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Preface

Have you ever wondered whether there is some underlying the-
ory that unifies all the seemingly ad-hoc techniques that are used
to solve first-order ordinary differential equations (ODEs)? In the
1880s Sophus Lie did [51]. He was able to show that a majority of the
techniques used to integrate ODEs could be explained by a theory
known as Lie group analysis, where the symmetries of a differential
equation could be found and exploited.

This is a self-contained introductory textbook on Lie group
analysis, intended for advanced undergraduates and beginning
graduate students, or anyone in the science and engineering fields
wishing to learn about the use of symmetry methods in solving
differential equations. This book has many detailed examples, from
the very basic to the more advanced, guiding one through the
method of symmetry analysis used for differential equations. The
methods presented in this book are very algorithmic in nature, and
the author encourages the reader to become familiar with one of
the computer algebra packages, such as Maple™ or Mathematica®
to help with the calculations, as they can get extremely long and
tedious.

The material presented in this book is based on lectures given
by the author over the last 12 years at the University of Central
Arkansas (UCA). This book consists of four chapters. In Chapter 1,
the reader is introduced to the idea of a symmetry and how these
symmetries can leave objects invariant and, in particular, differential
equations.

Chapter 2 concentrates on constructing and exploiting sym-
metries of ordinary differential equations. In particular, the focus
is on standard techniques for integrating first-order ODEs: lin-
ear, Bernoulli, homogeneous, exact, and Riccati equations are
considered. This chapter then considers symmetry methods for
second-order equations, higher order equations, and systems of
ordinary differential equations.

xi



xii  Preface

Chapter 3 extends the ideas to partial differential equations
(PDESs). This chapter starts with first-order PDEs and then gradu-
ates to second-order PDEs. The power of the method is seen in this
chapter, where the heat equation with a source term is considered.
This chapter then moves to higher order PDEs and systems of
PDEs, where several of the examples (and exercises) have been
chosen from various fields of science and engineering.

The last chapter, Chapter 4, starts with a discussion of the non-
classical method—a generalization of Lie’s “classical method” and
then shows its connection with compatibility. Finally, this chapter
ends with a very brief discussion what’s beyond.

Each chapter has a number of exercises; some are routine while
others are more difficult. The latter are denoted by *. Many of the
answers are given, and for some of the harder or more elaborate
problems, a reference to the literature is given.

The material presented in Chapters 1-3 is more than enough for
a one-semester course and has been the basis of the course given here
at UCA over the last 12 years.

Lastly, for further information and details, including available
programs, it is encouraged that you please visit the book’s accompa-
nying website at symmetrydes.com.
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CHAPTER 1

An Introduction

1.1 WHAT IS A SYMMETRY?

What is a symmetry? A symmetry is a transformation that leaves
an object unchanged or “invariant.” For example, if we start with
a basic equilateral triangle with the vertices labeled as 1, 2, and 3
(Figure 1.1), then a reflection through any one of three different
bisection axes (Figure 1.2) or rotations through angles of 2?” and 47”
(Figure 1.3) leaves the triangle invariant.

Another example is the rotation of a disk through an angle ¢.
Consider the points (x, y) and (x, ), on the circumference of a circle
of radius r (Figure 1.4). We can write these in terms of the radius and
the angles 0 (a reference angle) and 6 + €, (after rotation), that is,

These then become

x=rcosf, x=rcos(d+e), (1.1a)

y=rsinf, y=rsin@ +¢), (1.1b)
or, after eliminating 6

X =XcoSe — ysine (1.2a)

Yy =ycose+ xsine. (1.2b)

Symmetry Analysis of Differential Equations: An Introduction,
First Edition. Daniel J. Arrigo.
© 2015 John Wiley & Sons, Inc. Published 2015 by John Wiley & Sons, Inc.
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1 2

FIGURE 1.1 An equilateral triangle.

FIGURE 1.2 Reflections of an equilateral triangle.

©) ©)

3 1 2 3

FIGURE 1.3 Rotations of an equilateral triangle through 2?” and 4?”
(x.9)

(xy)
9 — 0+¢

FIGURE 1.4 Rotation of a circle.
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(X.9)

(xy)

-1

FIGURE 1.5 Invariance of the line y = %x.

To show invariance of the circle under (1.2) is to show that x gt y 2=
2 if x2 + y* = r2. Therefore,

32 _|.;2:(xcosg—ysine)2+(ycoser+xsin£)2

=x?cos’ e — 2xysine cose + y*sin’

+x7sin £ + 2xysinecose + y* cos’ e
—x2 )7

=

As a third example, consider the line y = %x and the transformation

x=¢ex y=c¢ey. (1.3)

EXAMPLE 1.1

Show the equation

X2 —x)P +2xy - —y+1=0 (1.4)
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is invariant under

(1.5)

X=x+¢, }:1 5
—€

For this example, it is actually easier to rewrite (1.4) as

2
<x+1> —<x+1>—1=0. (1.6)
Y Y

Under the transformation (1.5), the term x + I becomes
y

1 1—¢ey 1 1

X+=-=x+e+ =X+e+-——e=x+-— (1.7)
y y

<

and invariance of (1.6) readily follows.

It is important to realize that not all equations are invariant under
all transformations. Consider y — 1 = 3(x — 1) and the transformation (1.3)
again. If this were invariant, then

}—1:3(%—1) if y—1=3(x-1).

Upon substitution, we have efy — 1 = 3(efx — 1), which is clearly not
the original line and hence not invariant under (1.3).

The transformations (1.2), (1.3), and (1.5) are very special and are
referred to as Lie transformation groups or just Lie groups. =

1.2 LIE GROUPS

In general, we consider transformations
xi :f;-(.Xj,E), l’]= 192’ 3" s n.

These are called a one-parameter Lie group, where € is the parame-
ter. First and foremost, they form a group. That is, they satisfy the
following axioms, where G is the group and ¢(a, b) the law of com-
position.

1. Closure. If a,b € G, then ¢(a,b) € G.
2. Associative. If a, b, c € G, then ¢(a, (b, ¢)) = p(P(a, b), ¢).

3. Identity. If a € G, then there exists an e € G such that
$(a,e) = ¢(e,a) = a.
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4. Inverse. If a € G, then there exists a unique element ¢! € G
such that ¢p(a,a™") = p(a™',a) = e.

Second, they further satisfy the following properties:

1. f;1s a smooth function of the variables x;.

2. f; is analytic function in the parameter &, that is, a function
with a convergent Taylor series in €.

3. £ =0 can always be chosen to correspond with the identity
element e.

4. the law of composition can be taken as ¢(a, b) = a + b.

Our focus is on transformation groups, so our discussion is con-
fined to these types of groups.

EXAMPLE 1.2

Consider (Figure 1.6)
X =ax, a€R\{0}. (1.8)

1. Closure. If X = ax and X = bx, then X = abx. In this example, the
law of composition is ¢(a, b) = ab.

2. Associative. As ¢(a,b) = ab, then ¢(a, p(b,c)) = a(bc) = (ab)c =
(d(a, b), o).

3. Identity. In this case, e = 1 as ¢p(a, 1) = al = a.

4. Inverse. Here a=! = é as ¢(a, é) =1.
a b
NN
X X =>~(
ab

FIGURE 1.6 Scaling group x = ax and its composition.

We note that if we reparameterize the group by letting @ = e¢, then the
group becomes a Lie group. u
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EXAMPLE 1.3
Consider N
=2 F-y_¢e eeR. (1.9)
y—¢
1. Closure. If X
X = and y=y-a
y—a
and if _
5c=_£ and y=y-b,
y—>b
then Xy
-(y—a)
y—a->b y—(a+Db)
and

y=y—(a+b).

In this example, the law of composition is ¢(a, b) = a + b.
2. Associative. As ¢(a,b) =a+ b, then ¢(a,p(b,c))=a+(b+c)=
(a+b)+c=¢(p(a,b),c).

3. Identity. In this case, e =0 .

4. Inverse. Here a=! = —¢ as ¢p(e, —) = 0.

This is an example of a Lie group. It is an easy matter to show that xy = 1
is invariant under (1.9). Figure 1.7 illustrates the composition of two suc-
cessive transformations n

1.3 INVARIANCE OF DIFFERENTIAL EQUATIONS

We are starting to discover that equations can be invariant under a
Lie group. This leads us to the following question: Can differential
equations be invariant under Lie groups? The following examples
illustrate an answer to that question. Consider the simple differential
equation

d
Y-y, (1.10)
dx
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0 T
0 1

N 4
w

FIGURE 1.7 Equation xy = 1 and the composition of two transformations of (1.9).

and the Lie group

t3 —&

x=c¢ex, y=ey. (1.11)

Is the ODE (1.10) invariant under (1.11)? It is an easy matter to cal-
culate
dy d —
—z = e_ZE—y and xy3 = e %x)’ (1.12a)
dx dx
and clearly, under (1.11), (1.10) is invariant, as from (1.12) we see
that

dy — . dy 3
— =X since — =x)".
dx 4 a7
EXAMPLE 1.4
Show 1y
dy  (y+1) 1
=7 7 4 1.13
dx X3 * x2 (1.13)
is invariant under
Y= — F=y-e (1.14)

1 +ex
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d
We first calculate —Z by the chain rule

X
& _dy dx
dx dx’dx
d
= e (1.15)
dx

Next, we focus on the first term on the right-hand side of (1.13). So

X 3
(H+1)3:<m'(y‘6)“>
§5 ( X )5
1 +ex
xy+1 3
B 1 +ex
- . 5
X
(1+6x)
(Xy+1)3 2
=——" (1 +e&x).
x5

Thus, the entire right-hand side of (1.13) becomes

Xy + 1)} 1y’ 2
—(xyt L 1= —(xyt (14 exy? 4 LFED +§x) . (116)
X ¥ X X
To show invariance is to show that
dy xy+1)3 d )3
_Gr+D 1 b _o+D 1 (1.17)
dx }5 x2 dx x> x2

Using (1.15) and (1.16) in (1.17) shows (1.17) to be true.
We will now turn our attention to solving some differential
equations. |

1.4 SOME ORDINARY DIFFERENTIAL EQUATIONS

Consider the Riccati equation

d
Y_op XL (1.18)

dx x  x?
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Typically, to solve this ODE, we need one solution. It is an easy mat-

. . k
ter to show that if we guess a solution of the form y = =, then
X

k= =+l.
If we choose i
V1= ;
and let |1
y=—-+-, (1.19)
u  x

where u = u(x), then substituting into equation (1.18) and simplify-
ing gives
, u
u+—-=-1,
X

which is linear. The integrating factor y is

where ¢ is an arbitrary constant of integration. Substituting this into
(1.19) gives

y=—2_41 (1.20)
C— X X

We find that the procedure is long and we do need one solution to
find the general solution of (1.18). However, if we let

x=¢e', y=re™, (1.21)
where s = s(r), then substituting into (1.18) gives

e™s —re sy _ _ _
— :r262s_re2s_e2s
ess
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and solving for 5" gives

ds 1
— = 1.22
dr -1 ( )
an equation which is separable and independent of s! This is easily
integrated and using (1.21) gives rise to the solution (1.20).
Consider d 5
F_r, X (1.23)

dx  x  x+y

Unfortunately, there is no simple way to solve this ODE. However,
if we let
xX=s, y=rs, (1.24)

where again s = s(r), then (1.23) becomes

—=r+1, 1.25
o=t (1.25)

an equation which is also separable and independent of s! Again, it
is easily integrated, giving

s = %r2+r+c, (1.26)

and using (1.24) gives rise to the solution of (1.23)
10>y
=—-—+=+c 1.27
X >0 + < +c (1.27)
Finally, we consider

dy _ 2’ -y-xp)

o e (1.28)

This is a complicated ODE without a standard way of solving it.
However, under the change of variables

= y=%, (1.29)

(1.28) becomes
ds _ 2r+1)

—_—= 1.30
dr 24+ 2r+2 ( )
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again, an equation which is separable and independent of s! Inte-
grating (1.30) gives

s=—In|r+2r+2|+c (1.31)

2
n <l—l) +2<l—l>+2
x y x oy
the exact solution of (1.28).
In summary, we have considered three different ODEs and have
shown that by introducing new variables, these ODEs can be reduced

to new ODEs (Table 1.1) that are separable and independent of s.
We are naturally led to the following questions:

and via (1.29) gives

+e, (1.32)

1. What do these three seemingly different ODEs have in com-
mon?

2. How did I know to pick the new coordinates (r,s) (if they

even exist) so that the original equation reduces to one that is
separable and independent of s?

The answer to the first question is that all of the ODEs are invariant
under some Lie group. The first ODE

d
Y_p 2 L (1.33)

dx x X2

TABLE 1.1

Equation (1.18), (1.23) and (1.28) and their separability
Equation Transformation New Equation
d_y_ 2—Z—L x=¢e =re™* 9— 1

dx x X2 - = dr =~ -1

dy y «? ds

-~ = = =r — = 1

i x+x+y X=s, y=1s ar r+

dy _ 2P’ -y —xp) o | _1 ds _ 20+ 1)
dx X(x — )2 r+s 2T s dr 2+ 2r+2
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1s invariant under
xX=¢€x, y=e*y, (1.34)

the second ODE
- ==+ (1.35)

1s invariant under

T=x4e j= TV (1.36)
X
and the third ODE
dy 2 —y-xp) (137)
dx x(x —y)? '
is invariant under
— X — y
= = . 1.38
YT lrer U7 1% £y (1.38)

The answer to the second question will be revealed in Chapter 2!

EXERCISES

1. Show that the following are Lie groups:

(i) x = €°x,

(i) x = VxZ+e,

i) ¥ = TF 5 e
Y

L= _ X -__JY

) x = 1 +ex’ y_1+ey'

2. Show that the following equations are invariant under the given Lie
group

() x*p*+e¥ =1+xyp,

=1
I
[¢]
=
<l
I
(¢
=

(i) Y 4+2x7+x24+27+2x=0, X = x—¢, y=1/1+e,

(iii) xz—y2—2xysin§ =0, X = y=
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3. Find functions a(e), b(e), c(e), and d(e) such that
Y=y =m(x — xp) (1.39)
is invariant under
X =a(e)x + be), y=c(e)y+d(e). (1.40)

Does this form a Lie group? If not, find the form of (1.40) that not only
leaves (1.39) invariant but also forms a Lie group.

4. Show that the following ODEs are invariant under the given Lie groups

d — -

() = =27 +x", ¥ =ex,  y=ey,
dx
d 2 — —

() =gt Tt =
dx X3 +xp+)? 1+ey 1+ey

d 2 — -
@ é B %F<i_i>’ v e l-fex’ 7 1-|J-}£y'
5. Find the constants @ and b such that the ODE
dy _ 3xy+ 2)3
dx X2 4 3xp?’
is invariant under the Lie group of transformations

X =e%x, } — ebey.

6. (i) Show that
dy I-y- 2x)?
dx  xQxy+1)

is invariant under
Xy

X=x+e y= iyt
X+e

(i1)) Show that under the change of variables
r=xy, s=ux,

the original equation becomes

ds
— =2 1.
ar r+
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7. (i) Show that
dy _ y2 +(x— 2x2)y -3
dx x(x+y)

is invariant under
7= (x+¢e)y

X

X=x+e¢,

(i) Show that under the change of variables

r==, s=Xx,
X
the original equation becomes
ds _ r+1
dr— 2r+1
8. (i) Show that
dy
Y rw (1.41)
dx
is invariant under
X=Xx, y=y+e. (1.42)

(i1) Prove that the only ordinary differential equation of the form

that is invariant under (1.42) is of the form of (1.41).



CHAPTER 2

Ordinary Differential
Equations

In this chapter, we focus on the symmetries of ordinary differential
equations. At the close of Chapter 1, we saw three different ODEs,
(1.18), (1.23), and (1.28), which were all transformed to equations
that were separable and independent of 5. We also stated that each

was invariant under some Lie group (see Table 2.1).

We now ask, where did these transformations come from and
how do they relate to Lie groups? In an attempt to answer this ques-

tion, we consider these transformations in detail.

EXAMPLE 2.1
The ODE

is invariant under

as

Symmetry Analysis of Differential Equations: An Introduction,
First Edition. Daniel J. Arrigo.

© 2015 John Wiley & Sons, Inc. Published 2015 by John Wiley & Sons, Inc.

2.1)

2.2)

15
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TABLE 2.1
Invariance of equations (1.18), (1.23) and (1.28)

Equation Transformation Lie Group

Y_p_r_ 1

=)y - —— x=¢', y=re™ X=ex, y=e‘y
dx x X2
d 2 _ —
—y=Z+ ad X=s8 y=rs X=Xx+E¢, y=M
dx x x4y X
d 293 (x—y — _ _

& _e-y-x) XZL,yzl =X  5=_2
dx x(x — y)? r+s s 1 +ex 1+ey
Yo (y .

X
d_yz 221
dx x  x2
Further, under the change of variables
x=¢e, y=re”’ (2.3)
then (2.1) becomes
ds __1 (2.4)
dr 2 +1

noting that (2.4), as with all equations of the form ? = G(r) i1s invariant
r
under
r=r, s=s+e, (2.5)

(cf. Exercise Chapter 1, #8). It is interesting to note that the transformation
(2.3) is invariant under the combined use of (2.2) and (2.5). To see this

= re™*

= refe”*

=S

y

efx = et ety = re (O
Y
y= re”. m

EXAMPLE 2.2

From the previous chapter, we saw that

(2.6)
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was invariant under

Texte jo= OOV 2.7)
X

and under the change of variables
xX=s, y=rs, (2.8)

(2.6) was transformed into

@—r+1
dr '

It is an easy matter to verify that (2.8) is invariant under (2.7) and (2.5) as

xX=5 y=Ts
X+e= s+e m: r(s+e) (2.9)
xX=s y=rs,
noting that we used x = s in the second column of (2.9). [

EXAMPLE 2.3

Finally, we recall from the previous chapter that

dy _ 2=y -xp)

= 2.10
dx x(x — )2 (2.10)
was invariant under the Lie group
— X — y
= = , 2.11
T lrer YT 1S £y 1D
and under the change of variables
1 1
- = - 2.12
Tirs TS 212
(2.10) was transformed to
ds 2r+2

o R4+l
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We leave it to the reader to show that the transformation (2.12) itself is also
invariant under (2.11) and (2.5).

This suggests that if we had a Lie group that left a particular differential
equation invariant, say

x=f(x,y,€), y=gxye), (2.13)
then the change of variables
x = A(r,s), y=B(r,s), (2.14)

would lead to a separable equation that would be invariant under (2.13)
and (2.5), that is,
x=A(r,s), y=B(@,s) (2.15)
if (2.14) holds. Combining (2.5), (2.13), and (2.15) gives
fC,y,e)=A@r,s+¢€), gx,y,e)=B(r,s+e) (2.16)

and further, using (2.14) gives (2.16) as

f(A(r,s), B(r,s),e) = A(r,s + €), (2.17a)
g(A(r,s), B(r, s),€) = B(r,s + ¢), (2.17b)
two functional equations for 4 and B. However, solving (2.17) really hinges

on the fact that we have the Lie group that leaves our differential invariant.
If we require our differential equation

dy
= = F(x,
ix (x,»)
to be invariant under (2.13) then
dy __ 8+ 8, F(x,y)
—==Fxy) > ——F———=F(f(x.ye).8xye¢),
dx Y S+ F(xp)

a nonlinear PDE for /" and g that is really too hard to solve! So at this
point it seems rather hopeless. However, Lie considered not the Lie group
itself but an expanded form of the Lie group which are called infinitesimal
transformations. m
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2.1 INFINITESIMAL TRANSFORMATIONS

Consider
X=f(x.y.€), y=gx.pe), (2.18)

with
f(x,y,0) =xand g(x,y,0) = y. (2.19)

If we assume that ¢ is small, then we construct a Taylor series of
(2.18) about € = 0. Thus,

of

X=(6y,00+ =| &+ 0, (2.20a)
73 e=0
— og )
y=g(x,»,00+ — e+ 0O(e”). (2.20b)
oe =0
If we let
al { .
%l = X(x,»), =| =Yk (2.21)
€ le=0 3 e=0

and use (2.19), then (2.20) becomes
X=x+X(x, e+ 0@E), y=y+Y(x,p)e+ 0. (2.22)

These are referred to as infinitesimal transformations and X and Y
as simply infinitesimals.

Here we consider two examples where the infinitesimals are
obtained from the Lie group.

EXAMPLE 2.4
Consider the Lie group
xX=¢€x, y=e‘y
Therefore,
ox . ox
— =ex o) =X,
de 0€ |¢=0
d 0
P —e"fy  so 2 =- ,
oe de
e=0
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and
X, =x, Yy =-y (2.23)

EXAMPLE 2.5
Consider the Lie group

X =XCose —ysing, y=ycose+ xsine.

Therefore,
ox . ox
— = —Xxsing—ycose SO — =-y,
de 0€ |e=0
ay . ay
—y=—ys1n£+xcoss SO e = X.
de ode .

Thus,

X(XsJ’) =-), Y(X,y) = X.

If we had the infinitesimals X and Y, we could recover the Lie group from
which they came. We would solve the system of differential equations

dx

—=Xx.)), Xl =x, (2.24a)

de

dy ——

Frl Y(x,»), Vle=o = > (2.24b)

£

(see Bluman and Kumei [1] for the proof). The following examples illustrate
this. u
EXAMPLE 2.6

Consider X =1 and Y = 2x. From (2.24) we are required to solve

X dy
& _y Y_o% (2.25)
de de
subject to the initial conditions given in (2.24). The solution of the first is

X =+ c(x,y),
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where ¢ is an arbitrary function of its arguments. If we impose the initial
condition x = x when & = 0 gives ¢(x, y) = x, leads to

X=X+e. (2.26)
Using (2.26) in the second equation of (2.25) gives
&
d_J; =2(x+e¢),
and integrating leads to

Y =2xe + €+ c(x,y), (2.27)

where again ¢ is an arbitrary function of its arguments. Imposing the initial
condition y = y when & = 0 gives c(x, y) = y gives

Y=y +2xe + €2 "
EXAMPLE 2.7
Consider X = x? and Y = y?. From (2.24) we are required to solve
X — dy _
dr_z2 Y_3? (2.28)

FPR P

subject to the initial conditions given in (2.24). The solution of the first is

—l =¢e+c(x,)),
x

and imposing the initial condition X = x when € = 0 gives ¢(x,y) = —1/x.
This leads to

1 1
—=—=&— -,
X X
or
o X
1 —ex’

As the second differential equation in (2.28) is the same form as the first,
its solution is easily obtained, giving

Y
l1—gy

V= (2.29)
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At this point we discover, if we had the infinitesimals X and Y, we
could construct a transformation that would lead to a separable equation
involving r and s. Consider

r=r(xy), s=s(x,y) (2.30)
and require that (2.30) be invariant, that is,
r=r(xy), s=s0xY). (2.31)

Differentiating (2.31) with respect to € gives

OF _0roX ordV  J5_ dsdx 05OV

—=—= —-—, —=—=—+—=—. (2.32)
o€ 0x 0e  QJy O€ o€ 0x 0e  QJy O€
We also note from (2.5) that
oo, B (2.33)
de de

Setting e = 0 in (2.32) and using (2.33) and (2.21) gives
X(x,y)ﬂ + Y(x,y)ﬂ =0, X(x,y)é + Y(x,y)ﬁ =1. (2.34)
0x a2y ox ay

Thus, if we have the infinitesimals X and Y, solving (2.34) would give rise
to the transformation that will separate the given ODE. ]

EXAMPLE 2.8

Recall that (2.2) left (2.1) invariant and we obtained the infinitesimals X
and Y in (2.23). Then we need to solve

xr.—yr, =0, xs.—ys, =1, (2.35)
X y X y

from (2.34). By the method of characteristics, we obtain the solutions of
(2.35) as
r=R(xy), s=lnx+S(xp), (2.36)

where R and S are arbitrary functions of their arguments. Choosing R and
S'in (2.36) such that r = xy and s = In x gives x = ¢ and y = re™, recover-
ing the change of variables (2.3). ™
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EXAMPLE 2.9
Recall that (2.7) left (2.6) invariant. The infinitesimals associated with (2.7)
are X = 1 and Y = y/x. From (2.34), we need to solve
s, = 1. (2.37)
By the method of characteristics, we obtain the solution of (2.37) as

r:R(g), s=x+s(§), (2.38)

where R and S are arbitrary functions of their arguments. Choosing R and
S'in (2.38) such that r = J and s = x gives rise to the transformation (2.8).
X

At this point, we are ready to answer the question: How do we find the
infinitesimals X and Y? [ |

2.2 LIE’'S INVARIANCE CONDITION

We have seen that given the infinitesimals X and Y, we can construct

a change of variables leading to a separable equation; we now show

how these infinitesimals are obtained. We wish to seek invariance of
dy

— = F(x,y) (2.39)
dx

under the infinitesimal transformation
X=x+Xx, e+ 0E), y=y+ Y(x,p)e+ 0.  (2.40)

In doing so, it is necessary to know how derivatives transform under
the infinitesimal transformations (2.40). Under (2.40), we obtain

a 2
ﬂ & (y+ Y(x,y)e+ O(e ))

dx

= (x + X(x.p)e + O(%))
d

Ly + Ve + 0D
dx

T TH X+ X, )e + O@E)
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d
- <£ Y+ Y, e+ 0(&)) (1-1X, + X,)'le + O(eD))

d
_ —)yc + (Y +1Y, - X, = X,)%) e + O(ED). (2.41)

We now consider the following ODE

dy - —
é = F(x,y). (2.42)

Substituting the infinitesimal transformations (2.40) and first-order
derivative transformation (2.41) into (2.42) yields

g—)yc + (Y +1Y, - XY - X)) e+ 0 ()
=F (x+X(x,0)e+ 0 (€?),y+ Y(x,p)e + O (£)).

Expanding to order O(¢?) gives

dy
=t (Y +1Y, - X)) -X)?) e+ 0 ()

=F(x,y) + (XF, + YF))e + O (%), (2.43)
and imposing
dy
ol F(x,y)
X

shows that equation (2.43) is satisfied to O(g?) if
Y.+ (Y, - X,)F—X,F* = XF, + YF,. (2.44)

This is known as Lie’s Invariance Condition. For a given F(x,y),
any functions X (x, y) and Y(x, y) that solve equation (2.44) are the
infinitesimals that we seek.

Let’s reexamine the preceding examples.

EXAMPLE 2.10

Consider
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which was found in Example 2.1 to be invariant under
x=ex, y=ey.
We found in Example 2.4 the corresponding infinitesimals to be

X=x, Y=-y (2.45)
y

Lie’s invariance condition (2.44) becomes
y 1 y 1
Yx+(Yy_XY) (yz____>_Xy<y2____>
=X(14~3>+Y<@-1). (2.46)
X
Substituting the infinitesimals (2.45) into (2.46) gives

i) lE ) )

which, upon simplification shows, it’s identically satisfied. Thus, X (x,y) = x
and Y (x,y) = —y are solutions of Lie’s invariance condition (2.46). [ ]

EXAMPLE 2.11

Consider
_y, X
dx x x+y

We saw at the beginning of this chapter that this ODE is invariant under

— — +
Te=xte j= oY
X
with the associated infinitesimals
x=1, v=2 (2.47)
X

Lie’s invariance condition becomes
Vo x? y o2\
Yx+(Yy—X\.)<—+—>—Xy<—+ )
’ X x4y X Xx+y

2
Yy o x 4+ 2xy 1 x? >
X(-+—=)+v(=-- : 2.48
< w2 (X+y)2>+ <x (x+y)7? (249
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The reader can verify that X and Y given in (2.47) satisfies (2.48) but instead
we will try and deduce these particular X and Y. As (2.48) is difficult to
solve for X(x, y) and Y (x, y) in general, we will seek special solutions of the
form

X =Ax), Y =Bx))y. (2.49)

Substituting (2.49) into equation (2.48), simplifying and collecting coeffi-
cients of the numerator with respect to y gives

(A-A'x+ B'x?)y +2(A - A'x+ B'x*) x)? (2.50)
+(4-Q2A+A)x+@2B- A+ B)x?)x*y — (4 - Bx + A'x)x* = 0.

As this must be satisfied for all y, then the coefficients must be identically
zero, giving rise to the following equations for 4 and B:

A-A'x+Bx*=0, (2.51a)
A-QA+A)x+QB—- A +B)x*=0, (2.51b)
—A+Bx—A'x=0. (2.51c¢)
Solving (2.51c¢) for B gives
B=a+4 2.52)
X

and substituting into the remaining equations of (2.51) gives
A"=0, A"+4 =0,

from which it is easy to deduce that 4 = ¢;. From (2.52), B = E, where ¢ is

an arbitrary constant. Thus, from (2.49), we find the infinitesimals X and
Y tobe i
X=c¢ v=25,
y

and setting ¢ = 1 gives exactly those infinitesimals given in (2.47).

In finding the infinitesimals X and Y in (2.48), it was necessary to guess
a simplified form, namely (2.49). This is often the case. We usually try the
following forms (see the exercises):

() X =A(x), Y =Bx)y+ C(x),

(i) X =A(), Y =Bx+CQ),

(i) X =A(), Y =B®),

(iv) X =A(), Y =B®X). .
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EXERCISES

1. For the given Lie group, find the corresponding infinitesimals X and
Y.

(i) x=coshex +sinhey, y=coshey+sinhex

(i) X =4/x2—2y+2pec, y=ye",

_x 0
V1 +2e)? ’ V1 +2ey?

2. For the given infinitesimals X and Y, find the corresponding Lie group.

(i) ¥= y=

i X=xy, Y=1
i) X=x+y, Y=y,
(i) X=x>—x, Y=1"+y.
3. Find infinitesimal transformations leaving the following ODEs invari-

ant. Use these to find a change of variables and reduce the original
ODE to one that is separable and solve the equation.

2

d X
(l) _y=xy+Z+e_

dx X Xy

d 3 5
(ii) y_2D, X

dx  x  2p+x3
dy y+)
@iiiy —=—7-"—7—
dx x4+ (x+1))?
Hints: Try:

1. X = A(x), Y = B(x)y,

2. X = A(x), Y = B®y),

3.X = AQ), Y = BX).

4*. If we introduce the change of variables given in (2.34), namely

Xﬂ+Yﬂ=O, §+Y§=1,
ox ay ax ady
such that the differential equation
d
L = Fx,y)

dx
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is transformed to one that is independent of s, prove that X, ¥, and F
satisfy Lie’ invariance condition (2.44).

2.3 STANDARD INTEGRATION TECHNIQUES

When one first learns the standard techniques for solving first-order
ordinary differential equations, one creates a cookbook on how to
solve a wide variety of equations: linear, Bernoulli, homogeneous,
exact, Riccati, etc. A natural question would be: Do these equations
have anything in common? The answer is yes—they are all invariant
under some infinitesimal transformation.

2.3.1 Linear Equations

The general form of a linear ODE is

d
%+P@W:Q@) (2.53)
X

This is invariant under the Lie group

X=x, J=y+ee /PO (2.54)
as o d
Yy _ Y < -/ P(x)dx)
=== -P
= dx +€ (x)e
and -
L+ PE7 = 0®
dx
gives
dy

e (—PEoeS ) 4+ o) (y+ e PO ) = 0o (2.55)

Expanding (2.55) gives

d
d—y + P(x)y = Q().
X
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From the Lie group (2.54), we obtain the infinitesimals X = 0 and
Y = e/ P™dx The change of variables are obtained by solving

(2.34), so
e—fP(x)dxry =0, e—fP(x)dey =1

Thus,

ry=0 = r=RX),

s, = ef POI o5 = of PO 4 (),

(2.56)

where R(x) and S(x) are arbitrary functions. Choosing R = x and

S =0 gives
x=r y= e POU

dy .
Calculating d—y gives
X

d_y — e—f P(r)drg _ P(r)e—fP(r)drS
dx dr
and substituting into (2.53) and simplifying gives

ds _

5 =</ "o,

which is a separable equation.

EXAMPLE 2.12

Consider
YV +y=nx

Here P(x) =1, so
Y = e—f Podx _ o=

Thus, from (2.56), we need to solve

This gives
r=R(x), s=e'y+ S(x),

(2.57)
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where R and S are arbitrary, and choosing R(x) = x and S(x) = 0 gives

Under this change of variables, the linear equation (2.57) becomes

ds _ re”
dr ’

which is separable. m

2.3.2 Bernoulli Equation

Equations of the form

dy

ot P(x)y =0(x))", n#0,1
X

are called Bernoulli equations. Assuming X = 0, Lie’s invariance
condition (2.44) becomes

Y, + Y, Q)" — P(X)y) = Y (nQx)y"" = P(x)).  (2.58)
The reader can verify that

Y = e(n—l)/ P(x)dxyn

satisfies (2.58). To obtain a change of variables, it is necessary to
solve
e(n—l)/P(x)dxynry =0, e(n—l)fP(x)dxynSy =1. (259)

We best show this via an example.

EXAMPLE 2.13

Consider

= =
[F5]

= x)°. (2.60)

Here P(x) = 1 and n =3, so
X

Y = e(n—l)fP(x)dxyn — e21nxy3 — x2y3'
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We need to solve (2.59), that is,
r, = 0, x2y3sy =1.

This gives

= R(x), s=S8(x)+—r,
r= RO, 5= S0+ oo

and choosing R = x and S = 0 gives

-1
0= 2x2y2°

The Bernoulli equation (2.60) then becomes

s _ 1
dr 41

which is separable. [ ]

2.3.3 Homogeneous Equations

Equations that are homogeneous are of the form

j—)yc :F<£). (2.61)

Equation (2.61) is invariant under the Lie group
x=¢x, y=c¢ey, (2.62)
and expanding (2.62) gives

X = x+ ex + O(£2),

y=y+ey+0@),

giving the infinitesimals X = x and Y = y. Therefore, the change of
variables is obtained by solving

X+ yry, = 0, xs, + s, = 1,
which has solutions

r:R(Z), s:mx+s(§), (2.63)
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with R and S arbitrary functions of their arguments. Choosing R
and S such that

r= X, s=Inx
X
gives
x=¢ and y =¢€’r (2.64)
d

an d e

dy  dar eS+rets 14y

=~ — = = . (2.65)

dx d | ess’ 4

dr
By substituting (2.64) and (2.65) into (2.61), we obtain

!
1+rs FOr).

s

or
/ 1

5= F(r)y—-r’

a separable ODE. We further note that in the case F(r) = r, the orig-
inal equation is separable!

EXAMPLE 2.14

Consider
L v+ Vxr+)?
y=—

(2.66)
X

As this ODE is invariant under (2.62), we use the change of variables given
in (2.64). In doing so, our homogeneous ODE (2.66) becomes

ds _ 1
dr

2 +1

which is separable. |

2.3.4 Exact Equations

The equation
dy
— =F(x,y) (2.67)
dx
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can be rewritten as
F(x,y)dx—dy =0

or
M(x,y)dx + N(x,y)dy = 0. (2.68)

Equation (2.68) is said to be exact if

oM _ ON

—_— = 2.69
dy ox ( )

If (2.69) holds, there exists a function ¢ such that

Wby 0

- ’ N7
ox a0y

whose solution is
d(x,y) =C,

which is the solution of the ODE (2.68). This is rarely the case. Some-
times, we look for an integrating factor x4 such that

uMdx + uNdy =0

1s exact. That is,
0 0
— (uM) = — (uN). (2.70)
ay ox

This is still a hard problem, as we now have a PDE for u. Suppose
that we knew that equation (2.68) was invariant under the infinites-
imal transformation

X=x+eX(x,p) +O0(?)
y=y+eY(x,y)+ 0,

then an integrating factor for (2.68) is given by

1

= 2.71
MX +NY @71

u
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This result is actually due to Lie himself [2].
From (2.70) with u given in (2.71), we get

%(ﬁ) =%<ﬁ)- 2.72)

From the original ODE (2.67) we can identify that M = —FN and
substituting into (2.72) gives

>\ =% 7=m)
0y \Y—FX/) ox\Y-FX)’
Expanding gives
“F(Y-FX)+ F(Y, - FX - FX)) Y, -FX-FX,
(Y — FX)? (Y — FX)?

and simplifying gives
Y, +(Y, - X)F - X F* = XF,_+ YF,

which is exactly Lie’s invariance condition (2.44).

EXAMPLE 2.15
Consider
(2x*y 4+ y*)dx + (¥° = 2xp°)dy = 0. (2.73)
Here M and N are given by
M =2x*+y4 N=x-2x)7,

SO
% =2x* +4y3, ?)—N =5x* - 2y3.
X

These are clearly not equal so the ODE in not exact. Equation (2.73) is
invariant under
3

X =e*x, }ze‘“y,

so we obtain the infinitesimals X and Y as

X =3x, Y =4y.



2.3 Standard Integration Techniques 35

From (2.71), we obtain u as

1 1
H= 3xQ2x%y + ) + 45 = 2x13)  Sxp(2xt — 3)
Therefore,
4.3 4_ 93
9 _ 4y YETHY) g X2y (2.74)

ox M T Sxy(2x4 —y3)" dy oY= Sxy(2xt —p3)

Note that the constant 5 will be omitted as this will not change the final
result. Integrating the first equation of (2.74) gives

¢=—mm+%muﬁ—ﬁuFm,

where F is an arbitrary function of integration. Substitution into the second
equation of (2.74) and expanding gives

F'(y)=2L => F(y)=11n|y|+c.
y 2

Therefore, | .
¢=—ln|x|+§ln|2x4—y3|+§ln|y| +c.

The solution of the ODE (2.73) is therefore given by ¢ = ¢, (constant) and
after simplification gives

aﬁ—fw_k
x2 o

where k is an arbitrary constant. [ ]

2.3.5 Riccati Equations
The general form of a Riccati ODE is

d

é = P()* + 0(0)y + R(x). (2.75)
Our goal is to find X and Y that satisfies Lie’s invariance condition
(2.44). As with both linear and Bernoulli equations, we will assume

X =0, giving Lie’s invariance condition as

Y, + (P(x)y* + Q)y + R(x)) Y, = QP(x)y + Qx)) Y. (2.76)
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One solution of (2.76) is

2
where y, is one solution to (2.75) and F satisfies
F'+ (2Py, + Q) F =0. (2.77)

In order to solve for the canonical variables r and s, it is necessary
to solve

2
(r=21) Feor, =0, (y=y;) Fos, =1,
from which we obtain

1
r=Rx), s=8x)-———,
v —yDF
where R and S are arbitrary functions. Setting R(x) = x and S(x) = 0
yields

xX=r, y=y - (2.78)

sF(r)’
thereby transforming the original Riccati equation (2.75) to

)

dr — F(r)

Itis interesting that the usual linearizing transformation is recovered
using Lie’s method.

EXAMPLE 2.16

Consider
32
Yy == +2y—2e".

o

One solution of this Riccati equation is y; = e*. From (2.77), we see that F
satisfies

F' +4F =0,
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from which we obtain the solution F = e~*', noting that the constant of
integration can be set to one without the loss of generality. Thus, under the
change of variables given in (2.78), namely

x=r, y=e ——, (2.79)
s
the original ODE becomes
@ _ a3
dr u

EXERCISES

1. Find infinitesimal transformations leaving the following ODEs invariant
and use these to separate the following

dy e 3y .o dy
—_— = — - = - =2
@) ol Rt (i1) Y +x
d dy 3
(i) = = 2y + x)?, Gv) L =X _yy,
dx dx vy
dy X3 +y3 . dy
O 5= () & =Iny-lnx,
d _2x)? d 3xy + 23
(vil) = = 2= (i) L = - 2
dx  x+2x2%y dx X2 4+ 3xy?
d 2 d
o Z=L 222 ) Poepyy_ze,
dx X2 X dx
yp=x ypo=e

2. Consider
(2xy2 + 3x2) dx + (2x2y - 4) dy =0,

which is already in exact form as M, = N,.. Show from (2.71) that X" and
Y satisfy
(2xy2 + 3x2) X+ (2x2y - 4) Y=1

Further show that this satisfies Lies’ invariance condition (2.44). This
illustrates that first-order ODEs have an infinite number of symmetries.
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3. Consider the ODE
2ydx+ (x+5y%)dy =0. (2.80)

Show Lie’s invariance condition (2.44) for this ODE admits the solutions

X Y = __2

2y RRVAL

Further show from (2.71) that the integrating factors are (to within a
multiplicative constant)

X=2x, Y=y, and X-=

1 and M:L,

ST NG

thus illustrating that integrating factors are not unique.

2.4 INFINITESIMAL OPERATOR AND HIGHER
ORDER EQUATIONS

So far, we have considered infinitesimal transformations of the form

X =x+eX(x,p)+ 0> (2.81a)
Y=y+eY(x,y)+ 0> (2.81b)
with
d—i Y [V + (Y, - X))y = X,)"] + Oe). (2.82)
dx dx

In order to extend the method to higher order equations, it is useful
to introduce a more compact notation.
2.4.1 The Infinitesimal Operator

We define the infinitesimal operator as

0 0
Fr=X—+Y—. 2.83
ox * ay 2.83)
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As an example of the usefulness of this notation, consider F(x, ).
We can write

FX,p)=F (x+eX +0(e%),y+€eY +O(e)),
=F(x,y) + ¢ (XF, + YF,) + O(&°),
=F(x,y) + e['F + O(£?),

where
I'F = Xi + Yi F.
ox dy

2.4.2 The Extended Operator

d
The invariance of é = F(x,y) leads to

Y.+ (Y, - X))y - X,)* = XF, + YF,. (2.84)

As we have introduced an infinitesimal operator in (2.83), we now
introduce the extended operator

0 0 0

M=XYX=—+vY—+Y, —. 2.85
0x oy X1 gy (2.85)
If we define A such that
d
A= —y—F(x,y)=0,
dx
then
rA=y,, - XF, - YF, =0. (2.86)

Comparing (2.84) and (2.86) shows that we can define Y, as
2
Y[x] = Yx + (Yy - Xv)y, - ny, .
When we substitute )/ = F into

rHa = o,
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we get Lie’s invariance condition. Thus,

rYal =0
A=0

is a convenient way to write the invariance condition.

2.4.3 Extension to Higher Orders

It is now time to reexamine the infinitesimal Y},;. From (2.82) and
2.87, we see that we can write

dy _dy

= = + Y[,C]s + O(e ),

where

Y[x] = Yx+ (Yy - XY) y, _nyIZ'

This suggests that we could write higher derivatives as

d¥y  d?
dy dy2+ Y€ + O(e2),
X
and
d3_ d3y
=i =57 Y € + O(e?),
¥
and so on.

2.4.4 First-Order Infinitesimals (revisited)

Before we look at the extension to higher orders, consider

Y=Y, +Yy’—Xy’—ny’2

X

=Y, +Y) - (X, + X))y, (2.87)

If we define the total differential operator as

0 0
D =,

then
Y g=D.(Y)~- D .(X)y'.
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We call Y}, an extended infinitesimal .
oody . .
Consider d_J_} using the total differential operator D. Therefore,
x
d 2
&G o (y+eY +0())
dx % (x +eX + 0(52))

dy
X
1 +eD. (X)+ O(e2)

+eD (Y) + O(?)

= (;l_i +eD (Y)+ 0(52)> (1-eD(X)+ 0(62))

d
= =+ (D) = DY) +0e)

dy
=S+ Vi + O(e?).

2.4.5 Second-Order Infinitesimals

We now consider second-order extended infinitesimals:
&y _d (@)
dx® dx \dx
()
dx \dx /) dx
d |dy

/ 2
=t [D.(Y) = D (X)y'| £+ OCe )]

1 +eD. (X)+ O(e?)

2

d " 2
=57 (D(Y() — D(X))") € + O(eD),

d2
_ (d_xg + DY, e + 0(52>> (1-eD,(X) + O(e)
)y

SO
Y[xx] = Dx( Y[x]) - y//Dx(X)-
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As Y}, contains x, y, and ), we need to extend the definition of D,

SO
0 0 w0

Dx:aﬂay yay’ Y oy

and expanding Y, gives
Y[xx] - D“\( Yx + (Yy - Xx)y, - nyl2) _y,,D (X)

Yx+(2ny_X )y/+(Y 2Xx})y
_(Yy_sz)y”_3X / N

yyy ’

2.4.6 The Invariance of Second-Order Equations

We consider

d’y - dy
— =F(xy =)
dx dx
SO
dz)’ 2 2 dy
d2+snm+0@)_ @+5X+0@xy+sY+0@La;

+eY+0()),

that, upon expansion, gives

2

d
d§+gYM+0(5 )= F(x.y, )

dx
+e(XF, + YF, + Y F,) + O(®). (2.88)

" d? d
y Y
— =F(xp—

dx? ( ’ ’dx>

then (2.88) becomes
Y[xx] = XEY + YFy + Y[X]Fy,' (2.89)
In terms of the extended operator I'V, (2.89) becomes

=1TF

[xx] —

Y,
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It is therefore natural to define a second extension to I

2 _ v 0 0 0 0

If we denote our ODE as A,

A=)y"—fx,p, ),
then the invariance condition is

A =0.
A=0

2.4.7 Equations of arbitrary order

In general, if we define the nth order extension to I" as

o 0 9 9 9
w_ v 0 0 0 .
' = Xa +Y—+ Y[x] 9y’ + Y[XX] 0y + + Y[nx] C—)y(”)

+...,
X ay

where the infinitesimals are given by
Vg =Dy (Ygenyg) =3 D(X).
Then, invariance of the differential equation

Alx,y, )y, ... p")=0

is given by
roal =0
A=0

2.5 SECOND-ORDER EQUATIONS

In this section, we consider three examples to demonstrate the pro-
cedure of Lie’s invariance condition for second-order ODEs. The
first example is " = 0. As this ODE is trivial to integrate, we view
this example solely to understand the algorithmic nature of Lie’s
method.
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EXAMPLE 2.17
Consider the following ODE

If we denote this equation by

then Lie’s invariance condition is

FQ)A’A—O =0,
g =0, (2.90)
y//=0
[xx] =0 =0.

Substituting the extended infinitesimals transformations

Y y=D.(Y)- y'Dx(X)
Y[xx] = Dx( Y[x]) - y”Dx(X)

into equation (2.90) and expanding gives

Yxx +(2 ny - er)y/ + (Yyy - Zva)y’z - vayy/3

+(Y, =2X. )" =3X )"y =0. (2.91)
Substituting y” = 0 into equation (2.91) gives
Yoo+ QY =X )Y + (Y, —2X )y? - X,y =0.

When we set the coefficients of ', 3’2, and > to zero in (2.17), we get

Y, =0, (2.92a)
2Y,, - X, =0, (2.92b)
Y, -2X,, =0, (2.92¢)

X,, =0, (2.92d)
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an over-determined system of equations for the unknowns X and Y. Inte-
grating equation (2.92d) gives

X(x,p) = a(x)y + b(x), (2.93)

where ¢ and b are arbitrary functions. Substituting into (2.92c¢) and inte-
grating gives

Y, =2X,, =2d(x)
Y, =2d' (x)y + p(x)
Y =d' (0)y* +p(x)y + q(x), (2.94)

where p and ¢ are further arbitrary functions. Substituting (2.93) and (2.94)
into equation (2.92b) gives

4d" (x)y + 2p'(x) = d'(x)y = b"'(x) = 0.
When we set the coefficients of y to zero, we obtain

a’(x) =0, (2.95a)
20" (x) = b"(x) = 0. (2.95b)

Substituting (2.93) and (2.94) into equation (2.92a) gives
d" () +p"(x)y +q"(x) =0,
from which we obtain

p'(x)=0, (2.96a)
q'(x)=0. (2.96b)

The solutions of (2.95) and (2.96) are given simply as

a(x) =a|x + ay,
P)=pix+po,
q()=q1x + ¢,

where a;, a,, p1, P2, 41, and ¢, are constant. The remaining function b(x) is
obtained from equation (2.95b), that is,
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b”(x) = 2171,
b'(x)=2p,x+by,
b(x) = p; x> + byx + by,

where b, and b, are further constants. This leads to the infinitesimals X and
Y as

X =(a\x+ay))y +p1x2 + b x + b,,

Y=a;y" + (X +p)y+ 41 x + ¢ m

EXAMPLE 2.18
Consider the following ODE

V' 4+ +x* =0, 2.97)
If we denote (2.97) by
A=y"+y/ +x3* =0, (2.98)
then Lie’s invariance condition is
roa|l =0,
A=0
or in terms of the extended infinitesimals
Y+ YV +Y+ X% +4x°Y =0. (2.99)
Substituting the extended infinitesimal transformations

Y, =D(Y) - y’Dx(X)
Y[xx] =D( Y[x]) - y”Dx(X)

into equation (2.99) and expanding gives

Yxx +(2 Y,w - /Yxx)y/ + (Yyy - 2Xxy)y/2 - nyy/3
+(Y, =2X )" =3X)y" + 1)/
+ LY, + (Y, = X)) - X1+ X' +4x°Y = 0. (2.100)
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Substituting 3" = —yy’ — xp* into equation (2.100) gives

Yxx + (2 ny - /Yxx)yl + (Yyy - ZXxy)ylz - AnyyB
+(Y, = 2X )=y -0 = 3Xy (=) —xpH + v/
+Y + (Y, - X))y - X1+ X' +4x)° Y =0, (2.101)

Setting the coefficients of y/, 2, and > gives

Yoo =Y, =2X) +yY, + X' +4x°Y =0, (2.102a)
2V, - X + X, +30%X, + Y =0,  (2.102b)
Y, —2X,, +2yX, =0,  (2.102)

X, =0, (2.102d)

an over-determined system of equations for the unknowns X and Y. Inte-
grating equation (2.102d) gives

X(x,y) = a(x)y + b(x). (2.103)
Substituting into (2.102c) gives
Y, =

Yy = —a(x)y2 + 2a’(x)y + p(x),

2X,, - 2yX, = 24’ (x) — 2a(x)y,

Y= —% a(x)y* +d' (x)y* + p(x)y + q(). (2.104)

Substituting (2.103) and (2.104) into equation (2.102b) and regrouping
gives

3xa(x)y* — % a(x)y* + (3d" (x) + b’ (x) + p(x))y
+2p'(x) = b (x) + q(x) = 0. (2.105)

When we set the coefficients of the various powers of y in (2.105) to zero,
we obtain

a(x) =0, (2.106a)
3¢ () + B () + p(x) = 0, (2.106b)
2p' (x) = b (x) + g(x) = 0. (2.106¢)



48 CHAPTER 2 Ordinary Differential Equations

From (2.106a) we see that a(x) = 0, which leads to
X =b(x), Y =px)y+ qx). (2.107)

Substituting (2.103) and (2.104) into equation (2.102a) and reorganizing
gives

Qxb' + b+ 3xp)y* + dxqy + p'y?
+ +p"yw+q" =0. (2.108)

When we set the coefficients of the various powers of y to zero, we get
g=0, p'=0, 2xb'(x)+b(x)+3xp=0. (2.109)
The solution of the over-determined system (2.106) and (2.109) is
b(x) =cx, px)=-c, qx)=0, (2.110)
where ¢ is constant. This leads to the infinitesimals X and Y as
X=cx, Y=-—cy. (2.111)

Now we find the change of variable that will lead to an equation indepen-
dent of 5. Setting ¢ = 1 and solving

x"x_yry=0’ xsx—ysy=1, (2112)

leads to
r=xy, s=Inx,

or
x=¢, y=re’’. (2.113)

In terms of these new variables, equation (2.97) becomes

s, =0 =1+ 2r)sf +(r - 3)s3,
a second-order equation independent of s. We note that introducing ¢ = s,
gives

q, =0 = +20¢ + (r = 3¢, (2.114)

a first-order ODE in g.
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So far in this section, we have considered two examples. The first was
" = 0 to demonstrate the algorithmic nature of Lie’s method. The second

ODE was
Y+ + x4t =0,

where the infinitesimals

X=cx, Y=—cp

were obtained. We naturally wonder how sophisticated the infinitesimals X
and Y can be. The next example gives us the answer to that question. m

EXAMPLE 2.19
Consider the following ODE:

V' +3p +yP =0.
If we denote this equation by A, then
A=y"+3p/ +y =0,
and Lie’s invariance condition is
(2) _
row)|, _ =o.

r90" + 3y + %) 0,

P30

’ 2 —
Yiog + 3107+ 39 ¥y + 3y Y| PRy =0

Substituting the extended infinitesimal transformations
Y, =D.(Y)-)y'D.(X)
Y[xx] = Dx( Y[x]) - y,/Dx(X)
into equation (2.116) and expanding gives
Yxx +(2 ny - ‘Xxx)y, + (Yyy - 2Xxy)y,2 - nyy,3
+(Y, =2X )" =3X )"y +3Y)
+3p(Y, + (Y, = X)) = X,»") + 37 Y =0.

(2.115)

(2.116)

2.117)
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Substituting y” = =3y’ — y? into (2.117) gives
Yxx +(2 ny - X‘cx)y, + (Yyy - 2Xxy)y’2 - X'yyyB
+(Y, = 2X (=3 =) = 3X,) (=3yy) =) +3Y) (2.118)

+3p(Y, + (Y, — X)) = X)) +3y°Y =0.

Setting the coefficients of y’, y’2, and »3 in (2.118) to zero gives

Yxx+2y3Xx+3y2Y+3ny—y3 Yy =0, (2.119a)
2ny_’Yxx+3yX‘c+3y3Xy+3Y=0, (2119b)
Y,, —2X,, +6yX, =0, (2.119¢)

ny =0, (2.119d)

an over-determined system of equations for the unknowns X and Y. Inte-
grating equation (2.119d) gives

X(x,y) = a(x)y + b(x). (2.120)
Substituting into (2.119c¢) gives
Yyy = 2va = 261,()6) = 6a(x)y,
Y, = =3a(x)y* +2d' (x)y + p(x),
Y = —a(x)y? +d (x)p* + p(x)y + (). (2.121)
Substituting (2.120) and (2.121) into equation (2.119b) and regrouping
gives
3(d" () +b'(x) + p(0))y = (b"(x) = 2p'(x) = 3¢()) .
When we set the coefficients of y to zero, we obtain
a’(x)+ b (x) + p(x) =0, (2.122a)
b’ (x) = 2p'(x) = 3q(x) = 0. (2.122b)

Substituting (2.120) and (2.121) into equation (2.119a) gives

/1

2(d” (x) + b (x) + p()y? + (@" (x) + 3p' (%) + 3g(x))y?
+@" () + 3¢ X))y +4"(x)=0.
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Setting the coefficients of y and powers of y to zero gives

a’(x)+b'(x) + p(x) =0, (2.123a)
a” (x)+3p"(x) + 3¢g(x) = (2.123b)
P’ (x)+3¢'(x) =0, (2.123¢)
q"(x)=0. (2.123d)

The solution of (2.123d) is given simply as
q(x) = q;x + q5. (2.124)
When we substitute (2.124) into equation (2.123c) and integrate, we obtain
px) = —%q1x2+p1x + ps. (2.125)
Substituting (2.124) and (2.125) into equation (2.122b) leads to
b (x) = =3q,x +2p; + 3¢5,
which, upon integration, gives
b(x) = ——qlx + (Zpl +3¢))x% + byx + by. (2.126)

This only leaves equations (2.122a), (2.123a), and (2.123b), and the first two
are identical. Equation (2.122a) gives

d"(x) = q;x* = 3(py + g)x — (by + py).

which, upon integration, gives

! Xt - —(Pl +qy)x’ — —(b] + )X + a1x + a,. (2.127)

a(x) = 17

The remaining equation (2.123b) is shown to be automatically satisfied.
With a, b, p, and ¢ given in equations (2.124)—(2.127), the infinitesimals
X and Y are obtained through (2.120) and (2.121). For simplicity, we will
reset the constants as follows:

ayp = Cy, dy = Cq, bl =7, b2 = C¢»

p1 =—6c4 = 2¢q, py = —c7 = 2¢3,

q, = 4C5, qr = 4C4 + 268'



52 CHAPTER 2 Ordinary Differential Equations

This gives the following eight-parameter family of infinitesimals:

X=(c+cx+ c3x2 44X + c5x4)y
+eg + Crx + cgX? = 2e5x,

Y=—(c; +ox+ c3x2 + c4x3 + 65x4)y3

+(cy + 203 + 3¢4x% + desx)y?

—(2¢5 + ¢ + (6cy + 2¢5)x + 6¢5x%)y

+4cy + 2cg + 4esx,
where ¢| — cg are arbitrary constants. For several constants, we will con-
struct associated infinitesimal operators and for each a change of variables
will be obtained. These infinitesimal operators will be denoted by I';, where

the coefficients of the operator are obtained by setting ¢; = 1 and all other
constants to zero in X and Y. This gives

0 30
N=y—-y"—,
1 yax yay

0 > 3, 0

L) =xy—+ (0% - xp)—,

2=XYoT » xy)ay
2. 0 2.3 2 9
My=xy—+(—x")" +2xy° = 2y)—,
o0x oy

3.0 3.3 2.2 0

Iy=xy— +(=x"p° +3x7y" —6xy +4)—,

ox ay

Is=(x* - 2x3)i +(=x*P +4x3)? — 6%y + 4x)i,
ax ay

0
I'g=—,
67 ox
0 0
Ih=x—-y—,
! xax ydy

0 0
g =x>— + (2= 2xp)—.
8 =Y 5% ( Xy) PR
We now find a change of variables for some of the infinitesimal operators
shown earlier. These are constructed by solving (2.34) or in terms of the

infinitesimal operator I
I'r=0, Is=1. (2.128)

In particular, we will consider I', 'y, I's, and I';, as these are probably the
easiest to solve
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0 30
i=y— -y —.
! yﬁx oy

In this case, we need to solve

Yy _y3ry:0’
Sy —y3sy= L.
This leads to 1 1
r=x——, §=—,
y 2y?
or

Under the change of variables (2.129), equation (2.115) becomes
Sy = 1’
a second-order equation independent of s

) 0
Dy =xyo-+ v - Xy"’)a.

In this case, we need to solve

xyry + 0? - xy3)ry =0,
xys, + 0? - xy3)sy =1.

This leads to

or
1

X=5+V2r+s?, y=-——m—.

V2r + 52

Under the change of variables (2.130), equation (2.115) becomes

which is trivially solved.

()

(2.129)

(2.130)
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In this case, we need to solve

This leads to
r=y, sS=x,

or
xX=s, y=r. (2.131)

Under the change of variables (2.131), equation (2.115) becomes
S, = r3s3 + 3rsf,
a second-order equation independent of s. Therefore, introducing ¢ = s,
gives
q, = r3q3 + 3rq2,
a first-order ODE in ¢.

0 0
I=x—-y—.
7 Xax yay

In this case, we need to solve
xry—yr, =0, xs.—ys, =1L

This leads to
r=xy, s=lInx,

or
x=¢', y=re™. (2.132)

Under the change of variables (2.132), equation (2.115) becomes

S, = — D@ - 2r)s)3, +3(r — 1)s3,
a second order equation independent of s. Therefore, introducing ¢ = s,
gives

g, = (= D(* = 2nNg> + 30— D,

a first-order ODE in g. m
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EXERCISES

1. Find constants ¢ and b such that

4%,

5%,

&y npdy  dy
—_— - — =0, =0,1, and 2,
dx?2  xdx ydx " an

is invariant under the Lie group of transformations

X=ex, y=ce¢y.

Calculate the infinitesimal transformations associated with this Lie
group. Find the canonical coordinates that will reduce this ODE to
one that is independent of s and then further reduce the order.

. Calculate the eight-parameter family of infinitesimals, leaving

yZyII + 2xyl3 =0

invariant. Choose any three and show that they lead to new variables
that reduce the original equation to one that is of lower dimension.
Solve any of the equations.

Find the infinitesimals X and Y, leaving the following ODEs invariant

) d2y yn
@) FiRE neR/{0,1}
d?y  ndy
NS Ry
(@) dx? + xdx

For each, reduce to first order. (Be careful, there might be special cases
for n.)

Determine the symmetries of the linear ODE

2

d’y
@'f‘f(X)y:O.

Determine the forms of F(x) and the associated infinitesimals X and
Y, leaving the following ODE invariant

Py P
dx?2 y2



56 CHAPTER 2 Ordinary Differential Equations

Note: If you get an equation of the form
F, C4X + CS
F o oxX2+0x+c;

then there are several cases that must be considered: ¢, = 0 and ¢; # 0.
Within the latter, does the quadratic equation in x have real distinct
roots, repeated roots or complex roots? These cases will give different
forms of F.

6*. Classify the symmetries of the ODE

d dy dy
2— ( K(y)— — =0,
dx ( ») dx) M Yax
according to the form of K(y). This ODE arises from a seeking invari-

ance of a nonlinear heat equation (Bluman and Reid [3]).

2.6 HIGHER ORDER EQUATIONS

As we become more comfortable with Lie’s method of symmetry
analysis, it is natural to extend the method to higher order equations.
After a few examples, one gets the idea that computer algebra sys-
tems could be a valuable tool in manipulating and solving the deter-
mining equations (those equations that define the infinitesimals X
and Y). This becomes clear with the following example.

EXAMPLE 2.20

Consider
Y+ 3" =0. (2.133)

This ODE is known as Blasius’s equation and appears in the study of steady
2 — D boundary layers in fluid mechanics. If we denote (2.133) by A, then

A — y//l +yy// — O
Lie’s invariance condition is
row)| =
@)|,_, =0

oG + yy”)’y 0, (2.134)

1 4 yy! =0 =

Vi + 1 4y ¥l

I 4! =0 =Y
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Substituting the extended infinitesimal transformations

Y,y =D,(Y) =y D(X)
Y[xx] = Dx( Y[X]) - y,/Dx(X)
Y[xxx] = Dx( Y[xx]) - yme(X)

into equation (2.134) and expanding gives

xxx+(3 xxy xvc\)y + 3( xyy xxy)y

+ (¥ = vyy)y yyyy,4 +3(Yyy = X"

+ 3( yy )yl /! 6X /2 /" 3X y//2

+ (Yy _ 3X¥)ylﬁ _ 4X I " (2135)
+ 1Y +yQY = XY +0(Y,, = 2X, )7 - pX, 5"

+3(Y, =2X))" = 3yX "Y' + 1" = 0.
Substituting y"”" = —py” into (2.135) gives

Yxxx +@ Yxx - Xxx‘c)y/ +3( nyy - vay)y’z

+ (¥ — Yyy)y Xy f3(Y. o = X
+ 3( 3va)y/ /" _ 6X IZ /! 3X 12
- (Yy - 3Xx)yy” +4X, yy’y” (2.136)

+nyx+y(2ny_er)y,+y(Yy’_2XXy)y’2_yXy)/yB
+y(Y, =2X )" =3yX, )y + ¥y =0.

note the appearance of derivatives )’ and )’ in (2.136)

When we set the coefficients of y/, 32, y/3, /4, 3", y'y", 12y, and y'"?
to zero, it gives
3me X»cx‘c +y(2Y - Xxx) =0a (213721)
(Y xyy »cxy) + y( - 21ny) =0, (2137b)
Yy — 3Xxyy - X, =0, (2.137¢)
=X, =0, (2.137d)
3(ny_Xxx)+yXx+ Y =0, (21376)

3(Y,, - 3X,,) +yX, =0, (2.137f)
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—6X,, =0, (2.137g)
-3X, =0, (2.137h)
Yxxx + y Yxx = 0' (2‘1371)

This is an over-determined system of equations for the unknowns X and
Y. Equation (2.137h) gives

X(x,p) = a(x), (2.138)
where « is arbitrary. From (2.137h) and (2.137f), we see that
Y, =0, (2.139)
from which we obtain
Y(x,p) = b(x)y + c(x), (2.140)
where b and ¢ are arbitrary. Substituting (2.138) and (2.140) into equation
(2.137e) gives
(d +b)y—3d"+30 +c¢=0,

from which we obtain

d+b=0, (2.141a)
=3d" +3b +c¢=0. (2.141b)
From equation (2.137a), we get
(20 —d")y+3b" —d" =0, (2.142)
from which we obtain
2 —d' =0, (2.143a)
3" —d" =0. (2.143b)

From (2.141) and (2.143), we deduce
d'"=0, =0,
from which we obtain

a(x) = | x + ¢y, b(x)=—cy,
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where ¢ and ¢, are arbitrary constants. From equation (2.141b)
c(x) =0,
thus giving the infinitesimals X and Y as

X(x,y)=c1x+ ¢y, (2.144a)
Y(x,p)=—cy. (2.144b)

Substitution of (2.144a) into the remaining equations in (2.137) shows that
they are automatically satisfied. The infinitesimal operator for each con-

stant is P p p
N=x—-y—, I'h=—.
! xax y@y 27 ox

Now we find new variables r and s for each infinitesimal operator shown
earlier. These are constructed by solving

I'r=0,I's=1.

We will consider each separately.

0 0
Fl—xa—x— &

In this case, we need to solve
xry—yr, =0, xs.—ys, =1L

This leads to
r=xy, s=lInx

or

In terms of these new coordinates, equation (2.133) becomes

)8y + rsfs,., -3 =0, (2.145)

rr

a second-order equation independent of s. Setting ¢ = s, in (2.145) gives

44, +rq’q, = 3q; = 0. (2.146)
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We note that equation (2.146) admits the Lie Group
ae —2ae

r=e%“r, g=e¢"%q,

and hence the infinitesimal operator

I'= ri - Zqi.
ar dq

Thus, we can reduce (2.146) further. Solving
rty—2qt, =0, ru,—2qu, =1,

leads to

r=e', 1—rq

or

In terms of these new variables, equation (2.146) becomes
tuy, + 0 + 620 — (2 + Tt + 3u, = 0,

which is reduced to a first-order equation if v = u,.

This leads to
r=y, s=Xx,

or
xX=s, y=r.

In terms of these new variables, equation (2.133) becomes
Sy — 3sfr +(r— 6)s,2,s,.,. + (3r— ll)s‘r1 - - 6r)s;5 =0,

which, under the substitution v = s,, gives an equation that is second order
but still quite difficult to solve in general. m
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EXERCISES

1. Find the infinitesimals X and Y, leaving the following ODEs invariant

i) y" + ) — y/2 =0,
@) Y + 4" + 3y +6y% + )yt =0.
(iii) y"" = y73.

For each, reduce to one that is second order.

2. Calculate the symmetries of the Chazy equation (see Clarkson and
Olver [4])
ym — 2)/)/” _ 3y/2.

3. Calculate the symmetries of the equation

()Y

which arises from the symmetries of the wave equation (see Bluman and
Kumei [5]).

2.7 ODE SYSTEMS

In this section, methods for the solution of ODEs using Lie symme-
tries are extended to systems of ODEs.

2.7.1 First Order Systems

Consider
X =f(tx,y), (2.147a)
y=gtx,y), (2.147b)

d . . . .
where an overdot denotes %. We consider invariance of this system
under the infinitesimal transformations

t=t+eT(t,x,9)+ O(e?), (2.148a)
X=x+eX(t,x,p) + O, (2.148b)
Y=y +eY(tx,p)+ 0. (2.148c¢)
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By extension of our previous work on single equations, the invari-
ance of the system (2.147) under the transformations (2.148) leads
to Lie’s invariance condition

rAl =0
a=0

where A refers to the system (2.147). For systems like (2.147), the
infinitesimal operator I is defined as

0 0 0
r=T—+X—+Y— 2.149
ot * ox * ay ( )

with the first extension defined as

-, 2.150
ox oy ( )

Higher order extensions are defined similarly. For example, the sec-
ond extension is

0 0
r®=r+Xx,,— <+ Y 155
In (2.150), the extended infinitesimal transformations are

Xy =D,(X)—-xD(T), (2.151a)
Y, =D/(Y)—-yD(T), (2.151b)

where the total differential operator D, is defined as

D=2 459 432 152 139 4
Satta Tty Tttt

The second extended infinitesimal transformations are

X =D, (Xy) = ¥D(D),
Yi =D, (Yyy) = 3DAT).
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Once the infinitesimals 7', X, and Y have been found, we must solve
Tr,+ Xr+ Yr, =0,
Tu, + Xu, + Yu, =0,
Tv,+Xv, + Yv,=1.

This will then give a set of new variables that will transform the given
system to one that is independent of v.

EXAMPLE 2.21

Consider the system

X = 2xy, (2.152a)
y=x7+y% (2.152b)

Examination of this system shows that it could easily be rewritten as

dy_x2+y2

dx ~ 2xy

which is both homogeneous and of Bernoulli type, and so can be solved by
standard methods. Symmetry methods are usually used for equations which
are not amenable to the standard methods. Thus, the system of equations
(2.152a) is solved here using symmetry methods in order to demonstrate
Lie’s method.

Applying (2.149) and (2.150) to the system (2.152a) yields

Xy =2Xy +2xY (2.153a)
Y= 20X +2Y, (2.153b)

and substituting the extended transformations (2.151) yields
X, + 35X, + 7Y, = 5(T, + XT, +3T,) = 29X + 2xY (2.154a)
Y, +xY, +3Y, = (T, + 5T +jyT,) =2xX +2yY . (2.154b)
Substituting (2.152) into (2.154) finally yields
X, + (X, = T)2xy + (x* + y)X, — 2xp)’T,
= 2xp(x? + )T, = 2Xy +2xY (2.155a)
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Y, +2xyY, .+ x* + yz)(Yy -T) - 2xp(x + yz)Tx
+ (7 + 9T, = 2xX +2yY. (2.155b)

As the system (2.155) is difficult to solve in general, we seek special solu-
tions by assuming that

T=T®#, X=Xx), Y=Y (2.156)

We note that these are chosen only to reduce the complexity of (2.155) and
other choices could be made. Under the assumptions in (2.156), equation
(2.155) becomes

2xy (XX—T,) =2yX +2x7Y, (2.157a)
O+ (Y, - T) =2xX +2yY, (2.157b)

which is obviously much simpler. We now need some nontrivial infinitesi-
mals (those that are not identically zero). If we take the partial derivative
of (2.157a) with respect to ¢, we find

-2xyT,,=0 = T,=0.

Thus,
T(t) =at+ b, (2.158)

where ¢ and b are constant. Inserting (2.158) into (2.157), we find
2xy (X, —a) =2pX +2xY, (2.1592)
(4 (Y, —a) = 2xX + 27 . (2.159b)
Partially differentiating (2.159a) with respect to y twice yields
Y (y) =0.

Thus,
Y =py+q, (2.160)

where p and ¢ are constant.

In the process of annihilating (2.159a) by differentiating, it is possible
that we introduced additional information into the solution. Therefore, we
insert (2.160) into our starting point (2.159a), yielding

2xy(X, —a) =2y X + 2x(py + q),
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or
(2xX, —2ax —2X —2px)y — 2xq = 0. (2.161)

As (2.161) must be satisfied for all values of y, we immediately see that
xX,—ax—-X—-px=0, (2.162a)
q=0. (2.162b)

Using ¢ = 0, we find from (2.160) that Y = py. In other words, our simplifi-
cations introduced an additional constant that should not have been there.
Inserting this result into (2.159b) yields

- a)(x* +y?) = 2xX + 2py.
Grouping like terms in powers of y gives
(=p—a)y> + (p — a)x* = 2xX = 0.

As this equation must be satisfied for all values of y and the fact that X is
independent of y, then

p+a=0,
- a)x2 -2xX =0,

which leads to p = —a and X = ax, noting that (2.162a) is automatically
satisfied. Therefore, the infinitesimals are in the given equation:

T=at+b, X=-ax, Y =-ay. (2.163)

Of course, other infinitesimals could be found. In fact, there is an infinite
set of infinitesimals.

Our next task is to find a change of variables. For convenience, we set
a=1and b =0in (2.163) and solve

try—xr,—yr, =0,
tu, — xu, — yu, =0,
w, —xv, —yv, = 1.
The solution of these linear partial differential equations is
r= R(tx,ty), u=U(x,ty), v=Int+ V(tx,tp).

As we have some flexibility in our choice of R, U, and V', we consider two
different choices.
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Choice 1 If we choose
r=tx, u=ty, v=Int,

then

and (2.152) becomes

pooWruk2? 1
r Qu+Dr > " r(1+2u)

We see the system decouples; however, we need the solution for u to find the
solution for v. A different choice of variables could lead to an even simpler
set of equations to solve as the next example illustrates.

Choice 2 1f we choose

, u=tx, v=—Inx, (2.164)

_J
==
X

then

t=ue’, x=¢e" y=re-v,

and (2.152) becomes

1 +2ru _ 2
e N C S

The solution of each is easily obtained giving

-+

u= ,
r2—1

v= 1n|r2 - 1| + 0. (2.165)

Now all that remains is to transform back to our original variables (2.164).
Substituting (2.164) into (2.165) gives

_Z + Cl yz
ix=——o—, Inx=In|=-1|+c, (2.166)
(5) - '
X
and solving (2.166) for x and y gives
—a(at + b)

X=Land = 7
@+br—1 T o1

where we have set ¢; = —band ¢, = —Ina. |
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2.7.2 Higher Order Systems

In this section, we consider the symmetries of higher order systems
of ordinary differential equations. In particular, we will consider
second-order systems but the analysis is not restricted to only this.
Consider

X=P(x,y), P,#0, (2.167a)
y=0(.,y), Q,#0. (2.167b)

Note that in this example, P and Q are independent of ¢, X, and .
In general, these terms could be included. Invariance of (2.167) is
conveniently written as

(2) —
roal _=o, (2.168)

where A is the system (2.167). The operator I' is defined as before

(see (2.149))

0 0 0
r=T"—+X—+Y—, 2.169
ot * ox * ay ( )

and I'D and T'® are extensions to the operator I" in (2.169), namely

0 0

@ — 9 9
r“=r +Xm£+ Yl’”a_y'
The invariance condition (2.168) is given by

Xy=PX+P)Y, (2.170a)
Yip=0.X+0,7, (2.170b)

where the extended transformations are given by

Xy =D (X [,) = XD(T), (2.171a)
Yiiy=D(Yy) = ¥D(T), (2.171b)
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and the total differential operator D, is given by

D=2 459 439 159 159
T Ty T e ey T

Substituting (2.171) into (2.170) and expanding gives

X+ (22X, = T,) X +2X,5+ (X,, —27T,,) ¥°
+2(X, - T,) 5y + X, ) - T, % 2T ) (2.172)
— T, %" + (X, - 2T,) X+ X, j — 3T &%
—2T,p% — T,%j = XP, + YP,

and

Y+ +2Y %+ (2Y, = T,) i+ Y %
+2(Y, =T, )X+ (Y, -2T,) i* + T, %y (2.173)
2T x)* =T, i + Y.+ (Y, -2T,) y

_2"Txxj>_ Txyx_3Tyyy = XQx+ YQy

Substituting ¥ = P(x,y) and y = Q(x,y) into (2.172) and (2.173)
gives two expressions involving multinomials in X and , namely X,
¥, X2, Xy, 32, %3, etc. Setting the coefficient of each to zero gives the
following set of determining equations for 7', X and Y:

X,+ (X, -2T,) P+ X,0=XP _+YP,  (2.174a)

2X, - T,-3T.P-T,0=0, (2.174b)
X, -T,P=0, (2.174c)
X — 2T, =0, (2.174d)
Xoy—-T,=0, (2.174¢)
X,, =0, (2.174f)
T.. =0, (2.174g)
T, =0, (2.174h)

T, =0, (2.1740)
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and

Y, + Y. P+ (Y, -2T,)0=X0,+ Y0,  (2175a)

2Y, T, - T,P-3T,0=0, (2.175b)
Y, -T,0=0, (2.175¢)
Y, =0, (2.175d)
Y, — T, =0, (2.175¢)
Y,, - 2T, =0, (2.175f)
T, =0, (2.175g)
T, =0, (2.175h)
T, =0. (2.175i)

Note that the last three equations of each set are identical. Before
we consider a particular example involving a particular P and Q,
we find that we can actually perform quite a bit of analysis on the
system of equations (2.174) and (2.175).

Differentiating (2.174c) with respect to y gives

X,

wy ~ TP = T,P, =0, (2.176)

while differentiating (2.175c) with respect to x gives
thx - Txe - TxQx =0. 2.177)

By virtue of (2.174f), (2.175d), and the last three equations of either
(2.174) or (2.175), we arrive at

T,=0, T,=0, > T=T(. (2.178)

This results in the fact that the equations (2.174¢)—(2.1741) and
(2.175¢)—(2.1751) are easy to simplify and solve. Thus,

X =a(t)x + by + (1), (2.179a)
Y =px+q@®)y + r@). (2.179b)

Note that the constants » and p arise due to (2.174c) and (2.175c).
From (2.174b), (2.175b) gives
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24 () =T"(0), 240 =T"®), (2.180)

which, upon integration, gives

a(t) = %T’(z) +c, q)= %T’(z) + ¢, (2.181)
where ¢, and ¢, are arbitrary constants. Thus,
1
X=(§T(t)+cl>x+by+c(t), (2.182a)
Y=px+ (%T’(z) +62>y+r(t). (2.182b)

We now have only equations (2.174a) and (2.175a) left which explic-
itly involve P and Q. At this point, we consider a particular example.

EXAMPLE 2.22
Consider the following system

N X .. y
=—"  j=— 2.183
* (2 +2)2 Y (2 +2)2 ( )

We identify P and Q in this system as

_ X _ Yy
(2412 (24 ph2

From (2.174a) and (2.175a), we set the coefficients of multinomials involv-
ing x and y to zero and obtain

=0, ¢,=0, b+p=0, «()=0, r()=0, T"() =0, (2.184)
from which we obtain
T = kyt? + 2kyt + kg, (2.185)

where k, k;, and k, are arbitrary constants. From (2.182), (2.184), and
(2.185), we find the infinitesimals

T = kyt> + 2Kkt + K,
Y=—k3.x+ (k2[+kl)y
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For a particular example, we consider the case when k, =0, k; =0, k, =0,
and k5 = 1. We introduce new coordinates r, u, and v such that

yry—xr, =0, yu,—xu,=0, yv,—xv,=1 (2.187)
Solving (2.187) gives
r=R(t,x*+)*), u=U(t,x*+)*), v=tan" Ly V(x> +)%).
x

(2.188)
where R, U and V are arbitrary. Choosing these arbitrary functions such

that
r=t, u=+/x2+y% U=tan_lz (2.189)
X

transforms the system (2.183) to the new system

4.2
u*v: + 1 2u,v,
u,, = ;3 , U= —#, (2.190)
a system independent of the variable v. u

EXERCISES

1. Calculate the scaling symmetries for the following system of ODEs aris-
ing in modeling the formation of polymers (see Sediawan and Megawati
[6])

x=-2x%— Xy — Xz,
p=x—xy =27 -y,

f=xy—xz—yz—22%

2. Calculate the symmetries for the following system of ODE:s:

X=x\/x2 + )2,
J=34/5+ 52

3. Calculate the symmetries for the following system of ODEs arising from
a reduction of the cubic Schrodinger equation

}'c—y+x(x2+y2)=0,
P+ X+ y(r 4+ %) =0.
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4. Calculate the symmetries for the following system of ODEs (a and b are
nonzero constants):

(a2+b2)5c=(ax+by)x+y,
(a* +b%) =% + (ax + by) j.

5. Calculate the symmetries for the following system of ODEs arising from
a reduction of the Burgers’ system (see Arrigo et al. [7]):

y}é+xyx—x2y=0,
xj>+xyy—y2)'c=0.



CHAPTER 3

Partial Differential
Equations

In this chapter, we switch our focus to the symmetry analysis of par-
tial differential equation (PDEs). We start with first-order equations.

3.1 FIRST-ORDER EQUATIONS

Consider equations of the form
F(t,x,u,u,,u,) =0. 3.1

Extending transformations to PDEs, we seek invariance of equation
(3.1) under the Lie group of infinitesimal transformations

1=t+eT(t x,u)+ O@E>),
X=x+eX(t,x,u) + O(>), (3.2)
u=u+eU(t, x,u) + OE>).

As the PDE (3.1) contains first-order derivatives u, and u, it is nec-
essary to obtain extended transformations for these. In analogy with

Symmetry Analysis of Differential Equations: An Introduction,
First Edition. Daniel J. Arrigo.
© 2015 John Wiley & Sons, Inc. Published 2015 by John Wiley & Sons, Inc.

73
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ordinary differential equations we define u; and us as

ﬁ; = Z/lr + EU[I] + 0(62), (33&)

us=u, +eU, + O(e?). (3.3b)

< =

Similarly, we introduce the total differential operators D, and D,
where

0 0 0 0

D =—+u—+u,—+u,—+---, 3.4a
t= o T ou ““aut ””aux (3-42)
0 0 0 0
D.=—+4u—+u,—+u,—+---. 3.4b
= ox o u”du, u”dux (3.45)

For the derivation of (3.3), we only consider the construction of the
extended transformation for u, as the analysis for u, follows simi-
larly. Therefore,

_ 0u,x) _ 0@u,x) /a(f,z)
Toax o) o)
u, U, [
Et }x

/

u,+eD,(U)+ O(*) u,+eD (U)+ O(e?)
eD,(X) + O(g?) 1 +eD. (X) + O(e?)
1+eD(T)+ 0>  eD(T)+ O(e?)

‘ eD,(X)+ O@E?) 1+eD(X)+ O

U+ e [D(U) +u,D(X) = u,D(X)] + Oe?)
- 1+ € [DT) + D(X)] + Oe?)
=u,+¢€ [D(U) —uD(T) —u.D,(X)| + O).

Thus, we define U, and U}, as

Uy = D(U) = uD(T) — uD,(X), (3.5a)
Uy =D,(U)—-uD(T)—u.D(X). (3.5b)

For the invariance of equation (3.1), we again introduce the infinites-
imal operator I" as
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0 0 0
II=T—+X—+U— 3.6
at+ ax+ ou (3.6)

with its first extension as

0 0
2 U2
ou, T ou

For PDEs in the form (3.1), if we denote A as

A=F(txuu,u)=0,
then Lie’s invariance condition becomes

(M —
roal =0 (3.7)

as we have seen for ordinary differential equations. At this point, we
are ready to consider an example.

EXAMPLE 3.1

We now consider the equation

u, = u>. (3.8)

X

We define A as
A=u — ui

Lie’s invariance condition (3.7) therefore becomes
U[[] - 2ux U[X] = 0. (3.9)
Substituting the extensions (3.5) into (3.9) gives rise to
U+uU,—u(T,+uT,)—u,(X,+ukX,)
—2u, (Ux +u U,—u(T, +uT,)—u(X,+ uqu)) =0.

Substituting the original equation (3.8) and in particular eliminating u,
gives

U - (X, +2U0)u, + (2X, - T,- U,) > (3.10)
+ (X, +2T,)ud + Tt =0.

Since 7', X, and U are only functions of #, x, and u, then for equation (3.10)
to be satisfied requires setting the coefficients of u,. to zero. This gives rise
to the following determining equations
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U, =0, (3.11a)
7,=0, (3.11b)
X, +2U,.=0, (3.11¢)
X,+2T,. =0, (3.11d)
2X,-T,-U,=0. (3.11e)
From (3.11b), we obtain
T = A(t, x), (3.12)

where A is an arbitrary function. Substituting (3.12) into (3.11d) and inte-
grating gives
X=-24u+B. (3.13)

where B = B(t, x) is another arbitrary function. Substitution into (3.11e)
gives
U,+A4,+44,.,u—-2B. =0,

which integrates to give
U=-24,u*+ (2B, — 4,) u+C, (3.14)

where C = C(¢, x) is again an arbitrary function. Substituting (3.12), (3.13),
and (3.14) into the remaining equations of (3.11) and isolating the coeffi-
cients of u gives rise to

A, =0, A, —-B, =0, B +2C, =0,
A, =0, A,-2B,=0, C, =0. (3.15)

Solving the system of equations (3.15) gives rise to
A =X+ eyt + c)x + deyt? + est+ ¢
B =X + (degt + ¢7)x + 2cqt + ¢4
C= —c4x2 — CgX + Cjp»

which in turn give rise to the infinitesimals 7', X, and U. These are given
by

T =c;x% + eyt + ¢3)x + eyt + st + ¢,

X =-2Qc;x+2cyt + c3)u+ 62x2 + (4eygt + c7)x + 2cgt + ¢, (3.16)

U =—4cii® + 2¢ox — ¢ + 2¢ )u—-c X2 —cex+c s
1 2 5 7 4 8 10
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where ¢; — ¢, are arbitrary constants. The natural question is now: what
do we do with these infinitesimals? With ordinary differential equations, we
introduced new variables, r and s, such that the original equation reduced to
a new ordinary differential equation that was separable equation and inde-
pendent of the variable s. Do these ideas also apply to partial differential
equations? u

3.1.1 What Do We Do with the Symmetries of PDEs?

With ordinary differential equations invariant under the transfor-
mation

X=x+eX(x,py)+ 0(&?),
y=y+eY(x,y) + 0@, (3.17)

we found a change of variables by solving the system of equations
Xry+ Yr,=0, Xs,+Ys, =1 (3.18)

With the introduction of these new variables r and s, the original
equation is transformed to one that is independent of s. To illustrate
this fact further, consider the infinitesimal operator I associated with

3.17
(3.17) 5 5

r=X—+Y—. 3.19

o0x * ay (3.19)

Under a change of variables (x,y) — (r,s), the operator (3.19)
becomes

1“=Xi+Yi
ox ay
0 0 0 0
=X (e 45 )+ Y (1o 45,2 )
"5or T %oy or T o5
0 0
= (er + Yry) EP + (sz + Ysy) 3

and imposing the condition (3.18) gives

_9
as’

which represents that the new ODE admits translation in the variable
s, that is, the new ODE is independent of s.
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We now attempt to extend these ideas to PDEs. Consider the
infinitesimal operator associated with the infinitesimal transforma-

tions (3.2)

0 0 0
Ir=T—+X—+ U—. 3.20
ot + ox + ou ( )

If we introduce new independent variables r and s and a new depen-
dent variable v such that

r=r(t,x,u), s=sxu), v=uvx,u),

then under a change of variables (¢, x,u) — (r,s, v), the operator
(3.20) becomes

0 0
r=7T7— +X—+U—
ot ox

0 0 0 0 0 0
gy dendeed)
"or S s + Y50 + "or + KT

+U( +s—+v—
0 0
=(Trt+er+ Ur,) E+(IS‘I+XSX+ Usu)a

d
+(Tv,+ Xv, + Uv,) o (3.21)

which, upon choosing
Tr,+ Xr.+ Ur,=0,
Ts,+ Xs. + Us, =1, (3.22)
Tv,+Xv,+ Uv,=0,

in (3.21) gives

r=2
as

This says that after a change of variables, the transformed equation

will be independent of s. So what does this mean? If the original
equation has the form

F(t,x,u,u,,u,)=0
then the transformed equation will be of the form

G(r,v,v,,v,) = 0. (3.23)
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The transformed equation is still a PDE; however, if we assume that
we are only interested in solutions of the form v = v(r), then (3.23)
becomes

H(r,v,v,) =0,

an ODE!

EXAMPLE 3.2

We again revisit equation (3.8) where we constructed the symmetries of

2

u, = u.

These were obtained in (3.16). As a particular example, consider the case
where ¢s = 1 and ¢; = 1 with the remaining constants zero. This gives

T=t X=x, U=u.
The change of variable equations (3.22) for the new variables r, s, and v is

tr,+xr,+ur, =0,
s, + xs, +us, =1,

tv, + xv, +uv, =0.

The solution is given by

r=R<£,E>, s=1nl+S(§,E>, U=V<£,E),
tt tt tt

where R, S, and T are arbitrary functions of their arguments. If we choose
these to give
X u
r= ?, S = In t, v= ;, (324)

then transforming the original equation (3.8) gives rise to
v+ v, — 1V, = Uf.

Setting the term v, = 0 and simplifying gives'

2 -
v, +rv,—v=0,

1 . . . . . .
This particular ODE is known as Clairaut equation whose general form is

y=xy'+/().
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whose general solution is

1,
1"
where ¢ is an arbitrary constant. Passing through the transformation (3.24)
gives rise to the following exact solutions to (3.8)

V= — v=cr+

u= —lx—z u=cx+ct
4t
By choosing different constants in the infinitesimals (3.16), we undoubtedly
will obtain new transformed PDEs, from which we would obtain ODEs to
solve which could lead to new exact solutions to the original equation. A
natural question is: can we bypass the stage of introducing the new variables
r, s, and v and go directly to the ODE? ]

3.1.2 Direct Reductions

In the previous section, we considered the invariance of
_ 2
A=u —ug,

and we obtained infinitesimals 7, X, and U leaving the original
equation invariant. We introduced new variables r, s, and v trans-
forming the equation to a new equation independent of s. Setting
v, = 0 gave rise to an ODE which we solved giving rise to an exact
solution to the original PDE. In this section, we show that we can
go directly to the ODE without the intermediate step of introducing
new variables r, s, and v. Recall that the new variables were found
by solving

Tr,+ Xr. + Ur, =0,

Ts,+ Xs .+ Us, =1,

Tv,+ Xv,.+ Uv, =0.
Solving by the method of characteristics give

dr _dx _ du.

T-x-u =0
dr _dv _ du_ ds
T X U 1’
g:d_x:%; dv=0
T X U
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From the characteristic equations, it suffices to only choose
d _ dx _ du
T X U

Once this is solved, this will give the solution form or “ansatz” and

upon substitution into the original equation, we will obtain an ODE
that will then need to be solved. The following example illustrates.

(3.25)

EXAMPLE 3.3
In Example 3.2, we considered the PDE

— .2
th—l/lx,

in which we calculated the infinitesimals 7', X, and U given in (3.16). One
particular example was

T=t, X =x, U=u.

To go directly to the solution ansatz, we solve (3.25), namely

dr _ dv _ du
tox  u
The solution is given by
u=zF(§). (3.26)

Substituting (3.26) into (3.8) gives

F—rF = F",
where F = F(r) and r = % This is exactly the ODE we obtained in the pre-
vious section. Let us consider another example. ™
EXAMPLE 3.4
Choosing

T=x* X-= —4xu, U= —4u2,

the characteristic equation (3.25) becomes

dt _ dx _ du
X2 —Axu —du?
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The solution is given by

x+%=F(}—L§> (3.27)

noting that in this case, the solution is implicit. Substituting (3.27) into (3.8)
(with » = u/x) gives

(F'(r)— F(r)*=0, or rF'=F=0,
which remarkably is linear! Solving gives
F(@r) = kr,

where k is an arbitrary constant. This leads, via equation (3.27) to

X+ du_ =
X X
which we solve for u leads to
u= X
T k-4t =

EXAMPLE 3.5
Choosing the constants in the infinitesimals (3.16)
cg=1, cg=-3,
and the rest zero gives rise to
T=1, X=-61, U-=3x

Solving the characteristic equation (3.25) with these infinitesimals

di _ dx _du
1 -6t 3x
gives the solution
u=3xt+60+F (x+3%).

Substituting into (3.8) gives
F? = 3r,
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where r = x + 372, Solving gives

Fin=2Y3 \3/§r3/2 +e,

where c is an arbitrary constant. This leads to the exact solution

2V/3

u=23xt+60 + T(x+3t2)3/2+c. =

3.1.3 The Invariant Surface Condition

We have seen that we can go directly to the solution ansatz by solving
the characteristics equation

dr _ dx _ du
T X U’

With this, we can associate the first-order PDE
Tu,+ Xu, = U. (3.28)

This is usually referred to as the “invariant surface condition.” The
reason for this name is because the solution surface remains invari-
ant under the infinitesimal transformation. To demonstrate, con-
sider the solution

u = u(t, x).

If we consider B
u=u(t,x) (3.29)

then under the infinitesimal transformations
1=t+eT(t,x,u)+ O@E>),

X = X+ eX(1, x, 1) + O(ed),
U=u+eUt,x,u)+ O

Equation (3.29) becomes

u+eUt, x,u) + OE?) = u(t + eT(1, x,u) + O(e?), x
+eX(t,x,u) + O(e?)),
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and expanding gives
u+eU(t,x,u) + O(€”) = u(t, x) + & (T(t, x, wu, + X (1, x, u)u,)
+ O(e?).
If u = u(¢, x), then to order &, we obtain
Tu,+ Xu, = U,

the invariant surface condition (equation (3.28)).

EXERCISE

1. Calculate the symmetries for the the first-order PDEs (¢ € R)

(1) u+cu, = 0
(i) u,+uu, = 0
(i) w,+ui+u = 0
(iv) xu.u, + yui = 1.

Use a particular symmetry to reduce the PDE to an ODE and solve if
possible.

3.2 SECOND-ORDER PDEs

3.2.1 Heat Equation

In this section, we consider constructing the symmetries of the heat
equation
U, = U,,. (3.30)
In analogy with second-order ODEs, we define the second extension
I'® of the operator I'. If " is given by
0 0 0
r=T—+X—+U—,
ot ox ou

then the first and second extensions are given by

0 0

D —
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r®=ro 4 UU,]%” + U[,x]%m + U[m%, (3.31b)
respectively. The extended transformations are given as

Uy = D(U) —u,D(T) — u,D(X), (3.32a)

Uy =D(U)—uD(T) - u,D,(X), (3.32b)

Uy =D,Uy) —u,D(T) — u, . D,(X), (3.32¢)

Uiy = D(Upyy) —u, D(T) — u, D ,(X), (3.32d)

= Dx(Um) —u,D(T) —u, D.(X),
U[xx] = Dx(U[x]) —u, D (T)-u,D.(X), (3.32¢)

where D, and D, are given in (3.4). We expand only Uj,,; to demon-
strate

U1 = Uy = Ty, + (2Uxu - Xxx) u, = 2T, uu,
+ (Uy —2X,,) 0 = Tpuus = X,
2T u,. + (Uu — ZXX) Uy — 2T uu,,
-Tuu,. —3X,u.u

urxTvxxe

If we denote the heat equation (3.30) as A, then
A=u—-u,.
As with second-order ODEs, Lie’s invariance condition is

A =0
A— 9

however, we use the extended operator as given in (3.31). This, in
turn, gives
U[[] - U[XX] = O. (333)

Substituting the extended transformations (3.32a) and (3.32¢) into
(3.33) gives rise to

U+ (U, - T,) u, — Xu, — Tt — X,uu,
- Uxx + Txxut - (2Uxu - Xxx) u, + 2Txuutux
— (U = 2X,) 12 + T upl> + X, 0

uu="x
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+ 2Ty — (U, = 2X,) ug + 2T u

+Tuu, +3X,uu., =0.

Uu”XwXXx

Using the heat equation to eliminate u,, and isolating coefficients
involving u,, u., and u,, and products give rise to the following set

of determining equations:

U~ U, =0,
-X,-2U,+ X, =0,
~U, +2X,, =0,

X, =0,

-T,+T,, +2X =0,
2X,+2T, =0,

T, =0,

2T, =0,

2T, = 0.

We find immediately from (3.34) that

T.=0, T,=0, X,=0, U,=0,

leaving
2X,~T, =0,
_lexu + vax - XZ =0,
Ut - Uxx =0.

From (3.35) and (3.36a) that

X = %T’(Z)x + A(0),

U = B(t,x)u+ C(t, x),

(3.34a)
(3.34b)
(3.34c)
(3.34d)
(3.34e)
(3.34f)
(3.34g)
(3.34h)
(3.34i)

(3.35)

(3.36a)
(3.36b)
(3.36¢)

(3.37a)
(3.37b)

where A, B, and C are arbitrary functions. Substituting (3.37) into

(3.36b) gives

2B, + %T”x + A4 =0,
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which integrates to give
B= —% T" ()3 — %A’(z)x + D), (3.38)

where D is a function of integration. Finally, substitution of (3.37b)
and (3.38) into (3.36¢) gives

(—%T”’(z)x2 - %A”(l)x + D'(t) + iT”(t)) u+C,-C.,=0.

Isolating coefficients of x and u gives

T" =0, A"=0, D’+%T”=O, C,—C. =0

Solving gives the following infinitesimals:

T =cy+2cit +deyt?,
X =c3+4 2¢4t + ¢y x + 4oytx, (3.39)
U= (c5 — 20yt — ¢4x — czxz) u+ C(t, x),

where ¢; — ¢5 are constant and C satisfies the heat equation.

Reductions of the Heat Equation

In this section, we construct exact solutions of the heat equation via
symmetry analysis. To do this, we consider the invariant surface con-
dition (3.28) introduced in an earlier section

Tu,+ Xu, =U. (3.40)

As there are a total of five arbitrary constants in addition to an arbi-
trary function in (3.39), we only consider a few examples.

EXAMPLE 3.6

If we choose ¢; = 1 and ¢; = 0 otherwise and C(¢, x) = 0 gives

T=2 X=x U=0.
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This, in turn, leads us to consider the invariant surface (3.40) condition

2tu, + xu, =0,

()

Substituting into the heat equation gives

whose solution is given by

I o _
_EF (r)y=F"(r), r=

<)

Integrating once gives ,
F'(r) = ke /*

and further integration, we obtain

F(r) = kyerf(r) + k,

where k| and k, are arbitrary constants and erf(x) is the error function

as defined by erf(x) = / X e 4dé. In terms of the original variables, this

—0o0

gives rise to the exact solution

U= kﬁrf(%) + ky.
t

EXAMPLE 3.7

If we choose ¢, = 1 and ¢; = 0 otherwise and C(z, x) = 0 gives the invariant

surface condition (3.40)
42%u, + 4txu, = -2t + xHu,

whose solution is given by

—x2 /4t
u= "< F (E> .
\/—t t
Substituting into the heat equation gives

F'(n=0, r=-=.

~
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Integrating gives
F(r) = klr + kz,

where k| and k, are arbitrary constants. This gives rise to the exact solution

X 2 1 _e
u=ky—— e/ 4y — e/,
1/t t u

EXAMPLE 3.8

If we choose ¢, = 1 and ¢; = 0 otherwise and C(z, x) = 0 gives the invariant
surface condition (3.40)
2tu, = —xu,

whose solution is given by
u= /M@

Substituting into the heat equation gives

F
r+E o
5

Integrating gives f
F(t)= —

~

giving rise to the exact solution
e—x2 /4t
N7

It is important to point out that this solution was also obtained in the pre-
vious case demonstrating that different symmetries may lead to the same
solution. -

u=k1

Generating New Solutions

In the preceding three examples, we set C(z,x) = 0 and used spe-
cial cases of the infinitesimals to obtain exact solutions through
symmetry reduction. If we consider the case where C(¢, x) # 0, then
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the invariant surface condition is
Tu,+ Xu, = Bu+ C.
If we isolate C, then we have
C=Tu,+ Xu, — Bu.
It is an easy matter to verify that
C, =C,
if u satisfies the heat equation and 7', X, and B are

T =cy+2cit +4e, 1%,
X =c3 4 2¢4t + ¢ x + 4oytx,

B=cs—2cyt — cyx — X%,

This means that it is possible to generate a hierarchy of exact solu-
tions given a “seed” solution. For example, if we consider

C = 4fu, + dtxu, + 2t + x*)u, (3.41)

the infinitesimals used in Example 3.7 and use the exact solution

()

as obtained in Example 3.6, then from (3.41) we obtain the new exact

solution
2x4/t
u= (x2 +21) erf<i> + x—\/_e"‘z/‘”.

1) V=

We could easily choose different seed solutions or repeat the process
to obtain an entire hierarchy of exact solutions.
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3.2.2 Laplace’s Equation
In this section, we consider the invariance of Laplace’s equation
Uy +uy,, =0. (3.42)
For this equation, Lie’s invariance condition becomes
Uy + Upyyy =0, (3.43)
where the extended transformations are given as
Uy=D,U)—-uD(X)—-u,D.(Y),
Uy, = Dy(U) — u,D(X) —u,D,(Y),
Ui = D(Upy) — u D (X) —u, D (Y),
Uty = Dy(Uyy) =ty Dy(X) = 11, Dy(Y),
Expanding Lie’s invariance condition (3.43) gives
Uy,+U,+ U, -X, — X, + 2 U= Y=Y u,
+(Uyy = 2X 02 = 22X, + Yo uu, + (U, = 2Y, 00

y
— Xty = Yttty = Xyt = Y0 + (U, = 2X

uuty uux*y uux"y
=2(X, + You,, + (U, = 2Y u,, = 3X uu,, — Y,uu,,

=2Yuuy, = 2Xuu,, — Xuu,, —3Y,uu,, =0.

Substituting in the original equation u,, = —u,, (or u,,, = —u,,) and
setting the coefficients to zero of the terms that involve u,, u,, u,,
and u,, (or u,,) and various products gives

Uy, + U, =0, (3.44a)

20, = X = X,, =0, (3.44b)
2U,,~ Y, — ¥, =0, (3.44c)
U, —2X,, =0, (3.44d)

X, + Y, =0, (3.44¢)

Uy, —2Y,, =0, (3.44f)

Xu=Y,=0, (3.442)
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Y, - X, =0, (3.44h)
X, + Y, =0, (3.44i)
X, =Y,=0. (3.44j)

As X, =0and Y, =0 then U,, =0, giving
X =Ax,y), Y=BKx,y), U=Pxyu+QXx,y),

where A, B, P and Q are arbitrary functions. From (3.44h) and
(3.441), A and B satisfy

A, -B,=0, A4,+B,=0. (3.45)
Furthermore, from (3.44b) and (3.44c), we see that
P.=0, P,=0,
from which it follows that
P(x,y) = p,

where p is an arbitrary constant. Finally, from (3.44a) we have that
Q satisfies
0 +0,,=0. (3.46)

This gives the infinitesimals as
X=A(,y), Y=B(y), U=pu+0Xxy),

where 4 and B satisfy (3.45) and Q Laplace’s equation (3.46). We
now construct some exact solutions using these infinitesimals.

EXAMPLE 3.9
A particular solution to the equations (3.45) and (3.46) is

A=x, B=y, Q=0
The associated invariant surface condition is

Xu, + yu, = pu,
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TABLE 3.1
Real solutions of equation (3.48) for some integer values of p
p F F, p F F,
1 r
1 1 - -1 —_— L
} r2+1 r2+1
2 -1
2 2 -2 r !
' ' P+1y P+ 1)
32 -1 P —3r
3 32— 1 3.3 -3 T L
' e 2+ 1) 21y
: 46+ 1
4 3 462+ 1 4 r4+r r
r+r r e+ (r2+1)4 (’42+1)4

which is easily solved giving

u=x"F (%) (3.47)

where F is arbitrary. Substitution of (3.47) into Laplace’s equation (3.42)
gives

P+ DF" —2p— OrF' + (> = p)F =0, r= % (3.48)

This can be integrated exactly giving

cytan~lr + ¢y, ifp=0
F= ,
cr=ip +c,(r+iy ifp#0

where i = \/—1. If p # 0, Table 3.1 presents two independent real solutions
F| and F, for a variety of integer powers p
If p = 0, then we obtain the exact solution

-1
u=c tan"! = 4 ¢,.
1 I
If p # 0, exact solutions are then given by

s (2) ()]

where F| and F, are real solutions of (3.48) and ¢; and ¢, new constants.m
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EXAMPLE 3.10

Another particular solution to the equations (3.45) and (3.46) is

The associated invariant surface condition is

yu, — xu, =0,
which is easily solved giving

u==F (x2 + yz) s
where F is arbitrary. Substitution into Laplaces equation gives

rF" +F' =0, r=x>+)%

which is easily solved giving

F=clnr+c,,
leading to the exact solution

u=c n(x*+)?) + o,

3.2.3 Burgers’ Equation and a Relative

In this section, we consider constructing the symmetries of Burgers’

equation

U, +uu, = u,,

and its relative, the potential Burgers’ equation

15 _
U[+ ZUX_ Uxx.

These two equations are linked by # = v,.. We consider the symmetry

analysis of each separately.
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Burgers’ Equation
Lie’s invariance condition (3.49) leads to
U[[] + uU[x] + qu = U[’CX]

Substituting the appropriate extended transformations eventually
leads to the following set of determining equations:

T7.=0, T1,=0, X,=0, U,=0,
2X,-T,=0, U, +uU,-U, =0, (3.51)
X, -X.,—-uX, -U+2U,=0.
Solving the first 5 equations of (3.51) gives
X = %T’(z)x +AQ), (3.52a)
U = B(t, x)u+ C(t, x), (3.52b)

where A(¢), B(t, x) and C(t, x) are arbitrary functions. Substituting
(3.52) into the remaining two equations of (3.51), isolating coeffi-
cients with respect to u and solving gives the infinitesimals:

T =cy+2c;t + ¢yt
X =c3+ eyt + | x + optx, (3.53)
U=- (c2t+ cl) U+ cyx + ¢y,
where ¢y, ¢,, ¢; and ¢, are arbitrary constants.
Potential Burgers’ Equation
Lie’s invariance condition of (3.50) leads to
Vin + 0V = Views

which substituting the appropriate extended transformations even-
tually leads to the following set of determining equations:

T.=0, T,=0, X,=0,

2Xx_Tt=O’ Vt_Vxxzo’ Vuu_%szo’

Xt_va_ Vx+2qu=0'
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Again, these are readily solved giving the infinitesimals:
T = CO + 26’1t + C’ztz,
X =c3+cyt+ o x + optx, (3.54)

1
V = P(t,x)e"* + Eczxz + ¢4X + ¢yt + 5.

where ¢, ¢,, ¢3, ¢4 and c¢5 are arbitrary constants and P(z, x) satisfies
the heat equation P, = P ..
Reductions

In this section, we consider examples of reductions of both Burgers’
equation and the potential Burgers’ equation.

EXAMPLE3.11 ¢, =1, ¢=0, i#1

In the case of Burgers’ equation with (3.53), the invariant surface condition
is
2tu, + xu, = —u,
which is easily solved giving
u= LF 2.
Vi \Wi
Substitution into (3.49) gives the reduction
—%F(r) - %rF’(r) + F(r)F'(r)— F"(r) = 0,
which we find integrates once to give the Ricatti equation
-%W+W—F=%

where ¢, is a constant of integration. In the case of the Potential Burgers’
equation with (3.54), the invariant surface condition is

2tv, 4+ xv, =0,
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which is easily solved giving
v=F2X).
Vi

Substitution into (3.50) gives the reduction

1 /! 1 12 1

—=rF'(n)+ zF“(rn—F"(r) =0,

2 2

whose solution is given by

F(r) = =2In (¢, erf(r/2) + ¢,)

This, in turn, leads to the exact solution

v=-2In <cl erf(x/Z\/;) + cz) . -

EXAMPLE3.12 ¢, =1, ¢=0, i#2

In the case of Burgers’ equation with (3.53), the invariant surface condition
is
Pu, + xtu, = —tu + x,

which is easily solved giving

u="2+ lF (£> .

t t t
Substitution into (3.49) gives the reduction
F(F'(r)—F"(r) =0,
which integrates once to give
! 1 2

F'(r) = 3F +k.

which gives three solutions depending whether k > 0, k = 0, or k < 0.

In the case of the potential Burgers’ equation with (3.54), the invariant sur-
face condition is

1
o, + xto, = Exz +1,
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which is easily solved giving
x? X
V= — +1nt+F(—>.
2t t
Substitution into (3.50) gives the reduction
%F’z(r) —-F"(r) =0,
whose solution is given by
F(r)==2In(c;r + ;)

This, in turn, leads to the exact solution

2
X
=—+Inr-21

v=>"s+n n

X
C17+C2

Linearization of the Potential Burgers’ Equation

In constructing the infinitesimals for both the potential Burgers’
equation and the heat equation, each possessed an arbitrary func-
tion that satisfied the heat equation. This suggests that the two sets
of determining equations might be linked. Below these are listed
side-by-side. We have chosen to use the variable w for the heat
equation as to avoid confusion with Burgers’ equation.

Heat equation Potential Burgers’ equation
r.=T7T,=X,=0 I.=T,=X,=0 (3.55)
2X,-T, =0 2X,—T, =0 (3.55b)
W,— W, =0 V.=V, =0 (3.55)
QW+ X, - X, =0 2V, —-V.+X,—-X.. =0 (3.55d)
W, =0 v, - %VU 0. (3.55)

If there existed a transformation connecting the equations (heat and
Potential Burgers’), this same transformation would connect their
symmetries. Let us assume that this transformation is of the form

w = F(v) (3.56)
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thus,
W =F'(v)V. (3.57)

It is a simple matter to deduce that
(Wt - Wxx) = F’(U) (Vt - Vxx)
thus connecting (3.55¢). Furthermore, from (3.56), we find that
0 1 o

—_— =, (3.58)
ow F'(v)ov
Thus, combining (3.57) and (3.58)
1
Wo=1 (F V),
F//
=V, + = v, (3.59)
which further gives
FN
W=V + = V.. (3.60)
In order to connect (3.55d), we would require that
2F//
= -1. (3.61)

Applying the chain rule (3.58) to (3.59) gives
1 FI/
Www= F <Vv+ FV)[}

1 F" F" !
:F<VUU+F L, + <F> V> (3.62)
however from (3.61), (3.62) becomes
1 1
Www_ﬁ (Vuu_ EVU) ’

and therefore we see that (3.55¢) is connected. Therefore, to connect
the determining equations (3.55), we only need to solve (3.61), which
is easily solved giving

F=¢?
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noting that we have suppressed the constants of integration. There-
fore, the transformation connecting the determining equations is

w=e"?,

and this is precisely the same transformation that connects the
equations. Further, substitution into u = v, gives rise to
2 W

w b

u=-

the famous Hopf—Cole transformation known to link solutions of
the heat equation to Burgers’ equation (see Hopf [8] and Cole [9]).

3.2.4 Heat Equation with a Source

The power of symmetry analysis becomes evident when we attempt
to construct exact solutions to general classes of nonlinear PDE
important in modeling a wide variety of phenomena. For example,
the heat equation with a source term

u=u, +Fwu), F"+#0 (3.63)

has a number of applications including temperature variations due
to microwave heating. Here, we will perform a symmetry analysis on
this equation. We will present cases for F where the equation admits
special symmetries (see Dorodnitsyn [10]). We will further consider
these symmetries where reduction to ODEs will be performed.

We define A such that
A=u—u. —Fu).
Lie’s invariance is
r?a| =o.
A=0
This, in turn, gives

xx]

Substitution of the extension’s Uy, and Uy, gives
U+ (U, - T,) u, — X, — Toa; — X,u,u,
- l]xx - Txxut - (ZUxu - Xxx) u, — 2Txuutux
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- (Uuu _Z‘Xxu) u)ZC =T,

uu
- 2Txutx - (Uu - ZXx) Uy — 2Tuuxutx
—Tuu,. —3Xuu, . —FuU=0.

U-X"XX

2 3
uu, — X, u

Eliminating u,, where appropriate using (3.63) and isolating coeffi-
cients involving u,, u, and u,, and various products gives rise to the
following set of determining equations:

U-U,+(U,-2X,) Fu) — F'(wU =0, (3.64a)
T, .—T,+2X, - FwT,=0, (3.64b)

X — X, -2U,, - 3X,F(u) =0, (3.64c)
T,+X,=0, (3.64d)

2X,, - U, =0, (3.64e)

T, =0, (3.64f)

X, =0, (3.64g)

T.=0, (3.64h)

T,=0. (3.64i)

From (3.64), we immediately find that

r.=0, T,=0, X,=0, U,=0, (3.65)
leaving
U-Uy,+ (U, —-2X,) Fuw) — F'(wU =0, (3.66a)
2X, - T, =0, (3.66b)
X, . -X -2U,=0. (3.66¢)

From (3.65), we have that
T=A(), X =B(tx), U= P(t,x)u+ Q(t, x),

where 4, B, P and Q are arbitrary functions. With these assignments,
equation (3.66) becomes

(Pu+ Q) F'(w)+ (2B, — P) Fu) = (P, — P ) u+ Q, — Oy,
(3.67a)
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2B, — A, =0, (3.67b)
B, — B —2P, =0. (3.67¢)

XX

From (3.67a), we see four cases arise:

i prP=0, 0=0,
i) pP=0, Q=#0,
iy P#0, 0=0,
(iv) P#0, OQ#0.

Case()) P=0, 0=0
In this case, equation (3.67a) becomes

2B F(u) =0,

from which we deduce that B, = 0 as F' # 0. Further, from (3.67c),
B, = 0 giving that B is a constant. Finally, from (3.67b), 4, = 0, but
since 4 = A(r) gives that A4 is also a constant. Therefore, we have the
following: in the case of arbitrary F(u), the only symmetry that is
admitted is

T=c, X=c, U =0, (3.68)

where here, and hereinafter ¢;, i = 1,2,3, ... are constant.

Case (i) P=0, Q#0
In this case, equation (3.67a) becomes

OF (u)+ 2B . F(u) = Q, — Qy»

which dividing through by Q gives

Fay+ 2 pey = 279

= (3.69)
0 0
By differentiating (3.69) with respect to 7, x and u, it is an easy matter
to deduce that
28, _ m, 9= Qu _ ki, (3.70)
0 0

where m and k, are arbitrary constants. With these assignments,
(3.69) becomes
F'(u) + mF(u) = ky,



3.2 Second-Order PDEs 103

which is easily solved giving
k, _
Fu)y=— +kye™,
m

where k, is an additional arbitrary constant. We note that if m = 0,
then from (3.69) F”” = 0, which is not of interest. From (3.67), we
have

2B, — A, =0,
B, —B, =0,

from which we can deduce B, = 0 so B, = 0 and 4” = 0. This then
leads to
A=2t+c¢cy, B=cx+c,,

and, in turn, leads to

2¢,
0==1,
m
giving k; = 0 from (3.70). Therefore, we have the following: If
F(u) =k, e™
the infinitesimal transformations 7', X and U are
2¢,
T=2ct+c,, X=cx+c, U=—. (3.71)
m

Case (i) P£0, 0=0
In this case, equation (3.67a) becomes

PuF'(u)+ (2B, — P) F(u) = (P, — P,) u,

which dividing through by P gives

uF' (u) + 28— F(u) = P Pe, (3.72)
P P
Again, from (3.72), it is an easy matter to find that
2B.—P P,-P..
P =m, T = kl? (373)

where m and k, are arbitrary constants. With these assignments,
(3.72) becomes
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uF' (u) + mFu) = kyu,
which is easily solved giving

(kyInu+ ky) u, ifm=-1
Fu =1 ku
S m+ 1

thyu™, ifm# -1

where k, is an additional arbitrary constant. As the case m = —1
presents itself as special, we consider it first. From (3.73) and (3.67b),
we see that

B.=0, A4,=0,

which must be solved in conjunction with the second of (3.73) and
(3.67c). These are easily solved giving

A=c, B=ceh'+c¢, P= (—%klczx + c4> k!
This then gives the following: If
Fu) = (kyInu+k,) u,
the infinitesimal transformations 7', X, and U are
T=c, X=ce'"+e;, U= (—%klczx + (34) &ty (3.74)

If m # —1, then from (3.73), we find

2B,

P= .
m+1

(3.75)

From (3.67¢c), we have
2B.—A4,=0,

from which we can deduce B, = 0 and thus from (3.75) P, = 0. This
then leads to (from (3.67c)) B, = 0 and thus
2¢,

A=2ct+c¢c, B=c¢cx+c¢, P=
1 0 1 2 mrl

giving k; = 0 from (3.73). Therefore, we have the following: If
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Fu)=kyu™

the infinitesimal transformations 7', X and U are

2¢,
m+ 1

T=2ct+c, X=cx+c, U= u. (3.76)

Case (iv) P#0, O#0
In this case, equation (3.67a) becomes

(Pu+ Q)F'(w)— (P-2B,) Fw) = (P, - P, ) u+ Q,— Oy,

which dividing through by P gives

2B.— P P,-P -
(u + %) Flw) + —5—F) = : Ut & PQXX. (3.77)
From (3.77), we can deduce that
Q_ 2B)C_P_ PZ_Pxx_ Qt_Qxx_
=4 =" = ki, P =k,, (3.78)

where a, m, k;, and k, are arbitrary constants. With these assign-
ments, we can deduce from (3.78) that k, = ak, giving (3.77)
becomes

(u+ a)F'(u) + mF(u) = ky(u + a). (3.79)

Comparing (3.79) and (3.2.4) shows that they are the same if we let
u + a — uand thus cases (ii1) and (iv) become one in the same. There-
fore, the results for case (iv) are obtained by merely replacing u by
u + a in case (iii).

Reductions

Here, we focus our attention to a class of equation for exponential,
logarithmic and power law type source terms.

EXAMPLE 3.13 Exponential Source Terms

We found that the heat equation with an exponential source term

U, =ty + ke™ (3.80)
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led to the symmetries given in (3.71). For this example, we will choose ¢; =1
with all other ¢/s zero. We will also choose k, = 1 and m = —1 as scaling of
t. The invariant surface condition is

2tu, + xu, = =2,

u=—lnt+f(\%).

Upon substitution into (3.80) leads to

which has the solution

I o '
5/ -1=f +e,

where r = x/4/1. This is a nonlinear ODE in f that needs to be solved. m

EXAMPLE 3.14 Logarithmic Source Terms

We found that the heat equation with an logarithmic source term

u, = ug + (kyInu+ky)u (3.81)
led to the symmetries given in (3.74). For this example, we will choose
cg=1,¢=-2,¢;=0, ¢, =0, k; =1 and k, = 0. The invariant surface
condition is

u, — 2e'u, = xe'u,
which has the solution
u= e_xz/4f (x+2e). (3.82)

Upon substitution into (3.81) leads to

o =1"+/Inf,

where r = x + 2¢’. ]

EXAMPLE 3.15 Power Law Source Terms

We found that the heat equation with a power law source term

U, = Uy + kyu™ (3.83)
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led to the symmetries given in (3.76). For this example, we will choose ¢; = 1
with all other ¢/s zero. We will also choose k, = 1. The invariant surface

condition is
2u

m+1’

“=’““f<¢)‘

Upon substitution into (3.83) leads to

2tu, + xu, =

which has the solution

1 I 21 o —m
=Ly,

m+1

where r = x/\/;. ]

EXAMPLE 3.16 Arbitrary Source Terms

We found that the heat equation with an arbitrary source term led to the
symmetries given in (3.68). The invariant surface condition is

cu, +cu, =0,
and if we set ¢, = ¢|c, then this becomes
u,+cu, =0,

which has the solution

u=f(x-ct.

Upon substitution into (3.63) leads to

—cf =f" + F(f). m
EXERCISES

1. Calculate the symmetries for the the Folker—Planck equation
U = Uy + (X1).

2. Calculate the symmetries for the the nonlinear diffusion equation

u = Uxx
= -
u2
X
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*8.

*9.

*10.

Compare these with the symmetries of the heat equation and derive a
transformation that linearizes this equation.

. Calculate the symmetries for the the nonlinear diffusion equation and

its potential form

u = Uy U = Uyx
N2+ 2+

and compare their symmetries.

. Calculate the symmetries for the the nonlinear wave equation

Uy = Ul

Use a particular symmetry to reduce the PDE to an ODE.

Calculate the symmetries for the the Fisher’s equation
u, = Uy, +u(l —uw).

Use a particular symmetry to reduce the PDE to an ODE.

. Calculate the symmetries for the the Fitzhugh—Nagumo equation

u, = u, +u(l —uw)(u—a.

Use a particular symmetry to reduce the PDE to an ODE.

. Calculate the symmetries of the minimal surface equation

(1 + uf) Uy = 2U Uyl + (1+ ui) uy, = 0.

Use a particular symmetry to reduce the PDE to an ODE.
Classify the symmetries of the Schrodinger equation

u, =u, + Vxu.
Classify the symmetries of the nonlinear diffusion equation
u, = (D(u)ux)x s

(see Ovsjannikov [11] and Bluman [12]).

Classify the symmetries of the nonlinear diffusion—convection
equation
u, = (Dwu,) - K'wu,,

(see Edwards [13]).
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*11. Classify the symmetries of nonlinear wave equation
u, = (cz(u)ux)x s
and the linear wave equation
u, = cz(x)uxx

(see Ames et al. [14] and Bluman and Kumei [5]).

3.3 HIGHER ORDER PDEs

Previously, we constructed the symmetries of second-order PDEs.
We now extend symmetries to higher order equations. Consider the
general nth order PDE

A (t’ Xy Us Ups Uy Uyys Upys U oo v s Uyiyys ™= s Uyneiyx(iys ux(n)) = 07

where for convenience, we have denoted u,,_; ., = 0/~'0"u. We again
introduce the infinitesimal operator I" as

0 0 J
r=Tr—+X—+U—,
ot ox ou
where T = T(t,x,u), X = X(t,x,u) and U = U(t,x,u) are to be
determined. We define the nth extension to the operator I" as '™,
given recursively by

n
) _ -1 0"
="+ Z Ulttn=ix() 3 pnigi
i
Lie’s invariance condition becomes
r<")A| =0, (3.84)
A=0

where the extended transformations are given as
U[l] = Dt(U) - M,Dt(T) - “th(X),
U[XJ = D‘C(U) - uth(T) - uxDx(X),

Utiin-iyxin = PDlUngn-i-1yxan) = Yirn-ipxin Po(T)
—Upyn—i—nyxi+ 1 P (X)) or,
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=D. (U, [t(n—i)x(i—l)]) - u[t(n—i+1)x(i—1)]Dx(T )
~Upn—iyx(iy P (X)-

The total derivative operators are given by

D 0 d 0t
= —+u—+ -+ Uy ———
‘ t G+ 1)x()) ’
ot ou Ui x(j)
D d d o
= —tu—+ - F Uy ———-
X X 1(Dx(+1)
0x ou Uiy x(j)

For example, Uy, is given by

U[ttx] = Dt(U[tx]) = Uy D(T) — u,,, D,(X), or
= Dx(U[tt]) = Uy D (T) — u,, D (X).

EXAMPLE 3.17 Korteweg—DeVries Equation

To illustrate, we consider the KdV (Korteweg-de Vries equation
u,+uu, +u,. =0. (3.85)
Expanding Lie’s invariance condition (3.84) gives
Uy +uUpy + Uuy + Uy = 0.

In this case, we will need the first extensions Uj,;, U}, and the third exten-
sion Uy, namely

Uy=D,U)—uD(T)—u,D/(X),
U[X] =D (U)-uD(T)—u.D.(X),
U[xxx] = Dx(U[xx]) - utxxDx(T) - uxxxDx(X)’

noting that U, will be needed. As we have seen previously, we
expand Lie’s invariance condition and substitute the original equation,
U, = —u, — uu,, and isolate coefficients involving u,, ., ., Uy, Uy Uy
and u,,., and various products. This gives

U+ulU,+ U, =0, (3.86a)
T,+ul, -3X.+T,,.=0, (3.86b)
X, -2uX, +X.. -3U,,-U=0, (3.86¢)
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X, =Ty =0, (3.86d)

uX, = X+ Uy =0, (3.86¢)

T =0, Uw—-3X0u=0, T,,=0, (3.86f)
Xuu =0, Ty=0, Uy,—-X, =0, (3.86g)
Ty=0. U,—X,=0. X,=0 (3.86h)
T,=0, T,=0. (3.86i)

From (3.86), we have
7.=0, 7,=0, X,=0, U,=0,
from which it follows that
T =A@, X=Btx), U=Putxu+ 0, x),

where A = A(t), B = B(t, x), P = P(t,x) and Q = Q(t, x) are arbitrary func-
tions. Thus, from (3.86), we have the following

(Pu+0Q,) + (Pau+Q)u+Pu+ Q. =0, (3.87a)
B,—2uB,+ B, — 3P, — Pu—Q=0, (3.87b)
A,-3B,.=0, (3.87¢)

P.-B. =0. (3.87d)

Isolating the coefficients of u in (3.87a) and (3.87b) gives the following final
set of determining equations to solve:

A4,-3B, =0, (3.88a)

P.-B., =0, (3.88b)
P+2B,.=0, (3.88¢)

P, =0, (3.88d)

Qi+ 0. =0, (3.88e¢)

P+ 0,4+ P =0, (3.88f)
3P =B, -B,+0=0. (3.88g)

Solving (3.88) gives

T=3cit+cy, X=c3t+cx+c,, U=-2cu+c3. (3.89)
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We now use these to obtain a symmetry reduction of the original PDE. We
will consider two examples. |

EXAMPLE 3.17a Symmetry Reduction 1

If we set
=1, ¢,=0, cn=¢, ¢3=0,

in (3.89) where ¢ is an arbitrary constant, then we obtain the invariant sur-
face condition
u; + cu, = 0.
By the method of characteristics, we obtain the solution as
u=f(x-—ct.
Substitution into the original equation (3.85) gives rise to the ODE

f/l/ +ffl _ Cf/ — O,

where the argument r is defined as r = x — ¢z. Integrating once and sup-
pressing the constant of integration gives

M+ %fz —¢f =0. (3.90)
One particular solution of (3.90) is
f = 12p*sechpx,

where the constant ¢ is chosen as ¢ = 4p>. This solution is commonly known
as the “one soliton” solution. -

EXAMPLE 3.17b Symmetry Reduction 2

If we set
C0=O, C1=1, C2=0, C3=0,

in (3.89), then we obtain the invariant surface condition

3tu, + xu, = —2u.
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By the method of characteristics, we obtain the solution as
=23 (2
u=1t-"fr ( Ve ) .
Substitution into the original equation (3.85) gives rise to the ODE

SIS = = 3 =0,

1
where r = x/t3. Solutions of this would then lead to exact solution of the
KdV equation. ™

EXAMPLE 3.18

Here we calculate the symmetries of the Boussinesq equation
Uy + Ul + 102+ Uy = 0. (3.91)
Expanding Lie’s invariance condition gives
U+ Uy +uUp g + 2u, U + Uy = 0. (3.92)

In this case. we will need the extensions Uy, U, Upyy and Uy, given
by

Uiy = D(U) = u, D (T) = u,.D,(X),
Uiy =D,(Uyy) = u,D(T) = u, D (X),
Ui = Do (Upyy) = D (T) — 1, D (X)),
Uxxn) = Da(Upn) = Uy Dio(T) = Uy Do (X).

Expanding (3.92) and imposing the original equationu .. = —u,, — i, —
uf gives on isolating the coefficients of the derivatives of u

T.=0, 7,=0, (3.93a)

X, =0, X,=0, (3.93b)

U, =0, (3.93c)

2X, - T,=0, (3.93d)

U,+2X,.=0, (3.93e)

2U0,,-T,=0, (3.93f)

2U,, - 3X,, =0, (3.93g)
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U+6U,, +2uX, —4X,.. =0, (3.93h)
4Uxxxu + 2Ux + 2quu - X\‘xxx - u/Yxx =0, (3931)
Uit uU+ Uy = 0. (3.93))

From (3.93a), (3.93b) and (3.93c¢) give
T=T®, X=X, U=Ptxu+ Q(,x).

Further, differentiating (3.93d) with respect to ¢ and x gives

T,=0, X..=0,
which leads to, in conjunction with (3.93d)

T=2t+c,, X=cx+cs.

From (3.93f) and (3.93g), we find that

U, =0. Uy, =0.
which from (3.93e) gives

U=-2ciu+ Q(,x).

Finally, substitution into the remaining equations of (3.93) gives Q = 0.
Thus, the infinitesimals are

T=2t+c¢,, X=cx+c3, U=-=2cu. (3.94)

As an exemplary reduction ,we set ¢; =1 and ¢; = ¢; =0 in (3.94). The
associated invariant surface condition is

2tu, + xu, = —2u,

noting that we can cancel the arbitrary constant ¢;. Solving this gives

1 X
u=—-f| =
! (W)
and substitution into (3.93) gives
(4) r? 17 12, 1
f +f+zf+f +er+2f=0,

where r = xt~1/2,
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EXERCISES

1. Calculate the symmetries for the modified KdV and potential KdV and
Harry-Dym equations
2 —
u, —uu,+u.., =0,
u, + uf{ +u, =0,

3 _
u,—uwu, . =0,

2. Calculate the symmetries for the following appearing in Boundary Layer
theory

Upllyy, = Upllyy, = Uy, (3.95)
3. Calculate the symmetries for the thin film equation
h, = (h”hxxx)x. (3.96)

(Gandarias and Medina [15])

4. Calculate the symmetries for the following appearing in the growth of
grain boundaries

= ut () ] (3.97)

(Broadbridge and Tritscher [16]).

3.4 SYSTEMS OF PDEs

In this section, we consider the symmetries of systems of partial
differential equations. In particular, we consider a system of two
equations and two independent variables but the analysis easily
extends to more equations and more independent variables.

3.4.1 First-Order Systems

Consider

, (3.98a)
. (3.98b)

F (t, X, U, Uy Uy, Uy Uy, Ux) =0
G (t, X, U, Uy Uy, Uy Uy Ux) =0
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Invariance of (3.98) is conveniently written as

rF =0, TIG =0
F=0,G=0 ’ F=0,G=0 ’

where I is defined as

0 0 0 0
=T—+X— — — 3.99
r Tat+ 6x+U0U+V6V (3:99)

and T’V is the extension to the operator I' in (3.99), namely

) ) ) )
— + U g—+ Vi —+V .
Tou, " W™Mou, = Mop, " "Mop_

The extended transformations are given by

Uy =D,U) —uD(T) —u,D,(X), (3.100a)
Uy = D (U) —u,D(T) — u,D,(X), (3.100b)
Vig=D,V)—=v,D(T)—v,D(X), (3.100c)
Vi =D (V)= v,DAT) - v, D (X). (3.100d)

The total differential operators D, and D, are given, respectively, by

D=£+ui+ui+u i+

"ot ou "ou, M ou,
ro, 2 0, L o,
t()v ttavt txax

Dx:%+ux%+umaiut+umaiux+---
+v 0 4o 24

Once the infinitesimals 7', X', U, and } have been found, the associ-
ated invariant surface conditions are

Tu,+Xu, =U, Tv,+Xv, =V. (3.101)
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EXAMPLE 3.19

Here we calculate the symmetries of the system of equations

vy=u, Uv,=— (3.102)

that is equivalent to the heat equation

(7)
u, = :
! 1+u? ),

Lie’s invariance condition for (3.102) is

Uy _2uU "
l+u>  (1+u2)? "

The extensions U, V|, and V|, are given in (3.100). Expanding (3.103)
and imposing the original system equation (3.102) gives on isolating the
coefficients of u, and v,

T,=0, (3.104a)

I+, —ul +u»HX, - T, —uT, =0 (3.104b)
Vet (V, = X u—1’X,— U =0, (3.104c)
(A+uHX,-T,=0, (3.104d)

(1+u>)V, - U, —uU, —u(l + )X, =0, (3.104e)
T.+uT, —u(l + )X, + (1 +u>)V, =0, (3.104f)
1+ V, = U, + X, —T)+2ulU = 0. (3.104¢)

Adding and subtracting (3.104b) and (3.104f) gives
V,—uX,=0, T .+ul,=0. (3.105)
From (3.105) and (3.104a) give that
T =T(®).

From (3.104d) gives that X, = 0 which further from (3.105) gives V,, = 0.
From (3.104c¢), we solve for U giving

U=V, +V, = XJu— X’ (3.106)
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As T, X and V are independent of u and U is quadratic is u, substitution
of (3.106) into (3.104c) and (3.104g) and isolating coefficients of u gives

2X, - T, =0, (3.107a)
2V, -T,=0, (3.107b)
X, +V,=0, (3.107¢)
Vi= V=0, (3.107d)
X, — X, =0, (3.107¢)
X =X +2V,, =0, (3.107f)
Vi=V+2X,=0. (3.107g)

Differentiating (3.107a) and (3.107b) with respect to ¢ and v, we have
Xo=0, X,=0, V=0, V,=0.
Thus from (3.107f) and (3.107g)
X, =0, V,=0.
From either (3.107a) or (3.107b) we deduce that
T,=0 = T=2ct+cy, (3.108)

noting that the factor of 2 becomes apparent in a moment. From (3.107a)
and (3.107b) with T given in (3.108) we have

2X,—2¢, =0, 2V,-2¢, =0,
which integrates yielding
X=cx+AW), V=cv+ BXx), (3.109)

where 4 and B are arbitrary functions of integration. Substituting (3.109)
into (3.107d) and (3.107¢) gives

A"(v)=0, B'(x)=0,
leading to (subject to (3.107¢c))

A@) = v +¢3, B(x)=—cx + ¢y
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The entire system (3.104) has now been solved leading to
T=2t+c¢y, X=c1x+c0+cs,
U=—c,(1+u?), V=—cx+cv+cy (3.110)

We now consider two reductions associated with the constants ¢;
and c,. [

EXAMPLE 3.192 Reduction 1

The invariant surface condition (3.101) associated with ¢; in (3.110) is
2tu, + xu, =0, 2tv, +xv, = 0.

The solution of these is

() =)

and substitution into the original system (3.102) gives

f/
1472

where r = x/\/z. ]

/

e L
g =/ ?g rg') =

EXAMPLE 3.19b Reduction 2

The invariant surface condition (3.101) associated with ¢y =1 and ¢, =1
with the rest zero in (3.110) is

u, +ou, = —(1+1), v,+ovv, =—x. (3.111)
The solution of the second is
tan'1<2)+l=F(x2+vz). (3.112)
X

As it is impossible to isolate v to solve the first invariant surface condition
in (3.111), we proceed in a different direction. From the original system
(3.102), we have v, = u, then upon elimination of « in the original equation

(3.102), we obtain
_ Uxx
v, = (3.113)
1+02
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and substitution of (3.112) into (3.113) gives
4rF" + 87 F'? + 4 F' 2 + 6F' + 1 =0,

which is clearly difficult. Therefore, we will take an alternate route. Elimi-
nating v, from (3.111) and (3.102) and u, gives

Uy

u
T L o, +1=0. (3.114)

1 +u?

+ov, +x=0,

Integrating each equation, respectively, in (3.114) gives
tan™' u + %(02 +x?) +f()=0, tan'u + %Uz +t+g(x) =0,

where f(¢) and g(x) are arbitrary functions of integration. As these must be
the same give the final solution as

tan_lu+%(uz+x2)+t=c, (3.115)

noting that we can set the arbitrary constant ¢ to zero without the loss of
generality. Replacing # = v, in (3.115) and using (3.112) gives

1 r
Fl=—— (F —),
3 tan + >

where r = x2 + 2. m

3.4.2 Second-Order Systems

Consider

F(x,p,u,v,u,,v,, Uy Uy Uy oo Uyy) =0, (3.116a)

G (x,y, Uy Uy Uy Uy Uy Uy Uy o Uyy) =0. (3.116b)
Invariance of (3.116) is conveniently written as

rF| =0, T1g| =0,

F=0,G=0 F=0,G=0
where T is defined as
r=x24v2ivl iyl (3.117)

ox oy oU oV’
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and T'D and T'® are extensions to the operator I' in (3.117), namely

) ) ) )
Y =T+ U— + Uj=— + Viy=— + Viy—,
Moy vl du, Moy bl v,

- d P 9
=10+ 0,, s T Yz~ Yoy,
xx Xy vy

0 0 0
+ V[Xx]au Vg, Tov + VLW]&U
x xy

The extended transformations are given by

Uy =D(U)-uD(X)—u,D(Y), (3.118a)
Uy = D(U) = u,D(X) = u,D(Y), (3.118b)
Vig=D,(V) = v.D(X) - uny(Y), (3.118c¢)
Vi = Dy(V) = v, Dy(X) — v,D,(Y), (3.118d)
and
Ueny = D(Upyg) = D (X) = 1, D (Y), (3.119a)
Upgy = Do(Upyy) = 4, D (X) — 1, D (Y), (3.119b)
Upy = Dy(Upy) = 11, Dy(X) = 1, D (Y), (3.119¢)
Vieg = Dy(Viy) = 0 D (X) — v, D (Y), (3.1194d)
Vi = Du(Vy)) = 0, D (X) — v, D (Y), (3.119¢)
Vi = D, (Vi) — 0, Dy (X) — v, D (Y). (3.1191)

The total differential operators D, and D, are given by

D=2 vu L vu, L hu, 20, L O
YTox o You You,  You, “ov o,
+v +
v,
D —i+ui+u i+u i+---+Ui+u 9
Yoy You You, ou, Tov  Yov,
0
+ U5+
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EXAMPLE 3.20
Consider the boundary layer equations from fluid mechanics
U, +v, = 0,
Uty + vuy, = Uy,
The invariance condition for each is given by
U + Vi =0,
uUpg +oUpy + Uuy + Vuy, = Uy

(3.120a)
(3.120b)

(3.121a)
(3.121b)

Substitution of the extended transformations (3.118) and (3.119) into both
invariance conditions (3.121) gives subject first to both original equations
being satisfied (plus differential consequences) the following set of deter-

mining equations:
U+V,=0, U,-X,=0,
X,+Y,=0, V,-Y.=0
U,-V,+Y,-X.=0,
and
X,=0, Y,=0, U,=0, Y,=0,
2X,-Y,=0, U,+2X,=0, X, -2Y,, =0,
uU,+vU,-U,, =0 2vY,+2Y,,-U, =0,
=2uY,+vX,-U,, -2X,=0,

yo

Y,, —2U, —uY +vY, + V=0,
2uY, +2X,,+20, -2Y,,-vY, =0,

yu
Xy, —vX, —oU, —uX, + U+ 2uY, +2U,, =0.
From (3.123a), (3.123b), and (3.123f), we have
X,=0, X,=0, Y,=0,
which reduces (3.123) to
ulU,+vU, - U,, =0,

»
-uY =20, +Y, +V+vY, =0,

(3.122a)
(3.122b)
(3.122¢)

(3.123a)
(3.123b)
(3.123¢)
(3.123d)
(3.123¢)
(3.123f)
(3.123g)

(3.124a)
(3.124b)
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U+2uY, —uX,=0. (3.124¢)
From (3.124b) and (3.124c), we obtain

U= (X,-2Y,)u, V=uY,—0Y,—5Y,,.

From (3.122a) and (3.124a)

X.=0, Y. =0, Y, =0,

XX xy

thus leading to
X=cx+c, Y=cy+alXx), (3.125)

where a(x) is an arbitrary function. This in turn gives

U= (¢, =2c3)u, V=dxu-cs, (3.126)
L]

EXAMPLE 3.20a A Reduction

We now consider a reduction of the boundary layer system (3.120). How-
ever, we will proceed in a slightly different direction. If we introduce a
potential w = w(x, y) such that

u=uw

s U= W

s (3.127)
then (3.120a) is automatically satisfied, whereas (3.120b) becomes
W W, — W Wy, = W, (3.128)

yWxy xWyy = Wyyy

The associated invariant surface conditions associated with (3.120) (using
(3.125) and (3.126) are

(e1x+¢) uy + (39 + a(x)) u, = (¢y = 2¢3) u,

(c1x+¢) vy + (39 + ax)) v, =d (X)u = c50,
which becomes

(e1x+¢) wyy, + (39 + a) w, = (¢; = 2¢3) w,, (3.129)

- (clx + cz) Wy, — (c3y + a(x)) Wy, = a’(x)wy + 3w,
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on using (3.127). Integrating (3.129) gives
(x+cy) wy + (c3p+a(x) w, = (¢ — ¢3) w+ ¢y, (3.130)

where ¢, is a constant of integration. We consider two cases. If ¢; = 0 and
¢, # 0, then (3.130) integrating to give

w =" F (™Y + b(x)), (3.131)

where ¢3/c, = —m and b'(x) = —a(x)e™ /c,. Substituting (3.131) into
(3.128) gives
F" +mFF" = 2mF"? =0,

where F = F(r) and r = ¢y + b(x). If ¢ # 0, we can set ¢, = 0 without
the loss of generality. The invariant surface condition (3.130) integrating
to give

w=x"F (x"y + b(x),) (3.132)

where ¢;/c¢; = —m and b'(x) = —x"a(x)/c;x. Substituting (3.132) into
(3.128) gives
F" +(m+ DFF" = 2m+ HF'> =0,

where F' = F(r) and r = x"y + b(x). [ ]

EXERCISES

1. The nonlinear cubic Schrodinger equation is
v, + v+ kylw)? =0
orify =u+iv
u, + v +kv (u2 + 1)2) =0,
v, — Uy, — ku (u? + %) = 0.

Calculate the symmetries of this system.

2. Calculate the symmetries for the following system equivalent to Burg-
ers equation

= - 2
v, =2u, v,=2u,—u

(Vinogradov and Krasil’shchik [17]).
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3*.

4%,

Calculate the symmetries for the nonlinear diffusion system

v, =u, v,=Kuu,

(Bluman and Kumei [1]).
Calculate the symmetries for the nonlinear wave equation system

u,=v,, v, =fuu,.

Calculate the symmetries for the one-dimensional unsteady gasdynam-
ics equations

p+ (pu) =0,

U, + uu +&—0

t RY p -
P=P(p)

(see Cantwell [18] and the references within).

Calculate the symmetries for the two-dimensional steady Navier—
Stokes equations

p'.

uny + vu, = —?‘ il + Uy,
Py

uv, + UUy = —? + Uiy + Uyy.

and compare these with the unsteady version

u,+v,=0,

v

Px
U, +uu, + ouy, = —7 + Uy + Uy,

Dy
U, +uvy, + v, = —7) T Uy + 0y,

(see Cantwell [18] and the references within)

Calculate the symmetries for the two-dimensional steady boundary
layer equations

U+ v, = 0,
u; +uuy +ou, = U + UU, +u,,,

where U = U(t, x) is to be determined (Ma and Hui [19]).
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3.5 HIGHER DIMENSIONAL PDEs

We now consider the symmetries of higher dimensional PDEs. In
particular, we will consider second-order equations in three inde-
pendent variables but the analysis is not restricted to only these.
Consider

F (1,00, Y3ty gy 1 1 1y U 1 - - 10, ) = 0, (3.133)
Invariance of (3.133) is conveniently written as
ror| =0,
F=0
where I is defined as
d d d d
r=T—+X—+Y—+U—, 3.134
ot o0x a0y oU ( )

and I'D and T'® are extensions to the operator I in (3.134), namely

a _ 0 a
"=r+ U[,]a + Uy I ou
Y
@ _ () J 9
F F + U[tt a + U’*JWM + Ult},JWty
0 0 d

+ Up = + U = + Uy, =2
[xx] [xy] vl
“ou,, ou,, Dy ou,

The extended transformations are given by

Upy = D,(U) = u,D(T) — u,D(X) — u,D,(Y), (3.135a)
Upg = D(U) = u,D(T) — u,D(X) - u,D,(Y),  (3.135b)
Uyy = Dy(U) = u,D,(T) = u,D,(X) — u,D,(Y), (3.135¢)

and
Uiy = DUy = 4y Di(T) =, D(X) = u, DY), (3.136a)
Uy = Dx(Upy) = 4y D(T) = up Dy(X) —u, DY), (3.136b)
U[ty] = Dy(U[t]) - ultDy(T) utxD (X) utyDy( Y)7 (3136C)
U[xx] = DX(U[X]) - utxDx(T) - uxxDx(X) — Uy, x(Y) (3136d)
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U[xy] = D)L(U[y]) - u[ny’(T) - uxny’(X) - unyx( Y)’ (31366)
Upyy = Dy(Upy) = ttyy, D (T) = 1, D,(X) =, D,(Y).  (3.136f)

Xy

The total differential operators D, , D, and D, are given by

0 0 0 0 0
D, = 5 +u,a +u”0 t +utx0_ux +utya +um0un
0 0 0 0 0
D, = £+uxa +u,Xau +uWa—uv +uxya +uma -
D—i+ua+u a+u i+u J +u 9
Yoy You Yo You, o " Qu,,

The associated invariant surfce condition is
Tu, + Xu, + Yu, = U. (3.137)

At this point, we will consider a particular example.

EXAMPLE 3.21

Consider the nonlinear diffusion equation

u, = (uu,) + (uuy)y. (3.138)

The invariance condition of (3.138) is
Uy = uUpg + Uuyy + uUpy + Unyy + 2u, Uy + 2u, Uy, (3.139)

Substitution of the extended transformations (3.135) and (3.136) into the
invariance conditions (3.139) gives, subject to the original equation gives
the following set of determining equations:

T,=0, T,=0, T,=0, X,=0, Y,=0, (3.140a)
X,-Y,=0, X,+Y,=0, (3.140b)

U+ (T,-2X,)u=0, (3.140c)

WU, +ulU,—U=0, (3.140d)

U, —uU,, —uU,, =0, (3.140e)

20U+ X, +2uU,, —uX,, —uX,, =0, (3.140f)

20U, + Y, +2uU,, — uY,, —uY,, = 0. (3.140g)
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From (3.140b), we see that X and Y satisfy
X+ X,=0, Y, +7Y,=0
Isolating U from (3.140c) gives
U= (2X,-T,)u, (3.141)
from which it follows from (3.140e), (3.140f) and (3.140g) that
X, =0, ¥,=0, X,=0, X,,=0 U,=0, (3.142)

and from (3.141) and the last equation in (3.142) 7,, = 0. Thus, solving
(3.140b) and (3.142) we are lead to the following:

T=cit+c,, X=cx+cy+cs,
Y=—-¢x+c3y+c¢s, U=Q2c3—cpu (3.143)

We now consider three separate reductions of the nonlinear diffusion
equation (3.138). m

EXAMPLE 3.21a Reductionl¢; =1,¢;=0Vi#1

In this case, the invariant surface condition (3.137) becomes
tu, = —u

whose solution is

S(x,p)
=

Substitution in the original equation (3.138) gives
(), + (fh), + = 0.

noting that we have reduced the number of independent variables. m

EXAMPLE 3.21b Reduction 2 ¢; = 2¢;. The remaining ¢; = 0.

In this case, the invariant surface condition (3.137) becomes

2tu; + xu, + yu, =0,
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whose solution is

Substitution in the original equation (3.138) gives
1 1
(ff,), + (ffé)s + Erfr + Esfb =0,
where r = x/\ﬂ and s = y/\/f'

]
EXAMPLE 3.21¢ Reduction3 c¢; =1,¢;, =0,Vi#3
In this case, the invariant surface condition (3.137) becomes
—yu, +xu, = 0,
whose solution is
u=f(x*+y%1).
Substitution in the original equation (3.138) gives
1, = Aff, = 4rff,, — 4irf? =0,
where r = x2 + 2. n
EXAMPLE 3.22
Here we calculate the symmetries of the equation
Uy + 1y, + () =0, (3.144)

which appears in quantum gravity (see Drewet al. [20] and the references
within). Lie’s invariance condition for (3.144) is (noting the new variables

x, yand z)

U[XX] + UU,},] + Cu (U[ZZ] + 2”2 U[z]) + eu (uxx + ug) U = O (3145)

The first- and second-order extensions are given by

U[x] = Dx( U) - uxDx(X) - uny(Y) - uZDx(Z)’
Uy = Dy(U) = u, D (X) = u,D(Y) — u.D(Z),
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U[Z] = DZ(U) - uxDz(X) - uyD:( Y)- u:D:(Z)a
U[xx] = DX(U[X]) -u,. D (X) - uxny( Y)-u.D . (2),
Upy = Dy(Upyy) =ty D (X) = 14, Dy (Y) = . D\ (Z),
U[zz] = DZ(U[:]) - uxzDz(X) - uyzDz( Y)- uzzDz(Z)'

Expanding (3.145) and imposing the original system equation, thatis, u,. =

—u,, —e" (u,, +u?) gives on isolating the coefficients of u,, u,, u, and all

second-order derivatives gives

X.=0, X,=0, Y.=0, Y, =0, (3.146a)
Z,=0, Z,=0, Z,=0, U, =0, (3.146b)
X, =Y, =0, X,+Y =0, (3.146¢)
U+2X,-27.=0, (3.146d)

U,+U+2X, —2Z.=0, (3.146¢)

20, — Xy — X, =0, (3.146f)

2U,, ~ Yy = Y, =0, (3.146g)

2U., +2U. - Z.. =0, (3.146h)

Ug + Uy +e"U.. =0, (3.146i)

Upon introducing a potential function f(x, y) such that
X=f, Y=f1, (3.147)
shows that (3.146¢) becomes
St/ =0. (3.148)
From (3.146d), we obtain U directly giving
U=2Z_-2f,,. (3.149)

Substitution of (3.147) and (3.149) into the remaining determining
equations (3.146) noting (3.148) gives

Z/l — 0
which easily integrates giving

Z=ciz+¢.
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Thus, the infinitesimals for (3.144) are
X=f, Y=f. Z=cz+cp U=2cl—2fxy, (3.150)

where f satisfies (3.148). [ ]

EXAMPLE 3.22a Reduction 1

If we choose f = xy and ¢; = 1 in (3.150), then the invariant surface condi-
tion is
Xuy + yu, + zu, = 0.

The solution of this is

and substitution into the original equation (3.144) gives
F,. + Fy +e" (PF,, + 2rsF, + s°Fy + (rF, + sF,)* + 2rF, + 2sF,) =0,

where r = x/zand s = y/z. ]

EXAMPLE 3.22b Reduction 2

If we choose f = »> — x? and ¢; = 1 in (3.150), then the invariant surface
condition is

yu, — xu, + zu. = 2.
The solution of this is

an—1 Y
u=2tan"! 2 +f <x2 +)%,ze” ™ }>,

x
and substitution into the original equation (3.144) gives
4°F,, + (reF + s2) F+4rF. + reFFS2 +sF; =0,

-1y
where r = x2 + y? and s = ze™ . n
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EXERCISES

1.

4%,

5%,

6*.

7.

Calculate the symmetries for the Lin—Tsien equation

2uy +uuy, —uy,, =0,

(Ames and Nucci [21])

. Calculate the symmetries for the Zabolotskaya—Khokhlov equation

2 -
Upy — Ul — U — Uy, = 0.

. Calculate the symmetries for the Kadomtsev—Petviashvilli equation

(u, + uu, + Uyyy) , + Uy, = 0.

Use a particular symmetry to reduce the PDE to an ODE.
Classify the symmetries for the nonlinear diffusion equation

= (fGuy)  + (g@u,) .

(Dorodnitsyn et al. [22])
Classify the symmetries for the nonlinear wave equation

Uy = (f(u)ux)x + (g(u)uy)y.
Classify the symmetries for the nonlinear diffusion equation
u, =V - (DWw)Vu) — K'(uu..

(Edwards and Broadbridge [23])
Classify the symmetries for the nonlinear diffusion equation

U, =ty + 1y, + O (uu,u) .

(Arrigo et al. [24])



CHAPTER 4

Nonclassical Symmetries
and Compatibility

4.1 NONCLASSICAL SYMMETRIES

In Chapter 3, we constructed the symmetries of the Boussinesq
equation

Uy +uu, + ui +u =0 4.1)

xonr
and found that they were
T=2ct+c,, X=cx+c;, U=-=-2cu.
The invariant surface condition is
(2¢1 + ¢3) u, + (¢1x + c)u, = =2¢qu, (4.2)

and if ¢; # 0, then ¢, and ¢; can be set to zero without loss of gen-
erality as these constants just represent translation in ¢ and x. This
gives

2tu, + xu, = =2u, (4.3)

which has as its solution

"= %f(%) (4.4)

Symmetry Analysis of Differential Equations: An Introduction,
First Edition. Daniel J. Arrigo.
© 2015 John Wiley & Sons, Inc. Published 2015 by John Wiley & Sons, Inc.
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Substituting (4.4) into the original equation (4.1) gives rise to the
ODE

9+ <f+§>f”+f/2+%rf’+2f=0,

where r = x/ \/;
We now consider the following first-order PDE
u, + tu, = =21, 4.5)

noting that this cannot be obtained from (4.2). The solution of (4.5)

1S
t2

u=—-1>+f <x—5> (4.6)

and substitution of (4.6) into the Boussinesq equation (4.1) gives

f(4)+ﬁ”+f,2_f,_2:07

another ODE! We have seen throughout Chapter 3 that a symmetry
of a PDE can be used to reduce a PDE (in two independent vari-
ables) to an ODE. Therefore, it is natural to ask whether there is
a symmetry explanation to this reduction. Before trying to answer
this question, let us return back to the definition of a symmetry.
A symmetry is a transformation that leaves a differential equation
invariant. So, let us construct the Lie transformation group corre-
sponding to (4.3) and (4.5). Recall, to obtain these transformations
associated with the infinitesimals 7", X and U, we need to solve

dt -— - dx -— - -

5 —T(t,x,u), I —X(t,x,u), = U(l,x,u),
subject to = ¢, X = x and # = u when & = 0. In the case of (4.3), we
have
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A quick calculation shows that the Boussinesq equation is left invari-
ant under this transformation. In the case of (4.5), we need to solve
ds dx - du -

—=1, ==t —=-21

de de
again subject to 7 = ¢, X = x, and u = u when & = 0. The solution is
given by

t=t+e, E=x+te+%e, u=u-—2te —¢€. 4.7)

becomes

U, +uu, . + ui +u =2 (u,x + tuxx) e =0,

which is clearly not the original equation (4.1). However, if we
impose the invariant surface condition (4.5), or more specifically, a
differential consequence, we do get our original equation!

We now ask, can we seek the invariant of a particular PDE where
not only do we impose the original equation but also the invariant
surface condition. This idea was first proposed by Bluman [12] (see
also Bluman and Cole [25]) and has been termed the “nonclassical
method.” Itisimportant to note that the transformations associated
with this method are not in fact symmetries at all but we use the term
nonclassical symmetries loosely to be consistent with the literature.

Before proceeding, it is important to consider the invariance of
the invariant surface condition.

4.1.1 Invariance of the Invariant Surface Condition

We consider the invariant surface condition
Tt x,uwu, + X, x,wu, = U(t, x,u) 4.8)
and seek invariance under the infinitesimal transformations

t=t+eT(t,x,u) + O(e),
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X=x+4eX(t,x,u)+ O@E>), (4.9)
u=u+eU(t,x,u) + O@>).

As usual, if we denote (4.8) by A, then invariance is given by
YA, =0,

where I is the infinitesimal operator associated with (4.9) and 'V its
first extension. Thus, invariance is given by

(TT,+ XT,+ UT,)u, + TU,
+(TX,+ XX, + UX,)u, + XUy = TU, + XU, + UU,,

and substituting U, and U|,, from Chapter 3 gives

(TT,+ XT,+ UT,)u,+ T (U, +u,U, — u(T, +u,T,)
—u (X, +u, X)) + (TX, + XX, + UX,) u,
+ X (U +u,U, = u(T, +u,T,) - u (X, +u.X,)
=TU,+ XU, + UU,.

After cancellation

@Tt/-l_ﬂ:-l_ UTu) U, +7T (/(/r+ U, Uu _Mf/— M?Tu _%_ utuqu)
+ (/D(t+%+ UXu) U, +X (%"_ u, Uu _U/T;_ ut“xTu _%_ uiXu)
=TY,+ Xu + UU,

and rearrangement gives
(U - Tu,— Xu,)u,T, + (U — Tu, — Xu,) u, X, + (Tu, + Xu, - U) U, =0,

which is identically satisfied by virtue of the invariant surface condi-
tion (4.8).



4.1 Nonclassical Symmetries 137

4.1.2 The Nonclassical Method

We now seek invariance of the system

Tt x,wu, + X, x,w)u, = UL, x,u), (4.10a)
F x,u,u,u,,..)=0. (4.10b)

If we denote each equation in (4.10) by A; and A,, then invariance
is given by

TDA 4 Zga,20 =0, (4.11a)
T A5 0.8,20 = 0, (4.11b)

but already established in the previous section, the first condition
(4.11a) is identically satisfied and thus, we only consider the second
condition (4.11b). Before we proceed, we find that some simplifica-
tion can be made. If T # 0, then we can set 7" = 1 without loss of
generality. The reason is that by imposing the invariant surface con-
dition, we have at our disposal that the fact that

kD)™ = kT™, 4.12)

It is clear from (4.12) that is true for n = 0. Here we show that this is
true for n = 1 and leave it as an exercise for the reader to prove this
forn> 1.

1 d 0
= kT + (D,(k U) — u,D,(k T) — u,D,(k X)) %
t
+(D,(k Uy = u,D(k T) - u.D,k X)) %

X

= KT+ K (D,(U) = 4,D,(1) = u,D,(X) -2
0

+(U = Tier="at,) D, )

+k (D(U) —u,D(T) —u.D,(X)) %

X
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0

+(U = Tur="Xu,) D (k) 9

ou,
=k + k (D, (U) —u,D(T) — u,D(X)) ai

9
ou

X

+k (D(U) —uD(T) —u.D,(X))
=kTW.
Now, because of this result, we can choose k as we wish. Here we

choose k =1/T and rename X and U such that X /7 — X and
Uu/T - U.

EXAMPLE 4.1
We first consider the heat equation originally considered by Bluman [12].
Lie’s invariance condition for u, = u,, is Uy,; = Uj,,, or, with U, and U,
defined previously
U+ (U, - T,)u,— Xu, — T — X,uu,

= Upe+ Tou, — (2Uy, — Xy ) e + 2T uut,

—(Uyy = 2X ) 12 + Tpupi® + X, (4.13)

+ 2Ty — (U, — 2X, ) uy + 2T,

+Tuu, +3X,u.u, =0.

XXX

As we have the flexibility of setting 7= 1, we do so giving (4.13) as

Ut + Uuut - Xtux - qutux - Uxx - (2Uxu - ‘Xxx) Uy
- (Uuu - 2Xxu) ui + quui - (Uu - ZXY) Uy
+3Xuu,, = 0. (4.14)

u

This is subject to both the original equation u, = u,. and the invariant sur-
face condition (4.8) (with 7" = 1). Thus, we use

u,=U-Xu,, u.,=u=U-Xu,. (4.15)
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Substitution of (4.15) into (4.14) gives

Ut - Uxx + 2U’Yx + (’Yxx - 2Uxu - Xt + ZUXu - 2X/Yx) Uy

+(2X,, - U, - 2XX,) 2 + X, = 0. (4.16)
As before, the coefficients of the various powers of u, in (4.16) are set to

zero giving the determining equations

X, =0, (4.17a)
2X,, - U, -2XX,=0, (4.17b)
X —-2U, - X, +2UX,-2XX,=0, (4.17¢)
U-U,+2UX, =0. (4.17d)

From (4.17a), we find
X = A(t, x)u+ B(t, x), (4.18)

where A and B are arbitrary functions of their arguments. Substituting
(4.18) into (4.17b) and integrating gives

U=_%A2u3+(Ax—AB) W + Pu+ O, (4.19)

where P and Q are further arbitrary functions of  and x. Substituting (4.18)
and (4.19) into (4.17c) and isolating coefficients of u gives

—§A3 =0, (4.20a)

444, —24’°B =0, (4.20b)

2AP+2BA +2AB,— A, —3A4_ =0, (4.20¢)
B..— B, —2BB_+240-2P =0, (4.20d)

from which we see that 4 = 0. This then leaves the entire system (4.20) as a
single equation
B,+2BB, - B +2P. =0. (4.21)

Substituting (4.18) and (4.19) (with 4 = 0) into (4.17d) and isolating coef-
ficients of u gives

P,+2PB,—P_ =0, (4.22a)
0,+20B, -0, =0. (4.22b)
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Thus, (4.21) and (4.22) constitute three determining equations for the
infinitesimals X and U given by

X =B(t,x), U= P(t,x)u+ Qt,x).

Close observation with these determining equations shows that they
are nonlinear and coupled! In fact, they were first obtained in 1967 by
Bluman [12] and despite the many attempts to solve them in general, they
remained unsolved for 30 years. In 1999, Mansfield [26] was the first to
give the general solution of these equations, and later in 2002, Arrigo and
Hickling [27] were able to show that the equations could be written as a
matrix Burgers equation and hence linearizable via a matrix Hopf—Cole
transformation. However, an earlier reference to their solution is given by
Fushchych et al. [28].

So, at first sight, it appears that the nonclassical method has severe
limitations. However, as we will see, that this in fact is not the case. ]

EXAMPLE 4.2
Consider the nonlinear heat equation
u, =, — 2, (4.23)

From the results from Chapter 3, this particular equation only admits a
scaling and translational symmetry, that is,

T=2ct+c,, X=cx+c;, U=-cu
Lie’s invariance condition gives
Uiy = Upey + 607U = 0. (4.24)

Substituting the appropriate extended transformations U, and U|,,, into

(4.24) and both equation (4.23) and the invariant surface condition (4.8)
gives rise to the following determining equations:

X, =0, (4.25a)

U, -2X,+2XX,=0, (4.25b)

X, —-2U,—X,+2UX, - 2XX +61°X, =0,  (4.25c)

U -U, +2UX, - 28U, + 4’ U, + 4’X, + 62U =0.  (4.25d)
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From the first two equations of (4.25), we find that
X=Au+B, u= —%A3u2+ (A, — AB)u+ Pu+ Q, (4.26)

where 4, B, P, and Q are functions of ¢ and x. Substituting (4.26) into
(4.25¢) and isolating coefficients with respect to u gives

—§A (A=3)(A+3) =0, (4.27)

24 (24, — AB) =0, (4.27b)

—A, 34, +2BA, +2A4B. + 24P =0, (4.270)
_B,+ B, —2p.—2BB, +240 =0, (4.27d)

From (4.27a), we have three cases: 4 = 0, 4 = 3, and A = —3. The first case
leads to the classical symmetries and will not be considered here. We focus
on the second case and leave the third case to the reader. From (4.27b), we
conclude that B = 0, from (4.27¢), we then conclude that P = 0 and from
(4.27d), we conclude that Q = 0. With these choices, the last determining
equation (4.25d) is automatically satisfied. Thus, the infinitesimals are

X=3u U= —3u.
The associated invariant surface condition is
3

u, + 3uu, = =3u’,

whose solution is ! )
b= F (60— ), (428)
u u

where F is an arbitrary function. Substitution of (4.28) into the original
equation (4.23) gives the ODE

F'(r) = 2F'(r) = 0,
where r = 6¢ — 1/u?, which is easily solved giving

F(ry=c  £y/cy -,

where ¢; and ¢, are constants of integration. Thus, we end with the solution

x+l=czi\/cl—6t+i2. (4.29)
u u
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As it turns out, we can solve (4.29) explicitly for u giving

he 2 (x-a) 3 (4.30)
c; — 61— (x—cz)

We note that from the classical symmetry analysis of (4.23) we can obtain

the solution ansitz
u= LX),
Vi \Vi

which reduces the original PDE (4.23) to
2F"(r) + rF'(r) + F(r) — 4F3(r) = 0, (4.31)

where r = x/ \/E However, it would be very difficult to obtain from (4.31)
the solution

2r
Fr) =
. 246
which corresponds to the solution (4.30) that we obtained from the non-
classical method. |
EXAMPLE 4.3

Consider the Burgers’ system

2
u,=u,, +uu, — %Ux, (4.32a)

U2
Uy =Uyy t 00, — ;ux (4.32b)

Applying the nonclassical method to the Burgers’ system (4.32) we have the
following determining equations:

X, =X,=X,=0, (4.33a)
2
v
2K,y = 2K, + X, = Uy = 2X,X =0, (4.33b)
2
+2%Xu — X, —uX, +2X,, —2U,, —2X,X =0, (4.33¢)
u2
~=X,+ U, =0, (4.33d)
U2
~= X+ Vi =0, (4.33¢)
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2X,, —uX, - vX, -2V, + 2%2/\’” —2X,X =0, (4.33)
2X,, - 2X,X + “—UZXM — 20X, - V,, =0, (4.33g)

U+ “—UZ V. +2UX, - U, —uU, =0, (4.33h)

v, + %Ux —oV, +2VX, -V, =0, (4.33i)

2 2
—U+va—uXY+2XuU—%UU+%VM

_2(un - Xt - 2XX¥ =0, (433J)
Ll2 02
V+X.,-vX +2X,V-—V,+=U,
v u
2V, — X, - 2XX, =0. (4.33k)

2
—2U,, +2UX, +(—uwU, + ”7 (X, - U, +V,) + U—”z

QuU —uV) =0, (4.331)
v’ v
2V +2VX, + =)V, + — (X + U, = V,) + —
u u
QuV —vU)=0. (4.33m)
From (4.33a), we find that
X = A(t,x)u + B(t, x)v + C(t, x), (4.34)

where 4, B, and C are arbitrary smooth functions of 7 and x. Eliminating
U from (4.33b)—(4.33c) using (4.34) gives

@B—ﬁA—ZAB+B=O
u v

which must be satisfied for all # and v. Thus, 4 = B = 0. From (4.33b) and
(4.33g), we see that

U,

MM:UMl.): UUU: Vuu: VMU: Vl)ll:o
giving that U and V are linear in u and v. Therefore,
U = Pi(t,x)u+ Py(t, x)v + P5(1, x), (4.35a)

V =0t x)u+ O,(t, x)v + Qsz(2, x), (4.35b)
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where P; and Q;, i = 1, 2,3 are arbitrary smooth functions of 7 and x. With
these, (4.35) and (4.331) and (4.33m) become

u M2 u2 u3
-2P,, +P2u+P21)+2P3; + (P +C,) > Q3§ - Qlﬁ =0,
(4.36a)

v U2 U2 U3
_2Q1x+Qlu+Qlu+2Q3; + (Q2+Cx) ; —PSE _Pzﬁ =0

(4.36b)
and since (4.36) must also be satisfied for all # and v gives
Pi=0)=-C,, P=P;=0,=0;=0.
Thus, the entire system (4.33) reduces to the following
C,+2CC,-3C,. =0, (4.37a)
Co+2C2 = Cy = 0. (4.37b)

Here, we find solutions to the overdetermined system (4.37). Eliminating
the ¢ derivative between (4.37a) and (4.37b) gives

C

xxx

cc

XX

=0. (4.38)

Further requiring the compatibility of (4.37a) and (4.38) by calculating
(Cf)xxx and (C)CXX)I giVeS

C

XXXXX

CCp —4CCy, —4C2 — C,C, =0, (4.39)

txx X XXX

and using (4.37a) and (4.38) to eliminate C, and C,,, and their differential

consequences in (4.39) gives o
C. (3C —2CC,) =0.
This gives rise to two cases: C,, =0or3C, —2CC, =0.
Case (1) C., =0
In this case we solve C,, =0 giving C = a(t)x + b(t) where a and b are
arbitrary functions of integration. Substituting into (4.37a) and isolating

coefficients with respect to x gives

a+2a*>=0, b+2ab=0,
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each of which are easily solved giving

! &
ag=—1  p=—2
201Z+C0 2C1t+CO

where ¢, ¢, and ¢, are arbitrary constants. This leads to

C1x+ Cy

B 2C1[ + CO ’
and via (4.34) and (4.35) we obtain

ax+c ) cl

- L U=-——1 y=__
2Cll+00 261t+C0 2C1t+C0

These would have risen from a classical symmetry analysis of our system
(4.32) and hence are not true nonclassical symmetries.

Case (2) 3C, —2CC, =0

In this case, we see from (4.37a) that C, = 0. Thus, we are required to find
the common solution of

3C,, —2CC, =0, C

ex — 2C2 =0. (4.40)
Eliminating C, ., between the two equations in (4.40) and further simplify-
ing gives

C, (3¢, - C?) =0.

We omit the case where C,. = 0 as this would leave to a special case of Case
(1) and thus focus on the second case 3C, — C? = 0 This is easily solve giv-
ing rise to
3
x+c’

C=-

where ¢ is an arbitrary constant that we can set to zero without loss of
generality. This, in turn, gives rise from (4.34) and (4.35) to the following
nonclassical symmetries

X=-2, U=-% yp=-2 (4.41)

Further, integrating the invariant surface conditions

u,+Xu, =U, v, +Xv, =V,
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with X, U, and V given in (4.41) gives
u=xP(x*+6t), v=xQ0(x*+61), (4.42)
and substitution of (4.42) into the original system (4.32) reduces it to
20P" + POP' — P>Q' =0, 2PQ" + PQQ' - Q*P =0. (4.43)

Although no attempt will be made here to solve this system, any solution
of (4.43) via (4.42) would give rise to a solution of (4.32). We note that the
more general version of

u, =u, +uu,+ F(u,v)v,,

U = Uy + 00, + G(u, U)ux,

was consider by Cherniha and Serov [29] and Arrigo ef al. [7] and we refer
the reader there for further details.

4.2 NONCLASSICAL SYMMETRY ANALYSIS AND
COMPATIBILITY

For the nonclassical method, we seek invariance of both the original
equations together with the invariant surface condition. For the previous
example of the heat equation, if we let the invariant surface condition with
T =1 be A; and the heat equation be A,, then

Al = u[ + Xux - U? (4.44&)

Ay =u,—u,,. (4.44b)
‘We now reexamine the nonclassical method for the heat equation and show
that the invariance condition

U[f] = U[XX] (4.45)
arises naturally from a condition of compatibility. From (3.5) (with 7 = 1),
we see that

Uy=DU~-uD,X =D, (U~ Xuy) + Xuy,,
Uy =D U~-uD.X =D, (U=~ Xu,) + Xu

XX

Upx) = D Upyg — u D X = D (U = Xu,) + Xu,,.,
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so that (4.45) becomes

D, (U= Xu,) - D> (U - Xu,) + Xu,, — Xu,, =0,

XXX
which, by virtue of the heat equation, becomes
D, (U-Xu,) - D> (U - Xu,) =0. (4.46)

Rewriting the heat equation and the invariant surface condition equations,
(4.44a) and (4.44b), as

u., =U—- Xu,, (4.47a)
u, = U - Xu,, (4.47b)
and imposing the compatibility condition
D, (uxx) - Di (”t) =0,

gives rise to (4.46) naturally (see [30-33] for further details).

4.3 BEYOND SYMMETRIES ANALYSIS—-GENERAL
COMPATIBILITY

While both the classical and nonclassical symmetry methods have had
tremendous success when applied to a wide variety of physically important
nonlinear differential equations, there exist exact solutions to certain
partial differential equations that cannot be explained using classical and
nonclassical symmetry analyses. For example, Galaktionov [34] showed
that the PDE

U, =, + ui +uf (4.48)

admits the solution
u = a(t)cos x + b(1), (4.49)

where a(f) and b(¢) satisfy the system of ODEs
a=-a+2ab, b=d+. (4.50)

A classical symmetry analysis of equation (4.48) leads to the determining
equations

T.=0, T,=0, X,=0, (4.51a)



148 CHAPTER 4 Nonclassical Symmetries and Compatibility

2X,-T,=0, U,+U,=0, (4.51b)
U-U, +u*U,— 22X, —2uU =0, (4.51¢)
X, - X, +2U, +2U, =0. (4.51d)

A nonclassical symmetry analysis (with 7" = 1) of (4.48) leads to the system

X, —X,=0, (4.52a)

U,+U,-2X,+2XX, =0, (4.52b)

2U,, —2UX, + 32X, +2XX, + X, - X, + 2U, =0, (4.52¢)
U - U, +1*U,+2UX, - 2> X, - 2uU = 0. (4.52d)

Solving each system, (4.51) and (4.52), gives rise to
T=a, X=b U=0, (4.53)

and
X = C, U = 0’ (454)

respectively, where a, b, and ¢ are arbitrary constants. These are the same
results as the associated invariant surface conditions for each are

au, +bu, =0, u,+cu, =0, (4.55)

respectively, and scaling the first by @ gives the second with ¢ = b/a. How-
ever, this invariant surface condition will not give rise to the solution (4.49)
illustrating that there are exact solutions of PDEs that cannot be obtained
through classical and nonclassical symmetry analyses.

Despite the large number of success stories of both the classical and
nonclassical symmetry methods, much effort has been spent trying to devise
symmetry type methods to explain the construction of exact solutions to
nonlinear PDEs such as the Galationov solution (4.49) for the diffusion
equation (4.48). Olver [35] was the first to be able to obtain the Galationov
solution by the method of differential constraints. He was able to show that
by appending (4.48) with

U, —cotxu, =0, (4.56)

the Galationov solution could be obtained.
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4.3.1 Compatibility with First-Order
PDEs—Charpit’s Method

The following is a derivation of Charpit’s method. Consider the compati-
bility of the following first-order PDEs

F(x,y,u,p,q) =0,
G(x,y,u,p,q) =0,

where p = u, and ¢ = u,,. Calculating second-order derivatives gives

F.+pF, +u F,+u,F, = 0,

F,+qF, +uyF,+u,F, =0, (4.57)
G, +pG,+u,G,+u,G, =0,
G, +4G, +u,,G,+u,G, = 0.
Solving the first three equations in (4.57) for u,., u,, and u,, gives

_ —F.G,~pF,G,+F, G +pF,G,

u

e Fqu_Fqu ,
v = -F, G, - pFFp (fuj ;XGGP +pF, Gp’
P q q ~P
F G.+pF, G,~F,F,G ~qF,F,G,
+qF,F,G,—F . F,G,—pF,F,G,+F,F,G,
s F, Gq_Fq Gp .

Substitution into the last equation in (4.57) gives
F,G+F, G, +(pF,+qF)G,—(F.+pF)G,—(F,+qF,)G,=0,

or conveniently written as

D.F F, DF F, | _
D.G G, D,G G, | 7
where D, F=F +pF,and D, F=F, +qF, n
EXAMPLE 4.4
Consider

u, = u>. (4.58)
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This is the example we considered already in Chapter 3 (Examples 3.1 and
3.2); however, now we will determine all classes of equations that are com-
patible with this one. Denoting

G=u~u,=p-¢,
where p = u, and ¢ = u,, then
Gt=07 Gx=0’ Gu=0’ sz 1, Gq=_2q7

and the Charpit equations are

DF F,
0 1

or, after expansion
F,—ZqFx-i- (p_zqz)Fu =0’

noting that the third term can be replaced by —pF, do to the original
equation. Solving this linear PDE by the method of characteristics gives
the solution as

F=Fx+2tu, u+tu, u, u,). (4.59)
In Example 3.2, we found the invariant surface condition

tu, +xu, = u. (4.60)
If we set F'in (4.59) as
F(a,b,c,d) = ad — b,

and consider
F+2t(u,—ui,) =0,

we obtain (4.60). From (4.59), we undoubtedly can an infinite number of
compatible equations. m

EXAMPLE 4.5

Consider
@+@:f. (4.61)
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Denoting p = u, and ¢ = u,, then

22 22 2 2
G—ux+uy—u =p +q —u.

Thus,
G, =0, G,=0, G,=2u, G,=2p, G,=2q,

and the Charpit equations are

D.F F, DF F,| _ 0,
—2pu 2p —2qu 2q
or, after expansion
PF +qF, + (P> + ¢*) F, + puF, + quF, = 0, (4.62)

noting that the third term can be replaced by u’F, do to the original
equation. Solving (4.62), a linear PDE, by the method of characteristics
gives the solution as
F:F(x—glnu,y— glnu,g,g>.
u u u'u
Consider the following particular example

x—glnu+y—glnu:0,
u u

or
u
u, + Hy = (X +y)m

If weletu = e\/;, then this becomes
Uy + 0, =2(x+ ),
which has the solution
1 2
v=s(&+y) +f(x=p).

This, in turn, gives the solution for u as

u = e V3t 470y
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Substitution into the original equation (4.61) gives the following ODE
S0 =2 =0, r=x-y.

Once this ODE is solved, then it can be used to construct an exact solution
of the original PDE, (4.61).

Itis interesting to note that when we substitute the solution of the com-
patible equation into the original it reduces to an ODE. A natural question
is, does this always happen? This was addressed by Arrigo [36].

So just how complicated can things get when we try and generalize
by seeking some fairly general compatibility. Our next example illustrates
this. [

EXAMPLE 4.6 General Compatibility of the Heat Equation
We seek compatibility of

Up = Uy, (4633)
u,=F (t, X, U, ux) , (4.63b)

or
u, =F (l, X, U, ux) , U, =F (l, X, U, ux) s (4.64)

where F' is a function to be determined. Imposing compatibility (u,)xx =
(uw) ,» expanding and imposing both equations in (4.64) gives

F.. +2pF,, + 2FF,, + p’F,, + 2pFF,, + F’F, — F, =0,  (4.65)
where p = u,. Clearly, (4.65) is complicated and nonlinear showing that
compatibility might lead to a harder problem than the one we start with.

However, any solution could be of possible use. For example, if we let F =
fu)p?, then (4.65) becomes

f" A+ 21 =0,

from which we see the general solution as

1
uz/e—dt, f=e"\et+o.
\/C1I+C2
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However, by choosing ¢; = 0 and ¢, = 1, we obtain explicitly

1
==
u
Thus,
12
X
Uy = Uy, U= 7
are compatible. ]
EXAMPLE 4.7

In this example, we consider the compatibility between the (2 + 1) dimen-
sional reaction—diffusion equation (see Arrigo and Suazo [37])

ul‘ = uxx + uyy + Q(l/l, ux, lly), (466)

and the first-order partial differential equation

u,=F (t,x,,u, ux,uy). (4.67)
We will assume that
(Fp])’ qu’ qu) # (0’ 0’ 0)5 (4.68)

where p = u, and ¢ = u,, as equality would give rise to the nonclassical
method and we are trying to seek more general compatibility. We refer the
reader to Arrigo et al. [24] for details on the classical and nonclassical sym-
metry analyses of (4.66).

Imposing compatibility («,) _+ (ut)yy = (uy +u,,), between (4.66) and
(4.67) gives rise to the compatibility equations

Fpp+ Fyg =0, (4.692)
Fy, = Fy +pF,—qF,+F-QF, =0, (4.69b)
F.,+F,+qF,+pF,, +F-QF, =0, (4.69¢)
—F,+F . +F,, +2pF,, +2qF,, + 2(F - Q)F,,

+ (P + &) Fu+24(F = QF , + (F = O F, (4.69d)

+Qpr+Qqu+(pr+QQq_Q)Fu_leli;}J_unFq'i'FQu:O'
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Eliminating the x and y derivatives in (4.69b) and (4.69¢) by (i) cross dif-
ferentiation and (ii) imposing (4.69a) gives

2Fup + (FP - QP)FPP + (Fq - Qq)qu = 0’ (470a)

2Fy + (Fy = Q)F,y + (Fy = Q)F,, = 0. (4.70b)

Further, eliminating F,,, and F,, by again (i) cross differentiation and (ii)

imposing (4.69a) gives rise to
Q2F,, = Opp + Q) Fyp + 2(Fpy = Qp)Fp =0, (4.712)
(Qpp = Oy)Fpg +20,,F,, = 0. (4.71b)

Solving (4.69a), (4.71a) and (4.71b) for F, , F, , and F,

. oo Lpg> 4> TEspectively, gives
rise to two cases:

@) F,,=F,=F,=0, (4.72a)

.. 1 1
(i) Fp, = 3(Qp - Qo) Fpg=Qpgr Fyg= 7Dy = Opp)- (4.72b)

As we are primarily interested in compatible equations that are more gen-
eral than quasilinear, we omit the first case. It is interesting to note that if

qu = Oa Qpp - Qqq = 0, (473)

then the second case becomes the first case. The solution of the overdeter-
mined system (4.73) is

0= Q;w(@” + ¢») + Q,(wp + O, (g + Qp(w), (4.74)

for arbitrary functions Q, — Q5. So, we will require that both equations in
(4.73) are not satisfied.

If we require that the three equations in (4.72b) be compatible, we
obtain

Qppp + quq = O’ Qppq + Qqqq = Oa (475)

which integrates to give

O,p + Qyy = 4alu), (4.76)
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where a is an arbitrary function. However, under the transformation,
0 = Q0 +a) (p* + ¢*) shows that Q satisfies (4.76) with @ =0 and fur-
thermore, to within equivalence transformation (a transformation of the
original equation under u = ¢(i1)) shows that we can set ¢ = 0 without loss
of generality. Thus, Q satisfies

0,,+ 0, =0. (4.77)
Using (4.77), we find that (4.72b) becomes
Fpp = OQpps Fypg = Opyr Fyq = Qg (4.78)
from which we find that
F=Q,p,q)+ X, x,p,w)p + Y(t,x,y,u)q + U(t, x, , u), (4.79)

where X, Y, and U are arbitrary functions of their arguments. Substituting
(4.79) into (4.70a) and (4.70b) gives

20,,+X0,,+ YO, +2X, =0, (4.80a)
20,,+ X0, + Y0, +2Y, =0, (4.80b)

while (4.69b) and (4.69c) become (using (4.77) and (4.80))

Xp+ Yq+2U)Q,, + (Xq— Yp) Q,, +2(X, - Y,) =0, (4.81a)
(Xq—Yp)Q,, — (Xp+ Yq+2U)Q,, -2 (X, + Y,) =0. (4.81b)

If we differentiate (4.80a) and (4.80b) with respect to x and y, we obtain

X, Qpp + Yprq +2X,,=0, X qu + Yquq +2Y,,=0, (4.82a)
X,0,+Y0,+2%,=0 X,0,+7Y,0,+2Y,, =0. (4.82b)
If X2 + Y2 # 0, then solving (4.77) and (4.82a) for Q,,, 0,,. and Q,, gives

2 ( Yx qu - XXXW) _ 2 (Xx qu + Yx‘Xxu)

Opp = =0y = > Ypg T
X+ 7; X+ 7

If X7 + Y} # 0, then solving (4.77) and (4.82b) for Q,,,, 0, and Q,, gives

2 (Yy Yy, — Xyqu) 2 (Xy Yy, + Y}’qu)
Opp = = =

“¥qq T 2 2 ’ Pq 2 2
Xy+Yy Xy+Yy
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In any case, this shows that Q,,, O,,, and Q,, are at most functions of u
only. Thus, if we let

Qpp = _Qqq = 2gl(u)s qu = g2(u)’
for arbitrary functions g; and g,, then Q has the form
0= (1’ = ¢*) + ©p g+ g wp + g (wg +gsw).  (4.83)

where g3 — g5 are further arbitrary functions. Substituting (4.83) into (4.81)
gives

2(Xp+ Yq+2U) g1 +(Xq— Yp) g, +2 (X, - Y,) =0, (4.84a)
2(Xqg - Yp)g —(Xp+ Yg+2U)g, -2 (X, + Y,) =0. (4.84b)

As both equations in (4.84) must be satisfied for all p and ¢, this requires
that each coefficient of p and ¢ must vanish. This leads to

261X —g,Y =0, 9HX +2¢,Y=0, (4.85a)

260U+ X, - Y, =0, LU+ X, +Y,=0. (4.85b)

From (4.85a) we see that either g =g, =00or X =Y =0.1f g, =2, =0,
then Q is quasilinear giving that F is quasilinear that violates our nonquasi-

linearity condition (4.68). If X = Y = 0, we are lead to a contradiction as
we imposed X2 + Y2 # 0 or Xy2 + Y}2 # 0. Thus, it follows that

2 2 _ 2 2 _
X2+ ¥2=0, X2+ 7Y2=0,

or

As Qis not quasilinear then from (4.81) we deduce that
(Xp + Yq+2U) + (Xq - Yp)* =0,

from which we obtain X = Y = U = (. With this assignment, we see from
(4.79) that F = Q and from (4.80) that Q satisfies

Qp=0, 0Q4=0, (4.86)
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which has the solution

0=Gp,q)+ Hw), (4.87)

for arbitrary functions G and H. From (4.77), we find that G satisfies G, +
G,, = 0, whereas from (4.69d), we find that H satisfies H” = 0 giving that
H = cuwhere cis an arbitrary constant noting that we have suppressed the
second constant of integration due to translational freedom. This leads to

our main result: equations of the form

+eu+ G (ugu,),

U, =u,. +u y

Yy

are compatible with the first-order equations

u,=cu+G (ux, uy) .

|
4.3.2 Compatibility of Systems
Consider the nonlinear Schrodinger equation
v+ +wlw]® =0 (4.88)

If ¢ = u + iv, then equating real and imaginary parts, we obtain the
system

u,+v, +v (uz + vz) =0, (4.89a)

—v, + g +u (u? + %) = 0. (4.89b)

For the nonclassical method, we would seek compatibility with
(4.89) and the first-order equations

u+Xu,=U, v, +Xv. =V (4.90)

where X, U, and V are functions of #,x,u, and v to be deter-
mined. However, one may ask whether more general compatibility
equations may exist. For example, it is possible that equations of
the form

u,+Au,+Bv, =U, v,+Cu.+Dv, =V (4.91)
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(where 4, B, C, D, U, and V are functions of ¢, x, u and v) exist such
that (4.89) and (4.91) are compatible? Clearly, setting 4 = D and
B = C =0 would lead to the nonclassical method but are there
cases when 4 # D and/or B # C. Trying to list here the determining
equations and their subsequent analysis would be pointless as it
would take pages and pages to complete. We however give the
following two results. The first result is that if

x4+ 2ct+ ¢y

A=D
2cit+ ¢

B=C=0

U+t (—ex+cs)v . (eax —es)u—cpv

B

2cit+ ¢ 2cit+ ¢y

where ¢, — ¢, are constant, then (4.91) becomes

x4+ 2ct + ¢ —cju+ (—czx+cs)v
u =
! ZC'IZ + Cy . ZC'IZ + Cy
; X+ 2cyt + ¢ _ (czx—cs)u—clu 4.92)
! 2eit4+¢, 2¢1t+ ¢ '

and (4.89) and (4.92) are compatible. This is nothing more than
the nonclassical method. The second result is more interesting. If
A, B, C, and D have the form

A = cyv* + ¢t + ¢5, B = —cyuv,
C=—cyuv, D =co’®+cit+cy,

U= —%Co (et+ey)v (u2 + vz) - % (e1x+¢3) 0,

V= %Co (c1t+ o) u(u? +0*) + % (eyx+e3)u,

then (4.91) becomes
> 1 )
u[+ (Cov +Clt+C2> uX_COMUUXZ_ECO (C1l+(,‘2)l)(u +U )

- S lexre)u
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v, — couvll, + (cou2 +ct+ c2) v, = %co (clt + cz) u (u2 + vz)

1
+3 (eyx+e3)u

and these are compatible with (4.89). Although no attempt to solve
these equations in general is presented, we note that by introduc-
ing polar coordinates x = rcos# and y = rsin 6, the two first-order
compatible equations become

ro+ (et+6)re=0
0, + (cor® + 11+ ¢,)0, = %co(cl 1+ c)r* + %(clx +¢3)
with the first one being linear.

4.3.3 Compatibility of the Nonlinear Heat Equation

We end this chapter with a question. Consider the nonlinear heat
equation

u, = (D(u)ux)x (4.93)

or the system equivalent
v, =DWwu,, (4.94a)
v, = U, (4.94b)

then the nonclassical symmetries would be found by appending to
this system the invariant surface conditions

u,+Xu, =U, (4.95a)
v,+Xv, =V. (4.95b)

If we let
U=XP+0Q, V=uX+DP, (4.96)

then solving (4.94) and (4.95) for the first derivatives gives

u, =0, u.=P, (4.97a)
v,=DP, v, =u, (4.97b)
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and compatibility then gives rise to
P,-Q0.+0QP,—- PQ,+DPP,—uQ, =0, (4.98a)
DP_+ DPP,+uDP,+D'P* - Q=0. (4.98b)

Would a symmetry analysis of this set of equation give rise to new
classes of D? If we eliminate Q and obtain a second-order PDE,
could again, new classes of D exist? These are interesting questions
and require further study.

EXERCISES

1. Using the Charpit’s method, find compatible equation with the follow-
ing

@) U, =y
(i)  wu,+ uui =0
(i) w+ul+u,=0.
2. Calculate the nonclassical symmetries for the Burgers’ equation
u, +2uu, =u. (4.99)
3. Calculate the nonclassical symmetries for the Boussinesq equation
U+ Ut + 12+ 1 =0 (4.100)

(see Levi and Winternitz [38]).
4. Calculate the nonclassical symmetries for nonlinear heat equation

2
u,=uxx+2i2(1—u) (4.101)
X

(see Bradshaw-Hajek et al. [39]).
5. Calculate the nonclassical symmetries for boundary layer equation

Uyl — Uyl — Uy, =0 (4.102)

(see Naz et al. [40]).
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6. Calculate the nonclassical symmetries for the Burgers system

U, =u,, +uu,+ U+ ay,

Uy = Uy + 00, + (v+ b)uxs

where a and b are constants (see Arrigo et al. [7]).
7. Classify the nonclassical symmetries for the following

= Uy + Q(u)
= (e"u,) .+ Ou)
= (u"u,)  + Ou)

(see Arrigo et al. [41], Arrigo and Hill [42] and Clarkson and Mansfield
[43)).

8. Classify the nonclassical symmetries for the following
u, =V - (Dw)Vu) + Q(u) (4.103)

(see Goard and Broadbridge [44]).

4.4 CONCLUDING REMARKS

We are now at the end of our journey. This journey has introduced
the reader to the method of symmetry analysis of differential
equations and invariance. These symmetries have been shown to
reduce their equations (ordinary and partial) to simpler ones. This
chapter deals primarily with the nonclassical method and what’s
beyond—a light introduction to compatibility. So, are we really at
the end of our journey or just the beginning? For the interested
reader (which I hope), there are several places to go. First, as
many may find, there are several more advanced books on the
subject. We only mention a few. There are the books by Bluman
and his collaborators: Bluman and Anco [45], Bluman ez al. [46]
and Bluman and Kumei [1]. The book by Cantwell, Cantwell [18]
covering a lot of material from fluid mechanics, and the book by
Olver [47]. Each book has its own strengths and should appeal to
a lot of those wishing to learn more. I would also like to mention
the three volume set, the CRC Handbook of Lie Group Analysis of



162 CHAPTER 4 Nonclassical Symmetries and Compatibility

Differential Equations edited by Ibragimov [48-50]. It contains a
vast amount of information in both materials and references.

So at this point, I bid you farewell and wish you well on the next
part of your journey.



Solutions

Section 1.5

5. a=2b

Section 2.2.1

1.() X =y, Y=x,
L) x =2, v=),
X
1.Gii) X = —xy%, Y =—
2.3) x = xey”%gzj =y +e,
2.(i1) x = xe° + yee,y = ye’,
X
X —(x—1)es

Y
—y+ @+ 1e*’

3.) X=c¢X+cx, Y= (clx2 +c) + cz) X’y
: " 1
with¢; =0,¢, =1,r==—, s=lnx, § =
32

2.(iii) X = =

3.1)) X =c¢x, Y=3cy
r+2
/3

withe, = 1,r=x°y7, s=lnx, s = -

’

3.Gii) X=cp Y=0
1

r_

T Ay

withc1=1,r=y,s=z
Y
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C2r(r+ 1)
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Section 2.3.6

- _ 1 _ s ds
1(1) X_O’ Y_F, X=r, y_r_37 5—69
1.G)) X=0, Y=e*, x=r, y=e"s, ?zre_zr
r
LGi)) X=0, Y=e292, x=r y=—e’/s, ?:reh
r
1.(av) X =0, Y=e‘x2/y, xX=r, y2=2e_r2s, %:;ﬁe’
r
I.v) X=x, Y=y, x=¢&, y=re’, @:;

I.vi) X=x, Y=y, x=¢&, y=re,

i) X=-x, Y=y p=—1,
2xy
1
L.(viii) X=2x, Y=y, u= T T
LX) X=0, Y=@—x?2 x=r y=r—1i ¥_
s dr

l.x) X=0, Y=(@p—-ee>, x=r

Section 2.5.1

N

. a=-bX=x, Y=-y, x=¢', y=re™,
"+ (P =-2r) P+ G —r-ns?=0.

c c
Y= <cly2——2)x+c3y4+cgy——;
y y

72

c ¢ c
X = <2c1y+ —§>x2+ <2c3y3+—§+c5>x+c6y2+;7
y y

1/3
frome, =-1 x= <—> =0 428 =0

3s
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fromes=1 x=¢e,p=r A +r%*-2=0
fromeg=1 x=r,y=¢" s +2r* +5°=0.
. ) 1 r
3@ n=-LX=c¢cx"+cx, Y=cxy3, xX=—-,y=-,
S K

rs +52=0

n#-1,X=cx,Y=0, x=¢, y=r, 5+ +5°=

3(i)n=1LX=cx+cxInx, Y =-2(c;+¢)—2c,Inx

x=¢, y=r—2¢-25,5" +( -2 +5>=0

n#LX=cx,¥Y==2¢, x=¢', y=r=12s,
" +2n—-2)" —(n—-1)s?=0.

4. X= (Clyl + Czyz) Y+ C3J’% + c4y§ + Cs,

Y = (e + b)) 2+ (cayy) + cayadh + ¢6) v+ ey + cson

0.

where y; and y, are two independent solutions of "' + f(x)y = 0.

Section 2.6.1

1.G) X=cx+¢,, Y=cp ifc;=1,¢=0, thenx=¢’,

1.Gii)

1.Gil)) X =4c,x+c¢,, Y=3cyifc,=1,¢,=0, thenx=¢e

y=r/4e¥, 161255 + 48125 + 4812525 + 3615’5

y=re %, s's" = 35" + (r — 6)s"%" + (61 — 1?)s”

+@r-1D)s*+5%=0.
X=X +ex+¢, Y= —(202x+cl)y+3c2,

ifX=x2,Y=3—2xy, thenle, y=rsz+3s,
S

s’ — 35" — 4ps?s" + S — ertst + 33 =0
ifX=-x,Y=-y, thenx=¢', y=re™,
55" = 35" + (4r = 6)575" — r(r = D(r = 2)(r = 3)s”

—(6r* = 18r+ 11)s™* =35 = 0.
4s

+64(15r + 64)r%s"> — 208125 + 3615”3 + 2152 =0
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2. X=cX24cx+¢, Y =-Q2cx+c)y—6c,.

3. X=cx+0, Y=cy.

Section 2.7.3

AN

T'=—-ct, X=cx, Y=cy, L=cz

T=-ct+c,, X=cy+c¢y, Y=—-c3x+cs,

T=c, X=cy Y=-0X,

T=c, X=acx—=bcy+bcy, Y =uac,y—be,x—acs,

T=ct+c, X=-cx, Y=-¢)y.

where in 4, ¢,(a®> — b*) = 0.

Section 3.1.4
(T, F, G are arbitrary)

1.G)

1.(ii)

1.(ii)

1.(iv)

T=T(x,u, X=Fx-ctu+cT(tx,u),

U= G(x - ct,u),

T=T(tx,u), X=Fx-ut,u)+tG(x—ut,u)
+uT(t,x,u), U= G(x—ut,u),

T=(cxX*+c,x+c)e +cg+2csx+4cse™,

X=22¢x+c)ue'+ (-4eyx+2¢;)e”
+desu—cs X+ cox+ ¢y

U=(4c1u2—(c1x2+czx+c3)u)et—(4c4u—c4x2
+eyx—cg)e — (desx—2¢)u

X =cu?+ (202x+c3)u+4c4x2+05x+c6,
2
Y= (CIJ—/ +c4x> w? + <C3J—} +4c2y+c7x>u+4cly—

X X X

+ c6Z +deyxy + cgx + 2¢9y
X
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4c
U=cu’+ <_1y +4cyx + c9> u+ 2c3Z + 2¢5x
X X
+4c,y + ¢
Section 3.2.5

I, T=c +ce®+ce™

X = (8" —cze™) x + ¢4e’ + c5e™!
U=—(c,e¥x* — 3™ + ¢ye’x + ¢5) u+ O(t,x), 0, = Oy,

+ (x0),.

2. T=4¢ +20t+c3
X = (—C1u2 - C4u - cht + cS)X + Q([a u)a Qt = Quu

33) T=2ct+c¢,, X=cx+c¢;, U=0

3.1) T=2c1t4+c¢,, X=cx—cyu+cy, U=cu+c3x+cs.
4. T=cit+c,, X=c3x+c¢cy, U=2c;3—cpu.

5. T=¢,, X=¢,, U=0.

6. T=¢c;, X=¢, U=0

7. X=cx+cy+cu+cs

Y=—cx+cy+cu+c

U=-c3x—cyy+cu+c,.
Section 3.3.1
1.G) T=3cit+c,, X=cx+c3, U=—cu

L.G) T=3cit+c;, X=cx+203t+c¢y;, U=—ciu+c3x+cs
LGil) T=3cit+c, X=cx?+eux+cs, U= Qesx+cq—cpu
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2. X=cx+cy Y= —c)y+f(x), U=cu+cy.
3. T=cit+c,, X=c3x+c¢y, U=(4c3—c1)%.

4. T=cit+c,, X=c3x+¢ U=(q —4(:3)%.
Section 3.4.3

1. T=2Clt+(,'2, X=C1x+2(,'3t+C4,

U=—-cu+(—c3x+c5)v, V =(c3x—cs5)u—co.

2. T=c+2ct+c; X=(cit+c)x+cyt+cs,
U= (Fu+2F,)e"* = (c;t+ c)u+c;x + ¢

V = 4Fe"* 4+ ¢,x* + 2¢,x + 2¢t + ¢,

where F satisfies F, = F .

Section 3.5.1

1. T=9a, X=Q@d+2)x+3d"y*+3by+c,
Y =(6d" +¢))y+3b

U= (=3d +dc)u+aPy* +20"y* + 64" xy? + 3d" x> + 6b" xy
+2"V 42 x + dy + e,

where a, b, ¢, d, and e are arbitrary functions of ¢.

2. T=6a, X=dV+2d +c)x+by+c,Y=@d +c)y+2b
U=2c, —2du—-d"y*=2d"x-b"y -,

where a, b, and b are arbitrary functions of ¢.

3. T=6a, X=2dx-d"y*—by+c,Y=4dy+2b
U=—-4du—-d"y*+2d'x-b"y+¢,

where a, b, and ¢ are arbitrary functions of z.
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Section 4.4
1. (1) F(ux,2xux - u, ui - 2x,u.u —y) =0,

s UxMy

.. 1 u, u

i) F 2x——2,—,uuy,y—— =0,
usu, U,

u
(i) F <2ux +x,Inu, +y, u—x,u +ul o+ “y) =0.
Y
2. () X=2u, U=0,
Qeyt+cp)x+2c3t+ ¢y U x4+ 3 — 2yt +cu
20,24+ 2¢it4+¢, 20,242t +c¢,
(i) X = —u+ A@t,x), Y =—u’+ A@t, x> + B(t, x)u + C(t,x),

i) X =

where A4, B, and C satisfy the following system

A +24A4 - A_ +2B =0,
B,+2BA,— B, +2C, =0,
C,+2CA, - C, =0.

3. X=ax+05,
U = —2au — 2a(a + 2a*)x*> = 2(ab + ba + 4a’b)x — 2b(b + 2ab),

where a = a(t) and b = b(f) satisfy @+ 2aa —4a®> =0, b+ 2ab -
4a’h =0

4. () X ar U =0 (classical)
. 1 = — =
2cit+ ¢y

3u-1)

_1\2
G) X=2-—"" U= _M.
X

x2
5. Y=¢'(x), U=F(y-g),

where F"" + FF" — F'? = 0. The rest are classical.

6. X=Ll+U

+ 4,
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U= 1(u+a)(u+v)2—b;au2—éu(u+v)+ (B—a—b>

! 4 2 4
u—%U+C,

__1 2_a-b, 4 _b4

V= 4(U+b)(u+v) 7V 2U(u+u) U

+<B—Cg—b>U+D,

where 4, B, C, and D satisfy the following system of equations:

A, +24A4A, +2B. — A, =0,
B,+2BA,—C,—D,—- B, =0,
C,+2CA, —aD,-C, =0,
D,+2DA,—bC —D,_ =0.
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11.

12.

13.

14.

. Hopf E, The partial differential equation u, + uu, = pu
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