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Preface to Book I-B 

The present book is the second volume of a series of four, aimed to the investigation 
of the relationship between a branch of complex analysis of functions of several 
complex variables, which is the theory of tangential Cauchy–Riemann equations, and 
a branch of mathematical physics, which is general relativity and gravitation theory, 
including quantum mechanical aspects. The theory of Cauchy–Riemann manifolds 
itself exhibits features belonging to mathematical disciplines culturally distinct from 
complex analysis, i.e., differential geometry and the theory of partial differential 
equations, both linear and quasi-linear. The announced volumes are 

Book I-A. Differential Geometry: Manifolds, Bundles, Characteristic Classes 
Chapter 1. Manifolds and Tensor Calculus 
Chapter 2. Differential Actions and Principal Bundles 
Chapter 3. Infinite Dimensional Differential Geometry 
Chapter 4. Parallel Displacement and Exponential Mappings 
Chapter 5. Holonomy 
Chapter 6. Complex Line Bundles 
Chapter 7. Characteristic Classes 
Appendix A. Algebraic Topology Methods 

Book I-B. Differential Geometry: Riemannian Geometry and Isometric Immersions 
Chapter 1. Riemannian Geometry 
Chapter 2. Finslerian Geometry 
Chapter 3. Isometric Immersions 
Chapter 4. Riemannian Foliations 
Chapter 5. Sobolev Inequalities on Submanifolds 

Book I-C. Differential Geometry: Foundations of Cauchy–Riemann and Pseudoher-
mitian Geometry 

Chapter 1. Cauchy–Riemann Manifolds 
Chapter 2. Pseudohermitian Geometry 
Chapter 3. Tangential Cauchy–Riemann Complex

v
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Book I-D. Differential Geometry: Advanced Topics in CR and Pseudohermitian 
Geometry. 

Chapter 1. Pseudohermitian Geometry 
Chapter 2. CR Manifolds-with-Boundary 
Chapter 3. Jacobi Fields of the Tanaka-Webster Connection 
Chapter 4. CR Immersions and Lorentzian Geometry 
Chapter 5. Proper Holomorphic Maps in Harmonic Maps Theory 
Chapter 6. Submanifolds of Hermitian and Sasakian Manifolds 

Book I-B consists of five chapters, whose contents are described as follows: 
Chapter 1 is introductory to Riemannian geometry, with an emphasis on the geom-

etry of geodesics in Riemannian manifolds. Smooth 1-parameter variations of a 
given geodesic lead to Jacobi fields and the Jacobi equation. We give the needed 
algebraic preparation on the Riemann–Christoffel tensor field and corresponding 
sectional curvatures of 2-planes tangent to a Riemannian manifold. We discuss Ricci 
curvature and Einstein manifolds, i.e., Riemannian manifolds whose Ricci tensor is 
proportional to the metric. The natural geometric structures on the total space of the 
tangent bundle over a Riemannian manifold (a Riemannian metric G, the so-called 
Sasaki metric, and an almost complex structure compatible to G, i.e., making G 
into an almost Hermitian metric) are briefly described. Some space is devoted to a 
technique of integration on a Riemannian manifold, i.e., to the calculation if inte-
grals of functions on a Riemannian manifold by exploiting the exponential mapping 
and therefore the geometry of geodesics on that Riemannian manifold. The Laplace– 
Beltrami operator (on functions and on differential forms) on a Riemannian manifold 
is discussed vis-a-vis to the geometry of geodesics, and in particular, one recalls an 
important mathematical analysis tool, which is the Bochner–Lichnerowicz formula. 
The familiar expression of the Laplace–Beltrami operator in radial coordinates is 
prepared for applications considered later on in this book. Chapter 1 ends with a 
review of Hodge–de Rham’s theory and its applications to the study of the topology 
of compact semi-simple Lie groups. 

Chapter 2 is a brief introduction to Finslerian geometry, focusing on the theory 
of geodesics in a Finslerian manifold. The reason for the presence of Chap. 2 in a 
book essentially devoted to Riemannian geometry and isometric immersions between 
Riemannian manifolds is to be searched for in Shiing–Shen Chern’s manifest paper1 

pleading in favor of the “return” en vogue of the study of the theory of Finsler spaces. 
Chapter 3 starts with a detailed presentation of the fundamentals of the theory of 

isometric immersions between Riemannian manifolds (the first and second funda-
mental forms of an isometric immersion, the normal bundle, the derivation of 
the Gauss and Weingarten formulas and the Gauss–Ricci–Codazzi equations). We 
discuss classical results on totally geodesic and minimal isometric immersions,

1 S-S. Chern, “Finsler geometry is just Riemannian geometry without the quadratic restriction”, 
Notices of Amer. Math. Soc., 43(1996), 959–963. 
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including Cartan’s theorem (on the axiom of r-planes, belonging to the rather oppo-
site2 philosophy at work in submanifold theory, i.e., regarding the manner in which 
requirements on the geometry of the second fundamental form of the submanifolds 
of a given Riemannian manifold, influence on the geometry of that ambient space), 
Nomizu’s theorem relating the totally geodesic submanifolds of a Riemannian mani-
fold M to the structure of the fixed point set of an isometry [F ∈ Isom(M )] leading 
to the determination of certain totally geodesic submanifolds of a Brieskorn sphere, 
the study of minimal submanifolds of spheres embracing classical examples such as 
Clifford tori, Chern’s theorem (on minimal submanifolds of a Riemannian manifold 
of constant sectional curvature), and the classification of totally umbilical subman-
ifolds of Euclidean space. Minimal surfaces, their Weierstrass representations, and 
(normal) Gauss maps are also treated in some detail. As a natural seguito of our 
presentation of the geometry of minimal submanifolds, we introduce the basics of 
the theory of harmonic maps. Examples abound. Chapter 3 also presents an array of 
modern results known colloquially as “characterizations of the sphere”, e.g., descrip-
tions, in terms of their extrinsic and intrinsic geometry, of submanifolds of Euclidean 
space that are, under requirements on their second fundamental form and (intrinsic) 
curvature, isometric to a sphere. Submanifolds of spheres are discussed also vis-a-
vis to Chen’s conjecture. Some room is also given to the newer topic of biharmonic 
isometric immersions. 

Chapter 3 ends up with the detailed exposition of a beautiful result by Eugenio 
Calabi on weak elliptic inequalities in Riemannian geometry. The reviewed work3 

by Calabi is perhaps better known to experts in PDEs, yet the arguments in the proof 
maintain a solid bond to the geometry of submanifolds in Riemannian manifolds, and 
Riemannian geometry in general, hence authors’ choice to include Calabi’s result in 
the present volume.4 The ideas and techniques in Chap. 3 are perhaps the red thread 
through the four volumes of the present book. 

Chapter 4 is devoted to the theory of Riemannian foliations, to the geometry 
of their second fundamental form and mean curvature, to the practical use of the 
associated spectral sequences, and to a brief presentation of de Rham–Hodge theory 
(for Riemannian foliations of compact Riemannian manifolds). Chapter 4 ends with 
two more specialized topics, i.e., the study of I. Vaisman’s curvature groups of a 
Riemannian foliation, and a ramification of the theory of harmonic maps within 
foliation theory (the theory of foliated harmonic maps). 

Chapter 5 aims to introduce the reader familiar with the differential geometric 
aspects of the theory of isometric immersions, such as presented in Chap. 3, to certain

2 The first, direct, purpose of submanifold theory is perhaps to describe the intrinsic geometry of a 
given submanifold, from information on the second fundamental form of the given immersion and 
the geometry (mainly curvature properties) of the ambient space. 
3 Cf. E. Calabi, “An extension of E. Hopf’s maximum principle with applications to Riemannian 
geometry”, Duke Math. J., 25(1958), 45–56. 
4 The PDEs preparation needed to fully understand the proof to Theorem 3.233 is relegated to 
Volume VI, Functional Analysis and Partial Differential Equations: Basics of Partial Differential 
Equations Theory, of our 11 volumes book project (the plan of the forthcoming volumes V–XI is 
given in the Preface to Volume I). 
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mathematical analysis themes within geometric analysis on submanifolds of Rieman-
nian manifolds, such as the extension of Sobolev and isoperimetric inequalities from 
the Euclidean case to the realm of Riemannian geometry. 

The approach to most proofs is frankly tailored for didactical purposes,5 and in few 
cases, the approach is but “monographic”. The bibliographic references through Book 
I-B embrace one of the following two forms: there is of course a list of references at 
the end of the volume, yet a number of bibliographic items are indicated in a footnote, 
placed in an ε-neighborhood of the specific result discussed.6 

Potenza, Italy 
Potenza, Italy 
New Delhi, India 
Jeddah, Saudi Arabia 

Elisabetta Barletta 
Sorin Dragomir 

Mohammad Hasan Shahid 
Falleh R. Al-Solamy

5 Dedicated to authors’ many students over the years, and with the precise aim to furnish to the 
reader the means for the differential geometric preparation that appears to the authors of this book 
appropriate for ultimately studying differential geometric (and mathematical analysis) aspects of 
the theory of tangential Cauchy–Riemann equations and its application to general relativity and 
gravitation theory. 
6 A choice also dictated by didactical purposes. 
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Chapter 1 
Riemannian Geometry 

1.1 Riemannian and Semi-Riemannian Metrics 

1.1.1 Historical Note 

Modern Riemannian geometry arises essentially from the differential geometry of 
surfaces 1 in Euclidean space.R

3. A surface.S ⊂ R
3 may be described as the locus of 

all points .(x, y, z) ∈ R
3 which satisfy an equation of the form 

.φ(x, y, z) = 0. (1.1) 

By the implicit function theorem, if. φ is of class.C1 and.φz �= 0 along (1.1) then (1.1) 
may be written as 

.z = h(x, y). (1.2) 

Equation (1.2) emphasizes on the bidimensional character of the surface. One may 
argue that, with the passage from (1.1) to (1.2), a lack of symmetry 2 arises, as to the 
role played by the Cartesian coordinates .(x, y, z). The removal of this inadequacy, 
allowing in particular for weakening the regularity conditions imposed on the defining 
function . φ [conditions sufficient to guarantee the representation (1.2)], is due to 

1 Cf. e.g., H.W. Guggenheimer, Differential Geometry (Dover Publications, Inc., New York, 1977), 
pp. 206–356. 
2 By definition a surface . S of Eq. (1.1) satisfies .Dφ(x) �= 0 fro any point .x ∈ S. If  . Dφ(x0) =
(φx (x0), φy(x0), φz(x0)) �= 0 then at least one of the components of the gradient of . φ evaluated 
at .x0 is nonzero, e.g., .φz(x0) �= 0 and then, by the permanence of sign of continuous functions, 
.φz(x) �= 0 at any point . x of a neighborhood .� of .x0 in .R3; then one arrives to the representation 
(1.2) of the portion of surface .S ∩�. In this approach, the variable . z appears as privileged. The 
question is clearly formal and springs merely from the way notations have been fixed (a change of 
basis in.R3 followed by relabelling of variables, shows that there are no “favorite” variables). 
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2 1 Riemannian Geometry

Fig. 1.1 Carl Friedrich Gauss (1777–1855): German mathematician, astronomer and physicist. G. 
contributed in a decisive manner to the development of several fields of mathematics and physics, 
such as mathematical analysis, number theory, statistics, numerical calculus, differential geometry, 
geodesy, geophysics, magnetism, electrostatics, astronomy, and optics 

Gauss. Gauss represented (open pieces of) surfaces as images of parametrizations 
(Fig. 1.1) 3

. ϕ = (ϕ1, ϕ2, ϕ3) : U ⊂ R
2 → R

3,

⎧
⎪⎨

⎪⎩

x = ϕ1(u, v),

y = ϕ2(u, v),

z = ϕ3(u, v),

(u, v) ∈ U.

The parameters .(u, v) may be thought of as coordinates of the point . p = ϕ(u, v) ∈
R

3 (the Gaussian coordinates, or  curvilinear coordinates, of the point . p). For 
the same surface, there exists an infinity of distinct parametrizations. Indeed if 
.F = (F1, F2) : U → V ⊂ R

2 is a .C1 diffeomorphism (a transformation of Gaus-
sian coordinates) .u′ = F1(u, v), .v′ = F2(u, v), .(u, v) ∈ U , then the (parametrized) 
surfaces 

. ϕ1 = ϕ : U → R
3, ϕ2 = ϕ ◦ F−1 : V → R

3,

have the same support in .R3 [i.e., .ϕ1(U ) = ϕ2(V )]. A fundamental question in 
differential geometry is then to express the laws possessing an intrinsic geometric 
meaning in a form not depending of the Gaussian coordinates of the given surface. 
To give a simple example let us consider a surface .ϕ : U → R

3 and a curve . γ :
[0, 1] → R

3 lying on.S = ϕ(U ), i.e.,.γ(t) = ϕ(a(t)) for any.0 ≤ t ≤ 1 and for some 
.a : [0, 1] → U . The scalar parametric equations of the curve . γ are 

. x = ϕ1(a(t)), y = ϕ2(a(t)), z = ϕ3(a(t)), 0 ≤ t ≤ 1.

Moreover let us assume that the maps .ϕ : U → R
3 and .a : [0, 1] → U are respec-

tively of class .C1 and of class .C1 up to the boundary. The length .L(γ) of the curve 
. γ is

3 A moment’s thought shows that a parametrization isn’t merely the inverse of a local chart (thinking 
the given surface as a .2-dimensional differentiable manifold) but the local representation (with 
respect to a given local chart) of the inclusion, assumed to be an immersion (of the given surface in 
.R3). 
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. L(γ) = ∫ 1
0 ‖γ̇(t)‖ dt = ∫ 1

0

[
(
dx
dt

)2 +
(
dy
dt

)2 + ( dzdt
)2
]1/2

dt

= ∫ 1
0

[∑2
i, j=1 gi j

dai

dt
da j

dt

]1/2
dt

where we have set .gi j =
3∑

A=1

∂ϕA

∂ui
∂ϕA

∂u j
with.u1 = u and.u2 = v [the coefficients of 

the first fundamental form of the surface with respect to the Gaussian coordinates 
.(u1, u2)]. If .(u′1, u′2) = F(u1, u2) is a coordinate transformation then 

.g′k� =
∂
(
F−1

)i

∂u′k
∂
(
F−1

) j

∂u′�
(
gi j ◦ F−1

)
. (1.3) 

As an elementary consequence of the transformation law (1.3) of the coefficients. gi j
[with respect to a transformation of Gaussian coordinates.(u1, u2) �→ (u′1, u′2)], for 
any point .p ∈ S = ϕ(U ) the inner product .gp on the tangent space at . p to . S

. gp(X,Y ) =
2∑

i, j=1
gi j (u)XiY j , X,Y ∈ Tp(S), p = ϕ(u),

. X =
2∑

i=1
Xi
( ∂

∂ui

)

p
, Y =

2∑

j=1
Y j
( ∂

∂u j

)

p
, u = (u1, u2) ∈ U,

is well defined, i.e., the definition doesn’t depend upon the choice of curvilinear 
coordinates of the point . p. As Gauss has shown, several geometric properties of 
the surface . S may be deduced 4 from the study of the first fundamental form (or 
induced metric) .gp : Tp(S)× Tp(S) → R, .p ∈ S. These considerations were the 
starting point of the studies performed by Bernhard Riemann 5 in 1892. Riemann 
observed that the confinement at the dimension two cases (surfaces in .R3) as in  
Gauss’ studies is incidental and proposed, in the language of modern differential 
geometry, the study of .n-dimensional Riemannian manifolds. Therefore one com-
monly attributes to Riemann the “discovery” of Riemannian manifolds, although 
Riemann considered only open subsets of .Rn endowed with non-flat Riemannian 
metrics (metrics distinct from the Euclidean metric on .R

n). Indeed the notion of an 
abstract differentiable manifold, as operated within nowadays mathematics, belongs

4 Cf. e.g., M.P. Do Carmo, Differential Geometry of Curves and Surfaces (Prentice Hall, Inc., 
Englewood Cliffs, New Jersey, 1976), pp. 92–99. 
5 Cf. B. Riemann, On the Hypotheses which lie at the Bases of Geometry. Translated by William 
Kingdon Clifford (Nature VIII(183, 184), 14–17, 36, 37). 
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Fig. 1.2 Bernhard Riemann (1826–1866): German mathematician. R. has contributed to the devel-
opment of mathematical analysis and differential geometry. As an infant, R. is remembered as shy 
and fearful yet in possession of exceptional mathematical abilities. R. was interested both in mathe-
matics and formal biblical studies, with an intention of embracing the ecclesiastical career. R. started 
the systematic study of mathematics at the University of Göttingen, under the supervision of Gauss, 
who also persuaded R. to give up theological studies and devote his efforts entirely to mathematics. 
In his first lectures (in 1854) R. sets the basis of what today one calls Riemannian geometry which 
may be thought of as the geometric basis (even if in a different signature) of GRG theory. While 
the observation that Riemannian geometry (in its Lorentzian version) may be associated - form a 
historical point of view—to the successive scientific creation by Einstein is a common occurrence 
in nowadays textbooks, by far less emphasis is set on the suggestion by R. that dimensions higher 
than . 3 and . 4 should be used in the description of physical reality (a suggestion proposing R. as a 
precursor of Kaluza-Klein type theories) 

to H. Poincaré 6 and it became clear only after the work by John Nash 7 that a Rieman-
nian manifold may be isometrically immersed in an Euclidean space (of sufficiently 
high dimension). At any rate, it is a fact, even in the original approach by Riemann, 
that the intrinsic concepts introduced by Gauss (e.g., the curvature of a surface) may 
be easily extended to the case of (abstract, .n-dimensional) Riemannian manifolds 
and the so-called non-Euclidean geometry (discovered by Lobacevski and Bolyai) 
is but a particular case of Riemannian geometry, as well as the familiar Euclidean 
geometry (Figs. 1.2, 1.3 and 1.4). 

1.1.2 Bilinear Symmetric Forms 

We start with a preparation of linear algebra. Let .V be a .n-dimensional and let 
.g : V → V → R be a .R-bilinear and symmetric form. 

Definition 1.1 (1) We say . g is nondegenerate if 

.g(u, v) = 0 for any v ∈ V ⇐⇒ u = 0.

6 Jules Henri Poincaré (1854–1912), French mathematician. Poincaré’s work is fundamental for 
an array of mathematical disciplines. The book On the theory of Fuchsian functions (1881) is 
commonly regarded as one of Poincaré’s major contributions. 
7 Cf. J. Nash, The imbedding problem for Riemannian manifolds. Ann. Math. 63(1), 20–63 (1956). 
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Fig. 1.3 Nikolai Ivanovici Lobacevski (1792–1856), a Russian mathematician. L. discovered, inde-
pendently from J. Bolyai, the non-Euclidean geometry in the context of which the parallels axiom is 
replaced by the prescription that by a given point non-incident to a given line one may conduct two 
parallel lines (parallel to the given line). Although Lobacevki’s non-Euclidean geometry is but a par-
ticular example of Riemannian metric (the hyperbolic metric) on.R2, of negative constant sectional 
curvature (and then the efforts to “perceive” the new metric and its properties by considerations of 
synthetic geometry, in the plane of Euclidean geometry and in the presence of the former, become 
somewhat questionable), the discovery by L. may be looked at historically as a revolution in the 
understanding of the concept of space and its influences substantially on the successive development 
of mathematical thought. The main work by L. is Foundations of geometry (1830) 

Fig. 1.4 Janos Bolyai (Cluj-Napoca 1802–T. ârgu-Mureş 1860), Hungarian mathematician native 
of Transylvania. B. discovered, independently from N.I. Lobacevski, the non-Euclidean geometry. 
B.’s main work is Appendix (1832), written in Latin as an appendix to the book Tentamen juventutem 
studiosam in elementa matheseos purae introducendi by Farkas Bolyai (1775–1856), father of B. 
Due to financial difficulties B. was forced to present his arguments in a short manuscript (24 pages, 
the only ever published by B.) and developed an ad hoc formal language aimed to give maximum 
concision to the manuscript yet resulting in a text rather difficult to read. As N.I. Lobacevski had 
already published (in 1829) a similar work (also containing a generalization of the theory in question) 
the historical importance of B.’s contribution appears as questionable. One should nevertheless stress 
the great respect shown by Gauss to Appendix and the fact that B.’s mathematical legacy, even if in 
manuscript form only, counts over 20.000 pages. These may be found in the library Bolyai-Teleki at 
T. ârgu Mureş, in Romania, where B. passed away. For the purposes of this book, it is noteworthy that 
B. suggested that a new (with respect to Newton’s universal attraction law) mathematics/physics 
model would be necessary should space geometry be non-Euclidean 

(2) We say . g is positive definite (respectively negative definite) if  . g(u, u) ≥ 0
(respectively .g(u, u) ≤ 0) for any .u ∈ V and .g(u, u) = 0⇐⇒ u = 0. 

(3) We say . g is positive semi-definite (respectively negative semi-definite) if  
.g(v, v) ≥ 0 (respectively .g(v, v) ≤ 0) for any .v ∈ V . 

(4) We say . g is definite (respectively semi-definite) if  . g is positive or negative 
definite (respectively if . g is positive or negative semi-definite). �
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Any definite bilinear symmetric form is in particular nondegenerate. 

Let . g be a bilinear and symmetric form on .V and let .W ⊂ V be a subspace. The 
restriction of. g to.W ×W , i.e., the map.g : W ×W → R, is bilinear and symmetric, 
too. Said restriction is denoted by .g|W (rather than .g|W×W ). If . g is (semi) definite 
then .g|W is (semi) definite, too. 

Definition 1.2 The index .ν = ind(g) of a bilinear symmetric form .g ∈ V 0,2 is the 
highest real dimension of a real subspace.W ⊂ V such that.g|W be negative definite.

�
Hence .0 ≤ ν ≤ n and .ν = 0 if and only if . g is positive semi-definite. 

Definition 1.3 The quadratic form associated to the bilinear symmetric form . g is 
the function .q : V → R defined by .q(v) = g(v, v) for any .v ∈ V . �

It is often easier to work with . q rather than . g. On the other hand, by passing 
from . g to . q no information is lost, for . g may be recovered from . q by the so-called 
polarization formula 

. g(u, v) = 1

2
{q(u + v)− q(u)− q(v)} , u, v ∈ V .

Let .{ei : 1 ≤ i ≤ n} ⊂ V be a linear basis and let .{ei : 1 ≤ i ≤ n} ⊂ V ∗ be the dual 
linear basis. The matrix of . g with respect to the basis .{ei : 1 ≤ i ≤ n} is 

. gi j = g(ei , e j ) ∈ R, 1 ≤ i, j ≤ n.

Since . g is symmetric .[gi j ]1≤i, j≤n ∈ Matn×n(R) is symmetric. 

Proposition 1.4 A symmetric bilinear form . g is nondegenerate if and only if the 
matrix of . g with respect to some basis of . V , and then with respect to any basis of . V , 
is nonsingular. 

As . g is also a .(0, 2)-tensor, i.e., .g ∈ V 0,2, one has .g = gi j ei ⊗ e j . With respect 
to the basis .{ei : 1 ≤ i ≤ n} the quadratic form associated to the bilinear symmetric 
form. g reads 

. q(v) = g(v, v) = viv jg(ei , e j ) = gi jv
iv j

for any .v = vi ei ∈ V . 

1.1.3 Inner Products 

Let .g : V × V → R be a bilinear symmetric form. 

Definition 1.5 If . g is nondegenerate then . g is an inner product. An inner product . g
is indefinite if . g is not definite. �
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The reader is certainly familiar with definite inner products (from standard courses 
on linear algebra, taught to both physics and mathematics students). Several prop-
erties of definite inner products do survive for indefinite inner products. However 
indefinite inner products also enjoy new and surprising properties. 

Example 1.6 (Minkowski inner product on.R
2) Let.V = R

2 and let. g : R2 × R
2 →

R be given by .g(u, v) = u1v1 − u2v2 for any .u = (u1, u2) and .v = (v1, v2). . g is 
nondegenerate. Indeed if .g(u, v) = 0 for any .v ∈ R

2 then .g(u, ei ) = 0 for any . i ∈
{1, 2}. Here .{e1, e2} ⊂ R

2 is the canonical basis. Consequently 

. 0 = g(u, ei ) = ui , i ∈ {1, 2},

i.e., .u = 0 or . g is an inner product. On the other hand .g(v, v) = (v1)2 − (v2)2 so 
that .g(e1, e1) > 0 and .g(e2, e2) < 0, i.e., . g is indefinite. 

Definition 1.7 A pair .(V, g) consisting of a real vector space of finite dimension, 
and an inner product . g on .V is called an inner product space. �
Definition 1.8 Let .(V, g) be an inner product space. A vector .v ∈ V is null if 
.g(v, v) = 0 yet .v �= 0. �

In Example 1.6 the null vectors form a degenerate quadric 

. C = q−1(0) = {(v1, v2) �= 0 : (v1)2 − (v2)2 = 0}

(the null cone) which is the union of two null lines 

. C = L+ ∪ L−, L± = {(v1, v2) �= 0 : v1 ± v2 = 0}.

If in turn .c ∈ R \ {0} then the set .q−1(c) is a hyperbola whose asymptotes are the 
null lines .L±. 

Definition 1.9 Let .(V, g) be an inner product space. 

(i) Two vectors .u, v ∈ V are orthogonal, and one adopts the notation .u⊥ v, if  
.g(u, v) = 0. 

(ii) A system of vectors .{v1, . . . , vp} ⊂ V is orthogonal if it consists of mutually 
orthogonal vectors. 

(iii) An orthogonal system.{v1, . . . , vp} is orthonormal if.g(vi , vi ) ∈ {±1} for any 
.1 ≤ i ≤ p. �
Exercise 1.10 Any orthonormal system in an inner product space is free. 

Solution. Let .S = {v1, . . . , vk} be an orthonormal system. If 

.

k∑

i=1
λivi = 0
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then 

. 0 = g

(
∑

i=1
λivi , v j

)

=
k∑

i=1
λk g(vk, v j ) = λ j g(v j , v j ) = ±λ j

and hence .λ j = 0, for any .1 ≤ j ≤ k. Q.e.d. 

Proposition 1.11 Let .(V, g) be an inner product space. Then . g is indefinite if and 
only if . g admits null vectors. 

Proof The implication “.⇐=” is obvious. The opposite implication is more difficult 
to prove and requires a few classical ingredients, such as the Gramm-Schmidt process 
and the canonical form of the quadratic form associated with the given inner product. 

Lemma 1.12 Let . g be an inner product on .V possessing no null vectors, i.e., 
.g(v, v) �= 0 for any .v ∈ V \ {0}. Then .V admits an orthonormal basis. 

Proof Let .{v1, . . . , vn} be just any basis of . V . We build, recurrently, a new system 
of vectors .{ei : 1 ≤ i ≤ n} by setting 

. ẽ1 = v1, e1 = 1

|g(ẽ1, ẽ1)|1/2 ẽ1, ẽi = vi +
i−1∑

j=1
λi j e j , ei = 1

|g(ẽi , ẽi )|1/2 ẽi , 2 ≤ i ≤ n,

where the scalars .λi j ∈ R are chosen such that 

. ẽi ⊥ e j , 2 ≤ i ≤ n, 1 ≤ j ≤ i − 1,

i.e., at every step . i the new vector .ẽi be orthogonal to the vectors precedingly built 
.{e j : 1 ≤ j ≤ i − 1}. Moreover each of the vectors .{e j : 1 ≤ j ≤ i − 1} possesses 
the property .g(e j , e j ) ∈ {±1}. That is to say 

. 0 = g(ẽi , e j ) = g(vi , e j )+
i−1∑

k=1
λik g(ek, e j ) = g(vi , e j )+ λi j g(e j , e j ) =⇒

. =⇒ λi j = − g(vi , e j )

g(e j , e j )
, 2 ≤ i ≤ n, 1 ≤ j ≤ i − 1.

Hence 

.ẽi = vi −
i−1∑

j=1

g(vi , e j )

g(e j , e j )
e j , 2 ≤ i ≤ n. (1.4) 

Clearly.{e1, . . . , en} is a basis in. V and an orthonormal system. Lemma 1.12 is proved.



1.1 Riemannian and Semi-Riemannian Metrics 9

The adopted method of proof is known as the Gramm-Schmidt process and may 
obviously be used to produce, starting from a free system of vectors, an orthonormal 
system having the same number of vectors. 

The second ingredient needed in the proof of Proposition 1.11 is the representation 
of . g, and of the associated quadratic form . q, with respect to an orthonormal basis, 
provided such a basis exists. If .{ei : 1 ≤ i ≤ n} ⊂ V is an arbitrary basis and . {ei :
1 ≤ i ≤ n} ⊂ V ∗ is the corresponding dual basis then (by .g ∈ V ∗ ⊗ V ∗ = V 0,2) 

. g = gi j e
i ⊗ e j , q(v) = gi jv

iv j , v = vi ei ∈ V .

When.{ei : 1 ≤ i ≤ n} is orthonormal one has .εi = g(ei , ei ) ∈ {±1} and hence 

.g = εiδi j e
i ⊗ e j =

n∑

i=1
εi e

i ⊗ ei , q(v) = εiδi jv
iv j =

n∑

i=1
εi (v

i )2 . (1.5) 

Formula (1.5) gives  the  canonical form of. q. The process of choosing an orthonormal 
basis of .V and representing . q as in (1.5) is commonly known as bringing . q to the 
canonical form. 

Lemma 1.13 Let . g be a bilinear symmetric form on . V . Let us assume that there is 
an orthonormal basis .{ei : 1 ≤ i ≤ n}. Then .ε j = 1 (respectively .εi = −1) for any 
.1 ≤ i ≤ n if and only if . g is positive definite (respectively negative definite). 

Proof Let us assume that .εi = 1 for any.1 ≤ i ≤ n. Then. g(v, v) =∑n
i=1(vi )2 ≥ 0

and .g(v, v) = 0⇐⇒ vi = 0, (1 ≤ i ≤ n) ⇐⇒ v = 0, i.e., . g is positive definite. 

Exercise 1.14 Complete the proof of Lemma 1.13. 

Let us prove now Proposition 1.11. Let us assume that . g is indefinite. We wish to 
show that . g possesses null vectors. We argue by contradiction, i.e., we assume that 
.g(v, v) �= 0 for any .v ∈ V \ {0}. Then we are under the hypothesis of Lemma 1.12 
and hence we can choose an orthonormal basis .{ei : 1 ≤ i ≤ n}. In particular 

. g(v, v) = ε1(v
1)2 + · · · + εn(v

n)2, εi ∈ {±1}.

The .εi cannot have the same sign, for in that case (by Lemma 1.13) . g would be 
definite. Hence, by eventually relabelling the vectors.{e1, . . . , en}, there is an integer 
.0 < ν < n such that .ε1 = · · · = εν = −1 = −εν+1 = · · · = −εn , i.e., 

. q(v) = −
ν∑

i=1
(vi )2 +

n∑

i=ν+1
(vi )2 .

At this point one may easily produce examples of vectors .v ∈ V \ {0} such that 
.q(v) = 0. For instance, if .s = min{ν, n − ν} then let us set
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. v = vi ei , vi =

⎧
⎪⎨

⎪⎩

1 if 1 ≤ i ≤ s,

−1 if ν + 1 ≤ i ≤ ν + s,

0 otherwise,

so that . v is null. Q.e.d. 

When. g is an indefinite inner product, one may not think of two orthogonal vectors 
as forming a right angle. Indeed, any null vector is orthogonal to itself. Let.(V, g) be 
an inner product space. If .W ⊂ V is a subspace of .V then one sets 

. W⊥ = {v ∈ V : v⊥W }, v⊥W ⇐⇒ ∀ w ∈ W : v⊥w.

Clearly .W⊥ is a vector subspace of . V . 

Definition 1.15 .W⊥ is called .W perp. �
As seen in the preceding definition, one gives up calling .W⊥ the orthogonal 

complement of .W since in general the sum .W +W⊥ may fail to coincide with . V . 
For instance 

Example 1.16 If.(V, g) is the.2-dimensional Minkowski space. (R2, e1 ⊗ e1 − e2 ⊗
e2) and .W ⊂ R

2 is the space spanned by the vector .(1, 1) then .W⊥ = W . Indeed 

. W⊥ = {v ∈ R
2 : v⊥W } = {v ∈ R

2 : v⊥ (1, 1)} = {v ∈ R
2 : v1 − v2 = 0} = {(λ,λ) : λ ∈ R} = W.

Nevertheless .W⊥ possesses the following familiar properties. 

Proposition 1.17 Let .W be a subspace of an inner product space . V . Then 

. dimR(W )+ dimR W⊥ = dimR V, (1.6) 

.
(
W⊥)⊥ = W. (1.7) 

Proof Let us assume that .k = dimR W , .0 ≤ k ≤ n. If  .k = 0, and hence .W = (0), 
then .W⊥ = V so that (1.6) holds trivially. Also .V⊥ = (0) (as . g is nondegenerate) 
hence (1.7) holds good, too. The case .k = n may be dealt with in a similar manner. 
From now on we assume that.0 < k < n. Let.{e1, . . . , ek} be a basis of. W . By standard 
results of linear algebra there exists a system of vectors.{ek+1, . . . , en} ⊂ V such that 
.{ei : 1 ≤ i ≤ n} is a basis of .V (one “completed” the system .{e1, . . . , ek} to get a 
basis of . V ). Now 

. W⊥ = {v ∈ V : g(v, eα) = 0, 1 ≤ α ≤ k} = {v = vi ei ∈ V : giαvi = 0, 1 ≤ α ≤ k},

i.e., .W⊥ is isomorphic to the space of solutions . S of the linear system



1.1 Riemannian and Semi-Riemannian Metrics 11

. 

n∑

i=1
giα xi = 0, 1 ≤ α ≤ k.

As . g is nondegenerate .A = [gi j ]1≤i, j≤n ∈ GL(n,R). It follows that the columns of 
.A are linearly independent. Any subsystem of a free system is free, too, hence the 
columns 

. 

{(
g1α, . . . , gnα

)τ : 1 ≤ α ≤ k
}

are linearly independent. Hence the rectangular matrix 

. [giα] 1 ≤ i ≤ n
1 ≤ α ≤ k

∈ Matn×k(R)

has rank . k so that .dimR S = n − k. Finally .W⊥ ≈ S yields .dimR W⊥ = n − k and 
(1.6) is proved. 

One has.(W⊥)⊥ = {v ∈ V : v⊥W⊥} hence.W ⊂ (W⊥)⊥. Indeed if.w ∈ W then 
.g(w, v) = 0 for any .v ∈ V , and in particular for any .v ∈ W⊥, hence .w⊥W⊥, i.e., 
.w ∈ (W⊥)⊥. On the other hand [by (1.6) applied twice] 

. dimR(W⊥)⊥ = dimR(V )− dimR W⊥ = n − (n − k) = k = dimR W

and then it must be that .(W⊥)⊥ = W . Q.e.d. 

Definition 1.18 Let.(V, g) be an inner product space. A subspace.W ⊂ V is said to 
be nondegenerate if the bilinear symmetric form .g|W is nondegenerate. Otherwise 
.W is degenerate. �

If .(V, g) is an inner product space with . g definite, for any subspace . W ⊂ V
the restriction .g|W of . g to .W ×W is a definite bilinear symmetric form, and in 
particular .g|W is nondegenerate. If in turn . g is an indefinite inner product then . V
admits degenerate subspaces. For instance, the .1-dimensional space generated by a 
null vector.v ∈ V \ {0} is clearly a degenerate subspace. Hence, in general, a subspace 
of an inner product space may fail to be an inner product space. This difficulty adds 
up to the one mentioned above, that in general .W⊥ fails to be a complement to . W . 

Proposition 1.19 A subspace .W ⊂ V of an inner product space is nondegenerate 
if and only if .V = W ⊕W⊥. 

Proof By a basic result in linear algebra 

. dimR W + dimR W⊥ = dimR(W +W⊥)+ dimR(W ∩W⊥)

(which is Grassmann’s formula). By Proposition 1.17 one has . dimR W +
dimR W⊥ = n and hence 

. dimR(W +W⊥) = n − dimR(W ∩W⊥). (1.8)
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Now let us assume that .W is a nondegenerate subspace. Then if .v ∈ W⊥ ∩W⊥ it 
follows that .v ∈ W and .v⊥W so that (by the nondegeneracy of .g|W ) it must be  
.v = 0, i.e., .W ∩W⊥ = (0) or equivalently the sum.W +W⊥ is direct (and we may 
write .W ⊕W⊥). In particular formula (1.8) becomes .dimR(W ⊕W⊥) = n, a fact 
that, together with .W ⊕W⊥ ⊂ V , yields .W ⊕W⊥ = V . Q.e.d. 

Exercise 1.20 Prove the opposite implication. 

At this point, once the main properties of the space .W⊥ (for a given subspace . W
of an inner product space) were studied, we may prove a more general version of 
Lemma 1.12. Precisely 

Proposition 1.21 Any inner product space .V �= (0) admits an orthonormal basis. 

Proof In any inner product space there exist non-null vectors. Indeed if. g(v, v) = 0
for any .v ∈ V then 

. 0 = g(v + w, v + w) = g(v, v)+ 2g(v,w)+ g(w,w) = 2g(v,w)

for any .v,w ∈ V . Finally the assumption that .g(v,w) = 0 for any .w ∈ V yields, as 
. g is nondegenerate, that .v = 0 and then .V = (0), a contradiction. 

Hence there is a vector .v1 ∈ V such that .g(v1, v1) �= 0. Let us set . e1 =
|g(v1, v1)|−1/2v1 so that .g(e1, e1) ∈ {±1}. If  .n = 1 then the proof of the propo-
sition is complete. If in turn.n ≥ 2 then let us show that one may add a second vector 
.e2 to the system .S1 = {e1} in such a manner that .e2 be orthogonal to .e1 and such 
that .g(e2, e2) ∈ {±1}. Let  .W1 = {λe1 : λ ∈ R} be the space spanned by .S1. That 
space is certainly nondegenerate and then (by Proposition 1.11) .W1 ⊕W⊥

1 = V . As  
.dimR W1 = 1 and.dimR V = n ≥ 2 it follows that.W⊥

1 �= (0). Then there is. v2 ∈ W⊥
1

such that.g(v2, v2) �= 0 and we may set.e2 = |g(v2, v2)|−1/2v2 ∈ W⊥
1 so that. e2⊥ e1

e .g(e2, e2) ∈ {±1} and then .S2 = {e1, e2} is an orthonormal system in . V . For any 
.k ∈ {1, . . . , n − 1}we consider the proposition.P(k) asserting that given an orthonor-
mal system.Sk = {e1, . . . , ek} there is a vector .ek+1 ∈ V such that .Sk ∪ {ek+1} be an 
orthonormal system. As previously shown .P(1) holds true. We wish to show that 
the proposition.P(k − 1) =⇒ P(k) is true. Let us assume that .P(k − 1) is true. Let 
.Sk = {e1, . . . , ek} be an orthonormal system and let 

. Wk = {λ1e1 + · · · + λkek : λ1, . . . ,λk ∈ R}

be the subspace of. V generated by.Sk . The system.Sk is orthonormal and hence.Sk is 
free. Then.dimR Wk = k. Moreover let us observe that .Wk is nondegenerate. Indeed 
if .v ∈ Wk and .g(v,w) = 0 for any .w ∈ Wk then .g(v, e j ) = 0 for any .1 ≤ j ≤ k or 

.0 = g(v, e j ) =
k∑

i=1
λig(ei , e j ) = ±λ j
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so that .v = 0. Next, by Proposition 1.11 

. Wk ⊕W⊥
k = V

and hence (by .k < n) .W⊥
k �= (0). There is a vector .vk+1 ∈ W⊥

k such that 
.g(vk+1, vk+1) ∈ {±1} hence the system 

. Sk ∪ {ek+1}, ek+1 = 1

|g(vk+1, vk+1)|1/2 vk+1,

is orthonormal and then .P(k + 1) is true. Q.e.d. 

Proposition 1.22 Let .(V, g) be an inner product space and let .{ei : 1 ≤ i ≤ n} be 
an orthonormal basis. Let us set .εi = g(ei , ei ) ∈ {±1}. Then 

.v =
n∑

i=1
εi g(v, ei ) ei (1.9) 

for any .v ∈ V . 

The numbers .g(v, ei ) ∈ R in the decomposition (1.9) are  the  Fourier coefficients 
of . v. The decomposition (1.9) is the  orthonormal development of . v. 

Exercise 1.23 Prove (1.9). 

Let .(V, g) be an inner product space and .W ⊂ V a nondegenerate subspace. Let 
.π : V → W be the map defined as follows. Let.v ∈ V and let us set.π(v) = w where 
.v = w + w⊥, .w ∈ W , .w⊥ ∈ W⊥, is the unique decomposition of . v with respect to 
the direct sum decomposition .V = W ⊕W⊥. 

Definition 1.24 .π : V → W is the orthogonal projection on the nondegenerate 
subspace . W . �

Exercise 1.25 Let.W �= (0) be a nondegenerate subspace of the inner product space 
.(V, g). Let  .{eα : 1 ≤ α ≤ k} be an orthonormal basis of . W . If  .π : V → W is the 
orthogonal projection on . W , show that 

. π(v) =
k∑

α=1
εα g(v, eα) eα, v ∈ V .

Definition 1.26 Let .(V, g) be an inner product space and let . ν be the index of . g as 
a bilinear symmetric form. The number . ν is called the index of .(V, g) and we write 
.ν = ind(V, g) or merely .ν = ind(V ). �

Proposition 1.27 Let .(V, g) be an inner product space of index . ν. Then for any 
orthonormal basis .{ei : 1 ≤ i ≤ n} the index . ν equals the number of minus signs in 
the canonical form of the associated quadratic form, i.e.,
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. q(v) = −
ν∑

i=1
(vi )2 +

n∑

i=ν+1
(vi )2

for any .v ∈ V . 

Proof Let .{ei : 1 ≤ i ≤ n} be an orthonormal basis and let us set . εi = g(ei , ei ) ∈
{±1}. Let .0 ≤ μ ≤ n such that 

. ε1 = · · · = εμ = −1 = −εμ+1 = · · · = −εn .

We must show that .ν = μ. We only discuss the case .1 < μ < n (while the cases 
.μ ∈ {1, n} are left as an exercise to the reader). Let.Wμ ⊂ V be the subspace generated 
by the vectors .{ei : 1 ≤ i ≤ μ}. Then .dimR(Wμ) = μ and .g|Wμ

is negative definite, 
so that .μ ≤ ν. 

Viceversa, let.W ⊂ V such that.g|W be negative definite. Let us consider the map 

. f : W → Wμ, f (w) = −
μ∑

i=1
g(w, ei ) ei , w ∈ W.

Clearly . f : W → Wμ is linear. Let .w ∈ Ker( f ) so that .w ∈ W⊥
μ , i.e., 

. w =
n∑

i=μ+1
g(w, ei )ei .

Moreover .g|W is negative definite hence 

. 0 ≥ g(w,w) =
n∑

i, j=μ+1
g(w, ei )g(w, e j )g(ei , e j ) =

n∑

i=μ+1
g(w, ei )

2

and then .g(w, ei ) = 0 for any .μ+ 1 ≤ i ≤ n, i.e., .w = 0. We have shown that 
.Ker( f ) = (0) and hence that. f is injective. It follows that. dimR(W ) ≤ dimR(Wμ) =
μ and then, by the arbitrariness of the choice of . W , it follows that .ν ≤ μ. Q.e.d. 

We have shown that for any nondegenerate subspace.W ⊂ V of an inner product 
space.(V, g), one may build an orthonormal basis of. V by completing an orthonormal 
basis of . W . This yields 

Corollary 1.28 Let.W ⊂ V be a nondegenerate subspace of the inner product space 
.(V, g). Then 

.ind(V ) = ind(W )+ ind(W⊥).
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Definition 1.29 Let .(V, g) and .(V ′, g′) be two inner product spaces. A linear map 
.T : V → V ′ preserves the inner products if 

.g′(Tu, T v) = g(u, v), u, v ∈ V .

�

Let us observe that any linear map .T : V → V ′ preserving the inner products in 
injective. Indeed if .Tu = 0 then for any . v ∈ V

. g(u, v) = g′(Tu, T v) = 0

and hence (as . g is nondegenerate) .u = 0. Moreover let us observe that a linear map 
.T : V → V ′ preserves the inner products if and only if .T preserves the quadratic 
forms associated to the inner products . g e . g′, i.e., .q ′(T v) = q(v) per ogni .v ∈ V . 
One of the implications is obvious. The other follows from the polarization formula. 

Definition 1.30 A linear isomorphism .T : V → V ′ is a linear isometry if . T
preserves the inner products . g e . g′. �

As any linear application preserving the inner products is already a monomor-
phism (of finite dimensional vector spaces) it follows that: 

Corollary 1.31 Let .T : V → V ′ be a linear map. Then . T is a linear isometry if and 
only if . T preserves the inner products and .dimR(V ) = dimR(V ′). 

One proves easily that 

Proposition 1.32 Two inner product spaces. Vand.V ′ are equi-dimensional and have 
the same index if and only if there is a linear isometry of .V into .V ′. 

Exercise 1.33 1. Let .b ∈ V 0,2 be a bilinear symmetric form on the vector space . V . 
By definition the null space of . B is the set 

. Null(b) = {v ∈ V : b(v,w) = 0, ∀ w ∈ V }.

Also the null cone of . b is 

. λ = {v ∈ V \ {0} : b(v, v) = 0}.

Let us set .λ0 = λ ∪ {0} so that .λ0 ⊃ Null(b). Show that 

(i) .Null(b) is a subspace of . V . 
(ii) .λ0 is a subspace of .V if and only if .λ0 = {0} or .λ0 = V . 
(iii) . b nondegenerate .⇐⇒ Null(b) = {0}. 
(iv) . b definite .⇐⇒ λ0 = {0}. 
(v) . b semi-definite .⇐⇒ Null(b) = λ0.
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2. Let .(V, g) be an inner product space of index .ν = ind(V ). Show that there is 
a subspace .W ⊂ V of dimension .dimR(W ) = min{ν, n − ν} such that .g|W = 0. 

3. Let .O(n) be the orthogonal group, i.e., . O(n) = {A ∈ GL(n,R) : AAt = In}
where .At is the transpose of . A. Let us consider the inner products . g and .g1 on . Rn

such that 
. g(x, y) = g(Ax, Ay), g1(x, y) = g1(Ax, Ay),

for any .x, y ∈ R
n . Show that there is a constant .c ∈ R \ {0} such that .g1 = cg. 

1.1.4 Semi-Riemannian Manifolds 

Let .M be a differentiable manifold, of class .C∞ and dimension . n. 

Definition 1.34 A semi-Riemannian metric on .M is a tensor field . g ∈ T 0,2(M) =
C∞(τ 0,2

M ) such that for any point.p ∈ M the bilinear map. gp ∈ T 0,2
p (M) = T ∗p (M)⊗

T ∗p (M) is an inner product of constant index .ν = ind
(
Tp(M), gp

)
. 

A pair .(M, g) consisting of a differentiable manifold .M and a semi-Riemannian 
metric . g on .M is a semi-Riemannian manifold. 

The number .ν ∈ {0, 1, . . . , n} is the index of the semi-Riemannian manifold 
.(M, g). 

A semi-Riemannian manifold .(M, g) of index .ν = 0 is a Riemannian manifold 
and . g is a Riemannian metric. 

A semi-Riemannian manifold.(M, g) of index.ν = 1 is a Lorentzian manifold and 
. g is a Lorentzian metric. �

Given a semi-Riemannian metric .g on . M , for any point .p ∈ M the map 
.gp : Tp(M)× Tp(M)→ R is a nondegenerate bilinear symmetric form on .Tp(M). 
Clearly one may consider the function 

. ν : M → Z, ν(p) = ind(Tp(M), gp), p ∈ M.

In Definition 1.34 one requests that the function .ν : M → Z be constant. If . g is a 
Riemannian metric then .gp is a positive definite inner product for any .p ∈ M . If  
.(U, xi ) is a local coordinate system on .M and . g is a semi-Riemannian metric on . M
then 

. gp = gi j (p)(dx
i )p ⊗ (dx j )p, p ∈ U.

The functions .gi j : U → R are differentiable of class .C∞. One may also write . g =
gi j dxi ⊗ dx j on . U . As each .gp is nondegenerate one has .det[gi j (p)] �= 0 for any 
.p ∈ U while for a Riemannian metric . g one has .det[gi j (p)] > 0 for any .p ∈ U . 

Proposition 1.35 Any differentiable manifold admits a Riemannian metric. 

Proof Let .{Uα : α ∈ I } be a locally finite open cover such that .Uα is a compact 
subset of the domain of a local chart.(Vα, xiα). Let.{ϕα : α ∈ I } be a smooth partition
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of unity subordinated to the cover .{Uα : α ∈ I }. On each open set .Vα we consider 
the Riemannian metric .gα given by 

. gα,p (u, v) =
n∑

i=1
uivi , p ∈ Vα, u, v ∈ Tp(M), u = ui

(
∂

∂xiα

)

p
, v = vi

(
∂

∂x j
α

)

p

.

As the sets.Aα = Uα are closed one may smoothly extend any. gα|Aα
∈ C∞(Aα, τ 0,2

M )

to a globally defined tensor field .g̃α ∈ T 0,2(M) such that . g̃α|Aα
= gα|Aα

, and in 
particular . g̃α|Uα

= gα|Uα
. Now  let us set  

. g =
∑

α∈I
ϕαg̃α ∈ T 0,2(M).

One may easily check that . g is a Riemannian metric on . M . Q.e.d. 
Not every.n-dimensional manifold admits a semi-Riemannian metric of index. 0 <

ν < n. For instance, if .n = 2, the only compact differentiable manifolds admitting 
semi-Riemannian metrics of index .ν = 1 are the Klein bottle and the torus, cf. e.g., 
N. Steenrod. 8

Let.(M, g) be a Riemannian manifold. The length of the tangent vector. v ∈ Tp(M)

is .‖v‖ = gp(v, v)1/2. If  .u, v ∈ Tp(M) \ {0} then the angle between . u and . v is the 
number .θ ∈ [0,π] determined by 

. cos θ = gp(u, v)

‖u‖ ‖v‖ .

The angle . θ is well defined because of 

. − 1 ≤ gp(u, v)

‖u‖ ‖v‖ ≤ 1

[as following from the Cauchy-Schwartz inequality for the positive definite inner 
product . gp] and .cos : [0,π] → [−1, 1] is a one-to-one and on-to function. 
Definition 1.36 Let .(M, g) be a Riemannian manifold and .γ : [a, b] → M differ-
entiable curve. The length of . γ is 

.L(γ) =
∫ b

a
‖ċ(t)‖ dt.

�
Definition 1.37 A change of parameter is a .C∞ diffeomorphism 

.φ : [c, d] → [a, b].

8 Cf. N. Steenrod, Topology of Fiber Bundles (Princeton University Press, 1951). 
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Given a differentiable curve .γ : [a, b] → M we set .γ(τ ) = γ(φ−1(τ )) for any 
.τ ∈ [c, d]. The differentiable curve .γ : [c, d] → M is got from .γ : [a, b] → M by 
reparametrization. �

One checks easily that 

Proposition 1.38 Let .γ : [a, b] → M be a differentiable curve and . γ = γ ◦ φ−1 :
[c, d] → M a reparametrization of . γ. Then .L(γ) = L(γ), i.e., . γ and . γ have the 
same length. 

In other words, the length of a differentiable curve doesn’t depend upon its 
parametrization. 

A differentiable curve.γ : [a, b] → M is regular if.ċ(t) �= 0 for any.t ∈ [a, b]. For  
regular curves on Riemannian manifolds, one may use a canonical parametrization, 
as furnished by the following: 

Proposition 1.39 Let .γ : [a, b] → M be a regular curve in the Riemannian mani-
fold .(M, g) and let us set 

. φ : [a, b] → [0, L(γ)], φ(t) =
∫ t

a
‖γ̇(τ )‖ dτ , a ≤ t ≤ b.

Then . φ is a change of parameter and the curve .γ = γ ◦ φ−1 : [0, L(γ)] → M is 
canonically parametrized, i.e., .‖γ̇(s)‖ = 1 for any .s ∈ [0, L(γ)]. 

The reparametrization .γ : [0, L(γ)] → M built within Proposition 1.39 is com-
monly referred to as the reparametrization of .γ : [a, b] → M by arc length. Clearly 
.s = ∫ t

a ‖γ̇(τ )‖ dτ is the length of the curve .γ : [a, t] → M for any .t ∈ [a, b]. 

1.1.5 Canonical Measure 

Let .(M, g) be a .n-dimensional Riemannian manifold. Let . φ = (ξ1, . . . , ξn) : U →
R

n be a local chart on .M and let us set 

. gU,φ :=
[
gi j (ξ

1, . . . , ξn)
]
,
∣
∣gU,φ

∣
∣ := det gU,φ > 0.

Note that .φ(U ) is equipped with the positive measure 

. μU,φ =
∣
∣gU, φ

∣
∣1/2 dξ1 · · · dξn .

We endow.U with the measure 

.νU,φ := φ−1
(
μU, φ

)
.



1.1 Riemannian and Semi-Riemannian Metrics 19

If . ϕ is a continuous function of compact support .supp(ϕ) ⊂ U then 

. νU,φ(ϕ) =
∫

φ(U )

(ϕ ◦ φ−1)
∣
∣gU,φ

∣
∣1/2 dξ1 · · · dξn .

If.(U ′, φ′) is another local chart on.M then (by a change of variable under the integral 
sign) 

. νU,φ

∣
∣
U∩U ′ = νU ′, φ′

∣
∣
U∩U ′

so that (by a partition of unity argument) there is a unique measure .vg on .M such 
that 

. vg

∣
∣
U = νU, φ

for any local chart .(U, φ). Said .vg is a positive measure. 9

Definition 1.40 The positive measure .vg is called the canonical measure of the 
Riemannian manifold .(M, g). �

Therefore, for any Riemannian manifold, the notions of a measurable subset and 
of an integrable function are well defined. If .M is compact, the total mass of .M is 
denoted by .Vol(M, g) and called the volume of .(M, g). 

The canonical measure is invariant by isometries. 
Let us assume that .M is oriented. Then integration of a top degree differential 

form makes sense on . M , and so does the notion of a measure associated to that 
form. 10 One may build, 11 in a natural manner, a volume form.ηg on.(M, g) such that 
.vg is the measure associated to . ηg. 

Definition 1.41 The volume form .ηg on .M is the differential .n-form on .M given 
by 12

.
(
ηg

)

x := η
(
Tx (M)

)
, x ∈ M.

�

9 Cf. Theorem 17, Chap. 4, in L. Schwartz, Cours d’Analuse de l’École Polytechnique (Harmann, 
1967). 
10 Cf. L. Scwartz, op. cit., Chap. 6, .§ 6. 
11 A bit of linear algebra is needed, as follows. Let. E be a.n-dimensional oriented Euclidean vector 
space. Let.η(E) ∈ �n E∗ be the exterior.n-form taking the value. 1 on any right-handed orthonormal 
basis of. E . Let. α and. β be two bases of. E , with. α right-handed and orthonormal, and let. {u1, . . . , un}
and .{v1, . . . , vn} be the corresponding dual bases. Let .P be the passage matrix from. α to . β. Let  
.gα = In and .gβ be the matrices associated to . α and . β, vis-a-vis to the Euclidean structure of . E . 
Then 

. gβ = Pτ gα P = Pτ P =⇒ ∣
∣gβ

∣
∣ = |P|2, η(E) = u1 ∧ · · · ∧ un = ∣∣P∣∣ v1 ∧ · · · ∧ vn,

so that .η(E) = ε
∣
∣gβ

∣
∣1/2 v1 ∧ · · · ∧ vn where .ε ∈ {±1} (depending on whether . β is right handed, 

or left handed).
12 With respect to the notations in the previous footnote the Euclidean space.E is.

(
Tx (M), gx

)
. 
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With respect to a local chart . φ = (ξ1, . . . , ξn) : U → R
n

. ηg ◦ φ−1 = ε
∣
∣gU,φ

∣
∣1/2 dξ1 ∧ · · · ∧ dξn

with .ε ∈ {±1} (according to whether .(U,φ) is positively oriented). Therefore .vg is 
the measure associated to the volume form. ηg . 

1.1.6 Levi–Civita Connection 

Let .(M, g) be a semi-Riemannian manifold. 

Definition 1.42 A linear connection .∇ on .M is a metric connection if . g is parallel 
with respect to . ∇, i.e., .∇Xg = 0 for any .X ∈ X(M). �

A linear connection .∇ su .M is a metric connection if and only if 

. X (g(Y, Z)) = g(∇XY, Z)+ g(Y, ∇X Z), X,Y, Z ∈ X(M),

an identity known as Ricci’s identity. 

Exercise 1.43 Let us denote by.C(τM , g) the set of all metric connections on.(M, g), 
i.e., .C(τM , g) = {∇ ∈ C(τM) : ∇g = 0}. Show that.C(τM , g) is an affine subspace of 
.C(τM). 

The property of a linear connection of being “metric” admits the following 
geometric interpretation. 

Proposition 1.44 Let .γ : [a, b] → M be a differentiable curve and . E t
γ :

Tγ(a)(M)→ Tγ(t)(M) the parallel displacement operator along. γ, for any.t ∈ [a, b], 
with respect to the linear connection . ∇. Then .∇ is a metric connection if and only if 
.E t

g is a linear isometry of .(Tγ(a)(M), gγ(0)) into .(Tγ(t)(M), gγ(t)) for any .t ∈ [a, b]. 
Proof Let us assume that.∇g = 0. Let us observe that for any function. f ∈ C∞(�,R)

one has.γ̇(t)( f ) = ( f ◦ γ)′(t) for any.t ∈ [a, b]. Let.v ∈ Tγ(0)(M) be a fixed tangent 
vector and let .X ∈ C∞(�, τM) be the solution to the Cauchy problem 

. 
(∇γ̇X

)

γ(t) = 0, a ≤ t ≤ b,

. Xγ(0) = v.

By definition .E t
γ(v) = Xγ(t). Let us define . f ∈ C∞(�,R) by setting . f = g(X, X). 

Let us observe that 

. f (γ(0)) = {gγ(t)(Xγ(t), Xγ(t))
}

t=0 = gγ(0)(v, v).
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On the other hand 

. ( f ◦ γ)′(t) = γ̇(t)( f ) = γ̇(t) [g(X, X)] = 2 g(∇γ̇X, X)γ(t) = 0

hence . f ◦ γ is the constant function, i.e., . f (γ(t)) = f (γ(0)), .a ≤ t ≤ b. Finally 

. gγ(t)(E t
γ(v), E t

γ(v)) = g(X, X)γ(t) = f (γ(t)) = f (γ(0)) = gγ(0)(v, v),

i.e., .E t
γ preserves the quadratic forms associated to the inner products .gγ(0) and.gγ(t). 

Viceversa, let us assume that for any differentiable curve .γ : [a, b] → M the 
parallel displacement operator.E t

γ : Tγ(0)(M)→ Tγ(t)(M)with respect to. ∇ is a linear 
isometry of.(Tγ(0)(M), gγ(0)) onto.(Tγ(t)(M), gγ(t)) for any.t ∈ [a, b]. Let us consider 
a .gγ(0)-orthonormal basis .{e1, . . . , en} ⊂ Tγ(0)(M) and let us set 

. Ei (t) = E t
γ(ei ) ∈ Tγ(t)(M), 1 ≤ i ≤ n, t ∈ [a, b].

As .E t
γ is a linear isometry it follows that .{Ei (t) : 1 ≤ i ≤ n} is a .gγ(t)-orthonormal 

basis in .Tγ(t)(M). Let us consider the arbitrary vector fields .X,Y, Z ∈ X(M) and 
the point .p ∈ M . If  .v = X p ∈ Tp(M) then let us consider a differentiable curve 
.γ : [a, b] → M such that .γ(t0) = p and .γ̇(t0) = v for some .t0 ∈ [a, b]. We may  
then represent the vector fields . Y and . Z along . γ in the following manner 

. Yγ(t) = Y i (γ(t))Ei (t), Zγ(t) = Zi (γ(t))Ei (t),

where .Y i , Zi : [a, b] → R are differentiable functions uniquely determined by that 
representation. Moreover 

. g(Y, Z)γ(t) = Y i (t)Z j (t)gγ(t)(Ei (t), E j (t)) = Y i (t)Z j (t)εiδi j = εi Y
i (t)Zi (t).

On the other hand 

. g(∇XY, Z)p + g(Y,∇X Z)p = gp((∇XY )p, Z p)+ gp(Yp, (∇X Z)p) =

[as the tangent vector .(∇XY )p is determined by the value of .X at . p, and the same is 
true for .(∇X Z)p] 

. = gγ(0)((∇γ̇Y )γ(0), Zγ(0))+ gγ(0)(Yγ(0), (∇γ̇Z)γ(0)) =

. = {gγ(t)((∇γ̇Y )γ(t), Zγ(t))+ gγ(t)(Yγ(t), (∇γ̇Z)γ(t))
}

t=0

and if. f i ∈ F(M) and.Vi ∈ X(M) are respectively differentiable functions and vector 
fields such that . f i (γ(t)) = Y i (t) e.Vi,γ(t) = Ei (t) = E t

γ(ei ) per ogni.a ≤ t ≤ b then 
.(∇γ̇Vi )γ(t) = 0 and hence
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. (∇γ̇Y )γ(t) = (∇γ̇( f
i Vi ))γ(t) =

{
γ̇( f i ) Vi + f i∇γ̇Vi

}

γ(t) =

. = γ̇( f i )γ(t)Vi,γ(t) = ( f i ◦ γ)′(t)Ei (t) = dY i

dt
(t)Ei (t)

and the same manner 

. (∇γ̇Z)γ(t) = dZi

dt
(t)Ei (t)

for any .t ∈ [a, b]. Finally 

. g(∇XY, Z)p + g(Y,∇X Z)p =

. =
{[

dY i

dt
(t)Z j (t)+ Y i (t)

dZ j

dt
(t)

]

gγ(t)(Ei (t), E j (t))

}

t=0
=

. =
{[

dY i

dt
(t)Z j (t)+ Y i (t)

dZ j

dt
(t)

]

εiδi j

}

t=0
= εi

(
Y i Zi

)′
(0)

and 
. v(g(Y, Z)) = γ̇(0)(g(Y, Z)) = (g(Y, Z) ◦ γ)′(0) = (εi Y i Z i

)′
(0)

hence 
. {X (g(Y, Z))− g(∇XY, Z)− g(Y,∇X Z)}p = 0

for any point .p ∈ M . Q.e.d. 

Theorem 1.45 For any semi-Riemannian manifold .(M, g) there is a unique linear 
connection .∇ such that (i) .∇g = 0 and (ii) .T = 0. 

Theorem 1.45 is the fundamental theorem of semi-Riemannian geometry. 

Definition 1.46 The linear connection furnished by Theorem 1.45 is called the Levi-
Civita connection of .(M, g). �

Therefore Levi-Civita connection is a metric and symmetric linear connection. In 
this sense it is canonical, i.e., equations (i)–(ii) in Theorem 1.45 allow us to choose, 
in a manner which may be thought of as canonical, a linear connection in the affine 
space.C(τM , g). By solving a certain tensorial system, one may determine all elements 
of .C(τM , g). 

Proof of Theorem 1.45 We first prove uniqueness, i.e., the set . {∇ ∈ C(τM , g) : T =
0} has cardinality.≤ 1. If a metric and symmetric linear connection. ∇ exists then [by 
.∇g = 0] for any . X,Y, Z ∈ X(M)

.X (g(Y, Z)) = g(∇XY, Z)+ g(Y,∇X Z), (1.10)
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.Y (g(Z , X)) = g(∇Y Z , X)+ g(Z ,∇Y X), (1.11) 

.Z(g(X,Y )) = g(∇Z X,Y )+ g(X,∇ZY ), (1.12) 

where Eqs. (1.11)–(1.12) are respectively derived from (1.10) and from (1.11) 
by a circular permutation of the arguments .X → Y → Z → X . Let us sum up 
Eqs. (1.10)–(1.11) and subtract (1.12) from the resulting equation. We obtain 

. X (g(Y, Z))+ Y (g(Z , X))− Z(g(X,Y )) =

. = g(∇XY, Z)+ g(Y,∇X Z)+ g(∇Y Z , X)+ g(Z ,∇Y X)−

. − g(∇Z X,Y )− g(X,∇ZY )

that is (by .T = 0) 

. X (g(Y, Z))+ Y (g(Z , X))− Z(g(X,Y )) =

. = 2 g(∇XY, Z)+ g(Z , [Y, X ])+ g(Y, [X, Z ])+ g([Y, Z ], X)

a relation which is commonly written in the form 

.2 g(∇XY, Z) = X (g(Y, Z))+ Y (g(Z , X))− Z(g(X,Y ))+ (1.13) 

. + g([X,Y ], Z)− g([Y, Z ], X)+ g([Z , X ],Y )

and certainly (1.13) asserts that if a metric and symmetric linear connection. ∇ exists, 
then it is unique, as implicitly given by the right-hand side of Eq. (1.13). The last 
statement clearly relies on the fact that. g is nondegenerate [and then.g(X,Y ) = 0 for 
any .Y ∈ X(M) yields .X = 0]. 

Now we prove existence, i.e., that .{∇ ∈ C(τM , g) : T∇ = 0} �= ∅. Let us consider 
the map 

. ∇ : X(M)× X(M)→ X(M)

defined as follows. Let .X,Y ∈ X(M) be two arbitrary vector fields and let . ∇XY ∈
X(M) be the vector field implicitly defined by Eq. (1.13) for any.Z ∈ X(M). To start  
with we must show that .∇ ∈ C(τM). The fact that .∇ is a derivation in the second 
argument may be proved as follows. For any . f ∈ F(M) and any . X,Y, Z ∈ X(M)

one has [by (1.13)] 

. 2 g(∇X ( f Y ), Z) = X (g( f Y, Z))+ ( f Y )(g(Z , X))− Z(g(X, f Y ))+

.+ g([X, f Y ], Z)− g([ f Y, Z ], X)+ g([Z , X ], f Y )
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or 
. 2 g(∇X ( f Y ), Z) =

. = X ( f )g(Y, Z)+ f X (g(Y, Z))+ f Y (g(Z , X))−

. − Z( f )g(X,Y )− f Z(g(X,Y ))+

. + X ( f )g(Y, Z)+ f g([X,Y ], Z)+ Z( f )g(Y, X)+

. + f g([Z ,Y ], X)+ f g([Z , X ],Y )

and then, after a few simplifications 

. 2 g(∇X ( f Y ), Z) = 2 X ( f )g(Y, Z)+

. + f {X (g(Y, Z))+ Y (g(Z , X))− Z(g(X,Y ))+

. + g([X,Y ], Z)− g([Y, Z ], X)+ g([Z , X ],Y )}

hence [once again by (1.13)] 

. g(∇X ( f Y ), Z) = X ( f )g(Y, Z)+ f g(∇XY, Z)

and finally [as . g is nondegenerate and .Z ∈ X(M) is arbitrary] 

. ∇X ( f Y ) = X ( f )Y + f∇XY.

Exercise 1.47 The reader should check, in a manner similar to the above, that (1.13) 
also implies 

. ∇ f1X1+ f2X2Y = f1∇X1Y + f2∇X2Y,

. ∇X (λ1Y1 + λ2Y2) = λ1∇XY1 + λ2∇XY2,

. ∀ f1, f2 ∈ F(M), ∀ X1, X2, X,Y1,Y2,Y ∈ X(M), ∀ λ1,λ2 ∈ R.

Next we show that the linear connection given by (1.13) has zero torsion, i.e., 
.T (X,Y ) = 0 for any .X,Y ∈ X(M). It suffices to check that .g(T (X,Y ), Z) = 0 for 
any .Z ∈ X(M). By (1.13)
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. 2 g(T (X,Y ), Z) = 2 g(∇XY, Z)− 2 g(∇Y X, Z)− 2 g([X,Y ], Z) =

. = X (g(Y, Z))+ Y (g(Z , X))− Z(g(X,Y ))+

. + g([X,Y ], Z)− g([Y, Z ], X)+ g([Z , X ],Y )−

. − Y (g(X, Z))− X (g(Z ,Y ))+ Z(g(Y, X))−

. − g([Y, X ], Z)+ g([X, Z ],Y )− g([Z ,Y ], X)− 2 g([X,Y ], Z) = 0

[by exploiting the symmetry of . g and the skew-symmetry of the Lie product]. 

Exercise 1.48 Check that .(∇Xg)(Y, Z) = 0 per ogni .X,Y, Z ∈ X(M), once again 
as a consequence of (1.13). 

We devote the remainder of the section to certain considerations of local character. 
Let .∇ be the Levi-Civita connection of the semi-Riemannian manifold .(M, g). Let  
.(U, xi ) be a local coordinate system on . M . Let us consider the local coefficients 
.�i

jk ∈ F(U ) of .∇ with respect to .(U, xi ), i.e., 

. �i
jk∂i = ∇∂ j ∂k .

It is a classical matter that the functions .�i
jk may be explicitly computed in terms of 

the local coefficients .gi j = g(∂i , ∂ j ) of the metric, and their partial derivatives (thus 
providing an alternative proof of the uniqueness of the Levi-Civita connection). Let 
us set as customary 

. gi j ||k = (∇∂kg)(∂i , ∂ j ) ∈ F(U ).

Then 
. gi j ||k = ∂k

(
g
(
∂i , ∂ j

))− g
(∇∂k∂i , ∂ j

)− g
(
∂i , ∇∂k∂ j

) =

. = gi j |k − ��
kig�j − gi��

�
k j

and hence (as .∇g = 0 =⇒ gi j ||k = 0) 

.gi j |k = ��
kig�j + gi��

�
k j . (1.14) 

Let us derive a similar equation by a circular permutation of indices. i → j → k → i
in (1.14) 

.g jk|i = ��
i jg�k + g j��

�
ik . (1.15) 

Again by a circular permutation of indices .i → j → k → i in (1.15) one obtains 

.gki | j = ��
jkg�i + gk��

�
j i . (1.16)
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Let us sum up Eqs. (1.14)–(1.15) and subtract Eq. (1.16). In classical local differential 
geometry this approach is known as the Christoffel process. One obtains 

. gi j |k + g jk|i − gki | j = ��
kig�j + gi��

�
k j + ��

i jg�k + g j��
�
ik − ��

jkg�i − gk��
�
j i

or [by .gi j = g j i and .�i
jk = �i

k j ] 

.2 g j��
�
ik = gi j |k + g jk|i − gki | j . (1.17) 

If we set .[gi j ] = [gi j ]−1 then .g j�g
jm = δm� hence contraction by .g jm in (1.17) leads 

to 
. 2�m

ik = g jm
(
gi j |k + g jk|i − gki | j

)

or 
.�m

ik = g jm {ik, j} (1.18) 

where we have set by definition 

. {i j, k} = 1

2

(
gik| j + g jk|i − gi j |k

)
.

Definition 1.49 The functions.{i j, k} ∈ F(U ) are the Christoffel symbols of the first 
kind. �

It is customary to set 

. 

{
i
jk

}

= gi� { jk, �}

hence formulas (1.18) may also be written 

. �m
ik =

{
m
ik

}

.

Definition 1.50 The functions .
{

i
jk

}

∈ F(U ) are the Christoffel symbols of the 

second kind. �

Let .{Ei : 1 ≤ i ≤ n} be an arbitrary local frame of the tangent bundle, defined 
on the open set .U ⊂ M . Let us set .gi j = g(Ei , E j ) ∈ F(U ) and let us consider the 
local differential .1-forms .ωi

j ∈ �1(U ) determined by 

.∇E j = ωi
j ⊗ Ei
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where .∇ is the Levi-Civita connection of .(M, g). If  .{ωi : 1 ≤ i ≤ n} are the local 
.1-forms dual to .{Ei : 1 ≤ i ≤ n}, i.e., .ωi (E j ) = δij then (by the symmetry of . ∇) 

. 0 = T (X, Y ) = ∇XY −∇Y X − [X, Y ] = ∇X

{
ωi (Y )Ei

}
− ∇Y

{
ωi (X)Ei

}
− [X, Y ] =

. = X (ωi (Y ))Ei + ω j (Y )∇X E j − Y (ωi (X))Ei − ω j (X)∇Y E j − [X,Y ] =

. = {X (ωi (Y ))− Y (ωi (X))− ωi ([X,Y ])+ ω j (Y )ωi
j (X)− ω j (X)ωi

j (Y )}Ei =

. = 2{(dωi )(X,Y )+ (ωi
j ∧ ω j )(X,Y )}Ei

hence 
.dωi + ωi

j ∧ ω j = 0. (1.19) 

Moreover (by .∇g = 0) 

. X (gi j ) = X (g(Ei , E j )) = g(∇X Ei , E j )+ g(Ei , ∇X E j ) =
= ωk

i (X)g(Ek, E j )+ g(Ei , Ek)ω
k
j (X)

hence 
.dgi j = gk j ωk

i + gik ωk
j . (1.20) 

In particular if the local fields .{Ei : 1 ≤ i ≤ n} ⊂ X(U ) are orthonormal, i.e., . gi j =
εiδi j with .εi ∈ {±1} then Eq. (1.20) become 

. 0 = εkδk jω
k
i + εiδikω

k
j

or 
.ε jω

j
i + εiω

i
j = 0. (1.21) 

Note that in formula (1.21) the indices .i, j are free (aren’t summation indices). 
Formulas written with respect to local orthonormal frames violate Einstein’s sum-

mation conventions. They are however simpler than formulas written with respect to 
an arbitrary local frame. 

If.(M, g) is a Riemannian manifold (and then.εi = 1 per ogni.1 ≤ i ≤ n) formulas  
(1.21) become 

.ωi
j = −ω

j
i . (1.22) 

Let us examine a standard, yet important, example. Let .M = R
n and let .∇ be the 

connection associated to the full parallelism structure of .Rn , i.e., 

.∇XY = X (Y i )
∂

∂xi
, Y = Y i ∂

∂xi
, (1.23)
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where.(x1, . . . , xn) are the Cartesian coordinates on.R
n . On the other hand.R

n admits 
a natural Riemannian metric . g given by 

.g(X,Y ) =
n∑

i=1
XiY i , (1.24) 

. X = Xi ∂

∂xi
, Y = Y i ∂

∂xi
.

Definition 1.51 The Riemannian metric (1.24) is called the Euclidean metric su.R
n .
�

Note that the linear connection (1.23) is symmetric. Indeed 

. T (X,Y ) = ∇XY −∇Y X − [X,Y ] = X (Y i )∂i − Y (Xi )∂i − [X,Y ] = 0.

On the other hand (1.23) is also a metric connection. Indeed 

. (∇Xg)(Y, Z) = X (g(Y, Z))− g(∇XY, Z)− g(Y,∇X Z) =

. = X

(
n∑

i=1
Y i Zi

)

− X (Y i )g(∂i , Z)− X (Zi )g(Y, ∂i ) =

. =
n∑

i=1
{X (Y i )Zi + Y i X (Zi )} − X (Y i )

n∑

j=1
δ
j
i Z

j − X (Zi )

n∑

j=1
Y jδ

j
i = 0.

Here we set .∂i ≡ ∂/∂xi for the sake of simplicity. The uniqueness statement in the 
fundamental theorem of semi-Riemannian geometry implies that (1.23) is the Levi-
Civita connection of the Riemannian manifold .(Rn, g) where . g is the Euclidean 
metric. 

Let .ν ∈ Z such that .0 ≤ ν ≤ n. Let us observe that .Rn admits also the semi-
Riemannian metric . g given by 

.g(X,Y ) = −
ν∑

i=1
XiY i +

n∑

j=ν+1
X jY j . (1.25) 

The linear connection (1.23) is the Levi-Civita connection of .Rn endowed with the 
semi-Riemannian metric (1.25). 

It is customary to denote by .E
n the .n-dimensional Euclidean space, i.e., the pair 

consisting of .Rn and the Euclidean metric (1.24). Also one denotes by .E
n
ν the semi-

Euclidean space, i.e., the pair consisting of .Rn and the semi-Riemannian metric 
(1.25). Then.E

n
0 = E

n . Both semi-Riemannian manifolds got for.ν = 1 or.ν = n − 1
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(i.e., .En
1 and .E

n
n−1) are commonly referred to as Minkowski spaces. Other pieces of 

terminology of frequent use indicate each .En
ν with .0 < ν < n as pseudo-Euclidean 

spaces and .E
n
1 and .E

n
n−1 as Lorentz spaces. 

Another example of a Riemannian metric, frequently met in differential geometry 
practice, is that induced by the Euclidean metric on any submanifold .M ⊂ E

n . The  
properties of these metrics, referred to as induced metrics or first fundamental forms, 
will be studied in detail in subsequent subsections of the present section. 

Exercise 1.52 1. Let .M be a .n-dimensional differentiable manifold. Let us assume 
that .M is parallelizable and let us consider a full parallelism structure . {X1, . . . , Xn}
on . M . Show that the formulas 

. g(Xi , X j ) = δi j , 1 ≤ i, j ≤ n,

determine a Riemannian metric . g on .M and compute its Levi-Civita connection. 
2. Show that for any Riemannian manifold .(M, g) there is a canonical isomor-

phism of .F(M)-modules .X(M) ≈ �1(M). 
3. Let.(M, g) be a Riemannian manifold and let .T ∈ T 1,2(M). Show that there is 

a unique linear connection .∇ ∈ C(τM) such that .∇g = 0 and the torsion of .∇ is . T . 
4. Let .(Mi , gi ), .i ∈ {1, 2} be two Riemannian manifolds. Moreover let . πi : M1 ×

M2 → Mi be the canonical projections (.i ∈ {1, 2}). Show that 

. g = π∗1g1 + π∗2g2

is a Riemannian metric on the product manifold .M = M1 × M2. Compute the 
Christoffel symbols of . g with respect to a local coordinate system of .M got as 
the direct product of two local charts .(Ui ,ϕi ) of .Mi , .i ∈ {1, 2}. 

5. Let.(M, g) be a.n-dimensional Riemannian manifold and.∇ ∈ C(τM , g) ametric  
linear connection. Show that the holonomy group of .∇ at an arbitrary point is a 
subgroup of the orthogonal group .O(n). 

1.2 Geodesics and Jacobi Fields 

Let.(M, g) be a.n-dimensional semi-Riemannian manifold. The auto-parallel curves 
of the Levi-Civita connection. ∇ of.(M, g) are the geodesics of.(M, g). Hence. γ(t) ∈
M , .t ∈ [a, b], is a geodesic of .(M, g) if 

. 
(∇γ̇ γ̇

)

γ(t)
= 0, a ≤ t ≤ b.

Ricci’s identity yields .‖γ̇(t)‖ = constant. Indeed 

.
d

dt

{
gγ(t)(γ̇(t), γ̇(t))

} = 2 gγ(t)

((∇γ̇ γ̇
)

γ(t) , γ̇(t)
)
= 0
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hence .gγ(t)(γ̇(t), γ̇(t)) = gγ(a)(γ̇(a), γ̇(a)). Q.e.d. The geodesics equations may be 
locally written 

. 
d2γi

dt2
(t)+

{
i
jk

}

(γ(t))
dγ j

dt
(t)

dγk

dt
(t) = 0

where .γi (t) = xi (γ(t)), .1 ≤ i ≤ n, while .

{
i
jk

}

are the Christoffel coefficients of 

the second kind. Of course all properties of auto-parallel curves of a given linear 
connection hold good for the geodesics of a given Riemannian manifold. 

Definition 1.53 A semi-Riemannian manifold is geodesically complete if any 
geodesic of .(M, g) is contained in a geodesic of .(M, g) which is defined on the 
whole real line . R. �

Another way to state Definition 1.53 is to say that.(M, g) is geodesically complete 
when every geodesic .γ : [a, b] → M may be extended to a geodesic defined on the 
whole of. R, i.e., there is a geodesic.γ̃ : R→ M such that. γ̃|[a,b] = γ. Let us observe 
that .En e .E

n
ν are geodesically complete semi-Riemannian manifolds. 

Exercise 1.54 1. Let .U = {(x, y) ∈ R
2 : y > 0}. Compute the geodesics of . U

knowing that the components of the Riemannian metric . g prescribed on .U are 

. g11 = g22 = 1

y
, g12 = 0.

2. Let .(M, g) be a Riemannian manifold and let .∇ be its Levi-Civita connection. 
Let.∇ ∈ C(τM , g) be another metric connection on. M . Let us assume that the torsion 
. T of .∇ obeys to 

. g(T (X,Y ),Y ) = 0, X,Y ∈ X(M).

Show that .∇ and .∇ have the same geodesics. 

Let .(M, g) be a .n-dimensional semi-Riemannian manifold. Let .U ⊂ R
2 be an 

open set, and let .ϕ : U → M be a parametrized surface. 

Definition 1.55 A vector field along . ϕ is a differentiable map 

.V : (t, s) ∈ U �−→ V(t, s) ∈ Tϕ(t,s)(M).

�
Let us assume that for every fixed .s0 with .(t, s0) the curve .t �→ ϕ(t, s0) is a 

geodesic parametrized by arc length. Let us set 

. E = ϕ∗
(
∂/∂t

)
, V = ϕ∗

(
∂/∂s

)
.

Then 
.∇E E = 0. (1.26)
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Moreover, note that .[E, V ] = 0. Then (as .∇ is torsion-free) 

.∇EV = ∇V E . (1.27) 

Consequently 
.∇2

EV = ∇E
(∇EV

) = ∇E
(∇V∇E

)
. (1.28) 

Then [by (1.26) and the very definition of the curvature tensor . R] 

.∇2
EV − R(E, V )E = 0. (1.29) 

Definition 1.56 .V = ϕ∗
( ∂

∂s

)
= ∂ϕ

∂s
is the infinitesimal variation induced by the 

family of geodesics .s = constant. �

Definition 1.57 A tangent vector field .X (t) along a geodesic .γ(t) is said to be a 
Jacobi field if 

.
∇2X (t)

dt2
− R

(
γ̇(t), X (t)

)
γ̇(t) = 0. (1.30)

�

Proposition 1.58 A Jacobi field.X (t) along the geodesic.γ(t) is determined by. X (t0)

and .
∇X

dt
(t0) for some value . t0 of the parameter. 

The set of all Jacobi vector fields along a geodesic .γ(t) is a .2n-dimensional real 
vector space. Jγ . Also, the subspace.{X ∈ Jγ : X (t0) = 0} of all Jacobi fields along 
. γ that vanish at a fixed point on the geodesic . γ, is .n-dimensional. 

Jacobi fields on.M may be built by the following simple procedure. Let. v ∈ Tp(M)

and let . v be the vector field on.Tp(M) associated to. v by the canonical identification 
of the tangent spaces at points of .Tp(M) with .T0

(
Tp(M)

)
. Let .v1, v2 ∈ Tp(M) and 

let .U ⊂ R
2 be the open set consisting of all .(t, s) ∈ R

2 such that .expp is defined at 
.t (v2 + s v1). 

Proposition 1.59 The map 

. ϕ : U → M, ϕ(t, s) = expp

[
t (v2 + sv1)

]
,

is a .1-parameter family of geodesics in .M and the vector field 

. X = (expp)∗
(
t v1
)

is a Jacobi field along every geodesic of the family.
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Proposition 1.60 Let .X (t) be a Jacobi field along the geodesic .γ(t) such that 

. X (0) = 0,
∇X

dt
(0) = v �= 0.

Then 
. X (t) = ( expγ(0)

)

∗
(
t v
)
.

1.3 Riemann-Christoffel Tensor Field 

Let .(M, g) be a semi-Riemannian manifold and .∇ the Levi-Civita connection of 
.(M, g). Let  .R = R∇ ∈ T 1,3(M) be the curvature tensor field of the Levi-Civita 
connection, i.e., 

. R(X,Y )Z = ∇X∇Y Z − ∇Y∇X Z − ∇[X,Y ]Z

per ogni .X,Y, Z ∈ X(M). 

Definition 1.61 .R is called the curvature of the semi-Riemannian manifold 
.(M, g). �

Clearly .R(X,Y ) = −R(Y, X) as for any linear connection. In addition the 
curvature of .(M, g) satisfies the so-called Bianchi identities. 

Theorem 1.62 For any . X,Y, Z ∈ X(M)

.R(X,Y )Z + R(Y, Z)X + R(Z , X)Y = 0, (1.31) 

.(∇X R)(Y, Z)+ (∇Y R)(Z , X)+ (∇Z R)(X,Y ) = 0. (1.32) 

Proof Taking into account the symmetry of .∇ and Jacobi’s identity 

. R(X,Y )Z + R(Y, Z)X + R(Z , X)Y =

. = ∇X∇Y Z − ∇Y∇X Z −∇[X,Y ]Z +∇Y∇Z X − ∇Z∇Y X −∇[Y,Z ]X +

. + ∇Z∇XY −∇X∇ZY − ∇[Z ,X ]Y =

. = ∇X (∇Y Z − ∇ZY )+ ∇Y (∇Z X −∇X Z)+ ∇Z (∇XY − ∇Y X)−

. −∇[X,Y ]Z −∇[Y,Z ]X −∇[Z ,X ]Y =

. = ∇X [Y, Z ] + ∇Y [Z , X ] + ∇Z [X,Y ] − ∇[X,Y ]Z − ∇[Y,Z ]X −∇[Z ,X ]Y =

. = [X, [Y, Z ]] + [Y, [Z , X ]] + [Z , [X,Y ]] = 0.
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The covariant derivative of . R is given by 

. (∇X R)(Y, Z)W = ∇X (R(Y, Z)W )− R(∇XY, Z)W − R(Y,∇X Z)W − R(Y, Z)∇XW

for any.X,Y, Z ,W ∈ X(M). A straightforward yet rather involved calculation shows 
that the symmetry of .∇ together with Jacobi identity implies (1.32). Q.e.d. 

Definition 1.63 The identities (1.31)–(1.32) are called respectively the first and 
second Bianchi identities. �

The first Bianchi identity may be written as 

.

∑

XY Z

R(X,Y )Z = 0 (1.33) 

where .
∑

XY Z is the cyclic sum over all permutations of the arguments .X,Y, Z . 
Similarly, the second Bianchi identity may be written as 

.

∑

XY Z

(∇X R)(Y, Z) = 0. (1.34) 

The writings (1.33)–(1.34) have only the advantage of shortness. 

Theorem 1.64 For any . X,Y, Z ,W ∈ X(M)

.g(R(X,Y )Z , W ) = −g(R(X,Y )W, Z). (1.35) 

Proof The identity (1.35) follows from .∇g = 0 by a straightforward calculation. 
Q.e.d. 

Definition 1.65 The Riemann-Christoffel tensor field of the semi-Riemannian 
manifold .(M, g) is 

. R : X(M)× X(M)× X(M)× X(M)→ F(M),

.R(X,Y, Z ,W ) = g(R(Z ,W )Y, X), X,Y, Z ,W ∈ X(M).

�

Let us observe that the Riemann-Christoffel tensor field .R ∈ T 0,4(M) is com-
monly denoted by the same symbol as the curvature tensor field.
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Theorem 1.66 The Riemann-Christoffel .R is skew-symmetric in the first two 
arguments and the last two arguments. Moreover 

.R(X,Y, Z ,W ) = R(Z ,W, X,Y ) (1.36) 

for any .X,Y, Z ,W ∈ X(M). 

Follows from the first Bianchi identity. 

1.4 Sectional Curvature 

We confine ourselves to the Riemannian category. The case of semi-Riemannian 
manifolds of index .ν > 0 is briefly discussed later on in this monograph. Let then 
.(M, g) be a Riemannian manifold. 

Definition 1.67 A.2-plane is a .2-dimensional vector subspace of the tangent space 
.Tp(M) at some .p ∈ M . The  sectional curvature of a .2-plane .σ ⊂ Tp(M) is the 
number 

. k(σ) = Rp(u, v, u, v)

where .{u, v} ⊂ σ is a .gp-orthonormal basis of . σ. �

To check that the number .k(σ) ∈ R is well defined we need to show that 
.Rp(u, v, u, v) doesn’t depend upon the choice of orthonormal basis in . σ. Indeed 
if .{u′, v′} ⊂ σ is another orthonormal basis 

. gp(u
′, u′) = gp(v

′, v′) = 1, gp(u
′, v′) = 0,

then 

. 

(
u′
v′

)

=
(
a b
c d

)(
u
v

)

, A =
(
a b
c d

)

∈ GL(2,R).

Next 
. gp(u, u) = gp(v, v) = 1, gp(u, v) = 0,

yields 

. 1 = gp(u
′, u′) = a2 + b2, 1 = gp(v

′, v′) = c2 + d2, 0 = gp(u
′, v′) = ac + bd,

hence .A ∈ O(2). 

. Rp(u
′, v′, u′, v′) = aRp(u, v′, u′, v′)+ bRp(v, v′, u′, v′) =

. = acRp(u, u, u′, v′)+ adRp(u, v, u′, v′)+ bcRp(v, u, u′, v′)+ bdRp(v, v, u′, v′) =
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(as .Rp is skew-symmetric in the first two variables) 

. = (ad − bc)Rp(u, v, u′, v′) = (ad − bc)
{
aRp(u, v, u, v′)+ bRp(u, v, v, v′)

} =

(by the skew-symmetry of .Rp in the last two variables) 

. = (ad − bc)
{
adRp(u, v, u, v)+ bcRp(u, v, v, u)

} =

. = (ad − bc)2Rp(u, v, u, v) = det(A)2Rp(u, v, u, v) = Rp(u, v, u, v)

as .det(A) ∈ {±1}. Q.e.d. 
If .{u, v} ⊂ σ is a .gp-orthonormal basis and.{u′, v′} ⊂ σ is an arbitrary basis then 

. gp(u
′, u′)gp(v

′, v′)− gp(u
′, v′)2 = (ad − bc)2

hence 

.k(σ) = Rp(u′, v′, u′, v′)
gp(u′, u′)gp(v′, v′)− gp(u′, v′)2

. (1.37) 

Given positive integers .k, n ∈ N such that .k ≤ n and a real .n-dimensional vector 
space .V we denote by .Gk(V ) the set of all vector subspaces .σ ⊂ V such that 
.dimR σ = k. One may organize.Gk(V ) as a differentiable manifold (the Grassmann 
manifold of .k-subspaces in . V ). Let us set as customary 

. G2(τM) =
⋃

p∈M
G2(Tp(M))

so that the sectional curvature of .(M, g) is a function .k : G2(τM)→ R. 

Theorem 1.68 Let .R, R′ ∈ T 0,4(M) be two tensor fields of type .(0, 4) on . M
possessing the symmetries of the Riemann-Christoffel tensor field, i.e., 

. R(X,Y, Z ,W ) = −R(Y, X, Z ,W ), R(X,Y, Z ,W ) = −R(X,Y,W, Z),

. R(W, Z , X,Y )+ R(W, X,Y, Z)+ R(W,Y, Z , X) = 0,

. R(X,Y, Z ,W ) = R(Z ,W, X,Y ),

for any .X,Y, Z ,W ∈ X(M) and the same for . R′. If  

.R(X,Y, X,Y ) = R′(X,Y, X,Y ) (1.38) 

for any .X,Y ∈ X(M) then .R = R′. 
Consequently, if at a point .p ∈ M the sectional curvature of every .2-plane 

.σ ⊂ Tp(M) is known then the Riemann-Christoffel tensor field evaluated at .p is
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determined. In other words, if two Riemannian metrics on.M have the same sectional 
curvature then their Riemann-Christoffel tensor fields coincide, as well. 

Proof of Theorem 1.68 Let us set .S = R − R′ so that [by the assumption (1.38)] 

. S(X,Y, X,Y ) = 0, X,Y ∈ X(M).

We wish to show that .S = 0. Let  .{ei : 1 ≤ i ≤ n} ⊂ Tp(M) be a basis and let us 
represent .u, v ∈ Tp(M) as 

. u =
n∑

i=1
uiei , v =

n∑

i=1
vi ei .

Then 
.0 = Sp(u, v, u, v) = uiv j ukv�Si jkl(p) (1.39) 

where we have set .Si jk�(p) = Sp(ei , e j , ek, e�). As  . u and . v are arbitrary we may 
choose their components such that for any fixed pair of indices . i0, j0 ∈ {1, . . . , n}

. ui0 = 1, i ∈ {1, . . . , n} \ {i0} =⇒ ui = 0,

. v j0 = 1, j ∈ {1, . . . , n} \ { j0} =⇒ v j = 0,

so that [by (1.39)] .Si0 j0i0 j0 = 0. As the indices . i0 and . j0 are arbitrary it follows that 

.Si ji j (p) = 0. (1.40) 

If in turn we consider three distinct indices .{i0, j0, k0} ⊂ {1, . . . , n} and the tangent 
vectors . u and . v with the components 

. ui0 = 1, i ∈ {1, . . . , n} \ {i0} =⇒ ui = 0,

. v j0 = vk0 = 1, j ∈ {1, . . . , n} \ { j0, k0} =⇒ v j = 0,

then [by (1.39)] 

. 0 = Si jk�(p)u
iv j ukv� = Si0 j i0�(p)v

jv� = v�
{
Si0 j0i0� + Si0k0i0�

} =

. = Si0 j0i0 j0(p)+ Si0 j0i0k0(p)+ Si0k0i0 j0(p)+ Si0k0i0k0(p) =

[by (1.40)] 
. = 2Si0 j0i0k0(p)

due to (1.40) and to
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. S(X,Y, Z ,W ) = S(Z ,W, X,Y ), X,Y, Z ,W ∈ X(M).

We have proved that 
.Si jik(p) = 0. (1.41) 

Finally we consider the tangent vectors . u and . v such that each of them has but two 
nonzero components .(ui0 , uk0) and .(v j0 , vk0) so that identity (1.39) yields 

. 0 = Si jk�(p)u
iv j ukv� = {Si0 jk�(p)+ Sk0 jk�(p)

}
v j ukv� =

. = {Si0 j i0�(p)+ Sk0 j i0�(p)+ Si0 jk0�(p)+ Sk0 jk0�(p)
}
v jv� =

[by (1.41)] 

. = {Sk0 j0i0�(p)+ Si0 j0k0�(p)+ Sk0�0i0�(p)+ Si0�0k0�(p)
}
v� =

. = Sk0 j0i0 j0(p)+ Si0 j0k0 j0(p)+ Sk0�0i0 j0(p)+ Si0�0k0 j0(p)+

. + Sk0 j0i0�0(p)+ Si0 j0k0�0(p)+ Sk0�0i0�0(p)+ Si0�0k0�0(p)

and all terms with two repeated indices are zero, e.g., 

. Sk0 j0i0 j0(p) = Sj0k0 j0i0(p) = 0

by the skew-symmetry of . S in the first two variables and the last two variables 

. S(X,Y, Z ,W ) = −S(Y, X, Z ,W ), S(X,Y, Z ,W ) = −S(X,Y,W, Z),

and by (1.41). It follows that 

.Sk�i j (p)+ Si�k j (p)+ Skji�(p)+ Si jk�(p) = 0. (1.42) 

On the other hand 

. S(W, Z , X,Y )+ S(W, X,Y, Z)+ S(W,Y, Z , X) = 0

implies 
. S�ki j (p)+ S�i jk(p)+ S�jki (p) = 0

which together with (1.42) yields .Si jk�(p) = 0. Q.e.d. 

Definition 1.69 A Riemannian manifold.(M, g) is said to be isotropic if the sectional 
curvature of any .2-plane .σ ⊂ Tp(M) depends only on the point . p, i.e., there is a 
function . f : M → R such that .k = f ◦ π where .π : G2(τM)→ M is the canonical 
projection. �
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By the very definition of sectional curvature, if .M is isotropic then 

.R(X,Y )Z = f
[
g(Y, Z9X − g(X, Z)Y

]
. (1.43) 

Definition 1.70 A Riemannian manifold .(M, g) is a space of constant curvature if 
its sectional curvature .k : G2(M)→ R is a constant function. �
Theorem 1.71 Every isotropic connected Riemannian manifold of dimension. n ≥ 3
is a space of constant curvature. 

Theorem 1.71 is the classical theorem of F. Schur. The proof is a mere exercise 
relying on the second Bianchi identity. 

The sectional curvature of indefinite semi-Riemannian manifolds was studied 
by L. Graves and K. Nomizu, 13 and by J.K. Beem. 14 In particular the paper by L. 
Graves and K. Nomizu (cf. op. cit.) generalizes (from the Riemannian to the semi-
Riemannnian case) Cartan’s theorem on manifolds satisfying the axiom of .r -planes 
(Theorem 3.31). 

1.5 Ricci Curvature, Einstein Manifolds 

Let .(M, g) be a .n-dimensional semi-Riemannian manifold, of index. ν. Let .∇ be the 
Levi-Civita connection of.(M, g) and let.K = K∇ be its Riemann-Christoffel tensor 
field. The Ricci curvature of .(M, g) is the .(0, 2)-tensor field 

. Ric : X(M)× X(M)→ C∞(M)

defined as follows. Let .x0 ∈ M and let .{E j : 1 ≤ j ≤ n} be a local orthonormal 
frame 

. g(E j , Ek) = ε j δ jk, ε j = −1, 1 ≤ j ≤ ν, εk = 1, ν + 1 ≤ k ≤ n,

on .T (M), defined on an open neighborhood .U ⊂ M of . x0. We set  

.Ricx0(v,w) =
n∑

j=1
Kx0ε j

(
E j, x0 , v, E j, x0 , w

)
(1.44) 

for any .v, w ∈ Tx0(M). The definition of .Sx0(v,w) doesn’t depend upon the choice 
of local orthonormal frame about . x0. The  scalar curvature of .(M, g) is the function

13 Cf. L. Graves, K. Nomizu, On sectional curvature of indefinite metrics. Math. Ann. 232, 267–272 
(1979). 
14 Cf. J.K. Beem, Pseudo-Riemannian manifolds with totally geodesic bisectors. Proc. Amer. Math. 
Soc. 49, 212–215 (1975). 
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.ρ : M → R defined by 

. ρ(x0) =
n∑

j=1
ε j Ric(E j , E j )x0 .

Theorem 1.72 Let .(M, g) be a connected semi-Riemannian manifold of dimension 
.n ≥ 3 such that .Ric(X,Y ) = λ g(X,Y ) for some .λ ∈ C∞(M). Then . λ is constant. 

Follows easily from the second Bianchi identity. 

Definition 1.73 A.n-dimensional (.n ≥ 3) Riemannian manifold such that 

.R(X,Y ) = λ g(X,Y ) (1.45) 

for some .λ ∈ R and any .X,Y ∈ X(M), is called an Einstein manifold. �
Einstein manifolds are rich in geometrical properties, and are widely studied 

within Riemannian geometry, cf. e.g., A.L. Besse. 15 Several examples belonging 
to the semi-Riemannian 16 category will be exhibited 17 in the volume of this book 
devoted to General Relativity Theory. 

Proposition 1.74 Any Riemannian manifold of constant sectional curvature is an 
Einstein manifold. 

Proof Follows from (1.43) and (1.44). 

Proposition 1.75 Every Einstein manifold of dimension .n = 3 has constant sec-
tional curvature. 

The proof is a mere exercise, relying on the Schur theorem. 

Example 1.76 (1) Let .Sn(r) ⊂ E
n+1 be the standard sphere of radius .r > 0. The  

induced metric on .Sn(r) has (positive) constant sectional curvature .1/r2. 
(2) Let .Ln+1 denote .R

n+1 equipped with the semi-Riemannian metric 

. 

n∑

j=1
dx j ⊗ dx j − dxn+1 ⊗ dxn+1 .

Then .Ln+1 is a Lorentzian manifold. The equation 

.− (xn+1)2 +
n∑

j=1
(x j )2 = −r2

15 A.L. Besse, Einstein Manifolds (Springer, Berlin-Heidelberg, 1987). 
16 Actually, Lorentzian. 
17 As solutions to the Einstein field equations. 
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defines a hypersurface .Hn in .Ln+1. The manifold .Hn equipped with the induced 
metric is the .n-dimensional hyperbolic space. .Hn has (negative) constant sectional 
curvature .−1/r2. For  .r = 1, the hyperbolic space .Hn = Hn(−1) is isometric to 
.R

n+ = {y ∈ R
n : yn > 0} equipped with the Riemannian metric 

. 
1

(yn)2

n∑

j=1
dy j ⊗ dy j .

Note first that .Rn+ is itself a space of constant curvature .−1. Indeed, let us set 

. E j = yn
∂

∂y j

so that .{E j : 1 ≤ j ≤ n} is a (globally defined) orthonormal frame on .T (Rn+). 
The sectional curvatures determined by .{E j : 1 ≤ j ≤ n} equal .−1. To build the 
announced isometry, one considers first the map 

. h : Hn → R
n, h

(
x1, . . . , xn+1

) = (u1, . . . , un
)
, u j = x j

1+ xn+1 , 1 ≤ j ≤ n,

and then the inversion .h′ in .Rn of center .p = (0, 0, . . . , −1) given by the vector 
equation 

. �py = 2

‖ �pu‖ �pu .

This yields a diffeomorphism.F : Hn → R
n preserving the metrics. �

Definition 1.77 A .n-dimensional Riemannian manifold .M = Mn(k) of constant 
sectional curvature . k is called a space form if .M is simply connected and complete.

�

.E
n , .Sn and .Hn are examples of space forms. For a detailed study of space forms 

one may see the classical monograph by J. Wolf. 18

1.6 Canonical Structures on the Tangent Bundle 

Let .(M, g) be a Riemannian manifold, and let .∇ be its Levi-Civita connection. The 
manifold .T (M) [the total space of the tangent bundle over . M] carries a natural 
Riemannian metric .G given by 

.G(A, B) = gπ(K A, K B)+ gπ(L A, LB) (1.46)

18 J.A. Wolf, Spaces of Constant Curvature (Mc Graw-Hill, New York, 1967). 
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for any .A, B ∈ X(T (M)). To explain the notations adopted in (1.46), we need a 
few preparatory elements. Let .π : T (M)→ M be the canonical projection, and let 
.π−1T (M)→ T (M) be the pullback of .T (M)→ M via. π. The fiber in the pullback 
bundle over .v ∈ T (M) is 

. 
(
π−1T M

)

v
= Tπ(v)(M).

Let . L be the vector bundle morphism 

. L : T (T (M)
)→ π−1T (M),

. LvA := (dvπ)A, A ∈ Tv

(
T (M)

)
, v ∈ T (M).

Let.x0 ∈ M be a point, and let .(U, x̃ i ) be a local coordinate system about. x0. Let. Xi

be the sections in the pullback bundle given by 

. Xi ∈ C∞
(
π−1(U ), π−1T (M)

)
, Xi (v) =

( ∂

∂ x̃ i

)

π(v)
, v ∈ π−1(U ),

so that .{Xi : 1 ≤ i ≤ n} is a local frame in .π−1T (M), defined on the open set 

.π−1(U ). Let .

{
i
jk

}

be the Christoffel symbols of the second kind, i.e., 

. ∇∂ j ∂k =
{

i
jk

}

∂i , ∂i ≡ ∂

∂ x̃ i
.

Let .
(
π−1(U ), xi , ẋ i

)
be the induced local coordinates on .T (M), i.e., 

. xi (v) = x̃ i
(
π(v)

)
, v = ẋ i (v)

( ∂

∂ x̃ i

)

π(v)
, v ∈ π−1(U ).

Let us consider the tangent vector fields 

. 
δ

δxi
∈ X

(
π−1(U )

)
, 1 ≤ i ≤ n,

. 
δ

δxi
= ∂

∂xi
+ N j

i

∂

∂ ẋ j
, Ni

j :=
{

i
jk

}

ẋ k ∈ C∞
(
π−1(U )

)
.

Next, let us consider the assignment 

. N : v ∈ T (M) �−→ Nv ⊂ Tv

(
T (M)

)

defined as follows. Let .v ∈ T (M) and let .x := π(v) ∈ M . Let  .(U, x̃ i ) be a local 
coordinate system on .M about . x . We set
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. Nv :=
{
λ j
( δ

δx j

)

v
: λ j ∈ R, 1 ≤ j ≤ n

}
.

The definition of.Nv doesn’t depend upon the choice of local coordinates about.π(v). 
By the very definition .N is a .C∞ distribution on .T (M). Next, let us consider 

. V : v ∈ T (M) �−→ Vv := Ker
(
dvπ
) ⊂ Tv

(
V (M)

)
.

Locally .V is the span of .{∂/∂ ẋ j : 1 ≤ j ≤ n}, so .V is a .C∞ distribution on.T (M), 
as well. 

Definition 1.78 .N and.V are referred to as the horizontal and vertical distributions 
on .T (M), respectively. �

Lemma 1.79 For every . v ∈ T (M)

.Tv

(
V (M)

) = Nv ⊕ Vv . (1.47) 

The proof is left as an exercise to the reader. We shall need the vector bundle 
morphisms 

. γ : π−1T (M)→ V, β : π−1T (M)→ N ,

. γvXi (v) =
( ∂

∂ ẋ i

)

v
, βvXi (v) =

( δ

δxi

)

v
, 1 ≤ i ≤ n,

The definitions of .γv and .βv do not depend on the choice of local coordinates about 
.π(v). 

Proposition 1.80 .γ : π−1T (M)→ V and .β : π−1T (M)→ N are vector bundle 
isomorphisms. 

Proof Exercise. 

Definition 1.81 . γ and . β are respectively called the vertical lift and horizontal lift.
�

Exercise 1.82 (1) Show that 

. γvX = dC

dt
(0), X ∈ Tπ(v)(M), v ∈ T (M),

where 
. C : (−ε, ε) → T (M), C(t) = v + t X, |t | < ε .

(2) Show that the restriction of . L to . N

. L : N → π−1T (M)

is a vector bundle isomorphism whose inverse in the horizontal lift.
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(3) Show that the following sequence of vector bundles and vector bundle 
morphisms 

. 0→ π−1T (M)
γ−→ T

(
T (M)

) L−→ π−1T (M)→ 0

is exact. �

Let .Qv : Tv(T (M))→ Vv be the projection, with respect to the direct sum 
decomposition (1.47). Let us consider the vector bundle morphism 

. K : T (T (M)
)→ π−1T (M), KvA = QvA, A ∈ Tv(T (M)), v ∈ T (M).

Definition 1.83 .K is referred to as the Dombrowski map. �
Exercise 1.84 (1) Show that 

. K
δ

δxi
= 0, K

∂

∂ ẋ i
= Xi , 1 ≤ i ≤ n.

(2) Show that the following sequence of vector bundles and vector bundle 
morphisms 

. 0→ π−1T (M)
β−→ T (T (M))

K−→ π−1T (M)→ 0

is exact. �

We end our explanation of the notations in (1.46) by recalling the bundle metric 
. gπ. By definition, .gπ = π−1g is the pullback of . g via . π, i.e., locally 

. gπ
(
Xi , X j

) = gi j ◦ π, gi j = g
( ∂

∂ x̃ i
,

∂

∂ x̃ j

)
.

.gπ is a Riemannian bundle metric on the pullback bundle .π−1T (M). 

Lemma 1.85 The .(0, 2)-tensor field .G on .T (M) given by (1.46) is a Riemannian 
metric on .T (M). 

Proof Exercise. 

Definition 1.86 .G is called the Sasaki metric on .T (M). �
Exercise 1.87 (1) Show that the local components of the Sasaki metric with respect 
to the local coordinate system.

(
π−1(U ), xi , ẋ i

)
are 

. Gi j = gi j ◦ π + (grs ◦ π
)({ r

pi

}
◦ π
)({ s

q j

}
◦ π
)
ẋ p ẋq ,

.G j, k+n = G j+n, k =
({
r j, k

} ◦ π
)
ẋr , G j+n, k+n = g jk ◦ π .
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(2) Show that the vertical and horizontal distributions on .T (M) are orthogonal 
with respect to the Sasaki metric. �

Every tangent vector field .X ∈ X(M) determines a section . X̂ ∈ C∞
(
π−1T M

)

(the natural lift of . X ) given by 

. X̂(v) = Xπ(v), v ∈ T (M).

For instance, every .Xi is the natural lift of .∂/∂ x̃ i . 

Definition 1.88 The Liouville vector is the section .L ∈ C∞
(
π−1T M

)
defined by 

.L(v) = v, v ∈ T (M).

�

Not every section in .π−1T (M) is 19 the natural lift of a tangent vector field on. M . 
For every .X ∈ X(M) we adopt the notations 

. XH = β X̂ , XV = γ X̂ .

Definition 1.89 .XH , XV ∈ X(T (M)) are respectively called the horizontal lift and 
the vertical lift of . X . �

The curvature tensor field 

. R : X(M)× X(M)× X(M)→ X(M)

induces a .C∞(T (M))-multi-linear map 

. Rπ : C∞(π−1T M
)× C∞

(
π−1T M

)× C∞
(
π−1T M

)→ C∞
(
π−1T M

)

locally given by 

. 
{
Rπ(X, Y )Z

}
(v) := Xi Y j Zk

{
R
( ∂

∂ x̃ i
,

∂

∂ x̃ j

) ∂

∂ x̃ k

}
◦ π
}

π(v)
,

. X, Y, Z ∈ C∞
(
π−1T M

)
, v ∈ T (M),

.X
∣
∣
π−1(U )

= Xi Xi , Y
∣
∣
π−1(U )

= Y j X j , Z
∣
∣
π−1(U )

= Zk Xk .

19 For instance, the Liouville vector. L isn’t the natural lift of any tangent vector field on. M . 
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The definition of .
{
Rπ(X, Y )Z

}
(v) doesn’t depend upon the choice of local 

coordinates .(U, x̃ i ) about .π(v). 

Exercise 1.90 Show that 

. Rπ(X̂ , Ŷ )Ẑ = {R(X,Y )Z
} ◦ π

for any .X,Y, Z ∈ X(M). �

Proposition 1.91 The Levi-Civita connection .∇̃ of .T (M) equipped with the Sasaki 
metric .G satisfies 

(i) .∇̃XH Y H = (∇XY
)H − 1

2
γ Rπ(X̂ , Ŷ )L, 

(ii) .∇̃XV Y H = 1

2
β Rπ(L, X̂)Ŷ , 

(iii) .∇̃XH Y V = (∇XY
)V + 1

2
β Rπ(L, Ŷ )X̂ , 

(iv) .∇̃XV Y V = 0, 

for any .X, Y ∈ X(M). 

Proof The proof is standard, cf. e.g., Blair [Bla]. 
The geometry of the tangent bundle 20 over a Riemannian manifold, including the 

technique of horizontal, vertical, and complete lifts 21 of vector fields, was a very 
popular subject in the 1960s and 1970s, yet faded soon after into a collection of 
more or less elementary examples. The topic was essentially abandoned 22 as soon as 
it became clear that most differential geometric objects (naturally associated to the 
Riemannian structure . g on . M) on  .T (M) enjoy no particular geometric properties, 
unless . g is flat. For instance 

Corollary 1.92 The vertical and horizontal distributions .V and .H on .T (M) are 
parallel with respect to the Levi-Civita connection .∇̃ of .

(
T (M), G

)
if and only if 

.(M, g) is flat (i.e., .R = 0). 

Corollary 1.93 The horizontal distribution .H on .T (M) is integrable if and only if 
.(M, g) is flat. 

Corollary 1.94 If . g is flat then the Sasaki metric .G is flat.

20 Cf. K. Yano,  Tangent and Cotangent Bundles (M. Dekker, Inc., New York, 1973). 
21 Cf. K. Yano, S. Ishihara, Horizontal lifts of tensor fields and connections to tangent bundles. J. 
Math. Mech. 16, 1015–1030 (1967). 
22 A fauna of examples of Riemannian metrics on.T (M), other than the Sasaki metric, were intro-
duced in an effort to produce examples of Riemannian structures which are less “rigid” than the 
Sasaki metric, i.e., additional requirements, such as integrability, parallelism, etc., do not yield 
severe limitations on the base metric. g, cf. e.g., S. Dragomir, D. Perrone, Harmonic Vector Fields. 
Variational Principles and Differential Geometry (Elsevier Inc., New York, 2012), .§ 5.1. 



46 1 Riemannian Geometry

Theorem 1.95 If the curvature tensor field .R̃ of the Sasaki metric .G is covariant 
constant (i.e., .∇̃ R̃ = 0) then .(M, g) is flat. 

Proof See O. Kowalski. 23

.T (M) admits the almost complex structure . J defined by 

. J X H = XV , J XV = −XH ,

for every .X ∈ X(M). 

Proposition 1.96 The Sasaki metric .G is almost Hermitian, with respect to the 
almost complex structure . J̃ . If the almost complex structure . J̃ is integrable then 
.(M, g) is flat. 

1.7 Geodesics and Integration 

We start with recalling a bit of linear algebra. Let. E and. F be two Euclidean spaces, of 
the same dimension. n, and let. f : E → F be a linear map. Let.βE ⊂ E and. βF ⊂ F
be orthonormal bases, and let .Mβ be the matrix associated to. f , relative to the bases 
.βE and.βF . Let .β′E ⊂ E and.β′F ⊂ F be another pair of orthonormal bases, and. Mβ′

the matrix of. f with respect and.β′E and.β′F . Let. P be the matrix of passage from. βE

to .β′E , and .Q the matrix of passage from.βF to .β′F . Then 

. Mβ′ = Q−1 Mβ P = Qτ Mβ P

[because of .Q ∈ O(n)] yielding 

. det Mβ′ = (det Q) (det Mβ) (det P) (1.48) 

and then 
. 

∣
∣ det Mβ′

∣
∣ = ∣∣ det Mβ

∣
∣

[again, as.P, Q ∈ O(n) =⇒ ∣
∣ det P

∣
∣ = ∣∣ det Q∣∣ = 1]. The meaning of (1.48) is that 

.

∣
∣ det Mβ

∣
∣ doesn’t depend on the choice of orthonormal bases .βE ⊂ E and .βF ⊂ F . 

Definition 1.97 The number .
∣
∣ det Mβ

∣
∣ is called the modulus of the determinant of 

. f , and is denoted by .

∣
∣ det f

∣
∣. �

23 Cf. O. Kowalski, Curvature of the Riemannian metric on the tangent bundle of a Riemannian 
manifold. J. reine und angew. Math. 220, 124–129 (1971). 
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Let .b ⊂ E be an arbitrary basis. Let .� : E → F be an isometry. Let .Mb be the 
matrix of . f relative to the bases .b ⊂ E and .�(b) ⊂ F . Then 

. 

∣
∣det Mb

∣
∣ = ∣∣ det f

∣
∣.

We apply the previous consideration to Riemannian geometry, as follows. Let. (M, g)

be a Riemannian manifold, and let .x ∈ M be a point. Let .V ⊂ Tx (M) and . U ⊂ M
be respectively neighborhoods of the zero tangent vector .0x ∈ Tx (M) and the point 
.x ∈ M , such that the exponential map .expx gives a diffeomorphism 

. expx
∣
∣
V : V  U.

For every .v ∈ V we set 24

. θ(v) := ∣∣ det (dv expx )
∣
∣.

Let .vx be the Lebesgue measure on the Euclidean space .
(
Tx (M), gx

)
. 

Proposition 1.98 For any continuous function on . U

. 

∫

U
ϕ vg =

∫

V

(
ϕ ◦ expx

)
θ vx .

The proof is well known. 25

Let .Sx (M) be the unit sphere in .Tx (M), i.e., 

. Sx (M) = {v ∈ Tx (M) : gx (v, v) = 1}.

Let .ρ : Sx (M)→ (0, +∞) be a continuous function. Let 

. V =
{
v ∈ Tx (M) : |v| < ρ

( 1

|v| v
)}

.

Let .W ⊂ Sx (M)× R
∗+ be the open set 

. W = {(u, r) : r < ρ(u)}.

Then .(u, r) �−→ ru is a diffeomorphism.W  V \ {0}. 

24 With respect to the notations in Definition 1.97 one has 

.E = Tx (M)  Tv

(
Tx (M)

)
, F = Texpx v(M), f = dv expx .

25 Cf. e.g., Proposition C.III.2, p. 55, in M. Berger, P. Gauduchon, E. Mazet, Le Spectre d’une 
Variété Riemannienne, Lecture Notes in Mathematics, vol. 194 (1971). 
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Definition 1.99 Let .v ∈ V \ {0}. The unique .(u, r) ∈ W such that .v = r u are the 
polar coordinates of . v. �

Let us consider the function .θ : W → R+ given by 

.θ(r, u) = θ(ru)rn−1 . (1.49) 

Proposition 1.100 For every continuous function . ϕ on . U

. 

∫

U
ϕ vg =

∫

W
ϕ
(
expx ru

)
θ(u, r) du dr.

Proof Follows by Proposition 1.98 and a coordinate change under the integral sign. 
This is but a particular instance of a general method for computing integrals on 
compact manifolds. 

Let .(M, g) be a compact Riemannian manifold and let .x ∈ M . For every . u ∈
Sx (M) let .Cu be the geodesic of initial data .(x, u), parametrized by arc length. For 
sufficiently small values of the parameter . s the curve .Cu

∣
∣[0,s] is minimizing. Let . Au

consist of all . s such that .Cu

∣
∣[0,s] is minimizing. If .s ∈ Au then .[0, s] ⊂ Au . Also . Au

is bounded. Indeed, let 
. δ(M, g) := max

x,x ′∈M d(x, x ′)

be the diameter of . M . Then, if .s > δ(M, g) then certainly .s /∈ Au . Let us set 

. ρ(u) := sup Au .

Then.ρ(u) ∈ Au . Indeed, let. γ be a curve joining. x to.Cu(ρ(u)) and let. {sk}k≥1 ⊂ Au

be a sequence tending to .ρ(u) as .k →∞. For every . k

. sk ≤ �(γ)+ ρ(u)− sk

and tending with . k →∞
. ρ(u) ≤ �(γ).

So actually .Au = [0, ρ(u)]. One may show 26 that . ρ is continuous on .Sx (M). Thus 
. ρ is uniformly continuous, and one may deduce that the set 

.U̇x :=
{
v ∈ Tx (M) : |v| = ρ

( 1

|v| v
)}

26 Cf. [KoNo], vol. II, p. 98. 
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has measure zero. On the other hand, let 

. Ux :=
{
v ∈ Tx (M) : |v| < ρ

( 1

|v| v
)}

.

.Ux is an open neighborhood of the origin.0x and.U̇x = ∂Ux . The exponential mapping 

.expx is a diffeomorphism of .Ux onto its image, and .Ux is the largest neighborhood 
of .0x ∈ Tx (M) possessing this property. Let us set 

. Cx := expx
(
U̇x
)
.

Definition 1.101 .Cx is called the cut locus of the point . x in .(M, g). �

Proposition 1.102 .Cx has measure zero and 

. M = expx
(
Ux
) ∪ Cx .

Corollary 1.103 Let .(M, g) be a compact Riemannnian manifold, and let .x ∈ M. 
Let .Ux ⊂ Tx (M) be the largest open neighborhood of .0x such that .expx is a diffeo-
morphism of .Ux on its image. Let . f ∈ L1(M, vg) be a .vg-integrable function on . M. 
Then 

. 

∫

M
f vg =

∫

Ux

(
f ◦ expx

)
θ vx .

1.8 Laplace–Beltrami Operator 

Let .(M, g) be a .n-dimensional oriented Riemannian manifold. 

Definition 1.104 Let .ξ ∈ X(M). The  divergence of . ξ is the function. div(ξ) : M →
R determined by 

. d
(
ξ !ω) = div(ξ)ω

where .ω = d vg . �

We shall need the operator 

. δ : �1(M)→ C∞(M), δ α = −div(α�
)
, α ∈ �1(M).

Let us assume.M is compact. We endow.�p(M) with the scalar product 

.〈α, β〉 =
∫

M
g∗(α, β) d vg, α, β ∈ �p(M). (1.50)
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Proposition 1.105 For any . f ∈ �0(M) and . α ∈ �1(M)

. 〈d f, α〉 = 〈 f, δα〉

i.e., . δ is the formal adjoint of . d. 

The identity in Proposition 1.105 may also be written 

. 

∫

M
g∗(d f, α) d vg =

∫

M
f δα d vg .

The proof of Proposition 1.105 follows by Green’s lemma. 
If.d : �p(M)→ �p+1(M) is the exterior differentiation operator on.p-forms then 

.δ : �p+1(M)→ �p(M) is defined by 

. 〈dα, β〉 = 〈α, δ β〉,

. α ∈ �p(M), β ∈ �p+1(M).

The operators.div and. δ may be explicitly expressed in local coordinates, as follows. 
Let .(U, xi ) be a local coordinate system on .M and let us set 

. θ = √g, g = det
[
gi j
]
,

so that 
.ω = d vg = θ dx1 ∧ · · · ∧ dxn (1.51) 

on . U . Then 

.div(ξ) = 1

θ

∂(θ ξi )

∂xi
. (1.52) 

Let us set .Xi ≡ ∂/∂xi for simplicity. Let .α = αi dxi . Then 

.α� = gi jα j Xi . (1.53) 

Consequently [by (1.52)–(1.53)] 

.δα = −1

θ

∂(θ gi j α j )

∂xi
. (1.54) 

The operator . δ may be described as the trace of the covariant derivative. Let . α ∈
�1(M). Its covariant derivative .∇α is the .C∞(M)-bilinear form 

.(∇α)(X,Y ) = (∇Xα)Y = X (α(Y ))− α(∇XY ).
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If .{Ei : 1 ≤ i ≤ n} is a local .g-orthonormal frame, the trace of .∇α is 

.trace (∇α) =
n∑

i=1
(∇α)(Ei , Ei ). (1.55) 

Note that 
.g
(∇Xα�, Y

) = (∇α)(X,Y ). (1.56) 

Consequently .trace∇α is the trace of the endomorphism.X �→ ∇Xα�. 

Proposition 1.106 For any differential .1-form .α ∈ �1(M) on the Riemannian 
manifold . (M, g)

. δα = −trace∇α.

Definition 1.107 The Laplacian is the operator 

.� : �0(M)→ �0(M), � f = δ d f.

�

In local coordinates 

.� f = −1

θ

∂

∂xi

(
θ gi j

∂ f

∂x j

)
. (1.57) 

Proposition 1.108 For any . u, v ∈ �0(M)

. �(uv) = u�v − 2g∗(du, dv)+ v�u.

By Proposition 1.106 
.� f = −trace(Hess( f )) (1.58) 

where 
. Hess( f ) := ∇ d f.

With respect to a local .g-orthonormal frame .{Ei : 1 ≤ i ≤ n}, defined on an open 
set . U ⊂ M

.� f = −
n∑

i=1
Hess( f )(Ei , Ei ). (1.59) 

The expression (1.59) allows for the following geometric interpretation. Let . x ∈ U
and let us set .vi = Ei, x . Let .γi (t) be the geodesic of initial data 

.γi (0) = x,
dγi

dt
(0) = vi .
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Then 27

.(� f )(x) = −
n∑

i=1

d2( f ◦ γi )

dt2
(0). (1.60) 

The Laplacian is a Riemannian invariant, i.e., for every isometry.φ : M → N of two 
Riemannian manifolds .M and . N

.�M( f ◦ φ) = (�N f ) ◦ φ, f ∈ �0(N ). (1.61) 

Proposition 1.109 If .p : M → N is a Riemannian submersion with totally 
geodesic 28 fibers then 

.�M( f ◦ φ) = (�N f ) ◦ φ (1.62) 

for any . f ∈ �0(N ). 

1.8.1 Bochner–Lichnerowicz Formula 

Let .(M, g) be a compact, orientable, Riemannian manifold. As . d and . δ are one the 
formal adjoint of the other 

.〈�u, v〉 = 〈u, �v〉, (1.63) 

.〈�u, u〉 = ‖du‖2. (1.64) 

27 If .γ(t) is  a geodesic with.γ(0) = x and.γ̇(0) = v then 

. 
d( f ◦ γ)

dt
(t) = ∂ f

∂xi
(γ(t))

dγi

dt
(t),

. 
d2( f ◦ γ)

dt2
(t) = ∂2 f

∂xi ∂x j
(γ(t))

dγi

dt
(t)

dγ j

dt
(t)+ ∂ f

∂xi
(γ(t))

d2γi

dt2
(t) =

. =
[ ∂2 f

∂x j ∂xk
(γ(t))− ∂ f

∂xi
(γ(t))

{
i
jk

}

(γ(t))
] dγ j

dt
(t)

dγk

dt
(t) =

. = Hess( f )γ(t)
(
γ̇(t), γ̇(t)

)
,

.
d2( f ◦ γ)

dt2
(0) = Hess( f )x

(
v, v

)
.

28 Cf. the next section. 
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Proposition 1.110 For every . f ∈ �0(M)

.− 1

2
�
(|d f |2) = ∣∣Hess( f )∣∣2 − |� f |2 + Ric

(
(d f )�, (d f )�

)
. (1.65) 

The proof of (1.65) follows from: 

Lemma 1.111 For every .α ∈ �1(M) and any . X,Y ∈ X(M)

. ∇X∇Yα−∇Y∇Xα− ∇[X,Y ]α =
(
R(X,Y )α�

)	
.

It is convenient to prove (1.65) on a neighborhood.U ⊂ M of every point. x0 ∈ M
endowed with a .g-orthonormal frame.{Ei : 1 ≤ i ≤ n} build by parallel translation 
of a given .gx0 -orthonormal basis .{vi : 1 ≤ i ≤ n} ⊂ Tx0(M). Parallel translation is 
meant along the geodesics .γi (t) of initial data 

. γi (0) = x0, γ̇i (0) = vi .

Said local frame has the advantage that 

.
(∇Ei E j

)

x0
= 0, (1.66) 

resulting in the customary simplification of calculations. 

Definition 1.112 The Laplacian .� : �p(M)→ �p(M) is defined by 

.�α = dδα+ δdα (1.67) 

for any .α ∈ �p(M). �
The Bochner formula (1.65) generalizes to differential forms of arbitrary degree 29

.− 1

2
�
(|α|2) = ∣∣∇α

∣
∣2 − g∗

(
α, �α

)+WBL(R, α) (1.68) 

for every.α ∈ �p(M). Here.WBL(R, α) is quadratic in. α and linear in the curvature 
tensor . R. 

1.8.2 Laplacian in Radial Coordinates 

Let .Bε(x0) ⊂ M be a metric ball of center .x0 and radius .ε > 0 sufficiently small, 
such that the exponential map .expx0 is a diffeomorphism onto .Bε(x0). Let  . f be a

29 Cf. formulas (2)–(3), p. 4, by A. Lichnerowicz, Géométrie des groups de transformations (Dunod, 
Paris, 1958). 
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.C∞ function on .Bε(x0), depending only on the distance from. x0, i.e., there is a . C∞
function .ϕ : [0, ε)→ R such that 

. f (x) = ϕ
(
r(x)

)
, r(x) = d(x0, x), x ∈ Bε(x0). (1.69) 

Let . θ be the function in (1.51). Let us set 

. θ′ = ∂θ

∂r
:= g∗

(
dr, dθ

)
.

Proposition 1.113 

. � f = −d2ϕ

dr2
− dϕ

dr

(θ′

θ
+ n − 1

r

)

at every point .x ∈ Bε(x0), .x �= x0. 

Proof Let .x ∈ Bε(x0). There is a unique geodesic . γ, parametrized by arc length . s, 
joining.x0 to . x . Let .v1 ∈ Tx (M) be the tangent vector to . γ at its point . x . By the  very  
definition of . r

. γ
(
r(x)

) = x,
dγ

ds

(
r(x)

) = v1 .

Let us complete .v1 to a .gx -orthonormal basis 

.
{
v1, v2, . . . , vn

} ⊂ Tx (M). (1.70) 

Let . γi , .2 ≤ i ≤ n be the .n − 1 geodesics, parametrized by arc length . α, of initial 
data 

. γi (0) = x,
dγi

dα
(0) = vi , 2 ≤ i ≤ n.

By (1.60) 

.(� f )(x) = −d2( f ◦ γ)

ds2
(r(x))−

n∑

i=2

d2( f ◦ γi )

dα2
(0). (1.71) 

The first term on the right-hand side of (1.71) is  

. − d2ϕ

dr2
(r(x)).

We are left with the calculation of 

.
d2( f ◦ γi )

dα2
(0).
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For every fixed.2 ≤ i ≤ n and. α sufficiently small, let .Cα be the geodesic joining. x0
and .γi (α). Then 30

.
(
f ◦ γi

)
(α) = ϕ

(
�(Cα)

)
(1.72) 

where .�(Cα) is the length of .Cα. Then [by (1.72)] 

.
d2( f ◦ γi )

dα2
(0) = d2ϕ

ds2
(
r(x)

) [ d

dα

{
�(Cα)

}

α=0

]2 + (1.73) 

. + dϕ

dr

(
r(x)

) d2

dα2

{
�(Cα)

}

α=0
.

As.vi is orthogonal to . γ

. 
d

dα

{
�(Cα)

}

α=0
= 0.

As to the term .
d2

dα2

{
�(Cα)

}

α=0
[by the second variation formula for the length 

functional] 

.
d2

dα2

{
�(Cα)

}

α=0
= g
(
Yi (r(x)), Y

′
i (r(x))

)
(1.74) 

where .Yi ∈ Jγ is the Jacobi field along . γ determined by the .1-parameter family of 
geodesics .Cα, that is 

. Yi (0) = 0, Yi (r(x)) = vi .

where .Y ′i = ∇γ̇Yi . Then 

.(� f )(x) = −d2ϕ

dr2
(
r(x)

)+ (1.75) 

. − dϕ

dr

(
r(x)

)
n∑

i=2
g
(
Yi
(
r(x)

)
, Y ′i

(
r(x)

))
.

Next, we compute .
n∑

i=2
g
(
Yi
(
r(x)

)
, Y ′i

(
r(x)

))
in terms of . θ and its first derivative. 

Recall that . θ is the determinant of the exponential map at . x0, hence .θ−1 is the 
determinant of .

(
expx0

)−1
. Thus (by also applying the Gauss lemma 31) 

30 One has 
. 
(
f ◦ γi

)
(α) = f

(
γi (α)

) = ϕ
(
r
(
γi (α)

)) = ϕ
(
�(Cα)

)

as .Cα is the minimizing geodesic joining .x0 and .γi (α) [that achieves the distance .r
(
γi (α)

)
from 

.x0 to.γi (α)].
31 By the Gauss lemma in Riemannian geometry, the exponential is radially an isometry. 
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.θ−1(x) =
∣
∣
∣(dx exp

−1
x0 )v2 ∧ · · · ∧ (dx exp

−1
x0 )vn

∣
∣
∣. (1.76) 

Thus, if . x is the point .p = γ(s) on the curve . γ

.θ−1(p) =
∣
∣
∣(dp exp−1x0 )Y2(s) ∧ · · · ∧ (dp exp−1x0 )Yn(s)

∣
∣
∣

∣
∣
∣Y2(s) ∧ · · · ∧ Yn(s)

∣
∣
∣

. (1.77) 

Then .(dp exp−1x0 )Yi (s) ∈ Tx0(M) is realized as transverse vector of the family of 
geodesics.

{
exp−1x0 ◦Cα

}
, corresponding to the segments joining in.Tx0(M) the origin 

.0x0 to 

. r γ̇(0)+ α
∣
∣(dx exp

−1
x0 )vi

∣
∣
(dx exp

−1
x0 )vi .

It follows that 
.(dp exp

−1
x0 )Yi (s) = s

r
(dx exp

−1
x0 )vi (1.78) 

and hence 

.θ−1(p) = sn−1

rn−1

∣
∣
∣(dx exp−1x0 )v2 ∧ · · · ∧ (dx exp−1x0 )vn

∣
∣
∣

∣
∣
∣Y2(s) ∧ · · · ∧ Yn(s)

∣
∣
∣

. (1.79) 

Finally 

.θ(p) = rn−1

sn−1
∣
∣
∣Y2(s) ∧ · · · ∧ Yn(s)

∣
∣
∣ θ(x). (1.80) 

The derivative with respect to . s of the determinant .
∣
∣
∣Y2(s) ∧ · · · ∧ Yn(s)

∣
∣
∣ equals 

.
∑n

i=1 g(Yi (s), Y ′i (s)). Hence 

.
∂θ

∂s
(p) = −(n − 1)

rn−1

sn

∣
∣
∣Y2(s) ∧ · · · ∧ Yn(s)

∣
∣
∣ θ(x)+ (1.81) 

. + rn−1

sn−1
[ n∑

i=2
g(Yi (s), Y

′
i (s))

]
θ(x).

Therefore, at the point . x

.
∂θ

∂s
(x) = −n − 1

r
θ(x)+

[ n∑

i=2
g(Yi (s), Y

′
i (s))

]
θ(x). (1.82)
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Then 

.
θ′

θ
(x) =

n∑

i=2
g(Yi (s), Y

′
i (s))−

n − 1

r
. (1.83) 

Consequently, (1.75) may be rewritten as 

. (� f )(x) = −d2ϕ

ds2
(r(x))− dϕ

ds
(r(x))

[θ′

θ
(x)+ n − 1

r(x)

]

or briefly 

. � f = −d2ϕ

dr2
− dϕ

dr

(θ′

θ
+ n − 1

r

)
.

Proposition 1.113 is proved. 

1.9 Hodge–de Rham Theory 

1.9.1 Star Isomorphism 

Let .(M, g) be a .n-dimensional, orientable, Riemannian manifold with the metric 
tensor . g. Let .

(
U, xi

)
be a local coordinate system on . M . Every differential .p-form 

.α ∈ �p(M) may be locally represented as 

. α = 1

p!ai1···i p dx
i1 ∧ · · · ∧ dxip = a(i1···i p) dx

i1 ∧ · · · ∧ dxip , ai1···i p ∈ C∞(U, R),

on. U . Writing .(i1 · · · i p) implies that .i1 < · · · < i p. We shall need the (generalized) 
Kronecker symbol 

. δ
j1··· jp
i1···i p = det

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

δ
j1
i1
· · · δ

j1
i p

...
...

δ
jp
i1
· · · δ jp

i p

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The Kronecker symbol enjoys the following properties 32

(i) .δ
j1··· jp
i1···i p is skew-symetric both in the upper indices . jk and the lower indices . ik . 

(ii) .δ
( j1··· jp)
(i1···i p) = δ

j1
i1

. . . δ
jp
i p
.

32 It should be observed that (ii) .⇐⇒ (iii).⇐⇒ (iv). 
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(iii) For every system of numbers . 
{
a(i1···i p) ∈ R : 1 ≤ i1 < · · · < i p ≤ n

}

. a(i1···i p) = δ
j1··· jp
i1···i p a( j1··· jp) .

(iv) For every .p-vector . ai1···i p

. ai1···i p =
1

p! δ
j1··· jp
i1···i p a j1··· jp .

If .α = a(i1···i p) dxi1 ∧ · · · ∧ dxi1 and .β = b( j1··· jq ) dx j1 ∧ · · · ∧ dx jq then 

.α ∧ β = ci1···i p+q dx
i1 ∧ · · · ∧ dxip+q , (1.84) 

. (p + q)! ci1···i p+q = δ
( j1··· jp)(k1···kq )
i1···i p+q a j1··· jp bk1···kq ,

.(p + 1)! dα = δ
j (i1···i p)
k1···kp+1

∂a(i1···i p)
∂u j

dxk1 ∧ · · · ∧ dxkp+1 . (1.85) 

The definition (1.84) readily implies 

. α ∧ β = (−1)pq β ∧ α .

The star isomorphism .∗ : �p(M)→ �n−p(M) is 

. ∗ α = a∗( j1··· jn−p)
dx j1 ∧ · · · ∧ dx jn−p ,

. a∗j1··· jn−p
= ε(i1···i p) j1··· jn−p a

(i1···i p),

. εi1 i2 ... in = δ1 2 ... n
i1 i2 ... in

√
G, G = det

[
gi j
]
,

. ai1···i p = gi1 j1 · · · gi p jp a j1··· jp ,
[
gi j
] = [gi j

]−1
.

Then 
. ∗ 1 = ε1···n dx1 ∧ · · · ∧ dxn = √G dx1 ∧ · · · ∧ dxn .

The operator . ∗ enjoys the following properties 
(i) .∗(α+ β) = ∗α+ ∗β, .∗( f α) = f ∗ α, 
(ii) .∗ ∗ α = ∗ (∗α) = (−1)pn+p α, 
(iii) .α ∧ ∗β = β ∧ ∗α, 
(iv) .α ∧ ∗α = 0⇐⇒ α = 0,
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for any.α, β ∈ �p(M) and any. f ∈ C∞(M). Also, if. α = a(i1···i p) dxi1 ∧ · · · ∧ dxip

and .β = b( j1··· jp) dx j1 ∧ · · · ∧ dx jp then 

.α ∧ ∗β = a(i1···i p) b(i1···i p) ∗ 1. (1.86) 

The .L2 inner product on .�p(M) is defined by 

. (α, β)L2 =
∫

M
α ∧ ∗β

whenever the integral is convergent. This is of course the case when we assume that 
.M is compact. The .L2 inner product enjoys the following properties 

(i) .(α, α)L2 ≥ 0 and .= 0⇐⇒ α = 0, 
(ii) .(α, β)L2 = (β, α)L2 , 
(iii) The .L2 inner product is .R-bilinear, 
(iv) .(∗α, ∗β)L2 = (α, β)L2 , 

for any .α, β ∈ �p(M). The  forms . α and . β are orthogonal .(α, β)L2 = 0. 

1.9.2 Harmonic Forms 

The operator .δ : �p(M)→ �p−1(M) is defined by 

. δα = (−1)np+n+1 ∗ d ∗ α .

The codifferential .δα of . α enjoys the following properties 

(i) . δ is .R-linear, 
(ii) .δ δ α = 0, 
(iii) .∗ δ α = (−1)p d ∗ α and .∗dα = (−1)p+1 δ ∗ α. 

Definition 1.114 The form. α is coclosed if .δα = 0 and coexact if .α = δβ for some 
.β ∈ �p+1(M) (one also says that . α cobounds . β). �
Definition 1.115 The form. α is harmonic 33 if it is closed (i.e.,.dα = 0) and coclosed 
(.δα = 0). �

Let .� ≡ δ d + d δ : �p(M)→ �p(M) be the Laplace-Beltrami operator. K. 
Kodaira calls 34. αharmonic if.�α = 0.Let.�p

H (M)be the set of all harmonic.p-forms. 
Then .�

p
H (M) is a subspace of .�p(M) yet not an algebra.

33 The definition belongs to W.V.D. Hodge, The Theory and Applications of Harmonic Integrals 
(Cambridge University Press, London, New York, 1952). 
34 Cf. K. Kodaira, Harmonic fields in Riemannian manifolds (generalized potential theory). Ann. 
Math. 50, 587–665 (1949). 
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1.9.3 Orthogonality Relations 

Let us assume .M to be compact and orientable. If .α ∈ �p(M) and . β ∈ �p+1(M)

then (by the Stokes theorem 35) 

.

∫

M
d
(
α ∧ ∗β

) = 0. (1.87) 

As 
. d
(
α ∧ ∗β

) = dα ∧ ∗β + (−1)p α ∧ d ∗ β

formula (1.87) becomes 

. 

∫

M
dα ∧ ∗β = (−1)p−1

∫

M
α ∧ d ∗ β

or 36

.(dα, β)L2 = (α, δβ)L2 , (1.88) 

i.e., . δ is the formal adjoint of . d. Equation (1.88) may also be written 

. (α, dβ)L2 = (δα, β)L2

for any .α ∈ �p(M) and .β ∈ �p−1(M). As a consequence of (1.88). 

Corollary 1.116 A differential .p-form . α is closed if and only if . α is orthogonal to 
every coexact .p-form. 

Proof Let.α ∈ �p(M) be closed, i.e.,.dα = 0. Let.γ ∈ �p(M) be a coexact.p-form, 
i.e., .γ = δβ for some .β ∈ �p+1(M). Then [by (1.88)] 

. 0 = (dα, β)L2 = (α, δβ)L2 = (α, γ)L2 ,

i.e., . α is orthogonal to . γ. Viceversa, let .α ∈ �p(M) be orthogonal to .δ �p+1(M). 
Then, for every . β ∈ �p+1(M)

. 0 = (α, δ β)L2 = (dα, β)L2

35 Cf. e.g., S.I. Goldberg, op. cit., pp. 62–63. 
36 Indeed (by the very definition of. δ) 

. δβ = (−1)n(p+1)+n+1 ∗ d ∗ β,

. d ∗ β ∈ �n−p(M)
∗−→ �p(M)

∗−→ �n−p(M), ∗ ∗ d ∗ β = (−1)(n−p)n+(n−p) d ∗ β,

.(−1)p−1 d ∗ β = (−1)p−1+(n−p)(n+1) ∗ ∗ d ∗ β = (−1)n(n+1)+2n ∗ δ β = ∗ δ β.
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and in particular for . β = dα

. 0 = (dα, dα)L2 = ‖dα‖2L2 =⇒ dα = 0.

Q.e.d. 

Similar to the above. 

Corollary 1.117 A differential form is coclosed if and only if is orthogonal to all 
exact forms. 

Next, we may easily show that on a compact manifold the definitions of 
harmonicity as given by Hodge and Kodaira are equivalent, i.e., 

Corollary 1.118 Let .M be a compact orientable Riemannian manifold. Let . α ∈
�p(M). Then 

. α ∈ �
p
H (M)⇐⇒ �α = 0.

Proof Let . α such that .�α = 0. Then 

. 0 = (�α, α)L2 = (δdα, α)L2 + (dδα, α)L2 = (dα, dα)L2 + (δα, δα)L2 = ‖dα‖2
L2
+ ‖δα‖2

L2

yielding .dα = 0 and .δα = 0. Q.e.d. The converse is trivial. 

1.9.4 Hodge–de Rham Decomposition Theorem 

Let .M be a compact orientable Riemannian manifold, and let .�p
d (M) and . �p

δ (M)

denote the spaces of .d-exact, respectively .δ-exact, .p-forms on . M . 

Theorem 1.119 Let .β ∈ �p(M). The following statements are equivalent 

(i) There is .α ∈ �p(M) such that .�α = β. 
(ii) . β is orthogonal to .�

p
H (M). 

Proof (i).=⇒ (ii). Let. α such that.�α = β. Then for any harmonic form. γ ∈ �
p
H (M)

[i.e., .�γ = 0] 
. (β, γ)L2 = (�α, γ)L2 = (α, �γ)L2 = 0.

Q.e.d. 

The opposite implication (ii) .=⇒ (i) is highly nontrivial 37 and was first provided 
by W.V.D. Hodge. 38 Cf. also S.I. Goldberg, op. cit., Appendix C, pp. 296–300.

37 Relies on Fredholm’s theory of integral equations. 
38 Cf. op. cit. 
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As .�p
H (M) is finite dimensional, 39 say .dimR �

p
H (M) = m, one may consider a 

basis .{ϕ1, . . . , ϕm} of harmonic forms that is orthonormal 

. 
(
ϕi , ϕ j

)

L2 = δi j .

For every .α ∈ �p(M) we set 

. αH :=
m∑

i=1

(
α, ϕi

)

L2 ϕi ∈ �
p
H (M).

We claim that .α− αH is orthogonal to .�
p
H (M). Indeed 

. 
(
α− αH , ϕ j

)

L2 =
(
α, ϕ j

)

L2 −
( m∑

i=1

(
α, ϕi

)

L2 , ϕ j

)

L2
= 0.

Q.e.d. Consequently (by Theorem 1.119) there is a form. γ such that 

. �γ = α− αH .

Let us set 
. αd := d δ γ ∈ �

p
d (M), αδ := δ d γ ∈ �

p
δ (M),

so that 
.α = αd + αδ + αH . (1.89) 

The decomposition (1.89) is easily seen to be also unique. Formula (1.89) is the  
Hodge-de Rham Decomposition Theorem. 

1.9.5 The Operators . d, . δ and .� in Terms of Covariant 
Derivatives 

Let . α be a .p-form locally expressed as 

.α = 1

p! ai1···i p dx
i1 ∧ · · · ∧ dxip = a(i1···i p) dx

i1 ∧ · · · ∧ dxip .

39 Cf. again S.I. Goldberg, op. cit., Appendix C, p. 299. 
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The covariant derivative of .α [with respect to the Levi-Civita connection .∇g of 
.(M, g)] is  

. Di ai1···i p :=
(∇g

∂i
α
)(

∂i1 , . . . , ∂i p

) =

. = ∂ai1···i p
∂xi

−
p∑

σ=1

{ j
iσ i

}
αi1···iσ−1 j iσ+1···i p . (1.90) 

The exterior derivative of . α is [by (1.85)] 

. dα = (d a)(i1···i p+1) dx
i1 ∧ · · · ∧ dxip+1 , (d a)i1···i p+1 = δ

j ( j1··· jp)
i1···i p+1

∂ a( j1··· jp)
∂x j

.

Let us substitute the ordinary (partial) derivatives in terms of covariant derivatives 
[from (1.90)] and observe the cancelation of the Christoffel symbols 

. (d a)i1···i p+1 dx
i1 ∧ · · · ∧ dxip+1 =

. = δ
j ( j1··· jp)
i1···i p+1

[
Dj a( j1··· jp) +

p∑

σ=1

{ k
jσ j

}
α j1··· jσ−1 k jσ+1··· jp

]
dxi1 ∧ · · · ∧ dxip+1 =

. = δ
j ( j1··· jp)
i1···i p+1 Dj a( j1··· jp) dx

i1 ∧ · · · ∧ dxip+1 .

The codifferential of . α is 

. δα = (δα)(i1···i p−1) dx
i1 ∧ · · · ∧ dxip−1 ,

. (δα)i1···i p−1 = (−1)np+n+1 ( ∗ d ∗ α
)

i1···i p−1 = −gi j δ
( j1··· jp)
i i1···i p−1 Dj a( j1··· jp) .

The Laplace-Beltrami operator .�α = δ d α+ d δ α is 

. 
(
�α
)

i1···i p = −gi j D j Di ai1···i p +
p∑

σ=1
ai1···iσ−1 j iσ+1···i p R

j
iσ
+

. + 1

2

p∑

σ=1

p∑

ρ=1
ai1···iρ−1 j iρ+1···iσ−1 i iσ+1···i p Ri j

iρ iσ ,

. Ri j
k� = g jm Ri

mk�,

and in particular for . p = 0
.� f = −gi j D j Di f.
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1.9.6 Green’s Operator 

Let .M be a compact orientable Riemannian manifold. 

Theorem 1.120 (i) For every .α ∈ �p(M) there is a unique harmonic .p-form 
.H [α] ∈ �

p
H (M) such that 

. 
(
α, β

)

L2 =
(
H [α], β

)

L2

for any .β ∈ �
p
H (M). 

(ii) For any . α ∈ �p(M)

. H
[
H [α]] = H [α] .

(iii) For every .α ∈ �p(M) there is a solution .β ∈ �p(M) to the equation 

.�β = α− H [α]. (1.91) 

Any two solutions differ by a harmonic function, hence there is a unique solution . β
to (1.91) that is orthogonal to .�

p
H (M). 

Proof (i) Let .α ∈ �p(M). Then (by the Hodge-de Rham decomposition theorem) 
. α decomposes uniquely as 

. α = αd + αδ + αH ∈ �
p
d (M)⊕�

p
δ (M)⊕�

p
H (M)

hence we may define .H : �p(M)→ �p(M) by .H [α] := αH . Then .α− H [α] is 
orthogonal of .�p

H (M), so that for any . β ∈ �
p
H (M)

. 0 = (α− H [α], β
)

L2 = (α, β)L2 − (H [α], β)L2 .

Q.e.d. 

(ii) Let .{ϕi : 1 ≤ i ≤ m} be a .L2 orthonormal basis in .�p
H (M). For every . α ∈

�p(M)

. H
[
H [α]] =

m∑

j=1

(
H [α], ϕ j

)

L2 ϕ j =

. =
m∑

j=1

( m∑

i=1
(α, ϕi )L2 ϕi , ϕ j

)

L2

=
m∑

i, j=1
δi j (α, ϕi )L2 ϕ j = α.

Q.e.d. 

(iii) Let .α ∈ �p(M) and let .β, β′ ∈ �p(M) such that 

.�β = α− H [α], �β′ = α− H [α], (1.92)
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hence.�(β − β′) = 0, i.e.,.β − β′ is a harmonic form. In other words,. β and.β′ differ 
by a harmonic form. Next, let. β and.β′ be two forms satisfying (1.92) and in addition 
to that both. β and.β′ are orthogonal to.�

p
H (M). In particular. β and.β′ are orthogonal 

to .β − β′. Then 

. ‖β − β′‖2 = (β, β − β′)L2 − (β′, β − β′)L2 = 0 =⇒ β = β′.

Q.e.d. 

The unique solution .β to (1.91), orthogonal to .�p
H (M), furnished by (iii) in 

Theorem 1.120 is denoted by .β =: G α. Summing up 

. α = �(G α)+ H [α], (G α, γ)L2 = 0, γ ∈ �
p
H (M).

Definition 1.121 .G : �p(M)→ �p(M) is the Green operator. �

Theorem 1.122 (i) .H
[
G α
] = 0 for any .α ∈ �p(M). 

(ii) The operators .H and .G commute with . d, . δ, .� and . ∗. 
(iii) .G is self-adjoint, i.e., 

. 
(
G α, β

)

L2 =
(
α, G β

)

L2

for any .α, β ∈ �p(M). 
(iv) .

(
G α, α

)

L2 ≥ 0 with equality if and only if . α is harmonic, i.e., 

. 
(
G α, α

)

L2 = 0⇐⇒ α ∈ �
p
H (M).

Exercise 1.123 Prove Theorem 1.122. �

1.9.7 Killing Vector Fields 

Let .(M, g) be a compact orientable Riemannian manifold, and let .X ∈ X(M) be a 
tangent vector field. Let .LX : �p(M)→ �p(M) be the formal adjoint of .LX [the 
Lie derivative at the direction . X ], i.e., 

. 
(
LXα, β

)

L2 =
(
α, LXβ

)

L2

for any .α, β ∈ �p(M). On the other hand [by (1.86)] 

.
(
LXα, β

)

L2 =
∫

M
g∗
(
LXα, β

) ∗ 1 =
∫

M

(
LXα

) ∧ ∗β =
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[as .LX is a derivation] 

. =
∫

M

{
LX
(
α ∧ ∗β

)− α ∧LX
( ∗ β

)}
.

Note that.α ∧ ∗β is a top degree form on. M , hence.d α ∧ ∗β = 0. Then [by Cartan’s 
formula .LX = d ◦ iX + iX ◦ d and the Stokes theorem] 

. 

∫

M
LX
(
α ∧ ∗β

) =
∫

M
d iX α ∧ ∗β = 0.

Finally 40

. 
(
α, LXβ

)

L2 = −
∫

M
α ∧LX

( ∗ β
) =

∫

M
α ∧ (−1)(n−1)(n−p)+1 ∗ ∗LX ∗ β =

. = (−1)(n+1)(n−p)+1
∫

M
h∗
(
α, ∗LX ∗ β

) ∗ 1

yielding 
.LXβ = (−1)np+p+1 ∗ LX ∗ β . (1.93) 

Another useful expression of .LX is got from Cartan’s formula 41

. 
(
α, LXβ

)

L2 =
(
LXα, β

)

L2 =
(
d iXα+ iX d α, β

)

L2 =

. = (iX α, δ β
)

L2 +
(
d α, ε(X 	)β

)

L2 =
(
α, ε(X 	) δ β + δ ε(X 	)β

)

L2

so that 
.LX = ε(η) δ + δ ε(η) (1.94) 

where .η = X 	 (or .X = η�). It follows that 42

.LXα+LXα = (1.95) 

. = (δη)α+
p∑

ρ=1
g jk
(
LXg

)

k iρ
αi1···iρ−1 j iρ+1···i p dx

i1 ∧ · · · ∧ dxip .

40 Because of 

.LX ∗ β ∈ �n−p(M)
∗→ �p(M)

∗→ �n−p(M), ∗ ∗ = (−1)(n−p)n+(n−p) id.

41 Also.ε(η) β = η ∧ β and.
(
iXα, β

)

L2 =
(
α, ε(η) β

)

L2 with.X = η�. 
42 Cf. also (3.7.11) in S.I. Goldberg, op. cit., p. 109. 
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Definition 1.124 Let.L ⊂ X(M) be a Lie subalgebra. A.p-form.α ∈ �p(M) is said 
to be .L-invariant if .LXα = 0 for every .X ∈ L . �

Definition 1.125 A tangent vector field .X ∈ X(M) is a Killing vector field if 
.LXg = 0. �

Let .i(M, g) be the Lie algebra of all Killing vector fields (infinitesimal motions) 
of .(M, g). As a corollary to (1.95). 

Theorem 1.126 Let .M be a compact orientable Riemannian manifold. The har-
monic forms on .M are .i(M, g)-invariant differential forms, i.e., .LXα = 0 for any 
.α ∈ �

p
H (M) and any Killing vector field .X ∈ i(M, g). 

1.10 Compact Lie Groups 

1.10.1 Grassman Algebra of a Lie Group 

Let. G be a compact, connected,.n-dimensional Lie group, and let. g be its Lie algebra. 
Let .g∗ be the dual of . g. Let  .�1(G)l.i. be the space of all left invariant differential 
.1-forms on . G. For every .a ∈ G let . ja : g  Ta(G) be the isomorphism given by 
. ja(A) = Aa , for every left invariant vector field .A ∈ g. 

Lemma 1.127 The map 

. α ∈ g∗ �−→ α̃ ∈ �1(G), α̃a(v) := α
(
j−1a v

)
, v ∈ Ta(G), a ∈ G,

is .�1(G)l.i.-valued, and determines an isomorphism 

.g∗  �1(G)l.i. . (1.96) 

Proof For any .a, b ∈ G the diagram 

. 

Tb(G)
dbLa−→ Tab(G)

jb ↑ ↑ jab

g = g

is commutative, where .La : G → G is the left translation with .a ∈ G. Hence, for 
any . v ∈ Tb(G)

. 
(
L∗a α̃

)

b v = α̃ab (dbLa) v = α
(
j−1ab (dbLa) v

) = α
(
j−1b v

) = α̃b v,

i.e., . α̃ is left invariant. Q.e.d.
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Lemma 1.128 For any .α ∈ g∗ and any .A ∈ g the function 

.a ∈ G �−→ α̃a
(
Aa
) ∈ R (1.97) 

is constant. 

Proof Indeed the function (1.97) equals identically .α(A) ∈ R. Q.e.d. 

By taking into account the isomorphism (1.96) the left invariant differential.1-form 
. α̃ is often denoted by the same symbol . α. 

Corollary 1.129 For any .α ∈ g∗ and any . X, Y ∈ g

.(dα)(X, Y ) = −1

2
α
([X, Y ]). (1.98) 

Let .{Xα : 1 ≤ α ≤ n} ⊂ g be a linear basis, and let .{ωα : 1 ≤ α ≤ n} ⊂ g∗ be 
the dual basis, i.e., .ωi

(
X j
) = δij . The  forms  . α in .g∗ or .�1(G)l.i. are referred 43 to 

as the Maurer-Cartan forms. As . g is a Lie algebra, there exist constants .Cβγ
α ∈ R, 

uniquely determined by 
. 
[
Xβ, Xγ

] = Cβγ
α Xα

[the structure constants of . g with respect to the basis .{Xα}]. Clearly 

.Cα
βγ = −Cα

γβ (1.99) 

[as the Lie product is skew-symmetric]. 

Corollary 1.130 

.dωα = −1

2
Cα

βγ ωβ ∧ ωγ . (1.100) 

Proof By (1.98) 

. (dωα)
(
Xβ, Xγ

) = −1

2
ωα
([Xβ, Xγ]

) = −1

2
Cβγ

α,

. Cα
ρσ

(
ωρ ∧ ωσ

)(
Xβ, Xγ

) = 1

2
Cα

ρσ

(
ωρ ⊗ ωσ − ωσ ⊗ ωρ

)(
Xβ, Xγ

) =

. = 1

2
Ci

ρσ

{
δ

ρ
β δσ

γ − δσ
γ δ

ρ
β

}
= Cα

βγ,

yielding (1.100). Q.e.d. 

Definition 1.131 The equations (1.100) are called the Maurer-Cartan equations. �

43 According to the classical terminology, cf. e.g., S.I. Goldberg, Curvature and Homology (Dover 
Publications, Inc., New York, 1982), p. 133. 
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The Jacobi identity in . g

. 
[
Xα,

[
Xβ, Xγ

]]+ [Xβ,
[
Xγ, Xα

]]+ [Xγ,
[
Xα, Xβ

]] = 0

yields further relations between the structure constants 

. Cρ
βγ C

σ
αρ + Cρ

γα C
σ
βρ + Cρ

αβ C
σ
γρ = 0.

Pullback by a.C1 map and exterior differentiation commute, hence for every Maurer-
Cartan form. α

. L∗a d α = d
(
L∗a α

) = d α,

i.e., if . α is left invariant then so does .dα. In other words 

. d
[
�1(G)l.i.

] ⊂ �2(G)l.i. .

For the same reason 

. d
[
�p(G)l.i.

] ⊂ �p+1(G)l.i., p ≥ 1.

Lemma 1.132 (i) For every .p ∈ N and any set of constants 

. 

{
Aα1 ...αp ∈ R : 1 ≤ α1, . . . , αp ≤ n

}

the differential .p-form 
.Aα1 ...αp ωα1 ∧ · · · ∧ ωαp (1.101) 

is left invariant, and (ii) every left invariant .p-form may be expressed in the form 
(1.101). 

Lemma 1.133 (i) The map 

. ω ∈ �p
(
g∗
) �−→ ω̃ ∈ �p(G),

. ω̃
(
A1, . . . , Ap

)

a = ω
(
A1, . . . , Ap

)
, A1, . . . , Ap ∈ g, a ∈ G,

is .�p(G)l.i.-valued and determines an isomorphism 

. �p
(
g∗
)  �p(G)l.i. .

In particular .dimR �p(G)l.i. =
( n
p

)
.
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(ii) The exterior differential .d : �p(G)l.i. → �p+1(G)l.i. induces a .R-linear map 
.d : �p

(
g∗
)→ �p+1(g∗

)
such that the diagram 

. 

�p(G)l.i.
d→ �p+1(G)l.i.

↑ ↑

�p
(
g∗
) d→ �p+1(g∗

)

is commutative. 
Lemma 1.134 Every Lie group is an orientable manifold. 

Indeed .ω1 ∧ · · · ∧ ωn is a top degree nowhere zero form on . G. 

1.10.2 Invariant Differential Forms 

For every .X ∈ g we consider the map 

. ad(X) : g→ g, ad(X) Y := [X, Y ], Y ∈ g.

Clearly .ad(X) is a .R-linear map. 

Lemma 1.135 The map 

. ad : g→ HomR

(
g
)
, X ∈ g �−→ ad(X),

is a representation. 44

Proof .HomR

(
g
)
is organized as an algebra with the ordinary commutator of two 

linear maps . A, B ∈ HomR(g)

. 
[
A, B

] := A ◦B−B ◦A.

Then for any .X, Y, Z ∈ g (by the Jacobi identity) 

. ad
([X, Y ]) Z = [[X, Y ], Z

] = −[[Y, Z ], X
]− [[Z , X ], Y

] =

. = ad(X) [Y, Z ] + ad(Y ) [Z , X ] = ad(X) ◦ ad(Y ) Z − ad(Y ) ad(X) Z =

. = [ad(X), ad(Y )
]
Z .

Q.e.d.

44 That is .ad is a morphism of Lie algebras. 
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Definition 1.136 .ad : g→ HomR(g) is called the adjoint representation of . g. �

For every .X ∈ g let 
. LX : �p(G) → �p(G)

be the Lie derivative at the direction . X . 

Lemma 1.137 For every .X ∈ g the Lie derivative .LXω of a left invariant .p-form 
. ω is a left invariant .p-form, i.e., 

. LX

[
�p(G)l.i.

]
⊂ �p(G)l.i. .

Proof Let.ω ∈ �p(G)l.i. and.a ∈ G. For any.v1, . . . , vp ∈ Tb(G) let. A1, . . . , Ap ∈
g such that . jb(Aα) = Aα, b = vα for any .1 ≤ α ≤ p. Then 

. 

[
L∗a
(
LXω

)]

b

(
v1, . . . , vp

) = (LXω
)

ab

(
(dbLa)v1, . . . , (dbLa)vp

) =

. = (LXω
)

ab

(
(dbLa)A1, b, . . . , (dbLa)Ap, b

) =

[as each .Aα is left invariant] 

. = (LXω
)

ab

(
A1, ab, . . . , Ap, ab

) = (LXω
)(
A1, . . . , Ap

)

ab
=

. =
{
X
(
ω
(
A1, . . . , Ap

))−
p∑

α=1
ω
(
A1, . . . , Aα−1,

[
X, Aα

]
, Aα+1, · · · , Ap

)}

ab
=

[as .ω
(
A1, . . . , Ap

)
is a constant function on . G] 

. = −
p∑

α=1
ωab
(
A1, ab, . . . , Aα−1, ab,

[
X, Aα

]

ab, Aα+1, ab, · · · , Ap, ab
) =

(as .[X, Aα] is a left invariant vector field) 

. = −
p∑

α=1
ωab
(
(dbLa)v1, . . . , (dbLa)vα−1, (dbLa)

[
X, Aα

]

b, (dbLa)vα+1, · · · , (dbLa)vp
) =

. = −
p∑

α=1

(
L∗

aω
)

b

(
v1, . . . , vα−1,

[
X, Aα

]

b, vα+1, . . . , vp
) =
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[as . ω is left invariant, and once again .ω(A1, . . . , Ap) ∈ R and .vα = Aα, b] 

. = X
(
ω(A1, . . . , Ap)

)

b −
p∑

α=1
ω
(
A1, . . . , Aα−1,

[
X, Aα

]
, Aα+1, . . . , Ap

)

b =

. = (LX ω
)(
A1, . . . , Ap

)

b =
(
LX ω

)

b

(
v1, . . . , vp

)
.

Q.e.d. 

Lemma 1.138 
. LX j ω

i = Ckj
i ωk .

Proof Let .a ∈ G, .v ∈ Ta(G) and .A := j−1a (v) ∈ g. Then 

. 
(
LX j ω

i
)

a v =
{(
LX j ω

i
)
A
}

a
=
{
X j
(
ωi (A)

)− ωi
([
X j , A

])}

a
=

[as .ωi (A) ∈ R and .A = ωk(A) Xk with .ωk(A) ∈ R] 

. = −ωk(A)a

{
ωi
([
X j , Xk

])}

a
= −ωk(A)a C jk

i = Ckj
i ωk

a(v).

Q.e.d. 

Let us recall Cartan’s formula 

. LX = d ◦ iX + iX ◦ d, X ∈ X(G).

Cf. e.g., Lemma 3.5.1 in S.I. Goldberg, op. cit. 45

Corollary 1.139 
. LX ◦ d = d ◦LX .

For every differential form.ω ∈ �1(G) we adopt the notation 

. ε(ω) : �p(G) → �p+1(G), p ≥ 0,

.ε(ω)β = ω ∧ β, β ∈ �p(G).

45 That is formula (3.5.1) in S.I. Goldberg, op. cit., p. 102. 
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Lemma 1.140 

.d = 1

2
ε(ωα)LXα

(1.102) 

everywhere on .�p(G)l.i., .p ≥ 0. 

Proof We only need to check (1.102) for  .p = 0 and .p = 1. As  .�0(G)l.i.  R the 
equality (1.102) holds trivially (i.e., both sides are identically zero) for .p = 0. Next  

. 
1

2
ε(ωα)LXα

ωβ = [by Lemma 1.138]

. = 1

2
ε(ωα)Cγα

β ωγ = −1

2
Cαγ

β ωα ∧ ωγ = d ωβ

[by (1.100)]. Q.e.d. 

Let .β ∈ �p(G)l.i. so that 

. β = Bα1···αp ωα1 ∧ · · · ∧ ωαp ,

with .Bα1···αp ∈ R. Then (as the Lie derivative acts as a derivation on exterior 
monomials) 

. LXγ
β = Bα1···αp

p∑

k=1
ωα1 ∧ · · · ∧ ωαk−1 ∧LXγ

ωαk ∧ ωαk+1 ∧ · · · ∧ ωαp =

. = Bα1···αp

p∑

k=1
Cσγ

αk ωα1 ∧ · · · ∧ ωαk−1 ∧ ωσ ∧ ωαk+1 ∧ · · · ∧ ωαp =

. =
p∑

k=1
Bα1···αk−1ραk+1···αp Cαkγ

ρ ωα1 ∧ · · · ∧ ωαp

hence [by (1.102)] 

. dβ = 1

2
ε
(
ωγ
)
LXγ

β =

. = 1

2
ε
(
ωγ
)

p∑

k=1
Bα1···αk−1ραk+1···αp Cαkγ

ρ ωα1 ∧ · · · ∧ ωαp

or 

.dβ = 1

2

p∑

k=1
Bα1···αk−1ραk+1···αp Cαkγ

ρ ωγ ∧ ωα1 ∧ · · · ∧ ωαp . (1.103)
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Definition 1.141 A differential form.β ∈ �•(G) is said to be.g-invariant if. LXβ =
0 for every .X ∈ g. �

Corollary 1.142 Every .g-invariant form is closed. 

Proof Follows from (1.102). 

1.10.3 Compact Semi-simple Lie Groups 

Definition 1.143 A Lie group is semi-simple if its Killing form 

. B(X,Y ) = −trace
{
ad(X) ◦ ad(Y )

}
, X, Y ∈ g,

is nondegenerate. �

Let us set 
. gαβ := Cασ

ρ Cρβ
σ .

As the structure constants are skew-symmetric,.
[
gαβ

]
is symmetric. It may be shown 

that. G is semi-simple if and only if the matrix.
[
gαβ

]
has rank. n. When. G is a compact 

semi-simple Lie group then .
[
gαβ

]
is positive definite. 46 The section is devoted to a 

few local differential geometric properties of a compact semi-simple Lie group. Let 
us set 

. 
[
gαβ
] := [gαβ

]−1
.

Also, let us set 
.Cαβγ := gγα Cαβ

σ . (1.104) 

As a consequence of the Jacobi identity for . g [and the resulting identities satisfied 
by the structure constants .Cαβ

γ] .Cαβγ is skew-symmetric in any pair of indices. 
Let .
(
U, u1, . . . , un

)
be a local coordinate system on . G. Then 

. Xα = ξiα
∂

∂ui

for some .
[
ξiα
] : U → GL(n, R). Next, let us set 

.hi j := ξiα ξ
j
β gαβ

46 Cf. S.I. Goldberg, op. cit., p. 136. 
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so that .
[
hi j (a)

]
is positive definite for any .a ∈ U . Let us set 

. h := hi j du
i ⊗ du j ,

[
hi j
] := [hi j]−1,

so that . h is a Riemannian metric on . G. 

Exercise 1.144 Show that (i). h is a globally 47 defined Riemannian metric on. G, (ii) 
. h is completely determined by . G, i.e., the definition of . h doesn’t depend upon the 
choice of linear basis .{Xα} ⊂ g. �

Solution. (i)  Let  . f = {Xα : 1 ≤ α ≤ n} be a basis in . g. Let  .(U ′, u′i
)
be another 

local coordinate system on .G with .U ∩U ′ �= ∅. Let us consider the Riemannian 
metrics .h( f ) and .h′( f ) [respectively on .U and .U ′] 

. h( f ) = hi j du
i ⊗ du j , h′( f ) = h′i j du

′i ⊗ du′ j ,

. 
[
h′i j
] = [h′i j ]−1, h′i j = ξ′iα ξ′ jβ gαβ,

. 
[
gαβ
] = [gαβ

]−1
, gαβ = Cασ

ρ Cρβ
σ .

If 

. Xα = ξ′iα
∂

∂u′
,

∂

∂u j
= ∂u′i

∂u j

∂

∂u′i
, det

[∂u′i

∂u j

]
�= 0 on U ∩U ′,

then 

. ξ′iα =
∂u′i

∂u j
ξ j
α

so that 

. h′i j = ∂u′

∂uk
ξkα

∂u′ j

∂u�
ξ�
β gαβ

or 

. h′i j = hk�
∂u′

∂uk
∂u′ j

∂u�

yielding 

. h′i j = hk�
∂uk

∂u′i
∂u�

∂u′ j

and then .h( f )
∣
∣
U∩U ′ = h′( f )

∣
∣
U∩U ′ . Q.e.d.

47 The common misunderstanding that . h is a but locally defined Riemannian metric (on . U ) is  
perhaps fueled by Sect. 4.3 in S.I. Goldberg’s popular monograph [4.3. Local geometry of a compact 
semi-simple Lie group, S.I. Goldberg, op. cit, p. 136]. 
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(ii) Let . f̂ ≡ {X̂α : 1 ≤ α ≤ n} ⊂ g be another basis, so that 

. X̂β = aα
β Xα

for some .
[
aα

β

] ∈ GL(n, R). Then 

. X̂β = ξ̂iβ
∂

∂ui
, ξ̂iβ ∈ C∞(U, R), ξ̂iβ = aα

β ξiα .

Let .h
(
f̂
)
be the Riemannian metric on .G defined by 

. h
(
f̂
) = ĥi j du

i ⊗ du j ,
[
ĥi j
] = [ĥi j]−1, ĥi j = ξ̂iα ξ̂

j
β ĝαβ,

[
ĝαβ
] = [ĝαβ

]−1
,

. ĝαβ = Ĉασ
ρ
Ĉρβ

σ
, Ĉαβ

γ
X̂γ =

[
X̂α, X̂β

]
.

Then 
. aσ

α aρ
β Cσρ

λ = Ĉαβ
γ
aλ

γ

or 
. Ĉαβ

μ = aσ
α aρ

β Cσρ
λ bμ

λ,
[
bα

β

] := [aα
β

]−1
.

Consequently 
. ĝαβ = aε

α a
γ
β gεγ

or 
. ĝασ = gμρ bσ

μ b
α
ρ

yielding 
. ĥi j = gγρ ξiγ ξ

j
β

or .ĥi j = hi j and then .ĥi j = hi j or .h
(
f̂
) = h( f ). Q.e.d. 

Let us consider the differential .1-forms 

. 
{
vα : 1 ≤ α ≤ n

} ⊂ �1(U ), vα = ηα
i du

i , ηα
i := gαβ ξ

j
β hi j .

Lemma 1.145 
.ξiα ηα

j = δij , ξiα η
β
i = δβ

α . (1.105) 

Next, let us set 

.�i
jk = ξiα

∂ηα
j

∂uk
. (1.106)
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Lemma 1.146 (i) There is a unique globally defined linear connection . ∇ on .G such 
that 

.∇∂ j ∂k = �i
jk ∂i , ∂ j ≡ ∂

∂u j
(1.107) 

for any local coordinate system .(U, ui ) on . G. Moreover (ii) .∇ is completely deter-
mined by. G, i.e., the definition of. ∇ doesn’t depend upon the choice of basis.{Xγ} ⊂ g. 

Proof (i) Let .
(
U ′, u′i

)
be another local coordinate system with .U ∩U ′ �= ∅, and 

let us set 

. η′αj = gαβ ξ′kβ h
′
jk, �′ijk = ξ′iα

∂η′αj
∂u′k

.

The transformation laws 

. ξ′iα =
∂u′i

∂u j
ξ j
α, h′ jk = ∂ur

∂u′ j
∂us

∂u′k
hrs,

yield 

. η′αj = ηα
r

∂ur

∂u′ j

and then 

. �′ijk =
∂u′i

∂u�

∂2u�

∂u′k ∂u′ j
+ ∂u′i

∂u�

∂ur

∂u′ j
∂us

∂u′k
��
rs

which is the ordinary transformation law for the coefficients of a linear connection. 
Therefore (1.107) determines a globally defined linear connection on . G. Q.e.d. 

(ii) Let .X̂β = aα
β Xα be another basis in . g. Then 

. ĝαβ = bα
ρ bβ

μ gρμ, ξ̂iβ = aα
β ξiα, ĥi j = hi j ,

hence .η̂α
j = ĝαβ ξ̂kβ ĥ jk becomes 

. η̂α
j = bα

ρ η
ρ
j .

Finally .�̂i
jk = ξ̂iα

∂η̂α
j

∂uk
becomes .�̂i

jk = �i
jk . Q.e.d. 

By .ξiα ηα
j = δij the definition (1.106) may also be written as 

.�i
jk = −

∂ξiα
∂uk

ηα
j . (1.108)
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Therefore, the torsion tensor field.Tjk
i = �i

jk − �i
k j of the linear connection furnished 

by Lemma 1.146 is 

.Tjk
i = ξiα

(∂ηα
j

∂uk
− ∂ηα

k

∂u j

)
. (1.109) 

The equations .
[
Xβ, Xγ

] = Cβγ
α Xα may be written in local coordinates as 

. ξ
j
β

∂ξiγ

∂u j
− ξ j

γ

∂ξiβ

∂u j
= Cβγ

α ξiα .

Let us contract with .η
β
k so that to obtain 

. 
∂ξiγ

∂uk
− η

β
k ξ�

γ

∂ξiβ

∂u�
= η

β
k Cβγ

α ξiα .

Next, contraction with .η
γ
j leads to 

.η
γ
j

∂ξiγ

∂uk
− η

β
k

∂ξiβ

∂u j
= η

γ
j η

β
k Cβγ

α ξiα . (1.110) 

Consequently [by (1.108) and (1.110)] 

. Tjk
i = �i

jk − �i
k j = −

∂ξiα
∂uk

ηα
j +

∂ξiα
∂u j

ηα
k =

. = Cβγ
α ξiα η

β
j η

γ
k . (1.111) 

Equation (1.111) implies. 

Lemma 1.147 .Tjk� := hi� Tjk
i is skew-symmetric in each pair of indices. 

Corollary 1.148 (i) The metric tensor .h is parallel with respect to the linear 
connection . ∇, i.e., .∇h = 0. 

(ii) In particular, the connection coefficients.�i
jk and the Christoffel symbols. 

{ i
jk

}

[of the Riemannian manifold .(G, h)] are related by 

.�i
jk =

{ i
jk

}
+ 1

2
Tjk

i . (1.112) 

(iii) Consequently 

.

{ i
jk

}
= 1

2
ξiα

(∂ηα
j

∂uk
+ ∂ηα

k

∂u j

)
. (1.113)
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Proof (i) Let us contract with .η
β
i in .�i

jk = ξiα
∂ηα

j

∂uk
so that to obtain 

.

∂η
β
j

∂uk
= η

β
i �i

jk . (1.114) 

Let us take the partial derivative of 

. hi j = ηα
i η

β
j gαβ

with respect to .uk so that to obtain 

. 
∂hi j
∂uk

= gαβ

(∂ηα
i

∂uk
η

β
j + ηα

i

∂η
β
j

∂uk

)
=

[by (1.114)] 

. = gαβ

{
η

β
j ηα

� ��
ik + ηα

i η
β
� ��

jk

}
=

[by .gαβ η
β
j = ξkα h jk , a consequence of the very definition of .η

β
j ] 

. = ξsα h js ηα
� ��

ik + ηα
i ξsα h�s ��

jk

that is [by (1.105)] 

.
∂hi j
∂uk

= h j� ��
ik + h�i �

�
jk . (1.115) 

Next, we compute the covariant derivative of . h with respect to . ∇, i.e., 

. 
(∇∂k h

)(
∂i , ∂ j

) = ∂hi j
∂uk

− ��
ki h�j − ��

k j hi � =

[by (1.115)] 

. = h j�

(
��
ik − ��

ki

)
+ hi�

(
��

jk − ��
k j

)
= h j� Tik

� + hi� Tjk
� = Tik j + Tjki = 0

[by the skew-symmetry of .Ti jk]. We may conclude that .∇h = 0. Q.e.d. 
(ii) As . ∇h = 0

. 
∂hi j
∂uk

= ��
ki h�j + ��

k j hi �,

. 
∂h jk

∂ui
= ��

i j h�k + ��
ik h j �,

.
∂hki
∂u j

= ��
jk h�i + ��

j i hk �,
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hence [by adding the first two equations, and subtracting the third] 

. 2
{
ki, j

} = h�j

(
��
ki + ��

ik

)
+ hi� Tkj

� + h�k Ti j
�

or 
. 2
{
ki, j

} = 2 h j� ��
ik + Tki j + Tkji + Ti jk

where .
{
i j, k

}
are the Christoffel symbols of the first kind, i.e., 

. 
{
i j, k

} = 1

2

(∂hik
∂u j

+ ∂h jk

∂ui
− ∂hi j

∂uk

)
.

Moreover [by the skew-symmetry of .Ti jk] 

. 2
{
ki, j

} = 2 h j� ��
ik + Ti jk

and contraction with .h js leads to 

. 

{ s
ki

}
= �s

ik +
1

2
Tki

s

which is (1.112). Q.e.d. 

(iii) By statement (ii) in Corollary 1.148 

. 

{ i
jk

}
= �i

jk −
1

2
Tjk

i =

[by the very definition of .�i
jk together with (1.109)] 

. = 1

2
ξiα

(∂ηα
j

∂uk
+ ∂ηα

k

∂u j

)
.

Q.e.d. 

Corollary 1.149 The elements of the Lie algebra . g of a compact semi-simple Lie 
group .G are infinitesimal isometries of .(G, h), i.e., .g ⊂ i(G, h). 

Proof The covariant derivative of the differential .1-form .vα with respect to the 
Levi-Civita connection .∇h of .(G, h) is 

. ηα
j || k =

(∇h
∂k

vα
)
∂ j = ηα

j | k −
{ i
k j

}
ηα
i ,

.∂i ≡ ∂

∂ui
, ϕ| i = ∂ϕ

∂ui
, ϕ ∈ C1(G).
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Then [by (1.113) and .ξiβ ηα
i = δα

β ] 

. ηα
j || k = ηα

j | k −
1

2
ξiβ

(
η

β
j | k + η

β
k | j
)

ηα
i =

1

2

(
ηα
j | k − ηα

k | j
)

or [as (1.109) implies .ηβ
i Tjk

i = η
β
j | k − η

β
k | j ] 

. ηα
j || k =

1

2
ηα
i Tjk

i .

Let us contract with .ξ�
α so that to obtain 

.ξ�
α ηα

j || k =
1

2
Tjk

� . (1.116) 

The covariant derivative of a tangent vector field.X = Xi ∂i ∈ X(U ) with respect to 
.∇h is 

. Xi || j =
(∇h

∂ j
X
)
∂i =

[
Xi | j + Xk

{ i
jk

}]
∂i .

As. ξ�
α ηα

j = δ�
j

. ξ�
α ηα

j || k = −ηα
j ξ�

α|| k

hence (1.116) becomes 

. − ηα
j ξ�

α|| k =
1

2
Tjk

�

and contraction with .ξ
j
β leads to 

.ξ�
β || k =

1

2
ξ
j
β Tkj

� . (1.117) 

As . ∇hh = 0
. 
(
LXh

)
(Y, Z) = h

(∇h
Y X, Z

)+ h
(
Y, ∇h

Z X
)

for any .X, Y, Z ∈ X(G). Then 

. 
(
LXβ

h
)
(∂ j , ∂k) = h�k ξ�

β || j + h j� ξ�
β || k =

[by (1.117) and the skew-symmetry of .Ti jk] 

. = 1

2
ξiβ

{
Tji

� h�k + Tki
� h j�

}
= 1

2
ξiβ

{
Tjik + Tki j

}
= 0,

that is .Xβ is a Killing vector field on .(G, h). Q.e.d.
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1.10.4 Harmonic Forms on Compact Semi-simple Lie Groups 

Let .G be a compact semi-simple Lie group. 

Theorem 1.150 Let .α ∈ �p(G) be a .g-invariant differential form. Then 

(i) .dα is .g-invariant. 
(ii) .∗α is .g-invariant. 
(iii) If .α = dβ then . β is .g-invariant. 

Proof (i) Let .X ∈ g hence (by hypothesis) .LXα = 0. Then 

. LX d α = dLα = 0,

i.e., .dα is .g-invariant. Q.e.d. 

(ii) By (1.95) for every . X ∈ X(G)

. LXα+LXα = (δ η) α+

. +
p∑

r=1
h jk
(
LX h

)

kir
αi1···ir−1 j ir+1···i p du

i1 ∧ · · · ∧ duip

where.η = X 	. If .X ∈ g ⊂ i(G, h) the previous formula simplifies accordingly, i.e., 

. (δ η) α =LXα = (−1)np+p+1 ∗ LX ∗ α .

Finally, we need to recall 48 that .X is an infinitesimal conformal transformation [i.e., 
.LXh = λ h for some .λ ∈ C∞(G)] if and only if .δ X 	 = 0. Consequently . ∗LX ∗
α = 0, and hence .LX ∗ α = 0 (as . ∗ is an isomorphism). Q.e.d. 

(iii) Let .α ∈ �p(G) be an arbitrary .p-form on . G. Then (by the Hodge-de Rham 
decomposition theorem) 

. α = αd + αδ + H [α] ∈ �
p
d (G)⊕�

p
δ (G)⊕�

p
H (G)

hence 
. αd + αδ = α− H [α] = �

(
Gα
)

where.G : �p(G)→ �(G) is the Green operator. Summing up, we have obtained the 
following (tautologous yet useful) identity 49 (for the Hodge-de Rham decomposition 
of . α)

48 Cf. S.I. Goldberg, op. cit., p. 107. 
49 Certainly holding true should one replace.G by any compact orientable Riemannian manifold. 
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. α = �(Gα)+ H [α],

. α = d δGα+ δ d Gα+ H [α].

Let us assume that.α = dβ for some.β ∈ �p−1(G). Then.δ d Gα = 0 and.H [α] = 0, 
so that 

. α = d δGα .

Let us recall that .δ = (−1)np+n+1 ∗ d ∗, hence 

.α = d ∗ d γ, (1.118) 

. γ := (−1)np+n+1 ∗ Gα.

Next [as . α is .g-invariant, and by (1.118)] for any . X ∈ g

. 0 =LXα =LX
(
d ∗ d γ

) = dLX ∗ d γ = −d ∗ LX d γ =

[by .LX = −LX for any .X ∈ g ⊂ i(G, h)] 

. = d ∗ LX d γ = −d ∗ dLX γ

or 
.d ∗ dLX γ = 0. (1.119) 

Then [as .LX γ is a .(n − p + 1)-form] 

. δ dLX γ = (−1)n(n−p+1)+n+1 ∗ d ∗ (dLX γ
) = 0

[by using (1.119) at the last step] or 

.δ dLX γ = 0. (1.120) 

Next [by (1.120)] 

. 0 = (δ dLX γ, LXγ
)

L2 = ‖dLX γ
∥
∥2 =⇒ dLX γ = 0

so that 
. 0 = δ dLX γ =LX d γ

implying that.dγ is.g-invariant. Therefore [by statement (ii) in Theorem 1.150]. ∗ d γ
is .g-invariant. Finally 

. α = d
( ∗ d γ

) = d β

so that . β is cohomologous to a .g-invariant form. Q.e.d.
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Theorem 1.151 On any compact semi-simple Lie group .G a differential form is 
harmonic if and only if it is .g-invariant. 

Proof By Theorem 1.126 every harmonic form.α ∈ �
p
H (G) is.i(G, h)-invariant. On 

the other hand .i(G, h) ⊃ g, hence every harmonic form is .g-invariant. 

Viceversa, let . β be a .g-invariant .p-form on. G. Any.g-invariant form is closed, so 
that .dβ = 0. We claim that . β is also coclosed, so it is harmonic. Indeed 

. δβ = (−1)np+n+1 ∗ d ∗ β =

[as .d = (1/2) ε(ωα)LXα
] 

. = 1

2
(−1)np+n+1 ∗ ε(ωα)LXα

∗ β = 1

2
(−1)np+n+1 ∗ ε(ωα) ∗ ∗−1 LXα

∗ β =

[as .iX = (−1)np+n ∗ ε(η) ∗ on .�p(G) with .η = X �, and .
(
ωα
)∗ = Xα] 

. = −1

2
iXα
∗−1 LX ∗ β =

[as .LXα
∗ = ∗LXα

] 

. = −1

2
iXα

LXα
β = 0

(as . β is .g-invariant). Q.e.d. 

As a corollary of the proof 

. δ = −1

2

n∑

α=1
iXα
◦LXα

showing that . δ is an anti-derivation in .�•(g∗
)
. Consequently 

Corollary 1.152 On any compact semi-simple Lie group the exterior product of two 
harmonic forms is harmonic. 

Let us denote by.�
p
g(G) the space of all .g-invariant.p-forms on. G. The statement 

in Theorem 1.151 is briefly that 

. �p
g(G) = �

p
H (G)

for any compact semi-simple Lie group . G. 

Theorem 1.153 The first and second Betti numbers of a compact semi-simple Lie 
group vanish.
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Proof Let .β ∈ �
p
H (G) be a harmonic .p-form. By Theorem 1.151 the form . β is 

.g-invariant 
. β = Bα1···αp ωα1 ∧ · · · ∧ ωαp , Bα1···αp ∈ R,

and hence closed, i.e., 

. 0 = dβ = 1

2

p∑

r=1
Bα1···αr−1 ρ αr+1 ...αr Cαr α

ρ ωα ∧ ωα1 ∧ · · · ∧ ωαp

yielding 

.

p∑

r=1
Bα1···αr−1 ρ αr+1 ...αr Cαr α

ρ = 0. (1.121) 

Let .p = 1, i.e., let .β = Bα1 ωα1 ∈ �1
H (G). Then [by (1.121)] 

. Bρ Cα1α
ρ = 0.

Let us contract with .Cγ
αα1 [which is .gαρ Cγρ

α1 ] and observe 50that 

. 0 = Bρ Cα1α
ρ Cγ

αα1 = −Bρ,

i.e., .β = 0. 
Next let .p = 2, i.e., let 

. α = Aαβ ωα ∧ ωβ ∈ �2
H (G) = �2

g(G)

so that [by .dα = 0] 
.Aρβ Cαγ

ρ + Aαρ Cβγ
ρ = 0. (1.122) 

By cyclic permutation of the indices.α → β → γ → α in (1.122) we obtain another 
two identities of the sort 

. Aργ Cβα
ρ + Aβρ Cγα

ρ = 0,

. Aρα Cγβ
ρ + Aγρ Cαβ

ρ = 0.

Adding the three resulting relations leads to 

. 2 Aρβ Cαγ
ρ + 2 Aαρ Cβγ

ρ + 2 Aργ Cβα
ρ = 0

50 Indeed 
. Cα1α

ρ Cγ
αα1 = Cα1

αρ Cγα
α1 = Cγα

α1 Cα1 β σ gαβ gσρ =
. = −Cγα

α1 Cα1 σ β gαβ gσρ = −Cγα
α1 Cα1 σ

α gσρ = −gγσ gσρ = −δρ
γ .
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or [by using (1.122) once more] 

. Aργ Cβα
ρ = 0.

Finally, contraction with .Cσ
αβ gives 51 .Aργ = 0, i.e., .α = 0. Q.e.d. 

If one sets as customary .bp(G) = dimR H p
dR(G) (the Betti numbers of . G) then 

the brief statement of Theorem 1.153 is 

. b1(G) = 0, b2(G) = 0,

for any compact semi-simple Lie group. G. The proof of Theorem 1.153 relied on the 
classical result that the . pth Betti number .bp(M) of a compact orientable manifold 
equals 52 the maximum number of linearly independent harmonic forms. 

Theorem 1.154 Let .G be a compact .n-dimensional Lie group 53 such that 

.bp(G) =
( n
p

)
for any .0 ≤ p ≤ n. Then the Euler characteristic of .G is zero, 

i.e., .χ(G) = 0. 

Proof Indeed 

. χ(G) =
n∑

p=0
(−1)p bp(G) =

n∑

p=0
(−1)p

( n
p

)
= 0.

Q.e.d. 

The rather strong assumption in Theorem 1.154 is realized in the abelian case. 
Precisely 

Theorem 1.155 Let .G be a .n-dimensional compact, connected, abelian Lie group. 
Then 

. bp(G) =
( n
p

)
, 0 ≤ p ≤ n.

Proof As. G is abelian, so does its Lie algebra. g. Hence the structure constants vanish 

. 0 = [Xα, Xβ

] = Cαβ
γ Xγ =⇒ Cαβ

γ = 0.

If .Xα = ξiα ∂/∂ui we endow.G with the Riemannian metric . h given by 

.hi j =
n∑

α=1
ξiα ξ j

α . (1.123)

51 Cf. the calculation in the previous footnote. 
52 Cf. e.g., S.I. Goldberg, op. cit., Appendix C. 
53 Not necessarily semi-simple. 
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Note that 
. LXβ

ωα = Cγβ
α ωγ = 0

so that .ωα ∈ �1
g(G). Then (by the proof of Theorem 1.151) .ωα is a harmonic .1-

form with respect to the metric . h [defined by (1.123)]. Yet .LX is a derivation, 
hence .LXα = 0 for any .X ∈ g and any left invariant form .α ∈ �p(G)l.i. yielding 
.bp(G) = dimR �p

(
g∗
)
. Q.e.d. 

1.11 Curvature and Fundamental Groups 

Let. � be a finitely generated group, and let.{g1, . . . , gp} ⊂ � be a system of genera-
tors of . �. For every positive integer.s ∈ N let .γ(s) be the number 54 of distinct group 
elements that can be expressed as words of length.≤ s in the generators. {g1, . . . , gp}
and their inverses. 

Definition 1.156 The function .γ : N→ N is called the growth function associated 
to . � and the system of generators .{g1, . . . , gp}. �

The inequality .γ(s + t) ≤ γ(s) γ(t) implies an exponential upper bound on the 
growth function, i.e., .γ(s) ≤ γ(1)s . 

Exercise 1.157 Show that the limit .lims→∞ γ(s)1/s exists and is finite. 

Solution. For every fixed . t , let us set 55 .k := [s/t] + 1. Then 

. γ(s) ≤ γ(kt) ≤ γ(t)k ≤ γ(t)1+s/t =⇒ lim sup γ(s)1/s ≤ γ(t)1/t

and hence 
. lim sup γ(s)1/s ≤ inf

{
γ(t)1/t

} ≤ lim inf γ(s)1/s .

Q.e.d. �
The following lemma shows to what extent the asymptotic behavior of .γ(s) as 

.s →∞ is independent of the choice of generators. 

Lemma 1.158 Let .A = {g1, . . . , gp} and .B = {h1, . . . , hq} be two different gen-
erator systems for the same finitely generated group . �. Let .γA and .γB be the 
corresponding growth functions. Then 

.γB(t) ≤ γA(kA t), γA(s) ≤ γB(kB s), t, s ∈ N, (1.124) 

for some constants .kA, kB ∈ N.

54 For instance, if .� is a free abelian group of rank . 2 with generators .{x, y} then . γ(s) = 2s2 +
2s + 1. 
55 If .a ∈ R then.[a] denotes the integer part of. a. 
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Proof For sufficiently large .kA, every  .h j ∈ B can be written as a word of length 
.≤ kA in the generators .A ∪ A−1. Hence .γB(t) ≤ γB

(
kA t
)
. Q.e.d. 

Definition 1.159 . � has exponential growth if .lims→∞ γ(s)1/s > 1. �
Let.M be a Riemannian manifold and let .π1(M) be the fundamental group of . M . 

Classical results by Milnor (cf. [Mil]) study the behavior of the growth function of 
a finitely generated subgroup .� ⊂ π1(M). 

Theorem 1.160 Let .M be a complete .n-dimensional Riemannian manifold whose 
Ricci curvature tensor is positive semi-definite. Then the growth function . γ of every 
finitely generated subgroup .� ⊂ π1(M) satisfies 

.γ(s) ≤ C sn (1.125) 

for some constant .C > 0 depending on the system of generators entering the 
definition of . γ. 

Theorem 1.161 Let .M be a compact Riemannian manifold, of negative sectional 
curvature. Then the growth of the fundamental group .π1(M) is at least exponential, 
i.e., 

. γ(s) ≥ as

for some constant .a > 1. 

Cf. Theorems 1 and 2 in [Mil], p. 1. Theorems 1.160 and 1.161 should be paralleled 
with the classical results by Myers 56 (cf. [Mye]), Preissmann 57 (cf. [Pre]), and to the 
Hadamard-Cartan theorem. 58

Proof of Theorem 1.160 Let.M̃ be the universal covering space of.M and let. x0 ∈ M̃
be a base point. Let .V (r) := vol

[
B̃r (x0)

]
be the volume of the closed ball of center 

.x0 and radius . r in .
(
M̃, d̃

)
, where .d̃ = dg̃ is the distance function associated to 

the Riemannian metric . g̃ on .M̃ (the pullback of the Riemannian metric . g on . M). 
By a classical result of Bishop (cf. [Bis]) if the Ricci curvature is non-negative 
.Ricg̃(X, X) ≥ 0 then 

.V (r) ≤ ωn r
n (1.126) 

where.ωn is the volume of the unit ball in the Euclidean space.R
n . Let us identify the 

fundamental group .π1(M) to the group of all covering transformations of .M̃ over 
. M . Let .� ⊂ π1(M) be a finitely generated subgroup, and let . g1, . . . , gp : M̃ → M̃
be a finite generator system of . �. Let us set

56 If .M is a compact Riemannian manifold whose Ricci tensor is positive definite then .π1(M) is 
finite. 
57 If.M is a compact Riemannian manifold of sectional curvature.< 0 then every abelian subgroup 
of.π1(M) is cyclic. 
58 If .M is a complete Riemannian manifold of sectional curvature .≤ 0 then .πi (M) = 0 for every 
.i ≥ 2. 



1.11 Curvature and Fundamental Groups 89

. μ := max
{
d̃
(
x0, gi (x0)

) : 1 ≤ i ≤ p
}
.

Let us observe that the ball .B̃μ s(x0) contains at least .γ(s) distinct points of the set 
.
{
g(x0) : g ∈ π1(M)

}
. For sufficiently small . ε > 0

. B̃ε(x0) ∩ g
[
B̃ε(x0)

] = ∅, g ∈ π1(M) \ {id}.

Then .B̃μ s+ε(x0) contains at least .γ(s) disjoint sets of the family . 
{
g
[
Bε(x0)

] : g ∈
π1(M)

}
, thus yielding 

.γ(s) V (ε) ≤ V (μ s + ε). (1.127) 

Finally [by (1.126)–(1.127)] 

. γ(s) ≤ c sn, s ≥ 1, c := ωn (μ+ ε)n

V (ε)
.

Q.e.d. 

Proof of Theorem 1.161 Let.−α2 < 0 be an upper bound on the sectional curvature 
of . M . By a result of Günter (cf. [Gun]) 

.V (r) ≥ n ωn

∫ r

0

( sinh αx

α

)n−1
d x . (1.128) 

The number in the right-hand side of the inequality (1.128) is the volume of a ball 
of radius . r in a space form of negative sectional curvature, and asymptotically 

. ωn

∫ r

0

( sinh αx

α

)n−1
d x ≈ 2 c exp(λ r), r →∞,

. c := n ωn

(n − 1) (2α)n
, λ := (n − 1)α.

Consequently 
.V (r) > c exp(λ r) (1.129) 

for sufficiently large. r . Let. δ be the diameter of. M . Let.
 : M̃ → M be the projection. 
Then .


[
B̃δ(x0)

] = M . Therefore, the family 

.
{
g B̃δ(x0) : g ∈ π1(M)

}
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is a locally finite 59 covering of . M̃ . Let  

. F := {g ∈ π1(M) : B̃δ(x0) ∩ g B̃δ(x0) �= ∅
}
.

Also, let 
. ν := min

{
d
(
g B̃δ(x0), B̃δ(x0)

) : g ∈ π1(M) \ F
}

> 0.

We need 

Lemma 1.162 Let .B := B̃δ(x0). If .d
(
x0, g B

)
< ν t + δ for some .t ∈ N, then there 

exist . f1, . . . , ft ∈ F such that .g = f1 · · · ft . 
Cf. Lemma  2 in [Mil], p. 3. To prove Lemma 1.162, let .y ∈ g B such that 

. d
(
x0, y

)
< ν t + δ

and let .y1, y2, · · · , yt+1 = y be points on the minimizing geodesic . β that joins . x
and . y. Then 

. d
(
x0, y1

) ≤ δ, d
(
yi , yi+1

)
> ν,

and 
. yi ∈ hi B, 1 ≤ i ≤ t,

for some .hi ∈ π1(M), with .h1 = 1 and .ht+1 = g. Let us set . fi := h−1t hi+1, so that 
. f1 f2 . . . ft = g. As  

. h−1i yi ∈ B, h−1i yi+1 ∈ fi B, d
(
h−1i yi , h

−1
i yi

)
< ν,

it follows 60 that . fi ∈ F . Q.e.d. 

In particular. F is a system of generators of.π1(M). Let.γF be the growth function 
of .π1(M), defined by using .F as a set of generators. By Lemma 1.162 the family 

.
{
f1 f2 . . . ft B : fi ∈ F, 1 ≤ i ≤ t

}
(1.130) 

is a cover of the interior of .B̃ν t+δ(x0). The family (1.138) has cardinality .γF (t), 
hence 

.γF (t) V (δ) ≥ V (ν t + δ). (1.131)

59 Otherwise, for some.r > 0 the (compact) neighborhood.B̃r (x0) would intersect infinitely many 
of the sets .g B̃δ(x0), and hence .B̃r+δ+ε(x0) would contain infinitely many disjoint sets .g B̃ε(x0), 
each of which having volume.V (ε) > 0, in contradiction with.V (r + δ + ε) <∞. 
60 By the very definitions of. ν and. F . 
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By Lemma 1.158 there is .k ∈ N such that .γ(k t) ≥ γF (t) or 

.γ(s) ≥ γF

([ s

k

])
, s ≥ k. (1.132) 

By (1.129) and (1.131)–(1.132) 

. γ(s) ≥ c1 exp
(
λ1 s

)

. c1 := c
exp
(
λ(δ − ν)

)

V (δ)
> 0, λ1 := λ ν

k
> 0.

for sufficiently large. s. As.γ(s) > 1 for any.s ∈ N, there is.a > 1 such that. γ(s) ≥ as

for every . s. Q.e.d. 

1.12 Kanai Graphs 

The exposition in this section relies on work by M. Kanai, 61 P. Soardi, 62 and P. 
Soardi and M. Yamasaki. 63 The notion of a rough isometry is however implicit in the 
work by M. Gromov 64 while Kanai’s approach to the discretization, or combinatorial 
approximation, of Riemannian manifolds was suggested by J. Milnor 65, who also 
provided examples of pairs of Riemannian manifolds that are roughly isometric to 
each other. 

1.12.1 Quasi-isometries, Pseudo-isometries, and Rough 
Isometries 

Let .M and .N be two .n-dimensional Riemannian manifolds, equipped with the 
Riemannian metrics . g and . h. 

Definition 1.163 A.C∞ diffeomorphism.φ : M → N is a quasi-isometry if there is 
a constant .a ≥ 1 such that

61 Cf. M. Kanai, Rough isometries, and combinatorial approximations of geometries of non-compact 
manifolds. J. Math. Soc. Japan 37(3), 391–413 (1985); Rough isometries and the parabolicity of 
Riemannian manifolds. J. Math. Soc. Japan 38(2), 227–238 (1986). 
62 Cf. P. Soardi, Rough isometries and Dirichlet finite harmonic functions on graphs. Proc. Amer. 
Math. Soc. 119(4), 1239–1248 (1993). 
63 Cf. P. Soardi, M. Yamasaki, Parabolic index and rough isometries. Hiroshima Math. J. 23, 333–342 
(1993). 
64 M. Gromov, Hyperbolic Manifolds, Groups, and Actions. Annals of Mathematics Studies 97 
(Princeton University Press, Princeton, 1981). 
65 Cf. J. Milnor, A note on curvature and fundamental group. J. Diff. Geom. 2, 1–7 (1968). 
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.a−1 gx
(
v, v)1/2 ≤ hφ(x)

(
(dxφ)v, (dxφ)v

)1/2 ≤ a gx (v, v)1/2 (1.133) 

for any.v ∈ Tx (M) and any.x ∈ M . If there is a quasi-isometry.φ : M → N then. M
and .N are quasi-isometric Riemannian manifolds. �

Definition 1.164 A continuous map.φ : M → N is a pseudo-isometry if there exist 
constants .a ≥ 1 and .b > 0 such that 

.a−1 dg(x, y)− b ≤ dh
(
φ(x), φ(y)

) ≤ a dg(x, y) (1.134) 

for any .x, y ∈ M . �

Here.dg denotes the distance function on .M associated to the Riemannian metric 
. g. Pseudo-isometries were introduced by G.D. Mostow 66 as a tool for studying dis-
continuous subgroups of semi-simple Lie groups. Every quasi-isometry is a pseudo-
isometry. The converse is false, as the relation associated to (1.133) is an equivalence 
relation, while the relation associated to (1.134) is not. Indeed examples of complete 
Riemannian manifolds.M and.N exist such that there is a pseudo-isometry. M → N
while there is no isometry .N → M , i.e., the relation associated to (1.134) is not 
symmetric. 

Let .M be a metric space, equipped with the distance function . d : M × M →
[0, +∞). For every .x ∈ M let .Br (x) ⊂ M be the metric ball of center . x and radius 
.r > 0. If .S ⊂ M is a subset then .Br (S) denotes .r -neighborhood of . S, i.e., . Br (S) ={
x ∈ M : d(x, S) < r

}
. 

Definition 1.165 Let .ε > 0. A subset .S ⊂ M is .ε-full if .M = Bε(S). Also  . S is full 
if it is .ε-full for some.ε > 0. �

Definition 1.166 Let .M and.N be two metric spaces, with the distance functions . d
and . ρ, respectively. A map 67 .φ : M → N is said to be a rough isometry if 

(i) The set .φ(M) is full in . N , 
(ii) There exist constants .a ≥ 1 and .b > 0 such that 

.a−1 d(x, y)− b ≤ ρ
(
φ(x), φ(y)

) ≤ a d(x, y)+ b (1.135) 

for any .x, y ∈ M . �

The requirement (1.135) is weaker than (1.134), and of course weaker than (1.133). 
The notion is essentially due to M. Gromov 68 and the relation associated to (1.135) 
is that of coarse equivalence.

66 Cf. G.D. Mostow, Strong Rigidity of Locally Symmetric Spaces. Annals of Mathematics Studies, 
78 (Princeton University Press, Princeton, 1973). 
67 Not necessarily continuous. 
68 Cf. M. Gromov,  op. cit., pp. 183–213. 
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Every quasi-isometry (respectively pseudo-isometry) with a full image is a rough 
isometry. Composition of two rough isometries is a rough isometry. 

Lemma 1.167 For every rough isometry .φ : M → N, there is a rough isometry 
.φ− : N → M such that 

. x ∈ M �−→ d
(
φ− ◦ φ(x), x

) ∈ [0, +∞), y ∈ N �−→ ρ
(
φ ◦ φ−(y), y

) ∈ [0, +∞),

(1.136) 
are bounded functions. 

Proof By definition the image of .φ is full in . N , i.e., there is .ε > 0 such that 
.Bε

[
φ(M)

] = N . Let .y ∈ N be an arbitrary point. Then 

. ε > ρ
(
y, φ(M)

) = inf
{
ρ
(
y, φ(x)

) : x ∈ M
}
= g.l.b. of

{
ρ
(
y, φ(x)

) : x ∈ M
}
=⇒

. =⇒ ε is not a l.b. =⇒ ∃ xε ∈ M such that ε > ρ
(
y, φ(xε)

)
.

Let.A(y) ⊂ M be the subset consisting of all.x ∈ M such that.ρ
(
y, φ(x)

)
< ε. Then 

.xε ∈ A(y) so that .A(y) �= ∅. For every .y ∈ N , let us pick up exactly one . x ∈ A(y)
and set 69 by definition .φ−(y) := x . To end the proof of Lemma 1.167 we should 
check (1.136). For instance, let us show that the set 

. B =
{
d
(
φ−
[
φ(x)

]
, x
) ∈ [0, +∞) : x ∈ M

}

is bounded. For every.x ∈ M , let us set.y := φ(x) ∈ N . By the very definition of. φ−
one has .φ−(y) ∈ A(y) hence 

. ρ
(
y, φ

[
φ−(y)

])
< ε

[where.ε > 0was previously chosen such that.Bε

[
φ(M)

] = N ]. Then (as. φ is a rough 
isometry) 

. ε > ρ
(
y, φ

[
φ−(y)

]) = ρ
(
φ(x), φ

[
φ−(y)

]) ≥ a d
(
x, φ−(y)

)− b =⇒

. =⇒ b + ε > dg

(
x, φ−(y)

) = d
(
x, φ−

[
φ(x)

])
.

Q.e.d. 

Definition 1.168 A rough isometry .φ− : N → M such as furnished by 
Lemma 1.167 is called a rough inverse of . φ. �
Definition 1.169 Two metric spaces .M and .N are roughly isometric if there is a 
rough isometry .φ : M → N . �

69 A construction clearly not independent from the axiom of choice. 



94 1 Riemannian Geometry

The relation in Definition 1.169 is an equivalence relation. This is one of the 
advantages of weakening the requirement (1.134) to the requirement (1.135). 

Any two metric spaces of finite diameter are roughly isometric. In particular, 
the information that two metric spaces are roughly isometric is only interesting in 
the non-compact case. Rough isometries “neglect” compact factors: for any roughly 
isometric metric spaces .M and . N , and any compact metric space . K , .M is roughly 
isometric to .N × K . 

The work by Milnor  (cf.  [Mil]) is thought of (by Kanai [Kan1]) as motivational 70

for the discrete, or combinatorial, approach to Riemannian geometry. Let .� be a 
finitely generated group, and let .A ⊂ � be a finite system of generators. For any 
element .x ∈ � \ {1} let .|x |A ∈ N be the smallest positive integer . k such that . x is a 
product of . k elements of .A ∪ A−1, i.e., 

. |x |A = min
{
k ∈ N : ∃ a1, . . . , ak ∈ A ∪ A−1 such that x = a1 · · · ak

}
.

Here .A−1 := {a−1 : a ∈ A
}
. Also we set .|1|A := 0. 

Definition 1.170 The function.| · |A : � → Z+ is the word norm of. � with respect 
to the system of generators . A. �

Lemma 1.171 For any . x, y ∈ �

(i) .|x |A ≥ 0 and .|x |A = 0⇐⇒ x = 1, 
(ii) .|x−1|A = |x |A, 
(iii) .|x y|A ≤ |x |A + |y|A. 

Also 

(iv) The word norms corresponding to two systems of generators .A and .B are 
equivalent, i.e., there is a constant .a ≥ 1 such that 

. 
1

a
|x |A ≤ |x |B ≤ |x |A, x ∈ �.

The proof is straightforward. The word norm is of course formally related to the 
growth function .γ = γA : � → N. Indeed, let us set 

. E(s) := {x ∈ � : |x |A ≤ s
}
, s ∈ N.

Then .γ(s) = �
[
E(s)

]
.

70 Examples of pairs of Riemannian manifolds that are but roughly isometric to each other, are 
furnished in [Mil]. 
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Lemma 1.172 Let .M be a complete Riemannian manifold, and let . � be a finitely 
generated group acting freely on .M as a properly discontinuous group of isometries 
of .M such that .M/� is compact. Let .o ∈ M be a fixed point, and let us set 

. ‖x‖ = d
(
o, x o), x ∈ �.

Then for any . x, y ∈ �

(i) .‖x‖ ≥ 0 and .‖x‖ = 0⇐⇒ x = 1, 
(ii) .‖x−1‖ = ‖x‖, 
(iii) .‖xy‖ ≤ ‖x‖ + ‖y‖. 
The proof is straightforward. By a result of Milnor (cf. [Mil]) under the 

assumptions of Lemma 1.172 there exist constants .a ≥ 1 and .b ≥ 0 such that 

.
1

a
|x |A − b ≤ ‖x‖ ≤ a |x |A, x ∈ � . (1.137) 

Next, let us set 
. δA(x, y) := ∣∣x−1y∣∣A, x, y ∈ �.

Lemma 1.173 (i) .δA is a left invariant metric on . �, 
(ii) The map 

. ϕ : � → M, ϕ(x) = x o, x ∈ �

is a rough isometry of .(�, δA) into .(M, d) and 

. 
1

a
δA(x, y)− b ≤ d

(
ϕ(x), ϕ(y)

) ≤ a δA(x, y), x, y ∈ �.

In particular, as being roughly isometric is an equivalence relation, if. � is a discrete 
group acting freely as a properly discontinuous group of isometries on the complete 
Riemannian manifolds.M and.N such that the quotients.M/� and.N/� are compact, 
then.M is roughly isometric to. N . Once again as a consequence of (1.137), J. Milnor 
has shown (cf. [Mil]) that the volume growth rate of .M is dominated by that of . �, 
i.e., there are constants .a′ ≥ 1, .b′ ≥ 0 and .c ≥ 1 such that 

. 
1

c
· �
{
x ∈ � : |x |A ≤ r

a′ − b′
}
≤ vol

[
Br (o)

] ≤ c · �
{
x ∈ � : |x |A ≤ a′ r + b′

}
.

(1.138) 
The inequalities (1.138) offer a clear indication that the geometry of the Riemannian 
manifold .M may be approximated by the combinatorial geometry of the discrete 
group . �. The merit of the work by Kanai (cf. [Kan1,Kan2]) is to show that the 
geometric properties of .M (such as the volume growth rate of . M , or the valid-
ity of an isoperimetric inequality on . M) are mapped to .N by any rough isometry
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.ϕ : M → N . As rough isometries aren’t assumed to be continuous maps, the local 
geometry of .M will not be mapped to that of . N , in general. To compensate for 
that, one confines oneself to.n-dimensional Riemannian manifolds.M obeying to the 
following condition. 

Fundamental Assumption. (i)  The Ricci curvature of M is bounded from below by 
a constant 

.Ric(X, X) ≥ −(n − 1) K 2, X ∈ X(M), (1.139) 

with .K > 0, and (ii) the injectivity radius of M is positive 

.inj(M) > 0. (1.140) 

As well known, 71 on every complete Riemannian manifold .M satisfying the 
fundamental assumption (1.139)–(1.140) 

.vol
[
Br (p) ≤ V (r), (1.141) 

.area
[
∂ Br (p)

] ≤ A(r), (1.142) 

for any .p ∈ M and any .r > 0. Also, the function 

.r > 0 �−→ vol
[
Br (p)

]

V (r)
(1.143) 

is monotone non-increasing for any .p ∈ M , and 

.vol
[
Br (p)

] ≥ V0 r
n, p ∈ M, r ∈

(
0,

1

2
inj(M)

]
⊂ R, (1.144) 

Here .V (r) is the volume of a geodesic ball in the simply connected complete .n-
dimensional Riemannian manifold of constant sectional curvature .−K 2, and . A(r)
is the “area” of the corresponding geodesic sphere. Also .V0 is a constant depending 
only on the dimension . n and .inj(M) denotes the injectivity radius of . M . 

1.12.2 Nets in Riemannian Geometry 

M. Kanai’s results on the invariance under rough isometries of (certain) geometric 
properties of a Riemannian manifold rely (cf. [Kan1,Kan2]) on the approximation 
of said Riemannian manifold by a combinatorial structure called a net. J. Milnor’s

71 The inequalities (1.141)–(1.142) and the monotonicity of the function (1.143) follow from com-
parison theorems in Riemannian geometry, solely under the assumption that the Ricci curvature is 
bounded from below. The inequality (1.144) is a result by Croke [Cro]. 
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work shows (cf. [Mil]) that the orbit .� o of the action of . � on.M is a net in the sense 
of Definitions 1.174 and 1.176 below, for every Riemannian manifold .M obeying 
to the fundamental assumptions (1.139)–(1.140) above, and by stating (1.138) we  
emphasized that the geometry of the discrete group is indeed intimately tied to that 
of the Riemannian manifold . M . As it will be shown shortly, a net in a complete 
Riemannian manifold has a canonical combinatorial metric, corresponding to the 
word metric in the case of a finitely generated group. Also a net in a complete 
Riemannian manifold with Ricci curvature bounded from below will obey to (1.137), 
and hence the net will appear to be roughly isometric to the manifold. 

1.12.2.1 Net Structures, Nets, Combinatorial Metrics 

Let .P be a countable set. 

Definition 1.174 A family.N = {N (p) : p ∈ P
}
of parts.N (p) of. P is called a net 

structure on .P if 

(i) .N (p) is a finite subset of . P , 
(ii) For any . p, q ∈ P

.q ∈ N (p)⇐⇒ p ∈ N (q).

�

Definition 1.175 Let .N = {N (p) : p ∈ P} be a net structure on . P . Every point 
.q ∈ N (p) is called a neighbor of . p. �

Definition 1.176 A pair .(P, N ) consisting of a countable set .P and a net structure 
.N of .P is called a net. �

Every net is a locally finite countable graph. 

Definition 1.177 Let .(P, N ) be a net, and let .{p j : 0 ≤ j ≤ �} be a system of  
points in. P . Then.p = (p0, . . . , p�

)
is called a path from.p0 to.p� if . p j ∈ N

(
p j−1

)

for any .1 ≤ j ≤ �. The number .�(p) := � ∈ Z+ is the length of the path . p. �

Definition 1.178 A net .(P, N ) is connected if for any .p, q ∈ P there is a path 
.p = (p0, . . . , p�

)
from.p0 = p to .p� = q. �

Let .�P(p, q) be the set of all paths in the net .{P, N } connecting . p to . q. 

Definition 1.179 Let .(P, N ) be a connected net, the distance function 

. δ(p, q) = min
{
�(p) : p ∈ �P(p, q)

}

is the combinatorial metric of the net .(P, N ). �

Let .�(A) denote the cardinality of the set . A.
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Definition 1.180 A net .(P, N ) is uniform if .sup
{
�
[
N (p)

] : p ∈ P
}

<∞. �

Lemma 1.181 (i) Let .(P, N ) be a uniform, connected net. Then there is .λ ≥ 1 such 
that 

. �
{
p ∈ P : δ(p, S) ≤ r

}
≤ λr �(S)

for any .r ≥ 0 and any finite subset .S ⊂ P. 
(ii) Let .P and .Q be two connected nets, with .P uniform, and let .ϕ : P → Q be 

a rough isometry with respect to the combinatorial metrics of .P and . Q. Then there 
is .μ > 0 such that 

. � (S) ≤ μ �
[
ϕ(S)

]

for any finite subset .S ⊂ P. 

1.12.2.2 Nets on Riemannian Manifolds 

Let .(M, g) be a complete Riemannian manifold, and let .d = dg be the distance 
function on .M springing from the given Riemannian metric . g. 

Definition 1.182 Let .P ⊂ M be a subset and.ε > 0 a positive number. The set .P is 
a said to be .ε-separated if 

. d(p, q) ≥ ε

for any pair of distinct points .p, q ∈ M , .p �= q. �

Definition 1.183 Let .P ⊂ M be an .ε-separated set. .P is said to be maximal if it is 
maximal with respect to inclusion, i.e., for every .ε-separated set .Q ⊂ M , if . P ⊂ Q
then .P = Q. �

Exercise 1.184 Show that any maximal .ε-separated subset .P ⊂ M is .ε-full 
in . M . �

Solution. We must show that .Bε(P) = M . We argue by contradiction, i.e., let us 
assume that.M \ Bε(P) �= ∅, and let.x0 ∈ M \ Bε(P). Then. x0 /∈ Bε(P) = {x ∈ M :
d(x, P) < ε

}
hence 

. ε ≤ d(x0, P) = inf
{
d(x0, x) : x ∈ P

}

so that .x0 /∈ P and .d(x0, x) ≥ ε for every .x ∈ P . This observation, together with 
the fact that .P is . ε separated, implies that .Q := P ∪ {x0} is .ε-separated, and. Q ⊃ P
(strict inclusion), in contradiction with the maximality of . P . Q.e.d.
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Let.(M, g) be a complete Riemannian manifold, and let. d be the distance function 
on .M associated with . g. Let .ε > 0 and let .P ⊂ M be a maximal .ε-separated subset. 
For every .p ∈ P let us set 

.N (p) := {q ∈ P : 0 < d(p, q) ≤ 2 ε
}
, N := {N (p) : p ∈ P

}
. (1.145) 

Exercise 1.185 Show that .N is a net structure of . P . �

Exercise 1.186 Let.P ⊂ M be a maximal.ε-separated subset of a complete Rieman-
nian manifold . M . Let  .N be the net structure of .P given by (1.145). Show that the 
net .(P, N ) is connected provided that .M is connected. �

Definition 1.187 A maximal .ε-separated subset .P ⊂ M of a complete Riemannian 
manifold, together with the net structure given by (1.145), is called an.ε-net in. M . �

Lemma 1.188 Let.M be a complete.n-dimensional Riemannian manifold with Ricci 
curvature bounded by below, i.e., 

. Ric(X, X) ≥ −(n − 1)K 2

for some .K > 0 and any .X ∈ X(M). Let .P ⊂ M be an .ε-separated set. Then for any 
.r > 0 and any .x ∈ M there is .ν = ν(n, K , ε, r) > 0 such that 

. �
{
p ∈ P : x ∈ Br (p)

}
≤ ν.

In particular, every .ε-net in a complete Riemannian manifold with Ricci curvature 
bounded from below is uniform. 

Cf. Lemma  2.3 in [Kan1], p. 397. 

Proof of Lemma 1.188 Let .r > 0 and .x ∈ M and let us set 

. Px :=
{
p ∈ P : x ∈ Br (p)

}
.

Note that 
.Bε/2(p) ⊂ Br+ε/2(x) ⊂ B2r+ε/2(p) (1.146) 

for any.p ∈ Px . Indeed, let .y ∈ Bε/2(p) so that .d(p, y) < ε/2. Yet. p ∈ Px =⇒ x ∈
Br (p) =⇒ d(p, x) < r and hence 

. d(x, y) ≤ d(x, p)+ d(p, y) < r + ε

2
=⇒ y ∈ Br+ε/2(p),

i.e., .Bε/2(p) ⊂ Br+ε/2(x). Q.e.d. Similarly, let .y ∈ Br+ε/2(x) so that
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. y ∈ Br+ε/2(x) =⇒ d(x, y) < r + ε

2
,

. d(p, y) ≤ d(p, x)+ d(x, y) < r + r + ε

2
=⇒ y ∈ B2r+ε/2(p)

yielding .Br+ε/2(x) ⊂ B2r+ε/2(p). Q.e.d. Next, let us observe that 

.vol
[
Bε/2(p)

] ≥
V
( ε

2

)

V
(
2r + ε

2

) vol
[
B2r+ε/2(p)

]
. (1.147) 

To check (1.147) let us consider the function 

. f : M × (0, +∞) → R, f (x, r) = vol
[
Br (x)

]

V (r)
.

As.r1 ≤ r2 =⇒ f (x, r1) ≥ f (x, r2) it follows that 

. 
ε

2
< 2r + ε

2
=⇒ f

(
p,

ε

2

)
≥ f

(
p, 2r + ε

2

)

which is (1.147). Moreover, let us observe that the family 

. 

{
Bε/2(p) : p ∈ P

}

consists of mutually disjoint balls. We argue by contradiction. If there are. p1, p2 ∈ P
such that .p1 �= p2 and .Bε/2(p1) ∩ Bε/2(p2) �= ∅, let .y ∈ Bε/2(p1) ∩ Bε/2(p2). Then 

. d
(
p j , y

)
<

ε

2
, j ∈ {1, 2},

so that [as .P is .ε-separated and .p1 �= p2] 

. ε ≤ d(p1, p2) ≤ d(p1, y)+ d(y, p2) <
ε

2
+ ε

2
= ε,

a contradiction. In particular the balls.{Bε/2(p) : p ∈ Px } are mutually disjoint, and 
[by (1.146)] are contained in .Br+ε/2(x), hence 

. vol
[
Br+ε/2(x)

] ≥
∑

p∈Px
vol
[
Bε/2(p)

] ≥ [by (1.147)]

. ≥
∑

p∈Px

V
( ε

2

)

V
(
2r + ε

2

) vol
[
B2r+ε/2(p)

] ≥
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[of course .B2r+ε/2(p) ⊃ Br+ε/2(x) implies .vol
[
B2r+ε/2(p)

] ≥ vol
[
Br+ε/2(x)

]
] 

. ≥
V
( ε

2

)

V
(
2r + ε

2

) vol
[
Br+ε/2(x)

]
�
(
Px
)

that is 

. �
(
Px
) ≤

V
(
2r + ε

2

)

V
( ε

2

) =: ν .

Q.e.d. 

Lemma 1.189 Let.M be a.n-dimensional complete Riemannian manifold with Ricci 
curvature bounded from below by .−(n − 1) K 2, and let .P ⊂ M be an .ε-net. Let . δ
be the combinatorial metric of . P. Then .(P, δ)  (M, d) (a rough isometry), i.e., 

.
1

2ε
d
(
p1, p2

) ≤ δ
(
p1, p2

) ≤ a d
(
p1, p2

)+ b, p1, p2 ∈ P (1.148) 

for some constants .a ≥ 1 and .b ≥ 0 depending only on . n, .K and . ε. Consequently 
the inclusion .P ↪→ M is a rough isometry. 

Cf. Lemma 2.5 in [Kan1], p. 397. Lemma 1.189 generalizes J. Milnor’s inequality 
(1.137) and provides a basic tool for understanding the geometry of a Riemannian 
manifold .M in terms of the combinatorial geometry of a .ε-net in . M . 

Proof of Lemma 1.189 Let .p1, p2 ∈ P . If  .p1 = p2 there is nothing to check. Let 
.p1 �= p2. To check the first inequality in (1.148) let  .q ∈ �P(p1, p2) be a path 
connecting .p1 and .p2, i.e., .q = (q0, . . . , q�) with .q j ∈ P for any .0 ≤ j ≤ �, and 
.q0 = p1, .q� = p2, and 

. q j ∈ N (q j−1) =
{
q ∈ P : 0 < d(q j−1, q) ≤ 2 ε

}

for any .1 ≤ j ≤ �, and .�(q) = �. Then 

. d
(
p1, p2

) ≤
�−1∑

j=0
d
(
q j , q j+1

) ≤ 2 ε � = 2 ε �(q)

so that .(1/(2ε)) d
(
p1, p2

)
is a lower bound of the set . �(p1, p2) :=

{
�(q) : q ∈

�P(p1, p2)
}
. Consequently 

.δ
(
p1, p2

) = inf �(p1, p2) = g. l. b. of �(p1, p2) ≥ 1

2ε
d
(
p1, p2

)
.
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Q.e.d. To check the second inequality in (1.148) let  . γ be a minimizing geodesic in 
. M , parametrized by arc length, joining .p1 and .p2. Let us consider the set 

. Pγ :=
{
q ∈ P : Bε(q) ∩ γ �= ∅}.

Claim 1. .
{
Bε(q) : q ∈ Pγ

}
covers . γ. 

Proof The proof relies on the fact that any maximal .ε-separated subset .P ⊂ M is 
.ε-full. Indeed, let . x be a point of . γ, so that 

. x ∈ γ ⊂ M = Bε(P) =⇒ ε > d(x, P) = inf
{
d(x, p) : p ∈ P

} =⇒

. =⇒ ε is not a l. b. of the set
{
d(x, p) : p ∈ P

} =⇒ ∃ p ∈ P : d(x, p) < ε =⇒ x ∈ Bε(p).

Q.e.d. 

Claim 2. .δ
(
p1, p2

) ≤ �
(
Pγ

)
. 

Proof 

1.12.3 Volume Growth Rate 

The strategy of the proofs of M. Kanai’s results (cf. op. cit.) on the invariance under 
rough isometries of Riemannian geometric properties may be briefly described as 
follows. Let.M and. N be complete Riemannian manifolds obeying to the fundamental 
assumptions (1.139)–(1.140), and let us assume that.M  N (a rough isometry). Any 
rough isometry .M  N will induce a rough isometry .P  Q between nets . P ⊂ M
and.Q ⊂ N [as a consequence of an inequality similar to (1.137)]. On the other hand, 
an inequality such as (1.138) should imply that the geometries of .P and .Q are the 
same as those of .M and . N . At this point, all one needs to show is that the roughly 
isometric nets .P  Q have the same geometry, which is commonly not a difficult 
task. Therefore, M. Kanai’s work focuses on establishing discrete approximation 
results such as (1.138). 

Let .M be a Riemannian manifold and .o ∈ M . 

Definition 1.190 Let .m ∈ Z+. We say .M is a Riemannian manifold of polynomial 
growth of order .m if 

. inf
{
k ∈ N : lim sup

r→∞
vol
[
Br (0)

]

rk

}
= m. (1.149)

�
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Definition 1.191 .M is said to be a Riemannian manifold of exponential growth if 

. lim inf
r→∞

log vol
[
Br (o)

]

r
> 0. (1.150)

�

Definitions 1.190 and 1.191 do not depend upon the choice of point .o ∈ M . 

Theorem 1.192 Let .V ∈ {M, N } be two complete Riemannian manifolds of Ricci 
curvature bounded from below by a constant .−{ dim(V )− 1

}
K 2, .K > 0, and of 

positive injectivity radius .inj(V ) > 0. Assume that .M  N (a rough isometry). Then 

. M is of polynomial growth of order m ⇐⇒ N is of polynomial growth of order m,

. M is of exponential growth⇐⇒ N is of exponential growth.

Cf. Theorem 3.3. in [Kan1], p. 398. The proof of Theorem 1.192 is to show that 
the growth rate of a Riemannian manifold is approximated by that of a .ε-net in that 
manifold, where the growth rate of a net is defined as follows. 

Definition 1.193 Let .P be a net and .o ∈ P a point. .P is said to be of polynomial 
growth of order .m if 

. inf
{
k > 0 : lim sup

r→∞
�
{
p ∈ P : δ(o, p) < r

}

rk
= m.

.P is said to be of exponential growth if 

. lim inf
r→∞

log �
{
p ∈ P : δ(o, p) < r

}

r
> 0.

�

The reader should observe that the definition of growth rate for a net is defined by 
formally replacing.vol

[
Br (o)

]
in (1.149)–(1.150) by.�

{
p ∈ P : δ(o, p) < r

}
. The  

meaning of M. Kanai’s result is that the volume growth rates of geodesic balls in Rie-
mannian manifolds are invariant under rough isometries. The proof of Theorem 1.192 
requires. 

Lemma 1.194 Let .P and .Q be two roughly isometric uniform nets. Then 

. P is of polynomial growth of order m ⇐⇒ Q is of polynomial growth of order m,

.P is of exponential growth⇐⇒ Q is of exponential growth.
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Lemma 1.195 Let .M be a complete Riemannian manifold of Ricci curvature 
bounded from below by .−(n − 1)K 2 and with .inj(M) > 0. Let .P ⊂ M be a .ε-net. 
Then 

. M is of polynomial growth of order m ⇐⇒ P is of polynomial growth of order m,

. M is of exponential growth⇐⇒ P is of exponential growth.

Cf. Lemmas 3.4 and 3.6 in [Kan1], p. 399. 

Proof of Theorem 1.192 Let.M and.N be two Riemannian manifolds obeying to the 
assumptions of Theorem 1.192, and let .P ⊂ M and .Q ⊂ N be nets. Note that both 
. P and.Q are uniform. By Lemma 1.189 any rough isometry.M  N induces a rough 
isometry.P  Q. Hence. P and.Q have the same growth rate. Yet (by Lemma 1.195) 
the growth rates of .P and.Q coincide with those of .M and. N , respectively. We may 
conclude that geodesic balls in .M and .N have the same volume growth rate. Q.e.d. 

1.12.4 Isoperimetric Constants 

Let.M be a .n-dimensional complete Riemannian manifold, and let .0 < m ≤ ∞. Let  
us set 

. Im(M) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

inf
�

area
(
∂�
)

(
vol�

)(m−1)/m if 0 < m <∞,

inf
�

area
(
∂�
)

vol (�)
if m = ∞ .

where .� ranges over all nonempty smoothly bounded domains .� ⊂ M such that 
.area

(
∂�
)
is well defined. 

Definition 1.196 .Im(M) is the.m-dimensional isoperimetric constant .Im(M) of the 
Riemannian manifold . M . �

The isoperimetric inequality for the Euclidean space .R
n implies that 

.Im(Rn) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ω
1/n
n−1

n(n−1)n if m = n,

0 if m �= n.
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The isoperimetric constant vanishes if.M is compact. If.M is a complete Riemannian 
manifold then 

. In(M) ≤ In(R
n),

and if .m < n then 72 .Im(M) = 0. If  .M is a simply connected complete Riemannian 
manifold.M whose sectional curvature is bounded from above by a negative constant, 
then .I∞(M) > 0. Also, if .M is a .n-dimensional complete Riemannian manifold 
of non-negative Ricci curvature then .Im(M) = 0 for any .m > n. Cf. Buser [Bus], 
Osserman [Oss], and Yau [Yau], for an array of results on isoparametric constants 
and ramifications. 

Theorem 1.197 Let .V ∈ {M, N } be two complete Riemannian manifolds of Ricci 
curvature bounded from below by a constant .−( dim(V )− 1

)
K 2 with .K > 0, and 

such that .inj(V ) > 0. Let us assume that .M and .N are roughly isometric and that 
.dim(V ) ≤ m ≤ ∞. Then 

. Im(M) > 0⇐⇒ Im(N ) > 0.

Cf. Theorem 4.1 in [Kan1], p. 400. The strategy of the proof of Theorem 1.197 
is the same as that of Theorem 1.192, that is one first introduces “isoperimetric 
constants” for nets, and proves that the statement holds in the discrete approximation 
setting. 

Let .P be a net. 

Definition 1.198 The boundary .∂S of a subset .S ⊂ P is 

.∂S := {p ∈ P : δ(p, S) = 1
}
.

�

Definition 1.199 The .m-dimensional isoperimetric constant of .P is 

. Im(P) := inf
S

�(∂S)

(� S)(m−1)/m

where . S ranges over all nonempty finite subsets of . P . �

The proof of Theorem 1.197 relies on the following lemmas. 

Lemma 1.200 Let .P and .Q be roughly isometric uniform nets. Then 

.Im(P) > 0⇐⇒ Im(Q) > 0.

72 By looking at .limr→0 area
[
∂Br (o)

]/{
vol Br (o)

}(m−1)/m . 
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Lemma 1.201 Let .M be a .n-dimensional complete Riemannian manifold of Ricci 
curvature bounded from below by .−(n − 1)K 2 and of positive injectivity radius 
.inj(M) > 0. Let .P ⊂ M be an .ε-net. Then 

. Im(M) > 0⇐⇒ Im(P) > 0

for every .m ∈ [n, ∞]. 

1.12.5 Liouville’s Theorem 

By the classical theorem of Liouville, every positive harmonic function on the 
Euclidean space is a constant. By a result of Yau (cf. [Yau]) the statement holds 73 on 
any Riemannian manifold.M of non-negative Ricci curvature. The work 74 by Moser 
[Mos], admits a geometric interpretation (cf. Greene and Wu [GrWu]) implying that 
on any .M  R

n (a quasi-isometry), all positive harmonic functions are constants. 
By Theorem 1.197 certain isoperimetric inequalities are invariant under rough isome-
tries. This suggests that J. Moser’s result (cf. op. cit.) should extend to Riemannnian 
manifolds .M that are roughly isometric to the Euclidean space. As shown by M. 
Kanai (cf. op. cit.) this is indeed the case under the additional assumption that.M has 
Ricci curvature bounded from below by .−(n − 1)K 2 and .inj(M) > 0. Precisely 

Theorem 1.202 Let .M be a .n-dimensional complete Riemannian manifold with 
.Ric(X, X) ≥ −(n − 1)K 2 and .inj(M) > 0. Assume that .M is roughly isometric to 
.R

m for some .m ≥ n. Then every positive harmonic function on .M is a constant. 

Cf. Theorem 5.1 in [Kan1], p. 404. Theorem 1.202 follows immediately from the 
following lemmas. 

Lemma 1.203 Let.M be a complete Riemannian manifold with. Ric(X, X) ≥ −(n −
1)K 2 and.inj(M) > 0, and such that.M  R

2 (a rough isometry). Then every positive 
superharmonic function is a constant. 

Lemma 1.204 Let.M be a complete Riemannian manifold with. Ric(X, X) ≥ −(n −
1)K 2 and .inj(M) > 0, and such that .M  R

m (a rough isometry) for some . m ≥
max{n, 3}. Then there are bounded domains .�k ⊂ M, .k ∈ N, such that

73 The proof relies on a gradient estimate for positive harmonic functions. 
74 Relying on the Sobolev inequalities, which are known to be closely related to the isometrimetric 
inequalities. 
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(i) .�k ⊂ �k+1 and .M =⋃∞
k=1 �k , 

(ii) For every .k ≥ 1 and every positive harmonic function . u on .�k , the Harnack 
inequality 

. sup
�k

u ≤ h inf
�k

u (1.151) 

holds for some constant .h > 0 independent of . u and . k. 

Cf. Propositions 5.2 and 5.3 in [Kan1], p. 404. 

1.12.6 Rough Isometries and Parabolicity of Riemannian 
Manifolds 

By a result of Kanai [Kan2], parabolicity is also preserved by rough isometries. 

Definition 1.205 A complete Riemannian manifold .M is parabolic if all positive 
superharmonic functions on .M are constants. �

Parabolicity may be characterized as follows. Let.pt (x, y), with.t > 0 and. x, y ∈
M , be the minimal positive fundamental solution to the heat equation . ∂u/∂t = �u
[with . u defined on .(0, +∞)× M], cf. e.g., It. ô [Ito1], Dodziuk [Dod1]. Then .M is 
non-parabolic if and only if the Green function 

. g(x, y) =
∫ ∞

0
pt (x, y) d t

exists (cf. It. ô [Ito2]). The Euclidean space .R
n is non-parabolic if and only if .n ≥ 3. 

Theorem 1.206 Let .V ∈ {M, N } be two complete Riemannian manifolds of Ricci 
curvature bounded from below by .−( dim(V )− 1

)
K 2, of positive injectivity radius 

.inj(V ) > 0, and such that .M  N (a rough isometry). Then 

. M is parabolic ⇐⇒ N is parabolic.

Cf. Theorem 1 in [Kan2], p. 228. 

Corollary 1.207 Let .M be a normal covering of a compact Riemannian manifold 
whose deck transformation group is abelian of rank . m. Then 

.M is parabolic ⇐⇒ m ≤ 2.
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This is a result by Lyons and Sullivan [LySu]. Corollary 1.207 follows from Theo-
rem 1.206 because.M is roughly isometric to a Euclidean space, unless.M is compact 
(cf. [Kan1] or our preceding section). The proof of Theorem 1.206 relies again on 
Kanai’s approximation of the “continuous” geometry of a Riemannian manifold . M
by the combinatorial geometry of a .ε-net in . M . Let  .P be a net, and let us consider 
the linear operator . L acting on functions . u defined on . P , given by 

. Lu(p) = 1

� N (p)

∑

q∈N (p)

u(q)− u(p), p ∈ P.

As well known .L enjoys 75 properties similar to those of the Laplace-Beltrami 
operator on a Riemannian manifold. 

Definition 1.208 A function . u on .P is superharmonic if .Lu ≤ 0. �

Definition 1.209 A net .P is parabolic if every positive superharmonic function on 
.P is a constant. �

Let .M be a complete Riemannian manifold, and let .P ⊂ M be a maximal .ε-
separated subset. Let us set .N (p) := {q ∈ P : 0 < d(p, q) ≤ 3ε}. Then . {N (p) :
p ∈ P} is a net structure of . P , and the resulting net will still 76 be called a .ε-net. 

Theorem 1.210 Let .M be a .n-dimensional complete Riemannian manifold of Ricci 
curvature bounded from below by a constant.−(n − 1)K 2 with.K > 0, and of positive 
injectivity radius .inj(M) > 0. Let .ε > 0 and let .P ⊂ M be a .ε-net. Then 

. M is parabolic ⇐⇒ P is parabolic.

Cf. Theorem 2 in [Kan2], p. 229. Theorem 1.206 follows from Theorem 1.210. 
Results similar to Theorem 1.210 were obtained by Varopoulos [Var], and Lyons 
and Sullivan [LySu], by constructing a discrete random walk approximating the 
Brownian motion on a Riemannian manifold. Instead, the approach in [Kan2] relies 
on a criterion of parabolicity in terms of the capacity of a bounded domain in the given 
Riemannian manifold, and said criterion is established by a variational argument.

75 Cf. e.g., Dodziuk [Dod1], Dynkin and Yushkevic [DyYu]. 
76 There is a slight discrepancy (with respect to the previous sections) in the definition of the set 
.N (p) of all neighbors of . p [previously .N (p) = {q ∈ P : 0 < d(p, q) ≤ 2ε}] that is required in 
[Kan2] for technical reasons. 
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1.12.6.1 Capacity and Parabolicity 

Let .(M, g) be a complete Riemannian manifold, and let .� ⊂ M be a smoothly 
bounded domain. 

Definition 1.211 The capacity of .� is 

.cap(�) = inf
{ ∫

M

∣
∣∇u∣∣2 d vg : u ∈ C∞0 (M), u

∣
∣
�
= 1
}
.

�

Lemma 1.212 .M is non-parabolic .⇐⇒ .cap (�) > 0. 

Cf. Proposition 3 in [Kan2], p. 230. 

Proof of Lemma 1.212 We follow the arguments by Fischer-Colbrie and 
Schoen [FCSc]. 

“.=⇒” Let  .M be non-parabolic. Let .p ∈ � be a point, and let us set . v(x) =
log g(p, x), where . g is the Green function. Then, for any .u ∈ C∞0 (M) with . u = 1
on .� (by Green’s lemma) 

. 

∫

M\�
u2
∣
∣∇v

∣
∣2 d vg = −

∫

M\�
u2 �v d vg =

. = −
∫

∂�

∂v

∂ν
d σ + 2

∫

M\�
u g
(∇u, ∇u) d vg ≤

. ≤ −
∫

∂�

∂v

∂ν
d σ + 2

∫

M\�
|u| |∇u| |∇v| d vg ≤

. ≤ −
∫

∂�

∂v

∂ν
d x +

∫

M\�
|∇u|2 d x +

∫

M\�
u2 |∇v|2 d vg

yielding 

. 

∫

∂�

∂v

∂ν
d σ ≤

∫

M
|∇u|2 d vg .

Here . ν is the inward normal vector field on .∂�. Consequently 

. cap(�) ≥
∫

∂�

∂v

∂ν
d σ > 0.

Q.e.d.
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“.⇐=” Let.cap(�) > 0. Let.�k ⊂ M be a sequence of smoothly bounded domains 
such that 

. � ⊂ �1, �k ⊂⊂ �k+1, M =
⋃

k≥1
�k .

For each .k ≥ 1 there is a function .uk ∈ C∞
(
�k \�

)
which is harmonic in . �k \�

and .uk = 1 o .∂� and .uk = 0 on .∂�k . Let us observe that 

. cap(�) = lim
k→∞

∫

�k\�

∣
∣∇uk

∣
∣2 d vg .

By Harnack’s inequality and using Schauder estimates, one may pick 77 up a subse-
quence.{uk j } j≥1 of.{uk}k≥1 that converges in the Hölder.C2, α-norm, on any compact 
subset of .M \�, to a positive function .u ∈ C∞(M \�) that is harmonic in .M \�, 
and satisfies .u = 1 on .∂�. The extension of . u by .u = 1 on .� is a positive super-
harmonic function on. M . Hence, to prove non-parabolicity of . M , it suffices to show 
that . u is not constant. Indeed (by Green’s lemma) 

. 

∫

∂�

∂u

∂ν
d σ = lim

j→∞

∫

∂�

∂uk j

∂ν
d σ = lim

j→∞
∣
∣∇uk j

∣
∣2 d vg = cap(�) > 0

implying that . u is not constant. Q.e.d. 

1.12.6.2 Discrete Potential Theory 

A few potential theoretic aspects of nets are briefly recalled, by following Dodz-
iuk [Dod2]. Let .P be a net, and let us set 

. ν(p) = �
[
N (p)

]
, π(p, q) =

⎧
⎪⎪⎨

⎪⎪⎩

1

ν(p)
if q ∈ N (p),

0 otherwise.

,

so that the combinatorial Laplacian reads 

.Lu(p) =
∑

q∈N (p)

π(p, q) u(q)− u(p), p ∈ P,

77 Cf. e.g., Gilbarg and Trudinger [GiTr]. 
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for any function .u : P → R. Recall that a function .u : P → R is superharmonic if 
.Lu ≤ 0, and that. P is parabolic when 78 there are no positive superharmonic functions 
on .P excepts for (positive) constants. Next, let us consider the functions 

. πk : P × P → R, k ∈ Z+,

defined recurrently by 

. π0 : P × P → R, π(p, q) :=

⎧
⎪⎨

⎪⎩

1 if p = q,

0 if p �= q,

. πk+1(p, q) =
∑

r∈P
πk(p, r)π(r, q), k ≥ 0.

.πk is a discrete analog to the heat kernel on a Riemannian manifold. 

Definition 1.213 The Green function of .P is 

.g(p, q) =
∞∑

k=0
πk(p, q).

�

Exercise 1.214 Show that 

(1) If. P is connected and.g(p0, q0) <∞ for some.p0, q0 ∈ P , then. g(p, q) <∞
for any .p, q ∈ P . 

(2) If .g <∞ then for any . p, q ∈ P

. Lgq(p) =

⎧
⎪⎨

⎪⎩

−1 if p = q,

0 if p �= q,

where 
.gq : P → R, gq(p) = g(p, q).

�

The following result is a discrete analog to a result by It. ô [Ito2] (and will be 
referred to as It. ô’s Lemma).

78 A known characterization of parabolicity within probability theory is that .P is parabolic . ⇐⇒
the Markov chain on.P with transition probability. π is recurrent. 
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Lemma 1.215 .P is non-parabolic .⇐⇒ .g <∞. 

Cf. Lemma 4 in [Kan2], p. 232. The proof (a mere algebraic manipulation) is left 
as an exercise to the reader. 

Definition 1.216 For every pair of functions .u, v : P → R we consider the 
functions 

. 〈Du, Dv〉, |Du| : P → R,

. 〈Du, Dv〉(p) :=
∑

q∈N (p)

{
u(q)− u(p)

} {
v(q)− v(p)

}
,

.|Du|(p) := √〈Du, Dv〉(p), p ∈ P.

�

Definition 1.217 The support of a function .u : P → R is . Supp(u) = {p ∈ P :
u(p) �= 0

}
. �

Lemma 1.218 Let .u, v : P → R be two functions, at least one of finite support. 
Then 

.

∑

p∈P

{
2 ν u Lv + 〈Du, Dv

〉}
(p) = 0. (1.152) 

The proof of Lemma 1.218 is straightforward. 

Definition 1.219 Let .S ⊂ P be a finite set. The capacity of . S is 

. cap(S) := inf
{∑

p∈P
|Du|2(p) : u ∈ FS(P)

}

where.FS(P) consists of all functions.u : P → R such that.Supp(u) <∞ and. u = 1
on . S. �

Lemma 1.220 Let .P be a net, and let .S ⊂ P be a finite subset, .S �= ∅. Then 

. P is non-parabolic ⇐⇒ cap(S) > 0.

Cf. Proposition 6 in [Kan2], p. 233. Lemma 1.220 is a discrete analog to 
Lemma 1.212. Given a net . P , let us recall the combinatorial metric . δ(p, q) =
inf
{
�(p) : p ∈ �P(p, q)

}
on . P , and that .P is uniform when . supp∈P �

[
N (p)

]
<

∞. 

Corollary 1.221 Let .P and .Q be two roughly isometric uniform nets. Then .P is 
parabolic .⇐⇒ .Q is parabolic.
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Cf. Corollary 7 in [Kan2], p. 234. 

Lemma 1.222 (Local Poincaré inequality) Let .M be a .n-dimensional complete 
Riemannian manifold with Ricci curvature bounded from below by a constant 
.−(n − 1)K 2 with .K ≥ 0. Then for any geodesic ball .Br (p) ⊂ M there is a constant 
.β = β(n, K , r) > 0 such that 

. 

∫

Br (p)
|∇u| d vg ≥ β

∫

Br (p)

∣
∣u − u∗

∣
∣ d vg, u ∈ C∞

(
Br (p)

)
.

Here 

. u∗ := 1

vol
[
Br (p)

]

∫

Br (p)
u d vg .

Proof of Lemma 1.222 Let us set .B := Br (p) for brevity. It suffices to prove the 
lemma for .u ∈ C∞

(
B
)
obeying to 

(i) .u∗ = 0, 
(ii) . u has but finitely many critical points, 
(iii) .vol

{
x ∈ B : u(x) > 0

} ≤ vol
{
x ∈ B : u(x) < 0

}
. 

Let us set .Dt =
{
x ∈ B : u(x) > t

}
with .t ≥ 0. Then 

. vol
(
Dt
) ≤ 1

2
vol(B), t ≥ 0.

By Buser’s local isoperimetric inequality (cf. Buser [Bus]) 

. area
(
B ∩ ∂Dt

) ≥ c1 vol
(
Dt
)
, t ≥ 0,

for some constant .c1 = c1(n, K , r) > 0. Hence 

. 

∫

B
|∇u| d vg ≥

∫

D0

|∇u| d vg =
∫ ∞

0

(
B ∩ ∂Dt

)
d t ≥

. ≥ c1

∫ ∞

0
vol (Dt ) d t = c1

∫

D0

u d vg = c1
2

∫

B
|u| d vg .

Q.e.d. 

Let .P ⊂ M be a .ε-net in . M . Let us recall that the balls .{Bε/2(p) : p ∈ P} are 
mutually disjoint, and the balls.{Bε(p) : p ∈ P} cover. M , merely as a consequence 
of the fact that. P is maximal and. ε separated. Also, let us recall that, as a consequence 
of the assumption on the Ricci curvature [bounded by below by .−(n − 1)K 2]
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(i) for every .r > 0, there is a constant .μ(r) > 0, such that for any . x ∈ M

. �
[
P ∩ Br (x)

] ≤ μ(r),

and in particular .P is uniform. 
(ii) .(P, δ)  (M, d) (a rough isometry). 

If in addition [to the assumption on the Ricci curvature] .inj(M) > 0 then 

(iii) .vol Br (p) ≥ V0(r) for any .p ∈ M and any .r ∈
(
0,

1

2
inj(M)

]
, 

(iv) .vol Br (p) ≤ V1(r) for any .p ∈ M and any .r > 0, 

where .V0(r) and .V1(r) are positive constants independent of .p ∈ M . Also let us 
recall that (iii) is a result by Croke [Cro], while (iv) follows from the Comparison 
Theorem in Riemannian geometry. 

Proof of Theorem 1.210 Let .M be a complete Riemannian manifold of Ricci cur-
vature bounded from below by .−(n − 1)K 2 and of positive injectivity radius. By 
statements (i)–(ii) above any two nets in .M are uniform and roughly isometric. 
Hence (by Corollary 1.221) one of the two nets is parabolic if and only if so does 
the other. Therefore, it suffices to prove Theorem 1.210 for a .ε-net .P ⊂ M with 
.0 < ε ≤ 1

2 inj(M). We illustrate the ideas of the proof by checking the implication 
“.=⇒”. Let us assume that.M is not parabolic, and let.� ⊂ M be a smoothly bounded 
domain. Then (by Lemma 1.212) .cap(�) > 0. 

Claim 1. The finite subset .S = {p ∈ P : B2ε(p) ∩� �= ∅} has positive capacity. 
Claim 1 clearly implies (by Lemma 1.220) that .P is not parabolic. 

Proof of Claim 1 Let .p ∈ P and let us consider a function .ηp ∈ C∞0 (M) such that 

. 0 ≤ ηp ≤ 1, ηp = 1 on Bε(p), ηp = 0 on M \ B2ε(p),

. 

∣
∣∇ηp

∣
∣ ≤ c1 on M,

where .c1 > 0 is a constant independent of . p. Net, let us set 

. ξp(x) := ηp(x)
∑

q∈P
ηq(x)

, x ∈ M.

Let us observe that there is a constant .c2 > 0 such that .
∣
∣∇ξp

∣
∣ ≤ c2. Indeed 

.

∣
∣∇ξp

∣
∣ ≤

∣
∣∇ηp

∣
∣

∑

q

ηq
+ ηp

∑
q

∣
∣∇ηq

∣
∣

(
∑

q

ηq

)2 ≤
∣
∣∇ηp

∣
∣+
∑

q

∣
∣∇ηq

∣
∣ ≤ (ν0 + 2

)
c1
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where .ν0 := supp∈P �
[
N (p)

]
<∞. Let  .u∗ : P → R be an arbitrary function such 

that .Supp(u∗) <∞ and .u∗ = 1 on . S, and let us set 

. u(x) :=
∑

p∈P
u∗(p) ξp(x), x ∈ M.

Then, for any . x ∈ Bε(p)

. ∇u(x) =
∑

q∈N (p)∪{p}
u∗(q)∇ξq(x) = [by

∑

q∈N (p)∪{p}
∇ξq(x) = 0]

. =
∑

q∈N (p)\{p}

{
u∗(q)− u∗(p)

}∇ξq(x) =⇒

. =⇒ ∣
∣∇u(x)

∣
∣2 ≤ c22 ν0

∣
∣Du∗

∣
∣2(p) .

At this point [by statement (iv) above] 

. 

∫

M

∣
∣∇u∣∣2 d vg ≤

∑

p∈P

∫

Bε(p)

∣
∣∇u∣∣2 d vg ≤ c3

∑

p∈P

∣
∣Du∗

∣
∣2(p)

where .c3 := c22 ν0 V1(ε). Finally [by .u = 1 on . �] 

. c3
∑

p∈P

∣
∣Du∗

∣
∣2(p) ≥ cap(�) > 0

yielding .cap(S) > 0. Q.e.d. 

1.12.7 Rough Isometries and Harmonic Functions on 
Graphs 

Let .G = {V (G), E(G)} be a graph with vertex set .V (G), and edge set .E(G). 

Here .E(G) ⊂
{
E ∈ P

(
V (G)

) : � (E) = 2
}
, an assumption that excludes “mul-

tiple edges” and “self-loops”. For every vertex.x ∈ V (G), a  neighbor of. x is a vertex 
.y ∈ V (G) such that .{x, y} ∈ E(G). Let  .NG(x) denote the set of all neighbors of 
. x . Graphs in this section are infinite [i.e., .V (G) is an infinite set] and every vertex 
.x ∈ V (G) has neighbors, i.e.,.NG(x) �= ∅. A  path in. G is a set. p = {x0, x1, . . . , x�

}

with.� ∈ N, .x j ∈ V (G), .0 ≤ j ≤ �, and.x j+1 ∈ NG(x j ) for any.0 ≤ j ≤ �− 1. The  
length of the path.p = {x0, x1, . . . , x�

}
is the number.�(p) := �. Given two vertices 

.x, y ∈ V (G), let.�G(x, y) be the set of all paths.p = {x0, x1, . . . , x�} joining. x and
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. y, i.e., .x0 = x and .x� = y. .G is connected if .�G(x, y) �= ∅ for any .x, y ∈ V (G). 
The degree of a vertex .x ∈ V (G) is 

. deg(x) := �
[
NG(x)

]
.

Graphs in this section are connected and of bounded degree, i.e., there is a positive 
constant .M > 0 such that 

. sup
x∈V (G)

deg(x) ≤ M. (1.153) 

The distance between two vertices .x, y ∈ V (G), .x �= y, is  

. dG(x, y) := inf
{
�(p) : p ∈ �G(x, y)

}
.

If .x = y we set by definition.dG(x, x) = 0. Two vertices.x, y ∈ V (G) are adjacent 
(and one occasionally writes .x ∼ y) if  

. x ∈ NG(y) ⇐⇒ y ∈ NG(x) ⇐⇒ dG(x, y) = 1.

An orientation of .G is a couple of functions .i, t : E(G) → V (G) such that 

. e = {i(e), t(e)
}
, ∀ e ∈ E(G).

.G is directed is an orientation .(i, t) is prescribed on . G. For every .k ∈ N the .k-fuzz 
of .G is the graph .Gk = {V (Gk), E(Gk)} with .V (Gk) = V (G) and 

. E(Gk) = {{x, y} : x, y ∈ V (G), 1 ≤ dG(x, y) ≤ k
}
.

In particular .E(G) ⊂ E(Gk). A  morphism of graphs .ψ : G1 → G2 is a map of 
vertices .ψ : V (G1) → V (G2) such that 

. dG(x, y) = 1 =⇒ dG2

(
ψ(x), ψ(y)

) ≤ 1.

For every morphism.ψ : G1 → G2 the image of.G1 in.G2 is the graph.G ′ defined by 

. V
(
G ′
) := ψ

(
V (G1)

) ⊂ V (G2),

. E
(
G ′
) :=

{{
ψ(x), ψ(y)

} ∈ E(G2) :
{
x, y

} ∈ E(G) with ψ(x) �= ψ(y)
}
.

The function .dG : V (G)× V (G)→ Z+ is a distance function, or metric, on .V (G), 
so that .

(
V (G), dG

)
is a metric space. Two graphs .G1 and .G2 are roughly isometric 

if the corresponding metric spaces.
(
V (Ga), dGa

)
, .a ∈ {1, 2}, are roughly isometric, 

i.e., there is a map .φ : V (G1) → V (G2) such that there are constants .a > 0 and
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.b > 0 with the property 

.
1

a
dG1(x, y)− b ≤ dG2

(
φ(x), φ(y)

) ≤ a dG1(x, y)+ b (1.154) 

for any .x, y ∈ V (G1). 

Lemma 1.223 Let .Ga, .a ∈ {1, 2}, be two roughly isometric graphs, and let . φ :
V (G1) → V (G2) be a rough isometry of .(V (G1), dG1) into .(V (G2), dG2), i.e., . φ
satisfies (1.154) for some .a > 0 and .b > 0. Then for every .k ∈ N, .k ≥ a + b, the  
map . φ determines a morphism .G1 → Gk

2. 

The proof is left as an exercise to the reader. 

1.12.7.1 Yamasaki’s Potential Theory 

We recall a few elements of discrete potential theory, as created for the needs of the 
theory of infinite networks. The results in this section belong to Yamasaki [Yam1, 
Yam3], and Kayano and Yamasaki [KaYa]. Let . f : V (G) → R be a function. The 
Dirichlet sum of . f is 

.D( f ) :=
∑

x∼y

∣
∣ f (x)− f (y)

∣
∣2 . (1.155) 

. f is Dirichlet finite if .D( f ) <∞. Let  .o ∈ V (G) be a fixed reference vertex. Let 

.D(G) denote the space of all Dirichlet finite functions . f : V (G)→ R. For every 

. f ∈ D(G) we set 

.‖ f ‖D(G) :=
(
| f (o)|2 + D( f )

)1/2
. (1.156) 

Equation (1.156) is a norm on.D(G). Actually.D(G) is a Hilbert space with the inner 
product 

. ( f, g)D(G) := f (o) g(o)+
∑

x∼y

{
f (x)− f (y)

} {
g(x)− g(y)

}

and (1.156) is the corresponding norm. Let .�0(G) be the space of all functions 
. f : V (G) → R of finite support, i.e., .Supp( f ) <∞. As  .(V (G), dG) is a metric 
spaces, and in particular a Hausdorff space, one may adopt the ordinary notion of 
support, i.e., 

.Supp( f ) := V (G) \ Z( f ), Z( f ) := {x ∈ V (G) : f (x) = 0}
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[here. A denotes the closure of the subset.A ⊂ V (G)]. However, a moment’s thought 
shows 79 that .Supp( f ) = V (G) \ Z( f ). Let  .D0(G) denote the closure of .�0(G) in 
.D(G). 

Definition 1.224 A graph .G is said to be recurrent 80 if .D0(G) = D(G). �

Exercise 1.225 Show that .G is recurrent .⇐⇒ .1 ∈ D0(G), where . 1 : V (G) → R

is the constant function .1(x) = 1. �

Cf. Theorem 3.2 in [Yam1]. Let .G be a directed graph, with the orientation 
.(i, t). For every vertex .v ∈ V (G), let .O(v) be the set of neighbors .u ∈ NG(v) such 
that .i(e) = v and.t(e) = u, for some edge.e ∈ E(G). That is . 

{{v, u} ∈ E(G) : u ∈
O(v)

}
is the set of all outgoing edges of .G issuing at . v. Similarly, let .I (v) be the 

set of all neighbors . u of . v such that .i(e) = u and .t(e) = v, for  some.e ∈ E(G), i.e., 
.
{{u, v} ∈ E(G) : u ∈ I (v)

}
is the set of all ingoing edges terminating at . v. A  flow 

. f from. v is an assignment of a non-negative real number to every edge such that, at 
every vertex distinct from. v the incoming flow equals the outgoing flow, i.e., 

. 

∑

u∈O(v)

f
({v, u}) =

∑

u∈I (v)

f
({u, v}).

The net flow leaving . v

. 

∑

u∈O(v)

f
({v, u})

is the value of . f . The  energy of the flow is 

. E( f ) =
∑

e∈E(G)

f (e)2 .

The graph. G is transient from the vertex. v if. G admits a flow from. v of positive value 
and finite energy. When. G is connected the definition doesn’t depend upon the choice 
of . v, and .G is referred to merely as transient. Cf. also Markvorsen, McGuinness, 
and Thomassen [MGT]. 

Exercise 1.226 Let.G be a connected graph. Show that.G is recurrent.⇐⇒ .G is not 
transient. �

79 Indeed, let .x ∈ Supp( f ), hence there is a sequence .{xν}ν≥1 ⊂ V (G) \ Z( f ) such that 
.dG(xν , x) → 0 as .ν →∞. Let us assume that . f (x) = 0. Then  .xν �= x for any .ν ≥ 1 hence 
.dG(xν , x) ≥ 1, a contradiction. 
80 The ordinary definition of the notion is probabilistic, i.e., .G is recurrent if the simple random 
walk on.G assigning equal probability of passing from a vertex to any of its neighbors, is recurrent. 
For the time being we avoid the probabilistic treatment of the topic, by adopting as a definition (cf. 
Definition 1.224) an equivalent description of recurrent graphs (cf. Theorem 3.2 in [Yam1]). 
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More generally, the energy of a function .ψ : E(G) → R is 

. E(ψ) =
∑

e∈E(G)

ψ(e)2

and the energy of a function .φ : V (G) → R is the energy of . ψ(e) = ∣∣φ(t(e))−
φ(i(e))

∣
∣, i.e., the energy of . φ is the Dirichlet sum.D(φ). 

Definition 1.227 A function .h : V (G)→ R is harmonic if 

.h(x) = 1

deg(x)

∑

y∼x
h(y), x ∈ V (G). (1.157)

�

Let .HD(G) denote the space of harmonic functions .h ∈ D(G). By a result of 
Yamasaki (cf. [Yam2]). 

Theorem 1.228 Let .G be a transient graph. Then for every . f ∈ D(G) there is a 
unique .g ∈ D0(G) and a unique .h ∈ HD(G) such that 

. f = g + h. (1.158) 

Formula (1.158) in Theorem 1.228 is referred to as Royden’s decomposition of 
. f ∈ D(G). 

1.12.7.2 Extremal Length of a Set of Paths in a Graph 

Let . P be a set of non-self-intersecting infinite paths in a graph . G. 

Definition 1.229 The extremal length .λG(P) is defined by 

.
1

λG(P)
= inf

w
E(w) (1.159) 

where the infimum is take over all functions .w : E(G) → [0, +∞) such that 

. E(w) <∞,
∑

e∈E(P)

w(e) ≥ 1, P ∈ P,

where .E(P) and .V (P) are the edges and vertices of . P . �

Definition 1.230 A property is said to hold for almost all paths in. P if said property 
holds for all .P ∈ P \ S, for some subset .S ⊂ P with .λG(S) = ∞. �
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Let.o ∈ V (G), and let.Po be the set of all non-self-intersecting infinite paths whose 
first vertex is . o. Let . f ∈ D(G) and .P ∈ Po. Then 

. P = {o = x0, x1, . . . , xν, . . .},

. xν+1 ∈ NG(xν).

Let us assume that .limν→∞ f
(
xν

)
exists and is finite. Said limit is denoted by 

. f (P) = lim
x →∞
x ∈ V (P)

f (x) ∈ R.

We recall 

Theorem 1.231 Let . f ∈ D(G). Then 

(1) . f (P) = lim
x →∞
x ∈ V (P)

f (x) exists and is finite for almost every .P ∈ P0. 

(2) If . f ∈ D0(G) then . f (P) = 0 for almost every .P ∈ P0. 
(3) If . f ∈ HD(G) is not a constant, then there is no constant .γ ∈ R such that 

. f (P) = γ for almost every .P ∈ P0. 

Cf. Theorems 3.1 and 3.3 in Kayano and Yamasaki [KaYa], and Theorem 3.1 in 
Yamasaki [Yam3]. 

1.12.7.3 Dirichlet Finite Harmonic Functions 

Let.OHD denote the set of all graphs. G which admit no nonconstant harmonic function 
of finite Dirichlet sum. 

Definition 1.232 An element .G ∈ OHD is said to be a graph of class .OHD. �

The main result in Soardi [Soa] is  

Theorem 1.233 Let .G1 and .G2 be roughly isometric infinite connected graphs of 
bounded degree. Then 

. G1 ∈ OHD =⇒ G2 ∈ OHD .

Cf. [Soa], p. 1242. The proof of Theorem 1.233 follows from the three lemmas 
below. 

Lemma 1.234 Let. G be a transient connected graph of bounded degree. If. G ∈ OHD

then .Gk ∈ OHD for every .k ∈ N.
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Cf. Lemma  1 in [Soa], p. 1242. 

Lemma 1.235 Let .G and .G ′ be transient connected graphs of bounded degree. Let 
us assume that 

(i) There is a morphism .ψ : G → G ′ such that .G ′ is the image of .G by . ψ, 
(ii) There is a constant .m ∈ R such that for any . x, y ∈ V (G)

. ψ(x) = ψ(y) =⇒ dG(x, y) ≤ m.

Then .G ∈ OHD =⇒ G ′ ∈ OHD. 

Cf. Lemma  2 in [Soa], p. 1243. 

Lemma 1.236 Let .G be a transient connected subgraph of a connected graph .H of 
bounded degree, and let us assume that the inclusion .G ↪→ H is a rough isometry. 
Then .G ∈ OHD =⇒ H ∈ OHD. 

Cf. Lemma  3 in [Soa], p. 1244. 

Proof of Theorem 1.233 If.G1 and.G2 are recurrent, then.G1, G2 ∈ OHD by Theorem 
6.1 in [Yam2]. Let us assume that .G1 and .G2 are transient, and let . φ : V (G1) →
V (G2) be a rough isometry, i.e., . φ obeys to (1.154) for some constants .a > 0 and 
.b > 0. Let .k > a + b. Then. φ is a morphism of .G1 into .Gk

2. Let .G
′
1 be the image of 

.G1 in .Gk
2 by . φ. Then [by Lemma 1.235 with .m = ab, together with (1.154)] . G ′1 ∈

OHD. Therefore [by Lemma 1.236].Gk
2 ∈ OHD. Finally [by Lemma 1.234].G2 ∈ OHD. 

Q.e.d. 

1.12.8 Parabolic and Hyperbolic Infinite Networks 

Through the present section we follow mainly the work by Yamasaki [Yam1]. Let 
.X and. Y be two infinite countable sets, and let .K : X × Y → {0, ±1} be a function 
such that 

(i) For every .y ∈ Y the set .e(y) := {x ∈ X : K (x, y) �= 0} consists of exactly 
two points .e(y) = {x1, x2} such that .K (x1, y) K (x2, y) = −1, 

(ii) For every .x ∈ X the set .Y (x) := {y ∈ Y : K (x, y) �= 0} is nonempty and 
finite, 

(iii) For any .x, x ′ ∈ X there exist .x1, . . . , xn ∈ X and .y1, . . . , yn+1 ∈ Y such 
that .e(y j ) = {x j−1, x j }, .1 ≤ j ≤ n + 1, with .x0 := x and .xn+1 := x ′. 

Elements of .X are referred to as nodes, while elements in .Y are called arcs. The  
function.K is the node-arc incidence function. A node.x ∈ X is incident with an arc 
.y ∈ Y if.K (x, y) �= 0. If.x ∈ X is incident with.y ∈ Y one also says that the arc. y is 
incident with the node. x . Once this terminology is adopted,.e(y) is the set of all nodes 
incident with the arc . y, while .Y (x) is the set of all arcs incident with the node. x . By
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Axiom (i) above every edge . y is incident precisely with two nodes .e(y) = {x1, x2}, 
and one distinguishes between the two nodes as, up to eventually relabeling .x1 and 
. x2, one has 

. K
(
x1, y

) = −1, K
(
x2, y

) = +1.

With this distinction in mind, one may give the two nodes the new names . x− := x1
and .x+ := x2, and speak about the initial and terminal nodes .x± of the edge . y. By  
Axiom (ii) for every node .x ∈ X there exist finitely many arcs incident with . x , and 
in particular a node is never isolated, i.e., .Y (x) �= ∅. 
Definition 1.237 A synthetic object .N = {X, Y, K , r} consisting of a triple 
.{X, Y, K } as above, and a function.r : Y → (0, +∞), is called an infinite network, 
and . r is the resistance of . N . �

A graph.G may be associated to an infinite network.N = {X, Y, K , r} by setting 

. V (G) := X, E(G) := {e(y) : y ∈ Y
}
.

By Axiom (i) there are no loops. By Axiom (iii) the graph .G is connected. 

1.12.8.1 Function Spaces on an Infinite Network 

Let .N = {X, Y, K , r} be an infinite network. Let .L(X) be the set of all func-
tions .u : X → R. The  support of .u ∈ L(X) is .Supp(u) := {x ∈ X : u(x) �= 0}. 
The Dirichlet sum of order . p (with .1 < p ≤ ∞) of .u ∈ L(X) is 

. Dp(u) :=
∑

y∈Y

∣
∣
∣
∑

x∈X
K (x, y) u(x)

∣
∣
∣
p

r(y)p−1
, 1 < p <∞,

. D∞(u) := sup
y∈Y

∣
∣
∣
∑

x∈X
K (x, y) u(x)

∣
∣
∣

r(y)
, p = ∞.

Next, let us set 
. L0(X) := {u ∈ L(X) : � (Supp(u)) <∞},

. D(p)(N ) := {u ∈ L(X) : Dp(u) <∞}.

Also, for any subset . A ⊂ X

. D(p)(N ; A) = {u ∈ D(p)(N ) : u = 0 on A
}
,

.L A
0 (X) = {u ∈ L0(X) : u = 0 on A

}
.
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Then .D(p)(N ; A), .1 < p <∞, is a reflexive Banach space with the norm . u ∈
D(p)(N ; A) �→ [

Dp(u)
]1/p

. Also.D(∞)(N ; A) is a Banach space with the norm. u ∈
D(∞)(N ; A) �→ D∞(u). Let  .D(p)

0 (N ; A) be the closure of .L A
0 (X) in .D(p)(N ; A). 

Let .x0 ∈ X be a fixed node, and let us set 

. ‖u‖p =
[
Dp(u)+ ∣∣u(x0)

∣
∣p
]1/p

, 1 < p <∞,

. ‖u‖∞ = D∞(u)+ ∣∣u(x0)
∣
∣.

Lemma 1.238 For every finite subset .F ⊂ X, there is a constant .M(F) > 0 such 
that 

. 

∑

x∈F

∣
∣u(x)

∣
∣ ≤ M(F) ‖u‖p

for any .u ∈ D(p)(N ). Consequently, if .uν ∈ D(p)(N ) and .‖uν − u‖p → 0 then 
.uν(x) → u(x) as .ν →∞, for any .x ∈ X. 

Cf. Lemma 2.1 and its corollary in [Yam1], p. 137. The proof is left as an exercise 
to the reader. Cf. also Lemma 1 in [Yam4]. 

Lemma 1.239 .D(p)(N ) is a Banach space with the norm .u �→ ‖u‖p. If . 1 < p <∞
then .D(p)(N ) is reflexive. 

Cf. Proposition 2.1 in [Yam1], p. 137. The proof is straightforward. Let . D(p)
0 (N )

be the closure of .L0(X) in .D(p)(N ). 

Lemma 1.240 Let .A ⊂ X be a nonempty finite set. Then 

. D(p)
0 (N ; A) = Dp(N ; A) ∩ D(p)

0 (N ).

Cf. Lemma  2.2 in [Yam1], p. 137. The choice of the node .x0 ∈ X [used in the 
definition of the norms .‖ · ‖p, .1 < p ≤ ∞] is rather immaterial. Indeed, if another 
node .x ′0 ∈ X is used in the definitions of said norms, and .D(p)

0 (N , x ′0) is the closure 
of .L0(X) in .D(p)(N ) endowed with said norms, then .D(p)

0 (N , x ′0) = D(p)
0 . 

A function .T : R→ R is a normal contraction if .T (0) = 0 and 

. 

∣
∣T (t1)− T (t2)

∣
∣ ≤ ∣∣t1 − t2

∣
∣, t1, t2 ∈ R.

The functions 

. T (+)(t) := max{t, 0}, T (−)(t) := max{−t, 0}, t ∈ R,

are normal contractions. Given a normal contraction .T : R→ R and a function 
.u ∈ L(X) we set .Tu := T ◦ u ∈ L(X).
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Lemma 1.241 Let . T be a normal contraction and let .u ∈ D(p)(N ). Then 

. Tu ∈ D(p)(N ), Dp(Tu) ≤ Dp(u), ‖Tu‖p ≤ ‖u‖p .

Cf. Lemma  2.3 in [Yam1], p. 138. The proof is straightforward. 

1.12.8.2 Classifying Infinite Networks 

Let .N = {X, Y, K , r} be an infinite network, and let .A ⊂ X be a nonempty finite 
subset. Together with [Yam1], let us consider the following extremum problem 
relative to the ideal boundary .∞ of . N

. dp(A, ∞) := inf
{
Dp(u) : u ∈ L0(X), u = 1 on A

}
.

An explicit definition of the ideal boundary isn’t needed, yet may be provided as 
follows. Let 

. π0 : X × X → R, π0(x, x
′) =

⎧
⎪⎨

⎪⎩

1 x = x ′,

0 x �= x ′,

. πk : X × X → R, k ≥ 1,

. πk+1(x, x ′) =
∑

x∈X
πk(x, x

′′)πk(x
′′, x ′), k ≥ 0.

Also, let 

. G(x, x ′) =
∞∑

k=0
πk(x, x

′)

be the Green function of . N . Let .x0 ∈ X be fixed, and let us set 

. � =
{G( ·, x ′)
G( ·, x0) : x ′ ∈ X

}
.

. X is a metric space, with the distance.dX (x, x ′) = the length of the shortest set of arcs 
connecting . x and . x ′, and hence a topological space. By the Costantinescu-Cornea 
Theorem (cf. the Appendix to this section) there is a compact space .X̂ such that . X
is a dense open subspace of .X̂ and every function . f ∈ � extends to a continuous 
function. f̂ on. X̂ , separating points on.∞ := X̂ \ X , the ideal boundary of. X relative 
to . �. The space .∞ is the ideal boundary of . N .
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Theorem 1.242 Let .A ⊂ X be a finite set, .A �= ∅. Then 

. dp(A, ∞) = 0⇐⇒ 1 ∈ D(p)
0 (N ).

Cf. Theorem 3.1 in [Yam1], p. 138. The proof is straightforward. 

Corollary 1.243 Let .A ⊂ X and .A′ ⊂ X be two nonempty finite subsets. Then 

. dp(A, ∞) = 0⇐⇒ dp(A
′, ∞) = 0.

Cf. [Yam1], p. 138. As the most valuable results in mathematics, Theorem 1.242 
and Corollary 1.243 lead to an important definition, by means of which one actually 
classifies infinite networks. 

Definition 1.244 .N is said to be of parabolic type of order . p (.1 < p ≤ ∞) if there  
is a nonempty finite set .A ⊂ X such that .dp(A, ∞) = 0. Also  .N is of hyperbolic 
type of order . p if .N is not of the parabolic type of order . p, i.e., .dp(A, ∞) > 0 for 
any nonempty finite subset .A ⊂ X . �

The main result in [Yam1] is  

Theorem 1.245 Let .1 < p <∞, and let .N be an infinite network. The following 
statements are equivalent 

(i) .N is of parabolic type of order . p. 
(ii) .1 ∈ D(p)

0 (N ). 
(iii) .D(p)

0 (N ) = D(p)(N ). 

Cf. Theorem 3.2 in [Yam1], p. 139. 

Corollary 1.246 Let .1 < p <∞ and let .A ⊂ X be a nonempty finite subset. The 
following statements are equivalent 

(i) .N is of parabolic type of order . p. 
(ii) .εX\A ∈ D(p)

0 (N ; A) and .D(p)
0 (N ; A) = D(p)(N ; A). 

Cf. [Yam1], pp. 139–140. Here .εA = χA is the characteristic function of the set 
.A ⊂ X , i.e., .ε(x) = 1 for any .x ∈ A and .εA(x) = 0 for any .x ∈ X \ A. 

1.12.9 Parabolic Index and Rough Isometries 

Let.G be an infinite, locally finite, connected graph of bounded degree, whose vertex 
set.V (G) and edge set.E(G) are countable. Let.K : V (G)× E(G) → {0, ±1} be the 
vertex-edge incidence function, or matrix. We shall work with the infinite network
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.N = {V (G), E(G), K , r}, where .r : V (G) → R is the constant function .r ≡ 1, 
that throughout we identify to the graph. G. In particular, we say that. G is of parabolic 
(respectively hyperbolic) type of order. p if the network.N with.r ≡ 1 is of that type. 

Definition 1.247 The parabolic index .indG of the graph .G is 

.indG := inf
{
p > 1 : G is of parabolic type of order p

}
.

�

The main results in [SoYa] are  

Theorem 1.248 Let .G be a graph of bounded degree. Then .indG = indGk. 

Cf. Theorem 2.1 in [SoYa], p. 335. 

Theorem 1.249 Let .G1 and .G2 be two roughly isometric infinite connected graphs 
of bounded degree. Then .indG1 = indG2. 

Cf. Theorem 2.4 in [SoYa], p. 337. 

1.12.10 Appendix: Martin Boundary in Potential Theory 

Let .� be a locally compact, non-compact, topological space, and let . � ⊂ C(�, R)

be a family of continuous functions . f : �→ R, where .R = [−∞, +∞]. A classi-
cal result in Potential Theory, known as the Costantinescu-Cornea Theorem, is (cf.  
Costantinescu and Cornea [CoCo]). 

Theorem 1.250 There is a compact topological space . �̂, unique up to a homeo-
morphism, such that 

(1) .� is a dense subspace of . �̂, 
(2) Every. f ∈ � extends continuously to a function. f̂ : �̂→ R, separating points 

on .� := �̂ \�, 
(3) .� is an open subset of . �̂. 

Definition 1.251 .� = �̂ \� is the ideal boundary of .� relative to . �. �

Let.� ⊂ R
n , .n ≥ 2, be a bounded domain, and let.G(x, y) be the Green function 

on .� with pole .y ∈ �, and let .y0 ∈ � be fixed. Next, let us set 

. K (x, y) := G(x, y)

G(x, y0)
, x ∈ �, � :=

{
K
( ·, y

) : y ∈ �
}
.

Let .�̂ be the compact space associated to the pair .(�, �) by the Costantinescu-
Cornea Theorem.



1.12 Kanai Graphs 127

Definition 1.252 .�̂ is the Martin space, or  Martin compactification, of  . �, and the 
ideal boundary .�̂ \� of .� relative to .� is the Martin boundary of . �. The  Martin 
topology is the topology of the Martin space . �̂. �

Cf. also Martin [Mar], and Brelot [Bre]. Two Martin spaces .�̂′ and .�̂′′, 
corresponding to two different poles .y′0, y′′0 ∈ �, are homeomorphic. Let 

. K̂ ( ·, y) : �×�→ [0, +∞]

be the extension of.K ( ·, y). Then.K̂ (ξ, y) is harmonic in. y and jointly continuous in 
the variables .(ξ, y). The Martin space .�̂ is metrizable. By a result in [Mar] (known 
as Martin’s Fundamental Theorem). 

Theorem 1.253 The class of all non-negative harmonic functions .u(y) ≥ 0 on . �
may be represented as 

.u(y) =
∫

�

K (ξ, y) d μ(ξ) (1.160) 

for some positive Radon measure on . �. 

Formula (1.160) is the  Martin representation of . u. The measure . μ in (1.160) is  
not uniquely determined by . u. 

Definition 1.254 A harmonic function .v ≥ 0 is called minimal in .� if every 
harmonic function .w such that .0 ≤ w ≤ v in . �, is proportional to . v. �

Minimal harmonic functions.v �= 0 are proportional to.K̂ (ξ, · ); the corresponding 
points .ξ ∈ � are referred to as minimal, and the set of minimal points .�1 ⊂ � is 
called the minimal Martin boundary. Let us look at a few examples. 

(i) Let .� = BR(0) ⊂ R
n , .n ≥ 2, Then 

. K̂ (ξ, y) = Rn−2 (R2 − |y|2)
|ξ − y|n

is the Poisson kernel, .�̂ = � (the closure of . �), the Martin boundary is the sphere 
.� = Sn−1(R), all points of which are minimal. The Martin representation (1.160) 
becomes the Poisson-Herglotz formula. 

(ii) The Martin boundary is .� = �, where .� := � \�, whenever .� ⊂ R
n is a 

smooth hypersurface.
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Chapter 2 
Finslerian Geometry 

2.1 Finslerian Geometry 

2.1.1 Pullback Bundle 

Let .M be a .n-dimensional .C∞ manifold and let .T (M) be the total space of the 
tangent bundle over . M . Let  .� : T (M) → M be the canonical projection. Given a 
local coordinate system .

(
U, x̃ i

)
on .M let .

(
�−1(U ), xi , yi

)
be the induced local 

coordinate system on .T (M), i.e., 

. xi = x̃ i ◦ �, v = yi (v)

(
∂

∂xi

)

�(v)

, v ∈ �−1(U ).

The very pedantic notational distinction between the point coordinates . x̃ i : U → R

and .xi : �−1(U ) → R will be dropped in the sequel. Finslerian metrics (energy 
functions) are defined on.T (M) yet are commonly not sufficiently smooth along the 
zero section in .T (M). For this reason, we shall work with 

. V (M) = T (M) \ σ(M),

. σ : M → T (M), σ(x) = 0x ∈ Tx (M), x ∈ M.

.V (M) is an open subset in.T (M) and.
(
�−1(U ), xi , yi

)
induces the local coordinate 

system.
(
π−1(U ), xi , yi

)
on .V (M), where .π : V (M) → M is the projection. 

Definition 2.1 The pullback bundle .π−1T (M) → V (M) is the ordinary pullback of 
.T (M) by . π. . �

The fiber in.π−1T (M) over.v ∈ V (M) is.
(
π−1T (M)

)
v

= Tπ(v)(M). The following 
diagram 
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. 

π−1T (M)
p−→ V (M)

π̂ ↓ ↓ π

T (M)
�−→ M

is commutative. Here . p and . π̂ are, respectively, the maps 

. p(X) = v, π̂(X) = X, X ∈ (π−1T (M)
)
v
,

for any .v ∈ V (M). Let .U ⊂ M be an open set. 

Definition 2.2 The natural lift of the tangent vector field .X : U → T (M) is the 
cross section 

. Xπ ∈ C∞(π−1(U ), π−1T (M)
)
, Xπ = X ◦ π .

. �

Definition 2.3 The Liouville vector is the (globally defined) cross section 

. L ∈ C∞(�−1T (M)
)
, L(v) = v, v ∈ V (M).

. �

Given a local coordinate system.(U, xi ) on .M let 

. Xi =
(

∂

∂xi

)π

: π−1(U ) → π−1T (M)

be the natural lifts of the vector fields.∂/∂xi : U → T (M). Then. 
{
Xi : 1 ≤ i ≤ n}

is a local frame in the pullback bundle .π−1T (M) → V (M), defined on the open set 
.π−1(U ) ⊂ V (M). Therefore, for any . v ∈ π−1(U )

. L(v) = v = yi (v)

(
∂

∂xi

)

π(v)

= yi (v) Xi (v)

hence the Liouville vector admits the local representation 

.L = yi Xi on π−1(U ). (2.1)
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2.1.2 The Vertical Lift 

We shall need the vector bundle morphism 

. L : T (V (M)) → π−1T (M), LvA = (dvπ)A, A ∈ Tv(V (M)), v ∈ V (M).

We shall build a vector bundle morphism 

. γ : π−1T (M) → T (V (M))

as follows. Let.v ∈ V (M) and.X ∈ (π−1T (M)
)
v

= Tπ(v)(M). If.x = π(v) ∈ M , then 
.v 	= 0x hence there is .ε > 0 such that .v + t X ∈ Tx (M) \ {0x } for any .|t | < ε. Let  
.C : (−ε, ε) → V (M) be the curve given by 

. C(t) = v + t X, |t | < ε.

Finally, we consider the .R-linear maps 

. γv : (π−1T (M)
)
v

→ Tv(V (M)), v ∈ V (M),

given by 

. γv(X) = dC

dt
(0).

Definition 2.4 The vertical lift is the vector bundle morphism . γ : π−1T (M) →
T (V (M)). . �

The definition of .γv(X) doesn’t depend upon the various choices and 

. γ
[
π−1T (M)

] = Ker(dπ).

In particular .γ : π−1T (M) → Ker(dπ) is a vector bundle isomorphism and 

.0 → π−1T (M)
γ−→ T (V (M))

L−→ π−1T (M) → 0 (2.2) 

is a short exact sequence of vector bundles and vector bundle morphisms. All these 
statements are an easy consequence of the local representation of . γ, i.e., 

. γ (Xi ) = ∂

∂yi
, 1 ≤ i ≤ n, on π−1(U ).

Definition 2.5 A section.X ∈ C∞(π−1T M) is referred to as a Finslerian vector field 
on . M . . �

No Finslerian structure has been assigned to .M so far, yet locally . X = f i Xi

on .π−1(U ) for some .C∞ functions . f i : π−1(U ) → R. The functions . f i [the local
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components of .X with respect to the local coordinate system.(U, xi ) on . M] depend 
both on the position arguments .xi and the directional arguments . yi , thus motivating 
the chosen terminology. 

2.1.3 Connections in the Pullback Bundle 

The canonical connections (similar to the Levi-Civita connection of a Rieman-
nian manifold) in Finslerian geometry occur as connections in the pullback bun-
dle .π−1T (M) → V (M). Let  .C(π−1T M

)
be the affine space of all connections in 

.π−1T (M). To every connection .∇ ∈ C(π−1T M
)
one may associate its curvature 

.2-form 
. R∇ : �0

(
π−1T M

)→ �2
(
π−1T M

)
.

Here we use the customary notation.�k(E) = C∞(�kT ∗(M) ⊗ E
)
for every vector 

bundle.E → M , so that.�0(E) = C∞(E) is the space of all.C∞ sections in. E . Then 

. R∇ X : X(V (M)) × X(V (M)) → C∞(V (M)),

. 
(
R∇ X

)
(A, B) = [∇A, ∇B

]
X − ∇[A,B]X, X ∈ �0(π−1T M

)
, A, B ∈ X(V (M)).

As well known, the notion of torsion makes sense for a linear connection, that is for a 
connection in the tangent bundle over a differentiable manifold. However, a concept 
of “torsion” may be associated to a connection.∇ ∈ C(π−1T M

)
in a natural manner, 

by using the bundle morphism. L . Indeed, one sets 

. TL(A, B) = ∇ALB − ∇B L A − L[A, B], A, B ∈ X(V (M)).

Lemma 2.6 For every connection, . ∇ ∈ C(π−1T M
)

.TL
(
γX, γY

) = 0 (2.3) 

for any .X,Y ∈ C∞(π−1T M
)
. 

Proof By the exactness of the sequence (2.2) .Ker(L) = Ker(dπ), i.e., .Ker(L) is 
precisely the vertical distribution on .V (M). As well known the vertical distribution 
is involutive, hence 

. 
[
γX, γY

] ∈ Ker(L)

for any pair of Finslerian vector fields .X and . Y on . M . Then .L ◦ γ = 0 yields (2.3). 
Q.e.d.
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2.1.4 Nonlinear Connections 

Definition 2.7 A nonlinear connection on .M is a .C∞ distribution 

. N : v ∈ V (M) 
−→ Nv ⊂ Tv(V (M))

such that 
.Tv(V (M)) = Nv ⊕ Ker(dvπ), v ∈ V (M). (2.4) 

. �

Cf. N. Kawaguchi, [Kaw]. Given a nonlinear connection .N on .M and a tangent 
direction .v ∈ V (M) the restriction of .Lv to . Nv

. Lv : Nv → (
π−1T M

)
v

is a .R-linear isomorphism. Hence, .L : N → π−1T (M) is a vector bundle isomor-
phism whose inverse is denoted by .β : π−1T (M) → N , i.e., 

. βv = (Lv : Nv → (π−1T M)v
)−1

, v ∈ V (M).

Definition 2.8 The vector bundle isomorphism .β : π−1T M � N ⊂ T (V (M)) is 
referred to as the horizontal lift with respect to the nonlinear connection . N . . �

Let.(U, xi ) be a local coordinate system on.M and.
(
π−1(U ), xi , yi ) the induced 

local coordinates on .V (M). Let us set for simplicity 

. 
{
∂i , ∂̇i : 1 ≤ i ≤ n

} ≡
{

∂

∂xi
,

∂

∂yi
: 1 ≤ i ≤ n

}
.

For any .v ∈ π−1(U ), the space .Nv is the span of .{δi (v) : 1 ≤ i ≤ n} where 

. δi ≡ δ

δ xi
≡ β Xi , 1 ≤ i ≤ n.

As.{∂i , ∂̇i : 1 ≤ i ≤ n} is a local frame in . T (V (M))

.δi = M j
i ∂ j − N j

i ∂̇ j (2.5) 

for some .C∞ functions .Mi
j , Ni

j : π−1(U ) → R. Let us apply .L to both sides of 
(2.5) and take into account that 

.L ◦ β = 1π−1T M , L ∂i = Xi .
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It follows that .Mi
j = δij . Therefore, 

.δi = ∂i − N j
j ∂̇ j , 1 ≤ i ≤ n. (2.6) 

Definition 2.9 The.C∞ functions.Ni
j : π−1(U ) → R are the local coefficients of the 

nonlinear connection .N [with respect to .(U, xi )]. . �

For further use, let us consider the local differential .1-forms 

. δyi ≡ dyi + Ni
j dx

j , 1 ≤ i ≤ n.

Then.{dxi , δyi : 1 ≤ i ≤ n} is a local frame in.T ∗(V (M)), defined on the open set 
.π−1(U ), dual to .{δi , ∂̇i : 1 ≤ i ≤ n}, i.e., 

. dxi
(
δ j
) = δij , dxi

(
∂̇ j
) = 0, δyi

(
δ j
) = 0, δyi

(
∂̇ j
) = δij .

In particular, in the older language of Pfaffian systems (rather than.C∞ distributions 
on manifolds) a nonlinear connection .N is locally the Pfaffian system 

. dyi + Ni
j dx

j = 0, 1 ≤ i ≤ n.

Definition 2.10 Given a nonlinear connection .N on .M the Dombrowski map is the 
vector bundle morphism 

. K : T (V (M)) → π−1T (M), K = γ−1 ◦ V,

where .V : T (V (M)) → Ker(dπ) is the projection associated to the direct sum 
decomposition 

. T (V (M)) = N ⊕ Ker(dπ).

. �

Then locally .K
(
δi
) = 0 and .K

(
∂̇i
) = Xi . Also the short sequence of vector 

bundles and vector bundle morphisms 

. 0 → π−1T (M)
β−→ T (V (M))

K−→ π−1T (M) → 0

is exact. 
Let .∇ ∈ C(π−1T M

)
and let .N∇,v ⊂ Tv(V (M)) be the subspace consisting of all 

.w ∈ Tv(V (M)) such that .
(∇AL

)
v

= 0 for some .A ∈ X(V (M)) such that .Av = w. 
Following B.T.M. Hassan (cf. [Has]), we adopt the following:
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Definition 2.11 A connection .∇ in .π−1T (M) → V (M) is regular if 

.∇γXL = X (2.7) 

for any .X ∈ C∞(π−1T M
)
. . �

Lemma 2.12 For every regular connection, .∇ ∈ C(π−1T M
)
the assignment 

. N∇ : v ∈ V (M) 
−→ N∇,v ⊂ Tv(V (M))

is a nonlinear connection on .M and for every local coordinate system .(U, xi ) on . M
the local coefficients of .N∇ are given by .Ni

j = �i
jk y

k where .∇∂ j Xk = �i
jk Xi . 

Proof Let.v ∈ V (M) and let us set.x = π(v) ∈ M . Let.(U, xi ) be a local coordinate 
system on .M such that .x ∈ U [and in particular .v ∈ π−1(U )]. Let .w ∈ Tv(V (M)). 
Let.A ∈ X(V (M)) be a.C∞ extension of. w to a tangent vector field. A defined on the 
whole of .V (M), i.e., .Av = w. If .w ∈ N∇,v , then locally 

. w = wi (∂i
)
v

+ wi+n (∂̇i
)
v
, A = Ai ∂i + Ai+n ∂̇i , Ai (v) = wi , Ai+n(v) = wi+n

and 
. 0 = (∇AL

)
v

= {∇A
(
yi Xi

)}
v

=
{
A(yi ) Xi + yi ∇AXi

}

v
=

. =
{
Ai+n Xi + yi

[
A j∇∂ j Xi + A j+n∇∂̇ j

Xi
]}

v
=
{
wk+n + yi (v)

[
w j �k

ji (v) + w j+n Ck
ji (v)

]}
Xk(v)

where we have set 
. ∇∂i X j = �k

i j Xk, ∇∂̇i
X j = Ck

i j Xk .

On the other hand, let us apply (2.7) for .X = X j , i.e., .∇∂̇ j
L = 0 yielding 

.Ci
jk y

k = 0. (2.8) 

Consequently 
. wk+n + yi (v) �k

ji (v)w j = 0

so that 
. w = w j

{
∂ j − yi�k

ji ∂̇k
}

v
,

i.e., .N∇ is locally the span of 

.∂ j − yi �k
ji ∂̇k, 1 ≤ j ≤ n.
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This proves smoothness, i.e.,.N∇ is a.C∞ distribution on.V (M), of real rank. n, whose 
local coefficients are .Ni

j = �i
jk y

k . To end the proof let .w ∈ N∇,v ∩ Ker(dvπ), i.e., 

. w = λ j
(
∂ j − yi �k

ji ∂̇k
)
v
, w = μi

(
∂̇i
)
v
,

for some.λi , μi ∈ R. As.{∂i , ∂̇i } is a local frame of.T (V (M)) it follows that. λi = 0
so that 

. N∇,v ∩ Ker(dvπ) = (0)

proving that the sum.N∇,v + Ker(dvπ) is direct. Finally, the equality 

. Tv(V (M)) = N∇,v ⊕ Ker(dvπ)

follows by comparing dimensions. . �

2.1.5 Finslerian Connections 

Following the terminology of M. Matsumoto (cf. [Mat]), we adopt the following: 

Definition 2.13 A Finslerian connection on .M is a pair .(∇, N ) consisting of a 
connection. ∇ in the pullback bundle.π−1T (M) → V (M) and a nonlinear connection 
.N on . M . . �

For any regular connection, .∇ ∈ C∞(π−1T M
)
the pair .

(∇, N∇
)
is a Finslerian 

connection on . M . 
Let .(∇, N ) be a Finslerian connection on .M and let .β : π−1T (M) → N be the 

corresponding horizontal lift. Another analog to the torsion of a linear connection 
[on .V (M)] is  

. TK (A, B) = ∇AK B − ∇BK A − K [A, B], A, B ∈ X(V (M)).

Unlike .TL the new “torsion” .TK depends on the given nonlinear connection . N . 
Several fragments of interest (of the torsions .TL and .TK ) are defined by 

. T (X,Y ) = TL(βX,βY ), C(X,Y ) = TL(γX,βY ),

. R1(X, Y ) = TK (βX,βY ), P1(X, Y ) = TK (γX, βY ), S1(X, Y ) = TK (γX, γY ),

for any .X,Y ∈ C∞(π−1T M). 

Definition 2.14 . T and. C will be referred to as the horizontal and mixed components 
of .TL , while .R1, .P1 and .S1 are, respectively, the horizontal, mixed, and vertical 
components of .TK . .�



2.1 Finslerian Geometry 139

As argued above .TL(γX, γY ) = 0 so there is no “vertical” component of .TL . A  
similar decomposition of the curvature form.R∇ is feasible and useful in the sequel. 
Precisely we set 

. R(X, Y )Z = R∇(βX,βY )Z , P(X, Y )Z = R∇(γX,βY )Z , S(X, Y )Z = R∇(γX, γY )Z ,

for any .X,Y, Z ∈ C∞(π−1T M). 

2.1.6 Finslerian Metrics 

Definition 2.15 A.C1 function .E : T (M) → R is said to be a Finslerian metric if 
i) .E ∈ C∞(V (M)). 
ii) .E(0x ) = 0 for any .x ∈ M . 
iii) For any .λ > 0 and any .w ∈ T (M), 

.E
(
λ w
) = λ2 E(w). (2.9) 

. �

One often accepts that .E be defined only on some open cone .� ⊂ T (M) and 
refers .E : � → R as a Finslerian metric, as well. 

Let.E : T (M) → R be a Finslerian metric on.M and let.(U, xi ) be a local coordi-
nate system on . M . Let .

(
π−1(U ), xi , yi

)
be the induced local coordinates on . V (M)

and let us consider the functions 

. gi j : π−1(U ) → R, gi j = 1

2

∂2E

∂yi ∂y j
.

Next, let . g be the .C∞ section in the vector bundle 

.
(
π−1T M

)∗ ⊗ (π−1T M
)∗ → V (M) (2.10) 

defined as follows. Let.v ∈ V (M) and let us set.x = π(v). Let then.(U, xi ) be a local 
coordinate system on .M about . x . Given .X,Y ∈ (π−1T M

)
v
locally represented as 

. X = λi Xi (v), Y = μi Xi (v),

we set by definition 
. gv(X,Y ) = gi j (v)λi μ j .

The definition of .gv doesn’t depend upon the choice of local coordinates about . x , so  
that 

.g : v ∈ V (M) 
−→ gv
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is a globally defined section in the vector bundle (2.10). As .gi j ∈ C∞(π−1(U )
)
the 

section . g is .C∞. 
Note that [by axiom (iii) above]. E is only required to be positively homogeneous 

(of degree . 2). When that is supplemented by the request 

. E(−w) = E(w), w ∈ T (M),

the Finslerian metric .E is referred to as symmetric. Let us differentiate with respect 
to . λ in 

.E(λv) = λ2 E(v), v ∈ V (M), λ > 0, (2.11) 

so that to obtain 

. 
∂E

∂yi
(λv)vi = 2λE(w).

Differentiating once more with respect to . λ gives 

. 
∂2E

∂yi ∂y j
(λ v)viv j = 2 E(w)

hence (for .λ = 1) 
.gi j y

i y j = E (2.12) 

on .π−1(U ). The identity (2.12) admits the following coordinate free reformula-
tion .g(L, L) = E . As another consequence of positive homogeneity (iii) the func-
tions.gi j : π−1(U ) → R are positively homogeneous of degree. 0. Indeed, the identity 
(2.11) yields the following relationship between the local expressions of the functions 
involved: 

. E(x, λy) = λ2 E(x, y).

Differentiation with respect to .yi then yields 

. 
∂E

∂y j
(x, λy)λδ

j
i = λ2 ∂E

∂yi

or 

. 
∂E

∂yi
(x, λy) = λ

∂E

∂yi
(x, y).

Finally, one may differentiate once more with respect to .y j so that to obtain 

.
∂2E

∂yi ∂y j
(x, λy) = ∂2E

∂yi ∂y j
(x, y)
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or 
.gi j (λ v) = gi j (v) (2.13) 

for any .v ∈ π−1(U ) and any .λ > 0. Q.e.d. 

Definition 2.16 A Finslerian metric .E on .M is positive definite if . g is positive 
definite, i.e., 

. gv(X, X) ≥ 0, gv(X, X) = 0 ⇐⇒ X = 0,

for any .X ∈ (π−1T M
)
v
and any .v ∈ V (M). . �

If . E is a positive definite Finslerian metric, then. g is a Riemannian bundle metric 
on the pullback bundle.π−1T (M) → V (M). In particular, any such. E is nonnegative, 
for one has .E = g(L, L) > 0 and .E(w) = 0 ⇐⇒ w ∈ σ(M). 

Lemma 2.17 If .E : T (M) → [0,+∞) is a positive definite Finslerian metric such 
that .E ∈ C2(T (M)), then for any .X,Y ∈ X(M) the function . g

(
Xπ, Y π

) : V (M) →
R is invariant along the fibers of . π and descends to a unique .C∞ function . G(X,Y ) :
M → R such that .G is a Riemannian metric on . M

Proof Let .(U, xi ) be a local coordinate system on .M and let .
(
�−1(U ), xi , yi

)
be 

the induced local coordinates on.T (M). If.E ∈ C2(T (M)), and in particular. E is. C2

along the zero section, then 

. gi j = 1

2

∂2E

∂yi ∂y j

are defined and continuous on .�−1(U ). The same calculations as above, performed 
on .�−1(U ) rather than on .π−1(U ) only, lead to the identity 

.gi j (λw) = gi j (w) (2.14) 

for every .w ∈ �−1(U ). Let .{λν}ν≥1 ⊂ (0,+∞) be a sequence of positive numbers 
such that .limν→∞ λν = 0. Then, for each fixed .w ∈ �−1(U ) with .x = �(w), the  
sequence 

. {λνw}ν≥1 ⊂ �−1(x)

converges to .0x in the topology of .T (M). By (2.14) for . λ = λν

. gi j (λν w) = gi j (w), ν ≥ 1,

and passing to the limit with .ν → ∞ one has (by the continuity of .gi j ) 

. gi j (0x ) = gi j (w).

In other words .gi j depend on the position arguments .xi alone and determine a 
(globally defined) Riemannian metric .G on . M . Q.e.d.
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2.1.7 Cartan Connection 

Theorem 2.18 Let .E : T (M) → [0,+∞) be a positive definite Finslerian metric 
and . g the corresponding Riemannian bundle metric on .π−1T (M) → V (M). There 
is a unique regular connection .∇ ∈ C(π−1T M) such that i) .∇g = 0, ii) .T = 0, and 
iii) .S1 = 0. 

Definition 2.19 The connection .∇ furnished by Theorem 2.18 is referred to as the 
Cartan connection of .(M, E). . �

Theorem 2.18 is most easily proved by a calculation in local coordinates. A few 
local formulas established in the sequel hold for an arbitrary Finslerian connection 
and that will be emphasized as we proceed. Let .(∇, N ) be a Finslerian connection 
on . M . The following notations are adopted, as to the local connection coefficients 
of . ∇: 

. ∇δi X j = Fk
i j Xk, ∇∂̇i

X j = Ck
i j Xk, ∇∂i X j = �k

i j Xk .

Moreover, we set 

. T (Xi , X j ) = T k
i j Xk, S1(Xi , X j ) = Ski j Xk .

As.K ∂̇i = Xi and . [∂̇i , ∂̇ j ] = 0

.Ski j = Ck
i j − Ck

ji . (2.15) 

If .Ni
j are the local coefficients of the given nonlinear connection, then . δi = ∂i −

N j
i ∂̇ j yields 

.
[
δi , δ j

] =
(

∂Nk
i

∂x j
− ∂Nk

j

∂xi

)

∂̇k (2.16) 

so that .L
[
δi , δ j

] = 0 and then 

.T k
i j = Fk

i j − Fk
ji . (2.17) 

We first attack uniqueness. Let .∇ be a regular connection in . π−1T (M) → V (M)

such that .∇g = 0 and .T = S1 = 0. The identity .
(∇∂̇i

g
)
(X j , Xk) = 0 implies 

.
∂g jk

∂yi
= C�

i j g�k + C�
ik g j� . (2.18) 

Cyclic permutation .i 
→ j 
→ k 
→ i of the indices . i , . j and . k in (2.18) leads to two 
more identities of the sort 

.
∂gki

∂y j
= C�

jk g�i + C�
j i gk�, (2.19)
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.
∂gi j

∂yk
= C�

ki g�j + C�
k j gi� . (2.20) 

The so-called “Christoffel process” consists in adding the first two equations and 
subtracting the third 

. (2.18) + (2.19) − (2.20).

Using the symmetry .Ck
i j = Ck

ji one obtains 

. 2C�
i j gk� = ∂g jk

∂yi
+ ∂gki

∂y j
− ∂gi j

∂yk

or [by .gi j = (1/2) ∂2E/∂yi ∂y j ] 

.C�
i j = 1

4
g�k ∂3E

∂yi ∂y j ∂yk
. (2.21) 

To establish uniqueness, besides.Ck
i j we ought to determine.Ni

j and.Fi
jk [equivalently 

.Ni
j and.�k

i j ]. Similar to the above, the identity.
(∇δi g

)
(X j , Xk) = 0 together with the 

Christoffel process (relying on .Fk
i j = Fk

ji ) leads to 

.2 F�
i j gk� = δg jk

δxi
+ δgki

δx j
− δgi j

δxk
. (2.22) 

Formula (2.22) doesn’t determine .F�
i j yet, because the coefficients 

.N �
i = yk F�

ik (2.23) 

of the nonlinear connection .N∇ are unknown so far. An ingredient we shall need is 

.y j Ck
i j = 0 (2.24) 

[a consequence of the regularity condition .∇γXL = X , for any .X ∈ C∞(π−1T M
)
]. 

Next let us substitute from.δi = ∂i − N j
i ∂̇ j into (2.61) so that to obtain 

. 2 F�
i j g�k = ∂g jk

∂xi
+ ∂gki

∂x j
− ∂gi j

∂xk
− N �

i

∂g jk

∂y�
− N �

j

∂gki

∂y�
+ N �

k

∂gi j

∂y�

or 
.F�

i j g�k = γi jk − N �
i C jk� − N �

j Cki� + N �
k Ci j� (2.25)
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where we have set 

. γi jk = 1

2

(
∂g jk

∂xi
+ ∂gki

∂x j
− ∂gi j

∂xk

)
, Ci jk = 1

4

∂3E

∂yi ∂y j ∂yk
.

in particular [by (2.24)] 

. Ci jk y
i = 0, Ci jk y

j = 0, Ci jk y
k = 0.

Contraction by .yi in (2.25) yields [by (2.23)] 

.N �
j g�k = yi γi jk − N �

i yi C jk� . (2.26) 

Next, contraction with .y j in (2.26) gives  [by .C jk�y j = 0] 

. N �
j y

j g�k = γi jk y
i y j yk

or 
.N �

j y
j = g�k γ00k (2.27) 

where we have set 
. γ00k = γi jk y

i y j .

Moreover, substitution from (2.27) into (2.26) leads to 

.N �
j = g�k

(
yi γi jk − Cm

jk γ00m
)

(2.28) 

so the coefficients of the nonlinear connection .N∇ are determined. Finally, we 
may substitute from (2.28) into (2.25) so that to determine .Fk

i j . Q.e.d. Viceversa 
the connection .∇ defined by (2.21), (2.25), and (2.28) satisfies the requirements in 
Theorem 2.18. . �

While unnecessary towards establishing the existence and uniqueness of Cartan’s 
connection, one may of course determine .�k

i j as well 

. �k
i j = Fk

i j + N �
i C

k
�j .

Next, we state a couple of useful properties of the torsion of the Cartan connection. 

Lemma 2.20 Let .∇ be the Cartan connection of .(M, E). 
(i) For any .A, B ∈ X(V (M)), 

. g
(
TL(A, B), L) = 0.

(ii) For any .X,Y ∈ C∞(π−1T M),
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. P(X,Y )L = Xi Y j yk
∂Fm

jk

∂yi
Xm .

(iii) For any .X ∈ C∞(π−1T M
)
, 

. P(X, L)L = 0.

Proof (i) In local coordinates 

. A = Ai ∂i + Ai+n ∂̇i , B = B j ∂ j + B j+n ∂̇ j .

Note that [as .L∂i = Xi and .L∂̇i = 0] 

. TL(∂i , ∂ j ) = ∇∂i X j − ∇∂ j Xi = (�k
i j − �k

ji

)
Xk,

. TL(∂i , ∂̇ j ) = −∇∂̇ j
Xi = −Ck

ji Xk, TL(∂̇i , ∂̇ j ) = 0.

Hence, 

. TL(A, B) = Ai B j TL(∂i , ∂ j ) + Ai B j+nTL(∂i , ∂̇ j ) + Ai+n B j TL(∂̇i , ∂ j ) =

. = {Ai B j
(
�k
i j − �k

ji

)− Ai B j+nCk
ji + Ai+n B jCk

ji

}
Xk .

On the other hand [by .L = y� X�] .g(L, Xk) = y�g�k so that 

. g
(
TL(A, B), L) = {Ai B j

(
�k
i j − �k

ji

)− Ai B j+nCk
ji + Ai+n B jCk

ji

}
y� g�k .

Let us recall that .Ck
jig�k y� = Ci j�y� = 0 so that 

. g
(
TL(A, B), L) = Ai B j

(
�k
i j − �k

ji

)
y� g�k .

Moreover, we recall .�i
jk = Fi

jk + N �
j C

i
�k and contract with .ym gmi so that to obtain 

. �i
jk y

m gmi = Fi
jk y

m gmi .

On the other hand [by (2.25)] 

. F�
i j g�k y

k =
(
γi jk − N �

i C jk� − N �
j Cki� + N �

k Ci j�

)
yk =

(
γi jk + N �

k Ci j�

)
yk =

[by substitution from.N �
j y

j = g�k γ00k (cf. (2.27))] 

. = γi j0 + g�m γ00m Ci j� = γi j0 + Ck
i j γ00k .
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Finally, 
. 
(
�k
i j − �k

ji

)
y� g�k = (Fk

i j − Fk
ji

)
y� g�k = 0.

Q.e.d. 
(ii) Locally .X = Xi Xi and .Y = Y j X j hence 

. P(X,Y )L = XiY j yk P(Xi , X j )Xk .

Moreover, 
. P(Xi , X j )Xk = R∇(γ Xi , β X j )Xk = R∇(∂̇i , δ j )Xk

where .δ j is short for .δ/δx j . Next  

. δ j = ∂ j − Nm
j ∂̇m =⇒ [

∂̇i , δ j
] = −∂Nm

j

∂yi
∂̇m,

so that 
. R∇(∂̇i , δ j )Xk = ∇∂̇i

∇δ j Xk − ∇δ j ∇∂̇i
Xk − ∇[

∂̇i , δ j

]Xk =

. = ∇∂̇i

(
F�
jk X�

)− ∇δ j

(
C�
ik X�

)+ ∂Nm
j

∂yi
C�
mk X� =

. =
{

∂Fm
jk

∂yi
+ F�

jk C
m
i� − δCm

ik

δx j
− C�

ik F
m
j� + ∂N �

j

∂yi
Cm

�k

}

Xm .

Hence [by .Cm
ik y

k = 0], 

. yk R∇(∂̇i , δ j )Xk = yk
{

∂Fm
jk

∂yi
+ F�

jk C
m
i� − δCm

ik

δx j

}
Xm .

The last term is 

. yk
δCm

ik

δx j
= yk

(
∂Cm

ik

∂x j
− N �

j

∂Cm
ik

∂y�

)
= ∂

∂x j

(
yk Cm

ik

)− yk N �
j

∂

∂y�

(
gmp Cikp

) =

[by .yk Cm
ik = 0] 

. = −yk N �
j gmp ∂Cikp

∂y�
.

Also 

. yk Cikp = 0 =⇒ δk� Cikp + yk
∂Cikp

∂y�
= 0 =⇒ yk

∂Cikp

∂y�
= −Ci�p

so that
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. yk
δCm

ik

δx j
= N �

j C
m
i� .

Finally [by .yk F�
jk = N �

j ], 

. yk
{
F�
jk C

m
i� − δCm

ik

δx j

}
= 0

so that 

. yk R∇(∂̇i , δ j )Xk = yk
∂Fm

jk

∂yi
Xm .

Q.e.d. 
(iii) The statement is a rather involved consequence of (ii) 

. P(X,Y )L = Xi Y j yk
∂Fm

jk

∂yi
Xm

for .Y = L, i.e., 
. P(X, L)L = Xi y j yk

∂Fm
jk

∂yi
Xm .

For the proof, we start from.yk Fm
jk = Nm

j and differentiate with respect to.yi so that 
to get 

. Fm
ji + yk

∂Fm
jk

∂yi
= ∂Nm

j

∂yi
.

Next, let us contract with .y j so that [by .y j Fm
ji = Nm

i ] 

.y j yk
∂Fm

jk

∂yi
= y j

∂Nm
j

∂yi
− Nm

i . (2.29) 

Next [by (2.27)] .Nm
j y j = gmk γ00k hence [differentiating with respect to . yi ] 

.y j
∂Nm

j

∂yi
= ∂

∂yi

{
gmk γ00k

}
− Nm

i . (2.30) 

Next, we start from 

. γi jk = 1

2

(
∂g jk

∂xi
+ ∂gki

∂x j
− ∂gi j

∂xk

)

and contract with .yi y j so that to obtain 

.γ00k = 1

2

(
∂g jk

∂xi
+ ∂gki

∂x j
− ∂gi j

∂xk

)
yi y j
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or 

.γ00k = yi y j ∂g jk

∂xi
− 1

2

∂E

∂xk
. (2.31) 

Also 

. gmkgk� = δm� =⇒ ∂gmk

∂yi
gk� + gmk ∂gk�

∂yi
= 0 =⇒ ∂gmk

∂yi
= −g�k gms ∂gs�

∂yi
=⇒

.
∂gmk

∂yi
= −2 g�k gms Ci�s . (2.32) 

Going back to (2.29)–(2.30) 

. y j yk
∂Fm

jk

∂yi
= ∂

∂yi

{
gmk γ00k

}
− 2 Nm

i = ∂gmk

∂yi
γ00k + gmk ∂γ00k

∂yi
− 2 Nm

i =

[by .Nm
i = gmj

(
γ0i j − Ck

i j γ00k

)
, cf.  (2.28)] 

. = ∂gmk

∂yi
γ00k + gmk ∂γ00k

∂yi
− 2 gmj

(
γ0i j − Ck

i j γ00k
) =

[by (2.32)] 

. = −2 g�k gms Ci�s γ00k + gmk ∂γ00k

∂yi
− 2 gmj

(
γ0i j − Ck

i j γ00k
) =

[by observing the cancellation of terms] 

. = gmj

(
∂γ00 j

∂yi
− 2 γ0i j

)
.

As customary, let us differentiate with respect to . λ in .E(x, λy) = λ2 E(x, y) and 
set .λ = 1 in the resulting equation. We obtain 

. 
∂E

∂yi
yi = 2 E .

Taking the partial derivative with respect to .y j yields 

.2 gi j y
i = ∂E

∂y j
(2.33) 

Going back to (2.31) [by  (2.33)]
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. γ00k = yi y j ∂g jk

∂xi
− 1

2

∂E

∂xk
= yi

∂

∂xi

(
1

2

∂E

∂yk

)
− 1

2

∂E

∂xk

or 

. 2 γ00k = yi
∂

∂xi

(
∂E

∂yk

)
− ∂E

∂xk
.

Let us take partials with respect to .y� so that to obtain 

.2
∂γ00k

∂y�
= ∂2E

∂x� ∂yk
− ∂2E

∂xk ∂y�
+ yi

∂3E

∂xi ∂yk ∂y�
. (2.34) 

Let us contract with .yi in .γi jk = 1

2

(
∂gik

∂x j
+ ∂g jk

∂xi
− ∂gi j

∂xk

)
and use again (2.33). 

We obtain 

.γ0 jk = 1

2

[
∂

∂x j

(
1

2

∂E

∂yk

)
+ yi

∂g jk

∂xi
− ∂

∂xk

(
1

2

∂E

∂y j

)]
. (2.35) 

Finally [by (2.34)–(2.35)], 

. 
∂γ00 j

∂yi
− 2 γ0i j = 1

2
ys

∂

∂xs

(
∂2E

∂y j ∂yi

)
− ys

∂gi j

∂xs
= 0.

Q.e.d. 

2.2 Geodesics in Finslerian Manifolds 

2.2.1 Regular Curves 

Let .I ⊂ R be an interval. 

Definition 2.21 A.C1 curve .α : I → M is regular if .α̇(t) 	= 0 for any .t ∈ I . . �

If this is the case one may consider the continuous curve .α̇ : I → V (M). Let  
.(U, xi ) be a local coordinate system on .M such that .γ(t0) ∈ U for some .t0 ∈ I . 
By continuity there is .ε > 0 such that .γ(t) ∈ U for any .

∣
∣t − t0

∣
∣ < ε. The local 

components of . α are 

. αi = x̃ i ◦ α : (t0 − ε, t0 + ε) → U, 1 ≤ i ≤ n,

while the local components of . α̇ are 

.α̇i , α̇i+n : (t0 − ε, t0 + ε) → π−1(U ),
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. α̇i = xi ◦ α̇ = x̃ i ◦ π ◦ α̇ = αi , α̇i+n = yi ◦ α̇i = dαi

dt
.

Let .α : I → M be a regular curve of class .C2. Let .N be a nonlinear connection on 
. M . The tangent vector field along . α̇ is 

. 
dα̇

dt
(t) = dα̇i

dt
(t) (∂i )α̇(t) + dα̇i+n

dt
(t)
(
∂̇i
)
α̇(t) = dαi

dt
(t)
(
δi + N j

i ∂̇ j

)

α̇(t)
+ d2αi

dt2
(t)
(
∂̇i
)
α̇(t)

or 

.
dα̇

dt
(t) = dαi

dt
(t) (δi )α̇(t) +

[
d2α j

dt2
(t) + N j

i

(
α̇(t)

) dαi

dt
(t)

]
(
∂̇ j
)
α̇(t) (2.36) 

which is the decomposition of .dα̇/dt adapted to the direct sum decomposition 

. Tα̇(t)
(
V (M)

) = Nα̇(t) ⊕ Ker
(
dα̇(t)π

)
.

Definition 2.22 A regular .C2 curve .α : I → M is a geodesic in .(M, N ), or a  
geodesic of the nonlinear connection . N , if  

.Kα̇(t)
dα̇

dt
(t) = 0 (2.37) 

for any.t ∈ I , where.K : T (V (M)) → π−1T (M) is the Dombowski map associated 
to . N . . �
Lemma 2.23 Let. ∇ be a regular connection in.π−1T (M) → V (M) and let. α : I →
M be a regular .C2 curve. The following statements are equivalent: 

i) . α is a geodesic of the nonlinear connection .N∇ . 
ii) For any local coordinate system.(U, xi ) and for any.t0 ∈ I such that.α(t0) ∈ U, 

there is .ε > 0 such that .α(t) ∈ U and 

.
d2αi

dt2
(t) + Ni

j

(
α̇(t)

) dα j

dt
(t) = 0, 1 ≤ i ≤ n, (2.38) 

for any .

∣
∣t − t0

∣
∣ < ε. 

Proof (i) .=⇒ (ii) 
Let . α be a geodesic of .N∇ . If  .K : T (V (M)) → π−1T (M) is the Dombrowski 

map associated to the nonlinear connection .N∇ , then 

. 0 = Kα̇(t)
dα̇

dt
(t) = γ−1

α̇(t) Vα̇(t)
dα̇

dt
(t) =

[by (2.36)]



2.2 Geodesics in Finslerian Manifolds 151

. =
[
d2α j

dt2
(t) + N j

i

(
α̇(t)

) dαi

dt
(t)

] (
X j
)
α̇(t)

which is (2.38). . �

For a regular connection. ∇, the local coefficients of the nonlinear connection. N∇
are given by.Ni

j = Fi
jk y

k and.yk
(
α̇(t)

) = (dαk/dt)(t) hence the geodesics equation 
(2.38) may also be written in the more familiar form 

.
d2αi

dt2
(t) + Fi

jk

(
α̇(t)

) dα j

dt
(t)

dαk

dt
(t) = 0. (2.39) 

For any regular connection .∇ and any .A ∈ X(V (M)), 

.∇AL = K A. (2.40) 

Indeed if.H : T (V (M)) → N∇ is the projection, then.A = H A + V A and. ∇H AL =
0 hence 

. ∇AL = ∇V AL = ∇γ(γ−1(V A))L = ∇γ(K A)L = K A.

Lemma 2.24 Let .E : T (M) → [0,+∞) be a positive definite Finslerian metric on 
.M and .∇ the Cartan connection of .(M, E). Let .α : I → M be a geodesic of .N∇ . 
Then .E(α̇(t)) = constant. 

Proof One has 

. 
d

dt

[
E(α̇(t))

] = d

dt

[
g
(L, L)

α̇(t)

]
=

[by .∇g = 0] 
. = 2 g

(∇dα̇/dtL, L)
α̇(t) =

[by (2.67)] 

. = 2 g

(
Kα̇(t)

dα̇

dt
(t), Lα̇(t)

)
= 0

hence 
. E(α̇(t)) = ε(α)

for some constant .ε(α) > 0. . �

Definition 2.25 The constant .ε(α) in Lemma 2.24 is the energy of the 
geodesic . α. . �

The definition of the notion of a geodesic in a Finslerian manifold, as formulated in 
Definition 2.22, doesn’t resemble much its Riemannian counterpart. In the sequel we
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make a few remarks, still following the exposition in B.T.M. Hassan (cf. [Has]) and 
aiming to establish precise analogies between the theory of geodesics in Riemannian 
and Finslerian geometry, starting from the basic fact that, at least for the time beeing, 1

Cartan’s connection replaces the Levi-Civita connection of a Riemannian manifold. 
Let .α̃ : I → V (M) be a .C1 curve, where.I ⊂ R is an interval. Curves of the sort 

occur mostly in relation with given regular .C2 curves .α : I → M , for we may set 
.α̃(t) = α̇(t) for any .t ∈ I . Let .V be a section in .π−1T (M) → V (M) defined along 
. α̃, i.e., a .C1 map 

. V : I → π−1T (M), V (t) ∈ (π−1T M
)
α̃(t)

= Tπ(α̃(t))(M), t ∈ I.

Given a connection .∇ in the vector bundle .π−1T (M) → V (M) the covariant 
derivative of .V is a section defined along . α̃

. 
DV

dt
: I → π−1T (M)

.
DV

dt
(t) :=

(
∇

dα̃
/
dt
V
)

α̃(t)
, t ∈ I, (2.41) 

where .V : V (M) → π−1T (M) is a .C1 section extending .V to the whole of .V (M), 
i.e., .V

(
α̃(t)

) = V (t) for any .t ∈ I . Here we assume tacitly that . α̃ is injective (the 
curve .α̃ has no self intersections) so that each value of the parameter identifies 
precisely one point of the curve. Then .V may be thought of as a map . V : A →
π−1T (M) defined on the closed set .A = α̃(I ) ⊂ V (M) by.Vα̃(t) := V (t). Of course 
a section which is .C1 on a closed set may be extended to a .C1 section defined 
on the whole manifold. To simplify exposition let us assume that .0 ∈ I and let 
.(U, xi )be a local coordinate system about the point.α(0), where.α(t) := π

(
α̃(t)

)
. Let  

.
(
π−1(U ), xi , yi

)
be the induced local coordinate system on .V (M), so that . π−1(U )

is an open neighborhood of.α̃(0). By continuity, there is.ε > 0 such that.α(t) ∈ U for 
every.|t | < ε, and in particular.α̃(t) ∈ π−1(U ) for every.|t | < ε. Let . Xi = (∂/∂ x̃ i

)π

be the natural lift of .∂/∂ x̃ i . Starting from the local representations

1 Unlike the case of Riemannian geometry, an array of canonical connections [mostly in the vector 
bundle.π−1T (M) → V (M)] are equally frequent substitutes of the Levi-Civita connection, useful 
for various specific purposes (e.g., the Chern connection, the Berwald connection, the Rund con-
nection, etc., cf. M. Matsumoto, [Mat]). These will not be further discussed in the present chapter, 
which is but introductory to Finslerian geometry, yet are needed for applications of sorts [e.g., 
Chern’s connection turns out to be useful in the construction of a theory of harmonic maps from a 
Finslerian manifold]. 
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. αi (t) = x̃ i
(
α(t)

)
,

. α̃i (t) = xi
(
α̃(t)

)
, α̃i+n(t) = yi

)
α̃(t)

)
,

. V (t) = V i (t) Xi, α̃(t), V
∣
∣∣
π−1(U )

= V
i
Xi , |t | < ε,

one first observes that 
. α = π ◦ α̃ =⇒ α̃i (t) = αi (t),

. 
dα̃

dt
(t) = dαi

dt
(t)

(
∂

∂xi

)

α̃(t)

+ dα̃i+n

dt
(t)

(
∂

∂yi

)

α̃(t)

,

. V α̃(t) = V (t) =⇒ V
i(

α̃(t)
) = V i (t),

and then [by plugging into (2.41)] 

. 
(∇

dα̃
/
dt
V
)
α̃(t) = dαi

dt
(t)
(∇∂/∂xi V

)
α̃(t) + dα̃i+n

dt
(t)
(∇∂/∂yi V

)
α̃(t) ,

. ∇∂/∂xi V = [∂V
k

∂xi
+ V

j
�k
i j

]
Xk, ∇∂/∂yi V = [∂V

k

∂yi
+ V

j
Ck
i j

]
Xk,

where we have set as customary 

. ∇∂i X j = �k
i j Xk, ∇∂̇i

X j = Ck
i j Xk,

and .∂i = ∂/∂xi and .∂̇i = ∂/∂yi for the sake of simplicity. Then 

. 
(∇

dα̃
/
dt
V
)
α̃(t) =

{
dαi

dt
(t)
[∂V k

∂xi
+ V

j
�k
i j

]

α̃(t)
+ dα̃i+n

dt
(t)
[∂V k

∂yi
+ V

j
Ck
i j

]

α̃(t)

}

Xk
(
α̃(t)

) =

. =
{
dV k

dt
+
[
�k
i j

(
α̃(t)

) dαi

dt
(t) + Ck

i j

(
α̃(t)

) dα̃i+n

dt
(t)
]
V j (t)

}
Xk
(
α̃(t)

)

thus showing that the definition of .
DV

dt
(t) doesn’t depend upon the choice of exten-

sion. V to. V . It is also customary to start with the last expression as a (local) definition 

of .
DV

dt
(t), good for the portion of .α̃(t) which is surely contained in .π−1(U ), and 

then cover the whole of. α̃with (induced) local coordinate neighborhoods. Of course, 
one then needs to check coherence on overlaps, and that the constructions do not 
depend upon the choice of local coordinate systems.
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Let .α̃ : I → V (M) be a .C1 curve and let .V, W be two sections in . π−1T (M)

defined along . α̃. Then 

.
d

dt

[
gα̃(t)

(
V (t), W (t)

]
= gα̃(t)

(DV

dt
(t), W (t)

)+ gα̃(t)
(
V (t),

DW

dt
(t)
)

(2.42) 

for any connection .∇ in .π−1T (M) such that .∇g = 0. The proof of (2.42) relies on 
an easy local coordinate calculation (and is left as an exercise to the reader). 

By following the conventions in [Has], one may regard the very tangent vector 
field of a regular curve . α as a section in .π−1T (M), defined along . α

. 
dα

dt
: I → π−1T (M),

. 
dα

dt
(t) := α̇(t) ∈ Tα(t)(M) = Tπ(α̇(t))(M) = (π−1T M

)
α̇(t), t ∈ I.

By recalling the Liouville vector field .L : V (M) → π−1T (M), one may easily see 
that 

. 
dα

dt
(t) = L(α̇(t)

)
, t ∈ I.

Let .(M, E) be a Finslerian manifold. 

Definition 2.26 A regular curve .α : I → M of class .C2 is a geodesic of .(M, E) if 
it is a geodesic of the nonlinear connection .N∇ associated to the Cartan connection 
of .(M, E). . �

Lemma 2.27 Let .α : I → M be a regular curve, of class .C2. The following 
statements are equivalent: 

(i) . α is a geodesic. 

(ii) .
D

dt

(
dα

dt

)

= 0, where the covariant derivative of .
dα

dt
is meant with respect 

to the Cartan connection . ∇. 
(iii) .

(
∇

dα̃
/
dt
L
)

α̃(t)
= 0 where .α̃(t) = α̇(t). 

The reader will certainly note that the (equivalent) descriptions (ii) and (iii) are 
closer to the formal definition of the notion of geodesic in Riemannian geometry. 

Proof of Lemma 2.27. (i)  .=⇒ (iii). Let us assume that .α is a geodesic, i.e., 

.Kα̃(t)
dα̃

dt
(t) = 0 where .K : T (V (M)) → π−1T (M) is the Dombrowski map asso-

ciated to the nonlinear connection .N∇ . Let us recall [by (2.67)] that for any regular 
connection. ∇, and in particular for the Cartan connection, and for any. A ∈ X(V (M))

one has.∇AL = K A. Let. A be an extension of.dα̃/dt (thought of as a tangent vector 
field on .V (M), defined along . α̃) to the whole of .V (M). Then
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. 

(
∇

dα̃
/
dt
L
)

α̃(t)

= (∇AL)α̃(t) = (K A
)
α̃(t) = Kα̃(t)

dα̃

dt
(t) = 0.

Q.e.d. The converse (iii).=⇒ (i) follows from the same calculation. Finally, (ii). ⇐⇒
(iii) follows from 

. (∇AL)α̃(t) =
(

∇dα̃/dt
dα

dt

)

α̃(t)

.

Q.e.d. 
Let.α : I → M and.β : J → M be two geodesics in.(M, E) such that. β(φ(t)) =

α(t) for some .C1 diffeomorphism .φ : I → J and any .t ∈ I . Let us assume that 
.φ′(t) > 0. So  . α and . β are equivalent curves, and have the same orientation. Then 
(locally) 

. 
dαi

dt
(t) = φ′(t)

dβi

ds

(
φ(t)

)
,

d2αi

dt2
(t) = φ′′(t)

dβi

ds

(
φ(t)

)+ φ′(t)2
d2βi

ds2
(
φ(t)

)
,

so that [as . α is a geodesic] 

. 0 = d2αi

dt2
+ (Ni

j y
j
) [dα

dt
(t)

]
=

[as .Ni
j y

j are positively homogeneous of degree . 2] 

. = φ′′(t)
dβi

ds

(
φ(t)

)+ φ′(t)2
{
d2βi

ds2
(
φ(t)

)+ (Ni
j y

j
) [dβ

ds

(
φ(s)

)]} =

[as . β is a geodesic] 

. = φ′′(t)
dβi

ds

(
φ(t)

) =⇒

[as . β is regular] 
. =⇒ φ′′(t) = 0 =⇒ φ(t) = at + b

for some .a, b ∈ R. If one also postulates .L(−w) = L(w), then any two equivalent 
geodesics in .(M, E) differ by an affine transformation of the parameter. 

Definition 2.28 The length of a regular .C1 curve .γ : [a, b] → M of class .C1 is 

. L(α) =
∫ b

a
E
(
α̇(t)

)1/2
dt .

.�
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Let .φ : [a, b] → [0, L(α)] be the .C1 diffeomorphism given by 

. φ(t) =
∫ t

a
E
(
α̇(τ )

)1/2
dτ .

Let .β : [0, L(α)] → M be defined by .β(s) = α
(
φ−1(s)

)
. 

Lemma 2.29 . β is parametrized by arc length, i.e., .L
(
β̇(s)

) = 1 for any value of the 
parameter . s. 

Proof One has 

. α̇(t) = φ′(t) β̇(φ(t)), φ′(t) = E
(
α̇(t)

)1/2
> 0,

so that 
. E
(
α̇(t)

) = φ′(t)2 E
(
β̇
(
φ(t)

)) =⇒ E
(
β̇
(
φ(t)

)) = 1.

Q.e.d. 

2.2.2 Parametrized Surfaces in . V (M)

Following [Has], we introduce the following notion. 

Definition 2.30 A parametrized surface in .V (M) is a .C1 map .s : D → V (M), 
where .D ⊂ R

2 is a domain. . �

This very general notion works for our purposes through the present section. 

Definition 2.31 A.C1 map .V : D → π−1T (M) is a Finslerian vector field along . s
if 

. V (u, t) ∈ (π−1T M
)
s(u,t), (u, t) ∈ D.

. �

If . s is injective than .V may also be thought of as a .C1 section in . π−1T (M)

defined on the closed subset .A = s(D) ⊂ V (M), mapping every point . s(u, t) ∈ A
onto .V (u, t). 

For every connection .∇ ∈ C(π−1T M
)
, the  covariant derivative of .V is the 

Finslerian vector field along . s

. 
DV

∂t
: D → π−1T (M)

is built as follows. Let.(u0, t0) ∈ D. Let.su0 be the curve in.V (M) defined by. su0(t) =
s(u0, t). Then.

DV

∂t
(u0, t0) is by definition the covariant derivative of the restriction
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.Vu0 of .V to .su0 [which is a Finslerian vector field along that curve, i.e., . Vu0(t) =
V (u0, t)] 

. 
DV

∂t
(u0, t0) = DVu0

dt
(t0) =

(
∇

dsu0

/
dt
Vu0

)

s(u0, t0)

.

The Finslerian vector field along . s

. 
DV

∂u
: D → π−1T (M)

in defined in the similar manner, i.e., 

. 
DV

∂u
(u0, t0) = DVt0

du
(u0) =

(
∇

dst0

/
du
Vt0

)

s(u0, t0)

.

Here 
. st0(u) = s(u, t0), Vt0 = V (u, t0).

Next let 

.
∂s

∂t
,

∂s

∂u
: D → T (V (M)) (2.43) 

be the tangent vector fields on .V (M) defined along . s, i.e., 

. 
∂s

∂t
(u, t) = (d(u,t)s)

(
∂

∂t

)

(u,t)

,
∂s

∂u
(u, t) = (d(u,t)s)

(
∂

∂u

)

(u,t)

.

Then 

. T, U : D → π−1T (M), T = L
∂s

∂t
, U = L

∂s

∂u
,

are Finslerian vector fields associated to (2.43). 

Lemma 2.32 For any parametrized surface, . s : D → V (M)

(i) .
D

∂u

(
L

∂s

∂t

)
− D

∂t

(
L

∂s

∂u

)
= TL

(
∂s

∂u
,

∂s

∂t

)
. 

(ii) If .X : D → π−1T (M) is a Finslerian vector field defined along . s, then 

.

[
D

∂t
,
D

∂s

]
X = R∇

(
∂s

∂t
,

∂s

∂u

)
X .
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The proof is a straightforward calculation in local coordinates. Precisely 

. si = xi ◦ s, si+n = yi ◦ s,

. 
∂s

∂u
(u, t) = ∂si

∂u
(u, t)

(
∂

∂xi

)

s(u,t)

+ ∂si+n

∂u
(u, t)

(
∂

∂yi

)

s(u,t)

,

. 
∂s

∂t
(u, t) = ∂si

∂t
(u, t)

(
∂

∂xi

)

s(u,t)

+ ∂si+n

∂t
(u, t)

(
∂

∂yi

)

s(u,t)

,

. U (u, t) = Ls(u,t)
∂s

∂u
(u, t) = ∂si

∂u
(u, t) Xi, s(u,t),

. T (u, t) = Ls(u,t)
∂s

∂t
(u, t) = ∂si

∂t
(u, t) Xi, s(u,t),

so that 

. 
DT

∂u
(u, t) − DU

∂t
(u, t) = DTt

du
(u) − DUu

dt
(t) =

(
∇dst /duTt

)

s(u,t)
−
(
∇dsu/dtUu

)

s(u,t)
=

. =
{[

�k
i j

(
s(u, t)

)− �k
ji

(
s(u, t)

)] ∂si

∂u
(u, t)

∂s j

∂t
(u, t) + Ck

i j

(
s(u, t)

)∂si+n

∂u
(u, t)

∂s j

∂t
(u, t) +

. − Ck
ji

(
s(u, t)

)∂s j+n

∂t
(u, t)

∂si

∂u
(u, t)

}
Xk, s(u,t) .

Similarly, a local coordinate calculation of the torsion term .TL

(
∂s

∂u
,

∂s

∂t

)
leads to 

(i). The proof of (ii) is left as an exercise to the reader. 

Definition 2.33 Let . f : D → M be a regular surface, of class .C∞. Then 

. s = f̃ : D → V (M), s(u, t) = d fu
dt

(t), fu(t) = f (u, t), (u, t) ∈ D,

is called the lift of . f to .V (M). . �

If . f̃ is the lift of . f , then .π ◦ f̃ = f . By the chain rule 

. 
(
d f (u,t)π

) ◦ (d(u,t) f̃ ) = d(u,t) f

which applied to .(∂/∂u)(u,t), respectively, to .(∂(∂t)(u,t), yields 

.
(
d f (u,t)π

)∂ f̃

∂u
(u, t) = ∂ f

∂u
(u, t),

(
d f (u,t)π

)∂ f̃

∂t
(u, t) = ∂ f

∂t
(u, t). (2.44)
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Let .X : D → T (M) be a tangent vector field along . f , i.e., 

. X (u, t) ∈ T f (u,t)(M) = (π−1T M
)
f̃ (u,t)

so that .X may be thought of as a Finslerian vector field .X along . f̃

. X : D → π−1T (M), X(u, t) = X (u, t).

In particular 

. 
∂ f

∂u
,

∂ f

∂t
: D → T (M)

give rise, in a natural manner, to Finslerian vector fields along . f̃

. 
∂ f

∂u
,

∂ f

∂t
: D → π−1T (M).

Lemma 2.34 Let . f : D → M be a regular surface. Then 

(i) .L
∂ f̃

∂u
= ∂ f

∂u
, 

(ii) .L
∂ f̃

∂u
= ∂ f

∂u
. 

Proof Follows from the very definition of the morphism. L : T (V (M)) → π−1T (M)

[by (2.44)]. 

2.2.3 Existence and Uniqueness of Geodesics in Finslerian 
Manifolds 

Next we wish to apply the classical Cauchy-Lipschitz-Picard (existence and unique-
ness) theorem to the Cauchy problem for the ODE system (2.38). This aims of course 
to establish 

Theorem 2.35 Let .E : T (M) → [0,+∞) be a positive definite Finslerian metric 
on .M and let .∇ be the Cartan connection of .(M, E). Then, for every .x0 ∈ M, there 
is a neighborhood .U ⊂ M of .x0 and a number .ε > 0 such that for every .x ∈ U and 
every .v ∈ Tx (M) \ {0x } with .L(v) < ε there is a unique geodesic of . N∇

.αv : (− 2, 2
)→ M
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satisfying the initial conditions 

. αv(0) = x,
dαv

dt
(0) = v.

Here .L(w) = √
E(w) for any .w ∈ T (M). We give a proof to Theorem 2.35 that 

willingly includes the proof to Cauchy-Lipschitz-Picard theorem. In doing so one 
pinpoints the precise dependence of the domain of the solution on the various data 
involved. On the other hand the proof of Cauchy-Lipschitz-Picard theorem relies, as 
well known, on the contraction theorem, hence one may indicate an iterative process 
for computing the geodesic .αv as the unique fixed point of a certain contraction. 

2.2.4 Geodesics with Given Initial Data 

The indices through the present section range as follows: 

. i, j, k, · · · ∈ {1, 2, · · · , n}, a, b, c, · · · {1, 2, · · · , 2n}.

Let .x0 ∈ M and let .χ = (x1, · · · , xn
) : U → R

n be a local coordinate system on 
.M such that .x0 ∈ U . Let  

. χ̃ = (x1, · · · , xn, y1, · · · , yn
) : π−1(U ) → R

2n

be the induced local coordinate system on .V (M) and let us set 

. A = χ̃
[
π−1(U )

] = χ(U ) × (Rn \ {0}) ⊂ R
2n .

Next let 

. f = ( f 1, · · · , f n
) : A → R

n, f i (x, u) = −Ni
j

(
χ̃−1(x, u)

)
u j ,

. 1 ≤ i ≤ n, x ∈ χ(U ), u = (u1, · · · , un
) ∈ R

n,

where .Ni
j ∈ C∞(π−1(U )

)
are the local coefficients of the nonlinear connection . N∇

[associated to the unique regular Cartan connection of .(M, E)]. Of course 

. χ̃−1
(
x, u

) = ui
(

∂

∂ x̃ i

)

χ−1(x)
.

Let .x ∈ U and let .w ∈ Tx (M) \ {0x }. We set  

.U0 = (χ(x), w1, · · · , wn
) ∈ A.
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With the notations in the previous section, the problem 

. 
d2αi

dt2
(t) + Ni

j

(
α̇(t)

) dα j

dt
(t) = 0, 1 ≤ i ≤ n,

. α(0) = x,
dα

dt
(0) = w,

is equivalent to 

.
dx
dt

= u(t),
du
dt

= f
(
x(t), u(t)

)
, (2.45) 

.x(0) = χ(x), u(0) = (w1, · · · , wn
)
, (2.46) 

where 
. x(t) = (x1(t), · · · , xn(t)

)
, u(t) = (u1(t), · · · , un(t)

)
,

. xi (t) = αi (t), ui (t) = dαi

dt
(t), 1 ≤ i ≤ n.

Next we set .U(t) = (x(t), u(t)
)
so that the problem (2.45)–(2.46) may be written 

.
dU
dt

= F
(
U(t)

)
, U(0) = U0, (2.47) 

where 
. F(x, u) = (u, f(x, u)

)
, (x, u) ∈ A.

For every .r > 0, we adopt the notation .Ir = (−r, r) ⊂ R. Let us set . U0 =(
x0, u0

) ∈ R
n × R

n . Moreover, let .R > 0 such that .K = BR
(
x0
)× BR

(
u0
) ⊂ A. 

Here .BR
(
x0
) = {x ∈ R

n : ‖x − x0
∥
∥ < R

}
is the open ball of center .x0 ∈ R

n and 
radius .R > 0. Note that .F ∈ C∞(A, R2n) and in particular . F is continuous on . A. 
Let .V, W ∈ K and let 

. ϕ(t) = F
[
(1 − t)V + t W

]
, 0 ≤ t ≤ 1.

Then 

. ϕ′
a(t) = ∂Fa

∂ξb
[
(1 − t)V + t W

] (
Wb − V b

)

hence [by the theorem of Lagrange] there is .0 < θ < 1 such that 

.

∥∥F(V) − F(W)
∥∥ ≤

∥∥∥
∥

∂F
∂xb

[
V + θ(W − V)

]
∥∥∥
∥
∣∣V b − Wb

∣∣ ≤ L
∥∥V − W

∥∥
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where 

. L = √
2n

2n
max
a=1

sup
ξ∈K

∥∥∥∥
∂F
∂ξi

(ξ)

∥∥∥∥ .

Also we set 
. M = sup

ξ∈K

∥∥F
(
ξ
)∥∥

and consider .R0 ∈ R such that 

. 0 < R0 < min

{
R

M
,
1

L

}
.

The solution to the problem (2.47), as furnished by the Cauchy-Lipschitz-Picard 
theorem, is defined in the interval .I0 = IR0 ⊂ R. Let  .C

(
I0, R2n

)
be the Banach 

space of all continuous and bounded functions .U : I0 → R
2n with the supremum 

norm 
. 

∥
∥U
∥
∥∞ = sup

t∈I0

∥
∥U(t)

∥
∥

and let . X be the closed ball of center .U0 [thought of as a (constant) function on . I0] 
and radius . R, i.e., 

. X =
{
U ∈ C

(
I0, R

2n) : ∥∥U − U0

∥∥∞ ≤ R
}
.

. X is a closed subset of the complete metric space.C(I0, R2n
)
, hence a complete metric 

space itself, with the induced metric .d∞(U, V) = ‖U − V‖∞. For every.V ∈ X, we  
consider the function 

. �(V) : I0 → R
2n, �(V)(t) = U0 +

∫ t

0
F
[
V(s)

]
ds, t ∈ I0 .

One checks easily that .�(V) ∈ C
(
I0, R2n

)
. Moreover, 

. 

∥∥�(V)(t) − U0

∥∥ =
∥∥∥
∫ t

0
F
[
V(s)

]
ds
∥∥∥ ≤

∫ t

0

∥∥F
[
V(s)

]∥∥ ds ≤ M
∣∣t
∣∣ < M R0 < R

so that [by passing to the least upper bound with .t ∈ I0] 

. 

∥∥�(V) − U0

∥∥∞ ≤ R,

i.e., .�(V) ∈ X. Hence, we built a map .� : X → X. Let us show that .� is a 
contraction. Indeed if . V, W ∈ X

.

∥∥�(V)(t) − �(W)(t)
∥∥ =

∥∥∥
∫ t

0

{
F
[
V(s)

]− F
[
W(s)

]}
ds
∥∥∥ ≤
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. ≤ L
∣∣t
∣∣ ∥∥V − W

∥∥∞ < L R0

∥∥V − W
∥∥∞

and.LR0 < 1 so that .� is a contraction. By the Banach fixed point theorem.� has a 
unique fixed point .U ∈ X, i.e., .�(U) = U or 

.U0 +
∫ t

0
F
[
U(s)

]
ds = U(t) (2.48) 

for any.t ∈ I0. If we set .U(t) = (x(t), u(t)
)
and.U0 = (x0, u0

)
, then (2.48) may be 

written 

. x0 +
∫ t

0
u(s) ds = x(t), u0 +

∫ t

0
f
[
x(s), u(s)

]
ds = u(t),

or 

. 
dx
dt

(t) = u(t),
du
dt

= f
[
x(t), u(t)

)
, x(0) = x0, u(0) = u0,

or 

. 
d2x
dt2

(t) = f
[
x(t),

dx
dt

(t)
]
, x(0) = x0,

dx
dt

(0) = u0,

or finally, 

. 
d2x
dt2

(t) +
(
Ni

j y
j
) [

χ̃−1
(
x(t),

dx
dt

(t)
)]

= 0, x(0) = x0,
dx
dt

(0) = u0 .

Note that 

. U ∈ X =⇒ R ≥ ‖U(t) − U0‖ ≥ ‖x(t) − x0‖ =⇒ x(t) ∈ BR(x0)

for any .t ∈ I0. Similarly .u(t) ∈ BR(u0) so that .U(t) ∈ K yielding .x(t) ∈ χ(U ) for 
any .t ∈ I0. Let .γw : I0 → U be given by 

. γw(t) = χ−1
[
x(t)
]
, t ∈ I0 .

Next let .v ∈ Tx (M) \ {0x } and let us consider the curve 

. αv : (− 2, 2
)→ U, αv(s) = γ(2/R0) v

( R0

2
s
)
, |s| < 2.

This is well defined because .|s| < 2 =⇒ (sR0)/2 ∈ I0. Also  

. αv(0) = x, α̇v(0) = v.

On the other hand
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. 
dαi

v

ds
(s) = R0

2

dγi
w

dt
(t),

d2αi
v

ds2
(s) =

(
R0

2

)2 d2γi
w

dt2
(t),

. t = R0

2
s, w = 2

R0
v.

The formulas 

. Ni
j y

j = gik γ00k, γ00k = γi jk y
i y j , γi jk = 1

2

(
∂g jk

∂xi
+ ∂gki

∂x j
− ∂gi j

∂xk

)
,

together with the fact that both .gi j and .gi j are positively homogeneous of degree 
.0 [with respect to the directional arguments] show that the functions . Ni

j y
j :

π−1(U ) → R are positively homogeneous of degree . 2, so that 

. 
d2αi

v

ds2
(s)
(
Ni

j y
j
)[

α̇v(s)
] =

(
R0

2

)2 {d2γi
w

dt
(t) + (Ni

j y
j
)[

γ̇w(t)
]} = 0.

2.2.5 Applying Banach’s Fixed Point Theorem 

Let .(X, d∞) be the metric space considered in the previous section. The map . � :
X → X used there was shown to be a contraction, i.e., 

. d∞
(
�(V), �(W)

) ≤ α d∞(V, W), V, W ∈ X,

where.α = LR0 (and.0 < α < 1). The remainder of the section is devoted to the proof 
of the existence and uniqueness of the fixed point .U ∈ X. The proof is a verbatim 
repetition of the proof of the Banach fixed point theorem, holding of course for an 
arbitrary contraction of any complete metric space. The proof is however known to 
contain an explicit approximation scheme for the calculation of . U, with any desired 
accuracy, and explicitly recalling the iterative construction of .U will be useful for 
our later purposes. Let .U0 ∈ X be an arbitrary point. We set 

. U1 = �(U0), U2 = �(U1), · · · , Uν = �(Uν−1), · · ·

for any .ν ∈ N. As .� is a contraction 

.d∞
(
Uν+1, Uν

) = d∞
(
�(Uν), �(Uν−1)

) ≤ α d∞(Uν, Uν−1)
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for any .ν ∈ N. Iteration gives 

. d∞
(
Uν+1, Uν

) ≤ α d∞
(
Uν , Uν−1) ≤ α2 d∞

(
Uν−1, Uν−2

) ≤ · · · ≤ αν d∞(U1, U0)

hence 
.d∞
(
Uν+1, Uν) ≤ αν d∞(U1, U0) (2.49) 

for any .ν ∈ N ∪ {0}. Then, for any .ν ∈ N ∪ {0} and any .p ∈ N, 

. d∞
(
Uν+p, Uν

) ≤ (by the triangle inequality)

. ≤
ν+p−1∑

k=ν

d∞
(
Uk+1, Uk

) ≤ [by (2.49)]

. ≤
ν+p−1∑

k=n

αk d∞(U1, U0) = αnd∞(U1, U0)

p−1∑

�=0

α� =

. = αν d∞(U1, U0)
1 − αp

1 − α
≤ αν d∞(U1, U0)

1

1 − α

or 

.d∞
(
Un+p, Un

) ≤ d∞(U1, U0)
αν

1 − α
. (2.50) 

As .0 < α < 1 it follows that .limν→∞ αν = 0 hence for any .ε > 0 there is . νε ∈ N

such that 

. αn <
ε(1 − α)

d∞(U1, U0)

for any .ν ≥ νε. Then 
. d∞
(
Uν+p, Uν

)
< ε

for any .ν ≥ νε and any .p ∈ N, i.e., .{Uν}ν≥0 is a Cauchy sequence and hence as 
.(X, d∞) is a complete metric space .{Uν}ν≥0 is convergent, i.e., there is a unique 
point .U ∈ X such that .limν→∞ Uν = U. A contraction is clearly a continuous map 
hence 

. �(U) = �( lim
ν→∞Uν) = lim

ν→∞ �(Uν) = lim
ν→∞Uν+1 = U,

i.e.,. U is a fixed point of. �, as seek for. It remains that one proves uniqueness of such 

. U. Indeed if .U ∈ X is another fixed point, i.e., .�
(
U
) = U allora 

.d∞
(
U, U

) = d∞
(
�(U), �(U)

) ≤ α d∞
(
U, U

)
(2.51)
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and the proof may be completed by a contradiction argument. Indeed if one assumes 

that .U 	= U, then .d∞
(
U, U

)
> 0 hence [by (2.51)] .α > 1, a contradiction. 

Definition 2.36 Let .ε > 0. Two points .U, V ∈ X are .ε-close if .d∞(U, V) ≤ ε. . �

Definition 2.37 Let.ε > 0.Amap.� : X → X is.ε-close to. � if. d∞(�(U), �(U)) ≤
ε for any .U ∈ X. . �

Theorem 2.38 Let .� : X → X be a contraction, i.e., 

. d∞
(
�(U), �(V)

) ≤ β d∞(U, V)

with .0 < β < 1. If  .� is .ε-close to . �, then the fixed points of .� and .� are .δ-close 
with 

. δ = ε

1 − γ
, γ = max

{
α, β

}
.

Proof Let.U, V ∈ X be the fixed points of. � and. �, respectively. Let us set. V0 = U
and let.{Vν}ν≥0 be the sequence of iterates of.� starting with.V0, i.e.,. Vν+1 = �

(
Vν

)

for any .ν ≥ 0. By the proof of the Cauchy-Lipschitz-Picard theorem. limν→∞ Vν =
V. Moreover, let us observe that 

. d∞(V1, V2) = d∞
(
�(V0), �(V1)

) ≤ γ d∞(U, V1),

. d∞
(
V2, V3

) = d∞
(
�(V1), �(V2)

) ≤ γ d∞(V1, V2) ≤ γ2 d∞(U, V1)

hence (by iterating these inequalities) 

.d∞(Vν, Vν+1) ≤ γν d∞(U, V1), ν ≥ 0, (2.52) 

Hence [by the triangle inequality together with (2.52)], 

. d∞(U, Vν) ≤
ν−1∑

i=0

d∞(Vi , Vi+1) ≤
ν−1∑

i=0

γi d∞(U, V1) = 1 − γν

1 − γ
d∞(U, V1)

so that [for .ν → ∞] 

. d∞(U, V) ≤ 1

1 − γ
d∞(U, V1) = 1

1 − γ
d∞
(
�(U), �(U)

) ≤ ε

1 − γ
= δ .

Q.e.d.
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2.2.6 Convex Neighborhoods 

Let.X ∈ Tp(M) and assume there is a geodesic.αX : [0, 1] → M with the initial data 

. αX (0) = p,
dαX

dt
(0) = X.

Definition 2.39 The point.αX (1) is the exponential of the tangent vector.X and one 
adopts the notation .expp X = αX (1). . �

As a mere consequence of the differential equations governing geodesics 

. αX (t) = expp t X

for every value of the parameter . t , for which both sides are defined. By Theorem 
2.35 for every point .p0 ∈ M there is a neighborhood .U ⊂ M of .p0 and a positive 
number.ε > 0 such that for every.p ∈ U and every.X ∈ Tp(M) with.L(X) < ε there 
is a unique geodesic .αp, X : (−2, 2) → U with the initial data .(p, X). Let us set 

. Nε(p) = {X ∈ Tp(M) : L(X) < ε
}
.

The exponential map may then be thought of as a map 

. exp : Bε(U ) =
⋃

p∈U
Nε(p) ⊂ T (U ) → U, exp : X ∈ Nε(p) 
−→ expp X = αp, X (1).

As such.exp is.C∞ on.Bε(U ) \ σ(U ) yet only of class.C1 on the whole of.Bε(U ), i.e., 
.exp is only of class .C1 along the zero section. Here .σ : M → T (M) is . σ(p) = 0p

for every .p ∈ U . Also .T (U ) is the portion of .T (M) over . U . 

Lemma 2.40 For each point .p ∈ M, there is a neighborhood .N0 of the origin in 
.Tp(M) and a neighborhood .Np of . p in .M such that .expp is a diffeomorphism of . N0

onto .Np. 

Let.p0 ∈ M be an arbitrary point, and let us choose an open neighborhood. U ⊂ M
of .p0 and a positive number .ε > 0 as furnished by Theorem 2.35. Without loss of 
generality, we may assume that .U is also the domain of a local coordinate system 
.(U, xi ) on . M . Let  .

(
�−1(U ), xi , yi

)
be the induced local coordinates on .T (M). 

For every point .p ∈ U let .ηp : Tp(M) → T0p

(
Tp(M)

)
be the natural map, whose 

construction, we now recall, as follows. Let.X ∈ Tp(M) and let us set.α(t) = t X for 
any .t ∈ R. By definition .ηp(X) is the tangent vector .X0 ∈ T0p

(
Tp(M)

)
to the curve 

.α : R → Tp(M) at the point .α(0) = 0p, i.e., 

.ηp
(
X
) = X0, X0 = α̇(0).



168 2 Finslerian Geometry

Let .yip : Tp(M) → R be the (global) coordinate system on .Tp(M) [a 
linear space, thought of as a manifold] associated to the linear basis 

.

{(
∂

∂xi

)

p

: 1 ≤ i ≤ n

}

⊂ Tp(M), i.e., 

. yip(X) = Xi , X = Xi

(
∂

∂xi

)

p

.

That is.yip is the restriction of.y
i : �−1(U ) → R to.Tp(M). The resulting components 

of the curve . α are .αi (t) = yip
(
α(t)

) = t X i . Hence, 

. α̇(t) = dαi

dt
(t)

(
∂

∂yip

)

α(t)

= Xi

(
∂

∂yip

)

α(t)

so that 

. ηp(X) = α̇(0) = Xi

(
∂

∂yip

)

α(0)

= yi (X)

(
∂

∂yip

)

0p

.

We shall also need the inclusion . jp : Tp(M) → T (M). Its differential at . 0p

. d0p jp : T0p

(
Tp(M)

)→ T0p

(
T (M)

)

maps .

(
∂

∂yip

)

0p

onto .

(
∂

∂yi

)

0p

for every .1 ≤ i ≤ n. The maps 

. ηp : Tp(M) → T0p

(
Tp(M)

)
,
(
d0p jp

) ◦ ηp : Tp(M) → T0p

(
T (M)

)
,

are often identified 2. 
Proof of Lemma 2.40. The differential of the exponential map. expp : Nε(p) → U

at .0p is [as .expp 0p = p] 

. d0p expp : T0p

(
Tp(M)

)→ Tp(M).

Then, for every .X ∈ Tp(M) [by the chain rule] 

. 
(
d0p expp

) ◦ ηp(X) = (d0p expp

)
α̇(0) = (d0p expp

) ◦ (d0α
) ( d

dt

)

0

=

. = d0(expp ◦α)

(
d

dt

)

0

= (d0αp, X
) ( d

dt

)

0

= α̇p, X (0) = X,

2 We shall not do so through the present section, mostly for didactical purposes. 
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i.e., 
. 
(
d0p expp

) ◦ ηp = 1Nε(p)

[where.1A : A → A is the identical map of the set. A]. By the inverse function theorem 
there is a neighborhood .N0 ⊂ Nε(p) of the origin .0p and a neighborhood . Up ⊂ U
of .p = expp 0p such that .expp : N0 → Up is a diffeomorphism. Q.e.d. 

Definition 2.41 An open neighborhood .Np ⊂ Tp(M) of the origin .0p is normal if 
(i) The map .expp is a defined on .Np and a diffeomrphism of .Np onto some open 

neighborhood .Up ⊂ M of . p. 
(ii) .N0 is star shaped. 3

Also .Up is called a normal neighborhood of . p in . M . . �

Let .� : Rn → R be a function such that 
(i) .�

(
λ ξ
) = λ2 �(ξ) for any .λ > 0 and any .ξ ∈ R

n , 

(ii) The matrix .

[
∂2�

∂ξi ∂ξ j
(ξ)

]
is positive definite for any .ξ ∈ R

n . 

For instance, one may work with 

.�(ξ) =
n∑

i, j=1

ai jξ
iξ j , ξ = (ξ1, · · · , ξn

) ∈ R
n, (2.53) 

where .[ai j ]1≤i, j≤n ∈ R
n2 is a symmetric positive definite .n × n matrix with real 

coefficients. Occasionally we shall need the more general choice we have started 
with. Let .(U, xi ) be a local coordinate system on . M . We adopt the notation 

. Bc = {x ∈ U : �
[
χ(x)

]
< c
}
, c > 0.

Here .χ = (x1, · · · , xn
) : U → R

n . The family .{Bc : c > 0} is a basis for the 
topology of . M . 

Lemma 2.42 There is .c > 0 such that for any .0 < δ < c the points of any geodesic 
tangent to .	(δ) = {x ∈ U : �

[
χ(x)

] = δ
}
lying near the contact point, lie outside 

.	(δ). 

Definition 2.43 A curve .γ : I → M is tangent to the hypersurface .	 ⊂ M at the 
point .p0 ∈ 	 if there .t0 ∈ I such that .γ(t0) = p0 [.p0 = γ(t0) is the contact point] 
and .γ̇(t0) ∈ Tγ(t0)(	). . �

Here.I ⊂ R is an interval. With this definition, a more formal statement of Lemma 
2.42 is

3 That is .X ∈ N0 and.0 ≤ t ≤ 1 imply.t X ∈ N0. 
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. ∃ c > 0, ∀ 0 < δ < c,

. ∀ γ : I → M, geodesic tangent to 	(δ) at γ(t0)

. ∃ r > 0, such that Ir (t0) = (t0 − r, t0 + r) ⊂ I and

. ∀ t ∈ Ir (t0) \ {t0} : γ(t) ∈ U \ 	(δ).

Proof of Lemma 2.42. Let .δ > 0 and let .ϕ = � ◦ χ − δ be the defining function 
of .	(δ). Let  .p0 ∈ 	(δ) and let .γ : I → U be a geodesic tangent to .	(δ) at the 
(contact) point .γ(t0) = p0. Then 

. 
dγ

dt
(t0) ∈ Tp0

(
	(δ)

) =⇒ 0 = dγ

dt
(t0)(ϕ) =

[

(dt0γ)

(
d

dt

)

t0

]

(ϕ) =

. =
(
d

dt

)

t0

(
ϕ ◦ γ

) = ∂�

∂ξi
(ξ0)

dγi

dt
(t0)

or 

.
∂�

∂ξi
(ξ0)

dγi

dt
(t0) = 0 (2.54) 

where .ξ0 = χ(p0) ∈ R
n . On the other hand 

. 
(
� ◦ γ ◦ γ

)′
(t) = ∂�

∂ξi

(
γ1(t), · · · , γn(t)

)dγi

dt
(t),

. 
(
� ◦ γ ◦ γ

)′′
(t) = d

dt

[
∂�

∂ξi

(
γ1(t), · · · , γn(t)

)dγi

dt
(t)

]

=

. = ∂2�

∂ξi ∂ξ j

(
γ1(t), · · · , γn(t)

)dγ j

dt
(t)

dγi

dt
(t) + ∂�

∂ξi

(
γ1(t), · · · , γn(t)

)d2γi

dt2
(t) =

[as . γ is a geodesic, i.e., .d2γi
/
dt2 = −Ni

j

(
γ̇(t)

)
dγ j
/
dt] 

. = ∂2�

∂ξi ∂ξ j

(
γ1(t), · · · , γn(t)

)dγ j

dt
(t)

dγi

dt
(t) − ∂�

∂ξi

(
γ1(t), · · · , γn(t)

)
Ni
k
(
γ̇(t)

) dγk

dt
(t).

(2.55) 
Let us differentiate with respect to . λ in .�

(
λξ
) = λ2 �(ξ) and set .λ = 1 in the 

resulting equation. We obtain 

.
∂�

∂ξ j

(
ξ
)
ξ j = 2�(ξ) .
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Next, let us differentiate with respect to . ξi

.
∂2�

∂ξ j ∂ξi
(ξ) ξ j = ∂�

∂ξi
. (2.56) 

At this point, we substitute .
∂�

∂ξi
from (2.56) into (2.55) so that to obtain 

. 
(
� ◦ γ ◦ γ

)′′
(t) = ∂2�

∂ξi ∂ξ j

(
γ1(t), · · · , γn(t)

)[dγ j

dt
(t)

dγi

dt
(t) − γ j (t) Ni

0

(
γ̇(t)

)]

(2.57) 
where we have set .Ni

0 = Ni
j y

j . For every .v ∈ π−1
(
	(δ)

) ⊂ π−1(U ) ⊂ V (M), we  
set 

. �(v) = �(v1, · · · , vn), v = vi

(
∂

∂xi

)

π(v)

.

Next, let us set 
. K =

{
v ∈ π−1(	(δ)

) : �(v) = 1
}
.

Then .K is a compact subset of .π−1(U ) and the functions .Ni
0 : π−1(U ) → R are 

continuous. Then the functions 

. 
∂2�

∂ξi ∂ξ j
N i
0, 1 ≤ j ≤ n,

are bounded on .K so that 

.

∣∣∣∣

(
∂2�

∂ξi ∂ξ j

)χ◦π
Ni
0

∣∣∣∣ ≤ A, 1 ≤ j ≤ n, (2.58) 

on. K , for some constant .A > 0. Here.

(
∂2�

∂ξi ∂ξ j

)χ◦π
is short for .

∂2�

∂ξi ∂ξ j
◦ χ ◦ π. If  

.v ∈ π−1
(
	(δ)

)
is an arbitrary vector, then.v 	= 0π(v) and hence. w = [1/

√
�(v)

]
v ∈

K . Consequently [as .Ni
0 are positively homogenous of degree . 2 and .π(w) = π(v)] 

. 

∣∣
∣∣
∣

(
∂2�

∂ξi ∂ξ j

)χ◦π

(v)
(
x j ◦ π

)
(v) Ni

0(v)

∣∣
∣∣
∣
= �(v)

∣∣
∣∣
∣

(
∂2�

∂ξi ∂ξ j

)χ◦π

(w)
(
x j ◦ π

)
(w) Ni

0(w)

∣∣
∣∣
∣
≤

[by (2.58)] 

. ≤ A�(v)

n∑

j=1

∣∣x j
(
π(v)

)∣∣.
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The function.
1

�(ξ)

n∑

j=1

(ξ j )2 is positively homogeneous of degree . 0 and continuous 

on .R
n \ {0}. Therefore, 

.

n∑

j=1

(
ξ j
)2 ≤ C �(ξ) (2.59) 

for some .C > 0 and every .ξ ∈ R
n . Also, if . 1 = (1, · · · , 1

) ∈ R
n

. 

n∑

j=1

∣∣x j
∣∣ =

∣∣∣1 · (|x1|, · · · , |xn|)∣∣ ≤

[by the Cauchy-Schwartz inequality, and .‖1‖ = √
n, and (2.59)] 

. ≤ ‖1‖
√√√√

n∑

j=1

∣∣x j

∣∣2 =
√√√√n

n∑

j=1

(x j )2 ≤ √n C �(x)

where .x = (x1, · · · , xn). Therefore, 

.

∣∣∣∣
∂2�

∂ξi ∂ξ j

(
γ1(t), · · · , γn(t)

)
γ j (t) Ni

0

(
γ̇(t)

)
∣∣∣∣ ≤ (2.60) 

. ≤ A�
(
γ̇(t)

) n∑

j=1

∣∣γ j (t)
∣∣ ≤ A�

(
γ̇(t)

)√
n C �

(
γ1(t), · · · , γn(t)

)
.

Next, let us observe that 

. 
1

�(v)

(
∂2�

∂ξi ∂ξ j

)χ◦π
(v) vi v j

is positive definite and positively homogeneous of degree . 0 hence 

.
∂2�

∂ξi ∂ξ j

(
γ1(t), · · · , γn(t)

) dγi

dt
(t)

dγ j

dt
(t) ≥ B �

(
γ̇(t)

)
(2.61) 

for some constant .B > 0. In particular from (2.60) 

. − ∂2�

∂ξi ∂ξ j

(
γ1(t), · · · , γn(t)

)
γ j (t) Ni

0
(
γ̇(t)

) ≥ −A�
(
γ̇(t)

)√
n C �

(
γ1(t), · · · , γn(t)

)
.

(2.62)
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Finally [by (2.57) and (2.61)–(2.62)], 

. 
(
� ◦ χ ◦ γ

)′′
(t0) ≥ �

(
γ̇(t0)

)[
B − A

√
n C �

(
ξ0
)] =

. = �
(
γ̇(t0)

)[
B − A

√
n C δ

]
> 0 ⇐⇒ δ <

B2

A2 n C
=: c.

Summing up, there is.c > 0 [precisely.c = B2
/
(A2 n C)] such that for any. 0 < δ < c

one has 
. 
(
� ◦ χ ◦ γ

)′
(t0) = 0,

(
� ◦ χ ◦ γ

)′′
(t0) > 0,

so that .t0 is a minimum point, at which .� ◦ χ ◦ γ attains the minimum value 
.�(χ(γ(t0))) = δ. Hence, there is.r > 0 such that.�(χ(γ(t))) > δ for all. t ∈ Ir (t0) \
{t0}. Q.e.d. 
Lemma 2.44 Let .c > 0 be chosen as in Lemma 2.42. There is .0 < a < c such that 

(i) Any two points in .Ba can be joined by a geodesic lying entirely in .Bc. 
(ii) Each point of .Ba has a normal neighborhood containing .Ba. 

Proof Let.σ : M → T (M)be the natural embedding, i.e.,.σ(p) = 0p for any.p ∈ M . 
Let us consider the map 

. � : T (M) → M × M, �(X) = (�(X), exp�(X) X
)
, X ∈ T (M).

For each .p ∈ M , the exponential map .expp is only defined on some neighborhood 
of .0p in .Tp(M) hence .� is only defined on some open neighborhood of .σ(M) in 
.T (M). For every .p ∈ M , 

. �(0p) = (�(0p), exp�(0p)
0p
) = (p, p

)
.

The differential of .� at .p ∈ M [identified with .0p ∈ Tp(M)] is  

. d0p� : T0p (T (M)) → T(p, p)(M × M).

We shall make use of the maps 

. βp : M → M × M, αq : M → M × M, βp(q) = (p, q), αq (p) = (p, q), p, q ∈ M,

so that the tangent space at .(p, q) to the product manifold .M × M is 

. T(p,q)(M × M) = [(dpαq)Tp(M)
]⊕ [(dqβp)Tq(M)

]
.

Let .X ∈ Tp(M) and let us compute 

.(d0p�) ◦ (d0p jp) ◦ ηp(X) = d0p (� ◦ jp)α̇(0) = d0p (� ◦ jp) (d0α)

(
d

dt

)

0
= d0(� ◦ jp ◦ α)

(
d

dt

)

0
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and 

. � ◦ jp ◦ α(t) = �( jp (t X)) = (p, expp t X
) = (p, αp,X (t)

) =: γ(t)

hence 
. (d0p�) ◦ (d0p jp) ◦ ηp(X) = γ̇(0) ∈ T(p,p)(M × M).

To compute the tangent vector along the curve 

. γ : R → M × M, γ(t) = (p, αp, X (t)), t ∈ R,

one endows .M × M with the .C∞ atlas .{h × k : U × V → R
2n} got as . h and . k run 

over an atlas of . M . Let .πa : M × M → M , .a ∈ {1, 2}, be the projections. We may 
use the local chart .χ × χ : U ×U → R

2n about the point .(p, p) ∈ M × M . If the  
coordinate functions relative to . χ are .χ = (x1, · · · , xn), then 

. χ × χ = (x1 ◦ π1, · · · , xn ◦ π1, x
1 ◦ π2, · · · , xn ◦ π2

) =: (x1, · · · , x2n
)
.

Therefore, the components of the curve . γ with respect to the chart .χ × χ are 

. γi (t) = xi (p), γi+n(t) = xi
(
αp,X (t)

) = αi
p,X (t).

Moreover, 

. γ̇(0) = dγi

dt
(0)

(
∂

∂xi

)

β(0)

+ dγi+n

dt
(0)

(
∂

∂xi+n

)

β(0)

= dαi
p,X

dt
(0)

(
∂

∂xi+n

)

(p,p)

.

Note that the differential of .βp at . p maps .(∂/∂xi )p onto .(∂/∂xi+n)(p,p). Hence, 

. γ̇(0) = dαi
p,X

dt
(0) (dpβp)

(
∂

∂xi

)

p

= (dpβp) α̇p,X (0) = (dpβp)X.

Finally, 
. (d0p�) ◦ (d0p jp) ◦ ηp = dpβp

hence.d0p� is nonsingular. Consequently there is a neighborhood.N ′ of 4 .0p in. T (M)

and there is a positive number .0 < a′ < c such that .� : N ′ → Ba′ × Ba′ is a dif-
feomorphism. Also the differential of .exp : T (M) → M is nonsingular at .0p hence 
there is a star shaped neighborhood.N ′′ of.0p in.T (M) such that.exp

(
N ′′) ⊂ Bc. We  

may choose.N ′′ such that.N ′′ ⊂ N ′. Also let us choose a positive number. 0 < a < a′
such that .�

(
N ′′) ⊃ Ba × Ba . Let us set

4 Morally, of the point. p (thinking of.M as immersed into.T (M) as the zero section). 
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. N = �−1
(
Ba × Ba

)
.

It follows that.exp(t X) ∈ Bc for every.X ∈ N and every.0 ≤ t ≤ 1. At this point, we 
may prove statement (i) in Lemma 2.44. 

(i) Let .q1, q2 ∈ Ba be two arbitrary points. Then .X := �−1(q1, q2) ∈ N . Let  
.α = αq1, X be the geodesic with the initial data.

(
q1, X

)
. Then. α is a geodesic joining 

.q1 and .q2 in .Bc. Q.e.d. 
At this point, we may prove statement (ii) in Lemma 2.44. 
(ii) For every .q ∈ Ba , let us set 

. Nq := N ′′ ∩ Tq(M).

Then.Nq is star shaped and.exp is a diffeomorphism of .Nq onto some neighborhood 
of . q in .M containing .Ba . Q.e.d. 

Definition 2.45 A set .Bδ is said to be simple if for any .q1, q2 ∈ Bδ there is at most 
one geodesic joining .q1 and . q2, and lying entirely in .Bδ . . �
Definition 2.46 Aset.Bδ is said to be convex if for any.q1, q2 ∈ Bδ there is a geodesic 
joining .q1 and . q2, and lying entirely in .Bδ . . �
Theorem 2.47 For every point .p ∈ M, there is a positive number .a > 0 such that 
for any .0 < δ < a the set .Bδ is both simple and convex. 

Proof Let.p ∈ M and let.(U, xi ) be a local coordinate system on.M such that. p ∈ U
and .xi (p) = 0. Let us choose .c > 0 and .a > 0 as in Lemma 2.44. Let  .0 < δ < a. 
For any.q1, q2 ∈ Bδ , let.γ(t) = exp(t X) be a geodesic joining.q1 and.q2 and lying in 
.Bc, as in Lemma 2.44. Let us suppose that .γ(t1) lies outside.Bδ , for  some  value. t1 of 
the parameter. As .� ◦ χ ◦ γ is continuous and .[0, 1] is compact, there is . 0 ≤ t0 ≤ 1
such that 

. �
[
χ
(
γ(t0)

)] = sup
0≤t≤1

�
[
χ
(
γ(t)

)]
< +∞ .

As.γ(t1) ∈ U \ Bδ one has.�
[
χ
(
γ(t1)

)] ≥ δ = �
(
χ(q1)

) = �
(
χ(q2)

)
the maximum 

isn’t reached at a boundary point, i.e., .0 < t0 < 1. Thus, . t0 is a critical point 

. 0 = (� ◦ χ ◦ γ
)′
(t0) = ∂�

∂ξi
(ξ0)

dγi

dt
(t0) = γ̇(t0)(� ◦ χ − δ0) =⇒

. =⇒ γ̇(t0) ∈ Tγ(t0)(	(δ0))

where .δ0 := �
[
χ
(
γ(t0)

)]
, that is . γ is tangent to .	(δ0) at .γ(t0). Thus [by Lemma 

2.42],.
(
� ◦ χ ◦ γ

)′′
(t0) > 0. Yet. t0 is a maximum point, so that.

(
� ◦ χ ◦ γ

)′′
(t0) < 0, 

a contradiction. The contradiction comes from our assumption that. γ lies outside.Bδ . 
So .Bδ is indeed convex. Q.e.d. By Lemma 2.44 every point of .Bδ has a normal 
neighborhood containing 5 .Bδ . Thus, .Bδ is simple. Q.e.d.

5 Actually.Bδ is itself a normal neighborhood of any of its points. 
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The set .N in the proof of Lemma 2.44 may be realized as follows. Start with a 
neighborhood .U of a point . p in .M and a number .ε > 0 such that .� is a diffeomor-
phism on .� := �−1(U ) ∩ E−1

([0, ε)). Then choose .N to be a subset of . �. The  set  
.Bδ in Theorem 2.47 is such that .�(N ) ⊃ Bδ × Bδ . Let . γ be the unique geodesic in 
.Bδ joining two given points.q1, q2 ∈ Bδ and let.X ∈ N such that.expq1 X = q2. Then 
the length of . γ is .L(γ) = ‖X‖ < ε. We have established the following: 

Corollary 2.48 For every point .p ∈ M, there is a positive number .ε > 0 and a 
neighborhood .Bδ such that any two points in .Bδ can be joined by a unique geodesic 
in .M of length .< ε. 

The existence of both simple and convex neighborhoods is now established. Our 
next task is to study the relationship between geodesics and arc length. 

Theorem 2.49 Let .Bδ and .ε > 0 be as in Corollary 2.48. Let .α : [0, 1] → M be the 
geodesic of length .< ε, contained in .Bδ , joining two points .q1, q2 ∈ Bδ , and let . ω :
[0, 1] → M be any other piecewise differentiable path joining.q1 to. q2. Then. L(α) ≤
L(ω) with equality if and only if the point sets .ω([0, 1]) and .α([0, 1]) coincide and 
the parameter . t is a monotonic increasing function of arc length. 

To prove Theorem 2.49 we need to prepare two lemmas. To simplify the 
exposition, we adopt the following: 

Definition 2.50 Let.v ∈ V (M) and.Y ∈ Tπ(v)(M) be two tangent vectors. We say. Y
is transversal to . v if .gv

(
v, Y

) = 0. . �

Lemma 2.51 Let.q ∈ M and let.ε > 0 be a positive number such that the exponential 
map .expq is well defined on .N0 = {X ∈ Tq(M) : E(X) < ε2

}
. Let .u 
−→ X (u) be 

a curve in .Tq(M) such that .E
(
X (u)

) = 1. Then each curve 

. u 
−→ expq
(
t0 X (u)

)
, 0 < t0 < ε,

is transversal to each geodesic 

. t 
−→ expq
(
t X (u0)

)
.

Proof Let . f : D → M be given by 

. f (u, t) = expq
(
t X (u)

)
, 0 ≤ t < ε.

. f is a parametrized surface in .M and.D ⊂ R
2 is the domain of the parametrization, 

i.e., .D = J × (−ε, ε) for some interval .J ⊂ R [the interval where the parameter . u
ranges]. The differential of . f at .(u, t) ∈ D is 

.d(u,t) f : T(u,t)(R
2) → T f (u,t)(M).
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Let . f̃ be the lift of . f to .V (M), i.e., 

. f̃ : D → V (M), f̃ (u, t) = (d(u,t) f
) ( ∂

∂t

)

(u,t)

.

Then .π ◦ f̃ = f . The notion of lift of . f to .V (M) is taken by us from B.T.M. Has-
san, [Has]. Despite the fact that the variable . t seems to be privileged, the notion is 
certainly natural. One thinks of the (parametrized) surface. f as the family of curves 
.{ fu}u∈J , where . fu(t) = f (u, t), and then one lifts independently each of the curves 
. fu . The  lift of . fu is . f̃u(t) = (d fu/dt)(t) ∈ V (M) and then the lift of . f to .V (M) is 
declared to be the surface in .V (M) generated by the curve . f̃u as . u ranges over . J . 
We set 

. 
∂ f

∂u
(u, t) = (d(u,t) f )

(
∂

∂u

)

(u,t)

∈ T f (u,t)(M) = (π−1T M
)
f̃ (u,v)

so that .
∂ f

∂u
: D → π−1T (M) is a section in.π−1T (M) defined along . f̃ . The section 

.
∂ f

∂t
: D → π−1T (M) in .π−1T (M) along . f̃ is defined in the same manner 

. 
∂ f

∂t
(u, t) = (d(u,t) f )

(
∂

∂t

)

(u,t)

∈ T f (u,t)(M) = (π−1T M
)
f̃ (u,v)

.

The statement in Lemma 2.51 is that 

. g f̃ (u,t)

(
∂ f

∂u
(u, t),

∂ f

∂t
(u, t)

)

= 0

for any .(u, t) ∈ D. For arbitrary fixed .u ∈ J , the maps .t 
→ ∂ f

∂u
(u, t) and 

.t 
→ ∂ f

∂t
(u, t) are sections in .π−1T (M) defined along the curve.t 
→ f̃ (u, t). Then 

[by (2.42)] 

.
∂

∂t

[

g f̃ (u,t)

(
∂ f

∂u
(u, t),

∂ f

∂t
(u, t)

)]

= (2.63) 

. = g f̃ (u,t)

(
D

∂t

(
∂ f

∂u

)

(u, t),
∂ f

∂t
(u, t)

)

+ g f̃ (u,t)

(
∂ f

∂u
(u, t),

D

∂t

(
∂ f

∂t

)

(u, t)

)

.

We adopt the notation 

. fu(t) = f (u, t), ft (u) = f (u, t), (u, t) ∈ D,
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so that 

. 
D

∂t

(
∂ f

∂t

)

(u, t) = D

dt

(
d fu
dt

)

(t).

Then . fu(t) = expq
(
t X (u)

)
is a geodesic [the geodesic of initial data .(q, X (u))] 

hence 

. 0 = D

dt

(
d fu
dt

)

(t) =
(

∇d f̃u/dt

d fu
dt

)

f̃u(t)

=
(
∇d f̃u/dt

L
)

f̃u(t)
= K f̃u(t)

d f̃u
dt

(t)

where . f̃u(t) = (d fu/dt)(t). The formula (2.63) becomes 

. 
∂

∂t

[

g f̃ (u,t)

(
∂ f

∂u
(u, t),

∂ f

∂t
(u, t)

)]

= g f̃ (u,t)

(
D

∂t

(
∂ f

∂u

)

(u, t),
∂ f

∂t
(u, t)

)

.

(2.64) 
If we set . f i (u, t) = x̃ i ( f (u, t)), then 

. f̃u(t) = f̃ (u, t) = ∂ f i

∂t
(u, t)

(
∂

∂ x̃ i

)

fu(t)

,

. f̃ iu (t) = xi
(
f̃u(t)

) = x̃ i
(
fu(t)

) = f i (u, t), f̃ i+n
u (t) = yi

(
f̃u(t)

) = ∂ f i

∂t
(u, t),

. 
d f̃u
dt

(t) = d f̃ iu
dt

(t)

(
∂

∂xi

)

f̃u(t)

+ d f̃ i+n
u

dt
(t)

(
∂

∂yi

)

f̃u(t)

=

. = ∂ f i

∂t
(u, t)

(
∂

∂xi

)

f̃u(t)

+ ∂2 f i

∂t2
(u, t)

(
∂

∂yi

)

f̃u(t)

= (2.65) 

. = ∂ f i

∂t
(u, t)

(
δ

δxi
+ N j

i

∂

∂y j

)

f̃u(t)

+ ∂2 f i

∂t2
(u, t)

(
∂

∂yi

)

f̃u(t)

=

. = ∂ f i

∂t
(u, t)

(
δ

δxi

)

f̃u(t)

+
[
∂2 f j

∂t2
(u, t) + N j

i

(
f̃u(t)

) ∂ f i

∂t
(u, t)

] (
∂

∂y j

)

f̃u(t)

,

hence 

. 0 = K f̃u(t)

d f̃u
dt

(t) =
[
∂2 f j

∂t2
(u, t) + N j

i

(
f̃ (u, t)

) ∂ f i

∂t
(u, t)

]
X j, f̃ (u,t)

yielding
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. 
∂2 f j

∂t2
(u, t) + N j

i

(
f̃ (u, t)

) ∂ f i

∂t
(u, t) = 0.

In particular 

. 
d f̃u
dt

(t) = ∂ f i

∂t
(u, t)

(
δ

δxi

)

f̃ (u,t)

∈ N f̃ (u,t),

i.e., .
d f̃u
dt

(t) is horizontal. We shall need the vector fields on . V (M)

. 
∂ f̃

∂u
,

∂ f̃

∂t
: D → T (V (M))

defined along . f̃ by 

. 
∂ f̃

∂u
(u, t) = (d(u,t) f̃

) ( ∂

∂u

)

(u,v)

,
∂ f̃

∂t
(u, t) = (d(u,t) f̃

) ( ∂

∂t

)

(u,v)

.

Note that .
∂ f̃

∂t
(u, t) is the same as .

d f̃u
dt

(t). Indeed 

. f̃ i (u, t) = xi
(
f̃ (u, t)

) = xi
[

(d(u,t) f )

(
∂

∂t

)

(u,t)

]

= xi
[
f (u, t)

] = f i (u, t),

. f̃ i+n(u, t) = yi
(
f̃ (u, t)

) = yi
[

(d(u,t) f )

(
∂

∂t

)

(u,t)

]

= ∂ f i

∂t
(u, t),

hence 

. 
∂ f̃

∂t
(u, t) = (d(u,t) f̃ )

(
∂

∂t

)

(u,t)
= ∂ f̃ i

∂t
(u, t)

(
∂

∂xi

)

f̃ (u,t)
+ ∂ f̃ i+n

∂t
(u, t)

(
∂

∂yi

)

f̃ (u,t)
=

. = ∂ f i

∂t
(u, t)

(
∂

∂xi

)

f̃ (u,t)

+ ∂2 f i

∂t2
(u, t)

(
∂

∂yi

)

f̃ (u,t)

which compared to (2.65) yields the result, i.e., 

. 
∂ f̃

∂t
(u, t) = d f̃u

dt
(t).

In particular 

.
∂ f̃

∂t
(u, t) ∈ N∇, f̃ (u,t) .
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Going back to (2.64) let us observe that [by Lemma 2.32] 

. 
D

∂u

(
L

∂s

∂t

)
− D

∂t

(
L

∂s

∂u

)
= TL

(
∂s

∂u
,

∂s

∂t

)

[with .s = f̃ ] or  

. 
D

∂u

(
∂ f

∂t

)

− D

∂t

(
∂ f

∂u

)

= TL

(
∂ f̃

∂u
,

∂ f̃

∂t

)

.

so that (2.64) may be written 

. 
∂

∂t

[

g f̃ (u,t)

(
∂ f

∂u
(u, t),

∂ f

∂t
(u, t)

)]

=

. = g f̃ (u,t)

(
D

∂u

(
∂ f

∂t

)

(u, t),
∂ f

∂t
(u, t)

)

− g f̃ (u,t)

(

TL

(
∂s

∂u
,

∂s

∂t

)

f̃ (u,t)
,

∂ f

∂t
(u, t)

)

.

The last term vanishes [by Lemma 2.20] because of 

. L[ f̃ (u, t)
] = ∂ f

∂t
(u, t)

where . L is the Liouville vector field. We are left with 

. 
∂

∂t

[

g f̃ (u,t)

(
∂ f

∂u
(u, t),

∂ f

∂t
(u, t)

)]

= g f̃ (u,t)

(
D

∂u

(
∂ f

∂t

)

(u, t),
∂ f

∂t
(u, t)

)

=

[by .∇g = 0] 

. = 1

2

∂

∂u

[

g f̃ (u,t)

(
∂ f

∂t
(u, t),

∂ f

∂t
(u, t)

)]

. (2.66) 

Since . fu(t) = expq
[
t X (u)

]

. 
∂ f

∂t
(u, t) = (d(u,t) f )

(
∂

∂t

)

(u,t)

= (dt fu)

(
d

dt

)

t

= d fu
dt

(t) = t X (u)

and 
. E(X (u)) = 1 =⇒ t2 = E(t X (u)) = g

(L, L)t X (u)
=

. = g
(L, L) f̃ (u,t) = g f̃ (u,t)

(
∂ f

∂t
(u, t),

∂ f

∂t
(u, t)

)
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the term (2.66) vanishes, implying that 

. g f̃ (u,t)

(
∂ f

∂u
(u, t),

∂ f

∂t
(u, t)

)

= C(u)

for some “constant” .C(u) ∈ R. Yet  for . t = 0

. f (u, 0) = expq 0q = q =⇒ ∂ f

∂u
(u, 0) = d f0

du
(u) = 0 =⇒ ∂ f

∂u
(u, 0) = 0 =⇒ C(u) = 0

hence 

. g f̃ (u,t)

(
∂ f

∂u
(u, t),

∂ f

∂t
(u, t)

)

= 0.

Q.e.d. 

Lemma 2.52 Let .N0 be as in the previous lemma and let .Nq be the image of .N0 by 
.expq . Let 

. ω : [a, b] → Nq \ {q}

be any piecewise differentiable curve. Each point .ω(t) may be expressed uniquely as 
.ω(t) = expq

[
r(t) X (t)

]
for some 

. 0 < r(t) < ε, X (t) ∈ Tq(M), L(X (t)) = 1.

Also the length of . ω obeys to 

. L(ω) ≥ r(b) − r(a), r(b) > r(a),

with equality if and only if .r(t) is monotonically increasing, while .X (t) is constant. 

Let .X ∈ V (M) and .Y ∈ Tπ(X)(M) = (π−1T M
)
X
be two tangent vectors having 

the same origin (a fortiori.X 	= 0). We chose to call. Y transversal to. X if. gX (X, Y ) =
0, a requirement equivalent to.gX

(L(X), Y ) = 0. To prove Lemma 2.52 we shall first 
show that 

. E(X + Y ) ≥ E(X)

provided that . Y is transversal to . X , with equality if and only if .Y = 0. To this end 
let us set .q = π(X) ∈ M and let .(U, xi ) a local coordinate system about . q. Let us 
consider the function 

.F
(
v1, · · · , vn

) = E

[

vi

(
∂

∂xi

)

q

]

.
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If 

. X = Xi

(
∂

∂xi

)

q

, Y = Y j

(
∂

∂x j

)

q

,

then 

. E(X + Y ) = E

[

(Xi + Y i )

(
∂

∂xi

)

q

]

= F
(
X1 + Y 1, · · · , Xn + Yn) =: G(Y 1, · · · , Yn).

Then 

. 
∂G

∂Y i
(Y 1, · · · , Y n) = ∂F

∂vi
(X1 + Y 1, · · · , Xn + Y n) = ∂E

∂yi
(X + Y ),

. 
∂2G

∂yi ∂y j
(Y 1, · · · , Y n) = ∂2E

∂yi ∂y j
(X + Y ) = 2 gi j (X + Y ).

The truncated Taylor development of .G about the origin is 

. G(Y 1, · · · , Y n) = G(0) +
n∑

i=1

∂G

∂Y i
(0) Y i + 1

2

n∑

i, j=1

∂2G

∂Y i ∂Y j
(θY ) Y i Y j

[for some .0 < θ < 1] or  

.E(X + Y ) = E(X) +
n∑

i=1

∂E

∂yi
(X) Y i +

n∑

i, j=1

gi j (X + θY ) Y i Y j . (2.67) 

As . Y is transversal to .X and . L = yi Xi

. 0 = gX (X, Y ) = gX
(L(X), Y

) = yiY j gi j (X) = Y j ∂E

∂y j
(X),

. gi j (X + θY ) Y i Y j ≥ 0,

it follows that .E(X + Y ) ≥ E(X). Finally, [by (2.67)] 

. E(X + Y ) = E(X) ⇐⇒ gi j (X + θY ) Y i Y j0 ⇐⇒ Y = 0.

Q.e.d. 

Proof of Lemma 2.52. Let us set . f (r, t) = expq
(
r X (t)

)
, so that . ω(t) =

f
(
r(t), t

)
. Hence,
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. 
dω

dt
(t) = dωi

dt
(t)

(
∂

∂xi

)

ω(t)
=
[

∂ f i

∂r

(
r(t), t) r ′(t) + ∂ f i

∂t

(
r(t), t)

] (
∂

∂xi

)

ω(t)
=

. = ∂ f

∂r

(
r(t), t) r ′(t) + ∂ f

∂t

(
r(t), t)

According to Lemma 2.51 the vector .
∂ f

∂t
(r, t) is transversal to .

∂ f

∂r
(r, t). Also  

.E

(
∂ f

∂r
(r, t)

)
= 1 hence 

. E

[
dω

dt
(t)

]
≥ r ′(t)2

with equality if and only if .
∂ f

∂t
(r, t) = 0 and .r ′(t) ≥ 0. This is equivalent to 

.
dX

dt
(t) = 0 and .r ′(t) ≥ 0. Thus, 

. 

∫ b

a
E

[
dω

dt
(t)

]1/2
dt ≥

∫ b

a
r ′(t) t = r(b) − r(a)

with equality if and only if .r(t) is monotonically increasing and .X (t) is constant. 
Q.e.d. 

Proof of theorem 2.49. Let  . ω be a piecewise differentiable curve joining .q1 to 
.q2 = expq1(r X) ∈ Bδ with.0 < r < ε and.E(X) = 1. Then, for any.δ′ > 0, the curve 
. ω must contain a segment joining the spherical shell .�[χ(x)] = δ′ [of radius . δ′] to  
the spherical shell .�[χ(x)] = r [of radius . r ] and lying between the two shells. The 
length of that segment is.≥ r − δ′. In the limit as.δ′ → 0+ the length of. ω is.≥ r . On  
the other hand.L(α) = r so that .L(α) ≤ L(ω). Next .L(ω) = r if and only if .X (t) is 
constant and the parameter. t is a monotonically increasing function of arc length. As 
.X (t) is contant,. ω is a geodesic. We assumed that. α is the unique geodesic joining. q1
to. q2, hence.L(α) = L(ω) if and only if the point sets.ω([0, 1]) and.α([0, 1]) coincide 
and the parameter . t is a monotonically increasing function of the arc length. Q.e.d. 

2.3 Finslerian Distance Functions 

Definition 2.53 A geodesic .ω : [a, b] → M is said to be minimal if its length is . ≤
the length of any other piecewise differentiable curve joining .α(a) to .α(b). . �

Let .(M, E) be a Finslerian manifold. We recall
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Definition 2.54 The length of a .C1 curve .γ : [a, b] → M is 

. L(γ) =
∫ b

a

√

E

[
dγ

dt
(t)

]
dt.

. �

The definition of the notion of length extends to piecewise.C1 curves, in a natural 
manner. 

Definition 2.55 Let.(p, q) ∈ M × M be an ordered pair of points in. M . The  distance 
.d(p, q) from the point.p ∈ M to the point. q is the greatest lower bound of all lengths 
.L(γ) as . γ ranges over all piecewise .C1 functions joining . p and . q. . �

One may easily show that.d : M × M → R is a generalized distance function on 
. M , which is to say that 

(i) .d(p, q) ≥ 0 and .d(p, q) = 0 ⇐⇒ p = q, and 
(iii) .d(p, q) ≤ d(p, r) + d(r, q), for any .p, q, r ∈ M . 

However, unless one assumes that .E(−w) = E(w), the symmetry property (ii) 
.d(p, q) = d(q, p) is not guaranteed, in general. 

Let .B(p, δ) = {q ∈ M : d(p, q) < δ} be the open ball of center . p and radius 
.0 < δ < ∞, associated to the generalized distance function . d. The set of all open 
balls is a base for a topology on . M , referred to as the metric topology of .(M, E). 
The metric topology is known to coincide with the original manifold topology (cf. 
e.g., [Mat]). The proof requires a bit of preparation, as follows. 

Proposition 2.56 Let.δ > 0 such that.N0 = {X ∈ Tp(M) : E(X) < δ2} is a normal 
neighborhood of .0p in .Tp(M). Then 

. B(p, δ) = expp N0 .

Proof If .q ∈ expp N : 0, then .d(p, q) < δ, so that .expp N0 ⊂ B(p, δ). Conversely 
let .q ∈ B(p, δ) and let . α be a curve joining . p and. q and such that .L(α) < δ. Let us 
assume that .α(t) ∈ expp N0 for any .0 ≤ t ≤ u. Let  .u0 be the least upper bound of 
all such . u. Each point .α(t), .0 ≤ t < u0 can be uniquely represented as 

. α(t) = expp

[
r(t) X (t)

]

for some 
. 0 ≤ r(t) < u0, X (t) ∈ Tp(M), F(X (t)) = 1.

Then [by Lemma 2.52] 

.L(α(t)) ≤ d(p, α(t)) = r(t), 0 ≤ t < u0 .
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Thus, .L(α(u0)) ≥ r(u0) = δ, which is a contradiction. Hence, .α lies entirely in 
.expp N0. Q.e.d. 

Corollary 2.57 The metric topology on .(M, E) and the original manifold topology 
on .M coincide. 

Proof The set of balls .{B(p, δ) : p ∈ M, δ > 0} is a base for the metric topol-
ogy. On the other hand .{expp N0} with .N0 = {X ∈ Tp(M) : E(X) < δ2} a normal 
neighborhood of .0p ∈ Tp(M) is a local base at . p for the original topology of . M . 

Proposition 2.58 Let .{Uα}α∈A be an open cover of a compact subset .K ⊂ M. Then 
there is .δ > 0 such that 

. d(p, q) < δ =⇒ ∃ α ∈ A such that p, q ∈ Uα .

Proof Let us assume there is none such .δ > 0. Then there are two sequences 
.{pν}ν≥1 ⊂ K and .{qν}ν≥1 ⊂ K such that .limν→∞ d(pν, qν) = 0 and no set of the 
cover contains both .pν and . qν . Yet .K is compact, hence we may extract convergent 
subsequences 

. {pνi }i≥1 ⊂ {pν}ν≥1, {qνi }i≥1 ⊂ {qν} − ν ≥ 1,

[of course with.ν1 < ν2 < · · · ] such that.limi→∞ pνi = p and.limi→∞ qνi = q. Since 
. d is a continuous function of both its arguments, .d(p, q) = 0 yields .p = q. Finally, 
as .p ∈ K there is .α ∈ A such that .p ∈ Uα, and one may choose .i ≥ 1 such that 
.{pνi , qνi } ⊂ Uα, a contradiction. Q.e.d. 

Corollary 2.59 For every compact subset .K ⊂ M, there is .δ > 0 such that any two 
points in .K of distance .< δ can be joined by a unique geodesic of length .< δ. This 
geodesic is minimal and depends smoothly on its endpoints. 

Proof By Theorem 2.47 every point .p ∈ M admits a neighborhood which is both 
simple and convex. The family of all such neighborhoods as . p ranges over .K is an 
open cover . U of . K . Then [by Proposition 2.58] there is .δ > 0 such that . d(p, q) < δ
with .p, q ∈ K yields .p, q ∈ U for some .U ∈ U. Q.e.d. 

Theorem 2.60 Let .(M, E) be a Finslerian manifold, and let . d be the corresponding 
distance function. Then 

. ∀ p ∈ M, ∃ a > 0, ∀ 0 < δ < a :

(i) .B(p, δ) is a normal neighborhood of each of its points, 
(ii) .∀ x, y ∈ B(p, δ) the unique geodesic joining . x and . y in .B(p, δ) is also the 

only curve of length .d(x, y) from . x to . y.
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Proof Let.p ∈ M and let.(U, xi ) be a local coordinate system on.M such that. p ∈ U

and.xi (p) = 0. Let us consider the function. � given by.�(ξ) =
n∑

i=1

(ξi )2 for any. ξ ∈
R

n . Let.a > 0 be the positive number furnished by Theorem 2.47 and let.0 < δ < a. 
Once again by Theorem 2.47 

. Bδ = {q ∈ U : �(χ(q)) < δ}

is a normal neighborhood of each of its points. Then .B(p, δ) = Bδ for sufficiently 
small . δ, so that property (i) is proved. 

Let .x, y ∈ B(p, δ). As  .B(p, δ) is a normal neighborhood of . x , .α is the only 
shortest curve in .B(p, δ) from. x to . y. Finally [by Proposition 2.56], a curve from. x
to . y that doesn’t lie in .B(p, δ) has length .> δ. 

Lemma 2.61 Let .(M, E) be a Finslerian manifold. There is a continuous function 
.r : M → (0, +∞) such that any two points of the closed ball 

. S(p, r(p)) = {q ∈ M : d(p, q) ≤ r(p)}

can be joined by a minimizing geodesic. 

Proof Let.p ∈ M and let.r(p) be the least upper bound of all.r > 0 such that any two 
points .q, q ′ ∈ M with .d(p, q) < r and .d(p, q ′) < r can be joined by a minimizing 
geodesic. Then [by Theorem 2.60] .r(p) > 0. If .r(p) = +∞ for some .p ∈ M , then 
.r(q) = +∞ for every.q ∈ M , hence any continuous function on.M will do. If. r(p) <

∞ for every .p ∈ M , then one may assume w.l.o.g. that .r(p) > r(q). If  . d(p, q) ≥
r(p), then 

. 

∣∣r(p) − r(q)
∣∣ < d(p, q) ≤ dm(p, q),

. dm(p, q) := max
{
d(p, q), d(q, p)

}
.

If in turn.d(p, q) < r(p), then we set.r ′ := r(p) − d(p, q). Let.q ′ ∈ B(q, r ′). Then 

. d(p, q ′) ≤ d(p, q) + d(q, q ′) ≤ d(p, q) + r = r(p).

Thus, .q ′ ∈ S(p, r(p)) yielding .S(q, r ′) ⊂ S(p, r(p)) and then 

. r(q) ≥ r ′ − d(p, q)

meaning that 
. 

∣∣r(p) − r(q)
∣∣ ≤ d(p, q) ≤ dm(p, q).

The proof will be complete as soon as we ascertain that .dm is a distance function 
on . M . Indeed .dm satisfies all axioms defining a distance function on . M . It may be 
easily shown that the family of all opne balls . Bm(p, δ) = {q ∈ M : dm(p, q) < δ}
is a base for a topology on .M (the topology induced by .dm on . M).
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2.4 Complete Finslerian Manifolds 

Let .(M, E) be a Finslerian manifold and let . d be its generalized distance function. 
By following [Has], we present the Finslerian generalization of the well known 
Hopf-Rinow theorem for complete Riemannian manifolds. We shall make use of the 
generalized distance function, very much that way the (genuine) distance function 
(associated to a given Riemannian metric) is made use of. 

Definition 2.62 A subset.B ⊂ M is said to be bounded if there are.p ∈ M and. δ > 0
such that .B ⊂ B(p, δ). . �

Definition 2.63 .M is said to be finitely compact if every infinite bounded subset 
.B ⊂ M has an accumulation point (not necessarily belonging to . B). . �

Definition 2.64 A sequence .{pν}ν≥1 ⊂ M is a Cauchy sequence if 

. ∀ ε > 0, ∃ N = Nε ≥ 1, ∀ ν > μ ≥ N : d(pμ, pν) < ε .

. �

A convergent sequence in a generalized metric space need not be Cauchy. If 
a Cauchy sequence .{pν}ν≥1 admits a convergent subsequence, then .{pν}ν≥1 is 
convergent. 

Definition 2.65 A Finslerian manifold .(M, E) is said to be metrically complete, 
with respect to the generalized distance function . d associated to . E , if every Cauchy 
sequence in .(M, d) converges. . �

We have seen that in general the exponential mapping .expp is only defined on 
some open subset of .Tp(M). 

Definition 2.66 .(M, E) is said to be geodesically complete if for every .p ∈ M the 
exponential mapping .expp is defined on the whole of .Tp(M). . �

For further use, we adopt the following notations. For every point .p ∈ M , let  
.B(p, r) denote the closure of the ball .B(p, r). Also let  .E(r) be the set of all . q ∈
B(p, r) such that . p can be joined to . q by a minimizing geodesic. 

Proposition 2.67 If .M is geodesically complete, then .E(r) is compact. 

Proof The tangent vector at the origin of a geodesic arc, having the same sense as the 
geodesic and length equal to that of the geodesic, is referred to as the initial vector 
of the geodesic. Let .{qν}ν≥1 ⊂ E(r) and let .{τν}ν≥1 be a sequence of minimizing 
geodesics from .p to . qν , for every .ν ≥ 1. Let  .Xν be the initial vector of . τν . As  
.E
(
Xν

) ≤ r2 one may assume, by passing to a subsequence if necessary, that.{Xν}ν≥1
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converges to some.X ∈ Tp(M). Also, as.d(p, qν) ≤ r one may assume, once again by 
passing to a subsequence if necessary, that .{d(p, qν)}ν≥1 converges to some.r0 ≥ 0. 
As every .τν is minimizing 

. qν = expp

(
d(p, qν)Xν

)
.

As .M is geodesically complete the exponential map .expp may be applied to any  
.X ∈ Tp(M), of whatever length, so that every .X ∈ Tp(M) is the initial vector of a 
unique geodesic arc issuing at . p. In particular .q0 := expp

(
r0X
)
is well defined. As 

the exponential map is continuous 

. lim
ν→∞ qν = lim

ν→∞ expp
[
d(p, qν) Xν

] = expp
[(

lim
ν→∞ d(p, qν)

)
lim

ν→in f t y
Xν

]
= expp(r0X = q0 .

Thus,.qν → q0 as.ν → ∞ so that.d(p, q0) = r0. It follows  that.expp(t X),.0 ≤ t ≤ t0, 
is a minimizing geodesic and .q0 ∈ E(r). Hence, .E(r) is compact. Q.e.d. 

Lemma 2.68 If.E(r) = B(p, r) for some.r > 0, then, for any.q ∈ M with. d(p, q) >

r , there is a point .x ∈ M such that .d(p, x) = r and .d(p, q) = r + d(x, q). 

Proof The distance between every ordered pair of points .p, q ∈ M was defined to 
be the greatest lower bound of the lengths of curves from. p to . q. One may then join 
. p and. q by a curve of length as close to.d(p, q) as desired. For every positive integer 
.ν ∈ N, let .τν be a curve from. p to . q such that 

. L(τν) < d(p, q) + 1

ν
.

Let .τν(t) ∈ B(p, r) for .0 ≤ t ≤ u. Let .u0 be the least upper bound of all such. u and 
let us set.xν = τν(u0). Then.d(p, xν) = r . As.E(r) is compact, the sequence. {xν}ν≥1

has some limit point. x . By eventually passing to a subsequence one may assume that 
.limν→∞ xν = x . Then 

. d(p, q) ≤ d(p, x) + d(x, q) = r + d(x, q).

On the other hand 

. d(xν , q) ≤ L
(
τν (xν , q)

) = L(τν ) − L
(
τν (p, xν )

)
< d(p, q) + 1

ν
− L

(
τν (o, xν)

)
< d(p, q) + 1

ν
− r

where.τν(y, z) denotes the segment of .τν joining. y to. z (an ordered pair of points on 
. τν). Passing to the limit with .ν → ∞ gives 

. d(x, q) ≤ d(p, q) − r.

Q.e.d. 

Corollary 2.69 .E(r) = B(p, r) for every .r ≥ 0.



2.4 Complete Finslerian Manifolds 189

Proof The statement is clearly true for .r = 0. Also, if .E(r0) = B(p, r0) for some 
.r0 > 0, then .E(r) = B(p, r) for all .r < r0. It remains to be proved that 

Claim 1 .E(r) = B(p, r) for some .r0 > 0 and all .r < r0 implies.E(r0) = B(p, r0). 

Claim 2 If.E(r) = B(p, r) for some.r > 0, then there is.c > 0 such that. E(r + c) =
B(p, r + c). 

Proof of Claim 1 It suffices to show that every point .q ∈ B(p, r0) such that 
.d(p, q) = r0 belongs to.E(r0). For, if.q ∈ B(p, r0) and.d(p, q) = r for some.r < r0, 
then .q ∈ B(p, r) = E(r) [by hypothesis] and hence .q ∈ E(r0). Next, one may 
choose a sequence .{qν}ν≥1 for which . q is a limit point, and such that . qh ∈ B(p, rν)
for some .rν < r0. Then each .qν belongs to .E(rν) ⊂ E(r0). Since .E(r0) is compact 
the very point . q belongs to .E(r0). Q.e.d. 

Proof of Claim 2 Let. c be the minimum of the continuous function in Lemma 2.61, 
attained on the compact set .E(r). Then 

. ∀ q ∈ B(p, r + c) \ B(p, r) : d(p, q) > r.

Therefore [by Lemma 2.68], there is a point . x such that 

. d(p, x) = r, f (p, q) = r + d(x, q).

Yet .d(p, q) ≤ r + c so that .d(x, q) ≤ c. Hence, there is a geodesic . γ from . p to . x
with .L(γ) = d(x, q). Let  . σ be a geodesic from . p to . x with .L(σ) = d(p, x) = r . 
Such a geodedesic may be chosen because .x ∈ B(p, r) = E(r). The juxtaposition 
.σ · γ is then a piecewise .C∞ curve (a “broken” .C∞ curve) from. p to . q such that 

. L(σ · γ) = L(σ) + L(γ) = r + d(x, q) = d(p, q).

Thus,.σ · γ is a “broken”.C∞ reparametrization of a geodesic. Therefore,. q ∈ E(r +
c). Q.e.d. 

Corollary 2.70 If .(M, E) is geodesically complete, then any two points can be 
joined by a minimal geodesic. 

Corollary 2.70 is a straightforward consequence of Proposition 2.67 and of 
Corollary 2.69. 

Theorem 2.71 Let .(M, E) be a Finslerian manifold. The following statements are 
equivalent: 

(i) .M is complete as a generalized metric space, with respect to the generalized 
distance function . d. 

(ii) Every closed and bounded subset of .M is compact. 
(iii) .(M, E) is geodesically complete.
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Proof (iii) .=⇒ (ii). Let .S ⊂ M be a bounded subset. There are .p ∈ M and . r > 0
such that .S ⊂ B(p, r). As .M Is geodesically complete .E(r) = B(p, r) is compact. 
Therefore, . S is relatively compact. Q.e.d. 

(ii).=⇒ (i). Let.{xν}ν≥1 be a Cauchy sequence in.(M, d). The closure. S of the set 
.{xν : ν ≥ 1} is bounded. So . S is closed and bounded, and hence, by hypothesis, . S
is compact. Hence, we may extract a convergent subsequence .{xνk }k≥1. Yet . {xν}ν≥1

is Cauchy, so it must be convergent. Q.e.d. 
(i) .=⇒ (iii). To simplify the presentation, we adopt the following terminology. 

A maximal geodesic is a geodesic which is not the proper restriction of any other 
geodesic. The proof is by contradiction, i.e., we assume that .M is complete as a 
generalized metric space, yet .M is not geodesically complete. By the “contradiction 
assumption” there is .p0 ∈ M such that .expp0 is not defined on the whole of .Tp0(M), 
and in particular there exists a maximal geodesic ray .α(t), .0 ≤ t < �, parametrized 
by arc length, with .� < +∞. We shall show that . α may be extended to a geodesic 
defined beyond. �, thus contradicting maximality. The arc length, measured from the 

origin of the initial vector .X = dα

dt
(0), equals . t . Let  

. {tν} nu≥1 ⊂ I = [0, �)

be an infinite increasing sequence such that.tν → � for.ν → ∞. The sequence. {tν}ν≥1

is a Cauchy sequence of real numbers. Hence, .{α(xν)}ν≥1 is a Cauchy sequence in 
. M , for  

. d
(
α(tν), α(tμ)

) ≤ tμ − tν .

As the generalized metric space .(M, d) is complete, .{α(tν)}ν≥1 converges to some 
.p ∈ M . 

Claim1. The limit point. p doesn’t depend upon the choice of the sequence.{tν}ν≥1. 
Proof of Claim 1. Let .{t ′ν}ν≥1 be another sequence such that 

. {t ′ν}ν≥1 ⊂ I, t ′ν < t ′ν+1, lim
ν→∞ t ′ν = �.

Let .{t ′′ν }ν≥1 be the increasing sequence consisting of the terms of the two sequences 
.{tν}ν≥1 and .{t ′ν}ν≥1 set together. Then .limν→∞ t ′′ν = �. Let  .p′ be a limit point of 
the Cauchy sequence .{α(t ′′ν )}ν≥1. In any Hausdorff space the subsequences of a 
convergent sequence converge to the same point. Hence,.limν→∞ α

(
t ′′ν
) = p, as well. 

Claim 1 is proved. 
Let .B(p, δ) be a normal neighborhood of . p, which is a normal neighborhood 

of each of its points. Let .
(
U, xi

)
be a local coordinate system about . p, whose 

domain.U contains.B(p, δ). Let us set.αi (t) = xi (α(t)) for all.α(t) ∈ B(p, δ). Then 
.limt→�− αi (t) = xi (p). So if we extend .α : [0, �) → B(p, δ) by setting .α(�) := p, 
then . α is continuous at .t = �. By continuity, there is .0 < ρ < � such that . α(t) ∈
B(p, δ) for any .ρ ≤ t ≤ �. We shall show that . α is differentiable at .t = �.
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The functions .dαi/dt are bounded on .[ρ, �). Let  

. f : [ρ, �] × R
n → [0, +∞), f (t, ξ) = E

(

ξi
(

∂

∂xi

)

α(t)

)

, δ ≤ t ≤ �, ξ ∈ Sn−1 .

As. f is continuous and .[ρ, �] × Sn−1 is compact, there is .K > 0 such that 

. 0 < K ≤ f (t, ξ), ρ ≤ t ≤ �, ξ ∈ Sn−1 .

Let .ρ ≤ t < � and let 

. ξ = 1
√√√√

n∑

i=1

[
dαi

dt
(t)

]2

(
dα1

dt
(t), · · · ,

dαn

dt
(t)

)
∈ Sn−1 .

Then [as .E is positively homogeneous of degree . 2 and . α is parametrized by arc 
length, hence .E(α̇(t)) = 1] 

. K < E

(

ξi
(

∂

∂xi

)

α(t)

)

= E
(
α̇(t)

)

n∑

i=1

[
dαi

dt
(t)

]2 = 1
n∑

i=1

[
dαi

dt
(t)

]2

so that 

. 

∣∣∣∣
dαi

dt
(t)

∣∣∣∣ ≤
{

n∑

i=1

[
dαi

dt
(t)

]2}1/2

<
1√
K

.

Q.e.d. Next, the functions .Ni
0 = Ni

j y
j are positively homogeneous of degree . 2 and 

continuous, hence 
. 

∣
∣∣Ni

0

(
α̇(t)

)∣∣∣ ≤ A

for some constant .A > 0 and any .ρ ≤ t < �. Then, by inspecting the geodesics 
differential system 

.
d2αi

dt2
(t) + Ni

j

(
α̇(t)

) dα j

dt
(t) = 0 (2.68) 

we may conclude that the functions.
d2αi

dt2
are bounded. The function.

dαi

dt
is uniformly 

continuous near. �, hence it has a limit as.t → �. By Lagrange’s (mean-value) theorem 

.
αi (t) − αi (�)

t − �
= dαi

dt

(
� + θ(t − �)

)
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for some .0 ≤ θ ≤ 1, implying that the left derivative .
dαi

dt
(�) satisfies 

.
dαi

dt
(�) = lim

t→�

dαi

dt
(t). (2.69) 

Therefore, again from the geodesics differential equations, .
d2αi

dt2
(t) has a limit as 

.t → �. Then, again by Lagrange’s theorem, the left derivative .
d2αi

dt
(�) satisfies 

.
d2αi

dt2
(�) = lim

t→�

d2αi

dt2
. (2.70) 

The tangent vector 

. v = dαi

dt
(�)

(
∂

∂xi

)

α(�)

satisfies .E(v) = 1. Let  .σ(t) be the geodesic of initial vector . v defined for . � ≤ t ≤
� + ε. The mapping 

. t 
−→ �(t) =

⎧
⎪⎨

⎪⎩

α(t) if 0 ≤ t ≤ �,

σ(t) if � ≤ t ≤ � + ε,

satisfies the geodesics differential system for every.ρ ≤ t ≤ L + ε. By (2.69)–(2.70) 
equations (2.68) are satisfied by the left derivative at .t = �. Then. � is a geodesic, in 
contradiction with the maximality of . α. Q.e.d. 

Corollary 2.72 Every compact Finslerian manifold is complete. 

2.5 First and Second Variations of the Energy Function 

2.5.1 The Energy Function 

Let .(M, E) be a .n-dimensional Finslerian manifold. Let .p, q ∈ M . A  piecewise 
differentiable curve is a map .γ : [0, 1] → M such that there is a partition . 0 = t0 <

t1 < · · · < tN = 1 such that .γ
∣∣∣[ti−1, ti ]

is differentiable of class .C∞, .1 ≤ i ≤ N , and 

.γ(0) = p, .γ(1) = q. Let .� = �(M; p, q) be the set of all piecewise differentiable 
curves from. p to . q. 

Definition 2.73 The tangent space .Tγ(�) at .γ ∈ � consists of all piecewise 
differentiable vector fields .W along . γ such that .W (0) = 0 and .W (1) = 0. .�
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Definition 2.74 The energy of a path .γ ∈ � from. a to . b, where .0 ≤ a < b ≤ 1, is  

. Eb
a (γ) =

∫ b

a
E

[
dγ

dt
(t)

]
dt.

We set merely .E = E1
0 when .a = 0 and .b = 1. . �

We shall also make use of the arc length from. a to . b

. Lb
a(γ) =

∫ b

a
L

[
dγ

dt
(t)

]
dt .

By the Schwartz inequality 

. 

(∫ b

a
f g dt

)2

≤
(∫ b

a
f 2 dt

)(∫ b

a
g2 dt

)

with . f (t) = 1 and . g(t) = E[(dγ/dt)(t)]

. Lb
a(γ)2 ≤ (b − a) Eb

a (γ)

with equality if and only if .L[(dγ/dt)(t)] is constant (equivalently the arc length is 
a linear function of the parameter . t). 

If there is a minimal geodesic . α from. p to . q, then 

. E(α) = L(α)2 ≤ L(γ)2 ≤ E(γ).

The equality .L(α)2 = L(γ)2 holds if and only of . γ is also a minimal geodesic, 
eventually reparametrized. Yet, as noticed above, .L2(γ) = E(γ) if and only if the 
parameter is proportional to the arc length along. γ. Therefore, .E(α) < E(γ) unless 
. γ is also a minimal geodesic. 

2.5.2 Critical Points of the Energy Function 

Let .ω ∈ � = �(M; p, q). 

Definition 2.75 An .n-parameter variation of . ω, keeping the end points fixed, is a 
map 

. α∗ : U → �(M; p, q)

where .U ⊂ R
n is a neighborhood of the origin .0 ∈ R

n such that 
(i) .α∗(0) = ω, 
(ii) There is a partition of .0 = t0 < t1 < · · · < tN = 1 of.[0, 1] such that the map
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. α : U × [0, 1] → M, α
(
u1, · · · , un, t

) = α∗(u1, · · · , un
)
(t),

is differentiable of class .C∞ on each strip .U × [ti−1, ti ], .1 ≤ i ≤ N . . �

Let .ε > 0 and let .α∗ : (−ε, ε) → � be a .1-parameter variation of . ω (a differen-
tiable path in . �). 

Definition 2.76 The velocity vector of.α∗ is the vector field. W = dα∗

du
(0) ∈ Tω(�)

along . ω given by 

. W (t) = ∂α

∂u
(0, t).

The vector field .W ∈ Tω(�) is also called the infinitesimal variation induced by the 
variation .α∗ of . ω. . �

Viceversa, for any.W ∈ Tω(�) there is a .1-parameter variation. α∗ : (−ε, ε) → �

such that .α∗(0) = ω and .
dα∗

du
(0) = W . 

The energy function . E , thought of as a real-valued function on . �, induces the 
map 

. E∗ : Tω(�) → TE(ω)(R)

built as follows. For every .W ∈ Tω(�), let  .α∗ be a .1-parameter variation .α∗ such 

that .α∗(0) = ω and .
dα∗

du
(0) = W . Then we set 

. E∗(W ) :=
{
d E
(
α∗(u)

)

du

}

u=0

(
d

dt

)

E(ω)

.

Definition 2.77 A path .ω ∈ � is a critical point of the energy function if 

. 

{
d E
(
α∗(u)

)

du

}

u=0

= 0

for every .1-parameter variation .α∗ of . ω. . �

A basic ingredient in the study of critical points of the energy function is the first 
variation formula. Let.α∗ : (−ε, ε) → � be a.1-parameter variation of the piecewise 
regular path .ω ∈ �(M; p, q) and let .W be the induced infinitesimal variation. Let 
.α̃ : (−ε, ε) × [0, 1] → V (M) be the lift of .α : (−ε, ε) × [0, 1] → M , i.e., 

.α̃(u, t) = ∂α

∂t
(u, t) = (d(u,t)α)

(
∂

∂t

)

(u,t)

.
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Let 

. W : [0, 1] → π−1T (M), V = dω

dt
: [0, 1] → π−1T (M),

be the Finslerian vector fields along . ω got as the natural lifts of .W and .dω/dt , i.e., 

. W (t) = W (t) ∈ Tω(t)(M) = (π−1T M
)
ω̃(t),

. V (t) = dω

dt
(t) ∈ Tω(t)(M) = (π−1T M

)
ω̃(t) .

Theorem 2.78 (First variation formula) 

. 
1

2

{
d E
(
α∗(u)

)

du

}

u=0

= −
N−1∑

i=1

gω̃(t)
(
V (t), V (t)

)∣∣
∣
t+i

t−i
−
∫ 1

0
gω̃(t)

(

W (t),
∇V

dt

)

dt.

Proof The energy of the curve .α∗(u)(t) = α(u, t) is 

. E
(
α∗(u)

) =
∫ 1

0

∥
∥∥∥∥
∂α

∂t
(u, t)

∥
∥∥∥∥

2

dt.

Therefore, 

. 
d E(α∗(u))

du
= d

du

∫ 1

0
gα̃(u,t)

(∂α

∂t
(u, t),

∂α

∂t
(u, t)

)
dt.

We shall make use of the identities 

. 
∂

∂u

[

gα̃(u,t)

(
∂α

∂t
(u, t),

∂α

∂t
(u, t)

)]

= 2 gα̃(u,t)

(
∇
∂u

(
∂α

∂t

)

(u, t),
∂α

∂t
(u, t)

)

,

. 
∇
∂u

(
∂α

∂t

)

= ∇
∂t

(
∂α

∂u

)

+ TL

(
∂α̃

∂u
,

∂α̃

∂t

)
.

Let .0 = t0 < t1 < · · · < tN = 1 be a partition of the interval .[0, 1] such that . α is 
differentiable of class .C∞ on every strip .(−ε, ε) × [ti−1, ti ]. We integrate by parts 
on each interval .[ti−1, ti ], in the following manner. One starts from 

.
∂

∂t

[

g

(
∂α

∂u
,

∂α

∂t

)]

= g

(
∇
∂t

(
∂α

∂u

)

,
∂α

∂t

)

+ g

(
∂α

∂u
,

∇
∂t

(
∂α

∂t

))
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so that 

. 

∫ ti

ti−1

g

(
∇
∂t

(
∂α

∂u

)

,
∂α

∂t

)

dt = g

(
∂α

∂u
,

∂α

∂t

) ∣
∣∣
ti

ti−1
−
∫ ti

ti−1

g

(
∂α

∂u
,

∇
∂t

(
∂α

∂t

))

dt.

Since .
∂α

∂u
(u, 0) = 0 and .

∂α

∂u
(u, 1) = 0 one has [by summing over . i in the previous 

identity] 

. 

∫ 1

0
g

(
∇
∂t

(
∂α

∂u

)

,
∂α

∂t

)

dt = −
N−1∑

i=1

g

(
∂α

∂u
,

∂α

∂t

) ∣
∣∣
t+i
t−i

−
∫ 1

0
g

(
∂α

∂u
,

∇
∂t

(
∂α

∂t

))

dt.

Finally, let us set .u = 0 and use 

. gα̃(0,t)

(

TL

(
∂α̃

∂u
(0, t),

∂α̃

∂t
(0, t)

)
,

∂α

∂t
(0, t)

)

= 0

[holding because .(∂α/∂t)(0, t) is precisely the restriction of the Liouville vector 
field to .α̃(0, t). Q.e.d. 

Corollary 2.79 A path .ω ∈ � is a critical point of the energy function if and only if 
. ω is a geodesic. 

2.6 A Postface on Finslerian Geometry 

The present chapter was devoted merely to a few introductory notions in Finslerian 
geometry, treated by mainly following the very inspiring Ph.D. thesis of B.T.M. 
Hassan, [Has], and the authors relegate a more involved presentation of Finslerian 
geometry, old and new, to a further volume. A very good history of Finslerian geome-
try, starting with the work by Bernhard Riemann (1826–1866) and with the romantic 
contribution by Paul Finsler (1894–1970), and reporting on the growth of the subject 
up to the year 1980, was written by M. Matsumoto, as a postface to his mono-
graph [Mat]. According to [Mat], the main character, to whom the credit for setting 
the foundations of Finslerian geometry is actually due, is Ludwig Berwald (1993– 
1942). L. Berwald’s main contribution 6 seems to be the geometric treatment of the 
variational problem .δ

∫
L
(
x(s), ẋ(s)

)
d s = 0 relying on a Finslerian connection 

built for the purpose (and nowadays referred to as the Berwald connection, cf. e.g., 
Definition 18.2 in [Mat], p. 117). To give correct historical credit, one should keep 
in mind that the work by L. Berwald quoted previous foundational contributions to

6 Cf. L. Berwald, Untersuchung der Krümmung allgemeiner metrischer Räume auf Grund des in 
ihnen herrschenden Parallelism, Math. Z., 25(1926), 40–73. 
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Finslerian geometry by John Lighten Synge 7 and by James Henry Taylor. 8 The firm 
axiomatic presentation of what was to be from there on the Theory of Finsler Spaces 
was exhibited by Élie Cartan 9 (1869–1951). The history of the subject after 1950 as 
interpreted in [Mat] recognizes the relevance of a few Western contributors, e.g., A. 
Deicke, 10 R.S. Ingarden, 11 and F. Brickell. 12 The major role played by the contribu-
tions of the French school, to which we shall come in a moment, isn’t fully grasped 
by [Mat] and only the scientific creation by Hassan Akbar-Zadeh 13 is discussed in 
[Mat] at a certain extent, 14. Although quoted in [Mat], the works by A. Lichnerow-
icz 15 P. Dazord, 16 and J. Grifone, 17 whose review should be sine-qua-non to any 
tentative to understand the development of Finslerian geometry, are only marginally 
discussed. A sequel to the treatment of modern Finslerian geometry in the present 
chapter will start mainly from P. Dazord’s thesis (cf. op. cit.) and further published 
work 18 and, faithful to the more PDE-oriented standpoint in the forthcoming vol-
umes of the present book, will mainly aim at the study of natural generalizations

7 Cf. J.L. Synge, A generalization of the Riemannian line element, Trans. Amer. Math. Soc., 
27(1925), 61–67. 
8 Cf. J.H. Taylor, A generalization of Levi-Civita’s parallelism and the Frenet formulas, Trans.  
Amer. Math. Soc., 27(1925), 246–264. 
9 Cf. É. Cartan, Les espaces de Finsler, Actualités 79, Paris, 1934. 
10 Cf. e.g., A. Deicke, Finsler spaces as non-holonomic subspaces of Riemannian spaces, J. London 
Math. Soc., 30(1955), 53–58. 
11 Cf. R.S. Ingarden, On the geometrically absolute optical representation in the electron micro-
scope, Trav. Soc. Sci. Lett. Wroclaw, 45(1957), 60 pp.; Differential geometry and physics, Tensor,  
N.S., 39(1976), 201–209. The possibility of using Finslerian geometry as a geometric basis for 
the treatment of certain problems in mathematical physics was to lead (in the second half of the 
twentieth century) to a huge amount of work (on which we partially report in the sequel volumes 
to the present book). 
12 Cf. F. Brickell, A new proof of Deicke’s theorem on homogeneous functions, Proc. Amer. Math. 
Soc., 16(1965), 190–191; A theorem on homogeneous functions, J. London Math. Soc., 42(1967), 
325–329. 
13 Cf. H. Akbar-Zadeh, Les espaces de Finsler et certaines de leurs généralisations, Ann. Sci. École 
Norm. Sup., (3)80(1963), 1–79. 
14 The reason for that is perhaps to be looked for within M. Matsumoto’s interest in the realization 
of Finslerian geometry as a chapter of the more modern (in comparison with local tensor calculus) 
theory of fiber bundles, and connections in fiber bundles, whether principal or vector bundles. 
15 Cf. e.g., A. Lichnerowicz, Sue une extension de la formule d’Allendoerfer-Weil à certains variétés 
finslériennes, C.R. Acad. Sci. Paris, 223(1946), 12–14. 
16 Cf. e.g., P. Dazord, Propriétés globales des géodésiques des espaces de Finsler, Thèse, Lyon, 
1969, 193 pp. 
17 Cf. e.g., J. Grifone, Sur les connexions d’une variété finslérienne et d’un système méchanique, 
C.R. Acad. Sci. Paris, 272(1971), 1510–1513. 
18 Cf. P. Dazord,  Sur une généralisation de la notion de “spray”, C.R. Acad. Sci. Paris, 
263(1966), 543–546; Connexion de direction symmétrique associée à un “spray” généralisé, Ibi-
dem, 263(1966), 576–578; Variétés finslériennes à géodésiques fermées, Ibidem, 266(1968), 348– 
350; Variétés finslériennes de dimension paire .δ-pincées, Ibidem, 266(1968), 496–498; Variétés 
finslériennes en forme de sphères, Ibidem, 267(1968), 353–355; Sue la formule de Gauss-Bonnet 
en géométrie finslérienne, Ibidem, 270(1970), 1241–1243. 
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(from Riemannian to Finslerian geometry) of the Leplace-Beltrami operator, such as 
produced by Paul Centore, 19, Brad Lackey 20 David Bao & Brad Lackey, 21 and (last 
but not the least) Zhongmin Shen. 22 It is noteworthy that the canonical Finslerian 
connection (the Chern connection) devised by Shiing-Shen Chern hasn’t been dis-
cussed in [Mat] although quoted there. 23 Despite S-S. Chern repeated attempts, 24 in 
the last years of his long and proficuous mathematical life, to render more popular 
his discovery of the Chern connection, it wasn’t until the arrival of Zhongmin Shen 25

at Berkley that the relevance of the Chern connection was recognized. 26 Again stay-
ing at the cultural preferences of the Authors of the present book, the discussion of 
Finslerian Laplacians will be followed by a report on the recent works recovering 27

(from Riemannian to Finslerian geometry) elements of the theory of harmonic maps 
between Riemannian manifolds. Ample portions of the first volume of the present 
book are concerned with the theory of characteristic classes and, as a reflection of 
that, the sequel to this volume will regard the characteristic classes of Finslerian 
manifolds, and in particular the characteristic classes of the low-dimensional spe-
cial Finsler spaces (cf. [Mat]) by starting from Z. Kovács attempt 28 to bring the

19 Cf. P. Centore,  A mean-value Laplacian for Finsler spaces, Ph.D. Thesis, University of Toronto, 
1998. 
20 Cf. B. Lackey, A Bochner vanishing theorem for elliptic complexes, preprint. 
21 Cf. D. Bao & B. Lackey, A geometric inequality and a Weitzenböck formula for Finsler surfaces, 
preprint; A Hodge decomposition theorem for Finsler spaces, C.R. Acad. Sci. Paris, 323(1996), 
51–56. 
22 Cf. Z. Shen, The nonlinear Laplacian for Finsler manifolds, preprint. 
23 Cf. S-S. Chern, On the Euclidean connections in a Finsler space, Proc. Nat. Acad. Sci. U.S.A., 
29(1943), 33–37; Local equivalence and Euclidean connections in Finsler spaces, Sci. Rep. Nat. 
Tsing Hua Univ., 5(1948), 95–121. 
24 Cf. S-S. Chern Riemannian geometry as a special case of Finsler geometry, Cont. Math., 
196(1996), 51–58; Finsler geometry is just Riemannian geometry without the quadratic restriction, 
Notices of Amer. Math. Soc., 43(1996), 959–963. 
25 At the time a young and highly gifted Ph.D. recipient from Stony Brook University, whose field 
of expertise was Riemannian geometry. 
26 Cf. also the monograph by D. Bao & S-S. Chern & Z. Shen, An introduction to Riemann-Finsler 
geometry, Lecture Notes in Math., Springer-Verlag, 2000. 
27 Cf. e.g., A. Tachikawa, A partial regularity result for harmonic maps into a Finsler manifold, 
preprint; X. Mo, Harmonic maps from Finsler spaces, preprint; J. Li, Some properties of.p-harmonic 
maps for Finsler manifolds, preprint; Y. Shen & Y. Zhang, Second variation of harmonic maps 
between Finsler manifolds, Science in China, Ser A, Mathematics, (1)47(2004), 39–51; X. Mo & Y. 
Yang, The existence of harmonic maps from Finsler manifolds to Riemannian manifolds, Science in 
China, Ser. A, Mathematics, (1)48(2005), 115–130; Y. Shen & S.W. Wei, The stability of harmonic 
maps on Finsler manifolds, preprint; J. Li, Stable.F -harmonic maps for Finsler manifolds, preprint.  
28 Cf. Z. Kovács, On the Chern-Weil homomorphism in Finsler spaces, Acta Mathematica 
Academiae Paedagogicae Nyíregyháziensis, 17(2001), 131–135. 
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Chern-Weil homomorphism to the realm of Finslerian geometry. It should be men-
tioned that the fundamental work by S-S. Chern & J. Simons 29 on characteris-
tic classes and their applications to Riemannian geometry, is still awaiting for an 
appropriate generalization to Finslerian geometry. 
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Chapter 3 
Isometric Immersions 

3.1 Fundamental Forms of an Immersed Manifold 

Let.M be a.n-dimensional differentiable manifold and let. f : M → M be an immer-
sion of .M in a semi-Riemannian manifold .(M, g) of dimension .n + r . 

Definition 3.1 The manifold.M is commonly referred to as the ambient space. The  
manifold .M is said to be an (immersed) submanifold of . M . �

The semi-Riemannian metric . g induces a tensor field of type .(0, 2) on .M given 
by 

. gp(v, w) = g f ( p)((dp f )v, (dp f )w), v, w ∈ Tp(M), p ∈ M. 

For every point .p ∈ M we have an inner product space .(T f ( p)(M), g f (p)) and a 
subspace .(dp f )Tp(M). Clearly 

. dimR(dp f )Tp(M) = n 

as the map .dp f : Tp(M) → T f ( p)(M) is linear and injective. 

From now on we assume that for any point .p ∈ M the subspace . (dp f )Tp(M) 
is nondegenerate in .(T f ( p)(M), g f ( p)), i.e., . g f ( p)

∣
∣
(dp f )Tp(M) is an inner product on 

.(dp f )Tp(M). Then the space 

. Tp(M)⊥ ≡ [(dp f )Tp(M)
]⊥ = {v ∈ T f (p)(M) : v ⊥ (dp f )Tp(M)} 

is a complement of .(dp f )Tp(M), i.e., 

.T f (p)(M) = [(dp f )Tp(M)
]⊕ Tp(M)⊥, p ∈ M. (3.1) 
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Clearly 
. dimR Tp(M)⊥ = r. 

Moreover, by the preceding assumption [that.(dp f )Tp(M) be nondegenerate for any 
.p ∈ M] it follows that .gp is an inner product on .Tp(M) for any point .p ∈ M . 

Exercise 3.2 Show that the assignment 

. p ∈ M �−→ gp ∈ T ∗ p (M) ⊗ T ∗ p (M) 

defines a differentiable map .g : M → T 0,2(M). 

If .M is connected, an assumption we shall always adopt, then 

. ind
(

Tp(M), gp
) = costant, 

hence . g is a semi-Riemannian metric on . M . 

Definition 3.3 The semi-Riemannian metric . g on .M is called the first fundamental 
form of the immersion . f : M → M . �

Definition 3.4 Let .(M, g) and .(M, g) be two semi-Riemannian manifolds [with 
.dim(M) = n and .dim(M) = n + r ]. A differentiable map. f : M → M is called an 
isometric immersion if 

(i) . f is an immersion and 
(ii) .g f (p)((dp f )v, (dp f )w) = gp(v, w) for any .v, w ∈ Tp(M) and any .p ∈ M .

�

If . f : M → M is an immersion of a connected manifold .M in the semi-
Riemannian manifold .(M, g) and one endows .M with the first fundamental form . g 
[provided that .(dp f )TP (M) be nondegenerate in .(T f (p)(M), g f (p))] then . f : M → 
M is an isometric immersion of .(M, g) into .(M, g). 

3.2 Normal Bundle 

Definition 3.5 A tangent vector .v ∈ T f ( p)(M) is said to be a normal vector at . p 
on .M if .v ∈ Tp(M)⊥. A  normal field on .M is a map .ξ : M → T (M) such that 
.ξp ∈ Tp(M)⊥ for any .p ∈ M . �

A posteriori the vector fields .X ∈ X(M) are referred to as tangential fields. Let  
.p ∈ M . Let us choose a local coordinate system.(U, xi ) on .M such that .p ∈ U and 
another local coordinate system.(U , yα ) on .M such that . f (U ) ⊂ U . Moreover let 

. f = ϕ ◦ f ◦ ϕ−1 : ϕ(U ) → ϕ(U ) 
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be the local expression of . f where 

. ϕ = (x1 , . . . ,  xn ), ϕ = (y1 , . . . ,  yn+r ). 

Moreover let us set. f = ( f 1 , . . . ,  f n+r ) and. f α = yα ◦ f for any.1 ≤ α ≤ n + r so 
that . f α = f α ◦ ϕ−1. In the older language of nineteenth-century local differential 
geometry, it was customary to say that 

.yα = f α ◦ (x1 , . . . ,  xn ), 1 ≤ α ≤ n + r (3.2) 

are the equations of the submanifold .M in . M . With a common abuse of notation 
Eq. (3.2) may also be written 

. yα = yα (x1 , . . . ,  xn ). 

A normal field .ξ : M → T (M) may be locally written 

. ξp = ξα (p)

(
∂ 

∂ yα

)

f (p) 
, p ∈ U, 

where the functions .ξα : U → R are uniquely determined by this representation. It 
may be easily shown that the map .ξ : M → T (M) is differentiable if and only if 
.ξα ∈ F(U ) for any choice of local coordinate systems .(U, xi ) and .(U , yα ) on . M 
and .M such that . f (U ) ⊂ U . 

Theorem 3.6 Let us set .T (M)⊥ ≡⋃p∈M Tp(M)⊥. Then 

. τ ⊥ 
M ( f ) ≡ (T (M)⊥, π⊥, M, R

r ) 

is a vector bundle or rank . r , where .π⊥ : T (M)⊥ → M is the canonical projection. 
Any differentiable normal field .ξ : M → T (M) is a differentiable section in .τ ⊥ 

M ( f ), 
i.e., .ξ ∈ C∞(τ ⊥ 

M ( f )). 

Proof Exercise. 

Definition 3.7 The vector bundle .τ ⊥ 
M ( f ) is called the normal bundle of the immer-

sion . f : M → M . �

One often adopts the notation .X(M)⊥ = C∞(τ ⊥ 
M ( f )). 

From now on we assume that. f : M → M is an embedding, i.e.,. f is an injective 
immersion. Each vector field .X ∈ X(M) determines a differentiable section . X̂ ∈ 
C∞( f (M), τM ) defined on the closed set . f (M) ⊂ M 

. X̂ f ( p) = (dp f )X p ∈ T f (p)(M), p ∈ M. 
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As . f is injective the tangent vector . X̂ f ( p) is well defined. As . f (M) is a closed set 
there is a.C∞ extension of. X̂ to the whole of. M , i.e., there is a vector field. X ∈ X(M) 
such that. X

∣
∣
f (M) = X̂ . The vector field. X is merely referred to as an extension of the 

field.X to . M . Let .h ∈ F (M) and let .h ≡ h ◦ f ∈ F(M). Then for any point . p ∈ M 

. 
X(h)( f ( p)) = X f ( p)(h) = X̂ f ( p)(h) = 
= [(dp f )X p

]

(h) = X p(h ◦ f ) = X p(h) = X (h)(p) 

and then 
.X(h) ◦ f = X (h ◦ f ), h ∈ F (M). (3.3) 

Let .X , Y ∈ X(M) be extensions of the fields .X, Y ∈ X(M). Then 

. 
[

X , Y
]

f ( p) (h) = X f ( p)
(

Y (h)
)− Y f (p)

(

X (h)
) = 

[using the identity (3.3) several times] 

. = X p
(

Y (h) ◦ f )− Yp
(

X (h) ◦ f ) = 

. = X p
(

Y (h ◦ f ))− Yp
(

X (h ◦ f )) = [X, Y ]p(h ◦ f ) = 

. = {(dp f )[X, Y ]p
}

(h) = [̂X, Y ] f ( p)(h) 

or 
.
[

X , Y
]∣
∣
f (M) = [̂X, Y ]d (3.4) 

hence .[X , Y ] is an extension of .[X, Y ] to . M . 

The next lemma plays a first-magnitude role in the construction of the theory of 
submanifolds of semi-Riemannian manifolds. 

Lemma 3.8 Let .∇ ∈  C(τM ) be a linear connection on .M and let .X, Y ∈ X(M). 
Then .

(∇X Y
)

f (p) doesn’t depend on the choice of the extensions .X , Y ∈ X(M) of the 
fields .X, Y , for any .p ∈ M. 

Proof Let us consider the differentiable curve .γ : I → M defined on the interval 
.I ⊂ R. Let us set .γ = f ◦ γ : I → M . Then 

. γ̇(t0) = (dt0γ)

(
∂ 
∂t

)

t0 

= {dt0 ( f ◦ γ)
}
(

∂ 
∂t

)

t0 

= 

. = {(dγ(t0) f ) ◦ (dt0γ)
}
(

∂ 
∂t

)

t0 

= (dγ(t0) f )γ̇(t0) 

or 
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.γ̇(t) = (dγ(t) f )γ̇(t), t ∈ I. (3.5) 

Formula (3.5) implies that for any integral curve .γ : I → M of the field . X , passing 
through the point . p, 

. γ = f ◦ γ : I → M 

is an integral curve of .X passing through . f (p). Indeed 

. Xγ(t) = X f (γ(t)) = X̂ f (γ(t)) = (dγ(t) f )Xγ(t) = 

. = (dγ(t) f )γ̇(t) = γ̇(t) 

for any .t ∈ I . Let now.X
′
, Y ′ ∈ X(M) be other extensions of .X, Y . Then 

. 

(

∇X
′Y
′)

f ( p) 
= [

as X
′
f ( p) = X f ( p)

]

. =
(

∇X Y
′)

f ( p) 
=
(

∇γ̇Y
′)

f (p) 

where.γ = f ◦ γ and.γ : I → M is an integral curve of. X passing through. p. Finally 
as 

. Y
′
γ(t) = Y ′f (γ(t)) = Ŷ f (γ(t)) = Y f (γ(t)) = Y γ(t), t ∈ I, 

and the tangent vector.(∇ γ̇Y
′
)γ(0) is determined by the values of.Y

′
along. γ, we may  

conclude that 
. 

(

∇ γ̇Y
′)

f (p) 
= (∇ γ̇Y

)

f (p) =
(∇X Y

)

f (p) . 

Q.e.d. 

By Lemma 3.8 the following notation is legitimate 

.
(∇X Y

)

p 
= (∇X Y

)

f ( p) . (3.6) 

3.3 Gauss and Weingarten Formulas 

From now on let.∇ ∈  C(τM , g) be the Levi-Civita connection of the semi-Riemannian 
manifold .(M, g). Let  

. tanp : T f ( p)(M) → Tp(M), nor p : T f ( p)(M) → Tp(M)⊥ 

be the canonical projections associated to the direct sum decomposition (3.1). If 
.v ∈ T f ( p)(M) then 
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. v = (dp f )tanpv + nor pv .  

Definition 3.9 .tanpv and .nor pv are respectively the tangential component and the 
normal component of . v. �

As.(∇X Y )p ∈ T f ( p)(M) we may set 

. (∇X Y )p = tanp
(∇X Y

)

p , B(X, Y )p = nor
(∇X Y

)

p , 

so that 
.(∇X Y )p = (dp f )(∇X Y )p + B(X, Y )p (3.7) 

for any .X, Y ∈ X(M) and any .p ∈ M . This yields a tangential field and a normal 
field on . M 

. ∇X Y : M → T (M), B(X, Y ) : M → T (M). 

The identity (3.7) may be rewritten as 

.∇X Y = f∗∇X Y + B(X, Y ). (3.8) 

Here, for any .X ∈ X(M), we have adopted the notation 

. f∗ X ∈ C∞( f −1 T (M)) 

to indicate the section in the pullback bundle . f −1T (M) → M given by 

. f∗ X : M → f −1 T (M), 

. ( f∗ X )(p) = (dp f )X p ∈ T f ( p)(M) = ( f −1 T (M))p, p ∈ M. 

Clearly [by (3.6)] 
. ∇X Y, B(X, Y ) ∈ C∞( f −1 T (M)). 

Hence (3.8) is an identity in .C∞( f −1T (M)). 

Theorem 3.10 Let . f : M → M be an embedding of the manifold .M into the semi-
Riemannian manifold .(M, g). Let . g be the first fundamental form of . f : M → M. 
Then 

(i) The map .∇ :  X(M) × X(M) → X(M) is the Levi-Civita connection of the 
semi-Riemannian manifold .(M, g). 

(ii) The map .B : X(M) × X(M) → X(M)⊥ is .F (M)-bilinear and symmetric. 

Definition 3.11 .∇ and .B are respectively called the induced connection and the 
second fundamental form of the embedding . f : M → M . Also (3.8) is the  Gauss 
formula (of the embedding . f ). �
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Proof of Theorem 3.10 We shall need the identities 

.∇hX  Y = h∇X Y, (3.9) 

.∇X (hY ) = X (h) f∗Y + h∇X Y, (3.10) 

for any.X, Y ∈ X(M) and.h ∈ F (M). To prove (3.9) let.ĥ : f (M) → R be the func-
tion defined by.ĥ( f (p)) = h(p) per ogni.p ∈ M . As. ĥ is differentiable on the closed 
set. f (M) one may extends. ĥ smoothly to the whole of. M , i.e., there is.h ∈ F (M) such 
that. h

∣
∣
f (M) = ĥ. In particular.h ◦ f = h. Then, for an arbitrary extension. X ∈ X(M) 

of . X , the vector field .h X is an extension of .hX  so that 

. (∇hX  Y )p = (∇h X Y ) f (p) = 

. = {h ∇X Y
}

f ( p) = h(p)(∇X Y )p . 

Analogously 

. (∇X (hY ))p = (∇X (h Y )) f ( p) =
{

X (h)Y + h ∇X Y
}

f (p) = 

. = X p(h ◦ f )Yp + h(p)(∇X Y )p . 

Exploiting the identities (3.9)–(3.10) one may easily show that . ∇ is a linear connec-
tion and that . B is .F (M)-bilinear. For instance 

. f∗∇hX  Y + B(hX, Y ) = ∇hX  Y = h∇X Y = 

. = h{ f∗∇X Y + B(X, Y )} 

and then (by the uniqueness of the direct sum decomposition) 

. ∇hX  Y = h∇X Y, B(hX, Y ) = hB(X, Y ). 

Let .X, Y ∈ X(M) and let .X , Y ∈ X(M) be extensions of .X and . Y to . M . As  .∇ is a 
symmetric connection, for any . p ∈ M 

. 0 = T (X , Y ) f ( p) =
{∇X Y − ∇Y X −

[

X , Y
]}

f (p) = 

[by (3.4) together with (3.6)] 

. = (∇X Y )p − (∇Y X )p − [̂X, Y ] f (p) = 

[by Gauss formula] 

. = (dp f )(∇X Y )p + h(X, Y )p − (dp f )(∇Y X )p − h(Y, X )p − (dp f )[X, Y ]p = 
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. = (dp f )T (X, Y )p + {h(X, Y ) − h(Y, X)}p 
hence 

. T (X, Y ) = 0, h(X, Y ) = h(Y, X ), X, Y ∈ X(M). 

One may prove similarly that . g is parallel with respect to . ∇. Indeed let . X, Y, Z ∈ 
X(M) and let .X , Y , Z ∈ X(M) be extensions of .X, Y, Z to . M . One has 

. g(Y , Z ) f ( p) = g f ( p)( ̂Y f (p), Ẑ f (p)) = 

. = g f ( p)((dp f )Yp, (dp f )Z p) = gp(X p, Yp) 

or 
.g(Y , Z ) ◦ f = g(Y, Z ). (3.11) 

By the identity (3.11) it follows that .g(Y , Z ) ∈ F (M) is a smooth extension to the 
whole of .M of the function .ĝ(Y, Z ). Moreover [as .∇g = 0] for any . p ∈ M 

. 0 = (∇X g
)

(Y , Z ) f ( p) = 

. = {X (g(Y , Z )
)− g

(∇X Y , Z
)− g

(

Y , ∇X Z
)}

f ( p) = 

[by (3.3)] 
. = X p(g(Y , Z ) ◦ f ) − g f ( p)((∇X Y ) f ( p), Z f ( p)) − 

. − g f ( p)(Y f ( p), (∇X Z ) f ( p)) = 

[by Lemma 3.8] 

. = X p(g(Y, Z )) − g f ( p)((∇X Y )p, (dp f )Z p) − 

. − g f ( p)((dp f )Yp, (∇X Z )p) = 

[by (3.7)] 
. = X p(g(Y, X )) − g f ( p)((dp f )(∇X Y )p, (dp f )Z p) − 

. − g f ( p)((dp f )Yp, (dp f )(∇X Z )p) = 

[by the very definition of the first fundamental form] 

. = X p(g(Y, X)) − gp((∇X Y )p, Z p) − gp(Yp, (∇X Z )p) = 

. = (∇X g)(Y, Z)p 
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hence .∇g = 0. By the uniqueness statement in the fundamental theorem of semi-
Riemannian geometry .∇ must be the Levi-Civita connection of .(M, g). Q.e.d. 

Let .ξ ∈ X(M)⊥ and let us set 

. ξ̂ f ( p) = ξp ∈ Tp(M)⊥ ⊂ T f ( p)(M), p ∈ M. 

As. f (M) is a closed subset of.M and. ξ̂ ∈ C∞( f (M), τM ) there is a smooth extension 

.ξ ∈ X(M) of . ξ̂ to the whole of . M , i.e., . ξ
∣
∣
∣
f (M) 

= ξ̂. The vector field . ξ is referred to 
merely as an extension of the normal field . ξ. 

Let .X ∈ X(M) and .ξ ∈ X(M)⊥ be a tangential field and a normal field on the 
submanifold .M and let .X , ξ ∈ X(M) be smooth extensions of .X and. ξ respectively. 
Arguments similar to those in the proof of Lemma 3.8 lead to 

Lemma 3.12 For any linear connection .∇ ∈  C(τM ) the tangent vector 

. 

(

∇X ξ
)

f ( p) 
∈ T f ( p)(M) 

doesn’t depend upon the extensions .X and . ξ of .X and . ξ. 

From now let .∇ be the Levi-Civita connection of the semi-Riemannian manifold 
.(M, g). By Lemma 3.12 the following notation is legitimate. 

. 
(∇X ξ

)

p =
(∇X Y

)

f ( p) . 

Moreover let us set 

. (Aξ X )p = −tanp(∇X ξ)p, (∇⊥ 
X ξ)p = nor p(∇X ξ)p, 

so that 
.(∇X ξ)p = −(dp f )(Aξ X)p + (∇⊥ 

X ξ)p . (3.12) 

Let now.Aξ X ∈ X(M) and .∇⊥ 
X ξ ∈ X(M)⊥be the fields given by 

. p ∈ M �−→ ( Aξ X )p ∈ Tp(M), p ∈ M �−→ (∇⊥ 
X ξ)p ∈ Tp(M)⊥, 

so that formula (3.12) may also be written 

.∇X ξ = −  f∗ Aξ X +∇⊥ 
X ξ (3.13) 

for any.X ∈ X(M) and any.ξ ∈ X(M)⊥. Formula  (3.13) is an identity in.C∞( f −1T (M)), 
as well as Gauss formula. 

Definition 3.13 Formula (3.13) is referred to as the  Weingarten formula of the 
immersion . f : M → M . �
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Let .ξ, η ∈ X(M)⊥ be two normal fields. We adopt the notation 

. g(ξ, η)p = g f ( p)(ξp, ηp), p ∈ M. 

Proposition 3.14 The map .A : X(M) × X(M)⊥ → X(M) defined by 

. (X, ξ) ∈ X(M) × X(M)⊥ �−→ Aξ X ∈ X(M) 

is .F (M)-bilinear and satisfies the identity 

Julius Weingarten (1836–1910), German mathematician of Polish origin. W. studied at the 
University of Berlin, and is known to have devoted particular attention to Dirichlet’s lectures 
on potential theory. At the same time W. studied chemistry. As part of a poor family of 
Polish immigrants, W. could not continue the formal studies leading to a doctoral degree. 
Although W. had to earn his living by teaching in schools, W. conducted research on the 
differential geometry of surfaces, and in particular constant mean curvature hypersurfaces in 
.E3. The work by W. was particularly appreciated by Darboux (the work on the infinitesimal 
deformation of surfaces, 1886) and by Bianchi (Cayley’s equation, Weingarten systems, 1924). 
Both Darboux and Bianchi included in their books ample portions devoted to the discoveries 
by W. Despite the recognition of his scientific merits (W. was awarded the Grand Prix de 
l’Académie des Sciences in Paris, 1894) W. hasn’t obtained an academic position on the 
measure of his great mathematical talent until 1902. That is only partially due to the social 
inequities related to W.’s condition as an immigrant, and is prevalently explained by the status 
of the German university system at the time: prestigious German universities were offering 
significant academic positions yet accompanied by stipends whose level requested revenue 
from a third source. With a declining health, W. continued to teach only up to 1908. Worth 
to remember within the scientific creation by W. is his research work on the classification of 
the surfaces isometric to a given surface (and in particular to a surface of revolution): said 
classification was reduced by W. to solving a Monge-Ampère type equation. 
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.g(Aξ X, Y ) = g(B(X, Y ), ξ) (3.14) 

for any .X, Y ∈ X(M) and .ξ ∈ X(M)⊥. 

Definition 3.15 .Aξ is called the Weingarten operator, or the  shape operator, of the  
immersion . f : M → M associated to the normal field . ξ. �

Proof of Proposition 3.14 Let .h ∈ F (M), .X ∈ X(M) and .ξ ∈ X(M)⊥. Then 

.∇hX  ξ = h∇X ξ, (3.15) 

.∇X (hξ) = X (h)ξ + h∇X ξ . (3.16) 

For instance 

. (∇hX  ξ)p = (∇h X ξ) f (p) =
{

h ∇X ξ
}

f (p) 
= h(p)(∇X ξ)p . 

The proof of identity (3.16) is similar to the above and therefore left as an exercise 
to the reader. By identity (3.15) 

. − (dp f )(AξhX)p + (∇⊥ 
hX  ξ)p = (∇hX  ξ)p =

{

h∇X ξ
}

p = 

. = h(p)(∇X ξ)p = −h(p)
{−(dp f )(Aξ X)p + (∇⊥ 

X ξ)p
}

and then (by the uniqueness of the direct sum decomposition, together with the fact 
that .dp f is a monomorphism) 

. Aξ(hX  ) = hAξ X, ∇⊥ 
hX  ξ = h∇⊥ 

X ξ. 

One may use (3.16) in a similar manner to show that 

. Ahξ X = hAξ X, ∇⊥ 
X (hξ) = X (h)ξ + h∇⊥ 

X ξ. 

Finally 

. g(Aξ X, Y )p = gp((Aξ X )p, Yp) = g f (p)((dp f )(Aξ X )p, (dp f )Yp) = 

[as .(∇⊥ 
X ξ)p ⊥ (dp f )Yp] 

. = −g f ( p)((∇X ξ)p, (dp f )Yp) = −g f ( p)((∇X ξ) f ( p), Y f (p)) = 

. = −
{

g(∇X ξ, Y )
}

f ( p) 
= −

{

X (g(ξ, Y )) − g(ξ, ∇X Y )
}

f ( p) 
= 

. = −X p(g(ξ, Y ) ◦ f ) + g f (p)(ξp, (∇X ξ)p) = 
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[as .g(ξ, Y ) f ( p) = g f (p)(ξp, (dp f )Yp) = 0] 

. = g f ( p)(ξp, B(X, Y )p) = g(ξ, B(X, Y ))p . 

Q.e.d. 

To understand the nature of the object .∇⊥ one needs to introduce the notion of a 
connection in a vector bundle. 1 

Definition 3.16 Let .E → M be a real vector bundle and let .�0(E) = C∞(E) be 
the space of smooth sections in . E . A .R-linear map 

. D : X(M) ×�0 (E) → �0 (E) 

is called a connection in the vector bundle .E → M if 

. DhX  s = hDX s, DX (hs) = X (h)s + hDX s 

for any .h ∈ F(M), .X ∈ X(M) and .s ∈ �0(E). �
Let us denote by .C(E) the set of all connections in the vector bundle .E → M . 

Note that 
. X(M)⊥ = �0 (T (M)⊥). 

Proposition 3.14, or rather its proof, yields. 

Theorem 3.17 .∇⊥ : X(M) ×�0(T (M)⊥) → �0(T (M)⊥) is a connection in the 
normal bundle .T (M)⊥ → M. 

Definition 3.18 .∇⊥ is called the normal connection of the immersion 
. f : M → M .

�

3.4 Covariant Calculus in . �0( f −1T (M)) 

Gauss and Weingarten formulas may be “immersed” in a covariant differential calcu-
lus with sections in the pullback bundle . f −1T (M) → M . Learning said formalism 
will prepare the reader for the construction of harmonic map theory. Let . V ∈ X(M) 
be a vector field on . M . 

Definition 3.19 The natural lift of .V is the section 

.V f ∈ �0 ( f −1 T (M)) 

1 In such a manner that linear connections appear as connections in a particular vector bundle, i.e., 
the tangent bundle over the given manifold. 
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given by .V f = V ◦ f that is .V f (p) = V f (p) ∈ T f (p)(M) = ( f −1T (M))p for any 
.p ∈ M . �

Let .(A, y1, . . . ,  yn+r ) be a local coordinate system on . M . Then . {∂/∂ yα : 1 ≤ 
α ≤ n + r} is a local frame in the tangent bundle.τM , defined on the open set. A ⊂ M 
so that 

. 
{

sα ≡ (∂/∂ yα ) f : 1 ≤ α ≤ n + r
}

is a local frame in the vector bundle . f −1T (M) → M , defined on the open set 
. f −1(A). The Levi-Civita connection .∇ induces a connection in the vector bundle 
. f −1T (M) → M 

. f −1∇ ≡  ∇  f : X(M) ×�0 ( f −1 T (M)) → �0 ( f −1 T (M)) 

defined as follows. Let .X ∈ X(M) and .s ∈ �0( f −1T (M)) and .p ∈ M . Moreover 
let us consider a local coordinate system .(A, yα ) on .M such that . f (p) ∈ A. Let us 
locally represent . s as 

. s|A = hα sα, hα ∈ F (A). 

Now let us set by definition 2 

.(∇ f X s)p =
{

X (hα ) + X ( f β )hγ

({

α 
βγ

}

◦ f
)}

(p) sγ(p). (3.17) 

One easily checks that the definition of .(∇ f X s)p doesn’t depend upon the choice of 
local coordinates .(A, yα ) about . f (p). 

Definition 3.20 The connection .∇ f ∈ C( f −1T (M)) is called the pullback by . f of 
the connection . ∇. �

2 The heuristics leading to definition (3.17) is actually quite simple. Let .(U, xi ) and .(A, yα) be 
local coordinate systems on.M and.M such that. f (U ) ⊂ A. We start by prescribing.∇ f ∂i 

sα and then 

we derive the expression (3.17) by requesting that .∇ f possesses the properties in Definition 3.16. 
The vector field.∇ f ∂i 

sα should be naturally induced by. ∇. As we only know 

. ∇∂α ∂β =
{

γ 
αβ

}

∂γ , ∂α ≡ ∂ 
∂ yα , 

we first consider the “push-forward” of.∂i by. f 

. (dp f )∂i, p = 
∂ f α 

∂xi 
(p)

(
∂ 

∂ yα

)

f ( p) 

and we set by definition 

.∇ f ∂i 
sα = 

∂ f β 

∂xi

({

γ 
βα

}

◦ f
)(

∂ 
∂ yγ

) f 

. 
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Definition 3.21 Let .E → M be a real vector bundle of rank . r . A map  . H : p ∈ 
M �→ Hp ∈ E∗p ⊗ E∗p is a semi-Riemannian bundle metric on .E if .Hp is an inner 
product on.E p such that .ind(E p, Hp) = constant and.Hαβ ≡ H (sα, sβ) ∈ F (U ) for 
any local frame .{sα : 1 ≤ α ≤ r} in .E defined on the open set .U ⊂ M . �

Note that the semi-Riemannian metric. g induces a semi-Riemannian bundle metric 
. f −1g = g f on . f −1T (M) → M . Indeed if .p ∈ M and .(A, yα ) is a local coordinate 
system on .M such that . f (p) ∈ A then we set 

. g f (r, s)p = λα μα gαβ( f (p)), 

. gαβ = g
(

∂ 
∂ yα , 

∂ 
∂ yβ

)

, 

. r |A = λα sα, s|A = μα sα, λα , μα ∈ F (A). 

One may easily check that the definition of.g f (r, s)p doesn’t depend upon the choice 
of local coordinate system .(A, yα ) about . f (p). The covariant differential calculus 
alluded to at the beginning of this section is completely described by Proposition 3.22. 
Essentially, once one realizes that any normal field .ξ : M → T (M)⊥ is a section in 
. f −1T (M) and that . f∗ X ∈ �0( f −1T (M)) for any .X ∈ X(M), one uses the bundle 
metric .g f to measure the lengths of sections in .�0( f −1T (M)) and the connection 
.∇ f ∈ C( f −1T (M)) to take derivatives of these sections. 

Moreover any section in . f −1T (M) → M admits a canonical decomposition, as 
the sum of a tangential component and a normal component, relative to the direct sum 
decomposition (3.1). This leads to the Gauss and Weingarten formulas (3.18)–(3.19) 
and then to a description, as we shall shortly see, of the geometry of the embedding 
. f : M → M in terms of the objects . ∇, . B, . A and .∇⊥. 

These methods of study belong to the theory of submanifolds in semi-Riemannian 
manifolds yet also present the advantage, as mentioned above, to prepare in an 
“innocuous” manner the passage from the theory of minimal isometric immersions 
to the theory of harmonic maps of semi-Riemannian manifolds. 

Proposition 3.22 (i) .g f is a semi-Riemannian bunde metric on the pullback bundle 
. f −1T (M) → M. Moreover 

. g f ( f∗ X, f∗Y ) = g(X, Y ), g f ( f∗ X, ξ) = 0, 

for any .X, Y ∈ X(M) and any .ξ ∈ X(M)⊥. 

(ii) .∇ f is a metric connection, i.e., .∇ f g f = 0 where 

.(∇ f X g f )(r, s) = X (g f (r, s)) − g f (∇ f X r, s) − g f (r, ∇ f X s). 
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(iii) Gauss and Weingarten formulas may be written 

.∇ f X f∗Y = f∗∇X Y + B(X, Y ), (3.18) 

.∇ f X ξ = −  f∗ Aξ X +∇⊥ 
X ξ (3.19) 

for any .X, Y ∈ X(M) and .ξ ∈ X(M)⊥. 

(iv) Formula (3.14) may be written 

. g(Aξ X, Y ) = g f (B(X, Y ), ξ). 

3.5 Gauss–Ricci–Codazzi Equations 

One may believe, based on the intuition acquired in the study of the geometry of 
curves and surfaces in .E3 (cf. e.g., M. Do Carmo 3), that the curvature .R = R∇ of 
the Levi-Civita connection of a semi-Riemanian manifold describes, in an intrinsic 
manner, the shape of that semi-Riemannian manifold.(M, g). Given the human habit, 
within scientific thought, to dissociate objects (such as differentiable manifolds) from 
their additional structures (such as semi-Riemannian metrics) to better contemplate 
the former, one may think that adding a semi-Riemannian metric to a differentiable 
manifold is a rather arbitrary act and that the association.(M, g) between a manifold 
.M and a metric . g is too artificial (after all a manifold admits, as we have previously 
seen, infinitely many Riemannian metrics) to allow speaking without ambiguity about 
the shape of .(M, g). There would be as many shapes as many semi-Riemannian 
metrics may be assigned to . M : wouldn’t then shape be an entirely relative concept? 
It should be noticed that the majority of examples of semi-Riemannian manifolds 
that we know of, are submanifolds of some semi-Euclidean space .En 

ν and that the 
very differential geometry is born as a discipline aiming to the study of shapes of 
submanifolds in .E3. Also, by a celebrated result by J. Nash 4 for any Riemannian 
manifold .(M, g) there is a positive integer .N ∈ N and an isometric immersion . f : 
M → EN di .(M, g) into .EN. As a submanifold of .EN, any manifold .M admits a 
natural Riemannian metric, the first fundamental form of the given immersion, and 
it is a difficult action, we may say a purely metaphysical action, to dissociate.M from 
said metric, as it is to conceive .M as dissociated from . f (M) where . f : M → EN 

is the given immersion. The space surrounding us is, at least at a not too large 
scale, the Euclidean space .E

3 which comes equipped with the Euclidean metric and 

3 Cf. M. Do Carmo,  Differential Geometry of Curves and Surfaces (Prentice-Hall, Inc., Englewood 
Cliffs, New Jersey, 1976). 
4 Cf. J. Nash, The imbedding problem for Riemannian manifolds. Ann. Math. (1) 63, 20–63 (1956). 
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all submanifolds of .E3 appear as inseparable 5 from their first fundamental forms. 
All geometric and physical measurements are intimately related to the presence of 
said metrics. It follows that after all the concept of shape of .(M, g) is related to 
the given isometric immersion in a given ambient space .(M, g). However, as in 
the spirit of Nash’s theorem the metric . g on .M is the first to be assigned and the 
isometric immersion is considered, or built, successively, the geometric properties 
of .M that spring from. g are referred to as  intrinsic, while geometric properties of . M 
thought of as . f (M), that is those properties springing from the presence of . f , are  
termed extrinsic. Once the given semi-Riemannian manifold.(M, g) is immersed, the 
distinction between intrinsic and extrinsic properties becomes, as we shall shortly 
show, rather immaterial (intrinsic and extrinsic properties may be deduced one from 
the other, in an explicit quantitative manner). 

The main object entering the description of extrinsic geometric properties of 
a semi-Riemannian manifold isometrically immersed in another semi-Riemannian 
manifold .(M, g) is the second fundamental form .B of the given immersion. The 
Weingarten, or shape, operator is, by formula (3.14), but a contravariant manifesta-
tion of the second fundamental form. Intrinsic geometry, based on . g, and extrinsic 
geometry, relying on . B, of the given submanifold, are not independent: they are 
related in a quantitative manner by the classical Gauss-Ricci-Codazzi equations, 
capturing the relationship between the curvature of the submanifold, the curvature 
of the ambient space, and the second fundamental form of the given immersion. 
As a purpose of this section we shall derive said equations starting from the Gauss 
and Weingarten formulas. This leads to a very elegant mathematical theory making 
use of geometric methods, alternative to methods in the theory of partial differential 
equations, to study the Gauss-Ricci-Codazzi equations. It shouldn’t be forgotten that 
Gauss and Weingarten equations are locally systems of second order PDEs whose 
unknown functions are the local components of the immersion. f : M → M . Indeed 
let.(U, xi ) and.(A, yα ) be local coordinate systems on.M and. M , such that. f (U ) ⊂ A. 
Then 

5 At what extent a semi-Riemannian manifold is inseparable from its metric is one of the deepest 
questions in semi-Riemannian geometry (one has in mind the subtle relationship between curvature 
and the topology of the manifold). By a classical result known as Synge’s theorem (cf. e.g., Kobayashi 
and Nomizu [KoNo]) any Riemannian manifold of positive sectional curvature is simply connected. 
The latter is a topological property of the given manifold (the vanishing of the first homotopy group) 
and morally should be a property of the given Riemannian manifold even if it is mentally dissociated 
from its Riemannian structure. We may conclude that not only is the metric of the given Riemannian 
manifold intimately attached to the underlying manifold: the metric determines the properties of the 
manifold and of the underlying topological space. It also follows that in our metaphysical approach 
(“first” a Hausdorff space with a countable base, “then” a differentiable atlas, and “in the end” a 
metric) we have operated with notions (“first”, “then”, “in the end”) that are entirely questionable. 
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. ∇∂i ∂ j =
∣
∣
∣
∣

k 
i j

∣
∣
∣
∣
∂k, B(∂i , ∂ j ) = Bα 

i j  sα, 

. f∗∂i = 
∂ f α 

∂xi 
sα, f∗∇∂i ∂ j =

∣
∣
∣
∣

k 
i j

∣
∣
∣
∣

∂ f α 

∂xk 
sα, 

. ∇ f ∂i 
f∗∂ j = ∇  f ∂i

(

f α 
| j sα

) = 
∂2 f α 

∂xi ∂x j 
sα + f β 

|i f 
γ 
| j

(∣
∣
∣
∣

α 
βγ

∣
∣
∣
∣
◦ f
)

sα . 

Gauss equation with .X = ∂i and .Y = ∂ j may be written 

. 
∂2 f α 

∂xi ∂x j 
+
(∣
∣
∣
∣

α 
βγ

∣
∣
∣
∣
◦ f
)

∂ f β 

∂xi 
∂ f γ 

∂x j 
=
∣
∣
∣
∣

k 
i j

∣
∣
∣
∣

∂ f α 

∂xk 
+ Bα 

i j  . (3.20) 

So (3.20) is a second order quasi-linear PDEs system. In the spirit of submanifold 
theory we shall not apply specific methods of PDEs but geometric methods, relying 
on the Gauss-Codazzi-Ricci equations yet belonging to the theory of connections 
on vector bundles. The geometric methods we shall use will nevertheless lead to the 
understanding of qualitative properties of solutions . f α. 

Definition 3.23 Let .D ∈ C(E) be a connection in the vector bundle .E → M . The  
curvature of .D is the map 

. RD : X(M) × X(M) ×�0 (E) → �0 (M), 

. RD (X, Y )s = DX DY s − DY DX s − D[X,Y ]s 

for any .X, Y ∈ X(M) and any .s ∈ �0(E). �

Let . f : M → M be a regular embedding of a .n-dimensional manifold .M in a 
.(n + r )-dimensional semi-Riemannian manifold.(M, g). Let .R f ≡ R∇ f , .R ≡ R∇ e 
.R⊥ ≡ R∇⊥ 

be respectively the curvatures of the connections 

. ∇ f ∈ C( f −1 τM ), ∇ ∈  C(τM ), ∇⊥ ∈ C(T (M)⊥). 

Then (by Gauss and Weingarten equations) 

. R f (X, Y ) f∗ Z = ∇  f X∇ f Y f∗ Z − ∇  f Y ∇ f X f∗ Z − ∇  f [X,Y ] f∗ Z = 

. = ∇  f X { f∗∇Y Z + B(Y, Z )} −∇  f Y { f∗∇X Z + B(X, Z )} − 

. − f∗∇[X,Y ] Z − B([X, Y ], Z ) = 

. = f∗∇X∇Y Z + B(X, ∇Y Z) − f∗ AB(Y,Z) X +∇⊥ 
X B(Y, Z ) − 
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. − f∗∇Y∇X Z − B(Y, ∇X Z ) + f∗ AB(X,Z)Y − ∇⊥ 
Y B(X, Z ) − 

. − f∗∇[X,Y ] Z − B([X, Y ], Z ) = 

. = f∗
{

R(X, Y )Z + AB(X,Z)Y − AB(Y,Z) X
}+ 

. + ∇⊥ 
X B(Y, Z ) − B(Y, ∇X Z) − ∇⊥ 

Y B(X, Z) + B(X, ∇Y Z) − B([X, Y ], Z ) = 

(by substitution from.[X, Y ] = ∇X Y −∇Y X ) 

. = f∗
{

R(X, Y )Z + AB(X,Z)Y − AB(Y,Z) X
}+ 

. + (∇X B)(Y, Z) − (∇Y B)(X, Z ) 

where we have set by definition 

. (∇X B)(Y, Z ) = ∇⊥ 
X B(Y, Z) − B(∇X Y, Z ) − B(Y, ∇X Z ) 

for any .X, Y, Z ∈ X(M). 

Definition 3.24 .∇ B is called the a covariant derivative of the second fundamental 
form. B. �

We have obtained the following Gauss-Codazzi equation 

.R f (X, Y ) f∗ Z = f∗
{

R(X, Y )Z + AB(X,Z)Y − AB(Y,Z ) X
}+ (3.21) 

. + (∇X B)(Y, Z ) − (∇Y B)(X, Z ). 

Using the canonical projections 

. tan : f −1 τM → τM , nor : f −1 τM → τ ⊥ 
M ( f ), 

one obtains 

.tan
{

R f (X, Y ) f∗ Z
} = R(X, Y )Z + AB(X,Z )Y − AB(Y,Z) X, (3.22) 

.nor
{

R f (X, Y ) f∗ Z
} = (∇X B)(Y, Z ) − (∇Y B)(X, Z). (3.23) 

Definition 3.25 The identities (3.22)–(3.23) are respectively referred to as the Gauss 
equation and the Codazzi equation. �

Gauss equation (3.22) may also be written in the following form, which will prove 
useful in the sequel. Let us multiply in both sides by .W ∈ X(M) (the inner product 
we use is . g). We obtain 
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. g(tan
{

R f (X, Y ) f∗ Z
}

, W ) = g(R(X, Y )Z , W ) + 

. + g(AB(X,Z )Y, W ) − g( AB(Y,Z ) X, W ) 

or [by (3.14)] 

.g f (R f (X, Y ) f∗ Z , f∗W ) = g(R(X, Y )Z , W ) + (3.24) 

. + g f (B(Y, W ), B(X, Z )) − g f (B(X, W ), B(Y, Z )). 

Now one computes .R f (X, Y )ξ for any .ξ ∈ X(M)⊥. By Gauss and Weingarten for-
mulas 

. R f (X, Y )ξ = ∇  f X∇ f Y ξ − ∇  f Y ∇ f X ξ −∇  f [X,Y ]ξ = 

. = ∇  f X
{− f∗ AξY + ∇⊥ 

Y ξ
}− 

. −∇  f Y
{− f∗ Aξ X + ∇⊥ 

X ξ
}− 

. + f∗ Aξ[X, Y ] − ∇⊥ 
[X,Y ]ξ = 

. = −  f∗∇X AξY − B(X, AξY ) − A∇⊥ 
Y ξ X +∇⊥ 

X ∇⊥ 
Y ξ + 

. + f∗∇Y Aξ X + B(Y, Aξ X) + f∗ A∇⊥X ξY − ∇⊥ 
Y ∇⊥ 

X ξ + 

. + f∗ Aξ[X, Y ] − ∇⊥ 
[X,Y ]ξ = 

. = R⊥(X, Y )ξ + B(Y, Aξ X) − B(X, AξY ) − 

. − f∗
{

∇X (AξY ) − ∇Y (Aξ X ) + A∇⊥ 
Y ξ X − A∇⊥ 

X ξ
Y − Aξ[X, Y ]

}

or (by substitution from.[X, Y ] = ∇X Y − ∇Y X ) 

.R f (X, Y )ξ = R⊥(X, Y )ξ + B(Y, Aξ X ) − B(X, AξY ) − (3.25) 

. − f∗ {(∇X A)(ξ, Y ) − (∇Y A)(ξ, X )} 

where we have set by definition 

.(∇X A)(ξ, Y ) = ∇X (AξY ) − A∇⊥ 
X ξ − Aξ∇X Y. 
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Applying the projection .nor : f −1τM → τ ⊥ 
M ( f ) to the identity (3.25) we obtain 

.nor
{

R f (X, Y )ξ
} = R⊥(X, Y )ξ + B(Y, Aξ X) − B(X, AξY ) (3.26) 

for any .X, Y ∈ X(M) and .ξ ∈ X(M)⊥. 

Definition 3.26 The identity (3.26) is referred to as the Ricci equation. �

Ricci’s equation may also be written in the following form, useful in the sequel. Let 
us take the inner product (by using the inner product .g f ) of (3.26) with.η ∈ X(M)⊥. 
We obtain [by (3.14)] 

. g f (R f (X, Y )ξ, η) = g f (R⊥(X, Y )ξ, η) + g(AηY, Aξ X) − g(Aη X, AξY ) 

or 
.g f (R f (X, Y )ξ, η) = g f (R⊥(X, Y )ξ, η) − g([Aξ, Aη]X, Y ). (3.27) 

Here 
. [Aξ, Aη]X = Aξ Aη X − Aη Aξ X. 

To derive Eq. (3.27) we made use of the identity 

. g(Aξ X, Y ) = g(X, AξY ) 

Gregorio Ricci Curbastro (1853–1925), Italian mathematician. R. has studied at Technische 
Hochschule in Munich (from 1877) and successively under Ulisse Dini. R. became a professor 
of mathematics at the University of Padova (from 1880) and at this location studied Riemannian 
geometry [Absolute differential calculus (calcolo differenziale assoluto), according to the 
terminology of the time, mainly attributed to Levi-Civita alone] together with Tullio Levi-
Civita. The Ricci tensor .Ri j  also belongs to the scientific creation by R. and is sine qua non 
(in its Lorentzian version) to the formulation of the gravitational field equations within GRG 
theory. 
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itself a consequence of the symmetry of. B and of (3.14) One may of course consider, 
starting from (3.25), the tangential component, as well (i.e., apply the projection 
.tan to both members). Said procedure leads however to an equation equivalent to 
Codazzi’s equation. 

The curvature.R f of.∇ f is essentially the curvature. R of. ∇. Indeed [by. [∂i , ∂ j ] =  
0] 

. R f (∂i , ∂ j )sα = 

. = ∇  f ∂i

{

f β 
| j

({

γ 
βα

}

◦ f
)

sγ

}

− ∇  f ∂ j

{

f β 
|i

({

γ 
βα

}

◦ f
)

sγ

}

= 

. =
{

∂2 f β 

∂xi ∂x j

({

γ 
βα

}

◦ f
)

+ f β 
| j 

∂ 
∂xi

({

γ 
βα

}

◦ f
)}

sγ + 

. + f β 
| j

({

γ 
βα

}

◦ f
)

f μ 
|i

({

λ 
μγ

}

◦ f
)

sλ − 

. −
{

∂2 f β 

∂x j ∂xi

({

γ 
βα

}

◦ f
)

+ f β 
|i 

∂ 
∂xi

({

γ 
βα

}

◦ f
)}

sγ − 

. − f β 
|i

({

γ 
βα

}

◦ f
)

f μ 
| j

({

λ 
μγ

}

◦ f
)

sλ = 

[by observing the cancellation of the second order partials] 

. =
{

f β 
| j
(∂

{

γ 
βα

}

∂ yν ◦ f
)

f ν 
|i − f β 

|i
(∂

{

γ 
βα

}

∂ yν ◦ f
)

f ν 
| j
}

sγ + 

. +
{({ γ 

βα

}

◦ f
)({

γ 
μα

}

◦ f
)({

λ 
βγ

}

◦ f
)}

f β 
| j f 

μ 
|i sλ = 

. = f β 
| j f 

ν 
|i
{(∂

{ λ 
βα

}

∂ yν − 
∂
{ λ 

να

}

∂ yβ + 

. +
{ γ 

βα

} { λ 
νγ

}

−
{ γ 

να

} { λ 
βγ

})

◦ f
}

sλ = 

. = f β 
| j f 

ν 
|i
(

R 
λ 
νβα ◦ f

)

sλ 
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where 
. R 

λ 
νβα∂λ = R(∂ν , ∂β)∂α = 

. =
{∂

{

λ 
βα

}

∂ yν − 
∂

{

λ 
να

}

∂ yβ +
{

γ 
βα

} {

λ 
νγ

}

−
{

γ 
να

} {

λ 
βγ

}}

∂λ 

is the local expression of the curvature . R di .(M, g). We have shown that 

.R f (∂i , ∂ j )sγ =
(

R 
λ 
αβγ ◦ f

)

f α 
|i f 

β 
| j sλ . (3.28) 

Q.e.d. 

It should be kept in mind that all equations obtained in the present section hold 
for any regular embedding . f : M → M of a manifold .M in a semi-Riemannian 
manifold .(M, g) such that .(dp f )Tp(M) is nondegenerate as a subspace of the inner 
product space .(T f ( p)(M), g f (p)) for any point .p ∈ M . 

Let .(M, g) be a Riemannian manifold of constant sectional curvature . k, i.e., 

. R(U, V )W = k {g(W, V )U − g(W, U )V } 

for any .U, V , W ∈ X(M). If .(A, yα ) is a local coordinate system on .M then 

. R 
α 
βγδ∂α = R(∂β, ∂γ)∂δ = k

{

gδγ∂β − gδβ∂γ

}

and hence 
.R 

α 
βγδ = k

{

gδγδ
α 
β − gδβδα 

γ

}

(3.29) 

Let us substitute from (3.29) into (3.28). We obtain 

. R f (∂i , ∂ j )sγ = k
{

gγβδλ 
α − gγαδλ 

β

}

f α 
|i f 

β 
| j sλ = 

. = k
{

g f (sγ, f∗∂ j ) f λ 
|i − g f (sγ, f∗∂i ) f λ 

| j
}

sλ 

and hence 

. R f (X, Y )s = k
{

g f (s, f∗Y )X ( f λ ) − g f (s, f∗ X)Y ( f λ )
}

sλ 

for any .X, Y ∈ X(M) and any .s ∈ �0( f −1τM ). Also  

. ( f∗ X ) (p) = (dp f )X = Xi ( p)(dp f )(∂i )p = 

. = Xi (p) f α 
|i (p)(∂α) f ( p) = Xi (p) f α 

|i (p)sα(p) 
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or 
. f∗ X = X ( f α )sα . (3.30) 

We may conclude that the curvature.R f ≡ R∇ f of the connection. ∇ f ∈ C( f −1τM , g f ) 
for an embedding . f : M → M in a constant curvature space .Mn+r (k) = (M, g) is 
given by 

.R f (X, Y )s = k
{

g f (s, f∗Y ) f∗ X − g f (s, f∗ X ) f∗Y
}

(3.31) 

for any.X, Y ∈ X(M) and.s ∈ �0( f −1τM ). In particular for.s = f∗ Z with. Z ∈ X(M) 
one has 

. R f (X, Y ) f∗ Z = k
{

g f ( f∗ Z , f∗Y ) f∗ X − g f ( f∗ Z , f∗ X ) f∗Y
} = 

[by Proposition 3.22] 

. = k {g(Z , Y ) f∗ X − g(Z , X ) f∗Y } 

for any.X, Y, Z ∈ X(M). Taking the inner product with. f∗W leads to [once again by 
Proposition 3.22] 

.g f (R f (X, Y ) f∗ Z , f∗W ) = (3.32) 

. = k {g(Z , Y )g(X, W ) − g(Z , X )g(Y, W )} . 

Starting from (3.32) one may write Gauss equation (3.24) in the form 

. g(R(X, Y )Z , W ) + g f (B(Y, W ), B(Y, Z)) − g f (B(X, W ), B(Y, Z)) = 

. = k {g(Z , Y )g(X, W ) − g(Z , X )g(Y, W )} 

or 
.R(X, Y )Z = k {g(Z , Y )X − g(Z , X )Y } + AB(Y,Z) X − AB(Y,Z ) X (3.33) 

for any .X, Y, Z ∈ X(M). Let us now define the tensor field .X ∧ Y ∈ T 1,1(M) by 
setting 

.(X ∧ Y )Z = g(Y, Z )X − g(X, Z)Y, Z ∈ X(M). (3.34) 

Exercise 3.27 Show that .∧ :  X(M) × X(M) → T 1,1(M) is .F (M)-bilinear skew-
symmetric. 

Using the wedge product of vector fields defined by (3.34) one may write Gauss 
equation (3.33) as  

.R(X, Y )Z = k(X ∧ Y )Z + AB(Y,Z) X − AB(X,Z )Y. (3.35) 
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Let us observe that the identity 

. R f (X, Y ) f∗Y = k {g(Z , Y ) f∗ X − g(Z , X ) f∗Y } 

also yields 
. nor R f (X, Y ) f∗ Z = 0 

so that Codazzi’s equation (3.23) becomes 

.(∇X B)(Y, Z ) − (∇Y B)(X, Z ) = 0 (3.36) 

for any .X, Y, Z ∈ X(M). Finally let us derive the Ricci equation for the embedding 
. f : M → Mn+r (k). Equation (3.31) for .s = ξ ∈ X(M)⊥ becomes 

. R f (X, Y )ξ = 0 

and hence Ricci’s equation (3.27) becomes 

.g f (R⊥(X, Y )ξ, η) = g([Aξ, Aη]X, Y ). (3.37) 

Let.{ξa : 1 ≤ a ≤ r} be a local.g f -orthonormal frame in the normal bundle. T (M)⊥ → 
M , defined on the open set.U ⊂ M , and let us set.Aa = Aξa for.1 ≤ a ≤ r . Moreover 

. B(X, Y ) = Ba (X, Y )ξa 

where the local bilinear forms .Ba ∈ T 0,2(U ) are uniquely determined by the above 
representation. Then 

. g f (B(X, Y ), ξa) = g(Aa X, Y ) 

implies 
.Ba (X, Y ) = g(Aa X, Y ), X, Y ∈ X(U ). (3.38) 

In particular 

. AB(Y,Z) X = Ba (Y, Z )Aa X = 
r
∑

a=1 
g(AaY, Z)Aa X 

and hence 

. AB(Y,Z ) X − AB(X,Z)Y = 
r
∑

a=1 
{g(AaY, Z )Aa X − g(Aa X, Z)AaY } = 

. = 
r
∑

a=1 
(Aa X ∧ AaY ) Z 
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and Gauss equation (3.35) may be locally written as 

.R(X, Y ) = k X  ∧ Y + 
r
∑

a=1 
Aa X ∧ AaY. (3.39) 

3.6 Totally Geodesic and Minimal Submanifolds 

Let.(M, g) be a.(n + r )-dimensional semi-Riemannian manifold and let. f : M → M 
be an immersion such that.(dp f )Tp(M) be nondegenerate as a subspace of the inner 
product space .(T f (p)(M), g f (p)) for any point .p ∈ M . Then the first fundamental 
form. g is a semi-Riemannian metric on . M . 

Definition 3.28 An immersion . f : M → M is totally geodesic if for any geodesic 
. γ of .(M, g) the differentiable curve .γ = f ◦ γ is a geodesic of the ambient space 
.(M, g). If this is the case .M is called a totally geodesic submanifold of .(M, g). �

Proposition 3.29 Let . f : M → M be an embedding. Then .M is a totally geodesic 
submanifold of .(M, g) if and only if the second fundamental form of . f vanishes 
identically .(B = 0). 

Proof Let us assume that .B = 0. Then [by Gauss formula (3.26)] 

. f α 
|i j  +

({

α 
βλ

}

◦ f
)

f β 
|i f 

λ 
| j =

{

k 
i j

}

f α 
|k . (3.40) 

If .γ : I → M is a geodesic of .(M, g) e .γ = f ◦ γ then 

. 
d2γi 

dt2 
(t) +

{

i 
jk

}

(γ(t)) 
dγ j 

dt  
(t) 

dγk 

dt  
(t) = 0, 

. 
dγα 

dt  
(t) = f α 

|i (γ(t)) 
dγi 

dt  
(t), (3.41) 

. 
d2γα 

dt2 
(t) = f α 

|i j  (γ(t)) 
dγi 

dt  
(t) 

dγ j 

dt  
(t) + f α 

|k(γ(t)) 
d2γk 

dt2 
(t), (3.42) 

hence 
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. 
d2γα 

dt2 
(t) +

{

α 
βλ

}

(γ(t)) 
dγβ 

dt  
(t) 

dγλ 

dt  
(t) = 

. = f α 
|i j  (γ(t)) 

dγi 

dt  
(t) 

dγ j 

dt  
(t) + f α 

|k(γ(t)) 
d2γk 

dt2 
(t) + 

. +
{

α 
βλ

}

( f (γ(t))) f β 
|i (γ(t)) 

dγi 

dt  
(t) f λ 

| j (γ(t)) 
dγ j 

dt  
(t) = 

. =
[

f α 
|i j  +

({

α 
βλ

}

◦ f
)

f β 
|i f 

λ 
| j

]

(γ(t)) γ̇i (t) γ̇ j (t) + 

. + f α 
|k(γ(t)) 

d2γk 

dt2 
(t) = 

[by Eq. (3.40)] 

. =
[{

k 
i j

}

(γ(t)) + 
d2γk 

dt2 
(t)

]

f α 
|k(γ(t)) = 0 

so that . γ is an auto-parallel curve of . ∇. Q.e.d. 
Viceversa, let us assume that any geodesic of the submanifold is also a geodesic 

of the ambient space. Let .p ∈ M and .v ∈ Tp(M) and let .γ : (−ε, ε) → M be the 
geodesic of .(M, g) of initial data .γ(0) = p and .γ̇(0) = v. Then 

. Bp(v, v) = vi v j Bα 
i j  (p)(∂α) f ( p) = 

[by the Gauss formula (3.26)] 

. = vi v j
[

f α 
|i j  +

({

α 
βλ

}

◦ f
)

f β 
|i f 

λ 
| j −

{

k 
i j

}

f α 
|k

]

(p) sα(p) = 

. = [γ̇i (0)γ̇ j (0) f α 
|i j  (γ(0))+ 

. +
{

α 
βλ

}

(γ(0))γ̇i (0) f β 
|i (γ(0))γ̇ j (0) f λ 

| j (γ(0))

]

sα(p) − 

. − γ̇i (0)γ̇ j (0)
{

k 
i j

}

(γ(0)) f α 
|k(γ(0))sα(p) = 
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[as . γ is a geodesic of .(M, g)] 

. = [γ̇i (0)γ̇ j (0) f α 
|i j  (γ(0))+ 

. +
{

α 
βλ

}

(γ(0))γ̇i (0) f β 
|i (γ(0))γ̇ j (0) f λ 

| j (γ(0))

]

sα(p) − 

. + 
d2γk 

dt2 
(0) f α 

|k(γ(0))sα(p) = 

[by (3.41)–(3.42)] 

. =
[
d2γα 

dt2 
(0) +

{

α 
βλ

}

(γ(0)) 
dγβ 

dt  
(0) 

dγλ 

dt  
(0)

]

sα(p) = 0 

as .γ = f ◦ γ is a geodesic of .(M, g). We have proved that .Bp(v, v) = 0 and then 
(by the  symmetry of . B) it follows that .B = 0. Q.e.d. 

3.7 Cartan’s Theorem 

The purpose of this section is to give a classical characterization (due to E. Cartan 6) 
of constant curvature spaces in terms of their totally geodesic submanifolds. 

Definition 3.30 Let .(M, g) be a .n-dimensional Riemannian manifold with .n ≥ 3. 
Let .r ∈ N such that .2 ≤ r ≤ n − 1. We say  .M satisfies the axiom of .r-planes if 
for any point .p ∈ M and any .r -dimensional subspace .V ⊂ Tp(M) there is a totally 
geodesic submanifold .S ⊂ M such that .p ∈ S e .Tp(S) = V . �

Definition 3.30 was proposed by E. Cartan 7 who also established the following. 8 

Theorem 3.31 If a Riemannian manifold .M of dimension .n ≥ 3 satisfies the axiom 
of .r-planes for some .2 ≤ r < n then .M is a space of constant sectional curvature. 

To prove Theorem 3.31 we need 

Lemma 3.32 Let .(M, g) be a Riemannian manifold of dimension .n ≥ 3 and . p ∈ 
M. If for every choice of .gp-orthonormal vectord .{u, v, w} ⊂  Tp(M) one has 
.gp(Rp(u, v)w,  u) = 0 then .M is isotropic at . p, i.e., all .2-planes .σ ⊂ Tp(M) have 
the same sectional curvature. 

6 Cf. E. Cartan, Leçons sur la geometrie des espaces de Riemann (Gauthier-Villars, Paris, 1946). 
7 Cf. op. cit. 
8 A generalization to Finslerian geometry was provided in the work by S. Dragomir, The theorem of 
É. Cartan on Finsler manifolds, Proceedings of the National Colloquium on Geometry and Topology 
(Buşteni, 1981), pp. 103–112. 
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Élie Cartan (1869–1951), French mathematician. C. published.186 papers in the period 1893– 
1947. Most of these papers are looked at as fundamental for differential geometry and the 
theory of partial differential equations. C. introduced the notion of differential form and 
created exterior differential calculus. It is difficult to overestimate the relevance of C.’s works 
(devoted mainly to the study of Lie groups - according to C. - but actually embracing all 
geometric differential themes at the level of the first half of the twentieth century) or the great 
influence exerted by C. on scientists of his time (cf. e.g., the correspondence [cf. Hommage à 
Élie Cartan, 1869–1951, Editura Academiei Republicii Socialiste Romania, Bucarest, 1975] 
between C. and other mathematicians such as G. Tzitzeica, A. Pantazi and G. Vrânceanu). 

Proof We set 

. v′ = 
1√
2 

(v + w) , w′ = 
1√
2 
(v − w), 

so that .{v′, w′} are .gp-orthonormal. On the other hand, by he very hypothesis of 
Lemma 3.32 

. 0 = gp(Rp(u, v′)w′, u) = 

. = 
1 

2

{

gp(Rp(u, v)v,  u) + gp(Rp(u, v)w,  u)
︸ ︷︷ ︸

=0 

+ 

. + gp(Rp(u, w)v,  u)
︸ ︷︷ ︸

=0 

−gp(Rp(u, w)w,  u)
}

= 

. = k(u ∧ v) − k(u ∧ w) 

where .u ∧ v is the .2-plane in .Tp(M) spanned by the vectors .{u, v}. It follows  that  
.k(u ∧ v) = k(u ∧ w), i.e., the .2-planes .u ∧ v and .u ∧ w have the same sectional 
curvature. 



3.7 Cartan’s Theorem 229 

Now let us consider two arbitrary .2-planes .σ, σ′ ⊂ Tp(M). We distinguish two 
cases, as 

(I) . σ ∩ σ′ �= (0) 

or 

(II) .σ ∩ σ′ = (0). 

In the first case, let.u ∈ σ ∩ σ′ be a unit vector. Let us complete. u to an orthonormal 
basis .{u, v} ⊂  σ, respectively to an orthonormal basis .{u, w} ⊂  σ′. Then 

. k(σ) = k(u ∧ v) = k(u ∧ w) = k(σ′). 

In the second case let us consider an orthonormal basis.{u, v} ⊂  σ and complete it to 
an orthonormal basis.{u, v, w,  z} ⊂  σ ⊕ σ′ such that.{w, z} be an orthonormal basis 
of . σ′. Then 

. k(σ) = k(u ∧ v) = k(u ∧ w) = k(z ∧ w) = k(σ′). 

Q.e.d. 

Proof of Theorem 3.31 Let .V ⊂ Tp(M) be a .r -dimensional subspace. As . r ≥ 2 
there exists an orthonormal system .{u, v} ⊂  V . Moreover by .r ≤ n − 1 there is a 
unit vector .w ∈ Tp(M) orthogonal to . V . Then .{u, v, w} is an orthonormal system 
in .Tp(M). As .M satisfies the axiom of .r -planes we may consider a totally geodesic 
submanifold .S ⊂ M passing through . p and such that .Tp(S) = V . Let . X, Y ∈ X(S) 
and .ξ ∈ X(S)⊥ be vector fields such that .X p = u, .Yp = v e .ξp = w. The identity 
(??) 

. R f (X, Y )ξ = R⊥(X, Y )ξ + B(Y, Aξ X ) − B(X, AξY ) − 

. − f∗ {(∇X A)(ξ, Y ) − (∇Y A)(ξ, X )} 

for . f = ι : S ⊂ M and with .B = 0 [as . S is totally geodesic] may be written 

. Rι (X, Y )ξ = R⊥(X, Y )ξ 

and hence at the point . p 

. (Rι )p(u, v)w  = (R⊥)p(u, v)w  ∈ T ⊥ 
p (S), 

i.e., .(Rι )p(u, v)w  is orthogonal to .V and in particular on . u 

.gp((R
ι )p(u, v)w,  u) = 0. (3.43) 
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On the other hand [by (3.28) with .sα = (∂/∂ yα )ι] 

. (Rι )p(u, v)w  = (Rι )(u, v)(dpι)w = ui v j w(ιγ )
{

Rι (∂i , ∂ j )sγ
}

p = 

. = ui v j w(ιγ )Rλ 
αβγ(ι( p))ι

α|i (p)ιβ | j (p)sλ(p) = 

. = u(ια )v(ιβ )w(ιγ )
{

R(∂α, ∂β)∂γ

}

ι( p) = 

. = Rι( p)((dpι)u, (dpι)v)(dpι)w = Rp(u, v)w  

and then [by (3.43)] .gp(Rp(u, v)w,  u) = 0 and one may apply Lemma 3.32 to con-
clude that.M is isotropic in. p. As. p is an arbitrary point and.n ≥ 3 we may conclude 
[by Schur’s theorem] that .M is a space form. Q.e.d. 

3.8 Nomizu’s Theorem 

One of the most difficult problems in the theory of submanifolds is to determine 
the totally geodesic submanifolds of a given Riemannian manifold. K. Nomizu con-
tributed with a result relating totally geodesic submanifolds to the structure of the 
fixed point set of an isometry. It is our purpose in this section to present K. Nomizu’s 
contribution. 9 To start with we need some preparation regarding isometries of Rie-
mannian manifolds. Let .F : M → N be a differentiable map and let . h ∈ T 0,2(N ) 
be a tensor field of type .(0, 2) on . N . 

Definition 3.33 The pullback of . h by .F is the tensor field .F∗h ∈ T 0,2(M) defined 
by 

.(F∗h)p(u, v)  = hF(p)((dp F)u, (dp F)v), u, v  ∈ Tp(M), p ∈ M.

�

Locally 

. (F∗h)i j  ( p) = (F∗h)p((∂i )p, (∂ j )p) = Fα|i (p)Fβ | j (p)hαβ(F(p)), 

. hαβ = h(∂α, ∂β), 

hence 
.(F∗h)i j  = Fα|i Fβ | j

(

hαβ ◦ F
)

. (3.44) 

9 Cf. K. Nomizu, Introduzione alla geometria differenziale, Appunti Scuola Matematica Interuni-
versitaria (1975). 
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Definition 3.34 An isometry of the Riemannian manifold .(M, g) is a .C∞ diffeo-
morphism.F : M → M of .M such that 

. gF(p)(dp F)u, (dp F)v) = gp(u, v)  

for any .u, v  ∈ Tp(M) and any .p ∈ M . �

Equivalently .F : M → M is an isometry if .F∗g = g or locally [by (3.44)] 

.grs  = Fi |r F j |s
(

gi j  ◦ F
)

. (3.45) 

This has implications in terms of the Christoffel symbols, implications that will be 
investigated shortly. As. F is a diffeomorphism, the Jacobi matrix.

[

Fi | j
]

is invertible. 
Then let us set 

. 
[

Gi 
j

] = [Fi | j
]−1 

. 

Let us contract (3.45) with .Gr 
k . One obtains 

. grsG
r 
k = F j |s

(

gk j  ◦ F
)

. 

Now we may contract with .gsi  to obtain 

. Gi 
k = gsi  F j |s

(

gk j  ◦ F
)

. 

The contraction with .gkm ◦ F leads to 

. Gi 
k

(

gkm ◦ F) = gsi  Fm |s 

and finally the contraction with .G�
m furnishes 

.g�i = Gi 
kG

�
m

(

gkm ◦ F) . (3.46) 

Then [by (3.45)] 

. 
{

rs, �
} = 

1 

2

(

gr�|s + gs�|r − grs|�
) = 

. = Fi |rs  F j |�
(

gi j  ◦ F
)+ Fi |r F j |�Fm |s

({

im, j
} ◦ F) , 

hence [by (3.46)] 

. 

{

k 
rs

}

= gk�{rs, �} =  

. = Gk 
aG

�
b

(

gab ◦ F) {Fi |rs  F j |�
(

gi j  ◦ F
)+ Fi |r F j |�Fm |s (|im, j | ◦ F)

} = 

. = Gk 
a

[

Fa |rs  + Fi |r Fm |s
({

a 
im

}

◦ F
)]
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and the contraction with .F�|k leads to 

.F�|k
{

k 
rs

}

= F�|rs  + Fi |r Fm |s
({

�

im

}

◦ F
)

. (3.47) 

Theorem 3.35 Let.F : M → M be an isometria of the Riemannian manifold.M and 
let .K = {p ∈ M : F(p) = p} be the set of fixed points of . F. Then any connected 
component of .K is a totally geodesic submanifold of . M. 

The proof includes a few arguments of topology. 10 

Proof 11 of Theorem 3.35 For any fixed point .p ∈ K we set by definition 

. Vp = {u ∈ Tp(M) : (dp F)u = u}. 

By the construction of the exponential map, there is a star-shaped neighborhood 
.N0 ⊂ Tp(M) such that .0p ∈ N0 and a neighborhood .U ⊂ M of . p such that . expp : 
N0 → U is a diffeomorphism. We shall show that 

Lemma 3.36 .expp is a diffeomorphism of .Vp ∩ N0 onto .K ∩ U. 

To prove Lemma 3.36 one needs 

Lemma 3.37 If .u ∈ Vp ∩ N0 then the geodesic 

. γ(t) = expp(tu), t ∈ [0, 1] 

consists only of fixed points of the transformation .F : M → M. 

10 For a better understanding of those arguments we briefly recall the needed elements of topology. 
Let. X be a topological space and.x ∈ X a point. Let.Lx be the largest connected subset containing 
. x , i.e., .Lx is the union of all connected sets .A ⊂ X such that .x ∈ A. The set .Lx is closed. Indeed 
the closure of a connected set is connected, as well. Hence [as.x ∈ Lx and.Lx connected]. Lx ⊂ Lx 
hence.Lx = Lx . Q.e.d. The closed set.Lx is the connected component of the point. x in the topological 
space. X. Let.Lx and.L y be the connected components of the points.x, y ∈ X with.x �= y. Then either 
(I).Lx = L y , or (II).Lx ∩ L y = ∅. Indeed if.Lx ∩ L y �= ∅  then let.z ∈ Lx ∩ L y . On one hand the set 
.Lx [respectively.L y) is connected and contains the point. z so that.Lx ⊂ Lz [respectively.L y ⊂ Lz]. 
In particular.x, y ∈ Lz so that [as.Lz is a connected set] it must be that.Lz ⊂ Lx and.Lz ⊂ L y . We  
may conclude that.Lx = Lz = L y . In the second case the sets.Lx and.L y are separated because of 
.Lx ∩ L y = Lx ∩ L y = ∅  and similarly.Lx ∩ L y = ∅. Of course we may write.X =⋃x∈X Lx and 
successively write just once each distinct connected component. We proved that any topological 
space may be decomposed as the union of its connected components, which are closed and mutually 
disjoint. In general, the connected components of. X aren’t open (this may be proved by looking at 
appropriate examples). Nevertheless if . X possesses a finite number of connected components then 
these are open sets. Let us denote by .π0(X ) = {Lx : x ∈ X} the set of all connected components 
of . X. If  .X e .Y are homeomorphic topological spaces then .|π0(X )| = |π0(Y )| (where .|A| is the 
cardinality of the set . A). 
11 A generalization of Nomizu’s theorem (Theorem 3.35) to the realm of Finslerian geometry was 
provided in the work by S. Dragomir, The theorem of K. Nomizu on Finsler manifolds. An. Univ. 
Timişoara, Ser. Ştiinţ. Mat. 19(1), 41–30 (1981). 
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Proof Let us consider the curve .β(t) = F(γ(t)), .0 ≤ t ≤ 1. Then 

. 
dβi 

dt  
(t) = Fi | j (γ(t)) 

dγ j 

dt  
(t), 

. 
d2βi 

dt2 
(t) = Fi | jk(γ(t)) 

dγk 

dt  
(t) 

dγ j 

dt  
(t) + Fi | j (γ(t)) 

d2γ j 

dt2 
(t), 

and then 

. 
d2βi 

dt2 
(t) +

{

i 
jk

}

(β(t)) 
dβ j 

dt  
(t) 

dβk 

dt  
(t) = 

. = Fi | jk(γ(t)) 
dγk 

dt  
(t) 

dγ j 

dt  
(t) + Fi | j (γ(t)) 

d2γ j 

dt2 
(t) + 

. +
{

i 
jk

}

(β(t))F j |�(γ(t)) 
dγ�

dt  
(t)Fk |m(γ(t)) 

dγm 

dt  
(t) = 

[substituting from (3.47) the  term.

({

i 
jk

}

◦ F
)

F j |�Fk |m evaluated at .γ(t)] 

. = Fi | jk(γ(t))γ̇k (t)γ̇ j (t) + Fi | j (γ(t)) 
d2γ j 

dt2 
(t) + 

. + γ̇�(t) ̇γm (t)

{∣
∣
∣
∣

s
�m

∣
∣
∣
∣
(γ(t))Fi |s(γ(t)) − Fi

�m(γ(t))

}

= 

. =
{
d2γ j 

dt2 
(t) +

∣
∣
∣
∣

j
�m

∣
∣
∣
∣
(γ(t))γ̇�(t)γ̇m (t)

}

Fi | j (γ(t)) = 0 

ad hence . β is a geodesic of .(M, g), too. On the other hand 

. β(0) = F(γ(0)) = F(p) = p, 

. β̇(t) = (dγ(t) F)γ̇(t) =⇒ β̇(0) = (dp F)γ̇(0) = (dp F)u = u, 

as .u ∈ Vp to start with. The geodesics . γ and . β have the same initial data and hence 
coincide. Then 

. F(γ(t)) = β(t) = γ(t), 0 ≤ t ≤ 1, 

i.e., .γ(t) ∈ K for any .t ∈ [0, 1]. Lemma 3.37 is proved. 

Now let us get back to the proof of Theorem 3.35, and precisely to the proof of 
Lemma 3.36. It suffices to check that 
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. expp

(

Vp ∩ N0
) = K ∩ U. 

That equality may be proved by double inclusion. Let us consider a point . q ∈ 
expp

(

Vp ∩ N0
)

. Then there is.u ∈ Vp ∩ N0 such that.q = expp u = γ(1) where. γ(1) 
belongs to .U because of .expp(N0) = U and at the same time .γ(1) belongs to .K by 
Lemma 3.37. It follows that .q ∈ K ∩ U and then the inclusion 

. expp(Vp ∩ N0) ⊂ K ∩ U 

is proved. 

Viceversa let .q ∈ K ∩ U and [as .q ∈ U ] let  .u ∈ N0 such that .expp(u) = q . Let  
us consider the geodesic .γ(t) = expp(tu) and let us set 

. β(t) = F(γ(t)), α(t) = expp(t (dp F)u), 0 ≤ t ≤ 1. 

By the proof of Lemma 3.37 it follows that . β is a geodesic of .(M, g). Hence both 
curves. α and. β are geodesics of.(M, g) of initial data.(p, (dp F)u). Then.α = β. As  
.q ∈ K , i.e., . q is a fixed point of .F one has 

. expp u = q = F(q) = F(expp u) = F(γ(1)) = 

. = β(1) = α(1) = expp

[

(dp F)u
]

and hence [by the injectivity of .expp] 

. u = (dp F)u, 

i.e., .u ∈ Vp. It follows  that  .u ∈ Vp ∩ N0 and then .q ∈ expp

(

Vp ∩ N0
)

. We have  
proved the opposite of inclusion 

. K ∩ U ⊂ expp

(

Vp ∩ N0
)

and therefore the desired equality. Lemma 3.36 is proved. 

Let .L ∈ π0(K ) be a connected component of .K thought of as a topological sub-
space of . M . We must show that . L is a totally geodesic submanifold of .(M, g). The  
most delicate part of the proof consists in organizing. L as a differentiable manifold. 
Let us consider a point .p ∈ L so that .L = L p. Let  .(U, xi ) be a local coordinate 
system on .M such that .p ∈ U . The tangent space to .M at . p is a topological space 
with the topology induced by the isomorphism 

.h p : Tp(M) → Rn , h p(u) = (u1 , . . . ,  un ), u = ui
(

∂ 
∂xi

)

p 

. 
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Said topology coincides with the topology associated to the norm 

.‖u‖ =  gp(u, u)1/2 , u ∈ Tp(M). (3.48) 

Let . Ũ ⊂ M be a normal neighborhood of . p in . M , i.e., there is a star-shaped neigh-
borhood . Ñ0 ⊂ Tp(M) of the zero vector .0p such that .expp : Ñ0 → Ũ is a diffeo-
morphism. With respect to the topology induced by.Tp(M) on.Vp [the set of all fixed 
points of the linear isomorphism.dp F] the  set . Ñ0 ∩ Vp is open in .Vp. Moreover the 
topology induced by .Tp(M) on .Vp coincides with the norm topology, that is with 
the topology determined by the restriction to .Vp of the norm (3.48). Let us consider 
.r > 0 such that the ball 

. N0 ≡ {u ∈ Tp(M) : ‖u‖ < r} 

be contained in . Ñ0 and let us set .U = expp(N0) ⊂ Ũ so that .expp : N0 → U is a 
diffeomorphism. On the other hand 

. N0 ∩ Vp = {u ∈ Vp : ‖u‖ < r} 

so that .N0 ∩ Vp is a ball in .Vp and then .N0 ∩ Vp is a connected subset of .Vp. By  
Lemma 3.36 the map 

. expp : N0 ∩ Vp → U ∩ K 

is a diffeomorphism and hence .U ∩ K is a connected subset of .K containing the 
point . p. By the maximality of . L it follows that .U ∩ K ⊂ L . In particular 

. U ∩ K = (U ∩ K ) ∩ L 

and then .U ∩ K is an open subset of . L . We shall build a local chart on . L about the 
point .p ∈ L , whose domain will be the set .U ∩ K . 

The topology of .Vp coincides with the topology induced by the restriction of 
.h p : Tp(M) → Rn to .Vp, i.e., by the bijection .h p : Vp → Rr where we have set 
.r = dimR Vp. It follows that .h p : N0 ∩ Vp → Rr is a homeomorphism on its image 
and hence the map 

. ψp : U ∩ K → h p
(

N0 ∩ Vp
) ⊂ Rr , 

. ψp = h p ◦
(

expp

∣
∣
N0∩Vp

)−1 

is a local chart on . L about the point . p. 
Thus we have organized . L as a differentiable manifold of dimension . r . Next,  we  

shall check that the canonical inclusion.ι : L → M is an immersion (with respect to 
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the differentiable structure just set on . L). The elements of the problem to be solved 
may be summed up in the following commutative diagram 

. 

L ⊃ U ∩ K ι=⇒ U ⊂ M 

ψp ↓↑ ψ−1 p ↓ (x1, . . . ,  xn) ≡ ψ 

R
r ⊃ h p(N0 ∩ Vp) 

ι=⇒ R
n, 

where. ι denotes the local expression of . ι. As well known, we may use just any local 
chart on the target manifold. We choose to use a normal coordinate system centered 
at. p, i.e., we fix an arbitrary linear frame.u : Rn → Tp(M) (a.R-linear isomorphism) 
and we set 

. ψ = (expp ◦u)−1 : U → N0 . 

Then 
. ι(ξ1 , . . . ,  ξr ) = (ψ ◦ ψ−1 p )(ξ1 , . . . ,  ξr ) = (ξ1 , . . . ,  ξr , 0, . . . ,  0

︸ ︷︷ ︸

n−r terms 

), 

. ∀ (ξ1 , . . . ,  ξr ) ∈ h p(N0 ∩ Vp), 

i.e., locally . ι is the canonical immersion .R
r ↪→ Rn . 

It remains to be checked that .L is a totally geodesic submanifold of . M . Let  . ∇ 
and .B be respectively the induced connection and the second fundamental form of 
the given immersion.ι : L → M . Let.γ : (−ε, ε) → L be an auto-parallel curve of. ∇ 
and let us set .p = γ(0) ∈ L . Let .(U ∩ K , ψp) be a local chart of . L about . p, built as 
above. We may assume that .ε > 0 is sufficiently small, such that .γ(t) ∈ U ∩ K for 
any.|t | < ε. In particular.F(γ(t)) = γ(t) fro any.|t | < ε. It follows that . (dp F)u = u 
where we have set .u = γ̇(0), or  .u ∈ Vp. For  .ε > 0 sufficiently small we may also 
assume that .tu  ∈ N0 for any .|t | < ε. Let us set 

. γ1 : (−ε, ε) → M, γ1(t) = expp(t u), |t | < ε, 

so that .γ1 is the geodesic of .(M, g) of initial conditions .(p, u). Moreover one has 
.tu  ∈ Vp [as.Vp is a vector space] and hence.tu  ∈ N0 ∩ Vp. It follows that. expp(tu) ∈ 
U ∩ K that is .γ1(t) ∈ U ∩ K for any .|t | < ε, and then .γ̇1(t) is tangent to . L . By  
Lemma 3.38 (stated below) it follows that.γ1 is a geodesic of. L , too, having the same 
initial data as the geodesic. γ, so that it must be.γ = γ1, i.e.,. γ is a geodesic of.(M, g), 
too. Q.e.d. 

Lemma 3.38 Let. f : M → M be an embedding. Let. γ be a geodesic of.(M, g) such 
that there is a curve . a in .M with . f ◦ a = γ. Then . a is a geodesic of .(M, g). 
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Proof By. γ = f ◦ a 
. 
dγα 

dt  
(t) = f α 

|i (a(t)) 
dai 

dt  
(t), 

. 
d2γα 

dt  
(t) = f α 

|i j  (a(t)) 
dai 

dt  
(t) 

da j 

dt  
(t) + f α 

|i (a(t)) 
d2ai 

dt2 
(t), 

so that 

. 0 = 
d2γα 

dt2 
(t) +

{

α 
βλ

}

(a(t)) 
dγβ 

dt  
(t) 

dγλ 

dt  
(t) = 

. =
[

f α 
|i j  +

{

α 
βλ

}

f β 
|i f 

λ 
| j

]

(a(t)) 
dai 

dt  
(t) 

da j 

dt  
(t) + f α 

|k(a(t)) 
d2ak 

dt2 
(t) = 

[by Gauss equation . f α|i j  +
({

α 
βλ

}

◦ f
)

f β |i f λ| j =
{

k 
i j

}

f α|k + Bα 
i j  ] 

. =
[{

k 
i j

}

(a(t)) 
dai 

dt  
(t) 

da j 

dt  
(t)+ 

. + 
d2ak 

dt2 
(t)

]

f α 
|k(a(t)) + Bα 

i j  (a(t)) 
dai 

dt  
(t) 

da j 

dt  
(t) 

or [by contraction with .(∂/∂ yα ) f (a(t))] 

. 

[{

k 
i j

}

(a(t)) 
dai 

dt  
(t) 

da j 

dt  
(t) + 

d2ak 

dt2 
(t)

]

( f∗∂k)a(t) + 

. + Ba(t)(ȧ(t), ȧ(t)) = 0 

so that [by the uniqueness of the direct sum decomposition] 

. 

[{

k 
i j

}

(a(t)) 
dai 

dt  
(t) 

da j 

dt  
(t) + 

d2ak 

dt2 
(t)

]

( f∗∂k)a(t) = 0. 

Finally, as .da(t) f is injective 

. 

{

k 
i j

}

(a(t)) 
dai 

dt  
(t) 

da j 

dt  
(t) + 

d2ak 

dt2 
(t) = 0, 

i.e., . a is a geodesic of .(M, g). Q.e.d. 
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Katsumi Nomizu (1924–2008), Japanese mathematician. N. earned his Ph.D. at the Univer-
sity of Chicago in 1953. In 1963 N. was already a professor (tenured) at Brown Univer-
sity where he taught until his retirement (in 1995). N. supervised a large number of doc-
toral students (thirteen) and in general put great devotion into teaching mathematics. At 
the same time N. conducted an intense research activity within differential geometry, and 
in particular affine differential geometry. The influence of N.’s scientific creation on the 
differential geometric community is best illustrated by the universal use of one of his five 
monographs, the famous Foundations of differential geometry, written in collaboration with 
Kobayashi, cfr. [KoNo]. (N.’s photograph is reproduced with permission from the Archives 
of .Mathematisches Forschungsinstitut Oberwolfach). 

3.9 Submanifolds of Brieskorn Spheres 

We now give a few applications of Theorem 3.35. To this end let us consider the 
positive integers .ai ∈ Z, .ai ≥ 2, .1 ≤ i ≤ n + 1. If  .(z1, . . . ,  zn+1) are the Cartesian 
complex coordinates on .C

n+1 then let us consider the algebraic hypersurface . Xa ⊂ 
C

n+1 of equation 
. 
(

z1
)a1 +  · · ·  + (zn+1)an+1 = 0. 

.V has a singularity at the origin. Let us set 

. B2n (a) ≡ B2n (a1, . . . ,  an+1) = Xa \ {0}, 

. �2n−1 (a) ≡ �2n−1 (a1, . . . ,  an+1) = B2n (a1, . . . ,  an+1) ∩ S2n+1 , 

so that .B2n(a) and .�2n−1(a) are differentiable manifolds. 

Definition 3.39 .B2n(a) [respectively .�2n−1(a)] is called the Brieskorn manifold 
(respectively the Brieskorn sphere) determined by .a = (a1, . . . ,  an+1). �
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Cf. E. Brieskorn. 12 We shall use Nomizu’s theorem (Theorem 3.35) to determine 
certain totally geodesic submanifolds of a Brieskorn sphere.�2n−1(2 p, a2, . . . ,  an+1). 
Let us consider the transformation .F : Cn+1 → Cn+1 given by 

. F(z1 , . . . ,  zn+1 ) = (−z1 , z2 , . . . ,  zn+1 ), (z1 , . . . ,  zn+1 ) ∈ Cn+1 . 

Lemma 3.40 .F : Cn+1 → Cn+1 is an isometry of .Cn+1 ≈ R2n+2 endowed with the 
Euclidean metric . g0. Moreover 

. F
(

�2n−1 (2 p, a′)
) ⊂ �2n−1 (2 p, a′) 

where .a′ = (a2, . . . ,  an+1). 

The proof is left as an exercise for the reader. By Lemma 3.40 the transformation 

. F : �2n−1 (2 p, a′) → �2n−1 (2 p, an+1) 

is an isometry of .�2n−1(2 p, a′). Here  .�2n−1(2 p, a′) is equipped with the induced 
Riemannian metric .ι∗g0 [.ι : �2n−1(2 p, a′) → Cn+1 is the inclusion]. Let 

. K = {z ∈ �2n−1 (2 p, a′) : F(z) = z} 

be the set of fixed points of . F . If .z ∈ K then 

. z = (0, z2 , . . . ,  zn+1 ), ‖z‖ =  1,
(

z2
)a2 +  · · ·  + (zn+1)an+1 = 0. 

It follows that .z ∈ �2n−3(a′) and hence that .K = �2n−3(a′). Finally, by 
Theorem 3.35 it follows that.�2n−3(a′) is a totally geodesic submanifold of.�2n−1(2 p, a′). 

3.10 Topology of Brieskorn Spheres 

We review a few topological properties of Brieskorn spheres, by essentially follow-
ing E. Brieskorn, op. cit., and E. Brieskorn and A. Van de Ven. 13 The relationship 
between the presented topological properties and the geometry of the second funda-
mental form (of an isometric immersion) has not been studied so far. Said topological 
properties appear to be related to the existence of complex structures on even dimen-
sional (products of) homotopy spheres, so the similar relationship is to be expected 

12 E. Brieskorn, Ein Satz über Komplexe Quadriken. Math. Ann. 155, 184–193 (1964). 
13 E. Brieskorn, A. Van de Ven, Some complex structures on products of homotopy spheres. Topol-
ogy 7, 389–393 (1968). 
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in the odd dimensional case, as to the existence of CR structures. 14 Once again, the 
problem of the existence of CR structures is open. 

By a well-known result of D. Mumford 15 no.2-dimensional normal complex space 
with singularities admits a topological manifold structure. No such statement holds 
for higher dimensions. The first example was provided by E. Brieskorn. 16 The sin-
gular hypersurface 

. X = {(z1, .  .  .  ,  zn) ∈ Cn : z2 1 +  · · ·  +  z2 n−1 + z3 n = 0
}

is a topological manifold for every . n. Equivalent to that is the statement that the 
intersection of .X with the sphere . S2n−1 

. � = �2n−3 (2, .  .  .  ,  2, 3) = X ∩ S2n−1 

is homeomorphic to the .(2n − 3)-dimensional sphere. The manifold .� also admits 
a natural differentiable structure. By a result of F. Hirzebruch 17 when .n ≡ 2, . mod 
4, said natural differentiable structure is distinct from the standard differentiable 
manifold structure of .S2n−3. 

Let .a = (a1, .  .  .  ,  an
)

with .ai ∈ Z and .ai > 1, and let .Xa = X (a1,  . . . ,  an) be 
the hypersurface of equation .za1 1 +  · · ·  +  zan n = 0, and let .�a = �(a1, .  .  .  ,  an) be 
the compact orientable.(2n − 3)-dimensional manifold.�a = Xa ∩ S2n−1. The  main  
result by E. Brieskorn, op. cit., is.  

Theorem 3.41 (i).�a is a topological sphere precisely when the characteristic poly-
nomial .�a(t) satisfies .�a(1) = 1. 

(ii) .�a(1) = 1 precisely when the graph .Ga possesses one of the following two 
properties 

(a) .Ga has at least two isolated vertices. 

(b) .Ga has an isolated vertex and a component satisfying condition (B). 

The graph .Ga in Theorem 3.41 is the weighted graph on . n vertices 

.V
(

Ga
) = {v1, .  .  .  , vn} 

14 Whose study is undertaken by us in Book I-C of the present book series [i.e., Differential Geom-
etry: Foundations of Cauchy-Riemann and Pseudohermitian Geometry]. 
15 D. Mumford, The topology of normal singularities of an algebraic surface and a criterion for 
simplicity. Publ. Math. de l’Institute des hautes études scientifiques (9), Paris (1961). 
16 Cf. E. Brieskorn, Examples of singular normal complex spaces which are topological manifolds. 
Proc. Nat. Acad. Sci. 55, 1395–1397 (1966). 
17 Cf. F. Hirzebruch,.O(n)-Mannigfaltigkeiten, exotische Sphären, kuriose Involutionen, preprint.  
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each having weight 
. w
(

vi
) = ai , 1 ≤ i ≤ n. 

Two vertices. vi and.v j in.Ga are connected by an edge if the greatest common divisor 
of their weights is .

(

ai , a j
)

> 1. Such.Ga may then have connected components and 
isolated vertices. Given a component .K of .Ga the condition (B) in Theorem 3.41 is 

Condition (B). .K consists of an odd number of vertices, and for any . ai , a j ∈ K 
with .i �= j one has .

(

ai , a j
) = 2. 

Moreover, the polynomial .�a(t) in Theorem 3.41 is 

. �a(t) =
∏

0<( j1, ..., jn )<a

(

t − ξ j1 1 · · ·  ξ jn n

)

, ξk := exp 
2πi 

ak 
, 1 ≤ k ≤ n. 

Given two multi-indices.α, β ∈ Zn+ we write.α < β if.αk < βk for every.1 ≤ k ≤ n. 
Also . 0 is the multi-index .0 = (0, .  .  .  ,  0) ∈ Zn+. 

Theorem 3.41 admits 18 a corollary on rings with unique prime factorization (UPF-
rings). It is known that the local ring of germs of holomorphic functions in an isolated 
singularity of a hypersurface of dimension .> 3 is a UPF-ring. For .3-dimensional 
singularities said corollary is 

Corollary 3.42 If the graph .G
(

a1, a2, a3, a4
)

enjoys one of the properties (a) or 
(b) in Theorem 3.41, the local ring 

. C
{

z1, .  .  .  ,  z4
}/(

za1 1 + za2 2 + za3 3 + za4 4

)

is a UPF-ring. 

To state the second 19 and third 20 main results by E. Brieskorn, op. cit., we briefly 
recall a few facts from M.A. Kervaire and J. Milnor. 21 Let .b P2m be the group of 
.(2m − 1)-dimensional homotopy spheres that bound a .2m-dimensional paralleliz-
able manifold (.m > 2). For even . m, .b P2m is a high-order cyclic group. For odd . m, 
.b P2m = 0 or .b P2m = Z2. Specifically for .m ≡ 1, .mod 4, one has .b P2m = Z2 by a 
result of E.H. Brown and F.P. Peterson. 22 In order to decide for a homotopy sphere 
.� = ∂ M , with .M parallelizable, which element in .b P2m it represents, one has to 
calculate the signature .σ(M) of the intersection matrix of.Hm(M, Z) for even. m, and 
for .m odd a .mod 2-invariant, the Arf-invariant .c(M). 

18 Cf. E. Brieskorn, op. cit. 
19 Making use of the Arf-invariant.c(M) of a parallelizable manifold. M . 
20 Making use of the signature.σ(M) of a parallelizable manifold. M . 
21 M.A. Kervaire, J. Milnor, Groups of homotopy spheres: I. Ann. Math. 77, 504–537 (1963). 
22 E.H. Brown, F.P. Peterson, The Kervaire invariant of.(8k + 2)-manifolds. Bull. Amer. Math. Soc. 
70, 670–675 (1964). 
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Theorem 3.43 Let us assume that .�(a1, .  .  .  ,  an) is a topological sphere for any 
even integer .n ≥ 4. Then the Arf-invariant .c(Ma) enjoys the following properties 

(i) 
. c(Ma) = 0 precisely when �a(−1) ≡ ±1, mod 8, 

. c(Ma) = 1 precisely when �a(−1) ≡ ±3, mod 8. 

(ii).c(Ma) = 1 if and only if .Ga has precisely one isolated vertex . ak, and only one 
other component, and .ak ≡ ±3, .mod 8. 

Theorem 3.44 Let .�(a1, .  .  .  ,  an) be a topological sphere, with .n ≥ 5 odd. Then 
the oriented diffeomorphism type of .�a is determined by the signature .σ(Ma). The 
signature .σ(Ma) is 

. σ(Ma) = σ+ 
a − σ− 

a , 

where .σ+a is the number of n-tuples of integers 

. j = ( j1 . . .  jn), 0 < jk < ak 

for which 

. 0 < 
n
∑

k=1 

jk 
ak 

< 1 mod  2  

and .σ−a is the number of .( j1, .  .  .  ,  jn) for which 

. − 1 < 
n
∑

k=1 

jk 
ak 

mod 2. 

The complex Hopf manifolds .CHn(λ) = (Cn \ {0})/�λ are 23 quotients of . Cn \ 
{0} by the group .�λ  Z of complex analytic transformations generated by . z �−→ 
λ z, .z �= 0, where .λ ∈ C \ S1, .λ �= 0. As a differentiable manifold . CHn(λ)  S1 × 
S2n−1 (a diffeomorphism) and as a complex manifold .CHn(λ) is a homogeneous 
manifold and a fiber bundle over the complex projective space.CPn−1 with an elliptic 
curve as a standard fiber. For .n ≥ 2 the complex Hopf manifolds .CHn(λ) admit no 
globally defined Kähler metric 24 and consequently no projective algebraic structure. 

23 As introduced by H. Hopf, Zur Topologie der komplexen Mannigfaltigkeiten, in Studies and 
Essays presented to R. Courant. New York (1948). 
24 Because the first Betti number is odd, i.e., .b1

(

CHn(λ)
) = 1 [cf. e.g., S. Dragomir, L. Ornea, 

Locally Conformal Kähler Geometry. Progress in Mathematics, vol. 155 (Birkhäuser, Boston-Basel-
Berlin, 1998)] while the odd order Betti numbers of a compact Kählerian manifold are even [cf. 
Theorem 5.6.2 in S.I. Goldberg, op. cit., p. 178]. 
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Successively E. Calabi and B. Eckmann 25 built complex structures on products 
of two arbitrary odd dimensional spheres. 26 

It is therefore a natural question whether a product.S1 ×�2n−1 of a circle with an 
exotic sphere 27.�2n−1 can be equipped with a complex structure. A positive answer to 
the question was provided 28 by E. Brieskorn and A. Van de Ven, op. cit., when. �2n−1 
is a homotopy sphere bounding a parallelizable manifold and .n �= 2. The result by 
E. Brieskorn and A. Van de Ven, op. cit., materializes in the construction of their 
generalized Hopf manifolds, 29 that are neither homogeneous, nor holomorphic fiber 
bundles, and instead are holomorphic Seifert fiber spaces over a projective variety 
. V , whose fibers are elliptic curves. In a number of cases.V  CPn−1, yet in general 
.V is singular. As a corollary of Brieskorn’s Theorem 3.44 one has. 

Corollary 3.45 For .n �= 2 and every .(2n − 1)-dimensional homotopy sphere . �
bounding a parallelizable manifold, there are infinitely many .a = (a1, .  .  .  ,  an) such 
that .�a  � (a diffeomorphism). 

Let us consider the holomorphic action of . C on .Xa \ {0} given by 

. t · (z1,  . . . ,  zn
) =

(

et/a1 z1, .  .  .  ,  et/an zn
)

, t ∈ C. 

Then. Z and. R act on.Xa \ {0} as subgroups of. C. The action of. Z on.Xa \ {0} is free, 
hence the quotient 

. Ha =
(

Xa \ {0}
)/

Z 

is a complex manifold (the generalized Hopf manifold), in a natural manner. Note 
that 

. H1  CHn (λ), 1 = (1, . . . ,  1) ∈ Zn 
+ . 

Moreover the map 
. �a × R → Xa \ {0}, (z, t) �→ t · z 

is a diffeomorphism.�a × R  Xa \ {0}, that induces a diffeomorphism 

.Ha  �a × S1 . 

25 E. Calabi, B. Eckmann, A class of compact, complex manifolds which are not algebraic. Ann. 
Math. 58, 494–500 (1953). 
26 That is .M p,q τ1τ2  S2 p+1 × S2q+1, cf. e.g., Kobayashi and Nomizu [KoNo], vol. II, p. 136. 
27 A differentiable manifold that is homeomorphic to a sphere, yet it is not diffeomorphic to that 
sphere. 
28 By exploiting the description of exotic spheres as neighborhood boundaries of isolated singular-
ities of quasi-homogeneous affine varieties. 
29 Not to be confused with I. Vaisman’s generalized Hopf manifolds (locally conformal Kähler 
manifolds with a parallel Lee form) [cf. I. Vaisman, Generalized Hopf manifolds. Geometriae 
Dedicata 13, 231–255 (1982)] alternatively called Vaisman manifolds by S. Dragomir and L. Ornea, 
op. cit., p. 34. 
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This observation together with Corollary 3.45 allows for. 

Theorem 3.46 For .n �= 2 and for every .(2n − 1)-dimensional homotopy sphere . �

such that .� = ∂ M for some parallelizable manifold . M, there exist complex struc-
tures on the product .S1 ×�. 

This is the main result by E. Brieskorn and A. Van de Ven, op. cit.. Let  

. 
(

Xa \ {0}
)/

Z → (

Xa \ {0}
)/

C 

be the canonical projection. Let .�a ⊂ C be the discrete subgroup generated by 
.
{

1, 2πi [a]}, where.[a] = [a1,  . . . ,  an
]

is the least common multiple of.a1, .  .  .  ,  an . 
The action of .C on .Xa \ {0} induces a proper holomorphic action of the complex 
.1-torus .Ta := C/�a on .Ha . Then, by a result of H. Holman 30 

(i) the quotient .Va := Ha
/

Ta is a normal complex space, 
(ii) the projection .πa : Ha → Ha

/

Ta is holomorphic, 

(iii) .Ta → Ha 
πa −→ Va is a holomorphic Seifert principal fiber space (with fiber . Ta). 

However, the action of.Ta on.Ha is in general not free, so that in general.Va may have 
singularities. 

The second main result by E. Brieskorn and A. Van de Ven, op. cit., is to determine 
those .Ha for which .�a is a homotopy sphere and .Va is a complex manifold. 

Theorem 3.47 Let.�a be a homotopy sphere with.a j �= 1 for every.1 ≤ j ≤ n. Then 
.Ha is a Seifert fiber space .(Ha, πa, Va) with elliptic curves as fibers. 

(i) .Va is nonsingular if and only if one of the following conditions is satisfied 

(a) The greatest common divisor of.ai and.a j is. 1, i.e.,.
(

ai , a j ) = 1, for any.i �= j , 
(b) . n is odd and, eventually up to a permutation of indices, 

. a = (a1, 2 b2, .  .  .  ,  2 bn
)

, 

. (a1, 2) = 1, (a1, b j ) = 1, (bi , b j ) = 1, i �= j. 

(ii) If.Va is nonsingular then.Va is biregularly equivalent to the complex projective 
space .CPn−1. 

30 H. Holman, Quotientenräume kmplexer Manigfaltigkeiten nach komplexen Lieschen Automor-
phismengruppen, Math. Annalen 139, 383–402 (1960); Seifertsche Faserräume. Math. Annalen 
157, 138–166 (1964). 
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The complex Hopf manifold .H1 admits a natural Hermitian metric (the Boothby 
metric) discovered by W. Boothby 31 [and recognized by I. Vaisman 32 as a locally con-
formal Kähler (l.c.K.) metric]. Also .H2 1  Qn−1 where . Qn−1 = π

(

X (2,  . . . ,  2)
)

[the complex sphere in .CHn(λ)] and .π : Cn \ {0} →  CHn(λ) is the projection. By 
Theorem 3.2 in S. Dragomir and L. Ornea, op. cit., pp. 30–31, for every .λ ∈ R, 
.0 < λ < 1, the complex sphere .Qn−1 is a compact l.c.K. manifold (with the met-
ric induced on .Qn−1 by the Boothby metric) admitting no globally defined Kähler 
metrics. For general.a = (a1, .  .  .  ,  an) it is not known whether the generalized Hopf 
manifolds admit Hermitian metrics [compatible with the complex structures (whose 
existence is) provided by Theorem 3.46]. 

Little is known about the geometry of submanifolds in .Ha . Let  .0 < α < 1 and 
.�α =

{

αp I : p ∈ Z
}

where . I is the identical transformation of .Rm \ {0}, .m > 1. 
The quotient space 

. RHm 
α =

(

R
m \ {0})/�α 

is the real Hopf manifold 33 thought of as equipped with the metric 

. |x |−2 δi j  dxi ⊗ dx  j 

(the untwisting metric in C. Reischer and I. Vaisman, op. cit.). The canonical injec-
tion .R2n−1 → R2n , .

(

x1, .  .  .  ,  x2n−1
) �→ (

x1, .  .  .  ,  x2n−1, 0
)

induces an isometric 
immersion .R H 2n−1 

α → CHn(α)  H1. By Theorem 12.11 in S. Dragomir and L. 
Ornea, op. cit., p. 175, .R H 2n−1 

α is a totally umbilical submanifold of .H1 (endowed 
with the Boothby metric). 

3.11 Germs of Totally Geodesic Submanifolds 

Let .(M, g) be a Riemannian manifold. Given a point .x ∈ M , the  set  . Submfd
(

M
)

of all submanifolds in .M is equipped with the relation of equivalence .∼x defined as 
follows. Let .M and .M ′ be two submanifolds of . M . Then 

. M ∼x M
′ ⇐⇒ 

⎧ 
⎪⎨ 

⎪⎩ 

x ∈ M ∩ M ′

∃ U ⊂ M, x ∈ U = open : M ∩ U = M ′ ∩ U. 

If .M ∼x M ′ then .M and .M ′ are said to define the same germ at . x . 

31 W. Boothby, Some fundamental formulas for Hermitian manifolds with vanishing torsion. Amer-
ican J. Math. 76, 509–534 (1954). 
32 Cf. I. Vaisman, Locally conformal Kähler manifolds with parallel Lee form. Rendiconti di Matem-
atica, Roma 12, 263–284 (1979). 
33 Cf. C. Reischer, I. Vaisman, Local similarity manifolds. Ann. Matem. Pura App. 35, 279–292 
(1983). 
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Definition 3.48 The equivalence class 

. [M]x := {M ′ ∈ Submfd(M
) : M ∼x M

′} 

is the germ of .M at . x . �

If .M and .M ′ have the same germ at .x ∈ M then .Tx (M) = Tx (M ′). 

Definition 3.49 Let .Gx ∈ Submfd
(

M
)/ ∼x be a germ at .x ∈ M . The space 

. T
(

Gx
) := Tx (M), M ∈ Gx 

is called the tangent space at the germ.Gx . �

Definition 3.50 A germ .Gx ∈ Submfd
(

M
)/ ∼x is said to be totally geodesic if it 

admits a totally geodesic representative, i.e., there is a totally geodesic submanifold 
.M of .M such that .Gx =

[

M
]

x . �

Proposition 3.51 Let .(M, g
)

be a Riemannian manifold and .x ∈ M a point. Let 
.V ⊂ Tx

(

M
)

be a vector subspace. There is at most one totally geodesic submanifold 
.M of .M such that the tangent space at the germ .

[

M
]

x is . V . 

Proof Let .M and .M ′ be two totally geodesic submanifolds of .M such that . x ∈ 
M ∩ M ′. One may consider a connected neighborhood.U ⊂ Tx

(

M
)

of the origin. 0x 
such that the exponential mapping .expx is a diffeomorphism of .U ∩ V onto some 
open subset of. M , and also a diffeomorphism of.U ∩ V onto some open subset of.M ′. 
As. U is connected, the set of all connected components of. x in.M ∩ expx U coincides 
with the set of all connected components of. x in.M ′ ∩ expx U . By eventually replacing 
.expx U by a smaller open set, one may find an open neighborhood. � of. x in.M such 
that .M ∩� = M ′ ∩�. Q.e.d. 

Remark 3.52 If .1 < dimR V < dim(M) then Proposition 3.51 is but a uniqueness 
result, and in general there might be no totally geodesic germ.Gx such that. T (Gx ) = 
V . When 

. 
(

M, g
) = (Sn , g0) 

is the sphere, then for every point .x ∈ Sn and every subspace .V ⊂ Tx (Sn) there is 
a closed totally geodesic submanifold 34 of .Sn , tangent to .V at . x . A Riemannian 
manifold .(M, g) such that for any .x ∈ M and any subspace .V ⊂ Tx (M) admits a 
totally geodesic submanifold tangent to .V at . x , satisfies the axiom of .r -planes for 
every .2 ≤ r ≤ n − 1. By Cartan’s theorem .

(

M, g
)

is a space of constant sectional 
curvature. �

34 The great sphere in.Sn of dimension.dimR V . 
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3.12 Minimal Submanifolds 

3.12.1 Basic Notions and Results, Examples 

We start the study of minimal submanifolds of a given semi-Riemannian manifold. 
For the present section, we adopt a non-variational point of view. Let.(M , g) be a semi-
Riemannian manifold and . f : M → M an embedding obeying to the fundamental 
assumption in the previous sections, i.e.,.(dp f )Tp(M) is a nondegenerate subspace of 
the inner product space.(T f ( p)(M), g f ( p)) for any point.p ∈ M . As we have seen, this 
assumption allows for the construction of the basic objects of the theory, such that the 
induced connection. ∇, the second fundamental form. B, the Weingarten operator.Aξ , 
and the normal connection .∇⊥. Moreover, under the same assumption, said objects 
are, together with the curvature tensor fields .R = R∇ , .R f = R∇ f [alias . R = R∇ 

restricted to. f (M)] and.R⊥ = R∇⊥ 
, are related by the Gauss-Weingarten and Gauss-

Codazzi-Ricci equations. Now let us introduce the notion of mean curvature vector of 
the given immersion. Let.p ∈ M and.{ei : 1 ≤ i ≤ n} ⊂  Tp(M) be a.gp-orthonormal 
basis, i.e., 

. gp(ei , e j ) = εi δi j  , εi ∈ {±1}, 1 ≤ i, j ≤ n, 

and let us set by definition 

. Hp = 
1 

n 

n
∑

i=1
εi Bp(ei , ei ). 

The definition of .Hp doesn’t depend upon the choice of .gp-orthonormal basis. 

Definition 3.53 The normal field 

. H : p ∈ M �−→ Hp ∈ Tp(M)⊥ 

is called the mean curvature vector field of the immersion . f . �

A local expression of the mean curvature vector field may be obtained as follows. 
Let .{ξa : 1 ≤ a ≤ r} be a local .g f -orthonormal frame 

. g f (ξa, ξb) = εaδab, εa ∈ {±1}, 1 ≤ a, b ≤ r 

in the normal bundle .τ ⊥ 
M , defined on the open set .U ⊂ M , and let us set 

.Aa = Aξa , 1 ≤ a ≤ r. 
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Moreover let us consider a local.g-orthonormal frame.{Ei : 1 ≤ i ≤ n} in the tangent 
bundle .τM , defined on the same open set . U . Then 

. n g f (H, ξa) = 
n
∑

i=1
εi g f (B(Ei , Ei ), ξa) = 

n
∑

i=1
εi g(Aa Ei , Ei ) = trace(Aa) 

everywhere in . U . On the other hand 

. H = 
r
∑

a=1 
g f (H, ξa) ξa 

or 

.H = 
1 

n 

r
∑

a=1 
trace(Aa) ξa . (3.49) 

Similarly if .ξ ∈ X(M)⊥ then 

. g f (ξ, H ) = 
1 

n 
trace(Aξ). 

For the remainder of this section we confine ourselves to the Riemannian category, 
i.e., to the study of (immersed) submanifolds of a Riemannian manifold .(M, g), so  
that .g f is now a Riemannian bundle metric on . f −1τM . 

Definition 3.54 The norm.‖H‖ =  g f (H, H )1/2 is called the mean curvature of the 
immersion . f . �

A useful local formula for the mean curvature is 

. ‖H‖2 = g f (H, H ) = 
r
∑

a=1 
g f (H, ξa)2 = 

1 

n2 

r
∑

a=1 
(trace Aa)

2 . 

Definition 3.55 The immersion. f : M → M is said to be minimal if .H = 0. If this  
is the case one also says that .M is a minimal submanifold of .(M, g). �

Definition 3.56 We say that .M is a submanifold with a parallel mean curvature 
vector field if .∇⊥ 

X H = 0 per ogni .X ∈ X(M). If this is the case one also says that . H 
is parallel in the normal bundle. �
Definition 3.57 A submanifold.M is totally umbilical if .B = H ⊗ g or. B(X, Y ) = 
g(X, Y )H for any .X, Y ∈ X(M). �

Let us look at a few examples. 

Example 3.58 (a) To start with let us show that spheres are totally umbilical as 
submanifolds of the Euclidean space. 
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Proposition 3.59 The sphere .Sn(1) ⊂ Rn+1 is a totally umbilical submanifold of 
.E

n+1. Moreover .Sn(1) is a real hypersurface of constant mean curvature . 1. 

Proof As previously shown the tangent bundle to .Sn(r ) admits the local frame 
.{Xi : 1 ≤ i ≤ n} defined on the open set .Un+1 = {p ∈ Sn(r ) : xn+1(p) �= 0} by 

. Xi = 
∂ 

∂xi 
− 

xi 

xn+1 
∂ 

∂xn+1 
∈ X(Un+1), 1 ≤ i ≤ n. 

Let .g0 be the Euclidean metric on . R
n+1 

. g0 = dx1 ⊗ dx1 +  · · ·  +  dxn+1 ⊗ dxn+1 

so that.En+1 = (Rn+1, g0). We may now compute the first fundamental form of. Sn(r ) 
in .E

n+1, i.e., 

. gi j  ≡ g(Xi , X j ) = g0(Xi , X j ) = δi j  + xi x j
(

xn+1
)2 . 

Lemma 3.60 The inverse .[gi j ] = [gi j ]−1 is given by .gi j  = δi j  − xi x j . 

Proof We determine a function . a such that .gi j  = δi j  + axi x j be the inverse seek 
for, i.e., 

. δi k = gi j  g jk  =
(

δi j  + axi x j
)
(

δ jk  + 
x j xk 

(xn+1)2

)

= 

. = δi k +
xi xk 

(xn+1)2 
+ axi xk + a 

x i xk 
(xn+1)2 

n
∑

j=1 
x2 j = 

. = δi k +
xi xk 

(xn+1)2 

⎧ 
⎨ 

⎩ 1 + a 

⎡ 

⎣
(

xn+1
)2 + 

n
∑

j=1 
(x j )2 

⎤ 

⎦ 

⎫ 
⎬ 

⎭ = 

. = δi k + (1 + a) 
xi xk 

(xn+1)2 

and then we may choose .a ≡ −1. Q.e.d. 
Let us now compute the second fundamental form of the immersion . Sn(1) → 

E
n+1. By Gauss formula 

.∇Xi X j = ∇Xi X j + B(Xi , X j ). 
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Moreover 

. ∇Xi X j =
{

A 
i j

}

∂A − 
x j 

xn+1

{

A 
i n  + 1

}

∂A − 1 

xn+1 
δ j i ∂n+1 − 

. − 
xi 

xn+1

[{

A 
n + 1 j

}

∂A − 
x j 

xn+1

{

A 
n + 1 n + 1

}

∂A + x j 

(xn+1)2 
∂n+1

]

= 

(as .

{

A 
BC

}

= 0) 

. = −  
1 

xn+1

{

δ j i + 
xi x j 

xn+1

}

∂n+1 

where .∂A ≡ ∂/∂x A and the range of indices is 

. i, j, k, . . .  ∈ {1, . . . ,  n}, A, B, C, . . .  ∈ {1, . . . ,  n + 1}. 

It follows that 

. B(Xi , X j ) = −  
1 

xn+1
{

δi j  + 
xi x j 
xn+1

}

nor (∂n+1) = −  
1 

xn+1 
gi j  nor (∂n+1) . 

We need to determine a local frame in the normal bundle. To this end let us consider 
.v = v A(∂A)p ∈ Tp(R

n+1) with.p ∈ Sn(1). Then. v is orthogonal to .Tp(Sn(1)) if and 
only if 

. 0 = g0, p(v, X j, p) = vi g0, p((∂i )p, X j, p) + vn+1 g0,p((∂n+1)p, X j, p) = 

. = v j − 
x j 

xn+1 
vn+1 

or 

. v j = 
x j 

xn+1 
vn+1 , 1 ≤ j ≤ n. 

Hence if 

. ξ ≡ ∂ 
∂xn+1 

+ 
x j 

xn+1 
∂ 

∂x j 
, 

then.{ξ} is a local orthonormal frame in.τ ⊥ 
Sn (1) defined on the open set.Un+1 ⊂ Sn(1). 

One should compute .nor(∂n+1), i.e., determine .λ ∈ F(Un+1) such that 

.nor (∂n+1) = λ ξ. (3.50) 
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One has 

. ‖ξ‖2 = g0(ξ, ξ) = 1 + 
x j x j 

(xn+1)2 
= 1 

(xn+1)2 

by.
∑n+1 

A=1 x
2 
A = 1. Hence.‖ξ‖ =  1/|xn+1|. Let us take the inner product of (3.50) with 

. ξ such that 
. g0(nor(∂n+1), ξ) = λ ‖ξ‖2 

or .λ = ‖ξ‖−2 = (xn+1)2 . Then by (3.50) it follows that .nor(∂n+1) = (xn+1)2ξ and 
hence 

.B(Xi , X j ) = −xn+1 gi j  ξ. (3.51) 

We may now compute the mean curvature vector of a sphere. 

Lemma 3.61 The mean curvature vector .Sn(1) → En+1 is 

. H = 
1 

n 
gi j  B(Xi , X j ) = −xn+1 ξ. 

In particular the sphere .Sn(1) is not a minimal submanifold of the Euclidean space 
.E

n+1. 

Proof Let .{Ei : 1 ≤ i ≤ n} be a local .g-orthonormal frame of .τSn (1) defined on the 
open set .Un+1. Let  

. λ = [λi 
j ] :  Un+1 → GL(n, R) 

be the unique function such that 

. Ei = λ j i X j , 1 ≤ i ≤ n. 

Then 
. δi j  = g(Ei , E j ) = λk 

i λ
�
j g(Xk, X�) 

hence 
.δi j  = λk 

i λ
�
j gk� . (3.52) 

By (3.52) 

. 

n
∑

i=1 
λ j i λ

k 
i = g jk  . 

Then 

. H = 
1 

n 

n
∑

i=1 
B(Ei , Ei ) = 

1 

n 

n
∑

i=1 
λ j i λ

k 
i B(X j , Xk) = 

. = 
1 

n 
g jk  B(X j , Xk) 
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hence 
.H = −xn+1 ξ. (3.53) 

Finally.B(Xi , X j ) = gi j  H hence.Sn(1) is totally umbilical in.E
n+1. Again  by  (3.53) 

the mean curvature is .‖H‖ =  1. Q.e.d. 
Let .r1, r2 ∈ (0, +∞) be two positive numbers such that .r2 1 + r2 2 = 1. Moreover 

let us consider the integers 

. n1, n2 ∈ Z, n1 ≥ 0, n2 ≥ 0, n1 + n2 = n ≥ 2. 

Moreover let.(x1, . . . ,  xn1+1) and.(y1, . . . ,  yn2+1) be respectively the Cartesian coor-
dinates on .R

n1+1 and .R
n2+1 so that 

. (x1 , . . . ,  xn1+1 , y1 , . . . ,  yn2+1 ) 

are the Cartesian coordinates on .Rn+2 = Rn1+1 × Rn2+1. Let us denote by . Sm(r ) 
the sphere of radius . r in .R

m+1 with center at the origin. Then .Sn1 (r1) × Sn2 (r2) is a 
submanifold (a real hypersurface) in.Sn+1(1). Let us consider two points. p ∈ Sn1 (r1) 
and .q ∈ Sn2 (r2) and let us denote by . $p, $q ∈ T( p,q)(R

n+2) the position vectors of the 
two points, i.e., 

. $p = 
n1+1∑

i=1 
xi (p)

(
∂ 

∂xi

)

(p,q) 
, $q = 

n2+1∑

a=1 
ya (q)

(
∂ 

∂ ya

)

( p,q) 
. 

Lemma 3.62 The vector field 

. ξ : (p, q) ∈ Sn1 (r1) × Sn2 (r2) �−→ ξ( p,q) = 
r2 
r1
$p − 

r1 
r2
$q ∈ T(p,q)(R

n+2 ) 

is tangent to .Sn+1(1) and it is orthogonal to .Sn1 (r1) × Sn2 (r2). 

Proof A vector field 

. 

n1+1∑

i=1 
λi ∂ 

∂xi 
+ 

n2+1∑

a=1 
μa ∂ 

∂ ya 
∈ X(Rn+2 ) 

is tangent to .Sn+1(1) at .( p, q) if and only if 

. 

n1+1∑

i=1 
λi (p, q)xi (p) + 

n2+1∑

a=1 
μa (p, q)ya(q) = 0. (3.54) 
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For the field . ξ in Lemma 3.62 one has 

. λi (p, q) = 
r2 
r1 

xi (p), μa ( p, q) = −r1 
r2 

ya (q), 

and hence the tangency condition (3.54) is satisfied. One indeed has 

. ξ(p,q) ∈ T( p,q)(S
n+1 (1)), p ∈ Sn1 (r1), q ∈ Sn2 (r2). 

For any point .(p, q) ∈ Sn1 (r1) × Sn2 (r2) we consider the injections 

. ιq : Rn1+1 → Rn+2 , ιp : Rn2+1 → Rn+2 , 

. ιq (x1, . . . ,  xn1+1) = (x1, . . . ,  xn1+1, q), 

. ιp(y1, . . . ,  yn2+1) = (p, y1, . . . ,  yn2+1), 

. (x1, . . . ,  xn1+1) ∈ Rn1+1 , (y1, . . . ,  yn2+1) ∈ Rn2+1 . 

Let .g0 be the Euclidean metric on .R
n+1, i.e., 

. g0

(
∂ 

∂xi 
, 

∂ 
∂x j

)

= δi j  , g0

(
∂ 

∂xi 
, 

∂ 
∂ yb

)

= 0, g0

(
∂ 

∂ ya 
, 

∂ 
∂ yb

)

= δab . 

If .v = vi (∂/∂xi )p ∈ Tp(R
n1+1) is a tangent vector at .p ∈ Sn1 (r1) on the sphere 

.Sn1 (r1), i.e., .vi xi (p) = 0 then 

. g0,( p,q)

(

ξ( p,q), (dpι
q )v
) = 

. = g0,( p,q)

(

ξ(p,q), vi

(
∂ 

∂xi

)

(p,q)

)

= 
r2 
r1 

xi ( p)vi = 0 

and hence.ξ( p,q) is perpendicular to.(dpι
q )Tp(Sn1 (r1)). One may check similarly that 

.ξ( p,q) is perpendicular to .(dqιp)Tq (Sn2 (r2)). Hence .ξ(p,q) is orthogonal to . Sn1 (r1) × 
Sn2 (r2). Q.e.d. 

Now let us consider the Levi-Civita connection.∇0 of the Euclidean space. En+2 = 
(Rn+2, g0) and let .∇ Sn+1 be the induced connection on .Sn+1(1). By Gauss formula 

. ∇0 
X ξ = ∇ Sn+1 

X ξ + B(X, ξ), X ∈ X(Sn+1 (1)), 

where . B is the second fundamental form of the immersion .Sn+1(1) → En+2. 
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Lemma 3.63 If .X ∈ X(Sn1 (r1)) and .Y ∈ X(Sn2 (r2)) then one has 

.∇0 
X ξ = 

r2 
r1 

X, ∇0 
Y ξ = −r1 

r2 
Y. (3.55) 

In particular.∇0 
X ξ and.∇0 

Y ξ are tangent vector fields on.Sn+1(1) and then. B(X, ξ) = 0 
and .B(Y, ξ) = 0. 

Proof As.∇0 is the connection associated to the canonical full parallelism structure 
. R

n+2 

. (∇0 
X ξ)( p,q) = X (ξ A )

(
∂ 

∂ X A

)

( p,q) 
. 

Here .(X1, . . . ,  Xn+2) ≡ (x1, . . . ,  xn1+1, y1, . . . ,  yn2+1). On the other hand, if 

. X = X j 
∂ 

∂x j 
, Y = Y b 

∂ 
∂ yb 

, 

then 

. X (ξi ) = X
(
r2 
r1 

xi
)

= 
r2 
r1 

X j δi j = 
r2 
r1 

Xi , 

. X (ξn1+1+a ) = X
(

−r1 
r2 

ya
)

= −r1 
r2 

Y b δa b = −
r1 
r2 

Y a , 

and formulas (3.55) are proved. Q.e.d. 

Now we need the following general fact: 

Lemma 3.64 Let .M be a real hypersurface of the Riemannian manifold .(M, g). If  
.ξ ∈ X(M)⊥ is a normal field of nonzero constant norm .‖ξ‖ =  c, .c ∈ R \ {0}, then . ξ 
is parallel in the normal bundle, i.e., .∇⊥ξ = 0. 

Proof For any . X ∈ X(M) 

. 0 = X
(‖ξ‖2) = X (g(ξ, ξ)) = 2g(∇X ξ, ξ). 

On the other hand .‖ξ‖p = c �= 0 hence .ξp �= 0 for any .p ∈ M and then (as .τ ⊥ 
M has 

rank . 1) .{ξ} is a (global) frame of the normal bundle. Then 

. ∇⊥ 
X ξ = λξ 

for some .λ ∈ F (M) (depending on . X ) and 

. 0 = g(∇X ξ, ξ) = g(∇⊥ 
X ξ, ξ) = λ g(ξ, ξ) = c2 λ, 

i.e., .λ = 0 e quindi .∇⊥ 
X ξ = 0. Q.e.d. 
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We shall apply Lemma 3.64 to the real hypersurface.Sn1 (r1) × Sn2 (r2) in.Sn+1(1). 
Let .Aξ be the Weingarten operator associated to the normal field . ξ (described by 
Lemma 3.62). Indeed 

. ‖ξ‖2 = g0(ξ, ξ) = 
r2 2 
r2 1 

xi xi + 
r2 1 
r2 

2 

ya ya = r1 2 + r2 1 = 1. 

By Weingarten formula 

. ∇ Sn+1 
X ξ = −Aξ X, X ∈ X(Sn1 (r1) × Sn2 (r2)), 

hence (by Lemma 3.63) 

. Aξ X = −r2 
r1 

X, X ∈ X(Sn1 (r1)), 

. AξY = 
r1 

r − 2 
Y, Y ∈ X(Sn2 (r2)). 

Finally let .{Ei : 1 ≤ i ≤ n1} and .{Fa : 1 ≤ a ≤ n2} be respectively local orthonor-
mal frames in .τSn1 (r1) and .τSn2 (r2). It follows  that  

. trace(Aξ) = 
n1∑

i=1 
g0(Aξ Ei , Ei ) + 

n2∑

a=1 
g0(Aξ Fa, Fa) = 

. = −r2 
r1 

n1∑

i=1 
g0(Ei , Ei ) + 

r1 
r2 

n2∑

a=1 
g0(Fa, Fa) = −r2 

r1 
n1 + 

r1 
r2 

n2 

leading to the following. 

Theorem 3.65 The mean curvature vector of the immersion 

. Sn1 (r1) × Sn2 (r2) → Sn+1 (1), n1 + n2 = n, r2 1 + r2 2 = 1, 

is given by 

. H = 
r2 1 n2 − r2 2 n1 

nr1r2 
ξ. 

Consequently, the following statements are equivalent 

(i) .Sn1 (r1) × Sn2 (r2) is minimal in .Sn+1(1). 

(ii) .r2 1 n2 = r2 2 n1. 

As a corollary to Theorem 3.65 one gets the complete list of the minimal hyper-
surfaces in the sphere .Sn+1(1) which are products of spheres 
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. S p
(√

p 

n

)

× Sn−p

(√

n − p 
n

)

, 1 ≤ p ≤ n − 1. 

In particular the Clifford torus .S1
(√

1 
2

)

× S1
(√

1 
2

)

is a minimal surface in .S3(1). 

(b) Let .
(

xi
)

1≤i≤3 and .
(

yα
)

1≤α≤5 be Cartesian coordinates on .E
3 and .E5. Let us 

consider the map 
. F : E3 → E5 , 

. F
(

x1 , x2 , x3
) = (y1 , y2 , y3 , y4 , y5), 

. y1 = 
1√
3 
x2 x3 , y2 = 

1√
3 
x1 x3 , y3 = 

1√
3 
x1 x2 , 

. y4 = 
1 

2
√
3

[(

x1
)2 − (x2)2

]

, y5 = 
1 

6

[(

x1
)2 + (x2)2 − 2

(

x3
)2
]

. 

.F is an isometric immersion of .S2(
√
3) into .S4(1). The points 

. (x1 , x2 , x3 ), (−x1 , −x2 , −x3 ) ∈ S2 (
√
3) 

are mapped by .F onto the same point of .S4(1), hence .F descends to an isometric 
embedding of the real projective plane .RP2 into .S4(1). The image .F

(

RP2
)

is the 
Veronese surface. The Veronese surface is a minimal submanifold of .S4(1). 

(c) H.B. Lawson built 35 examples of orientable, closed, minimal surfaces of arbi-
trary genus in .S3(1). 

(d) Every totally geodesic submanifold is minimal. 
(e) We close with an example coming from Kählerian geometry, which requests 

a small preparation summing up a few basic notions. Said notions will be presented 
within real tensor calculus, avoiding the use of complex local coordinate systems. 

Let.M be a.C∞ manifold of dimension.2n. A tensor field.J ∈ T 1,1(M) is an almost 
complex structure on.M if.J 2 ≡ J ◦ J = −I where. I is the identical transformation. 
A pair .(M, J ) consisting of a differentiable manifold .M and an almost complex 
structure . J is said to be an almost complex manifold. 

Let .(M, J ) be an almost complex manifold and . g a Riemannian metric on . M . 
We say . g is an almost Hermitian metric on .M if .g(J X, JY  ) = g(X, Y ) for any 
.X, Y ∈ X(M), i.e., .Jp is a linear isometry of the inner product space . (Tp(M), gp) 
for any point .p ∈ M . A triad .(M, J, g) consisting of an almost complex manifold 
.(M, J ) and an almost Hermitian metric . g is called an almost Hermitian manifold. 

35 Cf. H.B. Lawson, Complete minimal surfaces in.S3. Ann. Math. 92, 335–374 (1970). 
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Let .(M, J, g) be an almost Hermitian manifold and let .∇ be the Levi-Civita 
connection of .(M, g). If . J is parallel with respect to . ∇, i.e., .∇ J = 0 then . (M, J, g) 
is said to be a Kählerian manifold and . g is a Kählerian metric. 

Let .A ∈ T 1,1(M) be an arbitrary tensor field of type .(1, 1) on . M . The  Nijenhuis 
torsion of . A is 

. NA ∈ T 1,2 (M), 

. NA(X, Y ) = [AX, AY ] +  A2[X, Y ] −  A {[AX, Y ] + [X, AY ]} 

. ∀ X, Y ∈ X(M). 

An almost complex structure . J is said to be integrable if .NJ = 0, i.e., 

. [J X, JY ] − [X, Y ] =  J {[J X, Y ] + [X, JY  ]} , 

. ∀ X, Y ∈ X(M). 

It may be easily shown that the almost complex structure underlying a Kählerian 
manifold is integrable. An integrable almost complex structure is also referred to 
as a complex structure. The choice of terminology (“integrable” almost complex 
structures) is related to deep results in complex differential geometry, such as the 
Newlander-Nirenberg theorem that will be discussed later 36 on in this book series. 

Let.(M, J ) be an almost complex manifold and let. f : M → M be an embedding. 
Let the dimensions of .M and .M be 

. dim(M) = 2 p, dim(M) = 2n. 

We say .M is an invariant submanifold if 

. Jp ◦ (dp f ) = (dp f ) ◦ J f ( p), p ∈ M. 

Theorem 3.66 Any invariant submanifold of a Kählerian manifold is minimal. 

Proof By Gauss formula and the invariance of . M 

. ∇X JY  = J ∇X Y, 

. B(X, JY  ) = B(J X, Y ) = J B(X, Y ) 

for any .X, Y ∈ X(M). As we may choose a local orthonormal frame of .τM of the 
form.{Xi , J Xi : 1 ≤ i ≤ p} the mean curvature vector field is 

36 In Chapter 1 of Book I-C (Differential Geometry: Foundations of Cauchy–Riemann and Pseu-
dohermitian Geometry). 
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. H = 
1 

2 p 

p
∑

i=1 
{B(Xi , Xi ) + B( J Xi , J Xi )} =  0. 

Q.e.d. 

Theorem 3.67 There are no compact minimal submanifolds of an Euclidean space. 

Proof Let .M ⊂ En be a submanifold of the .n-dimensional Euclidean space. Let 
.p ∈ M and let . $p be the “position vector” associated to . p, i.e., 

. $p = yi (p)
( ∂ 

∂ yi
)

p 
∈ Tp

(

E
n
)

, 

where.(y1,  . . . ,  yn) are the Cartesian coordinates on.R
n . Let us consider the function 

. F : M → R, F(p) := 
1 

2 
g0, p

( $p, $p), p ∈ M. 

As.M is compact, .F achieves its maximum at some point .p0 ∈ M . Consequently 

.X (F)p0 = 0, X
(

X (F)
)

p0 
≤ 0 (3.56) 

for every.X ∈ X(M). Indeed, let.χ = (x1,  . . . ,  xm
) : U → Rm be a local coordinate 

system on .M about .p0, and let us set 

. � := χ(U ) ⊂ Rn , ξ0 := χ( p0) ∈ �. 

Then .ξ0 is a maximum point of .F := F ◦ χ−1 : �→ R, hence 

. 
∂ F 
∂ξα (ξ0) = 0, 1 ≤ α ≤ m, (3.57) 

. 
∂2 F 

∂ξα ∂ξβ (ξ0) V 
α V β ≤ 0 (3.58) 

for any .(V 1,  . . . ,  V m) ∈ Rm . Let .X ∈ X(M) be locally represented as 

. X = Xα ∂/∂xα 

on . U . Then [by (3.57)] 

.0 = Xα (p0) 
∂ F 
∂ξα (ξ0) = Xα (p0) 

∂ F 
∂xα (p0) = X (F)p0 . 
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Moreover 

. X
(

X (F)
)

p0 
= X p0

(

X (F)
) = Xα (p0)

[∂ Xβ 

∂xα 
∂ F 
∂xβ + Xβ ∂2 F 

∂xα ∂xβ

]

p0 
= 

[again by (3.57)] 

. = Xα (p0) Xβ ( p0) 
∂2 F 

∂xα ∂xβ (p0) = Xα (p0) Xβ (p0) 
∂2 F 

∂ξα ∂ξβ (ξ0) ≤ 0 

by (3.58). Statement (3.56) is proved. Let .∇0 be the Levi-Civita connection of .En . 
Let 

. 
∂ 
∂r 
≡ Xi ∂ 

∂ Xi 
∈ X

(

E
n
)

be the radial field on .E
n , so that 

. 

( ∂ 
∂r

)

p 
= $p, p ∈ M. 

Then .F is the restriction to .M of the function 

. F̃ := g0
( ∂ 

∂r 
, 

∂ 
∂r

)

∈ C∞
(

E
n
)

, 

i.e.,.F = F̃ ◦ j , where. j : M → En is the canonical inclusion (the given immersion). 
Note that 

. X (F)p = X p
(

F̃ ◦ j) = [(dp j )X p
]

( F̃) = X̃ p
(

g0

( ∂ 
∂r 

, 
∂ 
∂r

))

where . X̃ is any .C∞ tangent vector field on .E
n such that 

. X̃ j (p) = (dp j )X p, p ∈ M. 

Then [by .∇0g0 = 0] 

. X̃
(

g0

( ∂ 
∂r 

, 
∂ 
∂r

))

p 
= 2 g0

(

∇0 
X̃ 

∂ 
∂r 

, 
∂ 
∂r

)

p 
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or 37 

.X (F)p = g0, p
(

(dp j ) X p, $p
)

. (3.59) 

In particular [by (3.56)] 

.g0, p0

(

(dp j ) X p0 , $p0
)

= 0, (3.60) 

that is . $p0 ∈ Tp0 (M)⊥. Next, we start from (3.59) 

. X (F) = 2 g j 0
(

j∗ X, 
∂ 
∂r

)

and compute 

. 0 ≥ X p0
(

X (F)
) = 2

{

X
(

g j 0
(

j∗ X, 
∂ 
∂r

))}

p0 
= 

[by .
(∇0

) j 
g j 0 = 0, where .

(∇0
) j ≡ j−1∇0 and .g j = j−1g0] 

. 0 ≥
{

g j 0
((∇0

) j 

X j∗ X, 
∂ 
∂r

)

+ g j 0
(

j∗ X,
(∇0

) j 

X 

∂ 
∂r

)}

p0 

[by the Gauss formula 
. 
(∇0 ) j X Y = j∗∇X Y + B(x, Y ) 

and (according to the footnote calculation) by .(∇0) j X (∂/∂r ) = j∗ X ] 

. 0 ≥ g j 0
(

j∗∇X X + B(X, X ), 
∂ 
∂r

)

p0 
+ g j 0

(

j∗ X, j∗ X
)

p0 
= 

[as . j∗g0 = g (the first fundamental form of . j : M ↪→ En)] 

. = g0, p0
(

(dp0 j )(∇X X )p0 + B(X, X )p0 , $p0
)

+ 

. + gp0

(

(dp0 j )X p0 , (dp0 j )X p0
)

= 

37 As (by setting. j i := yi ◦ j) 

. 

(

∇0 
X̃ 

∂ 
∂r

)

p 
=
(

X̃
(

yi
) ∂ 

∂ yi
)

p 
= X̃ p

(

yi
) ( ∂ 

∂ yi
)

p 
= [(dp j )X p

]

(yi )
( ∂ 

∂ yi
)

p 
= 

. = X p
(

yi ◦ j)
( ∂ 

∂ yi
)

p 
= Xα (p) 

∂ j i 

∂xα (p)
( ∂ 

∂ yi
)

p 
= 

. = Xα (p) (dp j )
( ∂ 

∂xα

)

p 
= (dp j ) X p . 
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[as . $p0 is orthogonal to .(dp0 j )Tp0 (M)] 

. = g0, p0
(

B(X, X)p0 , $p0
)

+ ∥∥(dp0 j )X p0
∥
∥
2 

> 

[for every .X ∈ X(M) such that .X p0 �= 0] 

. > g0, p0
(

B(X, X )p0 , $p0
)

. 

In particular, let .{E1,  . . . ,  Em} be a local.g-orthonormal frame of.T (M), defined on 
an open neighborhood of .p0, and let us use the above inequality for .X = Eα, i.e., 

. g0, p0

(

B(Eα, Eα)p0 , $p0
)

< 0 

and then (summing over .1 ≤ α ≤ m) 

. g0, p0

(

Hp0 , $p0
)

< 0 

implying .Hp0 �= 0. Q.e.d. 

An alternative treatment of Theorem 3.67 establishes a bond among the geometry 
of minimal submanifolds and the theory of harmonic functions. 

Theorem 3.68 Let .� : M → Rn be an isometric immersion of a .m-dimensional 
Riemannian manifold .M into the Euclidean space. Then 

.�� = −m H (3.61) 

where .�� = (��1, .  .  .  , ��m
)

, .� = (�1, .  .  .  , �n
)

and .H denotes 38 the mean 
curvature vector of the given immersion . �. 

Proof Let.(x1,  . . . ,  xn) be the Cartesian coordinates on.Rn , and let. h p : T�( p)(R
n) → 

R
n be the naturally associated .R-linear isomorphism, for any .p ∈ M . Without the 

customary language abuse in (3.61), one should check that 

. 
(

��
)

p = −h p
(

Hp
)

, p ∈ M. 

Let .p ∈ M and let .(U, u1, .  .  .  ,  um) be local coordinate system on .M such that 
.p ∈ U . One has 

.H = Hi ∂i , ∂i ≡ 
∂ 

∂xi 
. 

38 Here.Hp is identified to a vector in.Rn through the canonical isomorphism.T�( p)(Rn)  R
n , for  

every.p ∈ M . 
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The equations of .M in .R
n are 

.xi = � i
(

u1 , .  .  .  ,  um
)

, rang Bi 
α(u) = m, Bi 

α := 
∂� i 

∂uα . (3.62) 

One ought to check that .�ψi = −m Hi on . U . Let  .∇ be the Euclidean connection, 
i.e., the Levi-Civita connection of .Rn . Let  .{E1, .  .  .  ,  Em} be a local orthonormal 
frame of.T (M), defined on the opens et. U . Then (with the customary identifications) 

. 
∂ 

∂uα = bi α 
∂ 

∂xi 
, 1 ≤ α ≤ m. 

If 

. Eα = Eσ 
α ∂σ, ∂σ ≡ 

∂ 
∂uσ , 

then 
.∇Eα Eα = Eρ 

α E
σ 
α B

i j  
ρσ ∇∂ j ∂i + Eσ 

α ∂σ

(

Eρ 
α B

k 
ρ

)

∂k, (3.63) 

where .Bi j  
ασ := Bi 

α B 
j 
σ . For the Euclidean connection . ∇ 

. ∇∂i ∂ j =
{

k 
i j

}

∂k,

{

k 
i j

}

= 0. 

Moreover, let us observe that 

. Eρ 
α B

k 
ρ = Eρ 

α ∂ρ �k = Eα

(

�k
)

. 

Then (3.63) becomes 
.∇Eα Eα = Eα

(

Eα �k
)

∂k . (3.64) 

The proof of Theorem 3.68 may be completed by conducting the following calcula-
tion [where .∇ is the induced connection on . M] 

. �� i = −  
m
∑

α=1

{

Eα

(

Eα � i )−
(

∇Eα Eα

)

� i
}

= 
m
∑

α=1

{(

∇Eα Eα

)

� i −
(

∇Eα Eα

)

� i
}

= 

. = −  
m
∑

α=1 
B
(

Eα, Eα

)

� i = −m H
(

� i
) = −m Hi . 

Q.e.d. 

Definition 3.69 A.C2 function . f : M → R is harmonic if .� f = 0. �

Corollary 3.70 Let .� = (�1, .  .  .  , �n) : M → Rn be a minimal immersion. Then 
.� i , .1 ≤ i ≤ n, are harmonic functions on . M. 
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As another corollary to Theorem 3.68 one re-obtains Theorem 3.67. Indeed, let 
.M be compact and let us assume that there is a minimal isometric immersion . � : 
M → Rn . By Corollary 3.70 the components.� i of.� are harmonic functions hence, 
by the classical Hopf lemma, 39 it must be .� i = constant, so that .rangBi 

α = 0, a  
contradiction. Q.e.d. 

An array of results on minimal submanifolds extends to the more general case of 
the submanifolds with a parallel mean curvature vector. We quote. 40 

Theorem 3.71 Let. S be a surface in the space form.Mn(k) such that. S has a parallel 
mean curvature vector, i.e., .∇⊥ H = 0. Then . S lies in one of the following categories 

(i) . S is a minimal surface in .Mn(k). 
(ii) . S is a minimal surface in a hypersphere of .Mn(k). 
(iii) . S is a constant mean curvature surface in .S3, where .S3 is a .3-sphere in .Mn(k). 

3.12.2 Minimal Surfaces in . Rn 

Let .M be a .2-dimensional Riemannian manifold, and .� : M → Rn a minimal iso-
metric immersion. Let . g be the Riemannian metric on . M . 

Definition 3.72 A local coordinate system.(U, x, y) on.M is a system of isothermal 
coordinates if . g is expressed as 

.g = 2 F
(

d x2 + d y2
)

(3.65) 

for some .F ∈ C∞(U ), .F(p) >  0 for any .p ∈ U . �
Theorem 3.73 Let .(M, g) be a .2-dimensional Riemannian manifold. For any . p ∈ 
M there is a local system of isothermal coordinates .(U, x, y) such that .p ∈ U. 

Theorem 3.73 is false if the components .gi j  of the metric tensor . g are only 
continuous functions, cf. Hartman and Winter [HaWi1]. Conditions weaker than 
.gi j  ∈ C∞(U ) under which local systems of isothermal coordinates exist were found 
by Lichtenstein [Lic]. We recall that 

Definition 3.74 Let .0 < λ ≤ 1. A function. f (x1, x2) defined in a domain. D ⊂ R2 

satisfies a Hölder condition of order . λ if there is a constant .C > 0 such that 

.

∣
∣ f (x1 , x2 ) − f (x ′1 , x ′2 )

∣
∣ < C rλ , (x1 , x2 ), (x ′1 , x ′2 ) ∈ D, (3.66) 

where .r2 = (x1 − x ′1
)2 + (x2 − x ′2

)2 
. �

39 Cf. e.g., [KoNo], vol. II, p. 338. 
40 Theorem 3.71 is due to B.-Y. Chen, On the surfaces with parallel mean curvature vector. Indiana 
Univ. Math. J. 22, 655–666 (1973), and S.T. Yau, Submanifolds with constant mean curvature. 
Amer. J. Math. 96, 346–366 (1974). 
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Theorem 3.73 may be reformulated as. 

Theorem 3.75 Let.(M, g) be a.2-dimensional Riemannian manifold. Let us assume 
that for any .p ∈ M there is a local coordinate system .(U, ψ), .p ∈ U, . ψ = (x1, x2)
such that the functions .gi j  ◦ ψ−1, .i, j ∈ {1, 2}, satisfy a Hölder condition of order 
.0 < λ < 1. Then for every point of .M there is a local system of isothermal coordi-
nates. 

Proof Let .(U, ψ), .ψ = (x, y), be a local coordinate system on . M . Then 

.g = E(x, y) dx2 + 2F(x, y) dx % dy  + G(x, y) dy2 on U, (3.67) 

. E > 0, EG  − F2 > 0, E, F, G : D = ψ(U ) → R. 

Here we have set 

. E = g11 ◦ ψ−1 , F = g12 ◦ ψ−1 , G = g22 ◦ ψ−1 , 

. g11 = g
( ∂ 

∂x 
, 

∂ 
∂x

)

, g12 = g
( ∂ 

∂x 
, 

∂ 
∂ y

)

, g22 = g
( ∂ 

∂ y 
, 

∂ 
∂ y

)

. 

There is a matrix 

. A = 

⎛ 

⎝ 
a1 b1 

a2 b2 

⎞ 

⎠ , det(A) >  0, 

such that (3.67) may be written as 

.g = θ1 ⊗ θ1 + θ2 ⊗ θ2, (3.68) 

. θ1 := a1 dx  + b1 dy, θ2 := a2 dx  + b2 dy. 

Let us consider the (complex valued) form .	 := θ1 + i θ2 where .i = 
√−1. Hence 

(3.68) may be written as .g = 	%	 where .	 = θ1 − i θ2. The determination of 
isothermal parameters.u, v  [that is functions.u, v  such that. g = P(u, v)

{

du2 + dv2
}

with.P > 0] is equivalent to finding a complex valued function.w = u + i v such that 

.dw = 
1 

ρ
	 . (3.69) 

Indeed (3.69) would imply 

. g = 	% 	 = |ρ|2 d w % d w = |ρ|2(d u2 + d v2
)

. 

We seek for a .1-form.	 of the form 

.	 = [1 − a(z, z)
]

d z  + b(z, z) d z 
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in a neighborhood of .z = 0. We may assume 41 that . a and . b vanish at .z = 0. Equa-
tion (3.69) is equivalent to 

. 
∂w 
∂z 

= 
1 − a 

ρ 
, 

∂w 
∂z 

= 
b 

ρ 
, 

or (by eliminating . ρ) 

. (1 − a) 
∂w 
∂z 
− b 

∂w 
∂z 

= 0. 

Finally 

. 
∂w 
∂z 

= Z (w) (3.70) 

where the differential operator . Z is defined by 

. Z ≡ a 
∂ 
∂z 
+ b 

∂ 
∂z 

. 

Let. σ be a holomorphic function on.D with.σ(0) = 0, and let us consider the equation 

.2 π i w(ζ, ζ) +
∫ ∫

D 

(Z w)(z, z) 
z − ζ 

d z ∧ d z  = σ(ζ), ζ ∈ D. (3.71) 

We shall need the following result from [Cher], p. 778. 

Theorem 3.76 Let .D = {z ∈ C : |z| ≤  R}, .R > 0, and let .a(z, z), .b(z, z) be two 
functions satisfying a Hölder condition of order.0 < λ < 1 in. D. Then Eq. (3.71) has 
a unique solution .w(z, z) for .R > 0 sufficiently small. 

We seek for a solution to (3.70). Let .w be the solution to (3.71), as furnished 
by Theorem 3.76 for .R > 0 sufficiently small. We are left with checking that the 
function 

. F(ζ, ζ) = 
1 

2πi

∫ ∫

D 

(Zw)(z, z) 
z − ζ 

d z ∧ dz  

admits . ζ derivatives .∂ F/∂ζ, and that 

. 
∂ F 
∂ζ 

= (Z w)(ζ, ζ). (3.72) 

Under the assumption that . f (z, z) admits first order partials with respect to . x and 
. y, where .x + iy  := z 

41 Cf. Chern [Cher], p. 781. 
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. 
∂ f 
∂z 

= lim 
h→0 

1 

h

{

f
(

z + 
h 

2 
, z + 

h 

2

)

− f (z, z) + i f
(

z + 
i h  

2 
, z − 

i h  

2

)

− i f  (z, z)
}

(3.73) 
where .h ∈ R. To check the existence of .∂ F/∂ζ we make use of (3.73). Precisely 

. lim 
h→0 

1 

h

{

F
(

ζ + 
h 

2 
, ζ + 

h 

2

)

− F(ζ, ζ) + i F
(

ζ + 
i h  

2 
, ζ − 

i h  

2

)

− i F(ζ, ζ)
}

= 

. = −  
1 

2πi 
lim 
h→0 

1 

h

{ ∫ ∫

D 

(zw)(z, z) 

z − ζ − 
h 

2 

d z ∧ dz  −
∫ ∫

D 

(zw)(z, z) 
z − ζ 

dz ∧ dz  + 

. + i
∫ ∫

D 

(zw)(z, z) 

z − ζ − 
i h  

2 

dz ∧ dz  − i
∫ ∫

D 

(zw)(z, z) 
z − ζ 

dz ∧ dz
}

= 

. = −  
1 

4πi 
lim 
h→0

{ ∫ ∫

D

[

(Z w)(z, z) − (Z w)(ζ, ζ)
]

× 

. ×
[ 1 

(z − ζ)
(

z − ζ − 
h 

2

) − 1 

(z − ζ)
(

z − ζ − 
i h  

2

)

]

dz ∧ dz
}

+ 

. − 
1 

2πi 
(Z w)(ζ, ζ) 

∂ 
∂ζ

∫ ∫

D 

dz ∧ dz  
z − ζ

}

. 

As the domain is the closed ball . D = {z ∈ C : |z| ≤  R} 

. 

∫ ∫

D 

d z ∧ dz  
z − ζ 

= −2πi ζ . 

On the other hand, one may show 42 that .(Z w)(z, z) satisfies a Hölder condition in 
. D, and hence 

. 

∫ ∫

D

[

(Zw)(z, z) − (Z w)(ζ, ζ)
] 1 

z − ζ 

h 

2 
(1 − i )

(

z − ζ − 
h 

2

)(

z − ζ − 
i h  

2

) d z ∧ d z  

tends to zero as .h → 0, so that (3.72) holds good. Q.e.d. 

For other generalizations of Theorem 3.75 (the Korn-Lichtenstein theorem) one 
may see  Morrey [Mor], and Hartman and Winter [HaWi2] 

Let .M be a .2-dimensional oriented Riemannian manifold, and let .(U, x, y) be 
an oriented local system of isothermal coordinates on . M . Then .z = x + i y  is a 

42 Cf. formula (44) in [Cher], p. 779. 
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local complex coordinate on. M , hence.M becomes a complex manifold, of complex 
dimension . 1, i.e., a Riemann surface. 

Lemma 3.77 Let.M be a real.2-dimensional Riemannian manifold, and let. z = x + 
i y  be the local complex coordinate associated to the local isothermal coordinates 
.(x, y) on . M. Then the Laplace-Beltrami operator of .M is (on .C2 functions) 

.� ≡ −  
2 

F 

∂ 
∂z 

∂ 
∂z 

. (3.74) 

Proof Let us set 

. 
∂ 
∂z 
= 

1 

2

( ∂ 
∂x 
− i 

∂ 
∂ y

)

, 
∂ 
∂z 
= 

1 

2

( ∂ 
∂x 
+ i 

∂ 
∂ y

)

. 

The metric . g on .M may be represented as in (3.65) or, with respect to the complex 
coordinate . z 

.g = 2 F dz % dz (3.75) 

where .dz  = dx  + i dy  and .dz = dx  − i dy. By (3.65) 

. g11 = g22 = 2 F, g12 = g21 = 0, g = 4 F2 , 

. g11 = g22 = 2 F, g12 = g21 = 0, 

(with .g = det
[

gi j
]

1≤i, j≤2). Let f ∈ C∞(M). Then 

.� f = −  
1 

2F

{∂2 f 

∂x2 
+ 

∂2 f 

∂ y2
}

(3.76) 

and (3.76) .⇐⇒ (3.74). Q.e.d. 

Corollary 3.78 Let.� : M → Rn be an isometric immersion of a real.2-dimensional 
Riemannian manifold in .R

n. Then .� is minimal if and only if 

. 
∂2 �

∂ z ∂ z 
= 0. 

The proof follows from (3.74) and (3.61) with .H = 0. 

An important remark is in order. According to Corollary 3.78, the minimality of 
.� doesn’t depend on the metric of . M , but only on the complex manifold structure 
of . M , prompting 43 the following definitions 

43 According to a piece of mathematical folklore, a valuable mathematical result will prompt a 
relevant definition. 
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Definition 3.79 Let.M be a Riemann surface and let.� : M → Rn be a differentiable 
map. We say .M is conformal if for every local complex coordinate . z on . M 

.

∥
∥
∥(d�) 

∂ 
∂x

∥
∥
∥ =

∥
∥
∥(d�) 

∂ 
∂ y

∥
∥
∥, g

(

(d�) 
∂ 
∂x 

, 
∂ 
∂ y

)

= 0. (3.77)

�

Here . g is the Euclidean metric on .R
n , while .‖ · ‖ is the corresponding norm. 

Definition 3.80 Let .M be a Riemann surface. An immersion .� : M → Rn is said 
to be a minimal surface in .R

n if .� is conformal 44 and obeys to 

. 
∂2�

∂ z ∂ z 
= 0. (3.78)

�

Theorem 3.81 Let .� : M → Rn be a conformal immersion, and let us endow . M 
with the induced metric .g = �∗ g. Then .� is an isometric immersion of .(M, g) into 
.(Rn, g) and the induced metric is given by (3.65). 

Proof One has 

. g12 = g
( ∂ 

∂x 
, 

∂ 
∂ y

)

= g
(

(d �) 
∂ 
∂x 

, (d �) 
∂ 
∂ y

)

= 0, 

. g11 = g
( ∂ 

∂x 
, 

∂ 
∂x

)

= g
(

(d �) 
∂ 
∂x 

, (d �) 
∂ 
∂x

)

= g
(

(d �) 
∂ 
∂ y 

, (d �) 
∂ 
∂ y

)

= g
( ∂ 

∂ y 
, 

∂ 
∂ y

)

= g22 . 

Finally, we set .F := (1/2) g11 and obtain (3.65). Q.e.d. 

3.12.3 Weierstrass Representation of Minimal Surfaces 

Let .D ⊂ C be an open subset, and let . z be the canonical complex coordinate on . C. 
Then .D is a Riemann surface. Let .� : D → Rn be a minimal surface, and let us 
consider 

. 	 : D → Cn , 	 = 
∂�

∂z 
= 

1 

2

(∂�

∂x 
− i 

∂�

∂ y

)

. 

Theorem 3.82 (i) .	 is holomorphic. 

44 In the sense of Definition 3.79. 
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If .	 = (φ1,  . . . ,  φn
)

then 

(ii) 

. 

n
∑

j=1 
φ2 

j = 0. (3.79) 

(iii) The following identity holds 

. 

n
∑

j=1

∣
∣φ j
∣
∣
2 = F �= 0. (3.80) 

Viceversa, if.D ⊂ C is a connected and simply connected open set, and. 	 : D → Cn 

is a map satisfying (i)–(iii), then 

.� : D → Rn , � j (z) = Re
{ ∫ z 

o 
φ j (ζ) d ζ

}

+ c j , 1 ≤ j ≤ n (3.81) 

is a minimal surface. 

Here .o ∈ D is a fixed base point, and .c j ∈ R, .1 ≤ j ≤ n, are constants. Also 
.φ j = φ j . 

Proof of Theorem 3.82 (i) By (3.78) [i.e., by the minimality of . �] 

. 
∂	

∂z 
= 

∂ 
∂z

(∂�

∂z

)

= 0. 

Q.e.d. 

(ii) Let .〈 ·, · 〉Rn be the Euclidean inner product on .Rn , so that . g is induced by 
.〈 ·, · 〉Rn and the collection of isomorphisms .hξ : Tξ(R

n)  R
n , .ξ ∈ Rn , i.e., 

. gξ

(

v, w
) = 〈 hξ v, hξ w 〉Rn , v,  w  ∈ Tξ(R

n ). 

Then [by (3.77)] 

.

〈∂�

∂x 
, 

∂�

∂x

〉

Rn 
=
〈∂�

∂ y 
, 

∂�

∂ y

〉

Rn 
,
〈∂�

∂x 
, 

∂�

∂ y

〉

Rn 
= 0, (3.82) 

. 
∂�

∂x 
=
(∂�1 

∂x 
,  . . . ,  

∂�n 

∂x

)

, 
∂�

∂ y 
=
(∂�1 

∂ y 
,  . . . ,  

∂�n 

∂ y

)

, � = (�1,  . . . , �n). 
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Finally 

. 

n
∑

j=1 
φ2 
j = 

1 

4 

n
∑

j=1

[∂� j 

∂x 
− i 

∂� j 

∂ y

]2 = 
1 

4 

n
∑

j=1

[(∂� j 

∂x

)2 −
(∂� j 

∂ y

)2]− 
i 

2 

n
∑

j=1 

∂� j 

∂x 

∂� j 

∂ y 
= 

. = 
1 

4

∥
∥
∥

∂�

∂x

∥
∥
∥

2 − 
1 

4

∥
∥
∥

∂�

∂ y

∥
∥
∥

2 − 
i 

2

〈∂�

∂x 
, 

∂�

∂ y

〉

Rn 
= 0. 

Q.e.d. 

(iii) To prove (3.80) one first observes that 

. 

n
∑

j=1

∣
∣φ j
∣
∣
2 =

∥
∥
∥
∂�

∂x

∥
∥
∥

2 +
∥
∥
∥
∂�

∂ y

∥
∥
∥

2 ≥ 0 (3.83) 

and the inequality (3.83) is strict. Indeed, if one has equality in (3.83) at some point 
.x0 + i y0 ∈ D then 

. 
∂�

∂x 
(x0, y0) = 0, 

∂�

∂ y 
(x0, y0) = 0, 

so that .� : D → Rn wouldn’t be an immersion, a contradiction. 

Viceversa, let .D ⊂ C be a connected and simply connected open subset, and let 
.	 : D → Cn be a map possessing the properties (i)–(iii) above. Let.� be defined by 
(3.81). By the classical Cauchy theorem 45 the integral 

. 

∫ z 

o 
φ j (ζ) d ζ 

is well defined, i.e., it doesn’t depend upon the choice of smooth path joining . o and 
. z in . D. Then (3.81) yields 

.	 = 2 
∂�

∂z 
. (3.84) 

Finally, the minimality of .� follows from 

. 
∂2�

∂ z ∂ x 
= 

1 

2 

∂φ 
∂z 
= 0 

by (3.84) and (i). The property (ii) implies that .� is conformal, while with (iii) one 
makes sure that .‖∂�/∂x‖ �= 0, .‖∂�/∂ y‖ �= 0 at any point of . D, i.e., that .� is an 
immersion. Q.e.d. 

45 Cf. e.g., Mackey [Mac], Theorem 5.12, p. 90. 
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By Theorem 3.82 to find examples of minimal surfaces in.R
n it suffices to produce 

maps .	 : D → Cn satisfying the requirements (i)–(iii). 

Theorem 3.83 Let .D ⊂ C be a connected open set. Let . f, g : D → C such that . g 
is meromorphic on .D and . f is holomorphic in . D. Let us assume that 

(a) At any point of .D where . g has a pole of order . m, the function . f has a zero or 
order at least .2m. 

Then the map 
. 	 = (φ1 , φ2 , φ3) : D → C3 , 

.φ1 = 
1 

2 
f
(

1 − g2
)

, φ2 = 
i 

2 
f
(

1 + g2
)

, φ3 = f g (3.85) 

obeys to (i)–(ii) with .n = 3. Moreover, every map .	 : D → C3 satisfying (i)–(ii) 
may be represented in the form (3.85), except for the case .φ3 = 0. Moreover the map 
(3.85) satisfies (iii) provided that 

(b) The zeros of . f coincide with the poles of . g and their order is precisely twice 
the order of the poles of . g. 

Finally, all the maps .	 : D → C3 with .φ3 = 0 and satisfying (i)–(ii) are given by 

. φ2 = i φ1, φ3 = 0, 

where .φ1 : D → C is an arbitrary holomorphic function. The condition (iii) is sat-
isfied if and only if .|φ1| �= 0 at every point of . D. 

Proof Let us check that the components of .	 [given by (3.85)] are holomorphic 
in . D. To this end, let .z0 ∈ D. As  . g is meromorphic, we may distinguish to cases, 
as follows. Either (I) . g is holomorphic in a neighborhood of .z0 [and then .φ j are 
holomorphic in . z0] or (II) .z0 is an isolated singularity of . g, of pole type. Let . m ≥ 1 
be the order of the pole .z0 of . g. Then [by (a)] the holomorphic function . f has a 
zero in .z0 of order .k ≥ 2m. Hence, on one hand there exist .δ′ > 0 and a function . g1 
holomorphic in .Bδ′(z0) such that 

. 
1 

g(z) 
= (z − z0)m g1(z), |z − z0| < δ′, (3.86) 

and on the other hand there exist .δ′′ > 0 and a function . h holomorphic in . Bδ′′(z0) 
such that 

. f (z) = (z − z0)k h(z), |z − z0| < δ′′ . (3.87) 
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Hence, for any . |z − z0| < δ = min{δ′, δ′′} 

. φ1 (z) = 
1 

2 
f (z)

(

1 − g(z)
)2 = 

1 

2 
(z − z0)k h(z)

{

1 − 
g1(z)2 

(z − z0)2m
}

= 

. = 
1 

2 
h(z)

{

(z − z0)k − (z − z0)k−2m g1(z)2
}

and.k − 2m ≥ 0, that is the isolated singularity.z = z0 of.φ1 is removable, so that. φ1 

may be thought of as holomorphic 46 in.Bδ(z0), and in particular in. z0. The singularities 
of .φ2 and .φ3 may be removed in a similar manner. To check (ii) one computes 

. 

3
∑

j=1 
φ2 

j = 
1 

4 
f 2
{

(1 − g2 )2 − (1 + g2 )2 + 4 g2
} = 0. 

Moreover, let us observe that 

. 

3
∑

j=1

∣
∣φ j
∣
∣
2 = 

1 

2 
| f |2(1 + |g|2)2 . (3.88) 

Now, it may be easily seen that (iii) holds when (b) does. Clearly [by (3.88)] 

. 

3
∑

j=1

∣
∣φ j
∣
∣
2 �= 0 

at the points of .D that aren’t zeros of . f . Let now.z0 ∈ D be a zero of. f . Then (3.87) 
holds on a neighborhood.Bδ′′(z0), where. h is holomorphic in.Bδ′′(z0) and.h(z0) �= 0. It  
follows [by (b)] that. k is even and. g has at.z0 a pole of order.m = k/2 ≥ 1. Therefore, 
there is .δ′ > 0 such that (3.86) holds on .Bδ′(z0), where .g1 is holomorphic in . Bδ′(z0) 
and .g1(z0) �= 0. Let .δ := min{δ′, δ′′}. For any . |z − z0| < δ 

. 
1 

2 
| f (z)|2 (1 + |g(z)|2)2 = 

1 

2 
|z − z0|2k |h(z)|2

{

1 + 
|g1(z)|2 
|z − z0|k

}2 = 

. = 
1 

2 
|h(z)|2

{

(z − z0)k + |g1(z)|2
}2 

. 

Hence the function .(172) | f |2(1 + |g|2) has a removable singularity at .z0 and its 
natural extension to .Bδ(z0) takes at .z0 the value 

46 Let.φ̃1 be the extension of.φ1 which is zero at.z = z0 if.k > 2m, and equals. −(1/2) h(z0) g1(z0)2 
at .z = z0 if .k = 2m. It is actually.φ̃1 that deserves the adjective “holomorphic”. 



3.12 Minimal Submanifolds 273 

. 
1 

2

∣
∣h(z0)

∣
∣
2 ∣
∣g1(z0)

∣
∣
4 �= 0 . 

Q.e.d. Finally, let .	 : D → C3 be a map obeying to (i)–(ii) and .φ3 �= 0. Let us set 

. f = φ1 − i φ2, g = φ3 

φ1 − i φ2 
. 

Then . f is holomorphic and . g is meromorphic (in . D) and .	 may be represented in 
the form (3.86). 

Theorem 3.84 Let .D ⊂ C be a connected and simply connected open set. Let . o ∈ 
D be an arbitrary base point. Then every minimal surface .� : D → R3 can be 
represented as 

.� j (z) = Re
{ ∫ z 

o 
φ j (ζ) d ζ

}

+ c j (3.89) 

where .c j ∈ R are constants, and the functions .φ j are given by (3.86) with . f holo-
morphic in . D, . g meromorphic in .D and subject to 47 (b), or .φ3 = 0, .φ1 : D → C is 
holomorphic, and .φ2 = i φ1. 

Proof By (3.81) formulas (3.89) provide a minimal surface. Viceversa, to check 
that any minimal surface may be recovered in this manner, let .	 = ∂�/∂z. Then 
.	 satisfies (i)–(iii), and by Theorem 3.83 it follows that .	 can be represented in the 
form (3.85). Q.e.d. 

Let us look at a few examples. 

(1) Let .D = C. The functions 

. g(z) = −ez , f (z) = −e−z , z ∈ C 

posses the requirements needed to apply Theorem 3.83. Let  .	 be given by (3.85), 
i.e., 

.	(z) = ( sinh z, −i cosh z, 1
)

, z ∈ C. (3.90) 

Here.sinh z = (1/2)
(

ez − e−z
)

and.cosh z = (1/2)
(

ez + e−z
)

. Substitution of. 	 into 
(3.89) yields 

.�(x, y) =
(

Re
(

cosh z
)

, −Re(i sinh z), Re(z)
)

+ (c1, c2, c3
)

(3.91) 

or 
.�(x, y) = ( cos y cosh x, sin y cosh x, x

)+ c (3.92) 

47 That is possessing the property (b) in Theorem 3.83 above. 
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where .c = (c1, c2, c3) is a vector constant. The surface . � : (x, y) �→ (X, Y, Z ) 
defined by (3.92) is given by the parametric equations 

. 

⎧ 
⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

X = cos y cosh x, 

Y = sin y cosh x, 

Z = x . 

(3.93) 

Let us eliminate the parameters .x, y between Eq. (3.93) so that to obtain 

.X2 + Y 2 = (cosh z)2 (3.94) 

which is the catenoid, i.e., the surface of revolution obtained by a rotation of axis 
.OZ , of the “chain” of equation .X = cosh Z . 

(2) Let 
. D = C, g(z) = −i ez , f (z) = e−z , z = u + i v. 

Then (3.86) and (3.90) lead to 

.�(u, v)  = ( cos v, sinh u, sin v sinh u, v
)

. (3.95) 

Setting .sinh u = ρ Eq. (3.95) becomes 

. 

⎧ 
⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

x = ρ cos v 

y = ρ sin v 

z = v 

(3.96) 

Equations (3.96) exhibit said surface as ruled. 

3.12.4 Gauss Map of a Minimal Surface 

The purpose of the present section is to explain the geometric meaning of the functions 
. f and. g in formulas (3.86) and (3.90). As we shall shortly see. g is precisely the Gauss 
map 48 .g : M → G(n, 1). 

48 Cf. e.g., Kobayashi and Nomizu [KoNo], vol. II, p. 51. 
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Let.� : M → Rn be a conformal immersion of a Riemann surface.M in.R
n . Let. z 

be a local complex coordinate on. M . The induced metric.g = �∗g may be expressed 
as 

. g = 2 F d  z  ⊗ d z, F > 0. 

Let us tentatively set .φ = ∂�/∂z. If .M is an open set .D ⊂ C, that is connected and 
simply connected, then .φ : D → Cn is well defined, and leads to the Weierstrass 
representation. If in turn .M is an arbitrary Riemann surface, then . φ is defined only 
on the domain .U of the considered local chart .(U, z). If .(V , w)  is another complex 
coordinate system on .M with .U ∩ V �= ∅, then .φ′ := ∂�/∂w is related to . φ by 

. φ′ = 
∂z 

∂w 
φ on U ∩ V , 

so that .φ(z) is only defined up to a multiplicative factor. In turn, a map . 	 : M → 
C Pn−1 may be built as follows. Let.z0 ∈ M and let.(U, z) a local complex coordinate 
system about . z0, i.e., .z0 ∈ U . We set  

.	(z0) =
[∂�

∂z

(

z0
)] ∈ CPn−1 . (3.97) 

Here.
[

ζ
]

denotes the point of the complex projective space of homogeneous coordi-
nates .ζ ∈ Cn \ {0}. The definition of .	(z0) doesn’t depend upon the choice of local 
chart .(U, z) about .z0 and the map .	 : M → C Pn−1 is well defined. 

Definition 3.85 The map .	 : M → CPn−1 defined by (3.97) is called the Gauss 
map. �

Theorem 3.86 Let .M be a Riemann surface and let .� : M → Rn be a conformal 
immersion of .M in .R

n. Let us consider the map .	 : M → CPn−1 defined by 

. 	(p) =
[∂�

∂z 
(p)
]

, p ∈ M 

for some local chart .(U, z) on .M with .p ∈ U. Then .� is minimal .⇐⇒ .	 is holo-
morphic. 

Proof As.� is an immersion 

. 
∂�

∂z 
= 

1 

2

(∂�

∂x 
− i 

∂�

∂ y

)

�= 0 

at any point of . U , and hence it makes sense to consider the points . 
[

(∂�/∂z)(p)
]

with .p ∈ U . 

Lemma 3.87 The projection .π : Cn \ {0} →  CPn−1 is holomorphic. 
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Indeed the local expression of . π with respect to the local chart 

. ϕ j : U j → Cn−1 , ϕ j
([w]) =

(w1 

w j 
, .  .  .  ,  

w j−1 
w j 

, 
w j+1 
w j 

, .  .  .  ,  
wn 

w j

)

, 

. U j =
{[w1,  . . . ,  wn] ∈  CPn−1 : w j �= 0

}

, 

is 

. 
(

ϕ j ◦ π
)(

ζ1, .  .  .  ,  ζn
) =

( ζ1 

ζ j 
, .  .  .  ,  

ζ j−1 
ζ j 

, 
ζ j+1 
ζ j 

, .  .  .  ,  
ζn 

ζ j

)

and its components are holomorphic functions. 

Note that 

. 	 = π ◦ ∂�

∂z 
on U. 

By a result of S.-S. Chern 49 the converse of the above holds, i.e., .	 holomorphic 
.=⇒ .� is minimal. The proof is rather involved, and we only give a brief argument. 
Let us assume that .	 : U → C Pn−1 is holomorphic, i.e., .∂	/∂z = 0 on . U . Let  
.φ = ∂�/∂z. If .p ∈ U then, up to an isomorphism.C

n  Tζ (C
n), .ζ ∈ Cn , one has 

. 
∂φ 
∂z
 (dp φ)

( ∂ 
∂z

)

p 
∈ Tφ(p)(C

n ). 

Let us consider 

. d	( p)π : Tφ(p)(C
n ) → T	( p)

(

CPn−1), 	 := π ◦ φ. 

As. φ is holomorphic 

. 
(

d	(p)π
)

(dp φ)
( ∂ 

∂z

)

p 
= dp(π ◦ φ)

( ∂ 
∂z

)

p 
= (dp	)

( ∂ 
∂z

)

p 
= 

∂	

∂z 
(p) = 0. 

Consequently 

. (dp φ)
( ∂ 

∂z

)

p 
∈ Ker

(

dφ( p) π
)

, p ∈ U, 

i.e., .(dp φ)
(

∂/∂z
)

p is vertical vector with respect to the principal bundle . π : Cn \ 
{0} →  CPn−1 (with the structure Lie group.C

∗ = C \ {0}). The vertical distribution 
is completely integrable and its maximal integral manifold is the fibers of . π hence 

.(dp φ)
( ∂ 

∂z

)

p 
∈ Tφ( p)

(

π−1
(

	(p)
))

49 Cf. the reference in Eells and Lemaire [EeLe]. 
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so that [as the vertical distribution has (complex) rank . 1] 

.(dp φ)
( ∂ 

∂z

)

p 
= λ (dp�)

( ∂ 
∂z

)

p 
(3.98) 

for some .λ ∈ C. Formula  (3.98) may also be written as 

. 
∂2 �

∂ z ∂ z 
(p) = λ 

∂�

∂z 
(p) 

so that (3.67) prompts  

. 2�� = −F λ 
∂�

∂z 
at p. 

Next [by (3.61)] 

. 4 Hp = F( p) λ 
∂�

∂z 
(p) 

and.(dp�)(∂/∂z)p is tangent to. M , while.Hp is normal. It follows that.Hp = 0,. p ∈ 
M , i.e., .M is minimal in .Rn . Viceversa, if  .� is minimal, i.e., .∂2�/∂z ∂z = 0, then 
.φ(z) = ∂�/∂z is holomorphic, and. 	 follows to be holomorphic, as the composition 
of two holomorphic maps (i.e., .	 = π ◦ φ). Q.e.d. 
Theorem 3.88 Let .� : M → Rn be a conformal immersion of a Riemann surface 
.M into .R

n. Let 

. 	 : M → CPn−1 , 	 =
[∂�

∂z

]

be the Gauss map associated to . �. Then the image of .	 lies on the quadric 

. Qn−2 =
{

[w1 · · ·  wn] ∈  CPn−1 : 
n
∑

j=1 
w2 

j = 0
}

. 

Proof One checks that 

. 

n
∑

j=1

(∂� j 

∂z

)2 = 0 

as a consequence of .� being conformal. Q.e.d. 

Remark 3.89 (i) The quadric.Qn−2 is a complex submanifold of .CPn−1. It follows 
that .	 : M → Qn−2 is holomorphic if and only if .� is minimal. 

(ii) The Gauss map.	 admits the following geometric interpretation. Let . G̃2(R
n) 

be the Grassmann manifold of all oriented real .2-dimensional subspaces of .Rn . Let  
.σ ∈ G̃2(R

n) and let. O be an orientation of. σ. Let.(u, v)  ∈ O such that.〈u, v〉 =  0 and 
.|u| = |v|. Let us set.w = u + i v ∈ Cn \ {0}. The point.[w] ∈  CPn−1 doesn’t depend 
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upon the choice 50 of oriented basis .{u, v} ∈  O with .〈u, v〉 =  0 and .|u| = |v|. Also  
.|u| = |v| implies 

. 

n
∑

j=1 
w2 

j = 
n
∑

j=1

(

u j + i v j
)2 = 0, 

i.e., .[w] ∈  Qn−2. This prompts a bijective map .q : G̃2(R
n) → Qn−2 and 

. q−1 ◦	 = q−1 ◦
[∂�

∂z

]

= q−1 ◦
[∂�

∂x 
+ i 

∂�

∂ y

]

, 

i.e., for every .p ∈ M we may look at .
(

q−1 ◦	
)

(p) as the oriented tangent plane of 
.� at . p. This is the geometric interpretation of .	 seek after. 

Let .� : M → R3 be a minimal conformal immersion of a Riemann surface . M 
into .R

3. Theorems 3.83 and 3.84 prompt the Weierstrass representation of . �, i.e., 

. �(z) = Re
{ ∫ z 

o 
φ(ζ) d ζ

}

+ const., 

. φ(z) = 2 
∂�

∂z 
= 2 f (z)

(1 

2

(

1 − g(z)2
)

, 
i 

2

(

1 + g(z)2
)

, g(z)
)

. 

The Gauss map .	 : U → Q1 ⊂ CP2 is 

. 	(z) =
[1 

2

(

1 − g(z)2
)

, 
i 

2

(

1 + g(z)2
)

, g(z)
]

. 

It should be observed that the Gauss map. 	 is fully determined by. g (and the function 
. f plays no role). This prompts the following geometric interpretation of . g. 

Definition 3.90 The normal Gauss map of .� is the map 

. N : M → S2 , p ∈ M �−→ Np ∈ T�( p)
(

R
3
)

, 

where the unit normal vector .Np is chosen such that the frame .
{

�x , �y, N
}

is 
positively oriented. �

50 For any other basis .{u′, v′} ∈  O with .〈u′, v′〉 =  0 and .|u′| = |v′| (by assuming that .O is the 
positive orientation).{u, v} is mapped onto.{u′, v′} by a transformation of the form 

. 

(

a b  
−b a

)

, a2 + b2 �= 0. 

Consequently, if .w′ = u′ + i v′ then.w′ = λ w with.λ = a + i b  ∈ C∗, so that.[w] = [w′]. 
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Here .�x = ∂�/∂x and .�y = ∂�/∂ y. To compute . N = ‖�x ×�y‖−1
(

�x ×
�y
)

one makes use of 

. �x = 2Re  
∂�

∂z 
= Re

(

φ1, φ2, φ3
)

and obtains 

.N =
( 2Re(g) 
|g|2 + 1 

, 
2 Im(g) 
|g|2 + 1 

, 
|g|2 − 1 
|g|2 + 1

)

. (3.99) 

Let .π : S2 \ {(0, 0, 1)} →  C  R
2 be the stereographic projection. Its inverse is 

.π−1 (z) =
( 2Re(z) 
|z|2 + 1 

, 
2 Im(z) 
|z|2 + 1 

, 
|z|2 − 1 
|z|2 + 1

)

. (3.100) 

A comparison of (3.99) and (3.100) shows that. g is the local representation of.N with 
respect to the local chart .

(

S2 \ {(0, 0, 1)}, π), which is the geometric interpretation 
of . g seek for. 

That .	 : M → CP2 and .N :→ S2 coincide up to appropriate identifications is 
emphasized by the following commutative diagram 

. 

C ∪ {∞}  =  C ∪ {∞}  

g ↑ ↓  π−1 

M ⊃ U 
N−→ S2  G̃1(R

3) = RP2

	 ↓ ↓  ⊥  

Q1 
q−1 −→ G̃2(R

3) 

Vis-a-vis to the previous diagram we should describe the identifications . S2  
G̃1
(

R
3
)  G̃2

(

R
3
)

. The  map  .S2 → G̃1
(

R
3
)

assigns to every point .p ∈ S2 the line 
passing through . p and the origin. Also, the map .⊥ :  G̃1

(

R
3
)→ G̃2

(

R
3
)

assigns to 
every oriented line. � through the origin, the oriented plane passing through the origin 
and perpendicular to . �. �

Exercise 3.91 Show that the map .C ∪ {∞}  S2  G̃1
(

R
3
)  G̃2

(

R
3
)  Q1 is 

explicitly given by 

.z ∈ C ∪ {∞} �→
( 2Re(g) 
|g|2 + 1 

, 
2 Im(g) 
|g|2 + 1 

, 
|g|2 − 1 
|g|2 + 1

)

∈ S2 �→
[1 

2

(

1 − z2
)

, 
i 

2

(

1 + z2
)

, z
]

∈ Q1 .

�
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Example 3.92 Let .ψ : C \ {0} →  R3 be defined by (3.89), with the functions . φk , 
.k ∈ {1, 2, 3}, given by (3.85) together with . f (z) = −z−2 and .g(z) = z. Then .� is 
the catenoid. The normal Gauss map is 

. C \ {0} →  C ∪ {∞}, z �−→ g(z) = z. 

It should be observed that the normal Gauss map omits the two points .{0, ∞} in 
.C \ {∞}  [that is .(0, 0, ±1) in . S2]. The following general problem is raised by the 
example at hand: how many points in.S2 can omit the normal Gauss map. N : M → S2 
of a complete 51 minimal surface .� : M → R3? �

The following general problem is raised by the example at hand: how many points 
in.S2 can omit the normal Gauss map.N : M → S2 of a complete 52 minimal surface 
.� : M → R3 not contained in a plane? By a result of Fujimoto [Fuj]. 

Theorem 3.93 Let .� : M → R3 be a non-flat complete minimal surface. Then its 
normal Gauss map .N : M → S2 can omit at most four points on .S2. 

The normal Gauss map of the Scherk surface (cf. e.g., [BaCo]) omits four points 
on . S2, hence H. Fujimoto’s result is optimal. 

3.12.5 Minimal Submanifolds of Spheres 

Theorem 3.94 Let .i : M → Rn be a submanifold, where . i is the inclusion, and let 
. g be the induced metric on . M. Let .ψ : M → M be an isometric immersion of a 
.m-dimensional Riemannian manifold .(M, g) into .

(

M, g
)

. Then the mean curvature 
vector of . ψ equals the tangential component [in .T (M)] of .−(1/m)�(i ◦ ψ). 

Proof We may assume w.l.o.g. that.M is a submanifold of. M , i.e.,.ψ : M → M is the 
canonical inclusion. Let.H(ψ) [respectively.H(i ◦ ψ)] be the mean curvature vector 
of.M in.M [respectively of.M in.R

n]. The following direct sum decompositions hold 

.Tx
(

R
n
) = Tx

(

M
)⊕ T

(

M
)⊥ 
x , x ∈ M, (3.101) 

.Tp
(

M
) = Tp(M) ⊕ T (M)⊥ 

p , p ∈ M, (3.102) 

where .E(ψ) = T (M)⊥ → M and .E(i ) = T
(

M
)⊥ → M are the normal bundles of 

the given immersions .ψ : M → M and .i : M → Rn . For every tangent vector field 

51 That is the induced Riemannian metric.g = �∗g is complete. 
52 That is the induced Riemannian metric.g = �∗g is complete. 
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.X ∈ X
(

R
n
)

let.XT and.XN denote its tangential and normal components with respect 
to the decomposition (3.101). We ought to show that 

.H (ψ) = H (i ◦ ψ)T . (3.103) 

Let.T (M)⊥o = E(i ◦ ψ) → M be the normal bundle of the immersion. i ◦ ψ : M → 
R

n . Given .X ∈ X
(

R
n
)

let .XNo denote its normal component with respect to 

.Tp
(

R
n
) = Tp(M) ⊕ T (M)⊥o 

p , p ∈ M. (3.104) 

Let .{Ek : 1 ≤ k ≤ m} be a local frame of .T (M). Let  .∇R
n 
and .∇ be the Euclidean 

connection on .Rn and the induced connection on . M , associated to the immersion 
.i : M → Rn . By the Gauss formula 

. H (ψ) =
( m
∑

k=1 
∇Ek Ek

)N =
( m
∑

k=1

(

∇R
n 

Ek 
Ek

)T)N = 

. =
( m
∑

k=1

(

∇R
n 

Ek 
Ek

)No
)T = H (i ◦ ψ)T . 

Q.e.d. Finally [by (3.61)] 

.H (ψ) = −  
1 

m

[

�(i ◦ ψ)
]T 

(3.105) 

and Theorem 3.94 is completely proved. 

Lemma 3.95 Let .(M, g) be a Riemannian manifold. For every . f ∈ C∞(M) 

. 
1 

2
�( f 2 ) = f � f − ‖d f ‖2 (3.106) 

The proof is straightforward. 

Theorem 3.96 Let .M be a .m-dimensional Riemannian manifold, and let . ψ : M → 
Sn(r ) be an isometric immersion of .M in the .n-dimensional sphere of radius .r > 0. 
Let .� = i ◦ ψ, where .i : Sn(r ) → Rn+1 is the inclusion. Then . ψ is minimal if and 
only if 

.�� = 
m 

r2
� (3.107) 

Proof Equation (3.105) may be written 

.H (ψ) = −  
1 

m 
prT (M) �(i ◦ ψ) (3.108) 
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where .prT (M) denotes the projection on the first term of the direct sum (3.101). For 
.M = Sn(r ) one has 

.H (ψ) = −  
1 

m 
prT (Sn (r)) �� . (3.109) 

Then .ψ : M → Sn(r) is minimal if and only if [by (3.109)] .�� is vector in . Rn+1 

orthogonal to .Sn(r ). Yet, at any point .p ∈ M , the normal space .T
(

Sn(r )
)⊥ 
ψ( p) is 

spanned by .�(p) ∈ Rn+1  T�( p)
(

R
n+1). Consequently 

.�� = −λ � (3.110) 

for some.λ ∈ C∞(M). Let us set.� = (�1, .  .  .  , �n+1). Also.�(p) ∈ Sn(r ) so that 
.‖�( p)‖2 

Rn+1 = r2 = constant. Hence [by (3.106)] 

. 0 = 
1 

2
�‖�‖2 

Rn+1 = 
1 

2 

n+1
∑

k=1
�
(

�k
)2 = 

n+1
∑

k=1
�k ��k − 

n+1
∑

k=1

∥
∥d ψk

∥
∥
2 
. 

Then [by (3.110)] 

. 0 = 〈�, ��〉Rn+1 − 
n+1
∑

k=1

∥
∥d ψk

∥
∥
2 = −

(

λ ‖�‖2 
Rn+1 + 

n+1
∑

k=1

∥
∥d ψk

∥
∥
2
)

where from 

.λ = −  
1 

r2 

n+1
∑

k=1
‖d�k‖2 . (3.111) 

As .� : M → Rn+1 is an isometric immersion, its differential 

. dp� : Tp(M) → T�(p)
(

R
n+1)  R

q+1 

is a linear isometry, so that 

.gEucl�( p)

(

(dp�)X, (dp�)Y
)

= gp(X, Y ), X, Y ∈ Tp(M), p ∈ M. (3.112) 

Let.(u1,  . . . ,  um) be a system of local coordinates on.M about. p, and let us represent 
.X and . Y as 

.X = Xα
( ∂ 

∂uα

)

p 
, Y = Y α

( ∂ 
∂uα

)

p 
, Xα , Y α ∈ R. 
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Then (3.112) reads 

.gασ(p) = 
n+1
∑

k=1 

∂�k 

∂uα (p) 
∂�k 

∂uσ (p) (3.113) 

where .gασ are the local components of the induced metric on . M . Contraction with 
.gσμ (p) in (3.113) leads to 

. δμ 
α = 

n+1
∑

k=1 
gσμ (p) 

∂�k 

∂uα (p) 
∂�k 

∂uσ (p) 

hence [by contracting . α and . μ] 

.m = 
n+1
∑

k=1
‖d�k‖2 . (3.114) 

Now (3.111) and (3.114) lead 

.λ = −  
m 

r2 
. (3.115) 

Finally [by (3.110) and (3.115)] . ψ is minimal if and only if (3.107) holds. Q.e.d. 

Definition 3.97 Let.M be a Riemannian manifold, and let . � : C∞(M) → C∞(M) 
be its Laplace-Beltrami operator. A function .h ∈ C∞(M) is an eigenfunction of . �
corresponding to the eigenvalue .λ ∈ R if .−�h = λ h on . M . �

By Theorem 3.96 an isometric immersion of the Riemannian manifold.M into the 
sphere.Sn(r ) is minimal if and only if the components of.� = i ◦ ψ are eigenfunctions 
(for the Laplace-Beltrami operator .� on . M) corresponding to the same eigenvalue 
.λ = −m/r2. 

The following (related) result is due to Takahasi [Tak]. 

Theorem 3.98 Let .� : M → Rn+1 be an isometric immersion of a .m-dimensional 
Riemannian manifold .M into .R

n+1 such that 

.�� = μ� (3.116) 

for some .μ ∈ R \ {0}. Then 
(i) .μ > 0, 

(ii) .�(M) ⊂ Sn(r ) where .r2 = m/μ, 

(iii) .� : M → Sn(r ) is a minimal isometric immersion. 
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Proof We may assume w.l.o.g. that .� : M → Rn+1 is the canonical inclusion. Let 
.H (�) be the mean curvature vector of .M in .R

n+1. Then [by (3.61)] 

. −�� = m H  (�). 

Consequently [by (3.116)] 

. � = −  
m 

μ 
H(�) 

so that .� is orthogonal to . M . Let us consider the function . F ∈ C∞(M) 

. F(p) = 
1 

2
〈�(p), �(p)〉Rn+1 , p ∈ M. 

For every .X ∈ X(M), .X  (d�)X , one has 

. X (F) = 2 gEucl
(

∇Eucl 
X �, �

)

= 2 gEucl
(

X (�k ) 
∂ 

∂xk 
, �

)

= 2 gEucl
(

(d�)X, �
)

= 0 

where .�(p)  �k(p)
(

∂/∂xk
)

�(p) [and .(x
1,  . . . ,  xn+1) are the Cartesian coordi-

nates on .R
n+1]. It follows that .F = constant, i.e., .‖�‖2 

Rn+1 = r2 for some.r ≥ 0 and 
.r �= 0 because .� is an immersion. Hence .�(M) ⊂ Sn(r ) and (ii) in Theorem 3.98 
is proved. Moreover 

. 0 = −  
1 

2
�‖�‖2 

Rn+1 = −〈�, ��〉Rn+1 + 
n+1
∑

k=1
‖d�k‖2 = −μ r2 + 

n+1
∑

k=1
‖d�k‖2 

yields .μ = m/r2 > 0, proving (i) in Theorem 3.98. To prove the statement (iii) one 
applies Theorem 3.96) to the isometric immersion .� : M → Sn

(√
m/μ

)

and then 
[by (3.116)] the co-restriction of .� to .Sn

(√
m/μ

)

follows to be minimal. Q.e.d. 

We look at a number of applications of Theorem 3.98 (the Takahashi theorem). 
Let.C∞(Sm) consist of real-valued.C∞ functions on.Sm . Let us consider the.L2 inner 
product 

.(φ, ψ)L2 =
∫

Sm 
φ ψ  d vg (3.117) 

where . g is the standard Riemannian metric on the sphere. Let .λ ∈ R be an eigen-
value of the Laplacian .� : C∞(Sm) → C∞(Sm), and let .Eλ ⊂ C∞(Sm) be the cor-
responding eigenspace. Then .Eλ is finite dimensional. 53 Let .N := dimR Eλ and let 
.{φ1,  . . . ,  φN } be a orthonormal (i.e., .(φi , φ j )L2 = δi j  ) basis of .Eλ. 

Theorem 3.99 There exist constants.α > 0 and.r > 0 such that. � = (αφ1, .  .  .  ,  α φN
)

is a minimal isometric immersion of .Sm into .SN−1(r ) ⊂ RN . 

53 Cf. e.g., Theorem A.I.4 in [BGM], p. 142. 
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We shall need. 

Lemma 3.100 For any.A ∈ O(m + 1) the system.{φi ◦ A : 1 ≤ i ≤ N } is an orthonor-
mal basis of .Eλ. 

Proof An element .A ∈ O(m + 1) is thought of as a map .A : Sm → Sm . We ought 
to show that 

(i) .φi ◦ A ∈ Eλ for any .1 ≤ i ≤ N , 

(ii) .(φi ◦ A, φ j ◦ A)L2 = δi j  for any .1 ≤ i, j ≤ N . 

As . A is an isometry 54 

. �(φi ◦ A)( p) = (�φi )(A(p)) = −λ φi ( A(p)), p ∈ Sm , 

i.e., .φi ◦ A is an eigenfunction of the Laplacian. Next [by a change of variable 
.q = A(p) under the integral sign] 

. 
(

φi ◦ A, φ j ◦ A
)

L2 =
∫

Sm

(

φi φ j
) ◦ A d  vg =

∫

Sm 
φi φ j d vg = (φi , φ j )L2 = δi j  . 

Q.e.d. That is, any orthogonal matrix .A ∈ O(m + 1) induces an isometry of .Eλ. 

Let .B = [bi j ] ∈  O(N ) such that .φ j ◦ A = bi j φi or 

.φ ◦ A = B φ, φ := (φ1,  . . . ,  φN
)τ 

. (3.118) 

Lemma 3.101 For any .p, q ∈ Sm and any .X ∈ Tp(Sm) and .Y ∈ Tq (Sm) there is 
.A ∈ O(m) such that .(dp A)X = Y . 

The proof is straightforward. 55 As . B is an isometry 

. ‖(dqφ)Y‖ = ‖(dqφ)(dp A)X‖ = ‖dp(φ ◦ A)X‖ = ‖dp(B φ)X‖ = ‖(dpφ)X‖, 

i.e.,.‖(dpφ)X‖ doesn’t depend upon the choice of.X ∈ Tp(Sm) with.‖X‖ =  1. Hence, 
there is a constant .α > 0 such that 

. 

∥
∥dp(αφ)X

∥
∥ = 1, p ∈ Sm , X ∈ Tp(S

m ), ‖X‖. = 1. 

That is.αφ = (αφ1,  . . .  α φN
) : Sm → RN is an isometry. At this point we may apply 

Theorem 3.98 to conclude that 

54 Cf. e.g., [Hel], p. 387. 
55 Cf. also [Ste], p. 105. 
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. αφ : Sm → SN−1
(
√

m 

λ

)

is a minimal isometric immersion. Q.e.d. 

Definition 3.102 A map  .	 : Rm+1 → R is a homogeneous harmonic polynomial 
(of degree . k) if .	 is a homogeneous polynomial .	 ∈ R

[

x1, .  .  .  ,  xm+1
]

of degree . k 
such that .�Rn+1	 = 0. �

Here .�Rn+1 ≡ −∑m+1 
i=1 ∂2/∂x2 i . We shall need. 

Theorem 3.103 (i) Let .	 : Rm+1 → R be a homogeneous harmonic polynomial 
of degree . k. Then the restriction .	

∣
∣
Sm 

is an eigenfunction of the Laplacian . �Sm 

corresponding to the eigenvalue .λk = (k + m − 1)k. 

(ii) All the eigenfunctions and eigenvalues of .�Sm are obtained in this manner. 

Cf. Proposition C.I.1 and Corollary C.I.3 in [BGM], pp. 160–162. As a conse-
quence of Theorem 3.99 one has .N > n. A more precise statement is 

. N = dimR Eλk =
(

m + k 
k

)

−
(

m + k + 1 
k − 1

)

. 

Cf. [BGM], p. 162. Theorem 3.99 may be used to build examples of minimal isometric 
immersions in spheres. The homogeneous polynomials of degree .k = 1 are 

. H : Rm+1 → R, H (x1,  . . . ,  xm+1) = μ1x1 +  · · ·  +  μm+1 xm+1,
(

μ1,  . . . ,  μm+1
) ∈ Rm+1 \ {0}. 

Clearly any such.H is harmonic. Hence.λ1 = m ∈ Spec
(

Sm, �Sm
)

. To determine an 
orthonormal basis of the eigenspace.Eλ1 ⊂ C∞(Sm) we proceed as follows. We start 
with the case .k = 1, i.e., we look at the polynomials .x1,  .  . . , ,  xm+1. Then for any 
. i �= j 

. 
(

xi , x j
)

L2 =
∫

Sm 
xi x j d vg =

∫

xi ≥ 0 
x ∈ Sm 

xi x j d vg +
∫

xi ≤ 0 
x ∈ Sm 

xi x j d vg = 0 

. ‖xi‖2 =
∫

Sm 
x2 i d vg = 1 

m + 1 
Vol(Sm ) =: a2 . 

So .{(1/a) xi : 1 ≤ i ≤ m + 1} is an orthonormal basis of .Eλ1 . By Theorem 3.99 
there exist constants .α > 0 and .r > 0 such that 

. 
α 
a

(

x1,  . . . ,  xm+1
) : Sm → Rm+1 

is a minimal isometric immersion .Sm → Sm(r ). 
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Let us look at the case.k = 2, and for simplicity let .m = 2. Points in.S2 ⊂ R3 are 
denoted by.(x, y, z). By Theorem 3.103 one has.λ2 = 6. The eigenspace.Eλ2 of. �S2 

consists of the restriction to .S2 of the homogeneous harmonic polynomials 

. 	 : R3 → R, 	(x, y, z) = c1 xy  + c2 xz  + c3 yz  + c4 x2 + c5 y2 + c6 z2, ci ∈ R, c4 + c5 + c6 = 0. 

Thus .dimR Eλ2 = 5 and 

. 
{

xy, xz, yz, x2 − y2 , x2 + y2 − 2 z2
}

⊂ Eλ2 

is a linear basis of eigenfunctions, whose elements are mutually orthogonal. More-
over, there is .a > 0 such that 

. ‖xy‖ = ‖xz‖ = ‖yz‖ =  a, ‖x2 − y2‖ =  2a, ‖x2 + y2 − 2 z2‖ =  2
√
3 a. 

Then [by Theorem 3.99] 

. 	 = 
α 
a

(

x y, x z, y z, 
1 

2

(

x2 + y2
)

, 
1 

2
√
3

(

x2 + y2 − 2 z2
)) : S2 → R5 

furnishes a minimal isometric immersion of.S2 in.S4(r ), with an appropriate choice of 
the constants.α > 0 and.r > 0. The constant.α/a can be determined from the require-
ment that .	 be an isometry. One starts with choosing an orthonormal basis in the 
tangent space.T(0,0,1)(S2). For. 	 to be an isometry, the tangent vector. (∂	/∂x)(0,0,1) 
must be unitary. Then 

. 

(∂	

∂x

)

(0,0,1) 
= 

α 
a

(

y, z, 0, x, 
1√
3 
x
)

= 
α 
a

(

0, 1, 0, 0, 0
) =⇒ 

α 
a 
= 1 

so one chooses .α = a. Here . a was already determined e.g., .a = ‖x y‖. With . α = a 
one has 

. ‖	‖2 = x2 y2 + x2 z2 + y2 z2 + 
1 

4

(

x2 − y2
)+ 

1 

12

(

x2 + y2 − 2 z2
)2 = 

1 

3

(

x2 + y2 + z2
)2 = 

1 

3 

so the image of .	 is contained in .S4
(

1/
√
3
)

. We conclude that 

. 	 : S2 → S4
( 1√

3

)

, 

. 	(x, y, z) =
(

x y, x z, y z, 
1 

2

(

x2 + y2
)

, 
1 

2
√
3

(

x2 + y2 − 2 z2
))

is a minimal isometric immersion. 
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We conclude the section with a few other examples. Let.π : S2 → RP2 be the dou-
ble cover .π(x) = [x], .x ∈ S2. Then. π is an isometry. The map. 	 : S2 → S4

(

1/
√
3
)

in the previous example induces a minimal isometric immersion 

. RP2 → S4 ,
[

x
] �−→ 

1 

3
	(x), 

known as the Veronese map. This map is also injective (i.e., an embedding). A 
similar use of the covering map.S4 → R P4 produces a minimal isometric immersion 
.R P2 → R4 known as the Veronese surface. Cf. also Safarevici [Saf], p. 72. 

3.13 Harmonic Maps 

Let .(M, g) and.(N , h) be two Riemannian manifolds, .dim(M) = n and. dim(N ) = 
m. We assume .M is closed (i.e., .M is compact and .∂ M = ∅) and oriented. For the 
sake of simplicity, both manifolds and their Riemannian metrics are assumed to be 
smooth i.e., .C∞. However, all considerations below hold if manifolds and metrics 
are of class .C5. Let .(U, xi

)

and .(V, yα ) be local coordinate systems on .M and . N , 
respectively. For every .C2 map . f : M → N we adopt the notations 

. gi j  = g
( ∂ 

∂xi 
, 

∂ 
∂x j

)

, hαβ = h
( ∂ 

∂ yα , 
∂ 

∂ yβ

)

, 

. f α = yα ◦ f, f α 
i = 

∂ f α 

∂xi 
, f α 

i j  =
∂ f α 

∂xi ∂x j 
−
{

k 
i j

}

f α 
k , 

. 

{

k 
i j

}

= gk�
{

i j, �
}

,
{

i j, k
} = 

1 

2

(∂gik  

∂x j 
+ 

∂g jk  
∂xi 

− 
∂gi j  

∂xk

)

. 

Definition 3.104 The energy density is the function 

.e( f ) : M → R, e( f ) = 
1 

2 
Traceg

(

f ∗h
)

. (3.119)

�

Locally [on .U ∩ f −1(V )] 

.e( f ) = 
1 

2 
gi j  f α 

i f β 
j

(

hαβ ◦ f
)

(3.120) 

where .
[

gi j
] = [gi j

]−1 
. 



3.13 Harmonic Maps 289 

Definition 3.105 The energy of . f ∈ C2(M, N ) is 

.E( f ) =
∫

M 
e( f ) d vg . (3.121)

�

Here .d vg is the canonical volume form on . M , i.e., locally 

. d vg = 
√
g dx1 ∧  · · ·  ∧  dxn , g = det

[

gi j
]

. 

Let . f −1T (N ) → M be the pullback of the vector bundle .T (N ) → N by . f : M → 
N . Let.∇h be the Levi-Civita connection of.(N , h), and let. f −1∇h = ∇  f be the con-
nection in the pullback bundle. f −1T (N ) → M induced by.∇h by. f (the pullback of 
the connection.∇h). The connection.∇ f is most easily described in local coordinates, 
as follows. 

Definition 3.106 The natural lift of a tangent vector field .Y : V → T (N ), defined 
on the open subset .V ⊂ N , is the section .Y f ∈ C∞

(

f −1(V ), f −1T N
)

given by 

.Y f (x) = Y f (x), x ∈ f −1 (V ).

�

Let 

. Yα :=
( ∂ 

∂ yα

) f ∈ C∞
(

f −1 (V ), f −1 T N
)

, 1 ≤ α ≤ m 

be the natural lifts of the tangent vector fields .∂/∂ yα. Then .{Yα : 1 ≤ α ≤ m} is a 
local frame in the pullback bundle. f −1T (N ), defined on the open set . f −1(V ). Then 
.∇ f is locally given by 

. ∇ f 
∂/∂xi Yα =

({ β 
αγ

}

◦ f
)

f γ 
i Yβ . 

For every vector bundle .E → M we denote by .C (E) the affine space of all 
connections in . E . Also, if . h is a bundle metric on . E , let  .C (E, h) be the affine 
subspace consisting of all .D ∈ C (E) such that .Dh = 0. Going back to the .C2 map 
. f : M → N , let . f −1h = h f be the pullback of . h by . f , i.e., locally 

. h f
(

Yα, Yβ

) = hαβ ◦ f. 

Then .h f is a Riemannian bundle metric on . f −1T (N ) and .∇ f ∈ C
(

f −1T N , h f
)

. 
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For every tangent vector field.X ∈ X(M) let. f∗ X denote the section in the pullback 
bundle . f −1T (N ) defined by 

. ( f∗ X)(x) = (dx f ) Xx , x ∈ M. 

Let .∇ be the Levi-Civita connection of .(M, g). 

Definition 3.107 The second fundamental form of . f : M → N is 

.β( f )(X, Y ) = ∇  f X f∗ Y − f∗∇X Y, X, Y ∈ X(M).

�

Remark 3.108 (1) If . f : M → N is an isometric immersion then .β( f ) is its ordi-
nary second fundamental form. 

(2) For every.X ∈ X(M), the quantity.β( f )(X, X) admits the following geomet-
ric interpretation. Let .p ∈ M and .v = X p ∈ Tp(M). Let  .γ : (−ε, ε) → M be the 
geodesic such that .γ(0) = p and .(dγ/dt)(0) = v. Then .(∇X X )p = 0 and 

. β( f )p(v, v) =
(

∇ f X f∗ X
)

p 
=
(

∇h 
γ̇ f γ̇ f

)

t=0 

where .γ f = f ◦ γ. That is .β( f )p(v, v) is the acceleration of the curve . f ◦ γ [the 
image by . f of the geodesic in .M of initial data .(p, v)]. �

Definition 3.109 A map. f ∈ C∞(M, N ) is totally geodesic if .β( f ) = 0. �

Theorem 3.110 A map  . f ∈ C∞(M, N ) is totally geodesic if and only if . f maps 
geodesics of .M into geodesics of . N . 

Example 3.111 (1) Let . f : Rn → Rm be a .C∞ map. Then . f is totally geodesic 
(with respect to the Euclidean structures of .Rn and .R

m) if and only if . f is an affine 
map, i.e.,. f (x) = Ax + b for some.A ∈ Mn,m(R) and some.b ∈ Rm , and any.x ∈ Rn . 
The statement is proved by showing that . f maps straight lines into straight lines. 

(2) Let .(M, g) and .(N , h) be two Riemannian metrics, and let .G and .H be the 
Sasaki metrics on.T (M) and.T (N ), respectively. Let. f : M → N be a.C∞ map, and 
let 

. f∗ : T (M) → T (N ), f∗(v) = (dπ(v) f )v, v ∈ T (M). 

By a result of Sanini [San], p. 61. 

Theorem 3.112 Let .(M, g) and .(N , h) be two Riemannian manifolds, and let . f : 
M → N be a .C∞ map. The following statements are equivalent 

(i) . f is totally geodesic as a map of .(M, g) into .(N , h). 
(ii). f∗ : T (M) → T (N ) is totally geodesic as a map of.(T (M), G) into.(T (N ), H ).

�
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Definition 3.113 The tension field of . f is 

.τ ( f ) = Traceg β( f ) ∈ C∞
(

f −1 T (N )
)

.

�

Definition 3.114 Let .{ ft }|t |<ε ⊂ C∞(M, N ) be a smooth .1-parameter variation of 
. f0 = f ∈ C∞(M, N ). Let .F : M × (−ε, ε) → N be defined by 

. F(x, t) = ft (x), x ∈ M, |t | < ε . 

The infinitesimal variation induced by .{ ft }|t |<ε is the section . V ∈ C∞
(

f −1T N
)

defined by 

.V (x) = (d(x, 0) F
) ( ∂ 

∂t

)

(x, 0) 
, x ∈ M.

�

Theorem 3.115 Let .{ ft }|t |<ε ⊂ C∞(M, N ) be a smooth .1-parameter variation of 
. f0 = f ∈ C∞(M, N ). Then 

. 
d 

dt

{

E
(

ft
)}

t=0 
= −

∫

M 
h f
(

τ ( f ), V
)

d vg . (3.122) 

Definition 3.116 Equation (3.122) is the  first variation formula. �

Proof of Theorem 3.115 Let us set . M̃ = M × (−ε, ε) and let us consider the injec-
tions 

. αt : M → M̃, αt (x) = (x, t), x ∈ M, |t | < ε . 

For every .X ∈ X(M) let . X̃ ∈ X
(

M̃
)

be defined by 

. X̃(x, t) = (dx αt ) Xx , (x, t) ∈ M̃ . 

Let.F−1T (N ) → M̃ be the pullback of.T (N ) → N by.F : M̃ → N . Let. hF = F−1h 
and .∇F = F−1∇h be respectively the pullback of . h and .∇h by . F , so that . ∇F ∈ 
C
(

F−1 T N  , hF
)

. Let  .x ∈ M and let .{Ei : 1 ≤ i ≤ n} be a local .g-orthonormal 
[i.e., .g(Ei , E j ) = δi j  ] in .T (M), defined on the open set .U ⊂ M with .x ∈ U . Then 
for every . |t | < ε

.

(

Traceg
(

f ∗t h
))

(x) = 
n
∑

i=1 
( f ∗t h)

(

Ei , Ei
)

x = 
n
∑

i=1 
h ft (x)

(

(dx ft ) Ei, x , (dx ft ) Ei, x
) = 
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[as . ft = F ◦ αt =⇒ dx ft =
(

d(x, t) F
) ◦ (dx αt )] 

. = 
n
∑

i=1 
hF(x, t)

(

(d(x,t) F) Ẽ(x,t), (d(x,t) F) Ẽ(x,t)
) = 

n
∑

i=1 
hF
(

F∗ Ẽi , F∗ Ẽi
)

(x,t) 

that is 

. 

{

Traceg

(

f ∗ t h
)}

x 
= 

n
∑

i=1 
hF
(

F∗ Ẽi , F∗ Ẽi
)

(x,t) 

for any.(x, t) ∈ U . Let . Ũ = U × (−ε, ε) and let .ϕ : M̃ → R be the function given 
by 

. ϕ(x, t) = 
1 

2 
Traceg

(

f ∗ t h
)

x , x ∈ M, |t | < ε. 

Then, at each point of . Ũ 

. 
∂ϕ 
∂t 
= 

1 

2 

n
∑

i=1 

∂ 
∂t

{

hF
(

F∗ Ẽi , F∗ Ẽi
)} = 

[as .∇F hF = 0] 

. = 
n
∑

i=1 
hF
(∇F 

∂/∂t F∗ Ẽi , F∗ Ẽi
) = 

. 

[

as.∇F 
∂/∂t F∗ Ẽi = ∇F 

Ẽi 
F∗
( ∂ 

∂t

)

+ F∗
[ ∂ 
∂t 

, Ẽi

]

(because.∇h is torsion-free), and. 
[ ∂ 
∂t 

, Ẽi

]

= 0
]

. = 
n
∑

i=1 
hF
(

∇F 
Ẽi 
F∗
( ∂ 

∂t

)

, F∗ Ẽi

)

= 

[by setting .V := F∗ (∂/∂t) ∈ C∞
(

F−1T N
)

and using again .∇F hF = 0] 

. = 
n
∑

i=1 
hF
(

∇F 
Ẽi 

V, F∗ Ẽi

)

= 
n
∑

i=1

{

Ẽi

(

hF
(

V, F∗ Ẽi

))

− hF
(

V, ∇F 
Ẽi 
F∗ Ẽi

)}

. 

So far, the following identities were used in the calculations (whose proofs are left 
as an exercise to the reader) 
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Exercise 3.117 Show that, for every . X ∈ X(M) 

(1) .∇F hF = 0, 

(2) .∇F 
∂/∂t F∗ X̃ = ∇F 

X̃ 
F∗
( ∂ 

∂t

)

+ F∗
[ ∂ 
∂t 

, X̃
]

, 

(3) .
[ ∂ 
∂t 

, X̃
]

= 0.

�

To proceed, we need the following: 

Lemma 3.118 Let .X f ∈ X(M) be determined by 

.g
(

X f , X
) = h f

(

V , f∗ X
)

, X ∈ X(M). (3.123) 

Then, for any . x ∈ U 

. 

n
∑

i=1 
Ẽi

(

hF
(

V, F∗ Ẽi
))

(x, 0) 
= div

(

X f
)+ 

n
∑

i=1 
h f
(

V , f∗∇Ei Ei
)

x . (3.124) 

Proof For any . (x, t) ∈ Ũ 

. 

n
∑

i=1 
Ẽi

(

hF
(

V, F∗ Ẽi
))

(x,t) 
= 

n
∑

i=1 
Ẽi, (x, t)

(

hF
(

V, F∗ Ẽi
)) = 

. = 
n
∑

i=1

(

(dx αt )Ei, x
)(

hF
(

V, F∗ Ẽi
))

(x,t) 
= 

n
∑

i=1 
Ei, x

(

hF (V, F∗ Ẽi ) ◦ αt
))

. 

Exercise 3.119 Show that 

. hF
(

V, F∗ X̃
) ◦ α0 = h f

(

V , f∗ X
)

, hF
(

V, ∇F 
X̃ 
F∗ Ỹ

)

◦ α0 = h f
(

V , ∇ f X f∗Y
)

, 

for any .X, Y ∈ X(M). �

Next (for .t = 0) 

. 

n
∑

i=1 
Ẽi

(

hF
(

V, F∗ Ẽi
))

(x,0) 
= 

n
∑

i=1 
Ei

(

h f
(

V , f∗ Ei
))

x 
= 
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[by (3.123) and .∇g = 0] 

. = 
n
∑

i=1 
Ei
(

g(X f , Ei )
)

x = 
n
∑

i=1

{

g
(∇Ei X f , Ei

)+ g
(

X f , ∇Ei Ei
)}

x 
= 

. = div
(

X f
)

x + 
n
∑

i=1 
h f
(

V , f∗∇Ei Ei
)

x . 

Q.e.d. Then 

. 
∂ϕ 
∂t 

(x, 0) = div
(

X f
)

x − 
n
∑

i=1 
h f
(

V, ∇ f Ei 
f∗ Ei − f∗∇Ei Ei

)

x = 

. = div
(

X f
)

x − 
n
∑

i=1 
h f
(

V , β( f )(Ei , Ei )
)

x = div
(

X f
)

x − h f
(

V , τ ( f )
)

x 

for every .x ∈ U . Finally [by Green’s lemma] 

. 
d 

dt

{

E
(

ft
)}

t=0 
=
∫

M 

∂ϕ 
∂t 

(x, 0) d vg = −
∫

M 
h f
(

V , τ ( f )
)

d vg . 

Q.e.d. 

Let . f : M → N be a .C∞ map of Riemannian manifolds, and let .(U, xi ) and 
.(V , yα ) local coordinate systems on.M and.N such that. f (U ) ⊂ V . Let us consider 
the functions .τ ( f )α ∈ C∞)U ) given by 

.τ ( f )α ≡ � f α + gi j
({

α 
σλ

}

◦ f
)

f σ 
i f λ 

j . (3.125) 

Exercise 3.120 Show that 

.τ ( f )x = τ ( f )α (x) Yα(x), x ∈ U.

�

Definition 3.121 A.C∞ map. f : M → N is said to be harmonic if .τ ( f ) = 0. �

By the first variation formula. 

Corollary 3.122 Let . f : M → N be a .C∞ map of Riemannian manifolds, with . M 
closed and orientable. The following statements are equivalent 
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(i) . f is harmonic. 
(ii) For every smooth .1-parameter variation .{ ft }|t |<ε ⊂ C∞(M, N ) of . f0 = f 

. 
d 

dt

{

E
(

ft
)}

t=0 
= 0. 

(iii) For any local coordinate systems .(U, xi ) on .M and .(V , yα ) on .N with 
. f (U ) ⊂ V the functions . f α := yα ◦ f satisfy 

. � f α + gi j
({

α 
σλ

}

◦ f
)

f σ 
i f λ 

j = 0 

in . U. 

Example 3.123 (1) Let .I = (−ε, ε) ⊂ R, .ε > 0, and let . f : I → N be a .C∞ map 
into a Riemannian manifold . N . Then .τ ( f ) is the acceleration of . f , so that . f is 
harmonic if and only if . f is a geodesic in . N . 

(2) Let .M and .N be Riemannian manifolds, with .N flat. Then .N admits a . C∞ 

atlas .A such that for any local chart .(V, yα ) ∈ A with .

{

α 
γσ

}

= 0 and then 

.τ ( f )α = −� f α (3.126) 

for any . f ∈ C∞(M, N ). In particular, if .M is compact then . f is a harmonic map if 
and only if . f is constant. 

(3) For the next example we need to recall a few notions from the theory of Rie-
mannian submersions, cf. e.g., O’Neill [One]. Any submersion . f : M → N is an 
open map. In particular . f (M) is an open subset of . N . A submersion between equi-
dimensional [i.e., .n = dim(M) = dim(N ) = m] manifolds has discrete fibers. Let 
.(M, g) and .(N , h) be two Riemannian manifolds (.n ≥ m) and . f : M → N a sur-
jective.C∞ submersion. The vertical space at.p ∈ M is.Vp = Ker(dp f ) and the hori-
zontal space at. p is the orthogonal complement.Hp = V ⊥p in the inner product space 
.(Tp(M), gp). Then .V : p ∈ M �→ Vp ⊂ Tp(M) and . H : p ∈ M �→ Hp ⊂ Tp(M) 
are .C∞ distributions. 

Definition 3.124 . f : M → N is a Riemannian submersion if 

.gp(v, w) = h f (p)
(

(dp f )v, (dp f )w
)

, v,  w  ∈ Hp, p ∈ M. (3.127)

�

The example we aim to present is furnished by: 

Theorem 3.125 A surjective Riemannian submersion . f : M → N is a harmonic 
map of .(M, g) into .(N h) if and only if every fiber . f −1(y), .y ∈ N , is a minimal 
submanifold of .(M, g). 
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(4) Let .G and .H be two Lie groups, equipped with bi-invariant Riemannian 
metrics, and let . f : G → H be a group homomorphism and a .C∞ map. Then . f : 
G → H is a harmonic map (cf. e.g., [EeSa], p. 118). 

(5) Let.M and.N be two Riemannian manifolds, and. f : M → N a.C∞ map. Let 
.p ∈ M and let .(U, xi ) and .(V , yα ) be local systems of normal coordinates on . M 

and . N , of centers .p ∈ U and . f (p) ∈ f (U ) ⊂ V . In particular .
{ i 
jk

}

(p) = 0 and 

.

{ α 
βγ

}(

f (p)
) = 0. Then 

.τ ( f )α 
p = 

n
∑

i=1 

∂2 f α 

∂(xi )2 
(p). (3.128) 

Theorem 3.126 Let .M 
f −→ N 

g 
longrightarrow P be .C∞ maps of Riemannian 

manifolds. If . g is totally geodesic and . f harmonic then .g ◦ f is a harmonic map. 
Let . f ∗β(g) be the field of bilinear forms on .T (M) defined by 

. 
(

f ∗β(g)
)

p(v, w) = β(g) f ( p)
(

(dp f )v, (dp f )w
)

, v,  w  ∈ Tp(M), p ∈ M. 

Theorem 3.126 is an immediate consequence of 

Lemma 3.127 Let .M 
f −→ N g −→ P be .C∞ maps of Riemannian manifolds. Then 

.τ (g ◦ f )p = (d f ( p)g)τ ( f )p + Traceg

{

f ∗ β(g)
}

p, p ∈ M. (3.129) 

Proof Let .
(

U, xi
)

, .
(

V , yα
)

, and .
(

W, ua
)

, be local systems of normal coordinates 
on . M , .N and .P respectively, of centers .p ∈ U , . f ( p) ∈ f (U ) ⊂ V , and . g( f (p)) ∈ 
g(V ) ⊂ W . The convention one adopts as to the range of indices is 

. i, j, k,  . . .  ∈ {1,  . . . ,  n
}

, α, β, γ, · · ·  ∈ {1,  . . . ,  m
}

, a, b, c,  . . .  ∈ {1,  . . . ,  p
}

. 

Then 

. 
∂(g ◦ f )a 

∂xi
= ( ∂ga 

∂ yα ◦ f
) ∂ f α 

∂xi 
, (3.130) 

. 
∂2(g ◦ f )a 
∂xi ∂x j 

=
( ∂ga 

∂ yα ∂ yσ ◦ f
) ∂ f α 

∂xi 
∂ f σ 

∂x j 
+
( ∂ga 

∂ yα ◦ f
) ∂2 f α 

∂xi ∂x j 
. (3.131) 
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Let us contract . i and . j in (3.131) so that to obtain 

. τ (g ◦ f )a p = 
n
∑

i=1

{ ∂ga 

∂ yα ∂ yσ

(

f (p)
) ∂2 f α 

∂xi 
(p) 

∂ f σ 

∂xi 
(p) + 

∂ga 

∂ yα

(

f (p)
) ∂2 f α 

∂
(

xi
)2 ( p)

}

= 

. =
{

(d f (p)g) τ ( f )p + 
n
∑

i=1 
β(g) f ( p)

(

(dp f )
( ∂ 

∂xi

)

p 
, (dp f )

( ∂ 
∂xi

)

p

)}a 
. 

Q.e.d. 

3.13.1 Harmonic Maps of Spheres 

Definition 3.128 A polynomial harmonic map is a map .	 : Rn → Rm such that 
every component .	α : Rn → R is a harmonic homogeneous polynomial of some 
degree . k. �

Let .	 : Rn → Rm be a polynomial harmonic map. The components .φα of . φ =
	
∣
∣
Sn−1 are eigenfunctions of the Laplacian .�Sn−1 corresponding to the eigenvalue 

.k(k + m − 2). 

Theorem 3.129 Let .	 : Rn → Rm be a polynomial harmonic map. Let us assume 
that .	 descends to a map .φ : Sn−1 → Sm−1, i.e., .	

(

Sn−1
) ⊂ Sm−1. Then . φ is har-

monic. 

Proof Let .i : Sm−1 → Rm be the inclusion, so that .	 = i ◦ φ. The target space is 
Euclidean, so that .

{ α 
σλ

}

= 0. Hence 

.τ (i ◦ φ)p = �Sn−1
(

i ◦ φ)p, p ∈ Sn−1 . (3.132) 

Also, for every orthonormal basis . {ei : 1 ≤ i ≤ n − 1} ⊂  Tp(Sn−1) 

.τ (i ◦ φ)p =
(

dφ( p)i
)

τ (φ)p + 
n−1
∑

j=1 
β(i )φ(p)

(

(dpφ)e j , (dpφ)e j
)

(3.133) 

where .(dφ( p)i)τ (φ)p is tangent to .Sm−1 at .φ(p). Moreover, as . i : Sm−1 → Rm 

is an isometric immersion, .β(i ) is its second fundamental form. It follows that 
.β(i )φ( p)

(

(dpφ)e j , (dpφ)e j
)

is orthogonal to.Sm−1 at.φ( p). Formulas (3.132)–(3.133) 
imply 

.(dφ( p)i ) τ (φ)p =
{(

�Sn−1 (i ◦ φ)p

}T 
. (3.134) 
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Here .uT is the component of .u ∈ Tφ( p)(R
m) tangent to .Sm−1 with respect to 

. Tφ( p)(R
m ) = Tφ( p)(S

m−1 ) ⊕ Nφ( p)(S
m−1 ) 

[and .Nφ( p)(Sm−1) = Tφ( p)(Sm−1)⊥ is the normal space]. There is .λ ∈ R such that 

.�Sn−1 (i ◦ φ) = λ (i ◦ φ). (3.135) 

Then [by (3.135)] .�Sn−1 (i ◦ φ) is orthogonal to .Sm−1. Consequently [by (3.134)] 
.(dφ(p)i ) τ (φ)p = 0, i.e., .τ (φ)p = 0 for any .p ∈ Sn−1. Q.e.d. 

Theorem 3.129 prompts the natural question of looking for harmonic polynomial 
maps that descend to maps between spheres. 

Example 3.130 Let.	 : C → C,.C  R
2, be the map given by.	(z) = zk , for  some  

fixed .k ∈ N. For instance, if .k = 2 then .	 is the map 

. 	(x, y) = (x2 − y2 , 2 x y
)

. 

As .	 is holomorphic, its real and imaginary parts are harmonic functions. Hence 
.	 is a polynomial harmonic map of degree . k. Note that .	 descends to the map . φ : 
S1 → S1, .φ(z) = zk , which is harmonic by Theorem 3.129. The  map  . φ : S1 → S1 
may also be thought of as the geodesic .[0, 2π) → S1, .θ �→ exp(k i  θ), .i = 

√−1. 
. φ wraps .S1 around itself . k times, i.e., its Brouwer degree is . k. One may also look 
at the case .k ∈ Z, .k ≥ 0, and then one obtains a harmonic map .φ : S1 → S1 which 
inverts the orientations (and has Brouwer degree. k). Actually, all homotopy classes in 
the fundamental group .π1(S1) contain harmonic maps (since .π1(S1)  Z identifies 
every homotopy class with the Brouwer degree, cf. e.g., [Dol]). �

Definition 3.131 An orthogonal multiplication is a .R-bilinear map . f : R p → 
R

q → Rn such that 

.‖ f (x, y)‖ = ‖x‖ ‖y‖, x ∈ R p , y ∈ Rq . (3.136)

�

Theorem 3.132 Let . f : Rm → Rm → Rn be an orthogonal multiplication, and let 
us consider the map . 	 : R2m → Rn+1 

. 	(x, y) = (‖x‖2 − ‖y‖2 , 2 f (x, y)). 

Then .	 is a polynomial harmonic map of degree . 2, that descends to a map . φ : 
S2m−1 → Sn. 

Proof The first component of . 	

.	1 (x, y) = x2 1 +  · · ·  +  x2 m −
(

y2 1 +  · · ·  +  y2 m
)
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is a harmonic homogeneous polynomial of degree . 2. Here .x = (x1,  . . . ,  xm). As . f 
is .R-bilinear there exist .aα 

i j  ∈ R such that 

. f α (x, y) =
∑

1≤i, j≤m 
aα 
i j  xi y j , 1 ≤ α ≤ n. 

Therefore the last . n components of .	 are harmonic polynomials (homogeneous of 
degree . 2). Thus .	 is a polynomial harmonic map of degree . 2. Finally [by (3.136)] 

. ‖	(x, y)‖2 = ‖x‖2 − ‖y‖2 + 4 ‖ f (x, y)‖2 = (‖x‖2 + ‖y‖2)2 = 1 

for any.(x, y) ∈ S2m−1. Hence.	(S2m−1) ⊂ Sn , i.e., .	 descends to a harmonic map 
.φ : S2m−1 → Sn . Q.e.d. 

Example 3.133 Let. f : Rm × Rm → Rm be the multiplications of real numbers, of 
complex numbers, of quaternions, and of Cayley octonions. If .m = 2, i.e., 

. f : C × C → C, (z, w) �→ zw, z, w  ∈ C, 

then .|zw| = |z| |w|, i.e., . f is an orthogonal multiplication. By Theorem 3.132 (i.e., 
the Hopf construction) one obtains the map 

. φ : S3 → S2 , φ(z, w)  = (|z|2 − |w|2 , 2 z w), (z, w)  ∈ S3 ⊂ R4  C
2 . 

Then [by Theorem 3.132] . φ is harmonic (. φ is the Hopf fibration). The homotopy 
class of the Hopf fibration .φ : S3 → S2 is a generator of .π3

(

S2
)  Z. The follow-

ing general problem springs from the example at hand: build harmonic maps that 
represent each .r ∈ Z  π3

(

S2
)

. The problem is open. 56 By a result of A. Ratto (cf. 
[Rat]) each element of.π3

(

S2
)  Z can be rendered harmonic, i.e., admits a harmonic 

representative, provided that the domain .S3 is endowed with a suitable Riemannian 
metric. 

If .m = 4 the quaternion multiplication. f : H × H → H (.H  R
4) is an orthogo-

nal multiplication. By the Hopf construction, one obtains the Hopf fibration.S7 → S4, 
which is a harmonic map. 

If .m = 8 the multiplication of Cayley octonions. f : O × O → O, .O  R
8, is an  

orthogonal multiplication hence it provides the Hopf fibration .S15 → S8, which is 
a harmonic map. The Hopf fibrations .S3 → S2, .S7 → S4 and .S15 → S8 are also 
Riemannian submersions with totally geodesic fibers (cf. e.g., [EeLe]). �

56 Solutions are known for.r = k2 and particular values of.k ∈ Z. 
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Definition 3.134 A harmonic polynomial .P : Rm → R of degree . k is said to be an 
eikonal if 

.‖∇ P‖2 x = ‖x‖2k−2 , x ∈ Rm . (3.137)

�

Here .∇ P = (Px1 ,  . . . ,  Pxm
)

. 

Theorem 3.135 If .P : Rm → R is an eikonal then .∇ P : Rm → Rm descends to a 
harmonic map .Sm−1 → Sm−1. 

Proof .∇ P is a polynomial harmonic map of degree .k − 1. It descends to a map 
.Sm−1 → Sm−1 to which Theorem 3.129 applies. Q.e.d. 

Theorem 3.136 Let.ν ∈ {1, 2, 4, 8}. Let us consider the map.P : R3ν+2 → R given 
by 

.P(u, v,  X, Y, Z ) = u2 − 3uv2 + (3.138) 

. + 
3 

2 
u
(

X X + Y Y − 2Z Z
)+ 

3
√
3 

2 
v
(

X X − Y Y
)+ 

3
√
3 

2

(

XY  Z  + Z Y X
)

, 

. u, v  ∈ R, X, Y, Z ∈ Rν , 

i.e., .X, Y, Z belong to one of the following fields .{R, C, H, O}. Then .P is an 
eikonal of degree . 3 and hence .	 = ∇  P : R3ν+2 → R3ν+2 descends to a harmonic 
map .φ : S3ν+1 → S3ν+1, .ν ∈ {1, 2, 4, 8}. 

An overbar denotes conjugation in . C, or  . H, or  .O (and the identical mapping of 
.R). The expression (3.138) comes from the theory of isoparametric functions, cf. 
.§ 3.13.5 below. Cf. also Baird [Bai]. 

3.13.2 Fundamental Problems in the Theory of Harmonic 
Maps 

The following fundamental problem arises in the theory of harmonic maps of Rie-
mannian manifolds (cf. e.g., [EeLe]). 

Problem. Let .M and .N be two Riemannian manifolds, with .M connected. Given 
a continuous map .φ0 : M → N , is there a harmonic map .φ : M → N homotopic to 
. φ0? 

Any continuous map .M → N is homotopic to some .C∞ map .M → N . More-
over, if .φ0, φ1 : M → N are homotopic and smooth, there is a smooth homotopy 
deforming.φ0 into. φ1. Let.[M, N ] denote the set of all homotopy classes of maps of 
.M into . N . The fundamental problem states at the beginning of the present section 
admits the following reformulation. 
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Problem. Given two Riemannian manifolds .M and . N , with .M connected, and 
given a homotopy class .H ∈ [M, N ], is there a harmonic map .φ ∈ H? 

If such .φ ∈ H exists, it is said to be a  harmonic representative of . H . A partial 
answer to the fundamental problem above is provided by Eells and Sampson [EeSa]. 

Theorem 3.137 Let .M and .N be two compact and connected Riemannian man-
ifolds. If .N has sectional curvature .Riem(N ) ≤ 0 then every homotopy class 
.H ∈ [M, N ] admits a harmonic representative.φ ∈ H. The harmonic representative 
.φ ∈ H is uniquely provided that .Riem(N ) <  0. 

We give a hint to the proof. 57 

Lemma 3.138 Let .M and .N be two Riemannian manifolds, with .M compact and 
connected. Let. φ be an absolute minimum of the energy functional. E : C∞(M, N ) → 
R within its homotopy class, i.e., .E(φ) ≤ E(ψ) for any .ψ ∈ C∞(M, N ) homotopic 
to . φ. Then . φ is harmonic. 
Proof Let.{φt }t0<t<t1 (.t0 < 0 < t1) be a smooth.1-parameter variation of.φ0 = φ. By  
hypothesis.E(φ) ≤ E(φt ) for each value of the parameter. t . Hence the one real vari-
able function.(t0, t1) → R, .t �→ E(φt ), has a minimum point at .t = 0. The function 
.t �→ E(φt ) is also differentiable, and .t = 0 is an interior point of its domain, hence 

.

{

d E
(

φt
)/

d t
}

t=0 
= 0, i.e., . φ is harmonic. Q.e.d. 

Let .{φt }t≥0 be a smooth .1-parameter family of .C∞ maps .φt : M → N . By the  
first variation formula 

. 
d 

dt

{

E
(

φt
)} = −

∫

M 
hφt

(

τ
(

φt
)

, V ◦ αt

)

d vg, (3.139) 

. V(x, t) =
(

d(x, t) 	
)( ∂ 

∂t

)

(x, t) 
, 	(x, t) = φt (x). 

One often adopts the (a bit ambiguous) notation .V =: ∂φt
/

∂t . Should a choice of 
.φt be feasible such that 

. 
∂φt 

∂t 
− τ

(

φt
) = 0, t > 0, (3.140) 

then (3.139) would imply . 
d 

dt

{

E
(

φt
)} ≤ 0, that is to say the energy decreases [and 

.d E(φt )/dt  = 0 if and only if .τ (φt ) = 0, i.e., a harmonic map has been reached 
already]. Therefore, the proof of Theorem 3.137 amounts to the determination of 
a solution .	 : M × [0, +∞) → N , .	(x, t) = φt (x), .x ∈ M , .t ≥ 0, to the  heat 
equation for harmonic maps, i.e., Eq. (3.140) with initial condition .φ0 = φ. 

Let .Riem(N ) denote the sectional curvature of . N . Under the assumptions of 
Theorem 3.137 [i.e., if .M and .N are compact and connected and .Riem(N ) ≤ 0] for  

57 Which is rather involved. For details one may see [EeSa]. 
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any continuous map.φ : M → N there is (by a result of Eells and Sampson [EeSa]) 
a solution .	 to (3.140) with .	(x, 0) = φ(x), .x ∈ M , and .φt tends for .t →∞  to a 
harmonic map that is an absolute minimum [for the energy . E] within its homotopy 
class. The proof relies on the theory of parabolic systems of PDEs (cf. e.g., Friedman 
[Fri]). For the last statement in Theorem 3.137 one may also see Hartman [Har]. 

We end the section with the following remark. Let us recall that . 
[

S1, S1
]  

Z (to every map one associates its degree). Indeed two maps .φ, ψ : S1 → S1 are 
homotopic if and only if . φ and . ψ have the same degree. Let .Hk ∈

[

S1, S1
]

be the 
homotopy class of maps of degree .k ∈ Z. By Theorem 3.137, as  .Riem(S1) = 0 the 
class.Hk must contain a harmonic representative. Indeed, as previously shown the map 
.S1 → S1,.θ �→ k θ is a harmonic representative of.Hk . It is a natural question whether 
one may find a harmonic representative in every homotopy class .H ∈ [S2, S2]. 

3.13.3 Lichnerowicz Theorem 

Let.(M, J, g) and.(N , J N , h) be two Kählerian manifolds, and let . f : M → N be 
a .C∞ map. 

Definition 3.139 . f : M → N is holomorphic if 

.(dx f ) ◦ Jx = J N f (x) ◦ (dx f ), x ∈ M. (3.141)

�
Let.p ∈ M and let .(U, z j ) and.(V, wα ) be local systems of complex coordinates 

on.M and.N such that.p ∈ U and. f (U ) ⊂ V . Also, let .(V , wα ) be chosen such that 
. f α (p) = 0 [where . f α = wα ◦ f ] and .�α 

σλ( f (p)) = 0 where 

. ∇N 
∂/∂wσ 

∂ 
∂wλ = �α 

σ λ  
∂ 

∂wα 

[.�σ λ  are the only surviving complex components of the Levi-Civita connection . ∇N 

of .(N , h)]. 

Theorem 3.140 Let .(M, J, g) and .(N , J N , h) be two Kählerian manifolds, and 
let . f ∈ C∞(M, N ). If . f : M → N is holomorphic then . f is harmonic. 

Proof Let .z j = x j + i y  j be the real and imaginary parts of . z j . Then 

.τ ( f )α 
p = 

n
∑

j=1

{ ∂2 f α 

∂ (x j )2 
+ 

∂2 f α 

∂ (y j )2
}

= 
1 

4 

n
∑

j=1 

∂2 f α 

∂ z j ∂ z j 
= 0 (3.142) 

because of. f = holomorphic.=⇒ ∂ f α /∂z = 0. A similar argument yields. τ ( f )α = 
0. Q.e.d. 
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Let.(M, J ) be a complex.m-dimensional manifold, and let.T (M) ⊗ C be the com-
plexification of its tangent bundle. Let us extend.J : T (M) → T (M) by.C-linearity 
to an endomorphism of .J C of .T (M) ⊗ C. Then .

(

J C
)2 = −I hence . Spec

(

J C
) = 

{±i},.i = 
√−1. Let.T 1,0(M) = Eigen

(

J C , +i) be the holomorphic tangent bundle, 

and .T 0,1(M) ≡ T 1,0(M) (an overbar denotes complex conjugation). Let .gC be the 
.C-linear extension of the metric . g to .T (M) ⊗ C, and let us consider the Hermitian 
form 

.〈A, B〉 =  gC
(

A, B
)

, A, B ∈ C∞
(

T (M) ⊗ C
)

. (3.143) 

Let .�(X, Y ) = g(X, JY  ), .X, Y ∈ X(M), be the Kähler .2-form of .(M, J, g), and 
let.�C be the.C-linear extension of. �. It is customary to drop the upper index. C (that 
is we shall not distinguish notationally between tensor field of sorts, e.g., . g and . �, 
and their.C-linear extensions). Let.(U, z j ) be a local system of complex coordinates 
on .M and let us set 

. Z j = 
∂ 

∂z j 
, Z j = Z j , 1 ≤ i ≤ m 

for the sake of simplicity. Let us set as customary 

. g j k = g
(

Z j , Zk

) = 〈Z j , Zk〉, � j k = �
(

Z j , Zk

)

, 

so that 
.� j k = −i g j k . (3.144) 

Let .(N , J N , h) be another Kählerian manifold, and let .φ : M → N be a .C∞ map. 
Let .dC 

x f : Tx (M)⊗C → T f (x)(N )⊗C be the .C-linear extension of . dx f : Tx (M) → 
T f (x)(N ). By taking into account the decompositions 

. T (M) ⊗ C = T 1,0 (M) ⊕ T 0,1 (M), T (N ) ⊗ C = T 1,0 (N ) ⊕ T 0,1 (N ), 

one may introduce natural maps 

. ∂ f : T 1,0 (M) → f −1 T 1,0 (N ), ∂ f : T 1,0 (M) → f −1 T 0,1 (N ), 

. ∂ f : T 0,1 (M) → f −1 T 1,0 (N ), ∂ f : T 0,1 (M) → f −1 T 0,1 (N ). 

For instance .∂ f is defined as the commutative closure of the diagram 

. 

T 1,0(M) 
i

↪→ T 1,0(M) ⊕ T 0,1(M) = T (M) ⊗ C 

∂ f ↓ ↓  dC f 

f −1 T 1,0(N )

(

π1,0
) f 

←− f −1
{

T 1,0(N ) ⊕ T 0,1(N )
} = f −1

{

T (N ) ⊗ C
}
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Here.i : T 1,0(M) → T (M) ⊗ C is the inclusion,.π1,0 : T (N ) ⊗ C → T1,0(N ) is the 
projection, and .

(

π1,0
) f 

x = π1,0 
f (x) for any .x ∈ M . Then . f is holomorphic 

.⇐⇒ ∂ f = 0. 

Definition 3.141 . f : M → N is said to be anti-holomorphic if .∂ f = 0. �

Let .‖∂ f ‖, ‖∂ f ‖ :  M → [0, +∞) be defined as follows. Let .p ∈ M and let 
.(U, z j ) be a local systems of complex coordinates with.p ∈ U . We set by definition 

. 
∥
∥∂ f

∥
∥2 
p = g jk ( p) hασ( f (p)) f α 

j (p) f σ 
k (p),

∥
∥∂ f

∥
∥2 
p = g jk (p) hασ( f ( p)) f α 

k 
(p) f σ 

j 
( p) .  

The definition doesn’t depend upon the choice of local complex coordinates about 
. p. The functions . f α 

j and . f α 
j 
are determined by 

. (∂ f ) Z j = φα 
j Wα, (∂ f ) Z j = φα 

j 
Wα, Wα ≡ ∂ 

∂wα . 

We adopt the customary notations 

. e( f ) = 
1 

2
‖d f ‖2 , e′( f ) = ∥∥∂ f

∥
∥
2 
, e′′( f ) = ∥∥∂ f

∥
∥
2 
, 

so that 
.e( f ) = e′( f ) + e′′( f ). (3.145) 

Let us also set 

. E ′( f ) =
∫

M 
e′( f ) d vg, E ′′( f ) =

∫

M 
e′′( f ) d vg, 

so that .E( f ) = E ′( f ) + E ′′( f ). 

Theorem 3.142 Let .M and .N be Hermitian manifolds, with .M compact, and let 
. f : M → N be a .C∞ map. Then . f is holomorphic (respectively anti-holomorphic) 
if and only if .E ′′( f ) = 0 (respectively .E ′( f ) = 0). 

The proof is straightforward. The remainder of the section is devoted to a cel-
ebrated result by Lichnerowicz [Lic]. Let .φ : M → N be a .C∞ map of Kählerian 
manifolds, and let us set 

. k(φ) = e′(φ) − e′′(φ), K (φ) =
∫

M 
k(φ) d vg, 

so that .K (φ) = E ′(φ) − E ′′(φ). 

Theorem 3.143 Let .M and .N be two Kählerian manifolds, and let .φt : M → N be 
a smooth .1-parameter family of .C∞ maps. Then the function .t �→ K (φt ) is constant. 
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We shall need 

Lemma 3.144 Let . f : M → N be a .C∞ map of Kählerian manifolds. Then 

.k(φ) = 〈�M , φ∗�N 〉. (3.146) 

Here.�M and.�N are the Kähler.2-forms of.M and. N . The proof is straightforward. 

Lemma 3.145 Let .φt : M → N be a smooth .1-parameter family of .C∞ maps. Let 
.� be a closed .2-form on . N . Then 

. 
∂ 
∂t

(

φ∗ t �
) = d

(

φ∗ t
(∂φt 

∂t
*�
))

. (3.147) 

For a proof one may see [Lic], p. 49. 

Proof of Theorem 3.143 By (3.146) together with (2.7.11) in [Gol], p. 70 

. k(φ) d vg = 〈�M , φ∗�N 〉 d vg = �M ∧ ∗(φ∗�N
)

. 

Next (as the Hodge operator . ∗ possesses the property (iii) in [Gol], p. 70) 

.k(φ) d vg =
(

φ∗�N
) ∧ ∗�M . (3.148) 

Let us integrate in (3.148) so that to obtain 

.K (φ1) − K (φ0) =
∫

M

(

φ∗ 1 �N − φ∗ 0 �N
)

∧ ∗�M . (3.149) 

Let us set by definition 

. α =
∫ 1 

0 
φ∗ t
{∂φt 

∂t
*�N

}

d t  . 

Then [by (3.147)] 

. φ∗ 1 �N − φ∗ 0 �N =∈1 0 
∂ 
∂t

{

φ∗ t �N
}

d t  = dα 

hence (3.149) becomes [by the theorem of Stokes 58 together with 

. d(∗�M ) = d
{ 1 

(m − 1)!
(

�M
)m−1} = 0 

(because of .d �M = 0)] 

58 Cf. e.g., Boothby [Boo], p. 257. 



306 3 Isometric Immersions 

. K (φ1) − K (φ0) =
∫

M 
(dα) ∧ ∗�M =

∫

M 
d
(

α ∧ ∗�M
) = 0. 

We have shown that.K (φ0) = K (φ1). The same arguments, starting with the interval 
.[0, t] rather than .[0, 1], lead to .K (φ0) = K (φt ) hence the function .t �→ K (φt ) is 
constant. Q.e.d. 

Corollary 3.146 Let .M and .N be two Kählerian manifolds, with .M compact, and 
let .φ : M → N be a holomorphic (or anti-holomorphic) map. Then . φ is a harmonic 
map and an absolute minimum within its homotopy class. 

Proof Let .ψ : M → N be a smooth map homotopic to . φ. Then 

. E(ψ) = E ′(ψ) + E ′′(ψ) ≥ ∣∣E ′(ψ) − E ′′(ψ)
∣
∣ = ∣∣K (ψ)

∣
∣ = ∣∣K (φ)

∣
∣. 

For the last equality we made use of Theorem 3.143 and of the possibility to choose 
a smooth homotopy between . φ and . ψ. Then (by Theorem 3.142) 

. E(ψ) ≥ ∣∣E ′(φ) − E ′′(φ)
∣
∣ = 

⎧ 
⎪⎨ 

⎪⎩ 

E ′(φ) if φ is holomorphic 

E ′′(φ) if φ is anti-holomorphic 

= E ′(φ) + E ′′(φ) = E(φ). 

Q.e.d. 

3.13.4 Harmonic Maps of Surfaces 

Let .M = N = S2 be equipped with the standard Kählerian structure. The Riemann 
sphere.S2 is identified (by the stereographic projections) to the extended Gauss plane, 
i.e., .S2  C ∪ {∞}, and we consider the holomorphic map.φ : S2 → S2, .φ(z) = zk , 
.k ∈ Z+. Then . φ is (by Corollary 3.146) a harmonic map and an absolute minimum 
within its homotopy class. 

We need to recall a few notions about degrees of maps . f : Sn → Sn . Any  
group endomorphism .φ : Z → Z is determined by an integer number .d ∈ Z, i.e., 
.φ(x) = d x , for any .x ∈ Z. Let us apply this observation to the homomorphism 
. f∗ : H̃n(Sn) → H̃n(Sn) induced by . f on (reduced) homology. As . H̃n(Sn)  Z (cf. 
e.g., [Dol], p. 56) there is a unique integer number .deg( f ) ∈ Z (the degree of 
. f : S2 → S2) such that . f∗(x) = deg( f ) x . 
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The harmonic map 

.φ : S2 → S2 , z �→ zk , z ∈ C ∪ {∞}  S2 , k ∈ Z+ (3.150) 

has degree.deg(φ) = k. We recall that given.φ, ψ ∈ [S2, S2], if.φ  ψ then. deg(φ) = 
deg(ψ), cf. e.g., [Dol], p. 63. Therefore.deg : [S2, S2]→ Z is a bijection. Note also 
that the map 

.ψ : S2 → S2 , z �→ zk , z ∈ C ∪ {∞}  S2 , k ∈ Z+ (3.151) 

is anti-holomorphic and has degree .−k. We may conclude that all classes of homo-
topy .H ∈ [S2, S2] admit harmonic representatives. It should be observed that, 
although.Riem(S2) ≥ 0 (and Theorem 3.137 doesn’t apply) the fundamental problem 
in Section .§ 3.13.2 is at this point solved (for .M = N = S2). 

Let .M and.N be two compact, connected, oriented differentiable manifolds such 
that .dim(M) = dim(N ). Let  .φ : M → N be a smooth map, and let .y ∈ N be a 
regular value of . φ. Then .φ−1(y) is a finite set .φ−1(y) = {x1,  . . . ,  xk}. For any . xi ∈ 
φ−1(y) the differential .dxi φ either preserves or reverses the orientations. We set by 
definition.sign(xi ) = +1 if.dxi φ is orientation-preserving, and.sign(xi ) = −1 if. dxi φ 
is orientation-reversing. Also, we define 

.degy φ =
∑

xi∈φ−1(y) 

sign (xi ). (3.152) 

We need to recall the following facts (cf. e.g., [Spi], vol. I, p. 372). The integer number 
.degy φ doesn’t depend on the choice of regular value.y ∈ N , so the following notation 
is legitimate 

.deg (φ) = degy φ (3.153) 

where .y ∈ N is an arbitrary regular value. Also, the number .deg(φ) depends only 
on the homotopy class .[φ] ∈ [M, N ], hence it determines a well-defined map . deg : 
[M, N ] →  Z. 

The proof of the fact that the map (3.150) .deg(φ) = k relies on the following: 

Lemma 3.147 The only critical points of .φ : S2 → S2, .z �→ zk , may be . 0 and .∞. 
If .k = 1 then . φ has no critical points. 

Hence the critical values of the map may be. 0 and.∞. Let.w ∈ C ∪ {∞}  S2 such 
that .w �= 0 and.w �= ∞. The equation.zk = w has. k solutions. As. φ is holomorphic, 
.dzφ is orientation-preserving for any non critical point . z. It follows that . deg(φ) = 
degw φ = k (because. w has. k counter images, and for any counter image. z ∈ φ−1(w) 
one has .sign (z) = +1. 

Similar arguments show that the map (3.151) has degree .deg(ψ) = −k. If . k = 0 
then. ψ is constant. Hence.deg(ψ) = 0, because each.w �= 1 is a regular value having 
. 0 as a counter image. 
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Let .M and .N be two compact, connected Riemann surfaces of genus . 1. Any  
compact, connected, oriented Riemann surface.M is homeomorphic to a sphere with 
. p handles, .p ∈ Z+ (. p is the genus of . M). In the sequel we look at harmonic maps 
.φ : M → N . Note that 

. M  C/� (a biholomorphism), � = {λ1 e1 + λ2 e2 : λ1, λ2 ∈ Z}, 

where.{e1, e2} is a.R-linear basis of. C. A special case is got for.e1 = (1, 0) and. e2 = 
(0, 1): if.C/� is equipped with the standard metric then.M  S1 × S1 (an isometry). 
Let now.M = N = S1 × S1 with the product metric. Then.deg : [M, N ] →  Z is only 
surjective (it is not injective), cf. e.g., [EeLe]. In turn 

.
[

S1 × S1 , S1 × S1
]  Z ⊕ Z ⊕ Z ⊕ Z (a bijection). (3.154) 

Indeed, if .φ : S1 × S1 → S1 × S1 is a continuous map, let 

. φ∗ : π1
(

S1 × S1
)→ π1

(

S1 × S1
)

, π1
(

S1 × S1
)  Z ⊕ Z, 

. φ∗(r, s) =
(

a r  + b s, c r  + d s
)

, (r, s) ∈ Z ⊕ Z. 

The integer numbers .a, b, c, d ∈ Z depend on . φ and on the isomorphism. π1
(

S1 × 
S1
)  Z ⊕ Z. The bijection (3.154) is then .[φ] �→ (a, b, c, d). 

Exercise 3.148 Compute .deg(φ) in terms of the integer numbers .a, b, c, d . �

Example 3.149 (1) The map 

. φ : S1 × S1 → S1 × S1 , (θ, ψ) �−→ (

a θ + b ψ, c θ + d ψ
)

is harmonic and belongs to the homotopy class determined by .(a, b, c, d) ∈ Z4. 
Here .θ, ψ ∈ R/(2πZ)  S1. Actually . φ is totally geodesic (i.e., .β(φ) = 0). Indeed 
the map 

. 	 : R2 → R2 , (x, y) �−→ (a x  + b y, c x  + d y), 

descends to . φ, i.e., the following diagram 

. 

R
2 	−→ R

2 

π ↓ ↓  π 

S1 × S1 φ −→ S1 × S1 

is commutative, where .π : R2 → S1 × S1 is the direct product of two copies of 
the canonical projection .R → R/(2πZ)  S1. Finally, .	 is linear and hence totally 
geodesic. Note that . φ isn’t holomorphic, in general. 
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(2) The map 

. φ : S1 × S1 → S1 × S1 , (θ, ψ) �−→ (2 θ, ψ) 

is harmonic yet it is neither holomorphic nor anti-holomorphic. Indeed, . φ is not 
conformal, since 

. 

∥
∥
∥(dφ) 

∂ 
∂θ

∥
∥
∥ = 2

∥
∥
∥(dφ) 

∂ 
∂ψ

∥
∥
∥. 

(3) The map .(θ, ψ) �→ (2θ, 2ψ) is holomorphic, conformal 

. 

∥
∥
∥(dφ) 

∂ 
∂θ

∥
∥
∥ =

∥
∥
∥(dφ) 

∂ 
∂ψ

∥
∥
∥,

〈

(dφ) 
∂ 
∂θ 

, (dφ) 
∂ 

∂ψ

〉

= 0 

and orientation-preserving. Note that the map in question descends from the holo-
morphic mapping .C → C, .z �→ 2 z. �

Through the remainder of the present section, we quote a few results on harmonic 
maps.φ : Mp → Np, where.Mp and.Np are two compact Riemann surfaces of genus 
.p ∈ Z+, equipped with Hermitian metrics. 

Theorem 3.150 Every harmonic map .φ : M0 → N0 is either holomorphic or anti-
holomorphic. There are no harmonic maps .φ : M1 → M0 such that .deg(φ) ∈ {±1}. 

Cf. Eells and Wood [EeWo]. It should be observed (cf. e.g., [EeLe]) that the 
map .deg : [Mp, M0

]→ Z is a bijection; the elements of 59 .
[

Mp, M0
]

are classified 
because of .π1(S2) = 0. 
Theorem 3.151 Every harmonic map.φ : Mp → M0 with.

∣
∣deg(φ)

∣
∣ ≥ p is holomor-

phic, or anti-holomorphic. 

A complete knowledge of the holomorphic maps .φ : Mp → M0 comes from the 
theory of Riemann surfaces. Little is known on the case .

∣
∣deg(φ)

∣
∣ ≤ p, cf.  . § 11  

in [EeLe1]. 

Using the last quoted result, we may give a proof of the non-existence of harmonic 
maps .φ : M1 → M0 with .deg(φ) = 1. We argue by contradiction. If . φ : M1 → M0 

is a harmonic map with .p = 1 = deg(φ) then . φ is holomorphic. 60 Yet there is no 
holomorphic map .φ : M1 → M0 with .deg(φ = 1, for such a map would have no 
ramification point. 61 In a sufficiently small neighborhood of a ramification point, 
every point has at least .k ≥ 2 counter-images, for . φ is locally of the form .z �→ zk , 
.k ∈ {2, 3, · · · }. It then follows that . φ is locally biholomorphic, a contradiction. 62 

59 One has.M0  S2 (an isometry, where.S2 is equipped with a non standard metric). 
60 As.deg(φ) >  0 the map. φ cannot be anti-holomorphic. 
61 That is no critical point (here the two notions coincide). 
62 Indeed, it follows that.M1 is a covering space of.M0, yet every covering space of.M0  S2 is.S2. 
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3.13.5 Isoparametric Functions 

Let .(M, g) be a real space form, i.e., a Riemannian manifold of constant sectional 
curvature. 

Definition 3.152 A .C∞ map is a isoparametric function if there exist two smooth 
functions .φ, ψ : R → R such that 

.‖d f ‖2 = φ ◦ f, (3.155) 

.� f = ψ ◦ f. (3.156)

�

Theorem 3.153 Let .(M, g) be a .n-dimensional Riemannian manifold, and let . f : 
M → R be a smooth map obeying to (3.155)–(3.156). Let .c ∈ f (M) be a regular 
value of . f , and let .Mc = f −1(c). Then .Mc has constant mean curvature .‖H‖. 
Proof One has 

. Tx (Mc) =
{

c ∈ Tx (M) : v( f ) = 0
}

, x ∈ Mc . 

Let .ξ = ‖d f ‖−1 ∇ f . If .X ∈ X(Mc) then 

. g(X, ξ) = ‖d f ‖−1 g((d f  )
, X) = ‖d f ‖−1 X ( f ) = 0, 

i.e., . ξ is a unit normal field on .Mc. By Weingarten’s formula 

. ∇X ξ = −Aξ X, 

where .∇ is the Levi-Civita connection of .(M, g). Let  .{E1,  . . . ,  En−1} be a local 
orthonormal frame of .T (Mc), defined on some open subset .U ⊂ Mc. Then 

. ‖H‖= 1 

n − 1 
Trace ( Aξ ) = 1 

n − 1 

n−1
∑

i=1 
g
(

Aξ Ei , Ei
) = − 1 

n − 1 

n−1
∑

i=1 
g
(∇Ei ξ, Ei

) = 

. = − 1 

n − 1 

n−1
∑

i=1

{

‖d f ‖−1 g((d f  )
, Ei
)+ Ei

(‖d f ‖−1) g((d f  )
, Ei
)} = 

. = 1 

n − 1
‖d f ‖−1 

n−1
∑

i=1

(∇Ei d f
)

Ei 

as .Ei ( f ) = 0, .1 ≤ i ≤ n − 1. Finally 
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. ‖H‖ = 1 

n − 1
‖d f ‖−1

{

div
(∇ f

)− (∇ξd f
)

ξ
}

hence 

.‖H‖ = − � f 

(n − 1) ‖d f ‖ −
1 

n − 1
‖d f ‖−1 (∇ξd f

)

ξ. (3.157) 

Cf. Nomizu [Nom1,Nom2]. 

Lemma 3.154 The integral curves of . ξ are geodesics in .(M, g) i.e. 

.∇ξξ = 0. (3.158) 

Proof Let .X ∈ X(Mc), so that .X ( f ) = 0. Then [by (3.155)] 

. ξ( f ) = g
(∇ f, ξ

) = ‖d f ‖−1 g(∇ f, ∇ f
) = ‖d f ‖ = (φ ◦ f )1/2 , 

i.e., .ξ( f ) is a function of. f . Consequently.X ( f ) = 0 implies.X (ξ( f )) = 0 and then 

. 0 = [X, ξ
]

( f ) =
(

∇X ξ − ∇ξ X
)

( f ) 

showing that .∇X ξ − ∇ξ X is tangent to .Mc. Then 

.g
(∇X ξ − ∇ξ X, ξ

) = 0. (3.159) 

Yet .‖ξ‖ =  1 implies .g
(∇X ξ, ξ

) = 0 hence (3.159) may be written 

.g
(∇ξ X, ξ

) = 0. (3.160) 

Finally.g(X, ξ) = 0 and (3.160) imply.g
(

X, ∇ξξ
) = 0 for any.X ∈ X(Mc), i.e.,. ∇ξξ 

is orthogonal to .Mc. Consequently .∇ξξ = λ ξ  for some .λ ∈ C∞(Mc), hence 

. 0 = g
(∇ξξ, ξ

) = λ g(ξ, ξ) = λ. 

Q.e.d. 

At this point we may prove Theorem 3.153. By (3.158) 

. 
(∇ξ d f

)

ξ = ξ
(

ξ( f )
)

so that (3.157) becomes 

.‖H‖ =
(∇ f

)(‖d f ‖)−� f 

(n − 1) ‖d f ‖ . (3.161) 
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By (3.155) 

. 
(∇ f

)(‖d f ‖) = 
1 

2
‖d f ‖φ′, φ′ ≡ 

dφ 
dt  

. 

Finally [by (3.156) and (3.161)] 

. ‖H‖x = 1 

2(n − 1)

{

φ′(c) − 
ψ(c) 

φ(c)1/2

}

, x ∈ Mc . 

Q.e.d. 

Example 3.155 (1) Let .M = Rm and .p ∈ N, .p ≤ m, and let us consider 

. f : Rm → R, f
(

x1, .  .  .  ,  xm
) = x2 1 +  · · ·  +  x2 p . 

Then.‖d f ‖2 = 4 f and.� f = −2 p, hence. f : Rm → R is an isoparametric function. 
Let us look at the case .m = 3 and .p = 2. Let  .c = a2, .a ∈ R \ {0}. Then . Mc = 
f −1(c) is the cylinder.Mc = {(x, y, z) ∈ R3 : x2 + y2 = a2} and. Mc  (s S1) × R 
(an isometry). 

(2) Let .M = Sm−1 and .F : Rm → R, .m = p + q, 

. F(x, y) = ‖x‖2 − ‖y‖2 , x ∈ R p , y ∈ Sq , 

and let . f := F
∣
∣
Sm−1 . Let  

. z ∈ Sm−1 , z = ((cos s) x, (sin s) y
)

, 0 ≤ s ≤ 
π 
2 

, x ∈ S p−1 , y ∈ Sq−1 , 

so that . f (z) = cos(2s). Consequently .d f  = −2 sin(2s) ds  yielding 

. ‖d f ‖2 = 4 sin2 (2s) = 4(1 − f 2 ), 

and one may choose .φ(t) = 4(1 − t2). One may also check that 

. � f = −2
{

(p − 2)(1 + f ) − (q − 2)(1 − f )
}

. 

Thus. f is an isoparametric function. For each fixed.0 < s0 < π/2 let. Mc0 := f −1(c0) 
with .c0 = cos(2s0). 
Exercise 3.156 Show that 

. Mcos(2s0) =
{(

(cos s0) x, (sin s0) y
) : x ∈ S p−1 , y ∈ Sq−1

}

, 

.Mcos(2s0)  
(

(cos s0) S p−1
)× ((sin s0) Sq−1

)

(an isometry).

�
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Let.Mn(c) a real space form, of (constant) sectional curvature. c. Let. f : Mn(c) → 
R be an isoparametric function, and let .a ∈ R be a regular value of . f . Let  

. Ma = f −1 (a), ξ = ‖d f ‖−1 ∇ f, A = Aξ, B(X, Y ) = h(X, Y ) ξ, 

[.A and .B are respectively the Weingarten operator and the second fundamental 
form of.Ma ↪→ Mn(c)]. For every.x ∈ Ma the Weingarten operator. Ax : Tx (Ma) → 
Tx (Ma) is self-adjoint, hence there is an orthonormal basis. {eα : 1 ≤ α ≤ n − 1} ⊂  
Tx (Ma) such that 

. eα ∈ Sα(x) := Eigen
(

Ax , λα(x)
) ⊂ Tx (Ma), 1 ≤ α ≤ n − 1 

for some .λα(x) ∈ R. 

Definition 3.157 The numbers .λα(x) are the principal curvatures at . x , and the 
eigenvectors .eα are the corresponding principal directions. �

Let .λα(x) be the distinct principal curvatures (we assume .1 ≤ α ≤ p for some 
.1 ≤ p ≤ n − 1, eventually up to relabeling indices). We shall need the Codazzi 
equation 63 

. g
(

R(X, Y )Z , ξ
) = (∇X h

)

(Y, Z ) − (∇Y h
)

(X, Z ), X, Y, Z ∈ X(Ma), 
(3.162) 

where . R is the curvature of .
(

Mn(c), g
)

i.e. 

.R(U, V )W = c
{

g(V, W )U − g(U, W )V
}

, U, V, W ∈ X(Mn (c))). (3.163) 

By (3.163) the Codazzi equation is merely 

.
(∇X h

)

(Y, Z ) − (∇Y h
)

(X, Z ). (3.164) 

We recall 

Theorem 3.158 .Ma has constant principal curvatures. 

For a proof of Theorem 3.158 one may see Cartan [Car]. We adopt the following 

Definition 3.159 A real hypersurface .Mn−1 of the space form .Mn(c) is said to be 
an isoparametric hypersurface if .Mn−1 has constant principal curvatures. �

Let .α, β ∈ {1,  . . . ,  p}, .α �= β, and let .X ∈ Sα and .Y, Z ∈ Sβ . Then 

.
(∇X h

)

(Y, Z ) = λα (∇X g)(Y, Z) = 0. (3.165) 

63 Cf. e.g., Chen [Che0], p. 46. 
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Next [by (3.164)] 

. 0 = (∇Y h)(X, Z ) = (λβ − λα

)

g
(

X, ∇Y Z
)

, λα �= λβ . 

It follows that .∇Y Z is orthogonal to .Sα for any .Y, Z ∈ Sβ . We may state: 

Theorem 3.160 The distributions.Sα,.1 ≤ α ≤ p, are completely integrable and the 
maximal integral manifolds of .Sα are totally geodesic in .Ma. Moreover the leaves 
of .Sα are totally umbilical in .Mn(c) and their mean curvature vector is parallel. In 
particular, if .Mn(c) = Sm−1, .n = m − 1, then the leaves of .Sα are small spheres of 
.Sm−1. 

Proof One has 
.Tx (Ma) = S1(x) ⊕  · · ·  ⊕  Sp(x), x ∈ Ma . (3.166) 

Let.Y, Z ∈ Sα. By the remark preceding Theorem 3.160, for every.β �= α the vector 
field .∇Y Z is orthogonal to .Sβ , and then on .

⊕

β �=α Sβ . Consequently .∇Y Z ∈ Sα and 
hence (as .∇ is symmetric) .Sα is involutive. By the classical Frobenius theorem . Sα 
is completely integrable. Let .L be a leaf of .Sα and .Y, Z ∈ Sα. In particular . Y, Z 
are tangent to . L . By the Gauss formulas associated to the immersions . L ↪→ Ma ↪→ 
Mn(c) 

. ∇Y Z = ∇Y Z + g(AY, Z ) ξ = ∇Y Z + λ j g(Y, Z ) ξ, 

. ∇Y Z = ∇L 
Y Z + σ(Y, Z ), 

where .∇L and . σ are respectively the Levi-Civita connection of .L and the second 
fundamental form of the immersion .L ↪→ Ma . Next  

. ∇Y Z ∈ Sα, ∇L 
Y Z ∈ Sα =⇒ σ(Y, Z ) = 0. 

Hence the second fundamental form of .L ↪→ Mn(c) is .(X, Y ) �−→ λα g(Y, Z ) ξ, 
so that . L is totally umbilical in .Mn(c). Q.e.d. 

Let . f : Sm−1 → R be an isoparametric function and let .Ma = f −1(a). Let us 
consider 

. γt : Ma → Sm−1 , Yt (x) =
(

cos t
) $x + ( sin t) ξx , t ≥ 0, x ∈ Ma . 

Here.$x ∈ Tx (Rm) is the position vector of the point. x . Let.α ∈ {1, .  .  .  ,  p} be a fixed  
index and let .v ∈ Sα(x) and .x ∈ Ma . Let  .β(s) ∈ Ma , .|s| < ε, be the curve in . Ma 

such that 

. β(0) = x, 
dβ 
ds  

(0) = v. 

Then 

.(dx γt )v = 
d 

ds

{

Yt ◦ β
}

s=0 
= (cos t) v  + (sin t) 

d 

ds

{

ξβ(s)

}

s=0 
. 
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As.s �→ ξβ(s) is a curve in.Sm−1 it follows that. 
d 

ds

{

ξβ(s)

}

s=0 
is tangent to.Sm−1. Then 

(by he Gauss formula of .Sm−1 ↪→ Rm) 

. (dx γt )v = (cos t) v  + (sin t)
(∇Eucl 

X ξ
)

x = (cos t) v  + (sin t)
(∇X ξ

)

x , 

where .X ∈ X(Ma) is an arbitrary smooth extension of . v, i.e., .Xx = v. Finally [by 
the Weingarten formula of .Ma ↪→ Sm−1] 

. (dx γt )v = (cos t) v  − (sin t) Ax v = (cos t) v  − (sin t) λα v 

so that .dxYt = 0 if and only if .(cos t) v  − (sin t) λα v = 0 for any .v ∈ Sα(x), or  

. dx γt = 0 ⇐⇒ t = arctan λα ∈ (0, π). 

Definition 3.161 Let .θα := arctan λα, .1 ≤ α ≤ p. Then .γθα

(

Ma
)

is called a focal 
manifold of . f . �

By a result of Nomizu [Nom1]. 

Theorem 3.162 Any focal manifold of an isoparametric function . f : Sm−1 → R is 
a minimal submanifold of .Sm−1. 

Example 3.163 Let .m = 3 and let .F : R3 → R be given by 

. F(z, x) = |z|2 − |x |2 , (z, x) ∈ C ⊕ R  R
2 ⊕ R = R3 . 

Let . f := F
∣
∣
S2 . Then . f : S2 → R is an isoparametric function. If .p ∈ S2 then 

. p = ((cos s) z, (sin s) x
)

, 0 ≤ s ≤ 
π 
2 

, z ∈ S1 , x ∈ S0 = {±1} ⊂  R. 

Then 
. Mc0 = f −1

(

cos(2s0)
)  (cos s0) S1 ×

{± sin s0
}

, 

i.e., .Mc0 consists of two (parallel) circles of radius .cos s0 on . S
2. Let  . M+ 

cos(2s0) = 
(cos s0) S1 ×

{

sin s0
}

be the upper circle, and let 

. x ∈ M+ 
c0 , x = (x1 , x2 , x3 ), x3 = sin s0 . 

Moreover 

.x1 = (cos s0) cos ψ, x2 = (cos s0) sin ψ, 0 ≤ ψ ≤ 2π. 
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We wish to compute . ξx , i.e., the unit normal vector on .Mc0 , .c0 = cos(2s0), at the  
point . x . The maximal integral curves of .ξx are geodesics in . S2, i.e., great circles on 
. S2. Then 

. 

⎧ 
⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

ẋ1 = −(sin s) cos ψ 

ẋ2 = −(sin s) sin ψ 

ẋ3 = cos s 

(3.167) 

Integration of (3.167) furnishes 

. ξx =
(

− ( sin s0
)

cos ψ, −( sin s0
)

sin ψ, cos s0
)

. 

Then.γt (x) = (cos t) $x + (sin t) ξx [that is the geodesic in .S2 of initial data .(x, ξx )] 
may be written 

. γt (x) =
(

cos
(

t + s0
)

cos ψ, cos
(

t + s0
)

sin ψ, sin
(

t + s0
))

and hence 

. 
∂ 

∂ψ 
γt (x) =

(

− cos
(

t + s0
)

sin ψ, cos
(

t + s0
)

cos ψ, 0
)

. 

It follows that 

. dx γt = 0 ⇐⇒ cos(t + s0) = 0 ⇐⇒ t ∈
{

− s0 + kπ + 
π 
2 
: k ∈ Z

}

. 

Let .tk := −s0 + k π + π/2. Then.1/ tan tk = tan s0. Therefore .tan s0 is the principal 
curvature of .Mcos(2s0) with respect to . ξx , .x ∈ Mcos(2s0). We obtain 

. γt0 (x) =
((

cos 
π 
2

)

cos ψ,
(

cos 
π 
2

)

sin ψ, sin 
π 
2

)

= (0, 0, 1). 

We may conclude that the focal manifolds of . f are the North and South poles 
on . S2. �

Let .P : Rm → R be an eikonal i.e. 

. ‖∇ P(x)‖2 = ‖x‖2k−2 , x ∈ Rm . 

Then (by Theorem 3.135) .∇ P : Rm → Rm descends to a harmonic map . ∇P : 
Sm−1 → Sm−1. Moreover the restriction of .P to .Sm−1 is an isoparametric function. 
The last statement follows from the more general result. 
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Theorem 3.164 Let .F : Rm → R be a homogeneous polynomial such that 

.‖∇ F(x)‖2 = k2 ‖x‖2k−2 , (3.168) 

.�F(x) = a ‖x‖k−2 (3.169) 

for some .a ∈ R, .k ∈ N, and any .x ∈ Rm. Then the restriction of .F to .Sm−1 is an 
isoparametric function. 

Cf. Baird [Bai], p. 33. We end the section by quoting a deep result by Mun-
zner [Mun]. 

Theorem 3.165 Let .� : M → Sm−1 be an isoparametric hypersurface, i.e., .M has 
constant principal curvatures. Let us assume .M has . k distinct principal curvatures 
.λ1,  . . . ,  λk , respectively of multiplicities.m1, .  .  .  ,  mk, i.e.,.dimR Sα = mα,. 1 ≤ α ≤ 
k. Then 

(i) .mα+2 = mα, i.e., there are at most two distinct multiplicities. 
(ii) .� : M → Sm−1 is the level hypersurface of an isoparametric function . f : 

Sm−1 → R obtained as the restriction to .Sm−1of a homogeneous polynomial . F : 
R

m → R obeying to (3.168)–(3.169) with 

. 

⎧ 
⎪⎪⎨ 

⎪⎪⎩ 

a = 
1 

2

(

m2 − m1
)

if k is even, 

0 if k is odd. 

(iii) Viceversa, every such .F determines a family of isoparametric hypersurfaces 
in .Sm−1. 

(iv) The integer number . k can only take the values .{1, 2, 3, 4, 6}. 

3.14 Submanifolds of Space Forms 

Let .
(

M, g
)

be a Riemannian manifold of constant sectional curvature . k, and let . M 
be a submanifold of . M . By  

.R(X, Y )Z = k
{

g(Z , Y )X − g(Z , X )Y
}

(3.170) 

for any.X, Y, Z ∈ X(M) the vector field.R(X, Y )Z is tangent to. M . Hence the equa-
tion 

.tan
{

R(X, Y )Z
} = R(X, Y )Z + (3.171) 

. + 
r
∑

a=1

{

ha (X, Z ) AaY − ha (Y, Z ) Aa X
}
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may be written [by taking into account .g(AaY, Z ) = ha(Y, Z )] 

.R(X, Y )Z = R(X, Y )Z + (3.172) 

. + 
r
∑

a=1 
g(AaY, Z ) Aa X − g(Aa X, Z) AaY. 

Let.S = Ric∇ and.S = Ric∇ be the Ricci tensor fields of.(M, g) and.(M, g), respec-
tively. If .{Ei : 1 ≤ i ≤ n} is a local .g-orthonormal frame of .T (M) then 

.S(Y, Z ) = S(Y, Z ) + (3.173) 

. + 
n
∑

i=1 

r
∑

a=1

{

g(AaY, Z) g(Aa Ei , Ei ) − g(Aa Ei , Z ) g(AaY, Ei )
} = 

. = S(Y, Z ) + 
r
∑

a=1

{

g(AaY, Z ) trace(Aa) − g
(

AaY, 
n
∑

i=1 
g(Aa Ei , Z ) Ei

)}

. 

Note that 

. 

n
∑

i=1 
g(Aa Ei , Z) Ei = Aa Z . 

Hence 

. S(Y, Z ) = S(Y, Z ) + 
r
∑

a=1

{

g(AaY, Z ) trace(Aa) − g
(

A2 
aY, Z

)}

. 

Next [by (3.170)] 
. S(Y, Z) = (n − 1)k g(Y, Z ) 

and then 
.S(Y, Z ) = (n − 1) k g(Y, Z) + (3.174) 

. + 
r
∑

a=1

{

g(AaY, Z ) trace(Aa) − g( AaY, Aa Z )
}

. 
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3.15 Chern’s Theorem 

Let . ρ be the scalar curvature of .(M, g). Then [by taking traces in (3.174)] 

.ρ = n(n − 1) k + 
r
∑

a=1

{(

trace( Aa)
)2 − trace( A2 

a)
}

. (3.175) 

By using (3.174)–(3.175) one obtains the following result by S.-S. Chern 64 

Theorem 3.166 Let .M be a minimal submanifold of a space form .Mn(k). Then 
the first fundamental form . g of .M ↪→ Mn(k), the Ricci curvature . S, and the scalar 
curvature . ρ of .(M, g), satisfy 

(i) .S(Y, Z ) ≤ (n − 1)k g(Y, Z ) for any .Y, Z ∈ X(M), 
(ii) .ρ ≤ n(n − 1)k. 

Moreover, equality holds in (i) [respectively in (ii)] if and only if.M is totally geodesic. 

Corollary 3.167 Let .(M, g) be a Riemannian manifold of constant sectional cur-
vature . k. Let .M be a submanifold of . M, with the induced metric . g. If .M is a minimal 
submanifold and .(M, g) has constant sectional curvature .k ≥ k then 

(a) .k = k, 
(b) .M is a totally geodesic submanifold of . M. 

Proof The scalar curvature of .(M, g) is .ρ = n(n − 1)k. Then [by part (ii) in Theo-
rem 3.166] .k = k and .M is totally geodesic in . M . Q.e.d. 

Corollary 3.168 The standard sphere doesn’t admit a minimal isometric immersion 
in a Euclidean space. 

Corollary 3.169 An Euclidean space doesn’t admit a minimal isometric immersion 
in a hyperbolic space. 

3.16 Allendoerfer–Erbacher’s Theorem 

Let.M be a submanifold of.
(

M, g
)

. Let. A be the shape operator of the given immer-
sion, and let 

.Ap : Tp(M)⊥ × Tp(M) → R, p ∈ M 

64 Cf. S.-S. Chern, Minimal Surfaces in an Euclidean Space of . n Dimensions. Symposium Differ-
ential and Combinatorial Topology in honor of M. Morse (Princeton University Press, Princeton, 
New Jersey, 1965), pp. 187–198. 
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be the corresponding field i.e. 

. Ap(N , v)  = (Aξ X
)

p, N ∈ Tp(M)⊥, v  ∈ Tp(M), 

where .ξ ∈ C∞
(

T (M)⊥) and .X ∈ X(M) are arbitrary extensions of .N and . v, i.e., 
.ξp = N and .X p = v. Next, let us set 

. N 0 p =
{

N ∈ Tp(M)⊥ : Ap(N , v)  = 0, ∀ v ∈ Tp(M)
}

, p ∈ M. 

Definition 3.170 The orthogonal complement 

. N 1 p :=
(

N 0 p
)⊥ ⊂ Tp(M)⊥ 

of .N 0 p in .Tp(M)⊥ is called the principal normal space at . p, of the given immersion.
�

Note that 
. N 1 p =

{

Bp(u, v)  : u, v  ∈ Tp(M)
}

. 

Let .M 
m 
(k) ∈ {Em, Sm, Hm

}

. 

Theorem 3.171 Let .M be a connected .n-dimensional submanifold of .M 
n+r(

k
)

. 

Let us assume that the principal normal spaces of .M ↪→ M 
n+r 

(k) are parallel with 
respect to the normal connection.∇⊥. Then the principal normal spaces have constant 
dimension 

. � := dimR N 
1 
p, p ∈ M. 

If.� <  r there is a.(n + �)-dimensional totally geodesic submanifold. M∗ ↪→ M 
n+r 

(k) 
such that .M ⊂ M∗. 

Theorem 3.171 is referred to as a “codimension reduction” result (for a given 
immersion) and is due to C.B. Allendoerfer 65 and J.A. Erbacher. 66 

65 Cf. C. Allendoerfer, Rigidity for spaces of class greater than one. Amer. J. Math. 61, 633–644 
(1939). 
66 Cf. J.A. Erbacher, Reduction of the codimension of an isometric immersion. J. Diff. Geom. 5, 
333–340 (1971). 
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3.17 Totally Umbilical Submanifolds 

We recall that a submanifold.M of the Riemannian manifold.(M, g) is totally umbil-
ical if .B = g ⊗ H . 

Proposition 3.172 A totally umbilical submanifold of a space form has a flat normal 
connection. 

Proof Follows from the Ricci equations. 

Definition 3.173 A submanifold .M of a Riemannian manifold .(M, g) is said to be 
an extrinsic sphere if 

(i) .M is totally umbilical, but not totally geodesic. 
(ii) .M has a parallel mean curvature vector (i.e., .∇⊥ H = 0). �
Extrinsic spheres were introduced and investigated by K. Nomizu. 67 

Example 3.174 Let .S3(1) × S3(1) be equipped with the product metric . g = g1 × 
g1, where.g1 is the standard Riemannian metric on.S3(1). Let. τ : S3(√2) → S3(1) × 
S3(1) be the isometric immersion.τ (p) = (p, p). Let .S2(r ) with .r > 0, .r �= 

√
2 be 

a sphere in .S3(
√
2) whose center is not the origin. Then .S2(r ) is an extrinsic sphere 

in .S3(1) × S3(1). �

Definition 3.175 Let .n, r ∈ N such that .n ≥ 3 and .2 ≤ r < n. A  .n-dimensional 
Riemannian manifold .(M, g) is said to satisfy the axiom of .r-spheres if for every 
point.p ∈ M and every.r -dimensional subspace.V ⊂ Tp(M) there is a.r -dimensional 
extrinsic sphere .S ⊂ M passing through . p (i.e., .p ∈ S) such that .Tp(S) = V . �
Theorem 3.176 If a .n-dimensional .(n ≥ 3) Riemannian manifold .M satisfies the 
axiom of .r-spheres for some .2 ≤ r < n then .M has constant sectional curvature. 

Theorem 3.176 is due to D.S. Leung and K. Nomizu. 68 

Proof of Theorem 3.176 Let .{u, v, w} ⊂  Tp(M) be an orthonormal system, and let 
.V ⊂ Tp(M) be a .r -dimensional subspace such that .{u, v} ⊂  V and.V is orthogonal 
to . w. By the Axiom of  .r -spheres there is a totally umbilical submanifold . S ⊂ M 
such that 

. p ∈ S, ∇⊥ H = 0, Tp(S) = V , 

where.H is the mean curvature vector of .S ↪→ M . Let .U ⊂ M be a normal 69 neigh-
borhood of. p. Every point.q ∈ U may be joined to. p by a geodesic. γ. Let. ξq ∈ Tq (M) 
be the parallel translate of .w along . γ. Both vector fields . ξ and .H are parallel, so 
.g(ξ, H ) is a constant .λ ∈ R 

67 Cf. K. Nomizu,  Generalized central spheres and the notion of spheres in Riemannian geometry. 
Tohoku Math. J. 25, 103–109 (1973). 
68 The axiom of .r-spheres in Riemannian geometry. J. Diff.  Geom.  5, 487–489 (1971). 
69 With respect to the Levi-Civita connection of.(M, g). 
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. λ = g(ξ, H) = g(ξ, H )p = gp(w, Hp). 

As.M is totally umbilical 
. Aξ = λI 

everywhere on . U , implying that 

.
(∇X Aξ

)

p =
(∇Y Aξ

)

p = 0 (3.176) 

where .X, Y ∈ X(U ) are such that .X p = u and .Yp = v. By hypothesis, one also has 

.
(∇⊥ 

X ξ
)

p 
= (∇⊥ 

Y ξ
)

p 
= 0. (3.177) 

Recall that 
.tan R(X, Y )ξ = ∇Y (Aξ X ) −∇X (AξY ) + (3.178) 

. − Aξ([X, Y ]) − A∇⊥X ξY + A∇⊥Y ξ X. 

Then [by (3.176) and the symmetry of . ∇] at the point . p 

. tan R(X, Y )ξ = λ ∇Y X − λ ∇X Y + λ[X, Y ] =  0. 

Hence .Rp(u, v)w  is orthogonal to . S at . p, and consequently 

.gp
(

Rp(u, v)w,  u
) = 0. (3.179) 

Hence the sectional curvature of .M is a point function, so that (by Schur’s theorem) 
.(M, g) has constant sectional curvature. Q.e.d. 
Theorem 3.177 Any totally umbilical submanifold of a Riemannian manifold of 
constant sectional curvature has constant sectional curvature. 

Proof The Gauss equation reads 

.K (X, Y, Z , W ) = (3.180) 

. = (k + ‖H‖2){g(X, W ) g(Y, Z) − g(X, Z ) g(Y, W )
}

where. k is the (constant) sectional curvature of the ambient space, and.H is the mean 
curvature vector of the submanifold. By Eq. (3.180) for .n ≥ 3 the Riemannian man-
ifold .M is isotropic, and then (again by Schur’s theorem) .M has constant sectional 
curvature 70 .k + ‖H‖2. Q.e.d. 

Totally umbilical submanifolds of Euclidean spaces may be classified, as follows: 

70 When.n = 2 one observes that.‖H‖ is a constant, and the conclusion is the same. 
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Theorem 3.178 Let .M be a .n-dimensional totally umbilical submanifold of the 
Euclidean space .E

n+r . Then either 

(i) .M is totally geodesic, 

or 

(ii) .M is contained in an .n-dimensional sphere, i.e., .M ⊂ Sn. 

The proof of Theorem 3.178 is well known (cf. e.g., B.-Y. Chen 71). 

3.18 Characterizations of the Sphere 

One of the interesting questions in the geometry of submanifolds in an Euclidean 
space is to obtain conditions under which the submanifold is isometric to a sphere. 

C. Tompkins considered 72 the problem whether a .n-dimensional Riemannian 
manifold may, or may not, be isometrically immersed into .E2n−1. C. Tompkins’ 
result (cf. op. cit.) is that a flat .n-dimensional torus cannot be isometrically embed-
ded into .E

2n−1. S.-S. Chern and N. Kuiper 73 and T. Otsuki 74 have come to the same 
conclusion for an arbitrary compact.n-dimensional Riemannian manifold of nonpos-
itive sectional curvature (it cannot be embedded in.E

2n−1). A successive result by H. 
Jacobowitz 75 shows that a compact n-dimensional Riemannian manifold of sectional 
curvature ≤ λ−2 (λ > 0) cannot be isometrically immersed into a ball of radius λ 
in E2n−1. S. Deshmukh et al. 76 considered the problem of non embeddability with 
bounds on the Ricci curvature. 

As well known the scalar curvature . τ of the sphere .Sn(c), of constant curvature 
. c, in the Euclidean space .E

n+1 satisfies 

. τ = λ1(n − 1), 

where .λ1 is the first nonzero eigenvalue of the Laplacian operator .� acting on 
.C∞

(

Sn(c)
)

and the Ricci curvature of .Sn(c) is positive. Using that as a main ingre-

71 Cf. op. cit. 
72 C. Tompkins, Isometric embedding of flat manifolds in Euclidean space. Duke Math. J. 5, 58–61 
(1930). 
73 Cf. S.-S. Chern, N.H. Kuiper, Some theorems on the isometric imbedding of compact Riemannian 
manifolds in Euclidean space. Ann. Math. 56, 442–430 (1952). 
74 Cf. T. Otsuki, On the existence of solutions of a system of quadric equations and its geometrical 
applications. Proc. Japan Acad. 29, 99–100 (1953). 
75 Cf. H. Jacobowitz, Isometric embedding of a compact Riemannian manifold into Euclidean space. 
Proc. Amer. Math. Soc. 40, 245–246 (1973). 
76 Cf. S. Deshmukh, M.A. Al-Gwaiz, Compact hypersurface in even dimensional Euclidean space 
and in the sphere. Quart. J. Math. 45, 151–157 (1994). 
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dient, S. Deshmukh showed 77 that a compact and connected immersed hypersurface 
.M ↪→ En+1 is isometric to a sphere .Sn(c), provided .M has positive Ricci curvature 
and its scalar curvature satisfies .τ = λ1(n − 1). Moreover, Theorem 3.183 shows 
that if a compact and connected immersed hypersurface in .M ↪→ En+1 has vanish-
ing Minkowski integrands, then .M is isometric to a sphere in .R

n+1. 
The study of real hypersurfaces in complex space forms .M(c) [i.e., Kählerian 

manifolds of constant holomorphic sectional curvature . c] is a very interesting and 
active research area. A survey paper by R. Niebergall and P.J. Ryan 78 describes the 
state-of-the-art up to 1996. 

For .c = 0 complex space forms are of course Euclidean complex space forms. 
Characterizations of the sphere.S2n+1 ⊂ Cn+1 were the purpose of several works, cf. 
e.g., Chen [Che2], Chen and Garay [Che3], Chen, Sun and Tang [Che4], Montiel and 
Ros [MoRo], Ripoll [Rip], Ros [Ros2]. K. Nomizu and Symth proved 79 that compact 
hypersurfaces with a non-negative sectional curvature and of constant mean curvature 
are spheres. Cf. also Ros [Ros3], for further characterizations of spheres. It should 
be noticed that Theorem 3.184 doesn’t require sectional curvatures to be .≥ 0. 

Several necessary and sufficient conditions for a curve in .R3 to lie on the unit 
sphere.S2 are available (cf. Breuer and Gottlieb [BrGo], Takahashi [Tak]). As a natural 
generalization of the problem, given a compact.n-dimensional Riemannian manifold 
.M one should look for immersions .� : Mn → Rn+2 such that .�(M) ⊂ Sn+1(c). 

3.18.1 Hypersurfaces in Euclidean Spaces 

Let .M be a real hypersurface in Euclidean space .Rn+1 with the almost complex 
structure . J . Then .n + 1 must be even, e.g., .n + 1 = 2m [hence .M is .(2m − 1)-
dimensional]. Note that we start with an arbitrary almost complex structure . J [not 
necessarily the complex structure of .Cm] and only require that . J be compatible to 
the Euclidean metric .g = 〈, 〉 on .R

n+1 i.e. 

. g
(

JV  , JW
) = g(V, W ), ∀ V , W ∈ X(Rn+1 ). 

Let.� : M → Rn+1 be the given.C∞ immersion. Let.g = �∗ g be the induced metric 
on. M . Let . ∇ and. ∇ be respectively the Levi-Civita connections on.

(

R
n+1, 〈, 〉) and 

.
(

M, g
)

. Let us assume that .M is oriented and choose a unit normal vector field . N 
on. M . Let then.(φ, ξ, η, g) be the induced almost contact metric structure on . M . It  
is a classical fact that.M inherits via.� such a structure, cf. e.g., Blair [Bla]. We give 

77 Cf. S. Deshmukh, Compact hypersurfaces in a Euclidean space. Quart. J. Math. Oxford 49, 35–41 
(1998), and Theorem 3.181 below. 
78 Cf. R. Niebergall, P.J. Ryan, Real Hypersurfaces in Complex Space Forms. Tight and Taut Sub-
manifolds. MSRI Publications 32 (Cambridge University Press, Cambridge, 1997), pp. 233–205. 
79 Cf. K. Nomizu, B. Smyth, On the Gauss mapping for hypersurfaces of constant mean curvature 
in the sphere. Comm. Math. Helv. 44, 484–490 (1969). 
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a brief description of .(φ, ξ, η, g), so that to fix notations and conventions. First one 
sets .ξ = −J N  and observes that . ξ is tangent to . M , i.e., .ξ ∈ X(M). Next let . η be the 
differential .1-form on .M given by 

. η(X ) = g(ξ, X ), ∀ X ∈ X(M). 

Let .τ ⊥ 
M (�) be the normal bundle of the given immersion and let 

. tan : �−1 τRn+1 → τM , nor : �−1 τRn+1 → τ ⊥ 
M (�) 

be the projections associated to the direct sum decomposition 

. �−1 τRn+1 = τM ⊕ τ ⊥ 
M (�). 

Next let us set 

. φX = tan
(

J X  ), FX  = nor(J X  ), X ∈ X(M), 

so that 
. J X  = φX + FX, FX  = η(X ) N . 

Then. φ is a.(1, 1)-tensor field on.M and the following identities hold good (and may 
be easily checked) 

. 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

φ2 = −I + η ⊗ ξ, 

φ ◦ ξ = 0, η(ξ) = 1, η(X ) = g(X, ξ), 

g(φX, Y ) = −g(X, φY ), 

g(φX, φY ) = g(X, Y ) − η(X)η(Y ), 

(3.181) 

for any .X, Y ∈ X(M). Also  

.∇X ξ = φ A X, (∇X φ)(Y ) = η(Y ) AX  − g( AX, Y )ξ (3.182) 

where .A = AN is the shape operator (associated to the normal section . N ). We shall 
make use of the Gauss and Weingarten formulas 

.∇X Y = ∇X Y + B(X, Y )N , (3.183) 

.∇X N = −A X (3.184) 
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for any .X, Y ∈ X(M). Here .B is the second fundamental form of the given immer-
sion. As previously shown. B and . A are related by 

.g(AX, Y ) = B(X, Y ). (3.185) 

Let .R = R∇ be the curvature tensor field of . ∇. We shall make use of the Gauss 
equation 

.R(X, Y )Z = g( AY, Z ) AX  − g( AX, Z ) AY (3.186) 

for any .X, Y ∈ X(M). The shape operator . A obeys to the Codazzi equation 

.(∇ A)(X, Y ) = (∇ A)(Y, X ) (3.187) 

for any .X, Y ∈ X(M). As customary .(∇A)(X, Y ) = ∇X AY − A(∇X Y ). 

Let.{E1,  . . . ,  En} be a local orthonormal frame of the tangent bundle.τM , defined 
on the open set .U ⊂ M . Let  .Ric = Ricg and .τ = τg be respectively the Ricci and 
scalar curvature of.(M, g). By passing to traces in Gauss equation (3.186) one obtains 

.Ric(X, Y ) = n α g( AX, Y ) − g(AX, AY ) (3.188) 

for any .X, Y ∈ X(M) and 

.τ = n2 α2 − ‖A‖2 , (3.189) 

where . α is the mean curvature 

. α = 
1 

n 
trace( A). 

Let .� : M → Cn be an isometric immersion such that .�(M) is contained in a ball 
of radius . r . The complex structure . J on .C

n is parallel with respect to the Euclidean 
connection on .C

n . Let us think of .� as the position vector field of points in .�(M). 
Let us consider the smooth function 

. �∗ : M → R, �∗ =< J�, N >, 

where.< ·, · > is the Euclidean inner product on.C
n and.N is the unit normal vector 

field to . M . Next let  
.J� = υ + �∗ N (3.190) 

where . υ is the tangential component of .J� to . M . Let  . g and .∇ be respectively 
the Riemannian metric and the Levi-Civita connection on . M . Let  .A = AN be the 
Weingarten operator associated of the given immersion . �. We may assume that 



3.18 Characterizations of the Sphere 327 

.‖�‖ ≤  r [otherwise one may use some isometry of .Cn to achieve that]. Here . ‖ · ‖
is Euclidean the norm on .C

n . 
Covariant differentiation of (3.190) together with .J ξ = N , .J X  = φX + �∗ N , 

and the Gauss-Weingarten formulas, leads to 

.∇X υ = φX + �∗ AX. (3.191) 

Then [by (3.181)] 

. g(φX, X ) = 0, g(φX, ξ) = 0, ∀ X ∈ X(M). 

We may then choose a local orthonormal frame of .τM of the form 

. 
{

E1, .  .  .  ,  En−1, φE1, .  .  .  ,  φEn−1, ξ
}

. 

Next [by the skew-symmetry of . φ and the symmetry of . A] 

. 

2n−1
∑

i=1 
g(φei , Aei ) = 0 (3.192) 

for any local orthonormal frame .{E1,  . . . ,  E2n−1} of .τM . Then [by (3.191)] 

.δβ = (2n − 1)�∗α, (3.193) 

where . β is the differential .1-form on .M defined by 

. β(X ) = g(X, υ), ∀ X ∈ X(M), 

and . α is the mean curvature of . M . 
S. Deshmukh et al. 80 considered the question of non immergibility using upper 

and lower bounds for the Ricci curvature of . M . 

Theorem 3.179 Let .M be a compact .(2n − 1)-dimensional Riemannian manifold 
whose Ricci curvature .Ric and scalar curvature . τ satisfy 

. Ric(X, X ) + τ ≥ 0, Ric(X, X ) <  2(n − 1)r−2 

for every unit vector field .X on .M and some positive constant . r . Then no isometric 
immersion of .M into .C

n is contained in a ball of radius . r . 

We start by establishing: 

80 Cf. op. cit. 



328 3 Isometric Immersions 

Lemma 3.180 Let .� : M → Cn be an isometric immersion of a compact .(2n − 1)-
dimensional Riemannian manifold . M. Then 

(a) .‖∇υ‖2 = −tr(φ2) + �∗2 tr(A2), 
(b) .‖Lυg‖2 = 4�∗2 tr(A2), 

where .Lυ is the Lie derivative at the direction . υ. 

Proof Let .{E1,  . . . ,  E2n−1} be a local orthonormal frame of .τM . Then 

.‖∇υ‖2 =
∑

g(∇Ei υ, ∇Ei υ) = (3.194) 

. = −tr(φ2 ) + 2�∗
∑

g(Aei , φei ) + �∗2 tr( A2 ) = −tr(φ2 ) + �∗2 tr(A2 ), 

where we have used Eq. (3.192). Furthermore 

.‖Lυg‖2 =
∑

i, j 

[(Lυ f )(Ei , E j )]2 = 4�∗2
∑

i, j 

g( AEi , E j )2 = (3.195) 

. = 4�∗2
∑

i 

g 

⎛ 

⎝ AEi ,
∑

j 

g(AEi , E j ) E j 

⎞ 

⎠ = 4�∗2
∑

i 

g(AEi , Ei )
2 = 4�∗2 tr(A2). 

Q.e.d. 

Proof of Theorem 3.179 The following integral formula holds on any compact ori-
entable Riemannian manifold . M 

. 

∫

M 
[Ric(υ, υ) + 

1 

2
||Lυg||2 − ||∇υ||2 − (δβ)2]d vg = 0. 

Using (3.193)–(3.195) together with.tr(φ2) = −2(n − 1) [a consequence of (3.181)] 
we get 

.

∫

M 
[Ric(υ, υ) + 

1 

2
||Lυg||2 − ||∇υ||2 − (δβ)2]d vg = 0, (3.196) 

where [by the Gauss equation] .τ = (2n − 1)2α2 − tr( A2). 

Note that . υ is not identically zero. For if .υ = 0 then .J� = �∗ N yields . � = �∗ξ 
hence .< �,  N >= 0. Then [by Minkowski formula for a compact hypersurface in 
.C

n (cf. [Hsi])] 

.

∫

M 
[1+ < �,  N >] d vg = 0 
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leads to a contradiction. Let . υ̂ be the unit vector field defined on the open subset 
of .M where . υ is nonzero. Substitution from .||�||2 = ||υ||2 + �∗2 into the integral 
formula (3.196) gives  

.

∫

M

{

�∗2
[

Ric( ̂υ, υ̂) + τ
]+ [2(n − 1) − ‖�‖2 Ric( ̂υ, υ̂)

]}

d vg = 0. (3.197) 

The (by hypothesis) .Ric( ̂υ, υ̂) + τ ≥ 0 and 

. ||�||2 Ric( ̂υ, υ̂) ≤ r2 Ric( ̂υ, υ̂) <  2(n − 1) 

contradicting (3.197) and proving the theorem. . �

The mean curvature .α = (1/n) tr(A) satisfies 

. 

⎧ 
⎪⎨ 

⎪⎩ 

grad(α) = (1/n)
∑n 

i=1(∇ A)(Ei , Ei ), 

X (α) = (1/n)
∑n 

i=1 g((∇ A)(Ei , Ei ), X ) 
(3.198) 

for any .X ∈ X(M). If we consider . f : M → R, . f = 1 2 ‖�‖2, and think of .� as the 
position vector field of .M in .R

n+1 then 

.� = grad f + � N , � : M → R, � = 〈�, N 〉. (3.199) 

Then [by Gauss and Weingarten formulas] 

.∇X grad f = X + �AX, X (�) = −g
(

A(X ), grad f
)

, X ∈ X(M). (3.200) 

By the first equation in (3.231) 

. � f = n(1 + �α), 

and integration yields the following Minkowski formula 

.

∫

M 
(1 + �α) d vg = 0. (3.201) 

Next we report on a result by S. Deshmukh 81 showing that a compact and con-
nected immersed hypersurface of Euclidean space .Rn+1, with upper bounds on the 
scalar curvature, is isometric to a sphere .Sn(c). Precisely 

Theorem 3.181 Let.M be a compact and connected immersed hypersurface of. Rn+1 
with positive Ricci curvature and scalar curvature. τ satisfying.τ ≤ λ1(n − 1) where 

81 Cf. op. cit. 
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.λ1 is the first nonzero eigenvalue of the Laplacian .� on . M. Then .M is isometric to 
a sphere .Sn(c). 

Proof We may assume w.l.o.g. that the center of mass of .M is at the origin of . Rn+1 
(otherwise one may choose an isometry .φ : Rn+1 → Rn+1 mapping the center of 
mass of .M to the origin of .Rn+1 and then .� ′ = φ ◦� would be an immersion with  
the desired property). Thus the immersion .ψ : M → Rn+1 satisfies .

∫

M ψ d vg = 0. 
Hence [by the minimum principle] 

. λ1 ≤ n vol(M)

∫

M 
||�||2 d vg 

where .λ1 is the first nonzero eigenvalue of the Laplacian .� on . M . Consequently 

.

∫

M
‖�‖2 d vg ≤ 

n vol(M) 
λ1 

. (3.202) 

Next [by (3.188)] 

. 

∫

M 
Ric(grad f, grad f ) d vg =n

∫

M 
α g(Agrad f, grad f ) d vg 

−
∫

M 
||A(grad f )||2 d vg. (3.203) 

The second equation in (3.231) yields 

. grad� = −A(grad f ) 

and we obtain 

. g( A(grad f ), grad f ) = −g(grad�, grad f ) = grad f (�) 
= −div(�grad f ) + �� f 

= −div(�grad f ) + n �(1 + �α). 

Thus 

.α g
(

A(grad f ), grad f
) = −α div(�grad f ) + n α �(1 + �α). (3.204) 

Given a local orthonormal frame .{E1,  . . . ,  En} of . τM 

.div(A(grad f )) =
∑

g(∇Ei A(grad f ), Ei ) 

=
∑

[g((∇ A)(Ei , grad f ), Ei ) + g(A(∇Ei grad f ), Ei )] 
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which together with .α = (1/n) tr(A) gives 

. gradα = 
1 

n 

n
∑

i=1 
(∇ A)(Ei , Ei ) 

and then [by (3.231)] 

.div( A(grad f )) = n (grad f )α + n α + � ||A||2 . (3.205) 

By .div( f X  ) = X ( f ) + f divX for any .C∞ function . f : M → R 

. � div( A(grad f )) = div(�A(grad f )) − A(grad f )�

= div(�A(grad f )) + ||A(grad f )||2 

and together with (3.204)–(3.205) one arrives at 

.n �(grad f )α + n α�+ �2||A||2 = div(�A(grad f )) + ||A(grad f )||2 . (3.206) 

By .div(α�grad f ) = �(grad f )α + αdiv(�grad f ) and (3.206) 

. − n α div(�grad f ) + div(n α �grad f ) + n α �+ �2 ||A||2 
= div(�A(grad f )) + ||A(grad f )||2 . (3.207) 

Substitution of .−n α div(�grad f ) from (3.207) into (3.204), yields [by Green’s 
lemma] 

.

∫

M 
n α g(A(grad f ), grad f ) d vg = (3.208) 

. =
∫

M 
[||A(grad f )||2 − n α �− �2||A||2 + n2 � α(1 + α �)] d vg = 

. =
∫

M 
[n(n − 1)�α + �2 τ + ||A(grad  f  )||2] d vg = 

. = −n(n − 1) vol(M) +
∫

M
�2 τ d vg +

∫

M 
||A(grad f )||2 d vg . 

[Use was made of Minkowski formula (3.201), too]. 

By 
.||�||2 = ||grad f ||2 + �2 , τ ≤ λ1(n − 1), 
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together with (3.202) 

. 

∫

M
�2 τ d vg ≤

∫

M 
||�||2 τ d vg ≤ 

. ≤ λ1 (n − 1)
∫

M 
||�||2 d vg ≤ n(n − 1) vol(M). 

Thus [by (3.208)] 

. 

∫

M 
n α ( A(grad f ), grad f ) d vg ≤

∫

M 
||grad f ||2 d vg, 

hence [by (3.203)] 

. 

∫

M 
Ric(grad f, grad f ) d vg ≤ 0. 

As (by hypothesis) Ricci curvature is positive, it must be .grad f = 0. Thus (.M is 
tacitly connected) 

. f = constant = 
r2 

2 

hence .M is a sphere of radius . r . Q.e.d. 

Next we report on a result by S. Deshmukh 82 on compact immersed hypersurfaces 
in .R

n+1 with the first and second Hsiung integrands zero. Precisely 

Theorem 3.182 Let .M be a compact immersed hypersurface of .Rn+1. If the support 
function . � and the mean curvature . α of .M satisfy .1 + α � ≤ 0 then .M is isometric 
to a sphere. 

Proof Given the immersion .� : M → Rn+1 the function . f = (1/2) ||ψ||2 satisfies 
(3.231). Calculation of .div( f grad f ) leads to 

.div( f grad f ) = ||grad f ||2 + 
n 

2 
||�||2 (1 + α �). (3.209) 

Then [integrating over . M] 

.

∫

M 
||grad f ||2 d vg + 

n 

2

∫

M 
||�||2 (1 + α�) d vg = 0. (3.210) 

As.1 + �α  ≤ 0, Minkowski formula (3.201) gives.1 + �α = 0 and then [by (3.210)] 
.grad f = 0 proving that .M is isometric to a sphere. Q.e.d. 

82 Cf. op. cit. 
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By a result of Hsiung, one has the following integral formula [for a compact 
immersed hypersurface .M in .R

n+1] 

.

∫

M 
Hs−1 d vg +

∫

M 
Hs� d vg = 0, s = 1, .  .  .  ,  n, (3.211) 

which includes Minkowski’s formula (3.201). 
S. Deshmukh established 83 the following: 

Theorem 3.183 Let .M be a compact immersed hypersurface of .Rn+1. If the second 
fundamental form of .M is negative definite and the support function . �, the mean 
curvature . α, and the scalar curvature . τ of .M satisfy .n(n − 1) α + � τ  ≤ 0 then . M 
is isometric to a sphere. 

Proof Let .� : M → Rn+1 be the given isometric immersion and . f = 1 2 ||�||2. By  
(3.199) 

. A(grad f ) f = g( A(grad f ), grad f ) 

and then [by (3.205)] 

. div( f A(grad f )) = A(grad f ) f + f div( A(grad f )) 
= B(grad f, grad f ) + n f  (grad f )α + nα f + f �||A||2 . 

(3.212) 

Now [by (3.209)] 

.div(n f  α grad f ) = n f  (grad f )α + n α div( f grad f ) = (3.213) 

. = n f  (grad f )α + n α ||grad f ||2 + 
n2α 
2 
||�||2 (1 + α�). 

Substitution from (3.212) into (3.213) gives  

. div( f A(grad f ) − n f  α grad f ) = 

. = B(grad f, grad f ) + n α f + � f ||A||2 + 

. − nα||grad f ||2 − n2 α2 � f − n2 α f = 

. = B(grad f, grad f ) − � f τ + n α f − nα||grad f ||2 − n2 α f = 

. = B(grad f, grad f ) − f (n(n − 1) α + � τ  ) + 

. + n(n − 1) f α + n α f − n2 α f − n α ||grad f ||2 . 

83 Cf. op. cit. 
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Next [by integration over . M] 

. 

∫

M 
[B(grad f, grad f ) − n α ||grad f ||2] d vg = 

. =
∫

M 
f
[

n(n − 1) α + � τ
]

d vg. 

If. E is the unit vector field.E = ||grad f ||−1 grad f [defined on the open set.U where 
.grad f is nonzero] 

.

∫

M 
||grad f ||2[B(E, E) − n α] d vg = (3.214) 

. =
∫

M 
f
[

n(n − 1) α + �τ
]

d vg. 

Setting .s = 2 in (3.211) 

. 

∫

M

[

n(n − 1)α + �τ
]

d vg = 0. 

As.n(n − 1) α + � τ  ≤ 0 one has .n(n − 1) α + � τ  = 0 and then (3.214) becomes 

.

∫

M
‖grad f ‖2[B(E, E) − n α] d vg = 0. (3.215) 

Let us complete .E to a local orthonormal frame .{E, E2,  . . . ,  En} on . U . Then 

. n α = B(E, E) + B(E2, E2) +  · · ·  +  B(En, En). 

As the second fundamental form is negative definite.n α < B(E, E) and then (3.215) 
yields .‖grad f ‖ =  0 proving that .M is isometric to a sphere. Q.e.d. 

3.18.2 Real Hypersurfaces in Euclidean Complex Space 
Forms 

Let .M(c) be a complex space form, of constant holomorphic sectional curvature 
. c, and let . J be its complex structure. Let .M be an orientable real hypersurface in 
.M(c) and let .N be a unit normal vector field on . M . The unit vector field . ξ ∈ X(M) 
determined by .J ξ = N is the characteristic vector field, or Reeb vector field, of . M . 
The .C∞ function . f : M → R, . f = g( Aξ, ξ), is the  characteristic function of . M . 
As customary . g is the induced Riemannian metric on .M and .A = AN is the shape 
operator of the given immersion. For the sphere .Sn(c) ⊂ C(n+1)/2 the characteristic 
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function is a constant, i.e., . f = −√c. The mean curvature . α and the characteristic 
function of the real hypersurface .Sn(c) in .C

(n+1)/2 are related by 

.n2 α2 = (n2 − 1
)

c + f 2 . (3.216) 

If .k0 is the infimum of the sectional curvature of .Sn(c) ⊂ C (n+1)/2 then Eq. (3.216) 
becomes 

.n2 α2 = (n2 − 1
)

k0 + f 2 . (3.217) 

Our next task is to report on a result by Deshmuk [Des3], characterizing the sphere 
by means of Eq. (3.217). 

Theorem 3.184 Let .M be a compact orientable real hypersurface in .C(n+1)/2 and 
let .n(n − 1)δ be the infimum of the Ricci curvature of . M. If the mean curvature . α 
and the characteristic function . f of .M satisfy .n2α2 = (n2 − 1)δ + f 2, then . α is a 
constant and .M is the sphere .Sn(α2). 

The following lemmas are needed. 

Lemma 3.185 Let .M be an orientable real hypersurface in .C(n+1)/2 with charac-
teristic function . f . Then 

. ∇ f = (∇ A)(ξ, ξ) − 2Au. 

Proof The definition of. u and (3.311) imply.υ = φAξ. Applying. φ to both sides and 
using .φ(υ) = v gives 

.Aξ = −v + f ξ. (3.218) 

Next 

. (∇A)(X, ξ) + AφAX  = −∇X v + X ( f )ξ + f φAX. 

Let us take the inner product with . ξ. As . v is orthonormal to . ξ 

. g((∇ A)(ξ, ξ), X) − g( Au, X) = g(Au, X ) + X ( f ). 

Q.e.d. [Here one used .g((∇ A)(X, Y ), Z) = g(Y, (∇ A)(X, Z )) and . Aξ = −v + f ξ 
together with the definitions of . u and . v]. 

Lemma 3.186 Let .M be an orientable real hypersurface in .C(n+1)/2, with charac-
teristic function . f . The vector fields . u and . v satisfy 

.∇X υ = f AX  − g(AX, Aξ)ξ + φ(∇ A)(ξ, X ) + (φA)2 X, (3.219) 

and 
.∇X v = X ( f )ξ + f φAX  − (∇ A)(ξ, X) − AφAX. (3.220) 
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Proof Note that 
. ∇X υ = R(X, ξ)ξ + ∇ξφAX  + φA[X, ξ]. 

Then (3.219) follows from (3.187) and (3.311). Moreover 

. ∇X v = (∇X φ)(υ) + φ∇X u 

and (3.219) yield (3.220). Q.e.d. 

Lemma 3.187 Let .M be a compact orientable hypersurface in .C
(n+1)/2. Then 

. 

∫

M

[

Ric(ξ, ξ) + tr(φA)2
]

d vg = 0. 

Proof Let us consider a local orthonormal frame of the form 

. {E1,  . . . ,  En} ≡ {E1, .  .  .  ,  Ek, φEk, .  .  .  ,  φEk, ξ}, 2k = n − 1, 

(an adapted frame of .τM ). Then 

. 

n
∑

i=1 
g(φ(∇A)(ξ, Ei ), Ei ) = −  

n
∑

i=1 
g((∇ A)(ξ, Ei ), φEi ) 

= −  
k
∑

i=1 
g((∇ A)(ξ, ei ), φei ) + 

k
∑

i=1 
g((∇ A)(ξ, φei ), ei ) 

= 0, 

where we have used.g((∇A)(X, Y ), Z ) = g(Y, (∇ A)(X, Z )) and the Codazzi equa-
tion. Now, we use (3.219) to compute the divergence of vector field. u to arrive at [by 
(3.188)] 

. divυ = Ric(ξ, ξ) + tr(φA)2 . 

Integrating over .M leads to the result. Q.e.d. 

Proof of Theorem 3.184 Let.M be a compact orientable real hypersurface in.C
(n+1)/2. 

As the operator .Aφ − φA is symmetric 

. ||Aφ − φA||2 = tr  ( Aφ − φA)2 . 

Also 
. tr(φA)2 = tr(Aφ)2 . 

Thus [by (3.181)] 
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.||Aφ − φA||2 = 2tr  (φA)2 + 2||A||2 − 2||Aξ||2 . (3.221) 

Next we use (3.188), (3.309) and (3.221) in Lemma 3.215 to conclude that 

.

∫

M

[

Ric(ξ, ξ) + τ + 
1 

2
||Aφ − φA||2 + ||Aξ||2 − n2 α2

]

d vg = 0. (3.222) 

As .(n − 1)δ is the infimum of the Ricci curvature 

. τ ≥ n(n − 1)δ, ||Aξ||2 ≥ f 2 . 

Equation (3.222) yields 

. 

∫

M

[

n(n − 1)δ + f 2 + 
1 

2
||Aφ − φA||2 − n2 α2

]

d vg ≤ 0. 

Thus [by .Aφ = φA] 

.(n2 − 1) δ + f 2 = n2 α2 . (3.223) 

Also [by (3.222)] 

.Ric(ξ, ξ) = (n − 1)δ, τ = n(n − 1)δ. (3.224) 

As . φ and .A commute it must be .φAξ = 0, yielding .Aξ = f ξ and consequently 
.υ = v = 0. Then 

. A2 − f A  = 0. 

Consequently there are only two principal curvatures, . 0 and . f , at each point. How-
ever, as .M is compact, there is a point .x0 ∈ M where all principal curvatures have 
the same sign (say.+1). Then all principal curvatures have the same value . f0 at that 
point. In a neighborhood of.x0 shape operator. A must have rank. n, so.A = f0 I holds 
near . x0. The set of points where .A = f0 I is open and closed and therefore it must 
equal the whole of . M . This completes the proof of the theorem. 

3.18.3 Compact Submanifolds in Euclidean Spaces 

Let.M be a.n-dimensional Riemannian submanifold in.R
n+p and let. � : M → Rn+p 

be the given immersion. Let.g = 〈 ·, · 〉 and. ∇ be the Euclidean metric and connection 
on .R

n+p. Also . g and .∇ be the induced metric and connection on . M . Then 

.∇X Y = ∇X Y + B(X, Y ), ∇X N = −AN (X ) + ∇⊥ 
X N (3.225) 
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for any .X, Y ∈ X(M) and .N ∈ C∞(μ). We shall also make use of the Gauss and 
Codazzi equations 

. 

⎧ 
⎪⎨ 

⎪⎩ 

R(X, Y, Z , W ) = g(B(Y, Z ), B(X, W )) − g(B(X, Z ), B(Y, W )), 

(DB)(X, Y, Z) = (DB)(Y, Z , X ) = (DB)(Z , X, Y ). 
(3.226) 

The Ricci tensor Ric of the submanifold is given by 

.Ric(X, Y ) = n g(H, B(X, Y )) − 
n
∑

i=1 
g(B(X, Ei ), B(Y, Ei )), (3.227) 

where .{E1, .  .  .  ,  En} is a local orthonormal frame and 

. H = 
1 

n 

n
∑

i=1 
B(Ei , Ei ). 

A constant vector field.ν ∈ X(Rn+p) can be written as.ν = υ + v, where. υ ∈ X(M) 
is the tangential component of. ν and.v ∈ C∞(μ) is the normal component of. ν. Then 
[by (3.225)] 

.∇X υ = Av(X), ∇⊥ 
X v = −B(X, υ) (3.228) 

for any .X ∈ X(M). Here  .Av denotes the Weingarten operator with respect to the 
normal vector field . v. Let .ϕ : M → R be a .C∞ function. The Hessian operator is 

. O : X(M) → X(M), g(OX, Y ) = Hϕ(X, Y ), ∀ X, Y ∈ X(M). 

Here .Hϕ is the Hessian of . ϕ. Next we set  

.ζ(ν, M) =
∫

M 
[(n − 1) ‖ O + c A‖2 − 2 n c  (tr( AO) + ‖∇ϕ‖2 )] d vg (3.229) 

where .c = 1/(n − 1) inf Ric [and .∇ϕ = grad(ϕ)]. 

Next we report on a result by Deshmukh [Des4], characterizing spheres as .n-
dimensional compact submanifolds of positive curvature in.Rn+p satisfying. ζ(ξ, M) = 
0 for any constant vector field .ξ ∈ X(Rn+p) and some non constant .C∞ function . ϕ. 

Theorem 3.188 Let .M be a .n-dimensional compact submanifold in .R
n+p, with the 

mean curvature vector . H. Let .inf
{[1/(n − 1)] Ric} = c > 0 and let . ξ ∈ X(Rn+1) 

be a constant vector field with .ϕ =< H, ξ >. If . ϕ is not a constant and 

.ζ(ξ, M) =
∫

M 
[(n − 1)||B + cA||2 − 2nc(tr  (AB) + ||∇ϕ||2 )] d vg = 0, 
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then .M is isometric to .Sn(c). 

We shall need the following lemmas. 

Lemma 3.189 Let .Mn be a compact submanifold of .Rn+p and let .ν ∈ Rn+p be a 
constant vector field. Then .

∫

M ϕ d vg = 0. 

Proof Let us consider the function.ϕ =< H, ν > where.ν ∈ X(Rn+p). The fact that 
. ν is parallel yields the result. Q.e.d. 

Lemma 3.190 Let .Mn be a compact submanifold of .Rn+p and let .ν ∈ Rn+p be a 
constant vector field. Then 

(a) .tr(A) = n ϕ, 

(b) .(∇ A)(X, Y ) − (∇ A)(Y, X ) = R(X, Y )u, 

(c) .
∑

i (∇ A)(Ei , Ei ) = n∇ϕ + Q(υ). 

Here .{E1,  . . . ,  En} is a local orthonormal frame of .τM . Also  

. Ric(X, Y ) = g(Q(X ), Y )), (∇ A)(X, Y ) = ∇X AY − A(∇X Y ), 

. ∀ X, Y ∈ X(M). 

[.Q is the Ricci operator]. 

Lemma 3.191 Let .Mn be a compact submanifold of .Rn+p and let .ν ∈ Rn+p be a 
constant vector field. Then 

. 

∫

M 
[Ric(υ, υ) + ||A||2 − n2 ϕ2] d vg = 0. 

Proof Let .{E1,  . . . ,  En} be a pointwise constant local orthonormal frame. By 
Lemma 3.190 the divergence of the vector field .A(υ) is 

.divAυ =
∑

i 

Ei g(υ, AEi ) = ||A||2 + n g(υ, ∇ϕ) + Ric(υ, υ). (3.230) 

On another hand [by (3.228)] 

.g(υ, ∇ϕ) = div(ϕυ) − nϕ2 . (3.231) 

Now (3.230) and (3.231) imply the result. Q.e.d. 

Lemma 3.192 Let .Mn be a compact submanifold of .Rn+p and let .ν ∈ Rn+p be a 
constant vector field. Then 
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. 

∫

M 
[Ric(∇ϕ, υ) +

∑

i 

g(∇ei∇ϕ, Aei ) + n||∇ϕ||2] d vg = 0, 

where .{E1,  . . . ,  En} is a local orthonormal frame of .τM. 
Proof By (3.227) and (3.228) 

. Ric(∇ϕ, υ) =n g(H, B(∇ϕ, υ)) − 
n
∑

i=1 
g(B(∇ϕ, Ei ), B(υ, Ei )) 

=−  n||∇ϕ||2 + n g(∇⊥ 
∇ϕ H, v)  +

∑

i 

Ei
(

g( A(∇ϕ), Ei )
)

−
∑

i 

g((DB)(ei , ∇ϕ, Ei ), v) −
∑

i 

g(B(∇Ei∇ϕ, Ei ), v). 

Using . 
∑

i (Dh)(∇ϕ, Ei , Ei ) = n ∇⊥ 
∇ϕ H 

. Ric(∇ϕ, υ) = −n ||∇ϕ||2 + div A(∇ϕ) −
∑

i 

g(∇Ei∇ϕ, AEi ). 

Let .�ϕ be the Laplacian of . ϕ, i.e., .�ϕ = −div(∇ϕ). 

Lemma 3.193 The operator .O enjoys the properties 

(a) .tr(O) = ∇ϕ, 

(b) .(∇ O)(X, Y ) − (∇ O)(Y, X) = R(X, Y )∇ϕ, 

(c) .
∑

i (∇ O)(Ei , Ei ) = ∇(�ϕ) + Q(∇ϕ), 

where .{E1,  . . . ,  En} is a local orthonormal frame of .τM. 
Lemma 3.194 Let .(M, g) a .n-dimensional compact Riemannian manifold. Then 

. 

∫

M 
[Ric(∇ϕ, ∇ϕ) + ||O||2 − (�ϕ)2] d vg = 0. 

Proof of Theorem 3.188. By Lemmas 3.191, 3.192 and 3.194 together with 

.||O||2 ≥ 
(�ϕ)2 

n 
, ||A||2 ≥ n ϕ2 , 
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one has 

. 

∫

M 
[Ric(∇ϕ + cu, ∇ϕ + cυ)] d vg = 

. =
∫

M 
[Ric(∇ϕ) + c2 Ric(υ, υ) + 2c Ric(∇ϕ, υ)] d vg = 

. =
∫

M 
[−||O||2 + (�ϕ)2 − c2||A||2 + n2 c2 ϕ2 + 

. − 2c
∑

i 

g(∇Ei (∇ϕ), AEi ) − 2nc||∇ϕ||2] d vg ≤ 

. ≤
∫

M 
[(n − 1) (||O||2 + c2 ||A||2 ) − 2 n c  ||∇ϕ||2 + 

. − 2c
∑

i 

g(∇Ei (∇ϕ), AEi )] d vg . 

Next, by 
. 

∑

i 

g(∇Ei (∇ Ei ), AEi ) = tr(AO) 

and 
. ||O + cA||2 = ||O||2 + c2 A2 + 2c tr( AO) 

the last inequality becomes 

. 

∫

M 
[Ric(∇ϕ + cu ∇ϕ + c υ)] d vg ≤ ζ(ν, M). 

Consequently .∇ϕ = −c u. Moreover [by Lemma 3.192 with .ζ(ν, M) = 0] 

. 

∫

M 
[Ric(∇ϕ, ∇ϕ) − c(n − 1) ||∇ϕ||2] d vg = 0. 

As 
. Ric(∇ϕ, ∇ϕ) ≥ (n − 1)c||∇ϕ||2 

one has 
.Ric(∇ϕ, ∇ϕ) = (n − 1)c||∇ϕ||2 . 
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so that [by .∇ϕ = −c u  and Lemma 3.191] 

.

∫

M 
[(n − 1)||∇ϕ||2 − n(n − 1)cϕ2 + c(||A||2 − nϕ2 )] d vg = 0. (3.232) 

Thus (3.232) becomes 

.(n − 1)(λ1 − nc)
∫

M 
ϕ2 d vg + c

∫

M 
(||A||2 − nϕ2 ) d vg ≤ 0. (3.233) 

Here we also used 

. 

∫

M 
||∇ϕ||2 d vg ≥ λ1

∫

M 
ϕ2 d vg 

where .λ1 is the first nonzero eigenvalue of the Laplacian. On the other hand [by 
Lichnerowicz’s Theorem] 

. λ1 ≥ n c  

with equality if and only if .M is isometric to .Sn(c). Thus (3.233) yields the 
theorem. . �

Corollary 3.195 Let .M be a .n-dimensional compact submanifold of .Rn+p, with 
the mean curvature vector . H. Let us assume .inf

{[1/(n − 1) Ric
} = c > 0 and let 

.ξ ∈ X(Rn+1) be a constant vector field with .ϕ =< H, ξ >. If  . ϕ is not a constant 
and 

. ζ(ξ, M) =
∫

M 
[(n − 1) ||B + c A||2 − 2 n c  tr(AB)] d vg = 0, 

then .M is a submanifold of the hyperplane .R
n+p−1. 

Let.� : Mn → Rn+p be the given immersion. Then.� = �T +�⊥, where. �T ∈ 
X(Mn) and .�⊥ ∈ C∞(τ ⊥ 

M ). Then [by (3.226)] 

.∇X�T = X + A�⊥ X, ∇⊥ 
X �⊥ = −B(X, �T ) (3.234) 

for any .X ∈ X(Mn). On the other hand let .F ∈ C∞(Mn) be the function 

. F : Mn → R, F =< H, �⊥ > .  

Then [by (3.234)] .div�T = n (1 + F). Consequently 

Lemma 3.196 Let .Mn be a compact orientable submanifold of .Rn+p. Then 

.

∫

Mn 

(1 + F) d vg = 0. 
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Together with Haila et al. [OdDe], we consider the symmetric.(1, 1) tenor field. B 
given by 

. B(X ) = A�⊥ (X ), X ∈ X(Mn ). 

Lemma 3.197 . B enjoys the following properties 

(a) .tr(B) = n F, 

(b) .(∇B)(X, Y ) − (∇B)(Y, X) = R(X, Y )�T , 

(c) .
∑

i (∇B)(Ei , Ei ) = n gradF + Q(�T ), 

where .{E1,  . . . ,  En} is a local orthonormal frame of .τMn and 

. Q(X ) = n AH X −
∑

i 

AB(Ei , X ) Ei , (∇B)(X, Y ) = ∇XB(Y ) − B(∇X Y ) 

for any .X, Y ∈ X(Mn). 

Proof Statement (a) follows from the very definition of . B. As . B is symmetric 

.g((∇B)(X, Y ), Z ) = g(Y, (∇B)(X, Z )). (3.235) 

Then [by (3.234) and (3.235)] 

. g((∇B)(X, Y ) − (∇B)(Y, X ), Z) = g(R(X, Y )�T , Z ) 

proving (b). To prove (c) note first that [by (a)] 

. 

∑

i 

g(BEi , Ei ) = n F. 

Thus for any . X ∈ X(Mn) 

. 

∑

i 

g((∇B)(X, Ei ), Ei ) = n X  (F) = n g(X < grad  F). 

By (b) and the definition of the Ricci tensor one obtains (c). Q.e.d. 

We shall need the following integral formula (by Haila et al. [OdDe]). 

Theorem 3.198 Let .(Mn, g) be a compact, orientable, positively curved Rieman-
nian manifold. If there exists a positive constant .r > 0 such that the scalar curvature 
. τ of.Mn satisfies.τ < n(n − 1)r−2 then there is no isometric immersion. Mn → Rn+2 
with a parallel mean curvature vector field, and contained in a ball of radius . r . 
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Proposition 3.199 Let .Mn be a compact orientable Riemannian manifold and . � : 
Mn → Rn+p an isometric immersion. Then 

.

∫

Mn 

[Ric(�T , �T ) + ||B||2 − n2 F2 + n(n − 1)] d vg = 0. (3.236) 

Proof Let us consider a local orthonormal frame.{E1, .  .  .  ,  En} such that. (∇ Ei )x0 = 
0 for some.x0 ∈ M . Then [by Lemma 3.204] we may compute.div(B�T ) and obtain 

.div(B�T ) = n F  + ||B||2 + n g(�T , gradF) + Ric(�T , �T ). (3.237) 

We have 
. div(F�T ) = g(ψT , gradF) + F divψT . 

By the first equation in (3.234) .divψT = n (1 + F). Thus 

. div(FψT ) = g(ψT , gradF) + n F  + n F2 . 

Then [by replacing .g(ψT , gradF) in (3.237)] 

. div(BψT − n F  ψT ) = −n(n − 1) F − n2 F2 + ||B||2 + Ric(ψT , ψT ). 

Integration over .M yields [by Lemma 3.196] the result. Q.e.d. 

Let .� be an isometric immersion of a compact manifold with parallel mean 
curvature vector field, i.e., .∇⊥ H = 0. Then .||H || = α for some .α ∈ (0, +∞). Let  
.{N1, N2} ⊂  C∞(U, τ ⊥ 

M ) be a local orthonormal frame 84 such that .H = αN1. Then 

.�T = 
F 

α 
N1 + f N2, f =< �T , N2 > . (3.238) 

As.∇⊥ 
X H = 0 it follows that .∇⊥ 

X N1 = 0 and then [by.N1 ⊥ N2] one has .∇⊥ 
X N2 = 0. 

Let us set 
. C(X) = AN2 (X ), ∀ X ∈ X(Mn ). 

It may be easily shown that . C satisfies 

.tr (C) = 0, (∇C)(X, Y ) = (∇C)(Y, X ),
∑

i 

(∇C)(Ei , Ei ) = 0 (3.239) 

for any .X, Y ∈ X(Mn). 

Proof of Theorem 3.198. Let .� : Mn → Rn+2 be an isometric immersion with par-
allel mean curvature vector and .||ψ|| ≤ r . Let us consider the .C∞ function 

84 One tacitly assumes that.M has codimension. 2. 
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. ϕ : Mn → Rn+2 , ϕ = 
1 

2
||C||2 . 

The Laplacian of . ϕ is given by 

. �ϕ = ||∇C||2 + 
1 

2

∑

i< j 

(ai − a j )2 Ki j  

where.ai are the eigenvalues of. C. Integrating the above equation and using.Ki j  > 0, 
we get .∇C = 0. This proves that .C = aI  which, together with .tr (C) = 0, gives  
.C = AN2 = 0. Now, from (3.238), for any .X ∈ X(Mn), we get 

. X ( f ) = X < �⊥, N2 >= −  < B(X, �T ), N2 >= 0, 

consequently, . f is constant, call it . β. Thus 

.||�||2 = ||�T ||2 + 
F2 

α2 
+ β2 , β = A�⊥ = 

F 

α 
AN1 (3.240) 

so that 

. ||B||2 = 
F2 

α2 
||AN1 ||2 . 

Using this in Proposition 3.199 we arrive at 

. 

∫

Mn 

[Ric(�T , �T ) + 
F2 

α2 
(||AN1 ||2 − n2 α2 ) + n(n − 1)] d vg = 0. 

The length .||h||2 of the second fundamental form is given by 

. ||h||2 = 
2
∑

γ=1 
||ANγ

||2 

and .AN2 = 0. Thus .||AN1 ||2 = ||h||2 and consequently the above integral becomes 

. 

∫

Mn 

[Ric(�T , �T ) + (n(n − 1) − 
F2 

α2 
τ )] d vg = 0, 

where 
. τ = n2||H ||2 − ||h||2 

is the scalar curvature of .Mn . Using  (3.240) and .||�|| ≤ r in the above integral we 
get 
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. 

∫

Mn 

[(Ric(�T , �T ) + ||�T ||2 τ + β2 τ ) + r2 (n(n − 1)r−2 − τ )] d vg ≤ 0. 
(3.241) 

The first term is non-negative and .τ < n(n − 1)r−2 hence the integrand is strictly 
positive, a contradiction. 

As a consequence of Theorem 3.198. 

Corollary 3.200 Let .(Mn, g) be a positively curved, compact orientable submani-
fold of .Rn+2, with a parallel mean curvature vector. If .Mn is contained in a ball of 
radius . r in .Rn+2 and the scalar curvature . τ of .Mn satisfies .τ ≤ n(n − 1)r−2, then 
. Mn 

(a) lies on the hypersphere .Sn+1(r−2), 

(b) is isometric to .Sn(r−2). 

Corollary 3.201 Let .(Mn, g) be a positively curved, compact orientable submani-
fold of .Rn+2, with a parallel mean curvature vector field . H. If the scalar curvature 
. τ of .Mn is constant, then .Mn is isometric to .Sn(α2), where .α = ||H ||. 
Corollary 3.202 Let .(Mn, g) be a positively curved, compact orientable subman-
ifold of .Rn+2, with a parallel mean curvature vector field. If . Ric(�T , �T ) ≥ 
n2(1 + F2), then .Mn is isometric to some sphere .Sn(c). 

3.19 Submanifolds of Spheres 

An ample portion of modern theory of isometric immersions is devoted to submani-
folds of arbitrary codimension in spheres. Tompkins (cf. [Tom]), Chern and Kuiper 
(cf. [ChKu]), Otsuki (cf. [Ots23]), and H. Jacobowitz, cf. op. cit., proved non exis-
tence theorems for isometric immersions of Riemannian manifolds into certain (balls 
in) Euclidean spaces, in the presence of assumptions on the sectional curvature. These 
works turn out to be motivational for Beltagy [Bel]. In 1983, he proved that there is 
no isometric immersion of a compact .n-dimensional Riemannian manifold, whose 
sectional curvatures are everywhere less than some constant, into.Sn+p and contained 
in some geodesic ball of.Sn+p of radius. r . However, so far there were no such results 
in the presence of requirements on the Ricci curvature. In 1994, Deshmukh and Al-
Gwaiz [DeGw], considered the question of non embeddability in the presence of 
bounds on the Ricci curvature. Theorem 3.203 is proved for a compact Riemannian 
manifold of codimension 1 in the odd dimensional sphere. 

De Giorgi [Gio], and Simons [Sim24], showed that the Gauss image of a minimal 
hypersurface other than a great hypersphere cannot lie in an open hemisphere. In 
1969, Nomizu and Smyth [NoSm], generalized the above result to the hypersurfaces 
of constant mean curvature. For this, they obtained a characterization of the hyper-
spheres (great or small) of spheres by using their Gauss images. Later on, Markvorsen 
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(cf. [Mar]) also obtained another characterization of small hyperspheres of spheres. 
A characterization of small spheres in a sphere was obtained by Coghlan and Itokawa 
[CoIt], in terms of a pinching relation on the sectional curvature. Drawing inspiration 
from the above works, Deshmukh and Al-Gwaiz [DsGw], used a pinching on the 
Ricci curvature and the position of a hypersurface in a sphere to characterize a small 
sphere (see Theorem 3.206 below). 

In the geometry of submanifolds, an interesting question is to obtain conditions 
under which minimal submanifolds of the unit sphere .Sn+p are totally geodesic. 
Generally, these conditions are in terms of pinching relations on the scalar, Ricci, 
or sectional curvatures. U. Simon proved a pinching theorem for compact minimal 
submanifolds for arbitrary codimension in the unit sphere. This result was improved 
by Sakaki [Sak25], in 1989. He showed that if the scalar curvature of a minimal 
submanifold .Mn in .Sn+p is greater than some constant, then either .Mn is totally 
geodesic or for .n = 2, the scalar curvature is .τ = 2 3 and.M2 is a Veronese surface in 
a totally geodesic .4-sphere. 

In 1979, for .n ≥ 4, N. Ejiri proved [Eji], that a .n-dimensional minimal submani-
fold, whose Ricci curvature satisfies .Ric > n − 2, in .Sn+p is totally geodesic. Later 
on, in 1992, Y-B. Shen improved (cf. [She]) the result of M. Sakaki for.3-dimensional 
compact minimal submanifolds of .S3+p with a pinching relation on the scalar cur-
vature, i.e., .τ > 4. 

S. Deshmukh proved (cf. [Des11]) Theorem 3.209, which can be considered 
as a partial generalization of the result by Y-B. Shen. It was an interesting ques-
tion whether Shen’s result could be extended beyond dimension 3. In [Des12], he 
also showed that for .p ≤ 2, an  .n-dimensional minimal submanifold in .Sn+p, with 
a pinching relation on the scalar curvature, i.e., .τ > n(n − 2), is totally geodesic 
(see Theorem 3.216 below). For .p ≥ 2, he used some additional restrictions on 
the curvature tensor with respect to normal connection to achieve the result (see 
Theorem 3.212 below). Furthermore, in [Des12], he obtained an inequality for the 
scalar curvature of a non-totally geodesic, non-negatively curved minimal submani-
fold in .Sn+p with a flat normal connection (see Theorem 3.219 below). From Corol-
lary 3.223, one may conclude that a non-negatively curved minimal hypersurface of 
.Sn+1, which is diffeomorphic to .Sn , is a totally geodesic sphere. 

According to Chen [Che5], a submanifold .M of the Euclidean space .R
n s bihar-

monic if its mean curvature vector is harmonic i.e. . �H = (�H1,  . . . , �Hn) = 0 
where.H = (H1, . . . ,  Hn) is the mean curvature vector and. � is the Laplace-Beltrami 
operator on . M . 

The study of biharmonic immersions into a non-flat Riemannian manifold may 
be regarded as a generalization of B.-Y. Chen’s study of biharmonic submanifolds. 
Jiang showed (cf. [Jia]) that a compact, orientable, biharmonic submanifold into a 
manifold.M such that.RM ≤ 0 is minimal. C. Oniciuc proved 85 that CMC biharmonic 
isometric immersions into a manifold .M with .RM ≤ 0 are minimal. 

85 Cf. C. Oniciuc, Biharmonic maps between Riemannian manifolds. An. Ştiinţ. Univ. Al.I. Cuza, 
Iaşi, Mat (N.S.) 48, 237–248 (2002). 
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Chen’s conjecture is that biharmonic submanifolds into a non positive constant 
sectional curvature manifold are minimal. Up to 2001 Chen’s conjecture was expected 
to hold for biharmonic submanifolds into a Riemannian manifold of non positive sec-
tional curvature, yet Ou and Tang produced (cf. [OuTa]) a counterexample, prompting 
the investigation of biharmonic submanifolds of spheres. 

3.19.1 Hypersurfaces in Spheres 

Let.S2n−1 ⊂ Cn be the standard sphere. Let.N be a unit normal vector field on.S2n−1. 
A rotation of.N by.π/2 gives rise to the Reeb vector field.ξ ∈ X(S2n−1) [i.e.,. J ξ = N 
where . J is the complex structure of .Cn]. Let . φ and . η be the natural . f -structure and 
contact form on the sphere i.e. .J X  = φX + η(X ) N . Moreover 

. 

⎧ 
⎪⎨ 

⎪⎩ 

φ2 = −I + η ⊗ ξ, φ(ξ) = 0, η ◦ ξ = 0, 

g(φX, φY ) = g(X, Y ) − η(X)η(Y ), g(φX, Y ) = −g(X, φY ), 
(3.242) 

.∇X ξ = φX, (∇X φ)(Y ) = η(Y )X − g(X, Y )ξ (3.243) 

for any.X, Y ∈ X(S2n−1). That is.S2n−1 is a Sasakian manifold with the contact metric 
structure .(φ, ξ, η, g), where . g and .∇ are respectively the standard Riemannian 
metric and Levi-Civita connection on .S2n−1. Let .(M, g) be a .(2n − 2)-dimensional 
Riemannian manifold admitting an isometric immersion in.S2n−1. For the unit normal 
vector field to .M in .S2n−1 we have 

.ξ|M = u + f N , φX = �X + α(X )N , (3.244) 

. f = g(ξ, N ), α(X ) = g(X, t), φN = −t. 

Then [by (3.243) and (3.244)] 

.∇X u = �X + f A  X (3.245) 

for any.X ∈ X(M), where.A = AN is the Weingarten operator of the given isometric 
immersion. On the other hand 

.∇X t = −  f X  +� A X. (3.246) 

Then [by (3.244)] we get .�(u) = f t  hence .g(u, t) = 0. Finally [by (3.245) and 
(3.246)] we arrive at .�(t) = −  f u. 
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Next we report on a result by Deshmukh and Al-Gwaiz (cf. [DeGw]) on the non-
existence of an isometric immersion .M → S2n−1 with .J N  tangent to the image of 
. M . Precisely 

Theorem 3.203 Let .M be a .(2n − 2)-dimensional compact Riemannian manifold. 
If .M satisfies .Ric < 2(n − 2) then there is no isometric immersion of .M into . S2n−1 
such that .J N  is tangent to the image of . M. 

To prove the theorem we need the following: 

Lemma 3.204 Let .M be a .(2n − 2)-dimensional submanifold of S2n−1. Then 

(1) .trace(�2) = −2 f 2 − 2n + 4. 

(2) .||∇u||2 = f 2 trace( A2) + 2 f 2 + 2n − 4. 

(3) .||Lg||2 = 4 f 2 trace(A2). 

(4) .div(u) = 2(n − 1) f α, 

where . α is the mean curvature vector M → S2n−1. 

Proof On an open subset of. M , we consider the unit vector fields.E1 and.E2 collinear 
to . u and . t , respectively. Then for any unit vector field . E orthogonal to .E1 and . E2 

. 

⎧ 
⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩ 

g(�E, E1) = −g(E, �E1) = 
−1 
||u|| g(E, �u) = 

− f 
||u|| ||t ||g(E, E2) = 0, 

g(�E, E2) = −g(E, �E2) = 
−1 
||u|| g(E, �t) = 

− f 
||t || ||u||g(E, E1) = 0. 

(3.247) 
Also.�(u) = f t  =⇒ t = 0 and.�(t) = −  f u  =⇒ u = 0. Then.ξ = N . Thus, on an 
open set where . u and . t are nonzero, we may choose as a local orthonormal frame 
either 

. {E1, . . . ,  En+1, �E3, . . . , �En+1} 

or 
. {E1, .  .  .  ,  En−1, �E1, .  .  .  , �En−1}. 

For the first case we have 

. 

2n−2
∑

i=1 
g( Aei , �ei ) =g(AE1, �E1) + g( AE2, �E2) 

+ 
n+1
∑

i=3 
[g(Aei , �ei ) + g(A�ei , �

2 ei )]. 
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For .i > 2, .Ei is perpendicular to . u and . t , which further implies that .α(Ei ) = 0 and 
.η(Ei ) = g(Ei , t) = 0. Hence .φEi = �(Ei ) and .�2(Ei ) = −Ei . Thus 

. 

2n−2
∑

i=1 
g(AEi , �Ei ) = 0. (3.248) 

The remaining case may be treated in a similar manner. On the open subset where. u 
and . t are nonzero, we also have 

.trace(�2 ) = 
2n−2
∑

i=1 
g(�Ei , �Ei ) = −2 f 2 − 2n + 4. (3.249) 

By (3.245) 

.div(u) = 2(n − 1) f α. (3.250) 

Next [by (3.248) and (3.249)] 

. ||∇u||2 = −trace(�2 ) + f 2 trace(A2 ) 
= f 2 trace(A2 ) + 2 f 2 + 2n − 4 (3.251) 

and 

. ||Lg||2 =
∑

i, j 

[g(�Ei + f AEi , E j ) + g(�E j + f AE  j , Ei )]2 

= 4 f 2 trace(A2 ). (3.252) 

Q.e.d. 

Proof of Theorem 3.203 By Lemma 3.204 

. Ric(u, u) + 
1 

2
||Lg||2 − ||∇u||2 − (δu)2 = 

. = Ric(u, u) + f 2 ((2n − 2)(2n − 3) − τ ) − 2 f 2 − 2n + 4, (3.253) 

where the scalar curvature . τ of .M is given by 

. τ = (2n − 2)(2n − 3) + 4(n − 1)2 α2 − trace( A2 ). 

Next [by .||u||2 = 1 − f 2] 
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. 

∫

M

[||u||2 (Ric(E1, E1) − (2n − 2)) + f 2 ((4n − 4)(n − 2) − τ )
]

d vg = 0. 
(3.254) 

By .J N  = ξ ∈ X(M) and (3.244) we get . f = 0 and .||u|| = 1. Hence 

.

∫

M 
[Ric(u, u) − (2n − 2)] d vg = 0. (3.255) 

This [by our assumption on Ricci curvature] is in conflict with (3.255). Q.e.d. 

3.19.2 Small Spheres in Spheres 

Let .M be an orientable hypersurface in the unit sphere .Sn+1 ⊂ Rn+2. Let  .N be a 
global unit normal vector field of.M in.Sn+1. We shall use the Gauss and Weingarten 
formulas 

.∇X Y = ∇X Y + g(AX, Y )N , (3.256) 

.∇X N = −AX (3.257) 

for any .X, Y ∈ X(M). Let  .R = R∇ be the curvature tensor field of . M . The Gauss 
equation is 

.R(X, Y )Z = g(AY, Z) AX  − g(AX, Z )AY (3.258) 

for any .X, Y ∈ X(M). Let .{E1,  . . . ,  En} be a local orthonormal frame in .τM . Then 
[by (3.258)] 

.Ric(X, Y ) = (n − 1)g(X, Y ) + n α g(AX, Y ) − g(AX, AY ) (3.259) 

for any .X, Y ∈ X(M). Moreover the scalar curvature of .M is 

.τ = n(n − 1) + n2 α2 − trace(A2 ), (3.260) 
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where . α is the mean curvature of . M 

. α = 
1 

n 

n
∑

i=1 
g(AEi , AEi ). 

By the symmetry of the shape operator . A and by the Codazzi equation 

.g((∇X A)Y, Z ) = g((∇X A)Z , Y ) (3.261) 

for any .X, Y, Z ∈ X(M). For any parallel unit vector field . Z on . R
n+2 

. Z = Z T + Z N , 

where.Z T ∈ X(Sn+1) and.Z N ∈ C∞
(

τ ⊥ 
Sn+1
)

are the tangential and normal components 
of . Z . Let .N be a unit normal vector field on .Sn+1 in .R

n+2. If we set  

. f =< Z N , N > 

then 

.∇X Z 
T = −  f X, X f  = g(X, Z T ) (3.262) 

for any .X ∈ X(M). Furthermore, let us consider the function 

. ρ : M → R, Z T = t + ρN , t ∈ X(M). 

We have 

. 

⎧ 
⎪⎨ 

⎪⎩ 

∇X t = −  f X  + ρAX, Xρ = g(AX, t), X f  = g(X, t), 

gradρ = −At, grad f = t 
(3.263) 

for any .X ∈ X(M). 

Next we report on a result by Deshmukh and Al-Gwaiz (cf. [DsGw]) on hyper-
surfaces of constant mean curvature in .Sn+1. 

Theorem 3.205 Let .M be a compact orientable hypersurface of constant mean 
curvature in .Sn+1. If some relative support function of .M with respect to a parallel 
unit vector field . Z in .Rn+2 is nowhere zero on . M, then .M is a hypersphere in .Sn+1. 

Proof The Hessian .Hessρ is [by (3.263)] 

.Hessρ(X, Y ) = −g((∇X A)Y, t) + f g(AX, Y ) − ρ g( AX, AY ). (3.264) 
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By (3.264) and (3.261) 

.�ρ = −n t  α + n f  α − ρ trace(A2 ). (3.265) 

By (3.263).div(t α) = t α − n α (ρα − f ). By the last equality together with (3.265) 
and Lemma 3.207 

. �
[

ρ − (n − 1)α f
] = ρ

[

nα2 − trace(A2 )
]− div(n t  α). 

Integrating over . M 

.

∫

M 
[ρ(nα2 − trace( A2 ))] d vg = 0. (3.266) 

Then (3.266) yields either .ρ = 0 or .α2 = (1/n) trace(A2). In the first case [by 
Schwarz inequality] 

. α2 − 
1 

n 
trace( A2 ) ≥ 0 

with equality if and only if .M is totally umbilical. In the second case .M is again 
totally umbilical and as .M is compact and connected, it must be a hypersphere in 
.Sn+1. Q.e.d. 

Deshmukh and Al-Gwaiz (cf. [DsGw]) gave the following characterization of a 
small sphere in a sphere, in terms of a pinching relation on the Ricci curvature. 

Theorem 3.206 Let.M be a compact orientable hypersurface of.Sn+1 with a relative 
support function . ρ with respect to a parallel unit vector field . Z in .R

n+2. If the Ricci 
curvature of .M satisfies .ρ2(n − 1)(n + 2) <  ρ2 Ric ≤ n − 1, then 

(1) . ρ is constant, 

(2) .M = Sn(ρ−2). 

We need the following lemmas. 

Lemma 3.207 (1) .� f = n(− f + ρα), 

(2) . 1 2� f 2 = n(− f 2 + α f ρ) + ||t ||2. 
Proof The first statement follows from (3.263). As to the second statement, one uses 
the first statement together with (3.263) and with 

. � f 2 = 2 f � f + 2 ||grad f ||2 . 

Q.e.d. 
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Lemma 3.208 Let .M be a hypersurface of .Sn+1 with a relative support function . ρ 
with respect to a parallel unit vector field . Z in .R

n+2. Then 

. 
1 

2
�ρ2 =ρ2 (τ − n(n − 1)) − f ρα  n(n − 1) 

− [Ric(t, t) − (n − 1)||t ||2]− div(n α ρ  t). (3.267) 

Proof Substitution from 

. div(t α) = tα − nα(ρα − f ) 

and from (3.260) into (3.265) yields 

.ρ�ρ = ρ (τ − n(n − 1)) − n(n − 1) f ρ α  − ρ div (n t). (3.268) 

By 
. div(nαρt) = nαρt + ρ div(nαt) 

and by (3.263) we obtain 

. − ρ div(nαt) = n α g( At, t) − div(n α ρ  t). (3.269) 

Substitution from (3.269) into (3.268) yields 

. ρ�ρ = ρ
[

τ − n(n − 1)
]− n(n − 1) f ρα  − n α g(At, t) − div(n α ρ  t). 

Finally by (3.263) and 

. �ρ2 = 2
[

ρ�ρ + ||grad ρ||2], 

we obtain (3.267). Q.e.d. 

Proof of Theorem 3.206 By Lemma 3.207 and (3.267) 

. 
1 

2
�
[

ρ2 + (n − 1) f 2
]+ div(n α ρ  t) =ρ2 τ − n(n − 1)(ρ2 + f 2 + ||t ||2 ) 

+ (n − 1)(n + 2)||t ||2 − Ric(t, t). 
(3.270) 

For a unit vector field .Z = t + ρN + f N we have .||t ||2 + ρ2 + f 2 = 1. Thus, by  
integrating (3.270) 

.

∫

M

{||t ||2[Ric(s, s) − (n − 1)(n + 2)
]+ n(n − 1) − ρ2 τ

}

d vg = 0, 
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where .s = ||t ||−1 t (a unit vector field defined on the open subset of .M where . t is 
nonzero). Then it must be .t = 0 and 

. ρ2 τ = n(n − 1). 

Moreover. ρ is a nonzero constant,. f |M is a constant, and.A = f 
ρ I . Hence [by Gauss 

equation] .M is isometric to .Sn(1/ρ2). Q.e.d. 

3.19.3 Minimal Submanifolds in Spheres 

Let.Mn be a .n-dimensional minimal compact submanifold in .Sn+p, with the normal 
bundle .τ ⊥ 

M . The Riemannian metric on .Sn+p and the induced Riemannian metric on 
.M are denoted by the same symbol . g. The Levi-Civita connections on .Sn+p and . M 
are denoted by .∇ and . ∇. Gauss-Weingarten formulae are 

.∇X Y = ∇X Y + B(X, Y ), ∇X N = −AN X + ∇⊥ 
X Y (3.271) 

for any .X, Y ∈ X(M) and .N ∈ C∞(τ ⊥ 
M ). We shall also use 

.g(AN X, Y ) = g(B(X, Y ), N ). (3.272) 

Let .R = R∇ and .R⊥ = R∇⊥ 
be the curvature tensor fields of .∇ and .∇⊥. Gauss-

Codazzi-Ricci equations are 

. 

⎧ 
⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

R(X, Y )Z = g(Y, Z )X − g(X, Z)Y + AB(Y,Z) X − AB(X,Z)Y, 

(∇ B)(X, Y, Z ) = (∇ B)(Y, Z , X ), 

R⊥(X, Y, N1, N2) = g([AN1 , AN2 ](X ), Y ) 

(3.273) 

for any.X, Y ∈ X(M) and.N1, N2 ∈ C∞(τ ⊥ 
M ). Let.{E1,  . . . ,  En} be a local orthonor-

mal frame of .τM . The Ricci operator .R∗ is 

. Ric(X, Y ) = g(R∗(X ), Y ), ∀ X, Y ∈ X(M). 

Then [by Gauss equation] 

.R∗(X ) = (n − 1)X − 
n
∑

i=1 
AB(Ei , X) Ei (3.274) 
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for any .X ∈ X(M). Next the scalar curvature is 

.τ = 
n
∑

i 

Ric(Ei , Ei ) = (3.275) 

. = n(n − 1) −
∑

i, j 

||B(Ei , E j )||2 = n(n − 1) − ||B||2 . 

As.M is minimal 

. 

⎧ 
⎪⎨ 

⎪⎩

∑n 
i=1 B(Ei , Bi ) = 0,

∑n 
i=1(∇B)(X, Ei , Ei ) = 0,

∑n 
i=1(∇2 B)(X, Y, Ei , Ei ) = 0. 

(3.276) 

Next we define 

. 

⎧ 
⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

σ =∑i, j ||B(Ei , E j )||2 = ||B||2, 

||AB ||2 =∑i, j,k ||AB(Ei , E j ) Ek ||2, 

||∇ B||2 =∑i, j,k ||(∇ B)(Ei , E j , Ek)||2. 

(3.277) 

Next we report on a result by Deshmukh (cf. [Des11]) concerning normal curvature 
of minimal submanifolds in spheres. 

Theorem 3.209 Let .Mn be a minimal compact submanifold of .Sn+p. If the scalar 
curvature . τ and the normal curvature .K ⊥ of .M satisfy . τ > (n − 1)2, K ⊥ ≤ σ, 
then .M is totally geodesic. 

We need the following lemmas. 

Lemma 3.210 Let .Mn be a minimal submanifold of .Sn+p. Then 

. 

∑

i, j,k 

R(Ek, Ei ; E j , AB(Ei , E j ) Ek) = 

. = ||AB ||2 + 
1 

2 
K ⊥ −

∑

i, j,a,b 

g(Aa Ei , Ab E j )
2 − σ, 

. Aa ≡ Ana , 1 ≤ a ≤ p 

for any local orthonormal frames 

.
{

Ei : 1 ≤ i ≤ n
} ⊂ C∞(U, τM ),

{

na : 1 ≤ a ≤ p
} ⊂ C∞(U, τ ⊥ 

M ). 
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Proof By (3.273) 
.K ⊥ =

∑

i, j,a,b 

[R⊥(Ei , E j ; na, nb)]2 = (3.278) 

. = 2
∑

i, j,a,b 

[g( Aa Ei , Ab E j )
2 − g( Aa Ab Ei , E j )g( Ab Aa Ei , E j )]. 

On the other hand [by Gauss equation] 

. 

∑

i, j,k 

R(Ek, Ei ; E j , AB(Ei ,E j ) Ek) = 

. = δi j  g(B(Ek, Ek), B(Ei , E j )) − δk j  g(B(Ei , E j ), B(Ei , Ek)) + 

. + g(B(Ei , E j ), B(Ek, AB(Ei ,E j ) Ek)) − g(B(Ek, E j ), B(Ei , AB(Ei ,E j ) Ek)) = 

. = δi j  g(B(Ek, Ek), B(Ei , E j )) − δk j  g(B(Ei , E j ), B(Ei , Ek)) + 

. + ||AB ||2 −
∑

i, j,a,b 

g(Aa Ab Ei , E j ) g( Ab Aa Ei , E j ). 

Finally [by (3.278) and minimality of . M] 

. 

∑

i, j,k 

R(Ek, Ei ; E j , AB(Ei , E j ) Ek) = 

. = −σ + ||AB ||2 −
∑

i, j,a,b 

g(Aa Ei , Ab E j )
2 + 

1 

2 
K ⊥. 

Q.e.d. 

Lemma 3.211 Let .Mn be a minimal submanifold of .Sn+p. Then 

.�F = (n − 1)σ − ||Ah||2 + (σ − K ⊥) + ||∇h||2 . (3.279) 

Proof We consider the function .F : M → R, .2F = σ. Then 

. �F =
∑

i, j,k 

g((∇2 B)(Ek, Ek, Ei , E j ), B(Ei , E j )) +
∑

i, j,k 

||(∇h)(ei , e j , ek)||2 . 

By the Ricci identity 
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. �F =
∑

i, j,k 

[R⊥(Ek, Ei ; B(Ek, E j ), B(Ei , E j )) − R(Ek, Ei ; Ek, AB(E j ,Ei ) E j ) 

− R(Ek, Ei ; E j , AB(Ei ,E j ) Ek)] + ||∇B||2 . (3.280) 

On the other hand [by (3.273)] 

.

∑

i, j,k 

R⊥(Ek, Ei ; B(Ek, E j ), B(Ei , E j )) = (3.281) 

. =
∑

i, j,k 

[g( AB(Ei ,E j ) Ek, AB(Ei ,E j ) Ek) + 

. + g(AB(Ei ,E j )Ek , R(Ei , Ek )E j − δk j  Ei + δi j  Ek ) − g( AB(Ek ,E j ) Ek , AB(Ei ,E j ) Ei )] =  

. = ||AB ||2 − σ +
∑

i, j,k 

[R(Ei , Ek; E j , AB(Ei ,E j ) Ek) − g(AB(Ek ,E j ) Ek, AB(Ei ,E j ) Ei )]. 

Next we evaluate [by (3.274)] the last term (in the equation above) 

.

∑

i, j,k 

g(AB(Ek ,E j ) Ek, AB(Ei ,E j ) Ei ) = (3.282) 

. =
∑

i, j 
g((n − 1)e j − R∗(E j ), Ah(ei ,e j )ei ) = (n − 1)σ +

∑

i, j,k 
R(Ek , Ei ; Ek , AB(Ei ,E j ) E j ). 

By (3.281) and (3.282) 

.

∑

i, j,k 

R⊥(ek, ei ; h(ek, e j ), h(ei , e j )) = (3.283) 

. = −nσ + ||Ah ||2 +
∑

i, j,k 

[R(ei , ek; e j , Ah(ei ,e j )ek) − R(ek, ei ; ek, Ah(ei ,e j )e j )]. 

Moreover 

.

∑

i, j,k 

R(ek, ei ; ek, Ah(ei ,e j )e j ) = −
∑

i, j 

Ric(ei , Ah(ei ,e j )e j ) = (3.284) 

. = −
∑

i, j 

g(R∗(ei ), Ah(ei ,e j )e j ) = −
∑

j,a 

g(R∗(Aae j ), Aae j ) = 

. = −
∑

j,a 

Ric(Aae j , Aae j ) = −(n − 1)σ +
∑

i, j,a,b 

g(Aaei , Abe j )
2 . 
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Substitution from Lemma 3.210 and from (3.283)–(3.284) into (3.280) yields (3.279). 
Q.e.d. 

Proof of Theorem 3.209 Integrating (3.279) over . M 

.

∫

M

[

(n − 1)σ − ||Ah ||2 + (σ − K ⊥) + ||∇h||2] d vg = 0. (3.285) 

By 

. σ =
∑

a 

||Aa||2 , ||Ah||2 =
∑

i, j,k 

||Ah(ei ,e j )ek ||2 =
∑

a 

||Aa||2 . 

Equation (3.285) becomes 

. 

∫

M

[
∑

a 

((n − 1) − ||Aa||2 )||Aa||2 + (σ − K ⊥) + ||∇h||2
]

d vg = 0. 

Then.σ − K ⊥ ≥ 0 and.||Aa||2 < n − 1. Thus.||Aa|| = 0, i.e., .M is totally geodesic. 
Q.e.d. 

Theorem 3.212 Let .M be a .n-dimensional compact minimal submanifold in .Sn+p. 
If .τ > n(n − 2) and .K ⊥ ≤ ϕ then .M is totally geodesic. 

Cf. Deshmukh [Des12]. To prove the theorem we need the following lemmas. 

Lemma 3.213 Let .M be a .n-dimensional minimal compact submanifold in .Sn+p. 
Then 

. 0 =
∫

M 
[||∇h||2 +

∑

i, j,k 

(R⊥(Ek, Ei ; B(E j , Ek), B(Ei , E j ))+ 

− R(Ek, Ei ; E j , AB(Ei ,E j ) Ek)) +
∑

i, j 

Ric(AB(Ei ,E j ) E j , Ei )] d vg. (3.286) 

Lemma 3.214 Let .M be a .n-dimensional compact minimal submanifold in .Sn+p. 
Then 

. ||R||2 =
∑

i, j,k 

||R(Ei , E j )Ek ||2 = 

=2n(n − 1) − 4σ + 2||AB ||2+ 

− 2
∑

i, j,k 

g(AB(E j ,Ek ) Ei , AB(Ei ,Ek ) E j ). (3.287) 
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Lemma 3.215 Let.M be a.n-dimensional compact minimal submanifold.M in.Sn+p. 
Then 

.2
∑

i, j,k 

R(Ek, Ei ; E j , AB(Ei ,E j ) Ek) = ||R||2 − 2τ . (3.288) 

Let us consider the function 

. ϕ : M → R, ϕ = 2
∑

a<b 

||Aa||2||Ab||2 . 

Proof of Theorem 3.212 Let us use (3.273) and (3.274) [by taking inner product with 
.AB(Ei ,E j ) Ek] 

. 

⎧ 
⎪⎨ 

⎪⎩

∑

i, j,k g(AB(E j ,Ek ) Ei , AB(Ei ,E j ) Ek ) =∑i, j,k g(R(Ei , Ek; E j , AB(Ei ,E j ) Ek ) − σ + ||AB ||2.
∑

i, j,k g(AB(E j ,Ek ) Ek , AB(Ei ,E j ) Ei ) = (n − 1)σ −∑i, j Ric(E j , AB(Ei ,E j ) Ei ). 
(3.289) 

Substitution from (3.289) into the third equation of (3.273) yields 

. R⊥(Ek, Ei ; B(Ei , E j ), B(E j , Ek)) =
∑

i, j,k 

R(Ei , Ek; E j , AB(Ei ,E j ) Ek) + 

(3.290) 
. +
∑

i, j 

Ric(E j , AB(Ei ,E j ) Ei ) + ||AB ||2 − nσ. 

Moreover 
.

∑

i, j 

Ric(E j , AB(Ei ,E j ) Ei ) = (3.291) 

. =
∑

a,i, j 

g(Aa Ei , E j )Ric(E j , Aa Ei ) =
∑

a,i 

Ric(Aa Ei , Aa Ei ). 

Substitution from (3.274) into (3.291) yields 

.

∑

i, j 

Ric(E j , AB(Ei ,E j ) Ei ) = (n − 1)σ −
∑

a,b 

||Aa Ab||2 . (3.292) 

On the other hand [by (3.287)] 

.||R||2 = 2n(n − 1) − 4σ + (3.293) 

. + 2||AB ||2 +
∑

a,b 

[||Aa Ab − Ab Aa||2 − 2||Aa Ab||2]. 
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Here one also made use of 

. 

⎧ 
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑

i, j,k g(AB(E j ,Ek ) Ei , AB(Ei ,Ek ) E j ) = 

=∑i, j,a,b g(Aa Ei , Ab E j )g(Aa E j , Ab Ei ),

∑

a,b ||Aa Ab − Ab Aa||2 = 

= −2∑i, j,a,b g(Aa Ei , Ab E j )g(Aa E j , Ab Ei ) + 2
∑

a,b ||Aa Ab||2. 

Then [by Lemma 3.215 and (3.293)] 

.2
∑

i, j,k 

R(Ek, Ei ; E j , AB(Ei ,E j ) Ek) = (3.294) 

. = 2n(n − 1) − 4σ + 2||AB ||2 = −2τ +
∑

a,b 

[||Aa Ab − Ab Aa||2 − 2||Aa Ab||2]. 

By Lemma 3.213 and (3.290) 

. 0 =
∫

M 
[||∇h||2 + ||AB ||2 − nσ − 2

∑

i, j,k 

R(Ek, Ei ; E j , AB(Ei ,E j ) Ek)+ 

+ 2Ric(E j , AB(Ei ,E j ) Ei )] d vg 

or [by (3.292), (3.294) and (3.275)] 

.0 =
∫

M 
[||∇B||2 + ||AB ||2 − nσ −

∑

a,b 

||Aa Ab − Ab Aa||2] d vg . (3.295) 

To simplify the above integral formula, we use the identities 

.K ⊥ =
∑

i, j,a,b 

[R⊥(Ei , E j ; na, nb)]2 

=
∑

i, j,a,b 

g([Aa, Ab](Ei ), E j )2 

=
∑

a,b 

[
∑

i, j 

g(( Aa Ab − Ab Aa)(ei ), e j )2] 

=
∑

a,b 

||Aa Ab − Ab Aa||2 
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and 

. ||AB ||2 =
∑

i, j,k 

||AB(Ei ,E j )ek ||2 

=
∑

i, j,k,a 

g(Aa Ei , E j )2||Aa Ek ||2 

=
∑

i, j,a 

||Aa||2 g(Aa Ei , E j )2 

=
∑

a 

||Aa||2 

= ||h||4 − 2
∑

a<b 

||Aa||2||Ab||2 . (3.296) 

Thus 

.

∫

M 
[||∇ B||2 + (n − σ)σ + (ϕ − K ⊥)] d vg = 0. (3.297) 

By .σ < n together with (3.297) it follows that .M is totally geodesic. Q.e.d. 

Theorem 3.216 Let .M be a .n-dimensional compact minimal submanifold in .Sn+2. 
Suppose that .τ > n(n − 2). Then .M is totally geodesic. 

Cf. Deshmukh [Des12]. 
Proof Let.{n1, n2} be a local orthonormal frame in.τ ⊥ 

M . Then (3.295) may be written 
[by (3.296)] 

.

∫

M 
[||∇h||2 + (n − σ)σ + (3.298) 

. + 2||A1||2||A2||2 − ||A1 A2 − A2 A1||2] d vg = 0. 

Using (3.298) we may conclude that .σ = 0, that is .M is totally geodesic. Q.e.d. 

The previous theorem admits the following consequence. 

Corollary 3.217 Let.M be a.n-dimensional compact minimal hypersurface in.Sn+1. 
If .τ ≥ n(n − 2) then either 

(1) .M is totally geodesic, or 

(2) .M is isometric to .Sm
(
√

m 

n

)

× Sn−m
(
√

n − m 
n

)

. 
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Proof Note that .K ⊥ = ϕ = 0. Consequently (3.297) becomes 

.

∫

M 
[||∇ A||2 + (n − ||A||2 )||A||2] d vg = 0. (3.299) 

If .M is not totally geodesic then (3.299) implies that .A is parallel and .||A||2 = n. 
Consequently .M is isometric to 

. Sm
(
√

m 

n

)

× Sn−m
(
√

n − m 
n

)

. 

Q.e.d. 

Theorem 3.218 Let .M be a .n-dimensional compact minimal submanifold in .Sn+p, 
with a flat normal connection. If .M has constant sectional curvature .c ≥ 0 then 

(1) .M is flat and .p ≥ n − 1, or  

(2) .M is totally geodesic. 

Cf. Deshmukh [Des12]. To prove the theorem we need to use. 

Theorem 3.219 Let .M a .n-dimensional compact non-negatively curved minimal 
submanifold in .Sn+p with a flat normal connection. Then either 

(1) .M is totally geodesic, or 

(2) the scalar curvature . τ of .M satisfies 

. n(n − p − 1) ≤ τ ≤ n(n − 2). 

To prove Theorem 3.219 we need the following lemma. 

Lemma 3.220 Let .M be a .n-dimensional non-negatively curved minimal subman-
ifold in .Sn+p with a flat normal connection. Then 

(i) .||Ah||2 = nσ. 

(ii) .σ(σ − n) ≥ 0. 

Proof We choose local orthonormal frames 

. {E1,  . . . ,  En} ⊂  C∞(U, τM ), {n1, . . . ,  n p} ⊂  C∞(U, τ ⊥ 
M ), 

such that .Aa(Ei ) = λa 
i Ei [with .Aa = Ana ] for  some  
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. λa 
i ∈ C∞(U ), i ∈ {1, .  .  .  ,  n}, a ∈ {1, .  .  .  ,  p}. 

.

∑

i, j 

Ric(E j , AB(Ei ,E j ) E j ) −
∑

i, j,k 

R(Ek, Ei ; E j , AB(Ei ,E j ) Ek) = (3.300) 

. =
∑

a 

[
∑

i, j 
g( Aa Ei , E j ) Ric(Ei , Aa E j ) −

∑

i, j,k 
g(Aa Ei , E j ) R(Ek , Ei ; E j , Aa Ek )] =  

. =
∑

a, j,k 

[(λa 
j )
2 R(Ek, E j ; E j , Ek) − λa 

j λ
a 
k R(Ek, E j ; E j , Ek)] =  

. = 
1 

2

∑

a, j,k 

[2λa 
j )
2 R(Ek, E j ; E j , Ek) − 2λa 

j λ
a 
k R(Ek, E j ; E j , Ek)] =  

. = 
1 

2
[
∑

a, j,k 

(λa 
j − λa 

k )
2 R(Ek, E j ; E j , Ek)] ≥  0, 

where .R(Ek, E j ; E j , Ek) is the sectional curvature of the .2-plane spanned by 
.{Ek, E j }. Equation (3.300) yields [by Lemma 3.213 and .R⊥ = 0] .||∇h|| = 0 and 

. 

∑

i, j 

Ric(E j , AB(Ei ,E j ) E j ) =
∑

i, j,k 

R(Ek, Ei ; E j , AB(Ei ,E j ) Ek). 

This last equation together with (3.290) and .R⊥ = 0 yields 

.||Ah||2 = nσ. (3.301) 

Also 

. ||Ah||2 =
∑

a 

||Aa||4 

= (
∑

a 

||Aa||2 )2 − 2
∑

a<b 

||Aa||2||Ab||2 

= ||h||4 − 2
∑

a<b 

||Aa||2||Ab||2 . (3.302) 

Equations (3.301) and (3.302) imply  

.σ(σ − n) ≥ 0. (3.303) 

Q.e.d. 
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Proof of Theorem 3.219 By (3.301) 

. 

∑

a 

(||Aa||2 − 
n 

2 
)2 = 

n2 p 

4 
, 

and then [by Schwarz inequality] 

. 

∑

a

[

||Aa||2 − 
n 

2

]2 ≥ 
1 

p

(

σ − 
np 

2

)2 
. 

The last two relations imply 

.σ(σ − np) ≤ 0. (3.304) 

Hence, either .σ = ||h||2 = 0 or .σ ≤ np. In the first case .M is totally geodesic. If 
.M is not totally geodesic, then by (3.303) .n ≤ σ ≤ np or equivalently [by (3.275)] 
.n(n − p − 1) ≤ τ ≤ n(n − 2). Q.e.d. 

Theorem 3.221 Let .M be a .n-dimensional compact minimal submanifold in .Sn+p, 
with a flat normal connection. If .τ ≥ n(n − 2) then either 

(1) .M is totally geodesic, or 

(2) .M is isometric to .Sm
(
√

m 

n

)

× Sn−m
(
√

n − m 
n

)

. 

Cf. Deshmukh [Des12]. Proof By.R⊥ = 0 and (3.290) 

. 

∑

i, j,k 

R(Ei , Ek; E j , AB(Ei ,E j ) Ek) −
∑

i, j 

Ric(E j , AB(Ei ,E j ) Ei ) 

= ||AB ||2 − nσ. (3.305) 

By Lemma 3.213 and (3.305) 

. 

∫

M 
[||∇B||2 + nσ − ||AB ||2] d vg = 0. 

By (3.302) and the above integral formula 

. 

∫

M 
[||∇ B||2 + (n − σ)σ + 2

∑

a<b 

||Aa||2||Ab||2] d vg = 0. 

As.σ ≤ n the integral formula yields 

.||∇ B|| = 0, (n − σ)σ = 0, Ab = 0, b ∈ {2, .  .  .  ,  p}. 
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When .σ = n we may conclude that .M is isometric to 

. Sm
(√

m 

n

)

× Sn−m
(√

n − m 
n

)

. 

When.σ = 0 we may conclude that .M is totally geodesic. Q.e.d. 

A few immediate consequences may be stated as follows. 

Corollary 3.222 Let .M be a .n-dimensional compact minimal submanifold in .Sn+p, 
with a flat normal connection. If .τ > n(n − 2) then .M is totally geodesic. 

Corollary 3.223 Let.M be a.n-dimensional compact non-negatively curved minimal 
hypersurface in .Sn+1. Then either 

(1) .M is totally geodesic, or 

(2) .M is isometric to .Sm
(√

m 

n

)

× Sn−m
(√

n − m 
n

)

. 

Proof By Theorem 3.219 either .M is totally geodesic or .τ = n(n − 2). If  .M is not 
totally geodesic then .σ = n and then .M is isometric to 

. Sm
(√

m 

n

)

× Sn−m
(√

n − m 
n

)

. 

Q.e.d. 

Corollary 3.224 Let.M be a.n-dimensional compact non-negatively curved minimal 
hypersurface in .Sn+1. If .M is diffeomorphic to .Sn then .M is totally geodesic. 

Lemma 3.225 Let .M be a .n-dimensional minimal submanifold in .Sn+p with a flat 
normal connection. Then 

. ||Ah||2 = n(1 − c)σ. 

Proof The first equation in (3.273) (Gauss equation) is 

. 

∑

i, j,k 

(c − 1) g(δ jk  Ei − δik  E j , AB(E j ,Ek ) Ei ) = 

. =
∑

i, j,k 

[g(AB(E j ,Ek ) Ei , AB(E j ,Ek ) Ei ) − g(AB(Ei ,Ek ) E j , AB(E j ,Ek ) Ei )]. 
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This gives 

.(1 − c) σ = ||Ah ||2 −
∑

i, j,k 

g(AB(Ei ,Ek ) E j , AB(E j ,Ek ) Ei ). (3.306) 

By the third equation in (3.273) 

.

∑

i, j,k 

g(AB(Ei ,Ek ) E j , AB(E j ,Ek ) Ei ) = (3.307) 

. =
∑

i,k 

g((n − 1)ek − R∗(ek), AB(Ei ,Ek ) Ei ) = 

. = (n − 1)σ −
∑

i,k 

Ric(Ek, AB(Ei ,Ek ) Ei ). 

The Ricci curvature for a minimal submanifold is 

. Ric(X, Y ) = (n − 1)cg(X, Y ), X, Y ∈ X(M). 

Then the above equation reduces to 

.

∑

i, j,k 

g(AB(Ei ,Ek ) E j , AB(E j ,Ek ) Ei ) = (n − 1)(1 − c)σ. (3.308) 

Substitution from (3.308) into (3.306) leads to .||Ah||2 = n(1 − c) σ. Q.e.d. 

Proof of Theorem 3.218. By (3.301) and Lemma 3.225 we get.cσ = 0 yielding either 
.c = 0 or .σ = 0. In the first case.τ = 0 implying.p ≥ n − 1. In the second case.M is 
totally geodesic. Q.e.d. 

Theorem 3.218 admits the following immediate consequence. 

Corollary 3.226 There exist no compact flat minimal hypersurfaces in the sphere 
.S4. 

3.19.4 Biharmonic Immersions in Spheres 

The notion of a biharmonic map generalizes that of a harmonic map. Biharmonic 
maps are critical points of the bienergy functional 

.E2(ϕ) = 
1 

2

∫

M
‖τ (ϕ)‖2 d vg. 
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The Euler-Lagrange equations of the variational principle .δ E2(ϕ) = 0 are 

. τ2(ϕ) ≡ −J ϕ (τ (ϕ)) ≡ −�τ (ϕ) − trace(RN (dϕ, τ (ϕ)) dϕ) = 0, 

where .J ϕ formally denotes the Jacobi operator of . ϕ, .� is the rough Laplacian on 
sections of .ϕ−1T (N ) and .RN is the curvature tensor field of .(N , g). Any harmonic 
map is biharmonic. Non harmonic biharmonic maps are proper biharmonic. 

Let .(M, g) be an immersed submanifold into a Riemannian manifold .(N , g), 
with the induced metric . g. If the immersion is a biharmonic map, then that immer-
sion is called a biharmonic submanifold. On the other hand, submanifolds with non 
harmonic (non minimal) biharmonic inclusion map are called proper biharmonic 
submanifolds. 

We report on results by A. Balmus et al. 86 on proper biharmonic submanifolds, 
with a parallel mean curvature vector field, in spheres. 

Proposition 3.227 Let.M be a proper biharmonic submanifold with a parallel mean 
curvature vector field in .Sn. Then 

(1) .||AH ||2 = m||H ||2 = constant. 
(2) .trace(∇ AH ) = 0. 
(3) . 〈trace((∇⊥ B)(X, ·, AH (·))), H〉 = 〈trace((∇⊥ B)(·, X, AH (·))), H〉 =  0 

for any .X ∈ X(M). 

Theorem 3.228 Let .Mm, .m ≥ 4, be a compact proper biharmonic constant mean 
curvature hypersurface in .Sm+1. Then 

(1) .||H || ∈
(

0, 
m − 2 
m

]

∪ {1}. 

(2) .||H || = 1 if and only if .M is isometric to .Sm
(

1√
2

)

. 

(3) .||H || = 
m − 2 
m 

if and only if .M is isometric to .S1
(

1√
2

)

× Sm−1
(

1√
2

)

. 

Cf. Balmus et al.  87 To prove the result we need some preparation. 

Theorem 3.229 (1) The canonical inclusion .ϕ : Mm → Sn is biharmonic if and 
only if 

.�⊥ H + trace(B(·, AH (·))) − m H  = 0, 4 trace(A∇⊥· (·)H (·)) + m grad(||H ||2) = 0. 

86 Cf. op. cit. 
87 Cf. A. Balmus, S. Montaldo, C. Oniciuc, Properties of biharmonic submanifolds in spheres. JGSP 
17, 87–102 (2010). 
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(2) If .M is a submanifold with parallel mean curvature vector field in .Sn, then .M is 
biharmonic if and only if 

. trace(B(·, AH (·))) = mH. 

(3) A hypersurface .M with nowhere zero mean curvature vector field in .Sm+1 is 
biharmonic if and only if 

. �⊥ H − (m − ||A||2 )H = 0, 2A(grad(||H ||)) + m||H || grad(||H ||) = 0. 

(4) If .M is a nonzero constant mean curvature hypersurface in .Sm+1, then .M is 
proper biharmonic if and only if 

. ||A||2 = m. 

Here .∇⊥ and .�⊥ are the connection and the Laplacian in the normal bundle . τ ⊥ 
M 

and .grad is the gradient on . M . 

Proposition 3.230 Let .M be a proper biharmonic hypersurface with constant mean 
curvature in .Sm+1 and .m ≥ 2. Then .M has positive constant scalar curvature 

. τ = m2 (1 + ||H ||2 ) − 2m. 

The normalized scalar curvature . ρ of a hypersurface .Mm in .Sm+1 is 

. ρ = τ 
m(m − 1) 

. 

Theorem 3.231 Let .M be a compact hypersurface with constant normalized scalar 
curvature . ρ in .Sm+1. Let us assume that .ρ ≥ 1 and 

.m(ρ − 1) ≤ ||h||2 ≤ (m − 1) 
m(ρ − 1) + 2 

m − 2
+ m − 2 

m(ρ − 1) + 2 
. (3.309) 

Then either 

(1) .||h||2 = m(ρ − 1) and .M is a totally umbilical hypersurface, or 

(2) .||h||2 = (m − 1) 
m(ρ − 1) + 2 

m − 2
+ m − 2 

m(ρ − 1) + 2 
and 

.M = S1
(√

1 − c2
)

× Sm−1 (c), c2 = 
m − 2 
mρ 

. 
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Proof of Theorem 3.228 By Theorem 3.229 

.||h||2 = ||A||2 = m. (3.310) 

Let us set .t = m||H ||2 − 1 for simplicity. We assume that .||H || ∈
(m − 2 

m 
, 1
)

or 

equivalently 

. t ∈
(

(m − 4)(m − 1) 
m 

, m − 1
)

. 

By Proposition 3.230 

.ρ = 1 + 
t 

m − 1 
. (3.311) 

We observe that the first condition of Theorem 3.231 is equivalent to.t ≥ 0, which is 
satisfied. Also, the first inequality of (3.309) is satisfied [by (3.310) and.t < m − 1]. 
As 

. t > 
(m − 4)(m − 1) 

m 

the second inequality of (3.309) becomes 

. 0 ≤ mt2 − (m2 − 6m + 4)t − (m − 4)(m − 1), 

which is satisfied. By Theorem 3.231 we get either.ρ = 2, i.e.,.||H || = 1, or.ρ = 
2(m − 2) 

m 
, 

i.e., .||H || = 
m − 2 
m 

, a contradiction. Thus .(1) is proved. The statement .(2) follows 
by Theorem 3.231. As previously shown, if 

. M ≈ S1
(

1√
2

)

× Sm−1
(

1√
2

)

(an isometry) then .||H || = 
m − 2 
m 

. 

Conversely, if .||H || = 
m − 2 
m 

then .ρ = 
2(m − 2) 

m 
. Thus .(3) follows by Theo-

rem 3.231. Q.e.d. 

S. Montaldo et al. 88 listed the main examples of proper biharmonic immersions 
in .Sm . 

88 Cf. S. Montaldo, C. Oniciuc, A. Ratto, Biharmonic immersions into spheres and ellipsoids. Rev. 
Roumaine Math. Pures Appl. 59, 425–442 (2014). 
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(1) The canonical inclusion of the small hypersphere 

. Sm−1
(

1√
2

)

=
{

(x, 
1√
2 
) ∈ Rm+1 : x ∈ Rm , |x |2 = 

1 

2

}

⊂ Sm . 

(2) The canonical inclusion of standard (extrinsic) products of spheres 

. Sm1

(
1√
2

)

× Sm2

(
1√
2

)

=
{

(x, y) ∈ Rm1+1 × Rm2+1, |x |2 = |y|2 = 
1 

2

}

⊂ Sm , 

. m1 + m2 − 1, m1 �= m2 . 

(3) The maps .ϕ = ι ◦ φ : M → Sm , where .φ : M → Sm−1
(

1√
2

)

is a minimal 

immersion, and .ι : Sm−1
(

1√
2

)

⊂ Sm is the canonical inclusion. 

(4) Maps.ϕ = ι ◦ (φ1 × φ2) : M1 × M2 → Sm , where.φi : Mni 
i → Smi

(
1√
2

)

,. 0 < 

ni ≤ mi , .i = 1, 2, are minimal immersions, .n1 �= n2, .m1 + m2 − 1, and 

.ι : Sm1

(
1√
2

)

× Sm2

(
1√
2

)

→ Sm is the canonical inclusion. 

The following result (by R. Caddeo, et al. 89 reduces the search for biharmonic sub-
manifolds in .Sn to that of minimal, and thus harmonic, immersions in .Sn−1(1/

√
2). 

Theorem 3.232 Let .M be a pseudo-umbilical submanifold of .Sn with a parallel 
mean vector field, of norm . 1. Then 

(1) .M is biharmonic in .Sn. 
(2) .M is a minimal submanifold in a hypersphere .Sn−1( 1√

2 
) ⊂ Sn. 

Proof Let us denote the mean curvature vector field of .M in .Rn+1 by . H . Then for 
every .p ∈ M we have .H (p) = H (p) − p, and for any . X X(M) 

. ∇R
n+1 

X H = ∇⊥ 
X H − AH (X ) = ∇⊥ 

X H − AH (X ) − X. 

Thus 
.∇⊥ 

H = ∇⊥ H = 0, AH = 2I. 

89 Cf. R. Caddeo, S. Montaldo, C. Oniciuc, Biharmonic Submanifolds in Spheres. Israel J. Math. 
130, 109–123 (2002). 
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On the other hand, let us consider the map 

. ψ : M → Rn+1 , ψ(p) = p + 
1 

2 
H (p). 

Then 

. X (ψ) = ∇R
n+1 

X p + 
1 

2 
∇R

n+1 
X H = 0. 

Thus . ψ is a constant vector. Consequently .|p − ψ|2 = 1 2 . Then 

. M ⊂ S
(

ψ; 1√
2

)

. 

Since .|ψ| =  1/
√
2 we may assume w.l.o.g. that .ψ = (0, . . . ,  0, 1√

2 
) ∈ Rn+1. So  

. M ⊂ Sn
(

ψ; 1√
2

)

∩ Sn = Sn−1
(

1√
2

)

×
{

1√
2

}

. 

Also, for every.p ∈ M the vector.(p − ψ) is collinear to.H (p), hence.M is minimal 

in .Sn
(

ψ; 1√
2

)

and then in .Sn−1
(

1√
2

)

×
{

1√
2

}

. Q.e.d. 

3.20 Calabi’s Theorem 

The purpose of the present section is to report on a classical result by E. Calabi 90 on 
weak elliptic inequalities in Riemannian geometry. 

Theorem 3.233 Let.M be a complete Riemannian manifold, whose metric is of class 
.C3 and has non-negative Ricci curvature. If . f (t) is a positive, monotone increasing, 
differentiable function, defined for all .t ∈ R and satisfying 

.

∫ ∞ 

0

( ∫ s 

0 
f (t) dt

)−1/2 
ds  < ∞ (3.312) 

then there is no global solution in .M to the inequality 

.�u (weakly) ≥ f (u). (3.313) 

90 Cf. E. Calabi, An extension of E. Hopf’s maximum principle with an application to Riemannian 
geometry. Duke Math. J. 25, 45–56 (1958). 
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Theorem 3.233 generalizes (to complete Riemannian manifolds of non-negative 
Ricci curvature) a result by R. Osserman. 91 The proof of Theorem 3.233 relies on a 
version of Hopf’s maximum principle, also established by E. Calabi 92 and presented 
by us in Chapter 2 of Book II-B 93. To prove Theorem 3.233 we need to recall a few 
elements of Riemannian geometry. 

Let .(M, g) be a .n-dimensional Riemannian manifold with metric tensor .g ∈ C3. 
Let.d = dg : M × M → [0, +∞) be the distance function associated to. g. The result-
ing metric space.(M, d) isn’t necessarily complete. Let. M̂ be the Cauchy completion 
of .(M, d). The completion is a metric space with the natural distance 94 function . d̂. 
Then .M admits a natural injection . j into . M̂ such that 

. d(x, y) = d̂
(

j(x), j(y)
)

, x, y ∈ M. 

When.(M, d) is not complete, for every point .x ∈ M one sets 

.γ(x) := d̂
(

x, M̂ \ j(M)
)

. (3.314) 

When .(M, d) is complete we set 

. γ(x) = +∞  . 

For every .x ∈ M and every .r > 0 let .Br (x) denote the open metric ball of center . x 
and radius. r in.(M, d). Also.Br (x) denotes the closure of .Br (x) in . M . The classical 
Hopf-Rinow theorem best describes the relationship between the distance function 
. d and geodesics in .(M, g). 

Theorem 3.234 Let .M be a Riemannian manifold with metric tensor .g ∈ C3. Then 
for every .x ∈ M: 

(i) The closed metric ball .Br (x) is compact .⇐⇒ r < γ(x). 
(ii) Every geodesic segment issuing at . x can be continued to any length .< γ(x). 

However, there is a geodesic segment of length .γ(x), issuing at . x, which has no 
end-point in . M. 

(iii) If . d̂(x, y) ≤ γ(x) for some .y ∈ M̂ then the greatest lower bound of the arc 
length of all rectifiable curves joining . x and . y can be achieved by at least one curve, 
necessarily a geodesic segment. 

(iv) For any .y ∈ M 

91 Cf. R. Osserman, On a differential inequality and conformal mapping of surfaces. Technical 
Report no. 3, December 16. 1956, Stanford University. 
92 Cf. E. Calabi, op. cit. 
93 Functional Analysis and Partial Differential Equations: Basics of Partial Differential Equations 
Theory (Book II-B). 
94 If .x, y ∈ M̂ are two classes of equivalent Cauchy sequences in .(M, d) and .{xν}ν≥1 ∈ x and 
.{yν}ν≥1 ∈ y are representatives of. x and. y, then. d̂(x, y) := limν→∞ d(xν , yν ). 
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.γ(y) − d(x, y) ≤ γ(x) ≤ γ(y) + d(x, y). (3.315) 

Theorem 3.233 was first proved by H. Hopf and W. Rinow 95 in the case .M is 
a complete (i.e., .γ(x) = +∞) surface. For higher dimensions Theorem 3.233 was 
proved by G. de Rham. 96 Of course the result is classical and an excellent account is 
provided in [KoNo], vol. I, pp. 172–179. Yet Theorem 3.234 is a slightly generalized 
version of Hopf-Rinow theorem, and reported on here for that reason 97. 

Eugenio Calabi (Milan, May 11, 1923) is an Italian mathematician established in United States. 
C. is the brother of Tullia Calabi-Zevi [(Milan, February 2, 1919 - Rome, January 22, 2011), 
an Italian journalist and writer, and a distinguished member of the Italian Jewish community]. 
The family of C. moved to United States after the promulgation of the racial laws in Italy (in 
1938). C. graduated from MIT in 1946, and earned his Ph.D. at the University of Princeton 
in 1950, under the supervision of Salomon Bochner. C. was first a professor at the University 
Minnesota, and worked for the Institute for Advanced Study of Princeton in the years 1958– 
1959. Since 1967, C. was a professor at the University of Pennsylvania, where C. became an 
emerite professor in 1994. C. is best known for his findings on the geometry of.10 dimensional 
manifolds endowed with a nonzero spinor, exploited in nowadays string theory and known as 
Calabi-Yau spaces. C. was granted the Steele Prize of the American Mathematical Society in 
1991, for his results within differential geometry. C. became Commendatore dell’Ordine al 
Merito della Repubblica Italiana, the 27th of December 2021. 

95 Cf. H. Hopf, W. Rinow, Über den Begriff der vollständigen differentialgeometrischen Fläche. 
Commentarii Mathematici Helvetici 3, 209–225 (1931). 
96 Cf. G. de Rham, Sur la réductibilité d’un espace de Riemann. Commentarii Mathematici Helvetici 
26, 328–344 (1952). 
97 Cf. Theorem 2 by E. Calabi, op. cit., pp. 49–50. In the opinion of the Authors of the present book, 
Calabi’s deep understanding of Riemannian geometry, together with Calabi’s improvements of 
classical results, aren’t sufficiently accounted for in the present day mathematical literature devoted 
to differential geometry. 
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Let .p0 ∈ M be a fixed point and let .N = N (p0) consist of all points .p ∈ M that 
can be joined to .p0 by a curve 98 of length .d( p0, p). The  set .N is open and 

. Bγ( p0)(p0) ⊂ N . 

Let .N1 consist of all points .p ∈ N whose shortest connection with .p0 [per force a 
geodesic.γ(p0, p), of length.d(p0, p)] is unique and has no conjugate points. 99 Let 
.N2 consist of all points.p ∈ N that can be joined to.p0 by more than one geodesic of 
length .d(p0, p), or by at least one such geodesic on which .p0 and . p are conjugate 
points. Then 

. N = N1 ∪ N2, N1 ∩ N2 = ∅  . 

For each geodesic issuing at .p0 and continued in.N there is at most one point of that 
geodesic that lies in .N2 before the geodesic ceases to be a shortest connection. 100 

Note that .N1 ⊂ N . Thus .N1 is an open, dense set in .N whose complement .N2 has 
.n-dimensional measure zero. Let 

. r = rp0 N → R, r(p) = d( p0, p), p ∈ N 

be the restriction of .d( p0, · ) to .N (the geodesic distance function 101 from .p0). If 
.g ∈ C3 then the function .r = rp0 is of class .C2 in . N1 \ {p0} 

. r ∈ C2
(

N1 \ {p0}
)

, 

while in .N it is but Lipschitz 

.

∣
∣r ( p1) − r (p2)

∣
∣ ≤ d

(

p1, p2
)

. (3.316) 

Next, we recall a few differential geometric properties of the geodesic distance func-
tion 

.r (p) = d( p0, p), p ∈ N ( p0) (3.317) 

from a point.p0 ∈ M . We have already recalled that. r is of class.C2 in an open dense 
subset .N1 \ {p0} of . N . Also  .N1 \ {p0} is a neighborhood of .p0 and is starlike with 
respect to .p0. For every constant .r1 > 0 we set 

.Sr1 = S(p0, r1) :=
{

p ∈ N : r (p) = r1
}

(3.318) 

98 Not necessarily a geodesic. 
99 Since.γ(p0, p) is a shortest connection, the only possible conjugate points are its end points. p0 
and. p. 
100 This follows from the triangle inequality for distances and the unique continuation property for 
geodesics. 
101 The distinction between the geodesic distance.rp0 and the Riemannian distance function. d(p0, · ) 
consists in their distinct—if.M is not complete—domains of definition. 
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(the geodesic sphere of radius. r1 and center.p0). Then.Sr1 is the boundary of. Br1 (p0) ∩ 
N relative to . N . The  set  

. Sr1, 1 = Sr1 ∩ N1 

is the regular part of.Sr1 . The regular part is 
102 a .C2 hypersurface, as. r is of class. C2 

in .N1 \ {p0} and .∇r �= 0 there. 
The unit tangent vectors at .p0 on .M form a Euclidean unit .(n − 1)-dimensional 

sphere .Sp0 (M). Let .(y1, .  .  .  ,  yn−1) be a local coordinate system on .Sp0 (M). Let . γ1 
be a geodesic segment contained in .N1, of initial data .(p0, y1), i.e., 

. γ(0) = p0, γ̇(0) = y1, γ(s) ∈ N1 

with the initial tangent vector .y1 lying in the domain of the chosen local chart, and 
having the local coordinates .

(

y1 1 ,  . . . ,  yn−1 1

)

. Let  .p1 be a point on the geodesic . γ1, 
at an arc distance .r1 from.p0 along . γ1. Then 

. r
(

p0, p1
) = r1 

and the numbers .
(

y1 1 ,  . . . ,  yn−1 1 , r1
)

may be regarded as local coordinates of .p1. 
More precisely, there is .ε > 0 such that 

. C
(

p1, ε
) ⊂ N1 . 

Here .C
(

p1, ε
)

consists of points. p similarly determined by the numbers. 
(

y1,  . . . ,  yn−1, r
)

satisfying 

. 

n−1
∑

α=1

(

yα − yα 
1

)2 
< ε2 , 0 < r < r1 + ε . (3.319) 

The quantities .
(

y1, .  .  .  ,  yn−1, r
)

, thought of as functions of .p ∈ C
(

p1, ε
)

, form a  
local coordinate system on .C

(

p1, ε
)

, of class .C2. 

Definition 3.235 The region .C
(

p1, ε
)

is called an open, conical neighborhood of 
.p1 with vertex at .p0. �

Without loss of generality, one may choose the local coordinate system. (x1, .  .  .  ,  xn) 
in .C(p1, ε) to be precisely .(y1, .  .  .  ,  yn−1, r ). The part of the geodesic sphere . Sr 
contained in .C(p1, ε) is described by the equation 

.xn = r (0 < r < r1 + ε) (3.320) 

and then the local parametric equations of .Sr will be 

.xα = yα , xn = r, 1 ≤ α ≤ n − 1. (3.321) 

102 But locally, for.Sr1, 1 isn’t necessarily connected. 
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Let 
. aαβ(y, r ) dyα ⊗ dyβ , bαβ(y, r) dyα ⊗ dyβ 

be respectively the first and second fundamental forms of .Sr ∩ C(p1, ε). Then 

. r , i = Ni 

where .Ni are the components of the unit normal vector field on . Sr . Also  

. r , i j  = −bαβ a
αρ aβσ ∂x

k 

∂ yρ 
∂x�

∂ yσ gik  g j� . 

Let .∂/∂r be the operation of differentiation along the geodesic from .p0, i.e., along 
the normal vector .Ni , or  

. 
∂ 
∂r 
= Ni ∂ 

∂xi 
. 

Then 

. 
∂ 
∂r 

bβ 
α = bγ 

α b
β 
γ + aβγ Ri jkh  

∂xi 

∂ yγ N 
j ∂x

k 

∂ yα N
h 

where .bβ 
α = bαγ aγβ . Consequently 

.�r = −bα 
α = −  

n−1
∑

ν=1 
κν = −(n − 1)H (3.322) 

where .κν and .H are respectively the principal normal curvatures and the mean 
curvature of . Sr . Also  

. 
∂ H 
∂r 

= 1 

n − 1

(

bγ 
α b

α 
γ + Ri 

j ih  N 
j Nh

)

= (3.323) 

. = 1 

n − 1

[ n−1
∑

ν=1 
κ2 

ν + R jh  N j Nh
]

where .R jh  = Ri 
j ih  is the Ricci curvature of . M . As  .r → 0 the geodesic spheres . Sr 

are asymptotic to Euclidean spheres of radius . r with the normal vector .Ni pointing 
outward. Consequently 

. lim 
r→0 

H = −∞  . (3.324) 

Also (3.323) yields the differential inequality 

. 
∂ H 
∂r 

≥ H 2 + 1 

n − 1 
R jh  N j Nh . (3.325) 
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Theorem 3.236 Let.M be a.n-dimensional Riemannian manifold, with metric tensor 
.g ∈ C3. Let .p0 ∈ M be a point and let .N = N (p0) be the domain of definition of 
the geodesic distance function .r (p) = d(p0, p) from .p0. If the Ricci tensor .Ri j  is 
positive semi-definite and .� is the Laplace-Beltrami operator then the inequality 

.�r (weakly) ≤ 
n − 1 
r 

(3.326) 

holds everywhere in. N . In particular, if.M is complete then (3.326) holds everywhere 
in . M. 

Proof We decompose .N into two complementary subsets .N1 (open and dense) and 
.N2 (of measure zero) as we did previously, and prove that (3.326) holds in .N1 in the 
strict sense. Indeed [by (3.324)–(3.325) and .Ri j  ξ

i ξ j ≥ 0] 

.H ≥ −  
1 

r 
. (3.327) 

Then (3.327) together with (3.322) yields the seek for result in .N1. Let  .p ∈ N2. 
The geodesic distance function . r is continuous at . p. Let us choose a geodesic . γ1 
of shortest length .r(p) joining .p0 to . p. Let  .pε be a point of .γ1 at a distance .ε > 0, 
arbitrarily small, from.p0. By replacing .p0 by .pε one observes that .p ∈ N1( p − ε), 
as the portion of .γ1 between .pε and . p is the unique geodesic of length . r (p) − ε
joining .pε to . p, and the end points aren’t conjugate. Let .Vp, ε be a neighborhood of 
. p such that 

. Vp, ε ⊂ N1(pε) ∩ N ( p0). 

Let 
. rp, ε(q) := d(pε, q), q ∈ Vp, ε . 

Then 

. �rp, ε ≤ 
n − 1 
rp, ε

. 

Next (by the triangle inequality) 

. r − rp, ε ≤ ε

with equality holding at . p. Thus 

. �rp, ε ≤ 
n − 1 
r − ε

everywhere in.Vp, ε, and.r − rp, ε achieves its maximum value. ε at. p. Yet. ε is arbitrary, 
so (3.326) holds in . N . 
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Corollary 3.237 Let .φ(t) be a function of class  .C2, monotone increasing (respec-
tively, decreasing), defined for .0 < a ≤ t ≤ b. Under the assumptions of Theo-
rem 3.236, let .v(p) be the function 

. v(p) = φ
(

r ( p)
)

, p ∈ N ( p0) ∩
[

Bb(p0) \ Ba(p0)
]

. 

Then 

.�v (weakly) ≤ φ′′(r ) + 
n − 1 
r 

φ′(r ) (3.328) 

. 

[

respectively 

. �v (weakly) ≥ φ′′(r ) + 
n − 1 
r 

φ′(r )
]

. 

Proof We may assume w.l.o.g. that .φ′(t) ≥ 0. A calculation shows that in . N1 ∩[

Bb(p0) \ Ba(p0)
]

. �v = φ′′(r) gi j  
∂r 

∂xi 
∂r 

∂x j 
+ φ′(r )�r ≤ 

. ≤ φ′′(r ) + 
n − 1 
r 

φ′(r). 

On the other hand, if.p ∈ N2 ∩
[

Bb(p0) \ Ba(p0)
]

then a repetition of the arguments 

in the proof of Theorem 3.236 yields the seek for inequality in the weak sense. 
Let us apply Corollary 3.237 to the function 

. φ(r) = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

1 

2π 
log r for n = 2, 

− 
1 

4 
π−n/2 �

(n − 2 
2

)

r2−n for n > 2, 

(Green’s function in Euclidean space). If .M is a complete Riemannian manifold of 
non-negative Ricci curvature then Corollary 3.237 yields an approximation of the 
local fundamental singularity of the Laplace-Beltrami equation, namely 

. G(p0, p) = φ
(

d(p0, p)
)

which is everywhere superharmonic in each variable, i.e., 

.�p G(p0, p) (weakly) ≤ 0 (3.329) 

for all points .p0, p ∈ M . 
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As another application of Theorem 3.236 one may prove Theorem 3.233. To this  
end, let us consider the singular ODE 

. 
d2φ 
dt2 

+ 
n − 1 
t 

dφ 
dt  
= f

(

φ(t)
)

(3.330) 

with the initial conditions 
.φ(0) = a, φ′(0) = 0, (3.331) 

where . a is to specified later on. The problem (3.330)–(3.331) has a unique differen-
tiable solution .φ(t) in a neighborhood of .t = 0. We start by showing that, under the 
assumption (3.312), for every.a ∈ R there is.Ra > 0 such that.φ(t) →∞  as.t → Ra . 

The solution .φ(t) to (3.330)–(3.331) is monotone increasing and strictly convex 
for .t > 0. Indeed, by multiplying (3.330) by . tn−1 

. 
d 

dt

(

tn−1 φ′(t)
)

= tn−1 f
(

φ(t)
)

> 0 

hence (by the mean value theorem).φ′(t) >  0. Next [by multiplying (3.330) b y. t and 
differentiating the resulting identity] 

. t 
d3φ 
dt3 

+ n 
d2φ 
dt2 

= f (φ(t)) + t f ′(φ(t)) φ′(t) 

or 

. 
d 

dt

(

tn 
d2φ 
dt2

)

= tn−1 f (φ(t)) + tn f ′(φ(t)) φ′(t) >  0 

hence (again by the mean value theorem) 

. φ′′(t) ≥ 0, ; ∀  t > 0. 

Thus.φ′(t) is positive and monotone increasing for.t > 0. Let us multiply (3.330) by  
.φ′(t) and integrate with respect to . t in the resulting identity 

. 

∫ φ(t) 

φ(t1) 
f (s) ds  = (n − 1)

∫ t 

t1 

φ′(s)2 

s 
d s  + 

1 

2 
φ′(t)2 − 

1 

2 
φ′(t1)2 ≥ 

. ≥ 
1 

2 
φ′(t)2 + φ′(t − 1)2

[

(n − 1) log 
t 

t1 
− 

1 

2

]

for .0 < t1 < t . In particular for .t ≥ 2t1 (and .n ≥ 2) 
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. 
φ′(t)

(

2
∫ φ(t) 

φ(t1) 
f (s) d s

)1/2 
≥ 1, 0 < 2t1 ≤ t. 

Let us integrate with respect to . t in the last inequality. We obtain 

. t − 2t1 ≤
∫ φ(t) 

φ(2t1)

[

2
∫ y 

φ(t1) 
f (s) d s

]−1/2 
d y, 0 < 2t1 ≤ t. 

By (3.312) the right-hand side of the last inequality is bounded for all values of . ϕ(t) 
(with . t1 fixed), thus providing an upper bound for the domain of regularity of .φ(t). 
Thus there is.Ra > 0 such that either.φ(t) →∞, or.φ′(t) →∞, as.t → Ra . Yet  [by  
the convexity of .φ(t) together with (3.330)] .φ′(t) →∞ =⇒  φ(t) →∞. Q.e.d. 

Let us assume there is a function . u on .M satisfying (3.313). Let .p0 ∈ M and let 
.a ∈ R such that 

.a < u(p0). (3.332) 

Let.r ( p) be the geodesic distance from.p0, i.e.,.r (p) = d(p0, p), and let us consider 
the solution.φ(t) to the problem (3.330)–(3.331) with initial value. a. By the previous 
argument, there is .Ra > 0 such that .φ(t) →∞  as .t → Ra . Let  

. v(p) := φ(r (p)), p ∈ BRa ( p0). 

As .M is complete, the closed ball .B Ra ( p0) is compact, hence .v(p) →∞  as . p → 
∂ BRa (p0). By Corollary 3.237 

.�v (weakly) ≤ f (v) (3.333) 

everywhere 103 in .BRa (p0). Let us consider the function 

. w = u − v in BRa (p0). 

As.w →−∞  at the boundary, it must achieve its maximum value at an interior point 
.p1. By (3.332) 

. w(p0) >  0, 

so the maximum value .w(p1) is positive. Yet [by (3.313) and (3.333)] 

.�w (weakly) ≥ f (u) − f (v) 

103 This includes the point.p0 because.φ′(0) = 0 so that. v is differentiable at .p0. 
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so that in a neighborhood of .p1 [by the monotonicity of . f ] 

. �w ≥ 0 

a contradiction. This accounts for the impossibility of solving (3.313) globally in. M , 
as stated. Q.e.d. 
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Chapter 4 
Riemannian Foliations 

Let .M be a .n-dimensional .C∞ manifold, and let .F be a codimension . q foliation 
of . M . Let  .B1 

T = B1 
T (F ) = B1 

T (M, F ) be the total space of the transverse frame 
bundle .GL(q, R) → B1 

T → M , and let .p1 T : B1 
T → M be the projection. Let . θ 1 T ∈ 

C∞(
T ∗

(
B1 
T

)⊗ Rq
)
be the canonical .1-form, i.e., 

. θ 1 T, z : Tz
(
B1 
T

) → Rq , z ∈ B1 
T , 

. θ 1 T , z := z−1 ◦ πx ◦ (dz p1 T ), x = p1 T (z) ∈ M. 

Here .πx : Tx (M) → Qx is the projection on the transverse vector space at . x 

. Qx = ν(F )x = Tx (M)
/
T (F )x . 

Let .F 1 T be the lifted foliation, i.e., the foliation of .B
1 
T whose tangent bundle . P

1 
T = 

T (F 1 T ) is the .p-dimensional distribution on .B1 
T (.p := n − q) defined by 

. P1 
T , z =

{
X ∈ Tz(B1 

T ) : iX θ 1 T , z = 0, iX (dθ 1 T )z = 0
}
, z ∈ B1 

T . 

4.1 Transverse Riemannian Structures, Transverse 
Metrics, Bundle-Like Metrics 

Let .E1 
T be a transverse .O(q)-structure on .(M, F ), i.e., .E1 

T is the total space of a 
principal subbundle .O(q) → E1 

T → M of .GL(q, R) → B1 
T → M such that 

. P1 
T , z ⊂ Tz

(
E1 
T

)
, z ∈ E1 

T . 
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Definition 4.1 A pair .(F , E1 
T

)
consisting of a codimension . q foliation .F and a 

transverse .O(q)-structure is called a Riemannian foliation. . �

For every .x ∈ M let us consider the .R-bilinear form .〈 · , · 〉x on .Qx defined as 
follows. Let .z ∈ (

E1 
T

)
x and let .r, s ∈ Qx , so that 

. r = λ j z(e j ) , s = μ j z(e j ) , λ  j , μ  j ∈ R, 1 ≤ j ≤ q, 

where .{e j : 1 ≤ j ≤ q} ⊂  Rq is the canonical linear basis. Finally, let us set 

. 〈 r , s 〉x := λ · μ ,  

. λ = (
λ1 , · · ·  , λq), μ  = (

μ1 , · · ·  μq
)
, λ,  μ  ∈ Rq , 

where a dot denotes the ordinary Euclidean inner product on .Rq . The definition of 
.〈r, s〉x doesn’t depend upon the choice of .z ∈

(
E1 
T

)
x
. Composing .〈 · , · 〉x with the 

projection .πx : Tx (M) → Qx yields the symmetric .R-bilinear form 

. gT, x : Tx (M) × Tx (M) → R, 

. gT, x
(
v, w

) = 〈πx v, πx w〉x , v,  w  ∈ Tx (M). 

Moreover, for any .X, Y ∈ X(M) let .gT (X, Y ) : M → R be defined by 

. gT (X, Y )(x) := gT, x
(
Xx , Yx

)
, x ∈ M. 

Exercise 4.2 Show that .gT (X, Y ) ∈ C∞(M, R). . �

Let us also consider the positive semidefinite .C∞(M, R)-bilinear form 

. gT : X(M) × X(M) → C∞(M, R), (X, Y ) �−→ gT (X, Y ). 

Definition 4.3 The .(0, 2)-tensor field .gT is called the transverse metric associated 
to the transverse .O(q)-structure .E1 

T . . �

Let .Ker(gT ) → M be the vector bundle defined by 

. Ker(gT )x :=
{
v ∈ Tx (M) : gT, x (v, w) = 0, ∀ w ∈ Tx (M)

}
, x ∈ M. 

Then .Ker(gT ) = T (F ). 
Let .E1 

T be a transverse .O(q)-structure on.(M, F ), and let .gT be the correspond-
ing transverse metric. Given a tangent vector field .X ∈ X(M), the  Lie derivative 
.LX gT is 
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. 
(
LX gT

)
(Y, Z ) :=X

(
gT (Y, Z )

)− gT
([X, Y ], Z)

− gT
(
Y, [X, Z ]), Y, Z ∈ X(M). 

Exercise 4.4 Show that .LX gT = 0 for any .X ∈ XF . . �
Here .XF := C∞(

T (F )
)
. The property in Exercise 4.4 characterizes transverse 

metrics. 

Proposition 4.5 Let .M be a .C∞ manifold, and let . gT : X(M) × X(M) → C∞(M) 
be a .C∞(M)-bilinear form such that 

i) .gT (Y, Y ) ≥ 0 everywhere on . M, for any .Y ∈ X(M), 
ii) .dimR Ker(gT )x = constant, .x ∈ M, 
iii) .LX gT = 0 for any .X ∈ C∞(

Ker(gT )
)
. Then .Ker(gT ) is integrable and .gT is 

a transverse metric for the foliation tangent to .Ker(gT ). 

The proof is straightforward. A vector field.V ∈ X(M) is foliate if . X ∈ XF =⇒ 
[V , X ] ∈  XF . The  set .L(M, F ) is a Lie subalgebra of .XF . 

Definition 4.6 A Riemannian metric . g on .M is said to be bundle-like for the foli-
ation .F if, for any open set .U ⊂ M and any .Y, Z ∈ X(U ), if  .Y, Z are foliate and 
orthogonal to .T (F ), then .g(Y, Z ) is a basic function on . U . . �

The notion of a bundle-like metric is due to Reinhart, [Rei]. Let . g be a bundle-
like Riemannian metric on .(M, F ), and let .P⊥ be the orthogonal complement of 
.P = T (F ). Let  .π ⊥ : T (M) → P⊥ be the projection associated to the direct sum 
decomposition .T (M) = P ⊕ P⊥. Let us set 

.gT (Y, Z ) := g
(
π ⊥ Y, π  ⊥ Z

)
, Y, Z ∈ X(M). (4.1) 

Exercise 4.7 Show that the .(0, 2)-tensor field .gT defined by (4.1) is a transverse  
metric for .F . . �

Therefore, for every bundle-like metric there is a naturally associated transverse 
metric. Conversely 

Proposition 4.8 Let .(F , E1 
T ) be a Riemannian foliation on . M, and let .gT be the 

corresponding transverse metric. There exist Riemannian metrics . g on .M such that 
i) . g is bundle-like for .F , 
ii) .gT is the transverse metric associated to . g. 

Proof Let .g′ be an arbitrary Riemannian metric on . M , and let .P ′ be the orthogonal 
complement of.P = T (F ) with respect to. g′. Let.π ′ : T (M) → P ′ be the orthogonal 
projection, and let us set 

. g(Y, Z ) := g′(Y − π ′Y, Z − π ′Z) + gT (Y, Z ) , Y, Z ∈ X(M). 

Q.e.d. 
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4.2 Bott Connection, Canonical Adapted Connection 

Let.(M, F ) be a foliated manifold, and let.Q = ν(F ) = T (M)/T (F ) be its trans-
verse bundle. Let .π : T (M) → Q be the projection. Let us consider the partial con-
nection . ∇̊ given by 

. ∇̊X s = π
[
X, Ys

]
, X ∈ XF , s ∈ C∞(Q), (4.2) 

where .Ys ∈ X(M) is a tangent vector field such that .π Ys = s. 

Definition 4.9 . ∇̊ is called the Bott connection of .(M, F ). . �

The definition of . ∇̊X s doesn’t depend upon the choice of .Ys ∈ X(M) such that 
.π Ys = s. Indeed, if .Y ′

s ∈ X(M) is another tangent vector field such that .π Y ′
s = s. 

Then .Y ′
s − Ys ∈ Ker(π ) = T (F ), i.e., .Y ′

s = Ys + X ′ for some .X ′ ∈ XF . Finally, 

. π
[
X, Y ′

s

] = π
[
X, Ys

]+ π
[
X, X ′]

and .π [X, X ′] =  0 because .P = T (F ) is involutive. Q.e.d. 
Let. g be a Riemannian metric on. M , and let.P⊥ be the.g-orthogonal complement 

of . P . Let  .π ⊥ : T (M) → P⊥ be the projection. Let .σ : Q → P⊥ be the bundle 
isomorphism given by 

. σ(s) = π ⊥ Ys , s ∈ C∞(Q), 

where.Ys ∈ X(M) is chosen such that.π Ys = s. Let.∇g be the Levi-Civita connection 
of the Riemannian manifold .(M, g), and let us set 

.∇X s = 

⎧ 
⎪⎨ 

⎪⎩ 

π
[
X, σ  (s)

]
if X ∈ C∞(P), 

π ∇g 
X σ(s) if X ∈ C∞(P⊥), 

(4.3) 

for any .s ∈ C∞(Q). 

Lemma 4.10 1) The mapping .∇ :  X(M) × C∞(Q) → C∞(Q) given by (4.3) is a 
connection in the vector bundle .Q → M. 

2) For every .s ∈ C∞(Q) let .∇s : X(M) → C∞(Q) be .Q-valued differential .1-
form on .M given by .(∇s)(X ) = ∇X s for any .X ∈ X(M). Then .

(∇s
)∣∣

XF 
= ∇̊s. 

3) If .R∇ is the curvature tensor field of . ∇, then 

. R∇ (X, X ′) = 0, X, X ′ ∈ XF . 

As customary, we denote by.�0(Q) = C∞(Q) the space of all (globally defined) 
.C∞ sections in . Q. Also  

.�r (Q) = C∞(
�r T ∗(M) ⊗ Q

)
, r ≥ 1, 
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[the .C∞(M)-module of all .Q-valued differential .r -forms on . M]. With these nota-
tions, a connection .∇ in .Q is a map .∇ : �0(Q) → �1(Q). 

Definition 4.11 A connection in the transverse bundle .Q = ν(F ) possessing the 
property 2) in Lemma 4.10 is said to be adapted to the foliation .F . . �

An analog of the torsion tensor field for a linear connection may be associated 
with any connection .∇ in the transverse bundle .Q → M by setting 

. T∇ (Y, Y ′) := ∇Y π Y ′ − ∇Y ′π Y − π
[
Y, Y ′], Y, Y ′ ∈ X(M). 

Lemma 4.12 Let .∇ be the connection in .Q → M given by (4.3). Then .T∇ = 0. 

The proof is straightforward. 
Let . g be a Riemannian metric on the foliated manifold .(M, F ), and let us set 

. gQ(s, r ) := g
(
σ(s), σ (r)

)
, s, r ∈ Q, 

so that .gQ is a Riemannian bundle metric on . Q. 

Lemma 4.13 . g is bundle-like for .F if and only if .gQ is holonomy invariant, i.e., 
.LX gQ = 0 for any .X ∈ XF . 

The Lie derivative .LX gQ is defined in terms of the Bott connection, i.e., 

. 
(
LX gQ

)
(s, s ′) := X

(
gQ(s, s ′)

)− gQ
(∇̊X s, s ′

)− gQ
(
s, ∇̊X s

′). 

Example 4.14 (Killing vector fields) Let  .(M, g) be a Riemannian manifold, and 
let .V ∈ i(M, g) be a nonsingular 1 Killing vector field, i.e., .LV g = 0. Let  . Px :={
λVx : λ ∈ R

}
for any .x ∈ P . Then .P is an involutive rank . 1 distribution on . M , 

and hence completely integrable. Let .F be the foliation of .M tangent to . P . Then 
. g is bundle-like for .F . Indeed, let .X ∈ XF , i.e., .X = f V  for some .C∞ function 
. f : M → R \ {0}, and for any . s, s ′ ∈ C∞(Q) 

. LX gQ = f LV gQ , 

. 
(
LV gQ

)
(s, s ′) = V

(
gQ(s, s ′)

)− gQ
(∇̊V s, s ′

)− gQ
(
s, ∇̊V s

′) = 

. = V
(
gQ(s, s ′)

)− gQ
(
π
[
V, Zs

]
, s ′

)− gQ
(
s, π

[
V, Zs ′

])
, 

where we have set .Zs := σ(s). Note that 

1 That is .Vx �= 0 for any.x ∈ M . 
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. σ ◦ π = π ⊥; 

hence 

. 
(
LV gQ

)
(s, s ′) = V

(
g(Zs, Zs ′)

)− g
(
π ⊥

[
V , Zs

]
, Zs ′

)− g
(
Zs, π  ⊥

[
V , Zs ′

])

and .Zs ∈ P⊥ so that 

. 
(
LV gQ

)
(s, s ′) = (

LV g
)
(Zs, Zs ′) = 0. 

Q.e.d. 
. �

4.3 Second Fundamental Form and Mean Curvature 

Let .F be a codimension . q foliation of the Riemannian manifold .(M, g). 

Definition 4.15 The second fundamental form of .F in .(M, g) is 

.α(X, X ′) = π ∇g 
X X

′ , X, X ′ ∈ C∞(P). (4.4) 

. �
Exercise 4.16 Show that .α : XF × XF → C∞(Q) is .C∞(M)-bilinear 
symmetric. . �
Definition 4.17 A foliation.F of a Riemannian manifold.(M, g) is totally geodesic 
if every leaf of .F is a totally geodesic submanifold of .(M, g). . �

The pointwise restriction of. α to a leaf.L ∈ M/F is the second fundamental form 
of the immersion .L ↪→ M . Therefore, .F is totally geodesic .⇐⇒ .α = 0. 

For every .Z ∈ C∞(
P⊥) we consider the bundle morphism .WZ : P → P deter-

mined by 
. gQ

(
α(X, X ′), π Z

) = g
(
WZ X, X ′), X, X ′ ∈ XF . 

Definition 4.18 The mean curvature of .F in .(M, g) is the differential .1-form. κ ∈
�1(M) given by 

. κ(Z ) := Trace WZ , κ(X ) = 0, Z ∈ P⊥ , X ∈ P. 

The mean curvature vector .τ ∈ C∞(Q) is determined by 

.gQ(τ , π Z ) = κ(Z), Z ∈ P⊥ . (4.5) 

.�
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The pointwise restriction of . τ to a leaf .L ∈ M/F is the mean curvature vector 2 

of .L ↪→ M in .(M, g). In particular for .Z = σ(τ  )  [in (4.5), as .π ◦ σ = idQ] 

.

∣∣τ
∣∣2 = κ

(
σ(τ  )

)
. (4.6) 

Definition 4.19 .F is said to be tangentially oriented if .P = T (F ) is oriented, i.e., 
a principal .GL+( p)-subbundle .B → M of .GL(p) → L(P) → M is specified. . �

Here .GL+(p) = {a ∈ GL(p, R : det(a) >  0} and .p = dim(M) − codim(F ). 
Also.L(P)x consists of all .R-linear isomorphisms.u : R p → Px , for any.x ∈ M . To  
every tangentially oriented foliation .F on .(M, g) one associates a differential .p-
form.χF ∈ �p(M) defined as follows. Let.x ∈ M and let.{Ei : 1 ≤ i ≤ p} be a local 
.g-orthonormal frame of. P , adapted 3 to the given orientation.GL+(q) → B → M of 
. P , defined on an open neighborhood .U of the point . x . We set by definition 

. χF , x
(
v1 , · · ·  , vp

) := det
[
g
(
vi , E j, x

)]

1≤i, j≤p 
, vi ∈ Tx (M) ,  1 ≤ i ≤ p. 

Exercise 4.20 Show that 
1) The definition of .χF , x

(
v1 , · · ·  , vp

)
doesn’t depend upon the choice of 

orthonormal adapted frame at . x . 
2) .χF

(
E1 , · · ·  , E p

) = 1. 
3) .iZ χF = 0 for any .Z ∈ P⊥. . �

Definition 4.21 .χF is the characteristic form of the tangentially oriented foliation 
.F of the Riemannian manifold .(M, g). . �

Theorem 4.22 For every . Z ∈ C∞(P⊥) 

. 
(
LZ χF

)(
X1 , · · ·  , X p

) = −κ(Z ) χF
(
X1 , · · ·  , X p

)
, X1 , · · ·  , X p ∈ C∞(P). 

(4.7) 
In particular the .p-form .iZ d χF + κ(Z ) χF evaluates to . 0 along .T (F ). 

Theorem 4.22 is due to Rummler, [Rum]. 

Definition 4.23 Formula (4.7) is referred to as  Rummler’s formula. . �

Proof of Theorem 4.22. For any .X1 , · · ·  , X p ∈ C∞(P) 

2 Except for the.1/ dim(L) factor - customary in the theory of submanifolds of Riemannian mani-
folds - that has been suppressed through the present chapter. 
3 That is, the cross section.σ : U → L(P), given  by.σ(x) : R p → Px ,.σ(x) ei := Ei, x , has values 
in. B (the total space of the given orientation of. P). 
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. 
(
LZ χF

)(
X1 , · · ·  , X p

) =Z
(
χF

(
X1 , · · ·  , X p

))

− 
p∑

i=1 

χF
(
X1 , · · ·  , LZ Xi , · · ·  , X p

) = 

(by .P⊥ �χF = 0) 

. = Z
(
χF

(
X1 , · · ·  , X p

)− 
p∑

i=1 

χF
(
X1 , · · ·  , πP

[
Z , Xi

]
, · · ·  , X p

)
, 

where .πP : T (M) → P is the projection. Note that 

. πP
[
Z , Ei

] = 
p∑

j=1 

g
([
Z , Ei

]
, E j

)
E j 

yielding [as .χF
(
E1 , · · ·  , E p

) = 1] 

. 
(
LZ χF

)(
E1 , · · ·  , E p

) = 

. = −  
p∑

i=1 

p∑

j=1 

g
([
Z , Ei

]
, E j

)
χF

(
E1 , · · ·  , Ei−1 , E j , Ei+1 , · · ·  , E p

) = 

[by computing the sum over .1 ≤ j ≤ p, as .χF is skew-symmetric 4] 

. = −  
p∑

i=1 

g
([
Z , Ei

]
, Ei

)
χF

(
E1 , · · ·  , E p

)
. (4.8) 

On the other hand, 

. κ(Z ) = Trace WZ = 
p∑

i=1 

g
(
WZ Ei , Ei

) = 
p∑

i=1 

gQ
(
α(Ei , Ei ), π Z

) = 

. = 
p∑

i=1 

gQ
(
π ∇g 

Ei 
Ei , π  Z

) = 
p∑

i=1 

g
(∇g 

Ei 
Ei , Z

) = 

[as .∇gg = 0] 

. = 
p∑

i=1

{
Ei
(
g(Ei , Z )

)− g
(
Ei , ∇g 

Ei 
Z
)} = 

4 So the only nonzero term is got for. j = i . 
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[as .g(Ei , Z ) = 0 and .∇g is torsion-free] 

. = −  
p∑

i=1 

g
(∇g 

Z Ei + [Ei , Z ] , Ei
) = 

[as .g(Ei , Ei ) = 1 =⇒ 0 = Z
(
g(Ei , Ei )

) = 2 g(∇g 
Z Ei , Ei )] 

. = 
p∑

i=1 

g
([Z , Ei ] , Ei

)

and substitution into (4.8) leads to 

.
(
LZ χF

)(
E1 , · · ·  , E p

) = −κ(Z ). (4.9) 

Finally [as .X j = f i j Ei for some . f i j ∈ C∞(U )], 

. 
(
LZ χF

)(
X1 , · · ·  , X p

) = f i1 1 · · ·  f i p p
(
LZ χF

)(
Ei1 , · · ·  , Ei p

) = 

. =
∑

i1 �=···�=i p �=i1 

f i1 1 · · ·  f i p p
(
LZ χF

)(
Ei1 , · · ·  , Ei p

) = 

. =
∑

σ∈�p 

f σ(1) 1 · · ·  f σ(  p) p

(
LZ χF

)(
Eσ(1) , · · ·  , Eσ(  p)

)
, 

. =
∑

σ ∈�p

ε(σ ) f σ(1) 1 · · ·  f σ(  p) p

(
LZ χF

)(
E1 , · · ·  , E p

)

[by (4.9)] 

. = −κ(Z ) det [ f i j
]
1≤i, j≤p = −κ(Z ) χF

(
X1 , · · ·  , X p

)
. 

Q.e.d. 
Let us set .Z = σ(τ  )  in Rummler’s formula [and use (4.6)]. We obtain 

.Lσ(τ  )  χF = −∣∣τ ∣∣2 χF on P ⊗  · · ·  ⊗  P (p terms), (4.10) 

i.e., .τ = 0 is roughly the invariance of .χF under transversal flows. 

Definition 4.24 A foliation .F of the Riemannian manifold .(M, g) with .τ = 0 is 
said to be harmonic. . �

Everly leaf of a harmonic foliation of .(M, g) is a minimal submanifold 
of .(M, g). The term “minimal foliation” is already in use in foliation theory, 
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with a different meaning. 5 The term “harmonic foliation” has been 
introduced in mathematical practice by F. Kamber 6 and Ph. Tondeur 7 in their 

5 A foliation.F of.M is minimal if every leaf of.F is dense in. M . 
6 Franz Kamber (1936 - 2017) was a Swiss-American mathematician. 

K. was born in Olten, Switzerland on June 19, 1936, a son of Max and Lydia Winterhalter Kamber. 
K. served in the Swiss army and studied at the University of Zürich where he majored in Mathematics 
and Theoretical Physics, earning his Ph.D. in 1965. Successively K. moved to the United States 
and began his professional career at the University of California, Berkeley and later, Princeton. In 
1968 he settled in Champaign/Urbana at the University of Illinois as a Professor of Mathematics. 
K. was proud to have obtained U.S. Citizenship in 1974. K. retired in 1994 and was a Professor 
Emeritus of Mathematics since 1995 at the University of Illinois. K. married Karen Hansmann 
in Denmark in 1989 and together they have enjoyed traveling the world. K. had eclectic cultural 
interests, including painting, music, and poetry. Among the Ph.D. students of K. we ought to mention 
Steven Edmond Hurder, himself a prominent protagonist of foliation theory, with the thesis Dual 
Homotopy Invariants of .G-Foliations, 1980. 
7 Philippe Tondeur (born 1932) was a Swiss-American mathematician and educator, and a consultant 
on mathematics, science and technology policy. 

T.’s interests included mathematics research and education, the role of mathematics in science and 
society, innovation and science policy, institutional governance, and leadership development. T. 
served as Director of the Division of Mathematical Sciences at the National Science Foundation 
(NSF). Previously, T. was Chair of the Department of Mathematics at the University of Illinois in 
Urbana/ Champaign. T. earned an Engineering degree in Zürich, and a Ph.D. degree in Mathematics 
from the University of Zürich in 1961. Successively T. was a Research Fellow and Lecturer at the 
University of Paris, at Harvard University, the University of California at Berkeley, an Associate 
Professor at Wesleyan University, before joining the University of Illinois at Urbana/Champaign 
faculty in 1968, where he became a Full Professor in 1970. T. published approximately 100 articles 
and monographs, on several differential geometry and topology themes, in particular the geometry 
of foliations and geometric applications of partial differential equations. T. authored nine books. 
T. was supported by grants from the NSF from 1967 to 1990. T. served as Editor and then as 
Managing Editor of the Illinois Journal of Mathematics, and edited the collected works of K.T. 
Chen. T. served on numerous committees at universities and professional societies. The following 
mathematicians had the privilege of earning their Ph.D.s under the guidance of T. (i) Pyng Wang, 
Decomposition theorems of Riemannian manifolds, 1973, (ii) Thomas Duchamp, Characteristic 
invariants of.G-foliations, 1976, (iii) Michael Hvidsten, Volume and energy stability for immersions, 
1985, (iv) Paul Scofield, Symplectic and complex foliations, 1990, (v) Hobum Kim, Geometric and 
dynamical properties of Riemannian foliations, 1990, (vi) Louis Kerofsky, Harmonic forms under 
metric and topological perturbations, 1995, (vii) Alan Mason, An application of stochastic flows to 
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famous 8 paper [KaTo6]. The choice of terminology may be motivated in several 
ways. The projection .π : T (M) → Q may be viewed as a  .Q-valued differential 
.1-form on . M , i.e., 

. π ∈ �1 (Q) = C∞(
T ∗(M) ⊗ Q

)
. 

Let .d∇ : �r (Q) → �r+1(Q) be defined by 

. 
(
d∇ α

)(
Y0 , · · ·  , Yr

) := 1 

r + 1

{ r∑

j=0 

(−1) j∇Y j α(Y0 , · · ·  , Ŷ j , · · ·  , Yr ) + 

. +
∑

0≤i < j≤r 
(−1)i+ j α

([
Yi , Y j

]
, Y0 , · · ·  Ŷi , · · ·  Ŷ j , · · ·  , Yr

)}
, 

. Y0 , · · ·  , Yr ∈ X(M), 

where a hat indicates as customary the suppression of a term. Here. ∇ is the canonical 
adapted foliation of .F . Then 

. d∇ π = 0, δ∇ π = τ, 

where .δ∇ is the formal adjoint of .d∇ . So  .F is a harmonic foliation .⇐⇒ .π is a 
harmonic .1-form (cf. [KaTo6]). Another motivation comes from the theory of har-
monic maps (cf. e.g., [BaWo]) and the result there, that the foliation defined by a 
submersion from a Riemannian manifold is harmonic if and only is said submersion 
is a harmonic map. 

Let .F be a foliation of the Riemannian manifold .(M, g), and let us assume that 
.F is transversally oriented, i.e., the transverse bundle .Q → M is equipped with an 
orientation 

. 

GL+(q) → B ↪→ B1 
T (F ) ← GL(q, R) 

↓ ↓  

M = M . 

Let us define a differential .q-form. ν on. M , as follows. Let .x ∈ M and let . {s j : 1 ≤ 
j ≤ q} be a local .gQ orthonormal frame of . Q, adapted to the transverse .GL+(q)-
structure . B, defined on an open neighborhood .U ⊂ M of the point . x . We set  

Riemannian foliations, 1997, (viii) Amine Fawaz, Transversely holomorphic flows on .3-manifolds 
and geodesible vector fields, 1998. 
8 One may hardly overestimate the importance of the scientific creation of Franz Kamber and 
Philippe Maurice Tondeur and their role in the development of foliation theory, a field of scientific 
inquiry they have vigorously dominated for over thirty years. The reference list of the present book 
contains the magnificent series of papers [KaTo1]-[KaTo16] coauthored by F. Kamber and Ph. 
Tondeur between 1971 and 1987. 
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. νx
(
v1 , · · ·  , vq

) := det
[
gx
(
vi , σ  (s j )x

)]
1≤i, j≤q , v1 , · · ·  , vq ∈ Tx (M). 

Exercise 4.25 Show that 
1) The definition of .νx doesn’t depend upon the choice of adapted frame at . x , 
2) .ν

(
σ(s1) ,  · · ·  , σ  (sq )

) = 1, 
3) .P � ν = 0. . �

Definition 4.26 The differential .q-form.ν ∈ �q (M) is the transversal volume form 
of the transversally oriented foliation .F of the Riemannian manifold .(M, g). . �

Moreover, let us consider the .C∞(M)-multi-linear map 

. LX ν : C∞(
P⊥)×  · · ·  ×  C∞(

P⊥) → C∞(M), X ∈ XF , 

defined by 

. 
(
LX ν

)(
Z1 , · · ·  , Zq

) := X
(
ν(Z1 , · · ·  , Zq )

)− 
q∑

i=1 

ν
(
Z1 , · · ·  σ ∇X π Zi , · · ·  , Zq

)
, 

(4.11) 
. Z1 , · · ·  , Zq ∈ C∞(P⊥). 

It should be observed that the right-hand side of (4.11) may actually be rewritten in 
terms of the Bott connection, for 

. X ∈ XF =⇒ σ ∇X π Zi = σ ∇̊X π Zi = σ π
[
X, Z j

] = π ⊥
[
X, Z j

]
, 

so that (4.11) is [by statement 3) in Exercise 4.25] merely the restriction of the Lie 
derivative .LX ν to .P⊥ ⊗  · · ·  ⊗  P⊥ (. q terms). On the other hand, if one of the argu-
ments .Y1 , · · ·  , Yq ∈ X(M) is tangent to the leaves, say .Y1 ∈ C∞(P), then [again 
by 3) in Exercise 4.25] 

. 
(
LX ν

)(
Y1 , · · ·  , Yq

) = −ν([X, Y1
]
, Y2 , · · ·  , Yq

) = 0 

because .P is involutive, so that .
[
X, Y1

] ∈ C∞(P). 

Proposition 4.27 If. ν is holonomy invariant, i.e.,.(LX ν)(Z1 , · · ·  , Zq ) = 0 for any 
.X ∈ XF and any .Z1 , · · ·  , Zq ∈ C∞(P⊥), then . ν is a basic .q-form on .(M, F ), 
i.e., .ν ∈ �q 

B (F ). 

Proof Our calculations preceding Proposition 4.27 together with the holonomy 
invariance assumption show that .LX ν = 0 at any direction.X ∈ XF . Then [by Car-
tan’s formula.LX ν = iX ◦ d + d ◦ iX ].iX d ν = 0, implying [again by 3) in Exercise 
4.25] that .ν ∈ �q 

B(F ). Q.e.d. 

A useful relationship between the transversal volume form. ν and the characteristic 
form.χF of a foliation .F of a .n-dimensional Riemannian manifold .(M, g) may be 
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exhibited in terms of the Hodge star operator .∗ : �r (M) → �n−r (M), as follows. 
Let us assume that .M is oriented, so that the Hodge star is fully determined by 

. (∗α)(Y1 , · · ·  , Yn−r ) d vg = α ∧ Y �1 ∧  · · ·  ∧  Y �n−r , 

. α ∈ �r (M), Y1 , · · ·  , Yn−r ∈ X(M). 

Here .� : X(M) → �1(M) is lowering of indices by . g, i.e., locally . Y � = gi j  Y j dxi 
whenever .Y = Y j (∂/∂x j ), with respect to a local coordinate system.(U, xi ) on. M . 
Also .d vg is the canonical volume form of .(M, g), i.e., locally 

. d vg = 
√
g dx1 ∧  · · ·  ∧  dxn , 

. g = det
[
gi j

]
1≤i, j≤n , gi j  = g

(
∂i , ∂  j

)
, ∂i ≡ ∂ 

∂ xi 
. 

In particular .∗1 = d vg and .∗ d vg = 1. Also, if for any positively oriented 9 local 
.g-orthonormal frame .{E1 , · · ·  , En}, defined on the open set .U ⊂ M , 

. (∗ α)
(
Ei1 , · · ·  Ein−r

)
d vg = α ∧ ωi1 ∧  · · ·  ∧  ωin−r 

for any .α ∈ �r (M). Here  .{ω1 , · · ·  , ωn} is the dual local frame, i.e., . ωi ∈ �1(U ) 
and.ωi (E j ) = δi j . As.{Ei : 1 ≤ i ≤ n} is orthonormal, one also has.ωi = E �i , and of 
course.

(
ωi
)� = Ei where.� : �1(M) → X(M) is raising the indices with the metric. 

Now let us consider a tangentially and transversally oriented foliation.F on.(M, g). 
Let.{E1 , · · ·  , En} be a local.g-orthonormal frame of.T (M), defined on the open set 
.U ⊂ M and adapted to the decomposition .T (M) = P ⊕ P⊥, i.e., 

. {Eα : 1 ≤ α ≤ p} ⊂  C∞(
U, P

)
, {E p+ j : 1 ≤ j ≤ q} ⊂  C∞(

U, P⊥). 

Lemma 4.28 The transverse volume form . ν satisfies i) 

. (∗ ν)(E1 , · · ·  , E p) d vg =
(
ωp+1 ∧  · · ·  ∧  ωn

) ∧ (
ω1 ∧  · · ·  ∧  ωp

)
, 

ii) .E p+ j � (∗ ν) = 0, .1 ≤ j ≤ q, so that .∗ ν is, up to a sign, the characteristic 
form .χF . 

iii) If orientations of .P and .P⊥ are chosen such that .∗ ν = χF , then 

. ν ∧ χF = ν ∧ ∗ν = d vg . 

The proof is straightforward. 

9 That is .(d vg)(E1 , · · ·  , En) >  0 everywhere on. U . 
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4.4 .dF -Cohomology 

The present section is devoted to I. Vaisman’s .dF -cohomology 10 (cf. [Vai1]). Cf. 
also Molino, [Mol], pp. 58–59. 

Let .(M, F ) be a foliated manifold, with .dim(M) = n and .cod(F ) = q. Let . P ′
be any smooth .q-dimensional distribution on .M such that 

.T (M) = T (F ) ⊕ P ′ . (4.12) 

Let us identify the dual .T (F )∗ (respectively, .P ′∗) with the bundle . 
{
α ∈ T ∗(M) : 

P ′ �α = 0
}
(respectively, with the bundle .

{
β ∈ T ∗(M) : T (F ) �β = 0

}
). Then 

(4.12) yields the decomposition 

.T ∗(M) = T (F )∗ ⊕ P ′∗ 
. (4.13) 

The decomposition (4.13) induces a decomposition at the level of differential forms 
on . M . To describe it, let .

{
θ α : 1 ≤ α ≤ n − q

}
be a local frame of .T (F )∗ defined 

on an open set . U , i.e., each.θ α is a .1-form on.U such that .P ′ � θ α = 0. Similarly, we 
consider a local frame.

{
ηi : 1 ≤ i ≤ q

}
of.P ′∗ defined on the same open set. U , i.e., 

.ηi is a .1-form on .U such that .T (F ) � ηi = 0. Then 

. 
{
θ α , ηi : 1 ≤ α ≤ n − q, 1 ≤ i ≤ q

}

is a local frame on .T ∗(M), defined on the open set . U , referred to as adapted to 
the decomposition (4.13). Every differential .k-form on .β ∈ �k(M) may be locally 
represented as a sum of monomials of the form 

.βα1···αr i1···ir θ α1 ∧  · · ·  ∧  θ αr ∧ ηi1 ∧  · · ·  ∧  ηis , βα1···αr i1···ir ∈ C∞(U ), (4.14) 

. α1 , · · ·  , αr ∈
{
1, · · ·  , n − q

}
, i1 , · · ·  , is ∈

{
1, · · ·  , q}, r + s = k, 

i.e., 

.β =
∑

r+s=k

∑

1 ≤ α1 < · · ·  < αr ≤ n − q 
1 ≤ i1 < · · ·  < is ≤ q 

βα1···αr i1···ir θ α1 ···αr ∧ ηi1 ··· is , (4.15) 

.θ α1 ···αr := θ α1 ∧  · · ·  ∧  θ αr , ηi1 ··· is := ηi1 ∧  · · ·  ∧  ηis . 

10 An ingredient needed in the discussion of the existence of projectable connections on foliated 
bundles. 



4.4 dF -Cohomology 399 

Definition 4.29 A differential form .β ∈ �k(M) is said to be of type .(r, s) if for 
every point.x0 ∈ M there is an open neighborhood.U ⊂ M of.x0 and an adapted frame 
.{θ α , ηi : 1 ≤ α ≤ n − q, 1 ≤ i ≤ q} of .T ∗(M) on . U , such that . β is represented 
as a sum of monomials of the form (4.14). . �

Let .β ∈ �k(M) be a differential .k-form of type .(r, s) (with .r + s = k), i.e., 

. β =
∑

1 ≤ α1 < · · ·  < αr ≤ n − q 
1 ≤ i1 < · · ·  < is ≤ q 

βα1···αr i1···ir θ α1 ···αr ∧ ηi1 ··· is 

on an open neighborhood .U of an arbitrarily fixed point .x0 ∈ M . Let  . {θ ′α 
, η′i : 

1 ≤ α ≤ n − q, 1 ≤ i ≤ q} be another adapted frame, defined on the open subset 
.x0 ∈ U ′ ⊂ M . Then 

. θ ′α = Uα 
β θ 

β η′i = f i j η 
j

[
Uα 
β

] : U ∩ U ′ → GL(n − q, R),
[
f i j
] : U ∩ U ′ → GL(q, R). 

Let us set .
[
V α 
β

] := [
Uα 
β

]−1 
and .

[
gi j
] := [

f i j
]−1 

. Then 

. β =
∑

1 ≤ γ1 < · · ·  < γr ≤ n − q 
1 ≤ j1 < · · ·  < js ≤ q 

β ′
γ1···γr j1··· jr θ

′γ1 ··· γr ∧ η′ j1 ··· js , 

. β ′
γ1···γr j1··· jr := βα1···αr i1···ir V α1 γ1 

· · ·  V αr γr 
gi1 j1 · · · gis js . 

Let .β ∈ �k(M) and let .(r, s) be a pair of nonnegative integers such that .r + s = k. 
Let .x ∈ M and let .{θ α , ηi : 1 ≤ α ≤ n − q, 1 ≤ i ≤ q} be an adapted frame of 
.T ∗(M), defined on an open neighborhood .U ⊂ M of . x . Let us set 

. βr, s(x) :=
∑

1 ≤ α1 < · · ·  < αr ≤ n − q 
1 ≤ i1 < · · ·  < is ≤ q 

βα1···αr i1···ir (x)
(
θ α1 ···αr ∧ ηi1 ··· is

)

x 
. 

We claim that .βr,s is a globally defined.k-form of type .(r, s). To prove the claim we 
ought to compare the locally defined .k-forms 

.βU 
r, s =

∑

1 ≤ α1 < · · ·  < αr ≤ n − q 
1 ≤ i1 < · · ·  < is ≤ q 

βα1···αr i1···ir θ α1 ···αr ∧ ηi1 ··· is , 
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. βU ′
r, s =

∑

1 ≤ α1 < · · ·  < αr ≤ n − q 
1 ≤ i1 < · · ·  < is ≤ q 

β ′
α1···αr i1···ir θ

′α1 ···αr ∧ η′i1 ··· is , 

starting from 
.

∑

r+s=k 

βU 
r, s =

∑

r+s=k 

βU ′
r, s on U ∩ U ′ . (4.16) 

Note that 
. βU ′
r, s = λγ1···γr j1··· js θ γ1··· , γr ∧ η j1··· js , 

. λγ1···γr j1··· js :=
∑

1 ≤ α1 < · · ·  < αr ≤ n − q 
1 ≤ i1 < · · ·  < is ≤ q 

β ′
α1···αr i1···is U

α1 
γ1 

· · ·Uαr 
γr 

f i1 j1 
· · ·  f is js 

so that [by (4.16)] 

. βγ1···γr j1··· js = r ! s! λγ1···γr j1··· js on U ∩ U ′. 

We may conclude that the local .k-forms .βU 
r, s glue up to a (globally defined) .k-form 

.βr, s ∈ �k(M), that is clearly of type .(r, s). 

Definition 4.30 The form .βr, s ∈ �k(M) is called the .(r, s)-component of . β ∈
�k(M). . �

From now on let . g be a Riemannian metric on.M and let .P ′ := T (F )⊥ be the.g-
orthogonal complement of.T (F ) in.T (M). Given a foliated chart. (U, xα , yi ) ∈ F 
we choose a local frame of .T ∗(M) adapted to the decomposition 

. T ∗(M) = T (F )∗ ⊕ [
T (F )⊥

]∗ 

as follows. Let us set 

. gαβ = g
( ∂ 
∂xα , 

∂ 
∂xβ

)
, gα, p+ j = g

( ∂ 
∂xα , 

∂ 
∂y j

)
, gp+i, p+ j = g

( ∂ 
∂yi 

, 
∂ 
∂y j

)
, 

. 1 ≤ α, β ≤ p, 1 ≤ i, j ≤ q, p = n − q, 

,i.e., 

. 

⎛ 

⎝ 
gαβ gα ,  p+ j 

gp+i , α  gp+i , p+ j 

⎞ 

⎠ 

are the local components of. g with respect to the local coordinate system.(U, xα , yi ). 
Let.σ = σg : Q → T (F )⊥ be the natural vector bundle isomorphism.Q � T (F )⊥. 
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Let .gP and .gQ be the Riemannian metrics induced by . g on .P = T (F ) and . Q = 
ν(F ), i.e., 

. gP
(
X, X ′) = g

(
X, X ′), gQ (r, s) = g

(
σ(r ), σ (s)

)
, X, X ′ ∈ XF , r, s ∈ C∞(Q). 

Yet.P is locally the span of .{∂/∂xα : 1 ≤ α ≤ p}, hence.gαβ ∈ C∞(U ) are also the 
components of the Riemannian bundle metric .gP with respect to that local frame. 
More is true, i.e., the pointwise restriction of.gP to a leaf.L ∈ M/F is a Riemannian 
metric on . L [and each .∂/∂xα is tangent to the leaf] hence the restrictions of .gαβ to 
.U ∩ L are the local coefficients of that Riemannian metric on . L [with respect to the 
local chart .(U ∩ L , xα )]. In particular .

[
gαβ

]
is invertible and we set by definition 

. 
[
gαβ

]
1≤α, β≤p :=

([
gαβ

]
1≤α, β≤p

)−1 
on U 

so that .gαγ gγβ  = δα 
β . Next, let us set 

. 
(
gQ

)
i j  
= gQ

(
π 
∂ 
∂yi 

, π  
∂ 
∂y j

)
, 1 ≤ i, j ≤ q. 

Here.π : T (M) → Q is the projection. As.{π (∂/∂yi ) : 1 ≤ i ≤ q} is a local frame 
of . Q, the functions .(gQ)i j  ∈ C∞(U ) are the local components of the Riemannian 
bundle metric .gQ with respect to that local frame. In particular the matrix . 

[
(gQ)i j

]

is invertible and we set 

. 
[(
gQ

)i j ]
1≤i, j≤q :=

([(
gQ

)
i j

]
1≤i, j≤q

)−1 
on U, 

so that .(gQ)ik  (gQ)k j  = δi j . The.T (F )⊥-component pf .∂/∂yi may be represented as 

.

( ∂ 
∂yi

)⊥ = λα 
i 

∂ 
∂α + μ j i 

∂ 
∂y j 

, λα 
i , μ  j i ∈ C∞(U ). (4.17) 

Let us take the inner product of (4.17) with .∂/∂xβ so that to obtain 

. 0 = λα 
i gαβ + μ j i gp+ j , β  . 

Next, let us contract with .gβγ so that 

.λ γ i = −μ j i gp+ j , β  g
βγ . (4.18) 

Let us set .si = π
(
∂/∂yi

)
for the sake of simplicity. By applying . π to (4.17) we get 

[as .Ker(π ) = T (F )] 
.si = μ j i s j 
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yielding.μ j i = δ j i . Going back to (4.18) we obtain .λ γ i = −gp+i ,β gβγ , so that (4.17) 
becomes 

.

( ∂ 
∂yi

)⊥ = ∂ 
∂yi 

− gp+i , α  g
αβ ∂ 
∂xβ . (4.19) 

The decomposition (4.19) will prove useful in local calculations on.(M, F ) with. F 
(transversally) Riemannian. The assumption that .F is Riemannian wasn’t however 
required so far. In particular one may relate the local components of .gQ to those of 
. g, i.e., 

. 
(
gQ

)
i j  = gQ

(
si , s j

) = g
(
σ(si ) ,  σ  (s j )

) = g
(( ∂ 
∂yi

)⊥ 
,
( ∂ 
∂y j

)⊥) = 

[by (4.19)] 

. = gp+i , p+ j − gp+ j , λ  g
λμ gp+i , μ  − gp+i , α  g

αβ gβ, p+ j 

+ gp+i , α  g
αβ gp+ j , λ  g

λμ gβμ 

or 
.
(
gQ

)
i j  = gp+i , p+ j − gαβ gα, p+i gβ, p+ j . (4.20) 

The identity (4.20) is useful in the calculation of the inverse 

. 
[
G AB

] = [
gAB

]−1 = 

⎛ 

⎝ 
Gαβ Gα, p+ j 

G p+i , β  G p+i , p+ j 

⎞ 

⎠ . 

The range of the capital indices is .A, B, · · ·  ∈  {1, · · ·  , n}. Indeed, we may use 

.gAB  G 
BC = δC A (4.21) 

to show that 
.G p+i , p+ j = (

gQ
)i j  
. (4.22) 

Let us set .A = p + i and .B = p + k in (4.21) so that [by (4.20)] 

. δk i = gp+i , B G 
B, p+k = gp+i , β  G

β, p+k + gp+i , p+ j G 
p+ j , p+k = 

. = gp+i , β  G
β, p+k +

[(
gQ

)
i j  + gαβ gα, p+i gβ, p+ j

]
G p+ j, p+k = 

. = gp+i, β  G
β, p+k + (

gQ
)
i j  G 

p+ j , p+k − gαβ gα, p+i gβγ G
γ,  p+k 

as [again by (4.21)] .gβ B G B, p+k = 0. Finally, .gαβ gβγ = δα 
γ yields 
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. δk i =
(
gQ

)
i j  G 

p+ j , p+k 

hence (4.22) is proved. To determine the remaining entries of .
[
G AB

]
we use (4.21) 

with .A = α and .C = p + k so that 

. 0 = gAB  G 
B, p+k = gαβ G

β, p+k + gα, p+ j G 
p+ j , p+k 

and then [by (4.22)] 
.Gα, p+ j = −gαβ gβ, p+i

(
gQ

)i j  
. (4.23) 

Similarly, (4.21) with .A = α and .C = γ gives 

. δγ α = gα B G 
Bγ = gαβ G

βγ + gα p+ j G 
p+ j , γ  

so that [by contracting with .gαμ and using (4.23)] 

.Gαβ = gαβ + gαλ gβμ gλ ,  p+i gμ ,  p+ j
(
gQ

)i j  
. (4.24) 

Summing up [by (4.22)–(4.24)], 

. 
[
G AB

]
1≤A, B≤n 

= 

⎛ 

⎜ 
⎝ 
gαβ + gαλ gβμ gλ, p+i gμ, p+ j

(
gQ

)i j  −gαβ gβ, p+i
(
gQ

)i j  

−gαβ gα, p+ j
(
gQ

)i j (
gQ

)i j  

⎞ 

⎟ 
⎠ . 

(4.25) 

Let us go back to the decomposition of forms with respect to (4.13) with . P ′ = 
T (F )⊥. As  

. 

{ ∂ 
∂xα : 1 ≤ α ≤ p

}
⊂ C∞(

U, T (F )
)
,

{( ∂ 
∂yi

)⊥ : 1 ≤ i ≤ q
}
⊂ C∞(

U, T (F )⊥
)
, 

are local frames, it follows that 

. 

{
d yi : 1 ≤ i ≤ q

}
⊂ C∞(

U,
(
T (F )⊥

)∗)
,

{
δ xα : 1 ≤ α ≤

}
⊂ C∞(

U, T (F )∗
)
, 

.δ xα := d xα + gαβ gβ, p+ j d y  j , 1 ≤ α ≤ p, (4.26) 

are local coframes [as a consequence of (4.19)]. Of course, the local frame 

. 
{
δ xα , d yi : 1 ≤ α ≤ p, 1 ≤ i ≤ q

} ⊂ C∞(U, T ∗(M)) 

is dual to 
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. 

{ ∂ 
∂xα , 

∂ 
∂ yi 

: 1 ≤ α ≤ p, 1 ≤ i ≤ q
}
⊂ C∞(

U, T (M)
)
, 

and adapted to the decomposition (4.13). Let .β ∈ �k(M) and let .βr, s be its .(r, s)-
component. Then .βr, s may be locally represented as 

. 

∑

1 ≤ α1 < · · ·  < αr ≤ p 
1 ≤ i1 < · · ·  < is ≤ q 

βα1···αr i1···is δ xα1 ∧  · · ·  ∧  δ xαr ∧ d yi1 ∧  · · ·  ∧  d yis . 

For every function .u ∈ C∞(U ), one has [by (4.26)] 

. du = 
∂u 

∂xα d xα + 
∂u 

∂yi 
d yi = 

∂u 

∂xα

(
δ xα − N α 

i d yi
)
+ 
∂u 

∂yi 
d yi , 

. N α 
i := gαβ gβ, p+i ∈ C∞(U ), 

or 

.d u  = 
∂u 

∂xα δ x
α + 

δ u 
δ yi 

d yi , (4.27) 

. 
δ 
δ yi 

≡ 
∂ 
∂ yi 

− N α 
i 

∂ 
∂xα . 

Let us observe that [by (4.26)], 

. d
(
δ xα

) = d N  α 
i ∧ d yi =

(∂ N α 
i 

∂ xβ δ x
β + 

δ N α 
i 

δ u j
)
∧ d yi 

hence 

.d
(
δ xα

) = 
∂ N α 

i 

∂ xβ δ x
β ∧ d yi + 

δ N α 
i 

δ yi 
d yi ∧ d y  j . (4.28) 

Moreover [by taking into account (4.27)–(4.28)], the .(k + 1)-form .d βr, s may be 
locally written as 

. 

∑

1 ≤ α1 < · · ·  < αr ≤ p 
1 ≤ i1 < · · ·  < is ≤ q

{(
d βα1···αr i1···is

) ∧ δ xα1 ∧  · · ·  ∧  δ xαr ∧ d yi1 ∧  · · ·  ∧  d yis + 

. + 
s∑

�=1 

(−1)�+1 βα1···αr i1···is δ xα1 ∧  · · ·  ∧ (
d δ xα�

) ∧  · · ·  ∧  d yi1 ∧  · · ·  ∧  d yis
}

hence 
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.d βr, s =
(
d βr, s

)
r−1, s+2 +

(
d βr, s

)
r, s+1 +

(
d βr, s

)
r+1, s (4.29) 

where the differential forms on the right-hand side of (4.29) are (locally) given by 

.
(
d βr, s

)
r−1, s+2 =

∑

1 ≤ α1 < · · ·  < αr ≤ p 
1 ≤ i1 < · · ·  < is ≤ q 

βα1···αr i1···is × (4.30) 

. × 
r∑

�=1 

(−1)�+1 δ N 
α�
k 

δ y j 
δ xα1 ∧  · · ·  ∧ δ̂ xα� ∧  · · · ∧  

δ xαr ∧ d y  j ∧ d yk ∧ d yi1 ∧  · · ·  ∧  d yis , 

.
(
d βr, s

)
r, s+1 =

∑

1 ≤ α1 < · · ·  < αr ≤ p 
1 ≤ i1 < · · ·  < is ≤ q

{δ βα1···αr i1···is 
δ y j 

d y  j ∧ (4.31) 

. ∧ δ xα1 ∧  · · ·  ∧  δ xαr ∧ d yi1 ∧  · · ·  ∧  d yis + 

. + βα1···αr i1···is 
r∑

�=1 

(−1)�+1 δ xα1 ∧  · · · ∧
(∂ N α�
∂xγ 

δ xγ ∧ d y  j
)
∧  · · ·  ∧  δ xαr ∧ d yi1 ∧  · · ·  ∧  d yis

}
= 

. = (−1)r
∑

1 ≤ α1 < · · ·  < αr ≤ p 
1 ≤ i1 < · · ·  < is ≤ q

{δ βα1···αr i1···is 
δ yi0 

δ xα1 ∧  · · ·  ∧  δ xαr ∧ d yi0 ∧ d yi1 ∧  · · ·  ∧  d yis + 

. − βα1···αr i1···is 
r∑

�=1 

∂ N α�i0 
∂ xα�

δ xα1 ∧  · · ·  ∧  δ xαr ∧ d yi0 ∧ d yi1 ∧  · · ·  ∧  d yis
}
, 

.
(
d βr, s

)
r+1, s =

∑

1 ≤ α1 < · · ·  < αr ≤ p 
1 ≤ i1 < · · ·  < is ≤ q 

∂ βα1···αr i1···is 
∂ xα0 

× (4.32) 
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. × δ xα0 ∧ δ xα1 ∧  · · ·  ∧  δ xαr ∧ d yi1 ∧  · · ·  ∧  d yis . 

As customary, a hat denotes suppression of a term. Let . �r,s(F ) = �r,s(M, F ) 
denote the.C∞(M)-module of all.(r + s)-forms of type.(r, s) on.(M, F ). We define 
the first-order differential operator 

.dr F = dr, s F : �r, s (F ) → �r+1, s (F ) (4.33) 

by declaring .dr F βr, s to be the .(r + 1, s)-component .
(
d βr, s

)
r+1, s of .d βr, s . 

Definition 4.31 The differential operator (4.33) is referred to as the differentiation 
along the leaves of .F . . �

Lemma 4.32 Let us consider the sequence 

. �r−1, s (F ) 
dr−1 
F −→ �r, s (F ) 

dr F −→ �r+1, s (F ). 

Then .dr F ◦ dr−1 
F = 0. 

Proof Let .βr−1, s ∈ �r−1, s be a form of type .(r − 1, s) on .(M, F ), thought of as 
the .(r − 1, s)-component of some form.β ∈ �r+s−1(M). Then 

.d βr−1, s =
(
d βr−1, s

)
r−2, s+2 +

(
d βr−1, s

)
r−1, s+1 + dr−1 

F βr−1, s . (4.34) 

Let us set 
. γr, s = dr−1 

F βr−1, s ∈ �r, s (F ) 

for the sake of simplicity. Then 

.d γr, s =
(
d γr, s

)
r−1, s+2 +

(
d γr, s

)
r, s+1 + dr F γr, s . (4.35) 

Let us differentiate (4.34) so that to get 

. 0 = d
{(
d βr−1, s

)
r−2, s+2

}
+ d

{(
d βr−1, s

)
r−1, s+1

}
+ d γr, s . 

By (4.29) there exist differential .(r + s + 1)-forms 

. Ar−3, s+4 , Ar−2, s+3 , Ar−1, s+2 , Br−2, s+3 , Br−1, s+2 , Br, s+1 ∈ �r+s+1(M) 

(whose type is indicated by the subscripts of each form) such that 

. 0 = Ar−3, s+4 + Ar−2, s+3 + Ar−1, s+2 + Br−2, s+3 + Br−1, s+2 + Br, s+1 + d γr, s . 

Finally [by (4.35) and by comparing types], it follows that .
(
d γr, s

)
r+1, s = 0, which 

is .dr F γr, s = 0. Q.e.d. 
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As a consequence of Lemma 4.32 

.�0, s (F ) 
d0 
F −→ �1, s (F ) 

d1 
F −→  · · ·  d 

p−1 
F −→ �p, s (F ) 

d p F −→ 0 (4.36) 

is a cochain complex. 

Definition 4.33 The complex (4.36) is called the .dF -complex, and its cohomology 
groups 

. Hr, s 
F (M) = Hr

(
�•, s (F ), d• 

F

) = 
Ker

{
dr F : �r, s(F ) → •}

dr−1 
F �r−1, s(F ) 

are the .dF -cohomology groups. . �
It should be observed that 

.�0 
B (F ) = H 0, 0 

F (M). (4.37) 

Indeed 

. H 0, 0 
F (M) = Ker

{
d0, 0 
F : �0, 0 (F ) → �1, 0 (F )

}
, �0, 0 (F ) = �0 (M), 

hence for any .u ∈ H 0, 0 
F (M), one has [by (4.27)] 

. 0 = d0 
F u =

(
d u

)
1, 0 =

( ∂u 
∂xα δ x

α + 
δ u 
δ yi 

d yi
)

1, 0 
= 

∂u 

∂xα δ x
α 

that is .u ∈ �0 
B (F ) for any .(U, xα , yi ) ∈ F . Q.e.d. 

Of course Definition 4.33 makes sense for vector-valued forms, as well. Next, we 
generalize the notions above to tensorial forms of type .(ρ, V ). Let  . 

(
E, M, p, G, 

FE
)
be a foliated principal bundle over.(M, F ). Let.ρ : G → EndR(V ) be a repre-

sentation of. G on the finite-dimensional linear space. V . Let. ϕ ∈ C∞(
�k T ∗(E) ⊗ V

)

be a tensorial .k-form of type .(ρ, V ). 

Definition 4.34 Let .r, s ∈ Z+ such that .r + s = k. We say  . ϕ is a .(r, s)-form if 
.s∗ ϕ ∈ �r, s(F ), i.e., .s∗ ϕ is a .k-form of type .(r, s) on . U , for any local section 
.s : U → E . . �

Let.{si }i∈I be a family of foliate local sections.si : Ui → E such that.{Ui }i∈I is an 
open cover of . M . Let .�i : p−1(Ui ) → Ui × G be the local trivialization associated 
to . si . Also  .s j = si · a j i  for some .G-valued basic functions .a j i  on .U j ∩ Ui . Let  . ϕ ∈ 
C∞(

�k T ∗(M) ⊗ V
)
be a tensorial form of type .(ρ, V ) on . E , and let us set 

. ϕi = s∗ 
i ϕ , i ∈ I. 

Then 
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.ϕ j, x = ρ
(
a j i  (x)

−1
) · ϕi, x , x ∈ Ui ∩ U j . (4.38) 

The dot product in (4.38) is given by 

. (T · β)x (X1 , · · ·  , Xk) = T
[
βx (X1 , · · ·  , Xk)

]
, 

. T ∈ EndR(V ), β ∈ C∞(
�k T ∗(M) ⊗ V

)
, X1 , · · ·  , Xk ∈ Tx (M), x ∈ M. 

Conversely, a family of forms .ϕi ∈ C∞(
�k T ∗(Ui ) ⊗ V

)
, .i ∈ I , satisfying (4.38) 

determines a tensorial .k-form. ϕ of type.(ρ, V ) on. E , in a natural manner. Indeed, if 
.z ∈ E and .x = p(z) ∈ M , let .i ∈ I such that .x ∈ Ui and let us set 

. ϕz
(
v1 , · · ·  , vk

) = ϕi, x
(
(dz p) v1 , · · ·  , (dz p) vk

)
, v1 , · · ·  , vk ∈ Tz(E). 

The definition of .ϕz(v1 , · · ·  , vk) doesn’t depend upon the choice of .Ui such that 
.x ∈ Ui , precisely due to the condition (4.38). 

Lemma 4.35 Let .ϕ ∈ C∞(
�k T ∗(E) ⊗ V

)
be a tensorial .k-form of type .(ρ, V ) on 

. E. Let us assume that . ϕ is also a .(r, s)-form for some .r, s ∈ Z+ with .r + s = k. 
Then 

.dr F ϕ j = ρ
(
a−1 
j i

) · dr F ϕi on Ui ∩ U j . (4.39) 

In particular the .(k + 1)-forms .
{
dF ϕi

}
i∈I determine a tensorial .(k + 1)-form of 

type .(ρ, V ) on . E. 

The proof of Lemma 4.35 is easily got by taking the exterior derivative of . ϕ j = 
ρ
(
a−1 
j i

) · ϕi [with.a j i  basic, cf. (4.38)] and exploiting the fact that.d0 
F annihilates the 

basic functions. 
The .(r + s + 1)-form furnished by Lemma 4.35 is denoted by 

. dF ϕ = dr F ϕ ∈ C∞(
�r+s+1 T ∗(E) ⊗ V

)
. 

Clearly .dF ϕ is a .(r + 1, s)-form. 
Let .�r,s 

ρ (E, V ) be the space of .(r, s)-forms, i.e., tensorial .(r + s)-forms . ϕ ∈ 
C∞(

�r+s T ∗(M) ⊗ V
)
of type .(ρ, V ) on . E , which are also of type .(r, s). Lemma 

4.35 furnishes the first-order differential operator 

.dF : �r, s 
ρ (E, V ) → �r+1, s 

ρ (E, V ) (4.40) 

Already .dF at the level of forms on .M squares to zero (by Lemma 4.32); hence 
[by (4.39)], .dF on tensorial forms on .E squares to zero, as well. Therefore, the 
cohomology groups 

.Hr, s 
ρ,  F (E, V ) = Hr

(
�•, s 
ρ (E, V ), d

• 
F

) = 
Ker

{
dF : �r,s 

ρ (E, V ) → •}

dF �
r−1, s 
ρ (E, V ) 
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are well defined. 

4.5 Atiyah Class 

Let .
(
E, M, p, G, FE

)
be a foliated principal bundle over the foliated manifold 

.(M, F ), and let .ω ∈ C∞(
T ∗(E) ⊗ g

)
be an adapted connection .1-form on . E , i.e., 

.T
(
FE

) ⊂ � = Ker(ω). Let .s : U → E be a local foliate section in . E . Then 

. T (F ) � s∗ ω = ωs
(
s∗ T (F )

) ⊂ ωs
(
s−1 T (FE )

) ⊂ ωs
(
s−1 �

) = (0), 

where .ωs := ω ◦ s. Also  

. (s∗ X )x = (dxs) Xx , X ∈ XF , x ∈ U. 

As customary 
. s−1 T (FE ) → U, s−1 � → U, 

are pullback bundles. Therefore, .s∗ ω ∈ C∞(
T ∗(U ) ⊗ g

)
is a form of type . (r, s) 

on . U . Let  .� = Dω be the curvature .2-form of . ω. Then (by the second structure 
equation) 

.s∗� = s∗
(
d ω + 

1 

2 
[ω, ω]

)
= d

(
s∗ ω

)+ 
1 

2

[
s∗ ω ,  s∗ ω

]
. (4.41) 

We seek to decompose the form.s∗� ∈ C∞(
�2 T ∗(U ) ⊗ g

)
in a sum of components 

of type .(r, s) ∈ {
(0, 2), (1, 1), (2, 0)

}
. We recall that .

[
s∗ ω, s∗ ω

]
is the .g-valued 

.2-form on .U given by 

. 
[
s∗ ω ,  s∗ ω

]
(X, Y ) =

[
(s∗ω)(X ) ,  (s∗ω)(Y )

]
, X, Y ∈ X(U ), 

and .
[ · , · ] is the Lie algebra product on . g. Let us assume that .U is the domain of a 

foliated local chart .(U, xα , yi ) ∈ F so that 

.s∗ ω = gi ⊗ d yi on U (4.42) 

for some .gi ∈ C∞(U, g). No loos of generality results from our working assump-
tion 11 on . U . The .2-form.

[
s∗ ω, s∗ ω

]
is (locally) a combination of 

.
{
δ xα ∧ δ xβ , δ  xα ∧ d y  j , d yi ∧ d y  j : 1 ≤ α, β ≤ p, 1 ≤ i, j ≤ q

}

11 Strictly speaking one chooses a point.x ∈ U and performs calculations on an open neighborhood 
of. x contained in.U and endowed with foliated local coordinates. 
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with coefficients in .C∞(U, g). Yet  [by (4.42)], 

. 
[
s∗ ω, s∗ ω

]( ∂ 
∂xα , 

∂ 
∂xβ

)
= 0,

[
s∗ ω, s∗ ω

]( ∂ 
∂xα , 

δ 
δy j

)
= 0, 

hence 
. 
[
s∗ ω, s∗ ω

] = [
gi , g j

]⊗ (
d yi ∧ d y  j

)

so that .
[
s∗ ω, s∗ ω

]
is a .g-valued form of type .(2, 0) on . U . Here  

. 
[
gi , g j

] : U → g,
[
gi , g j

]
(x) = [

gi (x) ,  g j (x)
]
, x ∈ U. 

Moreover [by (4.29) for vector-valued forms], 

.d
(
s∗ ω

) = (
d(s∗ ω)

)
0,2 +

(
d(s∗ ω)

)
1,1 . (4.43) 

Let .{Xa : 1 ≤ a ≤ dim(G)} be a linear basis of the Lie algebra. g. Then. gi = ua i Xa 

for some scalar functions .ua i ∈ C∞(U ). Let us take the exterior derivative of (4.42) 
so that to get 

. d
(
s∗ ω

) =Xa ⊗ d
(
ui α d yi

) = Xa ⊗
(
d ua i ∧ d yi

)

=Xa ⊗
( ∂ ua i 
∂ xα δ x

α + 
δ ua i 
δ y j 

d y  j
)
= 

. = 
∂ gi 
∂ xα ⊗

(
δ xα ∧ d yi

)+ 
δ gi 
δ y j 

⊗ (
d y  j ∧ d yi

)

so that [by (4.41) and (4.43)] 

.� = �1, 1 +�0, 2 (4.44) 

for some .2-forms .�1,1 , �0,2 ∈ C∞(
�2 T ∗(E) ⊗ g

)
such that 

. s∗�1,1 = 
∂gi 
∂xα ⊗

(
δ xα ∧ d yi

)
, s∗�0,2 =

(δ g j 

δyi 
+ 

1 

2

[
gi , g j

])⊗ (
d yi ∧ d y  j

)
, 

on . U . In particular 
. �1, 1 ∈ �1, 1 

ad

(
E, g

)
, 

i.e., .�1,1 is both a tensorial .2-form of type .(ad, g) on . E , and a .(1, 1)-form. 

Theorem 4.36 .dF �1, 1 = 0 and the cohomology class 

.A
(
E, FE

) = [
�1, 1

] ∈ H 1, 1 
ad , F (E, g) 
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doesn’t depend upon the choice of adapted connection. Moreover, . A(E, FE ) = 0 
if and only if the foliated principal bundle .

(
E, M, p, G, FE

)
admits projectable 

connections. 

Cf. Molino, [Mol1]. 
Proof of Theorem 4.36. Let  .

{
si : Ui → E

}
i∈I be a family of foliated local sec-

tions such that .{Ui }i∈I is an open cover of . M . Let us consider the .g-valued .2-form 
of type .(1, 1) on .Ui given by 

. 
(
�1, 1

)
i = s∗ 

i �1, 1 , i ∈ I. 

One has 
. 
(
�1, 1

)
j = ad

(
a−1 
j i

) · (�1, 1
)
i on Ui ∩ U j 

hence (by Lemma 4.35) 

. dF
(
�1, 1

)
j 
= ad

(
a−1 
j i

) · dF
(
�1, 1

)
i 

on Ui ∩ U j . 

Consequently, the family of local forms .
{(
�1,1

)
i

}
i∈I determines a unique globally 

defined tensorial form denoted by 

. dF �1, 1 ∈ �2, 1 
ad

(
E , g

)

and such that 
. s∗ 
i

(
dF �1, 1

) = dF
(
�1, 1

)
i , i ∈ I. 

Definition 4.37 The cohomology class 

. A(E , FE ) ∈ H 1, 1 
ad, F (E, g) 

is called the Atiyah class of .(E, M, p, G, FE ). The  Atiyah class of .F is 

. A(F ) = A(M, F ) = A
(
B1 
T (F ), F 1 T

) ∈ H 1, 1 
ad, F

(
B1 
T (F ), gl(q, R)

)
. 

. �

The meaning of Theorem 4.36 is that the Atiyah class of a foliated principal 
bundle .(E, M, p, G, FE ) may be looked at as an obstruction to the existence of 
projectable connections in that bundle. 
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4.6 A Spectral Sequence 

4.6.1 Filtrations of the De Rham Complex and Rummler’s 
Formula Revisited 

In a series of works F. Kamber and Ph. Tondeur made use (cf. [KaTo1]-[KaTo3, 
KaTo11]) of a natural spectral sequence 12 associated to a foliated manifold.(M, F ). 
For a better understanding of the constructions in the present section we add an 
Appendix on decreasing filtrations and spectral sequences of cohomological type. 13 

Said spectral sequence is associated to the multiplicative filtration of the de Rham 
complex .�•(M) given by 

. F0�r (M) = �r (M), 

.Fk �r (M) =
{
ω ∈ �r (M) : iX1 · · ·  iXr−k+1 ω = 0, (4.45) 

. Xi ∈ XF , 1 ≤ i ≤ r − k + 1
}
, k ≥ 1. 

Besides from being important in its own right, many calculus (with basic forms) 
assertions are, as we shall shortly show, easily stated in terms of the Kamber-Tondeur 
spectral sequence. Let us start by investigating a few basic properties of the filtration 
(4.45). A more advanced study of the spectral sequence of a Riemannian foliation 
was performed by Alvarez, [Alv1]-[Alv2]. Locally, with respect to a foliated local 
chart .(U, xα , yi ) ∈ F , the space .Fk �r (M) consists of the .r -forms whose local 
representation exterior monomials contain at most.r − k differentials.d xα . Note that 

.Fk �r (M) = (0), k ≥ r + 1. (4.46) 

The filtration (4.45) is (according to the terminology in the next section) a decreasing 
filtration of the graded vector space .�•(M) and looks like 

. (0) ⊂ Fr �r (M) ⊂  · · ·  ⊂  Fk+1�r (M) ⊂ Fk �r (M) ⊂  · · ·  
⊂ F1�r (M) ⊂ F0�r (M) = �r (M). 

In particular (4.45) is a bounded filtration [cf. Definition 4.52 in the Appendix to this 
section]. Let us also observe that (4.45) is stable under exterior differentiation, i.e., 

.d Fk �r (M) ⊂ Fk �r+1 (M). 

12 Book I-A in the present book series studies a few geometric properties of said spectral sequence 
that could be presented without using elements of Riemannian geometry (i.e., the geometry of 
transversally Riemanian foliations of Riemannian manifolds). 
13 While Book I-A in the present book series is provided with an algebraic preparation regarding 
mainly spectral sequences of homological type. 
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Consequently, Theorem 4.53 in the Appendix can be applied [the description of the 
spectral sequence furnished by (the proof) of Theorem 4.53 is given later in this 
section]. Moreover, if .dim(F ) = p = n − q, then 

. Fk �p+k (M) =
{
ω ∈ �p+k (M) : iX1 · · ·  iX p+1 ω = 0, Xi ∈ XF , 1 ≤ i ≤ p + 1

}

=�p+k (M) 

because .p + 1 vectors lying in (a fiber of) .T (F ) cannot be linearly independent. 
Next 

. F1�p (M) =
{
ω ∈ �p (M) : iX1 · · ·  iX p ω = 0, Xα ∈ XF , 1 ≤ α ≤ p

}

so that .F1�p(M) consists of the .p-forms vanishing on .T (F ) ⊗  · · ·  ⊗  T (F ) (. p 
terms). This observation leads to a useful reformulation of Rummler’s formula [for 
a foliation .F of a Riemannian manifold .(M, g)]. Indeed [by (4.7)], for every . Z ∈ 
C∞(

T (F )⊥
)
the .p-form .LZ χF + κ(Z ) χF evaluates to zero on . T (F ) ⊗  · · ·  ⊗  

T (F ) (. p terms) hence the announced reformulation of Rummler’s formula is 

.LZ χF + κ(Z ) χF ∈ F1�p (M), Z ∈ C∞(
T (F )⊥

)
. (4.47) 

In general, .Fk+1�p+k (M) consists of all .(p + k)-forms evaluating to zero when . p 
arguments lie in .XF . We may also state 

Proposition 4.38 Let .ϕ0 := d χF + ( p + 1) κ  ∧ χF ∈ �p+1(M). Rummler’s for-
mula is equivalent to .ϕ0 ∈ F2�p+1(M). 
Proof If all .p + 1 arguments .X0 , · · ·  , X p lie in .XF , then of course . ϕ0(X0 , · · ·  , 
X p) = 0. To prove Proposition 4.38, it suffices then to consider the case . X0 = Z ∈ 
T (F )⊥, i.e., check that .iZ ϕ0 vanishes on .T (F ) ⊗  · · ·  ⊗  T (F ) (. p terms). Then 14 

(by .iZ χF = 0) 

. 
(
κ ∧ χF

)(
Z , X1 , · · ·  , X p

) = 1 

( p + 1)!
∑

σ∈σp+1

ε(σ )
(
κ ⊗ χF )

(
Xσ(0) , · · ·  , Xσ(  p)

) = 

. = 1 

(p + 1)!
∑

σ ∈A
ε(σ ) κ

(
Xσ(0)

)
χF

(
Xσ(1) , · · ·  , Xσ(  p)

)

where .A = {
σ ∈ σp+1 : σ(0) = 0

}
. Also  .σp+1 denotes the permutation group of 

order .(p + 1)! [thought of as consisting of the permutations of .{0, 1, · · ·  , p}]. If 
.π ∈ σp we define .σπ ∈ σp+1 by setting 

.σπ (0) = 0, σπ (α) = π(α), 1 ≤ α ≤ p, 

14 Our conventions as to multi-linear algebra calculations are those in [KoNo]. There is an extra 
.p + 1 factor in our definition of.ϕ0 with respect to the treatment in [Ton], p. 121. 
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so that .A = {
σπ : π ∈ σp

}
. Then . A has cardinality .|A| =  p! and the sign of every 

.σ ∈ A is .ε(σ ) = (−1)p so that 

. χF
(
Xσ(1) , · · ·  , Xσ(  p)

) = (−1)p χF
(
X1 , · · ·  , X p

)
, σ  ∈ A. 

We conclude that 

. 
(
κ ∧ χF

)
(Z , X1 , · · ·  , X p) = 1 

p + 1 
κ(Z) χF

(
X1 , · · ·  , X p

)
. 

Finally (by Cartan’s formula), 

. (iZ ϕ0)
(
X1 , · · ·  , X p

) = (
LZ χF + κ(Z ) χF

)(
X1 , · · ·  , X p

) = 0. 

Q.e.d. 

A few remarks pertaining to the local description of .Fk �r (M) are in order. Let 
.(U, xα , yi ) ∈ F be a foliated local chart. Every.r -form.ω ∈ �r (M) is then locally 
represented as a sum of exterior monomials of the form 

.d xα1 ∧  · · ·  ∧  d xαu ∧ d yi1 ∧  · · ·  ∧  d yiv , (4.48) 

. 1 ≤ α1 < · · ·  < αu ≤ p, 1 ≤ i1 < · · ·  < iv ≤ q, u + v = r, 

with coefficients in .�0(U ). Them the condition .ω ∈ Fk �r (M) is locally that . o ≤ 
u ≤ r − k. With these tools one may easily show that 

Proposition 4.39 If .q = cod(F ), then 

.F p+1�r (M) = (0). (4.49) 

In particular, if .q = 1, then .F2�p+1(M) = (0) so that Rummler’s formula becomes 
.d χF + ( p + 1) κ  ∧ χF = 0. 

Proof Let .ω ∈ Fq+1�r (M). Then the exterior monomials (4.48) in the local rep-
resentation of .ω on .U contain at most .r − (q + 1) differentials .d xα , that is 
.u ≤ r − (q + 1). Equivalently .v ≥ q + 1 hence 

. d yi1 ∧  · · ·  ∧  d yiv = 0 

and then .ω = 0 thus yielding (4.49). The particular form of Rummler’s formula for 
codimension one foliations plays a major role in their study (cf. e.g., [Ton], p. 75). 

By Theorem 4.53 (in the Appendix following the present section), given the graded 
vector space.�•(M) and its filtration.

{
Fk �•(M) : k ∈ Z

}
[defined by (4.45)] there 

is a cohomological spectral sequence 
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. E(F ) = E(M, F ) = {
Es(M, F ) : s ∈ N

}
, 

. Es(F ) = Es(M, F ) =
{(

Ek, �
s (M, F ), dk, �

s

) : k, � ∈ Z
}
, 

whose first terms is [cf. (4.63)] 

.Ek, �
1 (F ) = Ek, �

1 (M, F ) � Hk+�(Fk �(M)
/
Fk+1�(M)

)
. (4.50) 

Here .Fk �(M) = ⊕n 
r=0 F

k �r (M). If .�(M) = ⊕n 
r=0�

r (M), then 

. Fk �r (M) = Fk �(M) ∩ �r (M). 

By the proof of Theorem 4.53 

.Ek,�
s (F ) = Ek,�

s (M, F ) = Zk,�
s (F ) 

Zk+1, �−1 
s−1 (F ) + Bk,�

s−1(F ) 
(4.51) 

where 

. Zk,�
s (F ) = Zk,�

s (M, F ) = {
Fk �k+�(M)

} ∩ d−1
[
Fk+s �k+�+1 (M)

]
, 

. Bk,�
s (F ) = Bk,�

s (M, F ) = {
Fk �k+�(M)

} ∩ d
[
Fk−s �k+�+1 (M)

]
. 

That is .Zk,�
s (F ) consists of all .(k + �)-forms in .Fk �k+�(M) which are boundaries 

in.Fk+s �k+�+1(M). Similarly, we may observe that.Bk,�
s (F ) consists of all.(k + �)-

forms in.Fk �k+�(M) which are images of.(k + �− 1)-forms from. Fk−s �k+�−1(M) 
by . d . In particular [by (4.51)], 

. Ek, �
1 (F ) = Zk,�

1 (F ) 
Zk+1, �−1 
0 (F ) + Bk, �

0 (F ) 

and 
. Zk,�

1 (F ) = {
Fk �k+�(M)

} ∩ d−1
[
Fk+1�k+�+1 (M)

]
, 

. Zk+1, �−1 
0 (F ) = {

Fk+1�k+�(M)
} ∩ d−1

[
Fk+1�k+�+1 (M)

] = Fk+1�k+�(M), 

. Bk,�
0 (F ) = {

Fk �k+�(M)
} ∩ d

[
Fk+1�k+�−1 (M)

] = d Fk �k+�−1 (M), 

so that 

.Ek �
1 (F ) =

{
Fk �k+�(M)

} ∩ d−1
[
Fk+1�k+�+1(M)

]

Fk+1�k+�(M) + d
[
Fk �k+�−1(M)

] . (4.52) 

In particular for .� = 0 one has 
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. Fk �k (M) = {
ω ∈ �k (M) : iX ω = 0, X ∈ XF

}
, 

. d−1
{
Fk+1�k+1 (M)

}
= {

ω ∈ �k (M) : d ω ∈ Fk+1�k+1 (M)
} = 

. = {
ω ∈ �k (M) : iX d ω = 0, X ∈ XF

}
, 

hence 

. Fk �k (M) ∩ d−1
{
Fk+1�k+1 (M)

} = 

⎧ 
⎪⎨ 

⎪⎩

�k 
B(F ) if 0 ≤ k ≤ q, 

0 otherwise. 

Also .Fk+1�k(M) = (0) and in particular 

. Fk+1�k (M) + d
{
Fk �k−1 (M)

} = (0). 

Finally [by (4.53) for .� = 0], 

.Ek, 0 
1 (F ) = �k 

B (F ), 0 ≤ k ≤ q. (4.53) 

We refer again to the Appendix (following the present section) for the construction 
of the differentials 

. dk, �
s : Ek, �

s (F ) → Ek+s, �−s+1 
s (F ). 

If .π k, �s : Zk, �
s (F ) → Ek, �

s (F ) is the projection, then the diagram 

. 

Zk, �
s (F ) d−→ Zk+s, �−s+1 

s (F ) 

π k, �s ↓ ↓  π k+s, �−s+1 
s 

Ek, �
s (F ) 

dk, �
s −→ Ek+s, �−s+1 

s (F ) 

is commutative. In particular for . s = 1 

. 

Zk, �
1 (F ) d−→ Zk+1, �

1 (F ) 

π k, �1 ↓ ↓  π k+1, �
1 

Ek, �
1 (F ) 

dk, �
1 −→ Ek+1, �

s (F ) 

is commutative. Next, for .� = 0 one has (as shown above) 
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. Ek, 0 
1 (F ) = Zk, 0 

1 (F ) = �k 
B (F ) 

hence.π k, 0 1 = 1�k 
B (F ) and.dk, 0 

1 = dB : �k 
B (F ) → �k+1 

B (F ). Yet.E(F ) is a spectral 
sequence hence (by Definition 4.42 in the Appendix) .Ek, �

2 (F ) must be the coho-
mology of the term.E1(F ), i.e., 

. Ek, �
2 (F ) � Hk, �

(
E•, • 
1 (F ), dk, �

1

) = 
Ker

{
dk, �
1 : Ek, �

1 (F ) → Ek+1, �
1 (F ) 

dk−1, �
1

{
Ek−1, �
1 (F )

} . 

In particular for . � = 0 

.Ek, 0 
2 (F ) � Ker

{
dB : �k 

B (F ) → �k+1 
B (F )

}

dB �
k−1 
B (F )

= Hk 
B (F ). (4.54) 

4.6.2 Appendix: Spectral Sequences 

The elements of the theory of spectral sequences presented in this Appendix rely 
on classical work by Leray, [Ler]. There are however a few monographs containing 
the material below, cf. e.g., Mac Lane, [MaLa], or McCleary, [McCl]. As spectral 
sequences are recalled solely for the sake of applications, our point of view is indeed 
close to that in [McCl]. 

4.6.2.1 Basic Definitions and Properties 

Let . R be a commutative ring with unit. 

Definition 4.40 Let .a, b ∈ Z and let .
{
E p, q

}
p, q∈Z be a family of .R-modules. Let 

.
{
d p,q : E p,q → E p+a, q+b

}
p, q∈Z be a family of .R-linear maps such that 

. d p,q ◦ d p−a, q−b = 0, p, q ∈ Z. 

The synthetic object.
{
E p,q , d p,q

}
p, q∈Z is called a differential bigraded module over 

. R. The  map  .d p,q : E p,q → E p+a, q+b is referred to as a differential and the pair of 
integers .(a, b) is its bidegree. . �

Let .
{
E p,q , d p,q

}
p, q∈Z be a differential bigraded module over . R. 

Definition 4.41 The homology .
{
H p,q

(
E•, • , d•, •)}

p,q∈Z of .
{
E p,q , d p,q

}
p, q∈Z is 

the family of .R-modules given by 

.H p,q
(
E•, • , d•, •) = 

Ker
{
d p,q : E p,q → E p+a, q+b

}

d p−a, q−b E p−a, q−b 
, p, q ∈ Z. 
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. �

Definition 4.42 Let 

. E =
{(

E p,q r , d p,q r

)
p, q∈Z : r ∈ N

}

be a family of differential bigraded modules over . R, where each differential . d p,q r : 
E p,q r → •  has bidegree .

(
a(r ), b(r )

)
, for some functions .a, b : N → Z, and 

.E p,q r+1 � H p,q
(
E• , • 
r , d• , • 

r

)
(4.55) 

(an isomorphism of.R-modules). We call . E a spectral sequence of homological type 
(respectively, of cohomological type) if  .a(r) = −r and .b(r ) = r − 1 (respectively, 
.a(r) = r and .b(r ) = 1 − r ) for any .r ∈ N. . �

We adopt the notation .Er =
{
E p,q r , d p,q r

}
p, q∈Z for the sake of brevity. It is 

worth observing that, given a spectral sequence .E = {
Er : r ∈ N

}
, the differen-

tial bigraded module .Er determines [according to (4.55)] the bigraded module 
.
{
E p,q r+1

}
p, q∈Z

, yet it doesn’t determine the differential .d p,q r+1 : E p,q r+1 → •. 
Definition 4.43 The differential bigraded modules.Er are the terms 15 of the spectral 
sequence. . �

Let .E = {
Er : r ∈ N, r ≥ 2

}
be a spectral sequence, and let us set 

. Z p,q 2 = Ker
(
d p,q 2

)
, B p,q 2 = d p−a(2), q−b(2) 

2 E p−a(2), q−b(2) . 

Definition 4.44 The elements of.Z p,q 2 (respectively, of.B p,q 2 ) are referred to as cycles 
(respectively, as boundaries). . �

The differentials.d• , • 
2 have bidegree.(−2, 1) if. E is a spectral sequence of homo-

logical type [respectively, .(2, −1) if .E is a spectral sequence of cohomological 
type]. 

As .d p,q 2 ◦ d p−a(2), q−b(2) 
2 = 0, it follows  that  

. B p,q 2 ⊂ Z p,q 2 ⊂ E p,q 2 . 

By Definition 4.42 

.E p,q 3 � H p,q
(
E•, • 
2 , d• , • 

2

) = Ker
(
d p,q 2

)

d p−a(2), q−b(2) 
2 E p−a(2), q−b(2) 

2 

= 
Z p,q 2 

B p,q 2 

. 

15 In mathematical practice, the terms of a spectral sequence are often labeled starting with the 
integer.r = 2. 
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Next, we set 

. Z 
p,q 
3 := Ker

(
d p,q 3

)
, B 

p,q 
3 := d p−a(3), q−b(3) 

3 E p−a(3), q−b(3) 
3 , 

. Z p,q 3 :=
{
x ∈ Z p,q 2 : x − B p,q 2 ∈ Z p,q 3

}
, 

B p,q 3 :=
{
x ∈ Z p,q 2 : x + B p,q 2 ∈ B p,q 3

}
, 

so that 

. B 
p,q 
3 ⊂ Z p,q 3 ⊂ E p,q 3 , Z 

p,q 
3 = 

Z p,q 3 

B p,q 2 

, B 
p,q 
3 = 

B p,q 3 

B p,q 2 

. 

Moreover [again by (4.55)], 

. E p,q 4 � H p,q
(
E• , • 
3 , d• , • 

3

) = Ker
(
d p,q 3

)

d p−a(3), q−b(3) 
3 E p−a(3), q−b(3) 

3 

= 
Z 

p,q 
3 

B 
p,q 
3 

= ( Z p,q 3 

B p,q 2

)/( B p,q 3 

B p,q 2

)
� Z p,q 3 

B p,q 3 

. 

Up to this point 
. B p,q 2 ⊂ B p,q 3 ⊂ Z p,q 2 ⊂ E p,q 2 . 

Quite obviously, we may iterate these constructions to produce a tower of submodules 
of .E p,q 2 for each pair of integers .p, q ∈ Z, i.e., 

.B p,q 2 ⊂ B p,q 3 ⊂  · · ·  ⊂  B p,q n ⊂  · · ·  ⊂  Z p,q n ⊂  · · ·  ⊂  Z p,q 3 ⊂ Z p,q 2 ⊂ E p,q 2 (4.56) 

so that 

.E p,q n+1 �
Z p,q n 

B p,q n 
, n ∈ {2, 3, · · · }. (4.57) 

Hence, we may think of the differential 

. d p,q n+1 : E p,q n+1 → E p+a(n+1), q+b(n+1) 
n+1 

as a map 

. 
Z p,q n 

B p,q n 
→ 

Z p+a(n+1), q+b(n+1) 
n 

B p+a(n+1), q+b(n+1) 
n 

with kernel .Z p,q n+1

/
B p,q n and image .B p+a(n+1), q+b(n+1) 

n+1

/
B p+a(n+1), q+b(n+1) 
n . For  

instance, if .E is a spectral sequence of homological type, then .d p,q n+1 is a map 

.Z p,q n
/
B p,q n → Z p−n, q−n+1 

n
/
B p−n, q−n+1 
n with kernel .Z p,q n+1

/
B p,q n and image 
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.B p−n, q−n+1 
n+1

/
B p−n, q−n+1 
n . Going back to spectral sequences of arbitrary type, there 

is a short exact sequence of .R-modules and .R-module homomorphisms 

.0 → 
Z p,q n+1 

B p,q n 
→ 

Z p,q n 

B p,q n 

d p,q n+1 −→ 
B p+a(n+1), q+b(n+1) 
n+1 

B p+a(n+1), q+b(n+1) 
n 

→ 0 (4.58) 

and then 

. 
B p+a(n+1), q+b(n+1) 
n+1 

B p+a(n+1), q+b(n+1) 
n 

=d p,q n+1

( Z p,q n 

B p,q n

)
�

( Z p,q n 

B p,q n

)/
Ker

(
d p,q n+1

)

=
( Z p,q n 

B p,q n

)/( Z p,q n+1 

B p,q n

)
� Z p,q n 

Z p,q n+1 

. 

To simplify notation one often writes exact sequences such as (4.58) or the isomor-
phisms following (4.58) without specifying the upper indices, i.e., 

. 0 → 
Z•, • 
n+1 

B•, •
n 

→ 
Z•, •
n 

B•, •
n 

d•, • 
n+1 −→ 

B•, • 
n+1 

B•, •
n 

→ 0, 
B•, • 
n+1 

B•, •
n

� Z•, •
n 

Z•, • 
n+1 

, 

yet the reader should keep in mind that the empty upper bullets may not stand for 
identical indices. The data contained in the tower (4.56) (a tower of submodules of 
.E•, • 

2 ) together with the information furnished by the isomorphisms (4.57) may be 
used to reconstruct the spectral sequence . E . 

Definition 4.45 An element.x ∈ E•, • 
2 such that.x ∈ Z•, •

n is said to survive to the . nth 

stage. The submodule 

. Z•, • 
∞ := 

∞⋂

n=2 

Z•, • 
n ⊂ E•, • 

2 

is referred to as the submodule of elements that survive forever. . �

The reason one adopts the terminology in Definition 4.45 for a given .x ∈ Z•, •
n is 

merely that . x lies in the kernels of the previous.n − 2 differentials (i.e., . x ∈ Z•, • 
n−1 ⊂ 

· · ·  ⊂  Z•, • 
2 ). The elements of .E•, • 

2 that survive for ever are cycles at every stage. 

Definition 4.46 An element .x ∈ E•, • 
2 such that .x ∈ B•, •

n is said to be a boundary 
at the .nth stage. The submodule 

. B•, • 
∞ = 

∞⋃

n=2 

B•, • 
n ⊂ E•, • 

2 

is referred to as the submodule of elements which eventually bound. . �

An inspection of the tower (4.56) shows that.B•, •∞ ⊂ Z•, •∞ , so that we may consider 
the .R-module 
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.E•, • 
∞ = 

Z•, •∞ 
B•, •∞ 

(4.59) 

Although the concept of convergence of a spectral sequence. E hasn’t been introduced 
as yet, it is quite clear that computing.E•, •∞ is the general task, and that the bigraded 
module (4.59) is what one is left with after the calculation of the infinite sequence 
of homologies pertaining to . E . In mathematical practice, the calculation often ends 
at some finite stage. We adopt the following: 

Definition 4.47 Let .E be a spectral sequence. If .d•, •
r = 0 for any .r ≥ N , then we 

say that .E collapses at the .N th term. . �
If .E is a spectral sequence collapsing at the .N th term, then the exactness of 

. 0 → 
Z•, •
r 

B•, • 
r−1 

→ 
Z•, • 
r−1 

B•, • 
r−1 

d•, •
r −→ 

B•, •
r 

B•, • 
r−1 

→ 0 

yields .B•, •
r = B•, • 

r−1 (as the image of .d•, •
r is zero) and .Z•, •

r = Z•, • 
r−1 [because the 

sequence 
. 0 → Z•, • 

r

/
B•, • 
r−1 ↪→ Z•, • 

r−1

/
B•, • 
r−1 → 0 

is exact, i.e., .Z•, •
r

/
B•, • 
r−1 � Z•, • 

r−1

/
B•, • 
r−1] for any .r ≥ N . Consequently, the tower 

(4.56) may be written 

. B•, • 
2 ⊂ B•, • 

3 ⊂  · · ·  ⊂  B•, • 
N−1 = B•, • 

N =  · · ·  =  B•, • 
∞ ⊂ 

. ⊂ Z•, • 
∞ =  · · ·  =  Z•, • 

N = Z•, • 
N−1 ⊂  · · ·  ⊂  Z•, • 

3 ⊂ Z•, • 
2 ⊂ E•, • 

2 

and then .E•, •∞ = E•, • 
N . 

4.6.2.2 Filtered Differential Modules 

Let .A be a .R-module and let .F = {
F p A : p ∈ Z

}
be a family of submodules 

.F p A ⊂ A. 
Definition 4.48 We call .F = {

F p A : p ∈ Z
}
a decreasing (respectively, increas-

ing) filtration on .A if .F p+1 A ⊂ F p A (respectively, if .F p+1 A ⊃ F p A) for every 
.p ∈ Z. . �
Definition 4.49 Let .F = {

F p A : p ∈ Z
}
be a filtration on . A. The  associated 

graded module is the .R-module 

.E p 0 ( A) = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

F p A 

F p+1 A 
if F is decreasing, 

F p+1 A 

F p A 
if F is increasing, 

, p ∈ Z. (4.60) 
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. �

Let .H • be a graded module. Let .
{
F p H • : p ∈ Z

}
be a filtration on .H •. That 

is, we are given a filtration .Fn = {
F p Hn : p ∈ Z

}
on .Hn for very .n ∈ Z. If, for 

instance, .Fn is an increasing filtration, then 

. · · ·  ⊂  F p−1 Hn ⊂ F p Hn ⊂ F p+1 Hn ⊂  · · ·  ⊂  Hn , n ∈ Z. 

The associated graded module is then bigraded. Precisely 

. E p 0
(
Hn

) = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

F p Hn 

F p+1 Hn 
if Fn is decreasing, 

F p+1 Hn 

F p Hn 
if Fn is increasing. 

It is customary to adopt the notation 

. E p,q 0

(
H • , F•) := E p 0

(
H p+q

)
, p, q ∈ Z. 

Convergence of a spectral sequence .E = {
Er : r ≥ 2

}
is then defined as follows. 

Definition 4.50 Let.Er =
{(
E p,q r , d p,q r

) : p, q ∈ Z
}
,.r ≥ 2, be a spectral sequence 

and let .H • be a graded module. We say that .E = {
Er : r ≥ 2

}
converges to .H • if 

there is a filtration .F• on .H • such that 

.E p,q ∞ � E p,q 0

(
H • , F•), p, q ∈ Z, (4.61) 

(a .R-module isomorphism). . �

If the spectral sequence .E converges to the graded module .H • in the sense of 
Definition B.9 we write.E =⇒ H •. In practical problems one aims to the calculation 
of a certain graded module .H •. If a spectral sequence .E converging to .H • exists, 
one actually computes the associated graded module of each.Hn (associated to some 
filtration on .Hn) rather than .Hn itself. Can one recover .Hn from the knowledge of 
its associated graded module? Unfortunately, the problem of reconstructing a filtered 
module from the associated graded module is in general far from being trivial. Let 
us illustrate our possibilities by looking at a particular case. Let .A be a filtered .R-
module and .F = {

F p A : p ∈ Z
}
its decreasing filtration. The particular case we 

have in mind is that .F ceases at some stage, i.e., there is .n ∈ Z such that .n ≥ 0 and 
.F p A = (0) for any .p > n. Let us also assume that .F p A = A for all .p < 0. The  
given filtration on . A then looks like 

. (0) ⊂ Fn A ⊂ Fn−1 A ⊂  · · ·  ⊂  F1 A ⊂ F0 A ⊂ F−1 A = A. 

If .E•
0 (A) is the associated graded module, then 
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. E p 0 ( A) = (0), p ∈ Z \ {−1, 0, 1, · · ·  , n}, 

i.e., only the .R-modules .E p 0 (A) with .−1 ≤ p ≤ n may be nonzero. With the even-
tually nontrivial associated graded modules one may build the following short exact 
sequences: 

. 

Fn A
‖

0 → Fn A → En 
0 (A) → 0, 

. 

0 → Fn A → Fn−1 A → En−1 
0 ( A) → 0, 

... 
... 

... 

0 → F p A → F p−1 A → E p−1 
0 (A) → 0, 

... 
... 

... 

0 → F1 A → F0 A → E0 
0 (A) → 0, 

0 → F0 A → F−1 A → E−1 
0 (A) → 0.

‖
A 

Now, let us suppose that the graded module .E•
0 ( A) is known. Then, of course, 

.Fn A is known. However, determining.Fn−1 A from the second short exact sequence 
above depends on whether it is split or not. Equivalently, one should know whether 
.Fn−1 A → En−1 

0 (A) possesses a right inverse.En−1 
0 (A) → Fn−1 A or not. If this were 

the case, then (cf. e.g., Proposition 4.3 in [MaLa], p. 16) 

. Fn−1 A � Fn A ⊕ En−1 
0 (A). 

The sequence in discussion is surely split if its modules are finite-dimensional vec-
tor spaces. However, if .R is an arbitrary commutative ring, then ambiguities may 
arise. To put it in the algebraic language of [MaLa], pp. 63–64, the determination 
of .Fn−1 A depends on the way .En−1 

0 (A) extends .Fn A. One should look at the set 
.ExtR(C, Fn A) of all congruence 16 classes of extensions of .Fn A by a .R-module . C . 
An extension .C of .Fn A (i.e., a short exact sequence .0 → Fn A → B → C → 0) 
is commonly referred to as split if it is congruent to the direct sum extension 
.0 → Fn A → (

Fn  A
)⊕ C → C → 0. How many elements does . ExtR

(
C, Fn A

)

possess? If .C is a finite-dimensional vector space (or more generally a projective 
module), then any extension by .C is split and .ExtR

(
C, Fn A

)
has but one element. 

16 Cf. [MaLa], p. 64, for congruences of extensions. The present monograph doesn’t aim to an 
exhaustive presentation of the amount of homological algebra eventually required by problems in 
mathematical practice, and adopts the conventions and results in [MaLa], p. 63–65, instead. 
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Nontrivial examples are provided in [MaLa], p. 64. If all goes well (for instance when 
all modules involved are finite-dimensional vector spaces) one chases the short exact 
sequences above and eventually obtains 

. A = 
n⊕

p=−1 

E p 0 (A). 

In general however, there will be some ambiguity about. A unless further information 
becomes available. 

To describe the setting in which spectral sequences arise, and which suffices for 
our purposes in the previous section, we need the notion of a filtered differential 
graded module. 

Definition 4.51 Let .A be a .R-module. We say .A is a filtered differential graded 
module (or a filtered DG-module) if  

i) There is a family .
{
An : n ∈ Z+

}
of submodules of . A such that .A = ⊕∞

n=0 A
n . 

ii) There is a .R-linear map .d : A → A of degree .ε ∈ {±1} [i.e., . d (An
) ⊂ An+ε

for any .n ≥ 0] such that .d ◦ d = 0. 
iii) .A possesses a filtration .F = {

F p A : p ∈ Z
}
which is preserved by the dif-

ferential, i.e., .d
(
F p A

) ⊂ F p A for any .p ∈ Z. . �
Let . A be a filtered DG-module, and let .d : A → A be its differential. Let then 

. H (A, d) = 
Ker(d) 
d(A) 

, H
(
F p A, d p

) = 
Ker(d p) 
d(F p A) 

, d p = d
∣∣
F p A , 

be the homologies of .(A, d) and .
(
F p A, d p

)
, respectively. The inclusion . ιp : 

F p A → A induces a map .ι
p 
∗ : H

(
F p A, d p) → H (A, d). We set  

.F p H (A, d) = ιp ∗
{
H
(
F p A, d p

)} ⊂ H (A, d), p ∈ Z, (4.62) 

so that .
{
F p H ( A, d) : p ∈ Z

}
is a filtration on .H (A, d). This is used in Theorem 

4.53 below. 

Definition 4.52 Let .F = {
F p A : p ∈ Z

}
be a filtration on the .R-module . A. We  

say .F is bounded if there exist .s, t ∈ Z such that 

. F p A = (0), Fq A = A, p ≥ s + 1, q ≤ t. 

. �
For instance, a decreasing bounded filtration on . A looks like 

. (0) ⊂ Fs A ⊂ Fs−1 A ⊂  · · ·  ⊂  Ft+1 A ⊂ Ft A = A. 

Given a filtered DG-module as in Definition 4.51 we may set 
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. F p An := (
F p A

) ∩ An , p, n ∈ Z, n ≥ 0. 

As.d
(
F p A

) ⊂ F p A and.d(An) ⊂ An+1, it follows  that.D(F p An) ⊂ F p An+1. Hence, 
we obtain a cochain complex 

. F p A0 d p,0 −→ F p A1 d p,1 −→  · · ·  d p, n−1 −→ F p An d p,n −→ F p An+1 d 
p, n+1 −→  · · ·  

where .d p, n = d
∣∣
F p An (hence .d p, n+1 ◦ d p,n = 0). Then .d p,n descends to a natural 

map 

. D p,n : F p An 

F p+1 An 
→ 

F p An+1 

F p+1 An+1 , D p,n
(
x + F p+1 An) = d x  + F p+1 An+1 , x ∈ F p An , 

such that .D p, n+1 ◦ D p,n = 0. That is, we obtain another cochain complex 

. 
F p A0 

F p+1 A0 → 
F p A1 

F p+1 A1 →  · · ·  →  
F p An 

F p+1 An 
→ 

F p An+1 

F p+1 An+1 →  · · ·  

Let 

. Hn(F p A
/
F p+1 A

) = Hn(F p A•/F p+1 A• , D p, •
) = Ker(D p,n) 

D p, n−1
(
F p An−1

/
F p+1 An−1

)

be its cohomology. A task of the present Appendix is to recall 

Theorem 4.53 Let .A be a filtered DG-module whose differential .d : A → A has 
degree .ε = 1, and whose filtration .F = {F p A : p ∈ Z} is decreasing. There is a 
spectral sequence.E = {Er : r ∈ N} whose differential.d•, •

r has bidegree.(r, 1 − r ), 
and such that 

.E p,q 1 � H p+q
(
F p A

/
F p+1 A

)
. (4.63) 

Moreover, if the filtration .{F p An : p ∈ Z} (induced by .F on .An) is bounded for 
each .n ≥ 0, then the spectral sequence .E converges to .H ( A, d). 

A comment on the last statement in Theorem 4.53 is in order. To apply Defini-
tion 4.50 we must see .H (A, d) as a graded module. Indeed we may consider the 
cohomology 

. Hn (A, d) = Hn (A• d•) = Ker(dn) 
dn−1 (An−1) 

of the cochain complex 

. A0 d0 −→ A1 d1 −→  · · ·  dn−1 −→ An dn −→ An+1 d
n+1 −→  · · ·  

where .dn = d
∣∣
An for any .n ≥ 0. Each .Hn( A, d) may be thought of as a submodule 

of .H (A, ,  d), for the map 
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. Hn(A, d) → H (A, d), x + dn−1 An−1 �→ x + d A, x ∈ Ker(dn) = Ker)(d) ∩ An , 

is injective. Next .A = ⊕∞
n=0 A

n yields 

. H (A, d) = 
∞⊕

n=0 

Hn (A, d) 

hence.H (A, d) is a graded module in a natural manner. Let . {F p H( A, d) : p ∈ Z} 
be the natural filtration on.H (A, d) [induced by the filtration.{F p A : p ∈ Z} on. A, 
according to (4.62)]. We set 

. F p Hn (A, d) := {
F p H ( A, d)

} ∩ Hn (A, d), p, n ∈ Z, n ≥ 0, 

so that .{F p Hn( A, d) : p ∈ Z} is a filtration on .Hn(A, d) for each.n ≥ 0. We may  
then consider the associated graded module [of .Hn(A, d) as a filtered module] 

. E p 0
[
Hn (A, d)

] = 
F p Hn( A, d) 
F p+1 Hn(A, d) 

and set (as earlier in this Appendix) 

. E p,q 0

[
H (A, d), F• H (A, d)

] = E p 0
[
H p+q (A, d)

]
. 

Let .E be the spectral sequence converging to .H (A, d) as furnished by Theorem 
4.53. Then .E =⇒ H (A, d) that is (by Definition 4.50) 

.E p,q ∞ � E p,q 0

[
H(A, d), F• H ( A, d)

] = 
F p H p+q ( A, d) 
F p+1 H p+q (A, d) 

. (4.64) 

Theorem 4.53 is due to Leray, [Ler]. Cf. also Theorem 2.1 in [McCl], p. 32. We are 
mainly interested in its practical use, that may be roughly described as follows. Given 
a differential module .(A, d) we wish to compute its homology .H(A, d). If . A may 
be filtered (compatibly with. d) and the associated spectral sequence. E (provided by 
Theorem 4.53) possesses some computable term, then we may determine.H(A, d) by 
the calculation of the successive homologies (pertaining to. E) and by reconstruction 
from the associated graded module. 

For our needs in this book we only stated Theorem 4.53 in the cohomological 
setting, i.e., for decreasing filtrations and spectral sequences of cohomological type. 
A natural version of Theorem 4.53 predicting the existence of a spectral sequence of 
homological type is of course available (cf. [McCl], p. 32). The proof of Theorem 
4.53 is rather involved (cf. [McCl], pp. 33–36). Through the present Appendix we 
confine ourselves to the construction of the spectral sequence .E associated to the 
filtered DG-module. A. To this end we need the following ingredients. First, we need 
the filtration 

. · · ·  ⊂  F p+1 Ap+q ⊂ F p Ap+q ⊂ F p−1 Ap+q ⊂  · · ·  
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with .d
(
F p Ap+qq

) ⊂ F p Ap+q+1. Moreover, let us set 

.Z p,q r = (
F p Ap+q

) ∩ d−1
(
F p+r Ap+q+1

)
, (4.65) 

.B p,q r = (
F p Ap+q

) ∩ d
(
F p−r Ap+q−1

)
, (4.66) 

.Z p,q ∞ = Ker(d) ∩ F p Ap+q , (4.67) 

.B p,q ∞ = (d A) ∩ F p Ap+q . (4.68) 

It should be observed that.Z p,q r consists of all elements of.F p Ap+q which are bound-
aries in .F p+r Ap+q+1. Also.B p,q r consists of all elements of .F p Ap+q that are images 
via . d of elements from.F p−r Ap+q+1. As . d preserves the filtration on . A 

.B p,q 0 ⊂ B p,q 1 ⊂  · · ·  ⊂  B p,q ∞ ⊂ Z p,q ∞ ⊂  · · ·  ⊂  Z p,q 1 ⊂ Z p,q 0 . (4.69) 

Also 

. d
(
Z p−r, q+r−1 
r

) =d
[(
F p−r Ap+q−1

) ∩ d−1
(
F p Ap+q

)]

= (
F p Ap+q

) ∩ d
(
F p−r Ap+q−1

)

that is 
.d
(
Z p−r, q+r−1 
r

) = B p, q r . (4.70) 

Let us assume that the filtration.{F p An : p ∈ Z} on.An is bounded for every.n ≥ 0. 
In other words, there exist functions .s, t : Z+ → Z such that 

. F p An = (0), Fq An = An , p ≥ s(n) + 1, q ≤ t (n). 

The surviving terms of the filtration on .An may then be written 

. (0) ⊂ Fs(n) An ⊂ Fs(n)−1 An ⊂  · · ·  ⊂  Ft (n)+1 An ⊂ Ft (n) An = An . 

Consequently [by the definitions (4.65)–(4.68)], 

. r > s(p + q + 1) − p =⇒ F p+r Ap+q+1 = (0) =⇒ 

. Z p,q r = (
F p Ap+q

) ∩ d−1
(
F p+r Ap+q+1

) = (
F p Ap+q

) ∩ d−1 (0) = Z p,q ∞ 

and 
.r ≥ p − t (p + q − 1) =⇒ F p−r Ap+q−1 = Ap+q−1 =⇒ 
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. B p,q r =(F p Ap+q
) ∩ d

(
F p−r Ap+q−1

) = (
F p Ap+q

) ∩ d
(
Ap+q−1

)

= (
F p Ap+q

) ∩ d(A) = B p,q ∞ . 

These are known to be the key facts ensuring the convergence of the spectral sequence 
we shall shortly build. The last calculation is a bit less obvious and follows from 

. 
(
F p An

) ∩ d
(
An−1

) = (
F p An

) ∩ d( A). 

To check the last identity one observes that 

. 
(
F p An

) ∩ d(An−1 ) = (
F p An

) ∩ An ∩ d(A) = (
F p An

) ∩ d(A) 

because .d An−1 = An ∩ d A. Of course, the inclusion .d An−1 ⊂ An ∩ d A  follows 
from .d An−1 ⊂ An and .An−1 ⊂ A. Vice versa, if  .y ∈ An ∩ d A, then .y = d x  for 
some 

. x = 
∞∑

m=0 

xm , xm ∈ Am , 

(with .xm �= 0 for finitely many .m ≥ 0 only). As the sum.⊕∞
m=0 A

m is direct 

. Am " y = 
∞∑

m=0 

d(xm) , d xm ∈ Am+1 , m ≥ 0, 

yields .d xm = 0 whenever .m + 1 �= n, that is .y = d xn−1 ∈ d An−1. Q.e.d. 
We come to the construction of the spectral sequence.

(
E p,q r , d p,q r

)
. Precisely, we 

set 

.E p,q r = Z p,q r 

Z p+1, q−1 
r−1 + B p,q r−1 

. (4.71) 

Moreover, let .π p,q r : Z p,q r → E p,q r be the canonical projection [so that . Ker
(
π p,q r

) = 
Z p+1, q−1 
r−1 + B p,q r−1]. Let us substitute .p

′ �→ p − r and .q ′ �→ q + r − 1 into (4.70) 
and use (4.69) so that to yield 

. d Z  p,q r = B p+r, q−r+1 
r ⊂ Z p+r, q−r+1 

r . 

Therefore, . d induces homomorphisms 

.d : Z p,q r → Z p+r, q−r+1 
r . (4.72) 

On the other hand [again by (4.70)], 
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. d
(
Z p+1, q−1 
r−1 + B p,q r−1

) =d Z  p+1, q−1 
r−1 + d B  p,q r−1 ⊂ B p+r, q−r+1 

r−1 

+(0) ⊂ B p+r, q−r+1 
r−1 + Z p+r+1, q−r 

r−1 

so that (4.72) descends to a homomorphism among quotients 

.d p,q r : E p,q r → E p+r, q−r+1 
r (4.73) 

such that the diagram 

. 

Z p,q r 
d−→ Z p+r, q−r+1 

r 

π p,q r ↓ ↓  π p+r, q−r+1 
r 

E p,q r 
d p,q r −→ E p+r, q−r+1 

r 

is commutative. Following (4.73), let us consider the sequence of homomorphisms 

. E p−r, q+r−1 
r 

d p−r, q+r−1 
r −→ E p,q r 

d p,q r −→ E p+r, q−r+1 
r . 

Then .d2 = 0 implies .d p,q r ◦ d p−r, q+r−1 
r = 0. 

4.7 Foliations by Level Hypersurfaces 

Let .(V n+1 , g) be a .(n + 1)-dimensional Riemannian manifold, and let . f : V → R 
be a .C∞ function. Let .Crit( f ) = {x ∈ V : dx f = 0}, and let us set . M = V n+1 \ 
Crit( f ) (an open subset of.V n+1). Let.F be the foliation of.M by the level hypersur-
faces of. f , i.e., the leaf space.M/F consists of all hypersurfaces. f −1(c),.c ∈ f (M). 
Then 

. Z := 1 

|∇ f | ∇ f ∈ C∞(
P⊥)

and 

. ν := 1 

|∇ f | ∇ f ∈ �1 (M) 

is dual to . Z , i.e., .ν(Z ) = 1 and .P � ν = 0. Let .Hess( f ) be the Hessian of . f , i.e., 

. Hess( f )(X, Y ) =(∇g d f  )(X, Y ) = (∇g 
X d f  )Y 

=X (Y ( f )) − (∇g 
X Y )( f ), X, Y ∈ X(M). 

As.∇g is torsion-free, the Hessian .Hessg is symmetric. Also, note that 
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. ∇g 
X d f  =

(∇g 
X∇ f

)�
. 

Lemma 4.54 For any .X, X ′ ∈ C∞(P) i) 

.Hess f (X, X ′) = −|∇  f | g(WZ X , X ′) (4.74) 

and consequently ii), the second fundamental form of .F in .(M, g) is 

.α(X, X ′) = −  
1 

|∇ f | Hess( f )(X, X
′) π  Z . (4.75) 

iii) The mean curvature is 

.κ(Z ) = 1 

|∇ f |
{
� f + Hess( f )(Z , Z)

}
. (4.76) 

Proof i) Let us set .λ = |∇  f | for the sake of brevity. Then (by .∇ f = λ Z ) 

. Hess( f )(X, X ′) = (∇g 
X d f  )X

′ = g
(∇g 

X∇ f, X ′) = g
(
X (λ) Z + λ ∇g 

X Z , X
′) = 

[as .Z ∈ P⊥ ⊥ P " X ′ =⇒ g(Z , X ′) = 0] 

. = λ g
(∇g 

X Z , X
′) = 

[as .∇gg = 0] 

. = λ
{
X
(
g(Z , X ′)

)− g
(
Z , ∇g 

X X
′)
}
= −λ g

(
Z , ∇g 

X X
′). 

On the other hand, 

. gQ
(
α(X, X ′), π Z

) = gQ
(
π ∇g 

X X
′ , π  Z

) = g
(
σ π  ∇g 

X X
′ , σ  π  Z

) = 

[as .σ ◦ π = π ⊥] 
. = g

(
π ⊥ ∇g 

X X
′ , π  ⊥ Z

) = g
(∇g 

X X
′ , Z

)
. 

Hence, 

. Hess( f )(X, X ′) = −λ gQ
(
α(X, X ′), π Z

) = −λ g
(
WZ X, X ′). 

Q.e.d. 

ii) By the very definition of . α 

.α(X, X ′) ∈ Q � P⊥ = Span(Z ) 
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hence 
. σ α(X, X ′) = μ Z 

for some .μ ∈ C∞(M). Taking the inner product with . Z determines . μ as 

. μ = g
(
σ α(X, X ′), Z

) = −  
1 

λ 
Hess( f )(X, X ′) 

and finally, 

. σ α(X, X ′) = −1 

λ 
Hess( f )(X, X ′) Z . 

Q.e.d. 
iii) Next, we compute the mean curvature . κ of .F in .(M, g). For every local 

orthonormal frame. {Ei : 1 ≤ i ≤ n} ⊂  C∞(U, P) 

. κ(Z ) = Trace WZ = 
n∑

i=1 

g
(
WZ Ei , Ei

)

hence 

.κ(Z) = −  
1 

|∇ f | 
n∑

i=1 

Hess( f )(Ei , Ei ) (4.77) 

on . U . Let us set .En+1 := Z so that .{EA : 1 ≤ A ≤ n + 1} is a local .g-orthonormal 
frame on .T (M). The Laplace-Beltrami operator .� of .(M, g) is 

. �u = −  
n+1∑

A=1

{
E2 

A(u) −
(∇EA EA

)
(u)

}
= −Traceg Hess(u) 

for every .u ∈ C2(M). Consequently, 

. � f = −  
n∑

i=1 

Hess( f )(Ei , Ei ) − Hess( f )(Z , Z ) = [by (4.77)] 

. = |∇  f | κ(Z ) − Hess( f )(Z , Z ) 

that is 

. κ(Z ) = 1 

|∇ f |
{
� f + Hess( f )(Z , Z )

}
. 

Q.e.d. 
An useful expression of the mean curvature . κ [alternative to (4.76)] is got by 

computing 
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. Hess( f )(Z , Z) = (∇g 
Z d f  )Z = g

(∇g 
Z∇ f , Z

) = [as Z = (1/λ) ∇ f ] 

. = 
1 

λ2 
g
(∇g 

∇ f ∇ f , ∇ f
) = 

1 

2 λ2 
(∇ f )

[∣∣∇ f
∣∣2] = 

1 

2 λ2 
(∇ f )

(
λ2
) = 

1 

λ 
(∇ f )(λ). 

Then (4.76) reads 

. κ(Z ) = 1 

|∇ f |
{
� f + (∇ f )

(
log |∇ f |)

}
= 1 

|∇ f |2 g
(∇ f, ∇(|∇ f |)). 

Also 

. ∇g 
Z Z = ∇g 

Z

(1 
λ 
∇ f

)
= −  

1 

λ2 
Z(λ) ∇ f + 

1 

λ 
∇g 

Z∇ f, 

. 
(∇g 

Z Z
)
( f ) =−  

1 

λ2 
Z (λ) (∇ f )( f ) + 

1 

λ

(∇g 
Z∇ f

)
( f ) 

= −Z (λ) + 
1 

λ 
g
(∇g 

Z∇ f , ∇ f
) = 

. = −Z (λ) + 
1 

2 λ 
Z
(∇ f, ∇ f

) = −Z (λ) + 
1 

2 λ 
Z
(
λ2
) = 0, 

meaning that .∇g 
Z Z ∈ C∞(P). Consequently, 

. Hess( f )(Z , Z ) = Z (Z f  ) 

and another form of (4.76) is  

. κ(Z ) = 1 

|∇ f |
{
� f + Z

(
Z ( f )

)}
. 

If . f is a harmonic function (i.e., .� f = 0), then 

. κ(Z ) = 1 

|∇ f | Z
(
Z ( f )

)

so, in general, .F isn’t a harmonic foliation. 

Example 4.55 Let.M = Rn+1 \ {0} with the Euclidean metric.g = g0, and let.F be 

the foliation of .M by level hypersurfaces of . f = r =
(∑n+1 

i=1 x
2 
i

)1/2 
. Then 

.∇r = 
1 

r 

n+1∑

i=1 

xi 
∂ 
∂xi 

, �r = −div ∇r = 
n 

r 
, 
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. Hess(r )(Z , Z ) = Z Zr, ∇g 
Z Z = 0, Zr  = 1, 

yield .κ(Z ) = �r = −(n/r ). . �

Theorem 4.56 Let .(V n+1 , g) be a .(n + 1)-dimensional Riemannian manifold, and 
let . f : V n+1 → R be a .C∞ function. Let .F be the foliation of . M = V n+1 \ Crit( f ) 
by level hypersurfaces of . f . The following statements are equivalent: 

i) .F is Riemannian and . g is bundle-like. 
ii) .X

(|∇ f |2) = 0 for any .X ∈ XF . 
iii) .Hess( f )(X, ∇ f ) = 0 for any .X ∈ XF . 
iv) .[X, Z ] f = 0 for any .X ∈ XF . 

Cf. Theorem 8.9 in [Ton], p. 107. The proof of Theorem 4.56 is straightforward, 
and left as an exercise to the reader. 

Exercise 4.57 If .ν := (1/|∇ f |) d f  show that 

. (dν)(Z , X) = 1 

2 |∇ f |2 X
(|∇ f |2)

for any .X ∈ XF . . �

Corollary 4.58 .F is Riemannian and . g is bundle-like .⇐⇒ .dν = 0. 

Harmonic foliations by level hypersurfaces are described by 

Theorem 4.59 Let .F be the foliation on the Riemannian manifold . M = V n+1 \ 
Crit( f ) by level hypersurfaces of the .C∞ function . f : V n+1 → R. The following 
statements are equivalent: 

i) .F is harmonic, i.e., every leaf of .F is a minimal submanifold in . M. 

ii) .� f + 1 

|∇ f |2 Hess( f )(∇ f, ∇ f ) = 0. 

iii) .div
( 1 

|∇ f | ∇ f
)
= 0. 

Cf. Theorem 8.13 in [Ton], p. 109. The proof is straightforward. 
Using the identity .div(u Y  ) = u div(Y ) + Y (u) [for any .u ∈ C∞(M) and . Y ∈ 

X/(M)], 

. div
{ 1 

|∇ f | ∇ f
}
= 1 

|∇u| div
(∇ f

)+ (∇ f )
( 1 

|∇ f |
)
; 

hence [by .� f = −div(∇ f )], 

.div
{ 1 

|∇ f | ∇ f
}
= −  

1 

|∇ f | � f − 
1 

|∇ f |2 (∇ f )
(|∇ f |). (4.78) 

We have previously shown that [by (4.78)] 
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. κ(Z ) = 1 

|∇ f |
{
� f + Z(Z f  )

}

hence 

. κ(Z) = 1 

|∇ f | Z (Z f  ) − div
{ 1 

|∇ f | ∇ f
}
− 1 

|∇ f |2 (∇ f )
(|∇ f |)

or 

.κ(Z ) = −div
{ 1 

|∇ f | ∇ f
}
. (4.79) 

Exercise 4.60 Show that .F is totally geodesic .⇐⇒ .Hess( f )(X, X ′) = 0 for any 
.X, X ′ ∈ XF . . �

The particular case when . f is a harmonic function may be described as follows. 

Corollary 4.61 Let .F be the foliation of the Riemannian manifold . M = V n+1 \ 
Crit( f ) by the level hypersurfaces of a harmonic function . f : V n+1 → R. Then 

i) .F is Riemannian .⇐⇒ .Hess( f )(X, ∇ f ) = 0 for any .X ∈ XF . 
ii) All leaves of .F are minimal .⇐⇒ .Hess( f )(∇ f, ∇ f ) = 0. 
iii) .F is Riemannian and harmonic .⇐⇒ .|∇ f | is constant on .V n+1. 

Example 4.62 Let.� ⊂ C be a domain, and. f : �→ C a holomorphic function. Let 
. f = u + i v be the real and imaginary parts of . f . Let .M = � \ [Crit(u) ∪ Crit(v)

]
, 

thought of as endowed with the Euclidean metric . g of.R2, and let .F and.F ⊥ be the 
foliations on .M by level curves of . u and . v, respectively. By the Cauchy-Riemann 
equations .ux = vy and . uy = −vx 

. g
(∇u, ∇v) = ux vx + uy vy = vy vx − vx vy = 0 

so that .F and.F ⊥ are two orthogonal foliations of . M . The mean curvature of .F is 

. κ(Z ) = 1 

|∇u|2 g
(∇u, ∇(|∇u|)). 

By taking into account 

. ∇u = ux 
∂ 
∂ x 

+ uy 
∂ 
∂ y 
, |∇u|2 = u2 x + u2 y , ∇(|∇u|2) = 2 |∇u| ∇(|∇u|), 

. ∇(|∇u|2) = ∇(u2 x + u2 y
) = 2 ux

{
uxx  

∂ 
∂ x 

+ uxy  
∂ 
∂ y

}
+ 2 uy

{
uyx  

∂ 
∂x 

+ uyy 
∂ 
∂y

}
, 

it follows that 

.∇(|∇u|) = 1 

2 |∇u| ∇
(|∇u|2). 
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Therefore (by .uxx  + uyy = 0), 

. κ(Z ) = 
u2 x uxx  + 2uxuyuxy  + u2 y u yy

(
u2 x + u2 y

)3/2 . 

Cf. Jerrard, [Jer], and Jerrard and Rubel, [JeRu], for the study of the curvature of level 
curves of a harmonic function. Further properties of the (curvature of) level curves 
of harmonic functions were studied, as related to questions of harmonic analysis, 
by Flatto and Newman and Shapiro, [FNS], and Ortel and Schneider, [OrSc]. By a 
result in [OrSc], if .� ⊂ C is an open set and .u : �→ R is a harmonic function, 
then the curvature of the level curves of. u can be strictly maximal or strictly minimal 
at a point of . �. If however .� is a doubly connected domain bounded by analytic 
convex Jordan curves, and if . u is a harmonic measure of .� with respect to the outer 
boundary of . �, then the minimal curvature of the level curves of . u is attained on the 
boundary of . �. Cf. Theorems 2.1 and 3.1 in [OrSc], pp. 400–401, and p. 402. . �

4.8 De Rham-Hodge Theory for Riemannian Foliations 

4.8.1 Alaoui–Hector–Sergiescu Foliated De Rham 
Decomposition Theorem 

Let .M be a compact oriented .C∞ manifold and let .F be a transversally oriented 
Riemannian foliation of. M . Let.P = T (F ) and.Q = ν(F ) be the tangent and trans-
verse bundles, so that the sequence of vector bundles and vector bundle morphisms 
.0 → P ↪→ T (M) π→ Q → 0 is exact. Let .�• 

B (F ) denote the graded .�0 
B (F )-

module of basic differential forms on .(M, F ) and let .dB ≡ d
∣∣
�•

B (F )
. Through the 

present section we report briefly on the classical treatment (in the spirit of PDEs 
theory) by Kamber and Tondeur (cf. [KaTo16]) to the problem of finding a foliated 
analog to the de Rham decomposition theorem, holding for.

(
�• 

B (F ), dB
)
and lead-

ing to the unique representation of basic cohomology classes by.�B-harmonic forms. 
The geometric context is that one endows .M with a bundle-like Riemannian metric 
. g such that the corresponding mean curvature form. κ is basic, i.e., .κ ∈ �1 

B(F ). Let  
.〈 ·  , · 〉 be the ordinary.L2 inner product on.�•(M), and let .〈 ·  , · 〉B be the restriction 
of .〈 ·  , · 〉 to.�• 

B(F ). Let .δB : �• 
B (F ) → �•−1 

B (F ) be the formal adjoint of .dB with 
respect to.〈 ·  , · 〉B , and let.�B ≡ δB ◦ dB + dB ◦ δB be the basic Laplacian. Next, let 
us set 

. H r B = Ker
{
�B : �r 

B (F ) → �r 
B (F )

}

(the space of.�B-harmonic basic harmonic.r -forms). The main result in [KaTo16] is  

Theorem 4.63 Let.F be a transversally oriented Riemannian foliation on a compact 
orientable manifold .(M, g). Let us assume that . g is bundle-like and .κ ∈ �1 

B(F ). 
Then 
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.�r 
B(F ) �

{
dB �

r−1 
B (F )

}
⊕
{
δB �

r+1 
B (F )

}
⊕ H r B . (4.80) 

Moreover, the terms in the right-hand side of (4.80) are mutually orthogonal and 
.H r B is finite dimensional. 

Here are a few historical remarks related to Theorem 4.63, a result that may 
be regarded as a corner stone to the theory of Riemannian foliations of compact 
manifolds. Theorem 4.63 was used through earlier works by F.W. Kamber and Ph. 
Tondeur (cf. [KaTo9, KaTo11], and [KaTo13]). Theorem 4.63 was first announced 
by A. Alaoui and G. Hector (cf. [AlHe1]) and a proof due to the same authors 
was published in [AlHe2], except for the finite dimensionality of the spaces .H r B . 
The statement .dimR H r B < ∞ in Theorem 4.63 was actually proved by A. Alaoui 
and V. Sergiescu and G. Hector ([ASH]). The proofs in [AlHe2, ASH] rely on  
P. Molino’s structure theorems for Riemannian foliations (cf. [Mol0]) and a rather 
involved spectral sequences argument relating the geometry of the foliation.F to that 
of the foliation of.B1 

T (F ) by closures of leaves of the lifted foliation.F 1 T . P. Molino’s 
structure theorems (cf. op. cit.) aren’t described in the present book mainly because 
they already appeared in book form (cf. P. Molino’s book [Mol]), and also because 
of our manifest interest in a closer examination of certain PDEs aspects in the theory 
of Riemannian foliations, and Riemannian geometry in general. In turn, the proof to 
Theorem 4.63 given in [KaTo16] is a beautiful excursion into the theory of PDEs, and 
relies essentially on the construction of a strongly elliptic operator on.�•(M) whose 
restriction to .�• 

B(F ) is the basic Laplacian .�B . Said elliptic extension is .�− η̃, 
where .� is the Laplace-Beltrami operator of the Riemannian manifold .(M, g) and 
. η̃ is a differential operator of order .≤ 1, that preserves the degrees of differential 
forms, whose construction we recall briefly in the sequel. It should be mentioned 
that .�− η̃ is not self-adjoint, in general. 

4.8.2 Exterior Differential Calculus on .�•(M) Vversus 
. �•

B(F ) 

Let .ν ∈ �q 
B (F ) be the transverse volume form of the given (codimension . q) Rie-

mannian foliation.F . Let. ∗ be the Hodge start with respect to the Riemannian metric 
. g. Let .χF = ∗  ν ∈ �p(M) [with.p = n − q and.dim(M) = n] be the characteristic 
form of .F , so that (with the appropriate choice of transverse and tangential orien-
tations of .F , compatible to an orientation of . M) the Riemannian volume form is 
.d vg = ν ∧ χF . We need to recall the decreasing filtration 

.Fr�m =
{
ω ∈ �m (M) : i(X1) · · ·  i(Xm−r+1) ω  = 0, (4.81) 

.X j ∈ C∞(P), 1 ≤ j ≤ m − r + 1
}
. 
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Definition 4.64 Let .r ∈ Z+ with .0 ≤ r ≤ n. An element of .Fr+1�p+r is called a 
.F -trivial .(p + r )-form. . �

Next, let us recall the Rummler formula 

.d χF + κ ∧ χF = ϕ0 (4.82) 

where .ϕ0 is .F -trivial, i.e., .ϕ0 ∈ F2�p+1. We emphasize that .ϕ0 is actually defined 
by (4.82) and the information furnished by (4.82) is only that the differential form 
in the left-hand side of (4.82) is congruent to zero .mod F -trivial forms. We also 
recall 

Lemma 4.65 If . g is a bundle-like metric with .κ ∈ �1 
B(F ), then .d κ = 0. 

Cf. e.g., Corollary A.6 in the Appendix to [KaTo16], p. 430. Next, let us consider 
the star operator 

. ∗̂ : �r 
B (F ) → �

q−r 
B (F ) 

associated to .gQ . Then 
. α ∧ ∗̂ α = ν , α  ∈ �r 

B(F ). 

The quantitative relationship between the star operators . ∗̂ and . ∗ is 

.∗̂ α = (−1)p(q−r ) ∗ (
α ∧ χF

)
, ∗ α = (∗̂ α

) ∧ χF , α  ∈ �r 
B (F ). (4.83) 

The .L2 inner product .〈 ·  , · 〉 on .�r (M) restricts to .�r 
B(F ) as 

.〈α ,  β〉B =
∫

M 
α ∧ (∗̂ β

) ∧ χF , α,  β  ∈ �r 
B(F ). (4.84) 

Let . γ̃ be the bounded linear operator 

. γ̃ : �r (M) → �p+q−r+1 (M), γ̃ (ω)  = (−1)(q+1)(p+r )+1 ∗ (ω ∧ χF
) ∧ ϕ0 , 

where .ϕ0 := dχF + κ ∧ χF . Let us set 

. γ := γ̃
∣
∣
�r 

B (F ) . 

Then [by (4.83)] 

.γ (α)  = (−1)( p+1)(r+1)+qr
(∗̂ α

) ∧ ϕ0 , α  ∈ �r 
B (F ). (4.85) 

Note that 
. ∗̂ α ∈ Fq−r , ϕ0 ∈ F2 =⇒ γ (α)  ∈ Fq−r+2�p+q−r+1 , 

i.e., .γ (α)  is .F -trivial. Let .δ : �r (M) → �r−1(M) be the formal adjoint of . d, i.e., 
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. δ α  = (−1)n(r+1)+1 ∗ d ∗ α , α  ∈ �r (M). 

The quantitative relationship between .δB and . δ is 

.δα = δB α + ∗  γ (α), α  ∈ �r 
B (F ), (4.86) 

and .∗ γ (α)  is orthogonal to .�• 
B (F ). As a corollary to (4.86) one may easily show 

that 
. 〈δ α ,  β〉 = 〈δB α ,  β〉B , α  ∈ �r 

B (F ), β ∈ �r−1 
B (F ), 

i.e., .δB is the formal adjoint of . d on basic forms. By applying (4.86) together with 
.δ2 = 0 one obtains 

.γ (δB α) = (−1)(n−r)r+1 ∗ δ ∗ γ (α)  = (−1)n−r+1 d γ (α). (4.87) 

Next, we may establish the quantitative relationship between the basic Laplacian 
.�B ≡ δB dB + dB δB and the Laplacian.� ≡ δ d + d δ restricted to .�• 

B (F ). Indeed 
(4.86) and (4.87) imply  

.�α = �Bα + η(α), α ∈ �r 
B (F ), (4.88) 

. η(α) ≡ ∗  γ (dB α) + d ∗ γ (α).  

It should be observed that 
. η = η̃

∣∣
�r 

B (F ) , 

. η̃ : �r (M) → �r (M), η̃(ω) ≡ ∗  ̃γ (d ω) + d ∗ γ̃ (ω).  

Of course the meaning of (4.88) is that.�− η̃ : �•(M) → �•(M) is an extension of 
.�B : �• 

B(F ) → �• 
B(F ). As.� is strongly elliptic of order. 2 and. η̃ has lower order, 

the differential operator .�− η̃ is still strongly elliptic. Classical results in elliptic 
theory applied to .�− η̃ will lead to the seek for results about .�B . 

Applying (4.86) twice, together with 

. 〈∗ γ (α)  ,  ∗ γ (β)〉 = 〈γ (α),  γ  (β)〉 = 〈(γ ∗ γ ) (α), β〉

leads to 
.〈�α, β〉 = 〈�B α, β〉B + 〈(γ ∗ γ )(α), β〉. (4.89) 

As a corollary to (4.89) [by applying (4.88) and (4.89)], 

. 〈η (α),  β〉 = 〈(γ ∗ γ )(α), β〉, α,  β  ∈ �B(F ), 

and .η(α) − (γ ∗ γ )(α) is orthogonal to .�r 
B (F ). 
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4.8.3 Sobolev Chain on . �•
B(F ) 

Let.C∞ 
B

(
�r Q∗) consist of all.β ∈ C∞(

�r Q∗) such that.LX β = 0 for any.X ∈ XF . 
For every.α ∈ �• 

B (F ) � C∞ 
B

(
�• Q∗), let .∇kα be the.k-th covariant derivative of. α, 

defined in terms of the canonical connection 

. ∇Y s = 

⎧ 
⎪⎨ 

⎪⎩ 

∇̊X s, X ∈ XF , 

π∇g 
Y σg s, Y ∈ C∞(

P⊥), 

for any .Y ∈ X(M) and any.s ∈ C∞(Q). The Sobolev norms on .�• 
B (F ) are defined 

by 

. ‖α‖B, s =
( s∑

k=0

∥
∥∇k α

∥
∥2 
B

)1/2 
, s ≥ 0, 

where .‖ · ‖B is the norm associated to the .L2 inner product (4.84). Let .Hs(�
• 
B ) be 

the completion of .�• 
B (F ) in the norm.‖ · ‖B, s . The diagram 

. 

Hs
(
�• 

B

)
↪→ Hs

(
�• Q∗)

↑ ↑

�• 
B (F ) ↪→ C∞(

�• Q∗)

is commutative 17, hence.Hs(�
• 
B ) is isometric to the closure of.�• 

B(F ) in.Hs
(
�• Q∗). 

The bundle .�• Q∗ embeds in .�•T ∗(M) as the subbundle of all differential forms . ω 
on .M such that .XF �ω = 0. The Sobolev norms on .Hs

(
�•(M)

)
descent to norms 

on .Hs
(
�• Q∗) [.⊂ Hs

(
�•(M)

)
], turning out to be equivalent to .‖ · ‖s , and that are 

denoted by the same symbol.‖ · ‖s . Therefore,.Hs
(
�• 

B

)
[.⊂ Hs

(
�•(M)

)
] is topolog-

ically isomorphic to the closure of .�• 
B (F ) in .Hs

(
�•(M)

)
, i.e., there exist positive 

constants .C > 0 and .C ′ such that 

.‖α‖B, s ≤ C ‖α‖s , ‖α‖s ≤ C ′ ‖α‖B, s , α  ∈ �• 
B (F ), s ≥ 0. (4.90) 

In particular, the diagram 

. 

Hs
(
�• 

B

)
↪→ Hs

(
�• Q∗) ↪→ Hs

(
�•(M)

)

↑ ↑ ↑  

Hs+t
(
�• 

B

)
↪→ Hs+t

(
�• Q∗) ↪→ Hs+t

(
�•(M)

)

17 The vertical arrows are the natural injections. 
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is commutative. A little extra work [relying on (4.90) and the Rellich lemma for 
.�• Q∗] shows that the “Relich lemma” holds for the Sobolev chain .Ha(�

• 
B), .s ≥ 0, 

i.e., 

Lemma 4.66 The inclusions 

. Hs+t (�
• 
B) ↪→ Hs(�B), s ≥ 0, t > 0, 

are compact and dense. 

Cf. Proposition 4.5 in [KaTo16], p. 420. The Bott (partial) connection . ∇̊ may 
be thought of as the first-order differential operator . ∇̊ :  C∞(

�• Q∗) → C∞(
Hom 

(P, �• Q∗)
)
. As such, it extends to every.Hs

(
�• Q∗) and gives continuous mappings 

. ∇̊s : Hs
(
�• Q∗) → Hs−1

(
Hom(P, �• Q∗)

)
. 

The “Sobolev embedding theorem” holds for the Sobolev chain.Ha(�
• 
B), .s ≥ 0, i.e., 

Lemma 4.67 There exist continuous injections 

. αs : Ker
(∇̊s+t

)
↪→ �B, s := Ker

{
∇̊ :  Cs

(
�• Q∗) → Cs−1(Hom(P, �• Q∗)

)}
, 

. s > 0, t ≥ t0 =
[n 
2

]
+ 1, 

such that the diagram 

. 

Hs+t
(
�•

B

)

↓ 

→ �B, s+t → Ker
(∇̊s+t

) αs−→ �B, s → 

↓ ↓ ↓  

→ Cs+t
(
�• Q∗) → Hs+t

(
�• Q∗) αs−→ Cs

(
�• Q∗) → 

↓ ∇̊ ↓  ∇̊s+t ↓ ∇̊ 

→ Cs+t−1
(
Hom(P, � Q∗)

) → Hs+t−1
(
Hom(P, � Q∗)

) αs−→ Cs−1
(
Hom(P, �Q∗)

) → 

is commutative. 

Cf. Proposition 4.12 in [KaTo16], p. 422. 
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4.8.4 Coercivity and Weak Solvability 

Let .�B be the bilinear form on .�• 
B (F ) given by 

. �B(α, β) =
〈
�B α, β

〉
B 
. 

.�B is symmetric [as.�B is formally self-adjoint] and extends to a symmetric bilinear 
form on .H1

(
�• 

B ). 

Lemma 4.68 .�B is coercive, i.e., there exist constants .CB > 0 and .λB, 0 > 0 such 
that 

. C2 
B ‖v‖2 B, 1 ≤ �B(v, v) + λB, 0 ‖v‖2 B, 0 , v  ∈ H1

(
�• 

B

)
. 

Cf. Proposition 5.2 in [KaTo16], p. 423. To sate the weak solvability lemma we 
need some notation. Let .K (�B) denote the null space of .�B , i.e., 

. K (�B) =
{
v ∈ H1

(
�• 

B

) : �B (v, w) = 0, w  ∈ H1
(
�• 

B

)}
. 

Also, for every .λ >  0 we consider the symmetric bilinear form .�B, λ  on . H1
(
�• 

B

)

defined by 

. �B, λ(v, w) = �B (v, w) + λ 〈v, w〉B, 0 , v,  w  ∈ H1
(
�• 

B

)
. 

Lemma 4.69 i) For any .v ∈ H0
(
�• 

B

)
and any .λ ≥ λB, 0 there is a unique solution 

.u ∈ H1
(
�• 

B

)
to 

. �B, λ(u, y) = 〈v, y〉B, 0 , y ∈ H1
(
�• 

B

)
. 

ii) The equation 

. �B (u, y) = 〈v, y〉B, 0 , y ∈ H1
(
�• 

B

)
, 

has a solution .u ∈ H1
(
�• 

B

)
.⇐⇒ .〈v, y〉B, 0 = 0 for every .y ∈ K

(
�B

)
. 

iii) .dim K (�B) <  ∞. 

Cf. Proposition 5.8, [KaTo16], p. 424. The unique solution .u ∈ H1
(
�• 

B

)
for a 

given .v ∈ H0
(
�• 

B

)
[as in statement (i) of Lemma 4.69 above] prompts the Green 

operator 
. G ′

B, λ  : H0
(
�• 

B

) → H1
(
�• 

B

)
, λ  ≥ λB, 0 , 

. �B, λ
(
G ′

B, λ(v), y
) = 〈v, y〉B, 0 , y ∈ H1

(
�• 

B

)
. 

Let .G B, λ  : H0
(
�• 

B

) → H0
(
�• 

B

)
be the composition 
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. H0
(
�• 

B

) G ′
B, λ  −→ H1

(
�• 

B

)
↪→ H0

(
�• 

B

)
. 

Then .G B, λ  is a compact, self-adjoint, operator. Next, let us set 

. �B, λ  := id − λ G B, λ  : H0
(
�• 

B

) → H0
(
�• 

B

)
. 

Then.�B, λ  is a self-adjoint, Fredholm, operator and.Ker
(
�B, λ

) = K (�B). The  solu-
tion .u ∈ H1

(
�• 

B

)
furnished by statement (ii) in Lemma 4.69 is characterized by 

. �B, λ(u) = G ′
B, λ(v). 

4.8.5 Regularity 

Definition 4.70 Let.v ∈ H0
(
�• 

B

)
. A form.u ∈ H1

(
�• 

B

)
is said to be a weak solution 

to .�Bu = v if 
.�B(u, y) = 〈v, y〉B, 0 , y ∈ H1

(
�• 

B

)
. (4.91) 

. �
As argued in the preceding section, a weak solution . u to .�Bu = v exists if and 

only if. v is orthogonal to.K (�B ) in.H0
(
�• 

B

)
. We may now state the relevant regularity 

result. 

Lemma 4.71 If .v = β ∈ �• 
B(F ) is a .C∞ basic form such that .v ⊥ K (�B ), then a 

weak solution .u ∈ H 1
(
�• 

B

)
of .�Bu = β is a .C∞ basic form .u = α ∈ �• 

B (F ) and 
.�Bα = β. 

Cf. Theorem 6.2 in [KaTo16], p. 425. The main ingredient in the proof of 
Lemma 4.71 is to show that a weak solution to .�Bu = v prompts a weak solution 
to .(�− η̃)u = v and use the hypoellipticity of .�− η̃. 

4.8.6 Proof of Alaoui–Hector–Sergiescu Theorem 

The spaces of basic harmonic forms are finite dimensional as a consequence of the 
weak solvability Lemma 4.69 and the regularity Lemma 4.71. To decomposition in 
Theorem 4.63 follows from the orthogonal decomposition 

.�r 
B(F ) = {

�B �
r 
B (F )

}⊕ H r B . (4.92) 

The proof of (4.92) follows the arguments in the classical elliptic case (cf. e.g., 
[War]). As .H r B is finite dimensional 

.�r 
B (F ) = (

H r B
)⊥ ⊕ H r B 
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and all we need to check is .
(
H r B

)⊥ = �B �
r 
B(F ). Note that 

. 〈�B α ,  β〉 = 〈α , �Bβ〉 , α  ∈ �r 
B(F ), β ∈ H r B , 

yields .�B �
r 
B (F ) ⊂ (

H r B
)⊥
. Let us prove the opposite inclusion . 

(
H r B

)⊥ ⊂ �B

�r 
B(F ). By the regularity Lemma 4.71 the Green operator . G B 

. H0
(
�• 

B

) → H1
(
�• 

B

)
↪→ H0

(
�• 

B

)

induces a map .G B : �• 
B (F ) → �• 

B (F ) hence .G B
[
�• 

B(F )
] ⊂ H ⊥ 

B and the map 
.G B : �• 

B (F ) → H ⊥ 
B has kernel .HB . Indeed, let .πB : H0

(
�• 

B

) → K (�B) be the 
orthogonal projection with respect to .〈 ·  , · 〉B, 0. Then, for every . α ∈ �• 

B(F ) 

. �B
(
G B (α)

) = δB dB G B α + dB δB G B α = α − πB (α). 

Yet for .α ∈ (
HB

)⊥ 
one has .πB (α) = 0 hence .α ∈ �B �

• 
B(F ). Q.e.d. 

4.9 Riemannian Foliations and Curvature Groups 

The purpose of the present section is to report on results by S. Dragomir and R. Petit 
(cf. [DrPe]) on curvature groups.H • 

B (M, F , �)  associated to a foliated Riemannian 
manifold .(M, g, F ), that generalize I. Vaisman’s curvature groups (cf. [Vai]) of 
a Riemannian manifold of constant sectional curvature. A purpose of [DrPe] is to  
study the relationship between the groups.H • 

B (M, F , �)  and the basic cohomology 
groups of .(M, F ). A result in [DrPe] is that .H • 

B(M, F , �)  = 0 for any Einstein 
foliation .F of nonzero transverse scalar curvature. 

Building on work by K. Kodaira and D.C. Spencer (cf. [KoSp]) I. Vaisman 
announced (cf. [Vai0]) in 1967 the remarkable finding that, to each symmetric linear 
connection. � on a .C∞ manifold. M , one may associate curvature groups. H •(M, �)  
and curvature numbers, similar to the de Rham cohomology and Betti numbers of 
a compact manifold. The most general setting consists in considering a connection 
.� in the principal bundle .G → P → M over the .n-dimensional manifold .M and 
a linear representation . ρ of the structure group .G on a finite-dimensional vector 
space. V . Next, let.I r be the.C∞(M)-module of all tensor.r -forms of type.(V , ρ)  on 
. M , and let .Dr = {

DDT  : T ∈ I r−2
}
(a submodule of .I r ). Here .D denotes the 

covariant derivative with respect to . �. By following the ideas in [KoSp], one may 
then consider .J r = I r × I r+1 and .Dr : J r → J r+1 given by 

.Dr (T , S) = (DT − S, DDT  − DS), (S, T ) ∈ J r , (4.93) 

and observe that 
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. J • =
( n⊕

r=0 

J r , D•
)

is an acyclic complex (cf. also [Vai0]). On the other hand, if.K r = I r × Dr+1, then 

. K • =
( n⊕

r=0 

K r , D•
)

is a subcompex of .J • which is not acyclic in general. 

Definition 4.72 The curvature groups of.(M, �)  are the cohomology groups of. K • 

. Hr (M, �, ρ)  = Hr
(
K •

)
, 0 ≤ r ≤ n. 

. �

Cf. I. Vaisman, [Vai], p. 322. The case. � is the Levi-Civita connection of a space 
form is studied in [Vai]. There .G = GL(n, R), .P = F(M) (the principal bundle of 
linear frames tangent to. M), and.V = Rn . If.M is a space form of (constant) sectional 
curvature . c, then .K r � Lr (an isomorphism of modules) for any .1 ≤ r ≤ n − 1, 
where.Lr = I r ×�r (M). Under this isomorphism the cochain maps (4.93) go over 
to 

. Dr : Lt → Lr+1 , Dr (λ, α) (4.94) 

= (
Dλ − θ ∧ α ,  dα − c εi ∧ λi

)
, (λ,  α)  ∈ Lr , 

where. θ is the (tensor form associated to the) canonical.1-form on.F(M). The  last  
term in (4.94) is “morally” .DDλ. This is vector-valued, yet roughly speaking the 
second covariant derivative “equals” curvature, and the curvature .2-form of a space 
form is .� j 

i = c εi ∧ dx  j , where .εi = gik  dxk . By a result of I. Vaisman (cf. [Vai], p. 
337) 

. Hr (M, �, ρ) � Hr (M, S ) 

(a group isomorphism) where .S is the sheaf of all local solutions to a first-order 
partial differential system of the form 

.∇ j X
i = f δi j , 1 ≤ i, j ≤ n, (4.95) 

for some .C∞ function . f . 

Definition 4.73 Tangent vector fields .Xi satisfying (4.95) are called .s-fields. . �

Cf. [Vai], p. 336. S.I. Goldberg and Petridis studied (cf. [GoPe]) the general case 
of a semi-Riemannian manifold .M equipped with the cochain complex 
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. L̃• =
( n⊕

r=0 

L̃r , D•
)
, L̃r = {

(λ, α) ∈ Lr : DDλ = 0
}
, 

and.Dr : L̃r → L̃r+1 is the restriction of the cochain map (4.94) to. L̃r . The  curvature 
groups are taken to be the cohomology groups of . L̃•, i.e., 

. Hr (M, �)  = Hr
(
L̃•), 0 ≤ r ≤ n. 

Similar to I. Vaisman’s result (cf. [Vai]) the curvature groups are isomorphic to the 
cohomology groups of .M with coefficients in the sheaf. S̃ of all homothetic.s-fields 
(. S̃ is the subsheaf of.S consisting of all local solutions to systems of the form (4.95) 
with . f = c ∈ R), provided that . L̃• satisfies Poincaré lemma. The cochain complex 
. L̃• satisfies Poincaré lemma (i.e., the associated sequence of sheaves is exact at the 
level of stalks) when .M is flat, yet said property may fail to hold on an arbitrary 
semi-Riemannian manifold. 

One of the purposes of the present section is to build (by following S. Dragomir 
and R. Petit, [DrPe]) basic analogs .L• 

B(M, F , �)  and.K • 
B (M, F , �)  to the chain 

complexes . L̃• and .K •, respectively, in [GoPe, Vai]. The construction in [DrPe] is  
general enough to encompass the case of an arbitrary projectable connection on a 
foliated principal bundle over a foliated manifold. However, to stay within the present 
chapter’s theme, the exposition is limited to transverse Levi-Civita connections. � of 
foliated Riemannian manifolds.(M, F , g). The corresponding cohomology groups 
.Hr

(
K • 

B (M, F , �)
)
and.Hr 

B(M, F , �)  [coinciding with .Hr (M, �)  in [GoPe], p. 
55, and .Hr (M, ω, ρ)  in [Vai], p 332, when .F is the trivial foliation by points] are 
related, and related to the cohomology of .M with coefficients in the sheaf of local 
basic solutions to partial differential systems of the form 

.∇s = f π (4.96) 

where .π : T (M) → Q = ν(F ) = T (M)/T (F ) is the projection. Precisely 

Theorem 4.74 Let .F be a Riemannian foliation modeled on a space form . Nq (c) 
of sectional curvature .c ∈ R. For each .1 ≤ r ≤ n + q2 there is a module monomor-
phism 

. �r : K r (M, F , �)  → Lr (M, F ) 

of the form 

. �r (ϕ , DDλ) = (ϕ , c α(λ)), ϕ ∈ I r (M, F ), λ ∈ I r−1 (M, F ), 

where the form .α(λ) is prescribed by Lemma 4.94. Moreover, 

. �r+1 Dr (ϕ, ψ) = Dr φr (ϕ, ψ) + c (0, α(ϕ)), (4.97) 

(ϕ, ψ) ∈ K r (M, F , �).  
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Let 
. K r 0 (M, F , �)  = {

(ϕ, ψ) ∈ K r (M, F , �)  : DDϕ = 0
}
. 

Then 

. K • 
B, 0(M, F , �)  :=

( q(q+1)⊕

r=0 

K r B, 0(M, F , �),  D• 
B

)

is a cochain subcomplex of .K • 
B (M, F , �). If  .c �= 0 the map .�r defines a module 

isomorphism 
.K r B (M, F , �) � Lr 

B(M, F ). (4.98) 

In particular 
. K r B, 0(M, F , �) � Lr 

B(M, F , �)  

and the cohomology groups of the complex .K • 
B, 0(M, F , �)  are isomorphic to the 

basic curvature groups .Hr 
B (M, F , �). 

Equation (4.96) is the foliated analog to (4.95) [and (4.96) has no local basic 
solutions unless . f is a basic function]. By a result in [GoPe] the curvature groups 
.Hr ( ̃L•) are related to the de Rham cohomology groups of .M [provided that (4.95) 
admits local solutions for each . f = c ∈ R \ {0}, and has no solutions for . f = 0]. 
The proof relies on the fact that the de Rham complex satisfies the Poincaré lemma. 
The foliated analog to the de Rham cohomology is B. Reinhart’s basic cohomology 
(intuitively, the “de Rham cohomology” of the leaf space.M/F ). Yet, in general, the 
Poincaré lemma holds for the basic complex only in degree . 1. The corresponding 
result for .H • 

B(M, F , �)  is then more restrictive and requires assumptions both on 
the existence of basic solutions to (4.96) and on the structure of the basic complex 
(4.100). Leaving the explanation of notations momentarily aside, we may state 

Theorem 4.75 Let .(M, F , g) be a foliated Riemannian manifold with .F Rieman-
nian and . g bundle-like. Let .S be the sheaf of all local basic sections . s in . Q = ν(F ) 
such that .∇s = c π for some .c ∈ R. Let .L r B be the sheaf on .M associated to the 
module .Lr 

B (M, F , �), i.e., 

. L r B(U ) =
{
(ϕ, β) ∈ I r B(UT , FU ) ×�r 

B(FU ) : DDϕ = 0
}
, 

for any open subset .U ⊂ M and any .0 ≤ r ≤ q. If the basic Vaisman complex 
.L• 

B(M, F , �)  satisfies the Poincaré lemma, then 

.0 → S 
j −→ L 0 B 

D0 −→ L 1 B 
D1 −→  · · ·  Dq−1 −→ L 0 B 

D0 −→ L q B 
Dq −→ 0 (4.99) 

is an exact sequence of sheaves. In particular .0 → S → L • 
B is a fine resolution of 

.S , so that the basic curvature groups of .(M, F , g) are isomorphic to the coho-
mology groups of .M with coefficients in .S . 
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Cf. Theorem 2.2 in [DrPe], p. 5. The integrability conditions to (4.95) involve  
curvature (of the given Riemannian metric) and then a vanishing result holds (for the 
curvature groups.Hr ( ̃L•), cf.  [GoPe], p. 552) under an assumption of nondegeneracy 
on the Ricci tensor. A foliated analog may then be established in terms of transverse 
Ricci curvature (and turns out to be related to the geometry of infinitesimal con-
formal transformations of a Riemannian foliation, as developed by F. Kamber and 
Ph. Tondeur, [KaTo7], and Ph. Tondeur and G. Toth, [ToTo]. Precisely, under the 
assumptions of Theorem 4.75 we may state 

Theorem 4.76 If.S∇ is everywhere non-degenerate, then the basic curvature groups 
of.(M, F , g) vanish. In particular.H • 

B (M, F , �)  = 0 for any Einstein foliation. F 
with .c∇ �= 0. Hence, an Einstein foliation with at least one nonzero basic curvature 
group is transversally Ricci flat. 

Similarly, the counterpart in [DrPe] to Vaisman’s calculations involving exterior 
differential systems on a space form (cf. [Vai]) is to assume that the transverse 
geometry of the given Riemannian foliation is modeled on a space form. 

4.9.1 The Basic Vaisman Complex 

Let .(M, F , g) be a .n-dimensional foliated Riemannian manifold, where .F is a 
transversally oriented Riemanian foliation of codimension .cod(F ) = q, and . g is 
a bundle-like Riemnanian metric. Let .Q = ν(F ) be the transverse bundle, and let 
.π : T (M) → Q be the projection. We recall the basic complex of . (M, F ) 

.�0 
B (F ) dB −→ �1 

B(F ) dB −→  · · ·  dB −→ �
q 
B (F ) dB −→ 0 (4.100) 

and the basic cohomology of .(M, F ), i.e., the cohomology of (4.100).  By a clas-
sical result of A. El Kacimi-Alaoui and V. Sergiescu and V. Hector (cf. [ESH]) the 
basic cohomology groups are finite dimensional, provided .M is compact. Infinite-
dimensional examples may be built (cf. [Sch]) when the given foliation is not Rie-
mannian (even if .M is compact). 

Let.GL(q, R) → B1 
T (F ) 

p1 T −→ M be the principal bundle of all transverse frames, 
and let 

. θ 1 T ∈ C∞(
T ∗

(
B1 
T (F )

)⊗ Rq
)

be the canonical .1-form. As customary in the theory of Riemannian foliations, we 
endow.B1 

T = B1 
T (F ) with the lifted foliation .F 1 T , i.e., the foliation tangent to 

. P1 
T =

{
X ∈ T

(
B1 
T

) : X � θ 1 T = 0, X � d θ 1 T = 0
}
. 

The leaves of .F 1 T are Galois coverings of the leaves of .F , i.e., 
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i) .P1 
T is invariant by right translations, 

ii) .P1 
T ∩ Ker(dp1 T ) = (0), 

iii) .(dp1 T )P
1 
T =

(
p1 T

)−1 
T (F ). 

Also.
(
B1 
T , p1 T , M, GL(q, R), F 1 T

)
is a foliated principal bundle in the sense of P. 

Molino, [Mol]. 
Let 

. I r (M, F ) ⊂ C∞(
�r T ∗

(
B1 
T (F )

)⊗ Rq
)
, I r B(M, F ) ⊂ �r 

B (F 1 T ) ⊗ Rq , 

be the module of all .Rq -valued tensorial .r -forms, respectively, tensorial basic .r -
forms, of type.(ρ, Rq ) on.B1 

T (F ). Here. ρ is the natural representation of. GL(q, R) 
on .Rq . Cf. also [Ton], p. 59. Then .θ 1 T ∈ I 1 B (M, F ). We shall make use of the 
.�0(M)-modules 

. Lr (M, F ) = I r (M, F ) ×�r (M), 0 ≤ r ≤ n. 

Let .P⊥ be the .g-orthogonal complement of .P = T (F ). Let  .∇ be the canonical 
adapted connection of .(M, F , g). Let  

. ω ∈ C∞
(
T ∗

(
B1 
T (F )

)⊗ gl(q, R)
)

be the connection .1-form associated to . ∇. Then .ω is adapted, i.e., . T (F 1 T ) ⊂
� = Ker(�). The canonical adapted connection is symmetric, i.e., the torsion 
.�1 

T = dθ 1 T + ω ∧ θ 1 T vanishes. Next, let us consider the .�0(M)-modules 

. Lr (M, F , �)  = {
(ϕ, α) ∈ Lr (M, F ) : DDϕ = 0

}
, 0 ≤ r ≤ n . 

Here .Dϕ is the covariant derivative of .ϕ with respect to . �. .Lr (M, F , �)  is a 
submodule of .Lr (M, F ). 

To each local foliated chart .(U, xα , yi ) ∈ F one may associate the section 

. sU : U → B1 
T (F ) , sU (x) : Rq → Qx , x ∈ U, 

. sU (x) ei = πx

( ∂ 
∂yi

)

x 
, 1 ≤ i ≤ q. 

Here .{ei : 1 ≤ i ≤ q} ⊂  Rq is the canonical basis. .sU is foliate, i.e., 

. (d sU ) T (F ) = s−1 
U T (F 1 T ). 

For every tensorial .r -form. ϕ on . B1 
T (F ) 

.(Dϕ)U = d ϕU + ωU ∧ ϕU , (4.101) 
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. ωU := s∗ 
U ω , ϕU := s∗ 

U ϕ , (Dϕ)U = s∗ 
U Dϕ .  

Hence, .�1 
T = Dθ 1 T . As another consequence of (4.101) covariant derivatives with 

respect to . � preserve both tensorial type and basic forms. In particular . I r B(M, F ) 
is a .�0 

B (F )-module. 

Theorem 4.77 i) For any .ψ ∈ �r−1(M) and any . α ∈ �r (M) 

.
(
θ 1 T ∧ ( p1 T )

∗ψ , α
) ∈ Lr (M, F , �),  1 ≤ r ≤ n. (4.102) 

Let us set 

.Dr (ϕ, α) = (
Dϕ − θ 1 T ∧ (p1 T )

∗α ,  dα
)
, 0 ≤ r ≤ n, (4.103) 

for any .(ϕ, α) ∈ Lr (M, F , �). Then ii) 

. Dr Lr (M, F , �)  ⊂ Lr+1 (M, F , �), Dr+1 ◦ Dr = 0, 

i.e., 

. L•(M, F , �)  =
( n⊕

r=0 

Lr (M, F , �),  D•
)

is a cochain complex. Moreover, let us set 

. Lr 
B (M, F ) = I r B(M, F ) ×�r 

B (F ), 

. Lr 
B(M, F , �)  = Lr 

B(M, F ) ∩ Lr (M, F , �),  0 ≤ r ≤ q. 

Then iii) .Lr 
B(M, F , �)  = Lr 

B (M, F ) for .r ∈ {q − 1, q}. Finally, iv) 

. Dr Lr 
B

(
M, F , �

) ⊂ Lr+1 
B

(
M, F , �

)

hence 

. L• 
B(M, F , �)  =

( n⊕

r=0 

Lr 
B(M, F , �),  D• 

B

)

is a cochain subcomplex of .L•(M, F , �). 

Here .Dr 
B is the restriction of .D

r to .Lr 
B(M, F , �). 

Definition 4.78 .L•(M, F , �)  is the Vaisman complex, while.L• 
B (M, F , �)  is the 

basic Vaisman complex. . �

Definition 4.79 The cohomology groups 

.Hr (M, F , �)  = Hr
(
L•(M, F , �)

)
, 0 ≤ r ≤ n, 
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. Hr 
B (M, F , �)  = Hr

(
L• 
B(M, F , �)

)
, 0 ≤ r ≤ q, 

are, respectively, the curvature groups and the basic curvature groups of.(M, F , g). 
. �

The construction of the (basic) curvature groups generalizes easily to arbitrary 
symmetric adapted connections in.GL(q, R) → B1 

T (F ) → M . When.F is the triv-
ial foliation by points (.q = n) and . � is the Levi-Civita connection of .(M, g), the  
basic Vaisman complex is the complex . L̃• build by S.I. Goldberg and N.C. Petridis 
(cf. [GoPe], pp. 550–551) while .Hr (M, F , �)  is its cohomology .Hr

(
L̃•). 

Only (4.102) in Theorem 4.77 needs to be justified. For any .ϕ ∈ I r (M, F ) we 
set .ϕ = ϕi ⊗ ei . Then 

.
(
D(ϕ ∧ (p1 T )

∗ψ)
)i = (Dϕi ) ∧ (p1 T )

∗ψ + (−1)r ϕi ∧ (p1 T )
∗ dψ (4.104) 

for any scalar .r -form.ψ ∈ �r (M). Now  (4.102) follows from (4.104) together with 
.�1 

T = 0. 
To understand the statement of Theorem 4.75 one needs a bit of notation, as 

follows. Let .C∞ 
B (Q) denote the space of all .s ∈ C∞(Q) such that . ∇̊X s = 0 for 

any .X ∈ XF . Let  .V (F ) denote the module of all infinitesimal automorphisms of 
.(M, F ), i.e., the set of all.Y ∈ X(M) such that.[X, Y ] ∈  X(M) for any.X ∈ XF . The  
map .Y ∈ V (F ) �→ π Y ∈ C∞ 

B (Q) is an isomorphism of .�0 
B(F )-modules. More-

over, if .U ⊂ M is an open subset, let .FU be the foliation induced on .U by .F , and 
let .UT := (p1 T )−1(U ) ⊂ B1 

T (F ). Also . j : S → L 0 B is the sheaf morphism built as 
follows. Let .U ⊂ M be an open set, and let us set 

. jU (s) =
(
fs , 

1 

q 
divB (s)

)
, s ∈ C∞ 

B (U, Q), (4.105) 

. fs : UT → R, fs(z) = z−1
(
s(x)

)
, z ∈ UT , x = p1 T (z) ∈ U. 

Cf. (9.24) in [Ton], p. 126, for the basic divergence operator.divB (the needed details 
are also recalled in the next section). 

Lemma 4.80 . fs is a.R
q -valued tensorial.0-form of type.(ρ, Rq ), and. fs is basic with 

respect to the lifted foliation .F 1 T, UT 
induced by .F 1 T on .UT , i.e., . fs ∈ I 0 B (UT , FU ). 

Cf. Lemma  2.3 in [DrPe], p. 6. 
Proof of Lemma 4.80. The fact that 

. fs ◦ Ra = ρ(a−1 ) fs , a ∈ GL(q, R), (4.106) 

is both elementary and follows within the general theory of associated bundles (cf. 
e.g., R. Crittenden, [Cri]). To check that . fs is basic, let .Y ∈ V (F ) be the unique 
infinitesimal automorphism of.(M, F ) such that.π Y = s. Then. fs = θ 1 T

(
Y ↑

)
, where 
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.Y ↑ ∈ X
(
B1 
T (F )

)
is the horizontal lift of .Y with respect to . �. Let  . X̃ ∈ P1 

T ⊂ �. 
There is a unique .X ∈ XF such that .X↑ = X̃ . By a classical result [in the theory of 
connections on principal bundles, cf. e.g., Proposition 1.3 in [KoNo], Vol. I, p. 65] 
.
[
X↑ , Y ↑

]− [X, Y ]↑ ∈ Ker(dp1 T ) hence 

. X̃ ( fs) = 2 (dθ 1 T )( X̃ , Y 
↑) + θ 1 T

([
X̃ , Y ↑

]) = 0. 

Q.e.d. Next, if .∇s = c π , then .c = (1/q) divB(s) so that . jU (s) is well defined. To 
prove Theorem 4.75 one only needs to check exactness at 

. 
(
L 0 B

)
x = lim 

−→ 
U " x 

L 0 B (U ) 

in the sequence of stalks 

. 0 → (
L 0 B

)
x →

(
L 1 B

)
x , x ∈ M. 

Let .� ∈ Ker
[(
D0 

B

)
x

]
and let .( f, ũ) ∈ L 0 B (U ) be a representative of . � defined on 

the simply connected domain of a local foliated chart .(U, xα , yi ) ∈ F . Here  . ũ = 
u ◦ p1 T . Then .

(
Df  − ũ θ 1 T , dBu

)
is a representative of the null germ, so that . u = c 

for some .c ∈ R and .Df  = c θ 1 T on .UT . Let .s ∈ C∞(
U, Q

)
be the section 

. s(x) = z
(
f (z)

)
, x ∈ U, 

where .z ∈ (p1 T )−1(x) is an arbitrary transverse frame at . x . By (4.106), it follows 
that .s(x) is well defined, and .s : U → Q is the unique section in the transverse 
bundle such that . fs = f . Let  .�i 

jk  be the local coefficients of the canonical adapted 
connection, i.e., 

. ∇∂/∂y j π
( ∂ 
∂yk

)
= �i 

jk  π
( ∂ 
∂yi

)
. 

Let .(UT , xα , yi , Xi 
j ) are the naturally induced local coordinates on .B1 

T (F ), and 
let us set 

. Yk = ∂ 
∂yk 

− (
�i 
k� ◦ p1 T

)
X �j 

∂ 
∂ Xi 

j 

, 1 ≤ k ≤ q, 

so that 

. 

{ ∂ 
∂xα , Yi : 1 ≤ α ≤ n − q, 1 ≤ i ≤ q

}
⊂ C∞(

UT , �
)

is a local frame in . �. Then .Df  = c θ 1 T evaluated on .∂/∂xα is actually equivalent to 
. f being a basic function. We may locally write.s = si π (∂/∂yi ) on. U . For arbitrary 
.x ∈ U we may pick up the transverse frame.z0(ei ) = πx

(
∂/∂yi

)
x , so that 
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. Xi 
j (z0) = δi j , si (x) = f i (z0) πx (∂/∂y

i )x , f = f i ei . 

Evaluation of .(Df  )z0 = c θ 1 T, z0 on .Yk, z0 is then equivalent to .∇s = c π . 

4.9.2 Infinitesimal Conformal Transformations 

Let.C (Q, gQ) be the affine space of all connections.D : �0(Q) → �1(Q) paralleliz-
ing.gQ , i.e.,.DgQ = 0. If. ∇ is the canonical adapted connection, then.∇ ∈  C (Q, gQ). 
Let .R∇ be the curvature tensor field of . ∇. Let  .{si : 1 ≤ i ≤ q} ⊂  C∞(U, Q) be a 
(local) .gQ-orthonormal frame, and let us set 

.S∇ (r, s) = 
q∑

i=1 

gQ
(
R∇(σ(r ), σ (si )

)
s, s

)
, r, s ∈ C∞(Q) (4.107) 

on . U . 

Definition 4.81 The vector bundle morphism 

. ρ∇ : Q → Q, gQ
(
ρ Q r, s

) = S∇ (r, s), 

is the transverse Ricci operator and.c∇ = Trace(ρ∇ ) is the transverse scalar curva-
ture. The pair .(F , gQ) is an Einstein foliation if .S∇ = (c∇ /q) gQ . . �

Cf. [KaTo7], pp. 527–528. The transverse orientation of.F together with.gQ give 
rise to a transversal volume form.ν ∈ �q 

B (F ) (such that .dν = 0). The volume form 
along the leaves is.χF = ∗ ν (the characteristic form) where. ∗ : �q (M) → �n−q (M) 
is the Hodge star operator associated to . g. For any infinitesimal automorphism . Y ∈ 
V (F ), its basic divergence .divB(Y ) ∈ �0 

B(F ) is given by 

. LY ν = divB(Y ) ν  ,  

where.LY is the Lie derivative. For any transversal vector field.s = π(Y ) ∈ C∞ 
B (Q), 

the basic divergence of . Y depends only on . s, and one often writes .divB (s) [instead 
of .divB (Y )]. When .F is harmonic, the basic divergence theorem is 

. 

∫

M 
divB

(
π Y

)
ν ∧ χF = 0 

for any .Y ∈ V (F ) of compact support (cf. e.g., Theorem C in [KTT], p. 262). A 
version of the basis divergence theorem [containing explicitly the mean curvature 
form.κ ∈ �1(M)] is also available for the case where.F is not necessarily harmonic 
(cf. e.g., (5) in [BaDr], p. 124). Let us set 
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. 
(
δ∗η

)
(r, s) = 

1 

2

{(∇σ(r)η
)
s + (∇σ(s)η

)
r
}
, η  ∈ C∞(Q∗), r, s ∈ C∞(Q). 

Let .C∞ 
B (Q

∗) consist of all .η ∈ C∞(Q∗) such that .LX η = 0 for any .X ∈ XF (the 
Lie derivative is once again defined in terms of the Bott connection . ∇̊). 

Definition 4.82 An infinitesimal automorphism .Y ∈ V (F ) is said to be transver-
sally conformal if 

.δ∗η = −  
1 

q

(
δB α

)
gQ . (4.108) 

. �
Here .η ∈ C∞ 

B (Q
∗) is the .gQ-dual of .π Y , i.e., 

. η(r ) = gQ
(
π Y, r

)
, r ∈ C∞(Q). 

Also.α := η ◦ π and.δB : �1 
B (F ) → �0 

B (F ) is the formal adjoint of. dB : �0 
B(F ) →

�1 
B(F ). 

Lemma 4.83 Let. f ∈ C∞(M) and let.s ∈ C∞ 
B (Q) be a basic solution to.∇s = f π . 

Then 
i) . f ∈ �0 

B (F ), 
ii) .Y := σ(s) ∈ V (F ) is a transversally conformal infinitesimal automorphism. 

Proof Let .(U, xα , yi ) ∈ F be a foliate chart. Then 

. f = 
1 

q

(
gQ

)i j  
gQ

(
∇∂/∂ yi s, π

( ∂ 
∂ y j

))
∈ �0 

B (FU ). 

On the other hand, for any . Z , W ∈ T (F )⊥ 

. LY π Z = π ∇g 
Y Z −∇Z s , 

. 
(
LY gQ

)
(π Z , π  W ) = gQ(∇Z s, π  W ) + gQ(π Z , ∇W s), 

hence .LY gQ = 2 f gQ , which is equivalent to (4.108). Q.e.d. 
If .s = si π (∂/∂yi ) on.U with.si ∈ �0 

B(FU ), then the integrability conditions for 
.∇s = f π are 

.sk
(
R∇)�

i jk  = δ�j fi − δ�i f j , fi := 
∂ f 
∂yi 

. (4.109) 

Let us set 

. 
(
S∇

)
i j  = S∇

(
π ∂i , π  ∂  j

)
, ∂i ≡ ∂ 

∂yi 
. 

Then [by (4.107)] 
.
(
S∇

)
k�

= (gQ)i j
(
R∇)m 

ki  j  
(gQ)m� . (4.110) 
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Let us contract with .(gQ)m� in (4.109) 

. sk
(
R∇)�

i jk  (gQ)m� = (gQ)mj  fi − (gQ)mi f j 

and observe that the left-hand side is skew-symmetric in. k and. m (because of. ∇gQ = 
0). Contraction with .(gQ) jm  then leads [by (4.110)] to 

.s j
(
S∇

)
i j  
= −(q − 1) fi . (4.111) 

Next we may substitute from (4.111) into (4.109) so that to get 

.sk
(
W D

)�
i jk  = 0. (4.112) 

Here .
(
W D

)�
i jk  are the components of the transverse Weyl tensor field 

. W ∇ (Y, Z)r = R∇ (Y, Z)r − 1 

q − 1

{
S∇ (π Z , r ) πY − S∇ (πY, r) π  Z

}

with respect to.(U, xα , yi ). Therefore, (4.112) are necessary conditions for the exis-
tence of a solution to .∇s = f π . The conditions are satisfied when .(F , gQ) is 
transversally projectively flat, i.e., .W ∇ = 0. In particular, if . f = c with .c ∈ R, then 
(4.109) becomes 

.sk
(
R∇)�

i jk  = 0, (4.113) 

which is satisfied iff.(F , gQ) is transversally Ricci flat [by (4.111)]. If the transverse 
Ricci tensor .S∇ is non-degenerate at every point of . M , then the equation . ∇s = c π 
has no solutions .s ∈ C∞ 

B (Q). 

4.9.3 The Relationship to Basic Cohomology 

Let .�r (M, F ) be the .�0(M)-module of all differential .r -forms .θ 1 T ∧ (p1 T )∗ψ with 
.ψ ∈ �r−1(M). Also, let us set 

. �r 
B(M, F ) =

{
θ 1 T ∧ ( p1 T )∗ψ : ψ ∈ �r−1 

B (F )
}
⊂ �r 

B (F 1 T ). 

Lemma 4.84 i) One has 

.D�r (M, F ) ⊂ �r+1 (M, F ), D�r 
B(M, F ) ⊂ �r+1 

B (M, F ). (4.114) 

Let us set .∇r ≡ D
∣∣
�r (M, F ) and .∇r 

B ≡ ∇r
∣
∣
�r 

B (M, F )
. Then ii) 
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.�•(M, F ) =
( n+1⊕

r=0

�r (M, F ) ,  ∇•
)
, (4.115) 

.�• 
B(M, F ) =

( n+1⊕

r=0

�r 
B(M, F ) ,  ∇• 

B

)
, (4.116) 

are cochain complexes. Let 

. H 1 (�) = Ker
(∇1

)
, H 1 (�B) = Ker(∇1 

B), 

. Hr (�) = Ker(∇r ) 
∇r−1�r−1(M, F ) 

, Hr (�B) = Ker(∇r 
B) 

∇r−1 
B �r−1 

B (M, F ) 
, r ≥ 2, 

be the cohomology groups of the complexes (4.115)–(4.116). Then iii) the natural 
map .H 2(�B) → H 2(�) is a group monomorphism. 

Proof As. � is symmetric 

. D
(
θ 1 T ∧ ( p1 T )

∗ ψ
) = −θ 1 T ∧ (p1 T )

∗ (dψ)  

[thus yielding (4.114)] and .Dr+1 ◦ Dr = 0. To check the last statement in Lemma 
4.84, let.[ω]B be the class of.ω ∈ Ker

(∇2 
B

)
in.H 2(�B), and let.[ω] be the correspond-

ing class in .H 2(�). If  .[ω] =  0, then .ω = −θ 1 T ∧ d( f ◦ p1 T ) for some . f ∈ �0(M). 
On the other hand, .ω ∈ �2 

B (F 1 T ). Therefore, for any . X ∈ XF 

. 0 = X↑ �ω = −  
1 

2

{
θ 1 T (X

↑) (  p1 T )
∗ d f  − [

X ( f ) ◦ p1 T
]
θ 1 T
}

hence . f ∈ �0 
B(F ) (yielding .[ω]B = 0). Q.e.d. 

Lemma 4.85 The basic cohomology groups .Hr 
B (F ) of a Riemannian foliation . F 

with .cod(F )=q ≥ 2 are isomorphic to the groups .Hr+1(�B) with 
.r ∈ {0, 1, · · ·  , q}. 
Proof Let .M r : �r (M) → �r+1(M, F ) be exterior multiplication with . θ 1 T , i.e., 

. M r ψ = θ 1 T ∧
(
p1 T

)∗ 
ψ , ψ  ∈ �r (M). 

As. q ≥ 2 

.Ker
(
M r

) = {
ψ ∈ �r (M) : σ(s) �ψ = 0, s ∈ C∞(Q)

}
. (4.117) 

Let.M r B := M r
∣∣
�r 

B (F )
. Then [by (4.117)].Ker

(
M r B

) = (0) so that.M r B is an isomor-

phism of modules .�r 
B (F ) � �r+1 

B (M, F ). Also  .M r B maps .dB-cycles into .∇r+1 
B -

cycles, and .dB-boundaries into .∇r 
B-boundaries. Q.e.d. 
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Let .Sr 
B be the sheaf associated to the module .�r 

B(M, F ), i.e., 

. Sr 
B(U ) =

{
θ 1 T ∧ (p1 T )

∗ψ : ψ ∈ �r−1 
B (FU )

}

for any open set .U ⊂ M . 

Theorem 4.86 Let us assume that the equation .∇s = c π admits local basic solu-
tions for every .c ∈ R \ {0}, and admits no nontrivial basic solution for .c = 0. Let 
.∇ :  S → S1 

B be the sheaf morphism 

. ∇U : S (U ) → S1 
B (U ), ∇U s = 

1 

q 
divB(s) θ  1 T , s ∈ S (U ), U ⊂ M. 

Then the sheaf sequence 

.0 → S ∇−→ S1 
B 

∇1 
B −→ S2 

B 

∇2 
B −→ S3 

B (4.118) 

is exact at.S and.S r B ,.r ∈ {1, 2}. If additionally the basic complex (4.100) of. (M, F ) 
satisfies the Poicaré lemma, then 

.0 → S ∇−→ S1 
B 

∇1 
B −→  · · ·  ∇q 

B −→ Sq+1 
B 

∇q+1 
B −→ 0 (4.119) 

is exact. In particular .0 → S → S• 
B is a fine resolution of .S so that . Hr+1(�B) �

Hr (M, S ) (a group isomorphism) for any .0 ≤ r ≤ q. Moreover, if .q ≥ 2 and the 
basic Vaisman complex of .(M, F , g) satisfies the Poincaré lemma, then the basic 
curvature groups are isomorphic to the basic cohomology groups of .(M, F ). 

Proof Let .x ∈ M and .� ∈ Ker(∇x ). If  .s ∈ S (U ) is a representative of . �, then 
.divB(s) = 0 on . U . Yet .∇s = c π for some.c ∈ R yields 

. c = 
1 

q 
divB(s) 

hence .∇s = 0 on .U and then .s = 0, proving exactness at .Sx . Next, let us consider 
the sequence of stalks 

. Sx →
(
S1 

B

)
x →

(
S2 

B

)
x 

and let us check exactness at the term .
(
S1 

B

)
x . Let  .� ∈ Ker

[(∇1 
B

)
x

]
. Then there is a 

connected open neighborhood.U ⊂ M of . x and a basic function. f ∈ �0 
B (FU ) such 

that .( f ◦ p1 T ) θ  1 T is a representative of . � and 

. 0 = ∇1 
B

(
( f ◦ p1 T ) θ  1 T

) = −M 2 B (dB f ) 

on . U . Therefore, .dB f = 0, i.e., . f = c for some .c ∈ R. Again by the assump-
tion in Theorem 4.86 there is a neighborhood .V ⊂ M of . x and a basic section 
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.s ∈ C∞(V , Q) such that .∇s = c π . Then .c = (1/q) divB (s) so that .∇V s and . c θ 1 T 
agree on .(p1 T )

−1(W ) for some open subset .W ⊂ M such that .x ∈ W ⊂ U ∩ V . We  
may conclude that .∇W s is a representative of . �, i.e., .� ∈ ∇x

(
Sx

)
. Conversely, if 

.� ∈ ∇x
(
Sx

)
, then . � admits a representative of the form .∇U s for some .s ∈ S (U ). 

Finally, .∇1 
x � = 0 because .divB (s) ∈ R and then 

. ∇1
(∇U s

) = 
1 

q 
divB (s)�

1 
T = 0. 

Moreover, exactness at .(S2 
B

)
x follows from the existence of a canonical injection 

.H 1 
B(F ) → H 1(M, R). To end the proof of Theorem 4.86 one needs to check the 

exactness at .
(
Sr 

B

)
x 
in the sequence 

. 
(
Sr−1 

B

)
x →

(
Sr 

B

)
x →

(
Sr+1 

B

)
x , r ≥ 3, x ∈ M. 

Let .� ∈ Ker
(∇r 

x

)
. There is an open set .U ⊂ M such that .x ∈ U and there is a basic 

form.ψ ∈ �r−1 
B (FU ) such that .θ 1 T ∧ ( p1 T )∗ψ is a representative of . � and 

. ∇r
(
θ 1 T ∧ (p1 T )

∗ψ
) = 0 

on. U . Hence,.dB ψ = 0 so that [by the Poincaré Lemma for the complex (4.100)] there 
is an open set .V ⊂ U with .x ∈ V , and there is .α ∈ �r−2 

B

(
FV

)
such that .ψ = dB α. 

Thus, .−∇r−1
(
θ 1 T ∧ ( p1 T )∗α

)
is a representative of . �, so that .� ∈ ∇r−1 

x

[(
Sr−1 

B

)
x

]
. 

Finally, we may apply Lemma 4.85 and Theorem 4.75 to conclude that . Hr 
B(F ) �

Hr 
B(M, F , �). Q.e.d. 

Example 4.87 (Curvature groups of Riemannian foliations by level hypersurfaces) 
Let.r : V n+1 → R be a.C∞ function on a Riemannian manifold.(V n+1, g). Removing  
the set of critical points of . r one obtains a foliation .F of .M = V n+1 \ Crit(r ) by 
level hypersurfaces of . r . Let us assume that .F is Riemannian and . g is bundle-like. 
In particular, if 

. Z := 1 

|∇r | ∇r, 

then .[X, Z ] ∈  XF for every .X ∈ XF . Also .∇g 
Y Z ∈ XF for any .Y ∈ X(M). Thus, 

. ∇Y s = Y ( f ) π  Z 

for any.C∞ section.s = f π Z in. Q. If. s is a basic solution to.∇s = c π for some. c ∈ 
R, then. f ∈ �0 

B (F ) and.Z ( f ) = c. Let.(U, x1 , · · ·  , xn−1, t) be a local coordinate 
system on .M such that .r(x, t) = t − φ(x) on . U . Then .XFU is the span of 

.Xi ≡ ∂ 
∂xi 

+ φxi 
∂ 
∂t 
, 1 ≤ i ≤ n − 1, 
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hence 
.d f  = c 

|∇r |
{
d t  − φxi d xi

}
(4.120) 

or.∇ f = c Z . Consequently, the equation.∇s = c π admits local basic solutions for 
each .c �= 0, while . f = 0 when .c = 0. We may state 
Corollary 4.88 Let.F be the foliation of.M = V n+1 \ Crit(r) by level hypersurfaces 
of .r ∈ C∞(V n+1). If .F is Riemannian and . g is bundle-like, then the basic Vaisman 
complex of .(M, F , g) satisfies the Poincaré lemma. Consequently, 

.H 1 
B (M, F , �) � H 1 (M, S ) � H 2

(
�B

)
. (4.121) 

Proof As.q = 1 the basic Vaisman complex is 

. L0 
B(M, F , �)  

D0 
B −→ L1 

B(M, F , �)  
D1 

B −→ 0 

and 
. Ls 

B(M, F , �)  = Ls 
B (M, F ), s ∈ {0, 1}. 

Let .ϕ ∈ I 1 B (M, F ) and .α ∈ �1 
B (F ) such that 

. Dϕ − θ 1 T ∧ (p1 T )
∗α = 0, dα = 0. 

There is a natural injection .H 1 
B (F ) → H 1(M, R) hence the basic complex 

. �0 
B (F ) dB −→ �1 

B (F ) dB −→ 0 

satisfies the Poincaré lemma. Thus, for each.x0 ∈ M , there is an open neighborhood 
.U ⊂ M of .x0 such that .H 1 

B

(
FU

) = 0. Let  . f ∈ �0 
B(FU ) such that .α = dB f . We  

wish to solve (locally) for .ψ ∈ I 0 B (M, F ) in the equation 

.ϕ = Dψ − (
(p1 T )

∗ f
)
θ 1 T . (4.122) 

Let .(U, xα , y) ∈ F be a foliated chart and let .
(
(p1 T )

−1(U ), x̃α , ỹ , t
)
be the 

induced local coordinates on .B1 
T (F ), i.e., .x̃α = xα ◦ p1 T and .ỹ = y ◦ p1 T while 

.t : (p1 T )−1(U ) → R (the fiber coordinate) is given by 

. z(1) = t (z)
( ∂ 
∂y

)

x 
, z ∈ ( p1 T )

−1 (U ), x = p1 T (z). 

Let .γ ∈ �0 
B (FU ) be determined by 

.∇∂/∂ y π
( ∂ 
∂y

)
= γ π

( ∂ 
∂ y

)
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(the Christoffel symbol of the adapted connection . ∇). The horizontal distribution . �

in .R
∗ → B1 

T (F ) → M [with .R
∗ = R \ {0}] is locally the span of 

. 

{ ∂ 
∂ ̃xα , 

∂ 
∂ ̃y 

− (
(p1 T )

∗ γ
)
t 
∂ 
∂t 

: 1 ≤ α ≤ n − 1
}
. 

Hence, the canonical and connection .1-forms .θ 1 T , ω  ∈ C∞(
T ∗(B1 

T (F ))
)
(both 

scalar valued, as .q = 1) admit the local expressions 

. θ 1 T = 
1 

t 
d ỹ , ω  = 

1 

t

{
d t  + (

( p1 T )
∗ γ

)
t d  ỹ

}
. 

The last ingredient one needs for solving (4.122) is the section. sU ∈ C∞(
U, B1 

T (F )
)

given by 

. sU (x) 1 = πx

( ∂ 
∂ y

)

x 
, x ∈ U. 

Indeed, as 
. s∗ 
U d ỹ = d y, s∗ 

U d t  = 0, 

equation (4.122) is equivalent to 

.ρU d y  = (Dψ)U − f d  y (4.123) 

where.ψ = ρ d ỹ for some.ρ ∈ �0 
B (F 1 T ) and.ρU = ρ ◦ sU . As.sU is a foliate section, 

the function .ρU is basic for .FU . Moreover [by (4.101) together with .t ◦ sU = 1], 
Equation (4.123) becomes 

.ρU d y  = d ψU +
(
ψU γ − f

)
d y. (4.124) 

Let us observe that 

. γ = 
1 

u 
uy , u := t ◦ π(Z ) ∈ �0 

B

(
FU

)
. 

Hence, (4.124) is equivalent to the ODE 

. ψ ′
U + γ ψU = f + ρU 

or 

. 

(ψU 

u

)′ = 
1 

u

(
f + ρU

)
, 

which may be solved for .ψU . Then (4.121) follows from Theorem 4.75 and the first 
part of Theorem 4.86. Q.e.d. .�
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Example 4.89 (Curvature groups of Killing flows) Let  .X be a nonsingular Killing 
vector field on a closed Riemannian manifold.(M, g), i.e., .M is compact and. ∂ M = 
∅. Let us assume that .|X | =  1 and consider the foliation .F of .M by the orbits 
of . X . If  .G is the closure in .M of .{exp(t X) : t ∈ R} (the .1-parameter group got 
by integrating . X ), then .G is a compact abelian group and .�• 

B(F ) ⊂ �•(M)G (the 
.G-invariant differential forms on . M). Also 

.0 → �r 
B (F ) 

i
↪→ �r (M)G

iX −→ �r−1 
B (F ) → 0 (4.125) 

is a short exact sequence in all degrees . r . We may state 

Corollary 4.90 Let.χF ∈ �1(M) be the characteristic form of.(M, F ), i.e.,. χF (Y ) = 
g(X, Y ) for any .Y ∈ X(M). Let 

. δ : Hr−1 
B (F ) → Hr+1 

B (F ), δ [ω] = [
d χF

] · [ω], [ω ∈ Hr−1 
B (F ). 

If.δ = 0, then the basic complex of.(M, F ) satisfies the Poincaré lemma. Let. x0 ∈ M 
and let us consider a system of vector fields .{Zi : 1 ≤ i ≤ n − 1} ⊂  X(U ) defined 
on a neighborhood .U ⊂ M of .x0 such that .{Zi, x : 1 ≤ i ≤ n − 1} are linearly inde-
pendent and .g(X, Zi )x = 0 at each .x ∈ U. Let us assume that 

i) .T (F )⊥ is involutive, 
ii) for every .c ∈ R∗ the system of equations 

.Zi ( f j ) + γ j ik  f 
k = c δ j i , (4.126) 

admits a solution .( f 1 , · · ·  , f n−1) ∈ �0 
B (F )n−1 defined in some neigborhood . V ⊂ 

U of .x0 while the system (4.126) with .c = 0 admits only the trivial solution. Here 
.γ i jk  ∈ �0 

B (FU ) are given by 

. ∇Z j π Zk = γ i jk  π Zk , 1 ≤ i, j, k ≤ n − 1. 

Then 
. Hr+1 (�B) � Hr (M, S), 0 ≤ r ≤ n − 1. 

Proof By (4.125) together with 

. Hr
(
�•(M)G

) � Hr (M, R) 

there is a long exact sequence of cohomology groups 

. · · ·  →  Hr−2 
B (F ) δ−→ Hr 

B (F ) i∗ −→ Hr (M, R) (iX )∗ −→ Hr−1 
B (F ) δ−→  · · ·  

with. δ as a connecting homomorphism. Therefore, when.δ = 0, the homomorphism 
.i∗ : Hr 

B (F ) → Hr (M, R) is injective and the Poincaré lemma for the de Rham 
complex (i.e., .Hr (U, R) = 0 for some neighborhood .U ⊂ M of . x0) yields the first 
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statement in Corollary 4.90. For instance, if .T (F )⊥ is involutive, then (by Theorem 
10.6 in [Ton], pp. 133–134).d χF = 0 is equivalent to the requirement that the orbits 
of. X be geodesics of.(M, g) (which is of course true because. X is a unit Killing vector 
field) and then .δ = 0. A system of vector fields .{Zi : 1 ≤ i ≤ n − 1} as above is a 
local frame of .T (F )⊥, and each basic section .s ∈ C∞(

Q
)
is locally represented as 

.s = di π Zi for some. f i ∈ �0 
B(FU ). Then (4.126) is equivalent to.∇s = c π , hence 

we may apply Theorem 4.86 (yielding the second statement in Corollary 4.90). 

Corollary 4.91 Let .(F , F ⊥) be a pair of orthogonal foliations of codimensions 
.cod(F ) = n − 1 and .cod(F ⊥) = 1 on a closed .n-dimensional (.n ≥ 3) Riemannian 
manifold. M. If.F is a nonsingular Killing flow whose basic Vaisman complex satisfies 
the Poincaré lemma, then 

. Hr (M, F , �) � Hr 
B(F ), 0 ≤ r ≤ n − 1. 

If in addition .F is Einstein, then .F is transversally Ricci flat. 

Proof The first statement follows from Theorem 4.86 (as .q = n − 1 ≥ 2). In par-
ticular 

. Hn−1 (M, F , �) � Hn−1 
B (F ), Hn−1 

B (F ) �= 0, 

by Theorem 10.17 in [Ton], p. 141. Finally (by Theorem 4.76), 

. S∇ = c∇ 

n − 1 
gQ =⇒ c∇ = 0. 

Q.e.d. . �

4.9.4 Basic Curvature Groups of Riemannian Foliations 
Modeled on Space Forms 

Let.(M, F , g) be a foliated Riemannian manifold and let. � be the canonical adapted 
connection in .GL(q, R) → B1 

T (F ) → M . By following [Vai], we set 

. J r (M, F ) = I r (M, F ) × I r+1 (M, F ), 

. Dr (M, F , �)  = {
DDλ : λ ∈ I r−2 (M, F )

}
, 

. K r (M, F , �)  = I r (M, F ) × Dr+1 (M, F , �),  

and consider 
.Dr : J r (M, F ) → J r+1 (M, F ), 
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. Dr (ϕ, ψ) = (Dϕ − ψ, DDϕ − Dψ), (ϕ, ψ) ∈ J r (M, F ). 

Proposition 4.92 .J •(M, F , �)  :=
(⊕n+q2 

r=0 J r (M, F ), D•
)

is an acyclic 

cochain complex. Also .K •(M, F , �)  :=
(⊕n+q2 

r=0 K r (M, F ), D•
)
is a cochain 

subcomplex of .J •(M, F , �), in general not acyclic. 

The proof is straightforward, and left as an exercise to the reader. Let then 
.Hr

(
K •(M, F , �)

)
be the cohomology groups of.K •(M, F , �). When.F is the 

trivial foliation by points, the complex.J •(M, F ) is.J •, and. Hr
(
K •(M, F , �)

)

are the curvature groups of type . ρ of . �, as in [Vai], p. 332 (also recalled earlier in 
this section). Next, let us set 

. J r B(M, F ) = I r B(M, F ) × I r+1 
B (M, F ), 

. Dr 
B (M, F , �)  = {

DDλ : λ ∈ I r−2 
B (M, F )

}
, 

. K r B (M, F , �)  = I r B(M, F ) × Dr+1 
B (M, F , �),  

and consider 

. Dr : J r (M, F ) → J r+1 (M, F ), Dr 
B := Dr

∣∣
J r B (M, F ) . 

Proposition 4.93 Let.(M, F , g) be a foliated Riemannian manifold and let. � be the 

canonical adapted connection. Then . J • 
B (M, F , �)  :=

(⊕q(q+1) 
r=0 J r B(M, F ), 

D• 
B

)
is an acyclic cochain complex. Also . K • 

B (M, F , �)  :=
(⊕q(q+1) 

r=0 K r B 

(M, F ), D• 
B

)
is a cochain subcomplex of .J • 

B (M, F , �), in general not acyclic. 

Proof One has .Dr+1 
B ◦ Dr 

B = 0 by Proposition 4.92. Also, if .Dr 
B(ϕ, ψ) = 0, i.e., 

.Dϕ = ψ , then let .λ ∈ J r−1 
B (F ) be an arbitrary basic tensor .(r − 1)-form and let 

us set.μ = Dλ − ϕ ∈ J r B (F ), so that.Dr−1 
B (λ, μ) = (ϕ , ψ) and one may conclude 

that .Hr
(
J • 

B (M, F , �)
) = 0. 

By a result of Vaisman (cf. [Vai], p. 333) there are natural homomorphisms 
.Hr−1(M, R) → Hr (M, � , ρ)  of the de Rham cohomology groups of a Riemannian 
manifold .M into the curvature groups of its Levi-Civita connection . �. The coho-
mology groups .Hr

(
K • 

B (M, F , �)
)
may be thought of as the curvature groups of 

the leaf space .M/F . As well known, in general .M/F is not a manifold but only a 
topological space, and its topology (the quotient topology) may even fail to be Haus-
dorff. In the spirit of foliation theory, one is then led to work with geometric objets 
on .M (thought of in this context as a desingularization of .M/F ) though possibly 
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invariant under sliding along the leaves. As an analog to the quoted result in [Vai], 
let .hr : �r−1(M) → J r (M, F ) be the monomorphism 

. hr (α) = ((
(p1 T )

∗ α
) ∧ θ 1 T , 0

)
, α  ∈ �r−1 (M). 

Then.Dr ◦ hr = hr+1 ◦ d and.hr
[
�r−1(M)

] ⊂ K r (M, F , �), hence there is a nat-
ural homomorphism 

. 
(
hr
)∗ : Hr−1 (M, R) → Hr

(
K •(M, F , �)

)
. 

Moreover,.hr B := hr
∣
∣
�r−1 

B (F ) is.K r N (M, F , �)
)
-valued [as.θ 1 T ∈ I 1 B (M, F )]. Also 

.hr B is an injection of .�
r−1 
B (F ) into.K r B (M, F , �)  and there is a natural homomor-

phism 
. 
(
hr B

)∗ : Hr−1 
B (F ) → Hr

(
K • 

B (M, F , �)
)
. 

Let.N be a.q-dimensional Riemannian manifold and let.�(N ) be the pseudogroup 
of all local isometries of . N . Following Haefliger’s (by now classical) viewpoint (cf. 
[Hae]), one may think of .F as a foliation whose transverse geometry is modeled on 
. N , i.e., there is an open covering.{Ui }i∈I of.M and a family of.C∞ submersions. { fi : 
Ui → N }i∈I such that 1) . f j = γ j i  ◦ fi for some .γ j i  ∈ �(N ) and any .i, j ∈ I with 
.Ui ∩ U j �= ∅, and 2).FUi is the simple foliation tangent to the fibers of. fi : Ui → N . 

Proof of Theorem 4.74. When the transverse geometry of .F is modeled on . N = 
Nq (c), a precise description of the modules .Dr (M, F , �)  is already available. 
Indeed, for each . ϕ = ϕi ⊗ ei ∈ I r (M, F ) 

.DDϕi = �i 
j ⊗ ϕ j , 1 ≤ i ≤ q, (4.127) 

where .� = Dω ∈ I 2(M, F ) is the curvature .2-form of . �. Yet . ω is the transverse 
Levi-Civita connection, hence it is projectable, i.e., .ω ∈ �1 

B

(
F 1 T

)
(cf. e.g., [Mol], p. 

81). In particular .T (F 1 T ) �� = 0. By (4.127) 

. Dr+1 (M, F , �)  = {
� ∧ ϕ : ϕ ∈ I r−1 (M, F )

}
. 

On the other hand, 

. 2�
(
X↑ , Y ↑

)
z 
z−1 (sx ) = z−1

(
R∇ (X, Y )s

)
x 
, 

. X, Y ∈ X(M), s ∈ C∞(Q), z ∈ ( p1 T )
−1 (x), x ∈ M, 

so that (locally) 

.�i 
j = 

1 

2 
(R∇ )s k�m X

m 
j Y 

i 
s d yk ∧ d y� , (4.128) 

where .
[
Y i j (z)

] = [
X ) j (z)

]−1 
for any .z ∈ UT . By the assumption in Theorem 4.74 
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. (R∇ )�i jk  = c
{
(gQ)k j  δ

�
i − (gQ)ki  δ�j

}

hence (4.127) becomes 

.�i 
j = c Y  i k X

m 
j

[
(gQ)m� ◦ p1 T

]
d yk ∧ d y� . (4.129) 

We shall need the following. 

Lemma 4.94 Let .F be a Riemannian foliation of .M modeled on the space form 
.Nq (c). For each.ϕ ∈ I r−1(M, F ) there is a scalar.r-form.α(ϕ) ∈ �r (M) such that 

. Dr+1 (M, F , �)  = {
c θ 1 T ∧ ( p1 T )

∗α(ϕ) : ϕ ∈ I r−1 (M, F )
}
. 

The form .α(ϕ) is given by (4.131). 

Proof For each .ϕ ∈ I r−1(M, F ) let .αi (ϕ) ∈ �r−1(M) be defined by 

. αi (ϕ)x
(
v1 , · · ·  , vr−1

) = Xi 
j (z) ϕ  j z

(
w1 , · · ·  , wr−1

)
, vi ∈ Tx (M), x ∈ M, 

where .z ∈ (p1 T )−1(x) and .wi ∈ �z satisfy .(dz p1 T )wi = vi , i.e., .wi is the horizontal 
lift of . vi . If .z′ = za with .a ∈ GL(q, R), then 

. Xk 
j (z

′) = ai j X
k 
i (z). 

Also, if .w′
i ∈ �z′ satisfies .(dz′ p1 T )w

′
i = vi , then 

. ϕz′
(
w′

1 , · · ·  , w′
r−1

) = ρ(a−1 ) ϕz
(
w1 , · · ·  , wr−1

)

merely because . ϕ is a tensor .r -form [of type .
(
ρ ,  Rq

)
]. It follows that the map 

. z �−→ Xi 
j (z) ϕ  j z

(
w1 , · · ·  , wr−1

)

is constant on the fibers of .p1 T , i.e., .α
i (ϕ)x (v1 , · · ·  , vr−1) is well defined. Note that 

. θ 1 T =
(
Y j i d yi

)⊗ e j . 

Then [by (4.129)] 

. Dr+1 (M, F , �)  =
{(
�i 

j ∧ ϕ j
)⊗ ei : ϕ ∈ I r−1 (M, F )

}
= 

. =
{
c Y  i k X

m 
j

[
(gQ)m� ◦ p1 T

]
(d yk ∧ d y� ∧ ϕ j

)⊗ ei : ϕ ∈ I r−1 (M, F )
}
= 

. =
{
θ 1 T ∧

[
c Xk 

j [(gQ)k� ◦ p1 T ] d y� ∧ ϕ j
] : ϕ ∈ I r−1 (M, F )

}
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that is 

.Dr+1 (M, F , �)  =
{
c θ 1 T ∧ (p1 T )

∗(εi ∧ αi (ϕ)
) : ϕ ∈ I r−1 (M, F )

}
(4.130) 

where.εi = gi j  d y  j . Lemma 4.94 is the foliated counterpart of the main observation 
in [Vai], p. 334. 

Let us go back to the proof of Theorem 4.74. Let us consider the map 

. �r : I r (M, F ) × [
θ 1 T ∧ ( p1 T )

∗�r−1 (M)
] → Lr (M, F ), 

. �r
(
ϕ ,  θ  1 T ∧ (p1 T )∗ϕ

) = (ϕ, α), ϕ ∈ I r (M, F ), α ∈ �r−1 (M). 

Note that 
.α(ϕ) = εi ∧ αi (ϕ) (4.131) 

is a globally defined scalar.r -form on. M , so that the restriction of.�r to. K r (M, F ,
�) is the module monomorphism.K r (M, F , �) ↪→ Lr (M, F ) seek for. 

For any .ϕ ∈ I r (M, F ) and any . λ ∈ I r−1(M, F ) 

. Dr (ϕ, DDλ) =Dr (ϕ, c θ 1 T ∧ (p1 T )
∗ α(λ)) 

= (Dϕ − c θ 1 T ∧ ( p1 T )
∗ α(λ), DDϕ + c θ 1 T ∧ (p1 T )

∗ d α(λ)) 

because of.Dθ 1 T = 0. Finally, we may apply.�r+1 to both members, so that to derive 
(4.97). 

To show that .K •0 (M, F , �)  is a subcomplex of .K •(M, F , �)  it suffices to 
check that 

. Dr K r 0 (M, F , �)  ⊂ K r+1 
0 (M, F , �).  

Indeed, if .(ϕ, DDλ) ∈ K r 0 (M, F , �), then 

. Dr (ϕ, DDλ) = (
ϕ̃ ,  DDλ̃

)
, 

. ϕ̃ := Dϕ − DDλ ,  λ̃ := ϕ − Dλ ,  

and 

. DD  ϕ̃ = D
(
D2 ϕ

)− D2
(
c θ 1 T ∧ (p1 T )

∗ α(λ)
) = −c θ 1 T ∧ (p1 T )

∗ d2 α(λ) = 0. 

To prove (4.98) let  .α ∈ �r 
B(F ). Locally [with respect to a foliated chart 

.(U, xα , yi ) ∈ F ] 

.α = αi1···ir d yi1 ∧  · · ·  ∧  d yir , αi1···ir ∈ �0 
B(FU ). 
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Let 
. λ = λi ⊗ ei ∈ C∞(

�r−1 T ∗(B1 
T (F )) ⊗ Rq

)
, 

.λi = 
1 

c 
Y i j
[
(gQ) jk  ◦ p1 T

] (
αk�1···�r−1 ◦ p1 T

)
d y�1 ∧  · · ·  ∧  d y�r−1 . (4.132) 

Then . λ is globally defined, basic with respect to the lifted foliation .F 1 T , and hori-
zontal, i.e., 

. Ker
(
d p1 T

) � λ = 0. 

Also 
. Y i j (z a) =

(
a−1

)i 
k 
Y k j (z) =⇒ R∗ 

a λ = ρ(a−1 ) λ  

for any .a ∈ GL(q, R), so that . λ is a tensorial .(r − 1)-form of type .(ρ , Rq ) on 
.B1 

T (F ), i.e., .λ ∈ I r−1(M, F ). Next, a calculation relying on (4.132) shows that 
.c α(λ) = α so that .�r : K r B (M, F , �)  → Lr 

B (M, F ) is surjective. Let 

. 
(
�r

)∗ : Hr
(
K • 

B, 0(M, F , �)
) → Hr 

B(M, F , �)  

be the induced map on cohomology, i.e., .�r [ϕ, ψ] = [�r (ϕ, ψ)] for any. (ϕ, ψ) ∈ 
Ker(Dr ) ⊂ K r B, 0(M, F , �)  [square brackets denote cohomology classes]. By 
(4.97) (together with .DDϕ = 0) the definition of .�r [ϕ, ψ] doesn’t depend on the 
choice of representative .(ϕ, ψ). It remains to be shown that .(�r )∗ is injective. If 
.ψ = DDλ ∈ Dr+1 

B (M, F , �), then 

. (�r )∗ [ϕ, DDλ] =  0 =⇒ ϕ = Dχ − θ 1 T ∧ (p1 T )
∗ β , c α(λ) = d β, 

for some .χ ∈ I r−1(M, F ) and some .β ∈ �r−1 
B (F ). Then 

. [ϕ ,  DDλ] = [
Dr−1 

B (χ , γ )
]
, γ  := θ 1 T ∧ ( p1 T )

∗β .  

Example 4.95 (Curvature groups of foliations defined by suspension) Let  . (T , gT ) 
be a .q-dimensional connected Riemannian manifold, and let .H = Isom(T, gT ) be 
the group of all global isometries of.(T , gT ). Let.(M, F ) be a.n-dimensional foliated 
manifold defined by suspension of a group homomorphism .h : π1(B, b0) → H , 
where .π1(B, b0) is the first homotopy group of an .(n − q)-dimensional connected 
Riemannian manifold .(B, gB), i.e., .M = M̃

/
π1(B, b0) with . M̃ = T × B̂ and . B̂ is 

the universal covering manifold of . B. Here one uses the natural action of . π1(B, b0) 
on . M̃ , as induced by . h, i.e., 

. R[γ ]
(
t, b̂

) = (
h([γ ]−1 )(t), b̂ · [γ ]), 

.[γ ] ∈  π1(B, b0), (t, b̂) ∈ M̃ . 
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Let. F̃ be the simple foliation of. M̃ determined by the submersion. pr1 : T × B̂ → T 
(the first projection). Each .R[γ ] is a foliated map of .( M̃, F̃ ) in itself, hence . F̃ 

descends to a foliation .F of .M such that the projection .π : M̃ → M is a foliated 
étale map. The induced map on basic cohomology 

. π ∗ : Hr 
B(F ) → Hr 

B( F̃ ), 0 ≤ r ≤ q, 

is injective, hence the Poincaré lemma for the basic complex of .(M, F ) follows 
from the Poincaré lemma for the de Rham complex of . T . Let  .g B̂ = p̂∗ gB , where 
. p̂ : B̂ → B is the projection, and let 

. g̃ = pr∗ 
1 gT + pr∗ 

2 g B̂ 

be the product metric on . M̃ . Right translations.R[γ ] are isometries of .( M̃, g̃), hence 
. g̃ descends to a bundle-like metric . g on .(M, F ) such that .π ∗g = g̃. Let  .�g and 
.�g̃ be the transverse Levi-Civita connections in .B1 

T (F ) → M and .B1 
T ( F̃ ) → M̃ , 

respectively. Then 

.Hr 
B

(
M, F , �g

) � Hr 
B

(
M̃, F̃ , �g̃

)
, 0 ≤ r ≤ q. (4.133) 

Let .p : M → B be given by .p
(
π(t, b̂)

) = p̂
(
b̂
)
, so that .(M, p, B, T , G) is a 

locally trivial smooth bundle with standard fiber .T and structure group . G = 
h
(
π1(B, b0)

)
. Each fiber of. p is a connected total transversal in.(M, F ). Let. t0 ∈ T 

be a fixed point of .G and let us consider the leaf 

. L0 =
{
π(t0 , b̂) : b̂ ∈ B̂

} ∈ M/F . 

Then .L0 meets each fiber of . p in exactly one point, and we may set 

. {x0} =  L0 ∩ T0 , T0 := p−1 (b0). 

Let.b̂0 ∈ B̂ be the homotopy class of the constant map.[0, 1] → {b0}. If. γ is a loop at 
.x0 in.L0, then.p ◦ γ is a loop at.b0 in. B, which lifts to a path. γ̂ : [0, 1] →  B̂ such that 
. γ̂ (0) = b̂0. Let.h γ̂ denote the sliding along the leaves of. F̃ following. γ̂ [the germ at 
.(t0 , b̂0) of a diffeomorphism of a neighborhood of .(t0 , γ̂ (0)) in.T × {

γ̂ (0)
}
onto a 

neighborhood of.(t0 , γ̂ (1)
)
in.T × {

γ̂ (1)
}
]. Then.pr ◦ h γ̂ ◦ i = h([γ ]), which is an 

isometry of .gT and then a .�gT -preserving map [.�gT is the Levi-Civita connection of 
.gT regarded as a distribution on .B1(T )]. In particular .h([γ ]) preserves the ordinary 
curvature groups .H •(T , �gT ). On the other hand, 

. i : T → M̃, i (t) = (t, b̂0), t ∈ T , 

is a totally geodesic isometric immersion of .(T, gT ) into .( M̃, g̃), hence 
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.Hr (T , �gT ) � Hr 
B

(
M̃, F̃ , �g̃

)
, 0 ≤ r ≤ q. (4.134) 

Then [by (4.133)–(4.134)] the basic curvature groups of.(M, F , g) are.G-invariant 
and the basic Vaisman complex satisfies the Poincaré lemma whenever the Goldberg-
Petridis complex of .(T , gT ) does [e.g., when .(T , gT ) is locally Euclidean]. . �

Izu Vaisman (born on June 22, 1938 in Iaşi, Romania) is a Romanian mathemati-
cian. 

V. earned a Master of Science in Mathematics in 1959 and a Ph.D. in Mathematics in 
1965, and was awarded a Doctorate Honoris Causa in 1999, at the University Al.I. 
Cuza of Iaşi, Romania. V. was an assistant professor (1964–1969) and an associate 
professor (1969–1976) at the University Al.I. Cuza of Iaşi, Romania. V. was a profes-
sor (1976–2006) at the University of Haifa, and is a professor emeritus since 2006. 
V. served as Chairman of the Department of Mathematics of University of Haifa 
(1982–1984 and 1999–2001). V. had crucial contributions to the field of Differential 
Geometry, and in particular Foliation Theory. V. authored many wonderful books, 
that both capture the state of the art of the topic mathematics research at the time of 
their publication, and are indeed suitable for learning. The proportions of the influ-
ence of V. on his contemporaries and on his students are hard to overestimate, and 
V.’s scientific creation and life, both as a member of the mathematical community 
and as a human being, are bound to attract the attention of the historians of mathemat-
ics in the near future. V.’s book Symplectic Geometry and Secondary Characteristic 
Classes [Progress in Mathematics, Birkhäuser, 1987, 232 pp.] grew out of his study 
of the Maslov class, which is a fundamental invariant in asymptotic analysis of partial 
differential equations of quantum physics. One of the many interpretations of this 
class had been given earlier by F. Kamber and Ph. Tondeur, exhibiting the Maslov 
class as a secondary characteristic class of a complex trivial vector bundle endowed 
with a real reduction of its structure group. Accordingly, V. attempted the exposition 
of the whole range of secondary characteristic classes involved in this interpretation. 

4.10 Foliated Harmonic Maps 

4.10.1 Lichnerowicz Type Theorem on Transversally 
Holomorphic Maps 

The purpose of the present section is to report on the result by E. Barletta and 
S. Dragomir (cf. [BaDr]) that any transversally holomorphic foliated map .ϕ : 
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(M, F ) → (M ′ , F ′) of Kählerian foliations with .F harmonic, is a transver-
sally harmonic map and an absolute minimum of the energy functional . ET (ϕ) =
1 
2

∫
M ‖dT ϕ‖2 μ in its foliated homotopy class. 
Let.(M, F ) and.(M ′ , F ′) be two foliated manifolds and.ϕ : M → M ′ a foliated 

map. When .F and .F ′ are Riemannian foliations one associates to . ϕ a concept of 
tension field.τ(ϕ)  ∈ C∞(

ϕ−1ν(F ′)
)
, coinciding with the ordinary tension field 18 of 

. ϕ when . M , .M ′ are Riemannian manifolds and .F , .F ′ are the trivial foliations by 
points. A calculation based on techniques introduced by F. Kamber and Ph. Tondeur 
(cf. [KaTo16]) will lead to the expression (4.141) of.τ(ϕ). It is noteworthy that (4.141) 
contains explicitly the mean curvature .κ ∈ �1 

B(F ) of the Riemannian foliation .F . 
A result in [BaDr] is that . ϕ is transversally harmonic if and only if . ϕ satisfies the 
PDEs system (4.142), in which the principal part is the basic Laplacian .�B of .F , a  
strongly transversally elliptic operator (cf. A. El Kacimi-Alaoui, [KaAl], p. 91). The 
main result in [BaDr] is that a transversally holomorphic foliated map. ϕ of. (M, F ) 
into .(M ′ , F ′), with .F , .F ′ Kählerian and .F harmonic, is transversally harmonic 
map (cf. Theorem 4.98 below). An application of the result regards the holomorphic 
maps of Vaisman (or generalized Hopf) manifolds. 19 

4.10.1.1 Transversally Harmonic Maps 

Let.M be a real.m-dimensional.C∞ manifold, and let.F be a codimension. q foliation 
of . M . Let  .T (F ) be the tangent bundle of .F and let .ν(F ) = T (M)/T (F ) be the 
transverse bundle. Let .π : T (M) → ν(F ) be the projection. Let us assume that . F 
is a Riemannian foliation, i.e., .F is a .�-foliation (in the sense of [Hae]), where 
. � is the pseudogroup of all local isometries of some model Riemannian manifold. 
Equivalently (cf. e.g., [Mol], p. 78) .ν(F ) is equipped with a holonomy invariant 
metric.gν(F ). Let. g be a bundle-like Riemannian metric on.M inducing.gν(F ). Assume 
.F to be transversally oriented and let.ν ∈ �q 

B (F ) be the transversal volume element 
(.dBν = 0). Let.χF be the characteristic.p-form, i.e.,.χF = ∗  ν where. ∗ : �q (M) →
�m−q (M) is the Hodge star operator of .(M, g) (here.p = m − q). The Riemannian 
volume form .μ ∈ �m(M) is then given by .μ = ν ∧ χF . Let  .(M ′ , F ′) be another 
foliated manifold, and let.ϕ : M → M ′ be a foliated map of.(M, F ) into.(M ′ , F ′), 
i.e., 

. (dx ϕ)T (F )x ⊂ T (F ′)ϕ(x) , x ∈ M. 

The differential .dϕ gives rise naturally to a section 

.dT ϕ ∈ C∞(
ν(F )∗ ⊗ ϕ−1 ν(F ′)

)
. 

18 Cf. e.g., S. Dragomir and J.C. Wood, [DrWo], p. 107. 
19 In the sense of S. Dragomir and L. Ornea, [DrOr], p. 33. 
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If both .F and .F ′ are Riemannian foliations, then their metrics .gQ and .gQ′ [where 
.Q = ν(F ) and .Q′ = ν(F ′)] induce a metric on .ν(F )∗ ⊗ ϕ−1 ν(F ′) and one may 
consider the basic function 

. eT (ϕ) ∈ �0 
B (F ), eT (ϕ) = 

1 

2

∥∥dT ϕ
∥∥2 , 

cf. [KAGo], p. 18. Let us assume.M to be orientable and closed (i.e., .M is compact 
and .∂ M = ∅) and let us set 

. ET (ϕ) =
∫

M 
eT (ϕ) μ . 

Definition 4.96 We say. ϕ is transversally harmonic if it is a critical point of .ET for 
any variation of . ϕ by foliated maps. . �

Cf. also J.Y. Chiang, [Chi]. 

Definition 4.97 Let .ϕ : M → M ′ be a foliated map. The foliated homotopy class 
.[ϕ] of . ϕ consists of all .C∞ maps that are smoothly homotopic to . ϕ through foliated 
maps. . �

We shall establish 

Theorem 4.98 Let .(M, F ) and .(M ′ , F ′) be two foliated manifolds, where . M 
is closed and .F , .F ′ are Kählerian foliations. Let .ϕ : M → M ′ be a transver-
sally holomorphic (anti-holomorphic) foliated map. The following statements are 
equivalent: 

(i) . ϕ is transversally harmonic. 
(ii) .gradB ϕ

α ∈ Ker(κ), .ϕα := y′α ◦ ϕ, for any foliated chart .(U ′ , x ′s , y′α 
) on 

.(M ′ , F ′). If additionally .F is harmonic ( i.e., .κ = 0), then . ϕ is (a transversally 
harmonic map and) an absolute minimum for the energy .ET in its foliated homotopy 
class. 

Definition 4.99 A foliation .F of .M is transversally holomorphic if it is equipped 
with a holonomy invariant complex structure .J : ν(F ) → ν(F ). . �
Definition 4.100 A Riemannian foliation .(F , gν(F )) of .M is (transversally) Käh-
lerian if it is transversally holomorphic and the complex structure . J in the normal 
bundle satisfies 

(1) .gν(F )(Jr, Js) = gν(F )(r, s) for any .r, s ∈ C∞(ν(F )), 
(2) .∇ J = 0. . �

Here .∇ is the unique Riemannian (.∇gν(F ) = 0) torsion-free adapted connection 
in.ν(F ). As presented in Definition 4.100, the notion is due to S. Nishikawa and Ph. 
Tondeur (cf. [NiTo]) who studied the Lie algebra of transversally holomorphic fields 
for harmonic Kähler foliations of closed orientable manifolds of constant transversal 
scalar curvature. Cf. also [KaAl], p. 95. Note that 
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. �(r, s) = gν(F )(r, Js), r, s ∈ C∞(ν(F )), 

determines a closed basic .2-forms .�T ∈ �2 
B (F ). 

Definition 4.101 A foliated map .ϕ of .(M, F ) into .(M ′ , F ′), with .F and . F ′
transversally holomorphic, is said to be transversally holomorphic (respectively, anti-
holomorphic) if .(dT ϕ) ◦ J = J ′ ◦ (dT ϕ) [respectively, .(dT ϕ) ◦ J = −J ′ ◦ (dT ϕ)]. 

4.10.1.2 Euler-Lagrange Equations 

Let .V (F ) be the Lie algebra of all foliated vector fields 

. V (F ) = {
Y ∈ X(M) : [X, Y ] ∈  XF , ∀ X ∈ XF

}

and let us set .�(F ) := V (F )/XF . 

Definition 4.102 An element .s ∈ �(F ) is a transverse vector field. . �

Definition 4.103 The basic divergence of a foliated vector field .Y ∈ V (F ) is the 
basic function .divB (Y ) ∈ �0 

B (F ) determined by 

.LY ν =
(
divB Y

)
ν. (4.135) 

. �

Exercise 4.104 Show that 

. π Y = π Y ′ =⇒ divB Y = divB Y ′, 

i.e., the basic divergence .divB Y depends only on the transverse vector field . π Y 
associated to . Y . . �

Let .M� → M be the principal .SO(q)-bundle of all oriented orthonormal trans-
verse frames. If.z : Rq → ν(F )x is a transverse frame adapted to.M�, the transverse 
volume element .ν ∈ �q 

B(F ) is given by 

. νx (v1 , · · ·  , vq ) = det
[
(gQ)x

(
πx vi , z(e j )

)]

1≤i, j≤q 
, 

. vi ∈ Tx (M), 1 ≤ i ≤ q, 

where.{ei : 1 ≤ i ≤ q} ⊂  Rq is the canonical basis. Let.(U, xs , yi ) ∈ F be a foli-
ated chart, and let us set 

.z(ei ) = λ j i πx

( ∂ 
∂y j

)

x 
, λ  = [

λ j i
] ∈ GL(q, R). 
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The function 
. c : M → {±1}, c(x) = sign det(λ), x ∈ M, 

is well defined [i.e., .c(x) doesn’t depend on the choice of adapted transverse frame 
at . x]. Then 

.ν = c q!√g d y1 ∧  · · ·  ∧  d yq (4.136) 

where 

. g = det
[
gi j

]
, gi j  = gQ

( ∂ 
∂yi 

, 
∂ 
∂y j

)
, 1 ≤ i, j ≤ q. 

Then [by (4.135)–(4.136)] 

.divB
(
Y i (y) 

∂ 
∂yi

)
= 

1√
g 

∂ 
∂yi

(√
g Y i (y)

)
. (4.137) 

We shall need the star operator 

. ∗̂ : �k 
B (F ) → �

q−k 
B (F ) 

associated to .gQ (cf. e.g., Section 4 in [KaTo11]), characterized by the property 

. α ∧ ∗̂ α = ν , α  ∈ �k 
B (F ). 

The .L2 inner product on .�k(M) restricts on basic forms to the expression 

. 〈α ,  β〉B =
∫

M 
α ∧ (∗̂ β

) ∧ χF . 

With respect to this inner product one may define the formal adjoint 

. δB : �k 
B (F ) → �k−1 

B (F ) 

of .dB and the basic Laplacian 

. �B = δB dB + dB δB . 

Let .P⊥ be the orthogonal complement of .P = T (F ) with respect to . g, and let . πP : 
T (M) → P be the projection with respect to the decomposition .T (M) = P ⊕ P⊥. 
Let 

. WZ : P → P, WZ X = −πP ∇g 
X Z , X ∈ C∞(P), Z ∈ C∞(P⊥), 

be the Weingarten operator, and .κ ∈ �1 
B(F ) the mean curvature 
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. κ(Z ) = Trace WZ , κ(X ) = 0. 

By the identity (2.6) in [KaTo16], p. 418 

.δB α = (−1)q(k+1)+1 ∗̂ (dB − κ ∧ ) ∗̂ α , α  ∈ �k 
B(F ). (4.138) 

Let .τ ∈ C∞(P) be determined by 

. κ(Z ) = gP
(
τ ,  π  Z

)
, Z ∈ C∞(

P⊥). 

We shall make use of the following result 20 

.

∫

M

(
divB Y

)
μ =

∫

M 
gQ

(
τ ,  π  Y

)
μ. (4.139) 

For harmonic foliations this is the transversal divergence theorem, cf. Theorem C in 
[KTT], p. 262. Let.σ : Q → P⊥ be the natural bundle isomorphism. If. η ∈ C∞(Q∗) 
let .ηT ∈ �1(M) be given by .ηT (Y ) = η

(
π Y

)
. Moreover, let .η ∈ C∞ 

B (Q
∗), i.e., 

.LX η = 0 for any .X ∈ XF . The mapping .η �−→ ηT is an isomorphism . C∞ 
B (Q

∗) �
�1 

B(F ). For any basic function . f ∈ �1 
B (F ) let .η f ∈ C∞ 

B (Q
∗) be determined by 

.(η f )T = dB f . 

Definition 4.105 The basic gradient of . f is 

. gradB f := σ
(
s f
) ∈ C∞(

T (F )⊥
)
, 

. s f ∈ C∞(
ν(F )

)
, gQ

(
s f , r

) = η f (r ), r ∈ C∞(Q). 

. �

A calculation relying on (4.138) leads to 

.�B f = 
1√
g 

∂ 
∂yi

(√
g gi j  

∂ f 
∂y j

)
− κ

(
gradB f

)
. (4.140) 

Let. ∇ and.∇′ be the transverse Levi-Civita connections of.(M, F , g) and. (M ′, F ′, 
g′). Let  .ϕ−1∇′ be the pullback of .∇′ by . ϕ [a connection in the pullback bundle 
.ϕ−1ν(F ′) → M]. Let .∇ϕ be the connection in .ν(F )∗ ⊗ ϕ−1ν(F ′) determined by 

. ∇ϕ (ω ⊗ s) = (∇ω) ⊗ s + ω ⊗ ϕ−1 (∇′)s, 

.ω ∈ C∞(
ν(F )∗

)
, s ∈ C∞(

ϕ−1 ν(F ′)
)
. 

20 Holding for any transversally oriented Riemannian foliation.F on a closed oriented Riemannian 
manifold.(M, g). 
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Let .Bϕ be the .ϕ−1ν(F ′)-valued bilinear form on .ν(F ) determined by .∇ϕ dT ϕ [via 
the isomorphism.C∞ 

B

(
ν(F )∗

) � �1 
B (F )]. 

Definition 4.106 The tension field of . ϕ is .τ(ϕ)  := Trace(Bϕ). . �

Let.�′α 
βγ be the coefficients of.∇′ with respect to a foliated chart. (U ′ , x ′r , y′α 

) ∈ 
F ′ [with.1 ≤ r ≤ p′ and.1 ≤ α ≤ q ′, .p′ + q ′ = n′ = dim(M ′)]. Then.τ(ϕ)  may be 
locally represented as 

. τ(ϕ)  = τ α (ϕ) Yα , 

.τ α (ϕ) = �B ϕ
α + κ

(
gradB ϕ

α
)+ gi j �′α 

βγ 
∂ϕβ 

∂yi 
∂ϕγ 

∂y j 
. (4.141) 

Here 

. Yα(x) = π ′
ϕ(x)

( ∂ 
∂ y′α

)

ϕ(x) 
, x ∈ U, 

are the natural lifts of .π ′ (∂/∂ y′α 
) to .ϕ−1 ν(F ′). We may now derive the Euler-

Lagrange equations of the variational principle .δ
∫
M eT (ϕ) μ = 0. To this end, let 

.{ϕt }|t |<ε be a smooth .1-parameter variation of .ϕ0 = ϕ through foliated maps . ϕt : 
M → M ′. Then 

. 
d 

dt  
eT (ϕt ) = gi j

{ ∂2ϕα 
t 

∂yi ∂t 

∂ϕ β 
t 

∂y j
(
g′αβ ◦ ϕt

)+ 
1 

2 

∂ϕα 
t 

∂yi 
∂ϕ β 

t 

∂ y j 
∂g′αβ 

∂ y′γ 
∂ϕ γ t 
∂t

}
. 

Let us set 

. Yt = Y j t 
∂ 
∂y j 

, Y j t := gi j  
∂ϕα 

t 

∂yi 
∂ϕ β 

t 

∂t

(
g′αβ ◦ ϕt

)
. 

Then [by (4.137) and (4.140)] 

. divB Yt = 
d 

dt  
eT (ϕt ) +

{
�Bϕ

α 
t + κ(gradB ϕ

α 
t )
} ∂ϕ β 

t 

∂t

(
g′αβ ◦ ϕt

)+ 

. + gi j
[∂g′αλ 
∂ y′β − 

1 

2 

∂g′αβ 

∂ y′λ
] ∂ϕα 

t 

∂ yi 
∂ϕ β 

t 

∂y j 
∂ϕλ 

t 

∂t 
. 

Let us integrate over .M and use (4.139) together with the identity 

. gi j
[∂g′αλ 
∂ y′β − 

1 

2 

∂g′αβ 

∂ y′λ
] ∂ϕα 

t 

∂yi 
∂ϕ β 

t 

∂y j 
= gi j  g′αλ �

′α 
βγ 
∂ϕ β 

t 

∂ yi 
∂ϕ γ t 
∂y j 

. 

We obtain [by also using (4.141)] 

.

∫

M 
gQ

(
τ, πYt

)
μ = 

d 

dt

{
ET (ϕt )

}
+
∫

M

(
g′αβ ◦ ϕt

) ∂ϕα 
t 

∂t 
τ β (ϕt ) μ  .  
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Finally [by .
{
d ET (ϕt )

/
d t

}
t=0 = 0], 

. 

∫

M

(
g′αβ ◦ ϕt

) (∂ϕα 
t 

∂t

)

t=0

[
τ β (ϕ) − 

∂ϕβ 

∂ yi 
τ i
]
μ = 0 

where .τ i are determined by .τ = τ i π (∂/∂yi ). Locally, one may always produce a 
variation .ϕα 

t (y) such that 

. ϕα 
0 (y) = ϕα (y),

{∂ϕα 
t 

∂t

}

t=0 
= τ α (ϕ) − τ i 

∂ϕα 

∂yi 
. 

Hence, . ϕ is transversally harmonic if and only if 

. τ α (ϕ) = τ i 
∂ϕα 

∂ yi 
, 

i.e., 

.�B ϕ
α + gi j

(
�′α 
βγ ◦ ϕ

) ∂ϕβ 

∂ yi 
∂ϕγ 

∂y j 
= 0 (4.142) 

The reader should observe the cancellation of the mean curvature terms [because of 
.κ(gradB f ) = τ i (∂ f /∂yi )]. It is noteworthy that the derivation of (4.142) required 
no additional assumptions on .F [such as the customary assumption that .F be 
harmonic]. 

4.10.1.3 Transversally Holomorphic Maps 

Let .(F , J ) and .(F ′ , J ′) be transversally holomorphic foliations of .M and .M ′, 
respectively. Let .J C be the extension of . J to .ν(F ) ⊗ C [by .C-linearity], and let 

. ν+(F ) = Eigen
(
J C ; +i

)
, ν−(F ) = ν+(F ) ,  

be, respectively, the eigenbundles corresponding to the eigenvalues . Spec(J C ) = 
{±i}. Let  

. π ′
± : ν(F ′) ⊗ C → ν±(F ′) 

be the projections associated to the direct sum decomposition 

. ν(F ′) ⊗ C = ν+(F ′) ⊕ ν−(F ′). 

Let .ϕ : M → M ′ be a foliated map. Let 

.∂T ϕ := π ′
+ ◦ (dT ϕ)C

∣∣
∣
ν+(F ) 

, ∂ T ϕ := π ′
− ◦ (dT ϕ)C

∣∣
∣
ν+(F ) 

. 
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Here .(dT ϕ)C : ν(F ) ⊗ C → ν(F ′) ⊗ C denotes the .C-linear extension of . dT ϕ : 
ν(F ) → ν(F ′). The following commutative diagram sums up the mappings intro-
duced so far. 

. 

ν+(F ) ∂ T ϕ −→ ν−(F ′)

⋂ ↑ π ′− 

ν(F ) ⊗ C (dT ϕ)
C −→ ν(F ′) ⊗ C

⋃ ↓ π ′+ 

ν+(F ) ∂T ϕ −→ ν+(F ′) 

From now on we shall not distinguish notationally between . J and .dT ϕ, and their 
.C-linear extensions .J C and .(dT ϕ)C. 

Definition 4.107 The foliated map . ϕ is transversally holomorphic (respectively, 
transversally anti-holomorphic) if  

. (dT ϕ) ν+(F ) ⊂ ϕ−1 ν+(F ′). 

. 
[
respectively, if 

. (dT ϕ) ν+(F ) ⊂ ϕ−1 ν+(F ′)
]
. 

. �

By the very definitions 

Lemma 4.108 Let .ϕ : M → M ′ be a foliated map of .(M, F , J ) into 
.(M ′ , F ′ , J ′). The following statements are equivalent: 

(i) . ϕ is transversally holomorphic. 
(ii) .∂ T ϕ = 0. 

Lemma 4.109 Let .ϕ : M → M ′ be a foliated map of .(M, F , J ) into 
.(M ′ , F ′ , J ′). The following statements are equivalent: 

(i) . ϕ is transversally anti-holomorphic. 
(ii) .∂T ϕ = 0. 

Let us assume from now on that .F and .F ′ admit holonomy invariant bundle 
metrics.gQ and.gQ′ that are compatible with the transverse complex structures. J and 
. J ′. Next, let us set 

. k+(ϕ) :=
∥
∥∂T ϕ‖2 , k−(ϕ) := ‖∂ T ϕ‖2 . 

Then .eT (ϕ) = k+(ϕ) + k−(ϕ). We may state 
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Theorem 4.110 Let.(M, F ) and.(M ′, F ′) be two foliated manifolds, with.M com-
pact, and let .ϕ : M → M ′ be a foliated map. Let us assume that .F and .F ′ are 
Kählerian foliations and that .F is harmonic (.κ = 0). Let us set 

. k(ϕ) := k+(ϕ) − k−(ϕ), K (ϕ) :=
∫

M 
k(ϕ) μ. 

Then .t �−→ K (ϕt ) is a constant map for any smooth .1-parameter variation . {ϕt }|t |<ε
of .ϕ0 = ϕ through foliated maps. 

Let .ϕ−1�′ ∈ C∞ 
B

(
�2 ν(F )∗

)
be determined by .

(
ϕ−1�′)

T 
= ϕ∗�′

T [via the iso-
morphism.C∞ 

B

(
�2 ν(F )∗

) � �2 
B (F )]. A calculation shows that 

. 2 k(ϕ) = 〈
�,  ϕ−1�′〉. 

The map .α �−→ αT is an isometry (cf. Appendix A to this section). Hence, 

. K (ϕ) = 
1 

2

∫

M

〈
�T , ϕ

∗�′
T

〉
μ = 

1 

2

∫

M

(
ϕ∗�′

T

) ∧ ∗�T . 

Let .α ∈ �1 
B(F ) be defined by 

. α =
∫ 1 

0 
ϕ∗ 
t

(∂ϕt 
∂t

��′
T

)
d t. 

Then (by (16.11) in [DrWo], as .d�′
T = 0) 

. dα = ϕ∗ 
1 �

′
T − ϕ∗ 

0 �
′
T 

hence (by the theorem of Stokes) 

. K (ϕ1) − K (ϕ0) = 
1 

2

∫

M 
α ∧ ∗�T . 

Next (by (2.4) in [KaTo16]) 

. ∗ �T =
(∗̂�T

) ∧ χF = 1 

(n − 1)! �
n−1 
T ∧ χF 

with .q = 2n. By Rummler’s formula (cf. also (2.2) in [KaTo16]) 

. d χF + κ ∧ χF = β 

for some .β ∈ F2�3. Finally (as .F was assumed to be harmonic), 
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. K (ϕ1) − K (ϕ0) = 1 

2(n − 1)!
∫

M 
α ∧�n−1 

T ∧ β .  

The meaning of.β ∈ F2�3 (cf. also (2.1) in [KaTo16]) is that, for any. (U, xs , yi ) ∈ 
F , . β contains only monomials of the form .dxs ∧ dy  j ∧ dyk and .dyi ∧ dy  j ∧ dyk . 
Then each monomial in .α ∧�n−1 

T ∧ β has degree at least .q + 1 in the .dyi ’s, so 
.α ∧�n−1 

T ∧ β = 0. Q.e.d. 
Let .(M, J, g) be a Hermitian manifold, where . J is its complex structure and . g 

the Hermitian metric. Let .� ∈ �2(M) be given by .�(X, Y ) = g(X, JY  ) for any 
.X, Y ∈ X(M). 

Definition 4.111 .(M, J, g) is said to be a locally conformal Kähler (l.c.K.) 
manifold if there is a closed .1-form .ω ∈ �1(M) (the Lee form) such that 
.d� = ω ∧�. . �

Cf. P. Libermann, [Lib]. 

Definition 4.112 A Vaisman manifold is a l.c.K. manifold whose Lee form. ω satisfies 
.ωx �= 0 for every .x ∈ M , and .∇gω = 0. . �

Cf. [DrOr]. For instance let.CHn(λ) = (
C

n \ {0})/Gλ be the complex Hopf man-
ifold (cf. e.g., [KoNo], Vol. II, p. 137) where .Gλ is the discrete group generated by 
the transformation 

. C
n \ {0} →  Cn \ {0}, z �−→ λz, λ  ∈ C \ S1 , 

(.Gλ acts freely on.C
b \ {0} as a properly discontinuous group of holomorphic trans-

formations). Let .g0 be the Boothby metric on .C
n H (λ), i.e., 

. g0 =
∣
∣z
∣
∣−2 

δ jk  dz  j ⊗ dzk 

with respect to a local complex coordinate system.(z j ) on.C
n H (λ). Then. (CHn(λ), 

g0) is a Vaisman manifold with the Lee form.ω0 = d log |z|2 (cf. e.g., [DrOr], p. 21). 
Vaisman manifolds were introduced in [Vai2] and called generalized Hopf manifolds 
there. However (as pointed out in [DrOr], p. 33) the term generalized Hopf manifold 
was already in use for other generalizations of complex Hopf manifolds, cf. e.g., 
[BrVe]. When.ω = 0,. g is a Kählerian metric, so the class of l.c.K. manifolds contains 
that of Kählerian manifolds. Nevertheless, when.ω �= 0 it is questionable whether. M 
admits any globally defined Kählerian metric (e.g., every compact Vaisman manifold 
has an odd first Betti number 21, cf.  [DrOr], p. 8). 

Let .M be a Vaisman manifold, and let .B := ω� ∈ X(M), where. � denotes raising 
of indices with the metric . g. 

Definition 4.113 .B is called the Lee field of . M , and .A := J B  is the anti-Lee 
field. .�

21 While the odd order Betti numbers of a compact Kählerian manifold are known to be even, cf. 
e.g., [Gol]. 
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As.[A, B] =  0 the distribution.R B ⊕ RA is completely integrable and gives rise 
to a foliation .F of .M by Riemannian surfaces (the vertical foliation of . M). By a 
result in [Vai2], each leaf of .F is complex parallelizable, and a totally geodesic 
and locally flat submanifold of . M . In particular .F is harmonic. Also, by a result 
of K. Tsukada (cf. Theorem 2.2 in [Tsu1], p. 4) .F is transversally Kählerian, and 
every holomorphic map .ϕ : M → M ′ of compact Vaisman manifolds is foliated 
(i.e., maps the leaves of .F to leaves of the vertical foliation of the target Vaisman 
manifold.M ′). A slight modification of the proof of Theorem 2.5 in [Tsu2], p. 4, shows 
that the statement remains true when . ϕ is anti-holomorphic. As an application of 
Theorem 4.98 above one obtains 

Corollary 4.114 Let .ϕ : M → M ′ be a holomorphic (anti-holomorphic) map of 
compact Vaisman manifolds. Then . ϕ is transversally harmonic (with respect to the 
vertical foliations of .F and .F ′) and an absolute minimum of .ET in .[ϕ]. 

By a result of A. Lichnerowicz (cf. [Lic]) any holomorphic map.ϕ : M → M ′ of 
compact Kähler manifolds is harmonic and an absolute minimum in its homotopy 
class. When .M is a l.c.K. manifold A. Lichnerowicz’s theorem doesn’t hold, in 
general. Indeed, by a result of I. Vaisman (cf. [Vai3]) . ϕ is harmonic if and only 
if the Lee field of .M lies in .Ker(dϕ). Corollary 4.114 is therefore a l.c.K. analog 
to Lichnerowicz’s theorem, for .± holomorphic maps between compact Vaisman 
manifolds. 

Let.(M, F ) be a foliated manifold, and let.(gν(F ) , J ) be a transverse Hermitian 
structure. 

Definition 4.115 .F is a (transversally) locally conformal Kähler (l.c.K.) foliation 
if there is a globally defined closed basic .1-form .ω ∈ �1 

B (F ) (the basic Lee form) 
such that .dB�T = ω ∧�T . . �

For instance, the simple foliation defined by the .C∞ submersion . f : M → N of 
.M onto a l.c.K. manifold .N is transversally l.c.K., in the sense of Definition 4.115. 

Let.(F , gQ , J ) be a transversally l.c.K. manifold, and let. ω be its basic Lee form. 
As.dB ω = 0 (by Poincaré’s lemma) there is an open cover.{Ui }i∈I of.M and a family 
.{ fi }i∈I of .C∞ functions . fi : Ui → R such that .ω = d fi on .Ui . In particular, as . ω is 
basic, the functions . fi must be basic, as well, i.e., . fi ∈ �0 

B (FUi ). Let . ji : Ui → M 
be the inclusion. Then.gi := exp(− fi ) j∗ 

i gQ is holonomy invariant anad compatible 
with . J . Moreover, if .�i (r, s) := gi (r, J s), then 

. 
(
�i

)
T ∈ �2 

B(F ), dB (�i )T = 0, 

hence .FUi is Kählerian. 

Definition 4.116 The transverse vector field .B ∈ �(F ) determined by 

. gQ(B, s) = ω(Ys), s ∈ C∞(Q), Ys ∈ X(M), π Ys = s, 

is the transverse Lee field of .F . .�
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Let .(M, F ), .(M ′ , F ′) be two foliated manifolds and let .ϕ : M → M ′ be a 
foliated map. Let .gQ be a holonomy invariant bundle metric in .Q = ν(F ), and let 
. ∇, .∇′, by two adapted connections in .Q and.Q′ = ν(F ′). The pair .(∇, ∇′) induces 
a connection.∇ϕ in the vector bundle.ν(F )∗ ⊗ ϕ−1ν(F ′) → M . Let. (U, xs , yi ) ∈ 
F and .(U ′, x ′r , y′α 

) ∈ F ′ be two foliated charts, chosen such that .ϕ(U ) ⊂ U ′. 
Moreover, let .∇ϕ 

j ϕ
α 
i be the .C∞ functions defined by 

. ∇ϕ 
∂/∂ y J dT ϕ = (∇ϕ 

j ϕ
α 
i

)
λi ⊗ Yα 

where .λi ∈ C∞ 
B (Q

∗) and .(λi )T = d yi . Finally, let 

. τ(ϕ  ; gQ , ∇ , ∇′) = τ α (ϕ ; gQ , ∇ , ∇′) Yα ∈ C∞(
U , ϕ−1 ν(F )

)
, 

. τ α (ϕ ; gQ , ∇ , ∇′) = gi j
(∇ϕ 

j ϕ
α 
i

)
. 

Note that, give a holonomy invariant bundle metric.gQ′ on.Q′, if. ∇ and.∇′ are the trans-
verse Levi-Civita connections of.(F , gQ) and.(F ′ , gQ′), then. τ(ϕ  ; gQ , ∇ , ∇′) = 
τ(ϕ). We may state 

Proposition 4.117 Let.(F , J ) and.(F ′ , J ′) be two transversally holomorphic foli-
ations, respectively, on .M and .M ′. Let .∇ and .∇′ be almost complex (i.e., . ∇ J = 0 
and .∇′ J ′ = 0) adapted torsion-free connections, respectively, in .Q and .Q′. Let . gQ 
be a holonomy invariant bundle metric in . Q, compatible with . J . If  .ϕ : M → M ′ is 
a transversally holomorphic foliated map, then 

. τ(ϕ  ; gQ , ∇ , ∇′) = 0. 

The proof of Proposition 4.117 is straightforward (a few details are provided in 
Appendix B to this section). Proposition 4.117 together with (4.141)–(4.142) implies 
the statement (i) .⇐⇒ (ii) in Theorem 4.98. To prove the last statement in Theorem 
4.98 let us set 

. E±(ϕ) =
∫

M 
k±(ϕ) μ. 

Then a foliated map. ϕ is transversally holomorphic (respectively, anti-holomorphic) 
if and only if .E−(ϕ) = 0 [respectively, .E+(ϕ) = 0]. Let .ψ : M → M ′ be a foliated 
map smoothly homotopic to . ϕ. Then 

. ET (ψ) = E+(ψ) + E−(ψ) ≥
∣∣E+(ψ) − E−(ψ)

∣∣ = |K (ψ)| = |K (ϕ)| 

where the last equality is got by picking up a smooth homotopy. ϕt , by foliated maps, 
with .ϕ1 = ψ and .ϕ0 = ϕ, followed by applying Theorem 4.110. Finally, 
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. ET (ψ) ≥
∣∣E+(ϕ) − E−(ϕ)

∣∣ ≥ 

⎧ 
⎪⎨ 

⎪⎩ 

E+(ϕ) if ϕ is transversally holomorphic, 

E−(ϕ) if ϕ is transversally anti-holomorphic. 

Q.e.d. 
Let .F be a l.c.K. foliation of . M . The transverse Levi-Civita connection of the 

(local) bundle metrics.gi glue up to a (globally defined) torsion-free adapted connec-
tion .D in .Q expressed by 

. DX s = 

⎧ 
⎪⎪⎨ 

⎪⎪⎩ 

π [X, σ  (s)] if X ∈ XF , 

∇X s − 1 2
{
ω(X) s + ω

(
σ(s)

)
X − gQ

(
π X, s

)
B
}

if X ∈ C∞(P⊥), 

(.D is the transverse Weyl connection). Clearly .DJ  = 0. The statement (i) .⇐⇒ (ii) 
in Theorem 4.98 admits the following generalization. 

Proposition 4.118 Let .ϕ : M → M ′ be a transversally holomorphic foliated map 
of .(M, F ) into .(M ′ , F ′), where .F is a l.c.K. foliation of basic Lee form . ω, while 
.F ′ is a Kählerian foliation. The following statements are equivalent: 

(i) . ϕ is transversally harmonic. 
(ii).gradB ϕ

α ∈ Ker
(
κ − ω

)
for any .1 ≤ α ≤ q ′, and any foliated chart . (U ′ , x ′r , 

y′α 
) ∈ F ′. 

The proof of Proposition 4.118 follows from 

. τ α
(
ϕ ; gQ , D, ∇′) = τ α (ϕ) − ω

(
gradB ϕ

α
)

together with (4.141)–(4.142). 

4.10.1.4 Appendix A 

Let.(F , gQ) be a Riemannian foliation of.M and let. g be a bundle-like metric induc-
ing.gQ . Let .C∞ 

B

(
�k Q∗) consist of all sections .α ∈ C∞(

�k Q∗) such that . LX α = 0 
for any .X ∈ XF . For any .α ∈ C∞(

�k Q∗) let .αT ∈ �k(M) be the .k-form given by 

. αT (Y1 , · · ·  , Yk) := α
(
π Y1 , · · ·  , π  Yk

)
, Yi ∈ X(M), 1 ≤ i ≤ k. 

Then .α �−→ αT is an isomorphism .C∞ 
B (�

k Q∗) � �k 
B(F ). Let  .g∗ be the bundle 

metric induced by . g in .�k T ∗(M) → M . Also, let .g∗ 
Q be the metric induced by . gQ 

in .�k Q∗ → M . 

Lemma 4.119 .α → αT is an isometry, i.e.,.g∗(αT , βT ) = g∗ 
Q(α , β) for any. α, β ∈ 

C∞ 
B (�

k Q∗). 
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Proof Let .(U, xα , y j ) ∈ F be a foliated chart and let 

. 

⎛ 

⎝ 
gαβ gα, j+p 

gi+p, β  gi+p, j+p 

⎞ 

⎠ 

be the local components of . g. Then .gαβ are the components of the leafwise metric 
induced by . g, hence .

[
gαβ

]
is invertible. Let us set 

. 
[
gαβ

] = [
gαβ

]−1 
. 

A calculation shows that the .P⊥ component of .∂/∂yi is given by 

. 

( ∂ 
∂ yi

)⊥ = gαβ gi+p, β  
∂ 
∂ xα − 

∂ 
∂yi 

. 

Then 

. (gQ)i j  = gQ
(
π 
∂ 
∂yi 

, π  
∂ 
∂y j

)
= g

(( ∂ 
∂yi

)⊥ 
,
( ∂ 
∂ y j

)⊥)

yields 
.(gQ)i j  = gi+p, j+p − gλμ gi+p, λ  g j+p , μ  . (4.143) 

For simplicity, we look at the case .k = 2. Let .λi ∈ C∞ 
B (Q

∗) determined by . (λi )T = 
dyi . Every .α ∈ C∞ 

B

(
�2 Q∗) may be represented as 

. α = αi j  (y) λi ∧ λ j 

so that 

. g∗ 
Q(α, β) = 

1 

2 
αi j  βk�

{
(gQ)

ik  (gQ) j� − (gQ)i� (gQ) jk
}
,

[
(gQ)

i j
] = [

(gQ)i j
]−1 

. 

Moreover, let us set 

. 

⎛ 

⎝ 
g̃αβ gα, j+p 

gi+p, β  gi+p, j+p 

⎞ 

⎠ = 

⎛ 

⎝ 
gαβ gα, j+p 

gi+p, β  gi+p, j+p 

⎞ 

⎠ 
−1 

. 

Then 

. g∗(αT , βT ) = 
1 

2 
αi j  βk�

{
gi+p, k+p g j+p, �+p − gi+p, �+p g j+p, k+p

}
. 

To end the proof it suffices to show that 
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. (gQ)
i j  = gi+p, j+p . 

Indeed [by (4.143)], 

. gi+p, j+p (gQ) jk  = gi+p, j+p
{
g j+p, k+p − gλμ g j+p, λ  gk+p, μ

}
= 

. = δi k − gi+p, α  gα, k+p − gλμ gi+p, j+p g j+p, λ  gk+p, μ  = 

. = δi k − gi+p, α  gα, k+p − gλμ
[− gi+p, β  gβλ

]
gk+p, μ  = δi k . 

Q.e.d. 

4.10.1.5 Appendix B 

A transversally holomorphic foliation.F may be thought of (cf. A. Haefliger, [Hae]) 

as the synthetic object .
{
Ui , fi : Ui → N , γi j  ∈ �

}
where 

(i) .{Ui } is an open cover of . M , 
(ii) .N is a complex manifold, 
(iii) . � is the pseudogroup of all local complex analytic automorphisms of . N , 
(iv) . fi : Ui → N is a .C∞ submersion, 
(v) .γi j  ∈ �, such that .γi j  ◦ f j = fi on .Ui ∩ U j . Each . fi is referred to as a local 

defining submersion of .F . 
Let .F be a transversally holomorphic foliation, and let . f : U → N be a local 

defining submersion of.F , and let.{w j } be a local complex coordinate system on. N . 
Let us set.z j = w j ◦ f ,.1 ≤ j ≤ n, and let.θ j ∈ C∞ 

B (Q
∗ ⊗ C) such that.(θ j )T = dz  j . 

Also let .α j ∈ C∞ 
B (Q ⊗ C) be given by 

. α j, x = (dT f )−1 
x

( ∂ 
∂w j

)

f (x) 
, x ∈ U. 

Thinking of .F as determined by the data .{Ui , fi , γi j }, the (holonomy invariant) 
complex structure . J on .Q is related to the complex structure .JN on .N by 

. (dT f )x ◦ Jx = (JN ) f (x) ◦ (dT f )x , x ∈ U, 

hence .α j is a local frame of .ν+(F ), defined on the open set . U . Also  

. θ j (αk) = δ j k , θ  j (αk) = 0, αk := αk . 

Let . ϕ be a foliated map of .(M, F ) into .(M ′ , F ′), with .F and .F ′ transversally 
holomorphic. Let 

.Yβ = ϕ−1 α′β , 1 ≤ β ≤ n′ , 
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be the natural lifts to .ϕ−1 Q′ ⊗ C of .α′β , determined by a choice of local defining 
submersion . f ′ : U ′ → N ′ for .(M ′ , F ′). Then 

. ∂T ϕ = ϕ β 
j θ 

j × Yβ , ∂ T ϕ = ϕ β 
j 
θ j ⊗ Yβ , 

for some .C∞ functions .ϕ β 
j , ϕ  β 

j 
: U → C. If  .ϕβ = z′β ◦ ϕ and . Z j ∈ C∞(

T (M) ⊗ 
C
)
is a complex tangent vector field such that .π Z j = α j , then 

. ϕ β 
j = Z j

(
ϕβ

)
, ϕ  β 

j 
= Z j (ϕβ ), Z j := Z j . 

Let .∇ be an adapted connection in .Q and let .�A 
BC be determined by 

. ∇Z B αC = �A 
BC αA 

where the indices.A, B, C range in.{1, · · ·  , n, 1 , · · ·  , n}. Then.∇ J = 0 implies 
.�k 

i j  = 0 and .�k 
i j  
= 0. Moreover, 

.�i 
jk 
= 0 (4.144) 

as a mere consequence of the torsion-free assumption. Indeed.T∇ (Z j , Zk) = 0 may 
be written as 

. �i 
jk 
αi − �i 

k j  
αi = π

[
Z j , Zk

]

or (by applying . θ i ) 
.�i 

jk 
= (

d zi
) [

Z j , Zk

]
. (4.145) 

Next, let us apply .(dT f )x to .πx Z j, x = α j, x , .x ∈ U , so that to obtain . (dx f )Z j, x =(
∂/∂w j

)
f (x) and then 

. Z j
(
zi
) = Z j

(
wi ◦ f

) = [
(d f  )Z j

](
wi

) = δi j . 

Finally, 
. 0 = 2

(
d2 z j

)(
Z j , Zk

) = −(dz j )[Z j , Zk

]

and (4.145) leads to (4.144). Similar to. ∇, the only “surviving” coefficients of.∇′ are 
.�′α 

βγ . Let . ϕ be transversally holomorphic (i.e., .ϕ β 
j 
= 0). Then 

. dT ϕ = ϕ β 
j θ 

j ⊗ Yβ + ϕ β 
j 
θ j ⊗ Yβ . 

Moreover, 
.∇Z j θ i = −�i 

jk  θ 
k , ∇Z j θ i = 0, 
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. 
(
ϕ−1∇′)

Z j 
Yγ = ϕ β 

j �
′α 
βγ Yα ,

(
ϕ−1∇′)

Z j 
Yγ = 0. 

The proof of the first two identities is straightforward. As to the last two, it suffices 
to choose 22 .Z j ∈ V (F ) ⊗ C. These identities lead to 

. ∇ϕ 
Z j 
dT ϕ =

{
Z j
(
ϕα 
k

)− ϕα 
i �

i 
jk  + ϕ β 

j ϕ γ k �
′α 
βγ θ 

k ⊗ Yα + Z j
(
ϕα 
k

)
θ k ⊗ Yα . 

Let us set.X jk :=
[
Z j , Zk

]
for the sake of brevity. As shown above. X jk ∈ C∞(P ⊗ 

C). Also, the calculation 

. X (ϕα ) = X
(
z′α ◦ ϕ

) = [(
dϕ(x) f

′) (dx ϕ)X
]
(w′α 

) = 0 

for any 23 .X ∈ Px , shows that .ϕα are (local) basic functions on .(U, FU ). Finally, 

. 
(∇ϕ 

Z j 
dT ϕ

)
Zk = Z j

(
ϕα 
k

)
Yα =

{
X jk(ϕ

α ) + Zk

(
ϕα 
j

)}
Yα = 0 

[as .ϕα ∈ �0 
B(FU ) and .ϕα 

j = 0], i.e., 

. τ α
(
ϕ ; gQ , ∇ , ∇′) = 0. 

Q.e.d. 

4.10.2 .(F , G )-Harmonic Maps of Foliated Riemannian 
Manifolds 

The purpose of the present section is to report on the results by S. Dragomir and 
A. Tommasoli, [DrTom]. We study.(F , G )-harmonic maps, i.e., critical points . φ ∈ 
C∞(M, N ) of the functional 

. ET (φ) = 
1 

2

∫

M

∥∥dT ϕ
∥∥2 d vg 

with respect to variations through foliated maps. In particular we study .(F , G )-
harmonic morphisms, i.e., smooth foliated maps preserving the basic Laplace equa-
tion.�Bu = 0. We shall show that CR maps of compact Sasakian manifolds preserv-
ing the Reeb flows are weakly stable .(F , G )-harmonic maps. We study .(F , G0)-
harmonic maps into spheres and give foliated analogs to B. Solomon’s (cf. [Sol]) 
results. 

22 This is possible because. f induces an isomorphism.C∞
B (U, Q) � X(N ), cf. [Mol], p. 37. 

23 Because. ϕ is foliate and.Ker(d f ′) = P ′. 
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J.J. Konderak and R.A. Wolak (cf. [KoWo1]-[KoWo2]) defined transversally har-
monic maps as smooth maps.φ : M → N of foliated Riemannian manifolds satisfy-
ing a condition similar to the vanishing of the tension tensor in Riemannian geometry. 
They used the canonical adapted connections to build a foliated analog.βT (φ) to the 
second fundamental form of . φ and computed the trace 

. τT (φ) ≡ TracegQ βT (φ) 

with respect to the given holonomy invariant Riemannian bundle metric .gQ in the 
transverse bundle. Then . φ is transversally harmonic if .τT (φ) = 0. However such 
maps do not, in general, extremize the energy functional (4.146), but rather the 
integral of the energy density divided by the volume of each fiber (cf. Theorem 2.3 
in [KoWo2]). In the present section we deal with a different, perhaps more natural, 
notion of a transversally harmonic map between foliated Riemannian manifolds, 
referred to as a .(F , G )-harmonic map so that to avoid the confusion with the work 
by J.J. Konderak and R.A. Wolak (cf. op. cit.) and also with the works by Y-J. Chiang 
and R.A. Wolak, [ChWo], H.K. Pak and J.H. Park, [PaPa], M.J. Jung and S.D. Jung, 
[JuJu]. 

In Sect. 4.10.2.1 we start from the natural generalization of the energy density of 
a smooth foliated, i.e., the transverse energy density 

. eT (φ) = 
1 

2

∥∥dT φ
∥∥2 ∈ �0 

B (F ), φ ∈ C∞(F , G ), 

cf. A. El Kacimi Alaoui and E.G. Gomez, [KAGo]. This coincides with the ordinary 
energy density of . φ when .F and .G are the trivial foliations by points. A smooth 
foliated map.φ : M → N is said to be a.(F , G )-harmonic map if. φ is a critical point 
of the energy functional 

.ET
(
F , G ) → R, ET (φ) =

∫

M 
eT (φ) d vg . (4.146) 

The Euler-Lagrange equations of the variational principle .δ ET (φ) = 0 are 

.TracegQ βT (φ) − φ∗ τF = 0 (4.147) 

where.τF is the mean curvature of the foliation.F . Therefore, transverse harmonicity 
as proposed in [KoWo1] coincides with.(F , G )-harmonicity as based on the action 
(4.146) provided .F is harmonic (i.e., all leaves of .F are minimal submanifolds of 
. M). Equations (4.147) turn out to be a second-order nonlinear system of PDEs whose 
principal part is the basic Laplacian .�B of .(M, F , g). 

In Sect. 4.10.2.2 we start a study of .(F , G )-harmonic morphisms [that are to 
.(F , G )-harmonic maps what harmonic morphisms are to ordinary harmonic maps]. 
The basic Laplacian .�B is not elliptic (in fact .�B is only transversally elliptic, in 
the sense of [KaAl]) yet the Laplace-Beltrami operator .� of .(M, g) is an elliptic 
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extension [from basic functions .�0 
B (F ) to arbitrary smooth functions .C∞(M)] of  

.�B . Therefore, positive solutions to .�Bu = 0 satisfy the Harnack inequality and 
consequently a class of .(F , G )-harmonic morphisms (with values in a Rieman-
nian manifold .N thought of as endowed with the trivial foliation .G = G0) may be 
shown to consist of open maps. This is a foliated analog to a result by B. Fuglede, 
[Fug]. Maps .φ∗ : H 1 

B (G ) → H 1 
B (F ) among basic cohomology groups, induced by 

.(F , G )-harmonic morphisms.φ : M → N , are investigated as an application of Park 
and Richardson’s Hodge-de Rham decomposition theorem (cf. [PaRi]) for the basic 
complex .

(
�• 

B (F ), dB
)
. 

In Sect. 4.10.2.3 we derive the second variation formula for the transverse energy 
and start a study of stability of .(F , G )-harmonic maps. 

As an application of the techniques developed in the present section we continue 
the study of foliated maps of trasnversally Kählerian foliations, as motivated by the 
lack of a l.c.K. analog to Lichnerowicz’s theorem, cf. our earlier discussion in this 
chapter. Very much the same pathology is known to occur in CR geometry. Indeed 
CR maps of strictly pseudoconvex CR manifolds fail (by a result of H. Urakawa, 
[Ura]) to be harmonic (even if the chosen metrics are Sasakian, which is perhaps the 
closest odd dimensional analog to Kählerian metrics). Both problems find a solution 
within foliation theory (cf. Theorem 4.167 in Sect. 4.7.2.4) and the transversally 
elliptic nonlinear system (4.183) appears as a natural replacement of the ordinary 
harmonic maps equations. 

In Sect. 4.10.2.5 we look at the topology of .(F , G )-harmonic maps into spheres 
and establish a foliated analog to a result by B. Solomon, [Sol]. 

4.10.2.1 .(F , G )-Harmonic maps 

Let .M be a real .n-dimensional, connected, .C∞ manifold. Let 

. F = ({Ui }i∈I , M0 , �,  { fi }i∈I
)

be a codimension . q foliation of . M , where (i) .{Ui }i∈I is an open cover of . M , (ii) 
.M0 is a real .q-dimensional .C∞ manifold, (iii) .� is a pseudogroup of local trans-
formations of .M0, and (iv) each . fi : Ui → M0 is a .C∞ submersion such that for 
every pair of indices .i, j ∈ I with .U ji  = Ui ∩ U j �= ∅  there is .γ j i  ∈ � such that 
. f j = γ j i  ◦ fi on .U ji  . By following A. Haefliger (cf. [Hae]), a foliation .F within 
this approach is also referred to as a .�-foliation. Let .x ∈ M and let .i ∈ I such that 
.x ∈ Ui . We set as customary .Px = Ker(dx fi ) and denote the resulting completely 
integrable distribution by .P = T (F ). Our main object of study are foliated maps 
from .(M, F ) into another foliated manifold .(N , G ), i.e., .C∞ maps . φ : M → N 
such that .φ∗ T (F ) ⊂ φ−1 T (G ). Throughout .φ−1 E → M denotes the pullback of 
the bundle .E → N by the map .φ : M → N . A foliated map .φ : M → N sends 
leaves of .F onto leaves of . G . As such .φ : M → N induces a map of leaf spaces 
.φ : M/F → N /G . In general.M/F has a rather poor structure (a topological space, 
often non Hausdorff) and. φ is only continuous. As customary in foliation theory, cal-
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culations of sorts will be conducted on.M rather than on.M/F , in terms of geometric 
objects which are invariant under sliding along the leaves. 

Let .Q = ν(F ) = T (M)/T (F ) be the transverse bundle and let . π : Q → M 
be the projection. We recall that a foliation .F of .M is transversally Riemannian 
if it is endowed with a transverse .O(q)-structure. This is equivalent to .F being a 
.�(M0 , g0)-foliation, where .�(M0 , g0) is the pseudogroup of all local isometries 
of the (model) Riemannian manifold .(M0 , g0). In terms of first-order geometric 
structures this is also equivalent to the existence of a Riemannian bundle metric . gQ 
on .Q that is invariant under sliding along the leaves 

. ∇̊X gQ = 0, X ∈ XF , (4.148) 

where . ∇̊ is the Bott (partial) connection of .(M, F ). Indeed, if .F is a . �(M0 , g0) 
foliation one may set 

. (gT )i = f ∗ 
i g0 , i ∈ I, 

and observe that .γ j i  ∈ �(M0 , g0) yields.(gT )i = (gT ) j on.U ji , so that .gT is a glob-
ally defined transverse metric on .(M, F ). Then one may consider . gQ(r, s) := 
gT (Y, Z) for any .r, s ∈ C∞(Q), where .Y, Z ∈ X(M) are such that .πY = r and 
.π Z = s. 

Let . g be a Riemannian metric on .M and let .σg : Q → T (F )⊥ be the natural 
vector bundle isomorphism. The metric . g induces a bundle metric on . Q 

.gQ(r, s) := g
(
σg(r ), σg(s)

)
, r, s ∈ Q, (4.149) 

yet .gQ may fail to satisfy (4.148), and (4.149) is indeed a transverse Riemannian 
structure provided that . g is bundle-like. Let .(M, F , g) and.(N , G , h) be two foli-
ated Riemannian manifolds, where .F and .G are Riemannian foliations, and the 
Riemannian metrics. g and. h are bundle-like. Let .C∞(F , G ) denote the space of all 
.C∞ foliated maps of.(M, F ) into.(N , G ). For every.φ ∈ C∞(F , G ) the transverse 
differential of . φ is the vector bundle morphism 

. dT φ : ν(F ) → φ−1 ν(G ), 

. (dT φ)x s = π ′
φ(x) (dx φ)Y, s ∈ Qx , Y ∈ Tx (M), πx (Y ) = s, 

where .π ′ : T (N ) → ν(G ) is the projection. Let .{si : 1 ≤ i ≤ q} be a local .gQ-
orthonormal frame in . Q, defined on the open set .U ⊂ M . The norm. ‖dT φ‖ :  M → 
[0, +∞) is given by 

.‖dT φ‖2 x = 
q∑

i=1 

hν(G ), φ(x)
((
dT φ

)
x si, x ,

(
dT φ

)
s si, x

)
, x ∈ U. (4.150) 
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Here.hν(G ) is the bundle metric induced by. h on.ν(G ). Note that (4.150) is an analog 
to the Hilbert-Schmidt norm of .dφ (that we shall recall shortly). Let .M be oriented, 
and let 

. d vg = 
√
g dx1 ∧  · · ·  ∧  xn 

be the canonical volume form on .(M, g), locally expressed with respect to a local 
coordinate system.(U, xi ). 

Definition 4.120 Let .� ⊂⊂ M be a relatively compact domain. The functional 

. ET, � : C∞(F , G ) → [0, +∞), ET , �(φ) = 
1 

2

∫

M

∥
∥dT φ

∥
∥2 d vg , 

is the transverse energy integral. . �

When.M is compact we write simply.ET, M = ET . The following notion is central 
to the present section. 

Definition 4.121 A foliated map.φ ∈ C∞(F , G ) is said to be.(F , G )-harmonic if 

. 
d 

dt

{
ET, �

(
φt
)}

t=0 
= 0 

for any relatively compact domain .� ⊂⊂ M and any smooth .1-parameter variation 
.{φt }|t |<ε ⊂ C∞(F , G ) of .φ = φ0, supported in . �, i.e., .Supp(V ) ⊂ �, where 

. V ∈ C∞(
φ−1 T (N )

)
, Vx = 

∂φt 

∂t 
(x), x ∈ M. 

. �
Before proceeding with the study of .(F , G )-harmonic maps, we ought to recall 

a few elements of (ordinary) harmonic maps theory. Let .(M, g) and .(N , h) be 
Riemannian manifolds, with .M compact and orientable. Let .{E j : 1 ≤ j ≤ n} be a 
local .g-orthonormal frame of .T (M), defined on the open subset .U ⊂ M . For every 
.C∞ map .φ : M → N , the Hilbert-Schmidt norm .‖dφ‖ :  M → [0, +∞) of .dφ is 
given by 

. ‖dphi‖x = 
n∑

j=1 

hφ(x)
(
(dx φ)E j, x , (dx φ)E j, x

)
, x ∈ U. 

The energy integral is 

. E : C∞(M, N ) → R, E(φ) = 
1 

2

∫

M
‖dφ‖2 d vg . 

A .C∞ map .φ : M → N is harmonic if .
{
E(φt )/dt

}
t=0 = 0 for any smooth .1-

parameter variation .{φt }|t |<ε ⊂ C∞(M, N ) of .φ0 = φ. A  .C∞ map .φ : M → N is 
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a harmonic morphism if for every harmonic function .v : V → R (i.e., .�hv = 0 in 
. V ) defined on the open set .V ⊂ N , one has .�g(v ◦ φ) = 0 in .φ−1(V ). Cf. (4.12) in 
[EeLe1], p. 15. Throughout .�g is the Laplace-Beltrami operator of the Riemannian 
manifold .(M, g). Let  .dim(M) = n ≥ dim(N ). The Fuglede-Ishihara theorem (cf. 
e.g., Theorem 4.2.2 in [BaWo], p. 108) asserts that a smooth map is a harmonic mor-
phism if and only if . φ is both a harmonic map and a horizontally weakly conformal 
map. For a discussion of horizontal weak conformality the reader may see the won-
derful monograph by P. Baird and J.C. Wood (cf. [BaWo], pp. 45–48). Nonconstant 
harmonic morphisms are open mappings (cf. [Fug] or Theorem 4.3.7 in [BaWo]). 
A useful characterization of a harmonic morphism.φ : M → N is that . φ pulls back 
harmonic .1-forms into harmonic .1-forms. 

Let .(M, F , g) and .(N , G , h) be foliated Riemannian manifolds. 

Definition 4.122 A foliated map.φ ∈ C∞(F , G ) is said to be a .(F , G )-harmonic 
morphism if for any basic function . f ∈ �0 

B

(
GV

)
such that .�′

B f = 0 in .V ⊂ N , it  
follows that .�B( f ◦ φ) = 0 in .U = φ−1(V ). . �

Here .�B and .�′
B are, respectively, the basic Laplacians of .(M, F , g) and 

.(N , G , h). For every foliated map .φ : M → N one has 

. φ∗ �0 
B

(
GV

) ⊂ �0 
B

(
FU

)

so that the notion of a .(F , G )-harmonic morphism is well defined. Here . φ∗( f ) := 
φ ◦ f . Also.FU and.GV are the foliations induced on.U and.V by.F and. G . It was  a  
natural open question at the time [DrTom] was written whether a .(F , G )-harmonic 
morphism is a .(F , G )-harmonic map. The partial answer provided in [DrTom] is  
presented in Sect. 4.10.2.2. 

Let .(M, F ) be an orientable foliated manifold, where .F is a transversally ori-
ented foliation of codimension . q . Let  .ν ∈ �q 

B (F ) be the transversal volume form 
(.dBν = 0). Let us assume that.F is Riemannian, and let . g be a bundle-like Rieman-
nian metric on . M . The characteristic form is the .(n − q)-form .χF = ∗  ν where 
.∗ : �q (M) → �n−q (M) is the Hodge star operator of .(M, g). The Riemannian 
volume form .d vg ∈ �n(M) is then given 24 by .d vg = ν ∧ χF . Let  .(N , G , h) be 
another foliated Riemannian manifold, with .G Riemannian and . h bundle-like. Let 
.� ⊂⊂ M be a relatively compact domain. Our task in this section is to derive the 
Euler-Lagrange equations of the variational principle .δ ET, �(φ) = 0. To this end 
et .φ ∈ C∞(F , G ) be a foliated map and let .{φt }|t |<ε ⊂ C∞(F , G ) be a smooth 
.1-parameter variation of .φ = φ0 through foliated maps. Next, let 

. � : M̃ := M × (−ε, ε) → N , �(x, t) = φt (x), (x, t) ∈ M̃ . 

For each .X ∈ X(M) we denote by . X̃ ∈ X( M̃) the tangent vector field 

. X̃(x, t) = (dx αt )Xx , (x, t) ∈ M̃, 

24 With an appropriate choice of the orientation of.M and the tangential and transverse orientations 
of. F . 
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. αt : M → M̃, αt (x) = (x, t). 

Also we set 
. P̃(x, t) = (d αt ) T (F )x , (x, t) ∈ M̃ . (4.151) 

If .{Xα : 1 ≤ α ≤ p} is a local frame of .T (F ) (here .p := n − q) defined on the 
open set .U ⊂ M , then .{ X̃α : 1 ≤ α ≤ p} is a local frame of . P̃ defined on . Ũ = 
U × (−ε, ε), hence . P̃ is a smooth involutive distribution on . M̃ . By the classical 
Frobenius theorem. P̃ is completely integrable. Let . F̃ be the corresponding foliation 
of . M̃ , such that .T ( F̃ ) = P̃ . In particular .αt ∈ C∞(F , G ), i.e., .αt : M → M̃ is a 
foliated map for each.|t | < ε. Similarly, if.s ∈ C∞(ν(F ) is a section in the transverse 
bundle, we denote by .s̃ ∈ C∞(

ν( F̃ )
)
the section 

. s̃(x, t) = (
dT αt

)
x s(x), (x, t) ∈ M̃ . 

Also .φ∗ s ∈ C∞(
φ−1 ν(G )

)
denotes the section in the pullback bundle . φ−1ν(G ) → 

M given by 
. (φ∗ s)(x) = (dT φ)x s(x), x ∈ M . 

Let .∇ be the canonical adapted connection of . (M, F , g) 

.∇X s = 

⎧ 
⎪⎨ 

⎪⎩ 

∇̊X s if X ∈ T (F ), 

π∇g 
X σg(s) if X ∈ T (F )⊥ , 

s ∈ C∞(Q), (4.152) 

[.∇g is the Levi-Civita connection of.(M, g)]. Then.∇ ∈  C
(
ν(F ), gν(F )

)
. Through-

out, if .(E, g) is a Riemannian vector bundle, .C (E) denotes the affine space of 
all connections in . E , while .C (E, g) is the affine subspace of all .D ∈ C (E) such 
that .Dg = 0. Let  .∇′ ∈ C

(
ν(G ), hν(G )

)
be the canonical adapted connection of 

.(N , G , h) and let 
. Dφ = φ−1∇′ ∈ C

(
φ−1 ν(G )

)

be the pullback of .∇′, i.e., the connection induced by .∇′ pn .φ−1ν(G ) → M . Let  

. hφ 
ν(G ) = φ−1 hν(G ) 

be the pullback of .hν(G ) by . φ [so that .
(
φ−1 ν(G ), hφ 

ν(G )

)
is a Riemannian vector 

bundle]. It is immediate that 
(i) the bundle metric .hφ 

ν(G ) is parallel with respect to .Dφ , i.e., 

. Dφ ∈ C
(
φ−1 ν(G ), hφ 

ν(G )

)
, 

and 
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(ii) .� is a foliated map of .( M̃, F̃ ) into .(N , G ), i.e., .� ∈ C∞(
F̃, G

)
. Moreover 

[by (4.150)], 

.‖dT φt‖2 = 
q∑

j=1 

h�ν(G )
(
�∗ s̃ j , �∗ s̃ j

) ◦ αt , |t | < ε , (4.153) 

on . U . Let us set 

. f (x, t) = 
1 

2

∥
∥dT φt

∥
∥2 
x 
, (x, t) ∈ M̃ . 

Then [by (4.153)] 

. 
∂ f 
∂t 

= 
1 

2

∑

j 

∂ 
∂

[
h�ν(G )

(
�∗ s̃ j , �∗ s̃ j

)] =
∑

j 

h�ν(G )
(
D�
∂/∂t�∗ s̃ j , �∗ s̃ j

)

on . Ũ . 

Lemma 4.123 Let .V ∈ C∞(
�−1 T (N )

)
and .v ∈ C∞(

�1, ν(G )
)
be given by 

. V(x, t) =
(
d(x, t)�

) ( ∂ 
∂t

)

(x, t) 
, v(x, t) = π ′

�(x, t) V(x, t) , (x, t) ∈ M̃, 

where .π ′ : T (N ) → ν(G ) is the projection. Then 

.D�
∂/∂t �

∗ s̃ = D�

σ̃g (s) 
v (4.154) 

for any .s ∈ C∞(
ν(F )

)
. 

The proof of (4.154) is a calculation in local foliated coordinates. For this and 
further calculations, we need to adopt the following conventions, as to the ranges of 
the various indices. Let.

(
U, xα , y j

)
and.

(
U , Xa , Y u

)
be local coordinate systems 

adapted to .(M, F ) and .(N , G ), respectively, such that .φ(U ) ⊂ U . The range of 
indices is 

. α ,  β  ,  · · ·  ∈  {1, · · ·  , p}, i, j, · · ·  ∈  {1, · · ·  , q}, 

. a, b, · · ·  ∈  {1, · · ·  , p′}, u, v,  · · ·  ∈  {1, · · ·  , q ′}. 

Then.
{
s j = π

(
∂/∂y j

) : 1 ≤ j ≤ q
}
is a local frame in. Q. Given.s ∈ C∞(Q) locally 

represented as .s = f j s j for some . f i ∈ C∞(U ), one has 

. s̃ = (
f j ◦ p

)
s̃ j on Ũ = U × (−ε , ε),  

where .p : M̃ → M is the projection. Also 
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. 
(
�∗s̃

)
(x, t) = f j (x)

(
dT�

)
(x,t) π̃(x,t)(dx αt )

( ∂ 
∂y j

)

x 

where . π̃ : T ( M̃) → ν( F̃ ) is the projection. Thus, 

. 
(
�∗ s̃

)
(x, t) = π ′

�(x,t)

(
d(x,t)�) ̃Y(x,t) 

where .Y := f j ∂/∂y j ∈ X(U ). Finally, 

.�∗ s̃ = Ỹ
(
�p′+u

)
π ′�

( ∂ 
∂Y u

)�
. (4.155) 

As to the notations in (4.155), for every tangent vector field .W on .N its natural lift 
is 

. W� ∈ C∞(
�−1 T (N )

)
, W�(x, t) = W�(x,t) , (x, t) ∈ M̃ . 

Also .�p′+u = Y u ◦� and .π ′� : �−1T (N ) → �−1ν(G ) is the pullback by .� of 
the projection.π ′ : T (N ) → ν(G ). The canonical adapted connection. ∇′ ∈ C

(
ν(G ), 

hν(G )
)
is locally expressed by 

. ∇′
∂/∂ Xa π

′
( ∂ 
∂Y u

)
= 0, ∇′

∂/∂Y u π
′
( ∂ 
∂Y v

)
= �′w 

uv π
′
( ∂ 
∂Y w

)
. 

Consequently, its pullback .D� = �−1∇′ reads 

.D�
Z π

′φ
( ∂ 
∂Y v

)� = Z
(
�p′+u

) (
�′w 

uv ◦�
)
π ′�

( ∂ 
∂Y w

)�
(4.156) 

for any .Z ∈ X( M̃). Next, we need the local expression of the isomorphism 

. σg : Q � T (F )⊥ , σg(s) = f j
( ∂ 
∂ y j

)⊥ 
, s = f j s j . 

To this end let 

. g : 
⎛ 

⎝ 
gαβ gα, p+ j 

gp+i, β  gp+i, p+ j 

⎞ 

⎠ 

be the local components of. g with respect to the local coordinate system.(U, xα , yi ). 
We set 

. (gQ)i j  = gQ
(
π
( ∂ 
∂yi

)
, π

( ∂ 
∂y j

)
= g

(( ∂ 
∂ yi

)⊥ 
,
( ∂ 
∂ yi

)⊥)

for any .1 ≤ i, j ≤ q. If  .P = T (F ) and .gP is the leafwise metric induced by . g on 
. P , then.gαβ = gP

(
∂/∂xα , ∂/∂xβ

)
. In particular.

[
gαβ

]
is positive definite. Let us set 
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.
[
gαβ

] = [
gαβ

]−1 
. A calculation then shows 

.

( ∂ 
∂yi

)⊥ = ∂ 
∂yi 

− gαβ gp+i, β  
∂ 
∂xα . (4.157) 

At this point we may prove (4.154). Note that .
[
∂/∂t, Ỹ

] = 0. On one hand [by 
(4.155)], 

. D�
∂/∂t �∗ s̃ =

{
Ỹ
(∂�p′+w 

∂t

)
+ Ỹ

(
�p′+u

) ∂�p′+v 

∂t

(
�′w 
vu ◦�

)}
π ′�

( ∂ 
∂Y w

)�
. 

(4.158) 
On the other hand, let .v = π ′�

V so that [by .π ′ ∂/∂ Xa = 0] 

.v = 
∂�p′+u 

∂t 
π ′�

( ∂ 
∂Y u

)�
. (4.159) 

Consequently [by (4.157)], 

. D�

σ̃g (s) 
v = f i

{
∂̃p+i

(∂�p′+u 

∂t

)
π ′� ( ∂ 

∂Y u

)� + 
∂�p′+u 

∂t 
D�

∂̃p+i 
π ′�

( ∂ 
∂Y u

)� + 

. − gαβ gp+i, β  ∂̃α

(∂�p′+u 

∂t

)
π ′�

( ∂ 
∂Y u

)� − gαβ gp+i, β  
∂�p′+u 

∂t 
D�

∂̃α 
π ′�

( ∂ 
∂Y u

)�}

where we have set .∂α = ∂/∂xα and .∂p+i = ∂/∂yi . The last two terms vanish due 
to the fact that .� is a foliated map [cf. also (4.156) with .Z = ∂̃α]. Indeed, as . � ∈ 
C∞(

F̃ , G
)

. T (G )(x,t) "
(
d(x,t)�

) (
dx αt

) (
∂α
)
x = ∂̃α

(
�a)

(x,t)

( ∂ 
∂ Xa

)

�(x,t) 
+ ∂̃α

(
�p′+u)

(x,t)

( ∂ 
∂Y u

)

�(x,t) 

hence 
.∂̃α

(
�p′+u

) = 0. (4.160) 

Moreover [by (4.156) and (4.160)], 

.D�

σ̃g (s) 
v =

{
Ỹ
(∂�p′+w 

∂t

)
+ 
∂�p′+u 

∂t 
Ỹ
(
�p′+v) (�′w 

uv ◦�
) } ( ∂ 

∂Y w

)�
. (4.161) 

Finally (by Proposition 5.5 in [Ton], p. 49), the torsion 

. T∇′(Z , W ) = ∇′
Z π

′W −∇′
W π

′Z − π ′[Z , W
]
, Z , W ∈ X(N ), 

vanishes (i.e.,.T∇′ = 0) hence.�′u 
vw = �′u 

wv and then (4.158) and (4.161) yield (4.154). 
Lemma 4.123 is proved. 
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Let us set .π ′� = π ′ ◦�. By (4.154) and . D�h�ν(G ) = 0 

. 
∂ f 
∂t 

=
∑

j

{
σ̃g(s j )

[
h�ν(G )

(
π ′�

V, �∗s̃ j
)]− h�ν(G )

(
π ′�

V , D�

σ̃g (s j )
�∗ s̃ j

)}
. 

(4.162) 

Lemma 4.124 For every .|t | < ε let .rt ∈ C∞(
ν(F )

)
be determined by 

.h�ν(G )
(
π ′�

V , �∗s̃
) ◦ αt = gν(F )

(
rt , s

)
, s ∈ C∞(

ν(F )
)
. (4.163) 

Then .rt ∈ �(M, F ), i.e., . rt is a transverse vector field for any .|t | < ε. 

Here.�(F ) = �(M, F ) = π V (M, F ) and.V (F ) ≡ V (M, F ) is the set of all 
infinitesimal automorphisms of.F , i.e., all tangent vector fields.Y ∈ X(M) such that 
.[X, Y ] ∈  XF for any .X ∈ XF . 

Proof of Lemma 4.124. Let  .s ∈ C∞(
ν(F )

)
be locally represented as 

.s = f i π ∂/∂ i . Then .s ∈ �(F ) if and only if . f i are basic functions. By (4.155) 
and (4.159) 

.r i t = gi j  Q

{∂�p′+u 

∂t 
∂̃p+ j

(
�p′+v) [(hν(G )

)
uv ◦�

]} ◦ αt (4.164) 

hence .r i t ∈ �0 
B (F ) for any .|t | < ε. Q.e.d. 

Next [by (4.163) and .∇gν(F ) = 0], 

. σ̃g(s j )
[
h�ν(G )

(
π ′�

V, �∗s̃ j
)] ◦ αt = σg(s j )

[
gν(F )

(
rt , s j

)] = 

. = gν(F )

(∇σg (s j )rt , s j
)+ gν(F )

(
rt , ∇σg (s j )s j

)
. 

The term.
∑

j gν(F )

(∇σg (s j )rt , s j
)
may be recognized as a basic divergence. Indeed, 

let .SO(M, F ) → M be the .SO(q)-principal bundle of al oriented orthonormal 
transverse frames. If .z : Rq → ν(F )x is a transverse frame adapted to . SO(M, F ) 
the transverse volume form.ν ∈ �q 

B (F ) is given by 

. νx
(
v1 , · · ·  , vq

) = det
[(
gν(F )

)
x

(
πx vi , z(e j )

)]

for any .vi ∈ Tx (M), where .{e1 , · · ·  , eq} ⊂  Rq is the canonical linear basis. Let 
.
(
U, xα , yi

)
be a foliated local chart of .(M, F ) such that .x ∈ U . Then 

. z(e j ) = ai j πx

( ∂ 
∂ yi

)

x 
, 1 ≤ j ≤ q, 

for some.a = [
ai j
] ∈ GL(q, R). Next, we may consider the function. c : M → {±1} 

defined by .c(x) = sign
(
det(a)

)
for any .x ∈ M . The definition of .c(x) doesn’t 
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depend on the choice of the transverse frame.z ∈ SO(M, F )x . A calculation shows 
that 

.ν = c q!√G d  y1 ∧  · · ·  ∧  d yq . (4.165) 

Here 

. G = det
[(
gQ

)
i j

]
,

(
gQ

)
i j  = gQ

(
π 
∂ 
∂yi 

, π  
∂ 
∂ y j

)
. 

Definition 4.125 The basic divergence of an infinitesimal automorphism. Y ∈ V (F ) 
is the basic function 

.divB (Y ) ∈ �0 
B (F ) , LY ν = divB(Y ) ν. (4.166) 

. �

Here .LY denotes the Lie derivative. It should be observed that .divB (Y ) depends 
only on the transverse vector field .s = π(Y ) ∈ �(M, F ) [and one often writes 
.divB(s) rather than .divB(Y )]. A calculation based on [based on (4.165)-(4.166)] 
shows that 

.divB (Y ) = 
1√
G 

∂ 
∂yi

(√
G Y  i

)
(4.167) 

for any .Y ∈ V (F ) such that locally .π(Y ) = Y i π ∂/∂  yi [note that .Y i ∈ �0 
B

(
FU

)
]. 

As previously announced 

Lemma 4.126 Let .{s j : 1 ≤ j ≤ q} be a local .gQ-orthonormal frame in . Q = 
ν(F ) → M, defined on the open set .U ⊂ M. Then 

. 

q∑

j=1 

gQ
(∇σg (s j )rt , s j

) = divB (rt ) (4.168) 

on .U for any .|t | < ε. 

Proof One has [by (4.179)] 

. �i 
i j  = 

1 

2G 

∂G 

∂y j 

so that 

. 
(
gQ

)i j  
gQ

(∇(∂p+i )⊥ rt , π  ∂p+ j
) = 

∂r i t 
∂yi 

+ �i 
i j  r 

j 
t = divB

(
r i t ∂p+i

)
. 

Q.e.d. 

By (4.163) and (4.168) 
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. 

∑

j

σ̃g(s j )
[
h�ν(G )

(
π ′�

V, �∗s̃ j
)]

◦ αt=divB (rt ) +
∑

j 

h�ν(G )
(
π ′�

V, �∗ ˜∇σg (s j ) s j
)

hence (4.162) becomes 

. 
∂ f 
∂t 

◦ αt = divB (rt ) − h�ν(G )
(
π ′�

V,
∑

j

[
D�

σ̃g (s j )
�∗ s̃ j −�∗ ˜∇σg (s j ) s j

])
◦ αt . 

Let us integrate over .� and use 

.

∫

M 
divB (s) d vg =

∫

M 
gQ

(
τF , s

)
d vg (4.169) 

for any compactly supported .s ∈ �(F ). 

Theorem 4.127 Let.φ ∈ C∞(F , G ) be a foliated map. For every relatively compact 
domain .� ⊂⊂ M, and any smooth .1-.parameter variation .� ∈ C∞(

F̃ , G
)
of . φ = 

φ0 supported in . �

. 
d 

dt

{
ET, �(φt )

}

t=0 
= −

∫

�

hφ 
ν(G )

(
π ′φ V , τT (φ) − φ∗ τF

)
d vg (4.170) 

where 
. τT (φ) ≡ Tracegν (F ) βT (φ) ∈ C∞(

φ−1 ν(F )
)
, 

. βT (φ)(r, s) = Dφ 
σg (r) φ∗ s − φ∗∇σg (r ) s , r, s ∈ C∞(

ν(F )
)
. 

Consequently, .φ : M → N is .(F , G )-harmonic if and only if 

.τT (φ) − φ∗ τF = 0. (4.171) 

The section .τT (φ) is locally given by 

. τT (φ) =
{ 1√

G 

∂ 
∂yi

(√
G
(
gQ

)i j  ∂φ p′+w 

∂y j

)
+ (

gQ
)i j  ∂φ p′+u 

∂ yi 
∂φ p′+v 

∂y j
(
�′w 

uv ◦ φ
)}
π ′φ ( ∂ 

∂Y w

)φ 

(4.172) 
for any local foliated charts .(U, xα , yi ) ∈ F and .(U , Xa , Y u) ∈ G such that 
.φ(U ) ⊂ U . 

Definition 4.128 The identity (4.170) is the  first variation formula for the transverse 
energy .ET, � : C∞(F , G ) → R. Equation (4.171) is the  .(F , G )-harmonic map 
system. . �

As well as the transverse formula (4.169), the .(F , G )-harmonic map system 
contains explicitly the mean curvature vector 

.τF ∈ C∞(
ν(F )

)
, gQ

(
τF , π  Z

) = κ(Z ), Z ∈ T (F )⊥ , 
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of the Riemannian foliation .F . Here  .κ ∈ �1(M) is the mean curvature of .F . We  
recall that one sets 

. α(X, X ′) = π ∇g 
X X

′ , X, X ′ ∈ XF , 

. W (Z ) : T (F ) → T (F ), gQ
(
α(X, X ′), π Z

) = gT (F )

(
W (Z )X, X ′), Z ∈ C∞(

T (F )⊥
)
. 

Finally, .κ ∈ �1(M) is given by 

. κ(X ) = 0, κ(Z ) = Trace W (Z), X ∈ XF , Z ∈ C∞(
T (F )⊥

)
. 

Definition 4.129 The bilinear form .βT (φ) ∈ C∞(
Q∗ ⊗ Q∗) is the transverse sec-

ond fundamental form of . φ and its trace .τT (φ) with respect to .gQ is the transverse 
tension field of . φ. . �

The proof of Theorem 4.127 may be completed applying the following identities 

. Ỹ
(
�p′+u

) ◦ α0 = Y
(
φ p′+u

)
, (4.173) 

. Z̃
(
Ỹ �p′+u

) ◦ α0 = Z
(
Y φ′+u

)
, (4.174) 

.
(
�∗ s̃

) ◦ α0 = φ∗ s, (4.175) 

.
(
D�

Ỹ
�∗ s̃

) ◦ α0 = Dφ 
Y φ∗ s, (4.176) 

for any .Y, Z ∈ X(M) and any .s ∈ C∞(Q). At its turn, the proof of (4.173)-(4.175) 
is straightforward. The identities (4.173)-(4.175) and (4.156) then yield (4.176). To 
prove (4.172) we compute 

.τT (φ) =
(
gQ

)i j  
βT (φ)

(
π ∂p+i , π  ∂p+ j

)
. (4.177) 

One has [by (4.157)] 

. βT (φ)
(
π ∂p+i , π  ∂p+ j

) =
{ ∂2φ p′+w 

∂yi ∂y j 
+ 
∂φ p′+u 

∂yi 
∂φ p′+v 

∂y j
(
�′w 

uv ◦ φ
)− �k 

i j  
∂φ p′+w 

∂ yk
}(
π ′ ∂ 
∂Y w

)φ 
. 

Here.�i 
jk  are local coefficients of the canonical adapted connection.∇ ∈  C (Q, gQ), 

i.e., 

. ∇(∂/∂ y j )⊥ π 
∂ 
∂yk 

= �i 
jk  π 

∂ 
∂y j 

. 

As .LX gQ = 0 for any .X ∈ XF , it follows that .
(
gQ

)
i j  ∈ �0 

B

(
FU

)
. Also  . ∇gQ = 0 

implies 
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. �i 
jk  =

(
gQ

)i�
� jk� , �i jk  = 

1 

2

{∂
(
gQ

)
ik  

∂y j 
+ 
∂
(
gQ

)
jk  

∂yi 
− 
∂
(
gQ

)
i j  

∂yk

}
, 

hence 

. − (
gQ

) jk
�i 

jk  = 
∂
(
gQ

)i j  

∂y j 
+ 

1 

2

(
gQ

)i j (
gQ

)k� ∂
(
gQ

)
k�

∂y j 
. (4.178) 

Finally, (4.172) follows from (4.177) to (4.178) and the identity 

. 
1 

G 

∂G 

∂yi 
= (

gQ
) jk  ∂

(
gQ

)
jk  

∂yi 
. (4.179) 

Let us briefly examine the structure of the .(F , G )-harmonic map system (4.171). 
Let .(M, F , g) be a compact orientable foliated Riemannian manifold where 
.F is transversally oriented Riemannian foliation and . g is bundle-like. Let . ˆast :
�

j 
B(F ) → �

q− j 
B (F ) be the star operator associeted to .gQ , i.e., 

. ω ∧ ∗̂ ω = ν, ω ∈ � j 
B(F ). 

The ordinary .L2 inner product on .� j (M) restricts on basic forms to 

. 〈α ,  β〉 =
∫

M 
α ∧ (∗̂β) ∧ χF . 

Let 
. δB : � j 

B (F ) → �
q− j 
B (F ) 

be the formal adjoint of .dB with respect to .〈 , 〉. 
Definition 4.130 The basic Laplacian is 

.�B = δB dB + dB δb : � j 
B (F ) → �

j 
B (F ) ,  0 ≤ j ≤ q. (4.180) 

. �

The adjoint .δB may be expressed as  

.δB ω = (−1)q( j+1)+1 ∗̂(dB ∗̂ ω − κ ∧ ∗̂ ω
)
, ω  ∈ � j 

B (F ). (4.181) 

It should be emphasized that (4.181) requires the additional assumption.κ ∈ �1 
B(F ). 

As a consequence of (4.181) the basic Laplacian (on functions) is locally given by 

.�Bu = 
1√
G 

∂ 
∂yi

{√
G
(
gQ

)i j  ∂u 
∂y j

}
− (

gQ
)i j  ∂u 
∂ yi 

κ j , u ∈ �0 
B(F ). (4.182) 
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Here.κi = κ
(
∂/∂yi

)
. Locally.τF = κ i π

(
∂/∂yi

)
and.κ i = (

gQ
)i j  
κ j . The restriction 

of .�B to a transversal manifold is an elliptic operator so that .�B is transversally 
elliptic (in the sense of [KaAl], p. 58). Next [by (4.172) and (4.182)], the .(F , G )-
harmonic map system may be written 

.�B φ p′+w + (
gQ

)i j  ∂φ p′+u 

∂yi 
∂φ p′+v 

∂ y j
(
�′w 

uv ◦ φ
) = 0, (4.183) 

a nonlinear transversally elliptic system of variational origin. 

Example 4.131 (.(F , G )-harmonic maps of linear foliations) Let.T 2 = S1 × S1 be 
the .2-torus carrying the linear foliation .Fλ of gradient .λ2/λ1 [with . λ = (λ1 , λ2) ∈ 
R

2, .λ �= 0], i.e., .Fλ is the flow of .T 2 spanned by .Xλ = λ1S1 + λ2S2 where . SA ∈ 
X(T 2) are the (globally defined) vector fields locally given by .SA = ∂/∂θ A on. U ⊂ 
T 2 for each coordinate system 

. χ = (θ 1 , θ  2) : U → (
θ 1 0 − π ,  θ  1 0 + π

)× (
θ 2 0 − π ,  θ  2 0 + π

) ⊂ R2 , χ  −1(α) = (
eiα1 , eiα2

)
, 

for some .‖θ0‖ < π  and any .‖α − θ0‖ < π . Here  .‖α‖ =  max
{|α1‖ , |α2|

}
. If  . g is 

the natural flat metric on.T 2, i.e., .g
(
SA , SB

) = δAB , then the induced bundle metric 
.gν

(
Fλ

)
is invariant under sliding along the curves 

. γθ : R → T 2 , γθ (t) = χ −1 (θ + tλ), t ∈ R, ‖θ‖ < π  .  

Indeed, as .Zλ = ‖λ‖−1
(
λ2S1 − λ1S2

)
spans .T

(
Fλ

)⊥
, the bundle isomorphism 

.σg : ν
(
Fλ

) → T (F )⊥ is given by .σg
(
sλ
) = Zλ where .sλ = π

(
Zλ
)
. Here  . ‖λ‖2 = 

λ2 1 + λ2 2. Therefore, .gν(F λ)

(
sλ , sλ

) = 1 and . ∇̊Xλsλ = 0 so that . ∇̊Xλ gν(F λ) = 0, i.e., 
.
(
Fλ , gν(F λ)

)
is a Riemannian flow and. g is bundle-like. Since.∇g 

Xλ 
Xλ = 0 the leaves 

of.Fλ are geodesics of.
(
T 2, g

)
. In particular.τF = 0. If.φ ∈ C∞(

Fλ, G
)
is a foliated 

map .π : T 2 → N into a foliated Riemannian manifold .(N , G , h), then 

. τT (φ) = Dφ 
Zλ 
φ∗sλ − φ∗∇Zλ sλ =

{
Z2 
λ

(
φ p

′+w)+ (
γ ′w 

uv ◦ φ
)
Zλ

(
φ p

′+u)Zλ
(
φ p

′+v)}( ∂ 
∂Y w

)φ 

on .φ−1(U (. Let  .U, χ  )  be a local coordinate system on .T 2 as above with . U ∩ 
φ−1(U ) �= ∅. If  .Fλ is a linear foliation of irrational gradient .λ2/λ1 ∈ R \ Q, then 
the leaf .γθ (R) is dense in .T 2 (and diffeomorphic to . R) hence .�0 

B

(
Fλ

) = R. Con-
sequently [by (4.183)], each .(F , G )-harmonic map .φ : T 2 → N is locally given 
by .φ(θ  )  = (

ψ(θ ), c
)
where .ψ : U → R p′ and .c ∈ Rq ′

are, respectively, an arbi-
trary .C∞ function and an arbitrary constant. Let us look now at the opposite case 
where .Fλ has rational gradient .λ2/λ1 ∈ Q. Then .Fλ is simple and has compact 
leaves (diffeomorphic to. S1). The change of local coordinate. x = λ1θ 1 + λ2θ 2, y = 
λ2θ 1 − λ1θ 2 furnishes a local foliated chart.(U, x, y) ∈ Fλ. Indeed.π(∂/∂x) = 0 and 
.π(∂/∂y = ‖λ‖−1sλ so that . y is a transverse local coordinate. In the new coordinates 
.Zλ = ‖λ‖∂/∂y and .φ p′+u are functions of . y alone so that [by (4.171)] .φ : T 2 → N 
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is .(F , G )-harmonic if and only if 

. 
∂2φ p′+w 

∂y2 
+ (
�′w 

uv ◦ φ
)∂φ p′+u 

∂ y 
∂φ p′+v 

∂y 
= 0. 

If for instance .N = T 2 and .G = Fμ (with .μ ∈ R2 \ {0}), then .φ2(y) = ay + b for 
some.a, b ∈ R. . �

4.10.2.2 .(F , G )-Harmonic morphisms 

If .∇ ∈  C
(
Q, gQ

)
is the canonical adapted connection we set 

. 
(∇X ω

)
s = X

(
ω(s)

)− ω
(∇X s

)
, ω  ∈ C∞(

Q∗), s ∈ C∞(Q). 

In particular for each . u ∈ �0 
B(F ) 

. ∇X

((
dBu

) ◦ σg
)
= 0, X ∈ XF , 

. ∇Y

((
dBu

) ◦ σg
)
= (∇g 

Y dBu
) ◦ σg , Y ∈ C∞(

T (F )⊥
)
. 

We adopt the notation 

. ui, j =
(
∇∂/∂yi

((
dBu

)
σg

)
π
( ∂ 
∂yi

)
= ∂2u 

∂yi ∂y j 
− �k 

i j  

∂u 

∂yk 
, u ∈ �0 

B(F ). 

For any .φ ∈ C∞(F , G ) and . f ∈ �0 
B(G ) 

. �B( f ◦ φ)=
( ∂ f 
∂Y u 

◦ φ
)
�B φ p′+u + (

gQ
)i j  ∂φ p′+u 

∂yi 
∂φ p′+v 

∂y j

(
fu,v + �′w 

uv 
∂ f 
∂Y w

)
◦ φ. 

(4.184) 

Theorem 4.132 Let .G0 be the trivial foliation by points on . N . Then any .(F , G0)-
harmonic morphism .φ : M → N of .(M, F , g) into .(N , G0 , h) is a .(F , G0)-
harmonic map. 

(i) If .dim N ) >  cod(F ), then there are no .(F , G0)-harmonic morphisms of . M 
into . N , except for the constant maps. 

(ii) If .dim(N ) ≤ cod(F ), then, for each .(F , G0)-harmonic morphism, . φ : M → 
N 

.φ∗h = �φ g on  H = Ker(dφ)⊥ (4.185) 

where .�φ = (1/ dim(N )) ‖dT φ‖2. Also  .φ : M \ C(φ) → N is a .C∞ submersion 
where .C(φ) = {x ∈ M : dx φ = 0}. Moreover, each leaf of the foliation induced 
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by .F on .M \ C(φ) is a submanifold of some connected component of a fiber of 
.φ : M \ C(φ) → N . In particular, if .dim(N ) = cod(F ) and .C(φ) =, then .F is the 
simple foliation determined by the submersion .φ : M → N . 
Proof By a result of Ishihara, [Ish], for every point .y0 ∈ N and every system of 
constants .Cu , Cu, v  ∈ R such that .Cuv = Cvu , there is a normal coordinate system 
.(U , Y u) centered at .y0 ∈ U ⊂ N and a harmonic function . f : U → R such that 
. fu(y0) = Cu and . fu, v(y0) = Cuv for any .1 ≤ u, v  ≤ n′. This is commonly referred 
to as Ishihara’s lemma (cf. again [Ish]). Here . fu = ∂ f /∂Y u and . fu,v are the local 
components of the covariant derivative of .d f  . Of course the canonical adapted con-
nection of .G0 is the Levi-Civita connection of the background Riemannian metric. 
Let .x0 ∈ M and .y0 := φ(x0). Let us apply Ishihara’s lemma with 

. Cu = δu, u0 , Xuv = 0, u0 ∈ {1, · · ·  , n′}, 

so that to produce a normal coordinate system .(U , Y u) at .y0 such that . φ(U ) ⊂ U 
and a harmonic function . f : U → R with . fu(y0) = δu u0 and . fu, v(y0) = 0. As  . φ : 
M → N is a .(F , G0)-harmonic morphism 

. �B ( f ◦ φ) = 0 on  U ; 

hence [by (4.184) at the point .x0 with .p′ = 0], 

. 
(
�B φ

u0
)
(x0) +

(
gQ

)i j  
(x0) 

∂φv 

∂ yi 
(x0) 

∂φw 

∂y j 
(x0) �

′u0 
vw(y0) = 0, 

i.e., . φ is a .(F , G0)-harmonic map. Next, let .Cuv ∈ R be a system of constants such 
that 

. Cuv = Cvu , 
n′∑

u=1 

Cuu = 0. 

By Ishihara’s lemma there is a harmonic function . f : U → R defined on a normal 
coordinate neighborhood .U ⊂ N centered at .y0 = φ(x0) such that 

. fu(y0) = 0, fu, v(y0) = Cuv . 

Again by (4.184) 

. 0 = �B( f ◦ φ)(x0) =
(
gQ

)i j  
(x0) 

∂φu 

∂yi 
(x0) 

∂φv 

∂y j 
(x0) Cuv . 

Let us set 

. Xuv = (
gQ

)i j  ∂φu 

∂yi 
∂φv 

∂y j 
. 

Then .Cuv Xuv (x0) = 0 or 
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.

∑

u �=v 
Cuv X

uv (x0) +
∑

u

{
Xuu (x0) − X11 (x0)

}
Cuu = 0. (4.186) 

Now let us choose .Cuv = 0 for any .u �= v and 

. Cuv = 

⎧ 
⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

1 if  u = u0 , 

−1 if  u = 1, u0 ∈ {2, · · ·  , n′}, 

0 otherwise. 

Then [by (4.186)] .Xu0 uu0 (x0) − X11(x0) = 0, that is 

. X11 (x0) =  · · ·  =  Xn′ n′(x0) 

and (4.186) becomes 
. 

∑

u �=v 
Cuv X

uv (x0) = 0. 

At this point we fix .u0 , v0 ∈ {1, · · ·  , n′} with .u0 �= v0 and choose 

. Cuv = 

⎧ 
⎪⎨ 

⎪⎩ 

1 if  u = u0 and v = v0 , 

0 otherwise, 

so that to yield.Xu0 v0 (x0) = 0. We obtained.Xuv (x0) = 0 for any.u �= v. Next, let us 
set 

. �φ = X11 = (
gQ

)i j  ∂φ1 

∂yi 
∂φ1 

∂y j 
∈ C∞(U ). 

Then 

.
(
gQ

)i j  
(x0) 

∂φu 

∂yi 
(x0) 

∂φv 

∂y j 
(x0) = �φ(x0) δ

uv . (4.187) 

Let us contract . u and . v in (4.187) and use .hν(G 0) = h and .huv(y0) = δuv . We get 

. �φ = 
1 

n′
∥∥dT φ

∥∥2 
x0 

so that .�φ is a globally defined .C∞ function on .M and .�φ(x) ≥ 0 for any .x ∈ M . 
As .φ ∈ C∞(F , G0), the functions .φu = Y u ◦ φ are basic (with respect to .FU ). 
Consequently, if .�φ = 0, then . φ is a constant map. Clearly .C(φ) is the zero set of 
.�φ . Let us assume that there is .x0 ∈ M such that .�φ(x0) �= 0. As .

[(
gQ

)i j  
(x0)

]
is a 

positive definite matrix, there is .a = [
ai j
] ∈ GL(q, R) such that 
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. 
(
gQ

)i j  
(x0) = 

q∑

k=1 

ai k a 
j 
k , 

Let .{W 1 , · · ·  , W ′} ⊂  Rq be given by 

. W u = 
q∑

k=1 

ai k 
∂φu 

∂yi 
(x0) ek , 1 ≤ u ≤ n′ . 

Then we may write (4.187) as  

. 
(
W u , W v

) = �φ(x0) δ
uv 

where.( · , · ) is the Euclidean inner product in.R
q . Hence, the vectors. {W u : 1 ≤ u ≤ 

n′} are nonzero and mutually orthogonal. Therefore, .n′ ≤ q and the .n′ × q matrix 

. 
(
W 1 , · · ·  , W n

′)t =
[∂φu 

∂yi 
(x0)

]
· a 

has rank .n′ (a dot denotes ordinary matrix product). In particular .dx0 φ has rank . n′
and we may conclude that .φ : M \ C(φ) → N is a .C∞ submersion on some open 
neighborhood of . x0. Next, the Riemannian gradient of .φu is (in the chosen local 
coordinates) 

. ∇φu = (
gQ

)i j  ∂φu 

∂y j 
∂ 
∂yi 

so that 

Claim. The vectors .
{(∇φu

)
x0 

: 1 ≤ u ≤ n′
}
are linearly independent. 

Proof Indeed, if .αu
(∇φu

)
x0 
= 0 with .αu ∈ R, then 

. αu
(
gQ

)i j  
(x0) 

∂φu 

∂y j 
(x0) = 0 =⇒ αu = 0 

as .rank
[
∂φu/∂y j

]
x0 
= n′. Q.e.d. 

Let .Hx0 be the linear span of .
{(∇φu

)
x0 

: 1 ≤ u ≤ n′
}
over . R. 

Claim. The definition of .Hx0 doesn’t depend on the choice of normal local coor-
dinates centered at .φ(x0). 

Proof Indeed, let.z, z : Rn′ → Tφ(x0)(N ) be two linear frames tangent to.N at.φ(x0), 
so that .z(ev) = au v z(eu) for some .

[
au v
] ∈ GL(n′ , R). Let  . Nr =

{
w ∈ Tφ(x0)(N ) :

‖w‖ < r
}
, .r > 0, such that the exponential map .expφ(x0) : Nr → N is a .C∞ dif-

feomorphism on the image .U = expφ(x0)
(
Nr

)
. If  .χ = (

Y 1 , · · ·  , Y n′) and . χ =
(
Y 
1 
, · · ·  , Y n′) are the corresponding local charts, i.e., 
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. χ = (
z ◦ expφ(x0)

)−1 
, χ = (

z ◦ expφ(x0)
)−1 

, 

then .∇φ u = au v ∇φv where .φ u = Y u ◦ φ. Moreover, 

. (dx0 φ)
(∇φu

)
x0 
=(∇φu

)
x0

(
φv
) ( ∂ 
∂Y v

)

φ(x0) 
= g

(∇φu , ∇φv)
x0

( ∂ 
∂Y v

)

φ(x0) 

=�φ(x0)
( ∂ 
∂Y u

)

φ(x0) 

hence 
. 
(
φ∗h

)(∇φu , ∇φv)x0 = �(x0)
2 δuv = �φ(x0) g

(∇φu , ∇φv)x0 , 

i.e., .(φ∗h)x0 = �φ(x0) gx0 holds on .Hx0 as announced. By .(dφ)T (F ) = (0) and a 
dimension argument, it follows that .H ⊥ = Ker(dφ) and .T (F ) ⊂ Ker(dφ). Theo-
rem 4.132 is proved. 

A version of Theorem 4.132 where the target manifold .N carries an arbitrary 
Riemannian foliation .G �= G0 would require a foliated version of Ishihara’s lemma. 
The problem is open. 

Let us discuss the realtionship of .(F , G )-harmonic morphisms to basic coho-
mology. Every foliated map.φ ∈ C∞(F , G ) induces a map. φ∗ : �1 

B (G ) → �1 
B(F ) 

such that .φ∗ ◦ d ′
B = dB ◦ φ∗. Hence, .φ∗ descends to a map . φ∗ : H 1 

B (G ) → H 1 
B(F ) 

between the first basic cohomology groups. Here.d ′
B : �• 

B(G ) → �• 
B (G ) is the basic 

complex of the foliated manifold .(N , G ). 

Definition 4.133 A .(F , G )-harmonic morphism is said to be submersive if . φ : 
M \ C(φ) → N is a submersion. . �

By Theorem 4.132 every .(F , G )-harmonic morphism is submersive provided 
that .G = G0. We shall show that 

Theorem 4.134 Let .(M, F , g) be a compact, orientable, foliated Riemannian 
manifold, where .F is transversally oriented and Riemannian, and . g is bundle-
like. Then, for any surjective submersive .(F , G )-harmonic morphism . φ : M → N 
of .(M, F , g) into another compact, orientable, foliated Riemannian manifold 
.(N , G , h)(with .G transversally oriented and Riemannian, and . h bundle-like), the  
induced map on basic cohomology.φ∗ : H 1 

B(G ) → H 1 
B (F ) is injective. In particular 

.dimR H 1 B (F ) ≥ dimR H 1 B (G ). 

Here 
. H • 

B (F ) = {
ω ∈ �• 

B (F ) : �B ω = 0
}
. 

Lemma 4.135 A foliated map .φ ∈ C∞(F , G ) is a .(F , G )-harmonic morphism if 
and only if.φ∗ω ∈ �1 

B (F ) is.�B-harmonic for each.�′
B-harmonic form.ω ∈ �1 

B (G ). 
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Proof Let us assume that .φ is a .(F , G )-harmonic morphism and let us show 
.φ∗ H 1 B (G ) ⊂ H 1 B (F ). Let .ω ∈ H 1 B (G ). The identity 

. 
(
�′

Bω ,  ω
)
L2 =

∥∥d ′
B ω

∥∥2 + ∥∥δ′B ω
∥∥2 

implies that. ω is.d ′
B-closed. In particular.dω = 0 hence (by Poincaré lemma) for each 

.y0 ∈ N there is aneighborhood .U ⊂ N of .y0 and a .C∞ function . f : U → R such 
that .d f  = ω. As .ω ∈ �1 

B(G ), it follows that . f ∈ �0 
B (GU ). Yet . ω is also .δ′B-closed, 

hence . f is .�′
B-harmonic. Then 

. dB
(
φ∗ω

) = d2 
B ( f ◦ φ) = 0, δB(φ

∗ω) = δB dB ( f ◦ φ) = �B( f ◦ φ) = 0, 

because . φ is a .(F , G )-harmonic morphism. Viceversa, let . f : U → R be a local 
.�′

B-harmonic function and let us set .ω = d ′
B f ∈ �1 

B (G ). Then 

. �′
B ω = d ′

B δ
′
B d

′
B f = d ′

B �
′
B f = 0, 

i.e.,.ω ∈ H 1 N (G ). Our assumption is that.φ∗ H 1 B (G ) ⊂ H 1 B (F ) hence.φ∗ω must be 
.δB-closed. Finally, 

. 0 = δB
(
φ∗ω

) = δB dB
(
f ◦ φ

)

so that . φ is a .(F , G )-harmonic morphism. Q.e.d. 

To prove Theorem 4.134 let.γ ∈ H 1 
B(G ) such that.φ∗γ = 0.As.N is a compact ori-

entable manifold, and. G is transversally oriented, we may use de Rham-Hodge theory 
for Riemannian foliations (cf. e.g., [PaRi]) to conclude that. γ has a.�′

B-harmonic rep-
resentative.ω ∈ H 1 B (G ). Precisely, the existence of a.�

′
B-harmonic representative for 

. γ follows from Theorem 3.2. in [PaRi], p. 1268 (implying Theorem 12.30 in [Ton]). 
As .φ : M → N is a .(F , G )-harmonic morphism, we may apply Lemma 4.135 to 
conclude that .φ∗ω is a .�B-harmonic representative of .φ∗γ ∈ H 1 

B (F ). By Theorem 
3.2 in [PaRi] the assumption .φ∗γ = 0 yields .φ∗ω = 0. As .φ : M \ C(φ) → N is a 
submersion, it follows that .ωφ(x) = 0 for any .x ∈ M \ C(φ). By Sard’s theorem the 
set of all regular values of . φ is dense in .N hence (by continuity) .ωy = 0 for any 
.y ∈ N . Q.e.d. 

The spaces .H • 
B (F ) and .H • 

B (G ) are finite dimensional (again by Theorem 3.2 
in [PaRi]). The last statement in Theorem 4.134 then follows from Theorem 12.30 
in [Ton]. 

Example 4.136 (Morphisms of Killing flows) Let.(M, g) be a compact Riemannian 
manifold, and let .T be a unit Killing vector field on . M . Let  .F be the Riemannian 
foliation of .M by orbits of . T . We denote by .G the closure of . {exp(t T  ) : t ∈ R} 
in .Isom(M, g). .G is a compact Abelian group, hence a torus. Every basic form on 
.(M, F ) is then .G-invariant, i.e., 

.ι : �r 
B (F ) ⊂ �r (M)G , 0 ≤ r ≤ n − 1. 
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Let .φ ∈ C∞(
F , G ) be a foliated map of .(M, F ) into .(N , G ), where .G is the 

foliation of .N by orbits of a unit Killing vector field .S ∈ X(N ). Then 

. (dx φ) Tx = λ(x) Sφ(x) 

for some .λ ∈ C∞(M) and any .x ∈ M . 

Definition 4.137 The function .λ = (φ∗h)(T , T ) is the square dilation of . φ. . �

Claim. The diagram 

. 

Hr 
B (F ) ι∗ −→ Hr (M, R) i (T )∗ −→ Hr−1 

B (F ) δF −→ Hr+1 
B (F ) 

↑ ↑ ↑ ↑  

Hr 
B(G ) 

ι∗ −→ Hr (N , R) i (S)∗ −→ Hr−1 
B (G ) δG −→ Hr+1 

B (G ) 

(4.188) 

has exact lines and the vertical arrows are induced by . φ. 

Proof The first claim follows from Theorem 10.13 in [Ton], p. 139, as the short 
exact sequence of complexes 

. 0 → �• 
B (F ) 

ι
↪→ �•(M)G i (T )−→ �•−1 

B (F ) → 0 

is exact and 
. Hr

(
�•(M)G

) � Hr (M, R) 

(a group isomorphism). Moreover, the pullback of basic forms by the foliated map 
. φ induces maps on cohomology .φ∗ : Hr 

B (G ) → Hr 
B(F ) for every .r ≥ 0. Next,  for  

any . ω ∈ �r (N ) 
.i (T ) φ∗ ω = λφ∗ i (S) ω. (4.189) 

We recall (cf. e.g., formula (10.15) in [Ton], p. 140) that the connecting homomor-
phism 

. δF : Hr−1 
B (F ) → Hr+1 

B (F ) 

is given by 
. δF

[
α
]
B =

[(
d χF

) ∧ α
]
B 

for any .α ∈ �r−1 
B (F ) such that .dB α = 0. Here  .[α]B is the basic cohomology class 

of . α. Then 
. 
(
δF φ

∗ − φ∗ δG
) [β]B =

[
d
(
χF − φ∗ χG

) ∧ φ∗ β
]
B 

for any .β ∈ �r−1 
B (G ) with .d ′

B β = 0. Let us set 
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. α = (
χF − φ∗ χG

) ∧ φ∗ β ∈ �r+1 (M). 

As. χF (T ) = 1 
.i (T ) α  = (1 − λ) φ∗ β. (4.190) 

As. T is Killing one has (by Theorem 10.6 in [Ton], pp. 133–134).LT χF = 0. Thus 
(by Cartan’s formula), .i(T )d χF = 0. Similarly [by (4.189)], 

. i(T ) φ∗ d χG = 0. 

As.i (T )∗ φ
∗ β = 0, it follows that .i(T ) d α = 0, thus yielding 

Proposition 4.138 Let .φ : M → N be a surjective, submersive .(F , G )-harmonic 
morphism of Killing flows .(M, F , g) and .(N , G , h), of square dilation . λ. If .λ = 1, 
then the squares in (4.188) are commutative and 

(i).Ker
{
φ∗ : H 2(N , R) → H 2(M, R)

} ⊂ ι∗ H 2 
B(G ). In particular, if .N is a real 

surface, then .φ∗ : H 2(N , R) → H 2(M, R) is injective. Let us assume that the Betti 
numbers .b2(M) and .b3(N ) vanish. Then 

(ii) .φ∗ : H 3 
B (N , G ) → H 3 

B(M, F ) is injective. 
Proof The commutativity of the middle square in (4.188) follows from (4.189). Next 
[by (4.190)], the .(r + 1)-form. α is basic, so that 

. d
(
χF − φ∗ χG

) ∧ φ∗ β = dB α 

hence the right-hand square in (4.188) is commutative. To prove statement (i) let. [ω] 
be a de Rham cohomology class in.Ker

[
i(S)∗

] = Im
(
ι∗
)
. To prove statement (ii) let 

.[γ ]B ∈ Ker
(
φ∗) ∩ H 3 

B(G ). As .b3(N ) = 0 the sequence 

. H 1 
B (G ) 

δG −→ H 3 
B (G ) → 0 

is exact. Hence, there is .[β]B ∈ H 1 
B (G ) such that .δG [β]B = [γ ]B . Thus, 

. 0 = φ∗ [γ ]B = φ∗ δG [β]B = δF φ
∗ [β]B , 

i.e., [by .b2(M) = 0], 

. φ∗ [β]B ∈ Ker (δF ) = Im [i (T )∗] =  0. 

Q.e.d. . �

Our next task is to prove the following. 

Theorem 4.139 Let .φ ∈ C∞(
F , G0

)
be a nonconstant .

(
F , G0

)
-harmonic mor-

phism. Then . φ is an open map, i.e., . φ maps open subsets of .M into open subsets of 
. N . Consequently, if .M is compact and .N is connected, then .N is compact and . φ is 
surjective. 
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This is a foliated analog to B. Fuglede’s result in [Fug]. The proof is by contra-
diction. Let .x0 ∈ M and let .U ⊂ M be an open connected neighborhood of .x0 such 
that .φ(U ) is not an open neighborhood of .yo = φ(x0). We also assume  that  .U is a 
relatively compact subset of a local neighborhood .ϕ : D → Rn , i.e., .U is relatively 
compact in . D. Here  .n = dimR (M). The there is a sequence .yν ∈ N \ φ(U ) such 
that .yν → y0 as .ν → ∞. Moreover, let .�(x, y) be a positive Green function on a 
neighborhood .U ⊂ N of . y0, i.e., for any .y ∈ U one has .�( · , y) >  0 and 

. �′ �( · , y) = 0 in  U \ {y}. 

Here .�′ is the Laplace-Beltrami operator of .(N , h). As well known . �(x, y) → ∞  
when.(x, y) tends to the diagonal.U × U . We may assume without loss of generality 
that .U ⊆ φ−1(U ). Let us set 

. vν(x) = �
(
x, yν

)
, x ∈ U \ {yν

}
, 

so that .vν is positive and 

. �′ vν = 0 in  U \ {yν
} ⊃ φ(U ). 

Of course .G = G0 yields .�′
B = �′ hence the function .uν = vν ◦ φ is positive and 

. �B uν = 0 in φ−1
(
U \ {yν

})

and in particular in . U . Yet  

. uν(x0) = vν(y0) = �
(
y0 , yν

) → ∞, ν  → ∞, 

hence there is a compact subset .K ⊂ U such that .x0 ∈ K and the sequence 

. 

{
sup

{
uν(x) : x ∈ K

}}

ν≥1 

is bounded. Let .� be the Laplace-Beltrami operator of .(M, g). .� is an extension 
of the basic Laplacian .�B [from .�0 

B (F ) to .C∞(M)] hence .�uν = 0 in . U . The  
reminder of the proof of Theorem 4.139 requires the Harnack inequality. Let us set 

. ϕ = (
x1 , · · ·  , xn), [

gAB
] = [

gAB
]−1 

, gAB  = g
( ∂ 
∂x A 

, 
∂ 
∂x B

)
◦ ϕ−1 . 

Lemma 4.140 Let .� = ϕ(U ) ⊂ Rn and let . f ∈ C∞(�) satisfy . f ≥ 0 in .� and 
.�( f ◦ ϕ) = 0 in . U. Then, for any Euclidean ball .B4R(y) ⊂ �, 

. sup 
x∈BR (y) 

f (x) ≤ C inf 
x∈BR (y) 

f (x) (4.191) 
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where .C = C(n, �/λ, ν  R) >  0 is a constant depending only on . n, .�/λ and . ν R 
with 

.� = m max 
A, B 

sup 
x∈�

∣∣gAB  (x)
∣∣, ν  = λ−1 √n sup 

x∈�

∣∣bA (x)
∣∣. (4.192) 

Here 

. bA = gAB  ∂ log 
√
G 

∂ x B 
, G = det

[
gAB

]
, λ  = inf 

x∈�
λ1(x) >  0, 

where .λ1(x) is the smallest eigenvalue of the matrix .
[
gAB(x)

]
. 

Proof of Lemma 4.140. Under the assumptions of the lemma 

. 

n∑

A, B=1 

∂ 
∂ x A

(
gAB  (x) 

∂ f 
∂x B

)
+ bA (x) 

∂ f 
∂ x A 

= 0 in �. 

Next [with the definitions in (4.192)] 

. gAB  (x) ξA ξB ≥ λ |ξ |2 , ξ  ∈ Rn , 

. 

∑

A, B

∣∣gAB  (x)
∣∣2 ≤ �2 , λ−2

∑

A

∣∣bA (x)
∣∣2 ≤ ν2 , x ∈ �. 

Also.� is bounded hence. f ∈ W 1,2(�). Therefore, one may apply Theorem 8.20 in 
[GiTr], p. 199, to conclude that (4.191) holds. 

Let us go back to the proof of Theorem 4.139. As  .ϕ(K ) is a compact set there 
exist .s ≥ 1 and .xi ∈ ϕ(K ) and .Ri > 0 such that 

. ϕ(K ) ⊂ 
s⋃

i=1 

B4Ri (xi ) ⊂ �. 

Let . fν = uν ◦ ϕ−1. Then [by (4.191)] 

. sup
{
uν (x) : x ∈ K

} ≤ sup
{
fν (x) : x ∈ 

s⋃

i=1 

BRi (xi )
}
≤ C max

{
inf 

x∈BRi (xi ) 
fν (x) : 1 ≤ i ≤ s

}
. 

As .φ : M → N is nonconstant .K \ φ−1(y0) �= ∅. Also as .M is connected . φ cannot 
be locally constant. Therefore, (relabeling .xi and .Ri if necessary) one may assume 

. sup
{
uν(x) : x ∈ K

} ≤ C inf 
x∈BR1 (x1) 

fν(x), 

.BR1 (x1) ∩ ϕ
[
K \ φ−1 (y0)

] �= ∅. 
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Indeed if .ϕ−1
[
BR1 (x1)

] ⊆ φ−1(y0), then, for each.x ∈ ϕ−1
[
BR1 (x1)

]
, one has . uν(x) 

= vν(y0) = uν(x0), a contradiction. Thus, 

. sup 
x∈K 

uν(x) ≤ C inf
{
fν(x) : x ∈ BR1 (x1) ∩ ϕ

[
K \ φ−1 (y0)

]}
. (4.193) 

Finally, 

. x ∈ K \ φ−1(y0) =⇒ uν (x) = vν
(
φ(x)

) = �
(
φ(x), yν

) → �
(
φ(x), y0

)
< ∞, ν  → ∞, 

and the fact that .
{
supx∈K uν(x)

}
ν≥1 is unbounded contradicts (4.193). To complete 

the proof of Theorem 4.139 note that .φ(M) is compact (as the image of a compact 
set) and in particular closed. Yet (by the first statement in Theorem 4.139) .φ(M) is 
also open so that (as .N is connected) .φ(M) = N . As a consequence of Theorems 
4.134 and 4.139 one obtains 

Corollary 4.141 Let .M, F , g) be a compact orientable foliated Riemannian man-
ifold where .F is a transversally oriented Riemannian foliation and . g is bundle-like. 
Let .φ ∈ C∞(

F , G0
)
be a foliated map into a Riemannian manifold .N thought of 

as equipped with the trivial foliation by points .G0. If  .φ : M → N is a nonconstant 
.
(
F , G0

)
-harmonic morphism, then 

(i) .N is compact, 
(ii) .φ∗ : H 1(N , R) → H 1 

B(F ) is injective, 
iii) .dimR H 1 B (F ) ≥ b1(N ). 

Here .b1(N ) is the first Betti number of . N . To replace .G0 in Theorem 4.139 by 
an arbitrary Riemannian foliation .G one should produce estimates from below on 
a fundamental solution .�B(x, y) to the basic Laplacian [describing the behavior of 
.�B(x, y) as .y → x]. This is an open problem. 

Let .(M, g) and .(N , h) be two Riemannian manifolds and .x ∈ M . 

Definition 4.142 A .C∞ map .φ : M → N is horizontally weakly conformal at . x if 
either .dx φ = 0 or 

. hφ(x)
(
(dx φ)v , (dx φ)w

) = �(x) gx (v , w) 

for some .�(x) ∈ R \ {0} and any .v, w ∈ Hx = Ker
(
dx φ

)⊥ ⊂ Tx (M). . �

Let us consider .(M, F , g) and .(N , G0 , h) where .F is transversally oriented 
and Riemannian, and. g is bundle-like. If.φ ∈ C∞(

F , G0
)
is a nonconstant.

(
F , G0

)
-

harmonic morphism, then (by Theorem 4.134) . φ is horizontally weakly conformal 
and a .

(
F , G0

)
-harmonic map. The following result deals with the converse. 

Theorem 4.143 Let.φ ∈ C∞(F , G ) be a foliated map of foliated Riemannian man-
ifolds where both .F and .G are transversally oriented and Riemannian while . g and 
. h are bundle-like. If .φ : M → N is horizontally weakly conformal of square dilation 
.� ∈ C∞(M) and a .(F , G )-harmonic map, then 
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.�B ( f ◦ φ) = �
[
�′

B f + σh
(
τG

)
f
] ◦ φ (4.194) 

for any .C∞ basic function . f : U ⊆ N → R. In particular if the foliation .G is 
harmonic, then . φ is a .(F , G )-harmonic morphism. 

Here .σh : ν(G ) → T (G )⊥ is the natural vector bundle isomorphism and . τG ∈ 
C∞(

ν(G )
)
is the mean curvature vector of .G in .(N , h). A crucial ingredient in the 

proof of Theorem 4.143 is the identity 

.�B f = 
q∑

i=1

{
σg
(
ri
)
σg
(
ri
)− σg∇σg (ri ) ri

}
f − σg

(
τF

)
f. (4.195) 

A proof of (4.195) is given at the end of Sect. 4.7.2.2. Let .
(
U, xα , yi

) ∈ F and 
.
(
U , Xa , Y u

) ∈ G be local foliated charts such that .φ(U ) ⊆ U . Let us rewrite 
(4.184) as  

. �B ( f ◦ φ)=
[
τT (φ)

w − (
gQ

)i j  ∂ φ  p′+w 

∂ yi 
κ j
] ( ∂ f 
∂ Y w

)φ + (
gQ

)i j  ∂ φ  p′+u 

∂ yi 
∂ φ  p′+v 
∂ yi 

fu,v 

(4.196) 
where 

. fu,v = ∂2 f 

∂Y u ∂Y v 
− �′w 

uv 
∂ f 
∂ Y w , f ∈ �0 

B(G ). 

If. φ is.(F , G )-harmonic.τT (φ) = φ∗ τF . Also if. φ is horizontally weakly conformal 
with square dilation . �, then (by Lemma 2.4.4 in [BaWo], p. 47) 

.gAB
(∂ φ  M 

∂ x A 
∂ φ  N 

∂ x B
)
= � hMN  , (4.197) 

. 
[
gAB

] = [
gAB

]−1 
, gAB  = g

( ∂ 
∂ x A 

, 
∂ 
∂ x B

)
, 1 ≤ A, B ≤ n, 1 ≤ M, N ≤ n′. 

We also set .
[
gαβ

] = [
gαβ

]−1 
(the leafwise cometric relative to .F ). Then (4.157) 

yields 
.g p+i, p+ j = (

gQ
)i j  
. (4.198) 

Next [by (4.197) for .M = p′ + u and .N = p′ + v], 

. 
(
gQ

)i j  ∂ φ  p′+u 

∂ yi 
∂ φ  p′+v 

∂ y j 
= � h p

′+u, p′+v 

[as .φ p′+u ∈ �0 
B

(
FU

)
for any .1 ≤ u ≤ q ′] and (4.196) becomes 

.�B( f ◦ φ) = �
(
hν(G )

)uv 
fu,v. (4.199) 
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Yet [by (4.195)], 

. �′
B f = 

q ′
∑

u=1

{
σh
(
γu
)2 − σh ∇′

σh (γu ) γu

}
f − σh

(
τG

)
f 

on.U for any local.hν(G )-orthonormal frame.
{
γu : 1 ≤ u ≤ q ′} (defined on the open 

set .U ⊂ N ) in the transverse bundle .ν(G ) → N . Thus, 

. 
(
hν(G )

)uv 
fu,v = �′

B f + σh
(
τG

)
f 

so that (4.199) yields (4.194). 
We anticipated the useful local expression (4.195) of .�B [alternative to (4.182)]. 

To prove (4.195) let.
{
ri : 1 ≤ i ≤ q

}
be a local.gQ-orthonormal frame of.Q defined 

on .U ⊂ M . As  

. σg(r ) f = gQ(π ∇ f, r ), r ∈ C∞(
ν(F )

)
, f ∈ C∞(M), 

we may conduct the calculation (as .� gQ = 0) 

. 
∑

i

{
σg

(
ri
)
σg

(
ri
)− σg ∇σg (ri )ri

}
f =

∑

i

{
σg

(
ri
)[
gQ

(
π ∇ f, ri

)]− gQ
(
π ∇ f, ∇σg (ri )ri

)} = 

. =
∑

i 

gQ
(∇σg (ri )π ∇ f, ri

) = (
gQ

)i j  
gQ

(∇(∂p+i )⊥ π ∇ f, π  ∂p+ j
)

and 

. π ∇ f = (
gQ

)i j  ∂ f 
∂ yi 

π ∂p+i , f ∈ �0 
B (F ); 

hence [by (4.167) and (4.182)], 

. 

∑

i

{
σg
(
ri
)
σg
(
ri
)− σg ∇σg (ri )ri

}
f = divB

[
(π ∇ f )i ∂p+i

] = 

. = divB
[(
gQ

)i j  ∂ f 
∂ y j 

∂p+i

]
= �B f +

(
gQ

)i j  ∂ f 
∂ yi 

κ j 

implying that (4.195) holds on .U for any . f ∈ �0 
B (F ). Let  .D (�) = C∞(M) and 

.D (�B) = �0 
B (F ) be the domains of .� and .�B , respectively. As a byproduct of 

(4.195).�B ⊂ �, i.e., the Laplace-Beltrami operator of.(M, g) is an elliptic extension 
of the basic Laplacian (on functions). 



514 4 Riemannian Foliations 

4.10.2.3 Stability of .(F , G )-harmonic maps 

Through this section .F is a transversally oriented Riemannian foliation and . g is a 
bundle-like Riemannian metric on .(M, F ). We shall establish 

Theorem 4.144 Let .(M, F , g) be a compact orientable foliated Riemannian 
manifold. Let .φ ∈ C∞(F , G ) be a .(F , G )-harmonic map into another foliated 
Riemannian manifold .(N , G , h). Let .

{
φs,t ∈ C∞(F , G ) : −ε <  s, t < ε

}
be a 

smooth .2-parameter variation of .φ0,0 = φ through foliated maps. We set . M̃ ≡ 
M × (−ε, ε) × (−ε, ε) and 

. � : M̃ → N , �(x, s, t) = φs,t (x), |s| < ε, |t | < ε,  

. V (x) = (
d(x,0,0)�

)( ∂ 
∂s

)

x,0,0 
, W (x) = (

d(x,0,0)�
)( ∂ 
∂t

)

x,0,0 
, 

for any .x ∈ M so that .V , W ∈ C∞(
φ−1T (N )

)
. Then 

. 
∂2 ET

(
φs,t

)

∂s ∂t 
(0, 0) =

∫

M 
hφ 
ν(G )

([
Jφ + Dσg (τF )

]
π ′φ V , π ′φ W

)
d vg . (4.200) 

Here .Jφ : C∞ 
B

(
φ−1ν(G )

) → C∞ 
B

(
φ−1ν(G )

)
is locally given by 

. Jφv = −  
q∑

i=1

{
Dφ 
σg (ri ) D

φ 
σg (ri )

v − Dφ 
σg[∇σg (ri )ri ]v + R′φ(v, φ∗ri

)
φ∗ri

}

for any .v ∈ C∞ 
B

(
φ−1ν(G )

)
and any local .gQ-orthonormal frame . 

{
ri : 1 ≤ i ≤ q

}

in . Q. Also  .R′φ ∈ C∞(⊗3 
φ−1ν(G )∗

)
is naturally induced by the curvature tensor 

field .R′ of the canonical adapted connection .∇′ ∈ C
(
ν(G ), hν(G )

)
. 

Definition 4.145 We refer to 

. JT (φ) ≡ Jφ + Dφ 
σg (τF ) 

as the transverse Jacobi operator while (4.200) is the  second variation formula for 
the transverse energy integral. . �

Also.C∞ 
B

(
φ−1ν(G )

)
denotes the space of all.ν ∈ C∞(

φ−1ν(G )
)
such that. Dφ 

X v = 
0 for any.X ∈ XF . For each.(s, t) ∈ (−ε, ε)2 we consider the injection. αs,t : M → 
M̃ given by .αs,t (x) = (x, s, t) and set . P̃(x,s,t) =

(
dx αs,t

)
T (F )x , x ∈ M . Then . P̃ 

in an involutive smooth distribution of rank . p. By the Frobenius theorem. P̃ is com-
pletely integrable. Let. F̃ be the corresponding foliation of. M̃ so that.T ( F̃ ) = P̃ (in 
particular. F̃ is the pullback of.F , i.e.,. F̃ = π ∗1 F where.π1 : M̃ → M is the natural 
projection). Note that. � is a foliated map, i.e.,.� ∈ C∞( F̃ , G ), hence it induces the 
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bundle morphism .dT� : ν( F̃ ) → �−1ν(G ). If  .r ∈ C∞(
ν( F̃

)
we define a section 

.�∗r in the pullback bundle .�−1ν(G ) → M̃ by setting 

. 
(
�∗r

)
(x, s, t) = (

dT �
)
(x,s,t) r(x, s, t), (x, s, t) ∈ M̃ . 

We wish to compute .

{∂2 ET
(
φs,t

)

∂s ∂t

}

s=t=0 
where 

. ET
(
φs,t

) = 
1 

2

∫

M

∥
∥dT φs,t

∥
∥2 d vg . 

Note that .αs, t : M → M̃ is a foliated map, i.e., 

. αs, t ∈ C∞(
F , F̃

)
, |s| < ε ,  |t | < ε.  

For every section .r ∈ C∞(
ν(F )

)
we set 

. r̃ ∈ C∞(
ν( F̃ )

)
, r̃ (x, s, t) = (

dT αs, t
)
x r (x). 

Also let .wφ = w ◦ φ ∈ C∞(
φ−1 ν(G )

)
be the natural lift of .w ∈ C∞(

ν(G )
)
. Let  

.{ri : 1 ≤ i ≤ q} be a local .gQ-orthonormal frame of .Q → M , defined on the open 
set .U ⊂ M . If  

. f ∈ C∞(
M̃
)
, f (x, s, t) = ∥

∥dT φs,t
∥
∥2 (x), 

then 
. f (x, s, t) =

∑

i 

h�ν(G )
(
�∗ r̃i , �∗ r̃i

)
(x, s, t) , x ∈ U, 

where.h�ν(G ) = �−1 hν(G ) is the pullback of.hν(G ) by. � [a Riemannian bundle metric 

on .�−1 ν(G ) → M̃]. Then 

. 
∂ f 
∂ t 

= 2
∑

i 

h�ν(G )
(
D�
∂/∂t �∗r̃i , �∗r̃i

)
on Ũ ≡ U × (−ε, ε)2 , 

where.D� = �−1∇′ ∈ C
(
�−1ν(G ), h�ν(G )

)
is the pullback of the canonical adapted 

connection .∇′. Let us consider the sections 

. V, W ∈ C∞(
�−1 T (N )

)
, 

. V(x, s, t)
(
d(x,s,t) �

) ( ∂ 
∂ s

)

(x, s, t) 
, W(x, s, t)

(
d(x,s,t) �

) ( ∂ 
∂ t

)

(x, s, t) 
, (x, s, t) ∈ M̃ . 

We observe that 
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.D�
∂/∂t �∗ r̃ = D

σ̃g (r) π
′
W, r ∈ C∞(

ν(F )
)
. (4.201) 

Given .Y ∈ X)M) we define 

. Ỹ ∈ X( M̃), Ỹ(x,s,t) =
(
dx αs,t

)
Yx . 

Then [by (4.201)] 

. 
∂ f 
∂ t 

= 2
∑

i

{
˜σg
(
ri
)[
h�ν(G )

(
π ′�

W, �∗ r̃i
)]− h�ν(G )

(
π ′�

W, D�

σ̃g (ri )
�∗ r̃i

)}
. 

(4.202) 
We need the following: 

Lemma 4.146 For each .(s, t) ∈ (−ε, ε)2 let .rs,t ıC∞(
ν(F )

)
be the section deter-

mined by 

.h�ν(G )
(
π ′�

W, �∗ ũ
) ◦ αs,t = gQ

(
rs,t , u

)
, u ∈ C∞(Q). (4.203) 

Then .rs,t is a transverse vector field on .(M, F ), i.e., .rs,t ∈ �(F ). 

By (4.203) and . ∇gν(F ) = 0 

. 
˜σg
(
ri
)[
h�ν(G )

(
π ′�

W, �∗ r̃i
)]

◦ αs,t = σg
(
ri
)[
gν(F )

(
rs,t , ri

)] = 

. = gν(F )

(∇σg (ri )rs,t , ri
)+ gν(F )

(
rs,t , ∇σg (ri )ri

)
. 

Lemma 4.147 Let.
{
ri : 1 ≤ i ≤ q

}
be a local.gQ-orthonormal frame in the normal 

bundle .ν(F ) → M defined on the open set .U ⊆ M. Then 

. 

q∑

j=1 

gQ
(∇σg (r j ) rs,t , r j

) = divB
(
rs,t

)
(4.204) 

on .U for any .(s, t) ∈ (−ε, ε)2. 
Thus [by (4.203)–(4.204)], 

. 
∑

i

˜σg
(
ri
)[
hφ 
ν(G )

(
π ′�

W, �∗ r̃i
)]

◦ αs,t = divB
(
rs,t

)+
∑

i 

h�ν(G )

(
π ′�

W, �∗ ˜∇σg (ri ) ri
)

so that (4.202) may be written 

. 
1 

2 

∂ f 
∂ t 

◦ αs,t = divB
(
rs,t

)− h�ν(G )
(
π ′�

W,
∑

i

[
D�
σ̃g (ri )

�∗ r̃i −�∗ ˜∇σg (ri ) ri
])

◦ αs,t . 
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Let us integrate over .M and use the foliated analog (4.169) to Green’s lemma. We 
obtain [by (4.203)] 

. 
1 

2

∫

M

( ∂ f 
∂ t 

◦ αs,t
)
d vg = −

∫

M

[
h�ν(G )

(
π ′�

W, tracegν(F ) B(�) −�∗ τ̃F
)
◦ αs,t

]
d vg 

(4.205) 
where 

. B(�)(u, v)  = D�

σ̃g (u)
�∗ ṽ −�∗∇̃σg (u)v, u, v  ∈ C∞(Q). 

Moreover, 

. 
1 

2

∫

M 

∂2 f 

∂s ∂t 
d vg = −

∫

M

{
h�ν(G )

(
D�
∂/∂s π

′�
W, tracegν(F ) B(�) −�∗ τ̃F

)
+ 

. + h�ν(G )
(
π ′�

W, D�
∂/∂s

[
tracegν(F ) B(�) −�∗ τ̃F

])}
d vg. 

The first term evaluated at .(s, t) = (0, 0) is 

. h�ν(G )
(
D�
∂/∂s π

′�
W, tracegν(F ) B(�) −�∗ τ̃F

)
◦ α0,0 = 

. = hφ
([

D�
∂/∂s π

′�
W

]
◦ α0,0, τT (φ) − φ∗ τF

)
= 0 

as . φ is ./F , G )-harmonic. On the other hand [by (4.201)], 

.D�
{
tracegν(F ) B(�) −�∗ τ̃F

} = (4.206) 

. − D�

σ̃g (τF ) 
π ′�

V +
∑

i

{
D�
∂/∂s D

�

σ̃g (ri )
�∗ r̃i − D�

σg[∇̃σg (ri )ri ] 
π ′�

V

}
. 

Let .RD�

be the curvature tensor filed of .D�. Then (as .[∂/∂s, Ỹ ] =  0 for any . Y ∈ 
X(M)) 

. D�
∂/∂s D

�

σ̃g (ri )
�∗ r̃i = RD�

( ∂ 
∂ s 
, σ̃g(ri )

)
�∗ r̃i + D�

σ̃g (ri ) 
D�

σ̃g (ri ) 
π ′�

V 

and Theorem 4.144 follows from (4.206) by evaluating at .s = t = 0. Q.e.d. 

Definition 4.148 The second-order differential operator 

. �φ : C∞ 
B

(
φ−1 ν(G )

) → C∞ 
B

(
φ−1 ν(G )

)

locally given by 
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. �φ = −  
q∑

i=1

{
Dφ 
σg (ri ) D

φ 
σg (ri ) − Dφ 

σg[∇σg (ri )(ri )]
}
+ Dφ 

σg (τF ) 

is called the rough basic Laplacian. . �

Also we set 

. Rφ w = 
q∑

i=1 

R′φ(w, φ∗ ri
)
φ∗ ri , w  ∈ C∞(

φ−1 ν(G )
)

so that 
.JT (φ) = �φ − Rφ. (4.207) 

This gives a bundle morphism.Rφ : φ−1(G ) → φ−1(G ) such that 

. hφ 
ν(G )

(
Rφ v, w

) = hφ 
ν(G )

(
v, Rφ w

)
, v,  w  ∈ φ−1 (G ). 

Definition 4.149 The basic Hessian .H
(
ET

)
of the transverse energy integral .ET at 

a critical point . φ is 

. H
(
ET

)
φ =

∫

M 
hφ 
ν(G )

(
JT (φ) v, w

)
d vg 

for any .v, w ∈ C∞ 
B

(
φ−1ν(G )

)
. . �

Definition 4.150 The basic index.indB (φ) of a.(F , G )-harmonic map. φ ∈ C∞(F , 
G ) is the least upper bound of the dimensions.dimR(F) as. F runs over the subspaces 
of .C∞ 

B

(
φ−1ν(G )

)
on which .H

(
ET

)
φ is negative definite. . �

Definition 4.151 The basic nullity .nullB (φ) of . φ is the dimension of the space 

. 

{
v ∈ C∞ 

B

(
φ−1 ν(G )

) : H(
ET

)
φ (v, w) = 0, w  ∈ C∞ 

B

(
φ−1 ν(G )

)}
. 

. �

Definition 4.152 A.(F , G )-harmonic map . φ is weakly stable if .indB(φ) = 0, i.e., 

. H
(
ET

)
φ (v, v) ≥ 0, v  ∈ C∞ 

B

(
φ−1 ν(G )

)
. 

Otherwise . φ is unstable. . �

Theorem 4.153 If the foliated Riemannian manifold .(N , G , h) has nonnegative 
transverse sectional curvature, then any .(F , G )-harmonic map .φ ∈ C∞(F , G ) is 
weakly stable. 
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Lemma 4.154 For each .(F , G )-harmonic map .φ ∈ C∞(F , G ) the rough basic 
Laplacian .�φ satisfies 

.

∫

M 
hφ 
ν(G )

(
�φ v, w

)
d vg =

∫

M

(
hφ 
ν(G )

)∗(
Dφ v, Dφ w

)
d vg (4.208) 

for any .v, w ∈ C∞ 
B

(
φ−1ν(G )

)
. In particular the transverse Jacobi operator . JT (φ) : 

C∞ 
B

(
φ−1ν(G )

) → C∞ 
B

(
φ−1ν(G )

)
is formally self-adjoint. 

As to the notation in (4.208) one uses the map 

. Dφ : C∞ 
B

(
φ−1 ν(G )

) → C∞ 
B

(
T ∗(M) ⊗ φ−1 ν(G )

)
, 

. 
(
Dφ v

)
Y = Dφ 

Y v, v ∈ C∞ 
B

(
φ−1 ν(G )

)
, Y ∈ X(M). 

The space .C∞ 
B

(
T ∗(M) ⊗ φ−1ν(G )

)
consists of all .C∞ sections .ϕ in . T ∗(M) ⊗ 

φ−1ν(G ) → M such that.T (F ) �ϕ = 0.Also.
(
hφ 
ν(G )

)∗ 
is the pointwise inner product 

induced by .hφ 
ν(G ) on .C∞ 

B

(
T ∗(M) ⊗ φ−1ν(G )

)
, i.e., locally 

. 
(
hφ 
ν(G )

)∗ 
(ϕ, ψ) = 

q∑

i=1 

hν(F )

(
ϕ
(
σg
(
ri
))
, ψ

(
σg
(
ri
)))
. 

Let 
. 
(
Dφ

)∗ : C∞ 
B

(
T ∗(M) ⊗ φ−1 ν(G )

) → C∞ 
B

(
φ−1 ν(G )

)
, 

. 
〈
Dφ v, ϕ

〉
B =

〈
v,

(
Dφ

)∗ 
ϕ
〉
B , 

be the adjoint of.Dφ . The next step is to establish a useful local expression of.
(
Dφ

)∗
. 

One has (by .Dφ hφ 
ν(G ) = 0) 

. 
〈
v,

(
Dφ

)∗ 
ϕ
〉
B =

∫

M

(
hφ 
ν(G )

)∗ (
Dφ v, ϕ

)
d vg , 

. 
(
hφ 
ν(G )

)∗ (
Dφ v, ϕ

) =
∑

i 

hφ 
ν(G )

(
Dφ 
σg (ri ) v, ϕ σg

(
ri
)) = 

. =
∑

i

{
σg
(
ri
)[
hφ 
ν(G )

(
v, ϕ σg

(
ri
))]− hφ 

ν(G )

(
v, Dφ 

σg (ri ) ϕ σg
(
ri
))}
. 

Next we consider the transverse vector field .rv ∈ �(F ) determined by 

.hφ 
ν(G )

(
v, ϕ σg(r )

) = gν(F )

(
rv, r

)
, r ∈ C∞(ν(F )). 



520 4 Riemannian Foliations 

Its basic divergence may be computed locally as 

. divB
(
rv
) = 

q∑

i=1 

gν(F )

(∇σg (ri ) rv, ri
) =

∑

i

{
σg
(
ri
)[
gν(F )

(
rv, ri

)]− gν(F )

(
rv, ∇σg (ri ) ri

)}

hence 

. 

∑

i 

σg
(
ri
)[
hφ 
ν(G )

(
v, ϕ σg

(
ri
))] = divB

(
rv
)+ hφ 

ν(G )

(
v,

∑

i 

ϕ σg ∇σg (ri ) ri
)
. 

Consequently [by (4.169)], 

. 
〈
v,

(
Dφ

)∗ 
ϕ
〉
B =

∫

M

{
hφ 
ν(G )

(
v, ϕ σg

(
τF

)− TracegQ
(
Dφ ϕ

))}
d vg 

where the bilinear form.Dφ ϕ is given by 

. 
(
Dφ ϕ

)
(r, s) = (

Dφ 
σg (r) ϕ

)
s, r, s ∈ C∞ 

B (Q), 

. 
(
Dφ 

Y ϕ
)
r = Dφ 

Y ϕ σg(r ) − ϕ σg∇Y r, Y ∈ M, r ∈ C∞(Q). 

We may conclude that 

.
(
Dφ

)∗ 
ϕ = −TracegQ

(
Dφ ϕ

)+ ϕ σg
(
τF

)
, (4.209) 

where (locally) 

. TracgQ
(
Dφ ϕ

) = 
q∑

i=1

[
Dφ 
σg (ri ) ϕ σg

(
ri
)− ϕ σg∇σg (ri ) ri

]
. 

In particular for . ϕ = Dφ v 

.�φ v =
(
Dφ

)∗ 
Dφ v, v ∈ C∞ 

B

(
φ−1 ν(G )

)
. (4.210) 

The identity (4.208) follows from (4.210). For any foliated Riemannian mani-
fold .(M, F , g) let .x ∈ M and .S ⊂ Qx a .2-dimensional subspace. Given a .gQ,x -
orthonormal basis .{r, s} ⊂  S we set 

. kT (S) = gQ,x
(
Rx

(
σg,x (r ) ,  σg,x (s)

)
s , r

)
. 

The definition of .kT (S) (the transverse sectional curvature of . S) doesn’t depend on 
the choice of orthonormal basin in . S. By (2.6) in [ToVa], p. 309, .kT (S) ≤ 0 if and 
only if the model Riemannian manifold .M0 has nonpositive sectional curvature. 
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At this point one may prove Theorem 4.153. Indeed if the model Riemannian 
manifold.N0 of .(N , G , h) has nonpositive sectional curvature, then. 

〈
Rφ v, v

〉
B ≤ 0 

so that [by (4.208)] 

. H
(
ET

)
φ (v, v

) = ∥∥Dφ v
∥∥2 − 〈

Rφ v, v
〉
B ≥ 0 

for any .v ∈ C∞ 
B

(
φ−1ν(G )

)
. Here .‖ϕ‖2 = 〈ϕ ,  ϕ〉B . 

Let .thar(F , G ) be the set of all .(F , G )-harmonic maps .φ ∈ C∞(F , G ). 
Given .φ ∈ thar(F , G ) let .Tφ

(
thar(F , G )

)
consist of all infinitesimal variations 

.V ∈ Tφ
(
C∞(M, N )

)
induced by some smooth .1-parameter variation . 

{
φs
}
|s|<ε ⊂ 

thar(F , G ) with .φ0 = φ. 

Proposition 4.155 For each . φ ∈ thar(F , G ) 

.π ′φ Tφ
(
thar(F , G )

) ⊂ Ker
[
JT (φ)

]
. (4.211) 

In particular .dimR

[
π ′φ Tφ

(
thar(F , G )

)] ≤ nullB(φ) . 

Proof Let.V ∈ Tφ
(
thar(F , G )

)
and.

{
φs
}
|s|<ε ⊂ thar(F , G ) a smooth.1-parameter 

variation of. φ inducing. V . Let.
{
φs,t

}
|t |<ε ⊂ C∞(F , G ) be an arbitrary.1-parameter 

variation of . φs , i.e., .φs,0 = φs for each .|s| < ε. As .φs is .(F , G )-harmonic 

. 

{∂ ET
(
φs,t

)

∂ t

}

t=0 
= 0 

so that 

. 

∫

M 
hφ 
ν(G )

(
JT (φ) π ′φ V , π ′φ W

)
d vg = ∂2 

∂s ∂t

{
ET

(
φs,t

)}

s=t=0 
= 0 

where .W is the infinitesimal variation induced by .
{
φ0,t

}
|t |<ε . Consequently, . JT (φ) 

π ′φ V = 0. 

Example 4.156 (Basic index and nullity of constant maps) Let  .y0 ∈ N and . φ : 
M → N the constant map .φ(x) = y0 for any .x ∈ M . If  .v ∈ C∞(

φ−1ν(G )
)
, then 

.v(x) ∈ ν(G )y0 for any .x ∈ M . Let  .
{
wu : 1 ≤ u ≤ q ′} be a linear basis in . ν(G )y0 

and let us set .vu(x) = wu for each .x ∈ M (so that .
{
vu : 1 ≤ u ≤ q ′} is a global 

frame in .φ−1ν(G ) → M . Let  .v ∈ C∞(
φ−1ν(G )

)
be represented as .v = f uvu for 

some . f u ∈ C∞(M). next  .φ∗ ri = 0 implies .Rφ v = 0 hence .JT (φ) v = �φ v. Let  
.v ∈ C∞ 

B

(
φ−1ν(G )

)
so that . f u ∈ �0 

B (F ). Then .Dφ v = (
d f  u

)⊗ vu and we may 
conclude [by (4.195)] that .JT (φ) v = −(�B f u

)
vu . It follows that 

Proposition 4.157 For any constant map .φ : M → N the spectrum . Spec
[
JT (φ)

]

of the transverse Jacobi operator is the set of eigenvalues of . −�B : �0 
B (F ) →

�0 
B(F ) counted .cod(G ) times. In particular .Spec

[
JT (φ)

]
doesn’t depend upon 

.{y0} =  φ(M) ⊂ N . Also .indB (φ) = 0 and .nullB(φ) = cod(G ). 
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. �

Example 4.158 (The identity mapping) Let .(M, F , g) be a compact foliated Rie-
mannian manifold and.φ = id the identity, i.e.,.φ(x) = x . Clearly.id ∈ thar(F , F ). 
We say .(M, F , g) is stable if .φ = id in weakly stable (i.e., .indB (id) = 0). Other-
wise.(M, F , g) is unstable. It is immediate that .id−1 Q = Q and.id∗ = 1C∞(Q) [the 
identity mapping of .C∞(Q)]. Also .Did = ∇  ∈  C

(
Q, gQ

)
hence .Rid = S∇ where 

Definition 4.159 The transverse Ricci operator .S∇ is locally given by 

. S∇ (v) = 
q∑

i=1 

R∇ (v, ri )ri , ri ∈ C∞(Q). 

. �

Here .R∇ ∈ C∞
(
⊗3 Q∗

)
is induced by the curvature tensor field of . ∇. Next  

. JT (id) = �B − S∇ 

where 

Definition 4.160 The rough basic Laplacian .�B = δid is (locally) given by 

.�B = −  
q∑

i=1

{∇σ(ri ) ∇σ(ri ) − ∇∇σ(ri ) ri
}+∇σ(τF ) . (4.212) 

. �
Cf. also e.g., [NiTo], p. 603. Then 

. H
(
ET

)
id(v, w) =

∫

M

{
gQ

(
�B v, w

)− s∇ (v, w)
}
d vg , v,  w  ∈ C∞ 

B (Q). 

Here 

Definition 4.161 The transverse Ricci curvature is 

. s∇ (v, w) = gQ
(
S∇ v, w

)
, v,  w  ∈ C∞ 

B (Q). 

. �

Definition 4.162 A Riemannian foliation .F is transversally Einstein if . S∇ = 
(λ/2)idQ for some .λ ∈ R. . �

Cf. also [ToTo], p.232. We conjecture that a transversally Einstein foliation is 
stable if and only if the first eigenvalue .λB,0 1 of .�B [acting on .�0 

B (F )] satisfies 
.λ

B,0 
1 ≥ λ, which is the foliated analog to Proposition 2.11 in [Smit], p. 234. .�
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A few comments are in order, as a follow up to Example 4.158. Another way to 
generalize harmonic map theory to the foliation context is due to F. Kamber and Ph. 
Tondeur, [KaTo6]. Their approach to the energy of a Riemannian foliation. 

(
F , gQ

)

of a compact oriented Riemannian manifold .(M, g) is 

.E(F ) = 
1 

2

∫

M 
gQ(π ∧ ∗π) (4.213) 

where the projection .π T (M) → Q is thought of as a .Q-valued differential .1-form 
.π ∈ �1(M, Q). Of course the bundle metric .gQ induces a bilinear map of . Q ⊗ Q 
onto the trivial line bundle over .M [explaining the notation for the integrand in 
(4.213)] and the Riemannian metric . g (so far unrelated to .gQ) is used to build the 
Hodge star operator, successively extended to .Q-valued differential forms 

. ∗ : �1 (M, Q) → �n−1 (M, Q). 

The energy (4.213) turns out to be trivial, i.e., 

. E(F ) = 
q 

2 
Vol(M) 

when.gQ is induced by. g. Yet given a family.{Ft }|t |<ε of Riemannian foliations such 
that.F0 = F in general the metric. g fails to be bundle-like for.Ft with.t �= 0. Every  
section .s ∈ C∞(Q) induces a special variation of .F . Indeed if 

. F = ({
Ui
}
i∈I ,

{
fi
}
i∈I ,

{
γ j i

}
i, j∈I

)

is a Riemannian foliation modeled on the Riemannian manifold .M0, then let us set 

. si ∈ C∞
(
Ui , f −1 

i T
(
M0

))
, si (x) =

(
dx fi

)
σg(s)x , x ∈ Ui , 

. f t i (x) = exp fi (t)
(
t si (x)

)
, x ∈ Ui , |t | < ε,  

with .ε >  0 sufficiently small (such that the exponential mapping for .M0 is well 
defined). Next we set 

. Ft =
({
Ui
}
i∈I ,

{
f t i
}
i∈I ,

{
γ j i

}
i, j∈I

)
, |t | < ε,  

and a calculation shows that 

. 
d 

d t

{
E
(
Ft

)}

t=0 
=

∫

M 
gQ

(
s, τF

)
d vg 

where .τF is the mean curvature vector of .F (cf. [KaTo7], p.529) so that .F is 
harmonic if and only if .F is a critical point of (4.213) with respect to special 
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variations. The variational approach to harmonic foliations is related to our Example 
4.158 as follows. Let .v, w ∈ C∞(Q) and consider the .2-parameter variation 

. 
{
Fs,t

}
−εs, t<ε , Fs,t =

({
Ui
}
i∈I ,

{
f s,t i

}
i∈I ,

{
γ j i

}
i, j∈I

)
, 

. f s,t i (x) = exp fi (x)
(
s vi (x) + t wi (x)

)
, x ∈ Ui , |s| < ε, |t | < ε.  

Then (cf. [KaTo7], pp. 536–538) 

. 
∂2 

∂s ∂t

{
E
(
Fs,t

)}

s=t=0 
=

∫

M 
gQ

(
J∇ v, w

)
d vg 

where 

Definition 4.163 The Jacobi operator is 

. J∇ : C∞(Q) → C∞(Q), J∇ ≡ �− S∇ . 

. �
Here .� is the rough Laplacian on .C∞(Q), i.e., .� = d∗ 

∇ d∇ . Also  . d∇ v = ∇  v ∈
�1(M, Q) and .d∗ 

∇ : �1(M, Q) → �0(M, Q) is the formal adjoint of .d∇ with 
respect to the .L2 inner product 

. 〈α, β〉 =
∫

M 
g∗ 
Q(α, β) d vg , α,  β  ∈ �k (M, Q), k ∈ {0, 1}. 

We may show 

Proposition 4.164 Let .D
(
J∇
) = �0(M, Q) and .D

(
JT (id)

) = C∞(Q) be the 
domains of .J∇ and .JT (id), respectively. Then .JT (id) ⊂ J∇ , i.e., the Jacobi operator 
is an elliptic extension of the transverse Jacobi operator of the identity mapping. 

It should be observed that although .�B and .JT (id) are defined on the whole 
of .�0(M, Q) [unlike .�B which is only defined on basic functions (forms)] these 
operators are not elliptic: their ellipticity degenerates precisely along the leaves of 
.F . Indeed let .Diffk(E, F) denote the space of all linear operators . L : C∞(E) → 
C∞(F), of order. k, where. E and. F are vector bundles over. M . Also we set. T ′(M) = 
T ∗(M) \ {0} and 

. Smblk(E, F) =
{
� ∈ Hom

(
#−1 E, #−1 F

) : �(ρ ω) 
= ρk �(ω), ω ∈ T ′(M), ρ > 0

}

where .# : T ′(M) → M is the projection. Next let . σk : Diffk(E, F) → Smblk 
(E, F) be the linear map (2.1) in [Wel5], p. 115 (so that .σk(L) is the .k-symbol 
of the differential operator. L). Let.ω ∈ T ′(M) with.x = #(ω) ∈ M and.v ∈ Qx . We  
shall show that 
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.σ2
[
JT (id)

]
ω = gQ(π ∇ f, π  ∇ f )x v (4.214) 

where. f ∈ C∞(M) is chosen such that.
(
d f  )x = ω. To this end let.s ∈ C∞(Q) such 

that .s(x) = v and set .u = f − f (x). As .Rid has tensorial character . Rid
(
u2 s

)
x 
= 0 

so that [by (4.207)] 

. σ2
[
JT (id)

]
ω (v) = −1 

2
�B

(
u2 s

)
(x). 

Then (4.214) follows from the identities 

. �B
(
h2
) = 2 h�B h + 2

∥
∥(∇ h)⊥

∥∥2 , 

. �B (h s) = h�B s −
(
�B h

)
s − 2 ∇(∇h)⊥ s, 

for any .h ∈ C∞(M). By  (4.214) the linear map .σ2
[
JT (id)

]
ω : Qx → Qx fails to 

be an isomorphism precisely when .(∇ f )X ∈ Px . This may be written locally (with 
respect to a foliated chart .

(
U, xα , yi

) ∈ F at . x) 

.gα, p+ j (x) ωα + g p+i, p+ j ωp+i = 0, 1 ≤ j ≤ q, (4.215) 

where .ω = ωα
(
d xα

)
x + ωp+i

(
d yi

)
x . On the other hand, if 

. δ xα = d xα + gαβ gp+1, β  d yi , 1 ≤ α ≤ p, 

then.
{
δ xα , d yi : 1 ≤ α ≤ p, 1 ≤ i ≤ q

}
is a local coframe adapted to the decom-

position 
. T ∗(M) = P∗ ⊕ (

P⊥)∗ 

and . ω decomposes accordingly 

. ω = ωα
(
δ xα

)
x +

(
ωp+i − gαβ (x) gp+1, β  (x) ωα

) (
d yi

)
x . 

Finally [by (4.198)], the condition (4.215) is equivalent to 

. ωp+1 = gαβ (x) gp+i, β  (x) ωα, 

i.e., .ω ∈ P∗
x . 

To prove Proposition 4.164 let .s ∈ �0(M, Q) and .ω = d∇ s. Then [by (3.1) in 
[KaTo6], p.102] 

. d∗ 
∇ ω = −  

n∑

A=1

(
∇EA ω

)
EA 

on .U for any (local) .g-orthonormal frame .
{
EA : 1 ≤ A ≤ n

}
on .U ⊂ M . Then 
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. � s = −  
n∑

A=1

{
∇EA ∇EA s − ∇∇g 

E A 
EA 

s
}

on . U . Let  .
{
Xα : 1 ≤ α ≤ p

}
(respectively, .

{
ri : 1 ≤ i ≤ q

}
) be a local .g-

orthonormal (respectively, .gQ-orthonormal) frame of .P (respectively, of . Q) on  . U . 
We may work with the frame .

{
EA

} = {
Xα , σ

(
ri
)}
. Thus [by taking into account 

(4.152) and (4.212)], 

.� s = �B s − 
p∑

α=1

{
∇̊Xα ∇̊Xα s − ∇̊π ⊥∇g 

Xα Xα s
}
+ ∇̊τ ⊥ 

F 
s (4.216) 

on .U so that .� s = �B s for any .s ∈ C∞ 
B (Q). In spite of the relationship to the 

stability of Riemannian foliations (as emphasized by Proposition 4.164) the approach 
in [KaTo6] appears as a chapter of the theory of harmonic maps in bundles whose 
total spaces carry Sasaki type metrics (cf. Konderak, [Kon]) staying to harmonic 
maps theory as the newer branch of harmonic vector fields (cf. e.g., G. Wiegmink, 
[Wie]). Establishing an explicit quantitative relationship between the harmonicity of 
.F and that of the section determined by .P (in the Grassmann bundle of .p-planes 
tangent to . M) is an open problem. 

4.10.2.4 Transversally Holomorphic Maps of Kählerian Foliations 

Let .F be a trasversally oriented foliation of a Riemannian manifold .(M, g). 

Definition 4.165 .F is transversally Kählerian if 
i) .F is Riemannian and . g is bundle-like, 
ii) The transverse bundle .Q → M carries a holonomy invariant complex struc-

ture .JQ : Q → Q [i.e., . ∇̊X JQ = 0 for any .X ∈ XF ] such that . gQ
(
JQ r, JQ s

) = 
gQ(r, s) for any .r, s ∈ C∞(Q), 

iii) .∇ JQ = 0. . �

Cf. S. Nishikawa and Ph. Tondeur, [NiTo], p. 599. If.F is transversally Kählerian, 
then.�Q(r, s) = gQ

(
r, JQ s

)
determines a closed basic form.

(
�Q

)
T ∈ �2 

B (F ) given 
by 

. 
(
�Q

)
T (Y, Z ) = �Q(π Y, π  Z ), Y, Z ∈ X(M). 

Let .(N , G , h) be another foliated Riemannian manifold whose transverse bundle 
is equipped with a complex structure .Jν(G ) such that .

(
G , Jν(G )

)
is a transversally 

Kählerian foliation. 

Definition 4.166 A foliated map .φ ∈ C∞(F , G ) is transversally holomorphic if 

.
(
dT φ

) ◦ JQ = J φ 
ν(G ) ◦

(
dT φ

)
(4.217) 
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where .J φ 
ν(G ) = Jν(G ) ◦ φ. . �

By a result of E. Barletta et al. (cf. Theorem 1 in [BaDr], p. 122) a transversally 
holomorphic map is transversally harmonic if and only if . gradB

(
φ p′+u

) ∈ Ker(κ) 
for any .1 ≤ u ≤ q ′ and any foliated chart .

(
U , Xa, Y u

) ∈ G . Here  . gradB( f ) ∈ 
C∞(

P⊥) is the basic gradient of the basic function . f ∈ �0 
B (F ). Precisely if 

.η ∈ C∞(
Q∗) we set 

. ηT (Y, Z ) = η(π Y, π  Z ), Y, Z ∈ X(M) 

so that .η �→ ηT is a linear isomorphism of . C∞ 
B

(
Q∗) = {

η ∈ C∞(Q∗) : ∇̊ η = 0
}

onto.�1 
B (F ). Given. f ∈ �0 

B(F ) let.η f ∈ C∞ 
B

(
Q∗) and.s f ∈ C∞(Q) be determined 

by 
. 
(
η f

)
T = dB f, gQ

(
s f , r

) = η f (r), r ∈ C∞(Q). 

Finally, .gradB( f ) = σg
(
s f
)
. 

Transversally Kählerian foliations abound. For instance the canonical .S1-action 
on the anti de Sitter space 

. H 2n+1 
1 = {

z = (
z0 , z1 , .  .  .  ,  zn

) ∈ Cn+1 : −|z0|2 + 
n∑

k=1 

|zk |2 = −1
}

determines a fibration .H 2n+1 
1 → C Hn (over the complex hyperbolic space .CHn , 

[KoNo], Vol II, p. 282) which give rise to a (totally geodesic) transversally Kählerian 

foliation .F of .H 2n+1 
1 . Also the fibers of any principal .S1-bundle . P2n+1 p −→ C Pn 

endowed with a connection .1-form .η ∈ �1
(
P2n+1

)
determine a transversally Käh-

lerian foliation of .P2n+1. Here one endows .P2n+1 with the Riemannian metric 
.g = p∗ gFS  + η ⊗ η on .P2n+1, where .gFS  is the Fubini-Study metric on .CPn . 

As customary one extends .JQ (by .C-linearity) to a complex structure .J C 
Q on 

.Q ⊗ C and sets .Q1,0 = Eigen
(
J C 
Q ; i

)
(the eigenbundle of .J C 

Q corresponding to 

the eigenvalue .i = 
√−1) and .Q0,1 = Q1,0. An overbar denotes complex conju-

gation. Let .π1,0 : Q ⊗ C → Q1,0 be the projection associated to the decompo-
sition .Q ⊗ C = Q1,0 ⊕ Q0,1. For each foliated map .φ ∈ C∞(F , G ) of transver-
sally Kählerian foliations one defines the section .∂T φ in the complex vector bundle 
.
(
Q1,0

)∗ ⊗ φ−1ν(G )1,0 → M [respectively,.∂ T φ in.
(
Q0,1

)∗ ⊗ φ−1ν(G )1,0 → M] as  
the restriction to.Q1,0 (respectively, to.Q0,1) of.π ′

1,0 ◦
(
dT φ

)
. Then (4.217) is equiv-

alent to.∂ T φ = 0. The Hermitian bundle metrics.gQ and.hν(G ) induce inner products 

on.C∞
((

Q1,0
)∗ ⊗ φ−1ν(G )1,0

)
and.C∞

((
Q0,1

)∗ ⊗ φ−1ν(G )1,0
)
so that we may set 

.k1,0(φ) =
∥
∥∂T φ

∥
∥2 , k0,1(φ) =

∥
∥∂ T φ

∥
∥2 , K (φ) =

∫

M

{
k1,0(φ) − k0,1(φ)

}
d vg , 
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for each .φ ∈ C∞(F , G ). When .F = F0 and .G = G0 (the trivial foliations by 
points) the map.t �→ K

(
φt
)
is constant for any smooth.1-parameter family. 

{
φt
}
|t |<ε ⊂ 

C∞(M, N ) (cf. A. Lichnerowicz, [Lic]). A foliated analog of the result and its 
application to holomorphic maps of Vaisman manifolds and .CR  maps of Sasakian 
manifolds is demonstrated below. We obtain 

Theorem 4.167 Let .{φt }|t |<ε ⊂ C∞(F , G ) be a smooth .1-parameter family of 
foliated maps of the foliated Riemannian manifolds .(M, F , g) and .(N , G , h), 
where .M is compact and both .F and .G are transversally Kählerian foliations. Let 
.{αt }|t |<ε ⊂ �1(M) be given by 

.αt (X )x =
∫ t 

0

(
�ν(G )

)
T, φτ (x)

(
V(x, τ  )  , (dx φτ ) Xx

)
d τ , (4.218) 

. |t | < ε , X ∈ X(M), x ∈ M. 

Then 

.K
(
φt
)− K

(
φ0
) = (−1)p 

2(m − 1)!
∫

M

(
�Q

)m−1 
T 

∧ κ ∧ χF ∧ αt (4.219) 

where .2m = cod(F ) and .p = dim(M) − 2m. In particular any holomorphic map 
.φ : M → N of Vaisman manifolds, with .M compact, is a weakly stable .(F , G )-
harmonic map. Also any CR map .φ : M → N of Sasakian manifolds, with .M com-
pact and preserving the Reeb flows, is a weakly stable .(F , G )-harmonic map. 
In particular any foliated CR map .φ : P2n+1 → N into a Sasakian manifold . N 
is .(F , G )-harmonic and .indB (φ) = 0. 

Let.(M, J, g) be a complex.n-dimensional Hermitian manifold where. J denotes 
the complex structure and . g is the hermitian metric. We recall (cf. e.g., Theorem 
1.1 in [DrOr], p. 1) that . g is a locally conformal Kähler (l.c.K.) metric if there is a 
closed.1-form.ω ∈ �1(M) (the Lee form) such that.d � = ω ∧�where. �(X, Y ) = 
g(X, J Y  ) for any.X, Y ∈ X(M). A l.c.K. manifold.(M, J, g) is a generalized Hopf, 
or Vaisman, manifold if .∇g ω = 0 (cf. [DrOr], p. 33). The Lee field is . B = ω� ∈ 
X(M) (. � denotes raising of indices with respect to . g). The anti-Lee field is then 
.A = −J B. As .[A, B] =  0 the distribution .RB ⊕ RA is completely integrable and 
gives rise to a foliation.F on.M by Riemann surfaces (the vertical foliation). Let . M 
be a compact Vaisman manifold. By a result of I. Vaisman [Vai2], each leaf of .F is 
complex parallelizable and a totally geodesic and locally flat submanifold of . M . In  
particular .F is harmonic. Moreover, by a result of K. Tsukada (cf. Theorem 2.2 in 
[Tsu1], p. 4) .F is transversally Kählerian and any holomorphic map . φ : M → N 
into another Vaisman manifold . N , with .M compact, is a foliated map. Also, by 
a result of E. Barletta et al. (cf. Corollary 1 in [BaDr], p. 128) any holomorphic 
map.φ : M → N of Vaisman manifolds is transversally harmonic with respect to the 
vertical foliations. It remains to be shown that .indB (φ) = 0. To this end we ought 
to prove (4.219). Let .Q′ = ν(G ) and let .φ−1�Q′ ∈ C∞ 

B

(
�2 Q∗) be determined by 
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.
(
φ−1�Q′

)
T = φ∗(�Q′

)
T [by exploiting the isomorphism .C∞ 

B

(
�2 Q∗) � �2 

B (F )]. 
A calculation shows that 

. 2
{
k1,0

(
φt
)− k0,1

(
φt
)} = g∗ 

Q

(
�Q , φ

−1 
t �Q′

)
. 

Hence, (as the map .α �→ αT is an isometry) 

. K
(
φτ
) = 

1 

2

∫

M 
g∗
((
�Q

)
T , φ

∗ 
τ

(
�Q′

)
T

)
d vg = 

1 

2

∫

M

[
φ∗(�Q′

)
T

]
∧ ∗ (�Q

)
T . 

At this point we exploit a general result in [Lic], i.e., for any closed .2-form . � ∈
�2(N ) and any smooth .1-parameter family . 

{
φt
}
|t |<ε ⊂ C∞(M, N ) 

.d
[
φ∗ 
t

((
V ◦ αt

) ��
)]

= 
d 

d t

{
φ∗ 
t �

}
, |t | < ε. (4.220) 

Cf. also (16.11) in [DrWo]. Indeed (4.220) for.� = (
�Q′

)
T and integration on. [0, t] 

give .d αt = φ∗
t

(
�Q′

)
T 
− φ∗

0

(
�Q′

)
T 
so that (by the Stokes theorem) 

. K
(
φt
)− K

(
φ0
) = 

1 

2

∫

M

(
d αt

) ∧ ∗ (�Q
)
T 
= 

1 

2

∫

M 
αt ∧ d

[ ∗ (�Q
)
T

]
. 

At this point we need to recall Rummler’s formula 

. d χF + κ ∧ χF = ϕ0 ∈ F2�p+1 (M). 

Here .Fr�s(M) consists of all differential .s-forms .η ∈ �s(M) such that 

. i
(
X1

) · · ·  i(Xs−r+1
)
η = 0, X j ∈ XF , 1 ≤ j ≤ s − r + 1. 

Then .Fr�s(M) is a (decreasing) filtration of the de Rham complex .
{
�•(M), d

}
. 

Its use in the present context may be stated loosely as follows. If .η ∈ Fr�s(M), 
then [locally with respect to a foliated chart.

(
U, xα , yi

) ∈ F ] the.s-form. η contains 
exterior monomials of the form .d xα1 ∧  · · ·  ∧  d xαk of degree at most .k ≤ s − r . 
Therefore, . η contains exterior monomials of the form .d yi1 ∧  · · ·  ∧  d yi� of degree 
.� ≥ r . Next, by (2.4) in [KaTo16], p. 417, one has 

. ∗ (�Q
)
T =

[ ∗̂(�Q
)
T

] ∧ χF = 1 

(m − 1)!
(
�Q

)m−1 
T ∧ χF 

hence [as .dB
(
�Q

)
T = 0] 

.αt ∧ d
[ ∗ (�Q

)
T

] = 1 

(m − 1)! αt ∧
(
�Q

)m−1 
T ∧ d χF = − 1 

(m − 1)! αt ∧
(
�Q

)m−1 
T ∧ κ ∧ χF 
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by Rummler’s formula [thus leading to (4.219)]. Indeed [by (4.218)], .αt (X ) = 0 for 
any .X ∈ XF hence locally .αt = αi (t) d yi for some .

{
αi (t)

}
|t |<ε ⊂ �0 

B

(
FU

)
. Also  

.
(
�Q

)m−1 
T 

∈ �2m−2 
B (F ) and .ϕ0 contributes (again by Rummler’s formula) exterior 

monomials of the form .d yi ∧ d y  j . Thus, .αt ∧
(
�Q

)m−1 
T ∧ ϕ0 has degree at least 

.2m + 1 in the .d yi ’s and therefore it must vanish. 
The complex structure .JQ : ν(F ) → ν(F ) (where .F is the vertical foliation 

of the Vaisman manifold . M) is given by .JQ(s) = π(J Y  ) where .Y ∈ X(M) is a 
vector field such that .π(Y ) = s. As  .RB ⊕ RA is .J -invariant, this is well defined. 
Consequently, the transverse differential of any holomorphic map .φ : M → N of 
Vaisman manifolds satisfies (4.217) so that.k0,1(φ) = 0. Let. 

{
φt
}
|t |<ε ⊂ C∞(F , G ) 

be a smooth .1-parameter variation of . φ (with .φ0 = φ). Then 

. ET
(
φt
) =

∫

M 
eT (φ) d vg =

∫

M

{
k1,0

(
φt
)+ k0,1

(
φt
)}

d vg ≤ 

. ≤
∣
∣
∣∣

∫

M

{
k1,0

(
φt
)+ k0,1

(
φt
)}

d vg

∣
∣
∣∣ =

∣
∣K

(
φt
)∣∣ = |K (φ)| =  E(φ) 

by (4.219) (as  .F is harmonic). Therefore, .E ′′(0) ≥ 0 where we have set . E (t) = 
ET

(
φt
)
. On the other hand, let 

. 
{
φs,t

}
|s|<ε, |t |<ε ⊂ C∞(F , G ), φs,t = φs+t , −ε <  s, t < ε.  

Let .v ∈ C∞ 
B

(
φ−1 Q′) be induced by.

{
φt
}
|t |<ε [as in (4.154), i.e., .v(X ) = v(x, 0) for 

any .x ∈ M]. Finally, 

. 0 ≤ E ′′(0) =
{∂2 ET

(
φs,t

)

∂s ∂t

}

s=t=0 
= H

(
ET

)
φ (v, v) 

so that .indB(φ) = 0. 
To prove the CR statement in Theorem 4.167 we need to recall a few notations 

and conventions from [DrTo]. Let .M be a .(2n + 1)-dimensional manifold. 

Definition 4.168 A complex subbundle.T1,0(M) ⊂ T (M) ⊗ C, of complex rank. n, 
is a CR structure on .M if 

(i) .T1,0(M)x ∩ T0,1(M)x = (0) for any .x ∈ M , 
(ii) .[Z , W ] ∈  C∞(

U, T1,0(M)
)
for any.Z , W ∈ C∞(

U, T1,0(M)
)
and any open 

set .U ⊂ M . . �

Here .T0,1(M) = T1,0(M). let  .
{
Pα : 1 ≤ α ≤ n

}
be a local frame of .T1,0(M) on 

.U ⊂ M . CR structures are bundle-theoretic description of the tangential Cauchy-
Riemann equations .Pα(u) = 0, .1 ≤ α ≤ n. A solution .u ∈ C1(U ) to the tangential 
C-R equations is a CR function. Let  .CR∞(U ) be the space of all CR functions of 
class .C∞ on . U . Let .H (M) ⊂ T (M) be the real rank .2n subbundle defined by 
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. H(M) = Re
{
T1,0(M) ⊕ T0,1(M)

}
, T0,1(M) ≡ T1,0(M) .  

The distribution .H (M) carries the complex structure . J given by 

. J (Z + Z ) = i (Z − Z ), Z ∈ T1,0(M), i = 
√−1 . 

Let .H(M)⊥ ⊂ T ∗(M) be the real line bundle defined by 

. H (M)⊥ 
x =

{
ω ∈ T ∗ 

x (M) : Ker(ω) ⊃ H (M)x
}
, x ∈ M. 

Definition 4.169 A pseudohermitian structure on the CR manifold . (M, T1,0(M)) 
is a globally defined nowhere zero section .θ ∈ C∞(

H(M)⊥
)
. . �

Definition 4.170 The Levi form is 

. Gθ (X, Y ) = (d θ)(X, J Y  ), X, Y ∈ H (M). 

. �

Definition 4.171 A CR manifold.M is strictly pseudoconvex if.Gθ is positive definite 
for some . θ . . �

If this is the case. θ is a contact form, i.e., .θ ∧ (d θ)n is a volume form on. M . Also  
.Gθ may be extended to a Riemannian metric.gθ (the Webster metric) on.M by setting 

. gθ (X, Y ) = Gθ (X, Y ), gθ (X, T ) = 1, X, Y ∈ H(M), 

and using the direct sum decomposition .T (M) = H (M) ⊕ RT . Here  

Definition 4.172 .T ∈ X(M) is the Reeb vector field, i.e., the unique tangent vector 
field on .M determined by .θ(T ) = 1 and .T � d θ = 0. . �

Definition 4.173 A CR map is a smooth map .φ : M → N of CR manifolds such 
that 

. φ∗ T1,0(M) ⊂ φ−1 T1,0(N ). 

. �

It is a natural question whether a CR analog to A. Lichnerowicz’s theorem holds 
(at least in the strictly pseudoconvex case). Precisely, given a CR map.φ : M → N of 
compact strictly pseudoconvex CR manifolds, is.φ : M → N harmonic with respect 
to the Webster metrics .gθ and .g$ (for some choice of contact forms . θ and .$ on 
.M and . N , respectively)? Such a result is ruled out in general by H. Urakawa’s 
finding (cf. [Ura]) that a CR map .φ : M → N is a harmonic map of .(M, gθ ) into 
.(N , g$) if and only if .T (λ) = 0 where .λ ∈ C∞(M) is determined by .φ∗$ = λ θ . 
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As subelliptic theory applies to CR geometry the way elliptic theory applies to 
Riemannian geometry (cf. S. Dragomir, [Dra5]) the concept of subelliptic harmonic 
map (due to J. Jost and C.-J. Xu, [JoXu]) appears to be the closest pseudohermitian 
analog to that of a harmonic map. Yet a CR map.φ : M → N above isn’t subelliptic 
harmonic either, unless .φ : M → N is a pseudohermitian map, i.e., .φ∗$ = c θ for 
some .c ∈ R (cf. Theorem 1.1 in [BaDrUr], p. 724). As in the case of holomorphic 
maps of l.c.K. manifolds the problem admits a surprising solution within foliation 
theory. 

Definition 4.174 The Reeb flow is the flow.Fθ tangent to . T , i.e., .T
(
Fθ

) = RT . . �

Then H. Urakawa’s condition to the harmonicity of a CR map.φ : M → N reads 
.λ ∈ �0 

B

(
Fθ

)
. The Webster metric .gθ induces a Riemannian bundle metric .

(
gθ
)
Q 
in 

the transverse bundle to the flow. At this point a number of natural questions may be 
asked. Which of the Reeb flows is Riemannian (transversally Kählerian)? Are CR 
maps of strictly pseudoconvex CR manifolds transversally holomorphic? To answer 
these questions is of course to prove Theorem 4.167. We need the following. 

Lemma 4.175 Let .M be a strictly pseudoconvex CR manifold and . θ a contact form 
on .M such that .Gθ is positive definite. Then 

.
(∇̊T

(
gθ
)
Q

)
(r, s) = 2 A

(
σ(r ), σ (s)

)
(4.221) 

for any .r, s ∈ C∞(
ν
(
Fθ

))
. Here  .(A X, Y ) = gθ (X, τ  Y ) and . τ is the pseudoher-

mitian torsion of .(M, θ  ). Consequently, .
(
Fθ ,

(
gθ
)
Q

)
is a Riemannian foliation and 

.gθ is a bundle-like Riemannian metric if and only if .τ = 0. Moreover, 

. ∇̊T JQ = 2 π ◦ J ◦ τ ◦ σ (4.222) 

where.JQ : ν
(
Fθ

) → ν
(
Fθ

)
is the complex structure given by.JQ s = π J Y  for any 

.s ∈ C∞(
ν
(
Fθ

))
and .Y ∈ X(M) such that .π Y = s. Consequently, .JQ is holonomy 

invariant if and only if .τ = 0. 

Here .σ : ν(Fθ

) → H (M) is the natural isomorphism (induced by . gθ ). Also . τ 
(the pseudohermitian torsion) is the vector-valued .1-form on .M given by . τ(X ) = 
Tor(T , X ) for any.X ∈ M where.Tor is the torsion tensor field of the Tanaka-Webster 
connection of .(M, θ  ), i.e., the unique connection .∇θ on .M such that 

(i) .H (M) is parallel with respect to .∇θ , 
(ii) .∇θ gθ = 0 and .∇θ J = 0, 
(iii) the torsion.Tor of.∇θ is pure, i.e.,.τ ◦ J + J ◦ τ = 0 and.Tor(Z , W ) = 0 and 

.Tor(Z , W ) = 2i Gθ (Z , W )T for any .Z , W ∈ T1,0(M). 
It is customary to extend .J : H(M) → H (M) to a field . ϕ of .(1, 1)-tensors on 

.M by setting .ϕ = J on.H (M) and .ϕ(T ) = 0. Then .(ϕ, ξ, η, g) is a contact metric 
structure on.M (in the sense of [Bla]) where.ξ = −T ,.η = −θ and.g = gθ . Moreover, 
.(ϕ, ξ, η)  is normal (i.e., .[ϕ, ϕ] +  2 (d η) ⊗ ξ = 0, cf.  [Bla], p. 49) if and only if 
.τ = 0. If this is the case. g is a Sasakian metric (in the sense of [Bla], p. 73). Summing 
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up, a strictly pseudoconvex CR manifold endowed with a contact form . θ such that 
the Levi form.Gθ is positive definite is a Sasakian manifold (i.e., the Webster metric 
is Sasakian) if and only if .(M, θ  )  has vanishing pseudohermitian torsion. 

Let us prove Lemma 4.175. For any . r, s ∈ C∞(
ν
(
Fθ

))

. 
(∇̊T

(
gθ
)
Q

)
(r, s) = T

((
gθ
)
Q 
(r, s)

)− (
gθ
)
Q

(∇̊T r, s
)− (

gθ
)
Q

(
r, ∇̊T s

) = 

. = T
(
gθ
(
σ(r ), σ (s)

))− gθ
([
T , σ  (r )

]⊥
, σ  (s)

)− gθ
(
σ(r ),

[
T , σ  (s)

]⊥)

where .Y ⊥ = #H (Y ) and .#H : T (M) → H (M) is the natural projection (with 
respect to the decomposition .T (M) = H (M) ⊕ RT ). It should be observed that 

. θ([T , X ]) = −2(d θ)(T, X) = 0, X ∈ H (M), 

[due to .θ(X ) = 0 and .θ(T ) = 1]. An equivalent formulation is that 

. θ ◦ LT = −2(T � d θ)  = 0. 

Consequently,.[T , X ] ∈  H (M) for any.X ∈ H(M). Therefore [as. σ is.H (M)-valued 
and .∇θ T = 0], 

. 
(∇̊T

(
gθ
)
Q

)
(r, s) = (

LT gθ
)(
σ(r), σ (s)

) = T
(
gθ
(
σ(r ), σ (s)

)) = 

. = −gθ
(∇θ 

T σ(r ) − Tor
(
T , σ  (r)

)
, σ  (s)

)− gθ
(
σ(t), ∇θ 

T σ(s) − Tor
(
T , σ  (s)

)) = 

. = (∇θ gθ
)(
σ(r ), σ (s)

)+ 2 A
(
σ(r ), σ (s)

)

(as . A is symmetric, cf. Lemma 1.4 in [DrTo], p. 38. This proves (4.221). Moreover 
(by the very definition of . ∇̊), 

. 
(∇̊T JQ

)
s = π

{[
T, J σ(s)

]− J [T, σ  (s)
]} = 

. = π
{∇θ 

T J σ(s) − Tor
(
T , J σ(s)

)− J ∇θ 
T σ(s) + J Tor

(
T , σ  (s)

)} = 

. = π
(∇θ 

T J
)
σ(s) + π(J ◦ τ − τ ◦ J )σ (s), 

i.e., . ∇̊T JQ = 2 π ◦ J ◦ τ ◦ σ and (4.222) is proved. 

Theorem 4.176 Let .M be a strictly pseudoconvex CR manifold and . θ a contact 
form on .M with .Gθ positive definite. Then 

.
(
gθ
)
Q

(
JQ r, JQ s

) = (
gθ
)
Q(r, s), r, s ∈ ν

(
Fθ

)
, ∇Y JQ = 0, Y ∈ H (M). 
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Consequently, if .gθ is a Sasakian metric, then .
((
gθ
)
Q, JQ

)
is a transverse Kählerian 

structure on .
(
M, Fθ

)
. Moreover, for any CR map .φ : M → N of strictly pseudo-

convex CR manifolds the following statements are equivalent: 
(i) .φ : M → N preserves the Reeb flows, i.e., .φ ∈ C∞(

Fθ , F$

)
. 

(ii) Either .(d φ)T = 0 [i.e., .φ ∈ C∞(
Fθ , G0

)
] or there is .λ ∈ C∞(M) such that 

.λ �= 0 and .φ : U → N is an isometry of .
(
U, gθ̂

)
into .

(
N , g$

)
, where .U ⊂ M is the 

open set .U = M \ {x ∈ M : λ(x) = 0} and .θ̂ = λ θ . Finally, if .φ : M → N is a CR 
map and .φ ∈ C∞(

Fθ , F$

)
, then . φ is transversally holomorphic. 

Proof For any .Y ∈ H (M) and .s ∈ C∞(
ν
(
Fθ

))
[by (4.152)] 

.
(∇Y JQ

)
s = π

{∇gθ 
Y J σ(s) − J #H ∇gθ 

Y σ(s)
}
. (4.223) 

The Levi-Civita connection of .
(
M, gθ

)
and the Tanaka-Webster connection of 

.(M, θ  )  are related by [cf. (1.61) in [DrTo], p. 37] 

.∇gθ = ∇θ − (d θ + A) ⊗ T + τ ⊗ θ + 2 θ ( ϕ (4.224) 

where .( denotes the symmetric tensor product. In particular 

. ∇gθ 
Y Z = ∇θ 

Y Z −
(
A(Y, Z ) + (d θ)(Y, Z )

)
T , Y, Z ∈ H(M), 

hence (4.223) becomes [by .π(T ) = 0] 

. 
(∇Y JQ

)
s = π

(∇θ 
Y J

)
σ(s) = 0. 

Together with Lemma 4.175 this proves the first part of Theorem 4.176. Let. φ : M → 
N be a CR map and let us set.λ = (

φ∗$
)
(T ) ∈ C∞(M). Also let. Z (λ) = {x ∈ M : 

λ(x) = 0} and .U = M \ Z (λ). As . φ is CR 

. 0 = $φ(x)
(
(dx φ)Xx

) = (
φ∗$

)
(X )x , X ∈ C∞(

H (M)
)
, x ∈ M, 

and .dimR H (M)x = 2n hence .φ∗$ = λ θ . To check the last statement in Theorem 
4.176 note that either .Z (λ) = M or . θ̂ is a contact form on . U . Let us assume that 
.φ ∈ C∞(

Fθ , F$

)
. Then .(dx φ)Tx = λ(x) TN , φ(x) for any .x ∈ U where .TN is the 

Reeb field of .(N , $). The Reeb field . T̂ of .(U, θ̂ )  is given by (cf. [DrTo], p. 136) 

. T̂ = 
1 

λ

{
T − 

i 

2 λ

(
λα Pα − λα Pα

)}
(4.225) 

where .λα = gαβ Pβ (λ) and .λα = λα . Then 

. 
(
φ∗g$

)
(T , T ) = λ2 = gθ̂ (T , T ),

(
φ∗g$

)
(T, X ) = 0 = gθ̂ (T, X ), 

.
(
φ∗g$

)
(X, Y ) = gθ̂ (X, Y ), X, Y ∈ H(M), 
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i.e., .φ∗g$ = gθ̂ on . U . 

Therefore (by Theorem 4.176 above) unlike holomorphic maps of generalized 
Hopf manifolds, CR maps of Sasakian manifolds aren’t foliated maps in general. 
Nevertheless if .φ : M → N is a CR map and .φ ∈ C∞(

Fθ , F$

)
, then (4.217) is  

easily seen to hold. Also [by (4.224)] .∇gθ 
T T = 0 hence .Fθ is totally geodesic. Next 

[by (4.219) in Theorem 4.167], 

.K
(
φt
) = K (φ), |t | < ε, (4.226) 

for any foliated map CR map .φ : M → N of compact Sasakian manifolds and any 
smooth .1-parameter family .

{
φt
}
|t |<ε ⊂ C∞(

Fθ , F$

)
such that .φ0 = φ. Yet  . φ is 

transversally holomorphic so that [by (4.226)] .t = 0 is an absolute minimum of . E , 
i.e., . φ is .

(
F , G

)
-harmonic and .indB(φ) = 0. The last statement in Theorem 4.167 

follows from the fact that the total space .P2n+1 of a principle circle bundle over the 
complex projective space may be organized as a Sasakian manifold (so that its Reeb 
flow in transversally Kählerian). 

Example 4.177 (Maps of Heisenberg groups) Let.Hn = Cn × R be the Heisenberg 
group (cf. e.g., [DrTo], pp. 11–14) with coordinates .(z, t) = (z1, · · ·  , zn, t). Let  

. Pα = ∂ 
∂ zα − i 

∂ 
∂ t 
, 1 ≤ α ≤ n 

be the Lewy operators. One endows .Hn with the CR structure .T1,0
(
Hn

)
spanned by 

.
{
Pα : 1 ≤ α ≤ n

}
(where .Pα = Pα) and the pseudohermitian structure 

. θ0 = d t  + 
n∑

α=1

(
zα d zα − zα d zα ). 

Then .Gθ

(
Pα , Pα

) = δαβ so that .Hn is a strictly pseudoconvex CR manifold of CR 
dimension . n. The Webster metric .gθ0 turns out to be a Sasakian metric and actually 
.Hn is a Sasakian space form (of constant .ϕ-sectional curvature .c = −3, cf. e.g., 
[Dra4], p. 195). 

Lemma 4.178 A .C1 map .� = (
F1, · · ·  , Fm, f

) : Hn → Hm is a CR map if and 
only if .F j , |F |2 − i f  ∈ CR1

(
Hn

)
for any .1 ≤ j ≤ m, i.e., .F j and .|F |2 − i f  are 

CR functions on .Hn. 

Here 

. |F |2 = 
m∑

j=1 

Fj F j , F = (
F1, .  .  .  ,  Fm

)
, Fj = F j . 

Let .(w, s) = (
w1, .  .  .  , wm, s

)
be the Cartesian coordinates in .Hm and 
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. P ′
j 
≡ 

∂ 
∂ w j 

− i w j 
∂ 
∂ s 

, 1 ≤ j ≤ m, 

the corresponding Lewy operators. Given a CR map .� : Hn → Hm one has 

. �∗
( ∂ 
∂ t

)
= λ

( ∂ 
∂ s

)� + 
∂ F j 

∂ t
(
P ′
j

)� + 
∂ F j 

∂ t
(
P ′
j

)�
, λ  = ft − i F j F j t + i Fj F 

j 
t ∈ C

(
Hn

)
. 

Therefore, .� preserves the Reeb flows, i.e., .� ∈ C1
(
Fθ0 , F$0

)
if and only if 

.∂ F j /∂ t = 0 so that .F j ∈ O(
C

n
)
for .1 ≤ j ≤ m. Here  

. $0 = d s  + i 
m∑

j=1

(
w j d w j − w j d w j

)
. 

.
(
Hn , gθ0

)
is a noncompact Sasakian manifold so that Theorem 4.167 doesn’t apply. 

Nevertheless 

Proposition 4.179 Any foliated CR map .� ∈ C2
(
Fθ0 , F$0

)
satisfies (4.171), and 

hence .� is .
(
Fθ0 , F$0

)
-harmonic. 

Indeed the Reeb flow.Fθ0 is totally geodesic (in particular.τF θ0 
= 0. On the other 

hand, 

. τT (�) = tracegν(F θ0 
) βT (�) = 2 

n∑

α=1 

βT (�)
(
π Pα , π  Pα

) = 2
∑

α

{
D�Pα �∗ π Pα −�∗ ∇Pα π Pα

}

and [by .T
(
Fθ0

)⊥ = H
(
Hn

)
and (4.224)] 

. ∇Pα π Pα = π ∇gθ0 
Pα 

Pα = π
{
∇θ0 

Pα 
Pα −

(
d θ0

)(
Pα , Pα

) ∂ 
∂ t

}
= 0. 

Lemma 4.180 Let .Fθ0 be the Reeb foliation (tangent to .∂/∂ t) of the Heisenberg 
group .Hn and .zα = xα + i yα with .1 ≤ α ≤ n. Then .

(
t, xα , yα

) ∈ Fθ0 , i.e., . 
(
yi
) ≡(

xα , yα
)
are transverse coordinates (here .p = 1 and .q = 2n). Consequently, the 

canonical adapted connection .∇ of .
(
Hn , Fθ0 , gθ0

)
is given by .�i 

jk  = 0. 

Proof Let .Pα = 1 2
(
Xα + i Yα

)
be the real and imaginary parts of the Lewy opera-

tors. Then.
{
Xα , Yα : 1 ≤ α ≤ n

}
is a (left invariant) frame of the Levi distribution 

.H
(
Hn

)
. Clearly . t is a (global) coordinate along each leaf of .Fθ0 (each maximal 

integral curve of the Reeb vector). Also 

. 
∂ 
∂ xα = Xα − 2 yα ∂ 

∂ t 
, 

∂ 
∂ yα = Yα + 2 xα ∂ 

∂ t 
, 
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shows that .
{
π
(
∂/∂ xα

)
, π

(
∂/∂ yα

) : 1 ≤ α ≤ n
}
is a (global) frame of the trans-

verse bundle .ν
(
Fθ0

)
, i.e., .

(
t, xα , yα

)
is a (globally defined) foliated coordinate 

system on .
(
Hn , Fθ0

)
. For instance [by (4.224)], 

. �i 
αβ π 

∂ 
∂ yi 

= π ∇gθ0 
Xα 

Xβ − 2 yα ∇̊∂/∂t π 
∂ 
∂ xβ = π

{
∇θ0 Xα 

Xβ −
(
d θ0

)(
Xα , Xβ

) ∂ 
∂ t

}
= 0 

(because of .∇θ0 
PA 

PB = 0 for any .A, B ∈ {0, 1, · · ·  , n, 1,  . . . ,  n}, cf. e.g., [DrTo], 
p. 34) yields .�i 

αβ = 0 etc. 

If .w j = ξ j + i η j , then .
(
s, ξ  j , η  j

) ∈ F$0 , i.e., .
(
Y u

) ≡ (
ξ j , η  j

)
are transverse 

coordinates. Then (by (4.180)) .�′u 
vw = 0 hence 

. D�
Pα �∗ π Pα =

(
Pα Pα F 

j)
π ′�(P ′

j

)� = {[
Pα Pα

]
F 

j + Pα Pα F 
j}
π ′�(P ′

j

)� = 0 

due to the commutation relations .
[
Pα , Pβ

] = −2i δαβ ∂/∂ t and the fact that .Fj are 
holomorphic functions. Therefore, .τT (�) = 0 so that .� is .

(
Fθ0 , F$0

)
-harmonic, 

as claimed. . �

4.10.2.5 .(F , G )-Harmonic Maps into Spheres 

Let .Sm = {
x = (

x1 , .  .  .  ,  xm+1
) ∈ Rm+1 : ∑m+1 

i=1 x
2 
i = 1

}
. Drawing inspiration 

from B. Solomon [Sol], we shall study .
(
F , G0

)
-harmonic maps . φ ∈ C∞(

F , G0
)

of a foliated Riemannian manifold .(M, F , g) into .Sm thought of as endowed with 
the trivial foliation by points .G0. 

Definition 4.181 We say that.φ : M → Sm meets. Sm−2 = {
x ∈ Sm : x1 = x2 = 0

}

if .φ(M) ∩ Sm−2 �= ∅. When . φ doesn’t meet .Sm−2 we say . φ links .Sm−2 if . φ : M → 
Sm \ Sm−2 is not null-homotopic. . �

We shall prove the following result (containing the result in [Sol] for .F = F0) 

Theorem 4.182 Let .(M, F , g) be a compact oriented foliated Riemannian mani-
fold with .F transversally oriented and . g bundle-like. If .φ ∈ C∞(

F , G0
)
is a non-

constant .
(
F , G0

)
-harmonic map of .M into .Sm, then either . φ meets .Sm−2 or . φ links 

.Sm−2. 

Let .Sm+ = Sm ∩ Rm+ where .R
m+ =

{
y = (

y1 ,  . . . ,  ym
) ∈ Rm : ym > 0

}
and let 

.Sm−1 
+ × f S1 be the warped product with warping function . f ∈ C∞(

Sm−1 
+ × S1

)

given by . f (y, ζ  )  = ym . Then 

. I : Sm−1 
+ × S1 → Sm \ Sm−2 , I (y, ζ  )  = (

u ym , v  ym , y′
)
, 

.y = (
y′, ym

) ∈ Sm−1 
+ , ζ  = u + i v ∈ S1 ⊂ C, 
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is an isometry of .Sm−1 
+ × f S1 onto .

(
Sm \ Sm−2, hm

)
. Here .hm = ι∗ H and .H is the 

Euclidean metric on .R
m+1 (and .ι : Sm → Rm+1 is the inclusion). Moreover, let 

. p : Sm−1 
+ ×γ R → Sm−1 

+ × f S
1 , p(y, t) = (

y, exp(i t)
)
, 

be the universal Riemannian covering, where.γ ∈ C∞(
Sm−1 
+

)
is the function. γ (y) = 

ym . 
The proof of theorem 4.153 is by contradiction, i.e., we may assume that . φ 

doesn’t meet .Sm−2 and that .φ : M → Sm \ Sm−2 is null-homotopic. Then . φ lifts to 
a .
(
F , G0

)
-harmonic map .ψ : M → Sm−1 

+ ×γ R. Let  .F = π1 ◦ ψ and . u = π2 ◦ ψ 
be the components of .ψ where 

. π1 : Sm−1 
+ × R → Sm−1 

+ , π2 : Sm−1 
+ × R → R, 

are the canonical projections. Clearly .ψ ∈ C∞(
F , G0

)
so that .F : M → Sm−1 

+ is a 
foliated map and.u ∈ �0 

B (F ). Throughout.G0 denotes the trivial foliation by points, 
though on several different manifolds. Let.

{
Yi : 1 ≤ i ≤ q

}
be a local.g-orthonormal 

frame of the normal bundle .T (F )⊥ defined on an open set .U ⊆ M [where . q = 
cod(F )]. As .Sm−1 

+ ×γ R is endowed with the (warped product) metric . π ∗ hm−1 + 
(γ ◦ π1)2 d t  ⊗ d t  the transverse energy density is 

. 2 eT (ψ)x = 
q∑

i=1

{
hm−1,F(x)

(
(dx F)Yi,x , (dx F)Yi,x

)+ γ
(
F(x)

)2 
(d u)

(
Yi
)2 
x

}
= 

. = 2 eT (F)x + γ
(
F(x)

)2 ∥∥dB u
∥
∥2 
x 

for any .x ∈ U . Given .ϕ ∈ �0 
B(F ) we consider the .1-parameter variation 

. ψt = (F, u + t ϕ) ∈ C∞(
F , G0

)
, |t | < ε ,  

so that 
. ET

(
ψt
) = ET (F) + 

. + 
1 

2

∫

M 
(γ ◦ f )2

{∥∥dB u
∥∥2 + 2 t g∗

(
dB u, dB ϕ

)+ O
(
r2
)}

d vg . 

Then [as .ψ is .
(
F , G0

)
-harmonic and .γ ◦ F ∈ �0 

B (F )] one has 

. 0 =
{ d 

d t  
ET

(
ψt
)}

t=0 
= 〈
(γ ◦ F)2 dB u , dB ϕ

〉
B 

so that (as . ϕ is an arbitrary basic function) . u must satisfy the transversally elliptic 
equation 

.δB
(
(γ ◦ F)2 dB u

) = 0. (4.227) 
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Then one may multiply by. u in (4.227) and integrate over.M to conclude that. dB u = 
0, i.e., 

. ψ(M) ⊂ Sm−1 
+ × {

u0
}

for some.u0 ∈ R. Let.
(
U, xα , yi

) ∈ F be a foliated local chart on. M . Let. 
(
U , Xu

)

be a local coordinate system on.Sm−1 
+ × R with.Xm = t and.ψ(U ) ⊆ U . Then [again 

as .ψ is .
(
F , G0

)
-harmonic] 

. �B ψ
w + (

gQ
)i j  ∂ ψu 

∂ yi 
∂ ψv 

∂ y j
(
�′w 

uv ◦ ψ
) = 0, 1 ≤ w ≤ m, 

where .ψu = Xu ◦ ψ . Here .�′w 
uv are the local coefficients of the Levi-Civita connec-

tion of .Sm−1 
+ ×γ R. In particular for .w = m one obtains 

. �B F
a + (

gQ
)i j  ∂ Fb 

∂ yi 
∂ Fc 

∂ y j
(
γ a bc ◦ F

) = 0 

or 
.�B F

a + 2 eT (F) Fa = 0, 1 ≤ a ≤ m − 1. (4.228) 

Here 
. γ c ab = hab Xc , hab = δab +

(
1 − |X |2)−1 

Xa Xb . 

If .F = (
F ′, Fm

)
and .F ′ = (

F1 , .  .  .  ,  Fm−1
)
, then we may exploit the constraint 

.

∣
∣F ′∣∣2 + F2 

m = 1 and the identity 

. �B
(
u2
) = 2 u�B u + 2

∥∥dB u
∥∥2 , u ∈ �0 

B (F ) 

to show that (4.228) yields 

.�B Fm + 2 eT (F)Fm = 0 (4.229) 

as well. Integration of (4.229) over .M and .Fm > 0 then shows .F (and therefore . φ) 
is constant, a contradiction. 

Since the natural projection .π2 : Sm−1 
+ × S1 → S1 is a homotopy equivalence, 

.φ : M → Sm \ Sm−2 is null-homotopic if and only if .π2 ◦
(
I −1 ◦ φ

) : M → S1 is 
null-homotopic. Consequently [as the Bruschlinski group of .M and .H 1(M, Z) are 
isomorphic], 

Corollary 4.183 Let.(M, F , g) be a compact orientable foliated Riemannian man-
ifold such that 

(i) .F is a transversally oriented Riemannian foliation, 
(ii) . g is a bundle-like Riemannian metric, and 
(iii) .H 1(M, Z) = 0. 
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Then any nonconstant .
(
F , G0

)
-harmonic map of .(M, F , g) into . 

(
Sm, G0 , hm

)

meets .Sm−2. 
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Chapter 5 
Sobolev Inequalities on Submanifolds 

5.1 Sobolev Inequalities on Complete Manifolds 

The purpose of the present section is to briefly review a few results on complete 
Riemannian manifolds, with Ricci curvature bounded from below, that support a 
Sobolev embedding. We follow the presentation by Athanasios, [Ath]. Let . (M, g)

be a .n-dimensional (.n ≥ 3) Riemannian manifold. 

Definition 5.1 .(M, g) is said to support a Sobolev embedding if there exist 

. p, q ∈ R, m, k ∈ Z, 1 ≤ q < p, 0 ≤ m < k,
1

p
= 1

q
− k − m

n
,

such that 1

.Hq
k (M) ↪→ H p

m (M). (5.1) 

. �

Here .H p
k (M) denotes the Sobolev space 2 of . M , i.e., the completion of 

. C p
k (M) =

{
u ∈ C∞(M) : ∇ j u ∈ L p(M), 0 ≤ j ≤ k

}

with respect to the norm 

. ‖u‖H p
k (M) =

k∑
j=0

‖∇ j u‖L2(M) =
k∑
j=0

( ∫

M

∣∣∇ j u
∣∣p d vg

)1/p
.

1 By definition, the relation (5.1) includes the continuity of the inclusion map.Hq
k (M) → H p

m (M). 
2 Elsewhere in this book, also denoted by.Wk,p(M). 
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As customary .∇ku is the .k-th covariant derivative of the .C∞ function .u : M → R, 
i.e., the .(0, k)-tensor field on .M defined recursively, as follows: 

. ∇0u = u,

. 
(∇1u

)
(X) := X (u),

. 
(∇2u

)
(X,Y ) = (∇Xdu)Y = X (Yu)) − (∇XY )(u),

for any .X,Y ∈ X(M). If . S is a .(0, k)-tensor field, then its covariant derivative . ∇X S
is the .(0, k)-tensor field defined by 

. 
(∇X S

)(
Y1, · · · , Yk

) = X
(
S(X1, · · · , Xk)

)+,

. −
k∑
j=1

S
(
X1, · · · , X j−1, ∇X X j , X j+1, · · · , Xk

)
,

. X, X1, · · · , Xk ∈ X(M).

The covariant derivative .∇S is the .(0, k + 1)-tensor field given by 

. (∇S)
(
X0, X1, · · · , Xk

) := (∇X0 S
)(
X1, · · · , Xk

)
.

The recurrence relation defining the higher order covariant derivatives of . u is 

. ∇k+1u = ∇(∇ku
)
, k ≥ 0.

Let .(U, xi ) be a local coordinate system on . M , and let .
(∇ku

)
i1···ik be the local 

components of .∇ku, i.e., 

. 
(∇ku

)
i1, ··· , ik = (∇ku

)( ∂

∂xi1
, · · · ,

∂

∂xik

)
.

Let .
(∇ku

)i1···ik : U → R be the .C∞ functions defined by 

. 
(∇ku

)i1···ik = gi1 j1 · · · gik jk (∇ku
)
j1, ··· , jk .

The pointwise norm of.∇ku is the function.
∣∣∇ku

∣∣ : M → [0,+∞)defined as follows. 
Let .x0 ∈ M and let .(U, xi ) be a local coordinate system with .x0 ∈ U . We set  

.

∣∣∇ku
∣∣(x0) =

[(∇ku
)
i1, ··· , ik (x0)

(∇ku
)i1, ··· , ik

(x0)
]1/2

.
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The definition of .
∣∣∇ku

∣∣(x0) doesn’t depend upon the choice of local coordinates 
about . x0. 

5.1.1 Sobolev Inequalities on Euclidean Space 

Let .1 ≤ q < n and let us set .q∗ = nq

n − q
. The simplest Sobolev inequality on . Rn

looks like 

.

( ∫

Rn

|u|q∗
dx

)1/q∗
≤ C(n, q)

∫

Rn

|∇u|qdx
)1/q

, u ∈ C∞
0 (Rn), (5.2) 

for some constant .C(n, q) > 0. The inequality (5.2) implies 

. Hq
1 (Rn) ↪→ Hq∗

0 (Rn) := Lq∗
(Rn).

The Sobolev inequality (5.2) for  .q = 1 was first proved by E. Gagliardo and L. 
Nirenberg. 3 Let us recall the classical isoperimetric inequality 

Theorem 5.2 For every domain .� ⊂ R
n with .∂� ∈ C∞ and .� compact, 

.

[
Vol(�)

](n−1)/n ≤ K (n, 1)Area(∂�). (5.3) 

If .bn = Vol
(
B
n
)
, then the optimal constant is .K (n, 1) = (1/n) b−1/n

n and it is 
achieved when .� is a ball. 

Here .B
n = {x ∈ R

n : |x | < 1}. 
Theorem 5.3 For any .u ∈ C∞

0 (Rn), 

.

( ∫

Rn

|u|n/(n−1) d x
)(n−1)/n ≤ C(n)

∫

Rn

|∇u| d x (5.4) 

for some constant .C(n) > 0. The optimal constant 4 is . C(n) = K (n, 1) :=
(1/n) b−1/n

n . 

A proof of Theorem 5.3 relying on Theorem 5.2 was provided in [Ath], pp. 7–8. 
The proof of (5.2) in the case.1 < q < n is due to G. Talenti. 5 The precise statement 

of Talenti’s result is

3 Cf. E. Gagliardo,  Propriet. à di alcune classi di funzioni in pi. ù variabili, Ricerche di Mat., Napoli, 
7(1958), 102–137; L. Nirenberg, On elliptic partial differential equations, Annali della Scuola 
Normale Superiore di Pisa, (2)13(1959), 115–162. 
4 The same constant that is optimal in the isoperimetric inequality (5.3). 
5 Cf. G. Talenti, Inequalities in rearrangement invariant function spaces Nonlinear Analysis, 
Function Spaces and Applications, Vol. 5, Prometheus, Praha, pp. 177–230, 1995. 
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Theorem 5.4 Let.1 < q < n and.q∗ = nq/(n − q). There is a constant. C(n, q) > 0
such that 

.

( ∫

Rn

|u|q∗
d x

)1/q∗
≤ C(n, q)

( ∫

Rn

|∇u|q d x
)1/q

(5.5) 

for any .u ∈ C∞
0 (Rn). The optimal constant is 

.
1

K (n, q)
= √

π n1/q
(n − q

q − 1

)1−1/q
(

�(n/q) �(1 + n − n/q)

�(n) �(1 + n/2)

)1/n

(5.6) 

and is achieved for any 

.u(x) :=
(
α + β |x |q/(q−1)

)1−n/q
, α, β ∈ (0, +∞). (5.7) 

The proof of Theorem 5.4 provided in [Ath], pp. 9–10, is Talenti’s proof (cf. op. 
cit.) using symmetric rearrangements in the sense of Hardy-Littlewood. 

5.1.2 Sobolev Inequalities on Complete Riemannian 
Manifolds with Ricci Curvature Bounded from Below 

Through this section, we characterize (by following E. Hebey 6) complete Rieman-
nian manifolds with Ricci curvature bounded from below that support a Sobolev 
embedding. The required ingredients are 

(i) the Coarea Formula on Riemannian manifolds, 
(ii) the calculation of the volume of a ball in geodesic spherical coordinates, 
(iii) the Bishop-Gromov volume comparison theorem, 
(iv) a covering lemma. 

Consequently, one may prove that for every complete Riemannian manifold . (M, g)

with Ricci curvature bounded from below, all Sobolev embeddings hold on.(M, g) if 
and only if there is a uniform lower bound for the volume of balls, that is independent 
of their center, i.e., 

. inf
x∈M Volg

[
Br (x)

]
> 0 (5.8) 

for every .r > 0. It is well known that the embedding 

.H 1
1 (M) ↪→ Ln/(n−1)(M)

6 Cf. E. Hebey,  Nonlinear Analysis on Manifolds: Sobolev Spaces and Inequalities, Courant Lecture 
Notes, 2000; Sobolev Spaces on Riemannian Manifolds, Lecture Notes in Mathematics, Springer, 
1996. 
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implies all other Sobolev embeddings, that is 

. ∀ p, q ∈ R, ∀ m, k ∈ Z with,

. 1 ≤ q < p, 0 ≤ m < k,
1

p
= 1

q
− k − m

n
,

one has 

. Hq
k (M) ↪→ H p

m (M).

Similar arguments show that if 

.∃ q0 ∈ (1, n) : Hq0
1 (M) ↪→ L p0(M). (5.9) 

Then, for all .q ∈ [q0, n), 

. Hq
1 (M) ↪→ L p(M),

1

p
= 1

q
− 1

n
.

Moreover, it can be shown that under the conditions (5.8)–(5.9) the embedding 
.Hq

1 (M) ↪→ L p(M) holds for any exponent .q ∈ [1, n), eventually smaller than . q0, 
so that condition (5.8) implies all other Sobolev embeddings on .(M, g). 

5.1.2.1 Coarea Formula 
Theorem 5.5 Let.(M, g) be a Riemannian manifold, and let. f ∈ C∞

0 (M). Then, for 
every .h ∈ L1(M), 

.

∫

M
h d vg =

∫

R

dt
∫

�(t)

h

|∇ f | d A(t), (5.10) 

where .�(t) = f −1(t) = {p ∈ M : f (p) = t} and .d A(t) is the induced measure on 
.�(t). 

5.1.2.2 Geodesic Spherical Coordinates 

Let.(M, g) be a complete Riemannian manifold. For every.p ∈ M , let.Cut(p) be the 
cut locus 7 of . p. As well known, .Cut(p) has measure zero. 

Theorem 5.6 Let .(M, g) be a complete Riemannian manifold, and let . Br (p) ⊂ M
be a ball such that .Br (p) ∩ Cut(p) = ∅. For every .v ∈ Tp(M) with .‖v‖ = 1 and for

7 Loosely, the set of all points of the manifold where the geodesics issuing at .p stop being 
minimizing. 
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any orthonormal basis .{e1, · · · , en−1, v} ⊂ Tp(M), let .Yi be the Jacobi field along 
the geodesic .γ(t) = expp(tv) obeying to the initial conditions 

. Yi (0) = 0, Y ′(0) = ei , 1 ≤ i ≤ n − 1.

Then 

. VolM
[
Br (p)

] =
∫

Sn−1(1)

∫ r

0
J M(s, v) d s d v,

. J M(s, v) :=
√
det

[
g
(
Yi (s), Y j (s)

)]
1≤i, j≤n−1

,

where .d v is the canonical volume form on .Sn−1
p (1) = {ξ ∈ Tp(M) : |ξ| = 1}. 

Cf. e.g., Theorem 3.2.2 in [Ath], pp. 15–19. 

5.1.2.3 Bishop-Gromov Volume Comparison 

Theorem 5.7 Let .(M, g) be a complete Riemannian manifold, and let .p ∈ M and 
.r > 0 such that 

. ∃ k ∈ R, ∀ X ∈ T (M) : Ricg(X, X) ≥ (n − 1)k g(X, X) on Br (p).

Let .M0,k be a complete simply connected manifold of constant curvature . k. Then 

(i) .VolM
[
Br (p)

] ≤ Vk(r), 

(ii) The function .s �→ J (s, v)

Jk(s)
is monotonously decreasing, 

(iii) The function .r �→ VolM
[
Br (p)

]

Vk(r)
is monotonously decreasing. 

Here .Vk(r) is the volume of a ball of radius . r in the space-form.M0, k and 

. Jk(s) := J M0,k (s, v).

Cf. Theorem 3.3.1 in [Ath], pp. 20–26. Theorem 5.7 (the Bishop-Gromov volume 
comparison theorem) provides upper bounds for the volume of balls .Br (p) ⊂ M . 

5.1.2.4 A Covering Lemma 

Lemma 5.8 Let .(M, g) be a complete Riemannian manifold with .Ricg ≥ kg for 
some .k ∈ R and let .ρ > 0. Then there is a sequence .{xν}ν≥1 ⊂ M such that
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(i) .μ �= ν =⇒ Bρ/2(xμ) ∩ Bρ/2(xν) = ∅. 
(ii) For every .r ≥ ρ, the family .

{
Br (xν)

}
ν≥1 is a uniformly finite covering of . M, 

i.e., 

(a) .
∞⋃

ν=1

Br (xν) = M. 

(b) There is a positive constant .N = N (n, ρ, r, k) and an upper bound of .N as a 
function of . n, . ρ, . r and . k, such that each point of .M has a neighborhood intersecting 
at most .N of the balls .Br (xν). 

Cf. Lemma 3.4.1 in [Ath], pp. 26–27. The proof of Lemma 5.8 relies on 
Theorem 5.7. 

5.1.3 Poincaré Inequality 

Let .(M, g) be a .n-dimensional (.n ≥ 3) complete Riemannian manifold such that 

. Ricg ≥ k g

for some .k ∈ R, and let .ρ > 0. Through this section, we discuss the validity of the 
.L1-Poincaré inequality, i.e., the existence of a constant.C = C(n, k, ρ) > 0 such that 
for any .0 < r < ρ and any . u ∈ C∞(M)

.

∫

M

∣∣u(x) − ur (x)
∣∣ d vg(x) ≤ Cr

∫

M

∣∣∇u(x)
∣∣ d vg. (5.11) 

Here 

.ur (x) := 1

VolM
[
Br (x)

]
∫

Br (x)
u(y) d vg(y), x ∈ M. (5.12) 

The approach to (5.11) passes through Buser’s isoperimetric inequality, 8 that pro-
vides a version of (5.11) on a ball .Br (x), namely the existence of a constant 
.C = C(n, k, ρ) > 0 such that for any .x ∈ M , and any .0 < r < 2ρ, and any . u ∈
C∞(

Br (x)
)

.

∫

Br (x)

∣∣u(y) − ur (y)
∣∣ d vg(y) ≤ C r

∫

Br (x)
|∇u(y)| d vg(y). (5.13) 

The use of (5.13) together with the covering Lemma 5.8 then leads to (5.11).

8 Cf. P. Buser,  A note on the isoperimetric constant, Ann. Sci. École Norm. Sup., (4)15(1982), 
213–230. 
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5.1.3.1 Buser’s Isoperimetric Inequality 

Let .x ∈ M and .r > 0 be fixed. Let . G be the set of all smooth hypersurfaces .� in 
.Br (x) such that .� ⊂ Br (x) and there exist open subsets .Di ⊂ Br (x) such that 

. Br (x) \ � = D1 ∪ D2, D1 ∩ D2 = ∅ .

Theorem 5.9 Let .(M, g) be a comple Riemannian manifold of dimension . n with 
.Ricg ≥ k g on . M, for  some .k < 0. For every .x ∈ M and any .r > 0 and any .� ∈ G, 
there is a constant .CB = VB(n, k, r) > 0 such that 

. min
{
VolM(D1), VolM(D2)

} ≤ CB Areag(�). (5.14) 

Cf. Theorem 4.1.1 in [Ath], pp. 28–40. 

5.1.3.2 .L1-Poincaré Inequality on Balls 

Let.(M, g) be a.n-dimensional complete Riemannian manifold, and let us fix. x ∈ M
and .r > 0. 

Definition 5.10 The isoperimetric constant is 

.i∞ = i∞
(
Br (x)

) := inf
�∈G

Areag(�)

min
{
Volg(D1), Volg(D2)

} (5.15) 

. �

Here. � is meant to range over all compact.(n − 1)-dimensional.C∞ submanifolds 
of the ball .Br (x), that divide .Br (x) into two disjoint open submanifolds .D1 and.D2. 

Definition 5.11 The Sobolev constant is 

.s ′
∞ = s ′

∞
(
Br (x)

) :=
∫

u∈C∞(Br (x))

‖∇u‖1
‖u − ur (x)‖1 . (5.16) 

. �

Here .‖ · ‖1 is the .L1-norm on the ball .Br (x) and 

.ur (x) = 1

Volg(Br (x))

∫

Br (x)
u(y) d vg(y).
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We also set 

.s∞ = s∞
(
Br (x)

) := inf
u∈C∞(Br (x))

‖∇u‖1
infα∈R ‖u − α‖1 . (5.17) 

The following result establishes the equivalence between the isoperimetric and 
Sobolev constants. 

Theorem 5.12 

.
i∞
2

≤ s ′
∞ ≤ s∞ ≤ i∞ . (5.18) 

Cf. Theorem 4.3.1 in [Ath], pp. 43–45. 

5.1.3.3 .L1-Poincaré Inequality on the Whole Manifold 
Theorem 5.13 Let .(M, g) be a complete Riemannian manifold such that . Ricg ≥ kg
for some constant .k ∈ R and let .R > 0. There is a constant . C = C(n, k, R) > 0
such that for any .0 < r < R and any . u ∈ C∞(M)

.

∫

M

∣∣u(x) − ur (x)
∣∣ d vg(x) ≤ Cr

∫

M

∣∣∇u(x)
∣∣ d vg(x). (5.19) 

Cf. L. Saloff-Coste, 9 and Theorem 4.4.1 in [Ath], pp. 45–48. 

5.1.4 Sobolev Inequalities on Complete Riemannian 
Manifolds 

Theorem 5.14 Let .(M, g) be a .n-dimensional (.n ≥ 3) complete Riemannian man-
ifold with Ricci curvature bounded from below. The following statements are 
equivalent: 

(i) All Sobolev embeddings hold on .(M, g). 
(ii) . inf

x∈M Volg
[
B1(x)

]
> 0. 

Cf. Theorem 5.1.1 in [Ath], p. 49. By the Bishop-Gromov volume comparison 
theorem the condition (ii) in Theorem 5.14 is equivalent to 

. inf
x∈M Volg

[
Br (x)

]
> 0

for any .r > 0.

9 L. Saloff-Coste, Aspects of Sobolev-type inequalities Cambridge University Press, 2001. 
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5.1.4.1 The Embedding .H1
1 (M) ↪→ Ln/(n−1)(M) Implies All Sobolev 

Embeddings 

The following lemma relies on a scaling argument and requires no assumption on 
the Ricci curvature. 

Lemma 5.15 Let .(M, g) be a .n-dimensional .(n ≥ 3) complete Riemannian mani-
fold. Let us assume that the embedding 

. H 1
1 (M) ↪→ Ln/(n−1)(M)

holds. Then, for any .p, q ∈ R and any .m, k ∈ Z with 

. 1 ≤ q < p, 0 ≤ m < k,
1

p
= 1

q
− k − m

n
,

the embedding 

. Hq
k (M) ↪→ H p

m (M)

holds. 

Cf. Lemma 5.2.1 in [Ath], pp. 50–52. 

5.1.4.2 The Case of Compact Riemannian Manifolds 

A relatively easier proof of the Sobolev embedding may be provided in the compact 
case, i.e., 

Theorem 5.16 Let .M be a .n-dimensional compact Riemannian manifold. Then 

. ∀ p, q ∈ R, ∀ m, k ∈ Z with

. 0 ≤ m < k, 1 ≤ q < n,
1

p
= 1

q
− k − m

n
:

. Hq
k (M) ↪→ H p

m (M).

Cf. [Ath], pp. 52–54, for a proof of Theorem 5.16.
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5.1.4.3 Proof of Theorem 5.14 

The proof of Theorem 5.14 relies on the following results. 

Theorem 5.17 Let .(M, g) be a .n-dimensional complete Riemannian manifold. Let 
us assume that 

. Hq
1 (M) ↪→ L p(M)

for some .1 ≤ q < n and .1/p = 1/q − 1/n. Then, for any .r > 0, there is a constant 
.v = v(M, q, r) such that 

. Volg
(
Br (x)

) ≥ v

for any .x ∈ M. 

Cf. Theorem 5.4.1 in [Ath], pp. 55–59. 

Theorem 5.18 Let .(M, g) be a .n-dimensional complete Riemannian manifold with 
.Ricg ≥ kg fo some .k ∈ R. Let us assume there is a constant .v > 0 such that 

. Volg
(
B1(x)

) ≥ v, ∀ x ∈ M.

There exist constants .C = C(n, k, v) > 0 and .η = η(n, k, v) ≥ v such that for any 
open subset .� ⊂ M with .∂� ∈ C∞ and .� compact 

. Volg(�) ≤ η =⇒
[
Volg(�)

](n−1)/n ≤ C Area(∂�).

Cf. Theorem 5.4.3 in [Ath], p. 60. 

Corollary 5.19 Let .(M, g) be a .n-dimensional complete Riemannian manifold with 
.Ricg ≥ kg fo some .k ∈ R. Let us assume there is a constant .v > 0 such that 

. Volg
(
B1(x)

) ≥ v, ∀ x ∈ M.

There exist constants .δ = δ(m, k, v) > 0 and .A = A(n, k, v) > 0 such that 

. ∀ x ∈ M, ∀ u ∈ C∞
0

(
Bδ(x)

) :

. ‖u‖Ln/(n−1)(M) ≤ A ‖∇u‖L1(M) .

Cf. Theorem 5.4.4 in [Ath], p. 62.
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5.2 Sobolev Inequalities on Manifolds of Negative 
Curvature 

We report on a result by S. Brendle. 10 Let .M be a .k-dimensional complete, 
noncompact, Riemannian manifold with nonnegative Ricci curvature. 

Definition 5.20 The asymptotic volume ratio of .M is defined as 

. θ := lim
r→∞

∣∣{p ∈ M : d(p, q) < r
}∣∣

∣∣Bk
∣∣ rk

where .q ∈ M is a fixed point. . �
Here .Bk ⊂ R

k is the unit ball. By the Bishop-Gromov volume comparison the-
orem, the limit exists and .θ ≤ 1. Also the definition on . θ doesn’t depend upon the 
choice of.q ∈ M . Brendle’s main result (cf. op. cit.) is a sharp Sobolev inequality on 
manifolds with nonnegative Ricci curvature. 

Theorem 5.21 Let .(M, g) be a .n-dimensional, complete, noncompact Riemannian 
manifold, with nonnegative Ricci curvature. Let .D ⊂ M be a domain and let . f :
D → (0, +∞) be a .C∞ function. Then 

.

∫

D
|∇ f | d vg +

∫

∂D
f d vg ≥ n

∣∣Bn
∣∣1/n θ1/n

( ∫

D
f n/(n−1) d vg

)(n−1)/n
(5.20) 

where . θ denotes the asymptotic volume ratio of . M. 

One may also characterize (cf. S. Brendle, op. cit.) equality in the inequality 
(5.20), as follows. 

Theorem 5.22 Let .(M, g) be a .n-dimensional, complete, noncompact Riemannian 
manifold, with nonnegative Ricci curvature. Let .D ⊂ M be a domain. Let us assume 
that equality is achieved in (5.20) by a .C∞ function . f : D → (0, +∞) such that 
.
∫
D f n/(n−1) d vg > 0. Then . f is a constant, .M is isometric to Euclidean space, and 

.D is a ball. 

Setting . f = 1 in Theorem 5.21 leads to the following sharp isoperimetric 
inequality. 

Corollary 5.23 Let .M be a .n-dimensional, complete, noncompact Riemannian 
manifold, with nonnegative Ricci curvature. Let .D ⊂ M be a relatively compact 
domain.Then 

.|∂D| ≥ n
∣∣Bn

∣∣1/n θ1/n |D|(n−1)/n .

10 Cf. S. Brendle, Sobolev inequalities in manifolds with nonnegative curvature, 
arXiv.2009.13717v5 [math.DG] 28 May 2022. 
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Brendle’s proof pf Theorem 5.21 uses the Alexandrov-Bakelman-Pucci method, 
cf. X. Cabré. 11

5.3 Sobolev Inequalities with Euclidean Best Constant 

We report on work by M. Ledoux. 12 Let .M be a complete Riemannian manifold, of 
dimension.n ≥ 2. Ledoux is concerned (cf. op. cit.) with Sobolev inequalities of the 
sort 

.

( ∫

M
| f |p d vg

)1/p ≤ C
( ∫

M

∣∣∇ f
∣∣q d vg

)1/q
, (5.21) 

. 1 ≤ q < n,
1

p
= 1

q
− 1

n
,

that hold, for some constant .C > 0, for every . f ∈ C∞
0 (M). The best constant . C =

K (n, q) for which (5.21) holds in the Euclidean setting.M = R
n is well known, and 

is due to G. Talenti. 13 Precisely 14

.K (n, 1) = 1

n (ωn)1/n
, ωn = Vol

(
B
n
)
, (5.22) 

. K (n, q) = 1

n

[n(q − 1)

n − q

](q−1)/q
[ �(n + 1)

n ωn �(n/q) �(n + 1 − n/q)

]1/n
, q > 1.

M. Ledoux looks at the geometry of the complete Riemannian manifolds on which 
at least one of the Sobolev inequalities (5.21) is satisfied with .C = K (n, q). M.  
Ledoux’s main result is (cf. op. cit.) 

Theorem 5.24 Let .M be a complete .n-dimensional Riemannian manifold . (n ≥ 2)
with nonnegative Ricci curvature. If one of the Sobolev inequalities (5.21) holds with 
.C = K (n, q), then .M is isometric to .R

n. 

The case .q = 1 [and .p = n/(n − 1)] was previously known, and M. Ledoux 
generalizes that to .1 < q < n. It should be observed that when .q = 1 the proof

11 X. Cabré, Elliptic PDEs in probability and geometry. Symmetry and regularity of solutions, 
Discrete Cont. Dyn. Systems A, 20(2008), 425–457. 
12 Cf. M. Ledoux, On manifolds with nonnegative Ricci curvature and Sobolev inequalities, 
Communications in Analysis and Geometry, (2)7(1999), 347–353. 
13 Cf. G. Talenti, Best constants in Sobolev inequality, Ann. di Matem. Pura ed Appl., 110(1976), 
353–372. 
14 As given by Th. Aubin, Nonlinear Analysis on Manifolds. Monge-Ampére equations, Springer, 
1982, or earlier in this chapter. 
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of Ledoux’s theorem is quite easy. Indeed, when .q = 1 the Sobolev inequality is 
equivalent to the isoperimetric inequality 

. 
[
Voln(�)

](n−1)/n ≤ K (n, 1)Voln−1(∂�)

for any smoothly bounded open set.� ⊂ M . If.x0 ∈ M is fixed and. B(s) = Bs(x0) ⊂
M is the geodesic ball of center .x0 and radius .s > 0, then 

. 
d

ds
Voln(B(s)) = Voln−1

(
∂ B(s)

)
.

Hence [by the isopetrimetric inequality with .� = B(s)], 

. V (s)(n−1)/n ≤ K (n, 1) V ′(s),

where .V (s) := Voln(B(s)). Integration yields 

. V (s) ≥
( s

n K (n, 1)

)n

so that [by (5.22)] 
.V (s) ≥ V0(s) (5.23) 

where .V0(s) = ωn sn is the volume of the Euclidean ball of radius . s in .R
n . If .M has 

nonnegative Ricci curvature, then one may apply Bishop’s comparison theorem 15 to 
conclude that.V (s) ≤ V0(s) so that [by (5.23) and the case of equality].M is isometric 
to .R

n . Therefore, the main interest in Ledoux’s theorem is with the case .q > 1. 
The remaining sections of the present chapter are devoted to Sobolev inequalities 

on submanifolds. 

5.4 Hoffman–Spruck Theorem 

Let .M and .M be two Riemannian manifolds, respectively, of dimensions .m and . n, 
and let . f : M → M be an isometric immersion. Through the section, we adopt the 
following notations. 

.K sectional curvature of . M . 

.H mean curvature vector of the given immersion . f . 

.R(M) injectivity radius of .M restricted 16 to . M .

15 Cf. e.g., I. Chavel, Riemannian geometry: a modern introduction, Cambridge University Press, 
1993. 
16 The smallest distance from the points of.M to the cut locus of. M . 
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.ωm volume of the unit ball in .R
m . 

.b ∈ (0,+∞) ∪ iR positive number or purely imaginary complex number. 

The following result is due to D. Hoffman & J. Spruck (cf. [HoSp]). 

Theorem 5.25 (Sobolev’s inequality) Let us assume that .K ≤ b2 and let . h : M →
[0,+∞) be a .C1 function such that .h ≡ 0 on .∂M. Let .0 < α < 1. Let us assume 
that 

.b2(1 − α)−2/m

[
Vol

(
supp(h)

)

ωm

]2/m

≤ 1, (5.24) 

.2ρ0 ≤ R(M), (5.25) 

where 

. ρ0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1

b
arcsin

⎧
⎨
⎩b(1 − α)−1/m

[
Vol

(
supp(h)

)

ωm

]1/m
⎫
⎬
⎭ if b > 0,

(1 − α)−1/m

[
Vol

(
supp(h)

)

ωm

]1/m

if b ∈ iR.

Then 

.

(∫

M
hm/(m−1) dVM

)(m−1)/m

≤ c(m,α)

∫

M
[|∇h| + h|H |] dVM (5.26) 

where 

. c(m,α) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

π

2
2m−2 α−1(1 − α)−1/m m

m − 1
ω−1/m
m se b > 0,

2m−2 α−1(1 − α)−1/m m

m − 1
ω−1/m
m se b ∈ i R.

The optimal choice of the parameter.0 < α < 1 to minimize the constant. c(m,α)

is 

. α = m/(m + 1).

When.b > 0 the condition (5.25) may be replaced by the stronger requirement 

.R ≥ π b−1 .
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It is well known (cf. e.g., R. Bishop & R. Crittenden, [BiCr]) that .R = π b−1 for 
any complete and simply connected .n-dimensional Riemannian manifold .M with 
.K = b2 [e.g., the .n-dimensional sphere of radius .1/b, i.e., .M = Sn(b−1) ⊂ R

n+1]. 
It is equally well known (cf. e.g., D. Gromoll & W. Klingenberg & W. Meyer, 

[GrKlMe]) that .R ≥ πb−1 for any complete and simply connected .n-dimensional 
Riemannian manifold .M with 

. 
1

4
b2 < K ≤ b2 .

In general, one may replace (5.25) by a requirement of the form .R ≥ εb−1 if the 
constant . 1 in (5.24) is replaced by a suitable smaller constant. 

If .M is complete and simply connected with . b purely imaginary [.b = ia with 
.a �= 0 and then.K ≤ −a2] then.R = +∞ [hence the requirements (5.24)–(5.24) are  
automatically satisfied]. 

Theorem 5.26 (Isoperimetric inequality) 
Let us assume that .M is a compact manifold with boundary .∂M �= ∅ and that 

.K ≤ b2. Moreover, let us assume that 

.b2(1 − α)−2/m

[
Vol

(
M
)

ωm

]2/m

≤ 1, (5.27) 

.2ρ0 ≤ R(M), (5.28) 

where 

. ρ0 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1

b
arcsin

⎧⎨
⎩b(1 − α)−1/m

[
Vol

(
M
)

ωm

]1/m
⎫⎬
⎭ se b > 0,

(1 − α)−1/m

[
Vol

(
M
)

ωm

]1/m

se b ∈ iR.

Then 

.Vol(M)(m−1)/m ≤ c(m)

[
Vol(∂M) +

∫

M
|H | d VM

]
(5.29) 

Theorem 5.26 follows from Theorem 5.25 by approximating the characteristic 
function of .M by a .C1 function .h : M → [0,+∞) vanishing on .∂M . 

Now, let us demonstrate a few geometric applications of Theorem 5.26. Let us 
assume that .|H | ≤ � for some constant .� > 0.
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Corollary 5.27 Let us assume that .∂M = ∅. 
(i) If .b > 0 and .R ≥ πb−1, then 

.Vol(M) ≤ (1 − α)ωmb
−m =⇒ (5.30) 

. =⇒ � ≥ c(m)−1 Vol(M)−1/m ≥ 2−(m−3) m − 1

m
απb−1 .

(ii) If .b ∈ i R, then 

. Vol(M) ≤ (1 − α)ωm

(
R

2

)m

=⇒

. =⇒ � ≥ c(m)−1 Vol(M)−1/m ≥ 2−(m−3) m − 1

m
α R

−1
.

Corollary 5.28 (i) Let us assume that .M is complete and simply connected and 
.
1
4 b

2 < K ≤ b2 with .b > 0. Then, for any closed minimal submanifold .M of . M

.Vol(M) ≥ ωmb
−m . (5.31) 

(ii) If .M is complete and simply connected and .K ≤ b2 with .b ∈ i R, then .M doesn’t 
admit closed minimal submanifolds. Moreover, any closed submanifold .M of . M
satisfies 

.� ≥ c(m)−1 Vol(M)−1/m . (5.32) 

Covariant Differential Calculus Relative to . f : M → M

Let . f : M → M be a .C∞ map between the Riemannian manifolds .M and. M , of  
dimensions. m and. n, respectively, equipped with the Riemannian metrics. g and. g. Let  
. ∇ and. ∇ be the Levi-Civita connections of .(M, g) and.(M, g). Let . f −1T (M) → M
be the pullback bundle of.T (M) → M via. f : M → M . If.X ∈ X(M)we denote by 
. f∗X ∈ C∞(M, f −1T M) the section in the pullback bundle defined by 

.
(
f∗X

)
(x) = (dx f )Xx ∈ T f (x)(M) = (

f −1T M
)
x , x ∈ M.
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Let. f −1∇ = ∇ f
be the pullback of the connection. ∇ via. f , a connection in the pull-

back bundle as a vector bundle, i.e., .∇ f ∈ C( f −1T M
)
. For any.V ∈ C∞(

f −1T M
)
, 

we consider the map 

. ∇ f
V : X(M) → C∞(

f −1T M
)
,

. Y ∈ X(M) �−→ ∇ f
Y V .

Definition 5.29 .∇ f
Y V is the gradient of .V ∈ C∞( f −1T M). . �

Definition 5.30 The divergence 

. divMV ∈ C∞(
f −1T M

)

of .V ∈ C∞(
f −1T M

)
is the trace of 

. ∇ f
V : X(M) → C∞(

f −1T M),

i.e., 

. divMV = trace
(
∇ f

V
)

.

. �

Here we follow the terminology in [HoSp]. The last definition is a bit ambiguous, 

because .∇ f
V isn’t an endomorphism of .X(M). Yet, if we consider the pullback 

. f −1g =: g f

of the metric. g via. f [a Riemannian bundle metric on the vector bundle. f −1T (M) →
M], then one may build the bilinear form 

. (Y, Z) ∈ X(M) × X(M) �−→ g f
(
∇ f

Y V, f∗ Z
)
.

Hence, its trace will depend, unlike that of an endomorphism, on a fixed inner product, 
in the case at hand the Riemannian metric . g. Let us write a formula for the local 
calculation of said trace. Let .x ∈ M be a point, and let .{E j : 1 ≤ j ≤ m} be a local 
.g-orthonormal frame in .T (M), defined on the open subset .U ⊂ M of the point . x

. E j ∈ C∞(
U, T (M)

)
,

.g(E j , Ek) = δ jk, 1 ≤ j, k ≤ m.
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Next, we set by definition 

. (divMV )x =
m∑
j=1

g f
(
∇ f

E j
V, f∗E j

)
x

.

The definition of .(divMV )x doesn’t depend upon the choice of local .g-orthonormal 
frame about the point . x . If  .U is also the domain of a local coordinate system . x j :
U → R, as we may assume w.l.o.g., then 

. divMV = g jkg f
(
∇ f

∂ j
V, f∗∂k

)
,

. 
[
g jk

] = [
g jk

]−1
, g jk = g

(
∂ j , ∂k

)
, ∂ j = ∂/∂x j ,

on . U . 

Definition 5.31 The second fundamental form of . f is 

. B(X,Y ) = ∇ f
X f∗Y − f∗∇XY, X,Y ∈ X(M).

The tension field of . f is 

. τ ( f ) = traceg B ∈ C∞(
f −1T M

)
.

. �

Lemma 5.32 Let us assume that . f : M → M is an isometric immersion and let 
.N ( f ) → M be the normal bundle of . f , so that 

.
(
f −1T M

)
x
= [(dx f )Tx (M)] ⊕ N ( f )x , x ∈ M. (5.33) 

Let 

. tanx : T f (x)(M) → Tx (M), norx : T f (x)(M) → N ( f )x ,

be the projections associated to the direct sum decomposition (5.33). If  . V ∈
C∞ (

f −1T M
)
, then we set .V� = tan(V ) and .V⊥ = nor(V ) so that . V = f∗V� +

V⊥. 

(i) One has 

.∇XY = tan
(
∇ f

X f∗Y
)

, B(X,Y ) = nor
(
∇ f

X f∗Y
)

, (5.34) 

for any .X,Y ∈ X(M).
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(ii) If we set 

.aξX = −tan
(
∇ f

Xξ
)

, (5.35) 

. X ∈ X(M), ξ ∈ C∞(
N ( f )

)
,

then 
.g f

(
B(X,Y ), ξ

) = g
(
aξX, Y )

)
. (5.36) 

(iii) The following identities hold good 

.divM
(
f∗V�) = divMV + g f

(
V, τ ( f )

)
, (5.37) 

.divM (ϕV ) = ϕ divMV + g f
(
V, f∗∇ϕ

) = (5.38) 

. = ϕ divMV + g
(
V�, ∇ϕ

)

for any .ϕ ∈ C1(M). Here  .∇ϕ ∈ X(M) is the gradient of . ϕ with respect to . g, i.e., 
.g(∇ϕ, X) = X (ϕ) for any .X ∈ X(M). 

(iv) If .M is a manifold with boundary .∂M �= ∅ and . ν is the outward unit normal 
on .∂M, then 

.

∫

M
divM(V ) d vM = (5.39) 

. = −
∫

M
g f
(
V, τ ( f )

)
d vM +

∫

∂M
g f
(
V, f∗ ν

)
d v∂M .

(v) Let us set 

. Vol(M) = 1

2

∫

M
‖d f ‖2 d vM .

Let 

. { ft }|t |<ε ⊂ C∞(M, M)

be a smooth .1-parameter variation of . f0 = f and let 

.V ∈ C∞(
f −1T M

)



5.4 Hoffman–Spruck Theorem 565

be the infinitesimal variation induced by the variation .{ ft }|t |<ε. In addition to that, 
let us assume that .Supp(V ) is a compact subset in . M. Then 

.
d

dt

{
Vol

(
ft (M)

)}
t=0 =

∫

M
divM

(
V
)
d vM . (5.40) 

(vi) Consequently 

.
d

dt

{
Vol

(
ft (M)

)}
t=0 = (5.41) 

. = −
∫

M
g f
(
V, τ ( f )

)
d vM +

∫

∂M
g f
(
V, f∗ ν

)
d v∂M

so that the formula (5.37) is an infinitesimal version of the first variation formula 
(5.41). 

Proof (iii) For any .Y ∈ X(M) and any .V ∈ C∞(
f −1T M), 

. ∇ f
Y V = ∇ f

Y f∗V� + ∇ f
Y V

⊥

so that 

. g f
(∇ f

Y f∗V�, f∗Y
) = g f

(∇ f
Y V, f∗Y

)− g f
(∇ f

Y V
⊥, f∗Y

)

hence (locally) 

. divM
(
f∗V�) =

m∑
j=1

g f
(∇ f

E j
f∗V�, f∗E j

) =

. = divMV −
m∑
j=1

g f
(∇ f

E j
V⊥, f∗E j

) =

. = divMV −
m∑
j=1

g f
(
f∗ aV⊥E j , f∗E j

) =

(as . f ∗g = g) 

. = divMV −
m∑
j=1

g
(
aV⊥E j , E j

) =

[by (5.36)]
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. = divMV −
m∑
j=1

g f
(
B
(
E j , E j

)
, V⊥) =

. = divMV − g f
(
traceg B, V⊥).

The identity (5.37) is proved. Moreover, 

. ∇ f
X

(
ϕV

) = X (ϕ) V + ϕ∇ f
X V

so that 

. divM
(
ϕV

) =
m∑
j=1

g f
(∇ f

E j

(
ϕV

)
, f∗E j

) =

. =
m∑
j=1

E j (ϕ) g f
(
V, f∗E j

)+ ϕ divMV =

[as locally .∇ϕ = ∑m
j=1 E j (ϕ) E j ] 

. = g f
(
V, f∗∇ϕ

)+ ϕ divMV = g
(
V�, ∇ϕ

)+ ϕ divMV .

The identity (5.38) is proved. 

(iv) One has 

. divM
(
f∗V�) =

m∑
j=1

g f
(∇ f

E j
f∗V�, f∗E j

) =

. =
m∑
j=1

g f
(
f∗∇E j V

�, f∗E j
) =

. =
m∑
j=1

g
(∇E j V

�, E j
) = divg

(
V�)

where .divg : X(M) → C∞(M) is the ordinary divergence of a tangent vector field 
on . M , i.e., 

. LX d vM = divg(X) d vM

and .LX is the Lie derivative in the direction .X ∈ X(M). By Green’s lemma
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. 

∫

M
divg

(
V�) d vM =

∫

∂M
g
(
V�, ν

)
d vM

hence 

. 

∫

M
divM

(
f∗V�) d vM =

∫

∂M
g
(
V�, ν

)
d vM

or [by (5.37)] 

. 

∫

M

{
divMV + g f

(
V, τ ( f )

)}
d vM =

∫

∂M
g
(
V�, ν

)
d vM .

The identity (5.39) is proved. 

v) Let us set .M̃ = M × (−ε, ε) and let us consider the map.F : M̃ → M defined 
by 

. F(x, t) = ft (x), x ∈ M, |t | < ε.

Then .F ∈ C∞(
M̃, M

)
. The infinitesimal variation .V ∈ C∞( f −1T M) induced by 

the .1-parameter variation .{ ft }|t |<ε is given by 

. Vx = (
d(x,0)F

) ( ∂

∂t

)

(x,0)

, x ∈ M.

We shall make use of the vector bundle 

. F−1T (M) → M

[the pullback of .T (M) → M via . F], of the Riemannian bundle metric 

. F−1g = gF

on .F−1T (M) → M , and of the pullback connection 

. F−1∇ = ∇F ∈ C(F−1T (M), gF
)
.

For any .|t | < ε, we consider the injection 

. αt : M → M̃, αt (x) = (x, t), x ∈ M,

so that . ft = F ◦ αt . For any .X ∈ X(M), we consider the tangent vector field .X̃ on 
.M̃ defined by 

.X̃(x,t) = (dxαt )Xx , x ∈ M, |t | < ε.
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Moreover, 

. dx ft = (d(x,t)F) ◦ (dxαt )

and hence for any . X ∈ X(M)

. 
{(

ft
)
∗X

}
x
= (dx ft )Xx = (d(x,t)F) ◦ (dxαt )Xx =

. = (d(x,t)F)X̃(x,t) =
{
F∗ X̃

}
(x,t)

or 
.
(
ft
)
∗X = (

F∗ X̃
) ◦ αt , (5.42) 

. X ∈ X(M), |t | < ε.

Let us observe that 

. g ft
x = g ft (x) = gF(αt (x)) = gF

(x,t) .

A common trick, that we adopt here as well, is to express the Hilbert-Schmidt norm 
.‖d ft‖ in terms of .F as follows: 

. ‖d ft‖2x =
m∑
j=1

g ft
((

ft
)
∗E j ,

(
ft
)
∗E j

)
x =

. =
m∑
j=1

gF
(x,t)

( {
F∗ Ẽ j

}
(x,t)

,
{
F∗ Ẽ j

}
(x,t)

) =

. =
m∑
j=1

gF
(
F∗ Ẽ j , F∗ Ẽ j

)
(x,t)

or 

.‖d ft‖2 =
m∑
j=1

gF
(
F∗ Ẽ j , F∗ Ẽ j

) ◦ αt (5.43)



5.4 Hoffman–Spruck Theorem 569

on . U . Let us consider now the functions 

. Vol : (−ε, ε) → R, ϕ : M̃ → R,

. Vol(t) = Vol [ ft (M)] , ϕ(x, t) = 1

2
‖d ft‖2x ,

. x ∈ M, |t | < ε,

so that 

. Vol(t) =
∫

M
ϕ(x, t) d vM(x)

and hence 

. 
d

dt
{Vol [ ft (M)]}t=0 = Vol′(0) =

∫

M

∂ϕ

∂t
(x, 0) d vM(x).

We compute separately .(∂ϕ/∂t)(x, 0) for any .x ∈ M by choosing a local .g-
orthonormal frame 

. {E j : 1 ≤ j ≤ m} ⊂ C∞(U, T (M))

defined on an open neighborhood .U ⊂ M of the point . x . We may use the formula 
(5.43) that is 

. ϕ = 1

2

m∑
j=1

gF
(
F∗ Ẽ j , F∗ Ẽ j

)

on .Ũ = U × (−ε, ε). It follows that 

. 
∂ϕ

∂t
= 1

2

m∑
j=1

∂

∂t

[
gF

(
F∗ Ẽ j , F∗ Ẽ j

)] =

[as .∇F
gF = 0] 

. =
∑
j

gF
(
∇F

∂/∂t F∗ Ẽ j , F∗ Ẽ j

)
=
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[as the symmetry of the linear connection .∇ implies 

. ∇F
∂/∂t F∗ X̃ = ∇F

X̃ F∗ ∂/∂t + [
∂/∂t, X̃

]

and .
[
∂/∂t, X̃

] = 0 for any .X ∈ X(M)] 

. =
∑
j

gF
(∇F

Ẽ j
F∗ (∂/∂t), F∗ Ẽ j

)

and hence [as 

. gF
(x,0) = g f

x ,
{
∇F

X̃ F∗ (∂/∂t)
}

(x,0)
= {∇ f

X V
}
x ,

for any .x ∈ M] 

. 
∂ϕ

∂t
(x, 0) =

∑
j

g f
(∇ f

E j
V, f∗E j

)
x = divM(V )x

so that the formula (5.40) is proved. Q.e.d. 

Lemma 5.33 Let .E : C∞(M, M) → R be the Dirichlet energy functional, i.e., 

. E( f ) = 1

2

∫

M
‖d f ‖2 d vM

for any . f ∈ C∞(
M, M̃). Then, for any smooth .1-parameter variation 

. { ft }|t |<ε ⊂ C∞(M, M)

whose associated infinitesimal variation .V ∈ C∞( f −1T M) has compact support in 
. M, the following first variation formula holds 

.
d

dt

{
E
(
ft
)}

t=0 = (5.44) 

. = −
∫

M
g f
(
V, τ ( f )

)
d vM +

∫

∂M
g f
(
V, f∗ ν

)
d v∂M .
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Proof Let us consider the functions 

. E : (−ε, ε) → R, ϕ : M̃ → R,

. E(t) = E
(
ft
)
, ϕ(x, t) = 1

2
‖d ft‖2x ,

. x ∈ M, |t | < ε.

Part of the proof of Lemma 5.32, preceding and up to the derivation of the formula 

.
∂ϕ

∂t
=

m∑
j=1

gF
(∇ Ẽ j

F∗(∂/∂t), F∗ Ẽ j
)
, (5.45) 

doesn’t rely on the assumption that . f : M → M be an isometric immersion, hence 
we may use (5.45) under assumptions more general than those in Lemma 5.33. As  

. ∇F
gF = 0

the formula (5.45) leads to 

. 
∂ϕ

∂t
=

m∑
j=1

{
Ẽ j
(
gF

(
F∗ (∂/∂t), F∗ Ẽ j

))− gF
(
F∗ (∂/∂t), ∇F

Ẽ j
F∗ Ẽ j

)}
.

For any.|t | < ε, we consider the tangent vector field.Xt ∈ X(M) uniquely determined 
by 

.g(Xt , Y ) = gF
(
F∗ (∂/∂t), F∗Ỹ

) ◦ αt (5.46) 

for any .Y ∈ X(M). We wish to compute the ordinary divergence of .Xt on the 
Riemannian manifold . (M, g)

. divg

(
Xt
) =

m∑
j=1

g
(∇E j Xt , E j

) =

[as .∇g = 0] 

. =
∑
j

{
E j

(
g
(
Xt , E j

))− g
(
Xt , ∇E j E j

)} =
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[by the definition (5.46)] 

. =
∑
j

{
E j
(
gF

(
F∗ (∂/∂t), F∗ Ẽ j

) ◦ αt
)−

. −gF
(
F∗(∂/∂t), F∗∇̃E j E j

) ◦ αt

}
=

[as 

. {E j
(
u ◦ αt

)}x = E j,x
(
u ◦ αt

) = [
(dxαt )E j,x

]
(u) = Ẽ j,(x,t)(u)

or 

. E j
(
u ◦ αt

) = Ẽ j (u) ◦ αt

for any .u ∈ C∞(M) and any .|t | > ε] 

. =
∑
j

{
Ẽ j
(
gF

(
F∗(∂/∂t), F∗ Ẽ j

))− gF
(
F∗(∂/∂t), F∗∇̃E j E j

)} ◦ αt

and hence 

.

m∑
j=1

Ẽ j
(
gF

(
F∗(∂/∂t), F∗ Ẽ j

)) ◦ αt = (5.47) 

. = divg(Xt ) +
m∑
j=1

gF
(
F∗(∂/∂t), F∗∇̃E j E j

) ◦ αt .

It follows [by (5.47)] that 

.
∂ϕ

∂t
= divg

(
Xt
)− gF

(
F∗(∂/∂t), traceg B(F)

) ◦ αt (5.48) 

where the .C∞(M)-bilinear form.B(F) is defined by 

. B(F)(X,Y ) = ∇F
X̃ F∗Ỹ − F∗∇̃XY ,

. X,Y ∈ X(M).

Let us evaluate (5.48) at the points .(x, 0) with .x ∈ M . We obtain 

.
∂ϕ

∂t
(x, 0) = divg

(
X0
)
x − g f

(
V, traceg B( f )

)
(5.49)
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where we have set 

. B( f )(X,Y ) = ∇ f
X f∗Y − f∗∇XY,

. X,Y ∈ X(M).

Let us integrate (5.49) along .M and take into account that [by Green’s lemma] 

. 

∫

M
divg

(
X0
)
d vM =

∫

∂M
g
(
X0, ν

)
d v∂M =

[by the definition (5.46) with .t = 0] 

. =
∫

∂M

{
gF

(
F∗(∂/∂t), F∗ν

) ◦ α0
}
d v∂M =

. =
∫

∂M
g f
(
V, f∗ν

)
d v∂M .

We obtain 

. 
d

dt

{
E
(
ft
)}

t=0 = Vol′(0) =
∫

M

∂ϕ

∂t
(x, 0) d vM(x) =

. =
∫

∂M
g f
(
V, f∗ν

)
d v∂M −

∫

M
g f
(
V, τ ( f )

)
.

The formula (5.44) is proved. Q.e.d. 

Given a section.V ∈ C∞(
f −1T M) and an open subset.U ⊂ M such that. f (M) ∩

U �= ∅ we consider the operator 

. δV : C1(U) → C
(
f −1(U)

)

defined as follows. Let .u ∈ C1(U) and let us set 

. 
(
δV u

)
x = divM

(
u f V

)
x , ∀ x ∈ f −1(U),

where .u f = u ◦ f . If  . f : M → M is an isometric immersion, then [by (5.38) with 
.ϕ = u f ] 

.δV (u) = divM
(
u f V

) = u f divM(V ) + g
(
V�, ∇u f

)
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so that, if .divM(V ) = 0, then.δV (u) is the directional derivative of. u at the direction 
.V�. 

Let .(U , yα) be a local coordinate system on .M about the point . f (x0), for  some  
.x0 ∈ M . Let  

. Vα = (∂/∂yα)
f = (∂/∂yα) ◦ f

be the natural lift of .∂/∂xα so that 

. {Vα : 1 ≤ α ≤ n} ⊂ C∞ (
f −1

(U), f −1T
(
M
))

is a local frame in the pullback bundle. f −1T (M) → M . Given a function. u ∈ C1(U)

we wish to compute .δα(u) where .δα ≡ δVα
. We have  

. δα(u) = divM
(
u f Vα

) = u f divM(Vα) + g f
(
Vα, f∗∇u f

)
.

To compute that .0-th-order term, we also fix a .g-orthonormal local frame. {E j : 1 ≤
j ≤ m} ⊂ C∞(U, T (M)) defined on an open neighborhood .U ⊂ M of the point . x0
such that . f (U ) ⊂ U . Then, for any . X ∈ X(M)

. f∗X = X ( f α) Vα,

. ∇ f
X Vα = X ( f β)

(
�

γ

βα ◦ f
)
Vγ

by the very definition of the pullback connection . f −1∇ = ∇ f
. Here  . f α = yα ◦ f

and.�
α

βγ are the Christoffel symbols of the second species of the Riemannian metric 
. g

. ∇∂/∂yβ

∂

∂yγ
= �

α

βγ

∂

∂yα
.

Consequently 

. divM
(
Vα

) =
m∑
j=1

g f
(
∇ f

E j
Vα, f∗E j

)
=

. =
m∑
j=1

E j
(
f β
) (

�
γ

βα ◦ f
)

g f
(
Vγ, f∗E j

) =

. =
m∑
j=1

E j
(
f β
)
E j
(
f σ
) (

�
γ

βα ◦ f
)

g f
(
Vγ, Vσ

) =
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[as 

. g f
(
Vα, Vβ

) = g

(
∂

∂yα
,

∂

∂yβ

)
◦ f = gαβ ◦ f

for any .1 ≤ α,β ≤ n] 

. =
m∑
j=1

E j
(
f β
)
E j
(
f σ
) (

�
γ

βα ◦ f
) (

gγσ ◦ f
) =

. = 1

2

m∑
j=1

E j
(
f β
)
E j
(
f σ
) ( gβσ

∂yα
◦ f

)
.

We may assume w.l.o.g. that. U is also the domain of a local coordinate system. (U, xi )
on . M , hence if .E j = Ek

j ∂/∂xk , then 

. 

m∑
j=1

E j ( f
β
)
E j
(
f σ
) =

m∑
j=1

Ek
j E

�
j

∂ f β

∂xk
∂ f σ

∂x�
=

[as the orthonormality of .{E j : 1 ≤ j ≤ m} implies .
∑m

j=1 E
k
j E

�
j = gk�] 

. = gk�
∂ f β

∂xk
∂ f σ

∂x�
.

Finally, 

. divM(Vα) = 1

2
gk�

∂ f β

∂xk
∂ f σ

∂x�

(
gβσ|α ◦ f

)

where .u|α = ∂u/∂yα for any .u ∈ C1(U). As to the first-order term 

. ∇u f = gi j
∂u f

∂xi
∂

∂x j
= gi j

(
u|γ ◦ f

) ∂ f γ

∂xi
∂

∂x j
,

. f∗∇u f = gi j
(
u|γ ◦ f

) ∂ f γ

∂xi
∂ f β

∂x j
Vβ,

.g f
(
Vα, f∗∇u f

) = (
gαβ ◦ f

) ∂ f β

∂xi
∂ f γ

∂x j
gi j

(
u|γ ◦ f

)
.
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Finally, 

.δα(u) = 1

2
gk�

∂ f β

∂xk
∂ f σ

∂x�

(
gβσ|α ◦ f

)
u f + (5.50) 

. + (
gαβ ◦ f

) ∂ f β

∂xi
∂ f γ

∂x j
gi j

(
∂u

∂yγ
◦ f

)
.

Let us examine now the particular case where.M = E
n is the.n-dimensional Euclidean 

space (.gαβ = δαβ). If this is the case 

. divM
(
Vα

) = 0

hence [by (5.50)] 

.δα(u) = gi j
∂ f α

∂xi
∂ f β

∂x j

(
∂u

∂yβ
◦ f

)
. (5.51) 

Let .yα (∂/∂yα) ∈ X
(
E
n
)
be the radial field and let 

. V = (
yα ◦ f

)
Vα ∈ C∞(

M, f −1T (En)
)

be its natural lift. We wish to compute the divergence of . V . As  

. gi j = ∂ f α

∂xi
∂ f β

∂x j

(
gαβ ◦ f

)
, gαβ = δαβ,

one has 

. gi j =
n∑

α=1

∂ f α

∂xi
∂ f α

∂x j

and contracting with . gi j

. 

n∑
α=1

gi j
∂ f α

∂xi
∂ f α

∂x j
= m.

Finally, 

. divM
(
V
) = divM

(
(yα ◦ f ) Vα

) = δα

(
yα
) =

[by (5.51)] 

. = gi j
∂ f α

∂xi
∂ f β

∂x j

(
∂yα

∂yβ
◦ f

)
= m.
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Let us now go back to the general case of an arbitrary Riemannian manifold . M . Let  
.U
(
M
) → M be the unit tangent bundle, i.e., 

. U
(
M
)
y = {

v ∈ Ty(M) : gy(v, v) = 1
}
, x ∈ M .

Let .ξ ∈ M be a fixed point, and let .(ρ, x) be the polar coordinates on .Tξ(M), i.e., 

. ρ : Tξ

(
M
) → [0,+∞), x : Tξ(M) → U

(
M
)
ξ
,

. ρ(v) = gξ

(
v, v)1/2, x(v) = 1

ρ(v)
v, v ∈ Tξ(M).

Let .expξ : BR(0) → M be the exponential map, where . R is the injectivity radius of 
. M . 

Definition 5.34 The geodesic distance of . ξ to . q is 

. r(q) = ρ
(
exp−1

ξ (q)
)

, q ∈ U = expξ

[
BR(0)

]
.

. �

Let.u = (ξ, {Xα : 1 ≤ α ≤ n}) be a tangent linear frame on.M at the point. ξ, i.e., 
the .R-linear isomorphism 

. u : R
n → Tξ(M), u(eα) = Xα, 1 ≤ α ≤ n.

Let us choose from the very beginning an orthonormal linear frame, i.e., 

. gξ

(
Xα, Xβ

) = δαβ, 1 ≤ α,β ≤ n.

We shall make use of the normal coordinates of center . ξ, that is we set 

. χ = (
y1, · · · , yn

) : U → R
n,

. χ = u−1 ◦ (expξ

)−1
.

Said construction may be summed up as the commutative diagram 

.

Tξ

(
M
) ⊃ BR(0)

expξ−→ U ⊂ M

u ↑ u−1 ↓ ↓ χ

R
n ⊃ � = � ⊂ R

n
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where .� = u−1
[
BR(0)

]
(an open subset of .Rn). Then 

. 

(
∂

∂yα

)

ξ

= Xα, gαβ(ξ) = δαβ .

Let 

. ẏα : Tξ(M) → R

be the Cartesian coordinates associated to the local coordinate system.(U , yα), i.e., 

. v = ẏα(v)

(
∂

∂yα

)

ξ

, v ∈ Tξ

(
M
)
.

Definition 5.35 The radial field .X ∈ C∞(U , T (M)
)
is 

. X(q) = ẏα(v)

(
∂

∂yα

)

q

, q ∈ U ,

. v = (
expξ

)−1
(q) ∈ BR(0) ⊂ Tξ(M).

. �

Lemma 5.36 Let .v ∈ BR(0) and let us set .q = expξ v. Let 

. dv expξ : Tv

(
Tξ(M)

) → Tq(M)

be the differential of .expξ at the point . v. Then (i) 

.
(
dv expξ

)
ṽ = X(q) (5.52) 

where 

. ṽ = ẏα(v)

(
∂

∂ ẏα

)

v

∈ Tv

(
Tξ(M)

)
.

Moreover, (ii) 

.r(q)
∂r

∂yα
(q) = ẏα(v). (5.53)
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Let us assume that .ξ ∈ f (M). If  .X̂ ∈ C∞(
f −1(U), f −1T M

)
is the natural lift of 

the radial field .X : U → T (M), then (iii) 

.divM X̂ = ‖d f ‖2 + 1

2

(
ẏα ◦ exp−1

ξ

) f
gk�

∂ f β

∂xi
∂ f γ

∂x j

(
gβγ ◦ f

)
(5.54) 

and .‖d f ‖2 = m. 

Proof (i) Let 

. 
(
expξ

)α = yα ◦ expξ

be the components of .expξ with respect to the local chart . χ. Then 

. 
(
dv expξ

) ( ∂

∂ ẏβ

)

v

= ∂
(
expξ

)α
∂ ẏβ

(v)

(
∂

∂yα

)

q

.

To compute the partials 

. 
(
∂
(
expξ

)α
/∂ ẏβ

)
(v)

one should calculate first the local expression of 

. 
(
expξ

)α : BR(0) → R

with respect to the (global) chart 

. χ̇ = (
ẏ1, · · · , ẏn

) : Tξ(M) → R
n

that is, for any . η = (η1, · · · , ηn) ∈ � ⊂ R
n

. 
[(
expξ

)α ◦ χ̇−1
]
(η) = (

expξ

)α
[
ηβ

(
∂

∂yβ

)

ξ

]
=

. = (
pα ◦ χ ◦ expξ

)
[
ηβ

(
∂

∂yβ

)

ξ

]
= (

pα ◦ u−1)
[
ηβ

(
∂

∂yβ

)

ξ

]
=

. = pα
(
ηβ eβ

) = ηα

and hence 

.
∂
(
expξ

)α
∂ ẏβ

(v) = ∂
[(
expξ

)α ◦ χ̇−1
]

∂ηβ

(
χ̇(v)

) = δα
β
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so that 

.
(
dv expξ

) ( ∂

∂ ẏβ

)

v

=
(

∂

∂yβ

)

q

. (5.55) 

The formula (5.52) is an immediate consequence of (5.55). 
(ii) To compute the partial derivatives .∂r/∂yβ one should determine the local 

expression of the function .r : U → R with respect to the local coordinate system 
.(U , yα), that is 

. 
(
r ◦ χ−1

)
(η) = (

ρ ◦ exp−1
ξ ◦χ−1

)
(η) = (

ρ ◦ u
)
(η) =

. = gξ

(
u(η), u(η)

)1/2 = [
ηαηβgξ

(
Xα, Xβ

)]1/2 = ‖η‖

where .‖ · ‖ is the Euclidean norm on .R
n . It follows that 

. 
∂r

∂yβ
(q) = ∂(r ◦ χ−1)

∂ηβ
(χ(q)) = ηβ

‖η‖
∣∣∣∣
η=χ(q)

=

[as 

. η = χ(q) = u−1(v) = ẏα(v)eα =⇒ ηα = ẏα(v)

and hence 

. ‖η‖2 =
n∑

α=1

ẏα(v)2 = gξ(v, v)]

. = ẏβ(v)

gξ(v, v)1/2
=

[as .r(q) = ρ
(
exp−1

ξ (q)
) = ρ(v) = gξ(v, v)1/2] 

. = ẏβ(v)

r(q)

and the formula (5.53) is proved. Q.e.d. 
(iii) If .ξ ∈ f (M), i.e., . ξ is actually a point of the given submanifold, let 

. X̂ : f −1(U) → f −1T (M)

be the natural lift of the radial field 

.X : U → T (M),
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i.e., 

. X̂ = X f = X ◦ f.

Then 

. divM
(
X̂
)

= divM
[(
ẏα ◦ exp−1

ξ

) f
Vα

]
=

[where .Vα = ∂̂/∂yα ∈ C∞(
f −1(U), f −1T M

)
] 

. = (
ẏα ◦ exp−1

ξ

) f
div

(
Vα

)+ g f
(
Vα, f∗∇

(
ẏα ◦ exp−1

ξ

) f )
.

Moreover, if 

. hα = ẏα ◦ exp−1
ξ ,

then 
.g f

(
Vα, f∗∇

(
hα
) f ) = (5.56) 

. = (
gαβ ◦ f

) ∂ f β

∂xi
∂ f γ

∂x j
gi j

(
hα|γ ◦ f

)

and the local expression of .hα is 

. 
(
hα ◦ χ−1)(η) = (

ẏα ◦ u
)
(η) = ηα

so that 

. hα|γ = ∂hα

∂yγ
= ∂(hα ◦ χ−1)

∂ηγ
◦ χ = δα

γ

and the formula (5.56) becomes 

. g f
(
Vα, f∗∇

(
hα
) f ) = (

gαβ ◦ f
) ∂ f α

∂xi
∂ f β

∂x j
gi j = ‖d f ‖2 =

[as . f ∗g = g] 

. = gi j g
i j = m.
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The formula (5.54) should be paralleled to the formula (3.7) in [HoSp], p. 721. 
D. Hoffman & J. Spruck also introduce (cf. op. cit.) the matrix 

. g̃β
γ = gi j

∂ f β

∂xi
∂ f σ

∂x j

(
gγσ ◦ f

)

so that (5.54) may be rewritten as 

. divX̂ = m +
(
ẏα ◦ exp−1

ξ

) f
g̃β

γ

(
�

γ

βα ◦ f
)

together with 

. trace
(
g̃
) = g̃

β
β = ‖d f ‖2 = m.

Next, we shall estimate .div
(
X̂
)
in terms of .r(q) [the geodesic distance from. ξ to 

. q] and the sectional curvature of . M . 

Let .ξ ∈ M and .v ∈ BR(0) and let us set .q = expξ(v). Let .x = (1/ρ(v)) v so that 
.x ∈ U (M) and in particular 

. q = expξ

[
r(q) x

]

is a tautology. Let us consider the geodesic 

. γ(t) = expξ

(
tx
)

so that .γ(0) = ξ and .γ(r(q)) = q. To start with we need the following result 17

Lemma 5.37 Let .M be a Riemannian manifold of sectional curvature bounded 
from above .K ≤ b2. If  .b2 r(q)2 < π2, then there are no conjugate points along . γ. 
Consequently, if .Y ∈ Tq

(
M
)
, then there is .s ∈ Tr(q)x

(
Tξ

(
M
))

such that 

. 
(
dr(q)x expξ

)
(s) = Y.

Let us extend . s by parallelism along .t �→ t x in .Tξ(M) such that to obtain the Jacobi 
field 

.V (t) = (
dr(q)x expξ

) [ t

r(q)
s
]

17 For a proof, one may see R. Bishop & R. Crittenden, [BiCr], p. 255. 
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along .γ(t). Then 

. V (0) = 0, V ′(0) = 1

r(q)
s, V (r(q)) = Y,

. 〈∇ γ̇V, V 〉r(q) ≥

⎧⎪⎨
⎪⎩

b cot
[
b r(q)

]
se b > 0,

|b| coth [|b| r(q)
]

se b ∈ iR.

One has 

Lemma 5.38 Let .M be a Riemannian manifold obeying to the assumptions in 
Lemma 5.37 and let .X be the radial field of center .ξ ∈ f (M). If  .q ∈ f (M) is a 
point such that .b2 r(q)2 < π2, then 

.divM
(
X̂
)
(q) ≥ m b r(q) cot

[
b r(q)

]
. (5.57) 

5.5 Brendle’s Theorems 

We start by reporting on S. Brendles’s results 18 on Sobolev inequalities on 
submanifolds in the Euclidean space. 

Theorem 5.39 Let.� ⊂ R
n+m be a compact.n-dimensional submanifold with. ∂� =

∅. Let . f : � → (0, +∞) be a .C∞ function. Then 

. 

∫

�

f
{
log f + n + n

2
log(4π)

}
d vg +

. −
∫

�

|∇� f |2
f

d vg −
∫

�

f |H |2 d vg ≤

. ≤
( ∫

�

f d vg

)
log

( ∫

�

f d vg

)
.

18 S. Brendle, The logarithmic Sobolev inequality for a submanifold in Euclidean space, Commu-
nications on Pure and Applied Mathematics, Vol. LXXV (2022), 0449–0454. 
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Here . g and .H are, respectively, the first fundamental form and mean curvature 
vector of the given immersion .� ↪→ R

n+m . If one sets 

. f = 1

(4π)n/2
exp

(
− 1

4
|x |2

)
ϕ,

then Theorem 5.39 yields 

Corollary 5.40 Let.� ⊂ R
n+m be a compact.n-dimensional submanifold with. ∂� =

∅, and let 

. dγ = 1

(4π)n/2
exp

(
− |x |2

4

)
d vg

be the Gaussian measure on . �. Let .ϕ : � → (0, +∞) be a .C∞ function. Then 

. 

∫

�

ϕ (logϕ) dγ −
∫

�

|∇�ϕ|2
ϕ

dγ −
∫

�

ϕ
∣∣∣H + 1

2
x⊥

∣∣∣
2
d γ ≤

. ≤
( ∫

�

ϕ d γ
)
log

( ∫

�

ϕ d γ
)
.

The Euclidean logarithmic inequality is well known, and was obtained as a con-
sequence of the isoperimetric inequality, cf. C. Borell. 19 The logarithmic Sobolev 
inequality plays an important role in Perelman’s monotonicity formula for the entropy 
under Ricci flow. 20 The Gauss measure. γ is judged 21 as very natural from a geometric 
point of view for, in particular, the quantity 

. γ(�) = 1

(4π)n/2

∫

�

e−|x |2/4 d vg

is the Gaussian area appearing in Huisken’s monotonicity formula for the mean 

curvature flow. 22 One has .H + 1

2
x⊥ = 0 if and only if .� is a critical point 23 for 

Gaussian area .γ(�).

19 C. Borel, The Brun-Minkowski inequality in Gauss space, Invent. Math., (2) 30(1975), 207–216. 
20 Cf. G. Perelman, The entropy formula for the Ricci flow and its geometric applications, 
arXiv:math/0211159[math.DG]. 
21 Cf. S. Brendle, op. cit., p. 450. 
22 Cf. G. Huisken, Asymptotic behavior for singularities of the mean curvature flow, J. Differential 
Geometry, (1)31(1990), 285–299. 
23 Submanifolds with this property are called self-similar shrinkers (for they shrink homothetically 
under the mean curvature flow). 



5.6 Batista–Mirandola Theorem 585

S. Brendle generalized 24 his own previous (Euclidean) result 25 to the Riemannian 
case, as follows. 

Theorem 5.41 Let .M be a complete noncompact Riemannian manifold, of dimen-
sion .n + m, with nonnegative sectional curvature. Let .� ⊂ M be a .n-dimensional 
compact submanifold, with boundary .∂�. Let . f : � → (0, +∞) be a .C∞ function. 
If .m ≥ 2, then 

. 

∫

�

√∣∣∇� f
∣∣2 + f 2|H |2 d vg +

∫

∂�

f d vg ≥

. ≥ n
[ (n + m)|Bn+m |

m|Bm |
]1/n

θ1/n
( ∫

�

f n/(n−1) d vg

)(n−1)/n
.

Here . θ is the asymptotic volume ratio of .M and .H denotes the mean curvature 
vector of .� ↪→ M . The reader will appreciate the particularly elegant form of the 
Sobolev inequality for submanifolds of codimension .m = 2. 

Corollary 5.42 Let .M be a complete noncompact Riemannian manifold, of dimen-
sion .n + 2, with nonnegative sectional curvature. Let .� ⊂ M be a .n-dimensional 
compact submanifold, with boundary .∂�. Let . f : � → (0, +∞) be a .C∞ function. 
Then 

. 

∫

�

√
|∇� f |2 + f 2|H |2 d vg +

∫

∂�

f d vg ≥

. ≥ n |Bn|1/n θ1/n
( ∫

�

f n/(n−1) d vg

)(n−1)/n
.

5.6 Batista–Mirandola Theorem 

We report on a result by M. Batista & H. Mirandola 26 for Sobolev inequalities for 
a submanifold of a Riemannian manifold .(M, g), where integration of functions 
defined on the ambient space is performed with respect to a weighted measure. dμ =
e− f d vg , for  some .C∞ function . f : M → R (the density).

24 Cf. Theorem 1.4 by S. Brendle, Sobolev inequalities in manifolds with nonnegative curvature, 
arXiv:2009.13717v5 [math.DG] 28 May 2022, p. 2.  
25 Cf. S. Brendle, The isoperimetric inequality for a minimal submanifold in Euclidean space, J.  
Amer. Math. Soc., 34(2021), 595–603. 
26 Cf. M. Batista & H. Mirandola, Sobolev and isoperimetric inequalities for submanifolds in 
weighted ambient spaces, arXiv:1304.2271v2 [math.DG] 12 Apr 2013. 
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Let.x : M → M be an isometric immersion of a complete Riemanian manifold. M , 
eventually with nonempty boundary (.∂M �= ∅) in the Riemannian manifold.(M, g). 
Let . f : M → R be a .C∞ function, and let .H be the mean curvature vector of the 
given immersion.x : M → M . Let .T (M)⊥ → M be the normal bundle of the given 
immersion, and let .V⊥ denote the .T (M)⊥-component of .V ∈ X(M). Let us set 

. Hf := H + (∇ f
)⊥

.

Definition 5.43 The immersion.x : M → M is said to be. f -minimal if.Hf = 0.. �
Also, if .� ⊂ M is a bounded domain, we set 

.vol f (�) :=
∫

�

dμ =
∫

�

e− f (x) d vg(x). (5.58) 

By a result of V. Bayle 27 for every smooth .1-parameter variation .{�t }|t |<ε of . �

. 
d

dt

{
vol f (�t )

}
t=0

=
∫

�

〈Hf , V 〉 d μ

where .V is the normal infinitesimal variation induced by .{�t }|t |<ε. It may then be 
argued in favor of the “natural” occurrence of .Hf [as springing from the variational 
problem associated to the functional (5.58)]. 

Let us look at the following example, associated with work by M. Gromov. 28

Let .En = (
R

n, g0
)
be the .n-dimensional Euclidean spaces, and let us consider the 

weighted measure.dμ = exp(−|x |2) d vg0(x). An isometric immersion. F : M → R
n

is said to be a self-shrinker if its mean curvature vector.H satisfies.2H = −F⊥. This  
is of course equivalent to saying that .F is .(|x |2/4)-minimal. 

Let .K : R → [0, +∞) be a nonnegative, even, and continuous function, and let 
. h be the solution to the Cauchy problem 

.

⎧⎪⎨
⎪⎩

h′′ + K h = 0,

h(0) = 0, h′(0) = 1.

(5.59) 

Let us choose constants 

.r0 = r0(K) > 0, s0 = s0(K) > 0,

27 Cf. V. Bayle, Propriétées de concavité du profil isopérimétrique et applications, Mathématiques 
[math]. Université Joseph-Fourier - Grenoble I, 2003, Français, NNT : tel-00004317v1, HAL Id: 
tel-00004317 https://theses.hal.science/tel-00004317v1. 
28 Cf. M. Gromov,  Isoperimetry of waists and concentration of maps, Geom. Funct. Anal., 
(1)13(2003), 178–215. 

https://theses.hal.science/tel-00004317v1
https://theses.hal.science/tel-00004317v1
https://theses.hal.science/tel-00004317v1
https://theses.hal.science/tel-00004317v1
https://theses.hal.science/tel-00004317v1
https://theses.hal.science/tel-00004317v1
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such that . h is increasing on the interval .(0, s0) and . h maps .(0, s0) onto the interval 
.(0, r0). Next, let us assume that the radial curvature of .M with base point . ξ satisfies 

.
(
K rad

)
ξ
≤ K(dM( ·, ξ)

)
(5.60) 

for every .ξ ∈ M , where .dM is the distance function associated to the Riemannian 
metric on . M . The main result by M. Batista & H. Mirandola is (cf. op. cit.) 

Theorem 5.44 Let us assume that . f ∗ := supM f < ∞, and let .ϕ ∈ C1
0(M) be a 

nonnegative function such that .ϕ
∣∣
∂M = 0. Moreover, let us assume that there is 

.κ ∈ (0, 1) such that 

.

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

J :=
[ e f ∗

(1 − κ)ωm
vol f

(
supp(ϕ)

)]1/m ≤ s0,

h−1
(
J
) ≤ 2 Injϕ,

(5.61) 

where.ωm = Vol
(
B
m
)
and.Injϕ is the minimum of the injectivity radius of.M restricted 

to the points of .supp(ϕ). Then there is a constant .S = S(m, K) > 0 such that 

. 

( ∫

M
ϕmp/(m−p) dμ

)(m−p)/m ≤

. ≤ S e f ∗/m
∫

M

(|∇ϕ| + ϕ
∣∣Hf − ∇ f

∣∣)p d μ

for any .1 ≤ p < m, where the constant . S is 

.S = 2mm

κ(m − 1)

r0
s0

[ 1

(1 − k)ωm

]1/m
. (5.62) 

Theorem 5.44 is an extension (the context of submanifolds of ambient spaces 
endowed with a weighted measure .dμ = e− f d vg) of results by J.H. Michael & 
L.M. Simon 29 and D. Hoffman & J. Spruck. 30

29 Cf. J.H. Michael  & L.M. Simon,  Sobolev and mean-value inequalities on generalized submani-
folds of .Rn , Comm. Pure Appl. Math., 26(1973), 361–379. 
30 Cf. D. Hoffman & J. Spruck, [HoSp], and our presentation earlier in this chapter.
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