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IIT JAM SYLLABUS
FOR
DIFFERNTIAL EQUATION
1. Ordinary differential equations of the first order of the form y’' = f(x,y)
2.Bernoulli’s Equation
3. Exact differential Equation
4.Integration factor
5.0rthogonal trajectories
6. Homogeneous Differential Equation
7.Separable Solution
8. Linear differential equation of second and higher order with constant coefficients
9. Method of variation of Parameters.
10. Cauchy — Euler equation (Homogeneous Linear D. E. with constant coefficient)
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2. Solution of Differential Equation of 1st order and 1st degree
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4. Homogenous Linear Equations
5. Trajectories
6. Variation of Parameter
7. Linear Differential Equation of 2nd order
8. Multiple choice Problems with Ten Years
Definition: An equation involving differentials or differential coefficient is.called‘a differential equation.
For example

Ly . d’y 3d’  5dy . 4. d%s4ds )
(1)&—x51nx (11)@—W+K—6y—smx (111)P—F+55—t
3/2
. _xdy dy? x0z yoz _ _ dy\? _ad?y
(IV) y= E + [1 + (&) (V) 9% + a—y =7z (Vl) 1+ (&) = 2
(vii) Q —y = tanx (viii) 0%z = %
dx* oxdy dy

2 Ordinary and partial differential equations

If a differential equation contains one dependent variable (or function ) and one independent variable i.e. if all the
differential coefficient have reference to single independent variable , then the differential equation is called an
ordinary differential equation.

The above differential equations (i), (ii), (iii), (iv), (vi) and (vii) are of this type. If there are two or more independent
variables, so that derivative is partial differential equation. The equations (v) and (vii) are example of this type.

3 Degree and order of a differential equation

The order of a differential equation is.the highest differential coefficient which appears in it. For example the
differential equation (i), (ii) and«(iii) as.given above are of 1st, 3rd and 2nd respectively.

The degree of differential equation is the degree of highest order differential coefficient which appears in it, when the
differential coefficientsare free from radicals and fractions. For example (ii) equation is of 1st degree, (iv) is of 2nd
degree and (vi) (after squaring both sides ) is of 2nd degree.

General complete solution ofya differential equation.

The solution of a differential equation in which the number of arbitrary constant is equal to the order of the
differential equation is called the gneral solution (or complete integral or complete primitive).

Examples.

A d’v  2dv

1.v= = + B is the general solution of differential equation Fr) + i 0, where A and B are arbitrary

constants.

2. Let y =.Ce* (D
dy

= — = Ce* 2)
dx

Eliminating the arbitrary constant C between (1) and (2),

= d—i = y which is a differential equation of the 1st order.

3.Lety = C; cosx + C, sinx (D)
d

= d—i = —C; sinx + C; cosx
d%y .

> Freh —C;, cosx — C,sinx = —y, (from(1)) (2)
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2

d7y
which is a differential equation of 2nd order.

Note. No. of arbitrary constant = Order of Differential Equation

Particular solution

If particular values are given to the arbitrary constant in the general solution then the solution so obtained is called
the particular solution.

) ] ) ) d?v 2dv ) 2
For example putting A = 2 and B = 3 in ex 1, a particular solution ofﬁ + Ta Oisv= T +3.

independent of arbitrary constants:

The arbitrary constants appearing in the general solution must be independent and should not be reducible

to a fewer number of equivalent constants

For example : The solution y = ce**¥ apparently contains two arbitrary constants c and k, but in fact they

are equivalent to only one constant, for y = ce*tK = X, cek = (cek)eX = Ae¥.

Therefore, the two constant c and k are reduced to one constant A and as such c and k are not independent constants.
EX 1 write down the order and degree of the following equation

C)¥X+ 1+(“f =0 ij dZX+ 1+(“f =0
! dy? dy/ | (i) dy? dy/ |
(dBy\ dy\? oy dZy\’ dy\*
(iii) <K> — Xy (&) +y=0 (iv) (&) = sinx v) <@) — Xy <&) +y=0
Solution.
(1) Second order, second degree (2) Second order, second degree
(3) Third order, Second degree (4) First order, First degree

(5) Second order, Third degree
Ex. 2. What is the order of the differential equation whose solution isghecircle'(x — a)? + y? = a?, where a is an
arbitrary constant.
Solution. The given equation is

x—a)?+y%=a?
= x?—2ax+y?=0 (1)
Differentiating both sides of (1) with respect to x, we get

dy
2X—20(+2Y&=0

5 xty = @
Xty =a
Eliminating o from (1) and (2), we get
x2—2(x+ g)x+ 2=0
ydx y

2

dy
= —2x%2 = 2xy—+vy2 =0
X X Xde y

d
= 2xyd—z + x%2 — y? = 0 whichis the differential equation of the given circle (1) and its order is first.

Ex. 3. Find the differential'equation of the family of curves y = e* (A cosx + B sinx), where A and B are arbitary
constants.
Solution. The given equation is

y = e*(A cosx + Bsinx) (D
d
= d_i = e*(—Asinx++ Bcosx) + e*(Acosx + Bsinx)
= e*(—Asinx + Bcosx) +y 2
dzy , . dy
= — = e*(—Acosx — Bsinx) + e*(—Asinx + Bcosx) + —
dx? dx
= —e*(Acosx + Bsinx) + (ﬂ - ) + ﬂ (from (2))
) dx y dx
d%y dy dy
:E——y+(&—y)+& (from (1))
d’y _dy o . .
= ™z 2 I + 2y = 0 which is differential equation of 2nd order.
Ex. 4. Form the differntial equation of y = A cos(x?) + Bsin(x?) (D
Solution. Differentiating (1) with respect to x, we get
d
d—z = A[—(sinx?)]2x + B[cos(x?)]2x
= 2x[—Asin(x?) + B cos(x?)] 2)
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Again differentiating both sides with respect to x, we get

d2
d £y = 2[—Asin(x?) + Bcos(x?)] + 2x[—A{cos(x?)}(2x) + B{—sin(x?)}(2x)]
d?
= d_x}zl = 2[—Asin(x?) + B cos(x?)] — 4x?[A cos(x?) + B sin(x?)]
d’y 1dy 5
= X 4x“y, from (1) and (2)
d?y dy
= X@ - d_ + 4X y= 0

Ex.5. Form the differential equation of all circles of radius r.

sol™: The equation of all circles of radius r is
(x—a)?+(y—b)?=r?

where a and b are arbitrary coordinates of the centre.
(x—a)’+(y—b)? =r?

Differentiating with respect to x, we have

dy
2(X—a)+2(y—b)&:0

d
> G-bp+&-a)=0

: ﬂ
dx
__&-a
(b . ;
ey |o-pO-c-a(F)| «-a(F)-o-v
a2 (y —b)? B (y —b)2
(x—a)
x-a) -2y <)
= { g - b%z (from (2))
(x—a)?+ (y—b)? —r?
= dxz [ G —D)° (y — )7 (from(l))
Again from (2), we have
dy\> | (x—a)?
1+<dx) a 1-i_(y—b)z
dy\? _ (y—b)+ G- _ W
> 1+ (dx) = v —b)? = o)y (from(l))
213/2 r3 3
= [1 + (d—Z) ] = (y——b)3 (raising both sides to power 5)
From (3) and (4) we have
dy dzy\?
@] ()
A dzv 2 dv
Ex.6. Show thatv. = — + B is a solution of — +— —=0.
dr?2 ' r dr

A
Sol™: Itis giventhatv = .= +B

Differentiating both sides twice with respect to r, we get

dv = A
dr.”~ r2
d’v _ 2A
dr2 = r3

From (2) and (3), we have
d?v/dr®  2A/r?

dv/dr = —A/r?
s d?v/dr® 2
dv/dr ~ r
s d?v +2dv
dr2 ' rdr

d?y (dy\*] _ dy

TR
Yaxz T \ax dx
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Ex.7.Show that Ax? 4+ By? = 1 is the solution ofx[
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(2)differentia

(3)

(4)
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Sol®: The given equation is Ax? + By? = 1 (D
Differentiating both sides with respect to x, we get

dy
2Ax + ZBy& =0

dy
= Ax+By—=0 @)
Differentiating both sides of (2) with respect to x, we get
d?y  dydy] _
A+B
+ [ Yax? T dx dx
d’y  (dy\’ -
= Ax+Bx Y32 + (dx) =0 (multiplying each term by x) 3)

Subtracting (2), from (3), we get
2

d%y dy dy
“hﬁ+@3]wm 0

s d2y+ (dy) _dy
Waez " \ax) |~ Vax

Ex. 8.Find the differential equation satisfied by the system of parabolas y? = 4a(x + a)
Solution. Given y? = 4a(x + a) (1)
Differentiating both sides with respect to x, we get
dy
2 4 2
y(dx) a @
Dividing (1) by (2), we get
v
dy
253
= a= [[L — x] 3)

2[dy/dx]
Substituting equation (3) in (2), we get

/() = 2y

dy 2 dy
3YQ£)=Y‘2XGQ

Ex. 9. By eliminating the constants a and b obtain differential equation of which xy = ae* + be™ + x? is a solution.

=(x+a)

Solution. The given equation is xy = ae* + be™* + x? (1)
Differentiating both sides with respect to x, we get
d
y+x (d—Z) =ae* —be™* + 2x 2)
Differentiating both sides of (2) with respect to x, we get
dy dy d% A
dx+dx+xﬁ_ae +be™ + 2
d2 dy 5 5 ~
d2 d——(xy—x)+2, [from (1) xy — x* = ae* + be™¥]
d2 dy
= X 2+2d——xy+x -2=0
DIFFERENTIAL EQUATION OF FIRST ORDER AND FIRST DEGREE
INTRODUCTION

There are two standard forms of differential equations of first order and first degree, namely

d
(1) 2 =1Gyy)

(2) M(x,y)dx + N(x,y)dy = 0

2(A) SEPARATION OF VARIABLES

If in an equation, it is possible to get all the functions of x and dx to one side, and all the function of y and dy to the
other, the variables are said to be separable.

Rule to solve an equation in which the variables are separable.

d
Consider the equationd—i = XY, where X is a function of x only and Y is a function of y only.
d
1. Given differential equation isd—z =XY

2. 7}, = Xdx, i. e. variables have been separated

3. Integrating both sides
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d
fvy=fde+c,

where c is an arbitrary constant, is the required solution.
Point to Remember

X
(1) logx + logy = logxy (2)logx —logy = log;

Xty
1—xy

(3) nlogx = logx™" (4)tan"'x+tan 'y = tan?!
1 X7V
1+xy

(5)tan"'x —tan"ly = tan~

dy o 5
Ex. 10.Solved— = XY +x%e™V.
X
Solution. The given differential equation is

d

&V _ XY 4 x%eY = e¥e™Y 4 x2e Y

dx

dy _ - 2 2
:;.d_:e Y(e*+x%) = e¥dy = (x* + e¥)dx
X

Integrating

eV = (§) x3 + eX + c which is required solution.

d
Ex.11.Solve log (d_D = ax + by

Solution. The given differential equation is
d
log (d_Z) = ax + by

d

= _y = aXtby — qaxghy
dx

= e Pdy = e®*dx

Integrating
1 1
- (E) e Py = (5) e + c which is required solution.
Prob. 12 (x* — XZ)Q‘F(Z‘FXZ):O Ans.lo <§)=1+l+c
- X ) TV y .log ) R
Do yourself

dy , , dy
Ex.13.Solvey — x& =a (y + &)
Solution. The given differential equationis

dy , dy
= y—x&—a<y +&)

dy )
= (a+x)&—y—ay
dx dy
= =
x+a y(1-=ay)

dx [ 2 +1]d [B tial fraction]|

= = -

xta |T=ay 'y y y partial fraction

Integrating,
log(x+a) = =log(1 —ay) +logy + logc
cy

=1 =1

og(x+a) Og[l—ay

c
> X+a= Y
1—ay

= (x + a)(1 — ay) = cy, which is the required solution.
Prob. 14...cosylog(secx + tanx)dx = cosxlog(secy + tany)dy

secx + tanx
Ans. [log( ) log((secx + tanx)(secy + tan y))] =

secy + tany
Do yourself
Ex. 15.Solve 3e* tanydx + (1 — e¥) sec? ydy = 0
Solution. The given differential equation is
3eXtanydx + (1 — eX) sec?ydy = 0

3eX sec?y
dx + dy =0
1—eX tany
Integrating,

—3log(1 — e*) + log(tany) = logc
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= tany = c(1 — eX)3.
d
Prob. 16.d—y + tany = sin(x +y) + sin(x — y)
X

Do yourself

d
Ex.17.Solve /(1 + x2 + y2 + x2y2) + xy (_y) = 0.

dx
Solution The given differential equation is

d
= J(1 +x2 +y2+x2y2)+xy(d—1) =0

d
> JA+D Ay +xy () =0
- V(1 +x2)dx N ydy
X V(A +y?)

(1+x2)dx+ ydy
xJ(1+x2) /1+y?

Integrating

dx xdx ydy _
fo(1+x2>+fJ(1+x2)+fJ(1+y2) -

= logx — log (1 +./(1+ x2))

Now,
f dx j (—1/t®)dt ( i
= , | putting x =
X/ (1 + x2) (1/0)y1+ ((1/9)?) t
= —f @ _ —log{t+ /(" + 1)}
VE i1
1 1

= —log ;+ (x_2+ 1) = —log

Again,

J‘ xdx fldt (putting 1+ x® = )
—————= | —— , (putting X° =
Ja+x2) 24t

= %jt‘l/z dt= t¥/2 = (14%»)1/2
Similarly,

(1 + y2)1/2

f&=
Ja+y)

Using (2), (3) and (4), (1) gives the required solution as

14+./(1+x2)

Ans. (2 cosx + secy = ¢)

logx — log{l +1+ XZ} + (@ +x3)V2 + (1 +y?)Y/2 = Cwhich is required solution.

Prob. 18 . Find the function ‘f’ whieh satisfies the question

Ans. (f = e?X*3) Do yourself
Ex. 19.Solve d—y Xty Py? X’ +y

X
Sol™: The given differential equation is

dy 3
L= XY x2eXHy

q dx
= d_i =¥ 4 (eX + x2eX)
> eVdy= (eX + xzex3)dx.
Integrating(1),
fe‘ydy=Jede+Jx2ex3dx
1
> —eV=¢X (5) f eldt+c  puttingx® =t
_ 1\ 3
> —e Y =efX (§)ex +c

1
> —e Y=+ 3 e** + ¢ which is required solution

dy

Prob.20. —= 4+ x? = x%e3Y
X

2x given that f (0) = &3
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Ans. (€3Y — 1) = ce(x*+3) Do yourself
d
Ex.21. If d_y = e**Y and y(1) = 1,find y when x = —1.
X
d
Sol™: The given differential equationa}; =™ty

= e Ydy =e*dx

intergrating,
—e VY =e"+c ey
Putting,x = 1,y = 1in (1),
—el=e+c
> c=-el-e
Hence (1) becomes
—eV=eX—¢1l-¢ (2)
Putting x = —1 in (2), we obtain
—eV=el-el-¢
= y = —1 which is required solution.
Prob. 22.(x? — yx?)dy + (y? + xy?)dx = 0
Ans. [log(x/y) — (x + y)xy =] Do yourself

2(B) REDUCIBLE SEPARABLE VARIABLE
Let the equation of the form

d
d—z = f(ax + by + ¢) (D
Let ax+by+c=v
= +b dy _dv
a dx  dx
dy 1 (dv )
dx _b\dx °
. from (1)
1 (dv ) — fw)
blax )~
dv
= —=b.f(v)+a
dx
dv. d
a+bf(v) X
Integrate and find the solution.
d
Ex.23. Solved—z = (4x+y+1)?
Solution The given differential equation is
d
d—Z=(4x+y+ 1)? M
Let 4x+y+1=v 2)
dy dv
= 44+ —==—
dx dx
dy _ dv 4 3)
dx  dx
From (1), the given equation becomes
dv -
dx A
R dv A 2
dx v
= dx = dv
T av e
Integrating,

1 A%
— —an-1(2
X+c= > tai/l ( )
— tan—1(2
= 2X+ 2c =tan (2)
= v = 2tan(2x + 2¢)
= 4x +y+ 1 = 2tan(2x + 2¢), (using (2))
which is required solution.

+y—a)\d +y+
Prob. 24. <(X Y a)) y_xrywva

Gry—b))dx x+y+b Ans.log{(x + y)? — ab} = 2(x — y + )

Do yourself
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d
Ex. 25.Solve (x + y)? (d—i) = a?®

Solution. The given differential equation is
dy
x+y)? (—) =a’

dx
Let X+y=v (D
= 1+ dy _dv
dx  dx
L Y vy 2
dx  dx
From (1) and (2), the given equation becomes
) (dv 1) )
_— = a
:; dx
= v?2 i a? + v?
dx
v2
= dx R dv
22
= dx:[l— 2+V2]dv
Integrating,

1

x+c=v—a%—tan’!
a

<

X+
= x+c=x+y—atan‘1< ay)

X+
= y —atan™! (Ty) = c which is required solution.

Prob. 26.(4x + 3y + 2)dy = (8x + 6y + 12)dx
Do yourself

dy
Ex.27. Solve& =sec(x+y)

Solution The given differential equation is

d
Y_ sec(x +y)

dx
Let x+y=v €Y
dy (dV) 1 @)
dx  \dx
Using (1) & (2), the given equation becomes
dv 1
dx cosvVv
dv 14 cosv
5 —=—
dx cosvVv v
COSV 2 COS2 7 -1
= dx = V= 7 dv
1+ cosv 1+2cos?5—1
d (1 L ec?t )d
= = —_— A
X > sec SVl dv
Integrating,
\4
X+C=vtansv = x+c=x+y—tan_1§

1
= y —tan 5 (x+y) = ¢ which is required solution.

d
Ex. 28. Solved—i = sin(x+y) + cos(x+y)

Sol™: The given differential equation is

dy
— =sin(x +y) + cos(x +y)

dx
Let x+y=v ey
R 1_}_dy_dv R dy dv 2)
dx  dx dx  dx (

Using (1) and (2), the given equation becomes

\%
= —=1+sinv+cosv (3)
dx

But 1+ sinv + cosv =1+ 2sin(v/2) cos(v/2) + 2 cos?(v/2) — 1
= 2cos?(v/2)[1 + tan(v/2)]
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dv %SECZ(V/Z) dv
by B) &= PO+ (D] 1+ an(v/2)

Integrating,
X + ¢ = log[1 + tan(v/2)]
= x+c=log[l +tan{(x +y)/2}], (on using (1)) which is required solution.
Homogeneous Function
An eqation of the form
f(x,y) = apgx™ + a;x" 1y + a,x"2y% + .- + apy"
is called homogeneous equation in x & y of degree n.
The above equation can be written as
f(x,y) = x"[ag +a;(y/x) + -+ an(y/x)"]
= f(x,y) =x"F(y/x)
3.HOMOGENEOUS DIFFERENTIAL EQUATION
Definition: A differential eqution of first order and first degree is said to be homogeneous if it is of theform
ﬂ _ f1 (X, Y)
dx  f,(xy)’
where f;(x,y) & f, (x,y) both are homogeneous in x & y of same degree n
dy x"Fi(y/x) _Fi(y/x)
dx x"F,(y/x)  F(y/%)

dy y
v f(;)

Note For solving homogenous differential equation
Let the given equation be homogenous. Then, by definition, the given equation can be put in the form

Y () W

dx X
LetX= \% = y=vX 2)
X

= Yoyy (dv) 3)
dx v dx
Using (2) and (3), (1) becomes

dv

v+ x—=f(v)
(éx

> x—v=f(v)—v
dx
dx_ dv

X f(v)—v;

| dv
= ogx+c—ff(v)_V
After integration, replace v by y/x and get the solution.
Ex. 29.Solve (x3 + 3xy?)dx + (y> +38x%§)dy = 0.
Solution: The given differential equation is
(x3 + 3xy?)dx + (y3 + 3x%y)dy =0

dy x3 + 3xy?

=T 1
dx y3 + 3x%y @

Let y=vx = —=V+x—X 2)

From (1) and (2),

{ dv 1+ 3v?
M de_ v3 + 3v

dv 1+ 3v? vi+6vi+1

X&z_v3+3v_V= v3 + 3v
4dx 4v3++12vd

= —_————

X vi+6vi+1 v

=

Integrating,

4logx = —log(v* + 6vZ + 1) + logc

= logx* =log[c/(v* + 6vZ + 1)]

>xtvt+6vi+1)=c

= x*+6x%y?+xt=c [ };, = V] which is required solution.

Prop.30.(x? — y?)dx + 2xydy = 0 Ans. (y2 +x%) = x
Do yourself
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Ex.31.Solve xdy — ydx = +/ (x? + y?)dx

Solution The given differential equation is
xdy — ydx = 4/ (x? + y2)dx
d +/(x% +y? 2
dy _y+J&E+yH vy {1+(z) }
dx X X X

Let y=vwx

. dy N dv
dx v de
From (1) and (2),

dv
v+x—=v+,(1+v?)

dx
dv
= X = V1+v?
dx dv
X J@+v?)
Integrating,

logx + logc = log [V +/(v? + 1)]

= xc=v+,/(v2+1)

> xlc=y+/G2+x2) ["'V:X
which is required solution.

Prob.32.(x? + y?)dx + 2xydy = 0

Do yourself

d
Ex. 33. Solve—y _Y + tanX
dx x X
Solution The given differential equation is
d
y_Y + tanX
dx x
Let ==, > y=vX
dy dv
ax T
Using (1), the given equation becomes
dv
v+x—=v+tanv
dx
dx cosv
> —=— \Y
X  sinv
Integrating,

logx = logsinv + logc
= Xx=csinv

= x=csin (X) which is required solution.
X

Prob. 34.(x — y)?d¥ + 2xydy = 0

Do yourself
y . (Y
Ex. 35. Sol — = = -
x.35. Solve x cos (X) (ydx + xdy) = ysin (x) xdy — ydx
Solution. The given differential equation is
(y oy
X COS ;) (ydx + xdy) = ysin (;) xdy — ydx

dy _[xcos(y/x) +ysin(y/x)ly

7 & [ysin(y/%) — xcos(y/0)x
. dy _ [cos(y/x) + (y/x) sin(y/x)](y/x)
dx [(y/x) sin(y/x) — cos(y/x)]
y
Let " =v > y=vx
dy dv
= & =v+ X&

~ The above diff. equation becomes
dv _ v(cosx + vsinv)

<
+
>
|
I

dx vsinv — cosv

1)

(2)

Ans.x'/3(x? + 3y$)/3 =0

(1)

Ans.log(3y%x — 2yx + x3) + V2 tan™! (

For more notes visit santoshifamily.com or call 8130648819

3y — X

xV2

)=c



For more notes visit santoshifamily.com or call 8130648819
dv _ v(cosv+vsinv) 2vcosv

> xXx— = - =
dx vsinv — cosv vsinv — cosv
dx vsinv—cosv sinv 1

= —= dv = [ — —] dv
X vV CoSV CosV Vv

Integrating,

2logx = —logcosv —logv +logc

= logx? =log (V c:)sv)

y Co : :
= x%vcosv=c [ V= —] which is required solution.
X

Prob. 36.(x? + y?)dy = (x? + xy)dx

Do yourself

Ex.37.Solve (4y + 3x)dy + (y — 2x)dx = 0
Solution The given differential equaiton is
(4y + 3x)dy + (y — 2x)dx = 0

= x%vcosv=c

dy 2x-y
= = (1)
dx 4y +3x
Let y=xv (2)
B AL 3)
dx_V de
Using (2) and (3), (1) reduces to
dv_ 2—v
V-H(&_3+4V
dv. 2-—v
de_3+4v v
dv 2 —4v—4v?
= X——
dx 3+4v
dv 2 —4v—4v?
—1 —_—— —
de 3+ 4v
2dx_ 3+ 4v d
7 X 1-2v—2v2"
Integrating,
51 [ B+4v)dv —(—2—4V)+1d
BX= [T 2v—2v2 | T1-2v—2v2 &
. _ o 1 dv
= log x +logc——log(1—2v—2v)+5 A/DH=v_v2
1 dv
1 2(1—2v—2v? =—f
= logle® A —2v=2v =7 | Grp v+ 1/8)
_ dv
2) (3/2)° = (v+1/2)2
1>< 1 | (V3/2) + (v+1/2)
= — og
272(V3/2) T(V3/2)-(v+1/2)
1 V3+2v+1
= log
2V3 TV3-2v-1
2y 2y? 1 V3+1)+2(y/x
X X 2V3 7 (V3-1)=-2(y/%) X
e
2 2 (\/§+1)X+2Y1/23 Lo . .
= c(x° =2xy — 2y%) = which is required solution.
(\/g—l)x—Zy

Prob. 38%?ydx — (x> + y3)dy = 0
Do yourself

d
Ex. 39. Solve x (g};) =y(logy —logx + 1)

Solution The given differential equation is

(dy)— a logx + 1)
x| gg) = YUogy —logx

Let y=xv

R dy N dv
dx v de

From (1) and (2),
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dv
—=v(l 1
v+xdX v(logv+1)

dx  dv

x vlogv
Integrating,
logx + logc = loglogv
= xc =logv

> v=e > (/9=
= y = xe*¢ which is required solution
Prob. 40.xdx + (y—\/x2 +y2)dy =0 Ans, (y+,/y2 +x2) = cx2

Do yourself

4. REDUCIBLE HOMOGENEOUS EQUATION (NON — HOMOGENEOUS EQUTION)
A differrential Equation of the form

dy ax+by+c

dx  a'’x+b'y+c

is called non — homogeneous differential equation

a b

CASE I: When 7 * v
Let x=X+h andy=Y+k 2
Where X and Y are new variables and h and k constatns
From (2),
dx = dXand dy = dY
R dy dY

dx dX
Using (2) and (3), (1) becomes
dY aX+h)+b(Y+k) +c
dX a'(X+h)+b/(Y+k) +c

_aX+bY+ (ah+bk+c)

~a’X+b'Y+ (@h+bk+c)
In order to make (4) homogenous,
Choose h and k so as to satisfy the following two equtions
ah+bk+c=0
anda’h+b'’k+c' =0 (5)
Solving (5),

PO k=272 (fiere 4b Sa'b % 0) )
= b an =5 —ap W ere a a
In view of (5), (4) reduces to
dY aX+bY
dX a’X+b'Y
which is surely homogeneous eqution in X and Y and can be solved by putting Y/X = v as usual. After getting solution
in terms of X and Y, we remove X and Y by using (7) and obtain solution in terms of the origianl variables x and y.
dy x+2y~3

Ex,41. S — = .
x Ovedx 2x+y—=3

€y

(3)

(4)

Sol™: The given differntial equation isg = w
dx 2x+y—3
dy dY

Letx=X+hy=Y+k I~ dxX

€y

Given eqution becomes

dY X+2Y+(h+2k-3)
dX 2X+Y+ (2h+k-3)
Choose h, k so that
h+2k—-3=0

and 2h+k—-3=0 3)
Solving (3) we get

h=1k=1

so that from (1), we have

X=x—-1Y=y—-1 (4)
Using (3) in (2), we get

dY X+42Y

dX  2X+Y
Let Y = vX.

(2)

5)
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R dY_ +de
X VT
From (5) and (6),
+de_1+2v
VIAX T 2+ v
dv 1+2v 1—v?

X 2+v "2

+v
dX  (2+wv)dv [1( 1 >+
X (A-v(a+v) [2\1+v/ 2
Integrating,
1
logX+logc=<E) [log(1 + v) — 3log(1 —
1+v
> 210g(cX)=logm
1+v
XZ 2
= c a=v7
Y\? Y
2.2(1__\ = Z -y =
Xc(l X) 1+X [ v

=
> 2K-Y)3 =X+Y
> A2x-1-F-DEB=x—-14+y-1,

V)]

i

[by (4)]

= c/(x—y)® =x+y—2, [takingc’ = c?]which isrequired solution.

Prob.42.(2x+y—3)dy = (x + 2y — 3)dx
Do yourself
dy  (-y-2)
Ex.43.Solve—+ ——F—- =
X Ovedx+(x—2y—3)
Solution: The given differential equation is
d X—y—2
dy , G=y=2) _,
dx (x—2y—3)
dy _—(x-y-2)
dx (x—2y-—3)
Let x=X+h, y=Y+k
dY ~ X-Y+h-k-2
dX  X—2Y+h-—2k-3
Choose h , k so that
h—k—-2=0
and h—-2k—-3=0
Solving(3) , we get
h=1, k=-1
so that from (1) , we have
X=x—-1
and Y=y+1
and (2) becomes
dY_ X—-Y
dX  X-—2Y
Let Y =vX

0

=

From/(5) and (6),
dv 1—-v

X— = —
VAKX 1—-2v

dv_1—2v2

dX  2v—1
dX_ 2v—1

: _—
X 1-2v?
dX 1 (—4v) 1
X | 212 7|4V

VT 1—(w2)

Intergrating,

dv

1 1 1+wW?2
logX = —=log(1 — 2v?) — —log———
g > 108( ) 78T

dy dY
dx — dX

11
Slogc

Ans (x +y —2) = c*(x — y)?
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1 1+w2
= 2logX + log(1 — 2v?) + logc = ——log< >

V2 T\1-w2
1/V2
24 oz 1-— V\/§>
= log{cX*(1 —2v4)} =log <1 ppy
1/V2
= c(X? - 2Y%) = (%) [+ v=Y/X]

=

= c(x2—2y2—2x—4y—1)=<

x-1) -+ vz
x—1D4+(y+1DV2
x—yv2-+v2-1
X+yvV2-1++2

clx-1D?-2(y+1)?] =

12
> Which is required solution.

Prob.44. 3y —7x —3)dx+ (7y —3x— 7)dy = 0

Do yourself

Ex.45.Sove (2x? + 3y? — 7)xdx — (3x% + 2y? — 8)ydy = 0
Sol™: The given differential equation is

(2x% + 3y? — 7)xdx — (3x? + 2y% — 8)ydy = 0

Letx? =u and y?> =v

= 2xdx = du and 2ydy = dv

From (1) and (2),

(Qu+3v—7)du— (Bu+2v—-8)dv=0

dv. (2u+3v-7)

du (3u+2v-28)

Let u=U+h,v=V+k

dv dv

> —=—
du dU
The given equation becomes

dv

EZ

20+ 3V+ (2h+3k—7)
3U+ 2V + (3h+ 2k —8)

Choose h,k so that

2h+3k—-7=0

and 3h+2k—-8=0
Solving , we get

h=2k=1
so that from (4), we have
U=u-2

and V=v-1

=

U=x?-2

and V=y% -1 [by (2)]
and (5) becomes

dv 20 +3V
dU ~ 3U+2V

= V=wlU.

dv dw

> —=w+U

du du

From (8) and (9),

2dU 34 2w _[ ;
U 1-w2 VT 1T wz 1wl

wa _2(1—-w?)
du . 342w
—2w

Intergrating,

3 1+w
210gU=—log -

1
T log(1 — w?) + Elog c

= 410gU=310g( ) 2log(1 —w?) + logc

= log— log (

U4

¢ ) —log(1 — w?)?

> logUTzlog[(Hw) (= w2)2>]
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Ut (1+w)3

c (14+w)5(1+w)?

= (A-w)lU*=c(1+w)
5

= (1-g) v=c(1+g)
T T
= (U=-V)>=c(U+V)
= (x?—y?—1)% = c(x? + y? — 3)which is required solution.

a b
Case — II. When ; =—

bl
Let a b 1 (say)
et — == say
then a’ =ma, b’ =mb
Given equation becomes
dy ax+by+c
dx  max + mby + ¢’
dy  ax+by+c
dx m(ax + by) + ¢’
Putax + by =z

then at+b—=—

dz b(z+c) N b(z +c) + a(mz + ¢")
_ q=

dx mz+c mz + ¢’
Separating the variables

mz + ¢’ dr=d
b(z + c) + a(mz + c’) z=ax
which can be easily integrated.
In the solution, putting z = ax + by, we get the required solution.

dy x+y+7
Ex.46.Solve— = ——
dx 2x+2y+3

Solution. The given differential equation is
dy x+y+7
dx 2x+2y+3
Letx+y+7=v
dy dv dy dv

1+&_&:dx dx

Therefore, from (1)

3v—11
~ [ ¢
3 3(3v— ES) i
Integrating,
2 11
3V —Flog(Sv -11)=x+C
= 6v—11log(3v—11) =9x+C; whereC; =9C
= 6(x+y+7)—11log(3x+ 3y + 10) = 9x + C4, from (2)

= 6y —3x—11log(3x+ 3y + 10) = C,,where C, = C; — 42
which is required solution.
dy x+y+1)

Ex.47.Solve — = ——————
X OVe i (2x+ 2y + 3)
Solution. The given differential equation is
dy x+y+1
dx  2x+2y+3
Letx+y+1=v

dy dv dy dv

1+&_&: dx  dx
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2 1
> |lz+-—-—-=])dv=d

(3 METET 1)) Ve
Integrate and find the solution.
METHOD — IL.

Let

+ 4

= % 2vi3 +1= v T3 simplify and find the solution.

Ex.48.Solve (4x + 3y + 2)dy = (8x + 6y + 12)dx

Solution: The given Differential equation is

(4x + 3y + 2)dy = (8x + 6y + 12)dx

:g:8x+6y+12 )
dx 4x+3y+2

Letdx+3y+2=v 2

d 1/d
= Y_Z (—V - 4)
Therefore, from (1)
) dv = 7dx

1—
( 7v + 24
Integrating,

v—(24/7)log(7v + 24) = 7x +c,
= 4x+3y+2—(24/7)1og(28x + 21y +38) = 7x + c (from (2))
= 3y —3x—(24/7)log(28x + 21y +.38) = C,,where C; = c— 2
= 21(y —x) — 241og(28x + 21y + 38) =k, where k = 7C;
which is the required solution.
Ex.49.Solve (4x + 6y + 5)dy # 3y 2x + 4)dx
Solution. The given differential equation is
(4x + 6y + 5)dy = (3y +2x + 4)dx
dy 3y+2x+4 |
:dx_4x+6y+5 @
Let2x+3y+4=v (2)

d 1 /d
<Cala?)
Therefore, from (1)
1 (dv 2) v
3 \dx 2v-—3
(2v — 3)dv
> — =

7v—6
1[(14v—-12) -9

=
7 7v—=6

]dv=dx

9
= |2————=<|dv=7d
[ (7v — 6)] v X
Integrating,

9
2v — 7log[7(2x +3y+4)—-6]=7x+C,
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9
= 2(2x+3y+4) — 7log[7(2x + 3y +4) — 6] = 7x+ C, from (2)

9
= (6y — 3x) — 7log(14x + 21y + 22) = C;,whereC; =C—8

which is the requried solution.
Ex.50. Solve (x + y)(dx — dy) = dx + dy
Solution. The given differential equation is
x+y)(dx —dy) =dx + dy
=2 X+y—1dx=(x+y+1)dy
dy x4y-—-1
Y
dx x4y+1
Letx+y=v

. dy_(dV) 1
dx ~ \dx

Using (2) and (3), (1) becomes

dv _v—1
dx Cv+1
dv_ 2v
dx v+1 "
= 2dx= (1 + —) dv
v
. Integrating,
2x+c=v+logv
> X —y + ¢ = log(x + y) which is required solution.
dy 4x+6y+5
Ex.51.Solve— =

dx 3y+2x+4
Sol™: The given differential equation is
dy 4x+6y+5
dx 3y+2x+4
dy 2(2x+3y)+5
dx (2x+3y)+4
Let 2x+3y =v

= 2+3dy_dv
dx  dx
dy_l(dv 2)
dx 3 \dx
Using (2) and (3), (1) gives
dy_l(dv 2)
dx  3\dx
dv_3(2v+5)_|_2 _ 8v+.23
dx  v+4 1_ v+4 23
dx  v+4 _§(8V+23)+(4—§)_[1+ 9 ]
dv 8v+23 8v + 23 ~[8 7 8(8v+23)
1 9
= dx_[§+8(8v+23)]dv
Integrating,
X+C_(X)+<i)10 (8v +23)
T \g/ " \6a) 8

9
> 8x+8c=2x+3y+ (§) log(16x + 24y + 23) using (2)and multiplying by 8
9
= 3y—6y+ §log(16x +24y+23) =8¢

3 8c
= y—2x= glog(16x + 24y +23) =/, where? = c'is an arbitrary constant.

5.EXACT DIFFERENTIAL EQUITATION.
Definition If M and N are function of xand y, the equation
Mdx + Ndy = 0

is called exact when there exists a function of x and y such that
d[f(x,y)] = Mdx + Ndy

i ﬂd ﬁd = Mdx + Nd

Le. o X+ dy y = X y

Remark: The differential equation
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y2dx + 2xydy = 0 (4)
is an exact differential equation, for there exists a function xy? such that

2 a 2 a 2
d(xy?) = &(Xy )dX+@(Xy )dy

= d(xy?) = y?dx + 2xydy (5)
Therefore, (4) may be written as
d(xy?) =0
Integrate, we get
xy? =,
which is general solution of (1).
Necessary and sufficient condition for a differential equation of first order and first degree to be exact.
Statement: The necessary and sufficient condition for the differential equation

Mdx + Ndy =0 (&B)
to be exact if

oM B ON @

dy  0x

Proof. Necessary condition
Let (1) be exact.
Hence, by definition, there must exist a function f(x, y) of x and y such that

of of
dlf(x,y)] = &dx + @dy = Mdx + Ndy 3)
Equating coefficients of dx and dy in (3), we get
== @)
N = of (5)
=3

To remove the unknown function f(x, y), we differentiate partially (4) and (5) with respect to y and x respectively
giving

oM 0 <6f) B 0%f ©
dy dy\dx/ 0dyodx
d ON 0 ((’)f) B 0°f 7
an ox  0x\dy/ 0xdy
i 0%f _ 0%f
tnee dyox 0xdy
~ from (6) and (7)
oM 0N
dy  0x

Thus, if (1) is exact, M and N satisfy condition (2)
Sufficient condition: We now assume that{(2) holds and show that (1) is an exact differential quation. For this we must
find a function f(x,y) such that

d[f(x,y)] = Mdx + Ndy

Let gxy) = f Mdx (8)
be the partial integral of M, that is, the integral obtained by keeping y fixed.

We first prove that (N - g—f}) is a function of y only. This is clear because

3] (N_%)_aN_ d’g _ON d%g

ox dy T ox 6x6y_& dy 0x
_ON 0 (6g> _ON oM
~9x ody\ax/ d9x dy
=0 [using (2)]
0
Take, f(x,y) = g(x,y) + j (N — £) dy 9

Hence, on total differentiation of (9), we get

df = d +<N ag)d —(agd L%, >+Nd % 4
= dg 3) v = (55 dx+ 37 y= 5,4y

d
= a—;g(dx + Ndy = Mdx + Ndy, using (8)
Thus, if (2) is satisfied, (1) is surely an exact equation.

NOTE: METHOD FOR SOLVING EXACT DIFFERENTIAL EQUATION.

Step — 1 Compare the given equation with Mdx + Ndy = 0 and find out M and N.
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Then find ta—M da—N Ifa—M—a—N
en find ou ayam oy oy = ax

We conclude that the given equation is exact.
Step — 2 Integrate M with respect to x treating y as a constant.
Step — 3 Integrate N with respect to y only those terms which are either constant or independent of x.
Step — 4 On adding the terms obtained in steps 2 and 3 and equating to an arbitrary constant, we get the required
solution.
Ex.52.(a) Solve ysin 2xdx — (y? + cos?x)dy = 0

(b) ysin 2xdx — (1 + y? + cos? x)dy = 0

Solution: (a) The given differential equation is

y sin 2xdx — (y? + cos? x)dy = 0 (D
Comparing (1) with Mdx + Ndy = 0
we get
M = ysin2x and N = —(y? + cos?x)
dM ON
— = sin2x,— = 2 cosxsinx = sin 2x.
dy 0x
oM ON
dy  0dx
Hence, the given equation is exact.
1
Now j Mdx = fysin 2xdx = —Eycos 2x
3
And f Ndy = — f y2dy = — y? [Integrate only those terms which is independent of x|

Hence, the required solution is
1 1

—Eyc0522x—§y3 =C
= ycos 2x+§y3 =C [C=-2C]

which is required solution.

(b) Do yourself.

Prob. 53. (2ax + by)ydx + (ax + 2by)xdy = 0 Ans ayx? + by?x = ¢
Do yourself

Ex. 54.Solve

1
{y (1 + ;) + cosy} dx+ {x + logx — xsiny}dy = 0
Solution: The given differential equation is

1
{y(l +;) + cosy}dx+ {x +logx —xsiny}dy = 0

1
Here M =y(1 +;)+cosy,N =x + logx — xsiny

oM 14 1 [ON n 1
dy - L SInyio = -~ siny
M ON
> —=—
dy 0x
-~ the given differential equation is exact.
now fde=f(y+§+cosy)dx=yx+ylogx+xcosy @Y

and f Ndy =.0

hence the required solution is
yx+ ylogx + xcosy = C which is required solution.

Prob.55.(x3 — 2xy — y?)dx — (x + y)2dy = 0 Ans.x3 —y3 —3x%y —3x?x =C
Do yourself
Ex. 56. Solve (ax+ hy + g)dx + (hx+ by + f)dy = 0

Solution: The given differential equation is |
(ax+ hy + g)dx + (hx+ by + f)dy = 0
Here, M=ax+hy+g N=hx+by+f
oM ON
— =h,
dy 0x
oM 0N
0x  0x
-~ the given differential equation is exact
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1
now f Mdx = J.(ax +hy+g)dx = (§> ax? + hxy + gx @Y
1
and J Ndy = J(by + fdy = (E) by? + fy

- the required solution is

1y 2 1y, 2
(E)ax + hxy + gx + (§>by +fy=C
= ax?+ 2hxy + by? + 2gx + 2fy = C/, [C" = (20)]
which is required solution.
Prob.57.(12x%y + 2xy? + 4x3 — 4y3 + 2ye?* — &¥)dx + (2x%y + 4x3 — 12xy? + 3y? —xe¥ + e2¥)dy = 0
Ans. 4x3y + x%y? + x* — 4xy® + ye?* —xe¥ +y3 = C
Do yourself
Ex. 58. The given differential equation is

a?(xdy — ydx)

xdx 4+ ydy = 2 1y2
a’y a’x
a’y a’x
M:X+m anszy—m.
. oM L LE+y)-y2y , x*-y?)
—=2a =a
dy (x* +y?)? (x* +y?)?
ON 1L +y?)-x2x a’(x*-y?)
ax 0 (x% + y?)? T (%% +y2)2
oM 0N
dy  0x’

-~ the given equation is an exact equation.

Now,
a’ x?2 1 X 1 X
f Mdx =f {x + ﬁ}dx =5+ azy;tan‘1 (;) = (E) x? 4+ a®tan™! (;)
2

and dey=jydy=y7

=~ the required solution is
1 X 2
—x? + a’tan?! (—) Y _¢
2 y 2

X
= x?+2a%tan?! (;) +y?2=C' (where C"'= 2C)
which is required solution.
59.Solve (1 + eX/y)dX + e¥Y[1 =(x/y)]dy = 0
Sol™: The given differential equation is

(1 + ex/y)dx + /Y1 =(x/y)]dy = 0
Therefore,

M = (14 e*¥)and N=e*V[1 — (x/y)]

= a_Mz eX/yX(_L):_ieX/y

dy y? y?
ON 1 X 1 X
and — =eX/V (——) + (——) V. —=—=e/y
dx y y y vy
oM__ ON
dy = ox’
hence the given equation is exact.
Now JMdX=j(1+ex/y)dx=x+yeX/y (1)

and J Ndy = 0

Hence, from (1) the required solution is

x + ye*/Y = C,which is required solution.
Ex. 60. Solve [2 cos 2x + sin(x + 2y)]dx + [cosy + 2 sin(x + 2y)]dy = 0
Sol™: The given differential equation is

[2 cos 2x + sin(x + 2y)]dx + [cosy + 2 sin(x + 2y)]dy = 0

M = 2 cos 2x + sin(x + 2y), N = cosy + 2sin(x + 2y)
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oM oON
O_y =2cos(x+2y) and = 2 cos(x + 2y)

oM 0N

dy  ox’
hence the given equation is exact.
Now f Mdx = f{Z cos 2x + sin(x + 2y)}dx

= sin 2x — cos(x + 2y)

and dey=fcosydy= siny

From (1) and (2) ,the required solution is
{sin 2x — cos(x + 2y)} + {siny} = C, which is required solution.
Ex, 61.Solve (sinx cosy + e?*)dx + (cosxsiny + tany)dy = 0
Sol™: The given differential equation is

(sinxcosy + e**)dx + (cosx siny + tany)dy = 0

M = sinx cosy + e?* and N = cosxsiny + tany

oM daN__ o
ay = sinxsimyan P = sinxsimy
oM _ 0N
dy  ox’

hence the given equation is exact.

Now fde =f(sinx cosy + e?¥)dx
= —cosxcosy + Eezx
and dey = ftan ydy = logsecy
From (1), (2), the required solution is
1
(— COSXCOSy + Eezx) + logsecy = C,

= Eezx —cosxcosy ++ log(secy) = Cwhich is required solution.

Ex.62.Solve cosx (cosx — sinasiny)dx + cosy (cosy — sima sinx)dy = 0
sol™: The given differential equation is
cosx (cosx —sinasiny)dx + cosy (cosy —sinasinx)dy = 0

Therefore, M = cosx (cosx — sinasiny) and N'= cosy (cosy — sinasinx)
oM
= 6_y= cosx(—sinacosy) and o cosy (—sin acosx)
oM ON
dy  ox’

hence the given equation is exact.
Now f Mdx = f cosx (cosx = sin asiny)dx

= j(coszx —sina siny cosx)dx
1
= E_f(l + cos 2x — 2 sinasiny cos x)dx

1
= E(X+Esin2x— ZSinasinysinX)

= Ex+zsin2x— sinasinysinx

and JNdy=Jcos2 ydy

1
=EJ(1+c052y)dy

1 sin 2y
_56+ 2)

y sinZ2y

272
~ From (1) and (2) the required solution is

(Lt Lsine— sinasinysing) + (Ly + Lsinay) =
X+ sinZx - sinasinysinx Sy tsin2y)=C,
= 2x + sin2x — 4 sinasiny sinx + 2y + sin 2y = 4C which is required solution.
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Ex. 63.Solve (yzeXyz +4x3)dx + (2xyeXyz —3y?)dy =0
Solution. The given differential equation is
(y2e¥” + 4x3)dx + (nye"y2 —3y?)dy =0

Therefore, M = y2e®’ + 4x3;N = 2xye®’ — 3y?

aM 2 2 2 aN 2 2 2

=> —=2ye® +y*2xye™ and — = 2ye® 4+ 2xyy“e*Y

dy 0x

oM 0N

ay ~ X
Hence the given equation is exact.

Now [de = f(yzeXyz +4x3)dx = y2(1/y2)e?’ +x* = e +x*

and dey = f —3y?dy = —y*
~ From (1) and (2), the required solution is

=

e¥* + x* — y3 = C, which is required solution.
METHOD — 11
Given equation can be rewritten as

e’ (y2dx + 2xydy) + 4x3dx — 3y2dy = 0 (D
Let eXY” = u, then e¥° (y2dx + x2ydy) = du
=~ (1) reduces to du + 4x3dx — 3y?dy = 0
Inegrating we getu + x* —y3 = C
> e xt—y3 =0,
Ex. 64.Solve (x* — 2xy? + y*)dx — (2x%y — 4xy> + siny)dy = 0
Solution. The given differential equation is

(x* — 2xy? + y*)dx — (2x%y — 4xy3 + siny)dy = 0

Therefore, M = x* —2xy? +y* N = —2x%y+ 4xy3 —siny

oM 3 ON 3
= — = —4xy + 4y and — = —4xy +4y

dy 15):4
oM ON
dy  ox’

hence the given equation is exact.

Now f Mdx = j(x‘* — 2xy? + yH)dx
1
= gx5 —x%y? + y*x e

and f Ndy = f —sinydy = cosy
~ From (1) and (2), the required solution is

5
6.INTEGRATING FACTOR

Definition: Sometime the given differential equation Mdx + Ndy = 0 is not exact, then we multiplying some function
of x and y to make itexact is called an integrating factor. We shall write I. F. for integrating factor.

Note The D.E.Mdx + Ndy = 0 possession infinite number of I. F.

RULE — I (INSPECTION)

By rearranging the terms of the given equation and/or by dividing by a suitable function x and y, the equitation thus
obtained will contain several parts integratable easily. In this connection the following list of exact differentiable
should be noted carefully.

— x?y? + y*x + cosy = C, which is required solution.

xdy — ydx x\ ydx — xdy
1 a(¥) =2 2d(5) =22
M d(%) == @) N
2xyd 2dx 2yxdx — x*d
(3)d< ) Zxydy —y dx (4)d<x_>: yxdx —x*dy
y y
Zx ydy 2xy?dx x?\  2y2xdx — 2yx2dy
(5)d Z ©)d{=])= Z
i X 4 y y
xdy + ydx
(7) dllog(xy)] = Ty (8) d(xy) = xdy + ydx
_1 ¥\ _ xdy —ydx ( _1§> _ ydx — xdy
9 d(tan17) = ———o o (10) d(wan™2) = =75
y xdy — ydx X ydx — xdy
(11)d[og ()] = 222 (12)d[og (3] = L2
X Xy y Xy
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1 xdy + ydx e*\ ye*dx —e*dy
(194(5) == and(J) =7
e\  xe¥dy — e¥dx
(15)d (?) - x?

Ex. 65.Solve ydx — xdy + (1 + x?)dx + x% sinydy = 0
Solution: The given differential equation is
ydx — xdy + (1 + x?)dx + x% sinydy = 0 (not exact, verify)
ydx —xdy 1+ x?
= +—
X

1
)+<X—2+ 1>dx+sinydy=0

1
= —d(g) + (1 +;)dx+ sinydy = 0

: j—

= —y +x? — 1 — xcosy = cx which is required solution.
Ex. 66.Solve xdy — ydx + 2x3dx = 0
Solution: The given differential equation is

2 dx + sinydy = 0
(Xdy — ydx
: —_——

x2

xdy — ydx + 2x3dx = 0 (not exact, verify)
xdy — ydx 1
= ——+2xdx=0 (IF=—2>
};{ X
= d(=)+2xdx=0
(x) + 2xdx
Integrating
(y/x) +x2 =C,

= y + x3 = Cx which is the required solution.
Ex. 67.Solve y(2xy + e*)dx = e*dy
Solution: The given differential equation is

y(2xy + e¥)dx = e*dy (not exact, verify)
= 2xy%dx + yeXdx — eXdy = 0
ye*dx — e*dy
= 2xdx + — = 0
y

X

R 2xdx+d(e—)=0
y

Integrating,
x2+eX/y=c
yx? + eX = cy which is required solution.
Ex. 68.Solve ydx — xdy + (1 + x?)dx+x%8in ydy = 0
Solution: The given differential equation is
ydx — xdy + (1 + x?)dx + x2 sinydy = 0 (not exact, verify)

ydx — xdy. {1 +x? _
2 + ) dx + sinydy = 0

1
= —d(g) + (1 +X—2)dx+ sinydy = 0

Integrating
1
Y (g) + (X - ;) + (— cosy) = C which is required solution.
Ex. 694Solve yisint 2xdx = (1 + y2 + cos? x)dy
Solution: The given differential equation is
ysin2xdx = (1 + y? + cos? x)dy (not exact, verify)
= —2ysinxcosxdx + cos?xdy + (1 +y?)dy =0
= d(ycos?x)+ (1 +y?)dy =0

Integrating,
3

ycos?x+y+ y? = ¢ which is required solution.

Ex.70.Solve (1 + xy)ydx + (1 — xy)xdy = 0
Solution: The given differential equation is

(ydx + xdy) + (xy?dx — x2ydy) = 0 (not exact, verify)
= d(yx) + xy?dx — x?ydy = 0
909 La-Lay=o (17 = ! )
x2y? ' x X v y= ~ x2y?
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1 1
:(Z )dz+()dx—()dy=0, (where z = xy)
Integrating

1
- (E) +logx —logy = logc,

xy_1 1 1 . : ,
= log( ) =—=— = x=cye* which is required solution.
cy Z Xy
Ex.71.Solve (x3 + xy? + a%y)dx + (y3 + yx? —a?x)dy = 0
Solution: The given differential equation is
(x3 + xy? + a?y)dx + (y3 + yx? —a%x)dy = 0 (not exact, verify)
= x(x? + y2)dx + y(x? + y?)dy + a%(ydx — xdy) = 0
= x(x? + y2)dx + y(x% + y?)dy + a%(ydx — xdy) = 0
ydx — xdy
)
XZ + y2

X
= xdx + ydy + a?d (tan‘1 —) =0
y

B+ @)oo ()- )

X
= x?+y?+2a’tan! (;) = c. which is required solution.

= (xdx + ydy) + a® (

Integrating

Ex.72.Solve (y?e* + 2xy)dx — x?dy = 0
Solution: The given differential equation is

(y2e* + 2xy)dx — x2dy = 0 (not exact, verify)
1 x?2
= efdx+2x—dx——dy=0
N
2xydx — x“d
- o DI
y

Integrating
e+ (x*/y) =C,
= yeX + x? = Cy which is the required solution.
Ex.73.Solve y(axy + e*)dx — e*dy = 0
Solution. The given differential equation is
y(axy + e¥)dx — e*dy = 0 (not exact, verify)
X X

e e
= axdx+—dx——2dx= 0
y y

ye*dx — eXdy)
2
eX Y
> axdx+d(7) =0

= axdx + (

Integrating
1., (e
a-x“+ (—) =C,
2 y

= ax’y + 2e* = 2Cy
Ex. 74.Solve/(x®e* —my?) dx + mxydy = 0
Sol™: The differential equation is

(x3 ‘&= my?)dx + mxydy = 0 (not exact, verify)
= x%e¥dx + m(xydy — y?dx) =0

dy — y2d
= e*dx + m <w> =0, (dividing by x3)

x3

m (x?2ydy — y2. 2xdx
= efdx+— oy =0
2 x*

X 1 2 2y —
= edx+2md(y /x“)=0

X 1 2 2y —
e +2m(y /x%) = C,
=  2x%e* + my? = 2Cx? which is required solution.

Ex.75.Solve XZ( )+Xy J1—x%y?

Sol™: The differential equation is
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dy
X ( )+Xy J1—x2%y? (not exact, verify)

xdy +ydx dx
1—-x%y?2 X B
Intergrating,

sin~!(xy) — logx = ¢ which is required solution.
Ex.76.Solve xdx + ydy + (x2 +y?)dy = 0
sol™: The differential equation is
xdx + ydy + (x2 +y?)dy =0 (not exact, verify)
> (2xdx + 2ydy) + 2(x? + y*)dy = 0
dx?2+y?)+2 (% +y?)dy=0

d(x? +y?)

2 +y2) +2dy =0

dz
= 7+2dy:0, (where z = x? + y?)
Integrating

logz + 2y =,
= logz = c— 2y = z=e"W
x? 4+ y% = "% which is required solution.

Ex.77.Solve xdy — ydx = a(x? — yz) dy
Sol™: The differential equation is

xdy — ydx = a(x? —y?) dy (not exact, verify)
xdy — ydx Ly
W = ady = d (tan 1 ;) = ady
Integrating,

tan~(y/x) = ay + C, which is required solution.

Ex.78.Sove (x%2+y?+a?)ydy + x(x?> +y%? —a?)dx=0
Sol™: The differential equation is

(x% +y? +a®)ydy + x(x? + y? —a?)dx = 0 (not exact, verify)
= (x%2+y?+a?)ydy+ (x? +y? —a?)xdx =0
=  (x? +y?)(2xdx + 2ydy) + 2a%ydy — 2a%xdx = 0
= (X% +y?)d(x? +y?) + 2a%ydy — 2axdx = 0
zdz + 2a%ydy — 2a% xdx = 0, (putting z = x? + y?)
Integrating

U

EZZ +a%y? —a?x?=C
= (x? +y?) + 2a%(x? — y?) = 2C which is required solution.
RULE II: If the given equation Mdx 4 Ndy.,= 0'is homogeneous inx & y
i.e.  M,N are homogeneous function of same degree inx,y & (Mx + Ny) # 0,
1

(Mx + Ny)
Ex.79.Solve (x%y — 2xy?)dx — (¥ — 3x%y)dy = 0
Sol™: The given differential equation is

(x%y — 2xy?)dx — (x> = 3x%y)dy = 0 (1)
Clearly (1) is a homogenous differential equation. Comparing (1) with Mdx + Ndy = 0, we have
M = x?y — 2xy? and N= —(x3 — 3x?%y)

then integrating factor =

oN
— 4y;& = —3x% + 6xy

. i el
dy 0x
The given differential equation is not an exact
Now, Mx + Ny = x(x?y — 2xy?) — y(x3 — 3x%y) = x?y? # 0
1 1

~LF.=

(Mx+Ny) ~ (Py2)
1
On multiplying (1) byxz_yz' we have

(1 Z)d (x B)d 0
—_— = X—|—-—— frd
y X vz y) Y

The required solution
1 2 3
J(———)dx+J—dy= 0
y X y
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X
= (;) — 2logx + 3logy = ¢ which is required solution.

Prob. 80. (y* + 2y)dx + (xy> + 2y* — 4x)dy = 0 Ans. 3x*y* + 6xy? + 2y® = C

Do yourself.

Prob.81.x%ydx — (x3 —y3)dy = 0

Do yourself.

Rule IIT — If the equation Mdx + Ndy = 0 is of the form f; (xy)ydx + f, (xy)xdy = 0, then

integrating factor = provided (Mx — Ny) # 0.

(Mx — Ny)
Ex. 82.Solve (xy sinxy + cosxy)ydx + (xy sinxy — cosxy)xdy = 0
Solution: The given differential equation is
(xy sinxy + cos xy)ydx + (xy sinxy — cos xy)xdy = 0
Comparing (1), with Mdx + Ndy = 0, we have

M = y(xy sinxy + cosxy)
and N = x(xy sinxy — cosxy)

oM 0N

Here — # —
ere 3y * ox

-~ the given differential equation is not an exact.
*» the given Differential Equation of the form f; (xy)ydx + f, (xy)xdy = 0
~ Mx — Ny = xy(xy sinxy + cos xy) — xy(Xy sin Xy — cos xy)
= Mx — Ny = 2xy cosxy # 0
1 1

~LF.=

(Mx — Ny) - (2xy cos xy)

1
On multiplying (1) bym, we have
1

1 1 1
> (y tanxy + ;) dx + (E) (x tanxy — ;) dy =0 (which must be exact)

1 1
Now, fde = fz(ytan Xy +;> dx

1
=3 (logsecxy + logx)

de —fl( 1)d = 1l
y=13 y y=—37108y
~ the required solution is

1 1
> (logsecxy + logx) — Elogy = log ¢~ which is required solution is

Ex.83.Solve (x%y?+xy + Dydx+ (x’y*=xy + 1)xdy =0
Sol™: The given differential equation is
(x%y? +xy + Dydx + (x2y? —xy + 1)xdy = 0 (not exact, verify)
which is of the form f; (xy)ydx 4+ f,(xy)xdy = 0
1 1
T ey T ik - 68y —xy + Dy 2077
Multiplying the given equation by the integrating factor we get

1<1+1+ 1)d+1(1 ~ 4 1)d—o
2 Xy x2%y2 Y&ty Xy x2%y? Xy =

1 1 1 1
= (ydx +xdy) + (;dx—;dy) + (XTde‘F@dy) =0

1 1 ydx + xdy
= d(Xy)+<;dX—§dy)+(W>—0
& Aoyt Sdx—Lay + 300 _ g
xy) + _dx y y X2y
dGxy) +—dx ——dy + 2 = g h
= —dx —— — = =
(xy) 7 X y y+ 2 ) (where z = xy)

Integrating

xy +logx —logy — (1/z) = C,

= xy+logx —logy — (1/xy) = C which is the required solution.

Ex.84.Solve (x*y* + x%y? + xy)ydx + (x*y* — x%y? + xy)xdy = 0

Sol™: The given differential equation is

(x*y* + x2y? + xy)ydx + (x*y* — x%y? + xy)xdy = 0 (not exact, verify)
which is of the form f; (xy)ydx + f, (xy)xdy = 0
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1 1
T (xMy* 4+ x2y2 + xy)yx — (xtyt — x2y2 +xy)xy  2x3y3
Multiplying the given equation by the integrating factor , we get

1( +1+1)d+1< 1 1)d—0
ny o T3y ydx Xy - Xyzxy—

1 1
= (xy?dx + x%ydy) + (—dx - —dy) + (de + de) =

1 dx + xd
= xy(ydx + xdy) + ( dx — —dy) (%) =
1 d(xy)
= xyd(xy) +< X__d ) x2y2 =0
1
= zdz +;dx—§dy+z—2dz =0, (putting z = xy)
Integrtaing

12+1 1 1—C
ot gty - (3) -

1
x2y? +logx — logy — (5) =C, (putting z = xy).
which is required solution.
Ex.85.Solve (x3y3 + x%y? + xy + Dydx + (x3y3 — x?y? —xy + 1)xdy = 0
Solution: The given differential equation is

(x3y3 + x%y? + xy + Dydx + (x3y3 —x%y?2 —xy + D)xdy = 0 (not exact, verify)
which is of the form f; (xy)ydx + f, (xy)xdy = 0

1 1
~ [F =

(x3y3 + x2y% + xy + D)xy — (x3y3 — x2y? —xy + 1)xy - 2(x3y3 + x2y?)
Multiplying the given equation by this integrating factor, we get

2x%y°(xy +1) [{x2y2(xy + 1) + (xy + D}ydx + {(x3y3 + 1) — xy(xy + 1)}xdy] = 0
(x? y +1) g + [(Xzyz—xy+1)—xy

Xz 2 x2y?2
dx + xd
= (ydx + xdy) +y—yydy =0

dxy) 2
:d(x)+ ——dy =0
y y yy

xdy = 0

dz
> dz+Z—2—§dy=O, (when z = xy)

Integrating
z—(1/z) —2logy =C

1
= Xy — (E) —2logy=C, (putting z = xy).
which is required solution.
1
Prob.86. (xy? + 2x%y3)dx +u(x?y — x3y?)dy = 0 Ans. log(x3y) — 5 c

Do yourself

dM 9N

Rule IV: If N (E — &> is a function of x alone say f(x), then Integrating factor = e/ fdx

Ex.87.Selve (x?4 y? + x)dx + xydy = 0
Sol™: The given differential equation is @Y
Comparing (1) with , Mdx + Ndy = 0 we have
M=x?+y?+x andN =xy @)
Myt &
"By y an 3y y
oM 0N

= dy * 0x
= The Differential Equation is not an exact.
Now

oM ON 1 1

( ) = —Qy—-y) = " which is a function of x alone.

dy 0x
IF, = ef(l/x)dx = elogx — ¢

Multipluing (1) by x, we have
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(x3 + xy? + x?)dx + x?ydy = 0

= fde = J(x3 + xy? + x%)dx

_ <4 (x2y?) <3
()

and dey =0

. the required solution is
<\ x2v2 3
VAR Lo . :
— | + —— + — = c which is required solution.
4 2 3
Ex. 88.Solve (x? + y?)dx — 2 xydy = 0
Sol™: The given differential equation is

x2+y?)dx—2xydy =0 (@5
M =x2?+y? and N = —2xy
= 6M_2 d =-2
dy y an ax y
. 6M¢6N
dy  0Ox

= The differential equation is not an exact

1(6M ON)—1(2+2)—2 (which is a function of x alone)

oy 9x) " “oxy y+2y)=-—o which is a function of x alone).

. IF = o f®dx — of —(2/0)dx — g-2logx — lz
X

Multiplying the given equation by this integrating factor, we get

T, 1 y? 2y
X_Z(X +y)dx—2xyX—2dy=0 > 1+X—2 dx—ydy=0

2
y 2y
= dX+X—2dX—?dy:0

2
N dx+d<—y—>=0
X

Integrating

2
X— (y_) =C,
X
= x% —y? = Cx, which is the required solution.
Ex.89. Solve (x? + y? + 1)dx — 2xydy =0
Sol™: The given differential equation is
(x?2 +y?+ 1)dx — 2xydy = 0 €y
Comparing (1) with Mdx + Ndy = 0
~M=x?+y?+1andN = —2xy

N

> —=2yand— = =2

oy <Y a9 4

oM S ON
ﬁ — —_—

dy  0Ox
= The differential equation is not an exact.
N 1(6M 6N)_1(2+2)_2 (which is a functi fx alone)

oW oy )T oy yt2y) =--, which is a function of x alone

~|IF = eff(x)dx = e J@/x)dx — e—2logx — l

<2
Multiplying the given equation by this integrating factor 1/x?

1 ) ) 1
X_Z(X +y +1)dx—X—2(2xy)dy=0
i 2
y 1 AV
(1 y? y
_ 1 _yz
= [1+(5)]ax+a (=) =0
| X X

Integrating
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= x? — 1 —y? = Cx which is the required solution.

1 1 1
Ex.90. Solve (y + §y3 + —XZ) dx + 1 (x +xy?)dy =0

2
Solution: The given differential equation is
1 1 1
<y+§y3+§X2)dx+Z(x+xy2)dy= 0 (D

Comparing (1) with Mdx + Ndy = 0
15,1, 1 2
M=y+-y +EX anszz(x+Xy)

3

:>6M_1+ ) daN_1(1+ 29

ay N y~ an 0x - 4 y
N om i oN

dy 0x
= The diferential equation is not an exact.
N 1(6M ON)_ 4 {(1+ 2) 1(1+ 2)}

OWN dy  ox = (x + xy2) y 7 y
3 3

~x(1+y?) X2 (1+y?) = " (which is function of x alone, f(x))

o IF = f 0 = of(3/xdx) — 3
Multiplying both sides of the given equation by the intgrating factor x3, we get

1 1 1
x3 (y + §y3 + EXZ) dx + ZX3(X +xy?)dy =0
4
= (4X3y + §X3y3 + ZXS) dx + (x* + x*y?)dy = 0
1
= 2x°dx + (x*dy + 4x3ydx) + 3 (x*3y2dy + 4x3y3dx) = 0

1
= 2x°dx + d(x*y) + §d(x4y3) =0

Integrating
1 1
§x6 + x*y + §x4y3 =C,
= x°+ 3x*y + x*y3 = 3C which is the required‘solution
Prob.91.(x% + y? + 2x)dx + 2y = 0 Ans. (x2 +y?)eX=C
Do yourself.
1 /0N oM\ , _ _ o
Rule V: IfM (a — d_y> is a function ofy alone.say f(y), then integrating factor = e/ f®)dy

Ex.92. (2xy*eY + 2xy> + y)dx + (x*y*&¥ — x?y? — 3x)dy = 0
Solution. The given differential'equation:is

(2xy*eY + 2xy3 + y)dx + (x?y*eY —x%y? — 3x)dy = 0 (D
Comparing (1) with Mdx+ Ndy =0
oM = 2xy*e¥ + 2xy3 + yand N = (x%y*e¥ — x%y? — 3x) 2
= M _ 8xy3eY + 2xy*eY + 6xy% + 1 N _ 2xy*eY — 2xy? — 3
dy " 0x
. oM L oN
dy = ox
= The Differential Equation is not an exact.
Now, e _ 4(2xy3eY +2xy* + 1) = 4(2 *e¥ + 2xy> +y)
ow, == By Xy°e Xy =3 xy“*e Xy> +y
:>1(aN aM)—4 (which is a function of y alone)
Miax ay) "y which is a function of y alone
o I_ F_ = ef(—4/Y)dY = e_410gy = <l>'
1 v
multiplying (1) by (}7) ,we have
2x 1 x? X _
{2xey + (?) + (F)} dx + {x2%e¥ — }7 -3 (}?) dy =0 (which must be exact)

wow [ = [ s+ (2 + (3) o)
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5 <X2> X

=xe¥+|—|+—=

y y
andJNdy=0

2
= the required solution is x?e¥ + <X7> + }% =cC

which is required solution.

Ex.93.Solve (xy® + y)dx + 2(x*y? + x + y*)dy = 0

Sol™: The differential equation is

(xy? +y)dx + 2(x%y? +x+yHdy =0 (D
Comparing (1) with Mdx + Ndy = 0

~M=xy3+yand N = 2x?y? + 2x + 2y*

M oN
= — = 3xy? + 1and— = 4xy? + 2

dy ox
oM L ON
: — —
dy = 0x’
= The Differential Equation is not an exact.
N 1(6N aM)— L (2 +2) - G2+ 1))
WM \ox dy)  (xy3+y) x x

= m{xyz +1} = %, (which is a function of y say f(y))

~ IF = e/ {0y = o/ (/)dy — glogy =y,

Multiplying the given equation by the integrating factor y, we get

(xy* + y?)dx + (2x%y3 + 2xy + 2y°)dy = 0

= (xy*dx + 2x2y3dy) + (y?dx + 2xydy) + 2y°dy = 0

= %d(xzy“) + d(y?x) + 2y°dy = 0

Integrtaing

1 2.4 2 L s

SEYD+ 0 +gy°=C

= 3x%y* + 6xy? + 2y® = 6C which is the required solution:

Prob.94. (y* + 2y)dx + (xy® + 2y* — 4x)dy =0 Ans.3x*y* +2y® =C
Do yourself.

Rule VI: If the given equation Mdx + Ndy = 0.if of the form x*yP (mydx + nxdy) = 0, then

integrating factor = xkm-1-aykn-1-8 S0 yherek can have any value.

Remark 1. Using rule VI, we now find the rule for finding I. F. of the equation of the form

x%yP(mydx + nxdy) + x* y? (m'ydx4 n’xdy) = 0 (1)
By virtue of rule VI, we see that the factor makes the first term of (1) exact diferential is x™~1~-%ykn-1-f

and that for the second term of (1) ka"l‘“'yk“"l‘sl is where and can have any value.

the above mentioned two factors will be identical if we choose k and k' such that

km—1—a=Kk'm—1~d (2)
andkn—1—-B=k'n"=1-p' 3)
Solving (2) and (3),we evaluate the values of k and k'. Substituting these values in the factor

ka—l—aykn—a—ﬁ

or xkm'-a-a’gkn'~1-6% yve ohtain the required L. F. of (1)

Ex.95.Solvé (y? +.2x%y)dx + (2x3 — xy)dy = 0

Solution:The given differential equation is

(y? +2x2y)dx + (2x3 —xy)dy = 0 D
Rewriting (1) in the standard form

x%yPB(mydx + nxdy) + x* y# (m'ydx + n’xdy) = 0 (2)
we have

y(ydx — xdy) + x2(2ydx + 2xdy) = 0 3)

Comparing (2) and (3), we have

a=0,=1m=1,n=-1;

a=2p=0m=2,n"=2

Hence the I. F. for the first term on L. HS. of (3)

= xk-ly=k-1-1

— Xk—ly—k—z (4)
and the I.F. for the second term on L. H. S of (3)

_ o2k'-1-2_,2k'-1
=X y ,
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— X2k’—3y2k’—1 (5)

For the integrating factor (4) and (5) to be identical, we have
k—1=2k'—-3and—-k—-2=2k-1
= k—2k'=—-2andk+ 2k’ = -1

3 1
= k=—>andk'= (6)
Substituting the value of k in (4) or in (5),

the integrating factor of (3) or (1) = x~5/2
Multiplying (1) by x~%/2y~1/2 we have
(x~5/2y3/2 4 2x~1/2y1/2)dx + (2x1/2y~1/% — x=3/2y1/2)dy = 0
which must be exact
Now fde = f(x_5/2y3/2 +2x Y 2y1/2)dx

x~3/2y3/2  2x1/21/2
= +

(=3/2) (1/2)

and dey =0

y—1/2 ]

= the required solution is
x~3/2y3/2  gx1/2y1/2

3/ ' (/2
Remark 2. Sometime the rule VI for finding I. F. is modified as given below.
If the given equation Mdx + Ndy = 0 can be put in the form x*y®(mydx +nxdy) +x* y# (m'ydx + n’xdy) = 0
Where o, B, m,n,a’,B’,m’,n’ are constants, then the given equeation has an .F. x"yX where h and k are
obtained by applying the condition that the given equation must become exact after multiplying by x"y¥.
Ex.96. Solve (y? + 2x%y)dx + (2x3 — xy)dy = 0
Sol™: The given differential equation is
(y? + 2x%y)dx + (2x3 —xy)dy = 0
=  (y%dx —xydy) + (2x?ydx + 2x3dy) = 0
=  y(ydx — xdy) + x?(2ydx + 2xdy) = 0
Let LF. =xhyk
Multiplying the given equation by x" y¥, we have
(thk+2 + 2Xh+2yk+1 )dX + (th+3 yk _ Xh+1yk+1 )dy =0 (1)
which must be exact.
(1), we have
M = Xh yk+2 4+ 2Xh+2yk+1, N = 2Xh+3yk _ Xh+1 yk+1
Since (1) is exact.
oM oN
dy  ox
= (k+ 2)x"y** + 2(k + 1)x" 2 yK =2(h + 3)xM+2yK — (h + 1)xhyk+?
Now equating the coefficients of x"y**'and x"*2yX, we get
k+2=—(h+1) and2(k+ 1) =2(h + 3)
iie. h+k=-3 andh—k=+-2 2)
Solving system (2),we get
5 1
h=—(3) amd ka(3)

LLF. = X_S/Zy_l/2 .

= ¢ which is required solution.

Multiplying the given equation by I.F.x~%/2y~1/2 we get

(x=5/2y3/24 2x1/2y1/2)dx + (2x1/2y~1/2 4 x~3/2y1/2)dy = 0 (which must be exact).

The required solution is

—(2/3)x73/2y3/2 4 4x1/2y1/2 — ¢ (verify).

which is required solution.

Ex.97 Given that the differential equation (2x%y? + y)dx — (x3y — 3x)dy = 0 has an LF. of the form x"y* find its
general solution .

Sol™: The given differential equation is

(2x%y? + y)dx — (x3y — 3x)dy = 0

= (2x%y? +y)dx+ Bx—x3y)dy =0 (1)
Multiplying by x"y*in (1)
(2xh+2yk+2 4 yhykt)qy 4 (3Xh+1yk — xh*3yk+1)qy = 0 2)

which must be exact.
Comparing (2) with Mdx + Ndy = 0, we have
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= 2xh+2yk+2 | yhok+1 and N = 3xh+lyk — yh+3ygk+l (3)
) 6M oN

6y T ox
= 2(k+2)xP2yk* 4 (k4 DxPyK = 3(h + 1)xyX — (h + 3)x" 2 yk+1
= 2(k+2)=—-(h+3)and k+1=3(h+1) (verify)
= h+2k=-7 and3h—k=—

11 19

=

h:—7 and k=—7

I.F.=x"11/7y=19/7 \ve have
Multiplying (1) by x~1/7y=19/7 \e have
(2x3/7y=5/7 4 x=1/7y=12/7)qx + (3x~*/7y~19/7 — x10/7y=12/7)dy = 0 which must be exact.
Hence, as usual, the required solution is
2x10/7y=5/7  y~4/7y=12/7 7.

10/7 + 47 =50 (verify)

= 4x10/7y=5/7 _ 53x=4/7y=12/7 = ¢ which is required solution.
Ex.98. Solve (2x%y — 3y*)dx + (3x3 + 2xy3)dy = 0

Sol™: The given differential equation is

(2x%y — 3yH)dx + (3x3 + 2xy3)dy = 0 (not exact, verify)
Let IF =xMyK

Multiplying the given equation by x"y¥, we get

(th+2 k+1 3thk+4)dx+ (3Xh+3 k + 2Xh+1yk+3)dy =0 (2)
Since, (2) is exact

oM 0N

dy  0Ox
= 2(k+ DxP+2yk — 3(k + 4)xMyk*+3 = 3(h + 3)xP*2yK + 2(h + DxP yk*3
Equating coefficients of x"*2 yX and xPy**3 on both sides , we have

2(k+1)=3(h+3) and —3k+4)=2h+1)

= 3h—2k+7=0 and 2h+3k+14=0

Solving these equations, we get h = —49/13 and k = —28/13
Therefore, IF = xNyk = x=49/13y,-28/13
Multiplying the given equation (1) by the IF = x~*%/13 y=28/13,
(2x~23/13y=15/13 _ 3—49/13y=24/13) gy (3X—10/13y—28/13 + 2x736/13y11/13) gy — 0

Now fMdX — f(zx—23/13y—15/13) _ 3X—4-9/13y—24-/13dX

= —(2 x 13/10)x~10/13y~15/13 4 (39 /36)x~36/13y,24/13
= _(13/5)X—10/13y—15/13 + (13/12)X—36/13y24/13 %

and dey= 0

Hence, the required solution is
_(13/15)X—10/13y—15/13 + (13/12)X—36/13y24/13 =C,

= —12x710/13y~15/13 4 54 —36/13,24/13 _ | (where k = (60C/13))
which is required solution.
Ex.99.Solve (2xydx +3xdy) + 2xy(3ydx + 4xdy) = 0
Sol™: The given differential equation is

(2xydx+ 3xdy) # 2xy(3ydx + 4xdy) = 0
= (2y + 6xy?)dx+ (3x + 8x%y)dy =0 (D
Let IF=xPyK
Multiplying the given equation by x"
(2thk+1 + 6Xh+1yk+2)dx+ (3Xh+1 k _|_ 8Xh+2 k+1)dy =0
Since, (2) is an exact

~ OM 0N

" dy  ox

= 2(k+ 1Dy*x" + 6(k + 2)yk+1xP*1 = 3(h + 1)x"y* + 8(h + 2)xP+1yk+t

Equating the coeffieceints of x"yX and x"*1yX*1on both sides we get
3th+1)=2k+1) and 8th+2)=6k+2)

= 3h—-2k=-1 and 4h -3k =-2

Solving these equations we geth = 1,k = 2

Therefore, IF = xyK =xy?.

Multiplying the given equation (1) by the IF = xy?,
(2xy3 + 6x%y* )dx + (3x%y? + 8x3y3)dy = 0

For more notes visit santoshifamily.com or call 8130648819



For more notes visit santoshifamily.com or call 8130648819
Now JMdX = J(ny3 + 6x2%y*) dx
= x%y3 + 2x3y* (D
and f Ndy =0

Hence, from (1), the required solution is

x2y3 + 2x3y* = C which is required solution .

7.LINEAR DIFFERENTIAL EQUATION

Definition. A differential equation of first order is of the form
dy

is called linear differential equation where P and Q both are function of x alone or constants.
The integral factor of equation (1) is

IF = ef Pdx

The required solution is

y X (LF.) = f[Qx (LF)]dx+c

Remark: Sometimes the differential equation of first order is of the form
dy

—~ 4+ P;x =

dx 1X=Qq

where P; and Q; both are function of y or constant is also called linear differntial equation of first order.
In this case IF = ef P14y
The required solution is

yx(lF):jQx(lF)dy+C

d
Ex. 100. Solve x cos x (_y) —y(xsinx + cosx) =1

dx
Sol™: The given differential equation is
d
XCOS X (d_Z) —y(xsinx + cosx) =1
d XSsinx + cosx 1
dx X COS X X COSX
dy 4 (t + 1) secx
> — anx+—|y =
dx X y X
L. F. ef (tanx+1/x)dx — elogsecx+10gx — elogxsecx = xsecx
Hence the required solution is
secx
yXSsecx = szecxdx +c

=  yxsecx = fseczxdx+c

=  yxsecXx = tanx + ¢ which is required solution.

dy y X
Prob.101.== + = = x? Ans. XV = —
rob. 10 dX+X X ns. xy 4+C
Do yourself.

d
Ex. 102. Solve (1,2x?) (d—z> + 2xy = x(\/1 - XZ)

Sol™: The given differential equation is

(1—X2)<g)+2xy=x(\/1—xz)

d 2
=>_y X X

dx+1—x2y=w/1=xz'
2
Heredex=f1 X dx = —log(1 — x?)

— x2

IF = ef Pdx = e—log(l—xz) —

1—x?
the required solution is
y J X 1
= X dx
1 —x? V1=x2 1-—x2
1

=_§ft_3/2 dt+c [Pt 1-x*>=t « —2xdx=dt]
1

=tV24c=c+—
WVt
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1
y +c [+ t=1-x?]

1= -

whichy is required solution .

=

d
Prob. 103. (1 +x)d—§(’—xy= 1-x) Ans.y(1 +x) = ce* +x
Do yourself.

_(dy
Ex.104. Solve sin (—) + 3y = cosx

dx
Sol™: The given differential equation is
dy
in|l—|)+3y=
sin ( dx) y = CcOSX

dy N 3 COSX
—1 e —_—vV =

dx. | sinx’ _ sinx
= d—i + (3 cos ecx)y = cotx.
Here

X
IF = ef Pdx — @3 [cosecxdx — {53 >

the required solution is
X X
y tan3 (E) = j cotx tan3 (E) dx +c

e X fl—tanzx/zt 3 Xy N
= — = _— —
yrans 2tanx/2 b eXTe
x 1 X X
3_=_ — 2 2
= y tan > 2](1 tan 2)tan 2dx+c
= tan3§—j1(1—t2)t2>< ‘ +c
yRre =)z 1+t
[Ptt X ) 1 2xd dt d 2dt 2dt Zdt]
—_ = = — — = = = = =
uttans 256 3 X sec?x/2 1+tan?x/2 1+1t2
t% —t*
= tan3§=f dt+c
y 2 1+t2
= ytan3§=f[—t2+2— ]dt+c
2 t24+1
X 1
32— —[Z)+3 _ -1
>  ytan (2) 1<3)t +2t—2tan~! t+¢
X X X X
= ytan3§=—§tan3§+2tan§—2tan‘1(tanz)+c
= (y + l) tan3 (f) = 2tan (f) —x 4+ c which is required solution
A | _
X
Prob.105.d—y+—2y:X = %2 Ans.y = c(1 =x2)++/1 =x2
" (T=)

Do yourself.

d
Ex.106. Integrate (et x?2) (d—i,) + 2xy — 4x? = 0. Obtain equation of the curve satisfying this equation and

passing through the origin;
Sol™: The given differential equation is

d
(1 +x2) (d_Z) +2xy—4x2 =0

dy " 2x 4x2
= — y =
dx =1+ X22 1+ x?
X
Here f Pdx = f T dx = log(1 + x?)

. LF.=elPd = (1 +x2).
. the required solution is

2
2 —
y(d+x%) J.1+X2

4
= y(1+x?) = (§) x3+c (D
Since the required curve passes through origin, (1) must satisfy the condition x = 0,y = 0.
Putting these in (1), we getc = 0.
~ the required curve is
4x3 = 3y(1 + x?) which is required solution.

(1+x¥)dx +c
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d x—1
Prob.107.x(x — 1)d—y - x—-2y=x32x-1) Ans.w =x?—x+c
X X
Do yourself.
3y 3

Ex. 108.Solve (x + 2y )& =y
Solution. The given differential equation is
(x + 2y3) dy =

) YIx=Y

X

S L 2y3

dy

dx  x+2y?

dy y

dx 1 2 1
> — — —X =

dy y 7

1
IF = J=39 _ ~logy — 1
y
~ the required solution is
z f 2y? (1) dy +
c= Ayl jayrc
y « y
= — = y? + c which is required solution.

y dy m+1
Prob.109.&+ytar1x:xm COSX Ans.ysecx = C+<m+1>
Do yourself.

Ex.110.Solve (1 + y?)dx = (tan™'y — x)dy
Solution. The given differential equation is
(1 +y?)dx = (tan~'y — x)dy
5 (1 4y) S = tant
— =tan —X
y dy y

dx X tan"ly
= —+ =

dy 14+y? 1+4y?

Now
1
IF = ef(1+y2)dy — etan™'y
Hence, the required solution is
-1
xetan ™'y = f etan_ly.tan ydy +c
1+4y?
tan™! t -1 dy
= xe?" V=] eltdt+c [Puttan y=t-'-—2=dt]
1+y
= xefn 'Y = tet — el 4 ¢ [Integrating by parts]
= xeta ™'Y = tan Y (ggpTly =)= ¢
= x =tan 'y — 1+ ce @'Y which is required solution.
2 dy 2 5 X3 X3
Prob. 111.x(x* + 1)d— =y(1 —x?) +x3logx Ans.y(x* +1) = ex + 7logx 7
X
Do yourself.
dy y X+ /(1 —x32)
Ex. 112.Solve& + A=x2"  A-x2)
Solution:The given differential equation is
dy N y _x+4/(1—x?)
dx  (1-x2)3/2  (1-x2)?
_ 1 _ [cosBd® X ) L _

Now f Pdx = fmdx = f o030 - m (putting x = sin® = dx = cos 6 dB)
LF.=e/Pdx = ex/(l_xz)l/z 2)
~ The required solution is

y(LF.) = j Q(LF.)dx+c 3

X+ V1l —x2 1/2
Now,f Q(LF)dx = [ —————¥/(1¥) 4)
(1 —x2%)?
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X
Let ———= 5
et N t (5)
(1-x2).1—-x(1/2)(1 —x?)"V/2 (- 2x)
1 — x2 x = dt
(1-x2) +[2/,/(1—x ]
dx = dt
L 1—x2
(1 —x2)3/2 dx = de ©

~ from (4), we have
( 2,/ =x%) ) +1
J-Q(I.F.)dx =f T
= f (t+ 1)et.dt, (using (5)and (6))

1/2

x/l(l—xz) dx

Thus, = (t+ De' - f eldt = (t+ 1) e’ —e' = te'
/
f QUL F.)dx = ———e¥/(1-)" )
Ja—x2)

Using (2) and (7)in (3), the required solution is

y ex/(l—x2)1/2 _ Lex/(l—xz)l/z +e

Ja—3)

X e/

Ja—x?)

which is required solution

Prob. 113.+/a2 + x2 —+ y=+a%+x2 — Ans.ylx+ \x2 +ga? J = ¢ #a? log[x+ Vx2 + a2 ]
Do yourself .
Ex.114.Solve x(1 —x?)dy + (2x?y—y—ax3)dx=0
Sol™: The given differential equation is
x(1-x)dy+ (2x?y—y—ax3)dx =0

> y=

d
= x(l—xz)d—i+y(2xz—1)=ax3

dy 2x?-1 ax?

&-}_x(l—)(z)y:l—x2 M
Compare (1) with (%) + Py = Q, we have
2x2 —1 1 1 1
“xA-x2) x 2+ 2x-1)
ax3
and Q=1_X2. 2)

Now f Px = _f EJ’ 2(x1 Dt 2(x1— 1)] dx
| [logx + %log(x +1)+ %log(x - 1)]
- [logx + %log(xz - 1)] = —log[x/&Z ~ D)
~log [+ —D|
LF. = oPdx L logf/&@-D] " _ [x\/m]_1

Hence, the solution of (1) is given by
y. I.F.=JQ(I.F.)dx+ C

1
d
- x,/(xz—l J. _XZ X/ (x2 — 1) xwe
xdx
=2 @

1
=c— 2_[ 3727 (puttmgx —1=t= 2xdx=dt= xdx—zdt)
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a [t_l/z] L8 N a
2|-1/2 Vt x2-1)

= y = cxy(x? — 1) + ax which is required solution.

Prob.115. (x+logy)dx+ydx =0

Do yourself.

Ex.116 An equation relating to stability of an aeroplane is (dv/dt) = gcos a — kv, where v is velocity , g, a, k
being constants. Find an expression for the velocity if v = 0 when t = 0.

Sol™: The given equation can be rewritten as .

W) kv =
(E) v =gcosa

. The integrating factor = efkdt — ¢
~ The required solution is

v. ekt =C+fgekt cos adt

kt

=  ve' = C+ (g/k) cos aekt
Since v = 0 when t = 0, therefore from (2), we have
0 = C + (g/k) cos ae® or C=(—g/k)cosa
= v=—(g/k) cosae Kt + (g/k) cos
= v =(g/k)cosa(l— e k) which is required solution.

dy
Ex.117.Solve x2 (&) +2xy =1
Sol™: The given differential equation is
x?2 (ﬂ) +2xy=1
dx y
dy 2y 1

. IF = eJ(@/0dx — g2logx — Glogx? — 42
~ the required solution is

y.(IF) =c+ f Q. (IF)dx
=  y.x? =C+jx2 (1/x?)dx,

= y.x2=C+jdx=C+x.

= y.x? =C+x which is requiredsolution.
d

Ex. 118.Solve cos® x (d—i> + ycosx = sinx

Sol™: The given differntial equation is
cos3x (ﬂ) + ycos x= sinx
dx y
y 2 2
= — +ysec“X = tanxseccx
dx y
- the required solution is

= y.etanx = (¢ +ftanxsec2x e@nx dx

& C+ftet dt wheret = tanx

=C+ [tet—Jetdt]

=C+tet—et
=C+ (t—1)et = C+ (tanx — 1)etanx
= yet?X = C + (tanx — 1)e™* which is required solution.

d
Ex.119 Solve cos? Xd_i, +y = tanx

Sol™: The given differential equation is

y

2 _

COsS“ X + vy =tanx
dx y

d
= a}z + (sec?x)y = sec? xtanx
Now proceed as in last problem

dy
Ex.120.Solve x (d_> —y = 2x? cosec2 x
X
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Sol™: The given differential equation is

d
X( y) —y = 2x?%cosec 2x

dx
dy 1
= — — —y = 2Xxcosec2x
dx x
L IF:e_f(l/X)dxze—logle

X
. the required solution is

y(IF) = C + f Q. (IF)dx

1
=> Y. =C+f<2xcosec2x ;)dx

)=C+2fcchxdx

dy
Ex.121.Solve (1 —x?) <&> —xy=1

Sol™: The given differential equation is

(1—x2)<g)—xy=1

dy ( X ) . 1
dx \M —x2 }:X_l—xi
‘. IF = ef Pdx = elmdx = eilog(l_xz) = 1 - X2

- the required solution is

y(IF)=C+fQ.(IF)dx
1
= y\/1—x2=c+f1_x2 1 —x?%dx
y 1—X2=C+f

1
V1 —x2

yv 1 —x2 = ¢+ sin~!x which is required solution.

d

Ex.122. Solve (dy> + 2xy = X, y(0) =2

X

dx

Sol™: The given differential equation is
d
(d—i)+2xy=x, y(0)=2

o IF = ) 2xdx — o¥?
~ the required solution is

y(IF) =C+ f Q. (IFdx

2 24 1
= y.eX =C+fxeX dx=C+§fetdt
x2 _ 1 t_ 1 x2

= ye —C+2 e —C+2e
=> 2y= 2Ce™* +1
Now,whenx = 0,y =2
-~ from (1), we get

22)=2€e’+1> 3=2C
. form (1) the required solution is

2y’ = 3e™* + 1 which is required solution.

(letx? =t=> 2xdx = dt)

(1)

€y

€y

Ex. 123 Obtain the equation of the curve whose slope at any point is equal to y + 2 x and which passes through the

origin.
Sol™: The differntial equation of the curve is
dy
—=y+2 v sl f i
; el A slope of curve is
y
= ——y=2
dx X

- the equired solution is

y(IF) =C+ f Q. (IF)dx
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= y.e*=C+ Jer‘X dx

e ¥ e
=C+2 [X—_l — J 1._—1dx], (integrating by parts )
= ye"‘=C—er"‘+2fe"‘dx=C—er‘X —2e7*¥
= y = CeX — 2x — 2 (2)
Since, (2) passes through the origin (0,0),
~ 0=C-2 = (C=2

The required solution is

y = 2e*¥—2x— 2.
8(A). EQUATIONS REDUCIBLE TO LINEAR FORM
An equation of the form

1oy Y
F() g = PIY) - Q (1
where P and Q are constants or function of x alone (and not of y) can be reduced to lianear form as follows.
Put fy)=v

R f()dy dv
ydx dx

Finally, replace v by f(y)to get solution in terms of x and y alone.
Another form: An equation of the form

d
£'(x) d—y +Pf(x) = Q, (1)

where P; and Q, are constants or function of y alone ca n be reduced to linear form again form again as follows.
Put fx) =v

S )(dX) _dv
“\ay) " ay
~ (Dgives
dv
dy +Pv=0Q (2)
which is linear in variables vand y.
LF.=e/Pady
. the required solution is

velP1dy = f Q, e/P1dy dx + c.

Replace v by f(x), we obtain the required solution of (1)
8(B). BERNOULLI'S EQN.
An equation of the form

d
(d—i’) +Py=Qy" (n=#0, n+#1) 3)
is called Bernoulli’s equation where P and Q are constants or function of x alone and not of y Divided by y" , we get
d
y dy +Py!™=Q
Let yI™ =v 4)
> @-myn - )
WY e T dx
_pdy 1 dv )
y dx” 1'—n-dx
From (4), (5) and (6), we get
1. dv 4Py =
dv 1 —'n dx v=0
=2 —+4+P1-nv=Q(1—n)
dx

which is linear in vand x .
LF.= ef P(1-n)dx _— e(l—n)deX

and hence the required solution is
V. e(l—n) [Pdx _ J. Q. e(l—n)dex dx + ¢

= y1—n e(l—n)dex — J Q. e(l—n)dex dx + ¢
Remark: The differential equation
dx
d—y+P1X=Q1Xn (n=#0, n+1)
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is called Bernoulli’s equation, where P; and Q; both are function of y(alone )or constraint.

A 3 cos?
Ex. 124.Solve (d—> + xsin 2y = x> cos“y
X

Sol™: The given differential equation is

d
(d—i’) + xsin 2y = x3 cos?y (1D

dy sin 2y
= sty () x(Gay) =0
sec’y ax + x cosZy X

d
= sec?y d_z + 2x(tany) = x3 )
Put tany=v
dy dv
dx  dx
Therefore, from equation (1), (2) & (3)

(3)

= sec’y

v 3
= + 2xv = x°,
which is linear in v and x.
Now LF.=ef 2xdx = ox*
The solution is given by

2 2
v.eX =jx3 eX dx+c

1
= ftet dt+c [Putx? =t « 2xdx = dt]

2
1
=§j[te2—f1.etdt]+c

= (%) (tet—eb) +c

1
= tanY-eXz=<§)eXz(x2—1)+c [+ v=tany andt = x?]

1 2
= tany= (E) x2=1)+ceX
which is required solution.
d
Prob. 125. y? (d—z> =x+y3 Ans. y3e ¥ =c—xe ¥ ——e73
Do yourself.
dy -
Ex.126. Solve (&> =XV (e*—¢Y)
Sol™: The given differential equation is
d
(_y) = eX_Y(eX — eY)
dx d
5 Toexevoex o [ LpeX=exe
dx dx

dy X 2% v X 2X
:>eyd—+e.ey=e = —+efv=e % Let eY=v = ¢
X

dy dv )
dx

X ax " dx

. LF.=e/Pdx — ofPdx _ ofe¥dx _ qe
The required solution is

v.(IF) = f QUIF)dx
v.e® = j e2X e dx + ¢ = J eXe®”. eXdx + ¢
= ftetdt + ¢ [PuteX = tsothat eXdx = dt]

=tet—f1.etdt+c

=tel—et+c=e(t—1) +c
> eYe® = e (eX—1) 4 ¢ [ v=eYandt = e*]
= e¥ = e¥ — 1 + ce"® which is required solution.
dy

dy 5
Prob. 127 y—x&—a(y +&) Ans.x+a =y(c+ ax)

Do yourself.

dz =z Z 5
Ex.128. Solve& + ;logz =z (logz)
Solution. The given differential equaiton is
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1 dz 1 1 1

> z(logz)? dx + X (logz) ~ X2
1

Let

logz
(=1) dz dv
5> =
(logz)?zdx dx
1 dz dv
= = ——
z(logz)? dx dx
~ from (1)
dv 1 1
' x X2
dv 1 1
Tax x' % 2)

now IF. = e~ J(1/¥)dx = g=logx — 1 /x
-~ the required solution is

v(IF) =fQ(IF)dx

v 1 1
3?[(‘{3)“‘”“@“
1

1
= x(logz) ) + ¢ which is required solution..
d
Prob. 129. (1 +x%) d_z =xy-y° Ans.m = cy + ysinh™1x

Do yourself.

dy
Ex.130.x (&> + ylogy = xye*

Solution. The given differential equation is

d
X ((11—%) + yllogy = xye*

y

——+-1 =eX 1
= y dx + X ogy=e¢ €Y
Letlogy = v (2)
. ldy dv

ydx dx
Using (2), (1) gives
dv 1
—+-v=e¢* 3)
dx x
which islinear in v & x
f%dx

Now IF = e = glogx

The required solution is
v(IF) = f Q(IF)dx +'c

= vx=fxexdx+c

=X

= vx=xex—fexdx=xex—ex+c

= xlogy=e*x—1) +¢, [by (2)]
which is required solution.

Ex.131.50lve (x? — 2x + 2y?)dx + 2xydy = 0
Solution. The given differential equation is
(x% — 2x + 2y?)dx + 2xydy = 0

d
= 2xyd—z+x2—2x+2y2=0
dy )(2—2x+2y2 3

= 2y— 0
de+ X
5 dy+2 ,  2x—x° H
ydx xy - X (
Lety? = v = 2y = &V 2
ey =v ydx_dx

from equation (1)
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dv 2 2x — X2

—+-v=

dx x X

which is lenearin v & x
we have

2
Now IF = /3% = e2logx = 2
Therefore, the required solution is

v(IF) = f Q(IF)dx + ¢

2x — x2
= vx? =f< >x2dx
X
2x — x?
= y? x? :f< - )dexz f(ZXZ —x3)dx
= yox© = (§)X - (Z)X + c which is required solution.
Prob. 132. (x%y? + xy)dx = dy

Do yourself.

Ex.133.(a) Solve 2xydy — (x®> + y?> + 1)dx = 0
bY Sol dy x?+y?+1
(b) Solve o 2%y

Solution. (a) The given differential equation is

2xydy — (x> +y? + 1)dx =0

,giveny = 1whenx=1.

dy
= 2xy—=x’+y?+1
Xygx Ty
y
= 2xy——y?=1+x2
L,
y
=>2———2=(— )
ydx X7 X+X
Puttingy? = v

2 (dy) dv
= —)=—
y dx dx
Therefore, from equation (1)
dv. 1 1 4
dx XV X X
which is linear in v & x
1 1
Now L. F.= e/ %% = g~logx = _
x

Therefore, the required solution is

v.(I.F.) =jQ.(l.F.)dx+c

= y?x 1= f (X + %) x=ldx = f(l +x72)dx
> y’x lT=x—xT+cory?=(c+x)x—1
which is required solution.
(b) Proceed as in part (1) and obtain
y? = (c+x)x=1
Giveny = 1,wherex = 1
So (6) gives
l=c+1l—orc=1
Hence, from (6), the required solution is
yZ=x(x+1)—-1.
which is required solution .
Prob. 134 dy = x3y3
rob. XY Xy
Do yourself.

dy o
Ex.135.Solve x P +y=y“logx

Solution. The given differential equation is

(3)

1 1
Ans.1 = Zy(l _EXZ) —cye 2

(1)
(2)

(3)

(5)

(6)

Ans.1 =y? (ceX2 +x%+1)

(1)
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Lety ™l =v
d d
= _y_z _y = _V
dx dx
Therefore, from equation (1)
dv N 1 1l
dx XV X 08X
. dv. 1 11
dx XV X 0gx

which is linear in v & x

Now IF = edeX = e Ja/x)dx — e—logx — -1 — 1
X

The required solution is
v(IF) = f Q(IF)dx + ¢

= vx 1= —fx_zlogxdx+c

41 x1 1 xt
=Yy X =—10gXX_—1—f;X_—1dX +cC

= — =logx + 1 + cx which is required solution.

dy
Prob. 136.& + 2ytanx = y2

Do yourself.

dy o,
Ex. 137.Solved— —ytanx = —y“secx
X

Solution. The given differential equation is

_dy_ tanx = —y? secx
dx yd y
_,ay _
= 272 _ 1t = —
y i TV tanx secx

B . dy dv
Letyl=v = -y 2&=dx,

Therefore, from equation (1)

dv
———tanx.v = —secx
dx

dv
=> — 4+ tanXx.v = secx
dx

which is linear in v & x
LLF. = ef tanxdx _ glogsecx — gacy

Hence solution of (2) is
v.secx = | secx.secxdx + ¢

= vsecx =tanx+c

= y lsecx =tanx+c [ v =y~ !] which is required solution.
Prob. 138.cos xdy # (sinx — y)ydx

Do yourself.

Ex. 139. Solve the following differential equations :

d
(@) (x3y? ¥xy)dx = dy (b) x3 (d—i’) —x%y+y*cosx =0

dy dy
2 [ = = 2 e 2 =
(© 2= 2y =y @ x(50)+y*x=y
Solution‘(a) The given differential equation is
(x3y? + xy)dx = dy

= g_g = x3y% + xy

> Y= x3y?

= y~? d_i _xy~l=x3
Lety™l=v > —y2 (g) = g,
(1) gives

(2)

1 1
Ansicos? x+ cy + Exy + Zy sin2x =0

(1)

(2)

(1)
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(dv> 3

T XV = X
dv o .

= (&) + xv = —x3 which is linear in v & x

now L. F. = e/ xdx = ¢x*/2,
. The required Solution is

v(IF) = f Q(IF)dx + ¢
= veX'/2 = —f}(3ex2/2 +c

2 2
= veX/2 = —f}(zeX /2 xdx + ¢

= veX'/2 = -2 f tetdt = -2 [tet - f etdt] +c
=2(et—e) +c=—-2e'(t—1)+c
y1eX'/2 = _2eX*/2{(x2/2) — 1} + ¢

= y~1 = (2 — x?) + ce™**/2 which is required solution.
(b) The given differential equation is

d
x3 (d_i) —x%y = —y*cosx
= x3——x%y = —y*cosx
dy 1 COS X
e A S
Y ax %Y x3
Puttingy 3 =v
dy dv dy 1dv
= —3 4 = = _4—:———'
y dx dx y dx 3dx

Therefore, from equation (1)

1dv 1 _ COosX

3dx x x3

dv + 3 3cosx
.2y =

dx XV x3

Which is linear in v and x
Now L.F. = e/(3/%)dx — g3logx _ 43
the required solution is

3cosx
Vx3=f( 3 )x3dx
X
= vx3 = 3fcosxdx

= vx3 =3sinx+C

=>—3x3=3sinx+C

= x3 = y3(3sinx + C) Which is required solution.
(¢) Do yourself. (d) Do yourself

d
Prob. 140.d—y — fxy'= 16x63%"y2
X
Do yourself.
dyN" 2 s
Ex. 14 1sSolve (&) x*y’ +xy) =1

Solution: The given differential equation is

(ﬂ) x*y® +xy) =1

% d
X X
oo = 243 o _ux = v3x2
dy X°y® + Xy dy yX =y°X
dx
o x"2 0 g1y = y3
X dy X'y=y
dx dv
Letx1=v =-—x2—=—,
dy dy
Therefore, from equation (1)
dv —3 o V+ s
dy yw=y", dy yv=-y",

Which is linear in vand y

(2)

XZ
Let7 =t=> xdx = dt)

(1)

8
Ans.e®* +y (C +z e5X2>

€y
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Now IF = /Y& = efydy = ov?/2
the required solution is

v.eV’/2 = —Jy3ey2/2dy+c

2
=-2 [t. et — f 1.etdt + c] =—2(tet—eY) +c

2
= -2 f tetdt + c [Puty— =t ~ydy=dt

2
= x 1eV*/2 = —2ev’/2 <y7 - 1) +c [+ v=x"1]

— =2 —y?+ ceV"/2 which is required solution.

X
Ex. 142.Solve (x? + y? + 2x)dx + 2ydy = 0
Solution. The given differential equation is
(x% +y? +2x)dx + 2ydy = 0

d
= Zyd—i+y2+(x2+2X):0

:>dv+ +x*+2x)=0 (lt 2=v>2 dy—dv>
ax TV V=0 EY Yax T dx
dv

5 (—)+V=—(x2+2x) )

dx

which is a linear equation in v & x,
#IF = ef 4% = X
~ The required solution is

= v.eX=C— f(x2 + 2x)e* dx,

= v.eX=C— [(X2 + 2x)eX — f(Zx + 2)exdx]
=C— (x* +2x)e* + j(ZX + 2)e*dx
=C—(x? +2x)eX + f(ZX + 2)e*dx
=C—(x? +2x)eX + [(Zx +2)eX — f Zede]
=C—(x%+2x)eX + (2x + 2)e* — 2e¥

= y2eX = C — eX(x?), (since v ="y?)

= y? = Ce™* — x? which is required solution.

d
Ex.143.Solve tany (d_i]) + tan x = ¢osyscos>x

Sol™: Dividing both sides of the‘given equation by cosy , we get
d
tany secy (d_Z) + secytanx = cos>x
(dv) + (tanx) \ (L t t dy
= - = = = —_—
T anXx)v = cos°x., etsecy =v = secytany —

which is linear equationinv & x,
Now IF = efPdx — gftanxdx _ glogsecx — gacx
- the required solution is

v.(IF) =C+ f Q(IF) dx
= v.secx =C+ j cos3 x.sec xdx
1 1 1
= v.secx=C+Ef(1+c052x)dx=C+§(X+Esin2x)
1 1
= secysecx =C+ EX + 2 sin 2x which is required solution.

d
Ex. 144.sec?y (d—y> + tany = x3
X

Sol": Lettany=v = 2, W _ I
ol": Lettany = v seC'y % T i
- the given equatio becomes
(dv> b= 3
) TV=x
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which is a linear equation in v & x.

Now IF = efdx = ¢x
the required solution is

v.(IF) = C + J QUF) dx
veX = C +J‘x3eX dx,
=C+ [}(3eX — f 3X29XdX],
= veX=C+x%e*-3 [xzeX - f 2xeX dx],
= (tanyeX) = C + x3eX — 3x? ¥ + 6xe* — 6e*
= tany = Ce™® +x3 — 3x? + 6x — 6 which is required solution.
dx

Sol™: The given differential equation is

d 1
Ex.145. Solve sec?y (dy> + 2xtany = x2. Also find the particular curve which passes through (O. Z‘l‘[)

dy

2 — 2
+ 2xtany = x2.
sec y(dx) xtany = x

d dv
Let tany = v = sec?®y Y-

dx  dx
the given equation reduces to
dv
(—) +2xv=x3 (1)
dx

which is a linear equation in v and x
Now IF = ef2xdx = ox°
the required solution is

v. (IF) =C+fQ(IF) dx
> veX =C+J‘X3eXZ dx,
1
= VeX2=C+Efx2eX2.2xdx
=C+%ftetdt, (Let x? =t. =  2xdx =dt)
1
=C+§[tet—f1.etdt],
1 1
= C+§[tet—et]=C+§(t—1)et
x2 1 2 x2
= (tany)e =C+E(X —1)eX,

., 1
= tany=Ce™ + > (x2-1) (2)
which is the required solution.

1
Hence, the (2) passes through <O'Z n),

1
when putting x =0 and y = 7" in (2) we get
t(l)C°+1(01) l=c-1 c=3
— = — - = =C—-= = ==
an {21 et o 3 3
From (2), therequired curve is

3 1
tany'= (—2—) e* + E(XZ -1)

d
Ex.146.Solve x (3{) + ylogy = xye*

Solution. The given differential equation is

X(g>+ logy = xye*
dx ylogy = Xy

= XY 1 (logy) = xe*
ydx ogy) = xe

1dy 1
= ——+;(logy) =e*

y dx
Letv=1 =>1dy_dv
etv=rogy ydx dx

the above equation reduces to
For more notes visit santoshifamily.com or call 8130648819



For more notes visit santoshifamily.com or call 8130648819

dv N 1 <

—+—-v=¢%

dx x

which is a linear equation in v & x.

Now IF = e/ (1/%)dx — clogx — y
~ the required solution is
vx = C+ [ x.e¥dx,

= v.x:C+xeX—fl.exdx

= (logy)x = C + xe* — e*. which is required solution.

Ex.147.Solve y(2xy + e*)dx — e*dy = 0
Solution. The given differential equation is

y(2xy + e*)dx — e*dy = 0

d
o ex Y eXy + 2xy?

q dx

ﬁ%d—yjb{e Xy2
—z—y——=2XG_X
y2dx y

dv
= (—) + v = 2xe” %, <where vV=— (
dx

which is linear equation in v & X,
Now IF = e/ 4* = ¢x
~ the required solution is

v.(IF) = C + j Q(IF)dx
> v.eX=C+ f 2xe *eXdx,

= v.eX=C+f2xdx

= v.eX = C+x?

1
= — (;) eX =C+x? = eX + y(C + x?) = 0 which isrequired solution.

)

Ex. 148.Solve (x3eX — my?)dx + mxydy = 0

Solution. The given differential equation is

(x3eX —ényz)dx + mxydy = 0

= mxyd—z(’—my2 = —x3eX
dy y? -—x%e*
dx x m
Lety? =v= 2 dy _dv
sy =v ydx_dx

~ (1) reduces to

ldv v x%eX
2dx x| m

dv 2 2x%eX
> — =V =—

dx x m

which is a linear equation in v & x.
Now [E= e~ J(2/0dx — o-2logx — y-2
- therequired solution is

v.(IF) =C+ f Q(IF)dx

% 2eX
e [P
X m

y2

= — = C — —e* which is required solution.
m

x2

dy : 3.2
Ex.149.Solve (d—> + xsin2y = x” cos“y

X

Solution: The given differential equation is

d
(%) + xsin 2y = x3 cos?y

d
= sec?y (%) +x(2tany) = x3
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Lett =v = sec? dy _dv
ettany = v = sec®y =
The above equation reduces to
dv
— + 2xv = x3 (D

dx
which is linear equation in v & X,

Now IF = e/ 2xdx — ¢¥*
- the required solution is

v.(IF) = C + f Q(IF)dx
= v.eX =C +fx3exzdx,

1
> v.e =C +§fx2ex2 2xdx

1
=C+ Ef t. eldt, (where t = x?)
1
=C +E[t.et—fetdt]
1
= e tany = C+Eet(t— 1) (v =tany)

1
= eXtany = C+§e"2(x2 -1)

= 2tany = 2Ce™ + (x? — 1) which is required solution.
Ex. 150.Solve ydy + by?dx = a cos xdx
Solution: The given differential equation is
ydy + by?dx = a cos xdx
dy

zZyd

Fs 2by? = 2acosx

dv
=< + 2bv = 2acosx, (where v = y?)

which is linear equation in v & x,
Now IF = e/ 2bdx = g2bx
-~ the required solution is

v.(IF) = C + j Q(IF)dx
v.e?bx = C 4 2af e2bX cos xdx,

= y?e?* =(C+ ZaJ e?PX cos xdx (D
2a

J(4bZ +1)

1
e2PX¢ps (x —~tan~1 —)

= 22bX=C+
ye 2b

1 1
( f e2PX cos xdx = ———e?PX cos (X —tan~! —))
J(@b2 +1) 2b

which is required solution.
d
Ex.151.Solve (1 +%2) d_y —4x? cos?y + xsin2y = 0
X
Solution: The given differential equation is

d
(1+x2)—d—1—4x2coszy+xsin2y= 0

dy X 4x? 5
Zax TS =TS’y
D coc? dy N 2x (tany) = 4x?
Sec ydx 1+ x2 any T 1+ x2
dv  2xv 4x?

=>&+1+x2=1+x2' (where v = tany)
which is a linear equation in v & X,
Now IF = ef{ZX/(1+X2)}dX — elog(1+X2) =1+ %2

- the required solution is

v.(IF) =C+ f QF)dx

2

= v(l+x?)=C +J (1 +x?)dx,

1+ x?
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= v(1+x?) =C+J4x2dx

4
= (1+X2)tany=C+§x3, (~v=tany)

which is required solution.

dy d¢
Ex.152.Solve — —_—=
X ovedX+ydX

Solution. The given differential equation is

dy d¢o do
FrR A d(x) o

:>dy+ =

which is a linear equation in v & x
Now IF = e/ d¢ = ¢
~ the required solution is

v(IF) = C + f Q(IF)dx
= ye? = C+f¢e¢dd)
= ye? =C+ (¢ — 1e?
= y = (¢ — 1) + ce~® which is required solution.
Ex. 153.Solve y sin 2xdx — (1 + y? + cos?x)dy = 0

Solution. The given differential equation is
ysin 2xdx — (1 + y? + cos?x)dy = 0

d
d(x) d_(j:' where ¢ is a function of x only.

= ysin2 dx Zx =1+y?
y sin Xdy COS“X = y
dx 1 1+4y?

€y

= Sin2Xx— — —Ccos“x =
dy 'y y

Let — cos?x = v = —2 cosx (— sinx)dx = dv

= sin 2xdx = dv,

the equations (1) reduces to

dv. 1 1+4y?
—+-v=
dy 'y y

which is a linear equationinv &y

Now IF = e/ (1/9)dy = glogy — y
~ the required solution is

v.(IF) = C + j Q(IF)dx

= vy:C+f(1+y2)dy,

1
ﬁ—ycoszx=C+y+§y3

1
= ycos’x+C+y+ -§y3 = 0.which is required solution.

LINEAR DIFFERENTIAL EQUATION WITH
CONSTANT COEFFICIENT

COEFFICIENTS
Definition. We'have already defined in the previous chapter that a linear differential equation is an equation in which
the dependentwvariable y and its differential coefficients occur only in the first degree.
The general form of such an equation is
dny dn—ly
ﬁ-i_ 1W+---+Pny=X (1)
where X and P;, P,, P5 ..., P, are all constants or functions of x.
If P,,P,, P; ..., P, are all constants (X may not be constant), then the equation is said to be a linear differential equation
with constant coefficients.
We shall first of all consider the differential equation in which X = 0
~ Equation (1) becomes

dny dn—ly

an+ 1W+---+Pny=0 (2)
_ dy d?y d"y

& (D + P D14+ ..P)y=0 <Let& = Dy,@ = D%y T T D"y 2

which is called homogeneous linear equation with constant coefficient.
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Ify4,¥2,¥3 ..., yn are n independent linearly solution of equation (2)
Then their linear combination c;y; + c,y, + -+ + ¢,V is also a solution of equation (2)
which is general solution of equation (1) which contains n arbitrary constant.
The part c;y4 + ¢y, + -+ + ¢,y is known as complementry solution & the solution which does not involve particular
integral (PI).
The general solution of equation (1) is
y = CF + PI
Note 1 C.F. contains n arbitrary constants, when n is the order of the given differential equation and P.I. does not
contain any arbirary constant.
Note 2 The general solution of (1) isy = C.F. +P.L
THE LINEAR EQUATION WITH CONSTANT COEFFICENTS AND SECOND MEMBER ZERO.
Let us consider the equation

dn dn ly

an+P1d e 1+ -+ Pny 0 (1)
where P;,P,,P;, ....., P, are all constants.
Let the solution of the equation (1) is

y = eMmX
~ DMy = mPe™, Dn—ly =mn-lemx D(y) = me™*
= from (1)
(m" +Pm" 1+ P, m"2+.-+P)e™ =

= m'+Pm"l+..+P, =0 [e™ 0] 2)

The equation (2) is called the auxiliary equation (AE).
Note. For A. E.replace D by m in the given Differential equation.
Now , we discuss the Three Cases
Case — I.Roots are Real and Distinct
If the roots of (2) are m = m;, m,, ..., my
Then e™MiX eM2¥ eMsX  eMnX
are all different and linearly independent. Hence the general solution of (1)-is
y = Ce™* 4+ Cye™M2X 4 ... + CeMnX,
Notel If m =« i\/ﬁ. Then
CF = cpeletVB)x 4 ¢ e(a—VB)x
OR
CF = e**{c; cosh/Bx + ¢, sinh /Bx}
2. Ify = +m. Then
CF = c;e™ + c,e™™
OR
CF = ¢y coshmx + ¢, sinh mx
Solve (D3 + 6D? + 11D + 6)y = 0
The given differential equation is
(D3 +6D?+ 11D + 6)y = 0
The auxiliary equation is
m3+6m?+11m+6 =0
= (m+1D(m?>+5m+6)=0
> (Mm+1)(m+2)(m+3)=0
> m=-1-2,-3
. The required solution is

y=Cpe ¥+ Che 2+ Ce” X, where C,,C,,Cs are arbitrary constants.
d2
Ex. 154. Solve T }27

The given differential equation 1s
&’y dy
E+(a+b)&+aby— 0
= (D?*+ (a+b)D+ab)y=0
The auxiliary equation is
m?+(@+b)m+ab=0

= (m+a)(m+b)=0

+ (a +b)—+aby—0

= m = —a, m = —b
~ Therequired solution is
y = Cie ™ + Cye™PX, where C; and C, are arbitrary constants.
d?x _dx dx
Ex. 155. Solve P 3d— +2x=0 given that whent=0,x =10 anda =0.

The given differential equation is
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i S P
a2 Cae KT .
N D? — 3D + 2)x = 0 [D - _]

The auxiliary equation is
m?—-3m+2=0
> m—-2)(m—1)=0
= m=12.
Hence the required solution is
x=Cy et +Ce?t (1)
where C; and C, are arbitrary constants.
Itis given thatx = 0, whent = 0
-~ from (1), we get 0=0C; +0C, (2)

% _ t 2t
also from (1), i Cie* + 2C,e

dx
and it is given thata =(0,whent=20

~0=C+2C, (3)
Solving (2) and (3) weget C; =0 and C, =0
From (1) the required solution is x = 0.

d
Ex.156. Solve (D? —4D + 1)y = 0,when D = I
X

The given differential eqution is
(D?-4D+1)=0
The auxiliary equation is
m?2—4m+1=0
{4 +./(16 - 4)}

= m= > =2++3

. The required solution is
y — Cle(2+\/§)x + Cze(2+\/@X’

= y=e* {Cle"/‘/§ + Cpe™/ ‘/5}

= y=e* {cl coshV3 + ¢, sinh \/§} where C; and C, are arbitrary constants.

Case — II Auxiliary Equation Having Equal Roots:.
If the auxiliary equation (2) has two equal roots saym. = m,, my,
CF =y = (cq + cyx)e™X
Ifm =m,,my,my
Then CF =y =y = (c; + c;x + cgx2)eMiX
In general if m = m;, mq,...,my
n times
Then CF =y = (c; + CpXx + - + cpxP~1)eMiX
Note. Consider a differential equation

d
D2y — 2m;Dy + mZy = 0 (where D= &>

(D? —2mDy + m3)y = 0

(D —m;)’y =0

= (D—m)(D-my)y=0

Let (D—my)y=v

Then from (2),we have

MM—my)v=0 = Dv—mv=20

=
=

dv 0

v =

dv
> —=mdx
Integrating,

logv =myx +logC; , where C,is an arbirary constant.
v

= log <C_1) = m;X

= v=C_CeM*
~ From (2) we get (D — m,)y = C;e™¥
dy d

= T~ My = C,e™X*, [+ D= I

which is a linear equationiny & x
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. IF = e -midx — g—m;x
. The solution of this equation is

y.eTMX =C, + J C,eM*. e7™Xdx where C, is an arbitrary constant.

= y. e_mlx = C2 + f CldX = CZ + C1X

= y = (C;x+ C;) eMXis the general solution of (1).It contains two arbitrary constants.
Ex.157. Solve (D3 —-3D+2)y=0
The given differential equation is
(D3 -3D+2)y=0
The auxiliary equation is
m*—-3m+2=0

> m’m-1)+m(m-1)—-2(m—-1)=0

> m-1)mM?*+m-2)=0

> (m-—D{(m—-1)(m+2)}=0

= m=11-2 (Two roots are equal )

. The general solution is

CF =y = (C;x+ Cy)eX + Cze™ %% where C4, C, and C are arbitrary constant.

Ex.158. Solve (D3 —-D?-D+1)y=0

The given differential equation is
(D3-D2-D+1)y=0

The auxilary solution is
mi—m?-m+1=0

= m*(m-1)-(m-1)=0
=2 (m-1Dm?>-1)=0
> M-1)(m-1)(m+1)=0
> m=11-1
. The required solution is
CF=y=(c;x+cy)eX+cze™ where c4, ¢, and c3 are arbitrary constant.

Ex.159.(D3 — 2D? — 4D + 8)y = 0
The auxiliary equation is
m3 —2m?-4m+8 =10

> m?(m-2)—4(m-2)=0

= (Mm-2)(m?-4)=0

=2 (M—2)(m-2)(m+2)=0

> m=22-2

- The required solution is y = (C;x + C,)e?* + C3e™ 2%, where C4,C, ,C3 are arbitrary constants.

d?x
Ex. 160.Solve — — n’x =0
dy

The given differential equationsis
d?x )
d_yz —n“x=0
d
= (D? —n®)x =0, [Where D=—
dy

Its auxiliary equation solution is

m? —n2 =0
> m==n
~ The required solution is
X =cje™ eV, Where c;and c, are arbitrary constants.
Ex.161.Solye (16D? + 24D + 9)y = 0
The given differential equation is
(16D? + 24D + 9)y = 0
The auxiliary equation is
16m? +24m+9 =0
= (4m+3)2=0

3 3

> m=—-,——
m="2"%

~ The required solution is

y = (Cyx + Cy)e™3x/4, where C;,and C, are arbitrray constants
Ex.162.Solve (D® + D?(2V3—1) +D(3 - 2v3) —=3)y =0

The given differential equation is
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(D3 +D?(2v3—-1)+D(3-2V3)-3)y=0
Here the auxiliary equation is
m® +m?(2vV3-1)+m(3-2V3)-3=0
= (m—-1)(m?+2V3m+3)=0
> (m-1)(m+v3) =0
> m=1,-/3,—/3
Hence the required solution is
y = Cie*+ (Cox + C3)e“/§x where C;, C, and C; are arbitray constants
Ex.163.Solve (D* — 7D3 + 18D? — 20D + 8)y = 0
The given differential equation is
(D* —7D3 +18D2 — 20D +8)y = 0
Here the auxiliary equation is
m?* —7m3 + 18m? —20m+8 =10

> m*(m—-1)—6m?’(m—-1)+12m(m—-1) —-8(m—-1) =0 (Note)

= (m—1)(m®—6m?+12m—8) =0

= (m—1)[m?(m-2)—4m(m—2) + 4(m —2)] =0

> m—1)m-2)(m?>-4m+4)=0

> (m-1)m-2)(m—-2)2=0

> m=1,222

-~ The required solution is

y = Cie¥ + (C; + C3x + Cux?)e?X, where C;,C,,C3 and C, are arbitrary constant.

Prop. —III. Auxiliary equation having imaginary roots

If m = a %+ if then

CF = e(realpartx(e cos(imaginary part)x + c, sin(imaginary part)x}

i.e.CF = e*™*{c; cos Bx + c, sin Bx}

Note

(1) If all the roots of A.E. are distinct i.e., m;, m,, ..., m, then

C.F.,=ceM™* 4 c,eM2X 4 ... 4 ¢ eMnX

(2) if any roots my is repeated r times & rest are differentthen

C.F.= (cq + cpx + c3x2 + - + ¢, xT7 1) e™X + ¢, eM1X ...

(3) If the roots of A. E. has complex root as o + i3 & so other is/its conjugate (complement) a — i3 then

C.F.= c;e%"P 4 ¢,e 1B = e®{c; cos Bx + -+~ + ¢, sin Bx}

(4) If the complex roots be repeated two times then

C.F.=e*™{(c; + c3X) ...cos Bx + (c3 + €4X) .-'sin Bx}

(5) If a pair of roots of A.E. is irrational i.e. o + \/E then

C.F.= c eletVB)x 4 ¢ ela-VB)x = gax {cle*/EX b cze‘*/gx} = e®{cy.cosh (x,/B) + c; sinhx/B}
2

d d
Ex.164.Solve <d_x}2]> + 4y = 0, given thaty = 2 and (d—z) = 0 whenx = 0.

The given differential equationis

d?y
<E> + 4-y =0
= (D2+4)y=0
The auxiliary equation is
m2+4=0
= m=12i
-~ The solution of the given equation is
y = €1 €0S2X + C, sin 2x (D
where ¢y, c; are arbitrary constants
Also from (1) we get
dy

— = —2c;sin2x + 2 2 2
= ¢, sin 2x + 2¢, cos 2x 2)

d
Now given thaty = Z'd_z = 0whenx = 0.

From (1) and (2), we get
2=cycos0+c,sin0

and 0 = —2c¢;sin0 + 2c, cos 0

= 2=c;and 0 = 2c,

=2 ¢ =2c=0

~ from (1) the required solution is
y = 2 C0S 2X.
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Ex.165. Solve (D? + u?)y = 0,u # 0
The given differential equation is
(D?+ )y =0,u#0
The auxiliary equation is

m?2+ p2=0
= m2=Fu?
= m?=—p? and m?=p?
= m=4d=uiand tpn

Hence the required solution is
y = [Cy cospux + C;,sin px] + Cze*™* + C e™H%.

d
Ex.166. Solve (D* +4)y =0, where D = p

The given differential equation is
(D*+4)y=0

Here the auxiliary equation is
m*+4=0
(m? +2)? —4m? =0
(m?+2)? - (2m)2 =0
(m?-2m+2)(m?+2m+2) =0
m?—-2m+2=0m?+2m+2=0
m=1+iand—1% i
Hence the required solution is

y = e*[C; cosx + C, sinx] + e~
Ex.167. Solve (D3 —8)y =0
The given differential equation is

LU T T

X [C3cosx + C4sinx] where Cy,C, etcs are arbitrary constants .

(D3-8)y=0
Here the auxiliary equation is
m3—-8=0

= (m—2)(m?*+2m+4) =0
which gives

m =2 and% [—2 + /@ - 16)]

> m=2,-1+ iV3
The required solution is
y= c1eZX + e‘x{c1 cos(\/'a_’x) +c, sin(\/gx)} where c's are arbitrary constants.
Ex.168. Solve (D3 — 2D? + 4D — 8)y’=0
The given differential equation is
(D3 —2D? + 4D —8)y =0
Here auxiliary equation is
m3—2m?+4m—-8=0
= m?(m-2)+4(m—-2) =0
> (m-2)(m?+4)=0
= m=2,12i
. Required solution is
y= C1e2X + ¢, coS 2x + c3 sin 2x, where c's are arbitrary constants.
Ex.169. Solve (D*+#8D? + 16)y = 0
The given differential equation is
(D* ¥8D% +16)y =0
Here the auxiliary equation is
m#*+8m? +16 =0
> (Mm*4+4)?=0
= m?=-4 (twice)
= m = 12i (twice)
Hence the required solution is
y = (Cyx + C;) cos 2x + (C3x + C4) sin 2x where C4,C,,C3 and C,4 are arbitrary constants.
Ex.170. Solve (D*+D?+ 1)y =0
The given differential equation is
(D*+D?+1)y=0
Here the auxiliary equation is
m*+m?+1=0
= (M*+2m?+1)-m?=
> (M*+1)%?-m?=0
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> M+1+m(m?+1-m)=0 (D
Nowm?+m+1=0

> m=%[—1i,/(1—4)] = m=%[—1ii\/§]

Similarly, m?-m+1=0
1
= m:z[lii\/?]

. The solution of the auxiliary equation (1) are
1 iv31 iv3
mo by 31,13
2 2 2 2
~ The required solution is

y = e X2 [Cl cos <§> + C, sin (?)] + eX/2 [C3 cos <$> + C4 sin <$>]

Ex.171. Solve (D3 —D?—-D—-2)y=0
the given differential equation is
(D3-D?*-D-2)y= 0
Here the auxiliary equation is
mi—m?-m-2=0
= m-2)m?+m+1)=0,
> (Mm-2)=0,(m?+m=1)=0
{-1+ iV3}
= =2,—
2
The required solution is
y = C, e¥X 4 e7¥/2 {Cz cos <$) + C3 sin <§>}
Ex.172 Solve (D? + 1)?(D? +D+ 1)y =0
The given differential equation is
(D?2+1)2(D?+D+1)y=0
Here the auxiliary equation is
(m?+1)?(mM?>+m+1)=0

= m?=-1 (twice)andm?+m+1=0
{—1+ (1—4)}

= m= +i (twice )and m = >
-1+4/3

= m=4= i(twice) and m=(2;)

. The required solution is

) xV3 . (xV3
y = (c1x+ ¢c3) cosx + (c3x + ¢4) sinx + { c5 cos - + Cg sin - e X/2

checked upto here

Ex.173. Solve (D3 —D?#D=2)y/=0

The given differntial equatio is
(D3-D?—-D-2)y=0

Here the auxiliary equation is
mM?+1)°m?>+m+1)2=0

= m3 = —1(thrice)andm?+m+1=0 (twice)

-1+ /a-2)
2

(-1+iv3)

2

= m'= t(thrice )and m = (twice)

= m =.0+i (thrice) and (twice)

. The required solutio is
xV3 xV3
y = (C;x% + C,x + C3) cos x + (C, x? + C Missing ) + [(CZX + Cg) cos (T) + (Cox + C4g) sin (T)] e x/2
where C4,C,, ... etc. are arbitrary constants
Ex. 174.Find complementary function of (D — 1)*"*(D? + D + 1)y = 0
Sol™: The given differential equation is
DO-D"*D?+D+1)y=0
Here the auxiliary equation is
(m-1D"*m?+m+1)=0,
which gives
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1
> m= 11,..,1 and={-1+iV3}.
— 2
(n—4)times

~ The required solution is
1 1
Y = [Cq + Cux + C3x% + -+ 4 Cp_y XV 5]eX + e7*/2 [a cos (Ex\@) + b sin (Ex\/g)]

where C4,C,, Cs, ...,C,_4 ,a,b are arbitrary constants.
Ex.175.Solve (D2 + D+ 1)?2(D—2)y =0
The given differential equation is
(D?+D+1*(MD—-2)y=0
Here the auxiliary equatio is
(m?+m+1)2?(m-2)=0
= m?’+m+1=0 (twice)andm—2=0

(-1+/a-9)
> m= 3 (twice) and m = 2
-14+iv3
= m=2,_T (twice)

~ The required solution is

y = (c1x+¢c3) cos(x\/g) + (c3x + ¢,) sin + cse?*, where ¢’ s are arbitrary constants.

Ex. 176. Solve (D® — 1)y =0
The given differential equation is
(D° -1y =0
Here the auxiliary equation is
mé—1=0
= (m? —-1D(m*+m?2+1)=0
> Mm-1Dm+DmM?>-m+1DmM?>+m+1)=0
—1-La+-iV3 and —t = iV3
= m=1, 1,2_21 an 2_21
The required solution is
y = CreX + Cpe™* + eX/2 [C3 cos (%xx/?) + C, sin GX\/?)] + e7¥/2 [Cs cos (%Xﬁ) + Cg sin (%xx/?)]
where C4,C,, ....etc. are arbirtrary constants .
Ex.177.Solve (D* —m*)y =0
The given differential equation is
(D* —m*y =0
Here the auxiliary equation is
M*—m*=0
= M?=m?-m?)=0
= M? =m? —m?
= M=+4+m,+mi
~ The required solution is
y = C,e™ 4+ C, e7™ 4+ C3 cosmx + C, sinmx,
Ex.178. Solve (D*=m*)y2=0
The given differential equation is

(xV3)
2

(0* —mMy =0
Here the auxiliary equation is
M* +m*=0

= (M?+m?»2~2M?m?=0

= (M¥+m??- (\/me)z =0

= (M? ¥+m? —v2Mm) =0

= (M2 + m?+v2Mm) (M2 + m? + vV2Mm)
Ex.179. Solve (D*+ wy =0

The given differential equation is

(D*+wy=0
Let p = m*, then the above eqution reduces to
D*+mY)y=0,
Here the auxiliary equation is
M* + m* =0

= (M?+m?)?-2M’m?=0
= (M?+m?)?- (\/EMn)2 =0
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= (M2 +m?++v2Mn)(M? + m? —v2Mn) =0
= (M2 +m?++v2Mn)(M2 —m? —+v2Mn) =0
—/(2m) +J/(2m? — 4m?) —/(2m) +/(2m? — 4m?)
' 2

= M

M m 4 m _ m 4 m
> =——t+—i,—+—=i

V2TN2 2T 2
~ The required solution is
y+ e‘”X/‘/E{Cl cos(ux/\/f) + C, sin(ux/2 )} + e“x/ﬁ{C3 cos(ux/\/f) + C, sin(ux/2 )}
where Cq,C, etc.are arbitrary constants.
d

Ex.180.Solve (D? —2D + 5)y = 0 giventhat y =0 andd—z = 4,when x = 0.

The given differential equation is
(D2-2D+5)y =0
Here the auxiliary equation is
m?—-2m+5=0
1
> m=3 [2+V4-20] =1+ 2x

The required solution is

y = e*(C;cos 2x + C, sin 2x) (1)
where C; and C, are arbtirary constants.
From (1),

d

d_z = e*(C; cos 2x + C, sin 2x) + e*(—2C; sin 2x + 2C, cos 2x ) (2)

Given thaty = 0, when x = 0, so from (1) we get
0 = e°[C;(cos 0) + C,(sin 0)]

= (=0
- dy
Similarly form (2) as& = 4 when x = 0, we get
4 =C; + 2C,
= 4=0+2C,
= (C,=2

~ From (1), we get.
2

d-e do
Ex.181. Solve 1<F> + g0 = 0 given that 8 =‘@.and ) A Owhen t=0

The given differential equation is

1 d*0 +00=0
acz) T8 T

= [DZ + (%)] 06=0 |, (where D= ach)
. The auxiliary equation is
m? + (%) =0

g
2__ (2
> m?=—(3)
_ . [r8Y
> m=+= (1)1
. The solution of the given differential equation is

6=G1cos{\/@t+cz} 1)

where C,, C; are arbilrary constants

de 8\~ . g
anda = - (T) Cl sm{ (T) t+ CZ} (2)
de
whent=10,0 =6, anda = 0 (given) so from (1) and (2) we get

90 = Cl COS Cz
_ g .
and 0 = — (T) CysinCy

From these we havesinC, = 0,as C; # 0 andso C; = 6,
~ from (1), the required solution is .
_ _ d’i Rdi 1
Ex. 182. Find the solution of — 4+ —— + — = 0, where R?C = 4L and R, C, L are constants
dt?  Ldt LC
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The given differential equation is
d’i Rdi 1
— 4 —=
dt? = Ldt
d?i N Rdi N 1
ﬁ — —_—— —_—
dt? " Ldt LC q
= (D?+aD+b)i=0 [whereD:a,a=
The AE is
m?+am+b=0

R M__[_aw(az—%] % N

- m=-30)+1 [& -+
L(0)+3 R -2

2 2 12C

(z)
> m= oL wice

=~ The required solution is

Rb— 1]
L' T LC

40 [+ R2C = 4L]

i=(Cit+ Cy)eR/2LE, where C; and C, are arbitrary constants.

THE PARTICULAR INTEGRAL (P.1.)

The linear DE with constant coefficient equation is
dn dn 1y
& T gt
i.e. F(D)y — X
The required solution is
y = CF + PI

Prop. —I When X is of the form e®*, where a is any constant and'F(a) # 0
1 1 1

— J— ax — ax
=t T rm® T F@©
(For Pl replace D by aif F(a) # 0)
Explanation.

We know D(e?*) = ae?*

D2 (e3X) = a2

D3(eaX) — aSeax

In general D*(e3%) = a"e®*
~ F(D)(e?**) = F(a)e®*

——F(D)e®* =

+ o+ Py =X

~ FD) F) @™

=> e =F(a) F(lD) ax, [F(a) is constant. |
1

ax — ax

MEOMEROM
Hence F@) e = F(D) e IfF(a) # 0.
Ex.183.Solye (D2 — 2D + 5)y = e™ 3%
The given differential equation is
(D? —2D + 5)y= e~
Here auxiliary equation is
m?-2m+5=0,
2+V4-20 2+4i

2 2

> m=
m=-1+2i

~ C.F.= e7*[C; cos 2x + C, sin 2x], where C; and C, are arbilirary constants.

1

1
andP.l.= ——————e* = e [ Replace D by — 1]

D2 —2D+5 (—-1)2—2(-1) +5

=>PI—(1) X
L=(g)e

~ The required solution is
y =C.F.+P.L

For more notes visit santoshifamily.com or call 8130648819

1)



For more notes visit santoshifamily.com or call 8130648819
1
= y = e ¥*[Cy cos 2x + C, sin 2x] + (5) e X

Ex. 184. Solve (D? — 2D + 1)y = 2e°*/2
The given differential equation is

(D2 — 2D + 1)y = 2e%%/2

here the auxiliary equation is
m?—-2m+1=0

> (m-1)2=0

> m=11

Here C.F.= ;(Zes"/z) =2 ! e>¥/2 (Replace D by 5/2)
T Dz 2D+ 1 (5/2)2 —2(5/2) + 1
1

8
—9_ = a5x/2 _ [Z) a5%x/2
25/ —5+1° (9)e

. The required solution is
8
y= (C1X + Cz)ex + (6) eSX/Z

Ex.185.Solve (D3 — 3D + 2)y = %%
The given diferential equation is
(D3 — 3D + 2)y = &5

Here the auxiliary equation is
m?—-3m+2=0

> (m-1)(m—-2)=0

> m=1,2
Hence C.F.= C;e* + C,e?*, where C; and C, are arbitrary constants
1 1 1
dP.lL=————e=——— %% = —¢% Replace D by 5
an DZ—3D+2° 52-3(5)+2° 12° (Replace D'by.5)

-~ Required solution is

y = CieX + CeX + (11—2) e,
Ex.186.Solve (D3 — D? — 4D + 4)y = 3
The given differential equation is

(D3 — D% — 4D + 4)y = e3¥

Here the auxiliary equation is
m3—m?—4m+4=0

> m?’(m—1)—4(m-1)=0

= m—1)(m?-4)=0

> (m-1)(Mm-2)(m+2)=0

> m=12-2

=~ C.F.= C;eX + C,e?* + Cye™2X, where C’s are arbitrary constants

and P.I1 = ! e = ! e3X = ie3X
' D3—D2—-4D+ 4 33-32-43)+4 10

=~ The required solution is

1
y = Cie¥ + C,e?* + Cge X+ Ee“

Ex.187.Solve (D%+ D + 1)y = e™¥
The given differential equation is
(D?+D+ Vy=eX

Here the auxiliary equation is
m?+m+1=0

> m=%[—1i A-®|=5[-1%V3]

N[ =

1 1
Hence C.F.= e7*/2 [cl cos (E X\/B_’) + ¢y sin (E X\/§)] ,where c; and c, are arbitrary constants.

-X X — o~ X
=€

and P.1.=

DZ+D+1.  (—DX(-D+1°

~ The required solution is
1 1
y=e X2 [C1 cos (E\E) + ¢, sin (EX\E)] +e7%,
Ex.188.Solve (D? — 3D + 2)y = %%
The given differential equation is
(D2 — 3D + 2)y = ¥
The AE is
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m?—-3m+2=0
> (m-1)(m-2)=0

> m=12
~ C.F.=C;e?* +Cye*,  where C; and C, are arbitary constants
andP.I.= ————e%% 5X =ie5X

DZ—3D+2° (52-305)+2° 12
~ The required solution is
1
y = Cie?* + CeX + Ee5x.
Ex.189.Solve (D3 + D + 1)y = ¥
The given differential equation is
(D3+D+1y=¢eX

1 1
Here C.F.= e*/2 {Cl cos (E X\/§) + C, sin (E X\/§>}, (verify it )
where C; and C, are arbitrary constant,
1 1 1
d P.I= X = =¥ = —¢¥
an DZ+D+1.  (2+1+1 ¢ ~3°

. The required solution is
1 1 1
y= e X2 {Cl cos (EX\E) + C, sin (Exx/g)} +5 eX
Prop. —II. When X is of the e* form and F(a) =0
1 1 x'

X = ax _— = Lax
FD) " —ay ¢ ~ ¢
Ex190. Solve (D3 —7D + 6)y = e¥
The given differential equation is

(D3 —7D + 6)y = e%*

P.I.=

C.F.= C;eX + Cye?* + Cge™3X (vericy it")
1
PlL=————¢%*
and D3 —7D—¢6 e
=X _ e?X
' 3D21 -7
=X e?x (Replace D by 2)
=X a2
5
. The required solution is
y = C.F.+P.L

1
=  y=Ce¥+ e+ Cie7 ¥+ gezxx
Ex.191. Solve (2D + 1)% y = 4e~*/2
The given differential equation is
(2D 4 1)2y = 4e7*/2
C.F.= (Cix + C,)e /2 (verify it )

1
P.lL.= ———=— (4e7/2
and @y

= 4 ;e_x/z

4(D +%)2

=X X.;e"‘/2

+3)

X X
_ 2 oa=x/2 _ = . -x/2
20 T2°
~ The required solution is
y =CF.+P.L

1
=4 y - (C1X + Cz)e_x/z + e_X/Z (§X2>
Ex.192. Solve (D*+ D3 + D — D — 2)y = e*
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The given differential equation is
(D*+ D3+ D?—-D—2)y =e*
V7x V7x
C.F.= Cie¥+ Cpe ™™ + e7¥/2 <C3 cos——+ Cy sin7> (Verify)
1
(D*+D3+D2—-D-2)°
1

~ %43 +3D7 42D~ 1°
=X ———F—¢* Replace D by 1

);4+3+2_1e (Replace Dby 1)
— X

g€
~ The required solution is
y =C.F. +P.L

X

and P.1.=

X

V7x V7x 1
= y = Cre¥+ Cre* 4 e7¥/2 <C3 cos —— +Cy sin7> + gex(x)

Ex.193.Solve (D? — a?) = cosh ax
The given differential equation is
(D? —a?) = cosh ax
1
C.F.= D2 — a2 <8 h ax (Verify it)
1
and P.1.= DZ—_aZCOS hax
1 e 4 e™

“Dr-az\ 2 )

1 1

— eax

T 2DZ - a2
1

1
DZ_aZ
1
D2 — a2 ™ + D2 —aZe aX]
1 1 ]
ax

——e™ +x——e”
:X 2De X2De

X
—edax 4 —ax]
[2a € 2(—a) €

edX _ gTax
—

=—sin2ax
2a

e—ax

1
2

e N RN RN =

" 2a
X

=~ The required solution is
y = C.F.+P.1.

X
=>y=Ce*+Ce ™+ Zsinhax

[ think read upto here
Ex.194. Solve (D + 2)(D= 1)3y = e¥
The given differential equation‘is
(D+2)(D—1)3y =eX
C.C = cie™ 2 4 (C,x% + C3x + Cy)eX (Verify it )
1

and P.L= X (Replace D by 1).

1 ax X' ax
= e

(LA 2)(D - 1)3°
1x3

— _ L ax —
3 31° { (D—a)r € r!
. The required solution is

1
= y=Ce 4+ (C;x2+C3+Cy)eX + 1—8X36X

Ex.195.Solve (D? — 4D + 4)y = 8(x? + 3% + sin 2x)
The given differential equation is

(D? — 4D + 4)y = 8(x? + 3% + sin 2x)
C.F.= (C;x+ C, +)e**

1
P.I.= mS(XZ + e3X + sin ZX) .
=8 ———x*+8-———e¥+8-—————sin2
D—22" T°m—22% T°mr—apra X
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! I - in 2
12 T Do) T (Ca—aD+a) ¥
1—7D)

1 \72 x2 1
=2<1—— ) x2+8Te2X—ZBsm(2x)

= 2<1+D+—D2 +---)x2 + 4x%e2X -2 fsiandx
3
= 2()(2 + 2X+Z) + 4x%e%X 4+ cos 2x

3
=2x% +4x + > + 4x%e%* + cos 2x

~ The required solution is
y=CF.+P.L

2x 2 3 2 42X
= y=(C;x+Cye*+2x +4x+5+4xe + cos 2x

Ex.196.Solve (D3 — D)y = e* + e™¥
The AE is

m>—m=20
= mm?-1)=0
> m(m—-1)(m+1)=0
> m=0,1,-1

C.F.=C¥ + Cye™* + C3e¥

= C1 + Cze_x + C3eX
X 1

3

d P.L= X
an DIDZ—1) " DDZ-1)°
— 1 X + 1 —X
B0 M TO )

p— 1 X 1 —X
~*p¢ " *p ¢
1 x 1

2% 720D
j— iex + ie—X
) 2
=x2 (eX+e7¥)
~ The required solutiln is

y=CF+P.L

1
=> y=C+Ce*+Cze*+ Ex(eX +e7¥)

Ex.197. Solve (D3 — 1)y = (e* + 1)?
The given differential equation is
(D3 —1) = (eX +1)?

C.F.= Cye* + e™*/2|C, cos(x V3/2) + C;3sin(xv3/2)| (Verify it)
P.l.= e (eX + 1)
— X X 2

E] (e*+2e*+ 1)
= e?X +2 1 eX ! (1)

D3 -1 D3—-1" 1-D3
— 1 2X+2 1 X+ 1
DR D—-DDZ+D+ 1. "M -1°

1 1
— _ aZ2x 2. X

7 Y aris o+ To-n°

1
= 762)( + §.XeX -1
~ The required solution is

y = C.F.+P.L
1e2x

= y = C eX + e /2 [Cz cos(x \/§/2) +C; sin(X\/§/2)J +7Z 3 xe* —1

Prop. —III. When X is of th form sinax or cos ax & F(—a%) # 0

P.I.= ! X= !
T F(D)” T F(D?)
(Replace D? by —a?,D* by7 a* and so on pOrovided F(—a?) # 0)

sin ax or cos ax
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Explanation.

Weknow  D(sinax) = a.cos ax

= D?(sinax) = —a?sin ax = (—a?) sinax
= D3(sinax) = —a3 cosax

= D*(sinax) = —a*sinax = (—a?)? sin ax
= D>(sinax) = —a® cosax

In general D?"(sinax) = (—a?)" sinax

= (D®)" (sinax) = (—a?)" (sinax)

= F(D?) (sinax) = F(—a?) (sinax)

1 F DZ : —
m. (D*)(sinax) =

1
= sinax = F(—a?) 20D)

1 1
msin ax = msin ax, if F(=a?) # 0

L _p—at)si
F(Dz) a SIln ax

sin ax

Similarly cosax = cosax, ifF(—a?) #0

1 1
F(D?) F(D?)
Ex.198.Solve (D? + 1)y = sin2x
The given difference eqaution is
(D% + 1)y = sin 2x

(D? + 1)y = sin 2x
Here he auxiliary equation is

m?+1=0
> m=+=i
C.F.=C;sinx + C, sinx, where C; and C, are arbitrary contants,
1 1
and P.L= msin 2X = msin 2X, (Replace D? by — 22)

~ The required solution is
1
y = C;cosx + C, sinx — §sin 2x

Ex.199.Solve (D? +9)y = eX — cos 2x
The given differential equation is
(D? + 9)y = X — cos 2x
The AEism? = 4 = 0 \imp m = +3i
Here C.F.= C; cos3x + C, sin 3x, where C; and C, are arbitrary constant,

and P.I.=

X = COoS 2X

(eX=COSZX)=D2+9e P

D2+9
Ex 200.(D? — 4D + 4)y = e™** + 5 c0§3x

The given differential equationsis
(D2 — 4D + 4)y = e * + 5 cos 3x

Here C.F.= (C; + Cy)e%, (Verify it)
where C's are acxiliary constants
1
— -4

and P.1.= m‘(e X+ 5COS3X)
= ;e_‘“‘ 4 ——————cos 3x

(D?2 — 4D+ 4) (D2 — 4D + 4)

1

= X 5 —————cos3

o —a(D+4° TP Ta—apyacsH

1
- eAx_
—36e 4D+5c053x

e™™  5(4D-05)
= cos 3x

36 (16D% — 25)

_e™ 5(4Dp?-25)
T 36 [16(=32) —25] %%
e N 5(4D — 5) 3

~ 36 169 %%

—4x
[-12sin3x — 5 cos 3x]

4

36 169
~ Required solution is
y=CF.+P.L
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= y = |(C;x+ Cy)e** + (e™**/36) — ﬂsin 3x — ﬁcos 3x
A D 169 169

Ex.201.Solve (D? + 9)y = cos 4x

The given differential equation is

(D? + 9)y = cos 4x

The AE is

m? +9 =0 \impm = +3i

~ C.F.=Cq cos3x + C, sin 3x,

1
and P.1.= D2—+9COS 4x = WCOS 4x

= —cos4
7COS X

Required solution is
1
y = C4 cos3x + C, sin 3x 7
Ex.202.Solve (D? — 2D + 5)y = 10sinx
(D2 - 2D +5)y = 10sinx
Here C.F.= e*[C; cos 2x + C, sin 2x], (Verify if)

1
and P.I.= W (10 sin X)

= 10W1{+55inx

‘Ciy—2rs

=5, i
2-D)2+D)" ™
24D

=5 ———sinx

= 5.4_—(_1)(2 sinx + D(sinx)) = 2sinx + cosx

Hence required solution is

y=C.F. +P.1.

X —3x 3 2X 4 3 2
= y=0C;x+Cy + Cze* + Cye +%e +§smx+§cosx

Ex.204.Solve (D? — 5D + 6)y = sin@x

The given differential equaiton is

(D? = 5D + 6)y = sin3x

Here C.F.= C,e?* + C,e3¥, (Verify it)

1
and PI =1m sin 3x (Replace D?by — 3%)

“9-spre

= mSln 3x

1 :
= D +13)(5D =3 (5D — 3) sin3x

(5D — 3) sin3x

~ (25D2—9)

— W(SD - 3) Sin3X
1

= ? [5(3 cos 3x) — 3 sin 3x]
=73 (5 cos 3x — sin 3x)
Hence the required solution is

1
y = Cie?* + C,e¥* + 73 (5 cos 3x — sin 3x)

dy

Ex.205.Solve (D? + 16)y = sin 2x, given thaty = 0 and 3
X

—5 h =0
—EW enx =
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The given differential equation is
(D? + 16)y = sin 2x
Here C.F.= C; cos4x + C, sin 4x,

1 1 1
P.I.= mSiHZX = _22—_}_165in2x = Esian
~ The complete solution is
y=C.F. +P.L

1
=>y=0 cos4x+Esin2x

Differentating both sides of (1) with respect to x, we get

d 1

d—y=—4C151n4x+4C2cos4x+€c052x (2)
X

Giventhaty = 0,2 = > whenx = 0

iventhaty =0, =~ whenx =

~ From (1) and (2) we get

0= C, and2 = 4C, + ~
I I

These give

1
C1:0,C2:g

~ From (1) the required solution is
1

y= gsin4x +Esin2x
= 12y = 2sin4x + sin 2x

Ex.206.Solve (D? — 4)y = e* + sin 2x
The given differential equation is

(D% — 4)y = e* + sin 2x

The AE is

m?—4=0

> (m—-2)(m+2)=0

> m=2-2

o C.F.=Cie?* + Cre 2,

andP.I.= (e* + sin 2x)

D? — 4

- 4 —sin2
—D2_4e D2_4SIH X

= 12_4e"+(_22)_45in2x

NS GRS S
—36 8511’1X

=~ The required solution is

y=C.F +P.L

2x —-2x 1 X :
= y =Ce“*+C,e —§e —gstx

Ex.207.Selve (D* + 4)y = sin3x + ¥
The given differential equation is

(D* + 4)y = sin3x + e*

The AE is

m*+4=0

= (m?+2)?-2m?=0
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= (m?+2-2m)(m?+2+2m) =0
> m?-2m+2=0m?+2m+2=0

2+vV4-8 -2+v4-8
>=
2 ’ 2

> m=1+i-1%4i

~ C.F.=¢e*(Cycosx + Cy sinx) + e™*(C5 cosx + C4 sinx)

P.I.=

1
D4+4(sin3x+ex)

X

1.
“prra T pigg

€

1 .
BN EED Y R

X

e
——1 in3 -I-1 X
=ggsin3x+ce

~ Required solution is

y = C.F.+P.L

1 1
= y = (C; cosx + C,sinx)e* + (C3cosx + C,sinx)e™ + gsin 3x + gex

Ex. 208. Find the integral of the equation

d?x

dx 3
W+2ncosa5+a X = acosnt,

dx
which is such that whent=0,=0 anda = 0.

Solution The given differetnial equation. is

d2x+2 dx+ z t
— +2ncosa——+a“x =acosn
dt? dt
2 2 d
= (D*+ 2ncosa D.+n°)x =acosnt, (whereD=a)

Its auxiliary equationiis m? + (2n cosa)m + n? = 0

=(2ncos @) + +/(4n? cos? a — 4n?)
2

orm =

= —ncosa + +/(—n?sin? a)
= (—ncosa) *+ i(nsina)
o C.F.= e mc0sat{C, cos(nsina)t + C, sin(nsina)}

1
dP.I.= t
an (D2+2ncosa.D+n2)acosn

1
- (—=n? + 2ncosa D + n?)

cosnt,
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1
=a.——cosnt
2ncosa D

_ a f pdp = [ a ] (sinnt)]  asinnt
" 2ncosa cosn ~ [(2ncosa) n " 2n?cosa

~ The complete solution is x = C.F. +P. L.

= x = e M, cos(nsina)t+ C, sin(nsina)t} + —(a sinnt)
' ? (2n?cos a)

Differentiating both sides of (1) with respect to t, we get

dx_
dt

—ntcos a

e nsina {—C; sin(nsina) t + C, cos(nsina) t}

nt _ _ _ (a cosnt)
+ncosa e ™SE(C, cos(nsina)t + C, sin(nsina)t) + ———=
(2ncosa)

dx
Itis given that whent=0,x=0 anda =0

~ From (1) and (2), we have

0{C;(1) +C,(0) +a(0)} = C, =0

and 0 = nsina {—C;(0) + C,(1)} —ncosa {C;(1) + C,(0)} +

2n'cosa
= = i — ] =
0 = (nsina){C,} — (ncosa)(Cy) + {Zn o a} [C, = 0]
c a a
= = — = —
2 2n? cosasin a n? sin 2a

Substituting these values of C; and C,in.(1), we get therequired solution as

asinnt

x = e~ htcosa {_

sin(n sina t} + —
( ) 2n? cos o

n2 sin 2a
Ex.209.Solve (D3 + 1)y = cos 2%
The given differential equation is
(D3 + 1)y = cos 2x

The AE is

m3+1=0

> M+DmM?>-m+1)=0

1+v1—4
S>m=-1,—F1—
2
1+iV3
=> m=—1, 2

V3 V3
C.F.= Cie ™ + /2 {Cz cos —-X + C, sinTX},

and P.I.= COS 2x

1
D3+1
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= D2p £ 1052

1
=20 +1 cos 2x (Replace D?by — 22)

1

= 1_4Dc052x

=(1_41)(1+4D)(1+4D)c052x

1
= m(l + 4D) cos 2x

=— (1+4D 2
1—16(—22)( + 4D) cos 2x

1
=17 éa (cos 2x + 4D(cos 2x))

1
= g{cos 2x + 4D(cos 2x)}
_ 1 (cos 2x — 8 sin 2x)
= gg (cos2x sin 2x

=~ The required solution is

y = C.F.+P.L.

1
= y = Ce™* + e*/2{C, cos(xV3/2) + C, sin(xV3/2)} + & (cos 2x — 8sin 2x)

Ex.210.Solve (D? — 3D + 2)y = 6e3* + sin 2x
The given differential equation is
(D2 — 3D 4+ 2)y = 6e3* + sin 2x

C.F.= C;eX + Cye?, (Verify it)
where C'sare arbitrary constants
1 1

PlL=—————6e3* + —————5sin2
ndPl= 5 3p+2% Tpz—apg2
=6 - 3+ : in 2
~%32-33)+2° " —zz=3p+42"

1

=3e¥ ————sin2

e GD+2) sin 2x

(3D - 2)

= 3e3% — in 2

¢ TGb+2@BD-2) "
_ 33 Bb=2) )
= o€ —(97_—4)511'1 X

(3D —=2)
— 3x __ in 2
3e 9(_22)_4$1n x

1
=3e3* + E{SD(sin 2x) — 2 sin 2x}
3cos2x —sin2x

1
=3e3* + 70 [6 cos2x — 2sin2x] = 3e3¥ +

20

~ Required solution is
y = C.F.4P.L

) ax . (3€0s2x —sin 2x)
= y=Ce*+Ce”*+3e* + 50 .
Prop. —IV.When X is of the form x™

1

In thi Pl = M= ___xM =[] +F(D)]x™
n this case F(D)X [1iF(D)]X [1+£F(D)] *x

(Expand binomially & simpligy)
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Ex.211.Solve (D3 — D? —6D)y = x%2 + 1
Solution. The AE is
m3 —m?—-6m=0
= m(m?>—-m-—6)=0
> m(m-—3)(m+2)=0
> m=203,-2
o CF = C1e% + C,e3* + Cze72%, where C4, C, and C; are arbitrary constants

1
_ 2
andPI—D3_D2I6D(X +1)

—6D + (1 +%D —%DZ)(xZ +1)

S P A _1(2+1)
~ 6D 6 6)

_ L[, (P D2+D D2\?
T —6D 6 6 6 6

1 D 7D?
1——+—..|(x*+1)

“eD| 6" 36
= [143 - 2p6) + D26 (= D(1) = 0)

1 1 7 _ d
=——f[1+x2——x+—]dx, (smceDz—)
6 dx

~ the required solution is
y = CF + PI
24 1 1

= y=0C; +Ce3%¥ 4+ Cze X ———x——x3 + —x?
y 1+ 2€ + 3€ 108X 18X +36X

Ex.212.Solve (D3 — 4)y = x?

Solution CF = C;e?* + C,e™%* (Verify it)

where C; and C, are arbitrary constants

=3[+ 5@ =5 (2 +5)

The required solution is y = CF + PI

1 1
= y=Cie**+Ce 2 — Z(x2 + E)
Ex.213.Solve (D% + 2D + 2)y = x?
Solution‘The AE is

m?+2m+2=0
1
N m=5{—2i (4—8)}=—1ii
~ CF=e™[C;cosx + C,sinx], where Cq and C, are arbitrary constants
1
and Pl = —————x?

D2+2D+2X
1 2

=§(1+D +%D2)X

1 p2\1™*
=—|1+(p+= 2
(o3|

For more notes visit santoshifamily.com or call 8130648819



For more notes visit santoshifamily.com or call 8130648819

1 1
=E[1—(D+—D2)+D2 +~-]x2

2
—1[1 D+1D2+ ]2—1(2 2x+1)
=3 5 xt =5k X
- the required soltuion is
y = CF +PI

1
= y=e¥(Cycosx + C, sinx) + E(XZ —-2x+1)
Ex.214.Solve (D? — 5D + 6)y = x
Solution Its CF = C;e?* + C,e3%, (Verify it)
where C;and C, are arbitrary constants

dPl= — —
an Di—SD—k6X

X

51,
1-2D+%D?

_ 1 -1
1—E(M)—D%] X

I
QRO ROI -~ &

[ 1
1+g(ﬂ)—D2)+~1x
1 N 5] 1 N 5
Xl T8 36
-~ The required solution is
y = CF + PI
> y=Ce*+C e3x+lx+i
! 2 6~ 36
Ex.215.Solve (D? — 5D + 6)y = x + sin 3x

Solution The AE is
m?2—5m+6=0

> m=32
o CF = C1e3* + Cpe?X, where C; & C, are arbitrary'constants
1 .
and PI = m (X + sin 3X)
_?Z—SDfPX DZ—5D+6 %
=- X+ sin 3x
6. 5\~ .1, " —32-5D%6
1-(3)0 +50?]
—1_1 (5)D+-1Dﬂ_l + ! in 3
=<| - - X (_3_5D)sm x
—1i+(3D+ ] (5D =3) in3
"6l " \6 XTGDF3)GD —3) "
17 5\
= = ———(5D = 3)si
6_X+<6)_ 25D2—9(5 3) sin 3x
1 +(5)'+( } )[5D(sin 3x) - 3(sin 32)]
= 6 -X 6 | 234 Sin ox SN o>Xx
_1T 4—(5)_4-( ! )(15 3x — 3sin3
=z X c 34 cos 3x sin 3x)

- The requir-ed solution isy = CF + PI

> y=0Ce¥X+C e2x+l<x+5)+(i>(15c053x—3sin3x)
! 2 6 6/  \234 '

Ex.216.Selve (D? + D — 2)y = x + sinx
Solution The AE is

m>+m-2=0

> (Mm+2)(m—-1)=0

> m=1,-2

=~ CF = CreX + Ce™ %, where C;and C, are arbitrary constants,
1
and PI j m (X + SiIIX)

D2+D—2""pD2+p-2"*
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1 1
= X+ sinx
1.1, “1+D-2

~2(1-3D +5D?)

__1, D+D2 -t L

=72 272 ) *Tp=—3z3"*

= 1(1 D, ) + D + 3) i

= % 12 D2—9 SIinx

=—§<x+5.1)+_1_9(D+3)sinx

R R

= 2 X 2 10 COS X Slrlx

X 1 1( )

= 2 4 COoS X 1OSIHX

~ The requlred solution is
y = CF + PI

< o 1 1 3\ .
= y = (e + Cye ——x———(—)cosx—(—)smx

1

2
Ex.217.Solve (D3 + 8)y = x*
Solution The AE is
m3+8=0

4 10
+2x+1

10

= (m+2)(m?-2m+4)=0

=> m=-2,1+iV3

“CF=Cle ™ +e {CZ cos\/§ + C3sin \;%} where C;C,and C5 are arbitrary constant
Also PI = D (x4 +2x+1)
1 (x +2x+ 1)

g (1 +3D3
=1<1 + 1D3) x*+2x+1)

8 8
=%<1 )(x +2x+1)

1

~8
~ the required solution is
y = CF + PI

> y=Ce ¥ +e {Cz cos—

V3

[(x*+2x+1)—3x] = —(x4—x+1)

+C3sm—}+ x*—x+1)

\/§

Ex.218.Solve (D3 + 2D? + D)y =.e2? + x?

Solution The AE is
m3+2m?+m=0
= m(m? + 2m+ 1)
> m=0-1,1

o CF = C1e% + (Cx + Cg)e™, where C’sare arbitrary constant

1
and Pl = ————— % 4

D34 2D%2+D
1
e?* 4+

P 2(22) +2 D(D +1)2

1
— 2x 1 D —2(2
e (14 D) 2()

1 1
=—e?*+—(1-2D+3D% -

18 D

2
D5+ 202+D %)

%)

=) (%)

_ L + 1 [(x*) = 2(2x) + 3(2)]

118 ll)
=Eezx+5[x2 —4x + 6]

= ie2X + J(x2 —4x + 6)dx
18

- 2"+x3 4 < +6
18 3 2 )X

~ the required solution is
y = CF + PI
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2x .3

e
= y=C1+(C2x+C3)e‘x+E+?—2x2+6x

Ex.219.Solve (D3 + 2D? + D)y = e?¥ + x? + x
Solution CF = C; + (C;x + C3)e™

1
_ 2 2
andPI—1D3+2D2+D(e *+x°+x)

1
— 2X+ 2+
D3+2{)2+De D3+2D12+D(X X)

—ZX+ 2+
@1224+2° "patw+pn* ¥

1 1
=—e?*+—(1+2D+D?»)"1(x* +x)

18 D
1 1
= Ee2X +5[1 — (2D +D?*) + (2D +D?)2 + -+ ](x* + x)
1 1
T 2% 4 1 — 2 ... 2
—118e +?[1 2D + 3D% + -+ |(x* + x)
= Eezx ) [(x% + x) — 2D(x? + x) + 3D?(x? + x)]
= ie2X + 1 [(x2+x)—2(2x+ 1) + 3(2)]
18 D
=ie2x+f(x2—3x+4)dx=ie2x+lx3—§+4x
18 18 3 2
The required solution is
y = CF + PI
1 1 3
= y=C; + (Cox +C3)e ™+ —e® 4+ =x3 ——x? + 4x

18 3 2
Ex. 220.Find the solution os the equation (D? — 1)y = 1 which vanishes whena = 0 and tends to a finite limit as

d
x — oo and D stands for—.
dx
Solution The AE is
m?2—1=0
= m==1
~ CF = Cy€e* + C;* where C; are arbitrary constants

1
and Pl =—1

D2 -1
- (1-D?)
=—-(1-DH)™"1

=—(1+D?+D*+-)1=-1

-~ the complete solution of the given equation is

y

= CF+ PI (D
= y=0Ce*+Ce*-1

Now, it is given thaty = O whenx = 0

~ From (1),

0=0Ce%+Cre’=1

i.e.0 =C4

=C,—1 (2)
Also y — a finite limit as x > —oo (given)

This is'possibleronly if C; = 0

~Cy =1

Hence, from (1) the required solution is

y=e*-—1
2

dx dx
Ex.221.1f 12 (x —a) =0, (a,b and g being positive numbers) anda = 0,whent = 0,showthatx =a+ (a’ — a)

cos lw/(g/b)tJ.

Solution The given eqation can be written as

2.9\, _9 _4d
(D +b)X— b whereD—dt
~ The AE is
m2+%=0=> m=ii< %)
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~ CF = C; cos /(%) t + C, sin /(%) t,where C;and C,are arbitrary constants and

Pl = 1 ga
~ (D2+g/b) b
_ga 1
b D% +g/b)
_9ab_
=5
- the required solution is
x = CF + PI

> x:C1cos{\/@t}+Czsin{ (%)t}+a

Differentiating (1) w.r.t.t, we have

Z-’Z: -G, (%) sin{\/@t}+cz sin{\/@cos{ (%) t}}

Now, it is given thatx = a’,whent = 0
~ From (1),
a’=C +a=>C(C =a"—a

0

a

dx
Also—=0wnt=0
dt
~ From (2)

ozcz\/@ > C=0

Susbtitting these values of C;and C, in (1),
the required solution as

x=(a’—a)cos{ (%)t}+a.

Prop. —V.When X is of the form e®*v, where v is the function of x

1 1
P.1 (Replace Dby D + a)

— — Xy, — pdX
.—mx—me v=e —F(D+a)v
Ex.222.Solve (D? — 2D + 1)y = eX.x?
The given differential equation is
(D? = 2D + 1)y = e*.x?,

C.F.= (C;x+ Cy)e¥%, (Verify it)
— 1 X (2
and P.1.= me X
1 2

= r D20 DI
1 2

= eX X
(D2+2D+1-2D—-2+1)
1
X ___
D2

1
X.Dfxzdx

1 x3 —XJXSd _exx4
B Y e Y

~ Therequired solution is
y = C.E.+P.1

1
= y=(Cx+Ce*+ Eex.x4.

=e x?

1
@
|

Que 223
Ex.224.Solve (D? — 2D + 5)y = e*Ssinx
The given differential equation is
(D? — 2D + 5)y = e?*$sinx
C.F.= e*(C; cos 2x + C, sin 2x) (Verify it)
P.I.= mlezx SIin x

2X sinx

—C ID+22-200+2)+5]
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= ezx;sinx
D22D + 5
= e?¥ ;sinx
(—1+2D +5)
= e?¥ ! sinx
2D+ 4 1
= e%X (2D — 4) sinx

(2D + 4)(2D — 4)

1
= eZX m(ZD — 4) sinx

1
X m(ZD—‘l‘)Sln X

= e %X m{z cosx — 4 sinx}

= —ie2X (cosx — 2 sinx)
10

. The required solution is
y =CF. +P.1

1
= y=¢e*(C;cos2x+ C,sin2x) 10 e’ (cosx — 2sinx)

Ex.225 Solve (D? — 2D + 4)y = e¥cosx
The given differential equation is
(D? — 2D + 4)y = e¥cosx
C.F.= e*|C; cos(x V3) + C, sin(x V3)] (Verify it)
1
P.I.= m eXcosx

X

MD+1)2-2(D+1)+4
1 1

=e COS X

=eX cosx = eX cosx = eX —.cosx
D2 +3 —1+3

~ The reqyired solution is

y=CF+P.L

1
= y=e*[C;cos (xV3) + Cysin (xV3)] + € _cosx

Ex.226.Solve (D* — 1)y = e* cosx
The given differential equation is
(D* — 1)y = e*cosx
The AEis
m*—1=0 = M?>*-1D(m?+1)=0
= m= 11, +i
C.F.=Cie7*+Cye¥+ C3cosx+ C, sinx

and P.I.=D4_1excosx
p— X 1
=e {(D+1)4_1}cosx
1
=eX Cos X

D* + 4D3 4+ 6D21+ 4D

— X
C =122 412D + 6(— 12 + 4D %
1 1
= e¥ Y AW cos x=§eX CosX
~ The required solution is
y = C.F.+P.L

= y=Ce*+Ce¥+C3zcosx+ C,sinx ——=e*cosx

5
Ex. 227 Solve (D? — 2D + 1)y = x?e3*
The given differential equation is
(D2 = 2D + 1)y = x%e3*

C.F.= (C;x+ Cy)e* (Verify it)
1
d P.lL= ————x?
an DZ—2D+1"
= 3% 1 2

D+3)2-20+3)+1"
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— a3X 1 X2
D2+ 4D + 4
3x 1 2

2+ D)2

4(1+%D)
1+2D) - x?

1-2 (%D)+3<%D)2 +---]x2

3
_D+ZD2 +---)x2

t'D
>

D S

|mx-l>|

Il
>
N — N

e3x (x - D(x%) +- 3 D62 (X2)>

3
-2t (z)}
e3X (2x? —4x+3)
. The required solution is
y=C.F.+P.L
=  y=(Cx+CyeX+ %eg’x (2x?> —4x +3)

Prop. —VI. When X is of the formsinax orcosax and F(—a?) =0]
Ex.228. Solve (D? + a?)y = cosax

The given differential equation is

(D% + a%)y = cosax

C.F.= Cj cosax + C; sinax (Verify it)

: Il
ool»—\-M»—\-M»—\_[;
D

1
P.l.= Dz—+a2COS ax

(Real part e!@¥)  el¥ = cosax + i sinax
! 1
(D +ia)? + a?

=D2+a2
= R.P. of e™X
=RP.of e ——«— 1
ore D2 +2ai D

= R.P.of ei@x

1

2aiD[1 + (D/2ai)]
iax -1

= R.P.ofe— —(1+ ) 1

2ai D
eiax | D!
Crrorso 1o 2y
oo\l )
iax 1
—RP.of —.—1
22D
1aX
— R.P.of —
° ZaiX

X
= R.P.of [—— cos-ax + isinax ] = —sinax
2a( ) 2a

~ Therequired-solution is
y = C.F.+P.1.

X
= y=Cjcosax+ C, sinax+£sinax

X
Note.——— 5 Cosax = 2— sin ax

D2 +
Ex.229. Solve (D? + a?)y = sinax
The given differential equation is

(D? + a?)y = sinax
C.F.= Cq cosax + C; sinax (Verify it)
P.I.= Dz—+a2 sin ax

=Dria2 (Imaginary part of ei?* )
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1

—1
(D +ia)? + a?

= [.P.of el@x ml [ i?a% = —az]

=LP. ofeiaxi<1 + 1)_ 1
2iaD 2ia

=1 P.ofeiaxi<1 —£+ )1
2iaD 2ia

= [.P. of e!® 1 l(1)
2iaD D

iax

= [.P. of ei@x

= [.P.of

—ZaX

—ix(cos ax + isin ax) —{x cos(ax)} X

—— cosax
2a 2a 2a
. The required solution is

y = C.F.+P.L

X
= y=_C;cosax+ Cysinax = 5 08 (ax)

= [.P.of

—X
Note. ———sinax = —cosax
D2 + a2 2a

Ex.230.Solve (D? + a?)y = sinax
The given differential equation is
(D? + a?)y = sinax
The AE is
m3 +a’m =0
= m(m?+a?)=0
= m=0,m m= tai
C.F.=C; + C, cos ax + C3 sinax
1

Pl=———
P3+a2D

sin ax

=D: 1 a7 (Imaginary part of eiaX)
1

= I.P. of e!3X 1
ore (D+ia)3+a2(D+ia)()
1

= [.P. of i@ 1
ore D+ 3iaD? - 2220 M

= L.P. of el®* - (D

—2a2D [1 —%D —%D]
v 1 (1 2 DZ)_l (L
—2a2D 2a 2a

iax 3i
= LP.of —2325(1 +—_23D + )(1)
iax
—2a25(1)
)

iax
. 1
(cosax + isin ax)] = —-—Xxsinax
2a

=LP.of

—2a2D
= 1P of [=
—2a2
. The required solution is
y=CF.+P.L

= y = C; + C,cosax + Cz sinax o X sinax

Ex.231.Solve (D? + 4)y = e* + sin 2x
The given differential equation is

(D? + 4)y = e* + sin 2x
The AE is
m>+4=0 = m=4+2i
~ C.F.= (4 cos 2x + C; cos 2x + C, sin 2x

1 1

P.L.= D2 +4ex + DT 14 sin 2x

:_ex+(_2i2

1 1 X
cos Zx) = gex —Zxcos 2X ['-'msinax = —Zcosax ]
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~ The required solution is
y = C.F.+P.L

1 1
= y=C;cos2x+C, sin2x+§eX—Zxc052x

Ex.232.Solve (D? + 4)y = sinx
The given differential equation is
(D? + 4)y = sinx
C.F.=C; cos 2x + C, sin 2x (Verify it )

1
P.I.= sin? x
+

1 1 1
e’ X ——
+4 2'D2 44

> cos 2x
_; e0x _1 {—} sin 2x

2.2

~ required solution is
y = C.F.+P.L

1 1
= y=C;cos2x+C, sin2x+§—§ x sin 2x
Case — VI.When X is of the form x.V where V is the function of x
1 1
P.lL=—X= Vv
F(D)"  F(D) "
=X L \Y F'(D) \Y

F(D) [F(D)]?
Ex.233.Solve (D? —2D + 1)y = x sinx
The given differential equation is

(D? = 2D + 1)y = x sinx

C.F.= (Cix+ Cix+ Cy)eX (Verify it)
1 .
P.I.=mXSIDX
~ 1 ~_ (@-2) .
“pz—2p+1 T T 220+ 2o
~ 1 __ (@-2) . |
Y PG e G T SUE VA
11
=—§xﬁsinx 4D2(2D 2)sinx
~ 1f 1 1( »,
=-5X sin x 5 pz (cosx =sinx
_ 1 11 d
= —gxcosx 2D (cosx ='sinx) dx
1
=—§xcosx—5 (sinx + cos x) dx
1 1 1
=§cosx—z(—cosx+sinx)=§(xcosx+cosx—sinx)
~ The'required solution is
y = C.F.+P.L.

1
= y=(CX+ Cy)e* +E(xcosx + cosx — sinx)
Ex.234..

Solve (D? + m?)y = x cos mx
The given differential equation is
(D? + m?)y = x cos mx
C.F.= C; cosmx + C, sinmx (Verify it)
1
P.I.= mxcos mx
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1
~ XDz m?
X
=X [ﬂ sin mx] -

XCcosmx

1
2—————cosmx
(D? + m?)?
X +2 1 1 (si )
= —sinmx + 2m . sin mx
2m D2 + m2 D2 + m?
X2 . 42 1 ( X )
= —sinmx+ 2m———(——cosmx
2m D2+ m?\ 2m
1 x? ( )
———XC0SCX = — sinmx — ——— (X cos mx
D2 + m?2 2rr21 D2 + m?2

= ——— (xcosmx) = —sinmx
D2 + m?2 2m
<2
———(Xxcosmx) = —sinmx
D2 + m?2 ( ) 4m
x?
Pl = —sinmx
4m

~ The required solution is

y=C.F.+P.L
<2
= = C; cosmx C, sinm —sinm
y 1 x Cy X+4m X
%2
Note.————xcosmx = —sinmx
(D% + m?) 4m

Ex. 235. Solve (D? — 2D + 1)y = xe? sinx
The given differential equation is

(D2 — 2D + 1)y = xe? sinx
C.F.= (C]_X + Cz)ex

P.I.= mxex sinx

X sinx

= DT D20+ D+ 0
1
= eX (E)xsinx

1
=eX (B) j X sin xdx
1
e (B) [—x cosXx + f 1.cos xdx]

e* f(—x cosx + sinx)dx

e* [—xsinx — 2 cos x|
= —e*(xsinx + 2 cosx)
. The required solution is

y = C.F.+P.L.
= y=(Cix+Cye* —eX(xsinx + 2 cosx)
Ex.236.Solve (D* #2D? + 1)y = x2 cosx

The given differential equation is

(D* + 2D? + 1)y = x% cosx

C.F.= (C;x4+ Cy)cosx + (C;x+ Cy)sinx (Verify it )

1 2
P.l.= mx COSX

1 )
= mz—m-xz (R P.of elx)
1

(R.P.of e¥) DT DT 1]2x2

= (R. P.of ei*

)(D2+21D—1+1)2

= (R.P.of e 2

) o7+ 2y
. 1

= (R.P.of e'¥) 5 > x>
(2iD)? [11 +

— ix 2
R.P.ofe “aD7[1 (D/Zi)]zx
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eiX 1 D—Z
2
—RPof_4D2<1+ ) X

2i
e1X1 3
_RPOf—4D—<1+lD——D2+ ")X2 [ 12:_1]
of et +2x -3 © blxf)=2x an x

Lo a(le)- 2 )

1 1 3
= R.P. of {—Z(cosx+sinx)} {—x + = ix ——xz}

4
) - pfeos+5(32)
Z{E X ZX }COSX1 4 3X sinx

= _E(X —9x?%) cosx +Ex sinx

. The required solution is
y=CF.+P.L

1 1
= y=(C+yx+Cy)cosx+ (C3x+ C,)sinx — E(X4 —9x?%) cosx + ' x3 sinx

Ex.237.Solve (D? + 1)y = x? sin 2x
The given differential equation is

(D? + 1)y = x?sin 2x
C.F.=Cycosx+ C,sinx  (Verifyit )

P.I.=

1 5 .
D211 X“sin 2x .

1
T D241

1 _
P.I.= ——— x?(P.L. of ¥
o7 © (Plofet)

= P.Lof e** ——————x?
RN T WIS PN TR

= P.Lof e?¥ ————x?
e D+ 4iD-3)"
1

= P.1. of e2X { (4) - _%Dz}xz
4iD + D2
- (=)
41D+D2 16i°D*\] ,
1+( e (G5l
= P.Lof = ; o {1+<3) (9)(2)}

x? sin 2x (Verify it)

=P.Lof ! 2x +isin2 z (26)+(8)'
=P.Lo 3(cos X + isin x)[{x 3 } 3 Xl]
= —3(5)séost=3le - () o2
—313xcosx3x 5 )] sin2x
= —57[24 x €0s 2x + (9x? — 26) sin 2x]
. The required solution is

y = C.F.+P.L

1
= y=C;cosx+ C,sinx— > [24x cos 2x + (9x? — 26) sin 2x]

Ex.238. Solve (D?+ 4)y = xsinx
The given differential equation is
(D? + 4)y = xsinx

C.F.= C; cos 2x + C, sin 2x (Verify it )
1
P.l.= DT+ 4(xsinx)
1 _ 2D ]
:XDZ—MSIHX_W Sinx
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1 2D ,
=XT+4511’1X— m SIin x
1 2

= —XSinX ——=cosx
3 9

~ The required solution is

y = C.F. +P.L.

1 2
= y=C;cos2x+C, sin2x+§xsinx—§cosx

1 X X
Prop. —VIL D—X = X[ Xe~3Xdx, where X is a function of x.

Ex.239.Solve (D? + a?)y = secax
The given differeintial equation is
(D? + a?)y = secax

C.F.= Cjcosax + C; sinax (Verify it)
1
P.I.= Dz—-ll-az secax

“(D—ia)(D +ia)

1 d 1

~2ialD—ia D+ia _

Now —— secax = el3 [ secax.e® dx
D-ia

] secax

= elaX f secax (cos ax — asin ax)dx [+ €™ = cosax — isinax]

= elax f(l —itanax)dx
. i
= gldX [X + (5) log cos ax]

1
Simlarly D+ia

secax = el®¥ fsecaxeiaX dx
= e7lax fsec ax (cosax + isinax )dx
= e7lax j(l + itanax)dx

= eTlax [c — (i) log cos ax]
~ form (1)

17, i . i

P.l=—— laX{ +-1 }— -laX{ A }]
2_ia [e X a 0g Cos ax e X a 0gCos ax

e

iax __ e—iax i eiax 4 e—iax
[x <T> + 3 (log cos ax) <T>]

i
elax _ e—iax i eiax + e—iax
— + 2 7 (log cos ax)

_|x
a
X 1
= a) sinax + ( ) cos ax (logcos ax)

. The required.solution is
y = C.F.+P.L

X 1
= y = C4cosax+C,sinax + (a) sinax + ( ) cos ax (log cos ax)

ADDITIONAL PROBLEMS
Ex.2408Solve (D? — 3D + 2)y = cos?y
The givendifferential equation is

(D? —3D + 2)y = cos?y
C.F.= c;eX + cpe?X
P.I.= WPH COS2 X

= 2cos?
DZ—3D+2)z 25X
1

(1 + cos 2x)

0x +—-.————— cos2x

1
2D2 — 3D + 2
1 1

2D?—3D+2° " 2'D2—3D+2
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C. H. Edwards and D. E. Penny, Differential Equation and Boundary Value Problem: Computing and Modeling, Pearson
Education, India, 2005

Pg 59
Que 54 y(© =9
t=0,y=9.... (%)
t=1
y(1) =4 y= 4} TR €13

dy _
A(y) P —k \fy.
In case of cylinder A(y) is constant

y k k
-~ B=—
dx A(y) W A®y)
dy
—~ =_B
TN
y y
—~ = -BJfy = —Z£= —Bdt
dt ‘/; \/}
2,/ly=-Bt+c
Now from (*) and (**), we get 24 =—-B+6
2V9=-Bx0+c = c=6 B=2
and 2,/[y=—-2t+6
y = 0 when water is finished y = dis b/w
ie 2/0= —2t+6 hole & the waterdlevel.
6 =2t = t=3
55. a=?
= linch = 1ft
r=1linch=_7
a = mr?
1 2
R — 2
—n(lz) , g=232 ft/sec
y(0) =9
dy
Ay) 3 = —av2ey
dy 14\?
2 (.
RS “(12)2@\5
dy 1\°1
a=® (g) gV
—dy = — dt
Jy T T 1aax0
8 —
2y = - 20y ——
Jy Totte e 159+c
2xV9=0+c = .c=6
—t
2.y = —
y=154+8
—t y =
VY gt then't =7
56 —=tana'= R=ytana
cons.
Rxy = R?wxy?
= R? = c?%y?
nR? = mcy?
A(y) = cmy?
2
§y5/2= —kt+C
y(0) =16
2 211
-x21%=C = C=—
5 5
y(1) =9
2 211 211 2% 35 1562
> k=—7—

5 — 4 -z _
5><3 k+5=>k z z

(57) V, = intial vol.
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h = intial height.
V, =mr?h r - radius
t=T ‘ t=20

y=0
d

A(y) d_?c, = —kﬁ A(y) = constant.

d

d—i’:—k\/; > 2fy=—kt+c

t=0,y=h
2vh=c t=, y=0

y=h

2,Jy = —@ 2vh

= 1 = e -

V=mr’y=mr?h [1 —l]
112
e
(58) y=x73
t=20 t=1
y=12 |
AN Y= Ky
area of cross section
A(y) = mx?
= 1'[y3/2

3, dy
T[y/zaz —K\/;

y3/2
y

y==6

— dy = —Kdt
Jy
2
_=—_K
5 t+C
y? 4 .
Sol“:7= —54t+ 72 = t=§= 1.33 hr = 80 minuts

< time =1:20P: M
(59) x?=hby
A(y) = mx? by

dy dy
A(Y)EZ —Kﬁ = nbya= —K\/}_/

1/zd —_E A—E

y y= b " 1b
dy = Kdt A—K

ﬁ Y= b ’ )

Jy dy ==Adt

ﬁdy=—Adt

t=0 , y=4

t=1,y=1

2
§y3/2 = —At+C
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d
A(y)d—z=—a\/2_g\/§ k=aV2g
x? = by
x =2ty . ..
< = 4t} intially
4 =4b (Putinx? =by)
b=1
N A—K=>14—K b=1
wA=E2 3w b=
= K—14
NowK:a\/?g
K :>14 m
a=— D= —
V2g 3 64
(a= fthehole) = % — 7
a—;reao e hole 4 — 1T
- 2 - = i
a=_om = Tr T (r = radius of hole)

(60) FIGURE
1
R=1 inch=— ft
1nc 12

t=0,y=3
Surface of cross section is a rectangular rectangle
MN =7

MN = 2 ON
ON = /6y — y?

MN = 2,/6y — y?

A(y) =5x2 {6y —y?

=10./6y —y?

dy
A(y) = i —-avV2g.fy
dy 22 1

10 6y2—y2&= Z

11
. 2(6)°2 = 5o 2.3

= t=362.75 sec
t = 6.0458
ie. 6min 3 sec
(61) t=0 , y=38
t=2y=0.

min.

1
=1 inch = — ft.
r inc 17

R=,16—-(4—y)?
=16 — 16 —y2 + 8y
R=8y—y?

d
A(y) d—i’= —av2g \Jy

dy 1\?
27 _
”Rddt 1T(12)
y -
2—:
Rt
(8y—y2)d _ -8
y_

\/; 144

dt

t—16—114h = 68.57 mi
==L r = 68.57 min

68 min + 0.57 min
68 min + 34sec

~ time was 1:08 : 34sec

S.L. ROSS, Differential Equation, THIRD EDITION, John Wiley and Sons, INDIA 2004
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pg 32/Example 2.5 Solve the equation (3x? + 4xy)dx + (2x% + 2y) dy = 0
(3x% + 4xy)dx + (2x% + 2y) dy = 0

Mdx + Ndy = 0

M(x,y) = 3x? + 4xy

N(x,y) = 2x22 + 2y
oM 4 2 N
dy X ox
=~ Itis a exact differential eq"

. Sol™: > f(3x2 + 4xy) dx+f2y dy =c

4yx3
x3 + YT +y?=C
ie x3+2x%y+y2=C
pg 33/Example 2.6 Sove the intial value problem (2x cosy + 3x%y) dx + (x3 — x%siny —y) dy = 0
y(0) =?

4x

(2xcosy —}a-l\ixzy) dx + (x3 —x?siny—y) dy =0

— = —2x siny + 3x? = 3x% — 2xsiny

ay

ON _ 332 — oxsi

o X xsiny

ON = oM = diff nj t
aX = ay B 1 equ1s exac

= sol": [(2xcosy+3x%y)dx — | ydy=C
y y ydy

ie. x? cosy+x3y—y7= C

y(0) =2 = y=2 whenx=0.
ie. —2=C

y?
= x% cosy +x3y—7= -2

Integrating Factor
Pg 36/Example 2.7 Consider the differential equation’(3y # 4xy?)dx + (2x + 3x%y)dy = 0
By + 4xy?)dx + (2x + 3x%y)dy = 0

dM
al}\;_2+6 W;t&,:.notexact
ox yx

3By + 4xy?)dx + (2x + 3x2%y)dy.= 0
y(3 + 4xy)dx + x(2 + 3xy)dy = 0
1 1

~If =

1

Mx — Ny  3xy+ 4x2y? — 2xy — 3x2y2 Xy + Xx2y?2

(3y + 4xy?)dx + (2x + 3%?y)dy = 0

Multiplying x*.y® in this eq"

(3Xa y1+B T 4xlta y2+B) dx + (ZXOL+1 yB + Ix2+a y1+[3) dy =0

oM

a_y = (1+B)3x*yP + 4x™+« (2 + B)y'*P
ON

x = yB (ax+ 1)2x* + 3y1+[3 (2 + o) x1*
oM. ON

dy ox

= (14 B)3x%yP +4x1+* (2 + B)y'*P = yP(a + 1)2x* + y'*B(2 + B)3x
= 31+ B)x%yP + 42+ B)x1*y B = 2(a + 1)x% yP + 3(2 + B)xy'*P
> 3B+D)=20@+1) & 4Q2+B) =32+«
= 20—3p=1 B3a—4B =2
= 2=a, B=1
L.F.=x%y
Now multiplying x%y
ie. (3x%y? + 4x3y®)dx + (2x3y + 3x*y?)dy = 0
dM 0N
Now 3y = I
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= f(szyz + 4x3y3)dx+ 0 =C

= f(3x2y2 +4x3ydx=C = x3y? +y3x*=C

In Exercise 1-10 determine whether or not each of the given equation is exact; solve those that are exact.
Pg.37/Q1 (Bx+2y)dx+ (2x+y)dy =0

oM _ t diff
3y = ox exact di

Sol™: f(3x+ 2y)dx + f ydy = C
3X2 yZ

T + 2yx + 7 =C

(3) (2xy + 1dx + (x2 + 4y)dy = 0
oM oN )

dy  o0x X

~ Sol™: f(ny + 1dx + f 4ydy = C

2 4y? 2 2
= xy+x+T=C = x‘y+x+2y-=C
(5) (6xy + 2y? — 5)dx + (3x? + 4xy — 6)dy = 0

aM—6 +4 aN_6 +4
dy XTEY ox T

=~ Sol? f(6xy +2y? —5)dx + f —6dy =c

= 3x%y +2xy? —5x— 6y =
(7) (ysec?x + secx.tanx)dx + (tanx + 2y)dy = 0

oM ON
— =sec?x, — =sec?x

dy dx
=~ Sol™: f(y sec?x + secx. tan x)dx + f 2ydy =c

= ytanx +secx+y% =c
2

9) (?) ds + <S ;S )dt —0

oM 1-2s N _(1-2s)

ot t? st
D. E exact.
2s—1 )
~ Sol™ = f (T) ds+0=c (b/c not contain term free of s)
s? s 5
:T—Ezc = s —s=ct
(11) 2xy —3)dx + (x%2 + 4y)dy = 0, y(1) =2
oM ON
— = 2%, — =2x ‘= exactD.E
dy 0x

Sol f(ny —3)dx+ f 4ydy = c

= x’y —3x+2y’=c¢

whenx =1, y=2

1xXx2-3+8=¢ = c=7

Particular Sol™ = x?y — 3x + 2y? =7

(13) (2y sinx cosx + y? sinx)dx + (sin?x — 2y cosx)dy = 0
y(0) =3

oM . : : :

d_y = 2sinxcosx + 2y sinx v 2sinxcosx + 2y sinx

= Diff.eq" in exact form.

= Sol" = J(Zysinx.cosx+y2 sinx)dx+0=c
= f(ysin 2x + y?sinx)dx = ¢
=>_7yc052x—yzcosx=c

whenx =0,y =3
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— %X 1= = ——90=
> 1-9x1 c:>2 9=c
- 21

Particular Sol" = 7ycos 2x —y? cos+ - = 0

3—y y? — 2x
15) (57 ax + T )y =0 y-D=2..

oM -1 oON -1
—=—-

dy  x2 '0x X
~ given D. E is exact.

3—-y -2
ﬁSOlnEf< > )dX+f—2dy=C
X y
-B-y) (=D
-2 =c
X y
for particular sol” putx = (—1) &y = 2
-3-2) 2(-1) —3+2+2
— =Cc> - =
—1 2 T -1 T27C
= 1+1=c = c=2
~ particular sol™
-3 =y)y + 2x = 2xy
= 3y+y*+2x=2xy > 2x—3y+y’—-2xy=0
Separable equation & reducible to this form

Ex: 2.8
70 x—4y*dx—x3(y?—3)dy =0
X—4 (y2-3)
( <3 )dX—y—4 dy—O
) f(l 4)d f(l S)d _
ie. 2 3) & - y=¢
L i,2 1 1
X x% y y3_C
Ex.2.9
0 xsinydx+ (x2 4+ 1) cosy dy =0
X cosy
d ( )d =0
(X2+1) X+ siny y
Now integrating

1
> log (x?2 +1) +log |siny| = log ¢

= log (x*+ 1)+ 2log|siny| = 2logc
log (x% + 1) + log (siny)? = log ¢, where ¢ = ¢;

=

= log (x?+ 1) (sin?y) =logc,
ol

= ¢; = (x?+1)(sin%y) giveny(1) = >

T
> ¢ =1 +1)sinzz
= C1=2
= (x?+1)sin?y=2
Ex2.10  dyf, 3y¥—x°

42 dx 2xXy
dy 3y 1
dx 2'x 2
dy _ E(X) 1t
dx 2 \x z(y/x)
honogeneous, ~ Put y=vx
dy dv
dx VX dx
xdv 3 1 xdv 3 1
A\V4 LI VA _ = = —_—_—
dx 2 2v dx 2 2v
dv 3v2 —1—2v? 3 vi—1
dx 2v T 2v
xdv vZ-—1 2v

1
ARG R
log (v> — 1) =logx + logc
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(y+\/xz+y2)dx—xdy=0
y +/x2+y?

1+()

y/X form makes homogrnious DE

Ex 1.12

45

d X
dy _ x
dx -2y 2x

put

47
4x

x2+1

incomplete

1
dx+—-dy =0
y

(x? —3y?)dx + 2xy dy = 0

dv _ 1 3v

de_ 2V 2 v
_ —1+4v? _ vZi—1
- 2v - 2v

— 4xy dx+ (x> + 1)dy =0

2log (x2+1) +logy =logc

x2+1)?2?y =c
ie. y= c(x?+1)72

(3) 2r(s?+1)dr+ (@*+1)ds=0

2r

d
rt+1 rt (s2+1)

ds=0

tan"(r?) + tan"!'s =tan"c

ie.tan

(5) tanOdr+ 2rd6 =0

dr
2r

2
r“+s
-1 ( ) = tan~

r’+s
c=> ——=c¢
1—r2s

1

1
Elogr +log (sin®) =log c

VJrsin® = ¢

(7) (x+4) (y*+ DdxFy x> 8K+ 2)dy =0

( x4 )d tm?—dy =0
X2+3x+2) y2+1 v =
((x+1)(x+2) 241

3
(x+1 2(x +/2)
A B

2
Y )dy=0

+1< 2y )d — 0
2\y?+1 y=

X+ 4

G+D +2) GrDE+2)

by partial fraction

1 1
310g(x+1)—§10g (x+2)+zlog(y2+1)= log ¢

x+ 1% (y2+1)'2

(9) (2xy +3y?)dx— (2xy +x?)dy = 0

dy
dx

Put y = vx

V+X—=

> V+X— =

dv dy

dx ~ dx
xdv 2v+3vZ —2v:—v
dx 2v+1
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_vitv
S 2v+1
o (2v+1 1
1e.< 5 )dv=— dx
ve+v X
log (v? +v) = logx +logc
vZ+v=xc
2
(X) +X=xc
X X
yv2+yx=x3c¢c
(11) (xtanz+y) dx—dy =0
y. y .
tan=+=)dx—dy =0
ganx+x) X y
—y:tanX+X
dx X
v
V+x—=tanv+v
dx 1
cotvdv=;dx
log (sinv) = logx + log c = sinv =x ¢
(Y
= - =
sm(X) X C
(13) (X3 +y2/x2 + yz) dx — xy/x? +y2dy =0

Put y =vx
x3+v2x3{J1+vZdx —xvx?y1+vZdy=0
1+v3/1+4+v2dx—vy1+vZ dy=0

dy dv. 1+ v3V1+v2
— = V+X— =——————
dx dx VW1 + v2
xdv_1+v2 V1+vZ—v2y1+v2 B 1
dx 1V\/1+V2 w1+ v?
% 1+V2dV=;dX putt  1+v?=t?
1
t? dt=;dx 2vdv = 2tdt
vdv = tdt
3 3
e TV 2\2
= §=logx+logc = (3—) =logxc=>(1 +2:—2> = 3log(xc)3
= log(xc)3

= (2 +yH)¥? = x* log (x ¢)?
(14) (x+y+ x—y)dx+({/x—y—/x+y)dy=0

dy _ (\/x+y+\/x—y)_(\/x+y+\/x—y)2 _ x+y+E—y)+2/x+y)(x—v)

dx_(\/x-}-y_\/x_y)_ X+y—x+y 2y
_2x+2x¥=y? X+ x%—y?
2y y
y =vx
xdv 14+ V1 —v?
Vbt =———————
dx \4
xdv 14N1-vZ—v? — (1-v?)+Vl-v?

—_—= ie
dx \% \%
1 \'

X = dv
X (1-v2)+V1—v?

Put 1 —v? = t?

—2vdv = 2tdt
vdv = —tdt
1 _ —tdt _ —dt
x CT 2+t ot+1
logx = —log(t+1)+log c =log (t+1)c
c
1 =1
B X =B i)
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C

y2
1-27+1

U
<
Il
U
(@}
Il
=

VX2 —y? X
— t1
c=+x%—-y%+x

N

c? — 2cx = —y? > 2cx—c2=y2 > y=(2cx—c?)/2

=
=
= c?+x%—2cx=x?%—y?
=
1

5 (y+2)dx+yx+4)dy=0, y(=3)=-1
dx+ dy _0
X+ 4 yy+2_
dx y+ 2 2

(1) weo
X+ 4 y+2 y+2
log (x+4) +y—2log(y+2) =log c

log (x + 4) + log log ¢

—_— 4vy=
(y+2)2 y

X+ 4
= log ——=+y=logc
(v +2)?

= log (y+2)? =-y = logC—log

c
x+4)
Cly+2)* s C(y+2)2 3
x+4) 7 x+4 ¢
y x+4)
(v +2)?
e (1)
1
L1 y(x+4)
e C (+27
(17) (Bx+8)(y%? + 4)dx — 4y(x? + 5x + 6)dy’= 0
(3x+8) 4y d
(x2+5x+6) X 2 +y) y
(B3x+8) dx 4y q
x+2)x+3) y*+4 y
1 dx+ 2 dx 22y dy
x+3) (x+2) y2+4
log(x + 3) + 2log (x + 2) — 2 log (y2+ 4) = logc
x+3)x+2)

log

= C= e

= C=
1

(y2+4)2 =cC Y(1)=2
A+)A+2? o 4X3x3 _
4+4z - ¢ 64 C
S oo 9
‘T 16
x+3)E+2)2 9
(y2+4)2 16
= 16(x+3)x+2)% =9 (y?+4)?
(19) 2x=5y)dx+ (4x—y)dy =0 ,y(1) =4
puty = xv

(2x —5xv) dx+ (4x —xv)dy = 0
2-5v)dx+ (4 —-v)dy=0
dy 2-5v +xdv
dx_—4+v_V dx
xdv 2 —5v+ 4v —v?

ax v—4)
dv 2—-v2—v
dx  (v—4)

_ o= 21y
v+v-D T TxH

= X

x+4)
y+2)%

put x=-3&y=-1
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-2
+
v+2) (v-1)
log(v+2)2+log(v—1) =logx+logc

= logx+log c

= XcC Put x=1,y=4
i)
X
(4-1) 3 1
= > — = = [ p—
62 T3 T “T12
y y—X
(§_1 X X X
ie. Z—E = Z_E
X X
—X X
G- _ x = 12(y—-x) = (y+2x)?

*Grm? T 12
(21) (Ax+By)dx + (Cx+ Dy)dy =0 exactiffB=_C
Forward part: assume that the given homogenious eq" is exact.
oM 0N
dy  0x
= B=C
Conversely assume that B = C
(Ax + By)dx + (Bx+ Dy)dy = 0

oM_ . ON
dy ' ox
= exact

(b) (Ax? + Bxy + Cy?)dx + (Dx? + Exy + Fy?)dy = 0
Mdx+ N dy =0
oM ON
O_y_BX+2Cy' &—ZDx+Ey
Bx + 2Cy = 2Dx + Ey

= B=2D,E=2C

d
Linear eg®: d—z +px)y = Q)

Ex.2.14 dy (2x+1)
o —

51 de |
+
Peg = ZFD g e

If = ofPOOdX
— ef(z"'%)dx = e2xlogx — o2xy

Sol = y(xe?*) = j(e‘ZX e?* x)dx+ c
2

2x — X
xe“'y = > +c
Ex: 2.15 5
= (x +1)&+4xyzx
dy 4xy X
= — + =
dx  (x%*+1) x?+1
PGO =g (0 =
X S+ ’ QX)_x2+1
LF = efx;l-—-):ldx — ezlog(x2+1)

= (x2+1)2
X
Sol™: y. (XZ + 1)2 = Jm (XZ + 1)2dX +c

y(x2+1)2=fx3+xdx+c

x*  x?
y(X2+1)2 =Z+7+C
Ex2.16
= y°dx+ (3xy—1)dy =0
dy y° dx 1-—3xy

2 = = — =
dx 1-—3xy dy y?

homogenious
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dx 1 3xy 1 3x

d_y"y_z_?"y_2 y

dx+3x_
dy y y?
& X = Q)
ay p()x=Q(y
P(y) = - Q) =
n=y V=1
p(dy 2y 3logy 3
s IF = e = e’y = e =y

Sol™: xILF. =fQ(y)l.de+C

3 1L 3
Xy® = yz—y dy+C = [ydy+C
2

3_Y
=—+C
Xy > +
I Type
d
a}; + p(x)y = Q (x)y" is called a Bernoulli differential eq"
Ex.2.17 dy 5
o d—+y=xy Put = =v
1d 1 1dy d
ldy 1 _,Ldy_dv
y3 dx y? y3 dx dx
—1dv by
2 dx vVEX
dv yy = —2
o 2VT T
Now itis linear eq™ in v
dv
P(x) = -2 I + P(x)v = Q)
Qx) =—-2x
IF = e/ PXdx = of —2dx = g2

Sol™: v.IF = f QX)IFdx +c
v.e X = f —2xe"Xdx + ¢
d
v.e X = —ZXJ e~ 2Xdx — f &(—ZX) f e 2Xdx +'¢c

e—ZX _2e—2X
= —2x. — j dx+c

-2 -2
=xe X — f e 2Xdx + ¢

—xe B = — e +c
="
e %X 1
ve — Xe = +cC put—=v
o

—2X

v.e

2X
-2x
— Xe 3 +c
2

2x

e
1 _ 1 b co2x
72 X = > ce
o1 _ +1+ %
i e.y2 =X > ce
Excercise.

d 3

dx X

px) = 3/x , Q) = 6%

3
= 3
Lf=elxd* = elogx® =3

6x2

yx3 = J. 6x2x3dx + ¢

yx3=x%+c¢
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Y3y =
dx y =
If = ef3dx=

For more notes visit santoshifamily.com or call 8130648819
3X2e—3x

e3x

ye3X = J 3x2e3% 3% dx + C

ye3¥X = f3x2 dx+ C
ye3X = x3+C
) dx N X
dt ) t2 t2 )
=5 QO =5
1 -1
I.F. ef'c_zdt = et

_ 1 _
~ Sol": xe e = ft—ze 1/tdt+C

xe__ll/t = [dp+c lete /% = p
X e_l/t =p +_1C e /%2 =dp/dt
xe /v = e/t = pt-2dt=dp = 1/, dt=1/pdp
x—1) e
Miscellaneous[ﬁﬁﬂ,gﬁ%—\"] Review  Pg.60
(1) 6x?ydx— (x3+1)dy =0
dy  6x%
dx  (x3+1)
dy 6x2 x3+1=
dx (%3 +21)y 0 3x2dx = dt
IF = ef;fﬁdx =e? frat = elogt™ = (=2

y(x3+1)2%=
y =c(x3+1)?

=x3+1)2
c

also apply variable of sepration method
3) y—Ddx+x(x+1)dy=0
dx dy

X+ D) T G=-D

=0
dy

(1 1)d
x x+1 X

=0
+y_1

log x—log(x+1)+log(y—1)=1logc

x(y—1)

1 =
T+

1

yz1)
(x+1)

ogc= X

x(y—1) =cx+1)

1+xy=c(x+
1+xy=(c+1
1+xy=Cx+

1)+ x+1)
) (x+ 1)
1)

(5) Bx—5y)dx+ (x¥y)dy =0

dy (5y —3x)
dx X+y
dy Svx=3x

Put y=vx
5v—-3

dx = x4+vx

1+v

dv 5v-—3 dv_5v—3—v—v2

VPR T 1

> Xx—
v dx 1+v

dv_4v—3—v2

X&_ 1+v
dv

1+v)
4y — 3 —v?2

1
=—dx
X

(1 +wv)dv 1

=—dx

v-3)v—-1) «x

-2
(v-3)

+

1
v—1

dv = " dx by partial fraction

= log(v—3)"2 +log(v—1) =logx+logc
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= (v—=1)=cx(v—3)?
cx
y—x=— (y—3%)7?
&
y—x=— (y — 3%)?
y =x+c(y—3x)?
(7) Bx3y—12x3)dx+ x*+1)dy=0

oM
— =8x3, — =4x3 not exact
dy 0x
oM ON
dy  Ox _ 8x3 — 4x3 3 4x3 - )
N Toxt+1 0 xt+1 B
4x
IF o™ = x*+1)

x*+1)(Bx3y—12x3) dx+ x*+ D*+ Ddy =0
(x*+1) (8x3y —12x3)dx + (x* + 1)2dy = 0
M ON

Now — = 8x3(x*+1), — =2(x*+1)4x3

dy ox

=8x3(x*+1)

. in exact form
. Sol": f(8x7y— 12x7 +8x3y —12x3)dx + f dy =c

o x8  12x8 g x*  12x*
: —_—— [
Y8 "8 Y4 " 2

3
= x8y—5 x8+2yx*—3x*+y=c

+ty=c

3
= y(X8+2X4+1)=c+5x8+3x4
3
> yx*+1)? =c+5x8+3x4
3 3
= y =c(x*+1)2 +E[X8 +2x* + 1] (x* + 1)72 _E(X4 +1)72

3 3 3
= y=cx*+1)72- E(X4 + 1%+ 5 x*+ D72 +1)2y = 5 + x*+ 1D 2c
dy 4x3y% —3x%y

9) o W =  (4x3y? — 3x%y)dx+ (2x*y—x3)dy =0
i)_l\; = 8x%y—3x?, — = 2y4x3 — 3x?
=8x3y — 3x2
exact.
Sol™: f(4x3y2 —-3x%y)dx+0=c
x* x3

4y2= 3y — =
= y4 3y3 C
= x*y?-x3y=c
dy_Zx—7y 2—7(y/x)

11 —= = put y =vx
dx 3y -—8x 3(Y/X)_8
N dv_2—7v
4 de—3v—8
dV_2—7V—3V2+8V_2—3V2+V
ik 3v—8 T~ T 3v_38
3v—8 d _1d R 8 —3v _1d
2—3vi+v V_x X 3v2—v—2 x X
8 —3v _1d
3v2—3v+2v—2 X X
8 3v w1y
3viv—1)+2(v—1) v T X X
8-3v 1
Gv+)-1D " xX
8—3v A B

GviD -1 Gx+2) v=1
8—3v = Av—-1)+B(@3v+2)
8—3v = AV—A+3Bv+2B=(A+3B)v +(2B—A)
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2B—A=18 & A+3B=-3
6B—3A=24 & 3A+9B=-9

3A+ 6B =24

15B=15 = B=1
A=-6
8 —3v -6 1 1
TGvrv-DnV T <3v+2)dv+v— Tdv =3
—2log(3v+2) +log(v—1) =logx + logc
(v—=1)(Bv+2)?=xc
y—X

y —X
> =
3y + 2x)? ¢

X
3y + 2x xe
—xZ
Start 13
a b
Casel a_z + —2 then the transformation is
1 1
x=X+h
y=Y+K
Where (h,Kk) is the sol™ of the system
alh+b1k+C1 = 0
azh+b2k+C2 =0
then we reduced it in the homogenious diff. eq"
a b

Case 2 If a_2 = b_z = k then the transformation is

1 1
Z = a;x + byy reduces the eq™ (A) to a sepravable equation in the variablesx & z
Ex.219 (x—2y+1)dx+ (4x—3y—6)dy =0

a, b, -3 3 a, by

_——= — | — :—:> —_— —_—

31 ’ bl _2 2 al b1
put x=X+h , y=Y+K
h—2K+1=0

4h—-3K—-6=0 [x=X+3
—4h—8k+4=0 (y=Y+2
5K—10=0= K=2
h—-44+41=0=>h=3
(X —2Y)dX + (4X — 3Y)dY = 0
ay 1 -2(Y/x)
dX 3V -4
Y = VX
Vix v 1-2v
dX 3V—4
(3V+1)° C
V-1 X4
= X*|BV+ 15| =V - 1]
|BY + X)°| = c|Y =X|
3(y —2) + (x=5)[F=cly— 2 —x+ 3]
|x+3y—9]° =cly—x+1| Ans.

4

= log = log

2.20
EXE x4+ 2y+3)dx+ (2x+4y—1)dy =0

a1=1, b1=2 y C1=3
32:2, b2:4’ ) C2:—1
a a b

a b, a; by

therefore, transformation

z=Xx+2y by z= a;x+byy

dz = dx + 2xy
dz — dx>

e.ay =
ie.dy 3

dz — dX)
2

[(z+3)—<z—%)]dx+(222_1) dz=0
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7dx+ (2z—1)dz=0
2

7 +ZZ =
X > Z=¢cC

= 7x+x+2y) - (x+2y)=c
= x?+4xy+4y?+6x—2y=c
(1) Gxy+4y?+1) dx+ &2+ 2xy)dy =0 e cevvevvev v e, (1)
oM 0N
9y 9x 5x+8y—2x—2y 3x+ 6y
N B X2 + 2xy © x2 4 2xy
3(x+2y) 3

“xxrzy) Cx W

f%dx

IF =e
= e3logx — 3
. Now multiplying this I. F by eq" (i)
x3 (5xy + 4y? + 1)dx + x3(x? + 2xy)dy = 0
(5x*y + 4x3y? + x3)dx + (x° + 2x*y)dy = 0

Now a—l\; = 5x* + 8x3y 2—1: = 5x* + 8x3y
Sol™: j(5x4y +4x3y? +x3)dx =
= b5y X—5+4y2§+§=c

5 4 4

<4
= yx5+x4y2+Z=c

= 4x°y +4xty? +x* =C

3) [y?(x+1) +yldx+ (2xy + 1)dy = 0
[y?x +y% +yldx + (2xy + 1)dy = 0

oM ON
—=2xy+2y+1 , —=2y+0

dy Jx

oM 0N

dy O0x _ 2xy+2y+1-2y 2xy+1
N 2xy + 1 o 2xy+1

L If = e dx=ex

= eX[y?(x+1) +yldx+ eX(2xy + 1)d = 0
[eXy?x + eXy? + eXy]dx + (2xye* + eX) dy = 0
exact.

Sol™: j(exyzx + eXy? + e¥y)dx + 0/= ¢
= y? fexxdx+y2fexdx+yfexdx= c

= y?xeX —yZeX + yZeX ¥ye¥ = c
y?xeX +yeX = ¢

(5) (4xy? + 6y)dx +a(5x%y +8x)dy =0 ... ... cce e ... (1)
M = 4xy? + 6y

N = 5x%y + 8x

aM—S +6 aN—ZXS +8

dy X9 IV yx

Now multipluing by x*y® in the eq™ (1)
(4Xoc+1 y2+B + 6XayB+1)dX + (5 x2+a yB+1 +8 g+l yB) dy =0

oM
oy 4x%1(2 + B)yP* + 6x* (B + 1)yP
ON
Fe 5yP+1(2 4+ o) x**1 + 8yP(a + 1)x*
comparing
42+B) =52 +a) & 6(B+1)+8(a+1)
~ 6B — 8o = 2
4B =50 =2 oo (A) fap_sa 2
B =3 128 — 16a = 4
12— 15a = 6
—a=—-2=> a=2

- integrating factor ie. x2%y3
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Now x2y3(4xy? + 6y)dx + x?y3(5x%y + 8x)dx = 0
(4x3y° + 6x2y")dx + (5x*y* + 8x3y3)dy = 0
d

M
Now — =4 x3 x5y* + 6x%4y3 = 20 x3y* + 24x2%y3

ay
0N
= 20x3y* + 24 x% y3 exact
Sol™ : f(4x3y5 + 6x%y*) dx =
x* x3
4 5 6 4 —
y 4 + 6y 3 c
= yx*+2ytx3=c
ie. x3y*(xy+2)=c Ans.
(7)) (5x+2y+Ddx+ 2x+y+1)dy=0

6M_2 6N_2 .
ay -2 X exact.

Soln:J-(Sx + 2y + 1dx + f(y+ 1dy =c
2
X

= T+2yx+x+y7+y=c

= 5x% +4xy +2x+y? + 2y = 2c
(9 (x—2y—3)dx+ (2x+y—1)dy =0

az 2by 1

a;, 1'b; =2

a b

2.2

a; by

. transformation x =X +h

y=Y+k
dY 2Y+2k—X—h+3

dX 2X+2h+Y+k—1
dY (QY-X)+(@2k—h+3)

dX (2X+Y)+(2h+k-1)

2k—h+3=0
2h+k—-1=0
2k—h=-3
2k+4h =2
—5h=-5 = h=1
k=-1

eX=X+1:X=(X—1)

y=Y—1 Y:(y-l-l)
dy 2y-X
dX 2X+y
Now putY = XV
V+de_ 2XV — X

dX ~ 2X + XV

dV_(ZV—l)
dX \2+V
dvV. 2V~1=2V-V? -—-1-VZ  (V2+1)

dx 2+V T 24V V42
—(v+2)dV_1dX
(V2 +1) X
N ( v 2 )dV—ldX
VZ2+1 V241 X

-1
= TIOg(V2 +1)—2tan 1V =logX +logc

i

2
= lo Y—+1 +4t -1 (X logX?=C
ng an X+og

2
= log<%+ 1>+4tan_1 (gtg>+log(x—1 2=¢

L+1)
x—1)

= log[(y +1)? + (x —1)?] + 4tan C
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+1
= logly?+ 1+ 2y +x%+1—2x] +4tan‘1g_ 13 =C
+1
ORlog[C(x? +y? —2x+ 2y + 2)] + 4tan™?! (Z+ 1)

(11) (bx+4y+1)dx+ (4x+2y+2)dy =0

6_M=4=0_N exact

dy x

J-(6x+4y+ 1)dx+f2y+2dy= 0
6x> 2y

y
Ay txtoot2y=c

3x2+4xy+x+y?+2y=c
(13) 2x+3y+1Ddx+ (Ux+6y+1)dy=0 y(=2) =2
a, 4 b, 6

a, 2 ' b, 3

& _b_y

a; by

~ z=a;x+byy

ie.put z=2x+3y=> 2z=4x+ 6y
6y = (2z — 4x)

dz = 2dx+ 3 dy

d _(dZ—ZdX)

Y=\ 3

(z+1)dx+(2z+1)dy=0

2dx
(z+ 1)dx+(22+1)(dZ—T) =0

3(z+1)dx+ (2z+1)dz—2(2z+ 1)dx=0
(3z+3—-4z—-2)dx+ (2z+1)dz=0
(1-2z)dx—(2z+1)dz=0
(z—1dx—(2z+1)dz=0

2z+1
dx=( )dz=0
z—1

d [ZZ ;1 ]d -0

X z—1 z—-1 Z=

a— (287D, 2 )y ! 4e=0
X z—1 z—1 z (z—1) \

x—2z—2log(z—1)—log(z—1) =c
x—2z—3log(z—1)=c

X —2(2x+3y) —3log(2x+3y—1) =c
Proceed yourself

(1) Mdx + Ndy = 0 i taMiaN
X y = 1ss.ay I

h ious & exactbut Mx= N ¢Olf=<—)
omogenious exac u X y Mx — Ny

(2) If Mdx + Ndy = 0 is homogenious D.E. & Mx + Ny # 0

then [F = m homogenious but Not exact
oM, oN

3) Ifw = const or fun or x alone ie f(x) then If = e/®dx
OM0N

(€)) Ifw = const or fun or y alone ie f(y) then If = e/ dy

Reducible 2nd order D.E.

ie. Fix,y,y,y'") =0
(i) when y is mising
(ii) when x is missing

d
(i) F(x,y'y"") = 0 then puty’ = d—i =p
, _dp d (dy)
Cdx dx \dx
F(x,p,p’) =0
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i [ ! dy
(i) Fy,y,y") =0 puty’ =-—=p

y:P dy V' T ax\ax) T dx

dp dpdy dp
dx dydx P dy
Que 33/pg 58. A certain city had a population of 25000 in 1960 and a population of 30000 in 1970. Assume that
its population will continue to grow exponentially at a constant rate. What population can its city planners expect in the
year 20007
Sol™: xo, = 25000
X = x ekt
30000 6
— okXx10 ; k.10 — (2
25000 °© heee (5)
X = Xoekt
6\° 36 X6
= 30000 x (e2°%)* = 30000 (—) = 30000 x
* (") 25 X 5

5
= 51840

dx dx )
— & X > — = rx rate of interest
dt dt

X = xpe"t

Q. 47. A certain piece of dubious[not sure] information about pheny lethylamine in the drinking water began to spread
one day in a city with a population of 100,000. Within a week 10,000 people had heard rumor. Assume that the rate of
increase of the number who have heard the rumor[romour] is proportionalito thefmumber who have not heard it. How
long will it be unitil half the population of the city has heard the rumor[}Tqv_crI%', T @) o aoars afgaer ?f] ?
Sol™: Let N(t) be the no. of people who have heard the rumour (in thousands)

total population = 100,000

(100 — N) not have heard rumour.

iv N (100 —N)
— oc —
given —

an k(100 — N) N kdt
—_— = — = =
dt (100 —N)
—1log(100 — N) = kt + logc
100 — N = Ae*¢
t= O, NO = 0
100 = Ae® = A =100
100 — N = 100e 7%t
t=7,N=10
100 — 10 = 100e~7%

o 10 ﬁk—ll 10
¢ T TXT7%5
t =7 When N = 50.
50 = 100e~kt
1
E:e_kt = ekt:2

_ 11 ) . 7log2
t= E 0g. 2= t= 10

logv

Rate of Decay:Let x(t) be the amount of Radioactive Substance at any time t.
dx dx
— t)=>—=—kx
gt X025
dx
— = —kdt

X
logx = =kt +logc
x=Ce™* orx=x,e* C=x,
i.e. x =xpe c =X,

carbon dating fixed k = 0.0001216
Decay Problem # Sd1eT aTell intial

(1) If the halflife of radium is 1600 yrs. What is the % remaning after 800 yrs.?
—kt

X = Xg€
Xo

t =1600yrs ,x=?

Xo _

3 = xge 1600k — 1600k — o
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k= log 2
1600 8
X = xoe 800k, t = 800 yrs, X =?
1 X
—800-—x5log2 . 0
X = Xp€ 1600 X = —
0 ) @800k
1 1\2 X
1 log(% ) 0
X =x0e 2'%82 = x = x,e og(3) PX=——3
(1600k)3
1 . Xo
X =Xg X — PX=—
V2 V2

- ()
V2
Que(35)(36) (Radiocarbon dating)Carbon extracted[ﬁ%ﬁaﬁ I a1 TATereT ('I:a?TGTHI EF%T%’Q}I )] from an ancient

skull contained only one — sixth as much 19; as carbon extracted from present day bone. How old is the/skull?
[skull : FeJsT AT 4] T 31T FILAT, WIS, FHUT |

k = 0.0001216
X = Xy e Kt
X = lXo , %0 = x, 00001216t
0001216t _ ¢
_ logé6
= 0001216

(44,45) When sugar is dissolved in water, the amount A that remains undisselvéd after t minutes satisfies the

dA
differential eq" i —kA (k> 0).1f 25% of the sugar dissolves after'l min, how long does it take for half of the

sugar to disolve?
Sol™ t=1 min
A=Aje X 25% sugar dissolve
= 75% sugar undissolved
A = 0.75A,, t=1
0.75 = e7¥

k= log—0 -

1 1 1

EAO = Aoe_kt = E = e—logmt

45/58 The intensity I of light at a depthief ¥ meters below the surface of a lake satisfies the differential eq"
dl
— = (-1.4)L
dx

(a) At what depth is the intensity half theintensity I, at the surface (where x = 0)?

(b) What is the intensity at a depth of 10 m (as a fraction of I))?

(c) At what depth will the intensity'be 1% of that at the Surface.
dl dl
Sol™: eq“& = (—1.4)I = T= —1.4dx
=>logl= —14x+c
=] = e—1.4-X ec — C1 e—1.4-X
I = Cl e_1'4x
[= IO e_1'4x
C=1l, x=0

(a)x =2
|
50 = [y 14X
el =2 x= ilog2
1.4

(b)x=10m

[ = Ioe—1.4><10

[=1e 1

Ioe—14-
fraction intensity = = e~ 14
0

(c) on surface I,
I = 1% Of IO
X =7

Newton Law of Cooling — Heating3
Let T = temperature (of cooling body)
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Ty = Temp of surrounding T>T,
Newton law of cooling
. dT
;;E =—k(T-T,)
To>T

dt k(To =T) temp T

ar__ kdt
T—T,
log(T — T,) = —kt+logc
T — Ty = Ce ™kt
T =T, + Ce &

. dT
heatmga =k(T, —T)

dT
= kdt

= —log(Ty — T) = kt + logc

To — T = Ce ™kt

A body whose Temp is 100°C is allowed to cool in a room 20° of contant temp. after 10 minut€s theibody has cooled
to 40°C. Find the temp. of the body after half an hour.

Sol": Intial temp.= 100°C

Ty = 20
t=10,T =40°C P32 L e
I 9 5 75
T=Ty+Ce™

T =20+ Ce ™™

t=0,T =100

100 =20 +C = C=80

T = 20 + 80e~kt
40 =20+80e 10k = 20 =80e 10k

k= ! log 4
~10 %%
t=30 ,T=?
50: The amount A(t) of atmospheric pollutantin a certain mountain valley grows naturally and is tripling every 7.5 yrs.
(a) If the intial amount is 10 pp (pollutant units), write a formulla for A(t) giving the amount (in pp) present after 1

yr.
(b) What will be the amount (in pp) of pellutentsipresent in the valley atmosphere after 5 yrs.
(¢) If it will be dangerous to stay in the.valley when the amount of pollutents reaches 100 py, How long will the take?

(@) x = xekt

Xo = 10,x = 10ekt
t=175

x = 3xy = 30

30 = 10eX"S

k =?

(c)x=100,%xy = 10
t=?

40
Q. T’ The halflife of radioactive cobalt is 5.27 years. Suppose that a nuclear accident has left the level of cobalt

radiation in a/ertain region at 100 times the level acceptable for human habitation. How long will it be until the
region'is again‘habitable? (Ignore the probable presence of other radioactive isotopes.)

A=Aje X
half life ='5.27 yrs.
A 2

0 - —
17 — Aoe kt _ Aoe l;x5.27
Z — a—527k k = 1 2
27 T XTE70%8
100 A = A,
Age Xt =0.01A4,
t=?

=1 [1]
“x 8|01
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1
t=—log 100
k8

Que. 41.Suppose that a mineral body formed in an ancient cataclysm — perhaps the formation of the earth

itself — originally contained the uranium isotopes 238 (which has a half — life of 4.51 x 10° yrs) but no lead,

the end product of the radioactive decay of 238y;. If today the ratio of 238;; atoms to lead atoms in the mineral body is
0.9, when did the catalysm occur?

A= Age Kt

A, — intial amount of U,3g

U,35 — lead

t =4.51 x 10° yrs

AO 9
—=A —4.51x107xk
2 f
k= ! log 2
T 451x109 ©
A(t) = amount of U,3g at time t.
Ay — intial
A, — A(t) = amount of lead atoms
Rati A 0.9
io=—--——=0.
AMO= A~ A

Ay = .9A, — 0.9A(0)
19 A, A,

9 " A(D)  Ae K

Kt =1 19 ) 1l (19)
= = ] = — JR—
%85 k 289

Que.42: A certain moon rock was found to contain equal numbers of potassiumand argon atoms. Assume that all the
argon is the result of radioactive decay of potasium (its half life is about 1.28,x 10° years) and that one of every nine
potasium atom disintegration fields an argon atom. What is the age ofthe rock, measured from the time it contained
only potassium.

Sol™: Let P(t) be the amount of potassium
Let A(t)be the amount of argon atom

P(t) = A(t)

P(t) =P, e ™™

t=1.28x10°

? — PO e 1.28x10°k

k=——log(2
128 x 100 °8(%)

1
At = 3 [po — P(1)]
9P(t) = P, — P(t)
10 P(t) = R,

10 P, e Xt =P,

ekt = 10

t—ll 10
_kog

Que. 48. According to one cosmological theory, there were equel amounts of the two uranium isotopes 235y
and 238y at the creation of the universe in the ‘big bang’. At present there are 137.7 atoms of 238y, for each
atom of 235, using the half — lives 4.51 x 10° years for 238y and 7.10 x 108 yrs. for 235y, calculate the age of
the universe

Ng =/amount of U,3g Nz — amount of U,35
Nz = amount of U,z attime t
Ng = Nye kit Ng = 137.7 Ng
Ng = Npeket Ng =1
No -4.51x10%k Ng = 137.7
= = Noe ' N = 10
N
70 = Nye 710x10%k; Ng = 137.7 x 10
k; =————log2
1 451x10° 08
k, = ———1log2
27 71x 108 8

given Ng = 137.7 Ng
Nge K1t = 137.7 Nje ket
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t= log(137.7
K —K og( )
86

%_8' (14 ye*¥)dx + 2y + xe*¥)dy = 0
0
a—y = eXy + yexyx
ON —
ox ¢ xeXy
eq" is exact.
oF M oF N
ox dy

oF (1 + ye®)
> — =

dx ye

ye*

F=x+ +g(y)

F=x+4+eY+g(y)
oF Y 4 g'(y)
ay—xe g'(y

N =xe® +g'(y)

2y +xe® = xe + g'(y)
gy =2y

—=2 =2g=y+(

2y X2+1 =
%3 yz \/; y=

> F=x+e¥+y2+(
2x  3y?

Que.41 | ——— |dx +
y X

3y2 2 2

X“ .y
F=— e = — —
y +3X3+g(y) y +X3+g(y)

X°y
F=—+>=+2 C
y+X3+ Jy+

9
EX@ (6xy — y3)dx + (4y + 3x? — 3xy?)dy = 0

aM—6 3y? aN—6 3y? t
ay_ X y*, i X y exac
oF

— =M= JF = Mdx

0x

dF = (6xy — y3) 0x
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F=3x’y - y’x +g(y)

6_F=3X2_3 2x+¢g'

3y yx+g'y)

4y + 3x% — 3xy? = 3x% — 3xy? + g'(y)
g () =4y

dg

E=4y = dg = 4ydy

g=2y?+C

= F=3x%y—xy3+2y?+C

EXE A 4 — b roast, initially at 50°F, is placed in a 375°F oven at 5: 00 pm. After 75 minutes it is found that the

temperature T(t) of the roast is 125°F. When will the roast be 150°F (medium rare) ?
rare 39T AT

Roast 31197 AT oven H 31?-|T, 31,\?-IFIT

T =50F T =T, + Ce™* cooling

To = 375° {To =T + Ce "t Heating

To = T + Ce "t (heating)

375 —50 = Ce™*¢

325=Cx1

C =325 (1)

t=75  T=125 T, =375

To =T+ Ce™t

375 — 125 = 325775k

2—50 = e 75k = —75k =1lo (2—50)

325 ~ %8\325

K= (ﬁ) k=1 (2—50)
= 75 °8\250 =75 °8\325

k = 0.0035

Now, T=150, c=325
T, =325, K=00035  t=?

To =T+ Ce ™™

325 = 150 + 325700035t
E — —0.0035¢t

325

] (225) = —0.0035t
°8\325)~

) = -1 1 (225)
L& = 00035 8325
t = 10 (min)

i.e.1hr & 45 min
** the roast was placed in the oven at 5: 00 pm. It should be removed at about 6: 45 pm.
Homogeneous Linear D. E with Constant Coefficient
dny dn—ly dy
A0 + AT +e A1, + a,y = F(x) Non Homo.
If F(x) = 0 Homogeneous
auxillarly eq™or characteristic eq" (complementry fun®)

d
agD"+a; D"+ +a,=0 PutD=&

This eq" has n roots

(i) If all the roots are distinct and real then y = c;e™1* + c,e™2* + ... 4 ¢, e™Mn¥

(ii) If some (r < n) roots are equal (to m means m = m; = m, = --- = m,) and all other are distincts
y = (c; + cox + -+ ¢ x" e + ¢y xMr+t 4 o 4 ¢ x™n

paticularly If m; = m, = mg, all other are distinct

y = (cq + X + c3x2) eMX + ¢ e™eX 4 . + ¢ eMnX

(iii) If m; = m,, m3 = m, and other are distinct

y = (¢ + cx)e™* + (c3 + cyx)e™3* + cge™s* + - + ¢ eMn¥
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