)

where
F(x, u) = (u, f(x, u)), (x, u) € A.

For every r > 0, we adopt the notation I, = (—r, r) C R. Let us set Uy =
(xo0, ug) € R x R". Moreover, let R > 0 such that K = Bg(x) x Bg(ug) C A.
Here Bg(xo) = {x € R" : lx — xo| < R} is the open ball of center xo € R" and
radius R > 0. Note that F € C*®(A4, R*") and in particular F is continuous on A.
LetV, W € K and let

o) =F[(1-=0V+:W], 0<r=<1.
Then OF

/ _Z"a _ b _ /b

%(t)—agb[(l DV + 1 W](W> = Vv?)

hence [by the theorem of Lagrange] there is 0 < 6 < 1 such that

[FV) —Fw)| <

%[vw(w_w]” Ve —wh| < L|V—W|
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where 5F
L = v/2n max sup .(g)H.
a=1 ¢ek | O&
Also we set
M = sup [F(¢)|
ek

and consider Ry € R such that

[ R 1
O0<Ry<min{—, —¢.
M L

The solution to the problem (2.47), as furnished by the Cauchy-Lipschitz-Picard
theorem, is defined in the interval Iy = Ix, C R. Let C(lp, R*") be the Banach
space of all continuous and bounded functions U : I, — R?* with the supremum
norm

|0 = sup [U]
tely

and let X be the closed ball of center Uy [thought of as a (constant) function on ]
and radius R, i.e.,

x=[Uuec( B : [U-U,|, =R},

X isaclosed subset of the complete metric space C (o, RZ”), hence a complete metric
space itself, with the induced metric doo (U, V) = ||[U — V|| . Forevery V € X, we
consider the function

D) : Ih — R, D)) =U0+/ F[V(s)]ds, tel.
0

One checks easily that (V) € C(Iy, R*"). Moreover,

t t
|V)(@) — U = Hf F[V)] ds| = / |F[V()]| ds < M || < MRy < R
0 0
so that [by passing to the least upper bound with ¢ € Iy]
[ V) = Uo[, = &,

ie., ®(V) € X. Hence, we built a map & : X — X. Let us show that & is a
contraction. Indeed if V, W € X

[ov)) - oW = | /Ot (F[V()] - F[W()]}ds| <
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<L |[V=-W] <LR[V-W]

and LRy < 1 so that ® is a contraction. By the Banach fixed point theorem ® has a
unique fixed point U € X, i.e., ®(U) = U or

Uy + / F[U(s)]ds = U() (2.48)
0

forany ¢ € Iy. If we set U(t) = (x(¢), u(z)) and Uy = (X, uo), then (2.48) may be
written

t

x0+/ u(s) ds = x(1), uo+/ f[x(s), u(s)] ds = (),
0 0

" gt— 1) d—u—f[t t 0) = 0) =
dt()_U( ’ dt - X( )5 u( ))ﬂ X( _X()v u( )_u()v
or
d*x ¢ dx 0 — dx o _
SO =1x0. Z0]. xO0=x0. 0 =u,
or finally,
d*x N dx dx
S0+ (V) [x '(xo. E(’))} =0, x(O0) =x0. (0 =u.
Note that

UeX = R= U@ — Ul = [Ix(+) — x|l = x(t) € Br(x0)

for any ¢ € Iy. Similarly u(t) € Bg(up) so that U(¢) € K yielding x(¢t) € x(U) for
any t € Iy. Let vy, : [y = U be given by

@) =x"[x0)], tel.

Nextlet v € T, (M) \ {0,} and let us consider the curve

Ry
Qy - (_27 2) = U, as)= 'Y(Z/RO)U(T s), ls] < 2.

This is well defined because |s| < 2 = (sRp)/2 € Iy. Also
a,(0) =x, &, (0) =v.

On the other hand
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dao!, Ry dv’, d*al Ro\* d*~i
_ = — —( . e = A t s
s D=7 O mO=\7) 2 ®
Ro 2
t=—s5, w=—V
2 Ro

The formulas

o . o 1 (Ogjx Ogi  Ogij
iyj — ik . i, o J o 2
N;y' =g" o0ks Yook =Yijk ¥ Y5 ijk = > <8x" + D) ok )

together with the fact that both ¢/ and g; ; are positively homogeneous of degree
0 [with respect to the directional arguments] show that the functions N; yi
7~ 1(U) — R are positively homogeneous of degree 2, so that

d*al i T Ro\* [d*, i i\l
S oWae] = () {920+ W] ~o

2.2.5 Applying Banach’s Fixed Point Theorem

Let (X, dx) be the metric space considered in the previous section. The map & :
X — X used there was shown to be a contraction, i.e.,

doo (D (V), D(W)) < ados(V, W), V, WEX,

where o« = LRy (and0 < o < 1). Theremainder of the section is devoted to the proof
of the existence and uniqueness of the fixed point U € X. The proof is a verbatim
repetition of the proof of the Banach fixed point theorem, holding of course for an
arbitrary contraction of any complete metric space. The proof is however known to
contain an explicit approximation scheme for the calculation of U, with any desired
accuracy, and explicitly recalling the iterative construction of U will be useful for
our later purposes. Let Uy € X be an arbitrary point. We set

U =2y, U=oU), -+, U, =0WU,y),
for any v € N. As @ is a contraction

dOO(UU+17 Uu) - doo((D(Uu)a cI)([Ju—l)) S adoo(Um Uu—l)



2.2 Geodesics in Finslerian Manifolds 165

for any v € N. Iteration gives
dOO(Uu—H, Ul/) =< Oédoo(Uu, U, < 062 dOO(Ul/—la UV—Z) <.z doo(Uy, Up)

hence
doo (UI/+] ) Uz/) S ay doo (Ul s UO) (249)

for any v € N U {0}. Then, for any » € NU {0} and any p € N,
ds(Uy4p, Uy) < (by the triangle inequality)

v+p—1

< Y deo(Upgr, Uy) < [by (249)]

k=v

v+p—1 p—1

< Y fde(Ur, Up) = a"do(Uy, Up) Y o' =
k=n =0

1—af
< a"dy(Uy, Up)

= 0’ do (U, Up) —
1 —« 1l —«

or

v

doo(Un-kp: Un) < d(Uy, Up) 1—a

(2.50)

As 0 < a < 1 it follows that lim,_, o, &” = 0 hence for any € > O there is v, € N
such that
e(l — )

%
dso (U1, Up)

for any v > v,. Then
dOO(Ul/+p7 UV) <€

for any v > v, and any p € N, i.e., {U,},>0 is a Cauchy sequence and hence as
(X, dx) is a complete metric space {U,},>¢ is convergent, i.e., there is a unique
point U € X such that lim,_, o, U, = U. A contraction is clearly a continuous map
hence
®@U) = ¢(lim U,) = lim ®(U,) = lim U, =T,
V—00 V—00 V—>00

ie,Uisa fixed point of @, as seek for. It remains that one proves uniqueness of such
U. Indeed if U € X is another fixed point, i.e., ®(U) = U allora

do (U, U) = doo(®(0), ®(0)) < adoo(T, V) @.51)
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and the proof may be completed by a contradiction argument. Indeed if one assumes
that U # U, then do (U, U) > 0 hence [by (2.51)] « > 1, a contradiction.

Definition 2.36 Let e > 0. Two points U, V € X are e-close if dx(U, V) <e. O

Definition 2.37 Lete > 0.Amap V¥ : X — Xise-closeto ®ifd,, (P (U), ¥ (U)) <
eforany U € X. ]

Theorem 2.38 Let ¥V : X — X be a contraction, i.e.,
doo (¥ (U), W(V)) < Bdus(U, V)

with 0 < B < 1. If ¥ is e-close to @, then the fixed points of ® and V are §-close

with
€

1 —v

6= , vzmax{a, 5}

Proof LetU, V € X be the fixed points of ® and W, respectively. Letus set Vo = U
and let {V,},>0 be the sequence of iterates of W starting with Vg,i.e., V4 =¥ (VV
for any v > 0. By the proof of the Cauchy-Lipschitz-Picard theorem lim,_,» V, =
V. Moreover, let us observe that

doo(V1, V2) = doo (W (Vo), W(V1)) < 7ds(U, V),
doo (V2. V) = doo(W(V1), W(V2)) < 7de(V1, V2) =77 dee(U, V1)
hence (by iterating these inequalities)
doo(Vy, Vii1) =7"dos(U, V1), v =0, (2.52)

Hence [by the triangle inequality together with (2.52)],

v—1 v—1 1 v

doo(U, V,) <3 doc(Vi, Vie)) < 37 doo(U, V1) = 1__”7
i=0 =0

dso(U, V1)

so that [for v — o0]

1 1
do(U, V) £ —— doo(U, V) = —— doo (B(U), W(U)) < —— =6
11— 11— I —~

Q.ed.
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2.2.6 Convex Neighborhoods

Let X € T,(M) and assume there is a geodesic ay : [0, 1] — M with the initial data

da
ax(0) = p, d—tx(()) = X.

Definition 2.39 The point ax (1) is the exponential of the tangent vector X and one
adopts the notation exp, X = ax(1). O

As a mere consequence of the differential equations governing geodesics
ax(t) = exp, tX

for every value of the parameter ¢, for which both sides are defined. By Theorem
2.35 for every point pg € M there is a neighborhood U C M of py and a positive
number € > 0 such that forevery p € U and every X € T),(M) with L(X) < e there
is a unique geodesic o, x : (—2, 2) — U with the initial data (p, X). Let us set

N(p) = {X € T,(M) : L(X) <¢}.
The exponential map may then be thought of as a map

exp: Be(U) = U Ne(p) CT(U) - U, exp: X € Ne(p) —> exp, X = ap, x(1).
peU

As suchexpis C® on B.(U) \ o(U) yet only of class C' on the whole of B.(U), i.e.,
exp is only of class c! along the zero section. Here 0 : M — T (M) is o(p) =0,
for every p € U. Also T (U) is the portion of T (M) over U.

Lemma 2.40 For each point p € M, there is a neighborhood Ny of the origin in
T, (M) and a neighborhood N, of p in M such that exp,, is a diffeomorphism of No
onto N,.

Let pp € M be an arbitrary point, and let us choose an open neighborhood U C M
of po and a positive number ¢ > 0 as furnished by Theorem 2.35. Without loss of
generality, we may assume that U is also the domain of a local coordinate system
(U, x) on M. Let (IT7'(U), x', y') be the induced local coordinates on T (M).
For every point p € U let n, : T,(M) — Ty, (T,(M)) be the natural map, whose
construction, we now recall, as follows. Let X € T,,(M) and let us set a(¢) = t X for
any ¢ € R. By definition 7, (X) is the tangent vector Xy € Tp, (Tp M )) to the curve
a: R — T,(M) at the point «(0) = 0,, i.e.,

mp(X) = Xo.  Xo = &(0).
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Let y; :T,(M) — R be the (global) coordinate system on T7T,(M) [a
linear space, thought of as a manifold] associated to the linear basis

{( 8A> 1 <i §n} CcT,(M),ie.,
ox! »

; ; (0
(X)) =X, X=X 3
Vp(X) ; <axl)p

Thatis y;, istherestriction of y' : T1-!(U) — Rto T,,(M). The resulting components
of the curve avare o (1) = y!, (a(t)) = ¢ X*. Hence,

) do! 0 {8
(X(f)= da (t) (8 ,') =X' (a i)
f Yp a(r) Yp a(r)
, 0 . d
np(X) = a(0) =X (6_’> =y(X) <8 i> .
Yp a(0) Yp 0,

We shall also need the inclusion j, : T,(M) — T (M). Its differential at 0,

so that

do, jp = To, (T,(M)) — To, (T (M)

0
maps | =— onto (—l> for every 1 <i < n. The maps
ayi, % 0,

np 2 T,(M) = To, (T, (M), (do, jp) o11p : Ty(M) — To, (T (M),
are often identified?.
Proof of Lemma 2.40. The differential of the exponential map exp,, : Ne(p) — U
at 0, is [as exp,, 0, = pl

do, exp, : To, (Tp(M)) — T,(M).

Then, for every X € T,,(M) [by the chain rule]

d
(do, exp,, ) o n,p(X) = (do, exp,, ) &(0) = (do, exp,, ) o (docv) <E) =
0

d d
= do(expp OOé) (E>0 = (do()épyx) <E>0 = O.épyx(O) = X,

2 We shall not do so through the present section, mostly for didactical purposes.
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ie.,
(do, exp,, ) 01 = L)

[where 14 : A — Aistheidentical map of the set A]. By the inverse function theorem
there is a neighborhood No C N.(p) of the origin 0, and a neighborhood U, C U
of p =exp, 0, such thatexp, : No — U), is a diffeomorphism. Q.e.d.

Definition 2.41 An open neighborhood N, C T, (M) of the origin 0, is normal if
(1) The map exp,, is a defined on N, and a diffeomrphism of N, onto some open
neighborhood U, C M of p.
(i1) Ny is star shaped.3
Also U, is called a normal neighborhood of p in M. O

Let A : R" — R be a function such that

@) A(A{) = A2 A(¢) forany A > 0 and any & € R”,
2

(i1) The matrix |: & )i| is positive definite for any £ € R”.

g og7

For instance, one may work with

A© =) ay€'e, £=(¢, -, ¢") eR, (2.53)

i,j=1

where [a;j]i<i j<n € R" is a symmetric positive definite n x n matrix with real
coefficients. Occasionally we shall need the more general choice we have started
with. Let (U, x") be a local coordinate system on M. We adopt the notation

B. = {x eU : A[X(x)] <c}, c>0.

Here x = (x', .-+, x") : U — R". The family {B, : ¢ > 0} is a basis for the
topology of M.

Lemma 2.42 There is ¢ > 0 such that for any 0 < § < c the points of any geodesic
tangent to ¥.(§) = {x eU : A[X(x)] = 5} lying near the contact point, lie outside
3(6).

Definition 2.43 A curve v : I — M is tangent to the hypersurface ¥ C M at the
point pg € X if there #y € I such that v(t)) = po [po = Y(fo) is the contact point]
and "}/(l‘()) S TA/(tO)(Z). O

Here I C R is an interval. With this definition, a more formal statement of Lemma
2.421s

3ThatisXeNm;meftf 1 imply tX € Np.
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d¢c>0, VO<d<c,
V~:1— M, geodesictangentto X(d) at y(t)
dr >0, suchthat I.(t)) = (ty—r, to+r) C I and

VielLto)\{t} : () eU\Z0).

Proof of Lemma 2.42. Let 6 > 0 and let ¢ = A o x — ¢ be the defining function
of (). Let pg € X(6) and let v: I — U be a geodesic tangent to X(J) at the
(contact) point y(#p) = po. Then

dv dvy d
Z(to) €T, (2©)=0= E(fo)(s&) = |:(dt07) <E)t0:| (p) =

= (%)m (por)= ag,

or
2.54
85’ (2.54)
where &y = x(po) € R". On the other hand
, OA n d~
(Aovon) ()= — oei '@,y (t))g(l),
OA n dy
(Aoyor) ()= [88 @,y (z))gm} =
(92[\ 1 OA " dZ,Yi
= 2 o0 (V@ (t))—(t) —(t)+ a_gl(7 @O " 0) 3 (0 =
[as y is a geodesic, i.e., d*y /di* = =N (¥(1)) dv/ [d1]
— azA 1 n i(x dfyk
= e od) (@, -y (t))—(t)—( ) — 8—8(7 ®), -+, ") Nk(v(t))ﬁ(t).
(2.55)

Let us differentiate with respect to A in A(A) = A2 A(§) and set A =1 in the
resulting equation. We obtain

OA

9 )& =2A0).
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Next, let us differentiate with respect to &

A OA
seroe O = 5a- (2.56)
L . OA . .
At this point, we substitute 8_5’ from (2.56) into (2.55) so that to obtain
" 2 1
o o = N J
(Ao709) ()= 5 (010, -9 o)L 1) Ny(5)) |
(2.57)

where we have set N0 N’y/ For every v € m~ (2(5)) c 7' (U) c V(M), we
set

A@) =A@, -, ), v= "< 8)
Oxt ()

Next, let us set
K={ver(z@) : Aw =1}.

Then K is a compact subset of 7~ !(U) and the functions N} : 7= (U) — R are
continuous. Then the functions

ﬂ Ni, 1<j<n,
9¢" 9¢/
are bounded on K so that
A N\
‘(W) Ny| <A, 1<j<n, (2.58)
2 xor 2 A
on K, for some constant A > 0. Here <3fi 8@) is short for W oxomIf

ven ' (E())isan arbitrary vector, then v # Oy, and hence w = [1/VAW]v e
K. Consequently [as N are positively homogenous of degree 2 and 7(w) = 7(v)]

2A N\ . .
1( : ) @) (x/ o) (v) Nj(®)

Ot OE) =AW

92N\ . ;
(W) W) (x/ o) (w) Nj(w)| <

[by (2.58)]

< AR@) Y | (r(w)|
j=1
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n

The function 15) Z(E’ )“ is positively homogeneous of degree 0 and continuous
on R" \ {0}. Therefore )
Y (¢) <CcA® (2.59)
j=1
for some C > 0 and every £ € R". Also, if 1 = (1, S 1) e R”

n
Z|xj| = ‘1~(|x1|, . |x"|)| <
j=1

[by the Cauchy-Schwartz inequality, and ||1|| = /7, and (2.59)]

Jj=1

< Y |yl = |n) @i <V/nCAx)
J=1

where x = (x!, ---, x™). Therefore,

(2.60)

A o
‘ (Pyl(t)v T ’yn(t)) VJ(Z) N(l)(ﬂ)/(t)) =

9 O

(1) Z 0] < ARED) JnCAG D), -, 7(0).

Next, let us observe that

1PN
mm<%wa> v

is positive definite and positively homogeneous of degree 0 hence

O*A
o0& OEJ

'@, -, 7”(t)) A(3(0) 2.61)

for some constant B > 0. In particular from (2.60)

B %A
ot ogl

('@, A O) A (0 N (D) = —AN(3(0) \/n CA('@®). . D).
(2.62)
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Finally [by (2.57) and (2.61)-(2.62)],

(A 0x07) () = A(wW)[B - 4yfnC AE)] =

2

A’nC =

= K(30)[ B~ AVI €] > 0= 5 <

Summing up, thereis ¢ > O [precisely c = B? /(A% n C)]suchthatforany0 < § < ¢
one has
(Aoxo7) () =0, (Aoxov) () >0,

so that 7y is a minimum point, at which A oy o attains the minimum value
A(x(y(2p))) = 4. Hence, there is ¥ > 0 such that A (x(v(¢))) > é forall ¢ € I.(ty) \
{to}. Q.e.d.

Lemma 2.44 Let ¢ > 0 be chosen as in Lemma 2.42. There is 0 < a < ¢ such that
(i) Any two points in B, can be joined by a geodesic lying entirely in B..
(i) Each point of B, has a normal neighborhood containing B,,.

Proof Leto : M — T (M) be the natural embedding, i.e.,o(p) = 0, forany p € M.
Let us consider the map

P:TM) > Mx M, dX)= (l'I(X), eXPry(x) X) X eT(M).
For each p € M, the exponential map exp,, is only defined on some neighborhood

of 0, in T,,(M) hence @ is only defined on some open neighborhood of o (M) in
T(M).Forevery p e M,

®(0,) = (I1(0,), exp,,0,) = (P, P)-
The differential of ® at p € M [identified with 0, € T),(M)] is
do,® : To,(T(M)) = T(p. p)(M x M).
We shall make use of the maps
Bp:M—>MxM, aj:M—>MxM, By(q)=(p,q), agp)=(p.q), p.qeM,
so that the tangent space at (p, ¢g) to the product manifold M x M is
Tip.g)(M x M) = [(dpaq)Tp(M)] ® [(dqﬁp)Tq (M)]'

Let X € T,(M) and let us compute

d d
(do, ®) 0 (do, jp) 0 np(X) =do, (P o jp)a(0) = do, (P o jp) (doc) (E) =do(Po jpoa) (E)
0 0
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and
Do j,oa(t)=o(j, (X)) = (p, exp, tX) = (p, a,,,x(t)) =:y(t)

hence
(do, @) o (do, jp) o np(X) =Y(0) € Ty, (M x M).

To compute the tangent vector along the curve

V:R=>MxM, ~@)=(p, apx®), teR,
one endows M x M with the C* atlas {h x k : U x V — R?"} got as h and k run
over an atlasof M. Letm, : M x M — M, a € {1, 2}, be the projections. We may
use the local chart x x x : U x U — R?" about the point (p, p) € M x M. If the
coordinate functions relative to x are y = (x!, .-+, x™), then

X XX = (xl om, -+, x"om, xLomy, -, x”o7r2) =: (xl, e xZ").

Therefore, the components of the curve  with respect to the chart y x y are

V(0 =x'(p), O = x(apx (1) =, < ().

Moreover,

‘ d Pl dryitn b doz; x 0
0) = 0| — 0 A = —(0 . .
70 dt © ((‘3)6’)5(0) + dt © ox' " J 50 dt © oxi*m ) o

Note that the differential of 3, at p maps (9/9x"), onto (9/0x"*"), , . Hence,

. do‘;.x 0 .
7(0) = d—f(o) (dyBp) (%) = (d,Bp) &y x(0) = (d,p8,) X.

p

Finally,
(dOFCD) o (dopjp) onp = dpﬁp

hence dy, ® is nonsingular. Consequently there is a neighborhood N’ of*0,in T (M)
and there is a positive number 0 < ¢’ < ¢ such that ® : N’ — B, x B is a dif-
feomorphism. Also the differential of exp : T(M) — M is nonsingular at 0, hence
there is a star shaped neighborhood N” of 0, in T'(M) such that exp (N ”) C B.. We
may choose N” such that N7 C N’. Also let us choose a positive number 0 < a < a’
such that CD(N”) D B, x B,. Letus set

4 Morally, of the point p (thinking of M as immersed into 7 (M) as the zero section).
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N = &7 '(B, x B,).

It follows that exp(¢ X) € B, forevery X € N and every O < ¢ < 1. At this point, we
may prove statement (i) in Lemma 2.44.

() Let g1, g2 € B, be two arbitrary points. Then X := & '(q1, ¢2) € N. Let
o = ay,, x be the geodesic with the initial data (g1, X). Then « is a geodesic joining
q1 and q2 in Bc. Qed

At this point, we may prove statement (ii) in Lemma 2.44.

(ii) For every g € B, let us set

N, := N'NT,(M).

Then N, is star shaped and exp is a diffeomorphism of », onto some neighborhood
of ¢ in M containing B,. Q.e.d.

Definition 2.45 A set B; is said to be simple if for any q;, g, € Bs there is at most
one geodesic joining ¢g; and g,, and lying entirely in Bs. (]
Definition 2.46 A set B issaidtobe convexifforany q;, g» € Bsthereis a geodesic
joining ¢, and ¢,, and lying entirely in Bjs. (]
Theorem 2.47 For every point p € M, there is a positive number a > O such that
forany 0 < § < a the set Bs is both simple and convex.

Proof Let p € M andlet (U, x") be alocal coordinate system on M such that p € U
and x'(p) = 0. Let us choose ¢ > 0 and @ > 0 as in Lemma 2.44. Let 0 < § < a.
For any q1, g2 € Bs, lety(¢) = exp(¢ X) be a geodesic joining ¢; and g, and lying in
B, as in Lemma 2.44. Let us suppose that v(#) lies outside B, for some value #; of
the parameter. As A o x o 7 is continuous and [0, 1] is compact, there is 0 < 7y < 1
such that

A[X(fy(to))] = Osup1 A[X('y(t))] < +00.
<i<
Asv(1) € U \ Byonehas A[x(v(11))] = 6 = A(x(q1)) = A(x(g2)) the maximum
isn’t reached at a boundary point, i.e., 0 < 7y < 1. Thus, #; is a critical point

(to) = Y(to)(A o x — dp) =

/ oA d
0=(Aox07) W) = 57 -

= Y(to) € Ty (X (o))

where &g := A[X('y(to))], that is ~y is tangent to X (dg) at y(tp). Thus [by Lemma
2.42], (A oxo ’y)”(to) > (. Yet ¢y is a maximum point, so that (A oxo ’y)”(to) <0,
a contradiction. The contradiction comes from our assumption that -y lies outside B;.
So By is indeed convex. Q.e.d. By Lemma 2.44 every point of Bs has a normal
neighborhood containing® Bj;. Thus, B is simple. Q.e.d.

5 Actually By is itself a normal neighborhood of any of its points.
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The set N in the proof of Lemma 2.44 may be realized as follows. Start with a
neighborhood U of a point p in M and a number € > 0 such that ® is a diffeomor-
phismon Q := I~ (U)N E~! ([0, e)). Then choose N to be a subset of €2. The set
Bs in Theorem 2.47 is such that ®(N) D Bs x B;. Let «y be the unique geodesic in
Bj; joining two given points i, g> € Bsandlet X € N such thatexp,, X = ¢». Then
the length of v is L(vy) = || X|| < €. We have established the following:

Corollary 2.48 For every point p € M, there is a positive number € > 0 and a
neighborhood Bjs such that any two points in Bs can be joined by a unique geodesic
in M of length < e.

The existence of both simple and convex neighborhoods is now established. Our
next task is to study the relationship between geodesics and arc length.

Theorem 2.49 Let Bs and € > 0 be as in Corollary 2.48. Let o : [0, 1] — M be the
geodesic of length < ¢, contained in Bs, joining two points q,, q» € Bs, and let w :
[0, 1] — M be any other piecewise differentiable path joining q, to q». Then L(a) <
L(w) with equality if and only if the point sets w([0, 1]) and a([0, 1]) coincide and
the parameter t is a monotonic increasing function of arc length.

To prove Theorem 2.49 we need to prepare two lemmas. To simplify the
exposition, we adopt the following:

Definition 2.50 Letv € V(M) and Y € T, (M) be two tangent vectors. We say Y
is transversal to v if g, (v, Y) =0. O

Lemma 2.51 Letq € M andlete > 0 be a positive number such that the exponential
map exp, is well defined on Ny = {X eT,(M) : E(X) < 62}. Let u — X (u) be
a curve in T,(M) such that E(X(u)) = 1. Then each curve

U —> exp, (tg X(u)), 0<t)<e,

is transversal to each geodesic

1 —> exp, (t X(uo)).

Proof Let f : D — M be given by

fu,1)y=exp, (t X(w), 0=<1<e
f is a parametrized surface in M and D C R? is the domain of the parametrization,
ie., D = J x (—¢, €) for some interval J C R [the interval where the parameter u

ranges]. The differential of f at (u, t) € D is

dunf : Tun®Y = Trun(M).
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Let f be the lift of f to V(M), i.e.,

. ~ 0
fiD—> VM), [f.1)=(dunf) (5> :
(u,1)

Then 7 o f = f. The notion of lift of f to V(M) is taken by us from B.T.M. Has-
san, [Has]. Despite the fact that the variable ¢ seems to be privileged, the notion is
certainly natural. One thinks of the (parametrized) surface f as the family of curves
{fulues, where f,(t) = f(u,t), and then one lifts independently each of the curves
fu. The lift of f;, is ﬂ(t) = (df,/dt)(t) € V(M) and then the lift of f to V(M) is
declared to be the surface in V (M) generated by the curve f, as u ranges over J.
We set

of 9 4
E(”’ 1) = dunf) (£>W) € TyunM) = (7' TM) 7.,

0 N
so that —f . D = 77 'T(M) is a section in 7~ T (M) defined along f. The section

u
0
8]; D— 1T(M) in 7 'T(M) along f is defined in the same manner

5f 0 —1
E(”s t) = (d(u,f)f) (5)(140 € Tf(u'[)(M) = (7T TM)};(M‘U) .

The statement in Lemma 2.51 is that

d B
9fw.n (a_i(“’t)’ a—{(wt)) =

Ou

0 ~
t— —J;(u, t) are sections in 7! T (M) defined along the curve ¢ — f(u, t). Then

[by (2.42)]
o) 0
ot [gﬂu,z)( f(u 1), f(u t))} (2.63)

D (0f of of D (0f
= gf(u,f) (E <5) (M,t), E(u,t)) +gf~'(u.t) (E(u, l), E < ) (l/l l))

We adopt the notation

0
for any (u,t) € D. For arbitrary fixed u € J, the maps ¢ +— —f(u,t) and

fu(t):f(l't?t)v f[(u):f(u’t)v (M,I)ED,
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D (of fu
E(@)(”J) dt( )()

Then f, (1) = exp, (t X (u)) is a geodesic [the geodesic of initial data (g, X (u))]

hence
dfu Efu dfu
~ar ( ) (1= ( df, Mt?)fm = (Vdﬂ/dt£>ﬂ(t) =K I(t)

where fu(t) = (df,/dt)(t). The formula (2.63) becomes

o) of of D (0f of
E |:gf'(u,l) (E(”v t)v E(”s t)>:| = gf'(u,[) <5 (6_14) (l/l, t)v E(uv t)) .

(2.64)

so that

If we set fi(u,t) = x'(f(u,1)), then

s Of 0
Jul) = flu 1) = 5, <8x) 0

- L. . . - L. Ofl
Li@) =X (fu®) =X (fu®) = ffw, 0, f;7"0) =y (ful) = 8f

df, . dff b, d fi+n 9 _

dr @ = dt ® <8xl'>f~u(f) dt @) (By >ﬂ(r> -

_of P O fi B B

o1 (u, 1) <ax )m + W(u,r) (8_yl'>f;(l) = (2.65)
afi < 5 ) ) azfl ( )

= t +N, +
or 0 G+ 6y] fu fu

aJ”(u r)(‘s.) +[ OL oty + NI () }( ) ,
Fuo) Y ) 1.

ox! or?
hence
df, o f (7 of
0= K () = [ 57 WD+ N (fwn) 2 ] X,

yielding
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2 j 8i
f T (u, ) + N} (Fu, 1 ))a—J;(u,t)=0.

In particular

df. of!
f()_f

1)
(u,t) ( ) eN~(u'),
X"/ Fury st

d fu
ie., d_{ () is horizontal. We shall need the vector fields on V(M)

aj of

o or : D — T(V(M))

defined along f by
of ~ (0 of 0
E(H, t) = (d(u,t)f) (8_1,{)(“'”) , 8—(14 1) = (d(u l)f) (81>(u "

of df.
Note that 8—{(u, 1) is the same as d—];(t). Indeed

~. o . 0 . .
flu,t)=x' (f(uv t)) =x' |:(d(u,t)f) <E) :| =x' [f(ua t)] = f'(u,1),
(u,)

Fi+n — Vi f oyl _afl
fHu, ) =y (fu,n)=y |:(d(”t)f)<8t>(u’t):|_ o (u, 1),

hence

of B - (0 _of 9 ofi+n 9 B
E(”J) = dw.nf) (a)(w) = (u, 1) (ﬁ)ﬂw) + or (u, 1) (a_yi>f(u,t) =

o (), 5w (5)
= (u,1) - + (u, 1) .
ot Ox! Fan or? ay! Fan

which compared to (2.65) yields the result, i.e.,

f( /= fu

- (0.

In particular

of
57D €Ny oy
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Going back to (2.64) let us observe that [by Lemma 2.32]

D L@s D L@s 7 Os Os
a_u< E>_E< %)_ L(anE)
af af _1 of of
au or 81‘ ou ou’ ot )

so that (2.64) may be written

) 5]

5 |:gf'(u,t) ( f(“ 1), f( »t)>:| =
e D éi éi Os Os Ei
_gfw’f)(au(at)(””)’ ot “"”) gf(Mt)( (814 3t>f~(u!t) ot ("”))'

The last term vanishes [by Lemma 2.20] because of

[with s = f] or

- 0
L[fw,n]= a—{(u,t)

where L is the Liouville vector field. We are left with

0 0 D (0
E |:gf'(u,t)< f(u 1), f(u l)>:| =9Fw.n (a( f) (u,t), f(u l‘))

[by Vg = 0] B B
10 of of
= Ea_u |:gf(u,r) (E(“v 1), E(“a t))] . (2.66)
Since f, (1) = exp, [t X(u)]

of _ 9 _ d dfu .
E(M’ 1) = (dw.nf) <8t>(w) = (d: fu) (dt) SO =1Xw)

and

EXw)=1=1*=E¢Xw)=g(L. L),y =

= g(ﬁ, 'c)f(u,l) = 9w ( f(u 1), f(u f))
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the term (2.66) vanishes, implying that
9 3
9w (a_]l:(” 1), 8—];(u, t)) =C(u)

for some “constant” C(u) € R. Yet fortr =0

0 d 5
£, 0 =expy 0 =g = G-0.0) = T2 =0 — Z 00— 0— cw =0
hence ~ B
0 B
9fw.n (a_f:(”’ 1), 6—{(14, t)) =0.
Q.ed.

Lemma 2.52 Let Ny be as in the previous lemma and let N, be the image of Ny by
exp,. Let
w:la,b] = Ny \ {q}

be any piecewise differentiable curve. Each point w(t) may be expressed uniquely as
w(t) = exp, [r(t) X(t)]for some

O<r(®) <e, X@)eT,(M), L(X()=1
Also the length of w obeys to
Lw) =rb) —r(a), rb)>r(a),

with equality if and only if r (t) is monotonically increasing, while X (t) is constant.

LetX e V(M) and Y € Trx)(M) = (W’ITM)X be two tangent vectors having
the same origin (a fortiori X # 0). We chose to call Y transversal to X if gx (X, Y) =
0, arequirement equivalent to gx (E(X ), Y) = 0. To prove Lemma 2.52 we shall first
show that

E(X+7Y) > EX)

provided that Y is transversal to X, with equality if and only if ¥ = 0. To this end
let us set ¢ = m(X) € M and let (U, x') a local coordinate system about g. Let us

consider the function
. 0
F', -+, V") = E |V - .
W= (57) |
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B Oxi q’ B OxJ q’

If

then
EX+Y)=E [(xl‘ +71h <ai) } =F(X'+Y', . X"+ Y") =G, Y.
Xl
q
Then
oG OF

OE
(Y, Yy = — (X' YL XY = — (X4 Y),
v’ ay"

0’G OE
(Y, Y = (X 4+Y)=2¢g;(X+7Y).
aylayj( ) 5 Byl( +Y)=2g;(X+7Y)

The truncated Taylor development of G about the origin is
G(r', -, Y = G(O)+Z—(O) - ]X_: o 8Y](9Y) Yiys
[for some 0 < 0 < 1] or
E(X+7Y)= E(X)—i—Z—(X) Y+ Z gii (X +0Y)Y Y/ (2.67)
ij=1
As Y is transversal to X and £ = y' X

o . OE
0=gx(X,Y) =gx(L(X), Y)=yY g;(X)=Y’ W(x)’

gij(X+0Y)Y' Y >0,
it follows that E(X + Y) > E(X). Finally, [by (2.67)]
EX+Y)=EX) & g;;(X+0Y)Y' Y0 Y =0.

Q.ed.

Proof of Lemma 2.52. Let us set f(r,1) =exp, (r X(1)), so that w(t) =
f(r(t), t). Hence,
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it _di o /! 3f' (3> -
() ()<3xl>wm |:0r( (r(t) t)} )=

_of , of
= —r(r(t), N + E(r(t), )

0] 0]
According to Lemma 2.51 the vector —f(r, t) is transversal to —f(r, t). Also

9 ot or
E (—f(r, t)) = 1 hence
or

E [d—“’(r)} > r'(1)?
dt -

0
with equality if and only if a—{(r, t) =0 and r'(¢) > 0. This is equivalent to

dX
E(t) =0and r'(r) > 0. Thus,

b 1/2 b
/ E I:le—f(t):| dt > / r'@)t =r®) —r(a)

with equality if and only if r(#) is monotonically increasing and X (¢) is constant.
Q.ed.

Proof of theorem 2.49. Let w be a piecewise differentiable curve joining g; to
g2 = exp,, (rX) € Bswith0 < r < eand E(X) = 1. Then, forany ¢’ > 0, the curve
w must contain a segment joining the spherical shell A[x(x)] = ¢’ [of radius §'] to
the spherical shell A[x(x)] = r [of radius r] and lying between the two shells. The
length of that segment is > r — §’. In the limit as §’ — 0T the length of w is > . On
the other hand L(a) = r so that L(a) < L(w). Next L(w) = r if and only if X (¢) is
constant and the parameter ¢ is a monotonically increasing function of arc length. As
X (t) is contant, w is a geodesic. We assumed that « is the unique geodesic joining g
to g2, hence L(«) = L(w) if and only if the point sets w ([0, 1]) and ([0, 1]) coincide
and the parameter ¢ is a monotonically increasing function of the arc length. Q.e.d.

2.3 Finslerian Distance Functions

Definition 2.53 A geodesic w : [a, b] — M is said to be minimal if its length is <
the length of any other piecewise differentiable curve joining a(a) to a(b). U

Let (M, E) be a Finslerian manifold. We recall
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Definition 2.54 The length of a C! curve vy : [a, b] — M is
b
-4y
L(v) = E|—(t)|dt.
)] /a [ o ( )}

The definition of the notion of length extends to piecewise C! curves, in a natural
manner.

O

Definition 2.55 Let(p, q) € M x M be an ordered pair of points in M. The distance
d(p, q) from the point p € M to the point q is the greatest lower bound of all lengths
L(7) as v ranges over all piecewise C' functions joining p and q. (]

One may easily show thatd : M x M — R s a generalized distance function on
M, which is to say that

(1) d(p,q) = 0andd(p,q) =0 <= p =gq, and

(i) d(p,q) <d(p,r)+d(r,q),forany p,q,r € M.
However, unless one assumes that E(—w) = E(w), the symmetry property (ii)
d(p, q) = d(q, p) is not guaranteed, in general.

Let B(p,d0) ={q € M : d(p, q) < 0} be the open ball of center p and radius
0 < § < o0, associated to the generalized distance function d. The set of all open
balls is a base for a topology on M, referred to as the metric topology of (M, E).
The metric topology is known to coincide with the original manifold topology (cf.
e.g., [Mat]). The proof requires a bit of preparation, as follows.

Proposition 2.56 Leté > Osuchthat No ={X € T,(M) : E(X) < 8%} is anormal
neighborhood of 0, in T,(M). Then

B(p,d) =exp, No .

Proof 1f g € exp, N : 0, then d(p, q) < 4, so thatexp, No C B(p, 9). Conversely
let g € B(p, d) and let « be a curve joining p and ¢ and such that L(«) < d. Let us
assume that a(r) € exp, No for any 0 < ¢ < u. Let u¢ be the least upper bound of
all such u. Each point a(r), 0 < t < u( can be uniquely represented as

a(t) = exp, [r(t) X ()]

for some
0<r(@)<ug, X@)eT,(M), F(X@) =1

Then [by Lemma 2.52]

L(a(r)) =d(p, a@)) =r), 0=t <up.
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Thus, L(a(ug)) > r(ug) = 6, which is a contradiction. Hence, « lies entirely in
exp, No. Q.e.d.

Corollary 2.57 The metric topology on (M, E) and the original manifold topology
on M coincide.

Proof The set of balls {B(p,d) : p € M, § > 0} is a base for the metric topol-
ogy. On the other hand {expp No} with Ng ={X e T,(M) : E(X) < 82} a normal
neighborhood of 0, € T,,(M) is a local base at p for the original topology of M.

Proposition 2.58 Let {U,}.ca be an open cover of a compact subset K C M. Then
there is § > 0 such that

d(p,q) <d=—=3Fa €A suchthat p,q € U,.

Proof Let us assume there is none such § > 0. Then there are two sequences
{p,},>1 C K and {g,},>; C K such that lim,_,  d(p,, g,) = 0 and no set of the
cover contains both p, and ¢,. Yet K is compact, hence we may extract convergent
subsequences

{pv}i=1 Ci{pvl=1, {av)izi Cla) —v =1,

[of course withv; < 1, < ---]suchthatlim,_,« p,, = pandlim,_, q,, = q.Since
d is a continuous function of both its arguments, d(p, ¢) = 0 yields p = ¢. Finally,
as p € K there is a € A such that p € U,, and one may choose i > 1 such that
{pv.» qu,} C U,, acontradiction. Q.e.d.

Corollary 2.59 For every compact subset K C M, there is § > 0 such that any two
points in K of distance < § can be joined by a unique geodesic of length < 6. This
geodesic is minimal and depends smoothly on its endpoints.

Proof By Theorem 2.47 every point p € M admits a neighborhood which is both
simple and convex. The family of all such neighborhoods as p ranges over K is an
open cover 4 of K. Then [by Proposition 2.58] there is § > 0 such that d(p, g) < d
with p, g € K yields p,q € U for some U € 4. Q.e.d.

Theorem 2.60 Let (M, E) be a Finslerian manifold, and let d be the corresponding
distance function. Then

VpeM, Fa>0, VO<d<a :
(1) B(p, ) is a normal neighborhood of each of its points,

(ii) Y x, y € B(p, d) the unique geodesic joining x and y in B(p, 0) is also the
only curve of length d(x, y) from x to y.
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Proof Let p € M andlet (U, x') be alocal coordinate system on M such that p € U
n

and x’(p) = 0. Let us consider the function A given by A(£) = Z(S 2 for any ¢ €
i=1

R". Leta > 0 be the positive number furnished by Theorem 2.47 and let 0 < § < a.

Once again by Theorem 2.47

Bs ={q €U : Ax(q)) <3}

is a normal neighborhood of each of its points. Then B(p, §) = Bs for sufficiently
small 6, so that property (i) is proved.

Let x,y € B(p, ). As B(p, ) is a normal neighborhood of x, « is the only
shortest curve in B(p, §) from x to y. Finally [by Proposition 2.56], a curve from x
to y that doesn’t lie in B(p, d) has length > 4.

Lemma 2.61 Let (M, E) be a Finslerian manifold. There is a continuous function
r: M — (0, +00) such that any two points of the closed ball

S(p, r(p) ={geM : d(p, q) =r(p)}

can be joined by a minimizing geodesic.

Proof Let p € M andletr(p) be the least upper bound of all # > 0 such that any two
points ¢, ¢’ € M with d(p, q) < r and d(p, q') < r can be joined by a minimizing
geodesic. Then [by Theorem 2.60] r(p) > 0. If r(p) = +oo for some p € M, then
r(q) = +ooforevery g € M, hence any continuous function on M willdo. If r(p) <
oo for every p € M, then one may assume w.l.o.g. that r(p) > r(g). If d(p, q) >
r(p), then

Ir(p) —r(@)| <d(p.q) < du(p.q),

dm(p’ ('I) ‘= max {d(P7 Q), d(Ch P)}

Ifinturnd(p, g) < r(p),then we setr’ :=r(p) —d(p, q). Letq’ € B(q,r’). Then
d(p.q") =d(p.q)+d(q.q) <d(p.q) +r =r(p).
Thus, ¢’ € S(p, r(p)) yielding S(g, r") C S(p, r(p)) and then
r(g) = r' —d(p,q)

meaning that
|r(p) = r(@)| <d(p,q) < du(p. q).

The proof will be complete as soon as we ascertain that d, is a distance function
on M. Indeed d,, satisfies all axioms defining a distance function on M. It may be
easily shown that the family of all opne balls B,,,(p,d) ={qg € M : d,,(p,q) < J}
is a base for a topology on M (the topology induced by d,, on M).
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2.4 Complete Finslerian Manifolds

Let (M, E) be a Finslerian manifold and let d be its generalized distance function.
By following [Has], we present the Finslerian generalization of the well known
Hopf-Rinow theorem for complete Riemannian manifolds. We shall make use of the
generalized distance function, very much that way the (genuine) distance function
(associated to a given Riemannian metric) is made use of.

Definition 2.62 A subset B C M is said to be bounded if there are p € M and § > 0
such that B C B(p, 9). O

Definition 2.63 M is said to be finitely compact if every infinite bounded subset
B C M has an accumulation point (not necessarily belonging to B). O

Definition 2.64 A sequence {p,},>1 C M is a Cauchy sequence if
Ve>0, IN=N.>1, Yv>pu>N :d(p,, p) <e.

O

A convergent sequence in a generalized metric space need not be Cauchy. If
a Cauchy sequence {p,},>1 admits a convergent subsequence, then {p,},>; is
convergent.

Definition 2.65 A Finslerian manifold (M, E) is said to be metrically complete,
with respect to the generalized distance function d associated to E, if every Cauchy
sequence in (M, d) converges. ]

We have seen that in general the exponential mapping exp,, is only defined on
some open subset of T}, (M).

Definition 2.66 (M, E) is said to be geodesically complete if for every p € M the
exponential mapping exp,, is defined on the whole of 7),(M). ]

__ For further use, we adopt the following notations. For every point p € M, let
E(p, r) denote the closure of the ball B(p, r). Also let E(r) be the set of all g €
B(p, r) such that p can be joined to g by a minimizing geodesic.

Proposition 2.67 If M is geodesically complete, then E(r) is compact.

Proof The tangent vector at the origin of a geodesic arc, having the same sense as the
geodesic and length equal to that of the geodesic, is referred to as the initial vector
of the geodesic. Let {g,},>1 C E(r) and let {7,,},>; be a sequence of minimizing
geodesics from p to g, for every v > 1. Let X, be the initial vector of 7,,. As
E (X l,) < r? one may assume, by passing to a subsequence if necessary, that { X, },>1
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converges tosome X € T,(M). Also,asd(p, q,) < r one may assume, once again by
passing to a subsequence if necessary, that {d(p, g,)},>1 converges to some ry > 0.
As every T, is minimizing

gy =exp, (d(p. 4,)X,).

As M is geodesically complete the exponential map exp, may be applied to any
X e T,(M), of whatever length, so that every X € T,,(M) is the initial vector of a
unique geodesic arc issuing at p. In particular go := exp,, (roX ) is well defined. As
the exponential map is continuous

lim ¢, = lim exp,, [d(p,qy) X,,] =exp, [( lim d(p,q,,)) lim X,,] = expp(rOX =qo-
v—>00 V—>00

v—00 v—infty

Thus,q, — goasv — oosothatd(p, qop) = ro.Itfollowsthatexpp(tX),O <t <t
is a minimizing geodesic and gy € E(r). Hence, E(r) is compact. Q.e.d.

Lemma 2.68 IfE(r) = B(p, r) forsomer > 0, then, foranyq € M withd(p, q) >
r, there is a point x € M such thatd(p,x) =randd(p,q) =r +d(x, q).

Proof The distance between every ordered pair of points p, g € M was defined to
be the greatest lower bound of the lengths of curves from p to g. One may then join
p and g by a curve of length as close to d(p, g) as desired. For every positive integer
v € N, let 7, be a curve from p to g such that

1
L) <d(p.q)+ .

Let7,(t) € B(p,r) for0 <t < u. Let ug be the least upper bound of all such u and
letus set x,, = 7, (up). Thend(p, x,,) = r. As E(r) is compact, the sequence {x,},>
has some limit point x. By eventually passing to a subsequence one may assume that
lim,_, o x, = x. Then

d(p,q) =d(p,x)+d(x,q) =r+d(x,q).
On the other hand
1 1
d(xy, q) < L(Tll(xl/s q)) =L(1,) — L(Ty(pvxl/)) <d(p,q)+ ; - L(Tl/(gvxll)) <d(p,q)+ ; -r

where 7, (y, z) denotes the segment of 7, joining y to z (an ordered pair of points on
T,). Passing to the limit with v — oo gives

dx,q) <d(p,q) —r.

Q.ed.
Corollary 2.69 E(r) = B(p, r) for everyr > 0.
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Proof The statement _is clearly true for r = 0. Also, if E(rg) = B( p, ro) for some
ro > 0, then E(r) = B(p, r) for all r < ry. It remains to be proved that

Claiml E(r) = E(p, r) for some ry > 0 and all r < ry implies E (ry) = E(p, o).

glaim 2 IfE(r) = E(p, r) for somer > 0, then thereisc > Osuchthat E(r + ¢) =
B(p,r +o¢).

Proof of Claim 1 Tt suffices to show that every point g € B(p,ro) such that
d(p, q) = robelongsto E(ry). For,ifg € E(p, ro) andd(p, q) = r forsomer < ry,
then g € B(p,r) = E(r) [by hypothesis] and hence ¢ € E(ry). Next, one may
choose a sequence {g,},>1 for which ¢ is a limit point, and such that ¢, € B( P, 1)
for some r, < rg. Then each g, belongs to E(r,) C E(rp). Since E(r() is compact
the very point ¢ belongs to E (ry). Q.e.d.

Proof of Claim 2 Let ¢ be the minimum of the continuous function in Lemma 2.61,
attained on the compact set E(r). Then

YqgeB(p,r+c)\B(p,r) : d(p,q)>r.
Therefore [by Lemma 2.68], there is a point x such that

dip,x)=r, f(p,q)=r+d(x,q).

Yet d(p,q) <r + c so that d(x, g) < c. Hence, there is a geodesic y from p to x
with L(y) =d(x, q). Let o be a geodesic from p to x with L(o) =d(p,x) =r.
Such a geodedesic may be chosen because x € B(p, r) = E(r). The juxtaposition
o - 7 is then a piecewise C* curve (a “broken” C* curve) from p to g such that

Lc-v)=L(o)+L(y)=r+dx,q) =d(p,q).

Thus, o - v is a “broken” C* reparametrization of a geodesic. Therefore, g € E(r +

c). Q.e.d.

Corollary 2.70 If (M, E) is geodesically complete, then any two points can be
Jjoined by a minimal geodesic.

Corollary 2.70 is a straightforward consequence of Proposition 2.67 and of
Corollary 2.69.

Theorem 2.71 Let (M, E) be a Finslerian manifold. The following statements are
equivalent:

(1) M is complete as a generalized metric space, with respect to the generalized
distance function d.

(ii) Every closed and bounded subset of M is compact.

(iii) (M, E) is geodesically complete.
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Proof (iii) = (ii). Let S C M be a bounded subset. There are p € M and r > 0
such that S C B(p, r). As M Is geodesically complete E(r) = B(p, r) is compact.
Therefore, S is relatively compact. Q.e.d.

(i) = (i). Let {x, },>1 be a Cauchy sequence in (M, d). The closure S of the set
{x, : v > 1} is bounded. So S is closed and bounded, and hence, by hypothesis, S
is compact. Hence, we may extract a convergent subsequence {x,, }i>1. Yet {x,},>1
is Cauchy, so it must be convergent. Q.e.d.

(1) = (iii). To simplify the presentation, we adopt the following terminology.
A maximal geodesic is a geodesic which is not the proper restriction of any other
geodesic. The proof is by contradiction, i.e., we assume that M is complete as a
generalized metric space, yet M is not geodesically complete. By the “contradiction
assumption” there is pg € M such that exp,, is not defined on the whole of T, (M),
and in particular there exists a maximal geodesic ray a(t), 0 < t < ¢, parametrized
by arc length, with £ < +o00. We shall show that o may be extended to a geodesic
defined beyond ¢, thus contradicting maximality. The arc length, measured from the

d
origin of the initial vector X = d_? (0), equals 7. Let

{tu} nu>1 cl= [07 Z)

be an infinite increasing sequence such that#, — € forv — oo. The sequence {f,},>1
is a Cauchy sequence of real numbers. Hence, {a(x,)},>; is a Cauchy sequence in
M, for

d(Oé(t,,), a(tu)) = t;L -t

As the generalized metric space (M, d) is complete, {c(?,)},>1 converges to some
peEM.

Claim1. The limit point p doesn’t depend upon the choice of the sequence {t,},>1.
Proof of Claim 1. Let {t,},~, be another sequence such that

{th=1ClI, t,<t,.,, Ilimz1 =¢.
V—>00

Let {z,'},>1 be the increasing sequence consisting of the terms of the two sequences
{t,},>1 and {r,},>1 set together. Then lim,_, ¢, = £. Let p’ be a limit point of
the Cauchy sequence {a(t))},>;. In any Hausdorff space the subsequences of a
convergent sequence converge to the same point. Hence, lim,,_, o, a(t;’) = p,aswell.
Claim 1 is proved.

Let B(p, d) be a normal neighborhood of p, which is a normal neighborhood
of each of its points. Let (U , X ) be a local coordinate system about p, whose
domain U contains B(p, §). Letus set o/ (1) = x'(a(t)) for all a(t) € B(p, §). Then
lim,_, ;- o/ (t) = x(p). So if we extend « : [0, £) — B(p, ) by setting a(£) := p,
then « is continuous at t+ = ¢. By continuity, there is 0 < p < € such that a(¢) €
B(p, §) for any p <t < £. We shall show that « is differentiable at r = £.
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The functions da/ /dt are bounded on [p, £). Let

f:lp 0] x R — [0, 4+00), f(z,g):E(gi <i> ) §<tr<e, cest L.
a(t)

Ox!
As f is continuous and [p, £] x §"~! is compact, there is K > 0 such that
0<K<=<f@t§, pstr=<t Ees .

Let p <t < £ and let

dal 97 1)) e st
ar T '

Then [as E is positively homogeneous of degree 2 and « is parametrized by arc
length, hence E(a(t)) = 1]

0 E (A1) 1
K<E<£ <$> (z))z . (do/ ! 2T doi 7
“oxlGe]l Xl
i=1

i=1

so that

(®)

d “raed P11
! @
< t < —.
‘dt _{g[dt()}} VK
Q.e.d. Next, the functions N} = N ;yj are positively homogeneous of degree 2 and
continuous, hence

‘Né(d(t))‘ <A

for some constant A > 0 and any p <t < £. Then, by inspecting the geodesics
differential system
& (1) + Ni(6(0)) do! t) =0 (2.68)
. a — = .
dr? J dt

2 i i
are bounded. The function

we may conclude that the functions is uniformly

12
continuous near £, hence ithas alimitas# — £. By Lagrange’s (mean-value) theorem

al(t) — ol () _ dol

— W(eJrH(t—IZ))



192 2 Finslerian Geometry

d i
for some 0 < 6 < 1, implying that the left derivative dO; (£) satisfies
40" 4y — tim %% 1 (2.69)
= lim . .
dt t—¢ dt

d2 i
Therefore, again from the geodesics differential equations, d—g(z) has a limit as

d2 i
t — £. Then, again by Lagrange’s theorem, the left derivative d? (€) satisfies
d*of . d*
g (O =lim 5 (270

The tangent vector

V= dt Ox! o0

satisfies E(v) = 1. Let o(¢) be the geodesic of initial vector v defined for £ <t <
£ + €. The mapping

a) if0<t </,
t—I'(t) =
o(t) if £ <t <{l+e,

satisfies the geodesics differential system for every p <t < L + €. By (2.69)—(2.70)
equations (2.68) are satisfied by the left derivative at t = £. Then I is a geodesic, in
contradiction with the maximality of a. Q.e.d.

Corollary 2.72 Every compact Finslerian manifold is complete.

2.5 First and Second Variations of the Energy Function

2.5.1 The Energy Function

Let (M, E) be a n-dimensional Finslerian manifold. Let p,q € M. A piecewise
differentiable curve is a map v : [0, 1] — M such that there is a partition 0 = 7y <

t) < --- <ty = 1 such that ~y is differentiable of class C*°, 1 <i < N, and
[ti-1, 4]

7(0) = p,v(1) = q. Let 2 = Q(M; p, q) be the set of all piecewise differentiable
curves from p to q.

Definition 2.73 The tangent space T,(2) at v € Q consists of all piecewise
differentiable vector fields W along ~y such that W(0) = 0 and W (1) = 0. ]
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Definition 2.74 The energy of a path v € Q from a to b, where 0 <a < b < 1,1is

b Td
b _ Y
E’(%) _/a E[—dl (t)] dt.

We set merely E = Eé whena =0and b = 1. ]

We shall also make use of the arc length from a to b

b d
b _ Y
L,(y)= /a L [_dt (t)i| dt .

By the Schwartz inequality

([ soan) ([ ) ([ 0

with f(r) = 1 and g(r) = E[(d7y/d1)(1)]
LP(y)? < (b —a) EX(y)

with equality if and only if L[(d~y/dt)(t)] is constant (equivalently the arc length is
a linear function of the parameter t).
If there is a minimal geodesic « from p to g, then

E(a) =L@’ < L(y)’ < E().

The equality L(a)? = L(v)? holds if and only of  is also a minimal geodesic,
eventually reparametrized. Yet, as noticed above, L?(y) = E(v) if and only if the
parameter is proportional to the arc length along ~y. Therefore, E(a) < E(7) unless
7 is also a minimal geodesic.

2.5.2 Critical Points of the Energy Function

Letw e Q =Q(M; p, q).

Definition 2.75 An n-parameter variation of w, keeping the end points fixed, is a
map
o U — QM; p, q)

where U C R” is a neighborhood of the origin 0 € R” such that
1) a*(0) = w,
(ii) There is a partition of 0 = #p < #; < --- < ty = 1 of [0, 1] such that the map
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a:Ux[0,11— M, a(', -, u" 1)=a* @', -, u")@),

is differentiable of class C*° on each strip U x [t;_1, ;], 1 <i < N. O

Let € > 0 and let o : (—¢, €) — Q2 be a 1-parameter variation of w (a differen-
tiable path in 2).

do*
0) € T,,(€2)

Definition 2.76 The velocity vector of o* is the vector field W = 7
u

along w given by

Oa
W) = 2-0.1).

The vector field W € T,(S2) is also called the infinitesimal variation induced by the
variation o* of w. O

Viceversa, for any W € T, (€2) there is a 1-parameter variation o* : (—¢, €) — Q2
d *
such that o* (0) = w and di(O) —W.
u

The energy function E, thought of as a real-valued function on €2, induces the
map
E,: T,(2) = Tg,)(R)

built as follows. For every W € T,,(€2), let a* be a 1-parameter variation o* such

d
that a*(0) = w and di(O) = W. Then we set
u

ELW) d E(a* () <d>
* o du o dt Ew)

Definition 2.77 A path w € Q is a critical point of the energy function if

e

du

for every 1-parameter variation o™ of w. |

A basic ingredient in the study of critical points of the energy function is the first
variation formula. Let o™ : (—¢, €) — 2 be a 1-parameter variation of the piecewise
regular path w € Q(M; p, g) and let W be the induced infinitesimal variation. Let
a:(—e, €) x[0,1] > V(M) betheliftof o : (—e,€) x [0,1] — M, i.e.,

Oa 0
au,t) = —u,t) = (duna) (—) .
ot ot )
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Let

dw

-1
7 [0,1] > 7' T(M),

W:0,1] - o 'TM), V=
be the Finslerian vector fields along w got as the natural lifts of W and dw/dt, i.e.,
W(t)=W(t) € T(M) = (r"'TM)

()’

V() = Z—f(z) € Too(M) = (r7'TM)

W ON
Theorem 2.78 (First variation formula)

| dE(a*(u)) B N-1 - . £t 1 — A%
: {T}uo _ —Z!J@(t)(v(t)’ V(1)) - —fo Jom | W), T dt.

i=1

Proof The energy of the curve o*(u)(t) = a(u, t) is

2

Z—C;(u,t) dt.

E(a" () = /0 1

Therefore,

d E(a*(u)) d ! da da
TR = E/o ga(u,n(a(uy 1), E(u, l)) dt.

We shall make use of the identities

0 da da V [da da
9 |:9&(u,r> <E(M 1), 5(”J)):| =2 Ga(u,1) (a (5) (u, 1), E(u’ t)) ,

V [da Y da o oa Oda
ou\or ] o \ou “\ouw or )
Let 0=t <t <--- <ty =1 be a partition of the interval [0, 1] such that « is

differentiable of class C* on every strip (—e¢, €) X [t;_], t;]. We integrate by parts
on each interval [#;,_1, f;], in the following manner. One starts from

0 da Oa _ V [0« da n da V {0«
o |9\ouw o ) | "9\ \au ) o) "I\ o o \ar
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so that

[ (T (). 5 ey (22 0
o I\ \au ) o I\ o

fi _/[i 5_0( Z 5_0[ dt
ti—1 ti_ g Ou’ ot \ Ot ’

0 0
Since 8_04 (u,0) =0 and 8_04 (u, 1) = 0 one has [by summing over i in the previous
u u

I /1 da V [da dt
)y I\ o\ ar '

identity]

! V [0a) Oa = [(9a da
/09(5(8_)5> =2 9\50

Finally, let us set # = 0 and use

0 & o
g&(o,l) (TL (5(07 t)a E(Oa t)) ) E(O’ t)) = 0

[holding because (Dcr/dt)(0, t) is precisely the restriction of the Liouville vector
field to (0, 7). Q.e.d.

Corollary 2.79 A path w € Q is a critical point of the energy function if and only if
w is a geodesic.

2.6 A Postface on Finslerian Geometry

The present chapter was devoted merely to a few introductory notions in Finslerian
geometry, treated by mainly following the very inspiring Ph.D. thesis of B.T.M.
Hassan, [Has], and the authors relegate a more involved presentation of Finslerian
geometry, old and new, to a further volume. A very good history of Finslerian geome-
try, starting with the work by Bernhard Riemann (1826—1866) and with the romantic
contribution by Paul Finsler (1894-1970), and reporting on the growth of the subject
up to the year 1980, was written by M. Matsumoto, as a postface to his mono-
graph [Mat]. According to [Mat], the main character, to whom the credit for setting
the foundations of Finslerian geometry is actually due, is Ludwig Berwald (1993—
1942). L. Berwald’s main contribution® seems to be the geometric treatment of the
variational problem ¢ f L(x(s), )&(s)) d s = 0 relying on a Finslerian connection
built for the purpose (and nowadays referred to as the Berwald connection, cf. e.g.,
Definition 18.2 in [Mat], p. 117). To give correct historical credit, one should keep
in mind that the work by L. Berwald quoted previous foundational contributions to

6 Cf. L. Berwald, Untersuchung der Kriimmung allgemeiner metrischer Riume auf Grund des in
ihnen herrschenden Parallelism, Math. Z., 25(1926), 40-73.
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Finslerian geometry by John Lighten Synge’ and by James Henry Taylor.® The firm
axiomatic presentation of what was to be from there on the Theory of Finsler Spaces
was exhibited by Elie Cartan® (1869-1951). The history of the subject after 1950 as
interpreted in [Mat] recognizes the relevance of a few Western contributors, e.g., A.
Deicke,'” R.S. Ingarden,!' and F. Brickell.!? The major role played by the contribu-
tions of the French school, to which we shall come in a moment, isn’t fully grasped
by [Mat] and only the scientific creation by Hassan Akbar-Zadeh'? is discussed in
[Mat] at a certain extent,?. Although quoted in [Mat], the works by A. Lichnerow-
icz"® P. Dazord,'® and J. Grifone,!” whose review should be sine-qua-non to any
tentative to understand the development of Finslerian geometry, are only marginally
discussed. A sequel to the treatment of modern Finslerian geometry in the present
chapter will start mainly from P. Dazord’s thesis (cf. op. cit.) and further published
work'® and, faithful to the more PDE-oriented standpoint in the forthcoming vol-
umes of the present book, will mainly aim at the study of natural generalizations

7Cf. J.L. Synge, A generalization of the Riemannian line element, Trans. Amer. Math. Soc.,
27(1925), 61-67.

8 Cf. J.H. Taylor, A generalization of Levi-Civita’s parallelism and the Frenet formulas, Trans.
Amer. Math. Soc., 27(1925), 246-264.

9 Cf. E. Cartan, Les espaces de Finsler, Actualités 79, Paris, 1934.

10Cf. e.g., A. Deicke, Finsler spaces as non-holonomic subspaces of Riemannian spaces, J. London
Math. Soc., 30(1955), 53-58.

I Cf. R.S. Ingarden, On the geometrically absolute optical representation in the electron micro-
scope, Trav. Soc. Sci. Lett. Wroclaw, 45(1957), 60 pp.; Differential geometry and physics, Tensor,
N.S., 39(1976), 201-209. The possibility of using Finslerian geometry as a geometric basis for
the treatment of certain problems in mathematical physics was to lead (in the second half of the
twentieth century) to a huge amount of work (on which we partially report in the sequel volumes
to the present book).

12 Cf. F. Brickell, A new proof of Deicke’s theorem on homogeneous functions, Proc. Amer. Math.
Soc., 16(1965), 190-191; A theorem on homogeneous functions, J. London Math. Soc., 42(1967),
325-329.

13 Cf. H. Akbar-Zadeh, Les espaces de Finsler et certaines de leurs généralisations, Ann. Sci. Ecole
Norm. Sup., (3)80(1963), 1-79.

14 The reason for that is perhaps to be looked for within M. Matsumoto’s interest in the realization
of Finslerian geometry as a chapter of the more modern (in comparison with local tensor calculus)
theory of fiber bundles, and connections in fiber bundles, whether principal or vector bundles.

15 Cf. e.g., A. Lichnerowicz, Sue une extension de la formule d’Allendoerfer-Weil & certains variétés
finslériennes, C.R. Acad. Sci. Paris, 223(1946), 12-14.

16 Cf. e.g., P. Dazord, Propriétés globales des géodésiques des espaces de Finsler, These, Lyon,
1969, 193 pp.

17 ¢t e.g., J. Grifone, Sur les connexions d’une variété finslérienne et d’un systéeme méchanique,
C.R. Acad. Sci. Paris, 272(1971), 1510-1513.

18 Cf. P. Dazord, Sur une généralisation de la notion de “spray”, C.R. Acad. Sci. Paris,
263(1966), 543-546; Connexion de direction symmétrique associée a un “spray” généralisé, Ibi-
dem, 263(1966), 576-578; Variétés finslériennes a géodésiques fermées, Ibidem, 266(1968), 348—
350; Variétés finslériennes de dimension paire §-pincées, Ibidem, 266(1968), 496-498; Variétés
finslériennes en forme de spheres, Ibidem, 267(1968), 353-355; Sue la formule de Gauss-Bonnet
en géométrie finslérienne, Ibidem, 270(1970), 1241-1243.
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(from Riemannian to Finslerian geometry) of the Leplace-Beltrami operator, such as
produced by Paul Centore,'”, Brad Lackey® David Bao & Brad Lackey,' and (last
but not the least) Zhongmin Shen.?? It is noteworthy that the canonical Finslerian
connection (the Chern connection) devised by Shiing-Shen Chern hasn’t been dis-
cussed in [Mat] although quoted there.?® Despite S-S. Chern repeated attempts,* in
the last years of his long and proficuous mathematical life, to render more popular
his discovery of the Chern connection, it wasn’t until the arrival of Zhongmin Shen?’
at Berkley that the relevance of the Chern connection was recognized.?® Again stay-
ing at the cultural preferences of the Authors of the present book, the discussion of
Finslerian Laplacians will be followed by a report on the recent works recovering?’
(from Riemannian to Finslerian geometry) elements of the theory of harmonic maps
between Riemannian manifolds. Ample portions of the first volume of the present
book are concerned with the theory of characteristic classes and, as a reflection of
that, the sequel to this volume will regard the characteristic classes of Finslerian
manifolds, and in particular the characteristic classes of the low-dimensional spe-
cial Finsler spaces (cf. [Mat]) by starting from Z. Kovacs attempt®® to bring the

19 Cf. P. Centore, A mean-value Laplacian for Finsler spaces, Ph.D. Thesis, University of Toronto,
1998.

20 Cf. B. Lackey, A Bochner vanishing theorem for elliptic complexes, preprint.

21 Cf. D. Bao & B. Lackey, A geometric inequality and a Weitzenbéck formula for Finsler surfaces,
preprint; A Hodge decomposition theorem for Finsler spaces, C.R. Acad. Sci. Paris, 323(1996),
51-56.

22 Cf. Z. Shen, The nonlinear Laplacian for Finsler manifolds, preprint.

23 Cf. S-S. Chern, On the Euclidean connections in a Finsler space, Proc. Nat. Acad. Sci. U.S.A.,
29(1943), 33-37; Local equivalence and Euclidean connections in Finsler spaces, Sci. Rep. Nat.
Tsing Hua Univ., 5(1948), 95-121.

24 Cf. S-S. Chern Riemannian geometry as a special case of Finsler geometry, Cont. Math.,
196(1996), 51-58; Finsler geometry is just Riemannian geometry without the quadratic restriction,
Notices of Amer. Math. Soc., 43(1996), 959-963.

25 At the time a young and highly gifted Ph.D. recipient from Stony Brook University, whose field
of expertise was Riemannian geometry.

26 Cf. also the monograph by D. Bao & S-S. Chern & Z. Shen, An introduction to Riemann-Finsler
geometry, Lecture Notes in Math., Springer-Verlag, 2000.

27 Cf. e.g., A. Tachikawa, A partial regularity result for harmonic maps into a Finsler manifold,
preprint; X. Mo, Harmonic maps from Finsler spaces, preprint; J. Li, Some properties of p-harmonic
maps for Finsler manifolds, preprint; Y. Shen & Y. Zhang, Second variation of harmonic maps
between Finsler manifolds, Science in China, Ser A, Mathematics, (1)47(2004),39-51; X. Mo & Y.
Yang, The existence of harmonic maps from Finsler manifolds to Riemannian manifolds, Science in
China, Ser. A, Mathematics, (1)48(2005), 115-130; Y. Shen & S.W. Wei, The stability of harmonic
maps on Finsler manifolds, preprint; J. Li, Stable % -harmonic maps for Finsler manifolds, preprint.
28.Cf. Z. Kovécs, On the Chern-Weil homomorphism in Finsler spaces, Acta Mathematica
Academiae Paedagogicae Nyiregyhaziensis, 17(2001), 131-135.



References 199

Chern-Weil homomorphism to the realm of Finslerian geometry. It should be men-
tioned that the fundamental work by S-S. Chern & J. Simons®’ on characteris-
tic classes and their applications to Riemannian geometry, is still awaiting for an
appropriate generalization to Finslerian geometry.
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Chapter 3 ®)
Isometric Immersions Check for

3.1 Fundamental Forms of an Immersed Manifold

Let M be a n-dimensional differentiable manifold and let f : M — M be an immer-
sion of M in a semi-Riemannian manifold (M, g) of dimension n + r.

Definition 3.1 The manifold M is commonly referred to as the ambient space. The
manifold M is said to be an (immersed) submanifold of M. [

The semi-Riemannian metric g induces a tensor field of type (0, 2) on M given
by
g[)(va w) = gf(p)((dpf)vv (dpf)w)v v, w e T[J(M)v P € M.

For every point p € M we have an inner product space (T (y) (M), Jr(p) and a
subspace (d,, f)T,(M). Clearly

dimg (d, /)T,(M) = n

asthemap d, f : T,(M) — Ty, (M) is linear and injective.

From now on we assume that for any point p € M the subspace (d, f)T,(M)
is nondegenerate in (T'r(p) (M), G (), 1.€., yf(p)|(d T, 00 is an inner product on
) P P
(d, f)T,(M). Then the space

T, (M) = [(d, T, (M| = (v € Tyy(M) : v L (d, ))T,(M))
is a complement of (d, f)T,(M), i.e.,

Tripy(M) = [(d, T, (M) & T,(M)", peM. (3.1
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Clearly
dimg T,(M)* = r.

Moreover, by the preceding assumption [that (d,, f)T, (M) be nondegenerate for any
p € M] it follows that g, is an inner product on 7, (M) for any point p € M.

Exercise 3.2 Show that the assignment
PEMi— g, € T;(M)@ T;(M)

defines a differentiable map g : M — T%2(M).

If M is connected, an assumption we shall always adopt, then
ind (T,, (M), g,,) = costant,

hence ¢ is a semi-Riemannian metric on M.

Definition 3.3 The semi-Riemannian metric g on M is called the first fundamental
form of the immersion f : M — M. ]

Definition 3.4 Let (M, g) and (M, ) be two semi-Riemannian manifolds [with
dim(M) = n and dim(M) = n + r]. A differentiable map f : M — M is called an
isometric immersion if

(i) f is an immersion and
(i) Gy (dp v, (dp fHw) = gp(v, w) for any v, w € T,(M) and any p € M.
|

If f:M— M is an immersion of a connected manifold M in the semi-
Riemannian manifold (M, g) and one endows M with the first fundamental form g
[provided that (d,, /) Tp (M) be nondegenerate in (T, (M), g f(p))] then f : M —

M is an isometric immersion of (M, g) into M, 9).

3.2 Normal Bundle

Definition 3.5 A tangent vector v € Ty (M) is said to be a normal vector at p
on M if v e T,(M)*. A normal field on M is a map & : M — T(M) such that
& € T,(M)* forany p € M. O

A posteriori the vector fields X € X (M) are referred to as tangential fields. Let
p € M. Let us choose a local coordinate system (U, x')on M such that p € U and
another local coordinate system (U, y*) on M such that f(U) C U. Moreover let

f=Pofop ' ipU)—BU)
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be the local expression of f where

e=Ch XY, =0y,

Moreoverletusseti = (f, ...,f‘*’) and f* =y%o fforanyl <a <n+4rso
that f* = f%o ™! In the older language of nineteenth-century local differential
geometry, it was customary to say that

y”:i’lo(xl,...,x”), l<a<n+r (3.2)

are the equations of the submanifold M in M. With a common abuse of notation
Eq. (3.2) may also be written

Y=y xt, . x").

A normal field £ : M — T (M) may be locally written

0
£ =£“(p)( a) ., PeU,
! Ay f(p)

where the functions £“ : U — R are uniquely determined by this representation. It
may be easily shown that the map ¢ : M — T(M) is differentiable if and only if
&% e F(U) for any choice of local coordinate systems (U, x’) and (U, y*) on M
and M such that f(U) C U.

Theorem 3.6 Let us set T(M)* =,y Tp(M)™*. Then

peM
() = (T (ML, 7, M, R")

is a vector bundle or rank r, where w : (M YL — M is the canonical projection.
Any differentiable normal field £ : M — T (M) is a differentiable section in T3; (f),
ie, &€ C®(rii ()

Proof Exercise.

Definition 3.7 The vector bundle TAll( f) is called the normal bundle of the immer-
sion f: M — M. (]

One often adopts the notation X(M)+ = C °°(7'AJ‘4( .

From now on we assume that f : M — M is an embedding, i.e., f is an injective
immersion. Each vector field X € X(M) determines a differentiable section X €
C*(f (M), 73;) defined on the closed set f(M) C M

Xy =dp )X, € Tyy(M), peM.
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As f is injective the tangent vector X r(py 1s well defined. As f(M) is a closed set
there is a C* extension of X to the whole of M, i.e., thereisavector field X € X(M)
such that X ’ ron = X . The vector field X is merely referred to as an extension of the

field X to M. Leth € F(M) andleth = h o f € F(M). Then for any point p € M
XM(F(P) =X pipy(h) = Xy (h) =
=[d,NX,] () = X, (ho f)=X,(h) = X(h)(p)

and then
X(h)yof=X(of), heFM). (3.3)

Let X,Y € X(M) be extensions of the fields X, Y € ¥(M). Then
[X.Y],,, ) =Xy (Y(B) =Y ) (X () =
[using the identity (3.3) several times]
=X,(Yh)of)—Y,(X(h)o f) =
=X, (Y(ho ) =Y, (X(ho f)) =X, Y],(ho f) =

= (@, NIX., Y1,} &) = [X, Y11, (h)

or o -
[X. Y], = [X.Y1d (34)

hence [X, Y] is an extension of [X, Y] to M.

The next lemma plays a first-magnitude role in the construction of the theory of
submanifolds of semi-Riemannian manifolds.

Lemm33§ Let V € C(7y;) be a linear connection on M and_le_t X, YE.%(M).
Then (VyY)f(p) doesn’t depend on the choice of the extensions X, Y € X(M) of the
fields X, Y, forany p € M.

Proof Let us consider the differentiable curve 7y : I — M defined on the interval
I CR.Letussety = fovy:I— M. Then

. 9 P
Y(t0) = (dy7) (5) = {dto(f o'y)} <§> —

0
= {(dy ) 0 (dy))} (E) = (dya )Y (10)

fo

]

or
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70 = (dyo )0, tel (3.5)
Formula (3.5) implies that for any integral curve v : I — M of the field X, passing
through the point p, o
y=fovy: I > M
is an integral curve of X passing through f(p). Indeed
X0 = X600 = Xpa0) = (dyo /) X0 =

= (dyi /)Y = (1)

for any ¢ € I. Let now Y/, Y ex (M) be other extensions of X, Y. Then

— — _
V%Y) = as X =X
( X ) [ f(p) f(p)]

= (V7)) =(vY)

( X rw L)

wherey = f oyand~y : I — M is anintegral curve of X passing through p. Finally
as

— — - — —
Yoo =Y reany = Yrow) = Yrqoy = Yy0, tel,

and the tangent vector (Vﬁ?)ﬂ—,(o) is determined by the values of Y along 7, we may
conclude that

Q.e.d.

By Lemma 3.8 the following notation is legitimate

(VxY), = (VxY) ;) - (3.6)

3.3 Gauss and Weingarten Formulas

Fromnow on let VecC (37, 9) be the Levi-Civita connection of the semi-Riemannian
manifold (M, g). Let

tan,, : Tf(p)(M) — T,(M), nor, : Tf(p)(ﬁ) — T,,(M)J‘

be the canonical projections associated to the direct sum decomposition (3.1). If
NS Tf(p)(M) then
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v = (dp, f)tan,v +nor,v.

Definition 3.9 tan,v and nor,v are respectively the tangential component and the
normal component of v. O

As (VxY), € Ty (M) we may set
(VxY), = tan, (ny)p, B(X,Y), = nor (VXY)F,

so that o
(VxY)p =, /)(VxY), + B(X, Y), (3.7

for any X,Y € X(M) and any p € M. This yields a tangential field and a normal
field on M o
VxY M —-TM), BX,Y):M—>TM).

The identity (3.7) may be rewritten as
VxY = f,.VxY + B(X,Y). (3.9)
Here, for any X € X(M), we have adopted the notation
fX € CO(fTIT(M))
to indicate the section in the pullback bundle f~'7 (M) — M given by
XM — fTIT M),
(f:X)(p) = (dp )X € Typy(M) = (f'T(M)),, peM.

Clearly [by (3.6)]
VxY, B(X,Y) € C°(f~'T(M)).

Hence (3.8) is an identity in C®°(f~' T (M)).

Theorem 3.10 Let f: M — M be an embedding of the manifold M into the semi-
Riemannian manifold (M, qg). Let g be the first fundamental form of f : M — M.
Then

(1) The map V : X(M) x X(M) — X(M) is the Levi-Civita connection of the
semi-Riemannian manifold (M, g).

(ii) The map B : X(M) x X(M) — X(M)* is F(M)-bilinear and symmetric.
Definition 3.11 V and B are respectively called the induced connection and the
second fundamental form of the embedding f : M — M. Also (3.8) is the Gauss
formula (of the embedding f). (|
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Proof of Theorem 3.10 We shall need the identities

VixY = hVyY, (3.9)

Vx(hY) = X(h) f.Y + hVyY, (3.10)

forany X, Y € X(M) and h € F(M). To prove (3.9) leth : f(M) — R be the func-

tion defined by h( f(p)) = h( p)perogni p € M. As h is differentiable on the closed

set f (M) one may extends h smoothly to the whole of M,i.e. thereish € F (M ) such
that h| Fon = =h.In particular 2 o f = h. Then, for an arbitrary extension X € X(M)

of X, the vector field 7 X is an extension of #X so that
VixY)p = (Vix¥) s =
= {nVxY},, =h(P)TxY),.
Analogously
(Vx(hY))p = (Vx(h D)oy = {XWY + 7 VxY}, ) =

= X,(ho /)Y, +h(p)(VxY),.

Exploiting the identities (3.9)—(3.10) one may easily show that V is a linear connec-
tion and that B is F(M)-bilinear. For instance

fiVixY + B(hX,Y) =V,xY =hVxY =
=n{f.VxY + B(X,Y)}
and then (by the uniqueness of the direct sum decomposition)
VixY =hVyxY, BhX,Y)=hB(X,Y).

Let X,Y € X(M) and let X, Y € X(M) be extensions of X and ¥ to M. As V is a
symmetric connection, for any p € M

0=TMX Vs ={Vx¥ = VyX - [X. Y]}, =
[by (3.4) together with (3.6)]
= (VXY),, - (vYX)p - [/)(’T]f([’) =
[by Gauss formula]

= (dpH)(VxY)p +h(X,Y)p — (d, [)(VyX)p — h(Y, X)), — (dp )X, Y], =
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=, HT(X,Y), +{h(X,Y) = h(Y, X)},

hence
T(X,Y)=0, h(X,Y)=h(,X), X,YeX(M).

One may prove similarly that g is parallel with respect to V. Indeed let X, Y, Z €

X(M)andlet X,Y, Z € X(M) be extensions of X, ¥, Z to M. One has
IY. 250 = G5 Y e Zrw) =
=Grp(dp )Yy, Wp)Z)) = gp(Xp, Yp)

or o
9(Y,Z)o f = g(Y, Z). @3.11)

By the identity (3.11) it follows that g(Y, Z) € F(M) is a smooth extension to the
whole of M of the function g(¥, Z). Moreover [as Vg = 0] for any p € M

0= (Vx9) ¥, Z)rp =

={X@Y.2)-3(VxY.Z)-3(Y, VY7)}f<p> =

[by (3.3)] o o _
=Xp,@@¥,Z2)0 )= Gri»n((Vx¥)rip)s Zrip)) —

95X s V2D pim) =
[by Lemma 3.8]
= X, (9(Y, 2)) = 1y (Vx V), (@dpf)Z,) —
— G (dp )Yy, (VxZ),) =

[by 3.7)]
= X, (g(Y, X)) = Gy (dp )YVXY) s (dyf)Z) —

- gf(p)((dpf)yps (dpf)(vXZ)p) =
[by the very definition of the first fundamental form]
= X,,(g(Y, X)) — gp((VXY)pv Zp) - gp(Ypa (VXZ)p) =

= (Vx9) (Y, 2),
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hence Vg = 0. By the uniqueness statement in the fundamental theorem of semi-
Riemannian geometry V must be the Levi-Civita connection of (M, g). Q.e.d.

Let £ € X(M)* and let us set
rp = &p € Ty (M) C Ty (M), p e M.

As f (M) is aclosed subset of M and é € C®(f (M), ;) there is a smooth extension
€ € X(M) of £ to the whole of M, i.e., E} o = £. The vector field ¢ is referred to

merely as an extension of the normal field .

Let X € X(M) and f_ € X(M )i be a tangential field and a normal field on the
submanifold M and let X, £ € X(M) be smooth extensions of X and £ respectively.
Arguments similar to those in the proof of Lemma 3.8 lead to

Lemma 3.12 For any linear connection V € C(T5;) the tangent vector
<viz) €Ty (M)
f(p)

doesn’t depend upon the extensions X and € of X and &.

_From now let V be the Levi-Civita connection of the semi-Riemannian manifold
(M, g). By Lemma3.12 the following notation is legitimate.

(Vx§), = (Vx¥) g, -
Moreover let us set
(AcX), = —tan,(Vx&),, (Vx&), =nor,(Vx),,

so that o
(Vx&p = —(d, /) (AcX)p + (V5O . (3.12)

Letnow A¢X € X(M) and V& € X (M) be the fields given by
peEMi— (AcX), € T,(M), peMr— (Vg&), € T,(M)*,
so that formula (3.12) may also be written
Vyé = —fiAeX + Vi (3.13)

forany X € X(M)andany¢ € X¥(M)*.Formula (3.13)isan identity in C*° (f’1 T(M)),
as well as Gauss formula.

Definition 3.13 Formula (3.13) is referred to as the Weingarten formula of the
immersion f : M — M. ]
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Let &, € X(M)* be two normal fields. We adopt the notation

9EMp =Gr»Eps mp), P EM.

Proposition 3.14 The map A : X(M) x X(M)*+ — X(M) defined by
(X,8) € X(M) x X(M)* — AcX € X(M)

is F(M)-bilinear and satisfies the identity

Julius Weingarten (1836-1910), German mathematician of Polish origin. W. studied at the
University of Berlin, and is known to have devoted particular attention to Dirichlet’s lectures
on potential theory. At the same time W. studied chemistry. As part of a poor family of
Polish immigrants, W. could not continue the formal studies leading to a doctoral degree.
Although W. had to earn his living by teaching in schools, W. conducted research on the
differential geometry of surfaces, and in particular constant mean curvature hypersurfaces in
E3. The work by W. was particularly appreciated by Darboux (the work on the infinitesimal
deformation of surfaces, 1886) and by Bianchi (Cayley’s equation, Weingarten systems, 1924).
Both Darboux and Bianchi included in their books ample portions devoted to the discoveries
by W. Despite the recognition of his scientific merits (W. was awarded the Grand Prix de
I’Académie des Sciences in Paris, 1894) W. hasn’t obtained an academic position on the
measure of his great mathematical talent until 1902. That is only partially due to the social
inequities related to W.’s condition as an immigrant, and is prevalently explained by the status
of the German university system at the time: prestigious German universities were offering
significant academic positions yet accompanied by stipends whose level requested revenue
from a third source. With a declining health, W. continued to teach only up to 1908. Worth
to remember within the scientific creation by W. is his research work on the classification of
the surfaces isometric to a given surface (and in particular to a surface of revolution): said
classification was reduced by W. to solving a Monge-Ampere type equation.
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g(AcX,Y) =g(B(X,Y), ) (3.14)

forany X, Y € X(M) and £ € X(M)™*.

Definition 3.15 A is called the Weingarten operator, or the shape operator, of the
immersion f : M — M associated to the normal field . ([

Proof of Proposition3.14Leth € F(M), X € X(M) and £ € X(M)*. Then

Vixé = hVxE, 3.15)
Vx(hé) = X(h)é + hVxE. (3.16)
For instance
(Vix&y = (Vixd s = (RV5E] | = h(p)(Tx0), .

The proof of identity (3.16) is similar to the above and therefore left as an exercise
to the reader. By identity (3.15)

— (dp ))(AchX)p + (Vix©p = (Vax&)p = {hVxE} =

=h(p)(Vx&, = —h(p) {—(d, ) (AcX), + (VxE),)

and then (by the uniqueness of the direct sum decomposition, together with the fact
that d,, f is a monomorphism)

Ac(hX) = hA:X, Vi5€ =hViE.
One may use (3.16) in a similar manner to show that
AneX = hAcX, Vi (hé) = X (W)€ + hVyE.
Finally
9JAX, Y)p = gp(AcX)p, Yp) =G5y ((dp (A X)p, (dpf)Yp) =
[as (V&) L (dp Y]

=31 ((VxOp. ([ NYp) = =T (V5O (s ¥ 7)) =
=~ {avst Y>}f<p) = - {X@E. ) - 3€ Vx )]m -

= _Xp@(g’ Y)o f) + G 5(p)Eps (vxg)p) =
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[as G(E, V) s () = T () Eps (dp f)Y,) = 0]
zgf(p)(g[)’ B(X, Y)p)zg(gv B(Xv Y))[)

Q.ed.

To understand the nature of the object V+ one needs to introduce the notion of a
connection in a vector bundle.'

Definition 3.16 Let E — M be a real vector bundle and let Q°(E) = C®(E) be
the space of smooth sections in E. A R-linear map

D : X(M) x QUE) - Q%E)
is called a connection in the vector bundle £ — M if

ths = ]’lD)(S, Dx(/’lS) = X(h)S + ths

forany h € F(M), X € X(M) and s € QU(E). O

Let us denote by C(E) the set of all connections in the vector bundle £ — M.
Note that
XMt = Q).

Proposition 3.14, or rather its proof, yields.
Theorem 3.17 V+ : X(M) x QUT(M)*) — QUT (M)?1) is a connection in the
normal bundle T(M)*+ — M.

Definition 118 V51 is called the normal connection of the immersion
f:M—> M.
O

3.4 Covariant Calculus in QV(f~17 (M))

Gauss and Weingarten formulas may be “immersed” in a covariant differential calcu-
lus with sections in the pullback bundle f~!7 (M) — M. Learning said formalism
will prepare the reader for the construction of harmonic map theory. Let V € X(M)
be a vector field on M.

Definition 3.19 The natural lift of V is the section

v/ie QYT (M)

! In such a manner that linear connections appear as connections in a particular vector bundle, i.e.,
the tangent bundle over the given manifold.



3.4 Covariant Calculus in QO(f 17T (M)) 213

given by V/ = Vo f thatis V/(p) = Vy(,) € Ty(py(M) = (f~'T(M)), for any
peEM.

O

Let (A, y',...,y") be a local coordinate system on M. Then {0/0y" : 1 <
o < n + r}isalocal frame in the tangent bundle 7, defined on the openset A C M
so that
{sa =@/0y) :1<a<n +r}

is a local frame in the vector bundle f~'T (M) — M, defined on the open set
! (A). The Levi-Civita connection V induces a connection in the vector bundle
Ty - M

V=V xM) x QU IT(M)) — QU T(M))

defined as follows. Let X € X(M) and s € QU(f~'T(M)) and p € M. Moreover
let us consider a local coordinate system (A, y*) on M such that f(p) € A. Let us
locally represent s as

sly = h%s, hY e F(A).

Now let us set by definition?
(V§s$), = {X(ha) +X(fn ({ Bofy} o f)} (p) sy(p). (3.17)

One easily checks that the definition of (V)]; 5), doesn’t depend upon the choice of
local coordinates (A, y®) about f(p).

Definition 3.20 The connection V/ e C(f~'T(M)) is called the pullback by f of
the connection V. O

2 The heuristics leading to definition (3.17) is actually quite simple. Let (U, x) and (A, y) be
local coordinate systems on M and M such that f(U) C A. We start by prescribing Vg/: 5o and then
we derive the expression (3.17) by requesting that V/ possesses the properties in Definition 3.16.
The vector field Vé 5o should be naturally induced by V. As we only know

0
ay(r ’

va, aﬂ = { a’yﬁ } a"/’ 6& =

we first consider the “push-forward” of J; by f
afe 0
(dpf)ai,p = W(P) (B_y(’)

and we set by definition
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Definition 3.21 Let E — M be a real vector bundle of rank ». A map H : p €
Mw— H, ¢ E; ® E; is a semi-Riemannian bundle metric on E if H, is an inner
product on E, such thatind(E,, H,) = constant and H,g = H (54, sg) € F(U) for
any local frame {s,, : 1 < a < r}in E defined on the open set U C M. O

Note that the semi-Riemannian metric g induces a semi-Riemannian bundle metric
f'g=g’ on f7'T(M) — M.Indeed if p € M and (A, y*) is a local coordinate
system on M such that f(p) € A then we set

g/ (r,8) ) = M 1Gas(f (D)),

s —a(2 9
9o = 9 aya’ 8yﬁ 5

r|A = )\G’Sa” SlA = Iuasas )\(!’ //L(y € ‘7:(A)

One may easily check that the definition of g/ (r, s) p» doesn’t depend upon the choice
of local coordinate system (A, y*) about f(p). The covariant differential calculus
alluded to at the beginning of this section is completely described by Proposition 3.22.
Essentially, once one realizes that any normal field ¢ : M — T(M)* is a section in
f~'T (M) and that £, X € QU(f~'T(M)) for any X € X(M), one uses the bundle
metric g/ to measure the lengths of sections in Q*(f~!T(M)) and the connection
viec (f! T (M)) to take derivatives of these sections.

Moreover any section in f~'7 (M) — M admits a canonical decomposition, as
the sum of a tangential component and a normal component, relative to the direct sum
decomposition (3.1). This leads to the Gauss and Weingarten formulas (3.18)—(3.19)
and then to a description, as we shall shortly see, of the geometry of the embedding
f : M — M in terms of the objects V, B, A and V.

These methods of study belong to the theory of submanifolds in semi-Riemannian
manifolds yet also present the advantage, as mentioned above, to prepare in an
“innocuous” manner the passage from the theory of minimal isometric immersions
to the theory of harmonic maps of semi-Riemannian manifolds.

Proposition 3.22 (i) g’ is a semi-Riemannian bunde metric on the pullback bundle
f’lT(M) — M. Moreover

¢ (£ X, fLY)=9X,Y), ¢/ (£.X, 6 =0,

forany X, Y € X(M) and any £ € X(M)*.

(>i1) V7 is a metric connection, i.e., Vfgf = 0 where

(Vigh)(r,5) = X (g7 (r, 8)) — g (Vir,s) — ¢/ (r, Vis).
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(iii) Gauss and Weingarten formulas may be written

V)];f*Y = f.VxY + B(X,Y), (3.18)

VIE = —fLAcX + Vi (3.19)

forany X, Y € X(M) and £ € X(M)™*.

(iv) Formula (3.14) may be written

9(AcX,Y) = g/ (B(X, Y), ©).

3.5 Gauss—Ricci—-Codazzi Equations

One may believe, based on the intuition acquired in the study of the geometry of
curves and surfaces in E? (cf. e.g., M. Do Carmo?), that the curvature R = R" of
the Levi-Civita connection of a semi-Riemanian manifold describes, in an intrinsic
manner, the shape of that semi-Riemannian manifold (M, g¢). Given the human habit,
within scientific thought, to dissociate objects (such as differentiable manifolds) from
their additional structures (such as semi-Riemannian metrics) to better contemplate
the former, one may think that adding a semi-Riemannian metric to a differentiable
manifold is a rather arbitrary act and that the association (M, g) between a manifold
M and a metric g is too artificial (after all a manifold admits, as we have previously
seen, infinitely many Riemannian metrics) to allow speaking without ambiguity about
the shape of (M, g). There would be as many shapes as many semi-Riemannian
metrics may be assigned to M: wouldn’t then shape be an entirely relative concept?
It should be noticed that the majority of examples of semi-Riemannian manifolds
that we know of, are submanifolds of some semi-Euclidean space E!, and that the
very differential geometry is born as a discipline aiming to the study of shapes of
submanifolds in E*. Also, by a celebrated result by J. Nash* for any Riemannian
manifold (M, g) there is a positive integer N € N and an isometric immersion f :
M — EN di (M, g) into EN. As a submanifold of EN, any manifold M admits a
natural Riemannian metric, the first fundamental form of the given immersion, and
it is a difficult action, we may say a purely metaphysical action, to dissociate M from
said metric, as it is to conceive M as dissociated from f(M) where f : M — EN
is the given immersion. The space surrounding us is, at least at a not too large
scale, the Euclidean space E* which comes equipped with the Euclidean metric and

3 Cf. M. Do Carmo, Differential Geometry of Curves and Surfaces (Prentice-Hall, Inc., Englewood
Cliffs, New Jersey, 1976).

4 Cf. J. Nash, The imbedding problem for Riemannian manifolds. Ann. Math. (1) 63, 20-63 (1956).
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all submanifolds of [E* appear as inseparable® from their first fundamental forms.
All geometric and physical measurements are intimately related to the presence of
said metrics. It follows that after all the concept of shape of (M, g) is related to
the given isometric immersion in a given ambient space (M, g). However, as in
the spirit of Nash’s theorem the metric g on M is the first to be assigned and the
isometric immersion is considered, or built, successively, the geometric properties
of M that spring from g are referred to as intrinsic, while geometric properties of M
thought of as f (M), that is those properties springing from the presence of f, are
termed extrinsic. Once the given semi-Riemannian manifold (M, g) is immersed, the
distinction between intrinsic and extrinsic properties becomes, as we shall shortly
show, rather immaterial (intrinsic and extrinsic properties may be deduced one from
the other, in an explicit quantitative manner).

The main object entering the description of extrinsic geometric properties of
a semi-Riemannian manifold isometrically immersed in another semi-Riemannian
manifold (M, g) is the second fundamental form B of the given immersion. The
Weingarten, or shape, operator is, by formula (3.14), but a contravariant manifesta-
tion of the second fundamental form. Intrinsic geometry, based on g, and extrinsic
geometry, relying on B, of the given submanifold, are not independent: they are
related in a quantitative manner by the classical Gauss-Ricci-Codazzi equations,
capturing the relationship between the curvature of the submanifold, the curvature
of the ambient space, and the second fundamental form of the given immersion.
As a purpose of this section we shall derive said equations starting from the Gauss
and Weingarten formulas. This leads to a very elegant mathematical theory making
use of geometric methods, alternative to methods in the theory of partial differential
equations, to study the Gauss-Ricci-Codazzi equations. It shouldn’t be forgotten that
Gauss and Weingarten equations are locally systems of second order PDEs whose
unknown functions are the local components of the immersion f : M — M. Indeed
let (U, x*) and (A, y®) be local coordinate systems on M and M, such that fWU) C A.
Then

5 At what extent a semi-Riemannian manifold is inseparable from its metric is one of the deepest
questions in semi-Riemannian geometry (one has in mind the subtle relationship between curvature
and the topology of the manifold). By a classical result known as Synge’s theorem (cf. e.g., Kobayashi
and Nomizu [KoNo]) any Riemannian manifold of positive sectional curvature is simply connected.
The latter is a topological property of the given manifold (the vanishing of the first homotopy group)
and morally should be a property of the given Riemannian manifold even if it is mentally dissociated
from its Riemannian structure. We may conclude that not only is the metric of the given Riemannian
manifold intimately attached to the underlying manifold: the metric determines the properties of the
manifold and of the underlying topological space. It also follows that in our metaphysical approach
(“first” a Hausdorff space with a countable base, “then” a differentiable atlas, and “in the end” a
metric) we have operated with notions (“first”, “then”, “in the end”) that are entirely questionable.
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So (3.20) is a second order quasi-linear PDEs system. In the spirit of submanifold
theory we shall not apply specific methods of PDEs but geometric methods, relying
on the Gauss-Codazzi-Ricci equations yet belonging to the theory of connections
on vector bundles. The geometric methods we shall use will nevertheless lead to the
understanding of qualitative properties of solutions f<.

Definition 3.23 Let D € C(E) be a connection in the vector bundle E — M. The
curvature of D is the map

RP :x(M) x x(M) x QUE) — Q°(M),
RD(X, Y)S = DnyS — DyDXs — D[X,y]S

forany X,Y € X(M) and any s € Q°(E). O
Let f : M — M be a regular embedding of a L n-dimensional manifold M in a
(n + r)-dimensional semi-Riemannian manifold (M, ). Let R = RY',R=R" e
RY=RY be respectively the curvatures of the connections
f -1 i 1
VielC(f ' mp, Vellry), V- el(T(M)).
Then (by Gauss and Weingarten equations)
RIX. V) ,Z = V{V] f.Z — VIV} f.Z — Vi iZ =
= Vi (V¥ Z + B(Y, 2)} = Vi {f.VxZ + B(X, 2)} —

— fVixnZ — B(X, Y], Z) =

= fiVxVyZ + B(X,VyZ) — fuApy.z)X + V¥ B(Y, Z) —
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— fiVyVxZ — B(Y,VxZ) + fiApx.2)Y — VyB(X, Z) —
- fiVixriZ — B([X, Y], Z) =
= [ {RX.Y)Z + Apx.2)Y — Apyn X} +
+ V¥ B(Y,Z) — B(Y,VxZ) — VyB(X, Z) + B(X,VyZ) — B([X, Y], Z) =
(by substitution from [X, Y] = VxY — Vy X)
= fi {R(X, Y)Z + Apx,z)Y — AB(Y,Z)X} +
+ (VxB)(Y, Z) — (VyB)(X, Z)
where we have set by definition
(VxB)(Y,Z) = V¥ B(Y, Z) — B(VxY, Z) — B(Y,VxZ)

forany X, Y, Z € X(M).

Definition 3.24 V B is called the a covariant derivative of the second fundamental
form B. U

We have obtained the following Gauss-Codazzi equation
RIX.VfZ=fARX.Y)Z + Apx.2)Y — Apy.y X} + (3.21)
+ (VxB)(Y, Z) — (VyB)(X, Z).
Using the canonical projections
tan: f'ry; — Ty, mor: flrp — Tﬁll(f),
one obtains
tan {R/(X,Y)f.Z} = R(X,Y)Z + Apix.2)Y — Ap.2 X, (3.22)

nor {R/(X,Y)f.Z} = (VxB)(Y, Z) — (VyB)(X, Z). (3.23)

Definition 3.25 Theidentities (3.22)—(3.23) are respectively referred to as the Gauss
equation and the Codazzi equation. (I

Gauss equation (3.22) may also be written in the following form, which will prove
useful in the sequel. Let us multiply in both sides by W € X (M) (the inner product
we use is g). We obtain



3.5 Gauss-Ricci-Codazzi Equations

219
g(tan {R/ (X, V) £.Z}, W) = g(R(X, Y)Z, W) +
+9(Apx,2)Y, W) — g(Apr. )X, W)
or [by (3.14)]
g/ R (X, V) f.Z, W) = g(R(X,Y)Z, W) + (3.24)

+ ¢/ (B(Y, W), B(X, Z)) — ¢/ (B(X, W), B(Y, Z)).

Now one computes R/ (X, Y)& for any &€ € X(M)*. By Gauss and Weingarten for-
mulas

RI(X, V)¢ = V{V)E — V] Ve~ V] 6 =
= Vi |~ feAcY + Vie) -
— V) [~ fAeX + ViE) -
+ L AdX Y] = Vg€ =
= —fiVxAcY — B(X, AcY) — Ay X + Vi Vi +
+ fiVyAcX + B(Y, AcX) + fulyieY — Vi V& +
+ [eAel X, Y] = Vi € =
= RH(X,Y)E+ B(Y, AcX) — B(X, AcY) —
- {VX(AJ) — Vi (AeX) + AgieX — AgecY — AclX, Y]]
or (by substitution from [X, Y] = VxY — Vy X)
R/ (X,Y)¢ = R*(X, V)¢ + B(Y, AcX) — B(X, AcY) — (3.25)

— [ A(VxA)(E YY) — (VY A)(E, X))

where we have set by definition

(VxA)(E Y) = Vx(AcY) — Aype — AcVxY.
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Applying the projection nor : f~!75; — 73;(f) to the identity (3.25) we obtain
nor { R/ (X, Y)¢} = RY (X, Y)E + B(Y, AcX) — B(X, A¢Y) (3.26)

forany X,Y € X(M) and £ € X(M)*.
Definition 3.26 The identity (3.26) is referred to as the Ricci equation. (I

Ricci’s equation may also be written in the following form, useful in the sequel. Let
us take the inner product (by using the inner product g/) of (3.26) with n € X(M)*.
We obtain [by (3.14)]
g (RI(X. V)& m) = g/ (RM(X, V)& 1) + g(A,Y, AcX) — g(A, X, AcY)

or
g (RT(X, V)&, m) = ¢/ (R*(X, V)€, ) — g([Ae, Aj1X, V). (3.27)

Here
[Ae, AglX = AcApX — A AcX.

To derive Eq.(3.27) we made use of the identity

9(AcX.Y) = g(X, AcY)

Gregorio Ricci Curbastro (1853—1925), Italian mathematician. R. has studied at Technische
$Hochschule in Munich (from 1877) and successively under Ulisse Dini. R. became a professor
of mathematics at the University of Padova (from 1880) and at this location studied Riemannian
geometry [Absolute differential calculus (calcolo differenziale assoluto), according to the
terminology of the time, mainly attributed to Levi-Civita alone] together with Tullio Levi-
Civita. The Ricci tensor R;; also belongs to the scientific creation by R. and is sine qua non
(in its Lorentzian version) to the formulation of the gravitational field equations within GRG
theory.
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itself a consequence of the symmetry of B and of (3.14) One may of course consider,
starting from (3.25), the tangential component, as well (i.e., apply the projection
tan to both members). Said procedure leads however to an equation equivalent to
Codazzi’s equation.
The curvature R/ of V/ is essentially the curvature R of V. Indeed [by [9;, 9;] =
0]
RY(9;,0))50 =

=v4{fffj({ﬁ”a}of)8w}—vs;{f"w (PR
e (12
(s
Lo () )—<

(AT A

[by observing the cancellation of the second order partials]

ary ary

= {fﬂu( 9y o f)fuli _ fﬂli( By ° f)fl/lj}s7 +

AN (B

ol M1 o A
e el

- D o=

= 17" (Rosao £) 1
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where
A

ﬁu[ma/\ = E(au, 3ﬁ)8 =

b by e

Il
e

is the local expression of the curvature R di (M, ). We have shown that
f — oA « H
RY (8, ), = (Ram o f) FoOufP . (3.28)

Q.ed.

It should be kept in mind that all equations obtained in the present section hold
for any regular embedding f : M — M of a manifold M in a semi-Riemannian
manifold (M, §) such that (d » )T, (M) is nondegenerate as a subspace of the inner
product space (Ts(p) (M), g #(p)) for any point p € M.

Let (ﬁ, g) be a Riemannian manifold of constant sectional curvature k,ie.
RWU, V)W =k {g(W, V)U —g(W,U)V}
forany U, V, W € X(M).If (A, y®) is a local coordinate system on M then
Fgwaaa = R(03,0,)05 =k {75,03 — G550+ }

and hence B 3
R[ﬂ& = k {gt;’)’(;g - Eég(;f’,y} (329)

Let us substitute from (3.29) into (3.28). We obtain
RY (0, 0))sy =k {g,300 — §~,/a5ﬁ} fauf‘ﬁusA =
=k{g’ (57, O = g7 (5 0 )} 5
and hence
RIX,Y)s =k{g’ (s, LX) = g/ (s, £XOY ()] 52
forany X, Y € X(M) and any s € Q(f~'75;). Also
(f:X) (p) = (d /)X = X' (p)(d, D) =

=X'(P) i (PO iy = X' (P) i (P)sa(p)
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or
[iX =X(f)sa- (3.30)

We may conclude that the curvature R/ = R’ of the connection V/ € C(f "4, g/)
for an embedding f : M — M in a constant curvature space M"*" (k) = (M, g) is
given by

RIX,V)s =k{g' (s, £ f: X = g G5, £ X) f.Y ) (3.31)

forany X, Y € X(M)ands € Qo(f’lTM).Inparticularfors = fiZwithZ € X(M)
one has

RIX. N AZ =k{g' (f.Z. £V X — g/ (fZ. £.X) f.Y ) =
[by Proposition 3.22]
=k{9(Z, V) f. X = 9(Z, X) f.Y}

forany X, Y, Z € X(M). Taking the inner product with f, W leads to [once again by
Proposition 3.22]

g (RI(X. V) [Z, fiW) = (3.32)

=k{9(Z, V)g(X, W) — g(Z, X)g(¥, W)} .
Starting from (3.32) one may write Gauss equation (3.24) in the form
9(R(X.Y)Z, W) +g" (B(Y, W), B(Y. Z)) — g/ (B(X, W), B(Y. 2)) =

or
R(X,Y)Z =k{g(Z, V)X —g(Z, X)Y} + Ay )X — Ay X (3.33)

for any X,Y, Z € X(M). Let us now define the tensor field X A Y € 7'!(M) by
setting
(X AY)Z = g(Y, 2)X — g(X, Z)Y, Z € X(M). (3.34)

Exercise 3.27 Show that A : ¥(M) x X(M) — T"Y (M) is F(M)-bilinear skew-
symmetric.

Using the wedge product of vector fields defined by (3.34) one may write Gauss
equation (3.33) as

RX.Y)Z =k(X AY)Z + Apy.)X — Apix.2)Y. (3.35)
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Let us observe that the identity
RIX. V)Y =k{g(Z.Y) f.X — g(Z. X) £.Y)

also yields
nor R'(X,Y)f.Z =0

so that Codazzi’s equation (3.23) becomes
(VxB)(Y,Z) — (VyB)(X,Z) =0 (3.36)

forany X, Y, Z € X(M). Finally let us derive the Ricci equation for the embedding
f M — M"™ (k). Equation (3.31) for s = £ € X(M)* becomes

R'(X,Y)E=0
and hence Ricci’s equation (3.27) becomes
g/ (RY(X. V&, m) = g([Ae, A)X, ). (3.37)

Let{&, : 1 < a < r}bealocal g/ -orthonormal frame in the normal bundle 7 (M)+ —
M, defined onthe openset U C M, andletusset A, = A¢, for1 < a < r. Moreover

B(X,Y) = BY(X,Y)&,

where the local bilinear forms B¢ € 7%2(U) are uniquely determined by the above
representation. Then
9/ (B(X, Y), &) = g(AuX. Y)

implies
BY(X,Y)=g(AX,Y), X,Y eX). (3.38)
In particular

Apy.pX = B'(Y, 2)AX =Y g(AY, Z)AX

a=1

and hence

ApvnX — Apx)Y = O 19(AY. Z)AX — g(AX, Z)A, Y} =

a=1

= Z (AX AN AY)Z

a=1
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and Gauss equation (3.35) may be locally written as

R(X,Y) :EX/\Y—}—ZA(ZX/\AUY. (3.39)

a=1

3.6 Totally Geodesic and Minimal Submanifolds

Let (M, g) bea (n + r)-dimensional semi-Riemannian manifold andlet f : M — M
be an immersion such that (d,, f)T,(M) be nondegenerate as a subspace of the inner
product space (Ty(p) (M), G f(py) for any point p € M. Then the first fundamental
form g is a semi-Riemannian metric on M.

Definition 3.28 An immersion f : M — M is totally geodesic if for any geodesic
v of (M, g) the differentiable curve 7y = f o+ is a geodesic of the ambient space
(M, g). If this is the case M is called a totally geodesic submanifold of (M,q). [

Proposition 3.29 Let f : M — M be an embedding. Then M is a totally geodesic
submanifold of (M, q) if and only if the second fundamental form of f vanishes
identically (B = 0).

Proof Let us assume that B = 0. Then [by Gauss formula (3.26)]

« k «
I+ ({50;} of) FPar, = {ij } I (3.40)

Ifvy: 1 — M isageodesic of (M, g) ey = f o~y then

dzfyi i d~’ d'yk _
I () + {jk } (’W))W(I)W(t) =0,
av" o dy
7 n=r \;(V(I))E(t), (3.41)
d27u N d’yi d’yj N 2’7k
W(I) =f \ij(’Y(t))z(f)?(t) + f \k(V(f))F(fl (3.42)

hence
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2o

2
O+ {5 } (V(I)) (t)—(t) =

2 k

f |1J(,Y(t) (t)+

{ﬂ)\} (f N f7 (v(t))—(t)f |,(7(t)) (t) =

= [f“w + ({ m} o f) f’%fﬂ]} @) F O 0 +

2.k

d
+ f‘ﬂmm)d—;u) =

[by Eq.(3.40)]
k d2’yk .
N H ij } O®) dr2 i| SUu@) =0

so that 7 is an auto-parallel curve of V. Q.e.d.

Viceversa, let us assume that any geodesic of the submanifold is also a geodesic
of the ambient space. Let p € M and v € T,(M) and let 7y : (—¢, €) — M be the
geodesic of (M, g) of initial data v(0) = p and y(0) = v. Then

B,(v,v) =v v’B“(p)(a Vi) =

[by the Gauss formula (3.26)]

=v'v’ [f U+({ﬂ>\}of)szfA|]_{l]}f |ki|(p)sa(p):

= [% (03 (0) f*;; (v (O)+

+ { A } FO)F )% (v(0)F (0) f AM@D} Sa(P) =

—’7(0)7](0){ }(7(0))f k(7(0)sa(p) =
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[as v is a geodesic of (M, g)]
= [ (0)57(0) £ ;; (v(0)+
+ { 5; } FODA (0) £ (103 (0) £, ,-w<0)>} sa(p) —

2.k

“k(1(0)sa(p) =

[by (3.41)—(3.42)]
dZ—u
[ 0) + { BA } (7(0)) (0)—(0)} sa(p) =0

as ¥ = f o~ is a geodesic of (M, 7). We have proved that B, (v, v) = 0 and then
(by the symmetry of B) it follows that B = 0. Q.e.d.

3.7 Cartan’s Theorem

The purpose of this section is to give a classical characterization (due to E. Cartan®)
of constant curvature spaces in terms of their totally geodesic submanifolds.

Definition 3.30 Let (M, g) be a n-dimensional Riemannian manifold with n > 3.
Let r € N such that 2 <r <n — 1. We say M satisfies the axiom of r-planes if
for any point p € M and any r-dimensional subspace V C T,(M) there is a totally
geodesic submanifold S C M suchthat p € Se T,(S) = V. (]

Definition 3.30 was proposed by E. Cartan’ who also established the following.®

Theorem 3.31 If a Riemannian manifold M of dimension n > 3 satisfies the axiom
of r-planes for some 2 < r < n then M is a space of constant sectional curvature.

To prove Theorem3.31 we need

Lemma 3.32 Let (M, g) be a Riemannian manifold of dimension n > 3 and p €
M. If for every choice of gp-orthonormal vectord {u,v,w} C T,(M) one has
9p(Rp(u, v)w, u) = 0 then M is isotropic at p, i.e., all 2-planes o C T,(M) have
the same sectional curvature.

6 Cf. E. Cartan, Lecons sur la geometrie des espaces de Riemann (Gauthier-Villars, Paris, 1946).
7 Cf. op. cit.
8 A generalization to Finslerian geometry was provided in the work by S. Dragomir, The theorem of

E. Cartan on Finsler manifolds, Proceedings of the National Colloguium on Geometry and Topology
(Busteni, 1981), pp. 103-112.
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Elie Cartan (1869-1951), French mathematician. C. published 186 papers in the period 1893—
1947. Most of these papers are looked at as fundamental for differential geometry and the
theory of partial differential equations. C. introduced the notion of differential form and
created exterior differential calculus. It is difficult to overestimate the relevance of C.’s works
(devoted mainly to the study of Lie groups - according to C. - but actually embracing all
geometric differential themes at the level of the first half of the twentieth century) or the great
influence exerted by C. on scientists of his time (cf. e.g., the correspondence [cf. Hommage a
Elie Cartan, 1869—1951, Editura Academiei Republicii Socialiste Romania, Bucarest, 1975]
between C. and other mathematicians such as G. Tzitzeica, A. Pantazi and G. Vranceanu).

Proof We set

/ 1 7 1
v=—@wt+w), w=—7>0w—-w),

NG NG

so that {v, w'} are g,-orthonormal. On the other hand, by he very hypothesis of
Lemma3.32
0=gp(Ry(u, V)0 u) =

1
= E{QP(RP(M’ v)v, u) + gp(R,(u, v)w, u) +
—_—

=0
+ gp(Rp(u, w)v, u) —g,(R,(u, ww, u)} =
—_—
=0
=k(uAv) —k(u Aw)
where u A v is the 2-plane in T, (M) spanned by the vectors {u, v}. It follows that

k(u Av) = k(u A w), i.e., the 2-planes u A v and u A w have the same sectional
curvature.
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Now let us consider two arbitrary 2-planes o, ¢’ C T,(M). We distinguish two
cases, as

M ono #(0)
or
) o N o’ = (0).

In the first case, letu € o N ¢’ be a unit vector. Let us complete u to an orthonormal
basis {u, v} C o, respectively to an orthonormal basis {u, w} C ¢’. Then

k(o) = k(u Av) = k(u A w) = k(o).

In the second case let us consider an orthonormal basis {#, v} C ¢ and complete it to
an orthonormal basis {u, v, w, z} C o ® ¢’ such that {w, z} be an orthonormal basis
of ¢’. Then

k(o) =k(u Av) =k(u Aw) =k(z Aw) = k(o).

Q.ed.

Proof of Theorem3.31 Let V C T,(M) be a r-dimensional subspace. As r > 2
there exists an orthonormal system {u, v} C V. Moreover by r < n — 1 there is a
unit vector w € T,(M) orthogonal to V. Then {u, v, w} is an orthonormal system
in T,(M). As M satisfies the axiom of r-planes we may consider a totally geodesic
submanifold S C M passing through p and such that 7,,(S) = V. Let X, Y € X(S)
and £ € X(S)* be vector fields such that X, =u,Y,=vef, =w. The identity
)

R (X, Y)¢ = R*(X, V)¢ + B(Y, AcX) — B(X, AcY) —
— [ Al(VxA)(E Y) — (VY A)(E, X))
for f =¢:S C M and with B = 0 [as § is totally geodesic] may be written
R'(X,Y)é = R(X,Y)¢
and hence at the point p
(R p(u, v)w = (RY), (u, v)w € T,(S),
i.e., (R"),(u, v)w is orthogonal to V and in particular on u

gp((R")p(u, v)w, u) = 0. (3.43)
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On the other hand [by (3.28) with s, = (0/9y*)"]

(R)p(u, v)w = (R)(u, v)(dpw = u'v'w(") {R(9;, 9))s,}, =

= u' v w()R),, (P i (p)e’ | (P)sa(p) =

= u() (") w) {R(0a. 95)0 }

W =

= R,p((dp)u, (dp)v)(dp)w = R, (u, v)w

and then [by (3.43)] g, (R, (u, v)w, u) = 0 and one may apply Lemma3.32 to con-
clude that M is isotropic in p. As p is an arbitrary point and n > 3 we may conclude
[by Schur’s theorem] that M is a space form. Q.e.d.

3.8 Nomizu’s Theorem

One of the most difficult problems in the theory of submanifolds is to determine
the totally geodesic submanifolds of a given Riemannian manifold. K. Nomizu con-
tributed with a result relating totally geodesic submanifolds to the structure of the
fixed point set of an isometry. It is our purpose in this section to present K. Nomizu’s
contribution.’ To start with we need some preparation regarding isometries of Rie-
mannian manifolds. Let F : M — N be a differentiable map and let & € T%2(N)
be a tensor field of type (0,2) on N.

Definition 3.33 The pullback of h by F is the tensor field F*h € T%%(M) defined

by
(F*h),(u, v) = hp(dy,Fu, (d,F)v), u,veT,(M), peM.
O
Locally
(F*h)ij(p) = (F*h),((3) p» (3)),) = F*ui(p)F” ;(p)has(F(p)),
hap = h(Ou, 0p),
hence
(F*h)ij = F*; FP; (hapo F). (3.44)

9 Cf. K. Nomizu, Introduzione alla geometria differenziale, Appunti Scuola Matematica Interuni-
versitaria (1975).
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Definition 3.34 An isometry of the Riemannian manifold (M, g) is a C* diffeo-
morphism F : M — M of M such that

gF(p)(dpF)uv (dpF)U) = gp(”a v)

forany u,v € T,(M) and any p € M. (I
Equivalently F : M — M is an isometry if F*g = g or locally [by (3.44)]

9rs = Fi\erlx (gij © F) . (345)

This has implications in terms of the Christoffel symbols, implications that will be
investigated shortly. As F is a diffeomorphism, the Jacobi matrix [ F ;] is invertible.

Then let us set ' o
[G3]=[F")]

Let us contract (3.45) with Gj.. One obtains

9rsGy = F'is (gij o F).
Now we may contract with ¢* to obtain
G, =g"F/;(gujoF).
The contraction with g¥" o F leads to
G (9" o F) = g" F";
and finally the contraction with G, furnishes
9" = GG, (¢ o F). (3.46)
Then [by (3.45)]

1

{rs, E} =3 (grus + Gser — grsvz) =

= F'ysFli (gij o F) + F' F1 F™)s ({im, j} o F),
hence [by (3.46)]

rs

{ k } = g"rs, ) =

=GY G} (9" o F) {F'\,sF/ (¢ (gij o F) + F'\, F1\,F™ s (lim, jl o F)} =

=Gt [F + F F" ({ ij’n } ° F)}
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and the contraction with F*; leads to

k N ¢
Féy {rs} = Fl\y + Fi L F™), ({lm } o F) . (3.47)

Theorem 3.35 Let F : M — M be an isometria of the Riemannian manifold M and
let K ={p e M : F(p) = p} be the set of fixed points of F. Then any connected
component of K is a totally geodesic submanifold of M.

The proof includes a few arguments of topology.'®

Proof!'! of Theorem 3.35 For any fixed point p € K we set by definition
Vo ={ueT,(M):(d,F)u =u}.

By the construction of the exponential map, there is a star-shaped neighborhood
Ny C T,(M) such that 0, € Ny and a neighborhood U C M of p such that exp,,
Ny — U is a diffeomorphism. We shall show that

Lemma 3.36 exp, is a diffeomorphism of V), N No onto K N U.
To prove Lemma 3.36 one needs
Lemma 3.37 Ifu € V, N Ny then the geodesic

v(t) = exp,(tu), t€]0,1]

consists only of fixed points of the transformation F : M — M.

10 For a better understanding of those arguments we briefly recall the needed elements of topology.
Let X be a topological space and x € X a point. Let L, be the largest connected subset containing
x, i.e., Ly is the union of all connected sets A C X such that x € A. The set L, is closed. Indeed
the closure of a connected set is connected, as well. Hence [as x € Ly and L, connected] Ly C Ly
hence L, = L,.Q.e.d. The closed set L, is the connected component of the point x in the topological
space X. Let L, and L, be the connected components of the points x, y € X withx # y. Then either
(D Ly =Ly,or() Ly N Ly =¢.Indeedif Ly N Ly # @thenletz € L, N Ly. Onone hand the set
L, [respectively L) is connected and contains the point z so that L, C L; [respectively L, C L;].
In particular x, y € L, so that [as L is a connected set] it must be that L, C Ly and L, C L. We
may conclude that L, = L; = Ly. In the second case the sets L, and L, are separated because of
LyNLy=L,NLy,=@andsimilarly Ly N L, = . Of course we may write X = | J,y Ly and
successively write just once each distinct connected component. We proved that any topological
space may be decomposed as the union of its connected components, which are closed and mutually
disjoint. In general, the connected components of X aren’t open (this may be proved by looking at
appropriate examples). Nevertheless if X possesses a finite number of connected components then
these are open sets. Let us denote by mo(X) = {L, : x € X} the set of all connected components
of X. If X e 2 are homeomorphic topological spaces then |mo(X)| = |mo(Y)| (where |A] is the
cardinality of the set A).

1 A generalization of Nomizu’s theorem (Theorem 3.35) to the realm of Finslerian geometry was

provided in the work by S. Dragomir, The theorem of K. Nomizu on Finsler manifolds. An. Univ.
Timisoara, Ser. Stiint. Mat. 19(1), 41-30 (1981).
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Proof Let us consider the curve 3(t) = F(y(t)),0 <t < 1. Then

6 (t)—F‘|,(v(t))—(t)
d*p i dy* dy’ ; >y’
W(l‘) =F |jk(7(f))w(f)w(f) + F |j(’Y(f))ﬁ(t)y
and then Py ]
d g o+ { } (ﬁ(r))ﬁmim -

i
\jk(’y(t)) (l)—(t)—i-F’U(V(l)) (l)+

i ; v dy"
+ {jk } (5(I))Fjw(7(t))W(t)F \171(’7(1‘))7(1‘) =
[substituting from (3.47) the term <{ jik } o F) FJ'MFk‘m evaluated at y(¢)]

. . . 24
= F' (Y (D5 (0) + F;

+5 A" (1) H o ' CIONANCIONE Fiem(’Y(f))} =

- {dz”j ‘ / ‘ <w(r>wf(rw"(t>} Filj(y(1)) = 0
dr? tm
ad hence 3 is a geodesic of (M, g), too. On the other hand
8(0) = F(7(0)) = F(p) = p.
B(t) = (dyoy F)¥(t) = B(0) = (d, F)¥(0) = (d, F)u = u,

as u € V), to start with. The geodesics -y and 3 have the same initial data and hence
coincide. Then
F(y@®) =p@) =), 0=<t=1,

i.e., ¥(t) € K for any ¢ € [0, 1]. Lemma3.37 is proved.

Now let us get back to the proof of Theorem 3.35, and precisely to the proof of
Lemma3.36. It suffices to check that
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exp, (V,NNo) =KNU.

That equality may be proved by double inclusion. Let us consider a point g €
exp, (V, N No). Then thereis u € V, N Ny suchthat g = exp, u = (1) where (1)
belongs to U because of exp,(Nog) = U and at the same time (1) belongs to K by
Lemma3.37. It follows that ¢ € K N U and then the inclusion

expp(V,, NNy C KNU

is proved.

Viceversalet g € K NU and [as g € U] let u € Ny such that expp(u) =gq. Let
us consider the geodesic y(t) = exp,, (tu) and let us set

B@t) = F(y(1), a@) =exp,(td,Fu), 0=<r=1.

By the proof of Lemma3.37 it follows that 3 is a geodesic of (M, g). Hence both
curves o and (3 are geodesics of (M, g) of initial data (p, (d,F)u). Then oo = 3. As
q € K, ie., q is a fixed point of F' one has

exp,u =g = F(gq) = Fexp, u) = F(3(1)) =
= B() = a(l) = exp, [(d, F)u]
and hence [by the injectivity of exp ]
u=(d,F)u,

i.e., u € V). It follows that u € V, N Ny and then ¢ € exp, (V, N No). We have
proved the opposite of inclusion

KNU Cexp, (V, N Ny)

and therefore the desired equality. Lemma 3.36 is proved.

Let L € my(K) be a connected component of K thought of as a topological sub-
space of M. We must show that L is a totally geodesic submanifold of (M, g). The
most delicate part of the proof consists in organizing L as a differentiable manifold.
Let us consider a point p € L so that L = L. Let (U, x') be a local coordinate
system on M such that p € U. The tangent space to M at p is a topological space
with the topology induced by the isomorphism

hy:Ty(M) — R", h,u)=@',...,u", u=ui<a.> :
oxt ),
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Said topology coincides with the topology associated to the norm
lull = g, )2, u € T,(M). (3.48)

Let U C M be a normal neighborhood of p in M, i.e., there is a star-shaped neigh-
borhood No C T, (M) of the zero vector 0, such that exp,, No — U is a diffeo-
morphism. With respect to the topology 1nduced by T,(M) on V,, [the set of all fixed
points of the linear isomorphism d, F] the set No N V,, is open in V,,. Moreover the
topology induced by 7),(M) on V,, coincides with the norm topology, that is with
the topology determined by the restriction to V,, of the norm (3.48). Let us consider
r > 0 such that the ball

No={ueT,(M): |lu|| <r}

be contained in ]\70 and let us set U = expp(No) c U so that exp,, No— Uisa
diffeomorphism. On the other hand

NoNV,={ueV,:|ull <r}

so that No NV, is a ball in V,, and then Ny NV, is a connected subset of V,. By
Lemma3.36 the map
exp, : NoNV, > UNK

is a diffeomorphism and hence U N K is a connected subset of K containing the
point p. By the maximality of L it follows that U N K C L. In particular

UNK=UNK)NL

and then U N K is an open subset of L. We shall build a local chart on L about the
point p € L, whose domain will be the set U N K.

The topology of V), coincides with the topology induced by the restriction of
h,:T,(M) — R" to V,, i.e., by the bijection &, : V, — R" where we have set
r = dimg V). It follows that i, : No NV, — R’ is a homeomorphism on its image
and hence the map

Y, UNK — h,(NoNV,) CR,

Y, =h,o (eXPpiNomVp)_l

is a local chart on L about the point p.
Thus we have organized L as a differentiable manifold of dimension r. Next, we
shall check that the canonical inclusion ¢ : L — M is an immersion (with respect to
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the differentiable structure just set on L). The elements of the problem to be solved
may be summed up in the following commutative diagram

L> UNK =UcM
Yy V1 ! Vo=
R D h,(NgNV,) = R,

where ¢ denotes the local expression of ¢. As well known, we may use just any local
chart on the target manifold. We choose to use a normal coordinate system centered
at p,i.e., we fix an arbitrary linear frame u : R" — T,(M) (a R-linear isomorphism)
and we set

¥ = (exp, ou)"' U —> Ny.

Then
€ ) =w@oyN(E ) = €.0,...,0),
N e’

n—r terms
V(€. ) eh,(NoN V),

i.e., locally ¢ is the canonical immersion R" < R”.

It remains to be checked that L is a totally geodesic submanifold of M. Let V
and B be respectively the induced connection and the second fundamental form of
the given immersion ¢ : L — M.Let~y : (—¢, €) — L be an auto-parallel curve of V
and let us set p = (0) € L. Let (U N K, ¢,,) be a local chart of L about p, built as
above. We may assume that € > 0 is sufficiently small, such that v(t) € U N K for
any |t| < e. In particular F'(y(t)) = ~y(¢) fro any |t| < e. It follows that (d, F)u = u
where we have set u = (0), or u € V,. For € > 0 sufficiently small we may also
assume that ru € Ny for any [¢| < e. Let us set

Ti(=€,6) > M, @) =exp,(tu), |t]<e,

so that v is the geodesic of (M, g) of initial conditions (p, u). Moreover one has
tu € V), [as V), is a vector space] and hence tu € No N V),. It follows thatexp, (fu) €
UNK thatis v,(t) € UNK for any |t| < ¢, and then 7, (¢) is tangent to L. By
Lemma 3.38 (stated below) it follows that ; is a geodesic of L, too, having the same
initial data as the geodesic v, so that it must be v = 7, i.e., 7y is a geodesic of (M, g),
too. Q.e.d.

Lemma 3.38 Let f : M — M be an embedding. Let vy be a geodesic of (M, §) such
that there is a curve a in M with f oa = . Then a is a geodesic of (M, g).
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Proof Byy= foa

av®
W(t) = f li

d2 o 21'

0= f‘ﬂ,,(a(t)) (l)—( )+ f"h(a(t)) 5 (1),

so that

d2 ﬂ ’Y/\

d
()+{6/\}((t)) 0—-0 =

= I:fa|ij + {ﬁa}\ } I } (a(t)) (t)—(l) + /¢ \k(a(t)) (l) =
[by Gauss equation f*;; + ({ﬂ)\} o f) Pt = {II; } %+ B
[k , da'’ . da’ .
= Hij } (a( ))E( )W( )+

d*a*
+W(1)} [ pla(@®) + B“(a(l)) (t)—(t)

or [by contraction with (0/0Y%) raqy]

d2 k
H } (a (1) :| (fsO)awy +

+ Bay(a(1), a(®)) =0

so that [by the uniqueness of the direct sum decomposition]

d*a*
H } dr2 (l):| (f«Ok)awy = 0.
Finally’ as da(z)f is injective
d*a*
{ } t2 (t) = O’

i.e., a is a geodesic of (M, g). Q.e.d.
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Katsumi Nomizu (1924-2008), Japanese mathematician. N. earned his Ph.D. at the Univer-
sity of Chicago in 1953. In 1963 N. was already a professor (tenured) at Brown Univer-
sity where he taught until his retirement (in 1995). N. supervised a large number of doc-
toral students (thirteen) and in general put great devotion into teaching mathematics. At
the same time N. conducted an intense research activity within differential geometry, and
in particular affine differential geometry. The influence of N.’s scientific creation on the
differential geometric community is best illustrated by the universal use of one of his five
monographs, the famous Foundations of differential geometry, written in collaboration with
Kobayashi, cfr. [KoNo]. (N.’s photograph is reproduced with permission from the Archives
of Mathematisches Forschungsinstitut Oberwolfach).

3.9 Submanifolds of Brieskorn Spheres

We now give a few applications of Theorem 3.35. To this end let us consider the
positive integers a; € Z, a; > 2,1 <i <n+ 1.If (z',..., ") are the Cartesian
complex coordinates on C"*! then let us consider the algebraic hypersurface X, C

C"*! of equation
)"+ ()" =0,
V has a singularity at the origin. Let us set
B*(a) = B*(ay, ..., ay1) = Xq \ {0},
22 Ya)y= 2" Nay, ..., an01) = B¥(ay, . .., apyr) N S*H,

so that B%'(a) and 2"~ !(q) are differentiable manifolds.

Definition 3.39 B?"(a) [respectively X?"~!(a)] is called the Brieskorn manifold
(respectively the Brieskorn sphere) determined by a = (ay, ..., dy+1)- O
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Cf. E. Brieskorn.'? We shall use Nomizu’s theorem (Theorem 3.35) to determine
certain totally geodesic submanifolds of a Brieskorn sphere =1 (2p, as, . .., dyy1).
Let us consider the transformation F : C"*! — C"*! given by

FGE' ..., 2" =222, &) et

Lemma 340 F : C'"' — C"™!is an isometry of C'"*' ~ R*'*? endowed with the
Euclidean metric gy. Moreover

F(22n—l(2p,a/)) C ZZn—l(zp’a/)

where a' = (aa, ..., dp11).

The proof is left as an exercise for the reader. By Lemma 3.40 the transformation
F:37'2p.d) —» 27 2p. api1)

is an isometry of 2"~!(2p, a’). Here £2"~!(2p, a’) is equipped with the induced
Riemannian metric t*go [ : 2"~'(2p, a’) — C"*! is the inclusion]. Let

K={zeX™'Q2p,d):F(z) =1z}
be the set of fixed points of F. If z € K then
=022 2l =1 () (@) =0,

It follows that z € £*"3(a’) and hence that K = £?"73(a’). Finally, by
Theorem 3.35 it follows that £2"~3(a’) is a totally geodesic submanifold of £2"~! (2p, a’).

3.10 Topology of Brieskorn Spheres

We review a few topological properties of Brieskorn spheres, by essentially follow-
ing E. Brieskorn, op. cit., and E. Brieskorn and A. Van de Ven.'? The relationship
between the presented topological properties and the geometry of the second funda-
mental form (of an isometric immersion) has not been studied so far. Said topological
properties appear to be related to the existence of complex structures on even dimen-
sional (products of) homotopy spheres, so the similar relationship is to be expected

12§ Brieskorn, Ein Satz iiber Komplexe Quadriken. Math. Ann. 155, 184—-193 (1964).

I3 E. Brieskorn, A. Van de Ven, Some complex structures on products of homotopy spheres. Topol-
ogy 7, 389-393 (1968).
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in the odd dimensional case, as to the existence of CR structures.'* Once again, the
problem of the existence of CR structures is open.

By a well-known result of D. Mumford'> no 2-dimensional normal complex space
with singularities admits a topological manifold structure. No such statement holds
for higher dimensions. The first example was provided by E. Brieskorn.'® The sin-
gular hypersurface

X:{(zl, o,z eCh o z%+--~+zﬁ_1+z,3l=0}

is a topological manifold for every n. Equivalent to that is the statement that the
intersection of X with the sphere S>~!

T=x32, ...,2,3)=xns"!

is homeomorphic to the (2n — 3)-dimensional sphere. The manifold X also admits
a natural differentiable structure. By a result of F. Hirzebruch!” when n = 2, mod
4, said natural differentiable structure is distinct from the standard differentiable
manifold structure of §2*73.

Leta = (al, an) with a; € Z and a; > 1, and let X, = X(ay, ..., a,) be
the hypersurface of equation lez, +---+zp=0,and let X, = X(ay, ..., a,) be
the compact orientable (2n — 3)-dimensional manifold ¥, = X, N §27=1 The main
result by E. Brieskorn, op. cit., is.

Theorem 3.41 (i) X, is a topological sphere precisely when the characteristic poly-
nomial A, (t) satisfies A (1) = 1.

(i) A, (1) = 1 precisely when the graph G, possesses one of the following two
properties

(a) G, has at least two isolated vertices.
(b) G, has an isolated vertex and a component satisfying condition (B).

The graph G, in Theorem 3.41 is the weighted graph on n vertices

V(Gu) = {vl, e, Uy}

14 Whose study is undertaken by us in Book I-C of the present book series [i.e., Differential Geom-
etry: Foundations of Cauchy-Riemann and Pseudohermitian Geometry].

15 D. Mumford, The topology of normal singularities of an algebraic surface and a criterion for
simplicity. Publ. Math. de I’Institute des hautes études scientifiques (9), Paris (1961).

16 Cf. E. Brieskorn, Examples of singular normal complex spaces which are topological manifolds.
Proc. Nat. Acad. Sci. 55, 1395-1397 (1966).

17 Cf. F. Hirzebruch, O(n)-Mannigfaltigkeiten, exotische Sphdren, kuriose Involutionen, preprint.
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each having weight

Two vertices v; and v; in G, are connected by an edge if the greatest common divisor
of their weights is (a,-, a j) > 1. Such G, may then have connected components and
isolated vertices. Given a component K of G, the condition (B) in Theorem 3.41 is

Condition (B). K consists of an odd number of vertices, and for any a;, a; € K
with i # j one has (ai, aj) =2.

Moreover, the polynomial A,(¢) in Theorem 3.41 is

Ay (1) = 1_[ (t—&{‘---f;{"), & = exp@, 1<k<n.

a
0<(ji1, ..., ju)<a k

Given two multi-indices o, 3 € Z we write « < Bif cp < (i forevery 1 <k < n.
Also 0 is the multi-index 0 = (0, ..., 0) € Z~.

Theorem 3.41 admits'® a corollary on rings with unique prime factorization (UPF-
rings). It is known that the local ring of germs of holomorphic functions in an isolated
singularity of a hypersurface of dimension > 3 is a UPF-ring. For 3-dimensional
singularities said corollary is

Corollary 3.42 [f the graph G(al, a, as, a4) enjoys one of the properties (a) or
(b) in Theorem3.41, the local ring

Clat, ooy ) /(@ + 25 + 25 +24)
is a UPF-ring.

To state the second!® and third?® main results by E. Brieskorn, op. cit., we briefly
recall a few facts from M.A. Kervaire and J. Milnor.>! Let b P,,, be the group of
(2m — 1)-dimensional homotopy spheres that bound a 2m-dimensional paralleliz-
able manifold (m > 2). For even m, b P, is a high-order cyclic group. For odd m,
b Py, = 0or b Py, = Z,. Specifically for m = 1, mod 4, one has b P,,, = Z, by a
result of E.H. Brown and F.P. Peterson.?” In order to decide for a homotopy sphere
¥ = OM, with M parallelizable, which element in b Py, it represents, one has to
calculate the signature o (M) of the intersection matrix of H,,(M, Z) for even m, and
for m odd a mod 2-invariant, the Arf-invariant c(M).

18 Cf. E. Brieskorn, op. cit.

19 Making use of the Arf-invariant ¢(M) of a parallelizable manifold M.

20 Making use of the signature (M) of a parallelizable manifold M.

2 M.A. Kervaire, J. Milnor, Groups of homotopy spheres: I. Ann. Math. 77, 504537 (1963).

22 E H. Brown, E.P. Peterson, The Kervaire invariant of (8k + 2)-manifolds. Bull. Amer. Math. Soc.
70, 670-675 (1964).
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Theorem 3.43 Let us assume that X(ay, ..., a,) is a topological sphere for any
even integer n > 4. Then the Arf-invariant c(M,) enjoys the following properties

)
c(M,) =0 precisely when A,(—1) = %1, mod §,

c(M,) =1 precisely when A,(—1) ==£3, mod 8.

(i) c(M,) = lifand only if G, has precisely one isolated vertex ay, and only one
other component, and a; = %3, mod 8.

Theorem 3.44 Let X (ay, ..., a,) be a topological sphere, with n > 5 odd. Then
the oriented diffeomorphism type of ¥, is determined by the signature o(M,). The
signature o(M,) is

o(M,) = a:[ —-o,,

where o is the number of n-tuples of integers

J=0U1 - ), O0<jr<a

for which
0< Jk <1 mod 2
k=1
and o is the number of (ji, ..., jn) for which

n

—1<Zj—k mod 2.

=1 9k

The complex Hopf manifolds CH"(\) = (C" \ {0}) /A, are® quotients of C" \
{0} by the group A ~ Z of complex analytic transformations generated by z —
Az,z # 0, where A € C\ S!, \ # 0. As a differentiable manifold CH"(\) >~ S' x
§2n=1 (a diffeomorphism) and as a complex manifold CH"()) is a homogeneous
manifold and a fiber bundle over the complex projective space C P"~! with an elliptic
curve as a standard fiber. For n > 2 the complex Hopf manifolds CH" (\) admit no
globally defined Kihler metric’* and consequently no projective algebraic structure.

23 As introduced by H. Hopf, Zur Topologie der komplexen Mannigfaltigkeiten, in Studies and
Essays presented to R. Courant. New York (1948).

24 Because the first Betti number is odd, i.e., bl((CH” ()\)) =1 [cf. e.g., S. Dragomir, L. Ornea,
Locally Conformal Kdihler Geometry. Progress in Mathematics, vol. 155 (Birkhéuser, Boston-Basel-
Berlin, 1998)] while the odd order Betti numbers of a compact Kéhlerian manifold are even [cf.
Theorem 5.6.2 in S.I. Goldberg, op. cit., p. 178].



3.10 Topology of Brieskorn Spheres 243

Successively E. Calabi and B. Eckmann® built complex structures on products
of two arbitrary odd dimensional spheres.?

It is therefore a natural question whether a product S' x £2*~! of a circle with an
exotic sphere?’ £2"~! can be equipped with a complex structure. A positive answer to
the question was provided®® by E. Brieskorn and A. Van de Ven, op. cit., when £%"~!
is a homotopy sphere bounding a parallelizable manifold and n # 2. The result by
E. Brieskorn and A. Van de Ven, op. cit., materializes in the construction of their
generalized Hopf manifolds,” that are neither homogeneous, nor holomorphic fiber
bundles, and instead are holomorphic Seifert fiber spaces over a projective variety
V, whose fibers are elliptic curves. In a number of cases V ~ CP"~!, yet in general
V is singular. As a corollary of Brieskorn’s Theorem 3.44 one has.

Corollary 3.45 For n # 2 and every (2n — 1)-dimensional homotopy sphere %
bounding a parallelizable manifold, there are infinitely many a = (a;, ..., a,) such
that ¥, ~ ¥ (a diffeomorphism).

Let us consider the holomorphic action of C on X, \ {0} given by
t-(21s oo zn) = (e’/“‘ 2y .., e zn), teC.

Then Z and R act on X, \ {0} as subgroups of C. The action of Z on X, \ {0} is free,
hence the quotient

H, = (X, \{0})/Z
is a complex manifold (the generalized Hopf manifold), in a natural manner. Note
that
Hy~CH"(\), 1=(Q1,..., 1) eZ].

Moreover the map
EaXR%Xa\{O}v (Z,f)Ht'Z

is a diffeomorphism X, x R >~ X, \ {0}, that induces a diffeomorphism

H,~%, xS

25 E. Calabi, B. Eckmann, A class of compact, complex manifolds which are not algebraic. Ann.
Math. 58, 494-500 (1953).

26 That is Mf]’;-’z ~ §2rtl i §24+1 of, e.g., Kobayashi and Nomizu [KoNo], vol. II, p. 136.

27 A differentiable manifold that is homeomorphic to a sphere, yet it is not diffeomorphic to that
sphere.

28 By exploiting the description of exotic spheres as neighborhood boundaries of isolated singular-
ities of quasi-homogeneous affine varieties.

29 Not to be confused with I. Vaisman’s generalized Hopf manifolds (locally conformal Kéhler
manifolds with a parallel Lee form) [cf. I. Vaisman, Generalized Hopf manifolds. Geometriae
Dedicata 13, 231-255 (1982)] alternatively called Vaisman manifolds by S. Dragomir and L. Ornea,
op. cit., p. 34.
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This observation together with Corollary 3.45 allows for.

Theorem 3.46 For n # 2 and for every (2n — 1)-dimensional homotopy sphere &
such that . = OM for some parallelizable manifold M, there exist complex struc-
tures on the product §' x X.

This is the main result by E. Brieskorn and A. Van de Ven, op. cit.. Let

(Xa \{0})/Z — (X \ {0})/C

be the canonical projection. Let T, C C be the discrete subgroup generated by
{1, 2ni[al}, where [a] = [ai, ..., a,]is the least common multiple of ay, ..., ay.
The action of C on X, \ {0} induces a proper holomorphic action of the complex
1-torus T, := C/ T, on H,. Then, by a result of H. Holman?*

(i) the quotient V, := H, / T, is a normal complex space,
(i) the projection 7, : H, — H, / T, is holomorphic,

(i) T, - H, SN V. is a holomorphic Seifert principal fiber space (with fiber 7).

However, the action of T, on H,, is in general not free, so that in general V, may have
singularities.

The second main result by E. Brieskorn and A. Van de Ven, op. cit., is to determine
those H, for which ¥, is a homotopy sphere and V, is a complex manifold.

Theorem 3.47 Let X, be a homotopy sphere witha; # 1foreveryl < j < n. Then
H, is a Seifert fiber space (H,, 7,, V,) with elliptic curves as fibers.

(1) V, is nonsingular if and only if one of the following conditions is satisfied

(a) The greatest common divisor of a; and a; is 1, i.e., (a,-, aj)=1,foranyi # j,
(b) n is odd and, eventually up to a permutation of indices,

a = (al, 2b2, ceey 2bn)9

(a, 2)=1, (a1, b;)=1, (b, b))=1, i# ]

(i) If V,, is nonsingular then V, is biregularly equivalent to the complex projective
space CP" !,

30 H. Holman, Quotientenriiume kmplexer Manigfaltigkeiten nach komplexen Lieschen Automor-
phismengruppen, Math. Annalen 139, 383402 (1960); Seifertsche Faserrdume. Math. Annalen
157, 138-166 (1964).
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The complex Hopf manifold H; admits a natural Hermitian metric (the Boothby
metric) discovered by W. Boothby?! [and recognized by I. Vaisman?? as a locally con-
formal Kihler (1.c.K.) metric]. Also Hy1 >~ Q,_; where Q,_| = 7r(X @, ..., 2))
[the complex sphere in CH"()\)] and 7 : C" \ {0} — CH" () is the projection. By
Theorem 3.2 in S. Dragomir and L. Ornea, op. cit., pp. 30-31, for every A € R,
0 < A\ < 1, the complex sphere Q,_; is a compact 1.c.K. manifold (with the met-
ric induced on Q,_; by the Boothby metric) admitting no globally defined Kiahler
metrics. For general a = (ay, ..., a,) itis not known whether the generalized Hopf
manifolds admit Hermitian metrics [compatible with the complex structures (whose
existence is) provided by Theorem 3.46].

Little is known about the geometry of submanifolds in H,. Let 0 < a < 1 and
Ao ={a’I : p € Z} where I is the identical transformation of R™ \ {0}, m > 1.
The quotient space

RH! = (R"\ {0})/A,

is the real Hopf manifold* thought of as equipped with the metric
|X|72 5,‘1‘ dxi ®dxj

(the untwisting metric in C. Reischer and 1. Vaisman, op. cit.). The canonical injec-
tion R~ ! — R, (x', ..., x> ) (x', ..., x*', 0) induces an isometric
immersion RH>"~! — CH"(«) ~ Hy. By Theorem 12.11 in S. Dragomir and L.
Ornea, op. cit., p. 175, RH?'~! is a totally umbilical submanifold of H; (endowed
with the Boothby metric).

3.11 Germs of Totally Geodesic Submanifolds

Let (ﬁ, g) be a Riemannian manifold. Given a point x € ‘M, the set Submfd(ﬁ)

of all submanifolds in M is equipped with the relation of equivalence ~, defined as
follows. Let M and M’ be two submanifolds of M. Then

xeMnM
M~ M
JUCM, xeU=open : MNU =M NU.

If M ~, M’ then M and M’ are said to define the same germ at x.

3y, Boothby, Some fundamental formulas for Hermitian manifolds with vanishing torsion. Amer-
ican J. Math. 76, 509-534 (1954).

32 Cf. 1. Vaisman, Locally conformal Kihler manifolds with parallel Lee form. Rendiconti di Matem-
atica, Roma 12, 263-284 (1979).

33 Cf. C. Reischer, 1. Vaisman, Local similarity manifolds. Ann. Matem. Pura App. 35, 279-292
(1983).
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Definition 3.48 The equivalence class
[M], := {M’ € Submfd(M) : M ~, M’}

is the germ of M at x. (I
If M and M’ have the same germ at x € M then T, (M) = T,(M').
Definition 3.49 Let G, € Submfd(M)/ ~, be a germ at x € M. The space

T(Gy) :=T«(M), Me€G,

is called the rangent space at the germ G, . (I

Definition 3.50 A germ G, € Submfd(M)/ ~ is said to be totally geodesic if it
admits a totally geodesic representative, i.e., there is a totally geodesic submanifold
M of M such that G, = [M] . O

Proposition 3.51 Ler (M, g) be a Riemannian manifold and x € M a point. Let
VcCcT; (M) be a vector subspace. There is at most one totally geodesic submanifold
M of M such that the tangent space at the germ [M ]x isV.

Proof Let M and M’ be two totally geodesic submanifolds of M such that x €
M N M’. One may consider a connected neighborhood U C T, (M) of the origin O,
such that the exponential mapping exp, is a diffeomorphism of U N V onto some
open subset of M, and also a diffeomorphism of U N V onto some open subset of M’.
As U is connected, the set of all connected components of x in M N exp, U coincides
with the set of all connected components of x in M’ N exp, U. By eventually replacing
exp, U by a smaller open set, one may find an open neighborhood €2 of x in M such
that M NQ =M NQ.Qed.

Remark 3.52 If 1 < dimg V < dim(M) then Proposition3.51 is but a uniqueness
result, and in general there might be no totally geodesic germ G, such that T(G,) =
V. When

(M’ ?) = (Sn’ g())

is the sphere, then for every point x € S" and every subspace V C T,(S") there is
a closed totally geodesic submanifold®* of S, tangent to V at x. A Riemannian
manifold (M, g) such that for any x € M and any subspace V C T, (M) admits a
totally geodesic submanifold tangent to V at x, satisfies the axiom of r-planes for
every 2 <r <n — 1. By Cartan’s theorem (M §) is a space of constant sectional
curvature. (]

34 The great sphere in " of dimension dimpg V.
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3.12 Minimal Submanifolds

3.12.1 Basic Notions and Results, Examples

We start the study of minimal submanifolds of a given semi-Riemannian manifold.
For the present section, we adopt a non-variational point of view. Let (M, §) be a semi-
Riemannian manifold and f : M — M an embedding obeying to the fundamental
assumption in the previous sections, i.e., (d), )T, (M) is anondegenerate subspace of
the inner product space (T (p) (M), g 7(p)) forany point p € M. As we have seen, this
assumption allows for the construction of the basic objects of the theory, such that the
induced connection V, the second fundamental form B, the Weingarten operator Ag,
and the normal connection V-. Moreover, under the same assumption, said objects
are, together with the curvature tensor fields R = RY, R = RV’ [alias R = R
restricted to f(M)] and R+ = RV, are related by the Gauss-Weingarten and Gauss-
Codazzi-Ricci equations. Now let us introduce the notion of mean curvature vector of
the given immersion. Let p € M and {e; : 1 <i < n} C T,(M) be a g,-orthonormal
basis, i.e.,
gplei, ej)) = €65, ¢ e{£l}, 1=<i,j<n,

and let us set by definition

1 n
Hp = ; ;ein(ei, e,‘).
The definition of H, doesn’t depend upon the choice of g,-orthonormal basis.
Definition 3.53 The normal field
H:peMw— H,eT,(M)*"

is called the mean curvature vector field of the immersion f. (I

A local expression of the mean curvature vector field may be obtained as follows.
Let{¢, : 1 <a <r}bealocal gf -orthonormal frame

97 (€ar &) = €ulapy  €a€{£l}, 1<a,b<r

in the normal bundle TAJ/;, defined on the open set U C M, and let us set
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Moreover let us consider a local g-orthonormal frame {E; : 1 < i < n}inthe tangent
bundle 7, defined on the same open set U. Then

ng'(H,&) =) eg'(B(E;, E), &) = ) cig(AE;, E;) = trace(A,)

i=1 i=1

everywhere in U. On the other hand

H=Y ¢/(H &) &
a=1

or

H= %;trace(Aa) & (3.49)

Similarly if ¢ € X(M)* then
1
g/ (¢ H) = - trace(Ag).
n

For the remainder of this section we confine ourselves to the Riemannian category,
i.e., to the study of (immersed) submanifolds of a Riemannian manifold (M, g), so
that ¢/ is now a Riemannian bundle metric on f ’1Tﬁ.

Definition 3.54 The norm ||H|| = ¢/ (H, H)'/? is called the mean curvature of the
immersion f. O

A useful local formula for the mean curvature is

r 1 r
IHI? =g/ (H, H) = 39" (H, &) = — 3 (race Ay)*.
a=1

a=1

Definition 3.55 The immersion f : M — M is said to be minimal if H = 0. If this
is the case one also says that M is a minimal submanifold of (M, g). ([

Definition 3.56 We say that M is a submanifold with a parallel mean curvature
vector field if Vi H = 0 per ogni X € X(M). If this is the case one also says that H
is parallel in the normal bundle. ]

Definition 3.57 A submanifold M is totally umbilical if B=H ® gor B(X,Y) =
g(X,Y)H forany X, Y € X(M). O

Let us look at a few examples.

Example 3.58 (a) To start with let us show that spheres are totally umbilical as
submanifolds of the Euclidean space.
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Proposition 3.59 The sphere S"(1) C R**! is a totally umbilical submanifold of
E"+!. Moreover S"(1) is a real hypersurface of constant mean curvature 1.

Proof As previously shown the tangent bundle to S”(r) admits the local frame
{X; : 1 <i < n} defined on the open set U+ = {p € S"(r) : x"“(p) # 0} by

0 x! 0

Xi = axi - xn+1 a n+1

€X(Upy1), 1=<i=<n

Let gy be the Euclidean metric on R+l
= dxl (4 dxl 4.4 dx"‘H ® dxn-H

sothat E"*! = (R**!, gy). We may now compute the first fundamental form of S" (r)
in E"! e,
xixd

gii = 9(Xi, Xj) = go(Xi, Xj) =6 +

Lemma 3.60 The inverse [¢g"] = [g;;17" is given by g"/ = 6"/ — x'x/.

Proof We determine a function a such that g"/ = §" + ax’x/ be the inverse seek
for, i.e.,

i ij ij i Xj Xk
G =g gje = (67 + ax'x’) (5jk + (xnj+1)2> =

i

xxk 2
+axxk—|—a E

=0+ (x n+1)2

Xk

x'xg

=0t Gy

1+a (x"+l)2+2(xj)2 =
= 6l +(1 +a)( +1)2
and then we may choose a = —1. Q.e.d.

Let us now compute the second fundamental form of the immersion S”*(1) —
E"+!. By Gauss formula

Vx,X; = Vx,X; + B(X:, X;).
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Moreover

- A x/ A 1
V""X’:{ij}a"_ﬁ{in+1}a“_)ﬁ5f@'+“
x! A x/ A x/

Tt [{n+1j}aA_xn+l {n+1n+l}af‘+(xn+l)2a”+l}_

(as { BAC} =0)

1 Coxxd
] 1
T et {5i + W} Ons1
where 94 = 0/0x* and the range of indices is

ijk,...e{l,...,n}, A, B,C,...e{l,....n+1}.

It follows that

1 XiX; 1
B(X;, X;) = TSy H5ij + xn—Jrjl} nor (Gy41) = — i1 i nor (G+1) -

We need to determine a local frame in the normal bundle. To this end let us consider
v = vA(aA),, € T,,(]R”“) with p € §"(1). Then v is orthogonal to T, (S$"(1)) if and
only if

0= gO,p(Uv Xj,p) = UigO.p((ai)p’ Xj,p) + vn_HQO.p((an-H)p’ Xj,p) =

g on+l
=v x”+1v
or )
J
X
n+1 .
]:xn+1 > 15]5”
Hence if )
0 x/ 0
b= ot o o

= Oxntl xntl axj’

then {¢} is a local orthonormal frame in Tsﬁ(l) defined on the open set U, C S"(1).
One should compute nor(d,41), i.e., determine A\ € F (U, ) such that

nor (0,41) = A&. (3.50)
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One has )
x/x; 1
11> = go(6. ) =1+ ——1 =

(xn+l)2 (_xn+l)2

by ZT:I xi = 1.Hence ||| = 1/|x"*!|. Let us take the inner product of (3.50) with
& such that

Go(mor(ni1), &) = A |€]1?

or A= ||€]72 = (x”+1)2. Then by (3.50) it follows that nor(9,41) = (x"*t1)%¢ and
hence
B(Xi,Xj) = —X'1+1 gij f (351)

We may now compute the mean curvature vector of a sphere.
Lemma 3.61 The mean curvature vector S*(1) — E+! is
1 ij n+1
H:—ng(Xi,Xj)Z—x E
n

In particular the sphere S" (1) is not a minimal submanifold of the Euclidean space
E"+1 .

Proof Let {E; : 1 <i < n} be alocal g-orthonormal frame of 7 () defined on the
open set U, 4. Let '
A =[A;]: Unt1 — GL(n, R)

be the unique function such that

E;=XNX;, 1<i<n.

Then
8ij = 9(Ei, Ej) = N Ajg(Xx, Xe)

hence

Sij = A A\igie - (3.52)
By (3.52)

D ONX =g

i=1
Then

1 « 1
H=-) B, E)=-Y MNNBX;, Xp) =
=D B(E;, E) =~ 3 NNBX;, X0

i=1 i=1

1 .
= ;gf"B(X,, Xi)
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hence
H = —x""1¢. (3.53)

Finally B(X;, X;) = g;; H hence §"(1) is totally umbilical in E"*!. Again by (3.53)
the mean curvature is || H || = 1. Q.e.d.

Let ry, 2 € (0, +00) be two positive numbers such that ? + r3 = 1. Moreover
let us consider the integers

ni,ny €4, n >0, ny>0, ni+n=n>=>2.

Moreover let (x!, ..., x" Y and (y', ..., y"*!) be respectively the Cartesian coor-
dinates on R™*+! and R™*! 5o that

(o xmT oyt et

are the Cartesian coordinates on R"+? = R™m+! x R™+! Let us denote by S (r)
the sphere of radius r in R™*! with center at the origin. Then $™ (r;) x $"(r,) is a
submanifold (a real hypersurface) in $"*!(1). Let us consider two points p € S" (r})
and ¢ € §"(r,) and let us denote by p, ¢ € T(,,,q)(R"”) the position vectors of the
two points, i.e.,

ny+1

ni+1 6 8
p= xi(l?)( ,-> , 4= y"(q)( a) :
; Ox (p.q) ; dy (r.q)

Lemma 3.62 The vector field

) rz o Iy
€:(p,q) € S"(r) x S™(r2) —> Epgy = —p-—ge Tip.g (R"T2)
1 2

is tangent to S"t' (1) and it is orthogonal to S™ (r1) x 8" (r,).

Proof A vector field

ni+1 a ny+1 8

i a n+2
;AaxiJr;“ By € X(R"?)

is tangent to $"*1(1) at (p, ¢) if and only if

ny+1 ny+1

Y NP xi(p) + Y (P @)yalg) =0. (3.54)

i=1 a=1
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For the field ¢ in Lemma3.62 one has

rn

N(p.q) = =x'(p), u“(p,q)=—:—;y“(q),

ri
and hence the tangency condition (3.54) is satisfied. One indeed has
Epa) € Tp.p(S™ (D), peS™(r), geS=r).
For any point (p, g) € S" (r;) x S"(r,) we consider the injections
4 R Rn+2’ L : R+ Rn+2’
X X 41) = (X1, oo X415 q),
LpV1s e v oy Vgt 1) = (Ps V1o v o vs Yngt1)s
(X1, ..., Xn,41) € R+ 1y -+ Ynp+1) € R7H

Let gy be the Euclidean metric on R, i.e.,

0 9N _s 9 9\ _, ii)_g
9\ oxi” oxi ) T 00 PO oxi’ oy ) g0 dya’ ayb ) ab-

If v=12(9/0x"), € T,(R"™) is a tangent vector at p € S"'(r;) on the sphere
S™(ry), i.e., v'x;(p) = 0 then

90,(p.q) (g(p,q)’ (dqu)v) =

(5 i ( 0 ) ) 2 a(pv' =0
= 90,(17-,4) (p.q)» v _l = —xi(p' =
X'/ () i

and hence &, ) is perpendicular to (d,¢?)T,(S™ (r1)). One may check similarly that
&(p.q) 1s perpendicular to (d,¢,) T, (S (r2)). Hence £, 4) is orthogonal to §"! (ry) x
S$™2(ry). Q.e.d.

Now let us consider the Levi-Civita connection V° of the Euclidean space E" 2 =
(R"2, go) and let V5" be the induced connection on $"*!(1). By Gauss formula

Nax

V9 =VyTE4+ B(X,6), X eX(S"(1),

where B is the second fundamental form of the immersion $"*!(1) — E"*2.
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Lemma 3.63 If X € X(8" (1)) and Y € X(S8"(r,)) then one has

Ve=2x Ve=-"ly (3.55)
r r

Inparticular V?({ and V?{ are tangent vector fields on S"+' (1) and then B(X, £) =0
and B(Y, &) =0.

Proof As V" is the connection associated to the canonical full parallelism structure

Rr+2
(Vi&p.g) = X (€Y ( a;) :
P.9)
Here (X', ..., X"*2) = (x!, ..., x™m*! y! ... y™+1) On the other hand, if
.0 0
X = Xfﬁ, Y = Y”a—yb,
then

X (€ =X<r—2xi> = Zxisi=2x,
r

X = X (‘r—l y“) =Ly =y,
ra 2

r r

and formulas (3.55) are proved. Q.e.d.
Now we need the following general fact:

Lemma 3.64 Let M be a real hypersurface of the Riemannian manifold (M, g). If
& € X(M)* is a normal field of nonzero constant norm ||€|| = ¢, ¢ € R\ {0}, then &
is parallel in the normal bundle, i.e., VJ-§ =0.

Proof For any X € X(M)

0= X (1) = X (@&, &) =2g(VxE, ).

On the other hand |[{]|, = ¢ # 0 hence £, # 0 for any p € M and then (as Tﬁ has
rank 1) {¢} is a (global) frame of the normal bundle. Then

Vi =X
for some \ € F(M) (depending on X) and
0=7(Vx& O =J(Vx& &) = AGE & = A,

i.e., A\ = 0equindi V§¢ = 0. Qe.d.
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We shall apply Lemma 3.64 to the real hypersurface S (r) x S§"2(r,) in S"+!(1).
Let A¢ be the Weingarten operator associated to the normal field £ (described by
Lemma 3.62). Indeed

2 22

€1 = go(&, &) = —xx,+— Y ya=ry+ri=1
1 r

By Weingarten formula
VY= —AX, X € X(SM(r) x S (),

hence (by Lemma3.63)

AX ==X, X e X(S" (),
ry

AcY =

Finally let {E; : 1 <i <mn}and {F, : 1 <a < n,} be respectively local orthonor-
mal frames in Tgm () and Tgn (). It follows that

ny np
trace(Ae) = Y go(A¢Ei, Ei) + Y go(AcFa, Fa) =

i=1 a=1
ny

= ——Zgo(El,EH Zgo(Fa,F )= 2+ —nz

r
i=1 1

leading to the following.

Theorem 3.65 The mean curvature vector of the immersion
S"(ry) x S™(ry) — ST (1), ny4+na=n, ri+r;=1,

is given by

2 2
ryny, —ryng
nrirp

Consequently, the following statements are equivalent
(1) S™ (1) x 8" (ry) is minimal in S™t'(1).
(i) riny = rin,.

As a corollary to Theorem 3.65 one gets the complete list of the minimal hyper-
surfaces in the sphere S"*!(1) which are products of spheres
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S”( £>><S"_”< n—p)’ l<p<n-—1.
n n

In particular the Clifford torus S' (ﬁ) x S! (\/g) is a minimal surface in $3(1).

(b) Let (x),_,_, and (y®),_, 5 be Cartesian coordinates on E* and E°. Let us

consider the map
F:E —FE,

F(xl, X2, x3) _ (yl’ y2, 33, g, y5)7

=l =@ =gl e -2wr)

F is an isometric immersion of SZ(\/§) into $*(1). The points
(', 2% 2%, (=x', —x?, —x?) e $2(V3)

are mapped by F onto the same point of S*(1), hence F descends to an isometric
embedding of the real projective plane RP? into S*(1). The image F(RP?) is the
Veronese surface. The Veronese surface is a minimal submanifold of S*(D).

(c) H.B. Lawson built® examples of orientable, closed, minimal surfaces of arbi-
trary genus in S3(1).

(d) Every totally geodesic submanifold is minimal.

(e) We close with an example coming from Kéhlerian geometry, which requests
a small preparation summing up a few basic notions. Said notions will be presented
within real tensor calculus, avoiding the use of complex local coordinate systems.

Let M be a C* manifold of dimension 2n. A tensor field J € 7' (M) is an almost
complex structure on M if J? = J o J = —I where [ is the identical transformation.
A pair (M, J) consisting of a differentiable manifold M and an almost complex
structure J is said to be an almost complex manifold.

Let (M, J) be an almost complex manifold and g a Riemannian metric on M.
We say g is an almost Hermitian metric on M if g(JX, JY) = g(X, Y) for any
X,Y € X(M), ie., J, is a linear isometry of the inner product space (T,(M), g,)
for any point p € M. A triad (M, J, g) consisting of an almost complex manifold
(M, J) and an almost Hermitian metric g is called an almost Hermitian manifold.

35 Cf. H.B. Lawson, Complete minimal surfaces in $3. Ann. Math. 92, 335-374 (1970).
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Let (M, J, g) be an almost Hermitian manifold and let V be the Levi-Civita
connection of (M, g). If J is parallel with respect to V, i.e., VJ = 0 then (M, J, g)
is said to be a Kdhlerian manifold and g is a Kdhlerian metric.

Let A € T"!(M) be an arbitrary tensor field of type (1, 1) on M. The Nijenhuis
torsion of A is

Ny € T2 (M),

Nu(X,Y) =[AX, AY] + A’[X, Y] — A{[AX, Y] + [X, AY]}

YV X,Y € X(M).

An almost complex structure J is said to be integrable if Ny = 0, i.e.,
VX, JY]-[X,Y]=J{[JX. Y]+ [X, JY]},

YV X,Y € X(M).
It may be easily shown that the almost complex structure underlying a Kdhlerian
manifold is integrable. An integrable almost complex structure is also referred to
as a complex structure. The choice of terminology (“integrable” almost complex

structures) is related to deep results in complex differential geometry, such as the
Newlander-Nirenberg theorem that will be discussed later*® on in this book series.

Let (M, J) be an almost complex manifold and let f : M — M be an embedding.
Let the dimensions of M and M be

dim(M) =2p, dim(M) = 2n.
We say M is an invariant submanifold if

Jpo(dpf):(dpf)o']f(P)’ peM.

Theorem 3.66 Any invariant submanifold of a Kdhlerian manifold is minimal.

Proof By Gauss formula and the invariance of M
VxJY = JVxY,
B(X,JY)=B(JX,Y)=JB(X,Y)

for any X, Y € X(M). As we may choose a local orthonormal frame of 7, of the
form {X;, JX; : 1 <i < p} the mean curvature vector field is

36 In Chapter 1 of Book I-C (Differential Geometry: Foundations of Cauchy—Riemann and Pseu-
dohermitian Geometry).
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l p
H=5 Z{B(xi, Xi) + B(JX;, JX;)} = 0.

Q.e.d.

Theorem 3.67 There are no compact minimal submanifolds of an Euclidean space.

Proof Let M C E" be a submanifold of the n-dimensional Euclidean space. Let
p € M and let p be the “position vector” associated to p, i.e.,

; 0
p=y' _) e T,(E"),
p=y® (ay,)p »(E")
where (y!, ..., y") are the Cartesian coordinates on R”. Let us consider the function

1 .
F:M >R, F(p)i=390,(P P) peEM.

As M is compact, F achieves its maximum at some point pg € M. Consequently
X(F)p, =0, X(X(F)), <0 (3.56)

forevery X € X(M).Indeed, letx = (x', ..., x™) : U — R" bealocal coordinate
system on M about py, and let us set

Q:=xU) CR", & :=x(po) € Q.

Then & is a maximum point of F := F o x~! : @ — R, hence

8—5”(&)) =0, l<a=<m, (3.57)
O*F
vevi<o 3.58
96 0¢7 (o) (3.58)
forany (V!, ..., V") e R". Let X € X(M) be locally represented as
X =X*0/0x"

on U. Then [by (3.57)]

0= X“(Po)—(ﬁo) = XG(PO

5 = X(F),,.
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Moreover

, 0X"® OF . O’F
X(X(F)),, = Xp(X(F)) = X" (po)| 5 55 + X ], =

Ox Ox OxP
[again by (3.57)]
O’F OPF
= X“(po) X" (p0) 5= (Po) = X" (p0) X" (P0) 5255 gga og7 0 =

by (3.58). Statement (3.56) is proved. Let V° be the Levi-Civita connection of E".

Let 5 9
ar =X ox € X(E®)

be the radial field on E”, so that

Then F is the restriction to M of the function

PG ) €7@,

ie., F = Fo j,where j : M — [E" is the canonical inclusion (the given immersion).
Note that

X(P) = X, (F o) = [ %1 = %, (0o 2. 2))

where X is any C* tangent vector field on E” such that
X = dpy))X,, peM.

Then [by Vg = 0]

~ o 0 o 0
X(o(5 5)),=20(% 5 5),
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01‘3 7

X(F), = go,,,((d,, DX, ,3). (3.59)

In particular [by (3.56)]
90,50 ((@p ) Xpus o) =0, (3.60)

that is po € T, (M)*. Next, we start from (3.59)
; 0
X(F) =2 -’('X, —)
(F) 9o\ J* ar

and compute

[y O
0= X, (X () =2{X(d (JuX, E))}m _
oy (5 0 vt () = 79 =

o= (e ) L ),

[by the Gauss formula _
(VH%Y = jiVxY + B(x,Y)

and (according to the footnote calculation) by (Vo)g( (0/0r) = j. X]

» 0 Y
0> gl (juVxX + B(X, X), E)W + g3 (. ,*x)m _

[as j*go = g (the first fundamental form of j : M — E")]

= 90,50 (@ NTx X0 + BOC X, o) +

+ 9po ((dﬂoj)xpo’ (dpoj)Xpo> =

37 As (by setting ji := y' o j)

(V%%>p - (X(yl) (9iy’>p - Xp(yi) <8ii)p - [(dpj)Xp](yi) <a?’i)l’ N

— X,(y o)) (%),, = X*(p) %(m <aii)p =

0
= X" @y gz) | = @y Xy
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[as po is orthogonal to (d, j) T, (M)]

= g0, (B X s o) + [ @) X |* >

[for every X € X(M) such that X, # 0]

> g0.po (B X) s o)

In particular, let {Ey, ..., E,} be alocal g-orthonormal frame of 7 (M), defined on
an open neighborhood of py, and let us use the above inequality for X = E,, i.e.,

gO,po(B(Eaa Ea)pgy ﬁo) <0

and then (summing over 1 < a < m)

go.po(Hp(w 1_50) < O

implying H,, # 0. Q.e.d.

An alternative treatment of Theorem 3.67 establishes a bond among the geometry
of minimal submanifolds and the theory of harmonic functions.

Theorem 3.68 Ler W : M — R" be an isometric immersion of a m-dimensional
Riemannian manifold M into the Euclidean space. Then

AV = -—mH 3.61)

where AV = (A\IJ1, R AlIJm), Y = (\Ill, A \IJ") and H denotes® the mean
curvature vector of the given immersion \V.

Proof Let(x', ..., x")bethe Cartesian coordinates on R”, and let & »Tup(R") —
R" be the naturally associated R-linear isomorphism, for any p € M. Without the
customary language abuse in (3.61), one should check that

(AW), = ~h, (H,), peM.

Let p € M and let (U, u', ..., u™) be local coordinate system on M such that
p € U. One has
) 0
H=H' 8,‘, 8,‘ = .
Ox!

38 Here H » is identified to a vector in R” through the canonical isomorphism Ty () (R") >~ R", for
every p € M.
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The equations of M in R" are

. . . . owi
X =wi(u', ..., u™), rangB’ =m, B = . 3.62
(u's oo ™), rang B () L= (62)
One ought to check that Ay’ = —m H' on U. Let V be the Euclidean connection,
i.e., the Levi-Civita connection of R”. Let {E}, ..., E,} be a local orthonormal

frame of T (M), defined on the opens et U. Then (with the customary identifications)

9 b 9 l<a<
= ~, Soa=m.
Ou® “ Oxi
If 5
E,=E}0,, 0,= ,
@ ou’
then o o
Ve, Eo = E[ E] B, V.0, + E7 0,(EL, B) o, (3.63)

where B/ := B! BJ. For the Euclidean connection V

= k k
O LA P A
Moreover, let us observe that

E/ B} = E[ 0, V" = E,(V").

Then (3.63) becomes -
Vi, Eq = Eo(E, V) 0. (3.64)

The proof of Theorem 3.68 may be completed by conducting the following calcula-
tion [where V is the induced connection on M

m m
a0 = =3 BB ) = (e, E) W = L | (T ) W' = (s ) ') =
a=1 a=1

== B(Ea, Eo) ¥ =-mH(W)=-mH'.

a=l1

Q.e.d.
Definition 3.69 A C? function f : M — R is harmonic if Af = 0. (]
Corollary 3.70 Let ¥ = (Wl ..., W) : M — R" be a minimal immersion. Then

W' 1 <i < n, are harmonic functions on M.
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As another corollary to Theorem 3.68 one re-obtains Theorem 3.67. Indeed, let
M be compact and let us assume that there is a minimal isometric immersion W :
M — R". By Corollary 3.70 the components W of W are harmonic functions hence,
by the classical Hopf lemma,* it must be W' = constant, so that rangB’ = 0, a
contradiction. Q.e.d.

An array of results on minimal submanifolds extends to the more general case of
the submanifolds with a parallel mean curvature vector. We quote.*’

Theorem 3.71 Let S be a surface in the space form M" (k) such that S has a parallel
mean curvature vector, i.e., V-H = 0. Then S lies in one of the following categories

(1) S is a minimal surface in M" (k).
(i) S is a minimal surface in a hypersphere of M" (k).
(i) S is a constant mean curvature surface in S3, where S3 is a 3-sphere in M" (k).

3.12.2 Minimal Surfaces in R"

Let M be a 2-dimensional Riemannian manifold, and ¥ : M — Rn a minimal iso-
metric immersion. Let g be the Riemannian metric on M.

Definition 3.72 A local coordinate system (U, x, y) on M is asystem of isothermal
coordinates if g is expressed as

g=2F (dx*+dy? (3.65)

for some F € Coo(U), F(p) > 0 forany p € U. U

Theorem 3.73 Let (M, g) be a 2-dimensional Riemannian manifold. For any p €
M there is a local system of isothermal coordinates (U, x, y) such that p € U.

Theorem3.73 is false if the components g;; of the metric tensor g are only
continuous functions, cf. Hartman and Winter [HaWil]. Conditions weaker than
gij € C*°(U) under which local systems of isothermal coordinates exist were found
by Lichtenstein [Lic]. We recall that

Definition 3.74 Let0 < A < 1. A function f(x', x?) defined in a domain D C R?
satisfies a Holder condition of order \ if there is a constant C > 0 such that

lfet, ) —rah xd) <oty G x), o ) e D, (3.66)

where r? = (x! — x/l)2 + (22 - x/z)z. O

3¢y e.g., [KoNo], vol. II, p. 338.

40 Theorem 3.71 is due to B.-Y. Chen, On the surfaces with parallel mean curvature vector. Indiana
Univ. Math. J. 22, 655-666 (1973), and S.T. Yau, Submanifolds with constant mean curvature.
Amer. J. Math. 96, 346-366 (1974).
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Theorem 3.73 may be reformulated as.

Theorem 3.75 Let (M, g) be a2-dimensional Riemannian manifold. Let us assume
that for any p € M there is a local coordinate system (U, ), p € U, ¢ = (xl, xz)
such that the functions g;; o w7 i, j e {l, 2}, satisfy a Holder condition of order
0 < A < 1. Then for every point of M there is a local system of isothermal coordi-
nates.

Proof Let (U, ¥), % = (x, y), be alocal coordinate system on M. Then
g=E(x, y) dx* +2F(x, yv)dx ©dy + G(x, y) dy2 on U, (3.67)
E>0, EG—F*>0, E,F,G:D=v¢{U)— R.
Here we have set

E=gnoy™", F=gpot™ ', G=gnoy™,

911=g<2 ﬁ) 912=g<3 2) gzz=g<a 6).

Ox’ Ox Ox’ Oy ay’ dy
There is a matrix
aq b]
A= , det(A) >0,
an bz
such that (3.67) may be written as
g=01®0+0,®0,, (3.68)

0y :=aydx +bydy, 0,:=aydx+bydy.
Let us consider the (complex Valuedlform ® =0, +i6, where i = /—1. Hence
(3.68) may be written as g = ® © ® where ® = 6, — i 6,. The determination of

isothermal parameters u, v [thatis functions u#, v suchthatg = P (u, v) { du*+d v2}
with P > 0] is equivalent to finding a complex valued function w = u + iv such that

1
dw=-. (3.69)
P

Indeed (3.69) would imply
g=P0 d=pPdwodw= |p|2(du2+dv2).
We seek for a 1-form & of the form

b = [l—a(z, Z)]dz—l—b(z, 2)dz
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in a neighborhood of z = 0. We may assume*! that @ and b vanish at z = 0. Equa-
tion (3.69) is equivalent to

8w_1—a ow b

oz p 0z p

or (by eliminating p)

A_ay2® 9"
a 81 oz
Finally 5
2~ Zw) (3.70)
0z

where the differential operator Z is defined by

Z a+b8
=dad— —_— .
0z 0z

Let o be a holomorphic function on D with o(0) = 0, and let us consider the equation

27iw(C, o+// (Zw)(z D dzndz=0(0). CeD. 3.71)

We shall need the following result from [Cher], p. 778.

Theorem 3.76 Let D ={z € C : |z] < R}, R > 0, and let a(z, 7), b(z, 7) be two
functions satisfying a Holder condition of order 0 < \ < 1in D. Then Eq.(3.71) has
a unique solution w(z, 7) for R > 0 sufficiently small.

We seek for a solution to (3.70). Let w be the solution to (3.71), as furnished
by Theorem 3.76 for R > 0O sufficiently small. We are left with checking that the

function 7
F(C O = f/( w)(z 2 47 nds

admits ¢ derivatives OF /OC, and that

z 3.72
o = (Zw)((. O (3.72)

Under the assumption that f(z, z) admits first order partials with respect to x and
y, where x + iy 1=z

41 Cf. Chern [Cher], p. 781.
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of .1 h h _ ih ) _
1 L) R L
3 (3.73)
where i € R. To check the existence of 0F/0¢ we make use of (3.73). Precisely

N rCorir(cr T ir D) =

_ (zw)(z, 2) Z) (w)(z, 7
__%h—mh{//‘ /\dz—/ Dsz/\dz—l—

vif Mﬁm_i/ D gz naz) =
D ih p Z—C
_C_7

tm F(c+ 5T+

=—— lim // (Zw)(z 2) — (Zw)(C, O]

4 hHO

1 1
X

dznd
c-0(z—¢—2) (z—o(z—c—ﬂ)] e

1 -0 dz/\dz
- (W Oa_szD e

As the domain is the closed ball D = {z € C : |z| < R}

dz Nd —
[/ A Z:—27Ti<.
p 2—(

On the other hand, one may show*? that (Zw)(z, Z) satisfies a Holder condition in
D, and hence

h(l _
U0

1
T D)

tends to zero as & — 0, so that (3.72) holds good. Q.e.d.

/ /D [(Zw)@ D - @ O] dZndz

For other generalizations of Theorem 3.75 (the Korn-Lichtenstein theorem) one
may see Morrey [Mor], and Hartman and Winter [HaWi2]

Let M be a 2-dimensional oriented Riemannian manifold, and let (U, x, y) be
an oriented local system of isothermal coordinates on M. Then z =x +iy is a

42 Cf. formula (44) in [Cher], p. 779.
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local complex coordinate on M, hence M becomes a complex manifold, of complex
dimension 1, i.e., a Riemann surface.

Lemma 3.77 Let M be a real 2-dimensional Riemannian manifold, and let 7 = x +
i y be the local complex coordinate associated to the local isothermal coordinates
(x, ) on M. Then the Laplace-Beltrami operator of M is (on C? functions)

A=-—— 2 (3.74)

Proof Let us set

0 1,0 .0 0 1,0 0
F i) EA )
Jz 2\0x Ay Jz 2\0x dy
The metric g on M may be represented as in (3.65) or, with respect to the complex

coordinate z
g=2Fdz0dz (3.75)

where dz = dx +idy and dz = dx —idy. By (3.65)
g1 =gn=2F, gn=gn=0 g=4F%
=g =2F ¢2=g =0

(with g = det [g;;] ). Let f € C®(M). Then

1<i, j<2
1 {82f 82f}

A =5 s (3.76)

x2 T 9y?
and (3.76) <= (3.74). Q.e.d.

Corollary 3.78 LetV : M — R" be an isometric immersion of a real 2-dimensional
Riemannian manifold in R". Then V is minimal if and only if

0*w
=0
0z0%2

The proof follows from (3.74) and (3.61) with H = 0.

An important remark is in order. According to Corollary 3.78, the minimality of
W doesn’t depend on the metric of M, but only on the complex manifold structure
of M, prompting* the following definitions

43 According to a piece of mathematical folklore, a valuable mathematical result will prompt a
relevant definition.
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Definition 3.79 Let M be aRiemann surfaceandletW : M — R”" be adifferentiable
map. We say M is conformal if for every local complex coordinate z on M

0 0 g 0
4w —H - H aw) 2|, —< aw) =, —) —0. 3.77
J@n 5o =@n 5] (@ 5 (3.77)
O
Here g is the Euclidean metric on R”, while || - | is the corresponding norm.

Definition 3.80 Let M be a Riemann surface. An immersion ¥ : M — R” is said
to be a minimal surface in R" if ¥ is conformal** and obeys to
rv
0z07

(3.78)

O

Theorem 3.81 Let ¥ : M — R”" be a conformal immersion, and let us endow M
with the induced metric g = W* g. Then V is an isometric immersion of (M, g) into
(R", g) and the induced metric is given by (3.65).

Proof One has

gi2 = 9(%, %)

i(@w - aw (%) =0,

m=o(o L) =g(@w o @w) ) =g(ww) 6%, @w) %) =y(0—‘1, %) =gm.

Finally, we set F' := (1/2) g1, and obtain (3.65). Q.e.d.

3.12.3 Weierstrass Representation of Minimal Surfaces

Let D C C be an open subset, and let z be the canonical complex coordinate on C.
Then D is a Riemann surface. Let ¥ : D — R” be a minimal surface, and let us
consider
ov 1,0V OV
@ZD—)(C”, CDZ_:_(——Z—).
0z 2\ Ox dy

Theorem 3.82 (i) ® is holomorphic.

44 1n the sense of Definition 3.79.
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Ifo = ((b], ceey ¢”) then
(i)
> ¢ =0. (3.79)
j=1

(iii) The following identity holds
Y |¢f)P = F #o0. (3.80)
j=1

Viceversa, if D C Cis a connected and simply connected open set, and ® : D — C"
is a map satisfying (1)—(iii), then

v:D— R, \.Ilj(z)zRe[/z¢j(§)dC}+cj, l<j<n (3.81)

is a minimal surface.

Here o0 € D is a fixed base point, and cleR 1< j < n, are constants. Also
¢ =¢.
Proof of Theorem 3.82 (i) By (3.78) [i.e., by the minimality of W]
od _ 0 (8lll> —0
gz~ oz\oz/)

Q.e.d.

(ii) Let (-, - )r» be the Euclidean inner product on R”, so that g is induced by
(-, - )r and the collection of isomorphisms h¢ : T;(R") ~R", { e R, i.e,,

Ge(v, w) = (hev, hew)rr, v, w e Te(R").

Then [by (3.77)]

) ) V)

<a\5’ 8\)ch>]R" :<al§’ aij)w’ (a\;lcj ali}w =0 (3.82)
B ow! F AN, ow! ow"
8_‘)1;:(%,..., ;) 8_“;:(8_“; a‘”y), — (. e
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Finally
=i n - T S - (-5 5 5
Jj=1 Jj=1 =1 /=
e e I
Q.e.d.

(iii) To prove (3.80) one first observes that

il =l + 151 =0 68

and the inequality (3.83) is strict. Indeed, if one has equality in (3.83) at some point
X0 + 1 yo € D then

8\11( ) =0 8\11( ) =0
Ox X0, Yo) =Y, By X0, Yo) =

so that ¥ : D — R” wouldn’t be an immersion, a contradiction.

Viceversa, let D C C be a connected and simply connected open subset, and let
® : D — C" be a map possessing the properties (i)—(iii) above. Let W be defined by
(3.81). By the classical Cauchy theorem™® the integral

/: $(Q) d¢

is well defined, i.e., it doesn’t depend upon the choice of smooth path joining o and

zin D. Then (3.81) yields

ow
d=2-— (3.84)
0z

Finally, the minimality of W follows from

PV 109
9z70x 207

by (3.84) and (i). The property (ii) implies that W is conformal, while with (iii) one
makes sure that |OW/0x|| # 0, |O¥/0y| # 0 at any point of D, i.e., that W is an
immersion. Q.e.d.

4 Cf. e.g., Mackey [Mac], Theorem 5.12, p. 90.
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By Theorem 3.82 to find examples of minimal surfaces in R” it suffices to produce
maps ® : D — C" satisfying the requirements (i)—(iii).

Theorem 3.83 Let D C C be a connected open set. Let f, g : D — C such that g
is meromorphic on D and f is holomorphic in D. Let us assume that

(a) At any point of D where g has a pole of order m, the function f has a zero or
order at least 2m.

Then the map
®=(¢', ¢ ¢°): D~ C,

1 .
o' =3f(1=g). =37(+7) =rg  G85

obeys to (i)—(ii) with n = 3. Moreover, every map ® : D — C> satisfying (i)—(ii)
may be represented in the form (3.85), except for the case ¢* = 0. Moreover the map
(3.85) satisfies (iii) provided that

(b) The zeros of f coincide with the poles of g and their order is precisely twice
the order of the poles of g.

Finally, all the maps ® : D — C> with ¢* = 0 and satisfying ()—(ii) are given by
G2 =1id1, ¢3=0,

where ¢1 . D — C is an arbitrary holomorphic function. The condition (iii) is sat-
isfied if and only if |¢1| # O at every point of D.

Proof Let us check that the components of @ [given by (3.85)] are holomorphic
in D. To this end, let zop € D. As g is meromorphic, we may distinguish to cases,
as follows. Either (I) g is holomorphic in a neighborhood of zg [and then ¢/ are
holomorphic in zp] or (II) z¢ is an isolated singularity of g, of pole type. Let m > 1
be the order of the pole zg of g. Then [by (a)] the holomorphic function f has a
zero in zg of order k > 2m. Hence, on one hand there exist 6’ > 0 and a function g,
holomorphic in By (zp) such that

1
— =(2—-20"91(2), lz—zl <7, (3.86)
9@2)
and on the other hand there exist ” > 0 and a function & holomorphic in By (zo)

such that
f(@) =@ —z20)"h@), |z—2z20]<9". (3.87)
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Hence, for any |z — z9| < § = min{¢’, 0"}

91(2)? } _

(@ =370 (1-9@) = 36—t {1 - 22
0D =5 0 (1-90) =5 -t he 1=

1
= 3@ |- 20" = =20 01

and k — 2m > 0, that is the isolated singularity z = zo of ¢' is removable, so that ¢!
may be thought of as holomorphic*® in Bs(z¢), and in particularin zo. The singularities
of ¢* and ¢* may be removed in a similar manner. To check (ii) one computes

3
Z 2HA - = A +g) +44) =0.
Moreover, let us observe that

Z |/ ]* = IfI 2(1+1g1%). (3.88)

Now, it may be easily seen that (iii) holds when (b) does. Clearly [by (3.88)]

3
Zldn

at the points of D that aren’t zeros of f. Let now zo € D be a zero of f. Then (3.87)
holds on a neighborhood By (zo), where A is holomorphicin Bs(z¢) and h(zg) # 0.1t
follows [by (b)] that k is even and g has at zg a pole of order m = k/2 > 1. Therefore,
there is & > 0 such that (3.86) holds on By (z¢), where g is holomorphic in B (z¢)
and g1(z0) # 0. Let 6 := min{d’, §”}. Forany |z — zo| < §

! 2% g1 @)1
3 o=l P {1+ ZOI,{}

1
S IF@F (1+19@P)" =
1 2
= 3 h@P | =20 +la@P] -

Hence the function (172) | f|>(1 + |g|?>) has a removable singularity at z, and its
natural extension to B;s(zo) takes at z( the value

461 et &51 be the extension of ¢; which is zero at z = zg if k > 2m, and equals —(1/2) h(z0) g1 (z0)?
at z = zo if k = 2m. It is actually ¢, that deserves the adjective “holomorphic”.



3.12 Minimal Submanifolds 273

1
5Wmﬁw@wﬁ#0

Q.e.d. Finally, let ® : D — C? be a map obeying to (i)—(ii) and ¢* # 0. Let us set

$3

f=bi=idn 9=

Then f is holomorphic and g is meromorphic (in D) and ® may be represented in
the form (3.86).

Theorem 3.84 Let D C C be a connected and simply connected open set. Let 0 €
D be an arbitrary base point. Then every minimal surface ¥ : D — R can be
represented as

Wi(z) = Re { /Z IRy, (} tol (3.89)

where ¢/ € R are constants, and the functions ¢’/ are given by (3.86) with f holo-
morphic in D, g meromorphic in D and subject to*” (b), or > =0, ¢ : D — C s
holomorphic, and ¢y =i ¢1.

Proof By (3.81) formulas (3.89) provide a minimal surface. Viceversa, to check
that any minimal surface may be recovered in this manner, let & = 0W/Jz. Then
® satisfies (i)—(iii), and by Theorem 3.83 it follows that & can be represented in the
form (3.85). Q.e.d.

Let us look at a few examples.
(1) Let D = C. The functions
g(@) =—€", f(@)=—e* zeC
posses the requirements needed to apply Theorem 3.83. Let ® be given by (3.85),
ie.,

®(z) = (sinh z, —icoshz, 1), zeC. (3.90)

Here sinh z = (1/2) (eZ — e’z) and coshz = (1/2) (eZ + e’z). Substitution of ® into
(3.89) yields

W(x, ) = (Re(cosh z), —Re(i sinh z), Re(@))+ (c1, ez, ¢3)  (39D)

or
Y(x, y)= (cos y cosh x, sin y cosh x, x) +c (3.92)

47 That is possessing the property (b) in Theorem 3.83 above.
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where ¢ = (ci, ¢2, ¢3) is a vector constant. The surface ¥ : (x, y) — (X, Y, Z)
defined by (3.92) is given by the parametric equations

X =cos y cosh x,
Y =sin y cosh x, (3.93)

Z =x.
Let us eliminate the parameters x, y between Eq.(3.93) so that to obtain
X%+ Y? = (cosh z)? (3.94)

which is the catenoid, i.e., the surface of revolution obtained by a rotation of axis
0 Z, of the “chain” of equation X = cosh Z.

(2) Let
D=C, gir)=—-ie*, f(@=e* z=u+iv.

Then (3.86) and (3.90) lead to
W(u, v) = (cos v, sinh u, sin v sinh u, v). (3.95)
Setting sinh u = p Eq. (3.95) becomes

X =p Ccosv
y=psinv (3.96)

=0

Equations (3.96) exhibit said surface as ruled.

3.12.4 Gauss Map of a Minimal Surface

The purpose of the present section is to explain the geometric meaning of the functions
f and g in formulas (3.86) and (3.90). As we shall shortly see g is precisely the Gauss
map48 g:M— G, 1).

48 Cf. e.g., Kobayashi and Nomizu [KoNo], vol. II, p. 51.
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Let W : M — R”" be a conformal immersion of a Riemann surface M in R". Let z
be a local complex coordinate on M. The induced metric g = W*g may be expressed
as

g=2Fdz®dz, F>0.

Let us tentatively set ¢ = OW/0z. If M is an open set D C C, that is connected and
simply connected, then ¢ : D — C" is well defined, and leads to the Weierstrass
representation. If in turn M is an arbitrary Riemann surface, then ¢ is defined only
on the domain U of the considered local chart (U, z).If (V, w) is another complex
coordinate system on M with U NV # @, then ¢’ := 0¥ /dw is related to ¢ by

0
¢’:—Z¢ on UNYV,
ow

so that ¢(z) is only defined up to a multiplicative factor. In turn, a map & : M —
CP"~! may be built as follows. Let zo € M and let (U, z) alocal complex coordinate
system about z, i.e., zo € U. We set

ow
®(z0) = [8_Z(ZO)] eCp" !, (3.97)

Here [C ] denotes the point of the complex projective space of homogeneous coordi-
nates ¢ € C" \ {0}. The definition of ®(zy) doesn’t depend upon the choice of local
chart (U, z) about zp and the map ® : M — CP" ! is well defined.

Definition 3.85 The map ® : M — CP"~! defined by (3.97) is called the Gauss
map. O

Theorem 3.86 Let M be a Riemann surface and let ¥ : M — R" be a conformal
immersion of M in R". Let us consider the map ® : M — CP"~! defined by

ov
o(p) =[] pem
Z
for some local chart (U, z) on M with p € U. Then ¥ is minimal <= ® is holo-
morphic.

Proof As WV is an immersion

ov 1,0V ov
v _Lov 0wy Ly
0z 2\ 0x dy

at any point of U, and hence it makes sense to consider the points [(8‘1’ /02)( p)]
with p € U.

Lemma 3.87 The projection 7 : C" \ {0} — CP"~! is holomorphic.
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Indeed the local expression of 7 with respect to the local chart

g ey

_ w1 Wi—1 Wiy w,
0y U= 7 (i) = (2, B By
w;j w;j w; W

Uy ={lwi, ..., w,] € CP""" : w; #0},

is
> _(& -1 Gt Gn
(SO,] ﬂ-)(glv"'sgn) (C.iv"'s C} ) C] 9 se ey Cl)

and its components are holomorphic functions.

Note that

By a result of S.-S. Chern® the converse of the above holds, i.e., ® holomorphic
= W is minimal. The proof is rather involved, and we only give a brief argument.
Let us assume that ® : U — CP"~! is holomorphic, i.e., 0®/07 =0 on U. Let
¢ =0W/0z. If p € U then, up to an isomorphism C" >~ T, (C"), { € C", one has

99

a n
5 =60 (5) € Tn(@).

Let us consider
d¢(p)7T : T¢(,,>((C”) — Tq>(p)((CPn_1), O :=moo.

As ¢ is holomorphic

0 0 0 0P
(doipm) ) (52) =dpmod) (52) = @) (5) =F= ) =0,
Consequently

0
(d, &) <F) € Ker(dyp ), peU,
Z/p
ie., (d,9) (8/ az)p is vertical vector with respect to the principal bundle 7 : C" \

{0} — CP"~! (with the structure Lie group C* = C \ {0}). The vertical distribution
is completely integrable and its maximal integral manifold is the fibers of 7 hence

(dp ®) (%)p € Ty(p) (7{1(@(1))))

49 Cf. the reference in Eells and Lemaire [EeLe].
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so that [as the vertical distribution has (complex) rank 1]

(d, ) (a%>p = A\ (d,V) (a%) (3.98)

p

for some A\ € C. Formula (3.98) may also be written as

PV =22
9za: T 9P

so that (3.67) prompts
ov
2AV =—FX— at p.
Oz

Next [by (3.61)]
ov
4Hp = F(P)/\a—z(l?)

and (d,¥)(0/0z), is tangent to M, while H), is normal. It follows that H, = 0, p €
M,i.e., M is minimal in R”. Viceversa, if ¥ is minimal, i.e., 0>¥/0z 0z = 0, then
¢(z) = 0¥ /0z is holomorphic, and ¢ follows to be holomorphic, as the composition
of two holomorphic maps (i.e., ® = 7o ¢). Q.e.d.

Theorem 3.88 Let V : M — R" be a conformal immersion of a Riemann surface

M into R". Let
8\11]

®:M—CP", <b=[—
0z

be the Gauss map associated to V. Then the image of ® lies on the quadric

On2= {[wl"'wn] ecp! zn:wf = 0].
=1

Proof One checks that

> () =0

Jj=1

as a consequence of W being conformal. Q.e.d.

Remark 3.89 (i) The quadric Q,_, is a complex submanifold of CP" ! 1t follows
that ® : M — Q,,_» is holomorphic if and only if W is minimal.

(ii) The Gauss map ® admits the following geometric interpretation. Let G,(R")
be the Grassmann manifold of all oriented real 2-dimensional subspaces of R”. Let
o € G,(R") and let @ be an orientation of . Let (1, v) € & such that (u, v) = 0and
lu| = |v|. Letussetw = u +iv € C" \ {0}. The point [w] € CP"~! doesn’t depend
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upon the choice™ of oriented basis {u, v} € & with (u, v) =0 and |u| = |v|. Also
lu| = |v| implies
Zw —Z +ivj)2:0,
j=1

i.e., [w] € Q,,—». This prompts a bijective map ¢ : G>(R") — Q,_» and

q_loE:q_l o[g] :q_lo[aa\y +1i é;j]

i.e., for every p € M we may look at (q" ) 5)(p) as the oriented tangent plane of
W at p. This is the geometric interpretation of ® seek after.

Let ¥ : M — R3 be a minimal conformal immersion of a Riemann surface M
into R3. Theorems 3.83 and 3.84 prompt the Weierstrass representation of W, i.e.,

Y(z) =Re { fz ?(C) dC} + const.,

owv
6@ =222 =270 (5 (1= 9@7), 5 (1+962). 42).

The Gauss map @ : U — Q; C CP?is

1
2@ =[5 (1-9?). 5 (1 +967). 92)].

It should be observed that the Gauss map & is fully determined by g (and the function
f plays no role). This prompts the following geometric interpretation of g.

Definition 3.90 The normal Gauss map of W is the map
N:M— S’ peMr— N, e Ty, (R,

where the unit normal vector N, is chosen such that the frame {lllx, v, N } is
positively oriented. g

50 For any other basis {’, v'} € ¢ with (u/, v') =0 and |u’| = |v/| (by assuming that & is the
positive orientation) {u, v} is mapped onto {#’, v’} by a transformation of the form

(_“b}a’), a® + b #0.

Consequently, if w’ = u’ +i v’ then w’ = Aw with A = a +i b € C*, so that [w] = [w’].
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Here W, = 9W/0x and W, = §W¥/dy. To compute N = [|¥, x W, [|~" (¥, x
lIJy) one makes use of

oW
W, =2Re - =Re (01, ¢2, 3)

and obtains
(3.99)

=<2Re<g> 21m(g) |g|2—1)
g + 17 g +17 12 +1/°

Let 7 : 8%\ {(0, 0, 1)} — C =~ R? be the stereographic projection. Its inverse is

2Re(z) 2Im(z) |Z|2—1)

, ) 3.100
P+ T P17 2P+ 1 I

') = (

A comparison of (3.99) and (3.100) shows that g is the local representation of N with
respect to the local chart (82 \ {(0, 0, D}, 77), which is the geometric interpretation
of g seek for.

That ® : M — CP? and N :— S? coincide up to appropriate identifications is
emphasized by the following commutative diagram

CU{oo} = CU{o0}
g1 b
M> U — § ~G®R)=RP?

D | L

o = G2 (R?)
Vis-a-vis to_the previous diagram we should describe the identifications §? ~
G1(R?) >~ G»(R?). The map §* — G (R?) assigns to every point p € S* the line
passing through p and the origin. Also, the map L : G (R3) — G, (R3) assigns to

every oriented line £ through the origin, the oriented plane passing through the origin
and perpendicular to €. (]

Exercise 3.91 Show that the map CU {00} =~ §? ~ G (R?) =~ G,(R?) ~ Q; is
explicitly given by

(1+2%). z] € Q1.

2 .
2Re(g) 2Im(g) gl 1) 52.—>[%(1—z2),l

ze(CUoon—>( , , _
it lgl2 +17 |gl> + 17 |gI* +1 2

O
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Example 3.92 Let ¢/ : C\ {0} — R? be defined by (3.89), with the functions ¢*,
k € {1, 2, 3}, given by (3.85) together with f(z) = —z2and g(z) = z. Then W is
the catenoid. The normal Gauss map is

C\{0} > CU{oo}, z+—g(2) =z

It should be observed that the normal Gauss map omits the two points {0, oo} in
C \ {oo} [that is (0, 0, £1) in S]. The following general problem is raised by the
example at hand: how many points in S> can omit the normal Gaussmap N : M — §?
of a complete®' minimal surface ¥ : M — R3? O

The following general problem is raised by the example at hand: how many points
in §2 can omit the normal Gauss map N : M — S of a complete®® minimal surface
W : M — R not contained in a plane? By a result of Fujimoto [Fuj].

Theorem 3.93 Let W : M — R? be a non-flat complete minimal surface. Then its
normal Gauss map N : M — S* can omit at most four points on S°.

The normal Gauss map of the Scherk surface (cf. e.g., [BaCo]) omits four points
on S2, hence H. Fujimoto’s result is optimal.

3.12.5 Minimal Submanifolds of Spheres

Theorem 3.94 Leti: M —>E" be a submanifo_ld, where i is the inclusion, and let
g be the induced metric on M. Let 1 : M — M be an isometric immersion of a
m-dimensional Riemannian manifold (M, g) into (M , g). Then the mean curvature

vector of 1 equals the tangential component [in T (M)] of —(1/m) A(i o ).

Proof We may assume w.l.0.g. that M is a submanifold of M,i.e.,1) : M — M isthe
canoniceiinclusion. Let H (v) [respectively H (i o ¥)] be the mean curvature vector
of M in M [respectively of M in R"]. The following direct sum decompositions hold

1 J—

T,(R)=T.(M)®T(M),, xeM, (3.101)

x°

T,(M) = T,(M) ® T(M)}, peM, (3.102)

where E(¢)) = T(M)* — M and E(i) = T(M)L — M are the normal bundles of
the given immersions ¢ : M — M and i : M — R". For every tangent vector field

51 That is the induced Riemannian metric g = W*g is complete.
52 That is the induced Riemannian metric g = W*g is complete.
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XeX (R”) let XT and X" denote its tangential and normal components with respect
to the decomposition (3.101). We ought to show that

H@W)=H@{oy)T. (3.103)

Let T(M)* = E(i o 1)) — M be the normal bundle of the immersioni o 1) : M —
R". Given X € X (R") let XNo denote its normal component with respect to

T,(R") = T,(M)® T(M),”, peM. (3.104)

Let {E; : 1 <k <m} be alocal frame of T(M). Let V*" and V be the Euclidean
corﬁection on R" and the induced connection on M, associated to the immersion
i : M — R". By the Gauss formula

H) = (ng"EQ (i (VBER:E,() )N =

k=1
(X (vEE)") =Huow,
k=1

Q.e.d. Finally [by (3.61)]

lr . T
HW) = - [A(l ° w)] (3.105)

and Theorem 3.94 is completely proved.
Lemma 3.95 Let (M, g) be a Riemannian manifold. For every f € C®(M)

1
3 A(f?) = fAf = lldfI1? (3.100)

The proof is straightforward.

Theorem 3.96 Let M be a m-dimensional Riemannian manifold, and let ¢ : M —
S"(r) be an isometric immersion of M in the n-dimensional sphere of radius r > 0.
Let W =i o, where i : §"(r) — R"™ ! is the inclusion. Then v is minimal if and
only if

AV = ¥ (3.107)
r

Proof Equation (3.105) may be written

1
H@W) = ——preap Al o) (3.108)
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where pry 7, denotes the projection on the first term of the direct sum (3.101). For
M = S"(r) one has
1

Then ¥ : M — S"(r) is minimal if and only if [by (3.109)] AW is vector in R+
orthogonal to S"(r). Yet, at any point p € M, the normal space T(S" (r))i,(p) is
spanned by W (p) € R"*! > Ty, (R"*"). Consequently

AW = -\ (3.110)

for some A € C(M). Letusset W = (W', ..., W) Also W(p) € §"(r) so that
||\IJ(p)||D2§,,+1 = r? = constant. Hence [by (3.106)]

n+1 n+1 n+l1

1 1
0= 3 AIWIR. = 5 AW =3 whawt =3 fa vt
k=1 k=1 k=1

Then [by (3.110)]

n+1 n+1

0= (W, AWzt = 3 [a v P = (NI + 3 |40t )
k=1 k=1
where from
1 n+1 ‘s
A:—r—sz:Hd\IJ 2. (3.111)
=1

As W : M — R"H is an isometric immersion, its differential
dpW : T,(M) — Ty (R") >~ RIH!
is a linear isometry, so that

95‘?%((%‘1’)?(, (dp‘lf)Y) —g,(X.Y), X.YeT, (M), peM. (3.112)

Let(u', ..., u")bea system of local coordinates on M about p, and let us represent
XandY as

0
X = X° (a;ja)p’ Y =y° (ﬁ)p’ X®, Y® eR.
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Then (3.112) reads

n+1
owk  owk
Goo(p) =) 5 = (P) 5 2
=1 u u

(p) (3.113)

where ¢, are the local components of the induced metric on M. Contraction with
g°"(p) in (3.113) leads to

n+1
owk  owk
SH = op
" k;g () = (P) 5 —(P)
hence [by contracting « and p]
n+1
m=Y_|ldvt|’. (3.114)
k=1
Now (3.111) and (3.114) lead
=2 (3.115)
r

Finally [by (3.110) and (3.115)] ¢ is minimal if and only if (3.107) holds. Q.e.d.

Definition 3.97 Let M be a Riemannian manifold, and let A : C*(M) — C*®(M)
be its Laplace-Beltrami operator. A function 7 € C* (M) is an eigenfunction of A
corresponding to the eigenvalue A € Rif —Ah =Ahon M. ]

By Theorem 3.96 an isometric immersion of the Riemannian manifold M into the
sphere S” (r) is minimal if and only if the components of ¥ = i o 1) are eigenfunctions
(for the Laplace-Beltrami operator A on M) corresponding to the same eigenvalue
A= —m/r’.

The following (related) result is due to Takahasi [Tak].

Theorem 3.98 Let ¥ : M — R""! be an isometric immersion of a m-dimensional
Riemannian manifold M into R+ such that

AV =W (3.116)

for some p € R\ {0}. Then
®Hp=>0,
(i) (M) C S"(r) where r* =m/p,

(i) ¥ : M — S"(r) is a minimal isometric immersion.
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Proof We may assume w.l.0.g. that ¥ : M — R"*! is the canonical inclusion. Let
H (¥) be the mean curvature vector of M in R"*!. Then [by (3.61)]

— AV =mHV).
Consequently [by (3.116)]
v=-"Hw
I

so that W is orthogonal to M. Let us consider the function F' € C*(M)

F(p) = 5 (W(p), W, peM.
For every X € X(M), X >~ (dWV)X, one has
X(F) =25 (VEelw, w) =265 (X (wh) a—ik ) =245 (@)X, ) =0
where W(p) ~ WX (p) (8/8xk)w(m [and (x!, ..., x"t1) are the Cartesian coordi-
nates on R"*!]. Tt follows that F = constant, i.e., ||\Il||]%,l+1 = r? for some r > 0 and

r # 0 because W is an immersion. Hence W (M) C S"(r) and (ii) in Theorem 3.98
is proved. Moreover

1 n+1 n+1
o:-EAwm@Hm=—muAwmww+zjwwﬂﬁz—wr?+zjwwﬂﬁ
k=1 k=1

yields y = m/r* > 0, proving (i) in Theorem 3.98. To prove the statement (iii) one
applies Theorem 3.96) to the isometric immersion ¥ : M — §” (./m / u) and then
[by (3.116)] the co-restriction of W to §"(/m/) follows to be minimal. Q.e.d.

We look at a number of applications of Theorem3.98 (the Takahashi theorem).
Let C*°(8™) consist of real-valued C* functions on S”. Let us consider the L inner
product

(¢, )2 = o dv, (3.117)
Sm

where g is the standard Riemannian metric on the sphere. Let A € R be an eigen-
value of the Laplacian A : C*°(S§™) — C*(8™), and let E\, C C*(S™) be the cor-
responding eigenspace. Then E), is finite dimensional.’® Let N := dimg E) and let
{¢1, ..., ¢y} be aorthonormal (i.e., (¢;, ;)12 = 0;;) basis of E}.

Theorem 3.99 There exist constants o« > Qandr > QsuchthatV = (a¢1, e, Q qSN)
is a minimal isometric immersion of S™ into SN~'(r) C RV,

33 Cf. e.g., Theorem A.L4 in [BGM], p. 142.
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We shall need.

Lemma 3.100 Forany A € O(m + 1) thesystem{¢; o A : 1 <i < N}isanorthonor-
mal basis of E .

Proof An element A € O(m + 1) is thought of as a map A : $” — S™. We ought
to show that

(i)pioA e Eyforanyl <i <N,
(ii) (p; 0 A, @pj 0 A)p2 = d;j forany 1 <i, j < N.
As A is an isometry>*

A(gi 0 A)(p) = (Ai)(A(p)) = =X i(A(p)), peS”,

i.e., ¢; o A is an eigenfunction of the Laplacian. Next [by a change of variable
g = A(p) under the integral sign]

(¢ioA, ¢pjoA), = / (¢ipj) 0o Advy = /S ¢ dvy = (i, ¢j)r2 = 0ij -

sm

Q.e.d. That is, any orthogonal matrix A € O(m + 1) induces an isometry of E).

Let B =[] € O(N) such that ¢; o A = b'; ¢; or

poA=Bo, ¢:= (b1, ..., dn) . (3.118)

Lemma 3.101 For any p, g € §" and any X € T,(S™) and Y € T,(S™) there is
A € O(m) such that (d,A)X =Y.

The proof is straightforward.’® As B is an isometry
[(dg)Y || = 1(dgP)(dpA)X || = lldp(¢p 0 A)XI| = |ldp(B )X = [[(dpP) X,

i.e., [|(d,®) X || doesn’t depend upon the choice of X € T,,(S™) with || X || = 1. Hence,
there is a constant o > 0 such that

|dp(e)X| =1, pesS™, XeT,(S™, [X|.=1

Thatis g = (oz(bl, o' ¢N) : 8" — RV is anisometry. At this point we may apply
Theorem 3.98 to conclude that

54 Cf. e.g., [Hel], p. 387.
35 Cf. also [Ste], p. 105.



286 3 Isometric Immersions

ap: S" — SN1<\/?>

is a minimal isometric immersion. Q.e.d.

Definition 3.102 A map ® : R"*! — R is a homogeneous harmonic polynomial

(of degree k) if @ is a homogeneous polynomial ® € R[xl, ey xmﬂ] of degree k
such that Ag.+1® = 0. (Il
Here Agnn = — Y 9%/0x?2. We shall need.

Theorem 3.103 (i) Ler @ : R"*! — R be a homogeneous harmonic polynomial
of degree k. Then the restriction <1>| gn IS an eigenfunction of the Laplacian Agn
corresponding to the eigenvalue N\, = (k +m — 1)k.

(i) All the eigenfunctions and eigenvalues of Agn are obtained in this manner.

Cf. Proposition C.I.1 and Corollary C.1.3 in [BGM], pp. 160-162. As a conse-
quence of Theorem 3.99 one has N > n. A more precise statement is

N = dimg E), = (m:k)—<ml'{"ff'l>

Cf.[BGM], p. 162. Theorem 3.99 may be used to build examples of minimal isometric
immersions in spheres. The homogeneous polynomials of degree k = 1 are

H:R"™ SR, H@p, ooy Xmg1) = X1+ - St ] X1, (#1,---,um+1)€Rm+l\{0}-

Clearly any such H is harmonic. Hence Ay = m € Spec(S’”, A sm)- To determine an
orthonormal basis of the eigenspace E, C C*°(S™) we proceed as follows. We start

with the case k = 1, i.e., we look at the polynomials xi, ..., , X,;+1. Then for any
P # ]
(xi, )cj)L2 zfsmxixjdvg:/xi >0 x,-xjdvg+/xi <0 xix;jdvy=0
xes" xes"

1
||)c,-||2 = / xiz dvy = —— Vol(§") =: a’.
sm m-+1

So {(1/a)x; : 1 <i <m+ 1} is an orthonormal basis of E,,. By Theorem3.99
there exist constants o > 0 and » > 0 such that

¢ (xl, e xm_H) L 8" s R

a

is a minimal isometric immersion S — S™(r).
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Let us look at the case k = 2, and for simplicity let m = 2. Points in $> C R> are
denoted by (x, y, z). By Theorem 3.103 one has A\, = 6. The eigenspace E), of Ag
consists of the restriction to S? of the homogeneous harmonic polynomials

@ : R} > R, <l>(x,y,z):c1xy+czxz+c_zyz+04x2+05y2+c‘622, cie€R, cs+c5+c6=0.

Thus dimg E), = 5 and
{xy, Xz, Yz, x* - yz, x>+ y2 — 222} C E),

is a linear basis of eigenfunctions, whose elements are mutually orthogonal. More-
over, there is a > 0 such that

lxyll = llxzll = llyzll = a, |Ix* = Y =2a, [x>+y* —22%| =2v/3a.

Then [by Theorem 3.99]

1 1
@:%(xy, Xz, yz, E(xz—i-yz), m(x2+y2—2z2)) C 2S5 R

furnishes a minimal isometric immersion of S? in $*(r), with an appropriate choice of
the constants « > Oandr > 0. The constant a/a can be determined from the require-
ment that ® be an isometry. One starts with choosing an orthonormal basis in the
tangent space T(O,OE])(SZ). For & to be an isometry, the tangent vector (0®/0x)0.0.1
must be unitary. Then

(a(b) 2(v. 20 ! )=2(0.1,0000=>=1
- ==\, U x, ——=x)=—1\, I, U, U, - =
Ox /001 a ¥z V3 a a

so one chooses a = a. Here a was already determined e.g., a = ||x y||. Witha =a
one has

1 1 2 1 1
D12 =x2y* +x222 +y2 22 + Z<x2—y2)+ E(x2—|—y2—212) = E(xz—i-)iz—!—zz) =3

so the image of @ is contained in §*(1/+/3). We conclude that

D52 54(%),

D(x, y, z):(xy, Xz, Yz, %(x2+y2), %(xz—i-yz—Zzz))

is a minimal isometric immersion.
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We conclude the section with a few other examples. Let 7 : S> — R P? be the dou-
ble cover m(x) = [X], x € §2. Then 7 is an isometry. The map & : §? — S4(1/\/§)
in the previous example induces a minimal isometric immersion

RP? - §%, [x] —> % D (x),

known as the Veronese map. This map is also injective (i.e., an embedding). A
similar use of the covering map S* — R P* produces a minimal isometric immersion
RP? — R* known as the Veronese surface. Cf. also Safarevici [Saf], p- 72.

3.13 Harmonic Maps

Let (M, g) and (N, h) be two Riemannian manifolds, dim(M) = n and dim(N) =
m. We assume M is closed (i.e., M is compact and OM = ) and oriented. For the
sake of simplicity, both manifolds and their Riemannian metrics are assumed to be
smooth i.e., C*°. However, all considerations below hold if manifolds and metrics
are of class C°. Let (U, xi) and (V, y“) be local coordinate systems on M and N,
respectively. For every C? map f : M — N we adopt the notations

35 =9(50 507 )+ or = 503

. a a_afa . afa B k N
JrEye ) Ji = oxt’ f’”_ax"axf {ij}fk’

k1 ey ooy LOgik | Ogj  Ogij
{ij}_g el i, k}_2<3x/ + Ox'! axk>'

Definition 3.104 The energy density is the function

e(f): M —>R, e(f) = %Traceg (£*h). (3.119)

O
Locally [on U N f~1(V)]

-
() =597 17 £} (hapo f) (3.120)

where [g7] = [gi/]
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Definition 3.105 The energy of f € C>(M, N) is

E(f)=/Me(f)dvg. (3.121)

O

Here d v, is the canonical volume form on M, i.e., locally
dvy=gdx" n---Adx", g=det[g;].

Let f~'T(N) — M be the pullback of the vector bundle 7(N) — N by f : M —
N.Let V" be the Levi-Civita connection of (N, &), and let f~'V” = V/ be the con-
nection in the pullback bundle f~!T(N) — M induced by V" by f (the pullback of
the connection V"*). The connection V/ is most easily described in local coordinates,
as follows.

Definition 3.106 The natural lift of a tangent vector field Y : V. — T (N), defined
on the open subset V C N, is the section Y/ € C*(f~'(V), f~'T N) given by

Y/ (x) =Y, xef (V).

Let

N o .
Y, = (aya) eC¥(f7'(V), f'TN), l<as<m

be the natural lifts of the tangent vector fields 9/9y“. Then {Y, : 1 <« <m}isa
local frame in the pullback bundle f~!T (N), defined on the open set £~ (V). Then
V7 is locally given by

Vijon Ya = ({fv} o f) £ Y.

For every vector bundle E — M we denote by € (E) the affine space of all
connections in E. Also, if A4 is a bundle metric on E, let € (E, h) be the affine
subspace consisting of all D € €' (E) such that Dh = 0. Going back to the C? map
f:M — N,let f~'h = h/ be the pullback of & by f, i.e., locally

h' (Y., Y5) = hago f.

Then i/ is a Riemannian bundle metric on f~'7(N) and V/ € %(f’lTN, hf).
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For every tangent vector field X € X(M) let f, X denote the section in the pullback
bundle f~!7(N) defined by

(fe XD(x) = (dr ) Xz, x€M.

Let V be the Levi-Civita connection of (M, g).
Definition 3.107 The second fundamental form of f : M — N is

BUHX, Y)= VLAY — £,VxY, X, Y e X(M).

O

Remark 3.108 (1) If f : M — N is an isometric immersion then (( f) is its ordi-
nary second fundamental form.

(2) For every X € X(M), the quantity 3(f)(X, X) admits the following geomet-
ric interpretation. Let p € M and v = X, € T,(M). Let 7y : (—¢, €) — M be the
geodesic such that 7(0) = p and (dy/dt)(0) = v. Then (VxX), = 0 and

BN, v) = (V4 £, X)p = (v43)

where vf = f o~y. Thatis 3(f),(v, v) is the acceleration of the curve f o~y [the
image by f of the geodesic in M of initial data (p, v)]. (]

Definition 3.109 A map f € C®(M, N) is totally geodesic if 3(f) = 0. [

Theorem 3.110 A map f € C*®(M, N) is totally geodesic if and only if f maps
geodesics of M into geodesics of N.

Example 3.111 (1) Let f : R” — R™ be a C* map. Then f is totally geodesic
(with respect to the Euclidean structures of R” and R™) if and only if f is an affine
map, i.e., f(x) = Ax + bforsome A € 9, ,,(R) andsomeb € R™,andanyx € R".
The statement is proved by showing that f maps straight lines into straight lines.

(2) Let (M, g) and (N, h) be two Riemannian metrics, and let G and H be the
Sasaki metrics on T (M) and T (N), respectively. Let f : M — N be a C*° map, and
let

fs :T(M) > T(N), fi(v) = (drw flv, veTM).

By a result of Sanini [San], p. 61.

Theorem 3.112 Let (M, g) and (N, h) be two Riemannian manifolds, and let f :
M — N be a C* map. The following statements are equivalent

(1) f is totally geodesic as a map of (M, g) into (N, h).
@1i) fix : T(M) — T (N) istotally geodesic as amap of (T (M), G)into(T(N), H).
O
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Definition 3.113 The tension field of f is

7(f) = Trace, B(f) € C®(f'T(N)).
a

Definition 3.114 Let { f;}j < C C*(M, N) be a smooth 1-parameter variation of
fo=feC®M, N).Let F: M x (—e, €) — N be defined by

F(x,t)= fi(x), xeM, |t|<e.

The infinitesimal variation induced by {f};<¢ is the section V € C* (f’lTN)
defined by

P
V(x) = (du.o) F) (5)()6 Loorem

O
Theorem 3.115 Let { f;}j/<c C C*(M, N) be a smooth 1-parameter variation of
fo=fe€eC®M, N). Then

d |
e} = —thf(T(f), V)dv,. (3.122)

Definition 3.116 Equation (3.122) is the first variation formula. [

Proof of Theorem3.115 Let us set M = M x (—e, ¢) and let us consider the injec-
tions 3
a M—-> M, ox)=(x,1), xeM, |t|<e.

For every X € X(M) let X € }:(A;I) be defined by
Xo.n = (da) Xy, (x, 1) € M.

Let F~'T(N) — M bethe pullbackof T(N) - Nby F : M — N.Leth” = F~'h
and V¥ = F~'V" be respectively the pullback of # and V" by F, so that V¥ ¢
C(F'TN, h"). Let x € M and let {E; : 1 <i <n} be a local g-orthonormal
lie., g(Ei, E;) = 6;;]in T (M), defined on the open set U C M with x € U. Then
for every |t| < €

(Tracey (1)) ) = S M Er ), = 3 o (s ) Erv, (s ) Er ) =

i=1 i=1
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las f; = F ooy => d. fy = (dix.n F) o (drcy)]

n n
= Z hp, t)((d(x,t)F) E(x,t)v dunF) E(x,z)) = ZhF(F* E;, F, Ei)(x,,)

i=1 i=l
that is n
[Traceg(ﬁ*h)]x =Y h"(F.Ei, F. Z

i=1
for any (x, r) € U. Let U =U x (—¢, ) and let Y M — R be the function given
by
1
o, 1) = ETraceg(fl*h)x, xeM, |t]<e

Then, at each point of U

9p _ 1
Ot 24— ¢

[as VFRF = 0]

= h"(VyF. Ei, F.E) =
i=l1
d

(a5 Vo Fufr = VE F*(E

) + F, [g, E,-] (because V" istorsion-free), and [%, IZ",-] = O]

0

- (sir(2) r8) -

[by setting V := F, (0/0t) € C*°(F~'TN) and using again VF1* = 0]

— gw(vgw, F.Ei) = Z [E,(n" (v. R ) 0" (v. VERE)).

So far, the following identities were used in the calculations (whose proofs are left
as an exercise to the reader)
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Exercise 3.117 Show that, for every X € X(M)
() VERF =0,

Q) Vho FX = V}:F*(g) +F, [Q 5(]

Ot ot’
3) [% )2] —o.

To proceed, we need the following:

Lemma 3.118 Let X € X(M) be determined by
9(Xs. X)=h!(V, £.X), X e€X(M).

Then, for any x € U

DR ), =00 £ W (V. S55E,

i=1 ' i=1
Proof For any (x, t) € U

Zn:Ei(hF(V’ )(x ) ZEI &0 (hF ))

i=1

n

i=1

Exercise 3.119 Show that

293

(3.123)

(3.124)

; @ E; ) (h (¥, F*E,-)>(x!t) = Zn:E,,x(hF(V, F.E)oa)).

WV, FX)oag=h! (V. £.X). W (V. VEE.7)oay=h!(V, V{£Y).

for any X, Y € X(M).
Next (for t = 0)

n

Z ( )>(x 0 ZE[ (hf(V, f*Ei))x -

i=l i=1

O
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[by (3.123) and Vg = 0]

n

= Y Eo0 E0), = Y |o(Ve Xy E) + (X, Vi) =

i=1 i=1
=div(Xs) + > _h' (V. AVEE),.
i=1
Q.e.d. Then

—(x 0) = div(X), th (V. Vi f.Ei — VR E;), =
i=1

= div(X/), th L BUE:, ED), =div(Xs), —h/(V, 7(),

for every x € U. Finally [by Green’s lemma]

d Op
E{E(f,)},:():/ME(x, O)dv,,=—/th(v, () dv,.

Q.e.d.

Let f : M — N be a C* map of Riemannian manifolds, and let (U, x') and
(V, y9) local coordinate systems on M and N such that f(U) C V. Let us consider
the functions 7(f)“ € C*)U) given by

()" = Af"+g" ({JO‘A} 0 f) 71 (3.125)

Exercise 3.120 Show that

T(fx =7(H*X) Yalx), xeU.
|
Definition 3.121 A C*® map f : M — N is said to be harmonic if 7(f) =0. U

By the first variation formula.

Corollary 3.122 Let f : M — N be a C* map of Riemannian manifolds, with M
closed and orientable. The following statements are equivalent
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(1) f is harmonic.
(ii) For every smooth 1-parameter variation { fi}j<c C C*(M, N) of fo = f

%{E(f,)} = 0.

t=0

(iii) For any local coordinate systems (U, x') on M and (V, y*) on N with
fU) C V the functions f* = y“ o f satisfy

A+ g7 ({j;} of) ff=0
inU.

Example 3.123 (1) Let / = (—¢, €) CR,e > 0,and let f : I — N be a C*™ map
into a Riemannian manifold N. Then 7(f) is the acceleration of f, so that f is
harmonic if and only if f is a geodesic in N.

(2) Let M and N be Riemannian manifolds, with N flat. Then N admits a C*°

atlas 7 such that for any local chart (V, y*) € o with { VQU } = 0 and then

T(f)* = —-Af" (3.126)

forany f € C*°(M, N). In particular, if M is compact then f is a harmonic map if
and only if f is constant.

(3) For the next example we need to recall a few notions from the theory of Rie-
mannian submersions, cf. e.g., O’Neill [One]. Any submersion f : M — N is an
open map. In particular f (M) is an open subset of N. A submersion between equi-
dimensional [i.e., n = dim(M) = dim(N) = m] manifolds has discrete fibers. Let
(M, g) and (N, h) be two Riemannian manifolds (n > m) and f : M — N a sur-
jective C* submersion. The vertical space at p € M is V,, = Ker(d,, f) and the hori-
zontal space at p is the orthogonal complement H,, = VpL in the inner product space
(T,(M), g))- Then V:peMw—V,CT,(M)and H:pe M+ H, CT,(M)
are C* distributions.

Definition 3.124 f : M — N is a Riemannian submersion if

9p(v, w) = hy)((dp v, (d,Hw), v, weH, peM. (3.127)
0

The example we aim to present is furnished by:

Theorem 3.125 A surjective Riemannian submersion f : M — N is a harmonic
map of (M, g) into (N h) if and only if every fiber f~'(y), y € N, is a minimal
submanifold of (M, g).
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(4) Let G and H be two Lie groups, equipped with bi-invariant Riemannian
metrics, and let f : G — H be a group homomorphism and a C* map. Then f :
G — H is a harmonic map (cf. e.g., [EeSa], p. 118).

(5) Let M and N be two Riemannian manifolds, and f : M — N a C* map. Let
p e M and let (U, x') and (V, y) be local systems of normal coordinates on M

and N, of centers p € U and f(p) € f(U) C V. In particular {jlk }(p) =0 and

{60;}(]”(;7)) = 0. Then

n 62(1

(D =2 5 P> (3.128)
i=1

g
Theorem 3.126 Let M EEN N longrightarrow P be C*™ maps of Riemannian
manifolds. If g is totally geodesic and f harmonic then g o f is a harmonic map.

Let f*3(g) be the field of bilinear forms on 7' (M) defined by

(f*ﬁ(g))p(v, w) = B9 rip ((dp v, dpHw), v, weT,(M), peM.
Theorem 3.126 is an immediate consequence of

Lemma 3.127 Let M BN N -L P be C™ maps of Riemannian manifolds. Then
(g )y = pa)T()), + Trace, {[* ()} . pe M. (3.129)
Proof Let (U, x*), (V, y*), and (W, u®), be local systems of normal coordinates

on M, N and P respectively, of centers p € U, f(p) € f(U) C V,and g(f(p)) €
g(V) C W. The convention one adopts as to the range of indices is

i, j, k,...€ {l, n} a, B,, - € {1, m} a, b,c, ... € {1, p}.
Then o f) e 5o
go g
—_— Y = - 1
Oxt (aya Of) O ’ (3 30)
62(gof)a aga afa 6fo' aga aan,
= . 131
dxi Ox (aya dy” °f) ox ox T (aya °f) dxi Ox G-13D)
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Let us contract i and j in (3.131) so that to obtain

n 9g® 82 « ofo dg
o =21 8y(f’ay0 (f(p) a}{, ) aﬁ —(p) + ai’u
i=1

aZfa
a(x)?

(F») 5] =

= {(df(p)g)T(f)p + éﬁ(g)f(p)((dpf)(%>p’ wpf)(%)p)}a '

Q.ed.

3.13.1 Harmonic Maps of Spheres

Definition 3.128 A polynomial harmonic map is a map ® : R” — R™ such that
every component “ : R” — R is a harmonic homogeneous polynomial of some
degree k. O

Let ® : R" — R™ be a polynomial harmonic map. The components ¢“ of ¢ =
®|,, are eigenfunctions of the Laplacian Ag.-1 corresponding to the eigenvalue
k(k +m —2).

Theorem 3.129 Let @ : R" — R™ be a polynomial harmonic map. Let us assume
that ® descends to amap ¢ : S"~' — §" 1 ie, CD(S”_l) C §™1. Then ¢ is har-
monic.

Proof Leti: §"! — R™ be the inclusion, so that ® =i o ¢. The target space is
Euclidean, so that [ @ ] = 0. Hence
oA

T(i09), =Ag(iog), pe st (3.132)

Also, for every orthonormal basis {e; : 1 <i <n —1} C T,,(S”“)

n—1

7 0 0)p = (dopyi) 7@ + Y Boin (dpd)ej. dpdle;) — (3.133)

Jj=1

where (dy(,)i)7(¢), is tangent to Sm=1 at ¢(p). Moreover, as i : "' — R"
is an isometric immersion, (3(i) is its second fundamental form. It follows that
ﬂ(i)@(p)((dpcb)ej, (dqu)ej) is orthogonal to S~ at ¢(p). Formulas (3.132)—(3.133)

imply
T
o) (@) = | (Asi G0 0), ] (3.134)
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Here u" is the component of u € T, (R™) tangent to S™~! with respect to
Ty R™) = Ty (8™ 1) & Ny (S"71)
[and Ny (S™1) = Ty (S™~1)* is the normal space]. There is A € R such that
Agi-i(i o) = A (i 0 @). (3.135)
Then [by (3.135)] Ag1(i o ¢) is orthogonal to S”~!. Consequently [by (3.134)]

(dp(pyi) T(®), = 0,i.e., 7(¢), =0 forany p € S"!. Q.e.d.

Theorem 3.129 prompts the natural question of looking for harmonic polynomial
maps that descend to maps between spheres.

Example 3.130 Let® : C — C, C ~ R?, be the map given by ®(z) = z¥, for some
fixed k € N. For instance, if k = 2 then & is the map

D, y) = (x2 —y% 2x y).

As @ is holomorphic, its real and imaginary parts are harmonic functions. Hence
® is a polynomial harmonic map of degree k. Note that ® descends to the map ¢ :
S — S!, ¢(z) = z*, which is harmonic by Theorem 3.129. The map ¢ : §' — S!
may also be thought of as the geodesic [0, 27) — S!, 0 — exp(kif), i = /—1.
¢ wraps S I around itself k times, i.e., its Brouwer degree is k. One may also look
at the case k € Z, k > 0, and then one obtains a harmonic map ¢ : S I S! which
inverts the orientations (and has Brouwer degree k). Actually, all homotopy classes in
the fundamental group 71 (S') contain harmonic maps (since 7 (S') ~ Z identifies
every homotopy class with the Brouwer degree, cf. e.g., [Dol]). ]

Definition 3.131 An orthogonal multiplication is a R-bilinear map f : R? —
R? — R” such that

If G, I = lIxlliyll, xeR”,yeR?. (3.136)

O

Theorem 3.132 Let f : R" — R”™ — R”" be an orthogonal multiplication, and let
us consider the map ® : R>" — R"*!

O(x, y) = (IxI* = Iyl 2 £(x, ¥).

Then ® is a polynomial harmonic map of degree 2, that descends to a map ¢ :
§2m=1 5 §n,

Proof The first component of &

@' (x, y) =i+ ap = ()
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is a harmonic homogeneous polynomial of degree 2. Here x = (x1, ..., X,). As f
is R-bilinear there exist a;‘j € R such that

fox, y) = Z aixiyj, 1<a<n.

1<i, j<m

Therefore the last n components of ® are harmonic polynomials (homogeneous of
degree 2). Thus @ is a polynomial harmonic map of degree 2. Finally [by (3.136)]

2
1D e, W7 = Ixl® = Iy I* + 417 DIP = (1P + 1y1%)" =1

for any (x, y) € §?"~!. Hence ®(S>"~!) C §", i.e., ® descends to a harmonic map
¢: 821 5 8" Qed.

Example 3.133 Let f : R x R — R” be the multiplications of real numbers, of
complex numbers, of quaternions, and of Cayley octonions. If m = 2, i.e.,

fiCxC—-C, (z,wrzw, z, weC,

then |zw| = |z| |w], i.e., f is an orthogonal multiplication. By Theorem3.132 (i.e.,
the Hopf construction) one obtains the map

¢:8 - 8 ¢ w) = (lzI° — lwl’ 2zw), (2, w)e S CR*~C*.

Then [by Theorem3.132] ¢ is harmonic (¢ is the Hopf fibration). The homotopy
class of the Hopf fibration ¢ : $> — $? is a generator of 73($?) =~ Z. The follow-
ing general problem springs from the example at hand: build harmonic maps that
represent each r € Z >~ 3 (Sz). The problem is open.’® By a result of A. Ratto (cf.
[Rat]) each element of 73 (S 2) =~ 7 can be rendered harmonic, i.e., admits a harmonic
representative, provided that the domain S3 is endowed with a suitable Riemannian
metric.

If m = 4 the quaternion multiplication f : H x H — H (H ~ R*) is an orthogo-
nal multiplication. By the Hopf construction, one obtains the Hopf fibration S7 — S*,
which is a harmonic map.

If m = 8 the multiplication of Cayley octonions f : O x O — O, O ~ R8, is an
orthogonal multiplication hence it provides the Hopf fibration §'°> — S%, which is
a harmonic map. The Hopf fibrations §3 — S, §7 — §4 and S — S® are also
Riemannian submersions with totally geodesic fibers (cf. e.g., [EeLe]). [l

36 Solutions are known for r = k2 and particular values of k € Z.
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Definition 3.134 A harmonic polynomial P : R” — R of degree k is said to be an
eikonal if
IVPIE = Ix]*7%, x eR". (3.137)

([l
Here VP = (Px], e, me).

Theorem 3.135 If P : R" — R is an eikonal then VP : R™ — R" descends to a
harmonic map S"~' — §"~1

Proof VP is a polynomial harmonic map of degree k — 1. It descends to a map
§m=1 — §"=1 to which Theorem 3.129 applies. Q.e.d.

Theorem 3.136 Letv € {1, 2, 4, 8}. Let us considerthemap P : R3v+2 R given
by
P, v, X, Y, Z) =u>—3uv’ + (3.138)

+ %u(XY+ YY —2ZZ) + S*T@ (XX - YY) + 3\T@(XYZ +ZYX),

M,UGR, X,Y,ZGRV,

i.e, X, Y, Z belong to one of the following fields {R, C, H, Q}. Then P is an
eikonal of degree 3 and hence ® = VP : R¥*? — R¥*?2 descends to a harmonic
map ¢ : ST - §¥F y e (1, 2, 4, 8).

An overbar denotes conjugation in C, or H], or O (and the identical mapping of
R). The expression (3.138) comes from the theory of isoparametric functions, cf.
§ 3.13.5 below. Cf. also Baird [Bai].

3.13.2 Fundamental Problems in the Theory of Harmonic
Maps

The following fundamental problem arises in the theory of harmonic maps of Rie-
mannian manifolds (cf. e.g., [EeLe]).

Problem. Let M and N be two Riemannian manifolds, with M connected. Given
a continuous map ¢y : M — N, is there a harmonic map ¢ : M — N homotopic to

@0?

Any continuous map M — N is homotopic to some C* map M — N. More-
over, if ¢y, ¢ : M — N are homotopic and smooth, there is a smooth homotopy
deforming ¢y into ¢;. Let [M, N] denote the set of all homotopy classes of maps of
M into N. The fundamental problem states at the beginning of the present section
admits the following reformulation.
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Problem. Given two Riemannian manifolds M and N, with M connected, and
given a homotopy class H € [M, NJ, is there a harmonic map ¢ € H?

If such ¢ € H exists, it is said to be a harmonic representative of H. A partial
answer to the fundamental problem above is provided by Eells and Sampson [EeSa].

Theorem 3.137 Let M and N be two compact and connected Riemannian man-
ifolds. If N has sectional curvature Riem(N) <0 then every homotopy class
H € [M, N]admits a harmonic representative ¢ € H. The harmonic representative
¢ € H is uniquely provided that Riem(N) < 0.

We give a hint to the proof.>’

Lemma 3.138 Let M and N be two Riemannian manifolds, with M compact and
connected. Let ¢ be an absolute minimum of the energy functional E : C* (M, N) —
R within its homotopy class, i.e., E(¢) < E() for any ¢ € C*®°(M, N) homotopic
to ¢. Then ¢ is harmonic.

Proof Let {¢;}1,<1<1, (to < 0 < t;) be a smooth 1-parameter variation of ¢y = ¢. By
hypothesis E(¢) < E(¢,) for each value of the parameter ¢. Hence the one real vari-
able function (fy, t;) — R, 7 — E(¢;), has a minimum point at ¢t = 0. The function
t — E(¢,) is also differentiable, and + = 0 is an interior point of its domain, hence

{d E(gbf)/d t} . =0, i.e., ¢ is harmonic. Q.e.d.

1=

Let {¢;};>0 be a smooth 1-parameter family of C* maps ¢, : M — N. By the
first variation formula

%{E(éz)} = —/Mh@ (T(qb,), Voa,) dv,, (3.139)

0
Ve = (de.n ‘D)<E>W)7 D(x, 1) = ¢ (x).

One often adopts the (a bit ambiguous) notation V =: 0¢, / Ot. Should a choice of
¢, be feasible such that
O

L _r(@)=0. 10, (3.140)

d
then (3.139) would imply — {E ((;Sl)} < 0, that is to say the energy decreases [and

d E(¢,)/dt =0 if and only if 7(¢,) = 0, i.e., a harmonic map has been reached
already]. Therefore, the proof of Theorem3.137 amounts to the determination of
a solution ® : M x [0, 4+00) = N, O(x, 1) = ¢,(x), x € M, t > 0, to the heat
equation for harmonic maps, i.e., Eq. (3.140) with initial condition ¢y = ¢.

Let Riem(N) denote the sectional curvature of N. Under the assumptions of
Theorem 3.137 [i.e., if M and N are compact and connected and Riem(N) < 0] for

57 Which is rather involved. For details one may see [EeSa].
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any continuous map ¢ : M — N there is (by a result of Eells and Sampson [EeSa])
a solution ® to (3.140) with ®(x, 0) = ¢(x), x € M, and ¢, tends for t — oo to a
harmonic map that is an absolute minimum [for the energy E] within its homotopy
class. The proof relies on the theory of parabolic systems of PDEs (cf. e.g., Friedman
[Fri]). For the last statement in Theorem 3.137 one may also see Hartman [Har].

We end the section with the following remark. Let us recall that [S s '] ~
7 (to every map one associates its degree). Indeed two maps ¢, ¥ : §' — S§' are
homotopic if and only if ¢ and ¢ have the same degree. Let H € [S s 1] be the
homotopy class of maps of degree k € Z. By Theorem 3.137, as Riem(S') = 0 the
class H, must contain a harmonic representative. Indeed, as previously shown the map
S — S',0 + k6 isaharmonic representative of Hj. Itis a natural question whether
one may find a harmonic representative in every homotopy class H € [$2, §?].

3.13.3 Lichnerowicz Theorem

Let (M, J, g) and (N, JY, h) be two Kihlerian manifolds, and let f:M — Nbe
a C*™ map.

Definition 3.139 f : M — N is holomorphic if
dcf)ody =Ty oW f), xeM. (3.141)

O

Let p € M and let (U, z/) and (V, w®) be local systems of complex coordinates
on M and N suchthat p € U and f(U) C V. Also, let (V, w®) be chosen such that
fe(p) =0 [where f*=wo fland I'}, (f(p)) = O where

0 0

N _ 1«
)7 =
d/0w Sw oA dwe

[T, » are the only surviving complex components of the Levi-Civita connection V¥
of (N, h)].

Theorem 3.140 Let (M, J, g) and (N, J N h) be two Kdihlerian manifolds, and
let f € C®°(M, N).If f : M — N is holomorphic then f is harmonic.

Proof Let z/ = x/ + i y/ be the real and imaginary parts of z/. Then

o n a2fa 82fu _1 n aZfa B
() = Z{a(xf)2 + 8(yf)2} =20 Sgs =" (3.142)

=1 j=1

because of f = holomorphic == 9 f“/07 = 0. A similar argument yields 7( f)® =
0. Q.ed.
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Let (M, J)be acomplex m-dimensional manifold, and let 7 (M) ® C be the com-
plexification of its tangent bundle. Let us extend J : T(M) — T (M) by C-linearity
to an endomorphism of J© of T(M) ® C. Then (JC)2 = —1I hence Spec(J€) =
{£i},i = =1 LetT"O(M) = Eigen(J(C, —I—i) be the holomorphic tangent bundle,
and T%!'(M) = T'.0(M) (an overbar denotes complex conjugation). Let ¢g* be the
C-linear extension of the metric g to T (M) ® C, and let us consider the Hermitian

form .

(A, B) = gC(A, B), A, Be C°°(T(M) ® (C). (3.143)
Let Q(X, Y) =g9(X, JY), X, Y € X(M), be the Kdhler 2-form of (M, J, g), and
let QC be the C-linear extension of Q. It is customary to drop the upper index C (that
is we shall not distinguish notationally between tensor field of sorts, e.g., g and €2,

and their C-linear extensions). Let (U, z/) be alocal system of complex coordinates
on M and let us set

_8 7.
i = a0 '

for the sake of simplicity. Let us set as customary
g1=9(Z;. Z) =(Z;. Zi), Q1 =(Z;. Zz),

so that
QjEZ—igj;. (3.144)

Let (N, JV, h) be another Kihlerian manifold, and let ¢: M — N beaC*™ map.
LetdS f : T.(M)®c — Ty (N)®c be the C-linear extension of d, f : T, (M) —
Tr(x)(N). By taking into account the decompositions
TMQC=T"M)eT" (M), TIN)@C=T""(N)®T" (N),
one may introduce natural maps
Of : THOM) — f7ITYOWN), Of : THM) — f7ITH (),

Of : T (M) — fTITVN), Of - T (M) — f7IT ().
For instance 0 f is defined as the commutative closure of the diagram
TOM) < TOM ST M) = TM)®C
of ¥ Ldof
()

W) = Wy e 10NN = YT (V) ® C
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Herei : T"%(M) — T (M) ® C is the inclusion, 7':* : T(N) ® C — T o(N) is the
: 1.0

projection, and (771’0))’: =7 for any x € M. Then f is holomorphic
— Jf =0.
Definition 3.141 f : M — N is said to be anti-holomorphic if 0 f = 0. ]

Let |10 11, ||5f|| : M — [0, +00) be defined as follows. Let p € M and let
(U, 7/) be alocal systems of complex coordinates with p € U. We set by definition

1071, = " @) har (F o) 17D T D). (3115 = 9™ 2 has (£ (P)) £ D) FT D) -

The definition doesn’t depend upon the choice of local complex coordinates about
p- The functions f;* and ff(’ are determined by

— 0
O Z; =63 War Of) Z5= 6 Wa, Wa= 5.
We adopt the customary notations
1 —
()= IdfIP. e =lor]’ ¢ =[arl].
so that
e(f)=¢e(f)+e'(f). (3.145)

Let us also set

E'(f) = / d(f)dvy E'(f) = / (f) dv,,
M M

sothat E(f) = E'(f) + E"(f).

Theorem 3.142 Let M and N be Hermitian manifolds, with M compact, and let
f M — N beaC*® map. Then f is holomorphic (respectively anti-holomorphic)
if and only if E”(f) = 0 (respectively E'(f) = 0).

The proof is straightforward. The remainder of the section is devoted to a cel-
ebrated result by Lichnerowicz [Lic]. Let ¢ : M — N be a C* map of Kihlerian
manifolds, and let us set

k(¢) =€ (¢) —e"(9), K(9)= /Mk(cb) dvy,

so that K (¢) = E’(¢) — E"(¢).

Theorem 3.143 Let M and N be two Kiihlerian manifolds, and let ¢, : M — N be
a smooth 1-parameter family of C* maps. Then the function t +— K (¢,) is constant.
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We shall need
Lemma 3.144 Let f : M — N be a C* map of Kdhlerian manifolds. Then

k() = (@Y, ¢*Q"). (3.146)

Here QM and Q" are the Kihler 2-forms of M and N. The proof is straightforward.

Lemma 3.145 Let ¢, : M — N be a smooth 1-parameter family of C* maps. Let
Q be a closed 2-form on N. Then

0 * _ B 8¢T
) =a(er(512)) (3.147)
For a proof one may see [Lic], p. 49.

Proof of Theorem 3.143 By (3.146) together with (2.7.11) in [Gol], p. 70
k(g)ydvy = (@Y, ¢*QY) dv, = Q" A x(¢*Q").
Next (as the Hodge operator * possesses the property (iii) in [Gol], p. 70)
k(g)d v, = (¢* QY) A xQM. (3.148)
Let us integrate in (3.148) so that to obtain
K (1) — K(¢o) = / (¢’; QN — ¢ QN> AxQM . (3.149)
M
Let us set by definition
a—/lqﬁ*{%JQN}dt
S Lo '
Then [by (3.147)]
* N * N 1 0 * ON
pr QN — gr N =€l EM Q }dt:da

hence (3.149) becomes [by the theorem of Stokes® together with

M~ __ 1 Mym—1 _
d(+Q )_d{i(m_l)!(sz ) =0

(because of d QM = 0)]

38 Cf. e.g., Boothby [Boo], p. 257.
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K(¢1) — K(¢p) = / (do) A QM = f darxQ")=0.
M M

We have shown that K (¢g) = K (¢). The same arguments, starting with the interval
[0, £] rather than [0, 1], lead to K (¢9) = K (¢,) hence the function ¢ — K (¢,) is
constant. Q.e.d.

Corollary 3.146 Let M and N be two Kdihlerian manifolds, with M compact, and
let  : M — N be a holomorphic (or anti-holomorphic) map. Then ¢ is a harmonic
map and an absolute minimum within its homotopy class.

Proof Lety : M — N be a smooth map homotopic to ¢. Then
E@)=E'W)+E"(W)) = |[E'Q) — E'"(W)| = |[KW)| = |[K(#)].

For the last equality we made use of Theorem 3.143 and of the possibility to choose
a smooth homotopy between ¢ and . Then (by Theorem 3.142)

E'(¢) if ¢ isholomorphic
E@) = |E'(¢) — E"(9)| = =E'(9) + E"(¢) = E().
E"(¢) if ¢ is anti-holomorphic

Q.e.d.

3.13.4 Harmonic Maps of Surfaces

Let M = N = S? be equipped with the standard Kihlerian structure. The Riemann
sphere S is identified (by the stereographic projections) to the extended Gauss plane,
i.e., S? >~ C U {0}, and we consider the holomorphic map ¢ : §? = 82, 6(2) = 7%,
k € Z4. Then ¢ is (by Corollary 3.146) a harmonic map and an absolute minimum
within its homotopy class.

We need to recall a few notions about degrees of maps f :S" — S§". Any
group endomorphism ¢ : Z — Z is determined by an integer number d € Z, i.e.,
¢(x) =dx, for any x € Z. Let us apply this observation to the homomorphism
fo: H,(S") = H,(S") induced by f on (reduced) homology. As H,(S") ~ 7 (cf.
e.g., [Dol], p. 56) there is a unique integer number deg(f) € Z (the degree of
f 8% — §?) such that f,(x) = deg(f) x.
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The harmonic map
$:8%— 8% z+75 zeCU{oo)~S% keZ, (3.150)

has degree deg(¢) = k. We recall that given ¢, ¢ € [S?, §?],if ¢ ~ 1) thendeg(¢p) =
deg(2)), cf. e.g., [Dol], p. 63. Therefore deg : [Sz, Sz] — Zis a bijection. Note also
that the map

p:8?— 8 75 zeCU{oo)~S% keZ, (3.151)

is anti-holomorphic and has degree —k. We may conclude that all classes of homo-
topy H € [S?, $?] admit harmonic representatives. It should be observed that,
although Riem(S?) > 0 (and Theorem 3.137 doesn’t apply) the fundamental problem
in Section § 3.13.2 is at this point solved (for M = N = §?).

Let M and N be two compact, connected, oriented differentiable manifolds such
that dim(M) = dim(N). Let ¢ : M — N be a smooth map, and let y € N be a
regular value of ¢. Then ¢~!(y) is a finite set ¢~ (y) = {x1, ..., x}. Forany x; €
¢~'(y) the differential d,, ¢ either preserves or reverses the orientations. We set by
definition sign(x;) = +1 if d,, ¢ is orientation-preserving, and sign(x;) = —1if dy, ¢
is orientation-reversing. Also, we define

deg, ¢ =Y sign(x). (3.152)

xi €71 (y)

‘We need to recall the following facts (cf. e.g., [Spi], vol. I, p. 372). The integer number
deg, ¢ doesn’tdepend on the choice of regular value y € N, so the following notation
is legitimate

deg (¢) =deg, ¢ (3.153)

where y € N is an arbitrary regular value. Also, the number deg(¢) depends only
on the homotopy class [¢] € [M, N], hence it determines a well-defined map deg :
[M, N] - Z.

The proof of the fact that the map (3.150) deg(¢) = k relies on the following:

Lemma 3.147 The only critical points of ¢ : S*> — S?, z +— z, may be 0 and oo.
If k = 1 then ¢ has no critical points.

Hence the critical values of the map may be 0 and co. Let w € C U {00} =~ §? such
that w # 0 and w # oo. The equation z¥ = w has k solutions. As ¢ is holomorphic,
d, ¢ is orientation-preserving for any non critical point z. It follows that deg(¢) =
deg, ¢ = k (because w has k counter images, and for any counter image z € ¢~ (w)
one has sign (z) = +1.

Similar arguments show that the map (3.151) has degree deg()) = —k. Ifk =0
then ¢ is constant. Hence deg(v)) = 0, because each w # 1 is a regular value having
0 as a counter image.
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Let M and N be two compact, connected Riemann surfaces of genus 1. Any
compact, connected, oriented Riemann surface M is homeomorphic to a sphere with
p handles, p € Z, (p is the genus of M). In the sequel we look at harmonic maps
¢ : M — N. Note that

M ~ C/T (abiholomorphism), T ={Aje;+ Aex : A, A\ € Z},

where {e|, e,} is a R-linear basis of C. A special case is got fore; = (1,0) and e, =
(0, 1):if C/ T is equipped with the standard metric then M ~ S' x S' (anisometry).
Letnow M = N = S! x S! with the product metric. Thendeg : [M, N] — Zisonly
surjective (it is not injective), cf. e.g., [EeLe]. In turn

[§'x S, S'xS'|~Z@®ZSZDZ (abijection). (3.154)
Indeed, if ¢ : S' x S! — §' x S!is a continuous map, let
Gsimi (St x SN > m (St xS, m(S'xS)xZ@Z,
Ou(r, ) = (ar+bs, cr+ds), (r,s) eZ®Z.

The integer numbers a, b, ¢, d € Z depend on ¢ and on the isomorphism 7 (Sl X
Sl) >~ 7 & Z. The bijection (3.154) is then [¢] — (a, b, ¢, d).

Exercise 3.148 Compute deg(¢) in terms of the integer numbers a, b, ¢, d. ]

Example 3.149 (1) The map
d:S'x St Stx S ©, ) — (a@—i—bw, c@—i—dw)

is harmonic and belongs to the homotopy class determined by (a, b, ¢, d) € Z*.
Here 6, ¢ € R/(27Z) ~ S'. Actually ¢ is totally geodesic (i.e., 3(¢) = 0). Indeed
the map

® : R* > R?, x, Y+ (ax+by, cx+dy),

descends to ¢, i.e., the following diagram

R2 2 R2

T Ny
S1x st 25 st x st

is commutative, where 7 : R> — §' x S! is the direct product of two copies of
the canonical projection R — R/(27Z) ~ S!. Finally, ® is linear and hence totally
geodesic. Note that ¢ isn’t holomorphic, in general.
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(2) The map
6:S'x S'—> S'x S, (@, ) — (20, V)

is harmonic yet it is neither holomorphic nor anti-holomorphic. Indeed, ¢ is not
conformal, since

Jiaor 351 =2 o

(3) The map (0, ©) — (26, 21)) is holomorphic, conformal

o) o] = o) ], (o = @) —¢> =
and orientation-preserving. Note that the map in question descends from the holo-
morphic mapping C — C, z — 2 z. O

Through the remainder of the present section, we quote a few results on harmonic
maps ¢ : M, — N,, where M, and N, are two compact Riemann surfaces of genus
p € Z., equipped with Hermitian metrics.

Theorem 3.150 Every harmonic map ¢ : My — Ny is either holomorphic or anti-
holomorphic. There are no harmonic maps ¢ : My — My such that deg(¢) € {£1}.

Cf. Eells and Wood [EeWo]. It should be observed (cf. e.g., [EeLe]) that the
map deg : [M,, My] — Z is a bijection; the elements of*® [M,, Mo] are classified
because of 7 (52) = 0.

Theorem 3.151 Every harmonic map ¢ : M, — Mo with |deg(¢)| > pisholomor-
phic, or anti-holomorphic.

A complete knowledge of the holomorphic maps ¢ : M, — M comes from the
theory of Riemann surfaces. Little is known on the case |deg(¢)] < p, cf. §11
in [EeLel].

Using the last quoted result, we may give a proof of the non-existence of harmonic
maps ¢ : My — M, with deg(¢) = 1. We argue by contradiction. If ¢ : M| — M,
is a harmonic map with p = 1 = deg(¢) then ¢ is holomorphic.%® Yet there is no
holomorphic map ¢ : M; — M, with deg(¢ = 1, for such a map would have no
ramification point.®! In a sufficiently small neighborhood of a ramification point,
every point has at least k > 2 counter-images, for ¢ is locally of the form z > z¥,
k € {2, 3, ---}. It then follows that ¢ is locally biholomorphic, a contradiction.®?

3% One has My ~ S? (an isometry, where S? is equipped with a non standard metric).

%0 As deg(¢) > 0 the map ¢ cannot be anti-holomorphic.

61 That is no critical point (here the two notions coincide).

62 Indeed, it follows that M is a covering space of My, yet every covering space of My ~= S2 is S2.
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3.13.5 Isoparametric Functions

Let (M, g) be a real space form, i.e., a Riemannian manifold of constant sectional
curvature.

Definition 3.152 A C* map is a isoparametric function if there exist two smooth
functions ¢, 1) : R — R such that

ldf1> = o f. (3.155)
Af =vo f. (3.156)
0

Theorem 3.153 Let (M, §) be a n-dimensional Riemannian manifold, and let f :
M — R be a smooth map obeying to (3.155)—(3.156). Let ¢ € f(M) be a regular
value of f, and let M. = f~'(c). Then M. has constant mean curvature |H|.

Proof One has
T.(M;) = {ceT«(M) : v(f) =0}, xeM,.
Let & = ||df||”' Vf.If X € X(M,) then
g(X, & = ldf I~ g(@f), X) = ldf1I~" X(f) =0,
i.e., £ is a unit normal field on M.. By Weingarten’s formula
Vx& = —AcX,

where V is the Levi-Civita connection of (M, g). Let {E;, ..., E,_;} be a local
orthonormal frame of 7'(M,), defined on some open subset U C M,. Then

n—1 n—1

llH”:n 1 T Trace (Ag) = n—il Zg(AfEi’ Ei) = _ﬁ Z?(inf, Ei) =
i=1 i=1
1 n—1
= ——— Y {las17 5(@nt E) + EdFI7) 5(@hr E)f =
i=1

n—1
= LI Y (Vedf)E,

n
i=1

as E;(f)=0,1 <i <n— 1. Finally
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1#1 = —— af1~ {av(V7) — (Vedr)e]

hence

Af B
(n=DlldflIl n

Cf. Nomizu [Nom1,Nom?2].

IH| = —

1 _
— Idf 17" (Vedf)e. (3.157)

Lemma 3.154 The integral curves of € are geodesics in (M, §) i.e.
Ve& = 0. (3.158)

Proof Let X € X(M,), so that X (f) = 0. Then [by (3.155)]

1/2

N =9(V & =1df 17 G(Vf. V) =lldfl = (6o f) ",
i.e., £(f) is a function of f. Consequently X () = 0 implies X (£(f)) = 0 and then
0=[X. €](f) = (Vx& = VeX) (f)
showing that Vx¢ — VX is tangent to M... Then
7(Vx& —VeX, ) =0. (3.159)
Yet [|€]| = 1 implies G(Vx&, €) = 0 hence (3.159) may be written
G(VeX, €) = 0. (3.160)

Finally g(X, ) = O and (3.160) imply g(X, V¢{) = Oforany X € X(M,),i.e., V¢l
is orthogonal to M.. Consequently ng = A\ ¢ for some A € C*(M,), hence

0=5(Ve€. §) = A7 O =\
Q.e.d.
At this point we may prove Theorem 3.153. By (3.158)
(Vedf)e = £(6()

so that (3.157) becomes

(T)(1dr1) - AF

IHI =
(n =D lldf 1l

(3.161)
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By (3.155)
do

v 1 / /
(VAif1) = 5 ldfl ', o' = —.

Finally [by (3.156) and (3.161)]

P(c)
@(c)'/?

1 /
1Hl = 50— {4 - I vem..

Q.ed.
Example 3.155 (1) Let M = R" and p € N, p < m, and let us consider

f:R" - R, f(xl, ...,xm)=x12+~-~+x[2,.

Then ||df||> = 4f and Af = —2p,hence f : R" — Risan isoparametric function.
Let us look at the case m =3 and p =2. Let ¢ =a?, a € R\ {0}. Then M, =
f~(c)isthecylinder M, = {(x, y, z) e R® : x> +y* =a*}and M. ~ (s S') x R
(an isometry).

QLletM=8""'and F:R" - R,m = p +q,
F(x, y) = x> —lIyI> xeR’, yes,

and let f := F\Sm,]. Let

ze 8", z=((coss)x, (sins)y), 0<s<—-, xeS'', yesi'

S

so that f(z) = cos(2s). Consequently df = —2 sin(2s) ds yielding
dfII? = 4 sin®(2s) = 4(1 — f?),
and one may choose ¢(¢) = 4(1 — ¢?). One may also check that
af ==2{( =20+ -@-20- 1)}
Thus f is an isoparametric function. For each fixed0 < so < w/2let M., := f (o)
with ¢y = cos(2sg).
Exercise 3.156 Show that

Meosasy) = {((cos so) x, (sinsp)y) : x € SP71, y e 8971},

Meosasy) = ((coss0) SP71) x ((sinsp) S77') (an isometry).
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Let M"(c) areal space form, of (constant) sectional curvature c. Let f : M"(c) —
R be an isoparametric function, and let a € R be a regular value of f. Let

M, = fa), E=1dfI"'Vf, A=A, BX,Y)=hX,Y)¢,

[A and B are respectively the Weingarten operator and the second fundamental
form of M, — M"(c)]. For every x € M, the Weingarten operator A, : T,(M,) —
T, (M,) is self-adjoint, hence there is an orthonormal basis {e, : 1 <a <n —1} C
T, (M,) such that

e, € S,(x) = Eigen(Ax, )\u(x)) cT«(M,), 1<a<sn-1

for some A\, (x) € R.

Definition 3.157 The numbers A\, (x) are the principal curvatures at x, and the
eigenvectors e, are the corresponding principal directions. (]

Let A\, (x) be the distinct principal curvatures (we assume 1 < o < p for some
1 < p <n—1, eventually up to relabeling indices). We shall need the Codazzi
equation®

G(R(X, V)Z, &) = (Vxh)(Y, Z) — (Vyh)(X, Z), X.,Y, Z € X(M,),
(3.162)
where R is the curvature of (M"(c), 7) i.e.

RWU, VYW =c{g(V, W)U —g(U, W)V}, U, V, W € X(M"(c))). (3.163)
By (3.163) the Codazzi equation is merely
(Vxh)(Y, Z) — (Vyh)(X, 2). (3.164)

We recall
Theorem 3.158 M, has constant principal curvatures.
For a proof of Theorem 3.158 one may see Cartan [Car]. We adopt the following

Definition 3.159 A real hypersurface M"~! of the space form M"(c) is said to be

an isoparametric hypersurface if M"~' has constant principal curvatures. (Il
Leta, Be{l, ..., pl,a# P, andlet X € S, and Y, Z € S3. Then
(Vxh)(Y. Z) = Ao (Vxg)(Y. Z) =0. (3.165)

63 Cf. e.g., Chen [Che0], p. 46.
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Next [by (3.164)]
0= (Vyh)(X,Z) = (Xs— ) 9(X, V¥Z), Ao # Ag.

It follows that Vy Z is orthogonal to S, for any Y, Z € Sg. We may state:

Theorem 3.160 The distributions S,, 1 < o < p, are completely integrable and the
maximal integral manifolds of S, are totally geodesic in M,. Moreover the leaves
of S, are totally umbilical in M" (c) and their mean curvature vector is parallel. In
particular, if M"(c) = S"~', n = m — 1, then the leaves of S, are small spheres of
sm=1,

Proof One has
T,(M) =51(x)®---®Spx), xeM,. (3.166)

LetY, Z € S,. By the remark preceding Theorem 3.160, for every 3 # « the vector
field Vy Z is orthogonal to Sg, and then on EBB £a S3. Consequently VyZ € S, and
hence (as V is symmetric) S, is involutive. By the classical Frobenius theorem S,
is completely integrable. Let L be a leaf of S, and Y, Z € §,,. In particular Y, Z
are tangent to L. By the Gauss formulas associated to the immersions L «— M, —
M"(c)

VyZ =VyZ + g(AY, Z)E=VyZ + X g(Y, Z)€,

VwZ=ViZ+o(, Z),

where V£ and o are respectively the Levi-Civita connection of L and the second
fundamental form of the immersion L < M,,. Next

VyZ € Sa, VEZ €S, = o(Y, Z) =0.
Hence the second fundamental form of L — M"(c) is (X, Y) —> A\, g(Y, Z)&,
so that L is totally umbilical in M"(c). Q.e.d.
Let f: 8" ! — R be an isoparametric function and let M, = f~'(a). Let us
consider

Ye: M, — S"7', Yi(x) = (cost) ¥+ (sint) &, >0, xe€M,.

Here X € T (R™) is the position vector of the point x. Let € {1, ..., p}be afixed
index and let v € S,(x) and x € M,. Let B(s) € M,, |s| < €, be the curve in M,
such that

ag

B0) = x, 5, O =v.

Then

(dyy)v = %{Y, o ﬂ}szo = (cost) v + (sint) %{€J9<.s)}s:0 .
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d
Ass > Ep(s) is acurve in "~ it follows that N {53(5)} . is tangent to S”~!. Then
N §=
(by he Gauss formula of §”~! < R™)

(dyy1)v = (cost) v + (sin t)(VE“le))r = (cos t) v + (sint) (VXE)X,

where X € X(M,) is an arbitrary smooth extension of v, i.e., X, = v. Finally [by
the Weingarten formula of M, < $"!]

(dyy)v = (cost)v — (sint) Ayv = (cost) v — (sint) A\, v
so that d, Y, = 0 if and only if (cost) v — (sint) A\, v = 0 for any v € S,(x), or

d,y; =0 <=t = arctan \, € (0, 7).

Definition 3.161 Let 6, := arctan \,, 1 < o < p. Then 7, (Ma) is called a focal
manifold of f. O

By a result of Nomizu [Nom1].

Theorem 3.162 Any focal manifold of an isoparametric function f : S"~' — R is
a minimal submanifold of S™~ .

Example 3.163 Letm =3 and let F : R* — R be given by
Fz,x) =z —x]% (z x) eCOR~R*@R=R’.

Let f:=F | - Then f : §? — R is an isoparametric function. If p € S? then

p:((coss)z, (sins)x), 0<s<-—, zeSl, xeSoz{:I:I}CR.

SR

Then
M, = f’l(cos(2s0)) ~ (cos so) S' x { + sinso},

ie., M., consists of two (parallel) circles of radius cossy on S*. Let MCJ(r)s(Zso) =
(cos s9) S' x { sin s} be the upper circle, and let

X € M:g, X = (xl, x2, x3), x3 = sin sg .

Moreover

x! = (cossp) cos P, xt= (cossp) sinyy, 0 <1 <2m.
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We wish to compute &, i.e., the unit normal vector on M,,, co = cos(2sp), at the
point x. The maximal integral curves of &, are geodesics in S2, i.e., great circles on
S2. Then

x! = —(sins) cos1)
x% = —(sins) siny 3.167)
X3 =coss

Integration of (3.167) furnishes
& = (— (sin s9) cos 1, —(sin so) sin ¥, cos so).

Then 7, (x) = (cost) X + (sint) & [that is the geodesic in S? of initial data (x, &,)]
may be written

7 (x) = (cos (t 4+ s0) cos ¥, cos (¢ +s0) sin ¥, sin(r+ so)>

and hence

% Y (x) = ( — CoSs (t + so) sin v, cos (t + so) cos 1, O).

1t follows that
dx’Yz=0<:>COS(l+S0)=O<:>t€i—so—i—kw—i—g : keZ}.

Lett; :== —so + k7 + 7/2. Then 1/ tan #, = tan sy. Therefore tan s is the principal
curvature of Mcos(2s,) With respect to £, x € Mcos2s,). We obtain

Yo (X) = ((cos g) cos b, (cos g) sin 1, sin g) = (0, 0, 1).

We may conclude that the focal manifolds of f are the North and South poles
on §2. O

Let P : R™ — R be an eikonal i.e.
IVP@)I* = [Ix]*72, xeR™

Then (by Theorem3.135) VP : R” — R™ descends to a harmonic map VP :
§m=1 — §m=1 Moreover the restriction of P to §”~! is an isoparametric function.
The last statement follows from the more general result.
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Theorem 3.164 Let F : R™ — R be a homogeneous polynomial such that

IVF @I = & Jlx[*72, (3.168)

AF(x) =a|lx|*? (3.169)

for some a € R, k € N, and any x € R". Then the restriction of F to S"~! is an
isoparametric function.

Cf. Baird [Bai], p. 33. We end the section by quoting a deep result by Mun-
zner [Mun].

Theorem 3.165 Let W : M — S™~! be an isoparametric hypersurface, i.e., M has
constant principal curvatures. Let us assume M has k distinct principal curvatures
Ay - .., A, Fespectively of multiplicitiesmy, ..., my, i.e, dimg S, =mg,, 1 <a <
k. Then

(1) Mma42 = my, i.e., there are at most two distinct multiplicities.

(i) W : M — S™ ! is the level hypersurface of an isoparametric function f :
S§"~1 — R obtained as the restriction to S™'of a homogeneous polynomial F :
R™ — R obeying to (3.168)—(3.169) with

a:%(mz—ml) if k iseven,

0 if k isodd.
(iii) Viceversa, every such F determines a family of isoparametric hypersurfaces

in ™1,
(iv) The integer number k can only take the values {1, 2, 3, 4, 6}.

3.14 Submanifolds of Space Forms

Let (V, y) be a Riemannian manifold of constant sectional curvature k, and let M
be a submanifold of M. By

RX,.NZ=k{g(Z. V)X —g(Z, X)Y} (3.170)
forany X, Y, Z € X (M) the vector field R(X,Y)Zis tangent to M. Hence the equa-

tion
tan{R(X,Y)Z} = R(X,Y)Z + (3.171)

+ ) {h(X. Z) AY — h(Y, Z) A.X )

a=1
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may be written [by taking into account g(A,Y, Z) = h*(Y, Z)]

R(X,Y)Z =R(X,Y)Z + (3.172)

,
+ ) 9(AY, Z) AuX — g(AuX, Z) A.Y.

a=l1

Let S = Ricy and S = Ricg be the Ricci tensor fields of (M, g) and (M, g), respec-
tively. If {E; : 1 <i < n}is alocal g-orthonormal frame of T (M) then

S(Y,Z) =S¥, Z) + (3.173)

n r

+ 3 3 {9(AY. 2) g(AJEi. E)) — g(AuEi, Z) g(ALY. Ep)} =

i=1 a=1

r n

=502+ Y {9(AuY, Zywace(An) = g(AY. Y g(AEs 2) Er)].

a=1 i=1
Note that .
Y 9(AEi, Z)Ei = A.Z.

i=I

Hence

S(Y.Z) =S(Y. 2) + Y _ {9(A.Y. Z) trace(A,) — g(A2Y, Z)}.

a=1

Next [by (3.170)]
S(Y,Z)=(n— Dkg(¥, Z)

and then
S(Y,Z)=n— kg, Z)+ (3.174)

r

+ Y {9(AuY, Z) trace(A,) — g(AaY, AuZ)}.

a=1
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3.15 Chern’s Theorem

Let p be the scalar curvature of (M, g). Then [by taking traces in (3.174)]

p=nn—1Dk+ Z {(trace(Aa))2 — trace(A})}. (3.175)

a=1

By using (3.174)—(3.175) one obtains the following result by S.-S. Chern®

Theorem 3.166 Let M be a minimal submanifold of a space form M" (k). Then
the first fundamental form g of M < M" (k), the Ricci curvature S, and the scalar
curvature p of (M, g), satisfy

OSY,2)<(n-— I)Eg(Y, Z) forany Y, Z € X(M),
(i) p < n(n — k.

Moreover, equality holds in (i) [respectively in (i1)] if and only if M is totally geodesic.

Corollary 3.167 Let (M, §) bea Riemannian manifold of constant sectional cur-
vature k. Let M be a submanifold of M, with the induced metric g. If M is a minimal
submanifold and (M, g) has constant sectional curvature k > k then

(a) k =k, o
(b) M is a totally geodesic submanifold of M.

Proof The scalar curvature of (M, g) is p = n(n — 1)k. Then [by part (ii) in Theo-
rem3.166] k = k and M is totally geodesic in M. Q.e.d.

Corollary 3.168 The standard sphere doesn’t admit a minimal isometric immersion
in a Euclidean space.

Corollary 3.169 An Euclidean space doesn’t admit a minimal isometric immersion
in a hyperbolic space.

3.16 Allendoerfer—Erbacher’s Theorem

Let M be a submanifold of (M, §). Let A be the shape operator of the given immer-
sion, and let
Ay T,(M): xT,(M) >R, peM

64 Cf. S.-S. Chern, Minimal Surfaces in an Euclidean Space of n Dimensions. Symposium Differ-
ential and Combinatorial Topology in honor of M. Morse (Princeton University Press, Princeton,
New Jersey, 1965), pp. 187-198.
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be the corresponding field i.e.
Ap(N, v) = (Afx)p, N e T,(M)*, veT,(M),

where £ € COO(T(M)J-) and X € X(M) are arbitrary extensions of N and v, i.e.,
&, = N and X, = v. Next, let us set

Ny={NeT,(M)" : Ap(N,v)=0, YveT,(M)}, peM.

Definition 3.170 The orthogonal complement

€L
N, :=(N))~ C T,(M)*

of N[(,) inT,(M )t is called the principal normal space at p, of the given immersion.
O

Note that
N)={B,u.,v) : u, veT,M)}

Let M" (k) € {E", S™, H"}.

Theorem 3.171 Let M be a connected n-dimensional submanifold of M (E)

Let us assume that the principal normal spaces of M — M (k) are parallel with
respect to the normal connection V. Then the principal normal spaces have constant
dimension

¢:=dimg N!, peM.

Ift < rthereisa (n + £)-dimensional totally geodesic submanifold M* — M (k)
such that M C M*.

Theorem3.171 is referred to as a “codimension reduction” result (for a given
immersion) and is due to C.B. Allendoerfer® and J.A. Erbacher.%

65 Cf. C. Allendoerfer, Rigidity for spaces of class greater than one. Amer. J. Math. 61, 633-644
(1939).

6 Cf. J.A. Erbacher, Reduction of the codimension of an isometric immersion. J. Diff. Geom. 5,
333-340 (1971).
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3.17 Totally Umbilical Submanifolds

We recall that a submanifold M of the Riemannian manifold (M, g) is totally umbil-
icalif B=g® H.

Proposition 3.172 A rotally umbilical submanifold of a space form has a flat normal
connection.

Proof Follows from the Ricci equations.

Definition 3.173 A submanifold M of a Riemannian manifold (M, g) is said to be
an extrinsic sphere if

(1) M is totally umbilical, but not totally geodesic.
(ii) M has a parallel mean curvature vector (i.e., V* H = 0). O

Extrinsic spheres were introduced and investigated by K. Nomizu.®”

Example 3.174 Let S3(1) x S3(1) be equipped with the product metric § = g; x
g1, where g is the standard Riemannian metric on S>(1). Let 7 : $3(+v/2) — $3(1) x
$3(1) be the isometric immersion 7(p) = (p, p). Let S2(r) withr > 0, r # /2 be
a sphere in S3(\/§) whose center is not the origin. Then S2(r) is an extrinsic sphere
in $3(1) x S3(1). O

Definition 3.175 Let n, r € N such that n > 3 and 2 <r < n. A n-dimensional
Riemannian manifold (M, g) is said to satisfy the axiom of r-spheres if for every
point p € M and every r-dimensional subspace V C T,(M) there is a r-dimensional
extrinsic sphere S C M passing through p (i.e., p € S)suchthat 7,,(S) = V. [

Theorem 3.176 If a n-dimensional (n > 3) Riemannian manifold M satisfies the
axiom of r-spheres for some 2 < r < n then M has constant sectional curvature.

Theorem 3.176 is due to D.S. Leung and K. Nomizu.®

Proof of Theorem 3.176 Let {u, v, w} C T,(M) be an orthonormal system, and let
V C T,(M) be a r-dimensional subspace such that {u, v} C V and V is orthogonal
to w. By the Axiom of r-spheres there is a totally umbilical submanifold S C M
such that

pesS, VIH=0, T,(S) =V,

where H is the mean curvature vector of S < M. Let U C M be a normal® neigh-
borhood of p. Every pointg € U may be joined to p by a geodesic v. Let§, € T,(M)
be the parallel translate of w along ~. Both vector fields £ and H are parallel, so
g(&, H)isaconstant A € R

67 Cf. K. Nomizu, Generalized central spheres and the notion of spheres in Riemannian geometry.
Tohoku Math. J. 25, 103-109 (1973).

%8 The axiom of r-spheres in Riemannian geometry. J. Diff. Geom. 5, 487-489 (1971).
% With respect to the Levi-Civita connection of (M, g).
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)\:g(fﬂ H) :g(fﬂ H)P =gp(w7 Hp)

As M is totally umbilical
Ag =AMl

everywhere on U, implying that
(VXAg)p = (VyAf)p =0 (3.176)
where X, Y € X(U) are such that X, = u and Y, = v. By hypothesis, one also has
(Vx€), = (Vy€), =0. (3.177)

Recall that
tan R(X, Y)§ = Vy(AcX) — Vx(AY) + (3.178)

—Ac([X, Y] — AyreY + AgseX.
Then [by (3.176) and the symmetry of V] at the point p
tan R(X,Y)E = AVyX — AVxY + A[X, Y] =0.
Hence R, (u, v)w is orthogonal to § at p, and consequently
gp(Rp(u, v)w, u) =0. (3.179)

Hence the sectional curvature of M is a point function, so that (by Schur’s theorem)
(M, g) has constant sectional curvature. Q.e.d.

Theorem 3.177 Any totally umbilical submanifold of a Riemannian manifold of
constant sectional curvature has constant sectional curvature.

Proof The Gauss equation reads
KX, Y, Z, W)= (3.180)
= (k+I1HI*){g(X, W) g(¥, Z) — g(X., Z) g(¥. W)}

where k is the (constant) sectional curvature of the ambient space, and H is the mean
curvature vector of the submanifold. By Eq. (3.180) for n > 3 the Riemannian man-
ifold M is isotropic, and then (again by Schur’s theorem) M has constant sectional
curvature’ k + || H||%. Q.e.d.

Totally umbilical submanifolds of Euclidean spaces may be classified, as follows:

70 When n = 2 one observes that || H || is a constant, and the conclusion is the same.
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Theorem 3.178 Let M be a n-dimensional totally umbilical submanifold of the
Euclidean space E"*". Then either

(i) M is totally geodesic,
or
(ii) M is contained in an n-dimensional sphere, i.e., M C S".

The proof of Theorem 3.178 is well known (cf. e.g., B.-Y. Chen’!).

3.18 Characterizations of the Sphere

One of the interesting questions in the geometry of submanifolds in an Euclidean
space is to obtain conditions under which the submanifold is isometric to a sphere.

C. Tompkins considered’? the problem whether a n-dimensional Riemannian
manifold may, or may not, be isometrically immersed into E>"~!'. C. Tompkins’
result (cf. op. cit.) is that a flat n-dimensional torus cannot be isometrically embed-
ded into E?"~!. S.-S. Chern and N. Kuiper’? and T. Otsuki’* have come to the same
conclusion for an arbitrary compact n-dimensional Riemannian manifold of nonpos-
itive sectional curvature (it cannot be embedded in E?"~!). A successive result by H.
Jacobowitz’> shows that a compact n-dimensional Riemannian manifold of sectional
curvature < A~2 (A > 0) cannot be isometrically immersed into a ball of radius A
in E?*~!. S. Deshmukh et al.”® considered the problem of non embeddability with
bounds on the Ricci curvature.

As well known the scalar curvature 7 of the sphere S”(c), of constant curvature
¢, in the Euclidean space E"+! satisfies

T=M(n—-1),

where \; is the first nonzero eigenvalue of the Laplacian operator A acting on
c*® (S” (c)) and the Ricci curvature of $”(c) is positive. Using that as a main ingre-

7L CE. op. cit.

72 C. Tompkins, Isometric embedding of flat manifolds in Euclidean space. Duke Math. J. 5, 58-61
(1930).

73 Cf. S.-S. Chern, N.H. Kuiper, Some theorems on the isometric imbedding of compact Riemannian
manifolds in Euclidean space. Ann. Math. 56, 442430 (1952).

74 Cf. T. Otsuki, On the existence of solutions of a system of quadric equations and its geometrical
applications. Proc. Japan Acad. 29, 99-100 (1953).

75 Cf. H. Jacobowitz, Isometric embedding of a compact Riemannian manifold into Euclidean space.
Proc. Amer. Math. Soc. 40, 245-246 (1973).

76 Cf. S. Deshmukh, M.A. Al-Gwaiz, Compact hypersurface in even dimensional Euclidean space
and in the sphere. Quart. J. Math. 45, 151-157 (1994).
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dient, S. Deshmukh showed’’ that a compact and connected immersed hypersurface
M < E"*! is isometric to a sphere S”(c), provided M has positive Ricci curvature
and its scalar curvature satisfies 7 = \{(n — 1). Moreover, Theorem 3.183 shows
that if a compact and connected immersed hypersurface in M < E"*! has vanish-
ing Minkowski integrands, then M is isometric to a sphere in R"*!,

The study of real hypersurfaces in complex space forms M (c) [i.e., Kihlerian
manifolds of constant holomorphic sectional curvature c] is a very interesting and
active research area. A survey paper by R. Niebergall and P.J. Ryan’® describes the
state-of-the-art up to 1996.

For ¢ = 0 complex space forms are of course Euclidean complex space forms.
Characterizations of the sphere S¥'*!  C"*! were the purpose of several works, cf.
e.g., Chen [Che2], Chen and Garay [Che3], Chen, Sun and Tang [Che4], Montiel and
Ros [MoRo], Ripoll [Rip], Ros [Ros2]. K. Nomizu and Symth proved79 that compact
hypersurfaces with a non-negative sectional curvature and of constant mean curvature
are spheres. Cf. also Ros [Ros3], for further characterizations of spheres. It should
be noticed that Theorem 3.184 doesn’t require sectional curvatures to be > 0.

Several necessary and sufficient conditions for a curve in R? to lie on the unit
sphere S 2 are available (cf. Breuer and Gottlieb [BrGo], Takahashi [Tak]). As a natural
generalization of the problem, given a compact n-dimensional Riemannian manifold
M one should look for immersions W : M"* — R"*2 such that ¥ (M) C S"*!(c).

3.18.1 Hpypersurfaces in Euclidean Spaces

Let M be a real hypersurface in Euclidean space R"*! with the almost complex
structure J. Then n 4+ 1 must be even, e.g., n + 1 = 2m [hence M is 2m — 1)-
dimensional]. Note that we start with an arbitrary almost complex structure J [not
necessarily the complex structure of C”] and only require that J be compatible to
the Euclidean metricg = {, ) on R"*! i.e.

gJV, IW)=g(V,W), ¥ V,WeX®R"").

LetW : M — R"*! be the given C* immersion. Let g = W* g be the induced metric
on M. Let V and V be respectively the Levi-Civita connections on (R"“, (, )) and
(M, g). Let us assume that M is oriented and choose a unit normal vector field N
on M. Let then (¢, &, 1, g) be the induced almost contact metric structure on M. It
is a classical fact that M inherits via W such a structure, cf. e.g., Blair [Bla]. We give

77 Cf. S. Deshmukh, Compact hypersurfaces in a Euclidean space. Quart. J. Math. Oxford 49, 35-41
(1998), and Theorem 3.181 below.

78 Cf. R. Niebergall, PJ. Ryan, Real Hypersurfaces in Complex Space Forms. Tight and Taut Sub-
manifolds. MSRI Publications 32 (Cambridge University Press, Cambridge, 1997), pp. 233-205.

79 Cf. K. Nomizu, B. Smyth, On the Gauss mapping for hypersurfaces of constant mean curvature
in the sphere. Comm. Math. Helv. 44, 484-490 (1969).
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a brief description of (¢, £, 1, g), so that to fix notations and conventions. First one
sets £ = —J N and observes that £ is tangent to M, i.e., £ € X(M). Next let n) be the
differential 1-form on M given by
nX)=gE X), Vv XeX(M).

Let TAJ,;(‘-IJ) be the normal bundle of the given immersion and let

tan : \Il’ITRnH — Ty, NoOr: \IJ’ITRM — TAJ,;(‘I/)
be the projections associated to the direct sum decomposition

\IJflTRm =Ty D TAJ,;(\Il).

Next let us set

¢X =tan(JX), FX =nor(JX), X e€X(M),

so that
JX=¢X+FX, FX=nX)N.

Then ¢ is a (1, 1)-tensor field on M and the following identities hold good (and may
be easily checked)

P*=—-1+1QE,

po&=0, n =1 nX)=gX.9,

(3.181)
9(9X.Y) = —g(X, ¢Y),
9(@X, 9Y) = g(X, Y) — n(X)n(¥),
for any X, Y € X(M). Also
Vx§=9¢AX, (Vx9)(¥Y)=n(Y)AX — g(AX,Y){ (3.182)

where A = Ay is the shape operator (associated to the normal section N). We shall
make use of the Gauss and Weingarten formulas

VxY = VxY + B(X,Y)N, (3.183)

VyN =—AX (3.184)
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for any X, Y € X(M). Here B is the second fundamental form of the given immer-
sion. As previously shown B and A are related by

g(AX,Y) = B(X,Y). (3.185)

Let R = RY be the curvature tensor field of V. We shall make use of the Gauss
equation

R(X,Y)Z = g(AY, Z) AX — g(AX, Z) AY (3.186)
for any X, Y € X(M). The shape operator A obeys to the Codazzi equation
(VA(X,Y) = (VA)Y, X) (3.187)

forany X, Y € X(M). As customary (VA)(X,Y) = VxAY — A(VxY).

Let{Eq, ..., E,}bealocal orthonormal frame of the tangent bundle 7,,, defined
on the open set U C M. Let Ric = Ric, and 7 = 7, be respectively the Ricci and
scalar curvature of (M, g). By passing to traces in Gauss equation (3.186) one obtains

Ric(X,Y)=nag(AX,Y) — g(AX, AY) (3.188)
for any X, Y € X(M) and
T =n?a’ — Al (3.189)
where « is the mean curvature

a= ltrace(A).
n
Let ¥ : M — C" be an isometric immersion such that W (M) is contained in a ball
of radius r. The complex structure J on C” is parallel with respect to the Euclidean
connection on C”". Let us think of W as the position vector field of points in W (M).
Let us consider the smooth function

oM —>R, o*=<JY,N >,

where < -, - > is the Euclidean inner product on C" and N is the unit normal vector
field to M. Next let
JV =v+ "N (3.190)

where v is the tangential component of JW to M. Let g and V be respectively
the Riemannian metric and the Levi-Civita connection on M. Let A = Ay be the
Weingarten operator associated of the given immersion W. We may assume that
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[W| < r [otherwise one may use some isometry of C" to achieve that]. Here || - ||
is Euclidean the norm on C".
Covariant differentiation of (3.190) together with J¢ = N, JX = ¢X + o*N,
and the Gauss-Weingarten formulas, leads to
Vxv =0¢X + 0*AX. (3.191)
Then [by (3.181)]
99X, X) =0, g(@X,§) =0, V XeXM).
We may then choose a local orthonormal frame of 73, of the form
{Ei, ... Ep1, QE\, ..., 0E,_y, &}
Next [by the skew-symmetry of ¢ and the symmetry of A]

2n—1

> g(gei. Ae) =0 (3.192)
i=1

for any local orthonormal frame {E;, ..., E,-1} of 7ys. Then [by (3.191)]
068 =(2n—1)o*a, (3.193)

where [ is the differential 1-form on M defined by
BX) =g(X,v), V X eX(M),

and « is the mean curvature of M.
S. Deshmukh et al.® considered the question of non immergibility using upper
and lower bounds for the Ricci curvature of M.

Theorem 3.179 Let M be a compact (2n — 1)-dimensional Riemannian manifold
whose Ricci curvature Ric and scalar curvature T satisfy

Ric(X, X)+7>0, Ric(X,X) <2(n—1)r2

for every unit vector field X on M and some positive constant r. Then no isometric
immersion of M into C" is contained in a ball of radius r.

We start by establishing:

80 Cf. op. cit.
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Lemma 3.180 Let WV : M — C" be an isometric immersion of a compact (2n — 1)-
dimensional Riemannian manifold M. Then

@) [Vo]* = —tr(¢?) + 0 tr(A?),
(b) [IL.gl* = 40" tr(A?),

where L, is the Lie derivative at the direction v.

Proof Let {E,, ..., Ey,—_1} be alocal orthonormal frame of 7j,. Then
IVull> =" g(VEv, Vev) = (3.194)

= —tr(¢”) + 20" Y _ g(Aei, pe;) + 0 tr(A%) = —tr(¢?) + 0™ tr(A?),

where we have used Eq. (3.192). Furthermore

1Lugl® = (Lo f)(Ei, ENY =407 g(AE;, Ej)* = (3.195)

ij ij

=40"2Y g (AE,-, > 9(AE;, Ej) E,») =402 " g(AE;, Ei)* = 40" r(A?).

i J i

Q.e.d.

Proof of Theorem 3.179 The following integral formula holds on any compact ori-
entable Riemannian manifold M

1
/ [Ric(v,v) + 5||£,Ug||2 —IVu|* = (63)*1d v, = 0.
M

Using (3.193)—(3.195) together with tr(¢?) = —2(n — 1) [a consequence of (3.181)]
we get

1
/ [Ric(v,v) + 5||.c@g||2 —IVul|* = (6B)*1d v, = 0, (3.196)
M

where [by the Gauss equation] 7 = (2n — 1)?a? — tr(A?).

Note that v is not identically zero. For if v = 0 then JW¥ = p* N yields ¥ = ¢*¢
hence < W, N >= 0. Then [by Minkowski formula for a compact hypersurface in
C" (cf. [Hsi])]

f[l+<‘~th >]dvy, =0
M
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leads to a contradiction. Let © be the unit vector field defined on the open subset

of M where v is nonzero. Substitution from ||W||> = ||v||? 4+ ¢*? into the integral
formula (3.196) gives

/ {Q*Z[Ric(ﬁ, 0) + 7]+ [2(n — 1) — | ¥|* Ric(D, a)]} dv,=0. (3.197)
M

The (by hypothesis) Ric(0, 0) +7 > 0 and
[|¥|[% Ric(D, 0) < r’Ric(0, D) < 2(n — 1)

contradicting (3.197) and proving the theorem. (]
The mean curvature o = (1/n) tr(A) satisfies
grad(a) = (1/n) ;| (VA)(E;, E)),

(3.198)
X(a) = (1/n) 32/ g(VAYE;, E;), X)

forany X € X(M).If we consider f : M — R, f = % W12, and think of W as the
position vector field of M in R"*! then
U =gradf +oN, o:M—> R, p=(V,N). (3.199)

Then [by Gauss and Weingarten formulas]
Vxgradf = X 4+ pAX, X(o) = —g(A(X), gradf), X € X(M). (3.200)
By the first equation in (3.231)
Af =n(l + o),

and integration yields the following Minkowski formula

/ (14 ga) dv, = 0. (3.201)
M

Next we report on a result by S. Deshmukh®' showing that a compact and con-
nected immersed hypersurface of Euclidean space R"*!, with upper bounds on the
scalar curvature, is isometric to a sphere S”(c). Precisely

Theorem 3.181 Let M be a compact and connected immersed hypersurface of R"*!
with positive Ricci curvature and scalar curvature T satisfying T < A\y(n — 1) where

81.Ct. op. cit.
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| is the first nonzero eigenvalue of the Laplacian A on M. Then M is isometric to
a sphere S"(c).

Proof We may assume w.1.0.g. that the center of mass of M is at the origin of R"*!
(otherwise one may choose an isometry ¢ : R"*! — R"*! mapping the center of
mass of M to the origin of R"*! and then W' = ¢ o W would be an immersion with
the desired property). Thus the immersion ¢ : M — R"*! satisfies | yYdvy=0.
Hence [by the minimum principle]

A gnvol(M)/ IW)*dv,
M

where A is the first nonzero eigenvalue of the Laplacian A on M. Consequently
(M
f w2 dy, <2° ( ). (3.202)

Next [by (3.188)]

/ Ric(grad f, gradf) d v, =n/ ag(Agradf, gradf) d v,
M M
—/ ||A(gradf)||2dvg. (3.203)
M

The second equation in (3.231) yields
gradp = —A(grad f)

and we obtain

g(A(grad f), grad f) = —g(grado, grad f) = grad f ()
= —div(pgrad f) + oAf
= —div(ograd f) + n o(1 + o).

Thus
ag(A(gradf), gradf) = —adiv(ograd f) 4+ na o(1 + oa). (3.204)
Given a local orthonormal frame {E}, ..., E,} of 7y

div(A(grad ) = ) g(Vi A(grad f), E;)
=Y [9((VA)(E;, gradf), E;) + g(A(VE,grad f), Ep)]
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which together with o = (1/n) tr(A) gives

1 n
d = — VA Eiv Ei
grada = 3 (VA)(E;, Ei)

i=1
and then [by (3.231)]

div(A(grad f)) = n (grad f)a +na + oAl
By div(fX) = X(f) + fdivX for any C* function f : M — R

odiv(A(grad f)) = div(pA(grad f)) — A(grad f)o
= div(oA(grad f)) + || A(grad f)||*

and together with (3.204)—(3.205) one arrives at
no(grad f)a +nag+ o*||Al]*> = div(eA(grad f)) + || A(grad )| .
By div(apgrad f) = p(grad f)a 4+ adiv(egrad f) and (3.206)

—nadiv(egrad f) + div(n a pgrad f) +na o + o |A|)?
= div(gA(grad f)) + || A(grad f)]|*.

331

(3.205)

(3.206)

(3.207)

Substitution of —n adiv(pgrad f) from (3.207) into (3.204), yields [by Green’s

lemma]
/ nag(A(gradf), gradf) dv, =
M

=/ A(gad )P —nao— AP +n° a(l + a o)l dv, =
M

_ / (1 — Doa + o + [|A(grad PIP] d v, =
M

=—n(n—1)vol(M)+/ Qszvg-i-/ [|A(grad f)|1* d v, .
M M

[Use was made of Minkowski formula (3.201), too].

By
W|1> = |lgrad f11* + 0*, 7 < M(n— 1),

(3.208)
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together with (3.202)

/ngdngf W|)*r dv, <
M M

<M@m-1) / [[W|* d v, < n(n— 1) vol(M).
M
Thus [by (3.208)]

/ n o (Agrad f), grad f) d v, < / llgrad £12 d v,
M M

hence [by (3.203)]

/ Ric(grad f, gradf) d v, < 0.
M

As (by hypothesis) Ricci curvature is positive, it must be grad f = 0. Thus (M is

tacitly connected)
2

r
= constant = —
! 2

hence M is a sphere of radius r. Q.e.d.

Next we report on a result by S. Deshmukh®? on compact immersed hypersurfaces
in R"*! with the first and second Hsiung integrands zero. Precisely

Theorem 3.182 Let M be a compact immersed hypersurface of R"*\. If the support
function o and the mean curvature o of M satisfy 1 + « o < 0 then M is isometric
to a sphere.

Proof Given the immersion ¥ : M — R"*! the function f = (1/2) ||¢||* satisfies
(3.231). Calculation of div( f grad f) leads to

div(fgradf) = ||grad f]|* + % W21 + a o). (3.209)

Then [integrating over M|

/||gradf||2dvg+f/ [IW[*(1 + ap) d v, = 0. (3.210)
M 2 M

As 1+ pa < 0, Minkowski formula (3.201) gives 1 + pa = 0 and then [by (3.210)]
grad f = 0 proving that M is isometric to a sphere. Q.e.d.

82 Cf. op. cit.
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By a result of Hsiung, one has the following integral formula [for a compact
immersed hypersurface M in R*+!]

/Hs,ldvq—i—/HSdeg:O, s=1,...,n, 3.211)
M ) M

which includes Minkowski’s formula (3.201).
S. Deshmukh established®® the following:

Theorem 3.183 Let M be a compact immersed hypersurface of R\, If the second
Sfundamental form of M is negative definite and the support function o, the mean
curvature o, and the scalar curvature T of M satisfyn(n — 1) a+ o7 < 0 then M
is isometric to a sphere.

Proof Let W : M — R"*! be the given isometric immersion and f = %||\Il||2. By
(3.199)
A(gradf) f = g(A(grad f), grad f)

and then [by (3.205)]

div(f A(grad f)) = A(grad f) f + fdiv(A(grad )
= B(grad f, gradf) + nf(grad f)a + na f + fg||A||2.
(3.212)

Now [by (3.209)]

div(n f agradf) =n f (gradf)a + nadiv(fgradf) = (3.213)

=n f (grad o +n a[|grad f1* + "%anwnz(l +ap).
Substitution from (3.212) into (3.213) gives
div(f A(gradf) —n f agradf) =
= B(grad f, grad /) + na f + o f ||AlI” +
—nallgradf|I* —n* o’ o f —n*a f =
= B(gradf, gradf) — 0 f 7+ na f —nallgradf|* —n’a f =
= B(gradf, gradf) — f(n(n — D a+o7) +

+nn—1) fa+naf—n*af—naolgradf|>

83 Cf. op. cit.



334 3 Isometric Immersions

Next [by integration over M]

/ [Baradf, grad ) —n o ||grad f11°] d v, =
M

=[ flnn =D a+o7]dv,.
M

If E is the unit vector field E = ||grad f||~! grad f [defined on the open set U where
grad f is nonzero]

/ |lgrad f||*[B(E. E) —nald v, = (3.214)
M

:f flnn =D a+ or] dv,.
M

Setting s = 2 in (3.211)
/ [n(n — Do+ QT] dvy,=0.
M
Asn(n —1)a+ o7 <0onehasn(n — 1) o + o7 = 0 and then (3.214) becomes
/ lgrad f|*[B(E, E) —naldv, = 0. (3.215)
M

Let us complete E to a local orthonormal frame {E, E,, ..., E,} on U. Then
noa = B(E7 E) + B(Ez, EZ) +--- 4+ B(En’ En)

As the second fundamental form is negative definite n « < B(E, E) and then (3.215)
yields ||grad f || = O proving that M is isometric to a sphere. Q.e.d.

3.18.2 Real Hypersurfaces in Euclidean Complex Space
Forms

Let M(c) be a complex space form, of constant holomorphic sectional curvature
¢, and let J be its complex structure. Let M be an orientable real hypersurface in
M (c) and let N be a unit normal vector field on M. The unit vector field & € X(M)
determined by J& = N is the characteristic vector field, or Reeb vector field, of M.
The C* function f : M — R, f = g(A¢&, &), is the characteristic function of M.
As customary g is the induced Riemannian metric on M and A = Ay is the shape
operator of the given immersion. For the sphere §”(c) € C”*V/? the characteristic



3.18 Characterizations of the Sphere 335

function is a constant, i.e., f = —+/c. The mean curvature « and the characteristic
function of the real hypersurface S”(c) in C"*+1/2 are related by

n*a? = (n* — 1)c+ £ (3.216)

If kg is the infimum of the sectional curvature of S"(c) C C#*+D/2 then Eq.(3.216)
becomes

n*a? = (n* — ko + 2. (3.217)
Our next task is to report on a result by Deshmuk [Des3], characterizing the sphere
by means of Eq.(3.217).

Theorem 3.184 Let M be a compact orientable real hypersurface in C"*V/2 and
let n(n — 1) be the infimum of the Ricci curvature of M. If the mean curvature o
and the characteristic function f of M satisfy n>a* = (n> — 1)6 + f2, then o is a
constant and M is the sphere S™(a?).

The following lemmas are needed.

Lemma 3.185 Let M be an orientable real hypersurface in C"+VY/2 with charac-
teristic function f. Then

Vi=(VAE O —2Au.
Proof The definition of u and (3.311) imply v = ¢pA&. Applying ¢ to both sides and
using ¢(v) = v gives
AE = —v + f¢E. (3.218)
Next

(VAY(X, ) + ApAX = —Vxv + X(/)E + fPAX.

Let us take the inner product with ¢. As v is orthonormal to &

g((VAYE. O, X) — g(Au, X) = g(Au, X) + X (f).

Q.e.d. [Here one used g((VA)(X, Y), Z) = g(Y, (VA)(X, Z)) and A = —v + f&
together with the definitions of # and v].

Lemma 3.186 Let M be an orientable real hypersurface in C"TVY/2 with charac-
teristic function f. The vector fields u and v satisfy

Vxv = fAX — g(AX, AOE + d(VA)(E, X) + (pA)*X, (3.219)

and
Vxv=X(f)é+ fopAX — (VA)(E, X) — ApAX. (3.220)
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Proof Note that
Vxv = R(X, &+ VepAX + 9A[X, &].

Then (3.219) follows from (3.187) and (3.311). Moreover
Vxv = (Vx¢)(v) + ¢Vxu

and (3.219) yield (3.220). Q.e.d.

Lemma 3.187 Let M be a compact orientable hypersurface in C"+VY/2. Then

/M [Ric(&, &) + tr(¢pA)*] d v, = 0.

Proof Let us consider a local orthonormal frame of the form
{El, ey En}E{El, ey Ek, ¢Ek, ey gf)Ek, f}, 2k =n — 1,

(an adapted frame of 1);). Then

> g@(VANE ED. E) ==Y g(VA)E. Er). 0E:)
i=1 i=1
k k
=—Y g(VAE &), ge) + Y g(VAE, dei), e)
i=1 i=1
=0,
where we have used g((VA)(X, Y), Z) = g(Y, (VA)(X, Z)) and the Codazzi equa-
tion. Now, we use (3.219) to compute the divergence of vector field u to arrive at [by
(3.188)]
divo = Ric(¢, &) + tr(pA)>.

Integrating over M leads to the result. Q.e.d.

Proof of Theorem 3.184 Let M be a compact orientable real hypersurface in C?+1/2,
As the operator Ap — ¢ A is symmetric

[|Ap — dA|I> = tr(Ad — pA)*.

Also
tr(pA)? = tr(Ag)>.

Thus [by (3.181)]
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A¢ — ¢A[I> = 2tr(pA)* + 2| |A|* — 2| AL| . (3.221)

Next we use (3.188), (3.309) and (3.221) in Lemma3.215 to conclude that
1
[ [Ric(&, &) + 7+ E||A¢> — QA|* + [JAEI)? —n*a?]d v, =0.  (3.222)
M

As (n — 1)J is the infimum of the Ricci curvature
T=n -3, |lA¢P = £

Equation (3.222) yields
1
/ [n(n — D5+ fr+ EIIA(;S— HA|* — nzaz] dv, <0.
M

Thus [by A¢ = $A]
(n® —1)6 + f2 =n*a’. (3.223)
Also [by (3.222)]
Ric(€, &) = (n—1)8, 7 =n(n—1)0. (3.224)

As ¢ and A commute it must be pAE = 0, yielding A = f€ and consequently
v =v = 0. Then
A’ — fA=0.

Consequently there are only two principal curvatures, 0 and f, at each point. How-
ever, as M is compact, there is a point xo € M where all principal curvatures have
the same sign (say +1). Then all principal curvatures have the same value f; at that
point. In a neighborhood of x( shape operator A must have rank n, so A = f; I holds
near xo. The set of points where A = fyI is open and closed and therefore it must
equal the whole of M. This completes the proof of the theorem.

3.18.3 Compact Submanifolds in Euclidean Spaces

Let M be a n-dimensional Riemannian submanifold in R"*? and let W : M — R"*?
be the given immersion. Letg = (-, - ) and V be the Euclidean metric and connection
on R"*7_ Also g and V be the induced metric and connection on M. Then

VxY =VxY +B(X,Y),VxN = —Ay(X) + Vx N (3.225)
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for any X,Y € X(M) and N € C*(u). We shall also make use of the Gauss and
Codazzi equations

R(X,Y,Z, W) =g(B(, Z), B(X,W)) —g(B(X, Z), B(Y, W)),

(3.226)
(DB)(X,Y,Z) = (DB)(Y, Z,X) = (DB)(Z, X, Y).
The Ricci tensor Ric of the submanifold is given by
Ric(X,Y) =ng(H, B(X,Y)) - ZQ(B(X’ Ei), B(Y, Ep)), (3.227)

i=1

where {E;, ..., E,} is alocal orthonormal frame and
H = ! Zn:B(E E)
- n p s /-

A constant vector field v € X(R"*P) can be written as v = v + v, where v € X(M)
is the tangential component of v and v € C*°(p) is the normal component of v. Then
[by (3.225)]

Vxv = A,(X), Vyv=—B(X,v) (3.228)

for any X € X(M). Here A, denotes the Weingarten operator with respect to the
normal vector field v. Let o : M — R be a C* function. The Hessian operator is

O:X(M)— X(M), ¢g(0X,Y)=H,(X,Y), VY X,Y e X(M).

Here H, is the Hessian of (. Next we set
v, M) = / [(m—=1)] 0 +cA|*> =2nc(tr(AO) + |Vo|?)] dvg (3.229)
M

where ¢ = 1/(n — 1) inf Ric [and Vi = grad(¢p)].

Next we report on a result by Deshmukh [Des4], characterizing spheres as n-
dimensional compact submanifolds of positive curvature in R"*? satisfying ( (£, M) =
0 for any constant vector field £ € X(R"*7) and some non constant C* function ¢.

Theorem 3.188 Let M be a n-dimensional compact submanifold in R"*?, with the
mean curvature vector H. Let inf {[1/(n — 1] Ric} =c > 0and let £ € X(R")
be a constant vector field with ¢ =< H, £ >. If ¢ is not a constant and

& M) =/ [(n — DB + cAll* — 2nc(tr(AB) + ||[Vel)1d v, = 0,
M
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then M is isometric to S"(c).

We shall need the following lemmas.

Lemma 3.189 Let M" be a compact submanifold of R"? and let v € R"™P be a
constant vector field. Then [,, ¢ d v, = 0.

Proof Let us consider the function ¢ =< H, v > where v € X(R"*?). The fact that
v is parallel yields the result. Q.e.d.

Lemma 3.190 Let M" be a compact submanifold of R"*? and let v € R"*P be a
constant vector field. Then

(@) tr(A) =ney,
(b) (VAX,Y) = (VAY, X) = R(X,Y)u,
(©) Y ;(VAYE;, E)) =nVp+ Q).
Here {Ey, ..., E,} is a local orthonormal frame of 7. Also
Ric(X,Y) =g(Q(X),Y)), (VAX,Y)=VxAY — A(VxY),
V X,Y € X(M).
[Q is the Ricci operator].

Lemma 3.191 Let M" be a compact submanifold of R"*? and let v € R"*? be a
constant vector field. Then

/ [Ric(v, v) + ||A]]*> = n* p*1d v, = 0.
M

Proof Let {E|, ..., E,} be a pointwise constant local orthonormal frame. By
Lemma3.190 the divergence of the vector field A(v) is

divAv = Z E;g(v, AE;) = ||A|]* + ng(v, V) + Ric(v, v). (3.230)

l

On another hand [by (3.228)]
g(v, Vi) = div(pv) — np?. (3.231)
Now (3.230) and (3.231) imply the result. Q.e.d.

Lemma 3.192 Let M" be a compact submanifold of R"*? and let v € R"*? be a
constant vector field. Then
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/ [Ric(Vip,v) + 3 g(Ve, Vep, Aei) +nl[ Vel Pl d vy =0,
M -
1

where {E, ..., E,} is a local orthonormal frame of Ty.

Proof By (3.227) and (3.228)

Ric(Vip, v) =ng(H, B(Vp,v)) — Y g(B(Vep, E;), B(v, E))

i=1

=~ nl|VoII? +ng(VE,H,v) + > E:(g(A(Vep), Ep)

— Y g((DB)(e;, Voo, Ei), v) = > g(B(VE Ve, Ei), ).

Using ), (Dh)(Vy, E;, E)=n V%H
Ric(Vip, v) = —n ||Vell? + div A(V) — Y 9(Vi, Vo, AE)).
Let A¢p be the Laplacian of ¢, i.e., Ap = —div(Vy).
Lemma 3.193 The operator O enjoys the properties
(a) r(0) =V,
() (VO)X,Y)—(VO)(Y,X) =R(X,Y)Vy,

© X, (VO)E;, E) =V(Ap) + Q(Vyp),

where {E1, ..., E,} is a local orthonormal frame of Ty.

Lemma 3.194 Let (M, g) a n-dimensional compact Riemannian manifold. Then

/ [Ric(Ve, V) + (|01 — (Ap)*1d v, = 0.
M

Proof of Theorem3.188. By Lemmas 3.191, 3.192 and 3.194 together with

(Ap)?
|o|1* > — [|A]* > n¢?,
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one has
/ [Ric(Vo +cu, Vo +cv)ldv, =
M
= / [Ric(Vy) + ¢ Ric(v, v) + 2¢ Ric(Vp, v)] dvg =
M

:/ [—11O1* + (Ap)* — A||A|]* + n* 2* +
M

—2¢ Y g(VE (V). AE) — 2nc||Vol "1 d v, <

1

s/[(n—1>(||0||2+c2||A||2>—2nc||w||2+
M

—2c Y " g(VE (Vo). AE)] d v, .

l

Next, by
Y 9(VE(VE), AE;) = tr(A0)

1

and
[10 + cAl> = ||O||> + > A% + 2ctr(AO)

the last inequality becomes
/ [Ric(Vo+cuVo+cv)ldvy < ((v, M).
M

Consequently Vo = —c u. Moreover [by Lemma3.192 with ((v, M) = 0]

/ [Ric(Vep, Vi) — c(n — 1) [|[ V|21 d v, = 0.
M

Ric(Vy, Vi) > (n — Dcl||Vol]?

one has
Ric(V, Vi) = (n — e[|Vl .
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so that [by Vip = —cu and Lemma 3.191]
/ [(n = DIIVell> —n(n — Dew® + c(|AIP —neP)]dvy =0.  (3.232)
M
Thus (3.232) becomes

n—1DO\, — nc)/ ©*dv, + c/ (IA|* = np*) dv, < 0. (3.233)
M M

Here we also used
/ IVellPd vy = AI/ @Pd v,
M M

where \; is the first nonzero eigenvalue of the Laplacian. On the other hand [by
Lichnerowicz’s Theorem]
Al >nc

with equality if and only if M is isometric to S"(c). Thus (3.233) yields the
theorem. (]

Corollary 3.195 Let M be a n-dimensional compact submanifold of R"*P, with
the mean curvature vector H. Let us assume inf {[1/(n -1 Ric} =c > 0 and let
& € X(R™Y be a constant vector field with o =< H, £ >. If ¢ is not a constant
and

¢ M) = / [(n =1 ||B+cAl*=2nctr(AB)] dvg =0,
M

then M is a submanifold of the hyperplane R"TP~!,

LetW : M" — R"*P be the given immersion. Then ¥ = W7 4 Wt where 7 ¢
X(M") and W' € C(735). Then [by (3.226)]

VW =X+ A X, Vy¥t=-BX, ¥ (3.234)
for any X € X(M"). On the other hand let F € C*°(M") be the function
F:M"—>R, F=<HWV">.
Then [by (3.234)] div¢” = n (1 + F). Consequently

Lemma 3.196 Let M" be a compact orientable submanifold of R"™P. Then

/ (I+F)dvy=0.
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Together with Haila et al. [OdDe], we consider the symmetric (1, 1) tenor field B
given by
B(X)=Ay1(X), X eXM".

Lemma 3.197 B enjoys the following properties
(@) r(B)y=nF,

(b) (VB)(X,Y) — (VB)(Y, X) = R(X, Y)¥T,
(© Y .(VB)(E;, Ei) =ngradF + Q(¥7),

where {E|, ..., E,} is a local orthonormal frame of Ty and

Q(X) =nApX — Y Ap, 0 Ei, (VBI(X,Y) = VxB(Y)—B(VxY)

forany X, Y € X(M").
Proof Statement (a) follows from the very definition of B. As B is symmetric
g(VB)(X,Y), Z) = g(Y, (VB)(X, Z)). (3.235)
Then [by (3.234) and (3.235)]
g(VB)(X,Y) — (VB)(Y, X), Z) = g(R(X, V)V, Z)

proving (b). To prove (c) note first that [by (a)]

Zg(BEi, E)=nF.

Thus for any X € X(M")

> 9(VB)Y(X. E;), E) =nX(F)=ng(X < gradF).

L

By (b) and the definition of the Ricci tensor one obtains (c). Q.e.d.

We shall need the following integral formula (by Haila et al. [OdDe]).

Theorem 3.198 Let (M", g) be a compact, orientable, positively curved Rieman-
nian manifold. If there exists a positive constant r > 0 such that the scalar curvature
T of M" satisfies T < n(n — 1)r=2 then there is no isometric immersion M" — R"+2
with a parallel mean curvature vector field, and contained in a ball of radius r.
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Proposition 3.199 Let M" be a compact orientable Riemannian manifold and W :
M" — R"*P an isometric immersion. Then

[Ric(¥”, W) + [|B[|*> = n*F? + n(n — D] d v, =0. (3.236)

Mn

Proof Let us consider a local orthonormal frame {E, ..., E,} suchthat (VE;),, =
0 for some xy € M. Then [by Lemma 3.204] we may compute div(BWT) and obtain

div(BYT) =n F 4 ||B||* + ng(¥T, gradF) + Ric(¥’, w7). (3.237)

We have
div(FWT) = g7, gradF) + F divey)T .

By the first equation in (3.234) divyy” = n (1 + F). Thus
div(FyT) = g7, gradF)+n F +n F?.
Then [by replacing g(»7, gradF) in (3.237)]
diviBYT —n FYT)y = —n(n — 1) F — n®> F? + ||B||* + Ric@ ", 7).

Integration over M yields [by Lemma3.196] the result. Q.e.d.

Let W be an isometric immersion of a compact manifold with parallel mean
curvature vector field, i.e., VX H = 0. Then ||H|| = « for some « € (0, +00). Let
{N1, N2} C C®(U, 74) be alocal orthonormal frame®* such that H = aN;. Then

\IJT—EN +fN =< vl N 3.238
_a 1 25 f_< ’ 2>' ( )

As V)J(-H = 0 it follows that V)%Nl = 0 and then [by N; L N;] one has V)%Nz =0.
Let us set
C(X)=An(X), V X eX(M").

It may be easily shown that C satisfies
tr (C) =0, (VO(X,Y)=((VO)(, X), Z(VC)(E,-, E)=0 (3.239)

forany X, Y € X(M").

Proof of Theorem3.198. Let W : M" — R"*2 be an isometric immersion with par-
allel mean curvature vector and ||1|| < r. Let us consider the C* function

84 One tacitly assumes that M has codimension 2.
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1
2 2
p:M" — R", ¢=5||C|| .
The Laplacian of ¢ is given by

1
Ago = ||VC||2 + 5 Z(ai - aj)zK,-j

i<j
where a; are the eigenvalues of C. Integrating the above equation and using K;; > 0,
we get VC = 0. This proves that C = al which, together with tr (C) = 0, gives
C = Ay, = 0. Now, from (3.238), for any X € X(M"), we get
X(f)=X <Vt Ny >=— < B(X,¥"), N, >=0,

consequently, f is constant, call it 5. Thus

2 T2 F2 2 F
IWIP = W1+ 5+ 57§ = Age = —Ay, (3.240)

so that 5
F

2 2

IBII" = — AN 17
o

Using this in Proposition 3.199 we arrive at
F2
/ [Ric(WT, WT) + —(|[AN | = n*0®) +n(n — D] d v, = 0.
n o '

The length ||k]|? of the second fundamental form is given by

2
A1 = llAx, 117
=1

and Ay, = 0. Thus || Ay, [|> = ||h||?> and consequently the above integral becomes

F2
[Ric(W", W) + (n(n — 1) — —=7)]dv, =0,
Mr (0%

where
2 2 2
T=n||H||" — [|A]|

is the scalar curvature of M". Using (3.240) and ||V|| < r in the above integral we
get
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[(Ric(¥T, W) + [|W7T |21 4 B%1) + r*(n(n — )r > = 7)1 d v, < 0.
Mn

(3.241)
The first term is non-negative and 7 < n(n — 1)r~2 hence the integrand is strictly
positive, a contradiction.

As a consequence of Theorem 3.198.

Corollary 3.200 Let (M", g) be a positively curved, compact orientable submani-
fold of R"™*2, with a parallel mean curvature vector. If M™ is contained in a ball of
radius r in R"*? and the scalar curvature T of M" satisfies T < n(n — 1)r =2, then
Mﬂ

(a) lies on the hypersphere S"+'(r=2),
(b) is isometric to S"(r~?).

Corollary 3.201 Let (M", g) be a positively curved, compact orientable submani-
fold of R"*2, with a parallel mean curvature vector field H. If the scalar curvature
T of M" is constant, then M" is isometric to S" (o), where o = ||H ).

Corollary 3.202 Let (M", g) be a positively curved, compact orientable subman-
ifold of R"*2, with a parallel mean curvature vector field. If Ric(WT, wT) >
n2(1 + F?), then M" is isometric to some sphere S"(c).

3.19 Submanifolds of Spheres

An ample portion of modern theory of isometric immersions is devoted to submani-
folds of arbitrary codimension in spheres. Tompkins (cf. [Tom]), Chern and Kuiper
(cf. [ChKu]), Otsuki (cf. [Ots23]), and H. Jacobowitz, cf. op. cit., proved non exis-
tence theorems for isometric immersions of Riemannian manifolds into certain (balls
in) Euclidean spaces, in the presence of assumptions on the sectional curvature. These
works turn out to be motivational for Beltagy [Bel]. In 1983, he proved that there is
no isometric immersion of a compact n-dimensional Riemannian manifold, whose
sectional curvatures are everywhere less than some constant, into $”*7 and contained
in some geodesic ball of $"*7 of radius . However, so far there were no such results
in the presence of requirements on the Ricci curvature. In 1994, Deshmukh and Al-
Gwaiz [DeGw], considered the question of non embeddability in the presence of
bounds on the Ricci curvature. Theorem 3.203 is proved for a compact Riemannian
manifold of codimension 1 in the odd dimensional sphere.

De Giorgi [Gio], and Simons [Sim24], showed that the Gauss image of a minimal
hypersurface other than a great hypersphere cannot lie in an open hemisphere. In
1969, Nomizu and Smyth [NoSm], generalized the above result to the hypersurfaces
of constant mean curvature. For this, they obtained a characterization of the hyper-
spheres (great or small) of spheres by using their Gauss images. Later on, Markvorsen
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(cf. [Mar]) also obtained another characterization of small hyperspheres of spheres.
A characterization of small spheres in a sphere was obtained by Coghlan and Itokawa
[Colt], in terms of a pinching relation on the sectional curvature. Drawing inspiration
from the above works, Deshmukh and Al-Gwaiz [DsGw], used a pinching on the
Ricci curvature and the position of a hypersurface in a sphere to characterize a small
sphere (see Theorem 3.206 below).

In the geometry of submanifolds, an interesting question is to obtain conditions
under which minimal submanifolds of the unit sphere S"*7 are totally geodesic.
Generally, these conditions are in terms of pinching relations on the scalar, Ricci,
or sectional curvatures. U. Simon proved a pinching theorem for compact minimal
submanifolds for arbitrary codimension in the unit sphere. This result was improved
by Sakaki [Sak25], in 1989. He showed that if the scalar curvature of a minimal
submanifold M" in $"*? is greater than some constant, then either M" is totally
geodesic or for n = 2, the scalar curvature is 7 = % and M? is a Veronese surface in
a totally geodesic 4-sphere.

In 1979, for n > 4, N. Ejiri proved [Eji], that a n-dimensional minimal submani-
fold, whose Ricci curvature satisfies Ric > n — 2, in §"*? is totally geodesic. Later
on, in 1992, Y-B. Shen improved (cf. [She]) the result of M. Sakaki for 3-dimensional
compact minimal submanifolds of S**” with a pinching relation on the scalar cur-
vature, i.e., 7 > 4.

S. Deshmukh proved (cf. [Des11]) Theorem3.209, which can be considered
as a partial generalization of the result by Y-B. Shen. It was an interesting ques-
tion whether Shen’s result could be extended beyond dimension 3. In [Des12], he
also showed that for p < 2, an n-dimensional minimal submanifold in $"*7, with
a pinching relation on the scalar curvature, i.e., 7 > n(n — 2), is totally geodesic
(see Theorem3.216 below). For p > 2, he used some additional restrictions on
the curvature tensor with respect to normal connection to achieve the result (see
Theorem 3.212 below). Furthermore, in [Des12], he obtained an inequality for the
scalar curvature of a non-totally geodesic, non-negatively curved minimal submani-
fold in $"*7 with a flat normal connection (see Theorem 3.219 below). From Corol-
lary 3.223, one may conclude that a non-negatively curved minimal hypersurface of
S+, which is diffeomorphic to S”, is a totally geodesic sphere.

According to Chen [Che5], a submanifold M of the Euclidean space R" s bihar-
monic if its mean curvature vector is harmonic i.e. AH = (AH;, ..., AH,) =0
where H = (H,, ..., H,) is the mean curvature vector and A is the Laplace-Beltrami
operator on M.

The study of biharmonic immersions into a non-flat Riemannian manifold may
be regarded as a generalization of B.-Y. Chen’s study of biharmonic submanifolds.
Jiang showed (cf. [Jia]) that a compact, orientable, biharmonic submanifold into a
manifold M such that RY < 0 is minimal. C. Oniciuc proved85 that CMC biharmonic
isometric immersions into a manifold M with R™ < ( are minimal.

85 Cf. C. Oniciuc, Biharmonic maps between Riemannian manifolds. An. Stiint. Univ. ALL Cuza,
Tasi, Mat (N.S.) 48, 237-248 (2002).
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Chen’s conjecture is that biharmonic submanifolds into a non positive constant
sectional curvature manifold are minimal. Up to 2001 Chen’s conjecture was expected
to hold for biharmonic submanifolds into a Riemannian manifold of non positive sec-
tional curvature, yet Ou and Tang produced (cf. [OuTa]) a counterexample, prompting
the investigation of biharmonic submanifolds of spheres.

3.19.1 Hpypersurfaces in Spheres

Let $>'~! C C” be the standard sphere. Let N be a unit normal vector field on §2*~!,
A rotation of N by 7/2 gives rise to the Reeb vector field ¢ € X(5?"~!) [ie., JE = N
where J is the complex structure of C"]. Let ¢ and 7 be the natural f-structure and
contact form on the sphere i.e. J X = ¢X + n(X) N. Moreover

PF=—1+1nQEL @€ =0, not&=0,
(3.242)

9(@X, pY) = g(X,Y) —n(X)n(Y), g(¢X,Y) = —g(X, ¢Y),

Vxé=0¢X, (Vxd)(¥) =n)X —g(X,Y)¢ (3.243)
forany X, Y € X(S 211y Thatis § 2”’1_is a Sasakian manifold with the contact metric
structure (¢, &, 1, g), where g and V are respectively the standard Riemannian
metric and Levi-Civita connection on S?"~!. Let (M, g) be a (2n — 2)-dimensional
Riemannian manifold admitting an isometric immersion in §?"~!. For the unit normal
vector field to M in $>"~! we have

fly=u+ fN, ¢X =¥X+a(X)N, (3.244)
f=9EN)., aX)=gX, 1, ¢N=—t.
Then [by (3.243) and (3.244)]
Vxu=¥X+fAX (3.245)

forany X € X(M), where A = Ay is the Weingarten operator of the given isometric
immersion. On the other hand

Vxt=—fX+WVAX. (3.246)

Then [by (3.244)] we get W (u) = f ¢ hence g(u, t) = 0. Finally [by (3.245) and
(3.246)] we arrive at W (¢) = — f u.
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Next we report on a result by Deshmukh and Al-Gwaiz (cf. [DeGw]) on the non-
existence of an isometric immersion M — $?"~! with J N tangent to the image of
M. Precisely

Theorem 3.203 Let M be a (2n — 2)-dimensional compact Riemannian manifold.
If M satisfies Ric < 2(n — 2) then there is no isometric immersion of M into S*"~!
such that J N is tangent to the image of M.

To prove the theorem we need the following:
Lemma 3.204 Let M be a (2n — 2)-dimensional submanifold of S**~'. Then
(1) trace(¥?) = —2 f> —2n +4.
2) [|Vul]?> = f2trace(A%) + 2% +2n — 4.
(3) 11Lgl* = 4f? trace(A?).
@) diviw) =2(n—1) f a,

where « is the mean curvature vector M — S~ 1

Proof On an open subset of M, we consider the unit vector fields & and &, collinear
to u and #, respectively. Then for any unit vector field £ orthogonal to £ and &,

-1 —
gWE, &) = —g(€, V&) = —g(&, Yu) = —flltllg(g, &) =0,

[ [

-1 —f
gVE, &) = —g(€, V&) = mg(& V) = wllullg(& &) =0.
o (3.247)
AlsoV(u) = ft =t =0and ¥(t) = — fu = u = 0. Then ¢ = N. Thus, on an
open set where u and ¢ are nonzero, we may choose as a local orthonormal frame

either
{((:1, ceey gn+1, ‘1153, ey \Ij(‘:n+1}

or
{Ela cees En—la lI"Ela ceey \I"En—l}-

For the first case we have

2n—2
D g(Ae;, Wey) =g(AE), WE) + g(A&;, WEy)
i=1
n+1
+ Y [g(Aei, We;) + g(AWe;, We))].
i=3
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Fori > 2, E; is perpendicular to u and ¢, which further implies that a(E;) = 0 and
n(E;) = g(E;, t) = 0. Hence ¢E; = W(E;) and W2(E;) = —E;. Thus

2n—2
> 9(AE;, WE;) = 0. (3.248)

i=1

The remaining case may be treated in a similar manner. On the open subset where u
and t are nonzero, we also have

2n—2
trace(W?) = Y g(VE;, WE;) = =2f> —2n + 4. (3.249)
i=1
By (3.245)
div(u) =2(n — 1) fa. (3.250)

Next [by (3.248) and (3.249)]

||Vu||> = —trace(W?) 4+ £ trace(A?)

= f2trace(A%) 4+ 2f2 +2n — 4 (3.251)
and
L9l =) [9(VE; + fAE:, Ej) + g(VE; + fAE;, E)
ij
= 4 f% trace(A?). (3.252)
Q.e.d.

Proof of Theorem 3.203 By Lemma 3.204
_ 1
Ric(u, u) + 5||£g||2 — | Vu|* = (6u)* =

= Ric(u, u) + f2(2n —2)2n —3) — 1) — 2> —2n + 4, (3.253)
where the scalar curvature 7 of M is given by
7=02n—2)2n —3) +4(n — 1)>a* — trace(A?).

Next [by [lu|> = 1 — f?]



3.19 Submanifolds of Spheres 351

/ [llul*(Ric(E, Ey) — (2n —2)) + f*((4n — 4 (n —2) —7)] d v, = 0.
M

(3.254)
By JN = ¢ € X(M) and (3.244) we get f = 0 and ||u|| = 1. Hence

/ [Ric(u,u) — (2n —2)]dvy, =0. (3.255)
M

This [by our assumption on Ricci curvature] is in conflict with (3.255). Q.e.d.

3.19.2 Small Spheres in Spheres

Let M be an orientable hypersurface in the unit sphere S"*! C R"*2. Let N be a

global unit normal vector field of M in S"*!. We shall use the Gauss and Weingarten
formulas

VxY = VxY + g(AX,Y)N, (3.256)

VN = —AX (3.257)

for any X,Y € X(M). Let R = RV be the curvature tensor field of M. The Gauss
equation is

R(X,Y)Z = g(AY, Z)AX — g(AX, Z2)AY (3.258)
forany X, Y € X(M). Let{E}, ..., E,} be alocal orthonormal frame in 7),. Then
[by (3.258)]

Ric(X,Y)=m—DgX,Y)+nag(AX,Y) — g(AX, AY) (3.259)

for any X, Y € X(M). Moreover the scalar curvature of M is

7 =n( — 1) 4+ n’a? — trace(A?), (3.260)
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where «v is the mean curvature of M

1 n
= - AE;, AE)).
a nZg( )

i=1
By the symmetry of the shape operator A and by the Codazzi equation
g((VxA)Y,Z) = g((VxA)Z,Y) (3.261)
for any X, Y, Z € X(M). For any parallel unit vector field Z on R"*?
z=2z"+2z",

where Z” € X(8"*")and ZV € C*(7,,,) are the tangential and normal components
of Z. Let N be a unit normal vector field on $"*! in R**2_ If we set

f=<2zZ", N>
then
VxzZ' =—fX, Xf=g9X, 272" (3.262)
for any X € X(M). Furthermore, let us consider the function
p:M—R, Z' =t+pN, teX(M).
We have

Vxt = —fX +pAX, Xp=g(AX,1), Xf=g9(X,1),
(3.263)
gradp = —At, gradf =t
for any X € X(M).

Next we report on a result by Deshmukh and Al-Gwaiz (cf. [DsGw]) on hyper-
surfaces of constant mean curvature in S"+!.

Theorem 3.205 Let M be a compact orientable hypersurface of constant mean
curvature in S"*'. If some relative support function of M with respect to a parallel
unit vector field Z in R"*2 is nowhere zero on M, then M is a hypersphere in S"*!.

Proof The Hessian Hess,, is [by (3.263)]

Hess,(X,Y) =—g((VxA)Y, 1) + fg(AX,Y) — pg(AX, AY). (3.264)
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By (3.264) and (3.261)
Ap=-—-nta+nfa— ptrace(Az). (3.265)

By (3.263) div(t @) =t a — na (pa — f). By the last equality together with (3.265)
and Lemma3.207

Alp—(n — Daf] = p[na® — trace(A?)] — div(nt ).

Integrating over M
/ [p(na? — trace(A*)] d v, = 0. (3.266)
M

Then (3.266) yields either p =0 or o = (1/n) trace(A?). In the first case [by
Schwarz inequality]

1
a? — —trace(A%) > 0
n

with equality if and only if M is totally umbilical. In the second case M is again
totally umbilical and as M is compact and connected, it must be a hypersphere in
St Q.e.d.

Deshmukh and Al-Gwaiz (cf. [DsGw]) gave the following characterization of a
small sphere in a sphere, in terms of a pinching relation on the Ricci curvature.

Theorem 3.206 Let M be a compact orientable hypersurface of S"+! with a relative
support function p with respect to a parallel unit vector field Z in R"*2. If the Ricci
curvature of M satisfies p*(n — 1)(n +2) < p>Ric < n — 1, then

(1) pis constant,
2) M =S8"(p7).

We need the following lemmas.
Lemma 3.207 (1) Af =n(—f +pa),
@) 3Af*=n(=f*+afp) + Il

Proof The first statement follows from (3.263). As to the second statement, one uses
the first statement together with (3.263) and with

Af? =2 f Af +2|lgrad f1]*.

Q.e.d.
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Lemma 3.208 Let M be a hypersurface of S"T! with a relative support function p
with respect to a parallel unit vector field Z in R"*2. Then

%Apz =p*(r—n(n—1)) = fpann—1)
— [Ric(t, 1) = (n = D|t]]*] — div(na pt). (3.267)
Proof Substitution from
div(t o) = ta — na(pa — f)
and from (3.260) into (3.265) yields
pAp=p(T—nn—-1)—nmn—-1) f pa— pdiv(nt). (3.268)

By
div(napt) = napt + pdiv(nat)

and by (3.263) we obtain
— pdiv(nat) =nag(At,t) —divinapt). (3.269)
Substitution from (3.269) into (3.268) yields
pAp = p[T —nn — 1)] —nn—1) fpa—nag(At,t) —divinapt).
Finally by (3.263) and
Ap* =2[pAp+ |lgrad p| ],
we obtain (3.267). Q.e.d.

Proof of Theorem 3.206 By Lemma 3.207 and (3.267)

L AL+ 0= D]+ divinapn) =pP7 — n(n = DG + 12+ 1]P)

2
+ (n — 1)(n + 2)||t]|> — Ric(z, 1).
(3.270)

For a unit vector field Z =t + pN 4+ fN we have ||t||> + p*> + f*> = 1. Thus, by
integrating (3.270)

/M {117 [Ric(s, ) — (n — D +2)] + n(n — 1) — p*r} dv, =0,
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where s = ||¢]|~' ¢ (a unit vector field defined on the open subset of M where ¢ is
nonzero). Then it must be ¢t = 0 and

P’ =n(n—1).

Moreover p is a nonzero constant, f| is a constant,and A = % 1. Hence [by Gauss
equation] M is isometric to S"(1/p%). Q.e.d.

3.19.3 Minimal Submanifolds in Spheres

Let M" be a n-dimensional minimal compact submanifold in $"*7, with the normal
bundle 7;;. The Riemannian metric on $"*7 and the induced Riemannian metric on
M are denoted by the same symbol g. The Levi-Civita connections on S"tP and M
are denoted by V and V. Gauss-Weingarten formulae are
VxY =VxY +B(X,Y), VxN=—-AyX+VyY (3.271)
forany X,Y e X(M) and N € C“(TA%,). We shall also use
g(ANX,Y) = g(B(X,Y), N). (3.272)

Let R = RY and R+ = RV be the curvature tensor fields of V and VL. Gauss-
Codazzi-Ricci equations are

R(X,Y)Z =g(Y, Z)X — g(X, 2)Y + Apy,7) X — Apx,2)Y,
(VB)(X,Y,Z) =(VB)(Y, Z, X), (3.273)

RE(X, Y, Ni, No) = g([An,, An,1(X), V)

forany X,Y € X(M) and N, N, € COO(TAJ,;). Let{E;, ..., E,} bealocal orthonor-
mal frame of 7. The Ricci operator R* is

Ric(X,Y) = g(R*(X),Y), V X,Y € X(M).

Then [by Gauss equation]

R'(X)=m—-1DX — Z A, x)Ei (3.274)

i=1
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for any X € X(M). Next the scalar curvature is

= ZRic(E,-, E) = (3.275)

=n(n—1)— Y |IB(E;, E)|* =n(n—1)—||B|*

i,j
As M is minimal

-1 B(E:;, B)=0, > _(VB)(X, E;, E) =0,

(3.276)
YL (VPB)(X, Y, E;, Ep) =0.
Next we define
o =%, ; IB(E:, EpII® = IBI,
A1 = 325 4 1A, £y Exll®, (3.277)

IIVBI> =3, ;« ICVB)(E;, Ej, EDI*.
Next we report on a result by Deshmukh (cf. [Des11]) concerning normal curvature
of minimal submanifolds in spheres.

Theorem 3.209 Let M" be a minimal compact submanifold of S"*P. If the scalar
curvature T and the normal curvature K=+ of M satisfy T > (n — 1)2, Kt <o,
then M is totally geodesic.

We need the following lemmas.

Lemma 3.210 Let M" be a minimal submanifold of S"*P. Then

> R(Ey. Ei: Ej. Ap,. k) Ex) =
ik

1
= AsIP + 5 K* = D g(AaEi, A E)? =0,
i,j,a,b

A=A, 1<a<p
for any local orthonormal frames

{Ei : 1<i<n}CC®U, ), {n.:1=<a=<p}cC®U, 1.
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Proof By (3.273)
K+ =Y [RYE; Ejing.ny) = (3.278)

i,j,a,b

=2 ) [9(AJE;. AyE})? — g(AaAyEr, E))g(ApAuEr. E)].

i,j,a,b

On the other hand [by Gauss equation]

Z R(Ey, Eis Ej, Aps, pErx) =
ik

= 6;jg(B(Ey, Ei), B(E;, E;)) — 0ijg(B(E;, Ej), B(E;, Ex)) +
+ 9(B(E;, E;), B(Ex, ApE,.E)Ex)) — 9(B(Ek, Ej), B(Ei, ApE,.E;)Ex)) =

= 0,;9(B(Ey, Ex), B(E;, E;)) — 0;jg(B(E;, Ej), B(E;, E)) +

+11AsIP = Y g(AALE;, E}) g(ApAE;:, E)).

ij.ab

Finally [by (3.278) and minimality of M]

ZR(Ek, E;; Ej, Ap. ey Ex) =
ik

1
2 2 L
= —o0 + [|Agl| —'E' bg(AaEi, ApEj) +5K
L].4a,

Q.ed.
Lemma 3.211 Let M" be a minimal submanifold of S"*P. Then

AF = (n — Do — ||A4|]* + (0 — K*) + || VA| . (3.279)
Proof We consider the function F : M — R, 2F = ¢. Then

AF =Y " g((V*B)(Ex. Ex. Ei, Ej), B(Ei, Ep) + Y _[|(Vh)(e. ¢, en)l|”.
i,j.k i,j.k

By the Ricci identity
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AF =Y [R*(Ex, Ei; B(Ey, E}), B(E;, E})) — R(Ey, Ei; Ex, Ape, £ E})
i,j.k
— R(Ex, Ei; Ej, Ag, ) EQ1+ IV BIP. (3.280)
On the other hand [by (3.273)]

ZRJ‘(E;{,E,-;B(Ek,Ej),B(E,-,Ej)) = (3.281)

i,j.k

= 2[9(A3<5i,5j)Ek, A EpEr) +
i,k

+ 9(AB(E; Ej)Ey» R(Ei, EEj — 6 Ei + 6ij Ex) — 9(AB(E,  E;) Ek: AB(E; Ej) Ei)] =
= [|Agl)* — o + Z[R(Ei, Ey; Ej, Ape e Ex) — 9(ApE, £/ Exs AE, EHED]-
ij.k
Next we evaluate [by (3.274)] the last term (in the equation above)

ZQ(AB(Ek,E‘,v)Ekv ApE.epEi) = (3.282)
ik

= Zg((n — Dej — R*(Ej), Ane.ejpei) = (n — 1o + Z R(Ek, Ei; Ex, ApgEpEj).
ij ik

By (3.281) and (3.282)

Y R (ew, ei; hlew, ), hieis e))) = (3.283)
i,j.k

= —no + [|AlI* + Y _[R(ei. ex: €j. Anceeper) — Rlew. e ex, Ange,.e)e))]-

ijk
Moreover
Z R(ex, e exs Anerepp€j) = — Z Ric(ei, Ane.epej) = (3.284)
ik i,j

== g(R* (&), Aneepe) = — ) g(R*(Aqe)), Agej) =

i,j j.a

= — Z Ric(Aqej, Agej) = —(n — 1)o + Z g(Agqe;, Abej)z.
j.a i,j,a,b
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Substitution from Lemma 3.210 and from (3.283)—(3.284) into (3.280) yields (3.279).
Q.e.d.

Proof of Theorem 3.209 Integrating (3.279) over M
/ [(n = Do —|Aul1* + (0 — K) + |IVAI*] dvy = 0. (3.285)
M

By

2 2 2 2
o= NAal AP =D Ane.epecl =Y 1AdlI*
a

ijk a

Equation (3.285) becomes
/ [Z((n — 1) = [lAPAP + (0 — K) + ||Vh||2] dv, =0.
M a

Then o — K+ > 0and ||A,||?> < n — 1. Thus ||A,|| = 0,i.e., M is totally geodesic.
Q.ed.

Theorem 3.212 Let M be a n-dimensional compact minimal submanifold in S"*P.
IfT > n(n —2) and K+ < ¢ then M is totally geodesic.

Cf. Deshmukh [Des12]. To prove the theorem we need the following lemmas.

Lemma 3.213 Let M be a n-dimensional minimal compact submanifold in S"*7.
Then

0 =/ VA + ) (R*(Ev. Ei; B(E;, Ex), B(E;, Ej))+
M _—
i,j,k
— R(Ey. Ei: Ej, Apr, £)E0) + Y Ric(Ap, £ Ej. ENld v, (3.286)
iJ
Lemma 3.214 Let M be a n-dimensional compact minimal submanifold in S"*P.

Then

IRII> = IIR(E;, E)Ei||* =

ik
=2n(n — 1) — 40 + 2||Ap||*+
- ZZQ(AB(E,-,EA)Eia ApE, EnE)). (3.287)

i,j.k
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Lemma 3.215 Let M be a n-dimensional compact minimal submanifold M in S"*P.
Then

2> R(Ey. Ei: Ej. Ape, ) Eo) = |IR|* — 27 (3.288)

ijk
Let us consider the function

M —> R, =2 ||All’|| A"

a<b

Proof of Theorem 3.212 Let us use (3.273) and (3.274) [by taking inner product with
A, E;) Ex]

> ik 9ABE; E)Eis ApE EpE) =Y« 9(R(Ei, Ex; Ej, Ak, £, Ex) — 0 + |1 AglI%.
20k 9ABE; B0 B ApsEpED) = (n = Do =3, ;Ric(Ej, Apr; ) Ei)-
(3.289)
Substitution from (3.289) into the third equation of (3.273) yields

RY(Ey, Ei; B(E;, E;), B(E;, Ey)) = Z R(E;, Ex; Ej, A, g Er) +

i,j.k
(3.290)
+ ) "Ric(E;. Ap,.r)E) +||Agl|* — no.
i,j
Moreover
ZRiC(Ej’AB(E,-,E,-)Ei) = (3291)
i,j
= Z g(AuEi, E)Ric(E;, AE;) = ZRic(A,,E,-, ALE)).
a,i,j a,i
Substitution from (3.274) into (3.291) yields
ZRiC(Ej, ApepEi) = — 1o — Z [| A, Apl*. (3.292)
i,j a,b
On the other hand [by (3.287)]
IIRI|* =2n(n — 1) — 40 + (3.293)

+20|A5IP + D l1AdAp — ApAgl* — 21| Ag Ay 1.
a,b
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Here one also made use of

2k 9ABE EVEis ApE B0 Ej) =
= jan 9AaE;, AyE)g(AE;, ApEy),

Yun 1AcAy — ApAll* =

=23 i ap 9AE;, AVENG(AE], AyED) +23, , 1A Ap| >
Then [by Lemma3.215 and (3.293)]

2> R(Ey. Ei Ej. A, p)Er) = (3.294)
i,j.k

= 2n(n — 1) — 4o + 2/ Al 2 = =21 + 3 [1AuAs — ApAdlP — 20| AuAy|P1.
a,b

By Lemma3.213 and (3.290)

0 =/ IVAIP + |Agl1> = no — 2> R(Ex. E;: Ej. Aps, i) E)+
p -
i,j.k
+2Ric(E;, Apk,.e)ENldv,

or [by (3.292), (3.294) and (3.275)]

0= [ UIVBIP +1141P = o = 3114y = ApAulP1dv, . (3:295)
M a,b

To simplify the above integral formula, we use the identities

K= Y [RNEi, Ejs na, mp)V

i,j,a,b

= Y 9(Aa AN(ED, E))
i,j,a,b

=Y [ 9((AcAy — ApA) (e, €))’]
a,b i,j

= > |lAaAp — ApAdll®
a,b
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and
148117 = 1 Ab, kel
i,j.k
= > g(AE; EN*|AJErl
i,j,k,a
= > |l AdlPg(AE:, E})?
i,j,a
= > llAdll?
= [[]1* =2 11 AdlIP1|Ap] 1> (3.296)
a<b
Thus
/HWBW44n—am+«w—Kind%=o. (3.297)
M

By o < n together with (3.297) it follows that M is totally geodesic. Q.e.d.

Theorem 3.216 Let M be a n-dimensional compact minimal submanifold in S"2.
Suppose that T > n(n — 2). Then M is totally geodesic.

Cf. Deshmukh [Des12].
Proof Let {n;, n,} be alocal orthonormal frame in Tﬂj Then (3.295) may be written
[by (3.296)]

fHWMF+m—oM+ (3.298)
M

+2||A1 P11 A21* = [|A1A2 — A2 A4 |1 d v, = 0.

Using (3.298) we may conclude that o = 0, that is M is totally geodesic. Q.e.d.
The previous theorem admits the following consequence.

Corollary 3.217 Let M be a n-dimensional compact minimal hypersurface in S"*'.
If T = n(n — 2) then either

(1) M is totally geodesic, or

.. . m _ n—m
(2) M is isometric to S’”( /—) x S" ’”( )
n n
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Proof Note that K+ = ¢ = 0. Consequently (3.297) becomes
/[||VA||2+(n—||A||2)||A||2]dvg=o. (3.299)
M

If M is not totally geodesic then (3.299) implies that A is parallel and ||A||*> = n.
Consequently M is isometric to

m n—m
S’“( —) x S”_’”( )
n n

Q.ed.

Theorem 3.218 Let M be a n-dimensional compact minimal submanifold in S"*P,
with a flat normal connection. If M has constant sectional curvature ¢ > 0 then

(H) M isflatand p > n — 1, or
(2) M is totally geodesic.

Cf. Deshmukh [Des12]. To prove the theorem we need to use.

Theorem 3.219 Let M a n-dimensional compact non-negatively curved minimal
submanifold in S"*P with a flat normal connection. Then either

(1) M is totally geodesic, or

(2) the scalar curvature T of M satisfies
nm—p—-—1)<1t<nhn-2).

To prove Theorem 3.219 we need the following lemma.

Lemma 3.220 Let M be a n-dimensional non-negatively curved minimal subman-
ifold in S"*P with a flat normal connection. Then

() 141> = no.
(i) o(oc —n) = 0.
Proof We choose local orthonormal frames

{Ei, ..., E,}) CC®WU,1y), {n1,...,n,} C C®WU, 1),

such that A, (E;) = X! E; [with A, = A, ] for some
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XeeC®U), ief{l,....n}, aell, ..., p)

> Ric(Ej, Ap,.e)Ej) — Y R(Ex. Eii Ej, Ap,epE) = (3300)
i,j i,j:k

=Y 1D 9(AEi, E)Ric(Ei, AEj) = Y g(AaEi, Ej) R(Ex, Eis Ej, AgEx)] =
a ij i,j.k

= Y [(X9)* R(Ex, Ej; Ej, Ex) — XS\ R(Ey, Ej; Ej, Ex)] =

a,jk

1
= 5 22N R(Ey, Eji Ej, Ex) = 250 R(Ex, Eji Ej, En) =
a,j.k

1
= 12O = XD?R(Ew, Ej; Ej, E] 2 0,
a,jk

where R(Ey, E;; E;, Ey) is the sectional curvature of the 2-plane spanned by
{Ey, E;}. Equation (3.300) yields [by Lemma3.213 and R+ =0]||Vh|| =0 and

ZRiC(Ej, ApE.epEj) = Z R(Ey, Eis Ej, Apk, ) Er)-
i ijk

This last equation together with (3.290) and R+ = 0 yields
[|A4l|* = no. (3.301)
Also

HARP =) 11Ad1*

= OQ_ AP =2 1Al Pl A1

a<b

= Al = 23" 1Al P11 Al 1. (3.302)

a<b

Equations (3.301) and (3.302) imply
o(c—n)>0. (3.303)

Q.ed.
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Proof of Theorem3.219 By (3.301)
n n’p
Al =) =—,
Ea (1Aall” = 3) 1

and then [by Schwarz inequality]

S -3] =2 (- 2)"

a

The last two relations imply
o(c —np) <0. (3.304)

Hence, either o = ||h||> = 0 or ¢ < np. In the first case M is totally geodesic. If
M is not totally geodesic, then by (3.303) n < o < np or equivalently [by (3.275)]
nmn—p—1)<7<nn-2).Qed

Theorem 3.221 Let M be a n-dimensional compact minimal submanifold in S"*P,
with a flat normal connection. If T > n(n — 2) then either

(1) M is totally geodesic, or

.. . m _ n—m
(2) M is isometric to S’”( /—) x S" ”‘( )
n n

Cf. Deshmukh [Des12]. Proof By R+ = 0 and (3.290)

> R(E:. E: Ej. Ap,.p)E) — Y Ric(Ej, Ap, i) E)
ik i

= ||A||* — no. (3.305)

By Lemma3.213 and (3.305)
f UIVBII® +no — [|A|*] d vy = 0.
M
By (3.302) and the above integral formula

/ UIVBIP + (= 0)o +2 ) | AalPlIAIP1 d vy = 0.
M

a<b

As o < n the integral formula yields

IVB||=0, (n—0)o=0, A,=0, bef2 ..., p
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When ¢ = n we may conclude that M is isometric to

m n—m
o ((2) 5 (52
n n

When o = 0 we may conclude that M is totally geodesic. Q.e.d.

A few immediate consequences may be stated as follows.

Corollary 3.222 Let M be a n-dimensional compact minimal submanifold in S"*?,
with a flat normal connection. If T > n(n — 2) then M is totally geodesic.

Corollary 3.223 Let M be a n-dimensional compact non-negatively curved minimal
hypersurface in S"*'. Then either

(1) M is totally geodesic, or

- : m M om [ [n—m
(2) M is isometric to S ( —) x S ( )
n n

Proof By Theorem3.219 either M is totally geodesic or 7 = n(n — 2). If M is not
totally geodesic then o = n and then M is isometric to

Sm( ﬂ)xsn—nz( n_m>
n n
Q.ed.

Corollary 3.224 Let M be a n-dimensional compact non-negatively curved minimal
hypersurface in S"T'. If M is diffeomorphic to S then M is totally geodesic.

Lemma 3.225 Let M be a n-dimensional minimal submanifold in S"*P with a flat
normal connection. Then

[|A4I* = n(1 — c)o.

Proof The first equation in (3.273) (Gauss equation) is

Z(C — 1) g0 Ei — 0 Ej, A, ) Ei) =
ik

= Z[Q(AB(E,»,Ek)Ei, Ap;, EnED) — 9(ApkE, By Ejs Ak, E)ED]-
Y
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This gives

A=) = 1Al =Y 9(ApE, 0 Ej. Ab, 50 E).

ijk
By the third equation in (3.273)

Z 9(ApE . E0Ej, A EnEi) =
ik

= g((n — Dex — R*(ex). Apr, 50 Ei) =
ik

=mn—1o— ZRic(Ek, Ap(E ey Ei).
ik

The Ricci curvature for a minimal submanifold is
Ric(X,Y)=m—1cg(X,Y), X,Y e X(M).

Then the above equation reduces to

> 9(As 0 Ej Ase,.p0Ei) = (n — 1)(1 = c)o.
ijk

Substitution from (3.308) into (3.306) leads to ||Ax||> = n(1 — ¢) 0. Q.e.d.

367

(3.306)

(3.307)

(3.308)

Proof of Theorem 3.218. By (3.301) and Lemma 3.225 we get co = 0 yielding either
¢ =0oro = 0. In the first case 7 = 0 implying p > n — 1. In the second case M is

totally geodesic. Q.e.d.
Theorem 3.218 admits the following immediate consequence.

Corollary 3.226 There exist no compact flat minimal hypersurfaces in the sphere

s+,

3.19.4 Biharmonic Immersions in Spheres

The notion of a biharmonic map generalizes that of a harmonic map. Biharmonic

maps are critical points of the bienergy functional

1
Exe) = /ﬁ I d v,
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The Euler-Lagrange equations of the variational principle § E;(¢) = 0 are

m(p) = —J?(1(p)) = —AT(p) — trace(R" (dp, T(¢)) dp) = 0,

where J¥ formally denotes the Jacobi operator of ¢, A is the rough Laplacian on
sections of ™! T(N) and R" is the curvature tensor field of (N, ¢). Any harmonic
map is biharmonic. Non harmonic biharmonic maps are proper biharmonic.

Let (M, g) be an immersed submanifold into a Riemannian manifold (N, g),
with the induced metric g. If the immersion is a biharmonic map, then that immer-
sion is called a biharmonic submanifold. On the other hand, submanifolds with non
harmonic (non minimal) biharmonic inclusion map are called proper biharmonic
submanifolds.

We report on results by A. Balmus et al.®® on proper biharmonic submanifolds,
with a parallel mean curvature vector field, in spheres.

Proposition 3.227 Let M be a proper biharmonic submanifold with a parallel mean
curvature vector field in S". Then

(1) ||Agl)?> = m||H|)* = constant.

(2) trace(VAp) =0.

(3) (trace(VB)(X, -, Ay())), H) = (trace((V*B)(-, X, Ax (), H) =0
forany X € X(M).

Theorem 3.228 Let M™, m > 4, be a compact proper biharmonic constant mean
curvature hypersurface in S™+'. Then

-2
(1) [1H]| e (0, m7i|U{l}.

1
2) ||H|| = 1 if and only if M is isometric to S™ —)
) 1A if y if («/5
1

1
if and only if M is isometric to S <—> x §m] <_)
g yf V2 V2

Cf. Balmus et al.}” To prove the result we need some preparation.

m—2

3 [H[l =

Theorem 3.229 (1) The canonical inclusion ¢ : M™ — S" is biharmonic if and
only if

AT H +trace(B(-, A (1)) —m H =0, 4trace(Ay. (g () +mgrad(||H|*) = 0.

86 Cf. op. cit.

87 Cf. A. Balmus, S. Montaldo, C. Oniciuc, Properties of biharmonic submanifolds in spheres. JGSP
17, 87-102 (2010).
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(2) If M is a submanifold with parallel mean curvature vector field in S", then M is
biharmonic if and only if

trace(B(-, Ay () = mH

(3) A hypersurface M with nowhere zero mean curvature vector field in ™' is
biharmonic if and only if

ATH — (m = ||AIP)H =0, 2A(grad(|[H[))) + m||H]|| grad(]|H]|) = 0.

4) If M is a nonzero constant mean curvature hypersurface in S™+!, then M is
proper biharmonic if and only if

[|Al* = m.

Here V1 and A+ are the connection and the Laplacian in the normal bundle 73;
and grad is the gradient on M.

Proposition 3.230 Let M be a proper biharmonic hypersurface with constant mean
curvature in S"t" and m > 2. Then M has positive constant scalar curvature

T =m*(1 +||H|[*) — 2m.

The normalized scalar curvature p of a hypersurface M™ in S”*! is

T

T mm—1)"

p

Theorem 3.231 Let M be a compact hypersurface with constant normalized scalar
curvature p in "%\, Let us assume that p > 1 and

mp—1)+2 m—2

m(p =1 I < on = D= — + o

(3.309)

Then either

(1) ||k]1?> = m(p — 1) and M is a totally umbilical hypersurface, or

m(p—1)+2 m—2
a
m—2 mp—1)+2

M:S%«Lwﬂxy“mm 2=m=2

mp

@ |IAl)? = (m — 1) nd
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Proof of Theorem 3.228 By Theorem 3.229

[|2]* = [|A]* = m. (3.310)

m—2
Let us set t = m||H||?> — 1 for simplicity. We assume that ||H|| € (—, 1) or
m

te(W’m_l).

m

equivalently

By Proposition 3.230

p=1+ (3.311)

m—1

We observe that the first condition of Theorem 3.231 is equivalent to # > 0, which is
satisfied. Also, the first inequality of (3.309) is satisfied [by (3.310) and t < m — 1].

As
(m — 4)(m — 1)
t>—
m

the second inequality of (3.309) becomes

0<mt®>—m*>—6m+4)r—m—4)(m-—1),

whichis satisfied. By Theorem 3.231 we geteither p = 2,i.e.,||H|| = l,orp =
m

. m —
e, |[H|| = "
by Theorem 3.231. As previously shown, if

e () ()

. m—2
(an isometry) then ||H|| = ——.

m—72 2(m —2)
then p = — . Thus (3) follows by Theo-
m

, a contradiction. Thus (1) is proved. The statement (2) follows

Conversely, if ||H|| =
rem3.231. Q.e.d.

S. Montaldo et al.®® listed the main examples of proper biharmonic immersions
in S™.

88 Cf. S. Montaldo, C. Oniciuc, A. Ratto, Biharmonic immersions into spheres and ellipsoids. Rev.
Roumaine Math. Pures Appl. 59, 425-442 (2014).

2(m — 2)

ki
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(1) The canonical inclusion of the small hypersphere

sm-t LI (x L)eR'"“-xeRm |x|2=l c s
V2 V2 ' ’ 2 '

(2) The canonical inclusion of standard (extrinsic) products of spheres

1 1 1
§mi §m2 , Rm1+l Rmz+1’ 2 2 e Sm’
(«/E) x («/E) {(X v e - . o 2

m1+m2—1, ml;émz.

1
(3) The maps ¢ =to0¢: M — S, where ¢ : M — §"~! <ﬁ> is a minimal
1
immersion, and ¢ : $"! <—) C 8™ is the canonical inclusion.
V2
, 1

(4) Mapsp = 1o (¢ X ¢2) : My x My — S™, where¢; : M[" — S™ (—2>,0 <

n; <m;, i =1,2, are minimal immersions, n; # ny, m; +my — 1, and

1 1
L §™ (— x 8™ | — | — S§™ is the canonical inclusion.
V2 ) (ﬁ )

The following result (by R. Caddeo, et al.3? reduces the search for biharmonic sub-
manifolds in S” to that of minimal, and thus harmonic, immersions in $”~!(1 / \/5).
Theorem 3.232 Let M be a pseudo-umbilical submanifold of S™ with a parallel
mean vector field, of norm 1. Then
(1) M is biharmonic in S".

(2) M is a minimal submanifold in a hypersphere S”’l(%) c S

Proof Let us denote the mean curvature vector field of M in R"*! by H. Then for
every p € M we have H(p) = H(p) — p, and for any XX(M)

VEH = Vi H — A(X) = VEH — Ay (X) — X.

Thus L .
V'H=V*H=0, A7z=2I

89 Cf. R. Caddeo, S. Montaldo, C. Oniciuc, Biharmonic Submanifolds in Spheres. Israel J. Math.
130, 109-123 (2002).
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On the other hand, let us consider the map
n+l1 1—
Y M —> R, ¢(p)=p+5H(p).
Then
R»Hrl 1 Rn+l—
X)) =Vy p+EVX H=0.

: 2 _ 1
Thus 1 is a constant vector. Consequently |p — | = 5. Then

1
McS\y,—].
<¢ ﬁ)
Since || = 1/\/5 we may assume w.l.o.g. that ¢» = (0, ..., 0, %2) e R"*!. So

[ —;

1 1 1
McC S (y; —)ms" = g1 <—) X {—
< V2 V2 V2
Also, for every p € M the vector (p — ) is collinear to H (p), hence M is minimal

in §" <1/}; %) and then in §"~! (%) X {%} Q.ed.

3.20 Calabi’s Theorem

The purpose of the present section is to report on a classical result by E. Calabi®® on
weak elliptic inequalities in Riemannian geometry.

Theorem 3.233 Let M be a complete Riemannian manifold, whose metric is of class
C? and has non-negative Ricci curvature. If f(t) is a positive, monotone increasing,
differentiable function, defined for all t € R and satisfying

00 s —12
f (/ [0 dt) ds < 00 (3.312)
0 0

then there is no global solution in M to the inequality

Au (weakly) > f(u). (3.313)

90 Cf. E. Calabi, An extension of E. Hopf’s maximum principle with an application to Riemannian
geometry. Duke Math. J. 25, 45-56 (1958).
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Theorem 3.233 generalizes (to complete Riemannian manifolds of non-negative
Ricci curvature) a result by R. Osserman.’! The proof of Theorem 3.233 relies on a
version of Hopf’s maximum principle, also established by E. Calabi’> and presented
by us in Chapter 2 of Book II-B®3. To prove Theorem 3.233 we need to recall a few
elements of Riemannian geometry.

Let (M, g) be a n-dimensional Riemannian manifold with metric tensor g € C3.
Letd =d, : M x M — [0, +00) be the distance function associated to g. The result-
ing metric space (M, d) isn’t necessarily complete. Let M be the Cauchy completion
of (M, d). The completion is a metric space with the natural distance®* function d.
Then M admits a natural injection j into M such that

d(x, y) =d(j(x). j(»)). x.yeM.
When (M, d) is not complete, for every point x € M one sets
Y(x) i=d(x, M\ j(M)). (3.314)
When (M, d) is complete we set
y(x) = 400.

For every x € M and every r > 0 let B,(x) denote the open metric ball of center x
and radius r in (M, d). Also B, (x) denotes the closure of B, (x) in M. The classical
Hopf-Rinow theorem best describes the relationship between the distance function
d and geodesics in (M, g).

Theorem 3.234 Let M be a Riemannian manifold with metric tensor g € C3. Then
foreveryx € M:

(i) The closed metric ball B, (x) is compact <= r < y(x).

(i) Every geodesic segment issuing at x can be continued to any length < v(x).
However, there is a geodesic segment of length ~y(x), issuing at x, which has no
end-point in M.

(i) If d (x,y) <y(x) for somey € M then the greatest lower bound of the arc
length of all rectifiable curves joining x and'y can be achieved by at least one curve,
necessarily a geodesic segment.

(iv) Foranyy e M

91 Cf. R. Osserman, On a differential inequality and conformal mapping of surfaces. Technical
Report no. 3, December 16. 1956, Stanford University.

92 Cf. E. Calabi, op. cit.

93 Functional Analysis and Partial Differential Equations: Basics of Partial Differential Equations
Theory (Book II-B).

941f x, y € M are two classes of equivalent Cauchy sequences in (M, d) and {x,},>1 € x and
{yv}u=1 €y are representatives of x and y, then Li(x, y) = 1limy, o0 d(xy, Y).
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Y(y) —d(x, y) = y(x) =v(y) +d(x, y). (3.315)

Theorem 3.233 was first proved by H. Hopf and W. Rinow” in the case M is
a complete (i.e., y(x) = +00) surface. For higher dimensions Theorem 3.233 was
proved by G. de Rham.”® Of course the result is classical and an excellent account is
provided in [KoNo], vol. I, pp. 172—-179. Yet Theorem 3.234 is a slightly generalized

version of Hopf-Rinow theorem, and reported on here for that reason?’.

Eugenio Calabi (Milan, May 11, 1923) is an Italian mathematician established in United States.
C. is the brother of Tullia Calabi-Zevi [(Milan, February 2, 1919 - Rome, January 22, 2011),
an Italian journalist and writer, and a distinguished member of the Italian Jewish community].
The family of C. moved to United States after the promulgation of the racial laws in Italy (in
1938). C. graduated from MIT in 1946, and earned his Ph.D. at the University of Princeton
in 1950, under the supervision of Salomon Bochner. C. was first a professor at the University
Minnesota, and worked for the Institute for Advanced Study of Princeton in the years 1958—
1959. Since 1967, C. was a professor at the University of Pennsylvania, where C. became an
emerite professor in 1994. C. is best known for his findings on the geometry of 10 dimensional
manifolds endowed with a nonzero spinor, exploited in nowadays string theory and known as
Calabi-Yau spaces. C. was granted the Steele Prize of the American Mathematical Society in
1991, for his results within differential geometry. C. became Commendatore dell’Ordine al
Merito della Repubblica Italiana, the 27th of December 2021.

95 Cf. H. Hopf, W. Rinow, Uber den Begriff der vollstindigen differentialgeometrischen Fliche.
Commentarii Mathematici Helvetici 3, 209-225 (1931).

96 Cf. G. de Rham, Sur la réductibilité d’un espace de Riemann. Commentarii Mathematici Helvetici
26, 328-344 (1952).

97 Cf. Theorem 2 by E. Calabi, op. cit., pp. 49—50. In the opinion of the Authors of the present book,
Calabi’s deep understanding of Riemannian geometry, together with Calabi’s improvements of
classical results, aren’t sufficiently accounted for in the present day mathematical literature devoted
to differential geometry.



3.20 Calabi’s Theorem 375

Let pp € M be a fixed point and let N = N (py) consist of all points p € M that
can be joined to py by a curve”® of length d(py, p). The set N is open and

Boy(poy(po) C N.

Let N; consist of all points p € N whose shortest connection with pq [per force a
geodesic y(po, p), of length d(py, p)]is unique and has no conjugate points.”” Let
N, consist of all points p € N that can be joined to py by more than one geodesic of
length d(po, p), or by at least one such geodesic on which pg and p are conjugate
points. Then

N=NUN,, NNN,=90.

For each geodesic issuing at pg and continued in N there is at most one point of that
geodesic that lies in N, before the geodesic ceases to be a shortest connection.!%
Note that Ny C N. Thus N; is an open, dense set in N whose complement N, has
n-dimensional measure zero. Let

r=rp,N—>R, r(p)=d(po, p)y peN

be the restriction of d(py, -) to N (the geodesic distance function'®' from pg). If
g € C3 then the function r = r,, is of class C? in Ny \ {po}

r e C*(Ni\ {po}).

while in N it is but Lipschitz

[r(py) = r(p2)| < d(p1. p2). (3.316)

Next, we recall a few differential geometric properties of the geodesic distance func-
tion
r(p) =d(po. p). p € N(po) (3.317)

from a point py € M. We have already recalled that r is of class C? in an open dense
subset N; \ {po} of N. Also N \ {po} is a neighborhood of py and is starlike with
respect to pg. For every constant r; > 0 we set

Sy =S8(po, r)={peN : r(p)=r} (3.318)

98 Not necessarily a geodesic.

9 Since y(po, p) is a shortest connection, the only possible conjugate points are its end points po
and p.

100 This follows from the triangle inequality for distances and the unique continuation property for
geodesics.

101 The distinction between the geodesic distance r po and the Riemannian distance functiond(po, -)
consists in their distinct—if M is not complete—domains of definition.
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(the geodesic sphere of radius r; and center pg). Then §,, is the boundary of B, (po) N
N relative to N. The set
Sr],l = Sr. NN,

is the regular part of S,,. The regular part is'> a C? hypersurface, as r is of class C?
in Ny \ {po} and Vr # O there.

The unit tangent vectors at pg on M form a Euclidean unit (n — 1)-dimensional
sphere S, (M). Let (', ..., ¥ 1) be a local coordinate system on S, (M). Let
be a geodesic segment contained in Ny, of initial data (pg, y1), i.e.,

¥(0) = po, Y(O0) =y, ~(s) €N
with the initial tangent vector y; lying in the domain of the chosen local chart, and

having the local coordinates (yl1 e y{'"). Let p; be a point on the geodesic 7,
at an arc distance r; from pg along ~;. Then

r(p()’ Pl)=rl

and the numbers (y;, ..., vyt r1) may be regarded as local coordinates of p;.
More precisely, there is € > 0 such that

C(pi, €) C Ny .
Here C (pl, 6) consists of points p similarly determined by the numbers (yl, oy r)
satisfying
n—1
St -y < 0<r<nte. (3.319)
a=1
The quantities (y', ..., y"~', r), thought of as functions of p € C(pi, €), form a

local coordinate system on C ( Pi, e), of class C2.

Definition 3.235 The region C ( D1, e) is called an open, conical neighborhood of

p1 with vertex at py. (Il
Without loss of generality, one may choose the local coordinate system (x', ..., x")
in C(p1, €) to be precisely (y', ..., y"~!, r). The part of the geodesic sphere S,

contained in C(p;, €) is described by the equation
x"=r O<r<ri+e (3.320)
and then the local parametric equations of S, will be

x*=y" xX'"=r 1<asn-1 (3.321)

102 gyt locally, for S, 1 isn’t necessarily connected.
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Let
aop(y, r)dy® ®dy”, bus(y,r)dy®* ® dy”

be respectively the first and second fundamental forms of S, N C(p;, €). Then
r.;= N,’
where N; are the components of the unit normal vector field on ;. Also

Ox* ox*
e b P Bo 7~ .
rij= ba,‘ﬁa a 8yp 8y” ik gje -
Let 0/0r be the operation of differentiation along the geodesic from py, i.e., along
the normal vector N, or

0 ;0
— =N —.
or Ox!
Then 5 o ok
T =7 b + 4" Ry N SN
ar « a Uy +a Jjkh 8))’7 aya
where b = b, a’’. Consequently
n—1
Ar=-bl=-Y k,=—mn-1H (3.322)
v=1

where k, and H are respectively the principal normal curvatures and the mean
curvature of §,. Also
oH 1
o  n—1

J

(bg b + Ry NI Nh) - (3.323)

n—1
1 .
= I[E ﬁ3+thNjNh]
n—
v=1

where R, = R;ih is the Ricci curvature of M. As r — 0 the geodesic spheres S,
are asymptotic to Euclidean spheres of radius r with the normal vector N pointing

outward. Consequently
lim H = —o0. (3.324)

r—0
Also (3.323) yields the differential inequality

OH 1 .
— >H*+ ——R;;N/N". (3.325)
or n—1
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Theorem 3.236 Let M be a n-dimensional Riemannian manifold, with metric tensor
g € C3. Let py € M be a point and let N = N(po) be the domain of definition of
the geodesic distance function r(p) = d(po, p) from po. If the Ricci tensor R;j is
positive semi-definite and A is the Laplace-Beltrami operator then the inequality

—1
Ar (weakly) < - (3.326)
r

holds everywhere in N. In particular, if M is complete then (3.326) holds everywhere
in M.

Proof We decompose N into two complementary subsets N; (open and dense) and
N, (of measure zero) as we did previously, and prove that (3.326) holds in N, in the
strict sense. Indeed [by (3.324)—(3.325) and R;;&'¢/ > 0]

H > —% . (3.327)
Then (3.327) together with (3.322) yields the seek for result in N;. Let p € N».
The geodesic distance function r is continuous at p. Let us choose a geodesic ;
of shortest length r(p) joining pg to p. Let p. be a point of v, at a distance € > 0,
arbitrarily small, from pg. By replacing py by p. one observes that p € N;(p — e€),
as the portion of 7, between p. and p is the unique geodesic of length r(p) — €
joining p, to p, and the end points aren’t conjugate. Let V), . be a neighborhood of
p such that

Vp,e C Nl (Pe) N N(PO)

Let
rp,e(q) = d([]m 6]), q € Vp,e .

Then
n—1

Arp e <
p e

Next (by the triangle inequality)
r—Tpe=<€

with equality holding at p. Thus

n—1

Ar, <
p. r—e€

everywherein V,, ., andr — r, . achieves its maximum value € at p. Yet e is arbitrary,
so (3.326) holds in N.
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Corollary 3.237 Let ¢(t) be a function of class C?, monotone increasing (respec-

tively, decreasing), defined for 0 < a <t <b. Under the assumptions of Theo-
rem3.236, let v(p) be the function

v(p) = ¢(r(p)), p€N(po)N [Bb(PO) \§a(p0):|~

Then {
Av (weakly) = ¢"(r) + —— /() (3.328)

[respectively

Av (weakly) 2 ¢+ L]

Proof We may assume w.l.o.g. that ¢'(r) > 0. A calculation shows that in N; N
[B2(po) \ Butpo)|

or — + ¢ ) Ar <

y or
Av = & ij
v=¢(r)g 7 B

-1
<8+ —— &),

On the other hand, if p € N, N [Bb (po) \ B,( po)] then a repetition of the arguments

in the proof of Theorem 3.236 yields the seek for inequality in the weak sense.
Let us apply Corollary 3.237 to the function

1
— logr for n =2,
2w
o(r) =
1 -2
—— g2 F(n )rzf" for n > 2,
4 2

(Green’s function in Euclidean space). If M is a complete Riemannian manifold of
non-negative Ricci curvature then Corollary 3.237 yields an approximation of the
local fundamental singularity of the Laplace-Beltrami equation, namely

G(po. p) = ¢(d(po. p))
which is everywhere superharmonic in each variable, i.e.,
Ap G(po, p) (weakly) =<0 (3.329)

for all points pg, p € M.
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As another application of Theorem 3.236 one may prove Theorem 3.233. To this
end, let us consider the singular ODE

d*¢ n—-1do _
Tat—— g = /(W) (3.330)
with the initial conditions
¢(0) =a, ¢'(0) =0, (3.331)

where a is to specified later on. The problem (3.330)—(3.331) has a unique differen-
tiable solution ¢(¢) in a neighborhood of t = 0. We start by showing that, under the
assumption (3.312), forevery a € R thereis R, > O such that ¢(t) — coast — R,.

The solution ¢(#) to (3.330)—(3.331) is monotone increasing and strictly convex
for ¢t > 0. Indeed, by multiplying (3.330) by ¢"~!

d
Z<tn_] d)’(t)) ="' f(¢()) > 0

hence (by the mean value theorem) ¢/ (¢) > 0. Next [by multiplying (3.330) by r and
differentiating the resulting identity]

&6 & _ o &
to3 o = f@) +1 f(91) ¢ (1)
or J d2
S D) = F W) 0 F G 60 >0

hence (again by the mean value theorem)
¢"(t) =0, ;Vit>O0.

Thus ¢'(¢) is positive and monotone increasing for ¢ > 0. Let us multiply (3.330) by
¢’ () and integrate with respect to ¢ in the resulting identity

P()

’ 2 1 1
(bis) dS+§¢/(l)2—§¢/(f1)22

f(s)ds =(n— 1)/
(1) 1

>

1
W+ ¢/ = 1 [ = 1log % - 7]

| =

for 0 < t; < t. In particular for ¢ > 2¢; (and n > 2)
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/
t
¢(t)¢() >1, 0<2y <t

12
£(5) ds)

(2

Let us integrate with respect to ¢ in the last inequality. We obtain

o(t)

v

o(t) —1,2
t— 21 5/ [2 f(s)ds] dy, 0<2<t.
o(2t) (t1)

By (3.312) the right-hand side of the last inequality is bounded for all values of ¢(¢)
(with ¢, fixed), thus providing an upper bound for the domain of regularity of ¢(¢).
Thus there is R, > 0 such that either ¢(r) — oo, or ¢'(t) — o0, ast — R,. Yet [by
the convexity of ¢(¢) together with (3.330)] ¢'(t) — 0o = ¢(t) — 00. Q.e.d.

Let us assume there is a function u on M satisfying (3.313). Let pp € M and let
a € R such that
a < u(py). (3.332)

Let r(p) be the geodesic distance from py, i.e., 7 (p) = d(po, p),and letus consider

the solution ¢(#) to the problem (3.330)—(3.331) with initial value a. By the previous
argument, there is R, > 0 such that ¢(¢) — oo ast — R,. Let

v(p) := o (p)), p € Br (po).

As M is complete, the closed ball ERE (po) is compact, hence v(p) — oo as p —
OBg,(po). By Corollary 3.237

Av (weakly) < f(v) (3.333)
everywhere!®® in B (po). Let us consider the function
w=u—v in Bg (po).

As w — —oo at the boundary, it must achieve its maximum value at an interior point
p1- By (3.332)
w(po) > 0,

so the maximum value w(p;) is positive. Yet [by (3.313) and (3.333)]

Aw (weakly) = f(u) — f(v)

103 This includes the point pg because ¢’ (0) = 0 so that v is differentiable at pg.
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so that in a neighborhood of p; [by the monotonicity of f]

Aw >0

a contradiction. This accounts for the impossibility of solving (3.313) globally in M,
as stated. Q.e.d.
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Chapter 4 ®)
Riemannian Foliations Check for

Let M be a n-dimensional C* manifold, and let . be a codimension g foliation
of M. Let B]. = B}.(¥) = BJ.(M, F) be the total space of the transverse frame
bundle GL(¢, R) — B} — M, and let p}. : B} — M be the projection. Let 6} €
C*>(T*(B}) ® R?) be the canonical 1-form, i.e.,

67 ,:T.(By) > RY, zeB;,

Z

om0 (dzplT), X = plr(z) eM.

0}’ =7
Here 7, : T, (M) — Q. is the projection on the transverse vector space at x

Qx = V(y)x = Tx(M)/T(tgz)x .

Let .7, be the lifted foliation, i.e., the foliation of B}. whose tangent bundle P} =
T (F}) is the p-dimensional distribution on B}. (p := n — q) defined by

P} . ={XeT.(B}) : ix0} =0, ix(db;).=0}, zeBj.

4.1 Transverse Riemannian Structures, Transverse
Metrics, Bundle-Like Metrics

Let E} be a transverse O (g)-structure on (M, %), i.e., E} is the total space of a
principal subbundle O(q) — E}. — M of GL(¢, R) — B} — M such that

P} . CT.(E}), z€Ejp.
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386 4 Riemannian Foliations

Definition 4.1 A pair (%, EJ) consisting of a codimension ¢ foliation .# and a
transverse O(g)-structure is called a Riemannian foliation. [l

For every x € M let us consider the R-bilinear form (-, -), on Q, defined as
follows. Let z € (E'T)X andletr, s € Qy, so that

r=nze), s=ulze), M, pweR, 1<j<gq,

where {e; : 1 < j < g} C RY is the canonical linear basis. Finally, let us set
(ros)e=»x-pu,
k:(k', . )\(1), M=(Ml» ...Mq)’ A, peR?,
where a dot denotes the ordinary Euclidean inner product on R?. The definition of
(r, s), doesn’t depend upon the choice of z € (E})X Composing (-, -), with the
projection 77, : T, (M) — Q, yields the symmetric R-bilinear form
gr.x : Tu(M) x Tx(M) — R,
gr.«(v, w) = (mev, Tew)e, v, we T (M).

Moreover, for any X, Y € X(M) let gr (X, Y) : M — R be defined by

gr(X, Y)(x) :=gr.»(Xs, ¥s), x€M.

Exercise 4.2 Show that g7 (X, Y) € C*(M, R). O

Let us also consider the positive semidefinite C*° (M, R)-bilinear form

gr 1 X(M) x X(M) —» C*(M, R), (X,Y)+— gr(X,Y).

Definition 4.3 The (0, 2)-tensor field g7 is called the transverse metric associated
to the transverse O(q)-structure E } O

Let Ker(gr) — M be the vector bundle defined by
Ker(gr)y :=={v e Tx(M) : gr.«(v, w)=0, V weT (M)}, xeM.

Then Ker(gr) = T(%).

Let £ } be a transverse O(g)-structure on (M, %), and let g7 be the correspond-
ing transverse metric. Given a tangent vector field X € X(M), the Lie derivative
Lxgr is
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(Zxgr)(Y. Z) =X (gr (Y, 2)) - gr(IX, Y1, Z)
—er(Y, [X, Z1), Y, Z e X(M).

Exercise 4.4 Show that Zygr = 0forany X € X». ([l

Here Xz := C°°(T(£Z )). The property in Exercise 4.4 characterizes transverse
metrics.

Proposition 4.5 Let M be a C* manifold, and let g7 : X(M) x X(M) — C*®(M)
be a C°°(M)-bilinear form such that

1) g7 (Y, Y) > 0 everywhere on M, for any Y € X(M),

ii) dimg Ker(gr), = constant, x € M,

iil) Lxgr = 0 forany X € C*® (Ker(gT)). Then Ker(gr) is integrable and gr is
a transverse metric for the foliation tangent to Ker(gr).

The proof is straightforward. A vector field V € X(M) is foliate if X € X7 —>
[V, X] € Xz. The set L(M, .%) is a Lie subalgebra of X 5.

Definition 4.6 A Riemannian metric g on M is said to be bundle-like for the foli-
ation .% if, for any open set U C M and any Y, Z € X(U), if Y, Z are foliate and
orthogonal to T (%), then g(Y, Z) is a basic function on U. U

The notion of a bundle-like metric is due to Reinhart, [Rei]. Let g be a bundle-
like Riemannian metric on (M, .%), and let P+ be the orthogonal complement of
P =T(%).Letw! : T(M) — P~ be the projection associated to the direct sum
decomposition T(M) = P @ P*. Let us set

gr(Y, 2):=g(nY, nt2Z), Y, ZeX(M). 4.1)

Exercise 4.7 Show that the (0, 2)-tensor field g defined by (4.1) is a transverse
metric for .Z. 0

Therefore, for every bundle-like metric there is a naturally associated transverse
metric. Conversely

Proposition 4.8 Let (%, E}) be a Riemannian foliation on M, and let g1 be the
corresponding transverse metric. There exist Riemannian metrics g on M such that
i) g is bundle-like for 7,
ii) g7 is the transverse metric associated to g.
Proof Let g’ be an arbitrary Riemannian metric on M, and let P’ be the orthogonal
complementof P = T (%) withrespectto g’.Letzr’ : T(M) — P’ bethe orthogonal
projection, and let us set

e, Z2) =g (Y —-7a'Y, Z-n'Z)+gr(Y, Z), Y, Z € X(M).

Q.ed.
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4.2 Bott Connection, Canonical Adapted Connection

Let (M, .%) be a foliated manifold, and let Q = v(F) = T(M)/ T () be its trans-
verse bundle. Let 7 : T(M) — Q be the projection. Let us consider the partial con-
nection V given by

Vys =n[X, Y], XeXz, seC®0), 4.2)

where Y, € X(M) is a tangent vector field such that & Y = s.
Definition 4.9 V is called the Bott connection of (M, F). U

The definition of %Xs doesn’t depend upon the choice of Yy € X(M) such that
7w Yy = 5. Indeed, if Y| € X(M) is another tangent vector field such that 7Y, = s.
Then Y — Y, € Ker(w) = T (%), i.e., Y, =Y, + X for some X' € X z. Finally,

m[X, Y] =n[X Y]+7[X, X]

and 7 [X, X'] = 0 because P = T (%) is involutive. Q.e.d.

Let g be a Riemannian metric on M, and let P be the g-orthogonal complement
of P. Let 7+ : T(M) — P be the projection. Let o : Q — P~ be the bundle
isomorphism given by

o(s)=n"Y,, seC*Q),

where Yy € X(M) is chosen such that r Y, = 5. Let V8 be the Levi-Civita connection
of the Riemannian manifold (M, g), and let us set

m[X, o(s)] if X e C®(P),
Vyxs = (4.3)
nVyo(s) if X € C®(Ph),

for any s € C*(Q).

Lemma 4.10 1) The mapping V : X(M) x C*®(Q) — C*(Q) given by (4.3) is a
connection in the vector bundle Q — M.

2) For every s € C*®(Q) let Vs : X(M) — C*°(Q) be Q-valued differential 1-
form on M given by (Vs)(X) = Vys forany X € X(M). Then (Vs) = Vs.

3) If Ry is the curvature tensor field of V, then

|%.«i

Ry(X, X)=0, X, X' eXs.

As customary, we denote by Q°(Q) = C*(Q) the space of all (globally defined)
C® sections in Q. Also

Q) =CP(AT"M)®Q), r=1,



4.2 Bott Connection, Canonical Adapted Connection 389

[the C*°(M)-module of all Q-valued differential r-forms on M]. With these nota-
tions, a connection Vin Q isamap V : QY0) — Q'(0).

Definition 4.11 A connection in the transverse bundle Q = v(.%) possessing the
property 2) in Lemma 4.10 is said to be adapted to the foliation .% . (]

An analog of the torsion tensor field for a linear connection may be associated
with any connection V in the transverse bundle Q — M by setting

To(Y,Y):=Vyn Y —Vyn Y —x [V, Y], Y, Y €X(M).

Lemma 4.12 Let V be the connection in Q — M given by (4.3). Then Ty = 0.
The proof is straightforward.

Let g be a Riemannian metric on the foliated manifold (M, %), and let us set

gols, r) = g(a(s), a(r)), s, reqQ,

so that g is a Riemannian bundle metric on Q.

Lemma 4.13 g is bundle-like for % if and only if g¢ is holonomy invariant, i.e.,
Zxgo =0forany X € X 7.

The Lie derivative -Zx g is defined in terms of the Bott connection, i.e.,

(Zxg0)(s, ") == X(go(s, s)) — gQ(%Xs, s') — go(s. %Xs’).

Example 4.14 (Killing vector fields) Let (M, g) be a Riemannian manifold, and
let V € i(M, g) be a nonsingular' Killing vector field, i.e., Zyg =0. Let P, :=
{AV. : L € R} for any x € P. Then P is an involutive rank 1 distribution on M,
and hence completely integrable. Let .% be the foliation of M tangent to P. Then
g is bundle-like for % . Indeed, let X € X #, i.e., X = f V for some C* function
f: M — R\ {0}, and for any s, s" € C*(Q)

Zx80=[2%vgo:
(ZVgQ)(s, s = V(gQ(s, s')) — gQ(%Vs, s/) - gQ(s, 6vs’) =
=V(go(s, ") —go(m [V, Z]. 5') — g0 (s, 7 [V, Z,]),

where we have set Z; := o (s). Note that

! That is Vi # Oforany x € M.
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com =mw";
hence
(ZLvgo)(s, ) = V(e(Zs, Z)) —g(x" [V, Z]. Z) = 8(Zs, 77 [V, Zy])
and Z; € P+ so that

(Lvgo)(s. s = (Lvg)(Zs, Zy) = 0.

Q.ed.
|
4.3 Second Fundamental Form and Mean Curvature
Let .% be a codimension ¢ foliation of the Riemannian manifold (M, g).
Definition 4.15 The second fundamental form of F in (M, g) is
aX, X)=aVyX', X, X € C*®(P). 4.4)
O
Exercise 4.16 Show that «a:Xz xXgz — C*®(Q) is C*®(M)-bilinear
symmetric. [

Definition 4.17 A foliation .% of a Riemannian manifold (M, g) is totally geodesic
if every leaf of % is a totally geodesic submanifold of (M, g). (]

The pointwise restriction of « to a leaf L € M /.7 is the second fundamental form
of the immersion L < M. Therefore, .% is totally geodesic <= o = 0.
For every Z € C*(P~) we consider the bundle morphism W : P — P deter-
mined by
go(a(X, X), mZ) =g(WzX, X'), X, X €Xz.

Definition 4.18 The mean curvature of % in (M, g) is the differential 1-form « €
Q'(M) given by

k(Z) = Trace Wy, «k(X)=0, ZeP+, XeP.
The mean curvature vector T € C*°(Q) is determined by

go(t,n2)=x(Z), ZeP+. (4.5)
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The pointwise restriction of 7 to a leaf L € M/.% is the mean curvature vector’
of L < M in (M, g). In particular for Z = o () [in (4.5),as w o 0 = idg]

7| = k(o (D). (4.6)

Definition 4.19 .7 is said to be tangentially oriented if P = T (%) is oriented, i.e.,
a principal GL™ (p)-subbundle B — M of GL(p) — L(P) — M is specified. [

Here GL™(p) = {a € GL(p, R : det(a) > 0} and p = dim(M) — codim(.%).
Also L(P), consists of all R-linear isomorphisms u : R? — P,, forany x € M. To
every tangentially oriented foliation .%# on (M, g) one associates a differential p-
form xz € QP (M) defined as follows. Letx € M andlet{E; : 1 <i < p}bealocal
g-orthonormal frame of P, adapted? to the given orientation GL*(q) — B — M of
P, defined on an open neighborhood U of the point x. We set by definition

X7 oo up) = det [g (v E,-,x)]1<ij<p, v €T (M), 1<i<p.

Exercise 4.20 Show that

1) The definition of Xg}‘,x(vl, cee, v,,) doesn’t depend upon the choice of
orthonormal adapted frame at x.

2) xz(E1, -+, Ep) = 1.

3)iz x# = O0forany Z € P+, O

Definition 4.21 x . is the characteristic form of the tangentially oriented foliation
% of the Riemannian manifold (M, g). |

Theorem 4.22 For every Z € C®(P1)

(D%ZXE)(le"',Xp)Z_K(Z) Xg:(Xla"'axp)9 Xl’_._’XpECOO(P).
4.7)
In particular the p-formiz d o + k(Z) x# evaluates to 0 along T (F).

Theorem 4.22 is due to Rummler, [Rum].
Definition 4.23 Formula (4.7) is referred to as Rummler’s formula. O

Proof of Theorem 4.22. For any X, ---, X, € C®(P)

2 Except for the 1/ dim(L) factor - customary in the theory of submanifolds of Riemannian mani-
folds - that has been suppressed through the present chapter.

3 That is, the cross sectiono : U — L(P), givenby o (x) : R? — Py, 0(x)e; := E; 4, has values
in B (the total space of the given orientation of P).
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(by PL ] x5 =0)

P
=Z(X§(X1, "',Xp)—ZXE(Xl, ---,JTP[Z, Xi], '-',Xp),
i=1

P
=—ZZg([Z, E|, Ej)xz(E1, -+, Ei-1, Ej, Eiyq, -+, Ep) =

[by computing the sum over 1 < j < p, as x.# is skew-symmetric*]

- ¢([Z. Ei]. E) x5 (E1. -+ . Ep). (4.8)

i=1
On the other hand,

p p
k(Z) = Trace W; = Zg(WZE; , E,-) = ZgQ(ot(Ei, E), Z) =

i=1 i=1

p p
=Y go(nVEE . nZ) =) (Vi Ei. Z) =
i=1 i=1

[as V&g = 0]
p
= Z[Ei(g(Ei, 2)) —g(E:, V;‘;Z)] =

i=1

4 So the only nonzero term is got for j = i.
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[as g(E;, Z) = 0 and VS is torsion-free]
p
==Y (VIE +[E;, 2], E;) =
i=1
las g(E;, E)) =1= 0= Z(g(E;, E})) =28(V5E;, Ej)]

P
=> ¢z, E. E)
i=1

and substitution into (4.8) leads to

(%2 x7)(Ei, -, Ep) = —«(2). 4.9)

Finally [as X; = f;E[ for some f} e C*()],
(Loxz)( X1, -+, Xp) = R f;i" (Loxz)(Ei -+ Ei,) =

= Y A 1 (o) B e B =

e Flp#i

Z fa(l) . U(P) (jzxy)(EJ(l) Ly, Ea-(p))’

o€EX,

=Y €@ F " 7P (Lexs)(Er. L Ey)

o€,

[by (4.9)]
= —k(Z) det[f]1<l i<p = —Kk(Z) XJ(XI, ~~~,X,,).

Q.ed.

Let us set Z = o (7) in Rummler’s formula [and use (4.6)]. We obtain
Loy x7 =—|t'xs on P®---®P (pterms), (4.10)

i.e., T = 0 is roughly the invariance of x # under transversal flows.

Definition 4.24 A foliation .% of the Riemannian manifold (M, g) with t = 0 is
said to be harmonic. (I

Everly leaf of a harmonic foliation of (M, g) is a minimal submanifold
of (M, g). The term “minimal foliation” is already in use in foliation theory,
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with a different meaning.’ The term “harmonic foliation” has been
introduced in mathematical practice by F. Kamber® and Ph. Tondeur’ in their

3 A foliation . of M is minimal if every leaf of . is dense in M.
6 Franz Kamber (1936 - 2017) was a Swiss-American mathematician.
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Franz Kamber
K. was born in Olten, Switzerland on June 19, 1936, a son of Max and Lydia Winterhalter Kamber.
K. servedin the Swiss army and studied at the University of Ziirich where he majored in Mathematics
and Theoretical Physics, earning his Ph.D. in 1965. Successively K. moved to the United States
and began his professional career at the University of California, Berkeley and later, Princeton. In
1968 he settled in Champaign/Urbana at the University of Illinois as a Professor of Mathematics.
K. was proud to have obtained U.S. Citizenship in 1974. K. retired in 1994 and was a Professor
Emeritus of Mathematics since 1995 at the University of Illinois. K. married Karen Hansmann
in Denmark in 1989 and together they have enjoyed traveling the world. K. had eclectic cultural
interests, including painting, music, and poetry. Among the Ph.D. students of K. we ought to mention
Steven Edmond Hurder, himself a prominent protagonist of foliation theory, with the thesis Dual
Homotopy Invariants of G-Foliations, 1980.
7 Philippe Tondeur (born 1932) was a Swiss-American mathematician and educator, and a consultant
on mathematics, science and technology policy.
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Philippe Maurice Tondeur

T.’s interests included mathematics research and education, the role of mathematics in science and
society, innovation and science policy, institutional governance, and leadership development. T.
served as Director of the Division of Mathematical Sciences at the National Science Foundation
(NSF). Previously, T. was Chair of the Department of Mathematics at the University of Illinois in
Urbana/ Champaign. T. earned an Engineering degree in Ziirich, and a Ph.D. degree in Mathematics
from the University of Ziirich in 1961. Successively T. was a Research Fellow and Lecturer at the
University of Paris, at Harvard University, the University of California at Berkeley, an Associate
Professor at Wesleyan University, before joining the University of Illinois at Urbana/Champaign
faculty in 1968, where he became a Full Professor in 1970. T. published approximately 100 articles
and monographs, on several differential geometry and topology themes, in particular the geometry
of foliations and geometric applications of partial differential equations. T. authored nine books.
T. was supported by grants from the NSF from 1967 to 1990. T. served as Editor and then as
Managing Editor of the Illinois Journal of Mathematics, and edited the collected works of K.T.
Chen. T. served on numerous committees at universities and professional societies. The following
mathematicians had the privilege of earning their Ph.D.s under the guidance of T. (i) Pyng Wang,
Decomposition theorems of Riemannian manifolds, 1973, (ii) Thomas Duchamp, Characteristic
invariants of G-foliations, 1976, (iii) Michael Hvidsten, Volume and energy stability for immersions,
1985, (iv) Paul Scofield, Symplectic and complex foliations, 1990, (v) Hobum Kim, Geometric and
dynamical properties of Riemannian foliations, 1990, (vi) Louis Kerofsky, Harmonic forms under
metric and topological perturbations, 1995, (vii) Alan Mason, An application of stochastic flows to
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famous® paper [KaTo6]. The choice of terminology may be motivated in several
ways. The projection 7 : T(M) — Q may be viewed as a Q-valued differential
1-formon M, i.e.,

w € Q'(Q)=CX(T* (M) ® Q).

Letdy : Q"(Q) — Q"'(Q) be defined by

1 : : .
[ — -1/ S
- J k) ) ] ’ r
(dve)(¥o. . 7)) o= | DD V¥, - P Y,) +
j=0

+ Y D[ V] Yo e e B )

O<i<j<r
YOa R Yr e:{(M)5

where a hat indicates as customary the suppression of a term. Here V is the canonical
adapted foliation of .%. Then

dva == O, (SVJT =71,

where Jv is the formal adjoint of dy. So % is a harmonic foliation <= 7 is a
harmonic 1-form (cf. [KaTo6]). Another motivation comes from the theory of har-
monic maps (cf. e.g., [BaWo]) and the result there, that the foliation defined by a
submersion from a Riemannian manifold is harmonic if and only is said submersion
is a harmonic map.

Let . be a foliation of the Riemannian manifold (M, g), and let us assume that
Z is transversally oriented, i.e., the transverse bundle Q — M is equipped with an

orientation
GL"(¢) > B — B} (Z) < GL(q, R)

2 2
M= M
Let us define a differential g-form v on M, as follows. Letx € M and let {s; : 1 <

Jj < q} be alocal gy orthonormal frame of Q, adapted to the transverse GL* (¢)-
structure B, defined on an open neighborhood U C M of the point x. We set

Riemannian foliations, 1997, (viii) Amine Fawaz, Transversely holomorphic flows on 3-manifolds
and geodesible vector fields, 1998.

8 One may hardly overestimate the importance of the scientific creation of Franz Kamber and
Philippe Maurice Tondeur and their role in the development of foliation theory, a field of scientific
inquiry they have vigorously dominated for over thirty years. The reference list of the present book
contains the magnificent series of papers [KaTol]-[KaTol6] coauthored by F. Kamber and Ph.
Tondeur between 1971 and 1987.
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vx(vl, ce vq) := det [gx(v,-, U(s.i)x)]lgi,qu sV, e, Uy € T (M)

Exercise 4.25 Show that
1) The definition of v, doesn’t depend upon the choice of adapted frame at x,

2) U(U(Sl)5 R G(Sq)) = 1,
3HPv=0. 0

Definition 4.26 The differential g-form v € Q?(M) is the transversal volume form
of the transversally oriented foliation .# of the Riemannian manifold (M, g). O

Moreover, let us consider the C*° (M )-multi-linear map
Zxv: CO¥(PY) x - x C®(PY) — C®(M), XeXz,

defined by

(&xv)(Z1, -+, Z4) = X(v(Z, ~~~,Zq))—Zv(Zl, o VXTI Zi, e, Zg),

i=1
(4.11)
Zy, e, Zy € CO(PH).

It should be observed that the right-hand side of (4.11) may actually be rewritten in
terms of the Bott connection, for

XeXsz :>GVXJTZi=O’%XnZi=U7T[X, Zj]sz‘[X, Zj],

so that (4.11) is [by statement 3) in Exercise 4.25] merely the restriction of the Lie
derivative Zxv to PL ® --- ® P+ (g terms). On the other hand, if one of the argu-

ments Yy, ---, Y, € X(M) is tangent to the leaves, say ¥; € C°°(P), then [again
by 3) in Exercise 4.25]
(Z)(¥r oY) = (X 1] oo 1) =0

because P is involutive, so that [X, ¥1] € C®(P).

Proposition 4.27 [fv is holonomy invariant, i.e., (Zxv)(Zy, ---, Z;) = 0 forany
XeXgandany Z,, ---, Z, € C>®(P%), then v is a basic q-form on (M, F),

ie,veQL(F).

Proof Our calculations preceding Proposition 4.27 together with the holonomy
invariance assumption show that Zxv = 0 at any direction X € X 4. Then [by Car-
tan’s formula Zyv = ix od +d oix]ix d v = 0, implying [again by 3) in Exercise
4.25] that v € Q%(F). Qe.d.

A useful relationship between the transversal volume form v and the characteristic
form y & of a foliation .% of a n-dimensional Riemannian manifold (M, g) may be
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exhibited in terms of the Hodge star operator * : Q" (M) — Q"~" (M), as follows.
Let us assume that M is oriented, so that the Hodge star is fully determined by

ka)(Yy, ---, Ynfr)dVg:Ot/\Ylb/\n-/\Yb

aeQr(M)a Yl’ ] Yn_rE%(M).
Here b : X(M) — Q! (M) is lowering of indices by g, i.e., locally Y* = g;; Y/ dx'

whenever Y = Y/ (3/0x/), with respect to a local coordinate system (U, x') on M.
Also d v, is the canonical volume form of (M, g), i.e., locally

dvy = Jgdx' A--- A dx",

0
oxi

g = det [gij]lfi,jfn o 8ij = g(ai ’ aj)’ =

In particular *1 = d v, and *d v, = 1. Also, if for any positively oriented” local

g-orthonormal frame {E,, ---, E,}, defined on the open set U C M,
(*(x)(E,-] , e EiH) dve=an @A AT
for any o € Q" (M). Here {w', ---, ®"} is the dual local frame, i.e., o' € Q' (V)

and ' (E;) = 5’1 As{E; : 1 <i < n}is orthonormal, one also has v’ = Eib, and of
course (a)")Ij = E; where f : Q' (M) — X(M) is raising the indices with the metric.
Now let us consider a tangentially and transversally oriented foliation .# on (M, g).
Let{E,, ---, E,} bealocal g-orthonormal frame of 7' (M), defined on the open set
U C M and adapted to the decomposition T (M) = P @ P+, i.e.,
{Ee : 1 <a<p}CC>®(U, P), {Eps; : 1<j<q}CC®U, P).
Lemma 4.28 The transverse volume form v satisfies 1)
Ckv)(Er, -+, Ep)dvg = (a)p_H /\~~/\a),,)/\(a)1 /\~-~/\a)p),

i) E,pj | (xv) =0, 1 < j <gq, so that xv is, up to a sign, the characteristic
form x .

iii) If orientations of P and P are chosen such that xv = xz, then

VAXF =VA*V =d V.

The proof is straightforward.

9 That is dvg)(Ey, -+, Ey) > 0everywhere on U.
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4.4 dz-Cohomology

The present section is devoted to I. Vaisman’s d# —cohomology10 (cf. [Vail]). Cf.
also Molino, [Mol], pp. 58-59.

Let (M, %) be a foliated manifold, with dim(M) = n and cod(%#) = q. Let P’
be any smooth g-dimensional distribution on M such that

T(M)=T(F)d P’ . (4.12)
Let us identify the dual T (%)* (respectively, P'*) with the bundle {a eT*(M) :

Pla= 0} (respectively, with the bundle {ﬂ eT*M) : T(¥)|B = 0}). Then
(4.12) yields the decomposition

T*M)=T(F)"@® P". (4.13)

The decomposition (4.13) induces a decomposition at the level of differential forms
on M. To describe it, let {0“ l<a<n-— q} be a local frame of T (%#)* defined
on an open set U, i.e., each 6% is a 1-form on U such that P’ | 6% = 0. Similarly, we
consider a local frame {ni 1l <i< q} of P’* defined on the same open set U, i.e.,
n' is a 1-form on U such that T(.%) | ' = 0. Then

{9“, " i l<a<n-—gq, 1§i<q}
is a local frame on T*(M), defined on the open set U, referred to as adapted to
the decomposition (4.13). Every differential k-form on 8 € Q*(M) may be locally
represented as a sum of monomials of the form
By iyoi, O A AOY ANYA AN Bay i, € COU),  (4.14)
al)"'sare{ls"'vn_q}’ ilv"'vise{lv"'vq}y r+S:ks

ie.,

p=2 ) By, iy, 04074 AL (415)

=kl <@ <--<a,<n-—gq
I1<ii<---<ig<gq

O =0 A NG, T =g A A

10 A ingredient needed in the discussion of the existence of projectable connections on foliated
bundles.
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Definition 4.29 A differential form g € QF(M) is said to be of type (r, s) if for
every point xy € M thereis an open neighborhood U C M of x and an adapted frame
0, 1 1<a<n-— q, 1 <i<gq}of T*(M) on U, such that j is represented
as a sum of monomials of the form (4.14). O

Let B € Q¥(M) be a differential k-form of type (r, s) (with r + s = k), i.e.,

oy o iy
ﬂz E ,Bal...a,,'l...ire ! AN/
<oy <---<a,<n—gq
1<ii<---<ig<gq

on an open neighborhood U of an arbitrarily fixed point xo € M. Let {§"*, /" :
1l <a<n-—gq, 1<i<gq}beanother adapted frame, defined on the open subset
xo € U' C M. Then

e/angeﬁ n/i :f;'nj
[Uf]:UNU' - GL(n—q. R), [f]]:UNU" — GL(g, R).

Let us set [Vg‘] = [U}g‘r1 and [g’j] = [fj‘.']fl. Then

p= > By g 07 AT
l<y<--<y=n—gq
l<j<--<js=q

/ — T 7L B 7L TP R
By iy = Parwayiveiy Vil o Vil 585

Let 8 € QX(M) and let (r, s) be a pair of nonnegative integers such that » + s = k.
Letx e Mandlet{6%, ' : 1 <« <n-—gq, 1<i<gq}be an adapted frame of
T*(M), defined on an open neighborhood U C M of x. Let us set

B s(x) = Z Bar o, iy i, (X) (Qal e ni, ---i3>x .

<o < <o, <n—gq
l<ij<---<iy<q

We claim that S, ; is a globally defined k-form of type (r, s). To prove the claim we
ought to compare the locally defined k-forms

U oy oy i1y
ﬁr’s = § ﬁotlmotri]ml're : /\T’I ’
<o)< ---<a <n—gq
I1<ij<---<ig<g
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U _ ’ e AR
ﬁr,s = E IBal---a, iyeeiy 0 AT

<o <---<a <n—gq
l<ij<---<ig=gq

starting from

Z By, = Z ,BrU; on UNU'.

r+s=k r+s=k
Note that
U _ Y R 2 Jue s
Brs = Ay i O AT )
i g ! o, r il...
Aoy jiowjs o= E '3m~~~ari1~~ix U)/l UVr fj
l<a;<---<o,<n—gq
I1<ii<---<ig<gq

so that [by (4.16)]

=l o !
By jrje =118 Ay, jiy, o0 UNU.

’

(4.16)

I
fi;

We may conclude that the local k-forms ﬂ,l’/ . glue up to a (globally defined) k-form

Br.s € QK(M), that is clearly of type (r, s).

Definition 4.30 The form B, € QK(M) is called the (r, s)-component of B €

Qk(M).

O

From now on let g be a Riemannian metric on M and let P’ := T'(.%#)" be the g-
orthogonal complement of T (%) in T (M). Given a foliated chart (U, x*, y') € &

we choose a local frame of 7*(M) adapted to the decomposition
T*(M) = T(F)* & [T ()]

as follows. Let us set

Ep+i.a 8p+i, p+j

_ (8 8) _ (8 8) _ (8 8)
Bap = 8\ Gxe gxB ) Surti T8\ gya Gyi ) Srttori TGy yi )

are the local components of g with respect to the local coordinate system (U, x%, y').
Leto = 0, : Q — T(F)* be the natural vector bundle isomorphism Q ~ T (%)=.



4.4 dg -Cohomology 401

Let gp and gy be the Riemannian metrics induced by g on P = T(.#) and Q =
V(F),ie.,

gp(X, X/) = g(X, X/), go(r, s) = g(a(r), a(s)), X, X' eXg, r,seC®0).

Yet P is locally the span of {9/0x* : 1 < a < p}, hence g, € C*°(U) are also the
components of the Riemannian bundle metric gp with respect to that local frame.
More is true, i.e., the pointwise restriction of gp to aleaf L € M/.% is a Riemannian
metric on L [and each 9/9x* is tangent to the leaf] hence the restrictions of gqg to
U N L are the local coefficients of that Riemannian metric on L [with respect to the
local chart (U N L, x%)]. In particular [go,ﬁ] is invertible and we set by definition

-1
[gaﬁ]lga,ﬁgp = ([gaﬂ]lga,ﬁgp) on U

so that g* g,,3 = 85. Next, let us set

(20),; =gQ<ﬂi, ni) l<i, j=gq.
ij ayl 8}/]

Here w : T(M) — Q is the projection. As {7 (3/3y") : 1 <i < g} is alocal frame
of Q, the functions (gp);j € C®(U) are the local components of the Riemannian
bundle metric go with respect to that local frame. In particular the matrix [(gQ)i j]
is invertible and we set

-1

[(80) N1t g = ([(80) )1z jeg) o0 U,

so that (g9)"* (g0)xj = 8}. The T (F)*-component pf 9/3y’ may be represented as

(3)L—,\“a+ 10 e e o) 4.17)
ayi) TN e 'uiaij i M : :

Let us take the inner product of (4.17) with 3/9x? so that to obtain
0 = A gap + 1] 8p+) -
Next, let us contract with g#7 so that
M= —u] gpej.p 8" (4.18)
Letussets; =m (8/3yi) for the sake of simplicity. By applying = to (4.17) we get

[as Ker () = T (%)]

—
S = MG S
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yielding u/ = /. Going back to (4.18) we obtain A/ = —g,.; 4 g, so that (4.17)
becomes

0\ ol 0
= — —gpria 8 —. 4.19
(3yl> ay’ gl)"rl,ag 8xﬁ ( )
The decomposition (4.19) will prove useful in local calculations on (M, %) with %
(transversally) Riemannian. The assumption that .# is Riemannian wasn’t however
required so far. In particular one may relate the local components of g, to those of
g, ie.,

(gQ)ij = gQ(s,-, sj) = g(a(s,-), G(SJ‘)) = g(( il )L’ < R} )l) =

ay! W

[by (4.19)]

A
= Gpti.pti — 8p+j 2 & &prin — 8pria 8 8. p

+ 8ptia 87 8prj. 1 8" 8pu

or
(gQ)ij = 8p+i.pti — 8" uvp+i 884 - (4.20)

The identity (4.20) is useful in the calculation of the inverse

Gaﬂ G% p+Jj
-1
[G*] =[sas] =
GprriB Ggrtipti
The range of the capital indices is A, B, --- € {1, ---, n}. Indeed, we may use

gap GB€ =69 4.21)

to show that o 3
GPtrt = (gQ)”. (4.22)

Letusset A= p+iand B = p + k in (4.21) so that [by (4.20)]
8 =gpri BGP P =g, g GPPTE pg oGP PR =

= gpt+i, s GP T+ [(gQ),j + 8% ga, p+i 85, ,,+,-] GPHipHk —

= 8pti, p GP ptk + (gQ)ij GPti ptk _ gozﬁ Sa. pti &by GV Ptk

as [again by (4.21)] ggp G® P** = 0. Finally, g*/ gg, = 8, yields
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5 = (30),, G "

hence (4.22) is proved. To determine the remaining entries of [GAB ] we use (4.21)
with A = o and C = p + k so that

0= 8AB GB, p+k = gup Gﬂ, p+k + Sa. pt) Gp+j,p+k

and then [by (4.22)] -
G Pt — _gozﬂ Q6. pri (gQ)lj . (4.23)

Similarly, (4.21) with A = « and C = y gives
83; = 8aB GPr = 8ap G + 8o p+j GrHiy

so that [by contracting with g** and using (4.23)]

G =g + g ¢P gy prigu.prj (80)" (4.24)
Summing up [by (4.22)-(4.24)],

[6*]

1<A, B<n
8 + 8% 8% &3 p+i 8u. pri (80)" —8" 85, p+i (80)" (4.25)
« ij ij '
—8° 8, p+i (20) (s0)
Let us go back to the decomposition of forms with respect to (4.13) with P’ =
T(F)*. As
d
[a_ lzasp|ccr(U 1),
x()t

[(aii)l 1sisqfccxU ),

are local frames, it follows that
[ay 1=izq)ce=w @) fox 1=} cexu ),
Sx* :=dx*+g"gp ,ijdy ., 1<a<p, (4.26)
are local coframes [as a consequence of (4.19)]. Of course, the local frame
[6x*, dy : 1<a<p, 1<i<gq}cCC®U, T*M))

is dual to
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{a O l<a<p <isqfccx(u Ton)
axe’ 9yt - T T T T ’ '

and adapted to the decomposition (4.13). Let 8 € QK(M) and let Br.s beits (r, 5)
component. Then B, ; may be locally represented as

E: Bayooay iyoiy XA - ASXT A YA Ad Y.
l<oy<--<a=<p
l<ij<---<ig<gq
For every function u € C*°(U), one has [by (4.26)]
a . 0 . B .
du=L ey Mgy (8x"‘—N,-”‘dy’)+ Yy
ax« 3y’ dx« ay!
Nia = gaﬂgﬁ7p+[ ECOO(U),
or
ou
du = 8 x* 4.27)
dx“
8 o 0
- = — N;
3y yi L oaxe
Let us observe that [by (4.26)],
N N ; IN' 5 SN
d(6x") =dNE Ady' = (S5 85"+ S20) ndy
0 xF Su
hence 2 N 5N
d(6x*)=—LsxP ndy + —dy ndy’. 4.28
(8x) = o—5 8% Y gy dy' Ady (4.28)

Moreover [by taking into account (4.27)—(4.28)], the (k + 1)-form d B, ; may be
locally written as

> {(dﬁa1~--a,i1---iS)A5xa' A AEXU A YA

CAd Y+
l<o;<:---<ar=<p

l<ij<---<isg=q

+ Z(—l)“‘ Bayoy ivoiy XX Ao+ A (d 8 x¥) A

--/\dyi‘/\---/\dyiS]
=1

hence
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dﬂr,s = (d ﬂr,s)r_l.s_‘_z + (d ﬁr,s)r’s+1 + (d ’Br's)r-&-l,s (4.29)

where the differential forms on the right-hand side of (4.29) are (locally) given by

(d 'Brvs)r—l,s-&-Z = Z Poswa iy X (4.30)

l<oy<---<a <p
I<ii<---<iyg<gq

—

XZ( 1)”1 k SXU A ASXUA A

8x°"/\dy’/\dy /\dy"‘/\-n/\dy"”,

8 By ety ) ool :
(dBrs), o = > [Fmtay @y
<oy <---<a<p

I<ii<---<ig<gq

ASXUA - ASXY AdYT A Ad Y+

+ Bayeoar iy P_(—DTTEX A A

=1

g N" Y J o i i
(axv 8x Ady)/\---/\8x AdY' AN ANdy }:

= (=1 Z

l<a;<---<o <p
I<ii<---<ig<gq

1) 00yt T . . .
{%Sx“‘ A ASXT ANdYO ANdY' A Ad Y+
yl
r ?lg
— Bayay iy, ZF:;;(SXQI AN ASX Ady° Ady! /\.../\dyzs]7
(=1
3 Bon ot iy i,
(dﬁm)m“Y = Z W x (4.32)

<o <---<oa <p
I<ii<---<ig<gq
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X SXOASXN A ASXT Ad YA Ad Y.
As customary, a hat denotes suppression of a term. Let Q"*(F) = Q™ (M, %)

denote the C*°(M)-module of all ( + s)-forms of type (r, s) on (M, .%). We define
the first-order differential operator

L =dy QN N(F) - QT (4.33)
by declaring d’; B, ; to be the (r + 1, s5)-component (d B ~Y)r ils ofd B, s.

Definition 4.31 The differential operator (4.33) is referred to as the differentiation
along the leaves of .F. |

Lemma 4.32 Let us consider the sequence

r—1

d d’;
QT D QT S QD).
Thend’; od’;"' = 0.

Proof Let B,_; 5 € Q1% be a form of type (r — 1, s) on (M, %), thought of as
the (r — 1, s)-component of some form g € Q"+~ (M). Then

dBrr s =(dBr1s), o oo+ (dBrrs),_y o +d5 Bt (4.34)

Let us set
Vr,s = drfjjl :Brfl,s € Qr,S(y)

for the sake of simplicity. Then

d Vrs = (d yr,s)rflqurz + (d Vr,s)r‘s“ + d;’? Vrs - (4.35)

Let us differentiate (4.34) so that to get

0=d {(d ﬂr—l’S)rfz,erz} +d {(d :Br—l,s)rq,wl} tdys.
By (4.29) there exist differential (r + s + 1)-forms
Arsoqa, Ara43. Aroiss2. Brois. Broissa. B € QPTHM)
(whose type is indicated by the subscripts of each form) such that
0=A5a+tA2s3tA-1s2+Br2st3+ Bro1 542+ Brsr1 +d v s

Finally [by (4.35) and by comparing types], it follows that (d Vr, S)r .
isd% v,y =0.Q.e.d.

;= 0, which
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As a consequence of Lemma 4.32

d% dy ar! d”
Q¥ (F) 5 QY () S D QP (F) 50 (4.36)
is a cochain complex.
Definition 4.33 The complex (4.36) is called the d & -complex, and its cohomology

groups

s mes . Kerid, : Q"(F) — o
HE (M) = H' (@ (F), d5) = {df_lg,l,s(% }

are the d #-cohomology groups. O

It should be observed that
Q%) = HZ'(M). (4.37)
Indeed
HY'(M) =Ker {d%° : Q"°%(F) —» @"07)}, Q%P =),
hence for any u € H%O(M), one has [by (4.27)]

ou
0x®

O0=dyu=(du), ,= 8§ x®

0

ou Su :
§x% 4+~ g ) -
<8x"‘ * +8yi Y 1,0

thatis u € Q%(F) forany (U, x*, y') € Z.Q.e.d.

Of course Definition 4.33 makes sense for vector-valued forms, as well. Next, we
generalize the notions above to tensorial forms of type (o, V). Let (E , M, p, G,
F E) be a foliated principal bundle over (M, .%).Let p : G — Endgr (V) be a repre-
sentation of G on the finite-dimensional linear space V.Letp € C* (Ak T*(E) ® V)
be a tensorial k-form of type (o, V).

Definition 4.34 Let r, s € Z, such that r +s = k. We say ¢ is a (r, s)-form if
s*@ € Q5 (F), ie, s*¢ is a k-form of type (r, s) on U, for any local section
s:U— E. (]

Let {s;};c; be a family of foliate local sections s; : U; — E such that {U;};¢; is an
open cover of M. Let ®; : p~'(U;) — U; x G be the local trivialization associated
to s;. Also s; = s; - aj; for some G-valued basic functions a;; on U; N U;. Let ¢ €
c*® (Ak T*(M) ® V) be a tensorial form of type (o, V) on E, and let us set

pi=s'p, iel

Then
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@i =p(a;i@) ™) @i, xeUNU;. (4.38)
The dot product in (4.38) is given by
(T-B)(Xy, -+, X0) =T[Be(X1, -+, X)),
T € Endr(V), B € C°°(Ak T*M)®V), Xi, -, Xc€T.(M), x€M.

Conversely, a family of forms ¢; € C*(A*T*(U;) ® V), i € I, satisfying (4.38)
determines a tensorial k-form ¢ of type (p, V) on E, in a natural manner. Indeed, if
z€ Eand x = p(z) € M, leti € I such that x € U; and let us set

(pl(vls R Uk) z(pi,x((dzp)vls R (dzp)vk)v Vi, *=+, Uk € TZ(E)

The definition of ¢,(v;, ---, vx) doesn’t depend upon the choice of U; such that
x € U;, precisely due to the condition (4.38).

Lemma 4.35 Letg € C°°(Ak T*(E)® V) be a tensorial k-form of type (p, V) on
E. Let us assume that ¢ is also a (r, s)-form for some r, s € Z, withr + s = k.
Then

d% ¢; =p(a;') - d @i on UiNU;. (4.39)

In particular the (k + 1)-forms {dg/? (p,-}ie[ determine a tensorial (k + 1)-form of
type (p, V) on E.

The proof of Lemma 4.35 is easily got by taking the exterior derivative of ¢; =
P (a;l.l) - @i [with a; basic, cf. (4.38)] and exploiting the fact that ¢’ annihilates the
basic functions.

The (r + s + 1)-form furnished by Lemma 4.35 is denoted by

dz ¢ =d ¢ € CO(AH THE)Q V).

Clearly d# ¢ isa (r + 1, s)-form.

Let Q;;X(E, V) be the space of (r, s)-forms, i.e., tensorial (r 4 s)-forms ¢ €
C®(A™ T*(M) ® V) of type (p, V) on E, which are also of type (r, 5). Lemma
4.35 furnishes the first-order differential operator

dz @ QU (E, V) —> Q(E, V) (4.40)

Already d# at the level of forms on M squares to zero (by Lemma 4.32); hence
[by (4.39)], d# on tensorial forms on E squares to zero, as well. Therefore, the
cohomology groups

Ker{dz : Q3 (E, V) — e}
dsz QU "S(E, V)

HIS(E, V)= H (Q°(E, V), d%) =
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are well defined.

4.5 Atiyah Class

Let (E , M, p, G, ¥ E) be a foliated principal bundle over the foliated manifold
(M, #),and let w € C™ (T*(E) ® g) be an adapted connection 1-form on E, i.e.,
T(ﬁg) C I' = Ker(w). Let s : U — E be alocal foliate section in E. Then

T(F)]s*w=0(s.T(F)) Co' (s T(Fp)) Co’ (s7'T) = (0),
where @* := w o 5. Also
e X))y =W)Xy, XXz, xeU.

As customary
s'T(Fp) > U, s7'I'> U,

are pullback bundles. Therefore, s* w € C °°(T*(U )® g) is a form of type (r, s)

on U. Let Q = Dw be the curvature 2-form of w. Then (by the second structure
equation)

1 1
$FQ = 5" (dw+§[w, o) —d(s"0) + 5[0 s"0]. @4
We seek to decompose the form s* Q € C*° (A2 T*(U) ® g) in a sum of components

of type (r, s) € {(0, 2), (1, 1), (2, 0)}. We recall that [s* @, s* w] is the g-valued
2-form on U given by

[s* 0, s*0](X, ¥) = [(s*w)(X), o)), X, Y e X(U),

and [ .y ] is the Lie algebra product on g. Let us assume that U is the domain of a
foliated local chart (U, x*, y') € .Z so that

sfo=g®dy on U (4.42)

for some g; € C*°(U, g). No loos of generality results from our working assump-
tion'' on U. The 2-form [s* w, s* ] is (locally) a combination of

{Sx“/\Sxﬁ, §x*Ady, dy'Adyl 1 <a, B<p, 1§i,j§q}

11 Strictly speaking one chooses a point x € U and performs calculations on an open neighborhood
of x contained in U and endowed with foliated local coordinates.
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with coefficients in C*° (U, g). Yet [by (4.42)],

[s* w, s* a)](% , %) =0, [S*a), s* w](%, %) =0,

hence ‘ _
[s*o, s*o] =[gi. g/]®(dy rdy’)

so that [s* w, s* a)] is a g-valued form of type (2, 0) on U. Here
[gi.gi]:U—g [g. &]x)=[gx,.g®], xeU.
Moreover [by (4.29) for vector-valued forms],
d(s*w) = (d(s* @)y, + (A" ), ;- (4.43)
Let {X, : 1 <a < dim(G)} be a linear basis of the Lie algebra g. Then g; = u? X,

for some scalar functions uf € C*°(U). Let us take the exterior derivative of (4.42)
so that to get

d(s*w) =Xa®d(uf)(dy") =Xa®(du?/\dyi)
8ui“8 a+8u?d j>_
gt 8y )=

=Xa®(

S . .
®(8x°‘Ady’)+8—§j®(dy//\dy’)

_9g
T 9x

so that [by (4.41) and (4.43)]
Q=Q 1+, (4.44)
for some 2-forms Qi 1, Qo2 € C®(A? T*(E) ® g) such that

ng 1 i .
5y +§[gi’ gj])@(dy ndyl),

agi : .
S*Ql,l :%@((Sx“Ady’), s Q()QZ(

on U. In particular
Ql,l € Q;&l(E, g),

i.e., 21 is both a tensorial 2-form of type (ad, g) on E, and a (1, 1)-form.

Theorem 4.36 dz Q21,1 = 0 and the cohomology class

A(E, Zg) = [Q1.1] € Hy' 5 (E. 9)
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doesn’t depend upon the choice of adapted connection. Moreover, A(E, ) =0
if and only if the foliated principal bundle (E, M, p, G, EE) admits projectable
connections.

Cf. Molino, [Moll].
Proof of Theorem 4.36. Let {s; : U; — E},_, be a family of foliated local sec-

i

tions such that {U;};<; is an open cover of M. Let us consider the g-valued 2-form
of type (1, 1) on U; given by

(Ql,l)i:S,‘*Ql,la iel.

One has
(Ql. l)j = ad(aj_l-l) . (Q]_ l)i on U,' N Uj

hence (by Lemma 4.35)
dg}: (Q]y l)j = ad(aj_il) . dg‘ (Ql, 1)[. on Ui N Uj .

Consequently, the family of local forms {(€2,1),},_, determines a unique globally
defined tensorial form denoted by

dz Qi1 e 2y (E, 9)

and such that

Sl*(dg‘ Ql,l)zd_gz (Ql,l) iel.

i’

Definition 4.37 The cohomology class

A(E, Fr) e HY',(E, )

-

is called the Atiyah class of (E, M, p, G, Fg). The Atiyah class of 7 is
AF) =AM, F) = A(Bi(F), F7) € Hy's(BI(F), gl(g. R)).

O

The meaning of Theorem 4.36 is that the Atiyah class of a foliated principal
bundle (E, M, p, G, Z#g) may be looked at as an obstruction to the existence of
projectable connections in that bundle.
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4.6 A Spectral Sequence

4.6.1 Filtrations of the De Rham Complex and Rummler’s
Formula Revisited

In a series of works F. Kamber and Ph. Tondeur made use (cf. [KaTol]-[KaTo3,
KaTol1]) of a natural spectral sequence'? associated to a foliated manifold (M, .%).
For a better understanding of the constructions in the present section we add an
Appendix on decreasing filtrations and spectral sequences of cohomological type.'?
Said spectral sequence is associated to the multiplicative filtration of the de Rham
complex 2°*(M) given by

FOQ (M) = Q' (M),

F Q' (M) = [a) e QM) iy, - ix,., 0=0, (4.45)

X, eXz, 1§i§r—k+l}, k> 1.

Besides from being important in its own right, many calculus (with basic forms)
assertions are, as we shall shortly show, easily stated in terms of the Kamber-Tondeur
spectral sequence. Let us start by investigating a few basic properties of the filtration
(4.45). A more advanced study of the spectral sequence of a Riemannian foliation
was performed by Alvarez, [Alv1]-[Alv2]. Locally, with respect to a foliated local
chart (U, x*, yi) € .7, the space F*¥ Q" (M) consists of the r-forms whose local
representation exterior monomials contain at most  — k differentials d x*. Note that

F*Q (M) = (), k>r+1. (4.46)

The filtration (4.45) is (according to the terminology in the next section) a decreasing
filtration of the graded vector space 2°(M) and looks like

O CF QWM)C - -C FF''Q" M) c F*Q" (M) c ---
CF'Q (M) c FOQ (M) = Q" (M).

In particular (4.45) is a bounded filtration [cf. Definition 4.52 in the Appendix to this
section]. Let us also observe that (4.45) is stable under exterior differentiation, i.e.,

d F*Q (M) c FFQ (M)

12 Book I-A in the present book series studies a few geometric properties of said spectral sequence
that could be presented without using elements of Riemannian geometry (i.e., the geometry of
transversally Riemanian foliations of Riemannian manifolds).

13 While Book I-A in the present book series is provided with an algebraic preparation regarding
mainly spectral sequences of homological type.
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Consequently, Theorem 4.53 in the Appendix can be applied [the description of the
spectral sequence furnished by (the proof) of Theorem 4.53 is given later in this
section]. Moreover, if dim(.%#) = p = n — ¢, then

FkQrh(m) ={w € QM) iy, - ix,,,0=0, X;eXz, 1<i<p+ 1}
=Q[’+k(M)

because p + 1 vectors lying in (a fiber of) T (%) cannot be linearly independent.
Next

FIQ”(M)zla)eQ”(M) Ly, e ix,0=0, X,€Xz, 15a5p]

so that F!' QP (M) consists of the p-forms vanishing on 7(#) ® --- @ T(F) (p
terms). This observation leads to a useful reformulation of Rummler’s formula [for
a foliation .# of a Riemannian manifold (M, g)]. Indeed [by (4.7)], for every Z €
CW(T(ﬁ)L) the p-form Z; x# + «(Z) x# evaluates to zeroon T(F) ® - -+ ®
T (Z) (p terms) hence the announced reformulation of Rummler’s formula is

Ly xz +xk(Z) xz € F'QV(M), Z e C®(T(F)"). (4.47)

In general, F¥*! QP (M) consists of all (p + k)-forms evaluating to zero when p
arguments lie in X #. We may also state

Proposition 4.38 Let ¢y :=d x7 + (p + D)k A xz € QP (M). Rummler’s for-
mula is equivalent to ¢y € F> QP1(M).

Proof 1f all p + 1 arguments Xg, ---, X, lie in X #, then of course ¢o(Xo, - - -,
X,) = 0. To prove Proposition 4.38, it suffices then to consider the case Xg = Z €
T(Z)4, i.e., check that iz ¢y vanishes on T(F) @ - - - ® T(F) (p terms). Then'*
(byiz xz =0)

1

(e A xz)(Z, X1, oo, Xp) = G > @) (k@ x2) (X Xo(p) =
'O‘EU!,_H
= 7(p+ 1)' ZE(O)K(XU(O)) ng(Xa(l) Ly, X(T(p))
‘oA

where A = {0 € 6,41 : 0(0) =0}. Also 0,4 denotes the permutation group of
order (p + 1)! [thought of as consisting of the permutations of {0, 1, ---, p}]. If
7 € o, we define 0, € 0,4 by setting

0,0 =0, ox(0) =n(x), 1<a<np,

14 Our conventions as to multi-linear algebra calculations are those in [KoNo]. There is an extra
p + 1 factor in our definition of ¢y with respect to the treatment in [Ton], p. 121.
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sothat A = {a,, 1w e a,,}. Then A has cardinality |A| = p! and the sign of every
o € Aise(o) = (—1)? so that

x7 (Xoy, s Xop) = (D xz (X1, -+, X,), 0 €A.

We conclude that

1
(k Axz)Z, X1\ o+, Xp) = p+1K(Z)Xy(X1, ey Xp).

Finally (by Cartan’s formula),
(iZ (pO)(XI s T Xp) = (gz XF +K(Z) Xf/'-:)(Xl s T Xp) =0.

Q.ed.

A few remarks pertaining to the local description of F* Q" (M) are in order. Let
(U, x¥, ¥') € Z be afoliated local chart. Every r-form w € Q" (M) is then locally
represented as a sum of exterior monomials of the form

dx“ A Adx AdYTA - Ad Y, (4.48)
15051<"'<01ufp7 1§i1<"'<iqu, utv=r,

with coefficients in Q°(U). Them the condition w € F* Q" (M) is locally that 0 <
u < r — k. With these tools one may easily show that

Proposition 4.39 [f g = cod(.%), then
FPHQr (M) = (0). (4.49)

In particular, if ¢ = 1, then F*> QP+ (M) = (0) so that Rummler’s formula becomes
dxz +(p+DrAxs=0.

Proof Let w € Fit! Q" (M). Then the exterior monomials (4.48) in the local rep-
resentation of w on U contain at most r — (¢ + 1) differentials d x®, that is
u <r — (g +1). Equivalently v > g + 1 hence

dy" A Adyt =

and then @ = 0 thus yielding (4.49). The particular form of Rummler’s formula for
codimension one foliations plays a major role in their study (cf. e.g., [Ton], p. 75).

By Theorem 4.53 (in the Appendix following the present section), given the graded
vector space Q* (M) and its filtration { F* Q*(M) : k € Z} [defined by (4.45)] there
is a cohomological spectral sequence
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E(F)=EWM, F)={EM, F) : s €N},
E(F) = E\(M, F) = {(Ef»‘f(M, F), d"Y) 1k, Le Z},
whose first terms is [cf. (4.63)]
EYY(Z) = Ey ' (M, ) =~ HY(FF QM) | F* 1 Q(m)). (4.50)
Here F¥ Q(M) = @"_ F* Q" (M). If Q(M) = &"_,Q" (M), then
FXQr (M) = FFQM) n Q" (M).
By the proof of Theorem 4.53

Z;:(F)

ENY(F) = EN M, 7) =
' ' Z5 NI + B

(4.51)

where
ZVNF) = 20, F) = [FF QT an} na ' [FF @ ),
BYY(F) = BY' (M, 7) = {FF Q" ()} nad [F** @ ()],
That is Z*“(.%) consists of all (k + ¢)-forms in F¥ Q¥+¢(M) which are boundaries
in FAs Qk++1(A1). Similarly, we may observe that BX¢(.F) consists of all (k + £)-
forms in F* Q¥+¢(M) which are images of (k 4 £ — 1)-forms from F¥=5 QK+¢=1(pr)
by d. In particular [by (4.51)],

VANE
g"r],ﬂ—l(y) + B(l)((f(}\)

EVY(F) = ~

and
Z]l(,e(y) — {Fk Qk+€(M)} N d—l[Fk+l Qk+[+l(M):|,

Z/6+1,571(<gz) — {Fk+1 Qk+Z(M)} ) d*l[Fk#»l Qk+e+1(M)] — Fk+1 Qk+e(M)’
B(I)C,Z(Lg) — {Fk Qk-HZ(M)} ) d [Fk+l Qk-l-e—l(M)] — d Fk Qk-‘rﬂ—l(M)’
so that

{Fk QF+et (M)} Nd-! [Fk-H Qb+e+1 (M)]
Fk+1 QkJr[(M) +d [Fk Qk+671(M)]

ENY7) = (4.52)

In particular for £ = 0 one has
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FEQ* M) ={w e @"M) 1 ixw=0, XeXs},
d-! HF"“ Qk+1(M)} ={we QM) : doe FF Q@ (M) =

={oe QM) :ixdw=0, XeXsz},
hence

Q(F) if 0<k=<gq,
Fro*nyna ' {[FF oo} =

0 otherwise.
Also F*' QK(M) = (0) and in particular
F* Qb +d {FF @' ()} = (0).
Finally [by (4.53) for £ = 0],
EVN7) =0 F), 0<k<gq. (4.53)
We refer again to the Appendix (following the present section) for the construction
of the differentials
dt ENYTF) - EF ().
If gkt . ZM4(F) — ERY(F) is the projection, then the diagram
ZR(F) L Zhts ot (7
okt | s sl
EQ YT K Efts 5T
is commutative. In particular for s = 1
Z4F) L )
n{c, ty ! n{c+1, ¢
E}Y(F) L EM1LU(T)

is commutative. Next, for £ = 0 one has (as shown above)
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EP(F) = 27 %(F) = Q4(F)

hence 7" = lgx (5 and d"* = dj : Q(F) > QT (F). Yet E(F) is aspectral

sequence hence (by Definition 4.42 in the Appendix) E;‘ (%) must be the coho-

mology of the term E{ (%), i.e.,

Ker{d|"' : EY (%) - E{"" ()
dic—l,( {Ellc—l,Z(y)}

EYY(F) ~ HYY(EY*(F), df ') =

In particular for £ = 0

Ker{dp : Q%(F) —» Q" (F)}
dg Q5 1(F)

EXO(F) ~ = HL(F). (4.54)

4.6.2 Appendix: Spectral Sequences

The elements of the theory of spectral sequences presented in this Appendix rely
on classical work by Leray, [Ler]. There are however a few monographs containing
the material below, cf. e.g., Mac Lane, [MaLa], or McCleary, [McCl]. As spectral
sequences are recalled solely for the sake of applications, our point of view is indeed
close to that in [McCl].

4.6.2.1 Basic Definitions and Properties

Let R be a commutative ring with unit.

Definition 4.40 Let a, b € Z and let {E P-4 }p g<Z be a family of R-modules. Let
{ar4: Ere — E"*“"””}p ,<z, be a family of R-linear maps such that

dP9od" 4" =0, p,qel

The synthetic object { EP4 , dP4 }p 4<z, 1 called a differential bigraded module over
R. The map d79 : EP4 — EP+® 4+ ig referred to as a differential and the pair of
integers (a, b) is its bidegree. O

Let {EP1, dP4 }p. 4oz, be a differential bigraded module over R.

Definition 4.41 The homology {H”’q (E" *,d” ')}
the family of R-modules given by

of |EP9  dara)

P-q€L p.q<eZ 18

Ker{d”*q 2N Ep+a,q+b}
dr—a.q—b gFp—a.q—b

HPO(E", d**) = . pogel



418 4 Riemannian Foliations

O
Definition 4.42 Let

E={(Ere. dar),

:reN}

be a family of differential bigraded modules over R, where each differential dar? .
E}"? — e has bidegree (a(r), b(r)), for some functions a, b : N — Z, and

ElS ~ HP(E®, d2*) (4.55)
(an isomorphism of R-modules). We call E a spectral sequence of homological type
(respectively, of cohomological type) if a(r) = —r and b(r) = r — 1 (respectively,
a(ry=randb(r) =1—r)foranyr € N. O

We adopt the notation E, = {E["? d,’”q}p 4<z, for the sake of brevity. It is

worth observing that, given a spectral sequence E = {Er :reN }, the differen-
tial bigraded module E, determines [according to (4.55)] the bigraded module
{ P4 Pq

o }p gez Yet it doesn’t determine the differential it El — e

Definition 4.43 The differential bigraded modules E, are the terms'> of the spectral
sequence. ]

Let E = {E, creN, r> 2} be a spectral sequence, and let us set

Zg,q — Ker(dz"’q), B;,q — dzp—a(Z),q—b(Z) Ep—a(Z),q—h(Z).

Definition 4.44 The elements of Z)"? (respectively, of BY'?) are referred to as cycles
(respectively, as boundaries). (]

The differentials dy ' * have bidegree (—2, 1) if E is a spectral sequence of homo-
logical type [respectively, (2, —1) if E is a spectral sequence of cohomological
type].

Asdl? o d? =@ 47" — 0 it follows that

BY c zy c EfT.

By Definition 4.42

Ker(d?? zba
Ey' >~ HPI(ES®, dy°) = pfa(Z),qu(Z)( 2p—)a(2),q7b(2) = BZM :
d; E, )

15 In mathematical practice, the terms of a spectral sequence are often labeled starting with the
integer r = 2.
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Next, we set

709 = Ker(dP), B = i Cr 97O pre®.ahe)

Z00i={xezpt : x— B e 707,

B i={x ez x+ Bl e B,
so that
—=p.q4 _ =SP4 pa  SPa z5t g BYY
By CZ; CE;, Zj = pra- B, — pra-
2 2
Moreover [again by (4.55)],
Ker(dfq)

P9~ D.q o, 0 o, 0\
E;=H (E3 ’ d3 ) _dﬁfa(3),qu(3) Epfﬂ(3)qq*b(3)
3 3

BB~
Bg’»‘] le)sfi B;q B?f’,q

By c Byt czb c EDY .

Up to this point

Quite obviously, we may iterate these constructions to produce a tower of submodules
of EY? for each pair of integers p, g € Z, i.e.,

ByYcBY!c---cBMMc...czM ..zt czl c EDT (4.56)

so that

p.q
Ep,q ~ Zn

n+l — Bp,q ’ ne {27 35 e } (457)

Hence, we may think of the differential

Pq . P.q pta(n+1), g+b(n+1)
d,yy 0 EN — EL

as a map
Pq pta(n+1 ,q+h n+1

—
B’f’q Bnp+a(n+1),q+b(n+l)

with kernel Z”% /BY? and image Bnpif(”ﬂ)’q+b("+1)/B,f+a("+1)’q“’("ﬂ). For
instance, if E is a spectral sequence of homological type, then dff] is a map

, , “ng—n+l [ pp-n.g-ntl . , , .
ZP Byt — zZi nt /BP "1 "1 with kernel zl% /By and image
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Bl gn+l /Bi" 97"+ Going back to spectral sequences of arbitrary type, there

is a short exact sequence of R-modules and R-module homomorphisms

z P ZPa grg Bp+a(n+l),q+b(n+1)
n+l n n+l Pptl
0~ 55 = 5p7 = prragee O (4.58)
n n n

and then

pHa(n+1), g+b(n+1) R R
B, —gr (Zfll)q) ~ (Z'lqu)/Ker(dp,q)
~“n+1 ) - s +1
Br1l)+a(11+l),q+b(n+l) n B]i’ q Bnp q n

%)/ (58)= 25
5\ ) = 71

To simplify notation one often writes exact sequences such as (4.58) or the isomor-
phisms following (4.58) without specifying the upper indices, i.e.,

Z"' VAP B',' Bo,o e
n+l n n+l n+l n+l n
0 g Bo,o - Bo,o BQ,Q g 0’ B.,. - ZQ,. ’
n n n n n+1

yet the reader should keep in mind that the empty upper bullets may not stand for
identical indices. The data contained in the tower (4.56) (a tower of submodules of
E3'*) together with the information furnished by the isomorphisms (4.57) may be
used to reconstruct the spectral sequence E.

Definition 4.45 Anelementx € E5 ® such thatx € Z2 * is said to survive to the n™
stage. The submodule

o0
z3t=(\zy* CEs*
n=2
is referred to as the submodule of elements that survive forever. (I

The reason one adopts the terminology in Definition 4.45 for a given x € Z;** is
merely that x lies in the kernels of the previous n — 2 differentials (i.e., x € Z,:‘_'l C
.-+ C Z5°*). The elements of E5 * that survive for ever are cycles at every stage.

Definition 4.46 An element x € ES'* such that x € B} ® is said to be a boundary
at the n™ stage. The submodule

[o.¢]
By =By cEs”
n=2
is referred to as the submodule of elements which eventually bound. O

An inspection of the tower (4.56) shows that B;® C Z3°, so that we may consider
the R-module
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Zo, .
E3* = B‘i‘,’. (4.59)
o0

Although the concept of convergence of a spectral sequence E hasn’t been introduced
as yet, it is quite clear that computing E3;° is the general task, and that the bigraded
module (4.59) is what one is left with after the calculation of the infinite sequence
of homologies pertaining to E. In mathematical practice, the calculation often ends
at some finite stage. We adopt the following:

Definition 4.47 Let E be a spectral sequence. If d>* = 0 for any r > N, then we
say that E collapses at the N term. (]

If E is a spectral sequence collapsing at the N term, then the exactness of

VAR Z>% a4+ B®*
0> g > 0 5 o 50
Br—l Br—l Br—l

yields B** = B (as the image of d®* is zero) and Z>* = Z™* [because the
sequence
0—>2Zr*/B"\— Z"° /B> — 0

is exact, ie., Z*/B"\ ~ Z"% /B> ] for any r > N. Consequently, the tower
(4.56) may be written

_B.._' .:BO,OC

By"CBy*C---CBy' = 00

CZy=---=Zy"=2y°,C---CZy*CZy* CE>"®

and then E3* = E};°.

4.6.2.2 Filtered Differential Modules

Let A be a R-module and let F = {FPA : p € Z} be a family of submodules
FPA C A.

Definition 4.48 We call F = {FPA : p € Z} adecreasing (respectively, increas-
ing) filtration on A if FPY'A C FPA (respectively, if FP*'A D FPA) for every
p . O

Definition 4.49 Let F = {F PA : pe Z} be a filtration on A. The associated
graded module is the R-module

FPA
FrtlA
EJ(A) = , pel. (4.60)
Frtlg
FPA

if F is decreasing,

if F isincreasing,



422 4 Riemannian Foliations

O

Let H* be a graded module. Let {FPH® : p € Z} be a filtration on H*. That
is, we are given a filtration F" = {FPH" : p € Z} on H" for very n € Z. If, for
instance, F" is an increasing filtration, then

.C FP'H"C FPH" c FPP'H" Cc...C H", neZ.

The associated graded module is then bigraded. Precisely

FPH"
. . .
T g if F" is decreasing,
E§(H") =
Fp+1Hn
———— if F" isincreasing.
FrH"

It is customary to adopt the notation
EJY(H®, F*) := Ey(H"?), p,q €.

Convergence of a spectral sequence E = {E, : 2} is then defined as follows.

Definition 4.50 LetE, = {(E/?, d?) : p.q € Z} > 2, beaspectral sequence
and let H* be a graded module. We say that E = {E, : r > 2} converges to H* if
there is a filtration F* on H* such that

ELI ~EVI(H®, F*), p,q€Z, (4.61)

(a R-module isomorphism). U

If the spectral sequence E converges to the graded module H*® in the sense of
Definition B.9 we write E => H*. In practical problems one aims to the calculation
of a certain graded module H*. If a spectral sequence E converging to H*® exists,
one actually computes the associated graded module of each H” (associated to some
filtration on H") rather than H" itself. Can one recover H" from the knowledge of
its associated graded module? Unfortunately, the problem of reconstructing a filtered
module from the associated graded module is in general far from being trivial. Let
us illustrate our possibilities by looking at a particular case. Let A be a filtered R-
module and F = {F PA : pe Z} its decreasing filtration. The particular case we
have in mind is that F' ceases at some stage, i.e., there is n € Z such thatn > 0 and
FP?A = (0) for any p > n. Let us also assume that F”A = A for all p < 0. The
given filtration on A then looks like

O CF'ACF''Ac.---cF'AcFAcF'A=A.

If EJ(A) is the associated graded module, then
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Ef(A)=(0), peZ\{-1,0,1,---,n},

i.e., only the R-modules Eé7 (A) with —1 < p < n may be nonzero. With the even-
tually nontrivial associated graded modules one may build the following short exact
sequences:
F'A
l
0— F'"A — Ej(A) — 0,

0— F'A — F"'A — Ej7'(A) - 0,
0— FPA — FP'A— E!™'(A) = 0,

0> F'A— F'A — E}A) —0,

0— F'A— F'A - E;j'(4) — 0.

[
A

Now, let us suppose that the graded module Ej(A) is known. Then, of course,
F" A is known. However, determining F"~! A from the second short exact sequence
above depends on whether it is split or not. Equivalently, one should know whether
F"'A — EJ"'(A) possesses arightinverse Ej '(A) — F"~'A ornot. If this were
the case, then (cf. e.g., Proposition 4.3 in [MaLa], p. 16)

F' 'A~F'A®E;" " (A).

The sequence in discussion is surely split if its modules are finite-dimensional vec-
tor spaces. However, if R is an arbitrary commutative ring, then ambiguities may
arise. To put it in the algebraic language of [MaLa], pp. 63—64, the determination
of F"~'A depends on the way E(’)‘*I(A) extends F" A. One should look at the set
Extz(C, F"A) of all congruence'® classes of extensions of F”" A by a R-module C.
An extension C of F"A (i.e., a short exact sequence 0 - F"A —- B — C — 0)
is commonly referred to as split if it is congruent to the direct sum extension
0— F'"A — (FnA) ® C — C — 0. How many elements does EXtR(C, F"A)
possess? If C is a finite-dimensional vector space (or more generally a projective
module), then any extension by C is split and Extg (C , F ”A) has but one element.

16 Cf. [MaLal, p. 64, for congruences of extensions. The present monograph doesn’t aim to an
exhaustive presentation of the amount of homological algebra eventually required by problems in
mathematical practice, and adopts the conventions and results in [MaLa], p. 63-65, instead.
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Nontrivial examples are provided in [MaLa], p. 64. If all goes well (for instance when
all modules involved are finite-dimensional vector spaces) one chases the short exact
sequences above and eventually obtains

A= @ El(A).

p=-1

In general however, there will be some ambiguity about A unless further information
becomes available.

To describe the setting in which spectral sequences arise, and which suffices for
our purposes in the previous section, we need the notion of a filtered differential
graded module.

Definition 4.51 Let A be a R-module. We say A is a filtered differential graded
module (or a filtered DG-module) if

i) There is a family {A" : n € Z, } of submodules of A such that A = @32 (A",

ii) There is a R-linear map d : A — A of degree € € {£1} [i.e., d (A") C A"*¢
for any n > 0] such thatd od = 0.

iii) A possesses a filtration F = {F PA : pe Z} which is preserved by the dif-
ferential, i.e., d(FpA) C FPAforany p € Z. O

Let A be a filtered DG-module, and let d : A — A be its differential. Let then

Ker(d)
d(A) ’

Ker(d?)
d(FPA)’

H(A, d) = H(FPA, d”) = dr =d

FPA>

be the homologies of (A, d) and (F PA, d”), respectively. The inclusion ¢” :
F?A — A induces a map e H(FPA, dP) — H(A, d). We set

FPH(A, d) = Lf{H(FpA, dP)} CHA,d), pel, (4.62)

sothat {FP H(A, d) : p € Z} is afiltration on H(A, d). This is used in Theorem
4.53 below.

Definition 4.52 Let F = {F PA : pe Z} be a filtration on the R-module A. We
say F is bounded if there exist s, t € Z such that

FPA=(0), FIA=A, p>s+1, g<t.

For instance, a decreasing bounded filtration on A looks like
O CFACF'Ac . --- cF'""ACF'A=A.

Given a filtered DG-module as in Definition 4.51 we may set
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FPA" := (FPA)NA", p,neZ, n=>0.

As d(FPA) C FPAandd(A") c A"} itfollowsthat D(F?A") C F? A"*t! Hence,
we obtain a cochain complex

ar ar! dqr-n=1 darn dqr-n+l
FPA0 L5 prgt A g Y pp gt
where dP" = d|FFA,, (hence dP"*t! o dP" = 0). Then dP" descends to a natural
map
FP A" FpAnJrl
DP" - DP"(x + FPH A" =dx + FPT A" x e FPA™,

Fprtlpn Fptlpntl”’
such that D?:"+! 6 DP-" = (). That is, we obtain another cochain complex

FPA° FPA! FPA" FPAmT!
Fp+1A0 - Fptlpl - Fp+lpn - Fp+1lpgntl -

Let

Ker(DP™)

H"(FPAJFPTYA) = H"(FPA* JFPT1A®, DP*) = DrT (P A R A)

be its cohomology. A task of the present Appendix is to recall

Theorem 4.53 Let A be a filtered DG-module whose differential d : A — A has
degree € = 1, and whose filtration F = {FPA : p € Z} is decreasing. There is a
spectral sequence E = {E, : r € N} whose differential d? * has bidegree (r, 1 — 1),
and such that

EP? ~ HPT(FPAJFPHA). (4.63)

Moreover, if the filtration {FP A" : p € Z} (induced by F on A") is bounded for
each n > 0, then the spectral sequence E converges to H(A, d).

A comment on the last statement in Theorem 4.53 is in order. To apply Defini-
tion 4.50 we must see H(A, d) as a graded module. Indeed we may consider the
cohomology

n N e e Ker(d")
H"(A,d)=H"(A*d*) = ————
dn—l (An—l)
of the cochain complex
0 dO 1 dl dan— 1 ar +1 d»1+l
A"— A — ... — A" — AT — ..

where d" = d ] 4 forany n > 0. Each H"(A, d) may be thought of as a submodule
of H(A, ,d), for the map



426 4 Riemannian Foliations
H"(A,d) > H(A, d), x+d" 'A" ' x+dA, xeKer(d)=Ker)d)NA",

is injective. Next A = @2 A" yields
[o.¢]
H(A, d) = EB H"(A, d)
n=0

hence H(A, d) is a graded module in a natural manner. Let { FPH (A, d) : p € Z}
be the natural filtration on H (A, d) [induced by the filtration {F”A : p € Z}on A,
according to (4.62)]. We set

FPH"(A, d):={F’H(A, )} NH"(A, d), p,n€Z, n=0,

sothat {FPH" (A, d) : p € Z}is afiltration on H"(A, d) for each n > 0. We may
then consider the associated graded module [of H" (A, d) as a filtered module]

. FPH"(A, d)
B[4 D] = Fna @y

and set (as earlier in this Appendix)
EJ[H(A, d), F*H(A, d)] = EJ[H"(A, d)].

Let E be the spectral sequence converging to H(A, d) as furnished by Theorem
4.53. Then E = H(A, d) that is (by Definition 4.50)

FPHPTI(A, d)
FrtlHprra(A, d)’

ELT ~EPM[H(A, d), F*H(A, d)] = (4.64)

Theorem 4.53 is due to Leray, [Ler]. Cf. also Theorem 2.1 in [McCl], p. 32. We are
mainly interested in its practical use, that may be roughly described as follows. Given
a differential module (A, d) we wish to compute its homology H (A, d). If A may
be filtered (compatibly with d) and the associated spectral sequence E (provided by
Theorem 4.53) possesses some computable term, then we may determine H (A, d) by
the calculation of the successive homologies (pertaining to £) and by reconstruction
from the associated graded module.

For our needs in this book we only stated Theorem 4.53 in the cohomological
setting, i.e., for decreasing filtrations and spectral sequences of cohomological type.
A natural version of Theorem 4.53 predicting the existence of a spectral sequence of
homological type is of course available (cf. [McCl], p. 32). The proof of Theorem
4.53 is rather involved (cf. [McCl], pp. 33-36). Through the present Appendix we
confine ourselves to the construction of the spectral sequence E associated to the
filtered DG-module A. To this end we need the following ingredients. First, we need
the filtration

co.C FPHLpAPYe - FPpAPTa - pPolpptd oL
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with d(FP APt44) C FP APT4+! Moreover, let us set

ZP1 = (FPAPT) N d~" (FPHr Artath), (4.65)
B = (FPAPY)Nd (FP"APHeT), (4.66)
Z0% = Ker(d) N FP APH4 (4.67)

BL? = (d A)N FPAPHT (4.68)

It should be observed that Z?*? consists of all elements of F” A”*4 which are bound-
aries in FP*" AP+a+! Also BP? consists of all elements of F” AP*4 that are images
via d of elements from FP~" AP*4+1 As d preserves the filtration on A

B{"cBMc.-..cBlliczic.-.-czttczl. (4.69)
Also
d(zpr =) =a| (Frr APty na! (Frart) |
r
= (F? AP*)nd (Fr—" APteT)
that is

d(zp—rat=t)y = Bpe. (4.70)

r

Let us assume that the filtration { F? A" : p € Z} on A" is bounded for every n > 0.
In other words, there exist functions s, ¢ : Z, — Z such that

FPA" = (0), FIA"=A", p=>=s(n)+1, q <t(n).
The surviving terms of the filtration on A" may then be written
(0) C FSWA" ¢ FSW=1A" ... c FIOHA" ¢ FIWAT = A7
Consequently [by the definitions (4.65)—(4.68)],
r>s(p+q+1)—p= FPrart !l = () =
ZP = (FP AP na~ " (FPt AP+at!) = (FP APY) nd~ 1 (0) = Z21

and
re=p—t(p+q—1)= Frrartt = grtel —
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B4 =(FP APT) N d(FP~" APT4~1) = (FP AP*9) nd (APT7")
= (F? AP™)Nd(A) = BY? .

These are known to be the key facts ensuring the convergence of the spectral sequence
we shall shortly build. The last calculation is a bit less obvious and follows from

(FPA")Nd(A"") = (FPA") Nd(A).
To check the last identity one observes that
(FPA"YNd(A"™ ") = (FP A") N A" Nd(A) = (FPA") Nd(A)

because d A*~! = A" Nd A. Of course, the inclusion d A"~' € A" Nd A follows
from dA""! ¢ A" and A"! C A. Vice versa, if ye A"NdA, then y =dx for
some

o0
x = E Xms Xp €A™,

m=0

(with x,, # O for finitely many m > 0 only). As the sum @, ;A" is direct

[o.¢]
A" 3y =Y d(x,), dx,eA" m=>0,

m=0

yields d x,, = O whenever m + 1 # n, thatisy =d x,_; € d A" Qed.
We come to the construction of the spectral sequence (E Pa - qr ’q). Precisely, we

set P
zr
P9 —
EPY = T @.71)

Moreover, let /% : Z["* — E[*? be the canonical projection [so that Ker (7/?) =

ZPHh a7t L BP9 Let us substitute p’ > p —r and ¢’ — g 4 r — 1 into (4.70)
and use (4.69) so that to yield

q _ r,q—r+1 r,q—r+1
dzri = pptrartl ¢ zrtnamrl
Therefore, d induces homomorphisms
d:ZP1 — zptra-rtl, (4.72)

On the other hand [again by (4.70)],
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d(z)5 7 4 BI) =d z) T+ d B C BT
+(0) c Brp:rlr,qfrﬂ + Z:z:rlrJrl,qfr
so that (4.72) descends to a homomorphism among quotients

ari . Erd — gptra—rtl (4.73)

such that the diagram
zP4 d Zf7+r,q7r+1

n_rp,q \L ¢ 7_[rp+r,qfr+1

ap +r,q—r+1
ppe 25 g

is commutative. Following (4.73), let us consider the sequence of homomorphisms

. gt a7
—>

0.4
p—r,q+r— p.q Zr ptr,g—r+l

Then d* = 0 implies d”% 0 d? ™17~ = 0.

4.7 Foliations by Level Hypersurfaces

Let (V**!, g) be a (n + 1)-dimensional Riemannian manifold, and let f : V — R
be a C* function. Let Crit(f) = {x € V : d.f =0}, and let us set M = V"+1\
Crit(f) (an open subset of V"*1). Let .% be the foliation of M by the level hypersur-
faces of f,1i.e., the leaf space M /.Z consists of all hypersurfaces f~'(c),c € f(M).
Then

Z:= ﬁv]f e C®(P™)
and |
V= W—ﬂerQ‘(M)
is dual to Z, i.e., v(Z) = 1 and P | v = 0. Let Hess(f) be the Hessian of f, i.e.,
Hess(f)(X, Y) =(VEdf)(X, Y) = (Vxdf)Y
=X () = (V¥N(), X, Y eXM).

As V& is torsion-free, the Hessian Hess, is symmetric. Also, note that
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Vidf = (Viv ).

Lemma 4.54 Forany X, X' € C*(P) 1)
Hess; (X, X') = —|Vflg(WzX, X" (4.74)

and consequently ii), the second fundamental form of % in (M, g) is

aX, X)) = —ﬁ Hess(f)(X, X) 7 Z. (4.75)
iii) The mean curvature is
K(Z) = ﬁ {Af +Hess(f)(Z, 2)}. (4.76)

Proof i) Let us set A = |V f| for the sake of brevity. Then (by Vf = A Z)
Hess(f)(X, X') = (V5dH)X =g(VEVS, X)=g(X(W Z+21V3Z, X') =
[asZe PLLP>X = g(Z, X)) =0]
=x1g(ViZ, X') =
[as V&g = 0]
=1 {X(ez, X)) = 8(2. ViX)} = —hg(z, ViX).
On the other hand,
gQ(a(X, X, w Z) = gQ(n VX', w Z) = g(an VyX', omw Z) =

[aso o =]
=g(rt VyX', 7t Z) = g(VyX', Z).

Hence,
Hess(f)(X, X') = —Ago(a(X, X'), m Z) = =1 g(WzX, X').

Q.e.d.

ii) By the very definition of «

a(X, X') e Q ~ Pt = Span(Z)
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hence
ca(X, X)=nZz

for some u € C*°(M). Taking the inner product with Z determines p as
! 1 !’
n=gloaX, X, Z) = — 5 Hess(/)(X, X)

and finally,
1
oca(X, X) = -5 Hess(f)(X, X) Z.

Q.ed.
iii) Next, we compute the mean curvature ¥ of .% in (M, g). For every local
orthonormal frame {E; : 1 <i <n} C C*(U, P)

k(Z) = Trace W, = Zg(Win , Ei)

i=1
hence

k(Z) = ! ZHess(f)(Ei , Ep) 4.77)
=1

VA

onU.Letusset E,, | := Zsothat{E4 : 1 < A <n+ 1}isalocal g-orthonormal
frame on T (M). The Laplace-Beltrami operator A of (M, g) is

n+l1

Au = — Z {Ei(u) — (Ve, EA)(u)] = —Trace, Hess(u)
A=1

for every u € C*(M). Consequently,

Af == Hess(f)(E;, E) —Hess(f)(Z, Z)=  [by 4.77)]

i=1
= |Vflk(Z) —Hess(f)(Z, Z)

that is
1

7)) = —
D= 97

{Af + Hess(f)(Z, Z)}.

Q.e.d.

An useful expression of the mean curvature « [alternative to (4.76)] is got by
computing
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Hess(f)(Z, Z) = (V5d)Z =g(V5V [, Z) = [asZ=(1/0)Vf]

1 1 1
= 58(V§, V. V) = 555 ONH[IVF] = 555 (VH(F) = - (VH).

2 A2
Then (4.76) reads

€2) = o AF + (V) (log1V1)| =

w7 (V7. 919 11).

i

Also
ViZ =V —IV ————1 Z(A)V +—1 VoV f
z z()L f) 32 M Vf PR ARA

1 1
(V22)(f) = = 55 Z0) (VN + 5 (VEVF)()

1
=—ZO) + Xg(vgw, Vf)=

_ 1 _ RPN
_—Z(A)+ﬁZ(Vf,Vf)_ Z(A)+2AZ(A)_O,

meaning that V5 Z € C*(P). Consequently,
Hess(f)(Z, Z) = Z(Zf)
and another form of (4.76) is
K(Z) = {Af+z Z(f) }
IVf | )
If f is a harmonic function (i.e., Af = 0), then

K(Z) = W Z(Z(f))

so, in general, .% isn’t a harmonic foliation.

Example 4.55 Let M = R"*! \ {0} with the Euclidean metric g = go, and let .% be
1/2
the foliation of M by level hypersurfaces of f =r = (Z:’:ll x?) . Then

ln-H 9 n
Vi==-Y x—, Ar=—divVr=—,
r ”;x ox, r ivVr "
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Hess(r)(Z, Z) = ZZr, V5Z=0, Zr=1,

yield k(Z) = Ar = —(n/r). O

Theorem 4.56 Let (V"' | g) be a (n + 1)-dimensional Riemannian manifold, and
let f: V"1 — R be a C* function. Let F be the foliation of M = V"' \ Crit(f)
by level hypersurfaces of f. The following statements are equivalent:

i) F is Riemannian and g is bundle-like.

i) X(IVfI?) =0 forany X € X 5.

iii) Hess(f)(X, Vf) =0forany X € X ».

iv) [X, Z]f =0 forany X € X #.

Cf. Theorem 8.9 in [Ton], p. 107. The proof of Theorem 4.56 is straightforward,
and left as an exercise to the reader.

Exercise 4.57 If v := (1/|V f|) df show that

1
dv)(Z, X) = VIR X(IVFP)

forany X € X 2. |
Corollary 4.58 .7 is Riemannian and g is bundle-like <= dv = 0.

Harmonic foliations by level hypersurfaces are described by

Theorem 4.59 Let .F be the foliation on the Riemannian manifold M = V"1 \
Crit(f) by level hypersurfaces of the C* function f : V"*! — R. The following
statements are equivalent:

i) F is harmonic, i.e., every leaf of F is a minimal submanifold in M.

i) Af + 'Ylflz Hess(f)(Vf, V) =0.
iii) div (IVfI Vf) -0

Cf. Theorem 8.13 in [Ton], p. 109. The proof is straightforward.
Using the identity div(u Y) = udiv(Y) 4+ Y (u) [for any u € C*°(M) and Y €
X/ (M)],

. 1 1 |
dlv{|Vf| Vf} = ﬁdlv(Vf).p(vf)('Vf')
hence [by Af = —div(V f)],
1
. VI = - v 478
vy f} |Vf| Af |vf|2( HUVLI). (4.78)

We have previously shown that [by (4.78)]
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«2)= = [ar+zzn)
V7

hence
€2) = o 22 —div] S V| = o (VN9 1))
IV fl IV fl IV f|?
or 1
€2 = —div | 5 v f}. (4.79)

Exercise 4.60 Show that .# is totally geodesic <= Hess(f)(X, X’) = 0 for any
X, X eXz. O

The particular case when f is a harmonic function may be described as follows.

Corollary 4.61 Let .7 be the foliation of the Riemannian manifold M = V"+1 \
Crit(f) by the level hypersurfaces of a harmonic function f : V't — R. Then

i) . is Riemannian <= Hess(f)(X, Vf) =0 forany X € X ».

ii) All leaves of % are minimal <= Hess(f)(Vf, Vf) =0.

iii) .# is Riemannian and harmonic <= |V f| is constant on V"*!.

Example 4.62 Let 2 C Cbeadomain,and f : 2 — Caholomorphic function. Let
f = u + iv be the real and imaginary parts of f.Let M = Q '\ [Crit(u) U Crit(v)],
thought of as endowed with the Euclidean metric g of R2, and let .Z and .Z+ be the
foliations on M by level curves of u and v, respectively. By the Cauchy-Riemann
equations u, = vy and uy, = —v,

g(Vu, Vv):uxvx+uyvy:vyvx—vxvyzo

so that .% and .#* are two orthogonal foliations of M. The mean curvature of .% is

k(Z) = Vu, V(|Vu))).

v &

By taking into account

9 9
Vu:uxa+uy$, \Vul> =u} +us,  V(IVul®) =2|Vu| V(|Vul),

V(IVul?) = v(u? + uf,) =2u, [u” ‘% + ity %} +2u, {uyx 8% +uyy %} ,
it follows that |
V(IVul) = =——— V(IVul?).

2 |Vul
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Therefore (by u,, + uy, = 0),

2 2
Ui Uy + 2UxUyUyy + uy Uyy

k(Z) = (u2 +u2)3/2

Cf. Jerrard, [Jer], and Jerrard and Rubel, [JeRu], for the study of the curvature of level
curves of a harmonic function. Further properties of the (curvature of) level curves
of harmonic functions were studied, as related to questions of harmonic analysis,
by Flatto and Newman and Shapiro, [FNS], and Ortel and Schneider, [OrSc]. By a
result in [OrSc], if 2 C C is an open set and u : 2 — R is a harmonic function,
then the curvature of the level curves of u can be strictly maximal or strictly minimal
at a point of Q. If however €2 is a doubly connected domain bounded by analytic
convex Jordan curves, and if « is a harmonic measure of 2 with respect to the outer
boundary of €2, then the minimal curvature of the level curves of u is attained on the
boundary of Q2. Cf. Theorems 2.1 and 3.1 in [OrSc], pp. 400-401, and p. 402. O

4.8 De Rham-Hodge Theory for Riemannian Foliations

4.8.1 Alaoui-Hector-Sergiescu Foliated De Rham
Decomposition Theorem

Let M be a compact oriented C* manifold and let .% be a transversally oriented
Riemannian foliation of M. Let P = T (%) and Q = v(%) be the tangent and trans-
verse bundles, so that the sequence of vector bundles and vector bundle morphisms
0> P T(M)> Q — 0 is exact. Let Q%(F) denote the graded Q%(?)—
module of basic differential forms on (M, %) and let dg = d ‘QE( 7y Through the
present section we report briefly on the classical treatment (in the spirit of PDEs
theory) by Kamber and Tondeur (cf. [KaTo16]) to the problem of finding a foliated
analog to the de Rham decomposition theorem, holding for (Q; (#), d B) and lead-
ing to the unique representation of basic cohomology classes by A g-harmonic forms.
The geometric context is that one endows M with a bundle-like Riemannian metric
g such that the corresponding mean curvature form « is basic, i.e., k € Q}(F). Let
(-, -) be the ordinary L? inner product on Q°*(M), and let ( -, - ) be the restriction
of (-, ) to Qy(F). Let§p : Q{(F) — SZ;;_I (%) be the formal adjoint of dp with
respectto (-, -)p,andlet Ag = &g o dp + dp o &p be the basic Laplacian. Next, let
us set
Ay =Ker{Ap : Qu(F) —> Qp(F)}

(the space of A g-harmonic basic harmonic r-forms). The main result in [KaTo16] is

Theorem 4.63 Let.7 be atransversally oriented Riemannian foliation on a compact
orientable manifold (M, g). Let us assume that g is bundle-like and k € 9}9 (F).
Then
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QL (F) ~ [dB sz;;‘(y)] @ {53 Q’l‘;l(ﬁ’)} ® A (4.80)

Moreover, the terms in the right-hand side of (4.80) are mutually orthogonal and
S is finite dimensional.

Here are a few historical remarks related to Theorem 4.63, a result that may
be regarded as a corner stone to the theory of Riemannian foliations of compact
manifolds. Theorem 4.63 was used through earlier works by E.W. Kamber and Ph.
Tondeur (cf. [KaTo9, KaTol1], and [KaTo13]). Theorem 4.63 was first announced
by A. Alaoui and G. Hector (cf. [AlHel]) and a proof due to the same authors
was published in [AlHe2], except for the finite dimensionality of the spaces 75 .
The statement dimg ¢} < oo in Theorem 4.63 was actually proved by A. Alaoui
and V. Sergiescu and G. Hector ([ASH]). The proofs in [AlHe2, ASH] rely on
P. Molino’s structure theorems for Riemannian foliations (cf. [Mol0]) and a rather
involved spectral sequences argument relating the geometry of the foliation .% to that
of the foliation of B} (%) by closures of leaves of the lifted foliation le P. Molino’s
structure theorems (cf. op. cit.) aren’t described in the present book mainly because
they already appeared in book form (cf. P. Molino’s book [Mol]), and also because
of our manifest interest in a closer examination of certain PDEs aspects in the theory
of Riemannian foliations, and Riemannian geometry in general. In turn, the proof to
Theorem 4.63 given in [KaTo16] is a beautiful excursion into the theory of PDEs, and
relies essentially on the construction of a strongly elliptic operator on 2°(M) whose
restriction to Q% (%) is the basic Laplacian Ap. Said elliptic extension is A — 7,
where A is the Laplace-Beltrami operator of the Riemannian manifold (M, g) and
7 is a differential operator of order < 1, that preserves the degrees of differential
forms, whose construction we recall briefly in the sequel. It should be mentioned
that A — 7 is not self-adjoint, in general.

4.8.2 Exterior Differential Calculus on Q°®(M) Vversus
Q% (F)

Let v € Q% (%) be the transverse volume form of the given (codimension g) Rie-
mannian foliation .%. Let x be the Hodge start with respect to the Riemannian metric
g.Let x7 = xv € QP(M) [with p = n — g and dim(M) = n] be the characteristic
form of .7, so that (with the appropriate choice of transverse and tangential orien-
tations of .%, compatible to an orientation of M) the Riemannian volume form is
dvg =V A xz.We need to recall the decreasing filtration

From = [a) € QM) : i(X)) - i(Xprst) @ =0, 4.81)

X; € C¥(P), 1§j§m—r+1}.
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Definition 4.64 Let r € Z, with 0 < r < n. An element of F’*' QP+ is called a
F -trivial (p + r)-form. O

Next, let us recall the Rummler formula
dxz +KkAxz =@ (4.82)
where ¢ is .Z-trivial, i.e., g € F>QP*!. We emphasize that ¢, is actually defined
by (4.82) and the information furnished by (4.82) is only that the differential form

in the left-hand side of (4.82) is congruent to zero mod .% -trivial forms. We also
recall

Lemma 4.65 If g is a bundle-like metric with k € Q}g(ﬁ), thend k = 0.

Cf. e.g., Corollary A.6 in the Appendix to [KaTo16], p. 430. Next, let us consider
the star operator
¥ Qp(F) - QL (F)

associated to go. Then
anFa=v, acQF).

The quantitative relationship between the star operators % and * is

foa= (DP9 x (@A xz), xa=Fa)Axs, aeQ(F). (4.83)

The L? inner product (-, -) on Q" (M) restricts to Qp(F) as

(@, B)p = /Ma ANGEB)AXs, @ BeQy(T). (4.84)

Let y be the bounded linear operator
P (M) — QU M), ) = (=DTEDPIM s (w0 A xz) Ao,
where ¢g :=dx# + k A x#.Letus set
V=Y g
Then [by (4.83)]
y(@) = (=PI (ha) A gy, o € Qp(F). (4.85)

Note that
fa e FI™7, @y F? = y(a) € FI—rH2qQrta—rtl,

ie., y(a) is .Z-trivial. Let § : Q" (M) — Q"~'(M) be the formal adjoint of d, i.e.,



438 4 Riemannian Foliations
Sa= (D"t v d xa, oeQ(M).
The quantitative relationship between §5 and § is
Sa =8pa+x*xy (), oecQR(F), (4.86)
and * y () is orthogonal to Q% (%). As a corollary to (4.86) one may easily show
that

Ba, )= 0sa, B, acQ(F), BeQ(F),

i.e., 6p is the formal adjoint of d on basic forms. By applying (4.86) together with
82 = 0 one obtains

y@pa) = (D" s xy (@) = ()" dy@.  (4.87)

Next, we may establish the quantitative relationship between the basic Laplacian

Ap =38pdp + dp 8 and the Laplacian A = §d + d § restricted to Q% (.%). Indeed
(4.86) and (4.87) imply

Aa = Ao+ n(e), o€ QR(%), (4.88)

n) =*xydpa)+d * y(a).

It should be observed that

n=n

(7))’

n:QWM)— QWM), nw=*xydw)+dx*y(w).
Of course the meaning of (4.88) is that A — 77 : Q*(M) — Q°*(M) is an extension of
Ap 1 Qy(F) — Qy(F). As Ais strongly elliptic of order 2 and 7 has lower order,
the differential operator A — 7 is still strongly elliptic. Classical results in elliptic

theory applied to A — 7 will lead to the seek for results about Ag.
Applying (4.86) twice, together with

(xy (@), xy (B) = (v (@), vy (B) =((r"v) (@), B)

leads to
(Aa, B) = (Apa, B)p + (¥ ¥)(@), B). (4.89)

As a corollary to (4.89) [by applying (4.88) and (4.89)],
n(@), By =(y"v)(), B), «a BeQp(F),

and n(«) — (y* y)(@) is orthogonal to Q7 (F).
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4.8.3 Sobolev Chain on Q% ()

LetCy (A’ Q*) consistofall 8 € C°°(A’ Q*) suchthat Zx8 = Oforany X € X ».
Forevery a € Q% (F) >~ Cy(A® 0*), let V¥a be the k-th covariant derivative of a,
defined in terms of the canonical connection

6)(.5‘, XE%}‘,
Vys =
nVio,s, Y € C°°(PJ-),

forany Y € X(M) and any s € C*°(Q). The Sobolev norms on Q% (.%) are defined

by
§ 2\ 172
otz = (D [V4al3) . s =0,
k=0
where || - | is the norm associated to the L? inner product (4.84). Let H(Q2%) be
the completion of Q%(.#) in the norm || - || 5. The diagram

Hy(Qy) — H,(A*Q")
T t

Q3 (F) — C®(A° Q%)
is commutative!”, hence H, (2%) is isometric to the closure of Q% (.%) in H, (A‘ Q*).
The bundle A°®Q* embeds in A*T*(M) as the subbundle of all differential forms w
on M such that Xz | w = 0. The Sobolev norms on HS(Q'(M )) descent to norms
on Hy(A*Q*) [C H,(Q*(M))], turning out to be equivalent to || - ||, and that are
denoted by the same symbol || - ||,. Therefore, H_Y(ng) [C HS(Q'(M))] is topolog-

ically isomorphic to the closure of Q% (%) in H,(Q*(M)), i.e., there exist positive
constants C > 0 and C’ such that

lelis,s < Cllalls, llells < Cllells,s, o€ Qp(F), s=0. (4.90)
In particular, the diagram
H\(Q3) = H(A*Q") — H(Q (D)
1 1 1

H 1 (Q}) = Ho(A°Q%) = Hpy(Q° (M)

17 The vertical arrows are the natural injections.
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is commutative. A little extra work [relying on (4.90) and the Rellich lemma for
A* Q*] shows that the “Relich lemma’ holds for the Sobolev chain H,(R2%), s > 0,
ie.,

Lemma 4.66 The inclusions
He 1 (Q3) — H(Qp), s=0, t>0,

are compact and dense.

Cf. Proposition 4.5 in [KaTol6], p. 420. The Bott (partial) connection \Y may
be thought of as the first-order differential operator V : C*(A*Q*) — C*(Hom
(P, A* Q*)). As such, it extends to every H; (A' Q*) and gives continuous mappings

V : Hy(A*Q*) — H,_i(Hom(P, A*Q")).

The “Sobolev embedding theorem™ holds for the Sobolev chain H,(2%), s > 0, i.e.,

Lemma 4.67 There exist continuous injections

ay : Ker(Vip ) = Qp 1= Ker{% : C*(A® Q*) —» C*7'(Hom(P, A'Q*))},

s >0, tztoz[’i]jtl,
2
such that the diagram
Hoar ()
)
- Qp, 541 — Ker(Vy4r) LN Qp.s N
\ 1 1
- CoH (A0 Q%) - Hyii(A° Q%) BN s (A*0%) =
LV b Vg Y

— =1 (Hom(P, A Q%)) — Hyy—i(Hom(P, A 0%)) = C*~!(Hom(P, AQ%)) —

is commutative.

Cf. Proposition 4.12 in [KaTo16], p. 422.
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4.8.4 Coercivity and Weak Solvability

Let @5 be the bilinear form on Q% (.#) given by

CDB(a, ﬂ) = <AB o, ﬂ)B .

dp is symmetric [as A is formally self-adjoint] and extends to a symmetric bilinear
form on H; (Q}).

Lemma 4.68 @ is coercive, i.e., there exist constants Cg > 0 and Ap o > 0 such
that
C2vl3,<® A 2 H, (98
g lIvlls s(v, V) +Apollvllg o, vE 1( 3)-

Cf. Proposition 5.2 in [KaTol6], p. 423. To sate the weak solvability lemma we
need some notation. Let K (® ) denote the null space of ®p, i.e.,

K(®p) = |ve Hi(Q}) : s, w) =0, we H ()]

Also, for every A > 0 we consider the symmetric bilinear form @ ; on H;(Q})
defined by

P (v, w) = Pp(v, w)+ A (v, wpo, v, we H(QY).

Lemma 4.69 i) For any v € Hy (Q;;) and any A > Ap. o there is a unique solution
u € H, (522?) to
g, y) = (v, y)po. y € H(Q}).

ii) The equation
Dp(u, y) = (v, y)p.o. ¥y € H(Q}).

has a solution u € Hy (Q;g) <= (v, ¥)p.o =0foreveryy e K(dDB).
iii) dim K ($p) < o0.

Cf. Proposition 5.8, [KaTo16], p. 424. The unique solution u € H,(Q2}) for a
given v € HO(Q;;) [as in statement (i) of Lemma 4.69 above] prompts the Green
operator

Gy, + Ho(Q3) »> Hi(Q}), »=Apo,

©55(Gy (), ¥) = (v, Yo, ¥eH(Q})

Let Gg s : HO(Qg) — H, (SZ;;) be the composition
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G’ s
Ho(Qy) — H\(Q%) — Ho(R3).
Then G, , is a compact, self-adjoint, operator. Next, let us set
Wp; =id—AGps : Ho(Qy) — Ho(RQ).

Then W, is a self-adjoint, Fredholm, operator and Ker (W ;) = K (®p). The solu-
tionu € H; (SZ;;) furnished by statement (ii) in Lemma 4.69 is characterized by

W) = Gy, (v).

4.8.5 Regularity

Definition 4.70 Letv € Hy(Q}). A formu € H,(R2}) is said to be a weak solution
to Agu = v if
Pp(u, y) = (v, y)po, y€H(Q). 4.91)

O

As argued in the preceding section, a weak solution u to Agu = v exists if and
only if v is orthogonal to K (®p) in Hy (Q;;). We may now state the relevant regularity
result.

Lemma 4.71 Ifv =8 € Q%(%) is a C* basic form such that v L K(®p), then a
weak solution u € H' (Q;;) of Agu = B is a C* basic formu = o € Qy(F) and
ABOI = ﬂ

Cf. Theorem 6.2 in [KaTol6], p. 425. The main ingredient in the proof of
Lemma 4.71 is to show that a weak solution to Agu = v prompts a weak solution
to (A — n)u = v and use the hypoellipticity of A — 7.

4.8.6 Proof of Alaoui—Hector-Sergiescu Theorem

The spaces of basic harmonic forms are finite dimensional as a consequence of the
weak solvability Lemma 4.69 and the regularity Lemma 4.71. To decomposition in
Theorem 4.63 follows from the orthogonal decomposition

Qy(F) = {Ap (P} @ A . (4.92)

The proof of (4.92) follows the arguments in the classical elliptic case (cf. e.g.,
[War]). As ¢} is finite dimensional

Q) = (H5) @ Ay
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and all we need to check is (A7) = Ap (). Note that
(Apa, B) =(a, ApB), «a € Qp(F), e Ay,

yields Ag Q5 (F) C (jfB’)L. Let us prove the opposite inclusion (%ﬂB’)L C Ap
Q' (F). By the regularity Lemma 4.71 the Green operator G g

Ho(23) — Hi(Q3) < Ho(})

induces a map G : Q}(F) — Q4 (F) hence G[Q4(F)] C H#5" and the map
Gp : Qy(F) — A5 has kernel 5. Indeed, let 75 : Ho(Q}) — K (Pp) be the
orthogonal projection with respect to (-, - ) g o. Then, for every o € Q% (F)

AB(GB((X)) = 83 dB GBO[ +d3 83 GB(X = — JTB(O[).

Yet for o € (%”B)L one has 7g(e) = 0 hence & € Ap Q%(F). Q.e.d.

4.9 Riemannian Foliations and Curvature Groups

The purpose of the present section is to report on results by S. Dragomir and R. Petit
(cf. [DrPe]) on curvature groups Hy (M, %, T') associated to a foliated Riemannian
manifold (M, g, %), that generalize 1. Vaisman’s curvature groups (cf. [Vai]) of
a Riemannian manifold of constant sectional curvature. A purpose of [DrPe] is to
study the relationship between the groups Hy (M, %, I') and the basic cohomology
groups of (M, .#). A result in [DrPe] is that Hy(M, .%, T') = 0 for any Einstein
foliation .% of nonzero transverse scalar curvature.

Building on work by K. Kodaira and D.C. Spencer (cf. [KoSp]) I. Vaisman
announced (cf. [VaiO]) in 1967 the remarkable finding that, to each symmetric linear
connection I" on a C* manifold M, one may associate curvature groups H*(M, I')
and curvature numbers, similar to the de Rham cohomology and Betti numbers of
a compact manifold. The most general setting consists in considering a connection
I' in the principal bundle G — P — M over the n-dimensional manifold M and
a linear representation p of the structure group G on a finite-dimensional vector
space V. Next, let .#" be the C*° (M )-module of all tensor r-forms of type (V, p) on
M, and let " = {DDT : T e f”z} (a submodule of .#"). Here D denotes the
covariant derivative with respect to I'. By following the ideas in [KoSp], one may
then consider ¢#" = %" x "l and D" : #" — 7"+ given by

D' (T, S)=(DT -8, DDT —DS), (5, T)e 7", (4.93)

and observe that
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is an acyclic complex (cf. also [Vai0]). On the other hand, if #" = .#" x 9"*!, then

H = (63%/ D')

is a subcompex of _#*® which is not acyclic in general.

Definition 4.72 The curvature groups of (M, T') are the cohomology groups of .Z"*
H (M, T, p)y=H"(X4*), 0<r<n.

O

Cf. I. Vaisman, [Vai], p. 322. The case I is the Levi-Civita connection of a space
form is studied in [Vai]. There G = GL(n, R), P = F (M) (the principal bundle of
linear frames tangent to M), and V = R".If M is a space form of (constant) sectional
curvature ¢, then J#” >~ L” (an isomorphism of modules) forany 1 <r <n —1,
where L" = " x Q" (M). Under this isomorphism the cochain maps (4.93) go over
to

D' :L'— L'*", D'(:, a) (4.94)
=(Dr—0Aa, da—ce AN), (A, )€l

where 6 is the (tensor form associated to the) canonical 1-form on F (M). The last
term in (4.94) is “morally” D DA. This is vector-valued, yet roughly speaking the
second covariant derivative “equals” curvature, and the curvature 2-form of a space
formis Q! = ce; A dx/, where ¢; = gy dx*. By aresult of 1. Vaisman (cf. [Vai], p.
337)
H (M, T, p)~H (M, .%)

(a group isomorphism) where . is the sheaf of all local solutions to a first-order
partial differential system of the form

V;X'=f8;, 1<i, j<n, (4.95)

for some C* function f.
Definition 4.73 Tangent vector fields X' satisfying (4.95) are called s-fields. [

Cf. [Vai], p. 336. S.I. Goldberg and Petridis studied (cf. [GoPe]) the general case
of a semi-Riemannian manifold M equipped with the cochain complex
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n
i*= (@L D‘), " ={0,a) el : DDr=0},
r=0

and D" : L" — L"*!isthe restriction of the cochain map (4.94) to L’. The curvature
groups are taken to be the cohomology groups of L*, i.e.,

H' (M, T)=H"(L*), 0<r<n.

Similar to I. Vaisman’s result (cf. [Vai]) the curvature groups are isomorphic to the
cohomology groups of M with coefficients in the sheaf .7 of all homothetic s-fields
(& is the subsheaf of . consisting of all local solutions to systems of the form (4.95)
with f = ¢ € R), provided that L* satisfies Poincaré lemma. The cochain complex
L* satisfies Poincaré lemma (i.e., the associated sequence of sheaves is exact at the
level of stalks) when M is flat, yet said property may fail to hold on an arbitrary
semi-Riemannian manifold.

One of the purposes of the present section is to build (by following S. Dragomir
and R. Petit, [DrPe]) basic analogs L, (M, .#, I') and %5 (M, %, T') to the chain
complexes L® and # *, respectively, in [GoPe, Vai]. The construction in [DrPe] is
general enough to encompass the case of an arbitrary projectable connection on a
foliated principal bundle over a foliated manifold. However, to stay within the present
chapter’s theme, the exposition is limited to transverse Levi-Civita connections I of
foliated Riemannian manifolds (M, %, g). The corresponding cohomology groups
H" (J(B'(M, F, F)) and Hy(M, %, T') [coinciding with H" (M, I') in [GoPe], p.
55,and H" (M, w, p) in [Vai], p 332, when .7 is the trivial foliation by points] are
related, and related to the cohomology of M with coefficients in the sheaf of local
basic solutions to partial differential systems of the form

Vs=fn (4.96)

where 7 : T(M) — Q = v(F) = T(M)/T (%) is the projection. Precisely
Theorem 4.74 Let .7 be a Riemannian foliation modeled on a space form N9 (c)
of sectional curvature ¢ € R. Foreach1 <r <n + q2 there is a module monomor-
phism
O XM, F,T)— L (M, F)
of the form
(¢, DDX) = (¢, ca(r)), e I (M, F), re I~ (M, F),

where the form a (L) is prescribed by Lemma 4.94. Moreover,

D (@, ¥) = D" ¢' (¢, ¥) +¢ 0, alp)), (4.97)
(o, y)e X" (M, 7, T).
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Let
Hy M, F,T)={(p, ¥) € X" (M, Z,T) : DDy =0}.
Then
q(g+1)
g oM, F. 1) i= (€D H5,M. F. 1), D)
r=0

is a cochain subcomplex of 3 (M, &, I'). If ¢ # 0 the map ®, defines a module
isomorphism
Hyg (M, F,T) = Ly(M, F). (4.98)

In particular
Hy oM, F,T)=Ly(M, 7, T)

and the cohomology groups of the complex g (M, F, T') are isomorphic to the
basic curvature groups Hy(M, %, T).

Equation (4.96) is the foliated analog to (4.95) [and (4.96) has no local basic
solutions unless f is a basic function]. By a result in [GoPe] the curvature groups
H'(L*) are related to the de Rham cohomology groups of M [provided that (4.95)
admits local solutions for each f = ¢ € R\ {0}, and has no solutions for f = 0].
The proof relies on the fact that the de Rham complex satisfies the Poincaré lemma.
The foliated analog to the de Rham cohomology is B. Reinhart’s basic cohomology
(intuitively, the “de Rham cohomology” of the leaf space M /.%). Yet, in general, the
Poincaré lemma holds for the basic complex only in degree 1. The corresponding
result for Hg (M, 7, T') is then more restrictive and requires assumptions both on
the existence of basic solutions to (4.96) and on the structure of the basic complex
(4.100). Leaving the explanation of notations momentarily aside, we may state

Theorem 4.75 Let (M, %, g) be a foliated Riemannian manifold with F Rieman-
nian and g bundle-like. Let . be the sheaf of all local basic sections s in Q = v(.%F)
such that Vs = cm for some ¢ € R. Let £} be the sheaf on M associated to the
module L'y(M, #, T), i.e,

23 =9, B) € F4Ur, Fv) x % (Fy) : DDy =0},

for any open subset U C M and any 0 <r < q. If the basic Vaisman complex
LYy (M, #, T) satisfies the Poincaré lemma, then

. 0 1 -1 0
R R T A 7 AN 7 AN (4.99)

is an exact sequence of sheaves. In particular 0 — ¥ — £ is a fine resolution of
<, so that the basic curvature groups of (M, %, g) are isomorphic to the coho-
mology groups of M with coefficients in ..
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Cf. Theorem 2.2 in [DrPe], p. 5. The integrability conditions to (4.95) involve
curvature (of the given Riemannian metric) and then a vanishing result holds (for the
curvature groups H" (L*), cf. [GoPe), p- 552) under an assumption of nondegeneracy
on the Ricci tensor. A foliated analog may then be established in terms of transverse
Ricci curvature (and turns out to be related to the geometry of infinitesimal con-
formal transformations of a Riemannian foliation, as developed by F. Kamber and
Ph. Tondeur, [KaTo7], and Ph. Tondeur and G. Toth, [ToTo]. Precisely, under the
assumptions of Theorem 4.75 we may state

Theorem 4.76 If SV is everywhere non-degenerate, then the basic curvature groups
of (M, #, g)vanish. Inparticular Hy(M, %, T') = 0 for any Einstein foliation #
with ¢V # 0. Hence, an Einstein foliation with at least one nonzero basic curvature
group is transversally Ricci flat.

Similarly, the counterpart in [DrPe] to Vaisman’s calculations involving exterior
differential systems on a space form (cf. [Vai]) is to assume that the transverse
geometry of the given Riemannian foliation is modeled on a space form.

4.9.1 The Basic Vaisman Complex

Let (M, %, g) be a n-dimensional foliated Riemannian manifold, where .% is a
transversally oriented Riemanian foliation of codimension cod(.%) = ¢, and g is
a bundle-like Riemnanian metric. Let O = v(.%) be the transverse bundle, and let
7 : T(M) — Q be the projection. We recall the basic complex of (M, %)

Q(F) - QL) L B Q1) 0 (4.100)

and the basic cohomology of (M, %), i.e., the cohomology of (4.100). By a clas-
sical result of A. El Kacimi-Alaoui and V. Sergiescu and V. Hector (cf. [ESH]) the
basic cohomology groups are finite dimensional, provided M is compact. Infinite-
dimensional examples may be built (cf. [Sch]) when the given foliation is not Rie-
mannian (even if M is compact).

1
LetGL(g, R) — B} (£) bry M be the principal bundle of all transverse frames,
and let
07 € C™(T*(Br (7)) @ RY)

be the canonical 1-form. As customary in the theory of Riemannian foliations, we
endow BJ. = B}.(Z) with the lifted foliation .7}, i.e., the foliation tangent to

Pl={XeT(B}): XJo} =0, XJdo}=0)].

The leaves of 34}1 are Galois coverings of the leaves of .%, i.e.,
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i) P} is invariant by right translations,
ii) P} NKer(dpj}) = (0),

—1

iii) (dpp) P} = (py) T(F).
Also (B}, py, M, GL(q, R), .#}) is a foliated principal bundle in the sense of P.
Molino, [Mol].
Let

I(M, F)C CO(ANT*(Br(F)) ®RY), IL(M, F) C Up(Fp) @RI,
be the module of all R?-valued tensorial r-forms, respectively, tensorial basic r-
forms, of type (p, R?) on B} (F). Here p is the natural representation of GL(g, R)
on RY. Cf. also [Ton], p. 59. Then 6} € #}(M, F). We shall make use of the
QO(M)-modules

LM, FY=I9"(M, F)x QL M), 0<r<n.

Let P+ be the g-orthogonal complement of P = T(.%). Let V be the canonical
adapted connection of (M, .%, g). Let

weC® (T*(B;(ﬂ)) ® gl(g, R))

be the connection 1-form associated to V. Then w is adapted, i.e., T(ﬁT]) C
I' = Ker(L2). The canonical adapted connection is symmetric, i.e., the torsion
¥} = d0; + w A 0} vanishes. Next, let us consider the Q°(M)-modules

L'M, Z,T)={(p. ) e L"(M, Z) : DDp =0}, 0<r<n.
Here D¢ is the covariant derivative of ¢ with respect to I'. L"(M, %, ') is a
submodule of L" (M, .F).

To each local foliated chart (U, x“, yi) € % one may associate the section
su:U— Bp(F), syx):R!I— Q,, xeU,
0 .
sy(x) e = 1, (—) , 1<i<gq.
ay' /) x
Here {e; : 1 <i < g} C RY is the canonical basis. sy is foliate, i.e.,
dsy) T(F) =s;' T(Fp).

For every tensorial r-form ¢ on B}.(F)

Do)y =d gy + vy Ay , (4.101)
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wy =Sy, @y i=sp9, (De)y =s; De.

449

Hence, E} = D@}. As another consequence of (4.101) covariant derivatives with
respect to I' preserve both tensorial type and basic forms. In particular ¥} (M, &)

is a Q% (#)-module.
Theorem 4.77 i) For any ¢ € Q"' (M) and any o € Q" (M)

(0r A (pp)*Y,a) e L'(M, Z,T), 1<r<n.
Let us set
D' (¢, @) = (D(p —9} A (plT)*a, dOl), 0<r<n,
forany (¢, o) € L"(M, %, T'). Then ii)

D'L'M, Z, T)c LM, #, T), D*'oD =0,

LM, Z,T) = (éL’(M, Z,T), D')

r=0

is a cochain complex. Moreover; let us set

Ly(M, )= I5(M, F) x Qp(F),

LyWM, #,T)=LyM, Z)NL (M, #, T), 0<r<q.

Theniil) L'y(M, #, ) = Ly(M, Z) forr € {q — 1, q}. Finally, iv)
D'Ly(M, Z,T)C Ly (M, #,T)

hence

LY(M, 7, T =(€BL;3(M ), D')

is a cochain subcomplex of L*(M, %, I).
Here DY, is the restriction of D" to L'y(M, #, I').

Definition 4.78 L*(M, .#, I) is the Vaisman complex, while Ly (M, ¥
basic Vaisman complex.

Definition 4.79 The cohomology groups

H' (M, #Z,T)=H"(L*(M, #,T)), 0<r <n,

(4.102)

(4.103)

#, I') is the
O
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HyM, Z,T)=H"(LyM, #,T)), 0<r=<q,

are, respectively, the curvature groups and the basic curvature groups of (M, %, g).
g

The construction of the (basic) curvature groups generalizes easily to arbitrary
symmetric adapted connections in GL(¢g, R) — B}.(#) — M. When .7 is the triv-
ial foliation by points (¢ = n) and T is the Levi-Civita connection of (M, g), the
basic Vaisman complex is the complex L* build by S.I. Goldberg and N.C. Petridis
(cf. [GoPe], pp. 550-551) while H" (M, %, T) is its cohomology H" (Z')

Only (4.102) in Theorem 4.77 needs to be justified. For any ¢ € /" (M, .F) we
setg = ¢' ® ¢;. Then

(D(@ A (p)* 1)) = (D)) A (ph)*W + (1) @' A (ph)* dir (4.104)

for any scalar r-form ¢ € Q"(M). Now (4.102) follows from (4.104) together with
=l =0.

To understand the statement of Theorem 4.75 one needs a bit of notation, as
follows. Let CZ°(Q) denote the space of all s € C*°(Q) such that Vys = 0 for
any X € Xz. Let V(&) denote the module of all infinitesimal automorphisms of
(M, %),i.e.,thesetofallY € X(M)suchthat[X, Y] € X(M)forany X € X#.The
map ¥ € V(Z) > 1Y € CF(Q) is an isomorphism of Q% (.#)-modules. More-
over, if U C M is an open subset, let %y be the foliation induced on U by .#, and
let Ur .= (plT)_l(U) C B}(ﬁ). Also j: . — Zg is the sheaf morphism built as
follows. Let U C M be an open set, and let us set

1
ju(s) = (fs , gdivB(s)), s e CPWU, Q) (4.105)

fiiUr >R, fi@=z"(s(x)), z€Ur, x=pp(x) eU.
Cf. (9.24) in [Ton], p. 126, for the basic divergence operator divp (the needed details
are also recalled in the next section).

Lemma 4.80 f; is a R?-valued tensorial O-form of type (p, R?), and f; is basic with
respect to the lifted foliation QT] v, induced by FponUr, ie, f; € I3(Ur, Fy).

Cf. Lemma 2.3 in [DrPe], p. 6.
Proof of Lemma 4.80. The fact that

fioRy=p@™) f;. aeGL(g. R, (4.106)
is both elementary and follows within the general theory of associated bundles (cf.

e.g., R. Crittenden, [Cri]). To check that f; is basic, let Y € V(%) be the unique
infinitesimal automorphism of (M, %) suchthat ¥ = s. Then f;, = 9} (YT), where
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Y" € X(B}.(#)) is the horizontal lift of ¥ with respect to T'. Let XeP CT.

There is a unique X € Xz such that X! = X. By a classical result [in the theory of
connections on principal bundles, cf. e.g., Proposition 1.3 in [KoNo], Vol. I, p. 65]
[X", Y'] - [X, Y]" € Ker(dp}) hence

X(f) =2@dop)(X, YH+6:([X, Y']) =o0.

Q.e.d. Next, if Vs = cm, then ¢ = (1/q) divg(s) so that jy(s) is well defined. To
prove Theorem 4.75 one only needs to check exactness at

(£9), = lim ZU)
—
U>sx
in the sequence of stalks
0— (fg)x — (.i”é)x, xXeM.

Let ¢ € Ker[(D%)x] and let (f, u) € ZE(U) be a representative of ¢ defined on
the simply connected domain of a local foliated chart (U, x%, y') € .%. Here it =
uo plT. Then (D f —u 9} . d Bu) is a representative of the null germ, so that u = ¢
for some ¢ € Rand Df = c¢6} on Ur. Let s € C*(U, Q) be the section

s(x) =z(f(), xeU,

where z € (p})’l(x) is an arbitrary transverse frame at x. By (4.106), it follows
that s(x) is well defined, and s : U — Q is the unique section in the transverse
bundle such that f; = f. Let F;k be the local coefficients of the canonical adapted

connection, i.e.,
_ 0 ; 0
Va/ay/ T (W) = ijﬂ' (a—yl>

Let (Ur, x“, yi , X;) are the naturally induced local coordinates on B} (&), and

let us set 3 3
Yo = — — (Th 0o pp) X5 —

k ke T j
8X;

’ 1<k< 3
ay =r=4

so that

{Bx"" Y, : 1<a<n-—gq, lfifq}CCoo(UT,F)

is a local frame in I". Then Df = c 6 evaluated on 9/3x® is actually equivalent to
£ being a basic function. We may locally write s = s’ 7w (3/dy’) on U. For arbitrary
x € U we may pick up the transverse frame zy(e;) = m, (8/8yi)x, so that
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Xi(zo) =8, s'(0) = f(20) 7w (3/3y)e, [ = flei.

Evaluation of (Df),, = ¢ 9}, 2 On Y 7, is then equivalent to Vs = c .

4.9.2 Infinitesimal Conformal Transformations

Let € (Q, go) bethe affine space of all connections D : Q%(Q) — Q'(Q) paralleliz-
ing gg,i.e., Dgg = 0.If V is the canonical adapted connection, then V € € (Q, go).
Let RY be the curvature tensor field of V. Let {s; : 1 <i < q} C C®(U, Q)bea
(local) gp-orthonormal frame, and let us set

q
SY(r, s) = ZgQ(RV(G(r), o(s))s, s), r.s€C®Q) (4.107)
i=1

onU.

Definition 4.81 The vector bundle morphism
p’ 10— 0, go(p%r,s)=S"(r ).

is the transverse Ricci operator and ¢V = Trace(p") is the transverse scalar curva-
ture. The pair (Z, gp) is an Einstein foliation if S¥ = (c¥ /q) go- O

Cf. [KaTo7], pp. 527-528. The transverse orientation of .% together with g, give
rise to a transversal volume form v € Q% (%) (such that dv = 0). The volume form
along the leavesis xy.# = * v (the characteristic form) where % : QI(M) — Q" 9(M)
is the Hodge star operator associated to g. For any infinitesimal automorphism Y €
V (&), its basic divergence divg(Y) € Q% (F) is given by

Zyv =divg(Y) v,

where .Zy is the Lie derivative. For any transversal vector field s = 7(Y) € CF(Q),
the basic divergence of Y depends only on s, and one often writes divg(s) [instead
of divg(Y)]. When % is harmonic, the basic divergence theorem is

/ divB(n Y)v/\xy =0
M

for any Y € V(%) of compact support (cf. e.g., Theorem C in [KTT], p. 262). A
version of the basis divergence theorem [containing explicitly the mean curvature
form k € Q' (M)] is also available for the case where .% is not necessarily harmonic
(cf. e.g., (5) in [BaDr], p. 124). Let us set
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1
(En) ¢ ) = 5{ (Vo) s + (Vo) r}. e €¥(@). 15 € C(Q).

Let C3°(Q*) consist of all n € C*°(Q*) such that Zxn = 0 for any X € X7 (the
Lie derivative is once again defined in terms of the Bott connection V).

Definition 4.82 An infinitesimal automorphism Y € V (%) is said to be transver-

sally conformal if

) 1
== (580) g0 (4.108)

O
Here n € C(Q%) is the gp-dualof 7 Y, i.e.,

n(r) = gQ(n Y, r), re C*(0).

Alsoa :=nomanddp : Q(F) - Q%G(F)isthe formal adjointof dp : QG (F) —
QL(P).

Lemma 4.83 Let f € C*(M) andlets € C(Q) be a basic solutiontoVs = f m.
Then

D f e QP

i)Y := o (s) € V(Z) is a transversally conformal infinitesimal automorphism.

Proof Let (U, x%, y') € .Z be a foliate chart. Then
1 ij 0 0
f= J (g0) gQ(Va/ay" s, T (W» € Qp(Fy).
On the other hand, for any Z, W e T(Z)*
HnZ=nVyZ—Vys,
(fng)(rr Z, aW)=_go(Vzs, t W)+ go(Z, Vys),
hence Zygo = 2 f go, which is equivalent to (4.108). Q.e.d.

Ifs = s’ 7 (3/dy’) on U with s' € QY% (Fy), then the integrability conditions for
Vs = fmare

9
SE(RY) =85 fi =80 fy. fii= a;’ . (4.109)
Let us set 5
(sY),;=8"(mo;, wd;), 8= By

Then [by (4.107)] )
(Sv)ke = (80)” (Rv):;j (80)me - (4.110)
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Let us contract with (gg)me¢ in (4.109)

s (Rv)fjk (80Ime = (8Imj fi = (80)Imi [

and observe that the left-hand side is skew-symmetric in k and m (because of Vg =
0). Contraction with (gQ)-/"" then leads [by (4.110)] to

J(SVY — (g — :
s/ (S )l.]. =—(@q—-1Ff. 4.111)
Next we may substitute from (4.111) into (4.109) so that to get

st (WP)r =o. 4.112)

ijk =

Here (WD )fj . are the components of the rransverse Weyl tensor field
1
WYY, 2y = RV (Y. 2y — — [s¥@z. nay - 5"y, naz)
q—

with respect to (U, x¢, yi ). Therefore, (4.112) are necessary conditions for the exis-
tence of a solution to Vs = f . The conditions are satisfied when (F, ggp) is
transversally projectively flat, i.e., WV = 0. In particular, if f = ¢ with ¢ € R, then
(4.109) becomes
k (pV)¢
s (R )Uk =0, (4.113)

which is satisfied iff (%, go) is transversally Ricci flat [by (4.111)]. If the transverse
Ricci tensor SV is non-degenerate at every point of M, then the equation Vs = ¢ 7
has no solutions s € C3(Q).

4.9.3 The Relationship to Basic Cohomology

Let =" (M, %) be the Q°(M)-module of all differential r-forms 6} A (p})*y with
¥ e Q7 1(M). Also, let us set

S F) = [0} A (phy : v e @ (D] c 24D,

Lemma 4.84 i) One has
DY (M, F)C 2t\(M, F), DIp(M, F)cC "M, F). (4.114)

Let us set V' = D

and Vi =V’

S M. F) SH M, 7 Then ii)
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n+l1

S (M, F) = (@ (M, F), V'), (4.115)
r=0
n+1

LM, F) = (EB (M, ), v;,), (4.116)

r=0
are cochain complexes. Let
H'(Z) =Ker(V'), H'(Zp) = Ker(V}),

Ker (V")
vr=lyr-Y(M, F)’

Ker(Vj)
vitset o, 7))’

H'(Z) = H'(Xp) =

— 4

be the cohomology groups of the complexes (4.115)—(4.116). Then iii) the natural
map H*(Xg) — H?*(X) is a group monomorphism.

Proof AsT is symmetric
D(br A (pp)"¥) = =67 A (pr)” (V)

[thus yielding (4.114)] and D"*' o D" = 0. To check the last statement in Lemma
4.84, let [w] be the class of w € Ker(V3) in H*(X), and let [»] be the correspond-
ing class in H*(X).If [w] =0, then w = —9} ANd(f o plT) for some f € QU(M).
On the other hand, w € Q% (9}1). Therefore, for any X € X &

1
0=x"Jo=—{ohX) @by df = [X(5) o p}]0}}

hence f € QU (F) (yielding [w] = 0). Q.e.d.

Lemma 4.85 The basic cohomology groups Hy(F) of a Riemannian foliation F
with cod(F)=q > 2 are isomorphic to the groups H'"'(Xp) with
refo, 1, ---, q}.

Proof Let A" : Q" (M) — L't (M, F) be exterior multiplication with 9}, ie.,
MY =01 A (pr) W, ¥ e (M).
Asg >2
Ker(#")={y e QM) : o(s) |y =0, s C®)}. (4.117)

Let A}, := ///r|%(y).Then [by (4.117)] Ker(///[;) = (0) so that .}, is an isomor-

phism of modules Q% (%) ~ 4 (M, F). Also .4}, maps dg-cycles into V-
cycles, and dg-boundaries into Vi-boundaries. Q.e.d.
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Let &' be the sheaf associated to the module X% (M, %), i.e.,
&) = {0r A (pp)"V = ¥ € Qy (Fu)}

for any openset U C M.

Theorem 4.86 Let us assume that the equation Vs = ¢ w admits local basic solu-
tions for every ¢ € R\ {0}, and admits no nontrivial basic solution for ¢ = 0. Let
V: .7 — G be the sheaf morphism

1
vV 2(WU) - 6L, VYs=—divg(s) 0}, se S U), UcCM.
q
Then the sheaf sequence

Vo1 Vi~ Vi3
00— — Gy — 63 — Gy (4.118)

isexactat.” and Sy, r € {1, 2}. Ifadditionally the basic complex (4.100) of (M, %)
satisfies the Poicaré lemma, then

1 q q+1
0.7 el 2. I gt g (4.119)

is exact. In particular 0 — & — &% is a fine resolution of .~ so that HtY(Zp) ~
H" (M, ) (a group isomorphism) for any 0 < r < q. Moreover, if ¢ > 2 and the
basic Vaisman complex of (M, %, g) satisfies the Poincaré lemma, then the basic
curvature groups are isomorphic to the basic cohomology groups of (M, .F).

Proof Let x € M and ¢ € Ker(V,). If s € #(U) is a representative of ¢, then
divg(s) =0on U. Yet Vs = ¢ for some ¢ € R yields

1
c = — divg(s)
q

hence Vs = 0 on U and then s = 0, proving exactness at .. Next, let us consider
the sequence of stalks
S = (&), —» (63),

and let us check exactness at the term (6}9);5 Let? e Ker[(V}g)X]. Then there is a
connected open neighborhood U C M of x and a basic function f € Q% (Zy) such
that (f o p}) 9} is a representative of £ and

0=Vy((fopp)br) =—M3dpf)

on U. Therefore, dgf =0, i.e., f =c for some ¢ € R. Again by the assump-
tion in Theorem 4.86 there is a neighborhood V C M of x and a basic section



4.9 Riemannian Foliations and Curvature Groups 457

s € C*®(V, Q) such that Vs = ¢ 7. Then ¢ = (1/q) divg(s) so that Vs and c 6;
agree on (plT)’l(W) for some open subset W C M suchthatx e W C UNV.We
may conclude that VVWs is a representative of ¢, i.e., £ € V, (%) Conversely, if
€ € V(). then £ admits a representative of the form Vs for some s € .%(U).
Finally, V!¢ = 0 because divp(s) € R and then

1
VI (VYs) = = divg(s) ;= 0.
q

Moreover, exactness at (6%)){ follows from the existence of a canonical injection
H é () — H'(M,R). To end the proof of Theorem 4.86 one needs to check the
exactness at (&) in the sequence

(65"), > (65), —> (65"),. r=3 xeMm.

Let £ € Ker(V?). There is an open set U C M such that x € U and there is a basic
form y € Q5 '(Fy) such that 6} A (p})* is a representative of £ and

V' (0r A (pp)*Y) =0

on U.Hence, dgv = 0sothat [by the Poincaré Lemma for the complex (4.100)] there
is an open set V C U with x € V, and there is « € Q}; *(Fy) such that ¢ = dga.
Thus, —V"’I(G} A (p})*a) is a representative of £, so that £ € V;’l[(Gg_l)x].
Finally, we may apply Lemma 4.85 and Theorem 4.75 to conclude that Hj (%) ~
Hy(M, #,T).Qed.

Example 4.87 (Curvature groups of Riemannian foliations by level hypersurfaces)
Letr : V™1 — Rbea C* function on a Riemannian manifold (V"*!, g). Removing
the set of critical points of r one obtains a foliation .% of M = V"*! \ Crit(r) by
level hypersurfaces of r. Let us assume that .%# is Riemannian and g is bundle-like.
In particular, if

1

Z = ﬁ Vr,

then [X, Z] € X5 forevery X € X#. Also Vi Z € X7 forany Y € X(M). Thus,
Vys=Y(f)m Z

for any C* sections = f  Z in Q. If s is a basic solution to Vs = ¢ 7 for some ¢ €

R, then f € Q%(F)and Z(f) = c.Let (U, x', ---, x"~!, 1) be alocal coordinate
system on M such that r(x, ) =t — ¢ (x) on U. Then X #, is the span of
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hence

df=—1d dx 4.120
f—ﬁ{f—%' x'} (4.120)

or V f = ¢ Z. Consequently, the equation Vs = ¢ 7 admits local basic solutions for
each ¢ # 0, while f = 0 when ¢ = 0. We may state

Corollary 4.88 Let .7 be the foliation of M = V"' \ Crit(r) by level hypersurfaces
of r € C®(V"tY), If F is Riemannian and g is bundle-like, then the basic Vaisman

complex of (M, %, g) satisfies the Poincaré lemma. Consequently,

HyM, F,T)~H'(M, ) ~ H*(X3). (4.121)

Proof As g = 1 the basic Vaisman complex is

DY D!
LY(M, Z,T) -5 Ly(M, #,T) 50

and
LyM, #,T)=Ly;M, F), se{0, 1}.

Letp € fé(M, F)and a € Q}g(ﬁ) such that
Dy — 0} A (pp)fa =0, da=0.

There is a natural injection H é (%) — H'(M,R) hence the basic complex

QO o 4 1o 98

5(F) — Qp(F) —0

satisfies the Poincaré lemma. Thus, for each xo € M, there is an open neighborhood
U C M of xo such that Hy(#y) = 0. Let f € Q%(Fy) such that « = dp f. We
wish to solve (locally) for ¢ € .# g(M , #) in the equation

¢ =Dy —((pp)*f) 07 (4.122)
Let (U, x*, y) € Z be a foliated chart and let ((p;)~'(U), X*, ¥, 1) be the

induced local coordinates on Bj.(%), i.e., ¥* = x%o p}. and § = y o pj while
t: (plT)‘1 (U) — R (the fiber coordinate) is given by

d
(=1 (5;) - 2 @GHO) x=phE).

Let y € Q%(Zy) be determined by

n|—)=ynal—
8/dy dy 14 3y
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(the Christoffel symbol of the adapted connection V). The horizontal distribution I"
in R* — B} (F) —> M [with R* = R\ {0}] is locally the span of

{8 ! ((1)*)ta l<as 1}
, — — — 1 l<a<n-—1;%.
oxe 9y WPTVIEE,

Hence, the canonical and connection 1-forms 9}, w € CW(T*(B}(f ))) (both
scalar valued, as ¢ = 1) admit the local expressions

1

1
a5, w=?{dt+((1717)*)/)td§}.

The last ingredient one needs for solving (4.122) is the section sy € C* (U , B} (F ))
given by

9
sU(x)I:rrx(—> L xeU.
By X

Indeed, as
spdy=dy, s;,dt=0,

equation (4.122) is equivalent to

pudy=(Dy)y—fdy (4.123)

where v = p d y forsome p € Q% (Z}) and py = p o sy. As sy is a foliate section,
the function py is basic for .%y. Moreover [by (4.101) together with 7 o sy = 1],
Equation (4.123) becomes

pudy=dyuy+Yuvy—f)dy. (4.124)

Let us observe that

1
y = ;uy, u:=ton(Z) e Q%(ﬁy).

Hence, (4.124) is equivalent to the ODE

vy +yvu=f+pou

or

(@>/ = 5 (f + pu).

u

which may be solved for ¥;. Then (4.121) follows from Theorem 4.75 and the first
part of Theorem 4.86. Q.e.d. (]
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Example 4.89 (Curvature groups of Killing flows) Let X be a nonsingular Killing
vector field on a closed Riemannian manifold (M, g),i.e., M is compact and oM =
@. Let us assume that |X| = 1 and consider the foliation .# of M by the orbits
of X. If G is the closure in M of {exp(t X) : ¢t € R} (the 1-parameter group got
by integrating X), then G is a compact abelian group and Q% (%) C Q*(M)° (the
G-invariant differential forms on M). Also

0— Q(F) > @ M° 2 @ (F) - 0 (4.125)

is a short exact sequence in all degrees r. We may state
Corollary 4.90 Let xz € QY (M) bethe characteristicformof (M, F),i.e., x7(Y) =
g(X,Y) foranyY € X(M). Let

8 Hy (F) »> Hy ' '(F), Slwl=[dxs] (0], [weHy ().

If§ = 0, then the basic complex of (M, F) satisfies the Poincaré lemma. Let xo € M
and let us consider a system of vector fields {Z; : 1 <i <n — 1} C X(U) defined
on aneighborhood U C M of xg suchthat{Z; , : 1 <i <n — 1} arelinearly inde-
pendent and g(X, Z;), = 0 at each x € U. Let us assume that

i) T(F)* is involutive,

ii) for every ¢ € R* the system of equations

Zi(f) +yg ff=csl (4.126)

admits a solution (f', ---, f" e Q% (F)"! defined in some neigborhood V. C
U of xo while the system (4.126) with ¢ = 0 admits only the trivial solution. Here
y]’fk € Q%(Fy) are given by

VzinZk:yj’:ank, 1<i,j,k<n-—1.

Then
H N (Zp)~H (M, S), 0<r<n-—1.

Proof By (4.125) together with
H'(Q*(M)°) ~ H (M, R)
there is a long exact sequence of cohomology groups

s HYAF) S HL(F) S B, R) S H () s

with § as a connecting homomorphism. Therefore, when § = 0, the homomorphism
it Hy(#) — H" (M, R) is injective and the Poincaré lemma for the de Rham
complex (i.e., H" (U, R) = 0 for some neighborhood U C M of x) yields the first
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statement in Corollary 4.90. For instance, if 7 (%) is involutive, then (by Theorem
10.6 in [Ton], pp. 133-134) d x# = 0 is equivalent to the requirement that the orbits
of X be geodesics of (M, g) (whichis of course true because X is a unit Killing vector
field) and then § = 0. A system of vector fields {Z; : 1 <i <n — 1} as above is a
local frame of T'(.%)*, and each basic section s € C*® (Q) is locally represented as
s =d' v Z; for some f' € QY% (.Fy). Then (4.126) is equivalent to Vs = ¢ 7, hence
we may apply Theorem 4.86 (yielding the second statement in Corollary 4.90).

Corollary 4.91 Let (F, Z1) be a pair of orthogonal foliations of codimensions
cod(.F) = n — L and cod(F 1) = 1 on a closed n-dimensional (n > 3) Riemannian
manifold M. If & is a nonsingular Killing flow whose basic Vaisman complex satisfies
the Poincaré lemma, then

H' M, F,T)~ Hi(F), 0<r<n-—1.
If in addition F is Einstein, then F is transversally Ricci flat.

Proof The first statement follows from Theorem 4.86 (as ¢ = n — 1 > 2). In par-
ticular
H''(M, #,T)~ Hy (F), Hy '(F)#0,

by Theorem 10.17 in [Ton], p. 141. Finally (by Theorem 4.76),

\4

sV = gQ=>CV=0.

n—1

Q.ed. O

4.9.4 Basic Curvature Groups of Riemannian Foliations
Modeled on Space Forms

Let (M, #, g)beafoliated Riemannian manifold and let I" be the canonical adapted
connection in GL(g, R) — B} (%) — M. By following [Vai], we set

I M, F)=I"(M, F)x I (M, F),
"M, F,T)={DDxr : xe I (M, F)},
KM, F,T)=I9"(M, F)x "M, F,T),

and consider

D' J' (M, F)— J M, F),
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D' (¢, ¥) = (Dp —v, DDp — DY), (9. V)€ ' (M, F).

Proposition4.92 7°*(M, 7, T') := (@fig I (M, F), D') is an acyclic

cochain complex. Also #*(M, F, T) := (EB?:{{ HT(M, F), D‘) is a cochain
subcomplex of Z°*(M, F, I), in general not acyclic.

The proof is straightforward, and left as an exercise to the reader. Let then
H"(J¢*(M, Z, I)) be the cohomology groups of . *(M, .7, T'). When .7 is the
trivial foliation by points, the complex 7 *(M, F)is #*,and H" (' *(M, 7, I')
are the curvature groups of type p of I', as in [Vai], p. 332 (also recalled earlier in
this section). Next, let us set

I"BM, F) = I5M, F)x I (M, F),
DyM, F,T)={DDxr : re I, (M, F)},
Hy (M, F,T)=IM, F)x D57 (M, F,T),
and consider

D' M, F) = JITM, F), Dy =Dy g

Proposition 4.93 Let (M, %, g) be afoliated Riemannian manifold and let T be the
canonical adapted connection. Then Z3(M, F,T) = ( @f(:qoﬂ) FTrM, F),

D;;) is an acyclic cochain complex. Also Hy(M, F,T) = (@3(:40*” Ty
M, F), D;;) is a cochain subcomplex of 75 (M, %, ), in general not acyclic.

Proof One has Dg’l o D = 0 by Proposition 4.92. Also, if D (¢, ¥) =0, i.e,
Dy =, thenlet A € /1;_1(9’) be an arbitrary basic tensor (r — 1)-form and let
usset i = DAL — ¢ € Z}(F),sothat D;;l()», w) = (¢, ¥)and one may conclude
that H'(_Z3(M, #,T)) =0.

By a result of Vaisman (cf. [Vai], p. 333) there are natural homomorphisms
H~Y(M,R) — H"(M, T, p) of the de Rham cohomology groups of a Riemannian
manifold M into the curvature groups of its Levi-Civita connection I". The coho-
mology groups H” (JZ/B'(M , F, 1")) may be thought of as the curvature groups of
the leaf space M /.%. As well known, in general M /.% is not a manifold but only a
topological space, and its topology (the quotient topology) may even fail to be Haus-
dorff. In the spirit of foliation theory, one is then led to work with geometric objets
on M (thought of in this context as a desingularization of M/.%) though possibly
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invariant under sliding along the leaves. As an analog to the quoted result in [Vai],
leth” : QY (M) — HF"(M, F) be the monomorphism

W)= (((pp) &) A0, 0), aecQ ' (M).

Then D" o " = h™' od and [~ (M)] C " (M, Z, T'), hence there is a nat-
ural homomorphism

(i) H™' (M, R) —» H" (A *(M, Z, ).

Moreover, h'y :==h"

) 18 Ay (M. F, I))-valued [as 6} € 73 (M, F)]. Also

h'g is an injection of Q%‘l (&) into £ (M, %, T') and there is a natural homomor-
phism
(hy)": Hy (F) - H' (Hy M, F,T)).

Let N be a g-dimensional Riemannian manifold and let I" (V) be the pseudogroup
of all local isometries of N. Following Haefliger’s (by now classical) viewpoint (cf.
[Hae]), one may think of .# as a foliation whose transverse geometry is modeled on
N, i.e., there is an open covering {U, };c; of M and a family of C* submersions { f; :
Ui — N}ies such that 1) f; = y;; o f; for some y;; € I'(N) and any i, j € I with
U; NU; # @, and 2) %y, is the simple foliation tangent to the fibers of f; : U; — N.

Proof of Theorem 4.74. When the transverse geometry of .% is modeled on N =
N4(c), a precise description of the modules 2" (M, .#, T') is already available.
Indeed, for each ¢ = ¢’ ® ¢; € I (M, F)

DDy’ =Q';®¢’, 1<i=<gq, (4.127)
where Q@ = Dw € #2(M, F) is the curvature 2-form of I'. Yet w is the transverse
Levi-Civita connection, hence it is projectable, i.e., w € Q) (.#}) (cf. e.g., [Mol], p.
81). In particular T(.%}) ] = 0. By (4.127)

P M, F,T)={Qnrg : g I M, F))}.
On the other hand,
2Q(xt, Y1), 2750 =z (RY(X, V)s)
X, Y € X(M), se€C®Q), z€(pp)'x), xeM,
so that (locally)
i 1 s m yi
Q= (RV )y X7 YL d Y Ad y", (4.128)

where [le (z)] = [X)j (z)]71 for any z € Ur. By the assumption in Theorem 4.74
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(R = c{(go)w; 5 — (g0)wi 87
hence (4.127) becomes
Q' =cY X7 [(gomeopr]dy ndy". (4.129)

We shall need the following.

Lemma 4.94 Let F be a Riemannian foliation of M modeled on the space form
Ne(c). Foreach € ™Y (M, F) there is a scalar r-form a(p) € Q" (M) such that

2N M, F,T) ={cp App)alp) : ¢ € I (M, F)).

The form a(p) is given by (4.131).

Proof Foreach ¢ € "' (M, F) leta' (¢) € Q' (M) be defined by
Oli((p)x(vl, R vr—l):X;(Z)(pzj(wla ) wr—l)’ v; ETX(M)7 -xEMa

where z € (p})~!(x) and w; € T, satisfy (d.p})w; = v;, i.e., w; is the horizontal
lift of v;. If 7/ = za with a € GL(g, R), then

ke N i k
X;(@) =a; X; (2).
Also, if w] € T, satisfies (dy pj)w] = v;, then

o (Wi, w_) =pa e (wr, o, wey)
merely because ¢ is a tensor r-form [of type (,o , R? )]. It follows that the map
> X;(z) <p<zi(w1 y o, w,,l)
is constant on the fibers of plT, ie., ozi(w)x (vy, ---, v_;) is well defined. Note that
br= (Y dy)®e;.
Then [by (4.129)]

71, . ) =@ ne)@e g s M, P =
= {e ¥l X7 [Gomeo P @y AdY A @i s g s (M, P)) =

- {G;A[CXIE [(g)keoprldy ng’] © g e 771 (M, 9)}
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that is

M, F,T) = ic@} AP e A (@) © pe s (M, y‘)] (4.130)

where ¢; = g;; d y/. Lemma 4.94 is the foliated counterpart of the main observation
in [Vai], p. 334.

Let us go back to the proof of Theorem 4.74. Let us consider the map
O I(M, F) x [0} A(pp)* QTN (M)] > L' (M, F),
(¢, 07 App)*9) = (9, @), @€ I (M, F), aeQ ™ (M).

Note that '
a(p) =€ Ao’ (p) (4.131)

is a globally defined scalar r-form on M, so that the restriction of ®" to Z" (M, F,
') is the module monomorphism 2" (M, %, ') < L"(M, %) seek for.
Forany ¢ € .#"(M, %) andany A € "~\(M, .F)

D'(p, DD3) =D"(¢, ¢y A (pp)* a(}))
= (Dp —cOp A (pp)*a(h), DDg +cOp A (pp)*da(h)
because of D6} = 0. Finally, we may apply ® ! to both members, so that to derive
(4.97).
To show that JZ,*(M, .#, I') is a subcomplex of #*(M, .#, I) it suffices to
check that
D" (M, F,T)C A (M, Z,T).
Indeed, if (¢, DDX) € £ (M, #, I), then
D"(p, DDV = (¢, DDA),
$:=Dyp—DDX, X*:=¢—Dx,
and

DD¢ = D(D*¢) — D*(c0; A (pp)* a(V)) = —c O A (pp)*d>a(h) = 0.

To prove (4.98) let a € Q,(F). Locally [with respect to a foliated chart

O = oj,..j, dyil VANRIRRIVAN dyi" s Qj,...i, € Q%(gu)
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Let
A=A Qe € CO(A ' T*(BL(F)) @RY),

i 1 i j
M= Yi[(g0)™ o pr] (e, 0 pr) d ¥ Ao Ad Y (4.132)

Then A is globally defined, basic with respect to the lifted foliation .%;., and hori-
zontal, i.e.,
Ker(d p'T) 1A=0.

Also . .
Yiza)=(a"), Yi(@) = RixA=pa )2

for any a € GL(g, R), so that A is a tensorial (r — 1)-form of type (o, R?) on
B} (F), e, e I~ (M, F). Next a calculation relying on (4.132) shows that
ca(r) =asothat ®" : Y (M, F, ') — Ly(M, ¥) is surjective. Let

(@) : H' (A5 oM, F,T)) > Hy(M, #,T)

be the induced map on cohomology, i.e., D" [, ] = [P (¢, ¥)] for any (¢, V) €
Ker(D") C %"O(M , %, ') [square brackets denote cohomology classes]. By
(4.97) (together with D D¢ = 0) the definition of ®"[¢, ¥] doesn’t depend on the
choice of representative (¢, ¥). It remains to be shown that (®")* is injective. If
Y =DDX e 957 (M, F, T'), then

(@) [p, DDA =0 = ¢ =Dx — 0} A (ph)*B, car)=dB8,
for some x € "~ 1(M, %) and some 8 € Q’é_l(?). Then

¢, DDA =Dy ' (x, v)]. v:=60rA(p)B.

Example 4.95 (Curvature groups of foliations defined by suspension) Let (T, gr)
be a g-dimensional connected Riemannian manifold, and let H = Isom(7, gr) be
the group of all global isometries of (7, gr).Let (M, .#) be an-dimensional foliated
manifold defined by suspension of a group homomorphism 4 : 7| (B, by) - H,
where 771 (B, bo) is the first homotopy group of an (n — g)-dimensional connected
Riemannian manifold (B, gg),i.e., M = M/rrl(B by) with M =T x Band Bis
the universal covering manifold of B. Here one uses the natural action of 7; (B, by)
on M, as induced by £, i.e.,

Ry (t, b) = (h(y1™H(1), b- 1)),

[yl € m(B, by), (t, b) e M.
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Let.Z be the simple foliation of M determined by the submersion pr;: T x B—>T
(the first projection). Each Ry, is a foliated map of (M, F ) in itself, hence F
descends to a foliation .% of M such that the projection 7 : M — M is a foliated
étale map. The induced map on basic cohomology

7t Hy(F) — Hy(F), 0<r<q.

is injective, hence the Poincaré lemma for the basic complex of (M, %) follows
from the Poincaré lemma for the de Rham complex of T. Let g; = p* g, where
p : B — B is the projection, and let

g=prigr+p;8;

be the product metric on M. Right translations Ry, are isometries of (M, g), hence
g descends to a bundle-like metric g on (M, %) such that 7*g = g. Let I'y and
I'; be the transverse Levi-Civita connections in B}.(#) — M and B}(ﬁ: )y > M,
respectively. Then

Hy(M, F,T,)~Hy(M, 7,T;), 0=<r<gq. (4.133)

Let p: M — B be given by p(n(t, l;)) = ﬁ(l;), so that (M, p, B, T, G) is a
locally trivial smooth bundle with standard fiber T and structure group G =
h(m (B, bo)). Each fiber of p is a connected total transversal in (M, .%). Letfy € T
be a fixed point of G and let us consider the leaf

Ly={n(to, b) : be B} e M/ 7.
Then L meets each fiber of p in exactly one point, and we may set
{xo} =LoNTy, Ty:=p ' (bo).

Let by € B be the homotopy class of the constant map [0, 1] — {bg}.If y isaloop at
Xoin Lo, then p o y isaloop at by in B, which liftstoa patll y:[0, 1] —> B such that
7(0) = by. Let h; denote the sliding along the leaves of .% following 7 [the germ at
(1o, 130) of a diffeomorphism of a neighborhood of (¢y, y(0)) in T x {)7(0)} onto a
neighborhood of (z , )?(1)) inT x {)7(1)}]. Then pr o hy oi = h([y]), whichis an
isometry of gr and then a I'g, -preserving map [I',, is the Levi-Civita connection of
gr regarded as a distribution on BY(T)]. In particular & ([y]) preserves the ordinary
curvature groups H*(T, I'y,). On the other hand,

i:T—>M, i(t)=0, by, teT,

is a totally geodesic isometric immersion of (7, gr) into M, g), hence
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H'(T, Ty,) ~ Hy(M, #,T;), 0<r<gq. (4.134)

Then [by (4.133)—(4.134)] the basic curvature groups of (M, %, g) are G-invariant
and the basic Vaisman complex satisfies the Poincaré lemma whenever the Goldberg-
Petridis complex of (T, gr) does [e.g., when (T, gr) is locally Euclidean]. O

Izu Vaisman (born on June 22, 1938 in Iagi, Romania) is a Romanian mathemati-
cian.

Izu Vaisman (born 1938)

V. earned a Master of Science in Mathematics in 1959 and a Ph.D. in Mathematics in
1965, and was awarded a Doctorate Honoris Causa in 1999, at the University ALL
Cuza of lasi, Romania. V. was an assistant professor (1964—1969) and an associate
professor (1969-1976) at the University Al.I. Cuza of lasi, Romania. V. was a profes-
sor (1976-2006) at the University of Haifa, and is a professor emeritus since 2006.
V. served as Chairman of the Department of Mathematics of University of Haifa
(1982-1984 and 1999-2001). V. had crucial contributions to the field of Differential
Geometry, and in particular Foliation Theory. V. authored many wonderful books,
that both capture the state of the art of the topic mathematics research at the time of
their publication, and are indeed suitable for learning. The proportions of the influ-
ence of V. on his contemporaries and on his students are hard to overestimate, and
V.’s scientific creation and life, both as a member of the mathematical community
and as a human being, are bound to attract the attention of the historians of mathemat-
ics in the near future. V.’s book Symplectic Geometry and Secondary Characteristic
Classes [Progress in Mathematics, Birkhduser, 1987, 232 pp.] grew out of his study
of the Maslov class, which is a fundamental invariant in asymptotic analysis of partial
differential equations of quantum physics. One of the many interpretations of this
class had been given earlier by F. Kamber and Ph. Tondeur, exhibiting the Maslov
class as a secondary characteristic class of a complex trivial vector bundle endowed
with a real reduction of its structure group. Accordingly, V. attempted the exposition
of the whole range of secondary characteristic classes involved in this interpretation.

4.10 Foliated Harmonic Maps

4.10.1 Lichnerowicz Type Theorem on Transversally
Holomorphic Maps

The purpose of the present section is to report on the result by E. Barletta and
S. Dragomir (cf. [BaDr]) that any transversally holomorphic foliated map ¢ :
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(M, F)— (M', ') of Kihlerian foliations with % harmonic, is a transver-
sally harmonic map and an absolute minimum of the energy functional E7(¢) =
% fM lldre|l® w in its foliated homotopy class.

Let (M, %) and (M', Z’) be two foliated manifolds and ¢ : M — M’ afoliated
map. When .# and .%’ are Riemannian foliations one associates to ¢ a concept of
tension field T(¢) € C*(¢~'v(.F")), coinciding with the ordinary tension field'® of
¢ when M, M’ are Riemannian manifolds and .%, %’ are the trivial foliations by
points. A calculation based on techniques introduced by F. Kamber and Ph. Tondeur
(cf. [KaTo16]) will lead to the expression (4.141) of T (¢). Itis noteworthy that (4.141)
contains explicitly the mean curvature k € QL (%) of the Riemannian foliation .7 .
A result in [BaDr] is that ¢ is transversally harmonic if and only if ¢ satisfies the
PDEs system (4.142), in which the principal part is the basic Laplacian Ag of %, a
strongly transversally elliptic operator (cf. A. El Kacimi-Alaoui, [KaAl], p. 91). The
main result in [BaDr] is that a transversally holomorphic foliated map ¢ of (M, %)
into (M", F#"), with %, F' Kihlerian and .# harmonic, is transversally harmonic
map (cf. Theorem 4.98 below). An application of the result regards the holomorphic
maps of Vaisman (or generalized Hopf) manifolds. '

4.10.1.1 Transversally Harmonic Maps

Let M be areal m-dimensional C* manifold, and let .# be a codimension ¢ foliation
of M. Let T(%) be the tangent bundle of .% and let v(F) = T(M)/T (%) be the
transverse bundle. Let 7 : T(M) — v(%) be the projection. Let us assume that .%#
is a Riemannian foliation, i.e., .% is a I"-foliation (in the sense of [Hae]), where
I" is the pseudogroup of all local isometries of some model Riemannian manifold.
Equivalently (cf. e.g., [Mol], p. 78) v(.%#) is equipped with a holonomy invariant
metric g,(#). Let g be abundle-like Riemannian metric on M inducing g, (7). Assume
Z to be transversally oriented and let v € Q% (Z) be the transversal volume element
(dpv = 0). Let x.# be the characteristic p-form, i.e., x.# = * v where x : QI(M) —
Q"~4(M) is the Hodge star operator of (M, g) (here p = m — g). The Riemannian
volume form p € Q™ (M) is then given by u = v A x#. Let (M, .%’) be another
foliated manifold, and let ¢ : M — M’ be a foliated map of (M, .%) into (M’ , .F'),
ie.,
(dip)T(F), C T(y/)go(x) , X€EM.

The differential d¢ gives rise naturally to a section

dro € C®(W(F)* @ ¢~ v(F)).

18 Cf, e.g., S. Dragomir and J.C. Wood, [DrWo], p. 107.
19 1n the sense of S. Dragomir and L. Ornea, [DrOr], p. 33.
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If both % and .’ are Riemannian foliations, then their metrics gy and gy [where
0 = v(%) and Q' = v(Z")] induce a metric on V(F)* ® ¢~ V(F’) and one may
consider the basic function

2
’

1
er(p) € QY(F), er(p) = 3 |dr |

cf. [KAGo], p. 18. Let us assume M to be orientable and closed (i.e., M is compact
and oM = @) and let us set

E7(p) =f er (@) 1.
M

Definition 4.96 We say ¢ is transversally harmonic if it is a critical point of Er for
any variation of ¢ by foliated maps. ([

Cf. also J.Y. Chiang, [Chi].

Definition 4.97 Let ¢ : M — M’ be a foliated map. The foliated homotopy class
[¢] of ¢ consists of all C* maps that are smoothly homotopic to ¢ through foliated
maps. (]

We shall establish

Theorem 4.98 Let (M, %) and (M', F') be two foliated manifolds, where M
is closed and %, F' are Kiihlerian foliations. Let ¢ : M — M’ be a transver-
sally holomorphic (anti-holomorphic) foliated map. The following statements are
equivalent:

(1) ¢ is transversally harmonic.

(ii) gradz ¢* € Ker(k), ¢* := y'* o ¢, for any foliated chart (U, x", y'*) on
(M’ , F'). If additionally % is harmonic ( i.e., k = 0), then ¢ is (a transversally
harmonic map and) an absolute minimum for the energy Er in its foliated homotopy
class.

Definition 4.99 A foliation .# of M is transversally holomorphic if it is equipped
with a holonomy invariant complex structure J : v(%#) — v(%). O

Definition 4.100 A Riemannian foliation (%, g,(#)) of M is (transversally) Kiih-
lerian if it is transversally holomorphic and the complex structure J in the normal
bundle satisfies

(1) guz)(Jr, Js) = guz(r, s) forany r, s € C®((F)),

2)vJ =0. O

Here V is the unique Riemannian (Vg,.#) = 0) torsion-free adapted connection
inv(Z). As presented in Definition 4.100, the notion is due to S. Nishikawa and Ph.
Tondeur (cf. [NiTo]) who studied the Lie algebra of transversally holomorphic fields
for harmonic Kihler foliations of closed orientable manifolds of constant transversal
scalar curvature. Cf. also [KaAl], p. 95. Note that
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Q(V7S)=gv(f/7)(r, Js)’ r’ SGCOO(U(ﬂ))’

determines a closed basic 2-forms Q7 € Q% (F).

Definition 4.101 A foliated map ¢ of (M, .%) into (M', .%’), with % and '
transversally holomorphic, is said to be transversally holomorphic (respectively, anti-
holomorphic) if (drg) o J = J' o (dr) [respectively, (dr@) o J = —J' o (dr¢)].

4.10.1.2 Euler-Lagrange Equations
Let V(%) be the Lie algebra of all foliated vector fields
V(ZF)={ryeXM) : [X,Y]eXs, VXecXs}
and let us set £(F) := V(%) /X #.
Definition 4.102 An element s € £(.F) is a transverse vector field. ]

Definition 4.103 The basic divergence of a foliated vector field Y € V(%) is the
basic function divg (Y) € Q% (%) determined by

Zyv = (divg Y)v. (4.135)

O

Exercise 4.104 Show that
7Y =nY = divgY =divg Y/,

i.e., the basic divergence divg Y depends only on the transverse vector field = Y
associated to Y. (I

Let M* — M be the principal SO(g)-bundle of all oriented orthonormal trans-
verse frames. If 7 : RY — v (%), is a transverse frame adapted to M*, the transverse
volume element v € Q% (.%) is given by

ve(Ur, oo, vg) = det I:(gQ)x(T[x Vi \ z(e,-))]

1<i, j<q
v e T,(M), 1=<i=gq,

where {¢; : 1 <i < q} C R? is the canonical basis. Let (U, x*, y') € .% be a foli-
ated chart, and let us set

A 9 .
2(er) = Al nx(ﬁ)x’ =[] eGL(, R).
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The function
c: M — {£1}, c(x) =sign det(), x e M,

is well defined [i.e., c(x) doesn’t depend on the choice of adapted transverse frame
at x]. Then

v=cq!Jady' A Ady! (4.136)
where 3 9
Then [by (4.135)—(4.136)]
. 9 1 9 .
divy (Y )= — ( Y ) 4137
s (V0 57) = o= 5 (Var'o (4.137)

We shall need the star operator
f k) - QM)
associated to g (cf. e.g., Section4 in [KaTo11]), characterized by the property
aANka =1, aeQ’,}(ﬁ).

The L? inner product on (M) restricts on basic forms to the expression

@, Bia= [ anGh) s,
With respect to this inner product one may define the formal adjoint
851 Q8 (F) — QS 1(F)
of dp and the basic Laplacian
Ap =3dpdp+dpdp.
Let P+ be the orthogonal complement of P = T (.%) with respect to g, and let 7rp :
T (M) — P be the projection with respect to the decomposition 7 (M) = P & P*.
Let
W,:P— P, WzX=-mpVyZ, XeC®(P), ZecC®PhH,

be the Weingarten operator, and « € QL(.%) the mean curvature
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k(Z) =Trace Wz, «(X)=0.
By the identity (2.6) in [KaTo16], p. 418
Spa = (=" (dp —k A )Ra, aeQ(F). (4.138)
Let T € C*(P) be determined by
k(Z) = gp(r, b4 Z), Zc C°°(PJ‘).

We shall make use of the following result®

f (diVB Y) u :/ gQ(r, b4 Y) W. (4.139)
M M

For harmonic foliations this is the transversal divergence theorem, cf. Theorem C in
[KTT], p. 262.Leto : Q — P be the natural bundle isomorphism. If € C*®°(Q*)
let n7 € Q' (M) be given by nr(Y) = n(n Y). Moreover, let n € Cy(Q%), ie,
Zxn = 0 for any X € X#. The mapping n — 57 is an isomorphism C§’(Q*) ~
QL (F). For any basic function f € QL(.%) let ny € C3(Q*) be determined by
mp)r=dsf.

Definition 4.105 The basic gradient of f is
grady f = a(sf) € Cw(T(ﬂ)J‘),

sfeCoo(v(ﬁ’)), gQ(st V)=’7f(r), reC).

O
A calculation relying on (4.138) leads to
1 9 of
Anf = (VEg" 3% ) — k(arady f). 4.140
8= 55y Vagt o x(grady f) (4.140)

Let V and V'’ be the transverse Levi-Civita connections of (M, %, g) and (M', %',

g). Let 9=V’ be the pullback of V' by ¢ [a connection in the pullback bundle

¢ 'W(F') = M]. Let V¥ be the connection in v(F)* ® ¢~ 'v(F’) determined by
Vw®s)=Vo)®s+o® e {(V)s,

w e C®((F)), seC®(p v(F)).

20 Holding for any transversally oriented Riemannian foliation .% on a closed oriented Riemannian
manifold (M, g).
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Let B, be the ¢ ~'v(#’)-valued bilinear form on v(.%) determined by V¥ drg [via
the isomorphism C%° (v(f)*) ~ Q}g ().

Definition 4.106 The fension field of ¢ is t(p) := Trace(B,). [l

r

Let F/‘;y be the coefficients of V’ with respect to a foliated chart (U’ , x”", y'%) €
F'[withl <r<pandl <a =<gq,p +q =n =dim(M)]. Then t(¢) may be
locally represented as

T(p) = t%(9) Yo,

o 09F d9Y

— - 4.141
By 8)1' 8yj ( )

() = Apo® + k(gradz ¢*) + ¢ T

Here
0

Yo(x) = ng/o(x) (ayﬁ)(p(x) , xeU,

are the natural lifts of 7/ (3/3y"*) to ¢~! v(Z'). We may now derive the Euler-
Lagrange equations of the variational principle § [ v er(@) p = 0. To this end, let
{¢1}1/<e be a smooth 1-parameter variation of ¢y = ¢ through foliated maps ¢, :
M — M’.Then

d 027 3gf 1 3¢ a9 380 ¢!
4. =t./{ b 0P (o +__{_t___t}_
dr r(p) =8 3yl ot ayl (gaﬂO(pt) 2 9y ayl ay” ot
Let us set 5
) ; 0% d¢
_ Jj Jo._ ij t 1 /!
=Y ayi =g dyt ot (8050 91)-

Then [by (4.137) and (4.140)]

: d . N
divg ¥, = o er(¢;) + {AB% + «(gradg ¢ )} ar (ga,g o @) +

L g [8gém 1 38&5] dgf dg! dgr
ay’? 2 9y* 1oy 9yl or

Let us integrate over M and use (4.139) together with the identity

ij [3&;,\ 1 ag;ﬁ] ¢ % —glig T dg) %
ay/ﬁ 2 ay/k ayl dy/ ar s By dy! ayj'

We obtain [by also using (4.141)]

o
t

d ) 3y
/MgQ(ﬁ ﬂYz)M=E{Er(fpz)}+/M(gaﬁo¢z) 5 () .




4.10 Foliated Harmonic Maps 475

Finally [by {d Er(¢)/d1},_, = 0],

[ oo (%) [ -

where 7/ are determined by T = t/ w (3/3y’). Locally, one may always produce a
variation ¢ (y) such that

dpf .
(pA r’]u:O
ay!

o

dp
oyl

dg;
ot

g =¢0 |7 =@ -7

Hence, ¢ is transversally harmonic if and only if

o

dp
ayl’

(p) =1’
ie.,
dpP dg” _

The reader should observe the cancellation of the mean curvature terms [because of
k(gradg f) = ' (3f/dy")]. It is noteworthy that the derivation of (4.142) required
no additional assumptions on .# [such as the customary assumption that .%# be
harmonic].

4.10.1.3 Transversally Holomorphic Maps

Let (%, J) and (%', J') be transversally holomorphic foliations of M and M’,
respectively. Let J© be the extension of J to v(.%) ® C [by C-linearity], and let

vI(F) = Eigen(JC; +i), Vv (F)=vT(F),
be, respectively, the eigenbundles corresponding to the eigenvalues Spec(JC) =
{£i}. Let
7l v(F) ®C — vE(F)
be the projections associated to the direct sum decomposition

WFHYQC =vT(F)dv (F).

Let : M — M’ be a foliated map. Let

dr@ ==} o (dr o)° ey g =7 o(dr¢)© P
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Here (d7¢)® : v(F) ® C — v(F') ® C denotes the C-linear extension of dr¢ :
v(F) — v(F'). The following commutative diagram sums up the mappings intro-
duced so far.

9
i) 5

N tol

v (F)

C
W eC Y v FHyeC

U )

0
i) 25 vH ()

From now on we shall not distinguish notationally between J and dr¢, and their
C-linear extensions J and (d7¢)®.

Definition 4.107 The foliated map ¢ is transversally holomorphic (respectively,
transversally anti-holomorphic) if

dr @) v (F) C o v H(F).

[respectively, if
(dr ) v (F) C o™ vH(I)].

By the very definitions

Lemma 4.108 Let ¢ : M — M' be a foliated map of (M, %, J) into
M, F', J'). The following statements are equivalent:

(1) ¢ is transversally holomorphic.

(i) d7¢ = 0.

Lemma4.109 Let ¢ : M — M' be a foliated map of (M, %, J) into
(M’ , F', J). The following statements are equivalent:
(1) ¢ is transversally anti-holomorphic.

(i) dr¢ = 0.
Let us assume from now on that .% and .#’ admit holonomy invariant bundle

metrics g and g that are compatible with the transverse complex structures J and
J'. Next, let us set

ki(p) == |oroll*,  k_(p) = llar¢|*.

Then er (¢) = k(@) + k_(¢). We may state
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Theorem 4.110 Let (M, %) and (M’', .F") be two foliated manifolds, with M com-

pact, and let ¢ : M — M’ be a foliated map. Let us assume that F and F' are
Kdihlerian foliations and that .% is harmonic (k = 0). Let us set

k(p) :=ki(p) —k_(p), K(p) :=/Mk(<p) .

Thent — K (¢,) is a constant map for any smooth 1-parameter variation {¢, }|;|<e
of o = ¢ through foliated maps.

Let 9 'Q" € CF (A% v(.#)*) be determined by (¢ ' Q') = ¢* Q. [via the iso-
morphism C3° (A% v(F)*) ~ Q3(F)]. A calculation shows that

2k(p) =(Q, ' Q).

The map o — o7 is an isometry (cf. Appendix A to this section). Hence,

1 1
K(¢)=5/M(Qr,W*Q})M=5/M(<p*Q/T)A*QT.

Leta € Q5 (%) be defined by

: ¢,
= — 1 ) dt.
o /() §0t< at J T
Then (by (16.11) in [DrWo], as 2. = 0)
do = ¢} Q7 — ¢5 Qr
hence (by the theorem of Stokes)
1
K(¢1)—K(¢0)=§ aA*xQr.
M

Next (by (2.4) in [KaTo16])

1
Qr=(3Q7) A xz = QA X
* St (* T) XF n— 1) T XF

with ¢ = 2n. By Rummler’s formula (cf. also (2.2) in [KaTo16])
dxz +KAxz =8

for some B € F2Q3. Finally (as .% was assumed to be harmonic),
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K(p) — K(p) = L/ a AN AB
20— D! Jy r ’

The meaning of 8 € F2$3 (cf. also (2.1) in [KaTo16]) is that, for any (U, x*, y') €
7, B contains only monomials of the form dx* A dy/ A dy* and dy' A dy/ A dy*.
Then each monomial in o A Q’}*I A B has degree at least ¢ + 1 in the dy'’s, so
a A A B =0.Qed.

Let (M, J, g) be a Hermitian manifold, where J is its complex structure and g
the Hermitian metric. Let ® € Q2(M) be given by ®(X, Y) = g(X, JY) for any
X, Y e X(M).

Definition 4.111 (M, J, g) is said to be a locally conformal Kihler (1.c.K.)
manifold if there is a closed 1-form o € Q'(M) (the Lee form) such that
dd =wAn . O

Cf. P. Libermann, [Lib].

Definition 4.112 A Vaisman manifoldis al.c.K. manifold whose Lee form w satisfies
wy # 0 forevery x € M, and V8w = 0. O

Cf. [DrOr]. For instance let CH" (A) = ((C” \ {O}) / G, be the complex Hopf man-
ifold (cf. e.g., [KoNo], Vol. II, p. 137) where G, is the discrete group generated by
the transformation

C"\ {0} > C"\ {0}, z+> Az, LeC\S',

(G, acts freely on C” \ {0} as a properly discontinuous group of holomorphic trans-
formations). Let gy be the Boothby metric on C" H (1), i.e.,
g0 = |z| 7 8 di’ @ dZ*

with respect to a local complex coordinate system (z/) on C" H (1). Then (CH" (1),
go) is a Vaisman manifold with the Lee form wy = d log |z % (cf. e.g., [DrOr], p. 21).
Vaisman manifolds were introduced in [Vai2] and called generalized Hopf manifolds
there. However (as pointed out in [DrOr], p. 33) the term generalized Hopf manifold
was already in use for other generalizations of complex Hopf manifolds, cf. e.g.,
[BrVe]. When w = 0, g is a Kidhlerian metric, so the class of 1.c.K. manifolds contains
that of Kéhlerian manifolds. Nevertheless, when w # 0 it is questionable whether M
admits any globally defined K&hlerian metric (e.g., every compact Vaisman manifold
has an odd first Betti number?!, cf. [DrOr], p- 8).

Let M be a Vaisman manifold, and let B := " € ¥(M), where 1 denotes raising
of indices with the metric g.

Definition 4.113 B is called the Lee field of M, and A := JB is the anti-Lee
field. O

21 While the odd order Betti numbers of a compact Kihlerian manifold are known to be even, cf.
e.g., [Gol].
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As[A, B] = 0 the distribution RB & RA is completely integrable and gives rise
to a foliation .# of M by Riemannian surfaces (the vertical foliation of M). By a
result in [Vai2], each leaf of .# is complex parallelizable, and a totally geodesic
and locally flat submanifold of M. In particular .% is harmonic. Also, by a result
of K. Tsukada (cf. Theorem 2.2 in [Tsul], p. 4) .% is transversally Kéhlerian, and
every holomorphic map ¢ : M — M’ of compact Vaisman manifolds is foliated
(i.e., maps the leaves of .# to leaves of the vertical foliation of the target Vaisman
manifold M"). A slight modification of the proof of Theorem 2.5 in [Tsu2], p. 4, shows
that the statement remains true when ¢ is anti-holomorphic. As an application of
Theorem 4.98 above one obtains

Corollary 4.114 Let ¢ : M — M’ be a holomorphic (anti-holomorphic) map of
compact Vaisman manifolds. Then ¢ is transversally harmonic (with respect to the
vertical foliations of F and #') and an absolute minimum of E7 in [¢].

By a result of A. Lichnerowicz (cf. [Lic]) any holomorphic map ¢ : M — M’ of
compact Kihler manifolds is harmonic and an absolute minimum in its homotopy
class. When M is a l.c.K. manifold A. Lichnerowicz’s theorem doesn’t hold, in
general. Indeed, by a result of I. Vaisman (cf. [Vai3]) ¢ is harmonic if and only
if the Lee field of M lies in Ker(dg). Corollary 4.114 is therefore a l.c.K. analog
to Lichnerowicz’s theorem, for + holomorphic maps between compact Vaisman
manifolds.

Let (M, .%) be a foliated manifold, and let (g,(#), J) be a transverse Hermitian
structure.

Definition 4.115 .7 is a (transversally) locally conformal Kdihler (I.c.K.) foliation
if there is a globally defined closed basic 1-form w € Q}g(ﬁ ) (the basic Lee form)
such that dgQ2r = w A Qr. O

For instance, the simple foliation defined by the C* submersion f : M — N of
M onto a l.c.K. manifold N is transversally 1.c.K., in the sense of Definition 4.115.

Let (#, go, J)beatransversally l.c.K. manifold, and let w be its basic Lee form.
As dpw = 0 (by Poincaré’s lemma) there is an open cover {U; };c; of M and a family
{ fi}ier of C* functions f; : U; — R such that w = df; on U;. In particular, as w is
basic, the functions f; must be basic, as well, i.e., f; € Q% (%y,).Let j; Uy > M
be the inclusion. Then g; := exp(— f;) j; g¢ is holonomy invariant anad compatible
with J. Moreover, if Q;(r, s) := g;(r, J s), then

(%), € Q(F), ds(Qi)r =0,

hence %y, is Kéhlerian.

Definition 4.116 The transverse vector field B € £(.%#) determined by
goB,s)=w,), se€C¥(Q), Y,eX(M), mnY,=s,

is the transverse Lee field of F . ]
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Let (M, %), (M', F') be two foliated manifolds and let ¢ : M — M’ be a
foliated map. Let gy be a holonomy invariant bundle metric in Q = v(%), and let
V, V', by two adapted connections in Q and Q' = v(Z’). The pair (V, V') induces
a connection V¥ in the vector bundle v(%)* ® ¢~ 'v(F') — M.Let (U, x*, y') €
Z and (U', x'", ¥y'*) € F’ be two foliated charts, chosen such that ¢(U) C U’.
Moreover, let Vf(pf‘ be the C*° functions defined by

Vi dre = (Vi) M ® Yo
where A' € C§°(Q*) and (A')7 = d y'. Finally, let
T(¢: 80, V. V) =103 80. V. V) Ya € C(U, ¢~ v(F)).
(i g0, V. V) =4g" (V¥ ¢f).

Note that, give aholonomy invariant bundle metric g on Q’,if V and V' are the trans-
verse Levi-Civita connections of (%, gg)and (#', go/),thent(p; go, V, V) =
7(¢). We may state

Proposition 4.117 Let (F, J)and (F', J') be two transversally holomorphic foli-
ations, respectively, on M and M'. Let V and V' be almost complex (i.e., VJ =0
and V'J" = 0) adapted torsion-free connections, respectively, in Q and Q'. Let g¢
be a holonomy invariant bundle metric in Q, compatible with J. If ¢ : M — M’ is
a transversally holomorphic foliated map, then

t(¢; g0, V, V) =0.

The proof of Proposition 4.117 is straightforward (a few details are provided in
Appendix B to this section). Proposition 4.117 together with (4.141)—(4.142) implies
the statement (i) <= (ii) in Theorem 4.98. To prove the last statement in Theorem
4.98 let us set

Ei(p) = / ki(p) .
M

Then a foliated map ¢ is transversally holomorphic (respectively, anti-holomorphic)
if and only if E_ (@) = O [respectively, E, (¢) = 0]. Let ¢ : M — M’ be a foliated
map smoothly homotopic to ¢. Then

Er(y) = E+(¥) + E-(¥) = |[Ex(¥) — E-(¥)| = |IKW)| = |K(p)]

where the last equality is got by picking up a smooth homotopy ¢;, by foliated maps,
with ¢; = ¢ and ¢y = ¢, followed by applying Theorem 4.110. Finally,
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E.(p) if ¢ is transversally holomorphic,
Er(y) = |E+(p) — E_(p)| =
E_(¢) if ¢ is transversally anti-holomorphic.

Q.ed.

Let .% be a l.c.K. foliation of M. The transverse Levi-Civita connection of the
(local) bundle metrics g; glue up to a (globally defined) torsion-free adapted connec-
tion D in Q expressed by

w[X, o(s)] if XeXz,
st =
Vs = 3 {oX) s +0(00)) X —go(w X, s) B} if X ecxph,

(D 1is the transverse Weyl connection). Clearly DJ = 0. The statement (i) <= (ii)
in Theorem 4.98 admits the following generalization.

Proposition 4.118 Let ¢ : M — M’ be a transversally holomorphic foliated map
of (M, F) into (M', F'), where F is a l.c.K. foliation of basic Lee form w, while
F' is a Kihlerian foliation. The following statements are equivalent:

(1) ¢ is transversally harmonic.

(ii) grad g ¢* € Ker(lc — a))for any 1 < a < q’, and any foliated chart (U’ , x'",
y/ot) c F'.

The proof of Proposition 4.118 follows from
™(¢;: 80, D, V') = 1%(p) — w(grady ¢%)

together with (4.141)—(4.142).

4.10.1.4 Appendix A

Let (#, go) be aRiemannian foliation of M and let g be a bundle-like metric induc-
ing go. Let C3° (A% Q*) consist of all sections & € C*(A* Q*) such that Lxa =0
forany X € Xz.Forany « € C°°(Ak Q*) let a7 € Q¥(M) be the k-form given by

ar(Yy, -+, Yp) ::a(nYl, -~-,7rYk), Yie X(M), 1<i<k.

Then o — a7 is an isomorphism C3(A¥ Q%) >~ Q& (F). Let g* be the bundle
metric induced by g in A¥ T*(M) — M. Also, let g be the metric induced by go
in AFQ* - M.

Lemma 4.119 o — ay isanisometry, i.e, g*(ar , Pr) = g, p) foranya, p €
CX (A% Q).
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Proof Let (U, x*, yf ) € .Z be a foliated chart and let
8o 8a, j+p

8i+p, B 8i+p, j+p

be the local components of g. Then g.g are the components of the leafwise metric
induced by g, hence [gqs] is invertible. Let us set

(5] = [es] -

A calculation shows that the P+ component of 3/3dy’ is given by

( d )l B 0 0
ayi - g gl+[7,/3 axa ayl .
Then
o =so(v 377 37) =+((57) - (57) )
gQ - gQ By’ ’ 8yj - g 8yl ’ ay]
yields
(20)ij = Sitp. jtp — 8™ 8itp. 2 &jtp. - (4.143)

For simplicity, we look at the case k = 2. Let A’ € C 7 (Q*) determined by (A;)r =
dy'. Every a € C3°(A? Q*) may be represented as

a=o;(y) A AN

so that
1 . . . . . _
gol B =3 e |(0)* (80" — (80" (8} [(80)"] = [(g)is] -

Moreover, let us set

~ ; -1
goz,B ga, itp 8ap 8a, j+p

i+p, i+p, j+ , . )
8 “Sg pJwp 8i+p, B 8i+p, j+p

Then

1 . . . .
* i+p. ktp it t+ i+p. t+p G itp. ket
g (ar, Pr) = Eaijﬁke {g LR S P giTh p}-

8 4

To end the proof it suffices to show that
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(80)" = g™ I*r.

Indeed [by (4.143)],

It (go) = g It {gj+p, kip — & &japn gk+p,/4} =

—§ i+p,a A itp, jtp _
- Bk -8 Ba,k+p — 8 8 8j+p, r 8k+p,u =

=8 — g go iy — &M [ — 87 g52] kap. = 8-

Q.ed.

4.10.1.5 Appendix B

A transversally holomorphic foliation .%# may be thought of (cf. A. Haefliger, [Hae])
as the synthetic object {U,- ., fi:U— N, y; € F] where

() {U;} is an open cover of M,

(ii) N is a complex manifold,

(iii) I is the pseudogroup of all local complex analytic automorphisms of N,

@iv) f; : U; — N is a C* submersion,

(v) vij € I', such that y;; o f; = f; on U; N U;. Each f; is referred to as a local
defining submersion of .7 .

Let .% be a transversally holomorphic foliation, and let f : U — N be a local
defining submersion of .%, and let {w} be a local complex coordinate system on N.
Letussetz/ = w/ o f,1 < j <n,andletd’ € CF(Q* ® C)suchthat (0/)r = dz’.
Alsoleto; € CF(Q ® C) be given by

0
o .
aj = (drf); (—Bwf)f(x)’ xeU.

Thinking of % as determined by the data {U;, f;, y;;}, the (holonomy invariant)
complex structure J on Q is related to the complex structure Jy on N by

drflcxods=Un)fmo@drfle, xelU,
hence «; is a local frame of v (%), defined on the open set U. Also
0/ (o) =68/, 6/(ap) =0, oap:=0r.

Let ¢ be a foliated map of (M, .%) into (M', .%’), with % and .%’ transversally

holomorphic. Let

Ys=9¢ lay, 1<p=<n,
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be the natural lifts to ¢! Q' ® C of oe};, determined by a choice of local defining
submersion [’ : U’ — N’ for (M', %#'). Then

BT(p:(pfﬁijlg, 5T§0=(/)§9‘7®Yﬂ,

for some C* functions <pf , gp? U — C. If f = 7Fo pand Z; € C°°(T(M) ®

C) is a complex tangent vector field such that 7 Z; = «;, then
o] =2,(¢"). o =2Z36". 2;=7;.
Let V be an adapted connection in Q and let Fg‘c be determined by
Vz,0c = Fgc oA

where the indices A, B, Crangein{l, ---, n, 1, ---, n}.Then VJ = 0 implies
Ffj =0 and Flffj = 0. Moreover,

F;E =0 (4.144)

as a mere consequence of the torsion-free assumption. Indeed Tv(Z; , Zz) = 0 may
be written as ~
Meo; =T e =m[Z;, Z]

or (by applying 97) B
Me=7)[Z;. Z] (4.145)

Next, let us apply (d7 f)x tomwy Zj » = aj ¢, x € U, so that to obtain (d, f)Z; . =
(B/Bwj)f(x) and then

Z(8) = ;0 o ) = [ PZ;]() =5,

Finally,
0=2(d*Z)(2;, zr) = —(dZ)|2;, Z]

and (4.145) leads to (4.144). Similar to V, the only “surviving” coefficients of V' are
F/gy. Let ¢ be transversally holomorphic (i.e., <pjé = 0). Then

dT<p=<pf9f®Y,3+<p§e7® Ys.

Moreover, ' ' _
V7,00 = -Ti, 6%, V6" =0,
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(p7'V), v, = <p§‘ % Yo, (¢7'V'), Yy =0.

J J

The proof of the first two identities is straightforward. As to the last two, it suffices
to choose?* Z i € V(&) ® C. These identities lead to

VY drg = {zj(<p;§) — T P T 0E @ Y+ Z(¢) 0 @ Y

Letus set X 3 := [Zj , ZE] for the sake of brevity. As shown above X ;z € C*(P ®
C). Also, the calculation

X" =X (2% 0 9) = [(doox) f') (de) X ] (w') = 0
for alny23 X € P,, shows that ¢“ are (local) basic functions on (U, %y ). Finally,
(V9,dre) Zz = Zj(¢f)Ya = {ij(fpa) + ZE(G"}'?)} Yo =0
[as ¢” € Q%(Fy) and (p;'? =0],i.e.,
t“((p; go, V, V’) =0.

Q.ed.

4.10.2 (¥, 9)-Harmonic Maps of Foliated Riemannian
Manifolds

The purpose of the present section is to report on the results by S. Dragomir and
A. Tommasoli, [DrTom]. We study (%, ¢)-harmonic maps, i.e., critical points ¢ €
C*®°(M, N) of the functional

1
Er(¢) = E/M ldro|® dv,

with respect to variations through foliated maps. In particular we study (%, ¢)-
harmonic morphisms, i.e., smooth foliated maps preserving the basic Laplace equa-
tion A gu = 0. We shall show that CR maps of compact Sasakian manifolds preserv-
ing the Reeb flows are weakly stable (.%, ¢)-harmonic maps. We study (%, %)-
harmonic maps into spheres and give foliated analogs to B. Solomon’s (cf. [Sol])
results.

22 This is possible because f induces an isomorphism C3° (U, Q) >~ X(N), cf. [Mol], p. 37.
23 Because ¢ is foliate and Ker(d f') = P’.
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J.J. Konderak and R.A. Wolak (cf. [KoWo1]-[KoWo2]) defined transversally har-
monic maps as smooth maps ¢ : M — N of foliated Riemannian manifolds satisfy-
ing a condition similar to the vanishing of the tension tensor in Riemannian geometry.
They used the canonical adapted connections to build a foliated analog B (¢) to the
second fundamental form of ¢ and computed the trace

77 (¢) = Tracey, fr(9)

with respect to the given holonomy invariant Riemannian bundle metric g in the
transverse bundle. Then ¢ is transversally harmonic if 77(¢) = 0. However such
maps do not, in general, extremize the energy functional (4.146), but rather the
integral of the energy density divided by the volume of each fiber (cf. Theorem 2.3
in [KoWo2]). In the present section we deal with a different, perhaps more natural,
notion of a transversally harmonic map between foliated Riemannian manifolds,
referred to as a (%, &)-harmonic map so that to avoid the confusion with the work
by J.J. Konderak and R.A. Wolak (cf. op. cit.) and also with the works by Y-J. Chiang
and R.A. Wolak, [ChWo], H.K. Pak and J.H. Park, [PaPa], M.J. Jung and S.D. Jung,
[JuJu].

In Sect.4.10.2.1 we start from the natural generalization of the energy density of
a smooth foliated, i.e., the transverse energy density

er(¢) = ! ldre|* € @4(F), ¢ e C™(F, D),
2

cf. A. El Kacimi Alaoui and E.G. Gomez, [KAGo]. This coincides with the ordinary
energy density of ¢ when .# and ¢ are the trivial foliations by points. A smooth
foliated map ¢ : M — N issaidtobe a (&, ¥4)-harmonic map if ¢ is a critical point
of the energy functional

Er(Z,9) — R, Er(p)= f er(@) dv,. (4.146)
M
The Euler-Lagrange equations of the variational principle § E7(¢) = 0 are

Trace,, Br(¢) — ¢x 7 =0 4.147)

where T is the mean curvature of the foliation .% . Therefore, transverse harmonicity
as proposed in [KoWol] coincides with (%, ¢)-harmonicity as based on the action
(4.146) provided .% is harmonic (i.e., all leaves of .# are minimal submanifolds of
M). Equations (4.147) turn out to be a second-order nonlinear system of PDEs whose
principal part is the basic Laplacian Ag of (M, %, g).

In Sect.4.10.2.2 we start a study of (%, ¢)-harmonic morphisms [that are to
(F, 4)-harmonic maps what harmonic morphisms are to ordinary harmonic maps].
The basic Laplacian Ap is not elliptic (in fact Ap is only transversally elliptic, in
the sense of [KaAl]) yet the Laplace-Beltrami operator A of (M, g) is an elliptic
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extension [from basic functions Q% () to arbitrary smooth functions C*°(M)] of
Ap. Therefore, positive solutions to Apu = 0 satisfy the Harnack inequality and
consequently a class of (%, ¢)-harmonic morphisms (with values in a Rieman-
nian manifold N thought of as endowed with the trivial foliation ¢4 = %) may be
shown to consist of open maps. This is a foliated analog to a result by B. Fuglede,
[Fug]. Maps ¢* : Hy(¥) — Hj(%) among basic cohomology groups, induced by
(&, ¢)-harmonic morphisms ¢ : M — N, are investigated as an application of Park
and Richardson’s Hodge-de Rham decomposition theorem (cf. [PaRi]) for the basic
complex (Ql‘g(ﬁ), dB).

In Sect.4.10.2.3 we derive the second variation formula for the transverse energy
and start a study of stability of (%, ¢)-harmonic maps.

As an application of the techniques developed in the present section we continue
the study of foliated maps of trasnversally Kihlerian foliations, as motivated by the
lack of a l.c.K. analog to Lichnerowicz’s theorem, cf. our earlier discussion in this
chapter. Very much the same pathology is known to occur in CR geometry. Indeed
CR maps of strictly pseudoconvex CR manifolds fail (by a result of H. Urakawa,
[Ura]) to be harmonic (even if the chosen metrics are Sasakian, which is perhaps the
closest odd dimensional analog to Kéhlerian metrics). Both problems find a solution
within foliation theory (cf. Theorem 4.167 in Sect.4.7.2.4) and the transversally
elliptic nonlinear system (4.183) appears as a natural replacement of the ordinary
harmonic maps equations.

In Sect.4.10.2.5 we look at the topology of (%, ¢)-harmonic maps into spheres
and establish a foliated analog to a result by B. Solomon, [Sol].

4.10.2.1 (%, ¢¥)-Harmonic maps
Let M be a real n-dimensional, connected, C° manifold. Let
F = ({Uilier» Mo, T, {fi}ier)

be a codimension g foliation of M, where (i) {U;};c; is an open cover of M, (ii)
M, is a real g-dimensional C* manifold, (iii) I" is a pseudogroup of local trans-
formations of My, and (iv) each f; : U; — M, is a C*™ submersion such that for
every pair of indices i, j € I with U;; = U; N U; # @ there is yj; € I" such that
fi =vjio fi on Uj;. By following A. Haefliger (cf. [Hae]), a foliation .%# within
this approach is also referred to as a I'-foliation. Let x € M and let i € I such that
x € U;. We set as customary P, = Ker(d, f;) and denote the resulting completely
integrable distribution by P = T(%). Our main object of study are foliated maps
from (M, %) into another foliated manifold (N, ¥), i.e., C* maps ¢ : M — N
such that ¢, T(F) C ¢! T(¥). Throughout ¢~'E — M denotes the pullback of
the bundle £ — N by the map ¢ : M — N. A foliated map ¢ : M — N sends
leaves of .% onto leaves of 4. As such ¢ : M — N induces a map of leaf spaces
¢ M)F — N/¥9.Ingeneral M /.7 has arather poor structure (a topological space,
often non Hausdorff) and ¢ is only continuous. As customary in foliation theory, cal-
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culations of sorts will be conducted on M rather than on M /.%, in terms of geometric
objects which are invariant under sliding along the leaves.

Let Q =v(%)=T(M)/T (%) be the transverse bundle and let 7 : Q - M
be the projection. We recall that a foliation .% of M is transversally Riemannian
if it is endowed with a transverse O(g)-structure. This is equivalent to .% being a
I'(My, go)-foliation, where I'(My, go) is the pseudogroup of all local isometries
of the (model) Riemannian manifold (M, go). In terms of first-order geometric
structures this is also equivalent to the existence of a Riemannian bundle metric g
on Q that is invariant under sliding along the leaves

Vygo =0, XeXz, (4.148)

where V is the Bott (partial) connection of (M, .%). Indeed, if .% is a I'(My, go)
foliation one may set

(gr)i=fgo, i€l

and observe that y;; € I'(My, go) yields (gr); = (gr); on Uj;, so that g7 is a glob-
ally defined transverse metric on (M, .#). Then one may consider go(r, §) 1=
gr(Y, Z) for any r, s € C*(Q), where Y, Z € X(M) are such that 7Y = r and
n/ =s.

Let g be a Riemannian metric on M and let o, : @ — T(F )1 be the natural
vector bundle isomorphism. The metric g induces a bundle metric on Q

go(r, s) = g(og(r), og(s)), r,s €Q, (4.149)

yet g may fail to satisfy (4.148), and (4.149) is indeed a transverse Riemannian
structure provided that g is bundle-like. Let (M, %, g) and (N, ¢, h) be two foli-
ated Riemannian manifolds, where .% and ¢ are Riemannian foliations, and the
Riemannian metrics g and h are bundle-like. Let C*° (%, ¢) denote the space of all
C* foliated maps of (M, F) into (N, ¢).Forevery ¢ € C*(F, ¥) the transverse
differential of ¢ is the vector bundle morphism

drg 1 v(F) = ¢~ v(¥),
drd)es = 774,5()() dyp)Y, se€Q,, YeT,(M), n,(Y)=s,
where 7’ : T(N) — v(¥) is the projection. Let {s; : 1 <i <gq} be a local go-

orthonormal frame in Q, defined on the open set U C M. The norm ||dr¢|| : M —
[0, +00) is given by

q
ldr 12 =" b, o0 ([@r0), 5ie» (dr6),six), x €U (@150)

i=1
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Here h,«) is the bundle metric induced by /& on v(¥). Note that (4.150) is an analog
to the Hilbert-Schmidt norm of d¢ (that we shall recall shortly). Let M be oriented,
and let

dvy = /gdx" A A X"

be the canonical volume form on (M, g), locally expressed with respect to a local

coordinate system (U, x°).

Definition 4.120 Let 2 CC M be a relatively compact domain. The functional
1 2
Erq:C¥(Z,9) — [0, +00), Er q(¢) = 5[ ldre|” d vy,
M

is the transverse energy integral. (I

When M is compact we write simply E7, y = E7. The following notion is central
to the present section.

Definition 4.121 A foliated map ¢ € C*°(%, ¥) is said to be (%, ¥)-harmonic if

i{Era0)] =0

for any relatively compact domain 2 CC M and any smooth 1-parameter variation
{pr}11<c T CP(F, 94) of ¢ = ¢y, supported in 2, i.e., Supp(V) C 2, where

¢,

VeC ¢ 'T(N)), Vi= S ), xeM.

O

Before proceeding with the study of (%, ¢)-harmonic maps, we ought to recall
a few elements of (ordinary) harmonic maps theory. Let (M, g) and (N, h) be
Riemannian manifolds, with M compact and orientable. Let {E; : 1 < j <n}bea
local g-orthonormal frame of T (M), defined on the open subset U C M. For every
C*® map ¢ : M — N, the Hilbert-Schmidt norm ||d¢| : M — [0, +00) of d¢ is
given by

ldphille =) " how) ((d)Ej x . (di§)Ej ), x €U,

Jj=1

The energy integral is
1
E:C*M, N)—> R, E@) = E/ ldl* d v, .
M

A C® map ¢ : M — N is harmonic if {E(¢,)/dt},_, =0 for any smooth 1-
parameter variation {¢;};;j<c C C®°(M, N) of ¢ =¢. AC® map ¢p: M — N is
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a harmonic morphism if for every harmonic function v : V. — R (i.e., Ajv =0 in
V) defined on the open set V. C N, one has Ay,(v o ¢) = 0in ¢~ (V). Cf. (4.12) in
[EeLel], p. 15. Throughout A, is the Laplace-Beltrami operator of the Riemannian
manifold (M, g). Let dim(M) = n > dim(N). The Fuglede-Ishihara theorem (cf.
e.g., Theorem 4.2.2 in [BaWo], p. 108) asserts that a smooth map is a harmonic mor-
phism if and only if ¢ is both a harmonic map and a horizontally weakly conformal
map. For a discussion of horizontal weak conformality the reader may see the won-
derful monograph by P. Baird and J.C. Wood (cf. [BaWo], pp. 45-48). Nonconstant
harmonic morphisms are open mappings (cf. [Fug] or Theorem 4.3.7 in [BaWo]).
A useful characterization of a harmonic morphism ¢ : M — N is that ¢ pulls back
harmonic 1-forms into harmonic 1-forms.
Let (M, %, g) and (N, ¢, h) be foliated Riemannian manifolds.

Definition 4.122 A foliated map ¢ € C*®(F, ¥) is said to be a (F, ¥)-harmonic
morphism if for any basic function f € Q%(%y) such that A f =0in V C N, it
follows that Az(f 0o ¢) =0in U = ¢~ (V). (Il

Here Ap and A’; are, respectively, the basic Laplacians of (M, .#, g) and
(N, ¢, h). For every foliated map ¢ : M — N one has

5 (@) € (%)

so that the notion of a (%, ¢)-harmonic morphism is well defined. Here ¢*(f) :=
¢ o f.Also . Fy and Yy are the foliations induced on U and V by .% and ¢. It was a
natural open question at the time [DrTom] was written whether a (%, ¢)-harmonic
morphism is a (%, ¢)-harmonic map. The partial answer provided in [DrTom] is
presented in Sect.4.10.2.2.

Let (M, %) be an orientable foliated manifold, where .% is a transversally ori-
ented foliation of codimension g. Let v € Q% (%) be the transversal volume form
(dgv = 0). Let us assume that .% is Riemannian, and let g be a bundle-like Rieman-
nian metric on M. The characteristic form is the (n — g)-form x4 = % v where
x: QI(M) — Q'"9(M) is the Hodge star operator of (M, g). The Riemannian
volume form d v, € Q"(M) is then given** by d v, = v A x5#. Let (N, ¢, h) be
another foliated Riemannian manifold, with ¢ Riemannian and / bundle-like. Let
€ CC M be a relatively compact domain. Our task in this section is to derive the
Euler-Lagrange equations of the variational principle 6 Er o(¢) = 0. To this end
et ¢ € C®(F, ¥) be a foliated map and let {¢;};j< C C®(F, ¥4) be a smooth
1-parameter variation of ¢ = ¢ through foliated maps. Next, let

O:M:=M x (—€, ) > N, D(x,t)=¢(x), (x,1t)€ M.
For each X € X(M) we denote by X € X(M) the tangent vector field

X =) X,, (x,1)eM,

24 With an appropriate choice of the orientation of M and the tangential and transverse orientations
of Z#.
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o M — M, o (x) = (x, 1).

Also we set ~ _
Pon=Wa)T(F):, (x,1)eM. (4.151)

If {X, : 1 <« < p}is alocal frame of T(F) (here p :=n — ¢) defined on the
open set U C M, then {f(a : 1 <o < p}is alocal frame of P defined on U =
U x (—e, €), hence P is a smooth involutive distribution on M. By the classical
Frobenius theorem P is completely integrable. Let F be the corresponding foliation
of M, such that T(j) =P.In particular ¢, € C* (%, 9),1e.,a;, : M — Misa
foliated map for each [¢| < . Similarly,if s € C*(v(#) is asection in the transverse
bundle, we denote by § € C*°(v(F)) the section

S(x, t) = (dT ot,)xs(x), (x, 1) € M.

Also ¢, 5 € C °°(¢’1 V(¥ )) denotes the section in the pullback bundle ¢ ~'v(¥) —
M given by
(s 5)(x) = (drp)rs(x), x€M.

Let V be the canonical adapted connection of (M, .7, g)

Vys if X e T(%),
Vxs = s € C¥(Q), (4.152)
V5o, (s) if X e T(F)*,

[V&is the Levi-Civita connection of (M, g)]. ThenV € ‘K(u(ﬁ), gu(g)). Through-
out, if (E, g) is a Riemannian vector bundle, ¥’ (E) denotes the affine space of
all connections in E, while € (E, g) is the affine subspace of all D € ¥ (E) such
that Dg = 0. Let V' € %(u(g ), hv(g)) be the canonical adapted connection of
(N, ¢4, h) and let

D =¢7'V e (¢ v(¥))

be the pullback of V', i.e., the connection induced by V' pn ¢~ 'v(4) — M. Let
hf(%) = 4’_1 hve)
be the pullback of &, by ¢ [so that (¢’1 v(¥9), hf(%) is a Riemannian vector

bundle]. It is immediate that
(i) the bundle metric h‘f(g ) is parallel with respect to D%, ie.,

D? € €(¢p" v(@), hiy).

and
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(ii) @ is a foliated map of (M, .Z) into (N, ¥), i.e., ® € C°°(I:", ¢). Moreover
[by (4.150)],

Idr ¢, Zhv(w) ®,5;, D.5)oa,, |il<e, (4.153)

on U. Let us set )
f 0= dr &2, (1) em.

Then [by (4.153)]
A 1 ) o
Eziza[hv(w)(q)*sj’ qD*S ] Zhv(w)(Déb/a,q)*sj, qD*Sj)
J

onU.
Lemma 4.123 LetV € Co"(df1 T(N)) and v € C°°(<I>1, v(%)) be given by

0 -
Vi = (di,n®) (Bt) . Ve, ) =750y Vo, (1) eM,

where v’ : T(N) — v(¥) is the projection. Then

D, ®*§=D2_v (4.154)

Og (s)

foranys € C*® (v(ﬁ)).

The proof of (4.154) is a calculation in local foliated coordinates. For this and
further calculations, we need to adopt the following conventions, as to the ranges of
the various indices. Let (U, x*, y/) and (%, X“, Y*) be local coordinate systems
adapted to (M, %) and (N, ¥), respectively, such that ¢(U) C % . The range of
indices is

a,ﬂ,...e{l,...7p}’ i,j,"'E{l,"',q},

a’b’...e{l,...,p’}’ u,v,'~'e{1,~~~,q’}.

Then{sj = (8/8y ) 1<j< q}isalocalframeinQ Givens € C*(Q) locally
represented as s = f/ s; for some f' € C*®(U), one has

§=(fjop)§j on U=Ux(—¢,e),

where p : M — M is the projection. Also
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. Gl
(®.5) (. 1) = 1700 (dr®) ., T (e (5-)

),
where 7 : T(M) — v(ﬁi) is the projection. Thus,
(®u5)(x, 1) = ”&(x,t)(d(x,r)qD)Y(x,f)
where Y := f/9/3y/ € X(U). Finally,
0,5 =7(®r )7/ (a?/u)¢' (4.155)

As to the notations in (4.155), for every tangent vector field W on N its natural lift
is
W® e C®(@7'T(N)), W, 1) =Wouyn, (x,1)eM.

Also P =Y* o ® and /% : ®~'T(N) — &~ 'v(¥) is the pullback by & of
the projectionst’ : T(N) — v(¥). The canonical adapted connection V' € ¢ (v(éf ),
hv(g)) is locally expressed by

8 8 Al a
Vi ™ (5y2) =0 Vi’ (557) =T’ (55%)

Consequently, its pullback D® = ®~'V’ reads

D"’ (a%)cp = Z(®" ) (I, 0 &) ' (a%)(I> (4.156)

for any Z € X(M). Next, we need the local expression of the isomorphism
N . 0 \L .
0ot Q= T(P), oy(s) = fI (3—/) L os=fls;.
y

To this end let
8up 8a, p+j

8p+i, B 8p+i, p+j

be the local components of g with respect to the local coordinate system (U, x*, y').

We set 3 9 9 \L 0 \L1
(80)ij =8Q<7T (8yi)’ T (@) :g((ayi) ’ (8yi) )

forany 1 <i, j < q.If P = T (%) and gp is the leafwise metric induced by g on
P,then go8 = gp (B/Bx“ , B/Bxﬁ). In particular [gaﬂ] is positive definite. Let us set
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[¢*/] = [gaﬁ]il. A calculation then shows

a\L 0 o 0
) = — — g 4.157
( ay,) 3y 87 &p+ip 35 ( )

At this point we may prove (4.154). Note that [8/3t, f] = 0. On one hand [by
(4.155)],

QPP L PP 3 \®
P < +u w 1P
Da/a,cb*s_{y( )+Y(c1>P )T(FWOCD)}T[ <an) .
(4.158)
On the other hand, let v = 7'® V so that [by 7/ 3/dX* = 0]
PP tu 3 \®
v= 7'® ( ) (4.159)
at ayu

Consequently [by (4.157)],

(= (DP9 \® APt o/ 0 \®
Dy =1 o (5) " ) D}, = (5r%)
V=S ()7 ) 0 Gy )

o < AOPTUN D N PP/ tu o/ 0 \®
_gﬂg”“*ﬁa‘“( Y )’T, (aw) =8 gpip Y Dj, ' (W)}

where we have set 9, = 9/9x* and d,4; = 3/dy". The last two terms vanish due
to the fact that @ is a foliated map [cf. also (4.156) with Z = 5a]. Indeed, as @ €
C®(Z,9)

- 9 - , 0
T @i > (s ®) (@) (), = () (757 g+ 3 @V (577w

hence ~
e (@7T) = 0. (4.160)

Moreover [by (4.156) and (4.160)],

S QOPTYN 9Pt J \®
DE_y = Y( ) 7(07 ) (I'". 0 d }(—) (4161
Ug(s) v 3[ + at ( ) ( uv ° ) an ( )

Finally (by Proposition 5.5 in [Ton], p. 49), the torsion
To(Z, W) =Vn'W —Vyn'Z —7'[Z, W], Z, W € X(N),

vanishes (i.e., Ty: = 0) hence F’ﬁw = F’Z,U and then (4.158) and (4.161) yield (4.154).
Lemma 4.123 is proved.
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Let us set 7'[/(1> =1"0®. By (4154) and Dd:'h\(i(g) =0

8 P
8_{ = 2,: {Ug(sj) [h?(g)(”@v» ‘D*gj)] — h}jg) (V. DcEV) . 51)}

og(s;
(4.162)
Lemma 4.124 Forevery |t| < € letr, € Coo(v(ﬁ)) be determined by
he g (T 7V, ®.5) o = gur) (1. 5). s € C¥(1(F)). (4.163)

Thenr, € L(M, F), i.e., 1 is a transverse vector field for any |t| < €.

Here ((F) =4(M, F)=a VM, F)and V(F) = V(M, F) is the set of all
infinitesimal automorphisms of .%, i.e., all tangent vector fields Y € X(M) such that
[X, Y]e Xg forany X € X 5.

Proof of Lemma 4.124. Let s € C®(v(#)) be locally represented as
s = f'mad/d". Then s € £(.%) if and only if f' are basic functions. By (4.155)
and (4.159)

L [odrT . /
=g { =8, (@) (o), 0 @]} o (4.164)

hence r/ € Q%(.F) for any |t| < €. Q.e.d.
Next [by (4.163) and Vg, (#) = 0],

gg?gﬁ[h?(g)(”@v’ ‘D*fj)] oo, = 0y(s))[guir) (15 85)] =

== gv(ff)(vag(s/)rt ) sj) + gV(-/'Oz)(rt ’ V(’g(“'/)sj)'

The term ) ; 8u() (V(,g DU j) may be recognized as a basic divergence. Indeed,
let SO(M, %) — M be the SO(q)-principal bundle of al oriented orthonormal
transverse frames. If z : R? — v(%), is a transverse frame adapted to SO(M, %)
the transverse volume form v € Q%(.%) is given by

ve(vi, o, vg) = det [(gu(,%)x (74 i z(ej))]

for any v; € T, (M), where {e;, ---, e;} CR? is the canonical linear basis. Let
(U, x*, y') be a foliated local chart of (M, .%) such that x € U. Then

i 0 ;
Z(ej)zajﬂx (3_yi>x’ 1<j<gq,

for some a = [a;] € GL(g, R). Next, we may consider the functionc : M — {%1}
defined by c(x) = sign (det(a)) for any x € M. The definition of c(x) doesn’t
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depend on the choice of the transverse frame z € SO (M, .%),. A calculation shows
that
v=cq!NGdy' A Ad Y. (4.165)

Here

G = det [(gQ),-j] . (%), = gQ(ﬂ aiy,»s 7 %)-

Definition 4.125 The basic divergence of aninfinitesimal automorphismY € V(%)
is the basic function

divg(Y) € QY 3(F), Lv=divg(¥)v. (4.166)

d

Here %y denotes the Lie derivative. It should be observed that divg(Y) depends
only on the transverse vector field s = 7(Y) € (M, .%) [and one often writes
divg(s) rather than divg(Y)]. A calculation based on [based on (4.165)-(4.166)]
shows that

divp(Y) =

\/_a (fY) (4.167)

for any ¥ € V(%) such that locally 7(Y) = Y’ 7 9/9y" [note that Y’ € Q% (Fy)].
As previously announced

Lemma 4.126 Let {s; : 1 < j < g} be a local gg-orthonormal frame in Q =
v(F) — M, defined on the open set U C M. Then

q
Zgg(vag@,-m , 87) = divg(r,) (4.168)
=1

on U forany |t| < €.

Proof One has [by (4.179)]

;1 G
726G 9yl
so that
a”zi i
(8Q) gQ(VwmL Tis T dpej) = i + T} =dive(r] 9p4).-
Q.ed.

By (4.163) and (4.168)
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— ® . ) ® —
Zag(s,-)[hf(%(n/ v, d>*s,-)] o ay=divy (r,) + Zh;’}g)(n/ v, q>*vag<sj)s,-)
J J

hence (4.162) becomes

af . ® @ @ 5 —~—
o oa; =divg(r;) — hu(%)(ﬂ/ Vv, ; [D{m D, 5; — DPuVio, s sj]> ooy .

Let us integrate over €2 and use

/ divg(s) d v, =/ gQ(tg; , s) dvg (4.169)
M M

for any compactly supported s € £(.%).

Theorem 4.127 Let¢ € C*(F, 9) be afoliated map. For every relatively compact
domain Q CC M, and any smooth 1-.parameter variation & € C* (9\, %) ofp =
¢o supported in 2

d
E{ET,Q(¢>,)] - —/Qh‘f(g)(n"l’v, 7(§) — ¢ 15) d v, (4.170)

where
17(¢) = Trace,, 7 Br($) € C¥ (¢~ 'v(F)),

Br(@)(r, ) = DY, bus — 6.Vouns, 1,5 € CO(u(F)).
Consequently, ¢ : M — N is (¥, &)-harmonic if and only if

t7(¢) — b7 = 0. (4.171)

The section tr(¢) is locally given by

1 9 i dpP+w i dpP T gpr v - b B \®
{75 3 (VO (e0)” Z505-) + (s0)” =55 =55 (Moo 2 (555)
4.172)
for any local foliated charts (U, x*, y') € & and (%, X%, Y") € 9 such that
dU) C%.

Definition 4.128 The identity (4.170) is the first variation formula for the transverse
energy Er q: C®(F#, ¥) — R. Equation (4.171) is the (&, ¥)-harmonic map
system. (Il

r(¢) =

As well as the transverse formula (4.169), the (%, ¢)-harmonic map system
contains explicitly the mean curvature vector

17 € C¥(W(F)), goltsr,wZ)=x(2), ZeT(F)*,
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of the Riemannian foliation .%. Here « € Q!(M) is the mean curvature of .%. We
recall that one sets

aX, X)=nVy X', X, X €Xz,
W(Z): T(F) - T(F), go(aX, X", 7 Z) =gr (WX, X'), ZeC®(T(F)7h).
Finally, « € Q'(M) is given by

kK(X)=0, k(Z)=TraceW(Z), X e€Xy, Ze C®(T(F)").

Definition 4.129 The bilinear form B7(¢) € C °°(Q* ® Q*) is the transverse sec-
ond fundamental form of ¢ and its trace 77 (¢) with respect to g¢ is the transverse
tension field of ¢. O

The proof of Theorem 4.127 may be completed applying the following identities

V(@) oag = Y ("), (4.173)
Z(Y o/ ™) ooy = Z(Y ¢'™), (4.174)
(.5) oap = Pus, (4.175)

(D2 @,5) oag = DY ¢,.s. (4.176)

forany Y, Z € X(M) and any s € C*(Q). At its turn, the proof of (4.173)-(4.175)
is straightforward. The identities (4.173)-(4.175) and (4.156) then yield (4.176). To
prove (4.172) we compute

() = (20)” Br@) (7 dpri s 7 0ps;)- 4.177)

One has [by (4.157)]

Br (@) (7 0psi s T pyj) =

82¢p’+w a¢p'+u a¢p'+v (F/"—’ ¢) . a¢p’+w }( L )¢
— - - o¢)—TI% T —
Ayl dyJ dy! dyJ w Vo gyk ayw

Here F; « are local coefficients of the canonical adapted connection V € € (Q, go),
ie.,
0 . 0

Vis/avi — =T —.
(@/ayi)t T ]kﬂ 8y1

ayk

As ZLx go = 0 for any X € Xz, it follows that (go),; € Q3(Fv). Also Vgo =0
implies
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i i 1¢0 . 9(go) agQi‘
Fljkz(gQ)lekZ’ Fijkz—{ (gQ)’k+ ( )Ik_ ( )J}’

21 9yJ oyt ayk
hence : ( )
ik i 3(g0)" 1 ij re (8o
— (80)'T%; = v 5 (80)" (20) 7y K (4.178)

Finally, (4.172) follows from (4.177) to (4.178) and the identity

1 0G

s jk a(gQ)jk
G 9y '

oyt

= (30) (4.179)

Let us briefly examine the structure of the (%, ¢)-harmonic map system (4.171).
Let (M, %, g) be a compact orientable foliated Riemannian manifold where
Z 1is transversally oriented Riemannian foliation and g is bundle-like. Let a5t :
QL(F) — Q47 (F) be the star operator associeted to gg, i.€.,

wARo=v, ©eQF).

The ordinary L? inner product on /(M) restricts on basic forms to

(a,ﬂ):/ a/\(%ﬁ)/\)(;;.
M
Let

8p : QL(F) — QL (F)

be the formal adjoint of dg with respectto { , ).

Definition 4.130 The basic Laplacian is
Ap =68gdp+dpsy: QUp(F) > QU(F), 0<j<q. (4.180)

O

The adjoint §5 may be expressed as
Spw= (D1 i(dpio —k ko), oe Q). (4.181)

It should be emphasized that (4.181) requires the additional assumption k € SZ}; ().
As a consequence of (4.181) the basic Laplacian (on functions) is locally given by

0

1 u ou
VG 3yl

[VG (s0)” @} —(g0)” B HERRP). @)

ABu:



500 4 Riemannian Foliations

Here k; = k(3/dy"). Locally t5 = «' 7 (9/dy") and k' = (g0)"” k. The restriction
of Ap to a transversal manifold is an elliptic operator so that Ap is transversally
elliptic (in the sense of [KaAl], p. 58). Next [by (4.172) and (4.182)], the (%, ¥)-
harmonic map system may be written

ij a¢p’+u a¢p/+v
oyl oy’

ABd)p,'HU + (gQ) (F/uwv o ¢) = 0, (4183)

a nonlinear transversally elliptic system of variational origin.

Example 4.131 ((.#, ¢)-harmonic maps of linear foliations) Let T> = S' x S' be
the 2-torus carrying the linear foliation .%; of gradient A, /A; [with A = (A1, A1) €
R2, A # 0], i.e., %, is the flow of T2 spanned by X; = A1 S; 4+ A5, where S4 €
X(T?) are the (globally defined) vector fields locally given by S4 = 8/364 on U C
T? for each coordinate system

x=0".0:U— (0} —m. 00 +n)x (03 —m.6f+7) CR*, x ‘(@)= (), &),

for some ||6]| < 7 and any [l — 6|l < 7. Here |la|| = max {|ay |, le2l}. If g is
the natural flat metric on T2, i.e., g(Sa , Sp) = 84, then the induced bundle metric
gv(%;.) is invariant under sliding along the curves

vo . R—T* ye()=x""0+11), teR, [0]<m.

Indeed, as Z, = ||A||‘1(Ale —AlSz) spans T(ﬁ“,\)L, the bundle isomorphism
O, ! v(ﬂ)\) — T(Z)* is given by (rg(s;\) = Z, where s; = n(Z,\). Here ||A? =
A% + A%. Therefore, g‘,(%)(s}\ , sk) =1 and 6)()\5‘;\ = 0 so that 6XAgv(_%) =0, 1e.,
(ﬁ 3 gv(,;;.ﬂ)) is a Riemannian flow and g is bundle-like. Since Vfﬁ X, = Otheleaves
of Z; are geodesics of (T2, g). Inparticular tz = 0.1f ¢ € C®(.F;, ¥) isafoliated
map 7 : T?> — N into a foliated Riemannian manifold (N, ¢, h), then

@) = DY, 0u5i — 0:Vz,5: = | 2267 7) + (/1 00) 267 ) 207 )| (5 )
on ¢ (% (. Let U, x) be a local coordinate system on T2 as above with U N
¢~ (%) # 0. If .F, is a linear foliation of irrational gradient A,/A; € R\ Q, then
the leaf y,(R) is dense in 72 (and diffeomorphic to R) hence Q% (ﬂ]) = R. Con-
sequently [by (4.183)], each (., ¢)-harmonic map ¢ : T> — N is locally given
by ¢(0) = (¥ (0), c) where ¢ : U — R” and ¢ € R? are, respectively, an arbi-
trary C* function and an arbitrary constant. Let us look now at the opposite case
where .%; has rational gradient A,/A; € Q. Then .%; is simple and has compact
leaves (diffeomorphic to S'). The change of local coordinate x = A0 + 1,02, y =
20! — X167 furnishes alocal foliated chart (U, x, y) € .%;.Indeed 7(3/9x) = Oand
7(d/dy = ||A||"'sy so that y is a transverse local coordinate. In the new coordinates
7, = ||A||a/dy and ¢?** are functions of y alone so that [by (4.171)] ¢ : T> — N
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is (%, ¢)-harmonic if and only if

92 pHw P p'Hu 9 p'+v
AR T Rk A L
dy? dy dy

If for instance N = T2 and ¥ = F, (with p € R?\ {0}), then ¢*(y) = ay + b for
some a, b € R. [l

4.10.2.2 (%, ¢¥)-Harmonic morphisms
ItV e CK(Q, gQ) is the canonical adapted connection we set
(Vxo)s = X(w(s)) —o(Vxs), e C®(Q*), seC®Q.

In particular for each u € Q% (%)
VX<(dBu) o Ug) =0, XeXz,
Vy((dsu) 0 0y) = (Vidpu) ooy, ¥ € CXT(F)),

We adopt the notation

d 0u ou
Ujj = (Va/i)yi((dgu)dg)ﬂ(a—yi) = ay’ 8y] — Flk/a_yk , UuUe€ Q%(y)

For any ¢ € C®(Z, 4) and f € Q%(9)

ij a¢p’+u a¢p’+v
ay! oy’

of
Ay«

(fuo 40 Y 09,

(4.184)

Ap(fod)=(5709)Apg” ™ + (g0)

Theorem 4.132 Let %, be the trivial foliation by points on N. Then any (%, %)-
harmonic morphism ¢ : M — N of (M, %, g) into (N, %, h) is a (¥, %)-
harmonic map.

(1) If dim N) > cod(%), then there are no (%, %y)-harmonic morphisms of M
into N, except for the constant maps.

(i) If dim(N) < cod(F), then, for each (F, %y)-harmonic morphism, ¢ : M —
N

¢*h=Ayg on H =Ker(dp)" (4.185)

where Ay = (1/dim(N)) ldr ol Also ¢ : M\ C(¢p) = N is a C* submersion
where C(¢) = {x € M : d,¢ = 0}. Moreover, each leaf of the foliation induced
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by F on M\ C(¢) is a submanifold of some connected component of a fiber of
¢ : M\ C(¢p) — N.Inparticular, if dim(N) = cod(F) and C(¢p) =, then F is the
simple foliation determined by the submersion ¢ : M — N.

Proof By a result of Ishihara, [Ish], for every point yo € N and every system of
constants C,, , Cy , € R such that Cy, = C,,, there is a normal coordinate system
(%, Y") centered at yyp € % C N and a harmonic function f : % — R such that
fu(o) = Cy, and f,, ,(yo) = Cyp forany 1 < u, v < n’. This is commonly referred
to as Ishihara’s lemma (cf. again [Ish]). Here f, = df/0Y" and f, , are the local
components of the covariant derivative of df. Of course the canonical adapted con-
nection of % is the Levi-Civita connection of the background Riemannian metric.
Let xo € M and yy := ¢ (xp). Let us apply Ishihara’s lemma with

Cu=8u,uoa XuUZOa u()e{la T n/}7
so that to produce a normal coordinate system (%, Y*) at yy such that ¢ (U) C %
and a harmonic function f : % — R with f,(y0) = Suy, and f, ,(y0) = 0. As ¢ :
M — N isa (F#, %)-harmonic morphism
Ag(fogp)=0 on U,

hence [by (4.184) at the point xo with p’ = 0],

a v 8 w
d)' (x0) ¢

3y G0 5T GO T () =0,

(A5$™) (x0) + (20)" (x0)

ie., ¢ isa (F, %)-harmonic map. Next, let C,, € R be a system of constants such
that

’

Cuv = Cvu s i: Cuu =0.

u=1

By Ishihara’s lemma there is a harmonic function f : 2 — R defined on a normal
coordinate neighborhood % C N centered at yp = ¢ (xo) such that

fu(y()) = Oa fu.v(yO) = Cuv .
Again by (4.184)
3¢ 9"

- (x0)

0= A3(f 0 9)x0) = (80)" (x0) 5 0) 5 5(x0) Co-
Let us set 2" 96"
uv __ ij
X" = (go) ayl ayl

Then C,,, X"*(x9) = 0 or
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D Cun X" (@o) + ) { X (o) = X" (x0)} Cuu = 0. (4.186)
UuFv u

Now let us choose C,, = 0 for any u # v and

1 if u=uy,
Cow=1-1ifu=1 uef2, ---,n}

0  otherwise.
Then [by (4.186)] X*0*“o(xq) — X' (x9) = 0, that is
X" (x) =+ = X" (x0)

and (4.186) becomes

> Cuw X" (x0) = 0.
u#v

At this point we fix ug, vo € {1, -+, n’} with ug # vg and choose
1 if u=wuy and v =g,

Cp =

0 otherwise,

so that to yield X*°" (xo) = 0. We obtained X**(xg) = O for any u # v. Next, let us
set

ij 09" ¢!

_ 11 _ v o]
Ay =X"=(g9) 957 y7 e C®(U).
Then B 3" 3¢"
(80)" (x0) 5 (x0) 377 (x0) = A (30) 8" (4.187)

Let us contract ¥ and v in (4.187) and use hy,) = h and h,,(yo) = 8,,. We get

1
Ay = |dr ¢’||jO

so that Ay is a globally defined C* function on M and Ay(x) > O for any x € M.
As ¢ € C®(F, %), the functions ¢* = Y" o ¢ are basic (with respect to Fy).
Consequently, if Ay = 0, then ¢ is a constant map. Clearly C(¢) is the zero set of
Ag. Let us assume that there is xo € M such that Ay (xo) # 0. As [(g0)” (x0)] is a
positive definite matrix, there is a = [a}] € GL(g, R) such that
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.. 9 . .
(80)” o) = ) _aial.

k=1

Let {W!, ..., W'} C RY be given by

Then we may write (4.187) as
(W", W") = Ag(xp) 8"

where ( -, -)isthe Euclidean inner productin R?. Hence, the vectors {W* : 1 <u <
n'} are nonzero and mutually orthogonal. Therefore, n’ < ¢ and the n’ x ¢ matrix

(le o W”/)r — [E;ﬁ? (XO):I .a

has rank n’ (a dot denotes ordinary matrix product). In particular d,,¢ has rank n’

and we may conclude that ¢ : M \ C(¢) — N is a C* submersion on some open

neighborhood of xy. Next, the Riemannian gradient of ¢“ is (in the chosen local

coordinates)

504" 0
dys 9y

Vo' = (go)

so that

Claim. The vectors {(Vd)“)

X0

tl<u< n/} are linearly independent.

Proof Indeed, if o, (V¢*) =0 witha, € R, then

X0

ap"
—(x0) =0=—= a, =0
ay/

ay (gQ)ij (xo0)

as rank [9¢" /dy/] =n'. Q.e.d.

X0

Let .77;, be the linear span of {(V(}&”))r cl<u< n’} over R.
Claim. The definition of 7;, doesn’t jepend on the choice of normal local coor-
dinates centered at ¢ (xq).

Proof Indeed,letz, 7: R" — T (xy) (V) be two linear frames tangent to N at ¢ (xp),
so that Z(e,) = a“ z(e,) for some [a!] € GL(n', R). Let N, = {w € Ty, (N) :
|lw| < r}, r > 0, such that the exponential map expy,,, : Ny — N is a C* dif-
feomorphism on the image % = expy,, (N,). If x = (Yl N Y”/) and ¥ =

(7] S, 7”/) are the corresponding local charts, i.e.,
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1 -1

X =(z0expyi,) X =(Toexpyyy)

then V@' = a¥ V¢ where " =Y o ¢p. Moreover,

(d$)(V4"),, =(V$"),, (#") aiv)w =g(Vo". vo'),, (a?/v>¢(xo>

0
=Ny (x0) <8Y“ ot

hence
(¢7h)(Ve", Vo'), = A(x0)* 8" = Ay(xo) g(V$", Vo'),

ie., (9*h)y, = Ag(x0) gx, holds on % as announced. By (d¢)T (#) = (0) and a
dimension argument, it follows that 77+ = Ker(d¢) and T (%) C Ker(d¢). Theo-
rem 4.132 is proved.

A version of Theorem 4.132 where the target manifold N carries an arbitrary
Riemannian foliation ¢ # %, would require a foliated version of Ishihara’s lemma.
The problem is open.

Let us discuss the realtionship of (%, ¢)-harmonic morphisms to basic coho-
mology. Every foliated map ¢ € C*°(.%#, ¥¢) induces a map ¢* : Q}g (4) — Qg (F)
such that ¢* o d; = dp o ¢*. Hence, ¢* descends to a map ¢* : Hé (@) — Hé (%)
between the first basic cohomology groups. Here d, : Q%(9) — Q%(9) is the basic
complex of the foliated manifold (N, ¥).

Definition 4.133 A (%, ¢)-harmonic morphism is said to be submersive if ¢ :
M\ C(¢) — N is a submersion. [l

By Theorem 4.132 every (%, ¢)-harmonic morphism is submersive provided
that 4 = %,. We shall show that

Theorem 4.134 Let (M, 7, g) be a compact, orientable, foliated Riemannian
manifold, where F is transversally oriented and Riemannian, and g is bundle-
like. Then, for any surjective submersive (%, 4)-harmonic morphism ¢ : M — N
of (M, F, g) into another compact, orientable, foliated Riemannian manifold
(N, 4, h)(with 4 transversally oriented and Riemannian, and h bundle-like), the
induced map on basic cohomology ¢* : H }, (¢9) —> H }, (&F) is injective. In particular

Here
5 (F) = {w € QY(F) : Apw = O}.

Lemma 4.135 A foliated map ¢ € C*(F, 4) is a (F, 4)-harmonic morphism if
and only if p*w € QL(F) is Ag-harmonic for each A'y-harmonic form w € Q(9).
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Proof Let us assume that ¢ is a (%, ¢¥)-harmonic morphism and let us show
¢* H ) (G) C H)(F). Letw € H#,}(4). The identity

(Ap0. 0),; = |dy o] + 55 o]’

implies that w is d-closed. In particular dw = 0 hence (by Poincaré lemma) for each
Yo € N there is aneighborhood % C N of y and a C* function f : % — R such
thatdf = w. Asw € Q}B(g), it follows that f € Q% (Y ). Yet w is also §j;-closed,
hence f is A’j-harmonic. Then

dg(¢p*w) =dz(fo$) =0, Sp(¢p*w) =85dp(f o) = Ap(fo¢) =0,

because ¢ is a (%, ¢)-harmonic morphism. Viceversa, let f : 2 — R be a local
A’;-harmonic function and let us set w = dj f € QL(%). Then

Ao = dy 8y dyy f = diy A f =0,

i.e., w € H)(9). Our assumption is that ¢* 7, (4) C s, (F) hence ¢p*» must be
dg-closed. Finally,
0=255(¢p*w) =8pdp(f o)

so that ¢ is a (&, ¢)-harmonic morphism. Q.e.d.

To prove Theorem 4.134 lety € Hé (%) suchthat p*y = 0. As N isacompact ori-
entable manifold, and ¢ is transversally oriented, we may use de Rham-Hodge theory
for Riemannian foliations (cf. e.g., [PaRi]) to conclude that y has a A’y-harmonic rep-
resentative w € jfBl (%). Precisely, the existence of a A’y-harmonic representative for
y follows from Theorem 3.2. in [PaRi], p. 1268 (implying Theorem 12.30 in [Ton]).
As ¢ : M — N is a (&, ¢)-harmonic morphism, we may apply Lemma 4.135 to
conclude that ¢*w is a A g-harmonic representative of ¢*y € H é (#). By Theorem
3.2 in [PaRi] the assumption ¢*y = 0 yields ¢p*w =0. As¢p : M\ C(¢) - N isa
submersion, it follows that wg) = 0 forany x € M \ C(¢). By Sard’s theorem the
set of all regular values of ¢ is dense in N hence (by continuity) w, = 0 for any
y € N.Qe.d.

The spaces ¢ () and ¢ (¢) are finite dimensional (again by Theorem 3.2
in [PaRi]). The last statement in Theorem 4.134 then follows from Theorem 12.30
in [Ton].

Example 4.136 (Morphisms of Killing flows) Let (M, g) be acompact Riemannian
manifold, and let T be a unit Killing vector field on M. Let .% be the Riemannian
foliation of M by orbits of 7. We denote by G the closure of {exp(t T') : t € R}
in Isom(M, g). G is a compact Abelian group, hence a torus. Every basic form on
(M, %) is then G-invariant, i.e.,

LIQU(F) M, 0<r<n-—1.
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Let ¢ € C°°(3?, %) be a foliated map of (M, %) into (N, &), where ¥ is the
foliation of N by orbits of a unit Killing vector field S € X(N). Then

(d:®) Ty = A(x) Spx)
for some A € C*°(M) and any x € M.
Definition 4.137 The function A = (¢p*h)(T, T) is the square dilation of ¢. (I
Claim. The diagram

I(T)*

H(F) - H (M, R) % BY(2) 25 HP ()

" A 1 A (4.188)

l(S)*

Hy(@9) -5 H'(N, R) 5 B (@) 25 HIP (@)

has exact lines and the vertical arrows are induced by ¢.

Proof The first claim follows from Theorem 10.13 in [Ton], p. 139, as the short
exact sequence of complexes

0— Q7)< @ un® L

— Q) >0
is exact and
H (Q*(M)%) ~ H' (M, R)

(a group isomorphism). Moreover, the pullback of basic forms by the foliated map
¢ induces maps on cohomology ¢* : Hy(¥) — Hy (%) for every r > 0. Next, for
any w € Q'(N)

i(T)¢"w=19"i(S) w. (4.189)

We recall (cf. e.g., formula (10.15) in [Ton], p. 140) that the connecting homomor-
phism
87 : Hy (F) — H (%)

is given by
o7 [a]B =[(d x~) /\“]B

for any o € Q;_I(f ) such that dga = 0. Here [«] is the basic cohomology class
of «. Then

(87 ¢* — 0" 84) 1Bl = [d(x7 — " xv) A " B],

forany 8 € QY "(@) with d/ B = 0. Let us set
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o« = (x5 — ¢ xs) A O B €T (M).

As xz(T) =1
i(Ta=(1-2)¢*B. (4.190)

As T is Killing one has (by Theorem 10.6 in [Ton], pp. 133-134) % x# = 0. Thus
(by Cartan’s formula), i (T)d x# = 0. Similarly [by (4.189)],

i(T)¢"d xg = 0.

Asi(T), ¢* B =0, it follows that i (T) d @ = 0, thus yielding

Proposition 4.138 Let ¢ : M — N be a surjective, submersive (%, 4)-harmonic
morphism of Killing flows (M, .%, g) and (N, 4, h), of square dilation A. If . = 1,
then the squares in (4.188) are commutative and

@) Ker{d)* . H*(N, R) > H*(M, ]R)} C Ly Hé(g). In particular, if N is a real
surface, then ¢* : H*(N, R) — H?*(M, R) is injective. Let us assume that the Betti
numbers by(M) and b3 (N) vanish. Then

>ii) ¢* : H; (N, 9) - Hg(M, F) is injective.
Proof The commutativity of the middle square in (4.188) follows from (4.189). Next
[by (4.190)], the (r + 1)-form « is basic, so that

d(x7 —¢* xg) Np* B =dpa

hence the right-hand square in (4.188) is commutative. To prove statement (i) let [w]
be a de Rham cohomology class in Ker [i (S )*] =Im (L*) To prove statement (ii) let
[y]s € Ker (¢*) N Hg(%). As b3(N) = 0 the sequence

HY D) 25 H3 (@) — 0
is exact. Hence, there is [8]5 € H)(%) such that 84 [B]5 = [y]s. Thus,
0=0¢"[yls = ¢" s [Blp = 55 ¢" [Bls,
ie., [by by(M) = 0],
¢* [Blp € Ker (87) = Im[i(T),] = 0.

Q.e.d. ([l
Our next task is to prove the following.

Theorem 4.139 Let ¢ € C*™ (9 , go) be a nonconstant (37 , go)-harmonic mor-
phism. Then ¢ is an open map, i.e., ¢ maps open subsets of M into open subsets of
N. Consequently, if M is compact and N is connected, then N is compact and ¢ is
surjective.
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This is a foliated analog to B. Fuglede’s result in [Fug]. The proof is by contra-
diction. Let xo € M and let U C M be an open connected neighborhood of xy such
that ¢ (U) is not an open neighborhood of y, = ¢ (xp). We also assume that U is a
relatively compact subset of a local neighborhood ¢ : D — R”, i.e., U is relatively
compact in D. Here n = dimg (M). The there is a sequence y, € N \ ¢(U) such
that y, — yp as v — oo. Moreover, let I'(x, y) be a positive Green function on a
neighborhood % C N of yy, i.e., forany y € % one has T'(-, y) > 0 and

A'T(-, y)=0 in %\ {y}.
Here A’ is the Laplace-Beltrami operator of (N, k). As well known I'(x, y) — oo

when (x, y) tends to the diagonal % x %/ . We may assume without loss of generality
that U € ¢~ '(%). Let us set

vw@) =T(x, n)., xe%\{n}
so that v, is positive and
ANv,=0 in %\ {yu} D ¢U).
Of course ¥ = ¥, yields A’; = A’ hence the function u,, = v, o ¢ is positive and
Aguy =0 in ¢~ (% \{n})
and in particular in U. Yet
uy(x0) = vu(y0) =T (o, y) > 00, v — 00,

hence there is a compact subset K C U such that xo € K and the sequence

[sup {uv(x) 1 x € K}}

v>1

is bounded. Let A be the Laplace-Beltrami operator of (M, g). A is an extension
of the basic Laplacian Ap [from Q% (Z) to C®°(M)] hence Au, =0 in U. The
reminder of the proof of Theorem 4.139 requires the Harnack inequality. Let us set

- ad d
(p:(xl’ ,x”), [gAB]Z[gAB] 1’ gAB:g(ax—A’ ax—B)oq)il'

Lemma 4.140 Let Q2 = @(U) C R” and let f € C®(RQ) satisfy f > 0 in Q2 and
A(f o@) =0inU. Then, for any Euclidean ball B4r(y) C <,

sup f(x) <C inf f(x) (4.191)

xe€BR(Y) X€BRr(y)
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where C = C(n, A/A, VR) > 0 is a constant depending only on n, A/, and VR
with

A = m max sup \gAB(x)i, v=21""n sup |bA(x)|. (4.192)
AB LG xeQ
Here
a1 G
b = ghB L‘/_, G =det [gas], »=inf A(x) >0,

dxB xeQ

where 1 (x) is the smallest eigenvalue of the matrix [g##(x)].
Proof of Lemma 4.140. Under the assumptions of the lemma

! 9 uB af M of .
A;m(g @ 5e5) TP G =0 in 9.

Next [with the definitions in (4.192)]
g"P(x)Erp = MIEP, EER,

Z |8AB()€)|2 <A AT Z |bA(x)|2 <V, xeqQ.
A B )

Also  is bounded hence f € W'2(R). Therefore, one may apply Theorem 8.20 in
[GiTr], p. 199, to conclude that (4.191) holds.

Let us go back to the proof of Theorem 4.139. As ¢(K) is a compact set there
exists > 1 and x; € ¢(K) and R; > 0 such that

9(K) C | Bar, (x) C Q.
i=1

Let f, = u, o ¢~ . Then [by (4.191)]

sup {u.,(x) I X € K} < sup {f,,(x) I X € UBR‘.(xi)} <C max{xeli;’:f(x_) fHlx) i 1<i< s}.

i=1

As ¢ : M — N is nonconstant K \ ¢~ !(yg) # @. Also as M is connected ¢ cannot
be locally constant. Therefore, (relabeling x; and R; if necessary) one may assume

sup {u,(x) : x € K} <C inf f,(x),

X€EBg, (x1)

Br,(x)) No[K \ ¢~ (vo)] # 2.
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Indeed if ¢ ™' [ B, (x1)] € ¢~ (30), then, for each x € ¢~![ B, (x1)], one has u, (x)
= v, (y0) = u,(xp), a contradiction. Thus,

sup u,(x) < C inf {fv(x) : x € B, (x1) Ng[K \ ¢*1(yo)]}. (4.193)

xekK

Finally,
x e K\ ¢ ' (30) = uy(x) = v, (¢ (x)) = T(d(x), y») = T (p(x), y9) <00, v —> 00,

and the fact that { SUp,.ck uv(x)}v>] is unbounded contradicts (4.193). To complete
the proof of Theorem 4.139 note that ¢ (M) is compact (as the image of a compact
set) and in particular closed. Yet (by the first statement in Theorem 4.139) ¢ (M) is
also open so that (as N is connected) ¢ (M) = N. As a consequence of Theorems
4.134 and 4.139 one obtains

Corollary 4.141 Let M, .7, g) be a compact orientable foliated Riemannian man-
ifold where F is a transversally oriented Riemannian foliation and g is bundle-like.
Let ¢ € C* (ﬁ, {%) be a foliated map into a Riemannian manifold N thought of
as equipped with the trivial foliation by points %y. If ¢ : M — N is a nonconstant
(ﬁ , {%)-harmonic morphism, then

(i) N is compact,

(i) ¢* : H'(N, R) — H}; (F) is injective,

i) dimg 7, (F) > bi(N).

Here b (N) is the first Betti number of N. To replace %, in Theorem 4.139 by
an arbitrary Riemannian foliation ¢ one should produce estimates from below on
a fundamental solution 'z (x, y) to the basic Laplacian [describing the behavior of
I'g(x, y) as y — x]. This is an open problem.

Let (M, g) and (N, h) be two Riemannian manifolds and x € M.

Definition 4.142 A C* map ¢ : M — N is horizontally weakly conformal at x if
either d,¢ = 0 or

hoo ((dep)v, (ded)w) = A(x) g: (v, w)

for some A(x) € R\ {0} and any v, w € J#, = Ker (dx(b)l Cc T, (M). O

Let us consider (M, %, g) and (N, %, h) where ¥ is transversally oriented
and Riemannian, and g is bundle-like. If § € C*(.#, %) is a nonconstant (7, %)-
harmonic morphism, then (by Theorem 4.134) ¢ is horizontally weakly conformal
and a (ﬁ , {%)-harmonic map. The following result deals with the converse.

Theorem 4.143 Let ¢ € C™°(.F, ¥4) be afoliated map of foliated Riemannian man-
ifolds where both F and 4 are transversally oriented and Riemannian while g and
h are bundle-like. If  : M — N is horizontally weakly conformal of square dilation
A € C®(M) and a (%, 4)-harmonic map, then
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Ap(fod)=A[Ay f +ou(zs)f] oo (4.194)

for any C® basic function f : % < N — R. In particular if the foliation 94 is
harmonic, then ¢ is a (%, 4)-harmonic morphism.

Here o), : v(4) — T(¥)* is the natural vector bundle isomorphism and 74 €
C*(v(¥)) is the mean curvature vector of & in (N, h). A crucial ingredient in the
proof of Theorem 4.143 is the identity

q

Asf=), {Gg(ri)%(ri) ~ 0 Vo, i) ri} f—o4(tz) f. (4.195)

i=1

A proof of (4.195) is given at the end of Sect.4.7.2.2. Let (U, x*, y') € .% and
(% , X4, Y “) € ¢ be local foliated charts such that ¢ (U) C % . Let us rewrite
(4.184) as

..a¢p’+w 3f ¢ i.a¢[”+ua¢[/+v

ij . J

() e 2
(4.196)

Ap(f o=z @®" - (30)

where
Pf o O

T ayvayr o wayw’

Fuw f eQ%¥).

If ¢pis (F, ¥)-harmonic 17 (¢p) = ¢, T#. Alsoif ¢ is horizontally weakly conformal
with square dilation A, then (by Lemma 2.4.4 in [BaWo], p. 47)

apM 9N
(o Sog) = AR, (4.197)
AB -1 9 9 /
[g ]=[gAB] ) gm=g(m,m), 1<A,B=<n, 1<M,N=<n.

We also set [g*/] = [ga,g]_l (the leafwise cometric relative to .%). Then (4.157)
yields -

grt i = (go)”. (4.198)
Next [by (4.197)for M = p’ +uand N = p’ + v],

. p+u p'+v
ij ¢ a¢ — A hp’+u. p+v

(gQ) ayi ayj

[as ¢pP T € Q% (3‘};) forany 1 < u < ¢’'] and (4.196) becomes

Ap(fod)=A(hug)” fu (4.199)
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Yet [by (4.195)],

,
Ny f =Y {on(n) = 01 Vi v} £ = 0n(za) £
u=1

on % for any local A, )-orthonormal frame {yu 1l <u< q/} (defined on the open
set 2 C N) in the transverse bundle v(¥¢) — N. Thus,

(hu(%))uvfu,v = A/B S+ Uh(fg) f

so that (4.199) yields (4.194).

We anticipated the useful local expression (4.195) of A [alternative to (4.182)].
To prove (4.195) let {r,~ 1 <i < q} be alocal gp-orthonormal frame of Q defined
onU C M. As

o,(r) f =go(@ Vf. r), reC®v(%), feCM),

we may conduct the calculation (as A gg = 0)

> {o(ri) o) = 0 Vogryri | £ = 3 {os ()80 V. ri)] = 20w V1. Varyiryri) | =

= ZgQ(Vagm)” V1. 1) = (80)" 80(Viam V. 7 0 ))

and

ij 0
T Vf = (gQ)j f 713,,+,~ , f € Q%(ng),

9yt

hence [by (4.167) and (4.182)],

> {oe () o) = 0 Vorori } £ = diva[(x V1) 90] =

i

) ij 0 f ij 0
:dlvB[(gQ)j a—yj31;+i] =Apf+ (gQ)j 3y

Kj

implying that (4.195) holds on U for any f € Q% (Z). Let Z(A) = C*°(M) and
P(Ap) = Q%(F) be the domains of A and Ajp, respectively. As a byproduct of
(4.195) A C A,i.e.,the Laplace-Beltrami operator of (M, g)isan elliptic extension
of the basic Laplacian (on functions).
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4.10.2.3 Stability of (%, ¥)-harmonic maps

Through this section .# is a transversally oriented Riemannian foliation and g is a
bundle-like Riemannian metric on (M, .%). We shall establish

Theorem 4.144 Let (M, %, g) be a compact orientable foliated Riemannian
manifold. Let ¢ € C®°(F, 4) be a (¥, 4)-harmonic map into another foliated
Riemannian manifold (N, 4, h). Let {qbs,, €eCNF, 9 : —e<s,t < 6} be a
smooth 2-parameter variation of ¢oo = ¢ through foliated maps. We set M=
M x (—e, €) X (—¢, €) and

®:M—> N, 0,510 =¢,x), Is|<e [t|<e,

. W) = (d(x00>q>)(a)x’oqo,

Vix) = (d(x,o.O)q))(ai> ot

S/ x,0,0

foranyx € M sothatV, W € C°°(¢’1T(N)). Then

82ET (¢x,t)

— (0,0):/ (w)([1¢+Dag(f,)] y, n’¢W)dvg. (4.200)

Here Jy : C°°(¢’1v(%)) - CP (¢’1v(%)) is locally given by

q
— @ ] ¢
J¢U - Z {Do'g(ri) D(Tg(”i)v - D(rg[V,,

et F R, dr)ouri)
i=1

for any v € C°(¢~'v(¥)) and any local gp-orthonormal frame {r; : 1 <i < ¢}
in Q. Also R € C"“(@3 o @ )*) is naturally induced by the curvature tensor
field R’ of the canonical adapted connection V' € € (v(9), hyg)).

Definition 4.145 We refer to

Jr(@)=Jy+ D

og(t7)

as the transverse Jacobi operator while (4.200) is the second variation formula for
the transverse energy integral. O

Also Cg° ((/5’1 v(%)) denotes the space of allv € C* (qb’l v(%)) such that Dﬁv =
0 for any X € X . For each (s, t) € (—¢, €)? we consider the injection o, : M —
M given by a;,(x) = (x, s, t) and set P, ;) = (dvas )T (F)x, x € M. Then P
in an involutive smooth distribution of rank p. By the Frobenius theorem P is com-
pletely integrable. Let Z be the corresponding foliation of M sothat T (%) = P (in
particular.7 is the pullback of .7, i.e.,.# = 7}*.% where T M — M is the natural
projection). Note that ® is a foliated map, i.e., ® € C °°(,/ , 4), hence it induces the
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bundle morphism dy ® : V(%) - ®'v(¥). If r € C>(v(F ) we define a section
®,r in the pullback bundle ®~'v(%) — M by setting

(<I>*r)(x, s, 1) = (dT CD)(X,M) r(x,s, t), (x,s,t)e M.

a2ET (¢s,1)

We wish to compute {
as ot

} where
=1=0

¢st = / ||dT¢Y[ dvg

Note that o5, : M — M is a foliated map, i.e.,
ot;,GCOO( ,j) Is| <€, |t] <e.
For every section r € C*® (v(ﬁ )) we set
FeC®(w(F), Fx, s 1) = (dras,), r).

Also let w? =wo¢ e Coo(q&’1 v(%)) be the natural lift of w € Cw(v(%)). Let
{r; : 1 <i < g} be alocal gp-orthonormal frame of Q — M, defined on the open
setU C M. If

feC™(M), fix, s, 0 =]|dr.| @,

then
flx, s, 1) = Zhig)(q’*;ﬁ q’*Fi)(x,s.r)’ xeU,

where hfig) = &~ ! h, ) is the pullback of /1,4 by ® [a Riemannian bundle metric
on @' v(¥) — M]. Then

ZZhv(% D;D/at ®,7;, ®,F;) on U=U x (—¢, €)%,
where D® = @'V € €(® (%), hj,,) is the pullback of the canonical adapted
connection V’. Let us consider the sections

V, We Cc®(@'T(N)),

o _
W s, D ©) (37), o Gosn et

(x,s,1)

a
Vx, s, 0)(de,s,n P) <83)(9c s

‘We observe that
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D§y @ F = D—=a'W, reC®(v(F)). (4.201)

0y (r)
Given Y € X)M) we define
? € %(M), ?(x,s,r) = (dx as,t)Yx~

Then [by (4.201)]

Og (ri

8 —_—
3—{ = 22 o0 () [ e (2 O W, @, F) | = (7' * W, DE @ F) |

(4.202)
We need the following:

Lemma 4.146 For each (s, t) € (—e, €)? let ry 1C™® (v(f)) be the section deter-
mined by

hey (0O W, @, i) oy, = go(rer 1), u € C®(Q). (4.203)

Then ry, is a transverse vector field on (M, F), i.e., s, € L(F).

By (4.203) and Vg,(z) =0

0o (1) [, (7" W, @.7) | 0 0y = 0y (i) 800 (1o 1)) =

= gv(ﬂ‘)(vag(r,-)rs,ta ri) + gv(,?)(rs,ta V(7,5,(1’,-)"‘[)-

Lemma 4.147 Let {ri 1 <i < q} be alocal g g-orthonormal frame in the normal
bundle v(%) — M defined on the open set U € M. Then

q
20 (Voyirp 7o 7j) = divi(rs) (4.204)
=1

j
on U for any (s, t) € (—¢, €)2.

Thus [by (4.203)—(4.204)],

Zag(ri)[hf(g)(”,q) W, @, Fl)] Ol = diVB(rs,t) + Zh$g><ﬂ,¢ W, o, V:g—(:.)/r,)
; -

1

so that (4.202) may be written

N =

0g(ri)

af . @ - —
a7 oay; =divp (r”) — hfig)<n/ W, Z [D?v S, 7 — Dy Vo, ) r,-]) oy .
i
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Let us integrate over M and use the foliated analog (4.169) to Green’s lemma. We
obtain [by (4.203)]

1 af _ @ D -
3 /M <W oas,,> dvg = —/M [hu(,j)(n W, traceg, », B(®) — Py Tz ) o as,,] (1141);05)
where o
B(®)(u, v) = D;’\(M/) Q.0 — OV, yv, u, veECT(Q).
8
Moreover,

1 [ 9*f : .
5 /M T e = /;4 {hﬁg)<D§/ax 7'® W, trace,, , B(®) — D, 7:3/:) +

+ h\?@)<7r’® W, D;D/as [traceg”(},)B(q)) - @, fg‘])} d v,.
The first term evaluated at (s, ) = (0, 0) is

h;‘}g)(D;’;as 7'®W, trace,, , B(®) — @, W) o oo =

(7))

= h¢<|:ng/as x° W] 0.0, Tr (@) — Py ‘L’g;r) -0
as ¢ is /%, ¢)-harmonic. On the other hand [by (4.201)],

D®|trace,, , B(®) — &, 77} = (4.206)

7'® V}.

og(t7) 0¢[Vog i ril

@ -
- D% 7"V 4+ Z {D;D/aY D;;DT) o, 7 —D?
i

Let R be the curvature tensor filed of D®. Then (as [d/0s, 17] =0 forany Y €
X(M))

5 ® a —~ » ®
D, Do .7y = RP (ﬂ Ug(ri))CD*ri +D2_p_ 7%V

Ug(ri) Gg(ri)
and Theorem 4.144 follows from (4.206) by evaluating at s = ¢ = 0. Q.e.d.

Definition 4.148 The second-order differential operator
Ay : CF(p7v(@)) = CF (o7 v(D))

locally given by
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q
- _ ¢ ¢ _pt ¢
Ay = Z{Dawf)Dag(n) Dag[vag(,i)(r,>]}"‘Dag(rf)
i=1

is called the rough basic Laplacian. O
Also we set
q
Byw =Y R*(w, 1) $uri, weC®(¢pv(#))
i=1

so that
Jr (@) = Ay — Ry. (4.207)

This gives a bundle morphism %, : ¢~ (4) — ¢~1(¥) such that

Wy (% v, w) =Wl (v, Byw), v, wed™ (@)

Definition 4.149 The basic Hessian H (E T) of the transverse energy integral E7 at
a critical point ¢ is

H(ET)¢ = /th(%)(h(@ v, w) dv,

for any v, w € CY (¢~ v(9)). O

Definition 4.150 The basic index indg(¢) of a (%, &)-harmonic map ¢ € C®(F,
9) is the least upper bound of the dimensions dimg (F') as F runs over the subspaces
of C(¢~'v(¥)) on which H(ET)¢ is negative definite. O

Definition 4.151 The basic nullity nullg(¢) of ¢ is the dimension of the space

[vecyve) : H(Er), 0 v =0, wecF@ v@®)]

O
Definition 4.152 A (%, ¥)-harmonic map ¢ is weakly stable if indg(¢) = 0, i.e.,

H(Er),(v,v) 20, ve Cy (o 'v(®)).

Otherwise ¢ is unstable. (Il

Theorem 4.153 [f the foliated Riemannian manifold (N, ¥, h) has nonnegative
transverse sectional curvature, then any (%, 9)-harmonic map ¢ € C°(F, 9) is
weakly stable.
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Lemma 4.154 For each (%, 4)-harmonic map ¢ € C*°(F, 4) the rough basic
Laplacian Ay satisfies

/M Wy (Apv. w) dv, = /M (hﬁ’(g))*(m’ v, D?w) d v, (4.208)

foranyv, w e Cy (q)’l V(¥ )). In particular the transverse Jacobi operator J7(¢) :
Ccy (¢>‘1 v (g)) — CY (qb_l v (%)) is formally self-adjoint.

As to the notation in (4.208) one uses the map
PCF (@) - CR(T M) © ¢~ 'v(9)),
(D?v)Y = Dyv, veCy(p~'v(@)), Y eX(M).

The space C(T*(M) ® ¢~'v(¥)) consists of all C* sections ¢ in T*(M) ®
¢~'(¥4) — Msuchthat T(F) | ¢ = 0. Also (h‘f(g))* is the pointwise inner product
induced by hf(g) on C3(T*(M) ® ¢~'v(¥)), i.e., locally

(u(% (¢, ¥) = Zhvu)( ACAGH)E 1/f(ag(ri))>-

Let
(D?)": CR(T*(M) ® ¢~ 'v(9)) — CF (o7 v(¥9)),

<D(zJ v ‘p>B = (v, (D¢)* ‘p)B’

be the adjoint of D?. The next step is to establish a useful local expression of (D"’)*.
One has (by D? hl,, = 0)

(o (0 )y = [ () (0%, ) v,
(h‘f’(w)) D? v, gp Zhv@)( o, () Us (pag(r,))z

= Z {Ue Ti [ v(@) (v ‘/’Ug(rl))] - hf(g)(v’ ng(r,-)‘/’og(ri))}-

Next we consider the transverse vector field r, € £(#) determined by

h‘f(%(v, gocrg(r)) = g\,(y)(rv, r), r € C¥W(%)).
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Its basic divergence may be computed locally as

q
divp(r.) Z (Voroiyros ri) = ) {%(”)[81«9)(% Vi)] = gu(#)(rv. Vag<ri)ri)}

i

hence
Zag r, [ v goag(r,))]—d1VB(rv +h ( Z(pag Gg(,,)r,

Consequently [by (4.169)],

(v, (D?) ¢), = / [h‘f(g)(v, 9 oy(t7) — Trace,, (2? go)) } d v,
M
where the bilinear form 2? ¢ is given by
(9¢’ Q) (r, ) = (ng(r) p)s, r, s €CF(Q),
(D;’f (p)r = D? po,(r) —po,Vyr, Y eM reC®).

We may conclude that

(D?)" ¢ = —Tracey, (29 ¢) + ¢ 0y (t7). (4.209)
where (locally)

q
TI'anQ .@ §0 Z[ o, (i) P 9% rz) wo—gvﬂg(h)ri]'
i=1

In particular for ¢ = D? v

Agv = (D*)" D?v, veCF(pv¥). (4.210)
The identity (4.208) follows from (4.210). For any foliated Riemannian mani-

fold (M, #, g) let x € M and S C Q, a 2-dimensional subspace. Given a gg .-
orthonormal basis {r, s} C S we set

kr($) = go.x(Re(00x(r) , 00x()) 5, 7).

The definition of k7 (S) (the transverse sectional curvature of S) doesn’t depend on
the choice of orthonormal basin in S. By (2.6) in [ToVa], p. 309, k7 (S) < 0 if and
only if the model Riemannian manifold M, has nonpositive sectional curvature.
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At this point one may prove Theorem 4.153. Indeed if the model Riemannian
manifold Ny of (N, ¢, h) has nonpositive sectional curvature, then <,%’¢ v, v) g = 0
so that [by (4.208)]

H(Er), (v, v) = [ D? v|* = (% v, v), = 0
forany v € C3(¢~'v(#)). Here [l¢l> = (9. ¢)5.

Let that(%, 4) be the set of all (%, ¢)-harmonic maps ¢ € C®(.F, ¥).
Given ¢ € that(F, 9) let T, (that(ﬂ" , %)) consist of all infinitesimal variations

V € T,(C*(M, N)) induced by some smooth 1-parameter variation {¢S}\s|<e C
that(F, ¢) with ¢y = ¢.
Proposition 4.155 For each ¢ € thar(F, &)

n'? Ty (thar(F, 4)) C Ker[Jr(9)]. 4.211)

In particular dimg [7[/4) Ty (that(ﬁ, %))] < nullg(¢) .

Proof LetV e T, (tf)at(y, %)) and{q)_v}
variation of ¢ inducing V. Let { Ps. ’}I f<e C C®(Z, ¥) be an arbitrary 1-parameter
variation of ¢, i.e., ¢s.0 = ¢, for each |s| < €. As ¢ is (¥, ¢)-harmonic

C that(F#, ¢)asmooth 1-parameter

|s|<e

=0

=0

8 157 (255,
2

/M h(fM(JT((b) AT W) dvg = %{ET(%’)} =0

s=t=0

where W is the infinitesimal variation induced by {qﬁo,,}
7%V =0.

. Consequently, Jr(¢)

|t]|<e

Example 4.156 (Basic index and nullity of constant maps) Let yo € N and ¢ :
M — N the constant map ¢ (x) = yo for any x € M. If v € C°°(¢’1v(§f)), then
v(x) € V(¥),, for any x € M. Let {w, : 1 <u < q'} be a linear basis in v(¥),,
and let us set v, (x) = w, for each x € M (so that {v, : 1 <u < ¢’} is a global
frame in ¢~ 'v(¥4) - M. Let v € C®(¢~'v(¥)) be represented as v = f*v, for
some f* € C*(M). next ¢, r; = 0 implies %y v = 0 hence Jr(¢p) v = Ay v. Let
v E Cgo(q&’lv(%)) so that f* € Q%(ﬂ). Then D% v = (d f“) ® v, and we may
conclude [by (4.195)] that J7(¢) v = —(AB f”)vu. It follows that

Proposition 4.157 For any constant map ¢ : M — N the spectrum Spec|Jr ()]
of the transverse Jacobi operator is the set of eigenvalues of —Ap : Q% () —>
Q%(fﬁz ) counted cod(¥) times. In particular Spec[Jr(¢)] doesn’t depend upon
{yo} = ¢p(M) C N. Also indg(¢p) = 0 and nullg(¢p) = cod(¥).
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O

Example 4.158 (The identity mapping) Let (M, %, g) be a compact foliated Rie-
mannian manifold and ¢ = id the identity, i.e., ¢ (x) = x. Clearly id € thav(.%, ).
We say (M, %, g) is stable if ¢ = id in weakly stable (i.e., indz(id) = 0). Other-
wise (M, %, g) is unstable. It is immediate that id'Q = Qandid, = L) [the
identity mapping of C*(Q)]. Also D' =V ¢ %(Q, gQ) hence Z,q = S¥ where

Definition 4.159 The transverse Ricci operator S is locally given by

q
VW)=Y R, rri, ri e C™(Q).

i=1

a
Here RY € C °°( ®? Q*) is induced by the curvature tensor field of V. Next
Jrid) = Ag — SV
where
Definition 4.160 The rough basic Laplacian A = 84 is (locally) given by
- q
Ap =— Z {Vou Your — Vva(,i)r,.} + Vo) - (4.212)
i=1
O
Cf. also e.g., [NiTo], p. 603. Then
H(ET)id(v, w) = / {gQ(ZB v, w) — sV (v, w)} dvg, v, weCF(Q).
M
Here
Definition 4.161 The transverse Ricci curvature is
sV (v, w) = gQ(SV v, w), v, w € CF(Q).
|
Definition 4.162 A Riemannian foliation . is transversally Einstein if S¥ =
(A/2)id for some A € R. O

Cf. also [ToTo], p.232. We conjecture that a transversally Einstein foliation is
stable if and only if the first eigenvalue Af O of Ag [acting on Q% (F)] satisfies
kf’o > X, which is the foliated analog to Proposition 2.11 in [Smit], p. 234. ]
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A few comments are in order, as a follow up to Example 4.158. Another way to
generalize harmonic map theory to the foliation context is due to F. Kamber and Ph.
Tondeur, [KaTo6]. Their approach to the energy of a Riemannian foliation (9 , gQ)
of a compact oriented Riemannian manifold (M, g) is

E(Z) = %f 8o A xm) (4.213)
M

where the projection 7T (M) — Q is thought of as a Q-valued differential 1-form
7 € Q' (M, Q). Of course the bundle metric g0 induces a bilinear map of 0 ® Q
onto the trivial line bundle over M [explaining the notation for the integrand in
(4.213)] and the Riemannian metric g (so far unrelated to g¢) is used to build the
Hodge star operator, successively extended to Q-valued differential forms

x: Q'(M, Q) — Q" '(M, Q).
The energy (4.213) turns out to be trivial, i.e.,

E(F) = % Vol (M)

when g is induced by g. Yet given a family {.%, },;< of Riemannian foliations such
that %, = % in general the metric g fails to be bundle-like for .%, witht # 0. Every
section s € C*°(Q) induces a special variation of .7 . Indeed if

F = ({Ui},-d, {fi}id ) {V.ii}i,jel)

is a Riemannian foliation modeled on the Riemannian manifold M, then let us set
sie C2(Up, f7'T(Mo)), i) = (ds fi) o(s)e, x €U

fi(x) =expgy (tsi(x)), xeU, l|t]<e,

with € > 0 sufficiently small (such that the exponential mapping for M, is well
defined). Next we set

I = ({Ui}[el’ {fit},'e] ) {Vji}[,jel), [t] < e,
and a calculation shows that

e

:/ gQ(S, 'L';Z) dvg
M

=0

where 72 is the mean curvature vector of .% (cf. [KaTo7], p.529) so that .% is
harmonic if and only if .% is a critical point of (4.213) with respect to special
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variations. The variational approach to harmonic foliations is related to our Example
4.158 as follows. Let v, w € C*°(Q) and consider the 2-parameter variation

{ys't}fes,t<e’ 547” = ({Ui}iel’ {fi&'l}iel ’ {Vji}i,jel)’

[ =expy (svi() +1wi), xeli, [sl<e |t <e.

Then (cf. [KaTo7], pp. 536-538)

ds 0t {E(ﬁ},,)}s:t:o = AgQ(Jv v, w) dv,

where

Definition 4.163 The Jacobi operator is
Jy:C®(Q) > C®(Q), Jy=A-S".

O

Here A is the rough Laplacian on C*(Q), i.e., A = d}dy. Alsodyv = Vv €
QY(M, Q) and d% : Q' (M, Q) - Q%(M, Q) is the formal adjoint of dy with
respect to the L? inner product

(@, ﬂ>=/Mgz;(a, Brdu,, a feQM, 0, kelo, 1}

We may show

Proposition 4.164 Ler Z(Jv) = QY (M, Q) and 2(Jr(id)) = C*(Q) be the
domains of Jy and Jy (id), respectively. Then Jr (id) C Jv, i.e., the Jacobi operator
is an elliptic extension of the transverse Jacobi operator of the identity mapping.

It should be observed that although A and Jr(id) are defined on the whole
of Q°(M, Q) [unlike Ap which is only defined on basic functions (forms)] these
operators are not elliptic: their ellipticity degenerates precisely along the leaves of
Z . Indeed let Diff; (E, F) denote the space of all linear operators L : C*°(E) —
C°(F), of order k, where E and F are vector bundles over M. Alsowe set T'(M) =
T*(M) \ {0} and

Smbl(E, F) ={X e Hom(TT"'E, T"'F) : Z(pw)
=p"S(), weT' M), p>0}

where IT : T'(M) — M is the projection. Next let oy : Diff,(E, F) — Smbl,
(E, F) be the linear map (2.1) in [Wel5], p. 115 (so that o} (L) is the k-symbol
of the differential operator L). Letw € T'(M) withx = IT(w) € M andv € Q,. We
shall show that
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o[ Jr(d)], =go@V fiwV f)av (4.214)

where f € C°°(M) is chosen such that (d f)x = w.Tothisend lets € C*°(Q) such
that s(x) = v and setu = f — f(x). As Ziq has tensorial character Zia(u*s) =0
so that [by (4.207)]

. 1
o[ Jr(d)], @) =3 Ap(u?s)(x).
Then (4.214) follows from the identities

Ap(h?) =2k Agh+2 | (Vi)*|,

KB(hS) = hZBS — (AB h) s — ZV(V;,)L s,
for any h € C*°(M). By (4.214) the linear map Uz[JT(id)]w : Q0 — Q, fails to
be an isomorphism precisely when (V f)x € P.. This may be written locally (with
respect to a foliated chart (U, x®, y') € .7 at x)

gy + 8" My =0, 1<) <q, (4.215)

where @ = @y (d x*)_ + @, (d y') . On the other hand, if

§x* =dx* +g°"3gp+|,ﬁdyi, l<a=<p,
then {8 x,dy i 1<a<p, 1<i< q} is alocal coframe adapted to the decom-
position

T*(M) = P* @ (P*)"
and w decomposes accordingly
0 =0, (53%), + (@p1i — 87 () g1 s @) (),
Finally [by (4.198)], the condition (4.215) is equivalent to
Wpy1 = gaﬁ(x)ngri,ﬂ(x)a)w

ie,we P}
To prove Proposition 4.164 let s € Q°M, Q) and w = dy 5. Then [by (3.1) in

[KaTo6], p.102]
déa) = — Z (VEA LL))EA
A=1

on U for any (local) g-orthonormal frame {E 41 <A< n} onU C M. Then
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n
As = —Z HVEA Ve, s — vaAEAs}
A=1

on U. Let {X, : 1 <a < p} (respectively, {r; : 1 <i <gq}) be a local g-
orthonormal (respectively, go-orthonormal) frame of P (respectively, of Q) on U.
We may work with the frame {E A} = {Xa , o(r,-)}. Thus [by taking into account
(4.152) and (4.212)],

P
Zs:KBs—Z[%Xu %Xas—%nLvi Xas}—{—%fés 4.216)
a=1

on U so that As = Ags for any s € C(Q). In spite of the relationship to the
stability of Riemannian foliations (as emphasized by Proposition 4.164) the approach
in [KaTo6] appears as a chapter of the theory of harmonic maps in bundles whose
total spaces carry Sasaki type metrics (cf. Konderak, [Kon]) staying to harmonic
maps theory as the newer branch of harmonic vector fields (cf. e.g., G. Wiegmink,
[Wie]). Establishing an explicit quantitative relationship between the harmonicity of
Z and that of the section determined by P (in the Grassmann bundle of p-planes
tangent to M) is an open problem.

4.10.2.4 Transversally Holomorphic Maps of Kihlerian Foliations

Let .% be a trasversally oriented foliation of a Riemannian manifold (M, g).

Definition 4.165 .7 is transversally Kihlerian if

i) .# is Riemannian and g is bundle-like,

ii) The transverse bundle Q — M carries a holonomy invariant complex struc-
ture Jp : Q — Q [i.e., VxJy = 0 for any X € X7] such that go(Jor, Jos) =
go(r, s)forany r, s € C*(Q),

iii) V.Jo =0. O

Cf. S. Nishikawa and Ph. Tondeur, [NiTo], p. 599. If .% is transversally Kéhlerian,
then Q¢ (r, 5) = go (r, Jo s) determines a closed basic form (QQ)T € Q% (F) given
by

(QQ)T(Y, 2)=QoY, nZ), Y ZeX(M).

Let (N, ¢4, h) be another foliated Riemannian manifold whose transverse bundle
is equipped with a complex structure J, ) such that (g , Jv(g)) is a transversally
Kihlerian foliation.

Definition 4.166 A foliated map ¢ € C®°(F#, 9) is transversally holomorphic if

(dr ¢) o Jg = Iy, o (dr o) 4.217)
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where Jf(g) = Jyw) 0 9. (|

By a result of E. Barletta et al. (cf. Theorem 1 in [BaDr], p. 122) a transversally
holomorphic map is transversally harmonic if and only if grad B(q&”/*“) € Ker(x)
for any 1 <u < ¢’ and any foliated chart (% X, Y”) € ¢. Here gradgz(f) €
C>(P*) is the basic gradient of the basic function f € Q%(.F). Precisely if
n € C™(Q*) we set

nr(Y, Z)y=nxY, n2), Y ZeX(M)

so that n > 77 is a linear isomorphism of C°(Q*) = {n € C®(Q*) : V1 =0}
onto Q (F). Given f € Q% (F)letn; € C3(Q*) ands; € C*(Q) be determined
by

(1) =ds f. golss, r)=ns@), reC¥(Q)

Finally, grad (f) = o, (sy).
Transversally Kihlerian foliations abound. For instance the canonical S'-action
on the anti de Sitter space

n
H12n+] = {Z = (Zo, Lly oony Zn) S Cn+1 N _|ZO|2+Z|Zk|2 = —1}
k=1

determines a fibration HIZ”+1 — CH" (over the complex hyperbolic space CH”",
[KoNo], Vol II, p. 282) which give rise to a (totally geodesic) transversally Kahlerian
foliation .# of H 12"“. Also the fibers of any principal S'-bundle P?"+! L cpr
endowed with a connection 1-form n € Q! (Pz”“) determine a transversally Kih-
lerian foliation of P?**!. Here one endows P>**! with the Riemannian metric
g = p*grs+n®mnon P! where grs is the Fubini-Study metric on CP".

As customary one extends Jy (by C-linearity) to a complex structure JS on
Q ® C and sets Q"% = Eigen(J§; i) (the eigenbundle of J§ corresponding to
the eigenvalue i = +/—1) and Q%! = Q'-0. An overbar denotes complex conju-
gation. Let ;o : Q ® C — Q'Y be the projection associated to the decompo-
sition Q ® C = Q'"* @ Q%!. For each foliated map ¢ € C®(F, ¥) of transver-
sally Kihlerian foliations one defines the section d7 ¢ in the complex vector bundle
(QI'O)* ® ¢~ (%) — M [respectively, 37 ¢ in (Qo’l)* ® ¢~ ()0 - M]as
the restriction to Q¥ (respectively, to Q') of 71{ ; o (dr ¢). Then (4.217) is equiv-
alent to 37 ¢ = 0. The Hermitian bundle metrics g and £, () induce inner products

on Coo((Q1,0)* ® (/5*11)(%)1’0) and COO((QOJ)* ® ¢*1p(§¢)1’°> so that we may set

ko) = |oro|”, koi(@) = |or e

2, K(¢)=/M{k1,0(¢)—k0,1(¢)}d0g,
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for each ¢ € C*°(%#, 4). When &% = %, and ¥ = % (the trivial foliations by
points) themapt > K (¢,) is constant for any smooth 1-parameter family {¢, } i<e C
C®(M, N) (cf. A. Lichnerowicz, [Lic]). A foliated analog of the result and its
application to holomorphic maps of Vaisman manifolds and C R maps of Sasakian
manifolds is demonstrated below. We obtain

Theorem 4.167 Let {¢};j<c C C*(F, ¥) be a smooth 1-parameter family of
foliated maps of the foliated Riemannian manifolds (M, %, g) and (N, 4, h),
where M is compact and both F and 4 are transversally Kdhlerian foliations. Let
{a/ )< C Q' (M) be given by

t
@05 = [ (@) g (Vi (@90 X, ) . (4218)
0

t| <e, XeX(M), xeM.

Then

—1? i
K (/) — K (¢0) = ﬁ /M Q)1 Ak A xs Ay (4.219)

where 2m = cod(F) and p = dim(M) — 2m. In particular any holomorphic map
¢ : M — N of Vaisman manifolds, with M compact, is a weakly stable (%, 4)-
harmonic map. Also any CR map ¢ : M — N of Sasakian manifolds, with M com-
pact and preserving the Reeb flows, is a weakly stable (%, 4)-harmonic map.
In particular any foliated CR map ¢ : P*"*' — N into a Sasakian manifold N
is (F, 9)-harmonic and indg(¢) = 0.

Let (M, J, g) be a complex n-dimensional Hermitian manifold where J denotes
the complex structure and g is the hermitian metric. We recall (cf. e.g., Theorem
1.1 in [DrOr], p. 1) that g is a locally conformal Kéhler (1.c.K.) metric if there is a
closed 1-form w € Q'(M) (the Lee form) such thatd Q@ = w A Q where Q(X, Y) =
g(X, JY)forany X, Y € X(M). Al.c.K. manifold (M, J, g)isageneralized Hopf,
or Vaisman, manifold if V& w = 0 (cf. [DrOr], p. 33). The Lee field is B = L=
X(M) (& denotes raising of indices with respect to g). The anti-Lee field is then
A = —J B. As [A, B] = 0 the distribution RB & RA is completely integrable and
gives rise to a foliation .# on M by Riemann surfaces (the vertical foliation). Let M
be a compact Vaisman manifold. By a result of I. Vaisman [Vai2], each leaf of .7 is
complex parallelizable and a totally geodesic and locally flat submanifold of M. In
particular .% is harmonic. Moreover, by a result of K. Tsukada (cf. Theorem 2.2 in
[Tsul], p. 4) .% is transversally Kéhlerian and any holomorphic map ¢ : M — N
into another Vaisman manifold N, with M compact, is a foliated map. Also, by
a result of E. Barletta et al. (cf. Corollary 1 in [BaDr], p. 128) any holomorphic
map ¢ : M — N of Vaisman manifolds is transversally harmonic with respect to the
vertical foliations. It remains to be shown that indg(¢) = 0. To this end we ought
to prove (4.219). Let Q' = v(¥) and let ¢! Qo € C3°(A? Q%) be determined by
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(67! Q¢), = ¢*(Q0), [by exploiting the isomorphism C3°(A? Q%) ~ QF(F)].
A calculation shows that

2{kio(¢r) — ko1 (¢r)} = g5(Q0. o' Qo).

Hence, (as the map @ — a7 is an isometry)

K@) =3 [ (@) 0:(20);)dve =3 [ [¢(@0),] nx(R0),.

At this point we exploit a general result in [Lic], i.e., for any closed 2-form 2 €
Q%(N) and any smooth 1-parameter family {¢;} __ C C®(M, N)

|t|<e
d[¢j((voa,)J Q)] = j—t{qs;fsz}, It < e. (4.220)

Cf. also (16.11) in [DrWo]. Indeed (4.220) for Q = (QQ/)T and integration on [0, ¢]
gived o, = ¢7 ('), — ¢5(Rg'), so that (by the Stokes theorem)

K(0) = K(#) = 5 [ (@a) nx(20), =5 [ andlx(@o),]

At this point we need to recall Rummler’s formula
dxz +KkANxz =@ € F2Qrt\(m).
Here F"Q°(M) consists of all differential s-forms n € Q°(M) such that
i(X1) - i(Xe—rs)n=0, X;€Xz, 1<j<s—r+1

Then F"Q°(M) is a (decreasing) filtration of the de Rham complex {SZ'(M ), d}.
Its use in the present context may be stated loosely as follows. If n € F"Q°(M),
then [locally with respect to a foliated chart (U , X%,y ) € %] the s-form n contains
exterior monomials of the form d x* A --- A dx* of degree at most k < s —r.
Therefore, 1 contains exterior monomials of the form d y"' A --- A d y' of degree
£ > r. Next, by (2.4) in [KaTol6], p. 417, one has

m—1

n 1
hence [as dp (), = 0]

1 _ 1 _
mw,/\(ﬂg);’z l/\d)(y :——a,/\(QQ)r; ]/\K/\Xv,q?

a Ad[ % (Q0), ] = I
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by Rummler’s formula [thus leading to (4.219)]. Indeed [by (4.218)], o, (X) = O for
any X € Xz hence locally o; = o;(¢) d y' for some {ai (t)} C Q% (3‘};) Also

(SZQ)’;F1 € Q%’”_Z (%) and ¢, contributes (again by Rummler’s formula) exterior

|t|<e

monomials of the form d y' A d y/. Thus, a; A (QQ)';_] A @o has degree at least
2m + 1 in the d y*’s and therefore it must vanish.

The complex structure Jg : v(F) — v(F) (where .# is the vertical foliation
of the Vaisman manifold M) is given by Jo(s) =mw(JY) where ¥ € X(M) is a
vector field such that 7(Y) = s. As RB @ RA is J-invariant, this is well defined.
Consequently, the transverse differential of any holomorphic map ¢ : M — N of
Vaisman manifolds satisfies (4.217) so that ko ; (¢) = 0. Let {¢,} CC>®(ZF,9
be a smooth 1-parameter variation of ¢ (with ¢g = ¢). Then

|t|<e

Er(é) =/MeT<¢)dvg =/ (no(6) + ko (6)) d vy <

M

=<

/M (kno(6) + ko (64)) d v

by (4.219) (as .% is harmonic). Therefore, &”(0) > 0 where we have set &(¢) =
E7(¢:). On the other hand, let

=|K(#)| = 1K(®)| = E(¢)

{¢S.t}‘s|<€,“‘<€ C COO(g" g)’ ¢S,l = ¢s+t ) —€ <y¥, I <e.

Letv e CY (¢’1 Q’) be induced by {¢t}
any x € M]. Finally,

. [asin (4.154), i.e., v(X) = v(x, 0) for

ltl<

I*Er(¢s.1) }
s=t=0

0=6"0)= [ ds 91

= H(ET)¢(U, v)
so that indg (¢) = 0.

To prove the CR statement in Theorem 4.167 we need to recall a few notations
and conventions from [DrTo]. Let M be a (2n + 1)-dimensional manifold.

Definition 4.168 A complex subbundle 7} (M) C T(M) ® C, of complex rank 7,
is a CR structure on M if

() Ty o(M)x N Ty, (M), = (0) forany x € M,

(i) [Z, W] € C>®(U, T1,0(M)) forany Z, W € C*®(U, T1,(M)) and any open
setU C M. [l

Here Ty 1 (M) = T, o(M). let {Pa, 1l <a< n} be a local frame of T; o(M) on
U C M. CR structures are bundle-theoretic description of the tangential Cauchy-
Riemann equations P, ) =0,1 <o < n. Asolution u € C!(U) to the tangential
C-R equations is a CR function. Let CR*°(U) be the space of all CR functions of
class C*® on U. Let H(M) C T (M) be the real rank 2n subbundle defined by
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H(M) =Re {T1o(M) ® To.(M)}, To1(M) =T o(M).
The distribution H (M) carries the complex structure J given by
J(Z+2Z)=i(Z—-2), ZeTioM), i=~—1.
Let H(M)* C T*(M) be the real line bundle defined by

HM);y ={w e TH(M) : Ker(w) D HM),}, xeM.

Definition 4.169 A pseudohermitian structure on the CR manifold (M, T} o(M))
is a globally defined nowhere zero section 8 € C °°(H (M )J-). (]

Definition 4.170 The Levi form is
Gy(X,Y)=WdO)(X,JY), X,YeHM).

O

Definition 4.171 A CR manifold M is strictly pseudoconvex if Gy is positive definite
for some 6. U

If this is the case 6 is a contact form, i.e., & A (d 6)" is a volume form on M. Also
Gy may be extended to a Riemannian metric gy (the Webster metric) on M by setting

(X, Y)=Go(X,Y), g(X, T)=1, X, YeHM),

and using the direct sum decomposition 7 (M) = H(M) & RT. Here

Definition 4.172 T € X(M) is the Reeb vector field, i.e., the unique tangent vector
field on M determined by 6(T) =1and T |d 6 = 0. O

Definition 4.173 A CR map is a smooth map ¢ : M — N of CR manifolds such
that
¢« T1,0(M) C ¢™' T o(N).

O

It is a natural question whether a CR analog to A. Lichnerowicz’s theorem holds
(at least in the strictly pseudoconvex case). Precisely, givena CR map¢ : M — N of
compact strictly pseudoconvex CR manifolds, is ¢ : M — N harmonic with respect
to the Webster metrics gy and ge (for some choice of contact forms 6 and ® on
M and N, respectively)? Such a result is ruled out in general by H. Urakawa’s
finding (cf. [Ura]) that a CR map ¢ : M — N is a harmonic map of (M, gy) into
(N, ge) if and only if T(1) = 0 where A € C*(M) is determined by ¢*® = 1 6.



532 4 Riemannian Foliations

As subelliptic theory applies to CR geometry the way elliptic theory applies to
Riemannian geometry (cf. S. Dragomir, [Dra5]) the concept of subelliptic harmonic
map (due to J. Jost and C.-J. Xu, [JoXu]) appears to be the closest pseudohermitian
analog to that of a harmonic map. Yeta CR map ¢ : M — N above isn’t subelliptic
harmonic either, unless ¢ : M — N is a pseudohermitian map, i.e., $*® = c 0 for
some ¢ € R (cf. Theorem 1.1 in [BaDrUr], p. 724). As in the case of holomorphic
maps of 1.c.K. manifolds the problem admits a surprising solution within foliation
theory.

Definition 4.174 The Reeb flow is the flow .%, tangent to T, i.e., T(ﬁg) =RT.O

Then H. Urakawa’s condition to the harmonicity of a CR map ¢ : M — N reads
L € Q% (F). The Webster metric gy induces a Riemannian bundle metric (go) o in
the transverse bundle to the flow. At this point a number of natural questions may be
asked. Which of the Reeb flows is Riemannian (transversally Kihlerian)? Are CR
maps of strictly pseudoconvex CR manifolds transversally holomorphic? To answer
these questions is of course to prove Theorem 4.167. We need the following.

Lemma 4.175 Let M be a strictly pseudoconvex CR manifold and 6 a contact form
on M such that Gy is positive definite. Then

(Vr (80) o) ) =2A(a (), 0(s)) (4.221)

foranyr, s € Coo(v(ﬂg)). Here (AX,Y) =go(X, tY) and 1 is the pseudoher-
mitian torsion of (M, 0). Consequently, (fg, (gg) Q) is a Riemannian foliation and
8o is a bundle-like Riemannian metric if and only if T = 0. Moreover,

VrJg=2moJotoo (4.222)

where Jo : v(fg) — v(fg) is the complex structure given by Jo s = w J Y for any
s € Coo(v(ﬁzg)) and Y € X(M) such that w Y = s. Consequently, Jg is holonomy
invariant if and only if t = 0.

Here o : v(ﬁg) — H(M) is the natural isomorphism (induced by gy). Also
(the pseudohermitian torsion) is the vector-valued 1-form on M given by 7(X) =
Tor(T, X) forany X € 9t where Tor is the torsion tensor field of the Tanaka-Webster
connection of (M, 0), i.e., the unique connection V? on M such that

(i) H(M) is parallel with respect to ve,

(i) V?go =0and V* J =0,

(iii) the torsion Tor of V¥ is pure,ie.,t o J + J o T = 0 and Tor(Z, W) = 0 and
Tor(Z, W) =2i Gy(Z, W)T forany Z, W € Ty o(M).

It is customary to extend J : H(M) — H(M) to a field ¢ of (1, 1)-tensors on
M by setting ¢ = J on H(M) and ¢(T) = 0. Then (¢, &, n, g) is a contact metric
structure on M (in the sense of [Bla]) where § = —T,n = —60 and g = g4. Moreover,
(¢, &, n) is normal (i.e., [p, 9] +2(dn) ® € =0, cf. [Bla], p. 49) if and only if
T = 0. If this is the case g is a Sasakian metric (in the sense of [Bla], p. 73). Summing
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up, a strictly pseudoconvex CR manifold endowed with a contact form 6 such that
the Levi form Gy is positive definite is a Sasakian manifold (i.e., the Webster metric

is Sasakian) if and only if (M, 0) has vanishing pseudohermitian torsion.
Let us prove Lemma 4.175. For any r, s € C*° (v (ﬂ’g))

(9r(20) o) . ) = T((86) . 9) — (86) (V1 7. 5) = (0) . ¥75) =

= T(g6(0 (). 6(9)) = go([T. o]", 0(9)) — go(0 ("), [T, 0(9)])

where Y+ =TI (Y) and Ty : T(M) — H(M) is the natural projection (with
respect to the decomposition 7 (M) = H(M) @ RT). It should be observed that

o(T, X)) =-2(do0)(T, X) =0, Xe HM),
[due to 6(X) = 0 and 8(T') = 1]. An equivalent formulation is that
0oLy =-2(T]do)=0.

Consequently, [T, X] € H(M) forany X € H(M). Therefore [as o is H (M)-valued
and VT = 0],

(Vr(80) o), ) = (L7 86) (0 (1), 0(9)) = T(gs(0 (1), 0(9))) =
= —gp (V? o(r)— Tor(T, a(r)) , o(s)) — 8o (o(t), V? o(s) — Tor(T, a(s))) =

= (V) (0 (), a(s)) +2A(0(r), 0 (s))

(as A is symmetric, cf. Lemma 1.4 in [DrTo], p. 38. This proves (4.221). Moreover
(by the very definition of V),

(Ve Jo)s =n{[T, Jo(s)] = JIT, 0o ()]} =
={V§Jo(s)—Tor(T, Jo(s)) —J Via(s)+ J Tor(T, o(s))} =
= (V3 J)o(s)+n(J ot —1T0J)o(s),

ie., Vs Jg=2mo0Jot oo and (4.222) is proved.

Theorem 4.176 Let M be a strictly pseudoconvex CR manifold and 0 a contact
form on M with Gy positive definite. Then

(80)o(Jor Jos) = (g0),(r $), 1 s €v(F), Vylo=0, YeHM).
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Consequently, if gy is a Sasakian metric, then ((gg) 0’ J Q) is a transverse Kdhlerian

Structure on (M, 54};). Moreover, for any CR map ¢ : M — N of strictly pseudo-
convex CR manifolds the following statements are equivalent:

(i) ¢ : M — N preserves the Reeb flows, i.e., ¢ € Cm(ﬁg, 9@).

(i) Either (d $)T = 0 [i.e., ¢ € C*®(Fp, %)] or there is . € C*(M) such that
A#Qand ¢ : U — N is an isometry of(U, gé) into (N, g@), where U C M is the
opensetU =M\ {x e M : A(x) = O}andé = A0. Finally,if¢ : M — Nisa CR
map and ¢ € C °°( ﬁ()) then ¢ is transversally holomorphic.

Proof Forany Y € H(M) and s € Cw(v(ﬁg)) [by (4.152)]
(Vy Jo)s =m{Vy Jo(s) — J Iy Vy o(s)]. (4.223)

The Levi-Civita connection of (M , gg) and the Tanaka-Webster connection of
(M, 0) are related by [cf. (1.61) in [DrTo], p. 37]

V8 =V —(d0+ART+1Q60+200¢ (4.224)

where © denotes the symmetric tensor product. In particular
VY Z = Vﬁ zZ — (A(Y, Z)+(do)(Y, Z))T, Y, Ze HM),
hence (4.223) becomes [by 7 (T) = 0]
(Vy Jo)s = (Vy J)o(s) = 0.
Together with Lemma 4.175 this proves the first part of Theorem 4.176.Let¢ : M —
N beaCR map andletus set 1 = (¢*©)(T) € C®(M). Alsolet Z(A) ={x € M :
Ax)=0tand U = M \ Z (). As ¢ is CR
0= 04w (d)Xs) = (¢"0)(X)x, X € C®(HM)), xeM,

and dimg H (M), = 2n hence ¢*® =A)» 6. To check the last statement in Theorem
4.176 note that either (1) = M or 0 is a contact form on U. Let us assume that

¢ € C°°( 350) Then (d¢)T, = A(x) Ty, ¢(x) for any x € U where Ty is the
Reeb field of (N, ©®). The Reeb field T of (U, é) is given by (cf. [DrTo], p. 136)

f‘:AiT——(A"‘P —A"‘P)} (4.225)
where 1% = g*# Pg(2) and A% = 2%. Then

(%) (T, T) =27 =gy(T, T), (¢*g0)(T. X) =0=gy(T, X),

(0*80)(X, V) =g;(X, Y), X, Y e HM),
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ie,¢p*ge =gsonU.

Therefore (by Theorem 4.176 above) unlike holomorphic maps of generalized
Hopf manifolds, CR maps of Sasakian manifolds aren’t foliated maps in general.
Nevertheless if ¢ : M — N is a CR map and ¢p € C*® ((%; , 35@), then (4.217) is
easily seen to hold. Also [by (4.224)] V¥ T = 0 hence .% is totally geodesic. Next
[by (4.219) in Theorem 4.167],

K(¢) =K(¢), lt]l <e, (4.226)

for any foliated map CR map ¢ : M — N of compact Sasakian manifolds and any
smooth 1-parameter family {¢,}| f<e C c*® (ﬁg , ﬁ@) such that ¢g = ¢. Yet ¢ is
transversally holomorphic so that [by (4.226)] t = 0 is an absolute minimum of &,
ie., ¢ is (F, ¢)-harmonic and ind(¢p) = 0. The last statement in Theorem 4.167
follows from the fact that the total space P?"*! of a principle circle bundle over the
complex projective space may be organized as a Sasakian manifold (so that its Reeb
flow in transversally Kéhlerian).

Example 4.177 (Maps of Heisenberg groups) Let H,, = C" x R be the Heisenberg

group (cf. e.g., [DrTo], pp. 11-14) with coordinates (z, t) = (z!, ---, ", t). Let
d .0
Pr=——i—, 1<a<n
az” ot

be the Lewy operators. One endows H,, with the CR structure Tj o(H,) spanned by
{P. : 1 <& <n} (where P, = Py) and the pseudohermitian structure

bop=dt+) (dzy—7*dz%).

a=1

Then Gy (Py , Pz) = 84p so that H, is a strictly pseudoconvex CR manifold of CR
dimension n. The Webster metric gy, turns out to be a Sasakian metric and actually
H, is a Sasakian space form (of constant g-sectional curvature ¢ = —3, cf. e.g.,
[Dra4], p. 195).

Lemma 4.178 A C' map ® = (F', --- , F™, f) : H, — H,, is a CR map if and
only if Fi1, |FI> =i f eCRl(H,,)forany 1<j<m,ie, F/and |F|*> =i f are
CR functions on H,,.

Here

m

|F?=Y_F;F;, F=(F.....F,). Fj=Fl.
j=1

Let (w, s) = (w', ..., w™, s) be the Cartesian coordinates in H,, and
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,_ 80 .
P]fza_j—lw-a, 1<j<
w

the corresponding Lewy operators. Given a CR map ® : H,, — H,, one has

9 I\ AF o AF | o o

‘b*(;):k(ﬂ) +?(P/) +?(PJ—) s )»Zf,*leF##‘leFl{EC(H,,).
Therefore, @ preserves the Reeb flows, i.e., ® € C 1(990, ﬁ(.)o) if and only if
dF//9t =0sothat F/ € O(C") for1 < j < m. Here

O =ds+iy (wdw;—w;dw’).
j=1

(Hn , ggo) is a noncompact Sasakian manifold so that Theorem 4.167 doesn’t apply.
Nevertheless

Proposition 4.179 Any foliated CR map ® € C*(F, . Fe,) satisfies (4.171), and
hence ® is (Fq, , Feo,)-harmonic.

Indeed the Reeb flow .7, is totally geodesic (in particular ¢ 74, = 0. On the other
hand,

n
o (®) = traceg, ;| Br(®) =2 D Br(@)(w Py, 7 Pg) =2 ) _{D}, ®umt Py — . Vp, w Pyl

a=1 o

and [by T (%4,)” = H(H,) and (4.224)]

Vp,m Pr=m V" Py = n|vf;; Pz — (d 6)(Pa PE)%] =0.

Lemma 4.180 Let %y, be the Reeb foliation (tangent to 3/ t) of the Heisenberg
group H,, and z% = x* + i y* with 1 <« < n. Then (t, x%, y"‘) € Py, i€, (yi) =
(x"‘, y“) are transverse coordinates (here p = 1 and q = 2n). Consequently, the
canonical adapted connection V of (Hy, s F, s ggo) is given by l"j-k =0.

Proof Let Pz = %(Xa +1i Ya) be the real and imaginary parts of the Lewy opera-
tors. Then {Xa VY, il <a< n} is a (left invariant) frame of the Levi distribution
H (H,,). Clearly 7 is a (global) coordinate along each leaf of .%, (each maximal
integral curve of the Reeb vector). Also
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shows that {7 (0/9x*), 7(0/9 y*) : 1 <a < n} is a (global) frame of the trans-
verse bundle v(ffgo), ie., (t, x%, y“) is a (globally defined) foliated coordinate
system on (H,, , 990). For instance [by (4.224)],

9 " . 9 0 2
3y =7 Va Xe = 2 Vo =7 [V Xp — (d60)(Xa xﬁ)ﬁ} -0

Féﬁ T
(because of Vfﬁ; Pp=0forany A, Be {0, 1, ---, n, 1, ..., n}, cf. e.g., [DrTo],
p. 34) yields I';; = O etc.

If w/ =&/ +in/, then (s, &/, n/) € Fo,, ie., (Y") = (§/, n/) are transverse
coordinates. Then (by (4.180)) I'" = 0 hence

vw

[ FIN\N_ 1P P =/ -/ ® /5P
D} @7 Py = (Py Py F')n'"(P3)" = {[Pu Ps] F' + Pe P F'}'*(P4)" = 0
due to the commutation relations [P, , Pg| = —2i 8,4 9/t and the fact that F; are
holomorphic functions. Therefore, 77 (®) = 0 so that ® is (ﬁgo , L?@O)—harmonic,
as claimed.

4.10.2.5 (%, ¥)-Harmonic Maps into Spheres

1 . . .
Let S™ = {x = (xl S xm+1) e R+ . 21”:41 X2 = 1}. Drawing inspiration

from B. Solomon [Sol], we shall study (ﬁ , S%)-harmonic maps ¢ € C*® (ﬂ , %)
of a foliated Riemannian manifold (M, .%, g) into S™ thought of as endowed with
the trivial foliation by points %.

Definition 4.181 Wesay that¢ : M — S" meets S" 2 = {x € $" : x; = x, = 0}

if (M) N S"2 £ . When ¢ doesn’t meet S" 2 we say ¢ links S" 2 if¢p : M —

§™ \ 8§~ is not null-homotopic. O
We shall prove the following result (containing the result in [Sol] for # = %)

Theorem 4.182 Let (M, F, g) be a compact oriented foliated Riemannian mani-
fold with F transversally oriented and g bundle-like. If ¢ € C*® (ﬂ’ , %) is a non-
constant (f, go)-harmonic map of M into S™, then either ¢ meets "2 or ¢ links
Sm—2‘

Let $7 = S" NRY where R? ={y = (y1, ..., yu) € R" : y,, > 0} and let
§771 x; S' be the warped product with warping function f € CC’O(Sf"_’_1 x S
given by f(y, ¢) = yn. Then

I:S:_n_lxsl_)sm\sm_zv I(y7 C)Z("‘Ymvv}’mvy/)’

y=0" ) es" ", ¢=u+tives cC,
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is an isometry of $7~' x ; S' onto (S™ \ $"~2, h,,). Here h,, = *H and H is the
Euclidean metric on R”"t! (and ¢ : §” — R™*! is the inclusion). Moreover, let

P8I x, R—> S %, SY, p(y, )= (y, exp(i 1)),

m—1

be the universal Riemannian covering, where y € C* (S \ ) is the function y (y) =

Ym-

The proof of theorem 4.153 is by contradiction, i.e., we may assume that ¢
doesn’t meet $™~2 and that ¢ : M — S™ \ §”~2 is null-homotopic. Then ¢ lifts to
a (7, %)-harmonicmap ¥ : M — S77' x, R.Let F=moy andu =m0y
be the components of i where

m:ST’lxReSj’:’l, nz:Sj’fflxR—)]R,

are the canonical projections. Clearly v € C*® (9 , %) sothat F : M — Si’_l isa
foliated map and u € Q% (). Throughout ¥, denotes the trivial foliation by points,
though on several different manifolds. Let {Yi tl<i< q} be alocal g-orthonormal
frame of the normal bundle 7(.%)" defined on an open set U C M [where ¢ =
cod(F)]. As Si’*l x, R is endowed with the (warped product) metric 7 * h,,_; +
(y om)?dt ® d t the transverse energy density is

q
2er@) = Y {1 (e )i, (@ F)Y) + v (FO0) @ (%)} =
i=1
=2er(F)x +y(F()* |dpul’
for any x € U. Given ¢ € Q%(F) we consider the 1-parameter variation

Yy =(F,u+t9)e C*(Z, %), lt|<e,

so that
Er(¥:) = Er(F) +

1
+ 5/ (v °f)2[||d314||2 +2tg*(dpu, dg @) + 0(1’2)] duvg.
M
Then [as ¥ is (55, %)-harmonic andyoF € Q% ()] one has

d
0= {E ET(%)],=0 = ((y o FY’dpu, dyg),

so that (as ¢ is an arbitrary basic function) u must satisfy the transversally elliptic
equation
85((y o F)*dgu) =0. (4.227)
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Then one may multiply by « in (4.227) and integrate over M to conclude that dp u =
0,1.e.,
Y (M) C ST x {uo}

for some ug € R. Let (U, x*, y') € .7 be afoliated local chart on M. Let (%, X")
be alocal coordinate system on S’} ! x Rwith X" = t and ¥ (U) € % . Then [again
as y is (ﬂ , {%)-harmonic]

GOV OV

a0+ e 55 T ow =0 12w

where ¥ = X" o y. Here ')/ are the local coefficients of the Levi-Civita connec-
tion of §7' x, R. In particular for w = m one obtains

i O FP 3 F¢
Ajp F¢ p— _(yf.oF)=0
B +(gQ) Ayl 9yl ()/bLo )
or
ApgF*+2er(F)F*=0, 1<a<m-—1. (4.228)
Here .
Vap = hav X, hap = 8ap + (1 = 1X*) ™ Xa X,
If F= (F/, Fm) and F' = (F1 e, Fm,l), then we may exploit the constraint

|F’|2 + F? = 1 and the identity

2

AB(MZ) =2u A3u+2HdBu , uc Q%(ﬁ)

to show that (4.228) yields
A F, +2e7(F)F,, =0 (4.229)

as well. Integration of (4.229) over M and F,, > 0 then shows F (and therefore ¢)
is constant, a contradiction.

Since the natural projection 7, : Sf_l x S — S!' is a homotopy equivalence,
¢ M — S™\ §"2 is null-homotopic if and only if m; o (1’1 o ¢) ‘M — S'is
null-homotopic. Consequently [as the Bruschlinski group of M and H'(M, Z) are
isomorphic],

Corollary 4.183 Let (M, %, g) be a compact orientable foliated Riemannian man-
ifold such that

(1) & is a transversally oriented Riemannian foliation,

(ii) g is a bundle-like Riemannian metric, and

(iii) H'(M, Z) = 0.
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Then any nonconstant (35, f%)—harmonic map of (M, %, g) into (S'", % , hm)
meets S™ 2.
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Chapter 5
Sobolev Inequalities on Submanifolds e

5.1 Sobolev Inequalities on Complete Manifolds

The purpose of the present section is to briefly review a few results on complete
Riemannian manifolds, with Ricci curvature bounded from below, that support a
Sobolev embedding. We follow the presentation by Athanasios, [Ath]. Let (M, g)
be a n-dimensional (n > 3) Riemannian manifold.

Definition 5.1 (M, g) is said to support a Sobolev embedding if there exist

1 1
p,geR, m keZ, 1<qg<p, 0<m<k, —=-—-— ,
p

such that!
H,f(M) — HP(M). (5.1)

Here HY (M) denotes the Sobolev space? of M, i.e., the completion of
Lo ={uec= ) : ViuerLrm), 0= <kl

with respect to the norm

k k
. . 1/p
el gp oy = Y MV utll2ary = ) (/ |Viul|” dvg) .
Jj=0 j=0 M

1 By definition, the relation (5.1) includes the continuity of the inclusion map Hlf,’ (M) — HP(M).
2 Elsewhere in this book, also denoted by wkrP(M).
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As customary V¥u is the k-th covariant derivative of the C* function u : M — R,
i.e., the (0, k)-tensor field on M defined recursively, as follows:

Vo = u,
(V'u)(X) == X w),

(Vu)(X,Y) = (Vxdu)Y = X(Yu)) — (VxY)(u),

forany X, Y € X(M). If S is a (0, k)-tensor field, then its covariant derivative VxS
is the (0, k)-tensor field defined by

(VxS)(Y1, -+, Yi) = X(S(X1, -+, X))+,
_ZS(X" e X1, VX, X, Xk),
j=1

X, X1, -+, Xy € X(M).
The covariant derivative VS is the (0, k + 1)-tensor field given by
(VS (X0, X1, -+, X&) == (Vx,S) (X1, -+, Xp).
The recurrence relation defining the higher order covariant derivatives of u is
Vit = v(Vhu), k>o0.

Let (U, x") be a local coordinate system on M, and let (Vu), , be the local

[y
components of V¥u, i.e.,

0 0
k _ (v
(Viu), = (V u)(axh, . axik).
Let (Vku)[""[k : U — R be the C* functions defined by

(Vku)il.--i/( — g[|j| .. ,gikfk (Vku)jl’m’jk .

The pointwise norm of V¥u is the function | V¥u| : M — [0, +00) defined as follows.
Let xo € M and let (U, x*) be a local coordinate system with xo € U. We set

i, i 172
VAo = [(Vu),, . o (Vi)™ o) |
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The definition of ]Vku](xo) doesn’t depend upon the choice of local coordinates
about xg.

5.1.1 Sobolev Inequalities on Euclidean Space

Let 1 < g < n and let us set ¢g* =
looks like

. The simplest Sobolev inequality on R”
n—gq

*

¢ 1/q q 1/q 00 o
lul? dx <C(n,q) [Vul?dx , ueCy(RY), 5.2)
n R/X

for some constant C(n, ¢) > 0. The inequality (5.2) implies
H{(R") — HI (R") := LY (R").

The Sobolev inequality (5.2) for ¢ = 1 was first proved by E. Gagliardo and L.
Nirenberg.? Let us recall the classical isoperimetric inequality

Theorem 5.2 For every domain Q C R" with 0Q € C*® and Q compact,
(n—1)/n
[Vole] < K(n, 1) Area(992). (5.3)

If b, = VOI(B”), then the optimal constant is K(n,1) = (1/n) b,,_l/" and it is
achieved when 2 is a ball.

Here B" = {x e R" : |x| < 1}.
Theorem 5.3 For any u € Cg°(R"),

n/(n—1) (n=D/n <
lu| dx <cm | |Vuldx (5.4)
n Rn

for some constant C(n) > 0. The optimal constant* is C(n) = K(n, 1) :=
(1/n) by ",

A proof of Theorem 5.3 relying on Theorem 5.2 was provided in [Ath], pp. 7-8.
The proof of (5.2)inthecase 1 < ¢ < nisduetoG. Talenti.’> The precise statement
of Talenti’s result is

3Cf.E. Gagliardo, Proprieta di alcune classi di funzioni in piu variabili, Ricerche di Mat., Napoli,
7(1958), 102-137; L. Nirenberg, On elliptic partial differential equations, Annali della Scuola
Normale Superiore di Pisa, (2)13(1959), 115-162.

4 The same constant that is optimal in the isoperimetric inequality (5.3).

5 Cf. G. Talenti, Inequalities in rearrangement invariant function spaces Nonlinear Analysis,
Function Spaces and Applications, Vol. 5, Prometheus, Praha, pp. 177-230, 1995.
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Theorem 5.4 Letl < g <nandq* =nq/(n — q). Thereisaconstant C(n, q) > 0

such that
. 1/q
( / |9 dx)

forany u € C°(R"). The optimal constant is

*

< C(n,q)</R |Vul? dx)]/q (5.5)

L (=g (Ta/@ T +n—n/g)\""
K, q) =/mn q(q— 1) ( T(m) T (1 +n/2) ) (5.6)
and is achieved for any
u(x) = (a+5|x|q/<q—1>>l‘””, a, B € (0, 400). (5.7)

The proof of Theorem 5.4 provided in [Ath], pp. 9-10, is Talenti’s proof (cf. op.
cit.) using symmetric rearrangements in the sense of Hardy-Littlewood.

5.1.2 Sobolev Inequalities on Complete Riemannian
Manifolds with Ricci Curvature Bounded from Below

Through this section, we characterize (by following E. Hebey®) complete Rieman-
nian manifolds with Ricci curvature bounded from below that support a Sobolev
embedding. The required ingredients are

(i) the Coarea Formula on Riemannian manifolds,

(ii) the calculation of the volume of a ball in geodesic spherical coordinates,
(iii) the Bishop-Gromov volume comparison theorem,

(iv) a covering lemma.

Consequently, one may prove that for every complete Riemannian manifold (M, g)
with Ricci curvature bounded from below, all Sobolev embeddings hold on (M, g) if
and only if there is a uniform lower bound for the volume of balls, that is independent
of their center, i.e.,
inf Vol, [B,(x)] > 0 (5.8)
xeM

for every r > 0. It is well known that the embedding

H! (M) < LD (M)

S Cf.E. Hebey, Nonlinear Analysis on Manifolds: Sobolev Spaces and Inequalities, Courant Lecture
Notes, 2000; Sobolev Spaces on Riemannian Manifolds, Lecture Notes in Mathematics, Springer,
1996.
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implies all other Sobolev embeddings, that is

Vp,geR, Vm, keZ with,

1 1 k—m
l1<g<p, O0<m<k, —=--— ,
P q n
one has
H,:’(M) — HI(M).
Similar arguments show that if
Jgo€ (1, n) : HI(M)<— L"(M). (5.9
Then, for all g € [qo, n),
q 1 1 1
H/ (M) — L°(M), —=———.
p q9 n

Moreover, it can be shown that under the conditions (5.8)—(5.9) the embedding
qu(M) < LP(M) holds for any exponent g € [1, n), eventually smaller than gy,
so that condition (5.8) implies all other Sobolev embeddings on (M, g).

5.1.2.1 Coarea Formula
Theorem 5.5 Let (M, g) be a Riemannian manifold, and let f € C5°(M). Then, for

every h € L' (M),
h
f hdv, :fdtf M dA®. (5.10)
M R Jro VS

whereT'(t) = f~'(t) = {p e M : f(p) =t}andd A(t) is the induced measure on
).

5.1.2.2 Geodesic Spherical Coordinates

Let (M, g) be a complete Riemannian manifold. For every p € M, let Cut(p) be the
cut locus’ of p. As well known, Cut(p) has measure zero.

Theorem 5.6 Let (M, g) be a complete Riemannian manifold, and let B,(p) C M
be a ball such that B,(p) N Cut(p) = @. For every v € T,(M) with ||v|| = 1 and for

7 Loosely, the set of all points of the manifold where the geodesics issuing at p stop being
minimizing.
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any orthonormal basis {e, --- , e,_1, v} C T,(M), let Y; be the Jacobi field along
the geodesic (t) = exp ,(1v) obeying to the initial conditions

Yi(0)=0, Y0)=¢, 1<i<n-—1.

Then

VolM[Br(p)]:/ ] /0 JM(s, v)dsdv,
St

TM(s, v) = \/det [a(vi6s), ¥;)]

b
1<i,j<n-1

where d v is the canonical volume form on S;’,_l(l) ={{eT,(M) : [£ =1}

Cf. e.g., Theorem 3.2.2 in [Ath], pp. 15-19.

5.1.2.3 Bishop-Gromov Volume Comparison

Theorem 5.7 Let (M, g) be a complete Riemannian manifold, and let p € M and
r > 0 such that

dkeR, VXeT(M): Ricy(X,X)>(n—1kg(X,X) on B.(p).

Let My be a complete simply connected manifold of constant curvature k. Then
(i) Vol [ B, (p)] < Vi(r),
J(s,v)
k(s
Voly [ B, (p)]
Vie(r)

(ii) The function s +—

is monotonously decreasing,

(iii) The function r +— is monotonously decreasing.
Here Vi (r) is the volume of a ball of radius r in the space-form M 4 and

Ji(s) 1= JMox(s, v).

Cf. Theorem 3.3.1 in [Ath], pp. 20-26. Theorem 5.7 (the Bishop-Gromov volume
comparison theorem) provides upper bounds for the volume of balls B,(p) C M.

5.1.24 A Covering Lemma

Lemma 5.8 Let (M, g) be a complete Riemannian manifold with Ric, > kg for
some k € R and let p > 0. Then there is a sequence {x,},>1 C M such that
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(i) p # v = Byp(x,) N Byp(x,) = 9.
(ii) For every r > p, the family {Br (xy)}
Le.,

Vol is a uniformly finite covering of M,

o0
@ (JB ) =M.
v=1
(b) There is a positive constant N = N (n, p, r, k) and an upper bound of N as a
function of n, p, r and k, such that each point of M has a neighborhood intersecting

at most N of the balls B, (x,).

Cf. Lemma 3.4.1 in [Ath], pp. 26-27. The proof of Lemma 5.8 relies on
Theorem 5.7.

5.1.3 Poincaré Inequality

Let (M, g) be a n-dimensional (n > 3) complete Riemannian manifold such that
Ricy, > kg
for some k € R, and let p > 0. Through this section, we discuss the validity of the

L'-Poincaré inequality, i.e., the existence of a constant C = C(n, k, p) > 0 such that
forany 0 <r < pandany u € C*(M)

/ u(x) =, (x)| dvy(x) < Cr/ |Vux)| dv,. (5.11)
M M
Here 1

u,(x) = W /;r(x)l/t(y) dVg(y), xeM. (5.12)

The approach to (5.11) passes through Buser’s isoperimetric inequality,® that pro-
vides a version of (5.11) on a ball B,(x), namely the existence of a constant
C =C(n,k, p) > 0 such that for any x € M, and any 0 <r < 2p, and any u €
Cc*>® (B, (x))

/B( : lu(y) — ()| dvy(y) < Cr/ IVu(y)| dvy(y). (5.13)

B, (x)

The use of (5.13) together with the covering Lemma 5.8 then leads to (5.11).

8 Cf. P. Buser, A note on the isoperimetric constant, Ann. Sci. Ecole Norm. Sup., (4)15(1982),
213-230.
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5.1.3.1 Buser’s Isoperimetric Inequality

Let x € M and r > 0 be fixed. Let G be the set of all smooth hypersurfaces I' in
B, (x) such that I' C B, (x) and there exist open subsets D; C B, (x) such that

B,(x)\F:DluDz, DlmDZZQ.

Theorem 5.9 Let (M, g) be a comple Riemannian manifold of dimension n with
Ric, > k g on M, for some k < 0. For every x € M and any r > O and anyT" € G,
there is a constant Cg = Vg(n, k,r) > 0 such that

min {Voly (D1), Voly(Ds)} < Cp Area,(T'). (5.14)

Cf. Theorem 4.1.1 in [Ath], pp. 28—40.

5.1.3.2 L!-Poincaré Inequality on Balls

Let (M, g) be a n-dimensional complete Riemannian manifold, and let us fix x € M
andr > 0.

Definition 5.10 The isoperimetric constant is

iso = ino(B,(x)) := inf Area, (I')

nf — (5.15)
reG min {Vol,(D1), Vol,(D»)}

O

Here I' is meant to range over all compact (n — 1)-dimensional C* submanifolds
of the ball B, (x), that divide B, (x) into two disjoint open submanifolds D; and D,.

Definition 5.11 The Sobolev constant is

[Vl

Séo - SCLO(Br(X)) = /ueC"o(B,(x)) lu —u, (X)) ) .16)
]
Here || - ||, is the L'-norm on the ball B, (x) and
iy (x) = 1 u(y) dvy(y).

VOlg (Br ()C)) B, (x)
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We also set
Vull

Soo = Soo(Br (X)) := -
o = 520(Br () ueC®(B,(v) infaer lu — aly

(5.17)

The following result establishes the equivalence between the isoperimetric and
Sobolev constants.

Theorem 5.12 )
lo

> <5l < Soo < loo- (5.18)

Cf. Theorem 4.3.1 in [Ath], pp. 43-45.

5.1.3.3 L!-Poincaré Inequality on the Whole Manifold

Theorem 5.13 Let (M, g) be a complete Riemannian manifold such that Ric, > kg
for some constant k € R and let R > 0. There is a constant C = C(n, k, R) > 0
such that for any O < r < R and any u € C*°(M)

/ |u(x) —ﬁ,(x)| dvg(x) < Crf |Vu(x)’ dvy(x). (5.19)
M M

Cf. L. Saloff-Coste,” and Theorem 4.4.1 in [Ath], pp- 45-48.

5.1.4 Sobolev Inequalities on Complete Riemannian
Manifolds

Theorem 5.14 Let (M, g) be a n-dimensional (n > 3) complete Riemannian man-
ifold with Ricci curvature bounded from below. The following statements are
equivalent:

(i) All Sobolev embeddings hold on (M, g).
(ii) in/{l Volg[Bl(x)] > 0.
Xe

Cf. Theorem 5.1.1 in [Ath], p. 49. By the Bishop-Gromov volume comparison
theorem the condition (ii) in Theorem 5.14 is equivalent to

32{4 Voly[B,(x)] > 0

for any r > 0.

9 L. Saloff-Coste, Aspects of Sobolev-type inequalities Cambridge University Press, 2001.



554 5 Sobolev Inequalities on Submanifolds

5.1.4.1 The Embedding Hl1 (M) — L™ ®=D()M) Implies All Sobolev
Embeddings

The following lemma relies on a scaling argument and requires no assumption on
the Ricci curvature.

Lemma 5.15 Let (M, g) be a n-dimensional (n > 3) complete Riemannian mani-
fold. Let us assume that the embedding

H{ (M) — L""D (M)

holds. Then, for any p, q € R and any m, k € Z with

1 1 k—m
l<g<p, 0<m<k, —=--— ,
P 9 n
the embedding
H!(M) — H}(M)
holds.

Cf. Lemma 5.2.1 in [Ath], pp. 50-52.

5.1.4.2 The Case of Compact Riemannian Manifolds

A relatively easier proof of the Sobolev embedding may be provided in the compact
case, i.e.,

Theorem 5.16 Let M be a n-dimensional compact Riemannian manifold. Then
Y p,qeR, VY m keZ with

1 1 k—m
O<m<k, 1<g<n —=-—-—

H{(M) < HP(M).

Cf. [Ath], pp. 52-54, for a proof of Theorem 5.16.
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5.1.4.3 Proof of Theorem 5.14

The proof of Theorem 5.14 relies on the following results.

Theorem 5.17 Let (M, g) be a n-dimensional complete Riemannian manifold. Let
us assume that

H{(M) — L"(M)

forsomel <q <nand1/p = 1/q — 1/n. Then, for any r > 0, there is a constant
v=v(M,q,r) such that

Vol!,(B, (x)) > v

forany x € M.
Cf. Theorem 5.4.1 in [Ath], pp. 55-59.

Theorem 5.18 Let (M, g) be a n-dimensional complete Riemannian manifold with
Ricy > kg fo some k € R. Let us assume there is a constant v > 0 such that

Vol,(Bi(x)) = v, VYxeM.

There exist constants C = C(n, k, v) > O_and n =n(n, k, v) > v such that for any
open subset Q C M with 02 € C*™ and 2 compact

(n—1)/n
Vol (€) = n = | Vol,(2)] < C Area(9).

Cf. Theorem 5.4.3 in [Ath], p. 60.

Corollary 5.19 Let (M, g) be a n-dimensional complete Riemannian manifold with
Ricy > kg fo some k € R. Let us assume there is a constant v > 0 such that

Vol,(Bi(x)) > v, VYxeM.
There exist constants § = 6(m, k,v) > 0and A = A(n, k, v) > 0 such that

VxeM, YV ueCyP(Bsx) :

lellnji—1yoany < AllVullpiomy -

Cf. Theorem 5.4.4 in [Ath], p. 62.
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5.2 Sobolev Inequalities on Manifolds of Negative
Curvature

We report on a result by S. Brendle.' Let M be a k-dimensional complete,
noncompact, Riemannian manifold with nonnegative Ricci curvature.

Definition 5.20 The asymptotic volume ratio of M is defined as

|{p€M :d(p,q) <r}|

0 := lim
r—>00 |Bk| rk
where g € M is a fixed point. O

Here B* C R is the unit ball. By the Bishop-Gromov volume comparison the-
orem, the limit exists and § < 1. Also the definition on 6 doesn’t depend upon the
choice of ¢ € M. Brendle’s main result (cf. op. cit.) is a sharp Sobolev inequality on
manifolds with nonnegative Ricci curvature.

Theorem 5.21 Let (M, g) be a n-dimensional, complete, noncompact Riemannian
manifold, with nonnegative Ricci curvature. Let D C M be a domain and let f :
D — (0, +00) be a C* function. Then

n _ (n—1)/n
/|Vf|dvg+/ fdvy>n|B'|" 91/”(/ fri ])dvg) (5.20)
D oD D

where 0 denotes the asymptotic volume ratio of M.

One may also characterize (cf. S. Brendle, op. cit.) equality in the inequality
(5.20), as follows.

Theorem 5.22 Let (M, g) be a n-dimensional, complete, noncompact Riemannian
manifold, with nonnegative Ricci curvature. Let D C M be a domain. Let us assume
that equality is achieved in (5.20) by a C* function f : D — (0, +00) such that
/ D fM@=Y dv, > 0. Then f is a constant, M is isometric to Euclidean space, and
D is a ball.

Setting f =1 in Theorem 5.21 leads to the following sharp isoperimetric
inequality.

Corollary 5.23 Let M be a n-dimensional, complete, noncompact Riemannian
manifold, with nonnegative Ricci curvature. Let D C M be a relatively compact
domain.Then

0D| = n [B"]"" §'/" | D|"= D/

10¢cf. S. Brendle, Sobolev inequalities in manifolds with nonnegative curvature,
arxiv.2009.13717v5 [math.DG] 28 May 2022.
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Brendle’s proof pf Theorem 5.21 uses the Alexandrov-Bakelman-Pucci method,
cf. X. Cabré.!!

5.3 Sobolev Inequalities with Euclidean Best Constant

We report on work by M. Ledoux.'? Let M be a complete Riemannian manifold, of
dimension n > 2. Ledoux is concerned (cf. op. cit.) with Sobolev inequalities of the

sort ) » q Ny
(/M|f| av,) sc(/M\ny av))". 521)

1
l<g<n, —=-———,
n

that hold, for some constant C > 0, for every f € C;°(M). The best constant C =
K (n, g) for which (5.21) holds in the Euclidean setting M = R" is well known, and
is due to G. Talenti.'® Precisely'*

1

Kl = G o = VlE). (5.22)
_ l n(q — 1 q-1/q F'n+1) 1/n

M. Ledoux looks at the geometry of the complete Riemannian manifolds on which
at least one of the Sobolev inequalities (5.21) is satisfied with C = K (n, g). M.
Ledoux’s main result is (cf. op. cit.)

Theorem 5.24 Let M be a complete n-dimensional Riemannian manifold (n > 2)
with nonnegative Ricci curvature. If one of the Sobolev inequalities (5.21) holds with
C = K(n, q), then M is isometric to R".

The case g =1 [and p =n/(n — 1)] was previously known, and M. Ledoux
generalizes that to 1 < g < n. It should be observed that when ¢ = 1 the proof

11X, Cabré, Elliptic PDEs in probability and geometry. Symmetry and regularity of solutions,
Discrete Cont. Dyn. Systems A, 20(2008), 425-457.

12.Cf. M. Ledoux, On manifolds with nonnegative Ricci curvature and Sobolev inequalities,
Communications in Analysis and Geometry, (2)7(1999), 347-353.

13 Cf. G. Talenti, Best constants in Sobolev inequality, Ann. di Matem. Pura ed Appl., 110(1976),
353-372.

14 As given by Th. Aubin, Nonlinear Analysis on Manifolds. Monge-Ampére equations, Springer,
1982, or earlier in this chapter.
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of Ledoux’s theorem is quite easy. Indeed, when ¢ = 1 the Sobolev inequality is
equivalent to the isoperimetric inequality

[Vol,(2)]"™"" < K (n, 1) Vol, 1 (99)

for any smoothly bounded open set 2 C M.If xo € M is fixed and B(s) = B,(xg) C
M is the geodesic ball of center xy and radius s > 0, then

d
- Vol (B(5)) = Vol (0 B(s)).
s
Hence [by the isopetrimetric inequality with = B(s)],

V()" < K(n, 1) V(s),

where V (s) := Vol,,(B(s)). Integration yields

Vi) 2 <n K(Sn, 1)>n

so that [by (5.22)]
Vi(s) = Vo(s) (5.23)

where V(s) = w, s" is the volume of the Euclidean ball of radius s in R”. If M has
nonnegative Ricci curvature, then one may apply Bishop’s comparison theorem' to
conclude that V (s) < Vy(s) so that [by (5.23) and the case of equality] M is isometric
to R". Therefore, the main interest in Ledoux’s theorem is with the case g > 1.

The remaining sections of the present chapter are devoted to Sobolev inequalities
on submanifolds.

5.4 Hoffman-Spruck Theorem

Let M and M be two Riemannian manifolds, respectively, of dimensions m and n,
and let f : M — M be an isometric immersion. Through the section, we adopt the
following notations.

K sectional curvature of M.
H mean curvature vector of the given immersion f.

R(M) injectivity radius of M restricted'® to M.

15 Cf. e.g., I. Chavel, Riemannian geometry: a modern introduction, Cambridge University Press,
1993.

16 The smallest distance from the points of M to the cut locus of M.
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Wy, volume of the unit ball in R™.

b € (0, +00) U iR positive number or purely imaginary complex number.

The following result is due to D. Hoffman & J. Spruck (cf. [HoSp]).

559

Theorem 5.25 (Sobolev’s inequality) Let us assume that K < b> and leth : M —
[0, +00) be a C! function such that h =0 on OM. Let 0 < o < 1. Let us assume

that
Vol (supp(h)) 2/
b (1 — o)™ [—} <1,
wm
2p0 < R(M),
where
1 Vol (supp(i)) 1"
ol{su
— arcsin { b(1 — ) ~V/" [¢} if b>0,
b W
Po =
Vol (supp(i) 1"
ol{su
(1 — )~ \/m [¢} if beiR.
wﬂl
Then
(m—1)/m
</ h'"/<m1>de> 5c(m,a)f [IVA| +h|H|] dVy
M M
where

Zom=2471(1 — )W/ Llw;“’" se b >0,
o

220 11— )V L ymUm e peiR,
m—1

(5.24)

(5.25)

(5.26)

The optimal choice of the parameter 0 < o < 1 to minimize the constant c(m, )

is

a=m/(m+1).

When b > 0 the condition (5.25) may be replaced by the stronger requirement

Ezﬂbfl.
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It is well known (cf. e.g., R. Bishop & R. Crittenden, [BiCr]) that R = 7w b~ for
any complete and simply connected n-dimensional Riemannian manifold M with
K =b? [e.g., the n-dimensional sphere of radius 1/b, i.e., M=S5" N c R

It is equally well known (cf. e.g., D. Gromoll & W. Klingenberg & W. Meyer,
[GrKIMe]) that R > 7b~" for any complete and simply connected n-dimensional
Riemannian manifold M with

In general, one may replace (5.25) by a requirement of the form R > eb™! if the
constant 1 in (5.24) is replaced by a suitable smaller constant.

If M is complete and simply connected with b purely imaginary [b = ia with
a # 0 and then K < —a?*] then R = 400 [hence the requirements (5.24)—(5.24) are
automatically satisfied].

Theorem 5.26 (Isoperimetric inequality)
__ Let us assume that M is a compact manifold with boundary OM # () and that
K < b2 Moreover, let us assume that

vol(m) "
(0]
b1 —a)~Hm [ } <I, (5.27)
Wm
2p0 < R(M), (5.28)
where
o o [Vo1(a1) "
—arcsin{ b(1 — )"/ | ————= se b>0,
b wm
po =
Vi I(M) 1/m
(0]
(1—a)~m [ } se b eiR.
Wy
Then
Vol(M)™=D/m < ¢(m) [Vol(aM) + / |H|d VM} (5.29)
M

Theorem 5.26 follows from Theorem 5.25 by approximating the characteristic
function of M by a C' function & : M — [0, +00) vanishing on OM.

Now, let us demonstrate a few geometric applications of Theorem 5.26. Let us
assume that |[H| < A for some constant A > 0.
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Corollary 5.27 Let us assume that OM = @.
Q) Ifb > 0and R > wb~", then

Vol(M) < (1 — Q)wpb™ = (5.30)

—1
— A > c(m)" Vol(M) V> o= T 2t
m

(i) Ifb € i R, then

Vol(M) < (1 — )y (§> —

m—1 —_

= A > c(m)” Vol(M)~V/™m > 2=m=3) aR

m

Corollary 5.28 (i) Let us assume that M is complete and simply connected and
i b* < K < b with b > 0. Then, for any closed minimal submanifold M of M

Vol(M) = wy,b™" . (5.3

(i) If M is complete and simply connected and K < b*> with b € i R, then M doesn’t
admit closed minimal submanifolds. Moreover, any closed submanifold M of M
satisfies

A > c(m)~" Vol(M)~Vm (5.32)

Covariant Differential Calculus Relative to f : M — M

Let f : M — M be a C* map between the Riemannian manifolds M and M, of
dimensions m and n, respectively, equipped with the Riemannian metrics g and g. Let
V and V be the Levi-Civita connections of (M, ¢) and (M, g). Let f~'T(M) - M
be the pullback bundle of 7(M) — M via f : M — M.If X € X(M) we denote by
fiX € C®(M, f~'TM) the section in the pullback bundle defined by

(£:X) () = ([d )Xs € Tyey(M) = (f'TM),, xeM.
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Let f~'V = v/ be the pullback of the connection V via f, a connection in the pull-

back bundle as a vector bundle, i.e., ﬁf € C’(f’1 TM). Forany V € C*® (f’1 Tm,
we consider the map

VvV xM) - c(f7'THM),

Y € X(M) —> VLV,
Definition 5.29 V,V is the gradient of V € C¥(f~'TM). O

Definition 5.30 The divergence
divyV e C®(f'TM)
of V € C®°(f~'TM) is the trace of
VIV kM) > C(f T,
ie.,
divy V = trace (VfV> )

O

Here we follow the terminology in [HoSp]. The last definition is a bit ambiguous,
because V‘f V isn’t an endomorphism of X(M). Yet, if we consider the pullback

[Tg=79

of the metric g via f [a Riemannian bundle metric on the vector bundle f~'T (M) —
M], then one may build the bilinear form

(Y, Z) € X(M) x X(M) —> g’ (?’; v, f. Z).
Hence, its trace will depend, unlike that of an endomorphism, on a fixed inner product,
in the case at hand the Riemannian metric g. Let us write a formula for the local
calculation of said trace. Let x € M be a point, and let {E; : 1 < j < m} be alocal

g-orthonormal frame in 7' (M), defined on the open subset U C M of the point x

Ej € C®(U, T(M)),

g(E]’ Ek)zéjk’ 1§J7k§m
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Next, we set by definition
(divy V), = Zlgf (V‘Ej v, f*Ej)x .
j:
The definition of (divy, V), doesn’t depend upon the choice of local g-orthonormal

frame about the point x. If U is also the domain of a local coordinate system x/ :
U — R, as we may assume w.l.o.g., then

divV = g5’ (Vy,V. fdk).

. . A
[gjk] = [gjk] . gk =9(9, 5k), 0; = 0/0x/,

onU.

Definition 5.31 The second fundamental form of f is

B(X,Y) = VLY — f.VxY, X,Y € X(M).
The tension field of f is
T(f) = trace, B € C*(f~'TM).

O

Lemma 5.32 Let us assume that f : M — M is an isometric immersion and let
N(f) = M be the normal bundle of f, so that

(f7'TM), = [(d HT.(M] S N(f)x, x€M. (5.33)
Let
tan, : Tf(x) (M) - Tx (M), nory : Tf(x) (M) g N(f)Xa

be the projections associated to the direct sum decomposition (5.33). If 'V €
Cc>® (f_lTM), then we set V' =tan(V) and V+ =nor(V) so that V = £,V +

Vi
(i) One has
VyY = tan (W} f*Y) . B(X.Y) = nor (ﬁ f*Y) , (5.34)

forany X, Y € X(M).
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(ii) If we set
acX = —tan (V{(g) , (5.35)
X e X(M), €eC®(N(f)),

then .
7/ (B(X,Y), &) = gacX, Y)). (5.36)

(iii) The following identities hold good
divy (£:VT) = diviV + 37 (V, 7(f)), (5.37)

divy (pV) = pdivyV + g/ (V, £.Vyp) = (5.38)

= pdivyV +g(V', Vo)
for any p € C'(M). Here Vi € X(M) is the gradient of @ with respect to g, i.e.,
gV, X) = X(p) forany X € X(M).

(iv) If M is a manifold with boundary OM # ) and v is the outward unit normal
on OM, then

/ divy(V)dvy = (5.39)
M

- _/ 7 (v. T(f))de+/ F V. fuv)dvon.
M oM

(V) Let us set
1 2
Vol(M) = = [ lldfI dvu.
2 /u
Let
{filij<c C C=(M, M)

be a smooth 1-parameter variation of fo = f and let

VeC™(f'TM)
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be the infinitesimal variation induced by the variation { f;}| <. In addition to that,
let us assume that Supp(V') is a compact subset in M. Then

d
E{Vol(f,(M))}tzozf div (V) d v . (5.40)
M

(vi) Consequently

d
- [Vol(f,(M))},_, = (5.41)

== [ SV dvn+ [ GV gv)ava
M oM

so that the formula (5.37) is an infinitesimal version of the first variation formula
(5.41).

Proof (iii) For any Y € X(M) and any V € C®(f~'TM),

Vv =V]fvT+Vlvt

so that
g (VI AV, LX) = (VIV. 1Y) =7 (Vv 1Y)
hence (locally)
divi (£.VT) =Y 7/ (Vi £V, fiE)) =
j=1
=divyV =Y g/ (Vi V4, f.Ej) =
j=1
=divyV — ng(f* ayrEj, f*EI) =
j=1
(as f*g=g)

m

=divyV Z (av.E;, Ej)

[by (5.36)]
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m
=divyV - g/ (B(Ej, E;). V') =
j=1

=divyV — ﬁf(traceg B, VL).
The identity (5.37) is proved. Moreover,

o/ o/

Vi(eV) =X V+pVyV

so that
leM <pV = Z v/ f* )—

=Y Ej(@7 (V. LE)) + pdivyV =
j=1
[as locally Voo = 3| E(¢) Ej]
= yf(v’ f*VQP) + pdivyV = g(VT’ V@) + @divy V.

The identity (5.38) is proved.
(iv) One has

m
divu (£VT) = Y5/ (Vi £V, fE)) =
j=1
=Y F (L VT, LE)) =
j=1

=Y (Ve VT E)) = div(V)

j=1

where div, : X(M) — C°(M) is the ordinary divergence of a tangent vector field
onM,ie.,

EX dVM = leg(X) dVM

and Ly is the Lie derivative in the direction X € X(M). By Green’s lemma
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/ div!,(VT)dezf gV, v)dvyu
M

oM

hence

/ divM(f*VT) dvy =/ g(VT, V) dvy
M

oM

or [by (5.37)]

/M{divMV +3/ (V. ()} dvu =/ gV, v)dvy.

oM
The identity (5.39) is proved.

v) Letus set M = M x (—e, €) and let us consider the map F : M — M defined
by

Fx,t) = fi(x), xeM, |t|<e.

Then F € C*® (M , M) The infinitesimal variation V € C*®(f~'TM) induced by
the 1-parameter variation { f;};|<c is given by

9
Ve = (du.o)F) (E>( " xeM.

We shall make use of the vector bundle
F'TM) > M
[the pullback of T(M) — M via F], of the Riemannian bundle metric
Frlg=g"
on F71T(M) - M, and of the pullback connection
F'V=V"ec(F'TM), g°).
For any |¢| < €, we consider the injection

o M — M, a(x) = (x,t), xeM,

so that f; = F o «;. For any X € X(M), we consider the tangent vector field X on
M defined by

X(x,t) = (dva) Xy, x€eM, |t|<e
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Moreover,

de fy = (d(x,t)F) o (dray)
and hence for any X € X(M)

{(£).X}, = @ef) Xy = (@ F) o (dreay) X, =

= (d(x,t)F)X(x,t) = [F*}N(}(x 5

or

(f),X = (F.X) o, (5.42)

X eXM), |t|<e.

Let us observe that

— — — —F
gl = 950 T IF@) = 9,0 -

A common trick, that we adopt here as well, is to express the Hilbert-Schmidt norm
lldf; |l in terms of F as follows:

lafi 1% Z—ff ,(f).E)), =

m
-3 g" FE} {FE] -
;gu,t)({ S e # L (x’t))

or

ldfil> = _g" (F.E;. F.E;) o qy (5.43)
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on U. Let us consider now the functions

Vol : (—¢,¢) —> R, @:M—)R,

1
Vol(r) = Vol [£;(M)], p(x, 1) =~ ldfili2,

x €M, |t| <e,

so that
Vol(t) = / px, 1) dvy(x)
M
and hence

d , 9
L L (M) = VoI (0) = / 22 5.0 dvu).

M

We compute separately (Jp/0t)(x,0) for any x € M by choosing a local g-
orthonormal frame

{Ej:1<j<m}CC®U,T(M))

defined on an open neighborhood U C M of the point x. We may use the formula
(5.43) that is

[as VFEF =0]
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[as the symmetry of the linear connection V implies
—F ~ —F ~
Voo FsX =V F.0/0t + [0/01, X]
and [0/0t, X] = 0 forany X € X(M)]

= ZEFWQJF* (8/81), F*Ej)
J

and hence [as

do =3l [FiR.@on)] {7Vl

(x,

for any x € M]
8—@@ 0)=> yf(vf V, fE;) =divy(V),
o’ - Ei" I/x

so that the formula (5.40) is proved. Q.e.d.
Lemma 5.33 Let E : C*°(M, M) — R be the Dirichlet energy functional, i.e.,

1
Mﬂziﬂﬂﬁwdw

forany f € C °°(M , M). Then, for any smooth 1-parameter variation
{ft}lt|<e C Coo(Ma M)

whose associated infinitesimal variation V. C®(f~'T M) has compact support in
M, the following first variation formula holds

d
THEU) o= (5.44)

:_/gf(V, T(f))dVM+/ gf(v’ f*V)dVg)M.
M

oM
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Proof Let us consider the functions

E:(—-¢66¢ —> R, go:M—>]R,

1
EM =E(f), ¢k, 1) = 3 ldf113,

xeM, |t <e.

Part of the proof of Lemma 5.32, preceding and up to the derivation of the formula

m

dp _F= =
= = ]Z:l:gF(ij F.(0/01), F.E;), (5.45)

doesn’t rely on the assumption that f : M — M be an isometric immersion, hence
we may use (5.45) under assumptions more general than those in Lemma 5.33. As
=F
Vgh=0

the formula (5.45) leads to

==Y B (F. @00, FE) ~5° (F.@/on, Vi F.Ej)].

~.
Il

For any |t| < €, we consider the tangent vector field X; € X (M) uniquely determined
by
9(X:, ¥) =7"(F. (0/01), F.Y) o« (5.46)

for any Y € X(M). We wish to compute the ordinary divergence of X, on the
Riemannian manifold (M, g)

div(X) = 0 (Ve Xo. E)) =

[as Vg = 0]

= Z {Ej (g(X,, Ej)) —Q(Xt’ VEjEj)} =
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[by the definition (5.46)]

_Z{ (G" (F. (0/01), F.E})oa,)—

—g" (F.(8/01), F.V5 E;) o a,} -
[as
{Ej(uoa)) = Ej.(uoa)) =[(dea)Ej|) = Ej (@)
or
Ej(woa,) = Ej) o
for any u € C*°(M) and any [t| > €]
Z (" (F.(8/01), F.E})) —g" (F.(0/d1), F.Vg E})} o

and hence

E;(g" (F.(8/01), F.E;))oa, = (5.47)

M-

1

J

m

= div,(X,) + Y _g" (F.(9/0r), F.Vp, E)oa,

j=1
It follows [by (5.47)] that
92 _ div,(X,) — 7 (Fu(@/0 B(F 5.48
o = div(X,) = 3" (F.(9/0n). trace, B(F)) o, (5.48)

where the C°°(M)-bilinear form B(F) is defined by

B(F)(X.Y) = Vi EY — F.VxY,

X, Y e X(M).

Let us evaluate (5.48) at the points (x, 0) with x € M. We obtain

B
8—f(x, 0) = div,(Xo), — g/ (V. trace, B(f)) (5.49)
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where we have set

B(f)(X,Y) = Vi fuY — f.VxY,

X, Y e X(M).

Let us integrate (5.49) along M and take into account that [by Green’s lemma]

/ dng(X()) dvy Z/ g(Xo, V) dvoy =
M oM

[by the definition (5.46) with r = 0]

:/ (5" (Fu(0/01), Fu)oap) dvoy =
oM

:/ 7/ (V. fiv)dvou.
oM

We obtain
d I
dt {E(f’)}z:o = Vol'(0) =/

dp
; E(x, 0O)dvykx) =

:/ gf(v’ f*V)dVOM _/ gf(vv T(f))
oM

M
The formula (5.44) is proved. Q.e.d.

Given a section V € C*(f~'T'M) and an open subset i C M such that f (M) N
U # @ we consider the operator

sy C'U) — (')
defined as follows. Let u € C'({) and let us set

(5vu)x = divy (uf V) Vxe f_l(U),

X’

where u/ =wuo f.If f : M — M is an isometric immersion, then [by (5.38) with
—uf
p=u’]

Sy (u) = divy (u! V) = ul divy (V) + g(VT, Vu/)
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SO Tthat, if divy, (V) = 0, then dy (u) is the directional derivative of u at the direction
Y Let (U, y) be a local coordinate system on M about the point f(x), for some
Xo € M. Let

Vo = 0/0y") = 010y o f
be the natural lift of 0/0x so that

(Vo:l<a<nfcC>(f '), f'17(M))

is a local frame in the pullback bundle f~'T (M) — M. Given a functionu € C' ()
we wish to compute 6, (1) where §, = dy,. We have

Sa(u) = divy (! V) = u’ divy (Vo) + 5/ (V. fiVul).
To compute that O-th-order term, we also fix a g-orthonormal local frame {E; : 1 <

Jj <m}C C*®(U, T(M)) defined on an open neighborhood U C M of the point x,
such that f(U) C U. Then, for any X € X(M)

f*X = X(fa) Vow
ViVa= XU (Fhao f) v,

by the very definition of the pullback connection f -1Y = V' . Here f@=y*o f
and ng are the Christoffel symbols of the second species of the Riemannian metric

9

? — 0
00— = B .
0/0y 8)77 By aya

Consequently
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[as

7] 0
—f _—-( Y Y —
g (Vnu V[f)—g<aya» ayﬂ>of—gaﬂof

forany 1 < o, 8 < n]

=3 Er) ) (50 0)

oy“

We may assume w.l.0.g. that U is also the domain of a local coordinate system (U, x*)
on M, henceif E; = Ej‘ 0/0x*, then

m m I3 o
S B E(7) = o B By O
j=1 j=1

I Oxk Oxt
[as the orthonormality of {E; : 1 < j < m} implies Y7, EX E¢ = "]

_ q 00"
B Oxk Oxt

Finally,

1, offofr _
leM(V) 2 kZ a{C‘k ({9{6‘[ (g[)’cﬂaof)

where u|, = Ou/dy® for any u € C'(U). As to the first-order term

fogid 9 _ afr o
Vit =g ‘ Yo f) oo Oxt Oxi’

afr of"

WVul = Vs,
f u g (u|’Yof) ax, ax] B

_ _ afafy
9 (Voo £iV0) = (a0 £) 2 5 g (o £)
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576

Finally,
1 Of°of
da() = 7 ¢ 8f af 7 (Taria 0 ) u + (5.50)

af’ofr . ( ou
+ (gm}of) Oxi Oxi g’ <8y”’ Of>'

Letus examine now the particular case where M = [E” is the n-dimensional Euclidean
space (9,3 = Oqap). If this is the case

leM(VCy) =0

dalt) = Ox! OxJ

hence [by (5.50)]
;Of*of°
<8y > . 5.51)

Let y* (9/0y®) € X(E") be the radial field and let

V=" f)VaeC®M, f'TE")

be its natural lift. We wish to compute the divergence of V. As

a9 B
gij afl af/ (9043 f) ’ gaﬁ = 60437

one has
af*ofe

2:: oxt OxJ

and contracting with g'/

n afa afa
Z g’] —_ — =
P ox! Ox/J
Finally,
diVM(V) = diVM((ya o f) Va) = 60()’&) =
[by (5.51)]

Oxi Ox/

i Ofof’
(c’W f) -
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Let us now go back to the general case of an arbitrary Riemannian manifold M. Let
U(M) — M be the unit tangent bundle, i.e.,

U(M)y ={vey(M):g,(v,v) =1}, xeM.
Leté € M be a fixed point, and let (p, x) be the polar coordinates on T (M), i.e.,

p: Tg(ﬁ) — [0, +00), x:Te(M) — U(M)g,

p() =7 (v, 0)'"?, x(v) = 1 v, veT(M).

p(v)

Let exp, : Bg(0) — M be the exponential map, where R is the injectivity radius of
M.

Definition 5.34 The geodesic distance of & to g is
— -1 — -
r(q) =p (eng (q)) . q €U =expg [Br(0)].

O

Letu = (¢, {X, : 1 < a < n}) be atangent linear frame on M at the point &, i.e.,
the R-linear isomorphism

u:R"— Tg(ﬁ), uley) =X,., 1<a<n.
Let us choose from the very beginning an orthonormal linear frame, i.e.,
§5(Xu, X,j) =0n3, 1=<a,fB=<n.
We shall make use of the normal coordinates of center &, that is we set

X = (yl’ cee yn) U - E@n,

-1 -1
X=u o (expf)
Said construction may be summed up as the commutative diagram

exp

T(M)> Bg(0) — U CM
wt o ou'y I x

R* D Q = Q CR»
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where Q = u~" [ Bz(0)] (an open subset of R"). Then

0
=Xuo, Gus = 0,5 .
<8y0()5 v gaﬂ(g) 3

Let
Yy Te(M) — R

be the Cartesian coordinates associated to the local coordinate system (U4, y®),i.e.,

0
V= )';‘Y(U) (8_);04> , V€ Tg(ﬁ).
3

Definition 5.35 The radial field X € C*(U, T(M)) is

0
X(q)=y'"(v)<aya> . g €U,
q

v=(expe) " (@) € Bx(0) C Te(M).

(I
Lemma 5.36 Ler v € Bi(0) and let us set ¢ = exp, v. Let
dyexp; : T,(Te(M)) — T,(M)
be the differential of exp, at the point v. Then (i)
(dv expe )ﬁ = X(g) (5.52)
where
b= y*(v) 9 € T,(T«(M)).
a)‘}a .
Moreover, (ii)
or "
r(q) (g) = y"(v). (5.53)

oy“
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Let us assume that £ € f(M). Iff( € Coo(f_l(l/l), f‘lTM) is the natural lift of
the radial field X : U — T (M), then (iii)

. 1 o 0ffaf
: _ 2 .o —1 ke _
divy X = [|df|I” + > (y o exp; ) 9 BT BT (95,0 f) (5.54)
and ||df]|]> = m.
Proof (i) Let

(expg)a = y" o exp;

be the components of exp, with respect to the local chart x. Then

B d(expe )" 9]
(dy expy) (W)v = T‘;(v) (8y”>q

To compute the partials

(O(exe)" /05
one should calculate first the local expression of
(expf )a : B(0) - R
with respect to the (global) chart
x=(0" ") Te(M) - R

thatis, foranyn = (', --- , ") e Q C R"

[(expe )" o Xx™'] () = (exp; )" [nﬁ (5%‘9)5} _

— (" o x oexp;) [ns (g)J _ (o ou) [nﬂ (8%)5] _

(e}

=p*(n’es) =1
and hence

('9( expy )a
oyh

[ (expe)” o x']
on?

(v) = (X)) = 55
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0 0

The formula (5.52) is an immediate consequence of (5.55).

(ii) To compute the partial derivatives Or/dy” one should determine the local
expression of the function r : I/ — R with respect to the local coordinate system
U, y*), thatis

so that

(r o X_l)(n) = (p o expg1 oX_l)(n) = (p o u)(n) =

= ge(um), um)"* = [n"n’ge(Xar X5)]"* = Inll

where || - | is the Euclidean norm on R”. It follows that
or Orox™H 8
Z =22 gy = | =
ay! on/ 1771 P
[as

n=x(@q) =u") =3"We, = 1% = y*(v)

and hence

Inl* =Y 3 @)* = ge(v, v)]
a=1
RO
Cgew, )2
las r(q) = p(exp; ' (@) = p(v) = ge(v, v)'/?]

_ 3w
r(q)

and the formula (5.53) is proved. Q.e.d.
(1) If € € f(M), i.e., £ is actually a point of the given submanifold, let

X: ') — f7'7(M)
be the natural lift of the radial field

X:U—>TM),
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ie.,

X=X =Xof
Then

divy (X) =divy [(y“ o expg1 )f Va] =
[where V, = §/0y" € C®(f~'U), f~'TM)]
= (y“ o expf_] )f diV(Va) +§f(V(,, f*V()}a o expgl )f)

Moreover, if

h*=y%o expgl,

then

i (va, £V (h) ) = (5.56)
— (Guso £) 2O o p)
Jop oxi oxi Y "

and the local expression of 7 is

(h* o x™ ")) = (3" o u) () =n"
so that

ohe 9o x ) 5o
= ——— 0 =
oy? onY X =0

hﬂlv =

and the formula (5.56) becomes

. VY~ (50 ) 0287
7" (Voo £V(0)) = @us o f) G5 5y 97 = 1dF I =
[as f*g = g1

= gijgij =m
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The formula (5.54) should be paralleled to the formula (3.7) in [HoSp], p. 721.
D. Hoffman & J. Spruck also introduce (cf. op. cit.) the matrix

5 G O0f70f
9‘7?:9]@8)” (Gro 0 f)

so that (5.54) may be rewritten as

N f —
divX =m + ()'/“'oexp;) gf (Fﬁ/aof)
together with

trace (7) = g, = Idf|> = m.

Next, we shall estimate div (X) in terms of r(q) [the geodesic distance from & to

q] and the sectional curvature of M.

Leté e Mandv e B%z(0) and let us set ¢ = expg(v). Letx = (1/p(v)) v so that
xeU (M) and in particular

q = exp; [r(q)x]
is a tautology. Let us consider the geodesic
(1) = exp; (tx)

so that v(0) = ¢ and (r(q)) = g. To start with we need the following result!’

Lemma 5.37 Let M be a Riemannian manifold of sectional curvature bounded
from above K < b?. If bz_r(q)2 < 72, then there are no ‘conjugate points along 7.
Consequently, if Y € T, (M), then there is s € T, g)x (Tg (M)) such that

(drgxexpe ) (s) =Y.

Let us extend s by parallelism along t — t X in T¢ (M) such that to obtain the Jacobi
field

t
V(1) = (drig)x expg) [@ s:|

17 For a proof, one may see R. Bishop & R. Crittenden, [BiCr], p. 255.
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along ~v(t). Then

1
V() =0, V(0= e Vir(g) =Y,

b cot [b r(q)] se b >0,

VsV, Vg =
b| coth [|b| r(q)] se b €iR.

One has

Lemma 5.38 Let M be a Riemannian manifold obeying to the assumptions in
Lemma 5.37 and let X be the radial field of center £ € f(M). If g € f(M) is a
point such that b r(q)* < w2, then

divy (X)(q) = mbr(g) cot[br(g)]. (5.57)

5.5 Brendle’s Theorems

We start by reporting on S. Brendles’s results'® on Sobolev inequalities on
submanifolds in the Euclidean space.

Theorem 5.39 Let ¥ C R*"™ be a compact n-dimensional submanifold with 0% =
@A. Let f : ¥ — (0, +00) be a C* function. Then

/f[logf+n+ﬁlog(47r)}dvg+
2 2

z 12
—/lv /| dvg—ff|H|2dVg§
x f )

< (/Efdvg> log(/zfdvg>.

18 . Brendle, The logarithmic Sobolev inequality for a submanifold in Euclidean space, Commu-
nications on Pure and Applied Mathematics, Vol. LXXV (2022), 0449-0454.
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Here g and H are, respectively, the first fundamental form and mean curvature
vector of the given immersion ¥ < R"*"_If one sets

1 1
f=WeXP<—Z|X| )%

then Theorem 5.39 yields

Corollary 5.40 Let> C R"™™ be acompact n-dimensional submanifold with 0% =
?, and let

dy=— Yy
7T G P (-5 ) v

be the Gaussian measure on X. Let ¢ : ¥ — (0, +00) be a C* function. Then

|VEpl? I 2
p(logp)dy— | ——— dv— w‘HJr—x ‘ dvy <
> s  © ) 2

f(fzwdv) 10g</290d7)~

The Euclidean logarithmic inequality is well known, and was obtained as a con-
sequence of the isoperimetric inequality, cf. C. Borell.!” The logarithmic Sobolev
inequality plays an important role in Perelman’s monotonicity formula for the entropy
under Ricci flow.?’ The Gauss measure + is judged®! as very natural from a geometric
point of view for, in particular, the quantity

1 2
_ —l|xI7/4
(X)) = @y /Ee dvg

is the Gaussian area appearing in Huisken’s monotonicity formula for the mean

curvature flow.?> One has H + 3 xT = 0 if and only if ¥ is a critical point>* for
Gaussian area y(X).

19 C. Borel, The Brun-Minkowski inequality in Gauss space, Invent. Math., (2) 30(1975), 207-216.
20 Cf. G. Perelman, The entropy formula for the Ricci flow and its geometric applications,
arXiv:math/0211159 [math.DG].

21 Cf. S. Brendle, op. cit., p. 450.

22 Cf. G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Differential
Geometry, (1)31(1990), 285-299.

23 Submanifolds with this property are called self-similar shrinkers (for they shrink homothetically
under the mean curvature flow).
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t25

S. Brendle generalized®* his own previous (Euclidean) result® to the Riemannian

case, as follows.

Theorem 5.41 Let M be a complete noncompact Riemannian manifold, of dimen-
sion n + m, with nonnegative sectional curvature. Let ¥ C M be a n-dimensional
compact submanifold, with boundary OX. Let f : & — (0, +00) be a C* function.
If m > 2, then

/\/|V2f‘2+f2|H|2dVr/+/ fdvg=
b o

>n[(”+m)IB"+m|]l/"91/n<f fn/mfl)dv()(n_l)/".
N m|B"| b I

Here 6 is the asymptotic volume ratio of M and H denotes the mean curvature
vector of ¥ < M. The reader will appreciate the particularly elegant form of the
Sobolev inequality for submanifolds of codimension m = 2.

Corollary 5.42 Let M be a complete noncompact Riemannian manifold, of dimen-
sion n 4 2, with nonnegative sectional curvature. Let ¥ C M be a n-dimensional
compact submanifold, with boundary 0%. Let f : ¥ — (0, +00) be a C* function.
Then

/2¢|v2f|2+ FAH dvg+/82 Fdv, =

> [B"|V/" 9" (/ fr/@= dvg)(”_l)/”'
s

5.6 Batista—Mirandola Theorem

We report on a result by M. Batista & H. Mirandola®® for Sobolev inequalities for
a submanifold of a Riemannian manifold (M, g), where integration of functions
defined on the ambient space is performed with respect to a weighted measure dyu =
e~/ d v,, for some C* function f : M — R (the density).

24 Cf. Theorem 1.4 by S. Brendle, Sobolev inequalities in manifolds with nonnegative curvature,
arXiv:2009.13717v5 [math.DG] 28 May 2022,p.2.

25 Cf. S. Brendle, The isoperimetric inequality for a minimal submanifold in Euclidean space, J.
Amer. Math. Soc., 34(2021), 595-603.

26 Cf. M. Batista & H. Mirandola, Sobolev and isoperimetric inequalities for submanifolds in
weighted ambient spaces, arXiv:1304.2271v2 [math.DG] 12 Apr 2013.
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Letx : M — M be anisometric immersion of acomplete Riemanian manifold M,
eventually with nonempty boundary (OM # @) in the Riemannian manifold (M, g).
Let f: ‘M — R be a C™ function, and let H be the mean curvature vector of the
given immersion x : M — M. Let T(M)* — M be the normal bundle of the given
immersion, and let V- denote the 7' (M)*-component of V ¢ X(M). Let us set

Hf I=H+(§f)l.

Definition 5.43 The immersion x : M — M is said to be f-minimal if H r=0.0

Also, if @ C M is a bounded domain, we set
vol 1 (Q) := / du= / e dvy(x). (5.58)
Q Q

By a result of V. Bayle?” for every smooth 1-parameter variation {2}, of

d
E{volf(sz,)}tzo =/Q<Hf, Vydu

where V is the normal infinitesimal variation induced by {€2,};|<.. It may then be
argued in favor of the “natural” occurrence of H [as springing from the variational
problem associated to the functional (5.58)].

Let us look at the following example, associated with work by M. Gromov.?

Let E" = (R", go) be the n-dimensional Euclidean spaces, and let us consider the
weighted measure du = exp(—|x|2) d vg,(x). Anisometricimmersion F' : M — R"
is said to be a self-shrinker if its mean curvature vector H satisfies 2H = —F*. This
is of course equivalent to saying that F is (|x|?/4)-minimal.

Let £ : R — [0, 400) be a nonnegative, even, and continuous function, and let
h be the solution to the Cauchy problem

B+ Kh=0,
(5.59)
h(0)=0, (0)=1.

Let us choose constants

ro =ro(K) >0, s0=1s0(K) >0,

27 Cf. V. Bayle, Propriétées de concavité du profil isopérimétrique et applications, Mathématiques
[math]. Université Joseph-Fourier - Grenoble I, 2003, Francais, NNT : tel-00004317v1, HAL Id:
tel-00004317 https://theses.hal.science/tel-00004317v1.

28 Cf. M. Gromov, Isoperimetry of waists and concentration of maps, Geom. Funct. Anal.,
(1)13(2003), 178-215.
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such that / is increasing on the interval (0, so) and 4 maps (0, so) onto the interval
(0, ro). Next, let us assume that the radial curvature of M with base point ¢ satisfies

(Krna), < K(dyr( - ) (5.60)

for every £ € M, where dy; is the distance function associated to the Riemannian
metric on M. The main result by M. Batista & H. Mirandola is (cf. op. cit.)

Theorem 5.44 Let us assume that f* :=sup,, f < oo, and let ¢ € C}(M) be a
nonnegative function such that <p| oy = 0. Moreover, let us assume that there is
k€ (0, 1) such that

_ ef* 1/m
J = [m V()lf (supp(tp))] =< 50, (5 61)

h='(J) <2 Inj,,

where w,, = Vol (IB%'") and Inj,, is the minimum of the injectivity radius of M restricted
to the points of supp(p). Then there is a constant S = S(m, K) > 0 such that

(m—p)/
(/ (pmp/(m—p) dM> m—p)/m <
M

< Sef*/’”/ (IVol+ ¢ |H =V f]) dp
M

forany 1 < p < m, where the constant S is

2"m  ry [ 1 ]l/m (5.62)

T km— DsoL(I = k)w,,

Theorem 5.44 is an extension (the context of submanifolds of ambient spaces
endowed with a weighted measure dpu = e~/ dv,) of results by J.H. Michael &
L.M. Simon?® and D. Hoffman & J. Spruck.*®

29 Cf. J.H. Michael & L.M. Simon, Sobolev and mean-value inequalities on generalized submani-
folds of R", Comm. Pure Appl. Math., 26(1973), 361-379.

30 Cf. D. Hoffman & J. Spruck, [HoSp], and our presentation earlier in this chapter.



588 5 Sobolev Inequalities on Submanifolds

References

[Ath] C. Athanasios, Sobolev inequalities on complete Riemannian manifolds, Master Thesis,
University of Crete (2012)

[HoSp]  D. Hoffman, J. Spruck, Sobolev and isoperimetric inequalities on Riemannian subman-
ifolds. Commun. Pure Appl. Math. XXVII, 715-727 (1974)

[BiCr] R. Bishop, R. Crittenden, Geometry of manifolds (Academic, New York-London, 1964)

[GrKIMe] D. Gromoll, W. Klingenberg, W. Meyer, Riemannsche Geometrie im Grossen, Lecture
Notes in Mathematics (Springer, Berlin-Heidelberg-New York, 1968)



Index

Symbols

2-plane, 34

L-invariant (differential form), 67
g-invariant (differential form), 74
f-minimal immersion, 586

A

Adjoint representation, 71
Ambient space, 201
Anti-holomorphic map, 304
Asymptotic volume ratio, 556
Axiom of r-planes, 227
Axiom of r-spheres, 321

B

Bianchi identities, 33
Brieskorn manifold, 238
Brieskorn sphere, 238

C

Canonical measure (on a Riemannian mani-
fold), 19

Cartan connection, 142

Change of parameter, 17

Christoffel symbols (of the first kind), 26

Christoffel symbols (of the second kind), 26

Coclosed (differential form), 59
Codazzi equation, 218

Coexact (differential form), 59
Conformal map, 268

Conical neighborhood, 376

Connection (in a vector bundle), 212

Covariant derivative, 218

Curvature (of a connection in a vector bun-
dle), 217

Curvature (tensor field), 32

Cut locus, 49

D
Divergence, 49, 562
Dombrowski map, 43

E

Eigenfunction, 283

Eigenvalue, 283

Eikonal, 300

Einstein manifold, 39

Energy, 289

Energy density, 288

Energy (of a geodesic), 151

Euclidean metric, 28

Exponential mapping (on a Finslerian man-
ifold), 167

Extrinsic sphere, 321

F

Finslerian connection, 138
Finslerian metric, 139
Finslerian vector field, 133
First fundamental form, 202
First variation formula, 291

© The Editor(s) (if applicable) and The Author(s), under exclusive license to Springer 589

Nature Singapore Pte Ltd. 2025

E. Barletta et al., Differential Geometry, Infosys Science Foundation Series,

https://doi.org/10.1007/978-981-96-1631-2


https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2
https://doi.org/10.1007/978-981-96-1631-2

590

Focal manifold, 315

G

Gauss-Codazzi equation, 218

Gauss equation, 218

Gauss formula, 206

Gauss map, 275

Geodesically complete (Finslerian mani-
fold), 187

Geodesically complete (Riemannian mani-
fold), 30

Geodesic distance, 577

Geodesic (in a Finslerian manifold), 150

Germ (of a submanifold), 246

Gradient, 562

Green operator, 65

H

Harmonic map, 294

Hodge-de Rham Decomposition Theorem,
62

Holomorphic map, 302

Homogeneous harmonic polynomial, 286

Horizontal distribution, 42

Horizontal lift, 42

Horizontal lift (of a vector field), 44

I

Indefinite (inner product), 6

Index (of a bilinear symmetric form), 6
Induced connection, 206

Infinitesimal variation, 31, 291

Inner product, 6

Inner product preserving map, 15
Inner product space, 7

Isometric immersion, 202

Isometry (of a Riemannian manifold), 231
Isoparametric function, 310
Isoparametric hypersurface, 313
Isoperimetric constant, 552

Isothermal coordinates, 263

Isotropic (Riemannian manifold), 37

J
Jacobi field, 31

K
Killing form, 74
Killing vector field, 67

Index

L

Laplacian (on functions), 51

Laplacian (on differential forms), 53

Length (of a curve), 17

Length of a curve (in a Finslerian manifold),
155, 184

Levi-Civita connection, 22

Linear isometry, 15

Liouville vector, 44, 132

M

Maurer-Cartan equations, 68

Mean curvature, 248

Mean curvature vector, 247

Metric connection, 20

Minimal geodesic (in a Finslerian manifold),
183

Minimal immersion, 248

Minimal submanifold, 248

Minimal surface, 268

N
Natural lift, 132, 212, 289
Nondegenerate (bilinear symmetric form), 4

Nondegenerate (subspace), 11
Nonlinear connection, 135
Normal bundle, 203

Normal component, 206
Normal connection, 212
Normal field, 202

Normal Gauss map, 278
Normal neighborhood, 169
Normal vector, 202

Null vector, 7

(0]

Orthogonal multiplication, 298
Orthogonal projection, 13
Orthogonal vectors, 7

P

Perp space, 10

Polar coordinates, 48

Polynomial harmonic map, 297

Principal curvatures, 313

Principal directions, 313

Principal normal space, 320

Pseudo-isometry (of Riemannian mani-
folds), 92



Index

Pullback (of a connection), 213
Pullback (of a metric tensor), 230

Q

Quadratic form, 6
Quasi-isometry (of Riemannian manifolds),
91

R

Radial field, 578

Regular connection, 137

Regular curve, 149

Ricci equation, 220
Riemann-Christoffel tensor field, 33
Riemannian submersion, 295

S

Sasaki metric, 43

Second fundamental form, 206, 563

Second fundamental form (of a map of Rie-
mannian manifolds), 290

Sectional curvature, 35

Semi-Riemannian bundle metric, 214

Semi-Riemannian metric, 16

Semi-simple Lie group, 74

Shape operator, 211

Sobolev constant, 552

Sobolev embedding, 545
Space form, 40

Space of constant curvature, 38
Submanifold, 201

T

Tangential component, 206
Tangential field, 202

Tangent space (at a germ), 246
Tension field, 291

Totally geodesic (germ), 246
Totally geodesic (immersion), 225
Totally geodesic map, 290

Totally geodesic (submanifold), 225
Totally umbilical submanifold , 248

v

Vertical distribution, 42

Vertical lift, 42

Vertical lift (of a vector field), 44
Volume form, 19

Volume (of a Riemannian manifold), 19

A\
Weingarten formula, 209
Weingarten operator, 211

591



	Preface to Book I-B
	Contents
	About the Authors
	1 Riemannian Geometry
	1.1 Riemannian and Semi-Riemannian Metrics
	1.1.1 Historical Note
	1.1.2 Bilinear Symmetric Forms
	1.1.3 Inner Products
	1.1.4 Semi-Riemannian Manifolds
	1.1.5 Canonical Measure
	1.1.6 Levi–Civita Connection

	1.2 Geodesics and Jacobi Fields
	1.3 Riemann-Christoffel Tensor Field
	1.4 Sectional Curvature
	1.5 Ricci Curvature, Einstein Manifolds
	1.6 Canonical Structures on the Tangent Bundle
	1.7 Geodesics and Integration
	1.8 Laplace–Beltrami Operator
	1.8.1 Bochner–Lichnerowicz Formula
	1.8.2 Laplacian in Radial Coordinates

	1.9 Hodge–de Rham Theory
	1.9.1 Star Isomorphism
	1.9.2 Harmonic Forms
	1.9.3 Orthogonality Relations
	1.9.4 Hodge–de Rham Decomposition Theorem
	1.9.5 The Operators dd, \deltaδ and \DeltaΔ in Terms of Covariant Derivatives
	1.9.6 Green's Operator
	1.9.7 Killing Vector Fields

	1.10 Compact Lie Groups
	1.10.1 Grassman Algebra of a Lie Group
	1.10.2 Invariant Differential Forms
	1.10.3 Compact Semi-simple Lie Groups
	1.10.4 Harmonic Forms on Compact Semi-simple Lie Groups

	1.11 Curvature and Fundamental Groups
	1.12 Kanai Graphs
	1.12.1 Quasi-isometries, Pseudo-isometries, and Rough Isometries
	1.12.2 Nets in Riemannian Geometry
	1.12.3 Volume Growth Rate
	1.12.4 Isoperimetric Constants
	1.12.5 Liouville's Theorem
	1.12.6 Rough Isometries and Parabolicity of Riemannian Manifolds
	1.12.7 Rough Isometries and Harmonic Functions on Graphs
	1.12.8 Parabolic and Hyperbolic Infinite Networks
	1.12.9 Parabolic Index and Rough Isometries
	1.12.10 Appendix: Martin Boundary in Potential Theory

	References

	2 Finslerian Geometry
	2.1 Finslerian Geometry
	2.1.1 Pullback Bundle
	2.1.2 The Vertical Lift
	2.1.3 Connections in the Pullback Bundle
	2.1.4 Nonlinear Connections
	2.1.5 Finslerian Connections
	2.1.6 Finslerian Metrics
	2.1.7 Cartan Connection

	2.2 Geodesics in Finslerian Manifolds
	2.2.1 Regular Curves
	2.2.2 Parametrized Surfaces in upper V left parenthesis upper M right parenthesisV(M)
	2.2.3 Existence and Uniqueness of Geodesics in Finslerian Manifolds
	2.2.4 Geodesics with Given Initial Data
	2.2.5 Applying Banach's Fixed Point Theorem
	2.2.6 Convex Neighborhoods

	2.3 Finslerian Distance Functions
	2.4 Complete Finslerian Manifolds
	2.5 First and Second Variations of the Energy Function
	2.5.1 The Energy Function
	2.5.2 Critical Points of the Energy Function

	2.6 A Postface on Finslerian Geometry
	References

	3 Isometric Immersions
	3.1 Fundamental Forms of an Immersed Manifold
	3.2 Normal Bundle
	3.3 Gauss and Weingarten Formulas
	3.4 Covariant Calculus in normal upper Omega Superscript 0 Baseline left parenthesis f Superscript negative 1 Baseline upper T left parenthesis ModifyingAbove upper M With quotation dash right parenthesis right parenthesisΩ0 ( f-1 T(overlineM))
	3.5 Gauss–Ricci–Codazzi Equations
	3.6 Totally Geodesic and Minimal Submanifolds
	3.7 Cartan's Theorem
	3.8 Nomizu's Theorem
	3.9 Submanifolds of Brieskorn Spheres
	3.10 Topology of Brieskorn Spheres
	3.11 Germs of Totally Geodesic Submanifolds
	3.12 Minimal Submanifolds
	3.12.1 Basic Notions and Results, Examples
	3.12.2 Minimal Surfaces in double struck upper R Superscript nmathbbRn
	3.12.3 Weierstrass Representation of Minimal Surfaces
	3.12.4 Gauss Map of a Minimal Surface
	3.12.5 Minimal Submanifolds of Spheres

	3.13 Harmonic Maps
	3.13.1 Harmonic Maps of Spheres
	3.13.2 Fundamental Problems in the Theory of Harmonic Maps
	3.13.3 Lichnerowicz Theorem
	3.13.4 Harmonic Maps of Surfaces
	3.13.5 Isoparametric Functions

	3.14 Submanifolds of Space Forms
	3.15 Chern's Theorem
	3.16 Allendoerfer–Erbacher's Theorem
	3.17 Totally Umbilical Submanifolds
	3.18 Characterizations of the Sphere
	3.18.1 Hypersurfaces in Euclidean Spaces
	3.18.2 Real Hypersurfaces in Euclidean Complex Space Forms
	3.18.3 Compact Submanifolds in Euclidean Spaces

	3.19 Submanifolds of Spheres
	3.19.1 Hypersurfaces in Spheres
	3.19.2 Small Spheres in Spheres
	3.19.3 Minimal Submanifolds in Spheres
	3.19.4 Biharmonic Immersions in Spheres

	3.20 Calabi's Theorem
	References

	4 Riemannian Foliations
	4.1 Transverse Riemannian Structures, Transverse Metrics, Bundle-Like Metrics
	4.2 Bott Connection, Canonical Adapted Connection
	4.3 Second Fundamental Form and Mean Curvature
	4.4 d Subscript Script Upper FdmathscrF-Cohomology
	4.5 Atiyah Class
	4.6 A Spectral Sequence
	4.6.1 Filtrations of the De Rham Complex and Rummler's Formula Revisited
	4.6.2 Appendix: Spectral Sequences

	4.7 Foliations by Level Hypersurfaces
	4.8 De Rham-Hodge Theory for Riemannian Foliations
	4.8.1 Alaoui–Hector–Sergiescu Foliated De Rham Decomposition Theorem
	4.8.2 Exterior Differential Calculus on normal Upper Omega Superscript Bullet Baseline Left Parenthesis Upper M Right ParenthesisΩ(M) Vversus normal upper Omega Subscript upper B Superscript bullet Baseline left parenthesis script upper F right parenthesisΩB (mathscrF)
	4.8.3 Sobolev Chain on normal Upper Omega Subscript Upper B Superscript Bullet Baseline Left Parenthesis Script Upper F Right ParenthesisΩB (mathscrF)
	4.8.4 Coercivity and Weak Solvability
	4.8.5 Regularity
	4.8.6 Proof of Alaoui–Hector–Sergiescu Theorem

	4.9 Riemannian Foliations and Curvature Groups
	4.9.1 The Basic Vaisman Complex
	4.9.2 Infinitesimal Conformal Transformations
	4.9.3 The Relationship to Basic Cohomology
	4.9.4 Basic Curvature Groups of Riemannian Foliations Modeled on Space Forms

	4.10 Foliated Harmonic Maps
	4.10.1 Lichnerowicz Type Theorem on Transversally Holomorphic Maps
	4.10.2 left Parenthesis Script Upper F Comma Script Upper G Right Parenthesis(mathscrF,  mathscrG)-Harmonic Maps of Foliated Riemannian Manifolds

	References

	5 Sobolev Inequalities on Submanifolds
	5.1 Sobolev Inequalities on Complete Manifolds
	5.1.1 Sobolev Inequalities on Euclidean Space
	5.1.2 Sobolev Inequalities on Complete Riemannian Manifolds with Ricci Curvature Bounded from Below
	5.1.3 Poincaré Inequality
	5.1.4 Sobolev Inequalities on Complete Riemannian Manifolds

	5.2 Sobolev Inequalities on Manifolds of Negative Curvature
	5.3 Sobolev Inequalities with Euclidean Best Constant
	5.4 Hoffman–Spruck Theorem
	5.5 Brendle's Theorems
	5.6 Batista–Mirandola Theorem
	References

	Index

